ACADEMIC PRESS INTERNATIONAL EDITION

CLASSICAL
DYNAMICS

OF PARTICLES AND SYSTEMS

by JERRY B. MARION

NNNNNNNNNNNNNNNNNNNN
LLLLLLLLLLLLLLLLLLLL

ACADEMIC PRESS NEW YORK AND LONDON



ACADEMIC PRESS INTERNATIONAL EDITION

This edition not for sale in the United States of America
and Canada.

CopryRIGHT © 1965, BY ACADEMIC PRESS INC.
ALL RIGHTS RESERVED.
NO PART OF THIS BOOK MAY BE REPRODUCED IN ANY FORM,
BY PHOTOSTAT, MICROFILM, OR ANY OTHER MEANS, WITHOUT
WRITTEN PERMISSION FROM THE PUBLISHERS.

ACADEMIC PRESS INC.
111 Fifth Avenue, New York, New York 10003

United Kingdom Edition published by

ACADEMIC PRESS INC. (LONDON) LTD.
Berkeley Square House, London W.1

LiBRARY OF CONGRESS CATALOG CARD NUMBER: 65-18430

PRINTED IN THE UNITED STATES OF AMERICA



Preface

This book presents a modern and reasonably complete account of the
classical mechanics of particles, systems of particles, and rigid bodies
for physics students at the advanced undergraduate level. It is designed
as a text for a one-year, three-hour course in mechanics. With careful
planning and appropriate omissions,* however, the essential topics can
be covered in a one-semester, four-hour course. Such topics as non-
linear oscillations, Liouville’s theorem, the three-body problem, and
relativistic collisions, as well as some others, might well be omitted if the
course is not of sufficient length to permit their inclusion. It is hoped,
however, that this material will not in general be dropped by the wayside,
since these are mainly the “fun’ topics in classical physics. Alternatively,
the book may be used in the mechanics portion of courses in mathematical
physics or in theoretical physics. Students taking these courses will have
completed an introductory course in physics, and mathematics through
integral calculus.

The purpose of this book is threefold. (a) To present a modern treat-
ment of classical mechanical systems in such a way that the transition to
the quantum theory of physics can be made with the least possible difficul-
ty. To this end, modern notation and terminology are used throughout.
Also, special note is made of concepts which are important to modern
physics. (b) To acquaint the student with new mathematical techniques
wherever possible, and to give him sufficient practice in solving problems
so that he may become reasonably proficient in their use. (¢) To impart to
the student, at the crucial period in his career between “introductory’ and
“advanced” physics, some degree of sophistication in handling both the
formalism of the theory and the operational technique of problem solving.

New mathematical methods are developed in this volume as the occa-
sion demands. However, it is expected that while taking a course using
this book students will also be studying advanced mathematics in a sep-
arate course. Mathematical rigor must be learned and appreciated by
students of physics, but where the continuity of the physics would be
disturbed by insisting on complete generality and mathematical rigor,
the physics has been given precedence.

A%

*Sections which can be omitted without destroying the continuity are marked thusly: l
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Vector methods are developed in the first two chapters and are used
throughout the book. It is assumed that the student has been exposed to
the “directed line segment” approach to vectors. Therefore, a more
fundamental viewpoint is adopted here and vector analysis is developed
by considering the properties of coordinate transformations. This has
the advantage of building a firm basis for the later transition to tensor
methods (Chapters 13 and 14). Appendices on the use of complex num-
bers and the solution of ordinary differential equations, as well as other
mathematical techniques, are provided for the benefit of those students
whose background is somewhat deficient, and for review by more ad-
vanced students.

Throughout the development of material in this volume, frequent ex-
amples are included. The reader will find that in these examples, as well
as in the derivations, a generous amount of detail has been given, and
that ‘“‘it-may-be-shown-that’s” have been kept to a minimum. However,
some of the more lengthy and tedious algebraic manipulations have been
omitted when necessary, to insure that the student does not lose sight
of the development underway. Problems also form an integral portion of
the text and a student should work a substantial fraction of those given
here if he expects to have an adequate command of the material.

One aspect of this book that the author found particularly enjoyable
was the preparation of the historical footnotes. The history of physics
has been almost eliminated from present-day curricula, and as a result,
the student is frequently unaware of the background of a particular topic
even to the point of being unfamiliar with the names of the giants of
mathematics and physics who struggled with the developments of the
subject. These footnotes are therefore included to whet the appetite and
to encourage the student to inquire into the history of his field. In general,
references to the original literature have been omitted except for rela-
tively modern papers (in English!) to which the student may be expected
to have access.

Lists of “Suggested References” are to be found at the end of each
chapter. These have been categorized according to subject matter and
level of difficulty. The lists are frequently extensive; it is, of course, not
expected that a student will be able to consult each reference, but a
sufficient number is given so that there will be a reasonable probability
that he will be able to locate at least some source of collateral material.
Relatively recent texts which will probably be more accessible and ap-
pealing to the student make up the bulk of the lists.
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CHAPTER |

Matrices and Vectors

1.1 Introduction

The discussion of physical phenomena can be carried out in a most
concise and elegant fashion through the use of vector methods.* In the
application of physical “laws™ to particular situations, it is clear that the
results must be independent of whether we choose a rectangular coordinate
system or a bipolar cylindrical coordinate system as well as independent
of the exact choicc of origin for the coordinates. The use of vectors gives us
this independence from the special features of the coordinate system which
we happen to use. We can be assured, therefore, that a given physical law
will still be correctly represented regardless of the fact that we have chosen
a particular coordinate system as being most convenient for the descrip-
tion of a particular problem. In addition, the usec of vector notation provides
an cxtremely compact method of expressing even the most complicated
results.

*To Josiah Willard Gibbs (1839- 1903) goes much of the credit for the development of
vector analysis, largely carried out in the period 1880 1882. Much of the present-day vector
notation was originated by Oliver Heaviside (1850-1925), an English eclectrical engineer,
and dates from about 1893.
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In elementary trcatments of vectors, the discussion may start with the
statement that “‘a vector is a quantity that can be represented as a directed
line segment.” To be sure, this type of development will yield correct
results, and it is even beneficial in order to impart a certain feeling for the
physical nature of a vector. We shall assume that the reader is familiar
with this type of development, but we shall forego the approach here since
we wish to emphasize the relationship that a vector bears to a coordinate
transformation. For this purpose it will be convenient to introduce matrices
and matrix notation to describe not only the transformation but the vector
as well. We shall also introduce and use here a type of notation which is
readily adapted to the use of tensors, although we shall not encounter
these objects until the normal course of events requires their use (Chapter
13).

A complete exposition of vector methods is not attempted here; rather,
we shall consider only those topics that are necessary for a study of mecha-
nical systems. Thus, in this chapter the fundamentals of matrix and vector
algebra are treated, and in Chapter 2 the extension to vector differential
calculus is made. For a more complete discussion of vector analysis from
the standpoint of application to physical situations, sce Marion, Principles
of Vector Analysis (Ma65a). Many questions of detail and several of the
more involved proofs have been omitted from this and the following chapter.
The reader is referred to Ma63a for this additional material.

1.2 The Concept of a Scalar

Consider the array of particles shown in Fig. 1-1a. Each particle of the
array is labeled according to its mass, say, in grams. The coordinate axes
are shown so that it is possible to specify a particular particle by a pair
of numbers (x, y). The mass M of the particle at (x, y) can be expressed
as M(x, y); thus, the mass of the particle at x = 2, y = 3 can be written
as M(x =2,y =3)=4 Now, consider the axes rotated and displaced
in the manner shown in Fig. 1-1b. It is evident that the 4-gm mass is now
located at x" = 4,y = 3.5;1.e., the mass is specified by M(x" = 4,y = 3.5) =
4. And in general,

M(x, y) = M(x', ') (1.1)

since the mass of any particle is not affected by a change in the coordinate
axes. Quantities which have the property that they are invariant under
coordinate transformations, l.e., that they obey an equation of the type
(1.1), are termed scalars.
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Although it is possible to give the mass of a particle (or the temperature,
or the speed, etc.) relative to any coordinate system by the same number,
it is clear that there are some physical properties associated with the
particle (such as the direction of motion of the particle or the direction of a

F1G6. 1-1a FiG. 1-1b

force that may act on the particle) which cannot be specified in such a simple
manner. The description of these more complicated quantities requires
the use of vectors. Just as a scalar is defined as a quantity that remains
invariant under a coordinate transformation, a vector may also be defined
in terms of transformation properties. We shall begin by considering the
way in which the coordinates of a point change when the coordinate
system undergoes a rotation about its origin.

1.3 Coordinate Transformations

Consider a point P which has coordinates* (x,, x,, x3) With respect to a
certain coordinate system. Next, consider a different coordinate system
which can be generated from the original system by a simple rotation; let
the coordinates of the point P with respect to the new coordinate system be
(x}, x5, x3). The situation is illustrated for a two-dimensional case in
Fig. 1-2.

* The labeling of the axes will be given by x,. x,. x5, instcad of x. v, z in order to simplify
the notation when summations are pcrformed. For the moment the discussion is limited to
Cartesian (or rectangular) coordinate systems.
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The new coordinate x| is the sum of the projection of x, onto the x;-
axis (the line Oa) plus the projection of x, onto the x)-axis (the line

ab + be). That is,

x| = x,cos8 + x,sinf

T
= Xx,cos0 + x, 005(5—6) (1.2a)
X,-uxis
X }-axis
————————————— e .
T X2 AN X {-axis
- e BN ‘(I
d PN
) LT
NI a ”Th
¢ N
\\ 1
N
w() N .
0 ) X, -axis
X
FiG. 1-2

The coordinate x, is the sum of similar projections: x, = Od — de, but
the line de is just equal to the line Of. Therefore,

Xy = —x;sinf + x, cos

= x, cos(g- + 9) + x,cos 8 (1.2b)

Let us introduce the following notation: we will write the angle between
the x}-axis and the x,-axis as {x}, x;), and, in general, the angle between

the x;-axis and the x;-axis will be denoted by (x}, x;). Furthermore, we

will define the cosine of (x;, x;) to be /;;:

ij = cos(xi, X)) (1.3)
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Therefore, we have for the case of Fig. 1-2,

A1y = cos(x], x;) = cos

sin @

N
[
f

= cos(x’, X;) = cos(g — 9)

— sin @

Ay = cos(xy, x) = cos(g + 9)

Ayy = c0s(x%, X,) = cos 8
The equations of transformation now become
X7 = x; cos(x], x;) + x, cos(x], x,)
= Ayyx; + Ayax,
X5 = X, €08(x%, X;) + X, cOs(x}, X;)
= /51X, + A%,
Thus, in general, for three dimensions we have
Xp = AnX; + ApX2 + A1ax;
Xy = A1 Xy + AyyXy + A33X3
X3 = A31X; + 432Xz + 2333

Or, in summation notation,

1

3
x;= Z lijxj', i= 1,2,3
i=1 J

The inverse transformation is
X, = X} cos(x], x;) + x5, cos(xy, x;) + x5 cos(x3, x;)

_ " ! - I - !
= A Xyt A X+ AgX;
or, in general,

3
x; = Z A5, i=1,23
i=1

(1.4)

(1.5a)

(1.5b)

(1.8)

The quantity A;; is just the direction cosine of the xj-axis relative to
the x;-axis. It is convenient to arrange the 4;; into a square array called
a matrix. The symbol A will be used to denote the totality of the individual

elements 4;; when arranged in the following manner:



6 1 * MATRICES AND VECTORS

i1 A1z s

A= 2y1 Aay Ay (1.9)
- )
A3t A3y Asz

Once the direction cosines which relate the two sets of coordinate axes
are found, Eqgs. (1.7) and (1.8) give the general rules for specifying the co-
ordinates of a point in either system.

When A is defined in the manner above, and specifies the transformation
properties of the coordinates of a point, it is called a transformation matrix
or a rotation matrix.

1.4 Properties of Rotation Matrices

To begin the discussion it is necessary to recall two trigonometric results.
Consider, as in Fig. 1-3a, a line segment which extends in a certain direction
in space. We choose an origin for our coordinate system which lies at some
point on the line. The line then makes certain definite angles with each of
the coordinate axes; we let the angles made with the x,-, x,-, x;-axes be
%, f, v. The quantities of interest are the cosines of these angles: cos «,
cos f3, cos y. These quantities are called the direction cosines of the line.
The first result which we shall need is the identity

cos?a + cos?f + cos?y = 1 (1.10)
Secondly, if we have two lines with direction cosines cos «, cos 8, cos y
and cosa’, cos ff, cosy’, then the cosine of the angle 6 between these lines

X3 (x’ ﬂa 7) X3 N
[ (o, B, 7)

¢ @, p.7)

/ X

Xy Xy

FiG. 1-3a FiGg. 1-3b
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(see Fig. 1-3b) is given by
cos f = cosacosa’ + cos fcos f + cosycosy (L.11)

Let us now take a set of axes x,, x,, x5 and perform an arbitrary rotation
about some axis through the origin. In the new position we label the axes
X}, X5, x5. The coordinate rotation may be specified by giving the cosines
of all of the angles between the various axes, i.e., by the 4;;.

Not all of the nine quantities 4;; are independent; there are, in fact,
six relations that exist among the 4;;, so that only three are independent.
These six relations are found by using the trigonometric results stated
above [Egs. (1.10) and (1.11)].

First, the x\-axis may be considered alone to be a line in the (x,, x5, x3)
coordinate system; then, the direction cosines of this line are (4, 45,
A13). Similarly, the direction cosines of the x5-axis in the (x,, x,, x3) system
are given by (4,;, 4,5, 4,3). Since the angle between the x)-axis and the
x5-axis 1s /2, we have, from Eq. (1.11),

Ai1hag + Aadas + Agzdy; = cos O = cos(n/2) = 0
or*
Z A1jdzj =0
J
And, in general,
Y Ak =0, i#k (1.12a)
j
Equation (1.12a) gives three (one for each value of i or k) of the six relations
among the ;.
Since the sum of the squares of the direction cosines of a line equals
unity [Eq. (1.10)], we have for thc x’-axis in the (x;, x,, x3) system,
'1%1 + '1%2 + '1%3 =1

or,

NIPHED W NES!
J J

And, in general,

Yhhg=1, i=k (1.12b)
j

which are the remaining three relations among the 4;;.

* All summations here arc understood to run from 1 to 3.
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The results given by Eqgs. (1.12a) and (1.12b) may be combined as

Y e = O J (1.13)
L

where §;, is the Kronecker delta symbol*:

5, = {0, if i#k (1.14)
1, if i=k

The validity of Eq. (1.13) depends upon the fact that the coordinate axes
in each of the systems are mutually perpendicular. Such systems are said
to be orthogonal, and Eq. (1.13) is the orthogonality condition. The trans-
formation matrix A which specifies the rotation of any orthogonal co-
ordinate system must then obey the relation (1.13).

If we were to consider the x;-axes as lines in the x} coordinate system
and perform a calculation analogous to that above, we would find the
relation

’ Y i = O J (1.15)
L

The two orthogonality relations which we have derived [Eqgs. (1.13)
and (1.15)] appear to be different. [Note that in Eq. (1.13) the summation
is over the second indices of the 4;;, whereas in Eq. (1.15) the summation is
over the first indices.] Thus, it seems that we have an overdetermined
system : twelve equationst in nine unknowns. Such is not the case, however,
since Egs. (1.13) and (1.15) are not actually “different.” In fact, the validity
of either of these equations implies the validity of the other. This is quite
clear on physical grounds (since the transformations between the two
coordinate systems in either direction are equivalent), and we omit a formal
proof.} We regard either Eq. (1.13) or (1.15) as providing the orthogonality
relations for our systems of coordinates.

In the preceding discussion regarding the transformation of coordinates
and the properties of rotation matrices, we adopted the point of view that
we would consider the point P to be fixed and allow the coordinate axes
to be rotated. This interpretation is not unique; we could equally well
have maintained the axes fixed and allowed the point to rotate (always

* Introduced by Leopold Kronecker (1823-1891).

t Recall that each of the orthogonality relations represents six equations.
1 It is given in Marion {(Ma65a, Section 1.16).
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X, X2
X3
\
\ P
\
N, oP /’\
\ V4 N
\ / N
\ / .
\\ ///
\ S/ P
\\ // P
\ P Va P
\\( - L .
P / -
\ Pie FAN
\ e / Voo
\ 5 /
\ P / e
\ o | s
N L0 s
- L
X, Xy
() (b)
FiG. 1-4a FiG. 1-4b

keeping constant the distance to the origin). In either event, the transforma-
tion matrix will be the same. For example, consider the two cases illus-
trated in Figs. 1-4a and 1-4b. In Fig. 1-4a, the axes x, and x, serve as
reference axes and the x}- and x}-axes have been obtained by a rotation
through an angle (. Therefore, the coordinates of the point P with respect
to the rotated axes may be found from [see Egs. (1.2a) and (1.2b)]

X} = x; cos 0 + x,sin 0
(1.16)

’

x5 = —x,sin0 + x,cosf

On the other hand, if the axes are fixed and the point P is allowed to
rotate (as in Fig. 1-4b) through an angle 6 about the origin (but in the
opposite sense from that of the rotated axes), then the coordinates of P’
will be exactly thosc given by Egs. {1.16). Therefore, we may elect to say
either, that the transformation acts on the point giving a new state of the
point which is expressed with respect to a fixed coordinate system (Fig.
1-4b), or that the transformation acts on the frame of reference (the co-
ordinate system), as in Fig. 1-4a. The interpretations are mathematically
entircly cquivalent.

1.5 Matrix Operations*

The matrix A given in Eq. (1.9) has equal numbers of rows and columns
and is thercfore called a square matrix. It is not nccessary that a matrix

* The theory of matrices was first extensively developed by A. Cayley in 1855, but many of
these ideas were due to Sir William Rowan Hamilton who had discussed “linear vector
operators™ in 1852. The term “matrix™ was first used by J. J. Sylvester, 1850.
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be square. In fact, the coordinates of a point may be written as a column
matrix:

X,
x=|{x, {1.17a)
X3
or as a row matrix:
X =(x; X, Xj) (1.17b)

We must now establish rules whereby it is possible to multiply two
matrices. These rules must be consistent with Egs. (1.7) and (1.8) when we
choose to express the x; and the x; in matrix form. Let us take a column
matrix for the coordinates. Then we have the following equivalent expres-
sions:

. .
Xi= Y Aiyx; (1.18a)
J
x' = Ax (1.18b)
, , , ,
Xy A1 412 Ag3 X1
, . ,
Xy )} = | 221 422 oz || X2 (1.18¢)
, , R ,
X3 A31 432 433 X3

X) = AiXy + A1aXy + AaXs
X’z == 121)(1 + j.szz + 123)(3 (118d)
X3 = A31X1 + 432Xz + A33X3

Equations (1.18) completely specify the operation of matrix multiplication
for the case of a matrix of 3 rows and 3 columns operating on a matrix of
3 rows and 1 column. [In order to be consistent with standard matrix
convention we choose x and x’ to be column matrices; multiplication of
the type shown in Eq. (1.18¢c) is not defined if x and x’ are row matrices.*]
We must now extend our definition of multiplication to include matrices
with arbitrary numbers of rows and columns.

The multiplication of a matrix A and a matrix B is defined only if the
number of columns of A is equal to the number of rows of B. (The number
of rows of A and the number of columns of B is each arbitrary; however,

* Although whenever we operate on x with the A matrix, the coordinate matrix x must

be expressed as a column matrix, we may also write x as a row matrix, (x; X, Xj), for other
applications.
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we shall have occasion to consider only cases for which A is a square
matrix.) Therefore. in analogy with Eq. (1.18a), the product AB is given by

C = AB
Cy = [AB]; =Y AyBy; (1.19)
k

It is evident from Eq. (1.19) that matrix multiplication is not commutative,
Thus, if A and B are both square matrices, then the sums

Z Ay By; and Z By Ay;
k k

are both defined, but, in general, they will not be equal.

P Example 1.5, If A and B are the matrices

S I

then
2 2
AB = ( ) 2)
13 -8
but
-4 5
BA = ( ) 3)
10 -2

1.6 Further Definitions

A transposed matrix is a matrix derived from an original matrix by the
interchange of rows and columns. The transpose of a matrix A is denoted
by A'. According to the definition, we have

A=Ay (1.20)

Evidently,
AN) =2 (1.21)

Equation (1.8) may therefore be written as any of the following equivalent
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expressions:
X; = LX) (1.22a)
j
x; = Z A5iX (1.22b)
7
x = N'x’ (1.22¢)
Xy Air A Aan) /X)
X3l = 21 Ay Z3x )| X5 (1.22d)
X3 A1z Aaz Azy \X5

The identity matrix is defined to be that matrix which when multiplied
by another matrix, leaves the latter unaffected. Thus,

IA=A: Bl=B (1.23)

9 - £ -

Let us consider the orthogonal rotation matrix A for the case of two
dimensions,

That is,

Then,
7\7\1 _ ():11 /:“12) (;'11 /}21)
Aot A/ \Ai2 42
( 23+ 23, Jittar + ’112/122)
TR PPV SP) i+ A5,
Using the orthogonality relation [Eq. {1.13)], we find
/1%1 + ;sz = }él + ’Aéz =1
Azsdin + Aaadis = Ayihay + Aadyy =0
so that for the special case of the orthogonal rotation matrix A we have*

AN (10) | 1.24
=\ 1~ (1.24)

* This result is not valid for matrices in general; it is true only for orthogonal matrices.
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The inverse of a matrix is defined as that matrix which when multiplied
by the original matrix produces the identity matrix; the inverse of the
matrix A is denoted by A~ ':

M =1 (1.25)
By comparing Eqs. (1.24) and (1.25), we find

for orthogonal matrices (1.26)

Therefore, the transpose and the inverse of the rotation matrix A are iden-
tical. In fact, the transpose of any orthogonal matrix is equal to its inverse.
To summarize some of the rules of matrix algebra:
(a) Matrix multiplication is not commutative in general:

AB # BA (1.27a)

The special case of the multiplication of a matrix and its inverse is com-
mutative:

AA"T = ATIA = (1.27b)
The identity matrix always commutes:
IA = Al=A (1.27¢)
(b) Matrix multiplication is associative:
[AB]C = A[BC] (1.28)
(c) Matrix addition is performed by adding corresponding elements
of the two matrices. The components of C from the addition C= A + B

are

Addition is, of course, defined only if A and B have the same dimensions.

1.7 Geometrical Significance of Transformation Matrices

Consider the case in which the coordinate axes are rotated counter-
clockwise* through an angle of 90° about the xj-axis, as in Fig. 1-5. In
such a rotation, x} = x,, X, = —x,, X5 = X3.

* The scnse of the rotation is determined by looking along the positive portion of the axis
of rotation at the plane being rotated. This dcfinition is then consistent with thc “right-hand
rule” in which the positive direction is the direction of advance of a right-hand screw when
turncd in the same sense.
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X3 X3
<o
X2
Ay ,
X, e Xy
90° rotation
Xy about x;-axis
FiG. 1-5
The only nonvanishing cosines are
cos(xy, x;) = 1 =4,
cos(xy, x;) = —1 = 45,
cos(x3, x3) = 1 = 433
So that the A matrix for this case 1s
010
M= -1 00 (1.30)
0 0 1

Next, consider the counterclockwise rotation through 90° about the
x;-axis, as in Fig. 1-6. We have x| = x,, x; = x4, x4y = —x,, and the

Fi1G. 1-6
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FiG. 1-7
transformation matrix is
1 0 0
An=10 0 1 (1.31)
0 -1 0

In order to find the transformation matrix for the combined transfor-
mation of rotation about the xj-axis, followed by rotation about the
x,-axis, we have (see Fig. 1-7)

x = A/ x (1.32a)
and
x" = A,x’ (1.32b)
or,
x” = N x (1.33a)
x1 1 0 0 0 1 0\ /x, 0 1 O\ /x, X5
x; |=10 0O 11{—-1 0 Oflx>]=10 0 1]Ix:])=\ x5
X3 0 -1 0 0 0 1 3 I 0 0/ \x3 X4
(1.33b)

Therefore, the two rotations described above may be represented by a
single transformation matrix:

010
A =MA =[0 0 1 (1.34)
1 0 0
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and the final orientation is specified by x{ = x,, x; = x5, x5 = x,. Note
that the order in which the transformation matrices operate on x is im-
portant since the multiplication is not commutative. In the other order,

Ay = A,
01 0\/l 0 0
=1-100)fo o1

0 01
={-1 0 0]=%n, (135)
0 -1 0

and an entirely different orientation results. Figure 1-8 illustrates the
different final orientations of a parallelepiped that undergoes rotations
which correspond to two rotation matrices A,, Ag when successive rotations

90° rotation i 9() rotation m
about x;-axis about x,-axis

X3

X2
Xy

90 rotation [ ; j 90" rotation
about x,-axis about x;-axis

FiG. 1-8

are made in different order. The upper portion of the figure represents the
matrix product Agh,, while the lower portion represents the product
AAg

Next, consider the coordinate rotation pictured in Fig. 1-9 (which is
the same as that in Fig. 1-2). The elements of the transformation matrix
in two dimensions are given by the following cosines:
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FiGc. 1-9

cos(x}, x,) = cos 8 = 4,4

cos(x}, x,) = cos(g — ) =sinf = 1,,

cos(xh, x,) = cos(g + 9) = —sinf = A,
cos(x5, x,) = cos 8 = 1,,

Therefore, the matrix is
cosf sinf
As = (1.36)
—sinf cos@

If this rotation were a three-dimensional rotation, in which xj = x;,
then we would have the following additional cosines:

cos(xy, x3) =0 = 45

cos(xy, x3) = 0 = 4,5

cos(x3, x3) = 1 = 435
cos(x3, x;) = 0 = 45,

cos(xy, x,) = 0 = 45,

and the three-dimensional transformation matrix is
cosf sinf 0O
As: = |~—sin0 cosf 0 (1.36a)
0 0 1
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FiG. 1-10

As a final example, consider the transformation which results in the
reflection through the origin of all of the axes, as in Fig. 1-10. Such a

transformation is called an inversion. Then, x}; = —x;, x5 = —X,,
X3 = —X3, and
—1 0 0
Ao = 0 -1 0 (1.37)
0 0 -1

In the preceding examples, the transformation matrix A; was defined
to be the result of two successive rotations, each of which was an ortho-
gonal transformation: Ay = A,A,. It is possible to prove in the following
manner that the successive application of orthogonal transformations
always results in an orthogonal transformation. We write

’
Xp = iyX;; Xk = ) X
J i
Combining these expressions, we obtain

Xy =, (Z :uki;‘ij)xj

= 2 [N x;

Thus, the transformation from x; to x; is accomplished by operating on x;
with the (uA\) matrix. The combined transformation will then be shown to
be orthogonal if (WA) = (uA)~!. Now, the transpose of a product matrix
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is the product of the transposed matrices taken in reverse order (see Prob-
lem 1-3); i.e., (ABY = B'A". Therefore,

(MA) =AY (1.38)

But, since A and p are orthogonal, A = A"! and W =pu~'. And then
multiplying the above equation by pA from the right, we obtain

(BABA = Np'pA
= NIA
=2
=1
= (LN A
Hence,
EN = @EN! (1.39)

and the pA matrix is orthogonal.

The determinants of all of the rotation matrices in the examples above
may be calculated according to the standard rule for the evaluation of
determinants of second or third order:

A1 A1 . . s
p‘l = . = J11/22 — A12721 (1.40)
A1 /»22‘
A1 Az Avs
i7\| = /121 )~22 /123]
hay vy s

Aar Azs .121 /122’
+ A3 )
'431 A3 (1.41)

a

— Ay

‘121 j'23

l3z Ass A31 33

where the third-order determinant has been expanded in minors of the
first row. Therefore, we find

p‘ll = 17‘2| =...= |7‘5l =1
but

|7‘6l = —1

Thus, all of those transformations which result from rotations starting from
the original set of axes have determinants equal to +1. An inversion,



20 1 * MATRICES AND VECTORS

however, cannot be generated by any series of rotations, and the deter-
minant of an inversion matrix is equal to — 1. Orthogonal transformations,
the determinant of whose matrices is +1, are called proper rotations;
those with determinant equal to —1 are called improper rotations. That all
orthogonal matrices must have a determinant equal to either +1 or —1
is proved in Marion (Ma65a, Section 1.7). Henceforth, we shall confine our
attention to the effect of proper rotations; we shall not be concerned with
the special properties of vectors that are manifest in improper rotations.
(These latter effects are discussed in detail in Principles of Vector Analysis.)

1.8 Definitions of a Scalar and a Vector in Terms of Trans-
formation Properties

Consider a coordinate transformation of the type
Xp =Y X (1.42)
j
with
le.llk.l = 5,-k (1.43)
J
If, under such a transformation, a quantity ¢ is unaffected, then ¢ is
called a scalar (or scalar invariant).

If a set of quantities (A4,, A,, A;) is transformed from the x; system to the
x; system by means of a transformation matrix A with the result

Ap =Y A;A; (1.44)
Jj

then the quantities A4; transform as the coordinates of a point [i.e., according
to Eq. (1.42)], and the quantity A = (A4,, A,, 45) is termed a vector.

1.9 Elementary Scalar and Vector Operations

In the following, A and B are vectors (with components A4; and B;) and
@, ¥, and ¢ are scalars.

Addition
A;+ B, = B; + A, Commutative law (1.45)

A+ B+ C)=(A;+B)+C; Associative law (1.46)
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o+Yy=y+o¢ Commutative law (1.47)

e+ W+ E=(@+yY)+¢ Associative law (1.48)
Multiplication by a scalar &

EA =B is a vector (1.49)

Ep =y is a scalar (1.50)

Equation (1.49) may be proved as follows:
B, = Z,IUBJ. = ZlijéAj
! ! (1.51)
= 'fz lijAj = 'fAE
J

and £A transforms as a vector. Similarly, £¢ transforms as a scalar.

1.10 The Scalar Product of Two Vectors

The multiplication of two vectors A and B to form the scalar product
is defined to be

A-B=Y AB (1.52)

where the dot between A and B is used to denote scalar multiplication;
this operation is sometimes called the dot product.*

The vector A has components 4,, 4,, A3, and the magnitude (or length)
of A is given by

Al = + /A2 + 4 + A = (1.53)

where the magnitude is indicated by |A| or, if there is no possibility of
confusion, simply by A. Dividing both sides of Eq. (1.52) by AB, we have

(1.54)

Now, from Fig. 1-11, we see that A,/A is the cosine of the angle o between
the vector A and the x;-axis. In general, A;/4 and B;/B are the direction
cosines A{ and A? of the vectors A and B:

* Older notation includes (AB), (A. B), and (A, B).
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X3

A3 AN A

N ! / X2

FiG. 1-11

A-B
T Z AAT (1.55)

The sum Z,A#A? is just the cosine of the angle between A and B [see Eq.
(1.11)]:
cos(A, B) = Y A{AP

or,

A-B = ABcos(A, B) ]‘ (1.56)

That the product A - B is indeed a scalar may be shown as follows. A and
B transform as vectors:

Ai =2 AyA; 5 Bi= Y AuBy (1.57)
J k
Therefore, the product A’ « B’ becomes

A-B =Y AB

-3(pap )

k
Rearranging the summations, we may write
AB =Y (Zzi j),,.k)A B,
ik i

But, according to the orthogonality condition, the term in parentheses is
just 6. Thus,
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AB = Z(; 5jkAjBk)

j

= ZAJBJ
J
=A'B (1.58)

Since the value of the product is unaltered by the coordinate transforma-
tion, the product must be a scalar.

Notice that the distance from the origin to the point (x;, X,, x3) defined
by the vector A is given by

Al=VAA =X+ 5+ 3= /23X

Similarly, the distance from the point (x;, x,, X3) to another point (X,
X,, X3) defined by the vector B is

VX — %) = /(A —B)-(A~B)= |A - B|

That is, we may define the vector connecting any point with any other point
as the difference of the vectors which define the individual points, as in
Fig. 1-12. The distance between the points is then the magnitude of the
difference vector, and since this magnitude is the square root of a scalar

X3

X, X, X _
(%,%, %) A—-B (X1, X3, X3)

X3

X1

Fi1G. 1-12

product it is invariant to a coordinate transformation. This is an important
fact and may be summarized by the statement that orthogonal transforma-
tions are distance-preserving transformations. It is also clear that the angle
between two vectors will be preserved under an orthogonal transformation.
These two results are obviously essential if we are to successfully apply
transformation theory to physical situations.
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The scalar product obeys the commutative and distributive laws:
A-B=ZA,~B,-=ZB,-A,.=B-A (1.59)
A-B+ Q)= ZA,-(B + C), = ZA,.(B,- + C)

=Y (4B, + AC)=(A-B) + (A-C) (1.60)

1.11 The Vector Product of Two Vectors

We next consider another method for the combination of two vectors—
the so-called vector product (or cross product). First, we assert that this
operation does, in fact, produce a vector.* The vector product of A and B
is denoted by a bold cross x,t

C=A xB (1.61)

where C is the vector that we assert results from this operation. The com-
ponents of C are defined by the relation

Ci=YeuA ,.B,(A’ (1.62)
Jik

where the symbol ¢, is the permutation symbol (or Levi-Civita density)
and has the following properties:

0, ifany index is equal to any other index
& = +1, ifi j, k form an even permutation of 1, 2, 3 (1.63)
—1, ifi, j, k form an odd permutation of 1, 2, 3
Thus,
€122 = €313 = &1 = 0, etc.

€123 = E331 = 8312 = +1
132 = €313 = €321 = —1
Using the above notation the components of C may be explicitly evaluated.

For i = 1, the only nonvanishing & are £,,3 and ¢,3,, ie, for j, k = 2, 3

* The product considered here actually produces an axial vector, but the term vector
product will be used in order to be consistent with popular usage. [See Marion (Ma65a,
Section 1.15).]

t Older notation includes [AB], [A. B], [A. B], and [A A B].
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in either order. Therefore,

Cy =), e13A;By = £1234,B3 + £13,43B,
Tk

= A,B; — A3B, (1.64a)

Similarly
C, = A3B; — A,B, {1.64b)
C;=AB, — A,B; (1.64¢)

Consider now the expansion of the quantity
[AB sin(A, B)}?> = (AB sin 0)?
A?B?*sin?0 = A*B* — A?B? cos?0
- (S 5) - (S am)
= (A,B3 — A3B,)* + (43B, — A,B3)* + (4,8, — 4,B,)?
(1.65)

where the last equality requires some algebra. Identifying the components
of C in the last expression, we may write

(ABsin0)? = C? + C3 + C} =|C¥ =C? (1.66)
Taking the positive square root of both sides of this equation,
C = ABsin 0 (1.67)

This equation states that if C = A x B, then the magnitude of C is equal
to the product of the magnitudes of A and B multiplied by the sine of the
angle between them. Geometrically, AB sin 6 is the area of the parallelogram
defined by the vectors A and B and the angle between them, as in Fig. 1-13.

~—e
-
~

-
-
-
-
-
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Now, A x B (i.e., C) is perpendicular to the plane defined by A and B
because A-(A X B) =0 and B:(A X B) = 0. Since a plane area may be
represented by a vector normal to the plane and of magnitude equal to the
area, evidently C is such a vector. The positive direction of C is chosen to
be the direction of advance of a right-hand screw when rotated from A to B.

The definition of the vector product is now complete; components,
magnitude, and geometrical interpretation have been given. We may there-
fore reasonably expect that C is indeed a vector. The ultimate test, however,
is to examine the transformation properties of C. This is carried out in
Marion (Maé65a, Section 1.14), where it is shown that C does in fact trans-
form as a vector under a proper rotation.

We should note the following properties of the vector product which
result from the definitions:

(@) AXxB=—-BxA (1.68a)
but, in general,
(b) AXxBxC)#(AxB)yxC (1.68b)
Another important result is (see Problem 1-16)

AxBxC=(ACB-(A-BC (1.69)

Example 1.11. The customary method of proving complicated vector relations is
to know the result beforehand and to expand both sides of the equation by compo-
nents, eventually obtaining an identity. By using the g;; notation, however, it is
possible to derive even the most complicated results in a straightforward manner.
In order to evaluate the product (A x B)«(C x D), for example, we first write the ith
component of each vector product using Eq. (1.62):

(A x B); ZSU,,A By, N
(C x D) z EmCiDp @

The scalar product is then computed according to Eq. (1.52):

(A x B)+(C xD) = 2(2 £, B)(z £umCiDy ) 3)

i \ik
Rearranging the summations, we have

(AXB)-(CxD)=3 (Z sjk,s,,m)A B,C,D,, (4)
gk

where the indices of the ¢’s have been permuted (twice each so that no sign change
occurs) to place in the third position the index over which the sum is carried out.
We may then make use of an important property of the ¢;; (see Problem 1-16):
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Z Cukalmk - ozléjm é é [ (5)

Therefore, Eq. (4) becomes
(A X B)*(C XD) =Y (310m — Oudu)4,BLC.D,, (6)

Jk
Lm

Carrying out the summations over j and k, the Kronecker deltas reduce the expression
to

(A xB)+(C x D) =} (4,B,C,D,, — 4,BC,D,) Q]
tm

This may be rearranged to obtain
(A X B)-(C x D) = (z 4 c)(z B,D ) (z B,C,)(Z AmDm) (8)
] n

Since each term in parentheses on the right-hand side is just a scalar product, we have
finally,

(A xB)-(C xD)=(A-C)B-D)— (B-C)A-D) )

1.12 Unit Vectors

It is frequently desirable to be able to describe a vector in terms of the
components along the three coordinate axes together with a convenient
specification of these axes. For this purpose, we introduce the unit vectors
along the rectangular axes*: e,, e,, e;. Therefore, the following ways of
expressing the vector A are equivalent:

A = (A,, 4,, 43) or A =e A+ e,A; + esd; =) eA;
l (1.70)
The components of the vector A are obtained by projection onto the axes:
A, =¢-A (1.71)

We have seen [Eq. (1.56)] that the scalar product of two vectors has a
magnitude equal to the product of the individual magnitudes multiplied
by the cosine of the angle between the vectors:

A-B = ABcos(A, B) (1.72)
Therefore, the scalar product of any two unit vectors (because they are

* Many variants of the symbols for the unit vectors are in use. Perhaps the most common
set is i, j, k or 1, §, k; others include i,,1,,i; and 1, 1, 1,
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orthogonal) becomes

e,-'ej=5ij (173)

Moreover, the orthogonality of the e; requires the vector product to be
e Xe =g, i, j, k in cyclic order (1.74)

The permutation symbol may be used to express this result as

€ X e = et J (1.74a)

The vector product C = A x B, for example, may now be expressed as

ij.k

By direct expansion and comparison with Eq. (1.75), we may verify a
determinental expression for the vector product:

e, e, e

C=AXxB= 4, A, A, (1.76)
l
B, B, B, (
The following identities are stated without proof:
A*(BxC)= B-(C xA)=C-(A x B) = ABC | (1.77)
AXBxC)=(A-C)B — (A-B)C | (1.78)

|

\

|

|

(A xB)-(C xD)=A-[B x(C x D)] k
= A-[(B'D)C — (B C)D] 1 (1.79)

=(A-C)B-D) — (A-D)B:C) \

|

\

i

[(A x B)-D]C - [(A xB)-C]D | | 50
(ABD)C — (ABC)D J | (150

(A x B) x (C x D)

I

-
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Suggested References

Texts on vector methods abound. A standard, often-quoted work is that of Phillips
(Ph33). A brief and readable account of vector algebra will be found in Constant
(Co54, Chapter 1). A detailed treatment of vector algebra is given by Barnett and
Fujii (Ba63). Spiegel’s discussion (Sp59, Chapters 1 and 2) is extensive and contains
many worked problems and examples. The recent book by Lindgren (Li64) is parti-
cularly good, as is that by Davis (Da6l).

A good introduction to matrix methods is given by Yefimov (Ye64), and matrix
methods in vector analysis are emphasized by Eisecnman (Ei63).

An extensive, although pedantic, discussion of vectors and matrices will be found in
Jeffreys and Jeffreys (Jed6, Chapters 2 and 4); the ;5 notation is used.

Formal approaches to matrices, vectors, and linear vector spaces are given by Dettman
(De62, Chapter 1) and by Corben and Stehle (Co60, Chapter 1 and Appendix II).
A brief discussion from a modern viewpoint is also to be found in Goldstein (Go50,
Chapter 4).

One of the better expositions of vector algebra from the mathematician’s viewpoint
is presented by Kaplan (Ka52, Chapter 1). This text is highly recommended, not
only for material on vector methods, but as a general mathematics reference for
students of physics.

An authoritative account of general vector methods which is heavy going in spots,
is given by Morse and Feshbach (Mo53, Chapter 1).

Problems

1-1. Find the transformation matrix which rotates a rectangular coordinate
system through an angle of 120° about an axis making equal angles with
the original three coordinate axes.

1-2. Prove Egs. (1.10) and (1.1!) from trigonometric considerations.
1-3. Show that (AB)Y = B'A".
1-4. Show that (AB)"! = B"'A™ !,

1-5. Show by direct expansion that |A|> = 1. For simplicity, take A to be
a two-dimensional transformation matrix.

1-6. Consider a unit cube with one corner at the origin and three adjacent
sides lying along the three axes of a rectangular coordinate system. Find
the vectors which describe the diagonals of the cube. What is the angle
between any pair of diagonals?
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1-7. Let A be a vector from the origin to a point P fixed in space. Let r be

a vector from the origin to a variable point Q(x, x,, X3). Show that
Ar= 42

is the equation of a plane perpendicular to A and passing through the point
P.

1-8. Show that the triple scalar product (A X B)- C may be written as

Al A2 AS
(AXB)-C = |B, B, B,
Cl C2 C3

Show also that the product is unaffected by an interchange of the scalar
and vector product operations or by a change in the order of A, B, C, as long
as they are in cyclic order ; that is,

(AXB):-C=A-(BxC)=B-(C xA)=(C x A)'B, etc.
We may therefore use the notation ABC to denote the triple scalar product.

Finally, give a geometrical interpretation of ABC by computing the volume
of the parallelepiped defincd by the three vectors A, B, C.

1-9. Lct a, b, ¢ be threc constant vectors drawn from the origin to the
points A, B, C. What is the distance from the origin to the plane defined
by the points A, B, C? What is the area of the triangle ABC?

1-10. If X is an unknown vector which satisfies the following relations
involving the known vectors A and B and the scalar ¢,

express X in terms of A, B, ¢, and the magnitude of A,

1-11. Obtain the cosine law of plane trigonometry by interpreting the
product (A + B)-(A + B) and the expansion of the product.

1-12. Obtain the sine law of plane trigonometry by interpreting the
product A X B and the alternate representation (B + C) x B.

1-13. Derive the following expressions by using vector algebra:
(a) cos(4 — B) = cos Acos B + sin Asin B
(b) sin(4 — B) = sin A cos B — cos Asin B

1-14. Show that
{a) Z gijkfsij =0 (b) Z Eikiin = 20, (c) Z Eijbie = 6
ij Jk

ik
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1-15. Show that (see also Problem 1-8)
ABC = Y ¢;A4,B,C,

ij.k

1-16. Evaluate the sum Z;€;3&; (Which contains 81 terms) by considering
the result for all possible combinations of i, j, I, m, viz,,

(@ i=j by i=1

() i=m dy j=1

() j=m ) I=m

(g) i#lorm (h) j#lorm
Show that

z &ijkCimk = 0140 jm — 5im5ﬂ
k

and then use this result to prove
AxBxC=((A-CB—-(A-BC
1.17. Use the ¢;; notation and derive the identity
(A X B) x (C x D) = C(ABD) — D(ABC)

1-18. Let A be an arbitrary vector and let e be a unit vector in some fixed
direction. Show that

A=¢eAe)+e X(A Xe)

What is the geometrical significance of each of the two terms of the expan-
sion?



CHAPTER 2

Vector Calculus

2.1 Introduction

The application of vector methods to physical problems most frequently
takes the form of diffcrential operations. The rate of change of a vector
function with respect to the spatial coordinates or with respect to the time
are of particular importance. Such operations allow us, for example, to
define the velocity vector of the motion of a particle or to describe the
flow propertics of a fluid. In this chapter we begin by defining the clemen-
tary differential operations which immediately allow us to calculate the
velocity and acccleration vectors in the commonly used coordinate systems.
Angular velocity is considered next and this leads to a discussion of
infinitesimal rotations. Treated next is the important differential opcrator,
the gradient. The fact that the gradient opcrator may act on vector functions
in different ways, leads finally to the divergence and the curl. The chapter
concludes with a briefl discussion of the simple integral concepts that are
necessary in mechanics.

32
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2.2 Differentiation of a Vector with Respect to a Scalar

If a scalar function ¢ = ¢(s) is differentiated with respect to the scalar
variable s, then since neither part of the derivative can change under a
coordinate transformation, the derivative itself cannot change and must
therefore be a scalar. That is, in the x; and x; coordinate systems, ¢ = ¢’
and s = s, so that dg = d¢’ and ds = ds’. Hence,

delds = do’'/ds’ = (de/ds) (2.1)

In a similar manner, we may formally define the differentiation of a
vector A with respect to a scalar s. The components of A transform accord-
ing to

J

Therefore, upon differentiation, we obtain (since the 4;; are independent
of ')
dA; d dA;
———l- = — l..A . = l.—J
ds' ds’; W ; Yds

Since s and s’ are identical, we have

dA; (A4 dAj)
@ (7) = Zz,-,-( s (2.3)

J

Thus, the quantities dA4;/ds transform as do the components of a vector
and, hence, are the components of a vector which we may write as dA/ds.

We may give a geometrical interpretation to the vector dA/ds as follows.
First, in order for dA/ds to exist, it is necessary that A be a continuous
function of the variable s: A = A(s). Suppose this function to be represented
by the continuous curve I' in Fig. 2-1; at the point P the variable has the

X2 I'(s)

AA
A(s + As) P

A(s)

Xy

FiG. 2-1
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value s, while at Q it has the value s + As. The derivative of A with respect
to s is then given in standard fashion by

dA . AA
ds a0 As

(2.4a)

The derivatives of vector sums and products obey the rules of ordinary
vector calculus; for example,

d dA dB

— = — 4+ — 24b

ds(A + B) ds + ds ( )
d dB dA
—(A*B)=A-—+—*B 24
ds(A B)=A ds + ds (2.4¢)

d dB dA

= = 4 2.4

ds(AxB) Axds+ds><B (2.4d)

d dA do

%((PA) =0 + I (2.4¢)

and similarly for total differentials and for partial derivatives.

2.3 Examples of Derivatives—Velocity and Acceleration

Of particular importance in the development of the dynamics of point
particles (and of systems of particles) is the representation of the motion
of these particles by means of vectors. In order to do this, we require
vectors to represent the position, the velocity, and the acceleration of a
given particle. It is customary to specify the position of a particle with respect
to a certain reference frame by a vector r, which in general will be a function
of time: r = r(t). The velocity vector v and the acceleration vector a are
defined according to

dr |
V=E—r (25)

2
a=d_dr_y (2.6)
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where a single dot above a symbol denotes the first time derivative and
two dots denote the second time derivative. In rectangular coordinates
the expressions for r, v, and a are

r = xlel + x2e2 + X3e3 = inei (2.7)
dx.
V= i' = inei - Ziel (2‘8)
i i dt
d?x;
a= V = r = inei = Z dtilei (29)

The calculation of these quantities in rectangular coordinates is straight-
forward since the unit vectors e; are constant in time. In nonrectangular
coordinate systems, however, the unit vectors at the position of the particle
as it moves in space are not necessarily constant in time, and the compo-
nents of the time derivatives of r are no longer simple relations as above.
We shall not have occasion to discuss general curvilinear coordinate
systems here, but plane polar coordinates, spherical coordinates, and
cylindrical coordinates are of sufficient importance to warrant a discussion
here of velocity and acceleration in these coordinate systems.*

In order to express v and a in plane polar coordinates, consider the
situation in Fig. 2-2. Here, a point moves along the curve r(t) and in the
time interval t, — t; = dt moves from P to P®. The unit vectors, e,
and ey, which are orthogonal, change from e!" to e/ and from e{" to e{?.
The change in e, is

e? — eV = de, (2.10)

which is a vector normal to e, (and, therefore, in the direction of e,). Simi-
larly, the change in e, is

el — el = de, (2.11)
which is a vector normal to e, We may then write
de, = d0e, (2.12)
and
de, = —dle, (2.13)
where the minus sign enters the second relation since de, is directed opposite

to e, (see Fig. 2-2). Dividing each side of Eqgs. (2.12) and (2.13) by dt, we

* Refer to the figures in Appendix F for the geometry of these coordinate systems. For a
general discussion of curvilinear coordinates, see Marion (Ma65a. Chapter 4).
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r(t)

P2
dr
R ds
r ;1\5\“\\ Py
e(,z) der
el ett)
s, 6,
d0 0
el?)
FiG. 2-2
have
| e = fe, (2.14)
& :,_ée" (2.15)
If we express v as
d d
e (2.16)
we have immediately, using Eq. (2.14),
V=i =re, + rbe, (2.17)

so that the velocity is resolved into a radial component i and an angular
(or transverse) component ro.
A second differentiation yields the acceleration:

a = ij ('.'er + rée())
dt
= e, + ré, + i()eg + rfe, + réég
= (F — rf2)e, + (rf + 2i0)e, (2.18)

so that the acceleration is resolved into a radial component (¥ — réz) and
an angular (or transverse) component (rf + 2r8).
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A convenient method by which the velocity components may be obtained
in other coordinate systems makes use of the following argument. Refer
to Fig. 2-2; the distance from P to P is ds, and if the quantities are
truly infinitesimal, we may write

ds* = dr* + (r d0)? (2.19)

Dl\/ldlng tl“ough by dt N we lld\/e
/

0?2 =72 4 r26? (2.20)

or,

Thus, we have the squared magnitude of v. Now, v must have the form
and, because of the orthogonality of e, and ey, we have
v?=v-v= A%+ B? (2.22)
If we use Egs. (2.20) to identify A and B in this expression we find
v=re + r()e,,

which is the correct result, as given by Eq. (2.17). A similar procedure can
be used to obtain the expressions for velocity in other coordinate systems.

The proper identification of terms can always be made since the time
diffcrentiation and the unit vector refer to the same coordinate; e.g., 7 and
e, 0 and e,

Summarizing for the threc most important coordinate systems (see also
Appendix F):

Rectangular coordinates
ds* = dx? + dx} + dx}

v? = x} + x% + x} (2.23)

V= 56161 + xzez + )'6363
Spherical coordinates

ds* = dr? + r? d0* + r?sin?0 do?
p? =% + r?02 + r?sin?0¢> (2.24)

v = ie, + rfe, + rsin Oge,

[ The expressions for plane polar coordinates result from Egs. (2.24) by
setting do = 0.]
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Cylindrical coordinates

ds? = dr? + 12 d0? + dz?
vr =2 4 20?4 22 (2.25)

v = re, + rle, + Ze,

2.4 Angular Velocity

A point or a particle which is moving arbitrarily in space may always
be considered, at a given instant, to be moving in a planc, circular path
about a certain axis. That is, the path which a particle describes during an
infinitesimal time interval 6t may be represented as an infinitesimal arc of
a circle. The line which passes through the center of the circle and is per-
pendicular to the instantaneous direction of motion is called the instanta-
neous axis of rotation. As the particle moves in the circular path, the rate
of change of the angular position is called the angular velocity:

o
w=_= 0 (2.26)
Consider a particle that moves instantaneously in a circle of radius R
about an axis perpendicular to the plane of motion, as in Fig. 2-3. Let the
radius vector r of the particle be drawn from an origin located at an arbitrary
point O on the axis of rotation. The time rate of change of the radius
vector is the linear velocity vector of the particle, i = v, and for motion

FiG. 2-3
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in a circlc of radius R, the magnitude of the linear velocity is given by

v = Rdt = Rw (2.27)
The direction of the linear velocity v is, of course, perpendicular to r and
in the plane of the circle.

Now, it would be very convenient if we could devise a vector representa-
tion of the angular velocity (say, w) so that all of the quantities of interest
in the motion of the particle could be described on a common basis. We
may definc a direction for the angular velocity in the following manner.
If the particle moves instantaneously in a plane, then the normal to that
plane defines a precise direction in space, or, rather, two directions. We
may elect to choose as positive, that direction which corresponds to the
direction of advance of a right-hand screw when turned in the same sense
as the rotation of the particle (see Fig. 2-3). We may also write the magnitude
of the linear velocity by noting that R = rsin o. Thus,

U= rwsinao (2.28)

Having defined a direction and a magnitude for the angular velocity, we
note that if we write

V=@ XTr (2.29)

then both of these definitions are satisfied and we have the desired vector
representation of the angular velocity.

We should note at this point an important distinction between finite
and infinitesimal rotations. Whereas an infinitesimal rotation may be repre-
sented by a vector (actually, an axial vector), a finite rotation may not be
so represented. The impossibility of describing a finite rotation by a vector
is a result of the fact that such rotations do not commute (see the example
of Fig. 1-8) and therefore in general different results will be obtained
depending on the order in which the rotations are made. To illustrate this
statement, consider the successive application of two finite rotations,
described by the rotation matrices A; and A,. Let us associate the vcctors
A and B in a one-to-one manner with these rotations. The vector sum is
C = A + B, which is equivalent to the matrix A; = A,A,. But since vector
addition is commutative, we also have C = B + A, with A, = A/A,. We
know, however, that matrix operations are not commutative, so that, in,
general, Ay # A,. Hence, the vector C is not unique, and thereforc w¢
cannot associate a vector with a finite rotation.

Now, as we shall show, infinitesimal rotations do not suffer from this
defect of noncommutation. We are therefore led to expect that an infinitgs-
imal rotation can be represented by a vector. Although this expectatipn
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is in fact true, the ultimate test of the vector nature of a quantity is con-
tained in its transformation properties. We shall give only a qualitative
argument here; the complete proof is carried out in Marion (Ma65a,
Section 2.5).

Fig. 2-4

Refer to Fig. 2-4; if the radius vector of a point changes from r to
r + or, then the gecometrical situation is correctly represented if we write

or =00 xr (2.30)

wherc 08 is a quantity whose magnitude is equal to the infinitesimal
rotation angle and which has a direction along the instantaneous axis of
rotation. The mere fact that Eq. (2.30) correctly describes the situation
illustrated in Fig. 2-4 is not in itself sufficient to establish that 40 is a vector.
(We reiterate that the true test must be based on the transformation
properties of §0.) But if it can be shown that two infinitesimal rotation
“vectors,” 668, and 00,, actually commute, then the sole objection to
representing a finite rotation by a vector will have been removed.

Let us consider that a rotation 08, takes r into r + dr,, where or, =
58, x r. If this is followed by a second rotation 06, about a different axis,
the initial radius vector for this rotation is r + dr,. Thus,

ory = 08, X (r + dry),
and the final radius vector for 98, followed by 86, is

r+or, =r+ [00, xr+ 60, X (r+ or))]
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That is, neglecting second-order infinitesimals,
5]‘12 = 501 Xr + 502 Xr (2.31)
Similarly, if 60, is followed by 40,, we have

r+0ry, =r+[d0, xr+ 30, X(r+ dr,)]
or,
or,;, =00, Xr+ 90, xr (2.32)

Clearly, or,, and Jr,, are equal, so that the rotation “vectors” 50, and
00, do commute. It therefore seems reasonable that 60 in Eq. (2.30) is
indeed a vector.

It is just the fact that §0 is a vector that allows angular velocity to be
represented by a vector, since angular velocity is the ratio of an infinitesimal
rotation angle to an infinitesimal time:

o0
ot
Therefore, dividing Eq. (2.30) by dt, we have

or_a0
st ot

o =

or, in passing to the limit, dt — 0,

V= XTr
as before.

2.5 The Gradient Operator

We now turn to a discussion of the important differential operators: the
gradient, the divergence, and the curl. Of these, the gradient operator is of
fundamental importance since the other two operators are defined in
terms of the two possible ways in which the gradient operator may act
on a vector.

Consider a scalar ¢ which is an explicit function of the coordinates x;
and, moreover, is a continuous, single-valued function of these coordinates
throughout a certain region of space. Then, under a coordinate trans-
formation that carries the x; into the x;, ¢'(x}, x5, x3) = ¢(x;, X,, X3), and
by the chain rule of differentiation, we may write

dp’ 0@ 0x;

=) Ay 2.33
Ox} 7 0x; 0xy 233)
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Similarly for é¢/dx’, and d¢’/0x5, so that in general we have

o« 09 0x;

= 2.34
Ox; 5 0x;0x; (2.34)

Now, the inverse coordinate transformation is
k
Differentiating,
X I X,
J " I A k
= = 24 :X = VA i 2.36
ox:  Ox; (% K ") %‘ ki ((fx,f> (2.36)

But the term in the last parentheses is just J;,, so that

Ox; , .
Exf = ;/.kjé,-k = Ay (2.37)
Substituting Eq. (2.37) into Eq. (2.34), we obtain
c¢’ . Op
= L2 2.38
0x; g‘ " 0x; (2.38)

Since it follows the correct transformation equation, the function d¢/dx;
is the jth component of a vector which is termed the gradient of the function
¢. Note that even though ¢ is a scalar, the gradient of ¢ is a vector. The
gradient of ¢ is written either as grad ¢ or as Vo (“‘del” ¢).

Since the function ¢ is an arbitrary scalar function, it is convenient to
define the differential operation described above in terms of the gradient
operator

¢

(grad), = v, = (2.39)
X.

i

D

We may express the complete vector operator as

! A
}QM=V=Zq£it (2.40)
P

i

The gradient operator can (a) operate directly on a scalar function, as
in Vg ; (b) be used in a scalar product with a vector function as in V- A
(the divergence of A); or (c) be used in a vector product with a vector
function as in V X A (the curl of A). The latter two possibilities will be
discussed in the following sections.
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In order to give a gcometrical interpretation of the gradient of a scalar
function, consider, as in Fig. 2-5, the topographical map of a conical hill of
circular cross section. The circles represent lines of constant altitude. Let
¢ denote the altitude at any point, ¢ = @(x,, X, X3). Then,

dop = Zg%dxi = 2. (grad p); dx; (2.41)

1

FiG. 2-5

The components of the displacement vector ds are the incremental dis-
placements in the directions of the three orthogonal axes:

ds = (dx,,dx,, dx;) (2.42)

Therefore,

dop = (grad @) - ds (2.43)

Now, let ds be directed tangentially along onc of the isolatitude lines,
(i.e., along a line for which ¢ = const.), as indicated in Fig. 2-5. Since
¢ = const. for this case, d¢ = 0. But, since neither grad ¢ nor ds is in general
zero, it follows that they must therefore be perpendicular to each other.
Thus, grad ¢ is normal to the linc (or in three dimensions, to the surface)
for which ¢ = const.

The maximum value of d¢ results when grad ¢ and ds are in the same
direction ; then,

(dP)max = |grad | ds, for grad ¢|| ds

or,

d
lgrad ¢ = (%)m (2.44)
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Therefore, grad ¢ is in the direction of the greatest change in ¢.

These results are summarized as follows:

(a) The vector grad ¢ is, at any point, normal to the lines or surfaces for
which ¢ = const.

(b) The vector grad ¢ has the direction of the maximum change in ¢.

(c) Since any direction in space may be specified in terms of the unit
vector m in that direction, the rate of change of ¢ in the direction of m
(the directional derivative of @) may be found from n-grad ¢ = co/cn.

Some further properties of the gradient operator result from the fact
that one may decfine the scalar product of the gradient operator and a
vector in such a way that a new operator is produced:

(A -grad) = ) A(grad),

0
; 2.45
laxi ( )
If this operator is applied to the scalar function ¥, then
0
(A~ grad (3 4, ) v

g
=Y A, — 246
IR (246

= A -grad

which is a scalar, whereas the operation on the vector B produces

é
A - grad)B = A.—)B
(A - grad) (21: laxi,

033)
A,; A; A;—= 247
-(Tafh zaTh Ta) s
which is a vector. Note that A - (grad B) is not defined.

We may also define the vector product of the gradient operator and a
vector so that a vector operator is produced:

A

(A x grad), = Y e, (2.48)
I 0xy,
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And if this operates on the scalar ¥, then,

[(A x gradpy]; = (A x grad ¥);

= ZrukA : (2.49)

/X

Note that the order of operation in the above processes is important,
since, for example,

(A - grad)B # B(A - grad)

The successive operation of the gradient operator produces

V-V = Z#*—Z (2.50)

0x; 0x; 5

This important product operator is called the Laplacian* and is also
written

Q)

I

V2= l (2.51)

Note that the Laplacian is a scalar operator and may operate on either
scalar or vector functions, producing scalars and vectors, respectively; for
example,
82
Vi = Z l/' (2.52)

or,T

%4 0’4 0%4
VA = (Z (',?le’ Z 8x.22’ Z ﬁx;) =(V24,, V24, V’4;) (253)

1

2.6 The Divergence of a Vector

The discussion of the gradient involved a scalar ¢ which was an explicit
function of the coordinates x;: ¢ = ¢(x;). Such a function is said to define

* After Pierre Simon Laplace (1749-1827); the notation V? is due to Sir William Rowan
Hamilton.

*+ This simple result is valid only in the special case of rectangular coordinates. For the
general expressions in curvilinear coordinates, see, for example, Morse and Feshbach (Mo53,
Chapter 1).
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a scalar field. The temperature or the pressure within a volume of matter
are examples of scalar fields; we may always define scalar functions T(x;)
or P(x;) which describe these physical attributes of the medium as functions
of position. Since the temperature and pressure may vary from point to
point* within the medium, a temperature gradient or pressure gradient will
in general exist. Similarly, if a physical quantity has both magnitude and
direction defined at every point in space, the quantity may be described by
a vector field. Thus, the electric field vector E(x;) or the velocity vector
¥(x;) of the flow in a fluid define vector fields. In a mathematical sense, a
scalar field is defined in terms of a function which may be completely
specified by only one number at every point in space. A vector field is
defined in terms of a function which is completely specified by three
numbersT at every point in space; the functions which yield these numbers
must, of course, obey the correct transformation law. The divergence and
the curl are operators which act on vectors that define vector fields.

Let A = A(x;) be a vector that defines a certain vector field. The diver-
gence of A is defined as the scalar product of the gradient operator and
the vector A:

: V.AzdivAs;(£)Ai=z%J (2.54)

i i

The physical meaning of the divergence of a vector quantity may be
seen by considering, for example, the flow of a fluid. Consider a volume
element dv = dx, dx, dx; whose faces are normal to the three axes. Let
the vector A represent the rate of flow (per unit area) of a fluid through a
face normal toA. The component A, is shown in Fig. 2-6 and represents
the rate of flow (per unit area) in the x,-direction through the area dx, dx,
at the position of the plane defined by x,. If 4, changes between x, and
x, + dx,, then the rate of flow (per unit area) through the area dx, dx,
at the position of the plane defined by x; + dx, may be expressed by a
Taylor series:

0A
A(x, + dx)) = A(x,) + El dx, + - (2.55)

1{xg

* According to kinetic theory, temperature and pressure are macroscopic concepts and
therefore do not exist for mathematical points. In this context, **point” here refers to a suitably
small volume of the medium but one which is sufficiently large to allow “‘temperature” and
“*pressure” to have meaning.

t Mathematically, we may define spaces which have an arbitrary number of dimensions; a
vector fleld in n-dimensional space requires the specification at every point of n quantities
which transform as the components of a vector. We limit the discussion here to ordinary,
three-dimensional space, although the generalization to n dimensions is straightforward.
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X3
dx,
0A
A —_— A, + gx—:dxl
dx,
/// X
dxl
X3
FiG. 2-6

The rate of flow at a given position is equal to the product of A, and the
area:

At x|, rate of flow = A, dx, dx,
04, ,
At x, + dx,, rate of flow = (Al + del) dx, dx,
1 /

where we have neglected the higher order terms in the series expansion.
The net outward flow from the volume dv = dx, dx, dx; is therefore given
by
04,
A
[+

Xy

dxl) dx,dxy — Ay dx,dx; = % v (2.56)
0x,
The net outward flow is conventionally taken to be positive when A4,
increases in the x,-direction, i.e., when 0A4,/0x, is positive.
By applying similar reasoning to the flow components in the two other
directions, the total outward flow rate is

(ﬂAl 04, ffé)d

0x,  0x,  0xj.

v= Z(;—A"dv = (div A)dv (2.57)
i X

from which it is apparent that div A is the net outward volume flow rate
per unit volume.

A flow field that is nondivergent (i.e., div A = 0) is said to be solenoidal.
An incompressible fluid must flow out of a given volume element as
rapidly as it flows in; such a flow field therefore has zero divergence and
is solenoidal.

We note that since the divergence of a vector produces a scalar and
since a scalar is invariant under an orthogonal transformation, then it
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follows that the divergence operator is an invariant operator. (The explicit
proof of this statement is requested in Problem 2-7.) We note further that
the Laplacian operator may be written as

V2 =V-V = div grad (2.58)

But the gradient operator produces a vector, so that the divergence of such
a vector produces an invariant scalar. Therefore, the Laplacian operator
must also be an invariant operator.

2.7 The Curl of a Vector

As a final way in which the gradient operator may be applied to a vector,
consider the vector product V x A. This operation is termed the curl (or
rotation*) of the vector A:

VXA-=culA (2.59)

Recalling the notation for the vector product [Eq. (1.62)], we may write

J.k i

Expanding to obtain the x,-component, we have

04 0A
(curl A); = 31236—3 + 8135
X2

0x3
T o0x,  0xs
or, in general,
(curl A); = % - %, i, j, k in cyclic order (2.61)
ox;  0x,

The unit vector notation may be used to write

04,

curl A = ) ¢ e
J

ik

(2.62)

* The rot notation is frequently found in European texts: V X A = rot A.
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or,

8 0

ama= & 2 < (2.63)
)\ X, 0x, Cx;
C AL Ay Ay

As an example of a vector field which has a curl (or rotation) consider
Fig. 2-7 in which v is the flow vector, representing the velocity, say, of a
fluid at any point. The component v, increases with x5 in the manner shown
(0v,/0x5 1s here considered positive), and the fluid curls about the x;-axis,

X3 v,
v, + —dx,
0x5
—_— 0
v
— v, — 2dX,
0x3
X2

X1

FiG. 2-7

but in a negative sense (rule of the right-hand screw). Similarly, a positive
curling about the x,-axis would result from uv; if dv3/0x, were positive.
Therefore, the total x,-component of the curl of v is

Ovy  Ov,y
(curlv), = — — -
Ox, 0X;

which is identical in form to Eq. (2.61).

The physical interpretation of the curl of a vector quantity is not quite
as transparent as that for the divergence. However, it is clear that if the
vector v describes a fluid flow field (as in Fig. 2-7), then a small paddle
wheel placed in the fluid will tend to rotate in regions where curl v # 0.
A field which has a nonvanishing curl is called a vortex field, and the curl
of the field vector is a measure of the vorticity of the field. A paddle wheel
placed in a fluid will remain stationary in those regions where curl v = 0.
A field which everywhere has a vanishing curl is called an irrotational field.



50 2 * VECTOR CALCULUS
Both the divergence and the curl are encountered frequently in hydro-
dynamics and in electromagnetic theory but only infrequently in the

mechanics of particles. (That is, the divergence and the curl are associated
with field phenomena.)

2.8 Some Additional Differential Vector Relations

The following identities are stated without proof:

1

grad(py) = @ grady +  grad ¢ * (2.64)
div(pA) = (grad ¢)* A + ¢ divA (2.65)
curl{pA) = (grad ¢) X A + ¢ curl A (2.66)

‘ grad(A-B) = (A-grad)B + (B-grad)A + A X curl B + B X curl A | (2.67)
diviA X B) = B-curlA — A-curl B (2.68)
curllA x B) = A(div B) — B(div A) + (B- grad)A — (A - grad)B | (2.69)

It may be necessary to use more than one of the identities in evaluating
certain quantities. For example, Egs. (2.66) and (2.69) are required to
evaluate curl{ (A X B)).

Two additional, and important, properties of the differential operators

arc.

curlgrad ¢ =0 (2.70)
diveurlA =0 (2.71)

» Example 2.8. The proof of Eq. (2.70) is as follows:

curl grad ¢ = Z sijkeiaﬂ(?—(p_)

ik Cx;\0%,,
2
P
=3 Eijkli 3 =~ 1
ik Xj Xy,

Now, j and k are dummy indices, so they may be interchanged without altering the
sum:
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ﬁz(p
curl grad ¢ = gk €€ e 0, )
If @ has continuous second derivatives, then
52(/) 62(/)
T35 = B ®
X;0x,  Oxy 0x;
Also,
Euj = —Eij “)
Substituting Egs. (3) and (4) into Eq. {2), we find
curlgradg = — ) ;¢ A; ;p (5)

ijk

But Egs. (1) and (5) state that curl grad ¢ is equal to two quantities which are the
negatives of each other. This can be true only if curlgrad ¢ vanishes identically.
Thus, Eq. (2.70) is verified.

2.9 Integration of Vectors

The vector which results from the volume integration of a vector function
A = A(x;) throughout a volume V is given by*

JAdUZ(J A, dv, JAzdu, JA3dL‘) 2.72)
14 14 14 14

Thus, the integration of the vector A throughout V is accomplished simply
by performing three separate, ordinary integrations.
The surface integral of a vector function A = A(x;) over the surface S
is defined to be*
f A-da
S

where da is an element of area of the surface, as in Fig. 2-8. We write da
as a vector quantity since we may attribute to it not only a magnitude da
but also a direction corresponding to the normal to the surface at the
point in question. If the unit normal vector is n, then

da = nda (2.73)

* The symbol §, actually represents a triple integral over a certain volume V. Similarly,
the symbol s stands for a double integral over a certain surface S.
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Thus, the components of da are the projections of the element of area on
the three mutually perpendicular planes defined by the rectangular axes:

da, = dx, dx,, etc. (2.73a)

Therefore, we have
fA-da=fA-nda (2.74)
S S

or,

A-da = A; da; (2.74a)
Jona=[3

Equation (2.74) states that the integral of A over the surface S is the integral
of the normal component of A over this surface.

The normal to a surface may be taken to lie in either of two possible
directions (“‘up” or “down”’); thus, the sign of n is ambiguous. If the surface
is closed, we adopt the convention that the outward normal is positive.

The line integral of a vector function A = A(x;,) along a given path
extending from the point B to the point C is given by the integral of the
component of A along the path:

. = A dx; .
LCA ds LCZ Ldx; (2.75)

The quantity ds is an element of length along the given path, as in Fig. 2-9.
The direction of ds is taken to be positive along the direction in which the
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path is traversed. In Fig. 2-9, at point P the angle between ds and A is less
than /2, so that A-ds is positive at this point. At point Q the angle is
greater than 7/2 and the contribution to the integral at this point is negative.

Fic. 2-9

Suggested References

Vector calculus is discussed in most of the books referred to in Chapter 1. See parti-
cularly Constant (Co54, Chapter 2), Kaplan (Ka52, Chapters 3 and 5), Lindgren
(Li64), and Spiegel (Sp59, Chapters 3, 4, and 5).

Books on electromagnetism are frequently excellent sources for material on vector
calculus; good, brief discussions are presented, for example, by Corson and Lorrain
(Co62, Chapter 1) and by Owen (Ow63, Appendix A). Owen’s notation is quite
similar to that used here.

Problems

2-1. Find the components of the acceleration vector a in spherical and in
cylindrical coordinates.

2-2. A particle moves with v = const. along the curve r = k(1 + cos )
(a cardioid). Find t-e, = a-e, |a], and 0.

2-3. Ifr and t = v are both explicit functions of time, show that
d
%[r X(vxr]=ra+ (@ -vyv—@0+r-ar

2-4. Show that r
2

grad(In|r]) = =
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2-5. Find the angle between the surfaces defined by r* =9 and x + y
+ z2 =1 at the point (2, —2, 1).

2-6. Show that grad(oy) = ¢ grad ¢ + y grad ¢.

2-7. Show that the divergence operator is invariant under a rotation of
coordinates.

2-8. Show that _
div(p, grad g, — @, grad¢,) = ¢, V@, — @,V?0,.

2-9. Show that div(A x B) = B-curl A — A - curl B.
2-10. Show that
(A-grad)A = Lgrad 4> — A X curl A.

2-11. If ¢, and ¢, describe two different scalar fields, show that (grad ¢,)
X (grad ¢,) is solenoidal.

2-12. Use r = /). x} to prove the following relations:
(@) gradr* =" Ir  (b) div(r'r) = (n + 3)r", n# =3

(c) curlr =0 (d) V2 =nn+ )" px —1

2-13. A particle rotates with constant angular velocity w about an axis
which passes through the origin. The radius vector r describes the position
of the particle and its velocity is i = v. Calculate curlv and divv. Re-
calculate these quantities in the event that the angular velocity varies with
distance according to w = k/r*, where k is a constant.

2-14. Prove that div curl is a null operator.

2-15. A vector field A is defined by A = f(r)r. If the field is to be solenoidal,
show that f(r) must be proportional to 1/r.

2-16. Show that

@ Vinr)=> (6) div[rgrad(1/r)] =

r r4

(c) VZ[div(r/rZ)]=r34 (d) gradf(r)—rd—f

T rdr

(¢) curl[rf(r)]=0
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2-17. Show that
J(2r-i' + 2F+¥)dt = r* + ? + const.

where r is the vector from the origin to the point (x,, x,, x3). The quantities
r and r are the magnitudes of the vectors r and r, respectively.

2-18. Show that

where C is a constant vector.

2-19. Evaluate the integral

fA x A dt

2-20. Let A = yz’e, + xz’e, + 2xyze,. Calculate the line integral of A - ds
from the origin to the point (1, 1, 1) by

(a) integrating along the x-axis to the point (1, 0, 0), then in the y-direction
to the point (1, 1, 0), then in the z-direction to the point (1, 1, 1); and by

(b) integrating first along the z-axis, then in the x-direction, then in the
y-direction.

Show that these results are in agreement with the fact that A may be
obtained from the gradient of ¢ = xyz?.

2-21. Show that the volume common to the intersecting cylinders defined
by x> + y* = a® and x> + z* = a® is V = 164°/3.



CHAPTER 3

Fundamentals of Newtonian Mechanics

3.1 Introduction

The science of mechanics seeks to provide a precise and consistent
description of the dynamics of particles and systems of particles. That is,
we attempt to discover a set of physical laws which provide us with a
method for mathematically describing the motions of bodies and aggre-
gates of bodies. In order to do this, we need to introduce certain funda-
mental concepts. It is implicit in Newtonian theory that the concept of
distance is intuitively understandable from a geometrical viewpoint. Further-
more, time is considered to be an absolute quantity, capable of precise
definition by an arbitrary observer. In relativity theory, however, we must
modify these Newtonian ideas (see Chapter 4). The combination of the
concepts of distance and time allows us to define the velocity and accelera-
tion of a particle. The third fundamental concept, mass, requires some ela-
boration which we shall give in connection with the discussion of Newton’s
laws.

The physical laws which we introduce must be based on experimental
fact. A physical law may be characterized by the statement that it “‘might
have been otherwise.” Thus, there is no a priori reason to expect that the

56
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gravitational attraction between two bodies must vary exactly as the inverse
square of the distance between them. But experiment indicates that this is
so. Once a set of experimental data is correlated and a postulate is formula-
ted regarding the phenomena to which the data refer, then various impli-
cations can be worked out. If thesc implications are all verified by experi-
ment, there is reason to believe that the postulate is generally true. The
postulate then assumes the status of a physical law. If some experiments
are found to be in disagreement with the predictions of the law, then the
thcory must be modified in order to be consistent with all known facts.

Newton has provided us with the fundamental laws of mechanics. We
shall state these laws and discuss their meaning and then proceed to derive
the implications of the laws in various situations. It must be noted, however,
that the logical structure of the science of mechanics is not a straight-
forward issue. The line of reasoning that is followed here in interpreting
Newton’s laws is not thc only onc possible.* We shall not pursuc in any
detail the philosophy of mechanics, but will give only sufficient elaboration
of Newton’s laws to allow us to continue with the discussion of classical
dynamics. We will devote our attention to the motion of particles for the
next several chapters; in Chapter 13 the topic of rigid-body motion will be
considered and in Chapters 14 and 15 we will consider the dynamics of
systems of particles. This chapter concludes with a bricf discussion of the
fundamental and practical limitations of Newton’s laws.

3.2 Newton’s Laws

We begin by simply stating in conventional form Newton’s laws of
mechanicsy :
I. A body remains at rest or in uniform motion unless acted upon
by a force.
II. A body acted upon by a force moves in such a manner that the
time rate of change of momentum equals the force.

* Ernst Mach (1838-1916) expressed his views in his famous book, The Science of Mechanics,
first published in 1883. A translation of a later edition is available (Ma60). Interesting dis-
cussions are also given, for example, by Lindsay and Margenau (Li36) and by Feather (Fe59).

+ Enunciated by Sir Isaac Newton (1642 1727) in his Principia, 1687. Galileo had previously
generalized the results of his mcchanics experiments with statements equivalent to the First
and Second Laws, although he was unablc to complete the description of dynamics because
he did not appreciate the significance of the Third Law and therefore lacked a precise meaning
of Jorce.
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ITL. If two bodies exert forces on each other, these forces are equal in
magnitude and opposite in direction.

These laws are so familiar that we sometimes tend to lose sight of their
true significance (or lack of it) as physical laws. The First Law, for example,
is meaningless without the concept of “force.” In fact, standing alone, the
First Law conveys a precise meaning only for zero force; that is, a body
which remains at rest or in uniform (i.e., unaccelerated, rectilinear) motion
is subject to no force whatsoever. A body which moves in this manner is
termed a free body (or free particle). The question of the frame of reference
with respect to which the ‘“uniform motion” is to be measured will be
discussed in the following section.

In pointing out the lack of content in the First Law, Sir Arthur Edding-
ton* has made the somewhat facetious statement that all the law actually
says is that “every particle continues in its state of rest or uniform motion
in a straight line except insofar as it doesn’t.” While such a comment is
hardly fair to Newton, who certainly meant something very definite by
his statement, it does emphasize the point that the First Law by itself
provides us with only a qualitative notion regarding “‘force.”

An explicit statement concerning “force” is provided by the Second
Law in which force is related to the time rate of change of momentum.
Momentum was appropriately defined by Newton (although he used the
term ‘‘quantity of motion”) to be the product of mass and velocity, so that

p=mv (3.1)
Therefore, the Second Law may be expressed as
dp d

The definition of force becomes complete and precise only when “mass” is
defined. Thus, the First and Second Laws are not really “laws™ in the
usual sense of the term as used in physics; rather, they may be considered
as definitions. The Third Law, on the other hand, is indeed a law. It is a
statement concerning the real physical world and contains all of the
physics in Newton’s laws of motion.t

We must hasten to add, however, that the Third Law is not a general
law of Nature. The law applies only in the event that the force exerted by
one (point) object on another (point) object is directed along the line

* Sir Arthur Eddington (Ed30, p. 124).

+ The reasoning presented here, viz., that the First and Sccond Laws are actually definitions
and that the Third Law contains the physics, is not the only possible interpretation. Lindsay

and Margenau (Li36), for example, present the first two Laws as physical laws and then
derive the Third Law as a consequence.
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connecting the objects. Such forces are called central forces; the Third
Law applies whether a central force is attractive or repulsive. Gravitational
and electrostatic forces are central forces, so Newton’s Laws may be used
in problems involving these types of forces. Sometimes, elastic forces
(which are actually macroscopic manifestations of microscopic electro-
static forces) are central in character. For example, two point objects connec-
ted by a straight spring or elastic string are subject to forces that obey the
Third Law. Any force that depends on the wvelocities of the interacting
bodies is non-central in character, and the Third Law does not apply in
such a situation. Velocity-dependent forces are characteristic of interac-
tions that propagate with finite velocity. Thus, the force between moving
electric charges does not obey the Third Law since the force propagates
with the velocity of light. Even the gravitational force between moving
bodies is velocity-dependent, but the effect is small and difficult to detect;
the only observable effect is the precession of the perihelia of the inner
planets (see Section 10.10). In this book we shall be concerned exclusively
with gravitational and elastic forces; the accuracy of the Third Law is quite
sufficient for all such discussions.

In order to demonstrate the significance of the Third Law, let us para-
phrase it in the following way, which incorporates the appropriate definition
of mass:

III'. If two bodies constitute an ideal, isolated system, then the
accelerations of these bodies are always in opposite directions
and the ratio of the magnitudes of the accelerations is constant.
This constant ratio is the inverse ratio of the masses of the bodies.

With this statement we are now in a position to give a practical definition
of mass and therefore to give precise meaning to the equations that sum-
marize Newtonian dynamics. If we consider two isolated bodies, 1 and 2,
then the Third Law states that

F, = —-F, (3.3)

Using the definition of foree as given by the Second Law, we have

d d
% - —% (3.42)
or,
) -m )
and, since acceleration is the time derivative of velocity,
m(a,) = my(—a,) (3.4¢)
Hence,
fo| _ m, (3.5)

las|  m,
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We may always select, say, m, as the unit mass and then by comparing
the ratio of accelerations when m,; is allowed to interact with any other
body, the mass of the other body may be determined. Of course, in order to
measure the accelerations, one must have appropriate clocks and measur-
ing rods; in addition, it is necessary to choose a suitable coordinate system
or reference frame. The question of a “‘suitable reference frame” is discussed
in the next section.

One of the more common methods of determining the mass of an object
is by weighing—for example, by comparing its weight to that of a standard
by means of a beam balance. This procedure makes use of the fact that in
a gravitational field the weight of a body is just the gravitational force
acting on the body. That is, Newton’s equation F = ma becomes W = mg,
where g is the acceleration due to gravity. The validity of using this pro-
cedure rests on a fundamental assumption, viz, that the mass m which
appears in Newton’s equation and which is defined according to the
statement III” above, is equal to the mass m which appears in the gravita-
tional force equation. These two masses are called the inertial mass and
gravitational mass, respectively. The definitions may be stated as follows:
Inertial mass: That mass which determines the acceleration of a body

under the action of a given force.
Gravitational mass: That mass which determines the gravitational forces
between a body and other bodies.

Galileo was the first to test the equivalence of inertial and gravitational
mass in his (perhaps apocryphal) experiment with falling weights at the
Tower of Pisa. Newton also considered the problem and measured the
periods of pendula of equal lengths but with bobs of different masses.
Neither found any difference, but the methods were quite crude.* In 1890
E6tvost devised an ingenious method to test the equivalence of inertial
and gravitational masses. Using two objects made of different materials, he
compared the effect of the Earth’s gravitational force (i.e., the weight) with
the effect of the inertial force due to the Earth’s rotation. The experiment
involved the use of a null method employing a sensitive torsion balance and
was therefore capable of high accuracy. More recent experiments (notably
those of Dickef), using essentially the same method, have improved the
accuracy, and it has now been established that inertial and gravitational
mass are identical to within a few parts in 10*°. This result is of consider-
able importance in the general theory of relativity.§ The assertion of the

* In Newton’s experiment, he could have detected a difference of only I part in 107,

1 Roland von E&tvds (1848-1919), a Hungarian baron ; his research in gravitational problems
led to the development of a gravimeter which was of use in geological studies.

1 R. H. Dicke, Science 124, 621 (1959).

§ See, for example, the discussions by Bergmann (Be46) or Weber (We61). An analysis of
the E6tvos experiment is also given in Weber’s book (Chapter 1).
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exact equality of inertial and gravitational mass is termed the principle
of equivalence.

Newton’s Third Law is stated in terms of two bodies which constitute
an isolated system. It is, of course, impossible to achieve such an ideal
condition; every body in the Universe interacts with every other body,
although the force of interaction may be far too weak to be of any practical
importance if great distances are involved. Newton avoided the question
of how one is to disentangle the desired effects from all of the extraneous
effects. But this practical difficulty only serves to emphasize the enormity
of Newton’s assertion made in the Third Law. It is a tribute to the depth
of his perception and physical insight that the conclusion based on limited
observations has successfully borne the test of experiment for almost
300 years. It has only been within this century that measurements have
been made with sufficient detail to reveal certain discrepancies with the
predictions of Newtonian theory. The pursuit of these details has led to
the development of relativity theory and quantum mechanics.*

3.3 Frames of Reference

Newton realized that in order for the laws of motion to have meaning,
a reference frame must be chosen with respect to which the motion of
bodies could be measured. A reference frame is called an inertial frame if
Newton’s laws are indced valid in that frame. That is, if a body subject to
no external force is found to move in a straight line with constant velocity
(or to remain at rest), then the coordinate system used to establish this fact
is an inertial reference frame. This is a clear-cut operational definition and
one that also follows from the general theory of relativity.

Now, if Newton’s laws are valid in one reference frame, then they are
also valid in any reference frame that is in uniform motion (ie., is not
accelerated) with respect to the first system.t This is a result of the fact
that the cquation F = mi involves the second time derivative of r so that a
change of coordinates involving a constant velocity will not influence the
equation; this result is called Galilean invariance, or the principle of New-
tonian relativity. It is natural to ask whether there exists an absolute inertial
frame, i.e., a frame that is at absolute rest and one in which Newton’s
laws are absolutely valid. On this point, Sir Horace Lamb wrotef in 1911 :

* Scc also Scetion 3.7.

tIn Chapter 12 we shall discuss the modification of Newton’s equations that must be made
if it is desired to describe the motion of a body with respect to a noninertial frame of reference,
i.e.,, a frame which is accelerated with respect to an inertial frame.

1 Encyclopaedia Britannica, 11th ed., 1911.
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By “motion” we mean of necessity motion relative to some
frame of reference which is conventionally spoken of as “‘fixed.”
As a first step we adopt a system of rectangular axes whose origin
is fixed in the Earth, but whose directions are fixed by relation to
the stars; in the planetary theory the origin is transferred to the
sun, and afterwards to the mass-centre of the solar system; and so
on. At each step there is a gain in accuracy and comprehensiveness.

In the prerelativity view, it was considered possible, at least conceptually,
to continue Sir Horace’s scheme and eventually arrive at an absolute
inertial frame. Thus,

The conviction is cherished that some system of rectangular
axes exists with respect to which the Newtonian scheme holds with
all imaginable accuracy.

The theory of relativity, however, requires a change in this attitude. It
is a basic postulate of this theory that the concept of absolute rest is meaning-
less. Therefore, even though we conventionally adopt a reference frame
which is fixed with respect to the “fixed” stars—and, indeed, in such a
frame the Newtonian equations are valid to a high degree of accuracy—
such a frame is, in fact, not an absolute inertial frame. We may, however,
consider the “fixed” stars to define a reference frame that approximates an
“absolute” inertial frame to an extent quite sufficient for our present
purposes.

Although the ““fixed-star reference frame is a conveniently definable
system and one that is suitable for many purposes, it must be emphasized
that the fundamental definition of an inertial frame makes no mention of
stars, “fixed” or otherwise. If a body subject to no force moves with con-
stant velocity in a certain coordinate system, that system is, by definition,
an inertial frame.

Since the precise description of the motion of a real physical object in
the real physical world is an almost impossible task, we always resort to
idealizations and approximations of varying degree. That is, we ordinarily
neglect the lesser forces on a body if these forces do not significantly affect
the body’s motion. The simplest possible situation would be one in which
the experiment is carried out in a complete “*void™ so that the motion of a
particle is not perturbed by any extraneous forces. However, since we must
always postulate some fiducial marks on which to base a reference system
(e.g., the distant “fixed” stars), we already introduce thereby an approxi-
mation to the ideal case, viz., we assume that the influence of distant matter
is nil. Such an approximation will not, of course, seriously affect the des-
cription of the motion of the particle, but because of the fundamental
necessity of always providing a hook on which to hang the reference frame,
it is conceptually impossible to consider measurements of the motion of a
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completely free particle. Nevertheless, the free-particle concept is a uscful
one for many purposes.

If we wish to describe the motion of, say, a free particle, and if we choose
for this purpose some coordinate system in an inertial frame, then we
require that the (vector) equation of motion of the particle be independent
of the position of the origin of the coordinate system and independent of
its orientation in space. That is, we require that in an inertial frame space
must have the propertics of homogeneity and isotropy. We further require
that time be homogeneous; that is, a free particle which moves with a
certain constant velocity in the coordinate system during a certain time
interval must not, during a later time interval, be found to be moving
with a different velocity.

We may illustrate the importance of these properties by the following
example. Consider, as in Fig. 3-1, a frec particle which moves along a
certain path AC. Let us choose for the description of the motion of the

1
FiG. 3-1

particle a rectangular coordinate system whose origin moves in a circle,
as shown; for simplicity, we let the orientation of the axes be fixed in
space. The particlc moves with a velocity v, relative to an inertial rcfercnce
frame. If the coordinate system moves with a linear velocity v, when at
the point B, and if v, = v,, then to an observer in the moving coordinate
system, the particle (at A) will appear to be at rest. At some later time,
however, when the particle is at C and the coordinate system is at D, the
particle will appear to be accelerating away from the observer. We must,
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therefore, conclude that the rotating coordinate system does not qualify
as an inertial reference frame. The space associated with the rotating system
is not homogeneous and isotropic. The observations described above are
not sufficient, however, to decide whether time is homogeneous. To reach
such a conclusion, it is necessary that repeated measurements be made in
identical situations at various times; identical results would indicate the
homogeneity of time.

Newton’s equations do not describe the motion of bodies in non-inertial
systems. We may, however, devise a method whereby it is possible to
describe the motion of a particle by means of a rotating coordinate system,
but, as we shall see in Chapter 12, the resulting equations contain several
terms which do not appear in the simple Newtonian equation, F = ma.
For the moment, then, we shall restrict our attention to inertial frames of
reference for the description of the dynamics of particles.

3.4 The Equation of Motion for a Particle

Newton’s equation, F' = dp/dt, may be expressed alternatively as

F= gi(mv) - m(%; = mi (3.6)
if we assume that the mass m does not vary with the time. This is a second-
order differential equation for r = r(t) which may be integrated if the
function F is known. The specification of the initial values of r and t = v
then allows the evaluation of the two arbitrary constants of integration.
Many examples of problems of this type may be found in elementary texts.

It should be emphasized that the force F in Eq. (3.6) is not necessarily
constant and, indeed, it may consist of several distinct parts. For example,
if a particle falls in a constant gravitational field, the gravitational force
will be F, = mg, where g is the acceleration of gravity. If, in addition, there
is a retarding force F, which is some function of the instantaneous velocity,
then the total force is

F=F,+F,
=mg + F.(v) 3.7
It is frequently sufficient to consider that F.(v) is simply proportional to
some power of the velocity. In general, real retarding forces are more

complicated, but the power-law approximation is useful in many instances
in which the velocity does not vary greatly. (Even more to the point is the
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fact that if F, oc v", then the equation of motion can usually be integrated
directly, whereas, if the true velocity dependence were used, numerical
integration would probably be necessary!) With this type of approximation,
we may then write

F = mg — mkv|v["~! (3.7a)

where k is a positive constant that specifies the strength of the retarding
force and where n gives the power of the velocity to which the retardation
is proportional. Experimentally, it is found that for a relatively small
object moving in air, n = 1 for velocities less than about 2400 cm/sec
(~ 80 ft/sec); for higher velocities but below the velocity of sound (~ 33,000
cmysec or 1100 ft/sec) the retarding force is approximately proportional
to the square of the velocity.*

The effect of air resistance is of obvious importance in military ballistics,
as, for example, in the calculation of the trajectory of an artillery shell.
Therefore, extensive tabulations have been made of the velocity as a
function of flight time for projectiles of various sorts. A set of tables that
is popular in this country is that of Ingalls.f One part of these tables
gives the performance for a projectile 1 in. in diameter and weighing 1 lb,
and having a particular shape of pointed nose. Figure 3-2 shows the
retarding force (Ib) as a function of velocity (ft/sec) for this particular shell.
The upper curve shows the velocity region from zero to about 1200 ft/sec.
It is evident that an equation of at least second degree is necessary to
describe this function. Indeed, segments of the curve (of 400 ft/sec or so)
may be quite well represented by parabolas. The lower curve shows a
more extensive velocity region and indicates that for velocities greater
than about 2000 ft/sec, the retarding force varies approximately linearly
with velocity. Note the change in shape of the curve in the region just
above the velocity of sound.

Several examples of the motion of a particle subjected to various forces
are given below.

* The motion of a particle in a medium in which there is a resisting force proportional to
the velocity or to the square of the velocity (or to a linear combination of the two) was examined
by Newton in his Principia (1687). The extension to any power of the velocity was made by
Johann Bernoulli in 1711. The term Stokes’ law of resistance is sometimes applied to a resisting
force that is proportional to the velocity; Newton’s law of resistance is a retarding force
proportional to the square of the velocity.

t Col. James M. Ingalls, U.S. Army Artillery Circular M, 1918.

} Actually, a 2-caliber radius ogive. Depending on the exact shape of the nose, the retarding
force at any velocity may be a factor of 2 greater (for a more blunt nose) or a factor of 2 less
(for a more pointed nose) than that for a 2-caliber ogive.
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P Example 3.4(a). Horizontal Motion of a Particle in a Resisting Medium. As thc most
simplc example of the resisted motion of a particle, let us consider the horizontal
motion in a medium in which the retarding force is proportional to the velocity.
Such a situation would apply, for example, to a sliding particle subjcct to friction.
The Newtonian equation, F = ma, provides us with the equation of motion:

dv
ma = m— = — kmv (1)
dt

where kmv is the magnitude of the resisting force (k = const.). Then,

fﬂl‘ = — kfd!
r

Inv = —kt + C, (2)

The integration constant in Eq. (2) may be evaluated if we prescribe the initial con-
dition ot = 0) = v,. Then C; = Inv,, and

U= voe M (3)

We may integrate this equation to obtain the displacement x as a function of time:

dx _
v = i voe M
X = U, fe"" dt = — l;e”"’ + C, “)

The initial condition x(t = 0) = 0 implies C, = vy/k. Therefore,
x=—(1—e*) 5

This result shows that x asymptotically approaches the value vo/k as t — oo.
Wc may also obtain the velocity as a function of displacement by writing

dv_dvdt#dv 1

A, 6
dx dtdx dr v (©)
so that
dv  dv
v-— = — = —kv (7)
dx dt
or,
dv _ ®)
dx

from which we find, by using thc same initial conditions,
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v=vy — kx 9
Therefore, the velocity decreases linearly with displacement.

P Example 3.4(b). Vertical Motion of a Particle in a Resisting Medium. We next treat
the case of a particle undergoing vertical motion in a medium in which there again
exists a retarding force proportional to the velocity. Let us consider that the particle
is projected downward with an initial velocity vy from a height & in a constant gravi-
tational field. The equation of motion is

dv
=m—= —mg — kmv (1)
dt

where —kmu represents an upward force since we take z and v = 2 to be positive
upwards and the motion is downwards; i.e,, v < 0 so that —kmv > 0. From Eq. (1)
we have

dv

= —dt 2
kv + g @

Integrating Eq. (2) and setting v(t = 0) = v,, we have
dz g kvot+ g
— -4+ ———¢

= — = +
"TaT k k

Integrating once more and evaluating the constant by setting z(t = 0) = h, we find

—kt (3)

t kvy +
Z=h_£+_o_£

Lt =) @

Equation (3) shows that as the time becomes very long, the velocity approaches
the limiting value —g/k; this is called the terminal velocity, v, We note that Eq. (1)
yields the same result since the force will vanish, and hence there will be no further
acceleration, when v = —g/k. If the initial velocity exceeds the terminal velocity in
magnitude, then the body immediately begins to slow down and v approaches the
terminal velocity from the opposite direction. Figure 3-3 illustrates these results.

P Example 3.4(c). Motion of a Projectile in a Resisting Medium—Approximate Solution
by Series Expansion. Let us next consider the motion of a projectile in the atmosphere;
the air resistance will give rise to a retarding force which we will assume is proportional
to the instantaneous velocity. Since we may separate the motion into horizontal and
vertical components, this example combines the results of the preceding two examples.
We wish to calculate the decrease in range that is brought about by the existence
of the air resistance. The situation is shown in Fig. 3-4 for several values of the retarding
force constant k (in units of some standard, kg).

