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Preface

Queueing is an aspect of modern life that we encounter at every step in
our daily activities. Whether it happens at the checkout counter in the
supermarket or in accessing the Internet, the basic phenomenon of queueing
arises whenever a shared facility needs to be accessed for service by a large
number of jobs or customers. The study of queueing is important as it
provides both a theoretical background to the kind of service that we may
expect from such a facility and the way in which the facility itself may be
designed to provide some specified grade of service to its customers.

Our study of queueing was basically motivated by its use in the study of
communication systems and computer networks. The various computers,
routers and switches in such a network may be modelled as individual
queues. The whole system may itself be modelled as a queueing network
providing the required service to the messages, packets or cells that need to
be carried. Application of queueing theory provides the theoretical
framework for the design and study of such networks. The purpose of this
book is to support a course on queueing systems at the senior undergraduate
or graduate levels. Such a course would then provide the theoretical
background on which a subsequent course on the performance modelling
and analysis of computer networks may be based. This is indeed the strategy
adopted for teaching computer networks and their performance modelling
and analysis in the Department of Electrical Engineering at I.L.T., Kanpur.
The material of this book was originally provided as lecture notes to the
students specialising in the area of telecommunications and networking.
These students were required to go through a sequence of two courses, the
first one on queueing and the second on computer networks. The first course
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vi Preface

on queueing and the associated lecture notes were expected to provide the
theoretical background for the second course and its related topics.

The phenomenon of queueing also arises in operations research and
industrial engineering as the facilities studied in these areas may also be
modelled as either individual queues or queueing networks. This text will
also be useful for senior students in this area. This book assumes that the
student is familiar with the basics of probability theory and its applications.
It also assumes that the students know and can apply results from the theory
of transforms, especially Laplace Transforms and Z-Transforms. It is
normally expected that students in electrical engineering or computer science
would be familiar with this required theoretical background before they
reach their senior undergraduate or graduate levels. Students in other areas
may require additional mathematical training to acquire this knowledge. An
appropriate mathematical course covering these topics may be a prerequisite
for such students who may want to use this book for the study of queueing
systems.

This book is basically concerned with the analysis of queueing systems.
Some example scenarios are usually given for the systems being studied
even though studies of potential queueing applications are not the primary
objectives of this text. The analytical models have been carefully developed
and presented. However, given the expected mathematical background of the
students using this text, obvious steps in the analysis have usually been
omitted and left as an exercise for the readers. If this book is used for
students studying queueing at a level lower than what was suggested earlier,
the analytical steps might be omitted to focus more on the results which are
finally obtained. For such students, it may be useful to just cover the basic
queueing models of Chapter 2 and the basics of queueing networks as given
in Chapter 5. For students or practicing engineers interested only in applying
exact or approximate queueing network models for solving their application
problems, the algorithms provided in Chapters 5 and 6 are recommended.

Chapter 1 provides an introduction to queues and queueing systems. To
illustrate the simplicity of basic queueing analysis, this chapter also presents
the analysis of a simple single server queue. This has been done with the aid
of some simplifying assumptions and is intended to show that a basic
queueing analysis may indeed be very easily done.

Chapter 2 presents the equilibrium solutions of basic queues that may be
analysed using birth-death models. These queues are mostly ones with
Poisson arrival processes and exponential service time distributions. We also
discuss Little's result, which is used extensively in this book and elsewhere
for the study of queues and queueing networks. Queues with bulk arrivals
and using the method of stages to approximately solve queues with non-
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exponential service time distributions have also been considered in this
chapter.

Chapters 3 and 4 deal with the single server queue with Poisson arrivals
and general service time distributions. While Chapter 3 focusses on the basic
queue of this type and presents an extensive analysis of its important
performance parameters, Chapter 4 discusses some important variations of
this queue. These variations include queues with vacations of different types
and various priority queueing models. It also presents the analysis of some
basic discrete-time queues. (All the other queueing models considered in this
book are continuous-time in nature.)

Chapters 5 and 6 of the book deal with queueing networks. Chapter 5
considers simple open and closed network models that have a product-form
solution and can be analysed exactly, provided suitable simplifying
assumptions are satisfied. Jackson's Theorem is introduced here for a variety
of queueing networks. We also present the convolution algorithm and the
mean value algorithm for the exact solution of simple closed queueing
networks. Norton's theorem for reducing closed queueing networks has also
been discussed in this chapter.

Chapter 6 focusses on various algorithms that have been proposed as
approximate methods of analysis for more complex queueing networks. A
variety of such algorithms have been presented for both open and closed
networks. Fork/Join nodes and their analysis in open and closed queueing
network have also been considered. For open networks, we present the
GI/G/m approximation of QNA that gives exceptionally good results in most
situations. Networks where some or all the queues are of finite capacity have
also been considered. The different blocking models that may be used have
been presented and discussed in detail in this chapter. Even though these
networks with blocking cannot be solved in an exact fashion (except with
very restrictive assumptions) the Maximum Entropy Method does provide a
reasonably good approximate solution. This has been presented for both
open and closed networks with repetitive service blocking of different types.
We have also presented approximate algorithms to handle open and closed
networks with transfer blocking and open networks with rejection blocking.

Exact analysis of queueing systems is often difficult. Even with
simplifying assumptions and approximations, it may not always be possible
to obtain an analytical solution. In such cases, one has to take recourse to
simulations for the study of these systems. Chapter 7 discusses the
simulation approach and provides some of the basic knowledge necessary to
meaningfully study queueing systems using simulations.

This book may be used as a textbook for a course on basic queueing
theory by limiting oneself to the study of single queues of various types
using Chapters 2, 3 and 4. The material on queueing networks in Chapters 5
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and 6 may then be omitted from such a course. Chapter 6 gives summary
descriptions of various approximation techniques that may be used to solve
complex queueing networks. These would also be useful for practicing
engineers who need to solve more complex queueing based network models.
We have implemented the algorithms described in Chapters 5 and 6 in a
queueing analysis package ONAT. A beta version of this software is being
publicly distributed and may be downloaded from the Internet. The
download details for this package may be obtained from the author. It should
be noted that ONAT allows both analysis and simulation of all the queueing
network models described in Chapters 5 and 6. For simulations, QNAT uses
the discrete event simulation approach described in Chapter 7.

Sanjay Kumar Bose
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Chapter 1

Introduction

Queueing systems are models of systems providing service. Such a
model may represent any system where jobs or customers arrive looking for
service of some kind and depart after such service has been provided. We
can model systems of this type as either single queues or a system of
interconnected queues forming a queueing network. These are the kinds of
systems that are dealt with here and our objective is to describe the analytical
techniques that may be applied to study their performance. An example of a
simple queueing model has been shown in Figure 1.1. Such a model may be
used to represent a typical queueing situation where jobs arrive, wait if all
servers are busy, eventually get served by an available server and leave after

the required service is obtained.

? Server(s)

Departures

Arrivals —¥» | |

Waiting
Positions

Figure 1.1. Model of a Simple Queue
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1.1 Queueing Model Parameters

The analytical modelling of a queue would involve providing the input
specifications describing the queue. These would include details on the
arrival processes of jobs/customers to the queue, the service process at the
servers of the queue, the number of servers and the number of buffers and
waiting positions in the queue. For a system being modelled as a network of
queues, details like the above will need to be provided for each of the
individual queues. In addition, one would need to provide details on the way
Jobs are routed from one queue to another and the methods by which
blocking, if any, is to be tackled.

The process of analysis of an individual queue aims at providing details
on the kind of service a customer can expect as well as on how the queue
itself is performing. The service parameters, which will be of interest to a
customer looking for service at the queue, are the gqueueing delay, total
delay, number in the system and the number waiting in the queue. Ideally,
we would like to know the distribution of these quantities. However, if that
is not possible (and it usually is not), then at least the mean values should be
known. Note that for a new job entering the system, the mean values of all
these service parameters should be low if satisfactory service is to be
provided. These mean values are inter-related and may also be found if we
can find the equilibrium state distribution of the number of jobs in the
system under the given conditions. In systems with finite waiting capacities,
an additional parameter of interest will be the mean and distribution of
blocked customers, i.e. the number of customers leaving without service.

The server utilisation, mean and possibly its distribution, would be a
quantity of interest not so much to the users of the queue as to the service
provider. This is because a service provider would ideally like to maximise
resource utilisation so as to maximise revenues, even though this may
adversely affect user satisfaction by increasing delays and the number forced
to wait in the queue. The nature of the departure process is also useful, if it
can be found, as this would make it possible to analyse queueing networks
where a part or whole of the output of one queue gets redirected to another.

If we make suitable simplifying assumptions, the analysis of queueing
systems may be made quite simple, especially if we are only interested in the
mean values of the performance measures. We have illustrated this in the
next section. It may not always be possible to find the distributions of these
parameters and even when these can be found the process may be a difficult
or tedious one. Even when exact analysis is not possible or feasible, very
effective approximation techniques may be used to provide good results.
When even that cannot be done, or cannot be done easily enough, the only
recourse left is to use simulations for studying the system.
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1.2 A Simple Queueing Model

If we are not averse to making some crude simplifying assumptions, then
analysis of simple queueing models may be easily done. (These assumptions
will be justified later.) For example, consider the queue of Figure 1.1 with
only one server and an infinite number of waiting positions. Let the arrival
process of jobs be such that arrivals come at rate A. Assume that when
Ar—0, P{one arrival in time interval A}, the probability of one arrival in a
time interval Az, is AAt. Similarly, P{no arrivals in time interval 4f] is /-A4t
and P{more than one arrival in time interval A¢} will be negligibly small and
may be considered to be zero. For the service process of the given server, we
assume that the average service rate is ¢ (mean service time is //44). Assume
that when the server is working and when 4r—0,P{one departure from the
system in time interval A¢] is u At, the P{no departures in time interval 4/] is
1-u At and P{more than one departure in time interval 4¢] is zero.

For this queue, we need to describe the system state in some fashion. The
system state at any time instant may be taken as the number in the system at
that instant. Note that this will include both the number waiting in the queue
and the customer currently in service, if any. Let py(?) = P{system in state N
at time f}. By ignoring terms with (47)° and higher order terms, the
probability of the system state at time 7+ 4r may then be found as

Po(t + A1) = po (D[] — AAL] + py ()t N=0 (1.1)

py(E+AN=py Ol — AAL = pAt]+ py_ (DAAL + py . (DAL

N>0 (1.2)

subject to the normalisation condition that Z p,()=1 forallr>0.
Vi

Taking the limits as Ar—0, and subject to the same normalisation, we get

ip-d(%l:)—=—/lpo(t)+ up, (1) N=0 (1.3)
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dpc];,t(t) =—(A+)py @)+ Apy_ () + ppya (F) N>0 (1.4)

These differential equations (along with the normalisation condition) may
be used to get both the transient and the equilibrium solutions. For the
transient solutions, the queue is assumed to start at time /=0 with some
initial state K, i.e. p,(0)=3J and the differential equations are solved to
obtain the state probabilities p,(#) i=0, 1, 2.....c0 as a function of the time z.
For the equilibrium solutions, the conditions invoked are

%Q=Oand p,@)=p, fori=0 1 2...0

For this, defining p =A/u erlangs, with p <Ifor stability, we get

P = PPy

) (1.5)
Py =U+ppy —ppyy=ppy=p""'py Nzl

Solving Eq. (1.5) with the normalisation condition 2 p; =1, we get the
system state probabilities to be

p,=p (1-p) i=01, ..., (1.6)

It should be noted that the summation in the normalisation condition
would only have a finite value when p</. This condition is therefore
required for the queue to be stable. Note that once we know the equilibrium
state probabilities, we can use these to compute various mean performance
parameters of this simple queue, Some examples of these are given next.

(a) Mean Number in System, N
N=Xp =X ip =P =t (17)
i=0 -

i=0

(b) Mean Number Waiting in Queue (prior to service), N,

S (i P P P
N, =N (i-Dp =L —(1-p)=—"F——p= 1.8
, =2, G-Dp, Uy Db st ps (1.8)

i=1
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(c) Mean Time Spent in System, W

To obtain this, we need to assume first come first served (FCFS) service
even though the result obtained does actually hold for any other service
discipline where “the server is never idle while the system is non-empty”.
Note that this equality only holds for the mean. The second moment and
higher moments, as well as the actual distribution will be different for
different service disciplines.

Assuming FCFS discipline, consider a job, which arrives to the system
when it is in state %, i.e. there are k users already in the system of which one
is currently being served. We need to make one more assumption before we
can proceed further with this analysis. We will assume that the mean
remaining service time needed to finish serving the customer currently being
served, is still 7/x This is indeed justified if the service time distribution is
exponential (with mean 1/4), which is effectively what is being assumed
here. (This is because of the memory-less property of the exponential
distribution.) With these assumptions, we get

=y E Dy - (19)

1778 =
par iy L u(l-p)

(d) Mean Time Spent waiting in Queue, prior to service, W,

It is easy to see that W, will always be one mean service time less than
the value of W obtained earlier from Eq. (1.9). Hence, we get

quW—l:———e— (1.10)
uo ud-p)

Note that we can also obtain W, directly if we know the probabilities of
the system states. Using the same arguments and assumptions as in (¢) above
(for deriving W), we can see that a customer arrival which finds the system
in state k& will encounter a mean queueing delay of k/u. This may also be
used to obtain W, directly as shown below.

2k
W =Z_pk=_£_ (1.11)
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Note that this mean result will also be independent of the service
discipline actually followed.

(e) Server Utilisation

This will be a parameter of interest to the service provider arranging for
the server serving the jobs in the queue. Obviously, the service provider
would like the server to be utilised as much as possible, even though that
might lead to large queueing delays and a large number of jobs waiting for
service in the queue.

The server is busy except when the system is empty, i.e. the system state
is zero. Therefore, we can see that the utilisation of the server under
equilibrium conditions will be I-p, =p. This quantity is indicative of how
hard the server is actually working.

(f) Probability that an arriving customer has to wait for service

In a way, this parameter is indicative of the quality of service being
provided by the queue. Obviously, customers will not be happy with the
service provided if they have to wait for service every time they arrive at the
queue. From the customers’ point of view, a good system will be one where
they immediately start getting served on arrival.

It is obvious that a customer will get served immediately on arrival, i.e.
will not have to wait for service, if it sees the queue to be empty on arrival.
The probability of this is simply py, the probability that the system is empty
and will be given by 7-p. Note that as the traffic p (0<p<1I) increases, the
server utilisation improves at the cost of lower customer satisfaction with the
quality of service being provided by the queue.

The simple queue described above is actually what is referred to as the
M/M/1/ec queue, i.e. a queue with Poisson arrivals, exponentially distributed
service times, single server and infinite waiting positions. (The notation used
for representing the queue is called Kendall's Notation and will be described
later.)

In general, we find that the analysis of a single server queue is attractive,
because -

(a) It is generally more tractable than the analysis of a multi-server queue

(b) For a queue with C servers, bounding results may be obtained by
considering a system with C parallel, single server queues where an arriving
customer can join any of the queues randomly. The latter system will always
be less efficient than the actual C server queue.
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1.3 Some Basic Queueing Models

The approach given here is always applicable for simple queues where
the arrival process may be modelled as a Poisson process (with exponentially
distributed inter-arrival times) and the service times are exponentially
distributed. This happens because of the memory-less property of the
exponential distribution. This simple approach will not be applicable if these
conditions are not met. We can easily extend this approach to analyse a
variety of queueing situations. Some examples of these are given below.

Finite Buffer Queues

In this case, the system’s state will be limited to a value K which is the
maximum number of users who can be in the system, i.e. the waiting
customers and the ones in service. Arrivals, which come when the system is
full, are forced to leave without service as they are not allowed to enter the
queue.

Multiple Servers
In this case, the service rate should be taken as ku for the system state
where k servers are serving

Variable Arrival Rate

This, for example, can be the case where the arrival rate is (N-k)A when
the system is in state &. A model of this kind is frequently used to denote the
arrival process from a system serving a population of finite number of users,
i.e. N users. Here a user, who has generated a job that is currently in the
system, does not generate a new one until the earlier job finishes service.

Queues with “Balking”

This, for example, could be a system where an arriving job checks the
number, say k, presently in the system. It then decides to join the queue with
a probability ¢ or leaves without service with probability (/-e'®), where ¢,
0<a<l, is an appropriately chosen constant. Several variations of this are
also possible such as the case where the arriving user bases its decision for
“balking” on either the number that it sees waiting for service in the queue or
its estimated waiting time

1.4 A Summary of the Contents
In Chapter 2, we consider simple queueing models with Poisson arrival

processes and exponential service times. Extension to a generalised service
time distribution for single-server queues is considered in Chapter 3 and
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other issues like vacations, priorities, batch arrivals and simple discrete-time
queues are considered in Chapter 4. Chapter 5 considers simple models of
systems where queues are interconnected to form a queueing network.
Approximate methods that can be used to handle more complicated queueing
networks are discussed in Chapter 6. Chapter 7 ends this text with a
description of simulation techniques and the issues that arise in simulation
studies of individual queues and queucing networks.



Chapter 2

Basic Queueing Theory
Fundamentals of Analyzing Single Queues

As shown in the simple example of the previous chapter, the basic
approach to the analysis of simple queueing models would begin by defining
an appropriate system state for the queue. The analysis of the queue would
then essentially be the study of the way this system state would evolve. The
transient solution would be the solution obtained for this system state, given
the various input parameters, and the initial conditions with which the queue
starts operation. In this text, we are however interested in the performance
analysis of the queue once equilibrium conditions have been reached.
Analyses of some basic queues where the arrivals come from a Poisson
process and the service times are exponentially distributed will be
considered in this chapter. Before we consider such analysis, it would be
useful to review some of the basics of the theory of Markov Chains and
Birth-Death Processes. These are considered next. Further details on this
may be found in [Fel65], [Kle75] or [Wol89].

2.1 Markov Processes and Markov Chains

Markov processes are memory-less in nature, which makes models using
such processes easier to handle. For a stochastic process X(?), this memory-
less property, also sometimes called the Markov Property, states that for any
choice of time instants ¢, i=1, ...... , n, we have

P{X(ty ) =X 1] X(0)=Xs oo X(0) =% =P{X (151 1) =X 1] X(8) =X}

Note that when this property is satisfied, the state of the process/system at
time instant ¢,.; depends only on the state of the process/system at the
previous instant #, and not on any of the earlier time instants. Alternatively,

9
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one can say that a process is termed a Markov Process if, given the present
state of the process, its future evolution is independent of the past of the
process. This effectively implies a one-step dependency feature for the
Markov Process where older values are forgotten. Restricted versions of this
property leads to special cases, such as -

(a) Markov Chains over a Discrete State Space

(b) Discrete-Time and Continuous-Time Markov Processes and Markov

Chains

If the random variables denoting the state of the process are discrete in
nature, then these discrete random variables {X,} form a Markov Chain if the
probability that the next state is x,.; depends only on the current state x, and
not on any previous values. For the Discrete Time case, state changes are
pre-ordained to occur only at the integer points 0, 1, 2, ...... , n (that is at the
time points ¢, ¢, t...... , 1,). However, for the Continuous Time case, state
changes may occur anywhere in time.

In the analysis of simple queues, the state of the queue may be represented
by a single random variable X(z) which takes on integer values {i, i=0,
1.....,} and the corresponding process may be treated as a Continuous Time
Markov Chain. Such a chain is referred to as a Homogenous Markov Chain
if the probability P{X,.,=/ | X,=i} is the same regardless of n. In that case,
one can write the transition probability p; of going from state / to state j as
pi = P{X,.,=j | X,=i} vn. It should be noted that for a homogenous Markov
chain, the transition probabilities depend only on the terminal states (i.e. the
initial state i and the final state ;) but do not depend on when the transition
(i—>J ) actually occurs.

Discrete Time Continuous
Time

Figure 2.1. State Transition from State A
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Consider the state transition for a homogenous, discrete-time, Markov
Chain as shown in Figure 2.1 and let P{X,.,=A4|X,=4})=p and
P{X,.;#A4|X,=A}=(1-p). Then for this Markov Chain, we can show that

P{system stays in state A for N time units | given that the system is
currently in state A} = P

and

P{system stays in state A for N time units before exiting from state A} =
N
p(-p

Note that the above result gives a Geometric Distribution that would be
memory less in nature.

Similar results may also be obtained for the Continuous Time case. In this
case, assume that the system is in state A at time 7 and that the departure rate
from state A is g We consider time #+7 to find the probability that the
system stays in state A for ap additional time 7, given that the current time is
t. We can then show that as A4r — 0

P{system in state A for time T | system currently in state A}

T
= (1— pAr) /S 5 eHT

Note that this is the cumulative distribution function (cdf) of the
exponential distribution. Based on this and the earlier result, we can make
the important observation that "/n a homogenous Markov Chain, the
distribution of time spent in a state is (a) Geometric for discrete time or (b)
Exponential for continuous time". The implication of this statement is that
in a homogenous Markov Chain, either discrete or continuous, the form of
the distribution of time spent in a particular state of the system is fixed - i.e.
it cannot be arbitrarily chosen. The distribution is also memory-less in
nature. This implies that if we examine the system at a particular instant of
time and find the system in a particular state (say state A), then the
additional amount of time the system will spend in this state (before exiting
to another state) will not depend on how much time has already been spent
in this state. This condition gets relaxed if one considers Semi-Markov
Processes. In these processes, the distribution of time spent in a state can
have an arbitrary distribution but the one-step memory feature of the
Markovian property is retained. We will find processes of this type useful in
some of our analyses.

A sequence of random variables {S,} is a Random Walk if -
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Sy=20 (assume process starts at origin, without loss of generality)

and S, =S8,,+X, forn=1 2 ....., oo
where X, X,, ....etc. are independent, identically distributed (i.i.d.) random
variables. A random process related to this is the Renewal Process. This is
related to a random walk except that our interest here lies in counting the
number of transitions that take place as a function of time. Let the state at
time ¢ be given by the number of transitions in (0, z) where ¢; corresponds to
the time of the i” transition and (t; - t.;) Viareiid. random variables. Let X;
= (t;- t.;) V'i denote this set of i.i.d. random variables. Subject only to the
conditions that they are independent and have identical distributions, the
random variables {X,! can have any distribution. Note that this would
actually correspond to a Semi-Markov Process.

In particular, consider the special case where X; = r with an exponential
distribution given by Ae™ It can then be shown that the renewal (counting)
process for this is the Poisson Process such that

N e~/’LT

P{N tranmsitions in an interval T} = (AT) — (2.1)
n!

corresponding to the Poisson Distribution. To show this, let py(?) be the
number of transitions up to time 7. (In the queueing scenario, this
corresponds to a queue where arrivals occur but no service is provided - the
arrivals are merely stored. In this case, p,(?) will be the probability that the
queue has k& arrivals up to time 7, given that queue was empty at time r=0).
Therefore

Pt+A0) = pu[1-AAL] + pri(Adt  for k=1, 2, .......

and with 4r—0, we get

dpe()
4 Ap (1)
E%Q:_@[pk(t)_pk_‘(t)] k=12,....

Solving these for py(0)=1 and py(0)=0 for k=1, 2, ...... , we get Eq. (2.1).
2.1.1 Discrete Time Markov Chains

We review this in more detail, as most of our analysis would be based on
this kind of a Markov chain. As defined earlier, the sequence of random
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variables X; X5, ......... forms a Markov Chain if for all » (n=1, 2, ......... )
and all possible values of the random variables, we have that

P{anj l X1=i1 ........... Xn.]:i,,.1}:P{)(,,:j |X7.1=i,,./}

Note once again that this property really illustrates a one-step memory where
the next state depends only on the current state and P{X,=j | X,.;=i,.;} gives
the one step transition probability of going from state i, ; at the (n-1 )" step
to state j at the n"” step.

If the discrete-time Markov Chain is fomogenous in nature, then the state
transition probability p;= P{X,=j | X,.,=i} will also be independent of n, i.e.
the instant when the transition actually occurs. For the homogenous,
discrete-time Markov Chain, one can also define the m-step state transition
probability as

pM=PX,,, =il X, == p" " "p, m=23 .. (2.2)
Vk

A Markov Chain is said to be Irreducible if every state can be reached
from every other state in a finite number of steps. This implies that £ exists
such that p,“= 0 for Vi, j. Note that if a Markov Chain is not irreducible,
then -

(a) it may have one or more absorbing states - i.e. states from which the
process cannot move to any of the other states, or,

(b) it may have a subset of states A from where one cannot move to states in
AS, i.e. states outside 4

Transient if £;</
/ Recurrent Null
State j if M=ao
\ Recurrent /

iff=1
\Recurrent Non-null
or Positive Recurrent

if Mj<eo

Figure 2.2. Classification of States for a Markov Chain

The states of a Markov chain may be classified further as being either
Recurrent or Transient. Recurrent states may be further divided into
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Recurrent Null or Recurrent Non-null. This classification has been illustrated
in Figure 2.2.

A state is considered to be recurrent, if it will occur some time whereas a
state would be fransient if it may not occur at all. Consider the probability
ﬁ(") of the system returning to state j in exactly » steps after leaving state ;.
Note that trivially, fjm =p; and that we can derive the probability 7 of the
system returning to state j some time after leaving state j to be

I=21" 2.3)
n=1

From the definition of f;, we can say that that the state j will be transient if
J<I, whereas it will be recurrent if f=1. For a state j, which is recurrent, i.e.
can occur again, its mean recurrence time M; may be defined as

, . R _ - (1)
Mean Recurrence Time for statej = M ; = Z nf,

n=|

A state j is periodic with respect to a (a >1), if the only possible steps in
which state j may occur are ¢, 2¢, 3a...... ......... In that case, the recurrence
time for state j has period a. Note that state j is said to be aperiodic if a=1.

A Recurrent State is said to be Recurrent Null if the mean recurrence
time for that state tends to infinity, i.e. M=co. A Recurrent State is said to be
Recurrent Non-null (also called Positive Recurrent) if the mean recurrence
time for that state is finite, i.e. M;<oco. A Recurrent State is said to be Ergodic
if it is both positive-recurrent and aperiodic. This implies that it is possible to
come back to that state in any given number of steps and that such a return
will always occur with finite mean recurrence times. An Ergodic Markov
Chain will have all its states as ergodic. Note that an Aperiodic, Irreducible,
Markov Chain with a finite number of states will always be ergodic. The
property of ergodicity is important as it implies that regardless of the initial
state pj(w, the equilibrium state probabilities obtained for the system, i.e.
lim,s.{p,"}—>p,, would still be the same. Note that the probability of the
system being in state j in the n™ step will be given as

P{system in state j in the n" step} = p"” = P{X,=j}

The following results then hold [Kle75], [Wol89] for an Irreducible, Markov
Chain with p,” as defined above -
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[A] The states of an Irreducible Markov Chain are either all transient, or all
recurrent null or all recurrent positive. If the chain is periodic, then all
states have the same period a.
[B] In an irreducible, aperiodic, homogenous Markov Chain, the limiting
probabilities p_,=1imn_,m{pj(”) } always exist and these are independent of
the initial state probability distribution and either -
(a) All states are transient, or all states are recurrent null - in this
case, the state probabilities p,’s are zero for all states and no
stationary state distribution will exist.

or (b) All states are recurrent positive - in this case a stationary
distribution giving the equilibrium state probabilities exists and is
given by p,=I/M; Vj. These state probabilities may also be
calculated by solving the following simultaneous equations

Z p, =1 or pe=I (Normalisation Condition) (2.4)
Yi

p; =Zp,.p,j Vi or p=pP  (Balance Condition) (2.5)
Vi

where p=(py, preceeeeee. p») is the state probability vector and P={p;} is the
state transition probability matrix. Note that e’=(7, ....... , 1) is the unit vector.

2.2 Birth-Death Processes

A Birth-Death Process is a special type of discrete-time or continuous
time Markov Chain with the restriction that at each step, the state transitions,
if any, can occur only between neighbouring states. Without loss of
generality, we can assume that the State Space of the process is the set of
integers. This may be done as this is basically just a way of labelling the
states. If the process is a Birth-Death process and if the current state X;, is i,
then the above condition implies that the next state X,,, can only be i-/, i or
i+1. This states that in successive time instants, the state either stays
unchanged or has a unit increment or decrement. A variation of this will be a
Pure Birth Process where decrements are not allowed. One may also have a
Pure Death Process where increments are not allowed, i.e. the system starts
from an initial state and decrements to zero as time goes on.

We consider here the Birth-Death Process as a Continuous-Time Markov
Chain; the discrete-time case may be similarly handled. Note that since a
continuous-time process is being considered, we need to focus on changes in
the process over time interval Ar as Ar—0. Let 4, be the birth rate in state %.
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Note that when the system is in state £ this birth rate is the rate at which the
system state can increase by one. Similarly, let 2 be the death rate in state £,
i.e. the rate at which the system state can decrease by one in state £.

In the queueing theory context, the birth rate would typically correspond
to the rate of arrivals of new jobs or customers to the queue whereas the
death rate would be the rate at which customers/jobs leave the queue after
completion of service. Note that since we have made the implied assumption
that the corresponding Markov Chain is homogenous, the birth and death
rates do not depend on time; they may however be state dependent and will
then depend on the current state of the system, i.e. state £.

Considering transitions over a time interval A¢ as Ar—0, we get that

Pl{state k to state k+1 in time At} = J;(At)

P{state k to state k-1 in time At} = (At

P{state k to state k in time At} = 1 - (A, + 1 )(Ay)

P{other transitions in At} = 0
Let X(?) be the number in the system at time ¢, i.e. (total births - total deaths)
up to time ¢. Let py(2) be the probability of finding the system in state & at
time ¢, i.e. p,(¢)=P{X()=k}. For X()=0, I, .......... oo, we can then write
the following equations for the state transitions between the time instant 7
and the time instant 7+ 4.

Dot +At)y= po (D[l = A At]+ p (D At
P+ A)=p, (O = (A, + )N+ pr (O A AL+ py (O gy, At

with Z P ()=1 (Normalisation Condition)
k=0

These correspond to the state transition diagram shown in Figure 2.3.

Figure 2.3. State Transition Diagram for a Birth-Death Process
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With A¢r—0, this yields the following

d,
%‘I(L) ==Aopo () + 1, P (1)
d,
p;’f(t) - _(//Lk + Hi )pk (t) + Z’k—lp/(—l (l) + A1 Pra ([) (26)

il’k (=1
k=0

which may be solved with the proper initial conditions to get the required
solutions {py(¥)} k=0, 1, ...... oo for the state distribution of the system as a
function of the time ¢. Note that the last equation in the above comes from
the normalising condition which states that the sum of the probability of all
the states will be unity at any instant of time 7. Other than this equation, the
other equations in Eq. (2.6) may alternatively be derived using a flow-based
approach. This is illustrated in the following for state &, &>/ - the
considerations for the case k=0 are similar and may be easily applied.

(a) Flow into state k = Ay pu1(?) + ther 1pr+ 1(1)
(b) Flow out of state k = (A, +14)pu(t)

dp, (t
©) —E;‘?t(—z = Flow into state k - Flow out of state k

= AetPi1() + i 1P 1)) - (Aat pi)pi(t)

A Flow-Based Approach will typically also be the easiest way of solving
some of the simpler queueing problems. This approach would typically be
usable if the arrival process (generating births) is a Poisson process and the
service process (generating deaths) has exponentially distributed service
times. In that case the typical approach would be to -

(a) Draw the state transition diagram

(b) Draw closed boundaries and equate flows across this boundary. If
the closed boundary encloses state £ then we get

A Pt + M Pren = (A + 1) Py

as the desired equation for state k. Note that the dependence on ¢ has
been dropped because equilibrium conditions are being examined.
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Closed boundaries may also be drawn and used. For example, we
can draw the closed boundary as a straight line in-between the states
(k -1) and k, which is actually closed at infinity. In this case, the flow
balance equation that we will get will be A, ,p, ., =1yp;

It can be shown that the system of equations would be equivalent
regardless of the type of closed boundary chosen to write the
equilibrium flow conditions. However, it is possible that one set of
equations will be easier to manipulate and use than another set -
something that can be seen in the above.
(c) Solve the equations in (b) to obtain the equilibrium state probability
distribution
Flow Balance Equations may also be generalised as follows. For any
irreducible, aperiodic, homogenous, Markov Chain at equilibrium, we can
write the following as flow balance across the boundary enclosing state j

Z PP, =D, Z P Global Balance Equation

i#j i#j

Note that the LHS of the above corresponds to the total flow from states,
other than state j, to state j and the RHS corresponds to the flow from state j
to other states. This is referred to as the Global Balance Equation for the
Birth-Death Process and would lead to the equations Ay pi;+thpre1 =
(At )pr Yk given earlier.

In addition to the Global Balance Equation (which always hold for a
system in equilibrium), Detailed Balance Equations may also hold if the
flow from state i to state j equals the flow from state j to state /. For the
Birth-Death Process considered here, these will indeed hold and we can
write.

Flow from state 7 to state j = pp;
Flow from state j to state i =pp;;

PPy =P;P; Detailed Balance Equation

Note that for the system considered earlier, the Detailed Balance
Equations would lead to the equations Ay =gy pr.; Vk for the process.
These could also been derived earlier with a suitable choice of the closed
boundary.

Since we have
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APk = M Pisl k=01 2, .. o0
we get that
A
P = £ P kzo, 1, 2, ...... 2]
k+1

This may be simplified to yield the following probabilities for the system
states.

k-1 ﬂ'i
= po[nﬂ} k=12, o @)

i=0 i+1

The form of the expression for p; in Eq. (2.7) is important. This is an
example of a Product Form Solution as it consists of a continued-product of
terms multiplied by a normalising constant. This form of expressions for the
state probabilities at equilibrium would be commonly encountered in many
queueing situations. Applying the normalising condition

to the expression for p,, we will obtain p,, the probability of the system
being empty as

1

= __’Z‘T—TT
1+ ZH’

k=1 i=0 Hin

Po (2.8)

It should be noted that in our derivation above, we have not mentioned the
conditions under which such steady state (i.e. equilibrium) solutions may be
obtained. We have actually tacitly assumed that the conditions are such that
equilibrium exists and hence the steady state solutions given in Eq. (2.7) and
Eq. (2.8) will hold. This needs to be more formally stated, as this requires
the Markov Chain to be Ergodic in nature. To define the general condition
for the equilibrium solution to exist, we need to define two variables a and B
as given below.
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ﬁ] ,J and f= ';gknw

i=0 1Ur+]

a=),

)
k=0

Having obtained o and S, we can then observe the following for the
states of the Markov Chain -

(a) All states are transient, if and only if a =0 ff<e
(b) All states recurrent null, if and only if a =0, ff=c
(c) All states ergodic, if and only if a <oo, f=00

We actually need the condition (¢) in the above, for our solution, as
equilibrium (steady state) exists only when all states of the Markov Chain
are ergodic. Ideally, the condition @ <eo, f# =c0 should be verified to hold
before we can attempt to obtain the steady state solutions for the process. In
practice, some equivalent but simpler statements may be made regarding
when the system will have steady state solutions. One simple test is to ensure
that the system is such that p,>0 does indeed exist. This has an interesting
implication as it essentially states that the system will have an equilibrium
solution only if it is such that there is a finite probability that it will
sometimes be empty, i.e. will be in state (. Note that by finding p, in our
solution approach, we essentially did apply this condition implicitly. It can
also be shown that the ergodic condition is met if k, exists such that
(A1) <1 for all k> ky. This condition for ergodicity basically affirms that
beyond a certain point in the state space of the process, the rate of new
arrivals for the states must fall to values that are always lower than the
corresponding service rate for these states. It is intuitively obvious that if this
condition is fulfilled then the system state cannot keep growing and will
have to come down sometime. This would therefore lead to stable and
equilibrium conditions.

2.3 Kendall’s Notation for Queues

This is a useful way to represent different types of queues in a compact
and easily understood fashion. Kendall's Notation describes the nature of the
arrival process to the queue, the nature of the service process (in terms of the
service time), the number of servers, the maximum number of jobs that may
be in the system and some basic queueing disciplines. The notation has been
considerably extended to allow it to represent a wide variety of queues. We
give here a very basic description of this notation.
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Following this representation, a queue is represented by a sequence
A/B/C/D/E with the following meaning attached to the letters 4 to E.

A This symbolically represents the nature of the arrival process to the
queue. Special letters are used to symbolise the nature of the inter-
arrival time distribution. Some of the important ones are

M  Exponentially distributed inter-arrival times (Poisson Process)
D  Deterministic (fixed) inter-arrival times

Ex  Erlang distribution of order k for inter-arrival times

Hy Hyper-exponential distribution of order k for inter-arrival times
G  General (any!) distribution for the inter-arrival times

B This symbolically represents the nature of the service time
distribution for the customers getting served in the queue. The same
letters as the ones above are used to describe the nature of the
service time distribution

c Number of servers in the queue

D Maximum Number of jobs/customers that can be there in the system.
This includes both the ones currently being served and the ones
waiting for service. Note that the default is infinity (o) which is
assumed when this is omitted.

E Queueing Discipline such as -
FCFS First Come First Served
LCFS Last Come First Served
SIRO Service In Random Order
This may also be omitted if the queue is FCFS in nature (default).

Examples.

M/M/1 or M/M/1/e0 Poisson Arrivals, Exponential Service Time
Distribution, Single Server, Infinite Number
of Waiting Positions

M/E,>/2/K Poisson Arrivals, Erlangian of order-2
Service Time Distribution, Two Servers,
Maximum Number K in system (waiting
and in service)
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G/M/72 Generalised Arrivals, Exponential Service
Time Distribution, 2 Servers, Infinite
Number of Waiting Positions

2.4 Little’s Result

Consider a queue that has a mean arrival rate of A (actually entering the
queue). If NV is the mean number in system and W is the mean delay (i.e. the
mean time spent in the queueing system by a customer including both its
waiting time and service time), then Little's Result states that

N=AW (Little’s Result) 2.9

will hold under equilibrium conditions. Note that Little's Result will hold for
virtually all kinds of queueing systems under very general conditions. It will
certainly hold for all the queues that we will consider here. Note that if we
define &, as the mean number waiting in queue (prior to service) and ¥, as
the mean waiting time in queue (prior to service), then these are also
similarly related.

N,=AW, (2.10)

A graphical approach demonstrating Liitle's Result is given based on Figure
2.4 assuming FCFS service and a queue, which is initially empty.

A —— aft), Arrivals in (0,0)
v (1), Departures in (0,t)

Number of customers
(arrivals/departures)

I i increments by
' one

[

Time t

Figure 2.4. Graphical Verification of Little's Result
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Let «(?) be the number of arrivals in (0, ¢) and let f(z) be the number of
departures in (0, ). Then a(?) -£(¢) will be the number in the system at time .

Area(t) = area between «(?) and f(t) upto time ¢ = I [a(®) - B()]dt
0

Note that Area(t) will also be the fotal time spent in system by all arrivals
which enter the system by time t. We can also see that the following will also
hold.

. . . t
Average arrival rate in the interval (0, ©)= 4, = 0]
1

. . . a(l
Average arrival rate (actual) = 1 =1lim,_ A, =lim_ a0

The average time W, spent in the system by all arrivals who have come in
(0,t) will be Area(t)/a(t). The average number of jobs A, in the system
observed over the interval (0,2) is Area(t)/t. We can then write

N = Area(t) _ a(t) Area(t) _

. ; PR AW, (2.11)

1

The average time W spent in system by an arrival will be approximately
given by the limit lim ,_,, W,. This neglects the minor errors caused by the
fact that the jobs in the system at time ¢ would not have finished service at
time . As ¢ becomes large, the contribution of this error will decrease to
zero. Taking the limits of Eq. (2.11) as 1—>o0, gives the result of Eq. (2.9)

Note that this graphical illustration of Little's Result makes the
simplifying assumptions that (a) the service is FCFS and (b) the system is
originally empty. These assumptions are actually not needed for Little's
Result to hold. In general, Little's Result will hold for virtually all queueing
system in equilibrium except under some very unusual conditions [BeG92].
It will certainly hold for all the systems considered in this text.

2.5 Equilibrium Solutions for M/M/-/- Queues

In this section, we study the equilibrium solutions for queues where the
arrivals come from a Poisson Process (i.e. exponentially distributed inter-
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arrival times) and the service required by the jobs/customers in the queue
have an exponentially distributed service time distribution. The Markov
Chain describing these queues are Birth-Death Processes and the equilibrium
state distributions for these queues may be directly obtained by appropriately
applying the product form solution given by Eq. (2.7) and Eq. (2.8). We will
subsequently use this to obtain the equilibrium state distributions for a wide
variety of M/M/-/- queues. Similar examples may also be seen in [BeG92],
[Kle75] and [Wo0l89].

However, before we proceed to do this, we need to look a little more
closely at the way we have obtained the expression for p, given by the
product form expression. Note that this is obtained by defining the queue's
state to be the total number in the system and using this to draw its state
transition diagram. The equilibrium solution is then obtained by
appropriately applying flow balance to this. This in effect gives us the time-
averaged (and hence ergodic, steady state) distribution of the state
probabilities. If an outside observer were to observe the state of the queue,
the state probability p, essentially gives the fraction of time he/she would
find the system to be in state k. It should be noted that these results on the
state probabilities do not necessarily hold for other types of observations that
one might make on this system. Examples of these would be -

(a) Observe the system states only at the time instants when new
arrivals occur

(b) Observe the system states only at the time instants when a
job/customer departs from the system

(c) Observe the system at a fixed time of day or with a fixed periodicity

Consider the situation in (a) when we observe the system states only at the
instants when a new arrival occurs and want to find the probability
distribution of the states observed at those instants. Note that this would
correspond to the state probability distribution as observed by the arrivals
coming to the queue. For this, the following important result is useful.

2.5.1 PASTA - Poisson Arrivals See Time Averages

The PASTA property claims that for queues where the arrival process is
Poisson (i.e. M/-/-/- type queues), the state probability distribution as seen by
a new arrival (coming from the arrival process) to the queue would be the
same as the time-averaged (i.e. ergodic, steady state) state probability
distribution.

To prove the PASTA property for Poisson arrivals, let p,(z) be the
probability that the system is in state £ at time ¢ and let gu?) be the
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probability that an arrival at time ¢ finds the system in state k. Let A(z, t+A4¢1)
be the event of an arrival in the time interval (¢, r+47) and let N(z) be the
actual number in the system at time 7. We then have

g, () =lim,_, P{N() = k| A(t,¢ + An)}
P{A(t,t + At)| N(£) = k}P{N(t) = k} (2.12)
P{LA(t,t + Ar)}

=lim,, _,,

However, since the arrivals come from a Poisson Process with
exponentially distributed service times, we can use the memory-less property
of the process to claim that the number of arrivals A(z, t+4¢) in the time
interval (7, 1+A4¢) cannot depend on the state of the system N(?) at time .
Therefore, P{A(t, t+4t)| N(t) = k }would be equal to P{A(t, t+At)}. Hence

q,(@®)=lim,, ,, P{N@) =k} =p, (1)

as required by the PASTA property. Note that PASTA will not hold if the
arrival rate depends on the state of the system. Obviously, it will also not
hold for non-Poisson type of arrival processes. The usefulness of PASTA
comes from the fact that it is sometimes relatively easier to obtain averages
of performance parameters (like N, N, W, W, ) from the point of view of a
newly arriving customer. If PASTA holds for the system then the results
obtained from this may also be interpreted to hold for ergodic time averages.

2.5.2 M/M/1 (or M/M/1/20) Queue

This is a single server queue with infinite number of buffers where the
arrival process is Poisson (i.e. exponentially distributed inter-arrival times)
and service times are exponentially distributed. Note that this is really the
queue considered in a simplified fashion in Section 1.2. For this case, we
have

We define p=A/u as the traffic offered to the queue in units of erlangs.
Note that in this case, if o</, then the parameters « and S of Section 2.2 are
such that @<co and B=co. This implies that an equilibrium state probability
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distribution for the queue will exist if p</, i.e. A< This solution may then
be found using Eq. (2.7) and Eq. (2.8) to be the same as given in Eq. (1.6).
We find that in this case p, =(1-p) > 0 for A<g. This then also satisfies the
other way in which we had stated the condition for the existence of
equilibrium state probability distributions for a Birth-Death Process (i.e. that
the system must be such that its probability of being empty at equilibrium
must be non-zero). Actually, we need to find p, by applying the normalising
condition. The reader can verify that finding p, in this way is only possible if
A<u or p<I as otherwise the infinite sum cannot be evaluated.

The mean number N in the system and the mean number N, waiting in
queue may be found directly using the state probabilities as shown in Section
1.2. We have illustrated there how the mean time # spent in the system by
an arriving customer may be found. Note that this derivation actually implies
use of the PASTA principle as it uses the ergodic state distribution to be also
the distribution as seéen by an arriving customer. In addition, as mentioned in
Section 1.2, the memory-less property of the exponential distribution is also
used. The derivation used for this assumes an FCFS queue. However, the
same mean result will apply for any queueing discipline where the server is
not allowed to idle as long as there are jobs waiting for service in the queue.
In particular, the mean time W spent in the system will be the same even if
the service discipline is LCFS or SIRO. The same comments hold for the
derivation of the mean time W, spent waiting in queue (prior to service) by
an arriving customer.

The distributions of the delays may also be found and are considered later
in Section 2.6 for the FCFS discipline. In Chapter 4, we obtain the delay
distributions for a general M/G/1 queue for both the FCFS and LCFS
disciplines. These may be used to obtain the corresponding results for the
simpler M/M/1 case. In general, it should be noted that although the means
are the same, different disciplines would have different distributions, and
different second and higher moments. Specifically, the FCFS discipline has
the smallest variance and LCFS the highest, i.e. the spread of the delay
distribution is least for FCFS and highest for LCFS, even though both have
the same mean values.

Actually, of the four parameters calculated above, one really needs to
calculate only one, as the other three may be found from that. For this, one
can use the following relations -

1. W=W,+u - from mean service time considerations
2. N=AW from Little’s result
3. N,=AW, from Little’s result
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2.5.3 M/M/1/0 Queue with Discouraged Arrivals

For this case, we have

4, =2 vk
k+1
#k 0 k=0
=u k=12,3,.....

We refer to this type of arrival process as discouraged arrivals as in this
case, the mean arrival rate progressively decreases as the state of the system
goes up. This is as if we are discouraging new arrivals to this queue, when
there are more people waiting in the queue for service. We will derive the
usual performance parameters for this queue but the following two points
should be kept in mind.

(a) PASTA will not be applicable here as the arrival process is not
Poisson in nature

and (b) For applying Little's result, we need to use A, which would have to
be calculated as

A
M=Zikpk=zk Py (2.13)
P P +1

after we find the equilibrium state probabilities {p;}.

Since this is a still a Birth-Death Process with (state dependent) Poisson
arrivals and exponentially distributed service times, the product-form
solution of Eq. (2.7) and Eq. (2.8) may be applied to find the equilibrium
state probability distribution. This will be given by

k-l &
A AN 1
= =po| Z| = fork=123 ... 2.14
Pr p‘)i:Oy(iH) p({ﬂJ k! @19

Po =exp(— i) (2.15)
y7i
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Note that we can find that the condition for ergodicity for this case to be
A/u <oo This will be the condition that needs to be satisfied for equilibrium
conditions to exist. For a queue in equilibrium, the system performance
parameters for this case may be found as follows.

Mean number in system N= Z kp, = 4
k=0

7

Average arrival rate to system A4, = Z APy =1 ‘:1 —exp(— ZL—):!
R H

Using these and Little's result, we get the mean time W spent in system
by a customer (including both the waiting time and the time to get service)
as

N A

=
o #{1 —exp(~fl )J

In this case, we can compute W directly as well. However, for that, we
need to find the probability distribution of the qucue as seen by an arriving
customer. Note that this will be different from the equilibrium state
probability distribution obtained above because PASTA will not hold for this
queue. Let 7. = P{arriving customer sees » in system (before joining the
system)} and let AE be the event of an arrival in (¢, t+A4t), where E, is the
event of the system being in state i

W =

PAEZP{AE|E,;  PEP{AE|E,}

, At—0
P{AE}

Then 7z, =P{E,|AE}= =
> P{E}P{AE|E}

1=0

Using P{E,}=p, :e"””(ij l' and P{AE|E )} = A—A;~ and simplifying,
p) o i+

Il

ﬂ r+1 1 e_z/lu
weget &, =|— - | as the required probability.
7] (r+DI 1= *#
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This may now be used to directly compute W as follows

L_ y)
(e

-l/,u)

giving the same expression as that obtained earlier using Little's Result

254 M/M/m/© Queue (i servers, infinite number of waiting
positions)

For this case, we have the average arrival rates given by
and the average service rates as

M =ku 0<k<(m-1) .
or M, =min(ky, mpr)
=mu k>m

Defining p=A/u, we get that equilibrium conditions exist if p<m and that
the equilibrium state probability distribution {p,} may be found using the
product form solution of Eq. (2.7) and the normalising condition of Eq. (2.8)
to be

k

Py = Do % for k<m
i (2.16)
=Po ————ek—- Sfor k>m
mlm"™"
m=1 pk mpm -1
= £ 7 2.17
Po=\ & = p) (@17

For this system, an important performance measure that is usually
mentioned is the probability of queueing. This may be found as

P{queueing} = P{arriving customer has to wait for service}
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n

or P{queueing} = Zpk =C(m,p)= p, L C— (2.18)
k=m ﬂl!(iﬂ - p)

Note that C(m,p) defined by Eq. (2.18) is a function that may usually be
found in tables and is referred to as the Erlang-C Formula. This is because
this queue was first analysed by Erlang as a model of a telephone exchange
with m outgoing lines (i.e. m servers) where callers who arrive to find all
lines busy, wait until a line becomes free. This corresponds to a queue with
an infinite number of waiting positions, since there is no limit on the number
of people who may wait for a line. Note that this model of a telephone
exchange could be one where there is an operator who connects callers to
outgoing lines and asks the callers to hold if all lines are busy.

2.5.5 M/M/m/m Queue (m server loss system, no waiting)
For this case, we have the average arrival rates given by

Ay =4 k<m
=( otherwise (Blocking or Loss Condition)

and the average service rates as

M, =ku 0<k<m

=0 otherwise

Unlike the previous case, jobs enter this system only when a free server is
available. If all servers are busy, the arriving customer does not enter the
queue and leaves without service. This is a more realistic model for a
telephone exchange where a caller gets one of the m outgoing lines only if
one such line is free. If all the lines are busy, the caller is forced to leave
without service.

Note that this is a loss system. If the probability of blocking is given as
Ppg, then the mean arrival rate actually entering the queue will only be A(1-
Pg). This should be the A, to be used as the A in Little's result, if that is
applied to calculate performance parameters. This system will always be
ergodic as the system state is limited to {0, {, ...... m}. Hence, steady state
will always exist and equilibrium state probability distributions may be
found for all values of m, A and g Using the product form expressions of
Egs. (2.7) and (2.8), and defining p=A/x, we can find the state probabilities.
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k

-n P
Pe=Po" Jor k<m (2.19)

= otherwise

(2.20)

x~
(=}

The Blocking Probability B(m,p) for this queue is defined as the
probability that an arrival finds all servers busy and leaves without service.
This is given by

m

B(m, p) = po -
m:

(with p= a ) (2.21)
Y7
The blocking probability B(m, p) is also a tabulated function that can be
found and is commonly referred to as the Erlang-B Formula or Erlang
Blocking Probability. It can also be easily computed based on the following
recursion which may be derived from Eq. (2.21)

pB(m~1, p)

— _ m
B(O,p)=1  B(m,p)= BT p) (2.22)

m

2.5.6 M/M/1/K Queue (single server queue with K-1 waiting
positions)

In this queue, the amount of waiting space available is finite.
Jobs/Customers who come when the system is full are not allowed to enter
the system and have to leave without service. For this case, we have the
average arrival rates given by

A’k = 2« k < K
=0 otherwise (Blocking or Loss Condition)

and the average service rates as
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He =H k<K

=0 otherwise

We define p=A/4, and note that in this case the states are restricted (i.e.
k=0,1,2,....,K) and cannot grow to infinity. This system will always be
ergodic and steady state will always exist. The equilibrium state probability
distribution may be found using Eqs. (2.7) and (2.8) and will be given by

k
= <
Di =DPoP for k<K (2.23)
=0 otherwise
(1-p)
=" (2.24)
Ao

Note that once the equilibrium state probability distribution is known, the
typical mean performance parameters N, N,, W and W, may be found - other
higher moments, like variances etc., may also be calculated.

