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Chapter One

Dynamics of System of Particles

1.1  System of Particles and Centre of Mass

For a system composed of n particles, the total mass M is given by
M=Y,mg (1.1)
where m,, is the mass of the i particle, with a= 1, ... ,n . If each particle is (mathematically)

connected to the origin of the system through a position vector r,, then the centre of mass vector is
defined as

1
R = HZama Ta (1-2)
For a continuous system, the summation over « is replaced with an integral over an infinitesimal
amount of mass dm such that

R = [rdm (1.3)
It is important to realize that the position vector R of the centre of mass depends on the
origin chosen for the coordinate systems.

1.2 The Conservation of Linear Momentum

The force acting on particle a[Jof a system of particles is composed of the resultant of all forces

external to the system Fofe), and the resultant of the internal forces f,, stemming from its interaction
with the other particles that are part of the system. If we define these internal interaction forces as
fap the resulting force f, -acting on particle a is

fa = Zﬁiafaﬁ (14)

The total force F, acting on the particle is,

F,=F9 +Ff, (15)



From Newton’s Second law we can write

B, =E° +f, (1.6)

dZ

F(mara) = Fa(e) + fa

= Fa(e) + Zﬁiafaﬁ (1'7)

where no summation on repeated index is implied. Summing equation (1.7) over all particles we
get

a? (e)
2z CEmery) =XF,7 +2a Zﬁiafaﬁ

=F+ Za,ﬁpairs(faﬁ + fﬁa)' (1'8)

where we have defined the sum over all external forces as
F=Y,F® 1.9
o F} (1.9)

and the second term on the right of equation (1.8) was replaced by a single summation over every
pair of internal interactions between the particles. However, we know from Newton’s Third Law
that f,p = —fpe-. We can therefore write, from equation (1.8) that

MR = F (1.10)

This last equation can also be used to express the conservation of momentum since

P = Zama jﬂa
d
= at (Zama ra)

P = MR, (1.11)



and then

P=MR=F (1.12)

We can summarize as follows

I.  The center of mass of a system moves as if it were a single particle of mass equal to the
total mass of the system, acted upon by the total external force, and independent of the
internal forces (as long as f,3 = —fgo (Newton’s Third Law) holds).

Il.  The total linear momentum of a system is the same as that of a singe particle of mass M
located at the position of the center of mass and moving in the manner the center of mass
Mmoves.

I1l.  The total linear momentum for a system free of external forces is a constant and equal to
the linear momentum of the center of mass (the law of conservation of linear momentum
for a system).

1.3 The Conservation of Angular Momentum

As we saw in the previous chapter on central force motion, it is often more convenient to define
the positions of the particles composing a system by vectors 7, coriginating at the centre of mass
(see Figure 1-1). The position vector r,-in the inertial frame is

e =R+, (1.13)

The angular momentum of the ath particle is given by

Ly =7, XD, (1.14)

and summing over all particles,



Figure 7.1 - Description of the position of a particle using its position vector from the
centre of mass of the system.
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The second and third terms on the right hand side equal zero from
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since, from equations (1.2) and (1.13),
LaMaTa =0 1.17

Equation (1.15) now becomes

L=(RXXamgR)+ Xa(rg X mgiy)



L=RXP+3,7y XDg) 1.18

We, therefore, have this important result

IV.  The angular momentum about an origin is the sum of the angular momentum of the
centre of mass about that origin and the angular momentum of the system about the
position of the centre of mass.

The time derivative of the total angular momentum is

L=

9[\4‘]

L,=>(r,«p,)
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1.19

Where Y,z means asum over a and f witha < 8

We know, however, from Newton’s Third Law that f,z = —f3q
so that equation (1.19) can be re-written

L =3a(ta X FO) + Sacpl(a = 15) X fap] 1.20

If we further limit ourselves to internal forces f;; that are also directed along the straight
line joining the two interacting particles (i.e., along r, — 73), we must have the following

(Ta — Tﬁ) X fap =0 1.21

The time derivative of the total angular momentum is then

L= Y,(ryx F9) 1.22

or if we express the right hand side as a sum of the external torque applied on the different particles
(e)
Ty
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L=7Y,79 = 1@ 1.23

We, therefore, have the following results

V. If the net resultant external torque about an axis vanishes, then the total angular
momentum of the system about that axis remains a constant in time.

Furthermore, since we found that the total internal torque also vanishes, i.e.,

(T X Z,B:t:afaﬁ) = 2a<ﬁ[(ra — 1) X faﬁ] =0 1.24

And we can state that

VI.  The total internal torque must vanish if the internal forces are central (i.e.,
fap = —fpa-and the internal forces between two interacting particles are directed along

the line joining them), and the angular momentum of an isolated system cannot be altered without
the application of external forces.

1.4) Conservation of energy

Consider a system of particles that evolves from a starting configuration “1” to an ulterior
configuration ‘“2” where the positions 7, the particles may have changed in the process. We can
write the total work done on the system as the sum of the work done on individual particles.

Wp=3 jl: F,«dr,
: gdv, dr,
:g'l-l m, ” 'c."! f."!—gj 1, " v _t
21 dv,’ 2d (1
_E{J‘l Emﬂ " d —Z h1 m(zmﬂla Jd!

1.25



Where

1
T=Y,T,= Zazmav,f 1.26
Using equation (1.13) we can write
vc% =Ty Ty
=(R+7) (R+7)
=R-R+2(i R) +(Fq Tq)
1.27

= V2 + 20 R) + (v3)?

Where v, = |7, and V = |R| Inserting equation (1.27) into equation (1.26), while using the

earlier result that states that )., m,7, = 0, we find that

T = %MV2 + Yame(vy)? 1.28

In other words

VII.  The total kinetic energy of the system is equal to the sum of the kinetic energy of a particle
of mass M moving with velocity of the center of mass and the kinetic energy of motion of

the individual particles relative to the center of mass.

Alternatively, we can rewrite first of equations (1.25) by separating the total force applied on each
particle in its external and internal components

2 2
Wis = Sal, B2 dia + Sapeal; fop dra 1.29
If the forces involved are conservatives, we can then derive them from potentials such
That
Fa(e) = _VaUa
1.30



faﬁ = _vaUan

Where U, and l_]a,; are independent potential functions. The gradient operator V, is a vector

operator meant to apply to the coordinate components of the Ith particle (i.e., « is the index that
specifies a given particle, and does not represent a coordinate such as x, y, or z ).

The first term on the right hand side of equation (7.29) can be written as

ZjﬁFﬁ'"'-cr‘rﬁ EJ (V U,)

o

:—ZUQ
« h 1.31
The last term of the same equation is transformed to
ﬁi [ fgedr, _Eéj (£gedr, + £, odr,
Z [ e, — ).
1.32

Before we use the last of equations (1.30) to further transform equation (1.32), we
consider the following differential

dU 5 = (VU g Jodr, +(V 505, Jodirs
= (5 )edtr, + (£, )odr,

:—faﬁ-{dra —a’rﬁ), 1.33

Since  VgUpy = —fpa = fap (note also that U, = Uy,p). Combining this result with equations
(1.29),(1.31), and (1.32), we get

:—ZU

zUa_B .

1.34



If we define the total potential energy as
U=Uy+ Uy 1.35

We get

W, =-U'=U,-U,.
. |‘ bR 1.36

Combining equation (1.36) and the last of equations (1.25), we find that

TZ - T1 = U1 - UZ 137
Or,
T1+U1 =T2+U2, 1.38
and finally
Ei1=E2, 1.39

We have therefore proved the conservation of energy for a system of particles where all the forces
can be derived from a potential that are independent of time; such a system is called conservative.

VIII.  The total energy for a conservative system is constant.

1.5) Motion of systems with variable mass

1.5.1 Introduction

So far we have considered DMSs and CMSs in which masses of particles mn and their number
have not changed. In nature and technology, however, phenomena are commonly known where
the number of particles of a system or their mass change over time. If floating icebergs are heated
by the Sun’s rays, then the ice melts and their mass decreases. If the falling snow becomes frozen
to the floating icebergs, then their mass increases. Earth’s mass increases when meteorites fall on
its surface. In turn, the mass of the meteorites before they reach Earth’s surface decreases as a
result of burning in Earth’s atmosphere. The mass of rockets decreases as the fuel they contain
burns. The mass of elements transported on a conveyor belt changes as a result of their loading
and unloading.
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1.5.2 Change in Quantity of Motion and Angular Momentum
Let the mass of a mechanical system m.t/ be changing in time according to the equation
m(t) = m, — my(t) + my(t), 15.1

Where m(t) =m(to) , ma(t) >0, (m2 (t) = 0) denotes the mass of particles leaving (entering) the
system(Fig. 1.2)

Let us choose a time instant t during motion of the system, and let for this instant the momentum
p of the considered system of particles increase by Ap during time At. Then, by p* let us denote
the momentum of analogous system, but of a constant mass. At the instant t + At the quantity of
motion of a system of variable mass is equal to

P+ Ap =p* + Ap* — Ap; + Ap, 15.2

Fig. 1.5.2 Motion of a body of variable mass with respect to the inertial coordinate system
O’X'1X"2X"3

This means that the increment of momentum of the investigated system follows from the increment
of momentum of a system of constant mass and the additional quantity of motion delivered ( A p2)
and removed ( A p1) to/from the system during time At.

From the preceding equation we obtain

Ap = Ap* — Ap, + Ap, 153
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Because at the instant t we have

P = p* 154

Dividing by At and on the assumption that At - 0 we get,

A Ap* Ap, Ap,
m j_':=ium T'Z-Jina j_':'num j_'}r
i £ i A= £ hi—D
1.5.5
Hence
d
d—f=F+F5+F§ 1.5.6
where
Apx* dpx*
F=limZX=2 :
At—0 At dt
. dp1l . dp2
FR = — lim &&=, FR = — lim &= 1.5.7
At—0 dt At—0 dt

and F is a main vector of a system of external forces acting at the time instant t . Equation (1.5.6)
extends the well-known theorem concerning the change in the quantity of motion (momentum) of
a system. On its right-hand side additionally appear the so-called thrust forces, Ffand FR.

In a similar way one can generalize the theorem regarding the change in angular momentum
(moment of momentum) of a system. Applying an argument analogous to the previous one, we
obtain

K+ AK =K* + AK* - AK1 + AK> 158

where K is the moment of momentum of the system with respect to a certain arbitrary chosen fixed
pole in the coordinate system O’X"1.X">X"s and AK1(2) denotes the sum of moments of a quantity
of motion for those particles that left (entered) the considered system of variable mass during the
time interval At. Dividing the preceding equation by At and proceeding to the limit as At—=0 we
have

= =M+ M+ MF, 1.5.9
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Where

AM®  ARK"
\ = 1 =
M .J:JTH At dr ’
. AK . AK;
R _ _ R _ 2
My = .-_‘.l'_-IT-:n Ar T M, _.-hl.-linm Al

Equation (1.5.9) is a generalization of a theorem concerning changes in the angular momentum of
a mechanical system. On its right-hand side additionally appear moments of a thrust force, MR and
MZE.

