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THEORY OF STRUCTURE INFLUENCE LINES

INFLUENCE LINES FOR THREE-HINGED ARCHES

Influence Lines for Horizontal Reaction, Moment, Radial Shear
and Mormal Thrust — General Case

In this seciion, we shall consider the action of maoving koads over an arch. For this,
influence line diagrams for hovizomtal reaction {84, bending maoment (M), normal
thrust {A), and radial shear {57 will be discussed here.

Let us consider a typical three-hinged arch with tao hinges at A and B and the third hinge
ak the crown atl O as shown in Figure 3,00 (a).

(o) Thres-Hinged
Arch

(b} TLI for H

() TLI For Bending
Eloment at 1N

id) 1L Ffor Radisl
Shear ai [¥

&) TLIN Fos Mormal
Thrsst at I

Analysis and Infloence Line for Horizontal Heastion, B

Consider a unit load acting at o distance kL from A between A and C Froem
statics, the vertical reaciions can he determined.

Taking moments abowl A, we get,

Vepmil = 1=kl
Thus, e
Therefore, ¥y = 1 — Vi = 1 =&

AIm,EH = hwe gel, Hy = —Hg = &
—

Mow, 1o determine H, let us toke moments aboul the central hinge at C,
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"

we gL, [VEREJ — (H=h) =10
_ Vaxl kL (R}
B T T

Similarly, when onit load is hetween C and B, then laking mioimnent of all forces on
thee left of andn load abouae O,

I L

we gel, klfﬂxi]—{Hz-ch}=D
oo YaxL _ n-ki ' (i)
- | = =

From both values of M obtaned in Eq. (1) and Giaid, we observe than it is darecely
related to position of vl load which is kL in this case, “The varigtion of salwe of M
can he ohtained hy assigning different values o EE, For example, at A, we have,
Fl.=0r H = bat A, Alag, ai B, we have, &L = [ therefore, substituting this value
in Eq. i), we get, & = (b As can be seen, the mazimam valwe for B from both

Ihl:l:quilil:msisnl%.:i.ﬁ.mﬁ'ﬂndlsﬁ = ;L—h

This variation has been drawn in Figore 310 (b)) and represents the inlluence ling
for horizontal reaction M.

Analysis and Infleence Line for Bending Moment, M

Consider a point [2 on the arch whaose horizonial distance is x from A and vertical
height 15 v from base.

Then, by taking moment of all fosces on the right of Iy ahoot ¥, we can write
M = Vg=il.—x — H=xwvp Livh
Simmd Lakly,. when unit load is between O and B
' Mp = (Va=xx) — (H=wyp) (v
where Wi = (L — x) is in fact the '"tﬂ:l.l'lltﬂ;ldil:l.g_ moament’” {1 at D and A = v is the

moimeeni caused by the horizontal throst of the arche .
Thus, My compriscs two parts and can be written in general form as given below :

Mp = B — (H>xyph . (wi)

where jbis the bending mament al the point under consideration i AR is
considered ag o simple storaight beam and vy is the ordimate of that point

= "‘-1"";’51 for unit load at D.
So, we can chnvenicntly draw the variation for moment at [ froon Bag. (v by farst
drawing the ILD of bearm hending moment for I and then superimpozsing on it the

ILD» fox My shown in Figare 3,00 (b}. Ths is shown in Figare 3 10 {c} wherein the
net moment (W — Aypd is shown hatched. .

Analysis and Influence Line for Badial Shear, S

The radial shear an any section D comprises two [raris, inmel:.- the shear caused by
the vertical loads and the shear caused by horizontal reaction &

Consider the free body diagram shown in Figore 3.7 (d).
It can be seen that by resolving forces V4 and H along the noormal fo the tanepent at
L, the rackial €hear al D wrorks out 1o be as Ffollows @

5 = 5 cos8— Hsin @ {vidy
Here @ is the inclimation of arch axis 1o the horizomtal and 502 the beam shear w0 ™

S0, eere again the [L for “radial shear” can beé sotwined casiny i two parts_ Tlwe
first part represents the shear in & simple beam which is multiplicd by cos 8, The

BY BIRHANU F.