If we take R and R’ to be the range without* and with air resistance, respectively,
then the change of range due to air resistance is R — R = AR. If « is the angle of

* The parabolic solution for the path of an unresisted projectile was obtained by Galileo
in his Discorsi, 1638.
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—glk - o e

Fic. 3-3

inclination of the initial motion, the initial conditions then may be stated as
x(t=0)=0=yt=0)
Xt =0)=vycosa=U (1
Yt =0)=rysina =V
The equations of motion are
mi = —kms Q)
my = —kmy — mg 3

Equation (2) is exactly that which we used in Example 3.4(a). Therefore, the solution is

X = %(1 — e M )
Similarly, Eq. (3) is the same as the equation of the motion in Example 3.4(b). We

may use the solution found in that example by letting h = 0. (The fact that we
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considered the particle to be projected downward in Example 3.4(b) is of no con-
sequence: the sign of the initial velocity will automatically take this into account.)
Thercfore,

gt kV+g _
y=_I+T(1_ekt) )
The range R’ may be found by first calculating the time T required for the entire
trajectory and then substituting this value into Eq. (4) for x. The time may be found
by noting that y = 0 at the end of the trajectory; i.e,, y(t = T) = 0. From Eq. (5) we
find

kV+g

T=
gk

(1 —e™*) {6)

This is a transcendental equation and therefore we cannot obtain an analytic expression
for T; we must resort to an approximation procedure. We first expand the exponential
[see Eq. (D.34), Appendix D]:

_kV+g
gk

T (KT — $k*T? + 3T — -+) )
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Factoring k out of the parentheses and dividing the entire equation by T, we have

1:(1+%V)(1M%kT+%k2T2~---) (8)
from which
T(1+ﬁ/):i+lkT2(1+kV)—--- ©9)
.8 g 3 g

Equation (9) shows (as does the elementary treatment in which air resistance is
neglected) that in the limit k — 0, the time of flight of the projectile is

2V
To="rs k=0 (10)

Therefore, if we consider the case in which k is small (but nonvanishing), then the
flight time will be approximately equal to T,. If we then use this approximate value
to calculate the second-order term in Eq. (9), we have

2
T(1+’f_V);?.V+lk(2_V) (H"l)
g g 3 \g g

v/ kv 2kV
-—[(1 +—) +—] (11
g g 3g

or,

T

e

Now, we have assumed that k is a small quantity, so that if we expand [1 + (kV/g)]~!
we find

2

wW[{ kv k*p? \ o 2kV
T ~[(1——+ 3 —-~)+—] (12)
g g g , 3g

Notice that in Eq. (9) we have already dropped terms containing k? (the next term
in that equation would contain k2T?), so that it is meaningless to retain the k? term
in Eq. (12). Omitting this term we have

/

2V kv
T~ |1-= 13
g( 3g) (13

which is the desired approximate expression for the flight time.
Next, we write the equation for x [Eq. (4)] in expanded form:

X = %(kt — P+ e — ) (14)

Since x(t = T) = R’, we have approximately for the range,

R = U(T — %T? (15)
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We may now evaluatc this expression by using the value of T from Eq. (13). If we
retain only tcrms linear in k, we find

vV
R/;M(]_ﬁ_) (16)
g 3
Now, the quantity 2UV/g may be written as [using Egs. (1)]
2 2
M=%sinacosa=@sin2a (17)
4 g g

which will be recognized as the range R of the projectile when air resistance is neglected.
Therefore,

. 4kv
R =~ R(l - Tg",) (18)

so that the change of range, correct to first order in k, is

4kVR
AR=R—-R =-—— (19)
3g
or,
4 3
AR =~ %‘) sin g sin 2« (20)

The change of range AR is shown as a function of k/ke in Fig. 3-5 which is based
on the results of the case illustrated in Fig. 3-4. (The dots on the curve refer to the
trajectories that arc shown in Fig. 3-4.) It is cvident that the linear approximation for
AR tends to become quite inaccurate for k/k, 2 0.02.
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FiG. 3-5
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It is apparent from this example, that when making an expansion in terms of a small
quantity in order to develop an approximate solution to a problem it is important
to carry a sufficient number of terms so that «{/ of the terms of the highest order that
will eventually be used are retained in the expression. In order to insure that this is so,
it is a safe policy always to retain terms of one order higher than thosc suspected of
contributing and only to drop these higher order terms at the end of the calculation.

Example 3.4(d). Motion with Variable Mass—The **Rocket Equation.”” Let the velocity
of the rocket with respect to a certain fixed coordinate system be v(¢), and let the mass
of the rocket (and unconsumed fuel) be m(t). We shall assume that the exhaust gases
which are ejected by the rocket in order to propel it forward are all ejected at a
constant velocity V relative to the rocket. The velocity of the exhaust gases relative
to the fixed coordinate system is therefore v(t) + V. The rate of change of momentum
of the rocket is

d d( ) v+ # 1
— = — = v
dtp, @t myv m mv (1}

Also, the rate of change of momentum of the exhaust gases is

%pe =(V+ V)i = — (v+ V)i @

where m < 0 since the mass is decreasing. The rate of change of the total momentum
is just the resultant external force F acting on the system:

d
F= E(pr + p.)

mv + mv— (v+ Vi
=mv — Vi (3)
or, equivalently,

(F + Vi) = mv 4)

The additional “force” term, Vi, which occurs because the mass of the rocket is not
constant in time, is called the thrust.

For a free-space situation, in which there is no external force, the equation of
motion may be integrated to give

v(t) = Vinm + const. (5)
If the initial conditions are ¥(0) = v, and m(0) = m,, then we have

my
v—v0=—Vln; (6)
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Now, if the rocket originally consisted of a frame of mass M, and fucl of mass M,
then m, = My + M. Thereforc, at the time t, at which the fuel is completcly consumed
(“burnout”), the mass is m(t,) = M. This is the point at which maximum velocity is
reached. Thus,

M
Vax = Yo — \% ln(l + ﬁ) (7)
0

(Recall that v and V arc oppositely directed.) Therefore, in order that the rocket may
reach vclocities which exceed V, it is necessary that M > M, ; that is, the fucl-to-
payload ratio must be quite large.

3.5 Conservation Theorems

We now turn to a detailed discussion of the Newtonian mechanics of
a single particle and derive the important theorems regarding conserved
quantities. It must be emphasized that we are here not proving the conserva-
tion of the various quantitics. We are merely deriving the consequences of
Newton’s laws of dynamics. These implications must be put to the test of
experiment and their verification then supplies a measure of confirmation
of the original dynamical laws. The fact that these conservation theorems
have indeed been found to be valid in many instances furnishes an im-
portant part of the proof for the correctness of Newton’s laws, at least
in classical physics.*

The first of the conservation theorems concerns the linear momentum of
a particle. If the particle is free, i.e., if the particle experiences no force,
then Eq. (3.2) becomes simply p = 0. Therefore, p is a vector constant in
time, and the linear momentum of a free particle is conserved.

Note that this result is derived from a vector equation, p =0, and
therefore applies for each component of the linear momentum. In order
to state the result in other terms, we let s be some constant vector such
that F -s = 0, independent of time. Then,

ps=F:s=0
or, integrating with respect to time,

p-s = const. (3.8)

which states that the component of linear momentum in a direction in which
the force vanishes is constant in time.

* For further comment on this point, see the discussion at the end of Section 3.6.
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The angular momentum L of a particle with respect to an origin from which

r is measured 1s defined to be
L=rxp (3.9)

The torque or moment of force N with respect to the same origin is

defined to be
N=r xF (3.10)

or,
N=rxmv=rXxXp

Now,

. d ) .

L=;1;(r Xp)=( xp)+(rxp)
but

Fxp=rxmv=mi xi)=0
so that

LL=rxp.—_N (3.11)

If there are no torques acting on a particle (i.e., if N = 0), then L = 0 and
L is a vector constant in time. This is the second important conservation
theorem: the angular momentum of a particle subject to no torque is con-
served.

If work is done on a particle by a force F in transforming the particle
from condition 1 to condition 2, then this work is defined to be

(3.12)
Now,
F:dr = mﬂ-ﬂdt = m(ﬁ-vdt
dr dt dt
md md

d(3mv?) (3.13)

l
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Therefore, the intcgrand in Eq. (3.12) is an exact differential, and

2
Wi, = Gmv?) =gmv; —v}) = T, — T (3.14)
1

where T = imv? is the kinetic energy of the particle. If T, > T, then
W,, < 0 and the particle has done work with a resulting decrease in
kinetic energy. It is important to realizc that the force F appearing in
Eq. (3.12) is the total (i.e., net resultant) force on the particle.

Let us now examine the integral appearing in Eq. (3.12) from a different
standpoint. In many physical problems the force F has the property that
the work required to move a particle from one position to another is
dependent only upon the original and final positions and not upon the
exact path taken by the particle. This property is exhibited, for example,
by a constant gravitational force field. Thus, if a particle of mass m is
raised through a height /4 (by any path), then an amount of work mgh
has been done on the particle, and the particle has the capacity to do an
equal amount of work in returning to its original position. This capacity
to do work is called the potential energy of the particle.*

We may define the potential energy of a particle in terms of the work
required to transport the particle from a position 1 to a position 2 (with
no net change in kinetic energy):

2
JF'dr=U1—U2 (3.15)

1

That is, the work done in moving the particle is simply the difference in
the potential energy U at the two points. Equation (3.15) may be reproduced
if we write F as the gradient of the scalar function U :

F = — grad (j (3.16)
Then,
2 2
f Fedr= — j (grad U) - dr
1 1
gl
= — ——d i
jl;axi X
2
_ j JU=U, - U, (3.17)
1

* Potential cnergy and the general concept of a potential are discussed in detail in Chapter 5.
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In most systems of interest, the potential energy is a function of position
and, possibly, the time: U = U(r) or U = U(r,t). We shall not consider
cases in which the potential energy is a function of the velocity.*

In Chapter 3 of Marion (Ma65a) it is shown that the necessary and
sufficient condition that permits a vector function to be represented by
the gradient of a scalar function is that the curl of the vector function
vanish identically.f Thus, if

curlF =0 (3.18)

then we may always express F as in Eq. (3.16). (Clearly, it is necessary
that the curl of F vanish if F = — grad U, since curlgrad U = 0, if U is
any function with continuous second derivatives; see Section 2.8.)

It is important to realize that the potential energy is defined only to
within an additive constant. That is, the force defined by — grad U is no
different from that defined by — grad(U + const.). Therefore, potential
energy has no absolute meaning; only differerices of potential energy are
physically meaningful [as in Eq. (3.15)].

If we choose a certain inertial frame of reference for the description of a
mechanical process, the laws of motion are the same as in any other
reference frame which is in uniform motion relative to the original frame.
The velocity of a particle is in general different depending on which inertial
reference frame is chosen as the basis for the description of the motion.
Therefore, we find that it is impossible to ascribe an absolute kinetic energy
to a particle in much the same way that it is impossible to assign any
absolute meaning to potential energy. Both of these limitations are the
result of the fact that the selection of an origin of the coordinate system
used for the description of physical processes is always arbitrary. James
Clerk Maxwell has summarized the situation as follows]:

We must, therefore, regard the energy of a material system as
a quantity of which we may ascertain the increase or diminution
as the system passes from one definite condition to another. The
absolute value of the energy in the standard condition is unknown
to us, and it would be of no value to us if we did know it, as all
phenomena depend on the variations of energy and not on its
absolute value.

* Velocity-dependent potentials are necessary in certain situations, e.g., in electromagnetism
(the so-called Liénard-Wiechert potentials).

t The proof of this theorem can be conveniently made by using Stokes’ theorem of vector
analysis.

t Matter and Motion. Cambridge Univ. Press, 1877 reprinted by Dover, New York. p. 91.
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Now, the total energy of a particle is defined to be the sum of the kinetic
and potential energies:

E=T+U | (3.19)

The total time derivative of E is

dE dT dU
gL _ws v 3.20
dt dt * dt ( )

In order to evaluate the time derivatives appearing on the right-hand side
of this equation, we first note that Eq. {3.13) may be written as
F.dr = dimv?) = dT
Dividing through by di,
dT dr
—=F-—=F-i 3.21
dt di ' G-21)

Also, we have

dAU—Zan)&_FaAU
dt — 5ox; dt ot

i

oU . ou
“2ahta

)
U
= (grad U) i + ((7 (3.22)

Substituting Egs. (3.21) and (3.22) into (3.20), we find

dE , .U
E{—-F-r + (grad U)-r + ar
U
=(F+gradU) i +
3
'TLI
= (3.23)
ot

since the term F + grad U vanishes in view of the definition of the potential
energy [Eq. (3.16)].
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If U is not an explicit function of the time (ie., if ¢U/dt = 0; recall that
we do not consider velocity-dependent potentials), then the force field
represented by F is said to be conservative. Under these conditions, we have
the third important conservation theorem: the total energy E of a particle
in a conservative force field is a constant in time.*

3.6 Conservation Theorems for a System of Particles

We now extend our discussion from a single particle to a system of n
particles. These particles may form a loose aggregate, such as a group of
pellets, or a rigid body in which the constituent particles are restrained
from moving relative to one another. The mass of this system is denoted
by M:

M=Ym, (3.24)
xZ

where the summation over « (as in all summations below which are carried
out over Greek indices) runs froma = 1to ax = n

If the vector connecting the origin with the ath particle is r,, then the
vector which defines the position of the center of mass of the system is

|
R = W g m,r, 'l (3.25)

Since it is often convenient to specify the position of a particle with respect
to the center of mass (see Fig. 3-6), we define this vector f, as

i—r—R (3.26)

If a certain group of particles is considered- to constitute a system, then
the resultant force which acts on a particle within the system (say, the ath
particle) is in general composed of two parts. One part is the resultant of

CM.

rﬂ
FiG. 3-6
* The general law of conservation of energy was formulated in 1847 by Hermann von

Helmholtz (1821-1894). His conclusion was based largely on the calorimetric experiments
of James Prescott Joule (1818-1889) which were begun in 1840.
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all forces whose origin lies outside of the system; this is called the external
force, F. The other part is the resultant of the forces which arise from
the interaction of all of the other n — 1 particles with the ath particle;
this is called the internal force, f,. Now, f, is given by the vector sum of all
of the individual forces f,g,

Yfp =1, (3.27)
]

where f,; represents the force on the ath particle due to the fth particle.
Therefore, the total force acting on the ath particle is

F,=FY +1, (3.28)
In addition, according to Newton's Third Law,* we have
fip = — f5s (3.29)
Newton’s second law for the ath particle may be written as
p, = mi, = F2 +f, (3.30)
or,
dZ
—=(my,) =F + 3 1, (3.30a)
dt I
Summing this expression over a, we have
d? .
PZmara=ZF§,’+Z zﬂ:f,ﬂ (3.31)
a¥f

where the terms « = f§ do not enter in the second sum on the right-hand
side since f,, = 0. The summation on the left-hand side just yields MR
[see Eq. (3.25)] and the second time derivative is MR. The first term on
the right-hand side is the sum of all of the external forces and may be
written as

YFY =F (3.32)

-3

The second term on the right-hand side in Eq. (3.31) may be expressed as*

Z Zfaﬂ = Z faﬂ = Z (faﬂ + fﬂa)
aa;tﬂﬂ af*a a<p

* Recall that the Third Law (and therefore all of the succeeding analysis) is not valid for
moving charged particles; electromagnetic forces are velocity dependent.

+ This equation may easily be verified by explicitly calculating both sides for a single case,
¢.g..n = 3. The last summation symbol means “sum over all 2 and f§ subject to the restriction
X< B
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which vanishes* according to Eq. (3.29). Thus, we have the important
result,

MR =F (3.33)

which states that the center of mass of a system moves as if it were a single
particle, of mass equal to the total mass of the system, acted upon by the
total external force, and independent of the nature of the internal forces
(as long as they follow f,; = —fy,).

The total linear momentum of the system is

. d d .
P = Za:mara = %gm“'“ = E(MR) = MR (3.34)

and
P=MR=F (3.35)

Thus, the total linear momentum of the system is conserved if there is no
external force. We may further note that Eq. (3.34) states that the linear
momentum of the system is the same as if a single particle of mass M were
located at the position of the center of mass and moving in the manner in
which the center of mass moves.

The angular momentum of the ath particle about the origin is given by
Eq. (3.9):

L,=r, Xp, (3.36)

* Note that we may prove the vanishing of

2 Xy
« B
a#p

by appealing to the following argument. Since the summations arc carried out over both o
and B, these indices are dummies ; in particular, we may intcrchange « and f without affecting
thc sum. Using the more compact notation, we have

2 Mp= 2 fp

wfta Ba#p

But, by hypothesis, f,; = —fj,, so that

Yhp=—2 fy

a Bt a.p#a

And if a quantity is equal to its negative, it must vanish identically.
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Summing this expression over o, and using Eq. (3.26), we have

L:ZLazz:(ru xpa):Z(ra xmai.a)

X

=Y (F, + R) x m,F, + R)
= 2 m[(F, X £,) + (Ff, X R) + (R x£,) + (R x R)]

The middle two terms may be written as

(Z mxia) xR + R x ;E (Z m,ia)

xX

which vanishes since

Y omE, =Y mr,— R)=Y mr, — R> m,

x

=MR-MR=0

(3.37)

That is, X m,F, specifies the position of the center of mass in the center-of-

mass coordinate system, and is therefore a null vector. Thus,

L=MRXR+YF, Xp,

=R xP+>F, Xp,

(3.38)

and the total angular momentum is the sum of the angular momentum of the
center of mass about the origin and the angular momentum of the system

about the position of the center of mass.

The time derivative of the angular momentum of the ath particle is,

from Eq. (3.11),
LIZ = r!l x l.,ll
and, using Eq. (3.30a), we have
Laz =T, X (the) + Zfaﬂ)
B

Summing this expression over o, we have

L = ZL—Zr XFO) + ) (r, x )
afFa
It is easy to verify that the last term may be written as

Z (r X f Z [(ra X faﬁ) + (rﬁ X f[ia)]

o, 8 # a<p

(3.39)

(3.40)

(3.41)

(3.42)



3.6 CONSERVATION THEOREMS FOR A SYSTEM OF PARTICLES 83

Now, the vector connecting the ath and fth particles is defined to be

Ty =T, —1Ig (3.43)
and then since f,; = —f;,, we have
. ;a(ra X faﬂ) = ;ﬂ (ra - rﬂ) X faﬂ
= ) (1, x 1) (3.44)
a<f

But, since we have limited the discussion to the case of central forces,
f. is directed along the line joining m, with m,, i.e., along r,; Hence,
rg X, =0 (3.45)
and
L=Y@ xF® (3.46)

The right-hand side of this expression is just the sum of all of the external
torques :

L=)YN® =N®© (3.47)

Thus, if the external torques about a given axis vanish, then the total angular
momentum of the system about that axis remains constant in time.
Note also that the term

Yor, X £y
[

is the torque on the ath particle due to all of the internal forces, i.e., it is
the internal torque. Since the sum of this quantity over all of the particles
o vanishes [see Eq. (3.44)],

Z (ra X faﬂ) = Z (raﬂ X faﬂ) =0

a,f#a a<p

we may then state that the total internal torque must vanish if the internal

Jorces are central in character, i.c., if f,;, = —f3,, and the angular momentum
of an isolated system cannot be altered without the application of external
Jorces.

The final conservation theorem, that of energy, may be derived for a
system of particles as follows. Consider the work done on the system in
moving it from a configuration 1, in which all of the coordinates r, are
specified, to a configuration 2, in which the coordinates r, have some
different specification. (Note that the individual particles may just be
rearranged in such a process, and that, for example, the position of the
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center of mass could remain stationary.) In analogy with Eq. (3.12), we
write

Wi, =) rl F,:dr, (3.48)
Using a procedure similar to that used to obtain Eq. (3.14), we have
Wi, =) jf dGmapd) =T, - T, (3.49)
where
T=YT,= Y mo? (3.50)

Using the relation [cf. Eq. (3.26)]
r,=f,+R (3.51)
we have
i, t,=02=(@E 4R +R
= (f, ) + 2(F,*R) + (R*R)
=52 + 2(F,-R) + V2 (3.52)
where ¥ = and where V is the velocity of the center of mass. Then,

— L 2
T - Z MUy
«

(S

R

. d
ml; + Y mV? + Re -5 m, (3.53)

But, by the same argument used above, £ m(f, = 0, and the last term
vanishes. Thus,

T=Y im0? + iMV? (3.54)

which states that the total kinetic energy of the system is equal to the sum
of the kinetic energy of a particle of mass M moving with the velocity of the
center of mass and the kinetic energy of motion of the individual particles
relative to the center of mass.

Next, the total force in Eq. (3.48) may be separated as in Eq. (3.30):

2 2
W,, = ZJ FO-dr, + ) j f,5- dr, (3.59)
a 1

afFadl
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If the forces F and f,; are conservative, then they are derivable from
potential functions, and wc may write

FY = —grad,U,
_ (3.56)
f,, = —grad, U,
where U, and Ua,, are the potential functions, but which do not necessarily
have the same form. The notation grad, means that the gradient operation
is performed with respect to the coordinates of the ath particle.
The first term in Eq. (3.55) becomes

2
zj F© - dr, — zj (grad,U,) - dr,

a1

=) Ua (3.57)
o 1
The second term in Eq. (3.55) is*
2 2
z j faﬁ 'dl‘a = z j (faﬁ ‘dl‘a + fﬁa'dl'ﬁ)
wfFad 1 a<pdl
2 2
= ZﬁL £, (dr, — drp) = Zﬁjl f5-dr,;  (3.58)

where, following the definition in Eq. (3.43), dr,z = dr, — dr,.

Now, U,; is a function only of the distance between m, and m,, and
therefore Ua,, depends on six quantities, viz., the three coordinates of m,
(the x,;) and the three coordinates of my (the x; ;). The total derivative of
Ua,, is therefore the sum of six partial derivatives and is given by

ol

_ 8
A0, = Y ( o, Dg“” dx, ) (3.59)

where the x;; are held constant in the first term and the x,; are held
constant in the second. Thus,

dU,, = (grad,U,p) - dr, + (grad,U,p) - dr, (3.60)
Now,
grad,U,, = —f,; (3.61a)
2

* Note that, unlike the term Y, f,; which appears in Eq. (3.31), the term ) | f,-dr,

ENE 21 wfi#af
is not antisymmetric in x and f and therefore does not, in general, vanish.
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But U,; = Up,, so that
Therefore,

dUaﬂ = - af ¢ (dl'a —_ dl'ﬂ)

= —f,5dry (3.62)
Using this result in Eq. (3.58), we have
2 2
Z aﬁ dl' - Z dUaﬂ —_ Z Uaz[! (363)
afFav 1 a<f a<p
Combining Egs. (3.57) and (3.63) to evaluate W,,, we find
|2
Wi,=-YU, - Y Ua,; (3.64)
a 1 a<fl

This equation was obtained under the assumption that both the external
and internal forces are derivable from potentials. In such a case, the total
potential energy for the system may be written as

U= ZU + Y U, (3.65)
a<f
Then,
2
W,=-U|l =U, - U, (3.66)

1
Combining this result with Eq. (3.49), we have

Tz—T1=U1_U2
or,
7‘1+U1:T2+U2

E = E, | (3.67)

which expresses the conservation of energy for the system. This result is
valid for a system in which all of the forces are derivable from potentials
which do not depend explicitly on the time; we say that such a system is
conservative.

In Eq. (3.65), the term

so that

2 U

a<pf
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is the internal potential energy of the system. If the system is a rigid body in
which the constituent particles are restrained to maintain their relative
positions, then, in any process in which the body is involved, the internal
potential energy will remain constant. In such a case the internal potential
cnergy may be ignored when computing the total potential energy of the
system. This amounts simply to redefining the position of zero potential
energy, but this position is arbitrarily chosen anyway. That is, as pointed out
previously, it is only the difference in potential energy that is physically
significant ; the absolute value of the potential energy is an arbitrary quan-
tity.

It must be reiterated that we have not proved the conservation laws of
linear momentum, angular momentum, and energy. We have only derived
various consequences of Newton’s laws. That is, if these laws are valid in
a certain situation, then momentum and energy will be conserved. But
we have become so enamored with these conservation theorems that we
have elevated them to the status of ““laws” and we have come to insist
that they be valid in any physical theory, even those that apply to situations
in which Newtonian mechanics 1s not valid, as, for example, in the inter-
action of moving charges or in quantum-mechanical systems. That is, we
do not actually have conservation “‘laws” in such situations, but rather
conservation postulates which we force upon the theory. For example, if
we have two, isolated moving electric charges, then the electromagnetic
forces between them are not conservative. We therefore endow the electro-
magnetic field with a certain amount of energy in order that energy con-
servation may be valid. This procedure is satisfactory only if the con-
sequences do not contradict any experimental fact, and this is indeed the
case for moving charges. We therefore extend the usual conception of
energy to include “electromagnetic energy” in order to satisfy our pre-
conceived notion that energy must be conserved. While this may seem an
arbitrary and drastic step to take, nothing, it is said, succeeds as does
success, and these conservation ‘“‘laws’” have probably been the most
successful set of principles in physics. The refusal to relinquish energy and
momentum conservation led Pauli to postulate in 1930 the existence of
the neutrino in order to account for the “missing” energy and momentum
in radioactive f decay. This postulate allowed Fermi to construct a success-
ful theory of § decay in 1934, but direct observation of the neutrino was
not made until 1953 when Reines and Cowan performed their famous
experiment. Therefore, by adhering to this (in Lamb’s words) “‘cherished
conviction” that energy and momentum must be conserved, a new ele-
mentary particle was discovered, one that is of great importance in modern
theories of nuclear physics. This discovery is only one of the many advances
in the understanding of the properties of matter that have resulted directly
from the application of the conservation laws.



88 3 * FUNDAMENTALS OF NEWTONIAN MECHANICS

3.7 Limitations of Newtonian Mechanics

In the preceding sections we have introduced such concepts as position,
time, momentum, and energy. The implication is that these are all measur-
able quantities and that they can be specified with any desired accuracy,
depending only upon the degree of sophistication of our measuring instru-
ments. Indeed, this implication appears to be verified by our experience
with all macroscopic objects. At any given instant of time, for example, we
can measure with great precision the position of, say, a planet in its orbit
about the Sun. A series of such measurements allows the determina-
tion (also with great precision) of the planet’s velocity at any given posi-
tion.

When we attempt to make precision measurements on microscopic
objects, however, we find that there is a fundamental limitation to the
accuracy of the results. For example, we may conceive of the measurement
of the position of an electron by scattering a light photon from the electron.
The wave character of the photon precludes an exact measurement, and
the position of the electron will be determined only within some uncertainty
Ax that is related to the extent (i.e., the wavelength) of the photon. By the
very act of measurement, however, we have induced a change in the
state of the electron since the scattering of the photon will impart momen-
tum to the electron. This momentum will be uncertain by an amount Ap.
The product Ax Ap is a measure of the precision with which we can simul-
taneously determine the position and the momentum of the electron;
Ax =0, Ap —» 0 implies a measurement with all imaginable precision. It
was shown by Heisenberg in 1927 that this product must always be larger
than a certain minimum value.* That is, we cannot simultaneously specify
both the position and the momentum of the electron with infinite precision,
for if Ax >0, then we must have Ap —» oo in order that Heisenberg’s
uncertainty principle be satisfied.

The minimum value of Ax Ap is of the order of 10™27 erg-second. This
is extremely small by macroscopic standards, so that for laboratory-scale
objects there is no practical difficulty in performing simultaneous measure-
ments of position and momentum. Therefore, Newton’s laws can be
applied as if position and momentum were precisely definable. Because of
the uncertainty principle, however, Newtonian mechanics cannot be
applied to microscopic systems. In order to overcome these fundamental
difficulties in the Newtonian system, a new method of dealing with

* This result also applies to the measurement of energy at a particular time, in which case
the product of the uncertainties is AE At (which has the same dimensions as Ax Ap).
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microscopic phenomena was developed by Schrédinger, beginning in 1926.
The work of Schrédinger, Heisenberg, Born, Dirac, and others subse-
quently placed this new discipline on a firm foundation. Thus, Newtonian
mechanics is found to be perfectly adequate for the description of large-
scale phenomena, but the new mechanics (quantum mechanics) is ncces-
sary for the analysis of processes in thc atomic domain. As the size of
the system is increascd, quantum mechanics goes over into the limiting
form of Newtonian mechanics.

In addition to the fundamental limitations of Newtonian mechanics as
applied to microscopic objects, there is another inherent difficulty in the
Newtonian scheme which rests upon the concept of time. In the Newtonian
view, time Is an absolute concept; i.e., it is supposed that it is always possible
to determine unambiguously whether two events have occurred simul-
taneously or whether one has preceded the other. In order to be able
always to decide on the time sequence of events, it is necessary that the
two observers of the events be in instantaneous communication, either
through some system of signals or by establishing two exactly synchronous
clocks at the points of observation. But the setting of two clocks into exact
synchronism requires the knowledge of the time of transit of a signal in
one direction from one observer to the other. (This could be accomplished
il we already had two synchronous clocks, but this is a circular argument.)
When we actually measure signal velocities, however, we always obtain an
average velocity for propagation in opposite directions, and to devise an
experiment to measure the velocity in only one direction inevitably leads
to the introduction of some new assumption which we cannot verify prior
to the experiment.

Now, we know that instantaneous communication by signaling is
impossible since interactions between material bodies propagate with
finite velocity and an interaction of some sort must occur in order for a
signal to be transmitted. The maximum velocity with which any signal can
be propagated is that of light in free space, viz., ¢ =~ 3 x 10'° cm/sec.*

The difficulties with establishing a time scale between separate points
in space leads us to believe that time is, after all, not an absolute concept
and that space and time are somehow intimately related. The solution to
the dilemma was found in 1904-1905 by Lorentz, Poincaré, and Einstein
and is embodied in the theory of relativity. Some of the notions of this
theory are discussed in the following chapter.

Newtonian mechanics is therefore subject to fundamental limitations
when small distances or high velocities are encountered. There is also a
practical limitation that occurs when the number of bodies which constitute
the system is large. As we shall see in Chapter 10, we cannot obtain a general

* More precisely, ¢ = 2.997930 + 0.000003 x 10'%cm/sec.
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solution in closed form for the motion of a system of more than two inter-
acting bodies even for the relatively simple case of gravitational interaction.
In order to calculate the motion in a three-body system, we must resort
to a numerical approximation procedure. Although such a method is in
principle capable of any desired accuracy, the labor involved is con-
siderable. The motion in even more complex systems (for example, the
system composed of all the major objects in the Solar System) can likewise
be computed, but the procedure rapidly becomes too unwieldy to be of
much use for any larger system. To calculate the motion of the individual
molecules in, say, a cubic centimeter of gas which contains =~ 10'° molecules,
is clearly out of the question. A successful method of calculating the
average properties of such systems was developed in the latter part of the
19th century by Boltzmann, Maxwell, Gibbs, Liouville, and others. These
procedures allowed the dynamics of systems to be calculated from prob-
ability theory and a statistical mechanics was evolved. Some comments
regarding the formulation of statistical concepts in mechanics will be
found in Section 9.15.

Suggested References

The foundations of Ncwtonian mechanics are presented, for example, by Lindsay
and Margenau (Li36, Chapter 3) and by Feather (Fe59, Chaptcr 8). The standard
work, of course, is that of Mach (Ma60). Newton’s Principia can still be read with
profit; translations are available (for example, by F. Cajori, Univ. of California
Press, 1946).

There is a plethora of texts which treat Ncwtonian mechanics at all levels and from
many viewpoints. Some of the standards in the intermediate level category are
those by Constant (Co54, Chapters 5-8), Joos and Freeman (Jo50, Chapters 5 and 6),
Page (Pa52, Chaptcr 1), and Symon (Sy60, Chapters 1 and 4). Many examples are
to be found in Becker (Be54, Chapters 1, 6, and §).

At the advanced level, the treatments by Corben and Stehle (Co60, Chapter 2) and
by Goldstein (Go50, Chapter 1) are concise and elegant.

Problems

3-1. Suppose that the force acting on a particle is factorable into one of
the following forms:

@ Flx,1) = fx)gt) (b) F(x,1) = f(x)gt) () Flx %) = flx;)glx,)

For which cases are the equations of motion integrable?
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3-2. A particle of mass m moves under the influence of a force F on the
surface of a sphere of radius R. Write the equation of motion.

3-3. If a projectile is fired from the origin of the coordinate system with
an initial velocity vy and in a direction making an angle a with the hori-
zontal, calculate the time required for the projectile to cross a line passing
through the origin and making an angle f < « with the horizontal.

3-4. A projectile is fired with a velocity v, such that it passes through two
points both a distance h above the horizontal. Show that if the gun is
adjusted for maximum range, the separation of the points is

d=%./v6 ~4gh

3-5. Consider a projectile fired vertically in a constant gravitational field.
For the same initial velocities, compare the times required for the pro-
jectile to reach its maximum height

(a) for zero resisting force,

(b) for a resisting force proportional to the instantaneous velocity of the
projectile, and

(c) for a resisting force proportional to the square of the projectile
velocity. [For part (c) expand the result in a power series for the purpose
of comparison.]

3-6. A particle is projected vertically upward in a constant gravitational
field with an initial velocity vy,. Show that if there is a retarding force
proportional to the square of the instantaneous velocity, then the velocity
of the particle when it returns to the initial position is

Dol
Vs + v}

where v, is the terminal velocity.

3-7. Consider a particle of mass m whose motion starts from rest in a
constant gravitational field. If a resisting force proportional to the square
of the velocity (i.e, kmv?) is encountered, show that the distance s through
which the particle falls in accelerating from v, to v, is given by

! — kv
S(UO e d Ul) = ﬁln E—kvg‘]
“ - 1
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3-8. A projectile is fired with an initial velocity v,y. Find the expression for
the maximum range when the distance is measured up a slope which makes
an angle f§ with the horizontal. (The projectile is fired from a point on
the slope.) It will be convenient to work the problem in plane polar co-
ordinates.

3-9. A particle moves in a medium under the influence of a force equal to
mk(v® + a®v), where k and a are constants. Show that for any value of the
initial velocity the particle will never move a distance greater than n;2ka
and that the particle comes to rest only for £ — oo.

3-10. A water droplet falling in the atmosphere is spherical in shape. As
the droplet passes through a cloud it acquires mass at a rate proportional
to its cross-sectional area. Consider a droplet of initial radius r, that
enters a cloud with a velocity v,. Assume no resistive force and show

(a) that the radius increases linearly with the time and

(b) that if r, is negligibly small then the velocity increases linearly with
the time within the cloud.

If there is a resistive force proportional to the droplet’s instantaneous
velocity, then

(c) find the velocity of the droplet at the point at which its mass has
doubled.

3-11. A particle of mass m slides down an inclined plane under the influence
of gravity. If the motion is resisted by a force f = kmuv?, show that the time
required to move a distance d after starting from rest is

. cosh ~ (")

kgsin 6

where 8 is the angle of inclination of the plane.

3-12. A particle is projected with an initial velocity v, up a slope which
makes an angle « with the horizontal. Assume frictionless motion and
find the time required for the particle to return to its starting position.

3-13. If a projectile moves in such a way that its distance from the point
of projection is always increasing, find the maximum angle above the
horizontal with which the particle could have been projected. (Assume no
air resistance.)

3-14. A gun fires a projectile of the type to which the curves of Fig. 3-2
apply. The muzzle velocity is 3500 ft/sec. Through what angle must the
barrel be elevated if it is desired to hit a target on the same horizontal
plane as the gun and 600 yd away? What is the maximum height above
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the plane to which the projectile will rise, and at what distance will this
be achieved? Compare the results with those for the case of no retardation.

3-15. Show directly that the time rate of change of the angular momentum
about the origin for a projectile fired from the origin is equal to the moment
of force (or torque) about the origin.

3-16. Equation (3.33) was derived under the assumption that all of the
masses were constant in time. Discuss the situation if the masses are allowed
to be functions of the time, but with the restriction that the total mass M
is constant.

3-17. The force of attraction between two particles is given by
ro. .
F, = [(1'2 —r) ——(F, — 1'1)]
Vo

where k is a constant, v, is a constant velocity, and r = |r, — r,|. Calculate
the internal torque for the system; why does this quantity not vanish?
Is the system conservative?

3-18. The motion of a charged particle in an electromagnetic field can be
obtained from the Lorentz equation* for the force on a particle in such a
field. If the electric field vector is E and the magnetic induction vector is
B, then the force on a particle of mass m which carries a charge e and which
has a velocity v is given by (in Gaussian units)

F=eE+vaB
C

where ¢ is the velocity of light and where it is assumed that v < c.

(a) If there is no electric field and if the particle enters the magnetic
field in a direction perpendicular to the lines of magnetic flux, show that
the trajectory is a circle with radius

cmu v
r = —

eB
where w, = eB/mc is the so-called cyclotron frequency.

(b) Choose the z-axis to lie in the direction of B and let the plane
containing E and B be the y-z plane. Thus,

B = Be,; E=Ege, + E.e,
Show that the z-component of the motion is given by

eE, ;2
2m
* See, for example, Marion, Classical Electromagnetic Radiation (Ma65b, Section 1.6).

Z(t) = ZO + Zot +
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where
2(0) = z, and 2(0) = z,.

(c) Continue the calculation and obtain expressions for x(t) and y(t).
Show that the time averages of these velocity components are

Gy=—7 5 =0

(Show that the motion is periodic and then average over one complete
period.)

(d) Integrate the velocity equations found in (c) and show that (with an
appropriate choice of the initial conditions)

A cE, A
x(ty= —sinw;t + =2t ; Wt)=—kosw,t — 1)
Wy, B Wy,
There are the parametric equations of a trochoid. Sketch the projection of
the trajectory on the x-y plane for the cases (i) A > |cE,/B|, (i)} A < |cE,/B|,
and (iii) A = |cE,/B|. (The last case yields a cycloid.)



CHAPTER 4

The Special Theory of Relativity

4.1 Introduction

In Section 3.7 it was indicated that the Newtonian idea of the complete
separability of space and time and the concept of the absoluteness of time
break down when they are subjected to a critical analysis. The final over-
throw of the Newtonian system as the ultimate description of dynamics
was the result of several crucial experiments, culminating with the work of
Michelson and Morley in 1881-1887. The results of these experiments
indicated that the velocity of light is independent of any relative uniform
motion betwecen source and observer. This fact, coupled with the finitc
velocity of light, required a fundamental reorganization of the structurc of
dynamics. This was provided during the period 1904-1905 by H. Poincarg,
H. A. Lorentz, and A. Einstcin* who formulated the theory of relativity in
order to provide a consistent description of the experimental facts,

* Although Albert Einstein (1879 -1955) is usually accorded the credit for the formulation
of relativity theory (see, however, Wh33, Chapter 2), the basic formalism had been discovered
by Poincaré and Lorentz by 1904. Einstein was unawarc of some of this previous work at

the time (1905) of the publication of his first paper on relativity. (Einstein’s friends often
remarked that “‘he read little, but thought much.””) The important contribution of Einstein

95
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The basis of relativity theory is contained in two postulates:

(i) The laws of physical phenomena are the same in all inertial reference
frames. (That is, only the relative motion of inertial frames can be
measured; the concept of motion relative to “‘absolute rest” is
meaningless.)

(ii) The velocity of light (in free space) is a universal constant, indepen-
dent of the motion of the source.

Using these postulates as a foundation, Einstein was able to construct
a beautiful theory which is a model of logical precision. A wide variety of
phenomena which take place at high velocity and which cannot be inter-
preted in the Newtonian scheme are completely described by relativity
theory.

We shall not attempt to give the experimental background for the theory
of relativity; such information can be found in essentially every textbook
on “modern physics” and in many that are concerned with electro-
dynamics.* Rather, we shall adopt a postulational approach and simply
accept as correct the above two postulates. Starting from this point, we will
work out some of the consequences which apply to the area of mechanics.t
The discussion here will be limited to the case of special relativity in which
we consider only inertial references frames, i.e., frames which are in uniform
motion with respect to one another. The more general treatment of accele-
rated reference frames is the subject of the general theory of relativity.

4.2 Galilean Invariance

In Newtonian mechanics, the concepts of space and time are supposed
to be completely separable, and it is further assumed that time is an absolute
quantity, susceptible of precise definition independent of the reference frame.

to special relativity theory was the clearing away of the many ad hoc assumptions made by
Lorentz and others and replacing them with but two basic postulates from which all of the
results could be derived. [The question of precedence in relativity theory is discussed by
G. Holton, Am. J. Phys. 28, 627 (1960); see also Amé63.] In addition, Einstein later provided
the fundamental contribution to the formulation of the general theory of relativity in 1916.
(His first publication on a topic of importance in general relativity, viz., speculations on the
influence of gravity on light, was in 1907.) It is interesting to note that Einstein’s 1921 Nobel
prize was awarded, not for contributions to relativity theory, but for his work on the photo-
electric effect.

* A particularly good discussion of the experimental necessity for relativity theory may be
found in Panofsky and Phillips (Pa62, Chapter 15).

T Relativistic effects in electrodynamics are discussed in Marion (Ma65b, Chapter 13).
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This assumption leads to the invariance of the laws of mechanics under
coordinate transformations of the following type. Consider two inertial

X3
X2
K
K
v
' —_—
0 O
X1
0
X1
X3
X3
FiG. 4-1

reference frames K and K’ which move along their x,- and x}-axes with a
uniform relative velocity v, as in Fig. 4-1. The transformation of the coor-
dinates of a point from one system to the other is clearly of the form

Xy =x; — vt

Xy = X, (4.1a)

In addition we have
U=t (4.1b)

Equations (4.1) define a Galilean transformation. Furthermore, the clement
of length in the two systems is the same and is given by

ds* = Z dx?
J
=Y dx}? = ds'* 4.2)
i

The fact that Newton’s laws are invariant with respect to Galilean trans-
formations is termed the principle of Newtonian relativity or Galilean in-
variance. Newton’s equations of motion in the two systems are

— mi; = F; (4.3)

Thus, the form of the law of motion is invariant to a Galilean transforma-
tion. The individual terms are not invariant, however, but they transform
according to the same scheme and are said to be covariant.



98 4 * THE SPECIAL THEORY OF RELATIVITY
4.3 The Lorentz Transformation

The principle of Galilean invariance predicts that the velocity of light
is different in two inertial reference frames that are in relative motion. This
result is in contradiction to the second postulate of relativity. Therefore,
a new transformation law must be found which will render physical laws
relativistically covariant. Such a transformation law is the Lorentz trans-
Jormation. Historically, the use of the Lorentz transformation preceded
the development of Einsteinian relativity theory,* but it also follows
from the basic postulates of relativity, and we shall derive it on this basis.

If a light pulse is emitted from the common origin of the moving systems
K and K’ (see Fig. 4-1) when they are coincident, then according to the
second postulate, the wavefronts observed in the two systems must be
described by

3

Y x3—ct =0
=t

N (4.4)
Y x2— =0
i=1

If we define a new coordinate in each system, x, = ict and X, = ict’,
then we may write Egs. (4.4) ast

4
Y x2 =0

u=1

. 4.5)
Y X7 =0

w=1

From these equations it is clear that the two sums must be proportional,
and since the motion is symmetric between the systems, the proportionality
constant is unity.} Thus,

Yxp =Y x? (4.6)

u

*This transformation was originally postulated by Hendrik Anton Lorentz (1853-1928)
in 1904 in order to explain certain clectromagnetic phenomena, but the formulae had been
set up as early as 1900 by J. J. Larmor. The complete gencrality of the transformation was not
realized until Einstein derived the result. W. Voigt was actually the first to use the equations
in a discussion of oscillatory phenomena in 1887

+ In accordance with standard convention we use Greek indices (usually g or v) to indicate
summations that run from | to 4; in relativity theory Latin indices are usually reserved
for summations that run from 1 to 3.

1 A “proof is given in Appendix G.
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This relation is analogous to the three-dimensional, distance-preserving,
orthogonal rotations that we have studied previously (sec Section 1.4)
and indicates that thc transformation which we are now seeking corre-
sponds to a rotation in a four-dimensional space (called world space or
Minkowski space®). Therefore, the Lorentz transformations are orthogonal
transformations in Minkowski space. That is,

R
} Xy = Y A, (4.7)

where the A,, arc thc elements of the Lorentz transformation matrix. If
we consider a translation of the K’ system in the x,-direction, then
X5 = x, and x5 = x3 so that the transformation matrix A is of the form

An 0 0 A
0 1.0 0
0 01 0
Juy 0 0 .

Since the transformation is orthogonal, we have in analogy with Egs.
{1.13) and (1.15),

Y ity = O, (4.9a)

or,
Y hphyy = Oy (4.9b)
If we apply these conditions (recall that they are actually equivalent) to
the A matrix in Eq. (4.8), we find
A Al = 4 A = Al A=+ 5, =1 (410a)
and
Ji1hia + Fgrtas = Aiiiar + Aratas =0 (4.10b)

We have written down all the orthogonality relations from both of the
equations in (4.9), even though they are not all independent. [There are
only three independent relations, viz., those from either Eq. (4.9a) or
Eq. (4.9b).]

* After Herman Minkowski (1864--1909), who made important contributions to the mathe-
matical theory of relativity and who introduced icr as a fourth component.
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If we apply the transformation matrix A to the matrix x, we find for x7,

Xy = ApX; + AaXs
- /111(x1 n icﬂt) @.11)
lll
Now, when x| = 0, we must have x, = vt; i.e, the point which is the
origin of the K’ system moves with a uniform velocity along the x,-axis.
Therefore, Eq. (4.11) yiclds

e
V= —IC—
/i
or, 5
14— ip (4.12)
‘i1
wherc
p=" 4.13)
¢
From the equations in (4.10a) we may also write
B+ . =1
or, using Eq. (4.12),
1
=g
1+ (414/411)
B [
=T 5
Therefore,
[
— 4.14)

MR
where the positive square root must be chosen in order that Eq. (4.11)

reduce to x; = x; when v = 0.
Next, from the relations in Egs. (4.10a), we have

Aa = thyy (4.15)
And from Eq. (4.10b),
A1 A
laq = _illl = T Ay
14
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We may choose the sign of 4,, by writing the expression for x), from Ax:
Xy = Ag1Xy + AaaXs
or,

ict! = Ag X, + iCAgqt (4.16)
Now, when v = 0, then 1,, — + 1. But we must have ¢ = ¢’ at the common
origin (x, = x| = 0) in such a case. Therefore, in this limit 1,, must reduce

to +1:

_1— (4.17)

Aaq = 3
v1-8

Since both A,, and A,, arc positive numbers, Eq. (4.10b) requires that
/14 and A4, be of opposite sign. Therefore, Eq. (4.15) becomes

Ara = —Agy 4.18)
Combining this result with Eqs. (4.12) and (4.14), we have finally,
Ara = ifhyy = i = = —Aq (4.19)
J1-p?

Using Eqgs. (4.14), (4.17), and (4.19), the Lorentz transformation matrix is

y 0 0 ipy
0 1 0 0
A= (4.20)
0O 01 0
—ify 0 0 vy
where, in the customary notation,
1
= 4.21
Y gy (4.21)
Therefore, the space-time coordinates in the K’ system are
, Xy — vt ( 0
Xl e = 'y Xl — D
1= p?
X5 = X,
4.22)
X3 = X3
‘- 2
L= ), y(t - gxl)
J1-8 ¢
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As required, these equations reduce to the Galilean equations (4.1) when
v — 0 (or when ¢ — ).

In electrodynamics, the fields propagate with the velocity of light, so
that Galilean transformations are never allowed. Indeed, the fact that the
electrodynamic field equations (Maxwell’s equations) are not covariant
to Galilean transformations was a major factor in the realization of the
necessity for a new theory. It seems rather extraordinary that Maxwell’s
equations, which are a complete set of equations for the electromagnetic
field and are covariant to Lorentz transformations, were deduced from experi-
ment long before the advent of relativity theory.

4.4 Momentum and Energy in Relativity

A quantity is called a four-vector if it consists of four components, each
of which transforms according to the relation*

A=A, | (4.23)
[ v

where the /,, define a Lorentz transformation. Such a four-vectort is

X = (xq, X3, X3, ict) 4.24)
or,
X = (x,ict) ! (4.24a)

where the notation of the last line means that the first three (space) com-
ponents of X define the ordinary three-dimensional position vector x and
that the fourth component is ict. Similarly, the differential of X is a four-
vector:

dX = (dx,ic dt) (4.25)

Now, in Minkowski space the four-dimensional element of length is an
invariant (i.e., the magnitude is unaffected by a Lorentz transformation):

ds = /Y dx; = /Y dx] — ¢*dr? (4.26)
u J

* We shall not distinguish here between corariant and contravariant vector components;
see, for example, Bergmann (Be46, Chapter 5).
t Four-vectors are denoted exclusively by open-face capital letters.
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Furthermore,

dt = |dt* — z dx3 1/ 4.27)

is an invariant since it is simply i/c times the element of length ds. The
quantity dr is called the element of proper time in Minkowski space. The
ratio of the four-vector dX to the invariant dt is therefore also a four-
vector, called the four-vector velocity V:

dX dx | dt
= 4.28
! v dr (d‘c ‘d > (4.28)

Now, the components of the ordinary velocity v are
de
=1 4.29
UJ dt ( )

so that d7 may be expressed as

QU
b
AN

or,

]m=hﬂ—ﬁ (4.30)
The four-vector velocity may therefore be written as
1
A% 4.31)

= ﬁ (V, ZC)

where v represents the three space components of ordinary velocity, v,, v,,
03.

In Newtonian mechanics we obtained the momentum of a particle by
taking the product of its mass and its velocity. We may do the same in
relativistic mechanics, but in order that the “mass” of the particle be
truly a characteristic of the particle and not of its velocity in some arbitrary
reference frame, the “mass’” must be that measured in the frame of reference
which is at rest with respect to the particle, i.e., the particle’s rest frame
(or proper frame). We call this mass the rest mass (or proper mass) of the
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particle and denote it by m,. The four-vector momentum is thercfore

P=|—reeips 4.32
it7 ™) -
|

where

myc
J1I=

M1l

Pa (4.33)

The first three components of the four-vector momentum P are just the
components of the ordinary momentum:

P, = p;, = my, j=1273 (4.34)
where
My
m=—— (4.35)
NAN &

[ |

Therefore, if we wish to interpret the momentum of a particle in the classical
sense, then the mass is no longer an invariant but depends upon its velocity
in the particular reference framc.* Thus, the covariant formulation of
momentum leads immediately to the variation of mass with velocity. It
should be emphasized that it is the inertial mass m which is a function of
the vcelocity.

Next, by taking the time derivative of the three space components of the
momentum, we obtain the cquations of motion from F; = p;. Thus,

d MoV
F= — 4.36
(lt( /1 — /32> (4.36)

where Fis the three-dimensional force vector.

The relativistic relation for encrgy may be derived by noting that ¥ - v is
just the work done on the particle by the force per unit time and is equal
to the time rate of change of the kinetic energy T Using Eq. (4.36),

dT d( MoV ) (4.37)

Fove —=v —(——=
dt dt V1B

* This result was first obtained by Lorentz in 1904, but under very special assumptions
that are not necessary in Einsteinian relativity theory,
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It is easily verified by direct calculation that this expression is equivalent to

ar _ 22 (—1—) (4.38)

= myc?—
dat dt\ /1 — g2

If we integrate this equation with respect to time, we obtain

12
atr
\[ Edt = T2 - Tl

L3

moc? |2

J1 - B

If we take t, to correspond to the time at which the particle was at rest,
then the kinetic energy T may be written in general form as

(4.38a)

1y

mgc?

N

The first term in this expression is just ¢* times the mass m defined by
Eq. (4.35) so that

T= mec? 4.39)

T = mc? — myc? (4.40)

That is, the kinetic energy T is the difference between mc? and the rest
energy moc?. Hence, the quantity mc? is to be interpreted as the total energy
E of the particle:

E (total energy) = mc? = T (kinetic energy) + moc? (rest energy)
(4.40a)

This is the simplest example of the equivalence of mass and energy, a
result which is of paramount importance in all theories and applications
of nuclear physics.*

If, in Eq. (4.39), the velocity v is small so that § < 1, then we may expand
the radical and obtain

T=moc*(1 +1p% + 3% + ...) — myc?
o
= dmyv® + %mOEE +... (4.41)

Therefore, for sufficiently small velocities, only the first term is significant

* The mass-energy relation was first obtained by Einstein in 1905.
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and the relation becomes the same as the Newtonian result T= im,v?
to a high degree of accuracy.
According to Eq. (4.40a), the fourth component of the momentum may

be expressed as

E
pa= 2  me== (4.42)

m
J1 = p? ¢
Therefore, the four-vector momentum may be written as
P =myV

E
= |p, i~ 4.43
o) oo
where p stands for the three space components of momentum. Thus, in
relativity theory momentum and energy are linked in a manner similar
to that which joins the concepts of space and time. If we apply the Lorentz

transformation matrix in Eq. (4.20) to the momentum P, we find

g, P WE
1 /——1 — ﬁz
P2 =P (4.44)
P3="D3
E - E — vp,
J1— p?
The square of the four-vector velocity [Eq. (4.31)] is
v —¢?
VZ-:V'V:ZVi:—I_—ﬁi:—CZ (445)
i
Hence, the square of the four-vector momentum is also an invariant:
P2=P.P =) P} =miV? = —mjc? (4.46a)
®
From Eq. (4.43) we also have, using p-p = p = p? + p2 + p’,
EZ
P?=p?—— (4.46Db)

and combining these expressions leads to the important result

LE?- —p2? + mgc‘j (4.47)
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In normalized form, we may write

( £ )2 = (lﬂ )2 +1 (4.47a)

moc? myc

If we define an angle § such that § = sin 6, the relativistic relations
between velocity, momentum, and energy can be obtained from trigo-
nometric relations involving the so-called ‘‘relativistic triangle,” shown
in Fig. 4-2.

We shall find use for the energy-momentum relations given above when
relativistic two-particle collisions are discussed in Chapter 11.

4.5 Some Consequences of the Lorentz Transformation

The application of the Lorentz transformation leads immediately to a
wide variety of interesting results. We shall not attempt to present here a
catalogue of these results but will only discuss three effects of particular
interest.

P Example 4.5(a). The FitzGerald-Lorentz Contraction of Length.* Consider a rod of
length ! which lies along the x,-axis of an inertial frame K. An observer in a system K’
moving with a uniform velocity v along the x,-axis (as in Fig. 4-1), measures the
length of the rod in his coordinate system. He accomplishes this by determining

* The contraction of length in the direction of motion was proposed by G. F. FitzGerald
(1851-1901) in 1892 as a possible explanation of the Michelson-Morley ether-drift experiment.
Almost immediately this hypothesis was adopted by Lorentz who proceeded to apply it in
his theory of electrodynamics.
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at a given instant of time t' the diffcrence in the coordinates of the ends of the rod,
x1(2) — x}(1). According to the transformation equations (4.22),

[x,(2) = x,(1)] = o[12) — ()]
N
where x,(2) — x,(1) = I. Note that the times #(2) and ¢(1) are the timcs in the K system

at which the obscrvations are made and do not correspond to the instant in K’ at which
the obscrver makes his measurcments. In fact, since t'(2) = ¢'(1), Eqgs. (4.22) give

(©2) ~ (1) = [x,(2) ~ x,(1]

x3(2) — xi(1) =

Thercfore, the length I' as measured in the K’ system is
I'= x1(2) — xi(1)
Lz' =1/1 - (4.48)

Thus, to an obscrver in motion relative to an object, the dimensions of objccts are
contracted by a factor ./1 — p* in the direction of motion.

or,

An intercsting consequence of the FitzGerald-Lorentz contraction of
length was discovered in 1959 by James Terrell* Consider a cube of
side { which moves with a uniform velocity v with respect to an observer
who is some distance away. Figure 4-3a shows the projection of the cube
on the plane containing the velocity vector v and the observer. The cube

E D C
\\ Dl
\\
A\
\\
\\ v
\\ l e t————
A\
\ B
A\
\\
\ l
A B A’
— B NIy
(a) (b)
Observer
FiG. 4-3

* J. Terrell, Phys. Rev. 116, 1041 (1959).
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moves with its side AB perpendicular to the observer’s line of sight. We
wish to determine what the observer *‘sees’; that is, at a given instant
of time in the observer’s rest frame, we wish to determinc the relative
orientation of the corners A, B, C, and D. The traditional view (which
went unquestioned for over 50 years!) was that the only effect was a
foreshortening of the sides AB and CD so that the observer saw a distorted
cube of height ! but of length l\/l — B2 Terrell pointed out that this
Interpretation overlooks the fact that in order for light from the corners
A and D to rcach the observer at the same instant, the light from D, which
must travel a distance [ farther than that from A, must have been emitted
when the corner D was at the position E. The length DE is equal to ({/c)v =
IS. Therefore, the observer sees not only the face AB which is perpendicular
to his line of sight but also the face AD which is parallel to his line of sight.
In addition, the length of the side AB is foreshortened in the normal way to
1./1 — B The net result is shown in Fig. 4-3b and corresponds exactly
to the view that the observer would have if the cube were rotated through
an angle sin~'B. Therefore, the cube is not distorted; it undergoes an
apparent rotation. The customary statement™® that a moving sphere appears
as an ellipsoid is incorrect; it appears still as a sphere.T

P Example 4.5(b). Time Dilation. Consider a clock at a certain position in the K system
which produces signals with the interval

At = t(2) — (1)
To an observer in the moving system K’, the time interval will be
t(2) — «(1
At =1(Q2)—t(l) = 42— db

JIT

or,

T

| ar = (4.49)

Thus, to an observer in motion relative to the clock, the time intervals appear to be
lengthened.

A striking example of time dilation is afforded by observations made
on u mesons. These mesons are known to be produced in large numbers by
cosmic-ray particles interacting with the tenuous gas near the top of the

* See, for cxample, Joos and Freeman (Jo50. p. 242).

t An interesting discussion of apparent rotations at high velocity is given by V. F. Weisskopf,
Phys. Today 13, No. 9, 24 (1960): reprinted in Amé63,
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atmosphere, i.e., at heights of 10 to 20 km. Although p mecsons are unstable
particles and eventually decay, the fact that they are observed at the surface
of the Earth implies that the lifctime must be at least 10 km/c = 3 x 107°
sec. But it is also known that th¢ mean lifetime of ¢ mesons in their proper
frame is approximately 2.2 x 107° sec. The increase by an order of magni-
tude of the lifetime in the Earth reference system is due to the high velocity
(f ~ 0.98) with which the u mesons traverse the atmosphere.

P Example 4.5(c). The Velocity Addition Rule. Suppose that there are three inertial
reference frames, K, K’, and K”, which are in co-linear motion along their respective
x-axes. Let the velocity of K’ relative to K be v, and let the velocity of K” relative
to K’ be v,. Now, the vclocity of K” relative to K cannot be v, + v, since it must be
possible to propagate a signal between any two inertial frames, and if both ¢; and v,
are greater than ¢/2 (but less than ¢), then vy + v, > ¢. Therefore, the rule for the
addition of velocities in relativity must be different from that in Galilean theory.
The rclativistic velocity addition rule may be obtained by considering the Lorentz
transformation matrix which connects K and K”. The individual transformation
matrices arc:

Y1 0 0 iy,
0 1 0 0
7\K'_.K = 0 1 0
—iByr 0 0 7y,

Y2 0 0 ifyy,
A 0 1 0 0

K"K =

0 0 1 0

—iffy2 00 Y2

Therefore, the transformation from K” to K is just the product of these two trans-
formations:

iyl + BiB,) 00 iy oAy + Ba)
0 1 0

o

}\K”aK = 7‘K"aK’7‘K’aK =

0 0 1 0
—iy1720B + B2) 00 772l + Bify)

In order that the clements of this matrix correspond to those of the normal Lorentz
matrix [Eq. (4.20)], we must identify  and y for the K" — K transformation as

7=yl + BiB2) }
By = y1iaBy + )

(4.50)

fl
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from which we obtain for f3,

_ Bt b
1+ B8,

If we multiply this last expression by ¢, we have the usual form of the velocity addition
rule:

B (4.51)

(4.51a)

It follows that if v, < ¢ and v, < ¢, then v < ¢ also.

Even though signal velocities can never exceed ¢, there are certain other
types of velocities that can be greater than c¢. For example, the phase
velocity of a light wave in a medium in which the index of refraction is less
than unity will be greater than ¢, but the phase velocity does not corre-
spond to the signal velocity in such a medium; the signal velocity is indeed
less than c¢. Also, consider an electron gun which emits a beam of electrons.
If the gun is rotated, then the electron beam will describe a certain path
on a screen placed at some appropriate distance. If the angular velocity of
the gun and the distance to the screen are sufficiently large, then the velocity
of the spot traveling across the screen can be any velocity, arbitrarily large.
Thus, the writing speed of an oscilloscope can exceed ¢, but, again, the
writing speed does not correspond to the signal velocity. That is, infor-
mation cannot be transmitted from one point on the screen to another by
means of the electron beam. In such a device, a signal can be transmitted
only from the gun to the screen and this transmission takes place at the
velocity of the electrons in the beam (i.e., < ¢).

Suggested References

The foundations of relativity theory are discussed, for example, by Lindsay and
Margenau (Li36, Chapter 7).

At the intermediate level, Joos and Freeman (Jo50, Chapter 10) give a short but
comprehensive discussion. A very readable account is to be found in Tolman (To34,
Chapters 1 and 2). Bergmann (Be46) gives a general treatment, but because it is
designed for general relativity the notation tends to be a little strange in places.
Goldstein’s discussion (Go50, Chapter 6) is concise and elegant. The treatment
by Wangsness (Wa63a) is brief and to the point. In addition, almost every text
on “modern physics” discusses relativity to some extent; see, for example, Richt-
myer, Kennard, and Lauritsen (Ri55, Chapter 2), or Leighton (Le59, Chapter 1).

A delightful little book, well worth reading, is that by Ney (Ne62). Sherwin (Shél,
Chapter 4) also gives a very interesting discussion, complete with many clever
diagrams and examples. An interesting introductory account is given by Taylor
(Ta63, Chapters 11 13).
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Translations of some of the original papers by Lorentz, Einstein, Minkowski, and
Weyl are available (Lo23); some of the more recent important papers on special
relativity have also been collected (Am63).

At the intermediate-to-advanced level, the book by Rosser (Ro64) is particularly
complete.

Among the advanced treatments, those of Pauli (Pa58) and Mpller (M52) are prob-
ably the most useful.

Two of the better discussions of relativity in electrodynamics are those of Jackson
(Ja62, Chapters [l and 12) and Panofsky and Phillips (Pa62. Chapters 15-18). See
also Ma65b.,

Problems

4-1. Show that the transformation equations connecting the K’ and K
systems [Eqs. (4.22)] may be expressed as

x| = x,cosha — ctsinh«
Xy = Xy; X3 = X3
, Xp .
t' = tcosha — —sinh«
¢
where tanh « = v/c. Show that the Lorentz transformation corresponds
to a rotation through an angle i« in four-dimensional space.

4-2. Show that the equation

1 6%¥
VW - g =0

is invariant under a Lorentz transformation but not under a Galilean
transformation. (This is the wave equation which describes the propagation
of light waves in free space.)

4-3. Show that the expression for the FitzGerald-Lorentz contraction
[Eq. (4.48)] may also be obtained if the observer in the K’ system measures
the time necessary for the rod to pass a fixed point in his system and then
multiplies the result by v.

44. What are the apparent dimensions of a cube of side [/ (in its own
proper frame) which moves with a uniform velocity v directly toward or
away from an observer?

4-5. Consider two events that take place at different points in the K system
at the same instant t. If these two points are separated by a distance Ax,
show that in the K’ system the events are not simultaneous but are separated
by a time interval At' = — vy Ax/c2
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4-6. Two clocks, located at the origins of the K and K’ systems (which have
a relative velocity v), are synchronized when the origins coincide. After a
time ¢, an observer at the origin of the K system observes the K’ clock by
means of a telescope. What does the K’ clock read?

4-7. In his 1905 paper (see the translation in Lo23), Einstein states: “We
conclude that a balance-clock at the equator must go more slowly, by a
very small amount, than a precisely similar clock situated at one of the
poles under otherwise identical conditions.” Neglect the fact that the
equator clock does not undergo uniform motion and show that after a
century the clocks will differ by approximately 0.003 second.

4-8. Consider a relativistic rocket whose velocity with respect to a certain
inertial frame is v and whose exhaust gases are emitted with a constant
velocity V with respect to the rocket. Show that the equation of motion is

where m, = my(t) is the mass of the rocket in its rest frame and f = v/c.

4-9. Consider an inertial frame K which contains a number of particles
with rest masses mg,, ordinary momentum components p,; and total
energies E, The center-of-mass system of such a group of particles is
defined to be that system in which the net ordinary momentum is zero.
Show that the velocity components of the center-of-mass system with
respect to K are given by

Y Pajc
Vi«
c Y E,

vj

4-10. A common unit of energy used in atomic and nuclear physics is the
electron volt (eV), the energy acquired by an electron in falling through a
potential difference of one volt: 1 MeV = 10° eV = 1.602 x 107¢ erg.
In these units the rest mass of an electron is m,c? = 0.511 MeV and that
of a proton is m,c® = 931 MeV. Calculate the kinetic energy and the
quantities § and y for an electron and for a proton each of which has a
momentum of 100 MeV/c. Show that the electron is “relativistic” whereas
the proton is “nonrelativistic.”

4-11. The energy of a light quantum (or photon) is expressed by E = hv,
where h is Planck’s constant and v is the frequency of the photon. The
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momentum of the photon is hv/c. Show that if the photon scatters from a
free electron (of mass m,), the scattered photon will have an energy

-1
E =E [1 + (1 — 0030)]

m,c?

where 0 is the angle through which the photon scatters. Show also that
the electron acquires a kinetic energy

T E22 1E~ cos
m,c
¢ 1+ — (1 —cosb)

e

4-12. The expression for the ordinary force is [Eq. (4.36)]

Fo d ngVv
ot \/1— :’[;i
Take v to be in the x,-direction and compute the components of the force.
Show that

Fy=mpy; Fy =mpy; Fy = mp,

where m, and m, are, respectively, the longitudinal mass and the transverse
mass:

IO R =

4-13. The average rate at which solar radiant enecrgy reaches the Earth
is approximately 1.4 x 10° ergs/cm?-sec. Assume that all of this energy
results from the conversion of mass to encrgy. Calculate the rate at which
solar mass is being consumed. If this rate is maintained, calculate the
remaining lifetime of the Sun. (Pertinent numerical data will be found in
Table 10-1.)

my



CHAPTER 5

Gravitational Attraction and Potentials

5.1. Introduction

Newton’s deduction of the universal law of gravitation stands as one
of the most brilliant achievements in all physics. Newton’s law F = ma,
when combined with the gravitational force law, provides a spectacularly
successful method for calculating the motion of planets, moons, comets,
etc. Thousands upon thousands of such computations have been pre-
cisely correlated with observations of heavenly bodies. Only one small
deviation from the predictions of Newtonian theory has ever been found in
the realm of planetary motion. This is the celebrated advance of the peri-
helia of the planets (of significance only in the case of Mercury). The effect
is quite small and is explainable in terms of relativity theory.* Apart from
this one deviation, we may assert that Newtonian theory gives essentially
a perfect description of planetary motion.

Because of its simplicity and precision, Newtonian gravitational theory
became a subject of intense interest to many eminent mathematicians of the
18th and 19th Centuries. Out of these investigations grew the theory of

* See Section 10.10.

1i5
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potentials and an extraordinary amount of mathematics was developed to
cope with these problems. We have frequent occasion to meet much of this
mathematics (e.g., Laplace’s equation, Legendre polynomials, Bessel
functions, etc.) in many fields of physics, both classical and modern.

The concept of the potential arises in the following way. The Newtonian
gravitational law specifies the force F that will be experienced by a particle
at any point in space due to the gravitational attraction of another particle.
That is, we may say that a gravitational force field i1s created by a certain
source mass and that any particle in this field experiences a gravitational
force. Since the force on the particle has both definite direction and definite
magnitude at any point in space, the gravitational field is a vector field
and may therefore be described by a certain field vector F(r), where r is the
position vector that specifies the particular point in space.

Now, the gravitational field has the property that it is irrotational, i.e.,
curl F = 0. This is just the condition that permits F to be represented by the
gradient of a scalar function.* This scalar function is called the potential of
the vector field ; the potential itself defines a scalar field. In many applications
it is considerably easier to manipulate the scalar potential than to deal
directly with the vector force. Although potentials were originally devised as
an aid to solving problems in gravitational attraction, the potential concept
became even more important with the advent of electromagnetic theory. In
the realm of modern physics, potentials play important roles in discussions
of nuclear phenomena, elementary particles, and solid state physics.

In Chapter 3 we have already introduced the idea of the potential energy
of a particle in a conservative force field, and in the succeeding chapters
we will find extensive use for potential functions in a wide variety of
problems.

5.2 The Gravitational Potential

Newton’s universal law of gravitationt states that at a distance r from a
particle of mass M a second particle of mass m experiences an attractive
gravitational force {

* See also Section 3.5; a proof is given in Marion (Ma65a, Section 3.7).

t Newton had formulated and numerically checked his gravitation law in 1666, but the
result was not published until the appearance of his Principia, in 1687. (Sec footnote on p. 123.)
A laboratory verification of the law and a determination of the value of y was made in 1798 by
Henry Cavendish (1731-1810), using a method devised by the Rev. John Michell. (Cavendish’s
results were actually expressed in terms of the average density of the Earth rather than as a
value of y.)

1 The numerical value of the gravitational constant y is 6.668 + 0.005 x 108 dyne-cm?/gm?.
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mM |

where e, is the unit vector from M toward m. (With this definition of e,,
the minus sign insures that the force is attractive.) In the form of Eq. (5.1),
the law strictly applies only to point particles. If one or both of the particles

FiG. 5-1

is replaced by a body which has a certain extension, we must make an
additional hypothesis before we can calculate the force. We must assume
that the gravitational force field is a linear field. That is, we assume that
it is possible to calculate the net gravitational force on a particle due
to many other particles by simply taking the vector sum of all of the
individual forces. For a body which consists of a continuous distribution of
matter, the sum becomes an integral (see Fig. 5-1):

F=—ym j pir;ildv/ (5.2)
y F

where p(r') is the mass density and dv’ is the element of volume at the position
defined by the vector r'.

If both the body of mass M and the body of mass m have extension, then
a second integration over the volume of m will be necessary in order to
compute the total gravitational force.

The gravitational field vector g is defined to be the vector that represents
the force per unit mass exerted on a particle in the field of a body of mass M.
Thus,

e, (5.3)
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or,

g= —vf o (r)e’dv' (5.3a)
.

rZ

The quantity g has the dimensions of force per unit mass or acceleration.
In fact, near the surface of the Earth, the magnitude of g is just the quantity
that we call the gravitational acceleration constant. A measurement with a
simple pendulum (or some more sophisticated variation) is sufficient to
show that |g| is approximately 980 cm/sec” at the surface of the Earth.

Now, as mentioned in Section 3.5, the necessary and sufficient condition
that a vector field may be represented by the gradient of a scalar function
is that the curl of the field vector vanishes identically, ie., the field is
irrotational. The curl of a vector, which has only a 1/r? radial dependence,
will vanish identically; in particular,

curlg =0 (54
Therefore, we may write

g= —grad® (5.5)

where ® is called the gravitational potential and has dimensions of (force
per unit mass) x (distance) or energy per unit mass.
Since g has only a radial variation, the potential ® can have at most a
variation with r. Therefore, using Eq. (5.3) for g, we have
M

do
grad d = ﬁe, = yr—z-e,

Upon integrating, we obtain

M
®=—y— (5.6)

The possible constant of integration has been suppressed since the potential

is undetermined to within an additive constant. That is, only differences in

potential are meaningful, not particular values. We usually remove the

ambiguity in the value of the potential by arbitrarily requiring that ® — 0

as r — oo ; then, Eq. (5.6) correctly gives the potential for this condition.
The potential due to a continuous distribution of matter is

®=—y j P (5.7)
14

r

Similarly, if the mass is distributed only over a thin shell (i.c., a surface
distribution), then
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® = —yf&da’ (5.8)
s T

where p, is the surface density of mass (or areal mass density).
Finally, if there is a line source with linear mass density p,, then

® = —yf Pryy (5.9)
rt

The physical significance of the gravitational potential function becomes
clear if we consider the work per unit mass dW which must be done on a
body in a gravitational field in order to displace it a distance dr. Now, work
is equal to the scalar product of the force and the displacement. Thus, for
the work done on the body per unit mass, we have

dW = —g-dr = (grad ®)- dr

= Zaﬁdx,- = d® (5.10)
T 0X;
since @ is a function only of the coordinates of the point at which it is
measured: ® = ®(x,, x,, x3) = O(x;). Therefore, the amount of work per
unit mass which must be done on a body to move it from one position to
another in a gravitational ficld is equal to the difference in potential at the
two points.

If the final position is further from the source mass M than the initial
position, work has been done on the unit mass. Now, the positions of the
two points are arbitrary, and we may take one of them to be at infinity.
If we define the potential to be zero at infinity, then we may interpret @
at any point to be the work per unit mass required to bring the body from
infinity to that point. The potential energy is, of course, equal to the mass
of the body multiplied by the potential ®. If U is the potential energy, then

U = md (5.11)

and the force on a body is given by the ncgative of the gradient of the
potential energy of that body,

L F= —grad U (5.12)

which is just the expression we have previously used [Eq. (3.16)].

We note that both the potential and the potential energy increase when
work i1s done on the body. (The potential, according to our definition, is
always negative and only approaches its maximum value, viz, zero, as r
tends to infinity.)

A certain potential energy cxists whenever a body is placed in the gravi-
tational field of a source mass. This potential energy resides, of course, in
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the field,* but it is customary, under these circumstances to speak of the
potential energy ‘‘of the body.” We shall continue this practice here. We
may also consider the source mass itself to have an intrinsic potential
energy. This potential energy is equal to the gravitational energy rcleased
when the body was formed, or, conversely, is equal to the energy that must
be supplied (i.c., the work that must be done) to disperse the mass over
the sphere at infinity. For example, when interstellar gas condenses to form
a star, the gravitational energy that is released goes largely into the initial
heating of the star. As the temperature increases, energy is radiated away
as electromagnetic radiation. In all the problems which we shall treat, the
structure of the bodies will be considered to remain unchanged during the
process which we are studying. Thus, there will be no change in the intrinsic
potential energy and it may be neglected for the purpose of whatever
calculation we are making.

5.3 Lines of Force and Equipotential Surfaces

Let us consider a mass that gives rise to a gravitational field which may
be described by the field vector g Let us draw a line outward from the
surface of the mass in such a way that the direction of the line at every
point is the same as the direction of g at that point. This line will extend
from the surface of the mass to infinity. Such a line is called a line of force.

By drawing similar lines from every small increment of surface area of
the mass we may indicate the direction of the force field at any arbitrary
point in space. It is clear that the lines of force for a single point mass are
all straight lines extending from the mass to infinity. Defined in this way,
the lines of force are related only to the direction of the force field at any
point. We may consider, however, that the density of such lines, i.e., the
number of lines passing through a unit volume in space, is proportional
to the magnitude of the force in that volume. Therefore, the lines-of-force
picture is a convenient way to visualize both the magnitude and the direc-
tion (i.e., the vector property) of the field.

Now, the potential function is defined at every point in space (except
at the position of a point mass). Therefore, the equation

® = d(x,, x,, x3) = const. (5.13)

defines a surface on which the potential is constant. Such a surface is
called an equipotential surface. Since the field vector g is equal to the
gradient of @, then g may have no component along an equipotential

* Sce, however, the remarks at the end of Section 3.6 regarding the energy in a field.
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surface. It therefore follows that every line of force must be normal to
every equipotential surface. Thus, the field does no work on a body that
moves along an equipotential surface. Since the potential function is single-
valued, no two equipotential surfaces can intersect. The surfaces of equal
potential that surround a single, isolated point mass (or any spherically
symmetric mass) are all spheres.

FiG. §-2

Consider two point masses M that are separated by a certain distance.
If r, is the distance from one mass to some point in space and if r, is the
distance from the other mass to the same point, then

1 1
o= —yM(— + —) = const.

ry 1

defines the equipotential surfaces. Several of these surfaces are shown in
Fig. 5-2 for this two-particle system.



122 5 * GRAVITATIONAL ATTRACTION AND POTENTIALS

5.4 The Gravitational Potential of a Spherical Shell

One of the important problems of gravitational theory concerns the
calculation of the gravitational force due to a homogeneous sphere. Clearly,
this problem is a special case of the more general calculation for a homo-
geneous spherical shell. A solution to the problem of the shell may be
obtained by directly computing the force (see Problem 5-8), but it is easier
to proceed via the potential method.

FiG. 5-3

We consider a shell with outer radius a and inner radius b (as in Fig. 5-3)
and calculate the potential at the point P a distance R from the center
of the shell. Since the problem clearly has symmetry about the line con-
necting the center of the sphere and the field point P, the azimuthal angle
¢ is not shown in Fig. 5-3, and we may immediately integrate over do in
the expression for the potential. Thus,

b = _'})J.B.(r_)dv'
Vv

¥
I T M 0
— —2myp J‘ r’zdr'J‘ Y 4 (5.14)
b o F
According to the law of cosines,
r?=v?+ R* — 2rRcos 0 (5.15)
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Since R is a constant, then for a given r’ we may differentiate this equation
and obtain

2rdr = 2rR sin 6 d6

or,
i d
Sinf jg - 4 (5.16)
r rR
Substituting this expression into Eq. (5.14), we have
O = —Zﬂ’pj J.mx (5.17)

The limits on the integral over dr depend upon the location of the point P.
If P is outside the shell, then

2 ra R+r"
cD(R>a)=—”—WJ rdr | dr
b R—-7r

R
- _ 4n?pJ‘ r/2 dr/
R J,
4myp 3
5.18
—3 2@ = b (5.18)
But the mass M of the shell is
M = 4np(a® — b3) (5.19)
so that the potential is
M
OR > a) = — ’R (5.20)

This important result states that the potential at any point outside a
spherically symmetric distribution of matter (shell or solid) is independent
of the size of the distribution. Therefore, for the purpose of calculating the
potential (or the force), all of the mass may be considered to be concentrated
at the center.*

If the field point lies inside the shell, then

r/+R
R < ’””J' f

* This result is the key to Newton’s gravitation theory. Although Newton had correctly
formulated the theory in 1666, he could not justify his method of numerical calculation (in
which he considered the Earth and the moon as point masses) until he had proven this theorem
(1685). The theory, thus substantiated, was published in the Principia, 1687.
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= —47rypf rdr
b

= — 271;yp(a2 — bz) (5.21)

The potential is therefore constant and independent of position within the
shell.

Finally, if we wish to calculate the potential for points within the shell,
it is only necessary to replace the lower limit of integration in the expression
for ® (R < b) by the variable R and to replace the upper limit of integration
in the expression for ® (R > a) by R, and add the results. We find

4myp

db<R<a)= — IR

(R3 — b3 — 2nyp(a®? — R?)

2 3 2
ao_b R ) (5.22)

=‘4”W’(7‘?R—z

We see that if R — a, then Eq. (5.22) yields the same result as does Eq. (5.20)
for the same limit. Similarly, Egs. (5.22) and (5.21) produce the same result
for the limit R — b. Therefore, the potential is continuous. If the potential
were not continuous at some point, the gradient of the potential, and hence
the force, would be infinite at that point. Since infinite forces do not
represent physical reality, we conclude that potential functions must always
be continuous.

The magnitude of the field vector g may be computed from g = — d®/dR
for each of the three regions. The results are

g(R<b) =0
_ A4myp
gb<R<a ( )} (5.23)
M
ﬂR>@=-WE§

We see that not only is the potential continuous, but so is the field vector
(and hence the force). The derivative of the field vector, however, is not con-
tinuous across the outer and inner surfaces of the shell.

All of these results for the potential and the field vector may be sum-
marized as in Fig. 5-4.
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® = const

—-®

FiG. 5-4

5.5 A Final Comment

The use of potentials to describe the effects of ‘‘action-at-a-distance”
forces is an extremely important and powerful technique. One should not,
however, lose sight of the fact that the ultimate justification for the use of a
potential is to provide a convenient means for the calculation of the force
on a body, for it is the force and not the potential that is the physically
meaningful quantity. Thus, in some problems it may be easier to calculate
the force directly, rather than to compute a potential and then take the
gradient. The advantage of using the potential method is that the potential
is a scalar quantity* and one does not need to deal with the added compli-
cation of sorting out the components of a vector until the gradient opera-
tion is performed. In direct calculations of the force, the components must
be carried through the entire computation. It is apparent, then, that some
skill is necessary in choosing the particular approach to use. For example, if

* We shall see in Chapter 9 another example of a scalar function from which vector results
may be obtained. This is the Lagrangian function which, to cmphasize the similarity, sometimes
(mostly in older treatments) is called the kinetic potential.
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a problem has a particular symmetry which, from physical considerations,
allows one to dectermine that the force has a certain direction, then the
choice of that direction as one of the coordinate directions reduces the
vector calculation to a simple scalar calculation. In such a case the direct
calculation of the force may be sufficiently straightforward to obviate the
necessity of proceeding via the potential method. Every problem for which a
force is required must be examined in an attempt to discover the easiest
method of computation.

Suggested References

General potential theory is concerned with harmonic functions and solutions to
Laplace’s equation. The standard treatise is that of Kellogg (Ke29), a complete
and generally readable account. Also at the advanced level are the brief treatments
by Jeffreys and Jeffreys (Jed6, Chapter 6) and by Menzel (Me53, Sections 11-19).

At the intermediate level, see the book by Ramsey (Ra40), although it is a bit old-
fashioned. A brief, modern discussion is given by Symon (Sy60, Chapter 6).

An interesting historical view of gravitational problems is presented by Feather
(Fe59. Chapter 10).

Problems

5-1. Sketch the equipotential surfaces and the lines of force for two point
masses separated by a certain distance. Next, consider one of the masses
to have a fictitious mass — M. Sketch the equipotential surfaces and lines
of force for this case. To what kind of physical situation does this set of
equipotentials and field lines apply? (Note that the lines of force have
direction; indicate this with appropriate arrows.)

5-2. If the field vector is independent of the radial distance within a sphere,
find the function which describes the density p = p(r) of the sphere.

5-3. Under the assumption that air resistance is unimportant, calculate
the minimum velocity which a particle must have at the surface of the Earth
in order to escape from the Earth’s gravitational field. Obtain a numerical
value for the result. {This velocity is called the escape velocity.)

5-4. A particle is attracted toward a center of force according to the
relation F = — k?/x3. Show that the time required for the particle to reach
the force center from a distance d is d%/k.

5-5. A particle falls to the Earth starting from rest at a great height. Neglect
air resistance and show that it requires approximately {7 of the total time
of fall to traverse the first half of the distance.
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5-6. Find the potential due to a thin circular disk at a general point which
lies on the disk. Express the result as an elliptic integral *

5-7. Show that the equipotential surfaces of a thin rod of finite length are
ellipsoids of revolution.

5-8. Compute directly the gravitational force on a unit mass at a point
exterior to a homogeneous sphere of matter.

5-9. Show that the gravitational potential of a thin circular disk of radius «
and areal density p; is given by

P(z) = — 2myp [ /2% + a® — [2]]

for the case that the field point is on the axis of the disk and a distance z
away.

5-10. Calculate the gravitational potential due to a thin rod of length /
and mass M at a distance R from the center of the rod and in a direction
perpendicular to the rod.

5-11. Calculate the gravitational field vector due to a homogeneous
cylinder at exterior points on the axis of the cylinder. Perform the calcula-
tion

(a) by computing the force directly and

(b) by computing the potential first.

5-12. Calculate the potential due to a thin circular ring of radius ¢ and
mass M for points lying in the plane of the ring and exterior to it. The
result can be expressed as an elliptic integral. Assume that the distance from
the center of the ring to the field point is large compared with the radius of
the ring. Expand the expression for the potential and find the first cor-
rection term.

5-13. Find the potential at off-axis points due to a thin circular ring of
radius a and mass M. Let R be the distance from the center of the ring to the
field point, and let 6 be the angle between the line connecting the center
of the ring with the field point and the axis of the ring. Assume R > «
so that terms of order (a/R)® and higher may be neglected.

5-14. Consider a massive body of arbitrary shape and a spherical surface
which is exterior to the body. Show that the average value of the potential
due to the body taken over the spherical surface is equal to the value of the
potential at the center of the sphere.

* See Appendix E.4 for a list of some elliptic integrals.



CHAPTER 6

Oscillatory Motion

6.1 Introduction

In Chapter 3 the fundamental laws of mechanics were described in
mathematical form. We now seek to apply these laws to an elementary,
but quite important, physical problem—-the harmonic oscillator. Problems
involving harmonic oscillations occur repeatedly in classical physics and
in quantum mechanics. The results presented in this chapter therefore find
wide application in many fields of physics and engineering.

For simplicity we shall first consider in some detail the motion of a
particle that is constrained to move in one dimension. We take the origin
to be located at the position of equilibrium of the particle, and we assume
that if the particle is displaced from this position, then there exists some
force which acts to restore the particle to its equilibrium position. Now,
we shall assume that the function which describes this force possesses
continuous derivatives of all orders so that the function may be expanded
in a Taylor series:

_ dF) L z(sz)
F(x) = Fy + x(dx . + 3x i), + 6.1

128
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The term Fy is the valuc of the force at the equilibrium position, which,
by the definition of equilibrium, must vanish. Then, if we confine our
attention to displacements of the particle that are sufliciently small, we may
ncglect all terms involving x? and higher powers of x. We have, therefore,

the approximate relation
TF(x) . kx 62)

where we have substituted k = —(dF/dx),. Since the restoring force is
always directed toward the equilibrium position (the origin), the derivative
(dF/dx), is negative and therefore k is a positive constant.

Physical systems which can be described in terms of Eq. (6.2) are said to
obey Hooke’s law.* A large class of physical processes which can be treated
by applying Hooke’s law are those involving elastic deformations. As long
as the displacements arc small and the elastic limits are not exceeded, a
linear restoring force can be used for problems of stretched springs, elastic
strings, bending beams, etc. Nor is the applicability of the Hooke’s-law
force restricted to simple classical systems. The assumption of linear forces
is frequently made in many calculations for a variety of quantum mechani-
cal systems. But, as always, the calculations arc only approximate, since
essentially every real restoring force in Nature is more complicated than
the simple Hooke’s-law force. We must always bear in mind the fact that
linear forces are only useful approximations and that their validity is
in general limited to cases in which the amplitudes of the oscillations are
small. (See, however, Problem 6-2.)

As we shall sec, the motion of a particle under the influence of a linear
restoring force can be described in terms of sines and cosines. A system
undergoing such motion is called a linear harmonic oscillator. In the next
chapter we shall consider more terms in the expansion for F(x) and will
treat the problem of the nonlinear or anharmonic oscillator.

The discussion of oscillatory phenomena will be made from the stand-
point of a single particle subject to certain forces. The results which we
will obtain are, of course, not restricted to this simple situation. There are
many oscillatory systems which behave in much the same manner as docs
a single particle. A prime example is found in the oscillations of an electrical
circuit ; the equations which describe such oscillations have direct mechan-
ical analogs. Indeed, becausc of its great practical importance, the electrical
casc has been so thoroughly investigated that the situation is frequently
reversed and complicated mechanical vibrations are analyzed in terms of
the “‘equivalent electrical circuit.”

* Robert Hooke (1635 -1703). The equivalent of this force law was originally announced
by Hooke in 1676 in the form of a Latin cryptogram: CEIIINOSSSTTUYV, ur tensio sic vis.
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6.2 The Simple Harmonic Oscillator

The equation of motion of the simple harmonic oscillator may be
obtained by equating the Hooke’s-law force [Eq. (6.2)] to the Newtonian
force. Thus,

F(x) = —kx = ma = mx 6.3)

or,

X+ wix=0 (6.9

where w§ = k/m. The roots of the auxiliary equation are
r, = +iwg; r, = —iw,
so that the solution is of the form [cf. Eq. (C.17a), Appendix C, with o = 0]:
x(t) = A sin(wgt — J) 6.5

where A and ¢ are the constants of integration. A is clearly the maximum
amplitude of the motion and ¢ is a phase angle which depends upon the
initial conditions. We could equally as well have written for the solution

x(t) = A cos(wgt — &) (6.5a)

where 6’ = 6 + n/2. An alteration in the value of the phase angle corre-
sponds to a change of the instant that we designate as t = 0, the origin of
the time scale.

In order to relate the energy of the oscillator and the amplitude of its
motion, we note that the kinetic energy of the particle is [using Eq. (6.5)
for x(t)]

T = jmx* = ImwfA? cos*(wyt — 6)
= 1kA? cos}wot — 0) (6.6)

The potential energy may be obtained from the expression for the force:
U= - JF dx = ij dx = tkx? 6.7)

where the zero of U is chosen at x = 0. Then,
U = {kA? sin}(wyt — ) (6.8)

Combining the expressions for Tand U to find the total energy E, we have

E=T+ U = }A? (6.9)
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so that the total energy is proportional to the square of the amplitude;
this is a general result for linear systems.

The period © of the motion is defined to be the time interval between
successive repetitions of the particle’s position and direction of motion.
This occurs when the argument of the sine in Eq. (6.5) increases by 2x:

WoT = 21 (6.10)

T = 27:\/% 6.11)

From this expression as well as from Eq. (6.5), it is clear that w, represents
the angular frequency of the motion which is related to the frequency
v by*

or,

k
Wy = 21y = p (6.12)
1 1 |k
V=—=— [— (6.13)
T 2n\m

so that v is the number of oscillations per unit time.

Note that the period of the simple harmonic oscillator is independent
of the amplitude (or total energy); a system which exhibits this property
is said to be isochronous.

The plane pendulum is an example of an oscillator that is approximately
isochronous, if the amplitude of oscillation is small. (In Section 7.4 we
shall treat the general case of finite amplitudes.) If @ represents the angle
that the pendulum makes with the vertical, then for small 0 (i.e., sin § = ()
the equation of motion is the familiar expression

0+ w30 =0 (6.14)
where
w3 = % (6.15)

* Henceforth we shall adhere to the convention of denoting angular frequencies by w and
Jfrequencies by v. Usually, w will be referred to as a “frequency” for brevity, although ‘‘angular
frequency” is to be understood.
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l
T 277:\/: 6.16
p (6.16)

The period is therefore independent of the mass of the pendulum bob and
depends only on the length ! and the gravitational acceleration g.

Thus,

6.3 Damped Harmonic Motion

The motion represented by the simple harmonic oscillator [see Eq. (6.5)]
is termed a free oscillation; once set into oscillation, the motion would
never cease. This is, of course, an oversimplification of the actual physical
case in which dissipative or frictional forces would eventually damp the
motion to the point that the oscillations would cease. It is possible to
incorporate into the differential equation which describes the motion a
term which represents the damping force. Such forces which are encountered
in Nature frequently depend upon some power of the instantaneous
velocity.* One of the more important cases is that in which the damping
force is directly proportional to the velocity and can therefore be described
by a term —bv, where b > 0. The traditional example of such a damping
force is that encountered by a particle moving with a relatively low velocity
through a viscous fluid.

Thus, if a particle of mass m moves under the combined influence of a
restoring force — kx (as does the simple harmonic oscillator) and a damping
or resistive force —bv = — bx, then the differential equation which describes
the motion is

mi + bx + kx = 0 6.17)

which we may write as

%+ 2B% + wix =0 (6.18)

where f = b/2m is the damping parameter and where w, = /k/m is the
characteristic angular frequency of the motion in the absence of damping.
The roots of the auxiliary equation are [cf. Eq. (C.8) Appendix C]:

Y NN
A N T

* See Section 3.4 for a discussion of the dependence of resisting forces on the velocity.

(6.19)
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Therefore, the general solution of Eq. (6.18) is

| x(t) = exp(— Bt)[ Bexp(y/ B — odt) + C exp(—/B* — wét)]—[ (6.20)

L
There are three general cases of interest:

(a) Underdamping: wi > B? (6.21a)
(b) Critical damping: wi = p? (6.21b)
(c) Overdamping: wd < p? (6.21¢)

As we will see, only the case of underdamping results in oscillatory motion.
These three cases will be discussed separately.

(a) UNDERDAMPED MOTION. For this case it is convenient to define
w? = wi - p? (6.22)

where w? > 0; then the exponents in the brackets of Eq. (6.20) are imaginary
and the solution becomes

x(1) = e P[B! + Ce™ '] (6.23)
This may be rewritten as

x(t) = Ae P cos(w,t — &) (6.24)

We call the quantity w, the frequency of the damped oscillator. But,
strictly speaking, it is not possible to define a frequency in the case that
damping is present since the motion is not periodic; ie., the oscillator
never passes twice through a given point with the same velocity. If the
damping is small, then @, = w, so that the term ‘‘frequency” may be
used, but the meaning is not precise. In any event, we elect to refer to

w, = Jwi — B? as the “frequency” of the damped oscillator, and we note
that this quantity is less than the frequency of the oscillator in the absence
of damping.

The maximum amplitude of the motion of the damped oscillator de-
creases with time because of the factor exp(—ft) (f > 0}, and the envelope
of the displacement rersus time curve is given by

X =t Ae ¥ (6.25)

This envelope as well as the displacement curve is shown in Fig. 6-1 for
the case § = 0.

The ratio of the amplitudes of the oscillation at two successive points
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~ .

N Ae~Ht

Fia. 6-1

of contact with the envelope is

Ae T
_ phu
W = ¢ (6.26)
where the first of any pair of contacts occurs at the time ¢t = T. It will be
noticed from Fig. 6-1 that there is a small (but constant) time difference
between the points of maximum amplitude and the corresponding points
of contact with the envelope. The time between contacts is 1, = 2n/w,
(see Problem 6-4).
The quantity fr, is called the logarithmic decrement of the motion:
b
pr, = (6.27)

mao,

We know from Eq. (6.9) that the total energy of the oscillator is given by
E = 1ka?

where A is the amplitude of oscillation. But, for the damped oscillator,
the amplitude on the average decrcases exponentially *

(A> oc e #
Thus,
CE> oc e 2P

dE
<E> x B

Therefore, the total energy of a damped oscillator on the average decreases

from which we find

* We shall use the convention that angular brackets, as in {f(#)), denote averages over

time, whereas bars over quantities, as in f(x), denote averages over space.
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uniformly with time (see, however, Problem 6-5). This loss of energy, for
a mechanical system, goes into the heating of the medium which produces
the damping.

(b) CriTiICALLY DAMPED MOTION. In the event that the damping force is
sufficiently large (i.e., if f? is no longer less than w{), then the system is
prevented from undergoing oscillatory motion. In the event that there is
zero initial velocity, then the displacement decreascs monotonically from
its initial value to the equilibrium position (x = 0). The case of critical
damping occurs when B2 is just equal to w{. The roots of the auxiliary
equation are then equal and the function x must be written as [cf. Eq.
(C.11) Appendix C]:

x(t) = (B+ Crje™ ¥ (6.28)

The displacement curve for critical damping is shown in Fig. 6-2 for the
case in which the initial velocity is zero. For a given set of initial con-
ditions, a critically damped oscillator will approach equilibrium at a rate

x
Critical damping, i? = o

Overdamping, fi2 > o}

FiG. 6-2

more rapid than that for cither an overdamped or an underdamped
oscillator. This fact is of importance in the design of certain practical
oscillatory systems (c.g., galvanometers) when it is desired that the system
return to equilibrium as rapidly as possible.

{c) OVERDAMPED MoTiON. If the damping parameter f§ is even larger than
wy, then overdamping results. Since 2 > w2, the exponents in the brackets
of Eq. (6.20) become rcal quantities:

x(t) = e "[Be®* + Ce™ %] (6.29)
where -

m, = \/Bz — w}§ (6.30)

Note that w, does not represent a “‘frequency” since the motion is not
periodic; the displacement asymptotically approaches the cquilibrium
position, as shown in Fig. 6-2.
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6.4 Forcing Functions

The oscillators which we have considered thus far have been set into
motion by some external means and then either have continued in motion
indefinitely (no damping) or have gradually lost energy and eventually
ceased oscillation (damped motion). We wish next to treat the case in
which energy is continually supplied to the oscillator by some external
force, thereby preventing the system from coming to rest, even in the
presence of damping. The differential equation which describes such
motion is the same as that previously encountered [Eq. (6.4) or (6.17)]
except that now a right-member (or forcing function) is to be added. Thus,
the equation becomes a linear inhomogeneous differential equation. (See
Appendix C for a discussion of such equations.)

If we consider a general forcing function and represent this function as
a series of terms (in which the number of such terms may be either finite
or infinite), then we may write the second-order equation for the motion as

d? d
(d? + az + b)y(z) = F(t)

=Y E® (6.31)

Now, the principle of superposition* states that the general solution to a

linear inhomogeneous differential equation with a right-member composed

of a sum of terms such as that above [cf. Eq. {C.19)] is given by the comple-

mentary function plus a sum of particular integrals, each of which applies
for a single term in the right-member series. To show this we write

"d? d
(4 + 0t ) in = KO (632)

where y(t) is the solution of the inhomogeneous equation in which the
right-member consists only of the sth term in the series which represents
F(t). Summing both sides of Eq. (6.32), we find

d? d
(W Tagt b) Ly =Y EO=F0 (6.33)

s

so that we identify the particular integral of the entire equation as
yolt) = X vt (6.34)

* The principle of superposition and its application to oscillatory systems was formulated
in 1753 by Daniel Bernoulli {1700-1782).
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and then the general solution, »(¢), is constructed by adding the comple-
mentary function:

W) = yt) + X yt) (6.35)

This equation expresses the principle of superposition.