1.6 Collision and conservation laws

Consider the collision between two particles of masses mi1and mz2 shown in the figure below. If the
two particles form an isolated system, the momentum of the system must be conserved. Therefore,
the total momentum of an isolated system just before a collision equals the total momentum of the
system just after the collision. But, the total kinetic energy of the system of particles may or may not
be conserved, depending on the type of collision. Whether or not kinetic energy is conserved is used
to classify collisions as either elastic or inelastic.

Elastic collision: - An elastic collision between two objects is one in which the total kinetic energy as
well as total momentum of the system is conserved.

Consider two particles of masses m1and m2 moving with initial velocities and along the same straight
line, as shown in the figure below. The two particles collide head-on and then leave the collision site
with different velocities, v;f and v,;. If the collision is elastic, both the momentum and kinetic
energy of the system are conserved. Therefore, considering velocities along the horizontal
direction we have:

mlvli + mzvzi ES mlvlf + mzvzf 16.1

1 2 1 2 _ 1 2 1 2
2m1v1i + 2m2v2i = Zmlvlf + zmzvzf 1.6.2

Before collision
C D h T 'z_i( )
{a)

Afwer collision
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Because all velocities in the figure are either to the left or the right, they can be represented by
the corresponding speeds along with algebraic signs indicating direction. We shall indicate v as
positive if a particle moves to the right and negative if it moves to the left.

From conservation of kinetic energy (eg. 1.6.2), we can cancel the factor % as
2 2\ _ 2 2
m1(v1i - 771f) = m; (vzi - vZf)

Then factor both sides

ml(vli - 171f)(171i + vlf) = mz(VZi - VZf)(UZi + v2f) ()

By separating the terms containing m; and my

m1(v1i - V1f) = mz(VZi - VZf) (b)

Dividing equation (a) by eq. (b)
Vqi + vlf = Uy + vzf

V1; — Vo = —(Vip — Vaf) 163

B. Inelastic Collision: - An inelastic collision is one in which the total kinetic energy of the system
is not conserved. But the momentum of the system is conserved. Therefore, for inelastic collision
of two particles:

myVy; + MUy = MyVip + MyVUyy

1 2 1 2 1 2 1 2

C. Perfectly Inelastic Collision: -When the colliding objects stick together after the collision, the
collision is called perfectly inelastic. Consider two particles of masses m1 and m2 moving with
initial velocities and along the same straight line, as shown in the figure below.

14



Before collision

¥ii ¥z @

{a)

Afver collision

-

™y, ¥ My

The two particles collide head-on, stick together, and then move with some common velocity vs
after the collision. The total momentum before the collision equals the total momentum of the
composite system after the collision

myvy; + myvy; = (my + my)vy

gives

_ (mqvq1i+myvy;)

vy e 1.6.4

Example

A Dblock of mass m1=1.6kg initially moving to the right with a speed of 4m/s on a horizontal
frictionless track collides with a second block of mass m»=2.1kg initially moving to the left with
a speed of 2.5m/s. If the collision is elastic, find the velocities of the two blocks after collision.

15



Solution

vy; = 4m/sv,y; = 2.5m/s

W

Before Collision
We are given that ~ We are asked to findv; s &v;;
my = 1.6kg,vy; = 4m/s Since the collision is elastic both momentum and
25m . ..
m, = 2.1kg,v,; = - kinetic energy are conserved

From conservation of momentum
(1.6kg)(4m/s) + (2.1kg)(—2.5m/s) = (1.6kg)v,f + (2.1kg)vyf
L6vyf + 2.1vyp = 1.15 (a)
From conservation of kinetic energy
Vi + Vi = Vg + Vg
Vif = Vor = Va1 — Vg
Vip = Vpp = —2.5m/s — 4m/s
Vi — Vyp = —6.5m/s (b)
Solving equation (a) and (b) simultaneously
vy = —3.38m/s
vyr = 3.12m/s

16



1.7) Two body problem in center of mass coordinate system

In the previous lecture, we discussed a variety of conclusions we could make about the motion of
an arbitrary collection of particles, subject only to a few restrictions. Today, we will consider a
much simpler, very well-known problem in physics - an isolated system of two particles which
interact through a central potential. This model is often referred to simply as the two-body problem.
In the case of only two particles, our equations of motion reduce simply to

myty = Fpq
mz‘;’:z == F12 171

A famous example of such a system is of course given by Newton's Law of Gravitation, where the
two particles interact through a potential energy given by

U(Iry = 121) = Uy (I, — 1)

=gtz 1.7.2

|r1’r2|
where G is Newton’s constant,
G =6.673 X 10! Nm%/kg? 1.7.3

How can we go about _nding the most general solution to this set of equations? As with any physics
problem, the _rst thing we should do is make maximal use of the symmetries or conservation laws
of our problem. First, because the two particles interact via a central potential, these two forces
should obey Newton's third law, as we discussed in the previous lecture. We know that as a result,
the total momentum of our system will be conserved, and so we should consider the center of mass,

mqri+msynry _ mqri+mynry 1 7 4

R =

mi+m, M

the time derivative of which is given by the center of mass velocity,
— Mavitmyv, 175

Ve =
cM M

Now, in the previous lecture, we found that the acceleration of the center of mass depended on the
net external force,

Fext = MCLCM 1.7.6
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Since our system is isolated, the center of mass acceleration must be zero, and hence the center of
mass velocity must be a constant,

(0 (0)

(0) _ mqv +myv.
Vo =————2 1.7.7
Thus, the center of mass motion is given by
Q)
R(t) =V, t 1.7.8

Since we already know the motion of the center of mass on general grounds, we can make use of
this information to simplify our problem. To see how, let's define the vector of relative distance

r=r-—r 1.7.9

A simple algebraic rearrangement then yields

mp

r; r,=R———v 1.7.10

mi+m; mi+m;

T1=R+

From this expression, and the fact that we already know R, our problem simply reduces to finding
r.

To find the equation of motion satisfied by r, we return to our original equations of motion and
multiply the first by m2 and the second by m1, in order to find
mym,i; = myFyy

mlmzi':z = m1F12 1.7.11

If we then subtract the second equation from the first, we have
mym, (¥ — 1 = myFyy — myFy,

LT = Fyy 1.7.12

(my+my)

where we have made use of Newton's third law in the second equation. Because the forces are
derived from a central potential which only depends on the distance between the two particles,
we have

18



g .. - ;
Fy = _Ei’lz': Ty — Ty} = ViUa (Jr; — 1)

1.7.13

Now, since the potential only depends on r, and not the center of mass R, we can use the chain
rule to write for the x-component of the derivative, for example,

dre, o __ . dR, d __ a0
TU._.: (Ir]) = - - TL'H (|r|) + - — 55Utz r|) = TL-‘H (Ir]},
orye ary e dre tryy OR S iy 1.7.14
and so on for the other coordinates. Thus, | find that | can write
N ) ]
m.f=——U(|r]) =F(r),
o 1.7.15
Where
m, = -z 1.7.16
(mq+my)

is the reduced mass of the system. Thus, our problem has effectively been reduced to a one-
particle system - mathematically, it is no different than a single particle with position vector r and
mass m=, subject to an external force F. Therefore, conservation of momentum has dramatically
simplified our system.

Conservation of angular momentum of two body problem

Since our two particles interact with each other through a central potential, we know that the total
angular momentum of the system is conserved. However, since we have reduced our problem to a
one-particle system, it makes more sense to reformulate this statement in terms of the angular
momentum of this fictitious particle,

L=m,r X, 1.7.17

Where
v=r 1.7.18

Now, a short exercise in the chain rule shows us that

0 iU 1
F(r)= 'EU (ef) = ;% r=.
! r 1.7.19
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Therefore, the torque on the particle due to F is
T=rXFurxr=0 1.7.20

That is, the torque vanishes because the force is parallel to the displacement vector. Thus, in the
absence of any torque, the angular momentum of the particle must be constant,

—L=0 1.7.21

This fact is a general result for the motion of a particle in an external central potential.

For our one-particle system, conservation of angular momentum allows us to make a further
simplification. For any three vectors, we can form the scalar triple product,

a-(bxc)=b-(cxa)=c-(axDb) 1.7.22

The fact that all three of these expressions are equal is left as an exercise onyour homework. If we
use this identity, we can see that

r-L=myr-(rxv)=muv-(rxr)=0 1.723

Because this inner product is zero, it must be the case that r is always perpendicular to the angular
momentum L,

rllL 1.7.24

However, because the angular momentum is constant, there must be a fixed vector in space which
the position vector r is always perpendicular to. Given that the position vector is always
perpendicular to a certain orientation in space, it must be the case that the position vector always
lies in a plane. As a result of this fact, not only has our problem been reduced to a one particle
system, it has also been effectively reduced to two dimensions. Because our problem is described
by a radial force in two dimensions, at this point it is most convenient to switch over to polar
coordinates,

T, =rcos@; 1, =rsind 1.7.25

We have chosen the convention that the plane which the particle travels in is the x-y plane, and
that the angular momentum is oriented along the z-axis. In this set of coordinates, we can write

ao 1
dt = ma? ’

1= |L| 1.7.26
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which you'll show on your homework. This expression for the time derivative of the angular
coordinate makes another fact clear - the sign of d@/dt is always positive, so that the particle
always rotates around the center of our coordinate system in the same direction.

1.8 collisions in the Center of Mass reference frame

) Elastic collisions in the CM frame

In center of mass frame (zero momentum frame),

hy n;
> —  mmm———————
! ! !
u, u, v,
m,
» Conservation of momentum is given by,
myu; + myu, =0
myv; + myvy =0 1.8.1
» Conservation of energy is given by,
%mluf + %mzu'zz = %mlv{Z + %mzvéz 1.8.2

i) Inelastic collision in CM frame
» Case of perfectly inelastic collision (e=0)

w = -V, w =, =V,

D

V

cin

CM before
» After collision, total mass (m, + m,) is at rest in CM:

21
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My, M,
'
V=0

UM after

> KE in CM: Tem= Tras -1/2(m; + m,) Vem
» The maximum energy that can be lost during the collision is then,

_1 2, 1 2 1 2
Tem = ;mqui +-mouy — - (Mg +my)viy

1.8.3



Chapter Two
Rigid Body Dynamics
2.1 Introduction

In this chapter, unless otherwise stated, the following notation conventions will be used:

1. Einstein’s summation convention. Whenever an index appears twice (an only
twice), then a summation over this index is implied. For example,

XiXi = NiXiXj = Zixiz 2.1

2. The index i is reserved for Cartesian coordinates. For example, xi , fori=1,2,3,
representseither x, y, or z depending on the value of i . Similarly, pi can represent  px, py
,0r pz . This does not mean that any other indices cannot be used for Cartesian coordinates,
but that the index i will only be used for Cartesian

coordinates.

