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Maxwell’s Equations

[ Electrodynamics before Maxwell’s

1
(i) V- -E= E—p (Gauss’s law),
0

(i1) V-B=0 (no name),

dB
(1) V xE = —g (Faraday’s law),
(iv) VxB=pugJ (Ampere’s law).

(v) V.J=— a_p (Charge conservation law)
ct (= Continuity equation)

*» But, there Is a fatal inconsistency
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- Ampere’s law Is bound to fail nonsteady currents

\ T /g
7%

» Applying divergence to egn. (iii), then

?-{?XE)=?-(—Z—?)=—§E(?-B) =) V-B=0
» Applying divergence to egn. (iv)
V (VxB)=puo(V-1) ma) V- (VxB= (
V-] =0 Forsteady current

Note: divergence of a curl vanishes: it's a vector identity.
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Cont’

» For non-steady currents egn.(iv)

V- VxB =u(V-D) e V-] =9/ %0

> Ampere’s law cannot be right for non-steady currents!

d There's another way to see that Ampere's law is bound to fail
for non-steady current.

“ Conslder the process of charging up a capacitor.

Ampere’s law reads, f{v < B) - da =fB"” = 1t0Tenc
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We want to apply it to the Amperian loop or Amperian surface.
How do we determine I .7 S 1
Amperian loop
——— &
1 Capacitor vi
For the surface sy, 1, =1 1
Battery
For the surface s,, Ionc = O(No current passes tnrougn 1)

The conflict arises only when charge is piling up somewhnere (in this
case, on the capacitor plates).

For nonsteady curvents, 'the current enclosed by a loop' s an il
Aefined notion, since [t depends entivelyy on what surface you use.
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How Maxwell fixed ampere’s law
U T%e LneconsLstent proBtem AVOSE OV AMPENE'S taw wﬂem/;

V-(VXB) #V.] for nonsteady currents
O Applying continuity equation and Gauss’s Law

dp ad JE
VI]I=—=——(V-E)y=-V_. —
o~ oY (E“’ a:)
?[J+505—E]={}
| ot
J—}[J+£D—EJ

OE
V-(VxB)=V-|J+g—|=0 g ( [
“B) [ T ar] m) The LNCONSLSEENCY L AMPEre’s

Law LS now cured.
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 Ampere’s law can generally be expressed as

éE
?xﬂ’zsﬂJ —_— vxﬂ:ﬂﬂ']"'ﬂnguﬁ

VxB = 41, +;fnsn%‘ ‘A changing electric field induces a magnetic field
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1 N
(i) V.E= e_p (Gauss’s law),

0
(it) V.B=0 (no name),

—
0B
(i11) VXE= i (Faraday’s law),
g e Eqn.3

(iv) V x B = pupJ+ MUE"EF_ (Ampere’s law with Maxwell’s correction).

Together with the force law r— ;@ +v « B),
*»* they summarize the entire theoretical content of classical
electrodynamics.
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Magnetic Charge?

B

V x E + P 0 - The symmetry between E and B is spoiled

V.B=0 by the charge term and the current.

IE

VxB-— En— =
*“‘”“a; iod

If we had p,,, (the density of magnetic charge) and J,,; (the current of magnetic charge),

If we replace E—— B,B —— -u, €, E
1

V.E=—p V-B=0
€0 B aE o
VxB—jupen—= T = _%Fnm
V x E+%§ =——iodm Hoco at wod  —v In ar

© There could be a pleasing syymmetry between € and B.
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Maxwell’s equation in matter

» It would be nice to reformulate Maxwell’s egn. in the form (3)
when you are working with material that are subjected to electric

and magnetic polarization

» For Inside polarized matter there will be accumulation of bound

charges and current over which you exert no direct control.

Magnetic polarization M results in a bound current is

Jp =VXM ......cc e vei v ev e . (5)
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Maxwell's Equations in Matter

pp =V.P
L If P is time-varying, we expect there to be a current J,, associated
with the resulting changes in p;,. In fact, the above expression
suggests a good definition of [, :

- OP

Jp_a — ﬁ'JP:_v'_r:_

[ That is, the definition on the left naturally gives the continuity
relation between J,, and p, one would like.

