Calculus of Functions of Complex
Variables (Math 2072)



Chapter One: Complex numbers

» Define the complex numbers & their operations

«» Geometric representation & polar form of complex
numbers

++» De-Moiver’s formula
*+» Root extraction

“* The Riemann and the extended complex plane



Complex Number

-
*s* Who uses them in real life?

** Here’s a hint....

NASA VIDED




JThe navigation system in the space shuttle
depends on complex numbers



Definition of complex numbers

® DEFINITION1.1 @ A
QEEEERDD oo number

A complex number is any number of the z=a + ib
where a and b are real numbersand i =+ —1 is

_the imaginary units.

J

“*Z =X+ 1y, the real number x is called the real part and
y Is called the imaginary part:
Re(z) =%, Im(z) =y



Equality of complex numbers

® DEFINITION1.2 @ A
QEEEERED  cornoion number

Complex number Z, =X, +1y; and Z, = X, +1Y, are
equal, z, = z,, If Re(z;) =Re(z,)and Im(z,) =1m(z,)

\ J

ex+iy=01i1ff x=0andy=0.
Example: Let w=2+31 and r=a+bi are two complex
numbers, then w=r Iff a=2 and b=3



Arithmetic Operations

Suppose z; = X, +1Y,,Z, = X, + 1Y,
Zp+ 2y = (% + X)) +1(Y, + Y>)

Z)— 2 = (X — %) +1(Y; — ¥2)

Z; 2, = (%X = Y1Y2) +1(Y1 Xz + X Y5)

24 _ XXt Yo 4 Y1Xo — X1 Yo
2 2 2 2
Z; X +Y, Xo +Y5




Operation of Complex Numbers

**» Addition of Complex Numbers

x+y)+(@+bi)=(xx+a)+(y+b)
Example:
Find each sum or difference

d. (3—4i)+(-2+6i)
Solution:
Add real parts Add imaginary parts

(3-4i)+(-2+6i)=[3+(-2)]+[-4+6]i
=1+ 21




Practical Exercise

““Perform each the following operations
a)(8+3i)+(6-2i)
b)(8-61)-(2i-7)
c)(5+71)-(2+61)

d)3+31+8—-21—7 Ans.4 + |

e)-1—-81—4—1 Ans. —5 —9i



“*»Subtraction of Complex Numbers
(x +y))—(a+bi)=& —y)+ @y — b)i
Examples

a) =8 +6i—(—5—8i)—8i Ans. 2 +1i
b) (5+381)+(-1+21)+(7-51)
¢) 8+8i-(6-2i)



The product of two complex numbers

(x+1y)(a+1b) = x(a+1b)+ y(a+1ib)
= Xa + Xbi + ayi + byi’

Examples = xa - by + by(~1) + (bx + ax)i
a)(8-6i)(6-2i) = xa - by + (bx + ax);
b)(2-i)(-3+2i)(5-4i)

c)4i (-2 - 8i)
d)(-2 - 2/(-4 - 3/)(7 + 8i)
e)(7 - 6/)(-8 + 3j)



<+* Remark
“ (x+ yi)(x- yh)= x*- y°F

= %2 - y3-1)
= x°+ )2
Hence
(x+iy)(x-iy)=x2+y?
Example

(2+3i)(2-3i)=22+32=4+9=13



Division of Complex Numbers

Z, =X, +iyyy 2, = X, + 1y, then

z, o X iy, _ X, Hiy, X, -iy,

z, X,+iy, X,+ix, x,-iy,

= XX, Y.y, Hi(X,y, - X,Y,)

xzz + yzz
= XX, ty.Y, + (XY, - X,¥,)
\ xzz + yzz xzz + yzz}

Y |
Re(z) Im(2)




Example

Find x and y if (2x - 3iy)(-2+i)2 = 5(1-i)

Solution:
(2x - 3iy)(4+i%-4i) = 5 -5i
(2x - 3iy)(3 - 4i) = 5 -5i
(6x — 12y - i(8x + 9y)) = 5 - 5i
6x-12y=5,8x+9y =5
7 -1

X=_ ,y=
X310 15




Algebra properties of Complex

Properties:

; Closure: z, + z, is a complex number
2 Commutatlve z,+2z,=2,+ 2z,

3) Associative: z, + (z, + z;) = (2, + 2,) + 2,
4) Additive identity 0: z+ 0=0+2z =2
5) Additive inverse-z:z + (-z) = (-z) +z =0



Complex conjugate/Conjugaate/

Let z = x + yi , the complex conjugate of a complex
number zisdenoted by : , -, yi

=Xx-Vyi

zz = (x +iy)(x - iy)

=x*+y? (real number)

The conjugate of a complex number changes the
sign of the imaginary part only!!!