3. When dealing with systems containing multiple particles, the index ! will be used to identify
quantities associated with a given particle when using Cartesian coordinates. For example, if
we are in the presence of n particles, the position vector for particle « is given by r,, , and its
kinetic energy T,, by

T, = %mafca,ifca,i ) a=12,....nandi=1,23. 2.2

Take note that, according to convention 1 above, there is an implied summation on the Cartesian
velocity components (the index i is used), but not on the masses since the index a appears more
than twice. Correspondingly, the total kinetic energies is written as

n
1 o
T = E MuXaiXa,i
a=1

= ; n_ mg (%% + % + 22). 2.3

2.2 The Inertia Tensor

Let’s consider a rigid body composed of n particles of mass m,, @ = 1,2, ..., n. If the body rotates
with an angular velocity ! about some point fixed with respect to the body coordinates (this “body”
coordinate system is what we used to refer to as “noninertial” or “rotating” coordinate system ),
and if this point moves linearly with a velocity V with respect to a fixed (i.e., inertial) coordinate
system, then the velocity of the Ith particle is given by
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Vg =V +wXr, 2.4

Where we omitted the term
drg . _
Vgr = (E)rotatlng =0 2.5

since we are dealing with a rigid body. We have also dropped the f subscript, denoting the fixed
coordinate system, as it is understood that all the non-vanishing velocities will be measured in this
system; again, we are dealing with a rigid body.

The total kinetic energy of the body is given by

T =z:“. =%z mv?

1 - 32
=:zm,'.‘r' +WXE,)

1 i 7 e 1 wr B
zm"r —EJ’J?." -|m,\1‘._|—?Zm*|m,\r._| .

>

2.6

Although this is an equation for the total kinetic energy is perfectly general, considerable
simplification will result if we choose the origin of the body coordinate system to coincide with
the centre of mass. With this choice, the second term on the right hand side of the last of equations
(2.9.6) can be seen to vanish from

YameV (0 X1) =V-[wX Xamery)] =0, 2.7

since the centre of mass R of the body, of mass M , is defined such that

YaMalea =0 2.8

The total kinetic energy can then be broken into two components: one for the translational kinetic
energy and another for the rotational kinetic energy. That is,

T = Tirans + Trot 2.9

With
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|J|-—-

:—Zm =
T, =:th[m:< r)
= .

2.10

The expression for Trtcan be further modified, but to do so we will now resort to tensor
(or index) notation. So, let’s consider the following vector equation

(w X 1)? =(w X71,) " (wXT1y), 2.11
and rewrite it using the Levi-Civita and the Kronecker tensors,
9 w Iﬁ}]lslm“ﬂ 1'«1 é‘lﬂ'smmlso tunlo n
=8,0,-0.0, Jox o
_mwlﬁllﬁl mltmuﬂﬂ 212
Inserting this result in the equation for Trtin equation (2.10) we get
rne=%ZJrI,[|m|‘|rh|‘-[‘“'R,:]"}
T 2.13

Alternatively,

Iy o 1
f— :Z.lrlﬁl R S SR 1

el

_Em ||mua ]1“ -0y x|

:—lwm ]zm I5 ot ¥at X by

2.14
We now define the components [;; of the so called inertia tensor {I/} by
1, _Em [5. k= mlmj
2.15
and the rotational kinetic energy becomes
2.16

1
Trot = 5 ljjw;w;

Or in vector notation
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Tror =50 {1} 2.17

For our purposes it will be usually sufficient to treat the inertia tensor as a regular 3 x 3
matrix. Indeed, we can explicitly write {1} using equation (2.15) as

E"”“('Tuj'l"ﬂ ‘-l) Emr- -a n ! Emn .'-I -.x'-
“
{I} = _E'I"nl‘n,.'jﬁ | Emn ('II'I-:« I-I t 'Tm ‘-I] _Z mﬂ'll'ln,."ll-a,*
&
Emn o ¥ rhl Enn e Zrnﬁ[.rﬁl"+.1'“_.")
& o

2.18

It is easy to see from either equation (2.15) or equation (2.18) that the inertia tensor is symmetric,
that is,

The diagonal elements I11, 122, and Iz3 are called the moments of inertia about the x1-, x2 -, and
X3-axes , respectively. The negatives of the off-diagonal elements are the products of inertia.
Finally, in most cases the rigid body is continuous and not made up of discrete particles as was
assumed so far, but the results are easily generalized by replacing the summation by a
corresponding integral in the expression for the components of the inertia tensor

Iij = [ p(r)(8ijxixi — x%)dx; dxpdxs 2.20

where p(r) is the mass density at the position r , and the integral is to be performed over the whole
volume V of the rigid body.
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Example

Calculate the inertia tensor for a homogeneous cube of density p, mass M , and side length b . Let
one corner be at the origin, and three adjacent edges lie along the coordinate axes (see Figure 2-
1).

Fig. 2.1 A homogeneous cube of sides b with the origin at one corner.

Solution.

We use equation (2.20) to calculate the components of the inertia tensor. Because of the
symmetry of the problem, it is easy to see that the three moments of inertia li1, l22, and Iss
are equal and that same holds for all of the products of inertia. So,

I, = _I‘Fj:: _I‘r_'pl::l:_." + .1.'.'-::I._|'_1.',.EL"|:_..-1:'._
= p_l‘r_'.-_.*_:-m |-IF._|'_1:_. [+ x7) I-It dx,
S - T - -
= pof et v o | Tr

=2 pb* =2 M7
And for the negative of the products of inertia

f., = —_I-:: _[r- _I-:FIJ:I.:'_. el e, el

[ &\ &%
=—P| = )| =)&)

It should be noted that in this example the origin of the coordinate system is not located at the
centre of mass of the cube.
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2.3 Angular Momentum

Going back to the case of a rigid body composed of a discrete number of particles; we can calculate
the angular momentum with respect to some point O fixed in the body coordinate system with

L= Zara X Pq-

Relative to the body coordinate system the linear momentum of the ath particle is

Pa = MgVqg = MaW X 1y,
and the total angular momentum becomes

L=Yomary X (@ XT1y)

Resorting one more time to tensor notation we can calculate r, X (w X 1) as

£.x £ )X =£

= | §6 -8_6, ].xﬁ o,

= I-n, I} "I'.ﬁ_ {"I';I - "I'.-h Im_"".ﬁ_.' o

£ X T

[+ - gt =W |

or alternatively in vector notation
I X\ WXE, = 0-I,(r,-0)

Then, the total angular momentum is given by

L= Emﬁ [r."m—r_[r_ : D]:l]

Using the tensor notation the component of the angular momentum is

) .
L= Emﬁ [ X, T, 00 —x_ 00X ]

¥ e
o

= I':I'J_ E.'Iﬂh | 5 '1.+\. l'1'.-n_.l' - "l'.-a«. .'1.¢. 1 ]'
&

and upon using equation (2.15) for the inertia tensor

Li = IU(U]
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Or in tensor notation
L={I}"w 2.31

Finally, we can insert equation (2.31) for the angular momentum vector into equation (2.17) for
the rotational kinetic energy to obtain

Trot =5 L- 2.32

2.4 The Principal Axes of Inertia

We now set on finding a set of body axes that will render the inertia tensor diagonal in form. That

is, given equation (9.18) for {I} we want to make a change in the body basis vectors (i.e., a
change of variables) that will change the form of the inertia tensor to

L 0 0

{I} = {O I, 0} 2.33
0 0 I

We will then require that all the products of inertia be zero. Carrying this program will provide a

significant simplification for the expressions of the angular momentum and the kinetic energy, as
measured in the inertial reference frame. That is, these two quantities will be given by

Li=Lw,
L, =Lw,
Ly = Lws 2.34
and
Tror = 5 (h? + Lo} + Lw3, 2.35
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The set of axes that allow this transformation is called the principal axes of inertia. When the
equations for the components of the angular momentum can be expressed as in equation (2.33),
then L, and w are directed along the same axis.

The problem of finding the principal axes is mathematically equivalent to solving a set of
linear equations. More precisely, we have from equation (2.31) that
L={I}y w 2.36

but we are actually looking for a way to reduce this equation to the following form

L={I}-w=Iw 2.37

Mathematically speaking, I , which is called a principal moment of inertia, is an eigenvalue of
the inertia tensor, and w , which will give us the corresponding principal axis of inertia, is an
eigenvector. The system of equations (2.37) can be written as

L=lw =10+ 10 +10m,
L=l =10 +1,m +].0,
L,=lw, =1, + 100, +10,

2.38
or, after some rearranging
(1, - 1o +1 0, +1 .0 =0
Lo, +(1, =1, +1,0,=0
I + 1o, + (1, — 1o, =0
2.39

The mathematical condition necessary for this set of equation to have a nontrivial solution is that
the determinant of the coefficient vanishes

(£, —F)+1,+1,
I+l —T)+ 1, =0
l+ 0, + (11

2.40

The expansion of this determinant leads to the so-called secular or characteristic equation for
the eigenvalues I (i.e., 11, 12, and I3 in equation (2.34)); it is a third order polynomial. Once the
characteristic equation has been solved, the principal axes can be determined by inserting the
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eigenvalues back in equation (2.39) and evaluating the ratios of the angular velocity components
(w1, w, w3 ), therefore, determining the corresponding eigenvectors.

It is important to realize that in many cases, the rigid body under study will exhibit some symmetry
that will allow one to guess what the principal axes are. For example, a cylinder will have one of
its principal axes directed along the centre axis of the cylinder. The two remaining axes will be
directed at right angle to this axis (and to each other).

Finally, here are a few definitions: a body that has

i) I1=I>= I3 is called a spherical top,

i) l1=I>+#13 is a symmetric top,

iii) l1# I2# 13 is an asymmetric top, and finally, if
iv) 11=0, I>= I3 the body is a rotor.