L Time dependence of M yields time dependence of J,, which

produces time dependence of Band H
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 The charge and current densities have the following parts

= = e 1 2
[ P:Pf+Pb:Pf_vp J:Jf—'—_jb_i_Jp:Jf_i_va_'_E ------------- 6

* Using Gauss's law,
* & V.E =ps—V.Pand definition of the displacement field

D= ¢,E+P we obtain

Ampere's Law with the displacement current term is
oP OF
VXB zuo(]f-l_VXM_l_E)'l'uOEOE ......... 8
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We use B=p,(H+M) as well as D=€,E+P we obtain

oD

VXH:]f-I-E ................................. 9

Faraday's Law and V - B = 0 are not affected since they do not
depend on the free and bound currents.

Thus, Maxwell's Equations in matter are (again, putting all the
fields on the left sides and the sources on the right):

—

VD =ps V-B=0
sxE+28_y AP _ 1
ot ot
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> Boundary Conditions for Maxwell's Equations
T
U In general the fields E,.B,.D & H will be discontinuous at a

boundary between two different media or at a surface that carries

charge density o or current density K.

 The integral form of Maxwell’s equations can deduct the boundary conditions

i §Dan=0y,
&

(i) %B-dﬂ:(}
S

d
E-dl=_—" :
() fp dl dit fg B da for any surface &
bounded by the
closed loop P.

over any closed surface S.
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d Applying (i) to a tiny, wafer-thin Gaussian pillbox extending
just slightly into the material on either side of the boundary
we obtain

d Dya— Dya=o¢a..............(12)

TN s 7
/s
oS 75,
By
1% i the Com™

D,
d Thus the component of D that is perpendicular to the
interface is discontinuous in the amount

Di-D3 =0f ccoovvverrerrrecrnnnn(13)
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= Identical reasoning applied to (ii) yields
= BBy =0 .. (14)

= Turning to (ii1) a very thin Amperian loop straddling the surface
(fig.) yields

—d .
u ElI_EZI_afS B -da

= But in the limit as width of the loop goes to zero the flux vanishes.
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O That is the component of E parallel to the interface are

continuous across the boundary.
1 By the same token (iv) implies
Hyl — Hyl=lgep,

Where I, Is free current passing through Amperian loop
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UNIV,
EPORS
= A
= J -

A =Y
\ /
s -
2% i the o

Q rene=K; - (Ax1D) = (K x1)-1

And hence

 So the parallel components of H are discontinuous by an

amount proportional to the free surface current density.
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Equation 1z-1&6 ave the ogeneral boundary conditions  for
electrodynamics

() €1Ef —eEy =0y, (i) El - E! =0,
, o 1 :
(i) B — B =0, (iv) EBL‘ = EBQ =Ky x i,

In the case of linear media,

p =
1 1 | 1
29 M2 '

\/

s If there is no free charge or free current at the interface

1 1
¢ Ef —eFEf =0 Bf-Bf=0 E/-El=0 —Bj-—

n
Bl =0
| 2
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Conservation Laws

O Under this we will study conservation of

» Charge
» Energy

» Momentum
(1 Not only is there no creation or destruction of charge over the whole
universe, there iIs also no creation or destruction of charge at a given
point.
 Charge cannot jump from one place to another without a current owing

to move that charge.
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o Poynting's Theorem: Conservation of Energy
e con
(d Work necessary to assemble charge distribution (againist
coloumbs repulsion of like charge)

€
4 We=3 [ B4 e, 17

[ Likewise, the work required to get currents going (againist
the back emf)

szL B2y, sesessssssscsscsscsscscannes 18

210

J Therefore the total energy stored in EMF is

Q Uem = ;f (E“E2 * :j‘aﬂz) SN 19
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PL\NH{E.
§
= contg,

. We will prove this by considering the work done to move
charges as currents

1 Given a single particle of charge g acted on by the
electromagnetic field, the work done on it as it moves by
dlis

| dW:f-df:q(f—l—\?’xg)dr:q?-ﬁ'dr 20

d Now, g=pdt and pv = ] so the rate at which work is
done on all the charges in volume V' is

4 [ Ewan 21
t %
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Y YT YT WY e e W TR W Ty e ey e WY
d Let's manipulate the integrand using Ampere's Law:

f.f:is.(ﬁxs)_fos %

d From productruleV:-(EXB)=B(VXE)—E-
(V X B)

d Invoking Faraday’s law

E-(\7><B)=—B-a—B—\7-(E><B)

dt
B 5
Meanwhllea B - = zat(B)
10 2 2y _ L
SO = t( E2 4L B) ro (EXB) oo 22

Jimma University External Relations and Communications
E-mail : ero@ju.edu.et

Tel : +251-(0)47-111-14-58, +251-(0)471-112-0224
Website: www.ju.edu.et




Cont’

O Putting this into equation (21) and applying divergence theorem

to the 29 term
aw __d (1o E2+1B2 d ! (ExXB)-da...23
5 "4t | 25¢ €, o T o a....

