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1
Introduction

In the late 1950s as part of the International Controlled Thermonuclear Fusion
Research Program, several small independent groups started investigating the
possibility of using microwave power to create magnetically confined, hot-electron
plasmas. This process became know variously as electron cyclotron heating (ECH) or
electron cyclotron resonance heating (ECRH) in recognition of the key role played
by resonant absorption of the microwave power at the electron gyrofrequency
(often called the �cyclotron frequency�). Of these, the group under R.A. Dandl at
the Oak Ridge National Laboratory was unique in using continuous wave (cw)
microwave power and large DC magnets to produce steady-state plasmas. Unlike
pulsed discharges, this steady-state operation permitted ongoing adjustments of the
gas pressure, microwave power, and magnetic field strength as well as extensive
diagnostic measurements of the plasma properties. By the early 1960s, it was clear
that these plasmas could be operated in regimes that exhibited some remarkable
properties. Although the plasmas were confined in simple magnetic mirrors and
theoretically predicted to be susceptible to large-scale plasma instabilities, it was
found that if the ambient gas pressurewas suitably adjusted they could be operated in
completely stable, steady-state regimes. Moreover, they contained two or more
distinct populations of electrons: a low-temperature group with temperatures
of some 10s of electron volts together with high-temperature populations with
temperatures in excess of 100 keV and kinetic pressures of at least 5% of the
magnetostatic pressure of the confining magnetic field. Dandl�s group devoted the
next two decades to an intense study of a sequence of increasingly powerful and
sophisticated embodiments of these remarkable ECH plasmas.
In the ELMO magnetic mirror device, they achieved stable, steady-state, relativ-

istic-electron plasmas with average hot-electron temperatures in excess of 3 MeV
and kinetic pressures comparable to the confining magnetostatic pressure. Thirty
years after they were created, these plasmas remain unique in many respects,
particularly as regards their copious emission of neutrons apparently resulting
from the electron dissociation of deuteriumnuclei, aswell as the plasmadiamagnetic
modification of the confiningmagneticfield to yield substantial localizeddepressions
in the magnetic intensity. The relativistic-electron shells produced in ELMO were
subsequently used successfully by Dandl to stabilize toroidal plasmas confined
in the ELMO Bumpy Torus.
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At roughly the same time, a group under T. Consoli in Saclay, France, was
investigating, among other things, the possible use of ECH plasmas to achieve the
collective acceleration of plasma ions through space-charge electric fields. This group
later moved to Grenoble and continued an active research program lasting over
two decades. The goal of collective acceleration remained elusive, but the ECH
techniques developed within this effort were to be influential in the design of
sources of multiply charged ions and ultimately in sources of high-density plasma
of interest for commercial applications in plasma processing. In particular, Consoli�s
group pioneered the use of whistler-wave heating to produce high-density albeit
low-temperature plasmas. This technique,which later came to be knownashigh-field
launch, coupled microwave power into the plasma electrons via whistler waves
launched in the high-field region of the magnetic-mirror fields to propagate along
the magnetic lines of force into the resonance region.
A vigorous ECH research program under H. Ikegami began in Nagoya, Japan,

in the late 1960s, starting with magnetic-mirror experiments and subsequently
progressing to experiments in the bumpy torus magnetic configuration. In the
Soviet Union, ECH was investigated first in magnetic mirror devices and then in
tokamaks, following the advent of gyrotrons, remarkable sources of high-frequency
microwave power first developed in the former Soviet Union.
More recently ECH has found widespread use as a means of providing auxiliary

heating in tokamaks and stellarators, as well as a means of stabilizing particular
modes of instabilities and driving noninductive currents in tokamaks. In particular,
early predictions that ECH could be used to stabilize neoclassical tearing modes
of plasma instability in tokamaks were subsequently confirmed experimentally,
and further applications became possible with the continuing development of
high-power, long-pulse, and cw sources of microwave power at frequencies well
above 100GHz and, therefore, in the electron gyrofrequency range for major
tokamak installations. Contemporary tokamaks routinely use several megawatts of
140GHzmicrowave power to break down the gas and initiate the plasma discharge,
to ameliorate the deleterious effects of plasma instabilities, and to carry out research
on plasma and energy confinement. Large stellarators now use ECH to achieve
current-free operation and exploit their unique advantage as a steady-state toroidal
approach to fusion.
In several large tokamak installations, most notably the Joint European Tokamak

(JET), deuterium–tritium plasmas have been heated to ignition temperatures and
net fusion energy has been released. Encouraged by such achievements, the major
fusion research programs have undertaken a broad collaboration including the
United States, Japan, Russia, and the European Community to design, construct,
and operate the International Thermonuclear Experimental Reactor (ITER). It
appears likely that ECHwill perform several important functions in ITER, including
startup, auxiliary heating, and suppression of tearing modes. It is also possible that
ECH could be used to drive the noninductive plasma currents required for steady-
state operation, if that type of tokamak is deemed to be advantageous. Sources of
microwave power and low-loss distribution systems have been under intensive

2j 1 Introduction



development in recent years and gyrotrons in the required frequency and power
range are now in operation at several tokamak and stellarator facilities.
These government-funded ECH research programs stimulated advances in var-

ious aspects of microwave technology that were essential to fusion applications,
particularly the high-power cw millimeter microwave sources mentioned earlier;
but the recognition of potential commercial applications of ECH plasmas led to
entirely different directions for development. Rather than seeking to create plasmas
with extremely high energy density, the developers of commercial ECH technologies
typically sought to create large volumes of quiescent plasma with highly uniform
densities and temperatures that were typically no greater than 10 eV. Increasingly,
arrays of permanent magnets were employed in ECH plasma sources to replace the
water-cooled or super conducting DC magnets typical of fusion experiments.
Innovative coupler designs were eventually developed to facilitate the use of the
ubiquitous and inexpensive 2.45GHz microwave power sources in commercial
ECH plasma devices.
In addition to these terrestrial laboratory investigations of ECH plasmas, there

have been several efforts to explore possible applications of ECH to magnetospheric
plasmas using ground-based antenna arrays to launch electromagnetic waves along
various trajectories into the earth�s magnetosphere. One goal of these active ECH
experiments in space is a means of precipitating energetic electrons out of the
magnetosphere to prevent damage to satellites, astronauts, and ground-based
communications networks. There have also been suggestions that ECH could be
used to model phenomena of astrophysical interest by employing laboratory experi-
ments whose results can be scaled in size to provide useful insights into the behavior
of the larger cosmic systems that seem to exhibit effects of nonthermal plasmas.
Thus, over the past five decades ECH has been employed in a wide range of

circumstances encompassing microwave frequencies from 2 to 200GHz and
power levels ranging from less than 1 kW to 1MW per microwave source. Magnetic
configurations utilized in these applications have included simplemagneticmirrors,
various types of open-ended magnetic wells, many toroidal devices, as well as
magnetic geometries intended to produce unconfined plasmas for industrial pro-
cesses. Much has been learned about the fundamental aspects of ECH although,
regrettably, the pressure to apply ECH in large experiments has meant that some
underlying phenomena still need more detailed theoretical and experimental
research to resolve outstanding issues that remain. Nonetheless, much ECH physics
is relatively mature – a claim that hopefully will be supported by the present work.
In the future, the body of ECHscience seems likely tofind an increasingly wide range
of goal-oriented applications. Furthermore, the remarkable achievements of ECH,
particularly in regard to the generation of steady-state high energy density plasmas,
are so strikingly novel and so rich in potential for further discovery that future basic
research efforts are likely to be undertaken to examine phenomena that cannot
readily be produced by other means and in other media.
The goal of the present work is to collect in one placemost of the basic components

of the science of ECH as a resource for present and future students and researchers
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in the physics of high energy density, relativistic-electron plasmas, as well as for
scientists and engineers who are seeking to develop more utilitarian applications of
ECH. In the early chapters of the book, emphasis is given to the underlying
fundamental physics that governs the outcome of any particular ECH experiment.
Later chapters use the published results from various experiments to examine the
ways in which these underlying phenomena work in collaboration to determine the
properties of ECH plasmas.
ECH of plasmas involves a number of fundamental plasma physics phenomena

whose basic properties are relatively well established. These include the motions
of individual electrons in various types of static magnetic fields as well as the
propagation of electromagnetic waves in low-temperature magnetized plasmas.
Chapter 2 deals with the analysis of illustrative types of magnetostatic fields with
special emphasis on those properties that are critical to ECH. The motions of
individual electrons in these magnetostatic fields are then discussed in Chapter 3.
Chapter 4 addresses the coupling of microwave power into plasmas by employing
highly simplified models of the plasmas and magnetic fields. Although simplified,
these models are particularly applicable to the �quasioptical� plasmas in large
contemporary tokamaks and stellarators as well as the ionosphere. The dynamical
response of electrons to spatially localized resonant microwave electric fields, while
less thoroughly documented, has been investigated bymany workers with results that
are presented in Chapter 5.
ECH also involves a number of plasma physics phenomena that are not as well

established but are especially important, for example, in the generation of relativistic-
electron plasmas with very high energy densities. Chapter 6 deals with applicable
theories of plasma equilibria based, in the first instance, on simple transport models
of plasma particles and heat and, in the second instance, on somewhat ad hoc
microscopic models of the anisotropic equilibria confined in magnetic mirror
configurations. Chapter 7 summarizes several theories of the stability of ECH
plasmas in order to provide a basis for the interpretation of experiments which
illustrate the dominant observable properties of specific archetypal ECH plasmas.
Several such experiments in magnetic mirror devices are summarized in Chapter 8
and interpreted as fully as possible in the context of the basic ECH physics presented
in the earlier chapters.
As was mentioned earlier, many of the present generation of tokamaks and

stellarators use multimegawatt ECH power levels at frequencies as high as 157GHz
for several essential aspects of their functioning. Results from several of these as well
as earlier tokamak experiments are interpreted in Chapter 9 using the basic physics
developed in the earlier chapters.
The ELMO Bumpy Torus employed ECH in several unique roles and the key

features of these are discussed in Chapter 10. Chapter 11 discusses some of the
ongoing and potential future applications of ECH to space plasma phenomena, again
emphasizing aspects of ECH physics that are of unique importance to these
applications. Chapter 12 presents a brief overview of some of the technological
aspects of the microwave sources and distribution systems that have permitted the
dramatic increase in the applications of ECH to the large fusion installations.
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Finally, Chapter 13 discusses the more speculative use of frequency-modulated
microwave powerwith steady-state current drive in tokamaks as themain illustration.
As expected in a field that has been developing over five or more decades, much of

the basic material in the early chapters of this book is available in many older
works.Here this type of archivalmaterial is presented in as concise a form as possible
and in a uniform notation and system of units (rationalized MKS) with references
to much of the earlier work, particularly works that include copious references.
The choice of topics coveredwas largely determined by the interpretative needs of the
experiments to be discussed in the later chapters and readers may notice regrettable
gaps. The experiments were chosen with the aim of permitting the reader to verify
for himself the applicability of the basic ECH phenomenology and obviously many
important experiments could not be included. In this regard, the present work differs
fundamentally from a review of ECH. Fortunately, there are several excellent such
reviews available to the interested reader [1, 2]. Exercises are included at the end of
each chapter to encourage students to internalize andmake concrete what otherwise
might remain vague and intangible.

References

1 R. Prater, Physics of Plasmas 11, 2349 (2004)
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2 V. Erckmann and U. Gasparino, Plasma
Phys. andControl. Fusion 36, 1869 (1994) and
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2
Magnetic Fields

Electron cyclotron heating (ECH) depends essentially on properties of the magnetic
field configuration in ways that we will consider in subsequent chapters. Presently
it is perhaps self-evident that if low-energy plasma electrons are to be heated rapidly,
they must be able to pass freely through a resonant interaction region where the
magnetic intensity, B, is approaching the resonant value, i.e., the value at which
the local cold-electron fundamental gyrofrequency, We, equals the frequency of the
applied microwave power, wm¼ 2pfm. Since We¼ eB/m, the resonant magnetic
intensity is given by

Bres ¼ 2pðm=eÞfm; ð¼ 1 T at 28 GHzÞ;
where �e and m are the charge and mass of the electron, respectively. We will have
a detailed discussion on Doppler-shifted resonance for relativistic electrons later.
The location in space where B¼Bres will generally be referred to here and in what
follows as the �resonance surface�.
In addition to unrestricted access to the resonance surfaces, it is also important that

heated electrons be prevented from striking any nearbymaterial surfaces or escaping
rapidly from the enclosing chamber. This is especially true if ECH is used to create
high energy density, hot-electron plasmas; however, good confinement of heated
electrons is also essential if ECH is to be used for efficient production of dense, low-
temperature plasmas. Simple magnetic-mirror configurations [1] have often been
employed for a wide range of ECHapplications since they provide good confinement
of low-energy electrons as well as energetic electrons. The low-energy electrons are
electrostatically confined by the equilibrium ambipolar electric field (see Chapter 6),
while themore energetic electrons aremagnetically confined by themagneticmirror
effect (see Chapter 3). We will, therefore, frequently employ the simple magnetic
mirror configuration as a useful paradigm for discussing the aspects of the static
magnetic field that are critical to the ECH process. We will also briefly describe other
magnetic field configurations in which ECH is being used, particularly the tokamak
toroidal magnetic confinement configuration as well as planetary magnetospheres.
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2.1
Magnetic Mirrors: Field Calculations Using the Vector Potential

An accurate mathematical description of the magnetic field of a simple magnetic
mirror is given, for example, by Morozov and Solov�ev [2]. The field is generated by
two or more collinear coils made up of a suitable number of circular current loops
connected in series. Asderived bySmythe [3], for example, the vector potential of each
coil is given in cylindrical coordinates (r, f, z) by the single component

Afðr; zÞ ¼ ðm0I=pÞk�1ðrc=rÞ1=2½ð1�k2=2ÞKðk2Þ�Eðk2Þ�; ð2:1Þ
where

k2 ¼ 4rcr½ðrc þrÞ2 þ z2��1: ð2:2Þ
In these expressions, K(k2) and E(k2) are the complete elliptic integrals [4], I is the

current in the coil, m0 is the permeability of free space, and rc is the radius of
the circular current loop. Note that z is the axial field position relative to the plane
of the coil. The components of the magnetic field are then obtained from B¼r�A.
For completeness, we include here a brief recapitulation of Smythe�s derivation.
Our starting point is the set of three time-independent equations:

r�H ¼ j
r �B ¼ 0
B ¼ m0H:

Sincer �B¼ 0, we can set B¼r�A and chooser �A¼ 0. The vector potential is
then given by a solution of Poisson�s equation, since

r� ðr � AÞ ¼ rðr �AÞ�r2A ¼ �r2A ¼ m0j

so that

A ¼ ðm0=4pÞ
ð
jðr0Þ½ðr�r0Þ2��1=2d3r0:

The current density in a circular current-carrying loop consists solely of the
azimuthal component jf, which can be represented by a product of delta-functions:

jf ¼ ðI=2pÞdðr0�rcÞdðz0�zcÞ=rc:

Here the radius of the coil is rc and its center is at x0 ¼ y0 ¼ 0 and z0 ¼ zc. Clearly,
only the azimuthal component of the vector potential is nonvanishing. The geometry
of the situation is illustrated in Figure 2.1.
The volume integral,

Ð
j(r0)[(r� r0)2]�1/2d3r0 reduces to a line integral around the

loop, since

jf cos f rdf dr dz ¼ I cos f rdf

so that

Af ¼ 2ðm0I=4pÞ
ð
rc cos f df ½ðr�r0Þ2��1=2;
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where the integral runs from 0 to p. In view of the axisymmetry of the field,
we may choose the point of observation, r, to lie in the x� z plane. Then

ðr�r0Þ2 ¼ ðx�x0Þ2 þðy�y0Þ2 þðz�z0Þ2

¼ ðr�rc cos fÞ2 þð0�rc sin fÞ2 þðz�zcÞ2

¼ r2 þ r2c�2 rrc cos fþðz�zcÞ2:
If we now let f¼ p þ 2q, we have df¼ 2dq and cosf¼ 2 sin2 q� 1 and we then

obtain the following result for Af:

Af ¼ ðm0Irc=pÞ
ð
dqð2 sin2 q�1Þ½r2 þ r2c�2rrcð2 sin2 q�1Þþ ðz�zcÞ2��1=2

where the integral now runs from 0 to p/2. One can readily express this integral
in terms of the two complete elliptic integrals [4]:

Kðk2Þ ¼
ð
ð1�k2 sin2 qÞ�1=2 dq

Eðk2Þ ¼
ð
ð1�k2 sin2 qÞ1=2 dq;

where both integrals run from 0 to p/2. In this way, we obtain Eq. (2.1) as given by
Smythe [3]. One can show by tedious but straightforward differentiation that the
components of the magnetic intensity are given by [3]

Br ¼ðm0I=2pÞ ðz=rÞ½ðrcþrÞ2þz2��1=2f�Kþðr2cþr2þz2Þ½ðrc�rÞ2þz2��1Eg;
ð2:3Þ

Figure 2.1 The geometry for deriving the equation for the vector
potential of a single circular current loop, following Smythe [3].
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and

Bz ¼ðm0I=2pÞ½ðrcþrÞ2þz2��1=2fKþðr2c�r2�z2Þ½ðrc�rÞ2þz2��1Eg: ð2:4Þ
We now consider a simple two-coil magnetic-mirror configuration indicated

schematically in Figure 2.2.
In this rudimentary array, the distance between the coils, Lc, relative to the effective

radius of the current-carrying coils, rc, determines the magnetic mirror ratio on axis,
M, defined asM¼Bmax/Bmin. In the example of Figure 2.2, we have chosen Lc¼ 2.4rc
to yield a mirror ratio on axis approximately equal to 2 : 1.
The formulas for Af, Br, andBz can be evaluated numerically using the polynomial

approximations given, for example, by Abramowitz and Stegun [4]. For the axisym-
metric simplemagneticmirror, the vector potential, Af, can be used to determine the
locations of the surfaces on which the magnetic flux, Y¼ Ð

B � dS is constant
everywhere. From Stokes theorem we have

Yðr; zÞ ¼
ð
B � dS ¼

ð
ðr � AÞ � dS ¼

ð
A � dl ¼ 2prAfðr; zÞ: ð2:5Þ

The direction of the magnetic field at any point in the f¼ constant plane is then
given by the tangent to the corresponding flux surface through that point.We can use

Figure 2.2 The major spatial properties of a simple magnetic
mirror field with a 2 : 1mirror ratio showing three flux surfaces and
five mod-B surfaces.
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rudimentary numerical techniques to evaluate the flux Y(r, z) and thereby map out
the intersections of the (iso)flux surfaces with the (r, z) plane. Three such flux
surfaces are shown in Figure 2.2.
With the same numerical techniques used earlier, we can evaluate the two

components of the magnetic-mirror field at any point in the field and map out the
surfaces on which the magnitude of the magnetic intensity is constant. These
surfaces, or rather their intersections with the (r, z) plane, are usually referred to
as �Mod-B� surfaces. The resonance surface is a particularly significant Mod-B
surface for ECH, as we shall see. In Figure 2.2, we have displayed the contours on
which themagnetic intensity takes on the values of 0.75, 1, 1.25, 1.5, and 2, relative to
the value at the origin, r¼ z¼ 0.

2.2
Orthogonal Curvilinear Coordinates and Clebsch Representations

It will sometimes be helpful to use an orthogonal curvilinear coordinate system [5],
one of whose basis vectors is parallel to the magnetic field [6]. Such a coordinate
system can be constructed for our axisymmetric magnetic field by exploiting
the fact that in this case the gradient of the magnetic flux,rY(r, z), the f-direction,
rf and the magnetic field, B, are all mutually orthogonal; since

B ¼ r� A ¼ �qAf=qz ur þr�1qðrAfÞ=qr uz and

rf� B ¼ r�1½qðrAfÞ=qr ur þ qðrAfÞ=qz uz� ¼ rYðr; zÞ=ð2prÞ:
In the notation of Ref. [5], we designate the three curvilinear coordinates as

x1 ¼ Y x2 ¼ f x3 ¼ s; ð2:6Þ
where s is the distance measured along the magnetic line of force. The three
mutually orthogonal unit vectors are

u1 ¼ rY= rYj u2 ¼ rf u3 ¼ B=B � b;j ð2:7Þ
and the corresponding scale factors are

h1 ¼ ðrBÞ�1 h2 ¼ r h3 ¼ HB; ð2:8Þ
where the Jacobian,H, is related to the curvature of themagnetic lines of force,k, by

HB ¼ exp �
ð
dYk=ðrBÞ

� �
; ð2:9Þ

with the curvature given by

k ¼ ðb � rÞb ¼ ku1 ð2:10Þ
This coordinate system is one example of a Clebsch representation [7] of the

magnetic field:

B ¼ ra�rb ð2:11Þ
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where a and b are constant on a field line. For the present case

a ¼ Y=2p and b ¼ f: ð2:12Þ
The curvature of the magnetic lines of force, k¼ (b � r)b, has particular signif-

icance for the electron driftmotions aswell as for plasma stability. Auseful alternative
expression for this property of the magnetic lines of force can be obtained from the
standard vector identity:

rðA �BÞ ¼ A� ðr � BÞþB� ðr � AÞþ ðB � rÞAþðA � rÞB
We apply this identity to

rðB �BÞ ¼ 2B� ðr � BÞþ 2ðB � rÞB
¼ 2B� ðr � BÞþ 2ðBb � rÞBb
¼ 2B� ðr � BÞþ 2Bðb � rÞBþ 2B2ðb � rÞb

so that

B2ðb � rÞb ¼ B½rB�bðb � rÞB��B� ðr � BÞ ¼ Br?B�B� ðr � BÞ
ð2:13Þ

2.3
Magnetic Mirrors: Field Calculations Using the Scalar Potential

An alternative approach to describe the magnetic fields of magnetic-mirror config-
urations using the magnetic scalar potential, c, has been discussed by Post [1].
This description provides a very useful approximate expression for some key
properties of the magnetic field. In this approach, the magnetic intensity in
current-free regions is given by B¼�rc, where c(r, z) is a solution of Laplace�s
equation, r2c¼ 0. If we require c to be periodic in z, then the general solution is

cðr; zÞ ¼
X

Cn sinðnk0zÞI0 ðnk0rÞ ð2:14Þ

where I0(nk0r) is the modified Bessel function, k0¼ 2p/L, L is the periodicity
length in z, and the summation runs from zero to infinity. The two components
of B are then given by

Bz ¼
X

Cncosðnk0zÞ I0 ðnk0rÞ;
and

Br ¼
X

Cn sinðnk0zÞ I1 ðnk0rÞ ð2:15Þ
The lowest order terms in these infinite series can bewritten in the following form:

Bz ¼ B0f½ðMþ 1Þ=2��½ðM�1Þ=2� cosðk0zÞ I0 ðk0rÞg; ð2:16Þ
and

Br ¼ �B0½ðM�1Þ=2� sinðk0zÞ I1 ðk0rÞ: ð2:17Þ
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We will frequently use the approximate model for the axial variation of the
magnetic intensity on the axis, r¼ 0, given by either of the following two equivalent
versions of Eq. (2.16):

BðzÞ ¼ B0½1þðM�1Þ sin2ðk0z=2Þ� ¼ B0f½ðMþ 1Þ=2��½ðM�1Þ=2�cos k0zg;
ð2:18Þ

where M is the mirror ratio and k0¼ 2p/Lc. For the case of the 2 : 1 mirror ratio,
the simple model varies by less than 6% from the accurate mathematical model for
all positions along the axis and between the coils. Figure 2.3 displays a plot of relative
magnetic intensity on the axis of the simple magnetic mirror shown in Figure 2.2
as a function of the distance along the axis of the pair of coils.
The radial component of the magnetic intensity vanishes on the axis as well as on

the symmetry plane midway between the coils, the so-called midplane of the
configuration. In the midplane, the magnetic intensity falls with radial distance
from the axis as shown in Figure 2.4. Here the accurate numerical results are
shown as a solid line, while the approximate results from Eq. (2.16) are shown as a
dashed line.

Figure 2.3 The variation of themagnetic intensity along the axis of
the simple magnetic mirror field shown in Figure 2.2.

2.3 Magnetic Mirrors: Field Calculations Using the Scalar Potential j13



According to Eq. (2.16), the radial gradient of the magnetic intensity in the
midplane is given to the lowest order by

qBz=qr ¼ �k0B0½ðM�1Þ=2�I1ðk0rÞ: ð2:19Þ

A convenient measure of this gradient is the characteristic length defined by
Rb ¼ ðq ln Bz=qrÞ�1j�� . Using Eq. (2.17) we find

Rb=L ¼ f½ðMþ 1Þ=ðM�1Þ��I0ðk0rÞg=½2pI1ðk0rÞ�; ð2:20Þ

whereRb/L is infinite on the axis but falls off rapidly with increasing radius. For small
values of the argument k0r, I0(k0r)� 1, and I1(k0r)� k0r/2. Thus,

rRb � L2½p2ðM�1Þ��1; ð2:21Þ

Figure 2.4 The radial dependence of the magnetic intensity
on the midplane of the simple magnetic mirror field
shown in Figure 2.2. The solid line is the result of numerical
calculation, while the dashed line is from the approximate
expression (2.17).
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and is roughly constant for a given simplemagneticmirror configuration. InChapter 3,
we will see that this feature of simple magnetic mirror configurations plays a major
role in limiting the maximum energy of the confined electrons.

2.4
The Dipole Limit: Planetary Magnetic Fields

Planetary magnetospheres are similar in some respects to simple magnetic mirror
configurations. In discussing the earth�s magnetic field, for example, it is conven-
tional to employ the dipole approximaton of Eq. (2.1) to describe the vector potential
and magnetic field at distances larger than the dimensions of the currents [8]. In
spherical polar coordinates, r¼ r sin q and z¼ r cos q, the argument of the elliptic
integrals is given by

k2 ¼ 4ðrc=rÞ sin q ½1þ 2ðrc=rÞ sin qþðrc=rÞ2��1: ð2:22Þ

Clearly, if r2 � r2c then k2	 1 and K(k2) and E(k2) can be approximated by the
following power series [9]:

ð2=pÞ Kðk2Þ ¼ 1þ 2ðk2=8Þþ 9ðk2=8Þ2 þ � � �
ð2=pÞEðk2Þ ¼ 1�2ðk2=8Þ�3ðk2=8Þ2� � � �

ð2:23Þ

Thus, to lowest order in (k2/8)

ð1�k2=2ÞKðk2Þ�Eðk2Þ ¼ ð2pÞðk2=8Þ2

and

Afðr; qÞ ¼ ðm0M=4pÞ r�2 sin q; ð2:24Þ
where M is the dipole moment of the current loop, M ¼ pr2c I. The corresponding
components of the magnetic intensity are given by

Br ¼ ðm0M=2pÞr�3cos q;

and

Bq ¼ ðm0M=4pÞ r�3sin q ð2:25Þ

2.5
Tokamaks: Rotational Transform and the �Safety Factor�

As a final example of relatively simple magnetic field configurations for which
there are important applications of ECH, we consider the magnetic field in the
tokamak [10]. It consists of a superposition of two separate fields, a toroidal field
generated by currents carried in external windings distributed uniformly around the
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torus, and a poloidal magnetic field generated by toroidal currents induced in the
confined plasma itself. The toroidal field can be conveniently evaluated using
Ampere�s law in its integral form:ð

Bt � dl ¼ m0

ð
j � dS ¼ m0It: ð2:26Þ

Here It is the total current carried by the external windings and threading the torus.
Since the toroidal magnetic field is independent of the azimuthal angle,ð

Bt � dl ¼ 2prBt ¼ m0It; ð2:27Þ

where r lies inside the toroidal vacuum chamber: Rt� a
r
Rt þ a.
Here Rt and a are the major and minor radii, respectively, of the toroidal chamber.

Clearly, the magnitude of the toroidal field varies as 1/r:

Bt ¼ m0It=2pr ð2:28Þ
so that its maximum and minimum values inside the chamber are given,
respectively, by

Bt;max ¼ m0It=2pðRt�aÞ and Bt;min ¼ m0It=2pðRt þ aÞ: ð2:29Þ
The poloidalmagneticfield strength, Bp, can also be obtained usingAmpere�s Law,

provided the radial dependence of the plasma current density, jp, is known:ð
Bp � dlp ¼ m0

ð
jpðr0Þ2p r0 dr0:

In the limit of large aspect ratios, Rt/a� 1, this reduces approximately to

rBp ¼ m0

ð
jpðr0Þr0 dr0

so that

aBpðaÞ ¼ m0Ip=ð2pÞ; ð2:30Þ

where Ip is the total plasma current in the discharge. Since the radial dependence
of the plasma current was formerly not generally known, it became customary to
describe the poloidal magnetic intensity in terms of the so-called safety factor q,
where

qðrÞ ¼ rBt=ðRtBpÞ: ð2:31Þ

For stable tokamak operation, it is usually necessary that q(a)� 1 so that

Bp=Bt 
 r=Rt 	 1:

The surfaces of constant B are thus approximately cylinders onwhichr¼ constant.
Magnetic lines of force spiral around the magnetic axis and close on themselves

after q transits around the major axis of the torus if it is an integer. If q is not an
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integer, the spiraling lines of force trace out a magnetic flux surface. Electrons
moving along the magnetic lines of force can be trapped, under suitable circum-
stances, between twomagneticmirrors forwhich themirror ratio along a line of force
with a distance r from the magnetic axis is

M ¼ Bmax=Bmin ¼ ðRt þ rÞ=ðRt�rÞ: ð2:32Þ
In many conventional tokamaks, the radial profile of the electron temperature,

Te(r), is observed to be approximately Gaussian with Te(r)¼Te(0)exp(�ar2/a2).
The constant a> 1 is a �peaking factor�. If the plasma parallel conductivity is
proportional to T3=2

e , the current density will also have a Gaussian profile: j(r)¼ j(0)
exp(�3ar2/2a2). The total plasma current is then

Ip ¼ jð0Þð2pa2=3aÞ½1�expð�3a=2Þ�;

and the radial profile of the safety factor is then given by

qðrÞ=qðaÞ ¼ ðr2=a2Þf½1�expð�3a=2Þ�=½1�expð�3ar2=2a2Þ�g

so that q(a)¼ 1.5aq(0).
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Exercises

The following exercises require numerical evaluation of the
formulas for the vector potential and the two components of the
magnetic intensity in a simple, two-coil magnetic mirror
configuration. A satisfactory program for carrying out the required
numerical computations can readily be devised using common
spreadsheet applications by employing the polynomial
approximations for the elliptic integrals as cited, for example, in
Abramowitz and Stegun [4].

2.1 For the simple magnetic mirror configuration shown in
Figure 2.2, determine the dependence of mirror ratio on the
coil separation relative to the coil radius, Lc/rc for 1< Lc/
rc< 3.

2.2 For the same simple magnetic mirror configuration,
determine the radial location of the separatrix in the
magnetic flux surfaces as a function of the separation of the
two coils, Lc/rc.

2.3 For the same simplemagneticmirror configuration shown in
Figure 2.2, determine the magnetic intensity at the origin,
r¼ z¼ 0 versus the ratio of the current in each coil to the
effective radius of each coil, I/rc.

2.4 Derive a formula for the curvature of the field lines near the
axis of a simple magnetic mirror (a) at themidplane, and (b)
in the mirror throat.

2.5 Verify the expression for the Jacobian for the (Y, f, s)
coordinate system, HB¼ exp[�R

dYk/(B)], by evaluating
both sides of the following vector identity:
(!!!!!!�B)�B¼ (B �!!!!!!)B�!!!!!!B2/2. Use formulas from
Ref. [5] or the following:

rrrf ¼ rBðqqqqqf =qqqqqYÞYþ r�1ðqqqqqf =qqqqqfÞfþðHBÞ�1ðqqqqqf =qqqqqsÞb
ðrrr� AÞ ¼ YðrBHÞ�1½ðqqqqqðBHAbÞ=qqqqqf��qqqqqðrAfÞ=qqqqqs�

þ fðr=HÞ½qqqqqðAY=rBÞ=qqqqqs�qqqqqðBHAbÞ=qqqqqY�
þ bB½qqqqqðrAfÞ=qqqqqY�qqqqqðAY=rBÞ=qqqqqf�
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3
Electron Orbits

Wenow consider the unperturbedmotions of individual electrons inmagnetic fields
such as the simple magnetic-mirror configuration discussed in Chapter 2. In most
situations where electrons are confined for long times by a static magnetic field
there are three well-separated time scales that can provide a convenient albeit
approximate description of these motions; namely, gyration about magnetic lines
of force, bounce along field lines and between magnetic mirrors, and drift across
lines of force. We begin with a nonrelativistic description which will be generalized
later to include relativistic effects.

3.1
Electron Gyromotion

The most rapid of the three motions is the (right-handed) electron gyration about
magnetic lines of force. This gyration is caused by the Lorentz force

F ¼ mdv=dt ¼ �eðEþ v� BÞ: ð3:1Þ

In general, since the magnetic intensity varies along the trajectory of the electron,
this equation of motion, Eq. (3.1), is intrinsically nonlinear. Rigorous treatments of
this problem using expansions in the small parameter (m/e) have been published
by several authors [1]. To obtain a useful approximate integration of this equation
ofmotionwe simply assume that within a region large enough to contain the electron
for many periods of its gyromotion we may treat the local magnetic intensity, B,
as spatially uniform and in the z-direction to write this equation as

dv=dtþWev� uz ¼ �eE=m: ð3:2Þ

Here uz is a unit vector in the z-direction. This approach relies for its validity on the
typical magnetic confinement situation in which the magnetic intensity varies
negligibly over the extent of an electron�s orbit, as discussed, for example, by Alfv�en
and F€althammar as well as many others [1]. The two components of the equation of
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motion perpendicular to the magnetic field are decoupled in the so-called rotating
coordinates [2]:

v� ¼ ðvx � ivyÞ=
ffiffiffi
2

p
; ð3:3Þ

giving separate equations of motion for each component of the velocity:

dvþ =dt�iWevþ ¼ �eEþ =m

dv�=dtþ iWev� ¼ �eE�=m

dvz=dt ¼ �eEk=m:

ð3:4Þ

In the absence of electric fields, the time-varying perpendicular components of the
unperturbed velocity are

v�ðtÞ ¼ v�ð0Þexpð�i
ð
WedtÞ: ð3:5Þ

The velocity parallel to the (uniform)magneticfield is constant in time.Herewewrite
the phase integral as

Ð
Wedt to emphasize the point that until the electron trajectory is

known it is not possible to give precise values to v�(t) except in the local region where
B is approximately constant. If we introduce a gyrophase angle, f, such that at some
(arbitrary) initial time

vxð0Þ ¼ v?ð0Þcos f0
vyð0Þ ¼ v?ð0Þsin f0;

then in the rotating coordinates the initial constants, v�(0), are given by

v�ð0Þ ¼ v?ð0Þexpð�if0Þ=
ffiffiffi
2

p
;

and the time-dependent circular components of the velocity are simply

v�ðtÞ ¼ v?ð0Þexp½�ifðtÞ�=
ffiffiffi
2

p
; ð3:6Þ

where the time-dependent gyrophase angle is f(t)¼ f0 þ
Ð
Wedt. In Cartesian

coordinates the time-dependent perpendicular components of velocity are simply

vxðtÞ ¼ ðvþ þ v�Þ=
ffiffiffi
2

p
¼ v?ð0Þcos f0 þ

ð
Wedt

� �
;

and

vyðtÞ ¼ ðvþ�v�Þ=i
ffiffiffi
2

p
¼ v?ð0Þsin f0 þ

ð
Wedt

� �
: ð3:7Þ

The perpendicular speed is constant in time and the electron gyration in the plane
perpendicular to the magnetic field is a uniform circular motion. Since the Lorentz
force provides the centripetal force that maintains the electron in uniform circular
motion with gyroradius r, the radius of curvature of the orbit must satisfy

mW2
er ¼ e v� B; ð3:8Þ

ormv2?=r ¼ ev?B, fromwhich it follows that r¼ v?/We. The geometry of the orbit is
schematically shown in Figure 3.1.
Provided themagnetic field is essentially constant over the orbit of the electron for

times long compared toW�1
e , Eqs. (3.7) can be integrated oncemore in time to obtain
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the following description of the time-dependent position (i.e., the �unperturbed
orbit�) of an electron:

xðtÞ ¼ x0 þ ½v?ð0Þ=We�sin
�
f0 þ

ð
Wedt

�
�½v?ð0Þ=We�sinf0

yðtÞ ¼ y0�½v?ð0Þ=We�cos
�
f0 þ

ð
Wedt

�
þ ½v?ð0Þ=We�cosf0

zðtÞ ¼ z0 þ
ð
vzdt;

ð3:9Þ

where We is a suitable average value of the local gyrofrequency. If we consider the
particular case in which x0¼ 0, y0¼�[v?(0)/We], and f0¼ 0, then we have

xðtÞ ¼ ½v?ð0Þ=We�sin
ð
Wedt

� �

yðtÞ ¼ �½v?ð0Þ=We�cos
ð
Wedt

� �
;

and clearly the projection of the electron orbit onto the plane perpendicular to the
magnetic field is a circle of radius r¼ v?(0)/We as sketched in Figure 3.1. Thus,
the unperturbed orbit of the electron is given under these assumptions by

x ¼ x0 þrsin f0 þ
ð
Wedt

� �
�rsin f0

y ¼ y0�rcos f0 þ
ð
Wedt

� �
þrcos f0

z ¼ z0 þ
ð
vzdt:

ð3:10Þ

The gyrating electron constitutes a current loop with a magnetic moment whose
magnitude is given by

m ¼ Ipr2 ¼ ðeWe=2pÞp½v?ð0Þ=We�2 ¼ mv?ð0Þ2=2B ¼ W?ð0Þ=B; ð3:11Þ

Figure 3.1 Projection of the electron gyro orbit onto the plane
perpendicular to the magnetic intensity, B.
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and whose direction is opposite to that of themagnetic field. HereW? ¼ mv2?=2 will
frequently be referred to as the perpendicular kinetic energy, i.e., the kinetic
energy in motion perpendicular to the magnetic field. Note that the magnetic flux
through the gyrating electron�s orbit is Ye¼pr2B¼ 2p(m/e2)m. Small gradual
variations in the magnetic intensity along the electron trajectory lead to additional
motions of the instantaneous center of gyration, the so-called guiding center of the
electron orbit. We return to this issue in subsequent sections, where we will take
advantage of the adiabatic invariance of m and Ye to obtain useful descriptions of
these slower motions of the electron guiding center. Since the gyrating electron can
be considered as a quasisuperconducting current loop it is not surprising that theflux
linking its gyro orbit should be invariant (provided that the changes in the magnetic
intensity are sufficiently gradual).

3.2
Electron Bounce Motion

If the static magnetic field varies sufficiently slowly in space the magnetic moment,
m¼W?/B, of the gyrating electron is an adiabatic invariant, an approximate constant
of the motion. An empirical criterion that must be satisfied for this invariance to
obtain in magnetic mirrors is [3]

rdlnB=dr < 0:05: ð3:12Þ
Here again W? ¼ mv2?=2 is the kinetic energy in motion perpendicular to the
magnetic field; i.e., the �perpendicular kinetic energy.� Along the electron trajectory
m andYe are constant.Note that as an electronmoves fromregionsofweakermagnetic
intensity into regions of stronger magnetic intensity W? must increase proportion-
ately to maintain m constant. The Lorentz force cannot change the electron�s total
energy, e¼W? þ W||, since the force is perpendicular to the velocity, and therefore the
kinetic energy in motion parallel to the magnetic field must decrease proportionately:

Wk ¼ e�W? ¼ e�mB: ð3:13Þ
Clearly W|| and thus v|| will vanish if B reaches the value e/m and at that point the
electron�smotion along themagnetic line of force will reverse; i.e., the electronwill be
reflected by the increasingmagnetic field. In the absence of other influences electrons
will bounce back and forth between the turning points where B¼Bt¼ e/m, provided
only that Bt¼ e/m<Bmax, the maximum value of magnetic intensity in the confined
region. It is customary to express this condition for magnetic-mirror confinement in
terms of the electron orientation in velocity space, often called the �pitch angle,� at the
midplane of the magnetic mirror, z¼ 0:

½e=m�z¼0 ¼
��
1þ v2k=v

2
?
�
B
�
z¼0 < Bmax;

or ��
v2k=v

2
?
��

z¼0 < Bmax=Bo�1 ¼ M�1: ð3:14Þ
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Mirror-confined electrons will bounce back and forth between the magnetic
mirrors until they are scattered into the �loss cone� where [(v||/v?)]z¼0> (M�1)1/2

and they can promptly escape from the confined region.We can use the approximate
simplemagneticmirror field fromChapter 2, Eq. (2.18), to obtain a useful expression
for the period, tb, of the bounce motion of adiabatic electrons:

tb ¼
ð
dz v�1

z ¼
ð
dz½2ðe�mBÞ=m��1=2; ð3:15Þ

where the integral is over a complete bounce cycle. If we define Mt, the mirror ratio
at the electron turning point, Mt¼ e/mBo, and let B(z)¼Bo[ 1 þ (M�1)sin2(koz/2)],
as in Eq. (2.18), we find for the bounce period,

tb ¼ ð8=koÞf2ðe=mÞ½ðM�1Þ=Mt�g�1=2Kðk2Þ
¼ ½8=kov?ð0Þ�ðM�1Þ�1=2Kðk2Þ;

ð3:16Þ

whereK(k2) is the complete elliptic integralwhose argument is k2¼ (Mt� 1)/(M� 1).
A less accurate but more intuitive approach utilizes the fact that an object with
magneticmomentm, whenplaced in an inhomogeneousmagneticfield is acted on by
a force F¼m.rB. Applied to an electronmoving along the axis of a simple magnetic
mirror this gives

Fz ¼ md2z=dt2 ¼ �mqB=qz ¼ �mBok
2
o½ðM�1Þ=2�z;

where we have again used Eq. (2.18) to model the simple magnetic mirror field and
retained only the lowest order term in the Taylor series expansion of sin(koz). The
electronwill oscillate about z¼ 0with a frequency given bywb¼ kov?(0)(M� 1)1/2/2.
To compare with the more accurate result, Eq. (3.16), we rewrite Eq. (3.16) in

the form

wb ¼ 2p=tb ¼ ½kov?ð0ÞðM�1Þ1=2=2� � ½ðp=2Þ=Kðk2Þ�: ð3:17Þ

For typical conditions the bounce frequency, wb¼ 2p/tb, may be several orders of
magnitude smaller than the gyrofrequency; supporting our use of the local approx-
imation for B to describe the gyromotion.

3.3
Electron Drift Motions

In addition to the rapid gyration about the magnetic line of force and the much
slower bounce along the line of force, there is a still slower motion of the electron
across the lines of force arising from static electric fields perpendicular toB as well as
any spatial gradients in the magnetic intensity. These slow drift motions are
conveniently described in terms of the position of the �guiding center,� rgc, indicated
schematically in Figure 3.2.
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Figure 3.2 The guiding center geometry.

Here the position of the electron is given by r and the (vector) gyroradius by r.
The location of the guiding center is then given by

r ¼ rgc þr ð3:18Þ
withr¼ (m/e)v�B/B2. Inauniformmagneticfield thevelocityof theguidingcenter is

vgc ¼ drgc=dt ¼ dr=dt�dr=dt ¼ v�ðm=eÞdv=dt� B=B2: ð3:19Þ
But the Lorentz force requires that �ðm=eÞdv=dt ¼ Eþ v� B so that

vgc ¼ vþðEþ v� BÞ � B=B2 ¼ E� B=B2 þ vkb: ð3:20Þ
Thus, in the presence of a transverse electrostatic field, E, the guiding center will

drift perpendicular to both E and B with a velocity given by E�B/B2 while moving
along the magnetic line of force with the parallel speed of the electron. Note that the
E�B drift is independent of the sign of the charge on the particle.
In order to describe the drift motion arising from the inhomogeneities in the

magnetostaticfieldweapproximate themagnetic intensity at thepositionof theelectron
by the first two terms of a Taylor�s series expansion about the position of the guiding
center and, eventually, average the equations over the rapid gyromotion. We write

BðrgcþrÞ ¼ BðrgcÞþ ðr.rÞBðrÞ � BðrgcÞþDBðrÞ: ð3:21Þ

We can obtain an equation of motion for the guiding center by differentiating rgc
twice with respect to time and substituting from the Lorentz force law:

agc ¼ d2rgc=dt
2 ¼ a�d2r=dt2: ð3:22Þ

In the absence of the electrostatic fields that were treated earlier,

a ¼ �ðe=mÞðv� BÞ ¼ �ðe=mÞðvgc þ dr=dtÞ � B: ð3:23Þ
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Using the results of Section 3.1 we can express the time-dependent vector gyroradius
in terms of Cartesian components as

r=r ¼ u1cos fþu2sin f;

where

f ¼ fo þ
ð
Wdt: ð3:24Þ

The unit vectors u1 and u2, together with the unit vector b¼B/B, comprise a local
right-hand orthogonal coordinate system whose origin is at the position of the
guiding center. We may choose u1 to be normal to the flux surface containing the
magnetic line of force under examination and set u2¼ b� u1. Then

dr=dt ¼ Wrð�u1sin fþu2cos fÞ ¼ �Wr� b;

and

d2r=dt2 ¼ �W2rðu1cos fþu2sin fÞ ¼ �W2r: ð3:25Þ

With these substitutions and some modest amount of vector manipulation the
guiding center equation of motion can be expressed as follows:

magc ¼md2rgc=dt
2 ¼ ma�md2r=dt2

¼ �eðvgc þ dr=dtÞ � ½BðrgcÞþDBðrÞ��md2r=dt2

¼ �eðvgc�Wr� bÞ � ½BðrgcÞþDBðrÞ�þmW2r

¼ �evgc � BðrgcÞ�evgc � DBðrÞ�eWBðrgcÞ � ðr� bÞ
þ eWðr� bÞ � DBðrÞþmW2r

¼ �evgc � BðrgcÞ�evgc � DBðrÞ�eWfBðrgcÞr�½BðrgcÞ . r�bg
þ eWðr� bÞ � DBðrÞþmW2r

¼ �evgc � BðrgcÞ�evgc � DBðrÞþ eWðr� bÞDBðrÞ;

giving

magc ¼ �evgc � BðrgcÞ�evgc � DBðrÞ�eWf½b.ðr.rÞBðrÞ�r�½r.ðr.rÞBðrÞ�bg
ð3:26Þ

In �local� coordinates the operator r. r is given by r(cos fq/qx1 þ sin fq/qx2) and
r. B(r)¼r(cos fB1 þ sin fB2). Thus, the two entities in the braces in Eq. (3.26) are

½b.ðr.rÞBðrÞ�r ¼ r2½u1ðcos2fqB3=qx1 þ cos f sin fqB3=qx2Þ
þu2ðsin f cos fqB3=qx1 þ sin2fqB3=qx2Þ� and

½r.ðr.rÞBðrÞ�b ¼ r2b½ðcos2fqB1=qx1 þ cos f sin fqB2=qx1Þ
þ ðsin f cos fqB1=qx2 þ sin2fqB2=qx2Þ�:

ð3:27Þ

We can now average the guiding-center equation of motion over one gyroperiod by
integrating over f and dividing by 2p. The average values of the terms in Eq. (3.26) are
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hDB(r) i¼ 0 and

hfb.ðr.rÞBðrÞ�r�½r.ðr.rÞBðrÞ�bgi
¼ ðr2=2Þ½ðu1qB3=qx1 þu2qB3=qx2Þ�bðqB1=qx1 þ qB2=qx2Þ�
¼ ðr2=2Þðu1qB3=qx1 þu2qB3=qx2 þ bqB3=qx3Þ
¼ ðr2=2ÞrB3ðrÞ � ðr2=2ÞrBðrÞ:

ð3:28Þ

We have made use of the fact that r. B¼ 0. Also, at the position of the electron the
perpendicular components of B are small and we can approximate B3 by B

B2
3 ¼ B2�B2

1�B2
2 ¼ B2 1� B2

1 þB2
2

� �
=B2

� � � B2

Our gyro-averaged guiding-center equation of motion for the electron is therefore

magc ¼ �evgc � BðrgcÞ�eWðr2=2ÞrBðrÞ
¼ �evgc � BðrgcÞ�mrBðrÞ: ð3:29Þ

The parallel component, b.magc¼m.rB(r), as discussed previously. The transverse
component of the guiding-center velocity is obtained from the guiding-center
equation of motion as follows. Since from Eq. (3.29) vgc�B(rgc)¼�(m/e)agc�
(m/e)rB(r) we have

B� ðvgc � BÞ ¼ B2vgc�ðB . vgcÞB ¼ �B� ½ðm=eÞagc þðm=eÞrBðrÞ�:
ð3:30Þ

Note that we have dropped the explicit guiding center argument of B, which is
understood in what follows. We require the lowest order terms in the acceleration
of the guiding center:

dvgc=dt ¼ dvgc?=dtþ dðbvgckÞ=dt ¼ dvgc?=dtþ bdðvgckÞ=dtþ vgckdb=dt:

The final term above is the dominant contribution and is given by

vgckdb=dt ¼ ðvgckÞ2ðb.rÞb ¼ ðvgckÞ2r?BðrÞ=B: ð3:31Þ

using the results from Chapter 2 for the curvature. With this replacement we have

B2vgc�ðB.vgcÞB ¼ �B� ½ðm=eÞðvgckÞ2r?BðrÞ=Bþðm=eÞrBðrÞ�;

so that

vgc? ¼ ð2Wk þW?ÞrBðrÞ � B=ðeB3Þ: ð3:32Þ

We have written this in the conventional form (see, for example, Krall and
Trivelpiece [4]), but it must be kept in mind that Eq. (3.32) is a local value of the drift
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velocity. Generally speaking it is necessary to average the expression inEq. (3.32) along
the magnetic line of force followed by the guiding center. For electrons trapped in a
magneticmirror, this average is conveniently carried out using the action invariant [5],
J¼ Ð

p||ds, where the integral is taken around a complete bounce cycle. Under typical
conditions, the time required for an electron to drift once around the circumference of
the plasma will be several orders of magnitude longer than the bounce time and the
action invariant provides a more general and comprehensive mathematical descrip-
tion of this drift motion that properly averages the curvature and gradients along the
magnetic line of force.We will not derive the relevant formulas here, since Lehnert [1]
and Northrop [5] both provide detailed derivations and copious references to earlier
work. The results are usually expressed in terms of a Clebsch representation of the
magnetic field as described in Chapter 2, B¼ra�rb. Note that in this represen-
tation the magnetic gradient factor from Eq. (3.32) is

rBðrÞ � B ¼ rB� ðra�rbÞ ¼ ðrB.rbÞra�ðrB.raÞrb: ð3:33Þ

Thus, the guiding-center drift velocity in thera -direction is due to the component of
rB in therb -direction, whereas the guiding-center drift in the�rb -direction is due
to the component ofrB in thera - direction. Themain results of the analyses are [1]

hda=dti ¼ ðetbÞ�1qJ=qb

hdb=dti ¼ �ðetbÞ�1qJ=qa

tb ¼ qJ=qe:

ð3:34Þ

Here tb is the bounce time for which suitable expressions were derived earlier without
explicit recourse to the action invariant. If we apply these results to the simple
magnetic mirror field, we find (see Exercise 3.3)

rWq ¼ ½W?ð0Þ=ðeBRcoÞ�f½2Eðk2Þ�Kðk2Þ�=Kðk2Þg; ð3:35Þ

where k2 is once again (Mt� 1)/(M� 1) and Rco is the radius of curvature at the
midplane of the mirror. We can use the results presented earlier in this chapter to
express the azimuthal drift speed in the following form:

rWq ¼ ½2ðe�qfÞ�mB�=qBhRciþE� B=B2: ð3:36Þ

Here f (and E¼�rf) is any ambipolar potential that may be present to provide for
equal loss rates of ions and electrons and hRci is the average radius of curvature of the
magnetic lines of force experienced by the charged particles as they bounce back and
forth along lines of force. A convenient expression for this average radius of curvature
can be derived for the simplemagneticmirror by using Eq. (3.35), whichwas obtained
using a paraxial approximation to the magnetic fields; i.e., one that is valid near the
magnetic axis. One finds

hRci ¼ RcoðrÞf½2ðe�qfÞ�mB�=mBgKðk2Þ=½2Eðk2Þ�Kðk2Þ�: ð3:37Þ
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Again, K and E are the complete elliptic integrals whose argument k2 is given by

k2 ¼ ðM�1Þ�1½ðe�qf�mBÞ=mB� ¼ ðMt�1Þ=ðM�1Þ;

and we have used the model magnetic field given in Chapter 2, Eq. (2.16):

Bzðr; zÞ ¼ B0f½ðMþ 1Þ=2��½ðM�1Þ=2�cosðk0zÞI0ðk0rÞg
Brðr; zÞ ¼ �B0½ðM�1Þ=2�sinðk0zÞI1ðk0rÞg

;

where Rco(r) is the radius of curvature of the line of force at its intersection with the
midplane a distance r from the magnetic axis. For k2¼ 0.826, 2E(k2)¼K(k2) and
the average radius of curvature becomes infinite. For particles with this value of k2 the
negative radius of curvature near themidplane and the positive radius of curvature in
themirror throat average to zero and the azimuthal speed due to the inhomogeneity in
the magnetic intensity vanishes.

