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Preface

The use of electromagnetic ultrasonic waves has several distinct advantages,
including operation without a coupling fluid, non-contact operation, higher tem-
perature operation and flexibility to generate the shear horizontal waves. Since the
1970s, a number of researchers have carried out electromagnetic ultrasonic testing
with increasing concern. The use of ultrasonic guided waves has received a great
deal attention for nondestructive testing for the advantages of guided wave tech-
niques such as high testing speed and the detection sensitivity on both inner and
outer surfaces. Many industrial problems in special conditions can be solved by a
combination of the electromagnetic ultrasonic approach and the guided wave
technique, such as the online detection of stress corrosion cracks in natural gas
pipelines. However, the electromagnetic ultrasonic technique is involved with the
coupling and conversion among electromagnetics and mechanics as well as the
vibration and propagation of ultrasonic waves, which can make it more difficult to
do quantitative research. The multi-modes nature and dispersive characteristics of
ultrasonic guided waves, and the mode conversion of the interactions between
guided waves and defects, make it the most complicated of uses of guided waves.
Consequently, it can be very difficult to combine the electromagnetic ultrasonics
with ultrasonic guided-waves for application. In recent years, tremendous progress
has been made in the theory and application of electromagnetic ultrasonic guided
waves.

This book illustrates the theory and the practical applications of the electro-
magnetic ultrasonic guided waves. The main parts of the book include: the energy
transfer mechanism of electromagnetic ultrasonics as well as the design methods;
the calculations and simulations of the electromagnetic ultrasonics based on Lorentz
force and magnetostrictive mechanism; the propagation characteristics of ultrasonic
guided waves; the mechanism of detection of defects by guided waves; the quan-
tification and location of defects; and the applications of electromagnetic ultrasonic
guided wave techniques.

The contents of this book are the summaries of the authors’ latest eight years of
investigations and practical application in the field of electromagnetic ultrasonic
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guided waves. Most of them are involved in the dissertations of the graduate and
Ph.D. students supervised by the authors, including Shen Wang, Kuansheng Hao,
Yongsheng Zhang, Chaofeng Ye, Peng Li, Junjun Xin, Yun Tong et al. In the
practical applications of related technology, significant support was provided by
colleagues and engineers from related companies and institutes of Petrochina Co.
and Sinopec. We express our sincere gratitude to them for helping to improve the
technology in real practice.

Chapters 1 and 6 were written by Weibin Li, Chaps. 2 and 3 were written by
Qing Wang, Chaps. 4 and 5 were written by Shen Wang, and Chap. 7 was written
by Songling Huang.

Considering the rapid growth of online detection and the great advantages of the
electromagnetic guided wave technique, we hope that this book will be used as a
reference in electromagnetic guided wave nondestructive evaluation and testing by
individuals at any level and by graduate students. It is also hoped that this book will
expand and promote the use of electromagnetic guided waves at both the national
and international levels.

Beijing, China Songling Huang
Beijing, China Shen Wang
Xiamen, China Weibin Li
Durham, UK Qing Wang
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Chapter 1
Electromagnetic Acoustic Transducer

1.1 Outline

As an important branch of the nondestructive testing field, ultrasonic testing is widely
used in the industries of steel, electricity, petroleum, transportation, and medical and
others. In the process of ultrasonic testing, the ultrasonic transducer is the core
component of the excitation and reception of ultrasonic waves, mainly including the
piezoelectric ultrasonic transducer and the electromagnetic acoustic transducer
(EMAT). Compared with the piezoelectric ultrasonic transducer, EMAT has many
advantages, such as being non-contact, no need for the coupling medium, and easy to
produce the shear horizontal wave. In particular, it can be applied under a
high-temperature environment, or when an isolation layer exists, and other special
applications. It possesses a crucial application value and widespread application
prospects.

The limitation of EMAT is the poor efficiency compared with the piezoelectric
transducer, which then leads to a low signal–noise ratio of the ultrasonic signal
generated from the EMAT. The most important and difficult problems of the
research field of EMAT are as follows: improving the energy conversion efficiency
and signal–noise ratio, generating and receiving ultrasonic waves with more pure
modes, and reducing the interference of other ultrasonic signals with different
modes. Early studies of the electromagnetic ultrasonic transducer were based
mostly on experimental ways, which is neither time- or cost-efficient. Later, by
exploring the establishment of EMAT mode, people tried to carry out further
research on the physical mechanism of EMAT by theoretical analysis and
numerical simulation. Up to now, the mathematical models of EMAT based on the
Lorentz force mechanism and the magnetostrictive mechanism have been estab-
lished. Some related numerical methods and analytical methods have already been
put forward.

However, because the theoretical analysis of EMAT is related to the static
magnetic field, pulsed electromagnetic field, ultrasonic field, multifield coupling
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problem, and so on, as well as material characteristics of the tested sample, its
numerical simulation can be very complex, especially for the problem of EMAT
based on the magnetostrictive mechanism. When it is used to test the ferromagnetic
specimen, its complete energy conversion process is related to the magnet’s
mechanical properties, magnetostrictive properties, inverse magnetostrictive prop-
erties, and so on, and it can be more difficult to do numerical simulation analysis. In
order to have a deeper understanding of the energy conversion mechanism of
EMAT, grasp the physical properties of EMAT comprehensively, and then make an
optimal design for it, it has great theoretical and practical significance in solving the
problems of theory existing in the numerical simulations. And, furthermore, with
the application of new materials and the improvement of the EMAT design, the coil
has a more complex structure when used in EMAT, and thus, it is very important to
introduce some new analyzing methods for EMAT with new structures.

1.2 Research Status of EMAT

An experiment on the generation of acoustic elastic vibration produced by Lorentz
force was conducted by Randall R.H in 1939. Aksneov and Vkin et al. reported
their findings of the disturbed resonance effects generated by magnetic resonance
coils in the magnetic field in 1955, which was recognized as the earliest report
about EMAT. In the late 1970s, the study on EMAT began to develop rapidly, and
the theoretical and experimental research of EMAT were carried out successively
by the researchers of UK, USA, Russia, Germany, Japan, and so on, which greatly
expanded the innovation and application range of the EMAT technology. After
50 years of improvements, EMAT technology has gradually entered the stage of
industrial application. Its application field, from the original testing of metallic plate
and train wheel testing and the thickness measurement of the metal components
with high temperature, gradually developed into the testing of metal weld, steel bar,
steel pipeline, railway track, composite material, and many other fields.

1.2.1 Structure of EMAT

EMAT consists of three parts—the magnet that provides a bias magnetic field; the
coils that produce a pulsed magnetic field; and the test sample of the material in
which the ultrasonic wave is excited and propagated. A variety of types and patterns
of ultrasonic waves can be generated by the different combinations of coils and
magnet. For example, Lamb waves, Rayleigh waves, SH waves, and body waves
can be emitted in the plate-like specimen, and L-mode and T-mode guided waves
with pipe axial direction can be emitted in the pipe-like specimen. EMAT not only
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can work in pulse-echo mode, in the state of which only one probe is needed, but
also can be used in through-transmission mode, in the state of which two probes are
needed to play the roles of excitation and reception, respectively. Generally, the
structures of the transmitting probe and the receiving probe are similar to each
other.

1.2.1.1 The EMAT Applied to Plate and Pipe Circumferential
Detection [1]

In the plate and pipe circumferential testing, where the dimension of plate specimen
or diameter of pipe-shaped specimen is considerably larger than the dimension of
EMAT itself, the coils of EMAT are all of a flat type. On the other hand, the magnet
that provides the bias magnetic field is usually a permanent magnet. The widely
used structures of EMAT include meander coil, spiral coil, and racetrack coil; the
structures of the magnet include square type, horseshoe type, and periodic per-
manent magnet. These are shown in Figs. 1.1 and 1.2.

Different types of ultrasonic waves or modes that have different applications can
be generated inside the specimen by the various combinations of coils, magnet, and
specimen. With the combination of meander coil and square magnet, Lamb waves
and Rayleigh waves can be generated in the non-ferromagnetic specimen. The
specific type of ultrasonic waves is related to the coils’ dimension and the frequency
of the excitation signal. It is also possible to generate guide waves of SH mode in
the magnetic sample. The spiral coil and the racetrack coil are mainly used to
generate body waves in the ferromagnetic specimen and thickness measurement of
the sample under test. They can generate transverse waves when combined with the
square magnet, or combined with the horseshoe permanent magnet in the circum-
stance for the generation of longitudinal waves. With the combination of

Fig. 1.1 The coils’ structure of EMAT

Fig. 1.2 The magnet structure of EMAT
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racetrack-shaped coil and periodic permanent magnet, the SH waves can be gen-
erated and received in the ferromagnetic and non-ferromagnetic materials.

The types, strength, frequency, propagation direction, and some other parameters
of the ultrasonic waves can be controlled by changing the strength and orientation
of the bias magnetic field, or the strength and frequency of a high-frequency cur-
rent, as well as the shape and size of the coils of the EMAT with different structures.
In the meantime, the bandwidth of the received ultrasonic waves and some other
parameters can also be changed in the same way.

For the formation of a strong bias magnetic field in the surface or near the surface,
the magnet should be made by using magnetic materials with high field intensity;
specifically, the materials can be a permanent magnet or electromagnet. The
advantage of using electromagnets is that the strength of the magnetic field can be
adjusted easily. There is a certain level of skin effect in the magnetic field when the
electromagnets are used in AC magnetization, in the circumstance of which the
intensity of the bias magnetic field can be enhanced. The advantage of using a
permanent magnet is the small size of the magnet, which can make the structure more
compact. But it is important to note that although the structure of EMAT can become
more compact using the permanent magnet, it can be restricted by the temperature and
the magnetic field intensity. In order to generate stronger magnetic field and get the
right direction of the magnetic field, the magnet needed by EMAT should be well
designed. The analysis of the magnetic field and structure optimization of ferro-
magnetic material or non-ferromagnetic material with different structures is made by
Maxfield et al. The purpose is to reduce the magnetic leakage and magnetic loss and
then get the largest effective magnetic field; thus, the energy conversion efficiency of
EMAT is improved. The analysis and calculation of the magnetic field distribution
generated by the horseshoe permanent magnet and its influence on energy conversion
efficiency were done byMirkhani K using ANSYS software. He pointed out that when
the width of the permanent magnet is equal to the coils’width, the efficiency of energy
conversion will increase by 10 % compared with that when the width of the per-
manent magnet is 20 % bigger than the coils’ width.

The coils used by EMAT mainly include spiral type, racetrack type, and
meander type. The manufacturing mechanisms of the EMAT coils include the flat
cable, thin film, wire, printed circuit, and so on.

1.2.1.2 The EMAT Applied to the Testing Along the Axial Direction
of Pipe [2]

An EMAT based on a magnetostrictive mechanism generating waves that propagate
along the axial direction of the pipe was first proposed by Doctor Kwun from the
Southwest Research Institute, USA. It was applied to the crack detection along the
circumferential direction of the pipeline. The principle and structure of this EMAT
are shown in Fig. 1.3. The working principle of the EMAT is as follows: A certain
width of coil is wrapped around the pipeline; the bias magnetic field along the axial
direction of the pipeline is applied on both sides of the coil using a permanent
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magnet or solenoid electromagnet; when the excitation of periodic pulses is applied
on the coils, ultrasonic waves of L mode can be generated along the axial direction
of the pipeline. Because of the symmetrical structure of the pipeline, the ultrasonic
waves can be generated continuously in it, and the diffusion components along the
circumferential direction can be offset against each other, which reduce energy
diffusion and attenuation of guided waves propagating along the axial direction of
the pipe. Ultrasonic guided waves can propagate longer, and experimental inves-
tigation shows that this type of ultrasonic waves can travel hundreds of meters
along the pipeline. In addition, this EMAT coil structure can be used in the
transmission and reception of the ultrasonic waves with a broader frequency range,
but the specific relationship between coils and frequency is still not clear.

Based on the study of electromagnetic ultrasonic guided waves of L mode, an
EMAT structure used to produce ultrasonic guided waves of T mode was developed
by Doctor Kwun. This EMAT includes coils, a nickel strap, and the pipeline under
test. In practice, the nickel strap should be magnetized first and the direction of
magnetization should be along the circumferential direction of the pipe. Because
some residual magnetism may be retained in the nickel strap, it is necessary to
provide some kind of bias magnetic field in the circumferential direction of the
pipeline. When the periodic pulsed magnetic field is applied to the coils, the
superposition of static magnetic field and dynamic magnetic field may cause the
periodical deformation of the nickel strap; thus, a guided wave of T mode will be
generated in the nickel strap. The guided waves are coupled to the pipeline and then
generated on the pipeline along its axial direction. Because the speed of a T0 guided
wave mode does not change with the variation of the pipeline’s thickness and
excitation frequency, there is no frequency dispersion phenomenon, which gives it
better applicability (Fig. 1.4).

The advantages of the EMAT proposed by Doctor Kwun are its simple structure
and convenience of its use. However, the coils’ structure is too simple to achieve the
best frequency and the optimum selection of ultrasonic mode. Hence, Professor
Kim Y and the researchers in his group tried to give the EMAT a frequency selection
characteristic by changing the usage mode of the nickel strap, specifically matching
the excitation frequency of EMAT by adjusting the space between many narrow
nickel belts. In order to improve the efficiency of energy conversion, they also made

Fig. 1.3 The EMAT with L-mode guided waves of axial direction
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the nickel belt group tip at a certain angle, or used the z-structure nickel belt. The
experiment results indicated that better results were obtained by the modification. But
compared with the EMAT structure proposed by Doctor Kwun, the EMAT structure
proposed by Professor Kim Y is inconvenient for manufacture and use.

1.2.2 Energy Conversion Mechanism and Analytical
Method of EMAT

According to the different mechanisms of ultrasonic wave generation, EMAT can be
divided into two kinds: the EMAT based on the Lorentz force mechanism and the
EMAT based on the magnetostrictive mechanism. The former is suitable for the
testing of non-ferromagnetic specimens and the latter for the testing of ferromagnetic
specimens.

The mechanism of energy conversion based on Lorentz force is somewhat
simpler. Relevant reports of the research achievements of EMAT based on mag-
netostrictive mechanisms already existed a long time ago. In the 1960s, Voltmer
F.W et al. published an article on Applied Physics Letters, introducing magne-
tostrictive mechanism-based equipment for generating ultrasonic waves.
Thompson R.B from Rockwell International Science Center, California, USA,
carried out further study on this research. The principle structure of EMAT based on
a magnetostrictive mechanism and Lorentz force was also introduced by him in
1973 and concerned with the generation of body waves. When he proceeded with
the analysis of the generation mechanism of the Lamb waves in the ferromagnetic
material, Thompson R.B discussed the working principle and energy conversion
efficiency of EMAT when the skin depth is smaller than the wavelength of the
elastic wave. It turned out that magnetostriction plays a leading role in the lower
field region, while in the higher field region, due to the saturation of the magne-
tization, the hindered movement of the magnetic domain, and the weak magne-
tostrictive effect, Lorentz force will play a dominant role. Later on, from 1976 to
1979, the following issues were analyzed by Thompson R.B successively: the

Fig. 1.4 The cross section of
EMAT with T-mode guided
wave of axial direction
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dependency problem of the force generated by the ultrasonic surface wave in
ferromagnetic metal materials; the generation and reception mechanism of the
electromagnetic ultrasonic Lamb waves in iron–nickel polycrystalline materials;
and the model of the generation efficiency of electromagnetic ultrasonic Rayleigh
and Lamb waves in ferromagnetic metal crystals. The structure of EMAT based on
magnetostrictive mechanism was also developed, which can be used to generate SH
guided waves. When the directions of the static magnetic field and dynamic
magnetic field are parallel to the propagation direction of the ultrasonic waves, there
are two different kinds of mechanism: the magnetostriction force and the Lorentz
force of the inductive coil. According to the given magnetic field and material
elasticity and magnetic property, the use of the given equations in this book can
accurately predict some important parameters, such as the dependency of the
ultrasonic wave generation efficiency on the field; the importance of magnetic
permeability, magnetostriction coefficient, and electrical conductivity; and the effect
of liftoff to the generation of ultrasonic waves. Comparisons between those pre-
dicted values and the experiment results were performed. Results showed that the
maximum efficiency appeared on the rotating area of the magnetic domain and
indicated that the magnetic permeability and the variety of stress magnetostrictive
coefficients are very important to the identification of efficiency. This is different to
the mechanism of Lorentz force, where the magnetostriction coefficient is very
sensitive to the electrical resistivity and the value of magnetic permeability because
there is an exponential attenuation relationship between the amplitude that is used
to generate the signal of the ultrasonic waveform and the liftoff value of EMAT.
During the same period, Il’in and Kharitonov used the meander coil to generate
Rayleigh surface waves and performed some theoretical analysis and experiments
for the corresponding phenomenon.

The mathematical model presented by Thompson R.B and I1’in et al. in theo-
retical analysis of EMAT is the one-dimensional harmonic analysis model. But for
the energy conversion problem, it is essentially a coupled problem among the
electromagnetic field, ultrasonic field, and force field generated by the interaction
between electromagnetic field and material. Apparently, it is difficult to pinpoint
such a complex field coupling problem using only the one-dimensional analytical
model. The theoretical model of EMAT proposed by Wilbrand first summarized the
integral solving method of the differential equation that is used to characterize the
characteristics of EMAT with three different structures in three-dimensional space.
The magnetization mechanism and magnetostrictive mechanism were discussed in
this report. However, the conclusions about generation and propagation of elastic
waves summarized by Wilbrand were all based on the assumptions of an infinite
half space with isotropic characteristic; the given integral results were also based on
the far-field assumption. Consequently, the ideal models show an obvious limitation
in the actual design of EMAT. In real industrial demands, a more reasonable EMAT
mode and a more effective method are required to solve the mathematical model.
From the late 1980s to the early 1990s, the two-dimensional finite element model
was established by German scholar, Ludwig R. Based on the electromagnetic field
theory, Ludwing R made an analysis of the eddy current distribution generated in
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the pulsed current sample in EMAT coils and calculated the Lorentz force in the
sample and the particle displacement under the action of force. By using the
momentum conservation law, Dai X.W, a PhD student of Ludwig R, divided the
EMAT into three coupled subsystems to analyze machinery, electromagnetism, and
materials. He derived the system control equation of EMAT and the boundary
condition based on Lorentz force, magnetic force, and magnetostriction force. In
addition, he also focused on the analysis and finite element simulation of the
receiving mechanism of EMAT on the inspection of non-ferromagnetic materials.
The model developed by Dai X.W consists of five parts: the simulation of the static
magnetic field, the distribution of the pulsed eddy current, the distribution of
Lorentz force, the generation of ultrasonic waves under the effect of Lorentz force,
and the electromagnetic ultrasonic wave detection using the EMAT receiver coil.
Based on the mathematical model and calculation of Ludwig R, a two-dimensional
calculation method was developed by Kaltenbacher, which was used for the sim-
ulation of Lamb waves generated by EMAT. The experimental measurements were
taken, and the numerical results were compared with the measurement results.
A non-holonomic equation is used to calculate the density of the adopted source
current by Ludwig R, Sugiura. Maruyama also developed a finite element method
for ultrasonic detection. All of their approaches are based on the space electric field
in the space between coil conductors to calculate the induced electromotive force
received in the coils. However, a fact was ignored in all of the above-mentioned
methods using the finite element method to do the calculation of mathematical
modeling and simulation to the EMAT systems, which is the influence of skin effect
and proximity effect on the coil conductor. Because of the high operation frequency
of EMAT and the wires of the coil being close to each other, this leads to obvious
skin effect and proximity effect. That is why the accuracy of theoretical analysis and
numerical calculation can be reduced if the skin effect and proximity effect are
ignored. Besides that, although Dai X.W had already derived the governing
equations and boundary conditions of an EMAT system based on the magne-
tostrictive mechanism, the simulation and analysis of the EMAT were done; con-
sequently, it is difficult to confirm the correctness of the model proposed by him,
and the FE model is invalid to an EMAT based on a magnetostrictive mechanism.

By using the complete equation of the source current density, Shapoorabadi R.J
calculated the two-dimensional finite element simulation of EMAT in ferromag-
netic metal materials and non-ferromagnetic metal materials. The skin effect and
proximity effect were taken into consideration. In his study, by using the modified
finite element equation, he calculated the internal force of the tested specimen in the
excitation mode and the induced electromotive force of the receiving mode in the
receiving coil. The results showed that the modified equation had better stability
and convergence. For the ferromagnetic metal material, the general control equation
which is used to characterize the EMAT was given by him based on the magne-
tomotive force vector and particle displacement vector. The force inside the spec-
imen was also calculated using the third-order finite element analysis. However, his
research work was still at a preliminary stage since he did not calculated the particle
displacement vector of the ultrasonic waves. The main work he completed is the
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calculation of the electromagnetic field and the force field, which has no relation to
the coupling problem between force field and sound field. The whole stimulation
and receiving model of EMAT was not established. Consequently, the overall
energy conversion process of EMAT cannot be described effectively, and the
ultrasonic excitation efficiency of EMAT also cannot be estimated accurately. In
addition to that, his calculation of induced electromotive force inside the receiving
coil was conducted using the conditions of the time and space analytical functions
of ultrasonic waves already given, but the signal of the ultrasonic wave received by
EMAT is difficult to describe by analytical expression, so it is difficult to guarantee
the practicability of the approach proposed by him.

Additionally, in the paper reported by Ogi, the coupling excitation of the
ultrasonic body waves and electromagnetic field was discussed in detail. The
dependence of the magnetostrictive coefficient matrix on the overall magnetic field
was emphasized. The deviation between theoretical calculation and experimental
result was analyzed, and it was concluded that the magnetostrictive mechanism
always plays a dominant role for generating and receiving body waves in ferro-
magnetic specimens, irrespective of the direction of the bias magnetic field.

Some scholars studied the energy conversion mechanism and numerical method
of EMAT in China. For instance, the mechanism of EMAT was studied by Zhu
Hongxiu using the experimental method and the theoretical calculation model of
EMAT was established by Lei Huaming, and his research result is similar with that
of Dai X-W.

Using the FEM analysis software COMSOL Multiphysics combined with
Abaqus, the simulation of the electromagnetic field of Lorentz force-based EMAT
and the ultrasonic wave propagation in the tested specimen were achieved by
R. Dhayalan and Krishnan Balasubramaniam. Based on the research achievements
of Ogi, intensive studies were made by Remo Ribichini from Imperial College
London, for EMAT of SH guided wave based on a magnetostrictive mechanism.

For EMAT with guided wave propagation along the pipeline axial direction,
Kwun and Kim have done some theoretical analysis and experimental research
work aimed at the basic working mechanism and characteristics of EMAT in the
process of its design and application. Sablik M.J actually built the theoretical
calculation of EMAT with the guided waves along the pipeline axial direction and
also built the analytical calculation model of EMAT with the guided waves along
the pipeline axial direction. The analytical calculation of the electromagnetic field
as well as the mechanical field was included in this model. However, many sim-
plifications in his calculations caused a large deviation between calculations and
experimental results. In China, the analytical model for the L-mode guided waves of
pipeline axial direction was also established by Wang Yueming, Naval University
of Engineering, and some related experimental research was also conducted by him.
The research group of He Cunfu, from the Beijing University of Technology, has
also done some basic experimental research related to EMAT with guided waves of
pipeline axial direction. The numerical simulation method of the guided wave
propagation in the pipeline was developed.
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1.3 Optimal Design of EMAT and Its New Configuration

1.3.1 Optimal Design of Meander Coil

The driving force that generates ultrasonic waves in the specimen is derived from
Lorentz force and magnetostrictive force. For the EMAT that is based on Lorentz
force, the Lorentz force applied on the specimen is proportional to the bias magnetic
field and eddy current in the specimen. For the EMAT that is based on the mag-
netostriction mechanism, the magnetostrictive force applied on the specimen is
directly proportional to the piezomagnetic coefficient of the specimen’s working
point and the derivative of the dynamic magnetic field with respect to the coordi-
nates. The magnitude and direction of those two forces are related to those of the
static magnetic field and dynamic magnetic field. For the meander coil EMAT, the
ultrasonic mode generated in the specimen is determined by the direction of the
force and the magnitude of the ultrasonic wave is determined by the magnitude of
the force. The character of ultrasonic generation and propagation in the static
magnetic field will be similar to that in the dynamic magnetic field if not consid-
ering the mechanism of force generated and just taking the specimen as the analysis
object. Therefore, we just take the Lorentz force-based EMAT as an example to
analyze the effect of meander coil configuration and the coil conductor’s size on the
performance of EMAT to optimize the scheme of the meander coil. The results we
get are also suitable to the EMAT configuration based on the magnetostrictive
mechanism.

The simulation model is shown in Fig. 1.5. The length of the specimen is
500 mm, and its thickness is 2 mm. The transmitting and receiving probes are
placed on the specimen, with the distance between the two probes being 200 mm.
The excitation coil and receiving coil are both meander coils of one layer; the coil
size and the material parameter are listed in Tables 1.1 and 1.2. The excitation
current signal is a tone burst signal with a frequency of 310 kHz and three cycles;
its waveform is shown in Fig. 1.6. For the simulation of the pulsed signal with a
frequency of 310 kHz, two kinds of Lamb waves A0 and S0 will be excited at the
same time; their group velocities are 3007 and 5302 m/s, respectively.

Fig. 1.5 Simulation model
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1.3.1.1 Effect of Coil Wire Spacing on the Performance of EMAT

Generally, the matching condition should be satisfied between the wavelength of
the guided wave mode and the coil’s configuration for the design of the meander
coil as (1.1).

D ¼ ð2nþ 1Þk; n ¼ 0; 1; 2; . . . ð1:1Þ

In the above equation, D is the spatial period of the meander coil and λ is the
wavelength of the guided wave. Generally, take n = 0, and thus, D = λ. The purpose
is to enhance the energy of the excited ultrasonic wave mode signal and weaken the
ultrasonic signal of other modes through the superposition or offset of the ultrasonic
waves based on the periodic characteristics of the meander coil.

The relationship between the wavelength and frequency of the guided wave
mode can be expressed as (1.2).

D ¼ k ¼ c=f ð1:2Þ

In the above equation, c is the phase velocity of the ultrasonic wave for the chosen
wave mode.

Next we investigate the effect of line spacing on the performance of EMAT by
changing the line spacing. To generate an A0 Lamb wave mode at the frequency of
310 kHz, the corresponding spatial period of the meander coil is D = 6.5 mm. In
this case, observation of the variation of the received signals by the receiving coil
through changing the spatial period of the exciting and receiving coils separately is
presented in this work.

Table 1.1 Dimensions and
parameters of experimental
aluminum plate

Item Value

Length 500 mm

Width 350 mm

Thickness 3 mm

Conductivity 3.5 × e−7 S/m

Elasticity modulus 70 Gpa

Poisson’s ratio 0.33

Table 1.2 Coil’s size and
material parameter

Item Value

Plate thickness 0.500 mm

Copper layer width 0.720 mm

Copper layer thickness 0.035 mm

Line spacing 0.905 mm

Baffle spacing 3.25 mm

Copper layer permeability 4p × 10−7 H/m

Copper layer conductivity 2.667 × 107 S/m

1.3 Optimal Design of EMAT and Its New Configuration 11



Figure 1.7 shows the normalized amplitude of the simulated signal under the
condition of the spatial period of the exciting and receiving coils being 6.5 mm. The
number of folds is 8 and the height of the coil conductor is 0.5 mm, while the width
is 1.625 mm. The first wave packet in the figure is the S0 Lamb wave mode, while
the second bigger wave packet corresponds to the A0 wave mode. The peak value of
the second wave packet is taken as the baseline for normalized processing. It can be
seen from Fig. 1.7 that the design of the coil span is based on the wavelength of the
A0 Lamb wave mode. So, the A0 mode has greater signal amplitude compared with
that of the S0 mode.

Fig. 1.6 Signal waveform

Fig. 1.7 Received signal under the condition of D = 6.5 mm
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Figures 1.8 and 1.9 show the normalized amplitude of the received signal when
the spatial period of the receiving coil is kept constant, while the spatial period of
the exciting coil is changed to 7.875 and 8.125 mm, respectively. Compared with
the results shown in Fig. 1.7, it is found that the amplitude of the received signal
decreases, and the waveform of the signal also changes when the spatial period of
the excitation coil is increased or decreased.

Figures 1.10 and 1.11 show the normalized amplitude of the received signal
when the spatial period of the exciting coil is kept constant, while the spatial period
of the receiving coil is changed to 4.875 and 8.125 mm, respectively. Compared
with the results shown in Fig. 1.7, it is found that when the spatial period of the
receiving coil is increased or decreased, the amplitude of the received signal will
decrease, and the signal’s waveform also changes. It shows that a change in the
spatial periods of the exciting coil and receiving coil has the same effect on the
received signal.

Therefore, the maximum efficiency of exciting and receiving coils can be
achieved by ensuring the exciting and receiving coils have the same spatial period,

Fig. 1.8 Received signal under the condition of D = 7.875 mm

Fig. 1.9 Received signal under the condition of D = 8.125 mm
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as well as the periods matching each other with the wavelength of the generated
ultrasonic wave signal for the design of the meander coil.

1.3.1.2 Effect of Coil Fold Number on the Performance of EMAT

As mentioned above, the multifolded structure of the meander coil can cause the
superposition and counteraction of ultrasonic waves, thus enhancing the signal of
the desired ultrasonic wave and weakening the ultrasonic wave signals of other
modes. In this book, the effect of the variation of the coil fold number on the
performance of EMAT was presented. Figure 1.7 shows the observation of the
change of the receiving signal under the conditions of changing the fold number of
the exciting and receiving coils, while the excitation current remains constant.

Figures 1.12 and 1.13 show the normalized amplitude of the received signal
when the exciting coil is onefold and fourfold, respectively, while the receiving coil
is eightfold. As we can see from the figure, when the fold number of the excitation
coil is 1, the amplitude value of the S0 Lamb wave mode is bigger than that of the A0

wave mode, even if the spatial period of the receiving coil is designed based on the
A0 Lamb wave mode. When the fold number of the excitation coil is 4, the
amplitude of the A0 Lamb wave mode is bigger than that of the S0 Lamb wave
mode, because of the regulating effect on the bending structure of the coil.
Moreover, the amplitude value of the receiving signal will increase with the
increase in fold number and the width of the wave packet will also increase.

Figures 1.14 and 1.15 show the normalized amplitudes of the received signal
when the exciting coil fold number is 8, while the receiving coil fold number is
onefold and fourfold, respectively. It is found that a change in the fold numbers of
the exciting coil and receiving coil has the same effect on the performance of
EMAT.

Fig. 1.10 Received signal under the condition of D = 4.875 mm
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Fig. 1.11 Received signal under the condition of D = 8.125 mm

Fig. 1.12 Received signal where the exciting coil fold number is 1

Fig. 1.13 Received signal where the exciting coil fold number is 4
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Figures 1.16 and 1.17 show the normalized amplitude of the received signal
when the exciting coil fold number is 1 and the receiving coil fold number is 4. The
comparison between those two figures and Fig. 1.7 shows that the amplitude value
of the A0 Lamb wave mode grows quickly with the increasing fold number, while
the amplitude value of the S0 Lamb wave mode gradually decreases. This finding
shows us that the structure of the meander coil can effectively strengthen the
amplitude value of the required ultrasonic wave mode, while weakening the wave
amplitude value of other modes. Also, the time duration of the signal wave packet
will increase with an increase in the fold number.

Therefore, when we choose the fold number of the meander coil, the effect of the
fold number of the coils should be considered comprehensively. To improve the
testing sensitivity, an increase in the fold number of the meander coil could work to
strengthen the signal amplitude and reduce the interfering effect of other signal
modes, without affecting the width of the signal wave packet. When we want to
improve the testing resolution by reducing the width of the signal wave packet, a

Fig. 1.14 Received signal where the receiving coil fold number is 1

Fig. 1.15 Received signal where the receiving coil fold number is 4
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reduction in the fold number of the meander coil can make this occur. Generally, we
should take both factors into consideration for the design of the fold number of the
meander coil. The exact number of coil folds is dependent on the practical situation.

1.3.1.3 Effect of Coil Conductor on the Performance of EMAT

Besides the fold spacing and fold number, the performance of EMAT can also be
affected by the dimension of the coil conductor. When the fold spacing and fold
number and current density of the coil are kept constant, observing the effect of the
coil conductor on the performance of EMAT is performed by only changing the
width and height of the coil conductor.

Figures 1.18 and 1.19 show the normalized amplitudes of the received signal
when changing the excitation coil conductor’s height to 1 and 0.1 mm, respectively,
while keeping the dimension of the receiving coil the same as in Fig. 1.7.

Fig. 1.16 Received signal of the exciting and receiving coils where fold number is 1

Fig. 1.17 Received signal of the exciting and receiving coils where fold number is 4
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Comparing the results shown in those two figures with those of Fig. 1.7, it is found
that the amplitude value of the received signal also grows gradually with the
increase in the coil conductor’s height.

Figures 1.20 and 1.21 show the normalized amplitudes of the received signal
when the dimension of the excitation coil remains the same as in Fig. 1.7, while
changing the excitation coil conductor’s height to 1 and 0.1 mm. Comparing the
results shown in these two figures with those of Fig. 1.7, it is found that the
amplitude value of the received signal decreases with the increase in the coil
conductor’s height. The value of signal amplitude is approximately inversely
proportional to the conductor’s height.

Figures 1.22 and 1.23 show the normalized amplitudes of the received signal
when the dimension of the receiving coil remains the same as in Fig. 1.7, while
changing the excitation coil conductor’s width to 0.8125 and 2.4375 mm.
Comparing the results shown in the two figures with those of Fig. 1.7, it is found
that the amplitude value of the received signal will increase from the point of view
of the increased amplitude with the increase in the excitation coil conductor’s

Fig. 1.18 Received signal of the exciting coil conductor with a height of 1 mm

Fig. 1.19 Received signal of the exciting coil conductor with a height of 0.1 mm
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Fig. 1.20 Received signal of the receiving coil conductor with a height of 1 mm

Fig. 1.21 Received signal of the receiving coil conductor with a height of 0.1 mm

Fig. 1.22 Received signal of the excitation coil conductor with a width of 0.8125 mm
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Fig. 1.23 Received signal of the excitation coil conductor with a width of 2.4375 mm

Fig. 1.24 Received signal of the receiving coil conductor with a width of 0.8125 mm

Fig. 1.25 Received signal of the receiving coil conductor with a width of 2.4375 mm
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width. The influence of the width increase on signal amplitude is greater than that of
the height.

Figures 1.24 and 1.25 show the normalized amplitudes of the received signal
when the dimension of the excitation coil remains the same as in Fig. 1.7, while
changing the exciting coil conductor’s width to 0.8125 and 2.4375 mm. Comparing
the results shown in the two figures with those of Fig. 1.7, it is found that the
amplitude value of the received signal will decrease with the increase in the
excitation coil conductor’s width. The value of the signal amplitude is approxi-
mately inversely proportional to the conductor’s height.

Therefore, for the design of the dimensions of the meander coil, we should
increase the width and height of the excitation conductor appropriately and mini-
mize the size of the receiving coil conductor to increase the amplitude and
signal-to-noise ratio of the received signal.

1.3.1.4 Effect of Liftoff on the Performance of EMAT

The coil’s liftoff is one of the key factors that affect the performance of EMAT. We
changed the liftoff distance of the transmitter and receiver, respectively, to inves-
tigate the effect of liftoff by changing the distance between coil and specimen and
calculating the amplitude value of the received signal. The results are shown in
Figs. 1.26, 1.27, and 1.28.

It can be seen from Figs. 1.26,1.27, and 1.28 that the amplitude exponentially
decreases versus the liftoff distance for both transmitter and receiver. So, it is
critical to minimize the coil’s liftoff distance for the design of EMAT.

Through the above analysis, the effect of the coil fold’s number on the perfor-
mance of EMAT can be explained by the investigation of the mechanical field. The
way to achieve the optimal design is reinforcing the particle vibration of the sim-
ulated ultrasonic signal. This purpose can be achieved by the appropriate design of

Fig. 1.26 Received signal when the height of coil’s lift is 0.5 mm
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the fold spacing and increasing the number of coil folds. The effect of the change of
the coil conductor’s dimension on the performance of EMAT can be explained by
the analysis of the electromagnetic field that is generated by the excitation coil and
particle motion inside the specimen. Under the condition that the electric current
density of the excitation coil reminds unchanged, increasing the area of the coil
conductor will lead to an increase in the field intensity of the dynamic magnetic
field inside the specimen, consequently intensifying the amplitude value of the
ultrasonic wave. At the receiving part, the closer range between receiving coil and
specimen, as well as the smaller size of the receiving coil conductor, will lead to
larger amplitude of the received signal.

In order to increase the amplitude and signal-to-noise ratio of the received signal,
the meander coil can be designed with multiple layers and multiple turns. Increases
in ampere-turns and the number of sensing conductors were introduced into the new
configuration to improve the signal amplitude.

Fig. 1.27 Received signal when the height of coil’s liftoff is 1 mm

Fig. 1.28 Received signal when the height of coil’s liftoff is 2 mm
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1.3.2 Multibelt Coil Axisymmetric Guided Wave EMAT

By controlling thematching of coil span ofmeander coil and excitation frequency, the
dimensional design is made simple, and the types and modes of the excited ultrasonic
wave can be better controlled; while at the same time, the amplitude value and width
of ultrasonic signal can be adjusted through the tuning of the coil fold number and the
conductor’s dimensions. By drawing lessons from such coil structures and applying
them to the defect detection of pipelines made by ferromagnetic material, the
drawbacks of the single-belt coil structure can be effectively overcome.

1.3.2.1 Longitudinal Guided Wave Mode and Frequency Dispersion

As far as pipes are concerned, propagation of the longitudinal guided wave is
dispersive. The general phase velocity and group velocity dispersion curves of
longitudinal waves in pipes are shown in Figs. 1.29 and 1.30. As shown in the
figures, there are four different modes: L(0,1), L(0,2), L(0,3), and L(0,4). Since the
magnetostrictive transducer typically operates up to a few hundred kHz frequency,
L(0,1) and L(0,2) wave modes are generally generated. However, L(0,1) and L(0,2)
coexist in a large frequency range; both L(0,1) and L(0,2) wave modes could be
generated by the same excitation. Which mode should be generated is determined
by the dimensions of the coils.

1.3.2.2 Transducer Configuration and Transduction Principles

A schematic diagram of the new transducer configuration is shown in Fig. 1.31a. To
keep the bias magnetic field homogeneously distributed around the circumference
of the pipe, a solenoid electromagnet is used in place of the U-shaped magnet in the
single-belt transducer, which can improve the convergence performance of the
longitudinal guided wave. The multibelt coil, which can be made by winding wires

Fig. 1.29 Phase velocity dispersion curves of pipe
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or by flexible printed circuit (FPC) technology, is used for providing a periodic
dynamic field. Both the transmitting coil and receiving coil have the same
configurations.

Figure 1.31b is a detailed description of the multibelt coil, the coil extending
around the circumference and neglecting the end connection between two adjacent
belts for inducing opposite dynamic magnetic field. According to the principle of
EMAT, the distance l of the adjacent belts should be half a wavelength of the

Fig. 1.30 Group velocity dispersion curves of pipe

The transducer’s structure

The coil’s structure

(a)

(b)

Fig. 1.31 New transducer configurations
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generated longitudinal guided waves. Therefore, the wave frequency could be
expressed as (1.3).

fL ¼ cL
k
¼ 2cL

l
ð1:3Þ

In the above equation, ƒL is the frequency of the longitudinal guided wave, cL is
the phase velocity, λ is the wavelength, and l is half the wavelength, which equals
the distance between adjacent belts. If cL is fixed, ƒL is solely determined by l.

When the transducer works, the electromagnet will induce the static bias magnetic
field Hs and the multibelt coil will induce dynamic magnetic field Hd, both directions
of which are along the axial direction of the pipe. The superposition of Hs and Hd

causes the periodically changed magnetic field Hc, as shown in Fig. 1.32. Under the
action of Hc, the magnetostrictive force is brought about, which will cause periodic
deformation of the pipe, and thus, an ultrasonic wave is generated. The magne-
tostrictive force under one belt of the multibelt coil can be described as (1.4).

Fms ¼ � 1
2
ð3sþ 2lÞð1� 2mÞ @f

@M0

@mz

@z
ð1:4Þ

In the above equation, s and l are Lame constants; t is the Poisson’s ratio; f is
the line magnetostriction; M0 is the static bias magnetic field magnetization
intensity; and mz is the z component of the dynamic magnetic field magnetization
intensity. The receiving principle of the ultrasonic wave is opposite to its generating
principle. The principle of wave detection is the inversed process of wave gener-
ation. When waves propagate to the position of the receiving coil, the deformation
of the pipe will causes a change in the magnetic field. Thus, the voltage is induced
in the receiving coil.

1.3.2.3 Experimental Study of L-mode EMAT [3]

To verify the performance of the proposed EMAT, an experiment needs to be
performed. The schematic diagram of the experimental setup is shown in Fig. 1.33.
There are two probes: One is the transmitter for generating the ultrasonic signal, and
the other is the receiver for detecting the directly arriving waves and reflecting
waves from the crack and the end. A DC power supply (DF1730SL40A) was used
as the power supply providing the bias magnetic field to the electromagnets. The
transmitter was supplied by a RF power amplifier (AG1024), which could provide a

Fig. 1.32 Superposition of
dynamic magnetic field and
static magnetic field
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tone burst signal for the EMAT coil to generate the dynamic magnetic field. The
amplitude, frequency, and periodicity of the tone burst signal are all adjustable. The
detected signal of the receiver was filtered and amplified by a signal-conditioning
circuit and then collected by a data acquisition card in a PC.

According to the phase velocity dispersion curves shown in Fig. 1.29, L(0,2)
mode would be generated and the frequency was chosen as 100 kHz. Thus, the
corresponding phase velocity under this frequency is 5400 m/s. Calculated through
Eq. (1.3), l was obtained as 27 mm. Four-belt coils were used as the transmitter and
receiver coils with 48 turns and 160 turns, respectively.