Where S is the surface bounding V.

O This poynting’s theorem; it is the “work-energy theorem” of
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 The first integral on the right is the total energy stored in the
fields. The 2" term evidently represent the rate at which energy

Is carried out of V, across its boundary surface by the EMF.

1 Poynting’s theorem state that, the work done on the charges by
the electromagnetic force iIs equal to the decrease In energy
stored in the fields, less the energy that flowed out through the

surface.

Jimma University External Relations and Communications
E-mail : ero@ju.edu.et

Tel : +251-(0)47-111-14-58, +251-(0)471-112-0224
Website: www.ju.edu.et



Cont’

1 The energy per unit time, per unit area, transported
by fields is called the poynting vector:

where S Is the energy flux density

dw dUpm 1
— = — ——¢. S-da....... 25
dt dt Lo 455

Another useful form is given by putting the eld energy
density term on the left side:
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s Conservation of Momentum

L According to Newton’s second law

F — deech
dt
dprmech d
- —_ Sd N b 26
7 Eo'uodr g T+ S{T da

Where P,,.., 1S the total momentum of particle contained in the volume

V and T Is the Maxwell Stress Tensor

] 1 1
Tij =€ (EiEj — '2'3;'_;'E2) + m (BgBj — 55,;}'32) .......... 27

Jimma University External Relations and Communications
E-mail : ero@ju.edu.et

Tel : +251-(0)47-111-14-58, +251-(0)471-112-0224
Website: www.ju.edu.et




Cont’

L The indices | and j refer to the coordinates X,y and z, so the stress

tensor has a total of nine components (T, T, T;, and so on).

O The kronecker delta 6;; is 1 if are the same and zero if not

d Therefore
1 1 2 L.
T = yeo(Ey — By~ Ep) + 5 —(B; = B} — B),
|
Tx}f = EU{ExEJ':I + —(B, E}'L
HOo
and so on
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=y Cont’

\ e, /g
W 4T
.

Q

Eqgn. (26) states that the rate of change of the mechanical momentum in a volume V is equal
to the integral over the surface of the volume of the stress tensor's flux through that surface

minus the rate of change of the volume integral of the Poynting vector.

Let DPem b€ the density of momentum in fields and

Pmech density of mechanical momentum

pem:EO:uoS

0 <>
EY: (pem + pmech):v T
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Potential and Fields

d Potential formulation

>

If you are asking your self how the sources (p and ]) generate
electric field and magnetic fields; so this topic answer for your
question.

RECALL MAXWELL’'S EQUATION..............

Recall how we arrived at Maxwell's Equations. We first developed
Faraday's Law by incorporating both empirical information and the
requirement of the Lorentz Force being consistent with Galilean
relativity.

Jimma University External Relations and Communications

E-mail : ero@ju.edu.et
Tel : +251-(0)47-111-14-58, +251-(0)471-112-0224
Website: www.ju.edu.et




Cont’

B=VxA . ... 1

However, Faraday's Law implies that V X E # 0 when B has time
dependence.

d Therefore, we cannot assume E = V'V However, usingB =V X A,

we see that
- - OB 0 f= o q Y
vsz—Ez—E(va) — Vx(E—I—E):U
 Thus, the Helmholtz Theorem implies
| ELA_ gy — JE=—_sv_ -4 ... 2
ot dt
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» Egn. (1) & (2) fulfill the homogenous Maxwell equation (i1) & (iii)
what about Gauss (1) & Ampere’s-Maxwell (iv) law. Putting (2) in