THEORY OF STRUCTURE INFLUENCE LINES

second part is the influence line for & shown in Figore 310 (b} maltplied by sin @,
Crce these too are combined as per B (vil), we pet 1L for radial shear at T and is
shovam in Figure 310 (d). The hatched portion is the resultant diagram,

Anaylsis and Influence Line for Mormal Thrast, &

The mormal thrust is the axial force acling along the arch axis al any poinl In order
o understand its concepd, focus on Figure 3.7 (), whersin in a fres boddy diagram,
all the forces and their componenis alomg the iangent o arch at point [ are showmn,
The componenis of Vi and & along ibe tangent give us “nonmal thoast" as follows

N=5znd+Hecosh (v}

Thus, mormal throst also has twoo parts which can be combined o obtain its
intluence line. It is a compressive force and this is charncteristic of an arch, The
infloence lipe Uor ‘normal threst” is shown in Figore 3,00 (e), The hatched poriion
gives the ned values,

To Determine Maximum Bending Moment due to a Concentrated
Rolling Load
Let us now:comsider the applicatbon of concepts derived earlier {Section 1.5 : Unit 1)
throngh a numerical example and see how influence line concept can be used 1o locate
given loads 1o obdam maximum values.
Example 3.6

We have a three hinged parabolic arch of 25 m span with a central rise of 5 m. Let
us assunme a load of 100 kN rolling over froms lefl o right [Figere 3,11 (a)] and we
have o find maximum SF and BM al a section 8 m from A,

Saobatiom

Following the concepts enumerated in Section 3.4, 1, the 1L for bending maoment at
[ 15 shown in Figure 3,10 (b).

— S | . () Three- Hinged

e 1285 m ————sfa———2.5m

SHY = LD
P Shh (b TLIF for BM

;_ju*'_,u___n al Tv (Shemded])

Figmre 111 : Three-kinged Arch and TLD for BMW ot D (Shaded)
We have seen in Secthon 3.4.1,

Mp = p—(H=yn)

In this case, B R(ZI—8) = 4352m

B LB
AR TIvET
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y - 8 (25— 8
T LI:'. x{; Y o 5.44 (with apex below D)

‘155 x4 352 = 5.44 (with apex below )

W Enoow

and Hxyp = ﬁx{:ﬂl:

The maximum positive Bh al D ocours, as can be seen from the alloence line,
when the load is on the section. Thas,

vo Moo Postivey 8D = (100 % 5.44) — [Iﬂﬂ-x%J

1]

IO = 1.9 = 196 kN m

Simdlarly, maximum negative BM at I will occur, as can be seen from the
inflacnce lime, when load is gl the cnovany, ie. &t O Thas,

5.44 x 12
S Mian (Megativey 8D = lm[{—SM}+;j]

1

100 = {— 1.44) = — 144 kN m

The above resulls can also be oblained by simple analysis of the arch withoal using
the influence lme diagram. This 15 explained bebowe

1)  Maximuem positive BM occoors when boad is at the section Dy itself,
In this case, V=25 = 1 =8; .. Vg = I2 KN

A Ve o= 100- 32 = 68 kM
Take momments aboul O, we get,

Mc = (Vpx12.5) — (Hx5) = 0
= (32x12.5)— (H=x5) = 0

32w 12.5
R — s = B0 kN

Thercfore, maximum positive BM at section D,
Mb (mazxy = (W = B) = (H = ¥5)
= {68 = B) — (B0 = 4_352)

= 5 — 348 = 1965 kM
This is the samc resalt wihich we ohizined from influence line approach carlicr.
{8y  Blaximom negative BM ocours when losd is at the croom at C.
In this case, 1!',1:1’,:%:5{;
a Me = (0= 125 —(H=5 =0

e H = I15I:H'
Therefore, maimnm oegalive BM al section 1T¥,

ME (maxy = (V4 % 8) — (H % 4.352)
= (S0 = 8) — (125 x 4.352)

) = My — 544 = — 144 kN
This is also the same resull as obained by influence line approach earlier.
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Example 3.7
Consider a three-hinged circular arch of rise 10 m and span of 50 m, with a load of
100 M wravelling from A o B, We have o determine maximom horieomntal tarast
angd maximum {pegative) and (positve) BM at 15 m from A,

ib) LI} For BK
at I (Shaded |

Figmre 3.11 « Three-hinged Circalar Aorch mod DI Tor B b IS5 aded )

Solution .
(i}  Lctus first determine the radius of the <o b from the first principle (Figure 3.12)
We have, 10 (2R =110y = 25w 25
< R = 3625m
Also, (36,25 — 10+ yp)® + 107 = 36.25%
Seoovp = BV m

(ii) As already discussed, the ILD for BM {j at D can be drawn [Figure 3.12 (b)]
and akeo the 1LY for W v is deawn,

The maximum posiave BM will occur wlen load is st I iself. For this
sitpation, we determine all reactions.
Taking rmoumends about A, we gel.