Obtained geometrically by reflecting point Zzon
the real axis



Complex Conjugate

Suppose z=Xx+iy,z=x-iy, and

Z,|'|'Z2 =Z,|'|'Z2

Z,~Z,=2Z,~Z,

zZ,Z, =2,Z,




Find the complex conjugate of the following complex
number

a) z=T7+31
b) z=-5-21
c) z=-31

d) z=8



Operations

*¢* Definition 1.5

(Division of Complex Numbers)

If z,=a+ biand z, = ¢ + di then:

z, a+bi

Z, C+di Multiply with

b_ d _ > the conjugate of
a+D0l C-—dl d inat

_ : 5 - / enominator
c+di c—di
(ac+bd)+(bc—ad)i

c? +d°?




“*Example: Simplify and write in standard

form, z:

2) 3+_i a) 1+ 2i
1-1 4 2.
_4i —

b) 2 _4| - ) 3 3
st 1 21,
4—i° C) ———<+--I

C) > —— 26 26
1-° + SI

. 3 19.

d) 3 1+i d) ———Ii

1+3 11 0107




Pertorm the operation and write the result

s —H1-Standare-form-
1+i 3 _(@+i) i 3 _(4+i)

i 4—i i i 4-i (4+i)
i+i? 12+3i _—1+1 12+3i
T2 42412 -1 16+1
=1—|—E—ii =1 12 ( 3|
17 17 17 17

17—-12 17—3i
17 17




“» Two important equations

Z+Z=(X+1y)+(X—1y)=2X (1)
727 = (X+iy)(x—iy) = x> —i’y> =x*+y*>  (2)

2—Z=(X+1y)—(x—1y) =2iy (3)

and _ _
Z+2 Z7—17
Re(z)=—,IM(z)=——

(2) , (2) >






@ff The Complex Plane Diagram

“* Definition : (Modulus of Complex Numbers)

The modulus of zis defined by

r =\z\=\/a2 +b?

Im(z)
A

b z(a,b)

30.0) - > Re(z)




Geometric Interpretation

“»Fig 1.1 is called the complex plane and a complex
number z IS considered as a position vector.

)?

Z=X+1y




® DEFINITION1.3 @ N
QEEIEEID  voouius or Absolute Values

The modulus or absolute value of z = x + 1y, denoted
by ‘ Z ‘ , 1s the real number

1z|=/X2+y? =2z




Example 3

I
If z=2 — 3i, then
7= /22 +(-3)* =13
As In Fig 1.2, the sum of the vectors z, and z, Is the

vector z; + z,. Then we have
L+72,/<[n+z (5)

The result in (5) Is also known as the triangle inequality

and extends to any finite sum:
L+ 2y +.+ 2, S|+ 2+ + 2, (6)

Using (5),

2+ 2, +(—2,) <2, + 2,/ + |z,

2,+ 2, 27| — 2, (7)






X
& 1es of modul

Zl'ZZ| :‘Z_lHZ_Z‘ Z" =|Z|n

2,7, =[z,| %z,

E‘=z|

7.7|= z|2 Proof :z =x +iy,zz=(X +iy)(X —iy)= X? +y2=|z|2
2]

Z, 22|

2, =2Z,| > H21|—|Zz” 2, -2,| <|z,|+|z, (Triangle inequality)

z,+2,| <|z,|+[z,| 2, +2,| 2 z,|-[z|

Zy — Zz|2 +|Z1 + Zz|2 :2(|21|2 +|22|2)



The Properties of Modulus

i) |z|=]z
i) zz=|z?|

iii) |z,z,| =z,||z,

Y N P L2 B
| |za

v) 2" =]z|"

vi) |z, + z,| <|z,| +|z,]




Conjugate of a Complex Number

N |

x=Re(z)=ZJr

N |

Z_
2

‘E‘ = [x-iy| = yx*+y* =7

y=Im(z) =

Arg(z)=Arg(x—iy)=-tan™ %=— Arg(z)



1.2 Powers and Roots

“*Polar Form
Referring to Fig 1.3, we have
Z=r(cos @+ 1sin 6) (1)
where r = |z| Is the modulus of z and @ Is the
argument of z, = arg(z). If dis in the interval

—n < @< m, 1t is called the principal argument, denoted
by Arg(2).






THE POLAR FORM OF COMPLEXNUMBER

Im(z2)

Re(z)

\ /
|

* Based on figure above: a="rcosd, b:rsiné’,

0 = tanl(gj
a




Recall how we graph complex numbers:

a=rcosO b=rsino

Imaginary
AXIS 4 P(a, b) _
Peb) o Zz=a+hi
/o =(rcos0)+(rsin6)
© | , Real = r(COSO-I—iSiIle)
a AXis

r=[z[=Val +b" tan0 =



Trigonometric Form of a Complex Number

The trigonometric form of the complex number z = a + bi is
z=r(cos0+isin0)

The number r is the absolute value or modulus of z,
and 6 is an argument of z.

- Is the argument of any particular complex number uniquep@



Practice changing forms of
complex numbers

Switch forms of the given complex number, for 0 <0 < 271

(__y(between trigonometric form and standard form)
1— \/§| How about a graph???