2.5.7 M/M/1/-/K Queue (single server, infinite number of waiting
positions, finite customer population K)

Actually, since the size of the customer population is limited to K, the
number of waiting positions in the queue need not be more than K-7. This is
because customers arrive from the (finite) customer population to the queue
and rejoin the customer population only after service is completed. For this
case, we have the average arrival rates given by

A, =AK - k) k<K

=0 otherwise (Blocking or Loss Condition)

and the average service rates as

Hi = H k<K

=0 otherwise

Note that in this case also the states are restricted (i.e. k=0,7,2,.....,K) and
cannot grow to infinity. This system will always be ergodic and steady state
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will always exist. Defining p=A/u, the equilibrium state probability
distribution may be found using Eqs. (2.7) and (2.8) and will be given by

K!

Dy = Pop” (1<——1cy k=12, .. K (2.25)
1
Po= (2.26)
Zpk A
T (K-h)!

2.5.8 M/M/w /-/K Queue (infinite servers, finite customer
population)

This is really the same system as the one considered earlier in Section
2.5.7, except that we now assume that there are an infinite number of servers
available in the queue. Therefore, an arriving job will always find a server
available. For this case also, we have the average arrival rates given by

A, =AK —k) k<K
=0 otherwise (Blocking or Loss Condition)

The average service rates will now be

=0 otherwise

Note that in this case also the states are restricted (k=0,1,2,.....,K) and
cannot grow to infinity. This system will always be ergodic and steady state
will always exist. Defining p=A/u, the equilibrium state probability
distribution may be found using Eqs. (2.7) and (2.8) and will be given by

K

= k*’
Py = DoP (K —k)Ik!

K
= popk(k] k=1,2, ..., K (2.27)
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1 1

ipk Kl 1+ p)F
~7 RU(K - k)

Po= (2.28)

In this case, the mean number in the system N may also be easily
computed and may be shown to be Kp /(1+p). We can also find A the
effective arrival rate to the queue as

1
1+p

K
le//’ = Zik Dy =KA4 (2.29)
k=0

Using Eq. (2.29) and the value of N, we can get the other mean
parameters as W=, W,=0 and N, =0

2.6 Delay Analysis for FCFS M/M/1/c0 and M/M/m/co
Queues

The analysis for obtaining the delay distributions of the M/M/1/c0 and the
M/M/m/w queues for the FCFS service disciplines are given next. It should
be noted that the delay distribution will depend on the nature of the service
discipline, even though the mean delays will be the same regardless of the
service discipline.

2.6.1 Delay Analysis for a FCFS M/M/1/0 Queue

Let Q be the (random) queueing delay (not counting the service time)
encountered by an arrival to this queue and let fy() and Fy(r) be its
probability density function (pdf) and cumulative distribution function (cdf),
respectively. Similarly, let /¥ be the random variable corresponding to the
total delay (waiting and service time) and let /() and Fy(t) be its probability
density function and cumulative distribution function respectively. Let Lo(s)
and Ly(s) be the respective Laplace Transforms (L.T.) of the pdf's of the
queueing delay and total delay. Assume that the mean arrival rate to the
queue is A and the mean service time is //x The service time (r.v. 7) has an
exponential distribution with probability density function we” >0 with its
L.T. given by p/(s+4). Note that W=0+T and that O will be independent of
T (i.e. QL 7). Therefore, we have

J7

Ly (s)=Ly(s) ey

(or [ @)= fo()*[pe 1) (2.30)
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This implies that knowing the distribution (pdf, cdf or L.T.) of either of the
two random variables # and Q will allow the distribution of the other to be
computed. In the following, we will first derive the distribution of O and
then use that to derive the distribution of W.

Consider a particular arrival of interest and the queueing delay Q that it
will encounter. For this,

Fo(t) = P{queueing delay < 7}
= P{queueing time=0} + [%,; P{queueing time< ¢ | arrival found # jobs
in system}|p,

The probability of n service completions in a time interval (x, x+dx) is given
by an Erlang-n Distribution given by

n-1
P{n service completions in (x, x+dx)} = (M)—e"’“ jdx for x>0

(n-1)!

Note that these follow from the fact that the sum of n independent,
identically distributed (iid) random variables with an exponential distribution
will have an Erlang-n type distribution. Moreover, since PASTA is
applicable, the probability that an arriving customer will find » customers in
the system will be (7-p)p” from Egs. (2.14) and (2.15). Using these, we get

® 4 n-1
Fo)=(-py+(1=p)Y p" [T iy

n=I x=0 (n_l)!
t o © (/pr)”_l
=(1- 1- P d
(1-p)+( p)pofﬂe Z]: -1 120 (2.31)

=(l=p)+ (1= p)p [ue
0

=(1=p)+ p(l=e )

dFy (1)

e S)(1 - p)+ A1 — p)e 0= 120 (2.32)

and f, ()=

Using (2.30), we can then get
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!
Fy (O =(0-pue™ + 11— p)p j e THI=PXE o g for 2 0)

0

which may be simplified to
fo @ =(u—A)e ™ fort>0

to get the desired probability density function of the total time W spent in the
system by an arriving job.

2.6.2 Delay Analysis for the FCFS M/M/m/« Queue

Using the same notation as for the previous M/M/1/ case, consider the
queueing delay Q and its cumulative distribution function Fy(?) as defined
earlier. In the expression for Fy(t), using PASTA, the individual terms may
be expressed as

m=1 m=1 n

P{queueing time=0} = an =Dy Z P

1
n=0 n=0 n.

P{queueing time < ¢ | arrival found » in system}=P{(n-m+1) service
1

completions in (0,1)} = .[

0

n—n

MUY " e g
(n—m)!

Therefore, we can obtain Fj(1) as

n=n

® n !
P nut(m,LLX) ~nigex
" 2 : e dx 2.33
pO ’n'mn—-m _[ (n _ m)! ( )

n
!

n.

-1 p
Fo)=po Y,
n=0

n=m .

Simplifying this, by summing the first term and interchanging the order of
the summation and integration in the second, we get

) m m = u(m-py
Jo@®) = {1 —Po[#_m}&”ﬂ{#poﬁme_l)! }I(Z) (2.34)
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where u(?) is the unit step function and &%) is the delta function. Using Eq.
(2.30), we can also obtain the probability density function fy(?) as

m mr  —p(m=-p) _ —
fw(t)={1—po[——5"p——}ge“”’ —[“pop [ —e M]J (2.35)

ml(m— p) (m-DI1-m—-p)

Once the delay distributions fy(2) and/or f,(2) (or the corresponding cdf's
or Laplace Transforms) are known, we can calculate the other moments that
we might want for these random variables. Specifically, the mean system
delay W and queueing delay W, may be found from this. Using Little's
Result, the mean number in the system N and the mean number waiting in
queue Ny may also be found for the queue in equilibrium.

Note that since PASTA is applicable to this queue (the arrival process is
Poisson), N and Ny will also be the average numbers (in system and waiting
in queue, respectively) that an arriving customer will see. It would be
interesting to find the distribution of the number in the system that will be
seen by a departing customer - this would correspond to the number in the
system that a customer who has just left the queue will see, looking back into
the system. For this, consider a user of interest, who spends time ¢ in the
system before departure. Let N* be the number in the system that it will see
left behind when it departs with probability p,,*=P{N*=n} for N'=0, 1,....,00
This situation is illustrated in Figure 2.5.

Departure of
customer of
inferest

4 Time spent in system by the 'T

customer of interest

Arrival of Arrivals coming while the
customer customer of interest is in the
of interest system

Figure 2.5. Arrival/Departure of Customer of Interest from a FCFS M/M/1Queue

From the above figure, it becomes evident that N will be equal to the
number of arrivals (from a Poisson process with average rate 1) that enter
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the system in the time interval ¢, i.e. while the customer of interest is in the
system. The Generating Function G (z) for N' will then be given by

G'(z)= i z"p; =i z" j %’?—ne*“ F (Ot
n=0 n=0 1=0 a

- (2.36)
= fe 2 1, @yt = 1,, (2 - 22)
0

Since Ly(s) is known (i.e. it is the Laplace Transform of fu(1), the
Generating Function G'(z) for N may be found. This can then be inverted to
find the probability distribution of the number in the system as seen by a
departing customer. The mean number E{N'} in the system as seen by a
departing customer may be directly found using

dG’(2)
dz

dLy (s)
ds

=-A

z=1

E{N"}= =W (2.37)

s=0

which turns out to be the same as the value N obtained earlier in Section
2.5.2.

It is also important to note that the result G(z)=Ly(A-Az) really says
something which would be found generally useful. One way of viewing this
result is to say "if we observe Poisson arrivals at average rate A over a
random time interval T with probability density function fi(t) and L.T. L(s),
then the generating function of the number arriving in T will be given by
Ly(2-Az)". This result is one we will use often.

2.7 Departure Process from a M/M/m/ Queue

The departure process from a queue would also be useful to characterise.
Note that if a network of queues is being considered then the departure
process of a queue would be the arrival process of one or more downstream
queues. In such a system, we would certainly need to know the nature of the
departure process from the first queue, in order to be able to analyse the
behaviour of the downstream queue(s). Burke's Theorem provides the results
necessary to look at the departure process of' a M/M/m/co (which will include
M/M/1 as well) queue. We present (without proof) the three statements
associated with Burke's Theorem.
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Burke's Theorem: The following three statements hold for the departure
process from a M/M/m/w queue -

[A] The departure process from a M/M/m/o queue is Poisson in nature.

[B] For a M/M/m/ queue, at each time ¢, the number of customers in
the system is independent of the sequence of departure times prior to
z.

[C] For a M/M/m/o FCFS queue, given a customer departure at time ¢,
the arrival time of this customer is independent of the departure
process prior to .

Statement [A] from Burke's Theorem will actually be very useful to
analyse networks of queues where the output of one queue feeds one or more
queues. Consider the example shown in Figure 2.6.

—’"’»HQZHO‘iH O

0+ »
Qi P
1 T[IO»
I-p
3 A(1-p)
A1-p) D:[D :

Figure 2.6. A Network of M/M/m Queues with Probabilistic Routing

In Figure 2.6 the arrival to Q! is from a Poisson Process with rate A. The
output process of Q7 (by Burke's Theorem) is then also Poisson with rate A.
Note that flow equilibrium will ensure that the flow rate entering a queue at
equilibrium would also be equal to the flow rate leaving the queue. The jobs
leaving QI, randomly decide with probability p to go to Q2 and with
probability (7-p) to go to O3. We use the result that splitting a Poisson flow
randomly gives rise to flows that are also Poisson. Using this, the flows
entering 02 and Q3 will also be Poisson with average rates Ap and A(1-p),
respectively. The flow leaving Q2 and entering/leaving Q4 is also Poisson
with rate Ap and the flow entering and leaving O3 is Poisson with rate A(1-
p). Note that the equilibrium state probabilities of each of these queues may
be found as each of their respective arrival processes are also Poisson in
nature with known rates. Note that we could not have done this without the
application of Burke's Theorem as we would then be unable to claim that the
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arrival processes of Q2, O3 and Q4 are also Poisson in nature. Knowing
these, we can apply the results of Eqs. (2.16)-(2.18) to obtain the
performance of each of the queues in the network.

Statement [B] of Burke's Theorem is somewhat counter-intuitive in
nature. If one observes departures from a queue and finds a lot of jobs
leaving it, then "lay" philosophy might say that the queue would be a busy
one and we should find the system state to be high. However, Burke’s
Theorem shows that such a conclusion would be wrong as one cannot really
say anything about the state of the queue by merely observing the sequence
of departures from it. Statement [C] takes this further by stating that if we
observe a customer departing at time ¢, then even if we are observing the
departure process until time 7, we cannot use this information to say anything
about the time when that customer would have entered the system.

2.8 Time Reversibility Property of Irreducible,
Aperiodic Markov Chains

Consider a discrete time, irreducible, aperiodic Markov Chain X;, X,
...... , Xty Xy Xo-1, ........ for which the transition probabilities are given to be
{p;}. These, for example, may arise in the study of M/M/m type queues. The
transition probabilities may be used to obtain the equilibrium state
probability distribution {p,} for this chain.

We can also consider the same chain backwards in time, i.e. the chain

...... Xoit, X oo, X3 Xo, X;. This would also be a Markov Chain since we
can write
PiX, =71 Xpn=0LX,0=0s X =5}
ZP{szjsan—’sz 2seees X g =i}
P{X, 0 =0X,,7 =iy X,,,+k =i}
_ P{X, =), X ‘I}P{Xm+2 e X =l | Xy =1, X0 =1}
P{X o =03P{X 5 =l5. s Xk =i | X =13

Since the original (forward) chain is Markovian, the conditioning on both
{X»=j} and {X,,.,=i} in the numerator is equivalent to just conditioning by
{X,,-;=i} in the denominator. Therefore, we get
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P{X, =1 X it =6 X s hyreee Xpyop =84}
_PX, =) Xa =i PX, = PX,, =il X, = )
P{X,. =i} P{X, . =i}
PPy _ -
p, Y

From the above, we can state that for the backward chain, conditioned on the
state at (m+1/), the state at m is independent of the states at (m+2), (m+3),
........ etc. and that the backward chain has the transition probability p, =p,
pi#pi. The Markov Chain is considered to be time reversible for the special
case where p, =p; Vi, j. The following properties of the reverse chain may
be demonstrated -
1. The reversed chain is also irreducible and aperiodic like the forward
chain
2. The reversed chain has the same stationary state distribution as the
forward chain
3. The chain is fime reversible only if the detailed balance equation pp,
= pp;; holds for V i, j=> 0
Similar ideas of reversibility may also be applied to Irreducible Continuous
Time Markov Chains.

2.9 The Method of Stages for Solving a M/-/1/c0 FCFS
Queue

This method is useful to analyse queues where the service time is not
exponentially distributed but may be represented (at least approximately) as
a sum of independent, exponentially distributed random variables. These
variables may not be identical but should be independent. (As we will show
later, other more complex cases may also be handled by this method.

To illustrate this method, consider a single server queue where the
service time is a random variable consisting of the sum of two, independent,
exponentially distributed random variables with means 7/u; and 7/u,. The
arrival process is Poisson with rate A and we assume that the queue has an
infinite buffer. The operation of this queue may be illustrated as in Figure
2.7. In this queue, a customer starting service, first enters Stage I, where it
gets served for an exponentially distributed random time with mean 7/z;. On
completion of this, it enters Stage 2 for an exponentially distributed random
time with mean //u; and then departs from the system. New customers enter
Stage I only after the previous customer has left the system, i.e. left Stage 2.
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The overall service time would thus be the sum of the random service times
at the two stages.

Stage 1 Stage 2
S L 1 || Vi L

Figure 2.7. Single Sever Queue with Two Stages of Service

We can denote the state of the system in Figure 2.7 as (n, j) where » is
the total number of customers in the system where the customer currently
being served is at Stage j, n=0,1,......,%0, j=1, 2. We use (0,0) to denote the

special case when the system is empty. The State Transition Diagram of this
system will be as shown in Figure 2.8.

0.0 —2 0,1 —2—p 2 >

e

(L) ——» 2,2) —»

Figure 2.8. State Transition Diagram for Single Sever Queue with Two Stages of Service

The balance equations for this may be written as follows
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ADoo = Hy Py
A+ p) Py = Aoy + 3 Py
(A + 13)p1y = 14 Py (2.38)

(A + p)pr =D + 1y D3y
(A+ 1) Py = APy + 14 Py

These may then be solved to get solutions for the state probabilities as a
function of py, the probability of the system being empty, as

A
P =—"Pw
Hy
A+ y)
n=—"——Pow
7y (2.39)
A+ u
Pzz”( I] 1~ Poo
2 2

The complete solution for the various state probabilities may then be found
by using the normalisation condition of Eq. (2.4) to first find py, and then the
various p,, n=1,2,......,0, j=I, 2. This approach may be easily extended to
allow for the following -

(1) Have k Stages of Service Times - For this, we may extend the approach
given above to allow & stages of service.

(2) Finite Waiting Positions in the Queue - This may be handled by making
the arrival rate a function of the number in the system, i.e. make it go to zero
when all the waiting positions have been filled.

(3) Multiple Servers - Approximation for this may be done by allowing more
than one customer to enter service at a time.

(4) More General Service Distributions - A similar approach may be used to
handle more general service time distributions whose Laplace Transforms
(of their pdf's) may be represented as a rational function in s. These will be
functions of the type Ly(s)=N(s)/D(s) with simple roots. For this, consider
the system with several stages of service, organised as shown in Figure 2.9
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Entry Stage I | Stage I | >
o7 Hi 2% Hi
I-a I-a;
v,
Exit

Figure 2.9. Generalised Service in Stages of a Single Server Queue

Consider a general system of the type shown in Figure 2.9 where the
individual stages have independent exponentially distributed service times.
We assume that the time spent in Stage j is an exponentially distributed
random variable with mean 7/ and Laplace Transform g4 /(s+4). The
Laplace Transform Lg(s) of the overall service may then be represented as

Ly)=(-a)+ > aa, (-a [ [ (2.40)

=2 =1 ST H;

This Lg(s) has simple roots and may be expanded using partial fraction
expansion in the following form.

B
Ly(s)=p, + 241
5()=Fo E,. s+ (2.41)
Note that the coefficients g i=0, 1, 2, ....... may be expressed as functions

of the variables y; and «;.

Given a Lg(s) that is a rational function of s with simple roots, we would
need to first express it in the form given in Eq. (2.40). This may then be
expanded in the form of partial fractions to obtain the form of Eq. (2.41)
from which a model using stages may be built as shown in Figure 2.9. This
model with service in stages may be analysed in the same way in which we
had earlier illustrated the analysis where only two stages were involved. This
would involve drawing its state transition diagram with a proper definition of
the system state. This state transition diagram may then be used to obtain the
corresponding balance equations. These can then be solved to obtain the
equilibrium state probabilities of the system. Once the system state
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probabilities are known, other system parameters may be calculated as
desired.

2.10 Queues with Bulk (or Batch) Arrivals

In this case, we assume that the arrivals come in batches (also referred to
as bulk arrivals). Effectively, that means that each arrival comes with a
random number (say #) of job/customer service requests together. The
typical notation for queues of this type is M™/M/1, MP/M/s/s, M¥/G/1
etc.. Note that the symbol M™ used for the arrival process indicates that the
batches arrive following a Poisson process but that each batch may have a
random number of jobs/customers. In this section, we will look at the
MX/M/1 and the M™/M/s/s queues. The M™/G/1 queue will be considered
later in Chapter 3. For the random batch sizes, we assume that f, is the
probability that a batch will have r customers with » =1, 2, 3, ..., oo, with

Generating Function [(z) = Z B.z" and mean f = Zrﬁ,
r=1 r=1

Note that with the above notation, we have assumed that the batch size is
at least one (i.e. the batch will have at least one job). It is possible to use a
notation where a zero-sized batch is allowed. If this is assumed then the
results and derivations given subsequently will need to be appropriately
modified. We also assume that A is the average arrival rate of batches to the
system. This would, imply that the average arrival rate of a batch of size &
would be Af,. The service rate of individual customers is assumed to
be y where the service times are assumed to be exponential in nature. (The
case of generally distributed service times is considered later in Chapter 3.)
Note that a batch of size £ would then have a batch service time that would
be the sum of & i.i.d. exponentially distributed random variables - this would
be an Erlang-k distribution.

2.10.1  The M™/M/1 Queue

Defining the system state to be the number in the system, the following
set of balance equations may be written for this system.

Apo = 1p, for k=0
(A+)p = pp, + AP, Py Jor k=1

and
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-1
A+ 1Py = Hpis + ) ABi,p,  Jor k=1
i=0

It is easier to use a z-transform based approach here to directly find the
Generating Function P(z) of the system state. The generating function P(z)
is defined as

P(z)= ip,,z"
n=0

To obtain this, we would need to multiply the £" balance equation above by
Z and sum from k=1 to k=co. This yields

o0 0 k-1
A+ pezt = fz Pinz ' D> Ap Bzt
k=1 k=1

o
k=1 i=0

Interchanging the order of the double summation and simplifying, we get

A+ WIP(2) - po] =fZ‘—[P(z> — po — P21+ AP(2)B(2)

Upy(1—z)
p(=z) = Az[1 - B(2)]

P(z)=

To find py, we can use the normalising condition of P(1)=1 to get py=(1-p)
with p defined to be the average load offered to the system as

Substituting this value of py, the generating function P(z) is found to be

w1 = p)(1-2z) (2.42)

P(z) =
u(l=z) = Az[1- B(2)]

This generating function may then be used to find the individual state
probabilities under equilibrium conditions. The moment generating property
of the generating function may also be used to directly find the moments of
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the system state. In particular, one may use Eq. (2.42) to find that the
average number A in the system will be

N = B+ %) (2.43)
2(1-p)

where B is the " moment of the batch size.

2.10.2  The M™/M/s/s Queue

This corresponds to a s-server queue with no waiting positions and
batch arrivals coming from a Poisson process. The service times are
exponentially distributed random variables. However, additional details need
to be given on the Batch Acceptance strategy before this system can be
analysed This essentially describes how the system will handle the situation
when a batch of size K arrives to a system which has space only for & jobs,
with K>k. We describe two strategies that one can adopt to handle this
situation.

(a) Partial Batch Acceptance Strategy (PBAS)
If this strategy is followed, £ out of the K jobs in the batch (chosen
randomly) will enter the queue, the remaining (K-k) jobs will be lost

(b) Whole Batch Acceptance Strategy (WBAS)
If this strategy is followed, the entire batch will be refused entry, unless
all its jobs can be accepted.

The analysis given below is for an M*/M/s/s Queue following the PBAS
strategy. (A similar procedure may be followed for a queue using a WBAS
strategy.) Apart from the notation used earlier for the M™/M/1 queue, we
define ¢ as the probability that a batch has i or more jobs in it. (Note that
¢;=1). We can also easily see that

& = i B,  fori=12 ... (2.44)

k=i

In this case, the Global Balance Equations may be written as follows
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J-l
/?“ijﬁ_}"i +(]+1)1Llp1+] :()""];Ll)p/ for ].:1325 '''' 3S
=0 (2.45)

s—1
A i, =spp, for j=s
=0

These balance equations may then be solved to get

A&
P, :7;72 pip,,  Jor j=1,2, .8 (2.46)
. i=0

Using this recursion, we can get the individual state probabilities {p;}, as a
function of p, for any j. For example, one can derive

A
P =—¢ P
Y7
A A
P, =5*[¢2 +“¢12 1Po
Yz H

Once the state probabilities {p,} are obtained as a function of p,, we can use
the normalisation condition to find first p, and then the other state
probabilities.
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Problems

1.  Analyse a queue with a single server where the average arrival rate of
customers is (N-i)A per second from a Poisson process, when the system is in
state .. Assume that service time required by a customer is exponentially
distributed with mean 7/ seconds. Assume that &V is the highest state of the
system.

2. The networks lab opens in the morning at 9:00 am. Students arrive at
random for the lab following a Poisson process with average rate A. Each
student stays in the lab for a random duration X. Students arriving when
there is already a student in the lab, wait outside in the corridor. Find the
probability P that the second arriving student will have to wait and also find
W, his/her mean waiting time, for the two cases (a) X=C constant and (b) X
is exponentially distributed with mean 2.

3. Consider an infinite server queue with exponentially distributed service
times of mean //u.. The arrivals to the queue come from a state dependent
Poisson process with the average rate in state i given as &’. Obtain the
partial differential equation for P(z#) that would have to be solved (with
proper initial conditions) in order to obtain the time-dependent (transient)
state distribution of this system.

Redo the above for the case where the system has finite capacity A, i.e. the
state of the system can only be NV or less.

4.  For a M/M/m/w queue, consider a particular customer A, who on
arrival finds all m servers busy and n other customers waiting for service.
The queue follows a FCFS discipline. Assume that no new customers come
to the queue for service after A’s arrival. Let //u be the mean service time
for customers.

(a) Find the expected length of time customer A spends waiting for service.
(b) Find the expected length of the time interval 7 measured from A’s arrival
to the time when the system becomes completely empty.

(c) Define X be the order of completion of service of customer A where X=k
if A is the #” customer to complete service after its arrival to the system.
Find P{X=k} for k=1,2,....... ,(m+n-1).

(d) Find the probability that customer A is able to complete its service before
the customer who is immediately ahead of him/her in the queue.

(e) Let w be the random amount of time customer A waits for service. Find
its cumulative distribution function (i.e. c.d.f.).
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5. Consider a M/M/2/4 queue at equilibrium. Its state probabilities are
observed to be /16, 4/16, 6/16, 4/16, and 1/16 respectively for system states
0, 1, 2, 3, and 4. For this queue, determine N and »,,. If the mean arrival rate
(from a Poisson process) is observed to be 2 customers per hour, determine
the mean delay quantities // and W, and estimate the mean service time.

6. Consider a M/M/w/0 queue where the service rate in state j is given as
L =ju. The arrival process provides arrivals at an average rate A. Show that
the state probabilities of the system are given by

k
po=e’,and p, =" i—‘ for k> 1 with p 4
! T

7. Analyse a M/M/1/w0 queue with the following parameters

Ak = A for k=0,1,2,..... and O<a<l
e=u fork=123...

Obtain the steady state distribution of the queue and the conditions under
which such a distribution will exist.

8 Analyse an M/M/1/c0 queue with parameters A and g where the
customers get impatient and leave if they think they will have to wait too
long for service. Specifically, if the arrival find & users already in the system,
then it estimates its own waiting time as w=k/z.. It then either joins the
queue with probability exp(-aw) or leaves without service with probability
[1 - exp(-aw)]. Assume a>0.

(a) Find the state distribution of this system and give the conditions under
which this will exist.

(b) For a—o, find the state distribution of the system and the average
number in the system. Can you give a physical explanation of the system
behaviour in this case?

9. The manager of our bank wants to put a new teller system into
operation. The proposed system will start operation with only one teller.
Whenever the number of customers exceeds Ky, another teller will be
brought in to serve the customers. This second teller continues serving until
the number of customers falls below K, where K;<K,. At this point the
second teller leaves and the system continues with one teller. This process
continues repetitively. The manager wants our advice on the operation of
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this system. Customers arrive at rate A from a Poisson process and each
teller serves with an exponentially distributed service time with mean /4.

(a) Give a proper definition of the system state and draw the corresponding
state transition diagram with the appropriate transition rates.

(b) Obtain the corresponding state probabilities when the system is in steady
state.

10. The Queueing Theory Association is arranging a get-together in a hall
where K people can sit and an additional K, people can stand. While there is
still space available to sit, guests arrive at rate A, When there is only space
to stand, guests arrive at rate A,. (In both cases, the arrival process is Poisson
in nature.) The doors are closed whenever the hall fills up with K;+K;
guests. Nobody leaves the get-together once they enter the hall - not even
when people start singing badly! Assume that the hall is initially empty
when the get-together starts at time /=0

(a) Obtain the probability p(?) of there being k& guests in the hall at time ¢,
k>0. (Results may be left in the form of an expression but simplify them to
the extent possible.)

(b) From (a) or otherwise, obtain p,(?) for the case where K,=0.

11. The server in a single-server queue adopts the following approach for
serving the customers who arrive for service. Whenever the system becomes
empty, the server goes for a coffee-break and comes back to provide service
only when the number of customers in the system reaches K. Otherwise,
he/she provides service just like a normal M/M/1 queue. Assume A to be the
average customer arrival rate and yu to be the average service rate of a
customer being served and let p=2A/u erlangs.
(a) Draw the State Transition Diagram for this system with a proper
definition of the system’s state.
(b) Now consider specifically the system with K=2 and obtain the following
in terms of p.

(i) The equilibrium state probability p, of finding k customers in the

system.

(ii) The mean number in the system (waiting and in-service).

(iii) The probability that the server is actually working

12. In a M/-/1/o queue, the Laplace Transform of the service time
distribution is given by
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0.55(4 + 413 ) + p4 44y
(s + 40)(s + 43)

Lg(s)=

For this queue, find (in terms of the probability p, of the system being
empty), the probability of there being one user in the system (i.e. p,) and
the probability of there being two users in the system (i.e. p,). Assume that
the arrivals come from a Poisson process of average rate A.

13. Prof. Calculus has been given the job of registering students for the
queueing course in our departmental Conference Room. Prof. Calculus gets
a student registered in an exponentially distributed time interval with mean
2/p. He is however known to get very upset if he does not have any
additional help when there are K or more students in the room (including the
one being registered)! When that happens, he calls M. Tintin from our office
to help in the registration process. M. Tintin can also register a student in an
exponentially distributed time interval with mean 2/u.. When M. Tintin is in
the Conference Room, both Prof. Calculus and M. Tintin work in parallel to
register students. However, M. Tintin does not quite like this job and
manages to return to the office whenever there are no students in the
Conference Room. (He gets called again when the number in the room
reaches K.) Assume that (a) the Conference Room has an infinite number of
chairs for waiting students, (b) Prof. Calculus and M. Tintin both work in a
FCFS manner and that (c) the students wishing to register arrive from a
Poisson process with rate 1.

(a) With a proper definition of system state, draw the state transition diagram
for the above queueing situation.

For K=2, do the following -

(b) For your states as in (a), obtain the state probabilities of the system.

(¢) What will be the mean number of students in the Conference Room?

(d) What is the probability that Prof. Calculus is working on student
registration?

(e) What is the probability that M. Tintin is working on student registration?

14. Consider the M/-/1/3 queue, which is limited to having a maximum of
3 users in the system. Assume that the arrivals come from a Poisson process
of average rate A and that the L..T. of the service time distribution is

2
L= G2
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(a) Draw the State Transition Diagram of the system and write its balance
equations.

(b) Use (a) to find the probabilities of the individual states in the state
transition diagram.

(c) Use (b) to find the overall state probabilities py, p,, p> and p;.

(d) What is the probability that an arrival will have to leave without service?

5. A M/-/1/2 queue has a service time distribution with L.T. given by

0.51 0.54°

L.(s)=
5(s) st st

The average arrival rate is A. Note that the queue is limited to a maximum
state of 2. Use the method of stages to solve this queue and obtain the
following.

(a) State Transition Diagram (with a proper definition of system states)

(b) Obtain the state probability distribution

(c) What will be the average departure rate from this queue?

16. Consider an examination facility, with an infinitely large waiting room
and an examination centre, where queueing theory students are being
evaluated. Prof. Calculus and his T.A. for the course sit in the examination
centre and students enter the examination centre one at a time. The students
(coming from an infinite population of queueing theory students) enter the
examination facility at an average rate of A per time unit. If there is a student
already in the examination centre, then the new student waits in the waiting
room. The queueing strategy is assumed FCFS. The student entering the
examination centre is first examined by the T.A. for an exponentially
distributed testing time with mean 0.5 units. Prof. Calculus randomly picks
half of the students examined by the T.A. and grills them further for an
exponentially distributed time of 1.0 units. (The others are lucky and can
leave immediately without being examined by Prof. Calculus.) Assuming
that the probability p, of the system being empty is known, find the
following.

(a) The probability that there is one student in the examination facility

(b) The probability that there are two students in the examination facility

17. Consider a M™/M/1 queue where the batch arrival process is Poisson
with rate A4 and the batch size distribution is given by £, = P{batch size = i}
for i > 0 with f(z) as its z-transform. Assume that the mean service time for a
jobis 1/u.
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(a) Draw the State Transition Diagram of the system and write its balance
equations.

(b) Find the generating function P(z) of the number in the system at
equilibrium as a function of 4, ¢z and G(z) with

AW
7

defined as the offered load.

(c) For the case where 3 =(I-a)c for O<a<l and i =0, I, ............., oo find
P(z) and use this to get the state probability distribution p, k=0, I, ....., 0,
(d) Find the mean number of jobs in the system. Use this and Little's result
to find the mean time spent in the system by a particular job.

(e) Assuming FCFS operation, derive the mean time spent waiting for
service to begin to a particular batch. (How would you find this?) Can I use
this to find the mean time spent in system by a particular job?

18. Consider a M"/M/1/4 queue with batch arrival rate 1 and service rate
of individual jobs as . The Generating Function of the batch sizes is given
to be (B + Biz +/32°). Analyse this system for the cases where (i) PBAS and
(ii) WBAS strategies are being used. For each case, obtain the following.

(a) State probabilities of the system

(b) The mean number in the system

(c) The probability that a batch is refused entry in the WBAS case and the
probability that a job is refused entry in the PBAS case.

19. Consider a M™/-/1/3 queue where the batch arrival rate is A and the
generating function of the batch sizes is given by (0.25z+0.25z+0.5z°). Note
that the queue is limited to a maximum state of 3 and follows the WBAS
Strategy.

(a) If the L.T. of the service time distribution is

0.5u 0.54°
S+ (s+u)?

draw the state transition diagram of the queue with an appropriately defined
system state.
(b) For a service time distribution with L.T. x/(s+w), do the following -

i. Draw the state transition diagram.

ii. Find the state probabilities of the queue.

iii. What is the probability that a batch is refused entry into the queue?
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Analysis of the M/G/1 Queue in Equilibrium
Performance Analysis Using Residual Life and Imbedded Markov
Chain Approaches

In the previous chapter, we were primarily concerned with queues where
the service times were exponentially distributed. Queues with non-
exponential service times were not really considered, except in a limited
fashion in Section 2.9 while describing the Method of Stages. In this chapter,
we consider the detailed analysis of single server queues with infinite buffers
where the service times can have any general distribution. The arrival
process is still assumed to be Poisson in nature.

The exponential distribution is particularly easy to handle in analytical
modelling because of its memory-less property. Consider a situation where
the service time is a random variable X with mean £’. If a job in service is
examined at any time while its service is continuing, the distribution of the
remaining service time will still be exponentially distributed with the same
mean value £ as before. This essential feature simplifies the analysis of a
queue by allowing us to define the system state at any time instant ¢ by using
just a single variable, i.e. the number in the system at time 7. This simple
definition is no longer possible in the general case where the system state has
a non-exponential distribution. If that is the case, the system state at an
arbitrary time instant ¢ must be defined as an n-fuple. This would consist of
both the number in the system at time # as well as the residual service times
for each customer currently in service. This additional complexity makes the
non-exponential service time distribution case much harder to analyse.

Unfortunately, though the assumption of exponential distribution is
convenient for analytical purposes, it may not be justified in all systems. For
situations where the service time can be expressed, at least approximately, as
a combination of exponentially distributed components, the Method of
Stages of Section 2.9 may be used. The approach given in that section may

55
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be suitably modified to allow, at least approximately, for more than one
server or limited waiting spaces in the queue. Exact analytical modelling is
however possible for generally distributed service times in the case of single
server queues with infinite buffers, i.e. M/G/1 queues. This may be done in a
number of ways. We present two such methods in this chapter - the Residual
Life Approach and a method using an Imbedded Markov Chain. The
Residual Life Approach is simpler but can only give mean results on the
mean queueing parameters W, W, N and N, The method using an imbedded
Markov chain is more powerful and may be used to obtain distributions of
the various parameters, as well as their mean values. This latter approach
analyses a M/G/1 queue by identifying a special sequence of time instants.
These are such that the Markovian property of being memory-less will be
satisfied for the system state (defined as the number in the system) between
these time instants. In this case, the intelligent choice of these time instants,
enforcing the Markovian property, simplifies the system state definition and
the consequent analysis.

Unless specifically indicated otherwise, we consider the M/G/1queue to
be FCFS in nature. (This does not make any difference to the mean values of
the system parameters but would affect higher moments and distributions.)
The arrival process is considered Poisson with average arrival rate 1. The
inter-arrival times will be exponentially distributed with mean 1/4 and
variance 1/4°. The interarrival times will have the cumulative distribution
function A(?) and probability density function a(?) respectively given by

A@) =1-e* fort>0

= for t<0
a@) =le™  fort>0
=0 for <0

The Laplace Transform (L.T.) Z,(s) of the probability density function will
then be -

A
S+ A

Ly(s)=

The service time X is considered to be generally distributed with mean
E{X}=X . For X=t (1> 0) , the distribution is given in terms of its cumulative
distribution function B(?), probability density function b(?) or its L.T. La(s).
We assume that the distribution is known. The analysis given here is under

equilibrium conditions when p = AX <1 holds.
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3.1 The Residual Life Approach for Analysing the
M/G/1 Queue

For convenience, we will assume that the queue serves customers using
the FCFS service discipline. As mentioned earlier, this service discipline will
not make a difference to the mean performance parameters as long as the
server does not stay idle in a situation where there are one or more customers
in the queue. This implies that the mean performance results will remain the
same even if we use LCFS or SIRO service disciplines. A queue of this kind
is shown in Figure 3.1.

Arrivals
A M/G/1
E{X}=1/u

Departures

Figure 3.1. AM/G/1 Queue

For the queue shown, consider a particular arrival of interest that enters
the queue. If it arrives to a non-empty queue, it will find -
(a) one or more customers waiting in the queue, and
(b) a customer currently in service who would have » seconds of residual
service time left.
Note that the residual service would be the additional time required to finish
service to the customer currently being served. If the arrival finds the queue
empty, then the residual service time it will see will also be zero and it will
enter service immediately.

Let R=E{r} be the mean residual service time. This will be the mean of
the random variable r as observed by arrivals to the queue. Note that for this
queue, PASTA property will hold, as the arrival process is Poisson in nature.
Therefore, using Little’s result, we can write

W,=N,E{X}+R=AW,E{X}+R
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Defining p=AE{X} as before, we require p</ for the queue to be stable. In
that case, we can simplify the above to get

w,= R
a-p)

To use this to find W, we would need the mean residual service time R.
As shown in [BeG92], this may be conveniently found using a graphical
approach. To apply this approach, we first observe that the value of R as
seen by the arrival will also be the mean residual service time as calculated
by observing the queue in steady state and taking time averages. This would
be true because PASTA would hold for this queue, as its arrival process is
Poisson in nature. We define r(7) as the value of the residual service time
that will be seen if the system is examined at time z. The function r(7) is
plotted below as a function of 7. The saw-toothed nature of the plot arises
because

(a) r(7) jumps by an amount equal to the required service time whenever

a new customer starts service, and

(b) when r(7) is non-zero, it decreases at a unit rate until it reaches zero

(when it reaches zero the customer being served completes service).
These properties are illustrated in Figure 3.2.

A
(7
Xz

Xy
X

X, X X; X, T

Figure 3.2. Residual Service Time r(7) as a Function of 7

Let M(?) be the number of departures from the queue in the time interval
(0, 1). We can then find the time average of r(7) for <7<t as follows

t M)
Time average of r(7) in (0,t) = —i— _fr(r)dr = % Z-;—X,-z
i=1

0
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Note that because of the ergodicity implied by the PASTA property, the
limit of this average as t—o will then be equal to R. The approximation
above holds by ignoring the errors, if any, in the last residual service time in
the interval (0, 7). Note that this approximation becomes better as r—>a. We
can then write

M)
lM(t) 1 ZIXZ

: : 191
Time average of r(7) in (0, ) =- » —X; ;
8 t ;2 t M(t) p=m

M(r) R
For t—a we get M(t)—>/1,and l ZlXi — X?
t M) =2

Therefore, by PASTA,

R=11x G.D
2
AX? L
g = (Pollaczek-Khinchine or P-K Formula) (3.2)
2(1- p)

Incidentally, the graphical approach given above would be found to be a
useful trick to use for analysing many queueing situations. We can also make
an interesting observation on R by decomposing it as follows, using the fact
that the residual service time observed by an arrival to an empty queue will
be zero. For this note that as obtained earlier, the load on the queue will be
given by p =A/u and that p and (7-p) will be the probability that arrival finds
the queue non empty and the probability that arrival finds the queue empty,
respectively.

This is easy to argue regardless of the actual nature of the arrival and
service processes. Consider a long interval of time 7, with 7—co The
average number of arrivals in that interval would be AT and each arrival will
require a mean service time of E{X}. Therefore, if the queue is a stable one,
then out of the total time 7, a time of (AT)E{X} will be observed to be the
average time the server is busy. This implies that the P{server is
busy}=p=AE{X} and P{server not busy}=(1-p).

Decomposing R into the two cases mentioned above, i.e. where arrival
finds an empty system and where arrival finds a non-empty system, then

gives
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R = (I-p)E{r | system found empty on arrival} + pE{r | system found
not empty on arrival}

Since E{r| system found empty on arrival} = 0, then using R obtained in Eq.
(3.1), we get that

. R _Xx°
E{r | system found not empty on arrival} =— ="~ =
P 2X

This result is actually somewhat counter-intuitive. Since the arrival coming
to a non-empty queue essentially samples an ongoing service, lay reasoning
may lead us to expect that the mean value of the residual service time

2
observed in that case should be %)_( rather than the %(X’ + %J )

This is also popularly referred to (in the context of other phenomenon) as
the Paradox of Residual Life. This is not really a paradox - as will be
explained subsequently. Instead, this follows from the fact that the arrival (to
a non-empty queue) is more likely to sample a longer service time than a
shorter one.

3.1.1 The Paradox of Residual Life

The paradox of residual life is commonly illustrated in another way by
observing arrivals from a process, whose inter-arrival times have some
general distribution, i.e. it is not necessarily a Poisson process with the inter-
arrival times exponentially distributed. Consider the process of arrivals as
illustrated in Figure 3.3. As shown in the figure, let the time instant #, be the
instant of the ™ arrival from the arrival process. Let the random variable X
represent the time between successive arrival instants, i.e. the inter-arrival
time of the process. Its mean and second moment will then be given by

Edty ~t,4} =X
E{(ty —7,)}=X°
where the inter-arrival time X is considered to be a /ifetime.

We examine this process at an arbitrary time ¢, as shown. Assume that ¢
happens to fall in the interval (%, #.; and that the random variable Y
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corresponding to the Residual Lifetime is given by Y = (4., - ¢). Drawing an
analogy with the results obtained earlier for the residual service time when
the arrival comes into a non-empty queue, we can see that

= 1l 35 lo
=X x 33

lp-1 17 Tr+

Figure 3.3. Arrival Process Illustrating the Paradox of Residual Life

The Paradox of Residual Life may then be stated as follows. “Since ¢ can
be chosen anywhere, we would expect ¥ =0.5.X . However, this is not really
the case as we would find that (as obtained above!) actually ¥ >0.5X and
that Y increases with increasing oy (i.e. with increasing randomness)”.

The subject of Renewal Theory would look at this residual life from a
somewhat different (but essentially similar) perspective. This would consider
a system where components fail at time 7, i=/, 2, ..... and are immediately
replaced. The system is observed at some random time ¢ and the observer
looks at the residual life Y of the current component. Assume that we are
given that X=(#., - t,) is the lifetime of the K" component with its
distribution (cumulative distribution function Fy(x) and probability density
function fy(x) ) defined as follows

Fy(x)=P{(tp, — 1) S X}

I vk
fe(y= 22
X

We would then like to find the distribution fy(3) of the random variable ¥
(the residual lifetime) and its mean. Consider X* to be the lifetime (random
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variable) of the component being examined at time ¢ (i.e. the selected
component). We would first need to find the probability density function
Jx+(x) of this random variable. For this consider the probability of the event
that {r falls in a lifetime of length x}. (Note that time ¢ is the instant at which
the system is observed.) We can observe the following.

(a) P{rfalls in a life time of length x} would be proportional to the length
x of the lifetime, as 7 is more likely to fall in a longer lifetime than in a
shorter one.

(b) P{r falls in a life time of length x} would also be proportional to
Jfx(x)dx, i.e. the probability of occurrence of a lifetime of length x.

(c) P{r falls in a life time of length x}=P{a lifetime of length x is
selected} =fy+(x)

Therefore, we get that,
P{z falls in a life time of length x} = f,.(x)dx = Kxf', (x)dx

where K is a normalising constant. Integrating fy«(x)dx=Kxfy(x)dx over the
range (0, o) for x, we get

K= Vexy= )z

The probability density function of the lifetime of the selected component
will then be given as

()= T (3.4)

in terms of the probability density function and mean of the component
lifetime (overall, i.e. unselected) X.

Now consider the residual lifetime Y. Note that the residual lifetime arises
by the selection of ¢ in a uniformly distributed fashion over the lifetime of
the selected component. Therefore,

P{YSyIX"‘=x}=Z for 0<y<x (3.5)
X

or



3. Analysis of the M/G/1 Queue 63

P{ySYSy+dy,xsX*Sx+dx}=-dl£fi_(i)dx
x X
(3.6)
=Z‘%‘_§dedy for 0<y<x

Integrating Eq. (3.6) with respect to x over y <x <, we get the required
probability density function fy(y) of the residual lifetime ¥ to be

fydy =Py <Y <y+dy}= %[1 —Fy(»)ldy 3.7)

The Laplace Transform Ly(s) of the probability density function of the
residual lifetime ¥ may then be computed from Eq. (3.7) to be

122y ) (3.8)

117
Lﬂs):LT-[f‘;é[fx (Jf)dy)=

where Ly(s) is the Laplace Transform of the probability density function of
X. Differentiating this, we get

1-L,(s)+sLy(s)

= 3.9
%5 (3.9)

Ly(s)=-

Using Eq. (3.9) and the moment generating property of the Laplace
Transform, the Mean Residual Lifetime E{¥}=Y may be found using

Y =—Ly (s)| _, - This actually becomes indeterminate when evaluated at s=0,
so L'Hospital's Rule has to be used to evaluate this. Using this and the fact
that X =— L) (s)l o and X?= LY (s)[“_=0 , we get

=Ly (s)+ Ly (s)+sLY (s)
25X

Y= limHo[

_ 2 i (3.10)
X 1()?+-q_i}=l/\7+o-—ﬁ

“2xX 2 Y | 27 T 2x



64 Chapter 3

Note that this is what we had also obtained earlier with the graphical
approach.

3.2 The Imbedded Markov Chain Approach for
Analysing the M/G/1 Queue

For M/M/-/- type of queues, we were able to represent the system state at
time ¢ as the number in the system at time ¢ and were able to use this to form
an imbedded Markov Chain at any arbitrary set of time points. For the
M/G/1 queue, this cannot be done, as the service time is no longer memory-
less. If we did want to persist with this approach then we need to expand the
system descriptor appropriately. One way to do this would be to describe the
system as say (n, «). Here n would be the number in the system at time 7 and
a would be the time left to finish service to the customer currently in service
at time 7. Note that we did not have to do this for a system with
exponentially distributed service times because of the memory-less property
of that distribution.

However, even for the M/G/1 queue, a single system state descriptor will
work if we choose our time points carefully so that the Markov Property is
satisfied between these time points. One such set of time points satisfying
the Markov property are the time instants just after the departure of a
customer following service. Consider the imbedded Markov Chain of system
states (denoting the number in system) at the time instants ¢, i=1/, 2, 3, ...... oc
when the i customer departs from the system. At a time instant 7, we define
the system state »; to be the number of customers left behind when the i
customer departs (i.e. immediately after the departure of the i customer).

i" departure leaves
non-empty system (i+1)" departure
m >0 Wiy =nm=1+a;,,

L (i+ ])lh service lime J
o § >

;v arrivals in
(i+1)" service time

Figure 3.4a. Departure Leaves System Non-Empty
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Note that the system state is actually what the departing customer would
see looking back into the system after it leaves (the system) - that is it does
not count itself in the number indicating the system state. Let a;., be the
number of arrivals in the (i+1)" service time. Note that the (i+1/)" service
time will end with the departure of the (i+/ )™ customer. Two situations arise
here, as shown in Figure 3.4a and 3.4b, and must be considered separately.

In the first case, shown in Figure 3.4a, the i departure leaves behind a
non-empty queue. Therefore the time interval between the (i+/ )" and the i
departure is just one (random) service time with a;., arrivals in that interval
as per the definition given above. Note that the state at the (i+1)" departure
instant can be related to the state at the /" departure instant thereby forming a
Markov Chain. Specifically, the state at the (i+1 )" departure instant is #, -
1+a,-+1.

i" departure leaves

empty system (i+1)" departure
h; = 0 i1 = Qi+
- th . .
T (i+1)" service time
L >

First Arrival to Qv arrivals in
the system after it (i+1)" service time
becomes empty

Figure 3.4b. Departure Leaves System Empty

For the case where the i departure leaves the queue empty, service does
not start again (nor are any departures possible) until the (i+/ )’/’ arrival. This
is the customer whose departure will be tagged as the (i+1)" departure as
shown in Figure 3.4b. The number left behind in the queue after this
customer departs will merely be the number arriving during the service time

of the customer. Therefore, the system state »; at the (i+1)" departure is
merely a;.;.
From the above, it can be seen that

Mg = A for n;=0 G.11)
=n, —1+a,, for n;=1,2,3.......

Sometimes, it may also be convenient to rewrite Eq. (3.11) as
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ng,=n-UMm)+a,, for n, =0,1,2,3,........ (3.12)

where U(n,) is the unit step function.

It should be noted that for the queue to be stable we should once again
have p=A/u<1. This can be justified either based on the earlier arguments
for stability of a single server queue or by requiring (equivalently) that the
average number of customers arriving in a service time should be less than 1
for the system to be stable. The results obtained below hold when this
stability condition is met.

For the M/G/1 queue being considered, Eq. (3.12) may now be used to
obtain the probabilities of the system state as observed by a departing
customer. (We do this subsequently.) At first sight, these probabilities do not
seem to be too useful as they hold only for the departure instants. It is not
immediately obvious how these results may be used to find ergodic (i.e.
time-averaged, steady state) distributions and moments. We need the
following to help us put these results to more practical use.

1. Kleinrock's Result:

This states that for systems where the system state can change at most by
+1 or -1, the system distribution as seen by an arriving customer will be the
same as that seen by a departing customer.

We can use this result to claim that the distributions or moments
computed from the point of view of the departing customer will therefore be
the same as the state distributions and moments as seen by an arriving
customer.

2. PASTA

Since the arrival process is Poisson (i.e. the queue is M/G/1), PASTA will
hold. Therefore the state distribution and moments as seen by the arriving
customer will also be the same as the time averages observed under
equilibrium conditions.

Using both Kleinrock’s Result and the PASTA property, we can
therefore claim that the state distribution and moments calculated for the
departure instants will also be the time averaged (ergodic) results that will be
observed for the system at equilibrium. This is what makes the results
obtained using Eq. (3.12) useful for studying the equilibrium performance of
a M/G/1 queue. Some typical results are derived next based on the system
description given by Eq. (3.12).
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3.2.1 Probability of the System Being Empty

For obtaining this, we take the expectations of both sides of Eq. (3.12) to
get that E{U(n)}=E{a;.,;}. We can then see that since

o0

EUMm)}=1-p, and  E{a.,}= [()b@)di=2X = p

0
we get our expected result that p,=1-p

3.2.2 Generating Function of the Number in the System (the P-K
transform equation)

We define the generating functions P,(z) and P;.,(z) as follows where
Pi(z) is the generating function of the state as seen by the J" departing
customer.

P()=E("} =3 2 Pin, = k)
k=0

Pa(2)=E{z""}=) z*P{n, =k}

i+
k=0
Since future arrivals would not depend on the current state, we would have »;
to be independent of a; (i.e. n; L a; ). We would therefore get that

n; —U(nl.)