Figure 1.33a shows the detailed positions of the transmitter and receiver on a
chosen bare steel pipe, which has dimensions of length 3000 mm, inside diameter
(ID) 53 mm, and outside diameter (OD) 59 mm. The transmitter was 1250 mm from
one end of the pipe, and the distance between the transmitter and receiver was

Fig. 1.33 Schematic diagrams of the experimental setup
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1000 mm. To verify the crack detection ability of the new transducer, an artificial
circumferential crack was made 400 mm from the B end of the pipe, whose
dimensions were width 4 mm, depth 2 mm, and circumferential length 45 mm.

In order to verify the practicability of the EMAT structure, a series of experi-
ments were carried out. In the experiments, direct current (8 A) was provided to the
bias electromagnet to generate a bias magnetic field. A tone burst of 100 kHz was
applied to the multibelt coil, and the number of pulse periods was 6. Its wave form
is shown in Fig. 1.34. The signals generated and received by EMAT and the
reflected signal from the end of the pipeline are shown in Fig. 1.35.

In Fig. 1.35, signal a shows the initial pulse, representing the space-induced
signal of the receiving coil; b shows the signal of the direct wave; d, e, and f show

Fig. 1.34 The excitation voltage signal generated by RF power amplifier

Fig. 1.35 The measured signal of EMAT
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the reflected signals from the end; and c is the reflected signal from the defect. We
can see from Fig. 1.35 that the ultrasonic waves generated and received by EMAT
have a big amplitude value and signal-to-noise ratio, as do the reflected signals from
the defect and the far end.

Through the multiplication of the time difference between each reflected signal
and the initialized signal, and the group velocity of the L(0,2) mode ultrasonic
waves, the propagation distance of every pulse signal with respect to the trans-
mitting probe can be estimated. The correctness of the defect’s position and the
ultrasonic mode excited by EMAT can be verified by checking the estimated value
and actual distance. The calculation of the distance and its actual value is shown in
Table 1.3, where Dt represents the time difference; Δdes represents the difference in
the distance obtained from the experimental measurement; and Δdex represents the
accurate difference of the distance. As shown in Fig. 1.3, the distance that is
calculated by the experimental measurement is consistent with the actual distance
(the error is less than 3 %). It shows that the EMAT can be used to detect the defects
along the pipeline in the axial direction.

1. The frequency tuning characteristic of the multibelt coil

In the experiment, the amplitude values of the bias magnetic field and pulse
signal remain consistent while changing the excitation frequency of the multibelt

Table 1.3 The corresponding relationship between the signal packet and ultrasonic propagation
distance

Pulse signal b c d e f

Δt (ms) 0.1823 0.3070 0.4700 0.6579 0.9456

Δdes (mm) 993 1672 2561 3584 5152

Δdex (mm) 1000 1700 2500 3500 5000

Error (%) 0.7 1.6 2.4 2.4 3

Fig. 1.36 The variation of the direct wave amplitude under different frequencies
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coil, thereby inspecting the selectivity and adjustability of the multibelt coil to
frequency. Figure 1.36 shows the relationship between the direct wave amplitude
value and frequency variations. From the figure, the direct wave amplitude values
rise to maximum at the frequency of 100 kHz. The amplitude value will always
reduce with the frequency increase or decrease from this point. The result shows
that the structure of the multibelt coil has a frequency-dependent characteristic, and
the ultrasonic wave can reach the maximum amplitude value at the designed
frequency.

2. The influence of static magnetic field and dynamic magnetic field

Equation (1.2) shows that the static magnetic field and dynamic magnetic field
are the key factors which can affect the EMAT characteristics. An experimental
approach is used to investigate the effect of variations of the static magnetic field
and dynamic magnetic field on the characters of EMAT.

The amplitude value of the excitation current was kept constant at 8, 14, and
20 A, while the signal amplitude values of every DC excitation value were recorded
by increasing the DC excitation value of the electromagnet from 7 to 35 A. Results
are shown in Fig. 1.37. At the beginning, the amplitude value of the direct wave
almost increases linearly, while the increasing slope of the amplitude value grad-
ually slows down until there is no increase any more, when the electric current
reaches a certain value.

The value of the excitation current was kept constant at 8 and 22 A, while the
amplitude value of every forward wave signal under every amplitude value was
recorded by increasing the amplitude value of the coil’s dynamic excitation current.
The result is shown in Fig. 1.38. The amplitude value of the forward signal has an
approximate linear relationship with the pulsed current.

Fig. 1.37 The direct wave amplitude under the exciting current of different electromagnets
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The results shown in Figs. 1.37 and 1.38 indicate that the static bias magnetic
field and the coil dynamic magnetic field have significant influence on the per-
formance of EMAT. The amplitude value of the excited ultrasonic wave will be
changed by changing either one of the values, but when the bias magnetic field
reaches a certain value, continual increases of the bias magnetic field have no
significant effect on the ultrasonic amplitude value. However, if the dynamic
magnetic field keeps increasing, the amplitude value of the ultrasonic wave will
continue to increase.

3. The influence of the coil’s liftoff [4]

In many testing fields, the surface of pipes under testing will be packaged with a
coating or insulating layer, and thus, EMAT works under a certain liftoff value.
Therefore, it is necessary to study the liftoff effect on EMAT.

Setting the coil dynamic excitation current at 20 A and changing the liftoff
values of the excitation coil and receiving coil, respectively, the direct wave
amplitude values were measured under different liftoff states. As shown in
Fig. 1.39, it was found that the amplitude values of the ultrasonic wave decay
exponentially with increasing liftoff values of the excitation and receiving coils, and
the excitation coil is more sensitive to the change in the liftoff value.

4. The influence of the excitation signals’ cycles

In the above experiment, the number of periods of the pulsed current is 7. The
periodicity of the pulsed current can also affect the property of EMAT. Under a
specific amplitude and frequency, the periodicity determines how much energy of
the current source can transfer into the coil. Part of the energy is converted into
mechanical energy to produce ultrasonic waves.

We wish to evaluate the effect on the amplitude value and waveform of gen-
erated ultrasonic waves by changing the number of periods of the driving signal
from 1 to 10. In the experiment, the exciting current of the electromagnet is 13.5 A

Fig. 1.38 The direct wave amplitude under different coil excitation currents
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and the amplitude value of the exciting current is 16 A. The amplitude values of the
direct signal are measured when the number of periods of the pulsed current are 4,
6, 8, and 10. As shown in Fig. 1.40, the result illustrates that with the increase of the
number of periods, the wave packets of the direct wave will grow monotonically
and the amplitude value of the signal also increases accordingly.

1.3.2.4 The Experimental Research of T-Mode EMAT

A similar coil structure with that of the L-mode guided wave EMAT is employed
with the T-mode EMAT in the axial direction of the pipe. The generation and
receiving of the T-mode guided waves in the axial direction of the pipe can be
realized in the pipeline, when the bias magnetic field is made using soft magnetic
materials. The setup of the coil and nickel strap on the pipeline is shown in
Fig. 1.41.

The premagnetized nickel strap is fixed along the axial direction in the pipe, and
the coupling method or chucking appliance can be used as the fixation technique.
After the fixation, the magnetization direction is in the circumferential direction of
the pipe. The multibelt coil is wrapped around the thin nickel strap, or placed on the
flexible plate, multibelt coil is made with the FPC technique. The spaces between
the multibelt coils meet the matching relationship with the wavelength of the guided
wave.

The principle of EMAT is the bias magnetic field H0 in the pipeline circum-
ferential direction is provided by the residual magnetic flux density of the nickel
strap, when the pulsed excitation is applied on the coil. The dynamic magnetic field
Hd is generated from each cluster of the multibelt coil. The total magnetic field Ht

will be generated by the combination of the dynamic and static magnetic fields.
Under the action of the total magnetic field, the magnetic unit in the nickel strap

Fig. 1.39 The influence of liftoff on the excitation and receiving probes
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Fig. 1.40 The receiving signals under different exciting cycles
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will be deformed, which causes the expansion of the nickel strap material and then
generates ultrasonic waves.

In order to study the practicability of generating and receiving guided waves in
the axial direction of the pipe using the EMAT, a flexible multibelt coil was made
using the FPC technique. The shapes of the coil and nickel strap used are shown in
Fig. 1.42. In the experiment, the inside diameter of the tested steel pipeline is
53 mm, its outside diameter is 59 mm, and the length is 1250 mm. The nickel strap
and FPC coil were fixed on one end of the pipeline. The pulse echo method was
used in this work.

Fig. 1.41 The structure and principle of T-mode EMAT with the pipeline axial direction guided
wave

Fig. 1.42 The FPC coil and nickel strap of EMAT used in the experiment. a Meander coil and
b Nickel strap
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For the tested steel pipe in the experiment, the dispersion curves of its phase
velocity and group velocity were calculated as shown in Fig. 1.43.

The T(0,1) mode guided wave along the pipeline axial direction was selected to
do the test. According to the frequency dispersion curves shown in Fig. 1.43, the
phase and group velocities of the T(0,1) mode guided wave are 3000 and 3200 m/s,
respectively. The excitation frequency was chosen as 180 kHz, and 6 cycles of
impulse excitation were applied to the coils. The received echo signal by EMAT
from the end of steel pipe is shown in Fig. 1.44.

In order to verify the excited guided wave mode experimentally, the time dif-
ference between the two reflected signals from the end was calculated, and the
propagation distance corresponding to the time difference is double that of the
pipeline length (2500 mm). The group velocity of the guided wave can be checked

Fig. 1.43 The dispersion curves of the phase and group velocities of the T-mode guided wave in
the tested steel pipeline
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using the propagation distance divided by the propagation time, which is 3255 m/s.
There is quite a comparable wave velocity between the experimental one with that
shown in the dispersion curve, and thus, the correctness of the excited ultrasonic
wave was verified. It also verified the effectiveness of the proposed method to
generate and receive a T-mode guided wave along the axial direction of the pipe
using EMAT.

1.3.3 SH Guided Wave EMAT Used in Non-ferromagnetic
Material

Based on amagnetostrictive mechanism, ferromagnetic material can be used to excite
ultrasonic waves with a greater amplitude value than that in non-ferromagnetic
material. Conveniently, a SH guided wave can also be excited based on a magne-
tostrictive mechanism. From this view point, the excitation and receiving of a SH0
guided wave can be achieved in a platelike non-ferromagnetic specimen.

The specific approach is as follows: A thin nickel strap is used as the medium to
excite and receive the SH guided wave. The SH guided wave is first excited in the thin
nickel strap by using the meander coil and then by using the direct couplingmethod or
coupling medium, the ultrasonic waves are coupled into the non-ferromagnetic
specimen. When receiving the ultrasonic wave, the propagation of the SH guided
wave in the non-ferromagnetic specimen will cause vibration in the specimen, which
will propagate into the thin nickel strap that is used to receive the ultrasonic wave. The
SH guided wave can be achieved through the inverse magnetostrictive effect.

Because of the tiny thickness of the nickel strap, a strong ultrasonic signal can be
excited into it. Although there are energy losses in the coupling process of the thin
nickel strip and tested specimen, a SH guided wave with higher amplitude and
signal-to-noise ratio can also be excited into the specimen. There are two methods
to realize the measurement of SH guided waves by designing the structures of
EMAT: contact and non-contact methods. For the contact method, the thin nickel

Fig. 1.44 The reflected signal from the end of the steel pipeline in the experiment

1.3 Optimal Design of EMAT and Its New Configuration 35



strap, meander coil, and biasing magnet are taken as a whole body. The operating
mode of EMAT is similar to that of the piezoelectric ultrasonic transducer. For the
non-contact method, the thin nickel strip is fixed on the surface of the specimen. In
the process of measurement, the meander coil and biasing magnet should be placed
above the nickel strip.

In practical applications, the EMAT can be assembled into the same form as the
piezoelectric transducer because this EMAT just needs the biasing magnet, coil, and

Fig. 1.45 The principle structure of EMAT

Fig. 1.46 The dispersion curves of the phase and group velocities in the aluminum specimen
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thin nickel strap. The cost of this transducer can be lower than that of piezoelectric
transducers.

The principle structure of the EMAT is shown in Fig. 1.45.
In order to verify the effectiveness of this EMAT structure, an experimental

platform was set up. A thin nickel strap (thickness 0.2 mm, length 50 mm, width
40 mm) was fixed on the aluminum plate with 5 mm thickness using epoxy resin.
The epoxy resin plays the function of fixation as well as the coupling medium of the
ultrasonic guided wave between the nickel strap and the aluminum specimen. The
dispersion curves of the SH guided wave modes in the aluminum specimen under
test are shown in Fig. 1.46.

As shown in Fig. 1.46, the phase velocity and group velocity do not change with
the product of frequency and thickness of the specimen, which means the SH0
guided wave mode generated by EMAT has a wide application for non-dispersive
characteristics.

In the experimental study, the excitation frequency was chosen as 350 kHz
considering the character of the coil structure. The incident and receiving signals
excited by the coil are all in contact with the signal excitation and receiving device
(RITEC EPR-4000). The final waveform signal will be collected by a data acqui-
sition card and processed and shown on the computer.

The test setup is shown in Fig. 1.47.
The waveform of the incident signal used in the experiment is shown in

Fig. 1.48.
The reflected signal received by the coil from the end of the aluminum specimen

is shown in Fig. 1.49. It is found that the signal has a higher signal–noise ratio and
can propagate a long distance. The wave velocity of the signal is calculated by

Fig. 1.47 The sketch of the
experimental arrangement of
the SH guided wave
excitation and receiving in the
aluminum plate
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checking the time difference of the echo signal from the end of the aluminum
specimen. The propagation distance is double the length of specimen. It is found
that the propagation velocity of the SH0 guided wave is 3225 m/s, compared with
the theoretical value of the guided wave group velocity provided in Fig. 1.46 of
3122 m/s. The result is quite comparable, and thus, the generation of the SH0
guided wave mode in non-ferromagnetic materials by EMAT is verified.

1.3.4 Calculation of the Impedance Matching Capacitance
of EMAT [5]

It is found that the coil matching of EMAT is effective and necessary to improve its
conversion efficiency. For the coil of EMAT, in the energy conversion process, the
eddy current effect, skin effect, and proximity effect between the EMAT coil and the
tested specimen, and among the conductor coils, can all lead to impedance changes.

Fig. 1.48 The waveform of the excitation voltage applied by the coil

Fig. 1.49 The reflected signal received by the coil from the end of the aluminum specimen
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In addition, the scale of the impedance can also be influenced by the material
property and the coil’s liftoff. Moreover, the coil’s distribution under high fre-
quency cannot be ignored. All the factors mentioned above can make the matching
of the coil’s impedance difficult. At present, according to specific inspection situ-
ations, several experimental attempts are generally introduced for the matching of
the coil. In this way, it is not only time-consuming, but also involves great effort.
Besides, it is difficult to achieve the best matching result. The best method of
matching the coil is to calculate the impedance value of EMAT’s coil accurately
and then calculate the value of the shunt capacitance needed by the matching. The
optimum matching of the coil can be achieved conveniently using this approach.

In Fig. 1.50, Leq is the equivalent inductance, Req is the equivalent resistance,
and Cd is the equivalent distributed capacitance.

When the EMAT is in its working status, a tone burst signal generated by
high-frequency power source is applied to the coil with capacitance matching through
the wire, to excite ultrasonic waves in the specimen. It is important to note that
because the wire that connects the coil and signal source is relatively short, its
capacitance value is too small to be considered. In Fig. 1.50, Rin indicates the internal
resistance of the signal source, Cin indicates the port capacitance of the signal source,
and Cm indicates the matching capacitance of the signal source. The shunt capacitor
model shown in Fig. 1.50 is an effective matching model of the narrow band. The coil
can obtain maximum energy from the signal source after the matching.

The purpose of matching the coil is to make it obtain maximum energy from the
excitation power supply. In other words, it is to make the coil current reach its
maximum under the given excitation. The matching method is making a parallel
connection for the capacitor at the two ends of the actual coil, specific to the coil’s
equivalent circuit. As shown in Fig. 1.50, the actual coil’s AC resistance under the
AC steady state can be considered to have a fixed value. The reaction at the two

Fig. 1.50 The coil’s equivalent circuit and driving circuit
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ends of the coil can be changed by shunt capacitance. Thereby, the admittance after
the parallel connection of the capacitor can be expressed as (1.5).

Yeq ¼ Req

R2
eq þðx0LeqÞ2

þ jðx0ðCd þCmÞ � x0Leq
R2
eq þðx0LeqÞ2

Þ ð1:5Þ

In the above equation, ω0 is the angular frequency of the excitation signal.
When there is resonance between the actual coil and the matching capacitor, the

impedance of this parallel link reaches its maximum value and the coil can obtain
the maximum energy from the excitation power supply. It can be expressed as (1.6).

x0ðCd þCmÞ � x0Leq
R2
eq þðx0LeqÞ2

¼ 0 ð1:6Þ

Therefore, (1.7) can be obtained.

Cm ¼ Leq
R2
eq þðx0LeqÞ2

� Cd ð1:7Þ

Taking the double-layer and three-split meander coil as an example, it explains
the principle structure of the double-layer and multisplit coil. It is illustrated in
Fig. 1.51, where Fig. 1.51a is the top view of the coil and Fig. 1.51b is the cross
section drawing of each coil fold. The length of the coil conductor is l and the center
distance between two adjacent fold lines is w, which corresponds to one half of the
generated ultrasonic wave. Each fold of the coil is made up of six conductors which
are independent of each other. Those six conductors are divided into two layers
arranged parallel to each other, the current direction of each conductor being
consistent with the rest. In Fig. 1.51b, wd and hd represent the width and thickness
of each conductor, respectively, wj represents the conductor’s interval of the same
layer, and hj represents the interval between the two conductor layers.

Fig. 1.51 The principle structure of the coil
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The parameters of the coil are as follows: l = 60 mm; w = 6.5 mm;
wd = 1.96 mm; wj = 0.2 mm; hd = 0.1 mm; and hj = 0.1 mm.

The coil was made by copper, and its material parameters are as follows:
µr = 0.999991; σ = 2.67 × 107 S/m. The coil’s direct current resistance and
inductance are, respectively, R = 0.999991 Ω; L = 6.8 µH. The specimen is an
aluminum plate, and its material parameters are µr = 1.000,021; σ = 3.8 × 107 S/m.

According to the given coil and aluminum specimen under test, the coil exci-
tation is a tone burst with a frequency of 250 kHz. The coil’s AC resistance,
electrical inductance, and matching capacitance were calculated. When the
matching capacitance was determined using the experimental method, the tone
burst excitation signal was input into the parallel connection of the coil and
capacitor. An oscilloscope was used to observe the voltage waveform at the two
ends of the actual coil, and the value of the matching capacitance and the frequency
of the excitation signal were adjusted, so that the value of the matching capacitance
is the required value when the voltage amplitude value reaches its maximum under
the excitation frequency of 250 kHz. The computation and experimental results are
shown in Table 1.4.

In Table 1.4, Cme is the matching capacitance measured from the experiments.
Other parameters are all calculated values. The error represents the difference
between the experimental and calculated results. It is shown that no errors exceed
2 %, and therefore, the calculation method has a high accuracy.

From the calculated results, the skin effect and proximity effect between the coil
conductors and the eddy current effect between coil and specimen all have a sig-
nificant influence on the value of the coil’s resistance and inductance. Compared to
the voltaic resistance and inductance, the resistance will increase and the inductance
will decrease. Meanwhile, the coil’s liftoff value also has a significant effect on the
coil’s inductance. The influence of the coil’s liftoff on the coil’s parameters is
illustrated in Fig. 1.52.

The calculated results of the parameters under different liftoff values are pro-
vided in Fig. 1.52. It shows that the coil’s resistance value will decrease with
increase in the liftoff value, and the coil’s inductance value will increase with
increase in the liftoff value. The corresponding changes all show an index char-
acteristic. It is easy to give a physical explanation of the parameter’s change with

Table 1.4 Calculation results of each parameter under different liftoff values

h/mm 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0

Req/Ω 2.183 2.103 2.057 2.030 2.013 2.002 1.995 1.991

Leq/µH 2.764 3.781 4.428 4.848 5.125 5.311 5.440 5.530

Cm/pF 117,050 95,250 84,170 78,060 74,430 72,150 70,660 69,630

Cme/pF 116,000 96,000 83,800 77,000 75,000 734,000 70,000 69,000

Error (%) 0.9 0.78 0.44 1.3 0.76 1.7 0.94 0.91
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the variation in liftoff values: With an increase in the liftoff value, the skin effect and
proximity effect between the coil conductor and specimen will die down; the dis-
tribution of the current density in the coil conductor will become average; and the
conductor’s area in which the same amount of current flows through will increase.
Thus, the coil’s resistance will decrease, while at the same time, with the increase in
the liftoff value, the effect of the magnetic field produced by the eddy currents
inside the specimen to the coil’s magnetic field will decrease, and thus, the electrical
inductance will increase.
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Chapter 2
Analytical Method of EMAT Based
on Lorentz Force Mechanism

The energy conversion mechanism of EMAT that is used in non-ferromagnetic
metal material is the Lorentz force mechanism. The corresponding EMAT is called
the Lorentz force-based EMAT. For the Lorentz force-based EMAT, there is a
relatively complete ultrasonic mathematic model that is used to describe the exci-
tation and receiving of EMAT. But because of the coupling between the electro-
magnetic field and mechanical field in the complete energy conversion process, it
can be very difficult to achieve its numerical simulation. In EMAT, the spiral coil
and meander coil are widely used, and with the improvement of the coil’s pro-
duction process, those two kinds of coils are generally designed as the complex
structures of multilayer or multisplit. Another alternative approach for theoretical
analysis is making analytical models of EMAT with those two kinds of coil
structure, and calculating its coil impedance and pulse response. Considering that
most excitation power supplies of EMAT are voltage-sourced, while almost all the
analysis of the existing mathematical models use current excitation to do the
analysis of EMAT, it is necessary to propose the analytical method of EMAT under
the excitation of impulse voltage. This chapter mainly concerns the simulation
analysis of the entire process of EMAT based on the Lorentz force mechanism finite
element method. The analytical calculation method of the EMAT has the spiral coil
and meander coil structure under the excitation of pulsed voltage.

2.1 Multifield Coupling Equation of EMAT Based
on Lorentz Force Mechanism

The EMAT based on the Lorentz force mechanism consists of the biasing magnet,
coil, and non-ferromagnetic specimen. The biasing magnet is used to provide a bias
magnetic field, the coil is used to produce a pulsed magnetic field, and the specimen
is used for the excitation and reception of the ultrasonic waves. The static magnetic
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field, pulsed eddy current field, and mechanical field are involved in the multifield
coupling. The numerical simulation analysis of the whole energy conversion pro-
cess of EMAT means solving the multifield coupling problem. In this work, the
equations used to describe the physical fields that include the excitation and
receiving processes of EMAT ultrasonic waves are given first.

2.1.1 Magnetic Field Equation of a Permanent Magnet

The magnetic field generated by a permanent magnet belongs to the static magnetic
field. In the magnetic field of a permanent magnet, there is no free current, which
means the current density is J = 0, as expressed in (2.1).

r� H¼ 0 ð2:1Þ

In the above equation, H is the magnetic field intensity and can be represented as
the gradient of a scalar function, as shown in (2.2).

H ¼ �rum ð2:2Þ

In the above equation, um is the scalar magnetic potential.
Considering the existence of the permanent magnet, (2.3) can be obtained.

B ¼ lHþ l0M0 ¼ lHþBr ð2:3Þ

In the above equation, μ is the magnetic permeability of the magnetic medium;
l0 is the magnetic permeability of the vacuum, M0 is the residual magnetization;
B is the intensity of the magnetic induction, and Br is the residual magnetic intensity
in the permanent magnet.

Substituting (2.2) into (2.3), from r � B ¼ 0, (2.4) can be obtained.

lr2um ¼ �l0r �M0 ð2:4Þ

According to the magnetic charge model of the computational electromagnetism,
the spatial magnetic field is produced by magnetic charge. The magnetic field
generated in the space by a permanent magnet with a limited size can be taken as
the superposition of the magnetic field generated in the space by the magnetic
charge that is distributed with a certain rule; that is, the permanent magnet with a
limited size can be taken as the magnetic charge distribution with a certain rule. The
relationship is shown in (2.5).

qm ¼ �l0r �M0 ð2:5Þ
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In the above equation, ρm is the magnetic charge density; for the permanent
magnet magnetizing uniformly with a certain direction, M0 is a constant vector.
Therefore, (2.6) can be obtained.

qm ¼ 0 ð2:6Þ

For the permanent magnet with a uniform magnetization, there is no body
magnetic charge density, only the surface magnetic charge density rm exists. Then,
(2.4) can be expressed by (2.7).

lr2um ¼ 0 ð2:7Þ

The interface condition between the magnetic pole surface of the permanent
magnet and any other medium is listed in (2.8).

rm ¼ l0M0 � n ð2:8Þ

2.1.2 Dynamic Magnetic Field Equation of the Pulsed Eddy
Current [1]

There is no free charge in a system that consists of an EMAT coil and a specimen. If
the effect of displacement current density is overlooked, the dynamic magnetic field
of the pulsed eddy current can be expressed by (2.9).

1
l
r2A� r

@A
@t

¼ �Js ð2:9Þ

In the above equation, A is the vector magnetic potential; σ represents the
material’s conductivity, and Js is the density of the source current.

The right part of (2.9) is the density of the source current. In the simulation of
EMAT, the excitation current and voltage are generally provided. The current
density should be determined by the given value of electric current or voltage.
When the coil’s skin effect and proximity effect can be neglected, the distribution of
the average current density in the coil can be approximately solved by electric
current, as shown in (2.10).

JS ¼ i
S

ð2:10Þ

In the above equation, i is the total current and S is the cross-area of the coil
conductor.

Because the excitation frequency applied in the EMAT’s coil can be very high
from KHz to MHz and the distance between the coil conductors, as well as that from
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the coil conductor to specimen, are all very small, the coil’s skin effect, proximity
effect, and eddy effect are all very significant. It is unnecessary to figure out the
accuracy of the theoretical calculation that can be reduced if those effects discussed
above are overlooked. Actually, the total current density is expressed in (2.11).

Jt ¼ Js þ Je ¼ Js � r
@A
@t

ð2:11Þ

The total current can be expressed by (2.12).ZZ
S

Jtds ¼ i ð2:12Þ

Then, (2.13) can be obtained.

Js ¼ i
S
þ 1

S

ZZ
S

r
@A
@t

ds ð2:13Þ

And (2.14) can be obtained by substituting (2.13) into (2.9).

1
l
r2A� r

@A
@t

þ 1
S

ZZ
S

r
@A
@t

ds ¼ � i
S

ð2:14Þ

The relationship between E (the electric field intensity of each location) and
vector magnetic potential is expressed in (2.15).

E ¼ � @A
@t

ð2:15Þ

The eddy current density inside the coil and specimen is expressed in (2.16).

Je ¼ �r
@A
@t

ð2:16Þ

From the definition of Lorentz force, the force density in the skin depth of the
surface of a non-ferromagnetic specimen is related to the magnitude of the static
magnetic field provided by the biasing magnet and the eddy current in the surface of
the non-ferromagnetic conductor; it can be expressed by (2.17).

fL ¼ B0 � Je ð2:17Þ

In the previous literature, the static magnetic field has uniform distribution. So
the force on the surface of the non-ferromagnetic specimen extends in one
single-direction, but this does not conform to the specific circumstances. In the
practical application of EMAT, the value and direction of the static magnetic field
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provided by the permanent magnet are not uniform nor in a single-direction; thus, it
will inevitably bring errors if the static magnetic field is assumed to have uniform
distribution and one single direction.

The boundary condition must be satisfied on the outer boundary. That is the
vector magnetic potential Az = 0.

In the interface of two kinds of magnetic medium, the following interface
conditions listed in (2.18) are satisfied.

Ai ¼ Aiþ 1 ð2:18Þ
1
li

r� Aið Þt�
1

liþ 1
r� Aiþ 1ð Þt¼ Jsi ð2:19Þ

In the above equations, subscript i represents the adjacent magnetic medium;
subscript t represents the tangential direction of the interface, and Jsi is the surface
current density in the adjacent interface.

2.1.3 Motion Equation of Particle in the Specimen

The tested specimen is isotropic material, so it can be assumed as having linear
elasticity and continuity. The elastic deformation occurs inside the specimen under
the Lorentz force. The motion equation in the specimen is expressed in (2.20).

r � rþ fL ¼ q
@2u
@t2

ð2:20Þ

In the above equation, σ is the stress tensor; u is the displacement matrix, and ρ is
the specimen’s bulk density.

Considering the relationship between σ and u, (2.20) can be expressed using the
displacement, as in (2.21).

Gr2uþðGþ kÞrðr � uÞþ fL ¼ q
@2u
@t2

ð2:21Þ

In the above equation, G and k are Lame constants.
The traction-free boundary condition should be satisfied such that stress is zero

and the strain is not zero on the surface of the specimen.
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2.1.4 Receiving Equation of Ultrasonic Signal

When the ultrasonic wave in the specimen propagates to the receiving coil of
EMAT, the charged particle will generate a dynamic current under the function of
the external bias magnetic field; its current density is expressed in (2.22).

JL ¼ rv� B0 ð2:22Þ

The current density in the specimen will generate a dynamic magnetic field
inside and around the specimen. The coil of EMAT in the dynamic magnetic field
will generate an induced electromotive force, which is the coil’s receiving signal.

In the signal receiving process of the coil, the magnetic field in the solving area
is provided by the eddy current density in the specimen and the source current
density. Generally, the receiving coil is in an open circuit state and the total current
of the receiving coil is zero. The governing equation satisfied in the area of the
receiving coil and specimen can be expressed in (2.23).

� 1
l
r2Aþ r

@A
@t

� r
S
@

@t

ZZ
Xc

Ads ¼ JL ð2:23Þ

After solving the vector magnetic potential of each region using the above
equation, the induced electromotive force of the coil can be calculated. The induced
electric field in the coil can be expressed by (2.24).

E ¼ � @A
@t

ð2:24Þ

The conductor’s electromotive force at some point of the coil can be obtained by
using the line integral of the electric field intensity, expressed in (2.25).

Vpout ¼
Z
l

� @A
@t

� dl ð2:25Þ

Thus, the output voltage of the coil can be obtained by averaging the electro-
motive force of the point conductors in the coil, expressed in (2.26).

Vout ¼
R
X VpoutdXR

X dX
ð2:26Þ
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2.2 The Weak Form of the Coupling Field Equations

The analysis and simulation of the EMAT based on the Lorentz force mechanism
aim at the specific physical model in combination with the corresponding boundary
condition, solving the partial differential equations (2.7), (2.14), (2.21), and (2.23).
The finite element method is an effective numerical method to solve this problem.
When it comes to solving those equations using the finite element method, in fact,
the solutions are the weak solutions, also referred to as the “weak form.” Thus, it is
necessary to derive the weak form of the above equations, that is, to derive the weak
forms of (2.7), (2.14), and (2.21) based on the principle of virtual displacement.
Since the weak forms of (2.23) and (2.14) are similar to each other, they will not be
given any more. According to the differences in the EMAT’s structure in the
analytical process, the weak form of various field equations under the
two-dimensional Cartesian coordinate system and axisymmetric coordinate system
is needed, which are derived, respectively, as below.

2.2.1 The Weak Form of Coupled Equations Under
Two-Dimensional Cartesian Coordinates

In the finite element analysis of EMAT, where the coil consists of linear conductors
(such as the meander coil EMAT and rectangular spiral coil EMAT), all the factors
in the conductor’s length direction (assumed to be the direction of the Z axis),
including the difference of the field characteristics among the permanent magnet,
coil, and specimen, can be neglected. So the EMAT can be simplified into a
two-dimensional model on the coil’s cross section. Thus, among the field variables,
the components of the x axis and y axis are the only factors that need to be
considered.

2.2.1.1 The Weak Form of the Static Magnetic Field Equation
of the Permanent Magnet

In the two-dimensional Cartesian coordinate system, the static magnetic field
equation of the permanent magnet is expressed in (2.27).

@

@x
l
@um

@x

� �
þ @

@y
l
@um

@y

� �
¼ 0 ð2:27Þ

The virtual displacement function dum is multiplied at both sides of the equation
at the same time, and the integral is calculated to obtain (2.28).
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@um

@y

� �� �
dumdA ¼ 0 ð2:28Þ

In the above equation, Ω indicates the solution domain and dA indicates the
surface element.

Carrying out partial integration for the left-hand side of the equation, we obtain
(2.29).
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@dum
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þ @um
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@dum

@y

� �
dA ¼

Z
C

l
@um

@n
dumdl ð2:29Þ

In the above equation, Г indicates the boundary of the solution domain and dl is
the boundary element.

2.2.1.2 The Weak Form of the Coil’s Pulsed Eddy Current
Field Equation

In the two-dimensional Cartesian coordinate system, the vector magnetic potential
only has the component of the Z direction. The equation of the coil’s pulsed eddy
current field can be expressed in (2.30).
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ds ¼ Jsz ð2:30Þ

Multiplying the virtual displacement function dAZ of this equation and carrying
out the integration is expressed by (2.31).
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¼
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X

JszdAzdA

ð2:31Þ

Carrying out partial integration for the above equation using Green’s function as
in (2.32).
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ð2:32Þ

2.2.1.3 The Weak Form of the Specimen’s Wave Equation

The problem of the specimen’s particle displacement caused by the Lorentz force
can be simplified as a plane-strain problem in the elasticity mechanics. For the
plane-strain problem, the desired characteristics of the geometry and external forces
are listed as follows: The sample is very long along one direction and all of the
cross sections that are perpendicular to this direction are the same; the conditions of
displacement and support are also same; the surface traction and body force are
both perpendicular to this direction and will not change with the length.

For the problem of a plane-strain condition, the direction of the length is sup-
posed to be along the Z coordinate axis. Because the sample is very long, the
sectional dimension and external force will not change with the length. The stress
and strain also have no change along the Z coordinate axis. Thus, the factors to be
concerned with are the stress, strain, and displacement components including εx, εy,
εxy, σx, σy, σxy, u, and v.

In the two-dimensional Cartesian coordinate system, the equilibrium equations
of each point along the direction of x and y in the specimen are expressed in (2.33)
and (2.34).

@rx
@x

þ @rxy
@y

þ fx ¼ q
@2u
@t2

ð2:33Þ

@rxy
@x

þ @ry
@y

þ fy ¼ q
@2v
@t2

ð2:34Þ

The geometric equation is expressed in (2.35).

ex ¼ @u
@x

; ey ¼ @v
@y

; exy ¼ @u
@y

þ @v
@x

ð2:35Þ

The physical equation is expressed in (2.36).
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ex ¼ 1�l2p
E rx � lp

1�lp
ry

� �
ex ¼ 1�l2p

E ry � lp
1�lp

rx
� �

exy ¼ 2ð1þ lpÞ
E rxy

9>>>=
>>>;

ð2:36Þ

In the above equation, E represents the material’s elastic modulus and μp is the
Poisson ratio.

For the equilibrium equation, the virtual displacement functions du and dv were
used to obtain (2.37).
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ð2:37Þ

Carrying out partial integration for the above equation and submitting it into the
geometric equation as in (2.38).
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Txduþ Tydv
� 	
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ð2:38Þ

In (2.38), Tx and Ty indicate the elastic sample’s internal forces on the boundary.
Because the specimen satisfies the boundary condition of traction free, the integral
value on the right hand of the equation is zero.

2.2.2 The Weak Form of Coupled Equations
in the Axisymmetric Coordinate System

For the spiral coil or EMAT used for the testing of the pipeline in the axial
direction, the coil’s structure and specimen satisfy the axisymmetric condition. In
this case, the problem of three-dimensional analysis can be transformed into a
two-dimensional problem in the axisymmetric coordinates. In the axisymmetric
coordinates system, the vector magnetic potential and eddy current only have the
component of θ direction and the other variables of various fields only have the
components of r and z directions.
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2.2.2.1 The Weak Form of the Permanent Magnet’s Static Magnetic
Field Equation

In the axisymmetric coordinates, the permanent magnet’s static magnetic field
equation is expressed in (2.39).
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In this equation, the virtual displacement function dum is multiplied and the
integral is calculated to obtain (2.40).
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Using Green’s equation, partial integration is carried out on the left part of the
above equation as in (2.41).
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2.2.2.2 The Weak Form of the Coil’s Pulsed Eddy Current Field

Under the axisymmetric coordinates, the equation of the coil’s pulsed eddy current
field can be expressed by (2.42).
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Multiplying the virtual displacement function dum into the above equations, and
carrying out the integration, (2.42) can be stated using (2.43).
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Using Green’s equation, partial integration is carried out on the left part of the
above equation, to obtain (2.44).
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2.2.2.3 The Weak Form of the Specimen’s Wave Equation

In the axisymmetric coordinate system, the deformation states are all the same in
each radial plane of the object, that is, both of them have no relation with θ; thus,
the displacement components in the radial, tangential, and axial direction of each
point in the object are expressed in (2.45).

u ¼ uðr; zÞ; v ¼ 0;w ¼ wðr; zÞ ð2:45Þ

In this way, the geometric equation satisfied by the elastic body is expressed in
(2.46).

er ¼ @u
@r

; ez ¼ @u
@z

; eh ¼ u
r
; erz ¼ @u

@z
þ @w

@r
ð2:46Þ

According to the generalized Hooke’s law, the stress–strain relationship can be
expressed by (2.47), (2.48), (2.49), and (2.50).

er ¼ 1
E
½rr � lpðrh þ rzÞ� ð2:47Þ

eh ¼ 1
E
½rh � lpðrr þ rzÞ� ð2:48Þ

ez ¼ 1
E
½rz � lpðrr þ rhÞ� ð2:49Þ

erz ¼
2ð1� lpÞ

E
rrz ð2:50Þ

In the above equations, σr, σθ, and σz represent the positive stress of each axis
direction, respectively. σrz is the shear stress.

The equilibrium equations of particle motion are listed in (2.51) and (2.52).
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þ fz ¼ q
@2w
@t2

ð2:52Þ

In the above equations, fr and fz represent the body forces existing on the
specimen and ρ represents the bulk density of the specimen.

The principle of virtual displacement is used on the equilibrium equation to get
(2.53).
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Partial integration is carried out on the above equation and the geometric
equation is used to obtain (2.54).
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In the above equation, Tr and Tz indicate the internal force of the specimen’s
boundary. Since the specimen satisfies the boundary conditions, both Tr and Tz are
zero.

2.3 Finite Element Simulation of EMAT by COMSOL
Multiphysics [2]

2.3.1 Simulation Procedure of EMAT by COMSOL
Multiphysics

The COMSOL Multiphysics was used to do the modeling analysis of the problem
described by the PDEs. There are two optional ways and one of them is the direct
modeling for the PDEs. According to the expression form of the PDEs, it can be
divided into three kinds: coefficient form, general form, and weak form. At the
condition for which the parameters of the varied forms are given and their boundary
conditions are satisfied, inputting those parameters and values of the boundary
conditions means the modeling work of the physical model can be completed.
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Another way is in using the analytical modules of the physical fields that are
generally used, which are built into the COMSOL Multiphysics. Eight modules were
included in the 3.5a edition of COMSOL Multiphysics, including AC/DC module,
radio frequency module, acoustics module, chemical engineering module, geo-
science module, heat transfer module, microelectromechanical system (MEMS)
module, and structural mechanics module. No matter which module is selected, the
essence of the finite element method using COMSOL Multiphysics is to solve the
partial differential equations of the actual physical problems by transforming the
equation set into the weak form with interface and boundary conditions. Therefore,
the weak form is more widely used in carrying out the modeling work for the
multiphysics coupling problem, for the reason that it is not only the clear essence of
the FEM calculation of the multiphysics field, but also that it can be used to resolve
the insoluble problem with the built-in module.

By using the COMSOL Multiphysics, the numerical methods and steps for the
whole energy conversion process of EMAT based on the Lorentz force mechanism
are listed as follows:

(1) Selecting the coordinate system that needs to be solved. If the
two-dimensional analysis is adopted, the 2D rectangular coordinate system or
axisymmetric coordinate system can be selected. It is necessary to note that the
2D axisymmetric coordinate system does not support the modeling of the
weak form by itself. In the process of weak form modeling, the coordinate
system is transformed into a rectangular coordinate system.

(2) The solving form was selected as the weak form. In this way, 4 set of equa-
tions should be selected.

(3) Setting the geometric model of each component of EMAT. A solution domain
should be given when the numerical simulation of the electromagnetic field is
done. Thus, a solution domain should be defined beside the model.

(4) According to those weak forms and boundary conditions of the various fields,
the solution domain and boundary condition are set, respectively. For the
EMAT based on the Lorentz force mechanism, besides the calculation of the
coil’s magnetic field when the skin effect and proximity effect are considered,
the built-in modules of COMSOL Multiphysics can also be used in the cal-
culation of the static magnetic field and mechanical field. Because the mul-
tifield coupling is involved, the coupling variable needs to be set. The product
of the static magnetic induction intensity obtained from the solution of the
static bias magnetic field, the specimen’s magnetic permeability, and the
particle’s velocity is set as the density of the pulsed eddy current source when
calculating the coil’s ultrasonic wave. Because the induced electromotive
force of each coil conductor should be calculated when calculating the
ultrasonic signal received by the coils, the variables of the integral coupling
should be set to calculate the induced electromotive force of each step length
of the solution.

(5) Meshing for the solution domain. In the process of meshing, two points are
important in improving the accuracy of the calculation: One is that the
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elements of the mesh should be more than 2 under the skin depth of the
specimen’s upper surface; and the other is guaranteeing that there are more
than 7 elements of mesh within the wavelength of the excited ultrasonic wave
inside the specimen.

(6) Solving the model. The solution of the static bias magnetic field is a
steady-state solution, while other fields are transient solutions. The transient
solution needs to be set to the step length and the relative and absolute error of
the solutions. Because the adoptive pulsed excitation signal is a tone-burst
signal with high frequency, the step length should be set smaller to ensure the
smoothness and stability of the solutions. Since the value of the displacement
is small, the absolute error of the solution should be small enough during the
process of solving the displacement of the internal points to ensure the cor-
rectness of the solution.

