Lecture Notes in Mathematics 1782

Editors:

J.-M. Morel, Cachan
F. Takens, Groningen
B. Teissier, Paris



Springer
Berlin
Heidelberg
New York
Barcelona
Hong Kong
London
Milan

Paris

Tokyo



Cho-Ho Chu Anthony To-Ming Lau

Harmonic Functions
on Groups and
Fourier Algebras

&) Springer



Authors

Cho-Ho Chu Anthony To-Ming Lau
Goldsmiths College Department of Mathematical
University of London and Statistical Sciences
London SE14 6NW University of Alberta

United Kingdom Edmonton, Alberta

e-mail: c.chu@gold.ac.uk T6G 2G1 Canada

e-mail: tlau@math.ualberta.ca

from September 2002:
Queen Mary College
University of London
London E1 4NS§
United Kingdom

Cataloging-in-Publication Data applied for
Die Deutsche Bibliothek - CIP-Einheitsaufnahme

Chu, Cho-Ho:
Harmonic functions on groups and Fourier algebras / Cho-Ho-Chu ; Anthony
To-Ming Lau. - Berlin ; Heidelberg ; New York ; Barcelona ; Hong Kong ;
London ; Milan ; Paris ; Tokyo : Springer, 2002

(Lecture notes in mathematics ; 1782)

ISBN 3-540-43595-6

Mathematics Subject Classification (2000):
43A05, 43A20, 43A35, 31C05, 45E10, 22D25, 46170, 32M15

ISSN 0075-8434
ISBN 3-540-43595-6 Springer-Verlag Berlin Heidelberg New York

This work is subject to copyright. All rights are reserved, whether the whole or part of the material is
concerned, specifically the rights of translation, reprinting, reuse of illustrations, recitation, broadcasting,
reproduction on microfilm or in any other way, and storage in data banks. Duplication of this publication
or parts thereof is permitted only under the provisions of the German Copyright Law of September 9, 1965,
in its current version, and permission for use must always be obtained from Springer-Verlag. Violations are
liable for prosecution under the German Copyright Law.

Springer-Verlag Berlin Heidelberg New York a member of BertelsmannSpringer
Science + Business Media GmbH

http://www.springer.de
© Springer-Verlag Berlin Heidelberg 2002
Printed in Germany

The use of general descriptive names, registered names, trademarks, etc. in this publication does not imply,
even in the absence of a specific statement, that such names are exempt from the relevant protective laws
and regulations and therefore free for general use.

Typesetting: Camera-ready TgX output by the author
SPIN: 10866636 41/3142/du - 543210 - Printed on acid-free paper



Preface

The purpose of this monograph is to introduce some new aspects to the
theory of harmonic functions and related topics. They are a fusion of
some recent developments in non-associative functional analysis, semi-
groups and harmonic analysis. More specifically, we study the algebraic
analytic structures of the space of bounded complex harmonic functions
on a locally compact group G and its non-commutative analogue, the
space of harmonic functionals on the Fourier algebra A(G). We show
that they are both the ranges of contractive projections on von Neu-
mann algebras and therefore admit Jordan algebraic structures which
are usually non-associative. This provides a natural setting to apply
new methods and results from non-associative analysis, semigroups and
Fourier algebras. We use these devices to study, among others, the
Poisson representation of bounded complex harmonic functions on G,
the semigroup structures of the Poisson space and the non-associative
geometric structures of the harmonic functionals.

This work was done during several mutual visits of the authors at the
University of Alberta and University of London, supported by EPSRC
and NSERC grants. All results are new, some of which have been pre-
sented at seminars and workshops in London, Oxford, Edmonton, Hong
Kong, Irvine, Toulouse and Oberwolfach. We thank warmly the audi-
ence at these institutions for their inspiration and hospitality. Above
all, we are grateful to our families for their constant support and en-
couragement.

Key words and phrases: Locally compact group. Harmonic function.
Liouville property. Poisson representation. Compact semigroup. Al-
most periodic function. Distal function. Harmonic functional. Fourier
algebra. Group von Neumann algebra. Banach algebra. Arens product.
C*-algebra. Jordan algebra. JB*-triple.

Work supported by EPSRC grant GR/M14272 and NSERC grant A7679
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1. Introduction

Let G be a Lie group and let A be the Laplace operator on G . A
function f € C*(G) is harmonicif Af =0 . It is well-known in this case that
there exists a family {o;}:~¢ of absolutely continuous probability measures on
G such that f satisfies the following convolution equations

f=oixf (t>0)

which motivates the following definition.
Let o be a probability measure on a locally compact group G . A real
Borel function f on G satisfying the convolution equation

f(z) = o % f(z) = /G fy ' 2)doy)  (z€G)

is called o-harmonic . Harmonic functions on groups have been widely studied
for a long time and play important roles in analysis, geometry and probability
theory. Naturally one can also consider complex measures o and the complex
o-harmonic functions on G defined as above. The complex case, however, does
not seem to have been studied in as much detail and depth as the real case.

In this research monograph, we give a functional analytic approach to the
complex case by studying the algebraic and analytic structures of the space of
bounded complex o-harmonic functions on a locally compact group G and
its non-commutative analogue, that is, the space of harmonic functionals on the
Fourier algebra A(G). We show that both spaces are the ranges of contrac-
tive projections on von Neumann algebras and therefore admit Jordan algebraic
structures. This introduces a new aspect, namely, the non-associative algebraic
and geometric structures, to the theory of harmonic functions and harmonic
functionals. We exploit these structures to study the Poisson representation of
bounded complex harmonic functions, the semigroup structures of the Poisson
space and the non-associative geometric structures of the harmonic functionals.

C.-H. Chu and A.T.-M. Lau: LNM 1782, pp. 1-4, 2002.
© Springer-Verlag Berlin Heidelberg 2002



2 INTRODUCTION

The first part of the monograph is concerned with complex harmonic functions
and is contained in Chapter 2. Harmonic functionals are discussed in Chapter 3
which is the second part of the monograph.

To outline our main ideas, we first review briefly some relevant background
of real harmonic functions, more details will be given later. For a probability
measure ¢ on a locally compact abelian group G, it is a well-known result
of Choquet and Deny [11,21] that every bounded continuous o-harmonic func-
tion f on G is periodic and every point in the support of ¢ is a period,
in particular, if the support of o generates a dense subgroup of G, then f
must be constant. Choquet and Deny have also shown that the positive (un-
bounded) o-harmonic functions on an abelian group G are integrals of ex-
ponential functions, given that the support of o generates a dense subgroup.
Similar results also hold for nilpotent groups [4,14,22,36,45]. Recently, results
of this kind have been extended to other classes of groups (see, for example,
[17,18,66]). On the other hand, given an absolutely continuous probability mea-
sure o on a semisimple Lie group G with finite centre, Furstenberg [27] has
shown that the space of bounded uniformly continuous o-harmonic functions
on G forms an abelian C*-algebra in certain product from which he derived a
Poisson representation of bounded harmonic functions and investigated the deep
issue concerning the boundary theory of G . In fact, Furstenberg’s construction
of the abelian C*-product is valid for probability measures on arbitrary locally
compact groups, as shown by Azencott [5], and this is the starting point of our
investigation for the complex case.

Let o be a complex measure on a locally compact group G with ||o| =
1. As usual, the Lebesgue spaces of the Haar measure on G are denoted by
LP(G) for 1< p < oco. We study the space of bounded complex o-harmonic
functions on G via the duality of L'(G) and L*(G) in the following way.
Let J, be the norm-closure of {5 % f — f : f € LY(G)}. Then J, is a
closed right ideal of L'(G) and its annihilator J}: = (Ll(G)/Jg)* is the space
{f € L*(G) : o f = f} of bounded o-harmonic functions on G . One
can define a contractive projection P : L>®(G) — J+ which, by results of
[26,59], induces an abelian C*-algebraic structure on J; and this structure
differs from that of L*°(G) in general. From this, we can derive, for abso-
lutely continuous o, a Poisson representation of Ji as well as its subspace
J+ N Ceu(G) of (left) uniformly continuous harmonic functions, and study the
semigroup structures of the Poisson space which is the spectrum of J}NCy,(G) .
The C*-product we obtain coincides with the one defined in [5,27] mentioned
above when o is a probability measure. Therefore our construction gives a
unified approach to the Poisson representation as well as some functional ana-
lytic insights. We will not, however, be concerned with the boundary theory for
G , but focus our attention on the semigroup properties of the Poisson space
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which are obtained by a fundamental structure theorem on compact semigroups
in [71] (see also [40, p.16] and [39, p.143]) and the details are given in Sections
2.3, 2.4 and 2.5. Further properties relating to almost periodic and distal func-
tions are discussed in the latter two sections. Many of our results are new even
when o is a probability measure in which case Poisson spaces corresponding to
non-degenerate absolutely continuous measures on a second countable group G
are shown, in Theorem 2.6.1, to have the same semigroup structure if G acts
transitively on them.

We should point out that, for a probability measure o , Paterson [64] has
also defined a contractive projection P : Cy,(G) — J+NCy,(G) which induces
a C*-product on J} N Cp(G) . The product in this case is simpler because
the constant-1 function is harmonic. For complex measures o, J; need not
contain constant functions but the C*-product can be defined in terms of an
extremal function in J} and its explicit form for JNCp,(G) is given in The-
orem 2.2.17. Paterson [64] has also studied the case of a compact topological
semigroup G and the corresponding Poisson space for a non-degenerate prob-
ability measure o . We note that Willis [83] has studied the Banach algebraic
structures of L'(G)/J, in detail, for a probability measure o.

There is a non-commutative analogue of harmonic functions in the context
of Fourier algebras and group von Neumann algebras. The non-commutative
version of the duality between L'(G) and L°°(G) is that between the Fourier
algebra A(G) and the group von Neumann algebra VN(G) of a locally com-
pact group G . Given a complex function ¢ in the Fourier-Stieltjes algebra
B(G) > A(G) which acts on VN(G) , we define I, to be the norm-closure
of {op—¢:¢ € AG)} in A(G). Then I, is a closed ideal in A(G) and
its annihilator I} = (A(G)/I,)" is the space {T € VN(G):0.T =T} which
we call the o-harmonic functionals on A(G) . The reason for this terminology
is that, if G is abelian and if o = @ is the Fourier transform of a mea-
sure  on the dual group G , then I identifies with Ji C L>=(G) where
dji(z) = du(x~"'). For arbitrary groups G , we can therefore view I} C VN(G)
as a non-commutative analogue of J}+ C L>(G) . The space I} was first stud-
ied by Granirer in [31]. We show that, for o € B(G) with ||o|| =1, there is
a contractive projection P : VN(G) — It (see also [31]). In contrast to the
case of JI , the space I+ mneed not form a C*-algebra , but by results of [25,
48], P induces a Jordan algebraic structure on I+ which is therefore related to
infinite dimensional holomorphy and gives many interesting consequences. The
Banach algebraic properties of A(G)/I, are derived in Section 3.2. Although
LY(G)/J, is always an Ll-space, A(G)/I, need not be a Fourier algebra.
We give necessary and sufficient conditions for A(G)/I, to be isometrically
isomorphic to the Fourier algebra of a locally compact group. The Jordan and
geometric structures of I are studied in Section 3.3. We show that I} is a
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JW* -algebra and determine when it is a von Neumann subalgebra of VN(G) ,
and when it is a Jordan subtriple of VN(G). We give in Theorem 3.3.12 an
explicit form of the Jordan triple product in I} which is the non-associative
counterpart of the C*-product in Ji . We also explain briefly in this section
the relationship between Jordan triple systems and symmetric manifolds. By
[16], a connected component M of projections in I3 is a symmetric real an-
alytic Banach manifold. As in [16], we define an affine connection on M and
describe its geodesics. In Section 3.4, we study the Murray-von Neumann classi-
fication of I} and we classify I} by the geometric properties of its preduals.
We show that the types of I} are invariant under linear isometries.

It will be of significant interest to study other properties of the Banach
algebras L'(G)/J, and A(G)/I, , such as cohomology and amenability, when
Jy is a two-sided ideal of L*(G) . It will also be of interest to study further
semigroup properties and harmonic analysis of the Poisson space of a complex
measure on a locally compact group.

Recently, matrix-valued harmonic functions on groups have been studied
in [15] and shown to form a ternary Jordan algebra, that is, a Jordan triple
system, by the fact that they are the range of a contractive projection on a
non-abelian von Neumann algebra. This provides a new setting to extend the
results in this monograph as well as other well-known results on scalar-valued
harmonic functions.

Finally, we hope that the connection between Jordan algebras and har-
monic analysis can be developed further.



2. Harmonic functions on locally compact groups

In this Chapter, we study the space of bounded (left uniformly continuous)
o-harmonic functions on a locally compact group G with respect to a complex
measure o on G . We first show that, for ||o|| = 1, it is the range of a
contractive projection on L*°(G) and hence it has an abelian von Neumann
algebraic structure. Further we show that the von Neumann algebra product is
given by

(> 9)@) =tim [ fo~ aaty gy~ 2)dnals) (2 €C)

where p, belongs to the convex hull of {¢™ :n > 1} and wu is an extreme
point in the closed unit ball of the space. We derive a Poisson integral repre-
sentation of the o-harmonic functions on a Poisson space II, and we show
that II, has a natural semigroup structure. Moreover, it is a compact left
topological semigroup. Consequently its minimal ideal is isomorphic to a simple
semigroup. We also discuss almost periodic and distal harmonic functions and
related compactifications. We end the Chapter with some examples as well as
supplementing Azencott’s result [5] by showing that Poisson spaces correspond-
ing to non-degenerate absolutely continuous measures on a second countable
group have the same semigroup structure under transitive action of the group.

C.-H. Chu and A.T.-M. Lau: LNM 1782, pp. 5-50, 2002.
© Springer-Verlag Berlin Heidelberg 2002



6 HARMONIC FUNCTIONS ON LOCALLY COMPACT GROUPS

2.1. Preliminaries and notation

We denote throughout by G a locally compact group with identity e
and the left invariant Haar measure A. Unless otherwise stated, all groups are
locally compact. By a measure on G, we mean a real or complex-valued regular
Borel measure (of totally bounded variation).

Let Cy(G) be the Banach space of complex continuous functions on G
vanishing at infinity. Then its dual Cy(G)* identifies with all the complex
regular Borel measures on G, also denoted by M(G). For o € M(G), its
norm |o|l is the total variation |o|(G). We denote by M, (G) the cone of
positive measures in M(G). Let MY(G) = {0 € M(G) : ||o| = 1} and
Mi(G) = MY (G) N My (G). Given p € My(G), its support is denoted by
supp p. We note that if p is absolutely continuous (with respect to A ), then
the group generated by supp p is open.

A measure p € M(G) is called non-degenerate if the semigroup generated
by supp |p| is dense in G. If u is non-degenerate, then it is adapted which
means that supp |p| generates a dense subgroup of G. The following lemma is
known [41, p. 32], we include a proof for completeness.

Lemma 2.1.1. Let G be a locally compact group with p € M(G). Then
supp|u| is o-compact. If i is adapted, then G is o-compact.

Proof. Write S = supp|u|. By regularity of p, there exist compact sets

S1CSyC...

such that S = OLﬁl Sn. We can find open sets U; C Uy C ... such that
n=
S, C U, with U, compact. Let

Gn=JW,uu Yy = | (T u@) )"

m=1 m=1

where we note that U C U2U~! for an openset U. Then (G,,) is an increasing
sequence of o-compact clopen groups with G, O S,. It follows from S =

ole Sp C (Ej)l G, that S is o-compact. Finally, if p is adapted, the above
n=

n=

argument shows G = (EJol G, which is o-compact. (]
n=
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Lemma 2.1.2. If an abelian group G admits an adapted measure p € M(G),
then its dual group G is first countable.

Proof. The sets of the form
P(Fe)={xe€@: |x(x) -1 <eVz e F}

where F' is a compact subset of G and ¢ > 0, form a neighbourhood base
of the identity ¢ € G (cf. [38,p.361]). Let G = Ole Ole (Un U (Un)_l)m

be as in Lemma 2.1.1, where U, is open and U, compact. Then the finite
intersections of the family

{P((Un U (Un)_l)m, %) tm,n, k€ ]N}

form a countable neighbourhood base at « € G. O

Given Borel functions f,h: G — C and o € M(G), we will adopt the
following notation whenever it is well-defined:

/f (s )dA(y)
(0% f)(x /fy Le)do(y
(f % 0)(x / fay™) Ay )do(y)

where A is the modular function on G. We also define

da(y) = Ny)do(y™)
ds(y) = do(y™') = do*(y).

For the duality (-, -): L}*(G) x L>=(G) — C, we have

(fxo,hy=(f,hx0o)
(o* f.h)=(f,cxh)

where f € LY(G), he L*(G) and o€ M(G).
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Let J, be the norm-closure of {5 * f — f : f € L*(G)}. Then we have
J+=1{h e L*(G):0xh=h}. We note that

{(fro—f:fe L)} ={heL™(G):h+5=h)

A Borel function h : G — C is called o-harmonic (or harmonic if o is
understood) if it satisfies the convolution equation

o*xh=h.

The space J3 of (essentially) bounded harmonic functions will be our main
object of study in this chapter.

We first discuss briefly the case when J3} is trivial for a probability mea-
sure o on G . The celebrated Choquet-Deny Theorem [11] states that, if G
is abelian, then the bounded o-harmonic functions are constant if (and only
if) o is adapted. For convenience, we say that G has the Liouwille property
if given any non-degenerate absolutely continuous probability measure ¢ on
G, the bounded o-harmonic functions on G are constant. It is well-known
that the compact groups [51] and nilpotent groups [4,14,22,36] have the Liouville
property. It has been shown in [45] that nilpotent groups of class 2 have the
stronger Liouville property in that one need not assume absolute continuity of
o . It has also been shown in [17,18] recently that almost connected [IN]-groups
have the Liouville property. In fact, it is shown in [18] that if o is nonsin-
gular with its translates, but not necessarily absolutely continuous, then every
bounded o-harmonic function on an [IN]-group G is constant on each con-
nected component of G . We recall that a locally compact group G is called
an [IN]-group if the identity has a compact invariant neighbourhood. A group
G is called a [SIN]-group if every neighbourhood of the identity contains a com-
pact invariant neighbourhood which is equivalent to the fact that the left and
right uniform structures of G coincide. We note the following relevant result
[46,70] which shows that J& is never trivial if G is non-amenable and o a
probability measure. We recall that a locally compact group G is amenable
if there is a positive norm one linear functional on L°(G) which is invariant
under left translation. Solvable groups and compact groups are amenable, but
the free group on two generators is not amenable.

Proposition 2.1.3. Given a locally compact group G , the following conditions
are equivalent:

(i) There is a probability measure 1 on G such that the bounded p -harmonic
functions are constant;
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(ii) G is amenable and o -compact.

Let G be the dual space of G consisting of (equivalence classes of)
nonzero continuous irreducible representations 7 : G — U(H,) where U(H,)
is the group of unitary operators on the Hilbert space H,. For o € M(G)
and f € L'(G), we define their Fourier transforms to be the following bounded
operators on H :

() = [ wla ot Fir) = [ foimaar)

Lemma 2.1.4. Let o be a positive adapted measure on G and let o = o(G).
Then o is not an eigenvalue of &(m) for all m € G\{t} where v s the
one-dimensional representation t(x) = Id.

Proof. We may assume « = 1. Suppose otherwise, that o (7){ = £ for some
unit vector £ € H;. Then

= (6mee) = [ (xe)dota)
_ / Re (r(z~1)¢,€) do(z).

If Re (m(z71)¢,£) <1 for some x € suppo, then the inequality holds in some
open neighbourhood V of x by continuity and hence

/Re<7r Ne, &) do(z) + / Re (m(z71)¢, &) do(z)
G\V
o(V)+o(G\V)=1

which is impossible. So we have <7T(x’1)§, §> =1 for = € suppo which gives
m(x~1)¢ = €. Tt follows from the adaptedness of o that 7(x)¢é = ¢ for all
x € G contradicting 7 # ¢. O

We recall that a locally compact group G is called central if the quo-
tient group G/Z is compact where Z is the centre of G. Central groups are
unimodular and their irreducible representations are finite-dimensional. Given a
central group G, it has been shown in [35] that G admits a Plancherel measure
n with the following Fourier inversion formula for f € L'(G) :

Fa) = /a (dim ) tr (F(m)m(2)*)dn(r) (2.1)
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whenever the function 7+ (dim w)tr(f(w)w(m)*) e LY( @) for zeG.
The following lemma is straightforward.

Lemma 2.1.5. Given any locally compact group G with o € M(G) and
a € C, the following conditions are equivalent for f € L*(G) :

() oxf—af A
(i) f( Yo (m )704f( ) forall me@.

We give below a proof, which is different from [51] but generalizes to central
groups, of the Liouville property of compact groups.

Lemma 2.1.6. Let o be an adapted probability measure on a compact group
G andlet [ be a continuous function on G satisfying ox f = f. Then f is
constant.

Proof. Since G is compact, each 7 € G is finite dimensional and w(x) =
(mi;(x)) is a matrix. By the Peter-Weyl Theorem, we have in L?(G),

F=3 Y (dimm)f(m)jmy

weCAJ 1<i,j<dim 7

where f(m)ij = [, f(x)mi;(@V)dA(z). We have f(m)a(r) = f(r) and by
Lemma 2.1.4, the matrix Iy — &(m) is invertible for 7 € G\{¢} which gives
f(m) =0 for m . So we have

széﬂww@

The following result generalizes Lemma 2.1.6.

Proposition 2.1.7. Let G be a central group and let o be an adapted prob-
ability measure on G. If f € Ll(G) satisfies o x f = f and the function
7 (dim7)tr(f(m)m(z)*) € LN(G) for x € G, then f is constant.