P (2)=E{z" Y E"

This can be simplified by observing that -
(1) Since the system is being examined in steady state (equilibrium)
conditions, the dependence on "i" may be dropped.
(2) If we define A(z)=E{z"} as the generating function of the number
arriving in a service time, then we would get that

oj[i z" -——e('z')n “Hb(t)dt

o n=0

A(z)= JE{Z” | service time = t}b(t)dt =
0

- j e H0)p(p)dy
0
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leading to
A(z)=Ly(A - Az) 3.13)

It is interesting to note that the result of Eq. (3.13) could have been
written down directly as A(z) is the generating function of the number
arriving in a service time, where the arrival process is Poisson with rate A.
This may be done following the approach taken to derive Eq. (2.36) in
Chapter 2 and the associated comments given there.

Using Eq. (3.13) and the moment generating properties of both
generating functions and Laplace Transforms, we get that

A'(@)=-AL(A-2z) A)=-AL,(0)=1X =p
A"(2)=2Lp(A-2z) A"(D)=AL,(0)=A" X"’

Using Eq. (3.12), we can then obtain
P(2)= ADEEVO = ()Y VO P =
k=0

N g 1 & 1
ZA(Z){iZOPo +sz lpk}zA(Z){Po +;szpk ”;Po}
k=0

k=1

- A(z)B P(z) =~ po(1- z)}

Using py =1-p, and rearranging terms, this is simplified to give the
Generating Function P(z) of the number in the system as seen by a departing
customer (at equilibrium) to be

(- p)d—2)A(z)
A(z) -z

P(z) =

where A(z) may be found using Eq. (3.13). Substituting for A(z) and
simplifying, we get the final expression for the generating function

P(z)= (A= p)A=2)Ly (A= A2) P-K Transform Equation (3.14)

Ly(A—Az) -z
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Note that the generating function P(z) may be inverted (i.e. its inverse z-
transform may be computed) to find the corresponding state distribution.
This distribution will not only hold for the system observed at the departure
instants, but will also hold for the system observed at the arrival instants. It
will also be the ergodic state distribution. Note that even if P(z) may not be
exactly inverted in a closed-form expression, we can obtain the desired
distribution by expanding it in a Taylor Series expansion as

P(z)= ia,z’
i=0

Once this is done by suitably manipulating the R.H.S of Eq. (3.14), we can
identify ¢; as the equilibrium probability p; of the system being in state i (i.e
P{i in system}. Various moments of the system state can then be found using
these probabilities. It will, of course, be far simpler to use the generating
function P(z) directly to find the required moments. This is illustrated next.

3.2.3 Computing Moments of the System Parameters for the M/G/1
Queue

i) Note that P(1)=A(1)=1, and that as obtained previously

AN =AX=p and A"()=2X>2

(-Pl1-DA D= AE)] __(-p) _,
A'(z) -1 o1

i)y P(1) = lim,_,; P(z) =lim__,

Note that evaluation of the above limit requires the use of L'Hospital's Rule.
The result P(1)=1 is expected as the total sum of all the state probabilities
must be unity.

iii) From the P-K Transform Equation, we can obtain the mean and higher
moments as well
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P(2)[A(2) - z]=(1 - p)(1 - 2) A(z)
P'(2)[A(2) - z]+ P4 (2) 1] =(1 = p)1 ~ 2)4'(z) = (1 - p)A(2)
PU(D)[A(2) - 2]+ 2P' () 4'(2) — 1]+ P(2)A"(z) = (1 = p)(1 = 2)A"(z) - (1 - p) A4

Putting z=7 and using earlier results, we get

—2P' (1)1 p)+ A2 X7 = (1 - p)(-2p)
2x?
2(1- p)

N=P)=p+ Mean number in system

Other higher moments may be similarly found by further differentiation of
P(z). Note that this will then also need evaluation of higher differentials of
A(z) for z=1. The other mean system performance parameters, i.e. W, W, and
N,, may now be found from N and are given below.

AX?
2(1-p)

Mean Time Spent in System =W = X + (using Little's Result)

. : = AX?
Mean Time Spent in Queve =W, =W - X = 2 )
—-P

2

Mean Number Waiting in Queue N = (using Little's Result)

2(1-p)

It should be noted that the expression given above for ¥, is the same as the
mean result (P-K Formula) obtained earlier in Eq. (3.2) using the residual
life approach.

3.3 Distributions of Time Spent in System and the
Waiting Time Prior to Service in a FCFS M/G/1
Queue

Given the distribution for the number in the system as seen by a
departing customer, it is fairly straightforward to derive the distribution of
time spent waiting in queue and total time spent in system by a customer.
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We outline the approach next as this approach is very commonly used in
analysing the delays of a queueing-type system. The distribution for a LCFS
queue is much more difficult to obtain and will be postponed for Section 3.5

Service ends for
th

the n” arrival
S| 7,
O P Time
Service starts for
" _ the n™ arrival
n'" arrival

Figure 3.5. Time Instants of Arrival and Departure for a Customer in a FCFS M/G/1 Queue

For a FCFS M/G/1 queue, consider the »” arrival to the queue as shown
in Figure 3.5. As shown in the figure, this arrival waits in the queue for a
time interval of length O, before its service can start. (Note that O,=0 if the
arrival enters an empty queue.) Once service starts, the customer engages the
server for a time interval X, corresponding to its service time. The total time
7, spent in the system by the n™ arrival is then Ot X,.

As before, we use b(7) to denote the probability density function of the
service time X, with its L.T. given by Lg(s). Similarly, let f(z) be the
probability density function of the queueing delay O, with L.T. Lp(s) and let
Jf1(t) be the probability density function of the total time 7, spent in system
by the n™ arrival with L.T. Ly(s). It is important to note here that the
probability density function’s of these random variables and their L.T.s have
been written without explicitly mentioning the variable 7 (for the n” arrival)
since the system is assumed to have reached equilibrium conditions.

Consider the »™ arrival as shown in Figure 3.5. Since the queue is
assumed to be FCFS in nature, the number of customers that the n” user will
see left behind in the queue when it departs will be the number of arrivals
that occur while it is in the system. The generating function for this random
number (at equilibrium) has already been obtained as P(z) in Eq. (3.14) as
the generating function of the number in the system as seen by a departing
customer.

We can also argue that the generating function P(z) for the number in the
system when this " customer departs can also be obtained in another way.
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Using the approach used to get Eq. (2.36) and Eq. (3.13), we can argue that
this will be given as Ly(A-Az) where Ly(s) is the L.T. of the probability
density function of the total time 7 spent in the system by an arriving
customer. Therefore, we get that

(I1-p)1=2)Lz(A - A2)
L,(A—-Jz)—z

Ly(A-22)=

Substituting s=(4 - Az), we then get

_ S(=p)Ly(s)
LT(S)_S—Z,+/”£LB(S) (3.15)

The L.T. Ly(s) may then be inverted to obtain the probability density
function fy(z) of the total time spent by an arriving customer in a FCFS
M/G/1 queue. It is also possible to directly use Ly(s) to obtain the desired
moments of the random variable 7, the total time spent in system by an
arriving customer.

Knowing L(s), and using the fact that O+X=7, where QO and X are
independent of each other (i.e. Q£X), we get

L)y s(-p) (3.16)
Ly(s) s—A+ALg(s) '

LQ(S) =

as the L.T. of the probability density function f,(s) of the queueing delay Q.
Inverting this Laplace Transform will give the associated probability density
function fp(2) of the queueing delay. Even if this inversion is not explicitly
done, the moments of O may be found directly from Ly(s) itself by
differentiating it and evaluating this at s=0 using the moment generating
properties of Laplace Transforms.

34 Busy Period Analysis of a M/G/1 Queue

We can observe the server of this single-server queue to see the time
intervals during which it is is busy or idle. If we observe the queue in this
fashion, we will notice that the time-axis may be considered to be divided
into cycles of random length. Each cycle consists of a sequence of an idle
period (when the queue is empty and the server is idle) followed by a busy
period (during which the server is busy and the queue is non-empty).
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The busy period may also be viewed on the basis of a variable,
Unfinished Work U(t), that is sometimes convenient to consider in a queue.
We define U(¥) at time ¢ as the amount of time that it would take to empry
the system of all those customers who were present in the system at time t,
without taking into account any later customer arrivals. This has been
illustrated in Figure 3.6. Note that for every new arrival, U() would have a
step corresponding to the amount of work required by that arrival. At other
times, whenever U(?)>0, it decreases at a unit rate. If U(?) reaches zero, it
stays at that value until the next arrival forces it to jump up by the required
step size.

U@ Cycle

Idle
Period

>
Busy Period Time

Figure 3.6. Unfinished Work in a M/G/1 Queue

The busy period may then be viewed as the time interval starting with the
first arrival to an empty queue (i.e. ending the idle period) which continues
as long as the unfinished work U(?) stays non-zero (i.e. the queue does not
go empty). The busy period ends and the next idle period begins, when the
unfinished work becomes zero, i.e. the queue becomes empty. We let BP be
the random variable denoting the length of such a busy period with
probability density function fzp(2) whose L.T. is Lgp(s). Similarly, the Idle
Period starts with the departure of the customer who leaves behind an empty
queue and ends with the arrival of the first subsequent customer - who would
then start the next busy period. Let fjp(2) denote the probability density
function of an idle period with length /P with L.T. L;p(s). Note that the
random variables BP and IP will be independent of each other. The length of
a cycle will then be the sum of the random variables BP and IP. Note that the
cycle will also be of random length.
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3.4.1 Idle Period (IP)

Since the arrival process is Poisson with rate A, the inter-arrival times
have an exponential distribution with mean //4. Using this, we get

P{IP =y} =P{no arrival in an interval of length y}
—

for y=0. Therefore the cumulative distribution function of the idle period
will be (I- ¢™) and its probability density function will be e (i.e. an
exponential distribution, as expected). The L.T. of its probability density
function will then be

A
s+ A

L,(s)= 3.17)

3.4.2 Busy Period (BP)

We obtain this based on the observation [Kle75] that the unfinished work
Uty in the system is invariant with respect to the service discipline being
followed in the queue. This effectively implies that once the customers are in
the queue, we can permute the order in which they are served without
changing the distribution of the busy period. This can be easily seen, as the
busy period will end when the queue becomes empty once again regardless
of the sequence in which the customers were being served during the busy
period itself!

The implication of this observation is that we can assume the service
discipline to be LCFS without changing the distribution of the busy period
(even though the queue is/may actually be FCFS in nature.). We therefore
consider the busy period for a LCFS queue in the following and will
subsequently use the result obtained even for our FCFS queue. This is used
to derive the probability density function fzp(2) and its L.T. Lgp(s).

Consider a busy period that starts with the arrival of customer 4,. We
assume the following —

(a) X is the service time for 4,

(b) n* arrivals (Az,..ccceuveen.... , A1) arrive during the service time X, in

the sequence As,................. L Apry.

(c) BP is the length of the busy period started by A, (whose distribution

we want to find)

Consider the n* arrivals (4,....ccuevv.n.... , Ap++1) during the service time X, =x,
of A4,. Since the service is LCFS in nature, each one of these will initiate sub-
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busy periods BP,,................. , BP,«.; of its own so that we have the overall
busy period as the sum of these sub-busy periods and the service time of 4;.

BP=X,+BP, +.... +BP,,  BP, LBP and BP, L X, Vjk

where X,, BP,,....... , BP,+,; and n* are all random variables. The following
important observations can be made regarding the sub-busy periods and the
busy period -
(a) The sub-busy periods are independent and identically distributed (iid)
random variables.
(b) The distribution (cumulative distribution function, probability density
function and L.T. of probability density function) of a sub busy period
will be the same as the distribution of the (main) busy period.
We then get that

E{e—s(BP) I Xl =x, n* — k} — e—‘\‘x [LBP (S)]k

We first remove the conditioning on #", using the fact that these are arrivals
over an interval x from a Poisson process with rate A. This yields

-5 —8X 3 - (/lx)k
E{e (BP)[X1=x}=e Ze’b‘ r

k=0

:e_sxe_,txeleBP(x) (318)

— e—x(swl—ﬂ.LHP(x))

[Lsp (5)]*

We can now remove the conditioning on X, using its probability density
function b(z) with L.T. Lg(s) to get

LBP (S) — E{e—S(BP)} — J‘e—-x[.s‘-#l—/ll,w)(.\')b<x)dx

x=0

or Lyp(s)=Ly(s + A= ALy (s)) (3.19)

Note that if we are given the average arrival rate 4 of the Poisson Arrival
process, and the probability density function f3(?) (or its L.T. Lp(s)) of the
service times, then Eq. (3.19) may be solved to find Lgp(s) of the busy
period. From this, its probability density function fzp(r) may then be



76 Chapter 3

determined by taking the inverse Laplace transform of Lgp(s). For very
simple systems, it may actually be possible to solve this functional equation
directly. It would be more common to use some kind of numerical recursion
to solve it. However, even this may be computationally complex. The
functional expression may of course be directly used to find the moments
E{(BP)"} of the busy period. Some typical values obtained in this fashion are
given below for p=A/u.

7 T s X0 3ax?)?
E{(BP)}= E{(BP) }=——— E{(BP)}=
W=y FE = B iy
E{(BP)"} = X +102.X2X3+15/12(X2)3 where F:E{X"}

i-py A-p) (1-p)

Note once again that the above results for the busy period of a M/G/1 queue
will hold regardless of the service discipline followed by the queue. This
follows once again from the argument that the distribution of the busy period
itself will be invariant to the service discipline (as long as work is conserved
and the server does not idle with a non-empty queue) and therefore, so will
be its moments.

3.5 Delay Analysis for a LCFS M/G/1 Queue

In Section 3.3, we had done the delay analysis for the FCFS M/G/1 queue
to obtain the distributions of the total time spent in the system by an arriving
customer and the queueing delay encountered by a job (before its service is
started). In this section, we consider the delay analysis for a LCFS M/G/1
queue to obtain the same distributions. Note that the distributions of the
delay will depend on the service discipline even though the means will
remain the same.

For this derivation, we consider a customer A arriving to the system. Two
cases are possible here. The first case is when customer A arrives to an
empty queue, with probability (7-p); in this case, the queueing delay is zero
and service to customer A starts immediately. The second case is more
complicated and arises when customer A arrives to a non-empty queue (with
probability p).

This second case has been shown in Figure 3.7. We consider this in more
detail. Note that in this case, the total time 7 spent in the system by
Customer A will be the sum of its queueing time Q and its service time X,
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i.e. 7= O+ X. (In the first case, the queueing time would be zero as service
would start immediately for customer A, immediately upon arrival.)

E",d of Customer A's Customer 4
Residual service staris departs
Service Time
: i
H
Dy D, ;
;
; ; >
T@gi R SRR R S g
Q oo
Cus{omerA Queuing Delay ServzceAtzme
arrivesto a  for Customer A Jor

non-empty
queue

Figure 3.7. Customer Arrival and Departure from a LCFS M/G/1 Queue

Note that when it arrives to a non-empty queue, customer A will actually
come in the middle of the ongoing service time of whichever customer is
currently being served. Let D, be the residual service time for this service to
complete. The Queueing Delay QO is shown to consist of D, and another
component D,. Since the queue service is LCFS, this second component D;
will consist of sub busy periods, one associated with each of the customer
arrivals in D,. (Since the queue is LCFS, these will have to be served first
before Customer A can be served.) Note that Dy and D, are not independent
of each other. This is evident as the length of D, affects the number arriving
in it, which in turn affects the length D,.

When customer A arrives to a non-empty queue, it will essentially
sample an ongoing service where Dy is the corresponding residual service
time. From our earlier results on residual life, as given in Eq. (3.7), we can
then state that

S, ()= 1-30) (3.20)

where B(?) is the cumulative distribution function of the service time X
whose mean is X . Taking transforms, we get

1-7
LDO(S)=#(S) (3.21)
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Let Ny be the number of arrivals in Dy. Then, for customer A coming to a
non-empty queue, we get

E{ SD1|D0—J’> o—”} [Lp ()]

& E{e™®|Dy =y, Ny =)= [Lp ()]

where Lgp(s) is the L.T. of the probability density function of the busy period
which can be found using Eq. (3.19). Therefore for the case where customer
A arrives to a non-empty queue, we will have

—. = Ay n
E{e Prp, = }=§ (
| Dy =y iy

e_iy[LBp ()] = exp[—y{1 = ALy (5)}]

and

s A Ay -5
E{e 2| D, = y}= Z( N L ()]
= exp[—y{s + A= ALy (5)}]
Using the probability density function (and its L.T.) of D, from Egs.

(3.20) and (3.21), we get that for the case of customer A coming to a non-
empty queue, we will have

E{eﬂDl }: l“fB(i_ALBP(S)) (3.22)
X (A= ALyp(s)) |

and

E{B_SQ}Z 1 _LB(S +ﬂ‘_ﬁ’LBP(S)) — I—LBP (S) (3 23)
X(s+A=ALyp(s))  X(s+A—ALg(s) '

Therefore, considering both the cases where Customer A finds the queue
empty and non-empty, we get

1= Lpp(s)
(s +A— ALy, ()X

Lo(s)=(-p)+p (3.24)
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as the L.T. of the probability density function of the queueing delay Q for
the LCFS M/G/1 queue.

The L.T. of the probability density function of the overall delay T for the
LCFS M/G/1 queue may also be found. This follows from the fact that
T=0+X where X is the service time and that O and X will be independent of
each there. Therefore, we have

Ly(s)=Lo(s)Ly(s) (3.25)

Note that Lgp(s) may be obtained by first solving Eq. (3.19). This may be
used in Eq. (3.24) to get Ly(s). Since Lp(s) is given (as it is the L.T. of the
probability density function of the service time X), we can then use Eq.
(3.24) and Eq. (3.25) to obtain L4(s).

3.6 The M/D/1 Queue

The M/D/1 queue has Poisson arrivals like the M/G/1 queue, but the
service times are fixed (i.e. deterministic). Study of this kind of a queue has
become more important because this may be a convenient way to model an
Asynchronous Transfer Mode (ATM) node with fixed size cells as the jobs
requiring service. This may also be a good model for a packet switching
node or router in a computer network where the packets are of fixed size.
The results obtained for the M/G/1 queue in Sections 3.1-3.5 may be easily
applied for this queue to obtain the corresponding results.

Let m be the duration of service (which is fixed). We will then have

X=m, X*=m?, p=im, Ly(s)y=e™

We can use Egs. (3.1) and (3.2), respectively, to get the residual service
time R and the mean queueing delay W,.

Rzlﬂ,m2
2

3.26
Am’? m p ( )

W: —
T 20-p) 21-p

Knowing the mean queueing delay W,, the mean time W spent in the
system may be found as



80 Chapter 3

Wemiw, =2 P) (3.27)

Similarly, Eq. (3.14) may be used to get the generating function P(z) for
the number in the system.

1- 1—=z efml(lfz) 1— 11—z e_p(]_z)
P =47F )(4 (1_3 ~=p)i-2) - p=mA  (3.28)
. _

z e U= _

It should be noted that the mean results # and W, and the generating
function P(z) will hold regardless of the service discipline followed by the
M/D/1 queue, i.e. whether it is FCFS, LCFS, SIRO etc..

For the FCFS M/D/! queue, we can use P(z)= L;(A-Az) as in Section 3.3,
to find the L..T. Ly(s) of the probability density function fr(#) of the time T
spent in system by an arriving customer. This is then given by

Ly (s)= &;/Lm_ (FCFS M/D/1 Queue) (3.29)
s—A+ e

This Laplace Transform may be inverted to find the actual probability
density function f7(#) (at least, we can do that in principle, even if the actual
inversion is not easy to do). We can also use the transform of Eq. (3.29)
directly to find the various moments of the time spent in system by a
customer arriving to this queue. One can also use this to find the distribution
(probability density function or its L.T.) or the moments of the time spent
waiting in the FCFS M/D/1 queue by an arriving customer. This may be
obtained from Lo(s)=Ly(s)/Lg(s) using the fact that the queueing delay Q and
the service time X are independent random variables.

The busy period distribution of the M/D/1 queue may also be found by
using Eq. (3.19), with proper substitutions in the M/G/1 results. This gives

Lgp(s)= e OTATHEpO) _ ymms=p , PLgp () (3.30)
Note that Lgp(s) may then be obtained by solving the equation -

Ly ($)[exp(—pLyp (s))] =™ 7 (3.31)

For the LCFS M/G/! queue, one can similarly obtain the distribution of the
queucing delay from Eq. (3.25) by proper substitution. This will be
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ALl = Lyp (5)]
s+ A—ALgy(s)

Ly()=(1—p)+ (3.32)

using Lgp(s) as obtained earlier in Eq. (3.30).

3.7 Alternative Derivation for the Delays in a FCFS
M/G/1 Queue

We can re-derive our earlier results of Section 3.3 on the distribution of
the queueing delay and total delay for a FCFS M/G/1 queue following an
alternative approach given in this section. Though the results obtained are
the same, the approach given here illustrates a direct, but somewhat more
difficult way of obtaining the same results. The derivation of Section 3.3 was
somewhat indirect as it was based on the observation that for a FCFS M/G/1
queue, the number left behind in the system by a departing customer will be
the number arriving while this customer was in the system. This observation
was used to derive the distributions of the total delay and the queueing delay.

The derivation given in this section actually looks at how the busy period
evolves in a FCFS M/G/1 queue. For this, we decompose a busy period of
the M/G/1 (FCFS) queue into a sequence of dependent random variables X,
X Xoeeean as follows.

Xy service time (X) of the first customer (say Customer 1) initiating the
busy period

X, time taken to serve all customers arriving in X,

X, time taken to serve all customers arriving in .X;

etc.

The sequence Xy, X;, X, .......... terminates with Xy, if no customers arrive
to the queue during Xy. In that case, Xy will be the terminating interval in
the sequence and Xy.;=Xy.2=......... X, =0. It is possible to show that if p<I,

then the sequence {X;} will indeed terminate and therefore the busy period

will be of finite length.
The Busy Period Duration B will then be given as
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B=Y X, (3.33)
i=0
with the understanding that the intervals X; beyond the terminating one are of
zero length. Let Ly, =E{exp(-sX;)} be the L.T. of the probability density
function of the random variable X; and let #; represent the number of arrivals

(random) in X;. We can then derive the following by successively removing
the conditioning terms one by one.

E{e™ | X, =x,n_ =n}=[Lz(s)]
Efe~% X, =x}= Z (Ix) e-—Aer; (s) = e~ 018 ()
— n

E{e™y= [ Oay (x)

x=0
Therefore

LX(i) (s)= LX(i—l) (A= ALg(s)) (3.34)

This gives the way the distributions of the successive time intervals in {X;}
will evolve within a busy period.

Consider now a particular arrival, say customer A, which comes during
the busy period. Assume that this arrival comes during the interval X; and
that it encounters a queueing delay of O*. Therefore, we have

O* = Residual Life of the interval X, + Z(service times of all those
customers who arrived in the interval X; but before customer A)

Let Y; be the residual life of the interval X; when customer A arrives and let
N; be the number of arrivals in X; which came before customer A. Then -

Be™ |1 X, =aY, = f, N, =n} =" Ly (s) (3:35)

Removing the conditioning on N, using the Poisson distribution of the
arrivals, we get
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~sQ* | _ _ - . [l(a*ﬂ)]n -Ma-B) rn
E{e™? |i, X, =a,Y, =} =e ﬁﬂz{;———nl—e< L (s) 336)

_ g PHa=P APy (5)

Lifetime

- x >
"

T
%

; Residual Lifetime
I
|

Lifetime Selection

Figure 3.8. Actual Lifetime and Residual Lifetime

Recall that if X is a life time and Y is a residual life time as shown above
in Figure 3.8, then Y will always be less than X. For y <'x, we have from Eqgs.
(3.5) and (3.6) that

PY<y|X<xp=2
X

fx(x)
Py<Y<y+dy,x<X<x+dx}="""dxd
{y y+dy,x x + dx} E{X}xy

Using this in Eq. (3.36), we get that

-9 e Jx. (@)da
Efe—0" | b = e—[s-1+ALB(s)]ﬂe—[/l—ﬂ.LB(A)]a ;
e liy= [ | N AR

0 4=0
" g _ g Al f (a)da

e
B JO —s+A—-ALy(s) E{X}

a

—Al-Lg ()X, )

_E{e"}-Efe
E{X s+ A= ALy(s)]
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and therefore,

_ LX(i) (s)— LX(i) (A= ALg(s))

E{e™? |i} = (3.37)
E{X}[-s+A—ALg(s)]
Using Eq. (3.34) in (3.37), we obtain that
. Lyiin(sY—=Ly (s
Efe™?" | i} = —X¢ y ()~ Ly ) (3.38)

CE{X Y (s — A+ ALy(s))

Given that the arrival of Customer A happened during a busy period (of
length BP), the probability that it will occur during the i such interval X;
will be E{X;}/E{BP}. This may then be used to derive

E{e*?"| customer A arrives in busy period }

- E[BP}[s — A+ ALy (8)] ;[I’X(Hl) (8) = Ly (8)] (3.39)

~ 1—L,(s)
 E[BP}[s — A+ AL, (s)]

Note that the last expresion follows from the fact that
—sX -
Lywy(s)=Efe "} = E{fe™ } =Ly (5)

since Xj is just a service time X and Ly .,(s)=1/ since X, =0 beyond the busy
interval.

We can also obtain the mean busy period length, E{BF}, from simple
arguments. Consider an idle period /P (of mean leangth /1), followed by a
busy period such that the sum of the two will constitute a cycle. Then, we
have

_ E{BP} _ E{BP}
E{BP}+ E{IP} E{BP}+ A"

(3.40)
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This may be simplified to give

E{X}
d-p)

E{BP} =

which leads to

(1-p)1—-Ls(s)
E{X}(s— A+ ALg(s))

E{e*?"| customer A arrives in busy period}=

Considering together the two cases where customer A arrives in an idle
period and when it arrives in a busy period, we get

Ly(s)y=(1-p)+ pE{e'sQ* |customer A arrives in busy period}

This may be simplified to get our earlier result that

as given in Eq. (3.16) for the FCFS M/G/1 queue.
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Problems

1. For a particular M/G/1 queue, the Laplace Transform of the service
time is given to be

0.55( + 1) + 114y

L =
1) S T )G + p13)

Analyse this queue to the extent possible, using both the residual life
approach and the imbedded Markov chain approach.

2. Consider a special M/G/1 queue, which operates normally except when
the system becomes empty. Whenever that happens, service starts again only
when there are K customers present in the system, where K is a given
constant. Once service begins, it continues normally until the system
becomes empty once again. For this queue, obtain the following.

(a) The probability that the system is empty

(b) The distribution for the number in the system
(¢) The mean number in the system

(d) The mean queueing delay

3. Consider a special M/G/1 queue operating in the following fashion. A
new customer (say customer A) entering the queue starts service
immediately regardless of whether the queue is empty or non-empty when it
arrives. In the latter case, it pre-empts the customer currently being served
(say customer B) who is pushed back into the queue once again. Service to
the pre-empted customer B resumes from its point of interruption after
service to customer A and service to all subsequent arrivals after customer A
get completed. [Note that work is still conserved as service is interrupted on
a pre-emptive resume basis. ]

(a) For this queue, show that the distribution (L.T. of the probability
density function) of the time an arriving customer will spend in the

system will be given by Lg(s)=Lp(s+A-ALs(s)) with mean m
Note that this time effectively has the same distribution as the busy
period of the normal M/G/1 queue.
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(b) The distribution (generating function) of the number of other
customers served while a particular customer is in the queue will be

given by F(z) = L; (A — Az) with mean - /'t)?) .
4.  Consider a special M/G/1 queue where a customer arriving tosses a
coin that has probability p of coming up heads and probability (I-p) of
coming up tails. If the coin shows heads, then the customer leaves without
service (i.e. service time is zero). If it comes up tails, then the customer goes
for a service time that is exponentially distributed with mean //z. Analyse
this queue, to the extent possible using the approaches given in this section

both for the case where the service discipline is FCFS and for the case where
it is LCFS.

5. Consider a M/G/1 queue where the service times have the probability
density function fy(z) and L.T. Lg(s). Whenever a customer finishes service,
it either decides to go for another service immediately with probability p
(and this may continue subsequently, as well) or leaves the queue with
probability (7-p). Analyse this queue for the two cases where the service
disciplines are FCFS and LCFS in nature.

One can also consider a variation of this queue, where a customer who on
finishing service decides to go for another service joins the queue once again
as a new customer would. Consider this for the LCFS and FCFS variations
as well.
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Advanced Queueing Theory
Vacations, Bulk Arrivals and Priorities in a M/G/1 Queue and the
Geo/G/1 Queue

In this chapter, we consider several useful variations of the M/G/1queue,
the basic model of which was discussed in Chapter 3. These variations are
useful as they may be used to model situations where, even though the basic
queue is a single-server one with an infinite buffer, several other special
considerations apply. The analytical approaches used for these queueing
models are similar to those used in Chapter 3 but require some special
techniques, which are interesting and useful to know.

We first consider queues with vacations where the server stops serving
for some time even though there may be users still in the queue who are
waiting for service. Note that this will not happen in a simple M/G/1 queue,
as regardless of the queueing discipline followed, the server will never be
allowed to idle unless the system itself is empty. Two different ways of
modelling such vacations have been considered. We also consider the special
case exceptional first service to a M/G/1 queue where the first customer
starting a busy period requires some special service different from the way
the other subsequent customers in that busy period are served. This is
commonly observed in several real life situations. For example, in a
computer network, the first packet of a multi-packet transmission may
require special handling because of the buffer allocations and routing
decisions that are required to be made. The other packets of this multi-packet
transmission may then be served without these special considerations. This
chapter also considers queues with batch arrivals where the batches arrive
from a Poisson process but a batch may have one or more (random)
customers. This is similar to the batch arrivals considered in Section 2.10
except that there we were limited to only exponentially distributed service
times. We also describe priority queues and analyse single-server M/G/1

89
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queues for different priority mechanisms. The chapter concludes with a
description and analysis of discrete-time queues of the type Geo/G/1 and
Geo™/G/1.

4.1 M/G/1 Queue with Vacations

Consider a M/G/1 queue, where after each busy period, the server goes
on a vacation for a random interval of time. The server is not available for
providing service while it is on vacation. Arrivals coming during the
vacation can go into service only after the server returns from vacation. This
type of behaviour is exhibited in many real life situations. This, for example,
will be the case if a server serving a queue goes for a coffee break whenever
the system becomes empty and can resume service only after it returns from
its coffee break. Scenarios like this may also arise in communication systems
and other service models. For example, in a polling type situation, a single
server may provide service at a number of service locations moving from
one to other in some pre-defined sequence. One way of modelling such a
system would be to assume that from the service station’s point of view, the
server goes for a vacation (i.e. moves to the other stations) after completing
service to all the customers at its present location. Service at the service
station being considered resumes only after the server returns to this station.
Note that polling systems of this type may also be modelled in other way,
not necessarily invoking the vacation model considered here [BeG92].

We assume in this section that if on returning from a vacation, the server
still finds the system empty, then it goes on another vacation of random
length. This continues until the server returns from the vacation and finds
jobs/customers waiting in the queue — it then starts serving customers
normally once again. After it starts service, following a vacation, the server
continues serving normally (like a normal M/G/1 queue) until the system
becomes empty once again. At that time, the server once again leaves for a
random length vacation and the process is repeated.

This would be the basic vacation model that we will discuss here. Simple
variations to this are also encountered. Some examples are -

(a) Server goes on only one vacation after the busy period ends. Once it
comes back from this vacation, it does not go for another vacation even if the
system is still empty at that time. This has been discussed in Section 4.2

(b) On return from a vacation, server starts service only if it finds K or
more jobs/customers waiting in queue. If the number waiting is less than K,
then it goes for another vacation. [Note that our basic vacation model
described above and analysed subsequently is really the case for K=1/.]

As for the case of the normal M/G/! queue, we will analyse this queue
using both the (a) Residual Life-Time Approach and the (b) Imbedded
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Markov Chain Approach. Note that the analyses for the variations to the
basic vacation model may also be done using either of these two approaches.

4.1.1 Residual Life Approach

? r(t): Residual Time for the Currently
Ongoing Service or Vacation Time

X;: i™ service time

r(t) VJ. j™ vacation time

Xy

: >
X, V, V, X, X; Time 7

Figure 4.1. Residual Time r(7) for a M/G/1 Queue with Vacations

For this we follow the same approach as for the simple M/G/1 queue
analysed in Section 3.1. As for the simple M/G/1 queue, we draw the plot of
the residual life-time #(#) as a function of time 7 as shown in Figure 4.1. In
this case, however, the residual life time measures either the time left to the
end of the current service or the current vacation, depending on whether a
service or a vacation is on-going at time ¢. Let X; be the i" service time and
V; the /" vacation interval.

We consider the interval (0, ¢) and evaluate the mean value of »(7) over
this interval as

1 ! M(!)l L(l)
Time Average of 7(2) over (0, t) =; Ir(x)dx _; Z X2+ z

0 i=1

where M(1) is the number of arrivals in the interval (0,) and L(¥) is the
number of vacation intervals in that same interval. Note that is really an
approximation ignoring minor errors in the last residual time (either service
time or vacation time, as the case may be), as was justified for the case in
Section 3.1. This error will tend to zero as —co. Using the definitions of
M) and L(z), we get that
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!

1 IM@O 1 RW 110 1 {7,
;J'r(x)dx v Z, ETE,ZI v (4.1

0

Taking appropriate limits of the terms above as t—c0, we get

R=lim,__ 1 J'r(x)dx lim,, MO _;
f

0

1 M) — 1 L(1) -
lim,_,,,——» X} =Xx* lim,_,, — >V} =V’
M(t) < L=

Note that as before, Xand XZ?are the first and second moments,

respectively of the service times. For the vacation intervals, Vand V72 are
the first and second moments, respectively. We note also that for r—>0, the
fraction of time the server will stay idle will tend to (7-p) where p is the
offered traffic p=AE{X}=AX . Since t(I1-p) will be the total time interval in

(0,1) over which the server will be idle, therefore lim,_,, ' (ZI)O) =V . Using

these in conjunction with Eq. (4.1), we get that for this case the mean
residual time R will be given by

—— 2
R:%/?,Xz —(l—p)V— (4.2)

However, as in the case of the simple AM/G/I queue, the mean queueing delay
W, may be expressed as the sum of the mean residual time R and the mean
time spent to serve the N, customers ahead of the new arrival who are
already in the queue. (Note that though this implicitly assumes a FCFS
queue, this will actually be true for any service discipline.) We can then say
that

W,=N,X+R=IW,X+R
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Defining p = AE{X}=AX , and substituting the mean residual time R from
Eq. (4.2), we get the mean queueing delay for this case as

w3 2
g G @
2(1—p) 2V

The above analysis was based on the assumption that the intervals {X;} and
{V.} are independent of each other and are also independent of the arrival
process. Actually, these conditions may be relaxed to some extent and strict
independence of this type is not really needed for Eq. (4.3) to hold [BeG92].

4.1.1 Imbedded Markov Chain Approach

For this, we imbed our Markov Chain of system states (denoting the
number in the system) at the time instants ¢ i=1, 2, 3, ........ when the i"
customer departs from the system. As in Section 3.2 and [Kle75], at the time
instant ¢, the system state #; is defined to be the number of customers left
behind in the system when the i customer departs. Similarly, let a;.; be the
number of arrivals in the (i+1)" service time. For the M/G/1 queue with

vacations, we additionally define that

J = number of customers waiting for service when
a busy period begins, j>1
and  f; = P{j customers starting the busy period}

Note that these additional terms j and £ are needed because one or more
customers may come during the last vacation interval after which the busy
period begins. Therefore, the busy period will start with either one customer
or with more than one customer.

The generating function F(z) of the number of customers waiting in
queue when the busy period starts is given by

F(z)=) f,z) = E{z’}
J=1

We also define fi(7) to be the probability density function of the vacation
interval with cumulative distribution function Fp(z) and L.T. (of the
probability density function) as L,(s). For the imbedded time points /; at the
customer departure instants, we then can write that
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ng=n+a.,-1+j1-Um)] fori=1 2,3, ... (4.4)

where Ufny) is the unit step function. Note that Eq. (4.4) may also be
explicitly written as

nz+1:al+l+j—l Jor nlzo

4.5
-1 for n, 21 (43)

=n; +a,
At steady state, the dependence on /i may be dropped. Further, we define A(z)
to be the generating function of the number arriving in a service time. Since
PASTA will be applicable to this queue (the arrival process is Poisson) and
Kleinrock’s Result is also applicable (see Section 3.2), the probability p, of
there being » users in the system will be the same for both the arrival and the
departure instants. Moreover, these same probabilities will also hold for the
ergodic situation when the system is in steady state. Using these and
simplifying, we get

P(Z) - E{Zn+a—1+j[1~l,1(u)]} — E{Za }E{valf/[l%/(n)]}

= A2 E{poz"" + 2" p,}
n=1

= A(z){poE{zf-‘ -3 z""'p,,}

n=l1

- A(z)[% F(a)+ 2 () - lp}

Simplifying this yields the required generating function P(z) as

1-F(2)

e (4.6)

P(z) = pyA(2)

To use Eq. (4.6), we need to know the terms py,,4(z) and F(z). Note that we
would then need to apply the condition that P(1)=1 to find p, before we can
give the actual expression for P(z). We can also find p, by taking the mean
of both the LHS and RHS of either Eqs. (4.4) or (4.5) under steady state
conditions. This will be equivalent to obtaining this probability by applying
the normalisation condition inherent in P¢l)=1. We further note the
following
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(i) Since A(z) is the generating function of the number arriving in a
service time (probability density function b(?) with L.T. Ly@s) )
from a Poisson process at rate 1. From earlier derivations of
Section 3.2, as in Eq. (3.13), we get that A(z)=Ly(1-1z)

(ii) Let F'(z) be the generating function of the number of arrivals in
one vacation interval. Then, we would get as before that
F'(z)=L(A-2z2).

(iii)  We can also show that

_F(@)-F'(0)_L(GA-22)-L,(2)

; (4.7)
1-F*(0) 1-L,(A)

F(2)

" " 2
F'(1) _ ALj(0) e (4.8)

F'(y Ly "V

A1) =P() = F(1) =1

AV

AW=p=1X AV=21X’ Fiy=; =
°1,

where 7 and V7?2 are respectively the first and second moments of the
vacation interval. We can now differentiate both sides of Eq. (4.6) and
evaluate the LHS and RHS at z=/. Using the results given in Eq. (4.8) and
evaluating provides us with the probability p, of the system being empty.

1_
P —c (4.9)

Substituting these in Eq. (4.6), we get the required generating function P(z).
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o (A=A = Ly (4)
1- Ll/ (1)

P(z)= [—I—M—E}LB (4= 2z)

F'(1) Ly(A-Az)—-z (4.10)
:Q;p)(] —LV(A—AZ))(—LM)——J
AV Ly(A—Az)—z

Note that this holds for the customer departure instants from the M/G/1
queue. However, since Kleinrock's result will hold for this queue, this
generating function will also hold for the customer arrival instants. Since the
arrival process is Poisson, PASTA would also apply. Hence, the above
generating function would also hold for the time averaged system state at
equilibrium.

The P(z) obtained in Eq. (4.10) may be used to find the mean number in
the system N. We can then use Little's Result on this to get the mean time
spent in system W as N/A. From this, we can obtain the mean time spent
waiting in queue as  W,=W-E{X}. This can be shown to be

i 3
quiX*ﬂ/—_ (4.11)
2(1-p) 2V

as obtained in Eq. (4.3) earlier by the Residual Life-Time Based Approach
of Section 4.1.1.

One important observation should be noted about the results obtained in
this section. For the results on the first moments (mean quantities W, W,, N,
and V,), the queue may have any service discipline, i.e. FCFS, LCFS or
SIRO. The results on the probability generating function (and hence the state
probability distribution) of the number in the system also hold for any
service discipline. The second and higher moments of the delay quantities
and their distributions (i.e. probability density function or L.T. of probability
density function) will depend on the nature of the actual service discipline
that is being followed.

It should also be noted, that in this case, the server may be idle even
when there are customers waiting. This, for example, may happen if at that
time, the server is on a vacation. This was not allowed in the simple M/G/1
queue considered earlier. However, once the server starts serving (i.e. the
busy period starts), the server can no longer idle until the queue becomes
empty once again.
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4.2 M/G/1 Queue with Only One Vacation after Idle

In this case, the server goes for only one vacation of random length when
the queue becomes idle. (Note that for the case considered in Section 4.1, the
server may go on multiple consecutive vacations provided it finds the system
empty whenever it returns from a vacation.) Once this vacation is over, it
remains in the system and waits for a customer to come (so that it can start
service) even if it finds the queue empty when it returns from its vacation.

Let fi(2) to be the probability density function of the vacation interval
with cumulative distribution function F(?) and L.T. L,(s) (of the probability
density function) as defined earlier in Section 4.1. Let j be the number in the
system at the end of the vacation with distribution f; and generating function
F(z). Note that the following will hold

F()=L, (2= 22) . fy =F(0) =L, (1), F()=AV , F'()=A"V?

where V7,1 ? are respectively the first and second moments of the vacation
interval. If the Imbedded Markov Chain approach is used, we can shown that
for this case the number left behind by the (i+1)” departure may be written
as

ng=a,,+Jj-U() for n, =0 4.12)
=n,+a,, -1 for n; =21

From this, following the same procedure as in Section 4.1.2, we can obtain
the results that

1-AX

o 4.13
AV + L, (A) 13

Po

and

1-AY ]( L,(A—22)

V ~Az)-(1-z)L, () -1
AV + Ly () z—LBu—ng(LM )= (1=2)L, (2)~1)

(4.14)

P(z) =[
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The Residual Life approach of Section 4.1.1 may also be applied to
analyse this queueing situation. Note that, as before, we will have

W( :—R—_
To1-AX

However, the expression for the mean residual time R will differ from
that of the previous case in Section 4.1.1. Note that in an interval (0,7), the
total mean idle time will be #(7-AE{X})and the mean length of each idle
period in a cycle will be given by

E{[P}zl—P:(VJrfo %):[ﬁ%@@j

Following the graphical approach given in Sec. 4.1.1, we can then derive
that

2 v 2
V+ LA
(7 )
and
2 2
w,= 2(1/1X/1)_() + 4 4.1%

_
2(1/ + LV(/I)]

Following our usual approach, once the mean queueing delay W, is
known, the mean number N, waiting for service in the queue may be found
by applying Little’s result. One can also find the mean time W spent in the
system knowing W, and the mean service time. Little’s result may be applied
once again to ¥ to find the mean number # in the system.

4.3 M/G/1 Queue with Exceptional First Service

We consider here a special kind of M/G/1 queue where the first customer
to get serviced when a busy period starts gets a different kind of service (i.e.
with a different distribution of the service time) than the other customers
served during the busy period. This kind of situation may arise in many
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practical situations as the server starting work after a period of idling may
work slower (or faster) than the way it otherwise would. In a computer
network, this may also arise because the first packet in a sequence may
require special processing for route establishment and buffer set-up and will
therefore require a different kind of service than the subsequent packets.

Once again, it is possible to analyse this using either the residual lifetime
approach or the method of imbedded Markov chain. In the following, the
latter method will be described based on the choice of the customer
departure instants {#} as the imbedded time points and the system state
represented by the number in the system {»;} as seen by a departing
customer. Note that both PASTA and Kleinrock’s Result will still be
applicable to this queue allowing us to generalize the distributions obtained
at the departure instants to both the arrival instants and the ergodic system
averages.

Let b(1) (with L.T. Ly(s)) be the probability density function of the
normal service time and let *(z) (with L.T. Lg+(s)) be the probability density
function of the service time of the first customer being served in a busy
period, i.e. that of the exceptional first service time. In the following we will
use superscript * to denote quantities relevant to the exceptional first service.
For this system, we can then show that

Rigg =0; — U(}’l,-) +a *I+1 +(ai+l —-a */H )U(n/) (416)

where a*;.; is the number of arrivals in the first (exceptional) service time of
the busy period and a;,, is the number of arrivals in the normal service times.
The generating functions for these will be denoted by A*(z) and A(z),
respectively and may be found using A4*(z)=Lz+«(A-Az) and A(z)=Lp(A-z2).
Taking expectations of the RHS and LHS of Eq. (4.16) at equilibrium (i.e.
by dropping the subscript i), we get that

* __ J— —_

1-py = —o with @=AX and a*=AX * (4.17)
l-a+a*
Therefore,
1-AX
po=— (4.18)
|- AX + A X *

Using Eq. (4.16), we can also find that
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P(z) = Dol A(z) — z4* (2)] (4.19)
A(z)-z
where A *(z)=Lg«(A-Az) and A(z)=Lgz(A-Az).

It should be noted that the above results will hold even if the queue is not
FCFS in nature. If a FCFS service discipline is assumed, we can find the
distribution of the total time 7 spent in system by an arriving customer by
identifying as before that P(z)=L;(A-Az). This would be the L.T. of the
probability density function of 7"and will be given by

PolALy () = (A = $)L e ()]

Lr(s)= ALy (s)+s—A

(4.20)

This needs to be inverted to find the actual distribution (probability density
function) of 7, in case that is required. The mean of this will be the mean
time # spent by a customer in the system. This and other moments may be
found directly from Ly(s) using the moment generating properties of Laplace
Transform. Using this approach, the following 7 may be obtained.

X * ix? AX ¥ - X7
+

W= — e — — —
1-AX +AX* 2(0-AX) 2(1-AX +AX*)

(4.21)

The overall mean service time will be [(1-py E{X}+p,E{X*}] taking into
account the fact that the first customer in the busy period (probability py)
will encounter a mean service time of E{X*}!, whereas the other customers
(probability /-py) will have a mean service time of E{X}. Using this, the
mean queueing delay W, may be found to be

Ax? AX - X
+

L= — L (4.22)
21-A4X) 2(1-AX + AX %)

Knowing W and W, the mean N number in the system and the mean number
N, waiting in the queue may be found using Little’s Result. It should be
noted that even though the probability density function (actually the L.T. of
the probability density function) result of Eq. (4.20) holds only for the FCFS
queue, the mean results of Eqgs. (4.21) and (4.22) and the results for N and
N, will hold for any service discipline, i.e. FCFS, LCFS or SIRO.

The above results may also be obtained by using a residual life based
analytical approach. This is being left as an exercise for the user (sce
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Problem 1). Another typical way of describing a queue like the one
considered in this section is to state that the first service in a busy period
requires an additional 4 seconds of service (4 random with its own moments
and distribution) over and above the normal service time X. The analysis of
such a system may be done in the same manner as above.

4.4 M™/G/1 Queue - Single Server Queue with Batch
Arrivals

We consider here a single server queue with batch arrivals and with a
general service time distribution for the individual jobs within the batch. The
following notation is used in the analysis. The arrival process of the batches
is considered to be Poisson with average rate A. A batch will contain 7
individual jobs (1< r<oo) where » is a discrete random variable with
distribution £, and generating function f(z).

B()=D Bz’
r=1
The mean batch size E{r} will then be given by
Efry=r=f'1)= b,
r=1

Note that it is also possible to model these using batch sizes that range from
0 to co. This would merely change the form of the expressions derived in this
section but the analytical approach will remain the same.

The service times of the individual jobs are considered to be generally
distributed. This distribution is assumed to have a given probability density
function b(?) and its corresponding L.T. is Lg(z). (As usual, the service times
are assumed to be i.i.d random variables.) In this case, it is also possible to
define and use a batch service time as the total service time required by all
the » jobs in a batch — the L.T. of the probability density function of this
(given ) will be [Ly(z)]".

Consider an arbitrary interval of length ¢ in this queueing system. Let V(1)
be the number of customer arrivals in time interval # and »(7) be the number
of batches arriving in this time interval. Then, we have
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(ﬂj)n e»/lt
Let the batch sizesbe o), ao, a3, oo a, where o, Loy for iz

and {a;} are independent, identically distributed (i.i.d.) random variables.
We then get that

N@)=N=a, +ta, +..... +a, (i€ sumofi.id. random variables)
BV 1y =[EC = 57 )

E{z"} = i B (z) ————Wy’ ')y e M = M (4.24)

Note that E{z"} given by Eq. (4.24) is the generating function of the
number of arrivals in an arbitrary interval of length 7. If we now consider the
time interval 7 to be actually a service time, we can get the generating
function A(z) of the number of arrivals within a service time to be

A(z) = je“”“—/’“”b(z)dt =L, (A - AB(2)) (4.25)

1=0

If we imbed our Markov Chain once again at the customer departure
instants then using the A(z) given above, we can analyse this Markov Chain
in the same way as for the normal M/G/1 queue. Let Q(z) be the generating
function of the number left behind in the system by a departing customer.
Substituting the above value of A(z)from Eq. (4.25) in the earlier M/G/1
result (i.e. the P-K Transform equation of Eq. (3.14)), we will obtain Q(z) as

(- p)A - 2)Ly (A - AB(z2))

)= =B 2)

(4.26)

where p=A'1)=A8X =28' (DX
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Unfortunately, this does not lead to results which are very usable [Kle75],
The problem with Eq. (4.26) is that the state distribution given by O(z) is
only valid at the customer departure instants. Since the queue has batch
arrivals, positive state transitions can be more than +1 and hence Kleinrock's
result cannot be applied - i.e., we cannot claim that this same distribution
will hold for the arrival instants as well! PASTA will also not be applicable
as the arrival process of the individual jobs is also no longer Poisson in
nature.

To get more insight into the performance of the M™/G/1 queue, we
would need to approach the analysis of this queue in a different manner. This
is discussed next.

4.4.1 An Alternate Approach to the Analysis of the M™/G/1 Queue

In this approach, let us view the batch arrivals themselves as the service
requests with their service times being the sum of the time taken to service
all the customers within the batch. Let 5*() be the probability density
function of this batch service time X* with L.T. Lp«(s). We can therefore see
that

Ly ()= B,(Ls(5)) = B(Ly(5)) (4.27)
r=1
with
—  dL,. o
X *= ZS(S ) [— Ly ($)B'(Ly (s))]x=O =rX = XB'(1) (4.28)
§=0
dzL * " r ! 2 "
X *? =TSBZ(S—) B :[LB )B(Lg(s)+{Lp ()} B (Ly (S))Lo 4.29)

= X7+ (X)) - 7]

Let y(z)=Lp+«(A-Az)=p(Lp(A-Az)) be the generating function of the number
of batch arrivals within a batch service time. Since we are considering the
entire batch as a service request, we can imbed our Markov Chain at the
batch departure instants. Let Q*(z) be the generating function of the number
of batches left behind by a departing batch. The advantage of working in this
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way is that since the number of batches in the system can go up or down by
at most #/, this distribution will also hold for the customer arrival instants
(using Kleinrock's Result). Moreover, since the batch arrival process is

Poisson, this same distribution will also hold for time averages at
equilibrium. By analogy with our earlier analysis, we can then identify that

A(2) = 7(2) = Ly (A ~ A2) = B(Ly (A — 22)) (4.30)

with p = FX (4.31)
This leads to

(1= p)1=2)B(Ly (A - A2))] (4.32)
[B(Ly(A—-A2))] -2

Q*(2)=

Let W, be the mean waiting time in queue for service to start to a batch.
We can obtain this either from direct residual life-time arguments or from
Q*(z) above to be -

A

W, =————X** 4.33
“ 2= p) #39

where p is the overall traffic value given by Eq. (4.31) and

X* (X2 =X+’ X =olr+(F? + 02 X7 (4.34)

Alternatively, we can also write W, in the form

r

- 2
_ P {1 = cz} (4.35)
r

2 2
. Oy o, . .o
with C3} = ——_—% and C? ==L as the squared coefficients of variation
TX 7

(also called SQV) of X and r.

We now assume that within a batch, customers are served in a random
order. We then need to find the probability y that a customer is served in the
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K" order in a batch. The queueing delay for this customer will then be the
batch queueing delay W, and the sum of k service times - the mean of this
will then be W, +kE{X}. Knowing y, the mean of this overall queueing
delay may be found. This will then be the average queueing delay as seen by
an arbitrary customer (within a batch) in this M™/G/1 queue.