3.4
Relativistic Electron Kinematics for ECH

In the absence of external electric fields so that the electron is acted on solely by a
magnetostatic field, the total energy, e, the speed, v, and the relativistic factor,
g ¼ (1� v2/c2)�1/2 are all constants of the motion. Under these conditions the only
difference between the relativistic and nonrelativistic equations of motion is that the
electron restmass,m, is replaced by the relativisticmass, gm.When this replacement
is made all results derived earlier regarding motion in a magnetostatic field are
equally valid in the relativistic case. In particular, for relativistic electrons the
gyrofrequency is given by We¼ eB/(gm) and the gyroradius by r¼ gmv?/(eB)¼
p?/(eB).
It will often be convenient to express the velocity in terms of the Lorentz factor

using v2/c2¼ (g2� 1)/g2. The momentum per unit rest mass, u¼ gv, thus satisfies
u2/c2¼ (g2� 1). Moreover, since the total energy, including the rest energy is gmc2,
the kinetic energy is just e¼ (g � 1)mc2. The relativistic magnetic moment is
given by [5]

m ¼ r2?=ð2mBÞ ¼ ðgmv?Þ2=ð2mBÞ ¼ mu2?=ð2BÞ; ð3:38Þ
whence

u2? ¼ 2mB=m: ð3:39Þ
Since

u2k=c
2 þ u2?=c

2 ¼ u2
k=c

2 þ 2mB=mc2 ¼ ðg2�1Þ; ð3:40Þ

the magnetic intensity at the electron turning point is given in the relativistic case by

Bt ¼ ðe=mÞðg þ 1Þ=2: ð3:41Þ
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3.5
The Hamiltonian Approach

In later chapters we will find it advantageous to use Hamilton�s equations [6] to
describe the electron dynamics. Here we simply illustrate theHamiltonian approach
by applying it to the unperturbedmotion of nonrelativistic electrons in axisymmetric
magnetic-mirror fields. The Hamiltonian, H(qi,pi), a function of the generalized
coordinates, qi, and their conjugate momenta, pi, is obtained from the Lagrangian,
L(qi,dqi/dt), which for electrons in magnetic and electric fields is given by [6]

Lðqi; dqi=dtÞ ¼ mv2=2�eA. vþ eF: ð3:42Þ
Here A is the vector potential discussed at length in Chapter 2 and F is any
electrostatic potential that may be present. For the moment we will neglect all
electrostatic potentials. The generalized momenta are defined by

pi ¼ qLðqi; dqi=dtÞ=qðdqi=dtÞ; ð3:43Þ
and the Hamiltonian is then given by

Hðqi; piÞ ¼
X

pidqi=dt�Lðqi; dqi=dtÞ: ð3:44Þ

As we have seen in Chapter 2, the vector potential of an axisymmetric magnetic-
mirror field has only the single component Af and for this magnetic field the
Lagrangian is given in cylindrical coordinates by

L ¼ m½ðdr=dtÞ2 þðrdf=dtÞ2 þðdz=dtÞ2�=2�eAfrdf=dtþ eF: ð3:45Þ
From this Lagrangian, assuming F¼ 0, we obtain the following three generalized
momenta:

pr ¼ mðdr=dtÞ
pf ¼ mr2ðdf=dtÞ�erAf

pz ¼ mðdz=dtÞ
: ð3:46Þ

To express the Hamiltonian as a function of the generalized coordinates and their
conjugate momenta we make use of the following replacements:

dr=dt ¼ pr=m

df=dt ¼ ðpf þ erAfÞ=ðmr2Þ
dz=dt ¼ pz=m

: ð3:47Þ

The resulting Hamiltonian is

H ¼ �
p2r þ p2z

�
=2mþðpf þ erAfÞ2=

�
2mr2

�
: ð3:48Þ

The Hamiltonian (�canonical�) equations of motion are

dqi=dt ¼ qH=qpi
dpi=dt ¼ �qH=qqi
qH=qt ¼ �qL=qt:

ð3:49Þ
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For electrons moving in an axisymmetric magnetostatic field,

qH=qf ¼ qH=qt ¼ 0;

and consequently there are two constants of the motion:

pf ¼ po ¼ constant

H ¼ Wo ¼ constant
: ð3:50Þ

By employing these two constants of the motion we can rewrite the Hamiltonian as

H ¼ �
p2r þ p2z

�
=2mþ �

po þ erAf
�2
=ð2mr2Þ ¼ Wo: ð3:51Þ

Recall from Chapter 2 that the magnetic flux, Y(r,z)¼ 2prAf and we can therefore
express the Hamiltonian as

H ¼ �
p2r þ p2z

�
=2mþ ½po þ eYðr; zÞ=2p�2=ð2mr2Þ ¼ Wo: ð3:52Þ

If we define U(r,z)¼ [po þ eY(r,z)/2p]2/(2mr2), then we obtain�
p2r þ p2z

�
=2m ¼ Wo�Uðr; zÞ: ð3:53Þ

Thus, the electrons move as though they were confined in a two-dimensional
potential well, U(r,z). Note that if we choose the constant po¼�eY(r,z)/2p at some
reference point (ro,zo), U will vanish at every point on the flux surface that passes
through the chosen point (ro,zo).
We illustrate some of the features of this Hamiltonian description of the unper-

turbed electron motion using a typical magnetic mirror with a mirror ratio of 2:1.
We have arbitrarily chosen ro¼ 5 cm on the midplane, where zo¼ 0. For our
illustrative magnetic field, the flux surface passing through this point (and thus the
magnetic line of force) then passes through the mirror throat at a radius of 3.49 cm.
Themagnetic intensity at the position of the flux surface in themidplane is 0.2900 T,
while at the mirror throat the intensity on this field line is 0.6074 T. The two figures,
Figures 3.3(a) and (b), display U (in keV) versus the radial coordinate, r (in cm) in the
midplane and in the mirror throat, respectively.
The equations of motion have real solutions only if |r�ro| is less than or equal

to the value for which Wo�U� 0. One can easily verify that at the radial positions
for which Wo¼U, namely, rmin and rmax, the motion is exactly perpendicular to the
magnetic field and

v2? ¼ 2Wo=m � ðrmax�roÞ2W2 � ðro�rminÞ2W2

Since df/dt¼ (po þ erAf)/(mr2), df/dt changes sign as r passes through the value
ro and the electrons gyrate about the field line selected by our choice of po.
One can demonstrate analytically (see Exercise 3.4) that U is approximately equal
to the perpendicular kinetic energy of electrons whose gyro orbits are centered on the
chosen flux surface. The plots shown in Figures 3.3(a) and (b) provide a convenient
summary in that W? vanishes at (r,z)¼ (ro,zo), where W||¼Wo, while W|| vanishes
at the radii, rmax and rmin, where U¼Wo. At intermediate values of r we have
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a simple result for the electron turning point:

Bt ¼ e=m ¼ Wo=ðW?=BÞ � WoBðr; zoÞ=Uðr; zoÞ
� WoBðro;zoÞ=Uðr; zoÞ

: ð3:54Þ

The fact that U is not exactly symmetrical about ro indicates that the electron gyro
orbits are cycloidal, a feature which gives rise to the azimuthal drift discussed earlier.
In fact, since the motion in the r-direction is periodic, the average over one
gyroperiod of the force in this direction, Fr, must vanish. We can exploit this
observation to exhibit a limiting case of the formula for the azimuthal drift speed
cited earlier in Eq. (3.32):

ð
Frdt ¼ �e

ð
rðdf=dtÞBzdt ¼ �e

ð
rBzdf ¼ 0; ð3:55Þ

Figure 3.3 (a) The function U(r,zo), in keV, on the midplane,
zo¼ 0, for the magnetic line of force that intersects the
midplane at r¼ 5 cm. The magnetic intensity at this point is
0.29 T. (b) The functionU(r,zo), in keV, at the mirror throat where
the reference field line is at a radius of r¼ 3.49 cm and the
magnetic intensity is 0.6074 T.
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where the time integral is over one gyroperiod and the f integral is over
the corresponding nearly closed path in f. Expanding Bz about the point r¼ro
we have

0 ¼
ð
r½BzðroÞþ ðqBz=qrÞðr�roÞþh:o:t:�df

� BzðroÞDsf þ pðqBz=qrÞðrmax�roÞ2:

Here Dsf¼ ro(ff� fi) and p(rmax� ro)2 is the area of the (nearly) circular gyro
orbit swept out as f goes from fi to ff and back almost but not quite to fi. Since
v2? ¼ ðrmax�roÞ2W2 and since the time interval is Dt¼ 2p/W we recover the v||¼ 0
limit of our earlier result; namely,

Dsf=Dt ¼ �½1=BzðroÞ�ðqBz=qrÞv2?=2W: ð3:56Þ

3.6
Drift Orbits in Toroidal Magnetic Configurations

In a simple toroidal magnetic field, formed by a toroidal array of closely spaced
magnetic coils, the magnetic intensity decreases with distance from the axis as
described in Chapter 2: B¼B(R)b¼Bo(Ro/R)b. The gradient of this field is
thereforerB¼�uR(BoRo)/R

2 and electron guiding centers will have a velocity given
by Eq. (3.32):

vtor ¼ ð2Wk þW?ÞrB� B=ðeB3Þ ¼ ð2Wk þW?Þð�uR � bÞ=ðeBoRoÞ:

Ions will drift in the opposite direction. This drift velocity will carry the electrons
and ions toward the opposite walls of the vacuum chamber. In the early phases of
the controlled fusion research program it was realized that this toroidal drift could
be effectively cancelled if the magnetic field lines could be made to spiral around a
magnetic axis in the center of the confinement region. In the stellarator concept
this is accomplished by adding helical magnetic windings onto the exterior of the
torus. In tokamaks the spiraling magnetic lines of force are produced by the
plasma current flowing along the toroidal magnetic field. The velocity of charged
particles flowing along the spiraling lines of force will then have a poloidal
component:

vpol ¼ rWpol ¼ rvkdqpol=ds ¼ vkðrdqpol=RdftorÞ ¼ vkðr=RqÞ; or

Wpol ¼ vk=ðRqÞ;

where q is the usual safety factor. To describe the resulting drift orbits we locate a
Cartesian reference frame in a cross section of the torus with its origin at the
magnetic axis: x¼R�Ro¼ 0 and y¼ 0 (the equatorial plane of the torus).We follow
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a test electron as it travels around the torus and note the point (x, y) where it passes
through the reference plane after each successive transit of the torus. It is
customary to visualize the electron as �puncturing� the reference plane, and after
many transits of the torus these �puncture points� will trace out the drift surface we
wish to describe. Note that if q is a ratio of integers the pointswhere our test electron
intersects the reference plane will not trace out a surface but will repeatedly
intersect at points reflecting the fact that the field line is closing on itself after q
transits of the torus. For other values of q we can describe the resulting drift surface
by superposing two separatemotions; namely, the poloidalmotion characterized by
x¼ a cosq(t) and y¼ a sin q(t) with dq/dt¼Wpol; and secondly, dy/dt¼Wpol a cos q(t)
vtor¼Wpolx þ vtor. Since dx/dt¼�Wpoly we can readily combine the two equations
to obtain (x þ vtor/Wpol)dx/dt¼�ydy/dt, whence

ðxþ vtor=WpolÞ2 þ y2 ¼ constant:

The drift surfaces are thus circles centered at x¼�vtor/Wpol and y¼ 0. ForWpol> 0
the center is shifted inward whereas for Wpol< 0 the center is shifted outward from
the magnetic axis. We have assumed to this point that the electrons are circulating
freely around the torus with approximately constant v||, but if they are trapped in the
mirror-like regions of the torus their orbits will form two arcs with centers at x¼�
vtor/Wpol andwith the tips of the arcs at the poloidal angle corresponding to themirror
turning point. These orbits are traditionally referred to as �banana orbits� in the
tokamak literature.
It was also recognized early in the controlled fusion program that charged particles

could be confined in a simple toroidal magnetic trap if the individual coils used to
generate the toroidal field were spaced sufficiently far apart, relative to the minor
radius of the torus, to make themagnetic field vary significantly along eachmagnetic
line of force. In such a �bumpy� toroidal magnetic field, local gradients in magnetic
field strength give energetic charged particles a poloidal drift motion which can
balance the drift inherent in an ideal toroidal magnetic field. Kadomtsev [7] analyzed
the single particle orbits in such a bumpy torus, and subsequently Gibson et al. [8],
Morozov and Solov�ev [9], and others developed a rigorous picture of single-particle
confinement using adiabatic constants of the motion as well as numerical studies
of particle orbits.
For a particle of charge q, the drift due to the R�1 dependence of the magnetic

intensity associated with the toroidal effect is given by

vtor ¼ 2ðe�qf�mBÞ=qBRtor;

where Rtor is the major radius of the torus. The poloidal drift speed is given by
Eq. (3.35). Recall that the average radius of curvature and thus the poloidal speed
vanishes for pitch angles such that k2¼ 0.826. Thus, except for those particles with
pitch angles lying in narrow range around the value given by k2¼ 0.826, charged
particles will drift on nearly circular orbits whose centers are shifted off the ring
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axis by

dx ¼ vtor=Wpol ¼ ½2ðe�qf�mBÞ=qBRtor�=Wpol

¼ r½2ðe�qf�mBÞ=qBRtor�½2ðe�qfÞ�mB�=qBhRciþE� B=B2��1

¼ ðrhRci=RtorÞf1þ qE?hRci=½2ðe�qfÞ�mB�g�1:

From Chapter 2 the midplane curvature of the magnetic lines of force in the simple
magnetic mirror is approximately given by

rRco ffi �4ðM�1Þ�1ðLcoil=2pÞ2;
where Lcoil is the separation of the coils. In a bumpy torus the separation of the coils
and the radius of the torus are related to the number of sectors, Nsectorsmaking up the
complete torus: 2pRtor¼NsectorsLcoil Thus, in the absence of radial electrostatic fields,
the centers of the drift orbits are shifted off the ring axis by an amount given in order
of magnitude by dx � ½�4=ðM�1Þ�ðLcoil=2pNÞgðe;m; fÞ, where the pitch-angle de-
pendence, here designated by gðe;m;fÞ, is of order unity. Since, aswe saw inChapter 2,
the coil separation Lcoil � 2.4rcoil for a mirror ratio M¼ 2, we find that the shift of
the drift surfaces is dx/rcoil 
 O(1/N) and the orbits are well confined for N� 1.
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Exercises

3.1 Verify Eq. (3.16) for the period of the bounce motion on the
axis of a simple magnetic mirror.

Solution: tb¼ 4
R
dz/v||(z) where the integral ranges from

z¼ 0 to z¼ zt, and mv||(z)
2/2¼ e�B(z). Use the

approximate expression for the field near the axis, B
(z)¼Bo[1 þ (M� 1)I0(kor)sin

2koz/2]. Note that at the
turning point sin2kozt/2¼ (Mt� 1)/(M� 1) and therefore
mv||(z)

2/2¼ e�B(z) can be written as mv||(z)
2/2¼ (e�Bo)

[1� (sin2koz/2)/(sin
2 kozt/2)]. Let sinw¼ (sin koz/2)/

(sin kozt/2). Then dz¼ (2/ko)(sin kozt/2)coswdw
{1� [(Mt� 1)/(M� 1)]sin2w}�1/2 where the integral over w
ranges from w¼ 0 to w¼p/2. The result follows.

3.2 Derive a formula for the action integral for electrons moving
near the axis of a simple magnetic mirror, where the action is
defined as J � R

p||ds and the integral is over one complete
bounce period. Show that the expression for the bounce time
obtained by evaluating qqqqqJ/qqqqq« agrees with Eq. (3.16).

3.3 Use the formula for J obtained in Exercise 3.2 to obtain an
expression for the poloidal speed of an electronmoving along
field lines near the axis of a simple magnetic mirror.

3.4 Demonstrate analytically that the potential function, U, is
approximately equal to the perpendicular kinetic energy of
electrons whose gyro orbits are centered on a given flux
surface.

3.5 In deriving the formula for the bounce frequency we found
that, for electrons turning near the midplane, it was
reasonably accurate to represent the electron bounce as
simple harmonic motion. For simple harmonic motion the
maximum (parallel) kinetic energy is given by m(vBzt)

2/2.
Assume Wo¼ 2 keV and evaluate this estimate of W||(0) for
the case shown in Figure 3.2(a) at the point r¼ 4.95 cm,
where U¼ 1.87 keV, and again for r¼ 4.96 cm, where
U¼ 1.19 keV. Compare these two estimates with the
corresponding values obtained from W||(0)¼Wo�U.
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4
Wave Propagation and Cyclotron Damping
in Magnetized Plasmas

In order for microwave power to provide direct illumination of the resonance
surfaces, it is necessary to couple power from an external source into electromagnetic
waves that can propagate through the intervening plasma to the resonance surfaces.
The effectiveness of this coupling between the external source and the RF electric
fields at the resonance surfaces depends sensitively on a number of factors, including
the type of coupler, its orientation relative to themagneticfield, the shape and location
of the conducting walls of the vacuum chamber, and the density and temperature of
the plasma. To date it has been a common practice to employ conventional or
dielectrically loaded waveguides to launch microwave power into plasma chambers,
but other coupling approaches have also been used. These have ranged in complexity
from simple bare conductors fed by coaxial cables to phased arrays of antennas
radiating specific polarizations within particular directional patterns. Open resona-
tors have also been employed to build up the amplitude of the RF fields in specific
locations [1].
It has been clearly established [2] that highly overdense, low-temperature plasmas

could be created in magnetic mirrors by launching whistler waves that propagate
parallel to the magnetic field from regions where B exceeded Bres into the resonance
surface. This approach is aptly named �high-field launch.� By contrast, the produc-
tion of relativistic-electron plasmas apparently requires a very different approach in
whichweakly dampedmicrowave power is introduced in such away that the resulting
electromagnetic waves would seemingly have to propagate through the plasma and
undergomultiple polarization-changing reflections from the chamber walls to reach
resonance surfaces with a suitable polarization [3] to be absorbed. The success of
various ECH applications in tokamaks depends sensitively on the propagation and
absorption properties of the waves in ways that we will explore in Chapter 9. In this
chapter, we summarize the basic optical properties of magnetized plasmas for waves
with frequencies around the electron gyrofrequency and the ways in which these
optical properties affect the illumination of resonance surfaces by microwave power.
In tokamak experiments where plasma dimensions are much greater than the ECH
wavelengths, the predicted optical properties have generally been well confirmed.
However, in the smaller magnetic-mirror experiments, the situation is often less
clear. The general subject of plasma waves has been treated extensively in the
literature [4] and the present summary will, therefore, be as concise as possible.
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4.1
The Cold-Plasma Dispersion Relation

In order to identify the features of plasma wave propagation that are particularly
relevant to ECH, we adopt a highly idealizedmodel of the plasma in which a spatially
homogeneous plasma is immersed in a static, uniform magnetic field. The prop-
agation of electromagnetic waves in this model plasma can be examined by employ-
ing Maxwell�s equations and assuming that the electric charge and current densities
entering them are solely those that arise in response to the electromagnetic fields
of the wave [4]. The ion response to these fields is usually negligible at frequencies
in the electron gyrofrequency range and will generally not be included here except
in unusual circumstances that will be clearly identified. The electron response to the
fields of the wave may be obtained from a suitable dynamical equation, such as the
following Langevin equation:

dv=dt ¼ �ðe=mÞ½Eþ v� ðB0 þBÞ��nv: ð4:1Þ
Here n is the frequency with which electrons undergo momentum changing colli-
sions, E is the electricfield of thewave,B0 is the uniform staticmagneticfield, andB is
the fluctuating magnetic field due to the wave itself. We consider the propagation of
waves whose frequency and propagation vector are w and k, respectively, so that all
wave properties vary in space and time as exp(ik.r� iwt). In reality, we are using
Fourier transforms in space and Laplace transforms in time. The full power of these
transform techniques will become important later in discussions of unstable waves.
Without loss of generality, we can choose coordinates so that the static magnetic

field is in the z-direction and the propagation vector lies in the x–z plane andmakes an
angle q with the z-axis: k¼ ksinqux þ kcosquz. Convenient forms of Maxwell�s
equations are

r� E ¼ �qB=qt ðFaraday�s LawÞ
r �H ¼ jþ e0qE=qt ðMaxwell-Ampere EquationÞ
e0r �E ¼ r ðPoisson�s EquationÞ
r �B ¼ 0

We setB¼m0H and assume that the current density is a linear function of thewave
electric field through a suitable conductivity tensor,s, so that j¼s. E.We eliminateB
fromFaraday�s Law by taking the curl of both sides and then use theMaxwell-Ampere
Equation to replace r�B: r� (r�E)¼�m0q(j þ e0qE/qt)/qt. Since the fields
of the wave are assumed to vary in space and time as exp(ik.r� iwt), our partial
differential wave equation becomes the algebraic vector equation

�k� ðk� EÞ ¼ �m0ð�iwÞ½jþ e0ð�iwÞE�
so that k2E�ðk �EÞk ¼ w2m0e0ðis �E=e0wþEÞ ¼ w2=c2K �E;
and finally ðn21�nn�KÞ �E ¼ 0

ð4:2Þ

HereK is the dielectric tensorwhose elementswill be calculated further for themodel
plasma using the Langevin equation, Eq. (4.1), to describe the dynamical response
of electrons to the electromagneticfields of thewave, andn2¼ k2c2/w2 is the square of
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the (vector) index of refraction, n¼ kc/w. We note in passing that if ionization and
recombination are negligible on the time scales associated with wave propagation,
the charge and current densities must satisfy a continuity condition:

qr=qtþr � j ¼ �iwrþ ik � j ¼ 0

so thatr¼ k.s.E/w. Becauseof the formof theLangevinequationweareusinghere to
describe electron dynamics, it is convenient to employ the rotating coordinates that
wereusedearlier indescribingelectrongyration in thestaticmagneticfield.Thesemay
be obtained from a Cartesian representation through the unitary transformation, U:

ffiffiffi
2

p
U ¼

1 i 0
1 �i 0
0 0

ffiffiffi
2

p

0
@

1
A: ð4:3Þ

Recall that the inverse ofU is its Hermitian adjoint, i.e., the complex conjugate of the
transposed matrix. If v� vth the Langevin equation, Eq. (4.1) can be simplified for
�temperate� electrons with temperatures Te ¼ mv2th=2 by neglecting the second-order
term, v.rv inmdv/dt¼m(qv/qt þ v.rv). And if the electron velocities aremuch less
than thephase velocities of thewavesof interest,wemayneglect v�B.Wewill address
this term later. Setting eBo/m¼Wo, we then obtain for our dynamical equation
�iwv¼�eE/m�Wov�uz� nv. This vector equation yields the following three scalar
equations in Cartesian components:

�iwvx þWovy þ nvx ¼ �ðe=mÞEx

�iwvy�Wovx þ nvy ¼ �ðe=mÞEy

�iwvz þ nvz ¼ �ðe=mÞEz:
We write this in matrix form as M. v¼�(e/m)E where the matrix M is given by

M ¼
�iwþ n Wo 0
�Wo �iwþ n 0
0 0 �iwþ n

0
@

1
A: ð4:4Þ

Transforming M into circular coordinates, we diagonalize M and obtain

UMU�1 ¼
�iwþ n�iWo 0 0

0 �iwþ vþ iWo 0
0 0 �iwþ n

0
@

1
A; ð4:5Þ

resulting in the following three decoupled scalar dynamical equations:

ð�iwþ n�iWoÞvþ ¼ �ðe=mÞEþ
ð�iwþ nþ iWoÞv� ¼ �ðe=mÞE�
ð�iwþ nÞvz ¼ �ðe=mÞEz:

ð4:6Þ

For the present cold-plasmamodel, the perturbed current density, j¼� enov, and we
obtain for the circular components of the current density

jþ ¼ ie0wpe
2ðwþWo þ inÞ�1Eþ ¼ s11Eþ

j� ¼ ie0wpe
2ðw�Wo þ inÞ�1E� ¼ s22E�

jz ¼ ie0wpe
2ðwþ inÞ�1Ez ¼ s33Ez:

ð4:7Þ

4.1 The Cold-Plasma Dispersion Relation j39



Since from Eq. (4.2), K¼ 1 þ is/e0w, the dielectric tensor for a cold plasma is
diagonalized in the circular coordinates with diagonal elements given by [4]

K11 ¼ 1�ðwpe
2=w2Þ=ðW=wþ 1þ in=wÞ

K22 ¼ 1þðwpe
2=w2Þ=ðW=w�1þ in=wÞ

K33 ¼ 1�ðwpe
2=w2Þ=ð1þ in=wÞ:

ð4:8Þ

In these expressions,wpe is the electron plasma frequency,wpe¼ (e2ne/me0)1/2where
ne is the electron density and e0 is the permittivity of free space. Asmentioned earlier,
at the frequencies of interest to ECH the ions can usually be treated as an immobile
neutralizing background, although an important exception will arise later.
We next transform the remainder of our wave equation into circular coordinates

(the dielectric tenor, K, is already expressed in circular coordinates). The quantity
to be transformed is E� (k. E)k/k2. Since we have chosen k to lie in the x–z plane,
we have for the Cartesian components

E�ðk �EÞk=k2 ¼ ux½Ex�sin qðsin q Ex þ cos q EzÞ�
þ uyEy þ uz½Ez�cos qðsin q Ex þ cos q EzÞ�;

or, in matrix form,

E�ðk �EÞk=k2 ¼
cos2q 0 �sinqcosq
0 1 0

�sinqcosq 0 sin2q

0
B@

1
CA

Ex

Ey

Ez

0
@

1
A

We again employ the unitary transformation matrix U and find the complete wave
equation transformed into circular components to be

K �E=n2 ¼
cos2qþðsin2qÞ=2 �ðsin2qÞ=2 �sinqcosq=

ffiffiffi
2

p

�ðsin2qÞ=2 cos2qþ ðsin2qÞ=2 �sinqcosq=
ffiffiffi
2

p

�sinqcosq=
ffiffiffi
2

p �sinqcosq=
ffiffiffi
2

p
sin2q

0
B@

1
CA

Eþ
E�
Ez

0
B@

1
CA

ð4:9Þ
Combining the two matrices gives the following wave equation:

D�E¼
n2K11�cos2q�ðsin2qÞ=2 ðsin2qÞ=2 sinqcosq=

ffiffiffi
2

p

ðsin2qÞ=2 n�2K22�cos2q�ðsin2qÞ=2 sinqcosq=
ffiffiffi
2

p

sinqcosq=
ffiffiffi
2

p
sinqcosq=

ffiffiffi
2

p
n�2K33�sin2q

0
B@

1
CA

Eþ
E�
Ez¼0

0
B@

1
CA

ð4:10Þ
The condition for the existence of nontrivial solutions to this Fourier–Laplace
transformed wave equation is that the determinant of the matrix of the coefficients
of the electric field, |D|, should vanish. This condition reduces to a special case of the
Booker quartic equation for the square of the index of refraction [5], n2¼ (kc/w)2:

n4½K33cos2qþðK11þK22Þðsin2qÞ=2�
�n2fK33ðK11þK22Þ½1�ðsin2qÞ=2�þK11K22sin

2qg
þK11K22K33¼0:

ð4:11Þ
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This dispersion relation describes the properties of waves propagating through an
infinite, homogeneous cold plasma immersed in a uniform magnetic field with the
three elements of the dielectric tensor given by Eq. (4.8). In general, it will have two
solutions for n2, giving the indices of refraction of the two waves as functions of the
angle of propagation, q, and the three frequencies,w,wpe, andW. The polarization of
waves corresponding to a given solution of Eq. (4.11) is obtained directly from
Eq. (4.10) in terms of the relative amplitudes of the electric field components. One of
the roots of the dispersion relation will vanish if the coefficient of n4 vanishes. This
occurs when the angle of propagation equals qcrit given by

qcrit¼arctan½�2K33=ðK11þK22Þ�1=2:

We can identify other major critical conditions for these solutions by considering the
limiting cases of propagation exactly parallel and exactly perpendicular to the
magnetic field.

4.2
Critical Conditions for Parallel Propagation

For waves propagating parallel to the magnetic field, q¼ 0, Eq. (4.11) becomes

n4K33�n2K33ðK11 þK22ÞþK11K22K33 ¼ 0: ð4:12Þ
ProvidedK33 6¼ 0, this equation describes twowaveswith indices of refraction given by
n2¼K11 andn

2¼K22.Thefirst of these twosolutions, the left-handcircularlypolarized
�fast� wave corresponding to n2¼K11, satisfies the following dispersion relation:

ðkc=wÞ2 ¼ 1�
�
w2
pe=w

2
�
=ðW=wþ 1Þ: ð4:13Þ

The phase velocity of this wave exceeds the speed of light in vacuum, (kc/w)2< 1; and
the propagation of this wave is cut off (k¼ 0) if w2

pe=w2 ¼ 1þW=w. A conventional
linear turning point analysis [4] shows that this left-hand circularly polarized wave
is completely reflected at cutoff with no change of polarization. The left-hand
polarization of this wave can be verified by substituting n2¼K11 into Eq. (4.10). The
second of these solutions, corresponding to n2¼K22, satisfies the dispersion relation
for right-hand circularly polarized waves:

ðkc=wÞ2 ¼ 1þ
�
w2
pe=w

2
�
=ðW=w�1Þ: ð4:14Þ

Evidently these waves have phase velocities that are less than the speed of light in
vacuum, since (kc/w)2> 1, and hence are sometimes called the �slowwaves� or, more
frequently, �whistlers.� They propagate in plasmas of arbitrarily high density provided
the wave frequency remains below the electron gyrofrequency, w<W. As the wave
frequency approaches the gyrofrequency from below, the phase velocity approaches
zero and, in the presenceof a dissipativemechanism, thewaves are stronglydampedat
resonance, as we will see later in this chapter. These waves have a cutoff when
w2
pe ¼ w2ð1�W=wÞ and W<w.

4.2 Critical Conditions for Parallel Propagation j41



4.3
Critical Conditions for Perpendicular Propagation

For waves propagating perpendicular to the magnetic field, q¼p/2, Eq. (4.11)
becomes n4(K11 þ K22)/2�n2 [K33(K11 þ K22)/2 þ K11K22] þ K11K22K33¼ 0. Pro-
vided (K11 þ K22) 6¼ 0, the two solutions are

n2 ¼ K33; and n2 ¼ 2K11K22=ðK11 þK22Þ: ð4:15Þ
Waves corresponding to the first solution, n2¼K33, are usually called �ordinary�
modes or O-modes; their dispersion relation is independent of the magnetic
intensity. They have a cutoff when wpe¼w. Waves corresponding to the second
solution are called �extra-ordinary� modes, or X-modes. The X-modes have two
cutoffs given byw2

pe ¼ w2 �Ww, and the wave has a resonance, (n ! 1), the �upper
hybrid resonance,� at w2

pe ¼ w2�W2. The upper hybrid resonance can play an
important role in ECH and we will consider it in greater detail later.

4.4
Clemmow–Mullaly–Allis Diagrams

Organizing the implications of Eq. (4.11) is a daunting task, undertaken with
considerable success by P.C. Clemmow and R.F. Mullaly in 1955 with later refine-
ments added by Allis [6]. Their graphical display of the wave properties in particular
regions of parameter space, the Clemmow–Mullaly–Allis or CMA diagram, is in
widespread use and provides an economical way of describing the wave propagation
issues affecting the coupling of microwave power from external sources to the
resonance surfaces. A variant of the CMA diagram that meets our needs hasw2

pe=w2,
proportional to electron density, as its x-axis; and W/w, proportional to the magnetic
intensity, as its y-axis. In this two-dimensional space, we plot the zeros of the three
diagonal elements of the dielectric tensor, K11, K22, and K33, corresponding, respec-
tively, to the cutoff conditions for the left-hand and right-hand circularly polarized
modes (q¼ 0 and p/2) and the O-mode (q¼p/2):

K11 ¼ 0 if w2
pe=w2 ¼ 1þW=w

K22 ¼ 0 if w2
pe=w2 ¼ 1�W=w

K33 ¼ 0 if w2
pe=w2 ¼ 1:

In addition to these three cutoff conditions, we plot the two resonances:

W/w¼ 1, the gyroresonance, and

w2
pe=w2 ¼ 1�ðW=wÞ2, the upper hybrid resonance.

The resulting modified CMA diagram is shown in Figure 4.1.
Using this diagram we can distinguish between the two plasma density regimes,

�underdense� and �overdense,� depending on whether wpe<w or wpe>w, respec-
tively, and the twomagnetic field regimes, �low field� and �high field,� depending on
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whetherW<w orW>w, respectively. In the underdense regime, K33 is positive and
vanishes at a critical density given by the O-mode cutoff condition, wpe¼w,
corresponding to a critical density, nec¼w2me0/e2. This critical density increases
with the square of the frequency from 1.24� 1010 cm�3 at a frequency of 1 GHz to
1.24� 1014 cm�3 at 100 GHz.

4.5
The High-Field Regime

We first consider the �high-field� regime, which has two cutoffs and one resonance:

wpe ¼ w the O-mode cutoff

w ¼ W electron gryoresonance

wpe ¼ wð1þW=wÞ1=2 the left-hand cutoff :

If the plasma is underdense (i.e., for densities below the O-mode cutoff), the waves
represented by the two solutions of Eq. (4.11) propagate at all angles with respect to
the magnetic field, as indicated in Figure 4.2.
Here we display schematically the indices of refraction of both waves as functions

of the angle of propagation for a case in which the wave frequency is less than the
electron gyrofrequency (�high field�) but greater than the plasma frequency
(�underdense�). As the density approaches the critical value for O-mode cutoff
K33 approaches zero and 2K11K22/(K11 þ K22) approaches unity. The indices

Figure 4.1 A �reduced� CMA diagram suitable for ECH; all ion dynamics have been neglected.
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of refraction of the two waves in this transitional case are indicated schematically
in Figure 4.3.
If the plasma is overdense, the slow wave propagates only within a cone

centered on the direction of the magnetic field with its half angle given by qcrit, the
angle for which the coefficient of n4 in Eq. (4.11) vanishes: qcrit¼ arctan[�2K33/
(K11 þ K22)]

1/2.
The index of refraction of the fast wave varies continuously with angle in this

overdense high-field case, as indicated in Figure 4.4.
Finally, in Figure 4.5 the indices are shown when the density is just below the

value for the left-hand cutoff. For densities above this value, the left-hand circularly
polarized wave is evanescent while the right-hand circularly polarized whistler
continues to propagate until the wave reaches gyroresonance.

4.6
The Low-Field Regime

We next consider the low-field regime (W<w) in which the plasma dispersion
exhibits one additional cutoff:

wpe ¼ wð1�W=wÞ1=2 the right-hand cutoff ;

Figure 4.2 The angle-dependent indices of refraction for
propagation in the high-field regime with density below the
O-mode cutoff: w¼ 1, W¼ 1.5, and wpe ¼

ffiffiffiffiffiffiffiffiffi
0:95

p
.
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Figure 4.4 The angle-dependent indices of refraction for
propagation in the high-field regime with density above the
O-mode cutoff: w¼ 1, W¼ 1.5, and wpe ¼

ffiffiffiffiffiffiffi
1:2

p
.

Figure 4.3 The angle-dependent indices of refraction for
propagation in the high-field regime with density very slightly
below the O-mode cutoff: w¼ 1, W¼ 1.5, and wpe ¼

ffiffiffiffiffiffiffiffiffiffiffi
0:999

p
.
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as well as the previous two cutoffs:

wpe ¼ w the O-mode cutoff

wpe ¼ wð1þW=wÞ1=2 the left-hand cutoff :

In addition to these cutoffs, there is the upper hybrid resonance, given by

wpe ¼ ½ðwþWÞðw�WÞ�1=2:
The angle-dependent indices of refraction for plasma densities just below the right-
hand cut-off are shown in Figure 4.6.
Both waves have phase velocities greater than the speed of light, and the

propagation of the right-hand circularly polarized wave is clearly nearing cutoff.
For densities above the right-hand cutoff but below the upper hybrid resonance only
the left-hand circularly polarized wave propagates, but above the density for upper
hybrid resonance the right-hand circularly polarized wave propagates perpendicular
to the magnetic field and for all angles greater than the critical value qcrit¼ arc tan
[�2K33/(K11 þ K22)]

1/2. This situation is illustrated in Figure 4.7.
As the density approaches the O-mode cutoff, the index of refraction of the right-

hand circularly polarized wave gradually changes shape somewhat, as shown in
Figure 4.8, so that just below the O-mode cutoff it propagates at almost all angles
with respect to the magnetic field. Then for densities above the O-mode cutoff, the
right-hand wave ceases to propagate, and for still higher densities above the left-hand
cutoff all propagation ceases in this low-field regime and both waves are evanescent.

Figure 4.5 The angle-dependent indices of refraction for
propagation in the high-field regime with density approaching the
LH cutoff: w¼ 1, W¼ 1.5, and wpe ¼

ffiffiffiffiffiffiffi
2:4

p
.
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Figure 4.7 The angle-dependent indices of refraction for
propagation in the low-field regime with density above the upper
hybrid resonance but below the O-mode cutoff: w¼ 1, W¼ 0.5,
and wpe ¼

ffiffiffiffiffiffiffiffiffi
0:81

p
.

Figure 4.6 The angle-dependent indices of refraction for
propagation in the low-field regime with density slightly below the
RH cutoff: w¼ 1, W¼ 0.5, and wpe ¼

ffiffiffiffiffiffiffiffiffi
0:45

p
.
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4.7
A Few Preliminary Implications for ECH Experiments

Some practical consequences for ECH of these optical properties of magnetized
cold plasmas are immediately apparent; others will be discussed at length in later
chapters. Note especially that the optical properties of high-field launch and low-field
launch are fundamentally different. First consider the high-field regime.
Right-hand circularly polarized whistler waves launched in the high-field region

of a magnetic mirror field, for example, can propagate along magnetic lines of force
to the resonance surface in plasmas of arbitrarily high density. Since the propagation
is within a cone whose half-angle diminishes as the wave approaches resonance,
the microwave power is concentrated along the magnetic field lines. Any left-hand
circularly polarized component of themicrowave power coupled via high-field launch
will be internally reflected at the left-hand cutoff. If thiswave is subsequently reflected
from metallic surfaces (for example, the coupler itself or the vacuum chamber
walls or suitable mirrors), it can change polarization and subsequently be absorbed
at resonance.
With regard to the low-field regime, O-mode waves launched in the midplane of

a magnetic mirror field, �low-field launch,� can propagate directly to the resonance
surfaces only in underdense plasmas. X-mode waves will encounter the right-hand
cutoff followed by the upper hybrid resonance before being able to reach the
resonance surface. Even so, as has been discussed by Weitzner and Batchelor [7],

Figure 4.8 The angle-dependent indices of refraction for
propagation in the low-field regime with density just below the
O-mode cutoff: w¼ 1, W¼ 0.5, and wpe ¼

ffiffiffiffiffiffiffiffiffi
0:99

p
.
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the microwave power may reach the resonance surfaces by indirect routes that
involve Budden tunneling and mode conversion and depend sensitively on the
detailed shape of themagnetic field, the plasma density profile and themetallic walls
of the plasma chamber.Wewill return to this issue later in discussing the production
of relativistic-electron plasmas which has employed �O-mode heating� or �low-field
launch� with striking success.
Concerning ECH in tokamaks, it is clear from a suitably modified CMA diagram,

such as the one shown in Figure 4.9 that illumination of the fundamental resonance
surface in the high-field regime is limited solely by the O-mode cutoff.
Ray paths in the space spanned by our CMA diagram have been sketched for a

typical tokamak with R/a¼ 4 assuming that the resonance surfaces are on the
magnetic axis and the density profile is parabolic with a peak value equal to the
critical density. In the low-field regime, the right-hand cutoff and the upper hybrid
resonance prevent direct X-mode illumination of the fundamental resonance but do
not affect the propagation of O-modes as long as the plasma is underdense. For
heating at the second harmonic of the gyrofrequency,W/w¼ 0.5, the accessibility for
O-modes is again limited only by the density constraint,w2

pe < w2.Direct accessibility
to the resonance surface for X-modes at the second harmonic is possible in the low-
field regime if the electrondensity is below theRHcutoff,w2

pe=w2 < 0:5 inFigure 4.9,
but in tokamaks as in magnetic mirrors, it is possible for X-modes to tunnel through

Figure 4.9 The modified CMA diagram of Figure 4.1 with typical
tokamak values of relative density and magnetic intensity
(w2

pe=w2; W=w), assuming fundamental (solid line) and second-
harmonic (dotted line) resonance at the magnetic axis where the
peak density is at the O-mode cutoff.
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the evanescent region between the RH cutoff and the upper hybrid resonance.
Here the microwave power can be converted into electrostatic plasma waves that can
then propagate to the resonance surface. We shall return to this topic in considerable
detail later.

4.8
Wave Damping

We next consider ways in which microwave power at the electron gyrofequency,
launched into a chamber partially filled with plasma, is absorbed by the collective
response of the plasma electrons. Two very different regimes are of experimental
interest. Thefirst regime applies to ECHconfigurations inwhich the plasma chamber
is small enough relative to the wavelength of the incident power to function as a
multimode cavity. Some have called this the �microwave oven regime.� The second
regime applies to plasma configurations that are sufficiently large relative to the
wavelength of the incident microwave power for the propagating microwave fields to
behave quasioptically and thus be described in terms of the plasma waves discussed
earlier in this chapter. The small configurations are exemplified by many older
magnetic-mirror devices and some ECH plasma sources, while the larger configura-
tions are exemplified by many present-day and especially the next-generation large
tokamaks and stellarators. In all cases, we will see that damping results from kinetic,
microscopic properties of the plasma that are absent from the collisionless cold-fluid
model of the plasma that we have considered to this point.

4.8.1
A Collisional Model of Damping

In the first regime, it is not generally possible to trace the rays corresponding to
individual plasma waves excited by the incident microwave power. Instead, it may be
more realistic to assume that the plasma chamber, viewed as a microwave cavity
of irregular shape but high microwave integrity, is filled with electric fields having
all three spatial components [8]. For low-temperature plasmas, the currents that
flow in response to these fields are given as before by Eqs. (4.7), where collisions
of frequency, n, provide a formal basis for evaluating the damping. In the circular
coordinates, we have used earlier the three components of the currents driven by the
microwave power given by the following three equations:

jþ ¼ ie0w2
peðwþWþ inÞ�1Eþ ¼ s11Eþ

j� ¼ ie0w2
peðw�Wþ inÞ�1E� ¼ s22E�

jz ¼ ie0w2
peðwþ inÞ�1Ez ¼ s33Ez:

ð4:7Þ

The average rate at which the microwave electric fields do work on the electrons in a
unit volume of plasma is Pabs/V¼Re(Ecc. j)/2 [9], where Ecc is the complex conjugate
of E. If the resonant ECH mechanism dominates this energy transfer, the absorbed
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power density is mainly given by the right-hand circularly polarized component:

Pabs=V ¼ ðe0jE�j2=2Þw2
pen½ðw�WÞ2 þ n2��1

¼ ðe0jE�j2=2Þ
�
w2
pe=w

��ðn=wÞ½ð1�W=wÞ2 þ n2=w2��1�:
As n/w ! 0, the quantity in braces approaches pd(1�W/w), where d(1�W/w) is the
Dirac delta function [10] so that in the limit of weak collisions,

Pabs=V ¼ ðe0jE�j2=2Þ
�
w2
pe=w

�
pdð1�W=wÞ: ð4:16Þ

To determine the total power absorbed by the plasma, this expression must be
integrated over the volume occupied by the plasma. As a concrete example, we will
evaluate the power absorbed by the plasma confined in a simple magnetic mirror:

Pabs ¼ 2p
ð
rdrdzðe0jE�j2=2Þ

�
w2
pe=w

�
pdð1�W=wÞ

¼ p2
ð
rdrðdz=dWÞe0jE�j2w2

pedð1�W=wÞdW=w

¼ p2
ð
rdre0jE�j2w2

peðdz=dWÞjW¼w:

We can use the model magnetic-mirror field, Eq. (2.18), to evaluate dW/dz at the
resonance surfaces and assume that the plasma density has a parabolic radial profile,
n(r)¼n(0)(1� r2/a2). Then (dz/dW)|W¼w¼ 2p(Wo/Lc)[(M�Mres)(Mres� 1)]1/2, and
taking into account both resonance surfaces we estimate the absorbed power to be

Pabs ¼ ðpa2=4ÞLcnð0ÞðejE�j2=BoÞ½ðM�MresÞðMres�1Þ��1=2: ð4:17Þ

4.8.2
An Introduction to Collisionless Cyclotron Damping

In the second, �quasioptical� regime, it is possible to follow the path of an individual
wave by solving the dispersion relation locally, as we will discuss later in this
chapter. We can then evaluate the (spatial) damping rate at every point along
that path by evaluating the imaginary component of the wave propagation vector,
Im k¼ ki. The frequency,w, is assumed to be real, i.e., we seek a steady-state solution
to the dispersion relation. The dominant collisionless dampingmechanism for ECH,
often called cyclotron damping, is associated with kinetic effects arising from the
thermal distribution of electron velocities and can be analyzed by solving the
collisionless Boltzmann equation for the perturbed distribution function resulting
from the presence of the wave. This analysis, first carried out by Vlasov [11], is quite
general, but will be applied here to the specific cases of whistler waves propagating
parallel to a uniform staticmagnetic field andO-modes propagating perpendicular to
themagneticfield.Wewill return tomore general applications of the Vlasov equation
later. But first we consider a rudimentary analysis that will display the properties of
the collisionless cyclotron damping mechanism in a relatively transparent form.
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Todo this, we examine a group of electronsflowing along a uniform, staticmagnetic
field, Bo¼Bouz, with velocity vo¼ vouz and calculate their time-dependent perturbed
velocity in the presence of a right-hand circularly polarized whistler wave with electric
and magnetic fields given, respectively, by E1¼E�(z,t)¼E�exp[i(kz�wt)] and B1¼
(k/w)uz�E1. We determine the perturbed electron velocity by solving the linearized
collisionless Langevin equation:

m½qv1=qtþðvo � rÞv1� ¼ �efE1 þ v1 � ½Bo þðk=wÞuz � E1�g;
which in the present case becomes

qv1=qtþ ikvov1 þWv1 � uz ¼ �ðe=mÞ½1�ðkvo=wÞ�E1:

Just as in the case of the unperturbed orbit equations of Chapter 3, the perpendi-
cular components of the perturbed velocity are decoupled in rotating coordinates and
we obtain the following equation for the time dependence of the right-hand compo-
nent, v�:

qv�=qtþ iðkvo þWÞv� ¼ �ðe=mÞ½1�ðkvo=wÞ�E�exp½iðkz�wtÞ�:
The appropriate integrating factor is exp[i(kvo þ W)t] and with it we obtain

qfv�exp½iðkvo þWÞt�g=qt ¼ �ðe=mÞ½1�ðkvo=wÞ�exp½iðkvo þWÞt�E�exp½iðkz�wtÞ�:
Integrating from t¼ 0 to t¼ t and choosing v�(0)¼ 0 we find v�(t) to be given by

v�ðtÞ ¼ iðe=mÞ½1�ðkvo=wÞ�E�exp½iðkz�wtÞ��
f1�exp½�iðkvo þW�wÞt�g=ðkvo þW�wÞ;

so that

v�ðtÞ ¼ ðe=mÞ½1�ðkvo=wÞ�E�exp½iðkz�wtÞ
�f�sinðkvo þW�wÞt=ðkvo þW�wÞ
þ i½1�cosðkvo þW�wÞt�=ðkvo þW�wÞg :

ð4:18Þ

This result neatly displays the essence of the cyclotron damping mechanism;
namely, that if the Doppler-shifted resonance condition, kvo þ W�w¼ 0, is satisfied,
v� increases linearly with time, according to the first term in braces, and the phase of
v� relative to that of the wave remains stationary according to the second term. If
wt� 1, the first term in the braces has the properties of a delta function, since in the
limit as N ! 1, (sinxN)/x¼pd(x).10 Thus,

sinðkvo þW�wÞt=ðkvo þW�wÞ!pdðkvo=wþW=w�1Þ=w:
As we saw earlier, it is this kind of term that describes the damping process in which
energy is transferred from the wave to the electrons. The average rate at which that
transfer takes place can be obtained as before by evaluating Re(Ecc.j)/2, where the
current density is given by j�¼�e

Ð
dvofo(vo)v� which in the present case is

j� ¼ ðe2=mÞE�exp½iðkz�wtÞ�
ð
dvof oðvoÞ½1�ðkvo=wÞ�pdðkvo=wþW=w�1Þ=w

¼ ðe2=mÞðp=kÞE�exp½iðkz�wtÞ�
ð
dðkvo=wÞf oðvoÞ½1�ðkvo=wÞ�dðkvo=wþW=w�1Þ

¼ ðe2=mÞðp=kÞE�exp½iðkz�wtÞ�f oðvo ¼ vresÞW=w;
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where vres¼ (w�W)/k. If, for example, the electrons have a (one-dimensional)
Gaussian distribution in the speed vo, f o ¼ ne=ða

ffiffiffi
p

p Þexpð�v2o=a2Þ, then
j� ¼ ffiffiffi

p
p ðe2ne=mÞð1=kaÞðW=wÞE�exp½iðkz�wtÞexp½�ðw�WÞ2=k2a2�:

Note that in the limit in which the thermal speed is much less than the phase velocity
of the wave, ka/w� 1, the damping is negligible except very near the resonance
surface. In fact, since exp(�x2/e)/

ffiffiffi
e

p ¼ ffiffiffi
p

p
d(x) in the limit as e ! 0 [10], we recover

exactly the earlier result, Eq. (4.16); namely, that the average power transferred
from the wave to the electrons per unit volume is given by

Pabs=V ¼ ðe0jE�j2=2Þðw2
pe=wÞðW=wÞpdð1�W=wÞ:

4.8.3
Cyclotron Damping of Whistler Waves

We next use the Vlasov equation to determine the perturbed electron distribution
function resulting when a right-hand circularly polarized whistler wave with electric
field E¼E�exp[i(kz�wt)] propagates parallel to the static magnetic field through
a more realistic model of the plasma equilibrium. The theoretical basis of the
Vlasov equation is discussed at length by many authors [12] and we will proceed
directly to its implementation for the present purpose by integrating in time along
the unperturbed orbits of the electrons. For an infinite homogeneous plasma, the
linearized Vlasov equation can be written compactly as

Df 1=Dt ¼ �a1. qf o=qv;

where Df 1=Dt is the convective derivative of the perturbed electron distribution
and is to be integrated along the unperturbed electron orbits, and a1 is the electron
acceleration due to the fields of the wave:

a1 ¼ �ðe=mÞðEþ v� BÞ ¼ �ðe=mÞ½ð1�k � v=wÞEþðv �EÞk=w�:
We will choose an unperturbed electron distribution function, fo, that describes an
infinite, homogeneous plasma immersed in a uniform magnetic field, Bo¼Bouz.
Since the electrons generally thermalize rapidly along themagneticfield but can have
various thermal as well as nonthermal distributions across the magnetic field, it is
reasonable to assume a product form for fo(v?,v||). Moreover, since we will usually
deal with adiabatic electrons, for which the magnetic moment is a constant of the
motion, we will assume that the equilibrium distribution function will have the
following general form:

f oðv?vkÞ ¼
h
ne=

�
p3=2a2

?ak
�i

go
�
v2?=a

2
?
�
exp

�
�v2k=a

2
k
�
: ð4:19Þ

Here ne is the electron density and thus we require that go is normalized so thatÐ ðv?=a?Þðdv?=a?Þgoðv2?=a2
?Þ ¼ 1 where the integral is from zero to infinity.

For these equilibrium distribution functions,

qf o=qv ¼ 2½ne=ðp3=2a2
?akÞ�exp

�
�v2k=a

2
k
�
� 	�

v?=a2
?
�
g0o

�
v2?=a2

?
���

vk=a2
k
�
go
�
v2?=a2

?
�

;
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where g0oðyÞ ¼ dgo=dy. The linearizedVlasov equationnow takes the following form:

Df 1=Dt ¼ 2ðe=mÞ	ne=
�
p3=2a2

?ak
�

exp

��v2k=a
2
k
�½ð1�k � v=wÞEþðv �EÞk=w�

.
	�
v?=a2

?
�
g0o

�
v2?=a2

?
���

vk=a2
k
�
go
�
v2?=a2

?
�

:

ð4:20Þ
Since for this first example we are considering the effect of (transverse) whistler
waves propagating parallel to the magnetic field, we set k.v?¼ 0 and E.v||¼ 0 giving

Df 1=Dt ¼ 2ðe=mÞ	ne=
�
p3=2a2

?ak
�

exp

��v2k=a
2
k
�

� E � v?
	ð1�kvk=wÞg0o=a2

?�ðkvk=wÞgo=a2
k


:

Note that E.v?¼Exvx þ Eyvy¼Eþv� þ E�vþ ¼E�vþ for our present case; namely,
a right-hand circularly polarized wave. Also, recall that for the unperturbed orbits,

vþ ¼ v?ð0Þexp½ifðtÞ� where fðtÞ ¼ fo þWt; and z ¼ zo þ vkt:

Without loss of generality we can choose zo¼ 0 so that

E � v? ¼ jE�jv?ð0Þexp½ifo þ iðkvk�wþWÞt�:

This must be integrated in time from t¼�1 to t¼ 0; and assuming that the
perturbation vanishes at remote past times the result is the following expression for
the perturbed distribution function at the time of observation:

f 1ð0Þ ¼ 2ðe=mÞ	ne=
�
p3=2a2

?ak
�

exp

��v2k=a
2
k
�½ð1�kvk=wÞg0o=a2

?�ðkvk=wÞgo=a2
k�

� jE�jv?ðexp ifÞ=½iðkvk�wþWÞ�:

For an isotropic Maxwell–Boltzmann equilibrium distribution function a2
? ¼ a2

jj ¼
a2, g0o ¼ �go, and thus ½ð1�kvjj=wÞg0o=a2

?�ðkvjj=wÞgo=a2
jj� ¼ �go=a2. In this case

our expression for the perturbed distribution function becomes

f 1ð0Þ ¼ �2ðe=mÞ	ne=
�
p3=2a5

�

exp

	��
v2? þ v2k

�
=a2



E�jv?ðexp ifÞ=½iðkvk�wþWÞ�:��

The dispersion relation for the right-hand circularly polarized whistler wave results
fromusing this perturbed distribution function to determine the current appearing in
Maxwell�s equations for the wave: we combine r�E¼�qB/qt and r�H¼ j þ
eoqE/qt to obtain thewave equationr� (r�E)¼�q(r�B)/qt¼�q(moj þ moeoqE/
qt)/qt which leads directly to (n2� 1)E¼ (i/eow)j. The right-hand circular component
of the perturbed current resulting from the whistler wave under consideration here is
given by

j� ¼ �e
ð
d3vv�f 1

¼ �e
ð
v?dv?

ð
df

ð
dvkv?expð�ifÞ

�2ðe=mÞ	ne=
�
p3=2a5

�

exp

	��
v2? þ v2k

�
=a2



E�jv?ðexpifÞ=½iðkvk�wþWÞ���
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¼ �2i
�
e2ne=m

�jE�j
ð
v3?=a

3dv?=a
	
exp

��v2?=a
2
�


�ð1= ffiffiffi
p

p Þ
ð
dvk=a

	
exp

��v2k=a
2
�

=½ðkvk�wþWÞ�

¼ �iðe2ne=mÞ E�jZðzÞ=ðkaÞ:j
Here Z(z)¼ (1/

ffiffiffi
p

p
)
Ð
dx exp(�x2)/(x� z), where the integral is from �1 to1, is the

plasma dispersion function [13] whose argument is z¼ (w�W)/ka. Our dispersion
relation for the right-handcircularly polarizedwhistlerwavepropagatingparallel to the
static magnetic field is thus given by the following equation for n, the (complex) index
of refraction:

�
n2�1

� ¼ �
w2
pe=w2

�ðw=kaÞZ½ðw�WÞ=ka�
¼ �

w2
pe=w2

�ðc=naÞZ½ð1�W=wÞðc=naÞ�: ð4:21Þ

Although this dispersion relationwas derived for an infinitehomogeneousplasma ina
uniformmagnetic field, it can be solved at closely spaced intervals along themagnetic
field line to construct what amounts to a WKB solution for a weakly inhomogeneous
equilibrium. The cumulative damping of an incident wave at any point z, along the
path of the wave, is given by exp[�Ð

ki(z)dz], where the integration ranges from the
point at which the wave is first launched to the point of observation. The integral
2
Ð
ki(z)dz¼ t, sometimes called the �optical depth� [14], characterizes the absorption

of microwave power: Pabs¼Pin[1� exp(�t)]. To evaluate t, it is necessary to find the
complex-n roots of the dispersion relation, a process which, in practice, employs
computerized numerical root-finding techniques. We will use a more rudimentary
and transparent albeit approximate approach here to illustrate the main features of
propagation and absorption of whistler waves launched, for example, in the high-field
region of a magnetic mirror. To this end, we write the dispersion relation Eq. (4.21) in
the following form:

DIS ¼ n
�
n2�1

���
w2
pe=w

2
��
c=a

�
Z½ð1�W=wÞðc=naÞ� ¼ 0:

The real and imaginary parts are, respectively,

ReDIS ¼ nr
�
n2
r�3 n2

i�1
���

w2
pe=w

2
�ðc=aÞZrðzÞ ¼ 0;

and

ImDIS ¼ ni
�
3n2

r�n2
i�1

���
w2
pe=w

2
��
c=a

�
ZiðzÞ ¼ 0:

Note that at the resonance surface whereW/w¼ 1, Zr(0)¼ 0, and Zi(0)¼
ffiffiffi
p

p
. The real

part of thedispersion relation then reduces ton2
r ¼ 3n2

i þ 1 so that at the resonance the
imaginary part is given simply by 2nið4n2

i þ 1Þ ¼ ðw2
pe=w2Þðc=aÞ ffiffiffi

p
p

.
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We let 2ni¼ x and ðw2
pe=w2Þðc=aÞ ffiffiffi

p
p ¼ r. Since for most cases of interest r� 1,

we can obtain an approximate solution for ni by setting x¼ xo þ Dx with x3o ¼ r.
Then

x3o þ 3x2oDxþ 3xoDx
2 þDx3 þ xo þDx ¼ r;

and if we retain only the lowest order termswefind for the value of ni at the resonance
surface

nið0Þ ¼ x=2 ¼ 1:5r=ð1þr2=3Þ: ð4:22Þ

Very close to resonancewhere |z|< 1,Z(z) can be approximated by a power series [13]:

ZðzÞ ¼ i
ffiffiffi
p

p
expð�z2Þ�2z½1�2z2=3þ 4z4=15�8z6=105þ � � � �:

Far from resonance where |z|> 1 and damping is negligible, Z(z) can be approx-
imated by an asymptotic expansion [13]:

ZðzÞ ¼ i
ffiffiffi
p

p
expð�z2Þ�z�1½1þð1=2z2Þþ ð3=4z4Þþ ð15=8z6Þþ � � � �:

Note that in this limit we recover the cold-plasma dispersion relation for these
whistler waves: ðn2�1Þ ¼ w2

pe=w2=½wðW�wÞ�.
For values of |z| 	 1 in lieu of sophisticated numerical techniques, we can

interpolate among the tabulated values of Z(z) [13]. We can use these three approx-
imations for Z to map the zeros of Re DIS and Im DIS in the complex z-plane and
search forpoints (xo,yo)where the twocontours cross andyield simultaneous solutions
ReDIS¼ ImDIS¼ 0. Here we have set z¼ (1�W/w)(c/na)¼ x þ iy so that n, the
complex index of refraction, is given by

nr þ ini ¼ ½ð1�W=wÞðc=aÞ�ðx�iyÞ=ðx2 þ y2Þ:
In this waywe can obtain illustrative results such as those shown inFigure 4.10, where
Te¼ 10 eV, and Figure 4.11 for which Te¼ 100 eV.
When the wave is far from the resonance surface (W/w� 1), the real part of the

index of refraction, nr, is approximately equal to the value given by the cold-fluid
model and damping of the wave is negligible. But when the wave reaches a point
where theDoppler-shifted resonance condition can be satisfied by electrons in the tail
of the thermal distribution, damping becomes nonvanishing and the imaginary part
of the index of refraction, ni, begins to increase and nr begins to deviate significantly
from the cold-fluid value. The Doppler-shifted resonance condition, w� kv�W¼ 0,
can be rewritten as

�ðv=aÞres ¼ ðW=w�1Þðc=anrÞ;
and the relative density of electrons with speeds greater than this resonant value can
be obtained from the error function: dnres¼ 1� erf(v/a)res. For example, the relative
density of resonant electrons is less than 0.001 if (v/a)res exceeds 2.325. We use this
criterion to estimate the magnetic field strength at the onset of significant damping,
(W/w� 1)onset¼Donset, and thereby determine the thickness of the �resonance layer.�
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The cold-fluidmodel furnishes a reasonable estimate of nr near the onset of damping,
and combining this estimate with theDoppler-shifted resonance conditionwe obtain

Donset 	 ½�ðv=aÞresða=cÞðwpe=wÞ�2=3 	 ½2:325ða=cÞðwpe=wÞ�2=3: ð4:23Þ
Inside the resonance layer our numerical results show that the imaginary part of the
index of refraction varies approximately as

ni ¼ nið0Þð1�D=DonsetÞ;

Figure 4.10 The complex index of refraction versus W/w for
whistler waves propagating parallel to a uniformmagnetic field in
a plasma whose electron temperature is 10 eV.
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where an expression for ni(0) was given earlier in Eq. (4.22). The optical depth can
now be evaluated for these whistler waves propagating toward the resonance surface
from the point of high-field launch:

t ¼ 2
ð
kiðzÞdz ¼ ½4pnið0Þ=l�

ð
ð1�D=DonsetÞðdz=dWÞdW

¼ ½4pnið0Þ=l�
ð
ð1�D=DonsetÞLdD 	 2pnið0ÞDonsetL=l:

Here L is themagnetic scale length (assumed to be roughly constant in the resonance
layer) and l is the free-spacewavelength 2pc/w. For Te¼ 10 eVwehave found that the

Figure 4.11 The complex index of refraction versus W/w for
whistler waves propagating parallel to a uniformmagnetic field in
a plasma whose electron temperature is 100 eV.

58j 4 Wave Propagation and Cyclotron Damping in Magnetized Plasmas



product ni(0)Donset¼ 0.17, and it increases with electron temperature as T1=6
e . Since

the scale length is much greater than the wavelength, L/l� 1 for quasioptical
conditions, the optical thickness is very large for these whistler waves and the
absorption of the wave is essentially complete within the resonance layer.

4.8.4
Cyclotron Damping of Waves Propagating as O-Modes

As a final example of wave absorption in the quasioptical regime we consider the
damping of waves propagating in the O-mode perpendicular to a static and weakly
inhomogeneous magnetic field. The damping of these waves has been evaluated
by several different workers by incorporating several distinctly different kinetic
effects, such as finite electron gyroradius [15] and weak relativistic effects [16],
as well as mode conversion to cyclotron harmonic waves that only appear in the
hot-plasma dispersion relation [17]. The results of the different approaches agree,
and here we will adopt the finite electron gyroradius WKB approach taken by
Antonsen and Manheimer [15]. From Eq. (4.20), the linearized Vlasov equation for
waves with E¼Euz and k¼ kux propagating in an anisotropic bi-Maxwellian
plasma is

Df 1=Dt ¼ 2ðe=mÞ	ne=
�
p3=2a2

?ak
�

exp

��v2k=a
2
k
�½ð1�kvx=wÞEuz þðvkEÞkux=w�

.
	�
v?=a2

?
�þ vk=a2

k

	�go

�
v2?=a2

?
�

:

For the iostropic Maxwell–Boltzmann distribution, this reduces to

Df 1=Dt ¼ �2ðe=mÞ	ne=
�
p3=2a3

�

exp

��v2k=a
2
�
exp

��v2?=a
2
��
vk=a2

�
E:

This is to be integrated in time using E¼ |E|exp[i(kx�wt)] with x given by the
unperturbed orbit: x¼ xo þ (v?/W)sin(fo þ Wt)� (v?/W)sin fo. We can set xo¼ 0
and use the Bessel function relation [18] exp(�ia sinb)¼SJn(a)exp(�inb), where the
index n ranges from �1 to 1, to express E as the sum over m and n:

E ¼ EjSJmðv?=WÞexp½imðfo þWtÞ�SJnðv?=WÞexpð�infoÞexpð�iwtÞj
¼ EjSJmðv?=WÞJnðv?=WÞexp½iðm�nÞfo þðmW�wÞtÞ�:j

The linearized Vlasov equation for this case is then given by

Df 1=Dt ¼ �2ðe=mÞ½ne=ðp3=2a3Þ�expð�v2k=a
2Þexpð�v2?=a2Þðv?=a2Þ

� EjSJmðv?=WÞJnðv?=WÞexp½iðm�nÞfo þðmW�wÞt�;j

and the perturbed distribution function at t¼ 0 is

f 1 ¼ �2ðe=mÞ½ne=ðp3=2a3Þ�expð�v2k=a
2Þexpð�v2?=a2Þðvk=a2Þ

� EjSJmðv?=WÞJnðv?=WÞexp½iðm�nÞf�=½iðmW�wÞ�:j

Note that this assumes that w contains an infinitesimal positive imaginary part to
ensure that the wave amplitude vanishes for remote (negative) times. The parallel
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current described by this perturbed distribution function is

jk ¼ �e
ð
d3v vkf 1 ¼ �e

ð
df

ð
v?dv?

ð
dvkvkf 1

¼ 2ejEj
ð
df

ð
v?dv?

ð
dvkvkðe=mÞ½ne=ðp3=2a3Þ�exp��v2k=a

2
�

�exp
��v2?=a

2
��
vk=a2

�
SJmðv?=WÞJnðv?=WÞexp½iðm�nÞf�=½iðmW�wÞ�:

Since the integral over f vanishes unless m¼n when it is equal to 2p, we have

jk ¼ 4pejEj
ð
v?dv?

ð
dvkvkðe=mÞ½ne=ðp3=2a3Þ�expð�v2k=a

2Þ

� exp
��v2?=a

2
��
vk=a2

�
SJ2nðv?=WÞ=½iðnW�wÞ�

¼ 4ðe2ne=mÞð1=a2ÞjEj
ð
v?dv?expð�v2?=a

2ÞSJ2nðv?=WÞ

� 1=ð ffiffiffi
p

p
aÞ

ð
dvkexp

��v2k=a
2
��
v2k=a

2
�
=½iðnW�wÞ�

¼ ðe2ne=mÞ EjSexpð�lÞInðlÞ=½iðnW�wÞ�;j

where the integration over perpendicular velocities is given by [19]

ð2=a2Þ
ð
v?dv?expð�v2?=a

2ÞJ2nðv?=WÞ ¼ expð�lÞInðlÞ and l ¼ k2a2=2W2:

This current perturbation is to be used in the O-mode wave equation

ðn2�1ÞjEj ¼ ði=eowÞjk ¼ ðe2ne=meoÞ EjS expð�lÞInðlÞ=½wðnW�wÞ�;j

so that the O-mode dispersion relation becomes

ðkc=wÞ2 ¼ 1�w2
peSexpð�lÞInðlÞ=½wðw�nWÞ�: ð4:24Þ

For values of l� 1, and if we retain only the lowest order terms,

expð�lÞIoðlÞ 	 ð1�lÞ½1þðl=2Þ2� 	 ð1�lÞ
expð�lÞI1ðlÞ 	 ðl=2Þð1�lÞ½1þð1=2Þðl=2Þ2� 	 ðl=2Þ;

and the O-mode dispersion relation, Eq. (4.24), is given approximately by

ðkc=wÞ2 ¼ 1�w2
pe=w

2�ðw2
pe=w

2Þðk2a2=4W2Þ½w=ðw�WÞ�:

This is to be solved for k¼ kr þ iki in a slowly varyingmagnetic field that, in the case
of resonance at the fundamental gyrofrequency, wewillmodel asW¼w(1� x/L). The
first two terms on the right-hand side are the usual O-mode dispersion relation in the
cold-plasma limit, from which we can estimate the real part of k:

ðkrc=wÞ2 	 1�w2
pe=w

2:
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The imaginary part of k is then given by the remaining singular term

2kikrc2=w2 	 �Im
��

w2
pe=w2

��
k2ra2=4w2

�½w=ðw�WÞ��;
2ki 	 �Im

��
w2
pe=w2

�ðw=cÞ�1�w2
pe=w2

�1=2�a2=4c2
�
=ðx=Lþ ieÞ�:

Here e is a positive infinitesimal resulting from the causality condition, Im(w)> 0.
The optical depth for these O-modes resonating at the fundamental of the electron

gyrofrequency can then be obtained by using the Plemelj prescription to evaluate the
singular integral over x and obtain,ð

2kidx ¼ �ðp=2Þ�w2
pe=w

2
��
1�w2

pe=w
2
�1=2�a2=2c2

�ðw=cÞL: ð4:25Þ

Although the factor a2/2c2¼Te/mc2� 1, the scale length, L� c/w, the free-space
wavelength, and complete absorption is possible in large tokamaks, for example.