2.5 Moments of Inertia for Different Body Coordinate Systems

We consider two sets of coordinate axes that are oriented in the same direction, but have different
origins. The xi-axes have their origin O located at the centre of mass of the rigid body, and the Xi-
axes have their origin Q located somewhere else inside, or outside, of the body (Figure 2.2)

Figure 2-2 — The Xi-axes are fixed in the rigid body and have the same orientation as thexi-axes ,
but its origin Q is not located at the same point O, which is the centre of mass of the body.

The elements of the inertia tensor {J} relative to the Xi -axes are

Jij = Xama(8ijXaxXak—XaiXa,j) 2.41
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If the vector a connects the origin Q to the centre of mass (and origin) O, then thegeneral vector
R for the position of a point within the rigid body is written as R, = a + 1, or using components

Xa,i = a; + Xa’i. 2.42
Inserting equation (2.42) into equation (2.41) we get
Fy = z Fra,, I:r_':-' Ny + o0, ¢ ey +x, 6 h— [ﬂ, + X, :-I: a, o,y :I]
= g rﬂ_hl: & x, eTme — TN, ]

—___.3_" _ [5" (2x, o, +aga, | — | o, tax, e, :-]
-1

_ i (1 I o . i
=J, + ___.5 e | ﬁllfr_r.r, — Tz, E rm & Zx, o, —arx,  —aa X, ]
e o

2.43

But from the definition of the centre of mass itself, the last term on the right hand side of the last
of equations (2.43) equals zero since

Za MpXg,i = 0 2.44

We then find the final result that

.n'.,_, =L +M | '5.-.”: —a, :.

2.45
withM =Y, m, and a? = ayay.

We see from equation (2.45) that the inertia tensor components are minimum when measured
relative to the centre of mass.

2.6 The Euler Angles

We stated in previous sections that of the six degrees of freedom of a rigid body, three are rotational
in nature (the other three are for the translation motion of the centre of mass). In this section, we
set to determine the set of angles that can be used to specify the rotation of a rigid body.

We know that the transformation from one coordinate system to another can be
represented by a matrix equation such as

x = Ax' 2.46
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If we identify the inertial (or fixed) system with x’ and the rigid body coordinate system with x ,
then the rotation matrix A describes the relative orientation of the body in relation to the fixed
system. Since there are three rotational degrees of freedom, A is actually a product from three
individual rotation matrices; one for each independent angles. Although there are many possible
choices for the selection of these angles, we will use the so-called Euler angles ¢, 8 and .

The Euler angles are generated in the following series of rotation that takes the fixed x’ system to
the rigid body x system( see Fig. 2.3)

1. The first rotation is counterclockwise through an angle ¢ about the x5 -axis. It transforms
the transforms the inertial system into an intermediate set of x;’-axis. The transformation
matrix is

cos(¢p) sin(¢p) O
Ap = |—sin(¢) cos(¢) O 2.47
0 0 1

With 0 < ¢ < 2m, and

x" = /1¢x’ 2.48

Fig. 2.4 The Euler angles are used to rotate the fixed x system to the rigid body x system. (a) The first
rotation is counterclockwise through an angle ¢ about the xj-axis. (b) The second rotation is
counterclockwise through an angle 6 about the x;'-axis. (c) The third rotation is counterclockwise through

nr

an angle y about the x3''-axis.
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2. The second rotation is counterclockwise through an angle 6 about the x;’-axis. (also called

nr

the line of nodes). It transforms the inertial system into an intermediate set of x;" — axis.
The transformation matrix is

1 0 0
Ag = [0 cos(¢) sin(@)] , 2.49
0 —sin(6) cos(0)

with0 < 6 <m, and

x" = Agx"". 2.50

nr

3. The third rotation is counterclockwise through an angle i about the x3"-axis. It transforms
the inertial system into the final set rigid body x; — axis. The transformation matrix is

cos(3p) sin(yp) O
Ap = |=sin(¥) cos(¥) 0], 2.51
0 0 1

With 0<y<n

X = Agx"" 2.52
Combining the three rotations using equations (2.48), (2.50), and (2.52) we find that the complete

transformation is given by

X = )le)tekq)xl, 2.53

and the rotation matrix is
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Upon calculating this matrix, we find that its components are

Ay, = cos(w)cos() — cos(8)sin (@) sin y)
Ay, =—sin(w )cos(@) —cos|8)sin(@)cos(v )

Ay, =sin|A)sin|d)

A, =cos(y)sin(@)+ ms[ﬂ]msw]sm[ui]
Az =—sin(w )sin| @)+ cos(@)cos(p)cos(w)
A, =—sin(8)cos(¢)

A, =sin(y)sin|&)

A, =cos(y)sin|8)
Ay, =c05(8).

with0<y<2m,0<60<7mn,0<¢<2m
Correspondingly, the rate of change with time (i.e., the angular speed) associated with each of the

three Euler angles are defined as 6,¢,W. The vectors associated with
9,([) and ¥ can be written as

b= pel
8= EHE';"
W = yreT= ye,.

2.55

Taking the projections of the unit bases vectors appearing in equation (2.55) on the rigid
body bases vectors, we find

d:n:-&[sm[ﬁ]m[w]e. +sin| 8 )cos(w e, +ms.[9]e.:|
é= E'?[ms[w]e. - Ei.ﬂl::t,!-f:'l!'_-]
v=ve, 2.56

Combining the three equations (2.56), we can express the components of the total
angular velocity vector w as a function of 8, ¢ and ¥

@, = Psin(@)sn|w)+&cos(y)
e, = dsin(@)ecos{w ) — Asin(y)
o, = feos( @)+ 257
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2.8 Euler’s Equations of motion for a rigid body

To obtain the equations of motion of a rigid body, we can always start with the fundamental
equation

(%)ﬁxed =N, 258

where N is the torque, and designation “fixed” is used since this equation can only applied in an
inertial frame of reference. We also know that

(&) fived (%)body +wxL, 2.59
Or
(%)body + wXL=N 260

Using tensor notation we can write the components of equation (2.60) as
Li + gijkijk = Ni . 2.61

Now, if we chose the coordinate axes for the body frame of reference to coincide with the
principal axes of the rigid body, then we have from equations (2.34)

Ly =lhLw,
LZ = 12(1)2
Ly = Lws 2.62

Since the principal moments of inertia I, Iz, and Isare constant with time, we can combine
equations (2.61) and (2.62) to get

feo, — (1, — 1, o0, =N
P, —(1,—1I Jeom =N
fa, — |, — 0, Jooor, = W,

2.63
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Alternatively, we can combine these three equations into one using indices

(1,— 1, )eo, — 3 e, (1o, —N. =0
= 2.64

where no summation is implied on the i and j indices. Equations (2.64) are the socalled Euler
equations of motion for a rigid body.

2.9 Principle of virtual work

2.9.1 Constraints and degrees of freedom

The number of degrees of freedom of a system is equal to the number of variables required to
describe the state of the system. For instance:

= A particle constrained to move along the x axis has one degree of freedom, the position x
on this axis.

= A particle constrained to the surface of the earth has two degrees of freedom, longitude and
latitude.

= A wheel rotating on a fixed axle has one degree of freedom, the angle of rotation.

= A solid body in free space has six degrees of freedom: a particular atom in the body can
move in three dimensions, which accounts for three degrees of freedom; another atom can
move on a sphere with the first particle at its center for two additional degrees of freedom;
any other atom can move in a circle about the line passing through the first two atoms.
No other independent motion of the body is possible.

= N atoms moving freely in three-dimensional space collectively have 3N degrees of
freedom.

) Holonomic constraints

Suppose a mass is constrained to move in a circle of radius R in the x-y plane. Without this
constraint it could move freely over this plane. Such a constraint could be expressed by the
equation for a circle, x? + y> = R?. A better way to represent this constraint is

F(x,y)=x*+y>—R*=0 2.65
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As we shall see, this constraint may be useful when expressed in differential form:
oF oF
dF = adx + ady = 2xdx + 2ydy =0 2.66

A constraint that can be represented by setting to zero a function of the variables representing the
configuration of a system (e.g., the x and y locations of a mass moving in a plane) is called
holonomic.

In a more complex system, there may be more than one constraint. For instance, if the mass in the
above case is moving in x-y-z space, but in addition is constrained to remain on a horizontal surface
at elevation a, the additional constraint

G(z)=z-a=0 2.67

would apply.

i)  Non-holonomic constraints

Sometimes a constraint on the motion of an object cannot be represented in holonomic form. For
instance, imagine a car moving on a horizontal plane. The car would normally have three degrees
of freedom, two translational represented by the car’s position (x; y) and a rotational degree of
freedom about the vertical axis, represented by an angle ¢ counterclockwise from the x axis. (We
neglect the possibility of the car overturning!) However, if the car is not skidding, it is constrained
at a particular instant to move in the direction it is pointing, which can be represented by the
differential relation

singdx — cosgpdy = 0 2.68

This constraint cannot be integrated to the form F(x; y) = 0, because ¢ can change as the car moves
due to the driver turning the steering wheel. It thus depends on more than x and y. Thus, for
infinitesimal motions, the car can only move along a particular line in the x-y plane as represented
by equation (2.68), whereas with driver input, the car can reach any point in this plane with any
rotational orientation, but only through finite motions. (This is what makes parallel parking so
complicated!) Thus a car exhibits only one degree of freedom in infinitesimal motion, but three
degrees of freedom in finite motion.

A constraint of this type is called non-holonomic. In general, non-holonomic constraints are more
difficult to deal with than holonomic constraints.

2.9.2 Internal and external forces on a system

In mechanics, the definition of what constitutes a system is arbitrary; the choice is completely
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up to us, and is based on what we are trying to accomplish. A system consisting of many atoms is
in principle very complicated, because one must consider not only external forces acting on the
system, but internal forces acting between each pair of atoms within the system. However,
Newton’s third law says that the force of atom A on atom B is equal and opposite to the force of
atom B on atom A. Thus, the net force on the system due to atoms within the system acting on
each other is zero. This result is related to the conservation of linear momentum in isolated systems.
Thus, in considering the overall motion of a system, only external forces need be considered.

i A

LT

e D0

Figure 2.5 The balance beam.

Principle of virtual work

The modern approach to a statics problem is to apply the two conditions that the total force and
the total torque acting the system of interest each sum to zero. Sommerfeld invokes an older
method of handling such problems called the principle of virtual work. This method has the
advantage that forces of constraint, i.e., forces that keep the system from moving, may be
neglected, thus potentially simplifying the analysis. Only forces, not torques, need to be
considered, as the locations at which the forces are applied are used in the analysis. Since the action
of atorque is really the action of a force applied at a particular location, the consideration of torques
becomes less important.