(1) ; v2V+—(v A) — ip; ....................
» Putting (1) & (2) |n (iv) ylelds

Ot a2

1% 3°A
V x (V xA) = pod — poeoV ( ) — HO€0
» Or using tne VECTOr I0ENTITY v x (V x A) = V(V -A) — V2A, and

some rearranging terms a bit

aVv
VIV-A = —
) ( T 10€0 ar ,u,()J .......... 5

(VZA — ru{:rfﬂ
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Eqn. (3) & (5) contain all the information in Maxwell’s

equations.
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Coulombs and Lorentz gauges

/

** Coulombs gauges

L As in magnetostatics we pick ;

V:-A=0.. et e e e O
A This eqgn. (3) ylelds
V2V = ——,o ............... 7

[ That is, the charge density sets the potential in the same way as in
electrostatics, so changes in charge density propagate into the
potential instantaneously.

d Of course, you know from special relativity that this is not possible.
We will see that there are corrections from 94/, that prevent E
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* The differential equation for A becomes

9ZA PRY% S
2 —_ R ——— J sececcsccsccscsscssscscsne
VA — o€y 572 wod + o€V ( a7 )

JAdvantage is that the scalar potential is particularly
simple to calculate;

A Disadvantage is that A is particularly difficult to
calculate.
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This is designed to eliminate the middle term in Eqn. 5.with this
2°A

vzﬁ—“ﬂfﬂﬁ — ,  seses ssesessesesne 10
d Meanwnile , the aitrerential egn. for V, (3) becomes
2, PV 11
VIV —meco gy = P

The virtual of Lorentz gauge is that it treats V and A on equal footing:

the same differential operator ,
3
Vz — e 13
HOC0 -5
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1
O DV=-—p

0 14
1) 0O%A = ~uoJ.

where 02 called the d’ Alembertian

® Vand A have the same differential operator of LAlenbertian (4-dim.

0p5mt&r)

* Lnder the Lorentz gauge, the whole of electrodynamics reduces to the
problevu of solving the inhomogeneous wave equation for specified

SOUKCES.
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Continuous charge distributions

e Retarded Potentials
* |n static case Eqgs. 14 reduce to poisson’s egs.

1
?EV = —;p‘ vZA — _H{]J oooooooooo 15

 With the familiar solution

. ’
V(I"} — l f 'ﬂ{r") d‘r"! A(r) — P‘-{] J(r ) dt; ............ 16
deg 2 A7 2
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. PL\NiVE-‘“
O Cont

/A
M, s
/s
NAy o
PP
% in the Com

* |n non-static case, therefore it’s not the status of the sources

right now that matters, but rather its condition at some earlier
time t,(called retarded time) when the message left.

« Since this message must travel a distance r, the delay is%

t,=t—— oo 17

C
* The natural generalization of egn. (16) for non-static sources
IS therefore
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_ 1 fp(r&tr] d'l'f, A(I’, I)= j}i}f.](r; t?") dtf(18)

7

Here p(r', t,) is the charge density that prevailed at point
r' at the retarded time. Because the integrand are
evaluated at the retarded time, these called ‘Retarded

potentials’.
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» Potentials at a distance r from the source at time t depend on

the values of p and J at an earlier time (t - r/u)

(4

» Retarded in time(t, =t — S =t %in vacuum)
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V(F’I)zan:ﬁ Jy pU[:IF)“'f' (2=|r-r1) [E—_vv—i—‘?]

(r,=t-72/¢) ’

A(r1)= Hy J'(r t) I

B=VxA
47 ) ( : )

1 1 1\
VvV = — [(‘F’p}—+p"’F (—) dt’
0 g v/

dre
VY — | f 02 ;-d"
" 4meg c 2 ,042_ f

1 iﬂ(rr: fl'} - p{r"‘fr} - j(rrg rr)
® J — _ !
ar f - Br 0 A e f |: 2z T 22 ] dr

. time-dependent generalization of Coulomb's law
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e Cont’

Ao S D . S D 5 T 4 5 S A% S i A S S W,
« Similarly : o
r‘!rr rif -, !
B o) = 0 [J( O a]xm
T ) cl

 time-dependent generalization of the Biot Savart law
Taking the divergence

-~

1 | [2 3 2 s
vzv _ —_ =, A 5 . - —_— —= . ] — !
4::50[[ C L Vir+iv (4)] [42 o ey (42)]}&