To find y, we proceed as follows. Let X; be the batch size of the i batch
and let y,(k) be the probability that there is a call in the i batch which is
served in the &” order. Then, we can see that

yvitk )=1  for Xi>k
= otherwise

Now consider a set of » batches (note that we will eventually take the limit
as n—a). For these, we will have

i yi (k)
i=1

=lim,__ =
Yk " i Y Total number of calls in n batches
i=1

_ Number of calls served in the k"™ order

This may then be simplified as follows

1 7

1 (k

n,z:]:yl( )ZP{X,Zk}Z_l_iIB_ (4.36)
lin EXy rF&g"

nig

¥, =lim

n—>0

Let W, be the random queueing delay for a call given that service to its batch
has started. Assume that the random variable ), has probability density
function f,,,(¢)with L.T. L,,,(s). Then, we have

Ly, (s)= Z[LB Oy, = : Z[LB (T Be + Bt + Braa +00)
k=1 k=1

";

This may be simplified to get
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1=[L,()] _[1= AL, ()] 43
1= Ly(s) r(l="Ly(s) '

1 0
Ly, (s)= = Z B
i=1
Using the moment generating property of the L.T., we get

X2 -7

W, = LWZ(S)’A:] ~ T 5,

LN
w){E(Hcr) 2} (4.38)

Therefore the overall mean queueing delay W, for a job (in a batch) in an
M™/G/1 queue will be

—% CQ_ -
W, =W, +W2:—~——~er 1+ —% 4 C2 +£[F(1+C,.2)—1] (4.39)
20— p) 7 2

4.5 Single Server M/G/1 Priority Queues

Consider a single server M/G/1 queue where the customers have P
different priority levels, / to P. We assume that customers of priority class 1
have the lowest priority whereas customers of priority class P have the
highest priority. It is possible to conceptually think of the queue as being
organised sequentially in the buffer of the single server queue as shown in
Figure 4.2.

Class 1 Class P
Jobs jobs

N N .

P Priority Classes
Class P Highest Priority Class
Class I Lowest Priority Class

Figure 4.2. M/G/1 Queue with Head of Line Priority
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The queueing arrangement illustrated in Figure 4.2 is often referred to as
Head-of-Line (HOL) priority. This emphasises the fact that if the queue is
FCFS in nature, then an arrival of priority class k joins the queue after the
last class k arrival that is presently queued. Whenever the server finishes
service to a job/customer, it picks up the next customer to be served from the
front of the queue, whatever its present state may be. Additional rules are
still required to handle the situation when a customer of a higher priority
class (say /), arrives when a customer of relatively lower priority (say &, k£<j)
is in service. When this happens, we can have several choices on the
approach to be followed for handling the presently ongoing service and the
service to the newly arriving customer of higher priority class. The common
approaches for handling such a situation are the following.

[A] Non-preemptive Priority

Consider an arrival of priority j to the system which finds a customer of
priority k currently being served where j>k. If the Non-preemptive Priority
discipline is followed, the new customer joins the queue of its own priority
class without interrupting the ongoing service of the customer of class £ even
though the newly arriving customer has a higher priority level. Once the
current service gets completed, the server examines the queue to start service
to the customer at the front of the highest priority class with a non-empty
queue.

[B] Preemptive Resume Priority

Consider an arrival of priority j to the system which find a customer of
priority k currently being served where j>k. If the Preemptive Resume
Priority discipline is followed then the new arrival immediately preempts the
service of the lower priority customer currently being served. Service to the
preempted customer resumes from the point of interruption when that
priority class is the highest priority class with a non-empty queue once again.
Note that in this case, the work done on the preempted customer is
conserved as service resumes from the point of interruption, i.e. work done is
not lost because of the preemption. (Note that work will also not be lost for
the Non-preemptive Priority case.)

[C] Preemptive Non-Resume Priority

Consider an arrival of priority j to the system which find a customer of
priority k currently being served where j>k. In this case also the lower
priority customer currently being served gets preempted by the new higher
priority arrival. However, unlike the preemptive resume strategy, when
service resumes for the preempted customer it starts once again from the
beginning, i.e. the service that has already been provided when the customer



108 Chapter 4

was preempted is lost. This priority approach is non-work conserving in
nature. Its analysis is difficult and will not be attempted here.

We introduce below the common notation that we will use for studying
this type of queues in this section.

(i) Average arrival rate for priority class i = 1, i=/,....... . P

We assume that the arrival process of each class is individually Poisson
in nature and that the arrival processes of different classes are
independent of each other. The total arrival process will also be also be
Poisson as the sum of independent Poisson processes is also a Poisson
process.

(if) Service time for priority class i has mean X,with cumulative
distribution function B;(f) and probability density function b,(#) with

L.T. Lgi(s), for i=1,....... ,P The service times for the different priority
classes are assumed to be independent of each other.

(iii) Traffic of priority class i=p, = 1,X, i=1,..... , P

,
(iv) Total Arrival Rate = A =>"4,

i=1

(v) Average Overall Service Time= X =

i

X,

P
=1

AR

1)
(vi) Total Traffic = p = 2X =Zp,
i=1

In the following, we analyse the steady state behaviour of simple, single-
server, priority queues with infinite buffer capacities. One should also note
that for priority queues, it is possible for the queue to become unstable for
lower priority traffic while still being stable for the higher priorities. As an
example, consider the preemptive resume, two-priority case with class 1 of
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low priority and class 2 of high priority, where this combined traffic is
offered to a M/G/1 queue. If p,<I, then the queue will be stable with respect
to class 2 priority traffic and equilibrium conditions will exist for this class.
However, if at the same time, (p;,+p;)>1, then the queue will be unstable if
one takes into account the low priority traffic as well. To keep our analysis
simple, we will normally assume that the traffic {o;} are such that the queue
is stable for all priority classes. This implies that the condition

p=2p <l

1M

will hold since the queue is single-server in nature.

4.5.1 Residual Life Analysis for the Non-Preemptive Priority M/G/1
Queue

We assume a queue with P priority classes of users with class /7 with the
lowest priority and class P with the highest priority. Let Ny be the mean
number waiting in queue for the priority class & and let W, be the
corresponding mean waiting time in queue. Note that Little’s result will still
hold for this and that therefore Ny =4, Consider a particular arrival of
class k£ which enters the queue. Let R be the mean residual time that it will
see to finish service to whichever customer is currently being served. Note
that R will not depend on the priority class & of the arriving customer as it
will be the same for an arrival from any priority class. This will be true
because of the non-preemptive priority discipline followed by this queue.
Using the typical graphical approach followed for the residual life based
analysis earlier, we get the mean residual time R (for arrival of any priority
class) to be

P
R:%Z”-z (4.40)

where X} is the second moment of the service time for the i priority class.

Consider an arrival of class P (the highest priority class), to this queue.
For this arrival, we can write

WqP =R+YPN11P
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Using Little’s result for this priority class (i.e. Nyp=2A,W,p), we get

R
W= 4.40)
1 - p[)
Similarly, for an arrival of class (P-1), we can write
Wypy =R+ yi’qu’ +Xp Ny + )?P/?’PW(/(P» ) (4.42)

It is worthwhile to examine the individual delay terms in the R.H.S. of Eq.
(4.42). The first term R gives the mean residual service time to finish service
to the customer (if any) currently being served (when the customer of

interest of class P-7 arrives). The term X ,N q» is the mean time taken to

serve all the waiting customers of class P who are presently waiting in the
queue. Similarly, X, _ N ,p-yy is the mean time taken to serve all those class

P-1 customers, who are presently waiting in the queue. Finally the term
)?p;tqu(p-]) is the mean time taken to serve all the customers of class P

who arrive while the class P-/ customer of interest is waiting in the queue.
Slmp]lfymg Eq (442) using M]p:ﬂ,pmlp and M,(p_,)=lp_/Wq(p~1), we get
Wy =pp = pp ) =Wy (4.43)

Using Eq. (4.41), this may be simplified to get the mean queueing delay for
class (P-1) customers as

R

Wy = (4.44)
U= pp)U - pp - pry)
For class (P-2), we can similarly show that
Wq(P'l) = R + XP qu + XP—]NE](P‘I) + XP*ZNq(P—Z) (4.45)

+ XpApWypoay + X py Ap i Wypa

which on simplification leads to
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R
Wy = (4.46)

I A=pp =pPp- )X =pPp = Ppy = Pp)

We can therefore derive the general result for the mean queueing delays for
each of the P classes as

for i=P

W(](P‘i) = i-1 i fOY‘ l:], ..... ,(P']) (4.47)
(1 - Z IDP—V/ )(1 - Z IOI’—_[)
Jj=0 J=0

Once the queueing delay W, i=1,...,P is found, the mean time spent in
system by a customer of priority class / may be found using

W, =W, +X, (4.48)

Using Little’s result, the mean number N; of class i jobs in the system and
the mean number N,; of class i jobs waiting in queue may then be found from
W, and W,;, respectively, for i=1,....,P

4.5.2 Residual Life Analysis for the Preemptive Resume Priority
M/G/1 Queue

In this case, the service to customers of priority i gets interrupted if
arrivals occur from priority classes i+/ or higher. The interrupted service
resumes from the point of interruption when all customers of priority classes
i+1 or higher in the queue have been served. As in the non-preemptive case,
there is no loss of work. It should also be noted that the service to customers
of priority class k is completely unaffected by the service demands of
customers of lower priority classes, i.e. priority classes /, ....., (k-1). This
point will be useful in the subsequent analysis based on residual lifetimes.

In this case, one cannot meaningfully define a mean queueing delay (i.e.
time spent waiting in queue prior to service) for priority classes /, ...., (P-1),
i.e. for priority classes other than the highest priority class. This is because
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even after service to such a customer starts, the service may be preempted
and the customer will be forced back into the queue to wait once again.
However, the mean total time W, spent in system by a customer of priority
class i may still be defined in the usual fashion as the mean time taken for an
arriving customer to leave the system.

In contrast to the non-preemptive case, a customer arrival of class & will
see a mean residual service time R, which will depend on its own class. This
is because this customer will see the residual service time only from on-
going service of class & or higher. Following the usual graphical derivation
approach, we can get

P
Z%z, X? fork=12 ..,P (4.49)

Consider an arrival of the highest priority class P. In this case, we can
define a queueing delay W, in the usual fashion and can write -

Therefore
R bl
Wp = ! (4.50)
1 - IDP
and hence
- X,0- R
Wy =W, + X, =220 =pr)* R (4.51)
(I-pp)

For an arrival of class (P-1), we can write

Wo,=Xp, + Ry + X, AW (4.52)

P-1 = A po PP p .
l=pp = pPp,y

In the R.H.S. of Eq. (4.52), the component X ,_, is obvious as the mean time
taken to actually serve the customer of interest of class P-/. The term
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Rpy

—————— s analogous to writing ¥, = as the mean time to serve
1=pp = pPpa l-p

those customers of class P and P-/ who are already in system when the
customer of interest (of class P-7) arrives. Note that this term may be argued
from the observation that we can effectively ignore the presence of priority
classes 1,....,(P-2) for these customers because of the nature of the
preepmptive resume priority operation. We can interpret p, + p,_; as p and
Rp.; as R in that expression. The mean residual service time Rp_; observed by
an arrival of class P-/ will depend on the traffic of classes P and P-7 but will
be unaffected by traffic of lower priority classes. (Note that unlike the non-
preemptive case of Sec. 4.5.1, the mean residual service time is class
dependent because of the preemptive nature of the priority mechanism.) The
expression for this is given in Eq. (4.49). The term X, A,W,_, corresponds
to the mean time taken to serve all those customers of class P who arrive
while the customer of interest (of class P-7) is in the system. Since these
class P customers will also get served before the service to the customer of
interest concludes, this also needs to be included in Eq. (4.52). Simplifying
the above, we get

Xp (1= pp - +R
by = P—l( Pp pP—-l) P-1 (453)
(= o)1= pp = pp)

Similarly, for an arrival of class (P-2), we will have

X) l_ D T > - D R)
oy = p2(l=pp = Pp = Ppa) + Ry, (4.54)
(A=pp =Ppa A= Pp = Ppy = Pr2)

The mean time spent in system for other classes may be similarly found.
For example, for the lowest priority customers of class 1, we will get

- X\ (-pp—=p)+R 4.55)
(I-pp—.. - )1=pp —..... -pP)

The term (/-pp -....-p;) in the denominator of the mean delay W, for a
customer of priority class i in Eq. (4.50) and Eqgs. (4.53)-(4.55) is important.
Its presence shows that the mean delay for priority class / for this priority
mechanism will stay bounded only if (pp +....+p)<I as had been stated
earlier. Depending on the traffic values, the mean delay may become
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unbounded for a lower priority class even though it is bounded for higher
classes.

The analysis for the priority queues given above has been done using a
residual life approach. As discussed earlier, this approach can only give
mean results for the performance parameters like mean number in the
system, mean number waiting in queue, waiting time in queue and mean
time spent in system. If actual distributions are desired, then we need to
follow an imbedded Markov Chain approach with the imbedded points
appropriately defined, i.e. as the departure points of the corresponding
customers. This analysis can be done but tends to be quite complex. We
illustrate this approach below for the 7wo Priority Preemptive Resume
M/G/1 queue. This approach may be extended [Hay84] for more priority
classes but the approach and the expressions become considerably more
complex as the number of priority classes increase.

4.5.3 Imbedded Markov Chain Analysis for the Preemptive Resume
Priority M/G/1 Queue

Consider the preemptive resume M/G/1 queue with just two classes of
customers - high priority customers of class 2 and low priority customers of
class 1 - with the notation as used in the earlier residual life based analysis.
We analyse the queue separately for the two classes of customers.

Queue for Class 2 Customers

Note that for class 2 customers, the system would behave just like a
simple M/G/1 queue with average arrival rate A,. Given that a class 2 service
time has the probability density function by with Lyy(s) as the
corresponding Laplace Transform, the system may then be analysed for this
priority class just like the simple M/G/1 queue of Chapter 3 using the
approach of Section 3.2. This is because the presence of class 1 customers
will not affect the performance of the queue for class 2 customers in any
way. Specifically, the generating function P,(z) for the number of class 2
customers in the system may then be obtained as for Eq. (3.14) in Section
3.2.

(I- )= 2)Ly, (A, — A,2)

Py(z) =
(2 Ly (Ay —Ayz) =z

(4.56)

As done for the case of the simple M/G/1 queue in Sec 3.3, we can do a
busy period analysis for this priority queue as well, considering only the
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class 2 customers. This will be the busy period only for class 2 customers in
the queue, i.e. when the server is engaged in serving the higher priority class
2 customer. Let fzp;(¢) be the probability density function of this class 2 busy
period with its L.T. given by Lgp2(s). This may be obtained by applying the
results of Section 3.3. Specifically, using Eq. (3.19) we can find

Lppy(8)=Lpy (s + Ay — Ay Lgpy () (4.57)

The mean number N, of class 2 users in the system may be found directly
from Eq. (4.56) using the moment generating property of the generating
function. Application of Little’s result to NV, will give the mean of the total
time W, spent in the system by a class 2 arrival. We can then find W as this
will be the difference of W, and the mean service time of a class 2 job.
Little’s result may once again be applied to ¥, to find the mean number of
class 2 jobs queued for service.

Queue for Class 1 Customers

Server Not Available; one or more Class 2 customers
|:| in queue during this interval. This will also be a "busy’
period for Class 2 users in the queue
A A

Class 2 Departures Ending a
Class 2 Busy Period

Time

Class 2 Arrivals Starting a
Class 2 Busy Period

Server Available; no Class 2 customers
‘__—___J in queue during this interval

Figure 4.3. Server Available/Unavailable Intervals for Class 1 Customers

The lower priority queue needs separate analysis as the service to lower
priority customers can get preempted by the service demands from the class
2 users. From the point of view of class 1 users, the time axis of the queue
may be divided into two kinds of intervals - server available and server
unavailable intervals. These are illustrated in Figure 4.3. It is easy to see that
the Server Available (for class 1) intervals shown above will be
exponentially distributed with mean 7/4, (i.e. with probability density
function A; exp(-A,¢) for ¢t >0). This is because these correspond to the Idle
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Periods of the class 2 queue. Considered from the point of view of the class
1 users, there is another important difference between this priority queue and
a normal M/G/1 queue. In a simple M/G/1 queue, a new arrival, which finds
the system empty, will start service immediately. In the priority queue being
discussed here, a new class 1 arrival, which comes at a time when there is no
other class 1 user in the system, may not start its service immediately.
Specifically, a new class 1 arrival may be forced to wait in queue (even
when there are no other class 1 customers in the system) if it comes during
the Server Unavailable periods when the queue is actually serving class 2
customers. The class 1 queue is analysed by selecting the imbedded Markov
points at the departure instants of the class 1 customers. As before (for the
simple M/G/1 queue), we define », to be the number in the system as seen

by the i* departing customer. In order to properly define a,, and &,,,, we

need to define the "service time" properly for this class of customers. Note
that because of potential interruptions from class 2 customers, the service
time of a class 1 customer may not be a continuous interval. In this case, we
define the "service time" of a class I user to be the sum of the actual service
duration and the time during which the server is unavailable (during this
service) because of preemption and the consequent serving of class 2
customers. With this definition of "service time”, we can then define

th

a,,, = Number of class 1 arrivals during the "service time" of the (i+1)

i+1
class 1 user

a;,, = Number of class 1 arrivals during the time of waiting for the server

and the "service time" of the (i+7)" class 1 customer.
We can then write, as before, that

gy =n=UMm)+a,, +(a,, —a.,)UMn) (4.58)

i+l
or equivalently

n,=n—1+a, forn =1 (4.59)
:&Hl fbl‘]’l, =0 -
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Note that the case for a,,,arises only when », = 0. This is because of the

following reasons.

(i) a,,, is for the case where the queue has at least one class 1 user (already

waiting in the queue) for whom service can begin immediately after the
service completion of the previous class 1 user.

(ii) a,,,1s for the case where the class 1 queue is empty when the previous
class 1 service is completed. Service to the new class 1 arrival may get
delayed if it comes at a point in time when the server is not available for
class 1 - i.e. server is serving class 2. If this happens then service to the class
1 arrival can start only after the class 2 queue becomes empty - this is what
has been referred to as the "time of waiting for the server" in the definition

given above for a,,; .

Using Eqgs. (4.58) or (4.59), we can show as before, that at steady state,
the generating function P,(z) of the number of class [ users in queue at the
class 1 departure instants, will be given by

P ()= 2ol — 2] 4.60)
A(z) -z
where
A(z)= generating function of a, i.e.a,,, at steady state (found later)
A(z)= generating function of 4, i.e. 4,,, at steady state (found later)

The probability p, of the system being empty of class 1 customers may be
found from Eq. (4.60) by using P,(z)=1 for z=1. This yields

po=—22_
T 1-a

(4.61)

+ | ]
Q|
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with @ and 4 as the means of gand &, respectively. These means may be
obtained using the normalisation conditions £ (1) = A1) = ;1(1) =1land the

moment generating properties A'(1)=a and 21'(1) =4 . Therefore the
complete solution would require that we obtain 4(z)and /Al(z) as given next.

Incidentally, the fact that A4(z)and 121(2) are different may also be viewed as
an example of exceptional first service.

Obtaining A(z)

For this we need to consider the case where the departure of a class |
customer leaves the class 1 queue non-empty. This has been illustrated in
Figure 4.4 where the #n” class 1 customer leaves at time 7,. At that instant,
there are one or more class 1 users still in the queue and service to the
(m+1)" class 1 customer starts immediately. Figure 4.4 shows that, after a
number of service interruptions (caused because of class 2 arrivals), the
(n-+1)" class 1 customer finally leaves the system at time 1,.

h

Departure of n” Class 1 user. th

Class 1 queue left non-empty

A
l:’ Server Available for Class 1
A | :

I, |A2 | - 1 A,
Iy 1 H I3 ) In-1 Iy

!:] Server Not Available for Class 1

Departure of (n+1)
Class | user

Figure 4.4. Class 1 Departure Leaving Class 1 Queue Non-Empty

In Figure 4.4, we have shown the service of the (n+1)" class 1 customer

to be interrupted for the first time by a class 2 arrival at time ¢, and the
corresponding busy period is (¢;, £;) during which the server is not available
to the (m+1)"” class 1 customer whose service had started. This service
resumes at £, and continues until the next interruption at time #;. This process
continues until the service to this class 1 customer finally concludes at time
t,. Note that in the above figure, the intervals 4,,....,4,, correspond to the
server available (for class 1) intervals and the intervals {,...... Ly correspond
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to the intervals when the server is not available. As mentioned before, the
intervals {4,} are independent, identically distributed (i.i.d.) random
variables which are exponentially distributed with mean A,”. Similarly, the
interruption intervals {/;} are also i.i.d. random variables with the L.T. of
their probability density function obtained by solving Eq. (4.57) for Lgpa(s).
This may then be inverted to obtain the desired probability density function
Jspa(s). We use the following notation, as appropriate, in the following
derivation.

T = total service time for this class 1 user (including interruptions)

x,; = actual service time (i.e. the real service time) whose probability density
function is b,(z) with L.T. Lg,(s)

I, = duration of the i interruption

n = number of service interruptions

Then, it may be easily seen that 7" will consist of the real service time of the
class 1 job and the interruptions encountered from class 2 arrivals during its
service. this gives

T=x+Y 1, (4.62)
=1

Taking the mean of Eq. (.62), we will also get that

T=X, +A4,X1=X, +1,X,BP, (4.63)

where EI—); is the mean busy period for the class 2 queue. It can also be

easily shown that if the duration of the class 1 service is actually x, (i.e. the
real service time), then the probability of » interruptions in its service will be

. . . (Ayx)" .
given by the Poisson distribution |[exp(—4,x, )]T . This would
follow from the fact that the lengths of the server available intervals are i.i.d.
with an exponential distribution of mean A,” and that the sum of these add
up to x;. If ¢ is the total service time of a class 1 user in the queue, whose
actual service time requirement is #, and if » is the number of service
interruptions encountered during its service, then (a) these service
interruption intervals are i.i.d. random variables and (b) their total time is (-
u). The probability density function of one such service interruption will be
Fr2(t) with L.T. Lgpy(s). The sum of » such random variables will have the
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probability density function £ (¢) which is the n-fold convolution of

Jfar2(1); the corresponding L.T. will be [Lgpy(s)]”. Therefore , we have

P{t<T<t+dt | x;=u, n interruptions} = £\ (¢ —u)dt
implying that

P{t<T<t+dt | x;=u}= Z[exp( /1774)](/1 ”) (¢ —u)dt

n=0

If f1(?) is the probability density function of T with L.T. L;(s), then we have

fr@dt =Pt <T <t +dt}
(4, u)

_[ Z[exp( —A,u)] f(") —u)b, (u)dudt

n=0

Taking the Laplace Transform of f;(2), we obtain

Il
L———.S

Ly (s) e“’f/ (1)t

~

I
e 8 I

e { oj[i [exp(=A,u)]f 5 (¢ — u)b, (u)du}dt

! o n=0

Changing the order of integration and identifying Lgp,(s) as the Laplace
Transform of fzp,(2), we get that

2’ .
L(s)= j by (w)[exp(—4 u)]{z( 2" (7 () } S oy

= |lexp(-uls + 2, — A, Lgp, (5)D]B, () (4.64)

L w1 (S + Ay = Ay Lypy (5))

o

The L.T. Ly(s) of the probability density function fy(z) of the random
variable 7 may also be obtained by an alternate, somewhat easier, approach.
For this, note that
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E{e™" u,m} = (Lypy () ™ (4.65)

Removing the conditioning on » in Eq. (4.65), we get

s > w s (Apu)”
B |} =3 (Lpn(9)"e™ L2 fexp(-2y00]
n=0 N

= exp[—su — A, u + A, uL g, ()] (4.66)
=exp[—u(s + A, — Ay Lyp, (8))]

Finally, we remove the conditioning on u in Eq. (4.66)

Li(s)= [lexp=u(s + Ay = Ay Ly (5)1b, ()du
u=0
=Ly (s + 4y = Ay Ly (5))
to get the same result as in Eq. (4.64) once again.
Since A(z) is the generating function of the number of class 1 customers

arriving in the time interval 7, we can then write

A(Z)=L, (A — 42) (4.67)

To summarise, the overall procedure for getting A(z) will therefore be

(a) Solve Eq. (4.57), Lyp,(s) =Ly, (s + A, — A, Lyp,(s)) , for Lgps(s)
(b) Get Ly(s) from Eq. (4.64), L, (s)=Ly (s + A, = A, Lgp,($))
(c) Get A(z) from Eq. (4.67), A(z) =L, (4, —4,2)
Obtaining ;I(z)
For this we need to consider the case where the departure of a class 1

customer leaves the class 1 queue empty as illustrated in Figure 4.5. As
shown in Figure 4.5, assume that the #” class 1 departure occurs at time r=0.
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However, since in this case, there are no other class 1 users in the queue at
that instant, the server will actually become idle at this point. (The fact that a
class 1 user was being served at =0~ of course implies that there cannot be a
class 2 user in the queue at that instant.) There will be a sequence of “server
available for class 17 {4, i=1,2,....} and “server unavailable for class 17 {J,
J=1,2,,,,,) intervals after this as shown in the figure. Note that the next period
when the server is busy serving a class 1 customer cannot begin until there is
an actual class 1 arrival. Service to this newly arriving class 1 customer, i.e.
the (n+1)" one, may or may not begin from the instant of its arrival to the
queue. If this arrival happens at a time when the server is unavailable to
serve class 1 customers (i.e. if it is busy serving some higher priority class 2
arrival which came after /=0), then service to the (n+1)" class 1 customer
will not begin until the queue once again becomes empty of class 2
customers. However, if the (n+1)" class 1 customer does arrive during one
of the “server available for class 1 interval (when the queue will actually be
empty), then service to it will begin from its arrival instant itself. Once
service to the (n+1)" class 1 customer begins, it will proceed, possibly with
interruptions cause by pre-emption by class 2 customers, until its required
service is over. When that happens, the (m+1)" class 1 service time will be
completed and that customer will depart at time ¢=¢, as shown in Figure 4.5.

th

Departure of n" Class 1 user. Departure of (n+1)"
Class I queue left empty Class | user

I::I Server Available for Class 1

Am
=0 tl ZZ l3 tn—? [n-l fn

I::_J Server Not Available for Class 1

Figure 4.5. Class 1 Departure Leaving Class 1 Queue Empty

Let t=1 be the time instant (random variable, measured from 7=0) when
the next class 1 customer arrives - i.e. after the class 1 departure at =0
which left the class 1 queue empty. Then, we can make the following
observations -

. . . . . -/ .
(a) ris exponentially distributed with mean 4, as the class | arrivals
come from a Poisson process with mean arrival rate 4,
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(b) Arrival may fall either in an 4, interval or in an /; interval. If it falls
in A;, then service starts immediately; if it falls in 7, then service
starts after /; is over

(c) The {4} intervals are i.i.d. with each of them having an exponential
distribution with mean 4,”

(d) The {7;} intervals are i.i.d. random variables and are also
independent of the {4,} intervals. Note that the {/;} intervals are
actually the busy periods for the class 2 customers in the queue.
These will have the probability density functions as fzp,(7) with L.T.
Lgp;(s) obtainable by solving Eq. (4.57). The probability density
function fzp2(2) may then be obtained by taking the inverse transform
of Lgpy(s).

Let WQI be the (random) time between the arrival of a class 1 user (to an
empty class 1 queue) and its start of service. Let the probability density
function of this be fi; (1) with L.T. Lyo,(s). Actually, what we need to find
is the distribution of the time interval 7* for which an arrival, such as this
(m+1)" one, stays in the system, given that the previous class 1 departure left
the class 1 queue empty. Note that 7* will actually be the sum of 7, as
defined for finding A(z) earlier, and WQI where the two random variables
are independent of each other. It should be recalled that 7, as defined for
finding A(z), is the time between the start of service to a class 1 customer
and the completion of this service, including the time intervals when the
service gets preempted by class 2 customers. We can therefore write that

T*=T +WQIl T L WQlI (4.68)
and therefore,
Ly (8) =Ly (5)Lyp (5) (4.69)

Since Lz(s) can be found using Eq. (4.64), we really just need to find Ly,(s)
to find the required Lr«(s). Once this is known, we can follow our usual
approach to show that since the class 1 arrivals, come from a Poisson
process with mean rate 4,, we would have

A(2) = Lye (A = 42) = Ly (A = 24 2) Ly () Ay = 242) (4.70)

We therefore need to find the distribution of WQI, the queueing delay to
start service to a class 1 arrival when the previous class 1 departure left the
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class 1 queue empty. For this, we need to consider separately, the following
two cases -

(a) WQI=0, i.e. the class 1 arrival happens in some interval 4, when the
server is available. In this case, the arrival starts service from the
instant of arrival. Note that in this case the arrival can start service
immediately as it enters the queue at a time when the server is not
engaged in serving other customers

(b) WQI>0, i.e. the class 1 arrival happens in some interval /; when the
server is not available. In this case, the arrival is queued to wait until
the end of this /; interval as that is the time when the server will once
again become avallable for serving class | customers.

We consider first the case when WQI=0 where the (n+1)" class 1 arrival
happen at time 7. For this, we can show that

P{WQ1 =0} i {2(/1 +[)<T<Z(A +[)+A,,+1} (4.71)

n=0 i=0

Note that for notational convenience, we have set 4,=Fy=0 in Eq. (4.71).
This allows a more compact form of the equation without any loss of
generality. Note that 7 is an exponentially distributed ranom variable. It will
therefore be memory-less and its memory-less property may be utilized to
show that

P{Z(A, +1)<T<Y (4, + 1)+ A”H}
i=0 i=0

{H P{A. <7}P{I, < r}}P{AM > 7}

i=0

(4.72)

The argument for the above may be given as follows. If 7 does not fall in 4,
then the probability that {7 does not fall in /;}, i.e. P{7z does not fall in 7},
will be P{/,<7}. This will hold as one may consider 7 as beginning from the
start of /; and use the fact that the inter-arrival times for a Poisson arrival
process (i.e. the class 1 and class 2 arrival processes) will be exponentially
distributed and hence memoryless. Similar arguments may be given for the
probability terms P{4,<7} and P{4,,.,2 7} in Eq. (4.72). We can then use the
typical properties of the Poisson arrival processes of class 1 and class 2
traffic to get
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P{A; <t} =P{Class2 arrival occurs before aClass | arrival}

= [lexp(=2,01(%dt) [fexp(- 2))(%dar)

t=0 a=!

« (4.73)
= [, lexp(-2,0llexp(-2,1))dr

(=0
— }“2

A+ A,

P{A,,, 27} =P{Class 1arrival occurs before a Class?2 arrival}

s}

= J[exp(»%lt)](lldt) j exp(—A,a)](A,dar) (4.74)

=0

P{I, <1}=P{Class 2 busy period finishes before a Class 1 arrival}

= jfma)dr Jtexpt-2a)( de)

- (4.75)
= j[exp(—z.t)]fma)dr
t=0
:LBPZ (ﬂ'l)
Using Eqgs. (4.72)-(4.75) in Eq. (4.71), we get
A & LA
PW, =0} = Z{ 25 }
! M+A, S A+, (4.76)

_ ﬂ“l
A+ Ay = Ay Lgpy(Ay)

We now consider the case for WQ17>0. Recall that this is the case when
the class 1 arrival (after the class 1 gets empty) occurs in a /; interval. Then
for >0, the probability density function fj,(¢) would be given by
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Jwo (Ddt = P{t <W,, <t +di}

[4

- " 4.77
=Y P{<D (4 +1)-T<t+di @7
n=0 i=0

n+l

Note that in the above, (Z 4, +1,) —Tj is the waiting time for this case

i=0

(ie. W

1> 0] Since 7 is memory-less, as mentioned earlier, we have

n+l
Pt <D (4, +1)~t<t+di}
i=0
=[] P4 <=1 P, < T}:IP{AHH <t}P{t+r<]

i=0

<i+T+dl (4.78)

n+l

F 1 n+l o
B (,11 f%j (Lpa (1)) ,. _Io[exp(—ﬂ]rnfm(r+zm}dr di

Considering both these cases, we get the required probability density
function fy, (1) for all 7 as

A 3
1+ Ay = Ay Ly ()

+ 2
A+ Ay = ALy (4)

o(r)

Jwor (@) = P
(4.79)

j/‘i'l [exp(=A4, (r = O] f o (r)dr

=t

Taking the transform of both sides of Eq. (4.79) gives the required transform

L., — L (A
LWQ](S): A4 + A A [Lgp, (5) pra (4] (4.80)
A+ Ay = ALy (4) (A + 4y = Ay L, (AD(A, — )
and the mean as
— , 1+ A, (BP2 1
WOl=~Lio (s) _ = 2 (BP2) — (4.81)

- Ay + Ay = Ay Lypy (Ay) - A
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Recall that BP2 is the mean busy period length for the class 2 queue.
Substituting Ly,(s) from Eq. (4.80) and Ly(s) from Eq. (4.64) in Eq. (4.69),
we can obtain Ly«(s). Similar substitution in Eq. (4.70) will yield the other

generating function ,;1(2) .

Collecting all the above results for convenience, we can summarise as
follows -

I1.For class 2, the results are the same as that of an M/G/1 queue with
average arrival rate A, and service time probability density function b,(2)
with L.T. LBZ(S) . :

2. For class 1, solve for Lgp;(s) using Eq. (4.57). Use this in Eq. (4.64) to get
Ly(s) and in Eq. (4.80) to get Lyg,(s). The generating functions, A(z) and
;I(z) may now be found by substitution in Egs. (4.67) and (4.70). To find p,
using Eq. (4.61), the required moments & and a may be obtained from A(z)
and ;l(z) , respectively, using the moment generating property of the
generating functions. These means are obtained to be

AT =4, X,(1+ 4, BP2) (4.82)

a
a=4W01+T)=a+4W0l (4.83)

After p, is found, then using A(z), 2(2) and Eq. (4.60), the generating
function P;(z) of the number of class 1 users in the system can be found This
may then be used to find other performance parameters of the queue for the
lower priority class 1 traffic.

4.6 The Discrete Time Geo/G/1 and Geo™/G/1 Queues

In all our discussions until now and in subsequent chapters of this text,
we consider systems, which are continuous in time, where arrivals and
departures can occur at any time. In this section we look at one example of a
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discrete-time system where the time axis is segmented into a sequence of
equal time intervals which we will refer to as slots. It is assumed that arrivals
can only occur at the slot boundaries. Service to a job/customer can also start
only at these boundaries and the service duration is always an integral
multiple of the slot duration. Consider the arrival process to such a system.
We assume that the number of jobs that arrive in successive slots are
independent, identically distributed (i.i.d.) random variables. If we assume
that only one job can arrive in a slot with probability A and that no jobs
arrive in a slot with probability /-4, (0<A</), then the inter-arrival time /
will be geometrically distributed with mean 1/4 and with probability P{/ =k
slots}:l(l—/l)'k for k=1,2,....... This kind of arrival process will be referred to
as a geometric process or a Bernoulli process. A single server queue with
infinite buffers and with this arrival process is typically represented as a
Geo/G/1 queue. Note that time is measured as multiples of slot durations.

If more than one job can arrive in a slot, then the inter-arrival time
between batches will still be considered to be geometrically distributed and
the arrivals may be considered to come in batches of random size. A single
server queue with infinite buffers of this type will be represented as a
Geo™/G/1 queue. Both the Geo/G/1 and the Geo™/G/1 queueing models are
useful to analyse service scenarios which operate in a discrete-time mode
and are considered in detail in this section.

Consider the Geo™/G/1 queue with A as the number of jobs that arrive in
a single slot. The probability distribution of A will then be specified as

2k)=P{A=k} k=0,12.. (4.84)

with the generating function A(z) defined as
A(z) =) Alk)z* 2] <1 (4.85)
=0

in the usual fashion. Let A and A” respectively denote the mean of A and its
i" factorial moment as

A=E{A}=AD (D) :
AP = E{A(A -1)} (4.86)
AV = EAANA =D (A =i+ D}=AD(1)  i=3,4,.......

For the special case of the Geo/G/1 queue which allows at the most one
arrival per slot, we will have
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AZ)=1-A(1-2) Geo/G/1 arrivals (4.87)

In the discrete-time system, we need to be more precise about the exact
arrival points of jobs arriving in a slot and the slot in which service to a job,
which arrives when the system is empty, actually gets started. This leads to
the two choices - Jate arrival model and early arrival model - described
subsequently. Note that we will always measure the queue size immediately
after the slot boundaries and that this will not be affected by the choice of the
early/late models. The measurement of the waiting time will, however,
depend on the choice of this model.

Service
Completion
[
1
n I n+l n+2
| ¥ L
| TI | ' Time
Arrival

Figure 4.6. Late Arrival Model of a Discrete Time Queue

Service
Completion
I
[
n | n+l n+2
| v | L,
| T [ [ Time
Arrival

Figure 4.7. Early Arrival Model of a Discrete Time Queue

In the /ate arrival model shown in Figure 4.6, jobs are assumed to arrive
late in the slot, i.e. just before the slot ends. The arrivals, if any, will then see
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the job, which has just finished service about to leave, and this departure will
include the newly arrived jobs in the ones it leaves behind in the queue. In
this case, if the new job arrives to an empty queue (say at the end of the n"
slot), then it will enter service from the beginning of the next (i.e. the (n+1)
slot). In this case, the time spent in the queue is measured from the (n+1)
slot, i.e. the slot after the one in which the job actually arrives.

In the early arrival model shown in Figure 4.7, we assume that the jobs
arrive carly in the slot, i.e. just after the slot begins. If the queue is empty
when the arrival occurs, service to the job starts immediately from the same
slot. This slot (where the job arrives early) is also counted in measuring the
time spent in the queue by the arriving job.

A close examination of the early and late arrival models lead to some
useful conclusions. For a queue in steady state, the joint distributions of the
queue size and the residual or elapsed service time at an arbitrary point on
the continuous time axis will be the same in both the models. The waiting
time in queue for a particular job will also be the same in both the models.
The queue size at service completion in an early arrival model will, however,
be lower than that of the corresponding late arrival model by the number of
jobs that actually arrive at that slot boundary. Note that the queue size is
always measured immediately after a slot boundary (as mentioned carlier)
which gives rise to the above difference between the two models.

In our analysis here, we assume that the service duration can have any
general distribution as long as the service time of a job is an integral multiple
of the slot duration. Service starts and ends only at the slot boundaries. Let X
be the (random) service time of a job measured in units of slots, i.e. the
service duration is of duration X slots. The probability distribution b(k) of X
is given by

th

th

b(k)=P{X =k} k=12.... (4.88)

with the generating function B(z) defined as
B(z)= Y b(k)z* 2| <1 (4.89)
k=1

Let b and % respectively denote the mean of X and its / moment as

b= E{X}
b = E{X?} (4.90)
b = E{X'} i=3,4
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The load offered to the single server queue is defined in the usual manner
to be given by p, with p =1b. For a stable queue, we require that the offered
load be less than unity, i.e. p </. This stability condition will be assumed in
our subsequent analysis.

4.6.1 The Geo/G/1 Queue

We consider here the case where only one arrival, at the most, can
occur in a slot and the service duration of a job is an integral (random)
multiple of the slot duration. The queue has only one server and has an
infinite number of waiting positions. We consider the analysis of this queue
separately for the late arrival and early arrival models.

Late Arrival Model

Let n; be the number of jobs in the queue immediately after the service
completion of the i job. Let a; be the number of jobs arriving during the
service time of the i/ job. This leads to the following for the late arrival
model

=a, =0

Py a4 n, (491)
=n,+a,, —1 n, =1

The random variables a; i=1,2,..... are independent and identically

distributed random variables with the generating function 4(z) and mean p.
The state of the queue », will then form a homogenous Markov chain. Under
conditions of equilibrium, the steady-state distribution p, of this Markov
chain will be

p =lim,_ P{n,=k}  k=012,.. (4.92)

with the generating function P(z) found using
P(2)=) p,z* (4.93)
k=0

Note that Eq. (4.91) is in the same form as Eq. (3.11), which was the
equivalent state expression derived for the M/G/1 queue. It can therefore be
solved in the same fashion as Section 3.2 to find P(z) as
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1-p)A-2)A(2) (4.94)
A(z) -z

P(z)=
with
po=1-p (4.95)
As in Section 3.2, A(z) is the generating function for the number of jobs

arriving during a service interval. Using Eq. (4.87), it can be shown that for
the Geo/G/1 queue we will get

A(z) = ib(j)zj: [gﬂ 1=2)"*z" =B(1- A+ Jz) (4.96)
j=1 k=0
This leads to

(1 - p)(1-2)B( - A + Az)
B(—A+Jz)—z

P(z) = (4.97)

as the generating function for the number in the system at the instant of
service completion. In this case also, it can be shown as in Section 3.2, that
the generating function of the queue states will be given by P(z) even at the
time instant immediately after each slot boundary. (This will actually also be
true at any arbitrary time instant on the continuous time axis.). Therefore, we
can use P(z), as given in Eq. (4.97), to find the equilibrium state distribution
of the queue (i.e. the probability distribution of the number in the system)
immediately after each slot boundary.

The discrete-time equivalent of the PASTA property may also be proved.
This property is sometimes referred to as BASTA (i.e. Bernoulli arrivals see
time averages) or GASTA (geometric arrivals see time averages). Using this
property, we can then also claim that the state distribution as given by P(z)
of Eq. (4.97) will also hold for the number in the system as seen by an
arriving customer.

Using P(z) from Eq. (4.97), the mean number N in the system may be
obtained to be

27(2) _
_A? —ap

4.98
20- p) P (4.98)
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The discrete-time version of Little’s result also holds and is stated as
N =AW (4.99)

where N is the mean number in the system as given by Eq. (4.98), 4 is the
mean number of arrivals in one slot and ¥ is the mean time spent in system
(in units of slots) by an arriving customer. This may then be used to obtain
the mean time spent in system. Once W has been obtained, the mean time W,
spent waiting for service (in number of slots) will be given as

2) _
Wo=w_p=0 =P (4.100)

? C2(1-p)

Little’s result (N,=AW,) may then be applied once again to find the mean
number waiting in queue in the system, prior to service.

Other results, similar to the ones derived in Chapter 3 for the M/G/1
queue may also be similarly derived for this Geo/G/1 queue. For example,
consider a FCFS Geo/G/1 queue. In this case, the number left behind in the
system by a departing customer will be the same as the number arriving to
the system, while that customer was in service. Let Gy(z) be the generating
function for the number of slots for which an arriving job stays in the
system. We can then show that

P(z)=G,, (1= A+ A2) (4.101)
This will allow us to find the required generating function Gy(z) as

(1-p)(1-2)B(2) (4.102)
(1-2)-A(~-B(2)) |

Gy (2)=

Since the waiting time in queue for a job will be independent of its service
time (each one of them measured in units of slots), we can write

GW (Z):GWL/ (Z)B(Z) (4103)

where Gy,(z) is the generating function of the number of slots spent waiting
in queue by a job before its service actually starts. Therefore

(1-p)1-2) (4.104)
(1-2)— A(1 - B(2))

GWL] (Z) =
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Early Arrival Model

In this case, let the state n; be the system state after the completion of the "
service and before the possible arrival point. Let the number of arrivals ¢, in
a service duration be defined as for the late arrival case. At equilibrium, the
generating functions for these are P(z) and A(z), respectively. In addition we
define @, as the “number of jobs arriving in the service time of the i job
minus one slot” with equilibrium values of its probability distribution and
generating function given by

:i#fm jza Y7 b()

k=0 k*: (4.105)
=2 b)) [’ j(zé) (1= 2"
j=1 k=0
=§:b(j)(l ~ A+ Az)""
J=1
_BA-4+1z)
-2+ Az

The state transition equation (corresponding to Eq. (4.91) for the late arrival
case) may then be written as

nr’+] :ai+1 n; =0

(4.106)
=n,+a,_, —1 n, =1

This leads to the following generating function for the system states at
equilibrium

(1 - p)LA(z) — zA(2)]

P = A -2

(4.107)
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Simplifying Eq. (4.107) by substitution using Eqs. (4.96) and (4.105), we get
the final expression for the generating function P(z) as

P(z)= (1-p)(d-2)BA -2+ Az) (4.108)

A-2+A2)[BA-A+Az)-z]
Comparing this with the result of Eq. (4.97) for the late arrival model, we see
that the expressions differ merely by a scaling factor of (7-A+Az). The queue
size in the early arrival model is lower than in the late arrival model. This
happens because in the early arrival model, we are observing the queue size
before the possible arrival point in a slot. Note that since the slot in which
the job arrives is counted in the early arrival model, when we calculate the
time spent by it in the queue, the expression for Gy(z) given in Eq. (4.101)
for the late arrival model will get modified to be

1

:——-—(IJMZ)GWG—/IMZ) (4.109)

P(2)

Using this, the generating function Gy(z) for the number of slots spent in the
system by a job (waiting and in service) may be obtained as

(1= p)(1-2)B(z) (4.110)

G (= A= By

Note that this is the same as the result of Eq. (4.102) for the late arrival
model. This is expected since the number of slots that are spent in the system
by a job will be the same in both cases. Other results, such as those obtained
for the late arrival model, may also be similarly obtained.

4.6.2 The Geo™/G/1 Queue

We consider here the case where there may be more than one job arrival
in a slot. In all other aspects, the queue is the same as that examined for the
Geo/G/1 case. The generating function for the number of arrivals in a slot is
given by A(z) as in Eq. (4.85) with A(k) as the probability of & arrivals in a
slot. As for the Geo/G/1 case, for both the late and early arrival models, we
consider the distribution of the queue size (i.e. its generating function P(z))
immediately after a service completion. For the distribution of the waiting
time or of the time spent in the system, we consider this immediately after
each slot boundary for the late arrival model. In contrast, for the early arrival
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model, we consider this immediately after a possible arrival following the
slot boundary.

Late Arrival Model

Let n; be the number of jobs in the queue immediately after the service
completion of the /” job. Let a; be the number of jobs arriving during the
service time of the i job. We also assume that A* is the number of jobs
arriving in a slot which is such that there is at least one job arrival in that
slot. Using the notation of Eqs. (4.84) and (4.85), the generating function

A*(z) for this may be derived to be

. A2)-2(0)
A (Z)_ml—x(()) (4.111)

The state transition equations corresponding to the Markov chain of n,
i=1,2,..... may be written as

nl+] :A*+al+] _1 nt':() (4112)
=n;, +a,,, —1 n =1

Using the fact that, under equilibrium conditions, the generating function
A(z) of the number a arriving within a service duration will be given in this
case by

A(z) = B(A(2)) (4.113)

we get the generating function P(z) of the number in the system immediately
after the service completion instants as

(1= P = A(2)]B(A(2))

P = B(A ) - 2]

(4.114)

In this case, the generating function for the number in the system
immediately after an arbitrary slot boundary is not the same as P(z). (Note
that the two were equal for the Geo/G/1 queue.) [BrK93] claims that, at
equilibrium, the following relationship between the generating function at
service completion and the generating function P*(z) immediately after
arbitrary slot boundaries will hold for a large class of discrete time models,
including the Geo™/G/1 queue. This relationship is expressed as
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P(z):P*(z)% (4.115)

Note that substituting A(z)=1-A+Az in Eq. (4.115) gives P(z)=P*(z) for the
Geo/G/1 queue as per our earlier claim that for this case, the two generating
functions will be equal.

Using Eq. (4.115), we get that the generating function of the system state
immediately after an arbitrary slot boundary will be given by

P(2)= (1= p)(1-2)B(A(2)) (4.116)
BIAG) - - |

Since nothing in the system can change between the slot boundaries, the
system state at any arbitrary point in time will then also be equal to the state
observed (i.e. the generating function giving the state probabilities) at the
preceding slot boundary. We can also use the generating function P*(z) of
Eq. (4.116) to directly compute the mean number N in the system just after
any arbitrary slot boundary (or at any arbitrary time instant) to be

PP~ 2o+ AP0 .

4.116
2(1- p) 1o

Even if we assume a FCFS service discipline as before, deriving the
delay distribution for this case requires more effort than the corresponding
case of the Geo/G/1 queue. This is because one would need to account for
the fact that arrivals come in batches, which may have more than one job in
them. Consider a particular job in a batch whose queueing delay (prior to
service) is required to be found. It is convenient to tackle this by considering
the total queueing delay w, of a job in a batch (mean W, with generating
function Gy,(z)) to consist of the batch queueing delay w;, (mean W, with
generating function Gys(z)) and a delay w, (mean W, with generating
function Gy, (z)) corresponding to the service time of those members of the
batch who get served before the job of interest. (The batch queueing delay is
the time to wait before service to the first member of the batch can begin.).
Since the two components of the queueing delay will be independent, we
observe that

W,=W, +W,

4.117)
GWq (2) =Gy (2)Gy, (2)



138 Chapter 4

Note that this argument is essentially similar to the approach taken to
handle the queueing delay in the M™/G/1 queue in Section 4.4. Following
an approach similar to the one used there, we can derive the generating
functions Gys(z) and Gyx(z) and the corresponding means as given next.

)
Gyy(ry=AmRX=2) AT = p A0 (4.118)
A(B(z)) -z 2(1-p)
1= AGBG) A%
G ()= B W= (4.119)
This leads to
1- p)(1 - 2)[1- A(B
5= ey = = 5o
' (4.120)

0 —2p+2Pb
T 2-p)

as the generating function and mean of the queueing delay encountered by a
job arriving to the system (as possibly part of a batch). The relationship
between the mean queueing delay W, and the mean time W spent in the
system by an entering job will still be given as W=W,+b where b is the
service time of a job, as defined earlier. This leads to

AP —ap+ 2V

- 7) +b (4.120)

which agrees with value one would obtain by applying Little’s result to Eq.
(4.116). Applying Little’s result to (4.120), we can also get the mean number
of jobs N, waiting in queue (prior to service).

Early Arrival Model

In this case, we consider the system state »; immediately after the i”
service completion and before a possible arrival at the beginning of the
following slot. These will form a Markov chain with the transitions governed
by the following
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hd r
n,=A +al,, -1 n, =0

(4.121)
=n, +a,, —1 n;, =1

Here A* is defined as for the case of the late arrival Geo/G/1 queue with
generating function A*(z) given by Eq. (4.111). The number of arrivals in
the (i+1)" service duration is a,., with its generating function 4(z) given by
Eq. (4.113) under equilibrium conditions. The quantity a’;.; represents the
number of jobs arriving during the (i+1)" service time given that the system
state n; =0, i.e. the i/ departure left the system empty. This will also be the
number of arrivals during the last k-7 slots if the service time of the (i+1)"
Jjob is k slots. Under equilibrium conditions, the generating function 4°(z) for
this may be derived as

@)=Y o =20 (4.122)
k=1

Using these the generating function P(z) of the system state at the
designated time instants will be

Pz = (=PI = AGIBAR) 4.123)
INBAE) - 2]

In this case, as well, the generating function P*(z) of the number in the
system immediately after an arbitrary slot boundary (or at any arbitrary point
on the continuous time axis) will be different from the generating function
P(z) given above in Eq. (4.123). As a matter of fact, it can be shown that the
expression for P*(z) will be the same as that given for the late arrival model
in Eq. (4.116). Since the values of the queue’s output parameters N, N, W
and W, are derived using the generating function P*(z) and Little’s result,
the expressions for these parameters for the early arrival model will also be
the same as for the late arrival model.

We have considered only two basic discrete-time queues in this section.
More detailed treatment of such queues may be found in [Tak94] and
[BrK93].
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Problems

1. Consider the M/G/1 queue with exceptional first service discussed in
Section 4.3. Analyse this queue using the residual life approach assuming the
following -

The basic service time X has mean X and second moment X2 . The
additional service time required by the first customer in the busy period

is A with mean A and second moment A’ . The random variables X and
A are independent and identically distributed random variables.