4.9
Electrostatic Plasma Waves

In addition to the electromagnetic waves described earlier in this chapter, plasmas
also support electrostatic waves characterized by E¼�rF¼�ikF. That is, the
electric field of the wave is aligned parallel to the propagation vector and the waves
are thus longitudinal rather than transverse. Sincer�E¼�r�rF¼ 0, the wave
has no fluctuating magnetic field and the linearized Vlasov equation reduces to

Df 1=Dt ¼ �a1 � qf o=qv ¼ �iðe=meÞk � qf o=qvF:

The wave equation is Poisson�s equation in which the charge density, r, is obtained
from f1:

r � eoð�rFÞ ¼ eok2F ¼ r ¼
ð
d3vð�ef 1Þ:

Wefirst integrate the linearizedVlasov equation in time along the unperturbed orbits
as before, assuming k¼ k?ux þ k||uz with the unperturbed orbits given by

x ¼ xo þðv?=WÞsinðfo þWtÞ�ðv?=WÞsin fo
z ¼ zo þ vkt:

We choose xo¼ zo¼ 0 so that the phase of the wave along the unperturbed orbit is
given by

expfi½ðk?v?=WÞsinðfo þWtÞ�ðk?v?=WÞsin fo þ kkvkt�wt�g;
and using the now familiar Bessel expansion we have for the time-dependent wave
amplitude

FðtÞ ¼ jFjSJmðk?v?=WÞJnðk?v?=WÞexpfi½ðm�nÞfo þðmWþ kkvk�wÞt�g;
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where the sum is over all values of m and n from �1 to 1. The linearlized Vlasov
equation can now be integrated in time from t¼�1 to t¼ 0 giving

f 1ð0Þ ¼ �ðene=meÞk � qf o=qv FjSJmðk?v?=WÞJnðk?v?=WÞexp½iðm�nÞfo�j
�ðmWþ kkvk�wÞ�1;

or,
f 1ð0Þ ¼ �ðene=meÞðk?cos fqf o=qv? þ kkqf o=qvkÞ Fjj

�SJmðk?v?=WÞJnðk?v?=WÞexp½iðm�nÞf�ðmWþ kkvk�wÞ�1:

Note that we have normalized the equilibriumdistribution function so that its integral
over velocity space is unity. The term containing cos f can be manipulated using
one of the Bessel function recursion relations [20], Jn�1(z) þ Jnþ 1(z)¼ 2nJn(z)/z,
and re-labeling the index n. The result is

f 1ð0Þ ¼ �ðene=meÞ½ðnW=v?Þqf o=qv? þ kkqf o=qvkÞ� Fjj
�SJmðk?v?=WÞJnðk?v?=WÞexp½iðm�nÞf�ðmWþ kkvk�wÞ�1:

The dispersion relation then follows from Poisson�s equation is

1 ¼ ðw2
pe=k

2Þ2p
ð
v?dv?

ð
dvkJ2nðk?v?=WÞðnWþ kkvk�wÞ�1

� ½ðnW=v?Þqf o=qv? þ kkqf o=qvkÞ�:
ð4:26Þ

This dispersion relation was first derived by Harris [21] and provides a more
comprehensive description of electrostatic plasma waves than the earlier Bernstein
analysis [22], which only considered waves that propagate perpendicular to the
static magnetic field and thus are not damped. The Harris dispersion relation has
been applied to broad classes of distribution functions that can be used to analyze the
stability of anisotropic, mirror-confined plasmas [23]. The low-temperature limit
can readily be obtained using the power series representation of the Bessel function
and regarding as small parameters the quantities k||v||/w, k||v||/(w�W), and k||v||/
(w þ W). The result is

1 ¼ ðw2
pe=w

2Þðk2k=k2Þþ ½w2
pe=ðw2�W2Þ�ðk2?=k2Þ:

We will return to more extended discussions of electrostatic waves later, particularly
regarding their stability and role in absorbing incident microwave power through the
conversion of electromagnetic waves into electrostatic waves at the upper hybrid
resonance layer.

4.10
Estimates of the Electric Field Amplitude

Under some circumstances, the amplitude of the right-hand circularly polarized
electric field near the resonance surface may be estimated from the level
of microwave power coupled into the plasma. In the case of high-field launch
whistler-wave heating, for example, the resonance layer absorbs virtually all the
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right-hand circularly polarized radiation incident on it, whereas the left-hand
circularly polarized component passes through the resonance surface and is inter-
nally reflected at the LH cutoff. It can then propagate back into the high-field region
where the microwave coupling structure is located. If this wave is subsequently
reflected with a polarization reversal, it will ultimately be absorbed when it reaches
the resonance surface. The situation is similar forX-modes launched in the high-field
region of a tokamak and propagating at an oblique angle to themagnetic field. Under
these circumstances, themicrowave electric field strength can be estimated from the
Poynting flux, S¼E�H. From Maxwell�s equations, one can easily show that

r � ðE�HÞ ¼ �eoE � qE=qt�ð1=mÞB � qB=qt�E � j:
Thus, in steady state and regions where there is no net transfer of energy between
the wave and the plasma

Pm ¼ S �A ¼ ðE�HÞ �A:
Here Pm is the incident microwave power and A is the cross-sectional area of the
microwave radiation pattern. Since for transverse waves E�H¼ ceoE2kc/w, and
assuming that k is perpendicular to the surface, A, Pm/A¼nceoE2, whence

E2 ¼ Pm=ðAnceoÞ:
This result can be used to estimate the electric-field strength along the trajectory
of the microwave beam injected into the plasma, but clearly fails at cutoffs or
resonances, where full-wave treatments are required.
The situation is very different in the case of weakly absorbed O-mode heating

in plasmas confined in magnetic mirrors as well as low-temperature plasmas
confined in smaller tokamaks. As demonstrated by Quon and Dandl [2], microwave
power launched from the low-field region near the side wall of a cylindrical vacuum
vessel with polarization chosen to couple to O-modes propagating in the plasma can
be selectively absorbed by energetic electrons. These electrons can then be heated to
relativistic energies ranging fromhundreds of keVat lowermicrowave frequencies to
multiple MeV at higher frequencies. The microwave electric-field strength can be
significantly enhanced in this situation as the result of open-resonator effects
produced by the vacuum vessel and the plasma wave optics. The degree of enhance-
ment is determined by the effective Q of the plasma-loaded resonator and depends
sensitively on the details of the particular experimental configuration. As mentioned
earlier, in view of the complexity of the wave propagation in the low-field launch
situation, itmay bemore realistic to regard themicrowave electricfields as high-order
cavity modes. We will discuss this topic later with particular experiments.

4.11
Ray Tracing in Inhomogeneous Plasmas

To this point, we have considered the damping only of waves propagating exactly
parallel or perpendicular to the magnetic field. In general, the path taken by
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microwave power launched into an inhomogeneous plasma equilibrium at an
arbitrary angle to the magnetic field is governed by refraction, reflection at cutoffs,
and absorption at resonances. Determining the path taken by the power is often a
complicated process, but it is greatly facilitated in situations where the variation
in the plasma properties is negligible over distances comparable to the wavelength of
the power. For many decades, it has been realized that this situation obtains in
ionospheric plasmas, and it is becoming increasingly true in large plasma confine-
ment experiments, where the plasma dimensions can be three orders of magnitude
greater than the free-space wavelength of the microwave power used for ECH.
Under these circumstances, one can apply the methodology of geometrical optics,
implemented in suitable computer codes, to trace the path followed by microwave
power launched at some initial point with a given initial trajectory. Codes developed
for this purpose [24] have evolved over time and are now in widespread use in
analyzing ECHapplications to large plasmas. Here we will focus our attention on the
theoretical basis [25] for the codes and interested readers can refer the sources
cited in Refs. [24] for detailed descriptions of the codes.
We start with the scalar wave equation of optics: r2c� (n2/c2)q2c/qt2¼ 0.

If the medium through which the wave propagates is uniform so that n, the
index of refraction, is constant, the wave equation has plane-wave solutions:
c¼coexp[i(k.r�wt)] where k and wmust satisfy an appropriate dispersion relation,
n¼ kc/w. For themoment we will choose k¼ koux, where ko¼w/c is the value of the
wave number in vacuum. Then c¼ coexp[iko(nx� ct)]. We now consider a situation
where n depends only on x and is a slowly varying function of x. We then
look for solutions of the wave equation that are similar to plane waves; namely,
c¼coexp{A(x) þ iko[L(x)� ct]}. A(x) and L(x) will be assumed to be real. Differen-
tiating c twice in x and t and substituting the results into the wave equation yields

�	
d2A=dx2 þ �

dA=dx
�2�k2o

�
dL=dx

�2 þn2k2o

þ iko

	
d2L=dx2

þ 2ðdA=dxÞðdL=dxÞ
�c ¼ 0:

Since A and L are real, both expressions in brackets must vanish. Under the
geometrical optics assumption that lo¼ 2p/ko is much smaller than the lengths
characterizing the gradients of A and L, the dominant terms are

	�k2oðdL=dxÞ2 þn2k2o


c ¼ 0;

giving a one-dimensional version of the eikonal equation of geometrical optics,
(dL/dx)2 c¼n2 c. The WKB solution for c results from setting L(x)¼�Ð

n(x 0)dx 0:

c ¼ coexpfAðxÞþ iko½ð�Þ
ð
nðx0Þdx0�ct�:

The eikonal equation is identical to the Hamilton–Jacobi equation; and indeed,
Jacobi�s form of the least action principle could be written as D

Ð
nds¼D

Ð
ds/u¼ 0,

which are variations of Fermat�s principle for the trajectories of light rays. We can,
therefore, describe the trajectories of light rays in inhomogeneous plasmas by a
Hamiltonian system in which the dispersion relation, D(r,k,w,t)¼ 0 plays the role

64j 4 Wave Propagation and Cyclotron Damping in Magnetized Plasmas



of theHamiltonian. The canonical equations for the ray trajectory are usually given in
terms of a time-like parameter, t:

drj=dt ¼ qD=qkj; j ¼ 1; 2; 3

dkj=dt ¼ �qD=qrj; j ¼ 1; 2; 3

dw=dt ¼ qD=qt; and

dt=dt ¼ �qD=qw:

The path of the ray is advanced in time, t, according to the local value of the group
velocity:

vg ¼ dr=dt ¼ ðdr=dtÞ=ðdt=dtÞ ¼ ðqD=qkÞ=ð�qD=qwÞ:

The wave vector is advanced in time along the ray trajectory using

dk=dt ¼ ðdk=dtÞ=ðdt=dtÞ ¼ ð�qD=qrÞ=ð�qD=qwÞ:

Since we are usually concerned with time-independent equilibria, qD/qt¼ 0 andw is
constant. Also, if the equilibrium does not depend on one or more of the spatial
coordinates, the corresponding components of k are constant. It is sometimes
advantageous to introduce the distance along the ray trajectory, ds¼ |vg|dt so that
the ray trajectory and the wave vector are then advanced by the following equations:

dr=ds ¼ ð1=jvgjÞdr=dt ¼ �sgnðqD=qwÞðqD=qkÞ=jqD=qkj and

dk=ds ¼ ð1=jvgjÞdk=dt ¼ sgnðqD=qwÞðqD=qrÞ=jqD=qkj:

Most of the ray-tracing codes now in use evaluate the real part of the index of
refraction at each point along the path of the ray using the cold-plasma dispersion
relation. The damping or absorption of the wave energy can be calculated in different
ways. From the wave point-of-view, the warm-plasma dispersion relation can be
solved for the imaginary part of the index of refraction at each point along the pay.
From the electron�s point-of-view, the damping can be calculated using a suitable
heating model, such as the Fokker–Planck model to be discussed in Chapter 6.
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Exercises

4.1. Determine the index of refraction and the polarization of the
following waves:

(a) an X-mode propagating perpendicular to themagnetic
field in a cold plasmawherev2

pe=v
2 ¼ 0:8 andV=v ¼

1:05

(b) an X-mode propagating perpendicular to themagnetic
field in a cold plasma where
v2

pe=v
2 ¼ 0:4 andV=v ¼ 0:52
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(c) an X-mode propagating at an angle of 60
 to the
magnetic field in a cold plasma where
v2

pe=v
2 ¼ 0:8 andV=v ¼ 1:05

(d) an X-mode propagating at an angle of 80
 to the
magnetic field in a cold plasma where
v2

pe=v
2 ¼ 0:4 andV=v ¼ 0:52:

4.2. Determine the direction of the wave electric field at the
upper hybrid resonance when an incident X-mode is
propagating exactly perpendicular to the magnetic field.

4.3. Derive an expression for the polarization of X-modes
propagating at an angle of 60
 with respect to the magnetic
field. Assumev¼ 1,V¼ 1.5, and evaluate this polarization
as a function of density for 0<vpe< 1.

4.4. The Q (�Quality Factor�) of a plasma-loaded microwave
cavity is given by (see, for example, J. D. Jackson, Classical
Electrodynamics, Wiley, New York (1962) p. 256)

Q ¼ vðeoE2=2ÞVcavity=Pabs

(a) Using Eq. (4.17) for a simple magnetic mirror
determine the value of Q for the following parameters:
Vcavity¼ 30 l, M¼ 3.333, Mres¼ 1.905, Lc¼ 50 cm,
a¼ 5 cm, and ðv2

pe=v
2Þres ¼ 0:1.

(b) If 5 kWof 6.4GHzmicrowave power is coupled into this
cavity, what is the average value of the resulting
microwave electric field strength?

4.5. (a) Evaluate the real and imaginary parts of the index of
refraction for whistler waves propagating parallel to a
uniform static magnetic field for the following
parameters: Te ¼ 20 eV ðv2

pe=v
2Þ ¼ 2; and

V=v ¼ 1:02.

(b) For the same plasma parameters, evaluate the
imaginary part of the index of refraction at the
resonance surface, the magnetic field at the onset of
damping, and the optical thickness of this plasma for
these whistler waves.

4.6. Derive a formula for the optical depth of O-modes
propagating perpendicular to the magnetic field and
resonant at the second harmonic of the electron
gyrofrequency in a Maxwellian plasma.
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5
Interaction of Electronswith Electromagnetic Fields
at Resonance

In Chapter 4, we considered the wave processes that play major roles in ECH,
whereas in this chapter we will consider the more microscopic processes by which
electrons gain energy from the fields of those waves. Here the emphasis is on the
interaction of individual electrons with the electric field at the resonance surface
without particular regard for the waves that may be responsible for those fields. An
essential element of cyclotron resonance heating is the occurrence of a temporal
interval duringwhich the phase of the electron gyration is nearly stationary relative to
the phase of the RFwave. Several distinct mechanisms by which the electron and the
wave can exchange energy will be discussed in this chapter, but none of them will
have a significant effect except during this interval when the relative phase is
stationary. Outside of this resonance interval, the relative phase changes rapidly in
time, since the resonance results from the brief cancellation of two high-frequency
oscillations; viz, the electron gyration and the fields of the electromagnetic wave. As a
consequence of the high frequencies involved here, even relatively weak processes
affecting the electron gyrophase can lead to randomization of the phases between
resonances. Next we will first examine the kinematic processes that determine the
duration of the resonance without considering the longer time behavior of the phase.
Then in Section 5.2, we consider a more comprehensive dynamical description that
can also account for the value of the phase at successive resonances. Some relativistic
effects are discussed briefly in Section 5.3.
One possible model of the ECH process, the so-called stochastic model, treats the

heating as a diffusion in velocity space brought about by many uncorrelated events;
namely, successive transits of an electron through the resonance surfaces, where the
electron�s perpendicular energy and orientation in velocity space undergo abrupt
changes. The implementation of such a model requires that we determine the
properties of these resonant changes and the frequency with which they occur.
A somewhat simplistic but hopefully transparent determination of these changes
will be undertaken in Section 5.1. A more rigorous treatment of the heating process
will be given in Section 5.2. There are, however, significant questions regarding
the conditions under which the assumption of stochastic behavior is valid. These
questions have been addressed by many researchers [1], and several circumstances
involving correlations between successive transits through resonance have been
identified. In Section 5.4, we describe two examples of such nonstochastic behavior
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and the limit cycles towhich they can give rise. Finally, in Section 5.5we explore some
nonlinear aspects of these limit cycles by employing a highly simplified mapping
technique.

5.1
A Rudimentary Stochastic Model of ECH

As we have seen in Chapter 3, electrons confined in a magnetic mirror will bounce
back and forth alongmagnetic lines of force. If the amplitude of this bouncemotion is
large enough or if the resonance surface is on the midplane, an electron can pass
through the resonance surface where the (Doppler-shifted) wave frequency equals
the local gyrofrequency. At resonance, the phase difference, f, between the electron
gyration and, for example, the right-hand circularly polarized component of the
electricfield, E�, is stationarywith some value,fres; but as the electron�smotion along
themagneticfield takes it beyond the resonance surface, fwill change. Aswewill see,
relativistic increases in the electron mass can also cause the phase to change even in
a uniform magnetic field. For this first heuristic picture of the stochastic model of
ECH, we will concentrate on evaluating the effective duration of resonance, teff, and
its dependence on the system parameters and the orientation of the electrons in
velocity space.
Although teff has been defined in slightly different ways by different workers [2],

in general the duration of resonance is a measure of the time interval throughout
which f stays within somemaximum value relative to its value at the instant of exact
resonance. During this time interval, the electron�s (perpendicular) energy will
change by an amount dW?, which is given schematically by an expression of the form

dW? ¼ �e
ð
E?v? cos f dt � �e E?j jv?res cos fres teff : ð5:1Þ

The rate at which the phase changes in time due to the electron�s parallel motion
or to the relativisticmass change is given by n¼ df/dt¼W þ k||v||�w, where n¼ 0 at
resonance. For reasons that will become clear later, we can expand n in a rapidly
converging Taylor series about the instant of resonance, tres. Recall the general form
of the Taylor series given by

f ðxÞ ¼ f ðaÞþ ðx�aÞf 0ðaÞþ ðx�aÞ2f 00ðaÞ=2!þðx�aÞ3f 000ðaÞ=3!þ � � �
Applying this to n¼ df/dt and keeping in mind that n vanishes at resonance, we

have for times near the instant of resonance, tres

nðtÞ ¼ ðt�tresÞn0ðtresÞþ ðt�tresÞ2n00ðtresÞ=2!þðt�tresÞ3n000ðtresÞ=3!þ � � �
Thus, the phase shift df after some time interval dt� is given by

df ¼ f�fres ¼
ð
dðt�tresÞ½ðt�tresÞn0ðtresÞþ ðt�tresÞ2n00ðtresÞ=2!

þðt�tresÞ3n000ðtresÞ=3!þ � � � �
¼ dt2�n0ðtresÞ=2� dt3�n00ðtresÞ=3!þ dt4�n000ðtresÞ=4!þ � � �

ð5:2Þ
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Here dtþ ¼ (t� tres)> 0 and dt�¼ (t� tres)< 0 are the limiting time intervals
corresponding to the periods after the electron passes through resonance and prior to
resonance, respectively. If for the moment we arbitrarily set the maximum phase
difference as dfmax¼�p/4 and retain only the first two terms in the expansion, we
can use simple numerical techniques to estimate an effective duration of resonance,
teff, given by dtþ þ dt�, from the lowest order terms of Eq. (5.2):

dt2�n
0ðtresÞ=2� dt3�n

00ðtresÞ=3! ¼ �p=4: ð5:3Þ

Allowing for the relativistic change in electron mass as well as the electron�s
parallel motion, we can express the rate of change of n at resonance as

n0ðtresÞ ¼ fW½vjjdlnB=dz�dW=dt=ðgmc2Þþ kjjðdvjj=dtÞ=W�gres ð5:4Þ

Thefirst term, v||dlnB/dz, is usually the determining factor in limiting the duration
of resonance unless the magnetic field is locally spatially uniform or the electron
turns at or just beyond resonance. In the former case, the relativistic increase in
electron mass may limit the duration of resonance. In the latter case, the next order
term in the Taylor series will determine the duration of resonance. The magnitude
of the second nonrelativistic contribution, k||(dv||/dt)/W, can be estimated from
Newton�s second law using the m � rB force: mdv||/dt¼�mdB/dz so that

kjjðdvjj=dtÞ=W ¼ �ðkjj=kÞðkc=wÞðw=WÞðv?=cÞðv?=2ÞdlnB=dz:

Unless the resonance occurs very near the electron turning point (where v||¼ 0),
this term will be smaller by roughly v?/c than the v||dlnB/dz term. If the electron
turnswell beyond the resonance, the duration of resonance is given approximately by
the quadratic term of the Taylor series:

teff ¼ dtþ þ dt� � 2
�
p= 2n0ðtresÞ

�� ���1=2 if n0ðtresÞ 6¼ 0: ð5:5Þ

If n0(tres)¼ 0, we can use the next order term in the series to obtain

teff ¼ dtþ þ dt� � 2
�
3p= 2n00ðtresÞ

�� ���1=3 if n0ðtresÞ ¼ 0: ð5:6Þ

In either case, under the assumption that the successive resonance encounters
are uncorrelated we can estimate the resulting energy diffusion coefficient, DW to be
given by

DW ¼ hdW2
?intrs ¼ ð1=2Þ�e E?j jv?teff

�2ntrs ð5:7Þ

The frequencywithwhich an electron trapped in amagneticmirror passes through
a resonance surface, ntrs, is four times the bounce frequency if the electron turns well
beyond the resonance and twice the bounce frequency if the electron turns at or just
beyond the resonance or if the resonance surface is at themidplane. We estimate the
heating rate in this stochastic model as

dW?=dt ¼ DW=2W? ¼ ð1=2Þðe2=mÞ E?j j2 t2effntrs: ð5:8aÞ
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We now illustrate some of the properties of this stochastic heating model by
applying it to the simple magnetic mirror configuration described in Chapter 2. For
more clarity, we will neglect the Doppler shift and the relativistic effects and
approximate the rate of phase change simply by n¼W(z)�w so that.

n0ðtresÞ ¼ ðdn=dtÞres ¼
�
vjjdW=dz

�
res

and

n00ðtresÞ ¼
�
v2jj d

2W=dz2 þðdvjj=dtÞdW=dz
�
res:

For this illustrative case, we approximate the variation of magnetic intensity
along the magnetic lines of force by our earlier expression for the simple magnetic
mirror,

WðzÞ ¼ ðWo=2Þ½ðMþ 1Þ�ðM�1Þ cos koz�;
so that dW=dz ¼ ðkoWo=2ÞðM�1Þ sin koz

and d2W=dz2 ¼ ðk2oWo=2ÞðM�1Þ cos koz:
At the resonance surface,

2Bres=Bo � 2Mres ¼ ðMþ 1Þ�ðM�1Þ cos kozres
whence cos kozres ¼ ðMþ 1�2MresÞ=ðM�1Þ
and sin kozres ¼ �½2=ðM�1Þ�½ðM�MresÞðMres�1Þ�1=2:

ð5:9Þ

If the electron motion between successive transits of the resonance surfaces is
adiabatic, the parallel velocity at resonance will be given by

v2jj res ¼ ð2=mÞðe�mBresÞ ¼ ð2mBo=mÞðe=mBo�Bres=BoÞ;

where e is the electron�s total kinetic energy so that

vjj res ¼ v?oðMt�MresÞ1=2:
We can evaluate dv||/dt at resonance as before using Newton�s second law:

mdvjj=dt ¼ �mdB=dz;
giving ðdvjj=dtÞres ¼ �ð1=4Þkov2?oðM�1Þ sin kozres:

When applied to this model of the simple magnetic mirror configuration, the
parameters entering our stochastic heating model thus become

n0ðtresÞ ¼ kov?oWo½ðMt�MresÞðM�MresÞðMres�1Þ�1=2 ð5:10Þ
and

n00ðtresÞ ¼ ð1=2Þðkov?oÞ2Wo � ½ðMt�MresÞðMþ1�2MresÞ�ðM�MresÞðMres�1Þ�
ð5:11Þ

These expressions can then be used in our equation for the time-dependent phase
difference to follow the electron�s phase in time as it passes through resonance:

f� fres ¼ ðt�tresÞ2n0ðtresÞ=2þðt�tresÞ3n00ðtresÞ=3!þðt�tresÞ4n000ðtresÞ=4!þ � � �
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It is convenient to use the bounce frequency, wb, to define a dimensionless time
variable, t�wbt where the bounce frequency in the simple magnetic mirror was
given by Eq. (3.11):

2wb ¼ kov?oðM�1Þ1=2fðp=2ÞK�1½ðMt�1Þ=ðM�1Þ�g � kov?oðM�1Þ1=2:
Retaining only the first two orders in the Taylor series, our equation for the time-

dependent phase difference becomes,

f�fres ¼
�
t�tres

�2 n0ðtresÞ=�2w2
b

�þðt�tresÞ3 n00ðtresÞ=
�
6w3

b

�
:

From Eqs. (5.10) and (5.11),

n0ðtresÞ=
�
2w2

b

� ¼ ð1=2Þðkov?o=wbÞ2ðWo=kov?oÞ
�½ðMt�MresÞðM�MresÞðMres�1Þ�1=2

and

n00ðtresÞ=
�
6w3

b

� ¼ ð1=12Þ�kov?o=wb

�3ðWo=kov?oÞ
�½ðMt�MresÞðMþ 1�2MresÞ�ðM�MresÞðMres�1Þ�;

where

kov?o=wb ¼ ð4=pÞðM�1Þ�1=2K½ðMt�1Þ=ðM�1Þ� and

Wo=kov?o ¼ Lc=ð2proÞ:
Recall that Lc¼ 2p/ko is the separation of the two coils forming the simple

magnetic mirror configuration and ro is the electron gyroradius at the midplane.
We choose typical values for the mirror ratio, M¼ 2, the mirror ratio at resonance,
Mres¼ 1.4, and the size parameter, Lc/(2pro)¼ 150 and numerically evaluate the
phase difference, f� fres, as a function of the dimensionless time, (t� tres), for
values of the mirror ratio at the electron turning point, Mt, ranging from Mres to M.
The first of these illustrative results for Mt¼Mres is shown in Figure 5.1.
Since n0(tres)¼ 0 for Mt¼Mres, the phase difference is determined solely by the

cubic term; and since n00(tres)< 0 the phase difference is positive as the electron
approaches the resonance, (t� tres)< 0, and negative after the electron has turned
at resonance and is moving back toward the midplane, (t� tres)> 0. The effective
duration of resonance, teff, is indicated on the figure.
For values of Mt slightly greater than Mres, the quadratic term is nonzero and

with increasing values of Mt it soon becomes dominant, leading to a positive
extremum in the phase difference for positive times as shown in Figure 5.2, where
Mt¼ 1.41.
With further increases in Mt, this is followed by an abrupt decrease in dtþ , the

time after resonance when the phase shift reaches p/4, since the limiting value is
now þp/4 rather than�p/4, as was the case in Figure 5.1. The effective duration of
resonance decreases further as the cubic term becomes increasingly weaker relative
to the quadratic term, as suggested by Figure 5.3, for which Mt¼ 1.45, where the
parabolic form of the phase shift associated with the quadratic term is almost
symmetrical about the point of resonance.
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The effective duration of resonance for these illustrative cases is summarized in
Figure 5.4 for 1.40<Mt< 1.41 (�electrons turning at or just beyond resonance�) and
in Figure 5.5 for 1.41<Mt< 2 (�electrons turning well beyond resonance�).
The stochastic heating rate in this heuristic model is given by Eq. (5.8a), which we

rewrite as follows:

dW?=dt ¼
�
e E?j j2=Bo

�
G
�
M;Mres;Mt

�
: ð5:8bÞ

For the simple magnetic mirror model considered here, and for electrons turning
well beyond resonance, the electron pitch-angle dependence is contained in the
function

GðM;Mres;MtÞ ¼ fðM�1Þ=½ðMt�MresÞðM�MresÞðMres�1Þ�g1=2
�fðp=2ÞK�1½ðMt�1Þ=ðM�1Þ�g:

With the same values of M, Mres, and Mt used earlier to illustrate the pitch-angle
dependence of the duration of resonance, teff, we can use this expression for
GðM;Mres;MtÞ to estimate heating rates for electrons turning far enough beyond
resonance that the quadratic behavior dominates. In this way, wefind that the heating
rate for electrons with Mt¼ 1.43, for example, is five times greater than the heating
rate of electrons with Mt¼ 1.9.

Figure 5.1 The phase difference, df¼ f� fres, versus t¼wbt
for electrons turning at the resonance surface, Mt¼Mres¼ 1.40.
Note that teff is the interval between the times when
df¼�p/4¼�0.7854.

74j 5 Interaction of Electrons with Electromagnetic Fields at Resonance



The point to be emphasized here is that electrons that turn just beyond resonance
experience an effective duration of resonance that is four to five times longer than
electrons that turn well beyond resonance and a heating rate that can be an order of
magnitude larger. Furthermore, as we shall see, the turning points of heated
electrons are being moved toward the resonance surface by the heating process
itself. We, therefore, anticipate a significant dependence of the heating rate on the
equilibrium distribution of electrons in turning points, with higher rates for
electrons turning near resonance. Indeed, in magnetic mirror experiments where
the equilibrium is strongly affected by the heating, we can reasonably expect the
equilibrium distribution function of heated electrons to be peaked for electrons
turning near resonance, an expectation supported by experimental data.
The locations of the electron turning points, as specified by the magnetic intensity

at the turning point, Bt, are changed by the heating in such a way that the turning
points of nonrelativistic electrons tend to accumulate near the resonance surface.
Since Bt¼ e/m, the change in the turning point due to the heating at the resonance
surface is given by

dBt ¼
�ðqe=qW?Þ=m�ðe=m2Þqm=qW?

�
resdW?

¼ ð1�Bt=BresÞdW?=m:
ð5:12Þ

Figure 5.2 The phase difference, f� fres, versus t¼wbt for
electrons turning just beyond the resonance surface where
Mt¼ 1.41.
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Since the electronsmust turn at or beyond the resonance surface if they are to pass
through resonance, Bt/Bres> 1. The magnetic intensity at the turning point thus
decreases with heating until electrons turn near resonance, the bracket vanishes, and
dBt itself vanishes.

5.2
Dynamics of the Fundamental Resonance Interaction

Wenow consider in amore rigorousway the changes in the energy and velocity-space
orientation of an individual electron resulting from a single transit through a
resonance surface that is illuminated bymicrowave power. The formalism used here
will also lead to the identification of limit cycles that can affect the long-term behavior
of heated electrons. We start with the nonrelativistic equation of motion of electrons
in ourmodel simplemagneticmirror field. To include relativistic effects, we will find
later that it is only necessary to replace the rest mass, m, by the relativistic mass, gm.
The equation ofmotion for an electronmoving in amagnetostatic field,Bo, and the

fields of an electromagnetic wave, E1 and B1, follows directly from Eq. (3.1):

F ¼ mdv=dt ¼ �eðEþ v� BÞ ¼ �eE1�e v� ðBo þB1Þ:
If B1, the magnetic field of the wave, is mainly parallel to Bo, the static magnetic

field, its contribution to the total Lorentz force on the electron will usually be

Figure 5.3 The phase difference, f� fres, versus t¼wbt for
electrons turning beyond the resonance surface where Mt¼ 1.45.
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negligible. This is the case, for instance, if the wave is an X-mode propagating nearly
perpendicular to the magnetostatic field. If, however, the magnetic field of the wave
is largely perpendicular to the static magnetic field, it can play an essential role in the
exchange of energy between thewave and the plasma electrons. This is the case for an
O-mode propagating perpendicular to themagnetostaticfieldwith the electricfield of
the wave aligned parallel to the magnetostatic field. We consider each of these
circumstances separately, starting with the case exemplified by X-mode heating.

5.2.1
Dynamics of the Electron Interaction With X-Mode Waves

Assuming that the wave varies in space and time as exp[i(k � r�wt)], we have from
Maxwell�s equations k �E1¼wB1; and if we set eBo/m¼Wouz, we can write the
equation of motion as

dv=dt�Wouz � v ¼ �ðe=mÞ½E1ð1�k � v=wÞþ ðv �E1Þk=w�:
For the fields of X-modes, we can neglect the terms proportional to kv/w that arise

from the contribution of thewavemagneticfield to the Lorentz force. Then in circular

Figure 5.4 The duration of resonance versus Mt for 1.40	Mt< 1.41.
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coordinates, the perpendicular components of the resulting equation ofmotion were
given by Eq. (3.3):

dvþ =dt� iWvþ ¼ �eEþ =m
dv�=dtþ iWv� ¼ �eE�=m:

We focus our attention on the right-hand circularly polarized component that
can resonate with electron gyration. Note that we omit the subscripts �o�, �e�, and �1�
in these dynamical equations for the electron motion. Ion dynamics are generally
negligible at electron gyrofrequencies and will not be included in the following
discussion. An integrating factor for the right-hand circularly polarized component is
exp(i

Ð
Wdt) so that

v�ðtÞexp i
ð
Wdt

� �
¼ v�ð0Þ�ðe=mÞ

ð
dt E�ðr; tÞexp i

ð
Wdt

� �
:

We linearize this equation by evaluating thefield along theunperturbed orbit of the
electron, assuming the field to be a superposition of plane waves propagating at an
arbitrary angle with respect to the static magnetic field, E�(r,t)¼ |E�| exp[i(k � r�wt)]
where r(t) is the unperturbed electron orbit. Without loss of generality, we can once

Figure 5.5 The duration of resonance versus Mt for 1.41	Mt< 2.
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again choose the propagation vector to lie in the x� z plane and arbitrarily choose the
initial position of the electron at the origin. Then from Eq. (3.5)

k � r ¼ k?r sin f0 þ
ð
Wdt

� �
�k?r sin f0 þ kjj

ð
vjjdt:

In order to separate
Ð
Wdt from the argument of sin(f0 þ

Ð
Wdt), we use the Bessel

function identity [3], exp(�ib sin q)¼SJn(b)exp(�in q) and obtain the following
expression for the right-hand circularly polarized component of the electron velocity
for times t> 0:

v�ðtÞexp i
ð
Wdt

� �
¼ v�ð0Þ�ðe=mÞ E�j jexpð�ik?rsinf0ÞSJnðk?rÞexp ðinf0Þ

�
ð
dtexp i

ð
dt½ðnþ1ÞWþkjjvjj�w�

	 

:

The summation is over all (integer) values of the index n from �1 to 1.
The condition for resonance at the fundamental electron gyrofrequency,
n¼W þ k||v||�w¼ 0, is given by the n¼ 0 term; and the corresponding change
in electron velocity due to the resonance will then be described for times greater than
that at which the electron passes through fundamental resonance by

v�ðtÞ ¼ exp �i
ð
Wdt

� �

� v�ð0Þ�ðe=mÞ E�j jexpð�ik?r sin f0ÞJ0ðk?rÞ
ð
dt exp i

ð
dtn

� �� �
:

Note that the condition for X-mode resonance at the nth harmonic of the electron
gyrofrequency,n¼nW þ k||v||�w¼ 0, isgivenbythen�1term;andthecorresponding
change in electron velocity due to the nth harmonic resonancewill then be described by

v�ðtÞ ¼ exp �i
ð
Wdt

� �

� v�ð0Þ�ðe=mÞ E�j jexpð�ik?r sin f0ÞJn�1ðk?rÞ
ð
dt exp i

ð
dtn

� �� �
:

We now introduce the time-history integral, H(t), defined by

HðtÞ ¼
ð
dt exp i

ð
dtn

� �
¼

ð
dt expfi½fðtÞ�fo�g;

where, as before, f(t)� fo¼
Ð
dt n¼ Ð

dt(W þ k||v||�w) so that the fundamental
X-mode resonance leads to the following change in v�:

v�ðtÞ ¼ exp �i
ð
Wdt

� �
½v�ð0Þ�ðe=mÞ E�j jexp ð�ik?r sin f0Þ J0 ðk?rÞHðtÞ�:

The method of stationary phase [4] provides an asymptotic estimate of the time-
history integral in the limit Wo/wb
 1. We write

H ¼ HðtÞ ¼
ð
dt exp i

ð
dt n

� �
¼

ð
dt exp ði xyÞ;

5.2 Dynamics of the Fundamental Resonance Interaction j79



where x¼W/wb and y¼ Ð
(n/W)wbdt. At resonance y0 ¼ 0; and if y00 6¼ 0 the method

of stationary phase gives for the asymptotic value of H

H ¼ dt� exp½ixyðtresÞ � ip=4�;
where the þ sign applies if y00(tres)> 0 and the� sign applies if y00(tres)< 0 so that
dt� corresponds to the same quantities introduced in Section 5.1. In the limit in
which the two time intervals are approximately equal, we have for electrons turning
well beyond the resonance surface

H ¼ teff exp½iðfres�foÞ� with teff ¼ f2!=�x y00ðtresÞj j�1=2Gð1=2Þ:
Since G(1/2)¼ ffiffiffi

p
p

, this result is identical to Eq. (5.5). If the electron turns at
resonance, the stationary phase technique yields

teff ¼ 2f3!= x y000ðtresÞj jg½ 1=2 Gð1=3Þ=3;
which agrees closely with Eq. (5.6). Note that fres� fo¼ xy(tres)�p/4. In the limit of
x
 1, the change in the right-hand circular component of the electron velocity
resulting from a single transit of the fundamental resonance surface is

v�ðtÞ ¼ exp �i
ð
W dt

� �

� v�ð0Þ�ðe=mÞ E�j jJ0ðk?rÞ teff exp½iðfres�foÞ�expð�ik?r sin foÞg:f

Recall that theelectron�sperpendicular kinetic energy isgivenbyW?¼mv�� (t)v�(t)
and v�(0)¼ v?(0)exp(�ifo)/

ffiffiffi
2

p
. Thus we obtain for the electron�s energy after a

single transit through the fundamental resonance surface with X-mode illumination

W? ¼ W?ð0Þ�e½v?ð0Þ=
ffiffiffi
2

p � E�j jJ0ðk?rÞteff fexp½iðk?r sin fo�fresÞ�
þ exp½�iðk?r sin fo�fresÞ�gþ ðe2=mÞ E�j j2J20ðk?rÞt2eff :

Note that fexp½iðk? r sin fo�fresÞ� þ exp½�iðk? r sin fo�fresÞ�g=
ffiffiffi
2

p

¼
ffiffiffi
2

p
cos ðk?r sin fo�fresÞ

¼
ffiffiffi
2

p
½cosðk?r sin foÞ cos fres þ sin ðk? r sin foÞ sin fres�

¼
ffiffiffi
2

p
fcos fres½J0ðk?rÞþ 2SJ2nðk?rÞcos 2n fo�

þ sin fres½2SJ2nþ 1ðk?rÞ sin ð2nþ 1Þfo�g;
where we have made use of the two Bessel function relations [5]

cosða sin bÞ ¼ J0ðaÞþ 2SJ2nðaÞ cos 2nb
sinða sin bÞ ¼ 2SJ2nþ 1ðaÞ sin ð2nþ 1Þb:

Both of the summations are from n¼ 1 to n¼1. To lowest order in k?r, the
change inW? after a single transit of the fundamental X-mode resonance surface is,
therefore, given by

DW? ¼ �e
ffiffiffi
2

p
E�j jv?ð0ÞJ20ðk?rÞteff cos fres þðe2=mÞ E�j j2J20ðk?rÞt2eff :

ð5:13Þ
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Since
ffiffiffi
2

p
|E�|¼ |E?|, apart from the factor J20ðk?rÞ, the first term on the right-hand

side is similar to Eq. (5.1). As we noted earlier, this term depends on fres, the phase
of the microwave electric field relative to the electron gyration at resonance. The
resulting change in energy can be positive or negative and will vanish when averaged
over a population of electrons with random gyrophases. By contrast, the final term is
positive definite and describes a phase-independent increase in W?. This increase is
proportional to t2eff and closely resembles the result of the stochastic heating model
of Section 5.1. Note that if we average Eq. (5.13) over the gyrophase angle and
multiply the result by ntrs, we recover our expression for the heating rate derived
from the stochastic model. The positive definite term arises because electrons that
are acceleratingwhen they cross the resonance surface have greater average velocities
during the resonance interval than those that are decelerating when they cross the
resonance surface.

5.2.2
Dynamics of the Electron Interaction With Parallel RF Electric Fields

First consider the direct transfer of wave energy into electron motion along the
magnetostatic field as described by the parallel component of the equation ofmotion:

mdvjj=dt ¼ �eEjj ¼ �e Ejj
�� ��exp½iðk � r�wtÞ�:

In the absence offinite gyroradius phenomena, the average of v|| over awave period
would be constant, but finite gyroradius effects introduce the possibility of cyclotron
resonance effects. Just as was done earlier, we linearize this equation by evaluating
the electron position at any time using the unperturbed orbits with the same
assumptions as before and obtain the following expression for the electron�s parallel
velocity after passing through resonance:

vjjðtÞ ¼ vjjð0Þ�ðe=mÞ Ejj
�� ��expð�ik?r sin foÞSJn ðk?rÞexpðin foÞ

�
ð
dt exp

ð
dtðnWþ kjjvjj�wÞ

� �
:

For fundamental resonance, n¼ 1 and we have

vjjðtÞ ¼ vjjð0Þ�ðe=mÞ Ejj
�� ��J1ðk?rÞexpð�ik?r sin foÞexpðifoÞH1ðtÞ

¼ vjjð0Þ�ðe=mÞ Ejj
�� ��J1ðk?rÞteff expðifres�ik?r sin foÞ

� vjjð0Þ�ðe=mÞ Ejj
�� ��J1ðk?rÞJ0ðk?rÞteff cos fres:

The corresponding change in the �parallel� kinetic energy is then

DWjjðtÞ ¼�vjjð0Þe Ejj
�� ��J1ðk?rÞJ0ðk?rÞteff cos fres

þðm=2Þ ðe=mÞ Ejj
�� ��J1ðk?rÞJ0ðk?rÞteff cos fres� �2

:

Averaging over random gyrophases (at resonance) yields

hDWjji ¼ ðe2=4mÞ Ejj
�� ��J1ðk?rÞJ0ðk?rÞteff� �2

:
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It is instructive to compare this with our earlier result for the phase-independent
change in the �perpendicular� kinetic energy: DW? ¼ ðe2=2mÞ E?j j2J20ðk?rÞt2eff .
Evidentially the direct transfer of wave energy into �parallel� kinetic energy is smaller
by a factor of [J1(k?r)|E|||/|E?|]2, which is of the order of magnitude of (v?/c)

2 and
thus considered negligible except for relativistic-electron plasmas.

5.2.3
Dynamics of the Electron Interaction with O-Mode Waves

To this point, we have considered the work done on gyrating electrons by RF electric
fields, including (1) the perpendicular electric field of a right-hand circularly
polarized electromagnetic wave, and (2) the parallel electric field of the RF wave.
Next we will describe a different mechanism by which waves can exchange energy
with electrons through the combined actions of the electric and magnetic fields of
the waves. An important practical example of this mechanism occurs for O-modes
propagating perpendicular to the magnetostatic field. Hamiltonian mechanics
provide a convenient description of the electron dynamics [6]. We model the
magnetostatic and wave fields in the resonance zone using the following vector
potential:

A ¼ uyBoxþ uzA1 exp½iðkx�wtÞ�:
The magnetic and electric fields for this vector potential are given by the real

parts of

B ¼ r� A ¼ uzBo�uyikA1 exp½iðkx�wtÞ�
E ¼ �qA=qt ¼ uziwA1 exp½iðkx�wtÞ�:

The Lagrangian,

L ¼ mv2=2�ev �A
¼ m

�
v2x þ v2y þ v2z

�
=2�efvyBoxþ vzA1 exp½iðkx�wtÞ�g

and the generalized momenta, pi ¼ qL=qvi are therefore

px ¼ mvx
py ¼ mvy�eBox

pz ¼ mvz�eA1 exp½iðkx�wtÞ�:
If these expressions are solved for the components of the velocity and used to

express the Lagrangian in terms of the generalized momenta and coordinates, we
obtain

L ¼ �
p2x þ p2y þ p2z

�
=2m�mW2

ox
2=2��

e2A2
1=2m

�
exp½2iðkx�wtÞ�:

The Hamiltonian is then given by H ¼ p � v�L and we have

H ¼ �
p2x þ p2y þ p2z

�
=2mþ pyWoxþmW2

ox
2=2þ pzðeA1=mÞexp½iðkx�wtÞ�

þ �
e2A2

1=2m
�
exp½2iðkx�wtÞ�:
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Since the Hamiltonian is independent of y and z, their respective conjugate
momenta are constants of the motion:

py ¼ mvy � eBox ¼ pyo ¼ constant

pz ¼ mvz � eA1exp½iðkx�wtÞ� ¼ pzo ¼ constant:

The rate of change of px (which equals Fx, the x-component of the force on the
electron) is given by the canonical equation of motion:

dpx=dt ¼mdvx=dt¼ Fx ¼�qH=qx
¼�pyWo�mW2

ox�ikpzðeA1=mÞexp½iðkx�wtÞ��ikðe2A2
1=mÞexp½2iðkx�wtÞ�:

Substituting from our expressions for py and pz we obtain for the force in the
x-direction

Fx ¼ �mWovy�ikvzðeA1Þexp½iðkx�wtÞ�:
The instantaneous rate at which this force changes the (perpendicular) kinetic

energy is then given by

dW?=dt ¼ mvydvy=dtþmvxdvx=dt

¼ vydðpyo=mþmWoxÞ=dt�vxfmWovy þ ikvzðeA1Þexp½iðkx�wtÞ�g
¼ �ikvxvzðeA1Þexp½iðkx�wtÞ�:

Taking the real part then gives the instantaneous heating rate as

dW?=dt ¼ kvxvzðeA1Þsinðkx�wtÞ:
The results obtained in this Hamiltonian formulation can also be obtained directly

from Newton�s second law including the Lorentz force due to B1 in a transparent
way that facilitates interpretation. Again ignoring the weak spatial gradients in the
magnetic field within the resonance zone we have

mdv=dt ¼ �eðEþ v� BÞ ¼ �e½E1uz þ v� ðBouz þB1uyÞ�
giving three equations for the components of mdv/dt:

mdvx=dt ¼ �evyBo þ evzB1

mdvy=dt ¼ evxBo

mdvz=dt ¼ �eE1�evxB1

so that the rate of change of the perpendicular energy is

dW?=dt ¼ mðvxdvx=dtþ vydvy=dtÞ ¼ evxvzB1 ¼ evxvzðkA1Þsinðkx�wtÞ:
The rate of change of parallel momentum is given by

mdvz=dt ¼ �eE1�evxB1 ¼ ewA1sinðkx�wtÞ�evxkA1sinðkx�wtÞ
¼ eA1d cosðkx�wtÞ=dt

whence

mvz ¼ eA1cosðkx�wtÞþ pzo:

We can use this last expression to distinguish between two classes of electrons
depending on their value of pzo. The first class is comprised of electrons that have

5.2 Dynamics of the Fundamental Resonance Interaction j83



nonvanishing values of parallel momentum at the resonance surface, pzo 6¼ 0. If the
expression for mvz is averaged over a wave period (which equals a gyroperiod at
resonance) we have hmvzi¼ pzo and for these electrons the instantaneous rate of
change of the perpendicular energy is given by dW?/dt¼ evxvz(kA1) sin(kx�wt).
A case of particular interest is the heating of mirror-trapped electrons where the
unperturbed orbits are described by adiabatic kinematics so that

vx ¼ v?cosðfo þWtÞ ¼ ð2W?=mÞ1=2cosðfo þWtÞ ¼ ð2mB=mÞ1=2cosðfo þWtÞ
and

vz ¼ s½2Wjj=m�1=2 ¼ s½2ðe�mBÞ=m�1=2; where s ¼ �1:

With these substitutions, we can easily show that the instantaneous rate at which
electrons exchange energy with the O-mode wave at resonance is

dW?=dt¼ sðekA1=mÞðW?resWjjresÞ1=2fsinðfoþkxÞ�sin½ðWþwÞtþfo�kx�g:
In the limit kr� 1, the change in energy at the fundamental resonance is given

approximately by

dW? ¼ s sin foðekA1=mÞðW?resWjjresÞ1=2teff :
Electrons for which s sin fo> 0 at the resonance surface will gain energy, while

electrons with s sinfo< 0 at the resonance surface will loose energy. If the phase of
gyration relative to the wave varies randomly from one resonance to the next
stochastic, heating will result, as described earlier in this chapter. The resulting
heating rate is then

dW?=dt ¼ DW=2W? ¼ ð1=2Þðe2=mÞE2
1 t

2
effntrsðn=2Þ2Wjjres=mc2 ð5:14Þ

where we have set

DW ¼ hdW2
?intrs ¼ ð1=2Þ½ðekA1=mÞðW?resWjjresÞ1=2 teff �2ntrs:

As in the earlier discussion of stochastic heating, ntrs is the frequency with which
the electrons pass through resonance surfaces andn¼ kc/w is the index of refraction.
The second class of electrons is characterized by pzo¼ 0 and is comprised of

electrons that are trapped in the resonance zone by the electric field of the O-mode
wave. In practice, this may occur if the resonance is at a local minimum in the
magnetostaticfield or if the electron is turning at the resonance surface. The resulting
nonlinear orbits are more complex and additional resonances are possible. This
situation has been discussed at length by Carter et al. [7] and will be dealt with only
briefly and qualitatively here to suggest how the additional resonances may come
about. Although not justified clearly, the expression for the instantaneous rate of
exchange of energy between the electron and the wave will be linearized for the
present heuristic purposes by integrating along the unperturbed orbits using

vx ¼ v?cos fo þ
ð
Wdt

� �
and vz ¼ ðeA1=mÞcosðkx�wtÞ;
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where the expression for vz is given by the conserved momentum. Then,

W?ðtÞ�W?ð0Þ ¼ � ikv?
�
e2A2

1=m
� ð

dt cos fo þ
ð
Wdt

� �
exp½2iðkx�wtÞ�

¼ �ikv?
�
e2A2

1=m
� ð

dt cos fo þ
ð
W dt

� �
expð�2ik r sin foÞ

�SJnð2krÞexpðinfoÞ �
ð
dt exp

�
i
ð
dt ðnWþ kjjvjj�2wÞ

�

¼ �i kv?ðe2A2
1=2mÞexpð�2ikr sin foÞ

�
	
SJnð2krÞexp½iðnþ 1Þfo�

ð
dt exp i

ð
dt½ðnþ 1ÞWþ kjjvjj�2w�

þSJnð2krÞexp½iðn�1Þfo�
ð
dt exp i

ð
dt½ðn�1ÞWþ kjjvjj�2w�



:

This nonlinear mechanism exhibits resonances at 2w¼ (n� 1)W. For the lowest-
order resonance, w¼W/2, we have for the change in perpendicular energy

W?ðtÞ�W?ð0Þ ¼ kv?ðe2A2
1=2mÞJ2oð2krÞteff sin fres

¼ ðkc=wÞðv?=cÞðW=2wÞðeE2
1=BoÞJ2oð2krÞteff sin fres:

The distinctive W/2 resonance can readily be understood from the expression for
the rate of change of the electron�s perpendicular kinetic energy:

dW?=dt ¼ kvxvzðeA1Þsinðkx�wtÞ

with

mvz ¼ eA1 cosðkx�wtÞ and vx ¼ v?cosðfo þWtÞ

Note the 2cosxsinx ¼ sin2x and 2cosxsiny ¼ sinðxþ yÞ�sinðx�yÞ so that dW?=dt ¼
ðkv?=mÞðeA1=2Þ2½sinðfoþWtþ 2kx�2wtÞ�sinðfo þWt�2kxþ 2wtÞ�.Wecanmake
use of sinðxþ yÞ ¼ sinxcosyþ cosxsiny and the Bessel function relations5

cosðasinbÞ ¼ JoðaÞ þ 2SJ2nðaÞcos2nb

and

sinðasinbÞ ¼ 2SJ2nþ1ðaÞsinð2nþ 1Þb;

where both summations are from n ¼ 1 to n ¼ 1. With these substitutions we
obtain

dW?=dt ¼ ðkv?=mÞðeA1=2Þ2f½sinðfo þWt�2wtÞcos2kx
þ cosðfo þWt�2wtÞsin2kx��½sinðfo þWtþ 2wtÞcos2kx
�cosðfo þWtþ 2wtÞsin2kx�g

¼ ðkv?=mÞðeA1=2Þ2fsinðfo þWt�2wtÞ½JoðkrÞ
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þ2SJ2nðkrÞcos2nðfo þWtÞ� þ cosðfo þWt�2wtÞ
½2SJ2nþ1ðkrÞsinð2nþ 1Þðfo þWtÞ��sinðfo þWtþ 2wtÞ
½JoðkrÞ þ 2SJ2nðkrÞcos2nðfo þWtÞ�

�cosðfo þWtþ 2wtÞ½2SJ2nþ1ðkrÞsinð2nþ 1Þðfo þWtÞ�g:

When this expression is integrated in time the rapidly oscillating terms vanish, and
for w ¼ W=2 the change inW? during the electron�s transit of the resonance zone is
given by

dW? ¼ ðkv?=mÞðeA1=2Þ2 sinfoJoðkrÞteff :

5.3
Heating of Relativistic Electrons

Several relativistic effects were noted in Chapter 3, including most notably the
energy-dependent electron gyrofrequency, W¼ eB/(gm). If for the moment we
neglect the Doppler effect, which is of considerable importance in tokamak
applications, the condition for resonance at the nth harmonic of the gyrofrequency
becomes

n ¼ nWþ kjjvjj�w � neB=ðgmÞ�w ¼ 0:

We see that the fundamental resonance surface, for example, will move toward
higher magnetic fields as the electron energy increases and will ultimately disappear
when Bres(n¼ 1) exceeds Bmax. However, if themirror ratio is greater than or roughly
equal to 2, a second-harmonic resonance surface will appear near the midplane and
resonant heating can continue for these relativistic electrons. The change in W? for
these electrons after each transit of the (second harmonic) resonance surface with
X-mode illumination is

DW? ¼ ðe2=mÞ E�j j2J21ðk?rÞt2eff ;
where we have once again omitted the phase-dependent term. The argument of the
Bessel function is given in order of magnitude by

k?r ¼ ðk?=kÞðkc=wÞðw=WresÞðv?=vÞðv=cÞ
¼ Oð1ÞOð1ÞOðnÞOð1Þ½ðg2�1Þ=g2�1=2:

The energy-dependent factor, [(g2 �1)/g2]1/2, increases from roughly 0.2 at an
energy of 10 keV to almost 0.9 for energies above 500 keV. Since, for comparable
values of teff the ratio of the heating rate for second-harmonic resonance relative to
that for fundamental resonance is [J1(k?r)/J0(k?r)]2, the relative heating rate for
second-harmonic resonance will increase from roughly 1% to 25% over this same
energy range. As we shall see in later chapters, the electron confinement time
increases with energy, and relativistic electrons can continue to gain energy provided
their heating rate exceeds the rate at which they loose energy, for example, by
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synchrotron radiation, until they reach themaximum energy for adiabatic invariance
of the magnetic moment. If the mirror ratio of the region illuminated by microwave
power is less than 2, as is frequently the case in tokamak applications of ECH, the
heating will be limited by the maximum energy for which the resonance condition
can be satisfied, a situation sometimes referred to as �relativistic heating gaps.� We
will see later how such gaps can be bridged by employing multiple-frequency ECH.

5.4
Limit Cycles

For electrons that have gained a substantial amount of energy from their first few
transits through resonance (or from other forms of heating), the energy increment
in the next succeeding transit through resonance may be much less than the initial
energy just prior to resonance. In this case, the dynamics of the resonant interaction
can be analyzed using the unperturbed bounce orbit, z(t)¼ zt sinwbt, where zt is the
axial location of the turning point and wb is the bounce frequency. The time-
dependent phase factor, f¼ Ð

dtn¼ Ð
dt(W þ k||v||�w), which varies rapidly except

in the neighborhood of resonance, can be expressed conveniently for the model
magnetic-mirrorfield in such a circumstance. If we neglect theDoppler shift, the rate
of change of the difference in phase between the electron gyration and the phase of
the wave is given for the simple magnetic mirror field by the following expression:

n ¼ W½zðtÞ��w ¼ ðWo=2Þ
��ðMþ 1Þ�ðM�1Þcos�kozt sinwbt

��
�½ðMþ 1Þ�ðM�1ÞcosðkozresÞ

�
¼ ðWo=2ÞðM�1Þ�cosðkozresÞ�cos

�
kozt sinwbt

��
;

where zres is the axial location of the resonance. We can againmake use of the Bessel
functiongeneratingfunction the [5]cos(bsinq)¼ J0(b) þ 2SJ2n(b)cos(2nq),where the
sumovernruns fromn¼ 1 to1.Withthis substitution,weobtain for thephase factor,

fðtÞ ¼
ð
dtðW�wÞ¼

ð
dt
�ðWo=2ÞðM�1Þ

��
cosðkozresÞ�J0ðkoztÞ�2SJ2nðkoztÞcos

�
2nwbt

��
¼ fð0ÞþðWo=wbÞ½ðM�1Þ=2�f½cosðkozresÞ�J0ðkoztÞ�wbt

�Sn�1J2nðkoztÞsinð2nwbt
�

: ð5:15Þ
Since (Wo/wb)(M� 1)/2
 1, small changes in the bracketed function in Eq. (5.15)

result in very large changes in f(t). It is, therefore, reasonable to expand this function
to evaluate small changes in the phase near the instant of resonance, just as was done
in Section 5.1. We define dimensionless variables zres¼ kozres, zt¼ kozt and t¼wbt.
Then the function in braces in Eq. (5.15) is

Fðzres; zt; tÞ ¼ ½cos zres�J0ðztÞ�t�Sn�1J2nðztÞsinð2ntÞ:
To evaluate the duration of resonance, dt, we expand F(zres, zt, t) to form

dF ¼ Fðtres þ dtÞ�FðtresÞ ¼ ðqF=qtÞresdtþðq2F=qt2ÞresðdtÞ2=2þ � � �
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The indicated derivatives are

ðqF=qtÞres ¼ coszres�½J0ðztÞþ 2SJ2nðztÞcosð2ntresÞ� ¼ 0;

ðq2F=qt2Þres ¼ 4SnJ2nðztÞsinð2ntresÞ;
ðq3F=qt3Þres ¼ 8Sn2J2nðztÞcosð2ntresÞ;
etc:

If the electron turns at resonance, zt¼ zres, then sin tres¼ 1, tres¼p/2, and thus
sin(2ntres)¼ 0 and cos(2ntres)¼ (�1)n. For this case, (q2F/qt2)res¼ 0 and (q3F/qt3)res
¼ 8 S(�1)nn2J2n(zt). The duration of resonance corresponding to the expression from
Section 5.1 is then given by

dt ¼ f6dfðwb=WoÞ½ðM�1Þ=2�=½8Sn2J2nðztÞcosð2ntresÞ�g
1=3

;

with df¼�p/4.More generally, the duration of resonance can be found by solving the
cubic equation,

ðwb=WoÞ½ðM�1Þ=2�df ¼ 2SnJ2nðztÞsinð2ntresÞðdtÞ2

þð4=3ÞSn2J2nðztÞcosð2ntresÞðdtÞ3:
In this way, we can recover results very similar to those displayed in Section 5.1.

The closed form for the phase factor derived in this section, however, indicates
the possibility that for certain classes of electrons coherent limit cycles can exist in
which the electron energy oscillates around a fixed value. If, for example, an electron
turning at the resonance surface experiences a phase change of�(2N þ 1)p between
successive resonances, the energy increment at the first resonance will be exactly
cancelled at the second resonance. This situation has been termed
�superadiabaticity� [8]. Similarly, if an electron turns just beyond the resonance
surface, it will experience two closely spaced transits through resonance. If the
heating fields are coherent over the spatial extent that includes this portion of the
electron�s orbit, heating at the two successive resonances can add or cancel depend-
ing on the phase change. Cancellation of the two successive resonant interactions
leads to a null in the heating, and hence the designation of these conditions as �null-
heating surfaces�.
In the case of superadiabaticity, the electrons turn at the resonance surface so

that zt¼ zres. If the first resonance occurs at tres1¼ p/2, the second will occur at
tres2¼ 3p/2, and the phase change between the two successive resonances is

fðtres2Þ�fðtres1Þ ¼ ðWo=2wbÞðM�1Þ½cosðkozresÞ�J0ðkozresÞ�p: ð5:16Þ

Recall that the bounce frequency for this model magnetic-mirror field depends on
energy and the location of the turning points as given by Eq. (3.11):

2wb ¼ kov?oðM�1Þ1=2fðp=2ÞK�1½ðMt�1Þ=ðM�1Þ�g � kov?oðM�1Þ1=2;
where K is the elliptic integral. Fixed points require f(tres2)� f(tres1)¼�(2N þ 1)p,
which then determines critical values of energy, eN, for given values of the turning
points which, in the case of superadiabaticity, coincide with the resonance surfaces.
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Our expression for the phase change does not include the effect of heating at the
first resonance, and if this heating results in a large change in the phase at the second
resonance, the fixed points will be unstable. In this way, the limit cycle can be broken
by strong enough heating. To estimate this effect, we note that heating changes only
the bounce frequency so that for the fixed points to be stable we require

DðdfÞ ¼ ðqdf=qW?ÞDW? ¼ �ðdf=2eÞDW? 	 �p=2:

We therefore anticipate the possibility of superadiabatic behavior mainly at higher
energies and with small energy increments per transit of resonance.
In the case of null-heating surfaces, the criterion for cancellation between two

successive transits through resonance is again f(tres2)� f(tres1)¼�(2N þ 1)p, but
in this case the two resonance times are related by tres2¼p� tres1 and we now find
for the phase difference between the two closely spaced resonances

fðtres2Þ�fðtres1Þ ¼ ðWo=wbÞðM�1Þf½cos zres�J0ðztÞ�ðp=2�tres1Þ
þSn�1J2nðztÞsinð2ntres1Þg:

ð5:17Þ

For a given resonance, position the null-heating conditions determine critical
values of the turning point as functions of energy. The stability of these fixed points
is determined as in the case of superadiabaticity by the conditions under which
f(tres2) is changed by �p/2 as a result of the heating that occurs at the first
resonance.

5.5
Nonlinear Effects: Mapping Approaches

The use of mapping techniques to study chaotic systems has been described
extensively by Lichtenberg and Liebermann [9], and their work is an invaluable
resource. In this section, we construct a rudimentary two-stepmapping to explore in
an approximate way the properties of the superadiabatic limit cycles in simple
magnetic-mirror configurations. In this approach, the electron gyrophase relative to
the electric field is advanced from one resonance to the next using Eq. (5.16), while
the electron energy is similarly advanced using Eq. (5.1). From the mth resonance to
the m þ 1th resonance, the mapping takes the following form:

fmþ 1 ¼ fm þ dfm

and

W?mþ 1 ¼ W?m þ dW?mþ 1

where

dfm ¼ ðWo=2wbmÞðM�1Þ½cosðkozresÞ�J0ðkozresÞ�p
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and

dW?mþ 1 ¼ �e
ð
E�v?cos f dt � �e E�j jv?mþ 1cos fmþ 1 teff mþ 1:

Since superadiabatic electrons turn at the resonance surfaces, the effective
duration of resonance in the simple magnetic-mirror configuration is given by
Eq. (5.6) by setting Mt¼Mres:

teff � 2
�
3p= ð2n00ðtresÞj j�1=3

and, from Eq. (5.11),

n00ðtresÞ ¼ �ð1=2Þðkov?oÞ2WoðM�MresÞðMres�1Þ:

Between the resonance surfaces, the electron�s magnetic moment is invariant
and v2?o ¼ v2?res=Mres. Recall that the bounce period for the model magnetic-mirror
field depends on energy and the location of the turning points as given by Eq. (3.11);
we therefore substitute the following expression into the equation for the phase
step:

p=2wbm ¼ ð2=kov?mÞ½Mres=ðM�1Þ�1=2K½ðMres�1Þ=ðM�1Þ�

so that our mapping equations become

fmþ 1 ¼ fm þð2Wo=kov?mÞ½MresðM�1Þ�1=2K½ðMres�1Þ=ðM�1Þ�

�½cosðkozresÞ�J0ðkozresÞ�

and W?mþ 1 ¼ W?m�2
�
e E�j j=koÞðkov?mþ 1=Wo

�1=3

�f3pMres=½ðM�MresÞ=ðMres�1Þ�g1=3cos fmþ 1:

If we define Um¼ kov?m/Wo and substitute for W?¼ (m/2)(WoU/ko)
2 to rewrite

the mapping equations, we obtain the following somewhat more compact
expressions:

fmþ 1 ¼ fm þC1=Um

and

U2
mþ 1 ¼ U2

m�C2U
1=3
mþ 1cos fmþ 1

where

C1 ¼ 2½MresðM�1Þ�1=2K½ðMres�1Þ=ðM�1Þ�½cosðkozresÞ�J0ðkozresÞ�
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and

C2 ¼ 4ðe=mÞ ko E�j j=W2
o

� ��
3pMres=½ðM�MresÞ=ðMres�1Þ�1=3

:

We can iterate the equation that advances U starting with U1=3
mþ 1ð0Þ ¼ U1=3

m on the
right-hand side and using the resulting values ofUmþ 1 for the subsequent iterations.
The condition for superadiabatic response at the resonance is

C1j j=UðNÞ
res ¼ ð2Nþ 1Þp

and the corresponding resonant energies are

WðNÞ
? ¼ ðm=2Þ�WoU

ðNÞ
res =ko

�2 ¼ ðm=2Þ½ðWo=koÞ C1j j=ð2Nþ 1Þp�2:

Some of the features of this mapping can be illustrated using experimental
parameters from studies reported recently [10] which we will discuss in a later
chapter. The simple magnetic-mirror configuration in these experiments had
an overall mirror ratio of M¼ 1.43, the effective separation of the mirrors was
Lc¼ 21 cm, and the frequency of the microwave power was fm¼ 2.45GHz. To
illustrate the mapping approach, we apply it to the experimental case in which the
magnetic intensity on themidplane was set at the value Bo¼ 820 G so that themirror
ratio at resonance was Mres¼ 875/820¼ 1.067. In this case, the superadiabatic
resonances are at (perpendicular) energies given by

W?res ¼ 7800 eV=ð2Nþ 1Þ2 ¼ 7800 eV; 867 eV; 312 eV; 159 eV; . . .

We select for our illustrative mapping the N¼ 2 resonance and arbitrarily set the
initial gyrophase at f0¼p/4 and the initial energy at its resonant value. The
resulting energies at the subsequent resonances are then evaluated for values of
the right-hand circularly polarized electric field strength, |E�| increasing from 0.5
to 6 Vcm�1. The results are displayed in the series of plots shown in Figures 5.6
(a)–(e).
In the first plot, the energy remains near the resonant value but varies slowly as the

shift in gyrophase between resonances slips away from �5p. This slow variation in
W?m is more pronounced when |E�| is doubled, as is seen in the second plot, where
nulls in the energy increment, corresponding to values of the gyrophase that are odd
integralmultiples ofp/2, occur atm¼ 5 andm¼ 35. Thenext doubling of |E�| results
in a higher frequency quasiperiodic pattern, but the pattern remains visible. The next
doubling to a value of |E�|¼ 4Vcm�1 leads to the breakup of the quasiperiodic
pattern, but the energy excursions remain bounded. If |E�| is increased to 6Vcm�1,
the magnitude of the energy excursions away from the resonant value increases
sharply, indicating that the step-to-step phase increment has changed enough to
destroy the limit cycle. We can estimate the critical conditions for this breakup to
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occur from the first of the mapping relations:

fmþ 1 ¼ fm þC1=Um:

The shift in the step-to-step change in the gyrophase,D(dfm), brought about by the
change in the perpendicular energy, DW?, is given by

DðdfmÞ ¼ �ðC1=UmÞðDUm=UmÞ ¼ �ðC1=UmÞðDW?=W?Þ=2:

As was indicated earlier, we anticipate that the limit cycles will be broken up if
D(dfm) exceeds p/2. Since dfm¼�(C1/Um)¼ (2N þ 1)p, our condition for disrupt-
ing the Nth limit cycle is DW?/W? 1/(2N þ 1).
For our illustrative case with N¼ 2, we anticipate the breakup of the associated

limit cycle forDW? 62 eV. The rms step size inW? for |E�|¼ 6Vcm�1, the value at
which the limit cycle is disrupted in the case shown earlier, is around 59 eV. We will
discuss this issue of limit cycles later in connection with control of the temperature
anisotropy and the generation of high-energy density plasmas.

Figure 5.6 (a) Results of the rudimentary mapping algorithm
for |E�|¼ 0.5 V cm�1. (b) Results of the rudimentary
mapping algorithm for |E�|¼ 1 V cm�1. (c) Results of the
rudimentary mapping algorithm for |E�|¼ 2 V cm�1. (d) Results
of the rudimentary mapping algorithm for |E�|¼ 4 V cm�1.
(e) Results of the rudimentary mapping algorithm for
|E�|¼ 6 V cm�1.
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Figure 5.6 (Continued)
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Figure 5.6 (Continued)
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Exercises

5.1 Verify that Eq. (5.8b) follows from Eq. (5.8a).

5.2 A simple magnetic mirror with amirror ratio on axisM¼ 2.2
consists of two coils separated by 71 cm.Microwave power at
a frequency of 9.5GHz is coupled into a plasma confined in
this configuration and the magnetic intensity is adjusted
so that fundamental resonance occurs for Mres¼Bres/
Bo¼ 1.6. Estimate the following quantities for a group of
100 eV electrons turning at a location where
Mt¼Bt/Bo¼ 1.7: (a) (v||dV/dz)res, (b) (k||dv||/dt)res, (c) teff,
(d) vb, (e) DW? in each transit through the resonance ( f ) d/
W?dt if |E�|¼ 10 V cm�1, and (g) (dV/dc)(dc/dt).
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6
Equilibrium

This chapter and Chapter 7 address some of the fundamental collective plasma
phenomena that affect the outcomeof electron cyclotronheating (ECH) experiments,
particularly the issues of equilibrium and stability. A full theoretical treatment of
plasma equilibrium would necessitate rather elaborate transport models of plasmas
specific to each particularmagneticfield andheating configurationunder discussion.
Instead of such an ambitious program, we shall limit ourselves here to an analysis of
the spatially averaged properties of somewhat generic plasmas and return later to
more detailed discussions of the equilibria of some specific configurations. In this
chapter, we emphasize plasmas inwhich the equilibrium is effectively determined by
the processes associated with ECH, as contrasted with those cases, such as tokamak
applications of ECH, where the basic equilibrium is determined by other processes
and is only modified by ECH.
The transport processes governing the steady-state equilibria of electron cyclotron

heated plasmas naturally separate into two distinct groups differentiated by charac-
teristic equilibration times. Themore rapid of these, quasineutrality, or the condition
for charge balance, is established in the time required for electrons to traverse the
plasma region. In contrast, the conditions under which the charged particle density
and temperature become stationary are achieved only after the much longer times
that characterize the ionization and heating processes responsible for creating new
ion–electron pairs and heating them to the equilibrium temperature. Together with
the particle and energy loss rates, they determine the final equilibrium. We now
address these detailed balance issues as they apply to the spatially averaged properties
of radially bounded but open-ended plasmas exemplified by magnetic-mirror con-
figurations. In tokamaks, stellarators and high-energy density mirror-confined
plasmas, the equilibria must also satisfy pressure balance conditions. We will
consider some of these issues later as they affect particular experiments.

6.1
Charge Balance

A defining characteristic of the plasma medium is that electrical neutrality is
maintained to a high degree throughout the body of the plasma, a characteristic
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usually referred to as quasineutrality [1]. This electrical neutrality is maintained
despite the great disparity in mass between the plasma electrons and ions. The far
more mobile electrons must be prevented from escaping from the plasma more
rapidly than the massive ions. This is usually accomplished by electrostatic fields
which arise spontaneously to reduce the loss rate of electrons (and simultaneously
increase the loss rate of ions). This electrostatic field, the so-called ambipolar field,
maintains quasineutrality by ensuring equal loss rates of ions and electrons from the
body of the plasma. As is customary, we will describe this ambipolar electric field
through the associated electrostatic potential, F(x,y,z).
In open-ended magnetized plasmas, particularly plasmas confined in the simple

magnetic-mirror configuration discussed in Chapter 2, the rate of transport of plasma
across themagnetic field is generally much slower than the rate of transport along the
static magnetic field [2]. The conditions for charge balancemust therefore be satisfied
alongeachmagnetic lineofforce,andweshallneglect, forthe timebeing, thetransverse
directionsandexamineonly thevariationof theambipolarpotential alongthemagnetic
field direction, F(z). This potential takes the form of a �positive well� which traps
electrons and thereby retards their escape from the plasma. Electrons trapped in this
ambipolar potential well rapidly thermalize into a Maxwell–Boltzmann distribution
for which the density, n(z), varies along the magnetic line of force according to

nðzÞ ¼ nðzoÞexpfe½FðzÞ�FðzoÞ�=Teg
Inwhat follows,we choose zo to be theposition atwhich thepotential ismaximumand
set F(zo)¼Fo and Fsurface¼ 0. Here Te is the electron temperature in eV. Since
electronswill escape from theplasma if they are heated to anenergy that is greater than
the depth of the ambipolar potential well, their loss rate is determined by their heating
rate, dWe/dt. The ion loss rate is determined by the rate at which they flow along the
magnetic field and the resulting flux of ions through the plasma surface.
For quasineutrality, the two loss rates must be equal. Consider first the electrons,
whose loss rates are governed by their heating rate but whose lifetimes must in any
event equal the common �ambipolar� lifetime, tamb:

dlnne=dtjloss ¼ ðdWe=dtÞ=eFo ¼ t�1
amb:

��
Since (dWe/dt)tamb�Te, we require an ambipolar potential well whose depth is
roughly equal to the electron temperature: eFo�Te.
The rate at which ionsflowalong themagneticfield to the surface of the plasmawill

be increased as a result of the acceleration by the ambipolar electric fields. Conser-
vation of energy dictates that in the absence of collisions

Miv
2
io=2þ qiFo ¼ Miv

2
i;surface=2þ qiFsurface

and since Fsurface¼ 0 and eFo�Te, the ion speed at the surface is given by

vi;surf ace ¼ f2Tio=Mi þ 2qiFo=Mig1=2 � ½ð2=MiÞðTio þ qiTe=e�1=2
¼ cs

ð6:1Þ

where cs is the ion sound speed (for a more rigorous and comprehensive derivation
of the ion sound speed, seeRef. [3]). Thus,we anticipate that ionswill escape at the ion
sound speed and accordingly set tamb¼ Lesc/cs. The �escape� distance, Lesc, depends
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on the particular configuration being modeled. For the simple magnetic-mirror
configuration, we have seen that the heated electrons tend to accumulate around
the resonance surfaces. It is therefore reasonable in this case to approximate Lesc by
half of the axial separation of the resonance surfaces. In some toroidal plasmas, one
can also define an escape distance that is determined by the geometry of the
outermost �scrape-off layer� and the limiters. We will return to this issue in
discussing particular applications.

6.2
Particle and Power Balance

In the interior of the magnetic-mirror-confined plasma, the conditions governing
the self-consistent values of the plasma density and temperature are particle balance
(i.e., the balance between the rates of creation of ion–electron pairs and their loss) and
power balance (i.e., the balance between the rates of heating and energy loss) for each
species. We begin our discussion of these conditions by separating the plasma
electrons somewhat arbitrarily into three possible groups, not all of which will be
populated in any given situation. The groups are separated according to their energy
and the dominant particle- and power-balance mechanisms operative in each group.
Wewill take steps to refine this arbitrary separation later by employing kineticmodels
that vary continuously in energy.

1. The electrons with the lowest average energies form the first of the three groups;
their density will be denoted by ne1. They are created by ionization of the
background gas and are electrostatically confined by the ambipolar potential
discussed earlier. Typically, their average energies will be in the 10–100 eV range.
Group 1 electrons loose energy mainly through inelastic collisions with neutral
atoms of the background gas.

2. Electrons in the second group, with density ne2, have energies between 100 eVand
10 keVand are sufficiently energetic to bemagnetically confined by the magnetic-
mirror effect. They result if some of the colder, Group 1 electrons are heated
rapidly enough to becomemirror trapped before they can escape at the ambipolar
loss rate. Group 2 electrons loose energy mainly by slowing down on the Group 1
electrons aswell as through inelastic collisionswith gas atoms. Their confinement
time in Group 2 is determined by scattering into the loss cone and the time
required to heat them into Group 3.

3. Electrons in the third group,with density ne3, typically have average energies in the
100–1000 keV range and therefore have low rates of Coulomb scattering and
correspondingly long mirror confinement times. They result if some of the
electrons in the second group are heated more rapidly than they are lost by
scattering into the mirror loss cone. They loose energy mainly by synchrotron
radiation as well as by cooling on lower energy electrons through Coulomb
collisions. If their energies reach the limit beyond which adiabatic invariance
breaks down, they can escape and take their full energy with them.
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We can express the conditions for steady-state particle balance for electrons in each
of these three groups in the following three very schematic equations:

dne1=dt ¼ ne1nohsionvei1 þne2nohsionvei2 þne3nohsionvei3
�ne1=t1�ne1ðdW=dtÞ1=DW2;1 ¼ 0

dne2=dt ¼ ne1ðdW=dtÞ1=DW2;1�ne2=t2�ne2ðdW=dtÞ2=DW3;2 ¼ 0

dne3=dt ¼ ne2ðdW=dtÞ2=DW3;2�ne3=t3�ne3ðdW=dtÞ3=DWescape ¼ 0

ð6:2Þ

The ionization rates averaged over the electron energy distributions for electrons in
each of the three groups are hsionvei1, hsionvei2, and hsionvei3. Inwhat followswe shall
usually adopt the formulas for these ionization rates summarized by Barnett [4] or
their empirical values as given by Freeman and Jones [4]. The average electron
confinement times for each of the three groups are t1, t2, and t3; and the average
heating rates for each group are (dW/dt)1, (dW/dt)2, and (dW/dt)3. The energy at the
boundary separating the cold- and warm-electron groups is denoted by DW2,1 and is
typically of the order of 100 eV. The energy at the boundary separating the warm- and
hot-electron groups, DW3,2, is typically of several orders of magnitude larger, on the
order of 100 keV.DWescape is the energy increase required for a hot electron to become
nonadiabatic and can be several mega electron volts in relatively large, high-field
experiments.
The conditions under which the rates of heating and energy loss balance for each

group of electrons depend on the heating and coolingmechanisms dominant in each
group, here indicated by the subscript s¼ 1, 2, 3 andwill generally have the following,
again, schematic form:

dð1:5neTeÞs=dt ¼ P in;s�Pout;s�ð1:5neTeÞs=tEs ¼ 0: ð6:3Þ
Here P in;s and Pout;s are the power (per unit volume) flowing into and out of the
electrons in group s, respectively, and tEs is the overall energy confinement time for
the group. In what follows we explore the consequences of these schematic
equations.

6.2.1
Particle and Energy Balance for Group 1

We start with the simplest case of interest, namely, a plasma inwhich there are no hot
electrons. Mirror-confined plasmas heated using high-field launch are good exam-
ples of this case. Since in this case, all plasma electrons are in Group 1, we can drop
the subscript and write for Eqs. (6.2) and (6.3):

dne=dt ¼ nenohsveiioniz�ne=te ¼ 0;

and

dð1:5neTeÞ=dt ¼ Pm�Px�P i�Pei�ð1:5neTeÞ=tE ¼ 0; ð6:4Þ
where ne and no are the local values of the electron and neutral gas densities,
respectively, hsveiioniz is the ionization rate coefficient averaged over the electron
distribution, te and tE are the electron (particle) and energy confinement times,
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respectively, and Pm;Px and P i are the power densities associated with the absorp-
tion of microwave power and excitation and ionization of gas atoms, respectively:

Px ¼ nenohsveixEx;

and

P i ¼ nenohsveiionizEioniz;

where Pei is the power density transferred to plasma ions by plasma electrons
through Coulomb collisions; it will usually be negligible. In keeping with our earlier
discussion, we shall assume that the average lifetime of plasma electrons is given by
the ambipolar confinement time: te¼ Lesc/cs. Later, we will return to a discussion of
the effect on the equilibriumof populations of energeticmirror-confined electrons in
Groups 2 and 3. For themoment, we restrict our consideration to a plasma containing
only low temperature, Group 1 electrons.
Theenergy confinement time is generally less than the particle confinement timeby

virtue of the additional processes such as thermal conduction and radiation, by which
energy can be lost from the interior of the plasma. We shall somewhat arbitrarily set
tE¼ te/2. In steady state, our particle and power balance conditions then become

nohsveiionizte ¼ 1 ð6:5aÞ
and

Pm=ne ¼ 1:5Te=tE þnoðhsveixEx þhsveiionizEionizÞ: ð6:5bÞ
If the particle lifetime is governed by ambipolar flow out of the plasma, the balance of
particle creation and loss rates, Eq. (6.5a), will be satisfied in a plasma containing only
singly charged ions if

noLesc ¼ poLescð3:537� 1016 cm�3 Torr�1Þ ¼ ð2Te=MiÞ1=2=hsveiioniz:
The right-hand side of this equation depends only on the electron temperature and the
type of gas; the left-hand side depends only on the local gas density (pressure) and the
effective dimensions of the plasma. Evidently, the steady-state electron temperature is
governed primarily by the local gas density or gas pressure, po, through the temper-
ature-dependent ionization rate constants andmore specifically, the temperature- and
gas species-dependent function (2Te/Mi)

1/2/hsveiioniz.
We can illustrate some of the properties of this Group 1 particle balance condition

by employing the Thompson formula to provide a closed-form estimate of the
electron impact ionization cross section [4]. From Barnett�s equation (31) of Ref. [4],
it is given by

sioniz ¼ 4nðEH=EiÞ2ðEi=EÞ½1�ðEi=EÞ�pa2o;
where n is the number of electrons in the outer shell of the target atom, EH¼ 13.60 eV
is the ionization potential of the hydrogen atom, Ei is the ionization potential of
the target atom, and E is the energy of the incident electron. pa2o ¼ 8.797� 10�17 cm2.
If argon is used for our illustrative case, n¼ 6 and Ei¼ 15.76 eV. The resulting cross
section is then multiplied by the electron speed and their product is averaged over a
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Maxwell–Boltzmann electron energy distribution function:

f ðEÞdE ¼ 2neðE=pÞ1=2ðkTeÞ�3=2expð�E=kTeÞdE;
where ne is the electron density, k is Boltzmann�s constant, and Te is the electron
temperature. For convenience, let x¼E/Ei and y¼Ei/kTe so that

sionizv ¼ 4nðEH=EiÞ2pa2oð2Ei=mÞ1=2x�1=2½1�ð1=xÞ�; if x � 1
¼ 0; if x < 1

and the Maxwell–Boltzmann distribution function is

f ðxÞdx ¼ 2neð1=pÞ1=2y3=2x1=2expð�xyÞdx:
Integrating over the energy parameter x, we obtain

hsionizvi ¼ 8nðEH=EiÞ2pa2oð2Ei=pmÞ1=2y1=2½expð�yÞ�yE1ðyÞ�; ð6:6Þ
where E1(y) is the exponential integral [5]. The Group 1 particle balance condition for
argon gas can then be displayed as shown in Figure 6.1.
Here poLesc (in mTorr cm) is plotted on the horizontal axis, and the associated values
of kTe (in eV) for steady-state particle balance on the vertical axis. At the highest gas

Figure 6.1 The electron temperature in eV versus the product of
the neutral gas pressure, po, in mTorr, and the characteristic
length Lesc in cm.
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pressures shown in this plot, the electron temperature is well below the ionization
potential, and ionization depends on electrons in the tail of the distribution function.
It is clear from Figure 6.1 that for gas pressures less than a critical value, there are no
steady-state equilibria [6]. This critical value is determined solely by the characteristic
length, Lesc, and the particular type of gas used. In the case of argon, this critical value
is estimated to be approximately 0.35 mTorr cm. If, for example, Lesc¼ 10 cm, then
the critical pressure is 3.5� 10�5 Torr.
For values of no and Te that satisfy the steady-state particle balance condition,

the particle and power balance conditions, Eqs. (6.5a) and (6.5b), can be combined to
give

Pm=ne ¼ 1:5Te=tE þ ½Exhsveix=hsveiioniz þEioniz�=te: ð6:7Þ
The power-balance condition then determines the ratio of microwave power density
to the plasma electron density, Pm=ne. Note that, just as the electron temperature is
determined entirely by the gas density, the plasma electron density will be deter-
mined, for this temperature, by the absorbed microwave power density. Thus, the
plasma density is predicted to be proportional to microwave power if the neutral gas
pressure is fixed. The inelastic rate constants for argon, for example, can again be
estimated from the Thompson formula; but more accurate values of the total energy
expended per ionization event are available [7] andweuse them to display ne/(PmLesc)
in Figure 6.2.
As the gas pressure approaches the critical value the electron density abruptly

decreases, whereas the electron temperature abruptly rises. Ourmodel suggests that
the ambipolar potential will also increase rapidly with further reductions in the gas
pressure, and for pressures below a critical value, steady-state equilibria will not exist.
The nature of this critical pressure is discussed at length in Ref. [6]. The present
model suggests that the plasma parameters will exhibit relaxation oscillations as the
increasing electron temperature leads to loss rates that exceed the rate at which
ionization can maintain the plasma density.

6.3
Breakdown and Start-up

In considering the conditions for particle and power balance for electrons in
Group 1, we assumed that the electrons were in local thermodynamic equilibrium,
i.e., distributed in energy with a Maxwell–Boltzmann distribution function. This is
not necessarily correct at breakdown, when ionization may be produced in large part
by electrons that have acquired energies greater than Ei but are not yet thermalized.
For breakdown to occur in magnetic-mirror traps, these electrons must reach
energies greater than or comparable to Ei and remain in the mirror longer than
an ionization time, tioniz¼ (nosionizve)

�1. We can anticipate that under the optimal
conditions of pressure and power for breakdown to occur, the time to reach the
energy at which sioniz approaches its maximum, typically 60–100 eV, is roughly
equal to the ionization time. In what follows we consider three ECH breakdown
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situations that differ only in the location of the resonance surface and consequently,
the heating dynamics as discussed earlier in Chapter 5.

6.3.1
Breakdown by Heating on the Midplane of a Magnetic Mirror

In the first case to be considered, the resonance surface is on the midplane of a
magnetic mirror, equivalent in some respects to heating in a uniformmagnetic field.
Unlike that case, however, the heated electrons will remain in the trap until they are
scattered into the loss cone through collisions with the gas atoms, whereas in the
uniform magnetic field case, they will escape if scattered through even a very small
angle. In both cases, the duration of resonance is governed by the relativistic mass
increase. As in earlier discussions of the duration of resonance, we set themaximum
phase shift from the value at resonance at �p/4, although this is clearly somewhat
arbitrary in this case. Thus,

dfmax ¼ �p=4 ¼
ð
dtf½eB=gðtÞm��wmg; ð6:8Þ

Figure 6.2 The ratio of the electron density, in electrons per cm3,
to the product of the absorbedmicrowave power density, in Watts
per cm3, and the characteristic �escape� length in cm.
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where the integral is from 0 to tmax and m is the electron rest mass. The Lorentz
factor, g(t), is given by g(t)¼ 1 þ W(t)/mc2 and since W�mc2 for breakdown, we
have 1/g(t)� 1�W(t)/mc2. At resonance, eB/m¼wm and thus Eq. (6.8) requires that
dfmax¼�p/4¼�wm

Ð
dtWðtÞ=mc2, or, taking the lower sign,

1=8 ¼ f m

ð
dtWðtÞ=mc2;

where fm is themicrowave frequency, fm¼wm/2p. The heating is coherent rather than
stochastic in this situation, so we set

dW?=dt ¼ mv?dv?=dt ¼ �eE?v?cos fres;

and obtain

v?ðtÞ ¼ v?ð0Þ�ðeE?cos fres=mÞt;

and thus

v2?ðtÞ ¼ v2?ð0Þ�2v?ð0ÞðeE?cos fres=mÞtþðeE?cos fres=mÞ2t2:

If we assume a random distribution of gyrophase angles and average this expression
over fres, the value at the instant of resonance, we have for the energy at time t

W?ðtÞ=mc2 ¼ W?ð0Þ=mc2 þðeE?lm=2mc2Þ2f 2m t2;

where lm¼ c/fm is the (vacuum) wavelength of themicrowave power. Our estimate of
the maximum duration of resonance is given by the cubic equation,

1=8 ¼ ½W?ð0Þ=mc2�f mtmax þð1=3ÞðeE?lm=2mc2Þ2ðf mtmaxÞ3:

If we neglect [W?(0)/mc2]fmtmax, we estimate the duration of resonance to be

f mtmax ¼ ð3=2Þ1=3ðeE?lm=mc2Þ�2=3: ð6:9Þ

The corresponding value of the energy at this time is

W?ðtmaxÞ=mc2 ¼ ð1=4Þ½ð3=2ÞðeE?lm=mc2Þ�2=3: ð6:10Þ

For optimumbreakdown conditions,W?(tmax) should benear the energy atwhich the
ionization cross section reaches its maximum value, roughly 100 eV for most gases,
and the time to reach this energy, tmax, should be near the ionization time. The first
condition andEq. (6.10) determine themicrowave power under optimumbreakdown
conditions through the value of E?. Using this value of E? together with the second
condition and Eq. (6.9), we can determine the optimum gas pressure. For example,
for a microwave frequency of fm¼ 2.45GHz, and withW?(tmax)¼ 76 eV, we estimate
E?¼ 0.4 Vcm�1 and the duration of resonance tmax¼ 1ms. The resulting estimate of
the optimal gas pressure is then about 1.5� 10�4 Torr.
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6.3.2
Breakdown with Heating Well Off the Midplane

We next consider the situation when the resonance surfaces are far enough off
the midplane so that we can assume the heating to be stochastic. From Chapter 5,
Eq. (5.8), the stochastic heating rate is approximately given by

dW?=dt ¼ ðe2=mÞjE�j2t2eff vtrs � Emax=ti; ð6:11Þ
where for the optimum breakdown conditions, we again require W?(ti)¼Emax, the
energy at which the ionization rate constant is maximum. ti is the same (neutral gas
pressure dependent) ionization time as before. Since we are dealing with the
initiation of breakdown, we can reasonably assume that the heated electrons are
turning at the resonance surface, so that from Eqs. (5.6) and (5.11), the duration of
resonance is given by teff¼ 2[(3p)/|2n00(tres)|]1/3. For the simple magnetic mirror,
n00(tres)¼�(kov?o)

2Wo(M�Mres)(Mres� 1)/2 and the frequency with which elec-
trons encounter the resonance surfaces is vtrs¼ 2/tb. Here, as in earlier discussions,
ko¼ 2p/Lc, where Lc is the distance between the magnetic mirrors. Using our
approximate expression for the bounce time, we have

1=tb � kov?oðM�1Þ1=2=p:
With these substitutions, we obtain the following expression for the microwave
electric field strength under optimum breakdown conditions in the simple magnetic
mirror:

jE�j2 � 0:088½Emax=ðetiÞ�Boðkov?o=WoÞ1=3½ðM�MresÞðMres�1Þ�2=3=ðM�1Þ1=2:
ð6:12Þ

Clearly, this approaches a minimum as Mres approaches M.

6.3.3
Breakdown with Heating near the Midplane

If the resonance surfaces are near but not on themidplane, it is likely that limit cycles
will play a major role is determining the minimummicrowave electric field strength
for breakdown, since the field strength will have to be large enough to destabilize any
limit cycles whose characteristic energies are below Emax in order for the electrons to
reach Emax. We first evaluate the Nth-order limit cycle energy, eN, for a given
magnetic-mirror configuration and then calculate the corresponding values of the
microwave electric field, |E�|, for which the limit cycle will be unstable and allow the
electrons to be heated to the optimumenergy for ionization. If, aswe assumed earlier,
the heated electrons are turning at the resonance surfaces, the applicable limit cycles
are due to �superadiabaticity.� That is, the gyrophase relative to themicrowave electric
field changes between two successive resonances by an amount given by�(2N þ 1)p,
where N¼ 0, 1, 2, 3, . . . . From Eq. (5.14), the circumstances under which this can
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occur are obtained from the condition that

df ¼ fðtres2Þ�fðtres1Þ ¼ ðWo=2wbÞðM�1Þ½cosðkozresÞ�J0ðkozresÞ�p
¼ �ð2Nþ 1Þp:

Recall that the bounce frequency for this model magnetic-mirror field depends on
energy and the location of the turning points as given by Eq. (3.11). If the resonance
surfaces are very near themidplane, the bounce frequency is closely approximated by
the right-hand version of that expression:

2wb ¼ kov?oðM�1Þ1=2fðp=2ÞK�1½ðMt�1Þ=ðM�1Þ�g � kov?oðM�1Þ1=2:
The condition for superadiabaticity then becomes

kov?o=Wo ¼ �ðM�1Þ1=2½cosðkozresÞ�J0ðkozresÞ�=ð2Nþ 1Þ:
From this equation, we can readily obtain a corresponding condition for the energy:

eN ¼ ðe2=2mÞMresðM�1ÞfBoLc½cosðkozresÞ�J0ðkozresÞ�=ð2Nþ 1Þ2pg2:
TheNth-order limit cycle will be destabilized if during the initial transit of resonance,
the perpendicular energy changes by an amount given by

DðdfÞ ¼ ðqdf=qW?ÞDW? ¼ �ðdf=2eÞDW?> �p;

which, since df¼�(2N þ 1)p, becomes

DW?> 2eN=ð2Nþ 1Þ:
Substituting from DW?¼�eE?v?rescosfresteff, we obtain the following expression
for the minimum electric field strength needed to destabilize the Nth-order limit
cycle,

ejE�jðkov?o=WoÞ1=3M1=2
res cos fres½3p=ðM�MresÞðMres�1Þ�1=3> eNko=ð2Nþ 1Þ

ð6:13Þ
The minimum electric field strength to destabilize the limit cycle corresponds to
cosfres¼�1. On average, this value will be increased by

ffiffiffi
2

p
.

These results reproduce at least qualitatively some of the features of the exper-
imental results reported by Gulyaev et al. [8] for breakdown in a simple magnetic-
mirror configuration. For this configuration, themagnetic field was reduced in small
increments and the minimum microwave power for breakdown was recorded
for several fixed pressures. Two minima in the power for breakdown were observed:
one when the resonance surface is just inside themagneticmirror and another when
the resonance is on themidplane. Although the relation between ECHpower and the
electric field strength at the resonance is not given in their paper, we can estimate the
values of the following parameters for their experimental apparatus:

M ¼ 1:43; ko ¼ 2p=21 cm; and Bres ¼ 875 GHz:

Using results from Section 6.3.1, for heating at the midplane, Bo¼ 875G, we
estimated the optimum electric field strength to be 0.4 Vcm�1 for an argon pressure
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of 1.5� 10�4 Torr. FromSection 6.3.2, for heating far enough off themidplane to give
stochastic heating, we find that the optimum electric field strength is around
1Vcm�1 for heating just inside the peak magnetic field (Bo� 700 Gauss) rising to
values around 1.5 Vcm�1 for Bo� 725 Gauss. In Section 6.3.3, we find that the
electric field strength required to destabilize the first five limit cycles peaks near
3Vcm�1 for N¼ 0 at Bo� 870G, decreasing to roughly 1 Vcm�1 for N¼ 4 at
Bo� 830G. If the electric field strength varies as P1/2, we can expect the breakdown
power to increase by almost two orders of magnitude as the magnetic field at
the center is lowered from 875Gto somewhat less than 870G. For lower values of Bo,
the breakdown power will be comparable to the values estimated for stochastic
heating.

6.4
ECH Runaway: Groups 2 and 3

If the ambient gas pressure is reduced so as to approach the critical lower limit
discussed earlier, the plasma electron temperature increases from values of a few
electron volts to values of several tens of electron volts. A thermal distribution of
electrons whose temperature is in this range may contain a significant number of
electrons with energies greater than that for which the inelastic collision rate is
maximum. These electrons may run away to high energies if they are adequately
confined and subjected to further heating. The relative density and average energy of
such ECH runaway electrons depend on the details of the heating and confinement
processes. By employing magnetic-mirror fields for confinement and novel ECH
techniques for preferentially heating the more energetic electrons, Dandl et al. [9]
achieved stable, steady-state, relativistic-electron plasmas with plasma kinetic pres-
sures nearly equal to themagnetostatic pressure and with average energies of several
million electron volts. In this section, we consider the processes that affect the
creation of relativistic-electron plasmas such as these and the corresponding re-
quirements on the heating parameters.

6.4.1
Particle Balance for Electrons in Group 2

In the energy range we have labeled Group 2, 100	We	 10 keV, the dominant
dynamical processes entering the condition for power balance are RF heating and
pitch-angle diffusion, cooling of the heated electrons by Coulomb collisions with the
cooler electrons, and inelastic collisions with neutral atoms. In highly ionized
plasmas, inelastic collisions with neutral atoms will usually be negligible; but in
plasmas having substantial densities of neutral atoms, Group 2 electrons will loose
energy at a significant rate through inelastic collisions. The total cooling rate is given
approximately by Book [10].

�dWe=dt�nosinelasticveDWxþ7�10�6ne lnLW�1=2
e cm3 eV3=2 sec�1; ð6:14Þ
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where no is the neutral density,DWx is the characteristic energy transfer per collision,
and sinelastic is the cross section for inelastic collisions at the speed ve. The Coulomb
cooling rate, the second term on the right, decreases monotonically with electron
energy, whereas the rate for inelastic impact with neutral atoms has a maximum
value for electron energies around 100–200 eV, depending on the particular type of
gas. In atomic hydrogen, for example, the product sinelasticve for electron impact
ionization reaches a maximum value of 4� 10�8 cm3/s at energy of 100 eV. If
DWx� 50 eV for this particular inelastic process, we can estimate the peak cooling
rate due to this process as a function of gas pressure. For example, at a gas pressure of
3� 10�5 Torr, corresponding to a neutral atomic density of 1012 cm�3, the peak
cooling rate due to inelastic collisions will be around 2� 106 eV/s. At an energy of
100 eV, the rate at which the Group 2 electrons transfer energy to the cooler Group 1
electrons through dynamical friction, the second term above, is usually somewhat
larger. For example, in a plasma where the Group 1 electrons have a density of
5� 1011 cm�3, this cooling rate may exceed 7� 106 eV/s. If the RF heating rate
exceeds the cooling rate in this energy range, the net heating rate will remain positive
and will in fact increase with increasing fast-electron energy until additional cooling
or loss mechanisms become important.
By way of illustration, we consider a simple magnetic-mirror configuration for

which the fundamental heating rate of electrons turning well beyond the resonance
surface is given by an expression of the form

dW?=dt ¼ ðejE?j2=BoÞGðM;Mres;MtÞ; ð6:15Þ
with G(M,Mres,Mt) ¼ {(M � 1) / [(Mt � Mres)(M � Mres)(Mres � 1)]}1/2{(p/2)K� 1

[(Mt�1)/(M� 1)]}. This function, specific to the simple magnetic mirror, describes
the dependence of the heating rate on the electron turning point. As we saw in
Chapter 5, G(M, Mres, Mt) decreases by roughly a factor of 5 as Mt increases from
values just greater than Mres to values just less than M. This pitch-angle dependence
of the heating rate quantifies the degree to which electrons turning just beyond the
resonance surface are heated more rapidly than electrons turning nearer the mirror
throat. Themicrowave electric field strength required to heat electrons fromGroup 1
into Group 2 can be estimated for a given situation by evaluating the terms in the
heating and cooling rates. The condition for the type of runaway envisioned here is
the following:

ðejE?j2=BoÞGðM;Mres;MtÞ > nosinelasticveDWx

þ 7� 10�6ne lnLW�1=2
e cm3 eV3=2 sec�1:

ð6:16Þ

For a conservative estimate, we take themaximumvalue of the first term on the right-
hand side and intermediate values of Mt for G(M,Mres,Mt). As a typical magnetic-
mirror example, we choose Bo¼ 3 kG, M¼ 2, Mres¼ 1.4, Mt¼ 1.7, no¼ 1012 cm�3,
We¼ 100 eV, sinelasticve¼ 4� 10�8 cm3 s�1, DWx¼ 50 eV, and ne1¼ 5� 1011 cm�3.
We then find that if the RF electric field strength, |E?|, is between 10 and 20Vcm�1,
the net heating rate will be positive and a significant fraction of the electrons will be
heated from Group 1 into Group 2.
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In addition to the drag on heated electrons from dynamical friction, Coulomb
scattering also leads to pitch-angle diffusion. In amagneticmirror, this diffusion will
cause some of the heated electrons to reach the loss cone and escape from themirror
trap. This diffusion process has been described by Rose and Clark [11] in terms of the
mean-square pitch-angle displacement after an elapsed time, t:

hDq2i ¼ ð1=tqÞt; ð6:17Þ
where for an electron of energy We, we have

ð1=tqÞ ¼ 3� 10�6 ne lnLW�3=2
e eV3=2 cm3 sec�1: ð6:18Þ

In an infinitesimal time interval,Dt, the pitch angle and the electron energy change by
an amount given by

2qiDq ¼ ð1=tqÞDt ¼ ð1=tqÞDWe=ðdWe=dtÞ;
so that the fractional change in the electron pitch angle is related to the change in
energy due to RF heating by

dq=qi¼½3�10�6ne lnLW�3=2
e cm3eV3=2 s�1�½dWe=ðdWe=dtÞ�=2q2i : ð6:19Þ

Since the heating rate, dWe/dt, is approximately independent of energy, we can
integrate the expression in Eq. (6.19) over the energy range spanned by Group 2 to
obtain

ðqf�qiÞ=qi¼ð3�10�6ne lnLW�3=2
e cm3eV3=2 s�1Þ=½q2i ðdWe=dtÞ�

�ðW�1=2
e;i �W�1=2

e;f Þ: ð6:20Þ

For heating rates large enough to offset the cooling mechanisms described above,
this increase in the electron�s pitch angle will be very small. Only those electrons with
pitch angles very near the loss conewill be lost as the electrons are heated to the upper
boundary of Group 2.
More generally, if the electron heating is regarded as a diffusion in energy, then

there is an associated diffusion in the electron pitch angle, as measured, for
example, by themirror ratio at the electron turning point,Mt¼ e/mBo. As discussed
in Chapter 5,Mt undergoes a change,DMt, when the electron crosses the resonance
surface:

DMt ¼ ð1�Mt=MresÞðDW?=W?Þ;
where W? is the perpendicular energy evaluated at the midplane. Assuming that
the electron gyrophase is randomized between successive transits of the resonance
surfaces, we can derive a diffusion coefficient forMt and show that it is proportional
to the energy diffusion coefficient:

MtdMt=dt ¼ ð1�Mt=MresÞ2W�1
? dW?=dt;

so that

MtdMt=ð1�Mt=MresÞ2 ¼ dW?=W?:
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For notational convenience, we set h¼Mt/Mres and integrate to find the relation
between the change in the turning point and the increase in electron energy:

ln½ðhf�1Þ=ðhi�1Þ�þðhi�1Þ�1�ðhf�1Þ�1¼ð1=M2
resÞlnðW?f=W?iÞ: ð6:21Þ

If we take the �final� value of Mt to be the mirror ratio, M, hf¼M/Mres, we can
evaluatehi as a function of the increase in electron energy,W?f/W?i. In this way, we
can determine the width of a depletion zone that widens as the electron energy
increases. Heated electrons within this depletion zone will diffuse into the loss
cone and escape. As an illustrative example, we choose M¼ 2 and Mres¼ 1.5 and
solve for W?f/W?i as a function of hi. At the upper limit of the electron energy that
we have labeled Group 2, the depletion zone in this illustrative case extends from
the loss cone, e/mBo¼M, to an effective mirror ratio, Meffective¼Mreshi¼ 1.825.
Effectively, the loss cone is gradually widened as the electrons gain energy.

6.4.2
Particle and Power Balance for Electrons in Group 3

In the energy range we have labeled Group 3, the dominant dynamical processes are
RF heating at overtones of the relativistic electron gyrofrequency and energy loss by
synchrotron radiation andCoulomb scattering. In addition,magnetic-mirror trapped
electrons can be lost as a result of the breakdown of the invariance of the electron
magnetic moment. The rate at which individual electrons loose energy by synchro-
tron radiation is [12]:

�dW=dt ¼ ½e2=ð6peocÞ�ðeBo=mÞðg2�1Þ: ð6:22Þ
where m is the electron rest mass and g is the relativistic factor, g ¼ 1 þ W/mc2. In
typical cases, this radiative energy loss rate for individual electrons in Group 3 can
increase from 104 eVs�1 at the lower energies to more than 105 eVs�1 at the higher
energies.
We havemade extensive use of the adiabaticmotion of electrons and indicated that

this invariance will fail if the magnetic intensity varies significantly over the electron
gyration path. In fact, themagneticmoment of an energeticmirror-confined electron
can undergo a substantial change when the electron passes through the local
minimum in the magnetic intensity as it moves along the magnetic line of force.
The resulting change in the electron pitch angle can lead to loss of the electron in a
single time of flight through the system. The rate at which these changes in the
magnetic moment occur has been analyzed by Cohen et al. [13]. According to their
analysis, the fractional change in themagnetic moment each time an electron passes
the magnetic minimum is given by the following expression

Dm=m ffi A expð�KLk=rÞ: ð6:23Þ
In this expression, A is a constant 3	A	 5, L|| is obtained from a quadratic fit to
the variation of the magnetic intensity in the neighborhood of the local minimum,
and r is the electron gyroradius. The function K depends on the electron pitch angle
and can be conveniently written in terms of the mirror ratio at the electron turning
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point, Mt¼ e/mBo:

K¼ðMt=2Þf½ðMt�1Þ=ð2 ffiffiffiffiffiffi
Mt

p Þ�ln½ð ffiffiffiffiffiffi
Mt

p þ1Þ=ð ffiffiffiffiffiffi
Mt

p �1Þ��1g: ð6:24Þ
The fractional change in the mirror ratio at the turning point, Mt, is proportional to
the fractional change in the magnetic moment: DMt/Mt¼�Dm/m. A succession of
random changes in the magnetic moment will therefore lead to diffusion of the
turning points and we can roughly estimate the time, tna, required for an electron�s
turning point to reach the loss cone after starting from the midplane:

tna �ðM�1Þ2=Dhh:

The diffusion coefficient is given by

Dhh ffihðDMtÞ2inb ¼
�
M2

t ðDm=mÞ2
�
nb;

and if we let nna¼ 1/tna, we have

nna ¼ ½1=ðM�1Þ2��Mt2t ðDm=mÞ2
�
nb:

The average value of M2
t during the diffusion into the loss cone is (M2� 1)/2 and

we obtain

nna ¼ð1=2Þ½ðMþ1Þ=ðM�1Þ�hðDm=mÞ2inb: ð6:25Þ
For the field of a simple magnetic mirror, L||¼ ko(M� 1)1/2/2, where ko¼ 2p/Lc, and
the relativistic electron gyroradius is given approximately by r¼ (mc/eB)(g2� 1)1/2.
We can substitute these simplemagnetic-mirror results into the expression for nna to
find an approximate value for the nonadiabatic scattering rate relative to the bounce
frequency:

nna=nb ¼ð1=2Þ½ðMþ1Þ=ðM�1Þ�A2 expð�2KLk=rÞ: ð6:26Þ

6.5
Fokker–Planck Models of Hot-Electron Equilibria

In the earlier chapters, we have used two different kinetic equations to describe the
electron dynamics that play a role in electron cyclotron heating. Thefirst was a simple
Langevin equation that described the response of individual �cold� electrons to RF
electric and magnetic fields. This equation included electron collisions in a rudi-
mentary way and provided a useful description of the propagation of electromagnetic
waves in cold plasmas. We then used the (collisionless) linearized Vlasov equation to
describe the response of a specified equilibrium electron distribution function to the
electromagnetic fields of waves propagating in the plasma in order to calculate the
damping of these waves. In view of the dynamical processes described in the earlier
sections of this chapter, it is clear that we need a more comprehensive kinetic
equation that can describe the equilibrium form of the electron distribution function
resulting from the interplay of all of the competing dynamical processes: RF heating,
Coulomb collisions, synchrotron radiation, andnonadiabatic changes in themagnetic
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moment of the electrons that result in scattering high-energy electrons into the
loss cone of magnetic mirrors. Considerable progress has been made in developing
a suitable kinetic equation based on the Fokker–Planck equation, in which a Fokker–
Planck collision operator is added to the Boltzmann equation that formed the basis of
the Vlasov model. This collision operator, originally developed for binary interactions
obeying an inverse-square force law [14], describes the results of a large number of
collisions, each of which produces only a very small change in the velocity of the
particles. The results of these collisions can be described by a probability distribution
function, P(v,Dv), such that the particle distribution function, f ðr; v; tÞ, evolves from
preceding distribution functions according to

f ðr; v; tÞ ¼
ð
f ðr; v�Dv; t�DtÞPðv�Dv;DvÞd3Dv; ð6:27Þ

where the probability distribution function is normalized to unity:

1 ¼
ð
Pðv;DvÞd3Dv:

Since we have assumed that the changes Dv are very small, we can expand the
integrand in Eq. (6.27); and if only the lowest order terms are retained and the limit of
Dt ! 0 is taken, we obtain the following formal expression for the Fokker–Planck
collision operator:

qf =qt¼�rv �½hDv=Dtif ðr;v;tÞ�þð1=2Þrvrv : ½hDvDv=Dtif ðr;v;tÞ�: ð6:28Þ

The quantity in brackets in the first term on the right-hand side of this expression is
called the dynamical friction:

hDv=Dti¼
ð
ðDv=DtÞPðv;DvÞd3Dv: ð6:29Þ

Thequantity in brackets in the second termon the right-hand side of this expression is
called the diffusion tensor:

hDvDv=Dti¼
ð
ðDvDv=DtÞPðv;DvÞd3Dv: ð6:30Þ

Explicit formulas for the dynamical friction and thediffusion tensor have beenderived
for plasmas that include the case of Coulomb scattering of fast electrons by a
Maxwell–Boltzmann distribution of lower temperature electrons [15]. The dynamical
friction force exerted on energetic electrons by a population of lower temperature
electrons is given by

Fhc ¼ �ð1=4pÞðe2=eoÞ2ð2=mÞnc lnLv=v3½fðyÞ�yf0ðyÞ�
¼ �ð1=2ÞnCoulmv½fðyÞ�yf0ðyÞ�;

ð6:31Þ

where we have defined a Coulomb scattering rate, nCoul, using the Rutherford cross
section, sCoul:

nCoul¼nsCoulv¼n½ð1=4pÞðe2=eoÞ2lnL=ðm2
r v

4Þ�v; ð6:32Þ
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where mr is the reduced mass and f(y) is the error function of the argument y¼ v/vc,
where vc is the average speed of the lower-temperature electrons. The rate at which the
dynamical friction force transfers energy from the energetic electrons to the lower
temperature electrons is then given by

dW=dt¼�F �v¼�ð1=2Þmv2nCoul½fðyÞ�yf0ðyÞ�: ð6:33Þ
If this cooling rate is expressed in terms of a collision frequency, provided that the
energetic electrons are much faster than the lower temperature electrons, we would
have as an estimate for the rate at which energetic electrons loose energy to the cold
electrons,

dW=dt¼�nCoulW: ð6:34Þ
The general problem addressed by the Fokker–Planck equation is to determine the

distribution functions, f sðr; v; tÞ, for each species, s, resulting from the operative
dynamical processes and all sources and sinks of charged particles and energy.
In seeking to apply this approach to plasmas heated by electron cyclotron power
and confined in various magnetic configurations, many workers have simplified
the complete description of the plasma by employing a succession of reductions.
In almost all instances, the plasma ions have been treated as an immobile charge-
neutralizing background, leaving only the electron dynamics to be considered.
Then either steady-state or quasi steady-state solutions have been sought:
f oðr; v; tÞYf oðr; vÞþ f 1 where f 1 describes, for example, the high-frequency currents
resulting from ECH. Since the unperturbed electronmotions are generally assumed
to be adiabatic, it is possible to reduce the six-dimensional representation in r and v to
bounce-averaged dynamics of the electron guiding center on specifiedmagnetic lines
of force labeled by their Clebsch representation, (a,b). Then f oðr; vÞYf oða; b; e;mÞ.
Bernstein and Baxter [16] have formulated a relativistic treatment of such a reduced
Fokker–Planck equation that has been incorporated into sophisticated and powerful
geometrical optics computer codes that are currently in widespread use in conjunc-
tion with large magnetic confinement facilities. For our present pedagogical pur-
poses, we shall consider one further reduction of the theory usingmodels thatmimic
in one dimension the important features of electron dynamics in the two-dimen-
sional (e,m) space [17].
We use a one-dimensional, steady-state Fokker–Planck equation to represent in an

approximate way the equilibrium resulting from the competing dynamical processes
that govern the formation of relatively low-density, hot-electron plasma components
(Groups 2 and 3) that can result when plasmas are suitably illuminated by ECH
power:

qf ðu; tÞ=qt ¼ �q½hDu=Dtif ðu; tÞ�=quþð1=2Þq2½hDuDu=Dtif ðu; tÞ�=qu2 ¼ 0:

ð6:35Þ
Because most of the laboratory experience with the hot-electron plasmas we seek to
understand has been in magnetic-mirror configurations, we include a scattering
process that mimics nonadiabatic changes in the electron pitch angle leading to loss
of the high-energy electrons by scattering into the loss cone. This process is generally
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negligible in large toroidal magnetic configurations. The resulting Fokker–Planck
equation can be solved by quadrature and the solution and its moments can be
numerically evaluated to exhibit the outcomes of the competition between the four
dynamical processes acting on the higher-energy electrons that we have labeled
Groups 2 and 3. These consist of the following four processes:
The Coulomb scattering of relativistic electrons is represented by an effective

scattering rate, ncc, given by

ncc ¼ 4½ð1=4pÞðe2=eoÞ2nc lnL=ðm2u3Þ�g2½fðsÞ�sf0ðsÞ�; ð6:36Þ
where nc and Tc are the density and temperature of the lower-temperature electrons,
respectively, the parameter s¼u/uc, anduc¼ (2Tc/m)1/2, where u is themagnitude of
the momentum per unit rest mass, and f(s) is the error function.
Following Bernstein and Baxter [16], the synchrotron radiation is represented in

the one-dimensional model by a dynamical friction term with an effective collision
rate, nsr, given by

nsr ¼ ðg=6pÞðe2=eoÞW2=mc3: ð6:37Þ
The nonadiabatic scattering is also treated as a dynamical friction and its rate is given
as before by

nna ¼ vbð1=2Þ½ðMþ 1Þ=ðM�1Þ�A2expð�2 KLk=rÞ: ð6:38Þ
The RF heating rate will depend on the amplitude and polarization of the electro-
magnetic fields in ways that we will consider later in connection with particular
experiments. For the present discussion, we simply represent it as a diffusion term
with an effective rate, nrf. The one-dimensional steady-state Fokker–Planck equation
then takes the form

ðncc þ nna þ nsrÞuf þ u2cðgncc=2þ nrf Þqf=qu ¼ 0; ð6:39Þ
and the solution is given by integrating from zero to s to obtain

f ðsÞ ¼ C exp �
ð
2s0ds0½ðncc þ nna þ nsrÞ=ðgncc þ 2nrf Þ�

� �
: ð6:40Þ

The normalization constant, C, is evaluated in terms of the specified background
electron density, nc:

nc ¼ 4pCu3
c

ð
s2f ðsÞds:

The integral is taken from zero to an upper limit that is large enough to ensure that C
is approximately independent of this limit. We shall return to this model in later
chapters when it will be applied to interpret several different experiments.

6.6
Ad Hoc Velocity–Space Models of Anisotropic Hot-Electron Equilibria

An important aspect of the hot-electron population that is expected to hold quite
generally in ECH experiments has to do with anisotropy in the distribution of
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hot-electron velocities perpendicular and parallel to the static magnetic field. As we
discussed earlier, because the resonant ECH interaction changes primarily the
perpendicular velocity of the heated electron, the magnetic intensity at the electron
turning point, Bt, changes at resonance according to

DBt ¼ ð1�Bt=BresÞDW?=m:

The turning point of an electron that gained energy as it passed through resonance
therefore moves closer to the resonance surface on its next encounter with the
resonance surface. Aswe have seen earlier, the electron turning points will undergo a
diffusive process except at the resonance surface where DBt¼ 0. For a population of
electrons that have undergone many such encounters with the resonance surfaces,
we expect the average parallel kinetic energy to be less than the average perpendicular
kinetic energy by an amount that can be estimated as follows:

hWki=hW?i � hðe�mBoÞ=mBoi 	 hBt=Bo�1i
	 Bres=Bo�1:

ð6:41Þ

In simplemagnetic-mirror configurations like those discussed earlier, the resonance
surfaces can be chosen to be open hyperboloids for which the ratio Bres/Bo increases
with radial distance from the axis of symmetry. Temperature anisotropy can generally
be controlled in these configurations by choosing the location of the resonance
surfaces so that on the axis of symmetry Bres/Bo exceeds any recognized critical
values. Critical values of anisotropy for equilibrium, for example, have been derived
under very general assumptionsusing guiding-centerfluidmodels of theplasma [17].
In addition, themicroscopic character of the hot-electron equilibrium, specifically the
anisotropy in velocity space, is critical for determining the stability with respect to
high-frequency modes to be discussed in Chapter 7.
A useful class of distribution functions frequently employed to describe energetic

plasmas with local properties similar to those of plasmas confined in magnetic
mirrors has the following form [19]:

f 0ðv?vkÞ ¼ P
Cm

�
v2?=a2

?
	m

exp½�ðv?=a?Þ2�ðvk=akÞ2�; outside the loss cone

¼ 0; inside the loss cone: ð6:42Þ
Recall that the location of the loss cone in velocity space was given earlier in terms

of the mirror ratio, M: v2k=v
2
?]z¼0¼M� 1 on the loss cone. The m¼ 0 term of

Eq. (6.42) describes a bi-Gaussian distribution with an anisotropic temperature
specified by the parameterh¼ (a?/a||)

2. Them¼ 1 termmimics at least qualitatively
the effects of the loss cone in velocity space inherent in magnetic-mirror confine-
ment. InChapter 7,wewill use these distribution functions to investigate instabilities
associated with temperature anisotropies and the loss-cone nature of plasma
confinement inmagneticmirrors. At this point, we examine some of the equilibrium
plasma properties that are described by these distribution functions. We start by
showing how these local distribution functions can be generalized to describe the
variation of plasma properties along a magnetic line of force by expressing the
distribution function in terms of constants of themotion, namely, the particle energy
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and magnetic moment, e and m:

m ¼ mv2?ð0Þ=2Bð0Þ ¼ mv2?ðzÞ=2BðzÞ;
so that

v2?ð0Þ ¼ v2?ðzÞBð0Þ=BðzÞ ¼ v2?ðzÞ=bðzÞ; ð6:43Þ
where b(z)B(z)/B(0). Similarly, in the absence of any electrostatic potentials,

e ¼ mv2?ð0Þ=2þmv2kð0Þ=2 ¼ mv2?ðzÞ=2þmv2kðzÞ=2;

whence

v2kð0Þ ¼ v2?ðzÞþ v2kðzÞ�v2?ð0Þ ¼ v2?ðzÞþ v2kðzÞ�v2?ðzÞ=b;

and so

v2kð0Þ ¼ v2kðzÞþ v2?ðzÞð1�1=bÞ: ð6:44Þ

In this way, we can relate the velocity-space variables on the midplane, z¼ 0, to the
corresponding values at arbitrary points along the same magnetic line of force. Our
distribution function becomes

f 0ðv?; vk; zÞ ¼
P

Cm
�
v2?=ba2

?
	m

� exp
h
�ðvk=akÞ2�ðb�1Þ�v2?=ba2

k
	�v2?=ba2

?
i
;

outside the loss cone

¼ 0; inside the loss cone:

ð6:45Þ

Note that the loss cone itself is dependent on the position along the magnetic line of
force. Since the loss conewas defined by the condition that the parallel velocity vanish
at the mirror throat, z¼ L, we have

v2kðLÞ ¼ 0 ¼ v2�2mBmax=½mBðzÞ�
¼ v2kðzÞþ v2?ðzÞ�v2?ðzÞBmax=BðzÞ

so that on the loss cone,

v2kðzÞ=v2?ðzÞ ¼ Bmax=BðzÞ�1 ¼ M=b�1: ð6:46Þ

To obtain amore compact form for the z-dependent distribution function,we define a
z-dependent parameter a2

?ðzÞ as follows:

If we let 1=a2
?ðzÞ ¼ 1=ba2

? þ ðb�1Þ=ba2
k; then

f 0ðv?; vk; zÞ ¼
P

Cm
�
v2?=ba2

?
	m

expf�½v?=a?ðzÞ�2�ðvk=akÞ2g;
v2?> v2k=ðM=b�1Þ

¼ 0; for v2?< v2k=ðM=b�1Þ: ð6:47Þ
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As an example, we calculate the density as a function of distance along the
magnetic line of force for a simple bi-Gaussian distribution function, m¼ 0:

nðzÞ ¼ pCo

ð
dvkexp½�ðvk=akÞ2�

ð
dv2?expf�½v?=a?ðzÞ�2g;

where the integral over vk is from �1 to þ1, while the integral over v2? is from
v2k=ðM=b�1Þ to þ1. The result is

nðzÞ ¼ p3=2Coaka?ðzÞ2f1þ


a2
k=a?ðzÞ2

�
bðzÞ=½M�bðzÞ�g�1=2

¼ p3=2Coa3
k½ðM�1þ 1=hÞ=ðM�bÞ��1=2hb=½1þhðb�1Þ�

Relative to the density on the midplane, the z-dependent density is given by

nðzÞ=nð0Þ ¼ fb=½1þhðb�1Þ�g½ðM�bÞ=ðM�1Þ�1=2: ð6:48Þ

Figure 6.3 displays an example in which h¼ 5, showing the concentration of the
plasma near the midplane.

Figure 6.3 An example of the axial dependence of electron density
calculated using the bi-Maxwellian ad hoc equilibrium distribution
function with anisotropy parameter h¼ 5.
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Exercises

6.1 Calculate the ionization rate constant, hsionizvei, for atomic
hydrogen using the formulas summarized by Barnett [4].

6.2 Using the result from Exercise 1, calculate the electron
temperature as a function of the product poLesc in a hydrogen
plasma.

6.3 Show that if the particle balance condition is satisfied, the
electron density is related to themicrowave power density by

ne=PPPmLesc ¼ ðMi=2TeÞ1=2ðEion þ 3Tete=2tEÞ�1:

If the ionization energy Eion� 40 eV for Te¼ 10 eV, estimate the
electron density sustained by PPPm ¼ 1W/cm3 in a plasma whose
characteristic length is 10 cm.

6.4 For the parameters listed following Eq. (6.16), determine the
maximum cooling rate experienced by Group 1 electrons.
Let the heating rate exceed this by 20% and starting from
qi¼p/2, determine qf(E)� qi for this heating rate for Group
2 electrons.

6.5 Consider a 100 keV electron whose initial pitch angle is
around 90�. If this electron is confined in a magnetic mirror
with a mirror ratio of M¼ 2, calculate the product nt, where
t is the time required for the electron to be scattered into the
mirror loss cone.
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7
Stability

Electron cyclotron heated plasmas have been observed to support various types of
plasma instabilities (as will be described in Chapter 8), which can adversely affect
the properties of the plasma. Deleterious instabilities occur not only in hot-electron
plasmas confined in simple magnetic-mirror configurations but also in overdense
plasmaswhere the bulk electron temperature is only a few electron volts.Nonetheless
it is possible to stabilize virtually all modes of instability in many electron cyclotron
heated (ECH) plasmas, including, most notably, relativistic-electron plasmas with
very high energy densities. In what follows, we discuss the dominant stability
properties of ECH plasmas by examining several particularly relevant modes of
instability and attempting to identify potentially operative stabilizing mechanism for
each of these.

7.1
Interchange Instabilities

ECH plasmas confined in simple magnetic-mirror configurations are generally
predicted to be susceptible to a class of macroscopic plasma instabilities linked to
the radial gradient in the magnetic intensity. Specifically, instability is expected to
result if the radial gradient of plasma pressure is parallel to the radial gradient
of magnetic intensity – which is typically the case. The unstable perturbations in the
plasmadensity extend along themagneticfield likeflutes on a column (thus the name
�flute-like�) and cause rapid radial transport of plasma. They are often called
interchange instabilities because they effectively interchange regions of higher
plasma density with adjacent regions of lower density. Their existence is predicted
by a wide range of plasma models and confirmed in numerous experiments [1].
Kadomtsev [2] gave a general stability criterion for interchange modes in an ideal,

scalar-pressure plasma confined in a toroidal magnetic trap in which the magnetic
lines of force close upon themselves. Although this is not the situation that char-
acterizes open-ended magnetic mirrors, it is exactly the case for plasmas confined
in a bumpy torus, which we will discuss in Chapter 10. Underlying Kadomtsev�s
stability criterion is an energy principle; namely, if there are physically permissible
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perturbations that can lower the plasma�s energy, these perturbations can grow in
timewithout limit. To assess the energetics of interchange perturbations, we imagine
a virtual interchange of plasma and the associated magnetic flux between two
neighboring infinitesimal flux tubes. If the total energy of the system is decreased
by this interchange, the plasma can be unstable to such perturbations. The change in
the energy resulting from the interchange can be evaluated as follows.
We label the two neighboring flux tubes as 1 and 2 and stipulate that no heat enters

or leaves the flux tubes during the interchange. The plasma then follows a simple
equation of state: pVg ¼constant, where V is the volume of the flux tube and g is
the usual ratio of specific heats. The change in energy resulting from interchanging
the two flux tubes is given by

dW ¼ dWp þ dWmag ¼
ð
d3r½ðp1f�p1iÞ=ðg�1Þþ �

B2
1f�B2

1i

�
=ð2moÞ�

þ
ð
d3r½ðp2f�p2iÞ=ðg�1Þþ �

B2
2f�B2

2i

�
=ð2moÞ�:

ð7:1Þ

The interchange of the twoflux tubesmeans that p2f V
g
2 ¼ p1iV

g
1 and p1f V

g
1 ¼ p2iV

g
2

We set p¼ p1i andV¼V1, and since theflux tubes are neighboringwe can express the
parameters in the neighboring flux tubes as p2i¼ p þ dp and V2¼V þ dV. The
change in energy associatedwith the plasma itself is then given approximately for this
interchange by

ðg�1ÞdWp ¼ p1f V1 þ p2fV2�p1iV1�p2iV2;

which becomes, after a modest bit of algebra,

dWp ¼ dpdVþðgp=VÞðdVÞ2:

The volume of a flux tube is given in terms of the enclosed magnetic flux, y, by

V ¼
ð
d2rds ¼

ð
d2rB ds=B ¼ y

ð
ds=B ¼ yU:

The quantity U¼V/y is often called the specific volume of the flux tube. In a
bumpy torus, just as in a simple magnetic mirror, U increases monotonically with
distance from the axis: qU/qr� 0. Near the surface of any magnetically confined
plasma where the plasma pressure is small, it is evidently necessary for the pressure
to decrease with increasing radius: qp/qr� 0. Then

dWp ¼ ½ðqp=qrÞðqU=qrÞþ ðgp=UÞðqU=qrÞ2�ðdrÞ2y ð7:2Þ
becomes negative, indicating that the plasma can spontaneously decrease its energy
by interchanging the plasma in the twoneighboringflux tubes near the surfacewhere
the second term in brackets is less than the magnitude of the (negative) first term in
the brackets. Themagnetic energy density will already be at the lowest possible value
unless the kinetic pressure in the plasma is a significant fraction of the energy density
in themagnetostaticfield. Evenwhen thefinite plasmapressure is taken into account,
the qualitative conclusion is not changed.
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The basic destabilizing mechanism can readily be visualized in terms of drift
motions of plasma ions and electrons, as illustrated very schematically in
Figure 7.1.
Here the magnetic field is directed out of the plane of the drawing and the plasma

initially had a sharp surface boundary at r¼ rs. The plasma density and the magnetic
intensity are both higher for r< rs and lower for r> rs. Because of the gradient in the
magnetic intensity, electrons will drift in the counterclockwise direction while ions
will drift in the clockwise direction. If there is an initial localized perturbation in the
plasma density, it will spread along the magnetic lines of force on the bounce time
scale. On the slower drift time scale, the perturbation will become electrically
polarized in the azimuthal direction because of the oppositely directed electron and
ion drifts. The resulting azimuthal electric field will induce a radially outward E�B
plasma flow that increases the density of the perturbation, as indicated in Figure 7.1.
The perturbation will grow exponentially, since the instantaneous rate of growth is
proportional to the perturbed density. This growth will continue until the radial
gradient in the density vanishes.

Figure 7.1 An artist�s conception of the cross section of a plasma
column whose surface is distorted by an ‘ ¼ 12 flute mode. The
magnetic field is directed out of the page and electrons drift in the
counterclockwise direction while ions drift in the clockwise
direction.
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For a more quantitative microscopic view of this picture, we recall from Chapter 3
that the bounce-averaged drift velocities of the ions and electrons were given by

rWp ¼ ½2ðe�qfÞ�mB�=ðqBhRciÞ;
where the bounce-averaged radius of curvature in the simple magnetic mirror is

hRci ¼ RcoðrÞ½1þ 2ðe�qf�mBÞ=mB�Kðz2Þ=½2Eðz2Þ�Kðz2Þ�;
and z2¼ [2(e� qf�mB)/mB]/(M� 1). For the moment, we will neglect the depen-
dence ofWp on the energy and pitch angle of the particles and focus on the response
of the plasma to electrostatic waves propagating in the azimuthal direction and
localized in radius at the surface of the plasma but extending indefinitely along the
magnetic lines of force. We can evaluate the perturbed velocity of each species using
the Lorentz force,Mdv/dt¼ q(E þ v�B). All wave propertieswill be assumed to vary
in azimuth and time as exp(i‘q�iwt) so that the dynamical equation for each species
becomes

�iw0v ¼ ðqs=MsÞEþWsv� b;

where w0 ¼ w�‘Wp is the Doppler-shifted frequency and Ws is the gyrofrequency of
species s. The components of v perpendicular to the magnetic field are then given by

�ðiw0=WsÞb� v ¼ b� E=Bþ v�ðb � vÞb:
But since the dynamical equation requires that �(iw0/Ws)v¼E/B þ v� b, we

obtain for the perturbed velocity

½1�ðw0=WsÞ2�v�ðb � vÞb ¼ E� b=B�ðiw0=WsÞE=B:
Because the drift frequencies are several orders of magnitude smaller than the

gyrofrequencies, we can neglect (w0/Ws)
2� 1 and the perpendicular components of

the perturbed velocity are then given approximately by

v? ¼ E� b=B�ðiw0=WsÞE=B: ð7:3Þ
The electric fields of these electrostatic waves are given in terms of their

potential by

E ¼ �rf ¼ �ið‘=rÞfuq:
We now use the first-order continuity equation to determine the perturbed density

of each species associated with this wave:

qn=qtþr � ðNvþnvoÞ ¼ 0;

where N(r) is the equilibrium plasma density and vo¼ rWpuq. Thus,

�iwnþrN � vþNr� vþrn � vo ¼ 0; or
�iwnþðdN=drÞvr þNði‘vq=rÞþ i‘Wpn ¼ 0:

Substituting for the components of the perturbed velocity from Eq. (7.3) we obtain

n ¼ �½ð1=w0ÞðdN=drÞð‘=rÞþ ð‘=rÞ2ðN=WÞ�ðf=BÞ: ð7:4Þ
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The potential, f, is the solution to Poisson�s equation with the charge densities
given by the sum over both species of the perturbed density:

eor �E ¼ eor � ð�rfÞ ¼ eoð‘=rÞ2f ¼ r ¼ eðni�neÞ
eoðl=rÞ2f ¼ eðni�neÞ ¼ ef�½ð1=w0

iÞðdN=drÞð‘=rÞþ ð‘=rÞ2ðN=WiÞ�
þ ½ð1=w0

eÞðdN=drÞð‘=rÞþ ð‘=rÞ2ðN=WeÞ�gðf=BÞ:
The resulting dispersion relation is

�Wiðr=‘ÞðN�1dN=drÞ½ð1=w0
iÞ�ð1=w0

eÞ� ¼ 1þ eoB2=ðMiNÞ ¼ 1þðcA=cÞ2;
ð7:5Þ

where cA is the Alfven speed and (cA/c)
2� 1 for reasonably dense plasmas.

We can illustrate the implications of this dispersion relation conveniently in an
isothermal plasma, Ti¼Te so that �Wpi¼Wpe and the dispersion relation becomes
[(1/w0

i)� (1/w0
e)]¼�2Wpe/(w2� Wpe

2). If we define a scale length characterizing the
density gradient, LN

�1	�(N�1dN/dr)> 0, then

w2 ¼ �2WiWper=ð‘LNÞþW2
pe 
 �2WiWper=ð‘LNÞ

and for this isothermal plasma the flute instability will have a growth rate given by

g ¼ ½2WiWper=ð‘LNÞ�1=2: ð7:6Þ
The tendency of the perturbed electric charge to disperse by flowing along the

magnetic field to conducting metallic endplates provides an important stabilizing
mechanism. This mechanism is particularly effective if the plasma contains a
significant population of cold electrons confined in an electrostatic ambipolar
potential. Since hot-electron ECH plasmas confined in simple magnetic-mirror
configurations generally contain a substantial cold-electron component, flute-like
interchange modes usually occur in these plasmas only when the ambient gas
pressure is very near the critical value discussed in Chapter 6. A convenient stability
criterion incorporating the plasma connection with conducting end plates is [3]

b � ð4RpRc=LhLcÞ
�
w2
pe; cold=

�
k2?c

2 þw2
pe; cold

��
: ð7:7Þ

Here b is the ratio of the plasma kinetic pressure, nkT, to the magnetostatic
pressure of the static magnetic field:

b ¼ nkT=ðB2=2moÞ;
where k is the Boltzmann constant. Rp and Rc are lengths that characterize the radial
gradients of plasma pressure and the static magnetic field, respectively:

R�1
p ¼ �d lnðnkTÞ=dr and R�1

c ¼ �d lnB=dr:

Lh is the axial length of the magnetic-mirror confined hot plasma; and Lc is the
length of the cold-plasma region separating the hot plasma from the conducting
end walls of the vacuum chamber. wpe, cold is the cold-electron plasma frequency
and measures the cold-plasma density. As we have seen, the perpendicular
propagation vector for the interchange mode is given by k? ¼ ‘=rs, where

7.1 Interchange Instabilities j125



‘ ¼ 2; 3; 4; . . . ; and rs is the radius of the plasma surface. c is the speed of light in
vacuum. At the boundary separating stable from unstable conditions, the cold-
electron density is given by

ncold ¼ ðme=moe
2Þð‘=rsÞ2½ð4RpRc=bLhLcÞ�1��1

¼ 2:8� 1011 cm�1ð‘=rsÞ2½ð4RpRc=bLhLcÞ�1��1:
ð7:8Þ

As b approaches 4RpRc/LhLc the critical cold-plasma density becomes infinite;
i.e., no amount of cold plasma can stabilize the interchange modes above this
limiting value of beta. But for lower values of beta interchange modes are predicted
to be stabilized by comparatively low densities of cold plasma. For example, if
b¼ 2RpRc/LhLc, in a plasma that is 10 cm in radius, all modes up to ‘ ¼ 6 are
stabilized by a cold plasmawhose density is 1011 cm�3, and allmodes up to ‘ ¼ 20 are
stabilized if the cold-plasma density is 1012 cm�3. We shall examine more of the
implications of cold-plasma stabilization of interchange modes in connection with
particular experiments.

7.2
Electrostatic Velocity–Space Instabilities Driven by Wave-Particle Interactions

Hot-electron plasmas generated by electron cyclotron heating can support unstable
plasma waves at frequencies around the electron gyrofrequency if energy stored
in the hot-electron population can be transferred to the waves; i.e., the reverse of the
heating process. In addition to the electromagnetic waves discussed in Chapter 4,
ECH plasmas also exhibit two distinct longitudinal electrostatic waves that can grow
by exchanging energy with the hot electrons. The energy available to drive such
unstable growth is the free energy associated with the non-Maxwellian nature of the
anisotropic hot-electron equilibria confined in magnetic mirror configurations.
As an introduction to the discussion of electrostatic instabilities, we first consider

an idealized one-dimensional example. The unperturbed particle orbits are then
simply z(t)¼ z(0) þ vt, and in what follows we choose z(0)¼ 0. The force exerted on
the particles by the electric field of the electrostatic wave under consideration is

F ¼ qE exp½iðkz�wtÞ� ¼ qE exp½iðkv�wÞt�:
The perturbed distribution function describing these particles at the time t¼ 0 can

be obtained from the Vlasov equation by integrating along the unperturbed orbit
from remote earlier times to the time of observation:

f 1ð0Þ ¼ �ðq=mÞE qf o=qv
ð
dt exp½iðkv�wÞt�

¼ iðq=mÞE qf o=qvð1=kÞðv�w=kÞ�1:

The current associated with this perturbation is given by

jð0Þ ¼ q
ð
dv v f 1ð0Þ ¼ iðq2=mÞEðw=k2Þ

ð
dv qf o=qvðv�w=kÞ�1;
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where the integral is from �1 to þ1 and f o vanishes at both limits. Upon
integrating once by parts, we obtain

j ¼ iðq2=mÞEðw=k2Þ
ð
dv f oðvÞðv�w=kÞ�2 ¼ sE

so that the dielectric constant, k¼ 1þ is/weo is given by

k ¼ 1�ðq2=meoÞð1=k2Þ
ð
dv f oðvÞðv�w=kÞ�2:

If we now specialize to a mono-energetic stream distribution function,
f oðvÞ ¼ Ndðv�uoÞ, the dielectric constant takes the form

k ¼ 1��
w2
p

�
=ðw�kuoÞ2;

and the dispersion relation, k¼ 0, has two solutions:

w=k ¼ uo � wp=k: ð7:9Þ
The fluctuating densities and velocities associated with these two waves must

satisfy the continuity condition, qN/qt þ r�(Nv)¼ 0. For the present case this
becomes

ðw�kuoÞn1 ¼ kNov1 or

n1=No ¼ �kv1=wp:

For the fast wave (with phase velocity greater than uo), corresponding to the upper
sign in Eq. (7.9), the density and velocity fluctuations are in phase. Thus, where the
density is greatest the velocity is also at its maximum. The wave has, therefore,
increased the energy density of the plasma; it could only be excited if positive work
were done on the plasma, and it is, therefore, denoted a �positive-energy wave.� For
the slowwave (lower sign), the velocity and density fluctuations are 180� out of phase.
Thus, where the density is greatest the velocity is at its minimum. The wave has,
therefore, decreased the energy density of the plasma; it could only be excited if
negative work were done on the plasma; i.e., work were done on the wave by the
plasma. For this reason,waves of this type, �negative-energywaves,� are only found in
plasmas with excess free energy. Note that if a plasma can support negative energy
waves, any positive dissipation can permit them to grow in amplitude. Alternatively,
if a negative-energy wave can couple to a positive-energy wave the resulting coupled
wave can grow. The general expression for the fluctuating energy density associated
with an electrostatic wave is U1 ¼ ðeo=4Þ Ej j2wðqk‘=wÞ, which must be evaluated at
the zeros of the longitudinal dielectric constant, k‘. In the case of the flute modes
described earlier, the instability resulted from the coupling of a negative-energy wave
and a positive-energy wave. In what follows we will deal mostly with wave particle
interactions that transfer energy from non-Maxwellian plasmas to positive-energy
waves to cause them to grow.
The general dispersion relation describing the propagation of electrostatic waves

through a collisionless homogeneousMaxwellian plasma in a uniformmagneticfield
was first derived by Bernstein [4]. Harris [5] gave a parallel derivation in which the
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equilibrium distribution functions were allowed to have arbitrary, non-Maxwellian
forms. For most circumstances relating to hot-electron ECH plasmas, the propaga-
tion of the electrostatic waves is governed by the cold-electron population. We,
therefore, start our discussion of unstable electrostatic waves with a recapitulation of
the cold-electron dispersion relation given by zeros of the longitudinal dielectric
constant, k‘ [6]

k‘ ¼ 1��
w2
pe; cold=w

2
��
k2jj=k

2���
w2
pe; cold=

�
w2�W2

���
k2?=k

2� ¼ 0: ð7:10Þ

The condition that the longitudinal dielectric constant must vanish results from
the requirement that electrostatic waves satisfyr�D¼�r�eokrf¼ 0, where f is the
electrostatic potential of the wave. If we once again employ the collisionless Langevin
equation to describe the cold-electron dynamical response to the electric field of the
waves represented by E exp(ik�r� iwt), we have mdv/dt¼�iwmv¼ �e(E þ v�B).
With B in the z-direction and W¼ eB/m this becomes

�iwðvxux þ vyuy þ vzuzÞ ¼ �ðe=mÞE�Wðvyux�vxuyÞ:
The solutions can be written in the matrix form as follows:

vx

vy

vz

0
B@

1
CA ¼ �ðe=mÞ

iw=ðw2�W2Þ W=ðw2�W2Þ 0

�W=ðw2�W2Þ iw=ðw2�W2Þ 0

0 0 i=w

0
B@

1
CA

Ex

Ey

Ez

0
B@

1
CA

and setting j¼�env¼s� E gives

jx

jy

jz

0
B@

1
CA ¼ e0 w2

pe

iw=ðw2�W2Þ W=ðw2�W2Þ 0

�W=ðw2�W2Þ iwðw2�W2Þ 0

0 0 i=w

0
BB@

1
CCA

Ex

Ey

Ez

0
B@

1
CA

Since k¼ 1 þ is/e0w, we have for the dielectric tensor (in this Cartesian repre-
sentation)

k ¼
1�w2

pe=ðw2�W2Þ ðiW=wÞw2
pe=ðw2�W2Þ 0

ð�iW=wÞw2
pe=ðw2�W2Þ 1�w2

pe=ðw2�W2Þ 0

0 0 1�w2
pe=w2

0
BB@

1
CCA

As mentioned earlier, the dispersion relation for electrostatic waves results from
the condition that �r�eokrf¼ e0k�k�kf¼ 0 has nontrivial solutions if and only if

k‘ ¼ k � k � k=k2 ¼ 0:

With our usual choice for k¼ k?ux þ k||uz we obtain the cold-plasma electrostatic
dispersion relation cited above in Eq. (7.10):

1�ðk2jj=k2Þw2
pe=w

2�ðk2?=k2Þ½w2
pe=ðw2�W2Þ� ¼ 0:

For perpendicular propagation, the two roots are w2¼ 0 and w2 ¼ w2
pe þW2, the

upper hybrid frequency, while for parallel propagation the roots are w2 ¼ w2
pe
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and w2 ¼ W2. For oblique propagation, the two solutions of this bi-quadratic
dispersion relation join these limiting cases continuously as illustrated in Figure 7.2.
Both of the waves are positive-energy waves, as one would expect for a cold-electron

plasma. If these positive-energy waves propagate in a dissipative medium, the wave
amplitude will decrease in time as the electric field of the wave does (positive) work
on the medium at a rate given by hj�Ei, where hj �Ei ¼ hs‘E

2
‘ i. Here j is the current

density that flows in response to the electrostatic (�longitudinal�) field of the wave, E‘,

Figure 7.2 Cold-electron electrostatic plasma waves (solid lines)
for three densities: (wpe/W)2¼ 0.1, 0.5, and 1.0. The dashed lines
show the conditions for Doppler-shifted resonance with
lT ¼ k2?a2

jj=2W
2 as a parameter.
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and s‘ is the longitudinal conductivity, k�s�k/k2. Because of the non-Maxwellian
character of the hot-electron population, the longitudinal conductivity can be negative,
and thehot-electronplasma component candonetworkon thewave, inwhich case the
(positive-energy) wave will grow in amplitude. The real part of the longitudinal
conductivity associated with the hot-electron component can be determined using
the Vlasov equation and the ad hoc equilibrium distribution functions that describe at
least qualitatively the anisotropic, mirror-confined electrons. For the class of ad hoc
equilibrium distribution functions discussed in Chapter 6, Re s‘ is given by

Re s‘ ¼ 2
ffiffiffi
p

p
we0

�
e2pe; hot=k

2a2
jj
�ðW=kjjajjÞ

�P
expf�½ðw�nWÞ=kjjajj�2g

�ðw�nWÞCnðlÞþnDnðlÞ
�
a2
jj=a

2
?
��
:

ð7:11Þ
Here a|| and a? are the average speeds of hot electrons parallel and perpendicular,

respectively, to the magnetic field; the sum is over all values of the index n ranging
from�1 to þ1. The functions Cn(l) and Dn(l) are the following moments of the
hot-electron distribution function, f oðv?; vjjÞ ¼ goðv?Þexpð�v2jj=a

2
jjÞ=ajj

ffiffiffi
p

p
:

CnðlÞ ¼ 2p
ð
v?dv?J2nðk?v?=WÞgoðv?Þ

DnðlÞ ¼ �ða2
?=2Þ2p

ð
v?dv?J2nðk?v?=WÞv�1

? dgoðv?Þ=dv?
ð7:12Þ

Theparameterl 	 k2?a2
?=2W

2 and Jn is theBessel function. Theproperties of these
moments of the distribution function have been discussed at length by Guest and
Dory [7]. The functions CnðlÞ are manifestly positive, but the functions DnðlÞ can be
negative if the distribution function describes a hot-electron population confined in a
magnetic mirror. Such a population may contain more electrons with high perpen-
dicular speeds than with lower perpendicular speeds so that dgo(v?)/dv?> 0 over
much of the hot-electron population. Amodel commonly used to simulate this aspect
of magnetic-mirror confinement is the m¼ 1 term from Eq. (6.42):

goðv?Þ ¼
�
pa2

?
��1ðv?=a?Þ2 exp

��v2?=a
2
?
�
: ð7:13Þ

The functions Cn(l) and Dn(l) for this distribution function are displayed in
Figure 7.3(a) and (b) for n¼ 0–3.
Weconsidereachofthetwoelectrostaticwaves inturn,startingwiththeforwardwave.

Although the frequency of the forward wave (dw/dk||> 0) is less than the hot-electron
gyrofrequency, the wave frequency can be up-shifted to resonate with the electron
gyration by virtue of the (average electron) Doppler shift if w þ k||a||
W. Energy can
then be transferred from the hot-electron population to the wave if the real part of the
longitudinalconductivity isnegative.WearethusledtosearchfornegativeextremainRe
s‘ for frequencies below the electron gyrofrequency. Thedominant contributions toRe
s‘ then arise from the termswith n¼ 0 and 1; and provideda2

jj=a
2
? � 1 these negative

extrema can be located approximately by first evaluating the following quantity:

Q ¼ exp½�ðw=kjjajjÞ2�wC0ðlÞþ expf�½ðw�WÞ=kjjajj�2g½ðw�WÞC1ðlÞ�:
ð7:14Þ
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The first term is always positive or stabilizing, whereas the second term is negative
for all frequencies below the gyrofrequency. For our model distribution function,
the function C1(l) has its maximum value at l¼ 0.79; and C0(l)¼C1(l) for that
value of lambda. We can readily locate the zeros of Q with the results shown in
Figure 7.4.
Here we have defined h	w/W �1/2 and H	 k||a||/W. Then provided we can

neglect the contribution from D1, the zeros of Re s‘ are given by

H2 ¼ 2hfln½ð2hþ 1ÞC0=ð1�2hÞC1�g�1:

For the model hot-electron distribution function used here, the real part of the
longitudinal conductivity takes on its most negative value for waves with frequencies
w¼ 0.755W and parallel propagation vector k||¼ 0.4W/a||. Nonetheless, the real part
of the conductivity remains negative, corresponding to the possibility of growing
electrostatic waves, over a substantial range of values of the wave parameters:

W=2 < w < W and 0 < kjj < 0:7W=ajj: ð7:15Þ

Potentially unstable waves in this frequency-wave number range will propagate
only in plasmas whose properties, such as density and temperature anisotropy,

Figure 7.3 (a) The functions Cn(l) with n¼ 0–3 for the
distribution function given by Eq. (7.13). (b) The functions Dn(l)
with n¼ 0–3 for the distribution function given by Eq. (7.13).
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Figure 7.4 Locus of zeros of the real part of the longitudinal
conductivity, where h	w/W �1/2 and H	 k||a||/W.

satisfy the cold-plasma dispersion relation. These plasma properties can be
conveniently displayed by plotting w2

pe; cold=w
2 versus a2

jj=a
2
?, as in the upper curve

of Figure 7.5.
This curve is generated for a specific pair of wave parameters, w and k||. Note that

instability is only possible for these waves if the temperature anisotropy is high and
provided the cold-electron density exceeds a threshold value given approximately
by w2

pe; cold=w
2 > 1=2; for more moderate values of anisotropy, the threshold density

exceeds the cutoff value.
The frequency of the backward electrostatic wave (dw/dk||< 0) exceeds the electron

gyrofrequency but can resonate with electron gyration if w� k||a||
W.
The real part of the longitudinal conductivity can be negative in this frequency

range if D1(l)< 0. In fact, for unstable growth the condition is ðw�WÞC1ðlÞ <
�D1ðlÞa2

jj=a
2
?.

If we choose l¼ 4.6 to minimize D1(l), then for our model distribution function
we have D1(l)¼�0.07 and C1(l)¼ 0.1. Under these conditions, growth is possible
only if w=W�1 < 0:7a2

jj=a
2
?. As in the case of the forward wave, these waves must

satisfy the cold-plasma dispersion relation. The predicted maximum density for
growth of the backward electrostatic wave is proportional to a2

jj=a
2
?, as illustrated by

the lower curve in Figure 7.5. Note that there is an intermediate range of stable
densities separating the two electrostaticmodeswhere neithermode is expected to be
unstable.
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Figure 7.5 The two critical cold-plasma densities (solid lines)
versus the anisotropy parameter T ¼ a2

jj=a
2
?. The dashed line

shows the corresponding hot-electron limit of the temperature-
anisotropy mode.

7.3
Electromagnetic Velocity Space Instabilities

Of the two cold-fluid electromagnetic waves propagating parallel to the magnetic
field discussed in Chapter 4, only the right-hand circularly polarized component can
resonate with the electron gyration. This wave, the now familiar whistler wave [8],
is a positive-energy wave. In Chapter 4, we examined the damping of this wave in a
Maxwellian plasma. Here we shall examine its growth in non-Maxwellian plasmas,
and we can, therefore, restrict our stability analysis to situations in which the plasma
electrons can do net work on the wave in order to amplify it.
The time-averaged work done on the plasma electrons by the RF electric field of

the wave is 1/2Re(E�j). Here the RF current is given by j ¼ �e
Ð
d3vvf 1 and the

perturbed distribution of electrons, f 1, can be obtained by integrating the
linearized Vlasov equation in time along the unperturbed electron orbits from
t¼�1 to t¼ 0:

f 1 ¼ ðe=mÞ
ð
dt ðEþ v� BÞ � qf 0=qv:

For the case of parallel propagation, the electric andmagnetic fields of the wave are
assumed to depend on space and time through transverse eigenmode expressions
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of the form E(x,y)exp[i(kz�wt)]. From Faraday�s law, the wave electric and magnetic
fields are related by r� E¼�qB/qt¼ iwB whence

iwB ¼ ikuz � Eþ ½uxqEz=qy�uyqEz=qxþuzðqEy=qx�qEx=qyÞ�

 ikuz � E:

With this approximation for B, we have E þ v�B¼ (1� kvz/w)E þ (k/w)v�Euz.
Since the equilibrium distribution function can depend on any constants of the

motion,wechoosetheelectronenergy,e, andmagneticmoment,m, justasbeforesothat

qf 0=qv ¼ m½ðqf 0=qeÞvþB�1ðqf 0=qmÞv?�:
With these substitutions, our expression for the perturbed distribution function

becomes

f 1 ¼ e
ð
dt ½ðqf 0=qeÞE � vþB�1ðqf 0=qmÞð1�kvz=wÞE � v?�:

The integration in time is over the unperturbed orbits of the electrons, given in
a uniform magnetic field by v¼ v?[ux cos f(t) þ uy sin f(t)] þ vzuz. In the uniform
magnetic field approximation the gyrophase, f(t), increases linearly with time:
f(t)¼ f(0) þ Wt so that

E � v ¼ Exv? cos fðtÞþEyv? sin fðtÞþEzvz

¼ ðv?=2ÞðEx�iEyÞexp½ifð0Þþ iðkvz�wþWÞt�
þ ðv?=2ÞðEx þ iEyÞexp½�ifð0Þþ iðkvz�w�WÞt� þEzvzexp½iðkvz�wÞt�:

After integrating over time, we obtain for the perturbed distribution function

f 1 ¼ e½ðqf 0=qeÞþB�1ðqf 0=qmÞð1�kvz=wÞ�
�ðv?=2Þ½ðEx�iEyÞexp ifð0Þ=iðkvz�wþWÞ
þ ðv?=2ÞðEx þ iEyÞexp ifð0Þ=iðkvz�w�WÞ� þ eðqf 0=qeÞEzvz=iðkvz�wÞ;

ð7:16Þ
and the RF current is

j ¼ �e
ð
d3v fv?½ux cos fð0Þþuy sin fð0Þ� þ vzuzgf 1

¼ �pe2=2
ð
v?dv?

ð
dvz fe½ðqf 0=qeÞþB�1ðqf 0=qmÞð1�kvz=wÞ�

� ½ðEx�iEyÞv2?ðux þ iuyÞ=iðkvz�wþWÞ
þ ðEx þ iEyÞv2?ðux�iuyÞ=iðkvz�w�WÞ�þ 2ðqf 0=qeÞEzvzuz=iðkvz�wÞg:

ð7:17Þ
We can now form

E* � j ¼ ðE*
xux þE*

yuy þE*
zuzÞ � j

¼ ipe2
ð
v?dv?

ð
dvz ½ðqf 0=qeÞþB�1ðqf 0=qmÞð1�kvz=wÞ�v2?

�

� E�j j2=ðkvz�wþWÞþ Eþj j2=ðkvz�w�WÞ��
þ 2ðqf 0=qeÞ Ezj j2v2z=ðkvz�wÞg: ð7:18Þ
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Here as before E�¼ (Ex� iEy)/
ffiffiffi
2

p
, and the time-averaged rate at which the wave

does work on the plasma is given by

1=2 Re E* � j ¼ �pe2=2 Im
ð
v? dv?

ð
dvz

� ½ðqf 0=qeÞþB�1ðqf 0=qmÞð1�kvz=wÞ�v2?
�

� E�j j2=ðkvz�wþWÞþ Eþj j2=ðkvz�w�WÞ��
þ 2ðqf 0=qeÞ Ezj j2v2z=ðkvz�wÞg

so that

1=2 Re E* � j ¼ �pe2=2k
ð
v?dv?

� v2? E�j j2½ðqf 0=qeÞþB�1ðqf 0=qmÞW=w�jvz¼ðw�WÞ=k
n

þ v2? Eþj j2½ðqf 0=qeÞ�B�1ðqf 0=qmÞW=w�jvz¼ðwþWÞ=k

þ 2ðqf 0=qeÞ Ezj j2v2zjvz¼w=kg; ð7:19Þ

where we have employed the familiar Plemelj formula in evaluating the imaginary
part of the integral over vz. The electron gyroresonance term is

1=2ReE* �j¼�pe2=2k
ð
v3?dv?� E�j j2½ðqf 0=qeÞþB�1ðqf 0=qmÞW=w�jvz¼ðw�WÞ=k:

If qf 0=e and qf 0=mwere both negative for resonant electrons with vz ¼ ðw�WÞ=k,
the time-averaged work done on the plasma electrons by the wave would be positive
and the wave would be damped in time. But if the quantity in brackets can change
sign and become positive, then the plasma electrons can do net work on the wave
and amplify it in time. We can illustrate the conditions for such amplification by
assuming the hot-electron distribution to be an aniostropic bi-Maxwellian, them¼ 0
term of Eq. (6.42):

f 0 ¼ nhðp3=2a2
?ajjÞ�1 exp

��v2?=a
2
?�v2jj=a

2
jj
�
:

The average rate of energy transfer from the wave to the plasma electrons is then
given by

1=2 Re E* � j ¼ � ffiffiffi
p

p ðw2
pe; hot=kajjÞ e0 E�j j2=2ÞðAx�1Þexpð�x2Þ;� ð7:20Þ

where

A 	 ðT?=Tjj�1Þkajj=w; ð7:21Þ
and

x 	 ðW�wÞ=kajj: ð7:22Þ
We choose this sign for x so that x is positive for wave frequencies less than the local

gyrofrequency. The function (Ax� 1)exp(�x2) has a zero at xo¼ 1/A, and extrema at

xext ¼ ½1� ð1þ 2A2Þ1=2�=2A: ð7:23Þ
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The upper sign corresponds to the conditions for maximum growth rate; i.e., the
maximum rate at which electrons can transfer energy to the wave. The lower sign
gives the conditions for maximum damping of the wave; i.e., the maximum rate at
which the wave can transfer energy to the electrons. The zero, xo¼ 1/A, gives the
conditions for marginal stability; i.e., the conditions for which no net work is done
on the wave or the plasma. The marginally stable frequency, wo, is given by the
condition that

xo ¼ ðW�woÞ=kajj ¼ 1=A ¼ 1=½ðT?=Tjj�1Þkajj=wo� ð7:24Þ
whence,

wo=W ¼ 1�Tjj=T?:

Note that W¼Wo/g is the appropriate relativistic gyrofrequency of the resonant
energetic electrons, so the frequency of the marginally stable wave is wo¼Wo(1�
T||/T?)/g .Waveswith frequencies less thanwowill grow,while thosewith frequencies
greater than wo will be damped.
The situation for the extrema is more complicated. For example, if the plasma

parameters are such that A¼ 2, themaximumgrowth rate occurs for xmax¼ 1 and the
maximum damping rate for xmin¼�1/2. This is the case shown in Figure 7.6.
The corresponding frequencies are then, for growth, wmax¼W� ka|| and for

damping wmin¼W þ ka||/2. But note that A and x depend on the wave frequency w
and wavenumber k, and thesemust satisfy an appropriate dispersion relation, in this
instance, the whistler dispersion relation

n2 ¼ 1þw2
pe=½wðW�wÞ�:

Figure 7.6 The function (Ax� 1)exp(�x2) for A¼ 2.
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Neglecting for themoment the relativistic increase inmass, we can replace (W�w)
by xka|| so that the whistler dispersion relation becomes

n2 ¼ 1þw2
pe=ðwxk ajjÞ ¼ 1þ �

w2
pe=w

2
�
=ðnxajj=cÞ;

giving the following cubic equation for the index of refraction:

n3�n��
w2
pe=w

2
�
=ðxajj=cÞ ¼ 0:

By way of illustration, to find the physical conditions for maximum growth rate,
we set

x ¼ xmax ¼ ½1þð1þ 2A2Þ1=2�=2A;
with

A ¼ ðT?=Tjj�1Þnðajj=cÞ:
This set of three coupled equations for n, xmax, and A can be solved by employing

a simple iterative scheme if wpe/w, a||/c, and T?/T|| are specified. Then with an
arbitrary initial guess for n, which we designate as n1, we can evaluate A1 and xmax,1

and solve the cubic dispersion relation for n¼n2. We repeat this cycle until niþ 1�
ni¼ 0, which then gives the solution to the set of three equations. This procedure
yields self-consistent values for the index of refraction, n, the anisotropy parameter,
A, and the value of x formaximumgrowth rate, xmax, and the various related functions
of interest, such as the extremal value of (Ax� 1)exp(�x2). In Figure 7.7, we display
curves of wmax/Wo versus wpe/w, for fixed values of T|| and T?/T||.

Figure 7.7 The frequency for maximum growth rate, wmax/Wo,
versus wpe/Wo for T?/T||¼ 15 and T||¼ 5 keV (upper curve) and
10 keV (lower curve).
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In anticipation of some of the experimental results to be discussed inChapter 8, we
observe an interesting possibility that arises in ECH plasmas with separate warm-
and hot-electron groups. The frequency for maximum growth of whistlers for the
warm-electron population may coincide with a frequency for damping by the more
relativistic hot-electron population. For example, in the extreme case of maximum
damping by the relativistic electrons,

wmax;2 ¼ Wo=g2�kajj2 ¼ wmin;3 ¼ Wo=g3 þ kajj3=2:

Here Wo is the nonrelativistic gyrofrequency and g is the usual relativistic factor.
The necessary value of g3 for maximum damping is then given by

g3 ¼ g2½1�ðg2k=WoÞðajj2 þajj3=2Þ��1:

In this case, the relativistic-electron population might act to stabilize the warm-
electron group against these electromagnetic instabilities. Several authors [9] have
discussed the possibility of stabilizing tendencies due to relativistic hot-electron
populations.
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Exercises

7.1 In relating the flute instabilities to idealized two-stream
electrostatic instabilites, we ignored the energy and pitch-
angle dependence of the poloidal drift speed. With this in
mind, consider the following equilibrium distribution
function:

f oðvÞ ¼ ðuo=2pÞ
�½ðv�voÞ2 þ u2o��1 þ ½ðvþ voÞ2 þ u2o��1�:

(a) Show that f oðvÞ has two distinct peaks only if v2o > u2o=3.

(b) Since f oðvÞ is symmetric about v¼ 0, it is reasonable to
assume that when instability occurs Rev¼ 0, as was the
casewith the flutemodes described earlier. Show that the
conditions for the onset of instability are then given by

k2=w2
po ¼

�
v2o�u2o

�
=
�
v2o þ u2o

�

and

v2o > u2o > u2o=3:

7.2 Verify Eq. (7.11) and find the values of g and H for which the
real part of the longitudinal conductivity takes on its most
negative value when l¼ 0.79 and (a||/a?)

2� 1.

7.3 For the ad hoc equilibriumdistribution function of Eq. (7.13),
derive an expression for D1(l) and evaluate it for l¼ 4.6.

7.4 Estimate the frequency for maximum growth rate, vmax/Wo

of whistlermodes in a plasmawhose hot-electron component
has a density v2

p=v
2 ¼ 0:2, a parallel temperature T||¼ 25

keV and temperature anisotropy T?/ T||¼ 6.
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8
Experimental Results in Magnetic Mirrors

In this chapter we summarize the results of a number of experiments on electron
cyclotron heating (ECH) of plasmas confined in magnetic mirror configurations.
These specific experiments have permitted interpretations that either validated
important theoretical models or helped guide the further development of more
comprehensive analytical models and through this, they have made significant
contributions to the development of the science of ECH.

8.1
Hot-Electron Experiments in �Physics Test Facility� and EPA [1–3]

The magnetic field in Physics Test Facility (PTF) was a simple magnetic mirror
configuration with a 2:1 mirror ratio. The field was generated by two DC coils whose
centers were separated axially by 55 cm. Up to 5 kW (cw) of microwave power at
10.6GHz was launched into the plasma chamber by one or sometimes two wave-
guide inputs at the midplane. The waveguides were typically, but not necessarily,
oriented so that the microwave electric field was perpendicular to the static magnetic
field. The basic features of PTF are indicated schematically in Figure 8.1.
Not shown in the figure are additional diagnostic devices including a diamagnetic

loop in the form of a coil 12 cm in radius encircling the microwave cavity and
displaced axially 12 cm off the midplane. The diamagnetic loop was used to
determine the total plasma kinetic energy in motion perpendicular to the magnetic
field bymeasuring the change in themagnetic flux through the loop after turning off
the microwave power. Also not shown in the figure is the bremsstrahlung diagnostic
apparatus used to determine the spectrum of x-rays in the MeVenergy range arising
from free–free bremsstrahlung. Details of these and other diagnostic devices are
given in the references. Of special interest is the detailed analysis of neutron
production in the PTF plasmas, assumed to result from the electron-dissociation
of deuterium nuclei. This diagnostic provided useful information on the highest
energy electrons present in the plasma; namely, those with energies above the
2.2MeV binding energy of the deuterium nucleus.
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EPA was a larger, 3 : 1 magnetic mirror (although other magnetic configurations
were also explored in EPA) in which the DC magnetic coils were separated by 36 in.
(91 cm). Up to 50 kW (cw) of 10.6GHz power was fed into the EPA cavity through a
somewhat more elaborate array of waveguide couplers. Typical experimental plasma
parameters obtained in PTF were as follows:

(1) A hot-electron component with temperatures of 50–100 keV and densities
around 1.5–3� 1011 cm�3; and a group of relativistic electrons with energies
above 2MeV and densities of roughly 109 cm�3.

(2) Diamagnetic stored energies ranging from 1.2 J at 1 kWmicrowave power to 9 J
at 3 kW.

(3) Axial current densities due to a cold-electron component of 15mAcm�2 with the
microwave power on and 5mAcm�2 after turning off the microwave power.

(4) An initial rapid decay of the plasma density with a characteristic time of
100–200ms following the turnoff of microwave power, leading a much longer
decay time of some tenths of seconds.

(5) An effective plasma radius around 10 cm.
(6) A plasma build-up time of 100ms.

In these experiments, the pressure of the deuteriumfill gaswas around 2–5� 10�5

Torr, corresponding to molecular concentrations around 0.7–1.8� 1012 cm�3.
Note that the experiments in PTF and EPA were steady-state rather than pulsed,

Figure 8.1 Schematic representation of the Physics Test Facility (PTF).
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and the final plasma state was achieved by careful adjustment of magnetic field
strength, gas feed rate, and microwave power during operation. In addition to
establishing these plasma parameters, Dandl and his co-workers [2] investigated
two distinct types of plasma instabilities that could be excited in these plasmas.
We now consider the theoretical interpretation of the experimental observations in

the context of the basic theoretical topics discussed in the earlier chapters, starting
with the equilibrium. As described in Chapter 6, we separate the full distribution of
electrons in energy into distinct groups that reflect in an approximate way the
different production and loss processes that characterize each group:

(1) a cold-electron population with energies of 10s of eVconfined by the electrostatic
ambipolar potential;

(2) a warm-electron population with energies greater than a few keV;
(3) a hot-electron population with average energies of 100s of keV; and
(4) highly relativistic electrons with energies in the MeV range.

The spatially averaged conditions for steady-state particle balance for the first three
of these groups were given in Chapter 6:

dne1=dt ¼ ne1nohsionvei1 þne2nohsionvei2 þne3nohsionvei3�ne1=t1
�ne1ðdW=dtÞ1=DW2;1 ¼ 0

dne2=dt ¼ ne1ðdW=dtÞ1=DW2;1�ne2=t2�ne2ðdW=dtÞ2=DW3;2 ¼ 0

dne3=dt ¼ ne2ðdW=dtÞ2=DW3;2�ne3=t3�ne3ðdW=dtÞ3=DWescape ¼ 0

Recall that ne1, ne2, ne3, and no are, respectively, the densities of the cold-electron
group, the warm-electron group, the hot-electron group, and the (neutral) deuterium
molecules. The ionization rates for electrons in the three groups are hsionvei1,
hsionvei2, and hsionvei3. In what follows we shall adopt the values for these ionization
rates given by Freeman and Jones [4], as discussed in Chapter 6. The average electron
confinement times for each of the three groups are t1, t2, and t3; and the average
heating rates for each group are (dW/dt)1, (dW/dt)2, and (dW/dt)3. The energy
separating groups 1 and 2, denoted by DW2,1, is typically of the order of 1–10 keV.
The energy gap separating the warm- and hot-electron groups, DW3,2, is typically
several orders of magnitude larger, 100–200 keV. DWescape is the energy increase
required for a hot electron to become nonadiabatic and is several MeV in these
experiments.
The bremsstrahlung spectra in the hard x-ray energy range were the primary

diagnostic for determination of the density and temperature of the hot-electron
group, and these are the values cited earlier. The density of the hot-electron groupwas
also deduced from the density of the current flowing along the axis of the chamber
after turning off the microwave power and the subsequent rapid decay of the warm-
electron population within 0.1–0.2ms. Since the measured current density, j, at this
time is maintained solely by ionization due to the long-lived hot-electron group,
we haveð

j � dA ¼ e
ð
dVne3nohsionvei3:
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Assuming the measured current density to be representative of the entire cross
section of the plasma column intercepted by the current-collecting probe, the
spatially averaged values of the hot-electron density are given by

ne3 ¼ 2jjjðeL nohsionvei3Þ�1

with j||¼ 5mAcm�2, no¼ 1012 cm�3, hsionvei3¼ 108 cm3 s�1 and L¼ 20 cm, we
obtain ne3¼ 3� 1011 cm�3, in reasonable agreement with results from the free–free
bremsstrahlung measurements. Here L, the effective length of the hot-electron
plasma column in PTF, is assumed to be approximately equal to the distance between
the fundamental resonance surfaces.
The radial distribution of plasma kinetic energy in motion perpendicular to the

magnetic field, W?, stored in the hot-electron plasma, was deduced by dropping a
small stainless steel ball, 1/8 in. in diameter, through the plasma and measuring the
emf induced in the diamagnetic loop as the falling ball collected energetic electrons.
The ball fell about 0.3 cmms�1, slowly enough to ensure that all energetic electrons in
a radial layer roughly equal to the ball�s diameter would be collected by the ball. The
resulting time-dependent emf showed a single extremumwhen the radial position of
the ball was 6 cm above the axis; otherwise the emf signal was devoid of significant
structures. These features can be reproduced if the transverse stored energy is
modeled as a parabolic function of radius with an effective radius, a¼ 10.5 cm:

W?ðrÞ ¼ W?ð0Þ½1�ðr=aÞ2�:
Using this radial profile, we can relate the central values of the hot-electron density

and (perpendicular) temperature to the total diamagnetic stored energy:

W?ðtotalÞ ¼ 1=2 pa2 Lne3ð0ÞT?e3ð0Þ:
For example, if the hot-electron density on axis is ne3(0)¼ 2� 1011 cm�3 and the

diamagnetic stored energy is 6 J, the present model would lead to an estimate for the
(perpendicular) temperature of the hot-electrons of 54 keV.
After the microwave power is switched off, the lifetimes of the warm and hot

electrons, t2 and t3, are governed by scattering into the mirror loss cone, but at rates
that are significantly affected by slowing down through inelastic collisions with
deuteriummolecules. This process was simulated numerically by Ard et al. [5] for the
hot electrons in PTF. They noted that the specific inelastic collision rate constant
decreaseswith electron energy approximately as E�1/3; and since this is the dominant
process by which energetic electrons slow down in the PTF plasma, the time
dependence of the electron energy is given by

dE=dt ¼ �DEnosionve ¼ �CE�1=3

whereDE is the energy lost per collision. Thus, the energetic electron energy will vary
in time after turnoff of the microwave power as

EðtÞ ¼ ½Eð0Þ4=3�4=3 Ct�3=4:
In Ref. [5] Ard et al. demonstrate a reasonable agreement between experimen-

tally measured time-dependent hot-electron distributions in energy and results
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from their simulation model provided C¼ 4 keV4/3 and lnL¼ 10. Here L is the
ratio of the maximum and minimum impact parameters in the Rutherford
scattering formula. In a fully ionized plasma, the maximum impact parameter
is set by the Debye length, and one would expect to have lnL¼ 17 for plasma
parameters similar to those in PTF. However, in the PTF plasmas, the density of
gas molecules is approximately equal to the charged-particle density and the
maximum impact parameter is the much smaller atomic radius. These considera-
tions are essential to reconcile the experimentally observed confinement times with
the observed electron energies.
One of the most striking observations reported by Dandl�s group in Ref. [3] was

the emission of a substantial flux of neutrons with the application of 2 kW of
10.6GHz power and suitable adjustment of the DC magnetic field strength for
quiescent steady-state operation. Four different diagnostic methods were employed
to determine the energy spectrum of the neutrons,most of which were found to have
energies in the keV range. Themost plausible explanation for the production of these
neutrons appeared to be electron-dissociation of deuterium by electrons with
energies greater than 2.2MeV, the binding energy of the deuteriumnucleus. Indeed,
x-ray spectra indicated the presence of roughly 109 electrons per cm3 with energies
above 2.2MeV. We note in passing that if the lifetime of these hot electrons is some
tenths of seconds, the implied heating rate would be around 10MeVs�1, a typical
theoretical estimate for the conditions in PTF.
These observations raise the issue of the maximum energy for which electrons

can be adiabatically confined in PTF. From the work of Cohen et al. [6], we estimate
the limiting electron energies for radii up to 10 cm and with two different values of
the DC magnetic field strength, as displayed in Figure 8.2.
Inside a radius of 3–4 cm, electrons with energies greater than 2.2MeV are

expected to exhibit adiabatic confinement for DC magnetic field strengths on the
midplane at the axis, B(0,0)> 0.2 T. This may indicate that the volume within which
neutrons are produced is substantially less than the 6 l as assumed inRef. [3]. The rate
of the electron-dissociation process in the hot-electron plasma may therefore be
greater than that predicted by binary-collision theories, which do not take into
account the possibility that collective, many-body effects may occur in the plasma
medium.
Two distinct modes of instability were studied in PTFand reported in Ref. [2]. The

lower frequency mode was identified as a flute-like instability associated with the
unfavorable guiding-center drift of energetic electrons in the magnetic-mirror field.
This mode was effectively stabilized by increasing the gas pressure and thereby
increasing the density of the cold-electron group, given by our condition for steady-
state particle balance as

ne1 ¼ noðne2hsionvei2 þne3hsionvei3Þt1½1þ t1ðdW=dtÞ1=DW2;1��1:

When this type of instability occurred, plasma was rapidly transported across the
confining magnetic field and detected by observing x-rays produced when electrons
with energies around 100 keV impacted a radial limiter. The instabilities were
accompanied by oscillations in the 3–30MHz frequency range. We first note that
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the predicted frequencies for this mode of instability are given approximately by

f
‘
¼ ð‘=2pÞTe3=ðeBrRcÞ;

where ‘ ¼ 2; 3; 4; . . . is the azimuthal mode number, Te3 is the average energy of the
hot-electron group, B is themagnetic intensity at radius r, the plasma surface, and Rc

is the radius of curvature of the magnetic field lines. As we saw earlier, on the
midplane the product rRc is roughly constant in simple magnetic mirror fields.
For the fields in PTF we estimate rRc¼ 0.03m2. If the average energy of the
hot-electron group is around 100 keV and the magnetic intensity at the plasma
surface is 0.15 T, we would anticipate the frequencies to be roughly f

‘
¼ 3:5‘MHz,

about as good an agreement as can be expected without properly averaging the
magnetic field parameters along the lines of force.
As discussed in Chapter 7, the density of cold plasma required to stabilize this

flute-like mode is predicted to be [7]

ne1 ¼ 2:8� 1011 cm�1ð‘=rsÞ2½ð4rRc=bLLcÞ�1��1

� 2:8� 1011 cm�1ð‘=rsÞ2bðaÞLhLc=4rRc

:

In Ref. [2], the average value of beta was estimated to be 5–6%, assuming a
plasma volume of 5 l, but the local value of beta near the plasma surface may be
significantly higher. For example, if the local density is around 1011 cm�3 with a

Figure 8.2 Maximum energy for adiabatic confinement in PTF
versus themidplane radius for B(0,0)¼ 0.2 T (lower curve) and 0.3
T (upper curve).
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temperature of 105 eV, in a regionwhere the localmagnetic intensity is around 0.15 T,
the local value of beta, b(a), can approach 20%.Although it was notmeasured directly,
we can estimate the cold-electron density crudely from our equilibrium model to be
around 5� 1010 cm�3, which is predicted to be adequate to stabilize low-ordermodes
with ‘ � 6--9 for beta values less than 20%. Observation of rapidly growingmodes in
this frequency range that are stabilized by small increases in gas pressure (and hence
cold-electron densities) is generally consistent with theoretical expectations; but the
nonlinear development of the instability is not understood. Indeed, it may be likely
that the onset of a high-order mode could lead to a reduction in the density of cold
plasma and permit an avalanche of lower order modes to be destabilized. This
remains largely speculative, since the actual experimental evolution of unstable
modes was too rapid to follow in this level of detail.
The secondmode of instability observed in PTF occurred if themagnetic intensity

on axis at themidplane exceeded a threshold value givenbyB(0,0)¼ 2985G. Since the
resonant magnetic intensity for the 10.6GHz power is 3786G, this threshold
corresponds to a mirror ratio on axis at resonance, Mres¼ 1.27. The threshold
magnetic field was observed to depend only weakly on input power and gas pressure.
In keeping with the discussion of Chapter 5 [8], we assume that the group of
moderately energetic electrons with density ne2 are turning inside the resonance
surfaces and will, therefore, have a temperature anisotropy at themidplane such that
T||/T?� 0.27. If our estimate of the cold-electron density of roughly 5� 1010 cm�3 is
correct, then w2

pecold=W
2 � 0:1 and we can anticipate that modes at the upper hybrid

frequency can be driven unstable by the loss-cone character of the warm-electron
distribution. It may also be possible that whistler waves could be weakly unstable,
depending on the actual value of beta, although the presence of the substantial
number of relativistic electrons could damp whistler modes. Higher cold-electron
densities are predicted to stabilize the electrostatic loss-cone modes but not the
electromagnetic whistlers. For either the electrostatic or electromagnetic mode,
growth of the instability would extract perpendicular kinetic energy from the
anisotropic electrons and permit them to escape through the loss cone, as observed.
Neither mode, however, would be expected to have a frequency of 5.3GHz, that
is, exactly half of the frequency of the 10.6GHz microwave power, which was
observed at all values of the magnetic intensity above the threshold value. We note
in passing that the cavity eigenmodes in PTF had frequencies of some hundreds of
MHz. Only the repetition rate of the bursts of this instability increased as the
resonance surfaces weremoved closer to themidplane and/or the heating power was
increased. The authors of Ref. [2] did not preclude the possibility that the observed
5.3GHz signal may have been triggered by the input microwave power. The actual
instability mechanism corresponding to this frequency remains to be identified.
In summary, the experiments in PTF and EPA established the existence of stable,

steady-state, high energy density, hot-electron plasmas in simple magnetic mirrors
provided the gas pressure was high enough to stabilize flute-like instabilities and the
mirror ratio at resonance was high enough to keep the hot-electron temperature
anisotropy below the threshold for velocity–space microinstabilities. The fact that
PTF contained a substantial population of electrons with energies greater than
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2.2MeV demonstrated that highly relativistic electrons could be heated even if there
were no fundamental resonance surfaces inside the cavity. Diamagnetic stored
energies approached 10 J in these PTF experiments.

8.2
High-Beta Experiments in ELMO [9]

Heating at frequencies well above the fundamental electron gyrofrequency was
demonstrated experimentally in PTF by the presence in the plasma of a substantial
group of highly relativistic multi-MeV electrons. A theoretical analysis by Grawe [10]
also lent support to the potential importance of nonresonant heating of energetic
electrons. In April of 1965, Dandl and his co-workers began experiments in the
ELMO device employing independent sources of resonant and nonresonant micro-
wave power to clarify these different modes of ECH. The results obtained with less
than 1 kW (cw) of resonant power at 35.7GHz (8.4mm wavelength) together with
1 kW of nonresonant power at 55GHz (5.5mm) were remarkable: hot-electron
temperatures exceeded 1MeV and stored energies as high as 400 J were observed.
Most significantly, the nonresonant heating, referred to as �upper off resonant
heating� (UORH), apparently eliminated the velocity–space instabilities thought to
be driven by temperature anisotropy even at relatively moderate levels of the UORH
power. The hot-electron component of the plasma was subsequently shown to be
contained in a short, cylindrical shell inwhich the plasmapressurewas comparable to
the magnetostatic pressure of the magnetic field. The estimated value of beta – the
ratio of the diamagnetic pressure to the magnetostatic pressure – was b� 0.75. The
diamagnetic currents associated with this high-beta plasma profoundly modified the
magnetostatic field to create a local, axisymmetricmagnetic well in the interior of the
hot-electron shell. Themain features of the ELMOdevice are indicated schematically
in Figure 8.3.
Three independent sources of microwave power were available in ELMO: up to

3 kW (cw) at 10.6GHz, 1.8 kW (cw) at 35.7GHz, and roughly 5 kW (cw) at 55GHz.
The magnetic configuration, generated by two pairs of coaxial DC magnetic coils,
could be varied continuously from a magnetic-mirror shape with a range of possible
mirror ratios to a folded cusp configuration. The outer pair of coils (the �flat-field
coils�)were in theHelmholtz geometry,whereas the inner pair of coils operated alone
would produce a magnetic mirror field with a mirror ratio of 3.3 : 1. The axial
separation of both pairs of coils was 16 in. or 40.64 cm. The high energy density
plasmas were obtained in amagneticmirror configuration withmirror ratios around
2.1–2.2. Great care was taken to ensure that the plasma chamber had the maximum
possible microwave integrity. Typical results of two-frequency heating are shown in
Figure 8.4.
In these experiments, 880Wof 8mmpower provided the resonant heating and up

to 1 kWof 5.5mmpower provided the UORH. Note that the hot-electron temperature
changes only slowly with increasing UORH power, whereas the hot-electron density,
the stored energy, and the neutron flux increase rapidly. In this particular case, the
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diamagnetic stored energy reached 150 J and the rate of neutron production was as
high as 5� 109 s�1. As in the earlier PTFexperiments, the neutronfluxwas attributed
to Coulomb dissociation of deuterons by relativistic electrons.
Dandl�s explanation for the increase in hot-electron density with the UORH was

based on the assumption that velocity–space microinstabilities were limiting the
confinement time of thewarm-electron population and the experimental observation
that these instabilities were suppressed by the UORH. From the conditions for
steady-state particle balance in the three groups of electronsweobtain, approximately:

ne1 ¼ no½ne2hsionvei2 þne3hsionvei3�t1½1þ t1ðdW=dtÞ1=DW2;1��1

ne2 ¼ ne1t2½ðdW=dtÞ1=DW2;1�½1þ t2ðdW=dtÞ2=DW3;2��1

ne3 ¼ ne2t3½ðdW=dtÞ2=DW3;2�½1þ t3ðdW=dtÞ3=DWescape��1

If the warm-electron loss rate, 1/t2, is reduced when the instabilities are sup-
pressed, both ne2 and ne3 will increase, as will the density of the cold-electron group,
ne1, assuming that their (resonant) heating rate, (dW/dt)2, is not significantly
increased by the UORH. Dandl carried out experiments to quantify the conditions
for suppression of these instabilities with the results shown in Figures 8.5 and 8.6.
Just as in the PTF instability observations, the appearance of bursts of radiation at

half the resonant-heating frequency was taken as one signature of the instability; and

Figure 8.3 Schematic representation of the ELMO Facility.
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the UORH power needed to suppress this mode was determined as a function of
resonant heating power for two different gas pressures, as displayed in Figure 8.5.
The resulting changes in stored energy are then shown in Figure 8.6.
In order to determine the radial distribution of the hot-electron density, a water-

cooled skimmerprobewas inserted radially fromoutside theplasma.As itwasmoved
progressively deeper into the plasma, the experimental indicators of hot-electron
density such as the magnetic flux change, the x-ray intensity, the microwave noise,
and the neutron flux were monitored. In this way, it was found that the hot-electron
plasma was localized largely within a hollow annulus and had the shape of a short
cylindrical shell. More refinedmeasurements of themagnetic flux change were then
undertaken using the original skimmer probe plus a second, L-shaped skimmer
probe mounted eccentric to the axis of the chamber. The tip of this second �dog-leg�
probe could be moved outward in radius from 6.3 cm to the cavity wall at a radius of
15.2 cm. Results of measurements with both skimmer probes are shown in
Figure 8.7.
Here the stored energy obtained from diamagnetic measurements is displayed as

(1) the outer probe ismoved inwardwith the inner probe removed; (2) the inner probe
is moved outward with the outer probe removed; and (3) the outer probe is moved
inward with the inner probe tip at a radius of 7 cm. The difference in the radial
boundaries of the annulus as deduced from the first two scans – roughly 2 cm – was
attributed to the gyrodiameter of the energetic electronsmaking up the shell. Thus, if

Figure 8.4 Response of the plasma parameters to two-frequency heating in ELMO.
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the average gyrodiameter of the energetic electrons were 2 cm, both probes would
indicate the annulus to extend radially from an inner surface at a radius of 6 cm to an
outer surface at a radius of 12 cm. Since the strength of the vacuummagnetic field in
the region occupied by this annulus is roughly 0.7 T in the case shown here, electrons
with 1 cm gyroradius would have energies around 1.7MeV.
Because the skimmer probes caused major perturbations to the hot-electron

plasma, these inferred values of the mean radius and thickness of the hot-electron
annulus were only regarded as semiquantitative. Subsequently, the diamagnetic
field produced by the plasma was measured at many closely spaced points along the
axis as well as outside the cavity using Hall probes. Although there is in principle no
unique set of currents corresponding to the measured magnetic fields, it was
possible to construct plausible spatial distributions of circular current elements that
were consistent with all of the diamagnetic measurements. This approach to
determining the spatial distribution of the hot-electron pressure was refined in
later investigations using guiding-center fluid models of the plasma equilibrium
rather than discrete current loops as the basis for computing the magnetic fields.

Figure 8.5 UORH power required to suppress instabilities in ELMO.
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In all cases, the annular structure of the hot-electron plasma was unambiguously
confirmed.
The reason for the annular hot-electron plasma in ELMOwas not entirely clear. In

later experiments, notably Test Plasma by Microwaves (TPM) and SM-1, where
similar annular hot-electron plasmas were produced, it appeared that the annulus
formed at radii associated with second-harmonic heating. However, in ELMO the
radial profile ofmagnetic intensity wasmuchflatter than that in the simplemagnetic-
mirror fields, and the nonrelativistic second-harmonic resonance surface was just
barely inside the cavity and, therefore, at a significantly larger radius than the
annulus. Dandl speculated that the radial position of the annulus was probably due
to the conditions for cold-plasma stabilization of the flute-like modes of instability,
together with the local diamagnetic reduction of the magnetic intensity that would
permit second-harmonic heating of the relativistic electrons. The plasma current
distribution consistent with all magnetic measurements in ELMO yielded the
striking self-consistent magnetic field displayed in the upper half of the drawing
in Figure 8.8.
The contours of constant magnetic intensity form nested closed surfaces charac-

teristic of a magnetic well. In a sense, the annular hot-electron plasmas, often called
�ELMO rings,� acted as transparent magnetic coils. The possibility of using the
diamagnetic properties of these ELMO rings to stabilize a bumpy torus plasma

Figure 8.6 Increase in the stored energy resulting from UORH in ELMO.
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confinement device gave rise to the ELMO Bumpy Torus concept to be discussed
later [11].

8.3
Unstable Electromagnetic Waves in the TPM [12]

In the preceding sections, we have seen how experiments in PTF exhibited a type of
high-frequency microinstability when a threshold was exceeded that was plausibly
related to the temperature anisotropy of the warm-electron group. Later experiments
in ELMOshowed that virtually all high-frequency instabilities could be suppressed by
UORH, resulting in large increases in the hot-electron density and the diamagnetic
stored energy. Experiments conducted in the TPM facility at the Institute of Plasma
Physics in Nagoya, Japan, under the direction of H. Ikegami, provided a relatively
detailed description of one type of high-frequency instability that could be triggered
in the afterglow of a pulsed ECH discharge, heated at 6.4GHz, under circumstances
that were once again related to temperature anisotropy of the hot-electron component
of the plasma. This instability is of particular interest in that it led to large amplitude

Figure 8.7 Skimmer probe measurements of the radial thickness
of the hot-electron annulus in ELMO.
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standing electromagnetic waves whose axial wavelength and frequency were mea-
sured directly in a series of experiments. The results have proven to be of interest not
only for their implications with regard to laboratory hot-electron ECH plasmas but
also for space plasmas.
We begin with some considerations that follow directly from the magnetic

configuration in TPM, a simple magnetic mirror with a mirror ratio of 3.4:1. The
plasma was contained in a cylindrical vacuum vessel whose center section was 40 cm
long and 30 cm in inside diameter. A schematic diagram of TPM is shown in
Figure 8.9 and details of the magnetic field are shown in Figure 8.10.
The fundamental resonance surface, where B¼ 2280G, lies just inside the end

wall of the cavity; and a second-harmonic resonance surface, where B¼ 1140G,
extends inward to within 5–6 cm of the axis on the midplane. Of particular
significance is the flux surface shown in Figure 8.10 that extends from the
second-harmonic resonance zone at the midplane to the �corner� of the vacuum
chamber, where the 30-cm ID section ends and the 10-cm ID sections begin.
Plasma formed outside this flux surface can escape much more rapidly than the
plasma inside it, and in this way the corner, together with the fundamental
resonance surface, acts much as a radial limiter. It also provides an effective
means for stabilizing flute-like instabilities by ensuring a low-impedance path for

Figure 8.8 Diamagnetic changes in the ELMO magnetic fields.
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cold-plasma currents flowing along magnetic lines of force into the conducting end
walls just at the radial position where the plasma pressure gradient is at its most
negative value.
The magnetic lines of force are tangential to the second-harmonic resonance

surface at a radius on the midplane of approximately 6 cm. Consequently, second-
harmonic heating of warmelectrons can be very rapid in this regionwhere qB/qs¼ 0.
This rapid heating will yield a high-temperature anisotropy, since the second-
harmonic resonance surface is at or near the midplane throughout the volume
inside the limiting flux surface. In effect, the second-harmonic heating in TPM
increases only the perpendicular kinetic energy of thewarm electrons with negligible
change in their parallel kinetic energy. The axial extent of the second-harmonic
heating zone is only 5 cm at the limiting flux surface; the experimentally observed
length of the hot-electron annulus, 10 cm, is about twice the separation of the
resonance zones. Under typical heating conditions, the hot-electron component
occupied an annular shell with an inner diameter of roughly 10 cm. The location of
this annulus was found to correspond with the innermost position of the second-
harmonic resonance surface; namely, the surface on which the magnetic intensity
was 1140G. The ratio of the field at the second-harmonic resonance surface to
the field at the midplane in this heating zone does not exceed 1.06 so that
T?/T||> (M� 1)�1 could exceed 15. The z-dependent hot-electron density described
in Chapter 6 is plotted in Figure 8.11 for T?/T||¼ 15 and with the mirror ratio set at
3.634, the value on the limiting flux surface of the second harmonic resonance zone.
The strong localization of the hot-electron population for z< 10 cm is evident.

Figure 8.9 Schematic representation of the Test Plasma by Microwaves (TPM) Facility.
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The characteristic gradient scale length of the magnetic intensity in the second-
harmonic resonance zone is

L ¼ q ln B=qrj�1 ¼ 68 cm:
��

If the limit for adiabatic confinement is rmax¼ (0.05–0.06)L¼ 3.4–4.1 cm, then the
maximum electron energy for adiabatic confinement is Emax¼ 0.767–0.985MeV, in
keeping with the experimental fact that no electrons with energies above 1MeVwere
observed. Note also that since the average hot-electron gyrodiameter was 2–3 cm, the
radial positions of the electrons cannot be localizedmore precisely than this. The hot-
electron annulus is, therefore, only a few gyrodiameters thick in the radial direction.
The composition of the afterglow plasma differs significantly from that of the

initial TPM plasma, which was generated by launching a 20-ms pulse of 6.4GHz
microwave power at levels up to 5 kW from twowaveguide ports, spaced 180� apart in
the radial wall of the stainless steel vacuum chamber, as indicated in Figure 8.9. This
initial plasma consists of the three groups of electrons discussed earlier: a cold-

Figure 8.10 Detail of the TPMmagnetic field showing the limiting
flux surface and the second-harmonic heating zone relative to the
vacuum chamber walls.
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electron component with a temperature of 20 eVand a hot-electron population with a
temperature of 100–150 keV and a density around 1010 cm�3. We can infer the
existence of a warm-electron component with a temperature around 10 keV from the
5ms decay time observed following the end of the heating pulse, when roughly 80%
of the initial plasma was lost. Since the experiments were typically conducted at a
helium pressure of 2.5–3� 10�4 Torr, corresponding to a neutral density of roughly
9� 1012 cm�3, 5ms would be the Coulomb scattering time for 12 keV electrons,
keeping in mind that lnL� 10 for these neutral dominated plasmas. The corre-
sponding decay time for the 100 keV hot electrons is in excess of 100ms. Recall that it
is the population of warm electrons, sometimes called �feed electrons,� that supplies
the hot-electron group.
After the decay of the warm-electron component, the afterglow plasma contains

only two groups of electrons: the 100–150 keV hot electrons with a density around
ne3� 1010 cm�3, and the cold electrons with density ne1, resulting from the ionizing
collisions of hot electrons with helium atoms. Since there is nomicrowave heating of
the afterglow plasma, the cold electrons remain at their initial temperature and exert
negligible pressure on the cold ions. We can extrapolate data from McDaniels
et al. [13] on scattering of He ions in helium gas to lower energies and estimate
the corresponding cross section to be less than 10�14 cm2; this will result in themean
free path for scattering of the He ions to be roughly 10 cm. We, therefore, discount
the possibility of diffusion and assume that cold ions drift out of the vacuum
chamber with their thermal speed, 1.1� 105 cm s�1, corresponding to their

Figure 8.11 Axial distribution of hot-electron density in TPM.

8.3 Unstable Electromagnetic Waves in the TPM j157



temperature, 1/40 eV. The loss time is thus given by

t � 20 cm=ð1:1� 105 cm=s�1Þ � 200 ms:

Following the rapid loss of hot electrons resulting from a burst of instability, the
cold plasma was indeed observed to decay in roughly 200ms, supporting our
assumptions regarding cold-plasma transport in the afterglow. With this model, we
can readily estimate the relative cold-plasma density as

ne1=ne3 ¼ nohsionvei3t1
We display a plot of ne1/ne3 versus the helium pressure, p0, in Figure 8.12.
Note that for p0 around 2.5–3� 10�4 Torr (0.25–0.3mm), the typical operating

range, the relative cold-plasma density is predicted to be ne1/ne3� 10, as observed
experimentally.
The high-frequency instability studied in TPM occurred spontaneously under

some conditions at pressures below 10�4 Torr, and could be triggered artificially for
pressures ranging from (1–8)� 10�4 Torr by injecting a short pulse of 6.4GHzpower
from 1�50 ms after the end of the main heating pulse. At pressures above 8� 10�4

Torr, it was not possible to trigger the instability. Typically the triggering pulse would
have a duration of a few tens ofmicroseconds with a power level less than 100W. The
microwave radiation associated with the occurrence of the instability took the form of
standing electromagnetic waves with an axial wavelength, l¼ 19 cm and a funda-
mental frequency f ¼ 2:1 GHz, corresponding to an index of refraction n¼ 0.75.

Figure 8.12 Relative cold-electron density in the afterglow plasma in TPM.
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To interpret this instability theoretically, the TPM scientists identified the growing
wave as a whistler while recognizing the apparent discrepancy between the observed
wavelength and that predicted by the customary whistler dispersion relation. At one
point, they suggested that because of the presence of nearby conducting vacuum
chamber walls, the observed standing wave was possibly a cylindrical waveguide
eigenmode. The following alternative explanation may be more plausible.
If the waves are constrained by the conducting boundaries to propagate along the

axis of the chamber, their propagation cannot be exactly parallel to themagnetic lines
of force – this is because the field lines passing through the hot-electron annulus
region are inclined at an average angle of 10� to the axis.Waves propagating at even so
small an angle fromparallel are no longer purely left- or right-circularly polarized, but
instead contain a mixture of all three components. Indeed, if the plasma density
varies along themagnetic lines of force, the polarization can change substantially and
even reverse at theO-mode cutoff.We illustrate this �cross-over� phenomenon [14] by
plotting the fast- and slow-wave indices of refraction against the density-related
parameter, wpe/w over the experimental range of interest in TPM for q¼ 10�.
Everywhere except in the neighborhood of the O-mode cut off, wpe/w¼ 1, the two

waves have indices of refraction that are close to the corresponding values for parallel
propagation. But atwpe/w¼ 1, the fast wave is cut off while the slow-wave index drops
to unity, the free space value, and then merges with the q¼ 0 fast-wave index of
refraction. Just above a narrow interval of evanescence, the former fast wave resumes
propagation with approximately the q¼ 0 whistler index of refraction.
The polarizations of the two waves undergo a related change near cutoff: if

wpe/w< 1 or >1, the slow wave is predominantly right-hand and the fast wave is
predominantly left-hand circularly polarized; but in the neighborhood of wpe/w¼ 1,
the relative amplitudes of the right- and left-hand components change to match
the reconnection of the slow wave to the fast wave. The slow wave emerges from the
crossover as a mainly left-hand fast wave and the fast wave reappears after the
evanescent interval as a mainly right-hand slow wave. We conclude that in a plasma
where the density varies along the magnetic field, the two waves are likely to be
coupled unless they can propagate exactly parallel to the magnetic field.
As mentioned earlier, the frequency and wavelength of the electromagnetic

standing wave observed in the TPM afterglow experiments were 2.1GHz and 19 cm,
corresponding to an index of refraction of 0.75. From Figure 8.13, we see that this is
the index of refraction for a fast wave propagating at an angle of 10� in a plasmawhose
density is such thatwpe/w¼ 1.1, which in this case is a density of 6.5� 1010 electrons
cm�3. Under the same conditions, the slow-wave index of refraction is 2.25. From the
discussion in Chapter 7, we can evaluate the anisotropy parameter, A, and the
frequency for maximum growth rate, xmax:

A ¼ ðT?=Tjj�1Þnðajj=cÞ ¼ 4:725

xmax ¼ ½1þð1þ 2A2Þ1=2�=ð2AÞ ¼ 0:82

leading to

wmax=W ¼ 0:78;
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and since wmax/Wo¼ (1/g)wmax/W, the observed and predicted frequencies are equal
for g ¼ 1.17, or electron energies of 90 keV, in reasonable agreementwith the 100 keV
observed in the experiments.
These experiments illustrate an important point regarding the assumption that the

waves of interest propagate in finite-size systems as though they were propagating in
an infinite homogeneous plasma immersed in a uniformmagnetic field, sometimes
referred to as the quasioptical assumption. For the waves in TPM, as in many small,
low magnetic-field experiments, wavelengths are comparable to the dimensions of
the system and cavity eigenmodes are a more realistic model than plane waves.
Nonetheless, the conditions for optimum energy transfer between the wave and the
plasma remain valid.

Figure 8.13 Indices of refraction for the cold-plasma
electromagnetic waves in TPM versus the ratio of plasma
frequency to wave frequency for w/W¼ 2/3.
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8.4
Heating Experiments in AMPHED [15]

In 1988–1989, Quon and Dandl [16] carried out a series of experiments designed to
elucidate different heating dynamics underlying three distinct ECHmethodologies,
namely, high-field launch whistler-wave heating, low-field launch O-mode heating,
and UORH. These experiments demonstrated how ECH could be used for prefer-
ential heating of particular classes of electrons in plasmas containing two or more
groups of electrons with different average energies.
The experiments were performed in the AMPHED facility using a 2 : 1 magnetic-

mirror configuration with a 60-cm long center section in which the magnetic field
was essentially uniform. The DC current energizing the magnetic coils could be
adjusted precisely to place the resonance surface at selected positions in this
magnetic field. The ratio of the magnetic intensity on axis, B(z), to the current in
the coils, Ic, is displayed in Figure 8.14.
Whistler waves were launched by a 800W, 2.45GHz commercial microwave

oven coupled into the high-field region at the mirror throat using a dielectric-loaded
C-band waveguide terminated in a tapered Teflon slab. The local wavelengths of the
resulting waves were evaluated bymeasuring the spatial correlation function E(z)cos
[k(z)z] at closely spaced points along the axis of the magnetic field. In the presence of

Figure 8.14 The ratio of the magnetic field on axis to the coil
current in the �flat-field� configuration of AMPHED.
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over-dense plasmas with ne� 1.5� 1012 cm�3 the index of refraction inferred from
themeasured wavelengths ranged from 3.7 at a point whereW/w¼ 1.6 to 10.2 where
W/w¼ 1.275. These values are consistent with those predicted by the cold-fluid limit
of the whistler-wave dispersion relation for w2

pe=w2 � 10�20. The wave amplitude
was observed to decrease as the wave approached the resonance surface and was
unobservably small beyond resonance.
We can account reasonably well for the experimentally observed values of electron

density and temperature using the particle and power balance model described
earlier in Chapter 6. For argon gas, the model predicts a minimum pressure above
which equilibria can exist given by the condition poL	 3.3� 10�4 Torr cm, where L,
the half length of the plasma column, is approximately 41 cm in the AMPHED
experiments cited here. Thus, for pressures greater than 8� 10�6 Torr the electron
temperature is predicted to decrease from roughly 25 eVat 0.01mTorr to roughly 4 eV
at 0.1mTorr. The predicted electron temperatures agreewith the experimental results
obtained by Quon and Dandl [16] in the pressure range between 0.01 and 0.1mTorr.
However, the theoretical model predicts values of the electron density that are
somewhat higher than the experimental values if it is assumed that all of the incident
800Wofmicrowave power is absorbed by the electrons we have labeled as �Group 1.�
The discrepancy suggests that some fraction of the incident power, perhaps as much
as 20%, is lost through processes not included in the Group 1 particle and power
balance model.
Quon and Dandl [16] used amultigrid energy analyzer tomeasure the distribution

of electrons in parallel energy at a point where the magnetic intensity was reduced
locally to 600G. If themagneticmoment and total energy are constants of the electron
motion, the distribution in parallel energy can be related to a distribution in
perpendicular energy. The experiments revealed two distinct groups of electrons:
a low-energy group with pressure-dependent temperatures similar to the tempera-
tures determined by the Langmuir probe measurements; and a higher temperature
group whose average parallel energy was between 50 and 70 eV and independent of
pressure. At the resonance surface, the perpendicular energy of these electrons was
estimated from the adiabatic invariance argument to be between 160 and 220 eV.
Since none of these electrons would have been reflected from the grounded energy
analyzer structure, Quon and Dandl [16] concluded that these electrons had gained
roughly 200 eVof perpendicular energy in a single pass through the resonance layer.
Moreover, these energetic electronswere shown toplay a critical role in producing the
over-dense plasma observed when the ambient gas pressure exceeded a value
somewhere between 0.2 and 0.3mTorr.
The condition under which the energetic electrons have an ionizing collision with

an argon atom before they return to the resonance surface that is illuminated by
microwave power is nosivt	 1. Here no is the density of argon atoms, si is the cross
section for electron impact ionization of argon, v is the speed of the energetic
electron, and t is the time for the electron to make one complete bounce through the
magneticmirror. For these experiments, themagnetic intensity in the 60-cm longflat
field region was 732G and the (parallel) velocity in this region is given by

vjj ¼ ½ð2e=mÞð1�732=875Þ�1=2 ¼ vð1�732=875Þ1=2:
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We approximate the average parallel velocity in the 11 cm long regions between
the resonance surfaces and the flat-field region as half of the value in the flat field
region. In this way, we estimate t¼ 208 cm/v|| and vt¼ 208 cm v/v||. The ionization
cross section in this energy range is approximately 3� 10�16 cm2 giving for our
critical condition

no 	 6:5� 1012 cm�3 or po 	 0:2mTorr;

in good agreement with the experiment.
We can estimate the fractional density of the fast-electron group if we assume that

they provide most of the ionization to sustain the high-density (thermal) plasma in
steady state:

ne;fastnosivfast � ne;thermal=tthermal

As before, we assume that the thermal electron lifetime is given by the half length
of the plasma column and the ion acoustic speed:

tthermal ¼ L=cs

With these assumptions, we find that the required density of fast electrons is about
1% of the total density:

ne;fast � 1:6� 1010 cm�3

Our earlier discussion in Chapters 4 and 5 regarding the absorption of whistler
waves and the heating of individual electrons suggests a plausible explanation for the
source of the fast electrons. Recall that the onset of damping of the whistler wave
propagating along the magnetic field toward the resonance surface was determined
by electrons in the tail of the energy distribution of the thermal electrons with
velocities antiparallel to the wave vector: w� kv||¼W. These electrons resonate with
the wave before it has been heavily damped by the bulk of the thermal electron
population and consequently may be given disproportionately larger energy incre-
ments. We can estimate the maximum energy these electrons can gain in a single
transit through the resonance layer using results from the analysis presented in
Chapter 5.
Since k?¼ 0 for the whistler waves, the time-averaged change in the electron�s

perpendicular energy after a single transit of the resonance layer is predicted to be
given by [17]

DW? ¼ G2=mc2�G cos fresv?ð0Þ=c;
where

G 
 eE?teff c=2:

We can estimate E? from the Poynting vector as in Chapter 4, using the
experimental value of the index of refraction, n:

E2
? ¼ ðP=AÞ=ðeocnÞ;
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where P¼ 800W is the incident microwave power and A is the area of the resonance
surface. In the flat-field region, B¼ 732G and r¼ 15 cm in these experiments.
Therefore at the resonance surface where B¼ 875G, we estimate that the area
of the resonance surface is approximately A¼p(15 cm)2(732/875)¼ 591 cm2. If
n¼ 3.8, we find E?¼ 11.6 Vcm�1.
To estimate the duration of resonance, teff, we assume that the electrons gaining

the greatest energy are turning just beyond the resonance surface so that

teff � 2 ð3p=2Þ= n00ðtresÞjj �½ 1=3

where

n00ðtresÞ � ½ðdvjj=dtÞðdW=dzÞ�res:

Assuming m(dv||/dt)res¼m(qB/qz)res¼ e(qlnB/qz)res with Wres¼ 2pf, we find

n00ðtresÞ � 2pf ðe=mÞ=L2B:

We estimate that the magnetic scale length at the resonance surface is LB¼ 34 cm
in these experiments and the microwave frequency is 2.45GHz. The thermal
electron temperature at the higher pressures where over-dense plasmas are formed
is around 4 eV, but we are concerned here with electrons in the tail of the thermal
energy distribution. In fact, if the relative density of fast electrons is about 1% of the
thermal population, we are lead to estimate that e� (1.82)2� 4 eV� 13 eV giving an
estimated value for the duration of resonance teff� 5� 10�8 s. Finally we obtain
G� 8700 eV so that DW?¼ 148 eV� 62 eV cosfres or

86 eV < DW? < 210 eV

in reasonable agreement with the experimental result that the maximum value of
DW? was between 100 and 200 eV.
Although coherent bursts of energetic electrons resulted from whistler-wave

heating when the resonance zone was in the uniform magnetic field region, no
relativistic electron plasmas could be formed with high-field launch, whistler-wave
heating. On the other hand, launching microwave power with the O-mode polari-
zation in the low-field region at the midplane of the magnetic mirror produced
plasmas with substantial populations of electrons having energies in the range of
30–150 keV. The generation of these relativistic-electron plasmas was found to be
optimal under two different conditions of magnetic field strength; namely, with DC
currents in the field coils between 110 and 130A and also between 180 and 200A. For
coil currents of 120 A, the fundamental resonance surface is roughly 52 cm from the
midplane and near the position of the mirror throat at 59 cm. Relativistic electrons
with g ¼ 1.12456, corresponding to a kinetic energy of 64 keV, would then experience
second harmonic resonance in the uniform field region. For coil currents of 190 A,
the (nonrelativistic) fundamental resonance is around 39 cm from themidplane and
less than 10 cm from the uniform field region.
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In the course of these experiments, theheating rate of electronswith energies below
1.56 keVwasmeasured by exploiting the large difference between the electron bounce
frequency and the much slower azimuthal drift, as discussed in Chapter 3. A probe
inserted radially inward fromthe surfaceof theplasmawill �skim�off the outer layer of
plasma, since the rapid bouncemotion ensures that all electrons will be intercepted by
this �skimmer probe� before their precession carries themazimuthally past the probe.
Quon and Dandl used a fixed skimmer probe to collect all electrons with radial
positions greater than 12 cm and then used an azimuthally movable ionization
chamber probe, whose sensitive element was in the radial interval intercepted by
the skimmerprobe, to record the azimuthalfluxof electronswithenergies greater than
1.56 keV– the threshold energy of the detector. The signal from thedetector showed an
onset at an angle of 230� with respect to the skimmer probe, permitting the following
plausible albeit approximate unfolding of the average electron heating rate (dW/dt).
The azimuthal guiding center drift speed was given in Chapter 3 by Eq. (3.32):

v?gc ¼ ð2Wjj þW?ÞrB� B=ðeB3Þ;
which we approximate as

rdf=dt � W=ðeBRcÞ � ½Wo þðdW=dtÞt�=ðeBRcÞ:
Thus, the time-dependent azimuthal displacement will have the form

Df ¼ fðtÞ�fo � ½WotþðdW=dtÞt2=2�=ðeBrRcÞ:
The electron energy at the conclusion of this azimuthal displacement is

W ¼ Wo þðdW=dtÞt:
In this way, Quon and Dandl estimate the heating rate in the low-field launch

experiments in AMPHED to be 60MeVs�1. Since the density of the relativistic
electrons in these experiments is around 1010 cm�3, one can estimate that the power
(density) absorbed by these electrons is roughly 0.1Wcm�3. The incident 2.45GHz
power is only 800W and the total volume of the AMPHED cavity is 57 l, suggesting
that the power is not distributed uniformly throughout the cavity, but rather is
concentrated in the local region where the experimental measurements were made.
Accordingly, Quon and Dandl hypothesized that the plasma filled cavity acts as an
open resonator in awhispering gallerymode, an effect that they thendemonstrated in
an atmospheric pressuremockup. The observedheating rate is consistentwith anRF
electric field strength E?� 35Vcm�1.
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Exercises

8.1. Consider the instability observed to occur in PTF with a
frequency of 5.3GHzwhen themirror ratio to the resonance
surface was less than 1.27. Assume that the hot-electron
temperature anisotropy satisfies our estimate that
T?/T||	 (Mres� 1)�1� 4.

(a) If the free energy of the anisotropic hot electrons is
transferred to electromagnetic waves propagating in the
whistler mode, what is the marginally stable frequency
relative to the electron gyrofrequency on the midplane
and to the heating frequency?

(b) If T||¼ 20 keV, T?¼ 80 keV, and vpe/v¼ 0.9, what is the
frequency for which energy transferred to the waves is at
its maximum rate?

(c) Is it possible for energy to be transferred to
electromagnetic waves propagating in the O-mode?

8.2. Calculate the polarizations of the twowaveswhose indices of
refraction are shown in Figure 8.13 forvpe/v¼ 0.6, 0.8, 0.9,
1.1, and 1.2.

8.3. Consider the two-frequency heating experiments in ELMO
using 35.7GHz and 55GHz power with B(0,0)¼ 8300G
and the mirror ratio equal to 2. The minimum and
maximum magnetic intensities for good confinement are
then given by Bmin� 0.664 T and Bmax¼ 1.66 T. Calculate
the range of relativistic-electron energies (in terms of g ) for
which the 55GHz power can resonate at the n¼ 2, 3, 4, 5, 6,
7, . . . harmonics of the electron gyrofrequency. Show that
for g> 1.4, there are three or more pairs of resonance
surfaces for this UORH power present simultaneously in the
confined region.
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9
Electron Cyclotron Heating in Tokamaks

In this chapter, much as was discussed in Chapter 8 for magnetic-mirror confined
plasmas, we summarize a number of electron cyclotron heating (ECH) experiments
in tokamaks that can be interpreted using theories that were presented in earlier
chapters or that suggest directions for further development of the theory. As was
discussed in Chapter 4, the condition under which microwave power coupled into
O-modes propagating perpendicular to the static magnetic field can illuminate the
resonance surface in tokamaks is simply that the electron density should be less than
the O-mode cutoff value as specified by the condition w2

pe < w2. If this condition is
satisfied, O-modes can reach the fundamental resonance surface if launched from
either the low-field or the high-field side. Since low-field launched O-modes entail
fewer technological difficulties, it has generally been considered the preferred
approach for many applications of ECH, especially in large tokamaks. Accordingly,
we begin this chapter with an experimental study of O-mode absorption in the
Princeton Large Torus (PLT).

9.1
Ordinary-Mode Fundamental ECH Absorption in PLT

The PLT [1] was a conventional circular cross-sectional tokamak with major and
minor radii of 132 and 40 cm, respectively. The experiments described in Ref. [1]
utilized a low-power 71GHz klystron microwave transmitter and heterodyne
receiver. The corresponding critical electron density for O-mode cutoff is ne¼ 6.25
� 1013 cm�3 and the magnetic intensity for fundamental resonance is 25.36 kG.
The low-power microwave beam was launched from the high-field side on the
equatorial plane of the torus and the transmitted power was received at the opposite
point on the low-field side. The location of the resonance surface, rres, was varied
from shot to shot by varying the magnetic intensity, Bo, on the axis of the torus,
where R¼Ro : rres¼Ro[(Bo/Bres)� 1].
The fraction of the incident microwave power transmitted through the plasma

is expressed in terms of the optical depth, t, defined in Chapter 4: Pt/Pi¼ exp(�t).
In the PLT experiments, much of the incident power is refracted away from the
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receivingmicrowave horn by the plasma rather than being absorbed at the resonance
surface. The magnitude of these refraction losses was determined experimentally by
lowering the central magnetic intensity to 16.8 kG, thereby moving the resonance
surface outside the plasma column. Typically, at least half of the transmission losses
were found to be due to refraction with higher refractive losses at the lower central
magnetic intensities.
To interpret the experimental results in terms of the theory of O-mode absorption,

such as that derived in Chapter 4, it is necessary to know the electron density and
temperature at the resonance surface. In the PLT experiments, these were obtained
from laser Thomson scattering measurements of the radial profiles of density and
temperature. Following the authors of Ref. [1], we compare the measured values of
the optical depth with the values obtained from Eq. (4.25):

t ¼
ð
2kidx ¼ ðp=2Þ�w2

pe=w
2
��
1�w2

pe=w
2
�1=2ða2=2c2Þðw=cÞL:

For an isotropic Maxwell–Boltzmann electron distribution, the average kinetic
energy of the electrons is (3/2)ma2/2¼ 3/2kTe so that a2/2c2¼ kTe/mc2, where k is
Boltzmann�s constant. We will generally express Te in energy units and omit the
factor k. For tokamaks, the scale length, L, characterizing the rate of spatial variation
of themagnetic field is themajor radius, Ro. We display the experimental results and
the corresponding calculated values of the optical depth in Table 9.1.
The data were collected during two separate experimental runs and are presented

separately in the table. It is clear that the experimental and calculated values of the
optical depth are in reasonable agreement. Although the two different experimental
runs give slightly different radial profiles for the optical depth, both runs indicate that
t> 1 only in the core of the plasma column; i.e., for rres< 10 cm. One might
anticipate that because only the core of the plasma is optically thick, it would be
only the core of the plasma that would radiate as an ideal black body. In fact, the

Table 9.1 Experimental and Calculated Values of the Optical Depth.

Bo (kG) rres (cm) Te,res (eV) ne,res (·1013 cm�3) sexp s01

Experimental results Calculated values
19.1 �2.58 160 0.384 0 0.057
20.2 �26.86 293 0.716 0.09 0.191
21.5 �20.09 240 0.7 0.11 0.153
23.8 �8.12 647 1.09 0.38 0.619
24.9 �2.39 900 1.32 0.876 1.019
21.5 �20.09 270 1.30 0.3 0.302
22.6 �14.37 416 0.96 0.33 0.3547
24.2 �6.04 760 2.59 1.49 1.454
25.0 �1.87 850 2.7 1.89 1.67

170j 9 Electron Cyclotron Heating in Tokamaks



experiments in PLTdemonstrated that when the microwave power was switched off,
the entire plasma column radiated as a black body at the fundamental electron
gyrofrequency. Consequently, by sweeping the receiver frequency repeatedly in time,
the electron cyclotron emission could be used to measure the radial profile of the
electron temperature as it evolves in time during a discharge. The rationale for this
conclusion, which is supported by independent measurements of the electron
temperature profile, is as follows.
The variation in the intensity of radiation, S, along a ray passing through a slab of

plasma and entering the detector is given by

dS=ds ¼ �aSþ x;

where the emissivity, x, and the absorptivity, a, are related by Kirchoff �s law to the
black body intensity, Sbb:

x ¼ aSbb:

Using Kirchoff �s law, we then have

dS=ds ¼ �aðS�SbbÞ; or dlnðS�SbbÞ ¼ �ads:

Integrating from an initial position xi to a final position xf gives

Sðxf Þ�Sbb ¼ ½SðxiÞ�Sbb�expð�tÞ:

In the absence of reflected radiation, we would set S(xi)¼ 0 to obtain

Sðxf Þ ¼ Sbb½1�expð�tÞ�:

Clearly, if t� 1, the radiation intensity at the final position will be given by the
black body value; but if t� 1, as is the case in PLT except in the core of the plasma,
the radiation intensity will be much less than the black body value. If, however, some
fraction, b, of the radiation is reflected from the stainless steel vacuum vessel, then
the intensity at the initial position will be S(xi)¼ bS(xf) and the intensity at the
detector will be S(xf)¼Sbb [1� exp(�t)]/[1� b exp(�t)], and if b� 1, the intensity of
radiation reaching the detector can closely approximate the black body value. In the
frequency range around the fundamental electron gyrofrequency, Sbb follows the
Rayleigh–Jeans law to a good approximation:

Sbb ¼ w2kTe=ð8p3c2Þ:

Efthimion et al. [1] concluded that b¼ 0.95 in PLT and thus the power reaching
their detector is proportional to TeDf, where Df is the bandwidth of the receiver. By
suitably calibrating the receiver and sweeping the receiver frequency in time, they
were able to obtain useful space- and time-resolved measurements of the electron
temperature. This diagnostic use of electron cyclotron emission is now widely
employed in tokamak experiments, togetherwith other corroboratingmeasurements
of the electron temperature profile.
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9.2
ECH-Assisted Start-up in Tokamaks

In conventional tokamaks, each discharge is initiated by inducing an electric field in
the toroidal direction thatfirst ionizes the gas in the vacuumchamber and then drives
the (toroidal) current that generates and sustains the poloidal magnetic field.
The electric field strength required to break down the gas is typically around
0.5 V/m for initial gas pressures around 3� 10�5 Torr. In JFT-2 [2], for example, the
loop voltage required for reliable breakdown is 20V. The major radius of JFT-2 is
90 cm, and if the loop voltage for breakdown is proportional to the major radius as
expected, then it could approach or exceed 150V in future large tokamaks such
as International Thermonuclear Experimental Reactor (ITER) [3], whose major
radius has a design value of 6.2m. The requirement of a large voltage spike to
initiate the plasma in such large tokamaks leads to problematic design constraints.
The walls of the vacuum vessel must be made strong enough to withstand the forces
caused by disruptions of the plasma currentwith the resultant collapse of the poloidal
magnetic field. Additionally, if there are no insulating gaps in the vacuum vessel, as is
the case for ITER, the electrical conductivity of thewall is high enough to slow the rate
at which the voltage diffuses through the walls, limiting the induced electric fields to
values as low as 0.3 Vm�1. The resulting start-upmay be less reliable than is required.
It has been widely recognized that ECH could provide an effective means for

significantly improving tokamak start-up, and as suitablemicrowave sources became
available, experiments were undertaken to explore the possible advantages of
ECH-assisted start-up. In DIII-D [4], for example, the standard start-up (without
ECH) required a loop voltage around 10V; the corresponding toroidal electric field in
the center of the plasma is nearly 1Vm�1. With 650–850 kWof ECH power injected
into the chamber, reliable breakdown could be achievedwith induced electricfields as
low as 0.15Vm�1. Moreover, reliable breakdown was achieved over a wider range of
initial gas pressures and with less sensitivity to magnetic error fields. The DIII-D
experiments employed X-modes launched from the high-field side and propagating
at oblique angles with respect to the static magnetic field. Other experiments using
various polarizations and launch geometries achieved similar results, namely,
significant reductions in the loop voltage for breakdown and an increased range of
initial gas pressures over which reliable breakdown resulted. Experiments were
undertaken in the TCA tokamak [5] to determine the differences between X- and
O-mode breakdowns in tokamak plasmas and how any such differences might affect
the subsequent start-up. These TCA experiments provided several useful insights
into the phenomenology of ECH-assisted breakdown and start-up, particularly as
regards the role of the upper hybrid resonance.
The salient features of the TCA tokamak are major and minor radii, Ro¼ 61.5 cm

and a¼ 18 cm with a maximum toroidal magnetic field Bo¼ 16 kG. The induced
toroidal electric field is driven by an air-core transformer and the vacuum vessel has
two insulating gaps. Typically, up to 125 kWof 39GHzpower could be delivered to the
vacuum chamber by a beamwith less than 1.5% cross-polarization and reflected into
the plasma region by means of an ellipsoidal stainless steel mirror. The resulting
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microwave beam had a diameter of 7 cm on the axis of the tokamak. Although the
mirror could be tilted to launch themicrowave beam at oblique angles with respect to
the toroidal magnetic field, no significant effects on breakdown were observed, and
consequently, the published results utilized injection perpendicular to the magnetic
field. The diagnostics for determining the spatial and temporal properties of
the breakdown consisted of a 100-channel Ha camera, an optical spectrometer, and
a five-channel microwave interferometer. The data acquisition rate for the three
systems ranged from 1.5 to 10 kHz, providing better than millisecond temporal
resolution. In fact, theHa camerameasured the horizontalHa emission profile every
650ms with a spatial resolution of 4 mm in the equatorial plane of the tokamak. In
order tomake the external conditions similar for both launchmodes, the polarization
was alternated from X- to O-mode between successive shots.
A comparison of breakdown initiated by X- and O-mode polarizations shows

striking differences in the first-pass absorption and the breakdown location. After
roughly 800ms, the X-mode polarization yields localized visible emission profiles
indicating a relatively high first-pass absorption before the microwave beam is
scattered by the vacuum chamber walls. This localized absorption appears to take
place at the upper hybrid resonance, not at the cyclotron resonance surface. In
contrast, the O-mode polarization yields much broader visible emission profiles
indicating very weak first-pass absorption and multiple, polarization-changing
reflections from the vacuum chamber walls. Absorption does occur at the cyclotron
resonance surface, but to a much lesser extent than at the upper hybrid resonance.
The electron density produced by the O-mode polarization is roughly 60–80% of
that produced by an equal amount of microwave power in the X-mode polarization.
There is also evidence from impurity radiation that the O-mode polarization
produces a higher influx of impurities, assumed to be due to the greater microwave
power dissipated in the vacuum chamber walls compared with the X-mode polar-
ization, for which the plasma itself absorbs most if not all of the incident microwave
power. Apart from these differences, both launch polarizations show that a dominant
role is played by the upper hybrid resonance in transforming the incidentmicrowave
power into energy density in the plasma. We shall consider this process in greater
detail shortly, but first we examine the equilibrium properties of the breakdown
plasma in light of the fundamental processes discussed in earlier chapters.
It has long been recognized that the rB�B drift of electrons and ions in the

inhomogeneous magnetic field of the torus would polarize the breakdown plasma
and produce an electrostatic field which would, in turn, give rise to an E�B flow of
plasma ions and electrons along the equipotentials of the polarization field into the
low-field side of the torus. In TCA, the polarization of the breakdown plasma, initially
formed at the cyclotron resonance surface, and the resulting flow of the plasma into
the low-field side of the vacuum chamber appear to take place in less than 1ms. After
this initial expansion of the breakdown plasma, the Ha emission contours remain
relatively constant throughout the remainder of the microwave pulse with no
evidence of macroscopic instability.
The average electron temperature and density during the microwave pulse can be

deduced from the ambient gas pressure and the microwave power using the Point
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Model from Chapter 6. In steady state, the balance between the ionization rate and
the loss rate of charged particles requires that nohsionvei ¼ t�1

p . Here, no is the
density of hydrogenmolecules, hsionvei is the ionization rate constant, and t�1

p is the
(ambipolar) rate at which ions and electrons are lost from the plasma region. The
ionization rate constant can be evaluated using the following expression [6]:

hsionvei ¼ 371� 10�9 cm3 s�1expð�15:6=TeÞT1=2
e ð15:6þTeÞ�1

�fTe=ð15:6þ 20TeÞþ ln½ð19:5þ 1:25TeÞ=15:6�g; ð9:1Þ
where Te is in eV. We shall assume that the dominant loss process is ambipolar flow
at the ion sound speed along magnetic lines of force that intersect the limiter
because of magnetic error fields. These stray magnetic fields are especially likely in
tokamaks like TCA that employ air-core ohmic heating transformers. The loss rate
will thus have the form t�1

p ¼ cs=L, where cs¼ (2Te/M)1/2. The distance along the
perturbed magnetic field line to the limiter is not given in Ref. [5] and so we
assume that L is equal to the outer circumference of the torus on its equatorial
plane: L¼ 2p(61.5 þ 18) cm¼ 500 cm. As shown in Chapter 6, the electron tem-
perature is determined by the ambient neutral gas pressure through the condition
that noL¼ (2Te/M)1/2/hsionvei. With L¼ 500 cm and no¼ 1.06� 1012 cm�3 corre-
sponding to the initial fill pressure 3� 10�5 Torr of hydrogen gas, we employ
Eq. (9.1) andfind the predicted electron temperature to be Te¼ 10.7 eV, the ionization
rate constant to be 8.538� 10�9 cm3 s�1, and the ambipolar lifetime to be tp¼
1.1� 10�4 s, dependent only on the initial fill pressure.
In the point model, the electron density is determined by the power balance

condition which we can express as hPmi¼neWion/tp, where hPmi is the average
microwave power per cubic centimeter deposited in the plasma and Wion is the
energy required to form an ion–electron pair. Following the discussion of Chapter 6,
we estimate that Wi¼ 30 eV for electrons with Te¼ 10.7 eV in hydrogen gas.
Whaley et al. [5] give hPmi¼ 0.32Wcm�3 for an injectedmicrowave power of 125 kW.
For the striking experimental results shown inFigure 9 ofRef. [5], the totalmicrowave
power was 80 kW, so that to interpret those results, we set hPmi¼ (80/125)� 0.32
Wcm�3¼ 0.2Wcm�3 for the X-mode polarization. The resulting density predicted
for this case is

ne ¼ 0:2W cm�3 � 1:1� 10�4 s=30 eV ¼ 4:6� 1012 cm�3:

The square of the electron plasma frequency for this density is w2
pe ¼

1:464� 1022 s�2. The frequency of the microwave power is 39 GHz, so that w2
o ¼

6:005� 1022 s�2. At the upper hybrid resonance, w2
o ¼ w2

pe þW2; therefore, the
electron gyrofrequency at the upper hybrid resonance must be W ¼
ðw2

o�w2
peÞ1=2 ¼ 2:13� 1011 s�1 corresponding to a magnetic intensity at the upper

hybrid resonance of 1.212 T. Since Bo¼ 1.38 T in these experiments, the radial
position of the upper hybrid resonance is predicted to be at x¼ r/a¼ 0.475, in good
agreement with the experimental value shown in Figure 9 of Ref. [5].
O-modes do not experience upper hybrid resonance, and power launched in the

O-mode polarization must undergo repeated polarization-changing reflections from
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the vacuum chamber walls if it is to be absorbed at the upper hybrid resonance. The
apparent location of this resonance for power injected with the O-mode polarization
is at x¼ r/a¼ 0.3, where the magnetic intensity is 1.269 T, giving a local electron
gyrofrequency of W¼ 2.23� 1011 s�1. The corresponding density for upper hybrid
resonance is ne¼ 3.23� 1012 cm�3, and based on the point model, the average
microwave power density absorbed in this case is 0.14Wcm�3 or roughly 70% of the
power density absorbed in the X-mode polarization. The remaining power is
assumed to be dissipated in the walls of the vacuum chamber. This estimate of the
power absorbed when the power is launched with O-mode polarization agrees well
with the statement from Ref. [5] that �X-mode launch is seen to produce 20–40%
higher average densities than O-mode launch.�
We next consider possible mechanisms by which the incident microwave power is

absorbed by the plasma. In the experiments reported in Ref. [5], this absorption
appears to take place very close to the upper hybrid resonance surface. Recall that in
Chapter 4, it was shown that the polarization of X-modes propagating toward the
upper hybrid resonance becomes longitudinal at the resonance. That is, the electric
field of the wave is parallel to the direction of propagation, k, and is thus given by
E¼�rF¼�ikF and governed by Poisson�s equation: r�E¼ ik�E¼ k2F¼ r/eo.
At the upper hybrid resonance surface, the electrons oscillate along k at the wave
frequency. This oscillating layer of electrical charge can excite any electrostatic
waves that can propagate at the driving frequency. If the amplitude of oscillation
is great enough, it can excite pairs of electrostatic waves through nonlinear paramet-
ric decay processes. In this case, the sum of the frequencies of the driven waves
must equal the driving frequency. We first consider the linear regime.
Any electrostatic waves excited by the oscillating charge layer at the upper hybrid

resonance surface can be described by the Harris dispersion relation discussed
earlier. The general form of the Harris dispersion relation is [7]

1 ¼ w2
p=k

2
Xð

d3vJ2n ðk?v?=WÞðkjjqf o=qvjj þnWv�1
? qf o=qv?Þ=½kjjvjj�ðw�nWÞ�:

ð9:2Þ
The sum over n is from n¼�1 to 1. In general, the right-hand side would be

summed over all species of charged particles comprising the plasma; but for
frequencies around the electron gyrofrequency, we can consider the ions to be
infinitelymassive and their contribution then vanishes. If k||¼ 0 and the equilibrium
has an isotropic Maxwell–Boltzmann distribution function, then Eq. (9.2) reduces to
the Bernstein dispersion relation [8]

DB ¼ 1�2
�
w2
p=
�
k2a2

��X
2e�lInðlÞ½ðw=nWÞ2�1��1 ¼ 0: ð9:3Þ

Here the sumovern is fromn¼ 1 to1. For the same isotropicMaxwell–Boltzmann
distribution, f o, and again omitting the sum over all plasma species, the Harris
dispersion relation, which is valid for k|| 6¼ 0, becomes

DIS¼ 1þ2
�
w2
p=k

2a2
�f1þðw=kjjaÞSe�lInðlÞZ½ðw�nWÞ=kjja�g ¼ 0; ð9:4Þ
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where l¼ k2?a2=2W2; InðlÞ is themodified Bessel function,a is the electron thermal
speed, and Z is the plasma dispersion function. As we saw earlier, in the cold-fluid
limit, the real part of Eq. (9.4) reduces to

ReDIS¼ 1��
w2
p=w

2Þðk2jj=k2
���

w2
p=
�
w2�W2

���
k2?=k

2�¼ 0: ð9:5Þ

The imaginary part of the dispersion relation is entirely due to the finite electron
temperature and for frequencies near the electron gyrofrequency is given by

ImDIS¼ 2
�
w2
p=k

2a2
�
e�lI1ðlÞðw=kjjaÞ

ffiffiffi
p

p
expf�½ðw�WÞ=kjja�2g: ð9:6Þ

We assume that any electrostatic waves excited at the upper hybrid resonance
surface initially propagate perpendicular to the magnetic field. These are the
Bernstein waves. They have vanishingly small group velocities and, since k||¼ 0,
they are not damped. As the waves propagate into the region of increasing magnetic
intensity, k||/k increases as dictated by the real part of the dispersion relation,
Eq. (9.5). Their angle of propagation rotates away from perpendicular and as the
waves approach the cyclotron resonance surface, their propagation becomes entirely
parallel to the magnetic field. In the region between the two resonance surfaces, the
propagation is oblique so that neither k|| nor k? vanishes. Here thewaves are damped
at a rate, g , that can be estimated by expanding the complete dispersion relation
around its real solutions [9]. We write DIS¼ 1 þ F(w þ ig , k||, k?)¼ 0 and expand F
about solutions to the real part of the dispersion relation:

F ffi Fðw; kjj; k?Þþ igqFðw; kjj; k?Þ=qw ¼ �1: ð9:7Þ
Taking the imaginary part of Eq. (9.7) yields the desired estimate of the damping

rate:

g ¼ �Fi=ðqFr=qwÞ; ð9:8Þ
where Fi and qFr/qw are to be evaluated for values ofw, k||, and k? that satisfy Eq. (9.5).
Since k|| vanishes at the upper hybrid resonance surface, Fi and thus g vanish there.
And since k? vanishes at the cyclotron resonance surface, the factor e�lI1(l) and thus
g vanish there. The damping therefore is confined to the region between the two
resonance surfaces. The detailed variation of g over this region can be determined
using Eq. (9.8). Even without carrying out this calculation, we can conclude that the
predicted deposition of the power in the region between the upper hybrid and
cyclotron resonance surfaces differs from the experiments which clearly show
that most of the incident power is absorbed at the upper hybrid resonance surface.
This suggests that a stronger absorption mechanism may be acting through colli-
sions between themore energetic electrons oscillating at the upper hybrid resonance
and the background electrons whose temperature we have estimated to be around
10 eV. At these low temperatures, Coulomb scattering [10] can be very rapid.
Electrons with energy Wh will loose energy to the background electrons, whose
temperature is Tc, at a rate given by

dWh=dt ¼ �neWh;
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where ne¼ 7.7� 10�6(1� 0.5Tc/Wh)neln L/W3=2
h and ln L¼ 23 �ln(n1=2

e T�3=2
c ).

Using the experimental values of ne and Tc and considering energetic electrons
with Wh¼ 25 eV, we find that dWh/dt¼�2� 107 eVs�1. We choose 25 eV since
electrons of energy higher than 30 eV would have been detected by the Thompson
scattering diagnostic, and no electrons of this energy were seen. If all of the electrons
in the upper hybrid resonance layer were given 25 eV of energy by the electric field
of the wave, the power density absorbed there could be as high as 16Wcm�3.
This power deposition would need to be very localized if the average power absorbed
by the entire plasma is to be 0.2Wcm�3, suggesting that the upper hybrid resonance
layer is less than 1 cm in thickness.
When the injected microwave power was increased to 120 kW, launched in the

X-mode polarization, there was experimental evidence that some of the plasma ions
were heated to energies in excess of 1 keV. These energetic ions were detected as fast
neutral atoms produced by charge transfer between the energetic ions and the
background hydrogen atoms. This ion heating was assumed by Whaley et al. [5] to
result from the nonlinear excitation of lower hybrid waves which were subsequently
damped by ions in the tail of the distribution. The lower hybrid resonance is
described by the Harris dispersion relation when the ion contribution is included.
For perpendicular propagation, the cold-plasma limit of the Harris dispersion
relation, now including finite-mass ions, is

1 ¼ w2
pi=

�
w2�W2

i

�þw2
pe=

�
w2�W2

e

�
: ð9:9Þ

The two solutions to Eq. (9.9), w2

, are given to a very good approximation by the

upper (þ ) and lower (�) hybrid frequencies, respectively:

w2
þ ¼w2

uh ¼w2
peþW2

e and w�2
� ¼w�2

lh ¼ �
w2
piþW2

i

��1þðWiWeÞ�1: ð9:10Þ

As wementioned earlier, the ions do not participate in the upper hybrid resonance
since the frequency exceeds the electron gyrofrequency. The lower hybrid frequency
is much greater than the ion gyrofrequency and much smaller than the electron
gyrofrequency. The electrons will execute an E�B drift in the oscillating electric field
at the lower hybrid resonance, whereas the ion orbits will deviate only slightly from
straight lines during a period of the oscillation. This nonlinear coupling to the lower
hybrid waves can be an additional mechanism for transforming wave energy into
kinetic energy of the plasma if the incident microwave power is large enough.

9.3
ECH Suppression of Tearing Modes in Tokamaks

A comprehensive discussion of the stability of tokamak plasmas is entirely outside
the scope of this chapter, and the interested reader is urged to consultWesson [10] and
the excellent bibliography included in Chapters 6 and 7 of his compendium. In this
section, we will address just one aspect of the macroscopic stability phenomena in
tokamak plasmas, namely, the tearingmodes that aremanifested through the growth
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of magnetic islands on flux surfaces where the safety factor, q, is given by the ratio of
low-order integers, particularly q¼ 2/1 and 3/2. If the growth of these islands is not
suppressed, they can lead to the abrupt disruption of the discharge with potentially
damaging effects on the experimental apparatus.
Early theoretical studies [11] using ad hoc radial profiles of the plasma current

density showed that local modifications of the radial gradient of the plasma current
density could stabilize the low-order tearing modes on the flux surfaces where q¼ 2
and 3/2. Since electron cyclotron heating could plausibly deposit power in the plasma
electrons confined in narrow radial intervals, thereby increasing the conductivity,
it seemed possible that the kind of local modification of the current profiles required
to suppress the growth of tearing modes could be achieved by ECH. Accordingly,
this possibility was investigated theoretically [12] and experimentally [13]. These
investigations are ongoing with the aim of developing efficient and effective
suppression techniques for the ITER [14].
The first experimental results, reported by Hoshima et al. [13], were obtained on

the JFT-2M tokamak, whose major radius Ro¼ 131 cm and whose minor radii are
a¼ 35 cm and b¼ 53 cm. Although JFT-2M is designed to produce discharges with
noncircular cross sections, the experimental results reported in Ref. [13] utilized
a conventional circular cross-sectional discharge with a limiter radius of 34 cm. The
toroidal magnetic field on axis was limited to Bo� 1.4 T. Microwave power was
supplied by two gyrotrons, one operating at 59.75GHz (cw) and the other at
59.90GHz (cw). The maximum microwave power that could be coupled into the
plasma was 250 kW. This power in the linearly polarized TE11 mode was launched
at an angle of 82� with respect to themajor radius from two horn antennas located on
the equatorial plane of the torus. The electric field of the input power was oriented
perpendicular to the static magnetic field, B, so as to excite X-modes propagating
from the low-field side to the second-harmonic resonance surface. The radial location
of the resonance surface was varied in small increments by changing the toroidal
magnetic intensity, Bo. The plasma density was maintained below a maximum value
of 2.2� 1013 cm�3 to prevent the right-hand cutoff from blocking the access to the
resonance surface. The electron temperature ranged from 100 to 300 eV in these
experiments, for which the plasma current was typically around 210 kA, giving a
limiter safety factor, qa� 3. For line-averaged densities around 1� 1013 cm�3 and
with 2.8< qa< 3.3, the plasma exhibited a robust level of MHD activity but did not
disrupt. The poloidal and toroidal mode numbers of the MHD activity (�Mirnov
oscillations�) were determined by an array of magnetic probes to bem¼ 2 and n¼ 1.
These probes measured the perturbed magnetic fields associated with the magnetic
islands resulting from the unstable tearing mode. The modes oscillated at frequen-
cies around 2.5 kHz under the usual experimental conditions. When 120 kW
of microwave power was injected into the plasma with the second-harmonic
resonance surface placed precisely at the optimal location, the amplitude of the
MHD oscillations was greatly reduced within a time of 50ms. The frequency of the
remaining low-level oscillations was observed to increase slightly. Associated
changes in the internal inductance of the plasma column occurred over a longer
time, indicating that the suppression of theMHDactivity resulted from local changes
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in the radial plasma current profile. Suppression of theMHD activity resulted only if
the position of the resonance surface was at r/a¼ 0.70
 0.03, corresponding to a
radial interval of 2 cm. The MHD activity was found to be enhanced if the resonance
surface were placed at r/a< 0.6.
The width of the radial interval within which the microwave power is deposited is

governed by the relativistic, Doppler-shifted resonance condition:w� k||v||� 2W¼ 0.
Although the electrons in the JFT-2Mplasmawere only weakly relativistic, it is useful
to use the relativistic form of the electron gyrofrequency: W(r)¼ eB(r)/gm. We can
then express the second-harmonic resonance condition at the radial position r in the
following form, 2eB(r)/m¼ g(w� k||v||); and setting x¼ v||/c and y¼ v?/c, we have

y2=2 ¼ ½2WðrÞ=w�ð1þ x2=2Þð1�nx cos qÞ�=ð1�nx cos qÞ; ð9:11Þ
where n¼ kc/w and cos q¼ k||/k and thus the product n cos q¼n||. For the JFT-2M
experimental conditions that yielded the optimum suppression of the MHD activity,
we conclude that the cold-electron second-harmonic resonance is at r/a¼ 0.70, and
therefore 2W(r¼ 23.8 cm)/w¼ 1. At any other radial position, r,

2WðrÞ=w ¼ ðRo þ 23:8 cmÞ=ðRo þ rÞ: ð9:12Þ
For n cos q> 0, theDoppler shift lowers the frequency of the RFelectric field in the

rest frame of the electron, that is, the frequency is �downshifted.� Conversely, for n
cos q< 0, the frequency is �upshifted.� For r/a> 0.70, the resonance condition
requires a progressively greater degree of downshifting as r increases which, in
turn, requires increasing values of v||. At some radius, there will not be a significant
number of electrons with the required parallel velocity and no resonant transfer of
energy will take place. This situation is illustrated in Figure 9.1.
Solid lines in the figure represent the loci in velocity space where the second-

harmonic resonance condition is satisfied for radii of (reading left to right) 22.8, 23.0,
23.2, 23.4, and 23.6, for which the frequency is upshifted; and 24.0, 24.2, 24.4, and
24.6, for which the frequency is downshifted. The surfaces of constant v/c corre-
sponding to energies of 100 and 300 eV are shown as dotted lines and dashed lines,
respectively. In this figure, the value of n cos q has been set at n||¼ 0.16. Since the
value of the index of refraction for thesewaves under these experimental conditions is
estimated at n¼ 0.866, this value of n cos q corresponds to an angle of 79�, or roughly
3–4� away from the central ray. The beam divergence was given as 9�, so this ray is in
the outer part of the microwave beam where k||/k and thus the Doppler shift is
stronger than for the central ray. Clearly, since the electron temperature in JFT-2M
was less than 300 eV in these experiments, there are few plasma electrons able to
experience second-harmonic resonance at a radius greater than r¼ 24.6 cm. Note
that although the Doppler shift is symmetrical in v||, the relativistic effect is not;
the relativistic increase in the electron mass always reduces the local electron
gyrofrequency, increasing the frequency mismatch on the low-field side and de-
creasing it on the high-field side. Indeed, for the radius at 23.6 cm, Figure 9.1 shows
that the relativistic effect alone could permit resonance for sufficiently energetic
electrons. We therefore anticipate a wider radial interval for resonance on the high-
field side as compared to the low-field side.
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This plot demonstrates that as the microwaves approach the (cold-electron)
resonance surface from the low-field side, electrons with v||� v? will be heated
first while electrons with v||� v? will only experience resonance nearer the cold-
electron resonance surface. For example, 300 eVelectrons with v||� v? can resonate
with the RF electric fields at r� 24.5 cm, whereas 300 eV electrons with v||� v? will
experience resonance at r� 24.3 cm. On the high-field side of the cold-electron
resonance surface, 300 eV electrons can be resonant at r� 22.9 cm if v||� v?, but at
r� 23.2 cm if v||� v?. For an isotropic distribution of 300 eV electrons in velocity
space, the effective thickness of the resonance zone for n cos q¼ 0.16 would be
around 12mm. For 100 eV electrons, the thickness of the resonance zone would be
only 7mm. Hoshino et al. [13] estimate the experimental thickness of the resonance
zone to be between 6 and 12mm. The volume of the resonance zone would then
range from 7.5� 104 to 1.5� 105 cm3. The dependence of the thickness on the value
of n cos q is displayed in Figure 9.2; the Doppler shift becomes negligible for n
cos q� v/c.

Figure 9.1 Resonance conditions in the JFT-2M disruption
avoidance experiments: Solid vertical lines (reading left to right)
are for minor radii of: r¼ 22.8, 23.0, 23.2, 23.4, 23.6, 24.0, 24.2,
24.4, and 24.6 cm. The dashed line is the locus where the electron
energy is 300 eV and the dotted line is the locuswhere the electron
energy is 100 eV. The horizontal axis is v||/c, the vertical axis is
v?/c, and the parallel index of refraction is n|| ¼ 0.16.
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The earliest theoretical studies [12] of ECH stabilization of MHD tearing
modes predicted that RFpower densities of 1Wcm�3 would be adequate to stabilize
low-order tearing modes through local flattening of the plasma current profile.
We can use the experimental data from Hoshino et al. [13] to estimate the power
density deposited in the resonance zones for electron temperatures of 100–300 eV.
The optical depth for second-harmonic X-modes propagating perpendicular to the
magnetic field was given by Antonsen and Manheimer [15]:

t ¼ ð2p=3ÞðLw=cÞ��3�2w2
pe=w

2
�
=
�
1�2w2

pe=w
2
��

�f½4ð1�w2
pe=w

2Þ2�1�=ð3�4w2
pe=w

2Þg3=2Te=mc2:

Hoshino et al. [13] report only the line-averaged electron density; but if we assume a
parabolic radial dependence, we can infer that the density at the cold-electron
resonance surface is around 8.3� 1012 cm�3 giving w2

pe=w2 � 0:2. If Te� 100 eV,
the optical depth is then t� 2.49 and roughly 92% of the incident right-hand
circularly polarized power is absorbed in the resonance layer. If Te� 300 eV, the
optical depth is 7.49 and virtually all of the incident right-hand power is absorbed.
Recall that the polarization of the X-mode at the cold-electron resonance surface is
given by

E�=Eþ ¼ �½K11=n
2�cos2 q�ðsin2 qÞ=2�=½ðsin2 qÞ=2� � �1:414:

The right-hand circularly polarized component is then about two-third of the
incident microwave power. For the low-temperature cases, we can thus estimate the

Figure 9.2 Radial thickness of the resonance zone in the JFT-2M
experiments versus the parallel index of refraction, n||.
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absorbedresonantpower (perunitvolume) tobearound1Wcm�3,while for thehigher
temperature cases, the corresponding value would be around 0.6Wcm�3. Thus, the
inferred experimental values are in good agreement with theoretical expectations.

9.4
Electron Cyclotron Current Drive

The specificmechanism bywhich localized heating suppresses the tearingmode in
the JFT-2M experiments was not determined. Raising the electron temperature in
the resonance zone is expected to increase the current density there, since the
electrical conductivity varies as T3=2

e . This seems the most likely stabilizing
mechanism in these JFT-2M studies. Subsequent experimental investigations have
attempted to explore the effect on tearing modes of currents driven directly by
electron cyclotron heating, now generally referred to as Electron Cyclotron Current
Drive (ECCD). It has been suggested [16] that this could be a much more efficient
way of avoiding tearingmodes bymaintaining the current profile in a stable regime.
From Figure 9.1, it is clear that microwave power launched from the low-field side

with n||¼ 0.16 first encounters resonant 300 eV electrons at a radius of 24.6 cm,
where the electrons with v||� v? experience the strongest RF electric fields. If the
optical depth is large enough, 300 eV electrons with negative values of v|| and thus
with resonance surfaces only for r< 23.8 cmwill encountermuch weaker RF electric
fields. This asymmetry in v|| can drive net current through a mechanism first
described theoretically by Fisch and Boozer [17]. In this low-field launch scenario,
resonant electrons with v||> 0 will gain greater perpendicular energy than those with
v||< 0, since the heating rate varies as |E�|

2 which, in turn, varies as exp(�t). These
more energetic electrons will require longer period to thermalize and isotropize
throughCoulomb collisions since theCoulomb scattering rate varies as v�3, and a net
current can result.
For a somewhat more quantitative conceptual description of this mechanism, we

consider a small volume in velocity space, Region 1, at a point r within a particular
narrow resonance zone. The steady-state electron density (in velocity space) is
determined by the balance between resonant heating and velocity–space relaxation
due to Coulomb scattering and can be described at least conceptually through an
equation of the following form:

qf 1=qt ¼ �Pðr; vÞ=DW? þ nrlx1ð f 1 amb�f 1Þ ¼ 0; ð9:13Þ

where P(r,v) is the RF power (per unit volume) absorbed in Region 1 at the point r in
the specified resonance zone by electrons of velocity v, DW? is the average energy
increment due to ECH, nrlx1 is the Coulomb relaxation rate in Region 1, and f 1 amb is
the velocity–space density in the neighborhood surrounding Region 1. Electrons
from Region 1 enter Region 2, where v||,2ffi v||,1 and v?,2¼ v?,1 þ (2DW?/m)1/2. In
Region 2, the condition for steady-state balance takes the form

qf 2=qt ¼ Pðr; vÞ=DW?�nrlx 2ð f 2�f 2 ambÞ ¼ 0: ð9:14Þ
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The resulting contribution to the steady-state current density is

djjj ¼ �evjjð f 2�f 2 amb þ f 1�f 1 ambÞ ¼ evjj½Pðr; vÞ=DW?�ð1=nrlx1�1=nrlx2Þ
¼ ðevjj=nrlx1Þ½Pðr; vÞ=DW?�½1�ðE2=E1Þ3=2�
¼ ðevjj=nrlx1Þ½Pðr; vÞ=DW?�f1�½ðE1 þDW?Þ=E1�3=2g
� �ð3=2Þðevjj=nrlxÞ½Pðr; vÞ=E�;

ð9:15Þ
where we have dropped the subscripts in the final equation. The heated electrons
relax in energy and pitch angle at a rate which is the sum of the electron–electron and
electron–ion scattering rates. From the discussion of Coulomb scattering in Chapter
6 and keeping in mind that charge neutrality requires Zini¼ne, one finds that [17]:

djjj=Pðr; vÞ ¼ �ð3=2Þevjjv=f½ð1=4pÞðe2=eoÞ2ne lnL=m�ð5þZiÞ=2g; ð9:16Þ
where we set nrlxE¼ (5 þ Zi)nCoul(mv2/2)¼ (1/4p)(e2/eo)2ne ln L/mv(5 þ Zi)/2.
These contributions to the parallel current can be evaluated at each point in the
resonance zone that is illuminated bymicrowave power using Fokker–Planckmodels
of the electron dynamics implemented in geometrical optics codes. The individual
contributions are then integrated to obtain the total driven current, I. The efficiency of
this current drive mechanism is proportional to the electron temperature and can be
increased if the microwave power is absorbed mainly by energetic electrons so as to
minimize the rate of Coulomb relaxation. In addition, the optical depthmust be large
enough to ensure that the power is absorbed primarily by electrons with the desired
sign of v||. Note that if the heated electrons enter a part of velocity spacewhere they are
trapped in the mirror-like region of the toroidal magnetic field, the resulting rapid
bounce motion will prevent them from carrying unidirectional current. However,
their absence from the passing-particle regions of velocity space will actually
constitute a net current in the opposite direction [18]. The trapped-passing boundary
in the JFT-2M experiments (the �loss cone�) is a cone whose half angle is 57�, from
which it is clear that 300 eVelectrons resonating at r¼ 24.2 cm could become trapped
with relatively small increments in their perpendicular energy. If the resonance zone
were moved to smaller minor radii, where the mirror ratio is smaller and the loss-
cone angle is larger, the retrograde current associated with trapping of heated
electrons could be reduced. Sophisticated computer codes are now in routine use
at all of the installations where ECCD is being investigated experimentally to aid both
in optimizing the current drive and in interpreting the results of the experiments.
The experimental support for this theory of ECCD is now quite extensive. For

example, in the JT-60U tokamak [19], noninductive currents as large as 185 kA were
driven by 1.3MW of 110GHz microwave power. The salient features of these
experiments are given below.
The major radius of JT-60U is around 3.3 m, but in the present experiments, the

magnetic axis was at R¼ 340 cm. The nominal minor radius is around 1m, but the
plasma cross section is noncircular, as indicated in Figure 9.3, taken from Ref. [18].
The 110GHz power was coupled intoO-modes propagating at an angle of 20� with

respect to a major radius, so that k||/k¼ cos 70� ¼ 0.342, and at an angle of roughly
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35� relative to the equatorial plane of the discharge. This poloidal angle could be
varied tohave the point of intersection of themicrowave beamwith the (cold-electron)
resonance surface take on specified values, namely, r r/a¼ 0.1, 0.25, and 0.4.
The toroidal magnetic field at the magnetic axis of the discharge was set at the cold-
electron resonance value. The line-averaged electron density was maintained at the
relatively low value of 8� 1012 cm�3 to minimize the so-called bootstrap current in
order to facilitate evaluation of the ECCD current. Central electron temperatures
ranged from 5 to 10 keV. Isolation of the ECCD current is made difficult in practice
by several unavoidable inductive and noninductive phenomena and ismade possible
in these experiments by an array of sophisticated diagnostic and analytical techni-
ques. Magnetic measurements including motional Stark effect polarimetry were
used to construct a temporal sequence of computed MHD equilibria, joined in time
by a spline fit.
For the case in which r¼ 0.25, the authors report both the total deduced ECCD

current, 185
 111 kA, as well as the radial profile of the current. These experimental
results are then compared with theoretical predictions made with a geometrical
optics code that utilizes a Fokker–Planckmodel of the electron dynamics. The results
of the computations agree well with the experimental results and, in particular,
predict total ECCD currents of 157 kA. Most of this, 136 kA, is localized in a radial
interval that is 14 cm wide.

Figure 9.3 Geometry of the microwave launch in the JT-60U ECCD experiments.
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We can understand these results in an approximate way and see how they relate to
the theoreticalmodel of EECDbyfirst examining the loci in velocity space of resonance
surfaces in the radial interval beginning with the magnetic axis, Ro¼ 340 cm, and
extending outward to a place where there are negligible numbers of resonant
electrons. As in our discussions of the JFT-2M experiments, the mildly relativistic,
Doppler-shifted resonance condition is eB(R)/gm¼w� k||v||, which we again write as

WðRÞ=w ¼ 340 cm=R ¼ �
1þ 0:5 u2jj þ 0:5 u2?

�ð1�njjujjÞ;
where u||¼ v||/c and u?¼ v?/c. The authors cite a value of n||� 0.5, but because the
density is low (w2

pe=w2 � 0:05), theO-mode index of refraction is close to unity andwe
therefore have set n||¼ 0.33 in constructing Figure 9.4.

Figure 9.4 Resonance conditions for the ECCD
experiments in JT-60U: solid curved lines are for
radii of (reading from left to right) R¼ 342, 348,
and 354 cm. The magnetic axis is at Ro¼ 340 cm
and the parallel index of refraction is n||¼ 0.33.
The long dash line is the locus where the electron

energy is 10 keV and the short dash line is
the locus where the electron energy is 5 keV.
The boundary between trapped and passing
electrons is shown as the dash-dot line. The
elliptical area enclosed by dots is the assumed
region of optimum conditions for current drive.
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Note that the loss cone for r¼ 0.25 is also shown in Figure 9.4, and we see that any
power absorbed by electrons near the resonance surface at R¼ 342 cm is likely to
contribute mainly to the retrograde current as discussed earlier. The optical depth in
these experiments is large enough thatmost of the incident microwave power will be
absorbed before the beam reaches this resonance surface. We therefore expect
most of the current to be driven by absorption of microwave power that takes place
in the radial interval for which 344 cm<R< 354 cm. If we approximate the poloidal
flux surfaces by circles centered on themagnetic axis, the resulting power deposition
is inside the surface on which r¼ 0.38. Since the width of the microwave beam is
not reported, it is not possible to determine a more detailed deposition profile.
Nonetheless, we can make a rough estimate of the total ECCD current driven by the
1.3MW incident O-mode power using the earlier theoretical result:

jjj ¼ ðP=VÞð3eujjumc2Þ=½ð1=4pÞðe2=eoÞ2nelnLð5þZiÞ�: ð9:17Þ

We approximate the current density by the ratio of the total current to the cross-
sectional area of the flux tube within which the power is absorbed to write

I=A ¼ jjj ¼ ðP=2pRAÞð3eujjumc2Þ=½ð1=4pÞðe2=eoÞ2ne lnLð5þZiÞ�; or
I ¼ ðP=2pRÞð3eujjumc2Þ=½ð1=4pÞðe2=eoÞ2ne lnLð5þZiÞ�:

ð9:18Þ
At this point, we must resort to some hopefully plausible speculation to decide on

appropriate values of u|| and u. We assume that the diffusion coefficient describing
the velocity-space flux resulting from the fundamental O-mode resonance is pro-
portional to v2. The gradient in velocity space is proportional to v exp(�v2/a2), where
a is the thermal speed. Themaximumflux in velocity spacewould then be expected to
occur for speeds that are larger than the thermal speed by (3/2)1/2, andplausibly in the
neighborhood of equal parallel and perpendicular velocities. The indicated region in
velocity space is shown dotted in Figure 9.4, assuming the electron temperature is
10 keV. Using the published value of Zi¼ 3, we would then estimate the ECCD
current to be around 129 kA, somewhat smaller but similar to the value obtained by
the Fokker–Planck code. The maximum absorption would appear to be at the
resonance surface near R¼ 350 cm, or near the poloidal flux surface at r¼ 0.33.
This, too, is in reasonable agreement with the experiment.
As we have seen earlier, the efficiency of ECCD, as measured by the ratio I/P, is

predicted to be proportional to the energy of the electrons participating in the process.
The question then naturally arises as to whether ECH could also be used in
conjunction with ECCD to create a minority population of relativistic electrons in
specified regions of tokamaks similar to the relativistic-electron plasmas created
in many magnetic-mirror experiments. These more energetic electrons would then
be expected to increase the ECCD efficiency in proportion to their energy relative to
the bulk population. It appears that it should indeed be possible to form such a
minority population of relativistic electrons in tokamaks, provided appropriate
heating strategies were adopted [20]. As was discussed in Chapter 8, it is necessary
that resonance surfaces for the relativistic electrons exist in the desired confinement
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volume and that this volume be illuminated with microwave power that is prefer-
entially absorbed by the relativistic electrons. To illustrate a conceptual approach to
satisfying these two requirements, we consider again the 110GHz ECCD experi-
ments in JT-60U, where the cold-electron resonance surface was at R¼ 340 cm, and
stipulate that the relativistic electrons should occupy the flux tube with minor radii
between 25 and 35 cm. To achieve preferential absorption ofmicrowave power by the
energetic electrons, one could illuminate the specified flux tube with O-modes
propagating perpendicular to the magnetic field at a frequency near the second
harmonic of the cold-electron gyrofrequency at a major radius of roughly 365 cm. In
the JT-60U experiments, this would require power at close to 200GHz. To heat
electrons in the specified flux tube, the power would need to be confined within a
horizontal beam some 10 cm high by quasioptical confocal mirrors, where it could
heat electrons up to energies around 100 keV.
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Exercises

9.1. A comprehensive study of ECH-assisted start-up in large
tokamakswas carried out inDIII-D [4]. The basic parameters
were Ro¼ 1.67m, a¼ 0.67m, Bo� 2 T, and 1.1 MW RF
power at 60GHz.

(a) Assuming the working gas to be hydrogen, use the point
model to estimate the electron temperature if the gas
pressure is po¼ 4� 10�5 Torr and the connection
length, L, is 1000m.

(b) Under these conditions,what RF power densitywould be
required to sustain an average density of
ne� 2� 1012 cm�3?

(c) Where would be upper hybrid resonance be for this
density if Bo¼ 2 T?

9.2. ECCD experiments in DIII-D [21] employed 110GHz power
launched at an angle of 26� from radialwith the polarization
chosen to couple to X-modes. On the magnetic axis, the field
strength was 2 T, the density was 2� 1013 cm�3, and the
electron temperature was 3 keV.

(a) Determine the radial interval in which the RF power is
deposited.

(b) Estimate the noninductive current that could be driven
by 1MW of ECCD power.

(c) If the RF power were launched at 13�, where would be
power be deposited?

9.3. In order to heat energetic electrons preferentially in DIII-D,
RF power at 110GHz is launched perpendicular to the
magnetic field in the equatorial plane with polarization
chosen to couple toO-modes. On themagnetic axis, the field
strength was 2 T.

(a) Where will this power be absorbed by 5 keV electrons?

(b) What is the maximum energy for which electrons can
resonate with this power at the second harmonic of their
gyrofrequency?

(c) What is the minimum energy for which electrons can
resonate with this power at the third harmonic of their
gyrofrequency?
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10
The ELMO Bumpy Torus

It was recognized early in the controlled fusion program that charged particles could
be confined in a simple toroidal magnetic trap if the individual coils used to generate
the toroidal field were spaced sufficiently far apart, relative to theminor radius of the
torus, to make themagnetic field vary significantly along eachmagnetic line of force.
In such a �bumpy� toroidal magnetic field, local gradients in magnetic intensity give
energetic charged particles a poloidal drift motion which balances the rB�B drift
inherent in ideal toroidal magnetic fields. Kadomtsev [1] analyzed the single particle
orbits in such a bumpy torus, and subsequently Gibson et al. [2], Morozov and
Solov�ev [3], and others developed a rigorous picture of single-particle confinement in
bumpy torii using adiabatic constants of the motion as well as numerical studies of
particle orbits. Although these studies showed good confinement properties for the
bumpy torus, it was also clear almost from the outset that plasmas confined in a
simple bumpy torus were likely to be unstable to large-scale interchange instabilities.
Kadomtsev [4] gave a general stability criterion for these modes in an ideal scalar-
pressure plasma confined in a magnetic trap in which all of the magnetic lines of
force close on themselves, as is the case for the bumpy torus. Kadomtsev�s criterion
predicted that any negative pressure gradients at the outer edge of the plasma, which
are unavoidable in a confined plasma, would lead to the unstable growth of
interchange perturbations. As a result of these dire predictions, there was only
limited interest in experimental tests of the bumpy torus concept.
Then, almost a decade after that first interest in the bumpy torus, the experiments

with ECH in simple magnetic mirrors discussed in Chapter 8 demonstrated that
high-beta, hot-electronplasmas could be created andmaintained in stable steady state
in these configurations, which were also predicted to be unstable to interchange
instabilities. As we have seen earlier, the relativistic electrons formed an annulus
centered on the midplane of the magnetic mirror and in some instances, most
notably in the ELMOdevice, their diamagnetic currents were strong enough to create
a significant depression or �magnetic well� in the center of the annulus. These hot-
electron rings appeared to offer the possibility of modifying the magnetic field at the
outer edge of a bumpy torus sufficiently to stabilize the plasma in the interior with
respect to interchangemodes. If that proved to be the case, plasmas confined in such
stabilized bumpy torus traps would offer an attractive prospect for steady-state
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operation of a device with a conveniently large aspect ratio, well suited for auxiliary
heating by energetic neutral or molecular-ion beams, for example. A relatively small
experimental device, the ELMOBumpy Torus (EBT-I) [5], was constructed to test this
concept. In 1973, this initial EBTdevice successfully demonstrated the stable, steady-
state confinement of a toroidally circulating plasma, provided that the hot-electron
rings had high enough energy densities. The EBT employed electron cyclotron
heating for altogether novel purposes and its inclusion here provides a different
perspective on the physics underlying ECH as well as an opportunity to discuss a
number of aspects of classical plasma confinement in toroidal traps which were
germane to the EBT by the virtue of the observed quiescent stability of its plasma.
As was described earlier, a simple bumpy torus is predicted to be unstable to

interchange instabilities. The fundamental supposition underlying the EBTconcept
is that the high-beta relativistic-electron annuli similar to those observed in the ELMO
experiments can reverse the radial gradient of the specific magnetic volume,
U ¼ Ð

d‘=B, and provide stable confinement. The basis for this supposition is shown
schematically in Figure 10.1.
Figure 10.1(a) shows an artist�s conception of how U varies with the radius, r,

for the vacuum magnetic fields (dashed) and with the ELMO rings present. In
Figure 10.1(b), the corresponding radial profiles of magnetic intensity are sketched
together with a plasma pressure profile that satisfies Kadomtsev�s interchange
stability criterion. It should be stressed that the conditions under which the ELMO
rings themselves are stable are not fully understood, but most theoretical and
experimental evidence to date indicate that some form of �line-tying� is responsible
for the observed stability. The empirical facts are that the rings are completely stable if
the ambient gas pressure is high enough and that the stable rings form in radial
regions where there is good electrical contact along magnetic lines of force with
conducting walls of the vacuum chamber.

Figure 10.1 A highly schematic representation of the conceptual
basis for interchange stabilization in an ELMO Bumpy Torus.
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10.1
The Canted Mirror Experiments

Prior to construction of the first EBT device experiments were carried out in the
Canted Mirror facility [6] to determine whether the ELMO rings of adequate beta
could be formed in the nonaxisymmetric bumpy torus configuration. These experi-
ments provided a clear affirmative answer to that question and, in addition, permitted
an experimental study of the pitch-angle distribution of some of the relativistic
electrons, resulting from ECH and forming the high-beta annulus. It is that aspect
of these experiments that will be described in this section.
The Canted Mirror, shown schematically in Figure 10.2, was a simple magnetic-

mirror configurationwith amirror ratio on axis of 2 : 1, but with the unique capability
that the magnetic field coils could be pivoted (�canted�) about parallel axes to
resemble one sector of a bumpy torus.
Plasma confined in this magnetic mirror was heated with up to 3 kW (cw)

of fundamental resonance 10.6GHz power and up to 800W (cw) of 35.7GHz upper
off-resonant heating power. In the axisymmetric �uncanted� configuration, the
resulting plasma contained stored energies up to around 16 J with hot-electron
temperatures between 700 and 800 keVandwithmaximumelectron energies around
4MeV. Themain features of the heating geometry in the uncanted configuration can
be seen in the magnetic field plots displayed in Figures 10.3(a) and (b).

Figure 10.2 Schematic representation of the Canted Mirror Facility.
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Figure 10.3 (a) Flux plot of the magnetic fields in the (uncanted)
Canted Mirror Facility. (b) Mod-B contours in the (uncanted)
Canted Mirror Facility.
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The flux plot in Figure 10.3(a) shows that the outermost magnetic line of force
that just passes the corner of the vacuumchamber intercepts themidplane at a radius
of 17 cm. The mod-B contours shown in Figure 10.3(b) show that the mirror ratio
along this field line is approximately 3 : 1. As was the case in the TPM experiments
discussed in Chapter 8, the corner of the vacuum chamber functions as a limiter and
effectively fixes this flux surface as the position of the outer surface of the plasma.
When the magnetic field coils are canted, a toroidal curvature is introduced

into the magnetic lines of force and the electron guiding centers will drift in
azimuth on circular paths whose centers are shifted off the magnetic axis by an
amount,D, that depends on the electron�s pitch angle, x¼ (v||/v?)

2. Experimentswere
carried out using two probes, separated in azimuth by 180�, as indicated in
Figure 10.4.
The inner probe was fixed at a radial position just inside the surface of the plasma,

and the flux of energetic electrons striking the tip of the inner probe wasmeasured as
the outer probe was inserted progressively deeper into the plasma. Typical experi-
mental results are shown by the solid curve in Figure 10.5(a).
Electrons whose guiding centers are on a drift surface that intersects both probes

satisfy h� router/rinner¼ 1� 2D(x)/rinner, where x¼ (v||/v?)
2 is to be evaluated at the

position of the inner probe.We assume that the probe signal is a measure of the flux,
F, of energetic electrons striking its tip:

FðhÞ ¼
ð
dx

ð
de Jðe; xÞf oðe; xÞvqðe; xÞ; ð10:1Þ

where J(e,x) is a suitable Jacobian. The change in the flux, F, as the outer probe is
inserted further into the plasma is then related to the distribution function through

dF=dh ¼ �dx=dh
ð
de Jðe; xÞf oðe; xÞvqðe; xÞ; ð10:2Þ

Figure 10.4 The probe geometry used to measure the pitch-angle
distribution of electrons at the edge of the hot-electron plasma
in the Canted Mirror Facility.
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Figure 10.5 (a) Experimental values of the flux to the inner
probe as the outer probe is inserted progressively deeper into
the hot-electron plasma. (b) The corresponding values of flux
to the inner probe versus the hot-electron pitch angle.

which we write as

NðxÞ ¼ �ðdF=dhÞðdh=dxÞ=hvqðxÞi ¼ �ðdF=dxÞ=hvqðxÞi: ð10:3Þ
From the guiding-center drift analysis of Chapter 3, we have

DðxÞ=rinner ¼ ð2=koRtÞðM�1Þ�1½IoðkorinnerÞ=I1ðkorinnerÞ�
ð1þ 2xÞfKðk2Þ=½2Eðk2Þ�Kðk2Þ�g;

where k2¼ x/(M� 1). Note that for x¼ 0

D=rinner ¼ ð2=koRtÞðM�1Þ�1½IoðkorinnerÞ=I1ðkorinnerÞ� � ðD=rinnerÞo;
and D(x)/rinner increases monotonically with x up to the value where 2E�K¼ 0.
Thefirst electrons to be intercepted as the outer probe is inserted are thosewith x¼ 0,
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and thus the value of (D/rinner)o can be determined experimentally. We can therefore
use the following two convenient forms for unfolding the experimental data:

DðxÞ=rinner ¼ ðD=rinnerÞoð1þ 2xÞfKðk2Þ=½2Eðk2Þ�Kðk2Þ�g
� ðD=rinnerÞof 2ðx;MÞ ð10:4Þ

and

hvqðxÞi�1 ¼hvqð0Þi�1ð1þxÞfKðk2Þ=½2Eðk2Þ�Kðk2Þ�g
� hvqð0Þi�1f 1ðx;MÞ: ð10:5Þ

The experiments cited in Ref. [6] were carried out with a cant angle of 15�. The
resonance frequency is at a mirror ratio of 1.06 relative to themagnetic intensity on
the midplane and at the axis, B(0,0). The tip of the inner probe was 16.8 cm from
the machine axis. Using the experimental results shown by the solid curve in
Figure 10.5(a), we obtain (D/rinner)o from the end point, h¼ 0.88, and then by using
f2(x,M) withM¼ 3, we construct the dashed curve showing x versus h. The flux can
then be plotted versus x to obtain the curve shown in Figure 10.5(b). The derivative
of this curve together with the function f1(x,M) then yields N(x) shown in
Figure 10.6.

Figure 10.6 The distribution of hot electrons in pitch angle deduced from these measurements.
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The strong single peak in the pitch-angle distribution indicates that most of the
energetic electrons are turning at a point where the magnetic intensity is 1.6 times
the value at the inner probe. Since for the present experiments, the magnetic
intensity at the inner probe is roughly 0.74 B(0,0), we conclude that the hot
electrons at the outer edge of the annulus are turning inside the modulus-B
surface where Bt � 1.18B(0,0). If we assume an approximate correction for the
finite betamodification to themagnetic intensity, with b� 20%, wewould conclude
that the electrons in this outer edge of the annulus were turning inside the
fundamental resonance surface, Bres ¼ 1.06B(0,0), as anticipated.

10.2
Experiments in EBT-I

The EBT-I device, shown in Figure 10.7, was designed to permit plasma to be
generated, heated, and stabilized by ECH using microwave power at frequencies
of 10.6 GHz and 18GHz.
The basic structure consisted of 24 identical cantedmirrors with 2 : 1mirror ratios

connected to form a complete bumpy torus. The major radius was 150 cm and the
minor radius at the midplane of each sector was 25 cm. The maximum steady-
state magnetic field strength on the midplane of each sector was 5 kG requiring
6MW of DC magnetic field power. The total plasma volume was roughly 0.5m3.
The microwave power available for experiments initially consisted of 30 kW (cw)

Figure 10.7 The EBT-I Facility.
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of 10.6GHz and 60 kW (cw) of 18GHz. The heating geometry is shown in
Figure 10.8.
The 18GHz power was provided for heating at the fundamental resonance surface

as well as at the second-harmonic resonance where it also heated the high-beta
annuli. The 10.6GHz power was absorbed at fundamental resonance in a region
adjacent to the inner surface of the second-harmonic 18GHz resonance surface,
thereby augmenting the heating of the annuli. The microwave power was launched
into the plasma at the midplane of the inside wall of the vacuum chamber in each
sector using hybrid couplers oriented to couple to O-modes in the plasma. The
microwave power was observed to be absorbed with an efficiency that approached
100%. It was experimentally verified that the high-beta annuli were formed at the
18GHz second-harmonic resonance surfaces.
Three distinct and highly reproducible modes of operation were found,

depending on the applied microwave power level and the ambient neutral gas
pressure. The different modes were clearly distinguished by fluctuation levels in
the line-integrated electron density, dðÐ ned‘Þ asmeasuredwith a 75GHzmicrowave
interferometer, by the stored energy in thehigh-beta annuli,W?and by the ambipolar
potential, f. At the highest gas pressures, the plasma temperature and stored energy
are both low; f is small and generally positive relative to the cavity wall. Although no

Figure 10.8 The ECH heating geometry in EBT-I.
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gross instabilities are seen, large amplitude density fluctuations are observed in the
frequency range suggestive of drift wave phenomena. Thesefluctuations observed on
the microwave interferometer provide a convenient way of identifying this mode of
operation, designated the C-mode. In this high-pressure C-mode of operation, most
of the microwave power is dissipated in the generation of cold plasma and very few
energetic electrons are produced.
As the pressure is reduced, the diamagnetic stored energy, W?, increases signif-

icantly; and when W? exceeds a critical value, the electron density fluctuation level
drops abruptly to very low values, as shown in Figure 10.9.
In this regime of operation, designated the T-mode, both the toroidally confined

plasma and the high-beta annuli are free of gross instabilities and the electron and ion

Figure 10.9 Experimental results showing the transition from the C-mode to the T-mode in EBT-I.
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temperatures of the toroidal plasma increase by more than an order of magnitude.
Apositive space potential f� 100V ismeasured at the position of the annuli, whereas
a negative potential is observed in the interior of the plasma. Typically, the annuli have
beta values around 15% at the transition from the C-mode to the T-mode, in
reasonable agreement with the estimated value needed to reverse the radial gradient
in the specific flux volume, U ¼ Ð

d‘=B.
If the pressure is lowered further, a second abrupt transition is encountered in

which the stored energy increases to values corresponding to b	 50%, while the
potential at the surface of the plasma becomes large and negative and may exceed
104 V. Although the annuli appear to remain stable, the toroidal plasma supports
large amplitude density fluctuations. This regime of operation, designated the
M-mode, is chiefly of interest because of the high-energy density and large electric
fields that it exhibits. In what follows, we summarize observations made in the
quiescent T-mode of operation.
The line-averaged electron density measured by the 75GHz microwave interfer-

ometer ranges from2–5� 1013 cm�2; and since the plasmadiameter is around 18 cm
in themidplane of each sector, the average electron density is estimated to be between
1� 1012 and 2� 1012 cm�3. The local electron temperature, Te(r), has beenmeasured
directly using Thompson scattered laser light; but at these low densities, the intensity
of the scattered light is only marginally detectable. Steady-state operation of the
plasma allows data from multiple laser pulses to be accumulated, and in this way,
electron temperatures between 130 and 200 eV were measured during relatively
low-power heating with roughly 20 kWofmicrowave power. The variation of electron
temperature with ambient hydrogen gas pressure was measured using soft x-ray
spectroscopy, and typical results are shown in Figure 10.10. The corresponding ion
temperatures were measured by charge-exchange analysis with results as shown in
Figure 10.11.
The ambipolar potential was measured using a rubidium beam probe developed

in collaboration with Colestock [7]. In this technique, singly charged rubidium ions
are injected into the plasma where they become doubly ionized. Analysis of their
orbits then permits a direct spatially resolved measurement of the ambipolar
potential, f(x,y). An example is shown in Figure 10.12.
The potential is typically around þ 100V positive near the surface of the plasma

and �100V near the center line of the torus. The resulting inward-directed radial
electric field enhances electron confinement and provides electrostatic confinement
of most of the plasma ions. A spline fit to a large number of potential measurements
reveals the closed, bowl-shaped nature of the potential surfaces in the T-mode of
operation, when magnetic field errors have been properly compensated. The annuli
typically have densities in the 1–4� 1011 cm�3 with temperatures around 250 keV.
The corresponding values of beta are in the range of 10–40%.
The parameters of the plasma in the quiescent T-mode of operation can be

interpreted at least qualitatively in terms of neoclassical transport theory; initially
formulated for stellarators and bumpy torii by Kovrizhnikh [8] and subsequently
developed extensively by many others. The detailed effect on ion confinement of
the ambipolar potential observed in EBT has not yet been fully investigated, but the
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Figure 10.10 Te versus pressure in the T-mode.

EBT experiments provide some useful phenomenological insights into the electron
transport processes. In its most basic form, neoclassical transport theory predicts
that the flux of particles and heat in quiescent plasma will be governed by the pitch-
angle dependence of the spatial properties of the drift orbits of the guiding centers.
The resulting transport will have a diffusive character with a diffusion coefficient
of the following form:

D � ½hðdxÞ2inq�f1=½1þðnq=WpÞ2�g;
where once again dx is the shift of the guiding-center drift orbit relative to the ring axis
of the torus, rWp is the poloidal drift speed, and nq ¼ t�1

q is the rate at which the
particle velocity is scattered in angle by Coulomb collisions. Generally speaking,

hðdxÞ2i � ðrRco=RtÞ2ð1þ qERco=TÞ�2

and

Wp � ðT=qBrRcoÞð1þ qERco=TÞ:

The Coulomb scattering rate is the inverse of the Spitzer value cited earlier:

tq ¼ 25:8
ffiffiffi
p

p ðeo=q2Þ2ðn lnLÞ�1 ffiffiffiffiffi
m

p
T3=2:
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Figure 10.11 Ti versus pressure in the T-mode.

For 400 eV electrons with a density of 2� 1012 cm�3 near the plasma surface in
EBT-I, we estimate that h(dx)2i� 0.3 cm2, tq¼ 10�4 s, and Wp� 105 s�1. The corre-
sponding diffusion coefficient is D� 3� 103 cm2 s�1; and the electrons are in the
collisionless regime since (nq/Wp)

2
 1. The transport times estimated from this
crude picture of neoclassical transport are then in rough agreement with the
experimental values and given by

t � a2=2D � tq=2f½Rt=RcoðaÞ�ð1þ qERco=TÞg2 � 10ms:

Perhaps of greater significance is the empirical observation that the confinement
time increases with electron temperature roughly as T3=2

e , in agreement with
the temperature dependence of neoclassical transport in the �collisionless� regime.
The data indicating this temperature dependence are shown in Figure 10.13,
where the product of electron temperature and energy confinement time is plotted
against the ratio of the Coulomb collision frequency to the poloidal precession
frequency, (nq/Wp), proportional to T�5=2

e .
In order to explore the transport implications of these experimental results

from EBT-I, we express x, the shift in the guiding-center drift surfaces, in the
following symbolic form:

xðr; qv;WÞ ¼ ðr=RtÞW=½WhrB=Biþ qhrfi�;
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where qv¼ sin�1(v?/v) is ameasure of the velocity-space pitch angle,W is the particle
energy, and h i indicates the average over a bounce or transit period. As a notational
convenience, we denote the average radial (ambipolar) electric field as Er(r,qv)¼
hrfi. Similarly, the average radius of curvature of the magnetic lines of force is

Figure 10.12 The ambipolar potential in the T-mode.

Figure 10.13 TetE versus n/Wp in the T-mode.
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denoted by Rc(r,qv)¼�hrB/Bi�1. Since the net poloidal drift is the vector sum of the
rB�B and E�B drifts, and since the radial electric field in the EBT-I experiments is
directed inward toward the toroidal ring axis, there is an ion energy at which the
two drifts will cancel and the net poloidal drift will vanish. This energy,Wt,marks the
transition from electrostatic confinement to magnetic confinement and provides
a loss mechanism for ions that can ensure quasineutrality. Symbolically, this
transition energy is given by Wt¼�qErRc. Our expression for the shift in the center
of the guiding-center drift surfaces now takes the form

xðr; qv;WÞ ¼ �ðrRc=RtÞW=ðW�WtÞ:
Clearly, the transition energy depends on the position, r, and the pitch angle, qv,

but these dependences are relatively weak for well-trapped particles and we will
ignore them for the present qualitative discussion.
We now imagine that the ions and electrons experience a large number of small,

random changes in energy and pitch angle, resulting from Coulomb collisions
and any operative heating processes. The corresponding changes in the centers
of the guiding-center drift surfaces will be given by

dx ¼ ðqx=qqvÞdqv þðqx=qWÞdW;

which can readily be written in the following form:

dx ¼ ðrRc=RtÞð1�W=WtÞ�2f½ðW=WtÞ2ðqlnRc=qqvÞ
þ ðW=WtÞðqln E=qqvÞ�dqv�dW=Wtg:

If the ambipolar potential is constant along the magnetic lines of force and the
mirror ratio is not too large, qlnE/qqv is small and will be neglected for the present
qualitative discussion. Moreover, since the electric field in EBT-I is directed radially
inward so that the transition energy for electrons is negative, wemay assume that the
electrons will diffuse mainly as a result of pitch-angle scattering:

dxe � ðrRc=RtÞð1�eERc=TeÞ�2ðqlnRc=qqvÞdqv:

For the plasma ions whose energies are less than the transitional energy, the
dominant contribution to transport may come from the heating term:

dxi � �ðrRc=RtÞð1�W=WtÞ�2dW=Wt � �ðr=RtÞð1�W=WtÞ�2dW=eE:

Evidentially, as the ions are heated and W approaches Wt, dxi will become large
and radial transport will become increasingly rapid. Note that for these low-energy-
electrostatically confined ions, the radial diffusion associated with heating will
transport ions in proportion to the energy gained:

DxðWÞ ¼ �ðrRc=RtÞð1�W=WtÞ�2DW=Wt:

Since the ions are lost if Dx(W) exceeds the plasma radius, we can obtain a rough
estimate of the maximum energy which these electrostatically confined ions can
achieve; namely, Wmax�Wt(Rt/Rc)(1�Wmax/Wt)

2. For typical operating conditions
in EBT-I, this gives Wmax� 0.7 Wt.
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One will immediately recognize the parallels between this mechanism and the
ambipolar transport mechanism discussed in Chapter 6. In EBT-I, the electrons are
magnetically confinedwith an apparently neoclassical lifetime te, and the ion lifetime
must equal that of the electrons to maintain electrical neutrality. The ambipolar
(radial) electric field takes on the value required for the two lifetimes to be equal.
A theoretical formula for the neoclassical diffusion coefficient has been derived by
Kovriznykh [8] and is given by:

Dn ¼ ð1=6Þðvth=WpolÞ2nq=½1þðnq=WpÞ2�:
The scaling of electron lifetime with the parameters of the EBT is then given by

te � a2=ð2DneÞ � ðRt=RcÞtqe;
and it appears that the electron lifetime in EBT is enhanced over the Coulomb
scattering time by a (large) factor, (Rt/Rc)
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Exercises

10.1. It has been suggested that the observed stability of the hot-
electron annulus in ELMO and similar hot-electron
plasmas may be due to the rapid poloidal drift speed of the
relativistic electrons, provided it is much faster than the
growth rate of potentially unstable fluctuations.

(a) Derive an approximate expression for the growth rate of
curvature-driven flute modes in a plasma consisting of
low-temperature ions and high-temperature electrons.

(b) Estimate the hot-electron temperature, for which this
growth rate is much less than the hot-electron poloidal
frequency.

10.2. As a crude model of the diamagnetic modifications of the
vacuum magnetic field brought about by a high-beta
relativistic-electron annulus, we adopt the following ad hoc
model of the kinetic pressure, p¼ (3/2)nkT, in the annulus:

p ¼ paexpf�½ðr�raÞ=Dr�2g; for jzj � La

¼ 0; for jzj > La:

In the MHD picture, the radial pressure gradients in the
annulus are balanced by diamagnetic currents whose
densities are given by j�B¼Dp.

(a) Derive expressions for the azimuthal diamagnetic
current densities in the inner and outer surfaces of the
annulus.

(b) What are the maximum values of these currents and
where do they occur?

(c) Derive an approximate expression for the total diama-
gnetic field at the center of the annulus, r¼ ra and z¼ 0.

(d) Estimate the resultingdiamagnetic fieldsasa functionof
beta, b¼ 2mop/B

2, and the dimensions of the annulus.

10.3. In the �collisional� regime of plasma confinement in a
simple bumpy torus, the poloidal drift frequency and the
(pitch-angle) scattering time satisfy the condition that Vp

tq < 1. Thus, the poloidal drift is too slow to compensate for
the toroidal drift, vtuy, where themajor axis of the torus is in
the y-direction. The random walk step size is then given by
dy¼ vttq, where vt is the guiding-center drift speed due to
the toroidal curvature. Show that the resulting diffusion
coefficient varies as B�2, i.e., the same B dependence as
classical diffusion across a uniform magnetic field.
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11
ECH Applications to Space Plasmas

In this chapter, we consider the possible use of electron cyclotron heating (ECH) for
active experiments in space as well as for basic terrestrial studies of plasmas thatmay
be helpful in understanding some astrophysical phenomena. The illustrative active
experiments to be considered here are aimed at achieving control of energetic particle
fluxes from the Earth�s radiation belts, an undertaking sometimes referred to as
�Radiation Belt Remediation.� The basic terrestrial plasma studies envisioned in this
chapter emphasize plasma processes of interest in astrophysics that can be expected
to take place in the high-energy-density plasma media that can be produced and
sustained in stable steady state using ECH. Plasmas such as those produced in ELMO
have substantial populations of relativistic electrons with energies in excess of the
thresholds for electron–positron pair production as well as the electrodissociation of
deuterons discussed earlier in this volume. The content of this chapter is necessarily
more speculative, as compared with the previous three chapters in which well-
diagnosed experiments provided the basis for theoretical interpretations. Nonethe-
less, it will be possible to introduce several unique aspects of ECH that should prove
to be important in future ECH applications in these two areas.

11.1
Active Experiments in Space

Achieving active control of the flux of energetic particles from the Earth�s radiation
belts has been of considerable interest for many years, particularly in the United
States and in the former Soviet Union. There are natural sources such as strong solar
storms that create a population of energetic charged particles in the magnetosphere,
which have sometimes caused damage to satellites and electrical power networks. An
even greater concern has been the possible creation of dense populations of
damaging energetic electrons and ions by the intentional detonation of nuclear
weapons in the radiation belts as a way of neutralizing satellites intended for defense
purposes.
One conceptual approach to pumping energetic charged particles out of the Earth�s

radiation belts was made almost 25 years ago by Trakhtengerts [1]. In this approach,
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which he called the �Alfv�en Maser,� collective oscillations in the magnetospheric
plasma are driven to large amplitudes through the injection of suitable populations of
hot electrons together with synchronous modulation of the ionospheric plasma
density at the foot of the chosen magnetic flux tube. In some respects, this process
resembles the triggering ofwhistler instabilities, described in Section 8.3. TheAlfv�en
Maser concept raises several issues that can be addressed in terms of basic ECH
theory; it also suggests some experimental strategies that have not been fully
investigated, as well as some unresolved theoretical issues, and therefore, the present
discussion must be regarded as somewhat speculative.
The main technical difficulty that must be overcome if adequate densities of

ionospheric electrons are to be heated to even moderately relativistic energies
arises from the nearly uniform magnetic field in the resonant interaction region
where the RF fields resonate with the electron gyrofrequency and its harmonics. As
discussed earlier, the relativistic increase in the mass of the heated electrons limits
the increase in electron energy to values that may be inadequate to pump the
Alfv�en Maser. This heating limit is usually referred to as a relativistic limit cycle or,
more recently, a relativistic heating gap [2]. The term �gap� refers to the difference
between the maximum energy that permits resonance at a particular gyroharmonic
and theminimum energy that permits resonance at the next higher harmonic. There
have been studies of the use of multiple heating frequencies to bridge the relativistic
heating gaps and achieve stochastic heating over a wide energy range. A more
speculative approach that has yet to receive similar attention is the possible use of
frequency-modulated ECH power (FMECH) to extend the duration of a single-pass
resonance and thereby achieving the desiredfinal energy in a single-electron transit of
the resonance zone. FMECH also offers the possibility of bunching the electrons in
gyrophase as well as in energy, although this has not been demonstrated for the
oblique illumination that would characterize ionospheric heating. If phase bunching
could be achieved, the resulting energetic electrons may be especially efficient in
triggering the desired collective response in the radiation belts. Note that the
precipitation of electrons into the ionosphere will increase the conductivity at the
foot of theflux tube and provide positive feedback, which could conceivably yield large
amplitude bursts of wave energy and ejected particles.
To establish the basic heating geometry we recall the geomagnetic field model

described briefly in Chapter 2, following Alfv�en and F€althammar [3]. In terms of a
magnetic scalar potential, c, themagnetic field is given in spherical polar coordinates
by B¼�rc with c¼ a�r/r3¼ a sin l/r2. The strength of the dipole is a¼ 8.1� 1015

Tm3 and the longitudinal angle l is measured from the equatorial plane, l¼
p/2� q. The resulting components of the geomagnetic field are then: Bf¼ 0, Br¼Bp

sin l, and Bl¼�(Bp/2) cosl, where Bp¼ 2a/r3. The magnetic lines of force are
specified by f¼ constant and r¼ req cos

2l. Here, req is the distance from the origin to
the point of intersection of the magnetic field line with the equatorial plane. Along a
line of force, the magnetic intensity varies as

B ¼ �
a=r3eq

�½ð1þ 3sin2 lÞ1=2=cos6 l�: ð11:1Þ
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If s measures the distance along a magnetic line of force, we have

ð1=BÞðdB=dsÞ ¼ ð3 tan l=rÞ½ð8�5 cos2 lÞ=ð4�3 cos2 lÞ�ð1þ 4 tan2 lÞ�1=2:

ð11:2Þ
As a specific illustrative example, we will utilize the HIPAS facility in Alaska [4],

where l¼ 64.87� and (1/B)(dB/ds)� 3/r. For a resonant interaction region 100 km
above the Earth�s surface at the location of HIPAS, r¼ 6,478 km and thus, (1/B)(dB/
ds)� 4.6� 10�4 km�1. If the total length of the interaction region illuminated by a
given antenna array is 10 km, for example, then over this region, the magnetic
intensity varies by DB/B� 0.0046 and the magnetic field can be considered as
essentially uniform over the interaction region. Note that the distance along a
magnetic line of force from a resonant interaction region at longitude l and its
conjugate point is given in the present dipole model by

L ¼ 2
ð
ðds=dlÞdl ¼

ffiffiffi
3

p
reqfsin lð1=3þ sin2 lÞ1=2

þð1=3Þln½sin lþð1=3þ sin2 lÞ1=2��ð1=6Þlnð1=3Þg; ð11:3Þ

where the limits of integral are from 0 to l. In ourHIPAS example, with the resonant
interaction region at an altitude of 100 km, req� 3.6� 104 km and L� 9.8� 104 km.
The remaining basic parameters characterizing the resonant interaction region
100 km above HIPAS are: B¼ 5.54� 10�5 T, fce¼ 1.55 MHz, and c/fce¼ 193m.
The cutoff densities for fundamental and second-harmonic resonance are 3� 104

and 12� 104 electrons/cm3, respectively. For comparison, the maximum day-time
electron density in the E-layer (100–120 km) is around 12� 104 electrons/cm3 and
the night-time density is around 1.8� 103 electrons cm�3 [5].
In Eq. (5.4), a term was included for the rate of change of the phase factor, n0(tres),

arising from the relativistic change in the mass of the heated electrons: n0(tres)¼
W(dW/dt)/gmc2. This effect will limit the duration of resonance if the magnetic field
is essentially uniform, as is the case under consideration here. If n0(tres) is not
compensated by a corresponding change in the wave frequency, w, electrons will
initially gain energy until their gyrophase has slipped by a large enough value to cause
the sign of dW/dt to reverse. The electrons will then loose energy until the gyrophase
reaches a value for which dW/dt is once again positive. This relativistic limit cycle will
repeat until some external condition is altered. We can gain some semiquantitative
insights into the implications of this relativistic effect using results from Chapter 5.
Equation (5.5) gave the following expression for the effective duration of

resonance, teff, defined as the time interval within which the gyrophase would
change by �p/4: teffffi 2[p/|2n0(tres)|]1/2. If we now substitute the rate of change due
to relativistic detuning: n0(tres)¼�W(dW/dt)/gmc2, approximate the heating rate in
the heating phase of the relativistic limit cycle by dW/dt�DW?/teff and replaceW by
2pf, we have

f teff � g mc2=DW?: ð11:4Þ
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Thus, the duration of resonance is inversely proportional to the energy increment
as one might have expected. The energy increment in one transit of the resonance
zone was given by Eq. (5.13):

DW? ¼ �e
ffiffiffi
2

p
E�j jv?ð0ÞJ2oðk?rÞteff cos fres þðe2=gmÞ E�j j2Jo2ðk?rÞt2eff :

Defining K
 e|E�|lJo(k?r)fteff/gmc2, where l¼ c/f is the free-space wavelength,
and substituting from Eq. (11.4), we can rewrite Eq. (5.13) in the following compact
form:

K2�
ffiffiffi
2

p
½v?ð0Þ=c�Joðk?rÞcos fresK ¼ DW?=gmc2 ¼ 1=ðf teff Þ: ð11:5Þ

The particular choice of cos fres¼ 0 displays the basic scaling with RF electric field
strength: K2¼ 1/fteff becomes 1/fteff¼ [e|E�|lJo(k?r)/gmc2]2/3, so that

DW? ¼ gmc2 e E�j jlJoðk?rÞ=gmc2
� �2=3

: ð11:6Þ
The variation of DW? with the two-third power of the effective RF electric field

strength has been demonstrated in numerical studies by Ginet and Heinemann [6].
To realize this energy increment in practice would require that the length of the
resonance zone illuminated by RF power be matched to the distance traveled by a
heated electron in the time for a single transit of resonance, teff.
In principle, it is possible to compensate for the relativistic detuning by employing

frequencymodulation of theRFpower (FMECH) [7]. For fundamental resonance in a
uniformmagnetic field, the necessary rate of change of the RF frequency is given by
dw/dt¼�W(dW/dt)gmc2. For realizable power sources, the maximum frequency
deviation rate is limited by the effective bandwidth of the RF system, Df:

df=dt � ð3=2ÞðDf Þ2: ð11:7Þ
The maximum heating rate for which the resonance condition, n¼ 0, can be

maintained is therefore limited by the available bandwidth:

ðdW=dtÞmax � ð3=2Þgmc2f ðDf=f Þ2: ð11:8Þ
The maximum change in the electron energy for which resonance can be

maintained is similarly limited by the bandwidth of the RF system:

ðDWÞmax � gmc2jDf=f j: ð11:9Þ
These limitations determine the maximum energy increment, the optimum RF

electric field strength, and the duration of resonance for a given bandwidth. For
ideal resonance, v�(t), and thus the heating rate, dW/dt, increases linearly with
timewhereas the electron energy increases quadratically with time. At a time t¼ tmax,
the heating rate will reach the limit set by Eq. (11.8), and the condition for ideal
resonance can no longer be satisfied. For optimum choice of the RF electric field
strength, we require the energy at this time to satisfy Eq. (11.9). We employ the
linearized description of the heating from Chapter 5 to make this picture more
quantitative. The right-hand circularly polarized component of the velocity of an
electron acted on by a right-hand circularly polarized RFelectric field was obtained in
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Chapter 5 by integrating the equation of motion. The resulting expression was

v�ðtÞ¼ v�ð0Þexp �i
ð
Wdt

� �
þA�exp �i

ð
Wdt

� �X
Jnðk?rÞexp½iðnfo�rsinfoÞ�

�
ð
dtexpfi

ð
dt½kjjvjj�wþðnþ1ÞW�g;

where A�
�(e/gm)|E�|. For fundamental resonance, n¼ 0 and k||v||�w þ W¼ 0,
so that the linear time dependence of v�(t) is clearly evident:

v�ðtÞ ¼ ½v�ð0ÞþA�Joðk?rÞexpð�ik?rsinfoÞt�exp �i
ð
Wdt

� �

¼ ½v�ð0ÞþAeff t�exp �i
ð
Wdt

� �
:

ð11:10Þ

The heating rate averaged over awave period is given by (1/2)Re(�eE��v)� (1/2)Re
(�eE��v�), resulting in the following expression for the time-dependent fundamen-
tal-resonance heating rate:

ðdW=dtÞ ¼ �e E�j jJoðk?rÞcosðfo�k?r sin foÞv?ð0Þ=2
ffiffiffi
2

p

þðe2=gmÞ E�j jJoðk?rÞ½ �2t=2:
The electron energy at time t is thus given by

WðtÞ ¼ Wð0Þ�e E�j jJoðk?rÞcosðfo�k?r sin foÞv?ð0Þt=2
ffiffiffi
2

p

þðe2=gmÞ E�j jJoðk?rÞ½ �2t2=4:
In order to display the implications of the heating limitations based on the RF

bandwidth, we reconsider only the deterministic, gyrophase-independent term and
write for the maximum heating rate and energy increment as

ðdW=dtÞmax ¼ ð3=2Þgmc2f ðDf=f Þ2 � ðe2=gmÞ E�j jJoðk?rÞ½ �2tmax=2

ð11:11Þ
and

DWmax ¼ gmc2 Df=fj j � ðe2=gmÞ E�j jJoðk?rÞ½ �2ðtmax=2Þ2: ð11:12Þ
The optimum values of the duration of resonance and the RFelectric field strength

are thus given by

f tmax ¼ 3ðDf=f Þ2 e E�j jlJoðk?rÞ=gmc2
� ��2 ð11:13Þ

and

e E�j jlJoðk?rÞ=gmc2 � ð3=2Þ Df=fj jð Þ3=2: ð11:14Þ
Since (DW)max¼ gmc2|Df/f|, Eq. (11.14) indicates once again that the maximum

energy increment is proportional to the two-third power of the RF electric field:

ðDWÞmax=gmc2 � ð2=3Þe E�j jlJoðk?rÞ=gmc2
� �2=3

:
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Apart from the factor of (2/3)2/3, this is the same result as the more approximate
value from Eq. (11.6).

11.2
Laboratory Experiments of Astrophysical Significance

The understanding of astrophysical phenomena is likely to depend to a significant
degree on the understanding of basic processes taking place in plasmas. This
understanding, in turn, must ultimately be derived from closely linked theoretical
and experimental studies of a wide range of plasmamedia. ECH has proven to be an
effective means for creating many different plasma media, but especially the steady-
state relativistic-electron plasmas that can provide experimental and theoretical
access to plasmas capable of exhibiting a unique regime of plasma phenomena.
Among these are the steady-state creation and confinement of populations of
electron–positron pairs and the electron dissociation of deuterium nuclei, as well
as the generation of various types of double layers. With the potential use of ECH in
mind, we include here an overview of the production of relativistic-electron plasmas
by ECH with an emphasis of the fundamental processes that could be manipulated
for optimizing this production. Many of the technical details of this overview have
been discussed in earlier chapters, but they will be placed in a broader context here to
provide something of a prescription for efficient ECH generation of relativistic-
electron plasmas.
The conceptual approach to be discussed here is based in part on the anticipation

that under typical circumstances, a significant number of collisionless electrons
can accumulate in the superadiabatic or null-heating limit cycles, as discussed in
Chapter 5. By suitable restoration of the stochastic heating of these electrons before
they can generate turbulence, many more of them can be heated to relativistic
energies. The use of multiple-frequency ECH (MFECH), which has shown great
promise in increasing the efficiency of relativistic-electron generation, has been
interpreted in just this way; but other approaches might also be effective.
Broadly speaking, the fundamental processes governing the generation of rela-

tivistic-electron plasmas are those that are involved in providing a steady source of
ion–electron pairs, confining the resulting plasma without excessive turbulence and
heating the electrons into the MeV energy range. For definiteness, we will use
magnetic-mirror confinement in discussing these processes, but much of the
discussion will be applicable to other configurations as well. To that end, we consider
a mirror-confined electron cyclotron heated plasma created by ionization of ambient
gas and identify fundamental aspects of the heating and confinement in the
schematic representation shown in Figure 11.1.
The arrows in the figure represent fluxes of electrons in energy and in space. The

energyfluxes indicate the effect of competition betweenheating and cooling,whereas
the spatial fluxes indicate the loss of confinement. The equilibrium distribution of
electrons in energy is governed by the net result of these competing processes. Note
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that the energy dimension increases upward in the figure, starting at 10 eV for the
newly created ion–electron pairs and ending somewhere above 105 eV where
nonadiabatic losses may become dominant in magnetic mirrors of modest size and
magnetic field strength. The scale is somewhat arbitrary, but is based on our earlier
classification of groups of electrons according to the energy dependence of their
fundamental kinetic and dynamical processes. Despite its arbitrariness, this scheme
provides a useful framework for identifying the elements of heating and confinement
that can be manipulated to optimize the steady-state ECH production of relativistic-
electron plasmas.
In thefirst energy decade shown in thefigure, between 10 and 100 eV, electrons are

confined by an ambipolar electrostatic field whose magnitude is governed by the
conditions for quasineutrality, discussed in detail in Chapter 6. These electronsmake
anumber of bounce orbits before escaping and therefore encounter ECHresonance a
number of times in this energy interval. Under typical ECH conditions, only a few
transits of the resonance surfaces are required to heat electrons to energies above the
ambipolar potential (see �One-or two-step ECH� in Figure 11.1). Electrons heated
above the ambipolar potential barrier can escape promptly if they are in the loss cone
or by scattering into the loss cone if they are initially outside of it. Since the rate of
collisional scattering decreases with the cube of the electron speed, the loss of
electrons at this phase of the process will be reduced if the ambipolar potential is

Figure 11.1 A schematic model of the fundamental ECH processes in a magnetic mirror.
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increased, for example, by inhibiting the outwardflux of ions through anisotropic ion
heating or by replacing some of the cold ions by well-confined hot ions. Note that any
change that reduces the ambipolar potential or, more particularly, causes it to reverse
sign is likely to cause a reduction in efficiency or a loss of the hot-electron population
altogether unless additional steps are taken to prevent rapid loss of low-energy
electrons in this first energy interval.
The second energy decade identified in Figure 11.1 is typically characterized by a

Coulomb collision rate that is high enough to randomize the electron gyrophase
between successive transits of the resonance surfaces. These electrons will therefore
be heated stochastically and diffuse in energy and pitch angle. The mirror reflection
points of those diffusing upward in energy will accumulate around the resonance
surfaces, whereas those diffusing downward in energy may reach the loss cone and
escape. The accumulation at the resonance surfaces can elevate the temperature
anisotropy to levels at which instabilities can occur if the resonance surfaces are too
near the mirror midplane, although measures for mitigating this effect such as
UORH have been well established. Choosing resonance surfaces too near the loss
cone will inevitably cause higher levels of RF driven losses.
In the third energy interval identified in Figure 11.1, from 103 to 104 eV, the

Coulomb scattering rate of electrons is so slow under typical conditions that
gyrophase randomization between successive transits of the resonance surfaces
may no longer obtain. Stochastic heating may then cease and the electrons may
accumulate in the superadiabatic or null-heating limit cycles, as discussed in
Chapter 5. From the point of view of preserving the source of electrons that are
to be heated to relativistic energies, it appears that the elimination of these limit cycles
can provide the basis for a useful optimization mechanism. These electrons are
nearly collisionless and are therefore well confined by magnetic mirrors. Moreover,
the pitch angles of these electrons are restricted to relatively narrow ranges by the
combined action of the ECH power and the static magnetic field of themirror. These
electrons can be released from the limit cycles and stochastically heated with high
efficiency if suitable perturbing forces are applied. One such perturbing force that
can be especially efficient is multiple-frequency ECH (MFECH), to be elaborated
upon shortly. Other interactionsmay also be used to destroy the coherence underlying
these limit cycles, such as the automatic second-harmonic heating that occurs if the
second-harmonic resonance surfaces interact the magnetic flux surfaces on which
the limit cycles obtain. This mechanism was active in TPM, the Canted Mirror, and
EBT, but its efficacy could not be isolated as clearly as that of MFECH, as demon-
strated, for example, in experiments carried out in the SM-1 facility [8]. In these experi-
ments, the energy stored in relativistic electrons was increased by a factor of 5�
when the same amount of RFpowerwas supplied at four different frequencies relative
to that which resulted when the same power was coupled at a single frequency.
SM-1 was a simplemagneticmirror with a 2.2 : 1mirror ratio on axis. The distance

between the mirror �throats� was 71 cm. RF power was supplied by four klystron
amplifiers at frequencies 8.3, 9.2, 9.4, and 10.1GHz, respectively, and launched
through hybrid junctions oriented to couple to O-modes. The klystron amplifiers
could be driven at several frequencies within a bandwidth of 50MHz. Very extensive
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diamagnetic measurements were made and matched to computed equilibriums to
establish the equilibrium properties of the high-beta annuli generated in SM-1;
but the main focus here is on the remarkable results achieved by MFECH that are
summarized in Figure 11.2.

Figure 11.2 Dependence of total stored energy on total heating
power for four different compositions of the heating power
spectrum. The total power is always distributed equally among all
of the active heating frequencies.
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In Figure 11.2, themeasured values of the perpendicular energy,W?, stored in the
hot-electron population are plotted as functions of the total heating power. In all the
four cases shownhere, the total power is divided equally among the frequencies listed
for each case. When the power was supplied at a single frequency (9.4GHz), the
stored energy increased quadratically with power up to a limit around 5 J at 800W, at
which point the equilibrium was lost. When the power was divided equally between
two frequencies (9.4 and 9.2GHz), W? increased by a factor of three to four times
higher than thatwas achievedwith an equal power at a single frequency.With three or
four frequencies, the stored energy could reach 25 J, and total powers as high as
1200Wcould be used, compared with amaximum of 800W for the single-frequency
case. Experiments with two-frequency heating in which the frequency difference
between the two sourceswas varied continuously revealed a clear optimumfrequency
separation of 40MHz, which is approximately equal to the bounce frequency of
10 keV electrons in SM-1. With single-frequency heating, the escaping current
carried by the electrons in this energy interval exhibited low-frequency (30 kHz)
fluctuations. These fluctuations were strongly suppressed with three- or four-
frequency heating. It was not possible to identify the stabilization mechanism
responsible for the suppression of these fluctuations, but the increased density of
hot electrons resulting from MFECH is a likely candidate.
The fourth energy decade, 104–105 eV, in Figure 11.1 has been identified with

renewed stochastic heating, since the gyroradius of electrons in this decade is large
enough to yield significant heating rates at the second and higher harmonics of the
electron gyrofrequency. It is in this energy interval that upper off resonant heating or
other forms of preferential heating can be employed with excellent effect to heat the
more energetic electrons. Fokker–Planck models of the resulting equilibrium
distribution function have been quite successful in describing the kinetic processes
in this interval [9]. These same studies have also modeled the losses caused by of the
breakdown of adiabatic invariance, in good agreement with experiments.
A useful prescription for the efficient ECH generation of relativistic-electron

plasmas is thus available for application to the study of basic plasma processes in
these unusual plasma media.

11.3
Nonlinear Dynamical Ambipolar Equilibria

As we have seen earlier, the absorption of whistler waves launched in the high-field
region can be localized in a narrow zonenear the resonance surface, especially in over
dense plasmas. Such strong local heating can generate a substantial electron-
pressure gradient that must be balanced by an electrostatic field. The resulting
structure can take the form of a phase-space vortex or a compound charge layer
anchored to the resonance surface [10]. Such structures may exhibit a threshold for
instability if the electron distribution contains two distinct populations of electrons:
those that are trapped in the electrostatic ambipolar potential and those that are
streaming through this potential.
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In the course of experimental studies of plasmas created and sustained by whistler
wave heating, several observations have been noted that raise questions regarding the
basic properties of the plasma equilibria. For example, significant differences have
been observed in the electron energy distribution when cw heating was replaced by
trains of pulseswith duty cycles around 25%. The electron temperature achievedwith
this form of pulsed heating was substantially higher thanwith cw heating at the same
value of peak power. Since it was demonstrated that the cw heated plasmawas subject
to repetitive bursts of instabilities at frequencies near the heating frequency it is
plausible that the use of pulse trains of heating power permits classical mechanisms
to allow ordered groups of electrons to relax before the threshold for instability is
reached. In this section we wish to consider the dynamical properties of the
ambipolar potential that must arise if the plasma is to achieve the necessary
quasineutrality that was discussed earlier. There we typically considered cases where
two symmetrically located resonance surfaces were illuminated bymicrowave power.
The ambipolar potential could reasonably be assumed to extend more or less
uniformly along the magnetic lines of force between the resonance surfaces and
decrease beyond these surfaces where the field lines interceptedmetallic walls. If the
mean-free-paths for atomic processes such as charge exchange and recombination
are greater than the distance to the nearest material wall, the potential drop will be
largely confined to the conventional sheath separating the plasma from the wall. In
contrast, if a single resonance surface is illuminated, aswould be the case in the kinds
of active experiments in space discussed earlier in this chapter, the ambipolar
potential is expected to reach amaximum positive value where the microwave power
is absorbed and decrease along the magnetic lines of force at a rate that depends on
the rate at which ions and electrons are lost by transport as well as atomic processes.
In this section we will consider a dynamical model of such an ambipolar potential

containing a mixture of trapped and untrapped electrons and explore the conditions
under which it might be possible to employ strong local absorption of whistler-wave
power to generate a stable electrostatic trap for electrons. Such a trap could permit
trapped electrons to experience multiple transits through the resonance surface and
thereby beheatedmore efficiently at lowpower thanwould be possible if the electrons
made only a single transit of the resonance surface. We assume that the dominant
phenomena affecting the collective dynamics of the equilibria are electrostatic and
therefore governed by Poisson�s equation: r � eoE ¼ �r � eorf ¼ �eor2f ¼ r.
Here r is the electric charge density and f is the electrostatic potential. In a strongly
magnetized plasma with cylindrical symmetry, the equilibrium conditions along
the magnetic lines of force can be described approximately by the one-dimensional
limit of Poisson�s equation:

d2f=dx2 ¼ �r=eo ¼ �
X

ðqs=eoÞ
ð
dv f osðvÞ:

The summation is over all species of charged particles. Since e¼mv2/2 þ qf is a
constant of the motion, the equilibrium distribution functions can be taken to be
functions of e. Note that the speed is given by v¼ [2(e� qf)/m]1/2 so that the
derivative de/dv¼ [2m(e� qf)]1/2. If we now consider the function V(f) defined as
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the following integral from e¼ qf to e¼1:

eoVðfÞ ¼ �
ð
de f oðeÞ½2ðe�qfÞ=m�1=2:

Clearly,

eodV=df ¼ q
ð
de f oðeÞ½2mðe�qfÞ��1=2 ¼ q

ð
de f oðeÞdv=de ¼ r;

so that r/eo¼ dV/df. Poisson�s equation can therefore be written as

d2f=dx2 þ dV=df ¼ 0:

If we now multiply this equation by (df/dx) we have

ðdf=dxÞd2f=dx2 þðdf=dxÞdV=df ¼ 0

ðd=dxÞ½ðdf=dxÞ2=2� þ dV=dx ¼ 0; or

ðdf=dxÞ2=2þV ¼ constant:

Note that Poisson�s equation can now be written as

d½ðdf=dxÞ2=2�=df ¼ dðE2=2Þ=df ¼ �dV=df ¼ �r=eo ¼ 2ðe=eoÞðne�niÞ;
ð11:15Þ

which is the form we will employ in the following. The function, V(f), is generally
designated as the �pseudo potential.�
One of the simplest techniques for obtaining self-consistent, nonlinear dynamical

descriptions of equilibria of the sort under consideration here employs the so-called
water-bag model [11] to obtain explicit forms for n(f) that can be integrated to obtain
(df/dx)2 and f(x). The water-bag model represents the equilibria as a number of
sharply bounded regions in phase space within which the distribution function has a
constant value and Liouville�s theorem is explicitly satisfied. For two groups of
electrons, the phase-space orbits may have the form shown in Figure 11.3. The
distribution of electrons in speed is assumed to be constant within boundaries

Figure 11.3 Phase-space boundaries for a rudimentary water-bag
model of the dynamic, self-consistent equilibrium containing
trapped and untrapped electrons.
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determined by the constants of the motion. In the present illustrative case two such
regions are identified, corresponding to electrons that are trapped in the self-
consistent electrostatic potential and those that are untrapped and stream through
the potential. The associated distribution functions have values ft and fu, respectively.
The four boundaries shown in the figure are described by energy conservation:

mv2j =2�ef ¼ ej ¼ constant ¼ �mu2
j =2; ð11:16Þ

where the index j takes on the values 1, 2, 3, and 4. Since v2 vanishes at the turning
points, e2h0 if fi0, as is the case here. Additionally, since v2 and v3 vanish at the same
position, we have e2¼ e3. For the present case we will adopt the simplifying
assumption that the equilibrium is symmetric so that e1¼ e4, and the electron
density is then given by

ne ¼ 2f uv1; for efþ e2 � 0; and
ne ¼ 2f uv1 þ 2ðf t�f uÞv2; for efþ e2 � 0:

If we introduce the Heaviside unit step function, U(ef þ e2), we can write this
more compactly as

ne ¼ 2f uv1 þ 2ðf t�f uÞv2Uðefþ e2Þ: ð11:17Þ
As a notational convenience we use the maximum value of the electrostatic

potential, fo, to define the following three dimensionless variables:

x 
 f=fo
z21 
 mu2

1=2efo ¼ e1=efo
z22 
 mu2

2=2efo ¼ �e2=efo:
ð11:18Þ

In term of these variables, the speeds on the boundaries are given by

v1 ¼ ð2efo=mÞ1=2�z21 þ x
�1=2

and

v2 ¼ ð2efo=mÞ1=2�x�z22
�1=2

:
ð11:19Þ

Our expression for the electron density now becomes

ne ¼ 2ð2efo=mÞ1=2�f u�z21 þ x
�1=2 þðf t�f uÞ

�
x�z22

�1=2
U
�
x�z22

��
: ð11:20Þ

If the plasma ions are regarded as a spatially uniform distribution of infinitely
massive positive charges, we can set ni¼ constant. In the center of the plasma, where
x
 f/fo¼ 1, we require charge neutrality, ni¼ne(x¼ 1), and thus

ni ¼ 2ð2efo=mÞ1=2�f u�z21 þ 1
�1=2 þðf t�f uÞ

�
1�z22

�1=2�
: ð11:21Þ

The square of the electric field, E2(f), can now be determined by integrating
Poisson�s equation, Eq. (11.15), using the above expressions for the electron and ion
densities. In terms of the dimensionless variables, Poisson�s equation then becomes
the following:

d E2ðxÞ ¼ ð2efo=eoÞf2ð2efo=mÞ1=2�f u�z21 þ x
�1=2

þðf t�f uÞ
�
x�z22

�1=2
U
�
x�z22

���nigdx: ð11:22Þ

11.3 Nonlinear Dynamical Ambipolar Equilibria j219



At the surface of the plasma, where x¼ 0, we impose the additional boundary
condition that E(x¼ 0)¼ 0. Under these conditions, E2(x) is given by

E2ðxÞ ¼ ð2efo=eoÞfð4=3Þð2efo=mÞ1=2�f u�z21 þ x
�3=2

�f uz31 þðf t�f uÞ
�
x�z22

�3=2
U
�
x�z22

���nixg: ð11:23Þ
We also require the electric field to vanish at the center of the plasma, so that

E(x¼ 1)¼ 0, which fixes the value of the ion density:

ni ¼ ð4=3Þð2efo=mÞ1=2�f u�z21 þ 1
�3=2�f uz31 þðf t�f uÞ

�
1�z22

�3=2�
:

Since this ion density must also satisfy the electrical neutrality condition,
we have

A 
 ðf t�f uÞ=f u ¼ ��
z21 þ 1

�1=2�z21 þ 1=2
��z31

�
=
��
1�z22

�1=2�z22�1=2
��
:

ð11:24Þ
Our expression for E2(x) can now be rewritten in the following form:

E2ðxÞ ¼ ð2niefo=eoÞ�
	��

z21þx
�3=2�z31þA

�
x�z22

�3=2
U
�
x�z22

��
=
��
z21þ1

�3=2
�z31þA

�
1�z22

�3=2��x


 E2

oFðxÞ: ð11:25Þ

In order to ensure that E2(x)� 0 for 0� x� 1, it is necessary to require that
dE2/dx� 0 for x ! 0. This condition is satisfied if z1 � ðz21 þ 1Þ1=2 þAð1�z22Þ1=2.
Sincewehave required E2(x) to vanish at x¼ 0 and x¼ 1,we can expandE2(x) in the

neighborhood of both of these points:

E2ðxÞ ffi E2
oF

0ð0Þx; as x! 0; and

E2ðxÞ ffi E2
oF

00ð1Þð1�xÞ2; as x! 1:

Note also that E(x)¼�df/dx¼�fodx/dx¼�Eo
ffiffiffi
F

p
(x), so that

dx ¼ �xodx=
ffiffiffi
F

p
ðxÞ;

where xo
�fo/Eo. If we let x¼ 0 be the point at which x¼ 0,we can obtain the spatial
profile of the potential by integrating this last expression using the local approxi-
mation, valid as x ! 0:

x ffi 2xox1=2=
ffiffiffiffi
F0

p
ð0Þ;

or

f ffi foF
0ð0Þðx=2xoÞ2:

Similarly, near x¼ 1,

dx ¼ �xodlnð1�xÞ=
ffiffiffiffiffi
F00

p
ð1Þ=2; so that if x1 < x2 ¼ 1;

x2�x1 ¼ xo
ffiffiffi
2

p
=F00ð1Þln½ð1�x1Þ=ð1�x2Þ�:
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Thismodel has been used to construct the equilibriumpotential profiles shown in
Figure 11.4. The parameters defining the two cases are as follows:

Case z21 z22 nt/nu A F0(0) F00(1)
1 1 0.2 0.92 �0.4678 0.0042 0.0924
2 0.2 0.1 1.72 �0.7345 0.1218 0.1739

Note that E2
o ¼ 2niefo=eo and thus the scale length, xo¼ fo/Eo¼ (eofo/2eni)1/2.

The sheath-like structure of the plasma surface is evident from Figure 11.4: the
potential rises within a distance of O(10xo) to values approaching itsmaximumvalue,
fo. The details of the sheath-like edge profile depend on the relative density of trapped
and untrapped electrons; but in any event, the model leads to equilibria whose
lengths are infinite. That is, the length is not determined by charge balance but rather
by particle and heat balance. It appears that the conditions for charge balance in this
dynamical model of the equilibrium determine whether or not equilibria exist at all.
This rudimentary three-component model containing trapped and untrapped elec-
trons andfixed ions indicates that the untrapped electronsmust have energies greater
than a critical minimum value that depends on the relative density of trapped and
untrapped components. Otherwise the local density of electrons near the surface will
be too small to satisfy Poisson�s equation near the plasma surface while simulta-
neously satisfying charge neutrality in the interior of the plasma. The condition for
the existence of equilibria corresponds to the physical requirement that there be no
net positive space charge at the plasma surface.

Figure 11.4 Profiles of the self-consistent ambipolar potentials for
the two cases described in the text.
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Exercises

11.1. For the simple dipole model of the geomagnetic field,
estimate the following properties of single electrons:

(a) The bounce time of electrons heated to (perpendicular)
energies of 5 keV in a resonance zone 100 km above
HIPAS.

(b) The!!!!!!B�B drift speed of these same electrons at the
equatorial plane.

(c) Themaximum electron energy for adiabatic invariance
on the geomagnetic field line through HIPAS.

11.2. Estimate the RF power flux required to heat these electrons
to 5 keV:

(a) with fixed frequency power and

(b) with frequency-modulated power with a 2%
bandwidth.

11.3. The radius of curvature of field lines in SM-1 is given by
rRc¼ 600 cm2. If the magnetic field at a radius of 10 cm on
the midplane is about 0.2 T, estimate the poloidal drift
frequency and the frequencies of curvature-driven flute
modes for electrons of 10-keV energy. Assume that the
ions have a negligible temperature.
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12
Some Aspects of Microwave Technology

It is not appropriate to close the treatise without adding some brief remarks
regarding the aspects of microwave technology that are important in electron
cyclotron heating (ECH). These remarks, however, are in no way intended to
substitute for an in-depth review of microwave technology that would be far beyond
the scope of the present work. Instead, the aim is to highlight some issues that may
prompt the interested reader to delve more deeply into the vast literature on this
subject. We rather arbitrarily separate the field into frequencies less than 35GHz,
where the technology is well established for the most part, and frequencies in the
100–170GHz range, where the development of high-power continuous wave (cw)
sources is ongoing and the technology is advancing rapidly as the power becomes
available at multimegawatt levels.

12.1
Low-Frequency Technology: Sources

At frequencies below 35GHz, there is a wide range of cwmicrowave power sources.
For instance, klystron amplifiers, such as those employed in the SM-1 experiments,
have been widely used at frequencies up to 18GHz and cw magnetrons have been
used at frequencies up to 9GHz. TWT amplifiers employing coupled cavity, slow-
wave structures have been used for ECH at multikilowatt cw power output levels at
frequencies up to 55GHz. Amplifier power output devices are emphasized in the text
since they offer some advantages over oscillators by virtue of the inherent simplicity
and flexibility of power output control and the possibility of a wide range of time-
dependent waveforms that they afford. Although few systematic studies of heating
with different waveforms have been reported, these have demonstrated beneficial
effects on some aspects of the heating process. Additionally, the power output of a
system containing multiple amplifiers can readily be controlled by simultaneous
adjustment of a common low-level drive power source.
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12.2
Low-Frequency Transmission Systems

In the frequency rangebelow35GHztransmissionsystems formost laboratoryplasma
facilities have generally employed dominant mode waveguide. Bends may be incor-
porated in these waveguide transmission systems to permit considerable flexibility
in the location of the RF sources relative to the plasma device. Waveguide vacuum
window availability in this frequency range has presented few problems, since the
window designs used on the microwave output tubes are generally applicable for use
at equivalent power levels on the fusion device itself. Window location is flexible since
it may be located at an arbitrary distance from the plasma device and can be shielded
from plasma bombardment by interposing waveguide bends. A complication arises
when the waveguide passes through a magnetic field where the microwave frequency
matches the local electron gyrofrequency. In order to prevent breakdown and arcing
in such regions, it has been common practice to locate the waveguide vacuumwindow
in a region where the magnetic field exceeds the resonant electron gyrofrequency
while maintaining pressurized waveguide operation through the resonance region.

12.3
Low-Frequency Coupling Techniques

Impedance matching is an especially important consideration at the power levels of
interest to most ECH experiments, but because the plasma parameters can vary
significantly in time, it is difficult to apply traditional methods of impedance
matching using networks of passive elements. It is helpful to minimize local plasma
coupling in the near field of the waveguide coupling aperture and exploit the
polarization-changing reflections at the walls of the vacuum chamber to convert
power initially coupled to weakly absorbed O-modes into X-modes that are then
rapidly damped. Since O-modes propagate readily through the underdense plasma,
near-field interaction isminimized and significant plasma coupling occurs only after
subsequent reflections from the chamber walls. Under these circumstances, the
impedance presented to the incident wave is nearly equal to the impedance of free
space. Impedance matching considerations entering into the design of the coupling
aperture are therefore similar to those for a radiating antenna. The simplest aperture
suitable for high-power use is an open-ended waveguide terminating flush with the
interior wall of the vacuum chamber. A widely used and very effective method of
coupling from dominant mode waveguide employs quadrature-type waveguide
hybrid junctions (four-port hybrid couplers) terminating in two identical radiating
apertures at the cavity wall. In this approach, the combination of the network
properties of the hybrid junction and physically symmetrical connection of the
output ports produces high-order cancellation of mismatch effects caused by dis-
continuities as well as by near-field interaction with the plasma. If the feed is oriented
with the RF electric field parallel to themagnetic field so as to couple to O-modes, the
near-field effects are further minimized.
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12.4
High-Frequency Power Sources

The development of the gyrotron oscillator hasmade possible the implementation of
ECH on large tokamaks and stellarators by providing megawatt power levels at
millimeter wavelengths for pulse lengths that are approaching and in some instances
achieving what is, in effect, continuous operation. Because of the importance of
the gyrotron to contemporary fusion research, we present here a brief introduction
to the theory of its operation and suggest the interested reader to take advantage of
detailed reports [1] that are issued regularly to update the technical community on the
rapid progress in this area.
A highly schematic representation of a gyrotron is shown in Figure 12.1.
A thin annular beam of electrons is generated at the cathode of a magnetron-type

electron gun and is accelerated by the potential difference applied to the anode, which
is typically around 80 kV. The electrons flow along a static magnetic field whose
intensity increases gradually, adiabatically converting parallel kinetic energy into
perpendicular kinetic energy. The electrons then pass into an interaction region
where a fraction of their perpendicular kinetic energy is transformed into the energy
of electromagnetic radiation. This transformation comes about because of relativistic
changes in the electron gyrofrequency, W¼ eB/gm.
As discussed in a uniform magnetic field in Chapter 11, the rate of change of

the phase of an electron relative to the phase of an imposed electromagnetic field is
governed by the relativistic change in the gyrofrequency:

df=dt � n ¼ Wþ kjjvjj�w � nðtresÞþ n0ðtresÞðt�tresÞþhigher order terms;

where n0(tres)¼�[W(dW/dt)/gmc2]res is the dominant term in the case of a uniform
magnetic field and dW/dt��eE?v?cos f. If the initial phase of an electron is in the
range for deceleration, p/2> f>�p/2 and the heating rate, dW/dt< 0, the electron

Figure 12.1 A highly schematic representation of a generic gyrotron.

12.4 High-Frequency Power Sources j225



looses energy, the gyrofrequency increases, and df/dt> 0. The initial phase thus
increases with time until it reaches p/2, after which the heating ceases. Conversely,
if p/2< f< 3p/2, the heating rate is positive and df/dt< 0. The initial phase will
therefore decrease in time until it, too, reaches p/2. When the resulting gyrophase
bunch is formed in the decelerating phase of the wave, electrons do net work on the
wave and amplify it. In practice,w�W is small but positive to keep electron bunches
in the retarding phase.
To produce coherent radiation, the contribution from the electronsmust reinforce

the original emitted radiation in the oscillator, and the bunching mechanism must
create electron density variations comparable in size to the wavelength of the im-
posed radiation. The number of electron gyro orbits required for efficient bunching
and deceleration of electrons can be large. Since the annular electron beam is quite
thin in the radial dimension, and since the beam excites azimuthally rotating
electromagnetic waves in an axially symmetric cavity, all of the beamlets comprising
the beam interact identically with the wave.
The interaction region can be considered as an open resonator formed by an axially

symmetric open waveguide with smoothly varying wall radius. In the central, con-
stant radius section, a mode is excited at a frequency close to the cutoff value, so that
k||� 1/L is very small. The radius is tapered downward toward the cathode to create a
space in which the waves are evanescent. The radius is tapered upward toward the
collector to permit the amplified wave to propagate into an internal mode converter
that yields aGaussian beamofmicrowave radiation in amode that can be transported
efficiently to the plasma device.
The remaining megawatts of electron beam power must be absorbed without

damaging components, and this is accomplished in different ways. In some
gyrotrons, the beam is deposited over a large surface area by magnetically sweeping
the beam across the collecting surface. Other gyrotrons employ depressed collectors
to recover the beam energy.
One of the more recent developments that have made continuous operation

possible is the use of synthetic diamond discs for output windows on the gyrotron.
These discs are made by chemical vapor deposition and have outstanding properties
for this application: high thermal conductivity (roughly four times that of copper) and
low absorptivity of microwave power (�0.2%). Edge cooling is adequate to extract
the energy absorbed by the diamond from the transmitted microwave beam. The
photograph in Figure 12.2 shows a 110-GHz 1-MW gyrotron manufactured by the
Communications and Power Industries.

12.5
High-Frequency Transmission Systems

Power from the gyrotrons is generally transmitted to the plasma device using
low-loss, windowless, evacuated transmission lines that are formed from circular
corrugated waveguide for propagation in the HE11 mode. This mode, existing
only in corrugated waveguides, has exact linear polarization that can be selected
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for coupling to O-modes or X-modes in the plasma. The lines will typically
have a number of mitre bends, each of which may result in the loss of around
1% of the power. The overall efficiency of a 100-m-long transmission line can
exceed 80%.

Figure 12.2 Photograph of a 110-GHz, 1-MW, 10-s Pulse
Gyrotron, Type VGT-8110 manufactured by the Communications
and Power Industries.
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12.6
High-Frequency Couplers

It is now a common practice to launch the high-frequency power-using mirrors that
can steer the beam in both the poloidal and toroidal directions. Polarization-changing
mirrors, mounted on the inside wall of a torus, can also be used to convert O-modes
launched from the low-field side of a torus into X-modes for injection from the high-
field side.
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13
Frequency Modulated Electron Cyclotron Heating (FMECH)

Formost of the situations considered in previous chapters the duration of resonance,
teff, was determined either by the spatial gradients of themagnetostatic field or, in the
case of heating in a locally uniform magnetic field, by the relativistic change in the
electronmass and gyrofrequency. The frequency of themicrowave powerwas usually
assumed to be constant, although in Chapter 11 we employed frequency modu-
lation to extend the duration of resonance by compensating for the relativistic change
in the electron gyrofrequency. The maximum extent of this compensation was
limited in a very straightforward way by the bandwidth of the microwave power
source. In the present chapter we will explore further some of the potential uses of
microwave power with time-varying frequency and, in particular, the possible use of
FMECH to achieve preferential interactions with electrons having selected parallel
velocities.
As we have seen, in general, the duration of resonance is determined by the time-

history integral of n¼W þ k||v||�w, the rate at which the electron gyrophase
changes relative to the (Doppler shifted) wave frequency: teff¼Re

Ð
dt exp(i

Ð
dt n).

At a resonance n¼ 0, teff¼ t, and the duration of resonance increases with time as
long as the resonance condition is satisfied. In Chapter 5 we proposed an ad hoc
definition of teff as the interval in time throughout which the phase difference
remainedwithin�p/4 relative to its value at resonance: |f(teff)� fres|� p/4.We used
this rather arbitrary definition to illustrate for mirror-confined electrons the depen-
dence of teff on the electron pitch angle in velocity space. To do this we expanded n(t)
in a Taylor series about the instant of resonance:

nðtÞ ¼ nres þ n0resðt� tresÞþ n00resðt� tresÞ2=2!þ � � � : ð13:1Þ

Here the primes indicate derivatives with respect to time. Since nres¼ 0, the phase
evolves in time according to

fðtÞ ¼ fres þ n0resðt� tresÞ2=2þ n00resðt� tresÞ3=3!þ � � � : ð13:2Þ

If the intervals prior to resonance and after resonance are designated, respectively,
by dt� and dtþ and, for n0res 6¼ 0, given by n0resjdt2�=2 ¼ p=4

�� , then the duration of
resonance in our ad hocmodel is teff¼ dt� þ dtffi 2p/|n0res|)1/2. If we now include the
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possibility that the microwave frequency can vary in time, then

n0res ¼ ½WvjjdlnB=dz�WðdW=dtÞ=gmc2 þ kjjðdvjj=dtÞ�dw=dt�res: ð13:3Þ

For themomentwewill neglect the relativistic andDoppler terms and approximate
the duration of resonance as

teff ¼
�
2p=

��n0res���1=2 ffi �
2p=

���WvjjdlnB=dz�dw=dt
�
res

���1=2

¼ �
2p=

���WdlnB=dz
��
res

�1=2���vjj�vres
����1=2

; ð13:4Þ

where vres¼ (dw/dt)/WdlnB/dz. If the frequency deviation rate is such that v||¼ vres,
the duration of resonance is given as before by teff¼ tmax, where tmax is themaximum
time for which the resonance condition can be satisfied. As we shall see in the
following section the duration of resonance for electrons with v||� vres can be more
than 5 times greater than the duration for electrons having the same speed but
moving in the opposite direction, as suggested by Eq. (13.4).
The possibility of interacting preferentially with electrons having a particular

velocity was utilized in an approach to ECH current drive in tokamaks that
exploits this potential [1]. In this approach, pulsed, fixed-frequency ECH, resonant
near the maximum magnetic field, is used to create a collisionless group of barely
trapped electrons. FMECH resonant near the minimum magnetic field is then
used to displace some of these collisionless electrons into regions of velocity space
where they can pass freely around the torus and thereby contribute to the toroidal
current. In order to achieve a net current the FMECH must interact preferentially
with the electrons moving in the same direction as the bulk electrons that carry
the main toroidal current (�co-streaming� electrons) to yield a significant toroidal
asymmetry. In the next section we consider in a more rigorous way the degree to
which the interaction with co-streaming electrons can be enhanced relative to the
interaction with the counter-streaming electrons (those moving in the opposite
direction).

13.1
Achievable Values of Toroidal Asymmetry

Before undertaking a detailed analysis of the toroidal asymmetry that can be achieved
with FMECH, we first sketch a heuristic picture that gives a rough estimate of the
achievable toroidal asymmetry and displays the elements of the optimization process
that will then be examined with fewer arbitrary assumptions in what follows. If we
choose the frequency deviation rate to match the parallel velocity of the co-streaming
electrons the maximum time for which resonance can be maintained will be
estimated by assuming that the bandwidth Df¼Dw/2p is swept by the FMECH at
the maximum frequency deviation rate:

tmax � 2pDf=ðdf=dtÞ 	 2pDf=½ð3=2ÞðDf Þ2 � 4p=ð3Df Þ: ð13:5Þ
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Our ad hocmodel for the duration of resonance for the counter-streaming electrons
gives

teff ; counter ¼
�
2p=

��n0res���1=2 ffi �
2p=

���2dw=dt
��
res

�1=2 ffi 1=
� ffiffiffi

3
p

Df
�
: ð13:6Þ

The ratio of the FMECH interaction with co-streaming electrons to that with
counter-streaming electrons is then given under these assumptions by

tmax=teff ; counter � 4p=
ffiffiffi
3

p
¼ 7:3;

as was suggested by the simple (|v||� vres|)
�1/2 dependence of teff cited earlier.

We now consider a more detailed and rigorous analysis that seeks to optimize
the toroidal asymmetry without making such arbitrary assumptions as those
made above. To achieve the maximum possible toroidal asymmetry it is necessary
tomaximize the rate of change of the phase of the counter-streaming electrons while
prolonging the resonance of co-streaming electrons to the fullest extent permitted by
the bandwidth of the FMECH power source. We first consider the maximum
duration of resonance that can be maintained for the co-streaming electrons by
employing FMECH. In the rest frame of a trapped electron the gyrofrequency varies
in time according to

W=Wo ¼ ½ðMt þ 1Þ=2��½ðMt�1Þ=2�cos 2wbt: ð13:7Þ

Herewb is the bounce frequency andwehave taken t¼ 0 to be the time atwhich the
electron is at z¼ 0. In order for the resonance condition to be satisfied we require

dw=dt ¼ ðMt�1ÞwbWosin 2wbt: ð13:8Þ

But since dw/dt¼ 2pdf/dt� 3p(Df)2, it is not possible to provide the frequency
deviation rate required for resonance for times greater than a maximum time, tmax,
given by

sin 2wbtmax ¼ 3pðDf Þ2=½ðMt�1ÞwbWo�: ð13:9Þ
At time t¼ tmax we shall require that the FMECH frequency is as high as the

bandwidth permits:

f ðtmaxÞ ¼ f c þðDf=2Þ; ð13:10Þ
where fc is the center frequency of the FMECH power source. If the instantaneous
frequency deviation rate is matched to the electron gyrofrequency for the duration of
the resonance, Dt, we have

f ðtmaxÞ ¼ f ðtmax�DtÞþDf ðWo=2pÞf½ðMt þ 1Þ=2��½ðMt�1Þ=2�gcos 2wbtmax

¼ ðWo=2pÞf½ðMt þ 1Þ=2��½ðMt�1Þ=2�gcos 2wbðtmax�DtÞþDf ;

or cos 2wbðtmax�DtÞ ¼ cos 2wbtmax þðDf=f Þ½2Mres=ðMt�1Þ�:
ð13:11Þ
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Note that we have set f¼Mres(Wo/2p) as a notational convenience. Clearly the
optimum situation is obtained if Dt¼ tmax, in which case

cos 2wb tmax ¼ 1�ðDf=f Þ½2Mres=ðMt�1Þ�; ð13:12Þ

provided that the necessary frequency deviation rate is maintained:

sin 2wbtmax ¼ 3pðDf Þ2=½ðMt�1ÞwbWo� ¼ ð3=2Þðf=wbÞðDf=f Þ2½Mres=ðMt�1Þ�:
ð13:13Þ

For relatively narrow bandwidths, Df/f
O(10�2), the optimum conditions will be
characterized by small values of wbtmax and we can approximate the trigonometric
functionswith the lowest order terms in their Taylor series and obtain two convenient
optimizing conditions:

wbtmax ¼ fðDf=f Þ½Mres=ðMt�1Þ�g1=2 ð13:14Þ
and

wbtmax ¼ ð3=4Þðf=wbÞðDf=f Þ2½Mres=ðMt�1Þ�: ð13:15Þ
If the bounce frequency is eliminated between these two conditions we find for the

maximum duration of resonance, tmax¼ 4/(3Df).
In order to estimate the corresponding duration of resonance for counter-stream-

ing electrons we model the variation of magnetic intensity along a magnetic line of
force in a tokamak by our earlier expression for mirror-like fields:

BðzÞ=Bo ¼ ½ðMþ 1Þ=2��½ðM�1Þ=2�cos koz; ð13:16Þ
Where ko¼ 1/Rq. Here Bo is the minimum magnetic intensity at z¼ 0, and MBo is
the maximum magnetic intensity at z¼pRq. R¼Ro þ r is the major radius of the
field line at z¼ 0 in the equatorial plane of the tokamak and q is the safety factor on
this flux surface. The mirror ratio is M¼ (Ro þ r)/(Ro� r). In this model of the
tokamak magnetic field the parallel gradient in B and thus in W is given by

dW=dz ¼ Woko½ðM�1Þ=2�sin koz: ð13:17Þ
The parallel velocity at any point along the field line is related to the (conserved)

speed by adiabatic invariance:

vjj ¼ � vð1�B=BtÞ1=2; ð13:18Þ
where Bt¼ e/m¼MtBo is the magnetic intensity at which the trapped electron is
reflected by the increasing magnetic field. If we denote the initial point along the
field line at which resonance occurs as z¼ zres, where B¼Bres¼MresBo, the counter-
streaming electrons will undergo a rate of change of phase given by

n0res counterj ¼ 2dw=dtj
¼ 2pvð1�Mres=MtÞ1=2fko½ðM�1Þ=Mres�sin ko zres � 3pðDf Þ2:

ð13:19Þ
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We can now compare the FMECH interaction with co-streaming and counter-
streaming electrons under these optimum conditions by evaluating the change in
perpendicular energy they experience in a single transit of the resonance:

dW?ffi �eE�v?resRe exp
�
ifres

� ð
dt exp



i
ð
dtn

�� 
=2

ffi �eE�v?resRe expðifresÞ
ð
dt expðin0rest2=2Þ

� 
=2

ffi �eE�v?resRe expðifresÞ
ð
dt cos n0rest2=2þ i

ð
dt sin n0rest2=2

� � �
=2:

ð13:20Þ

The two integrals in brackets, whose limits are t¼ 0 and t¼ t, are readily expressed
in terms of the Fresnel integrals [2], C(y) and S(y). Here, for clarity, we shall consider
the case fres¼ 0 and thus isolate the first term in Eq. (13.20). Then let y2¼ |n0res|t2/p
so that

ð
dt cos n0rest2=2 ¼ �

p=
��n0res��Þ1=2

ð
dy cos py2=2 ¼ �

p=
��n0res��Þ1=2CðyÞ:

ð13:21Þ

For the co-streaming electrons n0res� 0 for t� tmax and the small argument limit of
the Fresnel integral applies:

�
p= n0resj

�� �1=2
CðyÞ ffi �

p= n0resj
�� �1=2�p= n0resj

�� ��1=2
tmax ¼ tmax: ð13:22Þ

For the counter-streaming electrons |n0res|¼ |2dw/dt|res and y¼ (|n0res|/p)t� 1.
Thus, for the counter-streaming electrons we can take the asymptotic limit of the
Fresnel integral:

�
p= n0resj

�� �1=2
CðyÞ ffi �

p= n0resj
�� �1=2ð1=2Þ ffi �

p= 2dw=dtresj
�� �1=2ð1=2Þ:

ð13:23Þ
Finally, we arrive at the following estimate for the toroidal asymmetry that can be

achieved with FMECH:

dW?co=dW?counter ffi tmax=
�
p= 2dw=dtresj

�� �1=2ð1=2Þ ¼ 2tmax
�
2 dw=dtresjj Þ=p� �1=2

:

ð13:24Þ

With tmax¼ 4/(3Df ) and dw/dtres� 3p(Df )2 we have

dW?co=dW?counter ffi ð8=3Þ
ffiffiffi
6

p
¼ 6:5: ð13:25Þ

The more detailed optimization thus yields a slightly smaller toroidal asymmetry
than our initial crude estimate and provides additional constraints that reflect specific
tokamak parameters.
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13.2
An Estimate of I/P

The conventional figure-of-merit for noninductively driven current is I/P, where P is
the power required to sustain the current I. For the FMECHapproach to current drive
there are two separate steps to consider: In STEPONEfixed-frequency ECHis used to
generate a small fractional concentration of barely trapped energetic electrons by
preferentially heating electrons in the tail of the bulk distribution. The resonance
surface for STEP ONE is near the region of maximummagnetic intensity; that is, on
the high-field side of the tokamak. We designate the density of these electrons as
n1(e, qv, r), where e is the energy, qv¼ sin�1(v?/v) is the pitch angle in velocity space,
and r is the minor radius of the flux surface. STEP TWO is the FMECH process
described in the preceding section. In STEP TWO, FMECH resonant near the
minimum magnetic intensity is used to de-trap some of the co-streaming electrons
from the collisionless group, n1(e,qv,r) and so create a source, S¼ dn1/dt, of current
carriers. These will remain in the passing-particle region of velocity space for a time,
t(e, qv, Zn), where Zn is the bulk charge density responsible for (Coulomb) scattering
the current-carrying electrons in pitch angle. The resulting current density, j(r), is
then given by the following integral over all energies and over the passing-particle
pitch angles:

jðrÞ ¼ �e
ð
de

ð
dqv Sðe; qv; rÞtðe; qv;ZnÞvjj: ð13:26Þ

The source function, S(e, qv, r), is itself given by the following integral over all pitch
angles comprising the population of magnetically trapped electrons:

Sðe; qv; rÞ ¼
ð
dqvi n1ðe; qvi; rÞnb1ðe; qvi; rÞFðe; qv; qviÞ: ð13:27Þ

Herenb1(e,qvi, r) is the bounce frequency of the trapped electrons, and the function
F(e, qv, qvi) gives the probability that an initially trapped electron will be displaced by
the STEP TWO FMECH from its initial pitch angle, qvi, to a new value, qv. We shall
somewhat arbitrarily employ a Gaussian form to model this transition probability:

Fðe; qv; qviÞ ¼ 1=ðDq ffiffiffi
p

p Þexpf�½ðqv�qviÞ=Dq�2g: ð13:28Þ

The parameter Dq is thus a measure of the average pitch-angle displacement
produced in STEP TWO by the FMECH interaction:

hðqv�qviÞ2i ffi ðDqÞ2=2: ð13:29Þ
The displacement in pitch angle after a single transit of resonance is related to the

change in perpendicular energy as follows: Since v2? ¼ v2 sin2qv, we have

W? ¼ ðW? þWjjÞsin2 qv which we differentiate as follows;

dW? ¼ dW? sin2 qv þ 2ðW? þWjjÞsin qv cos qv dqv; giving

dqv ¼ ðMt�1Þ1=2dW?=2e:

ð13:30Þ
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In Section 13.1, we found that for co-streaming electrons the maximum duration
of resonance that could be achieved with FMECH was given by Eq. (13.15):

tmax ¼ ð3=4Þðf=w2
bÞðDf=f Þ2½Mres=ðMt�1Þ�:

The corresponding change in the perpendicular energy is then given by

dW?max ¼ �eE�v?rescos fresð3=4Þðf=w2
bÞðDf=f Þ2½Mres=ðMt�1Þ�: ð13:31Þ

The FMECH power must be sufficient to displace a significant number of the
source electrons into the passing-particle region of velocity space, and the bandwidth
of the power source must be adequate to achieve a significant toroidal asymmetry.
These requirements can be made somewhat more quantitative if we consider an
idealized population of barely trapped (�source�) electrons in the form of delta
functions:

n1ðe; qvi; rÞ ¼ n1ðrÞdðe�e1Þdðqvi�q1Þ: ð13:32Þ
The co-streaming source electrons that pass through the de-trapping FMECH

interaction with the sign of parallel velocity that sustains the steady-state current will
have a transition probability that we denote by Fþ :

Fþ ðe1; qv; q1Þ ¼ 1=ðDqþ
ffiffiffi
p

p Þexpf�½ðqv�q1Þ=Dqþ �2g: ð13:33Þ

The source electrons that move in the opposite direction will undergo smaller
changes in perpendicular energy and pitch angle:

F�ðe1; qv; q1Þ ¼ 1=ðDq�
ffiffiffi
p

p Þexpf�½ðqv�q1Þ=Dq��2g: ð13:34Þ
The net transition amplitude for sustaining the steady-state current is the differ-

ence of these: Fj¼Fþ �F�; the total transition amplitude resulting in power drain
from the microwave power source is the sum of these: Fp¼Fþ þ F�. Indeed, the
power drain (per unit of volume) can be estimated by the following integral over the
energy and the (passing-particle) pitch angles:

P ffi
ð
de

ð
dqv Sðe; qv; rÞe ¼

ð
de

ð
dqv

ð
dqv1n1ðe; qv1; rÞnb1ðe; qv1; rÞFpðe; qv; qviÞe:

ð13:35Þ
Here the integral over qv is taken over the passing-particle region of velocity space

while the integral over qv1 is taken over the trapped-particle region of velocity space.
For the idealized delta-function sources introduced earlier this reduces to the
following integral over all passing-particle pitch angles:

P ffi e1n1nb1
ð
dqv

�½1=ðDqþ
ffiffiffi
p

p Þ�expf�½ðqv�q1Þ=Dqþ �2�

þ ½1=ðDq�
ffiffiffi
p

p Þ�expf�½ðqv�q1Þ=Dq��2gg;
from which we obtain

P ffi e1n1nb1f2�erf ½ðqv�q1Þ=Dqþ ��erf ½ðqv�q1Þ=Dq��g=2; ð13:36Þ
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where erf(x) is the error function [3]. As indicated earlier, the current density that
is sustained by this power density depends on the lifetime of the current carriers,
t(e,qv,Zn). We shall assume that the dominant loss mechanism is Coulomb
scattering of electrons from the passing-particle region to the trapped-particle
region of velocity space. Note that STEP TWOdisplaces some of the source electrons
into regions of velocity space that are near the boundary between trapped and
passing:

qv ffi q1�Dqþ ¼ qtp þðq1�qp�Dqþ Þ � qtp: ð13:37Þ

If the source electrons are barely trapped, as assumedhere, q1	 qtp, the de-trapped
electrons are separated from the trapped-passing boundary by an angle less than
Dqþ . Thus, Coulomb scattering can lead to the prompt diffusion of half of the de-
trapped electrons back into the trapped-particle region of velocity space in a time
given by

tj prompt � t90ð2Dqþ =pÞ2 � t90; ð13:38Þ

where t90 is the 90 deflection time. The remaining half of the de-trapped electrons
must diffuse in pitch angle across the entire passing-particle region before becoming
trapped once again. Their lifetime as current carriers is therefore roughly given by

tj delayed � t90ð4qtp=pÞ2: ð13:39Þ

The net effective lifetime of the current-carrying electrons is therefore roughly
given by

tj � ðt90=2Þð4qtp=pÞ2: ð13:40Þ
Our expression for the current density then takes the form

jðrÞ ¼ �e
ð
de

ð
dqv tjvjj

ð
dqv1n1ðe; qv1; rÞnb1ðe; qv1; rÞFjðe; qv; qviÞ: ð13:41Þ

The integral over qv is from qv¼ 0 to qv¼ qtp, while the integral over qv1 is from
qv1¼ qtp to qv1¼p/2. For the idealized delta-function distributions of source elec-
trons we have

jðrÞ¼ðe=2Þn1nb1vjjt90ðe1Þ
�
4qtp=p

�2ferf ½ðq1�qtpÞ=Dq���erf ½ðq1�qtpÞ=Dqþ�g:
ð13:42Þ

With sufficient FM bandwidth we can satisfy the following condition:

½ðq1�qtpÞ=Dqþ � � 1 � ½ðq1�qtpÞ=Dq��; ð13:43Þ
so that

jðrÞ ¼ en1nb1vjjt90ðe1Þ
�
4qtp=p

�2f1�erf ½ðq1�qtpÞ=Dqþ �g=2; ð13:44Þ
while the associated power drain is

P ffi e1n1nb1f1�erf ½ðqv�q1Þ=Dqþ �g=2: ð13:45Þ
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The figure-of-merit follows directly from these two expressions:

I=P ¼ ðj=2pRoPÞ ¼ ½evjjt90ðe1Þð4qtp=pÞ2�=ð2pRoe1Þ: ð13:46Þ

Note that I/P is proportional to e1/n, so operation with energetic source electrons
is favorable from the standpoint of power requirements. For example, if we consider
a case in which Ro¼ 150 cm, Zn¼ 5� 1013 cm�3, and qtp¼p/4, and assume that
satisfactory de-trapping can be achieved for e1¼ 30 keV, we find that our estimate of
the figure-of-merit is roughly I/P¼ 0.4A/W. To estimate the power required we
recall that the condition for effective de-trapping can be expressed in the following
form:

Dq� � ðq1�qtpÞ � Dqþ ;

where

Dqþ ¼ ½2hðqv�qviÞ2i1=2 ffi ½ðMt�1Þ=2�1=2dW?max=ð2eÞ: ð13:47Þ
Since the maximum change in the perpendicular energy for co-streaming elec-

trons was given in Eq. (13.31) as

dW?max ¼ �eE�v?rescos fresð3=4Þ
�
f=w2

b

��
Df=f

�2½Mres=ðMt�1Þ�;

we have

Dqþ ffi ð3=8
ffiffiffi
2

p
ÞeE�ðv?res=eÞ

�
f=w2

b

�ðDf=f Þ2½Mres=ðMt�1Þ1=2�: ð13:48Þ

By way of illustration, if we setM¼ 1.5 withMt¼ 1.45, corresponding respectively
to pitch angles in velocity space of qtp¼ 0.96 and q1¼ 0.98, and require somewhat
arbitrarily that Dqþ ¼ 10(q1� qtp), we estimate that the necessary FMECH field
strength is around 20V/cm corresponding to a power flux around 100W/cm2.

13.3
Generation of the Energetic �Source� Electrons

In this section we recapitulate themain dynamical processes that govern the creation
of the super-thermal group of barely trapped electrons in STEPONE. These electrons
comprise the source of current-carrying electrons for STEP TWO, in which some are
de-trapped by the FMECH interaction. The creation of a population of energetic
source electrons depends on the difference of the velocity dependences of the ECH
heating rate (
v�1/3) and the rate at which the heated electrons are cooled as a result
of dynamical friction with the electrons of the bulk plasma (
v�1). This competition
could be effectively treated with a Fokker–Planck analysis of the type discussed
earlier; but for now we will find it useful to adopt a more rudimentary approach that
makes clear the key physics issues that determine the outcome of this competition.
Since the heating rate depends more weakly on the electron speed than the cooling
rate, electrons will �runaway� if their speed exceeds the value at which the two rates
are equal, v¼ vcrit. The density of electrons with speeds greater than vcrit can be
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estimated in terms of error functions if the bulk electrons are described reasonably
well by an isotropic Maxwell–Boltzmann distribution.
We first recall our expression from Chapter 5 for the heating rate at the funda-

mental gyroresonance:

dW?=dt ¼ ðe2=mÞ E�j2J2oðk?rÞt2effncoll:
�� ð13:49Þ

For electrons that turn at the resonance surface the duration of resonance was
given by

teff ¼
n�

3pðM�1Þ=�4w2
bWo

��
=

X
ð�1Þnn2J2nðkoztÞj

��� ih o1=3
; ð13:50Þ

where the summation is from n¼ 1 to n¼1 and the frequency at which the
electrons encounter the resonance surface is

ncoll ¼ 2nb ¼ wb=p: ð13:51Þ
The bounce frequency of electrons trapped in a magnetic-mirror field is given by

our earlier formula:

wb ¼ ðkov=2Þ½ðM�1Þ=Mt�1=2fp=2K½ðMt�1Þ=ðM�1Þ�g: ð13:52Þ
It will sometimes prove convenient to define the expression in braces asQ(M,Mt):

QðM;MtÞ ¼ fp=2K½ðMt�1Þ=ðM�1Þ�g; ð13:53Þ
where Q(M, Mt) ! 1 and the electrons turn near the minimummagnetic field, and
Q(M, Mt) ! 0 as Mt ! M and the electrons turn at the maximum magnetic field.
Our estimate for the heating rate for electrons turning at the resonance surface is
then given by

dW?=dt ¼ ðe2=mÞjE�j2J2oðk?rÞ½ð3=4
ffiffiffi
p

p ÞðM�1Þ�2=3�wbW2
o

��1=3

� ��X ð�1Þnn2J2nðkoztÞ
��h i�2=3

ð13:54Þ

The rate at which the heated electrons with speed vh are cooled by dynamical
friction on the bulk electrons is given by [4]

dW=dt ¼ F � v ¼ �mGhcnc½erf ðyÞ�yd erf ðyÞ=dy�v � v=v3: ð13:55Þ
Here y¼ vh/ac, ac¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið2Tc=mÞp
is the thermal speed of the bulk electrons, and

Ghc ¼ e4lnL=ð2pe2om2Þ: ð13:56Þ
The dynamical friction cooling rate is thus given by

dW=dt ¼ �½e4nclnL=
�
2pe2omac

��ferf ðyÞ=y�d erf ðyÞ=dyg: ð13:57Þ
The function in braces has a single maximum at yffi 1.51, where its value is 0.525.

For values of y> 2 the function in braces is given approximately by 1/y. Since our
intention is to heat electrons in the tail of the bulk distribution we can restrict our

238j 13 Frequency Modulated Electron Cyclotron Heating (FMECH)



attention to values of y> 2 and take as the cooling rate of the heated electrons

dW=dt ¼ �e4nclnL=
�
2pe2omvh

�
: ð13:58Þ

If the heating rate exceeds this cooling rate at some speed vcrit, electrons with
speeds greater than this value will �runaway� and form the source group. The relative
density of these runaway electrons is given by the integral from vcrit to1 of the bulk
electron distribution function:

n1=nc ¼
ð
d3 vf oðvÞ:

If the distribution function of the thermal bulk electrons is given by the isotropic
Maxwell–Boltzmann distribution:

f oðvÞ ¼
�
a3p3=2

��1
exp

��v2=a2
�
;

the relative density is given by

n1=nc ¼ ð2= ffiffiffi
p

p Þycritexp
��y2crit

�þ erfcðycritÞ; ð13:59Þ
where erfc(ycrit) is the complementary error function [3]. As we noted in an earlier
chapter, the relative density n1/nc¼ 0.01 for ycrit¼ 2.38. Since the heating rate is
proportional to the microwave power we can estimate the ECH power needed to
create a given population of source electrons in a specified bulk plasma.
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Exercises

13.1 Wewish to create a barely trapped group of 30 keV electrons
in a plasma, whose density is 5� 1013 cm�3 and whose
electron temperature is 5 keV. At what rate are the 30 keV
electrons cooled by dynamical friction from the 5 keV bulk
electrons?

13.2 The plasma in Exercise 13.1 is confined in a tokamak whose
major radius is 150 cm. The barely trapped 30 keV electrons
are initially formed near a flux surface whoseminor radius is
30 cm. The safety factor on this flux surface is q¼ 2, and the
mirror ratio is M¼ 1.5.

(a) If we choose the resonance surface so that Mres¼ 1.45,
what is the value of kozt for electrons turning at
resonance?

(b) What is the bounce frequency of the 30 keV electrons?

(c) If the ECH power is at a frequency of 140GHz, what RF
field strength, |E�|, will ensure that the heating rate
equals the (dynamical friction) cooling rate?

(d) Estimate the relative density of the 30 keV group of
electrons.

13.2 At the start of each sweep in frequency, the FMECH
resonance is at theminimummagnetic field on the flux tube
of Exercise 2.

(a) What is the gyrofrequency at this field?

(b) If the bandwidth, Df/f¼ 0.01, estimate the maximum
duration of resonance for co-streaming electrons.

(c) During the resonance, 0� t� tmax how far does the 30
keV electron travel in z, upoloidal and ftoroidal?

What is the maximum displacement in pitch angle for a
co-streaming electron if the FMECH RF electric field strength is
20 V/cm?
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Appendix A:
Some Useful Physical Constants

Speed of light in vacuum, c¼ 2.997 925� 108m/s
Charge on the electron, e¼ 1.602 192� 10�19 C
Rest mass of the electron, m¼ 9.109 558� 10�31 kg
Rest mass of the proton, M¼ 1.672 614� 10�27 kg
Permittivity of free space, eo¼ 8.854 188� 10�12 F/m

1 F=m ¼ 1 C=ðVmÞ
Permeability of free space, mo¼ 4p� 10�7H/m

1H=m ¼ 1 N=A2

Avogadro�s number, N¼ 6.022 141 99� 1023/mol
Boltzmann�s constant, k¼ 1.380 650 303� 10�23 J/K
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Appendix B:
Formulas from Vector Calculus

The differential operators in orthogonal, curvilinear coordinates, ðx1; x2; x3Þ:
The differntial arc length is ds2 ¼ ðh1dx1Þ2 þ ðh2dx2Þ2 þ ðh3dx3Þ2:
The vector V is given by V ¼ u1V1 þ u2V2 þ u3V3:

The gradient of the scalar f is

grad f ¼ rf ¼ ðu1=h1Þqf=qx1 þ ðu2=h2Þqf=qx2 þ ðu3=h3Þqf =qx3:
The divergence of the vector V is

div V ¼ r �V ¼ P�1½qðPV1=h1Þ=qx1 þ qðPV2=h2Þ=
qx2 þ qðPV3=h3Þ=qx3�; P � h1h2h3:

The curl of V is

curl V ¼ r� V ¼ ðu1=h2h3Þ½qðh3V3Þ=qx2�qðh2V2Þ=qx3�þ
þðu2=h3h1Þ½qðh1V1Þ=qx3�qðh3V3Þ=qx1�
þ ðu3=h1h2Þ½qðh2V2Þ=qx1�qðh1V1Þ=qx2�

The differential operators in cylindrical coordinates, (r, f, z):

grad f ¼ rf ¼ urqf=qrþ ufr�1qf=qfþuzqf=qz

div V ¼ r �V ¼ r�1qðrVrÞ=qrþr�1qVf=qfþ qVz=qz

curl V ¼ r� V ¼ urðr�1qVz=qf�qVf=qzÞþufðqVr=qz�qVz=qrÞ

þuzr�1½qðrVfÞ=qr�qVr=qf�
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r �rf ¼ r2f ¼ r�1qðrqf=qrÞ=qrþr�2q2f=qf2 þ q2f=qz2

r �r � V ¼ 0

r�rf ¼ 0

r� ðr � VÞ ¼ rðr �VÞ�r2V

rðfgÞ ¼ grf þ frg

rðU �VÞ ¼ ðU � rÞVþU� ðr � VÞþ ðV � rÞUþV � ðr�UÞ

r � ðfVÞ ¼ rf �Vþ fr �V

r� ðfVÞ ¼ rf � Vþ fr� V

r � ðU� VÞ ¼ ðr �UÞ �V�ðr � VÞ �U

r� ðU� VÞ ¼ ðr �VÞU�ðr �UÞVþðV � rÞU�ðU � rÞV

244j Appendix B: Formulas from Vector Calculus



Appendix C:
Properties of Some Mathematical Functions

Complete Elliptic Integrals:

KðmÞ ¼
ð
ð1�m sin2 qÞ�1=2 dq

EðmÞ ¼
ð
ð1�m sin2 qÞ1=2 dq;

where q¼ 0 and p/2 are the limits for both integrals. For 0�m< 1 and with
m1¼ 1�m, K, and E are approximately given by the following power series:

KðmÞ ¼ �
ao þ a1m1 þ a2m

2
1

�þ �
bo þ b1m1 þ b2m

2
1

�
lnð1=m1Þþ eðmÞ

ao ¼ 1:38629 44; bo ¼ 0:5
a1 ¼ 0:11197 23; b1 ¼ 0:12134 78
a2 ¼ 0:07252 96; b2 ¼ 0:02887 29 eðmÞj � 3� 10�5:

��
EðmÞ ¼ �

1þ a1m1 þ a2m
2
1

�þ �
b1m1 þ b2m

2
1

�
lnð1=m1Þþ eðmÞ

a1 ¼ 0:46301 51; b1 ¼ 0:24527 27
a2 ¼ 0:10778 12; b2 ¼ 0:04124 96 jeðmÞj � 4� 10�5:

Bessel Function Relations:

exp(ib sin q)¼SJn(b) exp(inq), where the index �n� takes on all integral values
from n¼�1 to n¼ þ1.

cos(b sin q)¼ Jo(b) þ SJ2n(b) cos(2nq), where the summation index �n� takes
on all integral values from n¼ 1 to n¼ þ1.

sin(b sin q)¼ 2SJ2nþ 1(b) sin[(2n þ 1)q], where the index �n� takes on all integral
values from n¼ 0 to n¼ þ1.

1 ¼ J2oðzÞþ 2SJ2nðzÞ, where the index �n� takes on all integral values fromn¼ 1 to
n¼ þ1.

1 ¼ JoðzÞ þ 2J2ðzÞþ 2J4ðzÞþ 2J6ðzÞþ � � �
Jn�1ðzÞþ Jnþ 1ðzÞ ¼ ð2n=zÞJnðzÞ
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Jn�1ðzÞ�Jnþ 1ðzÞ ¼ 2J0nðzÞ
J0nðzÞ ¼ Jn�1ðzÞ�ðn=zÞJnðzÞ
J0nðzÞ ¼ �Jnþ 1ðzÞþ ðn=zÞJnðzÞ

The �Gaussian Integral�: 2
Ð
dx exp(�x2)¼ ffiffiffi

p
p

,
and the following integral:
2
Ð
xdx J2n(ax)exp(�x2)¼ exp(�a2/2)In(a

2/2), where the limits on both integrals are
x¼ 0 and x¼1.

The Plemelj relation: The limit as e ! 0 of the integral from x¼�1 to x¼ þ1,Ð ½x�ðxo � ieÞ��1f ðxÞdx, is given by P
Ð ðx�xoÞ�1f ðxÞdx� ipf ðxoÞ. Here e> 0 and P

indicates the principal value integral.

The Plasma Dispersion Function:

ZðzÞ ¼ ð1= ffiffiffi
p

p Þ
ð
ðz�zÞ�1expð�z2Þdz

¼ ð1= ffiffiffi
p

p ÞP
ð
ðz�zÞ�1expð�z2Þdzþ i

ffiffiffi
p

p
expð�z2Þ:

where the integrals are from �1 to1 and Im z > 0
Asymptotic Expansion:

ZðzÞ ¼ �½1=z2 þ 1=ð2z3Þþ 3=ð4z4Þþ � � � � þ i
ffiffiffi
p

p
expð�z2Þ:

Small Argument Expansion:

ZðzÞ ¼ �2zþð4=3Þz3�ð8=15Þz5 þ � � � þ i
ffiffiffi
p

p
expð�z2Þ:
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