Uneven balance beam

A simple example is the uneven balance beam, illustrated in figure 2.5. The modern approach sets
the total force and torque on the beam to zero:

Q-F,—F,=0 2.69
aFa— bFb =0 2.70

Solving the first equation tells us that the upward force of the pivot on the beam just balances the
two downward forces at the opposite ends of the beam:

Q = Fa+Fb 2.71

The second equation gives us the ratio of the two end forces:
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Fu b

=-, 2.72
Fp a
These forces can also be obtained in terms of the beam dimensions and Q:
__be
* a+b
Fh =22 2.73
a+b

The principle of virtual work can be used to obtain the same results. The idea is that if the beam
tilts by a small angle ¢ in the clockwise direction, then the forces Fa and Fb respectively do work
—F,ad¢ and F,bd¢. This is because the left end of the beam moves a distance ad¢ in a direction
opposite that of the force whereas the right end of the beam moves a distance bd¢ in the same
direction as the force. The force of the pivot on the beam does no work, as the pivot is assumed
not to move, so the total work done is

SW = (=F,a + F,) 8¢ 2.74

This work increment is zero as a result of the torque balance expressed by equation (2.70).

Thus, assuming that the work increment is zero in a small displacement of the system is equivalent
to the condition of zero net torque.

If instead of tilting the beam, the pivot and beam are lifted vertically by a small distance

&z, the work done by the three forces in this case would be

SW = (Q — F, — F,)82z, 275

which according to equation (2.69) is also zero. Setting W = 0 in this equation allows us to obtain
the pivot support force Q. Thus, setting the work done in small displacements of the system to zero
allows us to determine all of the relevant forces via computing the work done by these forces. The
work is called virtual, because no real motion of the system is envisioned, with the corresponding
complications resulting from generation of kinetic energy. In this example, there is little
computational advantage in using the principle of virtual work over the method of zero forces and
torques. However, its virtues become more evident as the problem becomes more complex.
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Problems

1. Use the principle of virtual work to determine the ratio M=m that results in static
equilibrium in figure 2.6.

Figure 1.4.1: The pulley on the left is frictionless and the wheel on the right rolls up or
down the ramp. The string wraps around the wheel on the ramp.

2. Use the principle of virtual work to determine the tensions in the clothes line from which
amass M is hung, as illustrated in figure 2.7. Note that you will need to apply the principle
twice, once for small virtual displacements of the point P horizontally and again for small
vertical displacements. The tensions T, and Ty, are kept constant in these displacements.

Figure 2.6: Mass hanging from clothes line.
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Chapter Three

Theory of Small Oscillations

3.1 Introduction

When a conservative system is displaced slightly from its \stable” equilibrium position, it
undergoes oscillation. The cause of oscillation is the restoring forces which are called into play.
Restoring forces can do both positive and negative work. When the work done is positive, the
restoring forces change the potential energy into kinetic energy and when the work done is
negative, they change kinetic energy back into potential energy. For most mechanical systems,
when the system is not too far from the equilibrium, the restoring force is proportional to the
displacement (F = [Jkx). Such oscillators are called linear oscillators. For linear oscillators, the
oscillation frequencies are independent of the amplitude of oscillation. Oscillator motion can be
damped in the presence of resistive forces. Resistive forces extract energy from the oscillator. For
low velocities, the resistive forces are proportional to velocity. Oscillators, whether damped or
undamped, can be driven by external agencies which continuously supply energy to the oscillator
to keep it oscillating. Such oscillators are known as \forced" or \driven" oscillators. Driven
oscillators can cause amplitude of oscillation to become very large when the driving frequency
matches the natural frequency of oscillation. This is known as the phenomenon of resonance.

3.2 Equilibrium and potential energy

Consider a system with {q j} as the generalised coordinates. Since the system is conservative, the
forces acting on the system are derivable from a potential energy function V(qz, g2,... gn).
Lagrange defined equilibrium as a confguration in which all generalized forces vanish, i.e.

ov

6_q]- = 0. 31

Clearly, in such a situation, the system will not change its configuration. However, even when Qi
= 0, the system may not be stable in the sense that if it is slightly disturbed from a position of
equilibrium, it may not return to the position of equilibrium. If it does, such a configuration is
called one of stable equilibrium - otherwise the equilibrium is unstable.

Example: Simple Pendulum

The potential energy is given by  V(6) = mgl(1 — cos0), so that

av
F(0) = arTi —mglsing = —mgx

42



— W=l

The “genecralised force" corresponding to 8 in this case is actually the restring torque. Equilibrium
occurs when the restoring torque is zero. There are two such positions, 8 =0 and 6 = =0
Let us look at the form of the Lagrangian near these two positions.

1 22
L=Eml 6 —mgl(1 — cos )

Near =0, cosf ~1 —%92 so that

1 : 1
= — 2 2__ 2
L 2ml@ 2mglt9

so that the potential energy is V(0) = %mgl@z and the corresponding generalised force is -mglé
which is of restoring nature. On the other hand, near the second position of equilibrium 6 = m,
cosf = cos(m + 8§0) =~ —cosé0 = —1 + %692. In this situation,

1 . 1
L= Emlzﬁz + Emgl(69)2

the corresponding force is \anti-restoring™, making the equilibrium unstable. For one dimensional
holonomic systems, equilibrium can be either stable on unstable (leaving out a trivial case of
neutral equilibrium where the potential energy function is spatially at) for which the potential
energy has an extremum

oV _ 0
aq;

for every generalised coordinate gi. Let the position of equilibrium be qi0. If the position
is one of stable equilibrium, the potential energy has to be minimum. This is because, the
system being conservative, the total energy is constant. If we go away from the position of
minimum potential energy, it leads to an increase in the potential energy and a consequent
decrease in the Kinetic energy. Thus the system returns back to the equilibrium position.
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For stable equilibrium, we, therefore, have

0%V
aqiaCIj

>0

The converse would be true for an unstable equilibrium.

3.3) Two coupled oscillators and normal coordinates

We consider the problem of two particles of similar mass M connected by a spring of Constant
ki, , and further each particle connected to fixed points with springs of constant . The motion of
particles is restricted to direction along the x-axis , so the system has two degrees of freedom x1
and x 2 that give the displacement of the masses from their respective equilibrium position (see
Figure 3-1).

The kinetic and potential energies of the system is given by

—_

T==M [i,l.' " .'-L'_.'.::I,

-

3.1

And

L, o 1 | v
U=—K|r +x, J+=K, -/,

- 3.2

respectively. Using L =T - U for the Lagrangian, we can easily calculate the equations of
motion to be

M +H(K+K, ), —K,.x, =0

MG + (K + Koy )z — K2 = 0. 3.3
Because we expect oscillatory motions for the systems response, we attempt a solution of the form
x,(t) = Bpe'®t, k=1,2 34

with Bk the complex amplitudes and w a frequency of oscillation. As we will see, Bk and w can
take different values depending on the mode of oscillation.
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Figure 3-2 Two masses connected by a spring to each other and by other springs to fixed points.

Using equations (3.4) along with ¥, = —w?x; we can transform equations (2.3) to

Mo Be™ +|k+x, ) Be™ -k, Be™ =0

~-Mw’Be™ +(k+K, )Be™ -k Be™ =0, -

Regrouping terms and simplifying (by dropping the common exponential term), this equation can
be written in a matrix form as

(k+x, —w'M) K, Tr e
—K (k+K, —w' M :] \:N .
3.6

As usual, for this system of equations to have a non-trivial solution the determinant of
the matrix on the left side of equation (3.6) must vanish. That is,

[E—!‘C._-—EU:.H] — Kz

—Kyy

3.7

The expansion of this determinant yields the so-called characteristic equation of the system

[&+K, —o' M ]'- ~ K., =0,
3.8
or, if we take the square root,
K+K,—o ' M=%Kx_.
3.9
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Solving for , we find the characteristic frequencies (or eigenfrequencies, or eigenvalues) of the
system. In this case, there are four frequencies: +w, and w4, with

Wy = /% , wzz\/g 3.10

If we set w = +w, In equations (3.4) and insert it in equation (3.6), we find that B1= -B2 .
Similarly, if we set w = +w, in equations (3.4) and insert it in equation (3.6), we find that B1=
B2 . If we associate one amplitude constant for each eigenfrequency, i.e., B;—’ for + w;, we can
write the complete solution to the system of equations (3.6) as

X |:i' |= H|_~‘-m: + |":|"|_r'_""°'=r + .I'.I:_._r"”:" + B

.'|_'_I |:? ] =-—H _-F.ﬂ“- _ -Hl_r'_lﬂ r + f_l:___-\.'-_'ﬂ"r + .I'J:_._r'_'ﬂ".
3.11

We see from this last set of equations that the position of the particles are both functions of the

two frequencies w; and w, , The two degrees of freedom xi(t ) and x2(t ) are not, therefore,
independent of each other. We would like to find out if there exists a transformation that will lead
to a new set of coordinates that would be decoupled along the different modes of oscillation.
Inspection of equations (3.11) suggests an obvious candidate. That is, if we introduce the following
new coordinates

N1 =X1— X

n = %y — X, 3.12
Or
x =%I'J'T "'i‘-ll.':I
.
x=(n-n). 3.13

and we substitute this last set of equations into equations (10.5) we find

M (5, +f, ) +(K+2x.)n, +5m, =0
M(n, —1,)+(K+2x,)n —xm, =0, .
By adding and subtracting the last two equations, we easily solve this system to obtain

AFTg, + ([ +2,, g, =0

AL TP, + Ky, — O

3.15
We can proceed as was done for xi(t ) and x2(t ) to find that
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milr)l=C ™ +C, ™
. I:i' )= e T
3.16

where the frequencies w; and w, are defined by equetions (3.10). We see from equations (3.15)
and (3.16) that n, (t)and n,(t) are decoupled and independent.

The constants C° are to be deternuned from the imihal conditions. For example, 1f we
have x(0)=-x,(0) and % (0)=-x,(0), then n,(0)=7,(0)=0 and C,”"=C,”=0;
that 15, 7, I::.r =0 at all bomes. We find that 1n this case the parficles oscillate out of phase
with each other at frequency m, ; thiz 15 the amti-symmetrical mode of oscillation.
Conversely, if we set x,(0)=x,(0) and (0)=4#(0), we find that n,(r)=0 at all
tmes. The particles then oscillate in phase with each other at frequency o, ; thas 15 the
Symmetrical mode of oscillation.

3.4 Theory of small oscillations

Any mechanical system can perform oscillations in the neighbourhood of a position of stable
equilibrium. These oscillations are an extremely important feature of the system whether they are
intended to occur (as in a pendulum clock), or whether they are undesirable (as in a suspension
bridge!). Analogous oscillations occur in continuum mechanics and in quantum mechanics. Here
we present the theory of such oscillations for conservative systems under the assumption that the
amplitude of the oscillations is small enough so that the linear approximation is adequate. This
treatment is restricted to systems with two degrees of freedom and does not make use of Lagrange’s
equations. Although the material in the present chapter is self-contained, it is helpful to have solved
a few simple normal mode problems before.

The best way to develop the theory of small oscillations is to use Lagrange’s equations. We will
show that it is possible to approximate the expressions for T and V from the start so that the
linearized equations of motion are obtained immediately. The theory is presented in an elegant
matrix form which enables us to make use of concepts from linear algebra, such as eigenvalues
and eigenvectors. We prove that fundamental result that a system with n degrees of freedom always
has n harmonic motions known as normal modes, whose frequencies are generally different.
These normal frequencies are the most important characteristic of the oscillating system. One
important application of the theory is to the internal vibrations of molecules. Although this should

47



really be treated by gquantum mechanics, the classical model is extremely valuable in making
qualitative predictions and classifying the vibrational modes of the molecule.

3.41 THE APPROXIMATE FORMS OF T AND V

Now that we know small oscillations can take place about any minimum point of

V, we can go on to find approximate equations that govern such motions. The obvious (but
not the best!) way of doing this is as follows: Take the example of the double pendulum.

In this case, T and V are given(see the following figure) by

co

g/ b
TN (¢-0)

FIGURE 3.3 The double pendulum. Left: The generalised coordinates ¢, ¢. Right: The velocity diagram.

T = LM + 4 () + (cd)? + 2(66) ch) cos(6 - 9)),
V=(M+mgh(l —cost) + mgc(l —cosg). 316 and 3.17

If these expressions are substituted into the Lagrange’s equations, we obtain (after some
simplification) the exact equations of motion

(M +m)bé +mccos(B — $)p + me sin® — §)d” + (M +m)gsinf = 0,
heos(f — c;:}.f;" + cfﬁ — bsin(f — @i}éz + gsing =0.

This formidable pair of coupled, second order, non-linear ODEs govern the large oscillations of
the double pendulum. However, for small oscillations about & = ¢ = 0, these equations can be
approximated by neglecting everything except linear terms in 6, ¢ and their time derivatives. On
carrying out this approximation, the equations simplify dramatically to give

(M + m)b A+ mc'{_'ﬁ +(M+m)gt =0,
bo+co+es=0. 3.18 and 3.19
These are the linearised equations governing small oscillations of the double pendulum about the
downward vertical. They are a pair of coupled, second order, linear ODEs with constant

coefficients. An explicit solution is therefore possible. While the above method of finding the
linearised equations of motion is perfectly correct, it is wasteful of effort and is also unsuitable
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when presenting the general theory. What we did was to obtain the exact expressions for T and V,
derive the exact equations of motion, and then linearise. In the linearisation process, many of the
terms we took pains to find were discarded. It makes far better sense to approximate the
expressions for T and V from the start so that, when these approximations are used in Lagrange’s
equations, the linearised equations of motion are produced immediately. The saving in labour is
considerable and this is also a nice way to present the general theory.

Consider the double pendulum for example. The exact expression for V is given by equation (3.17) and when 6,
@ are small, this is given approximately by

V = 3(M +m)ghe’ + ymgc g’ + -

where the neglected terms have power four or higher. Similarly, when 6, ¢ and their time
derivatives are small, T is given approximately by

T = %-‘hf':l&'é]: + j-l.m ({nil'l'-,li]lJ -+ (f_':i-:l]: + 2.;{;..9’-‘1]{,:-';._'5],“ 4. }) )
= %(-‘H + F?TJI'JJIS_'J + mbe 6'-::1- + %nrc':.glénj 4o

where the neglected terms have power four (or higher) in small quantities. If these approximate
forms for T and V are now substituted into Lagrange’s equations, the linearized equations of motion
(3.18), (3.19) are obtained immediately. This is clearly superior to our original method.

The general approximate form of V

In the general case, suppose that the potential energy V(q) of the system S has a minimumatq =0
and that V(0) = 0. (If the minimum point of V is not at g = 0, it can always be made so by a simple
change of coordinates.) Then, for g near 0, V(q) can be expanded as an (n-dimensional) Taylor
series in the variables g1, g2, . . ., gn. For the special case when S has two degrees of freedom,
this series has the form

i i av av
Vigr.g2) = V(0.0 + (j—*—’h + - ?:)
g By

N v 2 5 v aly
— g1 2 - q1g2 + =g3 | +---
3q2 11 31892 714 9q2 72

where all partial derivatives of V are evaluated at the expansion point g1 =q1=0. Now V has been
selected so that V(0, 0) = 0. Also, since (0, 0) is a stationary point of V (g1, g2), it follows that
oV/0q1 = 0V/0q2 = 0 there. Thus the constant and linear terms are absent from the Taylor expansion
of V. It follows that V can be approximated by

'||_.'3-F'F'|:{-ll||_ {'IIIJ] = ] |q|_: — Elfljfflf-?l + 1"11?12'
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where v11, v12, v22 are constants given by

T azv a2y
vl = — (0,0} 2= —— (0,0) v = —0(0,0)
dqy ey Bz dg5

I

and the neglected terms have power three (or higher) in the small quantities g1, g2. The
corresponding approximation to V(q) in the case when S has n-degrees of freedom is

n n
- 8PP (g) = Z Z Uik o ik

=1 k=l

3.20

where the {v jk} are constants given by

atv
g 7 T
fTREL T q

Uik = Uij =

and the neglected terms have power three (or higher) in the small quantities q1, g2, . . ., gn. This
is the general form of the approximate potential energy Vapp(q). It is a homogeneous quadratic
form in the variables q1, g2, . . ., gn. In the theory that follows, we will always assume that q = 0
is also a minimum point of the approximate potential energy Vapp(q).* This condition is equivalent
to requiring that the quadratic form (15.8) should be positive definite. This simply means that it
takes positive values except when q = 0.

The general approximate form of T

For any standard mechanical system with generalised coordinates g, the kinetic energy T has the
form

ol | F |
Tig. g) = > >  t;ulg)q .
Fg=1 k=1
a quadratic form in the variables * g1, * g2, . . ., * gn with coefficients that depend on q. If we
expand each of these coefficients as a Taylor series about g = 0, the constant term is
simply t jx(0) and
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R n
T = Z Zn"_f.l;['}:l fjr_l.'-q;lg + -

J=1 k=1

It follows that T can be approximated by

n n
TaPP E E f ik .f}J;fh.

=1 k=1

3.21

where the constants {t jk } are what we previously called {t jk(0)}, and the neglected terms have
power three (or higher) in the small quantities g1, 92, ..., gn, " Q1, " g2, ..., " gn. This is the
general form of the approximate kinetic energy V app(q). It is a homogeneous quadratic form in
the variables “ g1, " g2, ..., " gn. Since T (q, * q) > 0 except when * q = 0, it follows that the
quadratic form (15.9) must also be positive definite.

3.5 Small oscillations in normal coordinates

The preceding theory applies for any choice of the generalised coordinates {q j }. Changing the
generalised coordinates will change the V- and T -matrices, but the normal frequencies and the
physical forms of the normal modes will be the same. This suggests that it might be possible to
make a clever choice of coordinates so that the V- and T - matrices have a simple form leading to
a much simplified theory. In particular, it would be very advantageous if T and V had diagonal
form.

Normal coordinates; A set of generalised coordinates in terms of which the T - and V-matrices
have diagonal form are called normal coordinates

Actually, every oscillating system has normal coordinates, as we will now show. Let g be the
original choice of coordinates with corresponding matrices V and T. Then

P —q T VEPP — o LW .
T qa-T-aq. qa-V-a. 3.22

Now consider a change of coordinates from q to # defined by the linear transformation
g=P-n &= n=P"q 3.23

where P can be any non-singular matrix. On substituting the transformation (15.28) into
the expressions (3.22), we obtain
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T =P T-Peip=i) « (P T-P) -3,
1.-'“PP={P.“}".‘J-|;P-T'|]=r|r":P'I""'.'P]""~

from which we see that this transformation of coordinates causes V and T to be transformed as
T =P -T-P. VvV =P -V.P. 3.24

Can we now choose the transformation matrix P so that the new T- and V-matrices are diagonal?
Letal, a2, ..., an be the amplitude vectors of the normal modes when they are expressed in terms
of the coordinates q and let o1, ®2, . . ., on be the corresponding normal frequencies. We will

suppose that these amplitude vectors have been chosen so that they satisfy the orthonormality
relations, that is

-E!.;—-T-EI;.—:{G ':..I'v-—-‘-.J_

1 (=KD 3.25

Now consider the matrix P whose columns are the amplitude vectors {aj }, that is,

P=(ajay--|ay). 3.26

Since the amplitude vectors are known to be linearly independent, P has linearly independent

columns and is therefore a non-singular matrix. Let us now try this P as the transformation matrix.
Then

P.-T-P=|—"|-T-(a|az]---|as).

The jk-th element of this matrix is given by

0 (#K

F.-Tr - —
aj A 1 (j=k&)

by the orthonormality relations. Hence, with this choice of P,
P-T-P=1

where 1 is the identity matrix. In the same way,
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-V -(ajlaz|---lag).

The jk-th element of this matrix is given by

aj-V-a;=aj-(V-ax) =aj- («fT-a) =i (a}-T-a)
0 (i F# k),

wi  (j = k).

Hence, with this choice of P,
P-V-P=w?

where X is the diagonal matrix whose diagonal elements are the normal frequencies, that is,

wp O - 0
0 en--- 0
0 0 - @y,

We have thus succeeded in reducing both V and T to diagonal form. Hence the coordinates {#j }
defined by (15.28) with P = (a1]| a2| - - - | an) are a set of normal coordinates. They are given
explicitly by

n=°P'.q=(P -T)-q.
on using the formula P>- T - P = 1. This can also be written in the semi-expanded form

rj'_f=(a}-T)-q (1 =j=n) 307

From this last formula, we can see that, if the amplitude vectors {aj } are not normalised, then the
coordinates {#] } are simply multiplied by constants. They are therefore still normal coordinates.
The corresponding V- and T-matrices are still diagonal, but T is no longer reduced to the identity.

Our results are summarised as follows:
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Finding normal coordinates
Letal, a2, ..., an be the amplitude vectors of the normal modes when expressed
in terms of the coordinates {q j }. Then the coordinates {#j } defined by

r;;:(a:,--T)-q (1 = j = n)

are a set of normal coordinates, as are any constant multiples of them. (The
amplitude vectors only need to be normalised if it is required to reduce the matrix
T to the identity.)