(7) Postprocessing of the results, including the exhibition of the variables’ surface
plots of the various fields and transient waveforms.

2.3.2 Example of the Numerical Simulation
and Experimental Verification

To verify the correctness of the derived mathematical model that is used to rep-
resent the EMAT’s character and the effectiveness of the COMSOL Multiphysics
based on the numerical simulation of EMAT’s working process, an example of the
modeling of EMAT was conducted and the calculation result was verified by
experimental results.

2.3.2.1 The Parameters of the Simulation

The meander coil was used to excite Lamb waves within an aluminum plate.
Because of the dispersive nature of Lamb waves, before the fabrication of the
EMAT the phase velocity and group velocity dispersion curves of Lamb waves
should be calculated based on the elastic modulus, Poisson ratio, and the thickness
of the aluminum plate. The appropriate wave mode was selected according to the
dispersion curves. The EMAT coil was designed based on the chosen point. The
parameters of the aluminum plate are listed in Table 2.1.

Using the calculation software of the dispersion curves, the dispersion curves of
phase velocity and group velocity for the Lamb waves in the aluminum plate under
different frequency-thickness products are listed, respectively, as follows (Fig. 2.1):

The frequency-thickness product of the aluminum plate with a thickness of
3 mm was selected as 1100 m × Hz. That is, the exciting frequency is 366.7 kHz. It
is found that there are two modes of Lamb waves that can be generated at this
condition: A0 mode and S0 mode. The phase velocity and group velocity of the A0
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Table 2.1 The dimension and parameters of the tested aluminum plate

Name Value

Length 500 mm

Width 350 mm

Thickness 3 mm

Conductivity 3.5 × e−7 S/m

Elasticity modulus 70 Gpa

Poisson ratio 0.33

(b)

(a)

Fig. 2.1 The phase velocity (a) and group velocity (b) dispersion curves of Lamb waves in the
aluminum plate
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mode are 5287 and 5044 m/s, respectively. The adopted double-layer and
double-split meander coil is shown in Fig. 2.2, with the distance between the
adjacent folds being 6.5 mm (Table 2.2).

In the experiment, as shown in Fig. 2.3, excitation and receiving probes of
EMAT were used for the excitation and receiving of ultrasonic waves. The exci-
tation probe was installed 90 mm away from the left end of the aluminum plate, the
receiving probe was installed 120 mm away from the left end, and the
center-to-center spacing of the two probes was 140 mm. The liftoff distance
between the two probe’s coil and the aluminum plate was 1 mm. A permanent
magnet with a residual magnetic flux density of 1 T was located above the bending
coil and the distance between them was 0.5 mm. The arrangement of the probe is
shown in Fig. 2.3:

2.3.2.2 Experimental Setup

In order to verify the effectiveness of the simulation results, the pulse excitation and
receiving device RPR-4000, produced by RITEC, was employed as the exciting
source of the EMAT to produce the RF tone-burst signal. The amplitude and
frequency of the signal can be adjusted arbitrarily to meet the requirements.
Between the RPR-4000 and the excitation coil, an impedance matching device was
used to complete the matching of the coil impedance and that of the exciting

Fig. 2.2 The double-layer and double-split meander coil

Table 2.2 The coil’s dimensions and material’s parameters

Name Value

Substrate thickness 0.500 mm

The width of the copper layer 0.720 mm

The thickness of the copper layer 0.035 mm

The line spacing 0.905 mm

The fold spacing 3.25 mm

The magnetic permeability of the copper layer 4π × 10−7 H/m

The electric conductivity of the copper layer 2.667 × 107 S/m
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source’s output. The filtering and amplification of the receiving signal can be
achieved using the RPR-4000. The bandwidth and amplification factor of the filter
are also adjustable. The matching of the coil impedance and the input impedance of
the RPR-4000 is achieved by the connection of the receiving coil and the impe-
dance matching device, so that a greater power output can be achieved. The signal
received by the RPR-4000 was displayed on the oscilloscope and was processed by
the data acquisition software Wave Star for Oscilloscopes to collect the data. The
final waveform was displayed on the PC. The setup of the experimental system is
shown in Fig. 2.4.

2.3.2.3 The Process and Result of Calculations

The waveform of the tone-burst current excitation signal with a frequency of
366.7 kHz and 5 cycles is shown in Fig. 2.5.

Fig. 2.3 A diagram of the arrangement of the probes for Lamb waves

Fig. 2.4 The setup of the experimental system
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The excitation current was input into COMSOL Multiphysics for simulation.
The maximum element size in the meshing process inside the specimen was set as
one-eighth of the wavelength of the Lamb waves, that is, 0.8125 mm. The time
step is 0.00000002 s. In order to observe the obtained result, the observation
points A and B inside the specimen were selected, with the location of point A
just below the left-most conductor of the excitation coil, 0.01 mm below the top
surface of the specimen under test. The location of point B is just below the
center point of the receiving coil, 0.01 mm below the top surface of the specimen.
A viewing zone C was selected, with its line segment located just below the
exciting probe, 0.01 mm below the specimen’s top face. Its width is 60 mm along
the direction of the specimen’s surface—the center of this line segment—in the
horizontal coordinate, corresponding to the center of the meander coil and the
permanent magnet.

Figures 2.6 and 2.7 show the x and y components of the static magnetic
induction intensity generated by the permanent magnet in area C. In Fig. 2.6, the
x components of the magnetic induction intensity are distributed symmetrically
along the center of the area, with the values increasing from the center to both sides.
The maximum value is located at the edge of the magnet. In Fig. 2.7, the y com-
ponents of the magnetic induction intensity have a saddle-type distribution across
the region. It is approximately a constant in the center of the area, with the values
increasing from the center to both sides. The maximum value is also located at the
edge of the magnet. It is found that, when the permanent magnet is reasonably well

Fig. 2.5 The waveform of
the excitation signal

Fig. 2.6 The x component of
the static magnetic induction
intensity
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designed, the y component of the bias magnetic field within the coil’s area can be
taken as a constant.

Figure 2.8 shows the equipotential line plot of the vector magnetic potential
generated by the meander coil at a time of 10 µs when the tone burst is applied on
the coil. With the pulsed magnetic field, the coil’s induced eddy current and its
distribution within the skin depth of the specimen’s top surface are shown in
Figs. 2.9 and 2.10. It is illustrated that, since the current direction of the two
adjacent wires of the meander coil is opposite to each other, the direction of the
induced eddy current inside the specimen is also opposite, below the meander coil,
and the values of the eddy current density below each of the coil’s line segments are
approximately equal. The bias magnetic field, as shown in Figs. 2.6 and 2.7, which
is affected by the pulsed eddy current, as shown in Fig. 2.10, can be used to
generate Lorentz force inside the specimen. The force will be applied to the internal
point of the specimen. At the moment of 10 µs, the distributions of Lorentz force in
area C are shown in Figs. 2.11 and 2.12. Figure 2.11 shows the x component of the
Lorentz force and Fig. 2.12 shows the y component of the Lorentz force. It is shown
that, even if the densities of the eddy currents below each bending section of the

Fig. 2.7 The y component of the static magnetic induction intensity

Fig. 2.8 The equipotential line of the vector magnetic potential

Fig. 2.9 The eddy current distribution inside the specimen at a time of 10 µs
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coil are equal to each other, there is a big difference in the Lorentz force inside the
specimen below each fold line of the coil for the reason that the force is generated
under the bias magnetic field with a non-uniform distribution. Therefore, if the
magnet is poorly designed, the approximate average area of the magnetic field
generated by the magnet will be smaller than the coil’s width. It will bring a large
calculation error with the assumption that the bias magnetic field is of uniform
distribution.

Fig. 2.10 The eddy current
distribution on area C at a
time of 10 µs

Fig. 2.11 The x component
of Lorentz force on area C at a
time of 10 µs

Fig. 2.12 The y component
of Lorentz force on area C at
the time of 10 µs
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Figures 2.13 and 2.14 show the characteristics of a temporal variation of the
Lorentz force’s components x and y at the viewpoint A. Under the effect of the
pulsed eddy current and bias magnetic field, the duration of the Lorentz force
generated inside the specimen and that of the pulse are the same. The particles
inside the specimen will generate vibration, exciting the ultrasonic wave, and the
ultrasonic waves will propagate along the aluminum plate to be tested.

Figure 2.15 shows the x component of the internal particle’s displacement of the
specimen at the moment of 0, 10, 30, and 50 µs. It shows the process of the
ultrasonic wave propagation in the specimen. At the moment of 0 µs, the excitation
is still not applied on the coil, and there is no ultrasonic wave generated; at the time
of 10 µs, the ultrasonic wave has been already generated, and it begins to propagate
in two different directions; at the moment of 30 µs, the coil’s excitation has already
completed and the ultrasonic wave continues to propagate in two different direc-
tions. At this moment, two kinds of ultrasonic wave (A0 and S0) are excited inside
the specimen. At the moment of 50 µs, the ultrasonic wave of the S0 mode that
propagates to the right side has already passed the receiving probe, while the
ultrasonic wave of the A0 mode has also arrived at the receiving probe. Meanwhile,
the ultrasonic waves of the A0 and S0 mode, which propagate to the left side at first,
are reflected from the left end of the specimen and change their direction of
propagation to the right side of the specimen.

Fig. 2.13 The temporal
variation of the Lorentz
force’s x component at
point A

Fig. 2.14 The temporal
variation curve of the Lorentz
force’s y component at
point A
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When the ultrasonic waves propagate to the receiving probe, the particle motion
inside the specimen will generate a dynamic magnetic field under the effect of the
bias magnetic field. An induced electromotive force will be generated inside the
receiving coil, thus realizing the signal reception. At the moment of 50 µs, the
equipotential lines of the magnetic vector potential are generated by the particle
motion inside the specimen, as shown in Fig. 2.16.

Figure 2.17 shows the normalized waveform of the receiving signal from the
receiving coil within 120 µs after the excitation from the probe. As illustrated in
Fig. 2.17, the receiving probe receives 5 wave packets within the first 120 µs. For
convenience, in the analysis each wave packet is named separately as S0R, A0R, S0LR,
S0L, andA0LR, according to the ultrasonic mode and the direction of their propagation.
S0R is the Lamb wave of the S0 mode that propagates to the right side in the earliest
stage; A0R is the Lamb wave of the A0 mode that propagates to the right side in the
earliest stage; S0LR represents the Lamb wave of the S0 mode that propagates to the
right side in the earliest stage and then propagates to the left side after the reflection at

(a) 0 sµ

(b) 10 sµ

(d) 50

(c) 30 sµ

sµ

Fig. 2.15 The temporal variation of particle displacement component x

Fig. 2.16 The equipotential line of the magnetic vector potential generated by the particle motion
inside the specimen
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the right end of the specimen; S0RL represents the Lamb wave of the S0 mode that
propagates to the left side in the earliest stage and then propagates to the right side
after the reflection at the left end of the specimen; andA0LR is the Lambwave of the A0

mode that propagates to the left side in the earliest stage and then propagates to the
right side after the reflection at the left end of the specimen.

In the experiment, the parameters used for EMAT are the same as those of the
computational model, and the impulse excitation of the same frequency and number
of periods is applied in the experiment. The normalized waveform of the received
signal from the receiving probe in the experiment is shown in Fig. 2.18. Comparing
Fig. 2.17 with 2.18, it can be found that the corresponding time of either the
ultrasonic waves or of the wave packet received in the experiment is relatively
comparable with that of the simulation results. This verifies the correctness and
effectiveness of the numerical simulation method of the whole energy conversion
process of the Lorentz force-based EMAT discussed in this book.

Based on the ultrasonic wave propagation distance for a certain time period, the
group velocities of the Lamb wave of the S0 mode and A0 mode obtained from the
numerical simulation and experiment can be calculated. A comparison of these
values with the theoretical values is given in Table 2.3.

Table 2.3 shows that the differences among the theoretical, simulation, and
experimental values of wave velocity are negligible and so proves the correctness
and effectiveness of the simulation results and the experimental results.

Fig. 2.17 The induced electromotive force of the receiving coil

Fig. 2.18 The measured results from the receiving probe
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2.4 Analytical Modeling and Calculation of EMAT
with Spiral Coil [3]

2.4.1 Configurations of the EMAT with Spiral Coils

Spiral coils can be used to excite and receive ultrasonic bulk waves inside the
specimen. The typical configuration of the bulk wave EMAT is shown in Fig. 2.19.
The permanent magnet or electromagnet is used to provide a static bias magnetic
field which is perpendicular to the spiral coil and specimen. The spiral coil is placed
above the specimen. When the spiral coil is supplied by the pulsed excitation with
the desired center frequency, the ultrasonic wave could be generated by Lorentz
force or magnetostrictive effect and propagates perpendicularly to the surface of the
specimens. The echo wave could be detected in terms of the inverse process of
generation.

In practical applications, the spiral coils are made by a printed circuit board
(PCB) or flexible plate (FPC) technique for accurate design of the dimensions,
compact configuration, and convenient application. The coil could be designed with
single-layer or double-layer configurations, which consist of rectangular spiral
copper wires on a fiberglass substrate. The sectional view schematic diagrams of the
coils are shown in Figs. 2.20 and 2.21.

Table 2.3 The comparisons of wave velocities

Wave
mode

Theoretical wave
velocity (m/s)

Simulation wave
velocity (m/s)

Experimental wave
velocity (m/s)

S0 3148 3102 3147

A0 5044 5291 5263

Fig. 2.19 The structure of
EMAT: permanent magnet,
spiral coil, and specimen
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2.4.2 Frequency-Domain Solution

To analytically express the solutions, the following derivations and calculations are
based on some assumptions:

(1) The mediums in all solution domains are linear, isotropic, and homogeneous.
(2) The proximity effect and skin effect for the copper wires are neglected, i.e., the

distribution of current density is uniform in the copper wires.
(3) The displacement current is neglected because of its small value.
(4) The spiral coils are viewed as a superposition of concentric circles carrying the

same current.

For the frequency-domain calculation of the magnetic field, the cylindrical
coordinate system is used to model the EMAT. Thus, the magnetic vector potential
(MVP) in each solution domain only has circumferential components. The physical
model of the EMAT with a double-layer spiral coil in the cylindrical coordinates is
illustrated in Fig. 2.22. The spiral coil is viewed as the arrays of N-concentric
copper wire circles. The radiuses of the circles are as follows: r11, r21, r12, r22, …,
r1N, r2N. The dimensions of the spiral coil in the z direction are l1, l2, l3, and l4. The
thickness of the specimen is c. A conducting half-space is below the specimen.
When the spiral coil is a single layer, the model can be simplified by deleting the
terms containing l3 and l4 in the analytical expression. Seven solution domains are
partitioned along the z direction and indicated as a = 1, 2, …, 7, for calculation.
Because the substrate of the coil has the same permeability and conductivity as air,
we view it as air in the derivation process. The conductive specimens are
non-magnetic.

Fig. 2.20 The single-layer planar spiral coil

Fig. 2.21 The double-layer planar spiral coil
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2.4.2.1 The Magnetic Vector Potential of a Delta Function Coil

To begin with, the MVP of a delta function coil δ(r − r0)δ(z − z0) above a specimen
is calculated. The schematic diagram is shown in Fig. 2.23, in which four solution
domains are partitioned. The frequency-domain differential equation of the delta
function coil above the specimen can be expressed as shown in (2.55); the solution
area is 4.

@2

@r2
þ 1

r
@

@r
þ @2

@z2
� 1
r2

� jxlara

� �
Aaðx; r; zÞ

¼ �laiðxÞdðr � r0Þdðz� z0Þ
ð2:55Þ

Fig. 2.23 Delta function coil
at (r0, z0) above a conductive
specimen and an infinite
half-space

Fig. 2.22 Double-layer spiral
coil at a distance above a
conductive specimen and an
infinite half-space
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In the above equation, Aa(ω, r, z) is the MVP; i(ω) is the excitation current
density; µa and σa are the permeability and conductivity, respectively, and a = 1, 2,
3, 4 represent the solution domains.

At the boundaries between adjacent domains, the boundary conditions as shown
in (2.56) should be satisfied.

Aaðx; r; zaÞ ¼ Aaþ 1ðx; r; zaÞ ð2:56Þ
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The solutions in each domain can be obtained by the method of separation of
variables, and they can be expressed by (2.58), (2.59), (2.60), and (2.61).
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A2ðr; zÞ ¼ 1
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A4ðr; zÞ ¼ l0iðxÞr0
Z1
0

J1ðkr0ÞJ1ðkrÞe�klP4e
�K4zdk ð2:61Þ

In the above equations, J1(x) is the first kind and first order of the Bessel
function. Other related parameters can be expressed as follows:

Ka ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ jxlara

p
P1 ¼ ðkþK3ÞðK3 � K4Þþ ðk � K3ÞðK4 þK3Þe2K3e

ðk � K3ÞðK3 � K4Þþ ðkþK3ÞðK4 þK3Þe2K3e

P2 ¼ kðK3 þK4Þe2K3e

ðk � K3ÞðK3 � K4Þþ ðkþK3ÞðK4 þK3Þe2K3e

P3 ¼ kðK3 � K4Þ
ðk � K3ÞðK3 � K4Þþ ðkþK3ÞðK4 þK3Þe2K3e

P4 ¼ 2K3keðK3 þK4Þe

ðk � K3ÞðK3 � K4Þþ ðkþK3ÞðK4 þK3Þe2K3e
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2.4.2.2 The MVP of the Spiral Coil

For the rectangular section planar spiral coil, we choose one circle to consider first.
Then, the overall MVP can be calculated by the superposition theorem. As far as
the circles with the radiuses r11, r12 and heights l1, l2 are concerned, the MVP in
each solution domain is the superposition of those of the delta function coils and
can be calculated by (2.62).

Aaðx; r; zÞ ¼
Z
S

Aaðx; r; z; r0; l0Þds ¼
Zr2
r1

Zl2
l1

Aaðx; r; z; r0; l0Þdr0dl ð2:62Þ

In the above equation, Aaðx; r; zÞ is the MVP of the delta function coil posi-
tioned at (r0, l0).

The integration is performed and the MVP of the chosen circle is expressed in
(2.63), (2.64), (2.65), and (2.66).
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In the above equations, the superscript c represents the MVP of the chosen circle
and K6 and K7 take the place of K3 and K4 in P1, P2, P3, and P4.
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I x1; x2ð Þ ¼
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In (2.67), Hn represents the Struve function.
(2.65) and (2.65) are valid for the domains above the coil and below the coil,

respectively. The MVP in domain 4 can be obtained by substituting l1 = z in (2.64),
and adding (2.68).

Ac
4ðx; r; zÞ

¼ 1
2
l0iðxÞ

Z1
0

1
k3

Iðkr1; kr2ÞJ1ðkrÞ 2� ekðz�l2Þ � e�kðz�l1Þ þP1 e�kl1 � e�kl2
� 	

e�kz
h i

dk

ð2:68Þ

On the basis of the MVP of a single coil, the MVP of other n − 1 circles in the
lower-layer coil could be obtained in the same way. We add all the MVPs of each
circle to obtain the MVP of all the lower-layer coils, as shown in (2.69).

Al
aðx; r; zÞ ¼

XN
i

Alci
a ðx; r; zÞ ð2:69Þ

In the above equation, the superscript l represents the lower-layer coil. In the
same way, replacing l1 and l2 with l3 and l4, we get the MVP of the upper-layer coil,
as shown in (2.70).

Au
aðx; r; zÞ ¼

XN
i

Auci
a ðx; r; zÞ ð2:70Þ

In the above equation, the superscript u represents the upper-layer coil. Thus, the
MVP of the double-layer spiral coil is expressed in (2.71).

Ad
aðx; r; zÞ ¼ Al

aðx; r; zÞþAu
aðx; r; zÞ ð2:71Þ

In the above equation, the superscript d represents the double-layer coil. Here,
what we are concerned with are the MVPs in domains 2, 4, and 6 in Fig. 2.22. They
are derived in (2.72).
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Ad
6ðx; r; zÞ

¼ l0iðxÞ
Z1
0

1
k3
XN
i

Iðkr1i; kr2iÞJ1ðkrÞ e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

P2e
K1z þP3e

�K1z
� 	

dk

ð2:72Þ

Ad
2ðx; r; zÞ ¼

1
2
l0iðxÞ

Z1
0

1
k3
XN
i

Iðkr1i; kr2iÞJ1ðkrÞ

2� ekðz�l4Þ � e�kðz�l3Þ þ e�kðz�l2Þ � e�kðz�l1Þ þP1 e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

e�kz
h i

dk

ð2:73Þ

Ad
4ðx; r; zÞ ¼

1
2
l0iðxÞ

Z1
0

1
k3
XN
i

Iðkr1i; kr2iÞJ1ðkrÞ

2� ekðz�l2Þ � e�kðz�l1Þ þ e�kðz�l3Þ � e�kðz�l4Þ þP1 e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

e�kz
h i

dk

ð2:74Þ

2.4.2.3 Analytical Expression of Magnetic Flux Intensity, Pulsed Eddy
Current and Input Impedance

The dynamic magnetic flux density in the specimen can be calculated according to
(2.75).

B ¼ r� A ð2:75Þ

Because A only has the component u, B will only have the r component and
z component.

Brðx; r; zÞ ¼

� l0iðxÞ
Z1
0

1
k3
XN
i

Iðkr1i; kr2iÞJ1ðkrÞ e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

P2K1eK1z � P3K1e�K1z
� 	

dk

ð2:76Þ

Bzðx; r; zÞ ¼

l0iðxÞ
Z1
0

1
k2
XN
i

Iðkr1i; kr2iÞJ0ðkrÞ e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

P2e
K1z þP3e

�K1z
� 	

dk

ð2:77Þ
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The pulsed eddy current is induced in the skin depth of the specimen. In terms of
the relationship between the eddy current J and the MVP in the frequency domain,
i.e., J = −jωσA, the pulsed eddy current can be obtained by substituting (2.72).

Jðx; r; zÞ ¼

� jxr6l0iðxÞ
Z1
0

1
k3
XN
i

Iðkr1i; kr2iÞJ1ðkrÞ e�kl1 � e�kl2 þ e�kl3 � e�kl4
� 	

P2eK1z þP3e�K1z
� 	

dk

ð2:78Þ

Before calculating the input impedance, the induced voltage should be obtainedfirst.
The induced voltage in the rectangular cross-sectional circle coil is expressed in (2.79).

VðxÞ ¼ jx2p
coilcross section

ZZ
coilcrosssection

rAðx; r; zÞ ð2:79Þ

The induced voltage of the double-layer coil is obtained by adding all the circles
and can be expressed by (2.80).

VdðxÞ

¼
XN
i

jx2p
ðl2 � l1Þðr2i � r1iÞ

Zl2
l1

Zr2i
r1i

rAd
2ðx; r; zÞdrdzþ

jx2p
ðl4 � l3Þðr2i � r1iÞ

Zl4
l3

Zr2i
r1i

rAd
4ðx; r; zÞdrdz

2
64

3
75

ð2:80Þ

Substituting (2.73) and (2.74) into (2.80) and adding the direct current resistance
of the coil, the expression of the coil’s input impedance in terms of Ohm’s law can
be obtained.

ZðxÞ ¼

Z0 þ
XN
i¼1

jxl02p

ðl2 � l1Þ2ðr2i � r1iÞ2
( Z1

0

1
k6

Iðkr1i; kr2iÞ
XN
i¼1

Iðr1i; r2iÞ
XN
i¼1

Iðr1i; r2iÞ

½2kðl2 � l1Þþ 2ðe�kðl2�l1Þ � 1Þþ ðe�kl1 � e�kl2Þðekl4 � ekl3Þ
þP1ðe�kl1 � e�kl2 þ e�kl3 � e�kl4Þðe�kl1 � e�kl2Þ�dk

þ jxl02p

ðl4 � l3Þ2ðr2i � r1iÞ2
Z1
0

1
k6

Iðr1i; r2iÞ
XN
i¼1

Iðr1i; r2iÞ

½2kðl4 � l3Þþ 2ðe�kðl4�l3Þ � 1Þþ ðe�kl1 � e�kl2Þðekl4 � ekl3Þ

þP1ðe�kl3 � e�kl4 þ e�kl1 � e�kl2Þðe�kl3 � e�kl4Þ�dk
)

ð2:81Þ
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In the above equation, Z0 is the direct current resistance of the coil.

Z0 ¼ 1
r6

XN
i¼1

pðr2i þ r1iÞ
ðr2i � r1iÞðl2 � l1Þ þ

pðr2i þ r1iÞ
ðr2i � r1iÞðl4 � l3Þ

� �
ð2:82Þ

2.4.2.4 Series Expressions of Flux Density, Eddy Current,
and Input Impedance

In the expression of magnetic flux density, pulsed eddy current, and input impe-
dance, the infinite integration is difficult to implement because the integrand is too
complicated and contains double integrals of the one-order Bessel function. To
lower the calculation difficulty, the approximate series expression of the magnetic
flux density, pulsed eddy current, and input impedance is proposed by the
truncated-domain eigenfunction expansion (TREE) method. Although the number
of series terms and truncated distances bring about calculation errors, the errors can
be readily controlled.

By setting the solution area as 0 ≤ r ≤ ∞ instead of 0 ≤ r ≤ R, the infinite
integration can be transformed into the sum of an infinite series. When the chosen
R is large enough, the calculation results will be consistent with the real results.
According to the physical significance of MVP, it is bounded in the solution area
and a magnetic insulation boundary condition is exerted.

A r\Rjj j\1 ð2:83Þ

A r\Rj ¼ 0 ð2:84Þ

Then, the general solution of MVP can be expressed by (2.85).

Anðx; r; zÞ ¼
X1
m¼1

ðAmðkmÞeKnZ þBmðkmÞe�KnZ ÞCmðkmÞJ1ðkmrÞ ð2:85Þ

According to (2.84), we can get (2.86).

J1ðkmRÞ ¼ 0 ð2:86Þ

It is found that KmR is the mth zero root xm of J1(x). Thus, (2.87) can be obtained.

km ¼ xm
R

ð2:87Þ

After a series of derivations, in a similar manner to the above sections, the
ultimate series expressions of magnetic flux density, pulsed eddy current, and input
impedance are expressed by (2.88), (2.89), (2.90), and (2.91).
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Br ¼ �2l0iðxÞ
XN
i¼1

X1
m¼1

Iðkr1i; kr2iÞJ1ðkmrÞ
k4mR

2J20ðkmRÞ
e�kml1 � e�kml2 þ e�kml3 � e�kml4
� 	

P2mK1me
K1m2 � P3mK1me

�K1mZ
� 	 ð2:88Þ

Bzðx; r; zÞ ¼ 2l0iðxÞ
XN
i¼1

X1
m¼1

Iðkr1i; kr2iÞJ0ðkmrÞ
k3mR

2J20ðkmRÞ
ðe�kl1 � e�kl2 þ e�kl3 � e�kl4ÞðP2me

K1Z þP3me
�K1Z Þ

ð2:89Þ

Jeðx; r; zÞ ¼ �2jxr6l0iðxÞ
XN
i¼1

X1
m¼1

Iðkr1i; kr2iÞJ0ðkmrÞ
k4mR

2J20ðkmRÞ
e�kml1 � e�kml2 þ e�kml3 � e�kml4
� 	

P2me
K1mZ þP3me

�K1mZ
� 	 ð2:90Þ

ZðxÞ ¼ Z0 þ
XN
i¼1

X1
m¼1

( j2pxl0Iðr1i; r2iÞ
PN
i¼1

Iðkr1i; kr2iÞ

ðl2 � l1Þ2ðr2i � r1iÞ2k7mR2J20ðkmRÞ
:

½2ðl2 � l1Þþ 2ðe�kðl2�l1Þ � 1Þþ ðe�kl1 � e�kl2Þðekl4 � ekl3Þ
þP1mðe�kl1 � e�kl2 þ e�kl3 � e�kl4Þðe�kl1 � e�kl2Þ�

þ
j2pxl0Iðr1i; r2iÞ

PN
i¼1

Iðkr1i; kr2iÞ

ðl4 � l3Þ2ðr2i � r1iÞ2k7mR2J20ðkmRÞ
½2ðl4 � l3Þ�

þ
j2pxl0Iðr1i; r2iÞ

PN
i¼1

Iðkr1i; kr2iÞ

ðl4 � l3Þ2ðr2i � r1iÞ2k7mR2J20ðkmRÞ
½2ðl4 � l3Þ

þ 2ðe�kðl4�l3Þ � 1Þþ ðe�kl1 � e�kl2Þðekl4 � ekl3Þ

þP1mðe�kl3 � e�kl4 þ e�kl1 � e�kl2Þðe�kl3 � e�kl4Þ�
)

ð2:91Þ

2.4.3 The Time-Domain Solutions

Pulsed excitations and responses can be expressed as the superposition of a series of
sinusoidal signals with different frequencies. When the frequency-domain expres-
sions of magnetic flux density and pulsed eddy current are known, their
time-domain expressions can be obtained by the inverse Fourier transformation.

For (2.88), (2.89), and (2.90), the corresponding time-domain expressions can be
obtained.
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Brðt; k; zÞ ¼ 1
2p

Z1
�1

Brðx; k; zÞejxtdx ð2:92Þ

Bzðt; r; zÞ ¼ 1
2p

Z1
�1

Bzðx; r; zÞejxtdx ð2:93Þ

Jeðt; r; zÞ ¼ 1
2p

Z1
�1

Jeðx; r; zÞejxtdx ð2:94Þ

(2.92), (2.93), and (2.94) are difficult to analytically implement for the infinite
integration of the integrands Br(ω, r, z), Bz(ω, r, z), and Je(ω, r, z) with such
complex expressions. The FFT and IFFT methods are good choices for their cal-
culation. The procedure is that the time-domain current excitation signal is trans-
formed to the frequency domain by FFT, and then, the magnetic flux densities and
eddy currents at chosen frequencies are calculated according to (2.88), (2.89), and
(2.90) and summed. Lastly, the time-domain responses of the magnetic flux density
and pulsed eddy current are obtained by IFFT of the summed frequency-domain
signals.

When the pulsed eddy current in the skin depth of the specimen is known, the
Lorentz force can be calculated using (2.95).

fLðt; r; zÞ ¼ B0 � Jeðt; r; zÞ ð2:95Þ

In the above equation, fL(t, r, z) represents the Lorentz force and B0 represents
the bias static magnetic flux density.

2.4.4 Results Comparison and Discussion

In order to validate the proposed analytical model and calculation method, an
example is demonstrated. Moreover, the results are compared to those of the
TSFEM method and experiment.

A double-layer PCB spiral coil, shown in Fig. 2.24, is used for the calculation.
The specimen is an aluminum plate. The liftoff distance between the coil and
specimen is 0.5 mm. The infinite half-space below the aluminum plate is air. The
dimensions and properties of the coil and specimen employed in the simulation and
experiment are shown in Tables 2.4 and 2.5.

Generally, the EMATs are supplied by narrow pulses or modulated tone-burst
signals, which are generated by the function generator and amplified by the power
amplifier.

The modulated tone-burst current signal can be expressed using (2.96).
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iðtÞ ¼
I0 1� cos xtn
� 	

cosxt 0� t� 2np
x

0 t� 2np
x

(
ð2:96Þ

In the above equation, ω = 2πf. Here, I0 = 20A, n = 2, and f = 1 MHz were
selected; the waveform of the pulsed current signal is shown as follows (Fig. 2.25):

In the calculation process, the truncation radius is R = 696 mm and the sum-
mation number is 50. The sampling frequency and data number used in the
FFT-IFFT method are chosen as 32 MHz and 64, respectively. Then, an impedance
analyzer is used to measure the resistance and inductance of the coil above the
specimen, so that the input impedance of the EMAT can be obtained. The
time-domain response of the magnetic flux density and pulsed eddy current cal-
culated by the TSFEM method is implemented through the FEM analysis software.
To improve the accuracy, a denser mesh is used in the coil cross section and surface
of the specimen. The number of the overall triangular elements is 13,193.

Fig. 2.24 Double-layer PCB
spiral coil above the specimen

Table 2.4 The width of the
double-layer spiral coil and
the material parameters

Parameter name Value

Substrate thickness 0.500 mm

Copper wire width 0.254 mm

Copper wire thickness 0.050 mm

r11 2.921 mm

r21 3.175 mm

The conductor’s ring space 0.254 mm

Number of turns 29

Copper wire’s magnetic permeability 4π × 10−7 H/m

Copper wire’s electric conductivity 2.66 × 107 S/m

Table 2.5 The specimen’s
dimension and the material’s
parameters

Parameter name Value

Specimen’s thickness 5.00 mm

Magnetic permeability 4π × 10−7 H/m

Electric conductivity 3.571 × 10−7 S/m
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To design the matching circuits for the EMATs, the impedance of the coil at the
center frequency needs to be determined. Here, for validating the input impedance
expressions as (2.81) and (2.91), the input impedance at frequencies 0.5, 1, and
1.5 MHz are calculated and then measured by the impedance analyzer. The results
are shown in Table 2.6.

As shown in Table 2.6, the calculated results and measured results are in
agreement, which validates the validity and accuracy of the input impedance
expressions and the TREE method.

The transient time-domain signals of Br, Bz, and Je from both the proposed
method and the TSFEM method are presented in Figs. 2.20, 2.21, and 2.22.

As shown in Figs. 2.26, 2.27, and 2.28, the results from the proposed method are
consistent with those from the TSFEM method. The small discrepancies are that as
follows: (1) Br and Bz from the proposed method are a little larger than those from
the TSFEM method, while Je has the opposite relationship, and (2) the peak value
times and the waveforms in the initial stage have certain differences. An evaluation
of the errors of peak values and peak value times is shown in Table 2.7.

Assuming that the bias magnetic field is uniform and equals 1 T, we calculate the
Lorentz force on the surface of the specimen according to Eq. (2.95). The Lorentz
force inside the specimens under different liftoff values is shown in the following
figure.

As shown in Fig. 2.29, it is found that Lorentz force will decrease with an
increase in the liftoff distance. If the Lorentz force is given, the particle’s

Fig. 2.25 The waveform of
the tone-burst signal supplied
to the spiral coil. The center
frequency of the signal is
1 MHz and the number of
periods is 2

Table 2.6 Input impedance by calculation and measurement at different frequency

Frequency (MHz) Calculation value (Ω) Measuring value (Ω)

0.5 12.51 + j30.64 13.03 + j31.34

1 13.19 + j60.34 13.89 + j63.25

1.5 13.71 + j89.87 14.75 + j93.80
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Fig. 2.26 Magnetic flux
densities in the r direction at
position (3.048 mm,
−0.001 mm) on the surface of
the specimen

Fig. 2.27 Magnetic flux
densities in the z direction at
position (3.048 mm,
−0.001 mm) on the surface of
the specimen

Fig. 2.28 Magnetic flux
densities at position
(3.048 mm, −0.001 mm) on
the surface of the specimen

Table 2.7 Errors of peak
value and peak value time
comparing two methods

Error Br Bz Je
Waveform peak 7.4 9.7 3.1

Waveform peak’s time 0.78 1.3 0.41
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displacement can be calculated according to the theory of elasticity for Lorentz
force mechanism EMATs.

Although the analytical expressions of magnetic flux density, pulsed eddy cur-
rent, and input impedance are complicated, they are valid and accurate when cal-
culated by TREE and FFT-IFFT method, which is entirely much simpler than the
TSFEM method. Moreover, the distinct mathematical expressions and faster cal-
culation speed are also advantages over the TSFEM method.

The following causes could result in errors between calculation results and
measurement results. The coil’s skin effect and proximity effect were overlooked in
the analytic model, which might cause certain errors in the circumstance of high
frequency; in addition, some errors could be caused by the TREE method itself.

2.5 Analytical Modeling and Calculation of the Meander
Coil EMAT [4]

In the field of nondestructive testing with EMAT under different static bias mag-
netic fields, the meander coil EMAT has an important position and is widely used
for generating and detecting various types of ultrasonic waves, such as the Lamb
wave, Rayleigh wave, and shear horizontal (SH) wave. The analytical model and
analysis of EMAT with a meander coil structure will be illustrated in this section.

Fig. 2.29 Lorentz force at
position (3.048 mm,
−0.01 mm) on the surface of
the specimen calculated by
the proposed method when
the liftoff distances are 0.5, 1,
and 2 mm
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2.5.1 Meander Coil EMAT Configuration and Calculation
Model

Nowadays, with the development of printed circuit boards (PCB) or flexible print
circuit (FPC) techniques, the meander coil can be made more complex, accurate,
and portable to improve the performance of EMAT and facilitate its actual appli-
cation. The typical configurations of a meander coil are shown in Fig. 2.30.

The purpose of the multisplit configuration of a meander coil is to increase the
turn number of each fold. For the same reason, sometimes, the coil is designed into
a multilayer configuration, using the configuration of equidistance or non-
equidistance to control the excited ultrasonic wave modes through controlling the
coil’s spacing.

When used for ultrasonic wave generation and detection, the meander coils are
placed parallel above the surface of the specimen. If we neglect the ends connection
of the meander coil, the section diagram of the EMAT is as shown in Fig. 2.31. We
assume that the meander coil is an M-layer, N-conductor coil, and the number of
bends is 2Q. This model is the general model of the meander coil. The coil with an
equidistance structure is a special case.

Fig. 2.30 Configuration of meander coils: a Isometric single-split coil; b Isometric multisplit coil;
c Non-equidistance multisplit coil

Fig. 2.31 Model of a meander coil EMAT
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As shown in Fig. 2.31, according to the characteristics of the meander coil, the
current directions in the two adjacent bends of the coil are opposite to each other.
Therefore, the adjacent bends can be viewed as a closed coil. Thus, the M-layer,
N-conductor coil can be viewed as the group of M × N × Q single rectangular coils.

2.5.2 The Frequency-Domain Calculation of the Coil’s
Impedance and Magnetic Field

2.5.2.1 The Scalar Potential of the Rectangle δ Coil

The schematic diagram of a δ coil with current I above an infinite half-space is
shown in Fig. 2.32. The solution domain is divided into three subdomains: the
domain above the δ coil Ra, the domain between the δ coil and the conductor Rb,
and the conductor domain Rc. In Fig. 2.32, x0 and y0 indicate the half width and
length of the δ coil.

Because the frequencies in the EMAT nondestructive testing are generally lower
than 10 MHz, the displacement current and velocity effect can be neglected; thus,
the time-harmonic electromagnetic field governing equation is expressed in (2.97).

r2Aþ c2A ¼ �lJs ð2:97Þ

In the above equation, A is the magnetic vector potential; Js is the source current
density; !2 ¼ �jxlr; ω is the angular frequency; µ is the medium permeability;
σ is the medium conductivity, and r2 is the Laplace operator.

In terms of Coulomb’s criteria r � A ¼ 0, there is a second vector potential W,
which satisfies A ¼ r�W , and W can be decomposed as two scalar potentials.
W can be expressed using (2.98).

W ¼ uW1 þ u�rW2 ð2:98Þ

Fig. 2.32 Rectangle δ coil
above the conductor
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In the above equation, W1 and W2 are scalar potentials and u is the vector that
meets the requirement.

We choose u ¼ ẑ, A can be expressed by the second vector potential W.

A ¼ r� ðW1ẑþ ẑ�rW2Þ ð2:99Þ

Substituting (2.99) into (2.97), we can obtain (2.100).

r� ẑr2W1 þ ẑ�r r2W2
� 	þ c2 W1ẑþ ẑ�rW2ð Þ�  ¼ �lJs ð2:100Þ

In the air domains Ra and Rb, the source current density and conductivity are 0;
thus, we have (2.101), (2.102), and (2.103).

r2W1ða;bÞ ¼ 0 ð2:101Þ

r2W2ða;bÞ ¼ 0 ð2:102Þ

Aða;bÞ ¼ r � ðW1ða;bÞẑÞ � ð̂z � rÞrW2ða;bÞ ð2:103Þ

In the above equations, the subscript (a,b) represents the variables in domains
a and b; thus, we have (2.104).

Bða;bÞ ¼ r @W1ða;bÞ
@z

� �
ð2:104Þ

Therefore, we just need to calculate the scalar potential W1(a,b), which is the
superposition of the coil’s scalar potential W1(a,b)s and the eddy current’s scalar
potential W1(a,b)e, as expressed in (2.105).

W1ða;bÞ ¼ W1ða;bÞs þW1ða;bÞe ð2:105Þ

Thus, we have (2.106).

r2 W1ða;bÞs þW1ða;bÞe
� 	 ¼ 0 ð2:106Þ

In domain Rc, according to the interface conditions, in interface z = 0, the W2(c)

should satisfy (2.107).

@W2ðeÞ
@z ¼ 0

W2ðeÞ ¼ 0

8<
: ð2:107Þ

In the above equation, the subscript (c) represents the variables in domain c.
Since there is no source in domain Rc, W2(e) = 0; thus, we have (2.108).
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AðcÞ ¼ r � W1ðcÞẑ
� 	 ð2:108Þ

According to (2.100), we obtain (2.109).

r2W1ðcÞ þ!2W1ðcÞ ¼ 0 ð2:109Þ

Therefore, when we calculate the magnetic field of the δ coil, we just need to
calculate W1 in terms of (2.106) and (2.109).

The general solutions of (2.106) and (2.109) can be expressed as the forms of the
double Fourier integral, which are shown in (2.110), (2.111) and (2.112).

W1ðbÞs ¼
Zþ1

�1

Zþ1

�1
Cða; bÞekzejaxejbydadb ð2:110Þ

W1ðbÞe ¼
Zþ1

�1

Zþ1

�1
Cða; bÞ klr � k

klr þ k
e�kzejaxejbydadb ð2:111Þ

W1ðeÞ ¼
Zþ1

�1

Zþ1

�1
Cða; bÞ 2klr

klr þ k
ekzejaxejbydadb ð2:112Þ

In the above equations, α and β are integral variables; C(α, β) is the undeter-

mined coefficient; k ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
; and k ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k2 þ c2

p
. From the above three equa-

tions, when the coefficients are determined, the scalar potential W1 of the whole
domain can be calculated.