] 1 j 1 9°v 1
ViV = —— | | —E _angp83 r__ v 2
47 € Lz 2 7pd W"] dt c? 912 Egp{r’ )

The retarded potential also satisfies the inhomogeneous wave equation.
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Lienard-Wiechert Potentials

“*Lienard-Wiechert potentials for a moving point
charge Retaried

POSiﬁDﬂ\ Particle
trajectory

qc
deg (2¢ — A+ V)

Present

q.— position

V(r, f) =

r;‘!
szvﬁ‘rﬁ(r,f} _ f:: f 4 t)?{fr:’ dt’ = :L._;%fp(rr, t) dt’

y
Ay =22 IT Ly 4

47 (2c—2-v) ¢
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The Fields of a Moving Point Charge

dA _ qc v
® E=—VV—¥, B=V x A V(I‘,I‘)—4NED(¢C_4+"), A(r,r}:c—zlf’(r,:)
dLet’s begin with the gradient of V:
gc 1

VV = [T+(C2—UE+¢-H)VIr]

dep (ac — n - V)2

To complete the calculation, we need to know Vi,.

1 gc 5
VV = — - — (c* — p* :
v e (16 —2- V)2 [{*H" VIV — (" —v° 42 a)a.]
A l ac o2 2
9 — dmeg(rc—n-v) [(H—¢*?)(—v+4a/c}+ E(c —v +4-a)v]

9 & 2.2 .
E(r,r}_4HED{¢+u}3{(-: vu+ 4 x (u x a)l Uu=car—v
‘ l.
B(r,t) = Ef.-, x E(r, 1)
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Radiation

« How accelerating charges and changing currents produce

electromagnetic waves, how they radiate?

« Assume a radiation source is localized near the origin. Total power
passing out through a spherical shell is the inf of the Poynting

vecto” |
P(r}=¥5+da= #— (ExB)-da
D

* The total power radiated from the source is the limit of this

guantity as r goes to infinity:
Praa = lim P(r)
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e, /e
N Py
Wi, 4
Sy oy
By
2w, Com™

* i the

g Sme%emaa{z‘ée%émewﬂtr!, 90 for radiation to occur :{az?’mdaaz‘zfa%e;e/w), the
Poyuting vector must deerease (at large 1) wo faster than UT*
Q But, according to Coulomb’s law and Bio-Savart law, S ~ 1/r* for static

configurations.

¢ Static sources do not radiate!

*» Jefimenko's Equations indicate that time dependent fields include
terms that go like 1/ r;(p & J) it is these terms that are responsible for
electromagnetic radiation.  Ew.n=1— [ [p LI LA (ot "’)}dr*’

Ty 22 cr c2n
I, ) J,t )
B(r,1) = -2 [ ( }-]—J( rj}xﬂtdr"

T 22 A
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" Electric Dipole Radiation

/A
M, s
/s
NAy o
PP
% in the Com

L Suppose the charge back and forth through the wire, from one end to

the other, at an angular frequency o:

«* Dipole charge: ¢ = 4 cos(n)

< Current: ¢y - ‘;_f i = —gowsin(n)

¢ Electric dipole: p@) = pocosr) 2, 14

1 The retarded scalar and vector potentials at P are

Vet = — Ifincas{w(!—’ﬁw’c}] _doeoslo@ a-/Al) 4 MO 1)
4?(61] Ay 5 » . o
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| Retarded scalar potential V(r,;)=4nls l qocosl(t =24/c)]  gocoslo(t =2 o))
("w..” _ﬂm 0 ¢+

S -
Ao S D . S D 5 T 4 5 S A% S i A S S W,
« Approximation1:d « r == To make a perfect dipole,
assume d to be extremely small

re =\ Frdcosd + @22, ==p 1 o
4

cos{w{t —24/c)] = cos [w{.! —rfc) £ 2% cos f
c

= cos|w(t — r/c)] cos (—aE cos #5") F sin[w(t — r/c)]sin (cu_d Cos 9)
2¢ 2c

1 / d
- l:I:—cusS‘)
r\ 2r

Approximation 2 : d « A = 2nc/o ==pAssume d to be
extremely smaller than wavelength

coslaw(t —24/¢)] = cos[w(t — r/c)] F % cos A sin[w(t — r/c)]
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Vir,n) =

1 I qo cos[ax(t — 24 [c)] _ gocoslo(t —a_[c)]
dmeg 2y 2

* |n the static limit (w—0)

V— po cos
A egr?