2. Analyse a M/G/1 queue such that whenever there are N or more
customers in the system at the beginning of a service time, the service time
distribution is modified so that its L.T. is B*(s) rather than the normal B(s).
Set up the approach that would be needed to solve for a general value of N
but solve explicitly only for N=2.

3. Analyse a M/G/1 queue where the arrivals come from a Poisson
process with rate A; when the server is idle and with rate Az from a Poisson
process when the server is busy.

4. Consider a M™/G/1 queue with a service facility whose service time
distribution is given in terms of the L. T. of its pdf as

(s +
Ly(s)= Z_ALM“_)*?
ST+ 3us + U
The batch arrival process generates batches at rate A where the batches are
either of size 7 or 2 with equally likely probabilities. Solve this system using
the standard approach of Section 4.4 to obtain the corresponding results.

5. For the M™V/G/1 queue of Problem 4, we consider the service facility in
more detail. Assume that the service facility contains two stages of
exponential servers, where stage 1 serves at rate 2 and stage 2 serves at rate
4. A job entering the service facility first gets served at stage [. On
completing this service, the job leaves the system with probability 0.5 or
joins service at stage 2 with probability 0.5. On completing service at stage
2, the job enters service at stage 1 once again and goes through the same
random choice as described above once it finishes service at stage 1. This
continues until the job leaves the system.
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Show that this model of the service facility will lead to the same overall
service time distribution as given in Problem 4. Note that with the service
modelled in terms of the stages as described above, we can now also use the
method of stages to solve this queue. Set up the state transition diagram and
the balance equations that will be required to solve the queue in this fashion.

The approach given by the method of stages may also be used if the queue
has a finite capacity. Use this approach to solve the M*/G/1/2 queue of this
type when either a whole batch acceptance strategy or a partial batch
acceptance strategy is used. For both these strategies, calculate the
probability that a job arriving to the system is actually allowed to enter the
queue.

6. Derive results similar to the ones derived in Section 4.4 for the
M™/G/1 queue where the batch sizes are geometrically distributed. Assume
that the probability that a batch will be of size » will be given by (7-g)g" for
n=0. Use standard assumptions and notations otherwise.

7. Students enter the dining hall for breakfast in equally likely groups of
either one or two with a group arrival rate of A. The first member of the
group is served in an exponentially distributed time X with probability
density function 5(z) and L.T. B(s). The second member (if any) orders an
extra omelette which requires A seconds more where 4 is fixed. The mess
operates as a single server MX/G/1 queue. Find the mean delay that an
arriving student will encounter before being served.

8. Consider an M™/G/1 queue where the first customer in the batch
requires exceptional service which is 4 seconds more than the normal
service time. Obtain the queueing delay for a customer in this system. Use
standard assumptions and notations, otherwise.

9. Consider an M™/G/1 queue with vacations and carry out the
corresponding analysis. This can be tried with either a normal vacation
model (repetitive vacations on idle) or a single vacation per idle model.

10. Consider a 2-priority preemptive resume priority M/G/1 queue with
high priority customers of class 2 and lower priority customers of class 1.
The system enforces the rule that there can be only one class 2 customer in
the system at any time (i.e. there is no buffering for class 2) - however, there
is infinite buffering for class 1 customers. Let X, (fixed, not random) be the
service time for class 2 and X; (fixed, not random) be the service time for
class 1. Arrival processes are Poisson with average arrival rate A, for class 1
and A, for class 2. For this, consider a class 1 customer who start service at
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time 7 and leaves the system at time /+7. What would be the distribution (or
L.T.) of the random variable 77

11 Consider the system of Problem 10 once again except that we now
assume that class 2 customers can also be infinitely buffered. For this obtain

the average total delays encountered by class 2 and class 1 customers.

12, For the n-priority Non-preemptive M/G/1 queue, show that

R
Z'Dk (k) _ P
S (1-p)

where W,% is the mean wating time in queue for a customer of priority class
k. This is an example of the so-called Work Conservation Principle!



Chapter 5

Fundamentals of Queueing Networks
Open and Closed Networks with Product-Form Solutions

In this chapter, we consider service models, where the service to be
provided may be represented as a sequence of services provided by several
servers. Such a service scenario may be conveniently represented as
Networks of Queues as shown in Figures 5.1 and 5.2. In these models,
customers/jobs which finish service at a queue may either move on for the
next stage of service to another queue (or even re-enter the earlier queue) or
may leave the network altogether.

A standard example of such a queueing network type model arises in
modelling a machine shop where there are a number of machines, each with
its own queue. A job here would require a sequence of operations by one or
more machines in sequence. A job entering the machine shop would
correspond to arrivals to this network model and the departures from the
shop occur when all the required services at the designated machines have
been obtained. The types of operations to be done decide the machines that
the job must go through while it is in the machine shop and the sequence in
which these operations are needed to be done at the various machines
involved decide the routing of jobs from one machine to another.

A communication/computer network with various service facilities and
store and forward nodes may also be modelled similarly as a network of
queues. The individual packets or messages that have to be carried from their
respective source nodes to their corresponding destination nodes correspond
to the jobs or customers that have to be served in the system. These enter the
system from their respective source nodes and leave the system from their
designated destination node. During their transit through the system, they
may have to go through store and forward queues at various intermediate
nodes leading naturally to a queueing network based model for the required
analysis.

143
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Figure 5.1. An Open Queucing Network

; ‘

1_

Figure 5.2. A Closed Queueing Network

Modelling a service scenario as a queueing network, rather than as a
single queue, is also a very convenient way of representing it and may lead
to simple analytical techniques that may be conveniently applied. The
Method of Stages described in Section 2.9 for analysing M/Ex/1 is an
example of such a technique where the Erlangian service time is
decomposed into two or more successive exponential service times to make
the analysis simpler. This model did require some special restrictions on the
movement of jobs as new jobs were not allowed to enter the first stage
unless the previous job has exited from the system after completing its
service at all the intermediate stages. The queueing networks considered by
us here (and in Chapter 6) are not as restrictive as this and indeed allow a
great degree of flexibility in routing jobs from one queue to another. As a
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result, some very complex queueing scenarios can be modelled in this
fashion.

In order to keep our models as general as possible, we also assume that
routing of jobs from the output of a queue can be probabilistic in nature. This
implies that a job finishing its service at one queue, may get routed to more
than one queue with the actual queue to which it will be routed chosen
probabilistically using a pre-defined probability parameter, i.e. it will be
routed to the queue Oy with probability p, for the various queues Q,,......, Ok
in the network. This is referred to as Probabilistic Routing and will be the
routing model used by us in this chapter and the next. It is also possible to
have Deterministic Routing where the jobs are deterministically routed from
one queue to another. In the case of multi-class jobs, jobs of different classes
may have different deterministic routes that they follow through the
queueing network between the queue where they enter and the queue from
where they leave the network. In the case of deterministic routing, a job of a
particular class, entering the network at some node, may be required to
follow a definite sequence of nodes before its eventual departure from the
network. On the other hand, if the routing is probabilistic then a job may
have to probabilistically (i.e. randomly) decide which node to go to (out of a
set of nodes), after it finishes service at the previous node/queue. In the case
of probabilistic routing, the routing choices made by individual jobs are also
assumed to be independent in nature. This implies that the choice of a
particular path by a job does not affect the way other jobs (following
probabilistic routing) will choose their paths through the network.

The techniques described in this chapter provide the basic tools to analyse
simple queueing networks provided some important assumptions about the
nature of the network are satisfied. Subsequently, in Chapter 6, we consider
approximate methods that give good results even when some of these
assumptions are not strictly met by the queueing network. For more detailed
advanced treatment of queueing networks, we refer the readers to [Per94],
[Wal88] and [Wo0089] and various other research papers which will be
referenced subsequently at appropriate places in Chapters 5 and 6.

5.1 Classification of Different Types of Queueing
Networks

The most common method of classifying queueing networks is to
consider them as being either open or closed networks depending on whether
jobs are allowed to enter and leave the system or whether the system always
has a fixed number of jobs circulating in it. It is also possible to define a
mixed queueing network when one is considering a situation where there are
a number of different classes of jobs in the system. In this case, the network
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may be open for some of the classes while it may be closed for some other
classes of customers.

5.1.1 Open Queueing Networks

An Open Network is one where jobs/customers arrive from outside to one
or more queues and eventually leave the network from some of the queues.
Inside the network, a job finishing service at one queue may leave the
network altogether or may go to another queue for service. We will consider
this routing to be probabilistically done in our subsequent discussions but the
routing can actually also be deterministic in nature for multiple job classes.
Arrivals from the external world to the network may take place in one or
more than one queues and departures may leave the network from one queue
or more than one queue. An example of an open network has been shown in
Figure 5.1.

In addition, a open network is considered to be Acyclic if a node is visited
by a job at most once during its entire sojourn through the network. Since
there is no feedback in such an acyclic network, it is also sometimes referred
to as a Feedforward Network. This implies that there will be no feedback in
such an open network. If there is feedback present in an open queueing
network, then it may lead to situations where a job finishing service at one
queue may return to the same queue later for another round of service.

5.1.2 Closed Queueing Networks

A Closed Network is one where there are a constant number of jobs that
continually circulate in the network with no other arrivals to the system or
departures from the system. The number of jobs in the network is fixed and
the sum of the jobs at all the individual queues always equals the total
number of jobs in the system. No additional jobs can enter the network
through any of its component queues. On completion of service at a
particular queue, a job will get routed to another queue in the network. This
is done just as in the case of open networks, except that jobs cannot be
routed out of the network but will have to be routed to another queue, either
probabilistically or in a deterministic fashion.

A closed network seems an unusual one at first sight since it does not
allow jobs to enter or leave the network. In reality, this may actually be a
good way of modelling a service facility. A typical system of this type would
be one where there is a large (infinite) number of jobs waiting to enter a
system at all times, the number of jobs allowed inside the system is fixed at
some value and a job enters the system immediately, whenever the sequence
of services for another job is completed. This, for example, is a typical way
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of modelling a time-shared computer system where a fixed number of jobs,
individually ask for a number of computing and/or input/output services that
they require for their task. Whenever the tasks required for a job are finished,
another job enters the system for its required services, replacing the earlier
one, which has got the services it required.

5.1.3 Mixed Queueing Networks

As mentioned before, one sometimes also refers to a Mixed Network
where there are multiple classes of jobs. For some of these job classes, the
network will be closed (i.e. no arrivals from the outside or departures to the
outside for these classes) while it would be open for the other job classes
(i.e. jobs of these classes arrive from outside the network and eventually
leave the network).

5.1.4 Multiple Classes of Jobs/Customers

One can have open or closed networks with multiple classes as well. A
Multi-class Open Network will have a number of classes of customers with
their respective routing and arrival/service specifications where the network
is open with respect to each of these classes. In a Multi-class Closed
Network, the network will be closed for each one of these classes even
though individual classes would have their own routing and service
specifications.

5.1.5 Blocking in a Queueing Network

Queueing networks may be classified in other ways as well. For example,
a queueing network where all queues are of infinite capacity is categorized
as a Queueing Network without Blocking; here, a job can never be blocked
while moving from one queue to another (i.e. because the destination queue
is full). If a queueing network has one or more queues of finite capacity then
it will be classified as a Queueing Network with Blocking [Per94]. In such a
network, a job, which wants to move to a finite capacity destination queue,
will experience blocking if the destination queue is full and cannot
accommodate the job trying to enter. Special rules will need to be formulated
to handle this blocking event. Depending on these rules, different types of
blocking will be classified subsequently in Chapter 6.
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5.1.6 Product-Form Queueing Networks

For analyzing a queueing network under steady state conditions with
appropriate simplifying conditions, one can model the state of the system as
a vector consisting of the states of the individual queues. The system may
then be modeled as a Multidimensional Birth-Death process and analyzed.
In a large number of cases, under fairly general conditions or as a good
approximation, the solution for the overall system state may be represented
by a Product Form Solution of the following form.

K
Pi{n,,n,y,. ”K}:Hff(”/)
i=1

Here, P{n,, n,,........ ,hx} is the joint distribution of the states in the K queues
in the network. The existence of the product form solution implies that this
joint distribution may be written as a product of terms which are functions of
the individual queue states n,, i.e. {f(»n)}, i=1,.... K. (There may be an
additional normalisation constant term ensuring that the sum of the
probabilities of all the network states sum to unity.) We consider networks of
queues where either this property holds exactly or where it may be
considered to hold as a good approximation.

5.2 Probabilistic Routing in a Queueing Network

— —p
p

____> -
I-p

Routing Probabilities are p and (7-p)

Figure 5.3. Probabilistic Routing in a Queueing Network

Consider a queueing network with K queues, where a job leaving Q, can
move to any one of queues Oy,....... Ok (or can leave the system in the case of
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an open network). An example of such a network with three queues is shown
in Figure 5.3. We would typically consider Probabilistic Routing where the
job leaving O; decides randomly which destination it would go to and this
random decision is made independently for each job leaving Q,. In such a
network, a probability matrix will be needed to specify the routing
probabilities with which jobs move from one queue to another or leave the
system. In this text, we will only consider this kind of probabilistic routing
strategy. The i-j™ entry, P> of the transition probability matrix (also called
the routing matrix) denotes the probability that a job finishing service at O,
decides to go to O, in the network.

D1 Poisson
: Rate Ap,

Poisson Process
Average Rate A
£ —»>

pi Poisson
f > Rate Ap;

P Poisson

Rate Apg
Figure 5.4. Probabilistically Splitting a Poisson Process

Probabilistic routing may also be viewed as randomly splitting a process
into several processes. In case the original process is Poisson and if the
probabilistic splitting is done in a manner which is independent of the inter-
arrival times of the original arrival process, then one can easily show that the
processes obtained after the splitting will also be Poisson in nature. As an
example consider the case of binary splitting, where on getting an arrival
from a Poisson process with average rate A, we toss a coin which has
P{head}=p and P{tail}=1-p . The arrival is sent on route 1 on getting a head
and is sent on route 2 on getting a tail. Note that this effectively amounts to
splitting the original Poisson process probabilistically with probabilities p
and /-p to get two processes with average rates Ap and A(Z-p). It can be
easily shown that if independent random choices with probabilities p and (7-
p) are made for each arrival then the two processes obtained after splitting
are independent of each other and are also Poisson in nature with the average
rates as given earlier. This may be generalized to state that the processes
obtained after splitting probabilistically a Poisson process with average rate
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A, using probabilities {p;}, would also be independent Poisson processes
with rates {Ap,;}. We have illustrated this kind of splitting in Figure 5.4.

Poisson Process
Average Rate A,

v
N >
yPoisson Process
Average Rate 1,+2,;

Poisson Process
Average Rate A,

Figure 5.5. Combining Poisson Processes

In this context, it is also useful to note that combining Poisson processes
with different rates will also lead to a Poisson process with a rate equal to the
sum of the individual rates, i.e. the sum of NV Poisson processes with average
rates As, .oooveininn. , Ay is also a Poisson process with average rate (4, +
............... + Ay ). This is illustrated in Figure 5.5 for the case where two
Poisson processes of rates A; and A, combine to give a Poisson process of
rate A;+A4,.

5.3 Open Networks of M/M/m Type Queues and
Jackson’s Theorem

It may be recalled that Burke’s Theorem (Section 2.7) states that, under
equilibrium conditions, the departure process from a M/M/m/w queue will
also be a Poisson process with the same average rate as the arrival rate to the
queue. This may be used in conjunction with the following results,

(a) splitting a Poisson process randomly yields Poisson processes after
splitting
(b) sum of Poisson processes is also a Poisson process

to analyse open networks of M/M/m/w queues which are acyclic in nature,
i.e. feedforward networks without any feedback.
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As an example of this, we may consider the queueing network shown in
Figure 5.6. Consider the network shown with inputs from Poisson processes
with average rates A/ and A2 at Q; and (,, respectively. The routing
probabilities have also been shown.

Figure 5.6. A Feedforward Open Network of M/M/m Queues

Using these routing probabilities and the fact that flow balance will exist
at equilibrium, we can obtain the average rate of arrivals entering each of the
queues. Let Ag;, Ao, Ags and Ay, be the respective average arrival rates of
the jobs actually entering queues Q;, O, Osand Q,. These will be given by

Aor = Average arrival rate for O, = 4/

Ao> = Average arrival rate for 0,=0.41/+42
Aos = Average arrival rate for O;= 0.411

Aos = Average arrival rate for O,= 0.84A1+A2

If we assume that each of the queues - Q;, 0., O; and O, - are of type
M/M/m/w, then Burke's Theorem and the results quoted earlier for the
random splitting and superposition of Poisson flows, indicate that each of the
above arrival processes (to each of the queues) will also be Poisson.
Consider O; where i=1, 2, 3 or 4. For this queue, standard M/M/m/co results
may now be applied with Ay, as the arrival rate to find py(n,) as the
probability of there being »; customers in the system at O, - this would of
course also require knowledge of the mean service at this queue. This
computation may be done for each of these queues to find the state
probability distribution for each queue. Note that this procedure may be
generalized for any queueing network as long as there is no feedback and
may be used for any type of M/M/m/e queue. (The presence of feedback
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will introduce dependencies between the output and input processes of the
queue and therefore these statements cannot be directly made. However, it
turns out that, even in such cases, this approach is still valid.) In this case, we
can also obtain (using Jackson's Theorem discussed subsequently) that the
joint state distribution for the system overall will be given by the product of
the individual state probabilities as

P(ny,ny,ny.n,) = Por (n )sz (, )Pgs (ny )PQ4 (n4) (3.1

Jackson’s theorem is also the one which shows that the approach given
above may be used to give the same kind of product form solutions, even
when there is feedback present in the system. This theorem is given next.

5.3.1 Jackson’s Theorem

Jackson's Theorem is applicable in a Jackson Network. This is defined to
be an arbitrary network of M/M/m/w queueing nodes where jobs arrive in a
Poisson stream from outside (to one or more nodes) and are transferred
probabilistically from one node to another until their eventual departure from
the system. The departures can also occur from one or more queues. (Note
that the system is therefore an open queueing network.)) The M/M/m/w
queueing nodes are sometimes also referred to as Jackson Servers.

Consider a Jackson Network with K such queues and let A, be the average
arrival rate from a Poisson process from outside entering the network to the
"™ queue O, Note that A,=0 implies that there is no arrival from outside to
Q. It should also be noted that we are considering an Open Network here
(Closed Networks are considered later) and that for such networks, at least
one such A; >0 must exist for at least one of the queues. A customer served
at (; is routed to O, with routing probability p, or exits the network with

©

probability {1~Zpy:l. Let A; be the total average flow rate of arrivals
J=1

entering ¢),. This may be found by applying the flow balance conditions

given in Eq. (5.2) and solving the set of simultaneous equations for the mean

arrival rates of jobs {4} j=1,....... , K to each of the X queues in the network.

K
A=A, +> Ap; for j=12,...K (5.2)

i=]
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For an Open Network as being considered here, the K equations given by
the above may be solved to obtain the average arrival rate for each of the K
queues in the system. (Note that this cannot be done for a Closed Network,
which is one reason why we consider such networks separately later.) It
should also be noted that in the above, we have not restricted the routing
probabilities in any manner, which is why they may be such that there is
feedback present in the network. The set of flow balance equations given in
Eq. (5.2) may also be written in a matrix form as

[7-P"11=A (5.3)
where

AT = A, A ]

A=A s A ]

For a network of this type with M/M/m/co queues (i.e. Jackson Servers) at
each node, Jackson's Theorem states that provided the arrival rate at each
queue is such that equilibrium exists, the probability of the overall system
state (ny,......., ng) will be given as

K
P@)=P(ny,....on ) =] [ 2, (7)) (5.4)
J=1

Here p;m)=P{n; customers in Q;}may be found by considering the
M/M/m/ queue at node j in isolation with its total average arrival rate 4, its
mean service time /4 and the corresponding results for the steady state
M/M/m/» queue. Note that the individual queues, and hence the whole
network, will be in equilibrium only if the load p, = 4, /iy < m; for (),
j=1,2,...,K (i.e. for each queue in the network) where m; is the number of
servers at Q.

Note that there are some important implications of the statement of
Jackson's Theorem as it is given above. [The theorem may be generalized
further - such generalizations are mentioned subsequently.] One is that once
the average flow rates are determined, the queues may be considered in
isolation even when the network is such that there is feedback. The second is
that the states of the individual queues behave as if they are independent of
each other and therefore the joint probability of the system states will be



154 Chapter 5

given as the product of the state probabilities of the individual queues. It
should also be noted that the flows entering the individual queues behave as
if they are Poisson even when they may not actually be Poisson - such as
when the system has feedback. To see the importance of this last statement,
consider the simple feedback situation (i.e. immediate feedback) illustrated
in Figure 5.7.

Figure 5.7. Immediate Feedback to a Queue

For the example shown in Figure 5.7, consider the case when (/-p)<</
and g >>A. In this case, even if the external arrival process is Poisson, the
arrival process actually entering the queue will not be Poisson. As a matter
of fact, it can be easily seen that because of the feedback, the arrivals to the
queue will tend to be in bursts of random size, which will be triggered by the
arrival of a customer from outside. This illustrates the fact that the presence
of feedback will cause dependencies to arise and will make the arrival
process to a queue non-Poisson in nature. The importance of Jackson's
Theorem is that it states that even in such a situation, the individual queues
may be analysed as if their inputs are Poisson processes and that the overall
system state will behave as if the individual queues are independent of each
other. Using Jackson's Theorem, the queueing network example given above
may be solved for the joint state probability of the system. Some other
examples, which incorporate feedback, are given subsequently.

Network Performance Parameters
Once the actual flow rate to each queue in the network has been obtained,

Jackson’s Theorem may be used to first obtain the state distribution of each
queue in isolation and the overall state distribution as the product of the
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individual distributions. Using these flows and the state distributions, the
following parameters of interest are typically calculated.

K
Total Throughput = A= A, (5.5)
Jj=I

This follows from stability considerations, as the flow in of jobs entering the
system must be equal to the flow out of jobs leaving the system, when the
system is stable. The average traffic load to each queue may be found as

A,
Average traffic load at node j (i.e. Q) = p, = —L (5.6)

Visit count to node j =V, = 7’ (5.7)

The visit count to node j, is a measure of the average number of visits a
job makes to the queue O, once it enters the queueing network. These may
also be found directly by solving the X linear equations of Eq. (5.8).

A K
vy =— 2y (5-8)
i=1

It is easily seen that Eq. (5.8) may be directly obtained by normalizing the
flow balance equations of Egs. (5.2) or (5.3) by A. This is sometimes
preferred but the two equations are really the same and if Eq. (5.8) is used to
solve for the visit counts then the actual flow to the queues may be obtained
using 4,=AV, forj=1,2 .....K

Average number of jobs at node j = N , = Z kp ; (k) (5.9)

k=0

K
Average number of jobs in system = N = Z N, (5.10)

J=1
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Note that Eq. (5.9) directly follows from the definition of the state
probability for each of the queues, O, j=1/,2,......K and (5.10) is obtained by
summing the mean number in each queue in the network. Applying Little’s
result to O, with the average arrival rate A, (i.e. W,= N,/4; ) will then give the
total mean delay W, (queueing delay and service time) that a job will
experience every time it visits ;. Note that a job enters O, for ¥, times,
every time it enters the system. Therefore, the total time spent by a job in O,
every time it enters the system will be V)N, /4, = N;/A. One can also detine
the performance parameter mean sojourn time as the mean total time spent in
the system by an arriving job before it leaves the network. This may be
found either as the sum of the total times that the job will spend in each of
the K queues in the network or one may apply Little’s result directly to the
overall network and obtain this as N /1. Both these definitions are given in
Eq. (5.11).

Mean Sojourn Time = W = (5.11)

Actually, the Product Form expression for the state probabilities of a
queueing network (Closed or Open, even though we have only mentioned
Jackson’s Theorem for open networks above) holds for any network where
the local balance conditions are satisfied. Specifically, open or closed
networks with the following types of queues will all have a product form
solution -

[am—

FCFS queues with exponentially distributed service times

2. LCFS pre-emptive resume queues with service times having a
Coxian distribution

3. Processor Sharing (PS) queues with service times having a Coxian
distribution

4. Infinite Server (IS) queues with service times having a Coxian

distribution.

A Coxian Distribution is one where the L.T.. of the service time’s
probability density function is of the following form.

LB(S):71+Zﬂ1ﬂ2 ----- ﬂJ’mH at
i=l

=1 s+ /,l.l
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with #, =1-y, for1<i<r and Ve =1

The Exponential Distribution may be observed to be a special case of a
Coxian Distribution. Tt should also be noted that for queues of the type
mentioned above, an arrival process that is Poisson in nature, would lead to a
departure process that is also Poisson in nature. This result is once again
useful because a Poisson process may be randomly split or different Poisson
processes may be combined without losing the Poisson property.

We consider next some actual examples of open networks which may be
analysed using the approach given in this section.

53.2 Some Examples of Jackson Networks

Example 1

Consider the queueing network shown in Figure 5.8 which is an open
queueing network with feedback.

- A=
A TN A A p P
—> M/QA/]I// >
p2
A2 pitps=l
o Az =ip3
2 ‘,___
M/M/ 1 12

Service Rate of Q=1
Service Rate of Q=1

Figure 5.8. Open Queueing Network of Example 1

For this simple system, we can immediately observe from Flow Balance
that

Al -
2= and 2, =200
P Py
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Al —
and p2 = w
H D, Ha P

Therefore, p, =

Using the results for M/M/1 queues, one can therefore get

/7}

System State Probability: P(ny,ny)=p" (- p)py2(-p;)

Mean Number in the Queues: N, =———and N, =

Therefore N =N, + N, will be the total mean number of users in the overall

system. We can also apply Little's Formula to get the total time spent by a
job entering the system to be

W:ﬁ: P " P2
A Al=-p) Al-p,)

Example 2

Consider the network of Figure 5.9, where arrivals can enter the network
at two points with rates » and 2r. The queues O, and Q- have service rates 2u
and u, respectively

2u
‘)@——” A o P
M/M/1 >
I-p
7
_ _>€:,:>’12>—Q—_ I
2
2r MM/ >
Pl 12p

Figure 5.9. Open Queueing Network of Example 2
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From flow balance conditions, we get

A =r+4,(1-2p)
Ay =2r+ 4(l-p)+4,p

Solving these we get

/1,:'”(3”5‘7) PRERACEy2)
2p(1- p) *2p(1-p)

_ r(3-5p) b= "GP
' aup(1- p) 2 2up(1 - p)

The joint state probability of the two queues in the system will then be given
by

P(ny,ny) =1~ p)A-py)p" py?
The average visit counts to the two queues will be given by

_ 3-5p _ 3-p
' 6p(-p) 2 6p(1-p)

Using, M/M/1 results, we can find the mean number in the two queues to be

N, = P N, = P>
1-p 1= p,

The mean of the total number of jobs in the system will be

N=_F1L_, P
l=p, 1-p,

The mean sojourn time W of a job entering the system (at either of the two
entry points) may then be found to be N/3r. This follows from the
application of Little's result to the value of N obtained above.
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Example 3
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P i >
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Figure 5.10. Open Queueing Network of Example 3

Consider the open network of single-server M/M/1 type queues shown in
Figure 5.10, where the mean service times at the queues Q,, (5,05 and @,
are specified to bel/u, 2/u, 2/1 and 2/u seconds, respectively. Let A be the
average external arrival rate (Poisson) to ;. Apart from the usual
performance parameters as considered in our earlier examples, in this case,
we would also like to find the maximum value of A4 under which the network
will operate in a stable fashion. For this, we identify the first queue that
becomes unstable as A increases and the mean number in each of the other
queues when the first one becomes unstable. The flow equations for the
network are

024, +024, + A =4,
Ay =2y =044,
Ay =022, +0.64, +0.64,

Solving these, we get the solution for the mean arrival rates to each queue to
be

A= (A4, 4,,45,4,)=(1.19051,0.47621,0.47621,0.80951)
and the traffic is

B =012 Prs P3s pg) =(1.19059,,0.9524 p,,0.9524 p,,1.6190 o, )
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with py =/
Following our usual approach, we obtain the system state probability as

ny _np+n3 _ng

P(n]9n25n3an4)=(1—pl)(l_pZ)z(l_p4)pl £ Pa

for 0<n,,n,,ny,n, <o

and N, =2 N, =N, =2 N, =L
1-p 1-p, 1-p,

Note that p, is the largest queue traffic occurring at Q4. Therefore as the
offered traffic A increases, this is the queue that we expect to become
unstable first. The condition p,</ is then the required stability condition for
the network. This, therefore, implies that p)<0.6176 or A<0.6176u for the
queueing network to be stable.

The stability limit of p,<7 also implies that at the point when the network
is about to become unstable, the traffic at the queues Q,, O, and Q; will be
£:<0.7352 and p, =p;<0.5882, respectively. At this stability limit, the
number in each of the queues Q, O, O; and O, will be N,;=2.7764,
Ny=N;3;=1.4284 and N,—»co.

5.4 Extensions to Jackson’s Theorem for Other Open
Networks

The statement of Jackson's Theorem can actually be generalized to cover
more complex queueing networks than the one discussed earlier in Section
5.4. The statements of Jackson’s Theorem for two such extensions are
summarized next.

5.4.1 Jackson's Theorem with State Dependent Service Rates at the
Queueing Nodes

For this, assume that the service times at (), are exponentially distributed
with mean //z;(m) when there are m customers in (), just before the
departure of a customer (Note that m would include the departing customer.)
Unlike the network considered in Sec. 5.3, here the service rate py(m) is
actually dependent on the number of customers currently in the queue. This
approach may be used to model multi-server M/M/- type queues in a very
general fashion.
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Consider a queueing network of K queues formed with queues like O, , as
described above, where the other assumptions remain the same as before in
Section 5.3. Let the load py(m) at O; when there are m customers in that
queue, be defined as

l/

()

p,(m)=
where the A/'s are obtained by solving the flow balance equations

X
ﬂ_/, = A./ + Z’lipu' forj=1, ..... , K

i=1
as before. We also define

Pi(n;)=1 n. =0

I’lj

p,; (k) n; >0
k=1

Then Jackson's Theorem for this network of queues with state dependent
service rates states that the system state probability will be given by

P(n)=P(n,n,,..... ,nK)zéHf’k(nk)

] Iee] K
with Normalisation Constant G = Z ...... Z HR (n,), 0<G<eco.
n=0 ng =0 i=]

It is important to note that the system’s state probability distribution is
still in the form of continued products and hence this solution is also
classifiable as a product-form solution. For any given queue (), the service
rate when the queue is in state m can be arbitrarily specified and this
specification may be done differently for different queues. This is a very
powerful feature of this extension to Jackson’s theorem as it not only allows
the individual queues to be modelled in a variety of different ways, but also
allows queues of very different types to be mixed together in the same
queueing network. As a simple application of this concept, we can consider
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queueing networks made up of multi-server queues. Consider a particular
queue with s servers. We can then consider the service rate w(m) for that
queue to be mu for m<s, and su for m>s. Here we assume p to be the
service rate of one server and the service times to be exponentially
distributed with mean 1/z.. Other more complicated service scenarios may
also be modelled in this fashion. Note that, as assumed in Section 5.3, we
still require the individual service times to be exponentially distributed and
the queues to be ones with infinite buffers.

5.4.2 Queueing Networks with Multiple Customer Classes

Jackson's Theorem is also applicable to networks serving multiple classes
of customers, provided that at each queue the service time distribution is the
same for all customer classes. Consider such a queueing network with C
customer classes (i.e. c=1, ....... , C) with

(a) average rates A;(c) for Poisson arrivals of class ¢ from outside to
the network at node j

(b) routing probabilities p,;(c) giving the (transition) probability that a
job of class ¢ completing service at node 7, goes to node j next

Assume that the mean service time (exponentially distributed) at O, when
there are m users in that queue, is given by //14(m) as in Section 5.4.1 earlier.
Note that this is also state dependent as in the previous case but is now
required to be the same for all the C classes. We define the vector

where #; is the number of customers in O; and ¢; is the class of the customer
in the /" position in Q. Note that the vector z; essentially gives the
composition of ; at a given instant of time. The state of the network at a
given time instant may then be represented by the vector z', where

We can solve the flow balance equations for each type of job c=J,....,C to
obtain the arrival rate of class ¢ customers to O, as A(c) j=1,...K and
¢=1,....,C . Using this and the service rate model for each of the queues, we
can define the following load parameter.
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4,(¢)

u,; (m)

~

p,c,m)=

We also define

K
and G = Z H P;(z,) as the normalisation constant.
(-1 - zx ) J=l1

Jackson's Theorem for this type of queueing network then states that the
state probability of this system will be given by the following product form
expression.

K
PE =176
J=I

5.5 Closed Queueing Networks

We showed an example of a Closed Queueing Network earlier in Figure
5.2. Here jobs would continually circulate around the network as shown,
with probabilistic routing between the nodes. There are no arrivals from
outside nor are there any departures from the system to the outside world.
The system is started with a certain number of jobs and these jobs
continually circulate in the network moving from one node to another on
completing service at the former. The destination node, to which the job
moves on completing service at the earlier queue, is decided based on the
probabilistic routing specified by the routing probabilities.

Consider a closed network of this type with K queues - O, ...... , Ok
Assume that there are M jobs of the same class circulating in the network.
(As mentioned in the case of open networks, it is also possible to have
multiple classes of customers for closed networks as well. The formulation
of the problem and the results may be extended to cover this case which will
be somewhat more complicated but solvable in a similar fashion.) Let p;; be
the routing probability from O, to (; - i.e. a job finishing service at O, will be
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routed to Q; with this probability. Note that if O, to O, is the only transition
possible, then p;;=/. Since we are considering a closed network, jobs must be
routed to one of the queues in the network and the sum of the transition
probabilities from Q; to any other {; in the network (including @, itself) must
add up to unity. This implies that we have

Zp,jzl Vi
V)

in a closed network.
Let A, be the total average arrival rate to O, j=1,..... , K where
application of flow balance would lead to the following K equations

K
2= A, ol K (5.12)
=1

Note that these equations are not independent (since there are no external
arrivals to the network) and hence (unlike the Open Network case) they
cannot be solved to uniquely find the 4;s for the K queues, j=/,....., K.
However, using any of the K-/ equations in the above, we can find the 4;’s
up to a multiplicative constant. In order to do this, assume that a(M) is an
(unknown) scalar quantity and let {ZJ*} j=1,...,K be a particular solution of
Eq. (5.12) such that the true average arrival rates {A(M)} j=I.....K are
given by

A,(My=a(M)A,  j=I....K (5.13)

Note that both a(M) and {4,(M)} are functions of the population size M (i.e.
the total number of jobs circulating in the system) though {ﬂj*} j=1,.,K are
independent of M.

An alternate approach which is equivalent is to choose any one queue in
the network (say Q) as the reference queue and assume that A =a, where
any value of @ may be chosen. (One usually chooses something which is
convenient such as a=y; so that p,:/l,*/,u, becomes equal to 1, simplifying
calculations.) We can then use the flow balance equations given by Eq.
(5.13) to obtain (A2 25 e, A¢) in terms of a. Note that (1, 4;",......., )
are referred to as the Relative Throughputs with respect to the reference
queue - which, in this case, was selected to be O, (any other queue may also
be chosen as the reference queue).
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Let 14(m) be the (state dependent) service rate at (J; (where the service
times are exponentially distributed) when Q; is in state m. Note that the
service times for a particular job at a qucue are still assumed to be
exponentially distributed even though the service rates at the queue may vary
depending on the state of the queue. Using any particular solution {2} of
Eq. (5.12), we can then define

*

A
u;(my=— j=1, ..., K m=1...M (5.14)
' H,; (m)

as the relative utilization of O, with respect to the relative utilization of the
reference queue. Let

Pi(n;)=1 n; =0
T ‘ (5.15)
=u,;(Du,;(2)....... u,(n;) n; z1

and the corresponding normalisation constant G(M) for a population M is
defined to be -

G(My= " D P(n)Py(ny).....P (ny) (5.16)

ORRE % =M

We can now state Jackson's Theorem for Closed Networks using these
quantities.

5.5.1 Jackson’s Theorem for Closed Networks

Jackson’s Theorem for Closed Networks states that for all states

Ayrrnnnn. g such that n;+my+... +nx = M, the probability of the state
vector (r;, My .o , ng) will be given by the following product-form
expression.

P(n)=P(n;,n,y,....... LA )= (5.17)

Note that the expression is indeed in a product-form (i.e. continued product
of terms) as we would expect for a Jackson Network. It should be noted that
the only restriction in the above result is that the individual service time of a
job at any of the queues is exponential in nature. We also require that the
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service rate for ; with m jobs in the queue may be expressed in the form
4, (m)as described above and that the actual service times of individual
jobs are exponentially distributed. Apart from these restrictions, the theorem
is quite general and can be applied to handle queues where the service rate
varies as a function of the system state. We illustrate this with a simple
example next.

Example

Consider the closed network with two queues Q, and O, shown in Figure
5.11 with M jobs in the system. Both O, and Q;are single server queues with
service rates g; and i, respectively, where the service times are
exponentially distributed. The routing probabilities are p, I-p, q, I-q as
shown in Figure 5.11. Note that the M jobs will continually circulate in the
network moving from one queue to another as per the routing probabilities
indicated. At any given instant of time, some of these M jobs will be in one
queue while the remaining jobs will be in the other queue.

M q
&
MM/
I-q
1-p
0,
M/M/1
P H2

Figure 5.11. A Closed Network with M Jobs

We choose the particular solution l,* for O, to be Y =u,. Then from the
flow balance equations we will get

* 1= 1-
A q q

lI-p ﬂll—p

and, therefore
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1-q #

u, =1, uz:1 b
- 2

The Steady State Distribution of the M users in the system (i.e. n; in O,
and n, in @,, such that n;+n,=M) will then be given by the product form
solution to be

n

P(n,,ny)=P(M — nn)~G(M)

where G(M) is the normalisation constant (for M jobs circulating in the
system). This will be given by

M M+1

G(M Z :1*1/(

=0 I—u,

This state probability distribution may now be used to find the various
performance parameters of the individual queues and of the overall system.
For example, the probabilities of the queues to be busy, will be given by

wy  G(M-1)
G(M)  G(M)

P{Q, is busy} = 1-P(0, M) = 1—

. - _, 1 _ G(M -1)
P{Q,is busy} = 1-P(M, 0)= 1 %) Uy GO

Visit Ratios in a Closed Queueing Network

The visit ratio V; of the i queue O, in the queueing network is defined as
the mean number of times ; is visited by a job/customer for every visit it
makes to a given reference queue, say ¢J,. (Note that this definition is very
similar to the definition of visit ratios in the case of open networks)

If O, is chosen as the reference queue, we will then have

V=2 i=1,2 ..., K (5.18)
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We can also obtain the visit ratios directly by solving for them in the same
way as solving for the relative throughputs (1, ,.... A¢*). In vector form, this
implies solving for the vector

V.P=V (5.19)

where P = [p;] is the matrix of the routing probabilities p;, of going from Qi

to O,
Relative Utilizations of Queues in a Closed Queueing Network

Note that the relative utilization u; of Q; is defined as above to be

u =2 (5.20)

This definition implies that the relative utilization of a queue is being
defined with reference to the relative utilization of the reference queue. As
mentioned earlier, a proper choice of the relative throughput of the reference
queue may be done such that its relative utilization becomes unity. This is
generally desirable, as it would then simplify subsequent calculations to
some extent.

5.5.2 Jackson’s Theorem for Closed Networks of Multi-Server
Queues

We consider here the specific case of a Closed Network of Multi-Server
Queues where there are M jobs circulating in K queues Q;,......,Ox and where
O has s; servers such that the service rate in O; when it has m jobs/customers
is w(m)=min(my, syu) with exponentially distributed service times. For this
network, an alternative statement of the product-form solution (given earlier
in Egs. (5.16) and (5.17)) for the probability of the system being in state

n=(ny,....., ng) 1s

K nj
P(ﬁ):P(nh """"" ,nK):G(lﬂl){Hﬂu(in ):| (5.21)
i=1 i\%
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for all # =(n,,.....,nx) such that n,+n,+.....+ng =M. Here fi(n;) is given by

p,=n,! n;, <s,

5.22
=Ls*,.!(s,.)(""“"> n, >s, ( )

and G(M) is the Normalisation Constant given by

K nj
GM= > (Hﬁ”(n J (5.23)

m+..A+ng =M \_i=l

For the analysis of closed networks of multi-server queues of this type,
using Eqs. (5.21)-(5.23) is generally somewhat simpler than using the
original product form expressions of Egs. (5.16) and (5.17).

In the solution of Closed Queueing Networks, the primary difficulty is
usually in the calculation of the Normalisation Constant G(M). This
computation becomes increasingly difficult to do in a direct way when the
number of queues and/or the population of jobs in the system become large,
i.e. by evaluating each component term in Eqgs. (5.16) or (5.23) and summing
all of them individually. This problem can be avoided in one of two ways.

If the mean system performance parameters are the only ones that are
really desired (and not the state probabilities), then these may be directly
computed using the Mean Value Algorithm which is based on Reiser and
Lavenberg's Mean Value Theorem [Rel.80]. This is a computationally
efficient way of calculating the mean number in each queue and the mean
time spent in the queue. Other mean performance measures may also be
subsequently computed from these parameters.

The other method suggested is a Convolution Algorithm [Mol89],
[LZS84] for calculating the Normalisation Constant G(A). This method also
provides G(M-n), n=0,..., M-I in the intermediate stages of the calculation
Note that G(M-n) is the normalisation constant for the same network when
there are M-n jobs in the system, instead of A The normalisation constant
G(M) may be used to get the state probabilities of the system as mentioned
earlier. In some cases, the normalisation constants G(/),........ ,G(M) may also
be used by themselves to easily obtain various system performance measures
in a direct and simple fashion. Note that both these algorithms can only be
applied to qucues where the individual service times are exponentially
distributed.

For a closed network of K single server queues with M circulating jobs, it
is also possible to simplify Eqs. (5.16)-(5.20) to get the following results
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K
P(GT)= PRyt ) = ———{H ul' } for ny+.....+ng = (5.24)

with G(M) as the Normalisation Constant given by

K
GMH= Y, ( u} (5.25)
1

R =M

j=

For this, consider the case where we want to compute P{n, = n}, i.e. the
probability that O, contains » or more customers. In this case, we would need
to sum P(#)over all states # satisfying this condition. This may be shown

to be

G(M -
Pin, >ny=u" éT]W)@ j=1 ..., K (5.26)

The actual utilization of a single-server queue is merely the probability
that the queue is not empty. Therefore the actual utilization p; of O, will be -

£ =uj—Gg—(1A4;)Q j=1, ... , K (5.27)

and its actual throughput 4; will be -

G(M —1)

Ay =pp; =pu, -E(A_lj_ j=1, ... , K (5.28)
for each queue @, in the network, j=1/,......, K. Moreover, using the general
result that

E{n} = nP{n}=> > P{k} =Y P{k>=n} (5.29)

n=1 n=1 k=n n=1

we can derive the mean number E{n;} in Q; to be
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. G(M m)
E =7, ..., K 5.30
{n,} 21 Gon -’ (5.30)

Note that the results given in (5.26)-(5.30) are really useful if the
normalisation constants for the queueing network of single server queues are
known for m=1,....... ,M (where M is the actual population of jobs in the
system). This, for example would be the case if the convolution method is
being used to solve the network. In that case, these equations may be used to
quickly obtain the performance results for the individual queues in the
network. This method is described in the next section.

5.6 Convolution Algorithm for Finding the
Normalisation Constant for a Closed Queueing
Network

We present here the convolution method for finding the normalisation
constant G(M) for a closed network of K queue with M jobs circulating in
the network. The jobs are considered to have exponentially distributed
service times. We consider separately the two cases (a) where all the queues
are single-server queues and (b) where one or more queues may have more
than one server or when one or more queues have state-dependent service
rates. The algorithm given for the latter may be used for the network of
single server queues as well. However, the former algorithm is more simply
stated and easier to use for actual calculations.

5.6.1 Network of Single Server Queues
Define the variable g(n, k) as the normalisation constant when there are n

jobs circulating in a network with & queues where the individual queues have
the same relative utilizations as in the original network. This is given by

gmhky= > (ﬁ u,” J (5.31)

ap A=\ i=l
This may be expressed equivalently as
n n-1 n-1 n=-2_ 2
gnk)y=u;, +u uy +......... up u fup U, +u,”  (5.32)

We can then write g(n-1, k) and g(n, k-1) as
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en—Lk) =u"" +u"uy +...c...... "y v +u,"”
(5.33)
gmk-D=u" +u," " uy +.......... v M ) ) A +u, )"
(5.34)

This leads to the following recursion for g(n, k)
gnk)y=gmn k-1 +u,grn-1k) (5.35)

The recursion of Eq. (5.35) is basically the one needed where we start the
recursion with the initial values g(0,k)=1and g, 1)= u,” for k=1, ..., K and
n=I,..., M. The required normalisation constant G(M) is then given by

G(M) = g(M,K) (5.36)

which is obtained at the end of the recursion process. It should be noted that,
as mentioned earlier, the normalisation constant when there are L jobs
circulating in the network, for L=1,....,M-1 is also obtained as intermediate
results during the actual process of recursion. These values may then be
conveniently used, as in Eqs. (5.25)-(5.30), to find the performance
parameters of the network.

5.6.2 Network of Multi-Server Queues or Network of Queues with
State Dependent Service Rates

The convolution method may also be conveniently used for finding the
normalisation constant for a network with K queues with state dependent
service rates when there are M jobs circulating in the system. Note that the
case of multi-server queues will just be a special case of this.

For this assume that the state dependent service rate at O; when there are
Jj customers in the queue is given by g;(j). Note that this will be the value of
the service rate until just before the departure of the j” customer from 0. We
can define the relative utilization for Q; this case to be

*

_ A (5.37)

u, =
4; (D)

We define a quantity 4,(n) as follows
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A (n)= HM (5.38)

Note that for the case of multi-server queues (but not for queues with general
state-dependent service rates) 4;(n) will be the same as f,(n). Using these, we
can now write the recursion for g(n, k) as

g(n,k)zi @) o jk-1) (5.39)
oA

with the initial values g¢0, k) and g(n, 1) given as -

()"
4,(n)

2(0,k)=1 and g(nl)= k=1..K n=1 ..M (540)

As in the earlier case, the recursion ends when g(M, K) has been calculated
to provide the required normalisation constant G(M) as

G(M)=g(M.K) (5.41)

5.7 Mean Value Analysis (MVA) Algorithm for a Closed
Queueing Network

This algorithm directly computes the mean performance measures of the
network without computing the normalisation constant or evaluating the
state probabilities though extensions to compute state probabilities are also
possible. Since the performance parameters are directly computed, this
algorithm is a very convenient one to use if only these parameters, and not
the actual state probabilities, are really required. This method is based on
Resire and Lavenberg's Mean Value Theorem. This theorem [Rel.80] states
that a customer arriving to a queue in a Product Form Network sees the
same average number in the queue as an outside observer will see if the
network had one less customer.

We do not consider the proof of this theorem in this text but it is easy to
see how it helps in analysing a closed queueing network. We can add
jobs/customers to the network, one at a time, to derive the queueing results
for the case of n+/ jobs in the system from the results obtained earlier when
there were 7 jobs in the system. The total delay seen by a job being added to
one such queue will then be the newly added job’s mean service time and the
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total delay seen in that queue when there was one less job in the system. This
last statement follows from the statement of the Mean Value Theorem. This
approach is easy to see in the recursive MVA algorithm given subsequently,
which is started with zero jobs in the system (when all queues will be empty
and all queueing delays will be zero) and is continued until A jobs have been
added to the network.

We give next the actual statement of the Mean Value Algorithm (MVA)
that has been devised using this theorem for analysing a queueing network.
Note that as expected, the mean performance results are the same for FCFS,
LCEFS or Processor Sharing (PS) queues. (In a processor-sharing queue, the
service resources are fixed but are shared equally by all the customers in the
queue.) The Infinite Server (IS) queue is a special queue, which has an
infinite number of servers working at the same service rate independent of
the number in the queue. However, since there are an infinite number of
servers, all the customers present in the IS queue will get served
simultaneously. Note this also happens with a PS queue, except that in this
case, since the service resources are fixed, the service rate available to the
individual jobs in the queue will go down linearly as the number of jobs in
the queue goes up. In the MV A algorithms given next, the individual queues
may be FCFS, LCFS, PS or IS in nature and these can be mixed in any
manner in the queueing network being analysed. Note once again that this
algorithm may only be applied if the jobs have service times that are
exponentially distributed.

In the following, we consider separately the MV A algorithms for the case
of (a) closed quecueing networks of single server queues and (b) closed
queueing networks of multi-server queues. The algorithm of (a) may be
obtained from that of (b). However, it is still useful to state the algorithm for
single-server queues separately as it is substantially simpler to understand
and use than the more general one for multi-server queues.

We need to introduce the following notation for our statement of the
MVA algorithm given subsequently. Note that we are considering the
application of this algorithm for a closed queueing network of K queues with
M jobs circulating in the network.

Ni(n) Mean number of jobs in (J; when there are a total of # in the
network. This includes the job currently being served at Q.

W(n) Mean time spent by a job in the queue ), when there are » in the
network. This is the total delay at Q; including the service time of
the job.

1/ Mean service time for a job at O; Note that this will be the same

regardless of the number of jobs/customers in O,
Vv Visit Ratio of Q. This is as defined earlier in Eq. (5.18)
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571 Network of Single Server Queues with Single Traffic Class
Initialise for each queue with N,(0)=0 k=1, 2, ..., K

Repeat Steps 1, 2, & 3 given next, for m=1, 2, ...... M. This will increase the

number of customers by 7, in sequence, until the final population of M is
reached.

1. For each queue O, in the network, k=1, 2, ..., K, calculate
1
W,(m)=— JSor IS queues
Hi (5.42)
Ny (m-1)+1

Jor FCFS, LCFS, PS queues
Hy

2. Using Little’s result, set the overall throughput as
A= _K_””_ (5.43)
PRADIS

k=1
3. For each of the queues @, in the network, k=1, 2, ...., K, update N,(m) as
N,(m)=V AW, (m) (5.44)

As mentioned earlier, the above recursion is terminated when m reaches
the desired number of jobs M circulating in the network. When that happens,
the algorithm will directly provide the following performance results for
each queue in the network -

(a) W,=W,(M) as the total average time spent by a job in queue J; of the
network, k=1, 2, ...., K. From this, the queueing delay W, at the queue O
may be found to be

w.,.=0 for IS queues

1 } (5.45)
=W, —— Jor FCFS, LCFS, PS queues
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(b) N,=Ni(M) as the average total number of jobs in O (including the one in
service), k=1,2, ...., K. From this, or using Little’s reult on Eq. (5.45), we can
also find the mean number of jobs N, waiting in queue at Q.

(¢) The average system throughput A will be directly available from Eq.
(5.43) at the final step when it is calculated for m=AM. The average
throughput 4, of the queue Q, in the network, k=1, 2, ..., K, may be found
using

A = AV, k=12, ..., K (5.46)
using the visit ratios obtained earlier using Eqs. (5.18) or (5.19).
5.7.2 Network of Multi-Server Queues with Single Traffic Class

Initialise for each queue with N,(0)=0, pi(0,0)=1, and p.(j,0)=0 for
j=1,.... J(ew-1), k=1,......, K where QO has ¢, servers.

Repeat Steps 1, 2, 3 & 4 given next, for m=1, 2, ...... M. This will increase the
number of customers by /, in sequence, until the final population of A is
reached.