According to the Biot–Savart theorem, we get (2.113).

Bða;bÞs ¼ r� l0I
4p

I
I

dl
r

ð2:113Þ

In the above equation, r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðx� x0Þ2 þðy� y0Þ2 þðz� z0Þ2

q
is the distance

between point (x, y, z) and point (x0, y0, z0); µ0 is the vacuum permeability, and l is
the integral path.

The Stokes theorem is used for the above equation, so that we get (2.114).

Bða;bÞs ¼ r � l0I
4p

ZZ
X

ds � r 1
r

� �2
4

3
5 ð2:114Þ

In the above equation, Ω represents the arbitrary curved surfaces encircled by
l. Comparing (2.103) and (2.113), we get (2.115).
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W1ða;b;sÞ ¼ � l0I
4p

ZZ
S

ds � r
Z

dz
r

� �
ð2:115Þ

In the above equation, we have the following relationship, as shown in (2.116).

1
r
¼ 1

2p

Zþ1

�1

Zþ1

�1

e�kðz�z0Þ

k
ej½aðx�x0Þþ bðy�y0Þ�dadb ð2:116Þ

Substituting (2.116) into (2.115), we obtain (2.117) and (2.118).

W1ðaÞs ¼ lI
2p2

Zþ1

�1

Zþ1

�1

e�kðz�z0Þ

k
sinðay0Þ

a
� sinðby0Þ

b
ejaxejbydadb ð2:117Þ

W1ðbÞs ¼
lI
2p2

Zþ1

�1

Zþ1

�1

ekðz�z0Þ

k
sinðay0Þ

a
� sinðby0Þ

b
ejaxejbydadb ð2:118Þ

2.5.2.2 Scalar Potential of Rectangular Single-Turn Coil

Firstly, considering the single-turn coil, the configuration is as shown in Fig. 2.33.
In Fig. 2.33, x0 and y0 represent the distance from the inner edge to the z axis in
length and width directions, respectively; w represents the width of the coil con-
ductor, and h1 and h2 represent the distance from the xoy plane to the upper and
lower edges, respectively.

The scalar potential of the single-turn coil can be viewed as the superposition of
those δ coils. If we assume that the current density in the section of the conductor is
continuous, we can get (2.119).

Fig. 2.33 Rectangular
single-turn coil
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WS
1ða;bÞs ¼

Zw
0

Zh2
h1

W1ða;bÞsdz0dw ð2:119Þ

In the above equation, the superscript S represents the single-turn coil.
Substituting (2.117) and (2.118) into (2.119), and calculating the integral, we

can get (2.120) and (2.121).

WS
1ðaÞs ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

e�kz

k2
ðekh2 � ekh1Þ P

ab
ejaxejbydadb ð2:120Þ

WS
1ðbÞs ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

ekz

�k2
ðe�kh2 � e�kh1Þ P

ab
ejaxejbydadb ð2:121Þ

In the above two equations, there is some relationship, as follows.

P ¼

sin½ða� bÞwþ ax0 � by0� � sinðax0 � by0Þ
2ða� bÞ

� sin½ðaþ bÞwþ ax0 þ by0� � sinðax0 þ by0Þ
2ðaþ bÞ

a 6¼ b

w
2
cos½aðx0 � y0Þ�

� sin½að2wþ x0 þ y0Þ� � sin½aðx0 þ y0Þ�
4a

a ¼ b

8>>>>>>>>>><
>>>>>>>>>>:

(2.120) and (2.121) give the scalar potentials above and under the coil. For the
domain in the section of the coil, the scalar potential in an arbitrary point (x, y,
z) can be obtained by superpositioning the scalar potential above and under the coil,
and then substituting h2 = z and h1 = z into (2.120) and (2.121) separately, and
summing them, to get (2.122).

W1coilsection ¼ l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

1
k2

½2� e�kðz�h1Þ�

� ekðz�h2Þ P
ab

ejaxejbydadb

ð2:122Þ

When the center coordinates of the single-turn coil are (x′, y′, z0), we can
supplement the term e�jax0e�jby0 in (2.120), (2.121), and (2.122) according to
coordinate transformation.
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2.5.2.3 Scalar Potential of Meander Coil

When the scalar potential of the single-turn coil is obtained, the scalar potential of
the meander coil can be obtained by coordinate transformation and superposition.

For the configuration of the meander coil shown in Fig. 2.25, we assume the
center coordinate of group (q = 1) is (0, 0, zm); thus, the center coordinates of group
(q = 2* Q) are (xq′, 0, zm). In each layer, there are N × Q single-turn coils; thus, the
scalar potential in the m layer can be expressed by (2.123), (2.124), and (2.125).

Wm
1ðaÞs ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

e�kz

k2
ekhm � ekh1m
� 	PN

n¼1 Pn

ab

XQ
q¼1

e�jax0ejaxejbydadb

ð2:123Þ

Wm
1ðbÞs ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

ekz

k2
e�kh2m � e�kh1m
� 	PN

n¼1 Pn

ab

XQ
q¼1

e�jax0qejaxejbydadb

ð2:124Þ

Wm
1coilsection ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

1
k2

2� e�kðz�h2mÞ � e�kðz�h1mÞ
� �

PN
n¼1 Pn

ab

XQ
q¼1

e�jax0qejaxejbydadb

ð2:125Þ

In the above equations, there is some relationship, as follows, in which the
superscript m represents the layer.

Pn ¼

sin½ða� bÞwþ ax0n � by0n� � sinðax0n � by0nÞ
2ða� bÞ

� sin½ðaþ bÞwþ ax0n þ by0n� � sinðax0n þ by0nÞ
2ðaþ bÞ

a 6¼ b

w
2
cos½aðx0n � y0nÞ�

� sin½að2wþ x0n þ y0nÞ� � sin½aðx0n þ y0nÞ�
4a

a ¼ b

8>>>>>>>>>>><
>>>>>>>>>>>:

The scalar potential in domain Rb can be obtained by the superposition of the
scalar potential of each area, as shown in (2.126).
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W1ðbÞs ¼
l0I

2p2ðh2 � h1Þw
Zþ1

�1

Zþ1

�1

ekz

�k2
XM
m¼1

e�kh2m � e�kh1m
� 	

� 1
ab

XN
n¼1

Pn

XQ
q¼1

e�jax0qe jaxe jbydadb

ð2:126Þ

Comparing the above equation and (2.110), the coefficient C(α,β) can be
obtained, as shown in (2.127).

Cða; bÞ ¼ � l0I
2p2ðh2 � h1Þwk2ab

XM
m¼1

e�kh2m � e�kh1m
� 	XN

n¼1

Pn

XQ
q¼1

e�jax0q ð2:127Þ

Then, W1(b)s and W1(c) can be obtained by substituting Eq. (2.127) into (2.111)
and (2.112), separately.

For the meander coil, it is worth paying attention to the magnetic field of each
layer of conductor coil. For each layer of coil, the scalar potential of the conductor’s
region is equal to the sum of the scalar potential generated by the layer itself and
coils of other layers; thus, the equation for the area of the coil of the mth layer is
listed in (2.128), in which the superscript m represents the layer.

Wm0
lcoilsection ¼

l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

1
k2

2� e�kðz�h1m0 Þ � ekðz�h2m0 Þ
h i�

þ
Xm0�1

m¼1

e�kz

k2
ekh2m � ekh1m
� 	� XM

m¼m0þ1

ekz

k2
e�kh2m � e�kh1m
� 	)

� 1
ab

XN
n¼1

Pn

XQ
q¼1

e�jax0qe jaxe jbydadb

ð2:128Þ

2.5.2.4 Eddy Current, Magnetic Flux Density, and Coil’s Impedance

The eddy current is induced into the tested conductor, which is necessary for the
electromagnetic ultrasonic testing. According to electromagnetic field theory, the
eddy current generated by the meander coil on the surface of the conductor can be
calculated by (2.129), in which Je represents the eddy current in the conductor.

Je ¼ �jxrAðcÞ ð2:129Þ

Substituting (2.102) into (2.129), we can obtain (2.130), in which x̂ and ŷ are
direction vectors.
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Je ¼ jxrl0I
p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

ekz

k
� lr
klr þ k

� ðjbx̂� jaŷÞ
XM
m¼1

e�kh2m � e�kh1m
� 	

� 1
ab

XN
n¼1

Pn

XQ
q¼1

e�jax0qejaxejbydadb

ð2:130Þ

According to (2.104), (2.112), (2.125), and (2.126), the magnetic flux density
can be obtained within domain Rb and Rc, as shown in (2.131) and (2.132).

BðbÞ ¼ l0I
2p2ðh2 � h1Þw

Zþ1

�1

Zþ1

�1

1
�k

ekz � klr � k
klr þ k

e�kz

� ��

�ðjax̂þ jbŷÞ � ekz þ klr � k
klr þ k

e�kz

� �
ẑ

�
XM
m¼1

e�kh2m � e�kh1m
� 	� 1

ab

XN
n¼1

Pn

XQ
q¼1

e�jax0qejaxejbydadb

ð2:131Þ

BðcÞ ¼
l0I

2p2ðh2 � h1Þw
Zþ1

�1

Zþ1

�1

ekz

�k
� 2klrk
klr þ k

�

�ðjax̂þ jbŷþ kẑÞ�
XM
m¼1

ðe�kh2m � e�kh1mÞ

� 1
ab

XN
n¼1

Pn

XQ
q¼1

e�jax0qejaxejbydadb

ð2:132Þ

The coil’s impedance can be expressed as the sum of the coil’s DC impedance,
the coil’s impedance in free space, and the impedance generated by the eddy current
induced by the conductor, as shown in (2.133).

Z ¼ Zd þ Z0 þDZ ð2:133Þ

In the above equation, Zd is the DC impedance; Z0 is the impedance in free
space, and DZ is the impedance generated by the eddy current.

Impedance Z0 can be calculated by (2.134).

Z0 ¼ V
I

ð2:134Þ
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Therefore, if we want to calculate Z0, it is necessary to calculate the electromotive
force first. According to the idea of scalar potential calculation, the electromotive
force of the single-turn coil should be calculated first, as shown in (2.135).

VS ¼ jx
ðh2 � h1Þw

Z
coilcrosssection

Z
S

B � ds
0
@

1
AdArea ð2:135Þ

The electromotive force of the meander coil is the superposition of the elec-
tromotive force of all equivalent rectangular coils; thus, we have (2.136).

V ¼ 2jxl0I

p2ðh2 � h1Þ2w2

XM
m0¼1

Zþ1

�1

Zþ1

�1

(
2ðh2m0 � h1m0 Þ

þ 2
k

e�kðh2m0 �h1m0 Þ � 1
h i

þ
Xm0�1

m¼1

1
k
ðekh2m � ekh1mÞðe�kh1m0 � e�kh2m0 Þ

þ
XM

m¼m0 þ 1

1
k
ðe�kh2m � e�kh1mÞðekh1m0 � ekh2m0 Þ

)

� 1

ðabÞ2
XN
n¼1

Pn

 !2 XQ
q¼1

e�jax0q þ
XQ
q¼1

ejax
0
q

 !
dadb

ð2:136Þ

Thus, according to (2.134), we can get (2.137).

Z0 ¼ 2jxl0
p2ðh2 � h1Þ2w2

XM
m0¼1

Z þ1

�1

Z þ1

�1

(
2ðh2m0 � h1m0 Þ

þ 2
k
½e�kðh2m0�h1m0 Þ � 1� þ

Xm0�1

m¼1

1
k
ðekh2m � ekh1mÞðe�kh1m0 � e�kh2m0 Þ

þ
XM

m¼m0 þ 1

1
k
ðe�kh2m � e�kh1mÞðekh1m0 � ekh2m0 Þ

)

� 1

ðabÞ2
XN
n¼1

Pn

 !2 XQ
q¼1

e�jax0q þ
XQ
q¼1

ejax
0
q

 !
dadb

ð2:137Þ

(2.138) can be used to calculate the impedance DZ.

2.5 Analytical Modeling and Calculation of the … 91



DZ ¼ DRþ jDX ¼ j8p2x
l0i2

Zþ1

�1

Zþ1

�1
k3Cða; bÞ

� Cð�a;�bÞ klr � k
klr þ k

dadb

ð2:138Þ

Substituting Cða; bÞ into the above equation, we obtain (2.139).

DZ ¼ j2xl0
p2ðh2 � h1Þ2w2

Zþ1

�1

Zþ1

�1

1

kðabÞ2
XM
m¼1

ðe�kh2m � e�kh1mÞ
" #2

XN
n¼1

Pn

 !2 XQ
q¼1

e�jax0q �
XQ
q¼1

ejax
0
q

 !
� � klr � k

klr þ k
dadb

ð2:139Þ

The meander coil’s DC impedance Zd is DC resistance, which can be calculated
by the coil’s dimension and electrical conductivity, as shown in (2.140).

Zd ¼ L
rcðh2 � h1Þw ð2:140Þ

In the above equation, L is the total length of the meander coil conductor and σc
is the electrical conductivity of the coil conductor.

2.5.3 The Calculation of the Time-Domain Pulsed
Magnetic Field

In the electromagnetic ultrasonic testing, the applied excitation is a pulse signal.
The pulsed magnetic field generated by the coil and the eddy current in the spec-
imen should be calculated, that is, the pulsed response should be calculated.

The pulsed excitation and the corresponding pulsed response can be expressed as
the superposition of a series of sinusoidal signals of different frequencies. For the
conditions of the expressions of magnetic induction intensity and eddy current, the
time-domain response can be obtained by the inverse Fourier transformation (IFT),
as shown in (2.141), (2.142), and (2.143).

JeðtÞ ¼ 1
2p

Z1
�1

Jee
jxtdx ð2:141Þ
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BðbÞðtÞ ¼
1
2p

Z1
�1

BðbÞejxtdx ð2:142Þ

BðcÞðtÞ ¼ 1
2p

Z1
�1

BðcÞejxtdx ð2:143Þ

In the above equations, Je(t), B(b)(t), and B(c)(t) represent the time-domain signals
of the eddy current and magnetic flux density, respectively.

However, it is hard to obtain the expressions of magnetic flux density and eddy
current in the time domain by calculating the IFT of (2.141) to (2.143) directly.

2.5.4 Example and Comparison of Results

In order to verify the effectiveness of the analytical expression and calculation, a
complete EMAT model, comprising a square permanent magnet with a perpen-
dicular magnetic field, was set up. The two-layer structure coil, with each layer
having eight meander belts, is taken as an example to perform the calculation. The
coil is placed above the specimen and the liftoff distance between the coil and
specimen is achieved using the non-magnetic and non-conductive thin liftoff sheet.
The value of the liftoff can be adjusted, as shown in Fig. 2.34.

In Fig. 2.34, the coil’s dimension and material’s parameters are shown in
Tables 2.1 and 2.2. In the experiment, a radio frequency (RF) power amplifier
(AG1024), which can provide a continuous sine signal and tone-burst signal, is
supplied to the meander coil. This radio frequency power amplifier can not only
generate a continuous sinusoidal signal, the frequency and amplitude of which is
continuous and adjustable, but can also generate the tone-burst signal, whose fre-
quency, amplitude, and cycle number are adjustable. In the experiment, the oscil-
loscope records the wave data used to measure the voltages of the coil and the 1 Ω
sample resistance, which is connected in series with the coil. Thus, the current of
the coil can be obtained according to the voltage of the sample resistance. The
resistance and inductance of the coil can be calculated in terms of the measured
continuous sine voltage and current signal.

Fig. 2.34 The setup of the
experiment
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In the calculation of the coil’s pulsed magnetic field, the pulsed excitation should
be applied on the coil. The tone-burst voltage and current signals used for gener-
ating the acoustic waves can also be measured. When the liftoff value of the coil is
1 mm, a tone-burst signal with 500 kHz frequency is applied. The cycle number is
4. The voltage signal in the sample resistance (i.e., the coil’s current signal) is
shown in Fig. 2.35.

In order to compare with the numerical computation methods, the TSFEM
method is used for the calculation of the above model. Since the calculation of the
3D model is too complex, the influence of the coil’s end is neglected and it is
assumed that the length of the coil and conductor are infinite in their length
direction. The 2D model of the coil is calculated in this way. In the 2D model, the
calculation can only obtain the y component of the eddy current, not the x com-
ponent or z component of the magnetic flux density. The calculation is done using
the finite element analysis software Comsol Multiphysics.

The current signal shown in Fig. 2.35 is used as the excitation in the simulation.
Since the frequency of the excitation signal is very high, the skin depth is very
small. Meanwhile, the dimensions of the coil conductor are also very small. In order
to guarantee the accuracy of the results, it is necessary to draw a dense grid within
the conductor’s skin depth and the coil conductors. The total number of elements in
the TSFEM calculation model is 15,348, as shown in Fig. 2.36.

Fig. 2.35 Measured pulsed
voltage and current signals

Fig. 2.36 The simulation
model of TSFEM
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Firstly, the coil’s impedance under different liftoff values was calculated.
According to (2.141), (2.142), and (2.143), a high-accuracy adaptive recursive
Simpson method is used to calculate the numerical integration. Since the expression
only contains the trigonometric function, but the Bessel function is included in the
spiral coil’s expression, the expression has a very good convergence, so the cal-
culation is much simpler.

The FFT-IFFT method was used to calculate the coil’s pulsed magnetic field and
the inductive coil in the specimen. For the current signal in Fig. 2.36, 1024 points
were selected to make the FFT process, substituting the amplitude corresponding to
each frequency into (2.130), (2.131), and (2.132), and calculating the eddy current
and magnetic induction intensity corresponding to each frequency using the
recursive adaptive method. Finally, we obtain the time-domain signal of the eddy
current and magnetic induction intensity by IFFT.

The analytical model’s calculated value of the y component of eddy current
density and the x and z components of magnetic induction intensity at the coor-
dinates (1.1725 mm, 11.665 mm, −0.1 mm) is shown in Figs. 2.37, 2.38, and 2.39,
respectively, as well as the calculated values by the TSFEM method. Figures 2.40
and 2.41 show the calculated values of the x and z components of the magnetic

Fig. 2.37 The y component
of the eddy current density at
the coordinates (1.1725 mm,
11.665 mm, −0.1 mm)

Fig. 2.38 The x component
of the magnetic induction
intensity at the coordinates
(1.1725 mm, 11.665 mm,
−0.1 mm)
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induction intensity at the coordinates (1.1725 mm, 11.665 mm, −0.1 mm) by the
analytical model and the TSFEM method. The horizontal axis in Figs. 2.37 and 2.39
represents the time. It can be seen from these pictures that there is basic agreement
of time and amplitude of the calculated values between the analytical model and the
TSFEM method, even if a certain error does exist.

Fig. 2.39 The z component
of the magnetic induction
intensity at the coordinates
(1.1725 mm, 11.665 mm,
−0.1 mm)

Fig. 2.40 The x component
of the magnetic induction
intensity at the coordinates
(1.1725 mm, 11.665 mm,
−0.1 mm)

Fig. 2.41 The z component
of the magnetic induction
intensity at the coordinates
(1.1725 mm, 11.665 mm,
−0.1 mm)
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Because the coil’s skin effect and proximity effect are neglected in the derivation
process of the analytical equation, inaccurate simulation results will definitely result
between the analytical equation and the actual physical model with the assumption
of equality of the current density in the conductor. Since it is difficult to evaluate the
skin effect and proximity effect in the coil’s analytical model, the neglecting of their
effect is a general practice for the derivation of the coil’s analytical model. The
calculated error caused by this issue is, in general, acceptable in practical engi-
neering applications. In addition, the concept of taking the meander coil equivalent
to the superposition of the single fold closing coil itself can also bring about some
calculation errors.

Compared with the numerical calculation, the advantages of the analytical cal-
culation are the clarity of the analytic equation’s physical meaning and the rapid
calculation process.

2.6 The Analytical Method of EMAT Under Impulse
Voltage Excitation [5]

In practical applications, most of the excitation power supply of EMAT is a voltage
source or a power source. If the Lorentz force in EMAT can be calculated when the
excitation of the pulsed voltage or power is given, it will be beneficial to the
analysis and design of EMAT. Based on the analytic calculation of the EMAT coil
impedance, the EMAT’s analytical analysis method under voltage excitation can be
obtained.

The EMAT analytic method of several coil structure’s EMAT can be achieved
when the pulsed current is given in advance. Actually, if the coil’s terminal voltage
or input power is already known, the pulsed voltage or power signal can be
transformed into a pulsed current signal through the coil’s impedance. Meanwhile,
it can enable the analysis of EMAT by using the aforementioned method. Thus, the
analytical problem of EMAT under the pulsed voltage can be transformed into the
current excitation problem if the EMAT coil’s voltage is given.

2.6.1 Calculating the Pulsed Current Using
the Analytical Equation

In the sinusoidal steady state, if the excited voltage of the coil is given, the excited
current of the coil can be expressed by (2.144).

IðxÞ ¼ UðxÞ
ZðxÞ ð2:144Þ
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For the pulse voltage excitation, the excitation of pulsed current can be calcu-
lated using the method of FFT-IFFT, specifically. Firstly, the pulsed voltage signal
is transformed into frequency domain using FFT, according to (2.144), and the
value of the current’s frequency domain under a specific frequency is calculated.
Then, IFFT is used to obtain the pulsed current of the time domain.

2.6.2 Calculating the Pulsed Current Using
the Field-Circuit Coupling Finite Element Method

Using the field-circuit coupling method, the pulsed current is calculated. No matter
what kind of voltage excitation is applied on the coil, narrow pulses, general
tone-burst signals, or windowed tone-burst signals, the excitation signal can be
expressed as the superposition of a series trigonometric function, as shown in
(2.145).

uðtÞ ¼
XN
k¼1

UkcosðxktþukÞ 0� t� T ð2:145Þ

In the above equation, k = 1, 2,…, N; Uk is the amplitude of the harmonic
component of order k, ωk is the angular frequency of the kth-order component; uk is
the initial phase angle of the kth-order component, and T represents the duration of
the excitation signal.

In (2.145), Uk, ωk, and uk can be obtained using the FFT process. If the
equivalent circuit parameters of the coil and specimen system can be calculated
according to Ohm’s law, the current excitation signal can be obtained through the
IFFT process.

Since the frequency of the excitation signal is very high, the eddy current, skin,
and proximity effects should be considered. Therefore, the alternating current
(AC) resistance and inductance of the coil will change with the excitation fre-
quency, the geometric configuration, and the electrical characteristics of the coils
and the specimen.

For a specific frequency, the resistance and inductance of the coil can be cal-
culated through sinusoidal steady-state analysis of the circuit-field coupling. For the
system of the coil and specimen, the capacitance value is very small and can be
neglected. Then, the system of the coil and specimen can be viewed as a two-port
network, as in Fig. 2.42. The excitation voltage of EMATs is the port voltage, and
the excitation current is the port current. Thus, the complex power can be expressed
by (2.146).

~Sk ¼ _Uk _I
	
k ¼ Rk þ jxkLkð Þ_Ik _I	k ¼ RkI

2
k þ jxkLkI

2
k ð2:146Þ
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In the above equation, ~Sk represents the complex power, _Uk represents the port
voltage, _Ik is the port current, _I

	
k is the conjugate of _Ik , and Ik is the effective value

of _Ik . Rk and Lk are the equivalent resistance and inductance of the two-port
network—the AC resistance and inductance of the coil.

Neglecting the displacement current in the coil and specimen field, we obtain the
phasor notation of Poynting theorem, as shown in (2.147).

�
ZZ
S

_Ek � _H	
k

� 	 � ds ¼ ZZZ
V

1
r
J2k dV þ j

ZZZ
V

xlH2
kdV ð2:147Þ

In the above equation, _Ek is the electrical field strength phasor quantity, _H	
k is the

conjugate of the magnetic field intensity phasor quantity _Hk, Jk is the current
density, and Hk is the magnetic field intensity. In (2.147), the left part of the
equation represents the electromagnetic complex power flowing into the field close
to the coil and specimen, the first term of the right part represents the dissipative
active power and the second term of the right part represents dissipative reactive
power.

Comparing (2.146) with (2.147), we obtain (2.148) and (2.149).

Rk ¼ 1
I2k

ZZZ
V

1
r
J2k dV ð2:148Þ

Lk ¼ 1
I2k

ZZZ
V

lH2
kdV ð2:149Þ

In the above equations, ω is the angular frequency.
Therefore, when we calculate the impedance of the coil, we shall use the

time-harmonic field equation, considering the eddy current effect, skin effect, and
the proximity effect. By replacing the partial differential operator @=@t with jx, the
expression of the time-harmonic field equation can be converted into (2.150) and
(2.151).

Fig. 2.42 Equivalent
two-port network of coil
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jxrA� 1
l
r2A ¼ Js ð2:150Þ

I ¼
ZZ
Xs

ðJs þ JeÞds ð2:151Þ

Correspondingly, we get (2.152), (2.153), and (2.154).

Je ¼ �jxrA ð2:152Þ

J ¼ Js þ Je ð2:153Þ

H ¼ 1
l
r� A ð2:154Þ

When J and H are determined, the resistance Rk and inductance Lk of the coil can
be calculated according to (2.148) and (2.149).

When the pulsed excitation of the coil is calculated using the FFT-IFFT method,
the characteristics of EMAT can be analyzed using the pulsed current, which was
given in the preceding part of the text.

Using the circuit-field coupling FEM method, the simulation methods and cal-
culated steps of the EMAT under the impulse voltage excitation are shown in
Fig. 2.43.

Fig. 2.43 The analytical procedure of EMAT under the pulsed voltage excitation
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The given theoretical analysis method under the pulsed voltage of Lorentz
force-based EMAT is also suited to the analysis of the EMAT based on the mag-
netostrictive mechanism

2.6.3 The Coil’s Current Calculation Examples Realized
Using the Circuit-Field Coupled Finite Element
Method

Following the setup shown in Fig. 2.34, calculations and experimental work are
performed. The parameters of the coil and the specimen are shown in Tables 2.1
and 2.2. In this work, the liftoff value between coil and specimen is 1 mm. In the
experiments, the tone-burst signal was provided by RF power amplifier. An
oscilloscope, which can record the wave data, was used to measure the voltages of
the coil and 1 Ω sampling resistance, which was connected in series with the coil.
The tone-burst signals with 500 kHz frequencies and 3 period number were sup-
plied to the meander coil. The voltage and current signals used for generating the
acoustic waves can also be measured, as shown in Fig. 2.44.

In the calculation process, the measured voltage signal in Fig. 2.44 was used as
the pulsed voltage excitation. The signal was transformed into the frequency
domain by FFT. After that, the coil inductance and resistance of each point can be
calculated by the field-circuit coupled method. Then, the amplitude and phase
position of the electric current of each frequency point were calculated. Finally, the
time-domain waveform of the pulsed current was obtained by IFFT. The
time-domain pulsed current can be taken as the excitation source of the simulated
analysis for EMAT.

Fig. 2.44 The measured
pulsed voltage and current
signals of the coil
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The calculated and experimental measured current signals at the liftoff distance
of 1 mm are shown in Fig. 2.45. Comparing these two waveforms, we find that both
the amplitudes and phase positions are in agreement, which verifies the validity of
the proposed field-circuit coupled and FFT-IFFT method, and impedance calcula-
tion equations.
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Chapter 3
Analytical Method of EMAT Based
on Magnetostrictive Mechanism

If the tested specimen is ferromagnetic, the material will have magnetostrictive
properties. Generally, the ultrasonic waves will be excited and received by EMAT
in the specimen so that both the mechanisms of Lorentz force and magnetostriction
are involved at the same time. In this chapter, the EMAT based on a magne-
tostrictive mechanism is studied, and its analytical method is provided. Compared
with the EMAT based on Lorentz force, the energy conversion process of EMAT
based on magnetostrictive mechanism has a close relationship with the magneti-
zation characteristics and magnetostrictive properties of the tested specimen. Since
the magnetization of the ferromagnetic material is nonlinear and is difficult to
obtain, the analysis of EMAT based on a magnetostrictive mechanism is more
complex. If we want to get the ultrasonic wave in the specimen by calculation, we
should first calculate the stress condition inside the specimen, which has a rela-
tionship with the specimen’s magnetostrictive property, called the magnetostrictive
force. From the point of view of receiving, the magnetic effect caused by particle
motion in the specimen also has a relationship with the magnetostrictive property.
The electric current density generated by the magnetic effect inside the specimen is
called the magnetostrictive current density. Deriving the equations of magne-
tostrictive force and magnetostrictive current density is key stage to achieving the
simulation of EMAT based on a magnetostrictive mechanism. When the various
equations and parameters are given, the numerical simulation and the analysis of the
whole energy conversion process of EMAT based on magnetostrictive mechanism
can be obtained using the finite element method. For two different types of EMAT
based on the magnetostrictive mechanism, both are special and have important
applications, which are the SH guided wave EMAT and the axisymmetric T-mode
guided wave EMAT in the pipeline. Their directions of the bias magnetic field are
parallel to that of the coil’s conductor. Considering the transverse isotropic char-
acteristics of the specimen under a magnetization state, the analytical modeling and
calculation can be achieved easily. This approach provides an alternative way for
the theoretical analysis of those two kinds of EMAT.
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3.1 Magnetic and Magnetostrictive Property
of Ferromagnetic Materials

The energy conversion principle of EMAT based on a magnetostrictive mechanism
has a close relationship with the specimen’s material property. In order to achieve
the simulated analysis of EMAT based on a magnetostrictive mechanism, it is
necessary to have a deep understanding and characterization of the magnetization
characteristics and magnetostrictive properties of ferromagnetic materials.

3.1.1 Magnetic Characteristics and Magnetic Permeability
of Ferromagnetic Materials

The magnetization characteristics of ferromagnetic material can be characterized
using the magnetizing curve; the magnetizing curve of a typical ferromagnetic
material is shown in Fig. 3.1. It can be seen from the curve that magnetic perme-
ability μ = B/H is the nonlinear function of the magnetic field H. According to
various applications, the magnetic permeability can be defined differently.

When the value of the magnetic field H is very small, the magnetization process
is reversible. The slope of the B-H curve at the origin can be taken as the magnetic
permeability in the low-value zone of the magnetic field, known as initial perme-
ability, as shown in (3.1).

lin ¼ lim
DH!0

DB
DH

� �����
H¼0;B¼0

ð3:1Þ

The slope at each point of the magnetizing curve at the initial stage, known as
differential permeability, is shown in (3.2).

H

B

0H

0B

inμ
dHΔ

dBΔ

o

diffμ

revμ

Fig. 3.1 The magnetizing
curve of a typical
ferromagnetic material
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ldiff ¼ lim
DH!0

DB
DH

� �����
H;B

¼ dB
dH

ð3:2Þ

In some application fields, a small periodic dynamic magnetic field Hd is coupled
with a bigger static magnetic field, which leads to a small hysteresis on the
B-H curve. The working point on the B-H curve is determined by the big static
magnetic field. At this condition, the slope of the small hysteresis at the operating
point can be defined as the reversible permeability, as shown in (3.3).

lrev ¼ lim
DHd!0

DBd

DHd

� �����H ¼ 0;B ¼ 0 ð3:3Þ

The magnitude of the reversible permeability is related to the magnitude of the
static magnetic field and the frequency of the dynamic magnetic field.

In EMAT, the magnetization problem of ferromagnetic material is about a small
periodic dynamic magnetic field Hd coupled with a big static magnetic field. Thus,
it is necessary to use the reversible permeability for the analysis and calculation. For
the isotropic ferromagnetic material, under the effect of the bias magnetic field, its
mechanical property and magnetic permeability will show a transverse isotropy.
This situation is similar to the magnetostrictive property of the polycrystalline
ferromagnetic material under the effect of the bias magnetic field and the piezo-
electric property of the piezoelectric material of a 6/m series. In this way, on the
interface perpendicular to the bias magnetic field, the value of the reversible per-
meability remains the same. The direction of the bias magnetic field is assumed to
be the same as x3. The matrix of permeability is shown in (3.4).

½l� ¼
l11 0 0
0 l11 0
0 0 l33

2
4

3
5 ð3:4Þ

3.1.2 Magnetostrictive Property of the Ferromagnetic
Material

The microstructure of ferromagnetic materials is the same as crystals, the iron’s
anion being surrounded by a cloud of electrons in the center of the iron’s positive
ion. In the ferromagnetic material, a unit magnetic torque will be generated due to
the electrons spinning between adjacent atoms. There is an interaction force
between the unit magnetic torques, which drives the adjacent unit magnetic torques
in a parallel arrangement in the same direction as a magnetic domain, the interaction
between those magnetic domains being very small. If there is no external magnetic
field, the magnetic domains are kept in equilibrium with each other; the total
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magnetization of the material is equal to zero. If there is an external magnetic field,
the equilibrium will be disrupted. The magnetization vectors of the magnetic
domain will turn toward the external magnetic field direction. When the magneti-
zation state of ferromagnetic materials is changed, the magnetic domain will rotate,
which will cause a small change in its length or volume. This phenomenon is called
a “magnetostrictive effect.” As shown in Fig. 3.2, the magnetostrictive effect has
two kinds: line magnetostriction and volume magnetostriction.

When the ferromagnetic materials are magnetized, it causes the spontaneous
deformation of the crystal lattice, including extending or shortening along the
magnetization direction, known as “line magnetostriction.” When the line magne-
tostriction occurs in the magnet body, its volume almost remains the same. Before
the unsaturated magnetic state, the change mainly lies in the magnet’s length. The
line magnetostrictions can be divided into two kinds: longitudinal magnetostriction
and transverse magnetostriction. The magnetostriction whose dimension changes
along the external magnetic field direction is called “longitudinal magnetic field
extension”; the magnetostriction whose dimension changes vertical to the direction
of the external magnetic field is called “transverse magnetic field extension.” The
line magnetostriction coefficient is defined as γ = Δl/l. Here, Δl is the variation in
material length, and l is the material length. A positive value of γ, which indicates
that the extending of the material strain is enhancing the external magnetic field, is
called “positive magnetostriction”; otherwise, it indicates the shortening of the
material strain is enhancing the external magnetic field, which is called “negative
magnetostriction.” The relationship between the material magnetostriction and the
magnetic field can be illustrated by the magnetostrictive curve. The magnetostric-
tive curve of the single crystal ferromagnetic is provided in Fig. 3.3.

Volume magnetostriction refers to the expansion and contraction of volume
through changes to the magnet’s magnetized states. After the saturation of mag-
netization, the magnetostriction mainly refers to volume magnetostriction. In gen-
eral ferromagnetic materials, the volume magnetostriction is very small and so
rarely considered in measurements and investigations. Therefore, the general
magnetostrictions are related to line magnetostriction.

0H=

0H>

lΔ

Fig. 3.2 The magnetostriction of ferromagnetic material
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The magnetostrictive property of the ferromagnetic material is similar to the
linear piezoelectricity of piezocrystals; thereby, it is also called the piezomagnetic
property of the ferromagnetic material. In contrast to the piezomagnetic property,
the strain generated in the magnetostrictive material has no relationship with the
polarity of the applied magnetic field. There is a quadratic relationship between
magnetostriction and magnetic field, which is similar to the quadratic effect of the
electromagnetic expansion. When a small dynamic magnetic field is superimposed
upon a big static bias magnetic field, the relationship between magnetostriction and
magnetic field shows a linear characteristic.

In contrast to the magnetostrictive property, when the ferromagnetic material
dimension changes, it will cause the movement and rotation of the magnetic
domain, and thus, the magnetic effect will be generated in the material. This phe-
nomenon is called the “inverse magnetostrictive effect.” The ferromagnetic mate-
rial’s magnetostrictive effect and inverse magnetostrictive effect are the main
principles of the excitation and reception of ultrasonic waves in the ferromagnetic
materials.

The relationship between the ferromagnetic material mechanical properties and
magnetic properties can be expressed using the magnetoelastic constitutive equa-
tion, as shown in (3.5), (3.6), and (3.7).

Si ¼ sHij rj þ dkiHk ð3:5Þ

ri ¼ cHij Sj � ekiHk ð3:6Þ

Fig. 3.3 The magnetostrictive curve of the single crystal ferromagnetic material
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Bm ¼ dmjrj þ l0l
T
mkHk ð3:7Þ

In the above equation, i, j = 1, …, 6, m, k = 1, 2, 3; (3.5) and (3.6) describe the
ferromagnetic material magnetostrictive effect, and (3.7) describes the material
inverse magnetostrictive effect. In the equation, ri, SHij , and CH

ij represent the stress
matrix, flexible coefficient matrix, reversible matrix permeability, and stiffness
matrix, respectively, under a specific magnetic field; Bm and lTmk are the total
magnetic induction intensity and anisotropic reversible permeability, respectively,
under the constant static stress; and dki and eki are the piezomagnetic matrix and
inverse piezomagnetic matrix, respectively, as defined in (3.8) and (3.9).

dki ¼ @Si
@Hk

����
r

ð3:8Þ

eki ¼ @ri
@Hk

����
e

ð3:9Þ

In the above equations, Hk is the component of the dynamic magnetic field.
From (3.5) to (3.7), in the ferromagnetic material, the change of magnetic field

will generate elastic strain in the material, while the elastic strain will also generate
the magnetic field in the material. This is the key point of the energy conversion of
EMAT based on the magnetostrictive mechanism. Equations (3.8) and (3.9) indi-
cate that the piezomagnetic coefficient dki and inverse piezomagnetic matrix eki can
be calculated according to the material magnetostrictive curve.

For the theoretical analysis of EMAT based on the magnetostrictive mechanism,
the bias magnetic field is assumed to have unidirection and uniformity. The reason
is if the distribution of the bias magnetic field is non-uniform, the magnetization
direction and magnetization intensity of each point inside the ferromagnetic
material will be different. It is very difficult to give a mathematical description for
the magnetization and magnetostriction properties for the analytical calculation of
EMAT in a microscopic manner. In addition, it is also possible to approximately
obtain a uniformally distributed bias magnetic field through a reasonable design of
the magnetic body.

3.2 Finite Element Method of EMAT Based
on the Magnetostrictive Mechanism [1]

3.2.1 Basic Physical Equations

The calculation process of EMAT based on the magnetostrictive mechanism is
similar to the analysis process of EMAT based on Lorentz force, while the dif-
ferences are as follows: (1) since the assumption of the bias magnetic field is that it
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is of unidirectional uniform distribution, there is no necessity to build a magnet
model to calculate the bias magnetic field; and (2) the changes of the material’s
properties will cause changes to the calculations of the coil’s dynamic magnetic
field. In the EMAT based on Lorentz force, the specimen’s magnetic property does
not change with the external magnetic field, but for the EMAT based on the
magnetostrictive mechanism, the ferromagnetic material has magnetization char-
acteristics and magnetostrictive properties. For this case, the calculations of mag-
netostriction force and magnetostrictive current density are critical to achieve the
multifield coupling of EMAT based on the magnetostrictive mechanism.

From the magnetic property of ferromagnetic material and the working principle
of EMAT, under the effect of the strong bias magnetic field, the dynamic magnetic
field generated by the excitation coil is relatively small. In this situation, the fluc-
tuation of the stacked synthetic dynamic magnetic field is around the bias magnetic
field. So, corresponding to the reversible permeability, the material permeability is a
constant in the bias magnetic field. The specific value can be measured through
experimental tests.

In the excitation process of ultrasonic waves, the current density generated by
the inverse magnetostrictive effect is much less than the density of the eddy current
in the specimen. Thus, its effects are often neglected. Therefore, the dynamic
magnetic field generated by the coil satisfies (3.10).

1
l
r2A� r

@A
@t

þ 1
S

ZZ
S

r
@A
@t

ds ¼ � i
S

ð3:10Þ

The ferromagnetic material shows a transverse magnetic isotropic characteristic
under the magnetization state. The magnetic conductivity matrix should be deter-
mined by the direction of the bias magnetic field. In addition, it can be expressed by
a general matrix of permeability, as shown in (3.11).

l ¼
l11 0 0
0 l22 0
0 0 l33

2
4

3
5 ð3:11Þ

The forces that cause the vibrations in the material include the Lorentz force,
magnetic force, and magnetostrictive force. Compared with the other two, the
magnetic force is relatively small and so can be neglected. The magnitude of
magnetostrictive force has a relationship with the strength of dynamic magnetic
fields H and the inverse piezomagnetic matrix e. In the case of free stress, according
to (3.7), the magnetostriction force can be expressed by (3.12), in the above
equation, e = [ekj].

fMs ¼ �rtðeTHÞ ð3:12Þ

The specimen’s Lorentz force is expressed in (2.17).
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Therefore, the total stresses of the ferromagnetic specimen are given by the
following equation.

f ¼ fL þ fM

Under the combined action of Lorentz force and magnetostrictive force, the
equilibrium equation of the particle displacement in the specimen can be calculated
using (3.13).

ðr � cruÞþ f ¼ q
@2u
@t2

ð3:13Þ

In the above equation, we have the following relationship.

c ¼

c11 c12 c13 c14 c15
c21 c22 c23 c24 c25
c31 c32 c33 c34 c35
c41 c42 c43 c44 c45
c51 c52 c53 c54 c55

2
6666664

3
7777775
u ¼ u m w½ �T

When receiving the ultrasonic signals, the dynamic magnetic field will be
generated by the particle motion in the specimen under the effect of the static bias
magnetic field. The voltage will be induced by the dynamic magnetic field within
the receiving coil; thereby, the receiving of the ultrasonic wave signal can be
realized.

From the material inverse magnetostrictive effect, we have (3.14).

BMs ¼ eS ð3:14Þ

In the above equation, BMs is the magnetic flux density generated by the material
particle displacement. Thus, the electric current density in the specimen is
expressed in (3.15).

JMs ¼ r� BM ð3:15Þ

In the above equation, JMs is known as the magnetostrictive current density.
The equation of Lorentz current density caused by particle motion is expressed

in (2.22).
Thereby, the total current densities in the specimen are expressed in (3.16).