2
r:‘l—ﬁi‘z\/(l)2+(ﬁ) —2
T T ST
Reference angle:. —— so... 0=2mA ( j:_

3
—> 1—ﬁi=2C085; | 2isin%7t




Example 1

Express1—+/3i in polar form.

Solution
See Fig 1.4 that the point lies In the fourth quarter.

r=[z=01-3il=V1+3=2

*Y/4

— /3
tand=——0=arq(z) =—
. 9(2) 3

{ Sz . . 572}
Z =2/ COS— +1SIn—
3 3



Rewrite —1+1In polar form with RADIANS.

() +2=r* 5r=+2

~1=+/2cos0
1=+/25sin0
\/E(cosﬁﬂsins—nj g 3"
4 4 )
Rewrite 1—+/3iin polar form with RADIANS.
12+(—\/§)2=r2—>r:2 1=2cosH
—J/3 =2sIn06
o

0=—
Ans:2(cos5—n+isin@j 3
3 3



Example 1l (2)

In addition, choose that —nt < @ <, thus 0 = —n/3.

Z= Z[COS(—Z) + isin(—g)}






Multiplication and Division

& Suppose z; = r(cosg, +1isind,)
Z, =I,(cos @, +1siné,)

Then
2,2, = II,[(cosé, cosb, —siné,sinb,) )
+1i(sin@, cos, + cosé,sing, )]
for z, # 0,
Z = E [(cos &, cosé, +sing;sind,) "

+i(sing, cosd, —cosd,sinb,)]



“* From the addition formulas from trigonometry,

2,1, = II,[cos(6, + 8,) +isin(6, + 0,)] (4)

Z, .
= =2[cos(&, —6,)+1SIn(EG, — 6
. r2[ (6,-6,) (6,-6,)] 5)
Thus we can show

Ly | 7, |

|22, | =]z || 2, |, | — =
Ly | 2, | (6)

arg (z,z,) =argz, +argz,, arg(;l) =argz, —argz, (7)

2



Powers of z

2°=r*(cos 26 +isin 26)
2°=r*(cos36 +isin30)

z"=r"(cosn@+isinnd) (8)



Demoivre’s Formula

“*When r =1, then (8) becomes

(cos @ +isin @)" =cosn @ +isinnd (9)



Given z =r,cos(a)+isin(a) and

w =r, cos(B) +isin(p)

%: rr—lcos(oc—B)+isin(oc—B) ZW =r1,1,cos(a+p)+isin(o+p)

Compute zw and % learning your answer in polar form inrad
z =2(c0s120°+isin120°)
w = 3(c0s100° +isin100°)

zw =(2)(3)cos(120°+100°) +isin(120°+100°)

ZW = 6(c0s 220 +isin220) = 6(cos%+|sm%)

Z_ §(cos(lzo 100) +isin(120 -100))

W
L E(cosZO +1sin20) = g(cosE +isin-)
w3 379 9



Z . . .
Compute zw and —, learning your answer in polar form in rad.
w

3t . . 31w Or On
Z=4|coS—+ISIn— |, w =3| COS— +1ISIn—
8 8 16 16




DeMoivre’s Theorem

compute(y3 +) (rcis®)” =r"cis(no)

\ 6

LZ(COS% + ising)J = 2°(cosm+isinm)

= 2°(~1+0i) = 64

( 242 (Cos— + |sm—w

(2- 2|

N T LA/

(Zx/—) (COST +1sin %)

—1024+/2 (cos% +isin %j — 1024 +1024i



Find the cube roots of -8 -8i= x> =-8-8i

1/3
x® =4/128 (Cos%c +isin 57:) —~ (\/128 cosl%7T +isin %D

yn( (e 2nkj . (e 2nkj
I CoS| —+— | +ISIN| —+ ——
N N N N

= 29/5 COS(57t + 2nkj+isin(5n + 2nkj
12 3

12 3
k =0, ZQ/E(COS(EJ + isin(@jj
12 12
k=1 Zﬁ(cos( B j+|sm( T D
k=2 2%2 (cos(@j 4 isin(@D
12 12

8/128 = 28/2




PASN D€ MOIVRE'S THEOREM

Theorem 3

[tz = I’(COS 6 +1sIn 9) 1s a complex number in polar form to
any power of 7, then

2" =r"(cos@+isin @)
De Moivre’s Theorem:

(cos@+isin@)" =cosn@+isinnd

Therefore:
2" =r"(cosn@+isinno)



«* A number w is an nth root of a nonzero number z if
wh =z If we let w = p (cos ¢ + 1sin ¢) and
Z=r(cos @+ 1sin &), then

p"(cosng +isinng) =r(cos@ +isinH)

pn =r,p= r1/n

cosSng =cosd, sinng =sind

5= 012, .n-1
n

The root corresponds to k=0 called the principal nth root.