* Approximation 2 : d >> A = 21C/® == Assume
r to be larger than wavelength (far-field
radiation)

mm) V(r6,1)=— ke (0089) sin[aw(r — r/c)]

4 eqgu r
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HO - ° 1)

Retarded vector potential: AGs.7) = 7—2 f

P

dz

df2

—qowsin[w(t —2/c)] 2 J

b

dq . .
I(t) = _(}_ 1= —qowsin(w)z — 7 Alr, t) = Ho
dt 4 —d /2 1

c QAT Ly, sopue

] Retarded potentials:

— sinfw(t —r/c)]z

A
V6.1 = — 227 (COS )sin[m{r—rfc]]
dneqgu r
dV 13V A
Ve T
| in A
=2 cosf | —— sin[w(t —r/c)] — hd coslw(t —r/c)] | F — i sin[a(1 -f‘/f)]é
45t epe r2 rec r?

- pgwj cosf
T drepe?

) cos[@(t — r/c)] F

r
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w
A(r,0,1) = _H0Pe® sinfJow(t —r/c)]Z
Ay

0A HoPow” . . A
> i cos[w(t — r/c)l(cos# T — sin 6 §),

_1 AT » _ mopow B nd _

VA= ; [ 26 ] ¢ = - [c sinf cos|m{t — r/c)] + p sin|ew (i r;.-:]]l f,*)
° 2
vy = _Pow (cosﬂ) B N
pu—" . cos[w(t —r/c)]r.

B_A - _.“ﬂpﬂmh cos[w(t — rff}](cnsaf‘ — Slﬂﬂé}

at dmr

w [ w n@

VA= _Eopu {—smﬁcos[&u(t —r/c)] ~+~ —— sinfw(t — r/c)]} f,‘.i
dmrr c
2 v
E=-VV - H—A —#ﬂmm (sm E) cos[m(i — rfcj]é.
Far-field radiation ar 24:'! ¥
Ho bor B=V x A = HP0 (mze)cos[m{r—rfc}]ir

4mre
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« E and B are in phase, mutually perpendicular, and transverse; the ratio
of their amplitudes is “°/5 _=c.

 These are actually spherical waves, not plane waves, and their
amplitude decreases like 1/r.

« The energy radiated by an oscillating electric dipole is determined by

the Poynting vector:

y 2
S = L{E x B) = Ho I Po® (Slnﬂ)cﬁs[mﬂ‘ — rjc)]} r
o c 4 r
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2.4 - 2
* (8= (““pﬂ,f” ) S Intensity obtained by averaging
32rlc r2

— _ Hoppe” [ sin®6 5 _ mopjo’ :
. {P}_ﬁS} = e f y rsinbdfde =" total power radiated

F
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%  Magnetic Dipole Radiation

> /
NAY ¢o’/ 4
B
1% i the Com™.

« Magnetic dipole moment of an oscillating loop current:
. [(t) = Ipcos(wt)  Where i, = 7b21,

m(1) = b’ 1(1) % = mgcos(wt) 7
» The loop iIs uncharged, so the scalar potential is zero.

» The retarded vector potential is

140 f Ipcos[w(t —2/c)] A
4o )

A(r, 1) =

» For a point r directly above the x axis, A must aim in the y
direction, since the x components from symmetrically placed
points on either side of the x axis will cancel.
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A(r, 1) = “gj:b g fﬂ - "‘“S[*““; YN s do’ ( cos serves to pick out the y- ¢
omponent of dI').

(%]

b= ‘/rz—l—bz — 2rbcosyr

r=rsinfX+rcosfz, b=bcos¢' X+ bsing'y

rbcosyr =r-b=rbsinf cos¢’

2= \/rz—l—bz — 2rbsinf cos ¢’