J ¼ JL þ JMs ð3:16Þ

Thus, the governing equation satisfied by the receiving coil and the specimen is
expressed in (3.17).
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� 1
l
r2Aþ r

@A
@t

� r
S
@

@t

ZZ
Xs

A ds ¼ J ð3:17Þ

After the calculations of magnetic vector potential in various regions, the
induced electromotive force of the receiving coil can be calculated. The induced
electric field within the coil conductor can be expressed by (3.18).

E ¼ � @A
@t

ð3:18Þ

The electromotive force of the conductor at a certain point in the coil can be
obtained by performing a line integral of the electric field intensity, so that we have
(3.19).

Vpout ¼
Z
l

� @A
@t

� dl ð3:19Þ

Then, the coil’s output voltage can be obtained by averaging the electromotive
forces of the point conductor included in the coil, as shown in (3.20).

Vout ¼
R
X VpoutdXR

X dX
ð3:20Þ

3.2.2 Calculations of Magnetostrictive Force
and Magnetostrictive Current Density
in the Two-Dimensional Cartesian
Coordinate System

A two-dimensional finite element method can be used to do the calculation for
EMAT. The rectangular coordinate system is used to establish the mathematical
model for the EMAT that is used in the flat specimen. In the two-dimensional
Cartesian coordinate system, only the x and y components of the magnetic field and
mechanical field are considered, the magnetic vector potential and eddy current
only having the z component. In order to achieve the coupling between different
fields, the calculated equations of magnetostriction force and magnetostrictive
current density should be derived.

To solve the electromagnetic field by the finite element method, the results are
magnetic vector potential Az. The magnetostriction force should be expressed by Az.

According to (3.13), the inverse piezomagnetic matrix is substituted into it and
the magnetostrictive force in the two-dimensional Cartesian coordinate system can
be expressed by (3.21).
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fMs ¼
fMsx

fMsy

fMsz

2
4

3
5 ¼ �
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@x 0 0 0 0 @

@y

0 @
@y 0 0 0 @

@x
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@x 0

2
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3
75

e11 e21 e31
e12 e22 e32
e13 e23 e33
e14 e24 e34
e15 e25 e35
e16 e26 e36

2
6666664

3
7777775

Hx

Hy

0

2
4

3
5 ð3:21Þ

In the above equation, Hx and Hy are the x and y components of the dynamic
magnetic field intensity, respectively.

The matrix can be expressed by (3.22).

fMs ¼
fMsx

fMsy

fMsz

2
4

3
5 ¼ �

e11 e21 e16 e26
e16 e26 e12 e22
e15 e25 e14 e24

2
4

3
5

@Hx
@x
@Hy

@x
@Hx
@y
@Hy

@y

2
66664

3
77775 ð3:22Þ

The dynamic magnetic field intensity H, magnetic induction intensity B, and Az

satisfy the relationship, as shown in (3.23).

Hx

Hy

� �
¼

1
lxx

0

0 1
lyy

" #
Bx

By

� �
¼

1
lxx

0

0 1
lyy

" #
@Az
@y

� @A
@x

" #
ð3:23Þ

Taking the derivative of the magnetic field intensity Hx and Hy, with respect to
x and y, respectively, we obtain (3.24).

@Hx
@x
@Hy

@x
@Hx
@y
@Hy

@y

2
66664

3
77775 ¼

1
lxx

0 0 0

0 � 1
lyy

0 0

0 0 1
lxx

0

0 0 0 � 1
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2
66664

3
77775

@2Az
@x@y
@2Az
@x2
@2Az
@y2

@2Az
@y@x

2
66664

3
77775 ð3:24Þ

And then, we have (3.25).

fMs ¼
fMsx

fMsy

fMsz

2
4

3
5 ¼ �

e11 e21 e16 e26
e16 e26 e12 e22
e15 e25 e14 e24

2
4

3
5

1
lxx

0 0 0

0 � 1
lyy

0 0
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lxx

0

0 0 0 � 1
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2
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@x2
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@2Az
@y@x

2
66664

3
77775
ð3:25Þ
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Under the two-dimensional Cartesian coordinate system, (3.15) is expanded.
Considering the relationship between dynamic magnetic field intensity H and
magnetic induction intensity B, we can obtain (3.26).

HMsx

HMsy

" #
¼

1
lxx

0

0 1
lyy

" #
e11 e12 e13 e14 e15 e16
e21 e22 e23 e24 e25 e26

� �
S1
S2
S3
S4
S5
S6

2
6666664

3
7777775

ð3:26Þ

In the above equation, S ¼

S1
S2
S3
S4
S5
S6

2
6666664

3
7777775
is the strain tensor matrix and HMx and HMy

are the magnetostrictive magnetic field intensity.
The relationship between strain and displacement satisfies the flowing geometric

equation, as shown in (3.27).
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w

2
4

3
5 ð3:27Þ

Substituting S into (3.26), and taking derivatives of it with respect to HMx and
HMy, we can get (3.28).
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According to (3.16), the magnetostrictive current density is expressed in (3.29).
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@
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@
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������
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@y

� �
ẑ ð3:29Þ

In the above equation, x̂, ŷ, and ẑ make up the direction vector.
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3.2.3 Calculation of the Magnetostrictive Force
and Magnetostrictive Current Density
in the Axisymmetric Coordinates

It is more appropriate to do the analysis in the cylindrical coordinate system for the
thickness measurement of ferromagnetic material and, for the excitation, propaga-
tion and receiving of the guided wave propagating along the axial direction of the
pipeline. Considering both the spiral coil and the pipeline with a circular cross
section have axisymmetric characteristics, the problem can be simplified as a
two-dimensional axisymmetric problem. Under the two-dimensional axisymmetric
coordinates, the azimuth of the vector magnetic potential Aθ is the only variable to
be considered.

According to the magnetostrictive property of the ferromagnetic material, the
stress caused by the magnetic field in the specimen can be expressed by (3.30).
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In the above equation, r ¼
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r4
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r6

2
6666664

3
7777775
is the stress tensor matrix and Hr and Hz are

the magnetic field intensity in the r and z direction, respectively.
According to (3.13), the magnetostrictive force under the two-dimensional

axisymmetric coordinates can be expressed using (3.31).
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According to the relationship between the magnetic field intensityH and magnetic
induction intensity B, we can obtain (3.32).
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In the above equation, μrr and μzz are the permeability of the r and z direction,
respectively.

The partial differential is calculated for the above equation with respect to
r and z.

@Hr
@r
@Hz
@r
@Hr
@z
@Hz
@z

2
6664

3
7775 ¼

0 0 � 1
lrr

1
lzz

0 0

0 � 1
lxx

0

0 0 1
lzz

2
6664

3
7775

@2Ah
@r2
@2Ah
@z2
@2Ah
@r@z

2
64

3
75 ð3:33Þ

Substituting (3.33) into (3.31), we obtain the magnetostrictive force represented
by Aθ, as shown in (3.34).
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In the two-dimensional axisymmetric coordinates, (3.14) is expanded and the
relationship between the dynamic magnetic field intensity H and the magnetic
induction intensity B is introduced to get (3.25).
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In the above equation, HMsr and HMsz are the magnetostrictive magnetic field
intensity in the r and z direction, respectively.

The relationship between strain and displacement satisfies (3.36).
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Substituting (3.36) into (3.35), and calculating the differential for the magnetic
field intensity, we can obtain (3.37) and (3.38).
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According to (3.16), the magnetostrictive current density in the two-dimensional
axisymmetric coordinates can be expressed by (3.39).
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ĥ ð3:39Þ

In the above equation, r̂, ĥ, and ẑ make up the direction vector.

3.2.4 Determination of the Piezomagnetic Coefficient

It can be seen from the expressions of magnetostrictive force and magnetostrictive
current that if we want to obtain the magnetostrictive force and magnetostrictive
current density by calculations, it is necessary to know the inverse piezomagnetic
matrix e. According to (3.9), if each strain caused by the external magnetic field is
already given in the specimen, each element in the inverse magnetostrictive matrix
can be obtained by taking derivatives with respect to the magnetic field intensity
components. But, in a real situation, it is very difficult to measure each strain
component caused by the external magnetic field in the specimen. Currently, it is
not necessary to know exactly each of the components of the inverse piezomagnetic
matrix for the simulation of EMAT based on the magnetostrictive mechanism.
According to the relationship of the numerical value and direction between the
static bias magnetic field and dynamic magnetic field, the component of the inverse
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piezomagnetic matrix in the calculation of EMAT can be obtained approximately.
This makes it possible to realize the simulated analysis of EMAT based on the
magnetostrictive mechanism.

SðMSÞ
i ¼ dðMSÞ

ki Hk ð3:40Þ

rðMSÞ
i ¼ �eðMSÞ

ki Hk ð3:41Þ

From the stress–strain relationship rðMSÞ
i ¼ �cHij S

ðMSÞ
j , we can obtain (3.42).

rðMSÞ
i ¼ �cHij d

ðMSÞ
ki Hk ¼ �eðMSÞ

ik Hk ð3:42Þ

Thus, the inverse piezomagnetic matrix can be calculated by the piezomagnetic
matrix, as shown in (3.43).

eðMSÞ
ik ¼ dðMSÞ

ki cHij ð3:43Þ

The calculation of the inverse magnetostrictive coefficient should be processed
according to the relationship between the direction of the bias magnetic field and
the dynamic magnetic field. Following analysis is conducted on the platelike
specimen in the rectangular coordinate system, as shown in Fig. 3.4. The inverse
magnetostrictive coefficient in the cylindrical coordinate system can be obtained by
the comparisons between r, θ, z and x, y, z.

If the static bias magnetic field is along the y direction, meaning the bias
magnetic field is perpendicular to the specimen’s surface, then there are two kinds
of EMAT: body wave EMAT and Lamb wave EMAT. The magnetostriction of the
ferromagnetic specimen is assumed to be in the state of free stress, the direction of
which is the same as that of the static bias magnetic field ε(H0y). Since the change of
magnetostriction is an isovolumetric deformation, the quantity of deformation that
is perpendicular to the direction of the static magnetic field is −ε(H0y)/2 (Fig. 3.5).

Strain generated by the static magnetic field in the specimen can be expressed by
(3.44), (3.45), and (3.46).

S02 ¼ eðH0yÞ ð3:44Þ

S01 ¼ S03 ¼ �eðH0yÞ=2 ð3:45Þ

S04 ¼ S05 ¼ S06 ¼ 0 ð3:46Þ

Fig. 3.4 The rectangular
coordinate system of the
platelike specimen
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In the two-dimensional coordinate system, the dynamic magnetic field only has
Hx and Hy components. Firstly, let us consider the effect of Hx; in this case, the
ferromagnetic material’s magnetostriction will be along the direction of the resul-
tant total magnetic field Ht of the static magnetic field and dynamic magnetic field.
The included angle of Ht and H0 is referred to by u. The value of u will change
with the dynamic magnetic field. The resultant magnetic field will cause the
expansion of the ferromagnetic material. S01; S

0
2 and S

0
3 are used to express the

principle strain corresponding to x0; y0; and z0 in the rectangular coordinate system.
The new coordinate system can be obtained by rotating the original coordinate
system anticlockwise θ degrees. The deformation caused by magnetostriction is
assumed to be isometric. Based on the knowledge of elastic mechanics, there is no
shear strain component, and the principle strain of S01; S

0
2 and S

0
3 is along the prin-

ciple direction x0; y0; and z0 as expressed by (3.47), (3.48), and (3.49).

S02 ¼ eMðHtÞ ð3:47Þ

S01 ¼ S02 ¼ � 1
2
eMðHtÞ ð3:48Þ

S04 ¼ S05 ¼ S06 ¼ 0 ð3:49Þ

According to the coordinate transformation equation of strain, we have (3.50)
and (3.51).

e0ij ¼ Qi0kQj0lekl ð3:50Þ

Fig. 3.5 The field direction
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Qi0k ¼ ei
!0 � ek!

0 ¼ Qki0 ð3:51Þ

The expressions for each strain under the original coordinal system are listed as
follows:

S1 ¼ S01 cos
2 uþ S02 sin

2 u ð3:52Þ

S2 ¼ S01 sin
2 uþ S02 cos

2 u ð3:53Þ

S3 ¼ S03 ð3:54Þ

S4 ¼ S5 ¼ 0 ð3:55Þ

S6 ¼ ðS02 � S01Þsinu ð3:56Þ

Thus, from (3.8), we can obtain each element of the piezomagnetic matrix, as
shown in the following equations, in which λ represents the slope of the magne-
tostrictive curve of the specimen.
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k sinu ð3:59Þ

dðMSÞ
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5x ¼ 0 ð3:60Þ
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k sin 2u sinu ð3:61Þ

dðMSÞ
5z ¼ dðMSÞ

6x ¼ 0 ð3:62Þ

In addition, for the effect of Hy, if the value of the dynamic magnetic field is
much less than that of the static magnetic field, the following equations can be
obtained approximately:
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S2 ¼ @S2
@Hy

� �
Hy ð3:63Þ

S1 ¼ S3 ¼ � 1
2

@S2
@Hy

� �
Hy ð3:64Þ

S4 ¼ S5 ¼ S6 ¼ 0 ð3:65Þ

Thus, the piezomagnetic coefficients in the y direction are provided in (3.66),
(3.67), and (3.68).
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2Y ¼ k ð3:67Þ
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5y ¼ dðMSÞ
6y ¼ 0 ð3:68Þ

In this way, the piezomagnetic matrix of this magnetic material can be expressed
by (3.69).
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When the static bias magnetic field is considerably larger than the dynamic
magnetic field u � 0, the piezomagnetic matrix can be simplified, as shown in
(3.70).

dðMSÞ
ik

h i
¼

0 0 0 0 0 3eM
H0

� k
2 k � k

2 0 0 0
0 0 0 3eM

H0
0 0

2
64

3
75
T

ð3:70Þ

If the strong bias magnetic field is applied on the isotropic ferromagnetic
material, the mechanical property and magnetic conductivity will have a transverse
isotropic property. For this reason, the magnetostriction of polycrystalline ferro-
magnetic materials is similar to the piezoelectric property of the 6/m hexagonal
piezoelectric material where the bias magnetic field is applied. If the direction of the
bias magnetic field is along x2, based on the symmetry of the crystal structure, the
stiffness matrix of the ferromagnetic material can be expressed by (3.71).
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Then, the inverse piezomagnetic matrix is shown in (3.72).
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If the static bias magnetic field is along the z direction, meaning the bias
magnetic field is parallel to the surface of the specimen, the corresponding EMAT is
the SH guided wave EMAT.

Considering the symmetric relationship of the coordinate system, if we exchange
the components of the z-axis and y-axis in the piezomagnetic matrix, the piezo-
magnetic matrix in this situation can be expressed by (3.73).
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If the direction of the bias magnetic field is along x3, the ferromagnetic material
shows an isotropic characteristic along x3. The stiffness matrix in this case is
expressed in (3.74).
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Then, the corresponding inverse piezomagnetic matrix can be expressed by (3.75).
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If the bias magnetic field is along the x direction and parallel to the surface of the
specimen, the corresponding EMAT is a Lamb wave or surface wave EMAT.

The inverse piezomagnetic matrix can be obtained by a similar principle to the
former two cases and can be expressed by (3.76).

eðMSÞ
ki ¼
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ð3:76Þ

3.2.5 Numerical Simulation of EMAT Based
on Magnetostrictive Mechanism

The weak form of the finite element software COMSOL Multiphysics is used to
achieve the multifield coupled numerical simulation of the EMAT based on the
magnetostrictive mechanism.

Firstly, the virtual displacement method is used to derive the weak form of (3.11)
and (3.14) in the two-dimensional Cartesian coordinate system. Through deriva-
tion, the coil’s pulsed eddy current field and the weak form of the equilibrium
equation of the specimen can be provided by (3.77).
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In the above equation, µ represents the magnetic permeability matrix.
In the axisymmetric coordinates, the weak form of the coil’s pulsed eddy current

field and the specimen’s equilibrium equation are provided by (3.79) and (3.80).
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Since the specimen satisfies the traction-free boundary condition, the internal
force boundary integral term in (3.78) and (3.80) is 0.

If the computational equations of the multifield coupling equation, magne-
tostrictive force and magnetostrictive current density of the EMAT based on the
magnetostrictive mechanism are given, the finite element software COMSOL
Multiphysics can be used to achieve the numerical simulation of the whole process
of the ultrasonic wave’s excitation, propagation and reception. In the process of the
numerical simulation, the magnetostrictive force and magnetostrictive current
density have been realized in the coupling of the electromagnetic field to the
mechanical field and of the mechanical field to the electromagnetic field,
respectively.

Using COMSOL Multiphysics, the calculated procedures of the numerical
simulation analysis of EMAT based on the magnetostrictive mechanism are listed
as follows:

(1) According to the magnetizing curve and magnetostrictive curve of ferro-
magnetic material, calculating the value of εM and λ of the ferromagnetic
material in the operating condition; determining the specimen’s permeability
of the different direction and the value of the stiffness matrix element; and then
obtaining the element’s value of each element.

(2) According to the concrete model of EMAT, the 2D rectangular coordinate
system or axisymmetric coordinate system is selected.

(3) The model of each field is selected as the weak form. Three models should be
chosen.

(4) Setting the geometric model of each component of EMAT. In the calculation
of the electromagnetic field, a solving region should be given; thus, a solving
region is determined outside the model.

(5) According to (3.77) and (3.80) and the boundary condition, respectively, the
solving area and boundary are set. Setting the coupling variables in the various
fields, the Lorentz force and magnetostrictive force are set as the driving forces
of the particle vibration in the specimen. The Lorentz current density and
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magnetostrictive current density are set as the source of current density in the
specimen when receiving the ultrasonic waves. Since the induced electro-
motive force inside the coil conductor should be calculated when the coil is
receiving the ultrasonic wave signal, the integral coupling variable should be
set to calculate the result of the induced electromotive force of each solution
step.

(6) Meshing the solving area. Two points should be noted to improve the accuracy
of the calculation: One is setting more than two elements within the skin depth
of the upper surface, and the other is guaranteeing that there are more than 7
elements within the wavelength of the excited ultrasonic wave in the
specimen.

(7) Obtaining the transient solution of the model. The step size, relative error, and
absolute error should be set in the solving process. Since the used pulse signal
is a high-frequency tone burst signal, a relative small time step size should be
set, so that the smoothness and steadiness of solutions can be guaranteed.
When solving the particle displacement in the specimen, the displacement’s
value is relatively small; the given absolute error also needs to be small
enough, so that the correctness of the solution can be guaranteed.

(8) Postprocessing of the result, including generation of surface plots of each field
and the transient waveform.

In order to verify the effectiveness and correctness of the equation derived
previously and the given analytical method, the results from the numerical simu-
lation examples and physical experimental method are used to verify the correctness
of the calculation results.

The example of the model is shown in Fig. 3.6; the Lamb wave is excitated and
received on a thin nickel strap by the meander coil. The coil is a single-layer
non-split meander coil, and the nickel strap is a pure nickel belt. The dimensions of
coil and nickel strap and the material parameters are listed in Tables 3.1 and 3.2,
respectively. The dispersion curves of the phase velocity and group velocity of the
Lamb waves in the nickel strap are shown in Fig. 3.7.

According to the dispersion curves of the nickel strap, the excited S0 Lamb wave
mode in the nickel strap is selected. In order to satisfy the matching relationship
between the meander coil’s interval and the wave length of the Lamb wave, the
selected exciting frequency is 783.3 kHz. Under this frequency, the phase velocity
and group velocity of the corresponding S0 mode Lamb wave are 5074 and
5067 m/s, respectively.

The pulse echo method is used in this work. The ultrasonic wave excited by the
coil in the nickel strap propagates along two directions. The ultrasonic waves, after
reflecting from the boundary, propagate to the coil to transform into the received
signal. Since the distances from the coil to both sides of the ends are the same, the
reflection signals from the two boundaries will arrive at the coil at the same time.

In the experiment, the RITEC RPR-4000 pulser and receiver were chosen for the
excitation source of the EMAT probe to generate a RF tone burst signal. The
amplitude and frequency of the signal can be adjusted according to requirements.
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Meanwhile, the RPR-4000 can be used to filter and amplify the received signal, and
the bandwidth of the filtering and magnification can also be adjusted. For the
RPR-4000 and the coil of EMAT, the matching between the coil impedance and
excitation source output impedance can be achieved using the impedance matching
device, so a larger power output can be realized. The receiving signal of the
RPR-4000 can be shown in the oscilloscope, and the data acquisition software

Table 3.1 The coil’s
dimension and material
parameters

Parameter name Value

Substrate thickness 0.500 mm

Copper wire width 1.625 mm

Copper wire thickness 0.05 mm

Fold spacing 6.50 mm

Copper wire electric conductivity 2.667 × 107 S/m

Fig. 3.6 The model of
calculation and experiment

Table 3.2 The dimension
and parameter of thin nickel
plate

Parameter name Value

Length 150 mm

Width 120 mm

Thickness 0.3 mm

Electric conductivity 1.43 × e7 S/m

Elastic modulus 206.9 GPa

Density 8880 kg/m3

Poisson’s ratio 0.31
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Wave Star is used with the oscilloscopes together to achieve the data acquisition.
The waveform is displayed on the PC. The adopted experimental equipment and its
connection are shown in Fig. 3.8.

In this example, the direction of the static bias magnetic field is perpendicular to
the surface of the nickel strap. The static bias magnetic field is provided by the
residual magnetism after the magnetization of the nickel belt, and the residual
magnetic flux density of the nickel strap is 0.335 T. The magnetizing curve and
magnetostrictive curve of pure nickel are taken from the references as shown in
Figs. 3.9 and 3.10. In order to express the numerical relationship among magne-
tostriction, magnetic induction intensity, and magnetic field intensity, the expo-
nential fitting method is used to do the fitting for the two groups of curves; the
specific fitting equations are shown in (3.81) and (3.82).

et ¼ �32:31e0:0005659H þ 33:33e�0:0898H ð3:81Þ

B ¼ 7:229e�0:0001943H � 4:465e�0:1129H ð3:82Þ

According the (3.82), if the magnetic induction intensity is 0.3325 T, which
corresponds to magnetic field intensity H0 = 2.1 kA/m, then after submitting the
value of magnetic field intensity into (3.81), the magnetostriction of the thin nickel
strap will be obtained, εM = −4.7467 ppm; the slope of the thin nickel strap’s

Fig. 3.7 Dispersion curves of
the nickel strap. a The phase
velocity dispersion curves of
the nickel strap. b The group
velocity dispersion curves of
the nickel strap
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Fig. 3.9 The
magnetostrictive curve of
pure nickel

Fig. 3.10 The magnetizing
curve of pure nickel

Fig. 3.8 Experimental setup
of the Lamb wave test by
EMAT
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magnetostrictive curve is λ = −2.5171 ppm. The nickel strap’s dynamic perme-
ability is 1.5833 × e−4 H/m (the relative permeability is 126). If the direction of the
dynamic magnetic field and the bias magnetic field is the same, only the amplitude
of the total magnetic field changes; thus, the nickel strap’s magnetic permeability
along the bias magnetic field direction is the differential permeability. According to
the magnetizing curve in the figure, when H0 = 2.1 kA/m, the nickel strap’s dif-
ferential permeability is 3.963 × e−4 H/m (the relative permeability is 315.4). The
elements of the nickel belt’s stiffness matrix are c11 = 3.906 × 1012 Pa,
c13 = 6.554 × 1011 Pa, c12 = 0, and c44 = 1.97 × 1011 Pa.

In this situation, the nickel belt acts under the combined effects of Lorentz force
and magnetostrictive force. The calculated equations of the Lorentz force and
magnetostrictive force are provided by (3.83).

fL ¼ �rB0
@Az

@t
ð3:83Þ

fMsx ¼ c44
1
lxx

3eM
H0

@2Az

@y2
� c13 � 1

2
ðc11 þ c12Þ

� �
k

1
lyy

@2Az

@x2
ð3:84Þ

When receiving the ultrasonic signal, the electric current density of the Lorentz
force and magnetostriction in the specimen are shown in (3.85) and (3.86).

JL ¼ B0r
@ux
@t

ð3:85Þ

JMs ¼ 1
lyy
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lxx

c44
3eM
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" #
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þ 1
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2
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2
c12

� �
k
@2ux
@x2

� 1
lxx

c44
3eM
H0

@2ux
@y2

ð3:86Þ

The frequency of the excited ultrasonic wave is 783.3 kHz, and the cycle number
of the generated signal is 3. Its waveform is shown in Fig. 3.11.

Fig. 3.11 The waveform of
the excitation current
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Entering the excitation current shown in Fig. 3.11 into the software COMSOL
Multiphysics, we can establish the model and calculate the value for EMAT
according to procedure 2–8. In the simulation, the element number within each
ultrasonic wavelength in the tested specimen is assumed to be 8 and the size of time
step is 2 ns. In order to present the calculated results conveniently, the observation
point P is selected in the specimen, whose distance from the left end of the spec-
imen is 60 mm and from the upper surface is 0.01 mm.

Figure 3.12 provides the equipotential line of the magnetic vector potential
generated by the excitation current inside the coil at 10 µs. It clearly shows that the
dynamic magnetic field is generated by the coil around and in the specimen; within
the specimen’s skin depth, the eddy current will generate Lorentz force under the
effects of the residual magnetism of the nickel belt. Under the effects of those two
forces, the vibrations of particle motion generate the ultrasonic waves in the
specimen. Figure 3.13 shows the distribution of the equipotential line of the vector
magnetic potential generated by Lorentz force current density and magnetostrictive
current density near the tested specimen. The pulsed magnetic field generated by the
electric current density of the Lorentz force and magnetostriction in the specimen
induces the voltage within the coil to realize the receiving of the signal.

From Figs. 3.14 and 3.15, the Lorentz force density and magnetostrictive force
density can be calculated by (3.83) and (3.84) at point P on the specimen. The
comparison of these two figures shows that the Lorentz force used to excite the
Lamb wave in the nickel strap specimen is much less than the magnetostriction
force. It can be used to explain why the magnetostrictive effect plays a key function
in the process of Lamb wave excitation.

From Figs. 3.16 and 3.17, the time-dependent waveforms of the x and y com-
ponents of the particle displacement at point P are given. From these two figures, it
is found that the x component is bigger than the y component, but the group
velocities of both components are the same. This shows that there is no existence of
other ultrasonic wave modes.

The pictures of the particle displacement of the x component at different times
are provided in Fig. 3.18. Figure 3.18 clearly shows the ultrasonic wave propa-
gation in the specimen with the change of time, its reflection from the end, and its
second reflection in the tested specimen, and so on. It can be found that the time
from the ultrasonic excitation to the reception of the reflected wave is approxi-
mately 25 µs.

Figure 3.19 shows the waveform of the signal received by the receiving probe.
Figure 3.20 shows the received signal using the same number of periods, frequency,
and current excitation as the experimental method shown in Fig. 3.8. In order to
make the comparison between them, these two waveforms were normalized and the
amplitude of the first waveform was used as the reference. Through the compar-
isons, it is found that there is not much difference in the waveforms corresponding
to the time between the two signals. In the two waveforms, the first wave packet is
the receiving signal when the coil is exciting and propagating the ultrasonic wave,
while the second, third, and fourth wave packets are the first, second, and third
reflections of the received signal from the end.
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The group velocity of the ultrasonic wave was calculated based on the propa-
gation distance and time. For the time difference between the second and third wave
packet’s peak value in Figs. 3.19 and 3.20, the propagation distance of the ultra-
sonic wave is 10 mm. The comparisons of the values of the theoretical velocity,
modeling velocity, and experimental velocity are provided in Table 3.3.

From Table 3.3, it can be seen that the velocities obtained by the modeling and
theoretical calculations are quite similar; there are certain errors among the velocities
obtained by the experiment, modeling, and simulation, but they are not that

Fig. 3.12 The equipotential line of the vector magnetic potential generated by the coil’s electricity
at the time of 10 µs

Fig. 3.13 The equipotential line of the vector magnetic potential generated by the specimen’s
electric current density at the time of 25 µs

Fig. 3.14 The density of the
Lorentz force at the point P

Fig. 3.15 The x component
of the magnetostrictive force
density at the point P
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Fig. 3.16 The time-dependent waveform of the x component of the particle displacement at
point P

Fig. 3.17 The time-dependent waveform of the y component of the particle displacement at
point P

(a) 0     sμ

(b) 5    sμ

(c) 10    sμ

(d) 15    sμ

(e) 20    sμ

(f) 25    sμ

Fig. 3.18 The picture of the particle displacement of the x component at different times
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significant. The reason for the errors could be the differences in the material param-
eters between the experimental nickel strap and theoretical calculation. Table 3.3 also
explains that both the simulation and experiment have obtained the S0 Lamb wave
mode at the designed frequency and velocity. There is general agreement among the
results of the experiment, modeling, and theoretical calculations, which verifies the
correctness and effectiveness of the presented modeling method of the whole energy
conversion process of EMAT based on the magnetostrictive mechanism.

3.3 Analytical Modeling and Calculation of SH Guided
Waves by EMAT [2]

For the nondestructive testing of ferromagnetic material by electromagnetic ultra-
sonic waves, the SH guided wave is an ideal choice, since there is no mode
conversion for SH wave propagation and reflection from the end, so it is very
convenient for the signal receiving and processing of the SH guided wave. The
particle displacement of the SH wave is distributed uniformly in different depths of
the ferromagnetic plate, which means that it will travel uniformly in the plate. The
reflection will happen at any position where the crack is located; thus, it can be used
to detect the crack at any position in the specimen. For the SH wave modes, since
the velocity of the SH0 wave mode does not change with the thickness of the plate,
it is suitable to be used widely to test plates with different thicknesses.

Fig. 3.19 The modeling of
the receiving signal

Fig. 3.20 The experimental
signal received by the coil

Table 3.3 The comparison of the wave velocities obtained by the three methods

The theoretical velocity (m/s) The modeling velocity (m/s) The experimental velocity (m/s)

5067 5038 5217
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The sketch and working principle of the SH guided wave EMAT is shown in
Fig. 3.21. The direction of the bias magnetic field and coil conductor are parallel to
each other, and the direction of the bias magnetic field is perpendicular to that of the
dynamic magnetic field. After coupling them and making the ferromagnetic spec-
imen generate periodic deformation, the ultrasonic wave can be excitated. In the SH
guided wave mode generated by EMAT, the direction of the bias magnetic field is
parallel to that of the eddy current generated by the coil in the specimen. There is no
effect of Lorentz force on the specimen, and the electromagnetic ultrasonic waves
will only be generated by the magnetostrictive mechanism (Fig. 3.22).

Fig. 3.21 The structure and working principle of the SH guided wave EMAT

Fig. 3.22 The model of the multilayer and multisplit coil
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If the multilayer and multisplit coil is placed on the specimen, considering this
situation, the model is similar to that of the meander coil, as described in Chap. 2.
The difference is that the tested specimen here is of ferromagnetic material. So, the
material magnetic permittivity is of inverse permeability, which means that the
ferromagnetic specimen µ0 can be replaced by the reversible permeability µrev.

The magnetic induction intensity in the specimen is expressed in (3.87).

BðcÞ ¼ l0I
2p2ðh2 � h1Þw
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In the above equation, x̂ and ŷ are the directional vector.
The impedance of the coil is listed in (3.88).

Z ¼ Zd þ Z0 þDZ ð3:88Þ

In the above equation, Zd is the DC impedance, Z0 is the impedance of free
space, and ΔZ represents the variation in impedance caused by the eddy current.

The expression of each impedance shown in Eq. (3.88) is expressed in the
following equations, where L is the total length of the meander coil and σc is the
electrical conductivity of the coil conductor.
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Zd ¼ L
rcðh2 � h1Þw ð3:91Þ

When the direction of the static bias magnetic field is parallel to that of the coil
conductor and the surface of the specimen, the SH guided wave can be excited and
received by EMAT. The excitation of the SH guided wave is determined by the
dynamic magnetic field component Hx and the shear strain S6 generated by the static
magnetic field H0z. This means that for the SH guided wave EMAT, the specimen
satisfies the flowing constitutive relations like elastic media, as shown in (3.92) and
(3.93).

S6 ¼ s66r66 þ d16Hx ð3:92Þ

Bx ¼ d16r6 þ lrevHx ð3:93Þ

In (3.92), the superposition of the dynamic magnetic field and the static bias
magnetic field results in the dynamic strain in the ferromagnetic specimen. The
dynamic strain is the source of the ultrasonic wave, while the inverse magne-
tostrictive effect given by (3.93) shows that the dynamic stress generates the
dynamic magnetic field in the specimen. The equation can be used for the reception
of the ultrasonic wave signal.

According to (3.75) and the constitutive relationship between magnetostriction
and inverse magnetostriction, the magnetostrictive strain SMs6 in the specimen is
expressed by (3.94).

SMs6 ¼ 3eM
H0

Hx ð3:94Þ

The corresponding shear strength is expressed in (3.95).

TMs6 ¼ �c44
3eM
H0

Hx ð3:95Þ

The value of the above two equations determines the magnitude of the generated
SH guided wave, so the magnitude of the SH guided wave is proportional to the
material piezomagnetic coefficient. The magnitude of the SH guided wave can be
quantified using the above two equations.

According to (3.87), substituting Hx into the above two equations, the expres-
sions of the frequency domain of magnetostrictive strain and magnetostrictive stress
can be obtained, as shown in (3.96) and (3.97).
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As shown in Fig. 3.6, the single-layer non-split meander coil and thin nickel
strap are used as the coil and specimen for the SH guided wave EMAT, the
direction of the static bias magnetic field being along the coil conductor.

In the simulation model, the meander coil is put on the thin nickel strap. The
liftoff value between the coil and the thin nickel strap is 1 mm, as shown in
Fig. 3.23.

In the analytical calculation, the calculation of SMs6 is used by the FFT-IFFT
method. The excitation frequency of the coil is 500 kHz, and the waveform of the
tone burst signal has number of periods of 3. Its waveform is shown in Fig. 3.24.

Fig. 3.24 The waveform of
the excitation current

Fig. 3.23 The meander coil
is placed on the nickel strap
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The result of SMs6/d16 at a depth of 0.0001 mm in the specimen is shown in
Fig. 3.25. The calculation is specific to the lower part of the first conductor at the
left side of the coil, and the analytical calculation and time-stepping finite element
method are used.

From the calculated results in Fig. 3.25, the results of the analytical calculation
are consistent with that of the finite element simulation; this verifies the correctness
of the calculation. In this work, we only calculated the value of SMs6/d16. Under the
specific bias voltage and excitation frequency, d16 is a constant, proportional to the
value of the shear strain SMs6.

From (3.94) and (3.95), the amplitude of the SH ultrasonic guided wave excited
by the SH guided wave EMAT relates to two key factors: one is the piezomagnetic
coefficient determined by the material stiffness matrix, magnetostrictive property,
and static bias magnetic field, and the other is the amplitude value of the dynamic
magnetic field generated by the coil.

3.4 Analytical Modeling and Calculation of an Axial
Guided Wave in a Pipe by EMAT

The axisymmetric guided waves generated by the magnetostrictive transducer are
an effective choice for defect detection in a ferromagnetic pipe. For the structure of
the L-mode EMAT, M.J. Sablik provided the method of analytical calculation. The
analytical modeling and calculation of T-mode EMAT will be discussed in this
section [3].

Figure 3.26 shows the picture of a cross section of a T-mode guided wave
EMAT. The idea of analytical modeling and calculation of the T-mode guided wave
EMAT is as follows: First, the coil’s excitation is assumed to be in a sinusoidal
steady state of excitation; second, calculating the expression of the frequency of
magnetic field and eddy current of the EMAT and then transforming the expression
of the frequency domain into that of the time domain by an inverse Fourier
transformation. The method of FFT-IFFT is used in this realization.

Fig. 3.25 The result of the
analytical and finite element
calculation
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When the axisymmetric guided wave is used for the inspection in the pipe, gen-
erally, the frequency of the excitated signal is less than 1 MHz for the satisfaction of
quasi-static approximation conditions. Since there is no free charge existing in the
solution domain, and the velocity effect of the particlemotion is neglected, theflowing
equation is satisfied containing the magnetic vector potential, as shown in (3.98).

r2A� jxlrA ¼ 0 ð3:98Þ

For the calculation of EMAT, the axisymmetric model is used. The magnetic
vector potential generated by the coil is symmetrical along the axial direction in the
pipe. There is only the azimuthal component, as shown in (3.99), in which ĥ is the
direction vector along the circumferential direction in the pipe.

A ¼ Aðr; zÞĥ ð3:99Þ

3.4.1 The Magnetic Vector Potential of the δ Coil

As shown in Fig. 3.27, the δ coil is considered first. In this situation, the solution
area is divided into 5 parts, that is, the fluid region 1 within the pipeline, the area of

Fig. 3.27 The model of the δ
coil

Fig. 3.26 The T-mode
guided wave EMAT
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pipeline’s wall 2, the area of nickel belt wall 3, and the area below the δ coil 4 and
above the δ coil 5.

Under the excitation of the δ coil, the magnetic vector potential satisfies (3.100),
where Aa(ω, r, z) is the magnetic vector potential; i(ω) is the density of the exci-
tation current; μa and σa are the medium’s magnetic permeability and electrical
conductivity, respectively, and the subscript a represents the area variable.

@2

@r2
þ 1

r
@

@r
þ @2

@z2
� 1
r2

� jxlara

� �
Aaðx; r; zÞ

¼ �laiðxÞdðr � r0Þdðz� z0Þ
ð3:100Þ

Considering the symmetry of the model, the general solution of (3.100) can be
expressed by the method of variable separation, as shown in (3.101).

Aaðx; r; zÞ ¼
Z1
0

½BaðaÞI1ðaa rÞþCaðaÞ1K1ðaa rÞ� cos aðz� z0Þ ð3:101Þ

In the above equation, I1 and K1 are the revised Bessel functions; αa can be
defined as follows:

aa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ jxlara

p
In the above equation, Ba(α) and Ca(α) can be determined based on the boundary

condition of the interface since there is no interface current existing at the coil’s
position. Thus, at the boundary position outside of the δ coil’s interface, we get the
relationship shown in (3.102) and (3.103), where a = 1, 2, 3.

Aaðx;Ra; zÞ ¼ Aaþ 1ðx;Ra; zÞ ð3:102Þ

@Aaðx;Ra; zÞ
@r

¼ @Aaþ 1ðx;Ra; zÞ
@r

ð3:103Þ

While at the interface of the δ coil, we get the relationship shown in (3.104).

@A4ðx;Rm; zÞ
@r

¼ @A5ðx;Rm; zÞ
@r

þ l0Idðz� z0Þ ð3:104Þ

In addition, when r = 0, A is a finite value and when r = ∞, A = 0.

C1ðaÞ ¼ 0

B5ðaÞ ¼ 0
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Substituting (3.101) into (3.102) and (3.104), and using Fourier theorem, we get
(3.105).

1
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2
4

3
5da ¼ f bð Þ ð3:105Þ

At the outside of the coil boundary, we can obtain (3.106).
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After the compilation of the above equation, we can get (3.107).
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In the above equation, we have the following relationship, as shown in (3.108).
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Thus, we get (3.109).
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While at the boundary of coil, we obtain (3.110).
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Solving (3.109) and (3.110), we can get (3.111), (3.112), and (3.113).

C4ðaÞ ¼ l0Ir0K1ða r0Þ
pQ

ð3:111Þ
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B4ðaÞ ¼ l0Ir0K1ða r0Þ
p

ð3:112Þ

C5ðaÞ ¼
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h i
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In the equations mentioned above, we have the following relationship:

QðaÞ ¼ d11
d12

From (3.107), we can obtain (3.114).

B3ðaÞ
C3ðaÞ
� �

¼ D�1
3

B4ðaÞ
C4ðaÞ
� �

¼ m11 m12

m21 m22

� �
Bða4Þ
Cða4Þ
� �

ð3:114Þ

The required magnetic vector potential can be expressed as the follows.
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3.4.2 Magnetic Vector Potential of the Coil
with the Rectangular Cross Section

When it comes to the magnetic vector potential of the coil with a rectangular cross
section composed of the n-turns coil, it can be expressed as the superposition of the
δ coil’s magnetic vector potential (Fig. 3.28).

An�turn ¼
Zr2
r1

Zl2
l1

Aðr; z; r0; z0Þdz0dr0 ð3:118Þ
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The electric current density of the coil with a rectangular cross section is
assumed to have a uniform distribution, as shown in (3.119).

J ¼ nI
ðl2 � l1ÞðR2 � R1Þ ð3:119Þ

In areas 4 and 6, we get (3.120) and (3.121).

A4n�turn ¼ l0J
p

Z1
0

1
a
sin aðz� l1Þ � sin aðz� l2Þ½ �S4ða; rÞda ð3:120Þ

A6n�turn ¼ l0J
p

Z1
0

1
a
sin aðz� l1Þ � sin aðz� l2Þ½ �S6ða; rÞda ð3:121Þ

In the above equations, we have the following relationship:

S4ða; rÞ ¼
Zr2
r1

1
QðaÞr0 QðaÞK1ðar0ÞK1ðarÞþK1ðar0ÞI1ðarÞ½ �dr0

S6ða; rÞ ¼
Zr2
r1

1
QðaÞr0 QðaÞI1ðar0ÞþK1ðarÞ½ �K1ðarÞdr0

The magnetic vector potential of the coil’s cross-sectional area can be obtained
from the above two equations, and substituting l2 = z into (3.121), substituting
l1 = z into (3.120), and adding the above two equations together, we can get (3.122).

Fig. 3.28 The coil with a
rectangular cross section
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A5n�turn ¼ l0J
p

Z1
0

1
a
sin aðz� l1ÞS6ða; rÞ � sin aðz� l2ÞS4ða; rÞ½ �da ð3:122Þ

In the conductor area 3, its vector magnetic potential is listed in (3.123), where
PðaÞ ¼ R r2r1 xK1ðaxÞdx.