FINDING ROOTS

Theorem 4

If 7" = F(COS G +1sin 9) then, the n root of zis:

(0 in degrees)

1( 6+360°k . 9+360°kj
COS n

Z=r" +isi
n n

OR

(0 in radians)

1( O+27k . . 6’+27zkj
COS

Z=pn" +isin
n n

Where k= 0,1,2,..n-1



Using DeMoivre to Find Roots

]
* Again, starting with
a+bi= z=r-(cos@+i-sino)

also N _ r”(cos(n9)+isin(n9))

works when n is a fraction
= Thus we can take a root of a complex number

i un( (6’+360-k) o (6’+360-kD
Z =T -1 COS +1-SIN
N N




Using DeMolvre to Find Roots

+t» Note that there will be n such roots

i un( (6+360-kj o (0+360-kn
Z =T -1 COS +1-SIN
N N

* Oneeach fork=0,k=1,...k=n-1

< Find the two square roots of Z =—1+ i\/§
= Representas Z = I (COS@ +1sind)
= What Is r?
= What Is 6?



Graphical Interpretation of Roots

]
*» Solutions 7 = \/_1_|_i are:
\/§ V2 . 6
2 TN
\/—1+i-ﬁ
= (2(c0s120+i-sin120)) " .
=2 - (cos@ﬂ sm&j NG
2 2 2

and\/_( 120+36O i.sin120;360)

Roots will be equally spaced
around a circle with radius r/2




FINDING COMPLEX ROOTS

Find the two square roots of 41. Write the roots In
rectangular form.

Write 4i in trigonometric form: 4/ = 4(cos%+ isin%)

_ _ T
r=4 0= 5

The square roots have absolute value J4 =2
and argument

27K

_|_

o =

NN

nk
5 —4+7zk.



FINDING COMPLEX ROOTS (continued)
Since there are two square roots, let k=0 and 1.

fk=0 thena=2%+7.0=2

4 4
_ _ T 427
If k =1, thena—4+7z1 4

Using these values for «, the square roots are

T . . T 57 . . b5rx
2l cos—+1sin— | and 2| coS— +1SIn —
4 4 4 4



FINDING COMPLEX ROOTS (continued)

ZCiS% — 2(cos%+isin%) - 2(@“@) —J2 +i2

4 4 4 2 2

= —2-iV2

2¢cisZ = 2(0035—”+isin5—”) = 2( ‘E —iéj



FINDING COMPLEX ROOTS (continued)

glnce tHere are four roots, let k=0, 1, 2, and 3.

If k=0, t
Ifk=1t
If k=2t
If k=3, t

nen o = 30°+90°-0 = 30°.
nen o = 30°+90°-1=120°.
nen o = 30°+90°-2 =210°.

nen o = 30°+90°-3 = 300°.

Using these values for a, the fourth roots are

2(cos30+1sIn
2(cos210+1sH

30), 2(cos120+1sin120),
n210), 2(cos300+1sin300),



Converting from Rectangular form to Trig form

1. Findr. r=+a?+b?

2. Find 6. 9=tan‘1(9j
a

3. Fill in the blanks in z = r (cos@ +isin §) Convert z = 4 + 3i to trig form.
1. Findr 2. Find @ 3. Fillin the blanks

J# ¥ =619 0= tan-1§ ~369  2=5(c0s36.9+isin36.9)

r =
r=+25=5 Polar form (5,36.9)



Chapter 2: Analytic Functions

]
2.1. Elementary Functions

2.1.1 Exponential and Logarthimic Functions
2.1.2. Trignometric and Hyperbolic Functions
2.1.3 Inverse Trigonometric and Hyperbolic Functions
2.2. Open and closed sets ,connected sets & regions in complex
plane

2.3. Definitions of limit and continuity

2.4. Limit theorem

2.5. Definition of derivative &its properties

2.6. Analytic function &their algebraic properties

2.7. Conformal mappings

2.8. The Cauchy Riemann equations and Harmonic functions



2.1 Exponential and Logarithmic Functions

“» Exponential Functions
Recall that the function f(x) = e* has the property

F'(x)=1(x) and f(x +X;)=f(x)f(x) (1)
and the Euler’s formula is

e¥ =cosy+isiny, y: areal number (2)

Thus |
e"™ =e"(cosy+isiny)



® DEFINITION29 @ ; .
— Exponential Functions

L

€ =¢

X+1y

“(cosy+isiny)

Example 1: Evaluate el*3,
Solution

e =e'(cos4 +isin4)




Z1+2 Z1—25

e“e”2 =g ,

Periodicity . .

e —e’e
=e’(cos2z +isin2x) = e°

“»Polar From of a Complex number

7 =r(cosd +ising)=re"



L_ogarithm Function

“» Given a complex number z = x + 1y, z # 0, we define

w=lnz if z=ev (5)
Let w=u + Iv, then
X+iy =e"" =e"(cosv +isinv) =e" cosv +ie’sinv
We have
X=e"cosv, y=e"sinv
and also

e =x*+y’=r"=z[, u=log, |z

tanv=X, v=0+2nrz, f=argz, n=0, £1, +2,...