We shall show in Chapter 14 that any general function F(r) (which is
subject to certain conditions that are not very restrictive) may be represented
by an infinite series of harmonic terms:

F(t) = ) [a,cos(swt) + b, sin(swt)] (6.36)
s=0
This is just a Fourier series, and under the conditions which apply for
many types of oscillation problems we need not employ the general Fourier
expressions but may use either a Fourier sine series or a Fourier cosine
series.* If we choose the latter, we may write

F(t) =) Acos wg (6.37)

where A, is the amplitude of the term with frequency w, (= sw).

We see, therefore, that even if we have an arbitrary forcing function we
may represent this function by a series of terms, each of which is harmonic.
Consequently, each term in the series expression for the particular integral
[Eq. (6.34)] is also harmonic. Thus, whenever we treat a problem which
can be described by a linear inhomogeneous differential equation with
an arbitrary function as a right-member, it is sufficient to consider the
solution for the right-member replaced by a single harmonic term since the
general solution can be obtained by forming a linear combination of such
solutions. (It is important to realize that these considerations apply only
to linear equations; see Problem 6-7.)

We shall therefore consider the problem of the linear harmonic oscillator
undergoing forced motion to be represented by the equation

% 4 2% + wix = Acoswt | (6.38)

where the subscript s has been suppressed since we shall continue to con-
sider only this single term of the infinite series which represents a general
forcing function. It should be noted in this regard that a large number of
physical situations are very closely represented by equations of the type
(6.38); i.e., a single driving frequency is present. Therefore, the reason for
considering problems of this restricted type is not solely to evade the more

* The conditions under which this is possible are examined in Section 14.12.
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laborious treatment (which is no different in principle) that involves the
use of the general expression for the forcing function [Eq. (6.36)], but to
discuss a large class of problems of real physical interest.

6.5 Forced Oscillations

In order to describe the general case of forced oscillations, we must use
Eq. (6.38). The complementary function is just the solution of Eq. (6.18)
[ie., Eq. (6.20)]:

x(t) = exp(— pr)[Bexp(y/B* — wdt) + C exp(—+/ B> — wit)] (6.39)
For the particular solution we try
x,(t) = D cos(wt — J) (6.40)

Substituting x,(t) in Eq. (6.38) and expanding cos(wt — 9) and sin(wt — 9),
we obtain

{A — D[(w§ — w?)cos & + 2wf sin §]} cos wt
—{D[(w§ — w?)sin 6 — 2wf cos 8]} sin wt = 0 (6.41)

Since sin wt and cos wt are linearly independent functions, the coefficients
of both terms must vanish identically. From the sin wt term, we have

tand = ——— 6.42
an w% ) ( )
$0 that we may write
. 2wp
sin 9 = V(@3 — 0)? + 40?p?
. (6.43)
( —_—
Co$d = — % — O
Vi(w§ — 0?)? + 40p?
And from the coefficient of the cos wt term, we have
D - G
"~ (w3 — w?)cos S 4 2mfPsin o
A
= (6.44)

V(@ — 0?)? + 40?f?
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Thus, the particular integral is

A
V(= 0?)? + 40?p?

[ .
l xX,(t) = cos(wt — &) | (6.45)

with
| i _f 2wf v |
- 1 |
J = tan (wé — wz,,) | (6.46)
The general solution is
x(t) = x 8} + x,(t) (6.47)

But x.(t) here represents transient effects (i.e., effects that depend upon the
initial conditions), and the terms contained in this solution damp out with
time. The term x(t) represents the steady-state effects and contains all of
the information for t large compared to 1/f. Thus,

Xt > 1/f) = x,(0)

The steady-state solution will be of importance in many of the applica-
tions and problems.

The quantity & [see Eq. (6.46)] represents the phase difference between
the driving force and the resultant motion. For a fixed w,, as w increases
from O, the phase increases from d = 0 at @ = 0to 0 = n/2 at w = wg and
to = as w — oc. The variation of § with @ is shown in Fig. 6-3.

In order to find the frequency wg at which the amplitude D is a maximum
(i.e., the resonance frequency), we set

dD

— =0
dw

w=wg

Performing the differentiation, we find

wr = Jwi — 2B (6.48)

Thus, the resonance frequency wy is lowered as the damping coefficient f3
is increased. There is no resonance, of course, if 2 > w(/2.

We may now compare the oscillation frequencies for the various cases
which we have considered:

(a) Free oscillations, no damping:

wi= X [Eq. (6.12)]
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{b) Free oscillations, damping:

w? = wi - p? [Eq. (6.22)]
(c) Forced oscillations, damping:
wk = w3 — 2p2 [Eq. (6.48)]

and we note that wg > w; > wyg.
It is customary to describe the degree of damping in an oscillating
system in terms of the “*quality factor” or the Q" of the system:

Wgr
=% (6.49)
If there is little damping, then Q is very large and the shape of the resonance
curve approaches that for an undamped oscillator. On the other hand, the
resonance can be completely destroyed if the damping is large and Q is
very small. Figure 6-3 shows the resonance and phase curves for several
different values of Q. These curves indicate the lowering of the resonance
frequency with a decrease in Q (i.e., with an increase of the damping co-
efficient ). The effect is not large, however; the frequency shift is less than
3 percent even for Q as small as 3 and is about 18 percent for Q = 1.

For a lightly damped oscillator, it is easy to show that (see Problem 6-11)

~ Yo
Q= Ao (6.50)

where Aw is the width of the amplitude resonance curve between the two

points that correspond to oscillations with amplitudes equal to 1/\/5 of
the resonance amplitude.

The values of Q which are found in real physical situations vary greatly.
In rather ordinary mechanical systems (e.g., loudspeakers) the values may
be in the range from a few to 100 or so. Quartz crystal oscillators may
have Q’s of 10*. Highly tuned electrical circuits, including resonant cavities,
may have values of 10* to 10°. We may also define Q’s for some atomic
systems. According to the classical picture, the oscillation of electrons
within atoms leads to optical radiation. The sharpness of spectral lines is
limited by the damping due to the loss of energy by radiation (radiation
damping*). The minimum width of a line can be calculated classically and
is found to be* Aw = 2 x 10" 8w. The Q of such an oscillator is therefore
approximately 5 x 107. Resonances with the largest known Q’s are found
in the radiation from gas lasers (light amplification by stimulated emission

* See Marion (Mab5b, Sections 9.9 and 11.3).
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of radiation). Measurements with such devices* have yielded Q’s of approxi-
mately 104!

The expression given in Eq. (6.48) is the frequency for maximum
amplitude. Strictly speaking, this should be called the amplitude resonance
frequency. We shall now calculate the frequency for kinetic energy resonance,
which we shall find is different from that for amplitude resonance.

The kinetic energy is given by T = imx?, and computing x from Eq.
(6.45) we have

—Aw
- \/((0(2, — w?)? + dw*p?
so that the kinetic energy becomes
mA* w?
2 (wd — w?)? + 4w?p?

% sin(ot — &) (6.51)

T = sin¥(wt — &) (6.52)

In order to obtain a value of T which is independent of the time, we com-
pute the average of T over one complete period of oscillation. Thus,
mA? w?
TS = : inf(wt — & 6.53
Ty = 5 i o+ aorp M@t = (65

Now, the average value of the square of the sine function taken over one
period is

., w 21/ w .,
sinf(wt — 0)) = — f sin“(wt — d)dt
2n J,

(6.54)

N

Therefore,

mA? w?
4 (w3 — w?)? + 40*p?
The value of w for (T)> a maximum is labeled w; and is obtained from
a{T>

dw |y-w

(T) = (6.55)

=0 (6.56)

Differentiating Eq. (6.55) and equating the result to zero, we find
wE = wo (6.57)

so that the kinetic energy resonance occurs at the natural frequency of the
system for undamped oscillations.

* See, for example, A. Javan, E. A. Ballik, and W. L. Bond, J. Opt. Soc. Am. 52, 96 (1962).
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We see therefore that the amplitude resonance occurs at a frequency

Jw? — 2% whereas the kinetic energy resonance occurs at w,. Since the
potential energy is proportional to the square of the amplitude, the potential

energy resonance must also occur at /w3 — 2f°. That the kinetic and
potential energies resonate at different frequencies is a result of the fact
that the damped oscillator is not a conservative system ; energy is continually
being exchanged with the driving mechanism and energy is being transferred
to the damping medium.

6.6 Phase Diagrams

The oscillators which we have been discussing possess only one degree
of freedom ; that is, the displacement is limited to one dimension in space.
The state of motion of such an oscillator at a certain time t is completely
specified if two quantities are given-—the displacement x(t) and the velocity
x(t). (Two quantities because the differential equation for the motion is of
second order.) The quantities x(t) and x(t) may be considered to be the
coordinates of a point in a two-dimensional space, called phase space. (In
two dimensions, the phase space is, of course, a phase plane, but for a
general oscillator with n degrees of freedom the phase space is a 2n-
dimensional space.) As the time varies, the point P(x, x) which describes
the state of the oscillating particle will move along a certain phase path.
For different initial conditions of the oscillator, the motion will be described
by different phase paths. Any given path represents the complete time
history of the oscillator for a certain set of initial conditions. The totality
of all possible phase paths constitutes the phase portrait or the phase
diagram of the oscillator.*

Let us consider first the phase paths for the undamped linear oscillator.
We have

x(t) = A cos(wgt — 9) (6.58)

X(t) = —wed sin{wgt — §) (6.59)

If we eliminate t from these equations, we find for the equation of the path
x2 XZ

PR A o0

* These considerations are not restricted to oscillating particles or oscillating systems.
The concept of phase space is applied extensively in various fields of physics, particularly in
statistical mechanics. See Section 9.14 for a discussion of the phase space for a general system
of particles.
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This equation represents a family of ellipses,* several of which are shown
in Fig. 6-4. Now, we know that the total energy E of the oscillator is
1kA? [Eq. (6.9)], and since wf = k/m, Eq. (6.60) may be written as

x? x?

r =1
2E/k T 2E/m

that 1s, each phase path corresponds to a definite total energy of the oscil-
lator.

No two phase paths of the oscillator can cross. If they could, this
would imply that for a given set of initial conditions x(t,), x(t,) (i.€., the
coordinates of the crossing point), the motion could proceed along two

(6.61)

=\ .
=2

i

Fi1G. 6-4

different phase paths. But this i1s impossible since the solution of the
differential equation is unique.

If the coordinate axes of the phase plane are chosen as in Fig. 6-4,
the motion of the representative point P(x, x) will always be in a clockwise
direction since for x > 0 the velocity x is always decreasing and for x < 0
the velocity is always increasing.

In order to obtain Eqgs. (6.58) and (6.59) for x(t) and x(t), it is necessary
to integrate a second-order differential equation:

2
%t%‘ + wix =0 (6.62)
The equation for the phase path, however, can be obtained by a more
simple procedure since Eq. (6.62) can be replaced by the pair of equations

dx dx 2
i S (6.63)

* The ordinate of the phase plane is sometimes chosen to be X/w, instead of x; the phase
paths for the undamped oscillator are then circles.
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If we divide the second of these equations by the first, we obtain
dx = —(1)(2);’? (6.64)
dx X

This is a first-order differential equation for x = x(x), the solution to which

is just Eq. (6.60). For the case of the simple undamped oscillator there is,

of course, no difficulty in obtaining the general solution for the motion by

solving the second-order equation, but in more complicated situations it

is sometimes considerably easier to find directly the equation of the phase

path x = x(x) without proceeding through the calculation of x{¢).

The solution for the underdamped linear oscillator [Eq. (6.24)] may be
expressed as

x(t) = Ae™# cos(w,t — J) (6.65)

where w, = Jw§ — p? is a positive real number, as before. The velocity
of the oscillator is

x(t) = —Ae P [fcos(wt — d) + w, sin(w,t — )] (6.66)

Equations (6.65) and (6.66) actually represent a family of logarithmic
spirals, as may be seen more clearly by introducing a change of variables
according to the following linear transformation:

U= wx; v=fx+x (6.67)
Then,
u=w,Ae # cos(m,t — 9J)
(6.68)
v = —w Ae #sin(w,t — )
If we represent u and v in polar coordinates (see Fig. 6-5), then
p = \/m; @ = w! (6.69)
Thus,
p=w Ae”Fleve (6.70)

which is the equation of a logarithmic spiral. Since the transformation
from x, x to u, v is a linear transformation, the shape of the phase path is
the same in the phase plane as in the u-v planc. Figure 6-6 shows a spiral
phase path of the underdamped oscillator. The continually decreasing
magnitude of the radius vector for a representative point in the phase
plane always indicates damped motion of the oscillator. The spiraling, of
course, indicates oscillatory motion.
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The case of overdamping results in a nonoscillatory asymptotic decrease
of the amplitude to zero. But depending on the initial value of the velocity,
there may be a change of sign of x before the displacement approaches
zero. If we limit our considerations to initial positive displacements,
x(0) = xo > O, then there are three cases of interest for the initial velocity
x(0) = xy:

I. xg > 0, so that x(t) reaches a maximum at some t > 0 before
approaching zero.
II. x4 < 0, with x(¢) monotonically approaching zero.

III. %, < 0, but sufficiently large so that x(¢) changes sign, reaches a

minimum value, and then approaches zero.

v

FI1G. 6-6
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These three cases are illustrated in Fig. 6-7. The phase plane is divided
into six regions (three for x, > 0 and three for x, < 0), depending on which

x(t) Case I: Xy >0

x(t)

x(t) I

Case II1: %, < 0

FiG. 6-7

of the above three initial conditions apply for the velocity. Figurc 6-8
shows some typical phase paths for each of these regions.* It can be shown
(see Problem 6-12) that the line x = —(f + w,)x separates the regions I1
and IIL. It is also clear that the phase path for the case of zero initial
velocity starts on the x-axis at the appropriate value of x, and then proceeds
through region II to the origin. The case of critical damping is to be corre-
lated with the curves of Fig. 6-8 rather than with the spiral path of Fig. 6-6

* A particularly complete discussion of the phase paths for a damped oscillator is given
by Andronow and Chaikin (An49, pp. 17 31).
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X = —(f+ ex

Fi1G. 6-8

since the motion of a critically damped system is not oscillatory.

Phase diagrams for some nonlinear systems are discussed in the following
chapter.

B 6.7 The Response of Linear Oscillators to Impulsive Forcing
Functions*

In the previous discussions we have mainly considered steady-state
oscillations. For many types of physical problems (particularly those
involving oscillating electrical circuits), the transient effects are quite
important; indeed, the transient solution may be of dominating interest
in such cases. In this section we shall investigate the transient behavior of
a linear oscillator which is subjected to a driving force that acts discon-
tinuously. Of course, a “discontinuous” force is an idealization since it
always takes a finite time to apply a force. But if the application time is
small compared to the natural period of the oscillator, then the result of
the ideal case is a close approximation to the actual physical situation.

The differential equation which describes the motion of a damped

* A powerful technique for the solution of differential equations with constant coefficients
(ordinary or partial) is through the use of Laplace transforms. This method is particularly
useful for the calculation of response functions and is much used in a variety of engineering
applications. See, for example, Churchill (Ch58) or Carslaw and Jaeger (Cadl).
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oscillator is

X+ 2Bx + wdx = % 6.71)

The general solution is composed of the complementary and particular
solutions:

x(t) = x(t) + x,(t) (6.72)
We may write the complementary solution as
x(t) = e #(Acos w,t + Bsinw,t) (6.73)
where
w, = Jwi - p* (6.74)

The particular solution x,(t) will, of course, depend on the nature of the
forcing function F(t).

Two types of idealized discontinuous forcing functions are of considerable
interest; these are the step function (or Heaviside function) and the impulse
Sunction, shown in Figs. 6-9a and 6-9b, respectively. The step function H

is given by
0, t < tg
H(ty) = (6.75)
a, t>tg

where a is a constant with the dimensions of acceleration, and where the
argument t, indicates that the time of application of the force is t = ¢,.

The impulse function I may be considered to be a positive step function
applied at t = t, followed by a negative step function applied at some
later time ¢,. Thus,

I(to, ty) = H(to) — H(t,)

0, t<tgy
= a, to < t < tl (676)
0, t>t,
Fo Fo
| Hto) Mo I{tg, ty)
a P—— a
Lo Iry Ly ty 7

(a) (b)

FiG. 6-9
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(a) RESPONSE 10O A STEP FUNCTION. For this casc the differential equation
which describes the motion is

X4+ 285+ wix=a, t>1, (6.77)

and where the initial conditions are x(ty) = 0 and x(t,} = 0. The particular
solution is just a constant and examination of Eq. (6.77) shows that it must
be a/wi. Thus, the general solution for ¢ > ¢4 is

x(t) = e P A cos w,(t — to) + Bsinw,(t — L)} + (-3—2 (6.78)
4]
Application of the initial conditions yields
a--2. p-_rto (6.79)
w W, w5
Therefore,
— Bt —1tq)

x() = »a—z [1 — e BT cos w (t — 1y) — Eewhsin w,(t — to)] (6.80)

1] 1

This response function is shown in Fig. 6-10 for the case f = 0.2 w,. It is

2(!/(/)(2,

ajord

FiG. 6-10
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clear that the ultimate condition of the oscillator (i.e., the steady-state
condition) is simply a displacement by an amount a/wg.

In the event that there is no damping, f = 0 and w, = w, Then, we
have

xit) = 2 [1 — cos wolt — to)], f=0 (6.81)

Wy

so that the oscillation is sinusoidal with amplitude extremes x = 0 and
x = 2ajw} (see Fig. 6-10).

(b) RESPONSE TO AN IMPULSE FUNCTION. If we consider the impulse function
as the difference between two step functions separated by a time t, — t,
= 1, then since the system is linear, the general solution for t > t, is given
by the superposition of the solutions [Eq. (6.80)] for the two step functions
taken individually :

=Bt -ty
a o e .
x(t) = —2[1 — e B cos w,(t — ty) — B sin w,(t — to)]
wj ),
a
Tl 1 —e Pz ™ Deosw,(t — ty — 1)
ﬁe_lf(’_'()’f) .
———— sinw(t —ty — t)]
W,
ae " Bl—10)
=— 3 e’ cosw,(t — 1, — 1) — coswy(t — tg)
[¢]
Be** .
+ —sinw,(t —ty — 1) — £sm w,(t — tg) (6.82)
W, W,

The total response [i.e., Eqs. (6.80) and (6.82)] to an impulse function
of duration 7 = 5 x 2n/w,, which is applied at ¢t = ¢,, 1s shown in Fig
6-11 for the case ff = 0.2w,,.

A common test of electronic circuits is to observe the response (such as
that shown in Fig. 6-11) due to the application of a square input pulse. A
system that i1s almost critically damped (frequently a desirable character-
istic) will exhibit only a small amount of “overshoot” and the ‘‘ringing”
will be much less pronounced than that shown in Fig. 6-11.

If the duration of the impulse function 7 is allowed to approach zero,
then the response function will become vanishingly small. But if we allow
a— oo as 7 — 0 in such a way that the product at is constant, then the
response will be finite. This particular limiting case 1s of considerable
importance since it approximates the application of a driving force which
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x(1)

=020,

ty lo + 5 % 2n/m, \/

Fi1G. 6-11

is a “‘spike” at t = t, (i.e, T <€ 27/w,).* If we expand Eq. (6.82) and allow
1 — 0 but with at = b, then we obtain
x(1) = wie“"""“’ sin w,(t — t,), t>t, (6.83)
1

This response function is shown in Fig. 6-12 for the case f = 0.2m,. 1t
is evident that as ¢ becomes large, the oscillator returns to its original
position of equilibrium.

The fact that the response of a linear oscillator to an impulsive driving
force can be represented in the simple manner of Eq. (6.83) leads to a
powerful technique for dealing with general forcing functions which was
developed by George Green.t Green’s method is based upon representing

* A “spike” of this type is usually termed a delta function and is written 8(t — t,). The delta
function has the property that 6(0) = oc, but that

j ot — to)dt =1

Therefore, this is not a proper function in the mathematical sense, but it can be defined as
the limit of a well-behaved and highly local function (such as a Gaussian function) as the
width parameter approaches zero. Sec also Marion (Ma65b. Section 1.11),

t George Green (1793-1841), a self-educated English mathematician.
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x(t)

AN
t N — =
o t
FiG. 6-12

an arbitrary forcing function as a series of impulses, as shown schematically
in Fig. 6-13. If the driven system is linear, then the principle of super-
position is valid and it is permissible to express the inhomogeneous part
of the differential equation as the sum of individual forcing functions

M) F (t)m
m F(t)m w /

—

tu tnfl

Fi1G. 6-13
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F(t)/m, which in Green’s method are impulse functions:
¥4 20% + wlx = 3 L) (6.84)

n=—ao

That is, we have made the approximation

— = Y Lo (6.85)
where
In(t) = I(tm tn+ 1)
_ {an(tn)’ tn <t< tn+1

‘ (6.86)
0, otherwise

The interval of time over which I, acts is t,,; — t, = 1, and © < 2n/w,.
The solution for the nth impulse is, according to Eq. (6.83),
t
x,(t) = Me"’“’"'") sinw(t —t,), t>t,+71 (6.87)
(1
and the solution for all of the impulses up to and including the Nth impulse
is

i a"(t")

T iy
x(t) = e P Msing (t — 1),  ty <t <iIyg, (6.88)

n=-wo W1

If we allow the interval 1 to approach zero and write ¢, as t’, then the sum
becomes an integral:

t t/ ) )
x(t) :f 9(1()7)3—13('—1 ) sin wl(t _ tl) dt/ (689)
L W4
We define
T / /
Gt,t) = | ey © B ginw (t —t), t>t (6.90)
0, t<t
Then, since
ma(t’) = F(t) (6.91)

we have

(6.92)
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The function G(t, t') is known as the Green’s function for the linear oscillator
equation (6.71). The solution expressed by Eq. (6.91) is valid only for an
oscillator initially at rest in its equilibrium position since the solution
which we used for a single impulse [Eq. (6.83)] was obtained for just such
an initial condition. For other initial conditions the general solution may
be obtained in an analogous manner.

Green’s method is generally useful for the solution of linear, inhomo-
geneous differential equations. The main advantage of the method lies in
the fact that the Green’s function G(t,t'), which is the solution of the
equation for an infinitesimal element of the inhomogeneous part, already
contains the initial conditions, so that the general solution, expressed by the
integral of F(¢')G(t, t'), automatically contains the initial conditions also.

p Example 6.7. Consider an exponentially-decaying forcing function which begins at
t=0:

F(t) = Foe™ ™, t>0 (1)
The solution for x(t) according to Green’s method is

t

F o oo
x(t)= —>| e e B sinw,(t — t)dt’ )
mw, fo

Making a change of variable to z = w,(t — t'), we find

ot
F I o
x(t) = —% o 1 lr— Mo G = 4y
mwy

T —1;0)4”:“ o [e—w —e B (cos Wyt — ywlﬁsin w,t)] (3)
This response function is illustrated in Fig. 6-14 for three different combinations of
the damping parameters, § and y. When y is large compared to 8, and if both are
small compared to w,, then the response approaches that for a *‘spike”; compare
Fig,. 6-12 with the upper curve in Fig. 6-14. When y is small compared to §, the response
approaches the shape of the forcing function itself, i.e., an initial increase followed by
an exponential decay. The lower curve in Fig. 6-14 shows a decaying amplitude on
which is superimposed a residual oscillation. When B and y are equal, Eq. (3) becomes

x(1) = %e_‘"(l —coswyt), f=y @

wy

Thus, the response is oscillatory with a *‘period” equal to 2n/w, but with an exponenti-
ally decaying amplitude, as shown in the middle curve of Fig. 6-14.
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_ Fym
(y — B + of

_ Fo/m ]
(7 — B + w}

x(t)

Fo/m
(7 — B + ol

x(t)
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A response of the type given by Eq. (3) could result, for example, if a quiescent, but
intrinsically oscillatory electronic circuit were suddenly driven by the decaying voltage
on a capacitor.

6.8 Electrical Oscillations

Although it has been implicit in most of the preceding discussion that
we were considering the motion of mechanical systems, it will have been
apparent to the reader with some knowledge of electrical circuit theory
that the development which was given applies equally well to electrical
systems (or to acoustical systems, for that matter, but we shall consider
here only the electrical case).

Consider, then, the electrical circuit shown in Fig. 6-15 which consists
of inductive, resistive, and capacitive circuit elements connected in series
to a source of alternating emf. If the capacitor has a charge g = ¢(t) and
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Eycoswt R

T C
I
1]
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if a current i = i(t) = dq/dt flows in the circuit, then the equation which
relates the sum of the potential differences around the circuit to the
impressed emf is

di 1
L$+Rz+6q=Eocoswt (6.93)
or,
Lg + Rq + éq = E,cos wt (6.94)

Now, the equation which describes a damped, driven mechanical
oscillator is [cf. Eq. (6.38)]:

mx + bx + kx = F cos wt (6.95)

The electrical and mechanical equations are therefore identical if we make
identifications as in Table 6-1.

The solutions to problems of electrical oscillations are therefore similar
in every respect to those which we have already treated for mechanical
systems. The transient effects which were discussed in detail in the preceding
section are frequently of importance in electrical circuit problems. Some of
the details of the electrical case are left as an exercise (see Problem 6-25).

Table 6-1

Mechanical Electrical 1
x Displacement q Charge
X Velocity ¢ =1i Current
m Mass L Inductance
b Damping resistance R Resistance
1/k Mechanical compliance C Capacitance
F Amplitude of impressed force ‘ E, Amplitude of impressed emf
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6.9 Harmonic Oscillations in Two Dimensions

The preceding discussions have been limited to the study of a particle
whose motion is described by a single variable. We now allow the particle
to have an additional degree of freedom and discuss the motion in two
dimensions. We consider the case in which the restoring force is propor-
tional to the distance of the particle from the force center which is taken
to be at the origin. Therefore, the force is given by

F= —kr (6.96)

which can be resolved in polar coordinates into the components

F,= —krcosf = —kx
] (6.97)
F,= —krsinf = —ky
and the equations of motion are
%+ wix =0
) (6.98)
j+ gy =0
where, as before, w3 = k/m. The solutions are
x(t) = A cos{wyt — o)
(6.99)
y(t) = B cos(wot — B)

Thus, the motion is one of simple harmonic oscillation in each of the
two directions, both oscillations having the same frequency but possibly
differing in amplitude and in phase. We may obtain the equation for the
path of the particle by eliminating the time ¢t between the two equations
(6.99). First, we write

y(t) = Bcos[wt — a + (2 — f)]
= B cos{wyt — a)cos(a — B) — Bsin(wgt — o) sin(a — f)  (6.100)

Defining § = « — B and noting that cos(wyt — «) = x/A, we have

y = gx cosd — B /1 — (x2/A?)sin &
or,

Ay — Bxcosd = -B. /A% — x%sind
and upon squaring, this becomes

A%y? — 2ABxycos § + B2x? cos?d = A*B?sin?é — B*x?sin%s
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so that
B?x? — 2ABxycos 6 + A*y? = A*B?sin%s (6.101)

Except for the degenerate cases which result in straight lines or circles,
the curves described by this equation are all ellipses, the easily recognizable
equation for which results if J is set equal to +n/2:

X2 y2

e + 3= 1; 0= +n/2 (6.102a)

Moreover, if the amplitudes are equal, A = B, then
x>+ y?=A4% S=4mn/2, A=B (6.102b)

which is the equation of a circle.
If the phase & vanishes, then

B*x? — 2ABxy + A%y = 0; 6=0
Factoring,

(Bx — Ayy* =0
which is the equation of a straight line:

y=—xi 8=0 (6.103a)

Similarly, the phase § = + = yields the straight line of opposite slope:
B

y=—a% 0=1%mn (6.103b)

The curves of Fig. 6-16 illustrate these results for the case A = B.

N \>

5 S0 N x

= 90° § = 120° o = 150° d = 180° o = 210°

d = 270° o = 300° = 330° o = 360°
FiG. 6-16
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In the general case, the frequencies for the motions in the x- and y-
directions need not be equal, so that Egs. {(6.99) become

x{(t) = A cos{w,t — a)
y(t) = Bcos(w,t — B)

The path of the motion is no longer an ellipse, but is a Lissajous curve.®
Such a curve will be closed if thc motion repeats itself at regular intervals
of time. This will be possible only if the frcquencies w, and w, are com-
mensurable, ie., if w,/o, is a rational fraction. Such a case is shown in
Fig. 6-17, in which o, = jw, (also, 4 = B and « = f§). In the event that

(6.104)

y

24

FiG. 6-17

the ratio of the frequencies is not a rational fraction, the curve will be
open; that is, the moving particle will never pass twice through the same
point with the same velocity. Therefore, after a sufficiently long time has
elapsed, the curve will pass arbitrarily close to any given point lying within
the rectangle 24 x 2B and will therefore ““fill”” the rectangle.t

It is interesting to note that the two-dimensional oscillator is an example
of a systcm in which an infinitesimal change can result in a qualitatively
different type of motion. Although the motion will be along a closed path
in the event that the two frequencies are commensurable, if the frequency
ratio deviates from a rational fraction by even an infinitesimal amount,
then the path will no longer be closed and it will “fill” the rectangle. In
order for the path to be closed, the frequency ratio must be known with
infinite precision to be a rational fraction.

* First demonstrated in 1857 by Jules Antoine Lissajous (1822-1880).
T A proof is given, for example, by Haag (Ha62, p.36)
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In the event that the frequencies for the motions in the x- and y-directions
are different, then the shape of the resulting Lissajous curve* is strongly
dependent upon the phase difference 6 = o« — B. Figure 6-18 shows the
results for the case w, = 2w, for phase differences of 0, n/3, and =/2.

y
x [
w, =2m,;6=10" w,=2w.;6=m/3 o, =2w,;0=m/2

FiG. 6-18

Three-dimensional motion can be analyzed in a similar manner (see
Problem 6-26).

6.10 The Use of Complex Notation

It was noted in Section 6.4 that a general forcing function may be
represented by an infinite series of harmonic terms. Because of the fact
that linear differential equations follow the principle of superposition, we
were able to limit the choices of forcing functions to quantities of the form
A cos wt without any loss of generality. Thus, the equation of motion of a
forced, damped harmonic oscillator was written as

X + 2% + wix = Acoswt (6.105)

In some situations, however, it becomes expedient to use complex
notation. Thus, we may write

X 4 2Bx + wix = Aé' (6.105a)

where we understand that only the real part of the right-member is to be
considered. Since A4 is a real quantity and since the real part of exp(iwt)
is cos wt, Egs. (6.105) and (6.105a) are therefore identical. But continuing
with the complex notation we take as the trial particular solution

x,(t) = Bei" (6.106)

* Sketches of the Lissajous curves for several different frequency ratios and phase differences
may be found, for example, in Sears (SeS8, p. 313).
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where B may be complex. We have then
(—w? + 2ifw + wi)Be'™ = A
or,

A
B = 6.107
w§ — w? + 2ifw (6.107

Multiplying numerator and denominator by the complex conjugate of the
denominator, we find

B (w3 — wH)A N —2ifwA
(@2 — 0?)? 40 (0 — 0?)? + 4f%0?

Hence, we have

(0§ — w4
Re B =
© (w5 — w?)? + 4p%°w?
iy (6.108)
ImB = —2fwA

(Wi — w?)? + 4p%w?
where “Re” and “Im” stand for *real part of” and ‘‘imaginary part of”,
respectively. Figure 6-19 shows the forms of Re B and Im B for two different
values of the damping parameter S.

The use of the complex notation is a convenient mathematical device:
for cxample, if x = exp(iwt), then the time derivative of x is simply iwx;
i.c., the operator d/dt may be replaced by iw. In addition, the real and
imaginary parts of B may carry independent physical information. These
functions are encountered in the discussion of electromagnetic phenomena*
where it is found that Im B describes the absorption and that Re B describes
the dispersion of an electromagnetic or light wave in a dielectric medium.
For the present, however, we are concerned with the product B exp(iwt)
and, in particular, with the real part of this product. Since it is always
possible to express a complex quantity as the product of the magnitude of
the quantity and a phase factor, we may write

Be it ]B|€w"5 iot _ |Biei(wz~6) (6109)
where we have chosen — o for the phase. Then,
|B| = /BB* = \/(Re B)? + (Im B)?
A
\/(w ’ 4+ 4%

* See Marion (Ma65b, Chapter 9).

(6.110)
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B |
1
j
1
0 g 0 w
Re B
B
B = /10
[Im Bj
0 Wy w
\/R} B
FiG. 6-19
and where the phase angle i1s given by
Im B 2fw
= (B) i ) ey
4 Re B wi — w? ( )

Therefore, the real part of the solution is
Re(Be") = |B| cos(wt — J)
A
= cos(wt — 0) (6.112)
V(0 — 0?)? + 420>

which is identical with the expression previously derived [Eq. (6.45)].

Suggested References

The subject of harmonic oscillations is a standard topic and is treated in most texts
on mechanics. More or less the same material is discussed at the intermediate
level by: Blass (B162, Chapter 2), Constant (Co54, Vol. 1, Chapter 6, Sections 5, 7,
and 8), Houston (Ho48, Chapter 4), Joos and Freeman (Jo50, Chapter 5, Sections
7-9), Page (Pa52, Sections 27 and 28), Slater and Frank (SI47, Chapter 2),
Sommerfeld (S050, Chapter 3), Symon (Sy60, Chapter 2, Sections 7-11), and
Wangsness (Wa63, Chapter 5).
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The treatments of Becker (Be54, Chapter 7) and Halfman (Ha62a, Vol. 1, Chapter 7)
contain somewhat more detail than those listed above; Halfman discusses response
functions with a leaning toward engineering applications.

At the advanced level, Landau and Lifshitz (La60, Chapter 5) give a brief but elegant
discussion. A standard work on vibratory phenomena is that of Morse (Mo048, see,
particularly Chapter 2). McLachlan’s little book (Mc51) treats a variety of topics
(linear, one-dimensional systems are discussed in Chapters 1 and 2). A compre-
hensive treatment is given in the excellent book by Andronow and Chaikin (An49,
Chapter 1).

Intermediate texts on electricity and magnetism frequently contain material on
electrical oscillations in connection with AC circuit analysis; see, for example,
Peck (PeS53, Chapter 11), Reitz and Milford (Re60, Chapter 13), and Scott (Sc59,
Chapter 9). Electrical engineering texts may be consulted for even greater detail.

Green’s functions are discussed, for example, by Churchill (ChS8, Chapter 9) in
connection with a general treatment of operational methods for the solution of
differential equations. An extensive discussion is also given by Dettman (De62,
Chapter 4).

Problems

6-1. A particle of mass M is suspended from a spring of uniform density
which also has a mass M and whose force constant is k. Show that the
oscillation frequency is @ = \/gwo/Z, where w, is the oscillation frequency
in the event that the spring has negligible mass.

6-2. A pendulum is suspended from the cusp of a cycloid* which is cut
in a rigid support, as shown in the figure. Show that the path described by

y

the pendulum bob is cycloidal and is given by
x = a(ep — sin @); y=alcosgp — 1)
* The reader unfamiliar with the properties of cycloids should consult a text on analytical
geometry.
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where the length of the pendulum is / = 4a, and where ¢ is the angle of
rotation of the circle which generates the cycloid. Show that the oscil-

lations are exactly isochronous with a frequency w, = ./g/l, independent
of the amplitude.t

6-3. Refer to Eq. (6.20). Allow B to approach the value wy Expand the
exponentials and show that in the limit 8 = w,, Eq. (6.28) is obtained.

6-4. Refer to Fig. 6-1. Show that the time difference between successive
points of contact of the amplitude curve with a given envelope is 2n/w;.
Show also that the time difference between a maximum of the amplitude
and the corresponding point of contact with the envelope is the same for
every maximum.

6-5. Express the instantaneous total energy of a damped oscillator as the
sum of the kinetic and potential energies. Show that the energy does not
decrease in a steady fashion. Sketch the rate of energy loss of the oscillator
as a function of time.

6-6. In Horologium Oscillatorium, Huygens states the following theorem
(number IX). “If a pendulum which swings around in a cone describes
exceedingly small circuits, the times of describing each of them will have
the same ratio to the time of perpendicular fall through a distance equal
to twice the length of a pendulum as the circumference of a circle has to
its diameter ; and further, will be equal to the time of two lateral oscillations
of the same pendulum, if they are very small.” Prove the statements in
this theorem.

6-7. Show that the principle of superposition does not apply to a non-
linear differential equation such as

42
(F + ay)y = F()
6-8. If the amplitude of a damped oscillator decreases to 1/e of its initial
value after n periods, show that the frequency of the oscillator must be
approximately [1 — (8z%n%)"!] times the frequency of the corresponding
undamped oscillator.

6-9. For a damped, driven oscillator, show that the average kinetic energy
is the same at a frequency which is a given number of octaves above reson-
ance as at a frequency which is the same number of octaves below resonance.

6-10. Show that if a driven oscillator is only lightly damped, then the Q
of the system is approximately
t The isochronism of the cycloidal pendulum was discovered by Christian Huygens in 1657.
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y Total energy
Energy loss during one period

Q=2=x

6-11. For a lightly damped oscillator, show that Q = wy/Aw, where Aw
is the width of the resonance curve at the points for which the amplitude is

1/\/5 of the maximum amplitude.

6-12. Refer to Fig. 6-8, and show that the equation of the line which
separates region II from region III of the phase plane is x = —(8 + w,)x.
Proceed as follows. For definiteness assume x, > 0. Show that if x(t)
vanishes for some positive time t,, then ¢, is a root of the equation

pw-an —  _ Xold2 — 41)
Xo + 42X
where q; = f — w, and q, = —f — w,. Show that the condition for a
positive root ¢ is
X
—2 >0
Xo + 42%¢

which leads to the desired equation of the line. What path is followed by
a representative point which has the initial condition x5 = —(f + w,)x,?
Sketch x(z) for this case.

6-13. Consider an oscillator that is subject to a damping force F, which
isin a direction opposite to the velocity and which is constant in magnitude.*
Theréfore, the equation of motion is
5é+i_F0+w§x=0
m|x|

Construct the phase diagram for such an oscillator by considering the
coordinates of the diagram to be x and X/w,. Show that a phase path
consists of arcs of circles and that the center of the arc shifts between
x = +Fo/mw) and x = — Fo/mw} each time the phase path crosses the
x-axis. Show that, depending on the initial conditions, any point in the
interval —Fo/mw? < x < 4 Fy/mw? can be the eventual position of equi-
librium. Sketch the phase diagram and the x versus t curve for the oscillator.
Does the oscillator require a finite or an infinite time to reach equilibrium?
What is the decrement of the motion (i.e., how much does the amplitude
decrease during one complete cycle)?

* Such a force represents Coulomb friction, an important source of damping in situations
in which sliding occurs. Historically, Coulomb friction in oscillatory problems first received
detailed attention in connection with the analysis of chronometer movements,
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6-14. A damped linear oscillator, orignally at rest in its equilibrium
position, is subjected to a forcing function given by

. [o, t<0

t

—):< a-(t/7), O<t<rt
m

a, t>1

Find the response function. Allow 7 — 0 and show that the solution
becomes that for a step function.

6-15. Obtain the response of a linear oscillator to a step function and to
an impulse function (in the limit 7 — 0) for the case of overdamping.
Sketch the response functions.

6-16. Calculate the maximum values of the amplitudes of the response
functions shown in Figs. 6-10 and 6-12. Obtain numerical values (in units
of ajw?) for B = 0.2m,.

6-17. Consider an undamped linear oscillator with a natural frequency w,.
Calculate and sketch the response function for an impulse forcing function
which acts for a time © = 2n/wy. Give a physical interpretation of the
results.

6-18. Obtain the response of a linear oscillator to the forcing function

F 0, ' t<O0
ﬂ: a sin wt, 0<t<nmow
m

0, t > n/w

Consider both underdamping and overdamping and sketch the response
functions.

6-19. Obtain the response of a linear oscillator to a ramp function:
F(t) {0, t<0

m a-(t/1), t>0

Sketch the response function for underdamping and for overdamping.

6-20. Obtain the response of a linear oscillator to a combined step and

ramp ful’lC[iOI’l .
0

t
a~<1+~>, t>0
T

Show that the response is just the sum of the responses for the step and
ramp functions individually. (Principle of superposition.)
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6-21. Derive an cxpression for the displacement of a linear oscillator
analogous to Eq. (6.83) but for the initial conditions x(ty) = x, and
X(to) = Xo.

6-22. Derive the Green’s-method solution for the response due to an
arbitrary forcing function by considering the function to consist of a series
of step functions; i.e., start from Eq. (6.80) rather than from Eq. (6.83).

6-23. Use Green’s method to obtain the response of a damped oscillator
to a forcing function of the form

t<0
F(t) = L
Foe 7' sin wt, t>0

6-24. Suppose that therc are two linear oscillatory systems A and B whose
natural frequencies and damping constants are wg, @og and S, S5,
respectively. Both systems are quiescent at ¢ = O at which time a forcing
function F(t) = Fycoswt is applied to A. System A is coupled to and
drives system B. Use Green’s method and obtain the response of system B.
Discuss the behavior of system B for different frequencies and damping
constants.

6-25. Consider a series clectrical circuit which contains a capacitance C,
and inductance L, and a resistance R. An emf E, cos wt is impressed on
this circuit. Discuss the transient and steady-state solutions. What is the
frequency of the underdamped transient oscillation? What is the steady-
state expression for the current? Identify the impedance and the reactance
of the circuit. What is the phase lag of the current behind the emf? Find
the frequency for maximum current.

6-26. Discuss the motion of a three-dimensional harmonic oscillator which
is confined to move in a ‘“‘box’’ with dimensions 24, 2B, and 2C.

6-27. Work through the development of Section 6.7 using complex nota-
tion.



CHAPTER 7

Nonlinear Oscillations

7.1 Introduction

The extensive discussion of linear oscillatory systems given in the pre-
ceding chapter is warranted by the great importance of oscillatory pheno-
mena in many areas of physics and engineering. It is frequently permissible
to use the linear approximation in the analysis of such systems. The useful-
ness of these analyses is due in large measure to the fact that analytical
methods can usually be employed. When pressed to divulge greater detail,
however, Nature insists on being nonlinear in general.

In making the transition from lincar to nonlinear systems, wc must
exercise some caution since many of thec more useful results of linear
analysis are not applicable for nonlinear systems. Most important is the
fact that the principle of superposition docs not apply for nonlinear
differential equations. Therefore, if we find the response of a nonlinear
system to two separate forcing functions, the application of a combination
of the forcing functions will not in gencral result in a response which is
the sum of the individual responses. This fact makes difficult the generaliza-
tion of solutions of nonlinear equations; cssentially every problem must be
treated as a special case. Therefore, in order to contend with these equations,

169
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a large number of techniques have been developed. In this chapter we shall
discuss several of the more useful methods of attack. We begin with qualita-
tive considerations which can be expressed graphically in terms of phase
diagrams and then proceed to some of the more quantitative methods.
Certain types of nonlinear equations can be solved in terms of elliptic
integrals but more often one must resort to various approximation pro-
cedures. The techniques of successive approximations and perturbation
expansions are therefore discussed in some detail.

7.2 Oscillations for General Potential Functions

Consider the motion of a particle in some arbitrary conservative force
field for which the potential energy of the particle as a function of its
displacement may be represented by a curve such as that in Fig. 7-1. Now,
in general, for a conservative system,

E =T+ U = const.

or,
E =1mi? + Ux) (1.1)

from which

%=/ 2[E — U] ' (72)
J

If the particle has a total energy E as indicated by the horizontal dashed
line in Fig. 7-1, then we may distinguish several possible cases for the
motion:

(a) x < x;. In this region the potential energy exceeds the total energy,
so that, according to Eq. (7.2), the velocity is imaginary. Hence, the particle
is excluded from this region.

Ulx)

Fig. 7-1
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(b) x; < x < x,. In this region the total energy exceeds the potcntial
energy so that the particle is permitted to movc within the limits x = x,
and x = x,. At these two extremes, wc havc E = U and hence the velocity
is zero. These points are called the turning points of the motion, sincc the
particle must reverse its motion upon reaching the potential barrier at
either extreme. The motion is therefore oscillatory within the potential well
defined by U(x) between x = x; and x = x,.

(¢) x, < x < x5. This region is again excluded since E < U.

(d) x > x;. If U(x) is always less than its value at x3, the entire rcgion
from x = x5 to x — oo is a permissible region. If the particle approaches
x = x5 from larger x, then when the potential barrier is encountered the
particle is reflected and proceeds unimpedcd out again to infinitcly large x.

The period of motion in a potential well may be obtained by integrating

Eq. (1.2):
BN

If E = const. is considered the parameter of the motion, then, since the
motion is symmetrical, the period is equal to twice the transit time from
X =x;t0X =Xx;5:

(7.3)

x2(E)
2mf (7.4)

By E — U )

where the turning points x = x; and x = x, are given by the roots of

Eq. (7.2) for x = 0, i.e., for U(x) = E. Note that this is an improper integral

(the integrand becomes infinite at the limits), but on physical grounds the

integral must exist since the motion lies entirely within the potential well.
If the potential energy is of the form

U(x) = 3kx? (7.5a)
then the corresponding force is
F(x) = — kx (7.5b)

This is just the case of simple harmonic motion discussed in Scction 6.2.
Now, if a particle moves in a potential well which is some arbitrary function
of distance, then in the vicinity of the minimum of the well, the potential
can usually be quite well approximated by a parabola. Therefore, if the
energy of the particle is only slightly greater than U,;,, then only small
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amplitudes are possible and the motion is approximately simple harmonic.
If the encrgy is appreciably greater than U, so that the amplitude of the
motion cannot be considered small, then it may no longer be sufficiently
accurate to make the approximation U(x) = 1kx? and we must deal with

a nonlinear force.*

F(x) F(x)
AN Linear N
N \\
\\ Linear O
x x
e>0 e<0
(Soft) (Hard)
\\\ \\
\\\ \\
N \\\
N N
U{x) Parabolic Parabolic U(x)
{ /
\\ /’ \ //
\ i \ }
\ / \
\ / \ /
\ / \ /
\ / \ /
\ ) /
\\ /
\ )
0 x 0 X
FiG. 7-2

In many physical situations the deviation of the force from linearity is
symmetrical about the equilibrium position (which we take to be at x = 0).
That is, the magnitude of the force exerted on a particle is the same at —x
as at x; the direction of the force is, of course, opposite in the two cases.
Therefore, in a symmetric situation, the first correction to a linear force
must be a term proportional to x> ; hence,

F(x) = — kx + &x? (7.6a)

* Much of the pioncering work in nonlinear oscillations was made during the 1880’s by

Jules Henri Poincaré (1854-1912).
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where ¢ is usually a small quantity. The potential corresponding to such a
force is

U(x) = 3kx? — dex* (7.6b)

Depending upon the sign of the quantity &, the force may either be
greater or less than the linear approximation. If ¢ > 0, then the force is
less than the linear term alone and the system is said to be soft; if £ < 0,
then the force is greater and the system is hard. Figure 7-2 shows the form
of the force and the potential for a soft and a hard system.

P> Example 7.2. Consider a particle of mass m which is suspended between two identical
springs, as in Fig. 7-3a. If both springs are in their unextended conditions (i.e., there
is no tension, and therefore no potential energy, in either spring) when the particle is
in its equilibrium position, and if we neglect gravitational forces, then when the particle
is displaced from equilibrium (Fig. 7-3b), each spring exerts a force —k'(s — [) on the
particle (k' is the force constant of each spring). The net (horizontal) force on the
particle is

F= —2k'(s — D)sin 6 (1)
Now,

s=JE+x? Q)

(a) Equilibrium position (b) Extended position

FiG. 7-3
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so that

+

Hence,
W' S
F:_'—*—*( [2+X2'—[)
I+ x? Vr
i 1
= '—2]\’((] —";;;,"#) (4)
V1 /)

If we consider x/I to be a small quantity and expand the radical, we find

el 2

If we neglect all terms except the Icading term, we have, approximately,

Fx) = —(k'/P)x* (6)
Therefore, even if the amplitude of the motion is sufficiently restricted so that x/l is a
small quantity, we still have the result that the force is proportional to x®. The system
is therefore intrinsically nonlinear. On the other hand, if it had been necessary to

stretch each spring a distance d in order to attach it to the mass when at the equilibrium
position, then we would find for the force {(see Problem 7-2)

F(x) = —(Kd/l)x — [K( = dy/P]x? (7)

and a linear term is introduced.
From Eq. (7) we identify

= —k(l—dyP <0 (8)

Thus, the system is hard, and for oscillations with small amplitude the motion is
approximately simple harmonic.

In real physical situations we are often concerned with symmetric forces
and potentials, but there also exist cases which have asymmetric forms;
for example,

F(x) = — kx + ix? (7.7a)
the potential for which is
Ulx) = Jkx? — +ix3 (7.7b)

This casc is itlustrated in Fig. 7-4, in which the system is hard for x > 0
and soft for x < 0.
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In Sections 7.5 and 7.6 we shall investigate some details of the motions in
symmetric and in asymmetric potentials.

Linear
N F(x)
\\\,/
\\
X
(Soft) (Hard) A
| U(x)
1
'1‘ I,’,/Parabolic
! /
\ /
\ /
0 x
FiG. 7-4

7.3 Phase Diagrams for Nonlinear Systems

The construction of a phase diagram for a nonlinear system may be
accomplished by using Eq. (7.2); thus,

x(x) oc JE — Ul(x)
Since U(x) is in general a complicated function, it is possible to obtain an
analytic expression for x(x) only in rare instances; it is usually necessary
to resort to various approximation procedures. On the other hand, it is
relatively easy to obtain a qualitative picture of the phase diagram for the
motion of a particle in an arbitrary potential. For example, consider the
asymmetric potential shown in the upper portion of Fig. 7-5, which rep-
resents a system that is soft for x < 0 and is hard for x > 0. If there is

no damping present, then since x is proportional to JE — U(x‘)A, it is
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Fig. 7-5

clear that the phase diagram must be of the form shown in the lower
portion of the figure. Three of the oval phase paths are drawn, corresponding
to the three values of the total energy indicated by the dotted lines in the
potential diagram. For a total energy only slightly greater than that of the
minimum of the potential, the oval phase paths approach ellipses. If the
system is damped, then the oscillating particle will “spiral down the
potential well” and eventually come to rest at the equilibrium position,
x =0

For the case shown in Fig. 7-5, if the total energy E of the particle is
less than the height to which the potential rises on either side of x = 0,
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then the particle is “trapped” in the potential well (cf. the region
X, < X < X, in Fig. 7-1). The point x = 0 is a position of stable equili-
brium. (A position of equilibrium is said to be stable if a small disturbance
results in locally bounded motion; this is clearly the case for the potential
of Fig. 7-5.)

E,
Eo
U
E,
X
X

S

S
Wy

In the vicinity of the maximum of a potential, a qualitatively different
type of motion occurs, as shown in Fig. 7-6. Here, the point x = 0 is one of
unstable equilibrium, since, if a particle is at rest at this point, then a slight
disturbance will result in locally unbounded motion.*

* ]t is clear that the definition of instability must be in terms of locally unbounded motion,

for if there are other maxima of the potential which are greater than the one shown at x = 0,
the motion will be bounded by these other potential barriers.

§

FiG. 7-6
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7
\\
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If the potential in Fig. 7-6 were parabolic, ie., if U(x) = — tkx?, then
the phase paths corresponding to the energy E, would be straight lines and
those corresponding to the energies E, and E, would be hyperbolas.
This is therefore the limit to which the phase paths of Fig 7-6 would
approach if the nonlinear term in the potential were made to decrease in
magnitude.

By referring to the phase paths for the potentials shown in Figs. 7-5 and
7-6, it is possible to rapidly construct a phase diagram for any arbitrary
potential (such as that in Fig. 7-1).

Limit cycle
—

Y

Xo

FiG. 7-7

An important type of nonlinear equation was extensively studied by
Van der Pol in connection with an investigation of oscillations in vacuum
tube circuits.* This equation has the form

X — p(x2 — xHx + wix =0 (7.8)

where p is a small, positive parameter. A system which is described by
Van der Pol’s equation has the following interesting property. If the
amplitude |x| exceeds the critical value |x,|, then the coefficient of x is
positive and the system is damped. On the other hand, if |x| < {x,|, then
there is negative damping, ie., the amplitude of the motion increases. It
follows that there must be some amplitude for which the motion neither
increases nor decreases with time. Such a curve in the phase plane is called
the limit cyclet (see Fig. 7-7). Phase paths which lie outside the limit cycle

* B. Van der Pol, Phil. Mag. 2, 978 (1926). Extensive treatments of Van der Pol’s equation
may be found, for example, in Minorsky (Mi47) or in Andronow and Chaikin (An49); brief
discussions are given by Lindsay (Li51, pp. 64-66) and by Pipes (Pi46, pp. 606-610).

t The term was introduced by Poincaré and is often called the Poincaré limit cycle.
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spiral inward while those which lie inside the limit cycle spiral outward.
Inasmuch as the limit cycle defines locally bounded motion, we may refer
to the situation which it represents as being stable.

A system which is described by Van der Pol’s equation has the property
that it is self-limiting. That is, once set into motion under conditions that
lead to an increasing amplitude, the amplitude is automatically prevented
from growing without bound. We have seen that this is true for any system
which has (positive) damping, but it is also generally true for nonlinear
systems even in the absence of damping. For example, consider an oscillator
which is subject to a restoring force F(x) = —kx when the amplitude of
oscillation is small. If the oscillator is driven at the natural frequency w,, then
the amplitude will begin to increase. For an undamped, ideally linear oscil-
lator, the amplitude would increase without limit. But if the restoring force
actually contains nonlinear terms, then as the amplitude increases these
terms cause the natural frequency to shift away from the original frequency
w,. The oscillator is then no longer in resonance with the driving force and
the amplitude will not increase without limit.

7.4 The Plane Pendulum

The solutions of certain types of nonlinear oscillation problems can be
expressed in closed form by means of elliptic integrals.* An example of this
type is the plane pendulum. Consider a particle of mass m that is constrained
by a weightless, extensionless rod to move in a vertical circle of radius [, as
in Fig. 7-8. The gravitational force acts, of course, in the downward direction,
but the component of this force which influences the motion is that which

Fig. 7-8

* See Appendix E.4 for a list of some elliptic integrals.
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is perpendicular to the support rod. This force component, shown in Fig. 7-9,
is simply F(0) = — mgsin 6. The plane pendulum is clearly a nonlinear
system with a symmetric restoring force. It is only for small angular devia-
tions that a linear approximation may be used.

The equation of motion for the plane pendulum is most easily obtained
by equating the torque about the support axis to the product of the angular
acceleration and the moment of inertia about the same axis:

10 = IF (7.9)
or, since I = ml?,
Lﬁﬁ+aﬁﬁno=0 (7.10)
where
wi=t (7.11
0 — l . )

If the amplitude of the motion is small, we may approximate sin 6 = 0,
and the equation of motion becomes identical with that for the simple
harmonic oscillator:

0+ w30 =0 (7.12)
Linear
approximation
\\\ F(O)
n
“x 5
\\
U
! !
] i
-7 0 n

]
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In this approximation, the period is given by the familiar expression

T X Zn\lg— (7.13)

If we wish to obtain the general result for the period in the event that
the amplitude is finite, we may begin with Eq. (7.10). However, since
the system is conservative, we may use the fact that

T+ U = E = const. (7.14)

to obtain a solution by considering the energy of the system rather than by
solving the equation of motion.

If the zero of potential energy is taken to be the lowest point on the
circular path described by the pendulum bob (ie., 0 = 0; see Fig. 7-9),

the kinetic and potential energies may be expressed as
T = Yaw? = iml*)? (.15)
U = mgl(l — cos0)

If we let 8 = 8, at the highest point of the motion, then

T(0 = 8y) = 0 (7.16)
U0 = 0y) = E = mgl(1 — cos 0,)

Using the trigonometric identity

cosf) = 1 — 2sin?(6/2)
we have

E = 2mgl sin?(0,/2) (7.17a)
and

U = 2mgl sin*(8/2) (7.17b)

Expressing the kinetic energy as the difference between the total energy and
the potential energy, we have

ni20? = 2mgl[sin¥(0,/2) — sin®(0/2)]
or,

=2 ﬁ—[sinz(oo/z) —sin(0/2)]* (7.18)

from which

dt = %\/g[sinz(Oo/Z) — sin?(0/2)] " * do (7.19)
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This equation may be integrated to obtain the period 7. Since the motion
is symmetrical, the integral over 6 from 6 = 0 to 8 = 6, will yield t/4;
hence,

8o
=2 fj [sin%(0y/2) —sin*(0/2)]"* do (7.20)
g+Yo

That this is actually an elliptic integral of the first kind* may be seen more
clearly by making the substitutions

sin (6/2)

= oo k=m0 (7.21)
Then,
cos (6/2) 1 — k’22
~2 §1n((){,/2 w0 =Y w4 72
from which
l 3
T =14 \/;{‘jo [ — 251 — k?z%)] *dz (7.23)

Numerical values for integrals of this type may be found in various tables.

In order for oscillatory motion to result, 8, < m, or, equivalently,
sin(0y/2) = k < 1. For this case, the integral in Eq. (7.23) may be evaluated
by expanding (1 — k?2z%)”% in a power series:

. K2z 3kézt
(1 . kZZZ)_z =1 -+ _22‘_ -+ ,___82_ R (724)

Then the expression for the period becomes

"‘4\/j kzz2 3k4z4+”]
t 0(1—2% 2 T3
o [raRl s
B gl2 222 8§ 82

1'[ k?  9k* ]
== \/g 1+ 4 + 7 + (7.25)

If k is large (i.e., near 1), then many terms will be necessary to produce a
* Refer to Egs. (E.27a) and (E.27b), Appendix E.
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reasonably accurate result. However, for small &, the expansion converges
rapidly, and since k = sin(0,/2), then k = (0,/2) — (0%/48), and the result,
correct to the fourth order, is
1 1 1

~2n |- [l + —85 + ---——04] 7.26
N TR (7.26)
We therefore see that although the plane pendulum is not isochronous,

it is very nearly so for small amplitudes of oscillation.*
The phase diagram for the plane pendulum (Fig. 7-10) is easy to con-
struct since Eq. (7.18) provides the necessary relationship, 6 = 6(6). The

parameter 8, specifies the total energy through Eq. (7.17a). If 0 and 6, are
small angles, then Eq. (7.18) may be written as

2
(f@) + 0> = 05 (7.27)
4

That is, if the coordinates of the phase plane are 0 and é/\/rgﬁ, then the
phase paths near 0 = 0 are approximately circles. This result is expected,
since for small 0, the motion is approximately simple harmonic.

For —n <0 < n and E < 2mgl = E,, the situation is equivalent to a
particle bound in the potential well U()) = mgi(1 — cos 0) (see Fig. 7-9).
The phase paths are therefore closed curves for this region and are given by
Eq. (7.18). Since the potential is periodic in 0, exactly the same phase paths
exist for the regions n < 8 < 37, —3n < 8 < —m, etc. The points 0 = ...,
—2m, 0, 27, ... along the f-axis are positions of stable equilibrium.

For values of the total energy that exceed E,, the motion is no longer
oscillatory, although it is still periodic. This situation corresponds to the
pendulum executing complete revolutions about its support axis. The phase
paths for this type of motion have the bounds

2NE — EJE, < 6)\/g/l < 2/E/E,

but are not restricted in the 8 direction (see Problem 7-8).
If the total energy equals E, then Eq. (7.17a) shows that 0, = =. In this

case Eq. (7.18) reduces to
6=+ 2\/% cos(6/2)

so that the phase paths for E = E, are just cosine functions (see the heavy

* This fact was discovered by Galileo in the cathedral at Pisa in 1581. The expression for
the period of small oscillations was given by Huygens in 1673. Finite oscillations were first
treated by Euler in 1736.



184 7 * NONLINEAR OSCILLATIONS

curves in Fig. 7-10). There are two branches, depending on the direction of
motion.

/ ;
Stable equilibrium Unstable equilibrium

Fic. 7-10

The phase paths for E = E; do not actually represent possible continuous
motions of the pendulum. If the pendulum were at rest at, say 6§ =«
(which is a point on the E = E; phase paths), then any small disturbance
would cause the motion to follow closely but not exactly on one of the phase
paths which diverge from 8 = = since the total energy would be E = E; + 6,
where J is a small but nonzero quantity. If the motion were along one of
the E = E, phase paths, the pendulum would reach one of the points
0 = nn with exactly zero velocity, but only after an infinite time! (This may
be verified by evaluating Eq. (7.20) for 6, = n; the result is 1 — 0.)

A phase path which separates locally bounded motion from locally
unbounded motion (such as the path for E = E; in Fig. 7-10) is called a
separatrix. A separatrix always passes through a point of unstable equili-
brium. (See also Fig. 7-6.)
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M 7.5 Nonlinear Oscillations in a Symmetric Potential—The
Method of Successive Approximations

We now consider the forced motion of a particle in a symmetric, hard
potentidl of the form

U(x) = 2kx? — fmex*, €< 0 (7.28)
with the force given by
F(x) = — kx + mex®, e<0 (7.29)

If the oscillating particle has a mass m and if there is an impressed force
A cos wt, then the differential equation which describes the motion is

mi + kx — mex® = Acos wt (7.30)
or,

% = ex® — w§x + Bcos wt (7.30a)

where w? = k/m and B = A/m. We begin the approximation procedure in
the same way that we would attempt to obtain an approximate solution
for a transcendental equation: viz., if we have y = f(y), where f(y) is a
transcendental function, then we guess a root of the equation y —f(y)=0
and substitute this value into f(y) and solve the resulting equation for y.
This new value is then substituted into f(y) and the procedure repeated.
If our original guess for y was not too different from the actual root, then
this iterative procedure will converge rather rapidly and a result of the
desired accuracy may be readily obtained. In the same way, we now choose
a first trial function*

x,(t) = C cos wt (7.31)

where the amplitude is not arbitrary and must eventually be determined.
Substituting x,(t) into the right-hand side of Eq. (7.30a), we find

¥ = ¢C3cos® ot — wiC cos wt + Bcos wt
We may expand cos*wt according to the identity
cos® wt = }cos 3wt + 2 cos wt
with the result

¥ = (36C? — wiC + B)cos wt + %eC? cos 3wt (7.32)

* For simplicity we do not include a phase in this trial function. We shall return to this
point later and argue qualitatively concerning the effect of including a phasc.
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The next step would be to solve this equation and to substitute the result
again into the right-hand side of Eq. (7.30a). We need not carry out this
calculation in detail, however, since it is clear that the solution will be the
sum of two terms, one proportional to cos wt and the other proportional
to cos 3wt. That is, the effect of the nonlinear term has been to generate a
component of the motion which has a frequency 3w, i.e., a third harmonic
of the driving frequency. Therefore, we may improve our first trial function
by adding a term D cos 3wt:

X,(t) = C cos wt + D cos 3wt (7.33)

If we continue the iterative procedure begun above, then we will find
that the next approximation to the solution for x(t) will involve terms of
frequencies w, 3w, Sw, 7w, and 9w. That is, we are generating a series of
terms consisting of all of the odd harmonics of the forcing frequency. In
order to simplify the succeeding discussion, we will limit the series to only
the first two terms, and take x,(t) as the approximate solution. Therefore,
substituting x,(t) into Eq. (7.30a), we find

— w*Ccoswt — 92D cos 3wt

= ¢&C cos wt + D cos 3wt)® — w3(C cos wt + D cos 3wt) + B cos wt (7.34)

Now, the first term on the right-hand side of this equation represents a
small correction to the motion (since the coefficient is ¢), so that in this
term we may neglect D cos 3wt compared with C cos wt without seriously
disturbing the approximation. (D is a “‘correction’ amplitude and is smaller
than C.) Then expanding cos’wt as before, we find

(3eC? + w?C — w3C + B)cos wt + (9w?D — wiD + 3C3) cos 3wt =0
(7.35)

Since the functions cos wt and cos 3wt are linearly independent, each of the
coefficients in parentheses must separately vanish. Therefore, we have

26C3 + (@* — wd)C+ B =0 (7.36a)

and,
eC3
D=y 7.36b
Hw§ — I0?) ( )
Hence, the desired approximate solution is
3

&
x,(t) = Ccos wt + W

cos 3wt (7.37)
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We note from Eq. (7.36b) that D is proportional to ¢ and is therefore a
small quantity except for frequencies w in the vicinity of wgy/3. Indeed, for
w = wy/3, D will be infinitely large and the entire analysis will be invali-
dated. This singularity occurs because we have chosen to use only two
terms of the series expansion for x(t). If we were to include more terms,
then the singularity would be removed.

The main contribution to the solution x,{f) will be from the term C cos wt,
so that we must now inquire as to the roots of the cubic equation for C.
First, we rewrite Eq. (7.36a) as

2 B . 3
(1 ~ ‘“-)c _B_3eC (7.38)

w3 wd 4 o

Then, the roots of the equation are given by the intersections in the z-C
plane of the straight line

2
B
z= (1 - ‘“—z)c - = (7.39)
Wy Wy
with the cubic parabola
3 felC?
= —= 7.39b
4 w? ( )

where we have now explicitly indicated that ¢ < 0 by introducing the
minus sign and writing ||

The qualitative features of the C versus w curve may be obtained by
referring to Fig. 7-11. We wish to determine the behaviour of C, as given
by the intersection of the curves represented by Egs. (7.39a) and (7.39b),
as we increase @ from zero. The straight line [Eq. (7.39a)] always passes
through the point z = —B/w3, C = 0. For @ = 0 the slope of the line is
unity and intersects the cubic parabola at the point P (see Fig. 7-11). This
represents the amplitude* for zero driving frequency and is so indicated on
the |C| versus w plot in Fig. 7-12. As w is increased, the intersection point
moves down the cubic parabola. For @ = wg the slope of the line is zero
and the intersection point is Q. Further increase of w results in a continuing
increase of the amplitude |C|. At the frequency w = w,; the straight line
intersects the lower branch of the cubic parabola at R and the upper branch
at M. Therefore, for the frequency w,; there are two possible amplitudes
{see Fig. 7-12). The amplitude corresponding to the point M is actually

* Figure 7-11 indicates that negative values of the amplitude C occur. In what follows (in
particular, see Fig. 7-12), we wish to consider only the magnitude of C, i.e, |C]. Actually, the
proper considerations of phase [neglected in choosing the trial functions x,(t) and x,(t)] will

remove this ambiguity in the same way in which the phase change at resonance operates to
produce positive amplitudes in the case of the undamped, forced linear oscillator [see Fig. 6-3].
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degenerate and as w is increased beyond w,, the root at M splits into two
roots, one of which yields an amplitude larger than that at M (point N)
and one which yields a smaller amplitude (point L). As w becomes infinitely
large, only the smaller of the roots on the upper branch remains finite
{point K), while the other two roots yield amplitudes that increase without
limit. The complete |C| versus w curve generated in this graphical manner
is shown in Fig. 7-12.

The fact that two of the amplitude roots approach infinity as w is
increased is a result of having taken only the fundamental and the third
harmonic term in the approximate solution; the higher-order terms in the
complete expansion will remove this singularity. We are assured that the
amplitude will remain finite even in the absence of any damping since
nonlinear oscillations are self-limiting. (See the remarks at the end of
Section 7.3.) The two “infinite” branches of the amplitude curve will, in
fact, coalesce, as shown in Fig. 7-13. The similarity of the curves in Figs. 7-12
and 7-13 and those for the driven linear oscillator without damping and
with damping (Fig. 6-3) should be noted.

iC]

i

0 o -

Fig. 7-13

If we consider a soft instead of hard system (i.e., if £ > 0), then a similar
analysis can be made.* The resonance curve for this case is tipped toward
lower frequencies, as in Fig. 7-14.

A nonlinear system which has a resonance curve such as those shown in
Figs. 7-13 and 7-14 will exhibit the phenomenon of amplitude jumps. For
example, if the driving frequency is increased, starting from zero, then the
amplitude will increase sinoothlyt until the point P is reached (follow the

* An extension of the analysis of a hard system to the case of a soft system cannot be made
without the introduction of some additional arguments; see the footnote to the Suggested
References at the end of this chapter.

tThe lower branch of the curve is actually stable; see E. V. Appleton, Phil. Mag. 47, 609
(1924).
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arrows inside the curve in Fig. 7-14). Any further increase in frequency will
cause the amplitude to increase discontinuously (jump) to the point Q.
Subsequent increases in the frequency result in a smooth decrease in the
amplitude. If the situation is reversed and the frequency is lowered, starting
at a large value (follow the arrows outside the curve), then the amplitude
will smoothly increase, reach a maximum, and then decrease until the
point R is reached. A further lowering of the frequency will cause the ampli-
tude to jump to the point S. Amplitude jumps of this general type are
observed in oscillatory motions of various kinds, both mechanical and
electrical.

||

FiG. 7-14

B 7.6 Nonlinear Oscillations in an Asymmetric Potential—The
Method of Perturbations

We now consider the case in which the potential can be represented as
U(x) = $kx? —imix® (7.40)
with the force given by
F(x) = —kx + mix? (7.41)

The differential equation which describes free oscillations without damping
for a particle moving under the influence of such a force is

4 wix —ix* =0 (7.42)

We shall obtain an approximate solution to this equation by a perturbation
calculation. Now, 4 is by hypothesis a small quantity, so that the motion of
the particle must be close to that of a simple harmonic oscillator.* Therefore,

* One must be chary in making such statements concerning nonlinear equations. Reasoning
which is based on experience with linear equations is not necessarily valid when dealing with
nonlinear equations. We will simply assume that a perturbation expansion of this type can be
made. A fundamental difficuity with this approach is discussed at the cnd of the section.
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we can express the difference between the true motion and simple harmonic
motion as a power series in 4. Thus, the solution may be written as

x(t) = xo + Axy + A%xy + oo (7.43)

where x, is the solution for the simple oscillator and x,, x5, ..., are func-
tions of the time that are to be determined. We shall limit ourselves to a
first-order calculation; i.e., we assume that / is sufficiently small so that the
approximation

x(t) = xo + Ax; (7.44)
is adequate. Substituting this expression into Eq. (7.42), we find
Ko + AXy + w3Xg + wiix, — AX§ — 20%xox; — APx2 =0 (7.45)
But, / is a small quantity, so that the terms in A% and 2* can be neglected.
[This is the same order of approximation as the neglect of such terms in
Eq. (7.43) to obtain Eq. (7.44).] Then, collecting terms,
(Ko + w3xo) + A%, + wix; — x3) =0 (7.46)
This equation must be valid for arbitrary /4 (as long as 4 is small); hence,
each term in parentheses must vanish separately:
560 + CU(Z)XO = 0 (7.473)

Xy + wix; = x¢ (7.47b)

The procedure is to obtain a solution for x,(t) from Eq. (7.47a) and then to
substitute the square into Eq. (7.47b) and solve for x(t). From Eq. (6.5a)
we have

Xo(t) = A cos wgt (7.48)
where, for simplicity, we neglect the phase ¢. Then,
x% = A? cos’wyt
A? A7
== + 7cos 2wyt (7.49)
Substitution of x3 into Eq. (7.47b) gives
2 2

Xy 4+ wix, = 5+ 5 cos 2wt (7.50)

Since the complementary function for Eq. (7.50) already occurs in the
solution for xq(t) and since the final result for x(t) will involve the sum of
Xo(t) and x,(t), we need only consider a particular integral for x,(z}. We
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choose
x(t) = Bcos2wyt + C (7.51)
Then,
A2 2
—3w2B cos 2wyt + wiC = 5+ 5 cos 2wt (7.52)
Hence,
A? A?
B=———; C=— )
6w’ 2w? (7:53)

Thus, the first-order function becomes

2 2

A A
Xl(t) = ’—‘g&g Cos 2w0t + Eag (754)

and the solution for x(t), correct to first order in 4, is

2
x(t) = A cos wyt — X-A—Z—(cos 2wt — 3) (7.55)
6wg

Therefore, we see that the inclusion of a term mAx? in the expression for
the force introduces into the motion a frequency of 2w, ie., a second
harmonic of the fundamental or natural frequency w,. If terms involving
higher powers of 4 had been allowed in Eq. (7.44), then the series of har-
monics 2w, 3Wg, 4w, . . ., would have been generated.

The perturbation procedure described above for dealing with nonlinear
equations is correct as far as it goes. But if one attempts to obtain the
solution in the next order of approximation (i.e., x,), it immediately becomes
evident that the method is subject to a fundamental difficulty. The problem
is the occurrence in the solution of a term proportional to the time* (see
Problem 7-11). Now, the bound motion of a particle in a conservative one-
dimensional potential is clearly periodic and so no term in the solution x(t)
that is proportional to t (or some power of t) is physically meaningful.
General procedures for dealing with these spurious secular terms in non-
linear equations are discussed, for example, by Andronow and Chaikin
(An49) and by Minorsky (Mi47). These methods, although quite straight-
forward, would carry us too far afield for discussion here. It must be re-
membered that even though the perturbation approach is extremely power-
ful and is in common use in many situations, the application of these
methods to nonlinear systems must be made with great care.

* This is called a secular term, one that always increases with time.
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Suggested References

The subject of nonlinear oscillations is one of the more difficult problem areas in
classical physics and in modern engineering. Much of the literature of this field is
quite complicated. Some of the treatments that are not overly complex are those of
Andronow and Chaikin (An49, Chapter 2), Ku (Ku58, Chapters 1-4), and McCuskey
(Mc59, Chapter 6); much use is made of phase diagrams. Another standard work
on the subject is that of Minorsky (Mi47).

At the intermediate level, brief discussions are given by Constant (Co54, Chapter 6)
and by Halfman (Ha62, Chapter 7). The treatment of the tipped resonance curve
for a soft system by Joos and Freeman (Jo50, Chapter 5) is succinct to the point of
being obscure. Several different methods of solution of nonlinear problems including
Laplace transforms, are discussed by Pipes (Pi46, Chapter 22); the discussion of the
tipped resonance is subject to the same criticism as is that of Joos and Freeman.*

Modern approaches to nonlinear problems that emphasize the mathematician’s view-
point (but are still quite readable) are those of Bellman (Be64) and Hochstadt
(Ho64, Chapters 6 and 7).

Problems

7-1. Show that the period of oscillation of a particle of mass m in a potential

U = Alx|", is given by
1
Tl{-
_ 2 Pam (E)”"' (n)
n\ E A F(l 1)

2

Take n = 2, evaluate the gamma functions, and thus show that t reduces to
the normal expression for a parabolic potential.

7-2. Refer to Example 7.2. If each of the springs must be stretched a
distance d in order to attach the particle at the equilibrium position (i.e.,
in its equilibrium position, the particle is subject to two equal and oppositely
directed forces of magnitude k'd), then show that the potential in which the
particle moves is approximately

U(x)y = (k'd/h)x* + [K'(I — d)/4l*]x*
Show that the period can be expressed in terms of an elliptic integral of
the first kind.

* The interested reader is invited to analyze these discussions. Note that the amplitude has
three roots at zero frequency. Can an argument be devised (based on allowing w? < 0) to
reproduce the tipped resonance curve for a soft system?
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7-3. Construct a phase diagram for the potential in Fig. 7-1.
7-4. Construct a phase diagram for the potential U(x) = —(2/3)x>.

7-5. Sketch the x versus t curve for a particle whose motion is described
by Van der Pol’s equation. Consider the cases [x(0)| > |xo| and |x(0)] < |xo]-

7-6. Lord Rayleigh used the equation
¥ —(a—bx?)x + wix =0

in his discussion of nonlinear effects in acoustic phenomena.* Show that
by differentiating this equation with respect to the time and making the

substitution y = yo\/3b/a x, Van der Pol’s equation results:
5o _‘i 2 _ AN 2 _ O
y yz(yo Yy + woy =
0

7-7. Derive the expression for the phase paths of the plane pendulum in
the event that the total energy is E > 2mgl. Note that this is just the case
of a particle moving in a periodic potential U(f) = mgi(1 — cos ).

7-8. Solve by a successive approximation procedure and obtain a result
accurate to four significant figures:

(a) x + x*+ 1 =tanx, 0< x< a2
(b) x(x + 3)=10sinx, x>0
() 14+ x+cosx=¢e" x>0

(It may be profitable to make a crude graph in order to choose a reasonable
first approximation.)

7-9. Consider the free motion of a plane pendulum for the case that the
amplitude is not small. Show that the horizontal component of the motion
may be represented by the approximate expression

X+ wix —ex*=0

where w? = g/l and & = g/213, with [ equal to the length of the suspension.
Use a successive approximation procedure to solve this nonlinear equation
and show how the frequency of the motion is related to the amplitude.

7-10. Investigate the motion of an undamped particle subject to a force of

the form
Flx) = —kx, x| <a
—(k+8x+3da, |x|>a

*J. W. S. Rayleigh, Phil. Mag. 15 (April, 1883); see also Ra94, Section 68a.



PROBLEMS 195

where k and é are positive constants. Compare the results with those for
the motion of a particle subject to a hard, symmetrical force given in
Section 7.5.

7-11. Obtain a solution to
X4+ wix —ixt=0
correct to second order by writing
x(t) = xo + Ax; + Aix,

and using the method of perturbations. Show that a secular term arises
in the second-order solution.

7-12. Consider a damped oscillator whose motion is described by the
equation

X+ A2+ 0dx =0
Obtain the solution x(t) correct to the first order in the small quantity 4.
7-13. Re-examine the rocket problem (Example 3.4d) in the event that the
rocket moves vertically in the Earth’s gravitational field and the variation

of g with height is taken into account. (Neglect air resistance.) Obtain an
approximate solution.



CHAPTER 8

Some Methods in the Calculus of
Variations

8.1 Introduction

In the following chapter we shall restate the Newtonian equations of
motion in a more general form called Lagrange’s equations. We shall also
show that these equations can be derived from a variational principle*
called Hamilton’s Principle. It is not necessary to use Hamilton’s variational
principle to obtain Lagrange’s equations, but the statement of dynamics
in these terms allows an elegant unification of mechanics and provides a
powerful method for extending the theory to include field phenomena.
This latter topic is beyond the scope of this book, but it seems appropriate
to lay the groundwork at this stage for more general treatments of dynamics.
Therefore, even though we shall use variational techniques in only a small
part of the succeeding development, these methods are of sufficient impor-
tance in physics that a brief discussion of the principles seems in order here.

* The development of the calculus of variations was begun by Newton (1686), and was
extended by Johann and Jakob Bernoulli (1696) and by Euler (1744). Legendre (1786), Lag-
range (1788), Hamilton (1833), and Jacobi (1837) all made important contributions. The

names of Dirichlet and Weierstrass are particularly associated with the establishment of a
rigorous mathematical foundation.

196
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In the following sections we will consider only the necessary conditions
in treating variational problems; the sufficient conditions are quite in-
volved and the reader is referred to texts on the calculus of variations for
details. The discussion in this chapter will therefore be limited to those
aspects of the theory of variations which have a direct bearing on classical
systems,

8.2 Statement of the Problem

The basic problem of the calculus of variations is to determine the
function y(x) such that the integral

J- f 0,y (); x) dx 8.1)

shall be an extremum (i.e., either a maximum or a minimum). In Eq. (8.1),
y'(x) = dy/dx, and the semicolon in f separates the independent variable x
from the dependent variable y(x) and its derivative y'(x). The functional*
fis considered as given and the limits of integration are fixed; the function
y(x) is then to be varied until an extreme value of J is found. By this it is
meant that if a function y = y(x) gives to the integral J a minimum value,
then any neighboring function, no matter how close to y(x), must make J
increase. The definition of a neighboring function may be made as follows.
We give to all possible functions y a parametric representation y = y(a, x),
such that for & = 0, y = y(0, x) = y(x) is the function which yields an extre-
mum for J. We may then write

W, x) = (0, x) + an(x) (8.2)

where #n(x) is some function of x which has a continuous first derivative
and which vanishes at x; and x,, since the varied function y(a, x) must
be identical with y(x) at the end-points of the path: 5(x,) = 5(x,) = 0.
The situation is depicted schematically in Fig. 8-1.

If functions of the type given by Eq. (8.2) are considered, the integral J
becomes a function of the parameter a:

J(o) = r S ine, x), vi(e, x); x} dx (8.3)

* The quantity f depends on the functional form of the dependent variable y(x) and is
called a functional.

t It is not necessary that the limits of integration be considered fixed. If they are allowed
to vary, then the problem increases to finding not only y(x) but also x, and x, such that J
is an extremum.
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{
\

Extremum path, y(x)

FiG. 8-1

The condition that the integral have a stationary value (i.e., that an extremum
result) is that J be independent of « in first order, or, equivalently, that

aJ

aa a=0

=0 (8.4)

for all functions #(x). This is only a necessary condition; it is not sufficient.
But as stated earlier, we shall not pursue here the details of the sufficient con-
ditions.

P> Example 8.2(a). As a first example of varied paths and the extremum condition, let
us consider the simple function

WX} = x (1)
We may construct neighboring paths by adding to y(x) a sinusoidal variation:

Yo, x) = x + asin x (2)

These paths are illustrated in Fig. 82 for « = 0 and for two different nonvanishing
values of 2. We now inquire as to the value of the integral of f = (dy/dx)* between the
limits x =0 and x = 2n. Clearly, the function g(x) = sin x obeys the end-point
conditions, viz., #(0) = n(2n) = 0. Therefore, we have
d—y =1+ acosx 3)
dx
and the intcgral becomes

m2n

J(a) =J (1 + 20cos x + 2% cos? x) dx
0

=2n + o’n (4)
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Thus, we see that the value of J(a) is always greater than J(0), no matter what value
(positive or negative) is chosen for a. This may be expressed by the relation

aJ

Jut a=0

=0 (5)

which is just the condition of Eq. (8.4).

Mo, x) = x 4+ asin x

i | |

0 T 2n

116. 8-2

P Example 8.2(b). Next, consider the equation of the line which yields the shortest
distance between the points (x,, y,) = (0,0) and (x,, y,) = (1, 0). Clearly, this equation
is

Wx)=0 (H
i.e., just the x-axis. Now, let the path be varied in the following manner:
Y, xp = y(0, x) + an(x)
=0+ afx®> — x) 2)

Thus, the original function y = 0, which we know from the outsct will yield a minimum
path length, is to be varied by a(x?—x). The function n(x) = (x*—x) satisfies the
requirement that x(x,) = #(0) = 0 and #(x,) = #(1) = 0.
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The increment of distance ds is

ds = Jdx® + dy? = /1 + (dy/dx)? dx 3)
and the total length of the path is
1
s = L 1 + y?dx “4)
Now,
V=!X:Mh—l) )
dx
so that
~
s :J [(4a?)x? + (—4a?)x + (@ + 1)]*dx (6)
0

This integral is of the form

J‘\/ax2 + bx + cdx

and may be evaluated by using Egs. (E.10) and (E.7b) (sce Appendix E):

oo
s=3/ot + 1 + 2dsinh*‘o{ (7)

Since we are considering only neighboring paths, a is a small quantity. Therefore
both the radical and sinh™'a may be expanded:

~f10+£+ | 13+
5—2 > +2a(oc 6a

s

aZ
=1+ ¢ + 0@ ®)
where O(o*) means *‘terms of order a* and higher.”
The quantity s(x) above is identified with J(a) [sec Eq. (8.3)], and its minimum value
must be found:
aJ ds a 3
a—ﬁ—a—g'FO(a) )
which implies that « = 0 will make ¢J/¢a vanish and therefore yield a minimum for
J (or s). Then,

Ja=0=s(a=0)=1 (10)

which it must, since this is just the distance from (0,0) to (1,0). Thus, Eq. (8.4) is
verified for this example: the condition (¢J/éw)|,~o = 0 produces an extremum for J.
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8.3 Euler’s Equation

In order to determine the result of the condition (8.4), we perform the
indicated differentiation in Eq. (8.3). Thus,

w_e
do. Out

Since the limits of integration are fixed, the differential operation affects
only the integrand. Hence,

0 *2(0f 0 of oy

X2
Ay y;x}dx

X1

o dy 0o 0y O,
*(of oy of 52)’)
= — == d 8.5
fxl(ayanray’aai)x X ®3)

The second term in the integrand may be integrated by parts:

*2 of d (6y) of oy [* * d (af) dy
<L | ZL)dx =22 —| — —d 8.6
x, 0y dx\oa X oy’ |y, Jxl dx \0y" da X (86)

From Eq. (8.2), we have

dy
o 1(x)
so that
dy |2
5y = M) —nlx) =0 8.7
oy,

by the condition that the varied function y(x, x) must be identical with
y(x) at the end points. Therefore, the first term in the integration by parts
vanishes, and Eq. (8.5) becomes

Q_f” (ga_y_i(g)a_y)d
o ), \oyda dx\dy/oa X

= Jv: (% — dix %{,) n(x) dx (8.8)

The integral in Eq. (8.8) now gives the appearance of being independent
of «. However, the functions y and y’ with respect to which the derivatives
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of f are taken, are still functions of a. When a = 0, however, y(a, x) =
y(0, x) = y(x), and the dependence on o disappears.

Since (8J/ca)|,—, must vanish, and since 5(x) is an arbitrary function
(subject to the conditions stated above), the integrand in Eq. (8.8) must
itself vanish for o = 0:

531_ d o 0 (8.9)
dy dxdy
where now y and y' are the original functions, independent of o« This

result is known as Euler’s equation* and is a necessary condition that J
have an extreme value.

8.4 The Brachistochrone Problem

Example 8.4. Onc of thc classic problems the solution to which is most easily accom-
plished by using the calculus of variations is that of the brachistochrone.t Consider a
particle which moves in a constant force field starting at rest from some point (x,, y,)
to some lower point (x,,y,). Thc problem is to find the path which allows the par-

(x11y1)

(Xz, yZ)

FiG. 8-3

ticle to accomplish the transit in the least possible time. The coordinate system may
be chosen so that the point (x,,y,) is at the origin. Further, let thc force field be
dirccted along the positive x-axis as in Fig. 8-3.

Since the force on the particle is constant and if we ignorc the possibility of friction,
the field is conservative and the total energy of the particle is T + U = const. If wc
choosc to measure the potential from thc point x = 0 [ie., U(x = 0) = 0], then since
the particlc starts from rest, T4+ U = 0. The kinetic encrgy is T = imv?, and the

* Derived first by Euler in 1744. When applied to mechanical systems, this is known as
the Euler—Lagrange equation.

t First solved by Johann Bernoulli, 1696.
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potential energy is U = —Fx = —mgx, where g is the acceleration imparted by the
force. Thus, .
v = \/ng (1)
The time required for the particle to make the transit from the origin to (x,, y,) is
{x2,52) 48 _ /dxz + dyz
e

x: (1 4 2\4
=f (»iy ) dx @)
2gx

x;=0

=

v
v (x,¥1)

The time of transit is the quantity for which a minimum is desired. Since the constant
(2g)~* does not affect the final equation, the functional f may be identified as

y= (= y’z)% o)

X

And, since ¢f/éy = 0, the Euler equation becomes

d of
dx oy 0
or,
Of‘ = const. = : 4
Gy' - T \/2(1 ( )

Performing the differentiation and squaring the result, we have

72
y- _1
(1 4+ y?)  2a ©)
This may be put in the form
x dx
y —J Zax — ) ©

Now make the following change of variable:

x = a(l — cos 0))
dx = asin 0d0

The integral then becomes

¥ :ja(l — cos ) d0

and,

y = a(f — sin 6) + const. (8)
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Now, the parametric equations for a cycloid passing through the origin are
x = a(l — cos 0)
. 9
y = a(0 — sin 0)

which is just the solution found; therefore, the constant of integration vanishes.
The path is then as shown in Fig. 8-4, and the constant a must be adjusted to allow

the cycloid to pass through the specified point (x,, y,).

FiG. 8-4

The solution to the problem of the brachistochrone does indeed yield a path which
the particle traverses in 4 minimum time. It must be noted, however, that the procedures
of varniational calculus are designed only to produce an extremum—either a minimum
or a maximum. It is almost always the case in dynamics that we desire (and find) a

minimum for the problem.

8.5 The “Second Form” of Euler’s Equation

We first note that
df_d ?_('Uf of dy 6]'@

A B ! i A -
dx dxf R Jy dx * dy dx

- x y(?y oy’

3 of ‘
—%f+ z +y”g (8.10)

Now,

{ Cf of d o
L(,rf): of 4

dx ¥ dy' Y oy’ Y dx ay’



8.5 THE "‘SECOND FORM"” OF EULER’S EQUATION 205

or, substituting from Eq. (8.10) for y"(&f/dy’),

d (,af‘) drof  Lof L def
xVoy) Tax Tax Vo T Y dvay ®11)

The last two terms in Eq. (8.11) may be written as

,(’fiqaf‘ 01“)
YNaxay ™ oy

which vanishes in view of the Euler equation [Eq. (8.9)]. Therefore,

2 : Of ’
Tl Ty w12
oy’ |

This so-called ‘“‘second form™ of the Euler equation is of use in cases
in which f does not depend explicitly on x, and ¢f/ox = 0. Then,

g X

! %
p=y = const. (ror o) (8.13)

P Example 8.5. Geodesic on a Sphere. A “geodesic” is a line which represents the
shortest path between any two points, when thc path is restricted to lie on some
surface. The element of length on the surface of a spherc of radius p is given by [see
Eq. (2.24) with dr = 0]:

ds = p(d0* + sin? 0 do?)* (1
Therefore, the distance s between points 1 and 2 is
~2 a2 4
= pjl [(%) + sin? 6:' dg (2)
and, if s is to be a minimum, f is identified as
[=(0? + sin? H)} 3)

where 8 = df/dg. Since 6f/0p = 0, we may use the sccond form of the Euler cquation
[Eq. (8-13)] which yields

@ + sin? 0) — ¢'-

:l (0 + sin2 ) = const. = a 4)
o
Differcntiating and multiplying through by f, we have
sin? § = a(0’? + sin? 0)} (5)
This may be solved for dg/d0, with the result
dp ~ acsc?f

d0 (1 — a?csc? )
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Solving for ¢, we obtain
. to
(p=sm"(3(—)——)+a @]

where « is the constant of integration and 2 = (1 — a?)/a®. Upon rewriting, Eq. (7)
becomes

cot§ = Bsin(p — a) (8)

In order to interpret this result, we convert the equation to rectangular coordinates
by multiplying through by p sin 0, to obtain, upon expanding sin (¢ — o),

(fcosa)psinfsin @ — (fsina)psinfcos ¢ = pcosl %)
Since x and f are constants, we may write them as
pcosa=A4; fsina =B (10)
Then Eq. (9) becomes
A(p sin 0 sin @) — B(p sin 6 cos @) = (p cos 8) (11)

The quantities in the parentheses are just the expressions for y, x, and z, respectively,

in spherical coordinates (see Fig. F-3, Appendix F); therefore, Eq. (11) may be written
as

Ay — Bx =z (12)

which is the equation of a plane passing through the center of the sphere. Hence,
the geodesic on a sphere is the path which that plane forms at the intersection with
the surface of the sphere, i.c., a great circle. Note that the great circle is the maximum
as well as the minimum ‘‘straight-line” distance between two points on the surface
of a sphere.

8.6 Functions with Several Dependent Variables

The Euler equation derived above was the solution of the variational
problem in which it was desired to find the single function y(x) such that
the integral of the functional f was an extremum. The case, more commonly
encountered in mechanics, is that in which fis a functional of several de-
pendent variables:

f =110, Yi(x), ya(x), yalx),... 5 x} (8.14)
or simply,

f=fi, pilx); xj i=12,...n (8.14a)
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Then, in analogy with Eq. (8.2), we write
yilo, x) = y40, x) + an,(x) (8.15)

The development proceeds in an exactly analogous manner, with the
result [cf. Eq. (8.8)]:

o _ (s(0f _def
o av. " de g0 8.
da jx, ;(ﬁyi dx ﬁy;)n'(x)(x (8.16)

Since the individual variations, 1.e., the n,(x), are all independent, the vanish-
ing of Eq. (8.16) when evaluated at @ = O requires the separate vanishing
of each expression in the brackets:

| |
| Yi X 0 ]

8.7 The Euler Equations When Auxiliary Conditions Are
Imposed

If it 1s desired to find, for example, the shortest path between two points
on a surface, then, in addition to the conditions discussed above, there is
the condition that the path must satisfy the equation of the surface, say,
g{y;; x} = 0. The use of such an equation was implicit in the solution of
the problem of the geodesic on a sphere where the condition was

g=Yx—p7 =0

that is,
r = p = const.

In the general case, however, explicit use of the auxiliary equation or
equations must be made. These equations are also called equations of
constraint. Consider the case in which

/:/{yny;’X} :f{y,y',Z,Z’;.‘C} (818)

Then the equation corresponding to Eq. (8.8) for the case of two variables is

cJ 2fpef d o dfyvey  [of  d ofyez
oo [(i - i,)2 + (’;—’ ~ **%)(TJ dx  (819)
co o NGy dx ) éx ¢z dxczV

But now, there also exists an equation of constraint of the form

giyiix; =glyzix; =0 (8.20)
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and the variations Jy/da and dz/da arc no longer independent, so that the
expressions in parenthescs in Eq. (8.19) do not separately vanish at o = 0.
Diflerentiating g from Eq. (8.20), we have

by dgd
(ag g igi) do =0 (821)

oy o | 0z O

where no term in x appears since dx/da = 0. Now,

e, x) = y(x) + ony(x)
{8.22)
z{o, x) = z(x) + an,(x)
Therefore,
0 0
L = — L) (8.23)
dy 0z
And Eq. (8.19) becomes
e fjef  doef ('(7]' d Of) ]
Co ~jx] [(\C’y dx 5_)/)’11()() * 0z dxoz alx) | dx
Factoring #,(x) out of the square brackets and writing Eq. (8.23) as
na(x) _ _ Cg/0y
11(x) 0g/0z
we have
d (3f ‘of  d Ff) ((/g/ﬁ )]
— = — — == d 8.24
j dx(y (ﬁz dx 0z') \og/oz Mix)dx - (8.24)

This latter equation now contains the single arbitrary function #,(x
which is not in any way restricted by Eqgs. (8.22), and upon settling o =
the expression in the brackets must vanish. Thus, we have

B ad ) =L@ e

Now, the left-hand side of this equation involves only derivatives of f and
g with respect to y and y’, while the right-hand side involves only derivatives
with respect to z and z'. Therefore, if the equation is to be valid, both sides
of the equation must each be equal to a quantity which can be at most a
function of x. If we call this function — A(x), we have the two equations:

),
0,
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of dé 3

O 4 B

dy dx oy Jy

of dof ) (8.26)
g

6z dxoz T 95, =0

The complete solution to the problem now depends upon finding three
functions: y(x), z(x), and A(x). But there are three relations which may be
used : the two equations (8.26) and the equation of constraint, Eq. (8.20).
Thus, there is a sufficient number of relations to allow a complete solution.
Note that here A(x) is considered to be undetermined* and is obtained as a
part of the solution.

For the general case of several dependent variables and several auxiliary
conditions, we have the following set of equations:

of d of g,

eV A l. —‘l— = 0 8. 7

dy;  dx dy; +; ilx Ay, (8:27)
gilyi;x} =0 (8.28)

Ifi=12...,mand j=1,2,...,n, Eq. (8.27) represents m equations in
m + n unknowns, but there are also the n equations of constraint (8.28).
Thus, there are m + n equations in m + n unknowns and the system is
soluble.

Equation (8.28) is, of course, cquivalent to the set of n differential equa-
tions

0g; i=1,2,...,
Zﬁdy.:O, (i=L2...m (8.29)

0y lj=1,2,...,n

In problems in mechanics the constraint equations are frequently differen-
tial equations rather than algebraic equations. Therefore, equations of
the type (8.29) are sometimes more useful than the equations represented
by (8.28). [See Section 9.5 for an amplification of this point.]

P> Example 8.7. Consider a disk rolling without slipping on an inclined plane, as in
Fig. 8-5. The configuration of this system can be uniquely described in terms of the
“coordinates”t y and 6. The relation between these coordinates is

y = RO (1)

* The function A(x) is known as a Lagrange undetermined multiplier, and was introduced
in Lagrange’s Mechanique Analytique, 1788.

t These are actually the generalized coordinates discussed in Scction 9.3 sce also Example
9.5(b).
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il

FiG. 8-§

where R is the radius of the disk. Hence, the equation of constraint is

gy,0)=y—~R0O=20
and

o~
3

)
5]

g
iy a0

fH)
-

@)

3

are the quantities associated with A, the single undetermined multiplier for this case.