A3n�turn ¼ 2l0nI
pðl2 � l1Þðr2 � r1Þ

Z1
0

1
QðaÞ QðaÞ½ m11f þm12�K1ða3rÞ

þ QðaÞ½ m21 þm22�I1ða3rÞgPðaÞa
sin

aðl2 � l1Þ
2

� �
cos aðz� z0Þda

ð3:123Þ

3.4.3 The Impedance, Eddy Current, and Magnetic
Induction Intensity of the Coil

For a single-turn coil, the induced voltage can be calculated by the flowing line
integral listed in (3.124).

U ¼ jx
I
coil

A � dr ¼ jx2pr0Aðr0; z0Þ ð3:124Þ

The induced voltage of the n-turns coil can be calculated by the superposition of
the single-turn coil’s induced voltage, as shown in (3.125).

U ¼ jx2pn
ðl2 � l1Þðr2 � r1Þ

Zl2
l1

Zl2
l1

rA5n�turnðr; zÞdrdz ð3:125Þ

With the turns of the coil assumed to be uniformly distributed, the coil’s
impedance is expressed in (3.126).

Z ¼ U
I
¼ 16jxl0n

2

ðl2 � l1Þ2ðr2 � r1Þ2
Z1
0

1
a2

sin2
aðl2 � l1Þ

2

� �

�
Zr2
r1

Zr2
r1

xyK1ðaxÞI1ðayÞdxdyþ 1
QðaÞ

Zr2
r1

xK1ðaxÞdx
0
@

1
A

22
4

3
5da

ð3:126Þ
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The eddy current within the conductor’s area 3 is expressed in (3.127).

Je ¼ �jxA3n�turn ¼ � 2jxl0nI
pðl2 � l1Þðr2 � r1Þ

Z1
0

1
QðaÞ QðaÞ½f m11 þm12�K1ða3rÞ

þ QðaÞm21 þm22½ �I1ða3rÞgPðaÞa
sin

aðl2 � l1Þ
2

� �
cos aðz� z0Þda

ð3:127Þ

The coil’s magnetic induction intensity within area 3 is expressed in (3.128).

B ¼ r� A3n�turn ð3:128Þ

Thus, we can obtain (3.129) and (3.130).

Br ¼ � 2l0nI
pðl2 � l1Þðr2 � r1Þ

Z1
0

1
QðaÞ QðaÞ½f m11 þm12�K1ða3rÞ

þ QðaÞm21 þm22½ �I1ða3rÞgPðaÞ sin aðl2 � l1Þ
2

� �
sin aðz� z0Þda

ð3:129Þ

Bz ¼ � 2l0nI
pðl2 � l1Þðr2 � r1Þ

(Z1
0

1
QðaÞr QðaÞ½f m11 þm12�K1ða3rÞ:

þ QðaÞm21 þm22½ �I1ða3rÞgþ ra3 QðaÞm11 þm12½ �K 0
1ða3rÞ

þ ra3 QðaÞm21 þm22½ �I 01ða3rÞ
)
PðaÞ
a

sin
aðl2 � l1Þ

2

� �
cos aðz� z0Þda

ð3:130Þ

3.4.4 One-Layer Conductor

If the pipe can be magnetized in its circumferential direction, the T-mode guided
wave will be generated in the pipe. So, only one-layer conductor in the pipe should
be considered for the calculated model, as shown in Fig. 3.29. This condition can be
taken as the special situation of the T-mode guided wave EMAT, which means that
the parameters of area 1 and 2 are set the same.

In this condition, the expressions of magnetic vector potential in all regions are
expressed in the following equations.
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A1n�turn ¼ l0I
p

Z1
0

1
R1R2a3D

Kðr2; r1ÞI1ða1rÞ sin aðz� l1Þ � sin aðz� l2Þ½ �da

ð3:131Þ

A2n�turn ¼ l0I
p

Z1
0

1
R2a3D

Kðr2; r1Þ a2I1ða1 R1ÞI0ða2 R1Þ½f

� a1I1ða2 R1ÞI0ða1R1Þ�K1ða2rÞþ a2K0ða2 R1ÞI1ða1 R1Þ½
þ a1K1ða2 R1ÞI0ða1R1Þ�I1ða2rÞg sin aðz� l1Þ � sin aðz� l2Þ½ �da

ð3:132Þ

Fig. 3.29 The structure of EMAT for the excitation of the T-mode guided wave in the pipe. a The
cross-sectional drawing. b The expanded view
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A3n�turn ¼ l0I
p

Z1
0

1
a3

Kðr2; r1Þ I1ðarÞ � K1ða2 R2Þ
R2DK1ðR1R2Þ
��

a1I1ða2 R1ÞI0ða1 R1Þ½

� a2I1ða1 R1ÞI0ða2R1Þ� � I1ða2R2Þ
R2DI1ðR1R2Þ a2K0ða2 R1ÞI1ða1 R1Þ½

þ a1K1ða2 R1ÞI0ða1R1Þ� þ I1ðR1R2Þ
K1ðR1R2Þ

�
K1ðarÞg sin aðz� l1Þ � sin aðz� l2Þ½ �da

ð3:133Þ

A5n�turn ¼ l0I
p

Z1
0

1
a3

Kðr2; r1ÞK1ðarÞ
�

K1ða2R2Þ a2I1ða1R1ÞI0ða2R1Þ � a1I1ða2R1ÞI0ða1R1Þ½ �
K1ðR1R2ÞR2D

�

þ I1ða2R2Þ a2K0ða2R1ÞI1ða1R1Þþ a1K1ða2R1ÞI0ða1R1Þ½ �
K1ðR1R2ÞR2D

� I1ðR1R2Þ
K1ðR1R2Þ

�
þ 1

a3
Iðr2; r1ÞK1ðarÞ

�
sin aðz� l1Þ � sin aðz� l2Þ½ �da

ð3:134Þ

The expression of the magnetic vector potential in the cross-sectional area of the
coil is listed in (3.135).

A4n�turn ¼ l0I
p

Z1
0

1
a3

�
Kðr; r1Þ½ I1ðarÞ:þ Iðr2; rÞK1ðarÞ�

þK1ðarÞ Kðr; r1ÞþKðr2; rÞ½ �
K1ða2R2Þ a2I1ða1R1ÞI0ða2R1Þ � a1I1ða2R1ÞI0ða1R1Þ½ �

K1ðR1R2ÞR2D

�

þ I1ða2R2Þ a2K0ða2R1ÞI1ða1R1Þþ a1K1ða2R1ÞI0ða1R1Þ½ �
K1ðR1R2ÞR2D

� I1ðR1R2Þ
K1ðR1R2Þ

��
sin aðz� l1Þ � sin aðz� l2Þ½ �da

ð3:135Þ
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In the above equation, there are some relationships as follows:

D ¼ a2K0ða2R2ÞK1ðaR2Þ � aK0ðaR2ÞK1ða2R2Þ½ �
a1I1ða2R1ÞI0ða1R1Þ � a2I1ða1R1ÞI0ða2R1Þ½ �
þ a2K0ða2R1ÞI1ða1R1Þþ a1K1ða2R1ÞI0ða1R1Þ½ �
aI1ða2R2ÞK0ðaR2Þþ a2I0ða2R2ÞK1ðaR2Þ½ �

Iðr2; r1Þ ¼
Zar2
ar1

xI1ðxÞdx

Kðr2; r1Þ ¼
Zar2
ar1

xK1ðxÞdx

The number of the coil’s turn is assumed to have a uniform distribution. The
expression of the coil’s impedance is expressed in (3.136).

Z ¼ 4jxl0n
2

ðl2 � l1Þ2ðr2 � r1Þ2
Z1
0

1
a4

MþN
K1ða2R2Þ a2I1ða1R1ÞI0ða2R1Þ � a1I1ða2R1ÞI0ða1R1Þ½ �

K1ðR1R2ÞR2D

��

þ I1ða2R2Þ a2K0ða2R1ÞI1ða1R1Þþ a1K1ða2R1ÞI0ða1R1Þ½ �
K1ðR1R2ÞR2D

� I1ðR1R2Þ
K1ðR1R2Þ

��
1� cos aðl1 � l2Þ½ �da

ð3:136Þ

In the above equation, we have the following relationship.

M ¼
Zr2
r1

r Kðr; r1ÞI1ðarÞþ Iðr2; rÞK1ðarÞ½ �dr

N ¼
Zr2
r1

rK1ðarÞ Kðr; r1ÞþKðr2; rÞ½ �dr

The magnetic induction intensity within the wall of the pipe is listed in (3.137).

B ¼ r� A2n�turn ð3:137Þ
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Substituting (3.132) into the above equation, the expressions of the frequency
domain of the magnetic induction intensity within the wall of the pipeline are listed
in (3.138) and (3.139).

Br ¼ l0I
p

Z1
0

1
R2a2D

Kðr2; r1Þ a2I1ða1R1ÞI0ða2R1Þ½f

� a1I1ða2R1ÞI0ða1R1Þ�K1ða2rÞþ a2K0ða2R1ÞI1ða1R1Þ½
þ a1K1ða2R1ÞI0ða1R1Þ�I1ða2rÞg cos aðz� l1Þ � cos aðz� l2Þ½ �da

ð3:138Þ

Bz ¼ l0I
p

Z1
0

1
R2a3D

Kðr2; r1Þf½a22I1ða1R1ÞI0ða2R1Þ

� a1a2I1ða2R1ÞI0ða1R1Þ�K0ða2rÞþ ½a22K0ða2R1ÞI1ða1R1Þ
þ a1a2K1ða2R1ÞI0ða1R1Þ�I0ða2rÞg½sin aðz� l1Þ � sin aðz� l2Þ�da

ð3:139Þ

3.4.5 Magnetic Elasticity of the Axial Guided
Wave EMAT in Pipe

For the T-mode axial guided wave EMAT in the pipe, the directions of the bias
magnetic field and coil are the same, which means both of them are along the
circumferential direction of the pipe. So, the piezomagnetic matrix and inverse
piezomagnetic matrix of the specimen are expressed in (3.75) and (3.77). The
T-mode guided wave is generated by the static magnetic field H0θ and shear strain
S5, caused by the horizontal dynamic magnetic field Hz. So, the magnetoelastic
elasticity relationship for the T-mode guided wave EMAT can be expressed by
(3.140) and (3.141).

S5¼s55r5 þ d15Hz ð3:140Þ

Bz ¼ d15r5 þ lrevHz ð3:141Þ

In (3.140), the superposition of the dynamic magnetic field and static bias
magnetic field will cause dynamic strain in the specimen as the source of the
ultrasonic waves. But the inverse magnetostrictive effect given by (3.141) gives the
dynamic magnetic field generated by the dynamic stress in the specimen. The
equation can be used for the reception of the ultrasonic signal.

According to the constitutive relation between magnetostriction and inverse
magnetostriction, the magnetostrictive shear stress SMs5 in the specimen is
expressed in (3.142).
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SMs5 ¼ 3eM
H0

Hz ð3:142Þ

The corresponding inverse magnetostrictive shear stress is expressed in (3.143).

TMs5 ¼ � 3eM
H0

Hz ð3:143Þ

According to (3.142) and (3.143), we can analyze the characteristics of the
T-mode guided waves.

3.4.6 Calculation of the Pulsed Magnetic Field
of the T-Mode Guided Wave

From (3.142) and (3.143), for the T-mode guided wave EMAT, the value of strain
in the specimen is determined by the piezomagnetic coefficient of the specimen
itself and the magnetic field intensity in the specimen. In other words, the amplitude
of the excited ultrasonic waves can be determined by those parameters. If the bias
magnetic field and excitation current are given, the value of the piezomagnetic
coefficient d15 can be determined through (3.75). The calculation of the magnetic
induction intensity in the specimen can be done by (3.129) and (3.130).

The magnetic induction intensity in the specimen is calculated to verify the
correctness of the given analytical expression in this section. If the pulsed excitation
of the coil is given, the calculation of the pulsed magnetic force can be conducted
by FFT-IFFT (referring to Chap. 2). The infinite integral shown in (3.129) and
(3.130) can be calculated by the self-adaptive numerical integral method.
The TEFEM method is used to do the calculation for the same model, and a
comparison is made between the calculated results to verify the effectiveness of the
derived computational equation.

The T-mode axial guided wave EMAT in the pipe consists of enameled wire and
a premagnetized thin nickel belt. The calculation model of the coil and nickel belt is
shown in Fig. 3.28, while the dimensions of the coil and thin nickel belt are given in
Tables 3.4 and 3.5.

For the T-mode axial guided wave in the pipe, we make a premagnetization of
the nickel strap along the circumferential direction of the pipe. The residual

Table 3.4 The coil’s
dimension and parameters

Parameter name Value

Height 5 mm

Width 6.7 mm

Number of turns 40

Electrical conductivity 5.7 × e7 S/m
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magnetic flux density of the nickel strap itself is used to provide the static bias
magnetic field for the electromagnetic ultrasonic transducer. The reversible per-
meability when the nickel strap is generating the ultrasonic guided waves under the
effect of residual magnetism is assumed to be 1.5833 × e−4 H/m.

The calculated waveform of the tone burst current excitation signal whose fre-
quency is 200 kHz with 4 cycles is shown in Fig. 3.30.

The waveforms of the magnetic induction intensity components r and z at a
depth of 0.01 mm inside the nickel strap, just below the coil, are shown in
Figs. 3.31 and 3.32, by the analytic method and time-stepping finite element

Fig. 3.30 The waveform of
the excitation current

Table 3.5 The dimension
and parameters of the thin
nickel plate

Parameter name Value

Length 300 mm

Width 55 mm

Thickness 0.3 mm

Electrical conductivity 1.43 × e7 S/m

Elasticity modulus 206.9 GPa

Poisson’s ratio 0.31

Fig. 3.31 The r component
of the magnetic induction
intensity
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method, respectively. From the comparisons of these waveforms, there is no sig-
nificant difference between the calculated results of the analytical calculation and
the time-stepping finite element analysis, which is also a verification of the accuracy
and effectiveness of the analytical equation and modeling method given in this
book.

References

1. Hao, K.S., Huang, S.L., Zhao, W., et al.: Multi-belts coil longitudinal guided wave
magnetostrictive transducer for ferromagnetic pipes testing. Sci China Technol Sci 54(2),
502–508 (2011)

2. Hao, K.S.: Analysis and optimal design of electromagnetic ultrasonic transducers. Tsinghua
University, Beijing (2008). (In Chinese)

3. Hao, K.S., Huang, S.L., Zhao, W., et al.: A new frequency-tuned longitudinal wave transducer
for nondestructive inspection of pipes based on magnetostrictive effect. In: 2010 IEEE Sensors
Applications Symposium Proceedings, pp. 64–68 (2010)

Fig. 3.32 The z component
of the magnetic induction
intensity

3.4 Analytical Modeling and Calculation of an Axial Guided Wave … 151



Chapter 4
The Propagation Characteristics
of Ultrasonic Guided Waves in Plate
and Pipe

For the use of ultrasonic guided waves generated by an electromagnetic acoustic
transducer for crack inspection in a natural gas pipeline, the guided wave will
propagate along the circumferential direction in the pipe. The discussions of dis-
persion are the basis and fundamentals for the study and application of guided wave
theory. For instance, the design of the parameters of transducers and the excitation
and verification of the selected mode of guided wave are highly dependent on the
dispersion curves. The dispersion of the circumferential guided wave is the main
content of this chapter. The circumferential guided wave in the pipe is the ultrasonic
guided wave that is used in the detection of cracks in the pipe; however, the
investigations of guided waves in plates are also provided as the theoretical basis of
this book. In some references, the theoretical analysis and experimental results that
are obtained from the plate-like specimen are used approximately in the circum-
ferential direction of the pipe without any verification. It is not reasonable for this
approximate application. In this chapter, this issue will be further discussed based
on the frequency-dispersive characteristics of circumferential guided waves in the
plate and in the pipe. If there is an approximate relationship between the guided
waves in plates and circumferential guided waves in pipes, thus the investigations
of guided waves in plates can be used for circumferential guided waves in pipes.
So, the approximation could make the study of circumferential guided waves in
pipes easier and more convenient.

4.1 Dispersion and Wave Structures of the Lamb Waves
in the Plate

Compared with the ultrasonic bulk waves in infinite elastic media, ultrasonic guided
waves are much more complex. In this work, the explanation of the Lamb wave
generated in the plate is given first. As shown in Fig. 4.1, the longitudinal wave is
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incident obliquely by the piezoelectric transducer in the plate, in accordance with
the refractional law of the longitudinal wave (L wave). The wave undergoes mode
conversion, reflection and refraction, including a vertical shear wave (SV wave) and
an L wave at the interfaces. The reflection of the SV wave on the interface of the
plate will generate an SV wave and an L wave, and we can get the same results from
the reflection of the L wave on the interface of the plate. After a certain propagation
distance away from the transducer, the SV wave and L wave will no longer be
individually identifiable but will have been superimposed into a wave packet,
constructing the Lamb waves propagating steadily in the plate.

Generally, guided wave propagation is associated with dispersion, which means
that the propagating velocity of the guided wave is not only dependent on the
material properties but also the geometrical shape of the waveguide. The velocity of
the guided wave is the function of frequency, while there are curves of multimodes
for the guided wave propagation. The relationship between propagating velocity
and frequency of the steady-state guided wave is recorded as phase velocity dis-
persion curves, while the group velocity dispersion curves are used to describe the
propagation of a burst or wave packet. Since in practical guided wave testing, a
burst with a limited length is generally used as the incident signal, the actual
propagation velocity of the guided wave signal is the group velocity.

4.1.1 The Dispersion Characteristics of the Lamb Waves
in the Plate

As shown in Fig. 4.2, the partial displacements of the Lamb waves in the plate can
be decomposed into two displacement components u and v, which are located in the
cross section of the plate. In fact, the problem of the Lamb waves in the plate is a
plane-strain problem.

Fig. 4.1 The oblique incidence for the generation principle of the Lamb waves in plate
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The procedures to obtain the dispersion characteristics of the Lamb wave in the
plate by the decomposition method of displacement potentials are as follows:

1. Deriving the Navier governing equation of motion; the displacement vector is
decomposed by Helmholtz decomposition, expressed as u ¼ ruþr� w;
where the scalar u and vector w are the displacement potential function.

2. According to the strain–displacement and strain–stress relationships in the
elasticity, the stress can be expressed by the potential function u and w where
some unknown coefficients are included.

3. As a result of the assumption of free plate and plane strain, the traction-free
boundary condition can be obtained, thereby providing the expressions of zero
surface stress. As matter of fact, this expression is a system of linear homoge-
neous equations with some unknown coefficients for the stress equations.

4. In order to get nonzero solutions, the determinant of the coefficient matrix of the
system of homogeneous equations should be zero; thereby, the frequency dis-
persion equations can be obtained. The relationship between the velocity and
frequency is obtained from the solutions of the equations, and the dispersion
curves of the phase velocity can be obtained by drawing the relationships.

The phase velocity dispersion curves of the Lamb waves propagating in the steel
plate with 1 mm thickness is shown in Fig. 4.3a, where Sn represents the symmetric
mode, An represents the antisymmetric mode, and n = 0, 1, 2….

As discussed above, the phase velocity dispersion curves correspond to the situ-
ation of the guided waves in steady excitation. But in the real test, the burst signal of a
limited length of time is used as the excitation, its propagation velocity being called
the group velocity. The group velocity can be obtained from the phase velocity. The
dispersion curves of the group velocity dispersion curves corresponding to the phase
velocity dispersion curves shown in Fig. 4.3a are given in Fig. 4.3b.

4.1.2 The Wave Structures of the Lamb Waves in the Plate

The wave structure of the Lamb waves in the plate will be discussed in the
following section. The wave structures of the Lamb waves are the variations of
displacement and stress across the thickness of the plate.

Fig. 4.2 The geometry and partial displacement of the Lamb waves in the free plate
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For symmetric modes, it can be expressed as follows:

u
A2

¼ ik cosðpyÞþ q B1
A2
cosðqyÞ

v
A2

¼ �p sinðpyÞ � ik B1
A2
sinðqyÞ

sxy
lA2

¼ �2ikp sinðpyÞþ ðk2 � q2Þ B1
A2
sinðqyÞ

ry
lA2

¼ � k
l ðk2 þ p2Þ � 2p2

h i
cosðpyÞ � 2ikq B1

A2
cosðqyÞ

8>>>><
>>>>:

In the above equation, k is the wave number; p and q are defined as follows:
p2 ¼ w2=c2l � k2 and q2 ¼ w2=c2t � k2; respectively; λ and µ are the Lame constants.
Then, we have the following equation, where h is the half thickness of the plate:

B1

A2
¼ 2ikp sinðphÞ

ðk2 � q2Þ sinðqhÞ

We can obtain the following equation:

k
l
¼ CL

CT

� �2

�2

The expressions of displacement and stress for antisymmetric modes are given as
follows:

u
A1

¼ ik sinðpyÞ � q B2
A1
sinðqyÞ

v
A1

¼ p cosðpyÞ � ik B2
A1
cosðqyÞ

sxy
lA1

¼ 2ikp cosðpyÞþ ðk2 � q2Þ B2
A1
cosðqyÞ

ry
lA1

¼ � k
l ðk2 þ p2Þ � 2p2

h i
sinðpyÞþ 2ikq B2

A1
sinðqyÞ

8>>>><
>>>>:

Fig. 4.3 The frequency dispersion curves of the Lamb waves in the 1-mm-thick steel plate.
a Phase velocity dispersion curves. b Group velocity dispersion curves
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In the above equation

B2

A1
¼ � 2ikp cosðphÞ

ðk2 � q2Þ cosðqhÞ

Taking the maximum value of the displacement and stress distribution in two
directions as the reference and the normalization, respectively, the curves of both
the displacement and the stress wave structures for the S0 and A0 Lamb wave modes
are shown in Figs. 4.4 and 4.5, where the examined frequency-thickness products
are 600, 1800, 3000, and 4200 Hz × m, respectively.

The wave structure of the guided wave mode has some effect on the guided wave
inspection; for example, by avoiding energy leakage from the water loading or
insulation, improved sensitivity can be obtained as a result of controlling the
off-plane displacement v to make it as small as possible. Paradoxically, there should
be a certain magnitude of off-plane displacement v on the plate surface when the

Fig. 4.4 S0 mode wave structure. a The displacement wave structure. b The stress wave structure

Fig. 4.5 A0 mode wave structure. a The displacement wave structure. b The stress wave structure
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piezoelectric transducers are used to generate and receive the Lamb waves, other-
wise the energy conversion cannot happen properly. Each point on the dispersion
curves can be used for testing. It will be helpful for the selection of the suitable
wave mode, as well as the frequency thickness product fd, to draw the distribution
of the normalized surface displacement of each point. A simple way is as follows:
The normalized value of the surface displacements of the selected mode with
certain fd is expressed using the 3D diagram curves, where the x-coordinate cor-
responds to fd, the y-coordinate corresponds to Cp, and the z-coordinate corresponds
to the normalized surface displacement component. Based on the solutions of the
dispersion curve and the wave structures, the results of the symmetric modes are
given in Fig. 4.6, where Fig. 4.6a represents the normalized distribution of the
in-plane displacement value uN and Fig. 4.6b represents the normalized distribution
of the out-of-plane displacement value vN. Figure 4.7 represents the result of the
antisymmetric modes.

Fig. 4.6 The distributions of the normalized surface displacement of the symmetric modes.
a Displacement u. b Displacement v

Fig. 4.7 The distributions of the normalized surface displacement of the antisymmetric modes
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4.2 The Characteristics of Dispersion and Wave
Structures of SH Guided Waves in the Plate

SH guided waves in the plate only have the displacements that are parallel to the
surface of the planar waveguide; therefore, many aspects of SH guided wave prop-
agation are quite valuable for the applications. As discussed in the last section, Lamb
waves in the plate can be taken as the sufficient superpositions of the longitudinal
wave and SV wave, while SH guided waves in the plate can also be considered as the
superposition of up- and down-reflecting bulk shear waves in the plate.

4.2.1 Dispersion of SH Guided Waves in the Plate

As shown in Fig. 4.8, the SH guided waves in the plate only have the displacement
w that is perpendicular to the cross section of the plate. SH guided waves in the
plate can be considered as an antiplane problem.

The vibration of SH guided waves in the plate is relatively simple, so it is not
necessary to use decomposition of displacement potential functions to solve the
dispersion equations. There are analytical solutions of the dispersion equation for
SH guided waves; thus, it is not necessary to obtain the numerical solutions.
Furthermore, we can also obtain the analytical expression of the group velocity. The
dispersion curves of SH guided waves in a steel plate with 1 mm thickness are
shown in Fig. 4.9. Material parameters of the specimen are provided in Table 4.1. It
can be seen from Fig. 4.9 that there is no dispersion phenomenon for the SH0 mode,
which means that both the phase velocity and the group velocity have no relation to
the frequency. The SH0 guided wave mode is more frequently selected for the
special feature to detect defects.

4.2.2 Wave Structure of SH Guided Waves in the Plate

Similar to Lamb waves, we can also provide the wave structure of displacement and
stress for the SH guided wave, as shown in Fig. 4.10. In Fig. 4.10, wS represents the

Fig. 4.8 The geometry and
displacement component of
SH guided waves in the free
plate
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z axis displacement of the symmetric mode and wA represents the z axis dis-
placement of the antisymmetric mode. The superscript of the stress has the same
meaning. The wave structure of the SH guided wave in the plate has no relation to
the frequency, which is another significantly different feature compared to the Lamb
waves in the plate.

Table 4.1 The parameters used in the calculation of dispersion curves

Parameter Parameter value

Density (kg/m3) 7800

The velocity of transverse wave CT (m/s) 3200

The velocity of longitudinal wave CL (m/s) 5940

Fig. 4.9 The dispersion curves of SH guided waves in the plate. a Phase velocity dispersion
curves. b Group velocity dispersion curves

Fig. 4.10 The wave structure of SH guided waves in the plate. a The displacement wave structure.
b The stress wave structure
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4.3 Dispersion and Wave Structure of Circumferential
Lamb Waves in Pipe [1]

4.3.1 Dispersion Equations and Their Solution
of Circumferential Lamb Waves in Pipe

Similar to the Lamb waves in the plate, the ultrasonic guided wave can propagate
along the circumferential direction in the pipe, and this is called the circumferential
Lamb waves in the pipe. The definition of the coordinates in the pipeline’s circum-
ferential direction is shown in Fig. 4.11, as well as the direction of the particle
displacement components of the circumferential Lambwaves propagating in the pipe.

Comparing the circumferential guided wave in the pipe shown in Fig. 4.11 with
the guided wave in the plate shown in Fig. 4.2, the r-direction of the pipeline is
equivalent to the y-direction of the plate, and the θ-direction of the pipeline is
equivalent to the x-direction of the plate. In the case of the Lamb waves in the
elastic plate, the particle displacement component u in the x-direction and v in the
y-direction are not zero. Correspondingly, in the case of the circumferential Lamb
waves in the pipe, uθ and ur are not zero, while the displacement in the z-direction is
zero. The physical quantities uθ and ur are both functions of the coordinates r and θ,
as shown in the following equation.

uh ¼ uhðr; hÞ; ur ¼ urðr; hÞ; uz ¼ 0

Accordingly, the potential functions in the cylindrical coordinate can be
expanded as follows:

ur ¼ @u
@r

þ 1
r
@wZ

@h
; uh ¼ 1

r
@u
@h

� @wZ

@r
; uz ¼ 0

Fig. 4.11 The coordinates
and particle displacement
component of the
circumferential Lamb waves
in the pipe
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Ignoring the subscript z in wZ ; we can get (4.1).

ur ¼ @u
@r

þ 1
r
@w
@h

; uh ¼ 1
r
@u
@h

� @w
@r

ð4:1Þ

Similar with that in the rectangular coordinate system, the wave equations are
listed in (4.2).

r2u ¼ 1
C2
L

@2u
@t2

; r2wZ ¼ 1
C2
T

@2wZ

@t2
ð4:2Þ

In the cylindrical coordinate, we have the following equation:

r2u ¼ 1
r
@

@r
r
@u
@r

� �
þ 1

r2
@2u

@h2
þ @2u

@z2

For the time-harmonic waves, we have the following conclusion:

@2u
@t2

¼ �x2u;
@2wZ

@t2
¼ �x2wZ

Ignoring the subscript z in wz; the wave equations (4.2) can be written as in (4.3).

1
r
@u
@r þ @2u

@r2 þ 1
r2

@2u
@h2

¼ 1
C2
L
�x2uð Þ

1
r
@w
@r þ @2w

@r2 þ 1
r2

@2w
@h2

¼ 1
C2
T
�x2wð Þ

8<
: ð4:3Þ

The solutions of the potential functions are assumed as shown in (4.4).

u ¼ U rð Þei kaþ b
2 h�xtð Þ

w ¼ W rð Þei kaþ b
2 h�xtð Þ

(
ð4:4Þ

It is found that the potential functions have a distribution in the cross section of
the wall thickness. The angular frequency of the guided wave propagation along the
circumferential direction is ω. Since particle displacements of the guided waves are
distributed everywhere in the cross section of the wall thickness, the center of the
wall thickness should be taken as the reference to describe its propagation arc
length to average the effect. The arc length of the circumferential guided wave
propagation is shown in Fig. 4.12. In the following calculations of the circumfer-
ential Lamb waves, the ðaþ bÞh=2 in (4.4) is taken as the arc length in the prop-
agation direction. The rationality of the averaging effect will be further illustrated in
the following part through the dispersion curves.
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Substituting (4.4) into wave equations (4.3), we have the following equation:

U00ðrÞþ 1
r U

0ðrÞþ x
CL

� �2
� kaþ b

2
r

� �2
� �

UðrÞ ¼ 0

W00ðrÞþ 1
r W

0ðrÞþ x
CT

� �2
� kaþ b

2
r

� �2
� �

WðrÞ ¼ 0

8>><
>>:

The solutions of the equations contain Bessel functions.

UðrÞ ¼ A1JM xr
CL

� �
þA2YM xr

CL

� �
WðrÞ ¼ B1JM xr

CT

� �
þB2YM xr

CT

� �
8<
:

In the above equations, J is the first-order Bessel function, Y is the second-order
Bessel function, and M ¼ kðaþ bÞ=2 is the order of the Bessel function.

According to the recursion equation of the Bessel function, we obtain the fol-
lowing equation:

d JM xr
CL

� �� �
dr

¼ x
CL

J 0M
xr
CL

� �
¼ x

2CL
JM�1

xr
CL

� �
� JMþ 1

xr
CL

� �� �

d2 JM xr
CL

� �� �
dr2

¼ x2

4C2
L

JM�2
xr
CL

� �
� 2JM

xr
CL

� �
þ JMþ 2

xr
CL

� �� �

Fig. 4.12 The arc length of
the circumferential guided
wave propagation
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So, we get (4.5).

UðrÞ ¼ JMA1 þ YMA2

UðrÞ ¼ x
2CL

JM�1 � JMþ 1ð ÞA1 þ x
2CL

YM�1 � YMþ 1ð ÞA2

U00ðrÞ ¼ x
2CL

� �2
JM�2 � 2JM þ JMþ 2ð ÞA1 þ x

2CL

� �2
YM�2 � 2YM þ YMþ 2ð ÞA2

WðrÞ ¼ JMB1 þ YMB2

W0ðrÞ ¼ x
2CT

JM�1 � JMþ 1ð ÞB1 þ x
2CT

YM�1 � YMþ 1ð ÞB2

W00ðrÞ ¼ x
2CT

� �2
JM�2 � 2JM þ JMþ 2ð ÞB1 þ x

2CT

� �2
YM�2 � 2YM þ YMþ 2ð ÞB2

8>>>>>>>>><
>>>>>>>>>:

ð4:5Þ

In (4.5), ωr/CL is ignored in the Bessel function of the first three equations, while
ωr/CT is ignored in the Bessel function for the last three equations.

According to the assumption of plane strain, we have the following equation:

rr ¼ k @ur
@r þ ur

r þ 1
r
@uh
@h

� 	þ 2l @ur
@r

srh ¼ l @uh
@r � uh

r þ 1
r
@ur
@h

� 	
(

Substituting (4.4) into (4.1), we have (4.6).

ur ¼ @U rð Þ
@r þ ikaþ b

2
r W rð Þ

h i
ei kaþ b

2 h�xtð Þ

uh ¼ ikaþ b
2
r U rð Þ � @W rð Þ

@r

h i
ei kaþ b

2 h�xtð Þ

8><
>: ð4:6Þ

So, the expression of σr and τrθ is given as follows:

rr ¼ l
r2 v2r2U00 rð Þþ v2 � 2ð Þ rU0 rð Þ � k2 aþ b

2

� 	2
U rð Þ

� �
þ 2ik aþ b

2 rW0 rð Þ �W rð Þð Þ
h i

srh ¼ l
r2 �r2W00 rð Þþ rW0 rð Þ � k2 aþ b

2

� 	2
W rð Þþ 2ik aþ b

2 rU0 rð Þ � U rð Þð Þ
h i

8><
>:

ð4:7Þ
In the above equation, v ¼ CL

CT
.

Compared with the Lamb waves in the plate, the traction-free boundary condi-
tions of the circumferential guided wave in the pipe require that
rrjr¼a;b¼ 0; srhjr¼a;b¼ 0.

According to the boundary conditions, we can get the following equation.

v2r2U00 rð Þþ v2 � 2ð Þ rU0 rð Þ � k2 aþ b
2

� 	2
U rð Þ

� �
þ 2ik aþ b

2 rW0 rð Þð Þ




r¼a;b

¼ 0

�r2W00 rð Þþ rW0 rð Þ � k2 aþ b
2

� 	2
W rð Þþ 2ik aþ b

2 rU0 rð Þ � U rð Þð Þ




r¼a;b

¼ 0

8><
>:
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The above equation set is actually composed of four equations, and the value of
r, a, and b, corresponds to two equations, respectively. A1, A2, B1, and B2 in each
equation are the unknowns. The determinant composed by the coefficients A1, A2,
B1, and B2 is set as zero, and the frequency dispersion equation can be solved. The
dispersion equation should be solved by a numerical method.

If the ratio of the inner and outer diameters ðg ¼ a=bÞ; which is used as the
representation of the pipe curvature, takes different values, the results of the dis-
persion curves will also be different. In this book, investigations and discussions are
made at the condition of the value of η at 80 and 95 %, respectively. For different
values of η, the thickness of the pipe is kept as 1 mm, as shown:

1. When η = 80 %, a = 4 mm and b = 5 mm;
2. When η = 95 %, a = 19 mm and b = 20 mm.

The velocities of the bulk waves used in the calculations CL and CT are also
provided in Table 4.1. The dispersion curves obtained based on two different values
of η are shown in Figs. 4.13 and 4.14, respectively.

The frequency thickness products in the dispersion curves are the same as that of
the Lamb waves in the plate, as shown in Fig. 4.3. It can be seen from the derivation
of the dispersion equations and calculation of the dispersion curves that there is no
symmetric and antisymmetric modes like that of the Lamb waves in plate. From the
dispersion curves, the modes CLamb0, CLamb1, and CLamb2 of the circumferential
Lamb wave in the pipe are similar to the modes A0, S0, and A1 of the Lamb waves in
the plate. Another important finding is as follows: The dispersion curves of the
circumferential Lamb waves in the pipe gradually tend to those of the Lamb waves
in the plate as the value of η increases. Relevant data show that the wall thickness of
a steel pipeline with an external diameter of 1016 mm is 14.6–26.2 mm; these are
used in the China national gas transmission project. The corresponding value of the
ratio of the outer and inner diameters is 94.84–97.13 %. In this situation
(η ≈ 100 %), the dispersion curves of the circumferential guided waves in the pipe

Fig. 4.13 Dispersion curves of the circumferential Lamb waves in the pipe (η = 80 %). a Phase
velocity dispersion curves. b Group velocity dispersion curves
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is very close to that of the Lamb wave in the plate. Thus, it is practicable to apply
the methods used in the plate in the pipelines, which will make the theoretical
analysis and actual physical experiments much more convenient.

In the derivation of the dispersion equation of the circumferential Lamb waves in
the pipe, the three parameters ah, ðaþ bÞh=2, and bh can be used to determine the
arc length, where ah and bh represent the inner and outer arc lengths of the pipe,
respectively. Both of them are the extreme case of the arc length calculation; both
these two extreme cases cannot deny each other, since if one of the two cases is
reasonable, the other should also be feasible. The method to solve this conflict uses
the average value ðaþ bÞ=2 to calculate the arc length along the propagation
direction. For the case (η = 80 %), the comparison of three phase velocity dispersion
curves calculated with three different arc lengths is shown in Fig. 4.15. It is found
that there are some differences among the three sets of dispersion curves, and the
dispersion curves calculated with the ðaþ bÞ=2 arc length is located in the middle
of the curves calculated with the arc length of the two extreme cases. Overall, it is
obviously more reasonable to use the average value for the calculation.

From another view point, the reasonability of using the average value of the
inner and outer diameter of the pipe for the arc length calculation can also be
verified. Figure 4.16 shows that the dispersion curve of the CLamb0 mode of the
circumferential Lamb waves in the pipe is approaching the A0 Lamb wave mode in
the dispersion curve of the Lamb wave in the plate. It can be seen from Fig. 4.16,
when the value η remains constant, the CLamb0 mode frequency dispersion curve
calculated with the average radius is in the middle of the other two dispersions
obtained with the two extreme cases. There is a good agreement between this
phenomenon and that of the former case; in addition, when the average radius is
selected, the CLamb0 mode in the dispersion curve shows a better approach to the

Fig. 4.14 Dispersion curves of the circumferential Lamb waves in the pipe (η = 95 %). a Phase
velocity dispersion curves. b Group velocity dispersion curves
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A0 mode in the dispersion curve with the increase in η compared to the other two
extreme cases, which also illustrates the reasonability of selecting the average value
of the inner and outer diameters to do the calculation.

Fig. 4.15 Comparisons of dispersion curves when η = 80 %

Fig. 4.16 Dispersion curve of circumferential CLamb0 guided wave modes approaching A0 Lamb
wave mode in the plate with the increase in η
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4.3.2 Wave Structure of Circumferential Lamb Waves
in the Pipe

According to (4.5) and (4.6), the expressions of displacement can be calculated
using the following equation:

ur
B2

¼ x
2CL

JM�1
xr
CL

� �
� JMþ 1

� �� �
A1

B2
þ x

2CL
YM�1 � YMþ 1ð Þ

� �
A2

B2
þ ik aþ b

2

r
JM

xr
CT

� �
B1

B2
þ YM

� �
uh
B2

¼ ik aþ b
2

r
JM

xr
CL

� �
A1

B2
þ YM

A2

B2

� �
� x

2CT
JM�1

xr
CT

� �
� JMþ 1

� �� �
B1

B2
� x

2CT
YM�1 � YMþ 1ð Þ

� �

According to (4.5) and (4.7), the expressions of the stress can be calculated using
the following equation:

rr
l

¼ 1
r2

v2r2 x
2CL

� �2
JM�2 � 2JM þ JMþ 2ð ÞA1 þ x

2CL

� �2
YM�2 � 2YM þ YMþ 2ð ÞA2

� �
þ v2 � 2ð Þr x

2CL
JM�1 � JMþ 1ð ÞA1 þ x

2CL
YM�1 � YMþ 1ð ÞA2

h i
� v2 � 2ð Þk2 aþ b

2

� 	2
JMA1 þ YMA2ð Þ

þ 2ik aþ b
2 r x

2CT
JM�1 � JMþ 1ð ÞB1 þ x

2CT
YM�1 � YMþ 1ð ÞB2

h i
� JMB1 þ YMB2½ �

� �

2
66666664

3
77777775

srh
l

¼ 1
r2

�r2 x
2CT

� �2
JM�2 � 2JM þ JMþ 2ð ÞB1 þ x

2CT

� �2
YM�2 � 2YM þ YMþ 2ð ÞB2

� �
þ r x

2CT
JM�1 � JMþ 1ð ÞB1 þ x

2CT
YM�1 � YMþ 1ð ÞB2

h i
�k2 aþ b

2

� 	2
JMB1 þ YMB2ð Þ

þ 2ik aþ b
2 r x

2CL
JM�1 � JMþ 1ð ÞA1 þ x

2CL
YM�1 � YMþ 1ð ÞA2

h i
� JMA1 þ YMA2½ �

� �

2
66666664

3
77777775

In the expressions of stress, the parameter of the Bessel function with the terms
A1 and A2 is wr/CL, while the Bessel function with the terms B1 and B2 is wr/CT.
The above displacement expressions can be normalized by the maximum value of
two directions to obtain the wave structures of the displacement. The expressions of
stress are divided by B2 to get rr=lB2 and rrh=lB2 to obtain the stress wave
structures. The wave structures of stress can be obtained by normalizing the
maximum value in two directions.

Similar to the dispersion curves of circumferential Lamb waves in the pipe, the
wave structure will also be different if the η (the ratio of the inner and outer
diameters of the pipe) used to illustrate the curvature of the pipe is different. Two
cases with 80 and 95 % of the η value, as well as 1 mm thickness of the pipe wall,
are investigated and discussed in this book. The frequencies selected are 600, 1800,
3000, and 4200 kHz, respectively.
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The wave structures expressed by the displacement and stress for the two cases
with different values of η are shown in Figs. 4.17, 4.18, 4.19, and 4.20. Compared
with the displacement wave structure of the A0 Lamb wave mode in the plate shown
in Fig. 4.5a, the wave structure of the circumferential CLamb0 Lamb wave mode in
the pipe shown in 4.17a and 4.19b clearly shows that the displacement wave
structure of Lamb waves in the plate is symmetric within the range of the plate
thickness, and the symmetry is independent of the product of frequency and
thickness. But the displacement wave structures of the circumferential Lamb wave
in the pipe are not strictly symmetric, and the symmetry will get worse with the
increase in frequency. In addition, the displacement wave structure of the cir-
cumferential Lamb wave in the pipe is approaching that of the Lamb wave in the

Fig. 4.17 The wave structure of the CLamb0 mode in the pipe when η = 80 %. a The displacement
wave structure. b The stress wave structure

Fig. 4.18 The wave structure of the CLamb1 mode in the pipe when η = 80 %. a The displacement
wave structure. b The stress wave structure
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plate when the value η is close to 100 %. The stress wave structure has the same
trend. Similar results can also be obtained by the comparison between the S0 Lamb
wave mode in the plate and the CLamb1 circumferential Lamb wave mode in the
pipe. Besides, it is found that the distribution of the stress of the circumferential
Lamb wave is zero at both the inner and outer surfaces of the wall, which satisfies
the traction-free boundary conditions.

Based on Lamb waves in the plate, the normalized displacement components
distributed in the inner surface of the pipe are shown in Fig. 4.21, at the condition of
η = 95%. These 3D curve diagrams play a significant role in the mode selection and
frequency tuning of testing.

Fig. 4.19 The wave structure of the CLamb0 mode in the pipe when η = 95 %. a The displacement
wave structure. b The stress wave structure

Fig. 4.20 The wave structure of the CLamb1 mode in the pipe when η = 95 %. a The displacement
wave structure. b The stress wave structure
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4.4 Dispersion and Wave Structure of Circumferential SH
Guided Waves in the Pipe [2]

4.4.1 The Dispersive Equations and Solutions
of the Circumferential SH Guided Waves in the Pipe

The ultrasonic guided waves can propagate along the circumferential direction,
which is similar to the SH guided wave in the plate and is called the circumferential
SH guided wave in the pipe. Similar to that of circumferential Lamb waves in pipe,
the propagation arc length of the derived expression is modified to get more
accurate results.

The circumferential coordinate system in the pipe and the displacement direction
of the particle vibration of the circumferential SH guided wave are shown in
Fig. 4.22.

In the case of the circumferential SH guided wave, particle displacement would
be in the z-direction with no displacement in the r- or θ-directions,

ur ¼ uh ¼ 0; uz 6¼ 0

As uz is the function of r, θ, and t, the equation of particle motion is assumed as
shown in (4.8).

uzðr; h; tÞ ¼ f ðrÞei kaþ b
2 h�xtð Þ ð4:8Þ

This means that there is a certain distribution of uz in the direction of r and it
propagates along the direction of θ; the angular frequency of the particle vibration
in the process of propagation is ω. For the calculation of the arc length along the
propagation direction, bθ is used in some references. However, this value of the arc
length corresponds to the outer diameter of the pipe, which is an extreme case; the

Fig. 4.21 Normalized displacement distributions of the modes in the dispersion curves of
circumferential Lamb waves in the pipe when η = 95 %. a Displacement uθ. b Displacement ur
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propagation arc length is corrected as ðaþ bÞh=2; which is more reasonable on
average. This point will be illustrated later by the dispersion curves.

Since ur = uθ = 0, and uz is not the function of z, the divergence can be expressed
as shown in (4.9).

r � u ¼ 1
r
ur þ @ur

@r
þ 1

r
@uh
@h

þ @uz
@z

¼ @uz
@z

¼ 0 ð4:9Þ

The curl of displacement can be expressed as follows:

r� u ¼ 1
r

er reh ez
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ur ruh uz


















¼ er
1
r

@uZ
@h

� @ ruhð Þ
@z

� �
þ eh

@ur
@z

� @uZ
@r

� �
þ ez

1
r

@ ruhð Þ
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� @ur
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� �
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1
r

@uZ
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� �
þ eh � @uZ
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� �

So, we have the following equation:

r�r� u ¼ ez � 1
r
@uz
@r

� @2uz
@r2

� 1
r2
@2uz
@h2

� �

Now, the Naiver governing equation can be transformed into the following
equation:

l
1
r
@uz
@r

þ @2uz
@r2

þ 1
r2
@2uz
@h2

� �
¼ q

@2uz
@t2

Fig. 4.22 The
circumferential coordinate
system and displacement
direction of particle vibration
of the circumferential SH
guided wave in a pipe
structure
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Substituting (4.8) into the above equation, we get the following equation:

f 00 rð Þþ 1
r
f 0 rð Þþ qx2

l
� k2 aþ b

2

� 	2
r2

" #
f rð Þ ¼ 0

It can also expressed as follows:

f 00 rð Þþ 1
r
f 0 rð Þþ x

CT

� �2

� k aþ b
2

r

� �" #
f rð Þ ¼ 0

The above function is a Bessel equation, and its solution is a Bessel function, as
shown in the following form, where M ¼ kðaþ bÞ=2 is the order of the Bessel
function.

f ðrÞ ¼ AJM
wr
CT

� �
þBYM

wr
CT

� �

Compared with the SH guided wave in the infinite plate, the boundary condition
is given as follows:

srzjr¼a;b¼ 0

So, we get the following equation:

srz ¼ l
@ur
@z

þ @uz
r

� �

where ur = 0 is known, and (4.8) is given, so we can obtain the following equation:

srz ¼ lf 0ðrÞei kaþ b
2 h�xtð Þ

So, the traction-free boundary condition is equivalent to f 0ðrÞjr¼a;b¼ 0; as given
as follows:

f 0 rð Þ ¼ A
d JM xr

CT

� �� �
dr

þB
d YM xr

CT

� �� �
dr

According to the recurrence relation of the Bessel function, we have the fol-
lowing equation:
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So, we get the following:
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� x
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� �� �
Aþ M
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The expression of stress is as follows:
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According to the boundary condition, we can get a homogeneous equation set, as
shown in (4.10).
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The determinant of their coefficient matrix equals zero and expressed as follows:

M
a JM

xa
CT

� �
� x

CT
JMþ 1

xa
CT

� �h i
M
a YM

xa
CT

� �
� x

CT
YMþ 1

xa
CT

� �h i
M
b JM

xb
CT

� �
� x

CT
JMþ 1

xb
CT

� �h i
M
b YM

xb
CT

� �
� x

CT
YMþ 1

xb
CT

� �h i














 ¼ 0

The above equation is the dispersion equation of the circumferential SH guided
wave in the pipe.

The numerical method is used to solve the dispersion equation by solving the
corresponding phase velocity cp for a certain frequency f. The group velocity dis-
persion curve can also be calculated by a method of numerical calculation. Similar to
the circumferential Lamb waves in the pipe, the dispersion curves of the circumfer-
ential SH guided waves in the pipe are also related to the value of ƞ. The dispersion
curves when ƞ = 80 and 95 % are shown in Figs. 4.23 and 4.24 with a 1 mm thickness
of the pipe wall. Based on the derivation of dispersion equations and the calculation of
the dispersion curves, it is found that, unlike the SH guided wave in the plate, there is
no symmetric and antisymmetric modes for the circumferential SH guided wave in
the pipe. Considering the shape of the dispersion curves, the modes CSH0,CSH1, and
CSH2 of the circumferential SH guided waves in the pipe correspond to the modes
SH0, SH1, and SH2 of the SH guided waves in the plate. Another important rule is that
the dispersion curves of the circumferential SH guided waves in the pipe approache
the SH guided wave in the plate as ƞ increases.

In the derivation of the dispersion equation of the circumferential SH guided
waves in the pipe, the three parameters ah, ðaþ bÞh=2, and bh can be used to
determine the arc length, where ah and bh represent the inner and outer arc lengths
of the pipe, respectively. For the case (η = 80 %), a comparison of the three stes of
phase velocity dispersion curves calculated with the three different arc lengths is
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shown in Fig. 4.25. It is discovered that similar results can be found to those of the
circumferential Lamb waves in the pipe. It is obviously more reasonable to use the
average value ðaþ bÞ=2 for the calculation.

From another view point, the reasonability of using the average value of the
inner and outer diameters of the pipe for the arc length calculation can also be
verified. Figure 4.26 shows that the dispersion curve of the CSH0 mode of the
circumferential SH guided wave in the pipe approaches the dispersion curve of the
SH0 wave mode of the SH guided wave in the plate. It can be seen from Fig. 4.26,
when the value η is constant the CSH0 mode frequency dispersion curve, calculated
with the average radius, is in the middle of the other two curves obtained from the
two extreme cases. There is a good agreement between this phenomenon and that of
former case; in addition, when the average radius is selected, the CSH0 mode in the
dispersion curve shows a better approach to the SH0 mode in the dispersion curve

(a) (b)

Fig. 4.23 The dispersion curves of circumferential SH guided waves in the pipe when η = 80 %.
a The phase velocity dispersion curves. b The group velocity dispersion curves

(a) (b)

Fig. 4.24 The dispersion curves of circumferential SH guided waves in the pipe when η = 95 %.
a The phase velocity dispersion curves. b The group velocity dispersion curves
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as η increases, compared with the other two extreme cases. This also illustrates the
reasonability of selecting the average value of the inner and outer diameters to do
the calculation.

Fig. 4.25 The dispersion curves of circumferential SH guided waves in the pipe when η = 80 %

Fig. 4.26 The dispersion curves of the circumferential CSH0 guided wave mode in the pipe with
three different arc length values and increases of η
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4.4.2 Wave Structure of Circumferential SH Guided Waves
in the Pipe

The expressions of displacement for the circumferential SH guided waves are given
in (4.8), and we have the following equation, where M ¼ kðaþ bÞ=2 is the order of
the Bessel function:

f rð Þ ¼ AJM
xr
CT

� �
þBYM

xr
CT

� �

From the system of homogeneous equations (4.10), we can get the following:
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Therefore, the displacement distribution can be given as follows:
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The stress distribution is given as follows:
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The expressions of stress are divided by B2 to get rr=lB2 and rrh=lB2 to obtain
the displacement wave structures. The wave structures of stress can be obtained by
normalizing the maximum value in two directions.

The maximum of the absolute values of f ðrÞ=B and srz=lB is normalized to
obtain the displacement and stress wave structures of the circumferential SH guided
waves in the pipe. Similar to the circumferential Lamb waves, the wave structures
under different diameter ratio ƞ will be different. The following discussions of two
cases are based on ƞ = 85 % and ƞ = 95 %. The values of the frequencies under test
are listed in Table 4.2.

Figures 4.27a and 4.27b show the curves of the CSH0 mode displacement and
stress wave structures of the circumferential SH guided waves in the pipe,
respectively. Compared to the SH guided waves in the plate shown in Fig. 4.10a, b,
the displacement and stress distributions of the mode in the pipe are similar to those
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Table 4.2 The tested frequencies of the pipeline circumferential SH guided wave structure
(η = 80, 95 %)

Number CSH0 frequency (KHz) CSH1 frequency (KHz)

1 600 2100

2 1800 3000

3 3000 3900

4 4200 4800

(a) (b)

Fig. 4.27 The wave structures of the CSH0 mode in the pipe when η = 80 %. a The displacement
wave structure. b The stress wave structure

(a) (b)

Fig. 4.28 The wave structures of the CSH1 mode in the pipe when η = 80 %. a The displacement
wave structure. b The stress wave structure
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in the plate when the frequency is relatively low, and the difference increases with
the increase in frequency between that in the plate and the pipe. As shown in
Fig. 4.28, there is a similar conclusion for the high-order CSH1 mode. For ƞ = 95 %,
the wave structures of the CSH0 and CSH1 modes are shown in Figs. 4.29 and 4.30.
It is found that the wave structure of the circumferential SH guided wave in the pipe
is more similar with that of the plate in this situation.

In the curves of stress wave structures of the circumferential SH guided wave,
the stresses on the inner and outer wall surface are zero, which is consistent with the
traction-free boundary condition in solving the dispersion equation.

(a) (b)

Fig. 4.30 The wave structures of the CSH1 mode in the pipe when η = 95 %. a The displacement
wave structure. b The stress wave structure

(a) (b)

Fig. 4.29 The wave structures of the CSH0 mode in the pipe when η = 95 %. a The displacement
wave structure. b The stress wave structure
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4.5 Comparison of the Propagation Characteristics
Between Guided Waves in the Plate
and Circumferential Guided Waves in the Pipe

It can be concluded, based on the above theoretical derivation and numerical cal-
culation, that Lamb waves in the plate have some characteristics in common with
circumferential Lamb waves in the pipe, and the SH guided waves in the plate have
some of the characteristics of the circumferential SH guided waves in the pipe. The
similarities are listed as follows:

1. Their directions of displacement and stress are similar.

It can be seen from the derivation of the dispersion equations that both the Lamb
waves in the plate and circumferential Lamb waves in the pipe have two dis-
placement components in the cross section; both the SH guided waves in the plate
and circumferential SH guided waves in the pipe have only one displacement
component, which is perpendicular to the cross section. Furthermore, the stress
directions of the guided waves in the plate and circumferential guided waves in the
pipe are also similar.

2. The dispersion curves are similar.

It can be seen from the dispersion curves that the shapes of the dispersion curves
of circumferential guided waves in the pipe approach those of guided waves in the
plate as the parameter ƞ (the ratio of inner and outer diameters in pipe) get close to
100 %.

3. The wave structures are similar.

The characteristics of wave structures of circumferential guided waves in the
pipe approach those of guided waves in the plate as the parameter ƞ (the ratio of
inner and outer diameters in pipe) get close to 100 %.

A guided wave mode with a certain frequency (or frequency thickness product
fd) is determined as a working point for the guided wave test, the working point
corresponding to a certain point on the curves of the dispersion curve.

The purposes of the dispersion curve are as follows: the phase velocity disper-
sion curve is used to design the parameters of transducer; the group velocity dis-
persion curves are used to verify the working conditions, and the suitable working
point is selected based on the shape of the dispersion curves. Wave structure also
plays a significant role in the guided wave test. For example, when the piezoelectric
transducer is used to generate the Lamb waves in the plate, the out-of-plane dis-
placement on the surface of the plate should be as large as possible so that the
energy can be coupled smoothly into the tested specimen; but for the immersion
testing, the out-of-plane displacement on the surface of the plate should be as small
as possible to minimize the leakage of energy.
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Chapter 5
Simulation of Interactions Between
Guided Waves and the Defects
by Boundary Element Method

Dispersion curves and wave structures of guided wave propagation are just the
fundamental knowledge for detecting defects by guided waves, since the dispersion
curves and wave structures only provide the information of guided wave propa-
gation in an ideal situation without any disturbance from defects and guided wave
reflectors. For defect detection by guided waves generated by the electromagnetic
acoustic transducers, the studies of the interactions between ultrasonic guided
waves and defects, in other words, the investigations of mode conversion and
scattering when the guided waves meet the defects, are also important for guided
wave nondestructive testing. There are two methods of studying the interactions
between guided waves and the defects: theoretical and experimental approaches.
Since there are many unexpected factors in experimental tests that could affect the
stability and repeatability of results, it is difficult to get the results with good
reproducibility, consistency, and accuracy just based on the experiments. However,
pure analytical methods are severely limited and difficult to use to analyze the
complex problems. So, in general, numerical simulation methods are considered to
be the best way to study the interactions between guided waves and defects.

In this chapter, the boundary element method is used to perform the simulations
of the interactions between Lamb waves and the defects, which are all crack-like
defects, such as rectangular and triangular grooves on the surface of the plate as
well as rectangular grooves inside the plate. The boundary element model used here
is specific to the circumstance of the elastic plate. The boundary element model
follows the hybrid boundary element methods which Younho Cho used in earlier
works, and modifications and improvements are made based on it to solve the
current problems. Some critical issues of guided wave testing are investigated based
on the simulated results.
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5.1 Hybrid BEM Model of the External Defects in a Plate

The hybrid BEM model used to study the interactions of Lamb waves with the
external defects in an elastic plate is shown in Fig. 5.1. As for the assumptions in
the derivation of the Lamb waves in the plate, the model of the hybrid BEM
corresponds to the problem of plane strain. A cross section of an infinite plate is
given in Fig. 5.1. In the direction perpendicular to the cross section, the plate and
triangle defects all stretch infinitely and the shape remains unchanged in this
direction, which means that the triangle defect on the cross section is actually the
infinitely extending triangle groove defect in the direction that is perpendicular to
the cross section. The displacement components of the input and the reflected and
transmitted Lamb waves are all in the cross section, and those distributions can be
extended infinitely in the direction that is perpendicular to the cross section.

As shown in Fig. 5.1, a closed region for the BEM formulation consisting of the
top and bottom traction-free boundaries, two virtual boundaries, and the defect
surface is formed. The left and right virtual boundaries are adopted to form a closed
region for the BEM simulation. A chosen pure mode Lamb wave is input into the
left boundary and then scattering occurs at the crack defect. The target of the
simulation is to find out how much of the input energy has been distributed to the
reflected and transmitted modes, respectively, during this process of mode
conversion.

5.2 Elastodynamic Integration Equation and Its
Fundamental Solution

Lamb wave propagation is related to wave motion, so the elastodynamic BEM
method should be used to solve the problem. Neglecting the effect of body force,
the elastodynamic integration equation is provided from the weighted residual
method, as shown in (5.1).

Fig. 5.1 BEM model for the external defect

184 5 Simulation of Interactions Between Guided Waves and the Defects …



u Pð Þ
v Pð Þ

" #
þ
Z
C

T11 q;Pð Þ T12 q;Pð Þ
T21ðq;PÞ T22 q;Pð Þ

" #
u qð Þ
v qð Þ

" #
dCq

¼
Z
C

U11 q;Pð Þ U12 q;Pð Þ
U21 q;Pð Þ U22 q;Pð Þ

" #
tx qð Þ
ty qð Þ
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In the above equation, Tjk and Ujk ( j, k = 1, 2) are the elastodynamic traction
force and displacement fundamental solutions, representing the generated traction
force and displacement at the observation point q in k direction when a unit force is
applied at the source point p in j direction; u and v are the displacement components
in the x and y directions and tx and ty are the traction force components in the x and
y directions.

Two different forms of elastodynamic fundamental solutions can be found. The
first form is expressed using a kind of Hankel function, and the displacement
solution is given in (5.2).

Ujk ¼ i
4l

U1djk � U2r;jr;k
� �

; j; k ¼ 1; 2 ð5:2Þ

The traction force fundamental solution is given in (5.3).

Tjk ¼ i
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� �
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In the above equation, we have

U1 ¼ H 1ð Þ
0 kTrð Þ � 1

kTr
H 1ð Þ

1 kTrð Þþ kL
kT

� �2 1
kLr

H 1ð Þ
1 kLrð Þ

U2 ¼ �H 1ð Þ
2 kTrð Þþ kL

kT

� �2

H 1ð Þ
2 kLrð Þ

kT ¼ x
CT

; kL ¼ x
CL

r is the distance from the source point to the field point; the “,” in the subscripts
refers to the derivative, for example, r;j ¼ @r=@xj; j ¼ 1; 2; it is also possible to use
x and y to represent the two directions in the two-dimensional coordinates; that is,
x is the same as x1; y is the same at x2; λ and μ are the Lame constants; CT is the
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velocity of the shear wave; CL is the velocity of the longitudinal wave; and Hð1Þ
n is

the n rank Hankel function.
The second forms uses the second kind of modified Bessel function K as the

fundamental solution of the elastodynamic frequency domain. The displacement
fundamental solution is given in (5.4).

Ujk ¼ 1
2pl

wdjk � vr;jr;k
� � ð5:4Þ

The traction force fundamental solution is given in (5.5).
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In the above equation,
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where Kn is the n rank second kind of modified Bessel function K.
In the hybrid BEM method introduced in this chapter, the two forms of elas-

todynamic fundamental solutions lead to similar results. The form containing the
second kind modified Bessel function Kn would be used in the simulation examples
in this study.

5.3 Boundary Integration Equation and Its Discretized
Numerical Solution

The integration equation is used to express the relationship between the internal
points and the boundary points in the plate. If the internal points are moved to the
boundary, the integration equation must be adjusted to the boundary integration
equation as given in (5.6).
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In the above equation, p is the source point on the boundary and q is the
observation point on the boundary, as shown in Fig. 5.2. The coefficient matrix

1
2 0
0 1

2

� �
corresponds to the smooth boundary element.

After obtaining the boundary integration equation, the next step is the dis-
cretization of this equation, forming the linear equation system, which includes the
unknown values of unit displacement and traction force.

In the next step, it is assumed that the boundary is divided into N elements. The
integration on the whole boundary can be divided into N integrations of these
elements, and we get (5.7), where Гj represents the jth boundary element.
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Several approaches can be used for the boundary discretization, each method
corresponding to a unique geometry of the boundary elements and the interpolating
functions with certain orders. For the 2D cases, the constant element with one nodal
point included in each element is the simplest situation. This type of element
transforms the boundary discretization of the solution domain into the line segments
that are connected together, and the displacement and traction force on the line
elements are assumed to be constant, which means that the physical quantities
within the elements are constants. The constant elements are the rough description
of the physical model. The linear elements that have two nodal points are also line
segments, but the physical quantity within the elements has a linear variation; the
geometry of the quadratic elements that have three nodal points are a quadratic
curve segment, and the physical quantities of the elements will also change
according to the quadratic polynomial. The three elements mentioned above are
shown in Fig. 5.3.

Constant elements are used in the BEM program of this book for the reason of
the relative simple establishment of the equations based on the constant elements;
and the boundaries are line segments when only triangle defects and rectangular
defects are considered. From the view point of the geometry, the constant elements

Fig. 5.2 The source point
and observation point on the
boundary
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can describe accurately the problem; the lower accuracy caused by using the
constant elements can be recovered by increasing the number of boundary elements
appropriately. Previous studies have shown that the constant elements are good
enough to characterize and solve the problems of general wave motion.

As mentioned above, for the constant elements, the displacement and traction
force within each boundary element are assumed to be unchanged, so when we
solve integrations of each boundary element according to (5.7), the constant dis-
placement and traction force in the element can be extracted from the integration, as
given in (5.8).
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In the above equation, the items are as follows:
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And in the above equations, i is the element index. In fact, (5.8) contains two
equations in the x and y directions. Now we traverse i in the range 1� i�N; then
2 N equations can be obtained and arranged as HU ¼ GT; where U is the column
vector composed by the displacement on every element node and T is the column
vector composed by the traction force on every element node, as shown in (5.10).

Fig. 5.3 The constant element, linear element, and quadratic element
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U ¼ u1 v1 u2 v2 . . . uN vN½ �T

T ¼ tx1 ty1 tx2 ty2 . . . txN tyN
� T

(
ð5:10Þ

Also, we have (5.11), where I is the identity matrix.

H ¼ Ĥþ 1
2
I ð5:11Þ

After obtaining (5.9), the elements of matrix Ĥ and G could be calculated. For
the constant elements, the calculation is actually to solve the integration of the
fundamental solution.

5.3.1 The Solution of the Elements in Matrix G

Matrix G consists of the 2 × 2 submatrix Gij, the subscripts i and j correspond to the
excitation point and field point, respectively. Singular integrals exist in the diagonal
submatrix Gkk, (k = 1, 2, …, N), and they need special treatment. Two methods are
described here to solve the singular integrals in Gkk.

(1) If i ≠ j: the non-diagonal blocks of G should be calculated. In this case, the
nodal point is not located on element j and the calculation is a standard Gauss
integration. Taking the 4 points Gaussian quadrature as an example, as shown
in Fig. 5.4, the used integral point local coordinates and coefficients are listed
as follows:

n1 ¼ �n2 ¼ 0:86113631; n3 ¼ �n4 ¼ 0:33998104
w1 ¼ w2 ¼ 0:34785485; w3 ¼ w4 ¼ 0:65214515

�

Fig. 5.4 The singular
integration when i ≠ j
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(2) If i = j: as shown in Fig. 5.5, the nodal point i is located on the element
j. Considering the fundamental solutions of the dynamic displacement (5.2) or
(5.4), in the process of integration, if the distance r between the integral point
and nodal point (the center point of the element) is approaching zero, the
integrand function will tend to infinity; therefore, the integration has singu-
larity. Some special treatment should be made to solve the singular integrals,
especially for the complex situation when the Bessel function is involved in
the integrand function.

Two different methods are used to solve the singular integrals in the BEM
program, one of which is based on the expansion of the fundamental solution of
dynamic displacement and the other is based on the principle of singularity elim-
ination by differencing between the singular dynamic fundamental solution and the
singular static fundamental solution.

The expression of the dynamic displacement fundamental solution which
involves the Hankel function is given in (5.12).
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; Û1 ¼ U0
1 þUD
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In the above equation, we have the following relationship:
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n!ð Þ2

kTr
2

� �2n 1
2 nþ 1ð Þ 2nþ 1þ kL

kT

� �2nþ 2
" #

AþB

(

� 1
2 nþ 1ð ÞDþ 1

2 nþ 1ð ÞDþ 1
2 nþ 1ð Þ 1� kL

kT

� �2nþ 2
" #

E

)

Fig. 5.5 The circumstance of
the singular integral when
i = j
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UD
2 ¼

X1
n¼1

�1ð Þn
n!ð Þ2

kTr
2

� �2n n
nþ 1

1� kL
kT

� �2nþ 2
" #

AþB

(

� kL
kT

� �2nþ 2

C � n
nþ 1

Dþ 1
nþ 1

1� kL
kT

� �2nþ 2
" #

E

)

A ¼ 1þ 2i
p

ln rþ cð Þ; B¼ 2i
p

ln
kT
2
� u nð Þ

� �
;

C ¼ 2i
p

ln
kL
2
� u nð Þ

� �
; D ¼ 2i

p
ln
kT
2
� kL

kT

� �2nþ 2

ln
kL
2

" #

E ¼ i
p
u nð Þþu nþ 1ð Þ½ �; u nð Þ ¼

Xn
m¼1

1
m
;

c ¼ 0:57721

Then the original displacement fundamental solution can be decomposed into
two parts, as shown in (5.13).

Ujk ¼ U0
jk þUD

jk

U0
jk ¼

i
4l

U0
1djk � U0

2r;jr;k
� �

UD
jk ¼

i
4l

UD
1 djk � UD

2 r;jr;k
� � ð5:13Þ

It can be verified that U0
jk; determined by U0

1 and U0
2 as one part of the elasto-

dynamic displacement fundamental solution, is the same as the following elasto-
static displacement fundamental solution.

As a reference, the fundamental solution of the elastostatic displacement and
traction force is given as shown in (5.14) and (5.15).

U0
jk ¼

1
8pl 1� vð Þ 3� 4vð Þ ln 1

r
djk þ r;jr;k

� �
ð5:14Þ

T0
jk ¼ � 1

4p 1� vð Þr
@r
@n

1� 2vð Þdjk þ 2r;jr;k
� þ 1� 2vð Þ njr;k � nkr;j

� �� �
ð5:15Þ

In the above equation, v is the Poisson ratio of the elastic materials. The rela-
tions between the Lame constants, Poisson ratio v, and elastic modulus E are given
in (5.16).
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l ¼ E
2 1þ vð Þ ; k ¼ vE

1þ vð Þ 1� 2vð Þ ð5:16Þ

Based on (5.16), the consistency of U0
jk in (5.14) and (5.13) can be proved.

Because of lnr, the part U0
jk that is the same as the elastostatic fundamental

solution in the elastodynamic fundamental solution shows a singularity in the
solving process of integration. The integral of the elastostatic displacement fun-
damental solution has an analytical solution.

From (5.13) and the expressions of UD
1 and UD

2 ; U
D
jk can be expressed as the

summation of an infinite number of terms. The integral of any of these items is
non-singular and can be solved analytically. For small r values, we can fetch the
first finite number of items, solve their integrals analytically, and then add the
results together as an approximate solution of the integral of UD

jk : Sufficient accu-
racy can be achieved in this way.

Except for the expanded expression of the elastodynamic displacement funda-
mental solution as an approximate calculation method, another approach is indirect,
and also based on the fact that the singular elastodynamic displacement funda-
mental solution Ujk is composed of the singular elastostatic fundamental solution
U0

jk and the non-singular elastodynamic part UD
jk : From (5.13), we obtain the fol-

lowing equations: Z
Ujkdr ¼

Z
U0

jkdrþ
Z

UD
jkdr

Z
Ujkdr ¼

Z
U0

jkdrþ
Z

Ujk � U0
jk


 �
dr

The first integral on the right of the equality sign
R
U0

jkdr can be solved ana-

lytically; in the second integral
R

Ujk � U0
jk


 �
dr; the item ðUjk � U0

jkÞ is already

non-singular and its detailed expression is known, so this integral can be solved
using Gaussian integration.

This shows that the results obtained by the two singular integrals are consistent.

5.3.2 The Solution of the Elements in Matrix Ĥ

Two different conditions should be considered to solve the matrix Ĥ:

(1) If i ≠ j

Similar to the solution of the non-diagonal sub-blocks of matrix G, there is no
singular integral solution involved and the Gaussian quadratic equation can be used
to do the calculation.
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(2) If i = j

The integral of the traction force fundamental solution must be zero, which can
be confirmed without any calculation. A more detailed analysis can be referenced
by Fig. 5.5.

Another method is similar to the indirect approach mentioned above, as listed in
(5.17). Z

Tjkdr ¼
Z

T0
jkdrþ

Z
Tjk � T0

jk


 �
dr ð5:17Þ

In the above equation, the first integral term on the right side of the equation is
the integral of the elastostatic traction force and its value is 0. The integrand
function in the subsequent integral term is the difference between the two singular
functions. The margin after differencing does not have singularity and can be solved
by a Gaussian equation. It is shown that the results obtained from those two
methods are consistent.

After obtaining Ĥ; the matrix H can be solved by (5.11).

5.4 Construction of the Boundary Condition Based
on Mode Expansion

The foregoing steps are simply to get the equation system HU = GT which is used
to express the relationship between displacement and traction force on all the
boundary elements. But U and T are unknown quantities; so, we have to combine
the boundary conditions to solve the equation system. The boundary conditions of
traction-free on the top and bottom, as well as the external surface, and the left and
right virtual boundaries, should be solved separately.

As mentioned before, some analytical solving procedures are included in the
hybrid BEM method; that is, the boundary conditions on the virtual boundaries are
established according to the classical Lamb wave equation. The establishment of the
boundary conditions of those parts is based on the concept of mode expansion.

A pure symmetrical or non-symmetrical wave mode at a certain frequency and
order is input in the left virtual boundary as the incident mode. The modes of
reflection and transmission after the interaction between incident mode and defects
might contain any mode which exists at this frequency. The existing modes can be
checked by the dispersion curves and the given frequency. The total displacement
or traction force on the left boundary should be the summation of the displacement
or traction force of incident mode and all reflected modes. The displacement or
traction force on the right boundary should be the summation of all displacement or
traction force of the transmitted mode. The required boundary conditions for the
computation can be obtained from the constrained relationships as mentioned
above.
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Unknown coefficients are involved in the expressions of displacement and stress
given by the fundamental equation of the Lamb waves. In order to solve the
equations by the BEM method, the expressions of displacement and stress should
be first normalized into the form of mode functions. The concept of this normal-
ization is to multiply the expressions of displacement and traction force of each
mode with their coefficients so that all the modes have the same mean energy, and
then to solve the ratio of each mode in the total displacement or traction force on the
condition of the same mean energy.

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
CL

� �2

�k2

s
; q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
CT

� �2

�k2

s
ð5:18Þ

In the equation, x is the angular frequency; k ¼ x=Cp is the wave number; Cp is
the phase velocity; CL is the longitudinal wave velocity of bulk waves; and CT is
the shear wave velocity of the bulk waves.

The symmetric modes of the Lamb waves propagating along the positive
direction of x are contained in the following equations:

u ¼ ikA2 cos pyð Þþ qB1 cos qyð Þ½ �eiðkx�xtÞ

v ¼ �pA2 sin pyð Þ � ikB1 sinðqyÞ½ �ei kx�xtð Þ

syx ¼ l �2ikpA2 sin pyð Þþ k2 � q2ð ÞB1 sin qyð Þ½ �ei kx�xtð Þ

ry ¼ �k k2 þ p2ð ÞA2 cos pyð Þ � 2l p2A2 cos pyð Þþ ikqB1 cos qyð Þ½ �� �
ei kx�xð Þ

8>>><
>>>:
In addition, the normal stress σx can be calculated by the displacement u and v of

the symmetric mode, as given in the following equation:

rx ¼ k
@u
@x

þ @v
@y

� �
þ 2l

@u
@x

¼ �k k2 þ p2
� �� 2lk2

� 
cos pyð ÞA2 þ 2likq cos qyð ÞB1

� �
ei kx�xtð Þ

If the expressions of displacement and stress are divided by A2, we can get
(5.19).

û ¼ u
A2

¼ ik cos pyð Þþ q B1
A2
cos qyð Þ

h i
ei kx�xtð Þ

v̂ ¼ v
A2

¼ �p sin pyð Þ � ik B1
A2
sin qyð Þ

h i
ei kx�xtð Þ

ŝxy ¼ sxy
A2

¼ l �2ikp sin pyð Þþ k2 � q2ð Þ B1
A2
sin qyð Þ

h i
ei kx�xtð Þ

r̂x ¼ rx
A2

¼ �k k2 þ p2ð Þ � 2lk2½ � cos pyð Þþ 2likq cos qyð Þ B1
A2

n o
ei kx�xtð Þ

8>>>>>><
>>>>>>:

ð5:19Þ

Similar to the procedure to solve the dispersion equation, the coefficient B1=A2

in (5.19) can be obtained by satisfying the boundary condition (traction-free
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boundary conditions) on the top and bottom surfaces of the plate, as listed in the
following equation:

B1

A2
¼ 2ikp sin phð Þ

k2 � q2ð Þ sin qhð Þ

The above equations are available to the symmetric modes of the Lamb wave
propagating along the positive direction of x, if the propagation direction is along
the negative direction of x, then all the k should be replaced by −k, as follows:

û ¼ �ik cos pyð Þþ q B1
A2
cos qyð Þ

h i
ei �kx�xtð Þ

v̂ ¼ �p sin pyð Þþ ik B1
A2
sin qyð Þ

h i
ei �kx�xtð Þ

ŝxy ¼ l 2ikp sin pyð Þþ k2 � q2ð Þ B1
A2
sin qyð Þ

h i
ei �kx�wtð Þ

r̂x ¼ �k k2 þ p2ð Þ � 2lk2½ � cos pyð Þ � 2likq cos qyð Þ B1
A2

n o
ei �kx�xtð Þ

8>>>>>><
>>>>>>:

ð5:20Þ

For the above equation,

B1

A2
¼ �2ikp sin phð Þ

k2 � q2ð Þ sin qhð Þ

For the antisymmetric modes propagating along the positive direction of x,

u ¼ ikA1 sin pyð Þ � qB2 sin qyð Þ½ �ei kx�xtð Þ

v ¼ pA1 cos pyð Þ � ikB2 cos qyð Þ½ �ei kx�xtð Þ

syx ¼ l 2ikpA1 cos pyð Þþ k2 � q2ð ÞB2 cos qyð Þ½ �ei kx�xtð Þ

ry ¼ �k k2 þ p2ð ÞA1 sin pyð Þ � 2l p2A1 sin pyð Þ � ikqB2 sin qyð Þ½ �� �
ei kx�xtð Þ

8>>>>><
>>>>>:
The normal stress σx can be calculated by the displacement u and v, as expressed

in the following equation:

rx ¼ k
@u
@x

þ @v
@y

� �
þ 2l

@u
@x

¼ �k k2 þ p2
� �� 2lk2

� 
sin pyð ÞA1 � 2likq sin qyð ÞB2

� �
ei kx�xtð Þ

If the expressions of displacement and stress are divided by A1, we can get
(5.21).
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û ¼ u
A1

¼ ik sin pyð Þ � q B2
A1
sin qyð Þ

h i
ei kx�xtð Þ

v̂ ¼ v
A1

¼ p cos pyð Þ � ik B2
A1
cos qyð Þ

h i
ei kx�xtð Þ

ŝxy ¼ sxy
A1

¼ l 2ikp cos pyð Þþ k2 � q2ð Þ B2
A1
cos qyð Þ

h i
ei kx�xtð Þ

r̂x ¼ rx
A1

¼ �k k2 þ p2ð Þ � 2lk2½ � sin pyð Þ � 2likq sin qyð Þ B2
A1

n o
ei kx�xtð Þ

8>>>>>><
>>>>>>:

ð5:21Þ

In the above equation,

B2

A1
¼ �2ikp cos phð Þ

k2 � q2ð Þ cos qhð Þ

For the antisymmetric modes of the Lamb waves propagating along the negative
direction x, all k should be replaced by −k, as expressed in (5.22).

û ¼ �ik sin pyð Þ � q B2
A1
sin qyð Þ

h i
ei �kx�xtð Þ

v̂ ¼ p cos pyð Þþ ik B2
A1
cos qyð Þ

h i
ei �kx�xtð Þ

ŝxy ¼ l �2ikp cos pyð Þþ k2 � q2ð Þ B2
A1
cos qyð Þ

h i
ei �kx�xtð Þ

r̂x ¼ �k k2 þ p2ð Þ � 2lk2½ � sin pyð Þþ 2likq sin qyð Þ B2
A1

n o
ei �kx�xtð Þ

8>>>>>><
>>>>>>:

ð5:22Þ

In the above equation,

B2

A1
¼ 2ikp cos phð Þ

k2 � q2ð Þ cos qhð Þ

And the expression of the mean energy in the plane is given in (5.23).

px ¼ � 1
2
Re �ix

Zh
�h

r̂xð Þ�ûþ ŝxy
� ��

v̂
� 

dy

8<
:

9=
; ð5:23Þ

In the above equation, h is the half thickness of the plate, “Re” represents taking
the real part, and “*” represents taking the conjugate stress. The analytical solution
for the integral term of the power expression can be obtained directly, but the
calculation of the conjugate stress should be analyzed first. The details are listed as
follows:

Equation (5.18) shows the definitions of p and q. If CP < CT, both p and q are
pure imaginary numbers; if CT < CP < CL, p is a pure imaginary number, then q is a
real number. Besides, the sine function and cosine function have the following
properties: The real number can be obtained from the sine function sin(x) if x is a
real number, and the pure imaginary number can be obtained if x is a pure imag-
inary number; but, the computed result of cosine function cos(x) is a real number if
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x is a real number or an imaginary number. According to these features, the fol-
lowing results can be obtained by analyzing (5.19), (5.20), (5.21), and (5.22).

(1) For the symmetric mode illustrated in (5.19) and (5.20), r̂x is always a real
number and ŝxy is a pure imaginary number.

(2) For the antisymmetry mode illustrated in (5.21) and (5.22), the virtuality of r̂x
is the same as P and the virtuality of ŝxy is the opposite of P.

Based on the analytical results in the above, when solving the conjugate stress, if
the stress is a real number, the conjugation will be itself; if the stress is an imaginary
number, then the conjugation is its opposite number. Additionally, when solving
the mean power, the exponential term in (5.19) should be neglected.

The mean power of mode n is written as Pn
x and the power of incident mode is

PI
x: The coefficient is defined in the following equation:

Nn ¼
ffiffiffiffiffi
PI
x

Pn
x

s

The final normalized mode function is listed in (5.24).

�ux ¼ �u ¼ û� N; �uy ¼ �v ¼ v̂� N; �sxy ¼ ŝxy � N; �rx ¼ r̂x � N ð5:24Þ

In the calculation of (5.24), the ei �kxð Þ in ei �kx�xtð Þ should be reserved. The mode
function obtained from the process mentioned above has the same power as the
incident mode.

When mode P is selected as the incident wave, the displacement field is
expressed as uI ; the amplitude is expressed as ap; the normalized mode function of
the displacement is �up, and the wave number of the incident mode p is kp, as
expressed in the following equation:

uI ¼ aP�up ¼ ap
�upx
�upy

 !
eik

px

For the traction force, the expression is similar to the displacement and
expressed as follows:

tI ¼ ap�tp ¼ ap
�tpc
�tpy

 !
eik

px

When the angular frequency x is selected, the p mode phase velocity Cp
p can be

obtained from the dispersion curves of the phase velocity, and kp ¼ x=Cp
p is also

known already.
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�upx
�upy

 !
and

�tpx
�tpy

 !
are the displacement and traction force mode functions,

which can be solved. Thus, the amplitude αp is the only unknown term.
The reflected displacement and traction force on the left virtual boundary can be

expressed in the following equation:

uBS ¼
XJ
j¼1

b j�u j ¼
XJ
j¼1

b j
�u j
x

�u j
y

 !
e�ik jx

tBS ¼
XJ
j¼1

b j�t j ¼
XJ
j¼1

b j
�t jx

�t jy

 !
e�ik jx

8>>>>><
>>>>>:

Assuming that there are J modes obtained from the reflection of the left
boundary, β j is the amplitude coefficient of the jth reflected mode and k j is the wave
number of the jth reflected mode.

According to the discussion mentioned above, k j;
�u j
x

�u j
y

 !
, and

�t jx
�t jy

 !
are all

calculable, and the unknowns in the expressions are the J coefficients β j. The value of
J is determined by the mode number of the Lambwaves at the selected frequency. The
mode number of the Lamb waves can be calculated from the dispersion curves.

The transmitted displacement and traction force on the right boundary can be
expressed as the following:

uFS ¼PL
l¼1

bl�ul ¼PL
l¼1

bl
�ulx
�uly

 !
eik

lx

tFS ¼PL
l¼1

bl�tl ¼PL
l¼1

bl
�tlx
�tly

 !
eik

lx

8>>>><
>>>>:

Assuming that there are L modes obtained from the transmission on the right
boundary, βl is the amplitude coefficient of the lth transmitted mode and the value of
L is also provided from the phase velocity dispersion curves. Actually, L = J.

The total displacement on the left boundary is the summation of the input
displacement and reflected displacement, u ¼ uI þ uBS:

That is,
ux
uy

 !
¼ ap

�upx
�upy

 !
eik

px þ PJ
j¼1

b j
�u j
x

�u j
y

 !
e�ik jx

Assuming that there are k elements on the boundary, applying the above
equation to every element on the left boundary, we can get the following equation:

u½ �2m�1¼ �u½ �FS2m�L� bleik
lx

n o
L�1
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So, we get the equation as follows:

ux 1ð Þ
uy 1ð Þ
ux 2ð Þ
uy 2ð Þ
..
.

ux kð Þ
uy kð Þ

0
BBBBBBBBBBBB@

1
CCCCCCCCCCCCA

¼

�u1x 1ð Þ �u2x 1ð Þ � � � �uJx 1ð Þ
�u1y 1ð Þ �u2y 1ð Þ � � � �uJy 1ð Þ
�u1x 2ð Þ �u22 2ð Þ � � � �uJx 2ð Þ
�u1y 2ð Þ �u2y 2ð Þ � � � �uJy 2ð Þ
..
. ..