X



® DEFINITION2.10 @ : )
— Logarithm of a Complex Number

For z=0, and 6= arg z,

Inz=log,|z[+1(0+2n7), n=0,£1,+2, (6)

\ J




Example 2

]
Find the values of (a) In (-2) (b) In 1, (¢) In (=1 —1).

Solution
(a) 8=arg(—2)=r, log,|-2|=0.6932

In(-2) =0.6932 + 1(7 + 2nrx)

(b) @ =arg(i) = % log.1=0

In(i) = i(g+2n7z)

(c) Q:arg(—l—i):SZ, log, |~1—i|=log, <2 = 0.3466

In(~1—i) = 0.3466 + i(SZ+ on7)



Example 3

Find all values of z such that e? = /3 +1i.
Solution

2 =In(~3+i),| V3+i |= 2,arg(~/3+1i) :%

z=In(\3+i) = |oge2+i(%+2n7z)

= 0.6931+ i(% +2n7)



Principal Value

o Ln z=1log,|z|+iArg z (7)

Since Arg ze(-z, 7] is unique, there is only one value
of Ln z for which z = 0.



Example 4

» The principal values of example 2 are as follows.
(@) Arg(-2)=~

Ln(-2)=0.6932+Iix
(b) Arg(i) = o' Ln(i) = |E

(c) Arg(-1-1)= 5;[ IS not the principal value.

Let n=-1, then Ln(—1-1) = 0.3466 — ?)Zi



Example4 (2)

«» Each function in the collection of In z is called a
branch. The function Ln z is called the principal
branch or the principal logarithm function.

<» Some familiar properties of logarithmic function hold
In complex case:
In(z,z,) =Inz; +Inz,

IN(2) =Inz —Inz, (8)
L,



Example 5

Suppose z; =1 and z, =—1. If we take In z; = 2,
In z, = 7z, we get

In(z,z,) =In(-1) =1Inz, +Inz, =3

IN(2)=In(-1) =Inz —Inz, =
Zy



Analyticity

»» The function Ln z is not analytic at z=0, since Ln 0
IS not defined. Moreover, Ln z is discontinuous at all
points of the negative real axis. Since Ln z is the
principal branch of In z, the nonpositive real axis IS
referred to as a branch cut. See Fig 2.19.



branch

cut \

—.. X




It Is left as exercises to show

d 1

—Lnz=- 9

dz Z ®)
for all z in D (the complex plane except those on the

non-positive real axis).



Complex Powers

< In real variables, we have x* =e*"™* .
If « IS acomplex number, z = x + 1y, we have

=e" =e" 220 (10)



Example 6

Find the value of i?.
Solution
Withz=1,argz= /2, a = 21,from (9),

i2i _ e2i[|ogel+i(7z/2+2n7z)] _ e—(1+4n)7r

wheren=0,+1 +2,...



2.7 Trigonometric and Hyperbolic Functions

“»* Trigonometric Functions
From Fuler’s Formula, we have

IX 41X eix n e—ix

Sin X = COS X = (1)
21 2




® DEFINITION2.11 @ : : : : )
QR i gonometric sine and cosine

For any complex number z = x + 1y,

—iz

iz iz
sinz=- COS Z = (2)
2l
| 4
«» Four additional trigonometric functions:
Sin z
tanz="—-, cotz=———,
COS Z tan z (3)

1
seCz=——, CSCZ=———
COS Z Sin z



Analyticity

»» Since e'Z and ez are entire functions, then sin z and
cos z are entire functions.

“*sin z = 0 only for the real numbersz=nz &

»cos z = 0 only for the real numbers z = (2n+1) 2.
Thus tan z and sec z are analytic except z = (2n+1) 72,
and cot z and
CcSc z are analytic except z =nur.



Derivatives

2 d _ d eiZ _ e—iZ eiZ n e—iz
—sinz = _ = = COS Z
dz dz 2i 2

Similarly we have

isin Z=C0SZ icos Z=-SINn Z

dz dz

d 5 d )

—tanz =sec” z —cotz=-Csc”z (4)
dz dz

d d
—secz=secztanz —cscz=-csczcotz
dz dz



|dentities

SIn(—z) =—sinz CoS(—z) =CoSz
cos®z+sin“z =1

sin(z, £z,) =sinz,cosz, = cos z,SIn z,
cos(z, + z,) =C€0Sz,C0SZ, FSInz,;SInz,

sin2z =2sinzcosz cos2z = COS’° Z —sin® z



“*If y is real, we have
el —e™ el +e”’

sinhy = ; and coshy =

(5)
From Definition 11.17 and Euler’s formula
ei(x+iy) _ e—i(x+iy)
21
y _|_e_y

SINz =

y -y
)+icosx(e Ze )

. e
= sin X(



Thus we have

SIn z = sin xcosh y +1cos xsinh y (6)
and
€0S Z = €0S X cosh y —isin xsinh y (7)

From (6) and (7) and cosh4y = 1 + sinh?y
|sinz [*=sin® x +sinh®y (8)

| cosz |“= cos® X +sinh? y (9)



Example 1

“»From (6) we have

sin(2+1) =sin2coshl+icos2sinhl
=1.4301-0.4891i



Example 2

Solve cos z = 10.

Solution iz | iz
cosz =" Ze =10

e”? —20e” +1=0,e” =10+ 311
iz =log, (10 £ 3+11) + 2ni
Since log, (10 —3+11) = —log, (10 + 3v11)

we have
z=2n7x +ilog,(10+3v11)



Hyperbolic Sine and Cosine )
For any complex number z = x + 1y,
. ef —e’’ e’ +e’’ ~
sinh z = cosh z = (10)
(U 4
«»» Additional functions are defined as
Inh z
tanhz = > cothz =
cosh z tanh z (11)
sech z = csch z = —
cosh z sinh z



«» Similarly we have

isinh z=coshz and icosh 7 —sinh 7 (12)
dz dz
sinz =—isinh(iz), cosz = cosh(iz) (13)

sinhz =—1sin(iz) , coshz =cos(iz) (14)



Zeros

\/
0’0

sinhz = —1siniz = —isin(—y +Ix)
= —i[sin(—y)cosh x +1cos(—Yy)sinh X]
Since sin(—y) =—sin y, cos(—Yy) = cos Y, then
sinh z = sinh xcos y +icosh xsin y (15)

cosh z = cosh xcosy +isinh xsin y (16)

It also follows from (14) that the zeros of sinh z and
cosh z are respectively,

z=nma and z=(2n+1)a/2, n =0, £1, 2, ....



Periodicity

“* From (6),
sin(z + 2x)
=sIN(X+ 1y + 271)
=sIn(X+ 2z)cosh y +1cos(x + 2x)sinhy
=sin xcosh y +1cosxsinhy =sin z

The period Is then 2.



2.8 Inverse Trigonometric and Hyperbolic

Functions

* Inverse Sine

We define
z=sinw if w=sinz (1)
From (1),
C Tt g e _2ize™_1=0
2l

e" =iz+(1-2%)" (2)



“» Solving (2) for w then gives

sin”z = —ilnfiz+ (1-z%)"?] (3)
Similarly we can get

costz=-iln[z+i(l-z%)"?] (4)

. 1+2Z
tan~ —I — 5
2 1—-12 ®)



Example 1

Find all values of sin./5.

Solution
From (3),

sin /5 = —i In[v/5i + (1— (~/5)?)"?]
(1— (ﬁ)z)uz _ (_4)1/2 — 9]
sin+/5 = —i In[(~/5 £ 2)i]
=—i[|oge(£i2)+(g+2n7z)i],

n=0t1+2,...



Example 1l (2)

Noting that

log, (/5 -2) = =—log,(~/5+2).

log L
*J5+2
Thusforn=0,+1 t2....

sin—1£:§+2nzii|oge(£+2) (6)



Derivatives

*» If we define w =sin1z, z =sin w, then

d d . : dw 1
—z=—sinw gives — =
dz dz dz cosw

Using cos®w+sin“w=1, cosw=(1-sin’w)

— (1—2%)"2, thus

1/2

gintyo 1

dz (1-z%)"? (7)
d 4 -1

&COS L= (1- 222 (8)
d, 1

—tan"z = (9)

dz 1+ 2°



Example 2

Find the derivative of w =sinl zat z = /5,
Solution

(1— (£)2)1/2 _ (_4)1/2 _ i

dw 1 1 1.

E z=\5 — (1_(£)2)1/2 - 2i :_EI




Inverse Hyperbolic Functions

«» Similarly we have

sinh™z = In[z + (z2° +1)"'?] (10)
cosh™z =In[z+ (22 -1)"?] (11)
tanhtz = Lt 2 (12)
2 1-7z
d ., 4 1
—sinh ™~z =
dz (ZZ_I_l)l/Z (13)



9 cosh iz = :

dz (z° +1)"' (14)
d _ 1

—tanhz =

dz ‘T (o



Example 3

Find all values of cosh-1(—1).

Solution
From (11),

cosh™(=1) = In(-1) = log, 1+ (7 + 2n7)i
=(7+2n7)i=(2n+ 1)
n=0,+1+2,...



2.3 Sets in the Complex Plane

“» Terminology
Z=X+1y, 2, =X, +1Y,

225 = (X = %)2 + (Y= ¥,)°

If z satisfies |z — zy| = p, this point lies on a circle of
radius o centered at the point z,.



Example 1

(@) |z| = 1 is the equation of a unit circle centered at the
origin.

(b) |z—1 — 2i|= 5 Is the equation of a circle of radius 5
centered at 1 + 2I.