1. For each queue @, in the network, k=1, 2, ....., K, calculate
1
W, (m)=— IS
Hy
-1
_N(m-D+1 Single Server FCFS, LCFS, PS  (5.47)
K
_Nem =DV Se tiple Server FCFS
My
with S, defined as
ck~1
S =2 (e = Np(G—-1,m=1) (5.48)
Jj=l1

2. Using Little’s result, set the overall throughput as
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m

A=
ZWk (m)V;
k=1

(5.49)

3. For each of the queues Oy in the network, k=7, 2, ...., K, update N,(m) as
N, (m)=V, AW, (m) (5.50)

4. For k=1, 2, ...., K, calculate the probabilities p.(j,m) as

K
pGom)=1=>" p, (i,m) Jor j=0
=1

_Ap(j-1,m—1)
Hy

On conclusion, i.e. after the step for m=M has been done, the results of the
above algorithm directly provide the following.

(a) W,=W,(M) as the total average time spent by a job in queue O, of the
network, k=1, 2, ..., K. From this, the queueing delay W, at the queue Oy
may be found.

(b) Ny=N,(M) as the average total number of jobs in O (including the one in
service), k=1,2, ...., K. From this, or using Little’s result on W, we can also
find the mean number of jobs N, waiting in queue at ;.

(¢) The average system throughput 2 will be directly available from Eq.
(5.43) at the final step when it is calculated for m=AM. The average
throughput A, of the queue O, in the network, k=1, 2, ..., K, may be found
using 4=AV.

5.7.3 MVA Algorithm for Closed Network with Multiple Traffic
Classes

Unlike the single class case where there is a main loop which increments
the number of customers in each iteration cycle, the Multiple Class case will
have a loop for each class. The basic methodology remains substantially
similar to what is done for a single class of customers. We calculate first the
average time Wy spent at node i for class £ from the average queue sizes
obtained in the earlier iteration for one less class k customer. (The equations
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are given later.) We then determine the throughput (i.e. the internal arrival
rate at node /) for each class & using Little's result for the equivalent network
as seen by a class £ customer entering node i. We finally update the queue
length at each node by adding together the queue lengths of each class as
obtained in the previous step. These steps have to be executed for all
combinations of customer populations. Note that in this case, the population
will be denoted by the vector ¢ given by c={c,......... , crt where R is the
number of classes and c¢; is the number of customers of class i. We use the
following notation.

Wi(c)= Average time spent by a class k customer at node i when the
population vector is ¢

Vi = Visit ratio for class & at node i

R = Number of customer classes

C; = Total number of customers of class i in the network

n = number of queues (nodes) in the network

m,;= number of servers at node / for multiple-server FCFS nodes
fori=1,....,n

¢, = R-dimensional unit vector

4" = mean service time (exponential random variable) at node 7 for

class &
The corresponding MV A algorithm is given below.
Step 1. Initialise the following variables to start the recursion process -
N;(0)=0;~{0,0} =1;P{/,04 =0 i=1,..,nandj=1,..., m-1I
CR:], ........ ,CR.

Note that these are the actual steps of the recursion of the MVA

Step 3. (Mean Value Theorem on each node for each class)
For i=1,....,n; k=1,....,R and if node i is in the route of class £, then
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W, ()= Nz Single Server FCFS, LCFS, PS
Hix
= R IS (5.52)
Hik
= I+ Nle—e )+ Sy Multi Server FCFS
m; Ly
where
ml-ﬂl

Su =D (m = PDP{j-1c—e} (5.53)

J=1

Step 4. (Little's Theorem for each class)
At Node 1 (selected as the reference node), calculate the following

fork=1,......, R
We(€)= 2 Wy (VL () (5.54)
i=l
and
c
Ay, () =—= (5.55)
,k W, (c)
where [(i) =1 if node i is in the route of class &
=( otherwise
Step 5. (Little's Theorem at each node)
Fori=1,..... ,n, do the following
R
N, (c)zz/llkVikW/k (c) (5.56)

k=1

Step 6. (Recurrence equation for probability update)
At each node i (i=1,...... ,n), do the following for j=1,....., m-1
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R mi -1

Z /Ik(c)V,k + Z(m, =P Jj.c}

P{O,ch=1- =1 M j=1
m;
, 1 & 2,07, _
P{jct==> "2k pli—lc—e,}
J k= Mg

(5.57)

where I(m)=1  if class m passes through node i
=0 otherwise

Note that at the end of the recursion, we will get the mean time in queue,
number in queue and throughput at the queue (with reference to node 1
which has been selected as the reference queue) for each class at each of the
nodes of the network.

5.8 Analysis of a Sample Closed Network Using
Convolution and MVA Algorithms

We consider here the application of both the convolution algorithm and
the MVA algorithm to solve the sample queueing network of Figure 5.12
when there are four jobs circulating in the network, i.e. M=4, K=3. All the
queues are assumed to be single-server queues with respective service rates
=1, 1,=0.5 and 13=0.2. Note that the service times of the jobs in each of
the queues Q;, 0, and Qs are then exponentially distributed with means 7, 2
and 5, respectively.

IU]:] élg:O..S 0.2
—» o, 22 @—» 0, ¥
05 0.8

0.6

IU_;:O.Z 0.4

Figure 5.12. A Closed Queueing Network of Single Server Queues, M=4
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The flow balance equations for this network are

2 =024, +0.44,

2, =052 +0.64,
Solving these for a particular solution with 1, =1, we get

A =1, 2,"=1.5385 and A3 =1.7308 Relative Throughputs

The relative utilizations and the visit ratios can also be calculated from the
relative throughputs and are found to be

u;=1, u,=3.077, u;=8.654 Relative Utilizations

V,=1, V,=1.5385, V;=1.7308 Visit Ratios

These may also be computed directly by solving the respective set of linear
simultaneous equations.

5.8.1 Using the Convolution Algorithm

In this case, we start the recursion of Eq. (5.35) using the values of the
relative utilizations u,, u, and u; calculated above with the initial values
2(0,k)=1 and gmk)=u," for k=1,2,3 and n=1,2,3,4. The following values
were obtained.

Table 5.1. Values of g(n,k) for n=0,1,2,3,4 and k=1,2,3

k 1 2 3
n
0 1 1 1
1 1 4.077 12,731
2 1 13.545 123.72
3 1 42.678 1113.35
4 1 132.32 9767.26

The value of the normalisation constant for a network with M=4 would
then be G(4) = g(4,3) = 9767.26. Note that the last column of the table
actually gives the normalisation constants G@#) for »=0,1,2,3,4 in the
corresponding rows - these would correspond to a network where there are n
circulating jobs.
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For nj, ny n; 20, and n,+n,+n;=4, we then get that

1

3.077)" (8.654)™
9767.26( )7 )

P(ny,ny,ny)=

as the joint probability of the queue states (i.e. the system state probability)
at equilibrium. The actual throughputs of the three queues are found using
(5.28) to be

A, =0.114, A, =0.1754, A, =0.1973
The mean numbers in each queue is computed using Eq. (5.30) as

N, =0.1281, N, =0.5178, N;=3.3541
5.8.2 Using the MVA Algorithm

In this case we start the recursions of Eqs. (5.42)-(5.44) with the initial

values N,;(0)= N,(0)= N;(0)=0 and do this recursion for m=1, 2, 3 and 4.
The following values were obtained at each step.

1. For m=1

w,()y=1,W,(1)=2,W,(1)=5
A=0.07855
N,(1)=0.07855,N,(1)=0.2417, N, (1) =0.6798

2. For m=2

W, (2)=1.07855W,(2)=2.4834,W,(2)=8.399
A=0.1029
N,(2)=0.11098, N, (2)=0.3932, N,(2) =1.49586

3. For m=3

W,(3)=1.11098,1, (3) = 2.7864,W,(3) = 12.4793
1=0.1111
N, (3) =0.12346, N, (3) = 0.4764, N, (3) = 2.4002



184 Chapter 5
4. For m=4

W, (4) =1.12346, W, (4) = 2.9528,W,(4) = 17.001
2=0.114
N, (4)=0.12806, N, (4)=0.51783, N, (4) =3.35411

The average total delay at each queue and the average number in each queue
are directly given by the values obtained above for m=4. The network
throughput 2=0./174 is also available. Using this and the visit ratios obtained
earlier, we can also find the actual throughputs for each of the queues in the
network using Eq. (5.46).

5.9 Norton’s Theorem for Closed Queueing Networks

Norton’s Theorem for the analysis of closed queueing networks draws its
inspiration from its analogy with Norton's Theorem in the analysis of
electrical circuits where a complex circuit is compactly represented as a
current source with parallel impedance driving the load impedance. The
current source and its parallel impedance then represents the rest of the
circuit other than the load impedance whose effects are required to be
studied, i.e. the voltage across the load and the current through it.

Norton’s Theorem for closed networks performs an essentially similar
function. It is basically a technique to reduce a closed queueing network with
K FCFS exponential service queues and M jobs/customers circulating in the
network so that the performance of one of the queues (any queue in the
network) or the performance of a sub-network of the queues may be easily
studied. Following this method, a smaller equivalent network may be
obtained by replacing all queues except those in a designated sub-network by
a single Flow Equivalent Server (FES). The authors (Chandy, Herzog and
Woo) of this method [CHW75] show that for certain types of system
parameters, the behaviour of the equivalent network will be exactly the same
as that of the original network - this is also known as the Chandy-Herzog-
Woo Theorem and is illustrated next. This approach may also be extended as
an approximation to a closed network of FCFS queues with general service
times. It can also be extended to networks with other service disciplines and
may also be used for networks that have several classes of customers. In this
section we will, however, limit our discussion to the simple, closed queueing
networks with a single class of jobs, which have exponentially distributed
service times and probabilistic routing.

In order to illustrate the application of Norton’s Theorem to such a closed
queueing network consider the example network of Figure 5.13 where we
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have identified the queue O, as the queue whose performance needs to be
studied. (Note that we could have also considered a sub-network of queues
to be studied instead of just one queue Q,.)

— T

1]

Figure 5.13. Original Queueing Network before Reduction

Consider the situation where we want to characterize the queue O, in
different ways and see how this affects the performance of the queue and the
throughput of the overall network. This, for example, may be done by
changing the service rates at Q. Obtaining the queueing statistics at (; for
different characterizations of it will be simplified if the rest of the closed
queueing network can be given a more compact representation - preferably
as a single queue. The technique of Norton Reduction may be applied to this
network to obtain such a compact representation of the rest of the queueing
network other than the queue Q. The final objective of this objective of this
reduction will be to obtain the network given in Figure 5.14 where the sub-
network other than Q, is replaced by a single queue with a state dependent
service rate p(j) where j is the number of jobs in that queue. This queue is
also referred to as a Flow Equivalent Server (FES) representation of the
equivalent queue replacing the rest of the network (other than (). The
reason for calling it a flow equivalent server is because it represents that sub-
network of queues by a single queue, which is equivalent in terms of the
overall flow from that sub-network. It should be noted, however, that the
actual nature of the equivalence will depend on the number of jobs that one
considers the closed network to have - the equivalent service rate z(j) of the
flow equivalent server will vary depending on the number of jobs circulating
in the network.
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<«

FES
Flow Equivalent 0
Server !

T uG)=10)
<

Figure 5.14. Equivalent Network with Flow Equivalent Server

B

The flow rate u(j) of the FES may be calculated as 7(j) where this is
obtained by shorting A and B and evaluating 7(j) as the throughput between
these points when there are j jobs circulating in that modified network. This
is exactly analogous to way the “short-circuit” current is evaluated in
applying Nortons’ Theorem to an electronic circuit where the strength of the
equivalent current source is taken to be the value of this short-circuit current.
This is illustrated in more detail in Figure 5.15. As shown in the figure, the
flow rate of the FES is calculated by removing the queue O, of interest and
connecting its two end points A and B directly, i.c. by short-circuiting the
queue. This may also be done by making the service time of Q, to be zero.
The flow between A and B will then be the network’s throughput and is
calculated as 7(j) when there are j jobs circulating in this modified network.

Figure 5.15. Network to Obtain the Flow Rate 7(j) of the FES with j Jobs in the Network
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In general, the portion of the network that can be isolated is not limited to
a single queue and can be a network of queues. Following usual
terminology, such a network of queue is called the designated network and
the remaining network is called the aggregate. The aggregate network is
reduced to a single FEC and the performance of the designated network is
studied for variations in the parameters of the designated network. This
hierarchical decomposition produces exact results for a large class of
networks - i.e. the ones typical referred to as BCMP Networks [BCM75]
where local balance conditions hold. The procedure is summarized below.

1. Seclect the designated sub-network of queues from the original
network that is to be studied. The remaining network is the
aggregate network to be reduced to a single FES.

2. Generate a queueing network in which the service times at all the
queues in the designated network is set to zero, i.e. this is the
process of shorting them. Note that the designated network should
be selected such that the throughput through all the shorts in the new
network should be identical.

3. Solve the above network using any of the known techniques. Solve
this for all possible values of the network population, i.e. j=1,...., M.
The throughput through the short for different populations
correspond to the service rate of the FES with that number of jobs in
the queue, i.e. 7(j).

4. The service rates of the equivalent FES are now available for
different values of the number of jobs j circulating in the network.
We now consider the equivalent network with the designated
network and the FES where the FES replaces the aggregate network.
The results for the designated network in this equivalent network
will be the same as those in the original network.

Aggregation produces exact results for queueing networks with a
product-form solution. However, this approach may be computationally
more expensive than using the usual techniques (MVA or Convolution) if
the objective is to solve for only one set of parameters for the designated
network.

The real advantage of aggregation may actually lie in solving non-
product form queueing networks. In this case, the usual strategy is to put the
components that do not have the product form in the designated network. A
FES is then obtained for the aggregate, which contains only those queues
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that would have a product form solution. The equivalent network may now
be solved using either approximate non-product form solution techniques or
by simulation. Since solving an actual non-product form network is
computationally very expensive, the reduced number of queues in the
equivalent model would reduce the computation time. However, in this case,
aggregation is only an approximation. This is because the FES cannot
exactly model the behaviour of the aggregate as the information on the
location of the customers in the aggregate is discarded. However, in many
cases of practical interest, the approximation provided by this approach gives
acceptable results.
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Problems

{. For the following open network with two single server, infinite-buffer
queues, O, and Q,, solve for the throughputs of each queue.

External Arrival Rateto O, = 4  External Arrival Rate to O, = 0
Service Rate of O, = 1 Service Rate of O, = 11,
Routing Probabilities are P(1,1) = p, P(1,2) = I-p, P(2,2) = q

2. For the following open network of single-server, infinite capacity queues,
0,, O, and Q;, solve for the throughputs of each queue, the average number
in each queue and the total delay in the system.

External Arrival at rate A only to O,
Service Rates of Q,, O, and Qj; are respectively, 1, 1, and 1

Routing Probabilities are - P(1,2) =1
P2,1)=0.1, P2,2) =055 P2,3) =03
P32 =1

3. Consider the open network of single-server, FCFS, exponential service
time queues shown in Figure 5.16

A
0.2
e
0.5 ‘
T > 0 h
0.5
0.2
_>—Q—3"1 . 0.6 |,

Figure 5.16. Open Queueing Network of Problem 3

The external arrivals are at O, from a Poisson process with average arrival
rate A. The mean service rates are £ = g3 = u and g, = gy = 0.5

(a) What will be the maximum value of A for which the system will be
stable?
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(b) For A=0.1 and u=1, give the state distribution of the system, the mean
number in each queue and the mean time spent in the queueing network by a
new customer entering the system.

4. For the following closed network of three single server, infinite-buffer
queues, O;, O, and J;, solve for the visit ratios of each queue -

Routing Probabilities are Pcl,2) =05 P(1,3) =0.35
P21)=1/8 P2,2) =7/8
P3,1) =1/4 P(3,3) =3/4

Assume that u is the service rate of each of the queues in the network, and
that the number of jobs circulating in the system is 5. Solve for the state
probability of the overall network. Consider applying the convolution and
MVA algorithms to this network as well.

5. Consider the following closed network of single server queues, Q;, O;and
0, with service rates 36, 3 and 1, respectively -

Routing Probabilities are P(1,1)=1/2, P(l,2) = 1/6, P(1,3)=1/3
P2 1) =1
P@3,1) =1

Assume that there are four customers in the network. Find the relative
utilization and actual utilization of each queue, the average number in each
queue, the throughput of the overall network and the average delay of each
queue using the convolution algorithm and/or the MVA to solve the
network.

6. Consider a closed network of four FCFS single-server, infinite-capacity
queues, ;- Q,. The mean service times (exponentially distributed) for Q,,
O, Qs and Q, are respectively 0.35, 0.25, 1.50 and 2.0. The routing
probabilities between the queues are given to be -

To Q, O, 0O 0O,

From

0, 0./ 05 0.1 0.3
o) 0.0 0.0 05 0.5
Qs 0.2 0.2 03 03

0y 0.8 0.0 0.0 02
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(a) Obtain the visit ratios, V-V, for each of the queues, taking O, to be the
reference queue with V,=1.

(b) Use the MVA Technique to obtain the mean number (waiting and in
service) in each queue, and the mean time spent in each queue by an arriving

customer when there are a total of 6 customers in the queue.

7. Consider once again the queueing network of Problem 6 with a total of 6
customers in the network, and obtain the following -

(a) Calculate the relative utilizations, u,-u,, of each queue, assuming u,=1
(b) Apply the Convolution Algorithm to find the Normalisation Constant.
(c) Calculate the actual utilization of each queue.

8. Consider the closed network of single-server queues shown in Figure
5.17. The mean service times (exponentially distributed) at the queues Q;, O,
and Q; are given to be 0.028 seconds, 0.040 seconds and 0.400 seconds,

respectively. Assume that there are 6 customers in the network.

(a) Calculate the normalisation constant and give the expression for the state
distribution of the network.

(b) Find the actual throughput of each queue and the throughput of the

network.
e

0.7

0.1

- O, |
> O
x 0.2

—:Q_s_}—»[

Figure 5.17. Closed Queueing Network for Problem 8




192 Chapter 5

(¢) Use the state probability distribution to find the mean number in each
queue and the mean time spent by a job in each queue.

(d) Obtain the results of (c¢) directly by solving the network using the MVA
algorithm.

9. Consider the closed queueing network of single server queues with
exponentially distributed service times, as shown in Figure 5.18.

A
0.2

0.8

0.5
o B0

0.5
0.6

—> 0, |

¥0.4

Figure 5.18. Closed Queueing Network of Problem 9

The average service rates of the queues Q,, O, QOsand Q,are 1.0, 1.0, 0.5
and 0.5, respectively. The system has a total user population of 6.

Use the convolution algorithm to obtain the normalisation constant and the
state probability distribution of the network. Use these results as well as the
MVA algorithm to obtain the actual throughput of each queue, the overall
network throughput, the mean number in each queue and the mean of the
total time spent in each queue.
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Advanced Queueing Networks
Approximation Techniques and Algorithms for Open and Closed
Queueing Networks

Exact analytical methods are available for studying open and closed
queueing networks with product-form solutions. Examples of such networks
and the methods for obtaining exact analytical results for them were
considered in Chapter 5. These results are applicable only if the queues
satisfy all the restrictive conditions that are required on their respective
arrival and service processes. These conditions may be quite restrictive and
may not allow us to use these techniques under more general conditions.

In this chapter, we consider various approximation techniques that may
be used to study queueing networks of different kinds, which cannot be
handled by the exact analytical methods of Chapter 5. Some of these are
based on extensions which assume that even though the product-form
solution may not be satisfied in such networks, it still holds as a remarkably
good approximation. Other approximate approaches and some extended
queueing models (such as mixed networks and fork/join queues) are also
considered in this chapter. In general, these have been observed to provide
good results. However, the accuracy of the results obtained using these
methods cannot really be guaranteed. If these methods are used, the user
should check the results obtained for typical cases using either simulations or
other methods of approximation.

6.1 Mixed Queueing Networks

Mixed queueing networks are networks with multiple customer classes.
The different customer classes are such that the network may be considered
open for some classes while it is closed for the others. The two different
types of customer classes may however share service at one or more queues

193
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in the network. A brief description of such networks was given earlier in
Section 5.1.3.

Each of the open classes in the network is characterised by the average
arrival rate of that class entering the network from outside - this will also be
the average arrival rate of customers of this class leaving the network
altogether after service has been obtained. Each closed class is characterised
by the number of jobs of that class circulating in the network; this is
generally given as part of a population vector (i.e. population of each closed
class) given for all the closed classes in the network. In addition to these
parameters, the other typical input parameters such as routing probabilities
for each class (assuming static routing) and mean service times for each
class at each of the network nodes (assuming exponentially distributed
service times) must also be given.

Lazowska et al [LZS84] provides an approximate algorithm for analysing
a queueing network of this type. This may be applied when the network and
the queues are loaded such that equilibrium conditions exist in the network,
the service times are assumed to be exponentially distributed and the arrival
processes of the open classes are Poisson in nature. In this algorithm, the
utilisation for each of the open classes at each node is computed first. These
are then used to compute the net utilisation of each node considering only
the open classes. The performance parameters of the closed classes are
subsequently computed by eliminating the open classes and converting the
mixed network model into a closed model with inflated service demands for
the closed classes. The inflation factor used at node 7 for this is (7-U,;0;), i.e.
(1 - utilisation due to all the open classes at node 7), which is given by

o
U/,{()} :ZU/,C (6.1)
c=1]

where U, is the utilisation of class ¢ at node i. We should observe that this
is the percentage of time the server is not used by the open classes and is
therefore the time available for the closed classes to get service in the queue.
(This service inflation is a basic approximation inherent in this technique.)
The performance of the closed classes is analysed using the standard solution
techniques discussed earlier, using the inflated service times for the closed
class customers as given above. The performances of the open classes are
then computed by considering the actual mean queue length of the closed
classes at each node in the network. Note that this method may also be used
when either the number of open classes or the number of closed classes is
zero as in those cases it reduces to the usual Jackson Network models for
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closed and open networks, respectively. For convenience, we summarise
below the basic assumptions that are needed to apply this method.

All the queues in the network have infinite buffer capacity.

The service disciplines for all classes are FCFS at all the nodes
in the network.

There can be creation or combination of jobs for the open
classes. (This has not been considered here.)

All the classes are independent of each other.

There must be an external arrival for each of the open classes.
These processes must be Poisson.

The service time distributions for all the classes in the network
are exponential.

The routing probabilities for the jobs in the network are static
for all the job classes. However, these may be different for the
different classes.

The algorithm described subsequently requires the following input
parameters.

Input Parameters

Iz QCX®

total number of classes in the mixed model
total number of open classes in the mixed network
total number of closed classes in the mixed network
(Note that R=0 + C)
number of nodes in the mixed model
number of servers at node 7 in the mixed network for
i=1,2,.... N
population vector of the closed classes
= { Cl, Cz, ........ ,CC }

[Qulvey  routing probability matrix for k=17, 2, ... . R

with gy 4 as the routing probabilities for ij=1, 2,....., N

For the open classes:

Ao, mean external arrival rate of class ¢ at node 7 for c=1,2,.....,0
and i=1,2,..., N

7, mean service time distribution of class ¢ at node i, for c=1,2,..,0
and =1,2,..., N

¥ ~ multiplication factor of class ¢ at node i for i =1,2,..., N and

c=1,2,...,0
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For the closed classes:

7, mean service time distribution of class ¢ at node i , for ¢=1,2,....,.C
and =1,2,.... N

The algorithm provides the following output parameters regarding the
queues in the queueing network.

Output Parameters

N; open mean number of open class jobs at node i
N; woseq mean number of closed class jobs at node i

For the open classes:

Aic net arrival of class ¢ at the node i for i=1,2,...... , IV and
c=1,2,...... ,O

N, open, .~ mean queue length of class ¢ at the node i for i=1,2,...... N
and ¢=1,2,...... ,O

Wi open,c mean delay of class ¢ at the node i for i=1,2,...... , Vand
c=1,2,...... ,0

depi, open, . departure rate of class ¢ at the node 7 for i=1,2,...... , Vand
c=12,...... ,0O

Vi open, e Visit counts of class c at the node i for i=1,2,...... , NV and
c=1,2,...... ,O

Ui . utilization of class ¢ at the node i for i=1,2,...... , IV and
c=1,2,...... ,O

For the closed classes.

N ctosed «  mean queue length of class ¢ at node i for i=1,2,..., N and

c=1,2,....C

W, ciosea « mean delay of class ¢ at node i for i=1,2,..., N and
c=1,2,....C

Ai closea «  throughput of class ¢ at node i for i=1,2,..., N and
c=1,2,...... ,C

Vi closea,  ~ Visit ratios of class ¢ at node i for i=1,2,..., N and
c=1,2,...,C

The actual algorithm, described earlier, is given below.
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Algorithm

Step 1. Solve the following equations, to get the net arrivals to the nodes for
each of the open classes

N
Ai =2oie + D Aalagyn =12, N and k=12,...,0 (6.2)
Jj=1
ATt —
U, =k =12,...,N and k=1.2,...,0 (6.3)
m,
o
Uoy=2.U. i=1,2,...,N and k=12,...,0 (6.4)
k=1

N
depi,opemk = A‘ik}/ik [1 - zqk,(i,,/‘)} i=1,2,...,N and k=1,2,...,0 (65)
j=l

N
throughput (k)= 2, k=12,...,0 (6.6)
i=1
Ay .
e = =1,2,...,N and k=1,2,...,0 (6.7)
PR throughput (k)

Step 2. Inflate the service times of the closed classes by a factor of [/-U; ;]
at each node i.

= I_.%L— i=1,2,..,N and k=1,2,....C (6.8)
A%

We should then solve the closed network as a multiple-class, closed
network using the MV A method of Section 5.7.
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Step 3. The mean delays and the queue lengths for each of the O open
classes are then computed at each of the N nodes of the network.

_ Tk Vi,open,k (1 + Qlength i,(C}) .
i,open,k 1 _ U 0} =
i,

1,2,....Nand /~=1,2,...,0 (6.9)

where,

Qlength i,{C}) = Ni,closed

c i=12,...,.N (6.10)
= Z Ni,closed,k
k=1
and
N, openie = (throughput(k)W, ;... 1 =1,2,....N (6.11)
o]
N open = 2 Ni open i =12,...N (6.12)
k=1

6.2 The GI/G/m Approximation for the Approximate
Analysis of Open Queueing Networks (the QNA
technique)

The GI/G/m approximation described here is an example of a method
using Parametric Decomposition where the individual queueing nodes are
analysed in isolation based on their respective input and output processes.
This method has been used by Whitt in [Whi83] for the Queueing Network
Analysis (QNA) software.

In this model, the arrival process to each queue is assumed to be a
generalised inter-arrival (GI) process. The service times may have any
general distribution. The approximation made by this approach is that only
the mean and the squared coefficient of variance (SQV= variance/(mean)’)
of the inter-arrival times and service times are required for our calculations -
this is the reason why this kind of method is sometimes referred to as a two-
moment method. The queueing network involves nodes where customer
streams may join (i.e. the individual flows get combine before entering the
queue/node) or customers leaving a node may be split into different streams
in a probabilistic fashion. We have encountered these kinds of splitting and
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superposition earlier in the context of our discussions on basic queueing
networks. An example of superposition and splitting is shown in Figure 6.1.

It is also possible to use this approach to handle networks where there is
feedback. However, immediate feedback, where a fraction of the output of a
particular queue enters the queue once again, needs special treatment
because of the close correlation this will cause between the input and output
of the queue. This has been described subsequently. The method also allows
the inclusion of a multiplication factor v, v >0, by which a job finishing
service at a queue becomes v jobs before the subsequent routing is done.
Note that if v </, then this really corresponds to attenuation of the number
of jobs departing from a queue. The method was first proposed by Whitt for
use in his Queueing Network Analysis (QNA) software [Whi83] and has
been shown to provide remarkably good results for general, open queueing
networks.

Splitting

Superposition

Figure 6.1. Superposition and Splitting in a Queueing Network

In order to apply this method, we assume that the arrival process to a
network node is remewal in nature, in which the arrival intervals are all,
independent, identically distributed (i.i.d.) random variables. It may also be
possible to approximate a process that is actually non-renewal in nature by a
suitable renewal process with the same first and second moments. Before the
actual detailed analysis of the queueing network is done, the method first
removes immediate feedback in a queue by suitably modifying its service
time and the routing probabilities of the jobs leaving the queue. This is done
for all the queues that have immediate feedback in the network and the
modified network is used in the subsequent analysis. The algorithm then
calculates the mean and variance of the internal arrival processes to the
individual nodes/queues by solving a set of linear equations for the mean
flows. This can be done as the queueing network is assumed to be in
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equilibrium and hence the mean flow entering a queue must equal the mean
flow leaving the queue. These flow balance equations depend on the
whether the flow is split, superposed or both split and superposed at the
nodes. For each queue in the network, it then replaces this internal arrival
process by a renewal process with equivalent first and second moments. This
effectively decomposes the queueing network into individual subsystems
(i.e. the queues or nodes) that can be examined separately. Each of these
would be a standard GI/G/m queue characterised by the first two moments of
its arrival process and service time. Approximate two-moment based
formulas are available for calculating the congestion measures in such a
queue. These would be the delay and the queue length at each queue. Note
that if a queue has been modified by the removal of its immediate feedback,
then the delay and queue length parameters of the queue have to be modified
once again to get the results for the queue when immediate feedback is
present. Once the individual queue congestion measures are known, network
performance measures may be suitably computed. We summarise below the
basic assumptions of this method.

The queueing network is an open one

The individual queues may have one or more servers and has
infinite waiting space so that there is no blocking or loss
anywhere in the system

The service discipline is FCFS in nature

The approach is described here for a single class of customers
with probabilistic routing. (Whitt's original paper also discusses
using this for multi-class systems where the routing is
deterministic in nature.)

e The routing matrix is static and does not change over time

Whitt's original paper also incorporates the concept of a
multiplication factor that can be applied at a node. For example,
a job sent by a node may get split into several jobs to provide
this multiplication effect. From that point onwards these jobs
may travel independently in the network.

The following input parameters are required for this approach.
Input Parameters

K number of nodes/queues in the network

m; number of servers at node i

Ay flow leaving O, which goes to O,
Aoi external arrival rate to node /
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Coi’ squared coefficient of variation (SQV) of the inter-arrival time of
the external arrival process to node i

var ianc
Note that SQV = ﬂ;
(mean)
T average service time at node i = 1’
e’ squared coefficient of variation (SQV) of the service time at

node i
P=[p,] Probability transition matrix where p, is the probability that a
job finishing service at node i goes to node j
Vi Multiplication factor at the output of node i

6.2.1 Network Reconfiguration by Immediate Feedback Removal

Queues in the network which have immediate feedback (p,;>0) as shown
in Fig. 6.2 pose a problem in this method which needs to be handled
separately. This is because the GI/G/m algorithm basically assumes that the
input and output of the queue are uncorrelated - this would not be true if
there is immediate feedback around the queue. An example of this has been
shown in Figure 6.2. Here, a fraction p; of the output traffic from Q; is fed
back to this queue itself so that the net arrival process to the queue is the sum
of the external arrivals from A and the fed back portion, i.e. p;A..

Aipii

—> 0, >

Figure 6.2. Queue with Immediate Feedback

The approach followed to eliminate this immediate feedback at the queue
is to suitably adjust the service times at the queue and the transition
probabilities for jobs leaving the queue. This is done to take into account the
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fact that some of the jobs get routed back to this queue because of the
presence of the immediate feedback. This would leave a queue without
immediate feedback as shown in Figure 6.3.

Assume that the original service parameters for Q; are

Mean Service Time = 7;
SQV of Service Time = ¢,;(,°

and the original routing probabilities are p, ; j=1,...... K with p, ,>0.

Figure 6.3. Queue alter Removal of Immediate Feedback

Removing this immediate feedback from Q,, we will get the modified service
parameters as

Tiu
=L (6.13)
I- Piy
¢ty =pay (= pu)et, (6.14)

with the new routing probabilities p;;,, for jobs leaving O, given by
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p _ Pyu i
iMoo T
P 1= puy (6.15)

=0 J=i

Effectively, this reconfiguration combines the multiple services that a job
may receive at O; (because of the feedback with probability p;=p; ) into a
single large service interval. This reconfigured queue without immediate
feedback is used subsequently for solving the queueing network. The
performance measures obtained by this analysis for reconfigured queue
would have to be modified once again to get the results for the actual queue,
i.e. the one prior to the reconfiguration removing immediate feedback. Let
W, be the mean waiting time for a job in the original queue O,
(unmodified, prior to immediate feedback removal) and let ¥, ,, be the mean
waiting time for a job in the modified Q, (after immediate feedback removal,
i.e. the queue in the queueing network which is solved, as described
subsequently, after immediate feedback removal). After the solution process
(in the network without immediate feedback) yields W, ,, as the queueing
delay for Q;,, we can then obtain the actual queueing delay in the original
unmodified @, as

Wov=0=DivWm (6.16)

The SQV of this waiting time may also be computed as shown in Whitt’s
paper [Whi83]. The average rate of the actual arrival process A, (i.e.
A=A, entering O, (actual queue before reconfiguration done for immediate
feedback removal) may also be calculated from the value A, obtained by
solving the queueing network after immediate feedback removal. This will
be given by

A
—e e (6.18)

v 1- Piiy )

We have mentioned earlier, that the procedure for immediate feedback
removal at a queue, essentially amounts to combining the multiple services
that a job will get at the queue (because of the feedback) into one longer
service interval. Note that if the queue was FCFS in nature, then we may
have a situation where the job which is fed back, rejoins the queue behind all
the other customers waiting for service. The model used here for immediate
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feedback removal does not capture this detail. However, this is not expected
to affect the mean performance parameters of the queue.

With immediate feedback removed from the queues of the network, from
where ever it may be present, the QNA approximation then considers
networks where none of the queues have any immediate feedback. In the
following, we consider a queueing network of this kind, assuming that
immediate feedbacks around any of the original queues have already been
appropriately removed and the network has been suitably reconfigured. It
can be easily seen that in such a network, the traffic flows (i.e. the arrival
processes to the various queues and arrivals/departures from/to outside the
network) require one of the following three operations. In each case, the
resulting process will be described as a General Inter-arrival (GI) process
and will be described using a two-moment approach based on the mean and
SQV of its inter-arrival times. (The mean flow rate will be (mean service
time)"'.) These flow operations are listed below.

1. Superposition of Gl streams approximated as a Gl stream

2. Splitting a GI stream probabilistically to obtain several GI streams

3. GI stream passing through a Queue with its output process approximated
as another GI stream

We consider these in detail next for calculating the mean flow rate and the
SQV (of the inter-arrival times) of the internal flows.

6.2.2 Calculating the Parameters (Mean and SQV) of the Internal

Flows
Sflow from outside
the network
Vi A1 D1 Aoi

/

viAi

Sflows from
other queues

Vk Ak Pk

Figure 6.4. Internal Flow Parameter Calculations
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In Figure 6.4, we have shown a typical queue Q; in a network of the type
being considered here. Note that 4, is the internal flow to O, which comes
both from the flows A,............. , Ax from the other (K-1) queues in the
network (after appropriate multiplication and routing) as well as the flow Ay,
entering the network from outside at O,. It should be noted that following
Whitt's original formulation, we have allowed the use of a multiplication
factor v, for the flow leaving Q. This implies that if the flow rate entering
Ok is A, then the flow rate leaving this queue would be v 4. Incorporating
this multiplication factor, the flow balance equations may then be written as

K
A=Ay + lejvl-p,, fori=1,..., K (6.19)

J=

Note that py, i=1,...... , K in the above equation will actually be zero since
immediate feedback has already been removed. However, this term has still
been included for ease of notation. The mean flow rate entering each of the
K queues in the network may then be obtained by solving Eq. (6.19), given
the external flows, the multiplication factors (if any) at the output of each
queue and the routing probabilities. Note also that if m; is the number of
servers at (; then we can write

Server Utilization at O, = p, = ATy (6.20)
m

i

For calculating the internal arrival SQV, ¢,/ at O,, we again get a system
of equations but the derivation of these equations is not as straight forward
as for the flows. This is because, the superposition of the K arrival processes
(which we assumed to be renewal in nature) does not yield a renewal process
except when each of the component processes are individually Poisson in
nature. This means that we cannot get the »™ moment of the superposition
stream by simply adding the #" moments of the individual streams. Instead,
approximations will have to be made to derive the variance and other
moments of the inter-arrival times.

Consider the internal flow process into O;. We want to replace this by a
renewal process with the same first and second moments. The basic
approximation process here is to use the #" partial sum S, (which is the sum
of the first » arrival intervals) of the superposition process and use its first
two moments to approximately define the approximating renewal process.

Let M;(X) denote the " moment of some random variable X. If H is the
random variable which represents the inter-arrival time of the approximating
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renewal process, then the moments of H are calculated from those of the »n"
partial sum to be

MGy = 202

We should then first calculate the moments of S, and then divide that by » to
get the approximate moments of H. For doing this, the Stationary Interval
Method uses n=1 which does not take interdependence between subsequent
intervals into account but is a simple and workable choice in many cases.
The Asymptotic Method, on the other hand uses mn=co considering the
asymptotic behaviour of the process as time tends to infinity. In general, any
one method does not work well for the entire range of traffic intensities.
Intuitively, it may be observed that the stationary interval method works
well at low traffic intensities as here the inter-arrival times would be large
enough to reduce the approximation errors. Under heavy traffic conditions,
the asymptotic method is found to be more accurate. Therefore a hybrid
combination of the moments obtained using both the methods probably
offers the best consensus choice. For our applications, using this kind of a
hybrid poses one problem. The stationary interval method of approximating
a superposition stream by a renewal process gives a variance which a non-
linear function of the variances of the component processes. This would lead
to the unfortunate situation where a non-linear set of equations would need
to be solved to get the second moment of the superposition process (i.e. the
internal arrival process). Fortunately, a convex combination of the variance
obtained the asymptotic method and that of an exponential (which would
have a variance coefficient of unity) is found to perform well and has been
suggested for use by Whitt in [Whi83].

For this approximation, consider the departure process from Q.
Approximating this point process by a renewal process, the stationary
interval method would give the following values for the SQV (Cd/2 )s- (Note
that the result given for the GI/G/m queue is really an approximation.)

(cjj )S =plcl +(1-pi)cs for a GI/G/1 queue

(cﬁj )S =1+(- pj2 )(cgj -+ pjz.m;O'S(max{cf] ,02}-1)  for GI/G/m queue

Here, the subscript S denotes the fact that this is calculated using the
stationary interval method.
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The number of departures d, in time interval (0, ¢) from the queue would
be given by d,=q, - n,. Here q, is the number of arrivals in that interval and »,
is the number in the system at time ¢. With ¢ tending towards o (as for the
asymptotic approximation), #, would tend towards a steady state value if the
queue is stable. This would mean that d, would follow a, and therefore the
asymptotic approximation for ¢,” would be ¢, itself, i.e.

2) _ 2
(CHY )A - Ct!/

Here, the subscript 4 denotes the fact that this is calculated using the
asymptotic method.

At the output of O, the flow gets split probabilistically according to the
probabilities p;;, i=1,....,j i#. If a renewal process with SQV ¢ is split into &
streams according to probability p, i=1,.....k, then the SQV of the i stream
will be

cZ=pc?+(1-p) (6.21)

Using this and both the stationary interval and asymptotic methods, we get

(cj, )s =Dy (C’ij )S +(1=p;) (6.22)
(C.ff )A =Dj (Cfx,- )A +(1-p,) (6.23)

Therefore the SQV of the stream from j to i, computed as a hybrid of the
above two methods is

Ji Ji

& =a,le) +a-a)le), (6.24)

The asymptotic SQV can then be found as

2), -‘Z[—;fﬂ-]c;’; =iq,,ci, (6.25)
/=0
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with

— }bﬂ
g, =t (6.26)

=

Note that g;; represents the proportion of arrivals to O, that come from Q,.
Using the above and the fact that a convex combination of the asymptotic
value and an exponential SQV (=/) gives a good approximation to the actual
SQV, we get

& =wlc2), +(-)) (6.27)

a

This may also be written in the following convenient form

K
cl=u + ) cgy (6.28)

ai aVji
J=l

where

K
ui :1+wi (qucOzi —1)+Zq/i((l_pj/)_f_vjp;//pjz'xj)
J=1

ij = Wiqv/'ipjivj (1 - /0]2)

max(c;,0.2) - 1
x, =1+
vy
1
w,;, = 3
1+4(0-p) (r, -1
1

v

i = K
2
2.4

i=0

This set of linear equations for i=1,....., K may then be solved to get ¢, .
Once the parameters of the internal flows have been found (using the

above equations), we can then solve for the congestion measures (i.e. the

queueing parameters) at each queue assuming the queues to be independent
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of each other. The output parameters that may be computed are described
next,

6.2.3 Output Parameter Calculations for the Node Q;

The following parameters of interest may be calculated for each node in
the network. We consider here the results for the i queue O,

Mean Waiting Time W,; and Related Parameters N, W, N,
If O is a GI/G/1 queue, the following approximation (Kramer and

Langenbach-Belz approximation) is used to get the mean waiting time in
queue.

2 2
ql=14”(9"+cﬂ)ﬁ (for GI/G/1 queue) (6.29)
20-p))
with
2(1- p)1=c2)?
p=exp - X2 P = Cu ¢t <1
3p/ (Cai +csi) (630)
=1 o 21

For the SQV of the waiting time in the i queue, the approximation
recommended is

2 —
0%,=51il—ﬁi (6.31)
Xi

with

2 2 2
XI :P{qu >0}:pf +(cai "l)pl(l_pi)h(pi’car"c.w)

2 2
] + CCN + plc.\'l

h "C;’Ci’ =
e 2 1+ p; (C.gi =D+ Piz (4(33,' + c.\z'i)

— 4pl 2 2 1
Cgi + pi2 (4031' + Cszl)
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4(1 - }
C/QJ[ :2p, _1+ ( 2p/)§2.w
3(cy; + 1)
&y =3co(l+cl) cl =1
=(2c2 +1)(c2 +1) cl <1

If O, is a GI/G/m queue, an approximation based on heavy traffic limit
theorems is suggested. This recommends modifying the corresponding
results from the M/M/m queue to get approximate values of the mean and
SWYV of the queue Q; as

qi

2 2
= (&%)WLNMW/”’ (for GI/G/m queue) (6.32)

Here Wq,M M " is the waiting time in queue for the corresponding M/M/m
queue. We approximate the SQV of the waiting time to be the same as that
of an M/M/m queue with the same set of input parameters, i.e.

2 2 M/IM/Im
C‘Wz]i - (’qu

(for GI/G/m queue) (6.33)

Once W, has been found, the other related parameters for O, may be
found in the usual way as follows

Mean total time spent in O, by a job (on every arrival) =W,=W,+1,

Mean number of jobs waiting in O, prior to service = N, =1,W,,

Mean number of total jobs in Q; (waiting and in service) = N=4,,
Visit Ratio for O,

The visit ratio V; for (; is defined as usual to be the average number of
visits to node i by a job during the entire time it spends in the network. This
will be given by -

A

' (6.34)
Ao,
1

V. =

ETK

J=
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Sojourn Time at Q;

The Sojourn Time 7; is the average total time an arbitrary job spends in
node 7, until it departs from the system. This will be

T, =V (t, +W,) (6.35)

6.2.4 Network Sojourn Time and Departure Rate

The Sojourn Time T for the whole network will be the mean total time
that a job entering the network spends inside the network before its ultimate
departure. This will be -

T=>T (6.36)

K
J
J=

If the multiplication factors of all the nodes are equal to 1, then the total
output flow rate from the network will equal the net input flow rate. In this
case, the total departure rate d from the network will be given by

K
d=>Y Ay vi=1 (6.37)

i=1

For the general case of v; =/, we get that
K K
d=> Av,(1-Y.p;) vi#l (6.38)
i=1 J=1

6.3 Fork/Join Queues in Open and Closed Networks of
Infinite Capacity Queues

In a fork/join node (or queue), an entering job [KiA89], ILiP91], [NeT88]
is decomposed to be serviced in parallel by a number of sibling queues. This
is referred to as the forking process where one job is offered to the two or
more sibling queues for every job which actually enters the node. Once the
jobs get their desired service at all the sibling queues, they are recombined
into one job once again by the joining process before departing from the
fork/join node. Note that for every job entering the fork/join node, only one
job leaves the node (after all the sub-jobs at all the sibling queues get
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completed), even though multiple copies of the job (one for each sibling

queue) will get created inside the fork/join node. Examples of such fork/join
nodes with & sibling queues are shown in Figures 6.5 and 6.6.

Sibling 1

Forking

Sibling k

Figure 6.5. Fork/Join Node without Synchronising Queues

Sibling 1 Synchronizing Queue

Forking

—
Sibling k Synchronizing Queue

Figure 6.6. Fork/Join Node with Synchronising Queues

As shown for the two cases illustrated in Figs. 6.5 and 6.6, two kinds of
fork/join nodes may be considered. These are fork/join nodes without
synchronising queues and fork/join nodes with synchronising queues. These
two kinds of queues operate somewhat differently and need different
approaches for their modelling and analysis. Note that in the case of
fork/join nodes with a synchronising queue, there will be one such queue
associated with each of the siblings. This will essentially be a buffer holding
a sub-job until it can be recombined with the sub-jobs from the other sibling

queues
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If there is no synchronizing queue, as in Figure 6.5, then a sub-job
finishing service at a sibling queue will be forced to wait at that queue itself,
blocking the server there for other customers in that sibling queue. The
servers at all the sibling queues are released simultaneously when all the
sub-jobs finish their required service at all the siblings. When that happens,
the sub-jobs are recombined and the resultant job is released to depart from
the fork/join node. Simultaneously, the servers at the sibling queues become
free and can now start serving the sub-jobs for the next job, if any, entering
the fork/join node. Note that effectively the service time for a job in the
fork/join node will be the maximum of the service times of the individual
sub-jobs and that the fork/join node cannot serve the sub-jobs of any
subsequent job until the previous job leaves the node.

On the other hand, if a synchronizing queue is present, as in Figure 6.6,
then a completed sub-job will move to the synchronising queue of that
sibling queue after it gets the desired service. This will free the server at that
sibling queue for the sub-jobs of subsequent jobs entering the fork/join node.
When all the sub-jobs of a particular job are present in their respective
synchronising queues, the fork/join node will combine them into a single job
and will let it depart from the node.

Note that in both cases, the number of sub-jobs that is generated by a job
entering the fork/join node is always equal to the number of sibling queues
and these always get recombined into a single job once again before leaving
the fork/join node. In general, the sibling queues inside the fork/join node
may be of different types and an exact solution of this node would be
difficult. We make the simplifying assumption that all the sibling queues are
single-server FCES queues with exponentially distributed (possibly different)
service times. Some approximate models to analyse a fork/join node in open
or closed queueing networks of infinite capacity queues are given next.

6.3.1 Fork/Join Node without Synchronising Queues in Open or
Closed Networks of Infinite Capacity Queues

In this case, the service time encountered by a job entering the fork/join
node will be the maximum of the service times for the sub-jobs at the k
sibling queues. Assuming that the service provided at the sibling queues are
independent of each other, the probability density function of this service
time (i.e. of the fork/join node) may be found from the probability density
function/cumulative distribution function of the service times of the & sibling
queues. For doing this, we can use the result that if X and Y are independent
random variables and Z is a random variable defined as Z=max(X)Y), then
the cumulative distribution function Fz(z) and probability density function
f2(z) of Z are respectively given by
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Fy(2) = Fy (2)Fy (2) (6.39)

J2(2) =[x (D) (2) + [ (2)Fy (2) (6.40)

where Fy(x), Fy(y), fx(x) and fy()) are the cumulative distribution function
and probability density function of X and 7, respectively.

Note that the probability density function and cumulative distribution
function of Z may be found using Egs. (6.39) and (6.40), if the probability
density function and cumulative distribution function of X and Y are known.
This result may also be easily extended for the case of & random variables
corresponding to the service times of the & sibling queues. One way to do
this will be to take the maximum of any two random variables and then take
the maximum of this result with the next random variable and continue this
until all the variables have been considered. Given the service time
distributions of the individual (single server) sibling queues, the overall
service time distribution of a job entering the fork/join node can then always
be found. We can then also use this service time distribution to find the mean
and SQV of the job’s service time in a fork/join node of this type.

Even though the above calculation of the service time distribution can be
done for any given sub-job service time distribution at the sibling queues, the
results are greatly simplified if we assume the sub-jobs to be independent,
exponentially distributed random variables. In this case, let //4; be the mean
of the (exponentially distributed) service time of a sub-job at the i sibling
queue, i=/,......,k. Let X be the random variable denoting the overall service
time of a job at the fork/join node without synchronising queues. Using the
earlier approach and Eq. (6.39), we can then write the cumulative
distribution function Fy(x) of the overall service time at this fork/join node
as

k
Fr(x) =] [ —exp(-x,x)) (6.41)
i=1

Open Network

In this case, we consider the situations where there are fork/join nodes of
this type in an open network of GI/G/m queues or if such nodes are being
considered in isolation. We can then find the cumulative distribution
function and probability density function of the overall service times at the
fork/join nodes; we can use Eq. (6.41) directly if the sub-jobs have
independent, exponentially distributed service times. We can then use these
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distributions to find the mean and SQV of the resultant overall service time
random variable at each of the fork/join nodes. Using these two service
parameters, the approach of Se?tlon 6.2 may be directly applied to obtain the
required solution.

Closed Nerwork

In this case, we consider the situation where there are fork/join nodes of
this type in a closed network. For analysing such a network, we would like
to apply the MVA or the Convolution Algorithms. This however requires
that the service times at all the queues should be exponentially distributed in
nature. To approximately satisfy this condition, we fit an exponential
distribution to the resultant distribution of the overall service time at each of
the fork/join nodes. Note that the resultant distributions are the ones obtained
as the distribution of the maximum of the & random service times at each of
the k sibling queues of a fork/join node. This may be done by simply
matching the first moments, as an exponential distribution is completely
characterised by its mean. However, simulations show that a somewhat
better way is to minimise the mean square error between the two
distributions to get the best exponential fit. For this, let Fy(x) be the
resultant cumulative distribution function of the service time X at the
fork/join node. (Note that if the sibling queues have exponentially distributed
service times then this will be given by Eq. (6.41).) Let Foymaea(x) be the
cumulative distribution function (to be found) of the exponentially
distributed minimum mean square error fit to Fx(x). This may then be found
as

F e (X)=1—¢ ~Us exponential fit to F, (x) (6.42)
e(x,U) = I[F (xX)=F,ea (] d mean square error  (6.43)
U, =min[e(x, )] minimise the mean square error (6.44)

U
This leads to

F, stimated (x) =1- e'UlmnX (645)

es
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as the desired distribution. Once these resultant approximate exponential
service time distributions are found for each of the fork/join nodes without
synchronisation queues, we can use standard MVA or Convolution
Algorithms to solve the overall queueing network in the same manner as
described in Sections. 5.6 and 5.7.

6.3.2 Fork/Join Node with Synchronising Queues in Closed
Networks of Infinite Capacity Queues

In this case, we cannot give a solution method (not even an approximate
one) for solving an open network, which has one or more such fork/join
nodes. However, Liu and Perros have proposed a method [LiP91] for solving
a closed network of this kind. This is the method described here.

The algorithm proposed in [LiP91] for solving such a network involves
an iterative approximation procedure. Consider a k-sibling fork/join queue
with M customers. We first obtain a two-sibling closed fork/join queue by
choosing any two of the siblings from the original & This fork/join queue
with j customers can be solved to obtain the throughput for j=1,......,M. This
gives the Norton equivalent for the two-sibling fork/join queue. Another
two-sibling queue is now obtained in which one of the siblings is the Norton
equivalent from above and the other is one of the remaining siblings in the
original k-sibling queue. This can be solved as before and the process
repeated till all the & siblings have been used to obtain the Norton equivalent
of the original k-sibling fork/join queue.

Consider a closed queueing network with A customers and one A-sibling,
fork-join queue. Let A be the point of forking and B the point where the jobs
are combined before leaving the system. To apply Norton's theorem between
points A and B, consider first only the sibling queues 1 and 2 where the
points A and B are shorted together. This system can be solved exactly as
follows.