2: t—afc
A(r, 1) = Holob frf coslo(t —2/0)] cos ¢’ do’
4 0 (2

2= ‘/rz + b2 — 2rbsin 6 cos ¢’
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dApproximation 1 : b « r For a "perfect" dipole, the loop
must be extremely small

| . b
2=y (l - E::;,in{:’»‘cq:»sn;.*}") —> > = - (1 + —sinﬂcmsqﬁ’)
r

F F

Ecos[m(t —2/¢)] = cos [m(r —-rfo)y+ ﬂf sin # cos .;b’]

wh

= cos|w(t — r/c)]cos (? sinf cos qb’) —sinf[w(t — r/c)] sin (m__b sin # cos n;b’)
C

d Approximation 2 : b « A= 2mc/®m — Assume b to be
extremely smaller than wavelength

cos[w(t —2/c)] = cos[w(t — r/c)] — m?b sinf cos ¢ sin[w(t — r/c)]
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e Cont’

(\%D’;
sl S A o S D & i S . T, A 5 S, D% & G e S, o
- uolob _ [T
=) A(r, 1) = ;Izri yﬁ; Icos[m{r —r/c)]+ bsinfcos ¢’ (% cos[w(t — r/e)] — et sin[w (t — r/r::]])} cos ¢’ dop’
c

In general A points in the ¢-direction.

a jm” ( Si"’g) Ilcns[m(r —r/e)] - < sinfo(r — r,fc)]l é
T s F C

** In the static limit (w= 0),

o mosinf .
4T 2

Approximation 3 . r» A= 2mc/o  Assume r to be larger than wavelength (far-field
radiation) 7

A(r,8,1) =

A(r,0) =

A(r,0,1) = —

Homow { sinf
4mc r

) sin[w(t —r/c)] ¢
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dA v I .
E=—- =Jiumu@ (sm )ms[m(l—ffflw
Far-field radiation il dme r
a? fsin#
de hear B=V x A = ~ Homy (*:m )uc}s[m{f B HE}]Q
Amel r

» These fields are in phase, mutually perpendicular, and transverse

to the divection of propagation (r) and the ratlo of their

amplitudes is Eo/Bo = ¢, all of which is as expected for
electromagnetic waves.

2 . 2
> Energy flux: s-= i(E x B) = "f I":;':; (5':9)1:(;5[@(: —r/c}]] ;

S) = ,t:t-uzuﬂ'tﬁa.ar‘t sinzﬁf
T\ 3223 r2
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2 4

* Total power radiated: ) ="

1273

* Owng mportant difference between electric and magnetic
dipole vadiation is that Afor conflgurations with

oompambte dimensions, the power radiateo 6tectr’waug

Ls enormously greater.

4

Prnagntlic: _ ( M) )L My = ﬁbzfﬂ. and py = god Iy = g Pmagufﬂir (i’:}h)z

Approximation 2 | _
bea=tlo | 1

F electric jLiley Setting d =7h F electric ¢
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* Conslder a configuration of charge and current that is entirely
aroitrary

* The retarded scalar potewtiat s

| " —
Vi) = — fﬂ(r,r 2/c) dr’
0

2

n = v/r2+r’2—2r-r".

* Approximationd : r'er (far fifld)
r-r 1 — 1 r-r
@Er(l— rz) ;=;(1+ r2)

) ~ ;T r-r
> =2 o) =p|T -~

c
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WU 4T
,

fxfanc[znj P asa myfor sertes in z about the retarded time at
the orzjzn fo=t--.

C

"~

.l* 2 L) ! 3
p(r',t —2/c) = p(r', 10) + p(r, Iu)( - ) % (T) : %:ﬁ(r:) :

[ ¢ C

, !
PY ’ ’ .. et r << =8 . ’ ! e
;Zﬁpromzmatwnz r A ,277,'6/(1) —> \p/ol" 1B/ eIV B/ eI ?

1 ~
e 7y << AKr %V{I‘.I};——*[[p(l",t-:)}dr'+z+frp(r fo)dt’ +— —[rp(r rn)dr]
dmegr r C

1 r-p(t r-p(t
_ [Q_'_ P; u}+ P(u]]
dmeg | 7 r rc

» In the static case, the first two terms are the monopole and dipole contributions
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 Now, consider the vector potential:
A(r, 1) = 2 [J(r'r_am v’
4 . 2

 To first order in r' it suffices to replace by r in the integrand:

v=r _—sn=—~  (Ignore the effect of magnetic dipole moment)
C

A(r, 1) = ;%f.l(r’,fm dt! = fﬂp{fn}
T

r

o Approximatiowz 3 = 2omew (discavd 2r2terms n E and B)
[g+i‘-p{m>+w(m>]