“» If z satisfies |z — z,| < p, this point lies within (not on)
a circle of radius p centered at the point z,. The set is
called a neighborhood of z,, or an open disk.

“* A point z; Is an interior point of a set S If there exists
some neighborhood of z, that lies entirely within S.

 If every point of S is an interior point then Sis an
open set. See Fig 2.7.






“»The graph of |z— (1.1 + 21)| < 0.05 is shown In Fig
2.8. 1t Is an open set.
lz— (1.1 4+ 2i)l <0.05

y




* The graph of Re(z) > 1 is shown in Fig 2.9. It Is not
an open set.

p :\‘/inS

not in S
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()

y
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(b)
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 If every neighborhood of z, contains at least one point
that is In a set S and at least one point that Is not in S,
Zy IS said to be a boundary point of S. The boundary
of S Is the set of all boundary points.

* If any pair of points z, and z, in an open set S can be
connected by a polygonal line that lies entirely in Sis
sald to be connected. See Fig 2.11. An open
connected set Is called a domain.






“* A region is a domain in the complex plane with all,
some or none of its boundary points. Since an open
connected set does not contain any boundary points, it
IS a region. A region containing all its boundary
points Is said to be closed.



2.4 Functions of a Complex Variable

“» Complex Functions
w= f(2) =u(x, y)+iv(x, y) (1)

where u and v are real-valued functions.

Also, w = f(z) can be interpreted as a mapping or
transformation from the z-plane to the w-plane. See
Fig 2.12.



<

(a) z-plane

w=f(2)
domain of f range of f
ﬂ
w
¥ s — U
(b) w-plane



Example 1

Find the image of the line Re(z) = 1 under f(z) = z2.
Solution

f(z) =z° = (x+iy)*

u(x, y) = x* =y, v(x, y) = 2xy
Now Re(z) =x=1,u=1-y% v=2y.

y =Vv/2, then u=1-v23/4
See Fig 2.13.



u=1-v%/4

(a) z-plane (b) w-plane



® DEFINITION24 @ T .
— Limit of a Function )

Suppose the function f is defined in some neighborhood
of z,, except possibly at z, itself. Then f is said to
possess a limit at z,, written

lim f(2) =L

Z—)Zo

If, for each £> 0, there exists a 6> 0 such that
f(2)-L| <& Whenever 0<|z-2z,|<¢.

AU 4




® THEOREM21 © JNEE .
—L|m|tof Sum, Product, Quotient \

Lz, F(@2)=Land lim,_,, g(z)=L,.

Suppose lim,
Then

@) Imf(2)+9(2)]=L+L,




® DEFINITION25 @ . . A
Continuous Function

A function f Is continuous at a point z, if
lim f(2) = f(z,)

L—>1
\ J

<+ A function f defined by

f(2)=az"+a 2" +.-+a,2% +az+a,, a #0 2)

where n Is a nonnegative integer and a;,, 1=0, 1, 2, ...,
n, are complex constants, Is called a polynomial of
degree n.



® DEFINITION26 @ . . )
Derivative

Suppose the complex function f is defined in a

neighborhood of a point z,. The derivative of f at z, Is
f(z,+Az)- f(z,)

P = s 3)
_provided this limit exists. )

“If the limit in (3) exists, fis said to be differentiable at
Zy. Also,
If f is differentiable at z,, then f Is continuous at z,.



Rules of differentiation

+s» Constant Rules:

a a (4)
dzC 0, 1 cf (z) =cf'(z2)

+* Sum Rules:
(@@= @+ ©
“* Product Rule:
CIH@@I= f@ @+ @) ©



*» Quotient Rule:

d [ f(2)|_9(@)f'(z)- T(2)9'(2) (7)

dz| 9(z)_ [9(2)]°
+2* Chain Rule:

(f f(9(2) = £'(9(2))9'(2)
/

+»» Usual rule

9
4 n gt . nan integer ®)

dz

(8)



Example 3

2

+1

Differentiate (a) f (z) = 3z"-52°+2z,(b) f (2) = 4ZZ

Solution

(a) f '(z) =122° -157° + 2

()£ (2) = 2 +1)2z—2 2’4 _47° +2§
(42 +1) (4z+1)




Example 4

Show that f(z) = x + 4iy is nowhere differentiable.

Solution
With Az = AX + 1Ay, we have

f(z+Az)- f(2)
= (X+AX)+41(y + Ay) — x —4ly

And so

lim f(z+Az)— 1(2) _ lim Ax+4lAy
Az—0 Az Az—0 AX + IAY

(10)



Example4 (2)

Now If we let Az—0 along a line parallel to the x-axis
then Ay=0 and the value of (10) is 1. On the other hand,
If we let Az—0 along a line parallel to the y-axis then
AXx=0 and the value of (10) is 4. Therefore f(z) is not
differentiable at any point z.



® DEFINITION2.7 @ . ; ™
— Analyticity at a Point

A complex function w = f(z) Is said to be analytic at
a point z, If f is differentiable at z, and at every point

In some neighborhood of z,.
\- J

“» A function Is analytic at every point z Is said to be an
entire function. Polynomial functions are entire
functions.



17.5 Cauchy-Riemann Equations

® THEOREM22 @ . .
Cauchy-Riemann Equations A

Suppose f(z) = u(x, y) + iv(x, y) is differentiable at a
point z = X + 1y. Then at z the first-order partial
derivatives of u and v exists and satisfy the
Cauchy-Riemann equations

ou ov ou oV
= and —=——
9 OX oy oy  ox (1)




THEOREM 2.2 Proof

“* Proof
Since f ’(z) exists, we know that
, . f(z+Az2)-1(2)
f'(z) = lim
( ) Az—0 A7 (2)
By writing f(z) = u(x, y) + Iv(x, y), and Az = AX + 1Ay,
form (2)

f'(2) (3)
_ i U(X+AX, Y+ AY) +IV(X+ AX, Y+ Ay) —u(X, y) —1v(X, V)
B Az—0 AX + IAy




THEOREM 2.2 Proof (2)

Since the limit exists, Az can approach zero from any
direction. In particular, if Az—0 horizontally, then Az =

Ax and (3) becomes
u(x+Ax, y)—u(x, y)

"=t T o
i lim V(X+ AX, ¥) —V(X, Y)
AX—0 AX

By the definition, the limits in (4) are the first partial
derivatives of u and v w.r.t. Xx. Thus

f’(z):ziﬂg:/( (5)



THEOREM 2.2 Proof (3)

]
Now If Az—0 vertically, then Az = iIAy and (3) becomes

f’(Z) — lim U(X, y+Ay)—U(X, y)

Ay—0 |Ay
+ lim V06 Y+ AY) ~iV(X, ) (6)
Ay—0 |Ay
which 1s the same as
.ou oV
f'(z)=—1—+ 7
oy oy (7)

Then we complete the proof.



Example 1

*» The polynomial f(z) = z2 + z is analytic for all z and
f(2) =x2—y>+ x+i(2xy +y). Thusu=x2 —y? + X, v
= 2xy +y. We can see that

a—u=2x+1=@
OX oy
ou oV

oy =— "
oy d OX



=Show that f(2) = (2x% +y) + i(y? — X) is not analytic at

any point.

Solution
o _ 4x and v _ 2y
OX oy
ou

oV
—=1 and —=-1
We see that 6¥/6y = — Al but duldx = Al dy s
satisfied only on the line y = 2x. However, for any z on
this line, there is no neighborhood or open disk about z
In which fis differentiable. We conclude that f is
nowhere analytic.



® THEOREM23 @ . y
—Crlterlon for Analyticity A

Suppose the real-valued function u(x, y) and v(x, y) are
continuous and have continuous first-order partial
derivatives in a domain D. If u and v satisfy the
Cauchy-Riemann equations at all points of D, then the

\complex function f(z) = u(x, y) + iv(x, y) Is analytic in D

\




Example 3

For the equation f (z) = — X 5 y

X°+y° X +y

>, We have

ou  y —-x>  ov

x (Y)Y oy

ou 2Xy oV

y  (Cry)

That is, the Cauchy-Riemann equations are satisfied
except at the point x2 +y2 =0, that is z = 0. We

conclude that f is analytic in any domain not containing
the point z = 0.




“*From (5) and (7), we have

ou . .
f'(z)=—+1—=——-1—
(2) 8x+ ox oy oy (8)

This 1s a formula to compute f °(z) If f(z) Is
differentiable at the point z.



® DEFINITION28 @ . . )
Harmonic Functions

A real-valued function ¢@(x, y) that has continuous
second-order partial derivatives in a domain D and
\satisﬁes Laplace’s equation is said to be harmonic in D)

® THEOREM24 @ . . A
—A Source of Harmonic Functions

Suppose f(z) = u(x, y) + iv(x, y) is analytic in a domain D.
Then the functions u(x, y) and v(x, y) are harmonic
_functions.




OX oy oy OX
o’y o%v o°u o°v
> = ahn Pyl
OX X0y oy Oy OX
2 2
Thus 0 lzj 49 lzj =0
ox~ oy

Similarly we have

o’V 0%
ox2 T oy2 0



Conjugate Harmonic Functions

“*If uand v are harmonic in D, and u(x,y)+iv(X,y) Is an
analytic function in D, then u and v are called the
conjugate harmonic function of each other.



(a) Verify u(x, y) = x3 — 3xy2 — 5y is harmonic in the
entire complex plane.
(b) Find the conjugate harmonic function of u.

Solution




Integrating the first one, v(x, y) = 3x°y — y° + h(X)

and Z\; =6xy + h'(x), h'(x) =5,h(x) =5x+C

Thus v(x,y) =3x°y —y° +5x+C