Let P,;; be the probability that there are i jobs in sibling queue 1 and ;j jobs
in sibling queue 2. This is a closed queueing network with state-dependent
service rates at the queues. Let (i, j) represent the state of the two queue
system with i customers in sibling queue 1 and j customers in sibling queue
2 with probability P,,. Note that all combinations of / and j are not feasible.
For example, if M=3, then the only feasible states are (0,3), (1,3), (2,3),
(3,3), (3,2), (3,1) and (3,0). It can be shown that for a general value of A, the
total number of feasible states are [(M+1)* - M*]. Let 14(i) be the service rate
of sibling queue 1 when it has 7 sub-jobs and let x,(j) be the service rate of
queue 2 when it has j sub-jobs. We can then draw the corresponding state
transition diagram and obtain the following balance equations
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P Ly (M) + 1, (M) = Py g sty (M) + Py gy 10 (M)

Py oLty (M) + gty (m)]= Py oty (M) + Py ity (n+1) 1<sn<M-1
Pyyoty (M) = Pyt )]
Pl (m) + py (M) =P,y gty (n+ 1)+ Py 1, (M) I<sn<M-1

PO,M My (M) = PI,M (D

M-1 M-l
Pyps+ D P+ D Py =1
i=0 J=0

Solving this set of equations, we can get the corresponding state probabilities
for this two-sibling queue case as

M
Pose = Pur s sz(j) 0<n<M-1
J=n+1
M
Pun=Puu [ 2D 0<n<M -1 (6.46)
J=n+l1
_ 1
PMM - M-l M M-1 M
1+ [T+ 2112 ®
=0 j=it+l k=0 I=k+]
where
, o (1)
p (i) == (6.47)
U ()
and
. w4 (J)
p()=—"= (6.48)
2T (M)

The system throughput of this two-sibling fork-join node with forking
and joining nodes shorted together and A users is then given by
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~ M-l M-1
Uy (M) = 11, (M)Y P,y + 41, (M) Py, (6.49)

i=0 J=0

This may be calculated for different M and these results may then be used
to get the Norton's equivalent FES (flow equivalent server) for the two
sibling queues for the steps of the subsequent reduction. In the next step, we
use the Norton's equivalent FES for the first two sibling queues and combine
this FES with the third queue, if any, to obtain an new FES for the new
combination. This process is continued in steps, until all the £ sibling queues
have been combined to generate a single equivalent Norton's FES for the
fork/join node. The equivalent FES obtained in this fashion then replaces the
fork/join node in the actual network. If there are more than one such
fork/join nodes, then each one of them is reduced to their equivalent FES in
a similar manner. The resultant (closed) network is then solved by the usual
methods (MV A or Convolution) to evaluate its overall performance and that
of the individual nodes. A simpler approximation technique for this approach
is also given in [LiP91].

We can also handle closed networks where some of the fork/join nodes
have synchronising queues while the other fork/join nodes do not. In this
case, the fork/join nodes with synchronising queues are replaced by their
equivalent FES. The fork/join nodes without synchronising queues are
replaced by suitably approximated single server queues with exponentially
distributed service times. The resultant closed network can then be solved
using the MVA or Convolution algorithms. Unfortunately, this option of
mixing the types of fork/join nodes cannot be handled analytically in an
open network. This is because, for open networks, we do not have a suitable
approximation method for handling fork/join nodes with synchronising
queues.

6.4 Models of Blocking in Open and Closed Networks of
Finite Capacity Queues

Consider the queueing network scenario shown in Figure 6.7 where we
now assume that the queues (at least the queues Q; and Q) are of finite
capacity. To illustrate blocking, consider the situation when a job finishes
service at ; and wants to move to (¢J; (with probability p;) or to Oy (with
probability p;). No blocking will occur if the buffer of the target queue has
enough capacity to store the job. However, if the buffer of the target queue is
full, the job will encounter blocking and cannot be expected to move to the
target queue as required.
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In general, blocking may arise in a network of queues where some or all
queues have finite buffer capacities. The flow of customers from a node will
be blocked if the corresponding destination node is full, i.e. all its servers are
busy and all waiting positions are full with waiting customers. Blocking in
such a network will be handled depending on the blocking mechanism that is
being adopted. A blocking mechanism is a set of rules specifying when a
node is blocked, what happens during the blocking period, and how a node
becomes unblocked. Note that deadlock conditions may also arise in such
networks. Various types of blocking mechanisms have been considered in
the literature. Some of the more commonly identified blocking mechanisms
have been summarised next. More details may be found in [Onu90], [Per89]
and [Per94].

Figure 6.7. Blocking in a Queueing Network with Finite Capacity Queues
6.4.1 Rejection Blocking

If the customer is forced to leave the network as soon as it encounters a
full node as its destination node, then the blocking mechanism is called
Rejection Blocking. This kind of blocking essentially models loss systems
and may be used in open networks of finite capacity queues. Since customers
who are blocked are made to leave the system, this kind of blocking
mechanism is not relevant for closed networks. This model has been widely
used to model computer systems and packet-switching networks where
jobs/packets are lost if they cannot be provided the desired buffer space.
Deadlock conditions do not arise for this type of blocking as a blocked
customer is always made to leave the system altogether.
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6.4.2 Transfer Blocking

Consider a queueing network where a job on completion of its service at
a source node attempts to join a destination node that is filled to its capacity.
If the Transfer Blocking (or Blocking-After-Service, BAS) mechanism is
being followed, the job waits at the source node blocking the server there,
until it can enter the destination node. Note that it can do that only after a
service completion at the destination node. In this blocking mechanism,
therefore, the server at the source node becomes unblocked only when the
number of customers in the destination node drops below its maximum
capacity. This blocking mechanism has been used to model systems such as
disk 1/O configurations and manufacturing systems. In queueing networks
with arbitrary topologies, it is possible that a node blocks more than one
customer at the same time. Normally, a First-Blocked-First-Served rule is
used to handle such a situation, i.e. the customer that was blocked first will
also be the first to get unblocked.

Note that deadlock is possible in transfer blocking networks. If in a
network, all the stations in any directed cycle are full at the same time and a
blocked customer is scheduled to go to the next station in the cycle, then the
network gets deadlocked. Deadlock may be handled by including some kind
of deadlock handling strategy into the model. A modelling assumption that is
frequently made is that a deadlock, when it occurs, is immediately resolved
by simultaneously moving all the blocked jobs to their respective
destinations. This would then remove the deadlock immediately, whenever it
occurs. Another approach would be to restrict the system to situations where
deadlocks are impossible. In a closed network, this may be ensured if the
total number of customers in the system is less than the total capacity of any
of the directed cycles in the network.

6.4.3 Repetitive Service - Random Destination or Fixed Destination

The blocking model in which a customer immediately receives another
service at the source node itself if its destination node is full (and keeps
repeating this until the customer completes service at a time instant when the
destination node is not full) is called Repetitive Service (RS) Blocking. In
this type of blocking, two cases may arise - Repetitive Service with Fixed
Destination (RS-FD) or Repetitive Service with Random Destination (RS-
RD). In the first case, the customer attempts to join the same destination
node after each repeated service completion as mentioned above. In the
second case, each time the customer completes service, a new destination
node is chosen independent of the previous choice; this choice is made
according to the routing probabilities from the source node. A repetitive
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service mechanism with fixed destination has been used in modelling
telecommunication systems. Similarly, a repetitive service mechanism with
random destination has been used to model a flexible manufacturing system.
Due to the inherent nature of this blocking mechanism, deadlocks may arise
in both open and closed networks with RS-FD type of blocking. On the other
hand, open networks with RS-RD blocking can never encounter deadlock,
even though such deadlocks may happen in closed networks of this type.

6.4.4 Blocking-Before-Service

Another type of blocking which has been identified in some systems,
such as communication networks, is Blocking-Before-Service. In this type of
blocking, a customer declares its destination node, say node j, prior to
starting service at the source node i. If the destination node ; is full at that
instant, the server of node i becomes blocked, i.e. it cannot serve other
customers. When a departure occurs from destination node j, the server at
node i becomes unblocked and the customer begins receiving service.

In the subsequent Section 6.5 and 6.6., we present some approximate
methods which may be used to analyse networks of finite capacity queues
with Rejection Blocking, Transfer Blocking and Repetitive Service Blocking
(with either Fixed Destination or Random Destination) as the blocking
mechanisms being followed. We consider separately the methods used for
open and closed networks of such queues. In general, we assume that all the
nodes of the network are of finite capacity. However, the methods given here
may generally be extended for networks where some of the queues are of
finite capacity while the others are infinite capacity queues. This can
typically be done by assuming sufficiently large (i.e. effectively infinite)
buffer sizes for the nodes that are to be modelled as infinite capacity queues.
For simplicity, we also assume here that the blocking mechanism is the same
every where in the network. Modelling and analysing networks with
different blocking mechanisms at different places in the network will be
considerably more complex in nature.

6.5 Approximate Analytical Methods for Solving Closed
Networks of Finite Capacity Queues

We present here methods for solving closed networks of finite capacity
queues under conditions of Transfer Blocking, Repetitive Service with
Random Destinations (RS-RD) and Repetitive Service with Fixed
Destination (RS-FD) Blocking. Since the network is closed, no loss of jobs
can occur and hence the Rejection Blocking model will not be relevant for
such a network.
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6.5.1 Transfer Blocking

Consider a situation where a job on completing service at node j attempts
to join node 4. In this case, blocking will arise if node & is full at that instant.
In the case of Transfer Blocking (BAS or Blocking After Service), the
blocked job at node j waits at the server (keeping it blocked) until it can
enter node k. A product-form approximation method has been proposed by
Akyilidiz [Aky89] for the analysis of Closed Queueing Networks with
Transfer Blocking. This technique assumes the use of deadlock avoidance so
that a deadlock cannot happen in the system being analysed. In order to
ensure this, it is assumed that the number of customers in the system is less
than the total capacity of that directed cycle in the network, which has the
minimum total capacity. This assumption therefore implies that no directed
cycle can ever have all its stations full at the same time and deadlocks will
therefore be impossible. This technique seems to work well for various
networks but its results cannot really be guaranteed to be the correct ones in
all cases.

To analyse a closed queueing network with transfer blocking, this
approach first considers an identical network where there is no blocking, i.e.
one where all the nodes have infinite capacity. All the states of the
equivalent non-blocking network will not be feasible in the blocking
network. The states violating the constraints on the capacities of the various
nodes are appropriately “normalised”. This “normalisation” procedure is
done in the following fashion.

If the number of customers in a node exceeds its capacity (before
normalisation), then the number in that node is set equal to the capacity of
the node and the excess jobs are distributed among all the other nodes
depending on the incoming transition probabilities (i.e. those from the rest of
the nodes to the node whose capacity constraints were being violated). We
continue to do this until a “feasible” state is obtained. A “feasible” state is
one that is a valid state for the blocking network. By normalising all the
infeasible states of the identical non-blocking network, we obtain an
equivalent state space that consists only of those states that are feasible for
the blocking network. The probability Py of a feasible state ‘H’ is the sum of
the probabilities of all the states of the equivalent non-blocking network,
which get normalised to this feasible state. This has been illustrated in Figure
6.8. For example, in this figure, the states ‘a’ and ‘b’ in the non-blocking
network both reduce to state ‘x’ in the actual blocking network after the
normalisation process. Similarly, states ‘¢’ and ‘d” of the non-blocking
network correspond to states ‘y’ and ‘z’, respectively, in the blocking
network after normalisation. It should be noted that this normalisation
procedure is effectively like an enumeration of the states to identify the
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correspondence between one or more states in the non-blocking network
with states in the blocking network. This would be difficult to do for large
(closed) queueing networks or for networks with a large number of
circulating jobs. This limits the applicability of this approximate analytical
technique to small and medium sized networks.

Non-Blocking State Space  Blocking State Space

Py=P,+P,  P,=P,
Pz:‘Dr(

Figure 6.8. Mapping the State Space for Closed Network with Transfer Blocking

Note that for the non-blocking network, a product-form solution may be
used to calculate its state probabilities. Based on the normalisation described
above, the state distribution of the blocking network may be found from that
of the non-blocking network. All the parameters, except throughput, can now
be calculated from this state distribution. Calculation of the throughput is
based on the fact that a non-blocking network with an equal number of states
as the blocking network has the same stochastic structure as that of the
blocking network. The throughput of these networks will also be
approximately the same. In order to compute the throughput, we determine
the number of states in the blocking queueing network. The equivalent
number of jobs in the non-blocking network is then obtained such that the
two networks have the same number of states. The non-blocking queueing
network with this equivalent number of jobs is now analysed to obtain its
throughput. This will also be the approximate throughput of the blocking
network. The details of this approximate analysis algorithm are given next.
We summarise below the assumptions made in this approach for analysing a
general, closed network of multi-server finite-capacity queues with transfer
blocking.

e The number of customers in the network is fixed and all

customers belong to the same class.
e Service times at all the nodes are exponentially distributed.
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FCFS service discipline is followed at all the nodes.
The transition probability matrix is static.
In situations where more than one customer is blocked by the
same node, the blocked customers enter the node on a first-
blocked-first-enter basis.

e Some or all the nodes in the network may have infinite capacity.
The network is deadlock free.

The following general notations are used in the algorithm given
subsequently.

N number of nodes in the network

4 service rate at node i

m; number of servers at node i fori=1..N

V,  visit Ratio of i™ node with respect to node /

M, capacity of the i " node (number of servers and the number of
waiting positions)

[P] routing probability matrix with p,, i,j=1,...... N, as the
probability of a job finishing service at node i getting routed to
node j

K number of jobs/customers in the (closed) network

The actual algorithm is given below.
Algorithm

Step 1. Solve for the visit ratios using
N .
V,»:Z/:]V,p_,, i=1..N (6.50)

for V;, the mean number of visits to node 7, assuming node / to be
the reference node, i.e. V,=1.

Step 2. Find state probabilities using

R A
* k* — /
P G(K)lf:[{ﬂiﬁ;(kf*)}
ﬂl(kl*)zkl*' kl* Sn/l)' (651)

.
ki —m; *
:m,.!(ml.)’ i k, >m,
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where G(K) is the normalisation constant and p(k’) is the equilibrium
state probability distribution of the network without any capacity
restrictions, i.e. the equivalent non-blocking network. This may be found
using any of the typical methods described in Section 5.6 and 5.7.

Step 3. Normalise the customers using the following redistribution
approach
For each i, i=1,....,N, if k; >M,, then set k; j=1,....,N as follows
to normalise the customers
kj =M, j=i
, X V.p, (6.52)
=kj+(k,- -M,) /P J#I
Vid=p;)
until k; <M,, i.e. there is no violation of the capacity constraint of
node i.
Step 4. The equilibrium state probability distribution for the feasible states
is computed as -
ptky=" > p' (k") (6.53)
k" where 1'(k")=k
where (k) is the “normalised” state or state corresponding to the
blocking network and the function f transforms the non-feasible
state (k*) to the feasible state (k).
Step 5. Calculate the number of states Z’(K) of the blocking network as

7' =7,807,8......... & Zy where & is the convolution operator and
Z;i=12,....., N is a (K+1) dimensional vector given by

Zi=[z:(0), zi(D)....coceverenn. z(K)]" with
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z,(k)=1 i k=0l...M, + >'m,

7=V and p./’ >0

=0 otherwise

Note that in the same network, if there are no capacity limitations,
then the number of states will be given by the binomial expression

7 N+K-1
Z= Cuo

Step 6. Calculate the equivalent number of customers K, such that

N+K -1
—_ ¢
= Cy

e N-

z
is approximately equal to Z'(K).

Step 7. Using any Product Form Algorithm such as MVA or Convolution,
analyse the non-blocking network with K, total number of customers
to obtain the total throughput Ays(K,).

As explained earlier, this will also be approximately the throughput
Ag(K) of the actual blocking network with K customers.

Ap(K) = Ay (K,) (6.54)

Step 8. The throughput A; and utilisation p; of each node i, i=1/,......N are
computed as

A (K
A (K) =V, 2, (K) py (k) = 28

(6.55)

i

Step 9. The mean time taken by a job to circulate once through the whole
system is referred to as the mean total response time or mean cycle
time 7¢ of the closed network. This may be computed from

K

TC(K): 2, (K)
B

(6.56)

Step 10. Using the state distribution obtained in Eq. (6.53) after the
normalisation procedure, we can calculate the mean number N,(K)
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of jobs at node i, when there are K jobs circulating in the closed
network. Using this, the mean time 7} spent by a job at node / in
one cycle, will be

N, (K)

TIC(K)z 2,(K)
B

(6.57)

Note that, this algorithm ends up by providing all the required node and
network parameters that will generally be of interest. For the network as a
whole, it provides the network throughput A5(K), the cycle time 7 (K) and
the approximate state distribution vector p(k) for K circulating jobs in the
network. For each individual node, say node i, it provides the visit ratio V,,
the throughput 4,(K), the node utilisation p,(K), the mean number in the node
Ny(K), and the mean time 7,-(K) spent in the node by a job in one cycle.

6.5.2 Repetitive Service (RS) Blocking

Consider a situation where a customer upon completion of its service at
node 7, attempts to join node j. If node j is full, the customer immediately
receives another service at node i. This will continue until the customer can
actually move to node j on its service completion. This type of blocking is
termed Repetitive Service Blocking. In the above description, we assume
that the destination node is fixed. This is essentially Repetitive Service
Blocking with Fixed Destination (RS-FD). Alternatively, if the customer
chooses a destination node (from the set of nodes allowed by the routing
probabilities) independently after every service completion, and tries to
move to it then the blocking mechanism is called Repetitive Service with
Random Destination (RS-RD). We give here the Maximum Entropy Method
of Kouvastos et al [KoX89] for the analysis of arbitrary queueing networks
with multiple general servers and Repetitive Service blocking. ’

The Maximum Entropy technique is based on the principle that “of all the
distributions satisfying the set of constraints imposed by the system, the
most likely distribution is the one that maximises the system’s entropy”. In
the analysis of closed networks with Repetitive Service Blocking, a related
“pseudo-open” network is first solved. This “pseudo-open” network is a
closed network, which is represented as an open network with no external
arrival streams and no external departures. The pseudo-open network must
also satisfy the principle of “conservation of population”. This is represented
by the fixed mean population constraint, i.e., the mean number of jobs at all
the nodes in network must sum up to the number of jobs actually circulating
in the closed network. The individual queues in the closed network are
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“censored”, i.e. arrivals to a queue when all the & buffers are full are turned
away and, moreover, no departures are allowed to occur when the queue has
minimum possible number of jobs K (K>0). In closed networks, X will be
greater than zero for some node i if the total number of jobs circulating in the
network is greater than the total capacity of the network, excluding this
node. If L is the number of jobs in the network, a node with capacity N
greater than or equal to L will effectively behave as an infinite capacity
node. In this case, the capacity of such a node (having N>L) can instead be
set to the number of jobs L without making any difference in the analysis.
The pseudo-open network is decomposed into individual censored queues
with revised inter-arrival and service time distributions and solved in the
same way as an open network under Repetitive Service Blocking. The
analysis of open queueing Networks with Repetitive Service Blocking has
been explained subsequently in Section 6.6.2. The solution obtained from the
pseudo-open network may not satisfy the job flow balance equations. The
values of the flow balance coefficients are then iteratively adjusted so that
the flow balance equations are satisfied. The marginal state probabilities
obtained after these iterations may now be used to obtain the performance
measures of interest. It is, however, suggested that an efficient technique be
used to compute the normalisation constant for the calculation of the state
probabilities. An iterative convolution method has been proposed as a
suitable method to calculate this normalisation constant.

The details of the analytical approach will be beyond the scope of this
text. For this, the reader is referred to the original papers by Kouvastos et al.,
such as [KoX89]. We give the algorithm here in some detail as it may be of
use to obtain the performance parameters of a closed network with RS-RD
or RS-FD blocking. We summarise below the assumptions made in this
approach for the analysis of a general closed network of finite capacity
queues with multiple general servers and Repetitive Service blocking.

e The number of customers in the network is fixed and all
customers belong to the same class.

e A First-Come-First-Served (FCFS) service discipline is followed
at each node.

e The routing probability matrix is static.
Some or all the nodes in the network may have infinite capacity.
Each queue in the network is modelled as a GE/GE/c/K;N
(0=K<N) censored queue with Generalised Exponential (GE)
inter-arrival and service times, where ¢ is the number of servers,
N is the capacity of the queue and K is the censoring value
mentioned earlier, (i.e. departures not allowed from state K).
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The following notations are used in the subsequent algorithm -
M number of nodes in the network
L number of customers in the network
¢; number of servers at node 7, ¢; > /
N,  capacity of node i (including the number of servers)
i service rate at node i
Cy? SQV of the service time at node i
K, minimum number of customers always present at node i
L;  virtual capacity of node i, i.e. L, = Min(N;, L)
Api the overall external arrival rate to node 7; this will be zero for a
closed network
Cy’ SQV of the external inter-arrival times
py routing probability that a job completing service at node i
attempts to join node j
7m;  probability that a job completing service at node i/ is blocked by
node j
7y probability that an external arrival finds node 7 in state &,
7y  probability that a job completing service at node i is blocked
under the RS-RD blocking mechanism

The actual algorithm for both the RS-RD and the RS-FD mechanisms is
given below.

Algorithm
Stage 1: Solving the Pseudo-Open Network

Step 0. Remove immediate feedback for all nodes i =1, ...... , M.
If p,; > 0, then this is done as follows -
= (1-py), Csi =pi+ (1-p)Cs’
pi=pi/(1-py  foriz, j=1,2,..., Mand p;=0fori=j
Note that this procedure is the same as described to remove
immediate feedback in Section 6.2.

Step 1. Find L; and K using the following -

L, =min(N,, L)

M 6.58
K, =max(0,L- » N,) (6.58)

J=i, j=1
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Step 2. Solve the following flow balance equations for the initial values of
the individual flows to each queue in the network

M
A= pul i=1......., M (6.59)
J=1

The effective routing probabilities p , are computed iteratively later but

the iterations may be started with p, = p

Step 3. Solve iteratively, the set of non-linear equations given below -

C/‘ - C‘./ vl’)./
; Nj-nj (O
T = nYl-7,)7 | — +

= 2P [a,(lw,,-)w,,j
/ (6.60)

N,

.
> p)A-z,)"

I7J' =an-

= M (6.61)

i j=1 e, M i (6.62)

M
L= ZE{n,} where E{n;} is the mean number of jobs in node i (6.63)

i=l
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M
Ty = Dy, (6.64)
Jj=1
Ao = Ao (I=70)  Co =7y, + (1= 7,)Co, (6.65)
Ho=(-mu,  Cl=m,+0-1,)C3 RS-RD  (6.66)
/'7' — lui
i pij
J, ;>0 1 T
1+ 7,
Py ,WJ; ) RS-FD  (6.67)
~2 C;I J p./v>0 (1 7[//)
i =-1+ : 5
> ’
1— 7. Y
pr>0 ”’J ;%01—‘”1]
- o
A= A, c? _Gi-m (6.68)
l-rm, 1-7,
M
~ 7T i
AoiToi + z}bp;/ P
j=1 d —”ji)
7= : (6.69)

1

M
. 1
Ao+ D) A D,y
2P )

Co=P1Ce +(1=p)C+(1-5))p, Cl=—1—= (6.70)
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M2 5
L VI S L (6.70)

p,—20 RS_RD
1, (6.80)

P, RS~ FD

Details on the derivations of the above approximating formulae may be
found in [KoX89].

The state distribution p;(n;) for each queue i=1/,........ ,M is found by solving
the censored GE(A4,,C?)YGE(u,,C2)e/K;N, queue using the maximum

entropy based approximate method of Kouvastos. For a queue of this type,
the results are

p(n) = p(K)G, x" M y/ " =Kl N (6.81)

Note that since the queue is censored, departures cannot occur once the
system state reaches K. Therefore, the system state cannot become less than
K. Moreover, since the capacity is finite, i.e. /V, the system state cannot
exceed N. For evaluating the state probability using Eq. (6.81), we use the
following.

A = Average arrival rate of the arrival process to the queue

C? = SQV of the inter-arrival time of the arrival process to the queue

m(n)
G,=[]e®) J=max(c,K+1) h(n)=max(0,n-J)
1=K +1

f(m)y=max(0,n -~ N +1) mn)=max(K + 1, min{c, n))

(6.82)
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“rg K<c-1
(K+Dlo(l-7)+7]
(K +1)=1 —P7 K=c—1 (6.83)
po(l-o)+0o
oc(l-7)+7 K>ec
L pp(l-o0)+0o
cp+({ -Do(l-1) I<J

[o(1-17)+17]

&)= olzcp +(J =)ol - )] I=(K+2),........, J  (6.84)

I=J
Jzp(1-0) + o]
with
o +0(1-71) 1 2 2 A
X = p y = g = 3 T = 3 p = —
w(l-o)+o l-(1-0)x 1+Cg 1+C cu
and p(K) may be found by using the normalisation condition that
N
> pm=1 (6.85)
n=K

The iterations of Step 3 above are performed until we obtain sufficient

convergence in the values of Cand C;.

Stage 2: Solving the Closed Network

Step 4. Use the convolution algorithm of Section 5.6 to find the
normalisation constant and use that to find the marginal state
probabilities of the individual queues {p;#)}, i=1,...... M.

Step 5. For each queue i=/,....., M, the marginal mean queue length E{#n,}
and the mean throughput X; may be calculated using

L;
E{n}= D np(n) (6.86)

nj=Kj
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L
X, =4 Z5f(n/)pf(”i) (6.87)

n,:K,'-H

T =(l=g.)yi ki >
where §,(n) =41~ A=o) T Kize (6.88)
min(»,, c;) K, <¢
2
and o, = > (6.89)
1+C§,
Step 6. Using the value of y; is the one obtained in Step 3, set
Y, =Y i=le...M (6.89)

and iteratively adjust the value of the flow balance coefficients by
using the following -

~ AL
YVi=Vi =~ (6.90)
f Y g )
X, —E{n
J=l Xj ’
Step 7. Repeat from Step 4 for i=1,......,M until we get —— =constant

i

6.6 Approximate Analytical Methods for Solving Open
Networks of Finite Capacity Queues

We present here approximation techniques to handle open networks of
finite capacity queues with a variety of blocking mechanisms. Rejection
Blocking, Repetitive Service Blocking (both RS-RD and RS-FD) and
Transfer Blocking have been considered.
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6.6.1 Rejection Blocking

In Rejection Blocking, a customer arriving to a fully occupied node is
lost, i.e. it is forced to leave the network. (This kind of blocking mechanism
cannot therefore be considered in a closed network!). We give here a
technique [BrG84] for solving open exponential queueing networks with
Rejection Blocking, i.e. networks with Poisson arrival processes and
exponentially distributed service times. This technique is based on the
assumption that the net flow into the node, consisting of the external arrivals
and the secondary flow from the other nodes in the network, may also be
assumed to be Poisson in nature. Flow balance equations are solved
iteratively in order to find the net offered traffic to node i. These equations
are not the same as those for Jackson-type networks, but have been modified
to incorporate Rejection Blocking. It is assumed that networks with
Rejection Blocking may still be approximated by a product-form solution.
Using this assumption, the network is decomposed into individual M/M/c/K
queues and each queue is analysed independently, using the net offered
traffic to this queue.

Apart from the average number, average sojourn time etc., parameters like
conditional expected sojourn time for the customers who are eventually lost
(U) or conditional expected sojourn time for the customers who left the
network after completing their service requirements (U,) will also be
important for networks with Rejection Blocking. To calculate U and U, we
need to consider the random walk of the customer through the network with
“Loss” and “Served” as the absorbing states. These states respectively
represent the situations when a customer was lost on encountering a full
queue or when the customer left the network after completing its service
requirements. Customers who are lost before starting service at any node in
the network are referred to as rejected customers. These are essentially the
external arrivals that encounter a full node upon entry into the network and
are lost. On the other hand, a lost customer in this context is one who is lost
before completing its service requirements. Lost customers also include
those customers who are rejected right at their point of entry into the
network. In this technique, we consider networks with exponentially
distributed inter-arrival and service times. However, the nodes may have
multiple servers. The assumptions inherent in this technique are summarised
below.

All external arrival processes are Poisson in nature.

The service times at all the nodes are exponentially distributed.
For each node, the superposition of the original Poisson flow
from the external source with all the secondary flows coming
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from various other nodes in the network is also assumed to be
Poisson.

The routing probability matrix is static.

All the jobs in the network are of the same class.

The service discipline at all the nodes in the network is FCFS.
Some or all the nodes in the network may have infinite capacity.

The following notations are used in the subsequent algorithm -

M number of nodes in the network

m; number of servers at node i

M4 service rate at node i

Aoi external arrival rate to node i

N,  capacity of node / (including the servers)

The actual algorithm to find approximate performance results for a network
of this type is given below.
Algorithm

Step 0. Solve the following equations iteratively

M
A, = Z,{;’"’ Py + A, (6.91)
=1
A =27 (4) (6.92)
N1

7w (A) = pi(k) (6.93)
k=0
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k

p,(O)%— k<m,
pi(k): pk.
P (O)W m; <k <N, (6.94)
A, &
pi=— P =1
.

These iterations essentially solve the queueing network. Once
sufficient convergence is obtained, the various output parameters
of the queue may be found.

Step I: Using the state distributions p;(k) for each queue in the system,
i=1,....M, the various output parameters for the individual queues
and the overall network are found as follows.

Nj
Average number waiting in queue /=N, = Z(k —m,)p, (k) (6.95)

k=m;

N .
Therefore, W, =—— W, =W, + L N, =2"Ww, (6.96)
{.)H[
Average Number of Busy Servers at queue i =—— (6.97)
Hi

The average total flow rate of customers completing their service in the
network is -

M M
z’mu = Z l;)m [1 - Z Py ] (698)

i=1 J=1
The average total flow rate of lost customers is

ﬂ'[m‘l = 10 -4 (699)

oul
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where A, is the average total flow of external arrivals to the network and
will be given by -

M
Ao =2 A, (6.100)

J=1

We can also find the average total flow rate of rejected customers - these
are the external arrivals to the network which are rejected and lost as
soon as they arrive at a node from outside. This will be given by -

M=

A =

rej

Agi[1 =7, (4] (6.101)

Note that the total flow rate of lost customers will also include the
customers who are rejected. This is because the rejected customers are
also counted as lost customers except that they get lost right on the first
node where they enter the network. The average number of services
received by a job entering the network will be given as

M /1011[
m=> —— (6.102)

i=1 0

and, similarly, the average number of services received by a customer
who was not rejected, will be

M /;Lr)ut
i

N = —_— 6.103
I ;%_1 (6.103)

ref

The sojourn times for a job entering the network are also of interest. We
can define two sojourn times in this case. The average sojourn time of a
job in the network will be

M ﬂoul 1
u= Z Zlo Wy +—) (6.104)

i

This sojourn time will also include those customers (with sojourn
time=0) which get rejected. We can define another average sojourn time
for the customers who are not rejected, i.e. ones that actually do enter the
network. (Even these customers may get lost later and may leave without
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getting the full service that they want.) The average sojourn time in the
network for such customers, who are not rejected, will be

&AM 1
a= M 6.105
Z ]‘0 - ﬂ‘rej( ! Hi ) ¢ )

i=1

The average conditional sojourn time U, of a customer who was
eventually lost from the network and the average conditional sojourn time U,
of a customer who actually completes its service are two other sojourn times
that may be of interest. To compute these parameters, the approach taken is
to consider the random walk of a customer in the network with the states L
and S as the two absorbing states indicating the lost and served states,
respectively. The lost state L is entered by a customer when it gets rejected at
the entry to one of the queues in the network (the first queue or any
subsequent queue) during its service sequence. The served state § is entered
by a customer who gets all the desired service and leaves the queue at the
completion of the full sequence of service that it requires. Note that we can
represent the state of a customer to be either the queue in which it is
currently present or the lost and served states, L and S. A customer entering
the network will transit through one or more queues (i.e. states) but will
eventually end up in one of the two absorbing states L and S. With suitable
approximations to consider this as a Markov Chain, this random walk can be
analysed to obtain the desired sojourn times U, and U,, mentioned earlier.
The detail of this analysis are beyond the scope of this text but can be found
in the original paper of Bronshtein and Gertsbakh.

6.6.2 Repetitive Service Blocking

Analysis of systems with Repetitive Service blocking has been described
earlier for closed networks. In this section, we consider open networks with
repetitive service blocking. The approximate analysis of this type of open
queueing networks also uses the Maximum Entropy Method which was
described earlier for the corresponding case of closed network.

Consider an arbitrary open queueing network under RS-RD or RS-FD
blocking mechanisms. We assume that the network consists of M FCFS
multiple server queues of finite or infinite capacity. It has been shown
[K0X89] that the Maximum Entropy (ME) solution, subject to normalisation
and certain other constraints, can give an approximate product form solution
for the network of the type
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M
p(n)=p(nysmy )= [ 22 () (6.106)

i=1

where p(n) is the equilibrium state probability distribution of the network in
state n and p;(n,) is the probability that the / queue is in state #,. Following
the MEM approach, p;(n;) may be found as the marginal maximum entropy
based solution for the corresponding GE/GE/c,/N; queue.

The open network to be analysed is decomposed into individual
GE/GE/c/N; queues with appropriate inter-arrival and service time
distributions. All the incoming streams (including the external arrival
stream) to node i merge to form the overall arrival stream to node i. The
effective service time at node i is the total time for which a server of queue i
is occupied by a particular job. The following assumptions are inherent in
this approach and are summarised for convenience.

e A First-Come-First-Served (FCFS) service discipline is followed
at each node.
The routing probability matrix is static.
Some or all the nodes in the network may have infinite capacity.
Each queue in the network is modelled as a GE/GE/c/N queue
with Generalised Exponential inter-arrival and service times

The following notations are used in the subsequent algorithm -

M number of nodes in the network

C; number of homogeneous servers at node i, ¢; = 1

N; capacity of node i (including the number of servers)

L service rate at node i

CS,-Z SQV of the service time

Ay average external arrival rate to node i

Cy SQV of the inter-arrival times of the external arrivals

p; routing probability that a job completing service at node i
attempts to join node j

m;  probability that a job completing service at node 7 is blocked
by node J.

7y probability that an external arrival finds node 7 in state N,. This
will also be the probability that an external arrival is blocked
on entry at node 7/ and is not allowed to enter the network

7y  probability that job completing service at node i is blocked
under the RS-RD blocking mechanism
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Algorithm

Step 0. Remove immediate feedback for all nodesi= 1, ...... , M.
If p;; > 0, then this is done as follows -
i = i (1- piy), Cs’ =pit (1'pii)CSi2
pi=pi/(I-pi)  foriz, j=12, ..., Mand p; = 0 fori=j
Note that this procedure is the same as described to remove
immediate feedback in Section 6.2.

Step 1. Initialisation for the subsequent iterations are done by choosing
suitable initialising values for -

53, and 7 for i=1,......, M

Note that any appropriate value may be chosen to start the
subsequent iterations. The probability value should of course be
chosen between 0 and / and we have got good results with a choice
of 0.5. The SQV value may be conveniently chosen as / which
would actually be the case if the distribution was exponential in
nature.

Step 2. Solve the following set of linear flow equations

M
A = Ay, +Zﬂ'jﬁji (6.107)
J=1
using
Ay, = Ao, (1= 7)) i=1,....M (6.108)

The effective routing probabilities p , are computed iteratively later but
the iterations may be started with p, = p ;. The variable 7, is also

computed later but any suitable initial value can be used at this.point.

Step 3. Solve iteratively the set of non-linear equations given below
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(:J-—l

Nj-n; c jny
T, = pi(”')(]”‘f, ) Ny J .
if Z J if o,(- 7, )+ T,

nj=0

Ny v,
>p,m)H-7) "

nj=m;
o = 2
/ 1+5§,
2
2
T.. = 1+Cd//
Y 2
1+C;,

ZOi :/101'(1 *‘770,)

J=1,., M
i#0

i j=1,...... M iz
i=0

502! =7y + (1 =7y, )C(i'

Hi =l =74,

Cl =y +(1-m,)C}

RS-RD

Chapter 6

(6.109)

(6.110)

(6.111)

(6.112)

(6.113)

(6.114)
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,Zj‘-: ﬂi
>
J,p,j->01_7[i/
(1 + 7.
{’_L(_f:é_? RS-FD (6.115)
552,""“14' Cé’ i ¢ i 2
s P 3 p
-7, -
>0 I
J>py /] -/'=f”y>°1 T
Zi 2 5/’2 7
A = cr="1 "% (6.116)
1-rm, -,
7T .
2017[0/ + Zﬁ p/l L
,1 (I-7,)
7= T (6.117)
Ay, + > A,
0i Z pjl (1 )
o o~ o C?:-x
Ci=pCy+(-p)CI+0-p)p,  Ci=——% (6119
1 . 1 L A,p, 1 '
_N_ZzioL M g (6.119)
1+C; A 1+Cy 5 A 1+ Cy,
1=7  Rs_rD
with p, =" 1-7, (6.120)
P, RS —FD

Details on the derivations of the above approximating formulae may be
found in [KoX89] and [Per94].
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The state distribution p,(n;) for each queue i=/,........ ,M is found by
solving the GE(A,,C2)/GE(y;,CZ)c/N, queue using the maximum

entropy based approximate method of Kouvastos. For a queue of this type,
the results are

p(n) = p(O)G, x" Wy 0 p=p ... N (6.121)

Note that unlike the case of closed networks, the queue here is not censored
and hence the states may range over the integers 0 to N. For evaluating the
state probability using Eq. (6.121), we use the following.

A = Average arrival rate of the arrival process to the queue
C? = SQV of the inter-arrival time of the arrival process to the queue

m(n)
G, = Hg(l) J =max(c,1) h(n)=max(0,n—J)

P (6.122)
Ff(m)=max(0,n— N +1) m(n)=max(l, min(c, n))
ITCL c>1
g()=419¢ ;c;); ] (6.123)
ol-orie )
Tcpl[+ ((i - 1))0(1 ; 7) I<J
c(l-1)+1 _
gD=1 gl (7 2o - )] ) 1=2, (6.124)
J[tp(1- o) + o]
with
_p+o(l-1) B 1 _ 2 _ 2 :i
T pp(l-o)+o y—l—(l—a)x 7 1+C3 ‘ 1+C* r cu

and p(0) may be found by using the normalisation condition that



6. Advanced Queueing Networks 245

N
> pny=1 (6.125)
n=0

The iterations of Step 3 above are performed until we obtain sufficient
convergence in the values of 55, and 5,2 .

Note that these equations are very similar to the equations given earlier
for the censored queue in the case of closed networks with rejection
blocking. The differences between them arise from the fact that the queues
are not censored in the case of open networks.

Step 4. All the parameters of interest may now be calculated from the state
distribution and flow parameters obtained after the convergence in
Step 3. These are done in the usual fashion given that the state
distributions of the individual queues and of the network are known
and the effective flow rate to each queue has also been found.

6.6.3 Transfer Blocking

We have developed [TMB99] a new approximation technique for the
analysis of general open networks with multiple servers under transfer
blocking mechanism. This approach has been verified to work well in
networks with light or medium loading and has been described in this
section. In this approach, a hypothetical node is added to handle blocking at
the individual queues. The network is decomposed into individual nodes
with modified arrival processes. The resulting network is then iteratively
solved using flow balance and Maximum Entropy techniques. This approach
can handle any general network configuration. Suitable approximations have
been included to handle general arrival processes and service times.

It is possible for deadlocks to occur even in an open network of finite
capacity queues if the Transfer Blocking mechanism is being used. This is
illustrated in the network shown in Figure 6.9. For example, there are several
ways in which deadlocks can occur in the network shown in the Figure 6.9.
A particularly simple situation is one where O, and Q; are filled to their
respective capacities and all the servers in O, have blocked jobs waiting to
go to Qs and vice versa. Such deadlocks can obviously occur in any network
of this type, which has feedback, i.e. where a routing loop can be formed. In
an actual queueing network, such a deadlock situation cannot be resolved
except through external intervention. We assume a similar condition in our
analytical approach. Specifically, we assume that any deadlock condition
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that arises is immediately resolved by moving all the deadlocked jobs
simultaneously to their respective destinations.

::_Q:l—‘ﬁﬂ
0, ’ 0,
t:______( :: —p
Os
] .

Figure 6.9. Open Queueing Network with Transfer Blocking

For this analysis, the inter-arrival and service time distributions are
assumed to be generalised exponential (GE) in nature. A GE distribution is
defined through its mean and its squared coefficient of variation (SQV). A
GE distribution has been chosen because of its capability to represent a wide
variety of arbitrary distributions, either exactly or approximately. (See
Appendix 6.1.) The original network is reconfigured by the addition of a
hypothetical node to each incoming stream of all those queues that have
finite capacity. This hypothetical node is added to hold the blocked jobs, if
any. A blocked job will be routed to this hypothetical node which is
modelled as an infinite server queue.

Consider a network of GE/GE/m/N queues which is arbitrarily connected
with appropriate routing probabilities which are static in nature. We use £2to
denote this set of queues and assume that the external arrivals (if any) into
queue i have a rate A, with C.7 as the SQV of its inter-arrival times. Let Dy
denote the probability that a job finishing service at queue i is routed to
queue j. Queue 7 is assumed to have m; servers with z4 as the rate of service
and CS,Z as the SQV of the service time distribution. The buffer capacity of
queue 7, including the servers, is assumed to be N, The steady state
probability of the queueing network being in state r=(n;,......... M) is denoted
by 7(n) where n; is the state of queue i. Since the output of a GE/GE/m/N
queue may also be approximated by a GE process, we can assume that the
product-form solution will approximately hold at equilibrium and therefore,
we can write
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M
OB B EACH! (6.126)
i=1

where 7;(n,) is the steady-state distribution of queue i which can be found by
using the Maximum Entropy based methods of Kouvastos as given in Eq.
(6.121) - (6.125).

Since we are assuming finite capacity queues, some jobs will experience
blocking where the blocking mechanism being considered here is Transfer
Blocking. External arrivals that see a full queue are assumed to be lost, i.e.
rejected. Jobs moving from one queue to another, which see a full
destination queue, are held at its server in the source queue. This will block
the server at the source queue until the destination server has free capacity to
accommodate this job. This is because of the nature of the Transfer Blocking
mechanism being considered here. Let PB;(i) be the probability that a job
finishing service at queue / and wanting to go to queue ; is blocked and let
PBa(j) be the probability that job wanting to arrive into queue j is blocked.
Let PBf(i) be the probability that a job finishing service at queue 7 is blocked
and let PBe(i) be the probability that an external arrival to queue 7 is blocked.

We make use of the following three properties of the GE distribution in
our analysis. (See Appendix 6.1.) These are -

(i) The departure process from a GE/GE/m/N queue may be approximated by
another suitably approximated GE process.

(ii) Bernoulli (random) sampling of these departures, which will correspond
to probabilistic (i.e. Markovian) routing will also have a GE distribution

(iii) Combining these sampled processes, which will correspond to the
arrival process to a queue in the network, will also have a GE distribution.

However, the process of blocking will further complicate the nature of the
arrival and departure processes at the queues. Moreover, the transfer
blocking discipline is not work-conserving in nature, and therefore, strictly
speaking, the product form distribution cannot be used for the original
network. We tackle this problem by making an equivalent work-conserving
network by the addition of hypothetical holding nodes to the original
network. These holding nodes are GE/GE/od/c0 queues whose GE
distribution parameters will correspond to the service times and inter-arrival
times corresponding to the blocking delay experienced by a job finishing
service and wanting to go to a finite buffer queue. We claim that if we can
describe the arrival and service processes to the queues in the equivalent
network, then we can solve for the required queueing parameters. For this
we use a relaxation method of obtaining a fixed-point solution where the



248 Chapter 6

iterations terminate on the convergence of the parameters of interest. We
explain this procedure of adding additional holding nodes further using the
example network shown in Figure 6.10, where O, and Qj; are assumed to be
ones with finite buffers. This network is expanded to the equivalent work-
conserving network by the addition of holding nodes. The resultant
expanded network is shown in Figure 6.11. Here we have added holding
nodes A;3, h;2, Bz and f3; to handle the effects of transfer blocking

Figure 6.10. Queueing Network with Transfer Blocking (Queues 2 and 3 have finite butfers)

In general, the equivalent work-conserving network is obtained by adding
a holding node between every node pair (i) in the original network where
node j is a queue of finite capacity and p;=0. This holding node would
unblock a blocked server by removing the blocked job and holding it in the
holding node. The time spent by a blocked job in the holding node should
correspond to the time it would be blocked in the original network.
Simultaneously, we increase the service time of the other jobs in the queue
unblocked in this fashion to reflect the time lost to the jobs behind the
blocked job in the actual network. We represent by #4; the holding node
added between queues i and j, if any. The set of all holding nodes added in
this fashion is denoted by A and the resultant set of all nodes in the
equivalent work-conserving network by H(2. As shown in Figure 6.11 for
the original network of Figure 6.10, the holding nodes represent the
additional delay caused by the transfer blocking mechanism. We model these
holding nodes as GE/GE/o0/e0 queues to introduce delays equivalent to the
blocking delays of the blocked jobs.
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‘(_;Q:[——li%]:t:l—*’

Figure 6.11. Holding Nodes for Jobs along (1,3), (1,2), (2,3) and (3,2)

We then need to obtain the parameters of the arrival and service
processes for each of the holding nodes in /. For the holding node #4;, the
arrival process is obtained by random (Bernoulli) sampling of the departure
process at queue i with probability PB;(i), the blocking probability for a job
leaving queue i for queue j. To obtain the service moments at the holding
node #4;, we use the fact that the time for node j to accept the new
(previously blocked) job is the minimum of the m; residual times
corresponding to one of the currently served m; jobs in queue j finishing its
service. The moments of the distribution of this time may be approximately
calculated from residual time results by using the mean and the SQV of the
service time at the blocking node to find the approximate service time
distribution. This is fitted as one of exponential, balanced H, or E; kind of
distribution depending on whether the SQV is equal to, greater than or less
than unity. For this, consider a random variable S which is the minimum of
k random variables s,,......... .8, whose resultant distribution may then be
computed using the distributions of the individual random variables s, as the
ones corresponding to that of the approximated service time distribution. The
moments of S may then be computed and may be used to compute the
moments of the delay R by using the result [Kle75], [[BrG84] that

n+l

E{R"} __BST (6.127)
(n+1DE{S}

where E{R"} and E{S"} are the respective n™ moments of R and S.

Consider once again the blocking scenario of a job getting blocked in

attempting to move to queue j from queue i. Specifically consider the

network of Figure 6.10 and 6.11 where there are blocked jobs waiting to go
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to node 3 from both nodes 7 and 2 when the holding nodes #,; and #,; are
both occupied. In this situation, if a job now finishes service at node 3, then
only one of the jobs from either nodes / or 2 can move to node 3 and the
other job is blocked again. This implies that a “service completion”
(corresponding to the destination finishing service to a job) at the holding
node might result in one or more rounds of blocking before the job becomes
eligible to move to the destination queue j. Thus there will be a non-zero
blocking probability PB;(h;) for jobs going from /4; to node j and these
blocked jobs will return to /;. This constitutes immediate feedback to the
node Aij and needs to be removed following the usual strategy for immediate
feedback removal described earlier, for example in Section 6.2. This would
further increase the service times at the holding nodes - note that this
increase is in effect taking into account the contribution from other nodes
feeding into the same blocking node.

Using the above, we can obtain the arrival rates 4, and the SQV C,,” of
the inter-arrival times of the holding node %, as

Ay =20 P, PB,(h)
Chy =1=pyPB,(hy)+ p, PB,(h)[p]C5 + (1= p)C}, (6.128)
+p, (1= p,)]

where p;=A;/(m;1).

The mean z4,; and SQV CS,W-Z of the service times of the node /; also need
to be determined. When blocking occurs, all the servers of blocking node
will be busy. The distribution of time until any one of the m; servers finishes
service is the residual life of the minimum of m; GE random variables of rate
4 and SQV CS?. Let Ly and Cs,” be the mean and SQV of this residual life
which can be obtained once again as in Eq. (6.127). The mean and SQV of
the service time at A; may then be approximated by the geometric sum of
random variables with mean g, and SQV Coi.

Hyy =ty (L= PB (W], Cgy = PB,(hy)+[1- PB,(h)ICs, (6.129)

Sty
We also need to use the following modified routing probabilities.

P, =PB; (D)
py; =p,; —PB;(i) (6.130)

1 k=
Prk =10 k= keQl
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The mean number of jobs in the original node (actual network) is the sum
of the mean number of jobs in the original node (work-conserving network)
and the mean number of jobs in all the holding nodes which emanate from
this node. Moreover, the time for which the server will be held in the node in
the actual network will be the sum of the times for which it is held at the
node in the modified network and the time spent in the holding node.

After obtaining the input queueing parameters for the holding nodes in
the modified network, we apply an iterative procedure to solve this network.
This is along the lines of a fixed-point solution, which yields approximate
steady state solutions for the transfer blocking, open, queueing network
being examined.

The iterative solution procedure first obtains the parameters of the arrival
process and service times at each node of the expanded network. Each queue
is then treated independently using the Maximum Entropy method to find the
probabilities 7(n,), PB,(i), PBf(i) and PBa(i) as defined earlier. This would
require solving a set of coupled non-linear equations. The recursion will
finally yield the mean and SQV of the arrival and service processes at the
holding nodes. These are then used to modify the statistics of the original
network and then the approximate product-form solutions are used to find
the overall network parameters '

For all the nodes in the expanded network with immediate feedback, we
first modify the mean and SQV of their service time in the usual fashion
using Eqgs. (6.13) and (6.14) as in Section 6.2. The routing probabilities are
also adjusted using Eq. (6.15) as given there. The mean and SQV for the
arrival processes for nodes ie (2 are obtained as follows. The mean arrival
rate /; into node j is obtained by solving the following set of flow balance
equations.

2,11 = PBa(j)]= A,[1 - PBe(H]+ D A,[1 - PBa()lp,, jeQ (6.131)

ieQH

over all the queues in the network. Note that the flow balance equations in
Eq. (6.131) take into account both the external flows and their loss due to
blocking as well as the internal flows.

The SQV of the inter-arrival times at each node j is obtained as follows.
The departures from every node i €2H are sampled with probability p; to get
the individual streams arriving at node j and the SQV of the combined
arrival process at node j is then computed using Eqs. (A6.2) and (A6.3) of
Appendix 6.1. For this we need to know the blocking probabilities PB(i)
from all other nodes i, PBa(j) and PBe(j). These are obtained as follows.
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~-n

N

mj~1 (jz‘ ‘1 mj" (jz 1 J
PBe(j)= Y | =2 — il 7, (n
D=2, {cjﬂ. +c§j} {Cj,, +1 i)

n=0

(6.132)

Hﬂ7

N .—n
117
+ Zﬂ' (n) ’24”
(jAH

where CAJ,Z is the SQV of the inter-arrival times of the jobs from node 7 to
node j obtained using (A6.4) with appropriate substitution.

. PB, (i)
Ay PBe(j)+ > Ap, =2B.()
. e 4
PBa(j) = ] (6.133)
A + A p, .
;2 v I~ PB (i)

Note that PBe(j) and PBa(j) are not equal because arrivals from inside the
network into node j are not Poisson in nature.