(V=30 — (100 <15 = 0

s Ve = 0kN
Thus, S Vo= 100 -3 = T RN
Taking moment abog O, we get
o (Vg 255 — (M= v} = 0

S e = 10m
We also know, .. H = “;;;E = T kN
2 Mp o= (Ve x 35) — (H = v
= (30 35) = (75 = 859 = 1050 — 64425 = 40575 kN m
Th:mmvﬂuamuﬂdimbeqhtﬂml&mnldiug:nniﬂah&wbuhw

Mp = [lﬂ.ﬁ—%xliﬁlxlﬂ] 1 JIFETS KN m
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(iti) The maximum negative Bh will develop when load is ag crown O

In this case, ¥y = ¥g = 50kMN
and Mo = (50%25) — (H=10) = 0
o H o= 125kN m
Thus, 0 Mpjpegativey = (Vg =0 15 — {125 = B.55) = — 324 kN m
The same result could also be obtained from L diagram as shown below
10.5 :H:Eﬁ-!l
Hﬂ[nm-iw} =t ID“———:!S—'JK].W = — 324 k™ m
Exsmple 3.8

Consider a three-hinged parabolic arch of 40 m span and rise of 6 m with inclined
concentrated loads as shown in Figare 3,173, We have (o determing the horizontal
thrust & and the bemding moments uoder the concentrated loads.

o mHfm

(b Mec BM
Disgrany

Figure %131 ; Three Hinged Arch wnder Concemtrstded snd Uiniformly Distributed 1 sad sod jce Mol BRI

Solation
fa)  The arch geomelry is o be frst determaned 1o find ordinates at D and E
4 = i 4 =6 3
y=73 :uu{i.-x}:mxmmm:—f] _Hﬂﬂﬂx-fj
AE=5m: vp = = [(403¢5) - 5] = —o—% 175 = 2.63m

Similardy, vp = 4.5m
Also we know that

day _ 4h
dy - %8 - _
tan @ = [d:: = 30 cap 130~ (2% 5)) = 045
=5
Th.l.ﬁ,. - E‘D= M:Iﬂ

Finally, we gel,
sin @ = 04104
cos @ = 09119
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Similarly, for x = 30 m, i.e. point E, we get, 8 = — 16,707
In the same way, we gel,

sin @ = 02873
cos 8 = 09578
(b} The components of the concentrated loads can also be determdned from
I gonomelry &6 given below,

For load at D,
Horizontal comgeonent = 1414 x<cos 457 = 100 KN —
Vertical component = 1414 = 5in 45 = 100 kN L
Simudlacly, componenits of 100 kN at E are as follows @
Horizontal component = 100 cos 607 = 500kN «
Vertical component = 100 sin 607 = S6.66 kN L

(¢l Inorder to determine reactions at supports, let us consider momend of all forces
about A, we get,

My = (100 2670 = (100 5) + (8666 = 30) = (50 = 4.5y = (Vg =4 = O
Thus, we gel, ¥a = BFTRA KN

» Wy = (40 x40+ 100 + 86,66 - ETE.4
and Vi = 908.20 kN

(dy Todeterming horizonizl thrst H; take moments about central hinge © of all
forces on left of C, we gat

(S0, 200 < 200 — (100 = 15) — {100 =76 — 2.63)] - (H=6) = 0
Thius, we get H = 13878 kN
fe)  We have now to détermine nel moments al D and E

Mp = (9082 x 5}-[403-:5::%]4133?3 % 2.63)
= + 3Ll mn{m [Figure 3.13 {b)].

Mg

(BT84 = 1) — [-w 3¢ 10 % %]—{1337.3 % 4.500)
= + 538.9 kN m (sagging) [Figure 3.13 (b)).

Similarly, if required the bending moment at other points can also be found, e.g.
M, in zome AD

M, = (9082 % x}-[ﬂx‘;}-{lm.s x‘:fﬁ?nm-:}] = 75.52x+ 0817 £

The net bending moment diagram is shown in Figure 3,15 (h).
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Absolute Maximum Bending Moment

mmmm&gmpmmmmhmamﬁmmummmw-
point D on the arch which is at x from A [Figure 3.14 (a)).

The equation for parabola is

4h
T

The moment af D, a5 has already been discusséd will be as follows ;
Mp = w-(Hxyp)
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Parnbalic Arch

x I i € g Q
L
a & ) LI for

b"'ﬁ e BM nt D

zr —=]
0982 l SEZL
= k (e} Maximum Positive
#‘-{1 I . Bbd Drhagraam
LA Lhe .
1 ™ ¥ {d}ml!l-:h_ﬂnp'lm

N s LI

Figare 514
This IL for moment at [ has hams}mminﬁmlu{b}inwhﬁlufeﬂfdinue

L
oy = EHJ‘C

Substituting value of v from Eq. (i), we get,

cey = T(L-x) (i)

Thus, we find ooy is same as ddy which is the ordinate for diagram of W4,
x

-8 ﬂ] =y = E{L" x)
An inspeciion of [L for moment at £ clearly indicates that maximeen posifive momesi will
occur wihen the load is at section I saif,
The positive momenl ordinate, ddy = ddy -~ dyds
x _xiL—xy (xwm2
-8 17

L

: = X(L=x)

Sooddy = 2 (L - '1.\!} (i}
In order o oblain absolute maximum positive moment anywhers on arch, we differentiate
Eq. (iii) with respect 1o x, and equate o zero, This resulls in & gquadralic eguation, which
on solution gives pao valaes of o ie x) = 0,211 L and x3 = 0. 7ED L which are
symimetrically. sipaated points.
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Substitating for xy = 0211 L in Eqg. {iii), we get max positive moment = Q0962 L, The
maximam posilive bending moment diagram is shown in Figare 314 &= —
Simuilarly, maximom negative moment will occur when wint load is u
0fy = 00— epey
_x(l-x) x{L—x (L;:] :

L L L-x

- ®{L—2x)
T (iv)
On differentiation with respect ©o x and equating to zero, we gel the point where absolube
maximum negative moment will occor, and it is

= -

4

On substituting in Eq. (iv), we get,
o Absclute maximum negative moment = ﬁ

This is shovwmn in Figore 3,14 (d).

The maximum BM diagram for a uniformly distribated kosd (w) is oblained by
multiplying it by the area of the positive/megative (net moment i 1L, The prnl:lpal valwes
are shown in Figure 3. 14 (2.

Example 3.9

Let us examine the case of a three hinged parabolic arch of 4 m rise and 20 m span.
Comsider a concentrated load of 10 EM travelling from A o B, We are to
determineg maximum positive and negative maomenis at a section which is 5 m
away foom A and then Dind out absoldute maximam bending moment anywhere in
the arch ACE (Figure 2.15).

b O M e DM

N, zo0m Ve
Flgare 115
Solution
4h
We have, ¥ = EI{L—.‘I."']

- A wad
¥r=5, 0 = T
We have jost seen in Section 3.3.5 [Figure 3.14 (h)] that maximum positive moment

oeeurs when load is at the section isell. For this position of load. ie. when 100 kM
load iz at D, we got,

Al x=5, we goi, M»E{M -5 =

100 = 5
Vg = 20 = 25 kKM
o Wy = T5kN
Taking momem aboual O,

25 x 10 = Hg =< 4

- Hg = 25:” 62.5 kN
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Hence, Mp = (25 % 15) = (62.5x 3)

= 37518735 = I875kNm (maximum positive moment)
* Similarly, maximum negative moment occurs when load is at C,

For this position;
Vi = Vg = 30N
and s o H=4 = 50=10
=2 < 125kN

Hence, Mp = (S0=x5)=(125x3)
= 250375 = - 115kN (maximum negative moment)

Using the results obtained in Section 3.3.5 [Figure 3.14 (c)], we know that the
absolute maximum positive moment occurs ai section x= 0,211 L, Thus,

1= 0211 %20 = 4,22 m from supports A and B and 113 magnitude would be
{00962 L W),

Thus, absolule matimam positive BM = 00962 x 20x 100 = 1924kN m.

MNow referring to Figure 3,14 (d), we know that absolule maximum negative
moment occurs at section x = 0,25 L Thus,

x = 025 =3 = 5 mfrom supports A and B and ils magnitede would he
(00625 L% W).

Thus, absolute maximum negative BM = lmx[—%}= = 125kNm
4

BY BIRHANU F.