8.8 The o Notation

In analyses which make use of the calculus of variations it is customary
to use a shorthand notation to represent the variation. Thus, Eq. (8.8),

which can be written as

oJ _f‘z (5f_if?[)5’_ydx

oo dy dxéy'/ oa

may be expressed as

NEEEKAY
5J = 4
/. (55~ s ay) OV

where o)
—da = 6J
oo
gy—d = dy
Ju

The condition of extremum then becomes

8J = o\ flyy;xjdx =0

X1

(8.30)

(8.31)

(8.32)

(8.38)
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Taking the variation symbol ¢ inside the integral (since, by hypothesis,
the limits of integration are not affected by the variation), we have

oJ :j of dx
x2 (of of
= ——6 !
J;l (Oy y + oy 5y) dx (8.34)
But,
dy)
oy =61 ~)=-—(0 .
y ( dx) = G ) (8.35)
so that
*2 1 of of d
oJ = — i
Ll(ayay +ovx 5y) dx (8.36)
Upon integrating the second term by parts as before, we find
2 (of  d Of) )
— g _29 8.37
oJ L.(ay dx oy’ oy dx (837

Since the variation 6y is arbitrary, the extremum condition, 6J = 0,
requires the integrand to vanish, thereby yielding the Euler equation (8.9).

Although the ¢ notation is frequently used, it is important to realize
that it is only a shorthand expression of the more precise differential
quantities.

Suggested References

Accounts of the calculus of variations at the intermediate level which are pointed
toward the application in Hamilton’s Principle are to be found, for example, in
Goldstein {Go50, Chapter 2), Houston (Ho48, Chapter 5), and Margenau and
Murphy (Mad3, Chapter 6).

One of the most useful books dealing with variational techniques in mechanics is
that by Lanczos (La49).

The treatment of Halfman (Ha62a, Vol. Il, Chapters 10 and 11) includes a discussion
of performance optimization and several applications in the field of engineering
physics.

A useful account at the intermediate-to-advanced level which gives applications of
several variational methods is that of Irving and Mullineux (Ir59, Chapter 7).
A book at the same level with many applications is that of Weinstock (WeS2).

A brief mathematical treatment is given by Dettman (De62, Chapter 2). One of the
standard works, with a mathematical viewpoint, is that of Bliss (Bl46). The discus-
sion by Courant and Hilbert (Co53, Chapter 4) is advanced but directed toward
applications in physics.
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Problems

8-1. Consider the line connecting (xi,y,) = (0,0) and (x,,y,) = (1, 1).
Show explicitly that the function y(x) = x produces a minimum path length
by using the varied function y(a, x) = x + asin (1 — x). Use the first few
terms in the expansion of the resulting elliptic integral to show the equiva-
lent of Eq. (8.4).

8-2. Complete in detail the solution of the problem of the geodesic on a
sphere.

8-3. Show that the shortest distance between two points on a plane is a
straight line.

8-4. Show that the shortest distance between two points in (three-dimen-
sional) space is a straight line.

8-5. Show that the geodesic on the surface of a right circular cylinder is a
helix.

8-6. Consider the surface generated by revolving a line connecting two
fixed points, (x,, y,) and (x,, y,), about an axis which is coplanar with the
two points. Find the equation of the line which connects the points such
that the surface area generated by the revolution (ie., the area of the sur-
face of revolution) is 2 minimum. Obtain the solution by using Eq. (8.12).
(The result is a catenary.)

8-7. Solve Problem 8-6 by using Eq. (8.8).

8-8. Find the dimcnsions of the parallelepiped of maximum volume that
is circumscribed by (a) a sphere of radius R, and (b) an ellipsoid with semi-
axes d, b, and c.

8-9. Find an cxpression involving the function ¢(x,, x,, x3) which has a
minimum average value of the square of its gradicnt within a certain
volume V of space.

8-10. Obtain the coefficients of the Lagrange undetermined multipher A
for the case of a disk of radius p rolling without slipping inside a hollow
cylinder of inner radius R > p.

8-11. A circular hoop of radius R surrounds a cylinder of radius p < R.
If the inner surface of the hoop rolls without slipping on the surface of the
cylinder, find the equation of constraint. If the point of contact has made
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one complete revolution around the cylinder, through what angle has the
hoop turned?

8-12. A disk of radius R rolls without slipping inside the parabola y = ax?.
Find the equation of constraint. Express the condition which allows the
disk to roll so that it contacts the parabola at one and only one point,
independent of its position.



CHAPTER 9

Hamilton’s Principle—Lagrangian and
Hamiltonian Dynamics

9.1 Introduction

Experience has shown that, if relativistic effects can be neglected, the motion
of a particle in an inertial reference frame is correctly described by the
Newtonian cquation F = p. In the event that the particle is not required to
movc in some complicated manner and if rectangular coordinates are used
to describe the motion, then usually the equations of motion are relatively
simple. Howcver, if cither of these restrictions is removed, the equations
can become quite complex and difficult to manipulate. For example, if
a particle is constrained to move on the surface of a sphere, the equations
of motion result from the projection of the Newtonian vector equation
onto that surface. The representation of the acccleration vector in spherical
coordinates is a formidable expression, as the recader who has worked
Problem 2-1 can readily testify.

Morcover, if a particle is constrained to move on a given surface,
there must exist certain forces (called forces of constraint) which maintain
the particle in contact with the specified surface. For the case in which a
particle moves on a smooth horizontal surface, the force of constraint is
simply F, = —mg. But, if the particle is, say, a bead sliding down a curved

214
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wire, the force of constraint can be quite complicated. Indeed, in particular
situations it may be difficult or even impossible to obtain explicit expres-
sions for the forces of constraint. In solving a problem by using the New-
tonian procedure, however, it is necessary to know all of the forces since
the quantity F which appears in the fundamental equation is the total
force acting on a body.

In order to circumvent some of the practical difficulties which arise in
attempts to apply Newton’s cquations to particular problems, alterna-
tive procedures may be developed. All such approaches arc in essence
a posteriori since it is known beforchand that a result equivalent to the
Newtonian equations must be obtained. Thus, in order to effect a simplifica-
tion it is not required to formulate a new theory of mechanics—the New-
tonian theory is quite correct—but only to devise an alternative method of
dealing with complicated problems in a general manner. Such a method is
contained in Hamilton’s Principle and the equations of motion which result
from the application of this principle are called Lagrange’s equations.

If Lagrange’s equations are to constitute a proper description of the
dynamics of particles, then they must be equivalent to Newton’s equations.
Thus, it is not surprising that it is possible, by starting with the Newtonian
cquations, to “‘derive” Hamilton’s Principle. Indecd, we shall show this
in Section 9.6. On the other hand, Hamilton’s Principle can be applied to
a wide range of physical phenomena (particularly those involving fields)
with which Newton’s equations are not usually associated. To be sure,
each of the results that can bc obtained from Hamilton’s Principle was
first obtained, as were Newton’s equations, by the correlation of experi-
mental facts. Hamilton’s Principle has not provided us with any new
physical theories, but it has allowed a satisfying unification of many
individual theories by means of a single basic postulate. This i1s not an idle
exercise in hindsight, since it is the goal of physical theory not only to give
precise mathematical formulation to observed phenomena but also to
describe thesc effects with an economy of fundamental postulates and
in the most unified manner possible. Indeed, Hamilton’s Principle stands
together with Einstcin’s postulates of relativity as one of the most elegant
and far-reaching principles of physical thecory.

In view of the wide range of applicability that Hamilton’s Principle has
been found to posscss (even though this i1s an after-the-fact discovery), it
is not unreasonable to asscrt that Hamilton’s Principle is more “funda-
mental” than are Newton’s equations. Therefore, we shall proceed by first
postulating Hamilton’s Principle; we shall then obtain Lagrange’s cqua-
tions and show that these are equivalent to Newton’s equations. Finally,
we shall reverse the procedure (this redundancy i1s still instructive) and
“derive” Hamilton’s Principle from the Newtonian equations.
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Since we have already (in Chapters 3, 6, and 7) discussed dissipative
phenomena at some length, we shall henceforth confine our attention to
conservative systems. Consequently, we shall not discuss the more general
set of Lagrange’s equations which take into account the effects of non-
conservative forces. The reader is referred to the literature for these details.*

9.2 Hamilton’s Principle

Minimal principles in physics have a long and interesting history. The
search for such principles is predicated on the notion that Nature always
acts in such a way that certain important quantities are minimized when a
physical process takes place. The first such minimum principles were
developed in the ficld of optics. Hero of Alexandria, in the second century
B.C., found that the law of governing the reflection of light could be obtained
by asserting that a light ray, traveling from one point to another by a
reflection from a plane mirror, always takes the shortest possible path. A
simplc geomctrical construction will verify that this minimum principle
docs indeed Icad to the equality of the angles of incidence and reflection
for a light ray reflected from a plane mirror. Hero’s principle of the shortest
path cannot, however, yield a correct law for refraction. In 1657 Fermatt
reformulated the principle by postulating that a light ray always travels
from one point to another in a medium by a path that requires the least
time. Fermat’s principle of least time leads immediately, not only to the
correct law of reflection, but also to Snell’s law of refraction.f

Minimum principles continued to be sought, and in the latter part of the
seventeenth century the beginnings of the calculus of variations were
developed by Newton, Leibniz, and the Bernoullis when such problems as
the brachistochrone (see Section 8.4) and the shape of a hanging chain
(a catenary) were solved.

The first application of a general minimum principle in mechanics was
made in 1747 by Maupertuis,§ who asserted that dynamical motion takes
place with minimum action. Maupertuis® principle of least action was based

* See, for example. Goldstein (GoS0, Chapter 2), or, for a comprehensive discussion,
Whittaker (Wh37, Chapter 8).

t Picrre de Fermat {1601 1665), a French lawyer, linguist, and amateur mathematician.

1In 1661 Fermat correctly deduced the law of refraction which had been discovered
cxperimentally in about 1621 by Willebrord Snell (1591-1626), a Dutch mathematical prodigy.
For an excerpt from Fermat’s paper, see Magic (Ma35, pp. 278 280); the derivation is also
given by Lindsay and Margenau (Li36, p. 135).

§ Picrre-Louise-Moreau de Maupertuis (1698 1759), French mathematician and astronomer.

The first use to which Maupertuis put the principle of least action was to restate Fermat's
derivation of the law of refraction (1744).
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on theological grounds (action is minimized through the “wisdom of God”),
and his concept of “action” was rather vague. (Recall that action is a
quantity with the dimensions of distance x momentum or energy x time).
Only later was a firm mathematical foundation of the principle given by
Lagrange (1760). Although it is a useful form from which to make the
transition from classical mechanics to optics and to quantum mechanics,
the principle of least action is less general than Hamilton’s Principle and,
indeed, can be derived from it. We forego a detailed discussion here.*

In 1828 Gauss developed a method of treating mechanics by his principle
of least constraint,; a modification was later made by Hertz and embodied
in his principle of least curvature. These principlest are closely related to
Hamilton’s Principle and add nothing to the content of Hamilton’s more
general formulation ; their mention only serves to emphasize the continual
concern with minimal principles in physics.

In two papers published in 1834 and 1835, Hamiltonf announced the
dynamical principle upon which it is possible to base all of mechanics and,
indeed, most of classical physics. Hamilton’s Principle may be stated as
follows§:

Of all the possible paths along which a dynamical system may
move from one point to another within a specified time interval
(consistent with any constraints), the actual path followed is that
which minimizes the time integral of the difference between the
kinetic and potential energies.

In terms of the calculus of variations, Hamilton’s Principle becomes
t2
5j (T—U)dt =0 9.1)
L1

This variational statement of the principle requires only that T — U be
an extremum, not necessarily a minimum, but in almost all applications of
importance in dynamics the minimum condition obtains.

Now, the kinetic energy of a particle expressed in fixed, rectangular
coordinates is a function only of the x; and if the particle moves in a con-
servative force field, the potential energy is a function only of the x;:

T =T(x); U = Ulx)

* See, for example, Goldstein (Go50. pp. 228-235) or Sommerfeld (So50, pp. 204-209).

t See, for example, Lindsay and Margenau (Li36, pp. 112 120) or Sommerfeld (So50, pp.
210-214).

1 Sir William Rowan Hamilton (1805-1865), Scottish mathematician and astronomer, and

later, Irish Astronomer Royal.
§ The general meaning of “the path of a system” will be made clear in Section 9.3.
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If we dcfine the difference of these quantities to be

L=T-U
= L{x;, x;) 9.2)
then Eq. (9.1) becomes
. ]
1 (5Jﬂ2 L(x;,x)dt =0 | (9.3)
i

The function L appearing in this expression may be identified with the
functional f of the variational integral (see Section 8.6)

j £ 1000, yix); x} dx

if we make the transformations
X -t
yidx) = x{t)
yi{x) = x(t)
JAydx), yilx); x} = Lix;, X;)

Therefore, the Euler-Lagrange equations (8.17) corresponding to Eq. (9.3)
are

{:é_%ji 0, =123 % (9.4)

These are the Lagrange equations of motion for the particle and the quantity
L 1s called the Lagrange function or Lagrangian for the particle.

By way of example, let us obtain the Lagrange equation of motion for
the one-dimensional harmonic oscillator. With the usual expressions for
the kinetic and potential energies, we have

L=T-U=1imx*— Lkx?
Applying Eq. (9.4) there results
mx + kx =0

which is identical with the Newtonian cquation of motion.
It may scem that thc Lagrangian procedure is a rather complicated
onc if it can only duplicate the simple results of Newtonian theory. However,
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let us continue illustrating the method by considering the case of the plane
pendulum (see Section 7.4). Using Egs. (7.15) for Tand U we have for the
Lagrangian function

L= 1ml?0> — mgl(1 — cos 0)

We now treat 0 as if it were a rectangular coordinate and apply the opera-
tions specified in Eq. (9.4); we obtain

6+ %sin =0

which again is identical with the Newtonian equation. This is a remarkable
result; it has been obtained by calculating the kinetic and potential energies
in terms of 6 rather than x and then applying a set of operations designed
for use with rectangular rather than angular coordinates. We are therefore
led to suspect that the Lagrange equations are more general than the form
of Eq. (9.4) would indicate. We shall pursue this matter in Section 9.4.

Another important characteristic of the method employed in the two
simple examples above is the fact that nowhere in the calculations did
there enter any statement regarding force. Thus, the equations of motion
were obtained only by specifying certain properties associated with the
particle (the kinetic and potential energies), and without the necessity of
explicitly taking into account the fact that there was an external agency
acting on the particle (the force). Therefore, insofar as energy can be defined
independently of Newtonian concepts, Hamilton’s Principle allows the
calculation of the equations of motion of a body completely without re-
course to Newtonian theory. We shall return to this important point in
Sections 9.5 and 9.7.

9.3 Generalized Coordinates

We now seek to take advantage of the flexibility in the specification of
coordinates which the two examples of the preceding section have sug-
gested is inherent in Lagrange’s equations.

We shall consider a general mechanical system which consists of a
collection of n discrete, point particles, some of which may be connected
together to form rigid bodies. In order to specify the state of such a system
at a given time, it is necessary to use n radius vectors. Since each radius
vector consists of a triple of numbers (e.g., the rectangular coordinates),
3n quantities must be specified in order to describe the positions of all the
particles. If there exist equations of constraint which relate some of these
coordinates to others (as would be the case, for example, if some of the
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particles were connected to form rigid bodies or if the motion were con-
strained to lie along some path or on some surface), then not all of the 3n
coordinates are independent. In fact, if there are m equations of con-
straint, then 3n — m coordinates are independent, and the system is said to
possess 3n — m degrees of freedom.

It 1s important to note that if s = 3n — m coordinates are required in a
given case, 1t is not necessary to choose s rectangular coordinates, or
even s curvilinear coordinates (spherical, cylindrical, etc.); it is possible
to choose any s parameters, as long as they completely specify the state of
the system. These s quantities need not even have the dimensions of length.
Depending on the problem at hand, it may prove more convenient to
choose some of the parameters with dimensions of energy, some with
dimensions of (length)?, some which are dimensionless, etc. In Example 8.7, a
disk rolling down an inclined plane was described in terms of one coor-
dinate which was a length and one which was an angle. The name genera-
lized coordinates is given to any sct of quantities which completely specifies
the state of a system. The generalized coordinates are customarily written
as q,, q,, " - - or simply as the g;. A set of independent generalized coordinates
whose number equals the number s of degrees of freedom of the system
and which are not restricted by the constraints will be called a proper set of
generalized coordinates. In certain instances it may be advantageous to use
gencralized coordinates whose number exceeds the number of degrees
of frecedom and to explicitly take into account the constraint relations
through the use of the Lagrange undetermined multipliers. Such would be
the case, for example, if it were desired to calculate the forces of constraint
[sce Example 9.5(b)].

The choice of a set of generalized coordinates for the description of a
system is not unique ; there are in general many sets of quantities (in fact, an
infinite number!) which will completely specify the state of a given system.
For example, in the problem of the disk rolling down the inclined plane,
we might choose as coordinates the height of the center of mass of the disk
above some refcrence level and the distance through which some point
on the rim has traveled since the start of the motion. The ultimate test of
the “*suitability” of a particular set of generalized coordinates is whether the
resulting cquations of motion are sufficiently simple to allow a straight-
forward interpretation. Unfortunately, no gencral rules can be stated for the
selection of the ““most suitable” set of gencralized coordinates for a given
problem; a certain skill must be developed through experience.

In addition to the generalized coordinates, we may define a set of
quantities which consists of the time derivatives of the q;: ¢;, ¢,,... or
simply the ¢;. In analogy with the nomenclature for rectangular coordinates,
wc call the g; the generalized velocities.



9.3 GENERALIZED COORDINATES 221

If we allow for the possibility that the equations connecting the x, ; and
the ¢; explicitly contain the time, then the set of transformation equations
is given by*

a=1,2,...,n
xaz,i = xa,i(qla qsz-’fls’ t)’
i=1273

= X, {q; 1) =125 (9.5a)

In general, the rectangular components of the velocities will depend
on the generalized coordinates, the generalized velocities, and the time:

Xai = X445, 4, 1) (9.5b)

We may also write the inverse transformations as
g5 = qfXs, 1) (9.5¢)
g5 = qf(Xyi Xg00 1) (9.5d)
In addition, there are also m = 3n — s equations of constraint of the form
fi=fiant), 1=12,....m (9.6)

P> Example 9.3. Consider a point particle which moves on the surface of a hemisphere
of radius R whose center is at the origin. Thus, the motion always takes place on the
surface

x2+y2+zz—R2=0, ZZO (1)

Let us choose as our generalized coordinates the cosines of the angles between the
x-, y-, and z-axes and the line which connects the particle with the origin. Therefore,

X y z

‘I\:E, (12:R; 43:E 2

But the sum of the squares of the direction cosines of a line equals unity. Hence,
i+ +4qi=1 €

Therefore, this set of ¢; does not constitute a proper set of generalized coordinates
since we may write

G=1-a+a5 )
We may, however, choose ¢g; == x/R and g, = y/R as proper generalized coordinates
and these quantities, together with the equation of constraint, Eq. (4), or

* In this chapter we attempt to simplify the notation by reserving the subscript i to designate
rectangular axes; therefore, we always have i = 1, 2, 3.
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z=/R¥—x2—)? (5)

will be sufficient to uniquely specify the position of the particle. This is an obvious
result since it is clear that only two coordinates (e.g., latitude and longitude) are
necessary to specify a point on the surface of a sphere, but the example serves to
illustrate the fact that the equations of constraint can always be used to reduce a
trial set of coordinates to a proper set of generalized coordinates.

The state of a system that consists of n particles and which is subject
to m constraints that connect some of the 3n rectangular coordinates
is completely specified by s = 3n — m gencralized coordinates. Therefore,
we may represent the state of such a system by a point in an s-dimensional
space called configuration space. Each dimension of this space corresponds
to onc of the g;. The time history of a system may be represented by a
curve in configuration space, each point specifying the configuration
of the system at a particular instant. Through cach such point therc passes
an infinity of curves representing possible motions of the system; each
curve corresponds to a particular set of initial conditions. We may therefore
speak of the “path” of a system as it ““moves” through configuration space,
but we must be careful not to confuse this terminology with that applied
to the motion of a particle along a path in ordinary three-dimensional
space.

It is also to be noted that a dynamical path in a configuration space
consisting of proper generalized coordinates is automatically consistent
with the constraints on the system since the coordinates are chosen to
correspond only to realizable motions of the system.

9.4 Lagrange’s Equations of Motion in Generalized
- Coordinates

In view of the definitions in the preceding sections, we may now restate
Hamilton’s Principle as follows:

Of all the possible paths along which a dynamical system may
move from one point to another in configuration space within a
specified time interval, the actual path followed is that which mini-
mizes the time integral of the Lagrangian function for the system.

In order to sct up the variational form of Hamilton’s Principle in genera-
lized coordinates, we may take advantage of an important property of the
Lagrangian which we have not so far emphasized. The Lagrangian for a
system is defined to be the difference between the kinetic and potential
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energies. But energy is a scalar quantity and so the Lagrangian is a scalar
function. Hence the Lagrangian must be invariant with respect to coordinate
transformations. We are therefore assured that no matter what generalized
coordinates are chosen for the description of a system, the Lagrangian will
have the same value for a given condition of the system.* Although the
Lagrangian will be expressed by means of different functions depending
on the generalized coordinates used, the value of the Lagrangian is uniquet
for a given condition. It is therefore immaterial whether we express the
Lagrangian in terms of the x,; and X, ; or the g; and ¢;:

L= T(x) — Ulxg,)
= T(q;,4;1) — Ulg; 1) (9.7a)
That 1s,
L =149 9s; 41:q2---+qs; 1)
= L(g;4;1) (9.7b)

Thus, Hamilton’s Principle becomes

2
5-[ L(qj> q_p [) dt =0 (98)

ty

If we refer to the definitions of the quantities in Section 8.6 and make the
identifications

X -t
yix) = g1
yix) = g1)
Svoyisx} - L4 0)

then the Euler equations (8.17) corresponding to the variational problem
stated in Eq. (9.8) become

oL 4oL ‘

These are the Fuler-Lagrange equations of motion for the system (usually

* A “‘given condition of the system” mecans that cach constituent particle is at a specified
position and has a specified velocity.

t Since the potential energy U is undetermined to within an additive constant, the Lagrangian
is always similarly indefinite.
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called simply Lagrange’s equations*). There are s of these equations, and
together with the m equations of constraint and the initial conditions that
are imposed,T they provide a complete description of the motion of the
system.

It is important to realize that the validity of Lagrange’s equations re-
quires the following two conditions:

(1) the forces acting on the system (apart from any forces of constraint)
must be derivable from a potential (or several potentials); and

(2) the equations of constraint must bc relations that connect the
coordinates of the particles and may be functions of the time; i.e., we must
have constraint relations of the form given by Eq. (9.6). If the constraints
can be expressed in this manner, they are termed holonomic constraints.
If the equations do not explicitly contain the time, the constraints are
said to be fixed or scleronomic; moving constraints are rheonontic.

As stated earlier, we shall consider only the motion of systems subject to
conservative forces. Such forces may always be derived from potential
functions, so that condition (1) is satisfied. This is not a necessary restriction
on either Hamilton’s Principle or Lagrange’s equations; the theory may
readily be extended to include nonconservative forces. Similarly, Hamilton’s
Principle may also be formulated to include certain types of nonholonomic
constraints, but the treatment here will be confined to holonomic systems.}

p Example 9.4. Consider the motion of a particle of mass m that is constrained to move
on the surface of a cone of half-angle o and which is subject to a gravitational force.
Let the axis of the cone correspond to the z-axis and let the apex of the cone be located
at the origin, as in Fig. 9-1. Since the problem possesses cylindrical symmetry, we
choose r, 0, and z as the generalized coordinates. We have, however, the equation of
constraint

z=rcota ¥)]

so that there are only two degrees of freedom for the system and thercfore there are
only two proper generalized coordinates. We may use Eq. (1) to eliminate either the

* First derived for a mechanical system (although not, of course, by using Hamilton’s
Principle) by Joseph Louis Lagrange (1736-1813) and presented in his famous treatise
Mechanique Analytique in 1788. In this monumental work, which encompasses all phases of
mechanics (statics, dynamics, hydrostatics, and hydrodynamics), Lagrange succeeded in
placing the subject on a firm and unified mathematical foundation. The treatise is mathematical
rather than physical in nature; Lagrange was quite proud of the fact that the entire work
contains not a single diagram.

t Since there arc s sccond-order differential equations, 2s initial conditions must be supplied
in order to d¢tcrmine the motion uniquely.

1 For dctails concerning these topics scc the “advanced” Suggested References at the end of
the chapter.
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Fi1G. 9-1

coordinate z or r; we choose to do the former. Then, the square of the velocity is
[see Egs. 2.25)]:

v? =72+ r?0? + 22

=% + 0% + i*costa

Il

F2csc? o + r26? )
The potential energy is [if we choose U(z = 0) = 0]:
U = mgz = mgrcota (3)
so that the Lagrangian is
L= im(i? csc? a + ¥*6%) — mgrcot « (4)

We note first that L does not explicitly contain @. Therefore 6L/00 = 0, and the
Lagrange equation for the coordinate 8 is

2
4oL _y 5)
dt 00
Hence,
L .
%}.— = mr?*f = const. (6)

But, mr20 = mr?w is just the angular momentum about the z-axis. Therefore, Eq. (6)
expresses the conservation of angular momentum about the axis of symmetry of the
system.

The Lagrange equation for r is

oL d oL _

AT ™
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Calculating the derivatives, we find
# — rf?sin® o + gsinocosa = 0 (8)

which is the equation of motion for the coordinate r.
We shall return to this example in Section 10.11 and examine the motion in more
dctail.

B 9.5 Lagrange’s Equations with Undetermined Multipliers

Constraints which can be expressed as algebraic relations among the
coordinates are holonomic constraints. If a system is subject only to such
constraints, a proper sct of generalized coordinates may always be found
in terms of which the equations of motion are free from explicit reference
to the constraints.

Any constraints that must be expressed in terms of the velocities of the
particles in the system are of the form

ﬁ(xa,i’ xa,i, t) =0 (910)

and constitute non-holonomic constraints unless the equations can be
integrated to yield relations among the coordinates.*

P Example 9.5(a). Consider a constraint relation of the form
YAx+B=0, i=123 (1)

In general, this equation is nonintegrable and therefore the constraint is nonholonomic.
But if A; and B have the forms

A= =L f-sem @)
then Eq. (1) may be written as
But this is just i .
dr ()
which can be integrated to yield
f(x,t) — const. =0 (5)

so that the constraint is actually holonomic.

* Such constraints are sometimes called semiholonomic.
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From the above example, we conclude that constraints expressible in
differential form as
o, Sy

J J

are entirely equivalent to those which have the form of Eq. (9.6).

If the constraint relations for a problem are given in differential form
rather than as algebraic expressions, it is possible to incorporate them
directly into Lagrange’s equations by means of the Lagrange undetermined
multipliers (see Section 8.7) without the necessity of first performing the
integrations. That is, for constraints expressible as in Eq. (8.29),

0 i=1,2,...,
s Dgq =, {’ ’ (9.12)
j o4; l=1,2,...,m
the Lagrange equations are [Eq. (8.27)]:
oL deL o o f
S Y =0 (9.13)
é dq; drdg; Zl: " oq;

In fact, since the variation process involved in Hamilton’s Principle
holds the time constant at the end points, we could add to Eq. (9.12)
a term (df,/0t)dt without affecting the equations of motion. Thus, con-
straints expressed by Eq. (9.11) also lead to the Lagrange equations given in
Eq. (9.13).

The great advantage of the Lagrangian formulation of mechanics is that
the explicit inclusion of the forces of constraint is not necessary. That is, the
emphasis is placed on the dynamics of the system rather than the calculation
of the forces acting on each component of the system. In certain instances,
however, it may be desired to know the forces of constraint. It is therefore
worth pointing out that in Lagrange’s equations expressed as in Eq. (9.13),
the undetermined multipliers 4,(t) are just these forces of constraint.*

Example 9.5(b). Let us consider again the case of the disk rolling down an inclined
plane (see Example 8.7 and Fig 8-5). The kinetic energy may be separated into
translational and rotational terms™:
T = My? + 1167
= IMy? + tMR*?

* See, for example, Goldstein (Go50, p. 42). Explicit calculations of the forces of constraint
in some specific problems are carried out by Becker (Be54, Chapters 11 and 13) and by Symon
(Sy60, p. 374 f1)

+ We anticipate here a well-known result from rigid-body dynamics that is discussed in
Chapter 13.
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where M is the mass of the disk and R is the radius; I = $MR? is the moment of
inertia of the disk about a central axis. The potential energy is

U= Mg(l — y)sina (2)

where [ is the length of the inclined surface of the plane and where the disk is assumed
to have zero potential energy at the bottom of the plane. The Lagrangian is therefore

L=T-U
= IMy? + IMR?0* + Mg(y — D)sina (3)
The equation of constraint is
Jp,0)=y—RO=0 (4)

Now, the system has only one degree of freedom if we insist that the rolling takes
place without slipping. Therefore, we may choose either y or 6 as the proper coordinate
and use Eq. (4) to eliminate the other. Alternatively, we may continue to consider both
y and 0 as generalized coordinates and use the method of undetermined multipliers.
The Lagrange equations in this case are

aL daL+ﬁ_
dy ditéy oy

CL L 0,
¢ d?o +)Q__

R e D A
o0 dt b a0
Performing the differentiations, we obtain
Mgsina — My + A =0 (6a)
~iMR* — JR =0 (6b)
Also, from the constraint equation, we have
y=R8 (6¢)

The three Egs. (6) constitute a soluble system for the three unknowns y, 6, . Differen-
tiating the equation of constraint [Eq. (6¢)], we obtain

6 = /R O
Hence, combining Egs. (6b) and (7), we find
h= —iMy ®)
and then using this expression in Eq. (6a), there results

. 2gsina
y=22 ©)

with
_Mgsina
3

L=
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so that Eq. (6b) yields

. 2gsina
T

(1)

Thus, we have three equations for the quantities , 6, and A which can be immediately
integrated.

We note that if the disk were to slide without friction down the planc, then we
would have y = g sin a. Therefore, the rolling constraint reduces the acceleration to %
of the value for frictionless sliding. The magnitude of the force of friction which
gives rise to the constraint is just 4, i.e., (Mg/3) sin a.

Note that we may eliminate 0 from the Lagrangian by substituting § = y/R from
the equation of constraint :

L= 3Myp? + Mg(y ~ sina (12)

The Lagrangian is then expressed in terms of only one proper coordinate and the
single equation of motion is immediately obtained from Eq. (9.9):

Mgsina — 3Mj =0 (13)

which is the same as Eq. (9). Although this procedure is simpler, it cannot be used to
obtain the force of constraint.

9.6 The Equivalence of Lagrange’s and Newton’s Equations

As we have emphasized from the outset, the Lagrangian and Newtonian
formulations of mechanics are equivalent: the viewpoint is different but
the content is the same. We now explicitly demonstrate this equivalence by
first showing that the two sets of equations of motion are the same and then
by “deriving” Hamilton’s Principle from the Newtonian equations of
motion.

In Eq. (9.9) let us choose the generalized coordinates to be the rectangular
coordinates. Then, Lagrange’s equations (for a single particle) become

oL d oL .
ow  dion 0, i=123 9.14)

or,
AT-U) dT-U)_,
0x; dt  ox;

But, in rectangular coordinates and for a conservative system, we have
T= T(x;) and U = U(x;), so that

oT
ox;

-

0 and

(SR
I
o
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Therefore, Lagrange’s cquations become

(?U_ der

(’}xi dt (356,-

(9.15)

We also have (for a conservative system)

cU
Y _F

- i
oX;

and

dor d o, )\ d, . ,
T &*(Zm — =P

so that Eq. (9.15) yields the Newtonian cquations, as required :
F,=p, (9.16)

Thus, the Lagrangian and Newtonian equations are identical in the event
that the generalized coordinates are the rectangular coordinates.

Next, we reverse our procedure to show that Hamilton’s Principle may
be obtained from Newton’s equations. For simplicity, we consider the
case of a single particle; the extension to a system of particles is obvious.

The solution of the Newtonian equations may be given by expressing
each rectangular coordinate of the particle’s position as a function of time:

x; = xt), i=1273

or, equivalently, by expressing the radius vector of the particle’s position
as a function of time:

r = r(t)

This cquation allows us to follow the motion of the particle from a
position specified by a radius vector ry, which occurs at a time ¢, to a posi-
tion r, which occurs at a time ¢,. Newton’s equations are satisfied at every
point along this path. Furthermore, if the particle 1s constrained in some
way, then the equations of constraint are also satisfied at every point along
the path.

Let us next consider some alternative way in which the particle may
travel from the initial position to the final position within the same time
interval t, — t,. Now, this path will also be subject to the condition that
the equations of constraint must be satisfied at every point. The equations
of motion, however, will be different, and if we consider that the new path
represents only a small variation from the true path, then the solution of
the equations of motion becomes

r(t) — r(t) + or(z)
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Since the initial and final positions are required to occur at the same times
along both the true and varied paths, we have the additional statement
that
or(ty) = or(t,) =0 (9.17)
Now, the original equation of motion is just Newton’s equation:
F = mr
Therefore, in passing from the true path to the varied path, a certain amount
of work dW must be done which is given by
OW =F-0r = mr - or (9.18)
The force F which occurs in this expression is the total force on the particle
and consists of two parts, the applied force F, and the force of constraint F,:
F=F, +F
If the varied path is to be consistent with the constraints, then the force of
constraint can do no work. That is, the varation in the path is always
normal to the force of constraint,* so that
F.-or=0
Thercfore,
oW =F,-or (9.19)

The applied force F, is, by hypothesis, a conservative force and is derivable
from a potential:

F,-or= —oU (9.20)

Hence, Eq. (9.18) becomes
—oU = mr - or (9.21)

We may obtain an equivalent expression for the right-hand side of Eq.
(9.21) by considering the quantity

d . . d . .
a(r or) =r ‘Tt(é)r) +r-or (9.22)

By interchanging the operations (d/dt) and ¢ in the first term on the right-
hand side of this equation, we have

i

d .
~(F*Or) =r1+0F +F-r
dt(
= O3k - i) + ¥+ Or
* Think of a particle moving on a surface: the force of constraint is normal to the surface
but the particle can move only along the surface.
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Since i+ = 2, we have
d
P-or= E(i - or) — 6(3v?) (9.23)

If we multiply this expression by the mass m of the particle and identify
Imv? as the kinetic energy T, then Eq. (9.21) becomes

oT — oU = m%(i‘ - or) (9.24)

We may now integrate Eq. (9.24) with respect to time between the limits
corresponding to the initial and final positions:

t 2 4
j 5(T—U)dt=mj -on)di
18 '1‘

= mr * or

51

But, according to Eq. (9.17), the variation or vanishes at the end points
t, and t,. Therefore,

szw_ U)dt = 0

t

Since the variation indicated by the operator § does not affect the end
points, we may remove J from the integral and write this result as

a‘fz(T-U)dt:(sszdz:o 9.25)
ty

ty

which is just the statement of Hamilton’s Principle.

9.7 The Essence of Lagrangian Dynamics

In the preceding sections several general and important statements were
made concerning the Lagrangian formulation of mechanics. Before pro-
ceeding further, it seems worthwhile to summarize these points in order to
emphasize the differences between the Lagrangian and Newtonian view-
points.
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Historically, the Lagrange equations of motion expressed in generalized
coordinates were derived prior to the statement of Hamilton’s Principle.*
We have elected to deduce Lagrange’s equations by postulating Hamilton’s
Principle because this is the most straightforward approach and is also
the formal method by which the unification of classical dynamics is possible.

First and foremost, it must be reiterated that Lagrangian dynamics does
not constitute a new theory in any sense of the word. The results of a
Lagrangian analysis or a Newtonian analysis must be the same for any
given mechanical system; it is only the method used to obtain these results
that is different.

Whereas the Newtonian approach places the emphasis on an outside
agency acting on a body (the force), the Lagrangian method deals only
with quantities which are associated with the body (the kinetic and potential
energies). In fact, nowhere in the Lagrangian formulation does the concept
of force enter. This is a particularly important property of the method for a
variety of reasons. First, since energy is a scalar quantity, the Lagrangian
function for a system is invariant to coordinate transformations. Indeed,
such transformations are not restricted to be between various orthogonal
coordinate systems in ordinary space; they may also be transformations
between ordinary coordinates and generalized coordinates. Thus, it is
possible to pass from ordinary space (in which the equations of motion may
be quite complicated) to a configuration space which can be chosen to yield
maximum simplification for a particular problem. We are accustomed to
thinking of mechanical systems in terms of vector quantities such as force,
velocity, angular momentum, torque, etc., but in the Lagrangian formula-
tion, the equations of motion are obtained entirely in terms of scalar opera-
tions in configuration space.

Another important aspect of the force versus energy viewpoint is that in
certain situations it may not even be possible to state explicitly all the
forces acting on a body (as is sometimes the case for forces of constraint),
whereas it is still possible to give expressions for the kinetic and potential
energies. It is just this fact that makes Hamilton’s Principle useful for
quantum-mechanical systems in which the forces are sometimes not known
but the energies are known.

The differential statement of mechanics contained in Newton’s equations
or the integral statement embodied in Hamilton’s Principle (and the result-
ing Lagrangian equations) have been shown to be entirely equivalent.
Hence, there can be no distinction between these viewpoints which are based
on the description of physical effects. From a philosophical standpoint,
however, it 1s possible to make a distinction. In the Newtonian formulation,

* Lagrange’s equations. 1788 ; Hamilton’s Principle, 1834.
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a certain force on a body is considered to produce a definite motion; that
is, there are associated a certain cause and a definite effect. According to
Hamilton’s Principle, however, the motion of a body may be considered
to result from the attempt of Nature to achieve a certain purpose, namely,
to minimize the time integral of the difference between the kinetic and
potential energies. Clearly, the operational solving of problems in mechanics
is not dependent on adopting one or the other of these views, but historically
such considerations had a profound influence on the development of
dynamics (as, for example, in Maupertuis’ principle, mentioned in Section
9.2). The interested reader is referred to Margenau’s excellent book (Ma50,
Chapter 19) for a discussion of these matters.

9.8 A Theorem Concerning the Kinetic Energy

If the kinetic energy is expressed in fixed, rectangular coordinates,
the result is a homogeneous, quadratic function of the x, ;:

T=1) Y mxZ; (9.26)

We now wish to determine the dependence of T on the generalized co-
ordinates and velocities. The equations connecting the rectangular co-
ordinates and the generalized coordinates are [see Eq. (9.5a)]

Xai = xa,i(qp t)a j = 1, 2, ceey S (927)
Hence,
5 0x, ; 0x, ;
Xpi = el P L (9.28)
jzl an ! ot
Evaluating the square of x, ; we obtain
s 0, ; axa‘iq i
xa,i = A j
ok aqj dgy "’ *
0x, ; 0x ; 0x, ;)2
2 a,i a,i . ( a,l) 929
20w G 6-29)

And the kinetic energy becomes
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oxa ; 6x

T zz ..k+zz,naﬁlll (Ilq-J

a i,jk a i,
1
+2 27 (
@ i
Thus, with obvious notation, we have the general result

T=3% ap44+ 2 bg; +c (9.31)
ik J

) (9.30)

Now, a case of particular importance is that in which the system is
scleronomic so that the time does not appear explicitly in the equations of
transformation [Eq. (9.27)]; then the partial time derivatives vanish:

0x, ;

% =0; b.=0; c=0

ot
Therefore, under these conditions, the kinetic energy is a homogeneous
quadratic function of the generalized velocities:

[ ..
‘ T =) a;44 | (9.32)
J.k l

Next, we consider the evaluation of

qucq

i

Differentiating Eq. (9.32) we have

oT
5—1 - zalqu + z ajlqj

k
Hence,

. oT .. .
Z Q- = z awdiq: + z a;q;9,
coq it

{ M1 k1

Now, all of the indices are dummies, so that both terms on the right-hand
side are identical :

0T
4

A

Q)

ZI:‘II

=23 augdy = 2T (9.33)
.k

This important result is a special case of Euler’s Theorem which states that
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if f(y,) is a homogeneous function of the y, which is of degree n, then

ZJ’k

k aJ’k

9.9 The Conservation of Energy

According to our previous arguments.* time is homogencous within
an inertial reference frame. Therefore, the Lagrangian that describes a
closed system (i.e., a system which does not interact with anything outside
the system) cannot depend explicitly on the time.} That is,

oL
g 9.34
ot ©-34)
so that the total time derivative of the Lagrangian becomes
dL oL ol 4
== . 3
dt >,: og, % 2 05

6q,

where the usual term, 6L/0t, does not now appear. But Lagrange’s equa-
tions are
0L d JL
— = 9.36

Using Eq. (9.36) to substitute for dL/dq; in Eq. (9.35), we have

dL d oL oL
dt Z Yar aq, +;5;);q"
or,
dL d( OL
R
dt zj:dt(’aqj
so that

dt( 34 aq,) ©.37)

Therefore, the quantity in the parentheses is constant in time; denote this

* See Section 3.3.
+ The Lagrangian will likewise be independent of the time if the system exists in a uniform
force field.
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constant by —H:

L— Zq'jg—If = — H = const. (9.38)
i Y4

If the potential energy U does not depend explicitly on the velocities %, ;
or the time ¢, then U = U(x, ;. Now, the relations which connect the rect-
angular coordinates and the generalized coordinates are of the form
Xqi = Xo,i4;) OF q; = q(x,;), where we exclude the possibility of an explicit
time dependence in the transformation equations. Therefore, U = U(g)),
and 6U/éq; = 0. Thus,

oL _AT-U) aT

a4, 0q; 04,
Equation (9.38) may then be written as
. 0T
(T-U)->4¢7=-H (9.39)
70,

And, using Eq. (9.33), we have
(T—-U)-2T= —H

or,
T+ U=E=H = const. (9.40)

And the total energy E is a constant of the motion for this case.

The function H is called the Hamiltonian of the system and may be
defined as in Eq. (9.38) (but see also the comments in Section 9.12). It is
important to note that the Hamiltonian H is equal to the total energy E
only if the following conditions are met:

(a) The equations of transformation connecting the rectangular and
generalized coordinates [Eq. (9.27)] must be independent of the
time, thus insuring that the kinetic energy is a homogeneous quad-
ratic function of the ¢;.

(b) The potential energy must be velocity-independent, thus allowing
the elimination of the terms 6U/dq; from the equation for H [Eq.
9.39)].

Therefore, the questions Does H = E for the system? and Is energy
conserved for the system? pertain to two different aspects of the problem
and each question must be examined separately. We may, for example,
have cases in which the Hamiltonian does not equal the total energy, but,
nevertheless, the energy is conserved. Thus, consider a conservative system
and let the description be made in terms of generalized coordinates that
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are in motion with respect to fixed, rectangular axes. The transformation
equations then contain the time and the kinetic energy is not a homogeneous,
quadratic function of the gencralized velocities. Clearly, the choice of a
mathematically convenient set of generalized coordinates cannot alter the
physical fact that energy is conserved, but in the moving coordinate system
the Hamiltonian is no longer equal to the total cnergy.

9.10 The Conservation of Linear Momentum

Since space is homogeneous in an inertial reference frame, the Lagrangian
of a closed system will be unaffected by a translation of the entire system
in space. Consider an infinitesimal translation of every radius vector r,
such that r, — r, + dr; this amounts to translating the entire system by Jr.
For simplicity, let us cxamine a system consisting of only a single particle
(by including a summation over o we could consider an n-particle system
in an entirely cquivalent manner), and let us write the Lagrangian in terms
of rectangular coordinates, L = L(x;, x;). The change in L due to the
infinitesimal displacement ér = X, 5x;e; is
L= ?—Léx,- + Z%éki =0 941)
= 0x; 0x;

i i

Now, we consider only a displucement, so that the dx; ar¢c not functions of
the time. Thus.

dx; d
%, = 0—— = —O0X; = 9.42
0x; = 0 il dt()x, 0 (9.42)
Therefore, L becomes
L
oL = Zg ox; =0 (9.43)

i i

Since each of the dx; is an independent displacement, SL will vanish identi-

cally only if each of the partial derivatives of L vanishes:
oL
—=0 (9.44)
Ox;

Then, according to Lagrange’s equations,

d oL
—Z =0
dt ¢x;

(9.45)
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and,
~o = const. (9.46)

or,

Il

-~ -~

o(T—-U) oT ¢ {4 .2
AL T AL T AL (Em ij)
0X; 0X;  0X; J

= mx; = p; = const. (9.47)

Thus, the homogeneity of space implies that the linear momentum p of a
closed system is constant in time,

This result may also be interpreted according to the following statement:
If the Lagrangian of a system (not necessarily closed) is invariant with
respect to translation in a certain direction, then the linear momentum of
the system in that direction is constant in time,

9.11 The Conservation of Angular Momentum

It was stated in Section 3.3 that one characteristic of an inertial reference
frame is that space is isotropic; i.e., the mechanical properties of a closed
system are unaffected by the orientation of the system. In particular, the
Lagrangian of a closed system will not change if the system is rotated
through an infinitesimal angle.*

If a system is rotated about a certain axis by an infinitesimal angle 50
(see Fig. 9-2), the radius vector r to a given point will change to r + Jr,
where [see Eq. (2.30)]

or =00 xr (9.48)

Now, the velocity vectors will also change upon rotation of the system,
and since the transformation equation for all vectors is the same, we have

ot =00 Xt (9.49)

As in Section 9.10, we consider only a single particle and express the
Lagrangian in rectangular coordinates. The change in L due to the infinite-
simal rotation is

oL oL
5L = ZZTC.‘S"‘ + Y 0%=0 (9.50)

* We limit the rotation to an infinitesimal angle since we wish to be able to represent the
rotation by a vector; see Section 2.4,
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Fi1G. 9-2

Equations (9.46) and (9.47) show that the rectangular components of
the momentum vector are given by

oL

P = 'y (9.51)
Lagrange’s equations may then be expressed by
., 0L
pi = o (9.52)
Hence, Eq. (9.50) becomes
OL=7% p;ox; + Y p;6x, =0 (9.53)
or,
p-or+p-or=0 (9.54)
And using Egs. (9.48) and (9.49), this equation may be written as
PO xXr)+p-(8 xi)=0 (9.55)

We may permute in cyclic order the factors of a triple scalar product
without altering the valuc. Thus,

-(rxp+0-@ xp =0
or,
- [rxp+@E&xp]=0 (9.56)
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The terms in the brackets are just the factors which result from the
differentiation with respect to time of r X p:

56-E(r xp)=0

it (9.57)
Since 60 is arbitrary, we must have
d
—(rxp =0
el )
and,
r X p = const. (9.58)

Butr X p = L; thercfore, the angular momentum of the particle is constant
in time.

An important corollary of this thcorem is the following. Consider a
system in an external force field. If the field possesses an axis of symmetry,
then the Lagrangian of the system is invariant with respect to rotations
about the symmetry axis. Hence, the angular momentum of the system
about the axis of symmetry is constant in time. This is exactly the casc
discussed in Example 9.4: the vertical direction was an axis of symmetry
of the system and the angular momentum about that axis was found to be
conserved.

The importance of the connection between symmetry properties and the
invariance of physical quantities can hardly be overemphasized. The
association goes beyond momentum conservation, indeed beyond classical
systems, and finds wide application in modern theories of field phenomena
and elementary particles.

We have been able to derive the conservation theorems for a closed system
simply by considering the properties of an inertial reference frame. The
results may be summarized as in Table 9.1.

Table 9.1

Characteristic of
incrtial frame

Time homogeneous

Space homogeneous

Space isotropic

Property of
Lagrangian

Not explicit function of
time

Invariant to translation

Invariant to rotation

Conserved quantity

Total energy

Linear momentum

Angular momentum
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Thus, there are seven constants (or integrals} of the motion for a closed
system: total energy, linear momentum (three components), and angular
momentum (three components). These and only these seven integrals have
the property that they are additive for the particles composing the system;
they possess this property whether or not there is an interaction among
the particles.

9.12 The Canonical Equations of Motion— Hamiltonian

Dynamics

In Section 9.10 we found that if the potential energy of a system is
velocity-independent, then the linear momentum components in rectangular
coordinates are given by

oL

= (9.59)

By analogy we extend this result to the case in which the Lagrangian is
expressed in generalized coordinates and define the generalized momenta*
according to

(9.60)

(Unfortunately, the customary notation for ordinary momentum and
generalized momentum is the same, even though the two quantities may
be quite different.) The Lagrange equations of motion are then expressed by

(9.61)

Using the definition of the generalized momenta, Eq. (9.38) for the
Hamiltonian may be written as

H=Ypi— L (9.62)
J

Now, the Lagrangian is considered to be a function of the generalized

* The terms “generalized coordinates™, **generalized velocities”, and “generalized momenta”
were introduced in 1867 by Sir William Thomson (later, Lord Kelvin) and P. G. Tait in their
famous treatise Natural Philosophy.
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coordinates, the generalized velocities, and possibly the time. The depen-
dence of L on the time may arise either if the constraints are time dependent
or if the transformation equations connecting the rectangular and genera-
lized coordinates explicitly contain the time. (Recall that we do not consider
time-dependent potentials.) We may solve Eq. (9.60) for the generalized
velocities and express them as

4; = 49w P> 1) (9.63)

Thus, in Eq. (9.62) we may make a change of variables from the (q;,¢;,1)
set to the (g, pj, t) set* and express the Hamiltonian as

H Qk’ pk’ Z p; q] Qk’ qk’ ) (964)

This equation is written in a manner which stresses the fact that the
Hamiltonian is always considered as a function of the (q,, p;, t) set, whereas
the Lagrangian is a function of the (g, g, t) set:

H = H(gy, pi. 1); L= L(gy, 4, 1)

Therefore, the total differential of H may be calculated by

A

oH H
dH = Z(quk ?p dpk) + %dt (9.65)
" :

According to Eq. (9.64) we may also write

oL oL o JL
= ] I — —dq, — —dqg,} — —dt
dH ; (qk dp + P 44 24, dk EPy Qk) =
Using Egs. (9.60) and (9.61) to substitute for ¢L/éq, and ¢L/éq,, the second
and fourth terms in the parentheses cancel and there remains

. . oL
dH =Y (i dpx — Prdgy) — A dt (9.66)
k 7

If we identify the coefficientst of dg,, dp,, and dt between Egs. (9.65) and
(9.66), we find

* This change of variables is similar to that frequently encountered in thermodynamics
and falls in the general class of the so-called Legendre transformations {used first by Euler and
perhaps even by Leibniz). A general discussion of Legendre transformations with emphasis
on their importance in mechanics is given by Lanczos (La49, Chapter 6).

t The assumptions implicitly contained in this procedure are examined in the following
section.
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—_—
, oH
9 = 5 - (9.67a)
i OPy |
. oH |
—P=5 | (9.67b)
L gy
and
oL ¢0H
_e G (9.67¢)
ot ot

Furthermore, using Egs. (9.67a) and (9.67b) in Eq. (9.65), cach term in the
parentheses vanishes, and it follows that

dH ©0H

P (9.67d)

Equations (9.67a) and (9.67b) are Hamilton’s equations of motion*;
because of their symmetrical appearance, they are also known as the
canonical equations of motion. The description of motion by means of these
cquations is termed Hamiltonian dynamics.

Equation (9.67d) expresses the fact that if H does not explicitly contain
the time, then the Hamiltonian is a conserved quantity. As wc have seen
previously (Section 9.9), the Hamiltonian will equal the total energy T+ U
in the event that the potential energy is velocity-independent and the trans-
formation equations between the x,; and the g; do not explicitly contain
the time. Under these conditions, and if 0H/0t = 0, then H = E = const.

There are 2s canonical equations and they replace the s Lagrange
equations. (Recall that s = 3n — m is the number of degrees of freedom of
the system.) But the canonical equations are first-order differential equations,
whercas the Lagrange cquations are of second-order.T In order to use the
canonical equations in solving a problem, the Hamiltonian must first be
constructed as a function of the generalized coordinates and momenta.
[t may be possible in some instances to do this directly ; in more complicated
cases it may be necessary first to set up the Lagrangian and then to calculate
the generalized momenta according to Eq. (9.60). The equations of motion
are then given by the canonical equations.

* This set of cquations was first obtained by Lagrange in 1809 and Poisson also derived
similar equations in the same year. But neither of these individuals recognized the equations
as a basic set of cquations of motion; this point was first realized by Cauchy in 1831. Hamilton
first derived the cquations in 1834 from a fundamental variational principle and made them the
basis for a far-reaching theory of dynamies. Thus, the designation Hamilton’s equations is
fully deserved.

* This is not a special result ; any set of s sccond-order equations can always be replaced by a
set of 2s first-order equations.
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P Example 9.12(a). As an illustration of the formulation of a problem using the Hamil-
tonian method, let us consider a particle of mass m that is constrained to move on the
surface of a cylinder, the defining equation of which is

x2 + y2 - R? )]

The particle is to be subject to a force directed toward the origin and proportional to
the distance of the particle from the origin:

F = —kr (2)
The situation is illustrated in Fig. 9-3. The potential corresponding to the force F is
U = 1kr? = Jk(x* + y> + 27)
= $k(R? + z?) 3)
In cylindrical coordinates the square of the velocity is [Eq. (2.25)]
v =i 4 P27 4 32 (4)
But here r = R is a constant so that the kinetic energy is
T = im(R*6? + %) (5)
We may now write the Lagrangian as
L= T— U = im(R*?* + %) — Ik(R? + =?) (6)

The generalized coordinates are 0 and z, and the generalized momenta are

oL

=5 = mR*) (7a)
5
p. = % =mz (7b)

FiG. 9-3
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Since the system is conservative and since the equations of transformation between
rectangular and cylindrical coordinates do not explicitly involve the time, the Hamil-
tonian H is just the total energy expressed in terms of the variables 0, py, z, and p,; but
0 does not occur explicitly, so that

H(z,pp.p) = T+ U

2 2
- 25’"R2 + gg + Lkz? (8)

where the constant term 3kR? has been suppressed. The equations of motion are
therefore found from the canonical equations (9.67):

. ¢H
Do = — 0 0 (9a)
cH
pi=— o= —kz (9b)
oz
| Do
0=-—= 9%
dpy  mR? )
2]
p=H_ P (9d)
ép, m
Equations (9¢) and (9d) just duplicate Egs. (7a) and (7b). Equation (9a) gives
ps = mR20 = const. (10)

so that the angular momentum about the z-axis is a constant of the motion; this
result is assured since the z-axis 1s the symmetry axis of the problem. Combining Egs.
(7b) and (9b), wc find

P4+ wiz=0 (11)
where
wi =k/m (12)

Therefore. the motion in the z-direction is simple harmonic.

The same ecquations of motion for the above problem can be found
by the Lagrangian method using the function Ldefined by Eq. (6). In this
case the Lagrange equations of motion are easier to obtain than are the
canonical equations. In fact, it is quite often true that the Lagrangian
method leads more readily to the equations of motion than does the Hamil-
tonian method. However, because of the fact that there is greater freedom in
choosing the variables in the Hamiltonian formulation of a problem (the
¢, and the p, are independent, whereas the g, and the ¢, are not), there is
sometimes a certain practical advantage to be gained by using the Hamil-
tontan method. For example, in celestial mechanics, particularly in the
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event that the motions are subject to perturbations caused by the influence
of other bodies, it proves convenicnt to formulate the problem in terms of
Hamiltonian dynamics. Generally speaking, however, the great power of the
Hamiltonian approach to dynamics does not manifest itself in simplifying
the solutions to mechanics problems; rather, it does so in providing the
base from which extensions may be made to other fields.

In Hamiltonian dynamics, the generalized coordinates and momenta
are treated as independent variables. We observe that the product

oL aL
PO 34~ deq on™

always has the dimensions of {energy) x (time), 1.c., the dimensions of uction.
This is true no matter what choice is made for the system of generalized
coordinates. The product of the Lagrangian variables g;¢; does not have this
property; the dimensions depend on the particular generalized coordinates
used. Thus, the Hamiltonian formulation (and not the Lagrangian formu-
lation) is appropriate for the transition from classical mechanics to quantum
mcchanics since in this process it is the action alone that is quantized.

The gencralized coordinate g, and the generalized momentum p, are
said to be canonically conjugate quantities. According to Egs. (9.67a) and
(9.67b), if ¢, does not appear in the Hamiltonian, then p, = 0 and the con-
jugate momentum p, is a constant of the motion. Coordinates which do not
appear explicitly in the expressions for T and U are said to be cyclic. A
coordinate which is cyclic in H is also cyclic in L. However, even if ¢, does
not appear in L, the generalized velocity g, related to this coordinate will
in general still be present. Thus,

L= L(qa“‘aqk*134k+la‘"QSaqlVA"qust)

and no reduction in the number of degrees of freedom of the system has
been accomplished even though one coordinate is cyclic; there are still s
second-order equations to be solved. On the other hand, in the canonical
formulation, if g, is cyclic, p is constant, p, = %, and

H:H(Ql""’qk—ls e+ 159 Qo Pro-vos Pi—15 %o Div 15+ - -5 Dy I)

Thus, there are 2s — 2 first-order equations to be solved and the problem
has in fact been reduced in complexity; there are in effect only s — 1
degrees of freedom remaining. The coordinate g, is completely separated
and it is ignorable as far as the remainder of the problem is concerned.
The constant a, is calculated by applying the initial conditions, and the
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equation of motion for the cyclic coordinate is

¢H
= = w, 9.68)
Oay,

which can be immediately integrated to yield

9

qi(t) = wit + const. (9.68a)

The solution for a cyclic coordinate is therefore trivial. Consequently, the
canonical formulation of Hamilton is particularly well suited for dealing
with problems in which one or more of the coordinates is cyclic. It is clear
that the simplest possible solution to a problem would result if the problem
could be formulated in such a way that all the coordinates were cyclic.
Then each coordinate would be described in a trivial manner as in Eq.
(9.68a). It is in fact possible to find transformations which render all of the
coordinates cyclic* and these procedures lead naturally to a formulation of
dynamics that is particularly useful in the construction of modern theories
of matter. Although a general discussion of these topics is beyond the scope
of this book, it is interesting to cite a brief example of the procedure.

Example 9.12(b). The Hamiltonian for the one-dimensional harmonic oscillator is

2 2
p- kg

H=>"—+— 1
2m+ 2 ()

where the variables are simply ¢ = x and p = mx. We now make a transformation

from p, g to P, Q according to
/2P .
q= P sin Q

p = /2mwP cos Q

where w = /k/m, as usual. The Hamiltonian then becomes

H = wP cos?’Q + wPsin’Q

3)
= wP

which is cyclic in the coordinate . Since P is the momentum conjugate to Q, it is a
constant of the motion:
—_— H —

P = — =— = const. (4)
W

gltm

* Transformations of this type were devised by Carl Gustav Jacob Jacobi (1804-1851).
Jacobi’s investigations greatly extended the usefulness of Hamilton’s methods and these
developments are known as Hamilton-Jacobi theory.
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where H is just the total energy E of the oscillator. The equation of motion for Q
is obtained from

. cH

0= = ” (5
so that

OQ=wt+f (6)

Hence, the time dependence of g is given by

git) =/ 2E2 sin(wt + ) (7)
mo

This is just the well-known solution for the harmonic oscillator in which the maximum
amplitude is expressed in terms of the total energy.

The quantity P = E/w has the dimensions of action, and since Q occurs as the argu-
ment of the sine term it may be considered to be an angle. Therefore, this example is a
simple illustration of the general method of angle-action variables, a method of
fundamental importance in Hamilton-Jacobi theory.

9.13 Some Comments Regarding Dynamical Variables and
Variational Calculations in Physics

We originally obtained Lagrange’s equations of motion by stating
Hamilton’s Principle as a variational integral and then making use of the
results of the preceding chapter on the calculus of variations. Since the
method and the application were thereby separated, it is perhaps worth-
while to restate the argument in an orderly but abbreviated way.

Hamilton’s Principle is expressed by

0 f L(g;, 45 )dt =0 (9.69)

11

Applying the variational procedure specified in Section 8.8, we have

ool aL
s .+T5') dt =0
Szl(a(b 4 oq; 9

J

Next, we assert that the dg; and the 3¢; are not independent so that

. d.
6q; = qu,- (9.70)
Then, the varied integral becomes (after the integration by parts in which

the dq; are set equal to zero at the end points)
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53
J (aihﬂai,‘)éq.dz:o 9.71)
o \0q; dtog;)

The requirement that the dg; be independent variations lcads immediately
to Lagrange’s equations.

In Hamilton’s Principle, expressed by the variational integral in Eq. (9.69),
the Lagrangian is a function of the generalized coordinates and the genera-
lized velocities. But only the g; arc considered as independent variables;
the gencralized velocities are simply the time derivatives of the ;. When the
integral is reduced to the form given by Eq. (9.71), we state that the dq; are
independent variations; thus the integrand must vanish identically and
Lagrange’s equations result. We may therefore pose the question: since the
dynamical motion of the system is complectely determined by the initial
conditions, what is the meaning of the variations dq;? Perhaps a sufficient
answer is that the variations are to be considered as those which are
geometrically feasible within the limits of the given constraints, although
they are not dynamically possible. That is, when using a variational procedure
to obtain Lagrange’s equations, it is convenient to ignore temporarily the
fact that we are dealing with a physical system whose motion is completely
determined and subject to no variation, and to consider instead only a
certain abstract mathematical problem. Indeed, this is the spirit in which any
variational calculation relating to a physical process must be carried out.
In adopting such a viewpoint, we must not be overly concerned with the fact
that the variation procedure may be contrary to certain known physical
propertics of the system. (For example, energy is in general not conscrved
in passing from the true path to the varied path.) A variational calculation
simply tests various possible solutions to a problem and prescribes a
mcthod for selecting the correct solution.

The canonical equations of motion may also be obtained directly from
a variational calculation which is based on the so-called modified Hamilton’s
Principle. The Lagrangian function may be expressed as [see Eq. (9.62)]:

L =3 p4— Hgpp1) (9.72)
J

so that the statement of Hamilton’s Principle contained in Eq. (9.69) may
be modified to read

1y S
5f (Z Pid; — H)dt ~0 \ (9.73)
N J
Carrying out the variation in the standard manner, we obtain
f2 . C OH oH
Z (pj 0q; + q;0p; — +— 0q; — Tép,-) dt =0 (9.74)
fj oq; cpj /
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Now, in the Hamiltonian formulation, the g; and the p; are considered to be
independent. The ¢; are again not independent of the g;, so Eq. (9.70) may
be used to express the first term in Eq. (9.74) as

12

2 . d
2.pidgdt=| ¥ P, 04;dt

ty o

Upon integrating by parts, the integrated term vanishes and we have

1 {2
2.0 0q;dt = — | Y p; 8q;dt

ty J ty J

Equation (9.74) then becomes

t
’ f(-__ﬁli)(;,_ . aﬂ) } _ 9.75
n; Iy A R AL R 57

)

If the dq; and the dp; represent independent variations, then the terms in the
parentheses must separately vanish and Hamilton’s canonical equations
result.

In the preceding section we obtained the canonical equations by writing
two different expressions for the total differential of the Hamiltonian
[Egs. (9.65) and (9.66)] and then equating the coefficients of dq; and dp;.
Such a procedure is valid if the g; and the p; are independent variables.
Therefore, both in the previous derivation and in the variational calculation
above, the canonical equations were obtained by exploiting the independent
nature of the generalized coordinates and the generalized momenta.

Now, it is of course true that the coordinates and momenta are not
“independent” in the ultimate sense of the word. For, if the time dependence
of each of the coordinates is known, g; = g{t}, then the problem is com-
pletely solved. The generalized velocities can be calculated from

d
qt) = 5. a)

and the generalized momenta are
0 .

The essential point is that, whereas the g; and the ¢; are related by a simple
time derivative independent of the manner in which the system behaves, the
connection between the ¢; and the p; are the equations of motion themselves.
Therefore, finding the relations that connect the g; and the p; (and thereby
eliminating the assumed independence of these quantities) is tantamount
to solving the problem.
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B 9.14 Phase Space and Liouville’s Theorem

As pointed out previously, the generalized coordinates g; can be used to
define an s-dimensional configuration space in which every point represents
a certain state of the system. Similarly, the generalized momenta p; define an
s-dimensional momentum space in which every point represents a certain
condition of motion of the system. A given point in configuration space
specifies only the position of each of the particles in the system; nothing can
be inferred regarding the motion of the particles. The reverse is true, of course,
for momentum space. In Chapters 6 and 7 we found it profitable to represent
geometrically the dynamics of simple oscillatory systems by means of phase
diagrams. If we take over this concept for use with more complicated
dynamical systems, then a 2s-dimensional space consisting of the ¢; and the
p; will allow the representation of both the positions and the momenta of all
of the particles. This gencralization is called Hamiltonian phase space or
simply phase space.*

P Example 9.14. The phase diagram for the motion of the particle in Example 9.12(a)
may be constructed as follows. The particle has two degrees of freedom (0, z), so the
phase space for this example is actually four-dimensional: 8, p, z, p,. But p, is constant
and therefore may be suppressed. In the z-direction the motion is simple harmonic
and so the projection onto the z-p, plane of the phase path for any total energy H
is just an ellipse. Since 8 = const., the phase path must represent motion increasing
uniformly with f. Thus the phase path on any surface H = const. is a uniform elliptic
spiral, as shown in Fig. 9-4.

FiGc. 9-4

* Previously, we plotted in the phase diagrams the position versus a quantity proportional
to the velocity. In Hamiltonian phase space this latter quantity becomes the generalized
momentum.
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If, at a given instant of time, the positions and momenta of all of the
particles in a system are known, then with these quantities as initial con-
ditions the subsequent motion of the system is completely determined.
That is, starting from a point ¢;(0), p;(0) in phase space, the representative
point which describes the system moves along a unique phase path. In
principle, this procedure can always be followed and a solution obtained,
but if the number of degrees of freedom of the system is large, then the set of
equations of motion may be too complicated to solve in a reasonable time.
Moreover, for complex systems, such as a quantity of gas, it is clearly a
practical impossibility to determine the initial conditions for each con-
stituent molecule. Since we cannot identify any particular point in phase
space as representing the actual conditions at any given time, we must
devise some alternative approach to study the dynamics of such systems.
We therefore arrive at the point of depariure of statistical mechanics.
The Hamiltonian formulation of dynamics is ideal for the statistical
study of complex systems and we demonstrate this in part by now proving
a theorem which is fundamental for such investigations.

For a large collection of particles, say, gas molecules, we are unable to
identify the particular point in phase space that correctly represents the
system. However, we may fill the phase space with a collection of points,
each of which represents a possible condition of the system. That is, we
imagine a large number of systems (each consistant with the known con-
straints), any of which could conceivably be the actual system. Since we are
unable to discuss the details of the motion of the particles in the actual
system, we substitute a discussion of an ensemble of equivalent systems.
Each representative point in phase space corresponds to a single system of
the ensemble and the motion of a particular point represents the independent
motion of that system. Thus, no two of the phase paths may ever intersect.

We may consider the representative points to be sufficiently numerous
that we can define a density in phase p. Of course, the volume elements
of the phase space which we use to define the density must be sufficiently
large to contain a large number of representative points, but they must also
be sufficiently small so that the density may be considered to vary in a
continuous manner. The number N of systems whose representative points
lie within a volume dv of phase space is

N = pdv
where

dv =dyg,dyg,---dq,dp,dp,---dp,

As before, s is the number of degrees of freedom of each system in the
ensemble.



254 9 ¢ HAMILTON’S PRINCIPLE
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Fi1G. 9-5

Consider an element of arca in the ¢,-p, plane in phase space, as in
Fig. 9-5. The number of representative points moving into dq,dp, per
unit time 1s

PG dpi + Pidqy)

By a Taylor series expansion, the number of representative points moving
out of the area per unit time is (approximately)

- ¢ . ¢
(qu + .= (pgi) qu) dpi + (/)Pk + == (pP) dpk) dqy
) Cqy ! CPx y
Hence, the total increasc in density in dg, dp, per unit time is
ap ¢ . o 0
=, dqdpy = — ( (g + - (ppk)) dqy dpy
t Ody Py ,

Summing this expression over all possible values of k, we find

cp S/ 0p (qk . Py
= 7" ~—1=0 7
ct + kgl ((qk Gt (q cp pk (ip,() (©.75)

Now, from Hamilton’s equations (9.67), we have (if the second partial
derivatives of H are continuous)

e, P 9.76)
Cqx D
so that Eq. (9.75) becomes

9.77)
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But this is just the total time derivative of p, so we conclude that

| dp \

T —O‘J (9.78)
This important result 1s known as Liouville’s theorem* and states that the
density of representative points in phase space corresponding to the
motion of a system of particles remains constant during the motion. It
must be emphasized that we have been able to establish the invariance of the
density p only because the problem was formulated in phase space; an
equivalent theorem for configuration space does not exist. Thus, it is
necessary to use Hamiltonian dynamics (rather than Lagrangian dynamics)
for the discussion of ensembles in statistical mechanics.

Pk

4
Fi1G. 9-6

According to Liouville’s theorem, if we imagine two surfaces (actually
hypersurfaces in the 2s-dimenstonal space) which correspond to encrgies
E and E + dE, and consider the density of representative points in some
small region between these surfaces,T then as the system moves, this density
remains constant in time. Figure 9-6 shows such a pair of surfaces and a
region which has an extent Ag, Ap, at a certain time t,. At some later times
t, and t5, the relative magnitudes of Ag, and Ap, must change as indicated
in order to maintain a constant phase density. This fact can be immediately
applied, for example, to the focussing of beams of electrons or other charged
particles (see Problem 9-27).

Liouville’s theorem is important not only for aggregates of microscopic
particles, as in the statistical mechanics of gaseous systems and the focussing

* Published in 1838 by Joseph Liouville (1809- 1882).
t An ensemble for which the phase density is zero except in the region between E and E + dE
was called by Gibbs a microcanonical ensemble.
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propertics of charged-particle accelerators, but also in certain macroscopic
systems. For example, in stellar dynamics the problem is inverted and by
studying the distribution function p of stars in the galaxy, the potential U
of the galactic gravitational field may be inferred.

9.15 The Virial Theorem

Another important result of a statistical nature is worthy of mention.
Consider a collection of particles whose position vectors r, and whose
momenta p, are both bounded (i.e., remain finite for all values of the time).
Define a quantity

S=Yp 9.79)
The time derivative of S is

=2 (Pt + Py 1) (9.80)

o

If we calculate the average value of dS/dt over a time interval 1, we find

< > fmd _ 50 = 30) (9.81)
T

In the event that the motion of the system is periodic, and if t is some
integral multiple of the period, then S(z) = S(0), and <S> vanishes. How-
ever, even if the system does not exhibit any periodicity, then since S is by
hypothesis a bounded function, we may make <S> as small as desired by
allowing the time 7 to become sufficiently long. Therefore, the time average
of the right-hand side of Eq. (9.80) can always be made to vanish (or at least
to approach zero). Thus, in this imit, we have

<Z P’ 'ra> = — <Z | ra> (9.82)

On the left-hand side of this equation, p, -, is twice the kinetic energy; on
the right-hand side, p, is just the force F, on the ath particle. Hence,

SR

The sum over T, is the total kinetic energy T of the system, so we have the
gencral result
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(T = _%<z F,- ra> (9.84)

The right-hand side of this equation was called by Clausius* the virial of
the system, and the virial theorem is stated as: the average kinetic energy
of a system of particles is equal to its virial.

The virial theorem is particularly useful in the kinetic theory of gases;
the equation of state of a perfect gas (Boyle’s law) can be derived with only a
few additional considerations.t

If the forces F, can be derived from potentials U, then Eq. (9.84) may be
rewritten as

(T = §<Z r, - grad Ua> (9.84a)

Of particular interest is the case of two particles which interact according
to a central, power-law force: F oc r". Then, the potential is of the form

U=krmt! (9.85)
Therefore,

dU +1
regrad U = r71r~ =kn+ "7 =m+ HU (9.86)

and the virial theorem becomes

{ Ty =" ; 1<U>W (9.87)

If the particles have a gravitational interaction, then n = —2, and

(Ty = =3y, n=—-2

This relation is useful in calculating, for example, the energetics in planetary
motion.

9.16 The Lagrangian Function in Special Relativity

All of the previous discussion of Lagrangian and Hamiltonian dynamics
has assumed the constancy of mass and is therefore correct only in the
nonrelativistic limit. We may extend the Lagrange formalism into the

* Rudolph Julius Emmanuel Clausius (1822-1888), a German physicist and one of the
founders of thermodynamics.
t See, for examplc, Lindsay (Li61, pp. 164--167).
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realm of special relativity in the following way. For a single (nonrelativistic)
particle moving in a velocity-independent potential, the rectangular momen-
tum components may be written as [cf. Eq. (9.539)]:

L

Di
Now, according to Eq. (4.32), the relativistic expression for the ordinary
(1.c., spacc) momentum components is

o Moli
p; e

We now require that the relativistic Lagrangian, when differentiated with
respect to v; as in Eq. (9.88), yield the momentum components given by
Eq. (9.89):

(9.89)

ol ).
L Moli (9.90)

co, 1 — B2

This requirement which we have imposed involves only the velocity of
the particle, so we may expect that the velocity-independent part of the
relativistic Lagrangian is unchanged from the nonrclativistic case. The
velocity-dependent part, however, may no longer be equal to the kinetic
energy. Therefore, we write

L=T*—-U (9.91)

where U = U(x;) and T* = T*(v;). The function T* must satisfy the
relation

a T* 3,
orr Mol (9.92)

It can be easily verified that a suitable expression for T* (apart from a
possible constant of integration which may be suppressed) is

T* = —myc? /1 — B> (9.93)
Hence, the relativistic Lagrangian may be written as
tL = —mget /1 — >~ U ‘ (9.94)

and the cquations of motion are obtained in the standard way from
Lagrange’s equations.
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Notice that the Lagrangian is not given by T — U, since the relativistic
expression for the kinetic energy is [Eq. (4.39)]:

moc?

_1—_,87 _
The Hamiltonian may be calculated from {cf. Eq. (9.62)]:
H = Z vip; — L

2
=Z\/T°—U—'ﬂz+moc2«/1—ﬂ2+U
__m Ly

J1-p?

=T+ myc*+U=E (9.96)

T= MgC? (9.95)

so that the relativistic Hamiltonian is equal to the total energy (in this
case including the rest energy).

Suggested References

The reader is again referred to Lindsay and Margenau (Li36, Chapter 3) for a discussion
of the foundations of mechanics; Sections 3.12-3.14 present the minimal principles
from which Lagrangian and Hamiltonian dynamics may be obtained. A complete
and detailed (although quite readable) study of variational principles in mechanics is
given by Lanczos (La49); see also Yourgrau and Mandelstam (Y060, Chapters 1-5).

Generalized coordinates in Lagrangian mechanics is given an interesting treatment by
Byerly (By13, Chapter 2).

The Lagrangian function is “derived” in an interesting way by Landau and Lifshitz

(La60, Chapter 1).
Lagrange’s equations can be obtained in a variety of ways. One of the more frequently

used methods involves the application of d’Alembert’s principle; see, for example,
Goldstein (Go50, Chapter 1) or Joos and Freeman (JoSO, Chapter 6). Virtual
work derivations are given by Slater and Frank (S147, Chapter 4) and by Symon
(Sy60, Chapter 9).

The standard treatise on advanced dynamics is that of Whittaker (Wh37); see, par-
ticularly, Chapters 1-4 for Lagrange’s method and for various applications.

Hamiltonian mechanics is discussed at the intermediate-to-advanced level by Corben
and Stehle (Co60, Chapter 10), Goldstein (GoS50, Chapter 7), McCuskey (Mc59,
Chapter 6); Tolman’s account (To38, Chapter 2) is particularly clear.

Introductory accounts of classical statistical mechanics (ensembles, Liouville’s
theorem, kinetic theory, etc.) may be found in Crawford (Cr63, Chapter 16), Houston
(Ho48, Chapter 11), Joos and Freeman (JoS50, Chapters 33 and 34), Lindsay (Li61,
Chapter 7), and Morse (Mo062, Chapters 16-23). The first few chapters of Tolman
(To38) are a clear exposition of the extension of Hamiltonian mechanics to statistical
mechanics.
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9-1. A disk rolls without slipping across a horizontal plane. The plane of
the disk remains vertical, but it 1s free to rotate about a vertical axis. What
generalized coordinates may be used to describe the motion? Write a
differential equation which describes the rolling constraint. Is this equation
integrable? Justify your answer by a physical argument. Is the constraint
holonomic?

9-2. A body 1s released from a height of 64 ft and 2 sec later it strikes the
ground. The equation for the distance of fall s during a time ¢ could con-
ceivably have any of the forms (where g has different units in the three
¢xXpressions)

s=gt; s=3gt?; s=4g>
all of which yield s = 64 ft for t = 2 sec. Show that the correct form leads
to a minimum for the integral in Hamilton’s Principle.

9-3. A sphere of radius p is constrained to roll without shpping on the lower
half of the inner surface of a hollow cylinder of inside radius R. Determine
the Lagrangian function, the equation of constraint, and Lagrange’s equa-
tions of motion. (See Problem 8-10.) Find the frequency of small oscillations.

9-4. A particle moves in a plane under the influence of a force f= — Ar* !
directed toward the origin; A and a(#0 or 1) are constants. Choose
appropriate generalized coordinates and let the potential energy be zero
at the origin. Find the Lagrangian equations of motion. Is the angular
momentum about the origin conserved? Is the total energy conserved?

9-5. Consider a vertical plane in a gravitational field. Let the origin of a
coordinate system be located at some point in this plane. A particle of
mass m moves in the plane under the influence of gravity and under the
influence of an additional force f = — Ar*~! which is directed toward the
origin, (r is the distance from the origin; A and « (#0 or 1) are constants.)
Choose appropriate generalized coordinates and let the gravitational
potential energy be zero along a horizontal line through the origin. Find
the Lagrangian equations of motion. Is the angular momentum about the
origin conserved? Explain.

9-6. A hoop of mass m and radius R rolls without shpping down an
inclined plane of mass M which makes an angle « with the horizontal. Find
the Lagrange equations and the integrals of the motion for the case in
which the plane can slide without friction along a horizontal surface.
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9-7. A double pendulum consists of two simple pendula, with one pendulum
suspended from the bob of the other. If the two pendula have equal lengths
and have bobs of equal mass and if both pendula are confined to move in
the same plane, find Lagrange’s equations of motion for the system.

9-8. Consider a region of space which is divided into two parts by a plane.
The potential energy of a particle in region 1 is U, and in region 2 it is U,.
If a particle of mass m and with velocity v, in region 1 passes from region |
into region 2 such that its path in region 1 makes an angle 6, with the
normal to the plane of separation and an angle 0, with the normal when
in region 2, show that

sr.in()1 _ [1 N U, - Uz]é
sin 0, T,

where T, = imv?. What is the optical analog of this problem?

9-9. A disk of mass M and radius R rolls without slipping down a plane
which is inclined from the horizontal by an angle a. The disk has a short,
weightless axle of negligible radius. From this axis is suspended a simple
pendulum of length I < R and whose bob has a mass m. Consider that the
motion of the pendulum takes place in the planc of the disk and find
Lagrange’s equations for the system.

9-10. Two blocks, each of mass M, are connccted by an extensionless
string of length I. One block is placed on a smooth horizontal surface while
the other block hangs over the side, the string passing over a frictionless
pulley. Describe the motion of the system when (a) the mass of the string
is negligible and when (b) the string has a mass m.

9-11. A particle of mass m is constrained to move on a circle of radius R.
The circle rotates in space about one point on the circle which is fixed.
The rotation takes place in the plane of the circle and with constant angular
velocity w. In the absence of a gravitational force, show that the motion
of the particle about one end of a diameter which passes through the pivot
point and the center of the circle is the same as that of a plane pendulum
in a uniform gravitational field. Explain why this is a reasonable result.

9-12. A point particle slides frictionlessly down a sphere, starting from
rest at the top. Show that the particle leaves the sphere after the motion
has gone through a polar angle equal to cos™ !(3).

9-13. A double Atwood machine* is shown in the figure. Pick a proper set
of generalized coordinates and obtain the Lagrange equations for the

* Devised by George Atwood (1746 1807) in 1784 for the purpose of making accurate
measurcments of the acceleration due to gravity.
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M,

system. Solve for the accelerations of the masses. (The masses of the pulleys
and friction are to be neglected.) Also, set up the problem with Lagrange
undetermined multipliers and find the tensions in the strings.

9-14. A particle of mass m can slide freely along a wire AB whose perpen-
dicular distance to the origin O is d (see figure). The line OC rotates about
the origin at a constant angular velocity = w. The position of the particle
can be described in terms of the angle 6 and the distance g to the point C.
If the particle is subject to a gravitational force and if the initial conditions
are
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show that the time dependence of the coordinate ¢ is

= %(cosh wt — Cos wt)

q(t)

Sketch this result. Compute the Hamiltonian for the system and compare
with the total energy. Is the total energy conserved?

9-15. A pendulum is constructed by attaching a mass m to an extension-
less string of length I. The upper end of the string is connected to the upper-
most point on a vertical disk of radius R (R < I/n), as in the figure. Obtain

the equation of motion of the pendulum and find the frequency of small
oscillations. Also, find the line about which the angular motion extends
equally in either direction (i.e., 8, = 0,).

9-16. Two masses m,; and m, (m; # m,) are connected by a rigid rod of
length d and of negligible mass. An extensionless string of length /, is
attached to m, and connected to a fixed point of support P. Similarly, a
string of length I, (I, # ;) connects m, and P. Obtain the equation which
describes the motion in the plane of m,, m,, and P, and find the frequency
of small oscillations around the equilibrium position.

9-17. A circular hoop is suspended in a horizontal plane by three strings,
each of length I, which are attached symmetrically to the hoop and are
connected to fixed points lying in a plane above the hoop. At equilibrium
each string is vertical. Show that the frequency of small rotational oscilla-
tions about the vertical through the center of the hoop is the same as that
for a simple pendulum of length /.
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9-18. A particle is constrained to move (without friction) on a circular
wire which rotates with constant angular velocity @ about a vertical
diameter. Find the equilibrium position of the particle and calculate the
frequency of small oscillations around this position. Find, and interpret
physically, a critical angular velocity, w = w,, which divides the motion
of the particle into two distinct types.

9-19. A particle of mass m moves in one dimension under the influence of
a force
ko
Flx,t) = e 9
where k and 7 are positive constants. Compute the Lagrangian and Hamil-
tonian functions. Compare the Hamiltonian and the total energy, and
discuss the conservation of energy for the system.

9-20. Consider a particle of mass m which moves freely in a conservative
force field whose potential function is U. Find the Hamiltonian function
and show that the canonical equations of motion reduce to Newton’s
equations. (Use rectangular coordinates.)

9-21. Consider a simple, plane pendulum which consists of a mass m
attached to a string of length I. After the pendulum is set into motion, the
length of the string is shortened at a constant rate

dl )

— = —q = const.

dt
The suspension point remains fixed. Compute the Lagrangian and Hamil-
tonian functions. Compare the Hamiltonian and the total energy, and
discuss the conservation of energy for the system.

9-22. A particle of mass m moves under the influence of gravity along the
spiral z = k0, r = const., where k is a constant and z is vertical. Obtain the
Hamiltonian equations of motion.

9-23. Consider any two continuous functions of the generalized coordinates
and momenta, g(g,, p,) and h(q,. p,). The so-called Poisson brackets are
defined by

ég 0h  0dg Oh )

0qy Op,  Opy O
Verify the following properties of the Poisson brackets:

jal

dg g
(a) E_[g,H]-{’_(ﬂ’t
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(b) ¢;=1[q,H]; p;=1[p,H]
© [prl=0; [qwq]=0
d) [q0p;] = 04

where H is the Hamiltonian. If the Poisson bracket of two quantities
vanishes, the quantities are said to commute. If the Poisson bracket of two
quantities equals unity, the quantities are said to be canonically conjugate.
Show that any quantity which commutes with the Hamiltonian is constant
in time. Poisson-bracket formalism is of considerable importance in
quantum mechanics.

9-24. A spherical pendulum consists of a bob of mass m attached to a
weightless, extensionless rod of length I The end of the rod opposite the
bob is allowed to pivot freely (in all directions) about some fixed point.
Set up the Hamiltonian function in spherical coordinates. (If p,, = 0, then
the result is the same as that for the plane pendulum.) Combine the term
which depends on p, with the ordinary potential energy term to define
an effective potential V(0, p,,). Sketch V as a function of 6 for several values
of p,, including p, = 0. Discuss the features of the motion, pointing out
the differences between p, = 0 and p, # 0. Discuss also the limiting case
of the conical pendulum (for which 8 = const.) with reference to the
V-0 diagram.

9-25. A particle moves in a spherically symmetric force field in which the
potential energy is given by U(r) = —k/r. Calculate the Hamiltonian
function in spherical coordinates and obtain the canonical equations of
motion. Sketch the path that a representative point for the system would
follow on a surface H = const. in phase space. Begin by showing that the
motion must lie in a plane so that the phase space is four-dimensional
(r, 0, p,, ps» but only the first three are nontrivial). Calculate the projection
of the phase path on the r-p, plane, then take into account the variation
with 6.

9-26. Four particles are directed upward in a uniform gravitational field
with the following initial conditions:

(1) 2z(0) = zo; p=(0) = po
) 20) =z + Azo;  p0) = po
B) z(0) = zo; pA0) = po + Apo
(4) 2(0) = zo + Azy; p=(0) = po + Apq
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Show by direct calculation that the representative points corresponding
to these particles always define an area in phase space equal to Azy Ap,.
Sketch the phase paths and show for several times ¢ > O the shape of the
region whose area remains constant.

9-27. Discuss the implications of Liouville’s theorem on the focussing of
beams of charged particles by considering the following simple case. An
electron beam of circular cross section (radius Ry) is directed along the
z-axis. The density of electrons across the beam is constant, but the momen-
tum components transverse to the beam (p, and p,) are distributed uniformly
over a circle of radius po in momentum space. If some focussing system is
used to reduce the beam radius from R to Ry, find the resulting distribution
of the transverse momentum components. What is the physical meaning of
this result? (Consider the angular divergence of the beam.)

9-28. Consider a one-dimensional, relativistic harmonic oscillator for which
the Lagrangian is
L = myc*(l — /1 — p?) — tkx?

Obtain the Lagrange equation of motion and show that it can be integrated
to yield

E = mgc? + ka?

where a is the maximum excursion from equilibrium of the oscillating
particle. Show that the period,

T= 4J dt,
x=0

J’”Z (1 + 2x?cos? (p)
1 + x? cos? q)

can be expressed as

Expand the integrand in powers of x = (a/2)./k/myc? and show that, to

first order in x,
(1 L3 3 ka? )
T =
16 myc?

where 7, is the nonrelativistic period for small oscillations, 2n./mg/k.



CHAPTER 10

Central-Force Motion

10.1 Introduction

The motion of a system consisting of two bodies which act under the
influence of a force directed along the line connecting the centers of the
two bodies (1.e., a central force) is an extremely important physical problem,
the solution to which can be determined completely. The importance of
such a problem lies in large measure in two quite different realms of physics
—the motion of celestial bodies, such as planets, moons, comets, double
stars, etc., and in certain two-body nuclear interactions, such as the scatter-
ing of o particles by nuclei. Also, in the pre-quantum-mechanics days, the
hydrogen atom was described in terms of a classical two-body central-
force picture, and although such a description is still useful in a qualitative
sense, the quantum theoretical approach must be used for a detailed
description. In addition to some general considerations regarding motion
in central-force fields, we shall discuss in this and in the following chapter
several of the problems of two bodies that are cncountered in celestial
mechanics and in nuclecar physics. We shall also give a brief discussion of
the problem of the motion of three interacting bodies.

267
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10.2 The Reduced Mass

The description of a system consisting of two particles requires the
specification of six quantities, e.g., the three components of each of the
two radius vectors r; and r, for the particles.* Alternatively, we may
choose the three components of the center-of-mass vector R and the three
components of r = r, — r, (see Fig. 10-1a). We shall restrict our attention

oM

r
CM.

m;

() (b)
FiG. 10-1

to systems without frictional losses and for which the potential energy is a
function only of r = |r; — r,|. The Lagrangian for such a system may be
written as

L = 3myfi\|? + Imyli,|* — U(r) (10.1)

Since translational motion of the system as a whole is uninteresting from

the standpoint of the particle orbits with respect to one another, we may

choose the origin for the coordinate system to be the center of mass of
the particles; ie., R = 0 (see Fig. 10-1b). Then [cf. Eq. (3.25)],

mry + myr, =0 (10.2)

This equation, combined with r = r; — r,, yields

m,
r,=—->"r
m, + m, (103
m, '
r,=———
m, + m,

* The orientation of the particles is assumed to be unimportant; ie., they are spherically
symmetrical (or are point particles).
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Substitution of Egs. (10.3) into the expression for the Lagrangian gives

( L= ul)® — U(r)_[ (10.4)

where u 1s the reduced mass,

mm, ‘
m, + m, |

{

U (10.5)

We have therefore formally reduced the problem of the motion of two
bodies to an equivalent one-body problem in which we must determine
only the motion of a “particle” of mass p in the central field described by
the potential function U(r). Once the solution for r(t) is obtained by applying
the Lagrange equations to Eq. (10.4), the individual motions of the particles,
r,(f) and r,(f), may be found (if desired) by using Eqgs. (10.3). This latter
step is not necessary if only the orbits relative to one another are required.

19.3 Conservation Theorems —First Integrals of the Motion

The system which we wish to discuss may be considered to consist of
a particle of mass u which moves in a central-force field described by the
potential function U(r). Since the potential energy depends only upon the
distance of the particle from the force center and not upon the orientation,
the system possesscs spherical symmetry. That is, the rotation of the system
about any fixed axis through the center of force cannot affect the equations
of motion. We have already shown (sec Section 9.11) that under such
conditions the angular momentum of the system is conserved:

L =r x p = const. (10.6)

From this relation it is clear that both the radius vector and the linear
momentum vector of the particle lie always in a plane normal to the
angular momentum vector L which is fixed in space (see Fig. 10-2). There-
fore, we have only a two-dimensional problem, and the Lagrangian may
then be conveniently expressed in plane polar coordinates:

| L= + 00 - U | (107

Since the Lagrangian is cyclic in 0, the angular momentum conjugate to
the coordinate 0 i1s conserved :

oL 0 d 0L
0 dt &0

Po (10.8)
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FiGg. 10-2

or,

cL :
Pe = — = ur’6 = const.
co

(10.9)

The symmetry of the system has therefore permitted us to integrate
immediately one of the equations of motion. The quantity p, is a first
integral of the motion and we denote its constant value by the symbol /:

| = ur*6 = const. J

(10.10)

The fact that ! is constant has a simple geometrical interpretation.
Referring to Fig. 10-3, we see that in describing the path r(z), the radius

vector sweeps out an area 1r? df in a time interval dt:

dA = 42 do

Fig. 10-3

(10.11)
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and, upon dividing by the time interval, the areal velocity is

dA , ,d0

0

a7

)
= —. = Const. (1012)
2u

from which it is seen that the areal velocity is constant in time. This result
was obtained empirically by Kepler for the case of planetary motion and
is known as Kepler’s Second Law.* It is important to note that the conserva-
tion of the areal velocity is not limited to the case of an inverse-square-law
force (the case for planctary motion), but is a general result for central-
force motion.

Since we have climinated from consideration the uninteresting uniform
motion of the center of mass of the system, the conscrvation of linear
momentum adds nothing new to the description of the motion. Therefore,
the conservation of encrgy is the only remaining first integral of the problem.
The conservation of the total energy E is automatically assurcd since we
have limited the discussion to non-dissipative systems. Thus,

T + U = E = const. (10.13)
and,
E = 1u? + r20%) + UW)
or,
_ ;
E=%u?+ 53—+ Ulr) | (10.14)
ur |

10.4 Equations of Motion

When U(r) is specified, Eq. (10.14) completely describes the system and
the integration of this equation gives the general solution of the problem
in terms of the parameters E and [. Solving Eq. (10.14) for 7, we have

s ——
f:dr:\/z(g_u)_ﬁ (10.15)
Wi

* Published by Johannes Kepler (1571 1630) in 1609 after an exhaustive study of the
compilations made by Tycho Brahe (1546 1601) of the positions of the planet Mars. Kepler's
First Law dcals with the shape of planetary orbits (see Section 10.7).
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This equation may be solved for dr and integrated to yield the solution
{ = t{r). An inversion of this result will then give the equation of motion
in the standard form, r = r(t). At present, however, we are more interested
in the equation of the path in terms of r and 0. We may write

do dt 0

df = U dr dr = err (10.16)

Into this relation we may substitute 0 = J/ur? [Eq. (10.10)] and the
expression for 7 from Eq. (10.15). Upon integrating, we have

(/r?) dr

12
2ulE — U — —
\/u( v Zurz)

Furthermore, since ! 1S constant in time, 0 cannot change sign and
therefore § must increasec monotonically with time.

Although we have reduced the problem to the formal evaluation of an
integral, the actual solution can be easily obtained only for certain specific
forms of the force law. If the force is proportional to some power of the
radial distance, F(r) oc #%, then the solution can be expressed in terms of
elliptic integrals for certain integral and fractional values of n. Only for
n=1 -2, and —3 are the solutions expressible in terms of circular
functions.* The case n =1 is just that of the harmonic oscillator (sece
Chapter 6), and the case n = —2 is the important inversc-square-law force
which is treated in Sections 10.6 and 10.7. These two cases, n = 1, —2,
are the ones of prime importance in physical situations; details of some
other cases of interest will be found in the Problems.

We have therefore solved the problem in a formal way by combining
the equations which express the conservation of energy and angular
momentum into a single result which gives the e¢quation of the orbit,
0 = 0(r). We may also attack the problem via Lagrange’s equation for the
coordinate r:

0r) = (10.17)

oL _doL_
or  dt oF
Using Eq. (10.7) for L, we find
. cU
uF — r0?) = 4%}_‘ = F(r) (10.18)

* Sce, for example, Goldstein (Go50, pp. 73-75).
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Equation (10.18) may be cast in a form more suitable for certain types of
calculations by making a simple change of variable:

u

Il
~ |-

First, we compute

du 1dr 1 dr dt

0~ T r*d0 " r?dede
But, from Eq. (10.10), § = I/ur?, so that

du __p.
a6 1

@_d(u.)_gd( u
02 0\ 1) T dode z’)

And with the same substitution for § we have

Next, we write

R
- T
Therefore, solving for # and 02 in terms of u, we find
? L d*u
— et
Hz d()z
2 (10.19)
rf? = u®

Substituting Egs. (10.19) into Eq. (10.18), we obtain the transformed
equation of motion

d*u w1
. = —=—F .
= —h W (10.20)

which we may also write as

do*\r

R [ ——

—
4 (1)+%=—ﬂf(r)J (10.20a)

This form of the equation of motion is particularly useful if we wish to
find the force law which gives a particular known orbit r = H0)).
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10.5 Orbits in a Central Field

The radial velocity of a particle moving in a central field is given by
Eq. (10.15). This equation indicates that # will vanish at the roots of the
radical, i.e., at points for which

12
E — U(r) 2t 0 (10.21)
The vanishing of 7 implies that a turning point in the motion has been
reached (cf. the discussion in Section 7.2). In general, Eq. (10.21) possesses
two roots: rp., and r.;.. The motion of the particle is therefore confined
to the annular region specified by r,, = r > r.;,. Certain combinations of
the potential function U(r) and the parameters E and ! will produce only
a single root for Eq. (10.21). In such a case, r = 0 for all values of the time;
hence, r = const. and the orbit is circular.

If the motion of a particle in the potential U(r) is periodic, then the orbit
is closed. That is, after a finite number of excursions between the radial
limits rn;, and r,,,, the motion exactly repeats itself. On the other hand, if
the orbit does not close upon itself after a finite number of oscillations,
the orbit is said to be open. Such a case is shown in Fig. 10-4. Now, we

FiG. 10-4

may compute from Eq. (10.17) the change in the angle § which results
from one complete transit of r from ry;, to r,,, and back to r,,. Since
the motion is symmetrical in time, this angular change is twice that which
would result from the passage from r;, to r.,,; thus,

Fmax 2
A0 = 2f (Yr)dr (10.22)

Fonin I’ )
2ulE — —
\/ # 2ur
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Now, the path will be closed only if Af is a rational fraction of 2z, i.e., if
A8 = 2n - (a/b), where a and b are integers. Under these conditions, after
b periods the radius vector of the particle will have made a complete
revolutions and will have returned to its original position. It can be shown
(see Problem 10-29) that if the potential varies with some integer power of
the radial distance, U(r) oc r** !, then a closed noncircular path can result
only* if n= —2 or +1. The case n = —2 corresponds to an inverse-
square-law force, e.g., the gravitational or electrostatic force, while the
second case (h = +1) corresponds to the harmonic oscillator potential,
the two-dimensional case for which was discussed in Section 6.9 and where
a closed path for the motion was found to result in the event that the ratio
of the angular frequencies for the x and y motions is a rational fraction.

10.6 Centrifugal Energy and the Effective Potential

In the expressions above for 7, A, etc., a common term is the radical
12
E—-U-
\j 2ur?

The last term in the radical has the dimensions of energy, and, according
to Eq. (10.14), can also be written as

12 :
2urt bur6®
If we interpret this quantity as a ““potential energy,”
12
=— 10.23
¢ 2#)‘2 ( )
then the “force” that must be associated with U, is
oU 12 ;
F = — ¢ = — = 2
. o urf (10.24)

This quantity is traditionally called the centrifugal force,t although it is
not a “force” in the ordinary sense of the word.1 We shall, however, con-
tinue to use this unfortunate terminology since it is customary and con-
venient.

* Certain fractional values of n will also lead to closed orbits, but in general these are
uninteresting cases from a physical standpoint.

t The expression is more readily recognized in the form F, = mrw?, The first real apprecia-
tion of centrifugal force was by Christian Huygens (1629-1695), who made a detailed examina-
tion in connection with his study of the conical pendulum in 1659.

i See Section 12.3 for a more critical discussion of centrifugal force.
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Thus, we see that the term [2/2ur? can be interpreted as the centrifugal
potential energy of the particle, and as such, can be included with U(r) in
an effective potential defined by

Vi) = U + — | (10.25)

V(r) is therefore a fictitious potential which combines the real potential
function U(r) with the energy term associated with the angular motion
about the center of force. For the case of inverse-square-law central-force
motion, the force is given by

k
F(ry = 2 (10.26)
from which
vin = - [Findr = - (1027
r
Therefore, the effective potential function for gravitational attraction is
k 12
ViR = — + _—

(r) . + 2ur? (10.28)

This effective potential and its components are shown in Fig. 10-5. The

Encrgy

Fic. 10-5
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value of the potential is arbitrarily taken to be zero at r = co. [This is
implicit in Eq. (10.27) where the constant of integration was omitted. ]

We may now draw conclusions similar to those in Section 7.2 where
the motion of a particle in an arbitrary potential well was discussed. If
we plot the total energy E of the particle on a diagram similar to Fig. 10-5,
we may identify three regions of interest (see Fig. 10-6). If the total energy

Energy

FiG. 10-6

is positive or zero (e.g., E,; > 0), then the motion is unbounded; the particle
moves toward the force center (located at r = 0) from infinitely far away
until it “‘strikes” the potential barrier at the turning point r = r; and is
reflected back towards infinitely large r. Note that the height of the constant
total energy line above V(r) at any r, such as rs in Fig. 10-6, is equal to
1ui?. Thus, the radial velocity 7 vanishes and changes sign at the turning
point (or points).

If the total energy is negative* and lies between zero and the minimum
value of V(r), as does E,, then the motion is bounded, with r, < r < r,.

* Note that negative values of the total energy arise only because of the arbitrary choice of
Vin=0at r = w.
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The values r, and r, are the turning points, or the apsidal distances, of the
orbit. If E equals the minimum value of the effective potential energy (see
E, in Fig. 10-6), then the radius of the particle’s path is limited to the
single value rs, and then 7 = O for all values of the time; hence, the motion
is circular.

Values of E which are less than V,,; = —(uk?/2/%) do not result in
physically real motion, since for such cases 7* < 0 and the velocity would
be imaginary.

10.7 Planetary Motion—Kepler’s Problem

The equation for the path of a particle moving under the influence of a
central force whose magnitude is inversely proportional to the square of
the distance between the particle and the force can be obtained from [cf.
Eq. (10.17)]:

2
0r) = J (Ur Ld’ -+ const (10.29)
wlE+ 5 -
/J( * 2,ur2)

The integral can be easily evaluated if the variable is changed to u = 1/r
(sec Problem 10-2). If the origin of 6 1s defined so that the integration
constant is zero, we find

cosl) = (10.30)

(10.31)

Then, Eq. (10.30) can be written as

% =1 4 £cos 0 J (10.32)
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This is the equation of a conic section with one focus at the origin*; the
quantity ¢ is called the eccentricity and 2a is termed the latus rectum of the
orbit.

The minimum value for r occurs when cos (} is a maximum, i.e., for = 0.
Thus, the choice of zero for the constant in Eq. (10.29) corresponds to
measuring ¢ from r;,, which position is called the pericenter; r.,, corre-
sponds to the apocenter.T The general term for turning points is apsides.

Various values of the eccentricity (and, hence, of the energy E) classify
the orbits according to different conic sections (see Fig. 10-7):

e>1; E>0 (hyperbola)
& =1; E=0 (parabola)
O0<ex<l; Viin < E <O (ellipse)
e=10; E=V,. (circle)

e <0; E < Vyin (not allowed)

Hyperbola, ¢ > 1

Parabola,
=1

Ellipse, 0 < ¢ < 1

Circle, e =0

t
Focus

Fig. 10-7

* Johann Bernoulli (1667-1748) appears to have been the first to prove that all possible
orbits of a body moving in a potential proportional to 1/r are conic sections (1710).

t The corresponding terms for motions about the sun are perihelion and aphelion, and for
motion about the Earth, perigee and apogee.
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For the case of planetary motion, the orbits are ellipses with major and
minor axes (a and b, respectively) given by

«  k
1 —¢  2lE|
_ x _ /

J1 - J2ulE|
Thus, the major axis depends only on the energy of the particle, whereas
the minor axis is a function of both first integrals of the motion, E and [.

The geometry of elliptic orbits in terms of the parameters «, ¢, a, and b is
shown in Fig. 10-8; P and P’ are the foci. From this diagram we see that

]

a= (10.33a)

b (10.33b)

1 | :
. K "o p
' ! !

I

! 4

i {

1 I

Fig. 10-8

the apsidal distances (r,;, and r,,, as measured from the foci to the orbit)
are given by:

«
1 +¢

rmin:a(1 _8)2
(10.34)
rmax=a(1 +8):

1 —¢
In order to find the period for elliptic motion, we rewrite Eq. (10.12)
for the areal velocity as

2
m=%m
Since the entire area A of the ellipse is swept out in one complete period t,
T 2 A
jm:ﬁJdA
0] l 0]
2
.=t (10.35)

/
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Now, the area of an ellipse is given by A = nab, and using a and b from
Egs. (10.33), we find

2 2 k
t:—#-na =—ﬂ'n l

I [ 2E /2E

= nk\/%- |E| 732 (10.36)

We also note from Egs. (10.33) that the minor axis may be written as

b=/oa (10.37)

Therefore, since a = [2/uk, the period © may also be expressed as

4 2
- e

L

(10.38)

This result, that the square of the period is proportional to the cube of
the major axis of the elliptic orbit, is known as Kepler’s Third Law.*
Note that this result is concerned with the equivalent one-body problem,
so that account must be taken of the fact that it is the reduced mass u
which occurs in Eq. (10.38). Kepler’s actual statement of his conclusion
was that the squares of the periods of the planets were proportional to the
cubes of the major axes of their orbits, with the same proportionality
constant for all planets. In this sense, the statement is only approximately
correct, since the reduced mass is different for each planet. In particular,
since the gravitational force is given by

mm, k

Fy= —y= = —

we identify k = ym,m,. Therefore, the expression for the square of the
period becomest

* Published by Kepler in 1619. Kepler's Second Law was stated in Section 10.3. The First Law
(1609) expresses the fact that the planets move in elliptical orbits with the Sun at one focus. It
should be noted that Kepler’s work preceded by almost 80 years Newton’s enunciation of his
general laws of motion. Indeed, Newton’s conclusions were based to a great extent on Kepler’s
pioneering studies (and upon those of Galileo and Huygens).

t In astronomical calculations, the gravitational constant 7 is usually replaced by a quantity
k2, which is the square of the so-called Gaussian gravitational constant, If the unit of mass is
the solar mass and if the unit of length is the value of a for the Earth’s orbit (the astronomical
unit), then k = 0.017 202 098 95. This is the value calculated by Gauss in 1809 and was adopted
as the standard by the International Astronomical Union in 1938. In order to maintain k
fixed as better measurements are made, the value of the astronomical unit is adjusted.
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5 4n*a® 4n*a’

T° = - >~ - s m; € m
’\Y( A 2
ymy + my) LS

so that Kepler’s statcment is valid only if the mass m; of a planct can be
neglected with respect to the mass m, of the Sun. (But note, for example,
that the mass of Jupiter is about 1/1000 of the mass of the Sun, so that
the departure from the approximate law is not difficult to obsecrve in this
case.)

W 10.8 Kepler’s Equation

We have found in Eq. (10.32) the relationship between the coordinates
r and 0 which describes the motion of a particle attracted toward a center
by a force that varies inversely with #2. For the purposes of astronomical
calculations, however, it is not r(0) that is desired, but the function 0(t) so
that the direction of the body (a planct, comet, etc.) may be found at any
time. Furthermore, we wish to have an expression giving 0 (called the true
anomaly*) as a function of time which involves as parameters only the
two fundamental observable constants of the orbit, viz., the period 1 and
the eccentricity s. We may make such a calculation in the following way.
Since it requires a time 7 for the radius vector of the body to sweep out
the entirc area nab of an elliptic orbit, and since the areal velocity is a
constant of the motion, then in a time ¢ an area (mab/t)t will be swept out.
We may cquate this expression to the integral of the arca by writing

b
= fdA (10.39)
T R
According to Eq. (10.11), if we take 0 = 0 at t = 0, we have
0
mab, _ %f r? do (10.392)
T 0
[Equation (10.32) may be written as
o
- 10.40
d 1 + ecos 0 ( )

Thercfore [sce Eq. (E.15), Appendix E]:
nahr o J” o
T 2J),(1 + gcos0)?

* The historical term “anomaly™ is not used in the sense of “strange,” but rather as “devia-
tion.” since () measures the angular deviation from some fixed point, which in astronomical
calculations is usually the perihelion,
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o? { 2 an- 1((1 — ) tan(0/2))

20— 1 ¢ N
gsin @ ]
1+ ecosf

Noting that ab = a?(1 — &%) */?, we may simplify this expression to

1 —¢ e/1 —gsin @
2t _ 2tan*1( | Ltang) e A i (10.41)
T 1 +¢ 2 1 +ecosf

This is a formidable equation and one that is certainly not easy to use.
To make matters worse, it is not #(0) that is necessary, but rather 6(t);
that is, the equation must be inverted. Clearly, this cannot be done in any
simple way; only a series expansion is possible:

2t 2t 4t
o) = T 2esin 4 2¢2 sin i
T T T
6t 2t
Fe? (13 sin % _ 3sin—f—) T (10.42)
T

If ¢ is a sufficiently small quantity, then the terms in ¢* and higher powers
may be neglected and an easily handled expression results. For planetary
studies, however, such an approximation is not permissible since the
eccentricities of most of the planets are greater than 0.04. (Table 10.1 gives
some of the pertinent data regarding the major objects of the solar system.)
Comets, of course, have eccentricities that are close to unity. Therefore,
if Eq. (10.42) is used, it will in general be necessary to take many terms in
the series in order to achieve an accuracy comparable with that of astro-
nomical observations (which is exceedingly high!). This is at best a tedious
procedure, so we wish to find a less laborious method for calculating 6(t).
The solution to this problem was sought by Kepler (although, of course,
he did not know the mathematical relations stated by the equations above),
who devised an ingenious geometrical method to calculate the anomaly
as a function of time. We shall not give his solution here, but instcad we
will obtain the same result by algebraic means.

Figure 10-9 shows Kepler’s construction. The motion takes place in the
elliptical orbit with the force center located at the focus O which is also the
origin for a rectangular coordinate system. In this system the equation
of the orbit is

(x + ag)> y?

=1 (10.43)
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FiG. 10-9

Next, we circumscribe the ellipse with a circle of radius a and project
the point P (defined by r and 0) onto the circle at point Q. The angle between
the x-axis and the line connecting the center of the circle with the point Q
is called the eccentric anomaly  and is defined by

X + ae
a

cosy =
(10.44)
inw =2
sin iy = b

From these relations we may write
x = afcos iy — &)

y =bsiny (10.45)
=a/1 — g2 siny

Squaring these equations and adding, we find
r?=x% 4 y?

= a*(1 — ecos)?

so that in terms of the eccentric anomaly, the radius is

r=a(l — &cosy) (10.46)



10.8 KEPLER'S EQUATION 285

Table 10.1

SoME PROPERTIES OF THE PRINCIPAL OBJECTS IN THE SOLAR SYSTEM

Semimajor axis Mass (in units

of orbit (in Period of the mass of

Name astronomical units®) (years) Eccentricity the Farth®)
Sun — - 333,480
Mercury 0.3871 0.2408 0.2056 0.0543
Venus 0.7233 0.6152 0.0068 0.8137
Earth 1.0000 1.0000 0.0167 1.000
Eros (asteroid) 1.4583 1.7610 0.2230 2x 1077 (")
Mars 1.5237 1.8809 0.0934 0.1071
Ceres (asteroid) ¢ 4.6035 0.0765 1/8000 (?)
Jupiter 5.2037 ¢ 0.0486 317.45
Saturn 9.580 29.650 0.0510 ¢
Uranus 19.14 83.745 0.0458 14.55
Neptune 30.20 165.95 0.0046 17.60

Pluto 39.44 247.69 0.2502 093 (%)

“ One astronomical unit is defined as the length of the semimajor axis of the Earth’s orbit.
One A.U. = 1495 x 103 em = 93 x 10° miles.

" The mass of the Earth is approximately 5976 x 10?7 g.

“See Problem 10-18.

We now wish to obtain an explicit relationship between  and 0. First,
we rewrite Eqg. (10.40) as

grcos ) = a(l — &%) —r (10.47)
If we add «r to both sides of this equation, we have
er(l + cos 0) = (1 — e)[a(l + &) — r]

And substituting for r from Eq. (10.46) in the right-hand side of this expres-
sion, we find

er(l + cos 0) = (I — e)fa(l + &) — a(l — ecosy)]
or,
H1 + cos 0) = all — &)(1 + cos ) (10.48a)

If we subtract er from both sides of Eq. (10.47) and simplify, we obtain
1 — costh) = a(l + e)(1 — cos y) (10.48b)
Upon dividing Eq. (10.48b) by Eq. (10.48a), we find

I —cosl) 1+ 1—cosy
I +cos) | —¢ | +cosy
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We may usc the half-angle formula for the tangent to writc this equation as

0 1 +¢ 1/
tan 5= 1 = 8lcm 5 (10.49)
which gives ¥ uniquely in terms of @ (if we confinc ourselves to principal
values of the tangent functions). Therefore, 6(t) may be easily obtained
once Y(t) 1s found. In order to calculate y(t) we may transform Eq. (10.39a)
into an equation for ¥ by computing the integrand in terms of . Diffcrenti-
ating Eq. (10.49) yields

1+ & COS 0/2
0= |- :
d 1 —¢ cos? l///2l W (10.50

From Eq. (10.48a) wc may write

r=a(l — 4:)1—7L cosy

1 4+ cos 0

o cos’(y)2)
= a(l 8) COSZ(()/T) (1051)

whcere we have used the half-angle formula for the cosine functions.

In order to cxpress r2d0 in terms of Y, we take one factor of r from
Eq. (10.46), the other factor of r from Eq. (10.51), and df from Eq. (10.50).
Thus,

r*d0 = [a(l — ccos )] [a( ) l(/;//22 ]
+ ¢ cosy( 0/2)
| J e cos 2 )d‘”]
ar /1 — (1 — gcos ) dy (10.52)

In view of this result, Eq. (10.39a) may now be written as

2 2y
nab q,,\/li{' j (1 — ecosy)dy

Integrating, and again using b = a\/l‘ — ¢2, we have the result

My esiny (10.53)
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The quantity 2mt/t is called the mean anomaly since it measurcs the
angular deviation of a body moving in a circular orbit with a period 1.
Following astronomical practice,* we denote the mean anomaly by M.
Thus,

M =y — esinyg | (10.54)

This is Kepler’s equation. In order to find y(t), this result must be inverted
by some approximation procedure. Then, since Eq. (10.49) relates  and
0, the time dependence of the true anomaly can be found. One of the
possible approximation methods is discussed in the following section.
Kepler’s cquation may be used to obtain a simple expression for the
velocity of a body in its orbit in terms of the magnitude of thc radius
vector. Referring to Fig. 10-9, we may write
v =x? + p? (10.55)
Using Egs. (10.45) for x and y, the square of the velocity becomes
v? = a2J?sin?y + a(1 — 22 cos?y
= a® (1 — & cos®y) (10.56)
If we differentiate Kepler’s equation (10.53) with respect to the time, we
have
2n
— =yl — gcosyy) (10.57)
T

Solving this equation for l// and substituting into Eq. (10.56), we obtain
5 (’271)2 , 1 — &8 cos?y
v =\1—)a —
1t/ (1 —ecosy)?

_ (21)26121 + z:cost/{
T 1 —ecosy

5o 2 1 se
() et (I = ecosy) (10.58)
T 1 — gcosy
Substituting r/a = 1 — g cos ¥ from Eq. (10.46), there results
2n\? 2 1
02:(7”) a3(—— ) (10.59)
T rooa

* It is also customary to denote the cceentric anomaly by E and the truc anomaly by v
or f.
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Finally, Kepler’s Third Law [Eq. (10.38)] may be used to reduce this
expression to

ookl o0

10.9 Approximate Solution of Kepler’s Equation

If we wish to calculate 6(t) for the motion of a body whose orbit has an
eccentricity that is not too large (¢ ~ 0.1, say), and if we wish to achieve
an accuracy of, say 1 part in 10°, then many terms in Eq. (10.42) will be
necessary. The use of Kepler’s equation in such a situation is somewhat
easter. In fact, a rather simple result can be obtained which is accurate to
order £*. A method devised by E. W. Brown* begins by setting the eccentric
anomaly equal to the mean anomaly plus a correction term:

y=M+¢ (10.61)
Then, Kepler’s equation may be written as
¢ =g¢sin(M + §) (10.62)
We may expand sin ¢ according to
sinff:ff—i—j+g—"'
& &
= gsin(M + &) — gsinS(M + &+ @sins(M + &= (10.63)

If we transpose the term &sin(M + &) and use the expression for the sine
of the sum of two angles, we find

sin (1 — gcos M) — (esin M)cos &
3 5

_ £ s .
= -5 sin® (M + &) + 130 Sin M+ & (10.64)

We may express the quantities ¢ and M in terms of two other quantities
n and &, according to

nsiné, = gsin M

° (10.65)
ncoséy=1—¢ecos M

* E. W. Brown, Monthly Notices Roy. Astron. Soc. 92, 104 (1931).
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Thus, &, may be calculated from

£y = 1an*l(ﬂ) (10.66a)
o 1 —gcos M ’
and 5 is obtained from
n=./1—2ccosM + & (10.66b)
Substituting Eqgs. (10.65) into Eq. (10.64), we find
. e . &
sin(é — &) = ———sin}(M + &) + sin®(M + &) — - (10.67)
61 1207

Now, Eq. (10.66b) indicates that # is of the order of unity, so Eq. (10.67)
shows that & — &g is of the order of ¢*. Therefore, if we neglect the term
proportional to ¢* and write &, for ¢ in the first term on the right-hand side
of Eq. (10.67), we obtain

3

Sin(é — &) = —ggdnﬂhl%~é& (10.68)

which is correct to the order ¢*; if ¢ = 0.1, the first neglected term is of the
order of £°/120 =~ 10~ 7. The quantity & can be calculated from Eq. (10.68)
and then ¥ is given by Eq. (10.61). Finally, 6(t) is obtained from Eq. (10.49).
Although this procedure involves several steps, each is a comparatively
easy calculation. Astronomical calculations of orbits are almost always
based on Kepler's equation. Further details of approximation procedures
for Kepler’s equation may be found in various texts on celestial mechanics.*

10.10 Apsidal Angles and Precession

If a particle executes bounded, noncircular motion in a central-force
field, then the radial distance from the force center to the particle must
always be in the range 7., = = rmin; that is, r is bounded by the apsidal
distances. That there are only two apsidal distances for bounded, non-
circular motion is clear from Fig. 10-6. In executing one complete revolution
in 0, however, the particle may not return to its original position (see
Fig. 10-4). The angular separation between two successive values of
r = rmax Will depend upon the exact nature of the force. The angle between
any two consecutive apsides is called the apsidal angle, and since a closed

* More than 120 methods of obtaining approximate solutions to Kepler's equation are
discussed in the literature. See, for example, Moulton (Mo58. p. 164 ) for details.
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orbit must be symmetrical about any apsis, it follows that all apsidal angles
for such motion must be equal. The apsidal angle for elliptic motion, for
example, is just m If the orbit is not closed, the particle will reach the
apsidal distances at different points in each revolution; the apsidal angle
will not then be a rational fraction of 2x, as is required for a closed orbit.
If the orbit is almost closed, the apsides will precess or rotate slowly in the
plane of the motion. This effect is exactly anologous to the slow rotation
of the elliptic motion of a two-dimensional harmonic oscillator whose
natural frequencics for the x and y motions arc almost equal (see Section
6.9).

Since an inverse-square-law force requircs that all elliptic orbits be
cxactly closed, then the apsides must stay fixed in space for all time. If
the apsides are found to move with time, however slowly, this indicates
that the force law under which the body moves does not vary exactly as
the inverse square of the distance. This important fact was realized by
Newton who pointed out that any advance or regression of a planet’s
perihelion would require the radial dependence of the force law to be
slightly different from 1/r%. Thus, the observation of the time dependence
of the perihelia of the planets would be a sensitive test of the validity of
the form of the universal gravitation law.

In point of fact, for planetary motion within the solar system, one expects
that, due to the perturbations introduced by the existence of all of the other
planets, the force experienced by any planet does not vary exactly as
1/r2, if r is measured from the Sun. This effect is small, however, and only
slight variations of planetary perihelia have been observed. The perihelion
of Mercury, for example, which shows the largest effect, advances only
about 574 sec of arc per century.* Detailed calculations of the influence of
the other planets on the motion of Mercury predict that the rate of advance
of the perihelion should be approximately 531 sec of arc per century.
The uncertainties in this calculation are considerably less than the difference
of 43 sec between observation and calculation,t{ and for a considerable

* This precession is in addition to the general precession of the cquinox with respcct to the
“fixed”” stars which amounts to 5025.645 + 0.050 sec of arc per century.

t In 1845, the French astronomer Urbain Jean Joseph LeVerricr (1811-1877) first called
attention to the irrcgularity in the motion of Mercury. Similar studies by LeVerricr and by
the English astronomer John Couch Adams of irregularities in the motion of Uranus led to
the discovery of the planet Neptune in 1846. An interesting account of this episodc is given
by Turner (Tu04, Chapter 2).

I We must note, in this regard, that perturbations may be cither periodic or secular (ic.,
cver increasing with time). Laplace showed in 1773 (published, 1776) that any perturbation
of a planet’s mean motion that is caused by the attraction of another planet must be periodic
in nature, although the period may bc extremely long. This is the case for Mercury; the
precession of 531 sec of arc per century is periodic, but the period is so long that the change
from century to century is small compared to the residual effect of 43 sec.
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time this discrepancy was the outstanding unresolved difficulty in the
Newtonian theory. We now know that the modification which is introduced
into the equation of motion of a planet by the general theory of relativity
almost exactly accounts for the difference of 43 sec: this result is one of
the major triumphs of relativity theory. We shall indicate below the way
in which the advance of the perihelion can be calculated from the modified
equation of motion.

In order to perform this calculation, we will find it convenient to use
the equation of motion in the form of Eq. (10.20). If we use the universal
gravitational law for F(r), we may write

dzu+ o oom »
d0? T TR
wm*M
:/T (10.69)

where we consider the motion of a body of mass m in the gravitational field
of a body of mass M. The quantity u is therefore the reciprocal of the
distance between m and M.

Now, the modification of the gravitational force law required by the
general theory of relativity introduces into the force a small component
which varies as 1/r* (=u*). Thus, we have

d*u ym*M  39M

Tt TE e
where ¢ is the velocity of propagation of the gravitational interaction and
is identified with the velocity of light.* In order to simplify the notation
we define

u? (10.70)

_ym*M
a P
(10.71)
5= 3vM
=
so that we may write Eq. (10.70) as
d*u 1 .
d02 + u= & + Su? (10.72)

* One half of the relativistic term is due to effects understandable in terms of special rel-
ativity, viz,, time dilation (1/3) and the variation of mass with velocity (1/6) (the velocity is
greatest at perihelion and least at aphelion). The other half of the term arises from general
relativistic effects and may be considered to be associated with the finite propagation time of
gravitational interactions. Thus, the agreement between theory and experiment constitutes a
confirmation of the prediction that thc gravitational propagation velocity is the same as
that for light.
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This is a nonlinear equation and wc usc a successive approximation
procedure in order to obtain a solution. The first trial solution is chosen
to be the solution of Eq. (10.72) in the case that the term du? is neglected*:

1
u; = - (1 + ¢cos () (10.73)
o
which is the familiar result [cf. Eq. (10.32)] for the pure inverse-square-
law-force. [Note that o is here the same as that defined in Eq. (10.31)
except that pu has been replaced by m.] If we substitute this expression
into the right-hand side of Eq. (10.72) we find
1 |
;()%l tu=_+ ?[I + 2ecos () + &% cos? 0]
I 2

0 ;
= 4+ [0+ 200050+ ‘5(1 +cos20]  (10.74)
[0

where cos? 0 has been expanded in terms of cos 20. Now, the first trial
function u;, when substituted into the left-hand side of Eq. (10.72), repro-
duces only the first term on the right-hand side, viz,, 1/x. Thercfore, we may
construct a sccond trial function by adding to u, a term that will reproduce
the remainder of right-hand side [in Eq. (10.74)]. It is easy to verily that
such a particular integral is
g [( “2) Dsin0 - ()] 1
up—ai 1+E +z,(sm(~gL052> (10.75)

Therefore, the second trial function is
Uy = u; + u,
If we stop the approximation procedurc at this point, we have

u%u2=ul+up

| de . .
[~(1 + ccosl) + 50sin(

o o

o &? de?
+ [77(1 +—)*—-—00520 (10.76)
o 2/ 6a? }

where we have regrouped the terms in u; and u,,.

* We eliminate the necessity for introducing an arbitrary phase into the argument of the

cosine term by choosing to measure 0 from the position of perihelion; i.e., 4, is & maximum
(and, hence, r is a minimum) at ¢ = 0.
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Now, consider the terms in the second set of brackets in Eq. (10.76):
the first of these is just a constant and the second is only a small and periodic
disturbance of the normal Keplerian motion. Therefore, on a long time
scale neither of these terms will contribute, on the average, to any change
in the positions of the apsides. In the first set of brackets, however, the
term proportional to 8 will give rise to secular and therefore observable
effects. Let us consider the first set of brackets:

1 o¢ 1
Usecutar = [l + ecos O + f() sin BJ (10.77)

Next, we may expand the quantity

5
1 +8COS<9—§0) =1 +8<COSOCOS§0 + sin()sin:())
o

o o
o .

~1+¢cos +—0sind (10.78)
2

where we have used the fact that ¢ is small in order to approximate

cos—0 =1
o

5 6
sin -0 = =0
o o4

Hence, we may write t .cyi, a8
1 0
Ugeewtar = — |1 + ecos [0 — =0 (10.79)
2 o

We have chosen to measure ¢} from the position of perihelion at t = 0.
Successive appearances at perihelion will result when the argument
of the cosine term in u .., has increased to 2z, 47, . .., etc. But an increase
of the argument by 2x requires that

0—%0=1n
A

or,

2n 0

Therefore, the effect of the relativistic term in the force law is to displace
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the perihelion, in each revolution, by an amount

2nd
A= (10.80)
o
That is, the apsides rotate slowly in space. If we refer to the definitions of

a and & [Eqgs. (10.71)], we find

M 2
Az 6n (V—"L) (10.80a)
cl
From Egs. (10.31) and (10.33a) we may write [ = pka(l — &2); then, since
k = ymM and p = m, wec have

(10.80b)

We see therefore that the effect is enhanced if the semimajor axis a is small
and if the eccentricity is large. Therefore, Mercury, which is the planet
nearest the Sun and which has the most eccentric orbit of any planet
(except Pluto), provides the most sensitive test of the theory.* The calcu-
lated value of the precessional rate for Mercury is 43.03 4 0.03 sec of arc
per century. The observed value (corrected for the influence of the other
planets) is 43.11 + 0.45 seconds,T so that the prediction of relativity theory
is confirmed in striking fashion. The precessional rates for some of the
planets are given in Table 10.2.

Table 10.2

PRECESSIONAL RATES FOR THE PERIHELIA OF SOME PLANETS

Planet Precessional rate (seconds of arc/century)

Calculated Observed
Mercury 43.03 + 0.03 43.11 + 045
Venus 8.63 84 +48
Earth 384 50 +12
Mars 1.35 —
Jupiter 0.06 —

* Altcrnatively, we may say that the relativistic advance of the perihelion is a maximum
for Mercury because of the fact that the orbital velocity is greatest for Mercury so that the
relativistic parameter v/c is largest (see Problem 10-22).

t R. L. Duncombe, Astron. J. 61, 174 (1956); see also G. M. Clemence, Rev. Mod. Phys.
19, 361 (1947).
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10.11 Stability of Circular Orbits

In Section 10.6 it was pointed out that a circular orbit would result in
the event that the total encrgy equals the minimum value of the effective
potential energy, E = V_;,. More generally, however, it is true that a
circular orbit will be allowed for any attractive potential since it is clear
that the attractive force can always be made to just balance the centrifugal
force by the proper choice of radial velocity. Although circular orbits are
therefore always possible in a central, attractive force field, such orbits are
not necessarily stable. A circular orbit at r = p will exist if #|,-, = O for all ¢;
this will be possible if (0V/0r)| .-, = 0. But only in the event that the effec-
tive potential has a true minimum will stability rcsult; all other equilibrium
circular orbits will be unstable.

Let us consider an attractive central force which has the form

F(r)= — —rk; (10.81)
The potential function for such a force is thercfore
Ur) = —n—fl—-—ri% (10.82)
and the effective potential function is
Vir)= — k 1 £ (10.83)

n—1 rfm + 2ur?

The conditions for a minimum of V(r) and hence for a stable circular orbit
with a radius p are

oV otV
=0 and S| >0 (10.84)
or |,—, or* |-,
Applying these criteria to the effective potential of Eq. (10.83), we have
oV _k ro
orle, p up®
or,
_ k
P = ‘1‘7 (10.85)
and,
otV _ nk 312
o], T T
so that
nk 312

— oy +—>0 10.86
prm ( )
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Substituting p~* from Eq. (10.85) into (10.86) we have

12
B-n—>0 (10.87)
u

Thus, the condition that a stable circular orbit exist is that n < 3.

Next, we apply a more general procedure and inquire as to the frequency
of oscillation about a circular orbit in a general force field. We write the
force as

ATy

Fir) = —ngln) = == (10.88)

Then, Eq. (10.18) may be written as
F—rf% = —g(r) (10.89)

Substituting for § from Eq. (10.10),

12

rF— —— =
112"3

—g(r) (10.90)

We now consider the particle to be initially in a circular orbit with radius
p and apply a perturbation of the form

r—-p+4+ x
where x is a small quantity. We also have, since p = const.,
o X

Thus,

12
T T —glp + x) (10.91)

But, by hypothesis (x/p) <€ 1, so that we may expand the quantity
[ bop = = ey e (10.92)

Now, we also assume that g(r) = g(p + x) may be expanded in a Taylor
series about the point r = p:

glp + %) = glp) + xg'lp) + - (10.93)
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where

N
g'(p) =dr,-,

If we neglect all terms in x> and higher powers, then the substitution of
Eqgs. (10.92) and (10.93) into Eq. (10.91) yields

2

. )
X — W[l = 3(x/p)] = —[g(p) + xg'(p)] (10.94)

Recall that we assumed the particle to be initially in a circular orbit
with r = p. Under such a condition there is no radial motion, i.e, r"|,:p =0
Then, also, #|,., = 0. Therefore, evaluating Eq. (10.90) at r = p we have

12
glp) = (10.95)
Il2p3

Substituting this relation into Eq. (10.94), we have approximately

% — gl — 3(x/p)] = -lglp) + xg'(p)]

or,
X + [@ + g’(p)] x=~0 (10.96)
H we define
w0} = @ + g(p) (1097)

then Eq. (10.96) becomes the familiar equation for the undamped harmonic
oscillator:

%+ wix =0 (10.98)

The solution to this equation is

X(l) — Ae+iw01 + Be—iwor (1099)

If w3 < 0so that w, is imaginary, then the second term becomes B exp(|wo|t),
which clearly increases without limit as time increases. Therefore, the
condition for oscillation is that w3 > 0, or

3%@ L g(p) > 0 (10.100)
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Since g(p) > 0 [cf. Eq. (10.95)], we may divide through by g(p) and write
this inequality as

g + 3 >0 (10.100a)
glp) p
or, since g(r) and F(r) are related by a constant multiplicative factor,
stability will result if
F’ 3
Flp) +=>0 |

‘ 10.101
Fo) o7 (10.101)

A quantity of the form F'(r)/F(r) is called the logarithmic derivative of
F(r), since

We now compare the condition on the force law imposed by Eq. (10.101)
with that previously obtained for a power-law force

k
F(r) = — (10.102)
Then, Eq. (10.101) becomes
k —(nt1l) 3
il - +->0
—kp "
or,
1
3 - n); >0 (10.103)

and we are led to the same condition as before, viz., n < 3. (We must
note, however, that the case n = 3 needs further examination; see Problem
10-24.)

It should be noted that the expansions in powers of x that were made
in Egs. (10.92) and (10.93) are another application of the method of perturba-
tions which was first discussed in Section 7.6. We therefore have here
another example of the power and elegance of this very important technique.

P Example 10.11(a). Let us investigate the stability of circular orbits in a force field
described by the potential function

U = oo (1)
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where k > 0 and a > 0. This is called the screened Coulomb potential (when k = Ze?,
where Z is the atomic number and e is the electronic charge) since it falls off with
distance more rapidly than 1/r and hence approximates the clectrostatic potential of
the atomic nucleus in the vicinity of the nucleus by taking into account the partial
“cancellation” or “‘screening’ of the nuclear charge by the atomic electrons. Then,

oU
Foy= - or
1 1
— _ k= | rla)
k [ar t rz] ¢ @
and,

oF 1 2 2
=kl —= ~ —{ria)
or [azr + ar? + r3]e 3

The condition for stability is [cf. Eq. (10.101)]

Fp)
F(p)

34950 ()

Therefore,

1 i >0 (5)
—k|—
ap p
which simplifies to
a® +ap— p*>0 (6)
We may write this as
2
it 10 %
Pt p

Hence, stability will result for all ¢ = a/p which exceed the value that satisfies the
equation

7 +q—1=0 ®)

The positive (and therefore the only physically meaningful) solution is

g=%J/5-1) =062 9)

and therefore if the angular momentum and energy are such as to allow a circular
orbit at r = p, the motion will be stable if

> 0.62
P
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or,
p < 162a (10)

This result is illustrated graphically in Fig. 10-10 which shows the
potential V(r) for various values of p/a. The force constant k is the same for
all of the curves, but [2/2u has been adjusted to maintain the minimum of
the potential at the same value of the radius as a is changed. It is apparent
that for p/a < 1.62, there is a true minimum for the potential indicating
that the circular orbit is stable with respect to small oscillations. For

Curve pla 12)2u
1 0.09 1.93V,
2 0.40 1.82V,
3 0.61 1.75V,
6 4 0.92 1.507,

5 1.62 =V,
5 6 3.40 0.59V,

Ny —"

-

Fi1G. 10-10
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p/a > 1.62 there is no minimum so that circular orbits cannot exist. For
p/a = 1.62 the potential has zero slope at the position which a circular
orbit would occupy. The orbit is unstable at this position since w? is
zero in Eq. (10.98) and the displacement x would increase linearly with
time.

An interesting feature of this potential function is the fact that under
certain conditions there can exist bound orbits for which the total energy
is positive. (See, for example, curve 4 in Fig. 10-10). In all the cases which
we have discussed previously, the potential increased monotonically from
its minimum value toward V' = 0 as r increased toward infinity. Figure
10-10 indicates, however, that as the minimum in the screened potential
becomes more shallow (due to a decrease in the angular momentum [), a
point is reached at which the potential crosses into the positive energy
region, thus allowing bound orbits with £ > 0. In any cvent, we have, of
course, that V' — 0 as r — 0.

p Example 10.11(b). Let us return to Example 9.4 of the particle constrained to move
on the surface of a cone. We found that the angular momentum about the z-axis
was a constant of the motion:

| = mr*f = const. )]
We also found the equation of motion for the coordinate r:
# — r0*sin’a — gsinocosa = 0 2

It is clear that if the initial conditions are appropriately selected, the particle
can move in a circular orbit about the vertical axis with the plane of the orbit at a
constant height z, above the horizontal plane passing through the apex of the cone.
Although this problem does not involve a central force, certain aspects of the motion
are the same as for the central-force case. Thus, we may discuss, for example, the
stability of circular orbits for the particle. In order to do this, we perform a perturba-
tion calculation.

First, we assume that a circular orbit exists for r = p. Then we apply the perturbation

rop+x 3)

The quantity 6% which appears in Eq. (2) may be expressed as

92 — . L
rg* =r mirt T mid
2 IZ x -3
i
(v o’ p
? ( x)
~ |1 — 3= 4
mip 3p 4
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where we have retained only the first term in the expansion since x/p is by hypothesis
a small quantity.
Then, since p = 0, Eq. (2) becomes approximately
I? sin? .
X — S;n3a(1 —3i + gsinacosa =0 5
m?p> \ p

or,
(312 sin%a 1% sina )
+( ey ) 2,3 + gsinacosa =0 (6)

m
If we evaluate Eq. (2) at r = p, then ¥ = 0, and we have

g sin xcos & = pf? sin’a

2
= mTps sina (7)

In view of this result, the last two terms in Eq. (6) cancel, and there remains

2 ol 2 a0
+(31 sin a)x:O ®

m2p*

The solution to this equation is just a harmonic oscillation with a frequency w, where

V3

w=Y—>sing 9)
mp

Thus, the circular orbit is stable.

10.12 The Problem of Three Bodies

In Sections 10.4 and 10.5 it was shown that the motion of two bodies
which interact via central forces and which are subject to no external forces
is completely soluble. If the interaction force is not of a simple power-law
form, then the equations of motion may not be expressible in terms of
simple functions, but nevertheless the motion can always be given in
terms of an integral [cf. Eq. (10.17)] which may in principle be solved.
The addition of a third body to the system, however, in general renders
the problem insoluble in finite terms by means of any of the known func-
tions. Thus, the problem of the motion of three bodies mutually interacting
through gravitational forces is still unsolved after over two hundred years
of study by a most distinguished list of mathematicians and physicists.*

* The names of Lagrange, Laplace, Jacobi, and particularly Poincaré are associated with

the efforts to solve the three-body system. Much valuable work was done by K. F. Sundman
in the early 1900’s.
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In spite of the insolubility of the general problem, certain aspects of the
three-body system are still subject to analysis.* For example, if the initial
conditions are such that the velocity vectors of the three bodies all lie in
the plane defined by the bodies, then the motion will always be in that
plane. The restricted problem of three gravitating bodies treats the case in
which the mass of one of the bodiest is negligibly small compared to
either of the other two masses, and in which the two larger masses move
in circular orbits about their common center of mass. Thus, the small
mass is assumed not to disturb the motion of the larger masses. We wish

y
P(x, y)
]
F,
W
4 Wy T
r
e,
x
4 —pp —
sv — [EEE—
Fe. 10-11

to treat here only the stability aspects of the restricted problem of three
bodies; i.c., we wish to discover at what points the planetoid (of mass m)
may be placed in the field of the larger bodies (of masses M, and M) so
that it is in a position of equilibrium.

The masses M, and M, are assumed to be executing circular orbits
about their center of mass O as in Fig. 10-11. Let the angular velocity of
this motion be w. Then if m is to be in a position of equilibrium, it must
also be revolving about O with a constant angular velocity . The mass

* Perturbation calculations can always be used to numerically determine the effects intro-
duced by a third body or even many bodies.

+ Historically referred to as the planetoid, but recently more frequently identificd with an
artificial satellite.
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M, at A exerts a forcc Fy on m which is located at the point P(x, y), and
the mass M, at B excrts a force F,. Thus, in order for m to be in equilibrium
with respect to M, and M,, the centrifugal force mra? must be balanced
by thc gravitational forces F; and F,; that is,

mrole, + F, +F, =0 (10.104)

If welet M| + M, = M, and if M, and M, are separated by a distance s,
then M, lics at a distance (M,/M)s from the center of mass O, and M,
lies at a distance [1 — (M,/M)]s from O. Let the ratio M,/M be p so that

OB = (1 —p)s
(10.105)
0A = ps
Now, the¢ magnitudes of the forces F and F, are
ymMy  ymM(l — p)
Fo="f-="75
" i
(10.106)
ymM,  ymMp
Fp="%"= 2
r3 2

where y is the gravitational constant. In order for m to be in equilibrium,
thc components of F; and F, perpendicular to e, must be equal, and the
sum of the components along e, must be equal to mrw?. Clcarly, then, if
m is to be in equilibrium, it must lie in the plane of motion of M, and
M,, for otherwise there would be components of F; and F, that could
not be balanced by the centrifugal force. Let us first consider the compo-
nents of the forces perpendicular to e, :

% - :2 ://;f (10.107)
Applying the law of sines to be the triangle OAP, we have
sing, _siny, (10.108)
r ps
But we also have
sin @, — rl (10.109)

1

Therefore, combining Eqs. (10.108) and (10.109), wc find

sing, = (10.1102)

FFy
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And similarly,

1 — p)sy
siny, = U TP (10.110b)
e,
If we write Eq. (10.107) by expressing F,/F, from Egs. (10.106) and
sin,/sin iy, from Egs. (10.110), we obtain
ymM(1 — py/r?

- (= phsy/rr
ymMp/r3

psy/rr,

and upon simplifying, we find

EA S (10.111)
rry o rrs
We therefore have two possible solutions: (a) ry = r, = p, and (b) y = 0.*
For case (a) the three masses form an isosceles triangle, and for case (b)
the three masses arc co-lincar.
Let us first consider solution (a) and calculate the value of the common
distance p. In order to do this, we must equate the centrifugal force to the
sum of the components of F; and F, along e, :

mro? = Ficosy, + Fycosi, (10.112)

First, we apply the cosine law to triangle OAP with the result
cosY, =- —— (10.113a)

and for cos , from triangle OBP we find

2 2 (1 = p)3s?
cosy, = P = = prs (10.113b)
2rp
Next, we need to calculate the value of w? in terms of the other parameters
of the problem. We may do this by equating the gravitational and centri-
fugal forces on, say, M, :

MM
' 122 = M psa?
S
or,
M M
w? = Lpg; =5 (10.114)

* Note that the possible solution r = 0 is included in the class of solutions y = 0. Note also
that r = 0 will be a position of cquilibrium only in the special case M| = M,.
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where we have used p = M,/M. Substituting Eqgs. (10.106) for F, and F,,
Egs. (10.113) for cos ¢, and cos /,, and Eq. (10.114) for »? into Eq. (10.112),

we find
('VM) ('VmM(l - p)) (rz +p° - pzsz)
mri—-]=1'"— —
s p 2rp
. (L’"ﬂ{’) (LZ Sl Ul P),Zf)
p’ 2rp

which simplifies to

3_r2+/)Z—psZ%-pzsz.s3

p 57 (10.115)
Now, from triangle OAP, we can write
rt = p? + p?s? — 2ppscos ¢, (10.116)
But we also have
cos @, :x;ps (10.117)

And since r, and r, are equal, the value of x must correspond to the mid-

point of the line AB. Thus,

X = 5~ ps (10.118)
so that
s
= 10.119
Cos @, 2 ( )
and then
rt = p? + p*s* — ps? (10.120)

Using this result in Eq. (10.115), we obtain p* = s°, from which we conclude
p=3s (10.121)

Therefore, solution (a) states that equilibrium will result if the mass m is
placed in the planc of motion of M| and M, so that PAB is an equilateral
triangle. It may further be shown that such an equilibrium point is stable
if M, < 0.0385M.* Thus, there are two positions of stable equilibrium (for
M, sufficiently small), designatcd by S, and S, in Fig. 10-12.

* This 1s the case, for example, in the Earth-Moon system, or in the Jupiter-Sun system,
etc. Some details regarding the question of stability are given by Symon (Sy60, pp. 500-509)
and in various texts on celestial mechanics: Danby (Da62, pp. 194-198), McCuskey (Mc63,
pp. 118-126).
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For solution (b) we have y = 0 so that all three masses must lie on the
x-axis. In Fig. 10-13 we plot the radial forces on m due to M, and M,,
and due to the centrifugal force. In the region between the two large masses
the gravitational forces combine as shown. The centrifugal force increases
linearly with r and so is represented by a straight line. Note that the
negative of the centrifugal force is plotted, so that at those points for which
the gravitational and centrifugal curves intersect, the net force on the
planetoid is zero and the position is one of equilibrium. There are three
such positions of equilibrium, and they may be shown to be unstable;
they are represented by U,, U,, and U, in Figs. 10-12 and 10-13.

The calculational procedure that is necessary in order to solve for
the values of r corresponding to the unstable points is straightforward but
quite complicated since inversions of series expansions are required; the
details of the results themselves are not very illuminating except in some
special cases (see, for example, Problem 10-31).

We may summarize the situation as follows: If a planetoid of negligible
mass is introduced into a system which consists of two large masses
executing circular orbits about their common center of mass, then there
are five points of equilibrium for the planetoid, all of which lie in the
plane of the motion of the larger masses. Two of these points are stable
(for M, sufficiently small) and are the so-called equilateral points. The
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Gravitational
force due to M,

Negative of
centrifugal force

. Gravitational force
due to M,

FiG. 10-13

other three points are co-linear with the larger masses, lying, respectively,
outside of one or the other mass and between the two masses.* These
latter points are positions of unstable equilibrium. For a rcal physical case,
such as the Earth-Moon system in which the larger masses do not move
preciscly in circular orbits and in which there are perturbations due to the
Sun and other planets, it is not known whether the equilateral points are
in fact stable.

[t is interesting that there is a natural example in the solar system of
the stability (or, at least, quasi-stability) of the equilateral points. It is well
known that betwcen the orbits of Mars and Jupiter there exist large
numbers of asteroids and these objects tend to cluster in two positions
which are the cquilateral points of the Jupiter-Sun system (the “Trojan™
groupt). Some disturbance of these clusters results from the perturbations
caused by other members of the solar system (primarily Saturn), but the
general configuration persists since the equilateral points are stable posi-
tions, or at least arc nearly so.

* These solutions to this special case of the three-body problem were discovered by Lag-
range in 1772 they are known. respectively, as Lagrange’s equidistant particles and Lagrange’s
co-linear particles.

T It was not until 1906 that the first of these asteroids was discovered. Prior to this time
Lagrange’s solution to the three-body problem was considered to be only of academic interest.
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Suggested References

The central-force problem and planetary motion are treated with varying degrees of
completeness in most texts. At the intermediate level, see Becker (Be54, Chapter 10),
Lindsay (Li61, Sections 3.6-3.10), McCuskey (Mc59, Chapter 3), Slater and Frank
(S147, Chapter 3), Symon (Sy60, Chapter 3), and Wangsness (Wa63, Chapter 8).

Many texts on advanced dynamics give only brief discussions of central-force motion ;
an exception is Goldstein (Go50, Chapter 3), which is quite detailed. Shorter treat-
ments are those of Corben and Stehle (Co60, Sections 36 and 37) and of Landau
and Lifshitz (La60, Sections 14 and 15). Whittaker (Wh37, Chapter 4), as usual,
presents an exhaustive account.

The primary application of the theory of central-force motion is, of course, in astron-
omy. Texts on celestial mechanics therefore present many details not usually found
in the standard physics texts. A good introductory account presented from a
modern viewpoint is given by van de Kamp (Ka63). At the intermediate level, see,
for example, Danby (Da62) or McCuskey (Mc63). Somewhat more advanced
treatments are given by Brouwer and Clemence (Br61) and by Smart (Sm53). A
standard treatise, which is highly mathematical, is Wintner (Wi41). Modern prob-
lems in astrodynamics are discussed, for example, by Baker and Makemson (Ba60).

The restricted three-body problem is discussed by Danby (Da62, Chapter 8), McCuskey
(Mc63, Chapter 5), Symon (Sy60, pp. 285-290, 500-509), Whittaker (Wh37, Chapter
13), and Wintner (Wi41, Chapter 6).

The precession of the perihelion of Mercury is treated in Bergmann (Bed6, pp. 212
218), Danby (Da62, pp. 66-67), and Weber (We61, pp. 64-67), as well as in most
texts on relativity.

Background material in general astronomy may be found, for example, in Baker
(Ba59), Blanco and McCuskey (BI61), and McLaughlin (Mc61). An interesting
account of the historical development of the theory of planetary motion is given
by Feather (Fe39, Chapter 7). Sketches of some important astronomical discoveries
are given by Turner (Tu04).

Problems

10-1. In Section 10.2 it was shown that the motion of two bodies which
interact only with each other via central forces can be reduced to an
equivalent one-body problem. Show by explicit calculation that such a
reduction is also possible for the case in which the bodies move in an
external uniform gravitational field.

10-2. Perform the integration of Eq. (10.29) to obtain Eq. (10.30).

10-3. A particle moves in a circular orbit in a force field given by

F(r) = —k/r’.
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If suddenly k decreases to half its original value, show that the particle’s
orbit becomes parabolic.

10-4. Perform an explicit calculation of the time average (i.e., the average
over one complete period) of the potential energy for a particle moving
in an elliptic orbit in a central, inverse-square-law force field. Express the
result in terms of the force constant of the field and the semimajor axis of
the ellipse. Perform a similar calculation for the kinetic energy. Compare
the results and thereby verify the virial theorem for this case.

10-5, Two particles moving under the influence of their mutual gravitational
force describe circular orbits about one another with a period t. If they are
suddenly stopped in their orbits and allowed to gravitate towards each
other, show that they will collide after a time 1/4\/5.

10-6. Two gravitating masses m, and m, are separated by a distance r,
and released from rest. Show that when the separation is r (<ry), the
magnitudes of the velocities are

Dyl 1
ve=m il T
4]

2yl 1
ve=m T
4]

where M = m, + m,.

10-7. Show that the areal velocity is constant for a particle moving under
the influence of an attractive force given by F(r) = —kr. Calculate the time
averages of the kinetic and potential energies and compare with the results
of the vinal theorem.

10-8. Investigate the motion of a particle which is repelled by a force
center according to the law F(r) = kr. Show that the orbit can only be
hyperbolic.

10-9. A particle moves under the influence of a central force given by
F(r) = —k/r". If the particle’s orbit is circular and passes through the
force center, show that n = 5.

10-10. Consider a comet which moves in a parabolic orbit in the plane
of the Earth’s orbit. If the distance of closest approach of the comet to the
Sun is fir,, where r, is the radius of the Earth’s (assumed) circular orbit
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and where f < 1, show that the length of time which the comet spends
within the orbit of the Earth is given by

21 = B)-(1 + 2p)/3n x 1 year

If the comet approaches the Sun to the distance of the perihelion of Mer-
cury, how many days is it within the Earth’s orbit?

10-11. Discuss the motion of a particle in a central inverse-square-law
force field for the case in which there is a superimposed force whose mag-
nitude is inversely proportional to the cube of the distance from the
particle to the force center. That is,
kK 4
Fr)= —— — - k,2>0

r¥

Show that the motion is described by a precessing ellipse. Consider the
cases A < I?/u, A = I*/u, and A > I*/u.

10-12. Find the force law for a central-force field which allows a particle
to move In a spiral orbit given by r = k02, where k is a constant.

10-13. Find the force law for a central-force field which allows a particle
to move in a logarithmic spiral orbit given by r = ke*’, where k and «
are constants.

10-14. A particle of unit mass moves from infinity along a straight line
which, if continued, would allow it to pass a distance b\/2 from a point
P. If the particle is attracted toward P with a force which varies as k/r’,
and if the angular momentum about the point P is V/E/b, show that the
trajectory is given by

r=»~ coth(O/ﬁ)

10-15. A particle executes clliptic (but almost circular) motion about a
force center. At some point in the orbit a tangential impulse is applied to
the particle, changing the velocity from v to v + dv. Show that the resulting
relative change in the major and minor axes of the orbit is twice the relative
change in the velocity and that the axes are increased if v > 0. Show also
that a similar change occurs in the time-averaged kinetic energy, but that
{T> decreases if ov > 0. Give a physical explanation for this latter result.

10-16. A particle moves in an elliptic orbit in an inverse-square-law
central-force field. If the ratio of the maximum angular velocity to the
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minimum angular velocity of the particle in its orbit is n, then show that
the eccentricity of the orbit is

n— 1

£ =
n+ 1

10-17. Use the results of Kepler (i.e., his first and second laws) to show
that the gravitational force must be central and that the radial dependence
must be 1/r% Thus, perform an inductive derivation of the gravitational
force law.

10-18. Calculate the missing entries of Table 10.1.

10-19. Show that the product of the maximum and minimum (linear)
velocities of a body moving in an elliptic orbit is (2ra/7)?.

10-20. If # is defined as the angle between the direction of motion of a
planet (in an elliptic orbit) and the direction perpendicular to the planet’s
radius vector, show that

esiny

J1—¢?

tany =

where ¢ is the eccentric anomaly.

10-21. For a particle moving in an elliptic orbit with semimajor axis g
and eccentricity &, show that

La/r)* cos 0> = ¢g/(1 — ¢H)%?

where the slanted brackets denote a time average.

10-22. Use Eq. (10.60) to show that the rate of advance of the perihelion
may be expressed as
/ \ 2

A= 67[(@)

[
if ¢ 1s small. That the value for Mercury is greater than for any other planet
is attributable to the fact that the orbital velocity of Mercury is the greatest
of any planet. Consequently, the relativistic parameter v/c is largest for
Mercury. Compute v, /c for Mercury and compare with results for
Venus, Earth, and Saturn. Justify the use of the approximation v,,, = 2ra/t.
Use the results of this calculation to verify that A =~ 40 sec of arc per
century for Mercury.

10-23. Consider the family of orbits in a central potential for which the
total energy 1s a constant. Show that if a stable circular orbit exists, the
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angular momentum associatcd with this orbit is larger than that for any
other orbit of the family.

10-24. Discuss the motion of a particle which moves in an attractive
central-force field described by F(r) = —k/r3.* Sketch some of the orbits
for different values of the total energy. Find the relationship between the
kinetic and potential energies. Can a circular orbit be stable in such a
force field? [Investigate the higher-order terms in Eq. (10.92).]

10-25. Consider a force law of the form

k K
Fry= —— — <
Show that if p?k > k', then a particle can move in a stable circular orbit

atr = p.

10-26. Consider a force law of the form F(r) = —(k/r?)exp(—r/a). In-
vestigate the stability of circular orbits in this force field.

10-27. Consider a particle of mass m that is constrained to move on the
surface of a paraboloid whose equation (in cylindrical coordinates) is
r? = 4az. If the particle is subject to a gravitational force, show that
the frequency of small oscillations about a circular orbit with radius

I .
p = /4azg is

a+ z

10-28. Consider the problem of the particle moving on the surface of a
cone, as discussed in Examples 9.4 and 10.11(b). Show that the effective
potential is
2
Vir) = 2 -+ mgr cot o

(Note that here r 1s the radial distance in cylindrical coordinates, not
spherical coordinates; see Fig. 9-1.) Show that the turning points of the
motion may be found from the solution of a cubic equation in r. Show
further that only two of the roots are physically meaningful, so that the
motion is confined to lie within two horizontal planes that cut the cone.

10-29. An orbit which is almost circular (i.e., ¢ < 1) may be considered to
be a circular orbit to which a small perturbation has been applied. Then

* This particular force law was cxtensively investigated by Roger Cotes (1682-1716), and
the orbits arc known as Cotes’ spirals.
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the frequency of the radial motion is given by Eq. (10.97). Consider a case
in which the force law is F(r) = —k/r" (where n is an integer) and show that

the apsidal angle is /./3 — n. Thus, show that a closed orbit will result
in general only for the harmonic oscillator force and the inverse-square-law
force (if values of n equal to or smaller than —6 are excluded).

10-30. A particle moves in an almost-circular orbit in a force field described
by F(r) = —(k/r*)exp{(—r/a). Show that the apsides will advance by an
amount approximately equal to mp/a in each revolution, where p is the
radius of the circular orbit.

10-31. Refer to Fig. 10-12. Show that if the mass M, is much smaller than
M, (ie., p <€ 1), then the equilibrium points U, and Uj; are approximately
symmetrical about M, and lie at distances from M, approximately equal to
s(p/3)*.

10-32. Genceralize the problem of the motion of three bodies in a plane as
discussed in Section 10.12 to the case in which the three masses, m,, m,,
and my are all comparable. Show that a solution exists if the particles
form an equilateral triangle of side & and execute circular orbits about the
common center of mass with an angular velocity w, where w? = yM/h®
and M = m, + m, + m;. (This solution of the three-body problem is due
to Laplace.)

10-33. Define an effective potential V(x, y) appropriate for the restricted
problem of three bodies. Sketch the function V(x, 0) and show that there
are two ‘“‘valleys” (corresponding to the positions of M; and M,) and three
“hills” (corresponding to the three points of unstable cquilibrium). Also,
sketch the function V(3s — ps, y) and show that there are two ‘“‘valleys”
(corresponding to the two points of stable equilibrium). Compare the two
curves and show that the “hill” in the latter curve is not a point of equili-
brium. Use the above results to sketch an equipotential “contour map”



CHAPTER 1

Kinematics of Two-Particle Collisions

11.1 Introduction

When two particles interact, the motion of one particle relative to the
other is governed by the force law which describes the interaction. This
interaction may result from actual contact, as in the collision of two billiard
balls, or the interaction may take place through the intermediary of a force
field. For example, a free comet (i.e., one not bound in a solar orbit) may
“scatter” from the Sun via a gravitational interaction, or an a-particle may
be scattered by the electric field of an atomic nucleus. As was demonstrated
in the previous chapter, once the force law is known, the two-body problem
can be completely solved. On the other hand, even if the force of interaction
between two particles is not known, a great deal can still be learned about
the relative motion by using only the results of the conservation of momen-
ium and energy. Thus, if the initial state of the system is known (ie., the
velocity vectors of each of the particles is specified), the conservation
laws allow us to obtain information regarding the velocity vectors in the
final state.* On the basis of the conservation theorems alone, it is not possible

* The “initial state” of the system refers to the condition of the particles when they are not
yet sufficiently close to interact appreciably, and the “final state” is the condition after the

315
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to predict, for example, the angle between the initial and final velocity
vectors of one of the particles; knowledge of the force law is required for
such details. We shall derive in this chapter those relationships which require
only the conservation of momentum and energy, and then we shall examine
the features of the collision process which demand that the force law be
specified. The discussion here is limited to elastic collisions. Of course,
collision processes in which kinetic energy is absorbed or rest-mass energy
is released arc also quite important. However, all of the essential features
of two-particle kinematics are adequately demonstrated by elastic collisions,
and so the more complicated processes are omitted. (The interested reader
will find satisfactory treatments in the Suggested References.) We conclude
the chapter by discussing briefly some aspects of relativistic collisions.

It should be noted that the results which are obtained under the assump-
tion only of momentum and energy conservation are valid (in the non-
relativistic velocity region) even for quantum mechanical systems, since
these conservation theorems are applicable to quantum as well as to
classical systems.

11.2 Elastic Collisions—Center-of-Mass and

Laboratory Coordinate Systems

It has been demonstrated previously on several occasions that the
descriptions of many physical processes are considerably simplified if one
chooses a coordinate system that is at rest with respect to the center of
mass of the system. In the problem which we shall now discuss, viz., the
elastic collision of two particles,*} the usual situation (and the one to which
we shall confine our attention) is one in which the collision is between a
moving particle and a particle at rest. Although it is indeed simpler to
describe the effects of the collision in a coordinate system in which the
center of mass is at rest, the actual measurements in such a case would be

interaction has taken place. For a contact interaction these conditions are obvious, but if the
interaction takes place via a force field, then the rate of decrease of the force with distance
must be taken into account in specifying the initial and final states.

* A collision is elastic if no change in the internal energy of the particles results; thus, the
conservation of ¢cnergy may be applied without regard to the internal energy. Notice that heat
may be generated when two mechanical bodies collide inelastically. Heat is just a manifesta-
tion of the agitation of a body’s constituent particles and may therefore be considered as a
part of the internal energy.

T The laws governing the elastic collision of two bodies were first investigated by Rev.
John Wallis (1668), Sir Christopher Wren (1668), and Christian Huygens (1669).
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made in the system in which one of the particles is moving and in which the
struck particle is initially at rest. This latter system is called the laboratory
coordinate system. We shall frequently refer to these two coordinate systems
simply as the C.M. and the lab systems.

Now, we wish to take advantage of the simplifications that result by
describing an elastic collision in the C.M. system. It is therefore necessary
to derive the equations which connect the center-of-mass and laboratory
coordinate systems.

We shall use the following notation:

m; = moving

mass of the
struck

particle
mz =

In general, primed quantities will refer to the C.M. system:

u, = initial
velocity of m, in the lab system

v, = final
u) = initial

velocity of m; in the C.M. system
v, = final

and similarly for u,, v,, u}, and v}, (but u, = 0).

Ty = lab

total initial kinetic energy in{ } system
To = CM.
T, = lab

final kinetic energy of m, in { } system
T, = CM.

and similarly for T, and T3 (but, of course, T, = 0).
V = velocity of the center of mass in the lab system
iy = angle through which m, is deflected in the lab system
{ = angle through which m, is deflected in the lab system

( = angle through which m, and m, are deflected in the C.M. system
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Figure 11-1 illustrates the geometry of an elastic collision* in both the
laboratory and center-of-mass coordinate systems. The final state in the
lab and C.M. systems for the scattered particle m; may be conveniently
summarized by the diagrams in Fig. 11-2. We may interpret these diagrams
in the following manner. To the velocity V of the CM. we may add the
final C.M. velocity v; of the scattered particle.

Laboratory System Center-of-Mass System
i u, 2 m ug u, "M
. - .
T> u, = O
(a) Initial condition (b) Initial condition
m; m;
\7 Vi
0
V2 og=n—10
my
(c) Final condition (d) Final condition

Fic. 11-1

Depending upon the angle 6 at which the scattering takes place, the
possible vectors v; lie on the circle of radius v} whose center is at the ter-
minus of the vector V. The lab velocity v, and lab scattering angle, i, are
then obtained by connecting the point of origin of V with the terminus of v.

If V < v}, there is only one possible relationship between V, v;, v},
and 6 (see Fig. 11-2a). However, if V> v}, then for every set, V, v/, there
exist two possible scattering angles and laboratory velocities: v, ,, 0,,
and v, ,, 0, (see Fig. 11-2b), where the designations b and f stand for
backward and forward. This situation results from the fact that if the final
C.M. velocity v} is insufficient to overcome the velocity V of the center of

* We assume throughout that the scattering is axially symmetric so that no azimuthal
angle need be introduced. It should be noted, however, that axial symmetry is not always
found in scattering problems; this is particularly true in certain quantum mechanical systems.
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V <y

(a)

Fic. 11-2

mass, then, even if m, is scattered into the backward direction in the C.M.
system (6 > =n/2), the particle will appear at a forward angle in the lab
system (¥ < 7/2). Thus, for ¥V > v}, the velocity v,, in the lab system, is a
double-valued function of v;.

Having given a qualitative description of the scattering process, we now
proceed to obtain some of the equations relating the various quantities.

According to the definition of center-of-mass coordinates [Eq. (3.25)],
we have

mry + myr, = MR (11.1)

Differentiating with respect to the time, we find
m1u1 + m2u2 = MV (111a)

But u, =0 and M = m, + m,; therefore, the center of mass must be
moving (in the lab system) toward m, with a velocity
muy

V_

= 11.2a
m; + m, ( )

Since m, is initially at rest, then by the same reasoning, the initial C.M.
velocity of m, must just equal V:

myu
w,=V=—>=1 (11.2b)
m; + m,
Note, however, that vectorially, u, = —V, since the motions are in opposite

directions.

The great advantage of using the C.M. coordinate system lies in the fact
that the total linear momentum in such a system is zero, so that before
collision the particles move directly towards each other and after collision
they move in exactly opposite directions. If the collision is elastic, as we
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have specified, then the masses do not change, and the conservation of
linear momentum and kinetic energy is sufficient to provide that thc C.M.
velocities before and after collision are equal:

uy = vy, uy = v (11.3)

Now, u, is the relative velocity of the two particles in either the C.M. or
the lab system, u; = u} + u5. Therefore, we have for the final C.M. velocities,

myu,

) = 11.4
2+ m, (114a)
myu,
= U — U, = ——— 11.4b
Uy = Uy — U m, + m, ( )
Referring to Fig. 11-2a, we have
vy sin ) = vy siny (11.5a)
and,
vhicosl + V =uv,cosy (11.5b)
Dividing Eq. (11.5a) by (11.5b),
v} sin 6 sin ff
te = = 11.6
an ¢ vhicos@ + V  cosf + (V/v)) (11.6)
According to Egs. (11.2a) and (11.4b), V/v} is given by
K _ omyuy/my + 'ﬁ_) _m (11.7)

v B myu,/(my + my)  my

Thus, we see that the ratio m,/m, governs whether Fig. 11-2a or Fig. 11-2b
describes the scattering process:

Fig. 11-2a: V < v, my < my,

Fig. 11-2b: V > v, my; > m,

If we combine Eqgs. (11.6) and (11.7) and write

| sin 0 |

then, we see that if m; < m,, the lab and C.M. scattering angles are approxi-
mately equal; that is, the particle m, is but little affected by the collision
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with m; and acts essentially as a fixed scattering center. Thus,

Llp =0, ny <€ my, (11.9a)
On the other hand, if m; = m,, then
tan y = sin 0 . 0
n T cosf+ 1 dn2
so that
0
RS 7 M= (11.9b)

and the lab scattering angle is one-half the C.M. scattering angle. Since
the maximum value of 0 is 180°, Eq. (11.9b) indicates that for m, = m,
there can be no scattering in the lab system at angles greater than 90°.

Fig. 11-3

Let us now refer to Fig. 11-1c and construct a diagram for the recoil
particle m, which is similar to Fig. 11-2a. The situation is illustrated in
Fig. 11-3, from which we find

v, sin { = v, sin 0 (11.10a)
vycos{ =V — v, cosl (11.10b)
Dividing Eq. (11.10a) by (11.10b), we have
vy sin 0 sin
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But, according to Egs. (11.2b) and (11.4a), V and ¢} are equal. Therefore,

sin § 0
anl = ——~ — cot— 11.11
tan ——— co 5 (11110

which we may write as

, 0
tan { = tan (g — 5)

Thus,
A=n—-0=¢ (11.12)

For the case of particles with equal mass, m; = m,, we had 0 = 2.
Combining this result with Eq. (11.12), we have

n .\

\ CHw=1, ml:sz (11.13)

Hence, the scattering of particles of cqual mass always produces a final
state in which the velocity vectors of the particles are at right angles if
one of the particles is initially at rest* (see Fig. 11-4).

Fig. 11-4

If we refer to Fig. 11-2b and ask what is the maximum value that ¥ can
attain for the case in which V > v}, we have the situation of Fig. 11-5.
Clearly, the angle between v} and v, is 90° so that

SN Yy = o = 2 (11.14)
V. m
from which,
Yinax = sin“(mz/mlﬂ (11.15)

* This result is valid only in the nonrelativistic limit; see Eq. (11.73) for the relativistic
expression which governs this case.
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Fig. 11-5

11.3 Kinematics of Elastic Collisions

Relationships involving the energies of the particles may be obtained
as follows. First, we have simply,

Ty = Smu? (11.16a)
and, in the C.M. system,
Ty = S(mu? + myu'?)
which, upon using Egs. (11.4a) and (11.4b), becomes

MiMa 2 M2 (11.16b)

1
T, = — =
0 2my +my L omy +om,

This result shows that the initial kinetic energy in the C.M. system, T7, is
always a fraction m,/(m, + m,) < | of the initial lab energy. For the final
C.M. energies, we find

2
m,
T, = %mlviz = %ml . u%
m; + m,

(MTZ—;) T, (11.17)

I

and

Tt o Ly 22 1 my 2
2 = MUy = M, — | ¥
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In order to obtain T in terms of T, we write

1.2 2
T, _zmty vy (11.19)
1 272 .
T,  amuy  uy

Now, referring to Fig. 11-2a, and using the cosine law, we may write

v =vi+ VI —2v,Vcosy
or,
T, vi of VI oV
S T W U AT M 11.20
To ui ul uf ut v ( )

From the previous definitions, we have

?

v} m, Vv m,
L "2 and —=--
u, m; + my, u,  my; + m,

(11.21)

The squares of these quantities give the desired expressions for the first
two terms on the right-hand side of Eq. (11.20). In order to evaluate the
third term, we write, using Eq. (11.5a),

|4 sin G\ V
Z—TCOS!//—Z( . !/;)'E%COS!// (11.22)

The quantity v}V /uf may be obtained from the product of the equations
in (11.21), and using Eq. (11.8), we have

sin 0 cos !// sin (

sin !// " tan !// cos 6 + hTZ
so that
Uy 2mym,
2——— = osf + — 11.23
ui osy = (my + my)? ( 2) ( )

Substituting Egs. (11.21) and (11.23) into Eq. (11.20), we obtain

I e
T() Y3 + ms, nmy + my (m1 + m 2) m,

which simplifies to

T, 2mym,
L - T2 (1~ cosO 11.24a
T() (’nl mZ) ) ( )

Similarly, we may also obtain the ratio T/T, in terms of the lab scattering

angle ¥ :
T, mf ) mp: o, P
o feosu <_) — sin?y (11.24b)

T, ~(my + m, my
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where the plus (+) sign for the radical is to be taken unless m; > m,, in
which case the result is double-valued and Eq. (11.15) specifies the maximum
value allowed for .

The lab energy of the recoil particle m, may be calculated from

T, T, 4mm,
B A P < w2 .
T, T —— cos” ¢, (< n/ (11.25)

If m, = m,, we have the simple relation,

T
\ —L = cos?y, m, = m, (11.26a)

[ To

with the restriction noted in the discussion following Eq. (11.9b) that
Y < 90°. Also,

T
2 =sin?y, m =m, | (11.26b)
TO

Several further relationships are

T
sin{ = |22 Lsiny (11.27)
m,T,

sin 2{

any (my/my) — cos 2{ ( )
sin¢=msinw (11.29)
m,

As an example of the application of the kinematic relations which we
have derived, consider the following situation. Suppose that we have a
beam of projectiles, all with mass m; and energy T,. We direct this beam
toward a target which consists of a group of particles whose masses m,
may not all be the same. Some of the incident particles interact with the
target particles and are scattered. The incident particles all move in the
same direction in a beam of small cross-sectional area, and we assume that
the target particles are localized in space so that the scattered particles
emerge from a small region. If we position a detector at, say, 90° to the
incident beam and with this detector measure the energies of the scattered



326 11 * KINEMATICS OF TWO-PARTICLE COLLISIONS

particles, then the results may be displayed as in the lower portion of
Fig. 11-6. This graph is a histogram in which is plotted the number of
particles detected within a range of energy AT at the energy T. This particu-
lar histogram shows that three energy groups were observed in the scattered
particlcs detected at y = 90°. The upper portion of the figure shows a
curve which gives the scattered energy T, in terms of T as a function of
the mass ratio m,/m; [Eq. (11.24b)]. The curve may be used to determine

10
myfm, :
5
0 I
0 1.0
T,\/To
2
5
=
Energy — '
FiG. 11-6

the mass m, of the particle from which one of the incident particles was
scattered in order to fall into one of the three energy groups. Thus, the
energy group with T, = 0.8T, results from the scattering by target particles
with mass m, = 10m,, and the other two groups arise from target masses
5m, and 2m;.

The measurement of the energies of scattered particles is therefore a
method of qualitative analysis of the target material. Indeed, this method
is useful in practice when the incident beam consists of particles (protons,
say) that have been given high velocities in an accelerator of some sort.
If the detector is capable of precision energy measurements, then the method
will yield accurate information regarding the composition of the target.
(Quantitative analysis may also be made from the intensities of the groups
if the cross sections are known; see the following section.)
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11.4 Cross Sections

In the preceding sections various relationships wese derived which
connect the initial state of a moving particle with the final states of the
original particle and a struck particle. Only kinematic relationships were
involved; that is, no attempt was made to predict a scattering angle or a
final velocity—only equations connecting these quantities were obtained.
We now look more closely at the collision process and investigate the
scattering in the event that the particles interact via a specified force field.
Consider the situation depicted in Fig. 11-7 which illustrates such a collision

Fic. 11-7

in the laboratory coordinate system when a repulsive force exists between
m, and m,. The particle m, approaches the vicinity of m, in such a way that
if there were no force acting between the particles, m; would pass m, with
a distance of closest approach b. The quantity b is called the impact para-
meter. If the velocity of m, is u,, then the impact parameter b clearly
specifies the angular momentum [/ of particle m, about m,:

l—_—mlulb (11.30)

We may express u, in terms of the incident energy T, by using Eq. (11.16):

I =by/2m,T, (11.31)

Evidently, for a given energy T,, the angular momentum and hence the
scattering angle 0 (or y) will be uniquely specified* by the impact para-
meter b if the force law is known.

We now consider the distribution of scattering angles which would

* Clearly, in the scattering of atomic or nuclear particles, we can neither choose nor measure
directly the impact parameter. We are therefore reduced, in such situations, to speaking in
terms of the probability for scattering at various angles 6.
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result from collisions with various impact parameters. In order to accom-
plish this, let us assume that we have a narrow beam of particles, each of
which has mass m, and energy T,. We direct this beam towards a small
region of space which contains a collection of particles, each of which has
mass m, and is at rest (in the laboratory system). The intensity (or flux
density) I of the incident particles is defined as the number of particles
which pass in unit time through a unit area that is normal to the direc-
tion of the beam. If we assume that the force law between m; and m,
falls off with distance sufficiently rapidly, then after an encounter, the
motions of the particles will asymptotically approach straight lines
with a well-defined angle 0 between them. We then define a differential
cross section in the C.M. system for the scattering into an element of
solid angle dQ' at a particular angle 0. If dN is the number of particles
scattered into d€' per unit time, then

dN
a(0)dQ)’ = T (11.32)
We sometimes write, alternatively,
do 1 dN

(The fact that o(6)) has the dimensions of area gives rise to the term ““cross
section.”) If the scattering has axial symmetry (as will be the case for
central forces), we may immediately perform the integration over the
azimuthal angle to obtain 2r, and then the element of solid angle dQ' is
given by

dQ’ = 2z sin 0 dfi (11.34)

If we return, for the moment, to the equivalent one-body problem as
discussed in the preceding chapter, we may consider the scattering of a par-
ticle of mass u by a force center. (That is, we treat the one-body problem in
the center-of-mass system.) Then, Fig. 1 1-8 shows that the number of particles

' b y //
/\ t Y
Scattering

center
dA =2nbdb

FiG. 11-8
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with impact parameters within a range db at a distance b must correspond
to the number of particles scattered into the angular range d0 at an angle 0.
Therefore,

I1-2nbdb = —1-0(9) 2nsin 6 df (11.35)

where db/d0 is negative since we assume that the force law is such that the
amount of angular deflection decreases (monotonically) with increasing
impact parameter. Hence,

b

sin 6

db
do

We may obtain the relationship between the impact parameter b and the
scattering angle # by making use of Fig. 11-9. In the preceding chapter

we found [Eq. (10.22)] that the change in angle for a particle of mass u
moving in a central-force field is given by

me (I/r?) dr
A0 = 11.36
J"“““ \/2/‘[5 - U — (P*2ur?)] ( )

Now, the motion of a particle in a central-force field is symmetric about
the point of closest approach to the force center (see point 4 in Fig. 11-9).

(11.35a)

A
2, ﬁ()
1
b o\
Scattering
center
Fig. 11-9

Therefore, the angles « and f are equal and, in fact, are equal to @. Thus,

0=n—20 (11.37)
For the case that r,, = oc, the angle @ is given by
O = J (b/r7) dr (11.38)
rmin /1~ (b7/r?) — (U] Ty)

where use has been made of the one-body equivalent of Eq. (11.31),

viz.,
| =b/2uT)
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where, as in Eq. (11.16b), T, = Suu?. We have also used E = TY, since the
total energy E must equal the kinetic energy T at r = o0 where U = 0.
The value of r,,, it will be recalled, is a root of the radical in the denomi-
nator in Eq. (11.36) or (11.38), i.e., r.,;, is @ turning point of the motion and
corresponds to the distance of closest approach of the particle to the
force center.

Thus, Egs. (11.37) and (11.38) give the dependence of the scattering
angle, 0, on the impact parameter b. Once b = b(f) is known for a given
potential U(r) and a given value of T7, the scattering cross section can be
calculated from Eq. (11.35a). This procedure, of course, leads to the scatter-
ing cross section in the C.M. system since we have been considering m,
as a fixed force center. If m, > m,, the cross section so obtained will
be very close to the lab system cross section ; but if m; cannot be considered
to be negligible compared to m,, the proper transformation of solid angles
must be made. We now obtain the general relations.

Since the total number of particles scattered into a unit solid angle must
be the same in the lab system as in the C.M. system, we have

o(0)dQY = o(y) dQ
o(0)-2m sin 0 dB = o(f) - 27 sin Y dyr (11.39)
where 6(0) and o() are the differential cross sections in the C.M. and lab

systems, respectively, and where dQ' and d€ are the C.M. and lab solid
angles. Therefore,

sin0d0
sin ¥ dy/

The derivative df/dyy may be evaluated by first referring to Fig. 11-2a and
writing, from the sine law,

sin(@ — )
sin

Differentiating this equation, we find

o(y) = o(0) (11.39a)

3

|
Il

L=x (11.40)

V
—(—:
Uy 2

3

df  sin(f — ) cos

dy  cos(f — y)siny
Expanding sin(@ — ) and simplifying, we have

do sin
w ~ cos(0 — ) sin W
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so that
sin? @

W) = o) T sy

(11.41)

From Eq. (11.40), by multiplying both sides by cosy and then adding
cos(f — ¥) to both sides, we have

sin(6 — ) cos
sin Y/
Upon expanding sin(f — ) and cos(@ — ) on the left-hand side, we obtain

+ cos(f — ¥) = xcosy + cos(0 — ¥)

sin 0
sin Y/
Substituting this result into Eq. (11.41),

[xcosy + cos(60 — y)]?
cos(6 — y)

= xcosy + cos(f — )

a(¥) = a(6)

(11.42)

Also, from Eq. (11.40), we have

cos(d — ) = /1 — x?sin?y

Hence,

1_ 2 a3 2 2
o) — o) X COS'/\’/T__— szsmle/sfm V] (11.43)

Equation (11.40) may be used to write

{ 0 = sin~'(xsin ) + ¥ ’ (11.44)

Therefore, Eqs. (11.43) and (11.44) specify the cross section entirely in
terms of the angle y.* Clearly, for the general case (i.e,, for an arbitrary
value of x), the evaluation of a(y) is complicated. Tables exist, however, so
that the particular cases can be computed with relative ease.t

The transformation represented by Eqs. (11.43) and (11.44) assumes a

* It should be noted that these equations apply not only for elastic collisions, but also for
inelastic collisions (in which the internal potential energy of one or both of the particles is
altered as a result of the interaction) if the parameter x is written as V/v| instead of m,/m,
[cf. Eq. (11.7)].

t See, for example, the tables by Marion et al. (Ma59).
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simple form for two cases. For x = m,/m, = 1, we have from Eq. (11.9b),
0 = 2y, and Eq. (11.43) becomes

o) = o(Dg_py 4cosy,  m; =m, (11.45a)
and for m; <€ m,, x = 0, and § =, so that
o) = o(0lg_y, my <my, (11.45b)

11.5 The Rutherford Scattering Formula*

One of the most important problems which makes use of the formulae
developed in the preceding scction is the scattering of charged particles in
a Coulomb or e¢lectrostatic field. The potential for this case 1is

Ulr) = - (11.46)

where k = q,4,, with g, and ¢, the amounts of charge that the two particles
carry (k may be either positive or negative, depending on whether the
charges are of the same or opposite sign; k > 0 corresponds to a repulsive
force and k < 0 to an attractive force.) Equation (11.38) then becomes

J _bmdr (11.47)
,mm\/r — (k/ T — b?
which can be integrated to obtain [cf. the integration of Eq. (10.29)]:
b
cos ®@ = —(K/—)— (11.48)
1+ (x/b)?
where
k

Equation (11.48) can be rewritten as

b? = k? tan*@ (11.50)
But Eq. (11.37) states that ® = 7/2 — 0/2, so that

b = k cot(G/2) (11.51)

* E. Rutherford, Phil. Mag. 21, 669 (1911).
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Thus,
db K 1
6~ 2sin%(0)2) (11.52)
Then, Eq. (11.35) becomes
kZ  cot(6/2)
O =3 Gnasini0/2)
Now,
sin 6 = 2 sin(0/2) cos(0/2)
Hence,
K2 1
O =7 snf o)
or,
‘ k2 1

which is the Rutherford scattering formula* and demonstrates the depen-
dence of the C.M. scattering cross section on the inverse fourth power of
sin(6/2). Note that ¢(f) is independent of the sign of k, so that the form of the
scattering distribution is the same for an attractive force as for a repulsive
one. It is also rather remarkable that the quantum mechanical treatment
of Coulomb scattering leads to exactly the same result as does the classical
derivation.t This is indeed a fortunate circumstance since, if it were other-
wise, the disagreement at this early stage between classical theory and
experiment might have seriously delayed the progress of nuclear physics.
For the case m; = m,, Eq. (11.16b) states that T}, = 1T, so that

k? 1
0) = =5 =2 = 11.54
O =412 snfey ™™™ (11.54)
Or, from Eq. (11.45a),
k? cosy
a(y) = T2 sty my = m, (11.55)

If, in addition to being of equal mass, the particles are identical, then the
scattered particle cannot be distinguished from the recoil particle. Now,

* This form of the scattering law was verified by the experiments of H. Geiger and E. Marsden,
Phil. Mag. 25, 605 (1913).

+ N. Bohr showed that the identity of the results is a consequence of the 1/r? nature of the
force; it cannot be expected for any other type of force law.
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the cross section for the recoiling particle is (see Problem 11-8)

1 156
o1an(l) = TJ(Z)'COS:;C’ my; = my (11.56)
The complete expression for the differential cross section is obtained by
adding Egs. (11.55) and (11.56), and substituting y, say, for the common
value of ¥ and {:

ko1

= —3— + ) identical particles 10.57
T¢sin* y cos“}jcosl (iden particles) ( )

o-lab(X)

11.6 The Total Cross Section

All of the above discussion applies to the calculation of differential
scattering cross sections. If it is desired to know the probability that any
interaction whatsoever will take place, then it is necessary to integrate
o(0) [or a(y¥)] over all possible scattering angles. The resulting quantity
is called the total scattering cross section o, and is equal to the effective
area of the target particle for producing a scattering event:

o, = j a(0) dQY
4n

- 274 o(0) sin 0 d0 (11.58)
0]

where the integration over 0 runs from 0 to n. If we wish to express the
total cross section in terms of an integration over the lab quantities,

g, = ja(lﬁ) dQ

then if m; < m,, Y also runs from 0 to =. In the event that m; > m,, Y runs
only up to ... [given by Eq. (11.15)], and we have

Winax

g, =2mn ‘0 o()siny dyr (11.59)

If we attempt to calculate g, for the case of Rutherford scattering, we
find that the result is infinite. This arises from the fact that the Coulomb
potential, which varies as 1/r, falls off so slowly that even if the impact
paramcter b is allowed to become indefinitely large, there is still a nonzero
scattering angle. We have, however, pointed out in Example 10.11(a)
that the Coulomb ficld of a real atomic nucleus is screened by the surround-
ing electrons so that thc potential is effectively cut off at large distances.
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The inclusion of the screening term, exp(—r/a), in the potential then
yields a finite value for o, The evaluation of the scattering cross section
for a screened Coulomb potential according to the classical theory is quite
complicated and will not be discussed here; the quantum mechanical treat-
ment is actually easier for this case.

11.7 Relativistic Kinematics

In the event that the velocities involved in the collision process are not
negligible with respect to the velocity of light, it becomes necessary to
use relativistic kinematics. In the previous discussions we have taken advan-
tage of the properties of the center-of-mass coordinate system in deriving
many of the kinematic relations. Since mass is a variable quantity in
relativity theory, it no longer is meaningful to speak of a “center-of-mass”
system; in relativistic kinematics, one uses a ‘“‘center-of-momentum”
coordinate system instead. Such a system possesses the same essential
property as does the previously used C.M. system, viz., that the total linear
momentum in the system is zero. Therefore, if a particle of rest mass m,
collides with a particle of rest mass m,, then in the center-of-momentum
system we have

Py = D2 (11.60)

Using Eq. (4.32), the space components of the momentum four-vector may
be written as

myuy, = myuyy’ (11.60a)

where, as before, y = 1/./1 — 2 and B = u/c.

In a collision problem it is convenient to associate the laboratory
coordinate system with the inertial system K (as in Chapter 4) and the
center-of-momentum system with K’. Then, a simple Lorentz transforma-
tion connects the two systems. To derive the relativistic kinematic expres-
sions, the procedure is to obtain the center-of-momentum relations and then
to perform a Lorentz transformation back to the lab system. We choose the
coordinate axes so that m, moves along the x-axis in K with a velocity u,.
Since m, is initially at rest in K, u, = 0. In K', m, moves with a velocity u}
and so K’ moves with respect to K also with a velocity u, and in the same
direction as the initial motion of m,.

Using the fact that fy = /y? — 1, we have

Py = muyyy = mefiyy = mcy/ V,12 =1 = mycy V,ZZ — 1 =p, (11.61)
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which expresses the equality of the momenta in the center-of-momentum
system.

Now, according to Eq. (4.44), the transformation of the momentum
p; (from K to K') is

)
P = (P = 3 E) 7 (11.62)

We also have

Py = MUy

(11.63)
E, = micty,
so that Eq. (11.61) may be used to obtain

miey/vE = 1= (mcfyy — Bomicy )y

= mlc(y’z./“/f — 1=y 7E - T) =mye /77 — 1 (11.64)

These equations may be solved for 7| and 95 in terms of y,:

71t .
Y= 2 i (11.65a)
n, m
S ()
n, m,
m
71+ m_z
Yy = L (11.65b)

2
m n

() (2)
W, n,

Next, we write the equations of the transformation of the momentum
components from K’ back to K after the scattering. We now have both x-
and y-components:

? ul i ‘ !
Dix = (pl,x + C—iEl)‘/z
= (mycfiyycos 0 + mcfy1)75
= mcy1y3(B1 cos 0 + f3) (11.66a)

[Note that the transformation is from K’ to K so that a plus sign occurs
before the second term, in contrast to Eq. (11.62).] Also,

Pry = mcfiyysind (11.66b)
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Now, the tangent of the laboratory scattering angle i/ is given by p, ,/p, ;
therefore, dividing Eq. (11.66b) by (11.66a), we obtain
| sin 0
72 c0s 0 + (B2/B7)
Using Eq. (11.60a) to express S5/}, the result is

tany =

1 sin
tany = — - ; (11.67)
73 cos 0 + (m;y)/myy%)

For the recoil particle, we have
u!
Prx= (p’z,x + c—iEz) Vs
= (—mycfrys cos 0 + myefyy3)ys
= m,cfry2(1 — cos 0) (11.68a)

where a minus sign occurs in the first term since p5 . is directed opposite
to p .. Also,

P2y = —mycfyy; sinf (11.68b)

As before, the tangent of the laboratory recoil angle { is given by p, ,/p, ,:
1 sin@

t =0T, 11.69

an { ¥5 1 — cos @ ( )

The overall minus sign indicates that if m, is scattered toward positive
values of y, then m, recoils in the negative y direction.

A case of special interest is that in which m; = m,. From Eqs. (11.65), we
find

my = m, (11.70)
The tangents of the scattering angles become

2 ] sin 6
14+ 9y, 1+cosf

2 sin 6
= — | . 11.72
tan ¢ l+9, 1 —cos0 ( )

Therefore, the product is

tany = (11.71)

2
I+,

taniy tan{ = — , my; = m, (11.73)
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(The minus sign is of no essential importance; it only indicates that  and ¢
are mcasured in opposite directions.)

Wc previously found that in the nonrclativistic imit, there was always
a right angle between the final velocity vectors in the scattering of particles
of equal mass. Indeed, in the limit y, — 1, Egs. (11.71) and (11.72) become
equal to Egs. (11.8) and (11.11), respectively, so that ¢ + { = n/2. Equation
(11.73), on the other hand, shows that in the relativistic case ¥ + { < n/2;
thus, the included angle in the scattering is always smaller than in the
nonrelativistic imit. If we fix the scattering angle ¢ at, say, 45°, then as 7
increases, the recoil angle { will decrease from 45° at y; =1 (u; =~ 0)
toward 0° as y, becomes infinitely large. Figure 11-10 shows the result.

40°¢
307

10°}

FiG. 11-10

At y, = 10, the recoil angle is approximately 10°. This value of y, corres-
ponds to an initial velocity which 1s 99.5 9, of the velocity of light. According
to Eq. (4.39), the kinetic energy is given by T, = m,c*(y, — 1); therefore,
a proton with y; = 10 would have a kinetic energy of approximately 8.4
BeV, whereas an electron with the same velocity would have T, =~ 4.6 MeV.*

By using the transformation properties of the fourth component of the
momentum four-vector (i.c., the total energy), it is possible to obtain the
relativistic analogues of all the energy equations which we have previously
derived in the nonrelativistic limit.

Suggested References

The kinematics of collisions is a topic not often treated in detail in texts on classical
mechanics. An exception is Landau and Lifshitz (La60) who devote a short chapter

* These units of energy are defined in Problem 4-11.
1BeV = 10* MeV = 10%eV = 1.602 x 10”3 erg.
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to the subject (Chapter 4). A brief discussion is also given by Goldstein (Go50),
Chapter 3).

Considerable detail is given in some books devoted to nuclcar reaction processes ; scc,
for example, Baldin, Goldanskii, and Rozental (Ba61) and Mather and Swan (Ma58).
Relativistic relations are treatcd exhaustively in the former book, and a brief account
is given by Morrison (Mo53a, pp. 3-9). Monahan (Mo60) discusses both relativistic
kinematics and the classical approximations.

Quantum mechanics texts frequently include short discussions of collision kinematics
(which do not require a knowledge of quantum mechanics to be understood); see,
for example, Schiff (Sc55, Chapter 5).

Problems

11-1. In an elastic collision of two particles with masses m,; and m,, the
initial velocities are u, and u, = au, (« # 0). If the initial kinetic energies
of the two particles are equal, find the conditions on u,/u, and m;/m, so
that m, will be at rest after the collision.

11-2. Show that

T_ om o
T, (m; + mz)z
where
cos(f) — )
S=cosyy + —m——
VI mgmy)

11-3. Show that T,/T, may be expressed in terms of m,/m; = « and
cosy =y as

T N
T—‘ =140 2[2p* +a® — 1+ 2y /0 + y* — 1]
0
Plot T,/T, as a function of § for a = 1, 2, 4, and 12. These plots correspond
to the energies of protons or neutrons after scattering from hydrogen
(o = 1), deuterium (& = 2), helium (« = 4), and carbon (¢« = 12), or of alpha
particles scattered from helium (x = 1), oxygen (¢ = 4), etc.

11-4. A particle of mass m, with initial laboratory velocity u, collides with
a particle of mass m, which is at rest in the laboratory system. The particle
my is scattered through a laboratory angle ¢ and has a final velocity v,
where v, = (). Find the surface such that the time of travel of the
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scattered particle from the point of collision to the surface is independent
of the scattering angle. Consider the cases (a) m, = m,, (b) m, = 2m,,
(c) m, = oo. Suggest an application of this result in terms of a detector for
nuclear particles.

11-5. Show that the equivalent of Eq. (11.44) expressed in terms of 0,
rather than , is

1 + xcos@

a(6) = o) (1 + 2xcos 0 + x?)3?

11-6. Calculate the differential cross section o(f)) and the total cross
section ¢, for the scattering of a particle from an impenetrable sphere;
i.e.,, the potential is given by

0, r>a

Ur) =
(r) 0, r<a

11-7. 1f, in the previous problem, the energy lost by the scattered particle
to the sphere is ¢, show that

na’

docm(e) = de

gmax

Thus, show that in the center-of-mass system the energies of the scattered
particles are distributed uniformly.

11-8. Derive the result for the Rutherford cross section expressed in terms
of the recoil angle { {Eq. (11.56)].

11-9. Consider the case of Rutherford scattering in the event that m; » m,
(1.e., the mass of the incident particle is much greater than that of the target).
Obtain an approximate expression for the differential cross section in the
laboratory coordinate system.

11-10. Consider the case of Rutherford scattering in the event that m, > m,.
Obtain an expression for the differential cross section in the center-of-mass
system that is correct to first order in the quantity m,/m,. Compare this
result with Eq. (11.53).

11-11. A fixed force center scatters a particle of mass m according to the
force law F(r) = k/r®. If the initial velocity of the particle is u,, show that
the differential scattering cross section is

__ k-0
C mud0? (2n—0)?sin 6

a(0)
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The integral of this expression gives an infinite result for the total cross
section. However, if the force vanishes for r > r;, show that there is some
minimum scattcring angle 8, ; express the result in terms of m, u,, y, and
k. Then, show that the total cross section is

6, = an o(0)sin 0 dO = nrd

6o

11-12. It is found experimentally that in the elastic scattering of neutrons
by protons (m, = m,) at relatively low energies (nonrelativistic), the energy
distribution of the recoiling protons in the lab system is constant up to a
maximum energy which is the energy of the incident neutrons. What is the
angular distribution of the scattering in the C.M. system?

11-13. Show that the energy distribution of particles recoiling from an
elastic collision is always directly proportional to the differential scattering
cross section in the C.M. system (in the nonrelativistic limit).*

11-14. Show that the relativistic expression for the kinetic energy of a
particle scattered through an angle by a target particle of equal rest

mass is
T, 2 cos? y

To (o + 1D~y — Deos’y
The expression evidently reduces to Eq. (11.25a) in the nonrelativistic
limit (y, = 1). Sketch T,(¥) for neutron-proton scattering for incident
neutron energies of 100 MeV, 1 BeV, and 10 BeV.

*This result is due to H. H. Barschall and M. H. Kanner, Phys. Rev. 58, 590 (1940).



CHAPTER 12

Motion in a Noninertial Reference Frame

12.1 Introduction

The advantages of choosing an inertial reference frame for the description
of dynamical processes were made evident in the discussions in Chapters
3 and 9. It is, of course, always possible to express the equations of motion
for a system in an inertial frame; however, there are types of problems for
which these equations would be extremely complex, and it becomes easier
to treat the motion of the system in a noninertial frame of reference.

In order to describe, for example, the motion of a particle on or near
the surface of the Earth, it is clearly tempting to do so by choosing a co-
ordinate system fixed with respect to the Earth. We know, however, that
the Earth undergoes a complicated motion, compounded of many different
rotations (and, hence, accelerations) with respect to an inertial reference
frame identified with the “‘fixed” stars. The Earth coordinate system is,
therefore, a noninertial frame of reference; and, although the solutions
to many problems can be obtained to the desired degree of accuracy by
ignoring this distinction, there are many important effects that result
from the noninertial nature of the Earth coordinate system.

342
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In the analysis of the motion of rigid bodies in the following chapter,
we shall also find it convenient to use noninertial reference frames and
we will therefore make use of much of the development presented here.

12.2 Rotating Coordinate Systems

Let us consider two sets of coordinate axes; let one set be the “‘fixed”
or inertial axes, and let the other be an arbitrary set which may be in
motion with respect to the inertial system. We shall designate thesc axes
as the ““fixed” and ‘‘rotating” axes, respectively, and shall use x; as co-
ordinates in the fixed system and x; as coordinates in the rotating system.
If we choose some point P, as in Fig. 12-1, we clearly have

r=R+r (12.1)

where 1’ is the radius vector of P in the fixed system and where r is the
radius vector of P in the rotating system. The vector R locates the origin
of the rotating system in the fixed system.

X3
X3 P

r X3

FiG. 12-1

An arbitrary infinitesimal displacement may always be represented by
a pure rotation about some axis which is called the instantaneous axis of
rotation. For example, the instantaneous motion of a disk rolling down
an inclined plane can be described as a rotation about the point of contact
between the disk and the plane. Therefore, if the x; system undergoes an
infinitesimal rotation 60, corresponding to some arbitrary infinitesimal
displacement, the motion of P (which, for the moment, we consider to be
at rest in the x; system) may be described in terms of Eq. (2.30) as

(dl‘)ﬁxed = dﬂ Xr (12.2)

where the designation *‘fixed” is explicitly included to indicate that the
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quantity dr is measured in the x}, or fixed coordinate system. Dividing
this equation by dt, the time interval in which the infinitesimal rotation
takes place, we obtain the time rate of change of r as measured in the
fixed coordinate system:

(%)ﬁm, - %? xr (12.3)
or, since the angular velocity of the rotation is
0= %g (12.4)
we have
dr .
(E)ﬁxe: o Xr  (for P fixed in x; system) (12.5)

Now, if we allow the point P to have velocity (dr/dt), ., With respect
to the x; system, this velocity must be added to ® X r to obtain the time
rate of change of r in the fixed system:

dr) _ 'dr)
(E “xed— (E + o Xr (12.6)

rotating

A little reflection will reveal that the choice of the vector r as the basis
vector in the derivation of Eq. (12.6) in no way limits the validity of this
expression. In fact, for an arbitrary vector Q, we have

) (1) Laxg ; 127

dt rotating
J

We note, for example, that the angular acceleration @ is the same in
both the fixed and rotating systems:

dw) "dw) .
o = (== +OXO=0 12.8
( dt 7 fixed (d[ rotating ( )

since ® X o vanishes and where ® designates the common value in the
two systems.

Equation (12.7) may now be used to obtain the expression for the velocity
of the point P as measured in the fixed coordinate system. From Eq. (12.1)

we have
dr’) (dR) (dr)
bl =2 — 12.
(d[ fixed dt ﬁxed+ At/ girea (129)
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so that
dr” ‘dR d
(—r) - (—) + (—r) +oxr (12.10)
dt, fixed dt < fixed dt rotating
If we define
'dr’)
V.=, = (12.11a)
4 4 ( dt / fixed
, "dR
V=R, = (—) 12.11b
4 dt 7 fixed ( )
vzt = (ﬂ) (12.11¢)
dt rotating
we may write
vi=V+v. +oXr (12.12)

where
v, = velocity relative to the fixed axes

V = linear velocity of the moving origin
v, = velocity relative to the rotating axes
® = angular velocity of the rotating axes

® x r = velocity due to the rotation of the moving axes

12.3 The Coriolis Force

We have seen that Newton’s equation F = ma is valid only in an inertial
frame of reference. Therefore, the expression for the force on a particle may
be obtained from

dv
F=ma, = (J) 12.13

! " dl fixed ( )
where the differentiation must be carried out with respect to the fixed
system. Differentiating Eq. (12.12) and specializing to the case of constant
angular velocity (so that @ = 0, a restriction of no great limitation in the
problems considered here), we have

) d d
F:me+m(l) + mo x(—) (12.14)
dt / fixeq i
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The sccond term may be evaluated by substituting v, for Q in Eq. (12.7):

(dv,) (dv,) Lo x
— = |- (O] v,
dl fixed d” rotating

—a + 0 XV, (12.15)

where a, is the acceleration in the rotating coordinate system. The last
term in Eq. (12.14) may be obtained directly from Eq. (12.6):

dr dr
o X|— = X|{— + o X (o Xr)
dt fixed dt ; rotating

=0 XV, + 0 X Xr) (12.16)
Combining Eqgs. (12.14)(12.16), we obtain
F:me+ma,+mm X (® X r) + 2mo Xv,, o =0 (12.17)

where Rf is the acceleration of the origin of the moving coordinate system
relative to the fixed system.

For most applications, we shall be concerned with x; systems the origins
of which do not have significant accelerations with respect to the inertial
coordinate system. That is, the x; systems will either have only rotation or,
at most, rotation plus a uniform velocity with respect to the fixed system.
Under these conditions Rf = 0, and we have

F = ma, =ma, + 2mo X v, + mo X (@ Xr) (12.18)

To an observer in the rotating coordinate system, the effective force on a
particle is given by*

F = ma, =ma, — mo X (0 Xr)—2mo Xv, 1 (12.19)

The first quantity in this expression is the usual term from Newton’s
equation. The quantity —m® X (o X r) is the usual centrifugal force term
and reduces to —mw?r for the case in which @ is normal to the radius vector.
Note that the minus sign implies that the centrifugal force is directed
outwards from the center of rotation (see Fig. 12-2),

The last term in Eq. (12.19) is a totally new quantity which arises from
the motion of the particle in the rotating coordinate system. This term is
called the Coriolis force. Note that the Coriolis force does indeed arise
from the motion of the particle since the force is proportional to v, and
hence vanishes if there is no motion.

* This result was published by G. G. Coriolis in 1835. The theory of the composition of
accelerations was an outgrowth of Coriolis’ study of water wheels.



12.3 THE CORIOLIS FORCE 347

FiGg. 12-2

Since we have used (on several occasions) the term “‘centrifugal force”
and have now introduced the “Coriolis force,” it is necessary to inquire
as to the physical meaning of these quantities. It is important to realize
that the centrifugal and Coriolis forces are not ‘“forces” in the usual
sense of the word ; they have been introduced in an artificial manner as a
result of our arbitrary requirement that we be able to write an equation
which resembles Newton’s equation and at the same time is valid in a
noninertial reference frame. That is, the equation

F = ma,

is valid only in an inertial frame. If, in a rotating reference frame, we wish
to write

Feff = ma,

then we may express such an equation in terms of the real force ma, as

F.¢; = ma, + (noninertial terms)

where the “noninertial terms” are identified as the centrifugal and Coriolis
“forces.” Thus, for example, if a body rotates about a fixed force center,
the only real force on the body is the force of attraction toward the force
center (and gives rise to the centripetal acceleration). An observer moving
with the rotating body, however, measures this central force and, in addition,
notes that the body does not fall toward the force center. In order to
reconcile this result with the requirement that the net force on the body
vanish, the observer must postulatec an additional force—the centrifugal
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force. But the “requirement” is an artificial one; it arises solely from an
attempt to extend the form of Newton’s equation to a noninertial system,
and this may be done only by introducing a fictitious “‘correction force.”
The same comments apply for the Coriolis force; this ““force” arises when
an attempt is made to describe motion relative to the rotating body.

In spite of their artificiality, the usefulness of the concepts of centrifugal
and Coriolis forces is obvious. To describe the motion of a particle rclative
to a body that is rotating with respcct to an inertial reference frame is
clearly a complicated matter. On the other hand, the problem can be
made relatively easy by the simple expedient of introducing the “‘non-
inertial forces” which then allows the use of an equation of motion that
resembles Newton’s equation.

12.4 Motion Relative to the Earth

The motion of the Earth with respect to an inertial reference framc is
dominated by the Earth’s rotation about its axis, the effects of the other
motions (rcvolution about the Sun, motion of the solar system with respect
to the local galaxy, ctc.) being small by comparison. Therefore, to a good
approximation (see Problem 12-1) we may consider a coordinate system
fixed relative to the Earth to be in pure rotation with respect to an inertial
frame of reference, and we may therefore apply Eq. (12.19) to the problems
of motion on or near the surface of thc Earth.

The angular velocity vector @ which represents the Earth’s rotation
about its axis is directed in a northerly direction. Thcrefore, in the Northern
Hemisphere, ® has a component w, which is directed outward along the
local vertical. If a particle is projected in a horizontal plane (in the local
coordinate system at the surface of the Earth) with a velocity v,, then
the Coriolis force —2m@ X v, will have a component in the plane of
magnitudc 2mw,v, which will be directed toward the right of the particle’s
motion (see Fig. 12-3), and a deflection from the original direction of
motion will result.*

Since the magnitude of the horizontal component of the Coriolis force
1s proportional to the vertical component of o, the portion of the Coriolis
force which is effective in producing deflections depends upon the latitude,
being a maximum at the North Pole and zero at the Equator. In the
Southern Hemisphere, the component , is directed inward along the
local vertical, and hence all deflections are in the opposite sense from those
in the Northern Hemisphere.t

* Poisson discussed the deviation of projectile motion in 1837.
+ During the naval engagement ncar the Falkland Islands which occurred early in World
War 1, the British gunners were surprised to see their accurately aimed salvos falling 100 yards
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Deflected path

Fic. 12-3

349

It is also interesting to note that the radial flow of air masses from high
pressure regions into low pressure regions, since they are always deflected
to the right by the Coriolis force (in the Northern Hemisphere), produce
cyclonic motion, as indicated in Fig. 12-4. The actual motion of air masses
is of course, much more complicated, but the qualitative features of cyclonic
motion are correctly given by considering the effects of the Coriolis force.

S
Fic. 12-4

to the left of the German ships. The designers of the sighting mechanisms were well aware of
the Coriolis deflection and had carefully taken this into account, but they apparently were
under the impression that all sea battles took place near 50° N latitude and never near 50° S
latitude. The British shots, therefore, fell at a distance from the targets equal to twice the

Coriolis deflection.
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The motion of water in whirlpools is (at least, in principle) a similar situa-
tion, but in actuality other factors (various perturbations and residual
angular momentum) dominate the Coriolis force, and whirlpools are found
with both directions of flow. (Even under laboratory conditions it is
extremely difficult to isolate the Coriolis effect.)

We note that if we are considering motion in the Earth’s gravitational
field, then the quantity that we call the acceleration due to gravity (i.e.,
g or the vector g) is actually a combination of the gravitational acceleration
proper (as defined from the universal gravitation law) and the apparent
outward acceleration (i.e., the centrifugal acceleration) which results from
the fact that our coordinate system is fixed with respect to the rotating
Earth. That is, g is defined only in terms of measurements that we may
make: the magnitude is determined by the period of a pendulum and the
direction by the direction that a plum-bob assumes at equilibrium. Thus,
g already includes the term —® X (@ X r). Because of this fact, the direc-
tion of g at a given point is in general slightly different from the true
vertical (defined as the direction of the line connecting the point with the
center of the Earth). (See Problem 12-7.)

Example 12.4(a). Let us consider the horizontal deflection due to the Coriolis force
of a particle falling freely in the Earth’s gravitational field. The value of w that
occurs in the force equation (12.19) will be that of the Earth’s rotation:

2z rad/day

==, 167° rad
86,400 sec/day — 729 x rad/sec

w

The acceleration of the particle is given by
a,=g— 20Xy, (1)

where g is the acceleration due to gravity. We choose a z-axis directed vertically
outward from the surface of the Earth. With this definition of e,, we complete the
construction of a right-handed coordinate system by specifying that e, be in a southerly
and e, in an easterly direction, as in Fig. 12-5. We make the approximation that
the distance of fall is sufficiently small so that g remains constant during the process.

Since we have chosen the origin O of the rotating coordinate system to lie in the
Northern Hemisphere,* we have

w, = —wcos i
w, =0 (2)
w, = wsin 4

* Since the point O does not move uniformly with respect to an inertial reference frame, we
are not really justified in using Eq. (12.19) which was obtained under the assumption that
flf = 0. For motion near the surface of the Earth, however, the term proportional to ﬁf gives
only a small contribution and may be neglected.
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FiG. 12-5

Although the Coriolis force will produce small velocity components in the e, and
e, directions, we may certainly neglect x and y compared to 2, the vertical velocity.
Then, approximately,

x=0
y=0 3
Z= —gt

where we obtain Z by considering a fall from rest.
Therefore, we have

e, e, e,
oXv,2—wcosi 0 wsini
0 0 —gt
=~ — (wgt cos Le, “

The components of g are (neglecting terms in w?; see Problem 12-7):
g:=0
g, =0 (5

8= —8
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so that the equations for the components of a, become

(a),=x=0

12

(a), = j = 2wgt cos 4 (6)

=z

itd

A
®
3
T
N
|

—-&

Thus, the effect of the Coriolis force is to produce an acceleration in the e, or
casterly, direction. Integrating j twice, we have

W) = twgt? cos A (7)

where y(0) = 0 = y(0). The integration of ? yields the familiar result for the distance
of fall,

2(1) = 2(0) — 1gt? (8)

so that the time of fall from a height h = z(0) is given by
t=/Chyg )

Hence, the result for the eastward deflection d of a particle dropped from rest at a
height h and at a northern latitude 1 is*

d = iwcos )N\,/(gfli)/g (10)

Therefore, an object dropped from a height of 100 m at latitude 45° will be deflected
approximately 1.55 cm (neglecting the effects of air resistance).

P Example 12.4(b). In order to demonstrate the power of the Coriolis method for
obtaining the equations of motion in a noninertial reference frame, let us rework the
last example but use only the formalism previously developed, viz., the theory of
central-force motion.

If we release a particle of small mass from a height h above the Earth’s surface,
the path that the particle will describe is a conic section—an ellipse with ¢ = 1 and
with one focus very close to the Earth’s center. If ry is the Earth’s radius and if 4 is
the (northern) latitude, then at the moment of release, the particle has a horizontal
velocity in the eastward direction:

Upor = rw cos A = (rg + hjw cos A (1)

and the angular momentum about the polar axis is
I = mrv,,, = m(ro + h)?w cos A ()]

* The eastward deflection was predicted by Newton (1679), and several experiments (notably,
those of Robert Hooke) appeared to confirm the results. The most careful measurements
were probably those of F. Reich (1831, published 1833) who dropped pellets down a mine
shaft 188 m deep. He observed a mean deflection of 28 mm. (This is smaller than the value
calculated from Eq. (10), the decrease being due to air resistance effects; sce Problem 12-6.)
In all the experiments a small southerly component of the deflection was observed, which
remained unaccounted for until Coriolis’ theorem was appreciated (sec Problem 12-8).
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The equation of the path is*
i—(:l—scosf) 3)

if we measure ¢ from the initial position of the particle (see Fig. 12-6). At t = 0 we

have
o

so that Eq. (3) may be written as
_=areth

1 —¢gcos? ©)
Now, from Eq. (10.12) for the areal velocity we may write
de l
1287
9 T Im (6)
Thus, the time ¢ required to describe an angle 0 is
(]
r="2 f r do (7)
I o0

* Notice that there is a change of sign between Eq. (3) and Eq. (10.32) due to the different
origins for 0 in the two cases.
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Substituting into this expression the value of [ from Eq. (2) and r from Eq. (5) we find

L) 1—2 2
t= - = ( —— d0 (8)
wcosif \l ~ &cosh

If we let 0 = 8, when the particle has reached the Earth’s surface (r = ry), then
Eq. (5) becomes

ro =& 9)
ro+h 1 —¢gcosl
or, upon inverting,
i 7h_lﬁacos()0
ro 1 —¢
=1 = 2sin? (0y/2)]
- [ —¢
26 .,
— i hiY l
1+1_83m2 (10
from which we have
LIS BN (11)
ro 1—¢ 2

Now, since the path described by the particle is almost vertical, there is little change
in the angle 0 between the position of release and the point at which the particle
reaches the surface of the Earth; therefore, 0, is small and sin(0,/2) may be approxi-
mated by its argument:

h 02
o= 21— o) "

If we expand the integrand in Eq. (8) by the same method that was used to obtain
Eq. (10), we find

_ (ﬂ . de (13)
" wcos 2 S+ 2e/(1 — ¢)} sin? (0/2)]?

v

and since () is small, we have

. I [0 - do o (14
wceos i) o [1 + e0?/2(1 — g)]? )

i3

Substituting for ¢/2(1 — ¢) from Eq. (12), and writing (0 = () = T for the total time
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of fall, we obtain

1 6o do
wcos i) o [1 + (h0%/re02)]?

00
1 (1 - 3302) do

Is]
14

wcos ), ro03
1 2h
- 1= g
w cos ).( 3r0) 0 (13
Solving for 0,, we find

wTcos A 2h
> > T i1+ — 16
b0 = T 2h3r, = @ Cos’( * 3r0) (16)

During the time of fall 7, the Earth turns through an angle wT, so that the point
on the Earth directly beneath the initial position of the particle moves toward the
east by an amount rowT cos A. During the same time, the particle is deflected toward
the East by an amount ry0,. Thus, the net easterly deviation d is

d=rofy — rowTcos i

= 2hwTcos A (17)
and using T =~ 2h/g as in the preceding example, we have, finally,

QL3
d=1iwcosi % (18)

which is identical with the result obtained previously.

P Example 12.4(c). The Foucault Pendulum.* The effect of the Coriolis force on the
motion of a pendulum is to produce a precession, or rotation with time of the plane
of oscillation. In order to describe this effect, let us select a set of coordinate axes
with origin at the equilibrium point of the pendulum and with a z-axis along the
local vertical. We are interested only in the rotation of the plane of oscillation, i.e.,
we wish to consider the motion of the pendulum bob in the x — y plane (the horizontal
plane). Therefore, we limit the motion to oscillations of small amplitude, with the
horizontal excursions small compared to the length of the pendulum. Under this
condition, 2 is small compared to x and y and may be neglected.

The equation of motion is

T
a,=g+a~2wxv, (n

* Devised in 1851 by the French physicist, Jean Léon Foucault (1819-1868).
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where T/m is the acceleration produced by the force of tension T in the pendulum
suspension, as shown in Fig. 12-7. We therefore have, approximately,

T.— — 1.2

{
T, = —T-? 2)
T, T

Suspension point
‘\at great height

As before,
g.= 0
g,= 0 3)
g:= —8
and,
0, = —@WCOoS 4
w, = 0 @
w, = wsini
with
(vr)x = X
V= (5)
v)= 2z=0
Therefore,
e, e, e,
oXv,~ | —wcosd 0 wsini (6)

X y 0
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so that

(@ XV,), = —ywsin 4

il

(@ Xv,), X sin A )

(w Xv,), = —ywcosi

i

Thus, the equations of interest are

(@)=X%= —— 4+ 2ywsin i

~1 %

(8)

3N 34
~I=

— 2xwsin A

For small displacements, T =~ mg. Defining o? = T/ml = g/I, and writing w, = wsin 4,
we have
i+a’xz= 2wy ]
N . 9
y 4+ oty = —2m,x ’
We note that the equation for X contains a term in y, and that the equation for
contains a term in x. Such equations are called coupled equations. A solution for this
pair of coupled equations may be effected by adding the first of the above equations
to i times the second:

(X + i) + a3(x + iy) = —2w,(ix — y)

= — iw,(x + iy) (10)
If we write
qg=x+1iy (11)
we then have
G+ 2iw,g + 0*qg =0 (12)

This equation is identical with the equation (6.18) that describes damped oscillations,
except that here the term which corresponds to the damping factor is purely imaginary.
The solution is [cf. Eq. (6.20)]:

e

—

q(t) = exp[ —iw ][ 4 exply/ — w? — o2+ B expl—+/ — w? — oa21)] (13)

Now, if the Earth were not rotating, so that w, = 0, then the equation for ¢ would
become

G +ao*q =0, =0 (14)

from which it is seen that o corresponds to the oscillation frequency of the pendulum.
This frequency is clearly much greater than the angular frequency of the Earth’s
rotation. Therefore x > _, and the equation for g(f) becomes

g(t) = ¢~ (A4e™ 4 Be i) (15)
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We may interpret this equation more easily if we note that the equation for ¢’ above
has the solution
g'(t) = x'(t) + iy'(t) = Ae™ + Be™ ™ (16)
Thus,
qlt) = q'(t)- e (17)
or,

[x(t) + iy'(e)] - e i

=  [¥ + iy][cosw,t — isinw,t]

=
=
+
=
=
=

I

= [x'coswt + ysinwy]

+i[— X'sinw,t + ) cos w,t] (18)
Equating real and imaginary parts,
x(t) = x'cosw,t + y'sinw,t
w . l (19)
¥ty = —x'sinw,t + y' cosw,t J

We may write these equations in matrix form as

' x(t) cos w,t sin w,t\ /x'(t)
()= (5 ) G e
() —sin w,t cos w,t/ \y'(t)

from which it is evident that (x, y) may be obtained from (x', ) by the application of
a rotation matrix of the familiar form

cosfl sinf
S

—sinf cosf

Thus, the angle of rotation is 6 = w,t, and the plane of oscillation of the pendulum
therefore rotates with a frequency w, = w sin L. The observation of this rotation gives
a clear demonstration of the rotation of the Earth.*

Suggested References

Motion with respect to accelerated reference frames is discussed in most books on
dynamics. The accounts which are the most detailed are those of Becker (Be54,
Chapter 11), Fowles (Fo62, Chapter 5), Halfman (Ha62a, Chapter 5), and Symon
(Sy60, Chapter 7).

Briefer treatments are given by Constant (Co54, Section 5-8), Goldstein (Go50,
Sections 4-8 and 4-9), McCuskey (Mc59, Sections 1-14 and 1-15), and Page (Pa52,
Sections 31-33).

* Vincenzo Viviani (1622-1703), a pupil of Galileo, had noticed as early as about 1650 that
a pendulum undergoes a slow rotation, but there is no evidence that he correctly interpreted
the phenomenon. Foucault’s invention of the gyroscope in the year following the demonstra-
tion of his pendulum provided the means for an even more striking visual proof of the Earth’s
rotation.
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Problems

12-1. Calculate the centrifugal acceleration, due to the Earth’s rotation,
on a particle on the surface of the Earth at the Equator. Compare this
result with the gravitational acceleration. Compute also the centrifugal
acceleration due to the motion of the Earth about the Sun and justify the
remark made in the text that this acceleration may be neglected compared
to the acceleration due to axial rotation.

12-2. Obtain an expression for the angular deviation of a particle projected
from the North Pole in a path which lies close to the Earth. Is the devia-
tion significant for a missile which makes an 8000-mile flight in 30 minutes?
What is the “‘miss distance™ if the missile is aimed directly at the target?
Is the “miss distance™ greater for a 10,000-mile flight at the same velocity?

12-3. If a particle is projected vertically upward from a point on the
Earth’s surface at a northern latitude A, show that it strikes the ground at
a point %wcos 1./8h%/g to the west. (Neglect air resistance and consider
only small vertical heights.)

12-4. If a projectile is fired due East from a point on the surface of the
Earth at a northern latitude 4, with a velocity of magnitude ¥}, and at an
angle of inclination to the horizontal of «, show that the lateral deflection
when the projectile strikes the Earth is

3
0 . .
d=—"+-wsin A+sin?acosa

g2

where w is the rotation frequency of the Earth.

12-5. In the preceding problem, if the range of the projectile is R for the
case w = 0, show that the change of range due to the rotation of the

Earth is
2R3 ) 2
AR = /ng wcos A [cott a — 5 tan? o]

12-6. Refer to Example 12.4(a) concerning the horizontal deflection of a
particle of mass m dropped from a height i above the Earth’s surface at a
northern latitude A. Add a small air resistance proportional to the
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instantaneous velocity and show that the expression for d given in the
example must be corrected by a multiplicative factor

k [h

f=1-= 82

where k is the proportionality constant of the air resistance.

12-7. Show that the angular deviation ¢ of a plumb line from the true
vertical at a point on the Earth’s surface at a latitude 4 is

row? sin A cos 4

T g — row?cos? A
where 1, is the radius of the Earth. What is the value (in seconds of arc)
of the maximum deviation?

12-8. Refer to Example 12.4(a) concerning the deflection of a particle
falling in the Earth's gravitational field. Perform a calculation in second
approximation (i.e., retain terms in w?) and show that there is a southerly
deflection

22
sin A cos A

12-9. Consider the description of the motion of a particle in a coordinate
system that is in uniform rotation with respect to an inertial reference
frame. Obtain the Lagrangian for the particle. Next, calculate the Hamil-
tonian and identify this quantity with the total energy. (Are all of the
requirements for this identification met?) The expression for the total energy
thus obtained is the standard formula  mv? + U plus an additional term.
Show that the extra term is the centrifugal potential energy. Finally, show
that it is possible to define an effective potential for the problem which is
exactly that used in the central-force problem [see Eq. (10.25)].



CHAPTER 13

Dynamics of Rigid Bodies

13.1 Introduction

A rigid body is defined as a collection of particles whose relative distances
are constrained to remain absolutely fixed. Such bodies do not, of course,
exist in Nature, since the ultimate component particles which comprise
every body (the atoms) are always undergoing some relative motion. This
motion, however, is of a microscopic nature, and therefore usually may be
ignored for the purposes of describing the macroscopic motion of the body.
On the other hand, macroscopic displacements within the body (such as
elastic deformations) can also take place. For many bodies of interest we
can safely neglect the changes in size and shape due to such deforma-
tions and obtain equations of motion which are valid to a high degree of
accuracy.

It is also clear that there is a relativistic limitation to the concept of an
absolutely rigid body. Consider, for example, a long bar of some material.
If we strike a blow at one end of the bar, and if the bar were absolutely
rigid, the effect would be felt instantaneously at the opposite end. But this
corresponds to the transmission of a signal with an infinite velocity, a

361
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situation which from relativity theory we know is impossible. (Actually,
the velocity of transmission of such a signal in a metal bar is rather low
compared with the velocity of light—being ~10° cm/sec—and depends on
the elastic properties of the material.)

We shall use interchangeably, the idealized concept of a rigid body as a
collection of discrete particles or as a continuous distribution of matter.
The only change is the replacement of summations over particles by
integrations over mass density distributions. The equations of motion are
equally valid for either viewpoint.

We shall use, for the description of the motion of a rigid body, two co-
ordinate systems—an inertial frame and a coordinate system fixed with
respect to the body. Six quantities must be specified in order to denote
the position of the body. These may be taken to be the coordinates of
the center of mass (which can often conveniently be made to coincide with
the origin of the body coordinate system) and three independent angles
which give the orientation of the body coordinate system with respect
to the fixed (or inertial) system.* The three independent angles may con-
veniently be taken to be the Eulerian angles, which are described in Section
13.7.

It is intuitively obvious that any arbitrary finite motion of a rigid body
may be considered to be the sum of two independent motions—a linear
translation of some point of the body plus a rotation about that point.f
If the point is chosen to be the center of mass of the body, then such a
separation of the motion into two parts allows the use of the development
in Chapter 3, which indicates that the angular momentum [see Eq. (3.38)]
and the kinetic energy [see Eq. (3.54)] may be separated into portions
relating to the motion of the center of mass and to the motion about the
center of mass.

If the potential energy can also be separated (as will always be the case,
for example, for the potential energy in a uniform force field), then the
Lagrangian separates, and the entire problem conveniently divides into
two parts, one involving only translation and the other only rotation.
Each portion of the problem may then be solved independently of the
other.} This type of separation is essential for a relatively uncomplicated
description of rigid-body motion.

* We shall use in this chapter the designation body system in place of the term rotating
system used in the preceding chapter. The term fixed system will be retained.

+ Chasles’ theorem, which is even more general than this statement (it says that the line of
translation and the axis of rotation can be madc to coincide), was proven by the French mathe-
matician Michel Chasles (1793-1880) in 1830. The proof'is given, e.g., by Whittaker (Wh37, p. 4).

1 This important point was first realized by Euler, 1749.
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13.2 The Inertia Tensor

We now direct our attention to a rigid body which is composed of n
particles of masses m,, o = 1,2, 3, ..., n If the body rotates with an instanta-
neous angular velocity, ®, about some point which is fixed with respect to
the body coordinate system, and if this point moves with an instantaneous
linear velocity, V, with respect to the fixed coordinate system, then the
instantaneous velocity of the ath particle in the fixed system can be ob-
tained by using Eq. (12.12). But we are now considering a rigid body so that

dr
Y= (Ei, =0

rotating

Therefore,

l v,=V+oxr,
—_

(13.1)

where the subscript, f, denoting the fixed coordinate system, has been

deleted from the velocity, v,, it now being understood that all velocitics

are measured in the fixed system; all velocities with respect to the rotating

or body system now vanish because a rigid body is being considered.
Since the kinetic energy of the ath particle is given by

T, = gmu; (13.2)

we have, for the total kinctic encrgy,

T=3>m(V+oxr) (13.3)

Expanding the squared term, we find

T=4YmV>+YmV-o Xr,+ 3y mfo Xr,)’ (13.4)

This i1s a general expression for the kinctic energy and is valid for any
choice of the origin from which the vectors r, are measured. However, if
we elect to make the origin of the body coordinate system coincide with
the center of mass of the object, then a considerable simplification results.
First, we note that in the second term on the right-hand side of this equation,
neither V nor @ is characteristic of the ath particle and therefore these
quantities may be taken outside the summation:

YmV-o xr,=V- -0 X (Zmara)
x

&
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But now the term
> m,r, = MR
- 3

is the center-of-mass vector [cf. Eq. (3.25)] which vanishes in the body
system sincc the vectors r, are measured from the center of mass. The kinetic
energy may then be written as

T ’1—;l’dnb ’1—;’0[
where
*Tmms = ZZm VZ = 1MV2 (1363)
T = 7). Mo Xr,)? (13.6b)

a

Tirans and T, designate the translational and rotational kinetic energies,
respectively. Thus, the kinetic energy separates into two independent parts
as mentioned in the first section of this chapter.

The rotational kinetic energy term may be evaluated by noting that

(A XB)?=(A xB)-(A xB)
— A?B? — (A - B)?

Therefore,

T = 2 2 mo[0rs — (@ 1)"] (13.7)

We now express T, by making use of the components w; and r,; of the
vectors @ and r,. We also note that r, = (x, |, X, 5, X, 3) in the body systcm
so that we may write r,; = x, ;. Thus,

To =43 ma[(z w)(z ) - (; w)(z )} (138)

i

Now, clearly, we may write w; = Z w;d;;, so that

Ta=73)y.m, [w(u 511(2 x2 k) WX, lx‘,”]

a i o
=7 Z W;W; Z moc[(sij Z xa,k - xa,ixoc,j] (13.9)
i,j a k
If we define the ijth element of the sum over o to be I;;,

E Z mzx[ 1jz xa%,k - xa,ixm,j]
@ k

(13.10)
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then we have

{ Tmt = %ZIU(U[(UJ (13.11)

i ij

This equation in its most restricted form becomes

T, = w? (13.12)

rot

where I is the (scalar) moment of inertia about the axis of rotation. This
equation will be recognized as the familiar expression for the rotational
kinetic energy given in elementary treatments.

The nine terms /;; constitute the elements of a quantity which we desig-
nate by {I}. In form, {1} is similar to a 3 x 3 matrix. Now, {l} is the propor-
tionality factor between the rotational kinetic energy and the angular
velocity and has the dimensions (mass) x (length)®. Since {l} relates two
quite different physical quantities, it is to be expected that {1} is a member
of a somewhat higher class of functions than has heretofore been en-
countered. Indeed, {I} is a tensor and is known as the inertia tensor.* Note,
however, that T, can be calculated, without regard to any of the special
properties of tensors, by using Eq. (13.9) which completely specifies the
necessary operations.

The elements of {I} can be obtained directly from Eq. (13.10). We write
the elements in a 3 x 3 array for clarity:

z ma(XZ,Z + Xi:,) —z MyXy,1Xa,2 - z maxa,lxa,3
a a P
{I} = _z maxa,Zxa,l z ma(xi,l + x3,3) —z maxa,Zxa,3 (1313)
x x P
_z maxa,3xa,1 —z maxa,3xa,2 z ma(xil + xazz,z)
a o ®

The diagonal elements, I,,, I,,, and I;3, are called the moments of
inertia about the x,-, x,-, and xj-axes, respectively, and the negatives of
the off-diagonal elements I,,, I,;, etc., are termed the products of inertia.t
Clearly, the inertia tensor is symmetric; that is,

I; =1 (13.14)

and, therefore, there are only six independent elements in {I}. Furthermore,
the inertia tensor is composed of additive elements; the inertia tensor for
a body can be considered to be the sum of the tensors for the various

* The true test of a tensor is in its behavior under a coordinate transformation (see
Section 13.6).
+ Introduced by Huygens in 1673; Euler coined the name.
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portions of the body. Also, if we consider a body as a continuous distribu-
tion of matter with mass density p = p(r), then

|
R Sl

T
x;x;]dv L (13.15)
]

where dv = dx, dx, dx; is the element of volume at the position defined
by the vector r, and where V is the volume of the body.

P Example 13.2(a). In the event that the motion of a rigid body takes place in a plane,
the description of the motion is particularly simple. For such a case, the angular
velocity vector is always normal to the plane of motion and it is necessary to know
only the moment of inertia about the rotation axis. Therefore, the rotational kinetic
energy consists of a single term:

T,

rot

= 3lo0? (1)

where I, is the moment of inertia about the axis of rotation. As an example, let us
consider the motion of a homogeneous plate in the shape of a quadrant of a circle,
with the center of the circle fixed, as in Fig. 13-1. The only nonvanishing element of

FiG. 13-1

the inertia tensor is I;;, the moment of inertia about the point O, which may be
calculated according to the integral version of Eq. (13.13):

Io=1I,; =p {'(xf + x2)dx, dx, (2)

Now, it is clearly easier to perform the integration by changing to polar coordinates

with the result
72 R
pj d(pJ~ r2erdr
0 0

gTpR* (3)

I,

i

I
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Since the mass of the plate is M = p - (nR?/4), we have
I, = iMR?
Now, the centroid of the quadrant, R, may be calculated from
R=/x+ %}
But if we change the x,-axis to be the line OA so that
. plx,dxydx,
R = = ——
X, Y,

then the integration in polar coordinates is again easier:

5_ P
R =-- ‘rdrd
Mfrcosqz rdrdy

+n/4 R
=—1€I~j cosqzd(pj r2dr

~nj4 1]
P
4/
= _\./,ZR
3n
Then, the kinetic and potential energies become
T =T, = 307 = {MR*6
_ 4./2
U= MgR(l — cos0) = %MgR(l — cos ()
T
And the Lagrangian is
. 4./2
L = IMR%H* — T{MgR(l — ¢os 0)
Thus, the Lagrange equation for the coordinate 0 is

IMR2 + %/EMgR sin0 =0

n

or, for the case of small oscillations, sin 0 = 0, so that

367
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(6)
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(10
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Therefore, the frequency of small oscillations is

(12)

» Example 13.2(b). As an example of the calculation of the elements of the inertia
tensor, let us consider a homogeneous cube of density p, mass M, and side of length
b. Let one corner be at the origin and let the three adjacent edges lie along the co-
ordinate axes (see Fig. 13-2). (For this choice of the coordinate axes, obviously the
origin does not lie at the center of mass; we shall return to this point later.)

X3
b 10____| SRS B
e X2z
4
e b
/ b
Xy
FiG. 13-2

According to Eq. (13.15), we have

b b b
I, = J de dx ,(x? +x§{[ dx,
0 0 0

= 3pb° = IMb? m
b b b
I,=— J x,dx,f X, dxzj dx,
0 0 0
= —iph® = — MP’? )

It is easy to see that all of the diagonal elements are equal and, furthermore, that
all the off-diagonal elements are equal. If we define § = Mb?, we have

Iy =1 =13 =%B

Iy =13=13= -3

3
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The moment of inertia tensor then becomes

3 -1 1P
M={-18 3 i @
—48 18 3p

We shall continue the investigation of the moment of inertia tensor for the cube
in later sections.

13.3 Angular Momentum

With respect to some point O that is fixed in the body coordinate system,
the angular momentum of the body is

L=>r,xp, (13.16)

The most convenient choice for the position of the point O depends on the
particular problem. There are only two choices of importance: (a) If one
or more points of the body are fixed (in the fixed coordinate system), O is
chosen to coincide with one such point (as in the case of the rotating top,
Section 13.10); (b) if no point of the body is fixed, O is chosen to be the
center of mass.

Relative to the body coordinate system, the linear momentum p, is

paz = mdvd = mdw x rﬁ
Hence, the angular momentum of the body is

L=mr,x (®xr,) (13.17)

The vector identity
A X(B XxA)=A’B — A(A-B)

may be used to write L as

L =) m[rZe — 1, )] (13.18)

The same technique that was used to write T, in tensor form may now
be applied here. But the angular momentum is a vector, so that for the
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ith component we write

L= Z m,[ w; Z xi,k — Xg,i Z xa,jwj]
a k J
= Z my Z [(Ujaij zk: x:,k — WXy Xq,j
@ j
=Y w; Y m[d % X2k = XoiX, ] (13.19)
J a

The summation over a« will be recognized [cf. Eq. (13.10)] as the ijth
element of the inertia tensor. Therefore,

Li=Y Lo, (13.20)
j

or, in tensor notation
L={}'o (13.20a)

Thus, the inertia tensor relates a sum over the components of the angular
velocity vector to the ith component of the angular momentum vector.
This may at first seem a somewhat unexpected result; for, if we consider
a rigid body for which the inertia tensor has nonvanishing off-diagonal
elements, then even if o is directed along, say, the x,-direction, ® = (w4, 0, 0),
the angular momentum vector will in general have components in all
three directions: L = (L, L,, L3) with L; # 0, L, # 0, Ly # 0. That is, the
angular momentum vector does not in general have the same direction as
the angular velocity vector. (It should be emphasized that this statement
depends upon I;; # 0 for i # j; we shall return to this point in the next
section.)

As an example of a situation in which @ and L are not co-linear, consider
the rotating dumbbell in Fig. 13-3. (The shaft connecting m, and m, is
considered to be weightless and extensionless.) The relation connecting
r, v, and o is

V, = XT,
and the relation connecting r,, v,, and L is
L=Ymr, xv,
a
Then, clearly, o is directed along the axis of rotation, while L is perpendic-
ular to the line connecting m,; and m,.
We note, for this example, that the angular momentum vector L does

not remain constant in time, but rotates with an angular velocity w in
such a way that it traces out a cone whose axis is the axis of rotation.
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Therefore, L. # 0; but Eq. (3.11) states that
L=N

where N is the torque applied to the body. Thus, in order to keep the
dumbbell rotating as in Fig. 13-3, a torque must be constantly applied. If
there were no torque, then the masses would seek an equilibrium plane of
rotation which would pass through O and be normal to the axis of rotation.
A force, upward on m, and downward on m,, must be applied in order to
maintain the configuration of Fig. 13-3. The torque nccessary is N =
EIN,=2r xF, =%, =L

FiG. 13-3

We may obtain another result from Eq. (13.20) by multiplying L; by
L, and summing over i:

DYoL =3y Lmw, =T, (13.21)
i iJj

where the second equality is just Eq. (13.11). Thus,

{ﬂwﬁwL: (1321a)

§

Equations (13.20a) and (13.21a) illustrate two important properties of
tensors. The product of a tensor and a vector yields a vector, as in

— v,
L=Ill‘o
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and the product of a tensor and two vectors yields a scalar, as in

To=4t0-L=40{} o

rot

We shall not, however, have occasion to use here tensor equations written
in the above form, but will always use the summation (or integral) expres-
stons as in Eq. (13.11), (13.15), (13.20}, etc.

13.4 Principal Axes of Inertia*

It is clear that a considerable simplification in the expressions for T
and L would result if the inertia tensor consisted only of diagonal elements.
If we could write

Ijj = 1,6;; (13.22)
then the inertia tensor would be
I, 0 0
{h={0 1, 0 (13.23)
0 0 I
Therefore, we would have
Ly =) I;6;w; = Lw; (13.24a)
i
and
T =133 I0,00; =33 Lo}? (13.24b)

Thus, the condition that {I} have only diagonal elements provides quite
simple expressions for the angular momentum and the rotational kinetic
energy. We now determine the conditions under which Eq. (13.22) becomes
the description of the inertia tensor. This involves finding a set of body
axes for which the products of inertia (i.e., the off-diagonal elements of
{1}) vanish. Such axes are called the principal axes of inertia.

If a body rotates about a principal axis, both the angular velocity and
the angular momentum are, according to Eq. (13.24a), directed along
this axis. Then, if I is the moment of inertia about this axis, we may write

L=lo (13.25)

* Discovered by Euler, 1750.
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Equating the components of L in Egs. (13.20) and (13.25), we have
Li=Iw, =10 + 1,0, + 1304
L, =1w, =10, + 1,0, + 1,304 (13.26)
Ly =1w; = 13,0y + 13,0, + 13304

Or, upon collecting terms, we obtain

Iy — Doy + 1,0, + 1130, =0
Ilel +(122 — I)wz + 123w3 :0 (13.27)
I30, + 13,0, + (I3 — Dwy =0

The condition that these equations have a nontrivial solution is that the
determinant of the coefficients vanish:

(I = 1) Iy, Iy3
Iy U = 1) I3 =0 (13.28)
I3, I3, (I3 —1)

The expansion of this determinant leads to the secular equation* for I,
which is a cubic. Each of the three roots corresponds to a moment of
inertia about one of the principal axes. These values, I,,I,, and I, are
called the principal moments of inertia. If the body rotates about the axis
corresponding to the principal moment I,, then Eq. (13.25) becomes
L = I,m; ie, both @ and L are directed along this axis. The direction of
o with respect to the body coordinate system will then be the same as
the direction of the principal axis corresponding to I,. Therefore, we may
determine the direction of this principal axis by substituting I, for I in
Eq. (13.27), and determining the ratios of the components of the angular
velocity vector: w, :w,:w;. We thereby determine the direction cosines of
the axis about which the moment of inertia is I,. The directions corre-
sponding to I, and I5 can be found in a similar fashion. That the principal
axes determined in this manner are indeed real and orthogonal will be
proved in Section 13.6; these results also follow from the more general
considerations given in Section 14.3.

The fact that the diagonalization procedure just described yields only
the ratios of the components of @ is no handicap, since the ratios completely
determine the direction of each of the principal axes, and it is only the
directions of these axes that is required. Indeed, we would not expect that
the magnitudes of the w; should be determined since the actual rate of the

* So called because a similar equation is used to describe secular perturbations in celestial
mechanics. The mathematical terminology is the characteristic polynomial.
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angular motion of the body cannot be specified by the geometry alone;
we are free to impress on the body any magnitude of the angular velocity
that we wish.

For most of the problems that are encountered in rigid-body dynamics,
the bodies are of some regular shape so that the principal axes can be
determined merely by examining the symmetry of the body. For example,
any body which is a solid of revolution (e.g., a cylindrical rod) has one
principal axis which lies along the symmetry axis (e.g., the center-line of
the cylindrical rod), and the other two axes are in a plane perpendicular
to the symmetry axis. Obviously, since the body is symmetric, the choice
of the angular placement of these other two axes is arbitrary. If the moment
of inertia along the symmetry axis is I ;, then I, = I for a solid of revolution;
i.e., the secular equation has a double root.

If a body has I} = I, = I, it is termed a spherical top; if I, = I, # I,
it is termed a symmetrical top; if the principal moments of inertia are all
distinct, it is termed an asymmetrical top. If a body has I, =0, I, =1,,
it is called a rotor; for example, two point masses connected by a weightless
shaft, or a diatomic molecule.

P> Example 13.4(a). Let us calculate the kinetic energy of a homogeneous cone whose
base rolls without slipping on a horizontal surface, and whose apex is fixed at a height
corresponding to the radius of the base. The situation is depicted in Fig. 13-4; the
cone has a height h, a base of radius R, a mass M, and a cone halfangle of a. Point

FiGc. 134
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B is the center of mass and the distance AB is easily calculated to be 2h. The distancc
04 of the fixed apex from the x)-x, plane is R.

The x;-coordinate system corrcsponds to the fixed or inertial system, and we choosc
a body coordinate system with origin located at the center of mass (point B) and with
axcs which are the principal axes of the cone. The symmetry axis of the cone (line AB)
is clearly a principal axis (say, x3), and the only restriction on thc location of the
x,- and x,-axes is that they must liec in a plane normal to the x;-axis and passing
through B. We may thereforc choose the x,-axis to be perpendicular to thc lines AB
and AC; the x,-axis is then located by the rcquirement that the x; form an orthogonal
system.

As the cone rolls on its base across the x}-x5 plane, we may consider the rotational
motion to be about an instantaneous axis which is the line AC. The velocity of the
center of mass s 0 times the distance 4B, or

= 20 (1
and since the center of mass B is a distance ¢ = 3h sin « from the instantaneous axis
AC, the angular velocity of the center of mass about AC is

w= g = V/@hsina) = O/sin o ()]

The angular velocity vector @ is directed along the axis AC. The components of ®
along the x,-, x,-, and xj3-axcs are

w, =0 (since x, is chosen perpendicular to the rotation axis AC)
(3a)

W3 = WCOS A

The value of w, is easily calculated from a knowledge of w, and w, since w? + w3 +
w? = w?. Thus,
w, = wsina (3b)

We found above that w = é/sin o; hence,
w; =0
wy =0 )
w; = fcota
The kinetic energy may now be calculated from [see Eqs. (13.6a) and (13.24)]:
T= Ty + Tom

Ttrans = %MVZ = %M ) (%hG‘)z
= 3%[\/[hzgz 0
Trot = ; Z Ii(}\)l-2

11,07 + 1,67 cot?a (5b)

il



376 13 * DYNAMICS OF RIGID BODIES

The principal moments of inertia are (see Problem 13-2):
I, =1, = &M(h? + 4R?)
SMhY(1 + 4tan?a) (6a)
I; = $MR? = $Mh? tan’a (6b)
where we have used R = htan z. Hence,
T = 125 MA29 + 4 tan? x)f? 7

so that
T = SMh3(6 + tan? a)6? (8)

p Example 13.4(b). In Example 132(b) we found that the moment of inertia tensor for
the cube (with origin at one corner) had nonzero off-diagonal elements. Evidently,

the coordinate axes chosen for that calculation were not principal axes. If, for example,
the cube were rotating about the x;-axis, then @ = wse;, and the angular momentum
vector L [see Eq. (13.26)] has the components

L = —%ﬂws
L, = —ifo; (1
Ly = 3o,
Thus,
L = Mb’wy(—ie, — ie; + des) @

which is obviously not in the same direction as .
In order to find the principal moments of inertia, we must solve the secular equation :

-1 —3p -3
—1p ~1 -4 |=0 (3)
48 ~i B

The value of a determinant is not affected by adding (or subtracting) any row (or

column) from any other row (or column). Equation (3) may be solved more easily
if we subtract the first row from the second:

B-1 = =
_HB+1 BB 0 =0 @
= - -1
We may factor (48 — I) from the second row:
-1 —ip i
HE -1l -1 1 0 |=0 (%)

N
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Expanding, we have

(28— DIGB - 1) — > — 4GB — D] =0 (6)
which can be factored to obtain
@G -—Dnp-DHIHEB-NH=0 (N

Thus, we have the following roots, which give the principal moments of inertia:
B L=1p Li=1p 8)

And the diagonalized moment of inertia tensor becomes

—

I =

!

=0
)
N

$ 0 0
{f=¢0 13 O )
0 0 ug

Since two of the roots are identical, I, = I;, the principal axis associated with I,
must be an axis of symmetry.
In order to find the direction of the principal axis associated with I, we substi-

tute for I in Eq. (13.27) the value I = I, = {8:

(%.B - %ﬁ)wll - %ﬂwu - %ﬁwal =0
- %ﬁwll + (%ﬂ - %ﬂ)wu - %ﬁwal =0 (10)
- %ﬁwll - %ﬁwzl + (%.B - %ﬁ)‘”al =0

where the second subscript, 1, on the w; signifies that we are considering the principal
axis associated with I,.
Dividing the first two of these equations by f/4, we have
20 — Wy —w3; =0
(1

— @y + 20 — w3 =0

Subtracting the second of these equations from the first, we find w,; = w,;. Using
this result in either of the Egs. (11), we obtain @,; = w,; =wj;, and the desired ratios
are

Wy iWaiwa = 1:1:1 (12)

Therefore, when the cube is rotating about an axis which has associated with it
the moment of inertia I, = ¢ = tMb?, the projections of ® on the three coordinate
axes are all equal. Hence, this principal axis corresponds to the diagonal of the cube.

Since the moments I, and I, are equal, the orientation of the principal axes
associated with these moments is arbitrary; they need only lie in a plane normal to

the diagonal of the cube.
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13.5 Moments of Inertia for Different Body Coordinate
Systems

In order for the kinetic energy to be separable into translational and
rotational portions [see Eq. (13.5)], it is, in general, necessary to choose a
body coordinate system whose origin is the center of mass of the body.
For certain geometrical shapes, it may not always be convenient to compute
the elements of the inertia tensor using such a coordinate system. Therefore,
consider some other set of coordinate axes X, also fixed with respect to
the body and which have the same orientation as the x;-axes, but whose
origin, @, does not correspond with the origin O (which is located at the
center of mass of the body coordinate system). Q may be located either
within or outside of the body under consideration.

The elements of the inertia tensor relative to the X;-axes may be written
as

Jij = Z ma[éij Z Xa%,k - Xa,iXa,j] (13.29)
2 k

Now, if the vector connecting Q with O is a, then the general vector R may
be written as (see Fig. 13-5)

R=a+r (13.30)
with components

Xi=a;+ x (13.30a)

X, X3

0

r Xs
a
R
0 -
X,
X,

FiG. 13-5
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Using Eq. (13.30a), the tensor clement J;; becomes
Ji = 2 m[05 Y (X + a® — (xui + a)(x,; + aj)]
a k
= za:ma[éijzk:xazz.k - xa.ixa.j]
+ 2 ma[éuzkl@xa‘kak + a)
—(ax,; + ax,; + aa))]

Identifying the first summation as I,

Jiy =T+ Xmld5) a2 — au)]
a k
+ Z ’71a[25ijz Xa gty — UiXy ; — ajxaz.i]
a k
But each term in the last summation involves a sum of the form
Z mzzxa‘k
o
We know, however, that since O is located at the center of mass,
Y mr, =0
axX
or, for the kth component,
z m,X,x = 0
o
Therefore, all such terms in Eq. (13.32) vanish and we have
Jij=1; + Yom,[6;) af — a,a;]
a k

But,

aZ

I

Ym, =M and Y af
4 k

Solving for I;;, we have the result

ij

=J; — M[a%};; — a,—ajj” [

I

j

we have, upon regrouping,

379

(13.31)

(13.32)

(13.33)

(13.34)

which allows the calculation of the elements I;; of the desired inertia tensor
(with origin at the center of mass) once those with respect to the X-axes
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are known. The second term on the right-hand side of Eq. (13.34) is the
inertia tensor referred to the origin Q for a point mass M.

Equation (13.34) is the general form of Steiner’s parallel-axis theorem.*
the simplified form of which is given in elementary treatments. Consider,
for example, Fig. 13-6. The element I, is

Iy =J — M[a} + a3 + a3)d,, —ai]
=Jy; - M(a%‘*‘a%)

which states that the difference between the elements is equal to the mass
of the body multiplied by the square of the distance between the parallel
axes (in this case, between the x,- and X ,-axes).

X3
X3
0 X2
1
|
|
a i
as
Xy
0 i X,
I e
Lo
A3t
a l//
Xy
FiG. 13-6

p Example 13.5. Let us again return to the case of the homogeneous cube for which we
found the inertia tensor (for the origin at one corner) to be [Eq. (4) of Example 13.2(b}]:

Mb2 —iMb? —iMb?
= | —amp? iMb* - —iMb? (1)
—iMb? —iMb? M2

We may now use Eq. (13.34) to obtain the inertia tensor {1} referred to a coordinate
system with origin at the center of mass. In keeping with the notation of this section,
we call the new axes x; with origin O, and call the previous axes X; with origin Q
at one corner of the cube (see Fig. 13-7).

* Jacob Steiner (1796 1863).
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X, X3

X2

X, / /// 9 b

X,

Fic. 13-7

Now, the center of mass of the cube is at the point (b/2, b/2, b/2) in the X; coordinate
systemn, and the components of the vector a therefore are

a, =a,=az=>b/2 2)
From Eq. (1), we have
Jin=Jp= Jiz = %sz

Jia=J3=J = —iMb? ©
And applying Eq. (13.34), we find
I, =J,, — M[a® — a}]
=J, — M[ad? + a3]
= 3Mb? — sMb? = LMb? 4)
Also,
I,,=J,,— M[—aa,]
= —iMb? + Mb*> =0 (5)
So that we have altogether
Iy =1,, = 1,3 = iMb?
Ii,=1,=1,3=0 (6)
The inertia tensor is therefore diagonal:
tMb? 0 0
= 0 imb? 0 (7)
0 0 iMp?

If we factor out the common term $Mb? from this expression, we may write
(1 = iMp2{1, (®)
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where {1} is the unit tensor:

M={010 ©)
00 1

Thus, we find that for the choice of the origin at the center of mass of the cube,
the principal axes are perpendicular to the faces of the cube. Since from a physical
standpoint there is nothing to distinguish any one of these axes from another, the
principal moments of inertia are all equal for this case. We note further, that as long
as we maintain the origin at the center of mass, then the inertia tensor is the same
for any orientation of the coordinate axes and these axes are equally valid principal
axes.*

13.6 Further Properties of the Inertia Tensor

Before beginning an attack on the problems of rigid-body dynamics by
obtaining the general equations of motion, we should consider the funda-
mental importance of some of the operations that we have been discussing,
Let us begin by examining the properties of the inertia tensor under co-
ordinate transformations.¥

Now, we have already obtained the fundamental relation connecting
the inertia tensor and the angular momentum and angular velocity vectors
[Eg. (13.20)] which we may write as

L, =Y Iyo (13.35)
!

Since this is a vector equation, in a coordinate system rotated with respect
to the system for which Eq. (13.35) applies, we must have an entirely
analogous relation :

L;= Z L] (13.35a)
J

where the primed quantities all refer to the rotated system. Now, both L
and o obey the standard transformation equation for vectors [Eq. (1.8)]:

X; = Z /I:JXJ = Z /Iﬂ.x;
J J

* In this regard, the cube is similar to a sphere as far as the inertia tensor is concerned;
ic. for an origin at the center of mass, the structure of the inertia tensor elements is not
sufticiently detailed to discriminate between a cube and a sphere.

+ We will confine our attention to rectangular coordinate systems so that we may ignore
some of the more complicated propertics of tensors that manifest themselves in general
curvilinear coordinates.



13.6 FURTHER PROPERTIES OF THE INERTIA TENSOR 383

Thercfore, we may write

Ly =Y Al (13.36a)
and

J

If we substitute Eqgs. (13.36) into Eq. (13.35), we obtain

Z Aic Ly = Z Iy Z Aj@; (13.37)
m ! J
Next, we multiply both sides of this equation by A, and sum over k:
Z (Z /lik;tmk)L;n = Z(Z iikiﬂlk,)w} (1338)
m k J VK,

The term in parentheses on the left-hand side is just J,,, so that upon
performing the summation over m we obtain

L= z(kzl ,1,.,(/1,.,1,6,)(0; (13.39)

In order that this equation be identical with Eq. (13.35a), we see that we
must have

I:J - Z iikijllkl (1340)

k,}

This is therefore the rule that the inertia tensor must obey under a co-
ordinate transformation. Equation (13.40), is, in fact, the general rule that
specifies the manner in which any second-rank tensor must transform.
For a tensor {T} of arbitrary rank the statement is*t

Tébcu. L= Z iai)"bjickidl e Tijkl e (13.41)

i,j.kJd,.

* Note that a tensor of the first rank transforms as

T, = Z AaiT;
t
so that such a tensor is in fact a vector. A tensor of zero rank implies that T° = T, or that such
a tensor is a scalar.
+ The properties of quantities which transform in this manner were first discussed by C.
Niven in 1874. The application of the term rensor to such quantities is due to J. Willard Gibbs.
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Note that we may write Eq. (13.40) as

I;j = Z ’Iiklkl/l;j (13-42)
k.l

Although matrices and tensors are distinct types of mathematical objects,
the manipulation of tensors is in many respects the same as for matrices.
Thus, Eq. (13.42) may be expressed as a matrix equation:

I = AN (13.43)

where we understand | to be the matrix which consists of the elements of
the tensor {I}. Now, since wc are considering only orthogonal transfor-
mation matrices, the transpose of A is equal to its inverse, so that we may

express Eq. (13.43) as
V= AA"! (13.44)

A transformation of this general type is called a similarity transformation [I' is
similar to 1.

P Example 13.6(a). In Example 13.5 the assertion was made that the inertia tensor for
a cube (with origin at the ccnter of mass) was independent of the orientation of the
axes. We may easily prove this as follows. The change in the inertia tensor under a
rotation of thc coordinate axes may be computed by making a similarity trans-
formation. Thus, if the rotation is described by the matrix A, we have

I =AN"! (1)

But the matrix |, which is derived from the clcments of the tensor {1} [Eq. (8) of
Example 13.5], is just the identity matrix E multiplied by a constant:

10 0
I=4Mb> {0 1 0
00 1

= ¢MbE @

Therefore the operations specified in Eq. (1) are trivial:
I' = §MBPAEA™! = IMB* NN = IMbPE = | 3)

Thus, the transformed inertia tensor is identical to the original tensor, independent
of the details of the rotation.
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Let us next determine what condition must be satisfied if we take an
arbitrary inertia tensor and perform a coordinate rotation in such a way
that the transformed inertia tensor is diagonal. Such an operation implies
that the quantity I; in Eq. (13.40) must satisfy the relation [cf. Eq. (13.22)]:

I;; = 1,0 (13.45)
Thus,
16;; = ) Andjd i (13.46)
k1

If we multiply both sides of this equation by 4, and sum over i, we obtain

S Lidindsy = (3 Al (13.47)

k,!

The term in parentheses is just J,,, so that the summation over i on the
left-hand side of the equation, and the summation over k on the right-hand
side yield

Lidjm = 3 A (13.48)
!

Now, the left-hand side of this equation may be written as

I = 211 At (13.49)
so that Eq. (13.48) becomes
; 130 = Zliﬂlm, (13.50)
or,
YU — 10,04 =0 (13.50a)

l

This is a set of simuitaneous, linear algebraic equations; for cach value of
j there are three such equations, one for each of the three possible values of
m. In order for a nontrivial solution to exist, the determinant of the co-
efficients must vanish, so that the principal moments of inertia, I, I,, and
I;, are obtained as roots of the secular determinant for I:

W — 18| = 0 (13.51)

This equation is just Eq. (13.28); it is a cubic equation which yields the
principal moments of inertia.

We see, therefore, that for any inertia tensor, the elements of which are
computed for a given origin, it is possible to perform a rotation of the
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coordinate axes about that origin in such a way that the inertia tensor
becomes diagonal; the new coordinate axes are then the principal axes of
the body and the new moments are the principal moments of inertia.
Thus, for any body and for any choice of origin, there always exists a set
of principal axes.

Example 13.6(b). Let us take a final look at the problem of the cube and diagonalize
the inertia tensor by rotating the coordinate axes. We choose the origin to lie at one
corner and perform the rotation in such a manner that the x,-axis will coincide with
the diagonal of the cube. Such a rotation may conveniently be made in two steps:
first, we rotate through an angle of 45° about the x;-axis; and, secondly, we rotate

through an angle of cos™ 1(\/%) about the x,-axis. The first rotation matrix is

LI
\/f 2
1 1
A=f-— — 0 (1)
‘ NG
0 0 1
and the second rotation matrix is
2, L
\3 3
A, = 0 1 0 o)

I
-

o
T

N W

S-S

A=AA, = -

S Sl

1
%

O

The transformed inertia tensor is [see Eq. (13.43)]:
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or, upon factoring f# out of I, we have
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Equation (5) is just the matrix form of the inertia tensor that was found by the
diagonalization procedure using the secular determinant [Eq. (7) of Example 13.4(b)].

We have therefore demonstrated two general procedures that may be
used to diagonalize the inertia tensor. As was previously pointed out,
these methods arc not limited to the inertia tensor but arc generally valid.
Either procedure can, of course, be very complicated. For example, if we
wish to use the rotation procedure in the most general case, we must first
construct a matrix which describes an arbitrary rotation; this will entail
three separate rotations, onc about each of the coordinate axes. This
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rotation matrix must then be applied to the tensor in a similarity trans-
formation. The off-diagonal elements of the resulting matrix* must then
be examined and values of the rotation angles determined so that these
off-diagonal elements vanish. The actual usc of such a procedure can tax
the limits of human patience; however, in some simple situations this
method of diagonalization can be used with profit. This is particularly
true if the geometry of the problem indicates that only a simple rotation
about one of the coordinate axes is necessary ; the rotation angle can then
be evaluated without difficulty (see, for example, Problems 13-15, 13-17,
and 13-18).

The example of the cube illustrates the important point that the elements
of the inertia tensor, the values of the principal moments of inertia, and the
orientation of the principal axes for a rigid body all depend upon the choice
of origin for the system. We recall, however, that in order for the kinetic
energy to be separable into translational and rotational portions, the origin
of the body coordinate system must, in general, be taken to coincide with
the center of mass of the body. On the other hand, for any choice of the
origin for any body there always exists an orientation of the axes which
diagonalizes the inertia tensor and hence these axes become principal axes
for that particular origin.

Next, we seek to prove that the principal axes actually form an ortho-
gonal set. Let us assume that we have solved the secular equation and have
determined the principal moments of inertia, all of which are distinct.
Now, we know that for each principal moment there exists a corresponding
principal axis which has the property that if the angular velocity vector ®
lies along this axis, then the angular momentum vector L is similarly
oriented. That is, to each I; there corresponds an angular velocity vector
®; with components @,;, ®,;, w;; (We use the subscript on the vector @
and the second subscript on the components of @ to designate the principal
moment with which we are concerned.) Thus, for the mth moment we have

L, =10

m

im (13.52)
In terms of the elements of the moment of inertia tensor, we also have

Ly, = 1,04, (13.53)
K

so that, combining these two relations, we have

Y Ly = i (13.54a)
k

* A large sheet of paper should be used.
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Similarly, we may write for the nth moment:

Y Loy, = Loy, (13.54b)

If we multiply Eq. (13.54a) by w,, and sum over i, and multiply Eq. (13.54b)
by wy,, and sum over k, we have

Z L0 = Z 100y
ik i

(13.55)
Z L0 Wi = Z 10 Wim

ik k

Now, the left-hand sides of these equations are identical since the inertia
tensor is symmetric ([ = I,;). Therefore, upon subtracting the second
equation from the first, we have

Im Z Wi Wiy — In Z WymWyn = 0 (1 356)
i k

Since i and k are both dummy indices, we may replace them by I, say,
and obtain

(Im - In)z Wy, Wy, = 0 (1357)
i

By hypothesis, the principal moments are distinct, so that I, # I,. There-
fore Eq. (13.57) can be satisfied only if

; WyyWip = 0 (]358)

But this summation is just the definition of the scalar product of the
vectors ®,, and o, Hence,

®, ", =0 (13.58a)

Since the moments I, and I, were picked arbitrarily from the set of three
moments, we conclude that each pair of principal axes is perpendicular,
so that the three principal axes constitute an orthogonal set.

In the event that there is a double root of the secular equation so that
the principal moments are I, I, = I3, then the analysis above shows that
the angular velocity vectors satisfy the relations

0,1 0,; 0,1 0,

but that nothing may be said regarding the angle between ®, and ;.
However, as we have previously remarked, the fact that I, = I, implies
that the body possesses an axis of symmetry. Therefore, o, lies along the
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symmetry axis and @, and o; are required only to lie in the plane per-
pendicular to ®,. Consequently, there is no loss of generality if we also
choose w, 1 ®;. Thus, the principal axes for a rigid body with an axis of
symmetry may also be chosen to be an orthogonal set.

We have previously shown that the principal moments of inertia are
obtained as the roots of the secular equation—a cubic equation. Mathe-
matically, at least one of the roots of a cubic equation must be real, but
there may be two imaginary roots. If the diagonalization procedures for
the inertia tensor are to be physically meaningful, we must of course
always obtain only real values for the principal moments. We may show
in the following way that this is a general result. First, we assume the
roots to be complex and use a procedure similar to that employed in the
preceding proof. But now we must also allow the quantities w,,, to become
complex ; there is no mathematical reason why we cannot do this, and we
shall not be concerned with any physical interpretation of these quantities.
Therefore, we write Eq. (13.54a) as before, but we take the complex con-
jugate of Eq. (13.54b):

Z Iikwkm = Imwim
k

(13.59)
Y Lok = Lo},

Next, we multiply the first of these equations by w¥ and sum over i and
multiply the second by w,, and sum over k. The inertia tensor is symmetric
and its elements are all real so that I, = I}. Therefore, upon subtracting
the second of these equations from the first, we find

(I — I¥) Y 040, = 0 (13.60a)
1

For the case m = n, we have

U — I}) Y, 0oy, = 0 (13.60b)
1

The sum is just the definition of the scalar product of ®,, and w¥:
0, 0f =|o,?>0 (13.61)

Therefore, since the squared magnitude of o, is in general positive, it
must be true that I, = I} in order for Eq. (13.60b) to be satisfied. If a
quantity and its complex conjugate are equal, then the imaginary parts
must vanish identically. Thus, the principal moments of inertia are all real.

In all of the proofs that have been carried out in this section, reference
has been made to the inertia tensor. An examination of these proofs will
reveal, however, that the only properties of the inertia tensor which have
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actually been used are the facts that the tensor is symmetric and that the
elements are real. Therefore, we may conclude that any real, symmetrical
tensor* has the following properties:

(a) Diagonalization may be accomplished by an appropriate rotation of
axes, i.e., a similarity transformation.

(b) The eigenvaluest are obtained as roots of the secular determinant
and are real.

(c) The eigenvectorst are orthogonal.

13.7 The Eulerian Angles

The transformation from one coordinate system to another can be
represented by a matrix equation of the form

x = Ax’

If we identify the fixed system with x’ and the body system with x, then
the rotation matrix A completely describes the relative orientation of the
two systems. Now, the rotation matrix A contains three independent angles.
There are many possible choices for these angles; for our purposes we will
find it convenient to use the so called Eulerian angles,} ¢, 6, and y.

The Eulerian angles are generated in the following series of rotations
which take the x| system into the x; system:§

(1) The first rotation is counterclockwise through an angle ¢ about the
x3-axis, as shown in Fig. 13-8a, to transform the x; into the x!. Since the
rotation takes place in the x}-x’, plane, the transformation matrix is

cosep sing 0
A,=|—sing cosp O (13.62)
0 0 1

* To be more precise, we require only that the elements of the tensor obey the relation
I, = If; thus we allow the possibility of complex quantities. Tensors (and matrices) which
have this property are said to be Hermitean.

t The terms “‘eigenvalues™ and ‘“‘eigenvectors™ are the generic names of the quantities
which, in the case of the inertia tensor, are the principal moments and the principal axes,
respectively. We shall encounter these terms again in the discussion of small oscillations in
Chapter 14.

1 The rotation scheme of Euler was first published in 1776.

§ It should be noted that the designations of the Euler angles and even the manner in
which they are generated, are not universally agreed upon. Therefore, some care must be
taken in any comparison of results from different sources. The notation used here is that
most commonly found in modern texts.
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(2) The second rotation is counterclockwise through an angle 0 about

the xj-axis, as shown in Fig. 13-8b, to transform the x; into the x;".
Since the rotation is now in the x5-x% plane, the transformation matrix is

1 0 0
AN =|0 cosf sind (13.63)
0 —sin@ cosb

(3) The third rotation is counterclockwise through an angle y about the

x45’-axis, as shown in Fig. 13-8c, to transform the x{” into the x;. The trans-
formation matrix is

cosyy siny 0
A, =|—siny cosy O (13.64)
0 0 1

The line which is common to the planes containing the x,- and x,-axes
and the x|- and x}-axes is called the line of nodes.
The complete transformation from the x| system to the x; system is
given by the rotation matrix A:
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The components of this matrix are:

Ay = cosy cos ¢ — cos 6 sin ¢ sin Y
Ayy = —siny cos @ — cos @sin @ cos Y

A3; = sinfsin ¢

A1, = cos ¥ sin @ + cos @ cos ¢ sin Y
Ayy = —sin Y sin @ + cos 8 cos ¢ cos Y (13.66)
A3, = —sinfcos @

A3 = siny sin 0

N
N
w

I

= cos | sin 0

A3z = cos @

(The components 4;; are off-set above to assist in the visualization of the
complete A-matrix.)

Since it is possible to associate a vector with an infinitesimal rotation,
we may associate the time derivatives of these rotation angles with the
components of the angular velocity vector @. Thus,

w, =@
wy =0 (13.67)
wy =Y

The rigid-body equations of motion are most conveniently expressed in
the body coordinate system (i.e., the x; system), and therefore we must
express the components of @ in this system. We note that, in Fig. 13-8,
the angular velocities ¢, 0, and ¥ are directed along the following axes:

] along the x5 (fixed) axis
0 along the line of nodes
v along the x; (body) axis

The components of these angular velocities along the body coordinate
axes are:

¢; = @sinfsin Y
@, = @sin O cos Y (13.68a)
@3 = @cosh
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91 =0cosy

0, = —Osiny (13.68b)
6, =0

‘/;1 =0

Y, =0 (13.68¢)
ll;s = l//

Collecting the individual components of @, we have, finally,

Wy =@, + 60, +y, = @psinfsiny + fcosy
Wy =@ + 0, + Y, = psinOcosy — Osiny (13.69)
w3 = @3 + 03 + iy = pcosO +

These relations will be of use later in expressing the components of the
angular momentum in the body coordinate system.

13.8 Euler’s Equations for a Rigid Body

Let us first consider the force-free motion of a body. In such a case, the
potential energy U vanishes and the Lagrangian L becomes identical with
the rotational kinetic energy T. If we choose the x;-axes to correspond to
the principal axes of the body, then from Eq. (13.24b) we have

T=1Y L} (13.70)

If we choose the Eulerian angles as the generalized coordinates, then
Lagrange’s equation for the coordinate y is

ot _4dl_y (13.71)

which may be expressed as

OT O _ d < 0T i _ (13.72)

i aw,- 6(// dt i awi (7(//
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If we differentiate the components of ® [Egs. (13.69)] with respect to ¥
and ¢ we have

6& = @sin0cosy — 6 sin y = W,
Gl
6(1)2 .. . A
Tl//: —@sinfsiny — Ocosyy = —w, (13.73)
0w,
Y3 _ 0o
Oy
and,
0wy 0w,y
o o
v v (13.74)
oy _
oy
From Eq. (13.70) we also have
T _ o, (13.75)
5a)i

Therefore, Eq. (13.72) becomes
d
Iiwyws + 1w(—w,) — Eil3w3 =0
or,
(11 — 12)(1)1(1)2 — I3d)3 =0 (1376)
Since the designation of any particular principal axis as the xj-axis is
entirely arbitrary, Eq. (13.76) may be permuted to obtain relations for

w, and m,. By making use of the permutation symbol, we may write in
general

|7 (Il - Ij)wiwj - Z Ikd)kgijk = 0 (13.77)
k

The three equations represented by Eq. (13.77) are called Euler’s equations
for the case of force-free motion.* It must be noted that although Eq. (13.76)
for w5 is indeed the Lagrange equation for the coordinate ¥, the Euler
equations for @&, and @,, which may be obtained from Eq. (13.77), are
not the Lagrange equations for 0 and ¢.

* Leonard Euler, 1758.
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In order to obtain Euler’s equations for the case of motion in a force
field, we may start with the fundamental relation for the torque N [cf.
Eq. (3.11)]:

"dLL
el I 13.
( dt )fixed N (13.78)

where the designation ““fixed” has been explicitly appended to L since this
relation is derived from Newton’s equation and is therefore valid only in
an inertial frame of reference. From Eq. (12.7) we have

dL (dL\)
Jat = [= + o XL (13.79)
(dt ')fixed dt/ poay
or,
(%) +exL=N (1350)
dt body

The component of this equation along the x;-axis (note that this is a body
axis) is
Ly + wL, —w,L, = N, (13.81)

But since we have chosen the x;-axes to coincide with the principal axes
of the body, we have from Eq. (13.24a),

L; = Lw,;
so that
Loy — (I, — Iy)w,w, = N (13.82)
or, in general,
{ (1 = Ljow; = Tl — N = 0 (13.83)

which are the desired Euler equations for the motion of a rigid body in a
force field.

It will be noted that the motion of a rigid body depends on the structure
of the body only through the three numbers, I, I,, and I, i.e., the principal
moments of inertia. Thus, any two bodies which have the same principal
moments will move in exactly thec same manner, regardless of the fact that
they may have quite different shapes. (Of course, effects such as frictional
retardation may depend upon the shape of a body.) The simplest geometrical
shape that a body having three given principal moments may possess is a
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homogeneous ellipsoid. Therefore, the motion of any rigid body may be
represented by the motion of the equivalent ellipsoid* The treatment of
rigid-body dynamics from this point of view was originated by Poinsot in
1834. The Poinsot construction is sometimes useful for depicting the motion
of a rigid body in a geometrical manner.t

13.9 Force-Free Motion of a Symmetrical Top

If we consider a symmetrical top, i.e., a rigid body with I, = I, # I,
then the force-free Euler equations [Eqs. (13.77)] become

(I1; — w3 — 1,0, =0
(I3 — I )ws0, — 1,0, =0 (13.84)
13(b3 = O

where I,, has been substituted for both I, and I,. Since for force-free
motion, the center of mass of the body is either at rest or in uniform motion
with respect to the fixed or inertial frame of reference, we may, without
loss of generality, specify that the center of mass of the body is at rest and
located at the origin of the fixed coordinate system. We consider, of course,
the case in which the angular velocity vector @ does not lie along a principal
axis of the body, since, otherwise, the motion is trivial.

The first result for the motion follows from the third of Egs. (13.84),
viz, w3 = 0, or

w3(t) = const. (13.85)
The first two of Egs. (13.84) may be written as
I, —1
W, = —[3—[—2(1)3] w,
12 (13.86)
I, —1
W, = [»—31—120)3} w,
12

Since the terms in the brackets are identical and composed of constants,
we may define

— 1
Q=2_"1¢, (13.87)
112

* The momental ellipsoid was introduced by the French mathematician Baron Augustin
Louis Cauchy in 1827.
T Sce, for example, Goldstein (Go50. p. 159).
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so that

(’bl + sz = 0
(13.88)
d)z - le = 0
These are coupled equations of familiar form, and we may effect a solution
by multiplying the second equation by i and adding to the first:

(0, + iw,) — iQw, + iwy) =0 (13.89)
If 'we define
1=+ io, (13.90)
then
i — iy =0 (13.91)
with solution*
n(t) = Ae'™ (13.92)
Thus,
Wy + iw; = AcosQt + iAsin Qt (13.93)

and therefore,
w,(t) = AcosQt

) (13.94)
w,(t) = A sin Qt

Since w; = const., we note that the magnitude of  is also constant :

lo| = w = /ol + 0} + 0l = JA? + 0} = const. (13.95)

Equations (13.94) are the parametric equations of a circle, so that the
projection of the vector @ (which is of constant magnitude) onto the x,;-x,
plane describes a circle with time, as shown in Fig. 13-9.

Now, the x;-axis is the symmetry axis of the body, so we find that the
angular velocity vector @ revolves or precesses about the body x;-axis
with a constant angular frequency Q. Thus, to an observer in the body
coordinate system, ® traces out a cone about the body symmetry axis.

Since we are considering force-free motion, the angular momentum
vector L is stationary in the fixed coordinate system and is constant in

* In general, the constant coefficient is complex, so that we should properly write 4 exp(id).
We will, however, set the phase 6 equal to zero for simplicity ; this may, of course, always be
done by choosing an appropriate instant that we call ¢ = 0.
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FiG. 13-9

time. An additional constant of the motion for the force-free case i1s the
kinetic energy, or, in particular, since the center of mass of the body is
fixed, the rotational kinetic energy is constant:

T« = oL = const. (13.96)

But we have L = const., so that @ must move in such a manner that its
projection on the stationary angular momentum vector is constant. Thus,
o precesses about and makes a constant angle with the vector L. If we
stipulate that the x5-axis in the fixed coordinate system coincide with L,
then to an observer in the fixed system, @ traces out a cone about the
fixed x3-axis. The situation is then described, as in Fig. 13-10, by one cone
rolling on another, such that @ precesses about the xj-axis in the body
system and about the xj-axis (or L) in the fixed system.

The rate at which o precesses about the body symmetry axis is given by

Eq. (13.87):
13 - 112

3
112

Q:

If 1,, = I3, then Q becomes very small compared with w;. The Earth is
known to be slightly flattened near the poles* so that its shape can be

* The flattening at the poles was shown by Newton to be due to the rotation of the Earth;
the resulting precessional motion was first calculated by Euler.
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FiG. 13-10

approximated by an oblate spheroid with I, = I;, but with I; > I,,. If
the Earth is considered to be a rigid body, then the moments I, and I,
are such that Q 2~ ®;/300. Since the period of the Earth’s rotation is
1/w = 1 day, and since w; =~ w, the period predicted for the precession of
the axis of rotation is 1/Q =~ 300 days. The observed precession has an
irregular period about 50 per cent greater than that predicted on the basis
of this simple theory, the deviation being ascribed to the fact that the
Earth is not a rigid body and to the fact that the shape is not exactly that
of an oblate spheroid, but has a higher-order deformation and actually
resembles a flattened pear.

The equatorial ““bulge” of the Earth together with the fact that the Earth’s
rotational axis is inclined at an angle of approximately 23.5° to the plane
of the Earth’s orbit around the Sun (the plane of the ecliptic) gives rise to a
gravitational torque (due to both the Sun and the Moon) which produces
a slow precession of the Earth’s axis. The period of this precessional
motion is approximately 26,000 years. Thus, in different epochs, different
stars become the “Pole Star.”*

13.10 The Motion of a Symmetrical Top with One Point
Fixed}

Consider a rotating symmetrical top whose tip is held fixed and which
moves in a gravitational field. In our previous development we have becn

* This so-called precession of the Equinoxes was apparently discovered by the Babylonian
astronomer Cidenas, in about 343 B.c.

T This problem was first solved in detail by Lagrange in Mechanique Analytique.
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able to separate the kinetic energy into translational and rotational parts
by taking the center of mass of the body to be the origin of the rotating
or body coordinate system. Alternatively, if it is possible to choose the
origins of the fixed and the body coordinate systems to coincide, then the
translational kinetic energy will vanish, since V = R = 0. Such a choice is
quite convenient for the discussion of the top since the stationary tip of
the top may then be taken as the origin for both coordinate systems. The
Euler angles for this situation are shown in Fig. 13-11. The x- (fixed) axis
corresponds to the vertical, and the x;- (body) axis is chosen to be the
symmetry axis of the top. The distance from the fixed tip to the center of
mass is h, and the mass of the top is M.

FiG. 13-11

Since we have a symmetrical top, the principal moments of inertia about
the x,- and x,-axes are equal: I, =1, = 1,,. We assume I; # I,,. The
kinetic energy is then given by

T =43 Lof = 3,0} + o)) + 303 (13.97)
According to Egs. (13.69), we have
w? = (¢ sin Osin Y -+ 0 cos y)?
= @2 sin*0sin*y + 2¢0 sin O sin  cos Y + 62 cos?y
w2 = (¢sin 0 cos Y — O sin y)?
= @*sin?0 cos?y — 2¢0 sin 0 sin Y cos Y -+ 6% sin?y
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so that
w? + 0} = ¢?sin?0 + 62 (13.98a)
Also,
w? = (¢ cos 0 + ) (13.98b)
Therefore,
T = 1,,(¢?sin?0 + 62) + LI5(@ cos 0 + ¥)? (13.99)

Since the potential energy i1s Mgh cos 6, the Lagrangian becomes
L =41,,(¢*sin?6 + 62) + L,(@cos 0 + ¥)* — Mgh cos 0 (13.100)

The Lagrangian is cyclic in both the ¢- and ¥-coordinates. The momenta
conjugate to these coordinates are therefore constants of the motion:

JdL . :

P, = P (I1;sin?0 + I3 cos?0)p + I3 cos 0 = const. (13.101)
oL : ,

Py = ﬁ = I + ¢cos ) = const. (13.102)

Since the cyclic coordinates are angles, the conjugate momenta are
angular momenta, and are, of course, the angular momenta along the axes
for which ¢ and ¢ are the rotation angles, viz., the x3- (or vertical) axis
and the x;- (or body symmetry) axis, respectively. We note that this result
is insured by the construction shown in Fig. 13-11 since the gravitational
torque is directed along the line of nodes and, hence, the torque can have
no component along either the x- or the x;-axis, both of which are per-
pendicular to the line of nodes; thus, the angular momenta along these
axes are constants of the motion.

Equations (13.101) and (13.102) may be solved for ¢ and y in terms of
0. From Eq. (13.102), we may write

py — I3¢pcost

13.103
I ( )

lp =
and substituting this result into Eq. (13.101), we find

(I;sin?0 + I3 cos?0)¢ + (p, — Ispcosf)cosf = p,
or,

(I,;sin?6)¢ + p,cosf = p,
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so that
p — Do = Py oSt 13.104
¢ 1,,sin?0 (13.104
Using this expression for ¢ in Eq. (13.103), we have
. — s0
i _ Py _ [Py — pycosOjcost (13.105)

L I,,sin%0

Now, by hypothesis, the system we are considering is conservative;
therefore, we have the further property that the total energy is a constant
of the motion:

E = M, ,(¢?sin?0 + 0%) + Myw? + Mghcos0 = const.  (13.106)

Using the expression for w; [see, e.g., Eq. (13.98b)], we note that Eq.
(13.102) may be written as
py = I w3 = const. (13.107)

or,

2
Lol = % — const. (13.107a)

3

Therefore, not only is E a constant of the motion, but so is E — 3l;w3;
we let this quantity be E':

E' = E — 3,0% = 3, ,(¢?sin>0 + %) + Mghcos 0 = const.  (13.108)
Substituting into this equation the expression for ¢ [Eq. (13.104)], we have

. _ 02
E = 31,,0% + 5’%1—”:%5% + Mghcos 0 (13.109)
12

which we may write as
E =11,,0* + v(0) (13.110)
where V(0) is an “effective potential” given by

(p, — p, cos 0y

V(e) =
®) 21, sin? 0

+ Mghcos 9 (13.111)
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Equation (13.110) may be solved to yield ¢(0):

(13.112)

1) = f _dg
JRIE — V(O]

This integral may (formally, at least) be inverted to obtain 0(t), which, in
turn, may be substituted into Egs. (13.104) and (13.105) to yield ¢(t) and
Y(t). Since the Euler angles 60, @, ¥ completely specify the orientation of the
top, the results for 0(t), @(t), and () constitute a complete solution for the
problem. Clearly, such a procedure is complicated and not very illuminating.
We may, however, obtain some qualitative featurcs of the motion by
examining thc above equations in a manner analogous to that used for
the treatment of the motion of a particle in a central-force field (see Section
10.6).

Figure 13-12 shows the form of the effective potential V(0) in the range
0 < 0 < =#, which clearly is the physically limited region for 0. This energy
diagram indicatcs that for any general valuc of E’ (e.g., the value represented
by E}) the motion is limited by two extreme values of 0, viz.,, §, and 8,, which

T E:
i
s :
N
E;
00, 8, 9, 7
0—>

FiG. 13-12
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correspond to the turning points of the central-force problem and which
are roots of the denominator in Eq. (13.112). Thus, we find that the incli-
nation of the rotating top is, in general, confined to the region 8, < 0 < 0,.
For the case that E' = E}, = V,,,, 0 is limited to the single value 0,, and the
motion is a steady precession at a fixed angle of inclination. Such motion
is similar to the occurence of circular orbits in the central-force problem.

The value of 8, may be obtained by setting the derivative of V(0) equal
to zero. Thus,

ud = —cos 0o(p, — p, c0s05)? + p, sin® Oo(p, — p, cos Oo)
% lo=0, I,,sin?0,
— Mghsin 0, = 0 (13.113)
If we define
B =p, — p,costh (13.114)

then Eq. (13.113) becomes
(cos 0p)f% — (p, sin® 0o)f + (Mghl,, sin* 0g) = 0 (13.115)

This is a quadratic in  and may be solved with the result

-2
ﬁ:w&[li_\/l_%h_hz_cos_oojl (13.116)
Py

2 cos 0,

Now, f must be a real quantity, so the radicand in Eq. (13.116) must be
positive. If 8, < /2, we have

p; > 4Mghl |, cos Uy (13.117)

But from Eq. (13.107), p, = I;w;; thus,

2
Wi = E\/Mghllzcos 0o (13.118)

We conclude therefore that there can be a steady precession at the fixed
angle of inclination 8, only if the angular velocity of spin is larger than
the limiting value given by Eq. (13.118).
From Eq. (13.104) we note that we may write (for 0 = 0,)
B

po = — L5 13.119
Po =T sin? 0, (13.119)
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Therefore, we have two possible values of the precessional angular velocity
@0, one for each of the values of § given by Eq. (13.116):
Po(+, — Fast precession
and
@o(-y = Slow precession

If w; (or p,) is large (i.c, we have a “fast” top), then the second term in
the radicand of Eq. (13.116) is small and we may expand the radical.
Retaining only the first nonvanishing term in each case, we find

, - Lo,

P iy cosly (13.120)
, Mgh '
P o

It is the slower of the two possible precessional angular velocities ((g—))
that is usually observed.

The above results apply if 8, < n/2; but in the event that* 6, > n/2,
the radicand in Eq. (13.116) is always positive so that there is no limiting
condition on ws. Since the radical is greater than unity in such a case,
the values of ¢, for fast and slow precession have opposite signs. That is,
for 8, > m/2, the fast precession is in the same dircction as that for 6, < n/2,
but the slow precession takes place in the opposite sense.

For the general case, in which 0, < 0 < 0,, Eq. (13.104) indicates that
¢ may or may not change sign as 0 varies between its limits, depending
on the values of p, and p,. If @ does not change sign, the top precesses
monotonically about the xj3-axis (see Fig. 13-11) while the x;- (or symmctry)
axis oscillates between § = 6, and ¢ = 0,. This phenomenon is called
nutation, and the path described by the projection of the body symmetry
axis on a unit sphere in the fixed system is shown in Fig, 13-13a.

If ¢ does change sign between the limiting values of 6, the preces-
sional angular velocity must have opposite signs at § = #§;, and 0 = 6,.
Thus, the nutational-precessional motion gives rise to the looping motion
of the symmetry axis depicted in Fig. 13-13b.

Finally, if the values of p, and p, are such that

Py — Py €08 0)|g—g, = O (13.121)

* 1f 0, > 7/2, the fixed tip of the top is at a position abore the center of mass. Such motion
is possible, for example, with a gyroscopic top whose tip is actually a ball and rests in a cup
that is fixed atop a pedestal.
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then,
Plo—e,=0;  Olgeg, =0 (13.122)

and Fig. 13-13c shows the resulting cusplike motion. It is just this case
that corresponds to the usual method of starting a top. First, the top is
set to spinning about its axis, then it is given a certain initial tilt and released.
Thus, the initial conditions are 0 = 6,, and 6 = 0 = ¢. Since the first
motion of the top is to begin to fall in the gravitational field, the conditions
are exactly those of Fig. 13-13¢c, and the cusplike motion ensues. Figures
13-13a and b correspond to the motion in the event that there is an initial
angular velocity ¢ either in the direction or opposite to the direction of
precession.

(b) (©

Fic. 13-13

13.11 The Stability of Rigid-Body Rotations*

We now consider a rigid body which is undergoing force-free rotation
about one of its principal axes and inquire whether such motion is stable.
“Stability”” here means, as before (see Section 10.11), that if a small pertur-
bation is applied to the system, the motion will either return to its former
mode or will perform small oscillations about it.

We choose for our discussion a general rigid body for which all of the
principal moments of inertia are distinct, and we label them in such a
way that I; > I, > I,. We let the body axes coincide with the principal

* This problem was first treated by Euler in 1749.
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axes, and we start with the body rotating about the x,-axis, i.c., about the
principal axis associated with the moment of inertia I,. Then,

0= 0e (13.123)

If we apply a small perturbation, the angular velocity vector will assume
the form
0 =we, + de, + ue, (13.124)

where 4 and u are small quantities and correspond to the parameters
which have been used previously in other perturbation expansions. (1 and
u are sufficiently small so that their product may be neglected compared
to all other quantities of interest to the discussion.)

The Euler equations become [see Eq. (13.77)]:

(I, = IYiu — I, =0
(I; — Iuw, — 1,i=0 (13.125)
(I, = L)iw, — 131 =0

Since Zp ~ 0, the first of these equations requires @, = 0, or w; = const.
Solving the other two equations for 4 and ;, we find

S
) =(-3-1—'wl)u (13.126)

;'4=(1‘ _le)z (13.127)
I
where the terms in parentheses are both constants. These are coupled
equations, but they cannot be solved by the method employed in Section
13.9 since the constants in the two equations are different. The solution
may be obtained by first differentiating the equation for 7:

e (L1
A*:(ﬁl 'wl),z (13.128)

2
The expression for ;1 may now be substituted in this equation:

s (U= L)U, = 1)
/.+( LI,

w%);. =0 (13.129)

The solution to this equation is

Mt) = A4 4 Be it (13.130)
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where

— I, -1
Q”Ewlfll 13)5—‘ 2 (13.131)
243

and where the subscripts 1 and 1 designate that we are considering the
solution for 4 when the rotation is about the x,-axis.

By hypothesis, I, < I3 and I, < I,, so that Q,; is real. Therefore, the
solution for A(t) represents oscillatory motion with a frequency Q,,. We
may similarly investigate u(t) with the result that Q,, = Q,; = Q,. Thus,
the small perturbations introduced by forcing small x,- and x;-components
on ® do not increase with time, but oscillate about the equilibrium values
A= 0and p = 0. Consequently, the rotation about the x,-axis is stable.

If we consider rotations about the x,- and xj;-axes, expressions for €,
and Q5 may be obtained from Eq. (13.131) by permutation:

I, — 1), —
Q, :a)l\/( = UL = 1) (13.132a)
1,1,
1, — 1)1, —
szwzfz Uz = 1) (13.132b)
1,1,
I, —1 -
Q3=a)3\/(3 ) — 1) (13.132¢)
1,1,

But since I, < I, < I,, we have
Q,, Q; real; Q, imaginary

Thus, when the rotation takes place about either the x,- or x;-axes,
the perturbation produces oscillatory motion and the rotation is stable.
When the rotation takes place about x,, however, the fact that Q, is
imaginary results in the perturbation increasing with time without limit;
such motion is unstable.

Since we have assumed a completely arbitrary rigid body for this dis-
cussion, we conclude that rotation about the principal axis corresponding
to either the greatest or smallest moment of inertia is stable, while rotation
about the principal axis corresponding to the irtermediate moment is
unstable. This effect may be easily demonstrated with, say, a book (which
is kept closed by tape or a rubber band). If the book is tossed into the air
with an angular velocity about one of the principal axes, the motion will
be unstable for rotation about the intermediate axis and stable for the other
two axes.
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In the event that two of the moments of inertia are equal (I, = I,, say),
then the coefficient of 4 in Eq. (13.127) vanishes, and we have 4 =0 or
u(t) = const. Therefore, Eq. (13.126) for A may be integrated to yield

Mty=C + Dt (13.133)

and the perturbation increases linearly with the time; the motion about
the x,-axis is therefore unstable. We find a similar result for motion about
the x,-axis. There is stability only for the x;-axis, independent of whether
I is greater or less than I, = I,.

Suggested References

Rigid-body dynamics is a topic discussed in almost every mechanics text. Intro-
ductory accounts are given, for example, by Fowles (Fo62, Chapter 9) and by
Lindsay (Li61, Chapter 8). At a slightly morc advanced level are the treatments of
Becker (Be54, Chapter 12), Constant (Co54, Chapter 9), Slater and Frank (SK47,
Chapter 6), and Sommerfeld (So50, Chapter 4). Sommerfeld gives an interesting
application to the theory of billiards.

For discussions at the intermediate-to-advanced level, see Goldstein (Go50, Chapter
5), Landau and Lifshitz (La60, Chapter 6), McCuskey (Mc59, Chapter 4), Symon
(Sy60, Chapter 11), and Wangsness (Wa63, Chapter 9). An extensive set of problems
is worked out by Whittaker (Wh37, Chapter 6).

Halfman (Ha62a, Chapters 5 and 6) gives a comprehensive discussion with a slant
toward engineering physics.

The topic to which rigid-body dynamics has been applied in the greatest detail is the
theory of tops and gyroscopic motion. A short bibliography (with notes) of some of
the more important works is given by Goldstein (Go50, pp. 178-180).

Problems

13-1. Calculate the moments of inertia I,, I,, and I; for a homogeneous
sphere of radius R and mass M. (Choose the origin at the center of the
sphere.)

13-2. Calculate the moments of inertia I,, I,, and I, for a homogeneous
cone of mass M whose height is h and whose base has a radius R. Choose
the x5-axis along the axis of symmetry of the cone. Choose the origin at
the apex of the cone and calculate the elements of the inertia tensor. Then
make a transformation such that the center of mass of the cone becomes
the origin and find the principal moments of inertia.

13-3. Calculate the moments of inertia I, I,, and I, for a homogeneous
ellipsoid of mass M, the lengths of the axes being 2a > 2b > 2¢.
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134. Consider a thin rod of length ! and mass m which is pivoted about
one end. Calculate the moment of inertia. Find the point at which, if all
of the mass were concentrated, the moment of inertia about the pivot axis
would be the same as the real moment of inertia. The distance of this
point from the pivot is called the radius of gyration.

13-5. (a) Find the height at which a billiard ball should be struck so that
it will roll with no initial slipping. (b) Calculate the optimum height of
the rail of a billiard table. On what basis is the calculation predicated?

13-6. Given two spheres of the same diameter and same mass, but one
of which 1s solid and the other is a hollow shell, describe in detail a non-
destructive experiment to determine which is solid and which is hollow.

13-7. A homogeneous disk of radius R and mass M rolls without slipping
on a horizontal surface and is attracted to a point which lies at a distance
d below the plane. If the force of attraction is proportional to the distance
from the center of mass of the disk to the force center, find the frequency
of small oscillations around the position of equilibrium.

13-8. A door is constructed of a thin homogeneous slab of material; it
has a width of 1 meter. If the door is opened through 90° it is found that
upon release it closes itself in 2 seconds. Assume that the hinges are
frictionless and show that the line of hinges must make an angle of approxi-
mately 3° with the vertical.

139. A homogeneous slab of thickness a is placed atop a fixed cylinder
of radius R whose axis is horizontal. Show that the condition for stable
equilibrium of the slab under the assumption that there is no slipping is
R > a/2. What is the frequency of small oscillations? Sketch the potential
energy U as a function of the angular displacement 6. Show that there is
a minimum at 6 = 0 for R > a/2 but not for R < a/2.

13-10. A solid sphere of mass M and radius R rotates freely in space with
an angular velocity w about a fixed diameter. A particle of mass m, initially
at one pole, moves with a constant velocity v along a great circle of the
sphere. Show that, when the particle has reached the other pole, the rotation
of the sphere will have been retarded by an angle

_an(l M )
*=7 oM + 5m

How many times must a man walk around the Earth in order to change
the length of a day by 1 second?
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13-11. A homogeneous cube, each edge of which has a length [, is initially
in a position of unstable equilibrium with one edge in contact with a hori-
zontal plane. The cube is then given a small displacement and allowed to
fall. Show that the angular velocity of the cube when one face strikes the

planc is given by
w? = A?(N/Z — 1)

where 4 = 3/2 if the edge cannot slide on the planc and where 4 = 12/5
if sliding can occur without friction.

13-12. Show that none of the principal moments of inertia can exceed the
sum of the other two.

13-13. Show that the principal moments of inertia are all equal for any
regular polyhedron whose center is at the origin of the coordinate system.
Find the radius of the homogeneous spherc (of the same mass) that has
moments of inertia equal to those of a regular tetrahedron.

13-14. If a physical pendulum has the same period of oscillation when
pivoted about either of two points of unequal distances from the center
of mass, show that the length of the simple pendulum which has the same
period is equal to the separation of the pivot points. Such a physical
pendulum is called Kater’s reversible pendulum and at onc time provided
the most accurate way (to about 1 part in 10%) in which measurements of
the acceleration of gravity could be made.* Discuss the advantages of
Kater’s pendulum over a simple pendulum for such a purpose.

13-15. Consider the following inertia tensor:

A+ B) A —-B) 0

A —-B) ¥4+ B) 0
0 0 C

Il

Perform a rotation of the coordinate system by an angle ¢ about the
x3-axis. Evaluate the transformed tensor elements and show that the choice
0 = n/4 renders the inertia tensor diagonal with elements A, B, and C.

* First used in 1818 by Captain Henry Kater (1777  1835), but the method was apparently
suggested somewhat earlier by Bohnenberger. The theory of Kater’s pendulum was treated
in detail by Friedrich Wilhelm Bessel (1784 1846) in 1826.
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13-16. Consider a thin homogencous plate which lies in the x,-x, plane.
Show that the inertia tensor takes the form
( A —-C 0
h=(-C B 0
l 0 0 A+ B

13-17. If, in the previous problem, the coordinate axes are rotated through
an angle 0 about the x;-axis, show that the new inertia tensor is

A ~C 0
M={-c B 0
0 0 A+H

where
A = Acos?0 — Csin 20 + Bsin?6

B’ = Asin?0 + Csin 20 + B cos?0
C' = Ccos20 — }(B — A)sin 20

and hence, show that the x,- and x,-axes become principal axes if the

angle of rotation is
2C
0 =3tan™!
2fan (B Z A)

13-18. Consider a plane homogeneous plate of density p which is bounded
by the logarithmic spiral r = ke*® and the radii 0 = 0 and 0 = =, Obtain
the inertia tensor for the origin at r = 0 if the plate lics in the x,-x, plane.
Perform a rotation of the coordinate axes to obtain the principal moments
of inertia and use the results of the previous problem to show that they are

' = pk*P(Q + R); I = pk*P(Q — R); =11+ 1,
where
po €21y T R— 112
16(1 + 40?) 200 1+ 402

13-19. The proofs represented by (a) Eqs. (13.35)—(13.42), and (b) Egs.
(13.45) (13.51) were expressed entirely in the summation convention.
Rewrite these proofs in matrix notation.

13-20. The trace of a tensor is defined as the sum of the diagonal elecments:
[r{ I} = Z Ikk
k
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Show, by performing a similarity transformation, that the trace is an
invariant quantity; i.e., that

tr{l} = tr{l'}
where {1} is the tensor in one coordinate system and {I'} is the tensor in
a coordinate system rotated with respect to the first system. Verify this
result for the different forms of the inertia tensor for a cube that are given
in several examples in the text.

13-21. Show by the same method used for the previous problem, that the
determinant of the elements of a tensor is an invariant quantity. Verify this
result also for the case of the cube.

13-22. Find the frequency of small oscillations for a thin homogeneous
plate if the motion takes place in the plane of the plate and if the plate has
the shape of an equilateral triangle and is suspended (a) from the mid-
point of one side, and (b} from one apex.

13-23. Consider a thin disk composed of two homogeneous halves con-
nected along a diameter of the disk. If one half has density p and the other
has density 2p, find the expression for the Lagrangian when the disk rolls
without slipping along a horizontal surface. (The rotation takes place in
the plane of the disk.)

13-24. Obtain the components of the angular velocity vector @ [see Eq.
(13.69)] directly from the transformation matrix A [Eq. (13.66)].

13-25. Show from Fig. 13-8¢ that the components of w along the fixed
(x}) axes are

W) = écosgo + i sin O'sin ¢

w, = BOsin ¢ — ysinfcos ¢

ws = Ycosf + ¢
13-26. Show for the case of the force-free motion of a symmetrical top that
L. », and w,e; are coplanar. (See Fig. 13-10.)

13-27. Show that the situation depicted in Fig. 13-10 actually refers to the
force-free motion of a symmetrical top which is a prolate spheroid, i.e.,
I3 < 1,, whereas for the case of an oblate spheroid, ie, I, < I;, the
x5-axis would lie between L and ® (i.e, the body cone would revolve
inside the fixed cone).

13-28. Refer to the discussion of the symmetrical top in Section 13.10.
Investigate the equation for the turning points of the nutational motion
by setting § = 0 in Eq. (13.110). Show that the resulting equation is a
cubic in cos § and has two real roots and one imaginary root for 8.
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13-29. Investigate the motion of the symmetrical top discussed in Section
13.10 for the case in which thc axis of rotation is vertical (i.e., the x3- and
x;-axes coincide). Show that the motion is either stable or unstable depend-
ing upon whether the quantity 4I,,Mgh/I3w3 is greater than or less than
unity. Sketch the effective potential V(0) for the two cases and point out
the features of these curves that determine whether or not the motion is
stable. If the top is set to spinning in the stable configuration, what will
be the effect as friction gradually reduces the value of w4? (This is the case
of the “‘sleeping top.”)

13-30. Consider a thin homogeneous plate with principal moments of
inertia
I, along the principal axis x,

I, > I, along the principal axis x,
I, =1, + 1, along the principal axis x;

Let the origins of the x; and x; systems coincide and be located at the
center of mass, O, of the plate. At time t = 0, the platc is set rotating in a
force-free manner with an angular velocity Q about an axis inclined at an
angle o from the plane of the plate and perpendicular to the x,-axis. Let
I,/I, = cos2f, and show that at time ¢ the angular velocity about the
X ,-4Xis 18

w,(t} = Q cos o tanh(Qt sin ff)



CHAPTER 14

Systems with Many Degrees of Freedom—
Small Oscillations and Normal Coordinates

14.1 Introduction

Thus far in our treatment of the dynamics of classical systems, we have
discussed the motion of a particle in space (with one, two, or thrce degrees
of freedom) and the motion of a rigid body in space (with a maximum of
six degrees of freedom). We now wish to extend the discussion to systems
which possess many degrees of frecedom.*

In Chapter 6 we found that the time dependence of the displacement of
a single particle elastically coupled to a fixed support is of the form

x(t) = A cos wt

If we devise a more complex system in which many particles are coupled
together, then it is clear that the solution for any given particle coordinate,
X,.{t), will in general be a complicated function that depends on the behavior
of all of the other particles to which the ath particle is coupled. In order

* The general theory of the oscillatory motion of a system of particles with a finite number
of degrees of freedom was formulated by Lagrange from 1762 to 1765, but the pionecring work
had been done in 1753 by Daniel Bernoulli (1700 1782).

416
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to simplify the problem, we attempt to find a transformation from the
rectangular coordinates x,; to a set of generalized coordinates ¢, which
have a less complicated time dependence. We will find that it is possible
(in fact, that it is always possible) to define a set of generalized coordinates,
each of which oscillates with a single, well-defined frequency:

gty = A, cos wyt

Such coordinates arc called the normal coordinates of the problem. It must
be emphasized that the normal coordinates are not necessarily the same
as the actual particle coordinates. In gencral, the normal coordinates arce
complicated functions of the particle coordinates. However, it is always
possible to arrange the initial conditions, x, (0) and x, (0), in such a way
that the subsequent motion takes place with a single frequency o,. We then
say that one of the normal modes of oscillation has been excited. The
identification of each of the normal modes of a system allows the con-
struction of a revealing picture of the motion, even though the general
motion of the system will be a complicated combination of all the normal
modes.

14.2 Two Coupled Harmonic Oscillators

We begin by considering the simplest example of coupled motion—two
identical harmonic oscillators connected by a spring. We let each of the
harmonic oscillators have a force constant k; for simplicity, we let the

m =M m, =M
LT e — TS S @— U
Xy ’ X2
FiG. 14-1

coupling spring have a force constant x as well.* The situation is shown
schematically in Fig. 14-1. The motion is restricted to the line connecting
the masses so that the system has only two degrees of frcedom, represented

* Henceforth, we shall denote force constants by , rather than by k as heretofore. In this
chapter, the symbol k will be reserved for use as a running index: in the following chapter it
will be used in an entirely different context.
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by the coordinates x; and x,. Each coordinate is measured from the
position of equilibrium.
The kinetic energy of the system is

T = iMx} + IMx} (14.1a)
and the potential energy is

U = drex? + Lu(x, — x,)?* + Txx? (14.1b)
The Lagrangian for the system is L = T — U, and the equations of motion
are

doL oL _

dt 6%; 0x;

0, j=12
Therefore, we have

M3, + k2%, — x,) = 0} 142

Mx, + k(2x, — x) =0

Since we expect the motion to be oscillatory, we attempt a solution of
the form

X, = Blcoswt} (143)

x, = B, cos wt

where the frequency, w, is to be determined. Substituting these expressions
for the displacements into Eqgs. (14.2), we find

—Mw?B, cos wt + k(2B; — B,)coswt = 0 (144)
—Maw?B, cos wt + k(2B, — B,)coswt = 0 '

Upon collecting terms and canceling the common cosine factor, we obtain

—_ 2 — =
2k — Mw?)B, — kB, 0} 1e3)

—kB, + 2k — Mw?*B, =0
In order that a nontrivial solution exist for this pair of coupled equations,
the determinant of the coefficients of B, and B, must vanish:

2K — Mo? —K

=0 14.6
—K 2k — Mw? (14.6)

The expansion of this determinant yields a secular equation similar to that
discussed in Section 13.4:

2Kk — Mo?)? —x2=0 (14.6a)
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Hence,

2k — Mow? = +x

2Kk + Kk
= = 14.7
» / v (14.7)

We need not consider negative values of the frequency since the equations
of motion [Eqgs. (14.4)] are the same for —w as for +w. Therefore, Eq.
(14.7) yields two characteristic frequencies (or eigenfrequencies) for the

system:
3k K

Thus, there are two solutions to the problem:

Solving for w, we obtain

(14.9)

(1) x, =B, coswt; x, = B, cosw,t
(2) x, = B} cosw,t; x, = B, cosw,t

In Egs. (14.9) the amplitudes are not all independent, as we may readily
verify by substituting the solutions into Egs. (14.5). We find

(1) o=ow: B, = —-B,
(2) o=w,: B, =B,

The subscripts on the B’s are now no longer necessary, and we may write
the solutions as

() x, =Bcosw it = —x,
(14.10)
(2) x; = B cosw,t = x,
We find, therefore, that if we impose the initial condition that x, = —x,,

the particles oscillate out of phase with the frequency w,; this is the anti-
symmetrical mode of oscillation. On the other hand, if we begin with
X; = X,, the particles oscillate in phase with the frequency w,; this is the
symmetrical mode of oscillation. These results are illustrated schematically
in Fig. 14-2.

The fact that the antisymmetrical mode has the higher frequency and the
symmetrical mode has the lower frequency is actually a general result. In a
complex system of linearly coupled oscillators, the mode which possesses
the highest degree of symmetry will have the lowest frequency. If the
symmetry is destroyed, then the springs must “‘work harder” in the anti-
symmetrical modes, and the frequency is raised.
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w = w 0 = W,
EILLLLEL EENEEELMLLLRLELE. SLILLELL CLILILE PLIEEEERRLEE LR RLLILELL
Antisymmetrical mode Symmetrical mode
(out of phasc) (in phase)
Fi16. 14-2

It must be noted that the two distinct modes of oscillation are only
particular solutions to the problem; the general solution is a linear com-
bination of these two modes. But, as we have mentioned earlier, it is always
possible to define a set of generalized coordinates that have a simple time
dependence and correspond to the excitation of the various oscillation
modes of the system. Let us examine the pair of coordinates defined by

1= (14.11)
Ha = X + X,
or,

Xy =311 + 1)
‘_f P (14.11a)
X, =3n2 — 1)

Substituting these expressions for x; and x, into Eq. (14.2), we find
M(ijy + ij2) + k(B + 12) =0
M(ijy — i) + k3, — 1) =0

which can be solved to yield

Mijy + 3kn, =0
(14.12)
Mij, + k1, =0
The coordinates #, and #, are now uncoupled and are therefore independent.
The solutions are
n,(t) = C, cos w,t
' ! ! (14.13)
n,(ty = C,cos w,t

where the frequencies w, and w, are given by Eqgs. (14.8). Thus, 5, and 7,
are the normal coordinates of the problem.
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We shall return to the example of the two coupled oscillators in the
following sections where we will use more general methods to obtain the
same results.

14.3 The General Problem of Coupled Oscillations

In the preceding section we found that the effect of coupling in a simple
system with two degrees of freedom was to produce two characteristic
frequencies and two modes of oscillation. We now turn our attention to
the general problem of coupled oscillations. Let us consider a conservative
system which can be described in terms of a set of generalized coordinates
g, and the time t. If the system has n degrees of freedom, then k = 1,2,...,n.
We specify that a configuration of stable equilibrium exists for the system
and that at equilibrium the generalized coordinates have values ¢,o. In
such a configuration, Lagrange’s equations will be satisfied by

dx = qxo G, = 0; G = 0; k=12...,n

Now, every nonzero term of the form (d/dt)(0L/04,) must contain at least
either ¢, or §,, so that all such terms vanish at equilibrium. From Lagrange’s
equation we therefore have

oL| oT ou

Oqrlo  Odilo  Ogi

where the subscripts 0 designate that the quantity is evaluated at equilibrium.
We shall assume that the equations which connect the generalized

coordinates and the rectangular coordinates do not explicitly contain
the time. That is, we have

Xa,i = xa.i(qj) or qj = qj(xa.i)

Then, the kinetic energy is a homogeneous quadratic function of the
generalized velocities [cf. Eq. (9.32)]:

=0 (14.14)

0

T = %ijkqﬂk (14.15)
ok
Therefore, in general,
eT
- - =0, k=1,2,...,n (14.16)
Oy
and, hence, from Eq. (14.14) we have
~U
Y0, k=12...,n (14.17)

-
“qxlo
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We may further specify that the generalized coordinates g, be measured
from the equilibrium positions; i.e.,, we choose g, = 0. (If we originally
had chosen a set of coordinates g, such that g;, # 0, we could always
effect a simple linear transformation of the form ¢, = ¢q; + «, such that
gxo = 0.)

The expansion of the potential energy in a Taylor series about the equi-
librium configuration yields

oU o*U
UG, q2 - 4) =Up+ Y —| q +1Y ———| qq. + ... (14.18
0 ;6(1,(0 k Zj,zkaqjaqkoqlqk ( )

Now, the second term in the expansion vanishes in view of Eq. (14.17),
and, without loss of gencrality, we may choose to measure U in such a
way that Uy, = 0. Then, if we restrict the motion of the generalized co-
ordinates to be small, we may neglect all terms in the expansion which
contain products of the ¢, of degree higher than second. This is equivalent
to restricting our attention to simple harmonic oscillations, in which case
only a term quadratic in the coordinates appears. Thus,

=32, Ajdd (14.19)
ik

where we define

02U
A, =—— 14.20
* OQjan 0 ( )

Since the order of differentiation is immaterial (if U has continuous second
partial derivatives), the quantity A, is symmetric; that is, A, = A,

We have specified that the motion of the system is to take place in the
vicinity of the equilibrium configuration, and we have shown [Eq. (14.17)]
that U must have a minimum value when the system is in this configuration.
Since we have chosen U = 0 at equilibrium, we must have in general,
U > 0. It 1s clear that we must also have T > 0.*

Equations (14.15) and (14.19) are of a similar form:

T= %Z M iy

o (14.21)

U= 72 Ajq 9
ik

* That is, both U and Tare positive definite quantities, in that they are always positive unless
the coordinates (in the case of U) or the velocities (in the case of T) are zero, in which case
they vanish.
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The quantities A, are just numbers [see Eq. (14.20)]; the my, however,
may be functions of the coordinates [see Eq. (9.30)]:

0x,,; 0,

Jk"z Z =

%,5m

We may expand the m;, about the equilibrium position with the result

om
Mg, dzs - - -5 Gn) = Mpdqro) + Z 3 L q,+ (14.22)
1

4 1o

We wish to retain only the first nonvanishing term in this expansion; but,
in contrast to the expansion of the potential energy [ Eq. (14.18)], we cannot
choose the constant term mj(g;o) to be zero, so that this leading term be-
comes the constant value of my in this approximation. This is the same
order of approximation as that used for U since the next higher order
term in T would involve the cubic quantity ¢;§,4, and the next higher
order term in U would contain q;q,q;. Thus, in Egs. (14.21), the m; and
the Ay are n x n arrays of numbers which specify the way in which the
motions of the various coordinates are coupled. For example, if m,, # 0
for r # s, then the kinetic energy will contain a term proportional to ¢,4,,
and a coupling exists between the rth and sth coordinate. If, on the other
hand, my, is diagonal so that* my # 0 for j = k, but vanishes otherwise,
then the kinetic energy is of the form

=32 mg;
r

where m,, has been abbreviated to m,. Thus, the Kinetic energy is a simple
sum of the kinetic energies associated with the various coordinates. As we
shall see, if, in addition, A4 is diagonal so that U is also a simple sum of
individual potential energies, then each coordinate will behave in an un-
complicated manner, undergoing oscillations with a single, well-defined
frequency. The problem is therefore to find a coordinate transformation
which simultaneously diagonalizes both mjy and A; and thereby renders
the system describable in the simplest possible terms. Such coordinates are
the normal coordinates.

The equations of motion of the system which has kinetic and potential
energies given by Egs. (14.21) are obtained from Lagrange’s equation

o oL
O dtog,

* If a diagonal clement of m (say, m,) vanishes, then the problem can be reduced to one
of n — 1 dcgrees of freedom.
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But, since T is a function only of the generalized vclocitics and U is a
function only of the generalized coordinates, Lagrange’s equation for the
kth coordinate becomes
ou doT
—_— + —_——— =
Oq,  dt g,

From Eqgs. (14.21) we evaluate the derivatives:

0 (14.23)

U

=1 a.
qu 2 Z] Ajkq_[
(14.24)
or o )
g, &
The equations of motion then become
2 (Aud; + myg) =0 (14.25)

J

This is a set of n second-order linear homogeneous differential equations
with constant coefficients. Since we are dealing with an oscillatory system,
we expect a solution of the form

qt) = a’? (14.26)

Where the a; are real amplitudes and where the phase § has becn included
to give the two arbitrary constants (a; and 6) required by the second-
order naturc of each of the differential equations. We understand, of course,
that only the real part of the right-hand side is to be considered. The
frequency w and the phase ¢ are to be determined by the equations of
motion. If w is a real quantity, then the solution [Eq. (14.26)] represents
oscillatory motion. That w is indeed real may be seen by the following
physical argument. Suppose that w contains an imaginary part. This will
give rise to terms of the form e* and e~ *' in the expression for g; Thus,
when the total energy of the system is computed, T + U will contain factors
which increase or decrease monotonically with the time. But this violates
the assumption that we arc dealing with a conservative system therefore,
the frequency w must be a real quantity.

With a solution of the form given by Eq. (14.26), the equations of motion
bccome

Z(Ajk - wzmjk)aj =0 (14.27)
J
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where the common factor exp[i(wt — J)] has been cancelled. This is a sct
of n linear homogeneous algebraic equations which the a; must satisfy.
For a nontrivial solution to exist, the determinant of the coefficients
must vanish :

|[A; — w?my| = OW (14.28)
To be more explicit, this is an n x n dcterminant of the form
Ay — w’my, A, — w’my, Ay — w’myy- -
Ay — @'my, Ayy — ©’my, Ayy — wlmyy -
Ay — ©%m; A,y — wPmy;, Ayy — w?myy-- | =0 (14.28a)

where the symmetry of the 4;, and mj has been explicitly included.

The equation which is represented by this determinant is called the
characteristic equation or secular equation of the system and is an equation
of degree n in w? There are, in general, n roots which we may label w?.
The w, are called the characteristic frequencies or eigenfrequencies of the
system. (In some situations two or more of the w, can be equal; this is the
phenomenon of degeneracy and will be discussed later.) Just as in the
procedure for determining the directions of the principal axes for a rigid
body, each of the roots of the characteristic equation may be substituted

of w,. Since there are n values of w,, we can construct » sets of ratios of the
a;. Each of these sets can be considered to define the components of an
n-dimensional vector a,, called an eigenvector of the system. Thus, a, is
the eigenvector associated with the eigenfrequency w,. We may designate
by a; the jth component of the rth eigenvector.

Since the principle of superposition applies for the differential equation
[Eq. (14.25)], we must write the general solution for g; as the superposition
of the solutions for each of the n values of r:

qt) =Y a7 =Y a, cos(w,t — J,) (14.29)

The motion of the coordinate g, is therefore compounded of motions with
each of the n values of the frequencies w,. The gq; evidently are not the
normal coordinates which simplify the problem. We shall continue the
search for normal coordinates in Section 14.5.
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p> Example 14.3. Let us return to the example of the two coupled oscillators and
obtain the solution according to the general formalism which we have just developed.
The situation is that shown in Fig. 14-1. The potential energy of the system is [Eq.
(14.1b)]

U = Jxexi + gxlx; — xy)? + 3xx3
= k(X7 — x1X; + X3) (M

The term proportional to x,x, is the factor that expresses the coupling in the system.
Calculating the A, we find

02U
A= i % = 2K
U
A12—ax_lax—20=_’f:1421 (2)
o*U
22 = ég 0 2K
The kinetic energy of the system is [Eq. (14.1a)]
T = sM3? + $M33 3)
But we also have [cf. Eq. (14.15)]
=32 mpX %, (4)

ik

Identifying terms between these two expressions for T, we find

myy =My =M

(5
My, =ty =0
Thus, the secular determinant becomes [cf. Eq. (14.6)]
2k — w*M —K
=0 (6)
—K 2k — w*M
and the secular equation is
(2K — *MP — k2 =0 (7N
Hence,
2k — o’M = +xk (8)
and,
i + K
w = \/ v 9

Therefore, the cigenfrequencies are, as before,

- :
o, = \/M; 0, = \/ﬁ (10)
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We notice in the example above that if we were to hold m, fixed and
allow m, to oscillate, the frequency would be ./2x/M (the factor of 2
arises because there are two springs acting on m,). The same result would be
obtained for the frequency of oscillation of m, if m; were held fixed. The
oscillators are identical and in the absence of coupling obviously have the
same oscillation frequency. The effect of coupling is to separate the common
frequency, with one eigenfrequency becoming larger and one becoming
smaller than the frequency for uncoupled motion. If we denote by wq the
frequency for uncoupled motion, then w; > wy > w,, and we may
schematically indicate the effect of the coupling as in Fig. 14-3a. The
solution for the eigenfrequencies in the problem of three coupled identical
masses is illustrated in Fig. 14-3b. Again we have a splitting of the eigen-
frequencies, with one greater and one smaller than w,. This is a general

w
p , y W 1
e
wo——X wo—(-/--— Wy = Wo
\, \\
\ W, AN
\ (O
(a) n=2 (b) n=3
FiG. 143

result: For an even number n of identical coupled oscillators, there will be
n/2 eigenfrequencies greater than w, and n/2 eigenfrequencies smaller than
wq; if n is odd, one eigenfrequency will be equal to w, and the remaining
n — 1 eigenfrequencies will be symmetrically distributed above and below
wgo. The reader familiar with the phenomenon of the Zeeman effect in
atomic spectra will appreciate the similarity with this result; in each case
there is a symmetrical splitting of the frequency which is caused by the
introduction of an interaction (in one case by the application of a mag-
netic field and in the other by the coupling of particles through the inter-
mediary of the springs).

14.4 The Orthogonality of the Eigenvectors

We now wish to show that the eigenvectors a, form an orthogonal set.
Rewriting Eq. (14.27) for the sth root of the secular equation, we have

Wl Y Mty = 3 Ay (14.30)
k k
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Next, we write a comparable equation for the rth root by substituting
r for s and interchanging j and k:
J j
where use has been made of the symmetry of the my and A;. We now
multiply Eq. (14.30) by a;, and sum over j, and also muitiply Eq. (14.31)
by a,, and sum over k:
w? Z My d s = z A jaj,dy,
g " (14.32)
OF Y mpaga, =Y Apdd
Jok Jok
The right-hand sides of Egs. (14.32) are now equal, so that subtracting the
first of these equations from the sccond, we have

(@ — 02)Y mua;a, = 0 (14.33)

J.k

We now examine the two possibilitics, ¥ = s and r # s. For r # s, the
term (w? — w?) is, in general, different from zcro. (The case of degeneracy,
or multiple roots, will be discussed later.) Therefore, the sum must vanish
identically :

Y myaa =0, F# S (14.34)
Jik
For the case r = s, the term (w? — w?) vanishes and the sum is indeter-
minate. The sum, however, cannot vanish identically, To show this, we
write the kinetic energy for the system and substitute the expressions for
g; and g, from Eq. (14.29):

T= % Z mjkqjqk
ik

N

=13 mu|Y o,q, sinfo,t — (5,)J [Z 0y, SIN(W gt — (53);|
ok r
= 3y wosin(wt — 8,)sin(wd — )Y mua;a,
r.s Jk
Thus, for r = s, the kinetic energy becomes
T =1 w}sin*(w,t — 3, Zl:( My, (14.35)
r g
We note first that, since the frequencies arc all real,

w? sin*(w,t — 3,) >0
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We also know that T is positive and can become zero only if all of the
velocities vanish identically. Therefore,

2 Myl > 0

Jk
Thus, the sum is, in general, positive and can vanish only in the trivial
instance that the system is not in motion, i.e., that the velocities vanish
identically and T = 0.

We have previously remarked that only the ratios of the a;, are deter-
mined when the w, are substituted into Eq. (14.27). We now remove this
indeterminacy by imposing an additional condition on the a;. We require
that

2 Ml Gy, = 1 (14.36)
ik

The a,, are then said to be normalized. Combining Egs. (14.34) and (14.36),
we may write

T
LY myaja, =5, | (14.37)
Lok

The vectors a, defined in this way constitute an orthonormal set; ie.,
they are orthogonal according to the result given by Eq. (14.34), and they
have been normalized by setting the sum in Eq. (14.36) equal to unity.

All the above discussion bears a striking resemblance to the procedure
given in the preceding chapter for determining the principal moments of
inertia and the principal axes for a rigid body. Indeed, the problems are
mathematically identical, except that we are now dealing with a system
which has n degrees of freedom. It should be noted that the quantities
my and A are actually tensor elements since m and A are two-dimensional
arrays which relate different physical quantities,* and as such we shall
write them as {m} and {A}. The secular equation for the determination
of the eigenfrequencies is the same as that for obtaining the principal
moments of inertia, and the eigenvectors a, correspond to the principal
axes. Indeed, the proof of the orthogonality of the eigenvectors in merely
a generalization of the proof given in Section 13.6 of the orthogonality of
the principal axes. Although we have made a physical argument regarding
the reality of the eigenfrequencies, we could carry out a mathematical
proof using the same procedure that was employed to show that the
principal moments of inertia are real.

* See the discussion in Section 13.6 concerning the mathematical definition of a tensor.
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14.5 Normal Coordinates

As we have seen [Eq. (14.29)], the general solution for the motion of the
coordinate q; must be a sum over terms each of which depends upon an
individual eigenfrequency. We note, however, that we have, as a matter of
convenience, normalized the a;, according to Eq. (14.36). That is, we have
removed all ambiguity in the solution for the g;, so that it is no longer
possible to specify an arbitrary displacement for a particle. Since such a
restriction is not physically meaningful, we must introduce a constant scale
factor a (which will depend on the initial conditions of the problem) in
order to account for the loss of generality that has been introduced by
the arbitrary normalization. Thus,

qgt) = ) aa;eer =% (14.38)

r

In order to simplify the notation, we write
qit) =Y B.a,e" (14.39)

where the quantities f§, are new scale factors* (now complex) which in-
corporate the phases 9,.
We now define a quantity #,,

n(t) = B (14.40)

so that

qt) = 3. an 1) (14.41)

The #,, by definition, are quantities which undergo oscillation at only one
frequency. They may be considered as new coordinates, called normal
coordinates, for the system. The #, satisfy equations of the form

i, +win =0 (14.42)

There are n independent such equations, so that the equations of motion
expressed in normal coordinates become completely separable. To show this
from Lagrange’s equations, we note that

qj = Z ajrr,r
r
* There is a certain advantage in normalizing the a;, to unity and introducing the scale

factors « and f, rather than leaving the normalization unspecified, in that the a;, are then
independent of the initial conditions so that a simple orthonormality equation results.
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and from Egs. (14.21) we have for the kinetic energy,
T= %Z Mg G
ik
= %Z mjk(z ajr';]r) (Z aks';]s)
ik r s
= % (Z mjkajraks) ';]r ';]s
r.s \J.k
The sum in the parentheses is just J,, according to the orthonormality
condition [Eq. (14.37)]. Therefore,
=32 WAbs =32 07 (14.43)
Similarly, from Eqgs. (14.21) we have for the potential energy,
U= %Z A4k

Jk

=2 Z (Z A kajraks) nrr]s

r,s

Now, the first equation in (14.32) is
Z Apaja. = w? Z M 3 5 Qs
ik ik
- wszars

so that the potential energy becomes

_Zanns rsz%z r (14'44)
Using Eqgs. (14.43) and (14.44), the Lagrangian is
L=3Y (0 - o) (14.45)
and Lagrange’s equations are ’
0L doL _
on, dién,
or,
i, + o, =0
as before.

Thus, when the configuration of a system is expressed in normal co-
ordinates, both the potential and kinetic energies become simultaneously
diagonal. Since it is the off-diagonal elements of {m} and {A} which give
rise to the coupling of the particles’ motions, it is evident that a choice
of coordinates that renders these tensors diagonal will uncouple the



432 14 * SYSTEMS WITH MANY DEGREES OF FREEDOM

coordinates and make the problem completely separable into the indepen-
dent motions of the normal coordinates, each with its particular normal
frequency.*

In order to completely specify the transformation to the normal co-
ordinates [Eqgs. (14.40) and (14.41)], we must evaluate the quantities ,.
We write 5, as the sum of its real and imaginary parts,

. B, =u, + iv, (14.46)
SO that
(1) = 3 aplp, + iv)e (14.47)
We also have
= iwa;,(u, + iv,)e (14.48)

The initial value of g,(t) may be obtained from the real part of Eq. (14.47)
evaluated at t = 0:
= z ﬂrajr

If we multiply this equation by m;a,; and sum over j and k, we have
z mjkaksqj 0) z Uy (z mjkajraks)

According to the orthonormallty condition, Eq. (14.37), the term in paren-
theses is just ,,. Therefore, the sum over r leaves only the term p:

Hs = z mjkaksqj(o) (1449)
Jok

Similarly, for the evaluation of v,, we have for the real part of Eq. (14.48),
att =0,

qj(()) = _z a)rvrajr

Using the same procedure as above, we find

1
Vg = o Y mjaG(0) (14.50)

s j.k

Thus, the normal coordinates may be expressed as the real part of the sum

= e [,(0) wiqj(0>]J (14.51)

* The German mathematician Karl Weierstrass (1815-1897) showed in 1858 that the motion
of a dynamical system can always be expressed in terms of normal coordinates.
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We therefore see that for arbitrary initial conditions, ¢(0) and §,0), it is
possible to find a set of coordinates 1, which exhibit the property that each
varics harmonically with a single frequency w,. Since the sum in Eq. (14.51)
runs over all of the n coordinate suffixes twice, it is clear that in gencral
the expressions for the 5, are complicated. One important case is that in
which the coordinates are displaced from their equilibrium positions and
then, at time ¢t = 0, are released. Under these conditions we have ¢{0) # 0,
G0) = 0, so that Eq. (14.51) becomes

n, = e Z i, ,(0), 4(0)=0 (14.52a)
Tk

or, since only the real part is physically significant,

n, = cosw,t Yy mua,q0),  §{0)=0 (14.52b)

Jk

p Example 14.5. Once again we return to the case of the two coupled oscillators and
now calculate the eigenvectors and normal coordinates. We use the equations of
motion

2 (Ap — wrzmjk)ajr =0 (1)
J
to determine the eigenvector components a;. We have two cquations for each value
of r, but since we can determine only the ratios a,,/a,,, one equation for each r is
sufficient. For r = 1, k = 1 we have
(Ay; — wimy)ag, + (A, — oimyy)a,, =0 (2)

or, inserting the values for 4,,, w?, and m,,,

3k
(ZK—M-M)a“—Kaﬂ:O (3)
with the result
dyy = —day (4a)

Forr =2,k =1 we have

K
(2K~—M-M)a12 —Ka,, =0

with the result
Ayy = dq, (4b)
The orthonormality condition is

Z rnjkajraks = érs
Sk
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But {m} is diagonal with each element equal to M ; hence,

> Méa;a; = 0, )
ik
or, summing over k,
M Z ajrajs = 5r.\' (6)
J
Thus, for r = s = 1, we have
al, + a3, = 1 (7
11 21 M
But, a¢;; = —a5;, so that
Gy = =y = s =1, 1) (8a)
11 21 \/m b 1 \/Qﬁ >
Similarly,
1

1
Ay =03 = ——; a, = ——(1,1) (8b)
V2M V2M
Note that after the equations of motion have been used to establish the ratio of
ay, 10 d,y, Viz,, ayy/d,; = —1, then the relationship between a,, and a,, does not
have to be found by using the equations of motion again, but results from the ortho-
normality condition

MY aa,=0, r#s
j

or,
ayyyp + az05;, =0 9
and substituting a,, = —a,,, we have
ay3 = 4z (10)

The expression for the normal coordinates for the case 4,(0) = 0 is (Eq. (14.52b)]:

1, = Cos wrt Z mjkaquj(o) (l l)
ik

Substituting my = MJ, and summing over k, we have

1, = Mcosw,t Y a,q,0) (12)
]

or, expanding, we find the two equations

M = Mcosmyt(ay1xy9 + a31X30)
(13)
Ny = M cos st (ay,X19 + a53X50)
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where x o and x,, are written for g,(0) and ¢,(0). If we now substitute thc values for

the a;,, we have ]
M
= '5(x10 — X30)CO8 ;¢

o
Ny = ) (x19 — Xzq) COS Wt

Therefore, we see that if we choose the initial conditions x,o = —Xx,q = X, and
X1 = X509 = 0, then

(14)

My = Xon/2M cos w;t
Mode 1 (15)
=0
whereas if we choose x,q = X0 = X and X = X, = 0, then
=0 - Mode 2 (16)
N, = xo\/2Mcosw2t

Thus, the normal coordinates, 1, and #,, may be identified with the two distinct
modes of oscillation that are shown in Fig. 14-2. In Mode 1, the particles oscillate
out of phase (the antisymmetrical mode), and in Mode 2, they oscillate in phase (the
symmetrical mode). In Mode 2, the distance between the particles is always the same,
and they oscillate as if the spring connecting them were a rigid, weightless rod; the
velocities in this mode are identical. In Mode I the velocities are equal in magnitude
but are of opposite sign.

In order to obtain expressions for the coordinates x,(t), we may use Eq. (14.41):

x(t) = Zakr'lr
For Mode I, we have
x(0) = ayny + apn;

II

\/_ Xo+/2M coswt + ¢

= XqCOSWit = —Xyft) (17a)
and the motions are out of phase. For Mode 2, we find

x1(t) = xq Cos Wyt = x,(t) (17b)
and the motions are in phase. This analysis confirms our previous results (Section 14.2).

14.6 Two Linearly Coupled Plane Pendula

» Example 14.6. We now treat a problem of coupled motion that is closely related
to the example discussed in the preceding section. Consider two identical plane
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pendula which arc suspended from a slightly yielding support. Since the support
is not rigid, there is a coupling between the pendula, and energy can be transferred
from one pendulum to the other. Figure 14-4 shows the geometry of the problem.
In order to simplify the notation, we adopt a system of units (sometimes called
natural units) in which all lengths are measured in units of the length of the pendula /,
all masses in units of the pendula masses M, and accclerations in units of g. Thercfore,
in our cquations the values of the quantities M, [, and g arc numerically equal to
unity. Thus, the kinetic and potcntial energies may be written as
T =461 + 03)
o))
U =307 + 0% — 2¢0,0,)

where ¢ is the coupling constant for the system and depends on the degree to which the
support rod is nonrigid ; we assumec that ¢ is a small quantity.

ll = l 12 = l
01 92
| |
m =M | m, = M |
FiG. 14-4
The tensors {m} and (A} are found to be
1 0
(M= (2)
0 1
I —¢
(A} = (3)
—z 1
and thce secular determinant is
1 — w? —¢
=0 4

— 1l —w
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Expanding, we have
(1 —w?)? —¢2=0 (5)

from which

If we expand the radical in powers of the small quantity ¢, we may write

€
w=1i§ (7
and then
£ -
(1)1—1—5
(8)
€
w2=1+§

Solving for the components a;,, we find
ay; = dy
)
dyp = —dy;

and from the normalization, we have

(10)

1
Ayy = dyy = Ay = —az; = —
NG
If we consider the initial conditions 0,(0) = 0, 0,(0) = 6,,, §,(0) = 6,(0) = 0, the
normal coordinates are

b
7

1
1,(t) = _5 cosm,t (01 — B50)

1,(t) = cos By + 850)

[\

Now, the coordinates 8,{t) may be found from
B(t) = zaj,’?,(t) (12)

Let us consider 0, :

1
0, = —(n, +
1 \/5’71 #2)

Therefore,

0, = $0,4(cos wt + cosw,t) + 30,5(cos w,t — cos w,t)
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Next, expanding cos w,t and cos w,t by using Egs. (8), we find

0, = 64y (cost-cos%t) + 0,0 (sint-sin%t) (14)

If we start the first pendulum into motion while the second is initially at rest, we
have 8,, = 0, and then

0,(t) = (010 cos—;—t) cost (15)

Similarly, we find for 8,, for the same conditions,

0,(t) = (910 sin%t) sin ¢ (16)

Thus, we see that although initially only 0, is different from zero, as time increases,
the amplitude of 0,, i.e., the term 0,, cos(e/2)t, decreases slowly with time (since ¢ is
small) while the amplitude of #, increases slowly from zero. Hence, energy is trans-
ferred from the first to the second pendulum. When t = z/e, then 0, = 0 and all of
the energy has been transferred. As time increases further, energy is transferred back
to the first pendulum. This is the familiar phenomenon of beats.

14.7 Three Linearly Coupled Plane Pendula—An Example of
Degeneracy

» Example 14.7. We now extend the discussion of the previous section to the case of
three coupled pendula. We make the same assumptions regarding length, mass, etc.,
and we again use natural units. If the coupling between each pair of the pendula
is the same, we have

T = (6% + 03 + 03)
n
U=307+ 03+ 03— 20,0, — 20,0, — 2¢6,0,)
Thus, the tensor {m} is diagonal,
1 0 0
fm}={0 1 0O 2)
0 0 1
but [A} has the form
1 - -—¢
{A} =1{—¢ 1 —¢ 3)
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The secular determinant 1s

1 - w? —& —&
-8 1 - w? —¢ |=0 4
—g —& 1 — w?

Upon expanding, we have
(1 — oy =23 -3% -0y =0
which can be factored to
(@ =1 —gXw? —~1+2)=0

and hence the roots are

wl=\/1+g

w, =1 +¢ (5)
wy=./1—-2

with the double root v, = w, = \/T+ & The normal modes corresponding to these
frequencies are therefore degenerate; ie., these two modes are indistinguishable.

We now evaluate the quantities a;,, beginning with a;;. Again we note that since
the equations of motion determine only the ratios, we need consider only two of the
three available equations; the third equation will automatically be satisfied. Using
the equation

Z (Au — wgmjk)ajS =0
J
we find

280,y — &d53 — €a33 = 0
(6)

—&dyy + 28,3 — a3y =0
Equations (6) yield
Q13 = da3 = A3y (7N

and from the normalization condition we have

aiy + a3y + a3y = 1

or,
1

ay3 = dp3 = Q33 = A\/g

Thus, we find that for r = 3 there is no problem in the evaluation of the components
of the eigenvector a,. (This is a general rule: there is no indefiniteness in evaluating
the eigenvector components for a nondegenerate mode.) Since all the components of
a, arc equal, this corresponds to the mode in which all three pendula oscillate in
phase.

@®)
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Let us now attempt to evaluate the a;, and a;,. From the six possible equations of
motion (3 values of j and 2 values of r), we obtain only two different relations:

&ay + ax + a3)=0 *) 9)
&ay, + ay; + ayy) =0 *) (10)

Now, the orthogonality equation is

Y omua,a, =0, r#s
ik

but since my, = dy, this becomes
Y a,a; =0, r#s (11
j

which leads to only one new equation :

ay18y5 + A18; + 3103, =0 *) (12)

(The other two possible equations are identical with Egs. (9) and (10) above.) Finally,
the normalization conditions yield

ai, + a%l +a3; =1 *) (13)

af, + a3, + ad, =1 *) (14)

Thus, we have a total of only five (starred, *) equations for the six unknowns a;,
and aj,. This indeterminacy in the eigenvectors corresponding to a double root is
exactly the same as that encountered in constructing the principal axes for a rigid
body with an axis of symmetry: the two equivalent principal axes may be placed in
any direction, as long as the set of three axes is orthogonal. Therefore, we arc at
liberty to arbitrarily specify the eigenvectors a; and a,, as long as the orthogonality
and normalizing relations are satisfied. For a simple system such as we are discussing
it is not difficult to construct these vectors, and we shall not give any general rules
here.

If we arbitrarily choose a3y = 0, the indeterminacy is removed. We then find

1 1

*1,_1,0, = —=
\/i( ) a, \/6

from which 1t is easily verified that the starred relations above are all satisfied.
It will be recalled that the nondegenerate mode corresponded to the in-phase
oscillation of all three pendula:

a, = (1,1, -2) (15)

a, = L(l, L1 (16)

J3

We now see that the degenerate modes each correspond to out-of-phase oscillation.
For example, a, in Eq. (15) represents two pendula osciltating together with a certain
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amplitude while the third is out of phase and has twice the amplitude. Similarly, a,
in Eq. (15) represents one pendulum stationary and the other two in out-of-phasc
oscillation. It should be noted that the eigenvectors a, and a, given above are only
one set of any infinity of sets which satisty the conditions of the problem. But all such
eigenvectors represent some sort of out-of-phase oscillation. (Further details of this
example are examined in Problcms 14-11 and 14-12.)

14.8 The Loaded String*

We now consider a more complex system which consists of an elastic
string (or a spring) on which are placed a number of identical particles at
regular intervals. The ends of the string are constrained to remain stationary.
Let the mass of each of the n particles be m, and let the spacing between
particles at equilibrium be 4. Thus, the length of the string is L = (n + 1)d.
The equilibrium situation is shown in Fig. 14-5.

Equilibrium line

F1G6. 14-6

We wish to treat the case of small transverse oscillations of the particles
about their equilibrium positions. First, consider the vertical displacements
of the masses m;_,, m; and m;,,, as in Fig. 14-6. If the displacements,
gj-1, 4, and ¢;, , are small, then the tension t in the string is approximately

* The first attack on the problem of the loaded string (or one-dimensional lattice) was by
Newton (Principia, 1687). The work was continued by Johann Bernoulli, and his son Daniel,
starting in 1727 and culminating in the latter’s formulation of the principle of superposition
in 1753. It is from this point that the theoretical treatment of the physics of systems (as distinct
from particles) begins.
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constant and equal to its value at equilibrium. The force which tends to
restore m; to its equilibrium position is therefore

. T
F;= _*(q}'_qj—l)ﬁa(qj—qj‘—fl) (14.53)

where the approximation sin 0 = tanf has been used since the displace-
ments are all small. Now,

F, = mj, (14.54)

Hence,

. T
q; = %(qj~l - 2‘1;‘ + ‘Ij+1) (14.55)

which is the equation of motion for the jth particle. The system is clearly
coupled, since the force on the jth particle depends on the positions of the
(j — )th and (j + I)th particles; this is therefore an example of nearest
neighbor interaction, in which the coupling is only to the adjacent particles.
It is, of course, not necessary that the interaction be confined to nearest
neighbors. If the force between pairs of particles were electrostatic, for
example, then each particle would be coupled to all of the other particles.
The problem can then become quite complicated. However, even if the
force is electrostatic, the 1/r* dependence on distance frequently permits
the neglect of interactions at distances greater than one interparticle
spacing so that the simple expression for the force given in Eq. (14.53) is
approximately correct.

We have considered above only the motion perpendicular to the line of
the string; the oscillations are therefore transverse. It is easy to show that
exactly the same form for the equations of motion will result if we consider
longitudinal vibrations, i.e., motions along the line of the string. In this
case, the factor 1/d is replaced by x, the force constant of the string. (See
Problem 14-15.)

Although Newton’s equation was used to obtain the equations of motion
(14.55), we may equally well use the Lagrangian method. The potential
energy arises from the work done to stretch the n + 1 string segments:

1
}: 4j-1 — q;)° (14.56)

&.]t—a

where g, and ¢, are identically zero since these positions correspond to
the fixed ends of the string. We note that Eq. (14.56) yields an expression
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for the force on the jth particle which is the same as the previous result
[Eq. (14.55)]:

cU it ¢
= _6—qj = —535%[(%—1 —q) +(q; — 4;+.1V]
T
= a(q,-ﬂ —2g9; + q;41) (14.57)

The kinetic energy is given by the sum of the kinetic energies of the »
individual particles:

T:

N

m Y 4} (14.58)
ji=1

Since ¢,+,; = 0, we may extend the sum in Eq. (14.58) to j = n + 1 so that
the range of j is the same as that in the expression for the potential energy.
Therefore, the Lagrangian becomes

n+1

. T
L=3) [mqu - 3(‘11'—1 - ‘lj)z] (14.59)
ji=1

Now, the equation of motion for the jth particle obviously must arise
from only those terms in the Lagrangian which contain g; or ¢;. If we
expand the sum in L, we find

. T T
L=--+ %mqu - %3(‘1,‘—1 - qj)2 - %2(% - ‘1j+1)2 — -+ (14.60)
where we have written only those terms which contain either g; or ;.
Applying Lagrange’s equation for the coordinate q; we have

mij; = 1(qj-1 = 24; + 4j41) = 0 (14.61)

Thus, the result is the same as that obtained by using the Newtonian
method.

In order to obtain a solution to the equations of motion, we substitute,
as usual,

qit) = a;' (14.62)

with the result
—Sa+ (2§—mw2)aj—§aj+l =0 (14.63)
where j = 1,2,...,n, but since the ends of the string are fixed, we must

have ay = a,,, = 0.
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Equation (14.63) represents a lineur difference equation which can be
solved for the eigenfrequencics w, by setting the determinant of the co-
efficients cqual to zero. We therefore have the following secular determinant :

PR o 0 0
d
T ) T
— . —— 0
d ’ d 0
T T
_ R
0 d d 0 =0 (14.64)
T T
0 —— /L —
0 d ! d
0 0 0
where we have used
/= 2% — mw?* (14.65)
¢

This secular determinant is a special case of the gencral determinant
[Eq. (14.28a)] which results in the event that the tensor {m} is diagonal
and the tensor [A] involves a coupling only between adjacent particles,
Thus, Eq. (14.64) consists only of diagonal elements plus elements once-
removed from the diagonal.

For the case n = 1 (i.c., a single mass suspended between two identical

springs), we have 2 = 0, or
\[z{
w= | -
md

We may adapt this result to the case of longitudinal motion by replacing
t/d by k: we then obtain the familiar expression,

2K
w= |-
m
For the case n = 2, and with 7/d replaced by «, we have A2 = x?, or

2K i—h

m

w =
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which is the same expression as that found in Section 14.2 for two coupled
masses.

The secular equation is relatively easy to solve directly for small values
of n, but obviously the solution becomes quite complicated for large n.
In such cases it is simpler to use the following method. First, we note again
that only the ratios of the amplitude factors a; may be determined from
the equations of motion. Thus, we may express any of the «; in terms of,
say, a,. We try the solution

a; = a Y (14.66)
The use of this device will be justified if it is possible to find a quantity y
and a phase § such that the conditions of the problem arc all satisfied.

Substituting «¢; in this form into Eq. (14.63) and cancelling the phase factor,
we find

- :le*"y + (22 —mwz) - ;le"y =0

Solving for w?, we obtain

21 T . .
2 — T (piY > 1y
@ md md(e +e)
2
= “T(1 — cos ) y (14.67)
md
dr . v
“md™™ 2

Since we know that the secular determinant is of order # and will therefore
yield exactly n values for w?, we may write

0, =2 Ssinlt r=1,2.n (14.68)
md 2

We now evaluate the quantity vy, and the phase o, by applying the
boundary condition that the ends of the string remain fixed. Thus, we have

L= a,,eir T (14.69)

a;

or, since it is only the real part that is physically meaningful,
a;, = ay, cosijy, — 9,) (14.69a)
The boundary condition is

Aoy = gy gy = 0 (14.70)
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In order that Eq. (14.69a) yield a;, = 0 for j = 0, it is clear that J, must

be /2 (or some odd integral multiple thereof). Hence,

<
|

. T
= aerOS(Jyr - E
= dy, Sinj'}),.
Forj=n+ 1, we have

G+ 1y = 0 = ay, siny,(n + 1)

Therefore,

(n+ 1y, = sn, s=1,2,...

or,
ST

= -, S:1,2,...
n+1

Vr

(14.71)

But there are just n distinct values of y, since Eq. (14.68) requires n distinct
values of w,. The simplest way in which this may be insured is to identify

the running index s with r. Therefore,

rm
=— r=12...,n
AR

The a; then become
si o
a, = a,,sin|j——
jr 1r (]n + 1)
The general solution for g; is [see Eq. (14.39)]:

4, = ¥ Biae™

r

re :
= \ay, sinf j et
; ﬁr 1r (} n+ 1)

=24 sin(j - 1)ei“’*'

n

(14.72)

(14.73)

(14.74)

where we have written f5, = f,a,,. Furthermore, for the frequency we have

NG o)
= md MM\ 20n ¥ 1)

(14.75)
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We note that this expression yields the same results previously found
for the case of two coupled oscillators [Eqgs. (14.8)] when we insert n = 2,
r = 1,2, and replace 7/d by k.

Notice also that if either r =0 or r =n + 1 is substituted into Eq.
(14.73), then all of the amplitude factors a;, vanish identically. These values
of r therefore refer to null modes. Moreover, if r takes on the values n + 2,
n+3,...,2n + 1, then the a;, are the same (except for a trivial sign change
and in reverse order) as for r = 1,2,...,n; also, r = 2n + 2 yields the next
null mode. We conclude, therefore, that there are indeed only n distinct
modes and that increasing r beyond n merely duplicates the modes for
smaller n. (A similar argument applies for r < 0.) These conclusions are
illustrated in Fig. 14.7 for the case n = 3. The distinct modes are specified
by r =1, 2, 3; r =4 is a null mode. The displacement patterns are dupli-
cated for r = 7, 6, 5, 8, but with a change of sign. In Fig. 14.7 the dashed
curves merely represent the sinusoidal behavior of the amplitude factors a;,
for various values of r; the only physically meaningful features of these
curves are the values at the positions occupied by the particles (j = 1, 2, 3).
Therefore, the “high frequency™ of the sine curves for r = 5, 6, 7, 8 is not
at all related to the frequency of the particles’ motions; these latter fre-
quencies are the same as for r = 1, 2, 3, 4.

The normal coordinates of the system may be defined as

n(t) = Beer (14.76)
so that

af0) =2, sin( ]%) (14.77)
This equation for g; is similar to the previous expression [Eq. (14.41)]
except that the quantities a;, are now replaced by sin [j(rm)/(n + 1)]. Now,
it was possible in the development in Section 14.5 to evaluate the coefficients
B, only because there existed an orthogonality relation among the a;. A
similar relationship in the form of a trigonometric identity is available for

the sine terms:
ntl rm ST ) n+1._
in{j in{J = 0 14.78

j; Sm(]n + 1) Sm(]n + 1 20" ( )

In analogy with Eq. (14.47), we write for the real part of g,

g) =Y sin(ji) (1, cOS w,t — v, sin w,1) (14.79)
" n+1
where

B, = + iv, (14.80)
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As before, we have

. . rn ,
g(0) = Z,,“.- sin (J il 1*\) (14.81a)
. L. I
440 = o, &n(];il—) (14.81b)

If we multiply Eq. (14.81a) by sin[j(sn)/(n + 1)] and sum over j, we find

) sinl ST ) Z (. ) G ST )
{0) s = ) = s — }sinlj-—
24, )Sm(Jn + 1) = # m(}” + 1, (Jn + 1

J

1
= Z He %5rs

or,

2 ST

T Y g 0)sinfj T 14.82:
U n+lzj:q](0)sm(1n+1) (14.82a)

A similar procedure for v, yields

2 ST
Do 2 N aosinf i 14.82b
% wdn + 1);%(0) Sm(Jn + 1) ( )

Thus, we have evaluated all of the necessary quantities, and the description
of the vibrations of a loaded string is therefore complete.

We should note the following point regarding the normalization pro-
cedures that have been used. First, in Eq. (14.36) we arbitrarily normalized
the a;, to unity. Thus, the a; were required to be independent of the initial
conditions imposed upon the system. The scale factors « and f, then allowed
the magnitude of the oscillations to be varied by the selection of the initial
conditions. Next, in the problem of the loaded string we found that instead
of the quantities a,, there arose the sine functions, sin[j(rr)/(n + 1)], and
these functions possess a normalization property [Eq. (14.78)] that is
specified by trigonometric identities. Therefore, in this case it is not
possible to arbitrarily impose a normalization condition; we arc automatic-
ally presented with the condition. But this is no restriction; it only means
that the scale factors f, for this case have a slightly different form. Thus,
there are certain constants that occur in the two problems which, for
convenience, are separated in different ways in the two casces.
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14.9 The Continuous String as a Limiting Case of the Loaded
String*

We have been considering a set of equally spaced point masses suspended
by a string. We now wish to allow the number of masses to become infinite
so that we have a continuous string. In order to do this, we must require
that as n — o0 we simultaneously let the mass of each particle and the
distance between cach particle approach zcro (m — 0, d > 0) in such a
manner that the ratio m/d remains constant. We note that m/d = p is just
the linear mass density of the string. Thus, we havc

n-— oo, d—>0 suchthat (n+1)d=1L

(14.83)
m— 0, d - 0 such that T{:p
¢
where, of coursc, both Land p rcmain constant.
From Eq. (14.77) we have
.. I
qt) = ;ﬂr(l) sin (/;ﬁ)
But, we may writc
I — /d - f

jn+ i —rn(n+ I)d—mL (14.84)

where jd = x now specifies the distance along the continuous string. Thus,
¢ (1) becomes a continuous function of the variables x and ¢:

g, 1) = X, 00) sin (1485)
or, '
qix.t) = Y fe sin ”TT‘ (14.852)
The kinetic energy is given by Eq. (14.58):
T=nyd;
J
Im
2 d Z q"g d

J
* The theoretical treatment of the continuous string (the governing taws for which were
known empirically, even to the early Egyptians) was begun in 1713 by the English mathe-
matician Brook Taylor (1685-1731). Euler’s trcatment, in 1748, was rather complete, It
remained for Lagrange, however, to give the connection between the continuous string and
the loaded string (1759).
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and, passing to the limit d — 0, we have
L /A 2
T = %pj ((;q) dx
o Mt
The potential energy is given by Eq. (14.56):
1t 2
= izlzj:(qj—l -4

Since j — 1 defines a coordinate x — d and j a coordinate x, we have
(x —d) — g(x) |7

=
i (

!

(14.86)

and passing to the limit, we obtain

1. 2
f (aq) dx (14.87)

From Eq. (14.85) for ¢(x, t) we have

‘q .. rux
= . sin - 14.88
P> Z A sin - (14.88)

and,
N (14.89)

Al T Z rlr
We may now usc these cquations to calculate the kinetic and potential

encrgies. First, for T'we have
FUX . STX
T= 5/)J Z’?ﬂ?s sin Tsm* dx (14.90)

Ors

but, we may interchange the order of intcgration and summation and use

the trigonometric identity

1 L
{ smr—nlsm snxd\_: - Oy (14.91)
o L 2
Thus, Eq. (14.90) becomes
T= Z 7]1 ’75()»\
L
P (14.92)

=27
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For the potential energy we have

LTS s
U=1it ng%nms cos% cos—?dx (14.93)
Again, we interchange the order of integration and summation, and since
Eq. (1491) yields the same result if the sines are replaced by cosines, we
find

I'7T ST L
U=332% 00 55
2‘[% L L’7r’7; 2 rs
r’n?t
=X (14.94)

Using Egs. (14.92) and (14.94) for T and U, the Lagrangian becomes

&_Z_rznzt 2]
2[4 TR

r

and the equations of motion are

pL.  rin’t
7= -0
77 + 5L
or,
i+ L, o 14.95
nr p L2 ?’[, - ( . )

Now, the expression for the frequency of the rth mode of the loaded
string 1s [see Eq. (14.75)]:

_ 2 T . I
Q= Imd ¥ 2 1)

which may be written as

=2 [Tgn ™ 14.96
w,—d psm2L (14.96)

If we restrict our attention to modes with finite values of r, then as d — 0,
we may approximate the sine term by its argument with the result

. I T 1
Wr =7 \p ’ (14.97)
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Therefore, the equations of motion [see Eq. (14.95)] become
i, + @i, =0 (14.98)

and the functions 5, are again identified as normal coordinates, each
oscillating with a single, well-defined frequency w,. All of the equations
for the loaded string can therefore be used for the continuous string by
passing to the limit for n, m, and d. [ The single exception in this rule occurs
in the normalization equations; compare Egs. (14.78) and (14.91).]

In order to solve a particular problem, we need only write Eq. (14.85a),

g(x, 1) =Y B.e“" sin Tg (14.85a)

and solve for the quantities f, by imposing the initial conditions, g(x,0)
and ¢(x, 0). Thus, the method of solution is the same as that for the loaded
string except that now ¢(x,0) and ¢(x,0) are continuous functions of x.
We are thercfore led to expressions for g, and v, which are analogous to
Eqs. (14.82a) and (14.82b):

2 1 ,
1y = EL g(x, 0) sin snTde (14.99a)
L
Loy = — 2 j 4(x, 0) sin 2 dx (14.99b)
| oLl ), L |
L

14.10 The Wave Equation

Let us now return for the moment to the case of the loaded string.
We may combine Eqs. (14.53) and (14.54) to writc Newton’s equation for
the jth particle on the string:

m.o_ T(di-1 4} _ T fi) 410
d? d( d ) d( d (14.100)

In the limit d — 0, we have

‘1j“‘1j+1_)f1(x)*(1(x+d)_)_a_q
d d 0x

x*

where x* denotes the right-hand derivative; for the other term in Eq.
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(14.100) which involves g; and ¢;_; we have, in the limit, the left-hand
derivative:

9j-1 —4q; 4 —d) —q(x) =~ 0q

d d ox

X

Thus, the right-hand side of Eq. (14.100) becomes, in the limit,

—f 5T
d ox?

pg =Tt 1
ox?
or,
Pq 104
R S G 14.101
( ox? P or? ( )
where

p= |- (14.102)

The equation of motion, written in the form of Eq. (14.101), is known as
a one-dimensional wave equation. This type of equation is encountered
repeatedly in many phases of mathematical physics. [See, for example, the
discussions of electromagnetic waves in Marion (Ma65b).] We shall devote
the following chapter to some of the details regarding the solution of the
one-dimensional wave equation.

M 14.11 The Nonuniform String—Orthogonal Functions and
Perturbation Theory

In the derivation of the wave equation in the preceding section, it was
implicitly assumed that the tension t was a constant. If the string is non-
uniform, however, so that p = p(x), then in general the tension will also
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be a function of x, © = 7(x). Therefore, we must write, in passing to the
limit on the right-hand side of Eq. (14.100),

oq dq
= - d
Wl ™Dl o ( aq
B
d 6x)
Thus, the wave equation for this case takes the more complicated form*

0 (7q> 0%q
P ((7x Pz = 0 (14.103)

where both 1 and p may be functions of x but not of the time. For arbitrary
functions t, p there is no general method of solution for equations of this
type. Only for certain particular forms of the functions 7, p can solutions
be obtained in terms of simple functions.

The problem of the nonuniform string is one of rather limited practical
importance. The equation which describes the situation [Eq. (14.103)] is,
however, of considerable interest, especially in many quantum mechanical
problems. Consequently, there is some purpose in pursuing the solution
in detail, even though the actual application of the results to vibrating
strings is rarely made. Because of the fact that simple, general solutions
to Eq. (14.103) do not exist, it is necessary to employ an approximation
procedure, and we shall again turn to the powerful perturbation technique.
Solutions will be developed in terms of orthogonal functions, and the method
of establishing orthogonality follows closely that previously used on
several occasions.

Suppose that we have a particular solution of Eq. (14.103) which has
the form

a4,(x, t) = u,(x)eio (14.104)

where the time dependence has been placed, as usual, in exponential form
and where w, denotes the rth eigenfrequency. The function u,(x) is called the
rth wave function (or eigenfunction or normal mode) for the system. Equation
(14.103) then becomes

d / du,

dx( dx) + pw?u, =0 (14.105a)

* This type of equation occurs frequently in various areas of mathematical physics; in
general, the right-hand side is not zero. In the form of Eq. (14.103), it is known as the homo-
geneous Sturm-Liouville equation. Investigations of the solution to equations of this type
were made by Joseph Liouville (1809-1882) and Jacques Charles Francois Sturm (1803-1855)
in the mid-1830’s.
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Also, for the sth eigenfrequency, we may write

d(d“3)+ 2 =0 14.105b
dX de pwsus - ( . )

In the same manner in which we have previously proved orthogonality
[see, for example, Egs. (13.57), Eqs. (14.32) or Egs. (14.81) and following],
we multiply Eq. (14.105a) by u, and integrate from x = 0 to x = L, and
we multiply Eq. (14.105b) by u, and integrate. Upon subtracting these

results, we have
[ ) o]
o L dx Tdx, "dx (de X

L
+ (w? — a)sz)j puugdx = 0
o]

(14.106)

The first term may be intcgrated by parts, with the result
[u du, . dus]"z" J’L (du, dug,  du, du,) p
T— — U, T—— —| "= -] dx
dx 7 ' IR o \dx dx  dx dx
L
— (w} ~ wf)f puu,dx =0
0

The term in brackets vanishes in view of the boundary condition on the
wave functions, u,(0) = 0 = u,(L). And since the second term obviously
vanishes, we have

.

(@2 — w?) j puu dx =0 (14.107)
0

Thus, if the eigenfrequencies are distinct, then for r # s, the integral in
Eq. (14.107) must vanish. And since the integral is undetermined for r = s,
we may require that it equal unity. Hence, we have the orthonormality
condition,

L
j puu dx = 0, (14.108)
0

This condition corresponds to that previously found for the sine functions
[Eq. (14.78)] and to the requirement placed on the a;, [Eq. (14.37)].
We could now write the general solution as

qlx, 1) =Y Bux)e' (14.109)

and proceed in the standard manner to evaluate the real and imaginary
parts of f3, in terms of the initial conditions. We are interested now, however,
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in seeking a general solution by applying the method of perturbations.
We shall simplify the problem by assuming that p is a slowly varying
function of the coordinate x and that the tension 7 is constant.* We there-
fore express p as a series expansion in powers of a perturbation parameter
A

p(x) = p + 2pM(x) + A2pPx) + -+ (14.110)

where p'® is a constant and where 2 is a small quantity. Now, if the string
had a density p = p'©, then there would exist a set of wave functions,
u9(x), and cigenfrequencies w!® that satisfy the equation

d?u®

e + (w;m)zpw)uim =0 (14.111)
X

T

If the density of the string does not differ appreciably from p'® (that is, if
/ is indeed a small quantity), then the functions u{”’(x) and the frequencies
w® will be close T to the cigenfunctions u,(x) and the true cigenfrequencics
w,. We may then expand u,(x) and o, in powers of 4:

ux) = u{(x) + 2uV(x) + AulP(x) +
(14.112)
w, = 0 + 20 + 2P 4 -

r

where the functions u!”(x) and the quantities w!” are to be determined.
The term w!" is called the first-order frequency correction; u® is the
second-order correction to the wave function, etc.

It is clear that we may establish an orthogonality relation for the zero-
order wave functions in the same manner that the condition on the true
wave functions was derived. We find

L
J pPuPuN dx = §,, (14.113)
0

Since the ¥© include the functions sin(rnx/L), in order that the normaliza-
tion be proper, we must have [cf. Eq. (14.91)]:

2 . rmX
Uio)(X) = \LTL Sin T (141 14)
The equation satisfied by the u,(x) is
12
r—‘d Y b wipu, = 0 (14.115)
X

* The additional complication of a varying tension can be handled in a manner equivalent
to the development which follows (see Problem 14-26).
+ However. recall the warning given in Section 7.6 regarding such statements,
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Substituting the expansions for u(x), p(x), and , into this equation, we
obtain

d*ul® N cd*ulV N L d7ul?
TA— + AP
dx? dx?

+ [ + 2ot + 2ol - )?

T———— + e
dx?

(pl® (0 32,42 ¢ .., (14.116)
QO + Ap'V + 22 4 -

u® 4 AV + 2P )] =0
Since we have not yet specified the functions ul”(x), p'?Y(x), and !, the
parameter 4 is thercfore arbitrary. Hence, in order for Eq. (14.116) to be
satisfied for arbitrary 7, it is necessary that the coefficient of each power
of 4 vanish. The zero-order terms (i.e., those without a cocfficient 1) satisfy
Eq. (14.111) so that they sum to zero. The first-order terms are
d*u"
4

dx?

T + 20wV p Oyl

(14.117)
@2 U+ (@ pOulh = 0
Any arbitrary function may be expanded in terms of a complete set of
orthogonal functions.* Since the u!”’ are solutions of the wave equation
for p = const., they constitute such a set, and we may use them to ¢xpand
the functions u‘V, u!?, etc. Thus,

ul =y C,ul” (14.118)
s=1

where the C,, are coefficients that are to be determined. Therefore, we
have

dluil) d2u§0)
T—(-ix—z = ‘ »sT sz— (141 19)
and using Eq. (14.111), this becomes
d*utV)
T = = XG0l (14.120)

If we substitute the expansions for u!'’ and its second derivative [Egs.
(14.118) and (14.120)] into Eq. (14.117), we obtain

Z Crs[(wSO))Z _ (w;O))Z]p(O)u;()J

+ w2000 + oMU = 0 (14.121)

* Sec the discussion in Section 14,12,
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Now we multiply this equation by u{”’ and integrate over the length of the
string ; we then have

¥ CLOO — @01 | pouiu ax
. 0 (14.122)

L L
1 0© [2w$”f P Ou0y O gy 4 wSO)f p POyl dx] =0
0 0]
We define
L
M Ef pMu Oy gx (14.123)
0

and also make use of the orthogonality condition [Eq. (14.113)] to write
Eq. (14.122) as

Y C (@ — (@16, + 0l[2w{V6, + o PMP] =0  (14.124)
Carrying out the summation in the first term, we obtain
C.[(0{®)? — (0®)?] + wfo’[wa”é,, + o@MP]1=0 (14.125)

Clearly, we now have two cases to investigate, r =t and r # t. First,
for r = t, the leading term vanishes, and

o = —1pOMD (14.126)
which yields the first-order frequency correction. If we write
w? = [0 + i + ]2
and retain only terms up to first order in J, we have
w? = (w9 + 2ioPwlV (14.127)

which, in view of Eq. (14.126), becomes

w7 = ()[1 — AMD
= (w!?)? [1 - J‘L P B(ul®)? dx] (14.128)
0
Now, from Eq. (14.114) we have
u® o sin mx

L
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so that the first-order frequency correction, Eq. (14.126), varies as

L
ol ocj pP®)? dx
0

L rux
o | pP ‘n2(~) dx
fop AT

Therefore, we see that if the density perturbation is concentrated at the
nodes for the rth mode (i.e., those points for which sin(rnx/L) = 0, then
there is zero correction for this particular eigenfrequency. On the other
hand, the correction is a maximum if p‘!) is concentrated at the antinodes.
Returning to Eq. (14.125) and considering the case r # t, we find that
the first term in the second bracket vanishes, so that
(@) MY
C, = _(w‘o’)z — O r#Et (14.129)
r
Therefore, the first-order correction to the wave function is

u"(x) = ¥, C,
k3

(@M
R AT

s

where the prime on the summation indicates that the term with r = s is
excluded.

In Eq. (14.130), the summation extends over the range s = 1,2,..., o0,
and so it is not possible to evaluate the sum completely. But because of
the form of the denominator, only those terms for which w® ~ »{® will
give appreciable contributions. Therefore, the value of the infinite sum
may be closely approximated by considering only a few terms. It is just
this fact that makes the perturbation expansion a useful approximation
procedure.

P> Example 14.11. Consider a nonuniform string whose density is given by

p(x) = po + Ax (1)
where pg is a constant and where A is a small quantity, 1 <€ p,/L. In order to find the
first-order frequency correction, we must evaluate

1) _ 1 0 1)
o = —4olOMY

L

1 .(0 1},,(0}, (0

= — o >f PO d @
0
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where we have

P =x 3)
2— rx
o _ |2 X
uy \/poL sin — “4)
and
o = JZ 5)
L~Npo
Thus,

trn [t 2 (* rmx
o= _-—J x sin?| == Jdx
2 Lyjpo poL), (L)
rm ’r
= = 1 (6)
4poPo

The frequency, corrcct to first-order, is given by

o, = o + Ioh
rn [t L
=— |—1 - — 7
LNPpo [ 4/’0] @

If we return to Eq. (14.116) and collect all of the terms which have a
coefficient A2, then we find

d*u'?

v @O+ Pt 4 pOu]
+ 20P0M[ pMy® + pOy1]
+ P U200 + ()] =0 (14.131)

As in Eq. (14.118), we expand the second-order wave function in terms of
the zero-order functions:

u? = 3% D,ul® (14.132)
s=1
Following the previous development, wc have

d*u'? d*ul®
r 5

T = T—F
dx? zs: T dx?

= = 2 D @{®)?*pVu® (14.133)
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Substituting Eq. (14.133) into Eq. (14.131), there results
Y D, [(@@? — (@®2]pu® + (@2 [pPu® + pVul]
S + 200 [pPu® + pOuM] 4+ p U200 wP + ()] =0
(14.134)
We may now use Egs. (14.126) and (14.130) to substitute for w!! and u'?
in Eq. (14.134). Thus,
Y D [(@f®)? — (@) ]pPul®

(@{”)*M,)

O T M0
(@) — (™)

+w:0)[w10)p(2)u:0) _ (1):0)’0(1) Z’

s

((U(O)) M(l)
0)
———u.
L (00) = (@2

+ 20 pOu® + Lo UMD = 0 (14.135)

0) ,(1}),,(0 (1 (0) ,(0) pg(1
— o Pp NuOMLD + wVp MY

Next we multiply this equation by u!” dx and integratc over x in the
range 0 < x < L:

L
Z D, [(0{)? — (!? 2] pOUOYO dx + [w(m J PEIMUMEIE

0

(0) (1) L L

(w2 M
w® (1),,(0), (0) (O)pg(1) (101 (0)
Z (0) {O”2 J‘ pu, U dx - W, Mrr J‘ p dx
— (o) Jo 0

(w(O))ZM(l) 1. 1.

r rs 0),,(0),,(0 (2 0),,(0),,(0

©) 'é\wﬁj pOuPul® dx + 2w} ’J pOulOul® dx
s (07) = (o) o 0

+ wOMD

L
+ i(uﬁo’(Mi,“)zf pOulOyl® dx] =0 (14.136)

0

In view of the orthogonality condition [Eq. (14.113)], the first and fifth
terms of Eq. (14.136) vanish, and the integrals of the last two terms become
unity. Moreover, the integral in the third term is just M{! and that in the
fourth term is M. Thus, upon dividing by w{® # 0, we have

1 (0)) (1\/1“))
(0) (2),0), (0) (0)
w Py,
°l, o - oy

oM + 202 + LoO(MP)? =0 (14.137)
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If we define
.
M2 = J P PufOul® dx (14.138)

0

then, solving for wf?, we find

(@M
wi”=w£°’[%(M13’)2—%M£3)+%Z Hae] aim)

o2
7 (@) — (@) ]
It is clear that the frequency corrections may be calculated to any order
by this procedure, each succeeding correction being more complicated than
the last.

14.12 Fourier Analysis

Although we have not so indicated explicitly, we have been using the
methods of Fourier analysis in much of the preceding discussion. Such
methods are of great value in treating many important problems in mathe-
matical physics, and we therefore collect here some of the properties of
Fourier series.

We first need to establish some details of the properties of orthogonal
functions. We know from our discussion of vectors (see Section 1.12) that
it is possible to express any three-dimensional vector in the form

A= Ae + Aye, + Aze; =) Ase, (14.140)
i

where the A; are the projections along the three orthogonal axes, the unit
vectors along which are e, e,, e;. Now, it is clearly impossible to represent
a vector which has a component in the x; direction solely in terms of e,
and e,; the basis set of unit vectors must include e; as well. Therefore, in
order to represent an arbitrary vector, the basis set is required to be a
complete set; that is, the set must include unit vectors for all possible
directions.

The general method for determining the projection of A onto the x;-axis
is to compute the scalar product of A and the unit vector e;: A; = A-e;.
The unit vectors obey the orthogonality relation

ej‘ek= (Sjk (14141)

We now wish to generalize the results for vectors in three-dimensional
space to the case of functions in n-dimensional space (i.e., function space),
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and, in fact, where n is infinite* That is, we have a set of orthogonal
functions

(p](x)a (pZ(x)a (p3(x), N

which are defined within a certain fundamental interval, —L < x < L.
If there is no function that is orthogonal to all of the ¢/(x), then the func-
tions @;(x) constitute a complete orthogonal set, and any arbitrary function
may be expanded in terms of this set. In analogy with Eq. (14.140), we havet

F(x) = a,0,(x) + a,05(x) + -

E a-(p{x)
c A

Such a series is called a generalized Fourier series.

The statement that the @;(x) are orthogonal implies that none of these
functions can be expressed in terms of the others; and, hence, the series in
Eq. (14.142) is a linearly independent combination of the ¢;(x). Thus, if
f(x) vanishes, each of the coefficients a; must also vanish. The orthogonality
condition may be expressed in analogy with that for the unit vectors e;:

+ L
J @{x)pi(x) dx = & (14.143)

—-L
where an integration is now necessary since our “‘unit vectors’ are functions
of x, and where we have arbitrarily required the normalization

+L
j [0, dx = 1

-L
Now, we may determine the coefficients a; in the expansion for f(x)
[Eq. (14.142)] by multiplying this equation by ¢,(x) and integrating:
+L

+L
Lf Xoux)dx = | Y a,0,(x)@x) dx (14.144)
, L5

Interchanging the order of integration and summation, and applying the
orthogonality condition, we obtain

+L + L
s = Yo, | oo dx
-L i -L
= Z a;id
i
= a, (14.145)
* The degree of the function space (i.e., n) must be denumerably infinite in order to properly
specify the orthogonality condition, Eq. (14.143), since in that equation the indices j and &
must be detinable numbers.

+ In making such an expansion we must always inquire as to the convergence of the series.
We shall assume the convergence in all cases of interest here.
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Thus, we have
) + L
fl)y =3 wj(xJ F(x)g(x) dx’ (14.146)
j - L
Let us now consider the representation of a function f(x) in the interval

—n < x<mn by a trigonometric series composed of the orthogonal
functions cos rx and sin rx:

S(x) = 929 + i (a,cosrx + b, sin rx) (14.147)
r=1 l

This is the most familiar example of a Fourier series.* We note that f(x)
need not be a continuous function of x; f(x) may have a finite number of
finite discontinuities within the range —n < x < m. Discontinuous functions
can be handled by dividing the interval into sub-intervals such that f(x)
is continuous within each sub-interval. At a point of discontinuity x = x,
it can be shown that the Fourier series converges to the mean value; i.e.,

f(xo) = £lim [f(xo + 8) + f(xo — 8)] (14.148)
60

In order to evaluate the coefficients a, and b,, we make use of some well-
known trigonometric results. First, we have

+n
J sinrxcossxdx =0 (14.149a)
for any integral or zero value of r and s. We also have the identities [cf.
Eq. (1491)]:

+n
j sin rx sin sx dx = 7d,s; r,s=12,... (14.149b)

+n
J COS rx €Os sx dx = nd,q; r,s=12,... (14.149¢)

The functions sinrx and cosrx, r = 1,2, 3,..., therefore constitute a
complete orthogonal set which may be used to expand an arbitrary func-
tion of x (where, of course, we assume convergence).

* Trigonometric scries were first used by Daniel Bernoulli, and the integral expressions
for the coefficients were first given by Euler. But these were treatments of special cases; it
was Baron Jean Baptiste Joseph Fourier (1768—-1830) who pointed out in 1807 that an arbitrary
function, and, in fact, even a discontinuous function, could be represented by a trigonometric
series. Fourier’s 1807 paper, however, was not rigorous (it was, in fact, rejected by the Paris
Academy); Dirichlet first gave a rigorous proof in 1829.
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We may therefore evaluate the coefficients a; by multiplying Eq. (14.147)
by cos sx and integrating from —m to +x:

rtn
a, = ! f(x)cos sx dx ‘ (14.150a)
T
v - ’
and similarly for the b;:
1 T —‘
by =~ f(x)sin sx dx ’ (14.150b)
TJ—x

If we compute the average value of f(x) in the interval —n < x < 7,
we have

o 1 +7m
f(x) =%J‘M f(x)dx (14.151)

Inserting the series expansion for f(x) [Eq. (14.147)], we note that the
integral of each cosine and sine term vanishes since the average value of
cos rx or of sin rx is zero between —n and +x if r is an integer. Only the
term involving ¢, is nonvanishing:

Thus,
flx) == (14.152)

and the leading term in the series represents the average value of the
function within the interval under consideration.
The result for the complete series is

1 +n , , l tn G 4
f(x) = Zjﬁnf(x)dx =) [COS rxj_"f(x)cos PR sy

+r
+ sin rxj f(x)sinrx’ dx’]
-7

We note that cos rx is an even function, whereas sin rx is an odd function;
that 1s,

cos rx = cos r(—x) } (14.154)

sin rx = —sin r(—x)

Thus, if f(x) is an even function, the integral

+x
j f(x")sin rx’ dx’

-n
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will vanish, and f(x) will be represented by a cosine series (plus the leading,
or constant, term). Similarly, if f(x) is an odd function, only the sine portion
of the series will remain (and the leading term vanishes).

We have considered thus far only the representation of the function
f(x) in the interval —7n < x < 7. Because the functions sinrx and cosrx
have a periodicity of 2z, the series expansion for f(x) [Eq. (14.153)] will
also repeat in every interval of 2z. We can, however, alter the range by a
simple change of variable. Thus, for the region — L < x < L, we make the
substitution x’ — nx'/L and find

1 [t rax (YL x|
f(x) = 3L (x)dx + — Z [cosTj_Lf(x)cosde
+ smm—xJ. fx sm—dx] (14.155)

In addition, if f(x) is an odd function for —L < x < L, we have a sine
series;*
rRX

= —Z sm———f flx sm—dx (14.156)
Similarly, if f(x) is an even function for —L < x < L, the cosine series is*
j fx)dx + = zcosﬂfj f(x cos—dx (14.157)

If f(x) is defined only in the interval 0 < x < L, and if it is immaterial
whether the Fourier series that represents this function is even or odd in
the interval —L < x < L, then the expansion can be made in terms of
either a sine or a cosine series. Depending on the circumstances, one or the
other of these choices may be more appropriate.

P> Example 14.12(a). Let us consider the Fourier expansion of a saw-toothed function,
as illustrated in Fig. 14-8. In the basic interval, such a function may be expressed as

fx)=—, —L<x<L n

S
1

* Since the integral for — L < x < 0 is the same as that for 0 < x < L, we need to consider
only one part and double the result.
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and since f(x) is clearly an odd function, we may use a Fourier sine series:

L
2 . rnxj x' . orax’

fx) = ZZ,:SIHT ) Zsdex
2« . rmx L jm .
=) sin— —— | 0sinfdf
L% L r°n o
e rmx 2 . 0 — Boos 6 g=rz
~Zr:sm I 2z [sin cos s
d 2 rnXx
— _1 r+1 = il
PYRISERI o

where the term (—1)"*! takes account of the fact that

+1, r odd
—cosrn = 3)
-1, r even
Therefore, we have
2] . mnx 1. 2rx 1 | 3mx
f(x)— E,:SIH—E“‘ESIHT'FgSIHT— ] (4)

Figure 14-9 shows the result for 2 terms, 5 terms, and 8 terms of this expansion.
It is clear that convergence toward the saw-toothed function is none too rapid.
Two features of the expansion should be noted. At the points of discontinuity (x = + L)
the series yields the mean value (zero), and in the region immediately adjacent to the
points of discontinuity, the expansion “overshoots” the original function. This latter
effect is known as the Gibb’s phenomenon* and occurs in all orders of approximation.
The Gibb’s overshoot amounts to about 9%, on each side of any discontinuity even
in the limit of an infinite series.

Example 14.12(b). Consider next the function in Fig. 14-10 which consists of the
positive portions of a sine function. (Such a function represents, for example, the
output of a half-wave rectifying circuit.) Therefore, we have for the first complete
period

sin wt, O<owt<nr

f@= 1)

0, n<ot<?2n

* Josiah Willard Gibbs (1839--1903) discovered this effect empirically in 1898. A detailed
discussion is given, c.g., by Davis (Da63, pp. 113—-118). The amount of overshoot is actually
8.9490- - %.
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8 terms

FiG. 149

3n
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2n
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FiG. 14-10
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The evaluation of the Fourier coefficients yields the following results:

2
ag = —
A
a, =0
_ Ifcos(r + Nwt  cos(r — Nt "
“= 7{[ 2r + 1) -y | "*! > @
by = %
b,:L sm(r—lﬂ_-sm(r+l)wt —0, 40,1
| r— 1 re |
The solid curve in Fig. 14-11 shows the function
f(t) =Lag + by sinwt + a; cos 2wt + a, cos 4wt (3)

and the dashed curve is the exact function. It is apparent that even the first few terms
of the expansion give a fairly close approximation to the function. The original func-
tion in this case is “'smoother™ than the saw-toothed function of the preceding example,
so the convergence of the Fourier series is much more rapid. This is a general result:
a highly discontinuous function can be approximated with reasonable accuracy by a
Fourier series only if a large number of terms is used.

-— Exact

- Sum of first four terms

F1G. 1411

Suggested References

At the intermediate level, discussions of coupled motion, vibrating strings, and normal
modes are given by Becker (Be54, Chapters 14 and 15), Houston (Ho48, Chapter 7),
and Slater and Frank (S147, Chapters 7 and 8).

Accounts that are more advanced and treat the general theory of vibrating systems
are those of Goldstein (Go50, Chapter 10), Symon (Sy60, Chapters 8 and 12), and
Wangsness (Wa63, Chapters 12-14).

The classic treatisc by Lord Rayleigh (Ra94) describes the theory of vibrations in
great detail. The general discussion of oscillatory systems (Chapters 4 and 5) and
the treatment of vibrating strings (Chapter 6) are particularly useful.
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The theory of Fourier series and general orthogonal functions is discussed in a variety
of mathematical texts; see, for example, Churchill (Ch41), Kaplan (Ka52, Chapter
7), and Pipes (Pi46, Chapter 3). A particularly useful modern treatment is that by
Davis (Da63); orthogonal functions (Chapter 2), Fourier series (Chapter 3), and
applications to vibrating strings (Chapter 6) are discussed in detail.

The vibrations of strings with variable density and tension is treated by Slater and
Frank (Sl47, Chapter 10) and by Wangsness (Wa63, Chapter 16).

Problems

14-1. A pair of identical LC circuits are arranged as in the figure. The circuits
are coupled by their mutual inductance M. Write down the pair of equations
that result from the application of Kirchhoff’s circuit law. Express these
equations as second-order differential equations for the time dependence

of i, and i,, the currents flowing in the two circuits. Obtain the solutions
and compare with the results for the two coupled harmonic oscillators
discussed in Section 14.2.

14-2. Express the kinetic and potential energies of a system undergoing
small oscillations in terms of the normal coordinates of the system. Com-
pute the time average of T'and U, and thereby show that, on the average,
the total cnergy of the system is equally divided between kinetic and
potential energy. Show that the same result follows from the virial thcorem.

14-3. Refer to the problem of the coupled oscillators discussed in Examples
14.3 and 14.5. Consider the case in which the force constant of the spring
that joins the two masses is k" and let k" be small compared to k. Compare
the motion of the system with k' <€ x to that found for k' = k.

14-4. Consider two identical harmonic oscillators that are coupled via a
force that is proportional to the relative velocity of the two masses (rather
than a force proportional to the relative displacement, as in Example 14.3).
Discuss the normal modes of oscillation for the system.
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14-5. Two identical harmonic oscillators are coupled by means of a spring
that has a force constant k" and a mass m. Discuss the motion. Show that
the results of Examples 14.3 and 14.5 are obtained in the limit k" — x and
m — 0. (It will be convenient to describe the motion of the system in terms
of the motion of the center of mass and the motion relative to the center
of mass.)

14-6. Rework thc problem of the two linearly-coupled plane pendula for
the case in which the lengths of the pendula arc not equal. Obtain the
eigenfrequencies and the normal coordinates. Show that the phenomenon
of beats still occurs, but that the energy of the system is never completely
transferred to either of the pendula.

14-7. Consider a double pendulum which consists of two identical pendula
of lengths ! and bobs of mass M, with one pendulum suspended from the
bob of the other. Show that the eigenfrequencies for small oscillations are

w= \/2i\/§ %

Find the two sets of initial conditions which allow the double pendulum to
oscillate in its normal modes. Describe the physical situation for each
mode.

14-8. A thin hoop of radius R and mass M is allowed to oscillate in its own
plane with one point of the hoop fixed. Attached to the hoop is a small
mass M which is constrained to move (in a frictionless manner) along the
hoop. Consider only small oscillations and show that the eigenfrequencies

are
2
@1 :\/i\/%’ wzz\zf\/%

Find the two sets of initial conditions which allow the system to oscillate
in its normal modes. Describe the physical situation for each mode.

14-9. Refer to the problem of the two lincarly-coupled plane pendula in
Section 14.6. Assume the following initial conditions: 8,(0) = 0,(0) = 0,,
8,(0) = 0,(0) = 0. Show that under these conditions the total energy of
each pendulum is constant and that no transfer of energy occurs. Determine
whether or not this situation is stable by introducing a small perturbation
into the motion of one pendulum and examining the subsequcnt motion.
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Consider the phenomenon of beats in this case. Can the energy be com-
pletely transferred to one pendulum?

14-10, Three particles of equal mass M are connected by springs, as in the
figure. The support points 4, B, and C are fixed and form an equilateral
triangle. All the springs have equal force constants, x. At equilibrium the

particles form an equilateral triangle. Find the eigenfrequencies for small
oscillations if the particles are constrained to move along the dotted lines.
Explain physically why there are only two eigenfrequencies.

14-11. In the problem of the three coupled pendula, consider the case in
which the three coupling constants are distinct, so that the potential
energy may be written as

U =40% + 03 + 05 — 261,0,0, — 2¢,30,0, — 2¢,50,05)
with &, ,, &3, &,5 all different. Show that there is no degeneracy in such a

system. Show also that degeneracy can occur only if &, = &5 = &,3.

14-12. Construct two more of the possible eigenvectors for the degenerate
modes in the case of the three coupled pendula by requiring the following
conditions: (a) a;; = 2a,; (b} as; = —3a,,. Interpret these situations
physically.

14-13. Three oscillators of equal mass m are coupled in such a manner that
the potential energy of the system is given by

U = 3[r1(x? + x3) + kX3 + Ka(x1x; + x2%3)]
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where k3 = \/2k,x,. Find the eigenfrequencies by solving the secular
equation. What is the physical interpretation of the null mode?

14-14. Consider a thin homogeneous plate of mass M which lies in the
x,-x, plane with its center at the origin. Let the length of the plate be
2A (in the x,-direction) and let the width be 2B (in the x,-direction). The
plate is suspended from a fixed support by four springs of equal force
constant k located at the four corners of the plate. The plate is free to
oscillate, but with the constraint that its center must remain on the x;-
axis. Thus, there are three degrees of freedom: (1) vertical motion, with
the center of the plate moving along the xj-axis; (2) a tipping motion
lengthwise, with the x;-axis serving as an axis of rotation (choose an
angle # to describe this motion); and (3) a tipping motion sidewise, with
the x,-axis serving as an axis of rotation (choose an angle ¢ to describe
this motion). Assume only small oscillations and show that the secular
equation has a double root and, hence, that the system is degenerate.
Discuss the normal modes of the system. (In evaluating the ay for the
degenerate modes, arbitrarily set one of the aj equal to zero in order to
remove the indeterminacy.) Show that the degeneracy may be removed by
the addition to the plate of a thin bar of mass m and length 24 which is
situated (at equilibrium) along the x,-axis. Find the new eigenfrequencies
for the system.

14-15. Show by using both Newton’s equation and the Lagrangian method
that the equations of motion for longitudinal vibrations of a loaded string
are of exactly the same form as the equations for transverse motion, except
that the factor 7/d must be replaced by x, the force constant of the string.

14-16. Compare, by plotting a graph, the eigenfrequencies w, as a function
of the eigenvalue parameter (or mode number) ! for a loaded string con-
sisting of 3, 5, and 10 particles and for a continuous string. (Assume the
same values for  and for m/d = p for both strings.) Comment on the results.

14-17. Discuss the motion of a continuous string when the initial con-
ditions are §(x,0) = 0, g(x,0) = Asin(3zx/L). Resolve the solution into
normal modes.

14-18. Discuss the motion of a continuous string when the initial con-
ditions are

q(x,0) =0

g(x,0) =0, for X<—=—35 and x>—+s

o~
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but

L
q(x70)=UOy for §—S<X<§+S

That is, the string is set into motion by being struck over a length 2s about
its center.

14-19. Discuss the motion of a continuous string when the center is dis-
placed a distance h and at time ¢ = 0 is released.

14-20. Discuss the motion of a continuous string when the initial con-
ditions are

q(x,0) = 4x(L — x)/L?; G(x,0)=0

Find the characteristic frequencies and calculate the amplitude of the
nth mode.

14-21. Consider a uniform string with density p(x) = p, = const. which is
loaded with 3 small weights, equally spaced and each of mass m. Calculate
the first-order frequency corrections for the first 5 modes of vibration.
Comment on the physical significance of these results.

14-22. Refer to Example 14.11 for the string with a density p(x) = p, + Ax.
Obtain an expression for the frequency w, of a string of the same mass,
but with uniform density. Compare the result with the first-order result
found in the exampile.

14-23. Obtain the second-order frequency correction for a string with
density p(x) = p, + Ax.

14-24. Consider a string whose density is p(x) = p, + 4 sin(nx/L). Calculate
the elements of the tensor {m} and show that there is coupling between
all of the odd modes and between all of the even modes. (Thus, all of the
tensor elements m vanish unless j and k are both odd or both even.)

14-25, Perform a perturbation calculation for the string of the preceding
problem and obtain the first- and second-order frequency corrections.

14-26. Consider the case of the continuous string of constant density in
which the tension is a slowly varying function of the distance along the
string. Expand 1 in a power series and calculate the first-order frequency
correction for this case.

14-27. Refer to Example 14.11 for the string with density p(x) = p, + Ax.
Calculate the first-order correction to the wave functions [see Eq. (14.130)]
for the first 3 modes of vibration (i.e., * = 1,2, 3). Examine the magnitudes
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of successive terms in each summation and retain only the first few large
terms. Compare the results graphically with the zero-order wave functions.

14-28. Obtain the Fourier expansion of the function
T

> —-n<x<0
fx) =

+E O<x<mn

29

in the interval —n < x < #. Calculate and plot the sums of the first two
terms, the first three terms, and the first four terms to demonstrate the
convergence of the series.

14-29. Obtain the Fourier series which represents the function

0, —n<x<0

f(X)={

sin x, O<x<n

14-30. Find the Fourier sine series and the Fourier cosine series which
represent the function

fx) = ¢, O<x<nm
14-31. Find the Fourier series which represents the function
f(x) = x2, —-L<x<L

14-32. Find the Fourier series which represents the function

1, O<x<1
f(x)={

2, l<x<3
fix+ 3= f(x), allx

14-33. Expand the function f(x) =1 (0 < x < m) in a sine series and
substitute x = /2 into the result to show that

1 1 1 T
l=3+3=53+"=3
14-34. Obtain the Fourier representation of the output of a full-wave
rectifier. Plot the first three terms of the expansion and compare with the
exact function.

14-35. Describe in detail how it would be possible to obtain the Fourier
components of a function which is given only graphically (as, for example,
a photograph of an oscilloscope trace). What are the practical restrictions
of such a method?
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14-36. Consider a function f(x) which is defined within the interval
—7n < x < w. Such a function may be represented by the Fourier series
given in Eq. (14.147). The derivative of f(x) may also be expanded as

A e ¢)
Sx) = 70 + Y (4, cosrx + B,sinrx)
r=1

Show that

Ao = [fm) — f(~7)]

cos rm
A, =rb, +

Lf(m) — f(=m)]

ki

B = —ra

r r

where the g, and b, are given by Eqs. (14.150). Hence, show that f’(x) may
be obtained by differentiating the series for f(x) term by term only if

f(@ = f(—m).
Demonstrate this result by considering the functions fi(x) = x and

Solx) = x%.



CHAPTER |5

The Wave Equation in One Dimension

15.1 Introduction

In the preceding chapter we introduced the wave equation, one of the
truly fundamental equations of mathematical physics. The solutions of this
equation are in general subject to various limitations imposed by certain
physical restrictions that are peculiar to a given problem. These limitations
frequently take the form of conditions on the solution that must be met
at the extremes of the intervals of space and time that are of physical
interest. We must therefore deal with a boundary-value problem involving
a partial differential equation. Indeed, such a description characterizes
essentially the whole of what we call mathematical physics. We have already
seen some indications of the solutions to this type of equation, and in this
chapter we shall investigate in detail the solutions of the wave equation.
We shall, however, confine ourselves to a discussion of waves in one
dimension.* One-dimensional waves describe, for example, the motion of
a vibrating string. On the other hand, the compression (or sound) waves
which may be transmitted through an elastic medium, such as a gas, can

* Three-dimensional waves are treated, for example, in Marion (Ma65b, Chapter 10).

478
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also be approximately one-dimensional waves (if the medium is sufficiently
large so that the edge effects are unimportant). In such a case, the condition
of the medium is approximately the same at every point on a plane, and
the properties of the wave motion are then functions only of the distance
along a line normal to the plane. Such a wave in an extended medium is
called a plane wave, and is mathematically identical to the one-dimensional
waves which are treated here. We shall consider in this chapter only

mechanical waves; an extensive discussion of electromagnetic waves is
given in Marion (Maé65b).

15.2 Separation of the Wave Equation

The one-dimensional wave equation which was found for the vibrating
string is* [cf. Eq. (14.101)]:

i N X
ox2 T ot

(15.1)

where p is the linear mass density of the string and where 7 is the tension.
Now, the dimensions of p are [ML™'] and the dimensions of t are those
of a force, viz., [MLT~?]. Therefore, the dimensions of p/t are [T?L"?],
ie., the dimensions of the reciprocal of a squared velocity. If we write

YR .
/t/p = v, the wave equation becomes

T e—
Rt g 1 ¢*Y¥ ‘
o e 0 (15-2)

It will be one of our tasks to give a physical interpretation of the velocity
v; it is not sufficient to say that v is the “'velocity of propagation™ of the
wave.

To show that Eq. (15.2) does indeed represent a general wave motion,
we introduce two new variables,

E=x+ut
ot (15.3)
n=Xx—

* We use the notation W = ¥(x,t) to denote a time-dependent wave function and ¥ = ¥(x)
to denote a time-independenr wave function.
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Evaluating the derivatives of ¥ = W(x, t) which appear in Eq. (15.2), we
have
oY ovYoc oYon
ox  Of Ox  On ox
_o¥ + oF 154

Then,

axZ  ox dx - ox\oE T on
6(8‘1’ O‘P)gé a(aql 8‘1’)@

Y 0dY D (a\{l aw)

“oe\ar Tl T
e s B
T 8Er  Tokon - on?

¢ Vo) ox

(15.5)

Similarly, we find

10Y 0¥ oY

=l 15.
v ot 0 On (156)

and,
1 62‘1’_ 1 6(16‘1’) 1 8(6‘1’ 6‘1’)
02 o> wor\w ot/ vot\éE
_ o’y oY 4 o2y
oo okon  on?
But, according to Eg. (15.2), the right-hand sides of Egs. (15.5) and (15.7)
must be equal. This can be true only if

2y
oEon

(15.7)

(15.8)

The most general expression for s that can satisfy this equation is a
sum of two terms, one of which depends only on ¢ and the other only on
n; no more complicated function of ¢ and s will permit Eq. (15.8) to be
valid. Thus,

Y= (O + g (159)

or, substituting for & and #,

Y = f(x + vt) + g(x — vi) (15.9a)



15.2 SEPARATION OF THE WAVE EQUATION 481

where f and g are arbitrary functions of the variables x + vt and x — vt,
respectively, which are not necessarily of a periodic nature, although, of
course, they may be.

As time increases, the value of x must also increase in order to maintain
a constant value for x — vt. Therefore, the function g will retain its original
form as time increases if we shift our viewpoint along the x-direction (in
a positive sense) with a velocity v. Thus, the function g must represent
a disturbance which moves to the right (i.e., to larger values of x) with a
velocity v, whereas f represents the propagation of a disturbance to the
left. We therefore conclude that Eq. (15.2) does indeed describe wave
motion and, in general, a traveling (or propagating) wave.

In the discussion of the vibrating string in Chapter 14, it will be recalled,
we assumed a sinusoidal time variation of the wave function, in the form
exp(iwt), and then proceeded to investigate the spatial variation of the
wave function. Since the string was fixed at either end, we found sinusoidal
solutions corresponding to the normal modes. Since we have not yet
supplied any boundary conditions to the problem presently under con-
sideration, we have the more general solution represented by Eq. (15.9a).

If we require a solution which is harmonic (as for the vibrating string
or, for that matter, for a large number of problems of physical interest),
we may write

P(x, 1) = PY(x)e'™ (15.10)

so that the one-dimensional wave equation [Eq. (15.2)] becomes
iy =0 (15.11)

where ¥ is now a function of x only.

The general wave motion of a system is not, of course, restricted to a
single frequency w. For a system with n degrees of freedom there are n
possible characteristic frequencies, and for a continuous string there is an
infinite set* of frequencics. If we designate the rth frequency by ,, the
wave function corresponding to this frequency is

P, (x, 1) = P (x)e’r (15.12)

The complete wave function is a superposition (recall that we are dealing

* An infinite set of frequencies would exist for a truly continuous string, but since a real
string is composed fundamentally of atoms, there does exist an upper limit for o (see Section
15.3).
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with a linear system) of all the particular wave functions (or modes).
Thus,

W(x, 1) = Y W x. 1) = ¥ i (x)eer (15.13)

In Eq. (15.10) we assumed that the wave function was periodic in time.
But now we see that this assumption entails no real restriction at all (apart
from the usual assumptions regarding the continuity of the functions and
convergence of the series), since the summation in Eq. (15.13) actually
gives a Fourier representation of the wave function and is therefore the
most general expression for the true wave function.*

We now wish to show that Eq. (15.12) results naturally from a powerful
method that may often be used to obtain solutions to partial differential
equations—the method of separation of variables. First, we express the
solution as

W(x, t) = Y(x) - x(t) (15.14)

That is, we assume that the variables are separable and therefore that the
complete wave function may be expressed as the product of two functions,
one of which is a spatial function only, and one of which is a temporal
function only. It is not guaranteed that we will always be able to find such
functions, but many of the partial differential equations encountered in
physical problems are, fortunately, separable in at least one coordinate
system ; some (such as those involving the Laplacian operator) are separable
in many coordinate systems. In short, the justification of the method of
separation of variables, as is the case with many assumptions in physics,
is in its success in producing acceptable solutions to a problem. (**Accept-
able” = *‘experimentally verifiable.”)
Substituting ¥ = iy into Eq. (15.2), we have

d d
Yy X _ o

o2 T2 dr T
or,
vdhy  1d%y
Ui =y (15.15)

* Euler proved in 1748 that the wave equation for a continuous string was satisfied by an
arbitrary function of x + vt, and Daniel Bernoulli showed in 1753 that the motion of a string
was a superposition of its characteristic frequencies. These two results, taken together, indicated
that an arbitrary function could be described by a superposition of trigonometric functions.
This Euler could not believe, and so he (as well as Lagrange) rejected Bernoulli’s superposition
principle. The French mathematician Alexis Claude Clairaut (1713-1765) gave a proof in an
obscure paper in 1754 that the results of Euler and Bernoulli were actually consistent, but it
was not until Fourier gave his famous proof in 1807 that the question was settled.
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But, in view of the definitions of ¥(x) and y(¢), the left-hand side of Eq.
(15.15) is a function of x alone, while the right-hand side is a function of
t alone. This is possible only if each part of the equation is equal to the
same constant. To be consistent with our previous notation, we choose
this constant to be —w?. Thus, we have

d? w?

dTl/; + 25U =0 (15.16a)
and,

d*y ,

These equations are of a familiar form, and we know that the solutions
are

Y(x) = Aei@m* 4 Be~iwio)x (15.17a)
X(t) — Ceimt + De*imt (1517b)

where the constants A, B, C, D, are, of course, determined by the boundary
conditions. We may write the solution ¥(x, t) in a shorthand manner as

P(x, 1) = Y(x)x(t) ~ exp[ +i(w/v)x] exp[ +iot]

~ exp[ tiw/v)(x + vt)] (15.18)

This notation means that the wave function W varies as a linear combination
of the terms

expli(w/v)(x + vt)]
expli(/o)lx — vt)]
exp[ —ilw/v)(x + vt)]
exp[ —i(w/o)x — v0)]

The separation constant for Eq. (15.15) was chosen to be —w?. There is
nothing in the mathematics of the problem which indicates that there is a
unique value of w; hence, there must exist a set* of equally acceptable
frequencies, w,. To each such frequency there corresponds a wave function:

¥,(x, t) ~ exp[ Li(w,/v)(x + v1)]

* At this stage of the development, the set is, in fact, infinite since no frequencies have yet
been eliminated by imposing the boundary conditions.
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The general solution is therefore not only a linear combination of the
harmonic terms, but also a sum over all possible frequencies:

¥(x.0)~ ¥ 0¥,
~ Y a, exp[ L i(w,/v)(x + vt)] (15.19)

The gencral solution of the wave equation therefore leads to a very
complicated wave function. There are, in fact, an infinitc number of
arbitrary constants a,. This is a general result for partial differential equa-
tions; but this infinity of constants must satisfy the physical requirements
of the problem (the boundary conditions), and therefore they can be
evaluated in the same manner that the coeflicients of an infinite Fourier
expansion can be evaluated.

For much of our discussion it will be sufficient to consider only one of
the four possible combinations expressed by Eq. (15.18); that is, we select
a wave propagating in a particular direction and with a particular phase.
Then we may write, for example,

¥.(x,t) ~ exp| —i(w,/v)(x — v1)]

This is, of course, the rth Fourier component of the wave function, and the
general solution will be a summation over all such components. However,
the functional form of each component is the same, and they may be dis-
cussed separately. Thus, we shall usually write, for simplicity,

Y(x, 1) ~ exp[ — i(w/v)(x — vt)] (15.20)

It will be understood that the general solution must be obtained by a
summation over all frequencies that arc allowed by the particular physical
situation.

It is customary to write the differential equation for y/(x) as

2
%+ K2y =0 (1521)

which is the time-independent form of the one-dimensional wave equation,
also called the Helmholtz equation,* and where

k2= (15.22)

* Hermann von Helmholtz (1821~1894) used this form of the wave equation in his treatment
of acoustic waves, 1859.
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The quantity k is called the propogation constant or the wave number (i.e.,
the number of wavelengths per unit length) and has dimensions [L™1'].
The wavelength 4 is the distance required for one complete vibration of
the wave:

and hence the relation between k and 4 is

2n
k="
A

Therefore, we may write in general
Y (X t) ~ etikr(xim)
r b
or, for the simplified wave function,
lP(X, t) ~ e*ik(x—vt) — ei(wz—kx) (1523)

If we superimpose two traveling waves of the type given by Eq. (15.23),
and if these waves are of equal magnitude (or amplitude) but moving in
opposite directions, then

Y=Y, + ¥_ = e x4 go~ikx—v) (15.24)
or,
¥ = Ae (et + g0t
= 24e”** cos wt
The real part of which is
WY = 2A cos kx cos wt (15.25)

Such a wave no longer has the property that it propagates; the wave form
does not move forward with time. There are, in fact, certain positions which
undergo no motion whatsoever. These positions are the nodes and result
from the complete cancellation of one wave by the other. The nodes of
the wave function given by Eq. (15.25) occur at x = (2n + 1)n/2k, where n
is an integer. Because there are fixed positions in waves of this type, they
are called standing waves. Solutions to the problem of the vibrating string
are of this form (but with a phase factor attached to the term kx so that the
cosine is transformed into a sine function satisfying the boundary con-
ditions).
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15.3 Phase Velocity, Dispersion, and Attenuation

We have seen, in Egs. (15.18), that the general solution to the wave
equation produces, even in the one-dimensional case, a complicated
system of exponential factors. For the purposes of further discussion, we
shall restrict our attention to the particular combination

W(x, 1) = Ael@—+ (15.26)

This equation describes the propagation to the right (larger x) of a wave
which possesses a well-defined frequency w. Certain physical situations can
be quite adequately approximated by a wave function of this type—e.g.,
the propogation of a monochromatic light wave in space, or the propagation
of a sinusoidal wave along an infinite string (or one which is terminated in
such a way that reflection is minimized).

The phase ¢ of the wave described by Eq. (15.26) is defined to be the
argument of the real part of the wave function:

¢ = wt — kx (15.27)
If the phase remains constant in time, then the form of the wave function

remains the same. Such a condition defines a phase velocity V or velocity
of propagation of the wave form. To insure ¢ = const. we set

dep =0 (15.28)
or,
wdt = kdx
from which
dx

so that the phase velocity in this case is just the quantity originally intro-
duced as the velocity. It is important to note that it is possible to speak of
a “‘phase velocity” only when the wave function has the same form through-
out its length. This condition is necessary in order that we be able to
measure the wavelength by taking the distance between any two successive
wave crests {(or between any two successive corresponding points on the
wave). If the wave form were to change as a function of time or of distance
along the wave, these measurements would not always yield the same
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results. As we shall see in Section 15.7, the only way in which we can insure
that the wavelength will not be a function of time or space (i.e., that
will be pure) is that the wave train be of infinite length. If the wave train is
of finite length, there must be a spectrum of frequencies present in the
wave, and the phase velocity has no meaning in the strict sense. How-
ever, we shall occasionally speak of the “‘phase velocity” for a wave which
is not actually infinite in extent. This terminology will be convenient, even
though it is not strictly correct.

Let us next return to the example of the loaded string and examine the
properties of the phase velocity in that case. We have previously found
[Eg. (14.75)] that the frequency for the rth mode of the loaded string when
terminated at both ends is given by

/ T . T
w, = 2 W Sin m (1530)

where the notation is the same as in Chapter 14. We recall also that we
take only positive values for the frequencies. Now, when r = 1, there is a
node at both ends, and none between; hence, the length of the string is
one-half of a wavelength. Similarly, when r = 2, L = 4 and, in general,
2, = 2L/r. Therefore,

I rnd rnd nd kd

X+ D) 2n+ D 2L L2 asiy

w, =2 /isink'd 532

Since this expression no longer contains n or L, it applies equally well to
a terminated or an infinite loaded string.

In order to study the propagation of a wave in the loaded string, we
initiate a disturbance by selecting one of the particles, say the zeroth one,
and forcing it to move according to

and then

qgolt) = Ae™ (15.33)

If the string contains many particles,* then any frequency less than 2./t/md,
in particular, the frequency o in Eq. (15.33), is an allowed frequency, i.e.,

* Strictly, we nced an infinite number of particles for this type of analysis, but we may
approach as closely as desired to the ideal conditions by increasing the finite number of
particles.
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an eigenfrcquency. After the transient effccts have subsided and the steady-
state conditions attained, the phase velocity of the wave is given by*t

_ o [dlsin(kd/2)]
V=2 J%W — V(k) (15.34)

Therefore, we have the result that the phase velocity is a function of the
wave number; i.e., V is frequency-dependent. When V = V(k) for a given
medium, that medium is said to be dispersive, and the wave exhibits dis-
persion. The best known example of this phenomenon is the simple optical
prism. The index of refraction of the prism is dependent on the wavelength
of the incident light (i.e., the prism is a dispersive medium for optical
light); and, upon passing through the prism, the light is separated into a
spectrum of wavelengths (i.e., the light wave is dispersed).

From Eq. (15.34) we see that as the wavelength becomes very long
(4 — oo or k — 0) the phase velocity approaches the constant value

V(A — w) = :n—d (15.35)

But, otherwise, V = V(k), and the wave is dispersive. We note that the
phase velocity for the continuous string is [see Eq. (14.102)]:

=p= | (15.36)
p

and since m/d for the loaded string corresponds to p for the continuous
string, the phasc velocities for the two cases are equal in the long-wave-
length limit (but only in this limit). This is a reasonable result since as A
becomes large compared with d, the properties of the wave are less sensitive
to the spacing between particles, and, in the limit, d may vanish without
affecting the phase velocity.

From Eq. (15.34) it will be seen that the phase velocity falls off with
increasing wave number due to the factor (kd/2)™', and it is modulated
by the sine term, vanishing at those frequencies for which sin(kd/2) = 0.
The dependence of V on the wave number is shown in Fig. 15-1. It is
evident that the loaded string exhibits a filtering action, allowing waves
with certain frequencies to be propagated more freely than others. Certain

|2

cont.

*In Eq. (15.30) the values of r are required to be < n [see Eq. (14.68)], so that we automa-
tically have w, > 0 since sin[rn/2(n + 1)] > 0 {or 0 < r < n. We no longer have such a restric-
tion on kd so that sin(kd/2) can become negative. We continue to consider only positive frequen-
cies by always taking only the magnitude of sin(kd/2).

+ This result was obtained by Baden-Powell in 1841, but it was William Thomson (Lord
Kelvin) (1824-1907) who realized the full significance, 1881.



15.3 PHASE VELOCITY. DISPERSION, AND ATTENUATION 489

I_d
m
V(k)
\/\/\/\/\_,
o, 2 dn e & i0n,
d d d d d
Fig. 15-1

frequencies, in fact, are suppressed altogether. These latter frequencies are
those for which kd/2 = nn, or nd = d. That is, the spacing between masses
is an integral number of wavelengths; with each mass at a node, there is
no motion of the masses and, hence, no propagation of the wave.

From the relationship between frequency and wave number [Eq. (15.32)]
we see that for every value of k there exists a well-defined value of w.
The converse, however, is not true; for every w there is an infinity of
wave numbers which will yield the same result. The values of k are therefore
unlimited, whereas we must have

O<w<?2 |- (15.37)
md

Next, we investigate the case in which we force the string to vibrate at

a frequency greater than 2,/t/md. For this purpose we allow k to become
complex and inquire as to the consequences:

k=1x—ip, K,f>0 (15.38)
The expression for @ [Eq. (15.32)] then becomes

T . d .
w=2 /%SIHE(K — if)
S ifd zﬁd]
= 2\/md[sm cos—z— 005751n—

o kd pd . kd ﬁd]
_2\/%[smjcosh—2 —icos 581nh7 (15.39)
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If the frequency is to be a real quantity, the imaginary part of this expres-
sion must vanish. Thus, we may have either cos(kd/2) = 0 or sinh(#d/2) = 0.
But the latter choice would require § = O, contrary to the necessity for k
to be complex. Therefore, we have

d
cos% ~0 (15.40)
For this case we must also have
d
Sin’% =1 (15.41)

Then the expression for the frequency becomes

T pd
=2 |—cosh—— .
w i cosh 3 (15.42)

Thus, we have the result that for w < 2./t/md, the wave number k is real,
and the relation between w and k is given by Eq. (15.32); whereas for
w > 2\/r/md, k is complex with the real part x fixed by Eq. (15.40) at the
value k¥ = n/d and with the imaginary part f given by Eq. (15.42). The
situation is shown in Fig. 15-2.

—= &3

=X
\,

FiG. 15-2

What is the physical significance of a complex wave number? Our original
wave function was of the form

\P — Aei(wt—kx)
but if k = k — if5, then ¥ may be written as
Y = e Frpiter—xx (15.43)
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and the factor exp(— fx) represents a damping or an attenuation of the
wave with increasing distance x. We conclude, therefore, that the wave is

propagated without attenuation for w < 2./7t/md (this region is called the

passing band of frequencies), and that attenuation sets in at w, = 2,/1/md
(called the critical or cutoff frequency*) and increases with increasing
frequency.

The physical significance of the real and imaginary parts of k is now
apparent: f is the attenuation coefficientt (and exists only if w > ),
whereas x is the wave number in the sense that the phase velocity V' is
given by

7

e_° (15.44)
K

" Rek
rather than by V = w/k. Of course, if k is real, these expressions for V
and V' are identical.

This example emphasizes the fact that the fundamental definition of the
phase velocity is based upon the requirement of the constancy of the
phase and not upon the ratio w/k. Thus, in general, the phase velocity V
and the so-called wave velocity v are distinct quantities. We note also that
if @ is real and if the wave number k is complex, then the wave velocity v
must also be complex so that the product kv will yield a real quantity for
the frequency through the relation @ = kv. On the other hand, the phase
velocity, which arises from the requirement that ¢ = const., is necessarily
always a real quantity.

In the preceding discussion we considered the system to be conservative
and we argued that this required @ to be a real quantity. We found that if
w exceeds the critical frequency w,, attenuation results and the wave num-
ber becomes complex. If we relax the condition that the system is conserva-
tive, the frequency may then be complex and the wave number real. In
such a case the wave is damped in time, rather than in space. (See Problem
15-1.) Spatial attenuation (w real, k complex) is of particular significance
for traveling waves, whereas temporal attenuation (o complex, k real) is
important for standing waves.

Although attenuation occurs in the loaded string if @ > w,, the system
is still conservative and no energy is lost. This seemingly anomalous
situation results because the force applied to the particle in the attempt to
initiate a traveling wave is (after the steady-state condition of an attenuated

* The occurrence of a cutoff frequency was discovered by Lord Kelvin, 1881.

t The reason for writing k = x — if8 rather than k = « + iff in Eq. (15.38) is now clear; if
f > 0 for the latter choice, then the amplitude of the wave would increase without limit
rather than decrease toward zero.

i Sce the discussion in Section 14.3 in the paragraph following Eq. (14.26).
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wave is set up) exactly 90° out of phase with the velocity of the particle so
that the power transferred, P = F -, is zero. (See Problem 15-2.)

In this treatment of the loaded string, we have tacitly assumed an ideal
situation. That is, the system was assumed to be lossless. As a result, we
found that there was attenuation for w > w, but none for v < w,. Of
course, every real system is subject to losses, so that, in fact, there is some
attenuation even for w < w,. We shall return to this point in the next
section and make some qualitative remarks concerning lossy systems.

15.4 Electrical Analogies—Filtering Networks

The occurrence of filtering action and a cutoff frequency in the propa-
gation of waves along a loaded string has an important analogy in the theory
of electrical networks. Since the impedance presented to an alternating
electric current by an inductance L is proportional to wL and since the
impedance presented by a capacitance C is proportional to 1/wC, then by a
proper arrangement of inductors and capacitors it is possible to selectively
shunt either the high or low frequencies and pass the others.* For example,
a high-pass filter network may be constructed as in Fig. 15-3, in which the
low frequencies are shunted by the inductors while the high frequencies
are transmitted through the capacitors.

IIC ]
L 1

O T T e

C
F

F16. 15-3

* Oliver Heaviside (1850-1925) realized this fact in 1887, but it was not until 1900 that a
successful low-pass filter was constructed by Pupin. A high-pass filter was built by Campbell
in 1906.



15.4 ELECTRICAL ANALOGIES— FILTERING NETWORKS 493

Similarly, a low-pass filter may be constructed by interchanging the
positions of the inductors and capacitors. Let us analyze such a case.
Figure 15-4 shows a section of a transmission line with lumped inductive
and capacitive elements. (We neglect, for the moment, the possibility of
resistance in the line.) We let the current in the nth inductor be i, the
charge on the nth capacitor be Q,, and the potential to ground at the
point between the nth elements be V,. We have, then,

vV, = 9’ (15.45)
C
and
di
t=V_, -V
Ldt n—1 n
Qn—l Qn
= - = 15.46
C C ( )
We may also write
g, . .
a T e (15.47)

Differentiating Eq. (15.46) with respect to time and then substituting for
dQ,/dt from Eq. (15.47), we obtain
d?i, 1

dtz = L_C(in—l - 2ln + in+l) (1548)

This equation is of exactly the same form as that we have previously
obtained for the loaded string [Eq. (14.55)]:

d’q T
— = (ga_y — 29, + q, 15.48a
P =m d(q 1 Gn + Gu+1) ( )
in*l in_> in+1_’ in+ l—_>
V._, Vi, v, Vas1 Vot
L L L L
_‘_Qn—Z _‘_Qn—l _‘_Qn _‘_Qn+l -J_Qn+2
cT cT cT cT cl
d d d d

Fi1G. 15-4
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Therefore, the solution of the equation for the lumped-element electrical
transmission line must be equivalent to that for the vibrating mechanical
system. Thus, the phase velocity is [cf. Eq. (15.34)]:

vy = 4 lsin(kd)2) (15.49)

VLC  kd/2

where d is the spacing between elements in the line. The velocity of propaga-

tion for very long wavelengths is therefore d/,/LC.
According to the discussion in the last section, the cutoff frequency is

equal to twice the square root of the coefficient of the right-hand side of
Eq. (15.48); thus

W, = — (15.50)

so that all frequencies below @, are transmitted and those above w, are
highly attenuated.

The k versus w curve for the idealized lumped L-C transmission linc
is the same as Fig. 15-2. If, however, we consider a more realistic case in
which the line has resistance (and, therefore, losses) in addition to in-
ductance and capacitance, then the cutoff frequency is no longer sharp,
and the k-w curve has the general shape shown in Fig. 15.5.

= K e
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It should be emphasized that the occurrence of the cutoff frequency is
a result of the discrete nature of the inductive and capacitive elements. If
these elements were distributed uniformly along the line, then a situation
analogous to the continuous string would result. Since the velocity of
propagation for long wavelengths along the lumped-element line is

d/\/fa then for the uniformly distributed line we expect a propagation

velocity of 1/\/L'C’, where L' and C’ are the inductance and capitance
per unit length, respectively. (See Problem 15-3.)
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15.5 Group Velocity and Wave Packets

It was demonstrated in Section 6.4 that the superposition of various
solutions of a linear differential equation is still a solution to the equation.
Indeed, we formed the general solution to the problem of small oscillations
[see Eq. (14.29)] by summing all of the particular solutions. Let us assume,
therefore, that we have two almost equal solutions to the wave equation
represented by the wave functions ¥; and ¥,, each of which has the same
amplitude,

Wi(x,t) = Ae't—+
) (15.51)
\.}Jz(x’ t) = Ae:(ﬂt»l(x)

but whose frequencies and wave numbers differ by only small amounts:

Q=w+ Aw
(15.52)
K=k+ Ak

Forming the solution which consists of the sum of ¥, and W¥,, we have
Y(x,t) = ¥V, + ¥, = A[exp{iowt} exp{ —ikx}
+exp{i{w + Aw)t} exp{ —ilk + Ak)x}]

-4 [exp{i(w + ATw)t} exp {—i(k + %)x}]

) [exp {_ iA((Aw)t—z (Ak)x)} + exp{i((Aw)t ; (Ak)x)”

The second bracket is just twice the cosine of the argument of the exponen-
tial, and the real part of the first bracket is also a cosine. Thus, the real
part of the wave function is

WYix,t) =24 cos[w] cos [(a) + A—zw—)t - (k + %k)x] (15.53)

This expression is similar to that obtained for the problem of the coupled
pendula (see Section 14.6), in which we found a slowly varying amplitude,
corresponding to the term

Y cos[(Aw)t - (Ak)x]

2

which modulates the wave function. The primary oscillation takes place at
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a frequency @ + (Aw/2) which, according to our assumption that Aw is
small, differs negligibly from w. The varying amplitude gives rise to beats,
as shown in Fig. 15-6.

The velocity U (called the group velocity*) with which the modulations
(or groups of waves) propagate is given by the requirement that the phase
of the amplitude term be constant. Thus,
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In a nondispersive medium Aw/Ak = V, so that the group and phase
velocities are identical.T If dispersion is present, however, U and V are
distinct.

Thus far we have considered only the superposition of two waves. If
we wish to superpose a system of n waves, we must write

W(x,t) = Y A, explilwt — kx)] (15.55)
r=1
where the A, represent the amplitudes of the individual waves. In the event
that n becomes very large (strictly, infinite), then the frequencies are con-
tinuously distributed, and we may replace the summation by an integration,
obtaining?
+ w0

Wi, 0) = j AR+ g (15.552)

—

* The concept of group velocity is due to Hamilton, 1839 ; the distinction between phase and
group velocity was made clear by Lord Rayleigh (Theory of Sound, 1st edition, 1877 ; see Ra94).

t This is shown explicitly in Eq. (15.61).

{We have previously made the tacit assumption that k > 0. However, k is defined by
k* = w?/v* [see Eq. (15.22)), so that there is no mathematical reason why we may not also
have k < 0. Therefore, we may extend the region of integration to include —o0 <k <0
without mathematical difficulty. This procedure allows the identification of the integral
representation of W(x, 7) as a Fourier integral (see Section 15.6).
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where the factor A(k) represents the distribution of amplitudes of the
component waves with different frequencies, i.e., it is the spectral distribu-
tion of the waves. The most interesting cases occur when A(k) has a
significant value only in the neighborhood of a particular wave number,
say ko, and becomes vanishingly small for k outside a small range, denoted
by ko, + Ak. Then, the wave function may be written as
ko+ Ak
Y(x,t) = j A(k)e" @ k=) gk (15.56)
ko— Ak
A function of this type is called a wave packet.* The concept of a group
velocity applies only to those cases which can be represented by a wave
packet, i.e., to wave functions containing a small range (or band) of fre-
quencies.
For the case of the wave packet represented by Eq. (15.56), the contrib-
uting frequencies will be restricted to those lying near w(k,). We may
therefore expand w(k) about k = kg :

d
w(k) = w(ke) + (—B) “(k — ko) + -+ (15.57)
dk k =ko
which we may abbreviate as

The argument of the exponential in the wave packet integral becomes,
approximately,

wt — kx = (ot — kox) + wplk — ko)t — (k — ko)x
where we have added and subtracted the term kqx. Thus,
wt — kx = (wot — kox) + (k — ko)wpt — x) (15.58)
and Eq. (15.56) becomes

ko + Ak

Y(x, t) = j A(k) exp[itk — kolwiot — x)] exp[ilwot — kox)] dk  (15.59)

ko— Ak

The wave packet, expressed in this fashion, may be interpreted as follows.
The quantity

A(k) exp[i(k — ko)wot — x)]

constitutes an effective amplitude which, because of the small quantity
(k — ko) in the exponential, varies slowly with time and describes the

* The term *“‘wave packet” is due to Erwin Schrodinger.
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motion of the wave packet (or envelope of a group of waves) in the same
manner that the term

24 COS[M ;(—ﬂ]

described the propagation of the packet formed from two superposed
waves. The requirement of constant phase for the amplitude term now
leads to

dw
= o= | — 1 _6
U = wy (dk )k:kn (15.60)

for the group velocity. As stated earlier, only if the medium is dispersive
does U differ from the phase velocity V. To show this explicitly, we write

Eq. (15.60) as
7= (i)
U  \dw/,

where the subscript zero means “evaluated at k = k, or, equivalently, at
w = wy.” Since k = w/v,

1 _ [d (w)] :vo—(wdv/‘%
0

U dw

v, U5
Thus,
v
U= 0
B gg(d") (15.61)
[ dw 0

If the medium is nondispersive, v = V = const., so that dv/dw = 0 [see
Eq. (15.29)]; hence, U = vy, = V.

The remaining quantity in Eq. (15.59), exp[i(wot — kox)], varies rapidly
with time ; and, if this were the only factor in ¥, it would describe an infinite
wave train oscillating at a frequency w, and traveling with a phase velocity
V = wy/k,.

We should note that an infinite train of waves of a given frequency can-
not transmit a signal or carry information from one point to another.
This can be accomplished only if it is possible to start and stop a wave
train and thereby impress a signal on the wave. This constitutes forming
a wave packet. As a consequence of this fact, it is the group velocity, not
thc phase velocity, that corresponds to the velocity at which a signal



15.6 FOURIER INTEGRAL REPRESENTATION OF WAVE PACKETS 499

may be transmitted.*t We shall make this point clear when, in Section
15.7, we consider the propagation of energy along a lattice or loaded
string.

15.6 Fourier Integral Representation of Wave Packets

It was implicit in the discussion of the preceding section that we were
considering the description of the wave function for a wave packet for
which the amplitude distribution A(k) was given. We may wish, on the
other hand, to obtain the distribution function A(k) which describes a
given wave function. This problem is similar to that of calculating the
Fourier series which represents a given function. For that case, we found
[see Eq. (14.147)] for —n < x < m,

f(x) = % + Y (a,cosrx + b, sinrx) (15.62)
r=1
where [see Egs. (14.150)]:
1 +n
a, = ;J. Sf(x)cosrx dx, r=0,1,2,... (15.63a)
1 +n
b = 7J S (x)sin rx dx, r=123,... (15.63b)
T -n

For our present purposes it will prove more convenient to express
f(x) in a complex exponential series,

fx)= Y ce ™, —r<x<T (15.64)

r=—uw

* The group velocity corrcsponds to the signal velocity only in media that are nondisper-
stve (in which casc the phase, group, and signal velocitics are all equal) and in media of normal
dispersion (in which case the phasc vclocity exceeds the group and signal velocities). In media
with anomalous dispersion, the group velocity may exceed the signal velocity (and, in fact,
may even become negative or infinite!). We need only note here that a mcdium in which
the wave numbcr k& is complex exhibits attenuation, and the dispersion is said to be aromalous.
If & is rcal, there is no attenuation, and the dispersion is normal. Due to an historical mis-
conception, we now know that what is called anomalous dispersion is, in fact, normal (i.e.,
frequent), whereas normal dispersion is anomalous (i.e., rare). Dispersivc effects are quite
important in optical and electromagnetic phenomcna.

t Detailed analyses of the inter-rclationship among phase, group, and signal velocities,
were made by Arnold Sommerfcld and by Léon Brillouin in 1914. Translations of these
papers are given in the book by Brillouin (Br60).
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If we multiply this equation by exp(isx) and integrate over the range
—n < x < 7, we find (see Problem 15-6):

1 +n .
cs - ﬂj‘ f(x)elsx dx’ s = 07 i_ 1’ i_zi e (15‘65)

We now effect an enlargement of the fundamental interval from +n
to + L by the same method used in Eq. (14.156). In Eq. (15.65) we change
the dummy variable from x to nu/L, and in Eq. (15.64) we make the substi-
tution x — 7nx/L. Thus,

1 [+ ,rnu)
c, = if_Lf(u) €Xp (IT du (1566)
and

o) = 2L,_Z_J Fw exp [ lz(x - u)] du (15.67)

It now seems plausible that by suitably passing to the limit we may
further enlarge our interval from +L to + 0. For this to be possible, we
must require, as before, that f(x) be single-valued and have only a finite
number of finite discontinuities in the range —o0 < x < 00, and we must
require in addition that f(x) be absolutely convergent (i.e., the integral of
|f(x)| between —oc and +oc must exist). Under these conditions, if we
write Ak = /L,

f(x) = lim — Z e_"(Ak’xAkf [t @0 gy (15.68)

Lo 2

AkS0 S FTT®

In the limit, Ak —» dk and rAk — k, so that, according to the definition of
an integral in terms of the limit of a sum,

Jm Kdk= lim Y gl AK) Ak

e Ak=0, =

the sum over r in Eq. (15.68) becomes an integral:

f(x:wj e~ * dk f )e™ du (15.69)

The function f(x) is therefore expressed as a Fourier integral, which is a
double, infinite integral over the dummy variables k and u. It should be
noted that we have not proved that the integral representation in Eq. (15.69)
actually describes the function f(x); we have only shown that such a
representation is plausible.*

* For a proof of the Fourier integral theorem see, for example, Churchill (Ch41, p. 89),
Davis (Da63, p. 320), or Morse and Feshbach (MoS53, p. 458).
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By comparing Eq. (15.55a) (with t = 0) and Eq. (15.69), we see that the
integral

1 +
N =—— iku .
A(k) \/2_7“{_00 Sf(we duw (15.70)

represents the spectral distribution of the function f(x) [if we supply the
constant factor (2m)~*]. A(k) is called the Fourier transform of f(u) and is
sometimes written F(k). A reciprocal relationship exists between f(u) and
A(k) since

(f(x)= I J+wA(k)e""‘"dk (15.71)
l e e}

NG

We previously found [see Eqs. (14.156) and (14.157)] that if f(x) is an
even function of x, then the Fourier series consists of only a cosine series,
and that if f(x) is odd, only the sine series remains. We have a similar
situation in the integral representation; and, furthermore, if f(x) is real,
we find, upon taking the real parts of the integrals in Eq. (15.69),

f(x) = EJ@ cos kx dk on f(w)coskudu,  f(x)even (15.72a)
0

TJo

oo o0
flx) = —Ej sin kx dkj fw)sinkudu,  f(x) odd (15.72b)
0 0

It should be noted that we have, in all of these discussions, arbitrarily
chosen to consider the wave number k as the fundamental quantity. This
is particularly useful for discussions of the spatial variation of the wave
function. An equally valid choice, especially suitable for discussing the
time variation of the wave function, is to express the various quantities
in terms of the frequency w. Thus, the distribution function A(w) is called
a spectral distribution. We shall still use the term *‘spectral” even when we
choose to write 4 as a function of the wave number, A(k).

If we wish to treat the time variation of the function f(x,t) at a fixed
position x, then the equations corresponding to Eq. (15.70) and (15.71) are

1 (e W
A — iwt ]
(w) = Jl 3} f()e“ dt , (15.73a)
1 tw .
— A —iwt g
f(® \/2—71 JL ) (w)e " dw (15.73b)




502 15 * THE WAVE EQUATION IN ONE DIMENSION

Therefore, if A(w) 1s known, f(t) can always be obtained by a Fouricr
inversion; similarly, A(w) can always be calculated from a knowledge of

f(@).

» Example 15.6. Let us consider the calculation of the spectral distribution which is
nccessary to represent a finite portion of a wave train that oscillates with a single
frequency wq = kov. That is, we initiate the oscillations at some time and then at a
later time terminate the oscillations. Thus, the wave function is

( cos(kox — wot) = coskolx — vt), |x —ovt] <L

Wix, 1) = ] (1)

0, Ix —ut| > L

where the total time of oscillation of the device which initiates the disturbance is
2L/v. Such an oscillatory pulse is shown in Fig, 15-7.

vl

AWAN
VAVAVE

— 2

Fig. 15-7

Since the wave function is real, the distribution function must also be real, and we
may write Eq. (15.70) as

Alk) = \/ITTrJ, ) f(u)cos ku du ()
Now,
W(x, 1) = cos ko(x — vt) = f(x — ot) = f(u) (3)
or,
f(u)=coskou, u=x-—un (4)

and since f(u) is an even function, we may write

~ L
Alk) = \/ij cos kou cos ku du (5)
0

Then, if we use the identity
cos kqu cos ku = 3[cos(ky + klu + cos(ky — ku] (6)
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we obtain

A(k) =

1 [sin(k0 + k)L + sin(ky, — k)L] ™

NZ2 Y ko — k

For wave numbers k in the vicinity of kg, the second term will dominate, so that we
have approximately,

sin(ky — k)L
AR« Tk

This function is shown in Fig. 15-8, and it is seen that there is a large maximum at

k = k, with subsidiary maxima of decreasing magnitude as |k, — k| increases.
Equation (8) and Fig. 15-8 give the amplitudes of the waves with wave numbers k

that must be superposed in order to generate the finite pulse shown in Fig. 15-7.

k = kg ®)

A(k)

N\ 7\
TN e S k
Fic. 158

Note that negative amplitudes merely mean that these waves are out of phase. The

intensity 1(k) of these waves is given by the square of A(k):

sin(ky, — k)L
ko — k

This function is shown in Fig. 15-9, where the secondary maxima (dashed curve) have

been multiplied by 10 in order that they may be exhibited more clearly.
It is evident from Eq. (8) that A(k) vanishes for values of k such that

2

1(k) = |A(K)|? o .k =k, )

ko—kz%, r=+1,+2,... (10)
Thus, the main contribution to A(k) arises from the region near k = k, that is, for
k=ky+ Ak (11)

where
Ak=T (12)
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I(k) = |A(k)|*

Fi1G. 159

Now, the length of the pulse is 2L; and, if we denote this length by Ax, we havc

Ak Ax ~2n (13)

This is an interesting and important result since it implies that as we shorten the pulse
length (i.e., Ax decreases), then we must include more and more frequencies (i.e., Ak
increases) in order to give a Fourier representation of the wave function. On the
other hand, if we allow the pulse length to become very long, then the spectral distribu-
tion becomes quite pure (i.e., only a narrow range of frequencies are necessary to
represent the pulse). We may state this result in other terms by saying that if the
frequency of the pulse is well defined (Ak small), then it is not possible to localize the
pulse in space (i.e., Ax large). If we require localization, then the frequency is not
well defined. A wave which consists of a single frequency (i.e., a monochromatic wave)

must therefore be of infinitc extent. Consequently, a truly monochromatic wave is an
idealization and can never actually be physically realized.*

* For further discussion see Marion (Ma65b, Section 11.3 ff).
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In modern physics the relation between Ak and Ax is expressed by the Heisenberg
uncertainty principle, which states that for two conjugate dynamical variables* P

and Q,

APAQ = h (14)
where h is Planck’s constant. Now, position (x) and momentum (p) are conjugate
variables. Thus,

ApAx = h (15)
But, according to the hypothesis of de Broglie, the momentum associated with the
wave number k is hk/2m, so that

A(hk/27) Ax = h (16)
or,

Ak Ax = 2n (17

15.7 Energy Propagation in the Loaded String

We now wish to return again to the case of the infinite loaded string in
order to investigate the connection between the group velocity and the rate
of energy propagation along the string. We can express the kinetic and
potential energies associated with the jth particle on the string astl [cf.
Egs. (14.58) and (14.56)]:

1

T, = quf (15.74a)
1z 2

W; = 53(‘1,' = gj+1) (15.74b)

But now we wish to consider the time averages of the kinetic and potential
energy densities, 7 and ¥, where  is the kinetic energy per unit length

*Two quantities are conjugate if their product has the dimensions of action, i.c., (energy)
x (time). (See Section 9.12.)

tIn this chapter we use the symbol W to denote the potential energy in order to avoid
confusion with the group velocity U.

1 We adopt here a slightly different approach from that used in Chapter 14 in that we
now define the potential energy for a single particle, whereas we had previously been interested
in the total potential cnergy. We can no longer use the latter quantity since, of course, it is
infinite for the infinite loaded string. Thus, we associate with the jth particle the potential
energy which resides in the string between the jth and the (j + 1)th particles. This is an arbitrary
choice since we could equally well use the value for the element of string between the (j — 1)th
and the jth particles, or some combination of the two. We require only that our definition of
W, be consistent and that we have for the total potential energy W = X;W,. These requirements
are met by Eq. (15.74b).
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of the string and similarly for # . Since the fundamental unit of length
for the loaded string is the spacing between particles, d, we have

(T )= I{g@f (15.75a)

|
HD = Ed—rz«qj — g )™ (15.75b)

If we were considering an infinitely long continuous string, the wave
function could be written in standard form as

"P(.\' f) ~ ei(wl—kx)

For the loaded string. the variable x is just jd, wherc the indcx j identifies
the particle and d is the spacing. Thus, for an oscillation at the particular
frequency w, we have for the displacement of the jth particle,

gty = Atk (15.76)

where A is the amplitude of the vibration. [Compare this with the previous
result for the loaded string, Section 14.8.]
Differentiating, we have

i(wt — jkd)

I

4; = iwAe

—wA sin(wt — jkd) (15.77)

where the last line is the real part of the previous expression. Therefore,

B mw?A?
Y

{T> {sin*(wt — jkd)) (15.78)

Now, since we are considering only a single frequency w, we may com-
pute the time average in this equation by averaging over one complete
period of the oscillation. (If there were a range of frequencies involved, as
in a wave packet, then the average would have to be computed over a very
long period of time—strictly, an infinite time) The average over one
period of the square of a sine function is %; therefore,

~ mw?A?
(T = v (15.79)
We also have [see Eq. (15.32)]:
d
22 g " gin2 (15.80)
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so that the average kinetic energy density becomes

1A® . L kd
—5-sin®—
d? 2
In order to compute the average potential energy density, we must
consider the quantity
G — ey = Aok _ =i+ D]

— Aeiwte—ijkd[l _ e—ikd]

(T > = (15.81)

—_ Aei(wt*jkd)e—i(kd/Z) (2! sin lczg)

= —2Asin I%dsin(wt — jkd — k2—d) (15.82)

where we have again taken only the real part of the expression. Averaging
the square of this quantity, we obtain

. L kd
g — gj+1)*> =247 sin? = (15.83)
and then,
A? | Lk
W= %sng =<I> (15.84)

so that the average potential and kinetic energy densities are equal, as we
would expect.*

Therefore, the average total energy density (&) is
2tA? ., kd

sin®— (15.85)

(&) = (T + W) = = sin®S

Let us now consider the string to be initially at rest in its equilibrium
position. Then, if we select the rth particle and force it to oscillate with a
frequency w and an amplitude A, the displacement of this particle is

q, = Aeiwt (1586)

The motion of the rth particle will exert a force on the (r + 1)th particle
and cause it to oscillate at the frequency w. Thus, the motion is propagated
from particle to particle down the string. We wish to calculate the average
input power which is applied to the rth particle and which causes the
propagation of energy to the particles indexed by + + 1, r + 2,.... (An

* This follows from the virial thcorem.
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equal amount of power is required for the propagationtor — 1,r — 2,...,
but we shall consider only the energy flowing to the right.) The input
power to the rth particle may be expressed as the product of the velocity
of the rth particle and the reaction force of the (r + 1)th particle:

Py =<F,+14> (15.87)
In analogy with the first term in Eq. (14.53), we may write

T
Frov= =50+ —4) (15.88)
Using Eq. (15.82), this becomes
2tA . kd . kd)
Foiy= - 51n75m(wt — rkd — 5

214 . kd|. d . kd
-2t [sm(wt — rkd)cos ™ — cos(wt — rkd)sin w] (15.89)

d 2 2 2
Equation (15.77) gives the expression for ¢,, and then the average input

power 1s

2twA?

Py =—

sin k—; [(sinz(wt — rkd)) cos k_2d_
v (15.90)
— {sin(wt — rkd) cos(wt — rkd)) sin 7]

Now, the average value of sin 6 cos § over one period vanishes, so there is
no contribution from the second term in the brackets of Eq. (15.90). Com-
puting the time average of the first term, we find

twA? | kd  kd

Sin — cos — (1591)

Pr=— 2"

Substituting « from Eq. (15.80), we have

T 1A? kd  kd
=2 |—-——sin’——cos — .
(P> i d sin”— cos > (15.92)
Now, the ratio {(P>/{&> has the dimensions of velocity and may be
interpreted as representing the average velocity of the flow of energy along
the string. Therefore, using Eqgs. (15.85) and (15.92), we obtain

Z(Z; = \/%cosk—zd (15.93)
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From Eq. (15.80) we may compute the derivative of w with respect to k:

dw td kd
b J;cos? (15.94)

But dw/dk is just the group velocity U [see Eq. (15.60)], so we conclude
that

u= 2

&>

which indicates that energy is propagated along the loaded string with the
group velocity U.

We must recall that if the frequency impressed upon the string exceeds
the critical frequency w,, then attenuation sets in, and the wave number
may no longer be identified with the velocity of energy propagation.
There is in fact no propagation of energy in this particular case. {See the
comments at the end of Section 15.3.)

(15.95)

15.8 Further Comments Regarding Phase and Group Velocities

Our analysis of the propagation of waves along a loaded string has
shown that we may relate the frequency, the phase velocity, and the group
velocity to the wave number k of the disturbance. For frequencies below

the cutoff frequency
w, =2 |- (15.96)
md

we may summarize these results for the loaded string as follows:

k
w(k) = w, |sin jd , (15.97a)
o  wdlsin(kd/2)|
Viky=—= —_—
(k) k=2 ran (15.97b)
] do wd kd

If we plot w as a function of k, as in Fig. 15-10, then we may make a
simple geometrical interpretation of the phase and group velocities. At
the point 4 on the w-k curve, corresponding to the wave number k,
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Slope = V,

Fic. 15-10

and the frequency w,, the phase velocity V, is the slope of the chord 04:

w
Vy=-2
A k,

whereas the group velocity is the slope of the tangent line BC:

dw
U,=—

AT dk |,

The functions V(k) and U(k) are plotted in the lower part of Fig. 15-10.
It is important to note that at the wave number k = n/d (in fact, at the
series of wave numbers k = nn/d, n = 1,3,5,...), the phase velocity V(k)
has a perfectly normal behavior, while the group velocity U(k) vanishes.
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Therefore, for these wave numbers, the group is stationary whereas the
wavelets within the group continue to move with a phase velocity
Vik = n/d) = wd/n.

Thus, the envelope of the traveling wavelets is a stationary wave.
The various possible situations are summarized in Table 15.1.

Table 15.1

Condition Interpretation

U=V The group and the wavelets travel along
together with no change in aspect

U=0, V#£0 The group is stationary, and the wavelets
move with velocity w.d/n

U#0, V=0 The wavelets are stationary, and the group
moves with velocity w,d/2

U<V Both the group and the wavelets move, but
the wavelets appear to originate at the
rear of the group, progress through the
group, and disappear at the front

U=V The wavelets appear to originate at the front
of the group, progress through the group,
and disappear at the rear

15.9 Reflected and Transmitted Waves

An important problem in the study of wave phenomena is the behavior
of waves when they strike a boundary between two media. The effects that
occur are particularly important in the case of electromagnetic waves [see
the discussion in Marion (Ma65b, Chapter 6)]. The example of the vibrating
string affords a convenient means of discussing the reflection and trans-
mission of waves as well as allowing the introduction of the calculational
methods in a simple form.

We shall consider the ““boundary” between our two “‘media’ as a point
of discontinuity in the linear mass density of the string. That is, for x < 0,
we have a density pq, and for x > 0, we have a density p,. If we allow a
continuous wave train to be incident from the left (i.e., from negative values
of x), then at the point of discontinuity we expect a portion of the wave
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to be transmitted and a portion to be reflected. Thus, in region 1 (x < 0)
we will have the superposition of the incident and reflected waves, and in
region 2 (x > 0) we will have only the transmitted wave:

‘Pl(x, t) =Y. + \Preﬂ — Aei(mt—k,x) + Bei(mt+k1x)

] (15.98)
Po(x,t) = ¥

trans = Cei(wt—kzx)
In Egs. (15.98) we have explicitly taken into account the fact that the

waves in both regions will have the same frequency. But since the wave

velocity on a string is given by

T

v= |- (15.99)
P

we will have v, # v,, and therefore k, # k,. We have, of course,

k=9=w\/E (15.110)
v T

so that, in terms of the wave number of the incident wave,

ky =k, 22 (15.101)
P1

The amplitude A of the incident wave [see Eqs. (15.98)] is considered
given and will be a real quantity. We must then obtain the amplitudes B
and C of the reflected and transmitted waves to complete the solution of
the problem. There are as yet no restrictions on B and C, and they may
be complex quantities.

The physical requirements on the problem may be stated in terms of the
boundary conditions. These are, simply, that the total wave function
Y =¥, + ¥, and its derivative must be continuous across the boundary.
The continuity of ‘¥ results, of course, from the fact that the string is con-
tinuous. The condition on the derivative prevents the occurrence of a
“kink” in the string, for if 0¥/dx,+ # 0W/0x,-, then 0*¥/0x? would be
infinite at x = 0; but the wave equation relates 6°¥/dx? and 0*W/ot?;
and, if the former is infinite, this implies an infinite acceleration which is
clearly not allowed by the physical situation. We have, therefore, for all
values of the time ¢,

Wili=o = Walieo (15.102a)
¥, 0w,

= =2 15.

s il (15.102b)
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From Egs. (15.98) and (15.102a) we have

A+B=C (15.103a)
and from Eqs. (15.98) and (15.102b) we obtain
—kiA+ kB= —k,C (15.103b)
The solution of this pair of equations yields
k, —k
B="1_2 15.
Pa— (15.104a)
and
2k,
C= A 15.104b
Ktk ( )

Now, the wave numbers, k, and k,, are both real, so that the amplitudes
B and C are likewise real. Furthermore, k,, k,, and A are all positive, so
C is always positive. Thus, the transmitted wave is always in phase with
the incident wave. Similarly, if k, > k,, then the incident and reflected
waves are in phase, but they are out of phase for k, > ky, i, for p, > p,.

The reflection coefficient R is defined to be the ratio of the squared
magnitudes of the amplitudes of the reflected and incident waves,

B2k, —k,\?
Rz%z (ki +k;) (15.105)

Since the energy content of a wave is proportional to the square of the
amplitude of the wave function, R represents the ratio of the reflected
energy to the incident energy. The quantity |B|* represents the intensity of
the reflected wave.

Since no energy can be stored in the junction of the two strings, the
incident energy must be equal to the sum of the reflected and transmitted
energies. That is, R + T = 1. Thus,

4k k
T=1-R=—12_ )
(ky + kj)? (15.106)
or,
ky |C|?
T=_2" 15.
K AP (15.106a)

In the study of the reflection and transmission of clectromagnetic waves
we find quite similar expressions for R and T.
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B 15.10 Damped Plane Waves

In all of the preceding discussions we have assumed the absence of any
frictional or dissipative forces. As was pointed out in Chapters 3 and 6, the
forces most amenable to calculation are those which are proportional to
the instantaneous velocity. Such forces are therefore widely used to
approximate the dissipative effects in real physical situations. If we introduce
such a force into the problem of the propagation of a plane wave, the

wave equation may be written as
o’y oFr 1 0°Y

We may effect a solution by the method of separation of variables by
writing

Y(x, t) = P(x)x(t) (15.108)

The wave equation then becomes

d*y dy d’y

or,
1d* Bdy 1 d% 2
A, - T A 15.110
ydx?  xdt  yv?di? k ( )

where the separation constant has been set equal to —k?2 The separated
equations are therefore

d2
d'f + k% =0 (15.111)
x
and
2
% + 02/3% + k2 =0 (15.112)
The solution for ¥(x) is clearly
PY(x) ~ etikx (15.113)

We are more interested, however, in the solution for y(t). If we make the
following definitions,

2y = v2B; w3 = k?v? (15.114)


file:///_dhjf_
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then, Eq. (15.112) becomes
X+ 291 + wdy =0 (15.115)

which is exactly the equation for the damped harmonic oscillator found in
Chapter 6 [see Eq. (6.18)]. The solution is [see Eq. (6.20)]:

x(t) = exp(—7y1) [B exp (\/mt) + Cexp (—mt)] (15.116)

If we consider the case of underdamping, then y* < w3, so that the
exponentials are imaginary and represent oscillatory motion. Define

7 — 0§ = iQ (15.117)

where Q is real. Then, we have

x(t) = e "[Be'™ + Ce™ ] (15.118)

The real part of the terms in the brackets may be written as either a sine
or a cosine if the proper phase factor is included. Let us consider the sine
representation and suppress the phase for simplicity. Then, we may write

2(t) = De™ " sin Qt (15.119)

Thus, the motion is oscillatory with a frequency Q = /w3 — y* and is
damped in time. Let us consider a case in which a disturbance is initiated
at a time t = 0. Then, the time-dependent part of the wave function may
be written as
0, t<0
x(t) = { . (15.120)
De™ " sin Qt, t>0

If we ask for the spectral representation of such a wave, we must use
Eq. (15.73a) in order to calculate the Fourier transform of x(z):

1 + o0 K
Alw) = —— j 2(t)e™ dt
~/ 2nd -
D + o
NG I
Writing sin Q¢ in terms of exponentials, we have

D
2i/2n

e~ e sin Qr dt (15.121)

e8]
Alw) = j [ei(w+9+iy)t . ei(mﬁﬂ-i-iy)t] dt
0
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This integrates immediately to

Alw) = D[ 1 B | ]
w—2 mlo+Q+iy w—Q+ iy

_ D -2Q
—2 o+ Q+ iylw — Q + iy)

D Q
= — 15.122
mw? —QF — 9?2 + 2iyw ( )

But, Q% = w3 — 2, so that we have
D Q
S 21 (@ — w}) + 2iyw

and, multiplying numerator and denominator by the complex conjugate
of the denominator, we obtain

Alw) = —

DQ (w? — wd) — 2iyw
J2n(@* — wd)* + 4w’

This equation gives the spectrum of frequencies necessary to produce a
time-decaying oscillation initiated at ¢t = 0. The imaginary portion of this
expression results entirely from the fact that attenuation is present. (Recall
that an imaginary frequency component always produces temporal damp-
ing.) If the system producing the wave were an atom in which an electron
is oscillating, radiation in the form of light would be emitted and the
system would lose energy and would therefore be damped in time. Such
radiation cannot be monochromatic and, indeed, the investigation of the
shapes of atomic spectral lines (with high dispersion spectrographs) reveals
a peak at the frequency w, and a rapidly decreasing intensity for higher
and lower frequencies. The shapes of spectral lines are well described by
Eq. (15.123), called the Lorentzian line shape.*

Aw) = (15.123)

Suggested References

General treatments of wave motion in mechanical systems and with applications to
vibrating strings will be found in Becker (Be54, Chapter 15), Coulson (Co49,
Chapters | and 2), Menzel (Me53, Part 3), Slater and Frank (S147, Chapter 9), Symon
(Sy60, Chapter 8), and Wangsness (Wa63, Chapter 15).

* After Hendrik Antoon Lorentz (1853-1928), the Dutch physicist who developed much of
the early theory of atomic radiation.
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Most texts on electromagnetism discuss wave propagation, and some introduce the
topic with mechanical concepts; see, for example, Corson and Lorrain (Co62,
Appendix G).

Lindsay (Li60) discusses many aspects of mechanical wave motion; see, particularly
Sections 3.7 and 3.8 (wave packets and group velocity), Chapter 4 (waves on strings),
and Section 6.6 (wave propagation in a one-dimensional lattice).

The topic of wave propagation on the loaded string is given an excellent treatment
by Brillouin (Br46); several electrical analogies are also discussed.

Fourier integrals are discussed, for example, by Churchill (Ch41, Chapter 5), Davis
(Da63, Chapter 6), Pipes (Pid6, Chapter 3), and Stratton (St41, Section 5.7).

Problems

15-1. Consider the simplified wave function
W(x, 1) = Ae'@ k0
and assume that w and v are complex quantities and that k is real:
w=o0o+if
v=u+ iw
Show that the wave is damped in time. Use the fact that k? = w?/v? to

obtain expressions for « and p in terms of # and w. Find the phase velocity
for this case.

15-2. Select a particle in an infinite loaded string and apply to it a sinu-
soidal driving force with a frequency w > 2./t/md. After the steady-state
situation has been attained, show that the driving force and the particle
velocity are cxactly 90° out of phase so that there is no net transfer of
energy to the system. Thus, prove that there is conservation of energy even
though there is attenuation in the system.

15-3. Consider an electrical transmission line that has a uniform inductance
per unit length L and a uniform capacitance per unit length C. Show that
an alternating current I in such a line obeys the wave equation*

%1 %1

0x ot
so that the wave velocity is v = 1/, /LC.

154. Consider a transmission line constructed of inductive and capacitive
elements and arranged as in Fig. 15-3. Analyze this case in detail and show
that all frequencies above a cutoff frequency are transmitted, while all
those below are attenuated.

* This equation is called the telegraphy equation and was first derived in 1876 by Oliver
Heaviside. Lord Kelvin had madc an investigation of inductanceless transmission lines in
1854.
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15-5. Consider the superposition of two infinitely long wave trains which
have almost the same frequency, but which have different amplitudes.
Show that the phenomenon of beats occurs, but that the waves never beat
to zero amplitude.

15-6. Derive Eq. (15.65), and then relate the ¢, to the a, and b, of Egs.
(15.63).

15-7. Calculate and plot the Fourier transform of the function

1 + coslkyx — wpt), x — %t < L
W(x, 1) = °
0, X — @t > L

0

Compare the results with Fig. 15-8.

15-8. Consider the periodic square wave shown in the figure. Each pulse
is of unit magnitude and of unit duration; successive pulses are separated
by a time interval T. Write a complex Fourier series as

f = 3 cemion

Fr=—0o00

Take T =1 and obtain the Fourier coefficients. Represent the results
graphically by plotting the values of the ¢, as vertical lines versus the
frequency. Such a plot is therefore the frequency spectrum of the square

wave. Next, allow T — oo and again obtain a frequency spectrum. (It will
be necessary to pass to the limit of an integral expression for the Fourier
coefficients.) Compare the results with each other and with Fig. 15-8.

159. Consider a wave packet in which the amplitude distribution is
given by

1, |k —ko| <Ak

0, otherwise
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Show that the wave function is

_ 2sin[(wpt — x) Ak]
B wet — X

ei(wnl— kox)

Y(x,t)

What is the group velocity for this case? Sketch the shape of the wave
packet (choose t = 0 for simplicity). Compare the results with the state-
ments made at the end of Section 15.6.

15-10. Consider a wave packet with a Gaussian amplitude distribution
A(K) = Bexp[ otk — k)]

where 2/\/; is equal to the 1/e width* of the packet. Using this function
for A(k), show that

¥(x,0) = Bf

+

exp[—a(k — ko)*]explikx] dk

= B\/g exp[ — x?/4a] exp[ —ikyx]

Sketch the shape of this wave packet. Next, expand w(k) in a Taylor series,
retain the first two terms, and integrate the wave packet equation to
obtain the general result

Y(x,t) = B\/gexp[—(w{)t — x)*/4c] exp[ilwot — kox)]

Finally, take one additional term in the Taylor series expansion of w(k)
and show that ¢ now is replaced by a complex quantity. Find the expression
for the 1/e width of the packet as a function of time for this case and
show that the packet moves with the same group velocity as before but
now spreads in width as it moves. Illustrate this result with a sketch.

15-11. Find the spectral distribution function which is necessary to repre-
sent the Gaussian wave function

¥(x,0) = 4 exp[ —a?x?/2]

15-12. Treat the problem of wave propagation along a string loaded with
particles of two different masses, m' and m”, which alternate in placement;
1e.,
m', for j even
m; =

m’, for j odd
* That is, at the points k = ko + 1/\/;, the amplitude distribution is 1/¢ of its maximum
value A(ky). Thus, 2/\/; is the width of the curve at the l/e height.
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Show that the w-k curve has two branches in this case, and show that
there is attcnuation for frequencics between the branches as well as for

frequencies above the upper branch.

15-13. Consider the function A(k) defined by

0, k< —a
Ak) =4 1, —a<k<a
0, k>a

Show that the Fourier transform of this function is

f) = \Fsin ax
T X

Use this result to show

O o 7[/2, a>0
Sin ax

§ dx = 0, a=0

o X /2, a<0

[Hint: set k = 0.]

15-14. Compare graphically the spectral distribution functions A(w) for
the following two wave functions:

@ @ 1, lt] <t
) =
o o=
t
- z(pg), i <,
® ¥mo=t o,

(The two wave functions are normalized to have the same time integral.)

15-15. Consider an infinitely long continuous string which, for x < 0 and
for x > L, has a linear mass density p,, but has a density p, > p, for
0 < x < L. If a wave train, oscillating with a frequency w, is incident from
the left on the high-density section of the string, find the reflected and
transmitted intensities for the various portions of the string. Find a value
of L which will allow a maximum transmission through the high-density
section. Discuss briefly the relationship of this problem to the application
of nonreflective coatings to optical lenses.
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15-16. Consider an infinitely long continuous string in which the tension
is 7. A mass M is attached to the string at x = 0. If a wave train with
velocity w/k is incident from the left, show that reflection and transmission
occur at x = 0 and that the coefficients R and T are given by

R = sin’ 0; T = cos?

where

Consider carefully the boundary condition on the derivatives of the wave
functions at x = 0. What are the phase changes for the reflected and
transmitted waves?

“Better is the end of a thing than the beginning thereof.”— Ecclesiastes



Solutions, Hints, and References for Selected

Problems

Chapter 1

1-1. View the coordinate axes by looking toward the origin along the
axis of rotation.

1-6. cos (%) = 70.5°,
1-10. X = (B X A + @A)/A>.
1-16. See, for example, H. and B. S. Jeffreys (Jed6), p. 65.

Chapter 2

2-1. (a) % =[F— rB* — r¢?sin? 0le,

+ [ 1i(rzé) — r@? sin 0 cos 0] €,
rdt

d oo ]
+[rsin9?t(r @sin” 0)| e,

(b) % = [F — rf*Je, + [270 + rile, + ze,.
22, a-e = —3v%4k; |a| = (30*/4k).\/2/(1 + cos0); 6 = v/ /2kr.
2-5. 0 = cos”'(,/6/9).
2-7.  Use the fact that 0x,;/0x; = J;;.

2-13. curl v = 2we, where e is the unit vector along the axis of rotation.

Chapter 3
3-1.  Only (a) is not integrable.
3-3.  t=(2vy/g)sina — cosatan f).
38. R, = vj/g(l + sin f); o = (m + 26)/4.
3-10. (b) o(t) = Lt
522
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3-13.
3-16.
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T = 2vy/g sina.

Opax = sin‘l(\/§/3)g 70.5°.

The total linear momentum of the particles relative to the center

of mass vanishes.

3-18,.

See, for example, Symon (Sy60, pp. 139-145) or Landau and Lifshitz

(LaSl1, pp. 54-56).

4-8.
4-10.

4-11.

5-2.
5-3.
5-7.

5-11.

5-12.

Chapter 4
See, for example, Halfman (Ha62a, Vol. II, p. 542).

T, =995 MeV; T,=5 Mev; Ve = 200;
7p = 1.005; B. = 0.999988 ; B, = 0.10.

See almost any text on “modern physics.”
Chapter 5

p(r) oc 1/r.

Vescape = 11.2 X 10°  cm/sec = 6.95 mi/sec.

See, for example, Abraham and Becker (Ab50, pp. 62-65).

G.= —2mp[/ =D + R = /22 + R + 1]

See, for example, Kellogg (Ke29, pp. 58-62);
() = —[2yM/n(r + a)*]F(n/2, k),

where k? = 4ar/(r + a)?. For F(rn/2, k), see Appendix E 4.

5-13.

6-2.
6-9.
6-13.

® = (M/R)[1 + a?@Gsin? 0 — 1)/2R?],

Chapter 6
See, for example, Sommerfeld (So50, pp. 94-96).
An “octave” is a frequency range of a factor of 2.

See, for example, Halfman (Ha62a, Vol. 1, pp. 332-335).

Chapter 7
See, for example, Pipes (Pi46, pp. 605-610).
w = [(g/) — 3e4%/4]%, where A is the amplitude.
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7-11.

7-12.

8-9.
8-10.
8-11.

9-3.
9-6.

9-10.
where

9-18.
9-19,
9-21.
9-22.
9-24,

SOLUTIONS, HINTS, AND REFERENCES FOR SELECTED PROBLEMS

3

7 (20wt sin wot + cos 3wgt).

= 380t
0

A* A2
x(t) = Acoswot — 4 (~2— + —6—c0s Zth).

Chapter 8

x = acosh (y;b)
a

Vip = 0.
RO = pep is not correct.
o = 2np/R.
Chapter 9
w? = 5g/1IR — p).
The plane slides according to

mg sin o cos o R
2[2(m + M) — mcos?a]

s(t) = a + bt —

y(t) = A sinh at + Bcoshat + Mgl/m,

o=/ m22M + m).
W, = \/g/_R ; see, for example, Symon (Sy60, pp. 387-388).
H = pz/2m + (k/x) exp(—t/t) = H(¢t).
H= —ma?/2 + m*¢*/2 —mglcosep; E=H + ma’.
z= —g/[(?/k*) + 1].
See, for example, Slater and Frank (5147, pp. 79-86); Symon (Sy60,

pp. 384-387).

9-25.
9-28.

10-12.
10-13.

See, for example, McCuskey (Mc59, pp. 213-215).
See, for example, McCuskey (Mc59, pp. 72-74).

Chapter 10
F(r) is attractive and contains terms proportional to 1/r® and 1/r*.

F(r) oc —1/r3.
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10-15. SCTYKTY = —28{ey/<v.

10-24. The radius r is inversely proportional to one of the forms: cos 76,
cosh 76, sinh y6, y0, exp(+v60), depending on the values of E and [.
A circular orbit is unstable.

10-26. Circular orbits are stable if p < a.

10-33. See, for example, Symon (Sy60, pp. 285-290).
Chapter 11

N wjuy =12 1) mymy =322

11-4.  The isochronous surface is a sphere. For m, = m,, the scattering
point lies on the surface; for m, = oo, it is at the center.

11-6. 6(0) = const.; 6, = na’.

2.4 -
1119, o(y) = kx [1 -J1- xzd/z] 2[1 — X2

T3

11-10. The correction term is 2m,/m,.

Chapter 12
12-3. Note that the initial conditions for the downward part of the
trajectory involve the horizontal velocity which is acquired in the upward
part.

12-7.  Approx. 356 seconds of arc.
Chapter 13
13-1. I =2MR?/5.
13-3. I, = M(a® + b?)/5, I, = M(b* + c*)/5, I, = M(@* + ¢%)/5.

137, w, = 2k/3M.

13-8.  Express the integral in terms of I' functions and use the results in
Appendix E.3. The angle is 3.32°.

139.  w? = 12g(R — a/2)/(4a* + 1*).
13-22. (@) w?= ﬁg/l, where [ is the length of a side.
Ma? |

1; (% — 4cos (p) @ — gMga(l — €OS ).
13-26. Calculate L - (@ X o) and interpret the result.

13-29. See, for example, Symon (Sy60, pp. 466-468).

13-23. L=




526

14-5.

14-13.
14-17.

14-18.
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Chapter 14

See, for example, Goldstein (Go50, pp. 333-337).

wy = /Ki/M, w, = /(K1 + K3)/M, w; = 0.

The initial motion corresponds to a normal mode.

4 ) . . .
qlx,t) = Y, %o sin(nm/2) sin{nns/L) sin(nnx/L) sin w,t
n'odd LW,

The even harmonics are absent. Why?

14-19.

14-24.

14-28.

14-29.

14-32.

14-34.

15-1.
15-4.
15-8.

15-10.
15-11.
15-12.
15-15.

8h . .
glx,t) = Y Wsm(nnﬂ) sin(nmx/L) cos w,t .
n odd

See, for example, Symon (Sy60, p. 396).
fx)=23%

=1
I

sin(Zm — 1)x
2m — 1

1 . 2 COS nx
f(x) ==+ Ltsinx += —.
T 7:,,;?v‘e,,1—n2

fx)=3+ Y n~27[sin(nn/2) cos(nmn/6) cos(nnx/3)

+ 251;[2 cos(nn/2) cos(nm/6) — 1 + (—1)"] sin(nnx/3).

2 4 4
f(t)== — ——cos2wt — — cosdwt — - -.
n 3n 157

Chapter 15
o = ku, B =kw.
There is attenuation for w < 1/2./LC.

In Eq. (1564), ¢, =4(¢-=0), =0 (reven, #0),
= (1/rr)}(— 1)~ V2 (r odd).

Sec, for example, Jackson (Ja62, pp. 212-215).
The distribution function is also a Gaussian.
See, for example, Brillouin (Br46, Chapter 4).

T = 1 if L is an integral number of half wavelengths.



APPENDIX A

Taylor’s Theorem

A theorem of considerable importance in mathematical physics is
Taylor’s theorem* which relates to the expansion of an arbitrary function
in a power series. We will find many instances in which it is necessary to
employ this theorem in order to simplify a problem to a tractable form.

Consider a function f(x) which has continuous derivatives of all orders
within a certain interval of the independent variable x. Then, if this interval
includes x4, < x < x, + h, we may write

Xo+h
P= [ = s+ 1) = fxo) (A1)

X0

where f'(x) is the derivative of f(x) with respect to x. If we make the change
of variable

X=Xxo+h—t (A.2)
we have

h
I :j [(xg + h—1t)dt (A3)
¢}

* First published in 1715 by the English mathematician Brook Taylor (1685-1731).
527
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Integrating by parts
h ~h

I +J tf"(xo + h —t)dt
0 0

tf'ixg + h—1t)

h
hf(xg) + j tf"(xo + h — 1) dt (A4)
0

Now integrating the second term by parts, we find

h (2

2
I=hf(xy) + %f"(xo) + %f”’(x0 + h—1)dt (A.5)
! 02!

Continuing this process we will generate an infinite series for I. From the
definition of I we then have

\ 2

: h ‘
J‘ Slxo + hy = fx0) + hf'(xo) + 37/ (xo) + - (A6)

This is the Taylor series expansion* of the function f{x, + h). A more
common form of the series results if we set x, =0 and & = x (i.e, the
function f(x) is expanded about the origin):

[ 2

} fx) = f0)+Xf(0)+— "0)+ f”’0)+"'

| o (A7)

where
n

d
—= S (%) (A.8)

n
d x =0

Equation (A.7) is usually called Maclaurin’s seriest for the function f(x).

f(n)

Example A.1. Since the derivative of exp x of any order is just exp x, the exponential
series 1s

!' xZ x3 ]
€=1+X+z+§+‘“ [‘ (A.9)

This result is of considerable importance and it will be used often.

* The remainder term which remains if the series is terminated after a finite number of terms
is discussed, for example, by Kaplan (Ka52, pp. 357-360).
1 Discovered by James Stirling in 1717 and published by Colin Maclaurin in 1742.
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P Example A.2. In order to expand f(x) = sin x, we need

f(x) = sin x; f(0) =0
f'(x) = cosx; fo=1
f"(x) = —sin x; f0=0
S'(x) = —cosx;  fU(0)= —1
Therefore,
. X3 XS
smx=x—§+§—~-' (A.10)
Similarly,
x2 x4
cosx=1—7!+ZT—-'- (A.11)

P Example A.3. A series expansion can often be profitably used in the evaluation of
a definite integral. (This is particularly true for those cases in which the indefinite
integral cannot be found in closed form.)

Jql—dt—='r(1_t+t2_t3+m)dt’ lt| <1 (1)
V] +1t V]

Integrating term by term, we find

*dt — x2 X3
NET 2 3

Since

iIn(1+x)=1 1

dx + x
we. also have the result
x2 x3
In(1 =x—— 4 _ ...
n{l + x) = x > + 3 4

Exercises

A-1. Show by division and by direct expansion in a Taylor series that

1
1——x=1+x+x2+x3+-~+x"+~~

For what range of x is the series valid?
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A-2. Expand cos x about the point x = n/4.
A-3. Use a series expansion to show that
lex . p— X
J. £ 7% dx=21145...
0 x

A-4. Use a Taylor series to expand sin~! x. Verify the result by expanding
the integral in the relation

sin"!x = JJL
0 /1 — 12
A-S. Evaluate to three decimal places:
1
J. exp(—x2/2) dx
0

Compare the result with that determined from tables of the probability
integral.

A-6. Show that if f(x) = (1 + x)" (with |x| < 1) is expanded in a Taylor
series, the result is the same as a binomial expansion.



APPENDIX B

Complex Numbers

B.1 Complex Numbers

A complex number T consists of an ordered pair of real numbers, x, y,
and is customarily written in the form x + iy, where i = ./—1. The
modulus or absolute value of a complex number z = x + iy is defined to be

lz2l = + /x> + )2 (B.1)
In the complex number z, we call x the real part and y the imaginary part:
Rez = x; Imz=y (B.2)

The complex conjugate of z is denoted by z* and is formed from z by
changing the sign of the imaginary part:

z =x+1y
(B.3)
¥ =x — iy
t The terminology “‘complex number™ is due to Gauss, 1831,

531
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We may easily verify that

z7% = lzlz (B4a)
z+z¥=2Rez=2x (B.4b)
z—z¥=2iIlmz = 2iy (B.4c)

B.2 Geometrical Representation of Complex Numbers

Since a complex number is an ordered pair of real numbers, we may
represent such a combination by a point on a two-dimensional diagram.
We may, in fact, elect to connect such a point (x, y) with the origin and
represent the complex number by the line segment drawn in this manner.
Figure B-1 shows a geometrical representation of the complex number
z, = x; + iy;. Such a representation is called an Argand diagram.t

y X1y y1)
4] !
= i
< (
- I
] 1
: i
£ Zy =X, + zyl“
(é |
1
:
= . 101 :
0 X —»
Real axis

FiG. B-1

The addition of two complex numbers, z; and z,, may be obtained
geometrically by the parallelogram construction shown in Fig. B-2. The
sum is given by

z=1z; +2z;=(X; + X)) + i(y; +y)) (B.5)

Subtraction may be represented in an equivalent manner.
If we choose plane polar coordinates for the representation of a complex
number, then the point (x, y) may be designated by (r, 8), where

lz| = r (B.6a)

z=x+ iy =r(cos0 + isin 0) (B.6b)

T After J. R. Argand (1806), but the construction had previously been given by C. Wessel
and by Gauss (1797) and possibly had been discovered as early as 1673 by J. Wallis.
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y
’/,,/”’// I
"'2 /// | Y2
z2=12z; 4+ 2, ///
/
29 // Xy
ry
8 P z, Vi
19
Xy xX—
The following relations are easily verified:
2,2, = ryry[cos(8; + 6,) + isin(6; + 6,)] (B.7)
21 _ T lcos(8, — 0,) + i sin(d; — 6,)] (B.8)
2, I
" = r"(cos nf + isin nf) (De Moivre’s formula) (B.9)

The angle 6 is called the argument of z (and is sometimes written

f = arg z). We have
Imz y

tanf = — == B.10

1 Rez x ( )

Since we may increase 6 by 27 and obtain the same point in the x-y or

r-0 diagram, we must establish a convention in order to uniquely specify

the argument of a complex quantity. For our purposes here we will always
choose 0 < 6 < 27

B.3 Trigonometric Functions of Complex Variables

In the theory of real variables, the exponential function of x, denoted
by €* or exp x, may be represented by the infinite series [see Eq. (A.9)]:

2 x3

X
e:1+x+§+§+"' (Bll)
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In a similar fashion, we may write

eiy:l+(iy)+@+@+---

TIREETL
2 3
_ . y .y
2 4 3 5
_ _Y Ly . N I A A
_[1 n T4 ]“[ 3175 ] (B-12)

But the series in the first square brackets is just the expression for cos y
[Eq. (A.11)] and that in the second is just sin y [Eq. (A.10)]; hence,

e =cosy +isiny (B.13a)

Similarly,
e ¥ =cosy—isiny (B.13b)

Upon adding (or subtracting) Egs. (B.13a) and (B.13b) and solving for cos y
(or sin y), we find

iy —iy
cosy =+ _ (B.14a)
2 I
iy _ =iy |
siny =S | (B.14b)
2i |

These are called the Euler relations.t
If we combine Egs. (B.6b) and (B.13a), we see that we may always write
any complex number as

z=x+4 iy = Ae*® (B.15)
where A = |z| is called the amplitude, and where ¢ = tan~ !(y/x) is the
phase.

B.4 Hyperbolic Functions

If we calculate the cosine of z = x + iy, we find, using the Euler relations,
Ccos z = %[ei(x'*-iy) + e—i(x+iy)]
= e ¥(cos x + isin x) + e¥(cos x — isin x)
ey + e_y ey —_ e_y

=5 —cosx — i~ —sinx (B.16)

t After the eminent Swiss mathematician, Leonard Euler (1707-1783).
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The coefficients of cos x and i sin x are defined as the hyperbolic functions:

Yy -y
coshy = e—+2—e
(B.17)
sinhy = e-e’
Y=
Equation (B.16) then becomes
cos z = cosh ycos x — isinh ysin x (B.18)
We may also expand sin z with the result
sin z = cosh y sin x + isinh y cos x (B.19)

If we let x = 0 in Eqgs. (B.18) and (B.19), we obtain expressions for the
sine and cosine of a pure imaginary argument :

sin(iy) = isinh y
(B.20)
cos(iy) = cosh y
Similarly, we may verify the following relations:
sinh(iy) = isiny
(B21)
cosh(iy} = cos y
The derivatives of the hyperbolic functions are:
d
Esinh y = cosh y
(B.22)

d
Ecosh y = sinhy

Exercises

B-1. Is it possible to ascribe a meaning to the inequality z, < z,? Explain.
Does the inequality |z,| < |z,| have a different meaning?

B-2. Solve the following equations:

(@ z224+2z242=0 (b) 2224z4+2=0
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B-3. Express the following in polar form:

(a) z, =1 b) z,=—1
© z3=1+i/3 (d) z,=1+2i
(e) Find the product z,z, (f) Find the product z,z4

(2) Find the product z,z,
B-4. Express (z2 — 1)™ % in polar form.

B-5. If the function w =sin~ !z is defined as the inverse of z = sinw,
then use the Euler relation for sin w to find an equation for exp{iw). Solve
this equation and obtain the result

w=sin"'z= —iln(iz +J1 - zz)
B-6. Show that
(a) sinh(x; + x,) = sinh x, cosh x, + cosh x, sinh x,

(b) cosh(x, + x,) = cosh x, cosh x, + sinh x, sinh x,

B-7. Preparc graphs of the functions sinh x and cosh x.



APPENDIX C

Ordinary Differential Equations of
Second Order*

C.1 Linear Homogeneous Equations

By far, the most important type of ordinary differential equation en-
countered in problems in mathematical physics is the second-order linear
equation with constant coefficients. Equations of this type have the form

d?y  dy
— = + by = C.
or, denoting derivatives by primes,
y' +ay + by = f(x) (C.1a)

A particularly important class of such equations are those for which
f(x) = 0. These equations (called homogeneous equations) are important
not only in themselves but also as reduced equations in the solution of the
more general type of equation (C.1).

* A standard treatise on differential equations is that of Ince (In27). A listing of many types
of equations and their solutions 1s given by Murphy (Mu60). A modern viewpoint is contained
in the book by Hochstadt (Ho64).

537



538 APPENDIX C

The linear homogeneous second-order equation with constant co-
efficients will be considered first*:

y' +ay +by=90 (C2)
These equations have the following important properties:

(a) If y,(x) is a solution of (C.2) then c¢,y,(x) is also a solution.

(b) If y,(x) and y,(x) are solutions, then y,(x) + y,(x) is also a solution
(principle of superposition).

(c) If y,(x) and y,(x) are linearly independent solutions, then the general
solution to the equation is given by ¢, ¥,(x) + c,y,(x). (The general solution
always contains two arbitrary constants.)

[The functions y,(x) and y,(x) are linearly independent if and only if the
equation

Ayi(x) + uya(x) = 0 (C.3)

is satisfied only by A = u = 0. If Eq. (C.3) can be satisfied with 4 and u
different from zero, then y,(x) and y,(x) are said to be linearly dependent.

The general condition (i.e., the necessary and sufficient condition) that a
set of functions y,, y,, ¥, . .. be linearly independent is that the Wronskian
determinant of these functions be nonvanishing:

Y Y2 V3 Yn
Vi V2 Ya 't Va

W= yi Vs yvi o yn | #0 (C4)
y(ln—l) y(zn—l) y(3n—1) ysln—l)

where y™ is the nth derivative of y with respect to x.]

The properties (a) and (b) can be verified by direct substitution, but (c)
will only be asserted here to yield the general solution. It should be noted
that the properties listed above apply only to the homogeneous equation
(C.2) and not to the general equation (C.1).

Equations of the type (C.2) are reducible through the substitution

y=eé" (C.5)
Now,
y=re*, Yy =r?* (C.6)

* The first published solution of an equation of this type was by Euler, 1743; but the solution
appears to have been known to Daniel and Johann Bernoulli, 1739.
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Using these expressions for y and y” in Eq. (C.2), there results an algebraic
equation called the auxiliary equation:
rP+ar+b=0 (C7)
The solution of this quadratic in r is
a
r=—,% 1J/a* —4b (C.3)
We first assume that the two roots, denoted by r, and r,, are not identical,
and write the solution as
y =e"* 4 "?* (C9)

Since the Wronskian determinant of exp r;x and exp r,x does not vanish,
these functions are linearly independent. Thus, the general solution is

y =ce"* + cye™, ry #Ery (C.10)

If it happens that r; = r, = r, then it can be verified by direct substitution
that x exp rx is also a solution, and since exp rx and x exp rx are linearly
independent, the general solution for identical roots is given by

y = ce™ + cyxe™, rA=r,=r (C.11)

p Example C.1. Solve the equation:

y' =2y -3y=0 ey
The auxiliary equation is
P=2r=3=0r—-3r+1)=0 )
The roots are
r,=3; r, = —1 3)
Therefore, the general solution is
=" + " 4)
» Example C.2. Solve the equation:
Y+ 4y +4y =0 (1
The auxiliary equation is
Prdr+4=0r+2"=0 ()
The roots are equal, and r = —2. Therefore, the general solution is

=cie 2 + cyxe” (3)
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If the roots, r; and r,, of the auxiliary equation are imaginary, the
solutions given by ¢, exp r,x and ¢, exp r,x are still correct.

In order to give the solutions entirely in terms of real quantities, we use
the Euler relations to express the exponentials. Then,

r

e = ™ = ¢*(cos fx + isin fx)

(C.12)

e = ¢™e % = ¢™(cos fx — isin fx)
and the general solution is
y =" + e
= e™[(¢; + c3)cos fx + i(c; — c¢,)sin fx] (C.13)

Now, ¢, and c, are arbitrary, but these constants may be complex. However,
not all the four elements can be independent (since there would be four
arbitrary constants rather than two). The number of independent elements
can be reduced to the required two by making ¢, and ¢, complex conjugates.
Then, the combinations 4 = ¢, + ¢, and B = i(c, — ¢,) become a pair of
arbitrary, real constants. Using these quantities in the solution we have

y = é**(A cos fix + Bsin fx) (C.14)
Equation (C.14) may be put into a form that is sometimes more con-
venient by multiplying and dividing by u = /4% + B?:

y = ue™[(A/u)cos fx + (B/u) sin fx] (C.15)
Next, we define an angle 6 (see Fig. C-1) such that
sind = A/u; cosd = B/u; tand = A/B (C.16)

Then the solution becomes
y = pe™(sin 8 cos fx + cos J sin fx)

= pe** sin(fx + 9)

p=./A*+ B2

6. C-1
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Depending on the exact definition of the phase §, we may write the solution
alternatively as

y = pe**sin(fx + 9) (C.17a)
y = pe** cos(fix + 4) (C.17b)

Example C.3. Solve the equation:

V' +2y +4y=0 (1)
The auxiliary equation is
P +2r+4=0 2
with
Hence,

a=-1; f=3 €

and the general solution is

y = e *(c, cos \/gx + ¢, sin \/gx) (%)
or,
y = pe *sin [(\/gx + 5)] )

Summarizing, then, there are three possible types of general solutions
to homogeneous second-order linear differential equations, as indicated
in Table C.1.

Table C-1
If the roots of the auxiliary equations are then the general solution is y =
Real, unequal (r, # r,) c e + ¢ e
Real,equal (r, =r, =7) cie”™ + cyxe™
Imaginary (« + if) (¢, cos Bx + ¢, sin fx)
or,

e sin(fix + 9)
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C.2 Linear Inhomogeneous Equations

In order to solve the general (i.e., inhomogeneous) second-order linear
differential equation, consider the following. Let y = u be the general
solution of

y'+ay + by =0 (C.18)
and let y = v be any solution of
y'+ay + by = flx) (C.19)

then y = u + v is a solution of (C.19), since
y' +ay + by =W +au + bu) + (v + av’ + bv)
=0+ f(x)

Now, u contains the two arbitrary constants ¢, and c,, and therefore the
combination u + v satisfies all of the requirements of the general solution
to Eq. (C.19). The function u is the complementary function and v is the
particular integral of the equation. Since a general method of finding u
has been given above, it only remains to find, by inspection or by trial,
some function v that will satisfy

V" + av’ + bv = f(x) (C20)
P Example C.4. Solve the equation:
Y+ 5y + 6y = x> + 2x (0
The auxiliary equation is

P+ Sr+6=0r+3)r+2=0 (2)
ry=—3; rp=—2 (3)

So that the complementary function is
u=ce 3+ ce (4)

Since the right-hand side of the original equation is a second-degree polynomial, we
guess a particular integral of the form

v=Ax*+Bx + C (5)

Then,
v'=24x + B (6)
v =24 )

Substituting into the diffcrential equation, we have

24 + 5Q2Ax + B) + 6(Ax? + Bx + C) = x> + 2x ®)
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or,
(64)x2 4+ (104 + 6B)x + (24 + 5B + 6C) = x? + 2x 9
Equating coefficients of like powers of x:
64 =1
104 + 6B =2 (10)
24+ 5B+ 6C=0
Solving,
A=%  B=1: C= -1 (1)
Hence,

R TP S O
= T8 T 108

_18xF 4+ 6x — 11

12
108 (12)
Thus, the general solution is

18x2 + 6x — 11

y=u+v=rce 3+ e+ 108 (13)

The type of solution illustrated in the above example is called the method
of undetermined coefficients.

» Example C.5. Solve the equation:

y" + 4y = 3xcos x (1)
The auxiliary equation is
P4 d=(+2)r—-20=0 )
with roots
r=o+if=0+2i
(3)
r,=a—if=0—2i
so that

and the complementary function is
u = e"¥(c, cos fx + ¢, sin fix)
= ¢, €08 2x + ¢, sin 2x (5)

To find a particular integral, we note that from x cos x and its derivatives, it is possiblc
to generate only tcrms involving the following functions:

XCOS X X sin x; COS X; sin x
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Therefore. since all of these functions are linearly independent, the trial particular
integral is

v= Axcosx + Bxsinx + Ccosx + Dsinx (6)
" = Alcos x — xsin x} + B{sin x + x cos x)
—Csinx + Dcosx )]
v = —A(2sin x + x cos x) + B(2 cos x — xsin x)
—Ccosx — Dsinx (8)
Substituting into the original differential equation,
3D — 2A4)sinx + (2B + 3C)cosx + 3(A — l)xcosx + (3B)xsinx =0 9

The coefficient of each term must vanish (because of the linear independence of the
terms):

3D =24; 2B = -3C; A=1; 3B=0 (10)
from which,
A=1, B=0; C=0; D=} (11)
Hence, the general solution is
= ¢, sin2x + ¢, cos 2x + xcos x + %sinx (12)

If the right-hand side, f(x), of the general equation [Eq. (C.1) or (C.19)]
is such that f(x) and its first two derivatives (only second-order equations
are being considered) contain only linearly independent functions, then a
linear combination of these functions will constitute the trial particular
integral. In the event that the trial function contains a term which already
appears in the complementary function, use the term multiplied by x; if
this combination also appears in the complementary function, use the
term multiplied by x*. No higher powers will be needed since only second-
order equations are being considered and only exprx or x exp rx occur
as solutions to the reduced equation; x* exp rx never occurs.

Exercises
C-1. Solve the following homogeneous second-order equations:
@ y'+2y-3y=0 (b y+y=0
() y" =2y +2y=0 (d y" —2y+5y=0

C-2. Solve the following inhomogeneous equations by the method of
undetermined coeflicients:

(@) y"+ 2y — 8y = 16x (b) y" — 2y 4y = 20
() ¥y +y=sinx (d) 3" — 2y + y = 3xe*
(¢ y —4y +5y=e¢>*+4sinx
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C-3. Use a Taylor series expansion to obtain the solution of

yu + y2 =x2

that obeys the conditions y(0) = 1 and y'(0) = 0. (Differentiate the equation
successively to obtain the derivatives that occur in the Taylor series.)
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Useful Formulas*

D.1 Binomial Expansion

nin—1) , 4 nin — n — 2)x3

+xy=14+nx+ X X 3
n
+--'+(r)x'+..., x| <1 (D.1)
- nn—1) , nn—1)n-2)
l-x=1—nx+ T 31 x3
+---+(—1)’(:)x'+..., Ix] <1 (D.2)
where the binomial coefficient is
(n‘) _ n! D3
r/ T (n— ! (D.3)

* An extensive list may be found, for example, in Dwight (Dw61).
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Some particularly useful cases of the above are:

1+xr=1
1+ x)! =1
(1 +x) %=1
1+x)"t=1
A+x) =1
(1+x"2=1
1+x3=1

For convergence of all of the above series, we must have |x| < 1.

1 1.2 13 ...
T 3X — gXT EgeX” —

£ 3x —ox? £ g’ — o

- 1 3,2 —+— 5.3

T+ 30 F e 4
1 2 — 14,3

Fax +52F a0+
Fx+x2Fx 4+

F2x +3x2F 4>+ -
F3x +6x2F 10x* + ---

D.2 Trigonometric Relations

sin(A + B) =
cos(4 + B) =

sin24 =
cos2A =

sin? = =

2

2
COs” = =
2

sin? A =
sin® 4 =
sin*4 =
cos? A =
cos® A =

cos* A =

tan(A + B) =

sin Acos B + cos Asin B

cos Acos B F sin Asin B

. 2tan A
2sin Acos A = ———5—
1 +tan* A4
2cos2 A4 —1
(1 — cos A)

31 + cos A)

1 — cos2A4)

3sin A — sin 3A)

3 —4cos2A + cos4A)
1 + cos 2A4)

3cos A + cos 34)

3 +4cos2A + cos4A)

tan A + tan B
1 —tan Atan B

— Bl= N &= B~ N

e N e SN

0|
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A 1 —cosA

tan? > = — —— = )
an 2 1+4cosd (D-24)
sinx =& " D.25
T2 (D:25)
cos x :e_+2e_ (D.26)
e = cosx + isinx (D.27)
D.3 Trigonometric Series
3 5 7
sinx:x—%#—%—%#—"' (D.28)
XZ X4 X6
302
tanx:x+%+1—5x5+..., x| < m/2 (D.30)
3 3 x| <1
. X 5 [
=x+ =4 —x>+..., , D.31
X=X T 07 U lsin™! x| < 72 (B31)
3
bt X 3 s [ <1 D.32
08 " X=H = X7% Txt T lo<cos ix<m (D-32)
3 5 7
tan“x:x~%+%-x7+..., |x| <1 (D.33)
D.4 Exponential and Logarithmic Series
x2 x3 Xy
e:1+x+7!+ﬁ+... ="gon-! (D.34)
2 3 4
1n(1+x):x—%+%—%+..., I <1; x=1 (D35
In[/(x*/a®) + 1 + (x/a)] = sinh™ ! x/a (D.36)

= —in[/x¥a) + 1 - (x/a)] (D37)
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USEFUL FORMULAS

Hyperbolic Functions

sinh x =

cosh x =

tanh x =

sin ix =
COS ix =
sinh ix =

cosh ix =

sinh™!x =

e* —e”

X

2
e+ e

2
e?* — 1
e?* + 1
i sinh x
cosh x
isinx

COsS X

tanh”[‘x—
x40
ln[x + x4+ 1]

>0, >0
cosh”[,/x2+ 1], {<0 z<0

2

—1
= itanh_l[J—}, x> 1

x
=+ In[x + /x* — 1],
= +sinh™ ! [ /x* — 1],

x> 1

x> 1
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(D.38)

(D.39)

(D.40)

D.41
D.42
D43
D.44

—_— e~
— e e e

(D.45)

(D.46)

(D.47)

(D.48)

(D.49)

(D.50)
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Useful Integrals*+

E.1 Algebraic Functions

dx _ ltan_l(x)
a2 +x¥ a al’

d

f dx —Lln( x2 )

x(a® + x?)  24% \a? + x?

f dx —Ll a + bx
a? — b*x  2ab

n a— bx
1
= —tanh"(?f), b%x? < a?
ab a.

(E.1)

(E.2)

(E.3)

(E.4)

(E.5)

* Extremely useful compilations are, for example, Pierce and Foster {(Pi57) and Dwight

(Dw61).

+ This list is confined to those (nontrivial) integrals which arise in the text and in the

problems.
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r dx 3 3
Jﬁ=ln X+ /X" +a (E6)

j‘._dx—_ziln[fz\/c_z,/axz+bx+c+2ax+b], a>0
JoxZ+bx+c \Ja

(E.7a)
1 2ax + b a>0
= — g h_ vy o N .
\/Esm [ 4ac — bz] { dac > b* (E70)

1 __1[ 2ax+b]
= — ——sin" ' |—=——|,

J —a < b* — dac
a<0

b > dac

J2ax + b| < /b* — dac (E.7¢)
J x dx 1 ———— bJ’ dx
—— = —Jax’ + bx + ¢ — — | ————
Jax* +bx+c¢ 4 2a) Jax* + bx + ¢
J‘ dx ——Lsinh’l bx + 2¢ c>0
x/ax? + bx + ¢ Je |x|</4ac — b?|’ 4ac > b*  (E.9a)
b bx + 2¢ :| {c<0

sin™! _
J—c [|x|‘ /b? — dac b? > 4ac  (E9b)

1 2 _— 2
=——1n[%z\/ax2+bx+c+;c+b}, ¢c>0

/e

(E.8)

(E.9¢)
2 b
j ax? 4+ bx + cdx = a);a+ Jax? + bx + ¢
2
+ dac — b J dx (E.10)
8a Jax? + bx + ¢
E.2 Trigonometric Functions
~[sinzxdx =§— Lsin 2x (E.11)
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x .
jcoszxdx =5+ Lsin 2x

J' dx _ 2 tan-" atan(x/2) + b 2> b
a+bsinx /g% _ b2 fa2 —p2 |’
dx 2 _| (@ — b)tan(x/2)
- tan—! 2 2
J~a+bCOSX /az_b2 an [ az_bz ’ a>b
J‘ dx _ bsin x a dx
(a+ bcosx)®? (b2 —a®(a+ bcosx) b2 —a®)a+ beosx

jtanxdx = — In|cos x|

ax
je“"sinxdxz oy 1(asinx—cosx)
a

E.3 Gamma Functions
Ir'n) = f x""le™*dx
0

= ‘r [In(1/x)]"~ ! dx
0

I'(n) = (n — 1)1, for n = positive integer
nlFn)=TIn+1)

rG)=/n

ra=1
I'(13) = 0.906
I(13) = 0919

rey=1

(E.12)

(E.13)

(E.14)

(E.15)

(E.16)

(E.17)

(E.25)
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jq x™(1 — x?)'dx = D ( )
’ 2I“(n + m 3)

E.4 Elliptic Integrals*

Elliptic integral of the first kind:

@
Flo,k) j do K <1

0 /1 — k*sinZ¢
_J"‘ dx
0o /(1 — x?)(1 — k?x%)

i3 i3 1 9
TN _T ) E A PR
F(z,k) 2[1-!-4 +64k + ]

Elliptic integral of the second kind:
@
=f V1 —k%sin2pde
/1 — 242
f kx dx,

l—x

X =sing

= sin¢@
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(E.26)

(E.27a)

(E.27b)

(E.28)

(E.29a)

(E.29b)

* Extensive numerical tables are given, for example, by Adams and Hippisley (Ad22); short

tables may be found in Dwight (Dw61).
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Differential Relations in Curvilinear
Coordinate Systems

F.1 Cylindrical Coordinates

Refer to Figs. F-1 and F-2.

x, =rcos0; X, = rsin{; Xy =2 (F.1)
r=.x+ x3; 9=tan”1%; zZ = X5 (F.2)
1
ds? = dr? + r?d0? + dz? (F.3)
dv = rdrdfdz (F.4)
d 1¢é 0
grad Y = eri’ + eg——fl/’ + ez»i (F.5)
or r o0 Cz
104, 04

. 10
divA = A+ 20+,
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curlA = e (l oA, _ —aAo) +e (% - ——aAZ)
- \r 00 0z N oz or
13 104,
vel a4 %)

10/ 0!,0) 10% &%y
2, — _r —__ _r
Vi —rar(r('ir, +r2 002 + 0z2

FiG. F-2

(F.7)

(F.8)
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F.2 Spherical Coordinates

Refer to Figs. F-3 and F-4.

x, =rsinfcos ; X, =rsinfsin ¢;

_1 X3
r=Jx2+x2+x3; O=cosT! =
,

x5 =rcosf

@ = tan”~

1

Xz

X1

(F.9)

(F.10)
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ds? = dr? + r2d0? + r?sin® 0 dop? (F.11)

dv = r?sin 0dr d0 do (F.12)

grady = e,% + egé% %:giln_g% (F.13)

divA = ;lia—i(rzA,) + rsiln 9%(A9 sin 6) + . siln 9% (F.14)
curl A = e,;iln—g(%(Aw sin ) — %i(p")

- 9(‘2’; ~ sin0Zra,) (F.19)

(F.16)

1 o
r? sin2 @ 0¢?



Consider the two incrtial systems K and K’ which are moving rclative to
onc another with a vclocity v. At the instant when the two origins coincide
(t =0, ¢ =0), Ict a light pulse be emitted from the common origin. The
cquations that describe the propagation of the wave fronts are required,
by the second Einstcin postulate, to be of the same form in the two systems:

Yxi—ct =Yx; =5 =0 in K (G.1a)
J "

Y- et = ¥
J "

§2=0 in K’ (G.1b)

These equations state that the vanishing of the four-dimensional interval
between two events in one inertial reference frame implies the vanishing of
the interval between the same two events in any other inertial refercnce
frame. But we necd more than this; we must show, in fact that s> = 5’2, in
general.

Now, if wc rcquire that the motion of a particle, observed to be linear
in thc system K, also be linear in the system K’, then the equations of
transformation that connect the x, and the x, must themselves be linear.
In such a case, the quadratic forms s* and s> can be connected by, at most,
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a proportionality factor:
§'? = Ks? (G.2)

The factor x could conceivably depend on the coordinates, the time, and the
relative velocity of the two systems. As pointed out in Section 3.3, the
space and time associated with an inertial reference frame are homogeneous,
so that the relation between s? and s’ cannot be different at different
points in space nor at different instants of time. Therefore, the factor x
cannot depend on either the coordinates or the time. A dependence on v
is still allowed, however, but the isotropy of space forbids a dependence on
the direction of v. We have therefore reduced the possible dependence of
5’2 on §? to a factor which involves at most the magnitude of the velocity v.
That is, we have

52 = k(v)s? (G.2a)

If we make the transformation from K’ back to K, we have the result

s? = Kk(—1v)s?

where — v occurs since the velocity of K relative to K’ is the negative of the
velocity of K’ relative to K. But we have already argued that the factor x
can depend only on the magnitude of v. Therefore, we have the two equations

5?2 = Kk(v)s?; s? = k(v)s’? (G.3)
combining these equations, we conclude that k* = 1, or k(v) = + 1. Now,
the value of k(v) must not be a discontinuous function of v. That is, if we
change v at some rate, x cannot suddenly jump from +1 to —1. Clearly,
in the limit of zero velocity, the systems K and K’ become identical, so that
k(v = 0) = + 1. Hence,

K= 41 (G.4)
for all values of the velocity, and we have, finally,
st =52 (G.5)

This important result states that the four-dimensional interval between
two events is the same in all inertial reference frames.
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