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1. Univariate Time Series Analysis and Forecasting

1.1 Expectations, stationarity, Ergodicity and White Noise Process

A time series Y i1s a process observed in sequence over time, ¢z = 1,...,T. To

indicate the dependence on time, we adopt new notation, and use the subscript 7 to

denote the individual observation, and T to denote the number of observations. Because
of the sequential nature of time series, we expect that Y and ¥%,_; are not independent, so
classical assumptions are not valid. We can separate time series into two categories:
univariate (y, € R is scalar); and multivariate (y, € R" is vector-valid). The primary
model for univariate time series is autoregressions (ARs). The primary model for
multivariate time series is vector autoregressions (VARS).

Suppose we observed a sample of size T of some random variable Y.: {y[}szl. The observed
sample represents 7 particular number, but this 7 numbers is only one possible outcome of the

underlying stochastic process that generated the data. Indeed, even if we were to imagine

having observed the process{y[} _.» this infinite sequence would still be viewed as a single

t=—
realization from a time series process. Imagine we have N computers generating sequences

{yfl)}z_m ,{ytm}z_m {y,(N )}Z_m , and consider selecting the observation associated with date

t from each sequence:{yt(l),yI(Z),---,yt(N)}. This would be described as a sample of N

realizations of a random variable Y. This random variable has some density function, denoted

by fy (), which is the unconditional density of Y.

The expectation of the t™ observation of the time series refers to the mean of this probabilit
p p y

distribution provided it exists:

E(%)= [ uf, (u)dy, [1.1.1]
We might view this as the probability limit of the ensemble average:
N .
E(Y,)=plim(l/ N)Yy," [1.1.2]
N—reo i=1

Sometimes for emphasis the expectation E(Y,) is called the unconditional mean of Y, denoted
by 4. Note that this notation allows the general possibility that the mean can be a function of

the date of the observation .
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The variance of the random variable Y, (denoted by <) is similarly defined as:

Yo =E = j ) £y, (u) by, [1.1.3]

Autocovariance at lag k of Y, (denoted by [i) is defined as:

kt = E[(Yz _:ut)(Yt—k _ﬂz—k)]
. e [1.1.4]
= [ W= =) Fro o, (0) YAy, ody,

—o0 —o0

Again it may also be helpful to think of the autocovariance at lag k as the probability limit of

an ensemble average:
N
i=1

ke phm 1/ N Z( (l)_:ut)(yt(l)k lut—k) [1'1'5]

N o0 i

Stationarity and Ergodicity

Definition 1.1.1 {y,}is covariance (weakly) stationary if E(y,)=pis
independent of t, and

cov(y, 4, ) =~ (k) is independent of t for all k. ~(x)is the autocovariance function at lag k.

p(k) =~(k)/~(0) = corr(y,,y,_, ) is the autocorrelation function at lag k.

Definition 1.1.2 {y,}is strictly stationary if the joint distribution of (y,,....Y,_; )is

independent of t for all k.

We have viewed expectations of a time series in terms of ensemble averages such as [1.1.2]

and [1.1.5]. These definitions may seem a bit contrived, since usually all one has available is a

single realization of size T from the process, which may be denoted by {yl(l),y(zl),- ", y(Tl)} . From

these observations, we would calculate the sample mean?y . This, of course, is not an ensemble

average but rather a time average:

y=(/ T Zy(l) [1.1.6]

Whether time averages such as [1.1.6] eventually converges to the ensemble average concept

E(y,) for a stationary process has to do with ergodicity

Definition 1.1.3 A stationary time series is ergodic if ’Y(K)TO as k1oo.
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The following two theorems are essential to the analysis of stationary time series. There

proofs are rather difficult, however.

Theorem 1.1.1 If Yyis stricily stationary and ergodic and z,= f(y,,y,_,...)is a random

variable, then %, is strictly stationary and ergodic.

Theorem 1.1.2 (Ergodic Theorem). If V, is strictly stationary and ergodic and E |Z‘/¢| < oo, then

1 T
as Tto, ?Zyt%E(yt)

t=1

This allows us to consistently estimate parameters using time-series moments:

The sample mean:
1 T

:& Z?Zyt

=1
The sample autocovariance

. 1< . .
A =—> (v = ) (Y1 — 12)
T3
The sample autocorrelation
5 (1) = I
4(0)

Theorem 1.1.3 If v,is strictly stationary and ergodic and E (yt2 ) < oo, then as TToo
1. i—L—u
2. Alk)—L—~(k)

3. plk)—L—p(k)

Proof of Theorem 1.1.3. Part (1) is a direct consequence of the Ergodic

theorem. For part (2), note that

N 1< N N
w(k)=72(yt —2) (Y — )
t=1

R L L e
T ot ytyt—k T o yt:u T o yt—k:u u
By Theorem 1.1.1 above, the sequence ¥y, 1s strictly stationary and ergodic and it has a

finite mean by the assumption that £ (y,2 ) < oo . Thus an application of the Ergodic Theorem

yields
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1

T
T Zytyt—k —L—E (ytyt—k )

t=1

Hence,
A{(k)%E(ytyt_k)— /‘2 - :u2 + :u2 = E(ytyt—k)_ :u2 = "{(k)
A covariance stationary process is said to be ergodic for the mean if [1.1.6] converges in

probability to E(y,)as T —>oo. Alternatively, if the autocovariance for a covariance-

stationary process satisfy ' |’Yj| < oo, then {y,}is ergodic for the mean.
=1

Lp can be defined as the set of random variables X with E |X |p <oo. When p is two, the set of
random variables X satisfying E (X 2) <o are said to be square integrable. The set of square

Y2
integrable real random variable X is a normed linear space # with norm | X| = [ E(x? )]

Definition 1.1.4 Two variables x and ysuch that E(:BZ) <o and E(yz) < o are said to be

orthogonal with respect Ly if E(xy)=0.

Definition 1.1.5 A sequence of variables x,, satisfying E (xz) <ooconverges to a variable T

with respect L, (or converges in mean square) if ||:cn — :c” —0asnT .

The function ~:k —)’Y(k), k being integer, is called autocovariance function. This function
is
i. Even:thatis, Vk, ~(=k)=~(k);
ii. Positive since ZZ(I)].(I),(“{(I] —tk)=Var(z¢jztjj> 0, v positive integer n, V¢,
j=lk=1 j=l

real, and V7; integer.

Theorem 1.14 If mis a stationary process, and if (@, i integer)forms a sequence of

absolutely summable real numbers with Z|({)i|<oo, the new variable obtained by

[=—00

oo

Y, = Z O.z,_; defines a new stationary process.

j=—0c0
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Proof: The series formed by Qz,_; is convergent in mean square since

S S 2 .&
Z ||<l>,~f17t_,~|| = Z |¢i|||l}-i|| = (’Y(O)+ﬂ2) Z |(l)l| < oo

j=—co j=—c0 j=—c0

The expression Z 0.r,_;1s an element of Lz, 1 so defined is square integrable. The moment

j=—c0

of {y, } can be written as

£t 540 S 081 =, Ondepemenco

i=—co i=—o0 j=—oc0

COV(?Jp?JHk) = COV[ Z Oz, Z (I)imt+k—iJ = Z Z 0.0, COV($t—i’$t+k—j)
i=—co i=—oo i=—co j=—co

=3 Y a0 (k+in )=, (0

[=—o00 j=—oo

(Independent of 7).

White Noise Process:
The building block for all the process considered in this chapter is a sequence {e, }Z_w whose

. 2
elements have mean zero and variance o°,

E(e)=0
E(elz):az [1.1.7]
And for which the € ’s are uncorrelated across time:
E(ee,)=0forr#7 [1.1.8]

A process satisfying [1.1.7] and [1.1.8] is described as a white noise process. One may on
occasion wish to replace [1.1.8] with slightly stronger condition that the € ’s are independent

across time:
¢, and €, are independent for 7 # 7. 1.1.9]

A process satisfying [1.1.7] and [1.1.9] is called an independent white noise process. Finally,

if [1.1.7] and [1.1.9] hold along with
e, ~N(0,0%), [1.1.10]

then we have the Gaussian white noise process.
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1.2 Autoregressive and Moving Average Processes

In time series, the series {...,4;,%,,.-.,Yr-. .} are jointly random. We consider the conditional
expectation  E(y,|F,_,)where F_; ={y, .y, ,....}is the history of the series or the

information set at time #-/. An autoregressive (AR) model specifies that only a finite number

of past lags matter.
E(4| ) =E(4 |t Yha Yk

A linear AR model (the most common type used in practice) specifies linearity:
E(4,|Fi)= po+ P¥c + Poima + 0+ Piis

Letting ¢, =y, — E (y,|F,_, ). then we have the autoregressive model

Y =Pot PYio1 T PYn T T PYy TG
E(e,|.7-;_1)=0

The last property defines a special time-series process.

Definition 1.1.6 ¢, is a martingale difference sequence (MDS) if E(e, |.’}'—',_1 ) =0.

Regression errors are naturally a MDS. Some time-series processes may be a MDS as a
consequence of optimizing behavior. For example, some versions of the life-cycle hypothesis
imply that either changes in consumption or consumption growth rates should be a MDS.
Most asset pricing models imply that asset returns should be the sum of a constant plus a
MDS.

The MDS property for the regression error plays the same role in a time-series regression as
does the conditional mean-zero property for the regression error in a cross-section regression.
In fact, it is even more important in the time-series context, as it is difficult to derive

distribution theories without this property. A useful property of a MDS is that e, is

uncorrelated with any function of the lagged information F_;. Thus for k>0, E (e, |F_i)=0.

1.2.1 Stationary AR(1) Process

A first-order autoregressive process, denoted by AR(I), satisfy the following difference

equation:
Y, =a+by_, +e [1.2.1]
where, {¢ }is white noise sequence. If |¢| 21, the consequences of the € ’s for ¥ accumulate

6
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rather than die out over time and hence there does not exist a covariance stationary process for
Y, with finite variance that satisfy [1.2.1]. In the case where |¢| <1, there is a covariance

stationary process for ¥ satisfying [1.2.1]. By repeated back-substitution, [1.2.1] can be

expressed as
vy =af(1=0) + 6 + e, + 0%, + 0% 5 [1.2.2]

This can be viewed as an MA(o) process. When [¢| < 1,i|¢|j = 1/(1—|¢ |)- The remainder of

j=0
this discussion of first-order autoregressive process assumes that|¢| <1. This ensures that the

MA () representation exists and that the AR(1) process is ergodic for the mean.

Theorem 1.2.1 If |¢| <1 then Yy, is strictly stationary and ergodic.

Taking expectation of both sides of [1.2.2] yields the mean of AR(1) process given by:
E(y,)=pu=0/(1-9) [1.2.3]

Variance of a stationary AR(1) process is

~(0) = E(y, - 1) = E(e, +0e_, +0%,_, +0%_4--)

[1.2.4]
—(1+07+¢* +0° +---)0” = 0*/(1-¢?)

Covariance at lag k of a stationary AR(1) process is
NK) = E(y, = 1) (i — 1) =
O R S NSRS R | PR
(Esz + 06 + 0%, +)
_ ((I)K +¢K+2 +¢K+4 +---)02 =[({)k/(1—(l)2)]02
From [1.2.4] and [1.2.5] it follows that the autocorrelation function at lag k of a stationary
AR(1)is
pk) =~(k)/~(0) = " [1.2.6]
The moments for a stationary AR(1) process were derived above by viewing it as an MA(x)
process. The second way to arrive at the same results is to assume that the process is
covariance- stationary and calculate the moments directly from [1.2.1]. Taking expectations

of both sides of [1.2.1],
E(y,)=0a+0E(y, )+ E(e) [1.2.7]
Assuming that the process is covariance stationary,

7
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E(y,)=E(y._)=n [1.2.8]
Substituting [1.2.8] into [1.2.7]
p=a+ou+0=u=a/(1-0) [1.2.9]

To find the second moment of in analogous manner, use [1.2.9] to rewrite [1.2.1] as

=ull-0)+dy,_, +e€
Y, :u( q)) 0y, +e } [1.2.10]
(4 =) =0y — 1) +¢
Now square both sides of [1.2.10] and take expectations
2 2
E(y,—p) =0E(y— 1) +20E[ (v, —n)e |+ E(¢) [1.2.11]

Recall from [1.2.2] that (y,_, — u)is a linear function of €_,6_,," -~

2
(yt—l _:u) =€ +06_,+07¢ 5+

But €, is uncorrelated with€,_;,6_»,"*+, so ¢, must be uncorrelated with(y,_, —u). Hence, the

second term on the right hand side of [1.2.11] is zero:

E[(yr—l_ﬂ)erJ:O [1.2.12]

Again, assuming covariance-stationarity, we have

E(y, —#)2 =E(y —#)2 =o [1.2.13]

Substituting [1.2.12] and [1.2.13] into [1.2.11],
Yo =9 +0t =g = 02/(1_¢2)
Similarly, we could multiply both sides of [1.2.10] by (ytf = ,u)and take expectations:

E[(y, =)t = 1) | = OE [ (v, = ) Wi = 20) |+ E[ (v, —1)e, ] [1.2.14]

But the term(y,_, —u)is a linear function of €_,6_;_,6_s_n, "+ which, for k>0, will be

uncorrelated with ¢, . Thus, for k>0, the last term on the right hand side of [1.2.14] is zero.

Hence, for k>0, [1.2.14] becomes:

~(k) =0~ (k—1) = ~ (k) = 9*~(0) [1.2.15]
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The data for the simulated AR(7) processes with parameter ¢ equal to 0.5 and 0.9 are depicted
in the following figures, combined with their autocorrelation function. All series are
standardized to have unit variance and zero mean. If we compare the AR series with ¢=0.5 and
0=0.9, it appears that the latter process is smoother, that is, a higher degree of persistence. The
autocorrelation function show an exponential decay in both cases, although it takes large lags
for the ACF of the ¢=0.9 series to become close to zero. For example, after 15 periods, the
effect of a shock is still 0.9'° = 0.210f its original effect. For ¢=0.5 series, the effect at lag 15
is virtually zero.
AR(1) with a=0 and ¢=0.5

Yt 24
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05 1 Function AR(1), 0=0, $=0.5
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-1
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Theoretical Autocorrelation
0.8 - Function AR(1), a=0, $=0.9

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1.2.2 The Second-Order Autoregressive Process

A second-order Autoregression, denoted by AR(2), satisfies:

Y=oty +hy o t+e [1.2.16]
Or, in the lag operator notation,

(1-0L-0,1%)y, =a+e [1.2.17]
The difference equation [1.2.16] is stable provided that the roots of

(1-4z-0,2%) =0 [1.2.18]
lie outside the unit circle. When this condition is satisfied, the AR(2) process turns out to be

covariance-stationary, and the inverse of the autoregressive operator in [1.2.17] is given by
w(D=(1-4L- 1) =y, +wL+y,l2 +y, L+ [1.2.19]
The value of /;'s can be found from the fact that
(1= L— 0,12 )y + v, L+ y, > +y, L+ ) = 1.
From this it follows thaty, =Ly =@y, =@y, + ¢y, forj=2.

Multiplying both sides of [1.2.17] by y(L) gives

y, =w(La+y(L)e [1.2.20]
One can easily show that
y(Da=a/(1-¢ — ) [1.2.21]
and Y |y | < e [1.2.22]
j=0

Proof: taking expectation of both sides of [1.2.16] yields

E(yt):a+¢1E(yt—l)+¢2E(yt—2)

Assuming that the process is covariance stationary, we obtain
10
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E(y)=n=a/(1-0-6)
Taking expectation of both sides of [1.2.20] yields
E(y,)=y(L)a
The preceding two expression imply that
y(La=a/(1-0—¢)
This proves the result in [1.2.21] for a covariance-stationary second-order autoregressive

process.
Proof of [1.2.22] proceeds as follows:

Factorizing a second-order polynomial in the lag operator,

_ G " G
1-AL 1-4L

(1—aL-,22) " =[(1=AL)(1=1L)]"

Where ¢, = A and C, __
b=ty by =4

Assuming that the eigenvalues are inside the unit circle or the roots of the polynomial in the

lag operator lie outside the unit circle, one would express the second order polynomial in the

lag operator as

-1 _ 6] i &)
1-4L 1-A,L

(1—qL-2) " =[(1=AL)(1-AL)]

G i (’11L)j %) Z:(:)(}“ZL)]

=0
= i (Clj"{ + Czlé)Lj
=0

From this last expression it follows that y i = cll{ + czﬂ,ﬁ . Hence,

Sli|= Slevi +esid] < Slellal + Sleallinl = by el
j=0 j=0 =0 =[] 1-

j= j=0

This proves the expression in [1.2.22].

To find the second moments, write [1.2.16] as

Y, :ﬂ(l—‘h _4)2)"‘4)12/;_1 +¢2yz—2 +€z
Or (y, — ) =& (g, =)+ & (4, — 1) +¢ [1.2.23]

Multiplying both sides of [1.2.23] by (ylf = ,u) and taking expectations produces

N =g~ (k-1 +o~(k—2) fork=1,2,3,--- [1.2.24]

11
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Hence, the autocovariances follow the same second-order difference equation as does the
process fory,. An AR(2) process is covariance stationary if the roots of the second-order

polynomial in the lag operator lie outside the unit circle. If both roots are real and lie outside

the unit circle, the autocovariance function 'Y(k)is the sum of two decaying exponential

functions of k. When both roots are complex and their modulus lie outside the unit circle, the
autocovariance function 'Y(k) is a damped sinusoidal function.
The autocorrelations are found by dividing both sides of [1.2.24] by'Y(O) :

plk)=qpk—1D+¢,p(k—-2) fork=1,2.3,-- [1.2.25]
In particular, setting k=1 yields

p(1) = (0] +¢2P(1)

Orp()=¢/(1-¢,) [1.2.26]
For k=2, p(2) =ap(1) + ¢, [1.2.27]
Variance of a covariance stationary second-order autoregressive process can be found by

multiplying both sides of [1.2.23] by (?J; - ,u) and taking expectations:

E(y,— 1) =QE[ (v — 1) (5 — 1) |+ SE[ (v — 1) (3, — 1) |+ E[ &, (5 — 1) ]

Or ~(0) =g~ M) + ¢~ (2) +6° [1.2.28]

Equation [1.2.28] can be written as:

~(0) =dp (M)~ (0) +,p(2)~(0)+57 [1.2.29]
Substituting [1.2.26] and [1.2.27] into [1.2.29] gives
_ 2
A(0) =)

(1+6,)[ (1-0,)" - o]
1.2.3 The pth-order Autoregressive process

A pth-order Autoregression, denoted by AR(p), satisfies

Y=o+ (hyz—l + q)zyz—z + ¢3%—3 oot q)l?yl—l’ te [1.2.30]
Provided that the roots of
1—(1)1z—¢2Z2—¢3Z3—“'—¢,,Zp=0 [1.2.31]

all lie outside the unit circle, one can easily verify that a covariance stationary representation

of the form

12
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y, =u+y(Le, [1.2.32]

exits where

p(L)=(1-QL- 0,1 — L =~ ¢,17)  and i|y,j| < oo,
=0

Theorem 1.3.1 The AR(p) process is strictly stationary and ergodic if and only if |/1k| > 1for
all k.

Assuming that the stationarity condition is satisfied, one alternative way to find the mean is to

take expectations of [1.2.30]:

p=a/(1-¢ =6~ ~9,) [1.2.33]
Using [1.2.33], one can easily rewrite equation [1.2.30] as
(% —1) =0 (Yo =)+ Oy (Yoo — )+ + 0, (v-p — 1) + 6 [1.2.34]

One can easily find autocovariances by multiplying both sides of [1.2.34] by (?/sz - ,u)and
taking expectations:
Ay (k =1+ ¢~k =2)+--+9,~(k—p) fork=123,
" :{qm(l)+q>ﬂ(2)+---+q>pw(p)+02 for k =0 [1.2.35]

Using the fact that 'Y(—k) =’Y(k), the system of equations in [1.2.35] can be solved for ~ o,

N1» .o s ~p as functions of %, @, &, ... , ¢,. It can be shown that the (px1)vector

/

('\{(0),'\{(1),- . -,'\{(p —1)) is given by the first p elements of the first column of the (p2 X p2)

matrix ¢’ [Ipz -(F® F)Il where Fis (px p) matrix defined as

L
1 0 fee 0 0

F=| 0 1 -0 0 |and ®indicates the Kronecker product.
0 0 fee 1 0

Dividing [1.2.35] by 'Y(O) produces the Yule-Walker equations:
pU)=¢pk=D+¢p(k=2)+---+¢,p(k—p) fork=1,2,3, [1.2.36]

Hence, the autocovariances and the autocorrelations follow the same pth-order difference

13
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equation as does the process [1.2.30] itself. For district roots, their solutions take the form
~(k) = g 2y + gy 0+ + g [1.2.37]

Where the eigenvalues (/11,/12,--- Ay ) are the solutions to

>

W=l =i =9, =0.
1.2.4 Stationary MA(1) process

Let {et}be a white noise process as in [1.1.7] and [1.1.8], and consider the process

Yy =u+e +06 [1.2.38]

where p and 0 could be any constants. This time series process is called a first-order moving

average process, denoted by MA(1). The term “moving average” comes from the fact that y, is

constructed from a weighted sum of two most recent values of e . The expectation of ¥ is
given by

E(y,)=E(u+e +6¢_)=pn+E(¢)+0E(e_)=p [1.2.39]
We used the symbol p for the constant term in [1.2.38] in anticipation of the result that this

constant term turns out to be the mean of the process. The variance of y, is:

E(y, _Iu)2 = E(e, +‘9€z—1)2 :E(etz)+2‘9E(€,€;_1)+‘92E(€tz—1) [1.2.40]
=(146%)5>

The autocovariance at lag 1 is

E[(y,— 1)y, — )| = E[(¢ +0c,_)(€_ +0¢_,) | =00 [1.2.41]
Autocovariance at lags larger than one are all zero:

E[(y,— 1)y — 1) ] = E[ (6 + 06, ) (e, +0¢_, )] =0 forallk>1. [1.2.42]

Since the mean and autocovariances are not functions of time, an MA(1) process is covariance-

stationary regardless of the magnitude of 0. Furthermore, an MA(1) process satisfies the

condition that i|’1(k)| =(1+6%)02 +|¢902| < oo,
k=0

Hence, if {et} is Gaussian white noise process, then the MA(I) process in [1.2.38] is ergodic for

all moments.
The autocorrelation at lag k of a covariance-stationary process (denoted by p(k)) is defined as

its autocovariance at lag k divided by the variance:

14
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plk) =~(k)/~(0)

[1.2.43]

Notice also that the autocorrelation at lag O is equal to unity for any covariance-stationary

process by definition. From [1.2.40] and [1.2.41], the first autocorrelation for an MA(I)

process is given by:

0o 0
(1= =
P (1+6%)6* (1+6%)

Higher order autocorrelations are all zero.

MA(1) with p=0 and 0=0.5

Yt 4+
2 |
04
2]
4
10 20 30 40 50 60 70 80 90
Time
0.6 Theoretical Autocorrelation
0.4 Function, MA(1) with p=0 and 0=0.5
a
0.2
0
1 2 3 4 5 6 7 8 9 10 11 12
k
MA(1) with p=0 and 0=0.9
Yt 4+
2
0_
2]
_4_mmmmm
10 20 30 40 50 60 70 80 20
Time

15

[1.2.44]
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Theoretical Autocorrelation
Function, MA(1) with p=0 and 0=0.9

0.5 -
0.4 -
0.3 -
0.2 A
0.1 -

Pk

1.2.5 Stationary MA(q) process

A qth-order moving average process, denoted by MA(q), is characterized by

yt = /,t + €t + (91€t_1 + (92€t_2 + c '+ (9q€t [1 .2.45]

-q
where {et}satisfy [1.1.7] and [1.1.8] and (0, 02, ..., 64) could be any real numbers. The mean
of the process in [1.2.45] is given by:

E(yz) =u+t E(ez)+‘91E(€z—1)+ HZE(61—2)+'” + HqE(et—q) =Hu [1246]

The variance of an MA(q) process is:

~(0)=E(y, - ,u)2 = E(et +016_ +0y6 5+ 406, )2 (1.247]
=(1+67 +6 +---+62) s>
Fork=1,2,...,q,
~ (k) = E[(et +06_ +06 5 ++0k_, ) (et_k 06 4106 o+ 0,64, )]
=E [eketz—k + OO 1+ Opinlre g+ + eqeq—k@z—q]

[1.2.48]

Terms involving € ’s at different dates have been dropped because their product has

expectation zero, and 0 is defined to be unity. For k>¢, there are no € ’s with common dates in

the definition of "\{(k), and so the expectation is zero. Hence,

2 —
A{(k): [Qk +6k+lgl+6k+262+'“+6q0q*k:|0- fOI‘k—l,z,'“,q [1.2.49]
0 fork >g¢q
For any values of (01, 0,, ..., 04), the MA(q) process is thus covariance-stationary as

Z::0|w(k)| <ooand furthermore, for Gaussian €, the MA(q) process is covariance-stationary

and also ergodic for all moments. The autocorrelation function is zero after g lags.

1.2.6 The Infinite-Order Moving Average Process

16
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The MA(q) process can be written as

q

y=u+. O, withfy=1.
j=0

Consider the process that result as gToo:

Yy, = u+ Z W€ =Lt WoE H W6 T o+ withy, =1 [1.2.50]
Jj=0

This is described as an MA(x) process. The infinite sequence in [1.2.50] generates a well

defined covariance-stationary process provided that
Zy/3<oo [1.2.51]
j=0

It is often convenient to work with a slightly stronger condition than [1.2.51] given by:

i)|%| <o [1.2.52]
o

A sequence of numbers {1// /}m o satisfying [1.2.51] is said to be square summable, whereas a
iy =

sequence satisfying [1.2.52] is said to be absolutely summable. Absolute summability implies

square summability, but the converse does not hold.
Proof of the result in [1.2.51]:

We need to show that square-summability of a moving average coefficients implies that the

MA () representation in [1.2.50] generates a mean square convergent random variable. For a

stochastic process such as [1.2.50], the question is whether Zf—o'/’ 6 ; converges in mean

square to some random variable % as Ttoo. To prove this we use the Cauchy Criterion for a

stochastic process which states that Zm oW - j converges if and if, for any &>0, there exists
l:

a suitably large integer N such that for any integer M >N

M N 2
E{Z‘/’j@—j - Z‘/’j@—;} <é
=0 =0

[1.2.53]
Now, the expression on the left hand side of [1.2.53] can written
2
E[Wyem W€+ W€y = (‘//1%4 Wt W )0'2
uoo N, [1.2.54]
=\ 2y 2vi e
=0 =0

17
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But if 27:01//3 converges as required by [1.2.51], then by the Cauchy Criterion the right hand

side of [1.2.54] may be made as small as desired by choice of a suitably large N. Hence, the

infinite series in [1.2.50] converges in mean square provided that [1.2.51] is satisfied.

Proof of the result that absolute summability implies square summability:

Absolute summability of the moving average coefficients implies square summability.

Suppose that {1//‘/. }0;20 is absolutely summable. Then there exists an N <co such that |¢/J.| < 1for

all j=N.Then

oo N-1 oo N-1 oo
IR GEDNGED N TEDNTEDN
j=0 j=0 j=N j=0 j=N

N-1 5. . . . . ) . . . .
But Zj:() y;is finite, since N is finite, and Z‘/’:N|l’[//’| 18 finite since {W‘/} is absolutely

summable. Hence, ZO;ZOW% < oo, establishing the result that [1.2.52] implies [1.2.51].

The mean and variance of an MA(x) process with absolutely summable coefficients can be

calculated from a simple extrapolation of the results for an MA(q) process:

E(yt) =T1i_I>T.}OE(,Lt+l//0€, TP Y6 Tt WTGI—T) =u [1.2.55]

2
y(0)=E(y, - u)
. 2
= Th_I}lE(l//Oet TYE o TYE Tt WTEt—T) [1.2.56]

: 2, 2 2 2) 2
:Th_I}}o(l//O'i_l//l +W2+"'+WT)U

y(k) = E(y, — 1) (Y, — 1)

[1.2.57]
= (l//kl//() + l//k+1l//1 + l//k+2l//2 —+ l//k+3l//3 + )0-

2

Moreover, an MA(o0) process with absolutely summable coefficients has absolutely summable

autocovariance:
[k <o [1.2.58]
k=0

Hence an MA(x) process satisfying [1.2.52] is ergodic for the mean. Proof of this result is as

follows:

Write [1.2.57]as y(k) =637 w0, -

18
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Then |y(k)| =g’

Z)Wﬁkl/’j < 0-2 Z)‘Wjﬂcl//j‘
J= J=

Honce, 3-[N (0] 0* 3. 3y ouwr| =0 2wl =0 Ly | X o
k=0 k=0 j=0 j=0 k=0

k=0 j=0

But there exists an M <oo such that ZO;ZO|¢//.| <M , and therefore z:;o‘wﬁk‘ <M for j=0, 1,

2, ..., meaning that Z::oh(k)| < 0227:0|¢/J.|~M <0’M? <. Hence [1.2.51] holds and the

process is ergodic for the mean. If the € ’s are Gaussian, then the process is ergodic for all

moments.

1.2.7 Stationary ARMA(p,q) Process

An ARMA(p,q) process includes both autoregressive and moving average terms defined as:

Yy=0+Qy_ + 0y o+ 0y, e+ +0 ,+-+0€ [1.2.59]
Or, in lag operator form,

(1-=QL-0,L> = =0,L" )y, =a+(1+OL+0,L +-+0,L e, [1.2.60]
Provided that the roots of

1_¢1Z_¢2Z2_..._¢pZP:0 [1.2.61]
lie outside the unit circle, both sides of [1.2.60] can be dived by (I—QL—@LZ —---—¢pr)to

obtain

Y, :,u+y/(L)el
(1+0,L+6,L +---+0,L7)
(1-QL-0,12 - ¢,L7)

i\%k“ and p=a/(1-¢ — ¢~ =9,
j=0

Where y(L)=

Hence, stationarity of an ARMA(p,q) process depends entirely on the autoregressive
parameters (q)l,q)z,..-,q)p ) and not on the moving average parameters(@l,ﬁz,m,@q). It is often
convenient to write the ARMA process [1.2.59] in terms of deviations from the mean:
(U = 2) =0 (o = 1)+ O (Y = 1)+ + 0, (Y, =)+ € + 016 + 0565+ + 0,6,
[1.2.62]
Autocovariances are found by multiplying both sides of [1.2.62] by (y,_, —x)and taking

expectations. For k > ¢, the resulting equations take the form

N =~k =D+ 0Nk =2)+---+ 0N (k= p), fork=g+1,q+2, [1.2.63]
19
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Hence, after q lags the autocovariance function 'Y(k) (and the autocorrelation function p(k))

follow the pth-order difference equation governed by the autoregressive parameters. Note that
[1.2.63] does not hold for k < g, owing to the correlation between 6,€,_,and ¥, ;. Therefore,

an ARMA(p,q) process will have more complicated autocovariances for lags 1 through q than
would the corresponding AR(p) process. For k > g with distinct autoregressive roots, the

autocovariances will be given by:
N (k) = haf +hds 4o+ h 2 [1.2.64]

This takes the same form as the autocovariances for an AR(p) process [1.2.37], though because
the initial conditions (~(0),~(1),---,~(q))differ for the ARMA and AR processes, the

parameters hy in [1.2.64] will not be the same as the parameters g in [1.2.37].

There is a potential for overparameterization with ARMA processes. Consider, for instance, a

simple white noise process

Y =€ [1.2.65]
Suppose we multiply both sides of [1.2.65] by (1—pL) :

(1-pL)y, =(1-pL)e¢, [1.2.66]

Clearly, if [1.2.65] is a valid parameterization, then so is [1.2.66] for any value of p. Hence,
[1.2.66] might be described as an ARMA(1,1) process with 4 =p and @ =—p . It is important to

avoid such a parameterization. Since any value of p in [1.2.66] describes the data equally well,
we will obviously get into trouble trying to estimate the parameter p in [1.2.66] by maximum

likelihood. Moreover, theoretical manipulation based on a representation such as [1.2.66] may
overlook key cancellations. If we are using an ARMA(1,1) model in which 0; is close to —@y,

then the data might better be modeled as simple white noise process.

A related overparameterization can arise with an ARM(p,q) model. Consider factoring the lag

polynomial in [1.2.60] as

20
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(1= AHL) (1= 25L)- (1= 2,L)(y, = ) = (1=mL)(1 =, L)---(1=1,L)e, [1.2.67]

Assume |/1i|<1f0r all i, so that the process is covariance-stationary. If the autoregressive
operator (I—QL—"'—(PI,LP )and the moving average operator (1+91L+92L2 +"-+94Lq)

have any roots in common, say 4 =7 ; for some i and j, then both sides of [1.2.67] can be

divided by (1-AL):

)4

[T0- /) -0 =T T0-nL)e [1.2.68)

k=1 k=1
k#i kij
Or,
(=L~ =0, L")y, — 1) = (14O L+ 1 440, ,L"" )
Where (1—¢1*L—¢§‘L2 —~-—¢;_1LP‘1)=(l—ilL)(l—ﬂaL)'--(l—/%_IL)(I—ii+1L)'--(1—/11,L)

(1+6L+0, +- 40,7 )= (1= L) (1= n,L)-~(1= ;L) (1= ;.4 L) (1= 1, L)

The stationary ARMA(p,q) process satisfying [1.2.60] is clearly identical to the stationary
ARMA(p-1, g-1) process satisfying [1.2.68].

Wold’s Decomposition Theorem

All of the covariance-stationary processes considered in this section can be written in the form
y[ =u —+ Z Wjel—j [1 269]
j=0

where €, is the white noise error one would make in forecasting ¥as a linear function of

lagged yand where Z;Ol/lf- <ocowith Y =1.

Proposition: (Wold’s Decomposition). Any zero-mean covariance-stationary process % can be

represented in the form

yl = Z Wjet—j =+ K[ [1270]
Jj=0

where ¥, =land Zj:o 1//5 <oo. The term €, is a white noise and represents the error made in

forecasting ,on the basis of a linear function of lagged ¥/:

&= —EW|v 1y 0) [1.2.71]
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The value of Kis uncorrelated with ¢_;for any j, though#can be predicted arbitrarily well

from a linear function of past values of Y:
K, = E(Kr |yr—1’yr—2"")
The term K is called the linearly deterministic component of 9, while Zj:o y j€_; is called the

linearly indeterministic component. If %, =0, then the process is called purely linearly

indeterministic.
This proposition was first proved by Wold(1938). The proposition relies on stable second

moments of y but makes no use of higher moments. It thus describes only optimal linear

forecasts of .
Finding the Wold representation requires fitting an infinite number of parameters (t//l,t//z,- : )

to the data. With a finite number of observations on (;,4,,***,¥; ), this will never be possible.
As a practical matter, we therefore, need to make some additional assumptions about the
nature of (t//l,t//z,- : ) A typical assumption is that W(L) can be expressed as the ratio of two
finite-order polynomials:

= . 0(L) 1+6L+0,L +---+6,I

L = =
j=0wj o(L) 1—QL_¢2L2_..._¢pr
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1.3 Use of Lag operator

An algebraic construct which is useful for the analysis of autoregressive models is the lag

operator.

Definition 1.3.1 The lag operator L satisfies Ly, =v,_; .

Defining I” = LL , we see that[’y, = Ly, , =y, ,. In general, L'y, =y, ,. The AR(I) model

can be written in the format

Yy =a+9y,_ +e¢
or (1-0L)y, =a+e
The operator ®(L)=(1-¢L)is a polynomial in the lag operator L. We say that the root of
the polynomial is 1/¢, since ®(z)=0 when z=1/¢. We call ®(L)the autoregressive
polynomial of%,. From Theorem 1.2.1, an AR(I) is stationary iff |¢|<1. Note that an
equivalent way to say this is that an AR(/) is stationary iff the root of the autoregressive

polynomial lies outside the unit circle or larger than one (in absolute value).

We can write a general AR(p) model as
D(L)y, =¢,

Where ®(L)is a polynomial of order p in the lag operator L, usually referred to as a lag

polynomial, given by

®(L)=1-QL-¢L* = —,L"
We can interpret the lag polynomial as a filter that, if applied to a time series, produces a new
series. So the filter ® (L) applied to an AR(p) process ¥ produces a white noise process €. It is

relatively easy to manipulate lag polynomials. For example, transforming a series by two such
polynomials one after the other is the same as transforming the series once by a polynomial
that is the product of the two original ones. This way we can define the inverse of a filer,
which is naturally given by the inverse of the polynomial. Thus the inverse of ®(L), denoted

by & '(L), is defined so as to satisfy & '(L)®(L)=1. If ®(L)is a finite-order polynomial

in L, its inverse will be one of infinite order. For the AR(1) case we find

o

(1-oL)" Z L provided that |¢|<1. [1.3.1]
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This is similar to the result that the infinite Sumzo;:()(bj equals to (1—0¢)™" if |¢| <1, while it

does not converge f0r|¢| >1. In general, the inverse of a polynomial &®(L)exists if it satisfies

certain conditions on its parameters, in which case we call ®(L)invertible. For example the

AR(1) model can be written as

(1—oL) ' (1-0L)y, = (1-0L) ¢,

y =2, 0'Le, =) 0c,_; [1.3.2]
=0 =0

which corresponds to (1.2.2) when a=0.
Under appropriate conditions, the converse is also possible and we can write a moving average
model in autoregressive form. Using the lag operator, we can write the MA(I) process as

y, =(1+6L)e,

and the general MA(q) process as

y, =0(L)e

1°

Where
O(L)=1+6,L+0,L* +---+6, L
Now, if 7' (L) exists, we can write
0 (L)y, =¢,
which in general, will be an AR model with infinite order. For the MA(1) case, we use,
(1+6L)" = > (=6)’ 1/, provided that 6] <1. [1.3.3]
j=0
Consequently, an MA(1) model can be written as
y, =02 (=0)y,_ . +¢ [1.3.4]
j=0
A necessary condition for the infinite AR representation (AR(x)) to exist is that the MA
polynomial is invertible, which, in the MA(I) case, requires that |9|<1. Particularly for
making predictions conditional upon an observed past, the AR representations are very
convenient. The MA representations are often convenience to determine variances and

covariances.
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For a more parsimonious representation, we may want to work with an ARMA model that
contains both an autoregressive and moving average part. The general ARMA model can be

written as

®(L)y, =0(L)e,,

Which (if the AR lag polynomial is invertible) can be written in MA() representation as

y, =@ (L)O(L)e,

or (if the MA lag polynomial is invertible) can be written in AR() form as

07 (L)D(L)y, =¢

Both & '(L)9(L)and #'(L)®(L)are lag polynomials of infinite lag length, with

restrictions on the coefficients.
1.4 Invertibility of Lag Polynomials

As we have seen before, the first order lag polynomial 1-¢Lis invertible if |¢| <1. This
condition can be generalized to higher-order lag polynomials. Let us consider the case of a
second-order lag polynomial, given by 1—®L—®L*. Generally we can find values 4 and 4,

such that the polynomial can be written as

1-QL-¢,L =(1-A4L)(1-4L) [1.4.1]

It can easily be verified that 4 and Z,can be solved from 4 +/4, =@ and 44, =—0,. The
conditions for invertibility of the second-order polynomial are jus the conditions that both the
first-order polynomials 1—/4Land 1—ALare invertible. Thus, the requirement for
invertibility is that both |A1|<1 and |22| <1. These requirements can be formulated in terms of

the so-called characteristic equation.

(1= 4z)(1=42)=0 [1.4.2]

This equation has two solutions, z; and z,, referred to as the characteristic roots. The
requirement |/1i|<lcorresponds t0|zl-|>1. If any solution Satisﬁes|zi|31, the corresponding

polynomial is noninvertible. A solution that equals unity is referred to as a unit root.
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The presence of a unit root in the lag polynomial @®(L)can be detected relatively easily,

without solving the characteristic equation, by nothing that the polynomial @ (z)evaluated at
z =11s zero if Z?:] ¢; =1. Thus, the presence of a first unit root can be verified by checking

whether the polynomial coefficients sum to one. If the sum exceeds one, the polynomial is not
invertible.

As an example, consider the following AR(2) model

Yy, =12y,,-0.32y,_, +¢, [1.4.3]
The AR(2) model in equation [1.4.3] can be written as

(1-0.8L)(1-04L)y, =¢, [1.4.4]

with characteristic equation

1-1.22-0.32z2 =(1-0.82)(1-0.47) =0 [1.4.5]

The solution (characteristic roots) are z;, =1/0.8 =1.25and z, =1/0.4 = 2.5, which are both

larger than one. Consequently, the AR polynomial in [1.4.3] is invertible. Note that the
following AR(1) model

Y% =12y, +¢ [1.4.6]
describes a noninvertible AR process.

Invertibility of a lag polynomial is very important for several reasons. For moving average
models, or more generally, models with moving average component, invertibility of the MA is
important for estimation and prediction. For models with an autoregressive part, the AR

polynomial is invertible if and only if the process is stationary.

1.5 Problem of Common Roots of Lag Polynomials

Decomposing the moving average and autoregressive polynomials into products of linear
functions in L also shows the problem of common roots or cancelling roots. This means that
the AR and MA parts of the model have roots that are identical and the corresponding linear

functions in L cancel out. To illustrate this, consider the model described by
(1-0,L—0,1%)y, = 1+ 6L, [1.5.1]

Thus we can write this as
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(1-=AL)(1=A4L)y, =(1+6L)e, [1.5.2]
Now, if @=—4, we can divide both sides by (1+ #L) to obtain

(1-4,L)y, =€, [1.5.3]

which is exactly the same as [1.5.2]. Thus, in the case of one cancelling root, an ARMA(p,q)
model can be written equivalently as an ARMA(p-1, g-1) model.

As an example, the following ARMA(2,1) model

Y, =y,_; —0.25y,_, +€ —0.5¢_, [1.5.4]
which can be rewritten as

(1-0.5L)(1-0.5L)y, =(1-0.5L)e, [1.5.5]
This reduces to an AR(/) model given by

(1-0.5L)y, =¢, [1.5.6]

which describes the same process as [1.5.4].

The problem of common roots illustrates why it may be problematic, in practice to estimate an
ARMA model with an AR and an MA part of a high order. The reason is that identification and
estimation are hard if roots of the MA and AR polynomials are almost identical. In this case, a

simplified ARMA(p-1, g-1) model will yield an almost equivalent representation.

1.6 Autocovariance Generating Function

For each covariance-stationary process ¥ we calculated the sequence of autocovariances

{fyj}% . If this sequence is absolutely summable, then one way of summarizing the
J=—0

autocovariances is through a scalar-valued function called the autocovariance-generating
function:

g,(z)= i ~;2’ [1.6.1]

j=—co

This function is constructed by taking the jth autocovariance and multiplying it by some
number z raised to the jth power, and then summing over all the possible values of j. The
argument of this function is taken to be a complex scalar. Of particular interest as an argument
for the autocovariance-generating function is any value of z that lies on the complex unit

circle,
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—iw

z=cos(w) —isin(w) =
Where i =+/—1 and o is the radian angle that z makes with the real axis. If the autocovariance-

generating function is evaluated at z = ¢~ and divided by 2, the resulting function of ®,

1 1 ;
S (w)=— — e
v 27r 2 ;

is called the population spectrum of y. For a process with absolutely summable

autocovariances, the function Sy (w) exits and can be used to calculate all of the

autocovariances. This means that if two different processes share the same autocovariance-

generating function, then the two processes exhibit the identical sequence of autocovariances.

As an example of calculating an autocovariance-generating function, consider the MA(1)

process. From equations [1.2.40] to [1.2.42], its autocovariance-generating function is

7) =[t902]z_1 +[(1+92)02]z0 +[t902]z1 =g’ [Hz_l +(1+6%) +¢9z]
This expression could alternatively be written as
g,(2) =01 +02)(1+0677") [1.6.2]

The form of expression [1.6.2] suggests that for the MA(q) process,
y =+ (1+OL+0L +--+0,L )¢,
The autocovariance generating function might be calculated as
9, (z) =02(1+¢91z +0,2° +- -+quq)(1+¢91z_1 +0,27 +- -+qu_q) [1.6.3]

This conjecture can be verified by carrying out the multiplication in [1.6.3] and collecting

terms by power of z:

(1+91Z+92Z2 +“'+‘9qzq)(l+‘91Z_l+(92Z_2+"'+(9qz_q)
:(Gq)z‘l +(t9q_1+¢9q¢91)z(q—1)+(9q_2+9q_191+9q92)z(q—2)

[1.6.4]
+m+((91+9291+9392+"'+‘9q‘9q—1)zl+(1+‘912+t922+~--+t95)z0

+(60,+0,0,+ 050, +--+0,0, )z +-+(0,)z77

g q-1

Comparison of [1.6.4] with [1.2.47] or [1.2.49] confirms that the coefficient on z¥in [1.6.3] is

indeed the k™ autocovariance.
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This method for finding 9, (z) extends to the MA(w) case. If

y, = u+6(L)e [1.6.5]
with

O(L)=0,+0,L+0,[* +--- [1.6.6]
and

i|9j| < oo, [1.6.7]

=0
then

g9,(z)= c0(2)6(z™") [1.6.8]

For example, the stationary AR(]) process can be written as
yo—u=(1-0L)"¢
which is in the form of [1.6.5] with §(L) =(1—-¢L)"'. The autocovariance-generating function

for AR(1) process could therefore be calculated from

2
o

()= .
P e (-0 ) .

To verify this claim, expand out the terms in [1.6.9]:

2
o

(1-¢2)(1-¢z7")

From which the coefficient on zk 1S

= (1+0z+ 0’2 +0° 2+ )1+ 0z +0°2 2 + 0% +--+),

Uz(q)k +¢k+l¢+¢k+2¢2 +_”):Uz¢k/(1_¢2).

This indeed yields the k™ autocovariance as earlier calculated in equation [1.2.5].

The autocovariance-generating function for a stationary ARMA (p,q) process can be written as:

o (1+0,2+0,2% +-+0,2 ) (140,27 +0,27 +--+0,277)

(1-qz—” = =027 (10— ==,

g,(2)= [1.6.10]

Filters

Sometimes the data are filtered, or treated in a particular way before they are analyzed, and we
would like to summarize the effects of this treatment on the autocovariances. This calculation

is particularly simple using the autocovariance-generating function. For example, suppose that
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the original data y; were generated from an MA() process,

y, =(1+6L)e, [1.6.11]
with autocovariance-generating function given by [1.6.2]. Let’s say that the data as actually
analyzed, 7;, represent the change in y; over its value the previous period:

z, =y, —vy,_, ={1-L)y, [1.6.12]

Substituting [1.6.11] into [1.6.12], the observed data can be characterized as the following
MA(2) process,

r,=U-L)U+60L)e, =[1+ (0 -1DL-0L2]e, =[1+6,L+6,17 ], [1.6.13]
with 6, = (0—1)and 6, =—0. The autocovariance-generating function of the observed series
Z;can be calculated by direct application of [1.6.3]:

g,(z)= o’ (1 +6,z+ szz)(l + 01[1 + 02[2) [1.6.14]

It is often instructive, however, to keep the polynomial (1 +6,z+ szz)in its factored form of

the first line of [1.6.13],
(1+ 01z+02z2) =(1-2)1+06z),

in which case [1.6.14] could be written as

9, (2)=0*(1-2)1+62)(1-z")1+6,7")

1.6.15
:(l—z)(l—z_l)gy(z) [ ]

Of course, [1.6.14] and [1.6.15] represent the identical function of z, and which way we

choose to write it is simply a matter of convenience. Applying the filter (1—L)to % thus
results in multiplying its autocovariance-generating function by (l—z)(l—z_l) .

This principle readily generalizes. Suppose that the original data series {y, } satisfies [1.6.5]

through [1.6.7]. Let’s say the data are filtered according to
z, =h(L)y, [1.6.16]

with
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h(L)= i h;L’ and i || < eo.

j==eo j=—eo
Substituting [1.6.5] into [1.6.16] , the observed data Zare then generated by

z, =h(Du+h(L)O0(L)e, = +6 (L)e,,
where 4 =h(Duand 0" (L) = h(1)0(L) . The sequence of coefficients associated with the
compound operator {(9;};_00 turns out to be absolutely summable and the autocovariance-
generating function of Z,can accordingly be calculated as

9,(2)=06%0"(2)0" (") =62 ()0 (DO (z ) n(") = h(z)h(z‘l)gy (z) [1.6.17]

Applying the filter A(L)to a series thus results in multiplying its autocovariance-generating

function by h(z) h(z).

1.7 Trend Stationarity

Yy =ty + it +S, [1.7. 1]

S =S T PSSt PSS e [1.7.2]
Or

Y=0gtolt+pY, 1 +pY ot -t Py t6 [1.7. 3]

There are two essentially equivalent ways to estimate the autoregressive parameters(p;,--+,p; )-

® You can estimate (1.7.3) by OLS.
® You can estimate (1.7.1)-(1.7.2) sequentially by OLS. That is, first estimate (1.7.1), get

the residualS't, and then perform regression (1.7.2) replacing S; with 3; This procedure

is sometimes called Detrending.
Seasonal Effects

There are three popular methods to deal with seasonal data.
® Include dummy variables for each season. This presumes that “seasonality” does not
change over the sample.
e Use “seasonally adjusted” data. The seasonal factor is typically estimated by a two-
sided weighted average of the data for that season in neighboring years. Thus the
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seasonally adjusted data is a “filtered” series. This is a flexible approach which can
extract a wide range of seasonal factors. The seasonal adjustment, however, also alters
the time-series correlations of the data.

¢ First apply a seasonal differencing operator. If s is the number of seasons (typically s=
4ors=12),
Axyt =Y " Ys»
or the season-to-season change. The series Ay, is clearly free of seasonality. But the

long-run trend is also eliminated, and perhaps this was of relevance.

1.8 Testing for Omitted Serial Correlation

For simplicity, let the null hypothesis be an AR(1):
Yy =0+ py,_ iy, [1.8.1]
We are interested in the question if the error u is serially correlated. We model this as
an AR(1):
U =0u,_, +e [1.8.2]
with ¢.a MDS. The hypothesis of no omitted serial correlation is
H,:0=0
H :0+0
We want to test Hyagainst H;:
To combine (1.8.1) and (1.8.2), we take (1.8.1) and lag the equation once:

yt—l =o+ pyt—Z + Mt—l

We then multiply this by 6 and subtract from (1.8.1), to find
Y, —0y_ =a—00+py,_,—Opy,_, +u, —0u,_,,
Or
y,=a(1-0)+(p+0)y,_, —Opy, ,+e, = AR(2)
Thus under Hy, % is an AR(I), and under H; it is an AR(2). Hp may be expressed as the

restriction that the coefficient on ¥,_, is zero. An appropriate test of Hy against H is

therefore a Wald test that the coefficient on %,_, is zero (a simple exclusion test).

In general, if the null hypothesis is that ¥, is an AR(k), and the alternative is that the error is an
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AR(m), this is the same as saying that under the alternative ¥is an AR(k+m), and this is

equivalent to the restriction that the coefficients on ¥,_;_i,"**¥,_;_,, are jointly zero. An
appropriate test is the Wald test of this restriction.

1.9 Stationarity and Unit Roots

Stationarity of a stochastic process requires that the variances and autocovariances are finite
and independent of time. It is easily verified that finite-order MA process are stationary by
construction as they correspond to a weighted sum of white noise processes. Of course this
result breaks down if we allow the MA coefficients to vary over time, as in

y,=¢ +9(t)e,_, [1.9.1]

where g(t ) is some deterministic function of . Now, we have
E(y,z)= o’ +g°(t)a?,
which is not independent of z. Consequently, the process in [1.9.1] is non-stationary.

Stationarity of autoregressive or ARMA processes is less trivial. Consider, for example, the

following AR(1) process
Y =0y, +e, [1.9.2]
with ¢=1. Taking variances on both sides givesvar(y,)= var(y,_,)+o°, which has no

solution for the variance of the process consistent with stationarity, unless o’ =0,in which
case infinity of solutions exists. The process in [1.9.2] is a first-order autoregressive process
with a unit root(¢=1), usually referred to as a random walk without a drift. The
unconditional variance of 3 does not exist, i.e., is infinite and the process is non-stationary. In
fact, for any value of ¢ with |¢| 2>1,[1.9.2] describes a non-stationary process.

We can formalize the above result as follows. The AR(1) process is stationary if and only if the

polynomial 1-¢Lis invertible, i.e., if the roots of the characteristic equationl—o¢z =0lies

outside the unit circle. This result is straightforwardly generalized to arbitrary ARMA models.

The ARMA(p,q) model

w(L)y, =60(L)e, [1.9.3]

corresponds to a stationary process if and only if the solutions z;,---,z,t0 l//(z) =01lie outside
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the unit circle, that is, when the AR polynomial is invertible.

For example, the ARMA(2,1) process given by
y,=12y,_,—02y,_,+€e —05¢_,, [1.9.4]

is non-stationary because z =11is a solution to 1-1.2z402z2=0. A special case that is of

particular interest arises when one root is exactly equal to one, while the other roots are larger

than one. If this arises, we can write the process for y,as
w (L)(1-L)y, =y (L) Ay, =0(L)e,, [1.9.5]

where " (L) is an invertible polynomial in L of order p-1, and A=1— Lis the first-difference
operator. Because the roots of the AR polynomial are the solutions to l//*(z)(l -7) =0, there is
one solution z=1, or in other words a single unit root. Equation [1.9.5] thus shows that Ay, can

be described as a stationary ARMA model if the process for 7 has one unit root. Consequently,

we can eliminate the non-stationarity by transforming the series into first-differences. Writing

the process in [1.9.4] as

(1-02L)(1-L)y, =(1-0.5L)e,
shows that Ay, is described as a stationary ARMA(1,1) process given by

Ay, =0.2Ay,_, +€ —0.5¢ _,

A series that becomes stationary after first-differencing is said to be integrated of order one,
denoted by I(1). If Agy,is described by stationary ARMA(p,q) model, we say that ¥is
described by an autoregressive integrated moving average (ARIMA) model of order p, 1, g, or

in short an ARIMA(p, 1,q) model.

First differencing quite often transforms a non-stationary series into a stationary series. In
particular this may be the case for aggregate economic series or their natural logarithms. In

some cases, taking first-differences is insufficient to produce stationary series and another

differencing step is required. In this case the stationary series is given byA(Ay,)= A%y, =
Ay, —Ay,_, . If the series must be differenced twice before it becomes stationary, then it is said

to be integrated of order two, denoted by 7(2), and it must have two unit roots. Thus, a series

yis 1(2) if Ay,is non-stationary but Azytis stationary.
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In general, the main difference between 7(0)and/(1)processes can be summarized as
follows. An 7(0) series fluctuates around its mean with a finite variance that does not depend
on time, while an I (1) series wanders widely. Typically, it is said that an 7(0) series is mean
reverting, as there is a tendency in the long run to return to its mean. Furthermore, an 7(0)
series has a limited memory of its past behavior (implying that the effects of a particular
random innovation are only transitory), while an I (1) series has infinitely long memory
(implying that an innovation will permanently affect the process). This last aspect becomes
clear from the autocorrelation functions: for an 7(0)series the autocorrelation function
declines rapidly as the lag length increases, while for the I(1)process the estimated

autocorrelation coefficients decay to zero very slowly.

The last property makes the presence of a unit root an interesting question from an economic
point of view. In models with unit roots, shocks (which may be due to policy interventions)
have persistent effects that last forever, while, in the case of stationary models, shocks can
only have a temporary effect. Of course, the long-run effect of a shock is not necessarily of the
same magnitude as the short-run effect. The fact that the autocorrelations of a stationary series
die out rapidly may help in determining the number of times differencing is needed to achieve

stationarity. In addition, a number of formal unit root test has been proposed in the literature.
1.9.1 Testing for Unit Roots in a First-order Autoregressive Model

Consider the AR(1) process
Yy =UF DY T 6 [1.9.6]

where p=1 corresponds to a unit root. It seems obvious to use the estimate ﬁ for p from an
OLS procedure (which is consistent, irrespective of the true value of p) and the corresponding
standard error to test the null hypothesis of a unit root. However, as shown in the seminal
paper of Dickey and Fuller (1979), under the null hypothesis that p =1the standard ¢-ratio does
not have a ¢-distribution, not even asymptotically. The reason for this is the non-stationarity of
the process invalidating standard results on the distribution of the OLS estimator p . To test for

the presence of a unit root in AR(1) the null and the alternative hypothesis are given by
Hy:p=1
H :p<l1

It is possible to use the standard #-statistic to test the above hypothesis, where the #-statistic is
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given by

-1
p =L [1.9.7]

" se(p)

Where se(p)denotes the usual OLS standard error. Critical Values, however, have to be taken

from the appropriate distribution, which under the null hypothesis of non-stationarity is
nonstandard. In particular, the distribution is skewed to the left (with a long left-hand tail) so

that critical values are smaller than those for (the normal approximation of) the #-distribution.
Using a 5% significance level in a one-tailed test of H,: p=1(a unit root) against H,: p<1

(stationary), the correct critical value in large samples is -2.86 rather than -1.65 for the normal

approximation.

Usually, a slightly more convenient regression procedure is used, in which case, the model is

written as:
Ay, =u+(p-1)y,_ +¢ [1.9.8]

From which the 7 . -statistic for p —1=01s identical to the T , above. The reason for this is
that the least squares method is invariant to linear transformations of the model. Under the null
hypothesis of a unit root the above model turns out to be

Ay, =pu+e [1.9.9]

which is known as a random walk with drift, where is the drift parameter. In the model for

the level variable 7, Mcorresponds to a linear time trend as [1.9.9] implies that E(Ay, )= p.

Hence for a given initial valuey,, E(y,)=y,+ut. This shows that the interpretation of the

intercept term in [1.9.9] depends on the presence of a unit root. In the stationary case, U

reflects the nonzero mean of the series, while in the unit root case it reflects a deterministic

trend in¥,. Because in the latter case first-differencing produces a stationary time series, the

process for ¥ is referred to as difference stationary.

It is also possible that non-stationarity is caused by the presence of a deterministic time trend
in the process, rather than by the presence of a unit root. This happens when the AR(1) model

is extended to

Yy =pu+NEtpYy ) T [1.9.10]
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with | ,0| <land~ # 0. In this case we have a non-stationary process because of the linear trend

<t . This non-stationarity can be removed by regressing %upon a constant and ¢, and then
considering the residuals of this regression, or by simply including ¢ as an additional variable
in the model. The process for ¥ in this case is referred to as being trend stationary. Non-

stationary process may thus be characterized by the presence of a deterministic trend or a

stochastic trend implied by the presence of a unit root or both.

It is possible to test whether ¥, follows a random walk against the alternative that it follows the

trend stationary process as in [1.9.10]. This can be tested by running the regression

Ay, =u+~t+(p-1)y,_, +¢ [1.9.11]
The null hypothesis one would like to test is that the process is a random walk given by

Hy:u=~y=p—1=0. Instead of testing this joint hypothesis, it is quite common to use the -

ratio on p—1, denoted byZ,, assuming that the other restrictions in the null hypothesis are

satisfied. Although the null hypothesis is still the same as in the previous unit root test, the
testing regression is different and thus we have different distribution of the test statistic. It

should be noted that if the unit root hypothesis p —1 = 01is rejected, we cannot conclude that
the process for ¥ is likely to be stationary. Under the alternative hypothesis Y may be nonzero

so that the process for % is not stationary (but only trend stationary).

If a graphical inspection of the series indicates a clear positive or negative trend, it is most
appropriate to perform the Dickey-Fuller test with a trend. This implies that the alternative
hypothesis allows the process to exhibit a linear deterministic trend. If we are unable to reject
the presence of a unit root, it does not necessarily mean that it is true. It could just be that there

is insufficient information in the data to reject it.

Kwiatkowski, Phillips, Schmidt and Shin (1992) propose an alternative test where stationarity
is the null hypothesis and the existence of a unit root is the alternative. This test is usually
referred to as the KPSS test. The basic idea is that a time series is decomposed into the sum of
a deterministic time trend, a random walk and a stationary error term (typically not a white
noise). The null hypothesis (of trend stationarity) specifies that the variance of the random

walk component is zero. The test is actually a Lagrange multiplier test, and computation of the

test statistic is fairly simple. First run an auxiliary regression of ¥ upon an intercept and a time
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trend z. Next, save the OLS residuals ¢, and compute the partial sums S, :Zt;=1es for all 1.

Then the test statistic is given by

T
KPSS =T 8% /6%, [1.9.12]

t=1

where 42 is an estimator of the error variance. This latter estimator 4% may involve corrections
for autocorrelations based on the Newey-West formula. The asymptotic distribution is
nonstandard, and Kwiatkowski, Phillips, Schmidt and Shin (1992) report a 5% critical value of
0.146. If the null hypothesis is stationary rather than trend stationary, the trend term should be
dropped from the auxiliary regression. The test statistic is computed in the same fashion, but

the 5% critical value is 0.463.

1.9.2 Testing for Unit Roots in Higher-order Autoregressive Models

A test for a unit root in higher-order AR processes can easily be obtained by extending the
Dickey-Fuller test procedures. The general strategy is that lagged differences, such as

Ay, ,AY,_,, -+ are included in the regression, such that its error term corresponds to white

noise. This leads to the so called augmented Dickey-Fuller tests (ADF tests), for which the

same asymptotic critical values hold as those of the Dickey-Fuller tests.

Consider the AR(k) model
p(L)yt =u+te
p(L) =1-pL-p, ' —---——p, L. [1.9.13]

As we discussed before, ¥ has a unit root when p(1) =0, orp, +p, +---+ p, =1.

In this case, ¥ is non-stationary. The ergodic theorem and MDS CLT do not apply, and
test statistics are asymptotically non-normal.

A helpful way to write the above equation is using the so-called Dickey-Fuller (DF)
reparametrization:

Ay, =u+ogy,_ + Ay, 5+ -+ oy Ay, ) tE [1.9.14]

These models are equivalent linear transformations of one another. The DF parameterization

is convenient because the parameter 0, summarizes the information about the unit root,

since p(1) =—0,.To see this, observe that the lag polynomial for the % computed from

(1.9.14) is
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(1-L)-ayL—o(L-1?) = —a,_ (1" = [F)

But this must equal to p(L), as the models are equivalent. Thus

p(D=0-D-0y—0(1-1) =0, _,(1-1) =—aq,.
Hence, the hypothesis of a unitroot in % can be stated as
Hy:0y=0
Note that the model is stationary ifo, <0. So the natural alternative is
H,:0,<0
Under Hy, the model for ¥, is
Ay, = p+ oAy, ++ oy Ay, ) FE
which is an AR(k-1) in the first-difference Ay,. Thus if 3 has a (single) unit root, then
Ay, is a stationary AR process. Because of this property, we say that if 4 is non-stationary

but Adyt is stationary, then % is “integrated of order d”, or I (d). Thus a time series with

unit root is I (1).

Since @, is the parameter of a linear regression, the natural test statistic is the -statistic for Ho

from OLS estimation of (1.9.14). Indeed, this is the most popular unit root test, and is called

the Augmented Dickey-Fuller (ADF) test for a unit root.

It would seem natural to assess the significance of the ADF statistic using the normal table.
However, under Hy, ¥, is non-stationary, so conventional normal asymptotics are invalid. An

alternative asymptotic framework has been developed to deal with non-stationary data. We

do not have the time to develop this theory in detail, but simply assert the main results.

Theorem 1.9.1 Dickey-Fuller Theorem

Assume 0 =0. As T — oo,

T&Oé(l_al_aZ_'”_ak—l)p#
a d
ADF =—9% ___ <,
se(dy)

The limiting distributions of p, and 7, are non-normal. They are skewed to the left, and

have negative means.
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The first result states that &0 converges to its true value (of zero) at rate 7 , rather than

1
the conventional rate of 7. This is called a “super-consistent” rate of convergence.

The second result states that the t-statistic for ¢, converges to a limiting distribution
which is non-normal, but does not depend on the parameters. This distribution has been
extensively tabulated, and may be used for testing the hypothesis Hy. Note: The standard
error se(&o)is the conventional (“homoscedastic”) standard error. But the theorem does not

require an assumption of homoscedasticity. Thus the Dickey-Fuller test is robust to

heteroscedasticity.

Since the alternative hypothesis is one-sided, the ADF test rejects Ho in favor of Hi

when ADF <c, where c is the critical value from the ADF table. If the test rejects Ho, this

means that the evidence points to %, being stationary. If the test does not reject Ho, a common

conclusion is that the data suggests that ¥ is non-stationary. This is not really a correct

conclusion, however. All we can say is that there is insufficient evidence to conclude whether

the data are stationary or not.

We have described the test for the setting with an intercept. Another popular setting includes

as well a linear time trend. This model is
Ay[ = lLtl + /,tzt + aoyt_l + (XlAyt_l + e + ak_lAy[—(k—l) + €t [1.9. 15]

This is natural when the alternative hypothesis is that the series is stationary about a linear time
trend. If the series has a linear trend (e.g. GDP, Stock Prices), then the series itself is non-
stationary, but it may be stationary around the linear time trend. In this context, it is a silly
waste of time to fit an AR model to the level of the series without a time trend, as the AR
model cannot conceivably describe this data. The natural solution is to include a time trend in

the fitted OLS equation. When conducting the ADF test, this means that it is computed as the

t-ratio for & from OLS estimation of (1.9.15).

If a time trend is included, the test procedure is the same, but different critical values
are required. The ADF test has a different distribution when the time trend has been included,

and a different table should be consulted.

Most texts include as well the critical values for the extreme polar case where the intercept has

been omitted from the model. These are included for completeness (from a pedagogical
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perspective) but have no relevance for empirical practice where intercepts are always included.

If too many lags are included, this will somewhat reduce the power of the tests, but, if too few
lags are included, the asymptotic distributions from the table are simply invalid (because of
autocorrelation in the residuals), and the tests may lead to seriously biased conclusions. It is
possible to use the model selection criterion or statistical significance of the additional

variables to select the lag length in the ADF tests.

A regression of the form [1.9.14] can also be used to test for a unit root in a general
(invertible) ARMA model. Said and Dickey (1984) argue that when, theoretically, one lets
the number of lags in the regression grow with the sample size, the same asymptotic
distributions hold and the ADF tests are also valid for an ARMA model. The argument
essentially is that an ARMA model (with invertible MA polynomial) can be written as an
infinite order autoregressive process. This explains why, when testing for unit roots,

people usually do not worry about MA components.

Phillips and Perron (1988) have suggested an alternative to the augmented Dickey-Fuller
tests. Instead of adding additional lags in the regressions to obtain an error term that has
no autocorrelation, they stick to the original Dickey-Fuller regressions but make
nonparametric adjustments to the Dickey-Fuller statistics to take into account of potential
autocorrelation pattern in the errors. Phillips-Perron tests are nonparametric in nature and
applicable to a wide class of weakly dependent and heterogeneously distributed
innovations.

If the ADF test does not reject the null hypothesis of one unit root, the presence of a

second unit root may be tested by estimating the regression of A%y, on Ay, ,A%y, .-,

A%y, p+1-and comparing the r-ratio of the coefficient on Ay,_ with the appropriate critical
value. Alternatively, the presence of two unit roots may be tested jointly by estimating the
regression of A%y, on y, ;,Ay, ;,A%y, ;,--,and computing the usual F-statistic for testing the
joint significance of y,_; and Ay,_,. This test statistic, under the null hypothesis of a double unit
root, has a distribution that is not the usual F-distribution. Critical values of this distribution

are tabulated by Hasza and Fuller (1979).

A stochastic process may be non-stationary for other reasons than the presence of unit roots. A
linear deterministic trend is one example and structural breaks in the series may also mimic the

presence of unit root non-stationarity. Without going into details, it may be mentioned that the
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recent literature on unit roots also includes discussions on stochastic unit roots, seasonal unit
roots, fractional integration and panel data unit roots. A stochastic unit root implies that a
process is characterized by a root that is not constant but stochastic and vary around unity.
Such a process can be stationary for some periods and explosive for others (see Granger and
Swanson, 1977). A seasonal unit root arises if a series becomes stationary after seasonal
differencing. Fractional integration starts from the idea that a series may be integrated of order
d, where d is not an integer. If d >1/2, the process is non-stationary and said to be fractionally
integrated. Finally, panel data unit root tests involve tests for unit roots in multiple series, for

example GDP in ten different countries.

1.10 Estimation of ARMA Models

Suppose we know that the data series ¥,%,," ¥ is generated by an ARMA process of order

P, g. Depending upon the specification of the model, and the distributional assumptions we are
willing to make, we can estimate the unknown parameters by ordinary or nonlinear least

squares or by maximum likelihood.
1.10.1 Least Squares

The least squares approach chooses the model parameters such that the residual sum of squares
is minimal. This is particularly easy for models in autoregressive form. Consider the AR(p)

model

Yy =0+Qy_ + &y o+ +0,y_, € [1.10.1]
where € 1s a white noise error term that is uncorrelated with anything dated 7-/ or before.
Consequently, we have

E(yt_jet) =0 for j=1,2,3,---, p,

that is, error terms and explanatory variables are contemporaneously uncorrelated and OLS
applied to [1.10.1] provides consistent estimates. Estimation of an autoregressive model is thus

not different from a linear regression model with lagged dependent variable.

Estimation of the AR(p) process

Let ¢, = (1, y;_l’?/;—z""’yt—p)/
B=(a0.0,70,)

Then the AR(p) model can be written asy, = +e¢, . The OLS estimator of the model is then
A _1 A
given by ff = (X 'X ) X /y .To study properties of £, it helpful to define the process#, = xe, .
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Note that u; is a MDS, since
E ("t |-,Fr]) =E (mte, |-,Fr]) = mtE(e, |.'F,] ) =0.

By Theorem 1.1.1, it is also strictly stationary and ergodic. Hence,

1 L,
S ze==>u—L>E(u)=0
T3 TS [1.10.2]

The vector &, is strictly stationary and ergodic, and by Theorem 1.1.1, so is cctcct/ . Therefore
by the Ergodic Theorem,
1 4 / )4 /
—Z$t$t —>E(mtmt ) =Q
=1

Combined with [1.10.2] and the continuous mapping theorem, we see that

T -1 T
ﬁ':ﬂ+(lz:ntmt/j (lz:ntetj%ﬁ#Q'lO:/)’.
T3 T3

We have shown the following:

Theorem 1.10.1 If the AR(p) process Y, is strictly stationary and ergodic and E (y,2 ) < o, then

B—LBasT Teo.

Asymptotic Distribution

Theorem 1.10.2 MDS CLT. If wis strictly stationary and ergodic MDS and E (u,u] )= Q < o

, then as TToo,

N(0,Q).

li" d
Vi

Since €€, 1s a MDS, we can apply theorem 1.10.2 to see that

T
LthetL)N(O,Q), Where Q:E(mtmt/ef).

VT 5

Theorem 1.10.3 [f the AR(p) process y, is strictly stationary and ergodic and E (y," ) < oo, then

as T Too, NT (B-p)—>N(0,Q'Q Q™).
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This is identical in form to the asymptotic distribution of OLS estimator in cross-section
regression. The implication is that asymptotic inference is the same. In particular, the

asymptotic covariance matrix is estimated just as in the cross-section case.
Estimation of MA Process

For moving average models, estimation is somewhat more complicated. Suppose that we have

an MA(1) model
Yy =a+e+06

Because €,_;is not observed, we cannot apply regression techniques here. In theory, ordinary
least squares would minimize
d 2
5(970‘) = Z(yt —a _eet—l)
=2
A possible solution arises if we write €,_;in this expression as a function of observed ¥,s . This
is only possible if the MA polynomial is invertible. In this case we can use
N j
€1~ Z (-6) (yt—j—l - 0!)
j=0
and write

S(0,0) = Z[yt —a—@i(—@)j(y,_j_l —a)}

=2 =0

In practice, ¥ is not observed for #=0,—1,---,s0 we have to cut off the infinite sum in the
above expression to obtain an approximate sum of squares

T =2 , 2
g(@,a):Z[yt—a—QZ(—Q)j(y,_j_l—a)J [1.10.3]

=2 j=0

Because, asymptotically, if 7' goes to infinity the difference between S(6,a)and S(6,a)
disappears and minimizing [1.10.3] with respect to a and 6 gives consistent estimators & and
. Unfortunately, [1.10.3] is a higher-order polynomial in 6 and thus has very many local
minima. Therefore, analytically [1.10.3] is complicated. However, as we know that —1< 6 <1

, a grid search can be performed. The resulting nonlinear least squares estimators for a and 6

are consistent and asymptotically normal.
1.10.2 Maximum Likelihood Estimation
Consider an ARMA model of the form
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Yy=a+qy + 0y, ++,y,_,+6 +0_ +0y_,+- -+<9qe,_q [1.10.4]
with € white noise:
E(¢)=0 [1.10.5]
o> fort=1
E(ee,)= ‘ [1.10.6]
0  otherwise

This section explores how to estimate the values of (a,(h,---,d) .0, ,---,Qq,az)on the basis of

observations on¥y. The primary principle on which estimation will be based is maximum

likelihood. Let ¢ E(a,q)l,...,¢p,91,...,9q,02)’den0te the vector of population parameters.

Suppose we have observed a sample of size T’ (yl,yz,- . -,yT) . The approach will be to calculate
the probability density

For s WrsYrois 5 9130), [1.10.7]
which might be viewed as the probability of having observed this particular sample. The

maximum likelihood estimate (MLE) of 0 is the value for which this sample is most likely to

have been observed; that is, it is the value of @ that maximizes [1.10.7]. This approach requires

specifying a particular distribution for the white noise process¢,. Typically we will assume
that €, 1s Gaussian white noise:

e, ~iid. N(0,0%). [1.10.8]
Although this assumption is strong, the estimates of @ that results from it will often turn out to
be a sensible for non-Gaussian processes as well. Finding the maximum likelihood estimates
conceptually involves two steps. First, the likelihood function [1.10.7] must be calculated.

Second, values of @ must be found that maximize this function.
The Likelihood Function for a Gaussian AR(1) Process

A Gaussian AR(1) process takes the form

Y, =a+0y,_ +e, [1.10.9]

with ¢, ~i.i.d. N(O,a2).F0r this case , the vector of parameters to be estimated consists of

’

0= (a,¢,02) .

Consider the probability distribution of 4, the first observation in the sample. From equations

[1.2.3] and [1.2.4] this is a random variable with mean
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E(Y])=u=a/(1-0) and variance E (Y, - 1)’ = o>/(1-¢?)
Since {6,}::_00 is Gaussian, Y is also Gaussian. Hence, the density of the first observation

takes the form

fyl (y1§0) = fyl (91205,‘1)’0'2)

Iy —a/(1—¢)]2} [1.10.10]

= ! €X
2o (1-¢?) p{ 26%/(1-¢?)

Next consider the distribution of the second observation ¥ conditional on observing Y =¥,.
From [1.10.9],
Y, =a+0Y +¢,, [1.10.11]

Conditional on ¥ =%, (Y,|¥; = y,) ~ N (« + ¢y,,0*) . Hence,

2
(2~ —0y)) } [1.10.12]

1
Ty (y2|yl,9) = WGXP{ 707
The joint density of observations 1 and 2 is then just the product of [1.10.10] and [1.10.12]:
fyz,yl (yzyyﬁe) :fyz‘yl (yz|y1§9)-fy1 (y1§0)

Similarly, the distribution of the third observation conditional on the first two is

1 —(y;,—a—0y 2
Tewx, (y3|y2,y1;9)=\/2—26XP{ s 252 d }
o

from which,

sz,Yz,Yl (y37y27y1;0) :fy3‘y2,yl (y3|y27y1;0)'fy2‘yl (yz|y1§0)-fyl (ylae)
In general, the values of Y,Y,,---Y_matter for ¥ only through the value ofY,_;, and the
density of observation ¢ conditional on the preceding ¢-/ observations is given by

Tt taio Wel Yo W -030) = gy (| 4138)

) — e — 2 [1.10.13]
— 1 GXP{ (yt a eyt—l)}

270 20°

The joint density of the first # observations is then

sz’Yz—l""’YI (ywyt—p' ) '7y1;0) :sz‘Yz—l (yt|yt—1;0)-fyl_l,y[_2,--~,y1 (yt—17yt—27' ) '7y1;0) [1.10.14]

The likelihood of the complete sample can thus be calculated as
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oo or WU 058) = fy, (430 ny‘y (v, y,-1:0) [1.10.15]

The log likelihood function (denoted by & (8) ) can be found by taking logs of [1.10.15]
T
Z(0) =log fy (:0)+ X log fy 1y (¥|v,-1:0) [1.10.16]
=2
Substituting [1.10.10] and [1.10.13] into [1.10.16], the log likelihood for a sample of size T

from a Gaussian AR(1) process is seen to be

2
ff’(ﬂ)=—ilogun)—llog[f/u-w]—f%‘“/“‘W
i ? 20°/(1-¢7)
[1.10.17]

(-1 (T - L (y,—a— %J}
5 log(27 > Z{

t=2

The MLE 0is the value for which [1.10.17] is maximized. In principle, this requires

differentiating [1.10.17] and setting the result equal to zero. In practice, when an attempt is

made to carry this out, the result is a system of nonlinear equations in @ and (yl,yz,- . -,yT)for

which there is no simple solution for @ in terms of (¥;,¥,, *+,%; ) . Maximization of [1.10.17]

thus requires iterative or numerical procedures.
Conditional maximum Likelihood Estimates of AR(1) Process

An alternative to numerical optimization of the exact likelihood function is to regard the value

of 7jas deterministic and maximize the likelihood conditioned on the first observation,

VP (7 ARPRER TN 781 1) ny\y (4] v,_1:0), [1.10.18]

the objective function then being to maximize

(T-1) (T-1)
longT:YT—l""’Yz‘Y] (yT;yT—lf"'fy2|yl;e) == 10g(27l')— 10g0'2
[1.10.19]
_i{ —a- q)yz 1) :|

Maximization of [1.10.19] with respect to o and ¢ is equivalent to minimization of

(4, —a—0y,,)" [1.10.20]

M=

Il
S}

t

which is achieved by OLS regression of yon a constant and its own lagged value. The
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conditional maximum likelihood estimates of a and ¢ are therefore given by

T

-1
[&j _ r-1 thz Yr1 ZITZZ Y
¢ Zthz Y1 Zthz ytz—l ZITZZ Ye1Y:

The conditional maximum likelihood estimate of the innovation variance is found by

]

differentiating [1.10.19] with respect to o2 and setting the result equal to zero:

oA 2
_(T_1)+ZT:|:(yt_a_¢ytl) :IZO’

) ~4
20' =2 20-

or
R 1 JY
02 =_Z(yt —a _q)yt—l)z'

In contrast to the exact maximum likelihood estimates, the conditional maximum likelihood
estimates are thus trivial to compute. Moreover, if the sample size T is sufficiently large, the

first observation makes a negligible contribution to the total likelihood. The exact MLE and
conditional MLE turns out to have the same large sample distribution, provided that |¢| <l
when |¢| >1,the conditional MLE continues to provide consistent estimates, whereas
maximization of [1.10.17] does not. This is because [1.10.17] is derived from [1.10.10], which

does not actually describe the density of ¥ when |¢| >1. For these reasons, in most applications

the parameters of an autoregression are estimated by OLS (conditional maximum likelihood)

rather than exact maximum likelihood.
Conditional maximum Likelihood Estimates of AR(P) Process
A Gaussian AR(p) process takes the form
Y=0+QY_+0Y, ,++0)_ +e, [1.10.21]

with ¢ ~i.i.d. N(O,az).ln this case , the vector of parameters to be estimated consists of

’

0=(a. .0, 0,07 -

Maximization of the exact log likelihood for AR(p) process must be accomplished numerically.
In contrast, the log of the likelihood conditional on the first p observations assumes the simple

form
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log fYT’YT—I"“’YIHI‘Yp’“"YI (yT’yT_l" . "yl’*'l ‘yl’" L ’0)

T - T -
—Qlog(%z)—@logaz [1.10.22]
2 2
T 2
_ z (yt_a_(hyt—l_qbyt—z_"'_q)pyt—p)
t=p+1 20-2

The values of a,¢,0,,--,¢, that maximizes [1.10.22] are the same as those that minimize

T

Z (yt -a _q)lyt—l _q)zyz—z - _q)pyl—p )2‘ [1.10.23]

t=p+1
Thus, the conditional maximum likelihood estimates of these parameters can be obtained from

an OLS regression of on a constant and p of its own lagged values. The conditional

maximum likelihood estimate of &2 turns out to be

L. 1L e A
o _mt=p+l(yt_a_q)lyt—l_q)Zyt—Z_“'_q)pyt—p) .

The exact maximum likelihood estimates and the conditional maximum likelithood estimates

again have the same large sample distributions.
Conditional Likelihood Function for a Gaussian MA(1) Process

Calculation of the likelihood function for a moving average process is simple if we condition

on initial values for the €’s. Consider the Gaussian MA(1) process

Y =u+e +0¢_, [1.10.24]

’

with ¢, ~i.i.d. N (0,62).Let 0= ( ,u,@,crz) denote the polynomial parameters to be estimated. If
the value of €,_; were known with certainty, then

Yr |€r—1 ~N (/l + 96,_1,0'2).

[1.10.25]

1 —(y, — u— 0O, 2
mel(yt|6t—1;9)=\/2—zexp{ (4 ;‘Uz &) }
no

Suppose that we knew for certain that €, =0. Then

(¥iley=0) =~ N(p0%).
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Moreover, given observation ofy, the value of € is then known with certainty as well.

=% M

allowing application of [1.10.25] again:

1 —(y, —u—0e¢ 2
P coo (9] 9160 = 0:0) = s zexp{ s oy 1)}
o

Since € is known with certainty, € can be calculated from
&=y, ~ =0

Proceeding in this fashion, it is clear that given knowledge thate, =0, the full sequence

{€.6, .6 } can be calculated from {y;,y,, -,y } by iterating on
6=y —u—0 [1.10.26]

for t=1,2,---,T,starting from ¢, =0. The conditional density of the ™ observation can then be

calculated from [1.10.25] as

fYt‘thl’Yt—Z""’Yl’ 6=0 (yf|yf—1’yl—2’“.’y1’€0 - 0;0) - fYt‘Et—l (yt|€t_1;0)

o o {ef} [1.10.27]
2702 : 20°

The sample likelihood would then be the product of these individual densities:

6 =0;0)

fYT’YT—l"“’Yl‘ E():()(yT;yT—l;" U

T
- le“o:O(yJEO = O;e)'HfY,\Y,,l,Y,,Q,w,YI, =0 (yt|yt—1’yt—2""ﬂyl’€0 = O;e)
=2

The conditional log likelihood is

(8) =log fYT,YT,l,-u,Yl\ €=0 (i‘/T’i‘/T—l;""C‘/1|€0 = 0;0)

T T T 62 [1.10.28]
=—"log(27) - —log(s?) - L
2 8 2 8 Ezaz

For a particular numerical value of 0, we thus calculate the sequence of € simplied by the data

from [1.10.26]. The conditional log likelihood function [1.10.28] is then a function of the sum

of squares of these €S. The log likelihood is a complicated function of p and 6, so that an
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analytical expression for the maximum likelihood estimates of p and 6 is not readily
calculated. Hence, even the conditional maximum likelihood estimates for MA(1) process

must be found by numerical optimization.

Iteration on [1.10.26] from an arbitrary value of €will result in

& =(y—10) = 0(y — )+ (y_p — ) -+ ¢ (g, — ) + (=1 O,

If 16| is substantially less than unity, the effect of imposing €, =0will quickly die out and the
conditional likelihood [1.10.27] will give a good approximation to the unconditional likelihood
for a reasonably large sample size. By contrast, if |§] > 1, the consequence of imposing ¢, =0

accumulate over time. The conditional approach is not reasonable in this case. If numerical
optimization of [1.10.28] results in a value of 0 that exceeds one in absolute value, the results

must be discarded. The numerical optimization should be attempted again with the reciprocal

of 6 used as a starting value for the numerical search procedure.
Conditional Likelihood Function for a Gaussian MA(q) Process
For the MA(q) process

Yl‘ :/’t+€l‘+91€l‘—1+92€l‘—2+...+9q6[ [1.10.29]

—g>
A simple approach is to condition on the assumption that the first g values for € were all zero:

€=€,=" =€, =0. [1.10.30]
From these starting values we can iterate on

€=y —p—06_ —0e,—0c [1.10.31]

q1-q’

for 1=1,2,--,T. Let  denote the (g x 1)vector (¢, €, - € ),. The conditional log

— —q+1

likelihood is then

2(0) =log F v v vt =0 (i‘/T:i‘/T—u"';i‘/l|€0 = 029)

T T T2 [1.10.32]
= —Elog(Zn) — Elog (62)- > &

2
-1 20

where 0 E(,u,@ 05, -,49,1,02) . Again, expression [1.10.32] is useful only if all values of z for
which
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1+01z+02z2+-~+0qzq =0

lie outside the unit circle.

Conditional Likelihood Function for a Gaussian ARMA(p,q) Process
A Gaussian ARMA(p,q) process takes the form

Y=0+QY  +¢Y ,++0Y  +€+0¢€ +0,6 ,++0 [1.10.33]

—g
where ¢ ~i.i.d. N (0,6). The objective is to estimate the vector of population parameters

0=(c & & -~ 0, 6 6, - 6, o).
The approximation to the likelihood for an autoregression is conditioned on the initial values
of they's. The approximation to the likelihood function for a moving average process is

conditioned on initial values for the€’s. A common approach to the likelihood function for an

ARMA(p,q) process conditions on both ysand €.

Taking initial values for y, E(yo Y o Ypn ),and € E(EO €1 " €4p )/as given, the
sequence {61, €, % eT}can be calculated from {?/1’ Yos 0 yT}by iterating on
& =Y —a— (hyt—l - ¢z?/z-2 R q)pyt—p - ‘91€z—1 - 9262‘—2 T eqet—q’ [1.10.34]

for t=1,2,---,T. The conditional log likelihood is then

<(8) =log fYT’YT—l’“"Yl‘ Yo (yT:yT—l:"':yl|yo’€0;e)

T T T 62 [11035]
=" log(27) — —log(?) - !
28 28 ;202

One option is to set initial y’sand €sequal to their expected values. That is, set
Y, =a/(1—¢1 -0, —---—q)p)for s=0,-1,---,—p+1land set € =0 for s=0,~1,---,—¢g+1,and
then proceed with the iteration in [1.10.34] for 7 =1,2,---,T. Alternatively, Box and Jenkins
(1976) recommended setting €sto zero but y/sequal to their actual values. Thus, the iteration
on [1.10.34] is started at date 7=p+1 with ¥y y, --- ¥y, setto the observed values and

0.

€, =€, ="""=€

14 p-1 p—q+l —

Then the conditional log likelihood is calculated as
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7(0)= logf(yThyT—l?“'7yp+1|yp"“’yl’€p =0,"",€,_ 1m0 =0;9)

T — T — T 2
= plog(27z)— plog(az)— > Etz
2 2 20

As in the case for the moving average processes, these approximations should be used only if

all values of z satisfying

1+01z+02z2+-~+0qzq=0

lie outside the unit circle.

1.11 Model Selection and Diagnostic Checking

Most of the time there are no economic reasons to choose a particular specification of the
model. Consequently, to a large extent the data will determine which time series model is
appropriate. Before estimating any model, it is common to estimate autocorrelation and partial
autocorrelation coefficients directly from the data. Often it gives some idea about which
models might be appropriate. After one or more models are estimated, their quality can be
judged by checking whether the residuals are more or less white noise, and by comparing them
with alternative specifications. These comparisons can be based on statistical significance tests

or the use of particular model selection criteria.

The Autocorrelation Function
The autocorrelation function (ACF) describes the correlation between ¥ and its lag ¥, ;. as a
function of k. The k™-order autocorrelation coefficient is defined as

_ Cov(yt’yt—k) _ e
var(y,) o
The sample autocorrelation function gives the estimated autocorrelation coefficient as a

function of the lag k and estimated by

T — —_
,5 _ Tiith:kH(yf _y)(yf_k _y)
kK — T —
%thl(yf_y)z

where (I/T)Z;y, denotes the sample average. Alternatively, it can be estimated by

[1.11.1]

regressing %on a constant and ¥,_; which will give a slightly different estimator as the
summation in the numerator and denominator will be over the same set of observations. It will

usually not to be the case that p, is zero for an MA model of order ¢ < k. But we can use p, to
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test the hypothesis that p, =0 using the result that asymptotically
IT (= i )——=N (0.%,)
where v, =1+2p] +2p7 +---+2p] if g <k.

Testing MA(k-1) versus MA(k) is done by testing p, =0and comparing the test statistic

JT Pk [1.11.2]
\/1+ 2pL+2p5 +--+ 257,

with critical values from the standard normal distribution. Typically, two-standard error
bounds for p, based on the estimated variance 1+2p; +2p; +---+2p;  are graphically

displayed in the plot of the sample autocorrelation function. The order of a moving average
can in this way be determined from an inspection of the sample ACF. At least it will give us a
reasonable value for g to start with, and diagnostic checking should indicate whether it is
appropriate or not.

For autoregressive models the ACF is less helpful. For AR(/) model we have seen that the

autocorrelation coefficients do not cut off at a finite lag length. Instead they go to zero
exponentially corresponding to p, = 0. For higher-order autoregressive models, the

autocorrelation function is more complex. An alternative source of information that is helpful

is provided by the partial autocorrelation function.

The Partial Autocorrelation Function

The k™ order sample partial autocorrelation coefficient is defined as an estimate for ¢ in an
AR(k) model. We denote this by &k. So, estimating

Y =0+ QY Y, T QY TE
yields d;k, the estimated coefficient for y,_;in the AR(k) model. The partial autocorrelation
coefficient &)k measures the additional correlation between ¥ and ¥,_, after controlling for the

effects of other regressors ¥, _;,**¥,_x41-

Obviously if the true model is an AR(p) process, then estimating an AR(k) model by OLS gives

consistent estimators for the model parameters if k > p. Consequently, we have
plim ¢, =0 if k> p. [1.11.3]
Moreover, it can be shown that the asymptotic distribution is normal, i.e.,

JT (6, -0)—25 N (0,1) ifk > p. [1.11.4]
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Consequently, the partial autocorrelation coefficients can be used to determine the order of AR

process. Testing an AR(k-1) model versus and AR(k) model implies testing the null hypothesis

that ¢, =0. Under the null hypothesis that the model is AR(k-1), the appropriate standard error

of &)k based on [1.11.4] is I/ﬁ , so that @, =0is rejected if |\/T<1A>k| >1.96 . This way one can

look at the PACF and test for each lag whether the partial autocorrelation coefficient is zero.
For a genuine AR(p) model the partial autocorrelation will be close to zero after the p™ lag.
For a moving average model it can be shown that the partial autocorrelations do not have a
cut-off point but tail off to zero just like the autocorrelations in an autoregressive model. In
summary the AR(p) process is described by:

e an ACF that is infinite in extent (it tails off).

® a PACF thatis (close to) zero for lags larger than p.
For an MA(g) process we have:

e an ACF thatis (close to) zero for lags larger than g.

e a PACF that is infinite in extent (tails off).

In the absence of any of these two situations, a combined ARMA model may provide a

parsimonious representation of the data.
Diagnostic Checking

As a last step in model-building cycle, some checks on the model adequacy are required.
Possibilities are doing a residual analysis and overfitting the specified model. For example, if
an ARMA(p,q) model is chosen, we could also estimate an ARMA(p+1, q) and an ARMA(p,

g+1) models and test the significance of the additional parameters.

A residual analysis is usually based on the fact that the residuals of an adequate model should
approximately be white noise. A plot of the residuals can be a useful tool in checking for
outliers. Moreover, the estimated residual autocorrelation are usually examined. For a white
noise series the autocorrelations are zero. Therefore the significance of the residuals

autocorrelations is often checked by comparing with approximate two-standard error bounds

i‘2/ JT . To check the overall acceptability of the residual autocorrelations, the Ljung-Box
(1978) portmanteau test statistic
K
0, =T(T+2)) ¢ [1.11.5]
k=1
is often used. Where 7; are the estimated autocorrelation coefficients of the residuals€,, and K
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is the number chosen by the researcher. Values of Q for different K may be computed in the

residual analysis. For an ARMA(p,q) process, the statistic (), is approximately Chi-squared

distributed with K-p-g (Where K>p+ q) degrees of freedom under the null hypothesis that the

ARMA(p,q) is correctly specified. If the model is rejected at this stage, the model-building

cycle has to be repeated.
Criteria for Model Selection

Economic theory does not provide any guidance to the appropriate choice of
models, some additional criteria can be used to choose from alternative models that
are acceptable from statistical point of view. What is the appropriate choice of p in
practice? This is a problem of model selection. One approach to model selection is to

choose p based on a Wald test.

Another is to minimize the AIC or BIC information criterion assuming constant is included

in the AR(p) model, e.g.

Alc(p):log&z(p)Jr@ [1.11.6]

where 67 (p)is the estimated residual variance from an AR(p).
One ambiguity in defining the AIC criterion is that the sample available for estimation

changes as p changes. (If you increase p, you need more initial conditions.) This can induce

strange behaviour into the AIC. The best remedy is to fix an upper value p, and then reserve
the first p as initial conditions, and then calculate the models AR(1), AR(2), ..., AR( p) on this

unified sample. Alternatively one can use the BIC given by
2 1
BIC(P)=10g52(P)+$IogT [1.11.7]

If one is to choose between alternative ARMA(p,q) models, the AIC and BIC information

criteria are given by

2(p+q+1)
T

2(p+g+1)

AIC =logé*(p+q)+

BIC =logé”*(p+q)+ logT
Both criteria are likelihood based and represent a different trade-off between ‘fit’, as measured
by the loglikelihood value, and ‘parsimony’, as measured by the number of free parameters,
p+qg+1, (assuming the models include a constant). Usually the model with the smallest AIC

or BC value is preferred, although one can choose to deviate from this if the differences in
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criterion values are small for a subset of the models.

While the two criterion differ in the trade-off between fit and parsimony, the BIC criterion can

be preferred because it has the property that it will almost surely select the true model, if

T —>oo, provided that the true model is in the class of ARMA(p,q) models for relatively small
values of p and g. The AIC criterion tends to result asymptotically in overparameterized

models.

1.12 Predicting with ARMA models

The main goal of building a time series model is predicting the future path of economic
variables. One can note that ARMA models usually perform quite well in prediction and often
outperform more complicated structural models. Of course ARMA models do not provide any
economic insight in one’s predictions and are unable to forecast under alternative economic

scenarios.

The Optimal Predictor

Suppose we are interested in predicting Y, at time 7, the value of ¥ h-periods ahead. A

predictor for Y, will based on an information set, denoted by, that contains the

information that is available and potentially used at the time of making the forecast. Ideally it
contains all the information that is observed and known at time 7. In univariate time series

modeling we will usually assume that the information set at any point ¢ in time contains the

value of Yand all its lags. Thus we have
Fr={V o Yo Y1} [1.12.1]

In general, the predictor YT .y (the predictor for Y., as of time T) is a function of the

information set . . Our criterion for choosing a predictor from the many possible ones is to

minimize the expected quadratic prediction error

A 2
E[(YTM _YT+h\T) ‘:FT:| [1.12.2]

Where E(.|.’FT)den0teS the conditional expectation given the information set F; . It can be
shown that the best predictor for ¥, given the information set at time 7 is the conditional

mean of Y, given the information set. We denote this optimal predictor as
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YT+h\T EE(YT+h|'7:T) [1.12.3]

The conditional expectation of Y, given an information set .'FT’ , where .'FT’ is a subset of

F , is at best as good as YT based on JF . In line with this intuition, it holds that, the more

+hT

information one uses to determine the predictor, the better the predictor will be. For example,
E (YT+h |YT,YT71,---)Wi11 usually be a better predictor than E (YT+h |YT ) or E(Y;,,) (an empty

information set.

To simplify things, assume that the parameters of the ARMA model for Y, are known. In
practice, one would simply replace the unknown parameters by their consistent estimates.

Now, how do we determine these conditional expectations when YT follows an ARMA

process? To simplify the notation, consider forecasting Yr,,, noting that¥, . =u+y; ..

As a first example, consider an AR(]) process where

Yra =0Yr +ery
Consequently,
Urs = E(yT+l|yT’nyl"") =oyr + E(6T+l|yT’yT71"") =oyr [1.12.4]
To predict two periods ahead (4 = 2), we write
Yreo =OYr +érpy
from which it follows
Drv2 = E(Uraal|yr Yroo) = OB (Yr | ¥r-vr 1) + E(ep | yr-yr ) = 0%yp [1.12.5]

In general, we obtain{,,, =<bhyT. Thus, the last observed value ¥, contains all the
information to determine the predictor for any future value. When 4 is large, the predictor

Ur,;, converges to 0 (the unconditional expectation of ), provided that|d>| <1. With a nonzero
mean, the best predictor for Y, is directly obtained as u + 9, oy =Mt o" (Y, —u). Note
that this differs from ¢"Y,.

As a second example, consider an MA(1) process where

Y =€+ 96t_1
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Then we have
E(yT+l|yT’yT71,"') = QE(6T|yT’yT71"") = QET

Where implicitly, we assumed that € is observed (contained in the information setF;).

Assuming that the MA process is invertible, we can write

=3 (=0)y, |

j=0

and determine the one-period ahead predictor as

o =02 (=0 y,_ [1.12.6]
=0

predicting two periods ahead gives

§T+2\T = E(?/T+2|3/T’3/T71"") = E(6T+2|yT’nyl"”) +0E(6T+l|yT’yT71"") =0 [1.12.7]

Which shows that the MA(7) model is uninformative for predicting two periods ahead: the best
predictor is simply the (unconditional) expected value of %, normalized at zero. This also

follows from the autocorrelation function of the process, because the ACF is zero after one lag.

That is, the ‘memory’ of the process is only one period.

For the general ARMA(p,q) model
Y = 431@/,_1 + 432?/:—2 +oeet d)pyz—p Te+ (9161‘—1 Tt eqet—q
We can derive the following recursive formula to determine the optimal predictors:
Iranir = OYrpor T ®Yp g T F d)pgnh—p\r &l t OG0t eq€r+h—q\r [1.12.8]

where €, is the optimal predictor for €7, at time 7, and

§T+k\T =Yrr k=<0
0 ifk>0

€ranr =€rax TA<0

o =

where that latter innovation can be solved from the autoregressive representation of the model.

For this we have used the fact that the process is stationary and invertible, in which case the

information set {y,y,_;, -} is equivalent to {€;,6,_;,---}. That is, if all €sare known from -oo

to 7, then all y,s are known from -co to 7, and vice versa.

To illustrate this, consider an ARMA(1,1) model that takes the form
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Y = d)yt—l + & + 96,_1
The optimal predictor for ¥;,,1s then given by

Ur iy = OYr +€ .y + 06 = Oyr +Oep

Assuming invertibility
— by, =1+0L)¢

Can be written as

=)

¢, =(1+6L)" (y, - by, ,) Z (-0) (y, - by,_,)

we can write for the one-period-ahead predictor

Up oy =0Yr + QZ (-0)’ (yr - d)yT—l) [1.12.9]

j=0
Predicting two period ahead gives

§T+2\T = ¢@T+1\T + €T+2\T + ‘9€T+1\T = ¢@T+1\T 1.12.10]

Note that this does not equal to d)zyT.

Prediction Accuracy

In addition to prediction, it is important to know how accurate this prediction is. To judge

forecasting precision, we define the prediction error asy, , —Y, and the

T+WT = Yr+h ~Yr4nr

expected quadratic prediction error as

Ch:E(yT+h_@T+h\T)2:Var(yT+h|°7:T) [1.12.11]

Where the latter step follows from the fact thatj, . =E(y,,,|F;). DeterminingC,,

corresponding to the variance of the A-period-ahead prediction error, is relatively easy with the
moving average representation. To start with the simplest case, consider an MA(/) model.

Then we have

_ _ _ 2
C = Var(?/r+1|yr’yr—1"") = Var(5T+1 +0e; ET’ET—I’”') = Var(enl) =0

Alternatively, we explicitly solve for the predictor, which is iy =0er, and determine the

variance of Y, - Uy, yp =€ry, Which gives the same result. For the two-period-ahead

predictor we have
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C,= Var(yT+2|yT,yT_1,---) = Var(eT+2 + 96T+1|6T,6T_1,---) =(1+6%)c>

As one would expect, the accuracy of the prediction decreases if we predict further into the
future. It will not, however, increase any further if h is increased beyond 2. This becomes clear
if we compare the expected quadratic prediction error with that of a simple unconditional

predictor:
Oriir = E(Wran) = E(ep +0e.,1) =0
For this predictor we have
G, =E(yr,, ~0)” =var(yy,,) =var (e, +06p,,,) =(1467) 5

Consequently, this gives an upper bound on the inaccuracy of the predictors. The MA(7) model
thus gives more efficient predictors only if one predicts one period ahead. More general ARMA

models, however, will yield efficiency gains also in further ahead predictors.

Suppose the general model is ARMA(p,q), which we can write as an MA(e) model, witha;

coefficients to be determined:
y,zZaje,_j with o, =1
=0

The h-period ahead predictor (in terms of €.5) is given by

M

Qrm\r = E(yT+h|yT’yT—l’”') = ZajE(5T+h—j|5T’ET—1"") =2 0
j=0 Jj=h
such that
-1
Yren = Uranr = Zaj6T+h—j
j=0
Consequently, we have
R ) NEN
E[(ran o) | = 0> 2 [1.12.12]
j=0

This shows how the variance of the forecast errors can easily be determined from the
coefficients of the moving average representation of the model. Recall that, for the
computation of the predictor, the autoregressive representation was most convenient.

As an illustration, consider the AR(I) model where a;= ¢&’. The expected quadratic
prediction error are given by

C,=c2, C,=c>(1+¢2), C,=c*(1+¢>+d*),etc.
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For h = o, we have Cm=02(1+¢2+¢4+-~)=02/(1—¢2),which is the unconditional
variance of%,. Consequently, the informational value contained in AR(I) process slowly

decays over time. In the long run the predictor equals the unconditional predictor, being the

mean of the Y series.

In practical cases, the parameters in ARMA models are unknown, and replaced by their
estimated values. This introduces additional uncertainty in the predictors. Usually, however,
this uncertainty is ignored. The motivation is that the additional variance that arises because of

estimation error disappears asymptotically as the sample size becomes sufficiently large.
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