N . —n

e e [T e <]
PB ()= | =2 e 7, (n)
J Z I:Ci}-e +C¢. J

n=0 S CAje 1

(6.134)

N -n
-1
An
+ Zﬂ' (n)
n=m { Aﬂ 1}

We also need to increase the service time moments of the nodes in £2to
account for the fact that a blocked job is moved to the corresponding holding
node. This should have the same effect overall as when the job is actually
blocking the server. This will be done as follows

Hy =[1—-PBf())]y,

C§ = PBf (i) + C3[1— PBf(i)] i€ (6.135)
with PBf (i)= »_ p, PB, (i)
ieQH

The overall algorithm is summarised below

1. Remove immediate feedback in the network and initialize the following
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PBi(i)=PBe(j)=PBa(j)=PBf(i)=0 Vi, je£
2. Expand the network by adding the required holding nodes
3. Obtain the mean inter-arrival times using (6.131) and its SQV as
explained therein. Obtain the mean and SQVs of the service times using Eq.
(6.135)
4. Using the Maximum Entropy based approach given earlier for open
networks, solve for 7;(n,), i €Q2H
5. Find the blocking probabilities PB,(i), PBa(j), PBe(j) Vi, je2H
6. Do as in Step 3.
7. Repeat from Step 4, if the flow statistics (mean and SQV of the arrival
processes at the nodes) have not converged to the desired accuracy.
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APPENDIX 6.1: THE GENERALISED EXPONENTIAL
DISTRIBUTION

The generalised exponential (GE) distribution is a two-parameter distribution that may be
used to approximate a variety of distributions by matching two of their moments. (In contrast,
the exponential distribution is a one-moment distribution, which is completely specified by
just its mean value.) Its probability density function is given by

a x=0

A6.1
(1-a)? deA-a)x x>0 (A1)

fx(x)={

with @e/0,1). The mean of this distribution is A7/ and its SQV is (/+a)/(/-c). It may also be
viewed as a limiting case of the hyper-geometric distribution where one of the phases is of
zero length. For the limiting case of @=0, it reduces to the exponential distribution. The GE
distribution is useful for modelling processes where the SQV is greater than one. It can also
model batch Poisson arrivals with a geometrically distributed batch size. It has also been
shown that the GE distribution is a robust two-moment approximation for any service time
distribution with SQV greater than one.

Two of the most useful properties of the GE distribution in queueing networks are that it is
closed under merging and random sampling. This means that the sum of two or more GE
processes (i.e. ones whose inter-arrival times have a GE distribution) is also a GE process.
Similarly, random Bernoulli sampling of arrivals from a GE process also leads to a GE
process. These properties are similar to the ones that we had seen earlier for Poisson arrival.
For pretty much the same reasons, the GE process (like the Poisson process) is easy to handle
in the analysis of such networks.

Merging or Superposition of GE Streams
We consider the GE process arising from the merging N GE streams. The i stream has

mean arrival rate A and has C as the SQV of its inter-arrival times. The mean Ay, and SQV
Cu? of the combined GE process are given by

Ay = Z/’l,- =1+ —Nf—w— (A6.2)

Bernoulli Sampling of GE Streams
If a GE arrival process is sampled with probability p, then the sampled process will also be

a GE process. Let the original GE process have mcan flow rate & and SQV (of the inter-
arrival times) of C%. Then the mean and SQV of the sampled process will be given as

As = pA C3=(1-p)+pC? (A6.3)
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Queueing with GE Arrival Streams

Another convenient feature of the GE process in a queueing scenario is that the output
from a GE/GE/m/N queue can also be shown to be approximately GE in nature. Assume that
the arrival process to the queue has the mean flow rate 4,, with SQV (of the inter-arrival
times) of C,°. Let the mean and SQV of the service times in the queue be x' and C¢.
Defining p=A/(myy), the mean flow rate of the output process and its SQV will be given by

/’"r)ut = Ain (] - PB)

(A6.4)
Cly=pC3+(1-p)CE + p1-p)

with P as the probability that a customer arriving to the queue is blocked. This is given by

n-n

m—1 N
Py=Y amd-o)VN " — T + Y mn)(-7) - A6.5
p = 7m)(1-7) [au—mr} > 2=y (46.5)
n=0 n=m
. 2 2 . . . .
with o= T= and m(n) is the probability that there are n jobs in the queue.

1+ C§ T+ qu
Evaluating this probability z(#) is a non-trivial task. One approach that may be taken is to use
the equivalent state probabilities from an M/M/m/N for this. The other approach is to use the
Maximum Entropy techniques to estimate these probabilities as part of the process of solving
the overall queueing network.
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Simulation Techniques for Queues and Queueing

Networks
Basic Principles for the Design of Queueing Simulators

In our previous chapters, we have presented various analytical methods
for studying the performance of queues and queueing networks. As would be
evident from our discussions in those chapters, analytical models of such
systems are tractable only if one makes suitable simplifying assumptions.
For example, in the study of individual queues, we usually have to resort to
such assumptions regarding the nature of the arrival and service processes in
order to provide analytical results on the performance of the system. The
situation becomes worse for queueing networks where the simple product-
form solution holds exactly only under very restrictive assumptions. In some
of the methods described for analysing queueing networks, the entire
analysis was based on the assumption that even though the product-form
expression may not be exactly applicable to the particular network, it still
holds as a good approximation. Even with such an assumption (and some
even more drastic ones), the analysis of reasonably complicated systems of
individual queues or queueing networks becomes rapidly impossible to
tackle. In situations where studies of such systems are nevertheless required
to be done, there is usually very little choice other than to use simulations
and simulation tools to examine the system.

Simulations provide a convenient tool to study complex systems, which
cannot be accurately modelled for exact or approximate mathematical
analysis. A simulation scenario for a complex system may be set up with as
much detail as required - essentially as much detail as it would feasible to
handle within the limits of the simulation time that can be spent and the
simulation complexity one is prepared to code for. Since analytical
modelling usually requires simplifying assumptions of its own, simulations
are also useful to provide crosschecks on the results obtained by analysis.

257
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In this chapter, we present the basics of how simulations may be used to
study queues and queueing networks. We introduce some of the basic
terminology of simulation techniques and review some of the relevant
concepts of simulations. We consider in detail how simulators may be
constructed to study queues and queueing networks and discuss how one can
generate confidence in the results obtained through simulations. The reader
can get more details from texts on simulation, such as [BCN96] or [Pay 88]

Given the choice between studying a system through simulations or
through analytical modelling, the best idea usually is to use a combination of
both the approaches. A system can be simulated to behave very closely to
what would actually happen in a real system whereas exact or approximate
analysis of the system may only be feasible under very drastic (and
sometimes inappropriate) assumptions. However, simulations would
generally take a long time to run if one wants to generate results with a high
enough degree of confidence. Sensitivity of the various system performance
parameters to variations in the values of various input parameters is also
easier to study using analytical methods than with simulations.

7.1 Simulation Model of a Real World System

Model Parameters

Level of Simulation
Detail

Redl S Simulator
ea Stem :
o4 ) Simulation Results runs in
runs in rea simulated
Hime time

Figure 7.1, Simulation Model of a Real System (Continuous or Discrete States)

The basic ideas behind developing a simulation model for a real system
in order to study its behaviour is illustrated through Figure 7.1. This shows
the relationship between the real system and its simulation model. A real
physical system may have a lot of small details. When one develops a
simulation model for it, one tries to make the model as realistic as possible
by capturing as many features and details of the real system as feasible.
However, it would be extremely fortuitous if we are able to capture all the
details of the real life system in our simulator. This may not even be possible



7. Simulation Techniques 259

in all cases, as the observer may not even know all the fine details of the real
system. Even when one has complete knowledge of the real system with all
its details, it may not be practical to incorporate all such detail in the
simulator. For one, the amount of coding and complexity required to capture
all those details in the simulation model may be horrendous. Secondly, a
simulator mimicking a real system in such excruciating detail may take an
unacceptably long time to run and give results with the desired degree of
confidence. One therefore often compromises in building a simulation model
of a real system by incorporating only those aspects of the real system,
which are deemed to be relevant to the objectives of the study. These Mode!
Parameters need to be carefully chosen to satisfy the requirements of the
simulation while keeping in mind the complexity of the simulator code and
the time required for running it on a computer. During the running of the
simulator, one would need to keep track of the values taken on by the
parameters that one wants to study through simulations. At the conclusion of
the run, the simulator would typically output the moments of the parameters
that are being monitored during the simulations. One can also optionally
generate a time trace of the some of the selected parameters to see the way
these change during the simulation process. Simulations are also sometimes
carried out to see if there is any logically inconsistent behaviour in the
original system - this, for example, may be an objective if a protocol or
algorithm is to be verified through simulations. This is not usually the
objective in the simulation of queueing systems. However, simulations of
queueing networks may be useful to indicate the different kinds of deadlock
conditions that may arise in the real system and suggest possible ways of
handling them.

For a given set of values of the model parameters, it is usually not
enough to get results just from on single run of the simulator. In order to
generate results with some pre-specified degree of confidence, one would
usually have to run the simulations several times making sure that the
simulation runs are independent and different from each other. One usually
modifies the seed in the random number generator, which will be inherent in
all simulation code, to ensure this difference. This would ensure that the
patterns of events generated by the different simulation runs are sufficiently
different even though they are being run from the same set of model
parameters.

The real system being simulated will actually run in real time while the
simulator will run on a different simulated time, dependent on the simulation
code and the system on which the simulation is being run. The way time is
handled in a simulator could also be different for different simulators. Since
the simulator is being run on a computer, it would necessarily run on a
discrete time basis. These discrete time units could be made arbitrarily small
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if the processing time of the simulator allows this so that it effectively looks
like a continuous time simulation. Some real systems, such as discrete-time
queues, do have a natural discrete-time operation. In such a system, changes
in the system can happen only at discrete time instants and the simulator may
effectively use this to simulate events and handle them only at these time
instants. A very effective style of simulation only triggers its internal actions
when some events affecting the system’s state actually occur. This is known
as Discrete Event Simulation and will be the focus of our attention here.

It is important to emphasise that the simulator is intended to imitate the
real system in as much detail as possible or as much detail as is needed to
satisfy the objectives of the simulation study. The real system will have its
own entities with their respective attributes, which may interact with each
other or have other inter-dependencies as a function of time. We define
entities as some object of interest in the real system. For example, in the
simulation of a queueing network, the individual queues, the jobs
entering/leaving the system and circulating between the queues and the
routes followed by them will be some of the important functional entities.
The attribute of an entity is some relevant property that we would like to
study through simulations. For example, for a particular queue one may like
to study attributes such as buffer and server occupancy. For individual jobs,
we may be interested in attributes like the time taken to get served in a
queue, the time taken to transit a system or whether the job gets lost, say in a
finite capacity system. The entities and their attributes would form the stare
of the system as modelled in the simulator. The various events that would
occur in the simulator (and in the real system) during its operation will affect
this state. Selecting the set of events that will be allowed to impact the
simulation model and the way they will affect the simulation process will
need to be modelled in such a way that they closely imitate what will happen
in the real system. As mentioned earlier, the simulation model may be forced
to make simplifying assumptions about the real system being studied.
However, for the simulation to be meaningful, these must correlate well with
the behaviour of the actual system.

The best way to see how a system will perform would undoubtedly be to
construct a prototype system and study its behaviour. This is usually not
feasible, especially when one wants to study the behaviour of large, complex
and costly systems. This is usually the reason why one has to take recourse
to either simulations or analysis to obtain results on the behaviour of the
system. Given that this is so, whether simulations or analysis is the best
strategy is open to debate. Simulators are generally closer to the real system
than analytical models as they typically require fewer and less drastic
simplifying assumptions than the latter. For example, most analytical results
in the area of queueing hinge on the crucial assumptions of Poisson arrivals
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and possibly exponentially distributed service times. If these assumptions are
not acceptable, using other models for the arrival and service processes
would be a simple task in a simulator but may be difficult, if not impossible,
to handle in the corresponding analytical model. Changing the structure of
the model, the rules of the algorithms followed and the values of system
variables are sometimes required to see their effects on the system. These
changes will be much easier to incorporate in a simulator but will generally
be difficult, and may even be impossible to do, in an analytical model. The
simulator may also make it easy to study the behaviour of any attribute of
any entity in the system by monitoring those during the simulation run.
Analytical results for all such variables may not be available which would
make it impossible to do a corresponding study using an analytical approach.
On the other hand, good simulation models typically take a long time to
construct and may also take a long time to run on a computer. This
complexity of simulator construction (especially when one wants to
construct an efficient simulator using suitable code profiling) and the fact
that simulators are generally computationally expensive are the major
disadvantages of taking a simulation rather than an analytical approach.
Sometimes, the validation of the simulation model and its debugging may
also be expensive. Finally, analytical results often allow us to see the
relationship between the model variables and the sensitivity of the output
parameters to the various inputs. This is not something a simulator can easily
do - studying any such change would actually require several simulation runs
to see how the system would behave.

Finally, it is perhaps important to point out that building and running a
good simulator and getting meaningful results is an art that must be carefully
practised. Texts on simulations, including this one, can only point out some
of the things that can be done. Much more can usually be achieved by
actually building a simulator and carefully examining its operation to see
that it is indeed doing things right. Sanity checks using the simulator, where
one knows, or can closely guess, how the system should perform in real life
are a good way of ensuring this.

Consider a system consisting of a water tank, which is being fed by one
or more sources at rates that vary with time. Assume that water also gets
taken out of the tank from various outlets at rates that also change with time.
We can define the level of water in the tank as the state of the system and
can easily construct a simulator to model the real system, i.e. the water tank.
For this, we would also need the additional information on how the input
flow rates and the output flow rates vary with time. Given these quantities,
we can build a simulator quite easily which will tell us what we need to
know about the real system, i.e. the way the level of water changes over the
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day or what would be the level of water at a particular time. A typical output
of such a simulator is shown in Figure 7.2.

4 Water stored
in a tank

» Time

Figure 7.2. Continuous State, Continuous Time Simulations (Level of Water in a Tank)

Note that the system state in this case, i.e. the level of water in the tank, is
a continuous variable. Since the state varies continuously with time, it is also
a continuous time variable.

4 No. of Jobs
in Queue

» Time

Figure 7.3. Discrete State, Continuous Time System (Number of Jobs in a Queue)

Unlike the example of the water tank shown, a queueing system would
have discrete states and would be represented by a discrete variable. An
example of this showing the state of a single queue as a function of time is
shown in Figure 7.3. Note that for the example shown, the state is a
continuous time random variable corresponding to a continuous time queue.
If we had instead considered a discrete time queue, then the system state
would have been a discrete time variable. In general, whether the system
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state is continuous or discrete and whether the system is a continuous time or
discrete time one would depend on the nature of the system being modelled.

Queueing systems are examples of discrete time systems and we will
focus on such systems in our subsequent discussion. In such a system, there
will be specific time instants when the model’s state will undergo a change.
These time instants are sometimes referred to as simulation times or event
times. In between these times, the state of the system does not change. Note
that a crude way of simulating a system would be to step it through small
intervals of time A7. We can do this to observe how the system changes
from time t+nAt to t+nAr+At following the rules of how the system state
will change over the small time interval Ar. Though this is a possible way to
build a simulator, this would not be an efficient way to do so if the system is
a discrete state system where the system changes only at specific event
times. A discrete event simulation approach is a more reasonable way of
simulating such a system and will be discussed next

7.2 Discrete Event Simulation

In discrete event simulations, the simulation model only focuses on the
event times that may occur as these are the only times when the system is
going to change its state. It is not necessary for the simulator to examine (or
simulate) the system in between successive event times. This is because the
system state will stay unchanged between one event time and the next. This
of course implies that the events on the event list should be carefully chosen
to represent all the possible events that may affect the state of the system. A
continuous simulation of the system in continuous/discrete time is not
necessary.

In this case, the simulator always keeps an event list (or even multiple
event lists which then have to be examined together or are controlled
through a master event list)) of the events that are currently scheduled to
happen and the time instants when they will happen. This is typically
organised as a doubly linked list where event n+1 keeps one link to its
predecessor event » and another to its successor event n+2. The events in the
list are therefore organised such that event i is listed before event j if event i
occurs before event j. At any instant of time during the simulator run, the
event which is currently the top most event in the list is the one to be
processed next. This event will be processed and the simulator will take all
the actions that are required for completing the processing of that event.
These actions may change the state of the system and the values and
attributes of the various entities affected by this event in the system. The
processing of this event may also create new events that have to be
scheduled at the appropriate times that they are required to occur. If this
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happens, then depending on the time of occurrence of these new events, they
would be inserted in the appropriate place on the linked list of events. This
will be done for all the events generated by the processing of the current
event. For example, suppose that the processing of the current event at time
t, creates a new event which is scheduled to occur at time #*. The simulator
will search the event list for the event / occurring at event ¢# such that ¢* falls
in the interval (¢, #;.;). The linked list will then be modified by inserting the
new event in between the earlier event i and i+/. This is illustrated in Figure
7.4 by an example. Note that appropriate special modifications will be
needed to handle the cases where the new event is either required to join at
the top of the event list (after the event currently being processed) or at the
very end of the event list, after the last event that has been currently
scheduled.

I, @ event currently being processed
current event
generates a new
event scheduled
for ¢* such that

bQueventl L<tR<t,

. new event to occur
ti.1@ eventi+]

at 1* inserted here

Time

Figure 7.4. Inserting a New Event in the Event List

The simulation process is started with an initialisation procedure. This
creates the first few events in the event list and also initialises all the relevant
system variables, including those that will be used to record (and later
compute) the performance results. Subsequently, the simulation proceeds by
processing the event scheduled to occur next which in turn may create
additional events that will be placed appropriately in the event list. Once the
event at the top of the event list has been fully processed, the simulation time
is incremented to the time of occurrence of the next event on the list and this
event is then processed. This continues either until the event list becomes
empty (no further simulation can be done) or when the simulation
termination condition is reached. The simulation termination condition may
be specified either as a limit on the simulation time or as a limit on the
number of events that will be processed. In the latter case, this may either be
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a limit on the total number of all events or a limit on the total number of
some particular types of events.

The simulation algorithm may be summarised as consisting of the
following component procedures. Note that the structure of the simulator is
fairly simple consisting of an initialisation procedure, followed by the main
simulation loop and the termination procedure. These steps may need to be
repeated multiple times with independent runs in order to generate results
with the desired degree of confidence.

I Initialisation Procedure
Setting up the initial event list, initialising the event attributes and
variable values internal to the simulator as well as the variables used
to monitor the simulation and collect statistics

2. Main Simulation Loop

i Process current event on top of the event list (i.e. the most
recent event - the procedures here will include actions like
updating the system state, creating new events and gathering
statistics. The actual processing of the event will depend on
its type.

ii. Move to the next event on the event list and advance the
simulation clock to the time of occurrence of this (next)
event.

iii. Repeat from (i) if the simulation termination conditions
stipulated have not been reached

3. Termination Procedure
On termination, process the output parameters to report the required
results.

4. Confidence Levels and Confidence Intervals
Repeat 1-3 above with independent simulation runs (i.e. new choice
of the seeds for random number generation) until the desired
confidence levels for the computed confidence intervals are
generated for the simulation results to be considered acceptable.

The procedure for discrete event simulation of a queueing system is best
illustrated through an example. For this, we consider the simple queueing
network shown in Figure 7.5. This is an open network of two queues with
two arrival streams from the outside into the network and probabilistic
routing from one queue to another. Various modifications to this simple
scenario such as static class-based routing (depending on the external arrival
stream) or differences between the priorities of the two streams may also be
easily incorporated in this model but have not been considered here.
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For the example network of Figure 7.5, the events to be considered in the
simulation are as follows -

1. Arrivals from stream 1 (i.e. external arrival stream 1)
2. Arrivals from stream 2 (i.e. external arrival stream 2)
3. Arrivals to queue Q, (total arrival stream to 0))

4. Arrivals to queue O, (total arrival stream to ()

5. Service completions at (departures from) O,

6. Service completions at (departures from) O,

These events are inter-related with one event triggering another. We discuss
these in detail subsequently.

The initialisation procedure for the event list for this example is very
simple. All that we would need to do to start the simulation will be to
generate the first arrival from both stream 1 and stream 2 to the network. The
subsequent simulations may be designed to follow thereafter as events
arising from the processing of these and other subsequent events.

v
O -2 :

oy o

©

Figure 7.5. An Example of an Open Queueing Network

The following are some of the performance parameters that may be of
interest. The ones, which are actually of interest, will have to be
measured/recorded during the simulation phase. Once the simulation
terminates, average values of these will be computed. Higher moments (e.g.
the second moment or the variance) may also be computed. Similar
parameters will need to be defined and computed for the actual simulation
being done.

1. Number in Q, (including/excluding those in service)
2. Number in Q;(including/excluding those in service)
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3. Waiting time for a job in Q, before service or total time spent by a
jobin Q,

4. Waiting time for a job in O, before service or total time spent by a

jOb in Q2

Server utilisation at g, or 0,

Sojourn time of a job entering the network from stream /

Sojourn time of a job entering the network from stream 2

Effective arrival rate entering Q;

Effective arrival rate entering O,

10. Departure rate from Q; to Q;and vice versa

11. Departure rates from Q, and O, leaving the network

12. Blocking/loss ratios of the various flows for finite capacity queues

0 0N

We consider separately the processing required for some of the events in
this system, as listed earlier.

External Arrival Event 1

Depending on the nature of the arrival process, generate the next (random)
arrival event of this type. This will be scheduled to happen at some time ¢
depending on the nature of the arrival process. Depending on the value of 7,
this event of next arrival from the arrival stream / is placed in the proper
position in the current linked list of events. We then generate another
random number corresponding to a random choice of whether the arrival is
to be routed to O, or O, depending on the routing probabilities given for this.
Depending on the value of this random number, the current (external) arrival
event is routed to Q; or O,. This would convert the event to one of an arrival
to O, or O; (as the case may be). It is then rescheduled to occur in the same
place (i.e. at the same time) as the current event on the event list. Once this is
done, move to processing the next event on the event list. (Note that in this
case, the next event will occur at the same simulation time instant as the
current event but it now becomes an event of another type, i.e. it will be an
arrival to either O, or Q..

External Arrival Event 2

The processing of this is similar to that of an external arrival event from
stream 1, except that the arrival is only routed to ;. Therefore, after
generating and suitably placing the next event of this type, this event is
converted to become an arrival event to O, occurring at the same simulation
time instant as before.

Arrival Event to Q,, i=1, 2
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If no free server is available, then increment by one the number in the
buffer of Q,. This is done so as to make the arriving job wait in queue for
later service. On the other hand, if a server is available then service to job
will begin. This involves incrementing by one the number of busy servers at
O, and then scheduling a departure event corresponding to this job. The
departure event is generated at a random time ¢ corresponding to the
simulation time when this job will finish service. For this, the random time ¢
is generated as per the service process (or service time distribution) of the
server at (J;. This departure event is placed at its proper position in the event
list.

Departure Event from Q,, i=1,2

Depending on the queue from which the departure is taking place and
following the routing probabilities for a job leaving that queue, generate a
random number to decide which queue the job will be routed to next. If the
departure is leaving the network, then we merely need to increment by one
the number served by the system. If the departing job is destined for O, j=1,
2, then convert this event to one of an arrival to O, and reschedule it for the
same simulation time as the original departure event and place it on the event
list.

In addition to the above processing for each of the events (depending on its
type), the simulation will also incorporate various counters so that statistical
results of the simulation may be computed after termination.

7.3 Collecting and Processing Simulator Outputs for
Queues

We had mentioned earlier that we need to monitor and record the values
of various variables during the simulation in order to provide the required
performance results once the simulation terminates. In this section, we
discuss this in more detail in the context of how this will be done in the
simulation of single queues or queues in a queueing network

In general, we can divide the variables to be observed for a queue into
two classes - observation-based variables and time-weighted variables.
These are discussed separately next.

7.3.1 Observation-Based Variables
Observation based variables are based on individual observations of the

queue. Examples of this for a particular queue would be variables like the
service time of a particular job or the total time spent by a job in the queue
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(waiting and in service). For a queueing network, an example of such a
variable would be the sojourn time for a job in an open network, i.e. the total
time it spends in the network from the time instant when it enters the queue
to the time when it finally departs from the system. In a queueing system,
variables of this type are usually the ones that we associate with a particular
job.

Consider a random variable W of this type. If we knew its actual
stochastic properties (i.e. its probability distribution), then we would be able
to find its moments of first and higher orders, i.e. typically, its mean E{W}
and its variance o°. Consider the situation where K instances of this
particular variable are observed as shown in Figure 7.6 where these may be
assumed to correspond to the total time spent in the system by the jobs /, 2,

., K

W
/ W

W,

Time Spent in
System, W,

Job/Customer Number i

Figure 7.6. Example of an Observation-Based Random Variable (Time Wi Spent in a Queue
by the Job i)

If K instances {W,, W,,........ . Wy, W) of a particular variable W are
actually observed, then its observed mean and observed variance may be

computed as

1
Observed Mean W, = X ZWj (7.1)
J=1
. 2 1 £ 2
Observed Variance Opo =—— Z W, -Wy) (7.2)
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Other (observed) moments may also be similarly computed. It should be
noted that these are merely the observed moments and there is no guarantee
that they will indeed be the same or close to the corresponding values of the
actual moments that may be obtained had the probability distribution of the
random variable W been known. This is where confidence estimation,
discussed later, becomes important. The confidence estimation methods will
be based on the observed mean and variance of a variable as estimated in a
number of independent runs of the simulator.

Finally, it should be pointed out that the observed moments, such as the
mean and variance calculated using Eqs. (7.1) and (7.2), are meaningful only
when the moments actually exist and can be properly defined. This is
possible only when the system is indeed in steady state after all its transients
have died out. This has two implications. One is that the computation of
these moments is only meaningful in a system that can actually reach steady
state. If the queue is overloaded then it is never going to reach steady state
and it would not be meaningful to compute the observed moments for such a
system. The second implication is that, even for a system which does reach
steady state, one must be careful that the observations for W, j=1,2....,K
must be taken only after the initial transient behaviour of the system has died
down. This is usually done by prescribing an initial warm-up time during
which observations are not made. This effectively assumes that the system
would reach steady state at the end of the warm-up period. Note that a
Jjudicious choice of the warm-up period will have to be made to ensure that
this is indeed the case.

7.3.2 Time-Weighted Variables

Time-weighted variables are based on the extent of their actual duration
and have to be weighted by the length of this time duration. An example of
this would be the number of jobs in the system. This would actually be a
function of time N(?), 0 <t < T, where T is the total simulation time over
which the variable is observed. An example of this is shown in Figure 7.7.

Other examples of such time-weighted variables in the context of queues
and queueing networks would be quantities like number of jobs waiting for
service in the queue, the number of busy servers in a queue or the total
number of jobs in the entire network. During the simulation run, say over the
time interval (0, 7), one would typically be observing a variable of this type
as a function N() over the time 7. Note that even though N(¥) is implied as
being a continuous function of time, we really do not need to observe it
continuously. It is enough to observe it at the time instants when events
actually occur, as we know that the system will not change state in between
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these time instants. Fortunately, this also agrees very well with the way the
simulations are handled in a discrete-event simulator.

—

-

Number in Queue
N@)

t ¢ I3 . T
Time

Figure 7.7. Example of an Time-Weighted Random Variable (Number in a Queue as a
Function of Time)

The observed mean and observed variance of the variable N(?) may be
computed using the following.

.
Observed Mean N, :% J'N(t)dz (7.3)

=0

r
Observed Variance ory = % jN *(Hdt |- N, (7.4)

1=0

As in the case of observation-based variables, we would need these
quantities from independent simulation runs for purposes of confidence
estimation. The comments made there about steady state and warm-up
intervals are also applicable in this case.

7.4 Estimation of Confidence Intervals and
Confidence Levels

It is evident that the point estimation of output variables from the
simulator, as described in Section 7.3 from a single simulation run, would be
of limited use. If the variance of the variable being observed is large, then
the actual “spread” of the random variable would be large. The observed
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mean of the random variable is basically what one would get from single
observation made on it. This can lie anywhere within the range that the
random variable can take and there is really no way of saying how close this
observed mean would be to the actual mean of the random variable. Ideally,
one would like to provide some way of specifying the degree of confidence
one can place on such point estimates. This is the reason why estimation of
confidence is required for the output of any simulation-based experiment.
This is briefly described in this section.

Let W be the random variable being observed where the quantity of
interest (from the simulation experiments) is the mean of this random
variable. Let £{/W} be the true mean of the random variable W - this would
be what we would be able to calculate if we knew the actual distribution of
this random variable. Let W, be the observed mean of the random variable
as obtained by averaging over the observed means obtained from one or
more simulation runs. We denote by Aw the confidence interval that is
estimated for a confidence level of «. If confidence estimation is being done,
then we would typically be able to make a statement such as “The true mean
E{W} of the random variable is expected to lie between #0.54w of the
calculated mean W, with a probability of o We have illustrated this in
Figure 7.8. It should be noted that choosing a range of the type #0.54w is
basically just a convention that we will follow here. Ranges, which are
unequal on the two sides of the true mean, may also be considered but are
seldom used.

a = P{E{W} will lie in this range}

. 0 5AW [ 0' 54}4{ e

st

Figure 7.8. Confidence Estimation with Confidence Intervals and Confidence Levels

Note that this is in effect equivalent to saying that, on the average, we
would be correct (o x 100) percent of the time, that E{} will indeed lie in
the range (W -0.54w, Wy+0.54w). The variablex is called the confidence
level with 4w the corresponding confidence interval.
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Consider a situation where we run our simulation experiment » times to
get the sample mean and variance for each run. Then these may be used to
get the observed mean and variance as

1 n 1 n
Wo="2Wo o= (n-1) 2 o, =Wy)? (7.5)
J=1 J=1

For a confidence level ¢, the confidence interval of the observed mean W,
will then be given by

o o
(Wo - [t045(1—a),(n—1) ]%: Wy + [[0‘5(]~a),(n—l) ]*\/p;—ij (7.6)

where #)511-0,m.1) is the Student’s r-parameter for n-1 degrees of freedom and
owo is the standard deviation corresponding to the variance owo’. The value
of ¢ 51-0,m-1) may be found from standard tables. For example, for a =0.95,
the values of this parameter for n=6 and n=11, may be found to be 2.57/
and 2.228, respectively.

fooass =2.571  togs.10 =2.228

Using this, if for example we do six runs of an experiment, then the actual
mean value of the parameter observed would be guaranteed to lie between
(Wo - 1.050w0, Wy + 1.050ow0) with 95% probability.

If the confidence level « is given, then confidence estimation would
estimate the range of the confidence interval #0.54w around the observed
mean within which we would expect the actual mean value to lie. We can
summarise this as follows.

i.  Observe the required variable W for n runs

ii. From these n observations, compute the observed mean W, and the
observed variance oy’

iii. Obtain the required Student’s #-parameter £y 5:,.a),»-1) for a confidence
level o

iv Use Eq. (7.6) to compute the range of the confidence interval within
which we would expect the actual mean E{W} to lie with (a x 700)
percent confidence.

Note that if the confidence interval obtained in this fashion is not tight
enough to suit the experimental requirements then it can be made tighter by
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doing more experimental runs. This will change the value of » in the steps
given above and will lead to tighter confidence intervals. The usual
procedure followed is to keep doing simulation runs of the experiment until
the confidence interval for each of the required result variables become small
enough to be acceptable for the specified level of confidence. Note that,
given the confidence level, it is not possible to specify in advance the
number of simulation runs that will be required to get the required tightness
of the confidence interval for the observed variable. To complicate matters
further, if a number of variables are being observed, then the confidence
intervals obtained may be different for each of them. The simulation runs
will have to be continued until the required confidence intervals of all the
variables are individually satisfied, i.e. the confidence interval of each of the
variables are equal or smaller than the corresponding required level.

While reporting the results of a simulation experiment, it would be
desirable to mention the confidence estimate (confidence level and
confidence interval) associated with each of the observed variables.
Typically, reporting results in this fashion would be more meaningful than
giving just the mean results.

7.5 Transient Behaviour and the Warm-up Interval

~ A

N | Transient

3 ;

§ . Steady State

N

2 :

3

R i

RS %

“ : >

0 TW T,

Time

Figure 7.9. Transient Behaviour in a Simulation Run

In Figure 7.9, we have illustrated the typical behaviour of a simulation
parameter 7 during a simulation run carried out over a (simulation) time
interval (0, 7). Note that the parameter W being observed goes through a
transient stage when the simulations are first started but eventually reaches
steady state values. (We obviously assume that the simulations are being
done with input parameters such that the system will be able to reach steady
state.) Though W has been shown to be a continuous random variable, such



7. Simulation Techniques 275

as the time spent in system, discrete variables like the system state will also
show analogous behaviour - except that they will take discrete values. Since
the simulation output is typically required under equilibrium conditions, we
really should monitor and record the values of W (for calculating the
observed mean and variance for the simulation run) only during the time
when the system has reached equilibrium. This is done by specifying an
initial warm-up interval, which should be at least as large as the transient
duration, during which system statistics are not recorded.

In Figure 7.9, looking at the time trace of (%), we have decided to label
the interval 0 <t < Ty, as the transient interval and the interval 7y <t < T as
the one during which the simulation has reached equilibrium conditions. The
warm-up interval, mentioned earlier, should be at least as large as (0, Ty), if
not larger. Deciding a reasonable value for 7j seems obvious from the plot
for W) shown in Figure 7.9 but in practice would be hard to do
automatically inside a computer program. The reason for this lies in the fact
that the effect of transients and the transient interval are both going to be
highly dependent on the actual simulation model and even possibly on the
particular variable being observed.

We cannot really give any general guidelines on how the warm-up
interval, covering the effects of the transients, should be chosen. One
possibility is that we choose the overall simulation interval (0, 7T) to be large
enough so that the effects of the transients will be negligible and may be
ignored. The other option is to actually observe the simulation experiment
for a few independent runs and base a suitable choice of the warm-up period
based on the observations made for these runs. Subsequent runs may be done
using this value of the warm-up period (during which data is not collected)
for calculating the observed means and variances.

7.6 Data Collection in Steady State Conditions

We briefly discuss in this section some of the common methods used to
gather steady state observation data during a simulation run. The problem
specifically considered is the way one can get » independent simulation runs
over which the output parameters may be observed and estimated so that the
results from the runs may be used to get a suitable confidence estimate. The
three techniques commonly proposed for this are (i) The Subinterval Method,
(ii) The Regenerative Method and (iii) The Replication Method. In our earlier
discussions, we had in a way implied the use of the replication method as
that is indeed the one that is most commonly used.
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7.6.1 The Subinterval Method or the Method of Batch Means

This method really involves only one very long simulation run which is
suitably subdivided into an initial transient period and » batches. Each of
these batches is then treated as an independent run of the simulation
experiment while no observations are made during the transient period
which is treated as the warm-up interval. An example of this has been shown
in Figure 7.10. Note that one would normally choose batch intervals of equal
size but this is not mandatory. One can choose batch intervals of different
lengths if there is a reasonable logic on which this may be based.

Choosing a large batch interval size would effectively lead to
independent batches and hence, independent runs of the simulation as
required for confidence estimation purposes. One advantage of this method
is that only one transient (warm-up) interval needs to be accounted for and
discounted and removed during the process of recording observations. Since
the simulation would tend to run for a long simulation time in this approach,
this would also tend to reduce the ill effects, if any, of not properly removing
the transient period during the warm-up interval.

A

Variable

Batch 2
Batch n

Simulation Output
Transient

>

Time
Figure 7.10. The Subinterval Method or the Method of Batch Means

One disadvantage of this approach is that the batches, as illustrated in
Figure 7.10, may not really be independent. Statistically, one can make the
observation that high values of an observed parameter will tend to follow
high values and low values will tend to follow low values. This would be
especially true if the batch sizes are not large enough and will lead to
significant correlation between successive batches. Since the confidence
estimation measures are based on the independence of the individual
simulation runs, this lack of independence between successive batches, if



7. Simulation Techniques 277

sufficiently serious, may have a serious impact on the accuracy of the
confidence estimation procedures.

7.6.2 The Regenerative Method

This method is basically intended to reduce the problem of correlation
between the batches that one may encounter in the Subinterval Method of
Section 7.6.1. We still use one long run as before but select an appropriately
identified state of the system as the regenerative state and the time instants
when this occurs as the regenerative points. The batches start and end at
these regenerative points once steady state has been reached. This method is
illustrated in Figure 7.11.

Choosing the regenerative state appropriately may not be as difficult as it
may first appear. Consider the variable N representing the number in a
queue, which is being simulated. This will typically build up from a zero
value but, if the system is stable, then it will also eventually return to a zero
value. This will happen repeatedly with the system state fluctuating between
positive, non-zero integer values in between the zero-value points. The zero-
value points are interesting because once the system reaches this state, its
future evolution does not depend on how it actually reached this state. This
behaviour of the system implies that the way the system evolves in one idle-
to-idle cycle of this type will not depend on previous cycles of this type and
will not affect future cycles of this type either. Since this is the case, we can
indeed choose these idle-to-idle cycles as the independent batches suggested
in the earlier description and illustrated in Figure 7.11.

A @& Regenerative Points

5 Batch k Batch k+1
S :
S

]
S
Q2
33
S
5
A

&

Time
Figure 7.11. The Regencrative Method of Choosing Independent Batches

This method is qualitatively better at ensuring independence between
successive batches than the earlier Subinterval Method. Apart from the fact
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that one must correctly identify the regenerative states, this method does
have a few problems that should be considered. Firstly, the time interval
between regenerative points may be long - if this happens then one will need
to run the simulation for a long time (in terms of the simulation time) in
order to get a sufficient number of independent batches. The adverse effect
of this, if it happens, will also be that only a few batches may be obtainable
even in a long simulation run. If this is the case then it will adversely affect
the computation of the confidence intervals for confidence estimation
purposes. One other problem is that the batch sizes and their duration will
themselves be random in nature. It may be necessary to account for this in
our computations.

7.6.3 The Replication Method

This method is the one most popularly used and had been implied in a
way in our earlier descriptions. This was basically the suggested technique
for getting »n independent runs of the simulation experiment by running the
simulator » times with different initial random seeds for the simulator’s
random number generator. We have illustrated an example of this in Figure
7.12 where the independent runs for the two batches, batch £ and batch A+7
are shown with their own transient (warm up) intervals and the time intervals
during which the system reaches steady state in these two runs.

A A

5 Batch k 5 Batch k+1
o QR

=S N

S -2 S 2

- o=~ g

I3 RSN

= S

g g

%) %)

- g b
Time Time

Figure 7.12. The Replication Method

In this case, » independent replications of the simulation run are done. In
each case, an appropriately selected transient (warm up) period is removed
from each run before the data collection is started. For the observed intervals
after the warm up period (i.e. the intervals during which the system reaches
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steady state), data is collected and processed for the point estimates of the
variables being observed and for their subsequent confidence estimation.

The n simulation runs must be truly independent. In practice, this may
generally be satisfactorily achieved by selecting different seeds for starting
the random number generator used by the simulator. In order to achieve
independent replications in this fashion, one should ensure the use of a good
random number generator and sufficiently statistically different starting
seeds for each run. This method does require separate warm up periods to be
estimated and removed from each run to eliminate the effects of transients.
Apart from this, the replication method is simple and easy to use and is the
method typically used to generate multiple simulation runs of the simulation
experiment for confidence estimation.
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APPENDIX 7.1 GENERATING RANDOM NUMBERS

In most computer systems, one can find a random number generator (usually a function
called rand) which may be called to generate uniformly distributed real valued random
numbers between 0 and /. Typical usage of this generator is to specify a seed first before the
random number generator is used. The seed is usually any randomly chosen large integer with
the number of digits corresponding to the largest size integer that may be represented on that
computer. Once the seced has been specified, calling the random number generator function
repeatedly will generate a sequence of uniformly distributed random numbers. Note that the
same sequence of random numbers is always generated if the seed value is the same.
However, specifying a different seed will generate a different sequence of uniformly
distributed random numbers.

The random number generator that typically comes with the system is called ran(iseed) or
rand(iseed). The usual method of calling this function would be to say

x = rand(iseed)

which would give x as the next random number generated and will also automatically update
iseed for the next time the function is called. The random number generators supplied with
most computer systems are usually quite poor in guaranteeing true randomness of the
sequence of random numbers they generate. It is usually a much better idea to write ones own
or to use a random number generating routine from a good reference source such as
Numerical Recipes [PTV92].

Since most system supplied or referenced random number generators only generate a
sequence of random numbers uniformly distributed between 0 and / (i.e. random number X,
0<X<1I), we still have the problem of using this random number generator to generate random
numbers with other distributions. (Some systems may provide means of generating Gaussian
random variables or exponentially distributed random variables.)

The easiest way to do this is by using the so-called 7Transformation Method. Suppose we
have a random number generator generating uniformly distributed random numbers X
between 0 and /. If we are actually required to generate a random variable Y with cumulative
distribution function F(y), then we can do that by using the following transformation to
generate the required Y from X.

Yy =FYx) (A7.1)

This would mean that we first get X and then apply the transformation of Eq. (A7.1) to get
Y. For example, if we want to generate the random variable Y to have an exponential
distribution (cumulative distribution function of e¢*') i.e. for Poisson arrival processes or
exponentially distributed service times) of mean A then the required transformation needed
is

_In(X)
)

Y= (A7.2)

The transformation method is simple but suffers from the inherent disadvantage that one
cannot really use it unless the function F representing the cumulative distribution function of
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the target random variable can be inverted, i.e. its inverse function F “(X) may be evaluated
either analytically or numerically.

The Rejection Method offers a more general approach to generate random variables with a
required distribution. The only requirement is that the target random variable must have a
probability density function fy(y), which is known and computable. (Note that fy(y)dy actually
gives the probability that the random variable Y falls between y and y+dy.). It does not
require that the cumulative distribution function be readily computable or that it be in a form
where its inverse can be analytically or numerically computed, as required in the
transformation method. Discussion of this method and of computer programs implementing it
for various target distributions may be found in the literature, e.g. in [PTV92].



References

[AkK93]

[Aky89]

[BCM75]

[BCN96]
[BeG92]
[BrG84]
[BrK93]
[CHW75]
[Fel65]
[Hay84]

[KeS87]

[KiA89]
[Kle75]
[KoX89]

[LiP91]

[LZS84]

[Mol89]
[NeT88]

Akimaru, H. and Kawashima, K. 1993. 7eletraffic Theory and Applications,
Springer-Verlag.

Akyildiz, LF. 1989. Product-Form Approximations for Queueing Networks with
Multiple Servers and Blocking, /EEE Trans. on Computers, vol. 38, no. 1, pp
99-113, January 1989.

Baskett, F., Chandy, K. M., Muntz, R. and Palacios, F.G. 1975. Open, Closed
and Mixed Networks of Queues with Different Classes of Customers, J. of the
ACM, vol. 22, no. 2, pp 248-260, April 1975.

Banks, J., Carson, J.S., Nelson, B.L. 1996. Discrete-Event System Simulation,
Prentice-Hall Inc.

Berstsekas, D., and Gallager, G. 1992. Data Networks, Prentice-Hall.
Bronshtein, O. and Gertsbakh, 1.B. 1984, An Open Exponential Queueing
Network with Limited Waiting Spaces and Losses: A Method of Approximate
Analysis, Perfromance Evaluation, vol. 4, pp 31-43, 1984.

Bruneel, H., and Kim, Byung G. 1993. Discrete-Time Models for
Communication Systems Including ATM, Kluwer Academic Publishers.

Chandy, K.M., Herzog, U. and Woo, L. 1975. Parametric Analysis of Queueing
Networks, IBM Journal of Research and Development, Jan. 1975, pp 19-36.
Feller, W., 1965. An Introduction to Probability Theory and its Applications,
Vol. II, New York: John Wiley & Sons.

Hayes, J. 1984. Modeling and Analysis of Computer Communication Networks,
New York: Plenum Publishing Corporation.

Kerbache, L. and Smith JM. 1987. The Generalized Expansion Method for
Open Finite Queueing Networks, European Journal of Operational Research,
32 (1987), pp 448-461.

Kim, C. and Agarwala, AK. 1989. Analysis of the Fork-Join Queue, /EEE
Trans. on Computers, vol. 38, no. 2, pp 83-121, February 1989.

Kleinrock, L. 1975. Queueing Systems, Vol. 1, John Wiley & Sons.

Kouvastos, D.D. and Xenios, N.P. 1989, MEM for Arbitrary Queueing
Networks with Multiple General Servers and Repetitive Service Blocking,
Performance Evaluation, vol. 10, pp 169-195, 1989.

Liu, Y.C. and Perros, H.G., 1991. A Decomposition Procedure for the Analysis
of a Closed Fork/Join Queueing System, /EEE Trans. on Computers, vol. 40, no.
3, pp 365-371, March 1991.

Lazowska, E.D., Zahorjan, J., Scott Graham G., and Sevcik, K.C. 1984.
Quantitative System Performance, Prentice-Hall Inc.

Molle, M K. 1989. Fundamentals of Performance Modelling, Macmillan.
Nelson, R. and Tantawi, A.N. 1988. Approximation Analysis of Fork/Join
Synchronization in Parallel Queues, /JEEE Trans. on Computers, vol. 37, no. 6,
pp 739-743, June 1988

283



284
[Onu90]
[Pap65]
[Pay88]
[Per94]
[Per89]

[PTV92]

[ReL80]

[Ros95]
[Tak94]
[TMB99]
[Wal88]
[Whi83]
[Wol89]

[Wo0094]

References

Onuvral, R.O. 1990. Survey of Closed Queueing Networks with Blocking, 4ACM
Computing Surveys, vol. 22, no. 2, pp 83-121, June 1990.

Papoulis, A. 1965. Probability, Random Variables and Stochastic Processes,
McGraw-Hill.

Payne, James A. 1988. Introduction to Simulation, McGraw-Hill Inc.

Perros, H. G. 1994. Queueing Networks with Blocking, Oxford University Press.
Perros, H.G. 1989. A Bibliography of Papers on Queueing Networks with Finite
Capacity, Performance Evaluation, vol. 10, pp 255-260, 1989.

Press, W.H., Teukolsky, S.A., Vellerling, W.T. and Flannery, B.P. 1992.
Numerical Recipes: The Art of Scientific Computing, Cambridge University
Press.

Reiser, M. and Lavenberg , S.S. 1980. Mean Value Analysis of Closed
Multichain Queueing Networks, J. of the ACM, vol. 27, no. 2, pp 313-322, April
1980.

Ross, K. W. 1995. Multiservice Loss Models for Broadband Telecommunication
Networks, Springer-Verlag.

Takagi, H. 1994. Queueing Analysis, Vol. 2: Finite Systems, North-Holland.
Tahilramani, H. Manjunath, D. and Bose, S.K. 1999, Approximate Analysis of
Open Network of GE/GE/m/N Queues with Transfer Blocking, MASCOTS'99,
University of Maryland, October 24-28, 1999, pp 164-172

Walrand, J. 1988. An Introduction to Queueing Networks, Prentice-Hall, Inc..
Whitt, W. 1983, The Queueing Network Analyzer, Bell System Technical
Journal, vol. 62, no. 9, pp 2779-2815, Nov. 1983.

Wolff, R.W. 1989. Stochastic Modeling and the Theory of Queues, Prentice-Hall
Inc..

Woodward, M. E. 1994. Communication and Computer Networks, IEEE
Computer Society Press.



Index

ATM, 79

BASTA, 132

Batch Arrivals, 45

Batch Service Time, 103
Batch Size, 101

Birth-Death Processes, 15
Blocking Mechanisms, 218
Blocking Before Service, 221
Rejection Blocking, 219
Repetitive Service, 220
Transfer Blocking, 220
Blocking Probability, 31
Burke's Theorem, 39

Busy Period, 74

Closed Network

Convolution Algorithm, 172
Mean Value Analysis, 174
Multi Class Traffic, 179
Multi-Server Queues, 169, 173
Multi-Server, Single Class, 177
Normalisation Constant, 166
Relative Throughputs, 165
Relative Utilizationa, 169
Single Server Queues, 172
Single Server, Single Class, 176
State Dependent Service, 173
Visit Ratios, 168

Confidence Intervals, 271
Confidence Levels, 271
Coxian Distribution, 156
Cycle, Busy/Idle, 73

Delay Analysis, M/M/1 FCFS, 34
Delay Analysis, M/M/m/ee FCFS,
36

Departure Process, M/M/m/co
Queue, 38

Detailed Balance Equations, 18

Discrete Event Simulation, 263

Discrete Time Queues, 127

Early Arrival Model, 133

Equilibrium Solutions, 17

Event List, 264

Flow Balance Equations, 18

Flow Equivalent Server, 184

Fork/Join Queues, 211

Closed Network, 215

Open Network, 214

Synchronizing Queue, 213

Generalised Exponential
Distribution, 254

Geo/G/1 Batch Arrival Model,
135

Geo/G/1 Queue, 131

GI/G/m Approximation, 198

Global Balance Equation, 18

Idle Period, 74

Immediate Feedback, 154

Immediate Feedback Removal,
201

Jackson Servers, 152

Jackson’s Theorem, 152

Jackson's Theorem



286

Closed Networks, 164

Multiple Customer Classes, 163

Open Network, 152

State Dependent Service, 161

Kendall’s Notation, 20

Kleinrock's Result, 66

Late Arrival Model, 131

Little’s Result, 22

M/D/1 Queue, 79

M/G/1 Queue

Batch Arrival, 101

Delay Analysis, LCFS, 76

Delay Distribution, FCFS, 70

Deterministic Service Times, 79

Equilibrium Analysis, 55

Exceptional First Service, 98

Imbedded Markov Chain, 64

Moments of System Parameters,
69

P-K Transform, 67

Priority Classes, 106

Residual Life Approach, 57

Residual Service Time, 58

Single Vacations, 97

Vacation Models, 90

M/M/eo /-/K Queue, 33

M/M/-/- Queues, 23

M/M/1/ee, Discouraged Arrivals,
27

M/M/1/e, M/M/1 Queue, 25

M/M/1/-/K Queue, 32

M/M/1/K Queue, 31

M/M/m/> Queue, 29

M/M/m/m Queue, 30

Markov Chain

Continuous Time, 10

Homogenous, 10

Irreducible, 13

Positive Recurrent, 14

Markov Chains, 9

Markov Processes, 9

Markov Property, 9

Method of Batch Mean, 276

Method of Stages, 41

Network Performance Parameters,
154

Non-preemptive Priority, 107

Norton’s Theorem, 184

Observation-Based Variables, 268

Index

Paradox of Residual Life, 60

Parametric Decomposition, 198

PASTA, 24

Poisson Process, 12

Combining, 150

Probabilistic Splitting, 149

Preemptive Non-resume Priority,
107

Preemptive Resume Priority, 107,
111,114

Priority Queues, 106

Probabilistic Routing, 148

Product Form Solution, 19, 148

QNA Technique, 198

Queueing Networks, 143, 193

Blocking Networks, 147

Closed Networks, 146

Finite Capacity Queues, 218

Jackson Networks, 152

Mixed Networks, 147, 193

Open Networks, 146

Open, M/M/m Queues, 150

Probabilistic Routing, 148

Product-Form Solution, 148

Regenerative Method, 277

Rejection Blocking, 235

Relative Throughputs, 165

Renewal Theory, 61

Repetitive Service (RS) Blocking,
227

Repetitive Service Blocking, 239

Replication Method, 278

Residual Life, 57

Routing Matrix, 149

Routing Probabilities, 149

Semi-Markov Process, 12

Simulation Approach, 265

Simulation Model, 258

Simulation Techniques, 257

Sojourn Time, 156

Sub Busy Periods, 77

Subinterval Method, 276

Time Reversibility, Markov
Chains, 40

Time-Weighted Variables, 270

Transfer Blocking, xiii, 220, 221,
222,223,235, 245, 246, 247,
248,284

Transient Behaviour, 274



Index 287

Unfinished Work, 73 Warm-up Interval, 274
Visit Count, 155 Work Conservation Principle, 142




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /PDFA1B:2005
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (sRGB IEC61966-2.1)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<


    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200036002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /ESP <>
    /ETI <>
    /FRA <>



    /HUN <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 6.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200036002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 6.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>


    /SKY <>

    /SUO <>
    /SVE <>
    /TUR <>

    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice




