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After completion of this course students should be able to:

vV V V VvV V

>

>

identify simple application of classical and quantum statistics,

apply statistical approaches in studying different properties of a system,

derive and apply equi-partition theorem,

explain the applications of laws of thermodynamics,

employ Maxwell-Boltzmann, Bose-Einstein and Fermi-Dirac statistics in describing a
given system,

explain magnetic properties of substances at low temperature,

discuss about different properties of substances related with their movement by

using kinetic theory of transport process,

>

Understand the ways of incorporating the interaction term while studying dynamics of

interacting particles.

2|Page



UNIT-ONE
REVIEW OF THERMODYNAMICS
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After completion of this unit the learner will be able to:

Explain the laws of thermodynamics

Obtain the thermodynamics relations

Determine the expressions of the thermodynamic potential

Describe the Maxwell’s thermodynamic relations

INTRODUCTION

What is Thermodynamics?

Thermodynamics is the study of relations among the state variables describing a
thermodynamic system, and of transformations of heat into work and vice versa.
Thermodynamic systems contain large numbers of constituent particles, and are
described by a set of state variables which describe the system’s properties in an average

Sense.

1.1 State of variable and equation of state

State variables are classified as being either extensive or intensive.

Intensive variables (independent of their size) have the same value everywhere in the
system. Examples: pressure p, temperature T, chemical potential p, densityp, electric
field E, etc Intensive variables may also be inhomogeneous.

Extensive variables, such as volume V , particle number N , total internal energy E,
magnetization M , etc., scale linearly with the system size.

Extensive state variables correspond to quantities which can be determined, measured, or
prescribed directly.

Equation of state is a thermodynamics equation relating state of variables which describe
the state of matter under a given set of physical conditions, such as pressure, volume,

temperature (PVT), or internal energy.

PV=nRT - ideal gas law

(P +aV—”22)(V —nb) —nRT - van der Waals equation, where a, and b are van der Waals

1.2 Laws of thermodynamics
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e Zeroth law of thermodynamics state that: If two systems are separately in equilibrium
with a third, then they must also be in equilibrium with each other. The temperature of a
system in equilibrium is constant throughout the system.

First Law of Thermodynamics

» The first law of thermodynamics represents an adaptation of the law of conservation of
energy to thermodynamics, where energy can be stored in internal degrees of freedom.

» The first law of thermodynamics states that energy is conserved. The change in internal
energy E of a system is equal to the sum of the amount of heat energy added to the
system & the amount of work done on the system.

dE =dQ + dW

Second law of thermodynamics

» The second law of thermodynamics tells us that life is not free. According to the first law
we can change heat into work, apparently without limits. The second law, however, puts
restrictions on this exchange. There are two versions of the second law, due to Kelvin and
Claussius.

The Second law of thermodynamics-The second law can be formulated in many
equivalent ways. The two statements generally considered to be the most clear are those
due to Claussius and to Kelvin.

» Claussius statement: There exists no thermodynamic transformation whose sole effect is
to transfer heat from a colder reservoir to a warmer reservoir.

» Kelvin statement: There exists no thermodynamic transformation whose sole effect is to
extract heat from a reservoir and to convert that heat entirely into work.

» Paraphrasing, the Claussius statement expresses the common experience that heat
naturally flows downhill from hot to cold, whereas the Kelvin statement says that no heat
engine can be perfectly efficient. Both statements merely express facts of common
experience in thermodynamic language.

> ltis relatively easy to demonstrate that these alternative statements are, in fact, equivalent
to each other. Although these postulates may appear somewhat mundane, their
consequences are quite profound; most notably, the second law provides the basis for the

thermodynamic concept of entropy.
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» There exists a state function of the extensive parameters of any thermodynamic system,

called entropy S, with the following properties:

1. The values assumed by the extensive variables are those which maximize S consistent
with the external constraints; and

2. The entropy of a composite system is the sum of the entropies of its constituent
subsystems.

Third Law of Thermodynamics:

The Third Law of Thermodynamics state as: The change in entropy that results from any
isothermal reversible transformation of a condensed system approaches zero as the

temperature approaches zero.

limy_o(AS)=0

1.3 Thermodynamic potential

Thermodynamic potential includes the parameters such as Helmholtz free energy (F),
Enthalpy (H) & Gibbs free energy (G), where, H=E+PV, F=E-TS,& G=F-TS+PV

Entropy defined as: dS= 52 & TdS =dQ

dE=TdS —dW, where dW=PdV, Then

dE= TdS-PdV —Ffundamental relation of thermodynamics

From dE= TdS- pdV , E =E(S,V)

d(PV) =PdV +VdP = PdV =d(PV) — VdP

dE= TdS- pdV

dE= TdS-d(PV) + VdP

dE +d(PV) =TdS +VdP

d(E +PV) = TdS +VdP where, H= E +PV then
dH = TdS +VdP = H= H(S,P)-Enthalpy

dE= TdS- pdV

Let d(TS) =TdS + SdT= TdS = d(TS) — SdT,then
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e dE =d(TS) — SdT — pdV

e d(E-TS)=-SdT - pdV, where F=E-TS

e dF =-SdT - pdV, F=F(T,V)- Helmholtz free energy
Exercise start from dE= TdS— pdV show that dG=-SdT +VvdT

1.4 Gibbs Durem’s and Maxwell’s relations

Maxwell’s relations

o dE=TdS- pdV ----------mmmmmmmm oo (1)
E =E(S,V)

o dE=(ZD)y dS+(5D)s dVrrrrrmromroeri e )

Comparing equation 1 & 2

dE dE
* T=(Pv: P=()s

dr, _ d’E ap, _ d%E dr, _ ,dP
(E)S T avds’ (E)V ~ dsav Then, (E)S - -(dS)V

e The four Maxwell relations below are easily derived (verify!) for simple compressible

systems.

E=E(SV)=(GPs =G

o= (2] -(5).

ap as

F=F[T VJ:(BS] _(ap)
S av )y \ar)y
G=GIT ]2(65] _ {E)V)
- P ap r— aT J,

Exercise: Derive each all the four Maxwell relations above.

Gibbs Durem’s Equations
e Consider a system E, N, composed from several molecules Ni
e Systems in nature classify as:
1) Isolated system-no interaction (no exchange of energy with the environments). Energy -

constant
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2) Closed system- no exchange of particles (matter). N-constant, mass-constant, charge-constant
3) Open system- a system can interact with the environment. N- Vary (not constant)
E=E(S,V,N;,N,, ....., N,;;), m-types of molecules

S=S(E, V, N;, Ny, ........ , Np)

ds:(z_;)V,NdE + (Z_‘i)E,N dv+yi, ;_;i)E,VdNi

N;-constant

:ui:’T(:_;i)E,V,N

dS=C)vndE + ey AV-ET, SN,

dE, _ s, _ 1
GIv=T = Gv=r

dE, _ dEdS _ 41 ds_-P
(E)S' P = S P.T , Then we get g

ds= dT—E +2dV -y 4N

TdS=dE+PdV-}; u;dN;

dE=TdS-PdV+}; u;dN; —» dE=d(TS)-SdT-PdV+}; u;dN;, Then,
dF=-SdT-PdV+), u;dN;

Again for Gibb’s free energy it derives as follows:
dE=d(TS)-SdT-d(PV) +VdP+), u;dN;,

dG=-SdT +VdP+) y;dN;, If S &V are constant

dE=TdS-PdV+}: u;dN;, but dE=Y w;dN;,=u; =( %)V
d
dF=X; u; dN; :Mi:d_zl\;i
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dG
dG=% u;dN;,= M=oy

Therefore, dE#dF#dG
G=G (T, P, N)-for one molecules (i-molecules)

G=G (T, P, Nl')! Gx Ni

G__dc
9(T.P)= =gy =Hi

Consider a system have S, N, V

S- aS, V- aV & N- aN

Suppose E(S, V, N)

E(aS, aV, aN)- aE, Assume a=1+y, y <<1

E= aE=E=E(y+1)

f(x-+h)=£(x) +h () o1 (x). ... 2 (=3 f™ == Taylor theorem
E(aS, aV, aN) =E(S, V, N)+ConvaS+ GsyaV +(GD)syaN

= E(S, V, N)+a[Gonvs+ (saV +GsyN: ]

=E=SCwy +V(sn *EN(G sy
dE=TdS+SdT-PdV-VdP +3. N;dN;+Y. u;dN;
dE=TdS+-PdV +); u;dN;

SdT-VdP +). N;dN; =0 — Gibb’s Durem’s relation
1.5) Response functions

The experimental important response functions are obtained by the second —order differential of
the internal energy. Consider the entropy S expressed as a function of T, V, and N :
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95 95 95
is=(Z2) ar+ (L) v+ () an
f}]-' 1 '.-x' r.}.l.. 'f'.-\' "'}J.:x }'-1-

Dividing by dT , multiplying by T, and assuming dN = 0 throughout, we have

9s\ [av
Co—Cy=T(—) (=
o (m--' )}. (ar)p

Appealing to a Maxwell relation derived from F (T, V, and N), and then we get:

aS\ _ (%) —_(2) (v
v Jp \9T ), \av ). \aT ),

This allows to writing as:

Ap av\?
C,—Cp=-T|—=—) [—
po (E‘.i'l-")}-(fﬂ")ﬁ

We define the response function as:

1 [/aVv 1 #2G
HT' = —F — = — —
T

P T,
V9", isothermal compressibility

1 (m-’) 1 &*H
s=—v\a )= v o
v 5 Vo dp” S adiabatic compressibility

¥ - thermal expansivity , thus

2
Tnp

{'-'rp _ [-.1‘._ —_ 1-"

It also interms of intensive quantity expressed as follows:

2
{ Tnp




VN,

Where, as always, v = ~ is the molar volume.

This above relation generalizes to any conjugate force-displacement pair (—p, V) — (y, X ):

dy X
C—Cy=-T(==] =
¥ (;‘JT)_“. (-:‘JT )y

o ({'.i'g ) (-:‘JX)E
oxX ) \ 0T ),

For example, we could have (y, X) = (H%,M%)

A similar relationship can be derived between the compressibility k; andkg. We then clearly

must start with the volume, writing

av v vl
dV = ({—) dp + ({_) dS + (r_) dN
dp Jsn 95 Jp N dp /sy

Dividing by dP, multiplying by =V 1, and keeping N constant, we have

18V (o5
A T VT A Ny

Again we appeal to a Maxwell relation, writing

as’y _ av
ap Jr \OT )~
Then, after involving chain rule

(m--‘) _ (m--‘ ) (HT) T (m-’)
o5 ), \ar ) \as) ~ ¢, \aT ),

We get,

. 2
1 Tup

f'p

H-I- - H_;J =
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Comparing the above two equations, we obtain

2
(¢p —ev) iy = (ky —Kg)g, =vTay

This result entails

The corresponding result for magnetic systems is

am\’
(ey —ep) Xp = (Xg — Xg)ey = T(E)ﬂ' ‘

Where m = M/v is the magnetization per mole of substance, and isothermal susceptibility:

v (OMY _ 1 G
T\ oH .‘,-__VSHE

adiabatic susceptibility:

v (MY _ 1 O*H
s—\oH 5_ v dH?

Here the enthalpy and Gibbs free energy are

H=E-HM dH=TdS - MdH
G=E-TS—-HM dG = —-5dT — M dH

Remark: The previous discussion has assumed an isotropic magnetic system where M and H are

collinear, henceH - M =HM .
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OHP ).~ v OH® OHP

b _ (MY _ 1 O*H
°S T \0HP ), v dH°OHB

- aB (Eiiﬂf‘“) 1 9
Y
T

In this case, the enthalpy and Gibbs free energy are

H=E-H-M dH=TdS - M-dH
G=E-TS-H-M dG = -5dI' - M-dH

1.6) Condition for equilibrium

The principle of maximum entropy requires that any spontaneous transformation of an isolated
system increases its entropy. Thus, if a system begins in some arbitrary non equilibrium
condition, internal changes tend to accumulate until the entropy reaches the maximum possible
value compatible with the external constraints, which finally becomes the state of
thermodynamic equilibrium. For the present purposes, we can consider a system to be isolated if
all of its extensive quantities (such as energy, volume, and particle number) are fixed. However,
the distribution of these extensive quantities is generally non uniform in some arbitrary initial
configuration. Suppose that an isolated system is divided into two subsystems which share the
total internal energy, volume, particle number, and any other extensive quantities needed to
characterize its state, such that

E=E,+E,

V=V, + V,

N=N,+ N,

If the system is isolated, these extensive quantities are conserved, such that
dE=0= dE,=-dE, , dV=0= dV;=-dV, , and dN=0= dN; = -dN,

Thus, variations of the total entropy S=S; +S, can then be expressed as
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§S| '-‘932 ]
s =|-—| - dy
[(3U| JF’|~J"-’1 (ﬁUa JI,.}N: 1 +

a8 88\ as) a8
(53], (52, o (33, (58, Jow -
d V| Ul ._N] (3‘ VZ L-'},Ng d N] I"I “Ul 19 N2 ;’I:L":

Thermal equilibrium between the two subsystems requires that dS be stationary with respect to

first-order variations of each variable independently, such that

dS=0 = T1=T, pi=p2 M=}

Where the fundamental relations

T;dS; = dU; + p;dV; — p;dN; + -+ gre used to identify the intensive
parameters 8T, p, m, f<conjugate to the extensive variables {U, V, N,...}for each subsystems.
Therefore, thermal equilibrium between two systems requires equality between their intensive
parameters. These intensive parameters govern the sharing of a conserved extensive quantity
between interacting subsystems. Furthermore, by choosing one of the systems to be a small but
macroscopic portion of a larger system, we conclude that equilibrium requires the intensive
parameters like temperature, pressure, and chemical potential to be uniform throughout the
system. Any local fluctuations in these parameters would induce unbalanced forces that tend to
restore equilibrium by eliminating gradients in the intensive parameters. Obviously, temperature

or pressure gradients would induce heat or mass flows that tend to homogenize the system.

The maximum entropy principle can also be applied to systems that are in thermal, mechanical,
or chemical contact with an environment that constrains one or more of its intensive parameters.
For example, we often seek to determine the equilibrium state for a system with fixed
temperature and pressure instead of fixed energy and volume. Under these conditions it is useful
to consider a small subsystem with energy E;and volume V;in thermal and mechanical contact
with a much larger reservoir. If the initial configuration is not in equilibrium there will be
exchanges of energy and volume between the subsystem and the reservoir. We assume that the
reservoir is sufficiently large that small transfers of energy or volume do not change the
temperature T, TOor pressure P,of the reservoir. The net change in entropy for the combined

system can be expressed as
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ffSfoSﬂ+ffS| =0

Where

5
s, =22
Ty

The principle of maximum entropy then requires

dS=0 = .‘.’fS| ETQ{ES{I

The increase in the entropy of the subsystem is at least as large as the decrease of the entropy of
the reservoir that occurs when heat is transferred from the reservoir to the subsystem. The change

in the internal energy of the subsystem can be expressed as
dE,=dQ+dW=

—Tgf&l‘Sﬂ - pgffV| + OW' = Tg({f.ﬂ — ffS} - pﬂffV| + oW’

where it is convenient to divide the work into two contributions, dW=-P,dV,+dW', where dW’
is non mechanical work performed upon the subsystem in some form other than mechanical
work against the constant external pressure P,. The requirement that the total entropy increases

can now be expressed as

dS=0 = dA<oW'

where the availability Ais defined as
A=E1'T051 + POV1:> dA= dE1 'TO dSl+P0dV1

Although this availability function strongly resembles the Gibbs free enthalpy G, for the
subsystem, it is important to recognize that we do not require the temperature and pressure of the

subsystem to match those of the environment; hence, T, TOand P, appear as fixed parameters in

14| Page



A. At equilibrium, the first derivatives of availability with respect to any of the system
parameters must vanish. Furthermore, if the equilibrium is to be stable, the second derivatives

must all be positive. Applying these observations to temperature and pressure, we require.

((S‘A] [BZAJ

.}T » [] .iTz p—G

[- ];- [ j J;r}
3,5' ﬁpz

1.7 Thermodynamics of phase transitions
A typical phase diagram of a p-V -T system is shown in the Fig. below. The solid lines delineate

boundaries between distinct thermodynamic phases. These lines are called coexistence curves.
Along these curves, we can have coexistence of two phases, and the thermodynamic potentials
are singular. The order of the singularity is often taken as a classification of the phase transition.
i.e. if the thermodynamic potentials E, F , G, and H have discontinuous or divergent m‘"
derivatives, the transition between the respective phases is said to be m®" order . Modern
theories of phase transitions generally only recognize two possibilities: first order transitions,
where the order parameter changes discontinuously through the transition, and second order
transitions , where the order parameter vanishes continuously at the boundary from ordered to

disordered phases.

i .
@ | generic

';' substance
= ,"
@ solid ,-'
2 / liaul 2 critical
% IQUlFi/ point
S triple /| _—

p“y gas

temperature I’
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Chapter -Two
Simple Applications of Statistical

2.1) Partition function and their properties ideal monatomic gas
Consider a system in contact with a heat reservoir. The systems in the representative ensemble
are distributed over their accessible states in accordance with the Boltzmann distribution. Thus,

the probability of occurrence of some state r with energy E,.is given by

p _ _eP(-BE)
2.exp(—BE) ) 1)
The mean energy is written as
£ 2reXP(-BEJE
2.exp(—pE) 22)

where the sum is taken over all states of the system, irrespective of their energy.
Note that

9 0z
2_exp(—BEJE =—) —rexp(—BE)=—7x
: e —— (2.3)
Where,
L= Z E}'{P[—ﬁ Er}
L — e (2.4)

It follows that

192 3lnz
Z3p OB

The quantity Z, which is defined as the sum of the Boltzmann factor over all states, irrespective

F=—

of their energy, is called the partition function.

It is clear that all important macroscopic quantities associated with a system can be expressed in
terms of its partition function Z. Let us investigate how the partition function is related to
thermodynamically quantities. Partition function is the basic parameter in statistical physics.

Zx e E

zZ=y e—ﬂEr, B U — - - (26)

kT
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Recall that Z is a function of both B and x (where x is the single external parameter). Hence, Z =

Z(B, x), and we can write

dlnZ olnZ
dx +

dlnZ =
f o B

dp

Consider a quasi-static change by which x and B change so slowly that the system stays close to
equilibrium, and, thus, remains distributed according to the Boltzmann distribution.

dinZ = dwW —d(EB) + B dE,

------------------------------------------- (2.8)
Then, we get
d(lnZ+BE)=B(dAW+dE) =P dQ (2.9)
Hence, S :g or dS= d?Q ---------------------------------------- 2.10)
S=k(nZ+BE)___ 211)

This expression enables us to calculate the entropy of a system from its partition function.

Suppose that we are dealing with a system A°(0) consisting of two systems A and A’ which only
interact weakly with one another. Let each state of A be denoted by an index r and have a
corresponding energyE,.. Likewise, let each state of A’ be denoted by an index s and have a
corresponding energy E’. A state of the combined system A° is then denoted by two indices r
and s. Since A and A’ only interact weakly their energies are additive, and the energy of state rs

is

EQ —F, +E.

The partition function A9 takes the form
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zio) — Z exp[—B EE-E]]
= ) exp(—B[E-+E)

= Y exp(—B E,) exp(—B E/)

= |)_exp(—BE.)| |} exp(—BE))
et [T emipi]

N (2.13)

Hence, 20 =77 (2.14)

Yields, mZ®' =mnzZ+mnz" (2.15)

Where Z and Z' are the partition functions of A andA’, respectively. It follows that the mean

energies ofA%, A, and A’ are related by

S T L S (2.16)

The respective entropies of these systems are also related

SO = S S (2.17)

Hence, the partition function tells us that the extensive thermodynamic functions of two weakly

interacting systems are simply additive.

2.2) Calculations of thermodynamic quantities

Consider a gas consisting of N identical monatomic molecules of mass m enclosed in a container
of volume V. Let us denote the position and momentum vectors of the i*® molecule by 7; andp;,
respectively. Since the gas is ideal, there are no interatomic forces, and the total energy is simply

the sum of the individual kinetic energies of the molecules:

=1 - ---(2.18)
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Let us treat the problem classically. In this approach, we divide up phase-space into cells of
equal volumeh,”. Here, f is the number of degrees of freedom, and h, is a small constant with
dimensions of angular momentum which parameterizes the precision to which the positions and
momenta of molecules are determined. Each cell in phase-space corresponds to a different state.
The partition function is the sum of the Boltzmann factor exp(—f E,) over all possible states,
where E,. is the energy of state r. Classically, we can approximate the summation over cells in
phase-space as an integration over all phase-space. Thus,

ddr; - - diry dp, - - dopy

where 3N is the number of degrees of freedom of a monatomic gas containing N molecules.
Then, the above equation reduces to:

N
Z= o J B JE*P[—mzzm] Pl &p1 - expl—(B/2m) pl Epw

Note that the integral over the coordinates of a given molecule simply yields the volume of the
container, V , since the energy E is independent of the locations of the molecules in an ideal gas.
There are N such integrals, so we obtain the factor V¥ in the above expression. The partition

function Z of the gas is made up of the product of N identical factors: i.e.,

— M
Z=0N -(2.21)

Where

, vV ,

L=— J_E}:p[—[ B/2m)p’ d°p
hl’.‘l

This equation is the partition function for a single molecule. Of course, this result is obvious,

since we have already shown that the partition function for a system made up of a number of

weakly interacting subsystems is just the product of the partition functions of the subsystems.

The integral in Eq. (2.22) is easily evaluated:
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o0 o0

JexP[—[Bﬂm}pz] d’p = J-_ exp[—(B/2m) p,’] dpxj expl—(B/2m)p,] dp,

—oa

XJ _exr:[—lﬂﬂm}vf] dp.

o s (2.23)
B ( hm)j
L (2.24)
Thus,
352
{=V (h_f“)
L (2.25)
And,
[ 3 3. (2am ]
INnZ=NIn{=N|!InV—-=Inp + =In| ——
RS )
e (2.26)
Then the expression for the mean pressure yields as:
_ _1dalnZ TN
P=3av "BV
----------------------------------------------- (2.27)
Which reduces to the ideal gas equation of state
PV=NkT=vRT --(2.28)

Where, N = yN, and R = kN, then the mean energy of the gas is obtained as:

?lnz 3N 3
S 2 —VIRT

E=- 3B 2B 2

S S—Y L)

Note that the internal energy is a function of temperature alone, with no dependence on volume.
The molar heat capacity at constant volume of the gas is given by
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1 (3E _3,
vEyleT), T2t

Therefore, the mean energy written as

Now let us use the partition function to calculate a new result. The entropy of the gas can be

calculated quite simply from the expression

S=k(InZ+ BE).

.................... - -----------(2.32)
Thus,
3 3 2mm 3
S=+vR|lnV - EIHB + Eln(?) + E] .
------------------------------- (2.33)
3
S = 1.'Fl[ln1'u"+ —InT + cr]
or 2 (2.34)
g = éII'I(Z—T{THLFC) + %
Where, 2 lI'lr-."3 2 i “(235)

2.3) Gibbs paradox

Thermodynamic quantities can be divided into two groups, extensive and intensive. Extensive
quantities increase by a factor a when the size of the system under consideration is increased by
the same factor. Intensive quantities stay the same. Energy and volume are typical extensive
quantities. Pressure and temperature are typical intensive quantities. Entropy is very definitely an
extensive quantity. Suppose that we have a system of volume V containing v moles of ideal gas
at temperature T. Doubling the size of the system is like joining two identical systems together to

form a new system of volume 2 V containing 2 v moles of gas at temperature T. Let

S=+vE an+%lnT+::r
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Denote the entropy of the original system, and let

§'=2+R 1n2V+%1nT+U

Denote the entropy of the double-sized system. Clearly, if entropy is an extensive quantity
(which it is!) then we should have

S =25 e - --2.38)

But, in fact, we find that

$'—2S=2vRln2__________________ - ---(2.39)

So, the entropy of the double-sized system is more than double the entropy of the original

system. Where does this extra entropy come from?

2.4) Validity of the classical approximation
Suppose the mean intermolecular separation R can be estimated by imaging each molecule at

center of a little cube of sideR, these cubes filling the available volume V. Then

RN =V

_ /Y
&= ()
or N, e

(2.40)

The mean momentum P can be estimated from the known mean energy € of a molecule in the

gas at temperature T.

%f)zz.ﬁ:gk’l’
p = \/3mkT
- h
CANBT e (2.41)

Hence the condition becomes
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2.5) Proof of equipartition

The internal energy of a monatomic ideal gas containing N particles is (3/2) N k T .This means
that each particle possess, on average, (3/2) k T units of energy. Mon-atomic particles have only
three translational degrees of freedom, corresponding to their motion in three dimensions. They
possess no internal rotational or vibrational degrees of freedom. Thus, the mean energy per
degree of freedom in a monatomic ideal gas is (1/2) k T. In fact, this is a special case of a rather
general result.

Suppose that the energy of a system is determined by some f generalized coordinates g; and

corresponding f generalized momenta p, so that

E=Elaqr,---,ae,p1, P8 (2.43)
a) The total energy splits additively into the form

E=eilpd +Elar, -, p4),

Where ¢; involves only one variable p;, and the remaining part E’ does not depend on p;p.

b) The function ¢; is quadratic in p;pi, so that

eilpi) =bp,

Where b is constant

The most common situation in which the above assumptions are valid is where p;a momentum
is. This is because the kinetic energy is usually a quadratic function of each momentum
component, whereas the potential energy does not involve the momenta at all. However, if a
coordinate g; were to satisfy assumptions 1 and 2 then the theorem we are about to establish
would hold just as well. In the classical approximation, the mean value of &; is expressed in

terms of integrals over all phase-space:
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€= J 2. expl=BE(q,---,pe)l i dgi ---dps
o Ifxexp[_BE[q]-"'.Pf]‘]dq1---dpf e (246)

Condition 1 gives

[, expl—B (e + Ele;da; -+ dp;

= exp[—B (i + E')l dqq - - - dps

— -rf:-a exp(—p i) eidp; J-Q_Om exp(—B E') dq; - - - dps
-rfm Exp[—{_’: Ei} dpl _rfx' exp[—[?. E'] dq] s d]Jf L (247)

where use has been made of the multiplicative property of the exponential function, and where
the last integrals in both the numerator and denominator extend over all variables g, and py

except p;. These integrals are equal and, thus, cancel. Hence

- _rfx exp(—p €;) €; dp;
Vo Tiexp(=Beddp (2.48)

This expression can be simplified further since

| expi=peyeidp=—3 U_ exp(—p el}dm].

€= —% In Ui exp(—p €;) dpi}

—00

According to condition 2

o0 O ‘| o0 .
J exp(—p €i) dpi = J exp(—B bp’) dp; = ﬁ[ exp(—by~) dy

—00 —o0

Where y= /8 p; , Thus,

O

an exp[—[_’.ei}dpi=—1iln[3+ln[ exp(—by?) dy.
- - E— (2.52)

Note that the integral on the right-hand side does not depend on f at all. Then it follows from
eq.(2.49)

24| Page



It gives

1
gs==-kT.
- 2 e (2.54)

This is the famous equipartition theorem of classical physics. It states that the mean value of

every independent quadratic term in the energy is equal to (1/2) k T .

2.6) Simple applications

2
Suppose a gas of a system consists r, p and its total kinetic energy is K:ZP—:i(px2

2m 2m
+py 2 +p,%)
By KT S — ~(252)
Es=NaEm =-NKT e (2.55)

2.7 Specific heat of solids

Consider simple solid containing N atoms. Now, atoms in solids cannot translate (unlike those in
gases), but are free to vibrate about their equilibrium positions. Such vibrations are called lattice
vibrations, and can be thought of as sound waves propagating through the crystal lattice. In
normal mode coordinates, the total energy of the lattice vibrations takes the particularly

simple form

1 3N
E=5) bl +wled),
i=1 - (2.56)

Where w; is the (angular) oscillation frequency of the i** normal mode. It is clear that in normal

mode coordinates, the linearized lattice vibrations are equivalent to 3 N independent harmonic

oscillators (of course, each oscillator corresponds to a different normal mode).

If the lattice vibrations behave classically then, according to the equipartition theorem, each

normal mode of oscillation has an associated mean energy k T in equilibrium at temperature T
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[(1/2) k T resides in the kinetic energy of the oscillation, and (1/2) k T resides in the potential

energy]. Thus, the mean internal energy per mole of the solid is

E=3NkT=3vRT

------ -- ---------(2.57)
It follows that the molar heat capacity at constant volume is
o =L(E) s
M Ve (2.58)

We can use the quantum mechanical result for a single oscillator to write the mean energy of the

solid in the form

2 exp(Phw)-—1
e — (2.59)

— 1 1
E=3Nﬁw{—+ )

The molar heat capacity is defined as:

o o1 (%) _1(%E) B __ 1 (o
Voyler),  vleg),oaTr — vkTElaB),
Then it gives

INAhw

exp(phw) hw
VETTXT

" lexp(phw) =112

Which reduces to:

B\’ exp(0e/T)
v=3R|—
o (T) [exp(6/T) — 112

2.8) General calculation of magnetism
Consider a system consisting of N non-interacting atoms in a substance in a substance at absolute
temperature T and placed in an external magnetic field H pointing along the z-direction. Then the

magnetic energy of an atom can be written as:
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£ = _MH Smmmmmmmmmsmmmmmmmeees - (263)

Here u is the magnetic moment of the atom. It is proportional to the total angular momentum yJ
of the atom and is conventionally written in the form:

p=gu,d s (2.64)
Where u, is the standard unit of magnetic moment (usually the Bohr magneton u, =ey/2mc, m is

electron mass) and where g is a number of the order of unit, the so called g factor of the atom.

2.9) Maxwell’s velocity distribution
Consider a molecule of a mass m in a dilute gas. The gas may consist of several different kinds
of molecules, the molecules under consideration may also be polyatomic. If the external force

field neglect, the energy ¢ of this molecule is equal to:

The distribution function for momenta is given by

9(p) = <% i d(p; — p)>

i=1 s (2.66)
Note that g(p) = (6(p; — p)) (p is the same for every particle, independent of its label i. We
compute the average

Tr (Ae_/m

(A)= Tre—Bﬁ) . Setting i = 1, all the integrals other than that over P, divide out between

numerator and denominator. We then have
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_ Jdp, 0(p, — p) e—BP1/2m
J"deI ﬁ‘_iﬁﬁi}fﬁm

= {Q}‘rarnﬁ.'ﬂT)_3“;2 e—BP*/2m

------ (2.67)

The note commonly refer to the velocity distribution f (v), which is related to g(p) by

f(v)d% = g(p) d*

Hence

T HKQ Efr
S —mv” 2k T
1) (zﬂﬁcﬂT) ‘

This is known as the Maxwell velocity distribution. Note that the distributions are normalized,

/{iﬁp g(p) = /{i‘?’e.i flv)=1

If we are only interested in averaging functions of v = |v| which are isotropic, then we can define

the Maxwell speed distribution, £(v), as

3 2 m i 2 —mv? )2k, T
flv)=4Arv° f(v) =4 T vee” ™Mt B

T/ 2.71)
Note that f(v), is normalized according to
o0
f{’i‘!-‘f('!-’) =1
0 (2.72)

. . . . kpT . .
It is convenient to represent v in units of v,= /% in which case
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w(s) = \/%Sz E_""Ef'rg

The distribution ¢(s) is shown in fig. below. Computing averages, we have

fw) = iﬂ o(v/v,)

o0

. ! e 2
{'.?kE(sk)zfdss‘{‘cp(ﬁ}zfﬁ-ﬁl( +

(] [
(]
T

o e (2.74)
Thus, Cp=1, C;= \/% C,= 3, etc. The speed averages are
k2
! k., T
(Wt = ¢, ( o
L ---- (2.75)
Note that the average velocity is (v) =0 but the average speed is (v) = 8ksT,
The speed distribution is plotted as follows
O . 8 | | | ] | | | | |
0.6 — _
— Z i
Z 04 |- ]
9. u -
0.2 —
0 _ | | I I | | _
0 1 4
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Figure 2.1: Maxwell distribution of speeds

The root mean square speed is given as:

2.10) Related velocity distribution
Consider the most probable maximum velocity ¥ is given as:

dF
dv
m
kT
. 2kT
Ve = —
L @.77)
Hence 7 is obtained as
- 2T
= E—
m e (2.78)

All these various speeds are proportional to (%)‘1/2. Thu the molecular speed increases when

the temperature is raised.
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2.11 Number of molecule striking a surface
Consider that the container is a box in the form of parallelepiped, the area of one end wall being

A. How many molecules per unit time strike this end wall? Suppose that there are n molecules
per unit volume in this gas. Since they move in random direction , assume one third of them (g)
molecules per unit volume. Half of these molecules, i.e, n/6 molecules per unit volume, have

velocity in the +z-direction so that they will strike the end wall under consideration. If the mean
speed of the molecules is v, these molecules cover in an infinitesimal

time dt a mean distance wdt. Thus the number of molecules which strike the end wall of area A
in time dt is equal to the number of molecules having velocityv, in the z-direction and

contained in the cylinder of volume Awdt. It is given by:
Q,=ATH e (2.79)
The total number @, of molecules which strike unit area of the wall per unit time ( i.e, the total

molecular flux) is give as:

1
@O—gn v

Figure 2.2 molecules colliding with walls

The dependence of @, on the temperature T and mean pressure p of the gas follows immediately
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P = nkT or

Furthermore, by the equipartition theorem:

Ime? = kT
kT

m

UV & VUyme &

Thus the above equation implies that :

The volume of this cylinder is dAvdtcos

the velocity range is f(v)d3v. Hence the

6, while the number of molecules per unit volume in

number of molecules of this type which strike the area

dA of the wall in time dt is equal to[ f(v)d3v][dAvdtcos 6]

Where ®(v)d3v = the number of molecu

area of the wall per unit time.

®(v) d*v = d3v f(v)v

In other words, we have to sum over all possible velocities v to the restriction that velocity

component v, vcos 8 > 0, since molecule

P,

A—
i

les, with velocity b/n v and v + dv, which strike a unit

cos 6

s with v, < 0 will not collide with the element of area.

[ o0 f@)v cos 0

After we goes further, the equation becomes

_ P

vV 2emkT

1)
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2.12 Effusions

Consider a small hole or slit is made in the wall of container, the equilibrium of the gas inside the
container is disturbed to a negligible extent. I n the case the number of molecule which emerges
through the small hole is the same as the number of molecules which strike the area occupied by
the hole if the latter were closed off. The process whereby molecules emerge through such a

small hole is called effusion.

:——"‘f’:ﬂ#‘—': l*_'__"""—.
ﬁ% I-—-—-u—i-

Figure 2.3 shows that formation of a molecular beam by effusing molecules.

The number of molecules which have speed in the range b/n v and v +dv and which emerge per
second from a small area A into a solid angle range dQ in the forward direction 6 = 0 is given

as:

A®(v) d*v « A[f(®)v cos 6](v? dv dR)
« f()? dv dQ o« ™ %Yy dp dQ (2.86)

The number of molecules which pass per second through the hole from left to right equals the
number of molecules which pass per second through the hole from right to left. This leads to the
simple equality:

Ny = ’ngf'ﬂ

2.13 Pressure and momentum
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We from a detailed kinetic point of view how a gas exerts a pressure. The mean force exerted on

the wall of the container is due to collision of molecules with the wall. If there are a collision b/n

the molecules, there will be a change of momentum.

Let denote by G the mean molecular momentum crossing this surface dA per unit time from

left to right, and by G the mean molecular momentum crossing this surface dA per unit time

from right to left.
Where F = 22

dt

GH = [ §(v) d* |24 v cos 6](mv)

G® = dA f o @ 1) .| (mo)
And

GO =dA [ _ d f(®)lp.|(mo)

Then

F=G®— 6 =da [ d f(oy.(me) + ds f o @0 J(@):(mo)
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Chapter Three
Quantum Statistics of Ideal Gases

3.1 Isolated systems: micro canonical ensembles

In statistical mechanics, there are three basic types of ensembles.
I Micro canonical ensemble
ii. Canonical ensemble

iii. Grand canonical ensemble

The micro canonical ensemble

An isolated system is both thermally insulated and mechanically undisturbed. According to

the first law of thermodynamics, the internal energy of such a system is constant. We define the
following ensemble to describe isolated systems:

A micro canonical ensemble is an ensemble of fixed E, V and N

The basic postulate of statistical mechanics says that every microstate of an ensemble of isolated
systems occurs with equal probability. Thus, if the ensemble has W different microstates, the

probability that any particular member of the ensemble is in a particular microstate is

1
Pi: —
w

since the sum of all the probabilities have to add to 1 and they all must be equal. Another
way to think about this equation is that the micro canonical partition function is just W .
The entropy of a micro canonical ensemble is calculated using the Boltzmann equation:
S=KinW e (3.2)

3.2 System at mixed temperature
Temperature can be defined for a micro canonical ensemble using equationT‘=(z—Z)V,N To apply

this equation, we first note that the number of microstates available to the system depends on the
energy, so W =W (E). This means that S depends on E. We can therefore write
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T= [(EDyul™ = [((E2E)alt e (3.3)

Assume we have T; we can define other quantities that depend on it, like the Helmholtz free
energy:

F=E-TS=E-kTInW = s (3.4)

Canonical ensemble - is used to describe system in contact with a heat reservoir. The total

number of particles are constant.

3.3 Grand canonical ensembles

Both the micro canonical and canonical ensembles deal with systems with a fixed number of
particles N (or, in general, fixed values of the numbers of particles of each type, N;, N,, .. .).
However, the number of molecules of a given type in a chemical system at equilibrium is not
generally fixed. Due to chemical reactions, the number of molecules of each type fluctuates

with time.

A grand canonical ensemble is an ensemble of fixed T, V, and p. Suppose that the energies of
the two subsystems are E;and E,, and that the numbers of molecules in each subsystem are N,
and N,. Since the system is isolated, the total energy and number of molecules are conserved:
E=E;+E,andN=N; + N,

Note:

i micro-canonical ensemble have constant N, V, E number of particles, volume, and
energy

ii. canonical ensemble have constant N, V, T number of particles, volume, temperature

iii. grand-canonical ensemble have constant g, V, T chemical potential, volume,
temperature

3.4 ldentical Particles & Symmetry Requirements

Consider a system of gas consisting of N identical particle enclosed in a container of volume V.
suppose the collective coordinates of the i particle is represented by Q; and its quantum state by
Si. The state of the system of gas is then described by the set of quantum number
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The system of gas in this state can be described by the following wave function

V=¥ . sy(@-.Qy) e (3.6)

If the particles are distinguishable and any number of particles are allowed to be in the same state
S, then the particles are said to Obey Maxwell-Boltzmann statistics. This is called classical
description of a system and it doesn’t impose symmetry requirements on the wave function when

two particles are interchanged.

However, the quantum mechanical description, where identical particles are considered to be
indistinguishable imposes symmetry requirements on the wave function during interchanging
two particles, i-e. Interchanging two identical particles doesn’t lead the whole sytem to a new

state.

Each particle in the system has integral spin, and then the wave function of the system ¥ must be

symmetric under interchanging two particles.

W(ooQi Qi) = HQy Qo ) mmmmmmmemmm e (3.7)

Particles satisfying this symmetry condition are said to obey Bose- Einstein statistics and they

are called bosons.

On the other hand if each particle in the system has half integral spin, then the wave function of

the system satisfy anti symmetric condition during interchanging two particles.

PQiQe) = = Qi Qf o ) e (3.8)

Particles satisfying this anti symmetric condition are said to obey Fermi- Dirac Statistics & they

are called fermions.

If two particles, Say i & j of the same state S are interchanged, the wave function of the system
should remain the same. At the same time, if the particles have half-integral spin condition (4)

must be satisfied. This leads to the conclusion that for a system containing two particles in the
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same state the wave function should vanish. ¥ =0

Thus in the Fermi-Dirac Case there exists no state of the whole gas for which two or more

particles are in the same single particle state. This is called Pauli exclusion principle.

3.5 Formulation of the statistical problem

Consider a system of gas consisting of N weakly interacting identical particles enclosed in a

container of volume V. Suppose the system is in equilibrium at temperature T. Let n, particles

are in state r characterized by energyk,..

The energy of the whole system which is supposed to be in state R is then given by

Ep- mE +mpEp + ... =Y, npp - —

The partition function of the system can be given by

------ —--(3.9)

Z:ZR e_BER = ZR e—ﬁ(n1E1+n2E2+, . ) .

The mean number of particles in a particular state r is then

ane—B(TLlEl +n2Ex+...)

T Yg e BMiE1L+nzEz+. . ) _ZR_EEG

- o — _Z e—ﬁ(nlEl +n2E2+. . )

ﬂ OETr
110InZ
- (3.11)
nZ e—B(n1E1+n2E2+ _
ng A =3 (53 () Tr e FmE
Y g e BiE1+nzEz+. B OET B OET

B2z 9Er \Z OET zZ2 (6Er

_11622_1 6(162) 1 a)z]
B2 ZdE2r B2 |0Er
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2 _ 1[1‘”"2 (12)2]

T~ gz |9Er 0BT Z OET
_ 1 d 0dlnz 2 _2]
E [aEr OETr + 5y

1 8%inz -
= — n + nrz
B2 OE2r

e o T ~(3.19)

If the particles under consideration obey Maxwell-Boltzmann statistics, partition function of the
system can be obtained by eqn.(6) after summing over all possible values of n,(n,=0,1,2,3...)

for each r provided that total no. of particles in the system is constant }.,.n,. = N.

Since the particles are considered to be distinguishable, in addition to specifying the no of

particles in each state, it is necessary to specify which particular particles are in which state.

In the case of Bose-Einstein statistics, the summation in equation (3.10) should be taken over all
possible values of n,. for each r, and the total number of particles must be fixed. However, since
the particles are considered to be indistinguishable, specifying the number of particles in each
state is sufficient. A special case of Bose-Einstein statistics where total number of particles in the

system is not constant, i.e, where the restriction in eq.(3.14) is lifted, is called photon statistics.

Two possible values of n,.,(n, =0,1) for each r, since more than one particle on particular state is

not allowed, and total number of the particles must be fixed.

3.6 The quantum distribution functions

Consider a system of gas containing N particles. Let the lowest energy level of a single
particle is denoted by ¢,. For a system of particles that obeys BE statistics, where there is no
restriction on the number of particles in any state, the lowest energy level of the whole
system can be obtained by placing all the particles in the lowest energy level, and hence for

the lowest energy level of the whole system we can write E,=Ng,
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In the case of FD statistics however, where we are not allowed to have more than one particle
in any state, the lowest energy level of the whole system can only obtained by placing one
particle in each consecutive states of increasing energy starting from the lowest energy level

g,. For a system maintained at absolute temperature T, the mean number of particles in a

particular state s is

ZTL Tig E_ﬂ Mg Eg Z[E] E—ﬂ [F‘|.|E|+'|'|_:E:+___r

R

Zni e—Bn e, Z1[151],n_- g—Blng er+nzez+--)

M, =

Photon statistics: The summation in eq.(3.14) should be over all possible values of ng for each s.
Since there is no restriction on the total number of particles, the sums in the numerator &

denominator of eq.(3.14) are the same. Hence we can write

T
. 5 e B
. (3.15)
However, the above expression can be rewritten
1 0
= — —fng e
n;=———1|In e
pde, nZ
---------------------------- (3.16)

Now, the sum on the right-hand side of the above equation is an infinite geometric series, which

can easily be evaluated. In fact,

O
—PBrnges __ —Pes —2Beg e —
D e =1+e P te + e
=0
----------- (3.17)
Thus, eq.(3.17) gives
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19 e—Bes
is=——In(l—ePs)= ————
s = 23c, ) =1 b=

Which is called Planck distribution.

Fermi-Dirac (FD) statistics: In this case n, have only two values, n,.=0, 1 for each r and there
is restriction on the total number of particles where it supposed to be fixed )., n,.=N.

Let us introduce the function

)
L[N} = n; e—Blmiertnzert-) 19

Which is defined as the partition function for N particles distributed over all quantum states,
excluding state s, according to Fermi-Dirac statistics. By explicitly performing the sum over ng =

0 and 1, the expression (3.14) reduces to

0O+ePeZ (N=1)

BT Z N te P Z(N=1)
........................... (3.20)
Which yields
- 1
T [Z5(N)/Zs(N=1)]ePes 41
...................... (3.21)

In order to make further progress, we must somehow relate Z;(N—1) to Z,(N).

Suppose that AN <« N. It follows that In Z,(N — AN) can be Taylor expanded to give

olnZ,

InZ,(N —AN) ~ InZ,(N) - AN =1nZ (N) — a, AN

Where

__3lnZ
) oN (3.23)
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Taylor expand the slowly varying function in Z(N), rather than the rapidly varying function
Z(N), because the radius of convergence of the latter Taylor series is too small for the series to

be of any practical use. Equation (3.22) can be rearranged to give

Z AN =—AN) = Z,(N) e 24N,

Since Z¢(N) is a sum over very many different quantum states, we would not expect the
logarithm of this function to be sensitive to which particular state s is excluded from
consideration. Let us, introduce the approximation that ag is independent of s, so that we can

write

0. =~ X

For all s, it follows that the derivative (3.23) can be expressed approximately in terms of the
derivative of the full partition function Z(N) (in which the N particles are distributed over all

quantum states). In fact,

dlnZ
o=
oN (3.26)
Making use of Eq. (3.24), with AN = 1, plus the approximation (3.25), the expression (3.21)
reduces to
- 1
s eatBe 41

This is called the Fermi-Dirac distribution. The parameter a is determined by the constraint that
>.n,.=N:ie,
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Note that iy, = 0 if &5 becomes sufficiently large. On the other hand, since the denominator in
Eq. (3.27) can never become less than unity, no matter how small egbecomes, it follows that 77,<
1. Thus,

in accordance with the Pauli exclusion principle.
Bose-Einstein statistics: The summation in eq.(3.14) is rang over all possible values of
n,,(n,=0,1,2,3, ...), for each r and the total number of particles is restricted to be constant.

Applying the concept of eq.(3.6) in eq.3.14) we can write

04 ePEZ(N=1)+2e2P=Z (N=2)+--
T ZIN)+ePeZ (N=1)+e2BesZ (N=2)+---'

Tig

Where Z,(N) is the partition function for N particles distributed over all quantum states,
excluding state s, according to Bose-Einstein statistics [cf., Eq. (3.19)].Using Eq. (3.24), and the

approximation (3.25), the above equation reduces to

) Zs n, g—Ms [+ es)
Y e milarbel)

Note that this expression is identical to (3.15), except that Be; is replaced by a +¢&;. Hence, an

analogous calculation to that outlined in the previous subsection yields

- 1

n. — '
P eathe

This is called the Bose-Einstein distribution.

3.7 Maxwell-Boltzmann statistics

MB statistics- is a classical approach. The partition function is
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L = ZE_H[HI Eq4+Tla Ea4e]
[

Where the sum is over all distinct states R of the gas, and the particles are treated as

distinguishable. For given values of ny, n,, - - there are the number of possible ways of

placing particles in the given states becomes — M

nl!,nz!,nS!,...

In these arrangements yields distinct state for the system. Hence partition function of the system

becomes

?_ == Z Le—ﬁ[anpl-n_, E—"+""

| !
= TL]TL22 ==
nin, S— - (3.34)

Where the sum is over all values of n,. =0, 1, 2, - - - for each r, subject to the constraint that

Now, Eq. (3.34) can be written

z = Z L[E_ﬂil}nl {E—ﬁ'fz}lﬂ_"“

r 1 A & =
Ty, TLa,== n1'n.r_“

Eqg. (3.35) is by the result of expanding a polynomial it can be written as.

Z=(ePer pebferp N

In other word

Note that the argument of the logarithm is simply the partition function for a single particle.
Equations (3.18) and (3.38) can be combined to give
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fi, =N
This is known as the Maxwell-Boltzmann distribution.
3.8 Photon statistics

We have the following relation for the partition function Z=Y 5 e “A(M&1+m182+-)

Where the summation is over all the possible state R of the whole system, or equivalently over

all values of n,=0, 1, 2, ... for each r. We know that ﬁsz-% d;zsz

Z=F i, € P11 e~ Bm2E2

=Y, ePmE Y gmhme

= (=) )~

= INZ=nY—m =T In(1— e Fer) e (3.40)

The mean number of particles in a particular state r with the corresponding energy &,

Is given by
_ _1dlnz_1d 1
i e J— _ﬁer = e ———————— _——
= e ~ Fae YrIn(1—e ) YTy (3.41)

3.9 Bose-Einstein statistics

Let us now consider Bose-Einstein statistics. The particles in the system are assumed to be
massive, so the total number of particles N is a fixed number. Consider the expression (3.14). For

the case of massive bosons, the numbers n,, n,, - - - assume all values =n,. 0, 1, 2, - - - for each
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r, subject to the constraint that )., n,=N Performing explicitly the sum over ng, this expression

reduces to

. O+ePsZ (N—=1)+2e 2P Z (N—=2)+---
* T Z(N)+eP=Z (N—1)+e2F=Z N—=2)+---

m

Where Z,(N) is the partition function for N particles distributed over all quantum states,
excluding state s, according to Bose-Einstein statistics

Let Z= Z(N), for a system N’ particles the partition function is Z(N"). This function is rapidly
increasing function of N’, and hence multiplying it by rapidly decreasing function e~

produces a function Z(N’)e‘“"" which usually has a very sharp maximum. The proper choice

of the positive parameter a will made the sharp maximum to occur at N' =N. Thus we can write

Y Z(NYe ™' =z(N)e=®NA*N' e S—— (3.43)

Where Z(N)e~*! is the maximum value of the summand while A*N’ <« N is the width of the

maximum.

Z = S Z(N')e—aV’
; (N")e

Taking the logarithm of eq.(3.44),then, obtain an excellent approximation
InZ(N) =aN +InZ

Where we have neglected the termln(A*) which is utterly negligible compared to the other terms
which are of order N. Here the sum eq.(3.44) is easily performed, since it extends over all
possible numbers without any restriction. The quantity Z is called a grand partition function.
Now let evaluate Z

7. = E g*ﬁ(n1e1+nze=+ sev) E-n(n1+ng+ ree)
R

Where the sum is over all possible numbers without restriction. By regrouping terms one

obtains.
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7 = E e—(a+Be) ny—(a+Bep)ny—+ +»

NN, « o s
— ( Z 3—(0H—Be1)n;) ( Z 8-{0!"",8&2}112)
ni=0 ne=0 (3.47)
This is just a product of simple geometric series. Hence
1 1
L = — -
1 — e (at+Be) 1 — e (at+Bed)
InZ = — Zln (1 — g=oFe«)
T e (3.48)
The eq.(3.44) yields
InZ = aN — Zln (1 — e—afe)
e (3.49)

Our argument assumed that the parameter « is to be chosen so that the function Z(N’)e‘“""has

its maximum for N'=N, i.e, so that

0 no_ ' _g_l.l_luz(—m— =
an7 IR Z(N') — aN'] = —— «=0 - (3.50)

Since this condition involves the particular value N'=N, « itself must be a function of N. By the

virtue of eq.(3.45), the condition eq.(3.50) is equivalent to

dIn Z\ d«
[a-l—(N-l— Y )aN]_a—O

0lnZ 0lnZ
N+ da o =0

Using the expression of eq.(3.48), the relation of eq.(3.51) which determines a then
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N-Y 0
E 1 — g8«

1
Y=g = N

By applying eq.(3.16) in to eq.(3.49), then obtains

?13=—

1 -2
B8 de, 8

The last term takes into account the fact that « is a function of &, through the relation eq.(3.52).

dlnZ 1 [ __Beahbe dlnZ Ba:l

- 1 — g o Fa da ge:

But this term vanishes by virtue of eq.(3.51). Hence it has simplify

Zﬁ,=N

The obvious requirement needed to satisfy the conservation of particles. The chemical potential

of the gas is given by

aF dlnZ
LGN T oN = ~kTe
Then calculation of the dispresion

197, 1 ectBa,
(An,)? = ~Bde — Blette —1)3\3 +B)

grthe (eothe — 1) +1
(eatbe — 1)2 = (extBe — 1)2 = s + 0
1 da

(An)? = #,(1 + #,) (1 +53) = il + #is)

Hence

(An,)? oL

fia® ﬁa+1
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Thus the relative dispersion does not become arbitrarily small even when i >>1.

3.10 Fermi-Dirac statistics

The partition function is given by

7 = Z e—B(netngept - J—aln+ngt - - )
1,72,M3
1 1
_ ( Z e—(a+ﬁe1)n1) ( E e—(a+ﬁi=]n2)
n1=0 ne=0 (3.57)

Since the summation is over the two values, then it becomes

Z = (1 + e~ Ba)(1 + e—=Ba)
InZ = Y In (1 + e—abe)

Then

InZ = aN + Eln (1 + e—aFe)
T e (3.59)  Except some

important sign changes, this expression is the same form with the BE case. The parameter « is

again to determined from the condition of eq.(3.49).Thus,

dlnZ i
——N—Zl =0

Jda + e—xBe

Ega+.5~‘—.-l—f— 1~ N

T

By using other equation, we can obtain

10InZ 1 Beobe

—

s B d¢ Bl -+ eabu

This expression simplified as
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3.10Quantum statistics in the classical limit

The quantum statistics description of a system of ideal gas can be summarized by

— 1
ny = e2+Bert1

______ SR ' )

Where the +/- sign in the denominator represents FD/BE statistics & is supposed to be obtained

from the relation ), n, :Zrezw;erﬂ = N s (3.64)

Now we want to evaluate o< under some limiting cases.

Consider a system of gas where the concentration is sufficient low. This condition (39) can be

satisfied only when each term in the sum over all states is sufficiently low, m, < 1or

e2*tPert1 55 1 forallr.

Similarly for a system consisting of fixed number N of particles of the temperature is sufficiently
large so that Se, <, the parameter o« must be largeenoughto prevent the sum from exceeding

N, then we can have e?*Fér+1 » 1 orm, « 1.

Under these conditions equation (38) becomes

Thus the parameter « can be determined from

Bpe e = e g, e P =N
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In the classical limit of sufficiently low concentration or sufficiently high temperature the

quantum statistics, FD & BE statistics, reduces to MB statistics
The quantum statistics the partition function satisfy the relation

Lnz= o N + 3, In (1+e 27BEr) e rmmemrmemsneno s (3.68)

e %e PEr « 1

for X«1

x?  x3
In(1+x) =X +§....]
=X
Lnz=x N+ ¥, + e e A&

x N + Y, e 2B

g A N R (3.69)

From Equation (41)

- = InN = InY,. e B&r

« =-InN + In}, e F€r

Hence equation (44) becomes

InZ =NInN + NIn}, e A€+ N mmmmmmmmneee ~mmmmemmm-(3.70)

=NInY, e ¢ —InN  ; InN = NInN-N
= InZy5 — INN! g =(%, e-Ben)™

> Z:Zﬂ

N!
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3.12 Evaluation of Partition Function

Consider a system of monatomic ideal gas. Suppose the system is in the classical limit, i.e., it has
sufficiently low concentration or it is at sufficiently high temperature. The partition function of

the system is then given by equation (45)
INZ = N(-InN + InY, e A€+ 1)

=NEINN + 10 &+ 1) —-mmmmmmmeeee ~(3.71)

Where & = Y. e #€r and the sum is over all possible states of a single particle. To evaluate this

sum we need to know the energy of a single particle corresponding to the possible states.

A system of single non interacting particle of mass M, Position vector #& momentum p
confined in a container of volume V can be described by a wave function y (%, t) of the plane

wave form

PE L) =AeiRF-0D o (F)e—iot s (3.72)

Which propagates in the direction of the wave vectork. The energy of these particles is then

. b P2 p2k?
given by & =——=——

Where the momentum g of the particle given by de-Broglie relation

p=hk e (3.73)

hZ
=e (kS +kS k) e (3.74)

Wave function in eq.(3.72) is assumed to satisfy the periodic boundary condition, provided that

dimensions of the container are large enough to the de-Broglie wave length of the particle.

HAx+ Ly, y,2) = HUx,y,2)
HAx,y+ Ly, z) = HUx,y,2) e (3.75)
Hx,y + Ly,z+ L,) = ¥(x,,2)
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Where Ly, L,,, & L, are the dimensions of the container.

\P(‘F): elk-r = el(kxx+kyy+kzz) __________________________________________________

(3.76)

Hence to satisfy the periodic boundary condition, eq.(3.75), we must have

k(2 + L) = kx + 2w, (n. integral)

_ 2,

K: L: xr
2r

Ky ﬁ};ny
27

K; = "L““?‘Zz

Where n,, n,,, & n, are integers

The eq.(3.74) can be rewritten as:

h2 2 2h? n,2 %2 N2
€= gy (& et = _m_(EEJFLT,"Jr_

-

_ n?
I R L R R (3.78)

Successive term in a sum in eq.(3.78) correspond to a very small change like Akﬁi—”, hence a
X

small change b/n k, & k, +dk, contains Anng—;dkx terms which have nearly the same

magnitude .
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Chapter Four
System of Interacting Particles
4.1. Lattice Vibrations and Normal Modes

Consider a system of solid consisting of N atoms. Let the mass and position vector of the i

particle are denoted by Mi and 7; and let the equilibrium position of this atom is F{O. Since the
atoms can vibrate about their equilibrium position, the kinetic energy of vibration of the system

is given by

K—; ic1 2 =1 M; 7,

_1¢onN 3 52
ihg =5 i=12a=1MiRia

Where o stands for x., y and z components of vector and RZ, = 1,1, is displacement of the

atom from equilibrium position.

If we assume a vibration over a relatively small amplitude, the potential energy V = Vj

ov 1 0%v
+Zia(a)0Ri0! + EZia,jy( ) Ria Rjy + ...

aT‘iaaT‘jy 0

V) is the potential energy in the equilibrium configuration of the atoms. At equilibrium V must

. 9
be minimum, hence we can have ( i ) =0
0

a'l"ia

1
=V EVO +52ia,jy‘4 RiaRjy

ia,jy

2
Where, A jy = (a—”)
0

armarjy
The total energy associated with vibrations of the atoms in the is then
1 . 1
H=Vp +52ia Riza + EZia,ijia,jy RiaRjy

This equation can be simplified by eliminating the cross product terms in the potential energy
and this can be done changing the 3N old coordinates R;, to new set of 3N generalized

coordinates g, by a linear transformation.

Ria = Zyleia, )4 qy
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Thus the total energy can be rewritten as
1 .
H=Vy +EZ§I\;1(CI)2/ + Wrzq?)

This expression is similar to that of the total energy of 3N independent 1D harmonic oscillators.

The total energy of 1D harmonic oscillator is given by
1r.
H= > (Q)% + quz)
The corresponding energies for the possible quantum states of this oscillator are then
1
E,=(n, +5) Aw,n, =0,1,2,3....

The total energy of a system of 3N independent harmonic oscillators, where the state of the

whole system specified by {ns, n,, ....,n3\n}, becomes
H=Vo+XY E,

Enlnz,...n3N: Vo +273:1\i1 (ny + %)hWY

Enyng.ngy= Vo +5 B3L hwy, + B3V, n, hw,
=-Nn +X3 n,hw,

Where, -Nn =V, +§ 3N, hw, independent of n,,
The partition function of the whole system is then
2=, e i =F, 5, e P imnarmnsy

- an,nz,...e_ﬁ(_Nn + nq AW, + nyaW, + nayhiWsy

= eBNn an,nz,...e_ﬁ(nlhwl + nyhiW, + nzgyhiWsy

- eBNn Z?lol o e—n1ﬁhW1 210102 o e—nlﬁth

= e () - ()
1 —e-BW1 1 -e P W3N
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=InZ = fNn + |n(1 _e—:i‘hwl ) + +1n (W)

= pNn~(In () + = = =+ In ()
= BNn-2y%; In (ﬁ)

Angular frequencies W, , which also called normal mode frequencies are closely spaced. Hence,

if represents the number of normal modes with angular frequency in the range between w

and w +dw the expression for In Z becomes,
InZ = ﬁNn—fowln( 1 —e B g(w)dw

The mean energy of the system is then

= al oo hwe Bhw
E=- a’;Z:—Nn + J, lfmc(w)dw
e n
=—Nn + fo e_ﬁh—i)_lcs(w)dww
dF\ _ (OF Y
Cv= (ar) _(aﬁ) ( ),,
aﬁ 1 1 1

aT ~ aT KBT KBTZ - _KBT T p 'Kﬁﬁ Kﬁﬁ

=Cv =K (57)

= —Kp3? (%) [—N +f o(w)da)]

_ Oo(hw)Zerlw
=+ Kﬁ'gZ fo o1y o(w)dw

If Bhw<<1; ef'® =1+ Bhw + (Bh“’) Bro)y .
=1+ Bhw

_ o0 (ha)2(1 + Bhaw)
=Cv = K2 [T )

0 (1+ phw-1)2 G(W)dw
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_ ofrw¥E(1 + hw)
- K[)’ fo

Bha o(w)dw

=Kp fowo(w)d w ; Where we neglect Saw as compared to 1.
— — N —

= 3NKB =3 E NAKB =3nR

For 1 mole of system,n=1, Cv=3R

4.2 Debye Approximation

By employing Debye approximation it is possible to calculate the number o(w) of normal mode
frequencies. In Debye approximation the discreteness of atoms in solid is neglected and solid is
treated as if it is a continuous elastic medium and these atoms are assumed to have

approximately similar mass.

The approximation of treating solid as continuous elastic medium is valid when A>> a, where A

is the wavelength of the vibration of the elastic medium while “a” is mean interatomic separation

in the solid.

Consider a solid which can be treated as elastic continuous medium of volume V. Let 7 (F, t)
denote the displacement of a point in this medium from its equilibrium position. This
displacement is expected to satisfy a wave equation which describes the propagation through the

medium of sound waves travelling with some effective velocity Cs.

From the previous chapter we have for a given wave vector K the number Any, of possible

integers ny for which K lies in the range between Ky and Ky + dKy is

Any = L;"dKX

Then number of states p(K )d°K_ for which K lies in the range between K and K + dK_is then

LxLyLz _ v 375

pd®K” = AnAn,An,=
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The number of states p,.d,for which the value of K, IK I, lies in the range between K and K +

dkt by summing the above relation over the volume in K space of spherical shell of inner radius

k and outer radius K + dk,

pxdxz(%4n|<2dx

)

-V k2
—(H)ZK dx

Since sound wave of wave vector K corresponds to an angular frequency, w = Cs.K, the number

of possible wave modes with frequency between w and w +d w is then,

v

oc(w)dw =3 )

(47 k°dK)

v

=3 55 (4m) (Cﬁ)2 ‘2—“

=32 wzdw

212 C§°

According to Debye approximation, for law frequencies w the density of modes o.(w) for the

continuous elastic medium is nearly the same as the mode density o(w) for the actual solid.

The Debye approximation, o(w) ~o¢(w), is valid not only for low frequencies but for all 3N

lowest frequency modes of the elastic continuum, and it is defined by

o.(w) for w < wp
0 for w> wp

op(w)= {

Where Wyis called Debre frequency and it is chosen so that op(w) yields the correct total

number of 3N normal modes.

:>f0°° op(w)d, = waD oc.(w) dw =3N

3v. rwp o 3v wdrw v 3
— w dw = — =——wj =3N
2m2(Cs3 fO 2m2Cs3 3 fO 2m2cs3 D

=wp = (3N 2”2“3)1/3 = C, (61T2N)1/3

v v
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4. 3. Calculation of the Partition Function for Law densities

Consider a mono atomic gas of N identical particles of mass M in a container of volume V at
temperature T. Assume the system is at sufficiently high temperature and has sufficiently law

density such that classical approximation is valid. The total energy of the system is then,
H=K+ U
Where K is kinetic energy K = ﬁ N P?

And U is potential energy of intermolecular interaction and is a function of relative sepation

between the two interacting molecules.
U=URYy); RiF=/7i-7/
Approximately U is given by the sum of all interactions between a pair of molecules

— N N _1
U=t 2=1U; ==

N N
> Yi=1 %=1 Uij

i< i# ]

A semi empirical potential called Lennard-Jones potential is given by
R 12 R 6

ue9=0o|(%) " ~(3) ]

U(R)

- UO __
The classical partition function of the system is given by

7 = 1 f e BE+U) —d371“"‘13ﬁ1\’
N! h3N
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= h3NN' [ e BK(P1.Py===Pn) d3 ______ d3ﬁN [eBUGira=—=Tn) g3 ______ d37y

1 o B," P, ———ﬁNz 3p 3p —BU(ry,r2,———TN) 4332 32
- P2 ,===PNn ) 43p ______ T2, N) 437 o
= h3NN!fezm( )d P1 d PNfe BU(ry,r2 d 7 d Py

N
1 (o] i_»z = _ . - -
:m(f ezm! d3P) [ e PVTLT2===TN) 37 oo d37y

1 21TM 2 _ o - -
= e (T) fe BU(r1,12, TN) d37~1 ______ d3T'N

- .(ZnM) /2 Zu

h?p
Where Zu = [ e AUor2==="N) g3¢ . d37y
For ideal gas U = 0, for a system of high temperature f— 0
In both of these limiting cases e #Y— 1, hence Zu— V"

For a system of gas whose density is not too large one can calculate the approximate value of Zu.

The mean potential energy of the gas is

[ePUuddt ———d3y _
[eBUd3? ———d37y

U= InZu

Zu(pB) B 7
=/, (0) dInZu=-f; UdB

=InZu (B) -InZu(0) = [ T(B")dp’
For B =0, Zu(0) = V"'=InZu(0) =N In V
=InZu (B)=NInV -[* T(B")dp'

For a system of N molecules, the number of pairs in the system is

NI _NON-D(V-2) _ 1.2
2I(N —2)' 2(N -2)! N(N - 1) ~ N for N>>1
:>l7 — % NZUI
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By approximating that the motion of any pair of molecules is not correlated appreciably with the
motion of the remaining molecules, we can consider a system of pair of molecules is in thermal

contact with a system containing the rest molecules (heat reservoir).
Hence mean pair potential U’ is given by

T f“’e_ﬁu,dsﬁ —
[e-Bu a3k

ad 7[3 3_’
o5nS e P d’R
[eP 3R =[[1 + (e P*-1)]d3R=[d3R + [(e P*~1)d3R=V +1 :V(1+§)
Where I(B) = [(e P*-1) d®R = ["(e #*-1)4nR? dR
U =—ZIn(vV@L+<
=U"=—2In (V1 +7))
. I
——%{an+ln(1 + 7}

__0 1\ . gince V is i
= —(wln(l + V) ; since V is independent of 3

For I<< V, In(l + é) = (é + % (5)2) + - = —:é
-2
Rt

1 N2 91 (B’ s
InZu B)=NInV -f* —2—7% dp

_ 1N BALB) n
—NInV+57f0 6_[3’ dB

=N InV + 225(B); since 1(0) =0

1
—7u (B) = vNeNﬁ:s z==(3 ;

N!

4.4. Equation of State and Varial Coefficients
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Mean pressure of a system can be obtained from the partition function of the system as

The partition function for a system of interacting particles is given by

3

2= ()

N! \h2p

3N
=InZ= In(i (ZNM)Z ) +InZu

dlnZ _ dlnZu

—> because the first term in r.h.s of the above equation is independent of q,.

av av
= 10lnZu _1 0 1 N2
== =—— +-—

=P 5 v - 53w (NInV > I
—l(ﬁ in? )
“g\v 22

— P N 1N? 1
=>BP =——==—=—=1=n —=In?

KgT vV 2V?

For ideal gas particles, equation of state is given by
PV =NKT

P N
—=—==nN
KgT V

The deviation of real gas equation from ideal gas can be considered by introducing correcting
term in the above equation. This case is discussed by KamerlingOnnes and he introduced a virial

expansion to generalize the ideal gas law.
=L =+ B(T)N? + By(T)n® + ...
KBT

Where B2, B3, ... are called virial coefficients

The second virial coefficient B, is then
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Bo=— 1 J, (e Pu—1)4nR’dR
=—2nf (e Pu-I)R*R

Let the potential U(R) is approximately given by

o for R <R,
N
-U, (%) for R > R,

U(R)=
Where R, is the minimum possible separation between particles:
Then p, = - 2uf,° (e Px~I)R*dR — 2n Jo (e Pu—I)R?dR

For R < Ry, UR) = wo=ePu =10

=By=2n[,° R2dR- 2z [ (e Pu—)R*dR

_2m ®r _ 2

=S R3-2nf, (e~ IRdR

If B,<<1, e Pu=1-p,

—B, = 2?” R3+2n fR": B, R2dR

Ro
R

2 o 5
= 2R + 2mp Uy (%) R2dR

© dR
RO RS -2

= 2 R3- 2nBUoR,°

R3 -5

:%Rg— 27[BU0R05 &

3-5 70
Ro3 S
5-3

= 22 R3- 2nBUoR,°

21 5 1 1
=—R3-2aBU,R,> ———
BZ 3 10 B 0o 5 -3Ry° 3

2m 3 2mBUGRS 1
= _RO 5 3
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21 2mBU, 3
=2 pg 2Bl p
3 5-3

2551 2

30U,
5-3

=b’ —Pa’; where b’ = Z* R} and a’ = 2% 2" R}

In the virial expansion, neglecting terms of order higher than n? yields

P 2
Ko7 =n +[32n
=n+ (b'-Ba’)n’

=n+ (b’—i)n2
KBT

P =nKpT + KpT (b'—ﬁ)n2
B

= KgT + b'n*KgT-an®

nKBT

D m2 = ! = £
=P+ an” =nKgT (1+b'n) EYE

For very low density such that

N2
A+bm)t=1-nb + L
~1-nb'

= nKgT KgT
+ 2 =KBT _ Kp
=P +an Y %_b,

= (P +an?) = (% —b’) = KT

N VN N N .
n=—=—4=_2 - where V = — is number of moles
1% vV Vym Na

V.
where V,, = —is molar volume
14

64| Page



U

+“NA)( b') = KgT

(P
(P +“”A JVu=Nab') = N;KgT
(P

U

U

+- )(VM b) = RT, where a= N,%a’, b= N,b" and R = N4Kp

or(l3 + %) (V =Vb) = VRT = Van der Waals’ equation of state a and b are called Van der

Waals’ constants.
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