When expressed in terms of normal coordinates, the small oscillation equations become

ij+ 07 -n=0.
In expanded form, this is

i+ iuf,:.'rj;.' =0 (1< j<n),
a system of n uncoupled SHM equations. The solution 71 = C1 coS(wit —y1), n2 =53 =+ - =nn =
0 is the first normal mode, the solution 72 = C2 cos(w2t — y2), n1 =53 =- - - = nn = 0 is the second

normal mode, and so on.

Note. Using normal coordinates is not a practical way of solving normal mode problems. Indeed
the problem has to be solved before the normal coordinates can be found! Normal coordinates are
important because they simplify further developments of the general theory.

3.6 General problem of coupled oscillations

We now consider a general problem of a conservative system with n degrees of freedom and a
corresponding set of generalized coordinates gk , with k = 1,2, ... ,n . We suppose that there exists
a configuration where the system is at equilibrium, with the generalized coordinates having values
gk o - We expand the potential energy U of the system with a Taylor series around this configuration
of equilibrium
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, . al .
'!-'I:“"? l“':||_'l"'-"':|l_-|_|=r"ll _-\.4{ |'::|It_'::|lt| I
':.I'::'It [

+ 1 90U | — .'||: — =
la#:i"'-:u't [i I::'I I“I-.I q. q..l -
3.28

where we neglected any terms of higher than second order, and summation over repeated indices
is implied. We can arbitrarily set the first term on the right hand side Uo(the potential energy at
equilibrium) to zero since the potential energy can only be defined up to a constant; therefore, Uo=
0 . Moreover, the existence of an equilibrium configuration implies that the first derivative of the
potential energy relative to each generalized coordinate evaluated at the corresponding positions
of equilibrium (i.e., at gk 0 ) is also zero. That is,

3.29

and U is at a minimum when gk= gko . Finally, if we further simplify the notation by setting qxo=0,
we can approximate the potential energy by

1
U=:4q;qx 3.30
With
_ oy
Ap = dgog, |
) ' 3.31

It is obvious from the form of equation (10.20) that Aicis symmetric (i.e., A= Ax).
If the potential energy is a quadratic function of the generalized coordinates, as is evident from
equation (3.30), we can use already derived results for the kinetic energy of the system when the

equations connecting the generalized coordinates and the Cartesian coordinates do not explicitly
involve time. That is, if

Xa,i = xa,i(Q) or qk = qk(xa,i) 3.32

then the kinetic energy is given by

= —wrr G G, .

3.33
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With
m, = Tmﬁ%%.
4= Te"ag 2q,

As was the case for Ajx, mjk is symmetric (i.e., mjx = my; ). Just as we did for the potential energy,
we can expand the expression for the quantities mj about the position of equilibrium; we then get

E].ﬂ'i'___._
dg,

g gy, - g =g g )+ T

" 3.34

However, in order to be consistent in the accuracy kept for both the potential and kinetic energies,
we only keep the first term on the right hand side of equation (3.34). This way, both expressions
are valid to the second order (in velocities for the kinetic energy, and in displacement for the
potential energy). We then write

rra ll:'i;l l'.-;l-

A T Ty

3.35

with the understanding that mjk consists only of the first term in the expansion on the right side of
equation (3.34). We are now interested in solving for the equations of motion of the system, using
the Lagrangian formalism. That is,

ol = T

— = [_
B, el P ) 3.36

which, in this case simplifies to

=T g ar’

Dy, el D, |

3.37

Using equations (3.35), the equations of motion are reduced to the following

AL, +M 4, = )

3.38

Equations (3.38) represent a set of coupled second-order differential equations with constant
coefficients. Since we expect oscillatory motions, we propose a solution of the form

q; (t) — ajei(wt—a)’
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where the amplitudes aj are real. Inserting this equation in equations (3.38), we find for the
equations of motion

(A]k - wzmjk)aj =0 3.40
Alternatively, the system of equations (3.40) can be written in a matrix form

(A—w?m)-a=0, 3.41

where the matrices A and m are composed of the elements Ajx and mjx , respectively (remember
that A and m are symmetric). In order to get a non-trivial solution to this equation, the determinant
of the quantity in parentheses must vanish

|4 —erm| =0 3.42

This determinant is called the characteristic or secular equation and is an equation of degree n
in w? . The corresponding n roots w? are the characteristic frequencies or eigenfrequencies of
the system. The eigenvector associated with a given root w, can be evaluated by inserting it back
in equations (3.40) to determine the ratios ai: az: ... : an. If we represent by ajr the jth component
of the rth eigenvector, we can write the generalized coordinate gj as a linear combination of the
solutions for each root

q;(8) = X, ajre@rt=on. 3.43

It is, however, understood that the actual solution must be real (in a mathematical sense)
and we must, therefore, take real part of equation (3.43). That is,

q;(t) = Xy ajrccos(w,t — &;). 3.44

3.9 Sympathetic vibrations and beats

Sympathetic vibrations are when an object begins to oscillate or vibrate because of an external vibration
which matches the resonance frequency of the object. In other words, when the resonance:1 of one object
causes another object to resonate, that is sympathetic resonance or sympathetic vibrations.

Or, a Sympathetic vibrations is an induced resonant vibration. All objects have some natural
frequency at which they vibrate. External vibrations at this frequency will be more readly absorbed,
and the object will begin to vibrate “in sympathy” with the inducing energy. An object that absorbs
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sufficient vibrational energy will shake apart. The term “sympathetic vibration” has generaly given
way to the more accurate and general term “resonance”.

Beats

When two waves with different frequencies interfere, the resulting wave will oscillate between
high and low amplitudes with a given frequency. This oscillation is referred to as Beats. In the
diagram below, two sound waves are added together. One wave has a frequency of 10 Hz, while
the other has a frequency of 12 Hz. Their sum (the resulting wave when they interfere) is shown
in the bottom graph. Notice that the resulting wave rises and falls in a sinusoidal way; at some
points, the interference is constructive; at other times, it is destructive. The net result is that the
sound wave we hear (the sum of the two waves) will oscillate between loud and faint. The
frequency of the Beat is equal to the difference in the frequency of the two initial waves. In this
case, the sound wave we hear (the combination of the initial waves) will have a Beat Frequency of
2 Hz [12 Hz - 10 Hz].

Beats are used to tune musical instruments. When a piano tuner is tuning a piano, he or she will
use a tuning fork (that puts out a pure sound frequency) and listen for beats between it and the
vibrating string. When no beats occur, the piano is correctly tuned. The same is true of when a
symphonic band tunes their instruments.
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3.10 Molecular vibrations

Our theory of coupled oscillations has many important applications in molecular physics. Each
atom in a molecule has 3 degrees of freedom, and if we are looking at a molecule with n atoms,
we have a total of 3n degrees of freedom. Three different types of motion can be carried freedom),
and vibration (3n - 6 degrees of freedom).

Consider a linear molecule (the equilibrium positions of all atoms are located along a straight line)
with n atoms. The number of degrees of freedom associated with Vibrational motion is 3n — 5
since there are only 2 rotational degrees of freedom. The vibrations in a linear molecule can be
longitudinal vibrations (there are n - 1 degrees of freedom associated with this type of vibrations)
and transverse vibrations (there are (3n - 5) - (n - 1) = (2n - 4) degrees of freedom associated with
this type of vibration). If the vibrations are planar vibrations (the motion of all atoms is carried out
in a single plane) we can specify any transverse vibration in terms of vibrations in two mutually
perpendicular planes. The characteristic frequencies in each of these planes will be the same
(symmetry) and the number of characteristic frequencies will thus be equal to n - 2.

To illustrate molecular vibrations let us consider the dynamics of a triatomic molecule (see the
Figure ).

b b LS| K

606 UYL

(a) Linear triatomic molecule (b) Longitudinal description

Mode 1 e
Oo— —) O— 11 Q

O— O <~—(Mode 2 )‘11 O

(c) Longitudinal normal modes (d) Transverse normal mode

Figure; Vibrational motion of a linear triatomic molecule.

In order to determine the vibrational modes of this system we look at the longitudinal and
transversal modes separately. Since we are not interested in pure translational motion we can
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require that the center of mass of the system is at rest. This means that we do not have 3
independent position coordinates, but only 2. For example, we can eliminate the position of the
heavy atom:

0 = x5 )
-1:___-1.-]' Xy X3 §

In order to determine the normal modes, we will follow the following procedure.

1. Choose generalized coordinates. The proper generalized coordinates in this problem are
the displacements x1 and x2. The kinetic and the potential energy of the system can be
easily expressed in terms of these displacements. The kinetic energy of the system is thus
just equal to the kinetic energy of the three atoms, and thus equal to

1 = 1 - 1 .
' =—mi +— M, +—mi; =
-5 - 2 - 3
1 . 1o im0y 1
= miy + M| — | | 5~ +2ad, + 54 ] +— i,
2 ] LM ; ] }
1f pr” "j 3 +|" rt | - 1 | s -
—— m+— |X — |yt —| m+—— (%
2 Y3 A AT ] | M |

The potential energy of the system is the sum of the potential energy associated with the
compression of the springs. The total potential energy is thus equal to

t =T-"*L|:" —n ) ol -xn) =
1y 1 . 1
:?h'-LI-"- +x;" |+ 2t — 2o (.1';—"5|J=
1 | Y m
— I - R - _ 2
_:""I-ll 1 2= __-'|.-,r:l:1'-+'3-'| + 2 | ) =
1]'.: ||1 i q.”’: || ]+-.. - M| m
= +2—+2—= ||~ +x 2 — s lax
2 l| M YR 1 3 W T 3|

2. Determine the A and m tensors. In order to calculate these tensors we use the expressions
for T and U obtained in step 1. Since the kinetic energy obtained in step 1 does not contain
products of the generalized velocity of mass 1 and the generalized velocity of mass 2, the
mass tensor will be a diagonal tensor. We can see this by looking at the definition of the
mass tensor elements:

N ..
r=1% m.aa
= &

The mass tensor is thus equal to
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The A tensor is equal to

U 97U [ - [ o Y m e
EILEILL a.rlaer \ J“’ et )] L‘*H
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3. Determine the eigen frequency and the eigen vectors. The eigen frequencies can be
determined by requiring that the determinant of the coefficients of the equations of motions

vanishes:
. . . - ) 3 Ty
xl[1+2::|r1 ’"]| er,'—;[n:: ] [m+’: ] |%|
[{a3—{mle?| = S AP B D A
w2 (1) ,.:1[1+L_| 1+ ’"] (" [m+”’ ]
L H JH 1 H & % .“ ¥ JH .
[1+2£[ ]]—| nr-l—— i K | 1+ = 1Il—[m- ]w:
b i o JH
= i : ) =10
| m mt ) .
-5 sl 1+ 2 1+ — —_— ™
x‘ M ] L hlll_ | M ,|) [m M _]m

This requires that

4

i i v AT ’
|J'f1 1+2ﬂ| 1+ |—| m+ o | - Zr;]r 1+ 2 —|i o'
| JH L JH d \ .H . .H JH % .H .

Or

[rf,|f1+2 A | 1+2 )I]—r.m+£]w’ ! =_rga1—| 1+ 2 |—[i ]w:]
\ M \ M) M

A
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Consider the two signs. First the positive sign:

Il il

fE1|:'1+"_| 1+— | |—[m+—] ]_| 21":1—| 1+_ |_| -

This is equivalent to

' o R .
= Frd il ml rra
moy¥ =k 1+2—| 1+ | |—2ﬂ:,— 1+ :I:HE]
" AL A ) A A
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it 8

"'lr_r:!

o =

Now consider the negative sign:

i I
| E1[1+L—| 1+ —] |—[.Ir1+l
L A M A

I
5 i '’
) ]:—| 2x1—|1 —| |

)

This is equivalent to

w1
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Consider the first eigen frequency, and assume the corresponding eigen vector is (all, a21).

The equations of motion for this frequency are

| | m | mY [ m*) |

:[p:,:1+2£|:1—£i.| |.-r|+ |m' @, + :fL — 1+—|—'—'w: ay, =0
AT 0 M)\ M) :

F L1 % I 2
-[::.-Lﬂ —"' | ") | + |1— 2y | m—i-m:|a,l=ﬂ
A I M) w MU M)

Substituting the expression of the first eigen frequency in these equations we obtain for each

equation the following expression:

1 mf 1
— l—f—i"faﬂlei—ll—" ||||:I iy ) =0
ML

This equations tells us that all = -a31. Since the eigen vectors are orthogonal, we expect that the

eigen vector for the second eigen frequency is given by al2 = a32.
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4. Determine the scale factors required to match the initial conditions. In this example,
we do not need to match initial conditions (such as the initial displacement or the initial
velocity and we thus do not need to determine scale factor).

5. Determine the normal coordinates. The normal coordinates are those coordinates that
oscillate with a single frequency. In the current example we thus observe the following
normal coordinates:

Th = @ Xy + @3 %3 =gy | — x5 )

Mz = @z ¥y + 3z Ny = @z L + a3 )

¢ Note: the constants in these equations need to be adjusted to match the initial conditions.
The system will carry out a motion with normal frequency 1 when n2 = 0. This requires
that x1 = -x3 and the motion is asymmetric. The system will carry out a motion with normal
frequency 2 when n1 = 0. This requires that x1 = x3 and the motion is symmetric. Note:
the normal frequency 1 is equal to the frequency of a mass m on a spring whose other end
remains fixed. This mode requires the central atom to remain fixed, and this can be



achieved when the motion is asymmetric since the forces exerted by the two springs on the
central mass cancel.

The transverse vibration of the molecule can be specified in terms of a single parameter . For this
mode of vibration we will get a single "uncoupled" differential equation with a single
corresponding characteristic frequency.

Chapter Four
Wave propagation

4.1 Introduction

Why are we able to see? Answer: Because there is light.
And...what is light? Answer: Light is a wave.
So...what is a wave?

Answer: A wave is a disturbance that carries energy from place to place. A wave does NOT carry
matter with it! It just moves the matter as it goes through it.
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Some waves do not need matter (called a “medium”) to be able to move (for example, through
space).

These are called electromagneticwaves(or EM waves).

Some waves MUST have a medium in order to move. These are called mechanical waves.

Wave types
1. Transverse waves: Waves in which the medium moves at right angles to the direction of
the wave
Producing Waves
:/ g T ;\\
\\ _:_ t//
o oo+ Cuze obtained by joining the displaced
Initial Position of Particles Positions of the particles

Parts of transverse waves:
i Crest: the highest point of the wave
ii. Trough: the lowest point of the wave

N4 i{\u/
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2. Compressional (or longitudinal) waves: Waves in which the medium moves back and forth in

the same direction as the wave

Vibrations of
¥ ¥ particles

- A

Direction of wave

{a) Normal position of a spring

-+—— Push
(WIRVIR VIR VIR VIRV o U ——=Pull
Sy Sy Sl S Wb

(c) (R) {C) (R)
Compression  Rarefaction Compression Rarefaction

|b) Longitudinal wave in a spring

Parts of longitudinal waves:

F o f 7§

Compression Rarefaction Compression Rarefaction

Compressions and rarefactions of alongitudinal wave.
Regions marked C are compressions and
regions marked R are rarefactions.

I Compression: where the particles are close together
ii. Rarefaction: where the particles are spread apart
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Wave Properties

Wave properties depend on what (type of energy) is making the waves.
1. Wavelength: The distance between one point on a wave and the exact same place on the
next wave.

| =— Wavelength —

Mean position

ARA
of the particles \/ / \ \/

| — Wavelength —s|

Wavelength of Transv erse Waves

2. Frequency: How many waves go past a point in one second; unit of measurement is hertz
(H2).

The higher the frequency, the more energy in the wave.
10 waves going past in 1 second = 10 Hz
1,000 waves go past in 1 second = 1,000 Hz
1 million waves going past = 1 million Hz
3. Amplitude: How far the medium moves from rest position (where it is when not moving).

Remember that for transverse waves, the highest point is the crest, and the lowest point is the
trough.

Amplitude i
1
Mean position : Il'l
of the particles . u// \“i/
1 1
1 1

Amplitude of a Transverse Wave

4. Wave speed: Depends on the medium in which the wave is traveling. It varies in solids, liquids
and gases.

A mathematical way to calculate speed:

wave speed = wavelength x frequen

OR
v=~fx2
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4.2 Wave equation

1. The basic description of a right /left moving pulse is a function of the form:
plz,t) = fizr — vt) right mover plz,f) = flzr+uvt) left mover (1)
where p(x,t) I8 the displacement from equilibrium.
2. For a simsoidal wave with amplitude A
ylz, ] = Acoslkx — wt) (2)
where the wave mumber k and anpular frequency w are redated to the wavelength and frequency/period

_E ix

k 3 u=?=ﬂ:r_||' ()
The speed of the wave is
u:.:!l._f or w=uk H::'
3. The string is characterized by:
Fr = Then tension in the rope a constant (5)
p = The mass per unit langth. (&)

4. Analytzing Newton Laws for a small bit of string shows that the displacement obeys the wave equation
iy Py

F‘TE = Eg (1)
L —— e o’
net foroe mass x aooel
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5. The wave aquation 18

iy _ [ By g
[ e
whera for the particular axample of the string
F
. ﬁ )

b. The moet peneral solution to the wive equation is aoything of the form
yizt) = flz —of) +4(z + ot (10)

7. The wave squation is linear 5o f y; is  solution o th e wave squation and y, is 2 solution to the wave

pauation 50 y; + po. The leads to the notion of interfarance between waves, IF two wives tend to cincel
there is destructive imterferonce, If there two waves tend to 2dd there &8 constructive interference,

4.3 Reflection and Transmission

A wave reaching the end of its medium, but where the medium is still free to move, will
be reflected (b), and its reflection will be upright.

A Y
e
| B
_— 2 —/.- s



A wave hitting an obstacle will be reflected (a), and its reflection will be

inverted.
Light , Heavy
section ‘ section
—_—
- Transmitted
pulse
- }
: , A

Reflected
= I

A wave encountering a denser medium will be partly reflected and partly transmitted; if the wave
speed is less in the denser medium, the wavelength will be shorter.

Two- or three-dimensional waves can be represented by wave fronts, which are curves of surfaces
where all the waves have the same phase.

uorf avep
7
v,
SU0I]| dABAL

Ray

Lines perpendicular to the wave fronts are called rays; they point in the direction of propagation
of the wave.
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e The law of reflection: the angle of incidence equals the angle of reflection.

Incident
ray

Reflected
ray

4.4 Interfirance

The superposition principle says that when two waves pass through the same point, the
displacement is the arithmetic sum of the individual displacements.
In the figure below, (a) exhibits destructive interference and (b) exhibits constructive interference.

Pulses far apart,

- | -
approaching

Time
Pulses overlap

precisely
(for an instant)

PUS I — SN\ "\ /\
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These graphs show the sum of two waves. In (a) they add constructively; in (b) they
add destructively; and in (c) they add partially destructively.
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4.5 Polarization

The polarization of a wave becomes very important when we consider radio communication sys-
tems, and radio wave propagation. The performance of communication systems can be strongly
affected by the polarization of a wave, if it is not \matched" to the intended polarization. Along
similar lines, propagation of a wave introduces potential changes to its polarization which will in
turn affect communication system performance. Hence, it is important to understand how waves
are polarized and the different polarization classifications.

The polarization of a wave is defined as the figure that the instantaneous electric _eld traces out
with time at a fixed observation point that is normal to the direction of propagation. Perhaps

the most common example of polarization you have heard of is linear polarization. A linearly
polarized plane wave is illustrate graphically below. We might define this as vertically polarized
but in general linear polarization could refer to linear polarization vectors pointed in any direction
(e.g. a horizontally polarized wave is also a form of linear polarization).
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In general, the figure traced out by the electric field is not a line, but in fact an ellipse, of which
a line is a degenerate case. Consider a wave travelling in the +z-direction. Its polarization will
then be traced out in the xy-plane, and appears as shown in the figure below.
Some important definitions are called for here:
e 7isthe major axis angle, i.e. how far the major axis of the ellipse is tilted away from the x-
axis;
e E1and E2 are the two components of the electric field, which will be defined momentarily;

=

T
o

e F
<

-
-

__'_-I-

-
i~

Axial ratio is a measure of how close the polarization is to circular; if AR =1, the polarization
traced out is a circle. More specifically, a wave can be defined as being right hand circularly
polarized (RHCP) or left hand circularly polarized (LHCP) if AR = 1. The \handedness" of the
polarization is observed by viewing the rotation of the wave vector as it travels. If your thumb
points in the direction of propagation, your _fingers should curl in the direction of polarization,
hence the use of \hand™ in the polarization description. A sign can be arbitrarily added to the
axial ratio to be more specific as to the handedness of the wave it is referring to. A positive

AR indicates a right-hand polarized wave while a negative AR indicates a left-hand polarized
wave (note, not necessarily circularly-polarized). Note that the sign is simply used to indicate the

handedness of the wave; it is not possible to generate a negative AR from the formulae shown
above.
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