Proof. By Lemma 2.1.4, 1 is not an eigenvalue of the matrix &(w) for all
7 e G\{t}. So &(r)— Iy, is invertible for such 7. From Lemma 2.1.5, we
have f(w) (6(m) — In,) = 0 which implies f(w) =0 forall 7€ é\{L} The
inversion formula in (2.1) therefore reduces to f(z) = f(:)n{¢} for all z € G.

U
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Remark 2.1.8. Let 0 € M(G) and o € C with |a| > ||o]| > 0. If fe LP(G)
with 1 <p<oo and ox* f=af, then f=0. Forif |f| >0, then we have
11 < bl <)) Hence J- = {0} if o] <1.

We note that central groups have the Liouville property as shown in [28;
Theorem 5.1]. We give an alternative proof below. The definition of a right
uniformly continuous function is given in the next section.

Proposition 2.1.9. Let o be a non-degenerate probability measure on a cen-
tral group G and let f : G — IR be a bounded right uniformly continuous
o-harmonic function. Then f is constant.

Proof. By [14; Lemma 1.1], we have
flaz) = f(a) (a €@, z€2)

where Z is the centre of G. We can therefore define f: G/Z - IR by
f(aZ) = f(a) for a € G. Let & be the image measure on G/Z of o under
the quotient map ¢ : G — G/Z . Then & is non-degenerate and o * f: f
By compactness of G/Z, ]77 and hence f, is constant. O

Example 2.1.10. We note that the Choquet-Deny Theorem does not hold for
complex measures. Define o € M'(IR) by

1 .
o(S)=— edx
27 Jsno,2n)

where S is a Borel subset of IR. Then supp|o| = [0,27], o(IR) = 0 and
o] = [o|(R) = o= [ |e**|dz =1 . Let f:IR —s C be given by f(z) = €@ .
Then f is a nonconstant bounded o-harmonic frunction and o * f2 =0

In the following section, we will derive a Poisson representation of bounded
o-harmonic functions for o € M(G) with |o| = 1.

2.2. Poisson representation of harmonic functions

In this section, we derive a Poisson representation for bounded uniformly
continuous complexr harmonic functions on a locally compact group. This is
achieved by introducing an abelian C*-algebraic structure on these functions
which enables us to use the Gelfand transform to obtain the Poisson space for the
representation. Such technique was first used by Furstenberg [27] for bounded
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o-harmonic functions on a semisimple Lie group, and extended to locally com-
pact groups G by Azencott [5], where o is an absolutely continuous probability
measure and the C*-product of two uniformly continuous harmonic functions
f and h is given by the formula

(f - h)(z) = lim : fly™ o)h(y~ w)do™ (y)

n—r oo

where o™ is the n-times convolution of o. For arbitrary locally compact
group G and complex measure o € M1(G), the constant functions need not
be o-harmonic and the C*-structure is obtained in a more elaborate way,
using the structure theory of contractive projections on abelian C*-algebras,
but the C*-structure thus obtained coincides with the one above in [5,27] if o
is a probability measure. Therefore our construction gives a unified approach to
the Poisson representation as well as some functional analytic insights.

We have already mentioned that in the case of a probability measure o ,
Paterson [63,64] has also obtained a Poisson space using a contractive projec-
tion, but the C*-structure in this case is simpler as the constant-1 function is
o-harmonic . For complex measures o , we use Friedman and Russo’s result [26]
to obtain the C*-structure in terms of an extremal harmonic function.

Let o0 € M(G) be absolutely continuous and let f € L*(G). Then
o % f is right uniformly continuous (cf. [38, 20.16]) and so is every bounded
o-harmonic function on G where a function ¢ : G — C is right uniformly
continuous if for any € > 0, there exists a neighbourhood U of the identity
such that zy~! € U implies |p(z) — ¢(y)| < e. If we define the left and right
translates of ¢ through y by

(Lye)(x) = oy z) = (6, * ) (x),

1
R,o)(z) = p(zy) = —— (@ *d0,-1)(x
(Ry)(w) = 9(a1) = Foos (o%0,-)(@)
then a function ¢ in L°°(G) is right uniformly continuous if, and only if,
[Lyp —pllc =0 as y—e

where |- |lcc denotes the essential sup norm, ¢ is left uniformly continuous if
IRy — ¢lloc = 0 as y — e. Let Ch(G) denote the C*-algebra of bounded
continuous functions on G and let Cy,(G) [Cry(G)] be the C*-subalgebra
of Cy(G) consisting of the left [right] uniformly continuous functions. We note
that Cp(GQ) = Cry(G) if, and only if, G is a [SIN]-group [61]. We introduce
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an algebraic product in the dual Cy,(G)* as follows. For each m € Cy,(G)*
and f € Cp(G), we define mo f € L®(G) by

(pymo f) =(fxp,m) (2.2)
where ¢ € L'(G) and @(z) = ¢(z~!). Then we have
mofeCu(G) and (mof)()= (R.f.m)

for z € G [54, Lemma 3]. Now, for m,n € Cy,(G)*, we define their product
momn by

(f.mon) = (mo f,n) (2.3)

where f € Cpy(G). Then (Cy,(G)*,0) is a Banach algebra and the product is
weak*- continuous when the first variable is kept fixed. Given a € G and the
point mass &, € Cp(G)*, we have 0,0 f = L,—1f and therefore §, 0, = dap
for any b € G. There is a linear isometry u € M(G) — 1 € Cyp(G)* where g
is defined by

o) = /G fdy

for f € Cu(G). Wehave pxv=rpov for p,ve M(G).

Let 0 € M(G) andlet J, bethe norm-closure of {5*f—f:f¢€ L' (G)},
as defined in Section 2.1. Then J, is a closed right ideal of L'(G) and if o
is a probability measure, then J, is contained in the ideal

Ly(G) = {feLl(G) : /Gfd)\zo}.

The annihilator J} = (L'(G)/J,)* is the right-translation invariant subspace
of L*°(G) consisting of the (essentially) bounded o-harmonic functions on
G. If o is a probability measure, then evidently J, = L}(G) if, and only if,
dim J} =1, in other words; the bounded o-harmonic functions are constant.
The algebraic structure of L'(G)/J, has been studied in detail in [83] when o
is a probability measure.

Definition 2.2.1. Let o € M(G). We denote by H(o) the closed subspace of
L>(G) consisting of (left and right) uniformly continuous o-harmonic func-
tions on G.
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We have H(o) C J+ N Cp(G) and they are equal if o is absolutely
continuous since, as remarked before, absolute continuity of ¢ implies that the
o-harmonic functions are right uniformly continuous.

Lemma 2.2.2. Given o € M(G), then J+NCy(G) is weak*-dense in Jr+.

Proof. Let {¢o} be abounded approximate identity in L'(G) andlet f € J:.
Then f* Py € J& NCp(G) and for ¢ € LY(G), we have

<w’f> :lién <¢*<Pouf> :horzn W’f*@a)-

O

To obtain a Poisson representation of H (o) we need to turn J7 into an
abelian C*-algebra, but for this we cannot use the pointwise product in L*°(G)
since J: is not closed with respect to this product except in the trivial case.

Lemma 2.2.3. Let o be a probability measure on G and let h € J+ be

continuous such that h®> € J+ . Then h is constant on the subgroup generated

by supp o.

Proof. Tt suffices to show that h(sz) = h(z) for all x € G and s € supp o.

Let x € G and conader hy () h(-z). Then o xh € Cp(G). We have
= [o My tz)do(y) = [, ha(y~)do(y). Since h* € J; , we have

h? () =/Ghi(y‘1)d0(y) = (/Ghz(y‘l)da(y))

Which forces h.(s71) = constant ¢, say, for all s € suppo. Indeed, if ¢? =
Jo b2y Hdo(y) #0, then [, F(y)do(y) =1 where F(y) = 1h,(y~'). As
fGFQ Ydo(y) +1 = 2 and 2F < F? + 1, we have 2F = F?2 +1 a.e. [0]
which gives F =1 ae. [o] and h,(s!) = ¢ on supp o. It follows that

x) = [qcdo =c=h(s"'z) forall se suppo. O

2

Corollary 2.2.4. Let o be an adapted probability measure on. G. The follow-
ing conditions are equivalent:

(i) H(o) is a subalgebra of L>*(G);
(i) H(oc)=C1 where 1 is the constant-1 function.

To introduce a C*-product in H(c) C J+ for o € MY(G), usually
different from the L°°(G)-product, we construct a contractive projection

P:L>®(G) = JF
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(that is, a surjective linear contraction satisfying P? = P ) and use the structure
theory of P, developed in [26,59], to give J: an abelian C*-algebraic struc-
ture. If o is absolutely continuous, this yields readily a Poisson representation
of J+ and hence of H(o) = J+NCyp(G). We note that, however, H(o) need
not be a subalgebra of J} and that the group G may not act continuously
on the Poisson space for the representation. But if the identity of J7 falls into
H(o), then H(o) is a subalgebra of J and the group action is continuous.
In particular, if o is a probability measure, then the constant-1 function is the
identity lying in J-NCy,(G) which becomes a C*-subalgebra of J; and our
C*-product coincides with the product defined in [5,27].

Let 0 € M'(G). We now construct a contractive projection P : L*°(G) —
JE.

Proposition 2.2.5. Let 0 € M*(G). Then there is a contractive projection
P, : L®(G) — J+ satisfying P,(o* f) = o x Py(f) for all f € L™(G).

Proof. Let T, : L>(G) — L*(G) be the convolution operator T,(f) = o * f
and let G be the closed convex hull of {77 :n > 1} in L®(G)*" (@) where
L>(@G) is equipped with the weak*-topology. Then for each f € L*(G), the
orbit G(f) ={T(f):T € G} is a weak*-compact convex set in L>*°(G) and
therefore T, : G(f) — G(f) has a fixed-point, that is, G(f)NJ+ # 0. By [55,
Theorem 2.1], there exists P, € G such that P,(f) € J+ for f € L>®(G).
This defines a map P, : L>(G) — J}+ which is contractive since |o|| = 1. For
f € L*(G), wehave P,(oc*f)=0cxP,(f) since P, €co{T" :n>1}. Given
h € Jt, we have T?(h) = h for all n > 1. Hence P,(h)=h, thatis, P, is

a projection onto Ji. (|

Remark 2.2.6. From the above construction of P,, we see that P, commutes
with the right translations, that is, P,(R.f) = R,P,(f) for all z € G. Also,
there is a net (p,) in the convex hull of {o™ : n > 1} such that (u, *
f)  weak*-converges to P,(f) for all f € L*°(G). By the Mackey-Arens
Theorem [69], the net (u,) can be chosen such that (u, * f) converges to
P,(f) uniformly on weakly compact sets in L'(G).

Remark 2.2.7. Let 1 be the constant-1 function in L*°(G). Then P, (1) is
constant function in L°°(G) and since o*P,(1) = P,(1), we have P,(1)
if o(G)=1; but P,(1)=0 if o(G) # 1.

a
1

We note that Proposition 2.2.5 gives the following partial proof of Corollary
2.2.8 (see also [64, p.249]).

Corollary 2.2.8. If there exists o € M1(G) such that J =C1, then G is
amenable.
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Proof. Let P, : L=(G) — J}+ = C1 be the contractive projection in Proposi-
tion 2.2.5. Then the functional m : L*°(G) — C defined by P,(f) = m(f)1
for f e L>*(G) is a right-invariant mean.

Let A be a unital abelian C*-algebra and let P : A — A be a con-
tractive projection. Lindenstrauss and Wulbert [59] have shown that the range
P(A) is linearly isometric to a unital abelian C*-algebra if, and only if, the
closed unit ball of P(A) contains an extreme point. In [26], Friedman and
Russo show that the result remains true without A being unital and they also

construct an explicit C*-structure on P(A) as follows. Let u be an extreme
point of the closed unit ball of P(A). For f,g € P(A), define

fxg= P(fu*g)
F* = P(uf*u).

Then (P(A), x,*) is an abelian C*-algebra with identity w and the original
norm.

Corollary 2.2.9. Let ¢ € M*(G). Then J}+ s linearly isometric to an
abelian von Neumann algebra.

Proof. This follows from the above remarks since J} is a dual space and its
closed unit ball contains extreme points.

The above corollary implies immediately that L'(G)/J, is isometrically
isomorphic to some L!-space which gives an alternative proof of part of [83,
Theorem 2.1] as well as extending it to the case of complex o .

We note that the extreme points of the closed unit ball of L>*(G) are
exactly the unitaries, that is, functions taking values in the unit circle T . Hence
a function u: G — T satisfying o *u = u is an extreme point of the closed
unit ball of J .

From now on, we fix an extreme point u of the closed unit ball of J1t.
Then J& is an abelian von Neumann algebra with identity u , under the fol-
lowing product and involution:

f ﬁ g = PU(fﬂg)
f* = Py(ufu).
If o is a probability measure, then 1 € J} and we will take u = 1 in which

case we have the product f x g = P,(fg) and involution f* = P,(f). By
the Banach-Stone Theorem, the product f x g is the same as the one defined
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in [5,27] as the pointwise limit of the sequence (¢™ * fg). We will show that
f x g is also the weak*-limit of (o™ % fg). We first proceed to the Poisson
representation of J} with absolutely continuous o.

Let J+ beequipped with the above abelian von Neumann algebraic struc-
ture in which the identity is u. Let X, be the pure state space of J} so that
J+ is isometrically *-algebraic isomorphic to C(X,) via the Gelfand map

feJte feCx,) where f(s) =s(f) for s € ¥,. We also write (f,s)
for s(f) and note that 3, is a Stonean space.
For x € G, the right-translation R, : J- — J} induces an isometry

felCE,) — Ry - f € C(E) where R, - f = R:f. By the Banach-Stone
Theorem, there is a homeomorphism 7, : ¥, — ¥, such that

~

(Ruf,s) = Ry f(s) = Ryu(s)f (7a(s))

~

= (R u, s}f(rw(s)) (2.4)

where |(Rgu,s)| =1 forall se€ X,.

Lemma 2.2.10. For © € G and s € ¥,, we have (Ryu,s) Ri(s) € X,.

Proof. Tt suffices to show that (Ru,s) R%(s) is a multiplicative functional on
Jr. Let f,g € J}t. Then

(f % 9, (R, s) B(s) = (Bouss) (Ra(f % 9).)

= (Ryu, s) (Ryu, s) f% g (Tz(8)>

~

= F(7a(5)) 9(7a(5))

= (Rou, s) (f, Ry (s)) (Rau, s) (g, Ry (s))

by (2.4). O

Lemma 2.2.11. The map (z,s) € G XX, — x-s € X,, defined by
Z-s= <R:1:*1U75> Rr;*l(s)v

is a group action.
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Proof. Let z,y € G and s € ¥,. We show that y-(z-s) = (yz)-s. Write
t=x-s. Then

y-(z-s) = (Ry-1u,t) Ry_.(t)

= (Ry-1u, (Ry-1u,s) RY_,(s)) Ry ((Ry-1u,s) Ri_1(s))

= (Rp—1u, 8) (Ry—1u, B 1 (s)) (Rp-1u,8) Ry Ry (s)
= (RI71Ry71u,s> R?yz)*l(s) = (yx) . s.

O

Notation 2.2.12. For x € G and s € X, we write (R,u,s) = @) where
0:Gx X, —[0,27).
Now we have the Poisson representation of J;.

Proposition 2.2.13. Let 0 € MY(G) be absolutely continuous. Then there
exists a complex Borel measure U, on Y, such that for each f € J+, we
have

/f - 8)e @)y, (s) (x € Q).

Proof. Since o is absolutely continuous, we have J: C C,,(G) and we can
define a measure v, on ¥, by

for } € C(%,). Then for f € J} and x € G, we have, from (2.4),

_ / Row, s) (f, R5) (Rou, s) dvy(s)

= [ Tt e e
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We now consider the space J-NCy,(G). Let w: (J3)* — (JFNCw(G))”
be the restriction map. We define an equivalence relation ~ on 3, by

s~ s <= w(s)=w(s') and (Ryu,s) = (R.u,s')VzeQqG.

Let II, =3,/ ~ be equipped with the quotient topology which is compact, and
let v, be the image measure on II, of 7, by the quotient map X, — X,/ ~ .
The group action G x 3, — X, defined in Lemma 2.2.11 induces a group action
G x1l, = I, given by z-[s]. =[z-s]~ for x € G and [s]. € II,. Given
feJrnNCu(G) and x € G, we regard R:f as a function on II, by the
following well-defined identification

—~

R f([s]~) = (Raf, [s]~) = (Raf, 5).
Likewise we write
ef(@:[s]~) — (Ryu, [s]~) = (Ryu, s)

for x € G and [s]. € 1l,.

Remark 2.2.14. If u € J+ N Cpy(G), then TI, identifies with w(X,) and the
above group action can be written as z -t = (R,-1u,t) RX_,(t) for (z,t) €
G x I1,.

Proposition 2.2.15. Let 0 € MY(G) be absolutely continuous. Then there
exists a complex Borel measure v, on I, and a function 6 :G x1, — [0,2m)
such that for each f € H(o), we have

f(z) = /H ;(x_l )@ dy (1) (z e ).

Proof. Let f € H(o) and let v, be defined as above. Then, by Proposi-
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tion 2.2.13, we have
f(z) = /Z (Rof,s) 7 (s)
- / (R f[5]) v (s]-)
II,
- /H B 52) (Rof 1) (Ratw, [s]) dvo([s])
- F@t - [s])e? = du, ([s).)

for z €. O

Although the spaces X,, II, and the group action are constructed in
terms of the chosen identity u € J3, they are unique in the following sense. Let
v € J& be another extreme point of the unit ball such that (J, x, *, || - [le)

v v
is an abelian C*-algebra isomorphic to C(X7) via the Gelfand map where
YU C (J}F)*. Then the identity map from (J1, x, *) to (J3, x, %) is an
u u v v

[eanl o

isometry and hence there is a homeomorphism 7 : £% — 3, such that, for

f € J+ with /]; € C(X,), we have

F(r@) =Tu ) (f,t) (tesxy).

Further, the homeomorphism is equivariant, that is, for = € G, we have 7(x -
t) =x-7(t) where

x-t=(Ry-1v,t) Ri_.(t)

r—1

and z-7(t) = (Ry-1u, 7(t)) Ri-1(7(1)).

If w and v arein J}:NCp(G), then T, and MY are equivariantly homeo-
morphic as above.

Definition 2.2.16. Given an absolutely continuous measure o € M(G), we
call II, and v,, constructed above, the Poisson space and the Poisson measure
for o, with respect to u. The reference to u is often understood and omitted.
If o is a probability measure, we will always choose u = 1.

The Poisson representation points to an interesting and relevant object
of study, namely, the Poisson space II, which should reveal useful structural
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information about H(o) and J;. We will show some interesting properties
of TI, and H(o) in the case of the extreme point u € J} falling into H (o)
which occurs, for instance, when o is a probability measure and u chosen to
be the constant-1 function in H(c). We note that, for absolutely continuous
o, J+=H(o) if G isa [SIN]-group and in this case, II, is a Stonean space
by Corollary 2.2.9.

Assuming and fixing u € J} N Cy,(G) for the rest of this section, we first
investigate the C*-structure of J N Cpu(G).

Theorem 2.2.17. Let 0 € MY(G) and u € J-NCp(G). Then JENCu(G)
is an abelian C*-algebra and there is a net {io} in the convex hull co{o™
n > 1} such that the C*-product is given by

(f x g)(x) = lim /Gf(y’lx)ﬂ(y’lx)g(y’lx)dua(y)

for f,9€ JFNCuu(G) and z € G. In fact, pe*(fig) — fxg uniformly on

compact subsets of G.

Proof. Let f,g € J+NCy,(G). Since u € Cy,(G) and P, commutes with right
translations by Remark 2.2.6, we see that f x g = P,(fug) and f* = P,(ufu)

arein Cp,(G). Hence JENC(G) isa C*-subalgebra of J. Write h = fug
and let K, = {Z)\ iLy.h:z; € G, Z|)\ | <1}. Denote by Kj the pointwise
closure of Kj,. We show that

Kp={poh: peCy(G)" and |ul <1} C Cuw(G)
where poh is defined in (2.2) and poh € Cp (G) with (o h)(z) = (Ryh, i)
for x € G. Let k € K, be the pointwise limit of a net k, = Z/\?Lx?h in K.

Let fia = 3 Afd(zo)-1. Then we have po € Cp(G)" and |pall < 1. Passing

to a subnet, we may assume that (u,) weak*-converges to some p € Cp(G)*
with ||u]| < 1. Then for y € G, we have

(o h)(y) = lim(pa 0 h)(y) = lim (Ryh, pa) = lim ka(y) = k(y).

Therefore k = poh. Conversely, given p € Cp(G)* with ||u|| <1, it is the
weak*-limit of a net (us) of the form p, = Z)\ dze with Z|)\a| < 1. As

before, poh is the pointwise limit of py o h € Kh
Next we show that K is equicontinuous. Let ¢ > 0. Then there is a
neighbourhood V' of e such that v='u € V implies ||R,h— R,h|| <& which
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gives |(uoh)(v) — (o h)(u)] < ||Ruh — Ryh|| < e for all p € Cp(G)* with
([l < 1.

By Remark 2.2.6, there is a net (pq) in co{o™ : n > 1} such that
lo * b weak*-converges to P,(h) = f x g. We have p, *xh = fiooh €
K. We can regard p, € Cp(G)*, and by taking a subnet, assume that (jiy)
weak*-converges to some 1 € Cp(G)* with ||@|| < 1. Then (fy *h) is a net
in Kj converging pointwise to jioh € K. By Ascoli’s theorem, (o * h)
converges to 1o h on compact subsets of G. So

(fs 1o x h) = (f,fio h)

for continuous functions f on G with compact support which are norm-dense
in L1(G). As K; isbounded by ||h|| in L%°(G), wehave (uq*h) converges
to fioh inthe weak*-topology of L*°(G). Hence fxg = jioh which completes

the proof. O

Corollary 2.2.18. Let o be an absolutely continuous probability measure on
G. Then the C*-product in H(o) is given by f x g = weak*-lim o™ x fg
n—oo

for f,g € H(o).

Proof. Since ¢ is a real measure, we have the involution f* = P,(f) = P,(f) =
f for f € H(o). By [5,27], H(c) is an abelian C*-algebra with product
(f-9)(z) = nh_}n;o (6™ % fg)(x) for = € G. By the Banach-Stone Theorem, we
have f x g = P,(fg) = f-g. As in the above proof, (¢™ % fg) converges
pointwise, and hence weak*, to f x g€ ng by equicontinuity. O

Now we investigate the action of G on the Poisson space II,. For each
x € G, the homeomorphism 7, : ¥, — X, in (2.4) induces a weak*-continuous
algebra homomorphism 7, : J+ — J given by

(Tzf, 8) = (Ryu, 8) (Rof,s) (f € JUL, s€X,) (2.5)

which is a ‘perturbation’ of the right translation R, by R,u. Given u € Cp(G)
and f € J+ N Cu(G), we have 7.(f) € J+ N Cpu(G). We also note that, for
feJt, wehave fe Cp(G) if, and only if, the map = € G+ 7,.f € J+ is
continuous with respect to the norm-topology of Jit.

Proposition 2.2.19. Let o0 € MY(G) be absolutely continuous and u € H(o).
Then the group action

(x,8) € G xII, = (Ry—1u,s) Ri_1(s) € I,
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is jointly continuous. If the group action GXX, — ¥, is separately continuous,
then J} C Cou(G), thatis, J+ = H(o).

Proof. For u, f € Cp,(G), we have ||Ryu—ul| - 0 and ||Ryf — f|] = 0 as
x — e. It follows that the group action G x 11, — Il, is separately continuous,
and hence jointly continuous by compactness of II, [23].

Now if the action G x ¥, — X, is separately continuous, then it is
jointly continuous. Let f € Ji. To show f € Cpu(G), we show that the map
r € G T,f € J+ iscontinuous. Let (z,) be anet converging to x. Suppose
17w, f — Tofll = 0. Then there is a subnet (x3) such that

|Fapf — Tufl| > >0 foral B.

Let sg € X5 besuch that ||T.,f—7.fl| = [Ty f —7of,53)|. There is a subnet
(sy) of (sg) weak*-converging tosome s € ¥,. The jointly continuous group
action gives the following contradiction:

0<e< | <Rx»yu7 8> <R:rwf7 57> - <RIU7 37> <sz7 5v> |

— [ (Rau, s) (Rof,8) — (Rau, s) (Rof,8) [ = 0.
So |[Fonf —Fufll = 0 and f € Cuu(G). O

Example. In general J: # JX N Cy(G). Let 0 € MY(G) be the natural
extension of the Haar measure on a compact normal subgroup H of G. Then
J+ = L*®(G/H) asthe o-harmonic functions are constant on the cosets of H.
Since J+ N Cp(G) = Cp(G/H), we have J+ = J+- N Cy,(G) if, and only if,
G/H is discrete or equivalently, H is open.

Given u € J+ N Cp(Q), then J+NCp(G) is a C*-subalgebra of Jit
and I, = w(X,) is the pure state space of J}+ N Cy,(G) which can be seen
from the fact that the pure states of an abelian C*-algebra are exactly the
multiplicative states. We end this section with the following description of the
state space S(JE N Cpu(G)) of JF N Cuu(G).

For z € G, we define ud, € Cp,(G)* by

(f,08,) = (af,6,) = u(x) f(z)

for f € Cpu(G). We also write @, for its restriction to J;} N Cpy(G).
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Proposition 2.2.20. Let 0 € MY(G) and u € JF NCe(G). Then S(J3 N
Cou(G)) = co{ud, : x € G} and 1, C {ud, : « € G}~ where the first and

last bar <’ denote the weak*-closure and ‘co’ denotes the convex hull.

Proof. We have {ud, :z € G} C S(J;y NCp(G)) since (4dy)(u) =1 = ||ud,||
and w is the identity of the C*-algebra Jt N Cy,(G). Conversely, let s €
S(JF N Ceu(G)) and let 5 € Cp(G)* be a norm-preserving extension of s.
Define us € Cp (G)* by

(us)(f) = s(uf)

for f € Cpu(G). Then (us)(1) = s(u) =1 = ||us||, that is, us is a state of
Cou(G) and hence us € @ {0, : ¢ € G}. Therefore 5 € ¢o {ud, : z € G}.
The second assertion follows from Milman’s theorem. O

We note that the intersection II, N{@d, : x € G} is most likely empty as
the following result shows.

Proposition 2.2.21. Let 0 € MY(G) and u € JFNCpu(G). Then U, N{ué, :
r €GY#D if and only if, fxg= fug forall f,g€ J+NCp(G), in which
case 11, = {ud, : x € G} .

Proof. Let s = ud, € I, for some x € G. Then for any y € G, a direct
computation gives wd,,-1 =y-s € Il,. Hence {ud,:ze€ G}~ CII, and they
are therefore equal. Let f,g € H(o) and consider f x g, fug¢€ Cp(G). For
every z € G, we have (f x g, ud,) = (f,ud,) (g,ﬂdz)u: a(z)f(2)u(2)g(z) and
so 8.(f x g) = f(:)u(=)g(2) = 6-(fug). Therefore f x g = fug.

Coﬁversely7 the condition f x g = fug implies tffat ud, is multiplicative
on the C*-algebra Jj- N Cou(G) ufor r € G, thatis, ud, € Il,. O

If o is a probability measure with u = 1, then the involution in J} N
Cyu(G) 1is the complex conjugation and the above result can be stated as follows.

Corollary 2.2.22. Let o be a probability measure on G. Then I, N {d, :
z € G} A0 if, and only if, JF N Ce(G) is a C*-subalgebra of L*>(G).
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2.3. Semigroup structures of the Poisson space

Given o € M'(G), the space Ji of bounded o-harmonic functions is
right-translation invariant. We first examine the case when J& is also left-
translation invariant. The motivation for such consideration is that, in this
case, the Poisson space II, admits a semigroup structure which is the main
object of study in this section. We note that Paterson [64] has also studied a
certain semigroup structure of Il, in the case when G is a compact topological
semigroup and o is a non-degenerate probability measure.

We observe that J3} is left-translation invariant if, and only if, J: N
Cru(G) is so. This follows from the fact that J}: N Cu,(G) is weak*-dense
in J}1 and that left translation is weak™- continuous Evidently, if o is central
which means that [ h(zy)do(y) = [, h(yz)do(y) for all h € L>°(G), then
J+ is translation invariant. The followmg lemma is easily verified.

Lemma 2.3.1. Let o € M(G). The following conditions are equivalent:

(i) Jt is translation invariant;

(ii) J, is a two-sided ideal in L'(G);
(iii) For every h € J+ N Cuu(G), we have

/G Wy~ '2)do(y) = /G Wy~ ") do(y).

Given that JZ is also left-translation invariant, the quotient L(G)/J,
is a Banach algebra and the dual (J})* = (L'(G)/J,)" is also a Banach
algebra with the second Arens product o defined as follows:

(i) For feJt and p=1 + J, € L}(G)/Jy, define p-f € J+ by

where ¢= ¢+ J, € L'(G)/J,.
(i) For fe€ Jt and m € (J})*, define mo f € J: by

{(p,mo f)=(p-fm)

for pe LY(G)/J,.
(iii) For m,n € (J1)*, define mon € (J1)* by

(fimon) =(mo f,n)
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for feJt.

We note that, in the above definition, p-f = fxi) € J+NCp(G) and that
mo f € JFNCuu(G) for f € JFNCpu(G). We also have (mo f)(z) = (R f,m)
for © € G [54, Lemma 3]. It follows that the restriction map w : (J)* —
(JFNCu(@)) " is an algebra homomorphism where (JFNCeu(@)) " is equipped
with the Banach algebra product as defined in (2.3).

Lemma 2.3.2. Let u be the identity in J}+. The following conditions are
equivalent:

(i) w is a multiplicative functional on L'(G)/Jy;
(ii) w s a continuous character on G;
(iii) v 1(0) = {po + J, € LYG)/Jys : {p,u) = 0} is a two-sided ideal in
LY(G)/ s
(iv) {¢+J, € LYG)/Js : (p,u) =1 and ¢+ J, > 0} is a semigroup in
LY(G)/J, where ¢+ J, >0 means that (@, f) >0 for every f € J*
with f > 0.

Proof. (i) = (ii). Lift u to a multiplicative linear functional u’ on L!(G)
via the quotient map. For ¢,v € L'(G), we have

/G W () )u()dAy) = () () = o+ )
- / (% ) ()u(z)dA()
G
- /G Ay Yo(ay ) (y)u(z)dM@)dA(y)
=/GU’(A(y‘l)Ry—w)w(y)dA(y)

which gives

u'(p)uly) = v (Ay~ ) Ry-1¢) (2.6)

for A-almost all y € G and that u is continuous M-almost everywhere on
G since the map y € G — A(y ')R,~1¢ € L'(G) is continuous. We may
therefore assume that w« is continuous everywhere and (2.6) holds for all y € G.
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It follows that

for all z,y € G and wu is a character on G as |uljcc = 1.

(i) = (iv). If (p,u) = (,u) =1 for ¢, € L}(G), then ((p+ J,)* (¢ +
Jo),u) = (p,u) (,u) =1 =|[(p+ Jo) * (¥ + J5)||.

(iv) = (i). Since wu is multiplicative on the semigroup which generates
LY(G)/J,, wu is multiplicative on LY(G)/J,. O

We note that J& contains a character of G if, and only if, o is of the
form wu.o; where wu is a character and o is a probability measure. Indeed,
let w € J+ be a character and let doy(z) = u(z~1)do(z). Then oy is a
probability measure since [, u(z™')do(x) = o * u(e) = u(e) = 1. Conversely,
if o is of the above form, then ¢ *u = u by simple calculation.

We assume in the remaining section that o € M1(G) and JI is trans-
lation invariant with identity w« which is a continuous character on G .

We will show that II, has a natural semigroup structure under the above
assumption. We first recall some basic definitions.

A semigroup S is called a left zero semigroup if all of its elements are left
zeros which means that zy =« for all z,y € S. Similarly S is called a right
zero semigroup if xy =y for all z,y € S. By a left [right] group we mean a
semigroup which is (isomorphic to) a direct product of a group and a right [left]
zero semigroup. The (possibly empty) set of idempotents of a semigroup S is
denoted by E(S).

Let X,Y be nonempty sets and G be a group. Let K = X x G x Y.
Given a map J: X XY — G, we define a sandwich product on K by

(z,g.y)0 (2,9 y) = (x,90(y, z")g".y/).

Then (K,o) is a simple semigroup (i.e. K has no non-trivial two-sided ideal)
and any semigroup isomorphic to a simple semigroup of this kind is called a
paragroup.

Let S be a compact semigroup. It is called a left topological semigroup if
the translations z +— sx (s € S) are continuous. S is called a semitopological
semigroup if its multiplication is separately continuous. It is called a topological
semigroup if the multiplication is jointly continuous.
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Now we are ready to show some semigroup properties of the Poisson space
II,. Let

D, ={ud, :z€G}".

We have shown in Proposition 2.2.20 that II, C D,.
We note that D, C (J+ N CZU(G))* and the latter is a Banach algebra
with the product o defined in (2.3). We equip D, with the weak*-topology.

Theorem 2.3.3. Let J- be translation invariant with identity u which is a
continuous character on G . Then (D,,0) is a compact left topological semi-
group and (Il,,0) is a closed subsemigroup of D, with idempotents. Further,
the following conditions hold:

(i) I, has a minimal ideal K and
K =~ E(plly) x pllyp x E(Il,p)

where p is any idempotent of K and pll, = {pos: s € II,} with similar
definition for pllyp and ,p. Also, E(pll,) is a right zero semigroup,
E(Il,p) is a left zero semigroup and pl,p = pll, NIl,p is a group.

(ii) The minimal ideal K need not be a direct product, but is a paragroup with
respect to the natural map

0: E(pll,) x E(Ilyp) — pllyp : (z,y) — x o y.

(iil) For any idempotent p € K, pll, is a minimal right ideal and M,p is a
minimal left ideal.

(iv) The minimal right ideals in I, are closed and homeomorphic to each
other.

Proof. Since wu is multiplicative, we have for z,y € G,

(ﬂéz) © (E(Sy) = (ﬂ (33)5:10) S (U (y)5y> = ﬂ(ajy)(swy

by (2.3). Let m € D, and a € G, with m = w* —limud,_ . Then for

lim <f, (Wh,,) o (ma)> ~lim <ﬂ (a)Raf,ﬂ5IQ>

= <ﬂ(a’)Raf’m> = <famoﬂ6a>'
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So moud, € D,. Let n € D, with n = w* — lién Uby,. Then for f €
JE N Cu(G), we have

(fymon)=(mof,n)
= lién <mof, ﬂ5wﬁ>

= lién <f, mOE§zﬁ>

since mo f € JXNCy,(G). Hence mon = w*—liéanH(Sm € D, and (Dy,o0)

is a compact left topological semigroup.

To see that II, is a subsemigroup of D,, we need to show that s,s’ € I,
implies sos’ € Il,. For this, it suffices to show that sos’ is multiplicative on
the abelian C*-algebra J}NCy,(G) by the remarks before Proposition 2.2.20.
Let f,g€ JFNCp(G) and a € G. Then we have

so (fxg)(a) = (Ra(f x 9),5)
= (RaPs(fTug),s)
= (Ps(Ra(fug)),s)
= (w(a) Py ((Raf) W (Rag)), s)
= (@ (@)(Raf X Rug). 5)

=1 (a) (Raf,5) (Rag, ).
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Now let s" = w* —lim%@d,,. Then
B8
/ !
(fxg,s08)=(so(fxg)s)

= lién (so(f x 9), Why, )

lim@ (y3) (s © (f % 9)(y))

= lignﬂ(yg) <Ry[,f7 s>ﬂ(y,@) <Ryﬁg7 S>

= lién <3 o f,ﬂéyﬁ> <s o g7ﬂ5yﬂ>

=(f,sos') (g,s05")

which gives so s’ € II,. It follows that II, is a compact left topological
semigroup and has an idempotent [23]. The structure stated in the theorem now
follows from [71]. O

Having shown that II, is a semigroup above, one can, in principle, reduce
the later arguments concerning the semigroup properties of II, , whenever u €
J+ is a character, to the case in which ¢ is a probability measure in the
following way. We can write ¢ = u.c; where o; is a probability measure on
G , and define a linear isometry T : J+ N Cp,(G) — J(,l1 N Ceu(G) by

(Tf)(z) = u(z™") f(z)

for fe€ J+FNCu(G) and x € G . Then the dual map T* satisfies T*(5,) =
ud, for x € G and restricts to semigroup homeomorphisms 7 : D,, — D,
and 7 :1Il,, — II, such that 7 is equivariant:

T(z.8) = x.7(8) (xeG,selly,)

where x.s = R} _,(s) and .7(s) = (R,-1(u),7(s))R;_.(7(s)) . Although it is
simpler to deduce the semigroup results for II,, , we prefer a direct approach
involving u to avoid lengthy conversion of the results for o; to those for o
via T .

Example 2.3.4. If G is a compact group, then D, = {ud, : * € G}~ =
{ué, : * € G} since the map = € G — ud, € (J})* is continuous. By
Proposition 2.2.21, we have II, = D, which is now a compact group and a
homomorphic image of G.
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Example 2.3.5. If G = (Z,+) and o =y, then J} =/¢>*(Z) and II, =
B7Z is the Stone-Cech compactification of Z. In fact, for any locally compact
group G, we have Jit = L>(G) and Ils, is the spectrum of Cp,(G) which
has been studied in [57].

Example 2.3.6. If G = SL(2,IR) and o is a non-degenerate spread out
probability measure on G, then II, = G/K is the circle S!' where K is
the compact subgroup of rotations (cf.[68, p. 211]). We recall that a measure
o is spread out if there exists n € IN such that ¢ and A are not mutually
singular.

2.4. Almost periodic harmonic functions

Having studied the uniformly continuous bounded o-harmonic functions and
their Poisson space II,, we now consider the smaller class of almost periodic
harmonic functions and their algebraic structures.

A function f € L*°(G) is called almost periodic (resp. weakly almost
periodic) if the set Ry = {R,f : « € G} of its right translates is relatively
compact in the norm topology (resp. weak topology) of L°°(G). The defini-
tion is equivalent to saying that the set of left translates Ly = {L,f : z € G}
is relatively compact. The almost periodic and weakly almost periodic func-
tions form C*-subalgebras of L*°(G), and will be denoted by AP(G) and
WAP(G) respectively. Let Cy,(G) = Cp(G) N Cry(G). Tt is well-known that
AP(G) € WAP(G) C Cy(G). See also [9]. If u € J}+ is a continuous char-
acter on G, then it also belongs to AP(G) in which case J}+ NAP(G) is a
C*-subalgebra of J:. We have the following more general result.

Proposition 2.4.1. If the identity u € J+ is in AP(G), then J+ N AP(G)
is a C*-subalgebra of J:. The same result holds for WAP(G).

Proof. Let f,g € J+ N AP(G). We need to show that f x g € J+ N AP(G),
that is, Ryx, = {R.(f x g) : @ € G} is relatively compact in J}t. For z € G,

let 7, :J+ — J be the algebra homomorphism as defined in (2.5):

(Tafys) = (Rou,s) (Rof,s)

for s € II,. Since u € AP(G), {R,u : xz € G} is relatively compact in
J+ N Cp(G) ~ O(I1,) and it follows from the above identity and the Arzela-
Ascoli Theorem that {7,f : * € G} is relatively compact in J; N Cpy(G).
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Another application of the Arzela-Ascoli Theorem to the identity
(Ff % 0),5) = (el ) (Fag,s) (s €TL)

(see the proof of Lemma 2.2.10) implies that {7,(f % g) : ¢ € G} is relatively
u
compact in J; N Ce,(G). Finally

<RT(f >: g),8> = <R»cu,5> <?’I'(f >1j g),s> for s € Ha

again implies that {R,(f x g) : * € G} is relatively compact in J N Cy,(G).
Hence f x g€ AP(G).
u
For the case of u € WAP(G), we note that for bounded sequences in

C(I1,), weak convergence is the same as pointwise convergence. Using the
same identities as before, one can show that {R,(f x g) : * € G} is relatively
u

weakly compact in J N Cy,(G) whenever f,g€ JENWAP(G). O

Given u € J}+NCyu(G), we have shown in Theorem 2.2.17 that there is a
net {ps} inthe convex hull co {¢™ : n > 1} such that (uq*fug) converges to
fxg inthe weak*-topology o (L>(G),L'(G)), forevery f,g€ JFNCpu(G).

Lemma 2.4.2. (i) Given u € WAP(G) and the net {po} in Theorem 2.2.17,
then the net (uo * fug) converges weakly to f x g for every f,g € J+ N
WAP(G).

(ii) Given u € AP(Q), the net p, x fug norm-converges to f x g for

every f,g € J+FNAP(G).

Proof. Tt suffices to show (i). Similar arguments apply to (ii). Let h = fug

and Kj, = {>NLy,h:2; € G, Y. |[\| <1} Then p, *h € K as in The-
i=1 i=1

orem 2.2.17, where the pointwise closure Kj is compact in the weak topology

of Cupu(G) since h € WAP(G). Hence the weak topology agrees with the

weak*-topology of Kj; which completes the proof. O

Definition 2.4.3. Whenever J;NWAP(G) or JFNAP(G) is a C*-subalgebra
of (J+,x), we denote their respective pure state spaces by 1% and II%¢. In

o

this case, the action of G on them is understood to be the natural one induced

by the action (z,t) € G x Iy = -t = (Ryu,t) RE_.(t).
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Let X be a compact Hausdorff space with uniformity . An action of
G on X is equicontinuous if for any y € X and U € U, there exists V € U
such that (x,y) € V implies (a-z,a-y) € U for all a € G.

Let u € J+ N Cp(G) ~ C(Il,). We recall that the weak* topology
on (J+ N Cp(G))" is defined by the seminorms ny : s ~— |(f,s)| where
f€JFNCu(G) and s € (JF ﬂCgu(G))*. Since (7,f,s) = (f,a~1-s) for
f€JFNCu(G) and s € I, by (2.5), we see that the action of G on II,
(always equipped with the weak*-topology) is equicontinuous if, and only if,
{7.f : x € G} is equicontinuous in C(II,) for each f € J}+ N Cu(G). This
leads to the following result.

Proposition 2.4.4. Let u € J+ N Cu(G). If the action of G on I, is
equicontinuous, then J+ N Cp(G) = J+F N AP(G). If u € AP(G), then the
action of G on II% is equicontinuous.

Proof. Let f € J+ N Cp(G). Then the equicontinuity of the action implies
that {7.f :z € G} is equicontinuous in C(Il,), and hence relatively compact
since it is bounded. So f € AP(G) by arguments similar to the proof of
Proposition 2.4.1.

Given u € AP(G), then for each f € J+f N AP(G) ~ C(I12), the set
{7f : © € G} isrelatively norm-compact in C'(II¢), and in particular, equicon-
tinuous. Therefore G acts on II equicontinuously as before. O

Let S, be the state space of Jj- N Cp(G) and let G act on S, via
(z,t) = x -t = (Rp—u,t) RE_,(t). Given u € WAP(G), we let Sy be the

state space of the C*-algebra JXNWAP(G). The above action of G induces
a natural action on SY.

Proposition 2.4.5. (i) There is a locally convex topology T for the dual pair
(JENWAP(G))" and JENWAP(G) such that the action of G on (S¥,T)
18 equicontinuous.

(ii) If there is a locally convex topology T on the dual pair (JgﬂC’gu(G))*
and J+NCp(G) such that the action of G on (S,,T) is equicontinuous, then
JEOWAP(G) = J+ N Cou(G).

Proof. (i) For f € JFNWAP(G), define a seminorm p; on (JENWAP(G))"
by
pr(t) =sup {|(Tuf.t)| : x € G}.

Let T be the locally convex topology on (J& N WAP(G))" defined by the
seminorms {p; : f € JEINWAP(G)}. Since f € WAP(G) implies that {7, f :
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xr € G} is relatively compact in J}+ N WAP(G), it follows from Mackey-Arens
Theorem [69] that 7T is a topology for the dual pair ((J; NWAP(G))*, (J, N
WAP(G))) and G acts equicontinuously on (S¥,T).

(ii) Asin (2.4), for each z € G, thereisamap 7, : S, — (JF ﬂCgu(G))*
such that

<R1‘u’ S> <f7 Tz(3)> = <le7 S>

for f € JFrNCu(G) and s € S,. Write E = (J;F N C’gu(G))* and let
G={m:z € G} C ES-s. Then the convex hull co G has the same clo-
sure @ G in (E,w*)% andin (E,7)% . Since the action of G' on (S,,T)
is equicontinuous, the family G is equicontinuous in (E,7)>7). Therefore
0 G consists of continuous maps from (S,,7) to (E,7T) which are also con-
tinuous maps from (S, w*) to (E,w*) , by convexity of S, . Hence the closure
G in (E,w*)% consists of maps continuous from (S,,w*) to (E,w*). Let
f € JENCu(G) =~ C(Il,). Then the map v € G — f, € C(Il,), where
fy(s) = (f,~v(s)) for s € Il,, is continuous in the weak topology of C(II,).
Therefore {f, : v € G} is weakly compact in C(Il,) and it follows from
{Fof 2 € Gy C{f,:v€G} that fe WAP(G). O

We do not know if S, can be replaced by II, in Proposition 2.4.5 (ii).

Proposition 2.4.6. Given that u € WAP(G) (resp. AP(QG)), then there is
a G-invariant probability measure on IIY (resp. IIZ).

Proof. Let T Dbe the locally convex topology on (Jj‘ N W.AP(G))* defined by
the seminorms {p; : f € JX NWAP(G)}, as in the proof of Proposition 2.4.5.
We observe that the action of Gon (S¥,7) is distal, that is, given a net
(aq) in G with licryn(aoé -8 —aq - t) = 0 in the topology T, we have s = t.

Indeed, for any ¢ > 0 and f € Jf N WAP(G), there exists ap such that
Pr(Gag -8 — ay -t) < €, in other words, sup{|(7Taf, oy $—aay t)|:x € G} <¢
and for z = aq, € G, we have [(f,s —t)| < e which gives s =¢. By Ryll-
Nardzewski fixed point theorem, there exists ¢ € (JF NWAP(G))" such that
ou) =1=|l¢|]| and a-¢ =¢ for all a € G. So the probability measure on
IT¥ representing ¢ is the required G-invariant measure. The case for II% is
proved similarly. O

We have studied conditions in which the Poisson space II, coincides with
I1¢ or II¥. We now study their relationships further under the condition that
J+ is translation invariant.

Definition 2.4.7. We call a semitopological semigroup S amenable if Cy(S)
has an invariant mean p, that is, there exists a positive p € Cp(S)* such
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that ||ull =1 and p(sf) = u(fs) = pu(f) for f e Cp(S) and s € S, where
sf(t) = f(st) and fs(t) = f(ts) for t € S.

Given g € JX NWAP(G) C J}+ N Cpu(G) and m € (JF NWAP(G)),
we can define, as in (2.2), mo f € JX N WAP(G) by

mo f(x) = (Ryf,m)

for x € G. Then (J; N WAP(G))* is a Banach algebra in the following
product

(fymon) =(mo f,n)

where f € JF N WAP(G) and m,n € (Jf N WAP(G))". Let DY be the
restriction to J+ N WAP(G) of the functionals in D, = {ud, : + € G}~ (cf.
Theorem 2.3.3).

Theorem 2.4.8. Let J be translation invariant with identity u which is a
continuous character on G . Then
(i) (D¥,0) is a compact semitopological semigroup where the product o is
that of (J+ N WAP(G))* defined above;
(if) (II¥,0) s an amenable closed subsemigroup of DY.
(iii) If (II,,0) is a compact semitopological semigroup, then J+NWAP(G) =
JgL N Ceu(G).

Proof. (i) Arguments similar to those in the proof of Theorem 2.3.3 show that
(D¥,0) is a semigroup. We show that multiplication in DY is separately con-
tinuous. Let f € JXNWAP(G) and write uLy = {u(z)L,f :x € G}. Let v €
DY with v =w*—limuwd,,. Then vo f(z) =(R.f,7) = 1i(£n (Ryf,u(x)dy,) =
licrpﬁ(z)[/xaf(z) for az: € G. So vo f isin the pointwise closure of uL;. But

ulLy is relatively weakly compact as f € WAP(G), the pointwise and weak
topology agree on the weak-closed convex hull of uL¢. Now let (v,) be a net
in DY w*-converging to v € D¥. Then (y,0f) convergesto yof pointwise

w
o

in uLy, and hence weakly. Therefore, for any +' € DY, we have

(firao) = (a0 fi7) = (yo £i7') = (fiver)

which gives separate w*-continuity of o on DY.

(ii) We show that II¥ is amenable. By the proof of Proposition 2.4.6,
there exists ¢ € C(II¥)* such that ¢(u) =1 = ||¢|| and a-¢p = ¢ for all
a € G. Hence for f € JXNWAP(G) ~ C(II¥) and a € G, we have

(fr0) = (fra-¢) = (Rau, 0) (Raf,p) = U(a) (Raf, p)
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by multiplicativity of u. Let ¢ € DY. By separate continuity of o, we can
define f; € C(IIY) by fi(s) = (f,sot) for s € II¥Y. Then for ¢ = ud,, we
have

fi(s) =u(a) {f,500a) = ula) (s o f,0a) = ula)(s o f)(a) = u(a) (Raf, ).

Hence (fi, ) =7u(a) (Raf, ) = (f, ).

We note that the set {f: : ¢t € D¥} is weakly compact in C(II¥) since
it is bounded and pointwise compact, by compactness of DY and continuity
of the map t € D¥ — f; € C(IT¥). It follows that, given s € II¥ with s =
w* — liénﬂéaa, then fus, — fs weakly and (fs,p) = lién (fasa, o) = ([ 9).

Analogous to the proof of Proposition 2.4.6, we can find ¢ € C(II¥)*
such that ¥ (u) = ||¢| =1, and

(f:9) =ula) {Laf, )

for f € JFNWAP(G) and a € G. As above, for t € DY, we define ;f €
CII¥) by tf(s) = (f,tos) for s € I¥ and obtain (;f,¢) = (f,1) by similar
arguments.

Now we define p € C(ITY)* by

u(f) = - f,0)

where ¢ - f € C(II¥) is defined by

(W £)(s) = (fs,¥)

for s € IIY. Then it is straightforward to verify that p is an invariant mean.

(iii) Suppose multiplication in II, is separately continuous. We show
that J+ N Cp(G) = JE N WAP(G). Let f € J+ N Cel(G) ~ C(I1,). We
show that {u(a)R.f :a € G} is relatively weakly compact which would imply
f € WAP(G). Asin (ii), separate continuity implies that the set {f;:¢ € II,}
is pointwise compact in C(II,) and therefore the pointwise closed convex hull
K =7¢co {f; : t € Il,} is weakly compact. To complete the proof, it suffices
to show that w(a)R.,f € K for all a € G. By Proposition 2.2.20, wd, =

w* —lim p, where po, => Ajs$ is a convex combination of the pure states
o .
J



2.4 ALMOST PERIODIC HARMONIC FUNCTIONS 37

s¢ € Il,. It follows that, for s € Il,,
(u(a)Raf,s) = (s o f,uda)
=lim (so f, ) \9s)

J
=lim () A foe,s)
J

which gives u(a)R.f € K. O

As in the case of JX N WAP(G), we can define the multiplication o on
(JFn AP(G))* which then becomes a Banach algebra.

Theorem 2.4.9. Let J be translation invariant with identity u which is a
continuous character on G. Then (II%,0) is a compact group and there is a
continuous homomorphism from G onto a dense subgroup of II%.

Proof. As before, let D¢ be the restriction of {ud, : x € G}~ to J+FNAP(G).
Then (DZ,0) isa compact semitopological semigroup. We show D2 is a group.
Since f € J+ NAP(G) implies that uL; = {u(z)L.f : x € G} is relatively
norm-compact in J; N AP(G) ~ C(I12), by arguments similar to those in the
proof of Theorem 2.4.8(i) with the fact that s, — s in II2 implies s,of — sof
in norm, one can show that the multiplication o is jointly continuous in Dg.

s ({ud, : x € G},0) is a group dense in DZ, it follows that (D% 0) is a
group [40, p. 13].

We note that the restriction map IIY — II¢ is a continuous homomor-
phism and since IIY is amenable by Theorem 2.4.8, II% is also amenable. By
[8, p. 87], the minimal two-sided ideal K in II2 must be a compact group.
Let 6 be the identity of K. Then 6§ =006 = 006 where 0 is the identity of
D¢. By cancellation, 9 =6 and hence I1¢ = K is a group with identity 6.

Finally we observe that, given s € II2, we have souds = u(x)Ri(s) =
(Ryu, s) Ri(s) € II% by multiplicativity of v and Lemma 2.2.10. Therefore we
can define a continuous map h: G — II2 by h(x) = foud, for x € G. Then h
is a homomorphism since h(zy) = u(xy)dsy = (foud,)oud, = (foud,)o(foud,).
Since II% C {wd, : © € G}, we have h(G) dense in II2. O

We conclude this section by showing that II% is (isomorphic to) the min-
imal two-sided ideal of II¥.

Theorem 2.4.10. Let J} be translation invariant with identity u which is a

continuous character on G. Then IIZ s topologically isomorphic to the mini-
mal two-sided ideal M of II¥.
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Proof. The restriction map r : II¥ — II¢ is easily seen to be a continuous
homomorphism. We show that r restricts to the required isomorphism on M.

By [8, p. 87], M is a compact group with identity 6 say. We note that
M oud, C M for every x € G. Indeed, we have 6oud, € IIY as before and
s € M implies

$0T0, = (sof)owd, =so(fouwd,) € M

since M 1is an ideal in IIY. Therefore, as in Theorem 2.4.8, we can define a
continuous homomorphism h: G — M by h(z) = 0 oud, with h(G) dense
in M.

The map h induces a linear isometry f € C(M) — f-h € Cp(G) with
range in J;- NAP(G) where we define (f-h)(z) =u(z~"f(h(z))) for z € G.
To see the latter, we first show that f-h € AP(G). For t € M, define
fr € C(M) by fi(s) = f(sot) for s € M. Then for = € G, we have

Rs(f : h) = ﬂ(xil)fh(ar) - h.

Since M is compact, the set {f;-h:t € M} is norm-compact in Cp(G) and
so is its subset {fyz) -h: 2 € G}~. It follows that {R.(f-h):z € G} is
relatively norm-compact in Cy(G) and f-h € AP(G). To see that f-h € Jt,
we let f € CI¥) ~ J- N WAP(G) be an extension of f € C(M). Then for
x € G, we have

(04 5-1)@) = [ (£ W) a)doly)
_ /G (e y) f (hy~"a))do(y)
:/ﬂ(x_ly) (f,00mud,—1,)do(y)
G
:/(;ﬂ(x_ly)ﬂ(y_lx) (f,006,-1,) do(y)

- / (60 Py 2)do(y)
G
=00 f(z) =u(z"") (f,0 0ud,) = (f - h)(z)

since o f € JEt. So f-heJt.
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Now we show that the restriction map r is injective on M. Let s,t € M
with s # ¢. Then there exists f € C(M) with f(s) # f(¢f). Note that
f-h=0of as (f-h)(z) =u(z")f(@oud,) = (fo f)(x) for z € G. Since
f-heJENAP(G) ~ C(11%), we have (f-h,r(s)) = (f-h,s)= (0o f,s) =
(,005) = (F,5) £ (1) = (f - hyr(t)) which gives r(s) £ r(t).

Finally, for = € G, we have r(0 oud,) = r(f) oud, and r(f) is the
identity of IIZ. So r(M) contains the dense subset {r(f)oud, : z € G} of
I1% which implies that r is onto II%. (]

2.5. Distal harmonic functions

In this section, we study harmonic functions which are distal. Let f €
Cu(G) and let Ry denote the pointwise closure of Ry = {R,f:x € G}. We
call f a right distal function if the action (x,h) € G x Ry — Ryh € Ry is
right distal which means that, if hy, ho € Rf and

lim R,_hy =lim R,_h2 (pointwise)

then hy = hg. We note that AP(G) C D(G), but the reverse inclusion is
false, for instance, the function f(n) = exp (2min?6) is distal on Z, but not
almost periodic if 6 is irrational (cf. [50]). The set D(G) of all right distal
functions on G forms a translation invariant C*-subalgebra of Cy,(G). If
J+ is left-translation invariant, then so is Ji N D(G).

As before, we assume that the identity u € J} is a continuous character.
Then u € JF ND(G). Let S={ue (JFND(G)) :|ull =p(u) =1} be the
state space of J+ N D(G) and let

p: (JENCu(G)) = (JEND(G))"

be the restriction map. Let ¢ = p(II,) which is w*-compact.
Since p is onto by the Hahn-Banach Theorem, we see that S is the
w*-closed convex hull of TI¢ and hence TI¢ contains the extreme points of S.

Lemma 2.5.1. Let s € TI¢ and f € J+ N D(G). Then the function (so
(@) = (R.f,s) isin J+ND(G).

Proof. We have so f € J& as before. We show that so f € D(G). Let
35 € TI, be such that p(s) = s. By Proposition 2.2.20, § is the w*-limit
of a net (Wdy,)a with z, € G. We note that § admits an extension to
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5e Cou(G)* such that ?(1) = liénﬂ(xg) for a subnet (zg) of (z,), and

that (8,,) w*-converges to some 6 € (J; N Cgu(G))*. Then s = ?(1)9 and
sof=35o0f=5(1)(0of)e€ D(G) by [8, Theorem 4.6.3]. O

It follows from Lemma 2.5.1 that (II¢,0) is a compact left topological
semigroup where the product o is defined, as before, by

(fisot)=(sof.t)

for feJrND(G) and s,teII<.

Theorem 2.5.2. Let J be translation invariant with identity u which is a
continuous character on G. Then T is a compact left topological semigroup
such that

sogof=s00
for 5,0 € 1% and for any idempotent ¢ in TIZ.

(i) If 1% has a right identity, then T is isomorphic to a direct product of
a left zero semigroup and a group.
(ii) If ¢ has a left identity, then T2 is isomorphic to a direct product of a
right zero semigroup and a group.
(iii) If TI% has an identity, then it is a group.

Proof. Let 5, 0 € I, with p(3) = s and p(d) = 6. Since {t € I, : p(t) =
e} is a closed subsemigroup of II,, it contains an idempotent & such that
p(€) =e. Let f € J-ND(G). Since {ué,:x € G} is weak*-dense in II,
by Proposition 2.2.20, (s0€)o f and So f are in the pointwise closure of
{u(x)Ly-1f: 2 € G}. Since (§0€)ocof = (Sog)of, wehave (So&)of =3of
because f is distal. Consequently, (f, sSogoud,) = (f, sSoud,) forall z € G.
Passing to weak*-limit, we have (f, 50206) = (f, 500). As f € JEND(G)
was arbitrary, we have sogof =s086.

(i) If ¢ has a right identity, then by above, we have 06 = 6 for every 6
in II¢ and every idempotent ¢ in II¢. By Ruppert’s result [71], TI¢ cannot
have any proper left ideal and is therefore isomorphic to a direct product of a
left zero semigroup and a group (cf. [8, 1.2.19]).  (ii) is proved similarly and
(iii) follows from (i) and (ii). O

Remark. If o is a probability measure in Theorem 2.5.2 and J;- a C*-subalgebra
of L>®(@), then ¢ is a group since J. is an identity of II¢ in this case.
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Given s €Il, with s =w* —lim@ (z4)d;, as in Proposition 2.2.20, we
noted in the proof of Lemma 2.5.1 that s admits an extension to § € Cp,(G)*
such that $(1) = lignﬂ(acg) for a subnet (zg) of (z,). We write 3(1) =
35(1) = liénu(ac,g).

Let f € J+NCp(G) and let ff be the pointwise closure of Ly = {L,f :
x € G}. Suppose Jj is also left-translation invariant. Then Ly C J} and
the set

L ={3(1)(so f):sell;}

is contained in Ly since for s = w* —lim% (v4)d,, and x € G, we have
5(1)(s 0 f)(w) = limu(wp) (Re f, 7 (25)00 )
= hén (Lxgl f) (x).

Note that for a € G, we have L,-1(s(1)(so f)) = t(1)(to f) where t =
(Ryu,s) Ris € I1,.
Given f € J+X NCu(G), we call f left o-distal if the action (z,h) €

G x LG+ Ly-1h € LG is left distal which means that, for hi, hs € L,
lim L, _hy =lim L, _ho (pointwise)

implies hi = ho.

Lemma 2.5.3. Let J}: be translation invariant with identity u which is a
continuous character. Let G act transitively on 1l,. Then II, is isomorphic
to a direct product of a right zero semigroup and a group.

Proof. Let R be aminimal right ideal of II, andlet p € II, be an idempotent
such that R = pll,. For z € G, we have

z-p=(Ryru,p) (pody—1)

and hence x-p = x-(pop) = (Ry-1u,p) (pO(pO(SIfl)) = (Ry—1u,p) (Ry—1u,p) (po
(xp)) =po(x-p) € R. Given s € Il,, we have s = x-p € R for some
x € G by transitivity of the group action. So R =1I, and II, has no proper
right ideal. By Theorem 2.3.3, II, has an idempotent and it follows from
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[8, Theorem 1.2.19] that II, is isomorphic to a direct product of a right zero
semigroup and a group. O

Theorem 2.5.4. Let J be translation invariant with identity u which is a
continuous character. If G acts transitively on I, then every f € J+ N
Cou(G) s left o-distal.

Proof. Let f € J+ N Cp(G). By Lemma 2.5.3, we have TI, ~ E x H where
E is a right zero semigroup and H is a group. Hence for s,t € II, and for
any idempotent p € II,, we have

sopot=sot.

Let hi,he € LG with lioIél’l Lx(zlhq = hé'angl ho pointwise. We need to show
hi = hs. Let hy =351(1)(s10f) and hy =32(1)(s20 f) for some s1,s2 € 11,.
Passing to a subnet, we may assume that the net (ud,, ) w*-converges to
some 6 € D, C (J+FN Cgu(G))*. Then

(Ryh1,0) = 1i£n (Ryh1,udy,)
= 1i£nﬂ(za)Lm;1h1(z)
= 1i(£nﬁ($a)Lz;1h2($)
= (Rzh1,0)
for every x € G which gives 6o hy = 6o hy, that is,
51(1)0o(s10f) =352(1)f o (s20 f).

Hence for any p € D,, we have

51(1) (s10 f,00pu) =352(1)(s20 f,00 p).

Since wu is a character, we have II,o(ud,) C II, for € G and hence II, is
a closed right ideal of D,. So II, contains an idempotent ¢ such that qoD,
is a minimal right ideal of D, (cf. [71]).

In particular, we have go D, = go (§ o D,). Now, for any ¢ € II,, we
have

s1(1) (s1o fit) =51(1) (f,s10 f)
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Il
|

1(1) (f,s10q01)

s1(1) (s10 figot)

1(1) (sy0 f,qoOot’)y forsome t €D,
51(1) (Bogo(sio0f), )

1(1) (s10 f,00(got))

2(1) (s20 f,00(qot"))

S2(1) (s2 0 f,t)

Il
|

I
|

I
|

which gives h; = hs. O

As in the case of left o-distal functions, we can define a left distal function
f € J+ N Cup(G) by the left distal action of G on Ly, given that JE s
left-translation invariant. If T, N {ud, : * € G} # 0, then we have I, =
{ud. : © € G}~ by Proposition 2.2.21, and Ly = L§ for if g = lim L+ f
pointwise on G, then a subnet of (wd,,) w*-converges to some 6 € I, and
g=01)0of) € L$. Therefore, in this case, the left distal functions and the
left o-distal functions in J+ N Cp,(G) coincide.

Theorem 2.5.5. Let J be translation invariant with identity u which is a
continuous character. The following conditions are equivalent:

(i) I, is isomorphic to a direct product of a right zero semigroup and a

group;
(ii) M, has a left identity and every f € J+ N Ce(G) is left o-distal.

Proof. (1) = (ii). Let II, ~ E x H where E is a right zero semigroup and
H is a group with identity 6. Then the proof of Theorem 2.5.4 implies that
every f € JENCy(G) isleft o-distal. Pick any s € E. Then (s,0) is a left
identity as (s,0)(¢t,w) = (st,0w) = (t,w) for (t,w) € E x H.

(i) = (i). Analogous to Theorem 2.5.2(i). O

2.6. Transitive group actions on Poisson spaces

Given a spread out probability measure ¢ on G, Azencott [5] has studied
the Poisson space II, in detail and in particular, he has shown that given two
such non-degenerate measures ¢y and og, their Poisson spaces Il,, and II,,
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are equivariantly homeomorphic if G acts transitively on them. In this section,
we supplement Azencott’s results by applying our previous results on II, to the
case when o is a probability measure. We show, for instance, that the above
homeomorphism of Azencott also preserves the semigroup structure.

We assume, throughout this section, that J is left-translation invariant
and that o is an absolutely continuous probability measure with w = 1. Then
every f € J+NCy(G) = H(c) has the Poisson representation

/ Fz™t - 8)dve(s) (z€G)

where f € H(o)— f € C(Il,) is the Gelfand map which is a surjective linear

isometry and we denote its inverse map by f — f-v,. The group action is

given by x-t=R!_,(t) for (z,t) € G xII,. We also define z-f € C(Il;) by

(- f)t) = f(z-t) for te€ll,.

Theorem 2.6.1. Let o1 and o9 be absolutely continuous probabzlzty measures
on a second countable group G such that U | SupP oy = Ulsupp oy. Then

II,, and Il,, areisomorphic as compact left topologzcal semigroups zf G acts
transitively on them.

Proof. By [5, Théoréme I1.4], there exists a homeomorphism p : II,, — II,,
such that p(z-s) =z -p(s) for x € G and s € II,,. Then p induces an

isometry, by composition, f € C(Il,,) — fop € C(Il,,) which we will denote
by p*. Let s,t €1Il,,. We need to show p(sot) = p(s)op(t). Let f € H(o2).
Then we have (f, p(s) o p(t)) = (p(s) o f,p(t)) where, for = € G, we have

(p(s) © f) (@) = (Raf, p(s))

Write h = p*(f)-ve, € H(ov). Then p*(f)(z~'-5)

= (h,a™ls) = (h, R;(s)) =
(Ryh,s) = (soh)(x) so soh=p(x)ofeH(o)N

{n,
H(o ) The group action
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induces the following action on the Poisson measure

(2 - vpy)( / f $)dvg, (8).

By [5, Théoreme I1.4 and Lemme IL.7], there is a sequence (z,) in G such
that ¢ = w* —lim x,, - V5, and p(t) = w* — limz, - Vy,. It follows that

(f:p(s) o p(t)) = (soh, p(t))
= liin (soh,xy - Vgy)

=lim(soh v,,,z,)

=lim (s o h,z,)
n

=lim(soh v, ,z,)

~

= (soh,ty=h(sot)

= 0" (f)(sot) = (f,p(sot)).
Hence p(sot) = p(s)o p(t). d

Proposition 2.6.2. Let o be a probability measure and let G act transitively
on Y. Then MY is a compact topological group and J;+ NWAP (G) = J;+nN
AP (G).

Proof. As in the proof of Lemma 2.5.3, one can show that II¥ has no proper
right ideal and therefore coincides with its minimal two-sided ideal K which is
a compact topological group with identity 6 say. Let f € J: N WAP (G) ~
C(I1¥). Then for s e II¥

@ we have

(Raof,s) = (f, Rys)
=(f.a7" )
= (f,z7'(s00h))
= (f,s0(x™"0)) = fr-1.4(s)
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where, as in the proof of Theorem 2.4.8, we define f;(s) = (f,sot) for t e II¥.
Therefore we have

{R.f:x e G} C{fr:teIl¥}

and the latter is norm compact in C(II¥) by continuity of the map t € II¥ —
fre C(IIY). So f e AP(G). O

Corollary 2.6.3. Let G be a semi-simple connected Lie group and let o be an
absolutely continuous probability measure on. G such that J3 is left-translation
inwvariant. Then every weakly periodic o-harmonic function on G is constant.

Proof. By [27], G acts transitively on II,, and by [76; p. 184], we have
AP(G) = C1.

Proposition 2.6.4. Let o1 and os be absolutely continuous non-degenerate
probability measures on a second countable group G such that Jé‘l and J;;
are left-translation invariant. Then the compact topological groups IIg — and
ITg, are topologically isomorphic if G acts transitively on them.

Proof. The arguments in the proof of [5; Théoréme I1.4] can be used to show
that there exists an equivariant homeomorphism p : 115, — IIE,. The rest of
the proof is similar to that of Theorem 2.6.1. (]

2.7. Examples

In contrast to the Choquet-Deny Theorem [11] asserting the absence of
nonconstant bounded o-harmonic functions on abelian groups for adapted
probability measure o, we have seen in Example 2.1.10 that nonconstant bounded
o-harmonic functions on IR exist for complex adapted measures o with
|lo|l = 1. Nevertheless, in this example, we still have dim J} = 1, as shown
below.

Lemma 2.7.1. Let G be a locally compact abelian group and let o be a com-
plex adapted measure on G with |o|| =1= [, x(—z)do(z) for some x € G.
Then dim J+ = 1.

Proof. Let du(z) = x(—x)do(z). Then ||p|]|=1= u(G) and p is an adapted
probability measure on G. Therefore dim J =1 since f(x) € J& if, and
only if, x(—z)f(z) € J;- = C1 which implies J;- = Cx. O
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Let C(IR) denote the space of complex continuous functions on IR . One
can describe J; N C(IR) completely, for o € M(IR) with compact support,
using the results of Schwartz [73] for mean periodic functions on IR which are
the complex continuous functions f satisfying o x f = 0 for some nonzero
complex measure o on IR with compact support. We note that J+ = J+ N
C(IR) if o is absolutely continuous.

Lemma 2.7.2. Let o0 € M(IR) have compact support. Then

JULHC(IR):E({emx: aeIRand/
R

e~ dg(z) = 1} U {o})
where the closure ‘~ 7 is taken in the uniform topology on compact sets in IR.

Proof. Let 01 =0 —§y where §p is the point mass at 0. Let f € JUL. Then
o1 * f =0 and by Schwartz’s result [73, Théoréme 6], we have

felin{p(z)e’™® : a € Cand p(z)e'* € 7(f)}

where 7(f) denotes the closed linear span of {R,f : x € IR} in the uniform
topology on compact sets in IR and p(z) is a polynomial. If p(x)e'®® €
7(f), then oy * p(x)e’®® = 0 which occurs if, and only if, either p(z) =0 or
G1(a) =54 (a) = - =59 (a) = 0 where 7,...,59%) are the derivatives
of the Fourier transform &1(a) = [ e "*doi(z) (o € C) and d(p) is the
degree of p(x). But p(z)e’*® € L>*°(IR) implies that d(p) =0 and « € IR.
As o0 =01 + 30, the result follows. O

Let o be a probability measure on IR. Then the subgroup S of IR
generated by supp o is either dense in IR or equal to dZ where d is the
largest positive number such that I—Z‘ € 7 for all x € suppo. By Choquet-Deny
Theorem, every point in S is a period of any bounded continuous oc-harmonic
function on IR. It follows that dimJ} = 1 or dimJ} = co. On the other
hand, if o is a probability measure on Z and o # g, then the subgroup
of Z generated by supp o is equal to dZ where d € IN and it follows that
dim J} = d.

Example 2.7.3. Let a,b € IR with a >b>0. Let 0= %(SG + %517. Then by
the above remarks, we have J} =C1 if ¢ is irrational, and dimJ} = oo if

% is rational. In the latter case, we have

JENC(R) =Iin{e’” : a € IR, e~ '@ 7120 = 2}
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by Lemma 2.7.2. For instance, if 2a = 3b and b = 1, then J+ NC(IR) =
lin{e~4""@ : n € Z}.

Example 2.7.4. Let 0 € M'(IR) be the measure

1 .
do(z) = ﬂel[BZX[O,gw]dx (6 € R).

Then, for o € IR, we have

1 if a=p
o(a) = 2mi(B—a)
QQTB_‘; 7é 1 lf (0% 7é 6

Therefore Ji+ = {ce!’* : ¢ € C}.

Remark 2.7.5. We note from Lemma 2.7.1 and Lemma 2.7.2 that if o is a
complex adapted measure on IR with compact support and |[o]| = 1, then
there is at most one « € IR such that o(a) = 1. This is not the case without
adaptedness as shown in Example 2.7.3. For another example, the measure
0 = —id; has unit norm and o(n) = 1 if n is an odd integer. The next
example shows the existence of an adapted signed measure o on IR of unit
norm such that &(a)# 1 for all a € IR and hence J}+ = {0}.

Example 2.7.6. Let do(z) = ¢(x)dz be the measure on IR given by

—x if —-1<x<1
p(z) =

0 otherwise.

Then [lof =1, o(IR) =5(0) =0 and for « € IR\{0}, (o) = 2 (s
cosa) # 1. By Lemma 2.7.2, we have J = {0} whereas J‘(LTI = C1 by
Choquet-Deny Theorem.

Example 2.7.7. Let a, = |a,le®” be such that > 77 |ay,| = 1 where the
sequence (0,,) is convergent and generates a dense subgroup of IR , for instance,

Oy = 55:2 . Then the bounded continuous solutions of the following functional

equation

f(l‘) = Zanf(x - en)
n=1



2.7 EXAMPLES 49

are {ce : ¢ € C}. Indeed, let o = > a,dp, . Then |o|| =1 and o is
adapted with compact support. For « € IR, we have

st o]
6’(@) = Z ane*w‘@" _ Z ‘Oén|62(17a)0”,
n=1 n=1

Since (1) =1, we have J: NC(IR) = {ce’® : ¢ € C}.
We give an example of |o| > 1.

Example 2.7.8. Let 0 € M(IR) be defined by do(x) = ¢(x)dz + ddp(z)
where

sinx for 0<z <27
Y(x) =
0 otherwise.

Then o(IR) =1, |of| =5 and o(a) =1 if, and only if, o € Z\{1}. By
Lemma 2.7.2, we have J NC(IR) =lin {e'* : a € Z\{1}}.

Example 2.7.9. Given p,v € My (G), we denote their lattice infimum by
uwAv. Let o be a probability measure on G . A neighbourhood V of the
identity is called o -admissible if there exist £ € N and ¢ > 0 such that

(0% % 64) A (0 % 8p)| > ¢

for a='b € V. Using martingale arguments, it has been shown in [17] recently
that whenever 2!y belongs to such a neighbourhood V, then f(x) = f(y)
for every bounded o-harmonic function f on G . If ¢ is nonsingular with
its translates, but not necessarily absolutely continuous, then every compact
invariant neighbourhood of the identity is ¢ -admissible [18]. It follows that, for
such a measure o on an [IN]-group G, every bounded o-harmonic function is
constant on each connected component of G, so dim JgL < k where k is the
cardinality of the set of connected components of G . This result is also valid
for non-degenerate absolutely continuous ¢ where we note that, if x is finite
or more generally, if G is almost connected which means that the quotient
of G by the connected component G, of the identity e is compact, then
J+ = C1 since each harmonic function on G induces naturally one on G/G.
and Lemma 2.1.6 applies.
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Remark 2.7.10. Let G be a compact group and o € M(G). As in the proof
of Lemma 2.1.6, if f € J}, then

o

=3 S (dimm)f(m) i

165'17(;(71')) 1<i,j<dim 7

and it follows that dimJ3 < 33, o = (dimm)? where 7 € G and Sp
denotes the spectrum.



3. Harmonic functionals on Fourier algebras

In this Chapter, we introduce and study a non-commutative analogue of
harmonic functions, namely, the harmonic functionals on Fourier algebras. Let
B(G) be the Fourier-Stieltjes algebra of G and let A(G) be the Fourier
algebra which is a closed ideal of B(G). The dual of A(G) is the group
von Neumann algebra VN(G). Given o € B(G) with |o| =1, the o -
harmonic functionals on A(G) are defined to be the elements of the space
I} ={T € VN(G):0-T =T} . We show that Il is the range of a contractive
projection P on VN(G) and therefore it is a ternary Jordan algebra, that is,
a Jordan triple system. We show further that it is a JW™ -algebra and that P
is completely positive. The Jordan triple product for harmonic functionals with
compact support is given by

2{R,S, T} =w* —limp, - (RS*T + TS*R)

where pu, belongs to the convex hull of {¢™ : n > 1} . We study the Jordan
structure of I} and the boundary components of its open unit ball which is
a symmetric Banach manifold. We describe the Murray-von Neumann classifi-
cation of I} in terms of the convex geometry of its predual. We also study
the annihilator I, of I: in A(G) and the Banach algebraic properties of the
quotient A(G)/I, .

C.-H. Chu and A.T.-M. Lau: LNM 1782, pp. 51-89, 2002.
© Springer-Verlag Berlin Heidelberg 2002
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3.1. Fourier algebras

Our objective is to study the harmonic functionals on Fourier algebras.
We first review some basic definitions and results concerning Fourier algebras in
this section.

Let G be alocally compact group. We recall that the group C* -algebra
C*(G) of G is the completion of L'(G) with respect to the norm

1Flle = sup {{l=(HI}

where the supremum is taken over all *-representations = : L'(G) — B(H,),
the latter being the von Neumann algebra of bounded linear operators on the
Hilbert space H.. We will denote throughout by p: G — B(L*(G)) the left
regular representation of G :

p(x)h(y) = h(z"ty) (x,y € G,h € L*(Q)).

The unitary representation p can be extended to a x-representation of L!(G),
also denoted by p:

p(Hh=fxh (heL*G)).

The reduced group C*-algebra C;(G) is the norm closure of p(L'(G)) in
B(L*(G)). We can further extend p to a representation p of C*(G). Al-
though p is injective on L'(G), p need not be an isomorphism and in fact,
p is injective if, and only if, G is amenable. The group von Neumann algebra
VN(G) of G is the ultraweak closure of p(L'(G)) in B(L*(G)) and is also
the ultraweak closure of the linear span of p(G) in B(L*(G)).

A function ¢ : G — C is called positive definite if

Z )\i)\ijgo(xixj_l) >0

ij=1

for any Aq,..., A, € C and x1,...,x, € G . A continuous positive definite
function on G is of the form ¢(-) = (w(-)n,n) , and vice versa, where {m, H}
is a continuous unitary representation of G and n € H . Also, if ¢ € L>(G) ,
then ¢ is continuous positive definite if, and only if, it is a positive linear
functional of L'(G), that is, (¢, f* = f) >0 for all f € LY(G). Let P(G)
be the subset of Cy(G) consisting of all continuous positive definite functions
on G and let PY(G) = {¢ € P(G) : ¢(e) = 1}. The linear span B(G) of
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PYG) in Cp(G) can be identified with the dual of C*(G) via the duality
(-,-): C*(G) x B(G) —» € where

(f.g) = /G F(t)p(t)aA()

for f € LYG) and ¢ € B(G). In this duality, P(G) is precisely the set
of positive linear functionals on C*(G) [24; p. 192]. Moreover, B(G) is a
commutative semi-simple Banach algebra, called the Fourier-Stieltjes algebra of
G, with pointwise multiplication and the dual norm

el =sun{| [ s®eano|: re @) 11l <1}

(see [24; Proposition 2.16]). Let A(G) be the subspace of B(G) consisting of
all functions ¢ of the form

¢(x) = (p(z)hlk) (z € G, hk € L*(G))

where (-|-) denotes the inner product in L?(G). Then A(G) is a closed ideal
of B(G) and is called the Fourier algebra of G. We note that A(G) C Cy(G),
A(G)NC(G) is dense in A(G) ,where C.(G) denotes the space of continuous
functions on G with compact support, and the dual A(G)* is isometrically
isomorphic to VN(G) on which the ultraweak topology coincides with the
w*-topology o(VN(G),A(G)) [24; p. 210].

If G is abelian with dual group G, then C*(G) = Co(é) ~ CHG)
and the positive definite functions on G are precisely the Fourier transforms
of positive bounded measures on G, so B(G) = (M((A?))A Also A(G) =
(LY(G))" and VN(G) = L>(G).

There is a natural action of A(G) on VN(G) given by

(h,o-T) = (0, T) (p,0 € A(G),T € VN(G))

where (-,-) is the duality between A(G) and VN(G). Given o € B(G) and
T € VN(G), we define o-T € VN(G) by

<905 g T> = <O'907 T>

for ¢ € A(G). We note that

(@, p(x)) = p(z)
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for ¢ € A(G) and z € G. Thus p(x) is the ‘evaluation’ functional of A(G)
at x and is multiplicative.

As in [24; p. 225], we define the support of T € VN(G), supp T, to
be the set of z € G such that p(z) is the w*-limit of a net (¢4 -T) with
Yo € A(G). We have, by [24; 4.4],

suppT = {z € G: ¢(z) =0 for p € A(G) with ¢ - T = 0}.

By [24; 4.9], if suppT = {zo}, then T is a complex multiple of p(xo).
We write A(G) - VN(G) = {¢-T : ¢ € AG), T € VN(G)} and

VN.(G)={T € VN(G) : suppT is compact}. Then the norm-closure VN.(G)
coincides with the closed linear span

span (A(G) - VN(G))
which is a C*-algebra since
supp (T1T2) C (suppT1)(suppT) and  suppT* = (suppT)~*.

If G is amenable, then span (A(G)-VN(G)) = A(G) - VN(G) by Cohen’s
factorization theorem [38; 32.22]. If G is abelian, then span A(G) - VN(G)
identifies with the C*-algebra of bounded uniformly continuous functions on
G and is denoted by UCB(G) in [33)].

We denote by P,(G) the closure of P(G) N C.(G) in B(G) with re-
spect to the compact open topology. Let B,(G) be the linear span of P,(G)
in B(G). Then B,(G) is a closed ideal in B(G) containing A(G) and
(CH(@))" = B,(G) [24; 2.1 and 2.6].

3.2. Harmonic functionals and associated ideals

In this section, we introduce the concept of harmonic functionals as a non-
commutative analogue of harmonic functions and we study the ideals associated
with these functionals.

To motivate our definition, consider an abelian group G and a measure
o € M(G) with J, equal to the norm closure of {5 f— f: f € L' (GQ)} as
defined in Section 2.1. Let v be the Fourier transform of &. Then J, has
Fourier transform J, equal to the norm closure of {vo — ¢ : ¢ € AG)}. If
we write I, = J, where v € B(G), then I* = {T € VN(G) : v-T =T}
and identifies with J+ = {h € L>(G) : o *h = h}. This leads to the following
natural definition.
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Definition 3.2.1. Let G be a locally compact group and let o € B(G). We
define I, to be the norm-closure of {op — ¢ : ¢ € A(G)} and we call the
elements in

IF={Tc€VNG):0-T=T}

the o-harmonic functionals on A(G) or simply harmonic functionals if o is
understood.

By the above remarks, we can view I+ C VN(G) as a non-commutative
analogue of J}+ C L>®(G). We note that I, is a closed ideal in A(G) and
(A(G)/1,)* = I+. Our main objective in the sequel is to study the structures
of A(G)/I, and I}. In this section, we study the ideal I, and the quotient
algebra A(G)/I,.

We will always assume |lo|| > 1 for if ||o|| < 1, we have I+ = {0} as
T e 1t implies |T) = |lo- 7] < o] |T]. Let

BYG)={o € B(G): |o =1}

Lemma 3.2.2. Let G be amenable and o € BY(G). Then 1, has a bounded
approrimate identity.

Proof. By amenability, A(G) has a bounded approximate identity [58] {pa }aca
which can be chosen such that ¢, > 0 and @,(e) = 1 for all a € A

[53]. Let o, = + > 0% for n =1,2,.... Then |[lo,|| < 1. We show that
k=1
{Ya—0n¥atan isabounded approximate identity in I,. First o,00—¢q € I,
as A(G) is an ideal in B(G).
Given 9 € A(G), we have

(0 =) — (09 — ) (pa — Tnpa)ll
= H(wsﬁa - ¢) + 0'('(/} - ¢90a) + (UUn - Un)w@an

<Y = vpall + llo(@ — Yea)ll + loon — onll [[¥eall
1
§2||1/} - wSDOzH + E H/(/)SOaH

which tends to 0 as m,«a — oo by boundedness of {p,}. O

Let A(G)o = {¢ € A(G) : ¢(e) = 0}. Then A(G) is a closed ideal
in A(G) with co-dimension one. Further, A(G)o has a bounded approximate
identity if, and only if, G is amenable [52; Corollary 4.11].
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Lemma 3.2.3. Let G be a locally compact group. Then A(G)o is the closed
linear span of {I,: o € A(G)N PYG)}.

Proof. Let I be the closed linear span of {I, : ¢ € A(G) N PY(G)}. Then
7 C A(G)o. It suffices to show that Z has co-dimension one, equivalently, that
I+ = €1 where 1 is the identity of VN(G). Let T € Z+. Then o-T =T
for all o € A(G) N PYG). Let (0,) be a net in A(G) N PY(G) such that
supp o, J {e}. Then supp (o, -T) C suppo, gives suppT = {e}. Therefore
T is a complex multiple of p(e) =1. O

Lemma 3.2.4. Let G be first countable. Then A(G)y = I, for some o €
A(G) N PYG).

Proof. Let (p4) be anet in A(G)N PY(G) such that |ocps — @al — 0 for
each o € A(G)NPYG) [67]. Then |[[(o¢ — ) pall = [o(0pa — @a)ll = 0
for 0 € A(G)NPHG) and ¢ € A(G). Let ¢ >0 and ¢1,...,0, € A(G)o.
By the above and Lemma 3.2.3, there exists o3 € A(G) N PY(G) such that
lpipsll <e for i=1,...,n. It follows from @gp; —¢; € I,, that

d(pi Ipy) = inf{{lpi =9l : ¥ € Ly} <e

for ¢ = 1,...,n. Since G is first countable, A(G) is norm separable [29;
Corollary 6.9]. So the conditions of Lemma 1.1 in [83] are satisfied and by
Remark 3 in [83, p. 210], there exists o € A(G)NPY(G) such that I, = A(G)o.

0

Theorem 3.2.5. A first countable group G is amenable if,and only if, I, has
a bounded approzimate identity for every o € BY(G).

Proof. The necessity has been proved in Lemma 3.2.2. The converse follows
from Lemma 3.2.4 and the previous remark that amenability of G is equivalent
to A(G) having a bounded approximate identity. O

We are going to prove a non-commutative analogue of Proposition 2.1.3.
We prove a simple lemma first.

Lemma 3.2.6. Let o € PY(G). The following conditions are equivalent:

(i) Ir = A(G)o;
(i) I} =01,
(ili) For x € G, o(x)=1 implies z =e.
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Proof. (i) <=> (ii). This is clear from I, C A(G)o and A(G)g = C1.
(ii) = (iii). Let o(x) = 1. Then o - p(z) = p(x) since (p,0 - p(z)) =
(09, p(2)) = o(@)p(x) = 9(x) = (p,p(x)) for all ¢ € A(G). Hence p(z) €
It = (@1 gives z=e.
(iii) = (ii). Let T € I}. We show that suppT = {e}. Otherwise, there
exists = € suppT\{e} and hence a net (yo) in A(G) such that (pq-T)
w*-converges to p(x).

Choose 9 € A(G) with 9(x) =1. Then o (o -T) =@ T forall o

and
1=9(x) = (¢, plx))
= lim (¢, 0 - T)
= lim (¢, 0 - (o - 1))
= (,0-p(x)) = o(2)P(z) = o(x) # 1
which is a contradiction. So suppT = {e} and T € C1. O

The following result should be compared with Proposition 2.1.3.

Proposition 3.2.7. Let G be a locally compact group. The following condi-
tions are equivalent:

(i) There ezists o € PY(G) such that I+ = C1;
(ii) G s first countable.

In the above case, o can even be chosen from A(G).

Proof. By Lemma 3.2.4, we have (ii) = (i).

(i) = (ii). By Lemma 3.2.6, there exists o € PY(G) C C,.(G) such that
o(x) #1 for x # e. We first note that anet (x,) in G converges to e if, and
only if, o(xz,) — o(e). Indeed, the latter implies that (z,) is eventually in a
compact neighbourhood of e, andif x, - e, thereisasubnet (zg) converging
to some x #e. But o(z) = lién o(zg) = o(e) =1 which is impossible.

Let C be a compact neighbourhood of e andlet K = {L,o: a € C} be
the left translations of ¢ by C. Then K is compact in the sup-norm topology
of Cry(G) since the map a € C — L,o € Cpy(G) is continuous. It follows
that K has a norm-dense sequence (1) and that a net z, — = in C if]
and only if, ¥, (zq) — ¥n(x) for all n. So C is metrizable and G is first
countable. O
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Now we are going to study the quotient algebra A(G)/I,. We first find
sufficient conditions for A(G)/I, to be a Fourier algebra, more precisely, to be
isomorphic to the Fourier algebra of a locally compact group. Given an ideal [
in A(G), we define its zero set to be the closed set

Z(I)={xe€G: p(x)=0for all p € I'}.

Lemma 3.2.8. For every o € B(G), we have Z(I,) ={z € G : o(z) = 1}.
In particular, if o € PY(G), then Z(I,) is a closed subgroup of G.

Proof. If o(x) =1, then (cp—¢)(x) =0 forall ¢ € A(G) andso z € Z(I,).
If o(x)# 1, pick ¥ € A(G) such that ¢(x) =1. Then (o¢ —)(x) #0 and
x ¢ Z(I,). If ¢ € PY(G), then {r € G: o(x) =1} is a subgroup of G by
[38; 32.7). O

Remark 3.2.9. We note that = € Z(I,) if, and only if, p(z) € I}. Indeed,
given p(z) € I}, pick ¥ € A(G) with ¥(z) = 1, then (o9 —,p(x)) =0
implies o(x) = 1. The converse has been shown in the proof of Lemma 3.2.6
(if) = (iii).

Notation. For o € B(G) , we write Z, = Z(I,) = o {1} .

Given asubset S of VN(G) , wedenote by S its commutant in VN(G) .

Proposition 3.2.10. Let o € B(G). The following conditions are equivalent:

(i) Z(Iy) is a subgroup of G;
(ii) It is a unital x-subalgebra of VN(G).

In the above case, 1} = {p(z) : © € Z(I,)} is the von Neumann algebra
generated by p(Z(IU)) and further, there is an isometric algebra isomorphism
¥ from A(G)/I, onto the Fourier algebra A(Z(I,)) such that ¥{p + I,

o€ A(G)NP(G)} = A(Z(1,) N P(Z(15))-

Proof. (i) = (ii). Let T € VN(G). By [75], we have T € {p(z) : z € Z(I,)}"
if, and only if, suppT C Z(I,). By the double commutant theorem, {p(z) :
x € Z(I,)}" is the w * -closed linear span of p(Z(I,)) which is contained in
I+ by Remark 3.2.9. We show that they are equal. Let T € I}. We show
suppT C Z(I,). Let x € suppT. Then there is a net (¢,) in A(G) such
that (o -T) w*-converges to p(z). As ¢, T € I}, we have p(x) € I}
and z € Z(I,).

(ii) = (i). Since I} # {0}, we have I, # A(G) and so Z(I,) # 0 [24;
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3.38]. Given =,y € Z(I,), we have p(zy~') = p(x)p(y)* € I} and hence
zy~t € Z(1,).

Now let H = Z(I,) be a subgroup of G and define ¥ : A(G)/I, —
A(H) by restriction:

U(p+1,)=9¢|,.

Since I} = {p(x): x € H}', given ¢ € A(G), we have ¢ € I, if, and only
if, g0|H =0 by the bi-polar rule. By [37, Theorem 1b], every ¢ € A(H) has a
norm-preserving extension to ¢ € A(G). The above two remarks imply that ¥
is an isometric isomorphism. Finally, given ¢ € A(G) N P(G), clearly ¢| g €
A(H) N P(H). Conversely, for ¢ € A(H) N P(H), it has a norm-preserving
extension to ¢ € A(G). Then ¥(p+I,) =v¢ and |¢|| = ||¢| = v(e) = p(e)
implies ¢ € P(G). O

Remark 3.2.11. We note that in the above theorem, {¢+1,: ¢ € P(G)NA(G)}
is the set of normal positive functionals of the von Neumann algebra I;. In
contrast to Corollary 2.2.4, if o € P1(G), then I: is always a subalgebra of
VN(Q).

We next consider the case in which the zero set Z, has a group structure
but need not be a subgroup of G. We make use of [81] to determine when
A(G)/1, is isometrically isomorphic to the Fourier algebra A(Z,).

We recall that the spectrum of A(G), the set of nonzero multiplicative
linear functionals on A(G) equipped with the w*-topology, is homeomorphic
to G via the homeomorphism z € G+ p(z) (cf. [24; 3.34]). It follows from
this and (A(G)/Ig)* = I} that the spectrum of A(G)/I, is homeomorphic to
the zero set Z, and the Gelfand map on A(G)/I, is a norm-decreasing algebra
homomorphism from A(G)/I, onto a subalgebra of Cy(Z,). The composite
of the Gelfand map with the quotient map

A(G) = A(G)/I, — Co(Z,)

is simply the restriction map ¢ € A(G) — <p|Z € Co(Zy).

Now we are ready to give necessary and sufficient conditions for A(G)/I,
to be a Fourier algebra of a group. Clearly a necessary condition is that the
zero set Z, = Z(I,) should have a group structure since it is the spectrum of

A(G)/1,.
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Theorem 3.2.12. Let o € B(G) and o(e) = 1. The following conditions are
equivalent:

(i) A(G)/I, is isometrically algebraically isomorphic to a Fourier algebra of
a locally compact group;
(ii) the following two conditions hold:
(a) It is a von Neumann algebra in some product x and involution
7#;
(B) p(Z,) is a group of unitaries in (I*, x,#) with identity p(e) and
I+ is the w* -closed linear span of p(Z,).
Proof. We note that o(e) =1 implies e € Z, and p(e) € I-.
(i) = (ii). This is clear for if ¥ : A(G)/I, — A(H) is an isometric iso-
morphism onto the Fourier algebra A(H) of a group H, then the dual map
U* . VN(H) — I+ induces a von Neumann algebraic structure on I} and
maps the spectrum H of A(H) onto the spectrum p(Z,) of A(G)/I,.
(ii) = (i). Let (I}, x,#) be a von Neumann algebra with identity 1 =
p(e) and predual A(G)/I,. Then p(Z,) is a locally compact group in the
w*-topology. We show that the algebra A(G)/I, satisfies the conditions (i)-
(vi) in [81; Theorem 6] and hence A(G)/I, is isometrically isomorphic to the
Fourier algebra A(p(Z,)). These conditions are shown below as (i')-(vi’).

(i) Let P={p+1, € A(G)/I, : {p+ I,,ple)) = |l¢ + I,]|}. Then
A(G)/1, is the linear span of P. Indeed, A(G)/I, is the linear span of the
set of positive normal functionals of (I1, x,#) which is just P.

(ii") Write [¢] = ¢ + I, for ¢ € A(G). Let Aut denote the set of
isometric algebra automorphisms of A(G)/I, and let

T ={A € Aut:| o] — e“Alg] 1> + || [e] + e“Al] | < 4[] I

Vel € A(G)/I, and 0 €IR}.
For z € Z,, define L,: A(G)/I, — A(G)/I, by

(L[], T) = (p,p(z) xT) (¢l € A(G)/I,, T € I).
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Then the dual map L} : I} — I- is just the left translation (w.r.t. x)
by p(z) and is therefore an isometry. So L, is an isometry. For [p1], [p2] €
A(G)/I, and z € Z,, we have

(L:(lea] [p2] ), p(x) ) = (L:zle102], p())
= (@192, p(2) x p(z))
= (p102,0(y))  ((p(Z5), x) is a group)
= p1(y)e2(y)
= (p1,p(2) x p(x)) (P2, p(2) x p(x))

= <Lz[(p1]’p($) > <Lz[(p2]7p(x) > '

Since I& is the w * -closed linear span of p(Z,), we have shown L, € Aut.
We next show that L, € T. First, let [¢] € A(G)/I, be a positive (normal)
state of the von Neumann algebra (I;, x,#) and let

([, T) = (W@(T)gw | f@o) (T e Io—L)

where m,: I} — B(H,) is the GNS-representation induced by [p] and &, €
H, is a cyclic vector with ||&,|| = ([¢],1) = 1.
Let S,T € I+ with ||S||, |T|| < 1. Then

() — @ Lalig), )P + | [l + € Lafi] T) P
= | (mo(9)8018,) — € (molpl2) x $)6e18,) |
+ | (o (D)Epl6p) + € (mopl() x TIE,IE,) |
= | (7 (S)Esl€, — ePme(p(2)#)E,) |
+ | (ro (1)l + € mo(p(2)H)E,) |
< e ()l [|Ep — o (p(2)F) & |
7 (DI (|60 + e (p(2)% )& ||
< [l = “mo(p()*)E|” + |16 + € me (o)) |

— 2]|&,|I? + 2| my (p(2)#) & ||* < 4
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by the parallelogram law in H.,.

Next, for any [¢] € A(G)/I,, let [3)] = [¢]V be the polar decomposition
where V is a partial isometry in the von Neumann algebra (I, x,#) and [¢]
is a positive functional of I} with

(W, T) = ([, T x V)

for T € I-. Then we have

1] — e L[] I? + || [] + e L [v] |1
= [1elV = L[V + || [e]V + e La (0] V|?
=1 (l¢] = e“LeleD)VI* + || ([] + € L[] )V |1®

<[] = e Lao] II” + Il ] + e La[] II* < 4l [] I*.

Hence we have shown that L, € T. Let G, be a maximal group in T con-
taining {L,: z € Z,}. Then we can define a map f§: G, — p(Z,) by

B(A) = A*(1)

where A*(1) is multiplicative on A(G)/I, and hence in p(Z,). In fact, f is
surjective for if z € Z,, then f(L,) = p(z) since

for [p] € A(G)/1,. Given that §(A) = f(A’) , we have (A’/A71)*(1) =1 and as
in the proof of [81, Proposition 5], one deduces that A’A~! is the identity map
on A(G)/I, ,so A=A and Y isinjective (which gives G, ={L, : z € Z,} ).
It follows from [81, Proposition 4] that f§ is a homeomorphism and condition
(ii) in [81; p. 155] is satisfied.

(iit") and (iv'). A(G)/I, is a commutative Banach algebra such that {p+1, :
<p|Zg € C.(Z,)} is dense in it. Indeed, given ¢ + I, € A(G)/I,, there is a
sequence (p,) in A(G)NC.(G) norm-converging to . Then ¢,|, € C.(Z,)

2.
and (¢, + I,) converges to ¢+ I, in A(G)/I,.
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(v'). Since I: is the w * -closed linear span of p(Z,), Kaplansky’s density
theorem gives

o+ Il = sup {| 3 asple)

o € C)x; € Z, and H Zaip(xi)

<1}

for p+1, € A(G)/I,.
(vi’). Let K CU C Z, where K is compact and U is open in Z,. Then
there exists ¢ + I, € A(G)/I, such that |p| <1, @(z)=1 for z € K and
p(x) =0 for = € Z,\U. This property of A(G) is well-known [24; 3.2].

Now by [81; Theorem 6], A(G)/I, is isometrically isomorphic to the
Fourier algebra A(p(Z,)). O

3.3. Jordan structures of harmonic functionals

We will now develop a structure theory for the space I+ of harmonic
functionals for o € B(G). Several results are non-commutative analogues of
those for J+ with o € MY(G). In fact, I} has non-associative Jordan struc-
ture whereas J} is always (isometric to) a commutative von Neumann algebra.
Jordan theory therefore plays a prominent role in our present development.

Our first task is to show that I} is the range of a contractive projection
on VN(G) and hence admits a Jordan structure. By a contractive projection
P : VN(G) — I} we mean a surjective linear map such that P2 = P and
1P| < 1.

Proposition 3.3.1. Let 0 € B(G) and |lo|| = 1. Then there is a contrac-
tive projection P : VN(G) — I} satisfying o - P(T) = P(o-T) for every
T € VN(G). If there is a w*-w*-continuous projection Q : VN(G) — I+
satisfying o - Q(T) =Q(c-T), then P =Q.

Proof. For n=1,2,..., define A, : VN(G) = VN(G) by A,(T)=0c"-T for
T € VN(G). Then A, is w*-w*-continuous and contractive. Let B(VN(G))
be the locally convex space of bounded linear maps from VN(G) to itself,
equipped with the weak*-operator topology. Let K be the closed convex hull
of {A, : n=1,2,...} in B(VN(G)). Then K is compact. Define a map
®: K — K by ®(A)=0-A. Then @ is affine and continuous. By Markov-
Kakutani fixed-point theorem, there exists P € K such that ®(P) = P. Then
P : VN(G) — I} is the required projection. If Q : VN(G) — I}t is a
w*-w*-continuous projection and o - Q(T) = Q(o-T) for T € VN(G), then
QA =AQ forall A€ co{A,: n=1,2,...} and hence QP = PQ. Therefore
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Q(T) = PQ(T) = QP(T) = P(T) for T € VN(G). O

We refer to [31] for a result similar to Proposition 3.3.1. We will give some
criteria for the above projection P to be w*-w*-continuous. By Remark 3.2.11,
I+ is a von Neumann subalgebra of VN(G) if o € P(G). The following result
may be of some independent interest.

Proposition 3.3.2. Let o € PY(G). Then the projection P: VN(G) — I+ C
VN(G) in Proposition 3.3.1 is completely positive.

Proof. We recall that a linear map ® between C*-algebras A and B is called
completely positive if the maps @, : M,(A) — M,(B) are all positive for
n=1,2,..., where M,(A) denotes the n x n matrix algebra over A and
®,, is defined by @, ((a;;)) = (®(a;;)). A *homomorphism is completely
positive and maps of the form a € A +— v*av € B are also completely positive
for any bounded linear map v from a Hilbert space on which B acts to the
one acted on by A .

By [65; Theorem 6.4] and by the construction of P above, it suffices to
show that the map A: VN(G) — VN(G) defined by

AMT)=0-T (T eVN(Q))

is completely positive.

Let 7: G — B(Hx) be a cyclic representation such that o(z) = (m(z)[¢)

for z € G. Identify L?*(G) as a closed subspace of L?*(G) ® H, via the

embedding h € L?*(G) A h®¢ e L?(G)® Hy. Let f € LY(G) and

h,k € L*(G). We have

(o p(g)hlk) = / z)h|k)o(z) f(x)dx
JAC

C)

)hlk) ((2)8]€) f (x)da

C'l

/ (pem)(@)(h® &)k ®E) f(a)de

C)

(pem)(f)(h@ &)k o)

(
((p@m)(f)VhIVE)
= (

V*(p@7)(f)Vhlk)

so A(p(f) = - p(f) = V*(p@m)()V.
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We identify L'(G) with p(L'(G)) in VN(G). Since p(L'(G)) is norm-

dense in C}(G), the *-homomorphism p@ 7 : p(LY(G)) — B(L*(G) ® Hx)
extends to a *-homomorphism 7 : C}(G) — B(L?*(G) ® Hy) such that

ANT)=V*r(T)V (T € CHG)).
Hence the restriction map
A=A

ey F CHG) = VN(G)

is completely positive. Since C}(G) is w*-dense in VN(G), the matrix
C*-algebra M, (C;(G)) is also w*-dense in M, (VN(G)) and by Kaplan-
sky’s density theorem, the positive cone M, (C’;‘(G))Jr is w*-dense in the
cone M, (VN(G))+. Therefore the positivity of the map A7 : M, (C}(G)) —
M, (VN(G)) implies the positivity of A, : Mn(VN(G)) — Mn(VN(G)) for
n=1,2..., thatis, A is completely positive. O

Proposition 3.3.3. Let o € B(G). If there is a w*-w*-continuous bounded
projection P : VN(G) — I} satisfying ¢ - P(T) = P(p-T) for ¢ € A(G)
and T € VN(G), then the zero set Z, is open.

Proof. Let P: VN(G) — I} be such a projection. Then it is the dual map of
a continuous linear map P, : A(G)/I, — A(G) between the preduals. For each
x € Zy, pick @, € A(G) such that ¢, (z) # 0. To show that Z, is open, we
only need to establish

Zo=|J {yeG: Plps + L) (y) # 0}.
TEZL,

First observe that x € Z, implies p(z) € I+ and Pi(¢. +I,)(z) = ( Pu(¢s +
15),p(x)) = (¢ + I, P(p(x))) = (@a + Lo, p(2) ) = pa(x) # 0.

Let P.(s+1,)(y) #0. Weshow y € Z,. Otherwise, y ¢ Z, and we can
find ¢ € I, such that ¢(y) =1 by [38; 39.15]. It follows that ¢, + I, = I,
and

0= (P(tpe + 15),p(y) )
= (Y. + I, P(p(y)) )
= (px+ 1,0 P(p(y)))

— (o + L, P p(y)))
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= (s + 15, P(p(y))) (by ¢(y) =1)

= P*(QD;E +Io)(y) #0

which is impossible. So y € Z, and Z, is open. U

We have the following converse to Proposition 3.3.3 if the zero set Z,
is a subgroup of G. The proof below also shows that the projection P in
Proposition 3.3.1 has a simple form if Z, is an open subgroup of G.

Corollary 3.3.4. Let o € B(G) and let Z, be a subgroup of G. The follow-
ing conditions are equivalent:

(i) Z, is open;
(ii) There is a w*-w*-continuous contractive projection P : VN(G) — I-
such that ¢ - P(T)=P(p-T) for ¢ € A(G) and T € VN(G).

Proof. We only need to prove (i) = (ii). Since Z, is an open subgroup, the
characteristic function x, belongs to P(G). Define P :VN(G) — VN(G)
by

P(T)=x,, -T (T €VN(G)).

Write 01 = x,_ . Thenclearly P isa w*-w*-continuous contractive projection
from VN(G) onto I satisfying ¢-P(T)=P(¢-T). But Z, =0 {1} =
Z, implies If;1 = I} by Proposition 3.2.10. (]

We have seen in Corollary 2.3.8 that the space of o-harmonic functions
J+ is isometric to an abelian von Neumann algebra via the contractive pro-
jection P : L>*(G) — J+ on the abelian von Neumann algebra L>(G). In
the non-commutative case of o-harmonic functionals I},
contractive projection on the generally non-commutative von Neumann algebra
VN(G) endows I} with a non-associative algebraic structure, namely, the
Jordan triple structure which involves a ternary product and is more elaborate
than the associative binary product in J;. To exploit this ternary structure
and to show some interesting connections to geometry, we give below a brief in-
troduction to the theory of Jordan triples and background. We will only consider
algebras over the complex field.

the existence of a
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Jordan structures occur in symmetric Banach manifolds and operator alge-
bras. A Jordan algebra is a commutative, but not necessarily associative, algebra
whose elements satisfy the Jordan identity

a(ba?) = (ab)a®.
A Jordan triple system is a complex vector space Z with a Jordan triple product
{3} ZxZxZ—-Z

which is symmetric and linear in the outer variables, conjugate linear in the
middle variable and satisfies the Jordan triple identity

{a,b7 {x,y,z}} = {{a,b,x},y,z} - {a:, {b,a,y},z} + {x,y, {a,b,z} }

A Jordan algebra with involution * is a Jordan triple system with the usual
Jordan triple product

{a,b,c} = (ab*)c+ (b*c)a — (ca)b”.

A complex Banach space Z is called a JB*-triple if it is a Jordan triple system
such that for each z € Z, the linear map

z0z:veZ—{zzv}e€Z

is Hermitian with non-negative spectrum and ||z0z|| = ||2]|>. A JB*-triple Z
is called a JBW™*-triple if it is a dual Banach space, in which case its predual
is unique, denoted by Z,, and the triple product is separately w*-continuous.
The second dual Z** of a JB*-triple is a JBW*-triple.

The JB*-triples form a large class of Banach spaces. They include for
instance, C*-algebras, Hilbert spaces and spaces of rectangular matrices. In-
deed, a norm closed subspace Z of a C*-algebra A isa JB*-triple if z € Z
implies zz*z € Z. In this case, the triple product is given by

1
{w.9.2h = 5 (= + 29°0)

and Z is called a subtriple of A . The fact that Z is closed with respect to
the above triple product follows from the polarization formula:

16{z,y, 2} = Z af(z+ay+ 02)(z+ay+ 02)"(+ay+ P2z).  (3.1)

at=1=p42
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JB*-triples also include the class of JB*-algebras. A JB™*-algebra is a com-
plex Banach space which is also a Jordan algebra with involution = satisfying
llz*|| = [|z|| = || {z,z*,x} ||'/* where the triple product is given by

{z,y, 2} = (2y")z + (2y")z — (22)y™

Every C*-algebra is a JB*-algebra in the following Jordan product:
1
aob= 3 (ab+ ba).

A JB*-subalgebra of a C*-algebra , with respect to the product o above,
is called a JC*-algebra. A JB*-algebra is called a JBW™*-algebra if it is a
dual Banach space. JBW*-algebras which are isometric to JC*-algebras are
called JW*-algebras.

Given a JB*-triple Z, an element e € Z is called a tripotentif {e,e,e} =
e. A tripotent e € Z is called unitary if {eez} =z for all z € Z. Tripotents
in C*-algebras are exactly the partial isometries. If a JB*-triple Z contains a
unitary tripotent w, then it is a JB*-algebra in the following Jordan product
and involution:

xoy={z,u,y}, z"={u,x,u}

with w as an identity. A JBW™-triple is the norm-closed linear span of its
tripotents.

In geometry, JB*-triples arise as tangent spaces to complex symmetric
Banach manifolds which are infinite-dimensional generalization of the Hermitian
symmetric spaces classified by E. Cartan [10] in the 1930s using Lie groups. An
(analytic) Banach manifold is a manifold modelled locally on open subsets of Ba-
nach spaces such that the coordinate transformations are bianalytic maps. The
manifold is called real (complez) if the underlying Banach spaces are real (com-
plex). A Banach manifold M is symmetric if every point a € M is an isolated

fixed-point of a symmetry s, : M — M which is a bianalytic map satisfying

2

2 = Id. Given a connected complex symmetric manifold M and a € M,

S
Kaup [48] has shown that the symmetry s, induces a Jordan triple structure
on the tangent space T,M at a. Further, if M is a bounded domain, that
is, a bounded open connected set in a complex Banach space, then T,M can
be given a norm such that T,M isa JB*-triple and M is biholomorphically
equivalent to the open unit ball of T, M, as shown in [48]. Conversely, the open
unit ball of every JB*-triple is a complex symmetric Banach manifold. Here
the crucial fact is that the geometry of a JB*-triple is completely determined

by its triple product in that the surjective linear isometries between JB*-triples
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are exactly the triple isomorphisms which are bijective linear maps preserving
the triple product [48,42]. Also, two JB*-triples are isometric if, and only if,
their open unit balls are biholomorphically equivalent. We refer to [13,72,80] for
further references concerning JB*-triples and symmetric Banach manifolds.

JB*-triples also appear as the ranges of contractive projections on C*-
algebras as shown in [25]. Using this result and Proposition 3.3.1, we show
below that I} isa JW*-algebra and therefore its open unit ball is a complex
symmetric manifold. We denote by B(H) the von Neumann algebra of bounded
linear operators on a Hilbert space H.

Proposition 3.3.5. Let 0 € B(G) and ||o|| = 1. Then I} isa JW*-algebra.

Proof. Let P :VN(G) — I} be the contractive projection in Proposition 3.3.1.
By [25], I} isa JB*-triple with the triple product

[ea

{u,v,w} = = Pluv*w + wv*u)

DO | =

for w,v,w € I+, and moreover, I+ isisometric to a subtriple of a C*-algebra.
Since I} is a dual Banach space, it follows from [7; Corollary 9] that It is
isometric to a w*-closed subtriple of B(H) for some Hilbert space H. Pick
any & € Z,. Then u = p(zr) is a unitary element in VN(G). Therefore
w € I} implies {u,u,w} = P(w) = w and by the above remarks, Il is a
JW*-algebra in the following Jordan product and involution:

1
vow = {v,u,w} = 3 P(vu*w + wu*v)

v = {u,v,u} = P(uv*u).
U

We will now study the Jordan structures of I} in detail. We note that,
as the norm of I} is always fixed, the triple structure of I} is unique by the
previous remarks.

Definition 3.3.6. Given ¢ € B(G) with |lo|| = 1, we denote by P, :
VN(G) — I} the contractive projection constructed in Proposition 3.3.1 and
if I} # {0}, we always fix a unitary element u € I+ so that (I},u) is a
JW*-algebra with identity wu, in the Jordan product o and involution #
defined in Proposition 3.3.5.
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We note that I} need not be a subtriple of VN (G) in general and we will
clarify this situation later. We first look at the case of I> being a subalgebra
of VN(G) more closely.

Lemma 3.3.7. Let o € B(G) with ||o|| =1 and the induced projection P, :
VN(G) — Ir. The following conditions are equivalent:

) P,(1) =1 where 1 is the identity of VN(G);

) Po(1) #0;

iii) o(e) =1;

) It is a nontrivial subalgebra of VN(G);
)

Zs s a subgroup of G.

Proof. (i) <= (ii). Since P,(1) is in the w*-closed convex hull of {o™ -1 :
n € IN} and 0"-1 =o0(e)"1, we have P,(1) = al for some « € €. Therefore
P,(1) # 0 if, and only if, 1 € I}, thatis, P,(1) =1.

(i) <= (iii). From above, o(e) =1 implies that P,(1) = 1. The converse
follows from 1= P,(1)=0-P,(1) =0 -1=o0(e)l.

By Proposition 3.2.10 and Remark 3.2.11, it remains to show (iv) = (ii).
Suppose P,(1) = 0. Since I} # {0}, there exists a unitary u € I}}. Then
u? € I} and by the property of the contractive projection P, (cf.[72,p.229]),
we have

which is impossible. O

Remark 3.3.8. In the proof of (iv) = (ii) above, we did not assume that I
is a *-subalgebra of VN(G) with identity 1 although the result implies this.
Given that I} is a *-subalgebra of VN(G), we would have P,(vTw) =
vP,(T)w for v,w € I+ and T € VN(G), by a well-known result of Tomiyama
[77]. We note that the condition ||o|] = 1 in Lemma 3.3.7 is not assumed in
Theorem 3.2.12.

Proposition 3.3.9. Let ¢ € B(G) and |o|| = 1. If I} is a subtriple of
VN(G), then the zero set Z, = o~ {1} satisfies the following condition:

1

r,Y,2 € Z, implies xy "z € Z,.

The converse holds if I} is the w*-closed linear span of p(Zy).
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Proof. Let I+ be a subtriple of VN(G) and let xy,79,73 € Z,. We show
mlxglxg € Z,. Suppose not, we deduce a contradiction. Let T = p(z1) +
p(x2) + p(x3) € I}, Since I} is a subtriple of VN(G), we have

Z p(xixj_la:k) =TT*T € I}.
4,3,k

By [38; 39.15], we can choose ¢ € I, such that @(xixj_lxk) =1 if ximj_lxk ¢
Z,. It follows that

0= <<p, Z p(xixj_la:k)> = Z gp(xixj_lxk) #0

1,5,k ;c,i;cjlxkgEZg

which is a contradiction. Hence $1$51x3 € Z,.
Conversely, suppose [+ = span p(Z,) is the w*-closed linear span of
p(Zs). Recall that the triple product of VN(G) is defined by

1
{R.8.T} =  (RS'T +TS"R).

Given T € It, we need to show TT*T € I-. If T = a;p(z;) € span p(Z,),
i
then

TT*T = Z ai@jakp(xizj_lxk) € spanp(Z,)
ik

since Z, satisfies the given condition. So the norm closure of span p(Z,)
is a subtriple of VN(G) and standard arguments imply that the w*-closure
span p(Z,) is also a subtriple of VN(G). We give below these arguments for
completeness.

First note that for R,S,T € spanp(Z,), the polarization formula (3.1)
implies {R,S,T} € spanp(Z,). Now let T € spanp(Z,) with T = w* —
li{EnTa and T, € spanp(Z,). Then T* = w* — li(gnT; and {T,,T,Ts} =
1 (T,T*Tp + TpT*T,) = w* — lién% (T, TxTg + TRT;T,) € spanp(Z,) for
fixed 3,v. Next, {T,,T,T} = w* flién {T,,T,Ts} € spanp(Z,) for fixed 7.
Finally {T,7,T} = w* — h}yn {T,,T,T} € span p(Z,). O

Remark 3.3.10. We have seen that if Z, is a subgroup of G, then I} is the
w*-closed linear span of p(Z,). The latter is also true if Z, is a spectral set
for A(G), for instance, a finite set. We recall that a closed subset E C G is
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called a spectral set for A(G) if the ideal {p € A(G) : ¢(E) = {0}} is the only
closed ideal whose zero set is E.

We have seen in Chapter 2 that sharper results for harmonic functions can
be obtained by studying those functions which are uniformly continuous. Now
we investigate the non-commutative analogue of these functions. They are the
harmonic functionals belonging to span A(G) - VN(G) as the latter identifies
with the bounded uniformly continuous functions on G when G is abelian
(cf. [32,33]). Results for J+ N Cp,(G) have non-commutative analogues for
I Nnspan A(G) - VN(G).

Analogous to (2.2), given m € (WA(G)-VN(G))* and T € span A(G)-
VN(G), we define moT € A(G)* =VN(G) by

(py,moT) = {(p-T,m) ((p IS A(G)).

Then we have moT € span A(G) - VN(G) which also contains the w*-closed
convex hull Kp of theset {¢-T:¢ € A(G),|l¢|l <1} (see [53, Lemma 5.1]).

By [56], there is a linear (into) isometry 7 € B,(G) — 7 € (span A(G) -
VN(G))" such that 7j(p-T) = (p,n-T) for ¢ € A(G) and T € VN(G).
Moreover, we have

(moT,7) = (ijo T, m) (3.2)

*

for m € (span A(G)-VN(G))" and 75 € B,(G).

Let P)(G) = {n € P,(G) : n(e) = 1} C B,(G) C B(G) and let P}(G)
inherit the w*-topology 0'( (G),C*(G)) which coincides with the topology
U(P;(G),Ll(G)) since P}(G) is norm-bounded and L'(G) is norm-dense in
C*(G). Let (no) be a net in P)(G) w*-converging to 1 € P)(G). Then
by [60,34], we have |[pn, — ¢n|| — 0 for all ¢ € A(G) which implies that
Ta(9T) = (o110 T) = (g7 T) = (- T) for o€ A(G) and T € VN(G).
So 7o — 7 in the w*-topology of (spanA(G) - VN(G))*. Conversely, if
Tlo — 1 in the w*-topology, then 7, — n in the topology O'(Ppl(G),Ll(G)).
We write P}(G) = {i: n € P}(G)}.

Lemma 3.3.11. Let T € span A(G) - VN(G) and let Kr be the w*-closed
conver hull of {p-T : ¢ € A(G), ||¢l| < 1}. Then Kr is equicontinuous on
D1

P (G).

Proof. Let (7,) be a net in ]5})(G) w*-converging to 1 € ]Bé(G) Let ¢ > 0.
We show

(s, 77) — (s, 7)] < & (3.3)
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for all S € Kp, from some « onwards. It can be seen from the following
arguments that we may assume T € A(G) - VN(G) with T = ¢'- T’ where
¢ € A(G) and T' € VN(G). By w*-convergence of (n,) and the above
remark, we have |¢'n, —¢'n|| — 0.

Let S € Kp. Then there is a net (¢g) in A(G) with |¢gl <1 such
that (pg-T) w*-converges to S. Now (©g) is anet in (WA(G)-VN(G))*
and we may suppose, passing to a subnet if necessary, that (¢g) w*-converges
to m € (span A(G) - VN(G))* say. For ¢ € A(G), we have (p,moT) =
(¢ Tym) =lim{p-T,pp) = lim(pp, ¢ - T) = lim {p, 05 - T) = {p,5), that is,
S =moT. It follows that

(S, ) = (S.m)| = [(m o T, 7o — 1)
= {(a =) 0 T,m)| by (3.2)
= lim[{(7a —7) o T, $p)|
= lim |3, (7o —71) o T
=lim (g - T 7o — 1)
= lim |{a = n, 05 - T)|
=l (e — ', 05 - T')|
<7 l¢" M0 = "0l — 0

which clearly yields (3.3). O

We now prove a non-associative analogue of Theorem 2.2.17.

Theorem 3.3.12. Let 0 € B,(G) and |o| = 1. Then there exists a net (u.)
in the convex hull of {o™: n € IN} such that for R,S,T € I-NVN.(G), their
Jordan triple product is given by

2R, S, T} = lim piq - (RS*T + T'S*R)

uniformly on compact subsets of ]3})((77) Further, if G 1is amenable, then the
above convergence holds for all R,S,T € I+ N span A(G) - VN(G).
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Proof. By the construction of the projection P, : VN(G) — I} in Propo-
sition 3.3.1, there is a net (uo) in the convex hull co {¢” : n > 1} such
that

(p,{R,S,T}) = lién <<p, o - (% (RS*T + TS*R)> >

for ¢ € A(G) and R,S,T € I-.

Let V =1 (RS*T + TS*R) where R,S,T € [- NVN.(G). Then V =
¢V whenever p € A(G) and ¢ =1 on supp V. Let Ky be the w*-closed
convex hull of {¢-V : ¢ € A(G), |l¢|| < 1}. Then Ky is equicontinuous on
ﬁz(G) by Lemma 3.3.11.

We first show that {R,S,T} € Ky. For this, it suffices to show pu, -V €
Ky for all a. We note that ||uq| < 1 and fio € (Span A(G) - VN(G))*
has a norm-preserving extension ﬁa € VN(G)*. Regarding A(G) C VN(G)*
and by Goldstein’s theorem, there is a net (¢g) in A(G), with |eg|| < 1,
w*-converging to ﬁa. Then (pg-V) w*-converges to (ue-V) in VN(G),
that is, puo -V € Ky

We now show that (pe-V) converges pointwise to {R,S,T} on ]S}J(G).
Let v € ]5;1)(6') Let € > 0. By equicontinuity of Ky, thereisa w*-neighbour-
hood N of v such that

|(Wp) = (Wp)|<e

forall 3€ N and W € Ky. Choosing a net in A(G) w*-converging to v
as above, we can pick ¢ € A(G) such that @ € N. There exists «g such that
a > oy implies

|<¢v{R’S’T}>_<§OaNo¢'V>| <e

and therefore

|<{R757T}7Z> - <:ua : Vj}> | < |<{R757T}v§> - <{R75’T}7¢>|

+ [{pa - Vi @) = (pa - Vi) | < 32
This proves o -V — {R,S,T} pointwise on ﬁ})(G) Since ﬁz(G) is locally
compact and | (W,v)| < ||V forall W € Ky and v € ]5})(G), the conver-

gence is uniform on compact subsets of P }J(G) by equicontinuity of Ky (cf.
[49; p. 232]).
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Finally, if G is amenable, we have span A(G) - VN(G) = A(G) - VN(G)
as remarked before and hence the above arguments apply to all R,S,T € I+ N
span A(G) - VN(G).
O
For amenable groups G, we have the following description of the “uni-
formly continuous” harmonic functionals.

Proposition 3.3.13. Let G be amenable and let o € B(G). Then
I7 N (A(G) - VN(G)) = I- NVN.(G)

={¢-T: @EA(G),TEIj‘}.

Proof. We first note that span A(G) - IF = I NVN.(G) . Indeed, if T €
I NVN.(G), then T = ¢-T € A(G) - I+ where ¢ € A(G) and ¢ =1
on supp T. Conversely, given 1 -S € A(G) - I+, choose a sequence ()
in A(G)N C.(G) with ||, — 9| — 0. Then |[¢, - S —¢ -S| - 0 and
Un S € I NVNL(Q).

To complete the proof, we need to show I N(A(G)-VN(G)) C A(G)-If
Since G is amenable, the existence of a bounded approximate identity (ua) in
A(G) and Cohen’s factorization imply that A(G) - I} = span A(G) - I} [38;
32.22]. Hence T € I} N (A(G)-VN(G)), with T =¢-S where ¢ e A(G)
and S € VN(G), implies that ug - (p-S) =us-T € A(G) - I+ and ¢-S =
liénua-(go-S)EA(G)-I;:A(G)-IUL. O

Proposition 3.3.14. Let o € B(G) and let Z, be a subgroup of G. Then
IFNnspan A(G) - VN(G) = I NV N.(G).

Proof. By Proposition 3.2.10, A(G)/I, identifies with the Fourier algebra A(Z,).
Let ® : VN(Z,) — I} be the induced isometric isomorphism. By [47;
Lemma 3.2], we have ®(spanA(Z,)-VN(Z,)) = I} N span A(G) - VN(G)
and ®(VN,(Z,)) = I- N VN,(G). Since 5pan A(Z,) - VN(Zy) = VN.(Zy),
we have Il N span A(G)-VN(G) =1+ NVN.(G). O

Now we discuss some other algebraic and geometric consequences of the
Jordan structures of I}

Given o € B(G) and |lo|| =1, we embed the Banach algebra A(G)/I,

in its second dual (A(G)/Ig)** in the usual way, where the latter is equipped
with the first Arens product

En=w" —lim liénganﬁ
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where &, n € (A(G)/IU)** are w*-limits of the nets (£,) and (ng) respec-
tively in A(G)/I,. The product {7 is w*-continuous in ¢ for fixed 7.
Then the algebraic centre Z of (A(G)/Ig)** coincides with the set {¢ €
(A(G)/L,)** : = €n  is w*-continuous}. A(G)/I, is Arens regularif Z =
(AG)/1,)™".

Proposition 3.3.15. Let 0 € B(G) and |lo|| =1. Given that A(G)/I, has
bounded approximate identity and Z, 1is discrete, we have

(i) A(G)/I, coincides with the centre of (A(G)/L,)**;
(i) A(G)/I, is Arens regular if, and only if, I+ is linearly isomorphic to a
Hilbert space.

Proof. (i) Since (A(G)/IU)* = I} is a JW*-algebra, its predual A(G)/I,
is isometrically isomorphic to a complemented subspace of the predual of a
von Neumann algebra, by [15; Theorem 2], and is therefore weakly sequentially
complete (cf. [74; Corollary 5.2]). Since Z, is discrete, A(G)/I, is an ideal in
(A(G)/L,)** [30, Theorem 3]. Hence A(G)/I, = Z by [6; Theorem 2.1(iii)].
(ii) Arens regularity of A(G)/I, is equivalent to reflexivity by (i). It is
well-known that a JB*-triple is reflexive if, and only if, it is linearly isomorphic
to a Hilbert space (cf.[19]). O

Remark 3.3.16. It is unknown if (ii) above remains valid without the existence of
a bounded approximate identity in A(G)/I,, even in the special case of I, =
{0} where o71{1} = G. Also we do not know if Arens regularity of A(G)/I,
would actually imply that Z, is finite in Proposition 3.3.15(ii). However, as
shown in [31], if G 1is a free group on two generators, then there is a closed ideal
I in A(G) which generalizes I, such that A(G)/I is linearly isomorphic to
an infinite-dimensional separable Hilbert space and hence Arens regular.

Finally in this section we study the geometry of I:-. We have already
noted that the open unit ball U, of I} is a symmetric Banach manifold. The
classification of U,, or rather, of I}, will be carried out in the next section.
We study here the geometry of certain components of the boundary of U, which
may be useful for the understanding of the boundary structure of U,. We first
consider the finite-dimensional case. The simplest example is that dim I} = 2
in which case U, is a bidisc in €? as will be seen presently.

By the structure theory of Jordan algebras (cf. [43]), if dim I} < oo,
then it is (isomorphic to) a finite £.-sum of JW*-algebras, each of which is
one of the following Cartan factors:
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(i
(ii

) M, (nxn complex matrices)
)

(iii) S, (n xn symmetric complex matrices, n > 2)
)

As,, (2n X 2n antisymmetric complex matrices, n > 2 )
(iv) V (spin factor)

where V is a subspace of M, , of dimension > 3, such that a € V im-
plies that a* € V and a? is a scalar multiple of the identity matrix. Now
if dim I;- =2, then [} = € ®,_ C since dim Ay,,dim S,,dim V > 2. So
Us = {(a,8) € ©% : |a|,|8] < 1}. If we take a discrete group G with an
clement z satisfying z? = e and if we let 0 = X,y € B(G), then |of| =1
and I+ = {ap(z)+Bl: a,3 € €} which is 2-dimensional. One can find simple
examples of a non-abelian IX. Indeed, if oc=*{1} is a subgroup, of order 6,
of G, then I} is a von Neumann subalgebra of VN(G) and dim I1 = 6.
The above classification list implies that I} is either €° or €2 @ My, and
the latter occurs if o~1{1} is non-abelian. It may be interesting to note that
dimension analysis also leads to the following result.

Lemma 3.3.17. Given z € G with x? # e, then there does not exist o €
B(G) satisfying both ||o||=1 and o=*{1} = {z,2?}.

Proof. Suppose there exists o € B(G) satisfying the given conditions, then
I+ = span{p(z),p(x?)} is an abelian von Neumann algebra. We deduce a
contradiction by showing that Il is a Cartan factor. For this, we show that
I+ does not contain nontrivial triple ideal. A (closed) subspace J C I- is a
triple ideal if {IX I, J} C J. Since ||o|| = 1, there is a contractive projection

ydo

P,:VN(G) — I+

We show that no 1-dimensional subspace of I} is an ideal. First, Cp(z)
is not an ideal because {p(z?), p(z),p(z)} = p(2?) ¢ Cp(z). Likewise Cp(x?)
is not an ideal. Next let u = ap(x)+ Bp(2?) and J = Cu, where o, f €
C\{0}. Then {p(x), p(a?),u} = a{p(@), p(a?), pla)} + Hp(), p(a?), p(a®)} =
aPy (p(x)p(x®)*p(x)) + Bp(x) = aPy(1) + Bp(x) = Bp(z) ¢ J, by Proposi-
tion 3.3.7. So J is not an ideal either. (]

As dim I} increases, it can be seen that the geometric complexity of U,
increases rapidly. We will study the connected components of projections in .
These are symmetric Banach manifolds contained in the boundary of U,. In
the following, we no longer restrict to finite dimensions.

Henceforth we assume that I} # {0}. As in Definition 3.3.6, given
o € B(G) with ||o|| = 1, we fix a unitary w € I} such that (I} ,u) is
a JW*-algebra with identity u and there is an involution preserving isome-
try which carries I} onto a JW*-subalgebra A of B(H,) for some complex
Hilbert space H,, and maps u to the identity 1, in B(H,). The Jordan
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product o in A is given by
1
aob= 3 (ab+ ba)
and the triple product by
1 * *
{a,b,c} = i(ab ¢+ cb*a)

where the product and involution in the right-hand side are those in B(H,).
We will identify I} with A in the sequel and work with the latter.

An element p € A is a projection if p = p* = p?. Let P be the set of all
projections in A, equipped with the relative topology. Then P is contained in
the boundary of U, and is the union of its connected components. We study
below the geometry of these components. We note that, in I}, 7P identifies
with the set {p € I+ : p = P, (up*u) = P,(pu*p)} C VN(G), here the adjoints
u* and p* are taken in VN(G) .

Let p € P. The operator pdp: A — A has eigenvalues 0, %,1 and
we have the following Peirce decomposition of A :

A= As(p) ® Ar(p) ® Ao(p)

where Ag(p) isthe g—eigenspace for k=0,1,2. The projection Pg(p): A —
Ak (p) is called the Peirce k-projection and is given by

Ps(p)(a) = pap

Py(p)(a) = pa+ ap — 2pap

Po(p)(a) = (1u = p)a(ly = p).

Let Ai(p)s ={a € A: a* = a = ap+pa} be the self-adjoint part of A;(p).
For a € Ai(p)s, we define the linear map k, = 2(a0p —pOa) : A — A,
where (aOp)(-) = {a,p, }. Then k, is a Jordan =-derivation :

ka(x*) :ka(‘r)*7 ka(moy) :xoka(y)"_ka(‘r)oy

0 nipn
for xz,y € A. Therefore exptk, = > L nk!“ is a Jordan *-automorphism of A

n=0
for t € IR.
Let M be a connected component of P. Then (exp kq)(M) =M and it
has been shown in [16] that M is a real analytic Banach manifold and the local
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chart at a point p € M is given by the map a € Ai(p)s — exp kq(p) € M,
where A;(p)s identifies with the tangent space T,M at p. Further, M is
a symmetric manifold with symmetry at p € M given by S, = Id — 2P;(p) :
M — M.

Lemma 3.3.18. The manifold M is path-connected.
Proof. Given p € M, let
K, ={q € M : qcan be joined to p by a continuous path}.

Using the local chart at p, it can be shown easily that K, is open. But
M\K, = gg( K, is open. So M = K, by connectedness of M. O
a¥Bp

Remark 3.3.19. Tt follows from the above lemma and [82; Proposition 5.2.10]
that the projections in M are unitarily equivalent in B(H,,).

We next define an affine connection on M and describe the geodesics in
M. We fix some notation first. Let T'M be the tangent bundle which is the

disjoint union UMTp./\/l of tangent spaces. A wvector field on M is a section
JUS

of TM, thatis,amap X : M — TM such that X(p) € T,M. Since T, M
identifies with A4;(p)s C A, we can think of X as an A-valued map and
we denote by X(M) the space of real analytic vector fields on M. Given
X € X(M) and f e C®(M), we define

(XN@) = & Fp+1X0)],g

Note that fX denotes the vector field (fX)(p) = f(p)X(p). An affine con-
nection on M is a map

VX (M) x X(M) = X (M)

with V(X,Y) , usually written VxY, satisfying the following conditions:

(i) Vx(Y1+Y2)=VxY1 +VxYs
(ii) va1+9X2Y: fVX1Y+gvX2Y
(i) Vx(fY) = [VxY + (XY,
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Definition 3.3.20. Given X,Y € X (M), we define

(VxY)(p) = Pu(p) (Y'(p)(X(p)))

where Y'(p) : A — A is the Fréchet derivative of Y at p, and Pi(p): A —
Ai(p) is the Peirce 1-projection.

It has been shown in [16] that V is a torsion free affine connection on

M.

Proposition 3.3.21. Let M be a connected component of projections in (I, ).
Given p € M and a tangent vector v € T,M, the V-geodesic at p with ini-
tial tangent vector v 1is given by

Vo (t) = (exp thy)(p) (t € IR)
where k, =2(vdp—pQdo).

Proof. We identify I+ with A C B(H,) as above and we do the computation
in A. Write (t) = (exp tk,)(p). We need to show

(V44) (3(8) =o.
We have +(t) = (exp thy)(ky(p)) and
(1) = (exp thy) (k2(p)) = (exp thy) (ko(v))

where v = pv+wvp gives k,(p) =v—pvp and k2(p) = k,(v) = 2(vpv — pv2p).
By Definition 3.3.20, we have

(Vi3 (v(1) = PL(v() () (v () (3(1)))

= P ((exp tky)(p)) (exp tky) (ko (v)).

Since exp tk, is a triple automorphism of A, the last term above is equal to
(exp tky)Pi(p)(ky(v)) and direct calculation gives Pi(p)(ky(v)) = 0 which
completes the proof. O
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In case M contains a rank-one projection in B(H,), we have a more
explicit description of the geodesics. Let p € M be rank-one, that is, there
exists a unit vector ¢ € H,, such that

p() = (16)¢
where (-|-) is the inner product in H,. By Remark 3.3.19, every projection in
M is also rank-one in B(H,). We can define a map v € T,M = A;(p)s —
v(€) € {¢} where v = vp+ pv implies that v(¢) is in the orthogonal com-

plement {£}+ of {¢}. Further, the above map is a linear homeomorphism, not
necessarily surjective, as simple computation gives

[ < [loll < 2[[o(E)]]-

In fact, we have [[v(§)| = |lvp|| = |lpv||. It follows that T,M is a real Hilbert
space in the inner product

((vi,v2))p = 2Re (v1(§)[v2(§) )-

We can therefore define a Riemannian metric ¢ on M by

9(X;Y)p = (X (), Y (P))p

for X, Y € X(M) and p € M. Asin [16], one can show that V is compatible
with ¢, and is therefore the Levi-Civita connection on M. Also, using similar
arguments involving Jordan arithmetic as in [16], the V-geodesic at p € M
with initial tangent vector v € T, M can be expressed as

sin(2||pv||t) 1 —cos(2|pv||t) o
Yp,o(t) = cos(2||pv||t)p + v v

polt) = cosZlelOn+ =] 2po?
which is contained in the closed real Jordan subalgebra of (I1,u) generated
by p and wv. One can deduce that the Riemann distance between p,q € M is

V2 sin” ! [|p — g]|-
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3.4. Classification of harmonic functionals

The Murray-von Neumann classification of rings of operators [62] is fun-
damental in the theory of operator algebras and has been extended to Jordan
algebras [79] and Jordan triples [43,44].

In this section, we study the Murray-von Neumann classification of the har-
monic functionals I in terms of the linear geometry of its predual A(G)/I,.
We show that the classification of I} is completely determined by the facial
structures of its normal state space in A(G)/I,. By fixing a unitary element
u € I+ as before, we can identify (I1,u) with a JW*-subalgebra A of some
B(H) containing the identity operator 1 : H — H. We will show that the
classification of I} does not depend on the choice of u. In fact, we prove our
classification results for the general case of arbitrary JW *-algebras and obtain
the results for I} as special case.

We begin with the classification of JW*-algebras. Throughout A de-
notes a JW*-subalgebra of the algebra B(H) of bounded linear operators on
some Hilbert space H in which the Jordan product o is defined by

a0b:%(ab+ba)
and the Jordan triple product is given by
{a,b,c} = % (ab*c + cb*a)
and also, the identity of A is the identity operator 1: H — H. Let
A={acA:a" =a}

be the self-adjoint part of A. Then A= A+iA and (A,o) is a real Jordan
Banach algebra, called a JW-algebra. Two elements a,b € A are said to
operator commute if T,T, = TpyT, where T, : A — A is defined by T,(z) =
aox and Ty is defined likewise. Clearly T,Ty, = TpT, is equivalent to ao (bo
¢)=(aoc)ob forall ce A The centre Z of A is defined by

Z={a€A:ao(xoy)=(aoy)ox forallzye A}.
Its self-adjoint part Z is the centre of A. A is called a factorif Z = C'1.

We note that A is uniformly generated by projections which determine its
classification.
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A projection p € A is called abelian if (pAp,o) is an associative Jordan
algebra in which case it is an abelian von Neumann algebra. Two projections
p,q € A are equivalent, denoted by p ~ ¢, if there exist si,...,s, € A such
that s? =1 for j=1,...,n and s,...$1ps1...5, = ¢. By [79; p. 23], we
have p ~ ¢ if, and only if, 1—p~1—¢q. We equip A with the usual ordering
< in B(H). A JW=*-algebra A is called modular if every projection p € A
has the following property:

given a projection ¢ <p with ¢~ p, then ¢g=0p

(cf. [79; Proposition 14]). A projection p € A is called modular if (pAp,o) is
modular. We note that abelian projections are modular. The projections in the
centre are called the central projections. A is called properly non-modular if it
has no nonzero modular central projection.

A JW=*-algebra A is of type I if every nonzero central projection in A
dominates a nonzero abelian projection; A is of type II if it has no nonzero
abelian projection and every nonzero central projection in A dominates a
nonzero modular projection; A is of type III if it has no nonzero modular
projection. A type II; JW*-algebra is one that is type II and modular. A
type II and properly non-modular JW *-algebra is said to be of type Il,,. Our
definition of types for A = A +iA coincides with that for the JW-algebra A
given in [79].

It is not obvious that the types of JW*-algebras are invariant under
linear isometries although this will be an immediate consequence of our char-
acterization of types in terms of the geometry of the normal state space. We
note that it has been shown in [44; p. 57] that linear isometries preserve types
IT and III, using the nontrivial fact that JW™*-algebras of these types generate
von Neumann algebras of the same types. Our unified geometric approach does
not require this fact.

Asin [79; Theorem 13], one can show that every JW™*-algebra decomposes
uniquely into direct summands of types I, I3, II, and III. Complexifying the
result in [79; Theorem 26], one has the following important characterization of
modular JW*-algebras.

Lemma 3.4.1. A JW*-algebra A is modular if, and only if, it has a unique
faithful normal centre-valued trace, that is, there is a unique w*-continuous
linear map §: A — Z satisfying the following conditions:

(i) #(a) =20 for a>0;
(ii) #(a) =0 and a >0 imply a=0;
(i) f(aoz)=4(a)oz for z€ Z;
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(iv)
(v)

f(sa*s) = t#(a)* for s€ A with s* =1
g(1) =1.

We note that aoz =az for z € Z. We also note that a von Neumann
algebra A is finite if, and only if, (A,o0) is a modular JW™*-algebra with
Jordan product aob = % (ab+ ba). The type of a von Neumann algebra A
is the same as that of the JW*-algebra (A,o). Obviously, even if Il is a
von Neumann subalgebra of VN(G), it need not inherit the type of VN(G),
for instance, they could have different dimensions. However, if I} is a subal-
gebra of VN(G), then finiteness of VN(G) passes onto I} and the image
of the centre of VN(G) under P, : VN(G) — It is contained in the centre
of I} by Remark 3.3.8. Further, if ¢='{1} is an open subgroup of G, then
Corollary 3.3.4 implies that P, is w*-continuous in which case I} is type I
if VN(G) is, and if VN(G) contains no type III summand, then I} does
not contain such either (cf. [78]).

Example 3.4.2. If G is a countable discrete group in which every conjugacy
class, except the identity class, is infinite, then VN(G) is a type II; factor.
The group G, of all finite permutations of an infinite countable set is such
a group and as in Section 3.3, we can find ¢ € B(G,) such that I} is a
2-dimensional abelian subalgebra of VN(G,).

We note that VN(G) is finite if, and only if, G is a [SIN]-group. We
next characterize the modularity of I} by its normal state space.

We recall that a continuous linear functional on a JBW™-triple Z is
normal if it is additive on orthogonal tripotents, that is, f(> en) = > f(eq)

« (6%

for any orthogonal family {e,} of tripotents in Z where the sum is taken with
respect to the w*-topology o(Z, Z,) and two tripotents e,,es are orthogonal if
eqdeg = 0. The w*-continuous linear functionals on Z are exactly the normal
functionals [42; Proposition 3.19]. In the case of JW*-algebras, the normal
functionals are exactly the ones which are additive on orthogonal projections
[42; Proposition 3.18]. A continuous linear functional f of a JW*-algebra A
is called a state if ||f]| =1= f(1). Let

N={feA |fl=1=fQ)}

be the normal state space of A. It is a norm-closed convex subset of A,. A
face I’ of N is called a split face if there is a face F’ of N, disjoint from F,
such that each f € N\(FUZF’) has a unique representation

f=ag+ (1 —a)h
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where 0 < a <1, g€ F and h € F’. Split faces are norm-closed. Given a
projection p € A, theset F ={f € N : (f,p) =1} is a norm-closed face of
N, and all norm-closed faces of N are of this form. Moreover, F identifies
with the normal state space of pAp and it is a split face if, and only if, p
is a central projection (cf. [3; Theorem 11.5] and [2; Proposition 4.11]). We
define an affine symmetry of F to be an affine bijection (¢ : FF — F such that
((K) =K for every split face K of F. We will denote by Sym (F') the set
of all affine symmetries of F.

A linear functional f on A = A +iA is self-adjoint if f = f* where
f*: A= € is defined by f*(a) = f(a). The self-adjoint part of A,, denoted
by A. ={f € A, : f* = f}, is a real Banach space partially ordered by the
cone C = UOaN and is the predual of A. We have A, = C — C and the

az>
norm of A, is additive on C. Given an affine bijection ( : N — N, we can

extend it naturally to a linear order-isomorphism ( : A, — A,. Further, ( is
an isometry since (A.,C) is a base norm space with base N which implies
that for each f € A,, we have

Ifll = inf{a+3: f=ag—Ph,a,3>0,9,he N}

(cf. [1; p. 36]). Let ¢*: A — A be the dual map of E Then ¢* is a
surjective linear isometry and ¢*(1) = 1. By [84; Theorem 4], ¢* is a Jordan
automorphism. It follows that the complexified map ¢ =¢*+i(*: A = A is
a Jordan x-automorphism.

A linear functional f on A is called a trace if it satisfies f(a) = f(sas)
forall a € A and s € A with s2 =1. If A is modular with centre-valued
trace f: A — Z, then for any linear functional p of Z, the composite pof
is clearly a trace of A. In fact, every trace f of A is of this form. To see
this, let p = f|z be the restriction of f to Z. Given a € A, let K, be
the norm-closed convex hull of {s,...s1as;...s, : s; € A,s? =1} in A
Then by [79; Lemma 31], K, N Z = {#(a)}. Since f(K,) = {f(a)}, we have

(pot)(a) = f(t(a)) = f(a).

Lemma 3.4.3. Let A be a modular JW*-algebra with normal state space N.
Let f € N beatrace. Then f is a fized-point of the symmetries of N.

Proof. Let ¢ : N = N be a symmetry and let & = ¢* +i¢* : A - A be
the Jordan s#-automorphism defined above. Let £ : A — Z be the unique
centre-valued trace. We have f = pof where p = f|z is a normal state of Z.
We first show that ®, fixes the centre of Z. Since Z is uniformly generated
by its projections, it suffices to show that ®.(p) = p for all projections p in
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Z. Let F={feN: (f,p)=1}. Then F is a split face of N as remarked
before. The complementary face of F is F' ={f € N: (f,p) = 0}. For every
f € N\(FUF'), we have

f=ag+ (1 —a)h
where 0 <a <1, g€ F and h e F'. Since ¢ leaves F and F’ invariant,
we have ((g) € F and ((h) € F' which gives
(f,p) = (ag + (1 = a)h,p) = a = (al(g) + (1 — @)¢(h), p)

= {C(f),p) = (f, ¢ (p) = ([, Pc(p))-

This proves ®¢(p) = p. Next we show that fo P, : A — Z is a faithful
normal centre-valued trace. Since ®; preserves the Jordan product and leaves
Z fixed, we have, for a € A and z € Z,

(10 ®¢)(aoz) = 4(Rc(a) 0 De(2)) = £(D¢(a) 0 2) = #(D¢(a)) 0 2.

For s€ A and s? =1, we have ®¢(s)? = ®¢(s?) =1 and

(40 @¢)(sas) = §(Dc(s)Pc(a)Pc(s)) = §(Dc(a)-

It follows that f§o®. is a faithful normal centre-valued trace and by uniqueness
of #, we have §o®; = which implies that, for a € A,

(C(f),a) = (f, Bc(a)) = (pot, Bela)) = p(f o Be(a))
=(pot,a) = (f,a)

that is, ((f) = f. O

Modularity of a JW™*-algebra A can be characterized by the geometric
property that there are sufficiently many fixed points of the affine symmetries
of its normal state space N. To make this precise, a subset S of a norm-
closed face F = {f € N : (f,p) =1} C N is said to be separating in F if
for any nonzero positive a € pAp, there exists f € S such that (f,a) > 0.
‘Sufficiently many fixed-points’ means that the fixed-points are separating in
N .
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Lemma 3.4.4. Let A be a JW*-algebra with normal state space N. Then
A is modular if, and only if, the set of fized-points of the affine symmetries of
N s separating.

Proof. Let A be modular with the faithful normal centre-valued trace §:.4 —
Z. The set

{pot:pisanormal state of Z} C N

is separating in N and by Lemma 3.4.3, each pof is a fixed-point of ( €
Sym (N).

To prove the converse, we first note that every fixed-point f of Sym (N)
is a trace. Indeed, given s € A with s2 =1, the map ¢ : N = N defined
by ((h)(-) = h(s-s) is an affine symmetry since for any central projection
p €A, (h,p) =1 implies (C(h),p) = (h,sps) = 1, in other words, ({h €
N :(h,py =1} ={h € N : (h,p) =1}. Hence ((f) = f gives f(a) = f(sas)
for all a € A. For each a € A, let K, be the norm-closed convex hull of
{sn...50as1...8n 1 55 € Ajs7 = 1} in A. By [79; Theorem 25|, K, N Z
is non-empty. To complete the proof, we need only show that K, N Z is a
singleton which will then define the required centre-valued trace on A. Suppose
there exist =,y € K,NZ and z # y. Representing Z as continuous functions
on a compact Hausdorff Stonean space, we can easily find a projection ¢ € Z
and « > 0 such that either xq > yq+ aq or yq > xq + aq. Assuming the
former say, then there is, by assumption, a fixed point f of Sym (N) such that
f(zq) > flyq) + af(q). But f(zq) = f(qzq) = f(z) = f(a) = f(y) = f(yq)
which gives a contradiction. So K,NZ is a singleton and the proof is complete.

U

It is well-known that a JW™*-algebra A is associative if, and only if, its
normal state space N is simplicial, that is, N is a simplex: given any « >0
and f € Ai, (aN+ f)N N is either empty or of the form [N + g for some
>0 and g € A,.. Given two projections p,q € A, it is clear that p < ¢ if,
and only if,

{fenN:{fip=11c{feN:(f,g=1}.

Now putting the above results and remarks together, we obtain the following
characterization of types of A in terms of the facial structures of the normal
state space N. The following extends the main result in [12].
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Theorem 3.4.5. Let A be a JW*-algebra with normal state space N. Then
we have

(i) A s of type I if, and only if, every split face of N contains a simplicial
face;

(ii) A is of type IL if, and only if, N has no simplicial face and the fized
points of Sym (N) are separating;

(iii) A is of type Il if, and only if, N has no simplicial face and Sym (F)
has no fized-point for every split face F C N, but F contains a norm-
closed face Fy in which the fized-points of Sym (Fy) are separating;

(iv) A s of type 111 if, and only if, Sym (F) has no fized-point for every
norm-closed face F of N.

In particular, the result holds for I+ and its normal state space for o € B(G)
and |lo|| =1.

Proof. We have (ii) by Lemma 3.4.4. For (iii), we only need to show that A has
no modular central projection if, and only if, Sym (F) has no fixed-point for
every split face F' C N. Indeed, if A has a nonzero modular central projection
z, then zAz is modular with normal state space N, = {f € N : (f,z) = 1}
which is a split face of N and Lemma 3.4.3 implies that Sym (N.) has a
fixed-point. Conversely, given a split face F = {f € N : (f,p) = 1} for some
central projection p € A, if Sym(F) has a fixed-point fy € F, then fy is
a trace of pAp(= Ap) as in the proof of Lemma 3.4.4. There is a smallest
central projection ¢ € A, called the central support of fo (cf. [2; §5]) such
that (fo,q) = 1. Since F;, = {f € N : (f,¢) = 1} is a split face in F, an
affine symmetry of Fj, extends to oneof F. Since fy is faithful on ¢Ag, ¢Ag
is modular by Lemma 3.4.4, that is, ¢ is a modular central projection in A.
Alternatively, modularity of gqAq follows from the fact that a JW*-algebra is
modular if it admits a faithful normal trace.

Similar arguments apply to (iv) by observing the correspondence between
the norm-closed faces of N and the projections in A, and using the support
projection (cf. [2; §5]) instead of the central support of a fixed-point fy of
Sym (F') as in the proof of (iii). O

Corollary 3.4.6. Let ®: A — B be a surjective linear isometry between two
JW*-algebras A and B. Then A and B have the same type.

Proof. By uniqueness of predual, ® is w*-w*-continuous (cf. [42; Corol-
lary 3.22]) and induces a norm continuous affine bijection @, : Ng — Ny
between the normal state spaces of B and A, and by Theorem 3.4.5, & pre-
serves the types. O
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Corollary 3.4.7. Let o € B(G) and ||o|| =1. Let u,v € I+ be unitaries in
VN(G) . Then (I},u) and (I},v) have the same type.

Finally we note that the type structures of I+ are also related to some
interesting Banach space properties of A(G)/I,. By [19; Theorem 2|, we have
that I} is an flo-direct sum of type I factors if, and only if, A(G)/I, has
the Radon-Nikodym property. Also, by [20; Theorem 20], I} is type I modular
if, and only if, A(G)/I, has the Dunford-Pettis property.
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