Vir,h =
(r,1) 3 p

dmeg | 1 r
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?ng[ I I‘-P(!u)]; 1 [I‘-P{Iﬂ}] Vip— -+ _F- Bl
dreg rc drep rc dregc® 1

) ,'l'f{} - ,L{{} e Hn - Ly
X Y X P = 1= 1(Vio) x plto)] = = ——[F x p(fo)]

dA _ Mo Plio)
ot 4x r

~ H A e a5 . - e
E(r,r}=%—i[(r-plr—pl=;r—i[rx{rxpll 7

[F x p]

HQ
B(r.t) = —
(r.n) dre
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> partlcmtar, L{ WE USE spmr’wat polar coovdinates, with the z axis
n the divection of  piy),

E(r 6. 1) = Hop (1) (smﬂ) p
dar r

B(.6,1) = *“’T’““] (5’“9) é

ac F

> Notlee that € and B ave mumattgj perpemllcuta v, transverse to the
direction o{propa@at’wm (r) and Ln the vatlo EB =¢, as always
for vadiation flelds.

. ) ~ _1_ Ko ? sin? 6\ |
> Poynting vector: §= m{EKB}— [p(to)] ( ) )r

1672
’ 2+
> Total vadiated power p = fS-da= pop

6brre
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@ f the electrie dipole moment should happen to vanish (or, at any rate, if its
second time derivative is zero), thewm there Ls no electric dipole radiation, and one

must Look to the next terma: the one of second ovoer in .

¢ Ac it happens, this term can be separated bnto two parts, one of which Ls velated to
the magunetic dipole moment of the source, the other to its electric guadrupole

moment (The former s a generalization of the magwnetic dipole radiation).

X t{ the wmagnetic dﬁpote and electric quadmpoLe contributions vawnlsh, the ()=

tere must be constoered.
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Relativistic Electrodynamics

(J Magnetism as a Relativistic Phenomenon

] system S,
M In the reference frame where g is at rest,
—2ZAuv
Aot = Ay + A = Aoy — y_) = .
o AR W ey
» The line charge sets up an electric field N
E = o
so there is an electrical force on g in S, F= gE = — AU qu
meocs /1 — u2/c2
» The force can be transformed into in S
F = ]_E = 1—E;3f"f.‘zﬁ=— lu,,g-!i
¥ TEGeE S

s But, in the wire frame (S) the total charge is neutral !
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Electrostatics and relativity imply the existence of another force in
view point of S frame m) magnetic force.

by using ¢* = (eot0)™" and 7 = 2w

Tepet s
ol
B= (EJTJ')

One observer’s electric field is another’s magnetic field!

A
po_ M *?_E=_g,,,,(ﬁ£)

Therefore, the relativistic force F is the Lorentz force in system S,
not Minkowski!
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Fleld transtormation

/A
Y s
/s
NAy o
PP
% in the Com

Let’s find the general transformation rules for electromagnetic

fields:

Given the fields in a frame (s ), what are the fields in another frame
(s)?
consider the simplest possible electric field in a large parallel-plate

capacitor in s, frame. oo

= y
In the system S, moving to u.&.ght at speed vO,

the plates are moving to the left with the different surface charge
21
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v 8 relative od

—"

T § relative to S,

F

X
L]

U, : 3 relative to S
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* Two special cases:
« (D) IfB=0inSframe, (E #0);

U N N
B=y(E:§—Fy)

) ; ) _ v - _
or, since E+ = yybyt —— B = S(E.§ — Ey#)
. |

. . = 1 _
or,sincev=1X, —— B = —— (v x E)
iy

« (2)IfE=0inS frame, (B #0);

E=_yU(BK?_Bvi}z_U{Bzir“Eyi) %E:y}{ﬁ

> If either E or B is zero (at a particular point) in one system, then in any
other system the fields (at that point) are very simply related.
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Electromagnetic field tensor

« The components of E and B are stirred together when you go from

one inertial system to another.

 What sort of an object is this, which has six components and
transforms according to the above relations? It's an antisymmetric,

second-rank tensor.

« a* = A¥a" andasecond rank tensor is 7" = ALY AL
vy -—vB 0 0 _ .
 Where a_| VB v 00 Lorentz transformation matrix
1 0o 0 10
0 0 0 1
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THE END
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