. . .
. ..

.

�u1x kð Þ �u2x kð Þ � � � �uJx kð Þ
�u1y kð Þ �u2y kð Þ � � � �uJy kð Þ

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

I

2k�J

apdp1eik
1x

apdp2eik
2x

..

.

apdpJeik
J x

0
BBBBB@

1
CCCCCA

J�1

þ

�u1x 1ð Þ �u2x 1ð Þ � � � �uJx 1ð Þ
�u1y 1ð Þ �u2y 1ð Þ � � � �uJy 1ð Þ
�u1x 2ð Þ �u22 2ð Þ � � � �uJx 2ð Þ
�u1y 2ð Þ �u2y 2ð Þ � � � �uJy 2ð Þ
..
. ..

. . .
. ..

.

�u1x kð Þ �u2x kð Þ � � � �uJx kð Þ
�u1y kð Þ �u2y kð Þ � � � �uJy kð Þ

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

BS

2k�J

b1e�ik1x

b2e�ik2x

..

.

bJe�ikJX

0
BBBB@

1
CCCCA

J�1

The above equation can be reduced to the form expressed in (5.25).

u½ �2k�1¼ �u½ �I2k�J� apdpjeik
jx

n o
J�1

þ �u½ �BS2k�J� b je�ik jx
n o

J�1
ð5:25Þ

In the equation given above, the �u½ �I2k�J obtained from the expression of

forward-propagating along the x-axis is different from the �u½ �BS2k�J obtained from that
used to describe the counter-propagation.

For traction force, a similar equation can be expressed as shown in (5.26).

t½ �2k�1¼ �t½ �I2k�J� apdpjeik
jx

n o
J�1

þ �t½ �BS2k�J� b je�ik jx
n o

J�1
ð5:26Þ

The mode function of traction force can be determined based on the following
relationship between the mode function of stress and the component of the
boundary normal unit vector, as shown in (5.27).

tx ¼ rxnx þ sxyny
ty ¼ sxynx þ ryny

�
ð5:27Þ

In the above equation, nx and ny are two components of the boundary normal
unit vector. For the left boundary, nx = −1 and ny = 0, so we have the following
equation:
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tx ¼ �rx
ty ¼ �sxy

�

In (5.25) and (5.26), when the angular frequency is given, the kj of each mode
can be calculated, �u½ �I2k�J ; �u½ �BS2k�J ; �t½ �I2k�J and �t½ �BS2k�J are already known; αp is also
known, but βj is unknown.

The generalized inverse matrix is introduced and defined as the following
equation:

�u�1�  ¼ �u�½ �T �u½ �

 ��1

�u�½ �T

In the above equation, “*” represents taking the conjugation and “T” represents
the matrix transposition, and then according to (5.25), we can get (5.28).

b je�ik jx
n o

J�1
¼ �u�1� BS

J�2k u½ �2k�1� �u�1� BS
J�2k �u½ �I2k�J� apdpjeik

jx
n o

J�1
ð5:28Þ

Substituting the above equation into (5.26), we obtain (5.29).

t½ �2k�1 ¼ �t½ �I2k�J� apdpjeik
jx

n o
J�1

þ �t½ �BS2k�J

� �u�1
� BS

J�2k u½ �2k�1� �u�1
� BS

J�2k �u½ �I2k�J� apdpjeik
jx

n o
J�1

n o ð5:29Þ

The above equation can be simplified into the form given in (5.30), where matrix
C and vector d are all calculable, and then we can see the relationship between the
traction force and displacement of each element on the left boundary.

t½ �2k�1¼ C2k�2k u½ �2k�1 þ d2k�1 ð5:30Þ

The total displacement on the right boundary is the transmitted displacement,
that is, u ¼ uFS; then we have the following equation:

ux
uy

 !
¼
XL
l¼1

bl
�ulx
�uly

 !
eik

lx

Assuming there are m elements on the right boundary, applying the above
equation on every element, we can obtain the following equations:
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ux 1ð Þ
uy 1ð Þ
ux 2ð Þ
uy 2ð Þ
..
.

ux mð Þ
uy mð Þ

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

¼

b1eik
1x�u1x 1ð Þþ b2eik

2x�u2x 1ð Þþ � � � bLeikLx�uLx 1ð Þ
b1eik

1x�u1y 1ð Þþ b2eik
2x�u2y 1ð Þþ � � � bLeikLx�uLy 1ð Þ

b1eik
1x�u1x 2ð Þþ b2eik

2x�u2x 2ð Þþ � � � bLeikLx�uLy 2ð Þ
..
.

b1eik
1x�u1x mð Þþ b2eik

2x�u2x mð Þþ � � � bLeikLx�uLx mð Þ
b1eik

1x�u1y mð Þþ b2eik
2x�u2y mð Þþ � � � bLeikLx�uLy mð Þ

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

So, we have the following equations:
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The above equation can be simplified into the following form:

u½ �2m�1¼ �u½ �FS2m�L� bleik
lx

n o
L�1

For the traction force, we have the expressions as follows:

t½ �2m�1¼ �t½ �FS2m�L� bleik
lx

n o
L�1

The mode function of the traction force is still determined by (5.27). For the
right boundary, nx = 1 and ny = 0, so we have the following equation:

tx ¼ rx
ty ¼ sxy

�

Similarly, (5.31) can be obtained using the concept of the generalized inverse
matrix.

bleik
lx

n o
L�1

¼ �u�1
� FS

L�2m u½ �2m�1 ð5:31Þ
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So, we have the following equation:

t½ �2m�1¼ �t½ �FS2m�L� �u�1� FS
L�2m u½ �2m�1

The above equation can be simplified into the form shown in (5.32).

t½ �2m�1¼ D2m�2m u½ �2m�1 ð5:32Þ

In (5.32), the matrix D is calculable, which means that the relationship between
the traction force and displacement of every element on the right boundary can be
provided in (5.32).

The relationships between the traction force and displacement on the left and
right virtual boundary are given in (5.30) and (5.32), respectively. Those rela-
tionships are considered to be the boundary conditions on the left and right
boundaries. These boundary conditions and the traction-free boundary conditions of
the top and bottom surface of the plate can be grouped as the whole boundary
conditions of the model as well as the matrix form (5.9). So, finally, the linear
equation set to be solved is eventually obtained, as shown in (5.33).

AU ¼ R ð5:33Þ

After solving U in the above equation, extracting the u½ �2k�1 with respect to the
left boundary and the u½ �2m�1 with respect to the right boundary, the reflected and
transmitted coefficients can be calculated based on (5.28) and (5.31), as shown in
(5.34), where Rj j j is the reflected coefficient of mode j and Tj jl is the transmitted
coefficient of mode l.

Rj j j¼ b j

ap

����
����; Tj jl¼ bl

ap

����
���� ð5:34Þ

5.5 Structure of the BEM Program

Based on the above theoretical derivations, the elastodynamic frequency domain
BEM program is written to simulate the interactions between the Lamb waves and
the cracks. The BEM program is realized by hybrid programming based on Visual
C++ and MATLAB R2008a. Most of the calculations are realized by coding in
Visual C++, while MATLAB R2008a is used to draw the curves and figures and
prepare the boundary conditions. The strategy of dynamic distribution of memory is
used in the program, which means that any of the large memory unit that is not used
will be released at any time in the calculation process so that the program can run
smoothly, even when there are many elements.
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The program flowchart of the BEM that is used to calculate the interactions
between the ultrasonic guided waves and the defects is shown in Fig. 5.6. The
configuration and input parameters of the BEM program are read from the files. The
number of the elements on each boundary line segment is determined automatically
based on the largest element size assigned by users, to ensure the element size is as
large as possible within the specified range; in addition, the size of every element on
each boundary line segment is the same. After the division of element units,
matrices G and H can be generated. The linear equations set (5.33) can be obtained
by the traction-free boundary conditions on the top, bottom, and blemished surface,
as well as the boundary conditions on the left and right virtual boundaries obtained
from the mode expansion of the Lamb wave. The U in (5.33) is the vector com-
posed from the displacements on every constant element and needs to be solved for
the definition of (5.10). After obtaining the displacements, the reflected and
transmitted coefficients of each mode at certain frequency thickness products are
calculated.

The above program is just for the first-order BEM solution. The function of
sweeping is also provided in the BEM program. A certain amount of initial values,
step lengths, and steps can be assigned by the user, and the simulated results under
these conditions can be calculated automatically by the program. The items can be
studied using the sweeping function provided by the program including the length
of model, the size of the boundary element, the frequency thickness product, the
depth and width of the defect. In the process of the sweeping of one item, all other
items are assumed to be constant.

The formation of the boundary element mesh is determined by the structure of
the boundary element geometry model and the selected boundary elements. So, for

Fig. 5.6 The structure of the BEM program
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the sweeping of model length, the size of boundary elements and the depth and
width of the defects, it is necessary to redistribute the boundary element meshes for
the calculation by BEM after every update of the items; for the sweeping of the
frequency thickness product, it is necessary to mesh at the beginning of the
programming.

The validity of the simulated results can be checked by the principle of energy
conservation. Energy redistribution will happen in the process of interactions
between the Lamb waves and the defects. The energy conservation in this process is
that the sum of the energies contained in the forward and back-scattered fields must
equal the energy of the incident field. Once the wave structure of each mode is
normalized by the relative power ratio between the incident mode and a scattered
mode, the normalized transported energy fluxes can be simply expressed as the
squares of the normalized displacement, as shown in (5.35).

E¼
X
j

Rj j j� �2 þ X
l

Tj jl

 �2

¼ 1 ð5:35Þ

This shows that the sum of the squares of all reflected and transmitted coeffi-
cients should be one. The value of E in (5.35) is only for the result of the first-order
BEM simulation. In the case of parameter scanning, plotting a curve by connecting
every value of E to every value calculated with the scanning parameters, the curve
should be similar to the straight line E = 1. Thus, in order to verify the correctness
of the simulated calculation, the corresponding curves of energy conversion of the
most offered examples are given in the latter part of this book.

Beside the energy conversion curves of some examples in the latter part of this
book, which are used as the inspection standard to solve inaccuracies, another
method used to verify the correctness of the calculation is to study the situation
where the guided wave propagation in the plate is without defect. Since there is no
mode conversion of guided wave propagation in this situation, the mode of the
transmitted wave is the same as the incident mode. Meanwhile, there is no reflected
mode; thus, the simulated calculation value of the boundary elements distributed
along the thickness direction of the plate should be similar to the displacement
structure of the wave. Figure 5.7 shows the comparison between the wave structures
of the theoretical and simulated values of the displacement distribution when
ƒd = 1000 Hz × m for each incidence of the S0 and A0 mode Lamb waves in the
defect-free plate. The subscript “Theo” of the displacement in this figure represents
the theoretical value and the subscript “Simu” represents the simulated value of the
displacement by BEM. It is found from Fig. 5.7 that the wave structure of theo-
retical displacements is very close to that of simulated displacements.

Unless otherwise stated, for all the BEM calculations in the below study, a steel
plate with a 1 mm thickness and the other parameters shown in Table 5.1 such as
density and wave velocities are used.
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5.6 Factors of Computational Accuracy

In this section, the calculation is based on the constant element and the model of the
external defect on the plate is used to investigate the two factors that affect the
accuracy of the BEM simulation: the length of the model and the size of chosen
boundary elements. The reason for studying the factors that affect the calculation
accuracy is that appropriate parameters in the BEM simulation can be selected
based on the investigations.

5.6.1 Sweeping of the Model Length

In the derivation of the Lamb wave dispersion equation and the calculation of
boundary conditions on the virtual boundary of the BEM model, the wave number
k is always taken as a real number. But, in fact, k can be a complex number,
k ¼ kr þ ikim; where kr and kim are the real part and imaginary part of the wave
number, respectively.

If kim > 0, the Lamb wave will show an exponential decay with increases in the
propagation distance in the form of a dissipative wave. If kim < 0, the Lamb wave

Fig. 5.7 The comparison between the calculated and theoretical value at fd = 1000 Hz × m, for the
wave structures of the S0 and A0 mode in the defect-free plate. a S0 mode. b A0 mode

Table 5.1 The quantitative calculated examples of the rectangular groove cracks

Width (mm) Depth (%) Reflection R Transmission T Width (mm) Depth (%)

0.26 40 0.3975 0.7848 0.2614 39.9995

0.45 23 0.2124 0.9318 0.4761 22.7661

0.15 55 0.5506 0.6154 0.1501 55.0013

0.56 22 0.2100 0.9365 0.5849 21.8495

0.67 46 0.4945 0.7231 0.6744 46.0250
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will show an exponential increase with increases in the propagation distance, but
this situation actually does not exist. If kim = 0, which means k is a real number, the
Lamb wave will propagate without any decay of amplitude, which is the case stated
in previous discussions. Thus, if the wave number k is taken as a real number, the
exponential decay of the dissipative wave will be neglected. It is obvious that this
situation is only reasonable when the distance between the dissipative wave source
and the inspection point is far enough that the dissipative wave will dissipate
entirely. Thus, for the BEM model of the interactions between Lamb wave and
defect mentioned in this book, the distance between the defect and the left or right
boundaries should be far enough; that is, the accuracy result can be obtained only in
the situation where the model length is large enough. The model length can be
increased gradually to check when the reflected and transmitted coefficients of the
waves tend toward stability, and to evaluate if the distance between the scattering
centers and the boundaries is large enough.

The sweeping variations of the model length are shown in Fig. 5.8. The defects
under each length are all triangular defects with a thickness of 50 % of the plate
thickness and an opening width of 0.1 mm, and the defects are always located at the
horizontal midpoint of the plate model.

As an example to investigate the effect of the model length on the simulation,
Fig. 5.9 shows reflection and transmission coefficient variations with the increasing
model length. The S0 Lamb wave mode at ƒd = 500 Hz × m is taken as the incident
wave. According to the dispersion curves, only S0 and A0 modes may exist under
this ƒd. It is shown in Fig. 5.9 that the coefficients become stable and constant if the
length of the plate model is bigger than 6 mm.

In Fig. 5.10, the S0 Lamb wave mode is taken as the incident wave,
ƒd = 1000 Hz × m, and only S0 and A0 modes exist. It can be seen that the
coefficients become stable and constant if the length of the plate model is bigger
that 8 mm.

Consider the situation where the A0 mode Lamb wave is taken as the incident
wave. In Fig. 5.11, the A0 Lamb wave mode at ƒd = 1000 Hz × m is taken as the
incident wave. If the length of the plate model is bigger than 8 mm, this will enable
us to achieve stable numerical results for the reflected and transmitted coefficients.
The two coefficients, written together as R S0ð Þj j= T S0ð Þj j; indicate that the two
coefficient curves almost overlap with each other.

Fig. 5.8 The sweep of the
boundary element model
length

206 5 Simulation of Interactions Between Guided Waves and the Defects …



In Fig. 5.12, the A0 Lamb wave mode is taken as the incident wave. It can be
seen that the coefficients become stable and constant if the length of the plate model
is larger than 8 mm.

Fig. 5.9 BEM convergence test for the S0 mode (ƒd = 500 Hz × m) incidence to the triangular
defect with a width of 0.1 mm

Fig. 5.10 BEM convergence test for the S0 mode (ƒd = 1000 Hz × m) incidence to the triangular
defect with a width of 0.1 mm

5.6 Factors of Computational Accuracy 207



Fig. 5.11 BEM convergence test for the A0 mode (ƒd = 500 Hz × m) incidence to the triangular
defect with a width of 0.1 mm

Fig. 5.12 BEM convergence test for the A0 mode (ƒd = 1000 Hz × m) incidence to the triangular
defect with a width of 0.1 mm
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5.6.2 Sweeping of the Boundary Elements Size

The size of the boundary elements has an important influence on the accuracy of the
BEM technique. If the size of the boundary elements is too big, variations in the
acoustic field cannot be described accurately; when the boundary conditions on the
left and right virtual boundaries are constructed by mode expansion, the wave
structure cannot be described accurately if the elements’ size is too big, which will
cause inaccuracies in the boundary conditions. In addition, the problem of wave
propagation has some requirements of the elements’ size; that is, a certain number
of elements should be included within a wave length.

In order to exclude the effect of the description’s accuracy of the wave structure
on the left and right virtual boundaries, the elements’ size on the left and right
boundaries is fixed as a smaller value, only the size of the elements in the other
parts is flexible. In the calculated example, the length of all models are chosen as
8 mm, and the simulated defect is a triangular slot with an opening width of 0.1 mm
and a depth of 50 % thickness of the plate.

Figures 5.13 and 5.14 show the coefficients and energy curves for the S0 Lamb
wave mode when ƒd = 500 Hz × m and ƒd = 1000 Hz × m are taken as the
incidence, respectively; Figs. 5.15 and 5.16 show the coefficients and energy curves
for the A0 Lamb wave mode when ƒd = 500 Hz × m and ƒd = 1000 Hz × m are
taken as the incidence, respectively. It is shown in Figs. 5.13, 5.14, 5.15, 5.16 that
the changes in each coefficient are very small with increasing element size. Thus, a
relatively accurately simulated result can be obtained using the elements with a size
of 0.04 mm.

Fig. 5.13 The triangular defect with a 0.1 mm width when the S0 mode incidence is at
fd = 500 Hz × m
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Fig. 5.14 The triangular defect with a 0.1 mm width when the S0 mode incidence is at
fd = 1000 Hz × m

Fig. 5.15 The triangular defect with a 0.1 mm width when the A0 mode incidence is at
fd = 500 Hz × m
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5.7 Calculation of the Reflections at the End of the Plate

The guided wave propagation along the circumferential direction of the defect-free
pipe will not encounter the scatterers, while the reflection and mode conversion of
the guided waves in a finite defect-free plate will appear at the end of the plate, so
the end of the plate will play the same role as that of the defect.

In the view of the simulation realization, the reflection at the end of the
defect-free plate is the simplification of the two virtual boundaries of the ends. For
the established boundary condition based on the mode expansion, the only issue to
be considered is the reflection on the left virtual boundary; thus, the result of the
reflection at the end of the plate can be taken as the preliminary validation of the
correctness of the program. The end of the plate has the same traction-free boundary
condition as the top and bottom surface of the plate. The model of reflection at the
end of plate is given in Fig. 5.17.

Fig. 5.16 The triangular defect with a 0.1 mm width when the A0 mode incidence is at
fd = 1000 Hz × m

Fig. 5.17 The model of reflection at the end of the defect-free plate
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For the model of reflection at the end of the plate, the sweeping of the frequency
thickness product ƒd is the only thing to be considered, and in the sweeping process
of ƒd, we just change the frequency while the plate thickness is fixed at 1 mm. The
model length is 8 mm and the maximum size of the elements is 0.02 mm, both of
them are kept unchanged. The horizontal section at the vertical center of the plate is
selected, and the geometric model of the reflection at the end of the defect-free plate
is symmetrical about the cross section. This situation determines that there is no
mode conversion of the guided wave during its reflection; that is, if the mode of the
incident Lamb wave is symmetric, the reflected wave mode is also symmetric. If the
mode of the incident Lamb wave is antisymmetric, the reflected wave mode is also
antisymmetric. The conclusion can be verified by calculations: The reflected
coefficient of the guided wave mode that is opposite to the incident mode is
approaching zero; thus, the reflected coefficient curve of the guided wave mode that
is opposite to the incident mode is ignored in the curve chart of the reflected
coefficient-ƒd.

Figure 5.18 shows the variations in the reflected coefficient at the end of the
plate, with the frequency thickness product ƒd, for the S0 Lamb wave mode inci-
dence. Figure 5.18 indicates that the change in the reflected coefficient R S1ð Þj j is
very small with increases in the frequency thickness product, while R S2ð Þj j
increases first and then decreases after a certain value, but R S0ð Þj j decreases first
and then increases after a certain point. R S1ð Þj j and R S2ð Þj j will intersect at
ƒd = 4900 Hz × m. The variations in R S2ð Þj j and R S0ð Þj j are quite complementary,
so the energy conservation is validated indirectly.

If the S1 Lamb wave mode is incident in the plate, the variations in its reflected
coefficient at the end of the plate with the frequency thickness product are given in
Fig. 5.19. It is shown in Fig. 5.19 that all the reflected coefficients are very small;
that is, the majority of the reflected energies are in the form of the S1 mode.

When the A0 mode is incident in the plate, the variations in its reflected coef-
ficient at the end of the plate with the frequency thickness product is given in

Fig. 5.18 Reflection of the S0
Lamb wave mode at the end
of the plate
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Fig. 5.20. It is shown in Fig. 5.20 that R A0ð Þj j approximately equals 1 at the low
frequency range, which means that there is only the A0 mode reflected in this
situation; after overing the cut-off frequency of the A1 mode, R A0ð Þj j will have an
abrupt change and R A1ð Þj j begins to appear, and then R A0ð Þj j will increase from the
point that is close to 0 and R A1ð Þj j will decrease from the point that is close to 1.
These two coefficients will intersect with each other at the point ƒd = 3000 Hz × m.

If the A1 Lamb wave mode is incident in the plate, the variations in its reflected
coefficient at the end of plate with the frequency thickness product are given in
Fig. 5.21. It can be seen that R A0ð Þj j will decrease from the point that is close to 1
and R A1ð Þj j will increase from the point that is close to 0. These two coefficients
will intersect with each other at the point ƒd = 3100 Hz × m.

Fig. 5.19 Reflection of the S1
Lamb wave mode at the end
of the plate

Fig. 5.20 Reflection of the
A0 Lamb wave mode at the
end of the plate
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5.8 Simulation of the External Defect in the Plate [1]

There are two kinds of defect models that are used to simulate the crack on the
external surface of the steel plate in the calculation: a triangular groove and a
rectangular groove.

5.8.1 Sweeping of the Crack Depth on the External Surface
of the Plate

Firstly, the variations in each reflected and transmitted coefficient with the change
in defect depth are investigated. The sweeping results of the defect depth on the
external surface are significantly important for the quantization of the defect. The
crack models of the triangular and rectangular grooves are shown in Fig. 5.22.

Fig. 5.21 Reflection of the
A1 Lamb wave mode at the
end of the plate

Fig. 5.22 The sweeping model of the external defect
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The corresponding parameters used in these two sweeping models are provided as
follows: The length of the model is 10 mm, the maximum length of the elements is
0.02 mm, and the opening width of the defect is 0.1 mm.

For the triangular defect, if the S0 Lamb wave mode at ƒd = 1000 Hz × m is
taken as the incident wave, the coefficients of reflection and transmission are given
in Fig. 5.23. Specifically, Fig. 5.23a, b shows the curves describing the changes in
the reflection and transmission coefficients and the total energy defined in (5.35),
with the increase in the defect depth percentage from 0 %. The initial defect depth is
0 %, which is equivalent to the defect-free situation and corresponds to the ideal
circumstance of the free-propagation. Also, there is no mode conversion, only the
coefficient TðS0Þj j ¼ 1: With the increase in defect depth, TðS0Þj j will decrease and
RðS0Þj j will increase, while at the same time, the A0 mode will be generated. R A0ð Þj j
will increase first and then tend to smooth out, with a small decrease at the end. The
energy is always near 1 in the depth sweeping process, so the accuracy of the
solutions on the boundary is verified.

As shown in Fig. 5.24, the A0 Lamb wave mode at ƒd = 1000 Hz × m is taken as
the incident wave. It is shown in the figure that with the increase in the depth,
T A0ð Þj j will decrease and R A0ð Þj j will increase. However, the change of R A0ð Þj j is
not monotonic: T S0ð Þj j and R S0ð Þj j will increase first and then there will be a slight
decrease.

The situation of the rectangular groove is similar to that of the triangular defect.
The calculated results are given in Figs. 5.25 and 5.26, which show that
ƒd = 1000 Hz × m and S0 and A0 Lamb wave modes are taken as the incident wave
in the specimen with a rectangular groove defect.

Fig. 5.23 The fd = 1000 Hz × m S0 mode incidence for the external defect depth. a Reflection and
transmission coefficient. b Total energy
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Fig. 5.24 The fd = 1000 Hz × m A0 mode incidence for the external defect depth. a Reflection and
transmission coefficient. b Total energy

Fig. 5.25 The fd = 1000 Hz × m S0 mode incidence for the external defect depth. a Reflection and
transmission coefficient. b Total energy

Fig. 5.26 The fd = 1000 Hz × m A0 mode incidence for the external defect depth. a Reflection and
transmission coefficient. b Total energy
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5.8.2 Sweeping of the Crack Width on the External Surface
of the Plate

As with the sweeping of the defect depth, the sweeping results of the crack width
are equally important to the quantization of the defect size. When the sweeping of
the crack width is made on the external surface of the specimen, the types of the
defects are also triangular and rectangular grooves. The model of the width
sweeping is given in Fig. 5.27. The model with a length of 10 mm and element with
an upper limited size of 0.02 mm are used in each example of the sweeping
calculations, and the depth of the defects are all 50 % of the plate thickness.

The results of the S0 and A0 Lamb wave mode incidence in the specimen with the
triangular defect are shown in Figs. 5.28 and 5.29, respectively. It can be seen that
variations in all the coefficients are very small within the examined range. Under the
same value of ƒd, the width sweeping result of the rectangular groove is given in

Fig. 5.27 The sweeping model of the external defect

Fig. 5.28 The fd = 1000 Hz × mm S0 mode incidence for the external triangular defect.
a Reflection and transmission coefficient. b Total energy
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Figs. 5.30 and 5.31. Thus, it is found that the width change has a more serious effect
on the coefficients in the specimen with the rectangular defect than in the specimen
with the triangular defect.

5.8.3 Sweeping of the Frequency Thickness Product
in the Plate with External Defect

Only the triangular groove is considered in this book for the sweeping of the
frequency thickness product of the external defect in the plate. The opening width
of the defect is 0.2 mm, the length of the model is 10 mm, the maximum size of the
element is 0.02 mm, and the depth of the defect is 50 % of the plate thickness. The

Fig. 5.29 The fd = 1000 Hz × mm A0 mode incidence for the external triangular defect.
a Reflection and transmission coefficient. b Total energy

Fig. 5.30 The fd = 1000 Hz × mm S0 mode incidence for the external rectangular defect.
a Reflection and transmission coefficient. b Total energy
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sweeping results of the S0 and A0 Lamb wave mode incidence are given in
Figs. 5.32 and 5.33, respectively. The thickness of the plate is fixed at 1 mm for the
sweeping of the frequency thickness product, while the frequency is the only
flexible item.

5.9 Model and Numerical Simulation of Internal Defect
in the Plate

The reason for studying the interactions of the Lamb wave with an internal defect in
the plate lies in two facts. First of all, the plate to be tested could possibly contain
internal defects, so the results from this study provide guidelines for the detection of

Fig. 5.31 The fd = 1000 Hz × mm A0 mode incidence for the external rectangular defect.
a Reflection and transmission coefficient. b Total energy

Fig. 5.32 The fd = 1000 Hz × mm S0 mode incidence for the external rectangular defect.
a Reflection and transmission coefficient. b Total energy
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this kind of special defect; secondly, the relationship between the defect detection
sensitivity using the Lamb wave and the wave structure (or mode shape) of the
selected operating/working point of the Lamb wave could be researched based on
the obtained results.

From the view point of realization by the BEM program, there is a difference in
studying the simulation model of the internal defect in the specimen compared with
the external defect in the specimen discussed above: the geometrical structure of the
internal defect in the specimen is, in fact, a multiply connected domain that has a
double-boundary containing both an inner and an outer boundary, which needs
special treatment.

A double-boundary model containing an internal opening is shown in Fig. 5.34.
It is assumed here that the line connecting point A on the inner boundary ГΙ and
point B on the outer boundary ГE splits the original double-boundary region from a
single-boundary region, so the boundary integration equation is valid in this new
single-boundary region. The boundary integration can be written as the following
equation:

Fig. 5.33 The fd = 1000 Hz × mm A0 mode incidence for the external rectangular defect.
a Reflection and transmission coefficient. b Total energy

Fig. 5.34 The double-boundary model
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Z
¼
Z
CE

þ
Z
BA

þ
Z
CI

þ
Z
AB

The integral variables are omitted here for simplicity. The integration direction is
marked with arrows in Fig. 5.34. For the two integrals on the line AB, there is the
following relationship: Z

BA

¼ �
Z
AB

So the total boundary integration is listed as follows:Z
¼
Z
CE

þ
Z
CI

That is, the boundary integration equation is still valid for the original
double-boundary model as long as the boundary directions of the inner and outer
boundaries follow this rule: When the observation point moves along the boundary
direction, the outer normal n always points to the right, so the outer boundary
direction is anticlockwise. The inner boundary direction is clockwise. The direc-
tions of the outer normal of the two boundaries are also marked in Fig. 5.34. The set
of homogenous linear equations to solve is derived from the boundary integration
(5.6), so the original BEM process can be applied to the double-boundary model
provided that the rule of the selection of the boundary direction is satisfied.

Only internal rectangular slot defects are considered here. Cracks are simulated
with slots, and the model is shown in Fig. 5.35. For the external defect model, one
end of the opening of the defect is fixed at the surface of the plate, whose variation
is relatively simple. Obviously, the internal defect’s variation is more complex.

Fig. 5.35 Plate internal defect model with inner and outer boundaries
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5.9.1 Internal Crack’s Height in the Plate

The depth scanning results of the symmetric rectangular defect with respect to the
middle plane of the plate are shown in Figs. 5.36 and 5.37, when the S0 and A0

Lamb wave modes at ƒd = 1000 Hz × m are taken as the incident wave.
The length of the model used here is 10 mm, with a plate thickness of 1 mm, so

the range of the defect’s height corresponds to 10–90 % of the plate thickness. The
width of the internal rectangular defect is 0.1 mm, and the sizes of the elements of
the non-defect part of the boundary and the defect part of the boundary are limited
to 0.02 and 0.01 mm, respectively. In these simulations, the vertical centers of the
defect and the plate are always at the same place, or the defect grows in the upward
and downward directions symmetrically. Similar to the case of free edge reflection,
the symmetry of the defect (and hence the whole model) means that only those
reflected and transmitted modes of the same type as the incident mode can exist (the

Fig. 5.36 Height sweeping of internal rectangular slot’s height, fd = 1 MHz × mm S0 incident
mode. a Reflection and transmission coefficient. b Total energy

Fig. 5.37 Height sweeping of internal rectangular slot’s height, fd = 1 MHz × mm A0 incident
mode. a Reflection and transmission coefficient. b Total energy
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S mode incidence only generates S mode reflections and transmissions, and the
A mode incidence only generates A mode reflections and transmissions). From the
previous results, it can be learned that the R and T coefficients change monotoni-
cally with increasing defect height for the S0 mode incidence, while this is not true
for the A0 mode incidence. The normalized total energy is always near 1, so the
simulations for the internal defect model are verified. From here onwards, the
energy curves will be omitted for simplicity.

5.9.2 Internal Crack’s Width in the Plate

The width scanning results of the symmetric rectangular defect at the middle plane
of the plate are shown in Figs. 5.38 and 5.39. S0 and A0 Lamb wave modes at
ƒd = 1000 Hz × m are chosen as the incident wave.

Fig. 5.38 Width sweeping of internal rectangular slot’s height, fd = 1 MHz × mm S0 incident
mode. a Reflection and transmission coefficient. b Total energy

Fig. 5.39 Width sweeping of internal rectangular slot’s height, fd = 1 MHz × mm A0 incident
mode. a Reflection and transmission coefficient. b Total energy

5.9 Model and Numerical Simulation of Internal Defect in the Plate 223



The model’s length is 10 mm, the plate thickness is 1 mm, and the height of the
internal rectangular defect is 0.5 mm, i.e., 50 % of the plate thickness. The upper
limitations of the element sizes of the non-defect and defect parts of the boundary
are 0.02 and 0.01 mm, respectively. The symmetry of the defect model means that
only reflected and transmitted modes with the same type as the incidence will exist.
From the results shown in Figs. 5.38 and 5.39, it can be observed that when the S0
Lamb wave mode is taken as the incident wave, neither R S0ð Þj j nor T S0ð Þj j changes
monotonically with increasing slot width, and they change abruptly near a width of
0.7 mm. The coefficients for A0 mode incidence do not change monotonically
either. The energy curve shows that the normalized total energy is always near 1, so
the simulations can be verified.

Figures 5.40 and 5.41 show the results for the R and T coefficients’ variations
with a non-symmetrical internal rectangular slot width for ƒd = 1000 Hz × mm S0
and A0 incident modes, respectively.

Fig. 5.40 Width sweeping of non-symmetrical internal rectangular slot’s width, fd = 1 MHz.mm
S0 incident mode. a Reflection and transmission coefficient. b Total energy

Fig. 5.41 Width sweeping of non-symmetrical internal rectangular slot’s width,
fd = 1 MHz × mm A0 incident mode. a Reflection and transmission coefficient. b Total energy
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In order to avoid confusion, the curves for the mode-converted coefficients are
drawn using dashed lines. A 10 mm model length and 1 mm plate thickness are
used. The height of the internal defect is 0.4 mm and the vertical center of the defect
is 0.1 mm above the middle plane of the plate. The limits of the element sizes are
0.02 and 0.01 mm, respectively. From these figures, it can be observed that with the
S0 Lamb wave mode as incidence, neither R S0ð Þj j nor T S0ð Þj j changes monotoni-
cally. They change abruptly near a 0.7 mm width. This is similar to the A0 mode
incidence. The total energy obtained from the calculation is still near 1 all of the
time, so the accuracy of the calculation can be verified.

5.9.3 Frequency Thickness Product of Internal Crack
in the Plate

The scanning results of the frequency thickness product of the symmetric rectan-
gular defect at the middle plane of the plate are shown in Figs. 5.42 and 5.43. S0 and
A0 Lamb wave modes are selected as the incident wave.

The model’s length is 10 mm and the plate thickness is 1 mm. The rectangular
slot at the vertical center of the plate has a width of 0.1 mm and a height of 0.5 mm,
i.e., 50 % of the plate thickness. The limits for the element sizes of the non-defect
and defect parts of the boundary are 0.02 and 0.01 mm, respectively. Because the
whole model is symmetric with respect to the middle plane of the plate, no mode
conversion occurs.

In Figs. 5.44 and 5.45, the Lamb waves’ interactions with the internal
non-symmetrical rectangular defects are investigated. The reflection and transmis-
sion coefficients’ variations with fd for the S0 and A0 Lamb wave modes were
selected as the incident waves.

Fig. 5.42 The fd sweeping of symmetrical internal rectangular defect, S0 incident mode.
a Reflection and transmission coefficient. b Total energy
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Fig. 5.43 The fd sweeping of symmetrical internal rectangular defect, A0 incident mode.
a Reflection and transmission coefficient. b Total energy

Fig. 5.44 The fd sweeping of non-symmetrical internal rectangular defect, S0 incident mode.
a Reflection and transmission coefficient. b Total energy

Fig. 5.45 The fd sweeping of non-symmetrical internal rectangular defect, A0 incident mode.
a Reflection and transmission coefficient. b Total energy
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The model’s length is 10 mm and the plate thickness is 1 mm. The height of the
internal defect is 0.4 mm and its vertical center is 0.1 mm above the middle plane of
the plate. The width of the defect is 0.1 mm. The limits for the element sizes of the
non-defect and defect parts of the boundary are 0.02 and 0.01 mm, respectively.
Because the defect investigated here is no longer symmetric with respect to the
middle plane, there exist mode-converted reflected and transmitted waves. Under the
chosen parameters, the coefficients for the mode of the same type as the incidence
have similar trends of variation compared with the case of the symmetrical defect.

5.9.4 Internal Crack’s Movement Along the Vertical
Direction

The variations in reflection and transmission coefficients with the internal crack’s
movement along the vertical direction are shown in Fig. 5.46. The internal defect is
0.1 mm in width and 0.3 mm in height. The model’s length is 10 mm and the plate
thickness is 1 mm. The limits for the element sizes of the non-defect and defect parts
of the boundary are 0.02 and 0.005mm, respectively. The horizontal axis in the figure
stands for the position of the defect’s vertical center with respect to the middle plane.
The range of the horizontal axis is from 0 to some place near the upper surface of the
plate, so the result shown in the figure actually corresponds to a half plate thickness
simulation and the calculated coefficient curves for the other half are symmetrically
the same as the drawn curves. It is shown in Fig. 5.46 that the position of the internal
defect hardly influences the S0 mode coefficients, while the A0 mode coefficients will
increase with the defect’s increasing distance from the middle plane.

Figure 5.47 shows the case when the A0 Lamb wave mode is taken as the
incident wave. Other parameters are the same as for the previous simulation
example. From Fig. 5.47, it can be observed that the position of the internal defect
has some influence on the A0 mode reflection coefficient.

Fig. 5.46 Internal crack’s movement along the vertical direction, S0 incident mode. a Reflection
and transmission coefficient. b Total energy
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5.10 Quantitative Crack Detection by Electromagnetic
Ultrasonic Guided Waves

The main purpose in detecting cracks using electromagnetic ultrasonic guided
waves is to locate and quantitatively size the cracks in the pipe. The information on
the crack’s location can be determined from the time of the appearance of the
characteristic wave signal, but it is relatively difficult to quantitatively size the
crack. The characteristics of the reflected and transmitted signals of the ultrasonic
wave are dependent on the geometric composition of the crack, which is a positive
process. But the process of crack quantification is an inverse process of derivation
of the geometric construction of the crack by the waveform of the reflected and
transmitted waves. In general, it is very difficult to solve the inverse process, and the
results may be not unique. In most cases, the obtained result is only equivalent to
the standard defect.

At present, there are studies carried out rarely on crack quantification by guided
waves. One of the reasons is that the inverse problems of guided wave propagation
and scattering are quite complex, and it generally has to take the positive simulated
results as a reference. The linear relationship between the defect depth and the
frequency thickness product that corresponds to the minimum point of the trans-
mission coefficient curve in the process frequency thickness product scanning is
studied by Rose. However, the scanning of the frequency thickness is very difficult;
for instance, if we want to make a scan for the piezoelectric transducer with the
oblique incidence longitudinal wave for a certain wave mode, the incident fre-
quency should be changed constantly, and the incident angle calculated by Snell’s
law should also be flexible. Even though the operating angle of the angle beam
transducer is adjustable, it is also difficult to operate and time-consuming. It can be
even more difficult using the electromagnetic ultrasonic transducer since the wave
length of the guided wave should be changed with the inspection frequency.

Fig. 5.47 Internal crack’s movement along the vertical direction, A0 incident mode. a Reflection
and transmission coefficient. b Total energy
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The period of the transducer coil used to excite the guided wave should also be
changed, and this change of structure is almost impossible to realize, which makes
it more difficult to be applied for online testing [2].

Considering the current research status and problems of crack quantification by
guided wave, this book is proposing two new methods for crack quantification
using BEM simulations.

The crack depth quantification firstly investigates the rectangular groove with a
given width, specifically, the functions between the crack depth and reflection,
using transmission coefficients by the method of curve fitting. Considering the
non-monotonic change of the reflection and transmission coefficients with the crack
depth, it makes the solution of the inverse problem more difficult; thus, the range of
working points where the coefficients change monotonically is selected to detect the
cracks.

As an example, the S0 Lamb wave mode at ƒd = 1000 Hz × m is selected as the
incident wave to detect a rectangular crack with an opening width of 0.1 mm in the
specimen. The simulated calculation shows that the changes of reflection and
transmission coefficients change monotonically with the crack depth in this situa-
tion. The results of the BEM simulation are indicated by the discrete points in the
coordinate system, where the horizontal coordinate axis represents the reflection or
transmission coefficient and the vertical coordinate axis represents the percentage of
the crack depth. The simulation process involves exchanging the coordinate axes;
expressing the crack depth as the function of the reflection and transmission
coefficients; making the curve fit the discrete points, and then studying the corre-
sponding law. For the relationship between the depth and the reflection coefficient,
we tried 1–6 times polynomial fitting and 1 and 2 terms exponential fitting. From
the fitting results in the fitting schemes, it can be found that a 6-order polynomial
fitting is relatively the best choice. The analytical equation obtained from the fitting
can be expressed as follows:

y ¼ �752:7x6 þ 2478x5 � 3268x4 þ 2199x3 � 770:3x2 þ 210:3xþ 2:842

In the above equation, x is the reflection coefficient and y is the depth percentage
of the rectangular groove crack.

The curve of the quantified equation obtained from the 6 order polynomial fitting
is shown in Fig. 5.48 as well as the discrete points obtained from the
BEM-simulated calculation. It is shown in the figure that the fitting result is a good
expression of the relationship between the crack depth and the reflection coefficient
of the guided wave; thus, the fitting result can be taken as a foundation of the
quantification of the crack depth.

Using a similar method, the relationship between the crack depth and the
transmission coefficient of the guided wave is built by the 6 order polynomial
fitting. We get the following expression.
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y ¼ �5940x6 þ 18850x5 � 23640x4 þ 14860x3 � 4881x2 þ 700:7xþ 59:7

In the above equation, x is the transmission coefficient and y is the depth per-
centage of the rectangular groove crack. The fitting curve and the discrete point
obtained from the simulation are shown in Fig. 5.49. Since the curves of the
reflection and transmission coefficients of the tested S0 mode are monotonous and
the crack width is already given, the fitting curves of the guided wave reflection and
transmission coefficients can be used to quantify the crack depth of the rectangular
groove.

Another example is the symmetric rectangular groove defect in the specimen.
The width of the defect is fixed at 0.1 mm and the S0 Lamb wave mode at
ƒd = 1000 Hz × mm is taken as the incident wave. The derived fitting equation used
to express the relationship between the depth and the reflection coefficient is written
as follows:

y ¼ �549x6 þ 2056x5 � 2961x4 þ 2174x4 � 897:4x2 þ 270:8xþ 3:766

In the above equation, x is the reflection coefficient. The fitting curve is shown in
Fig. 5.50.

Based on the above-quantitative solution of the fitting curve, the defect is
assumed as the standard rectangular groove defect and the crack width is given.

In the following section, the quantification of the crack width and the depth is
considered in parallel. The S0 Lamb wave mode at ƒd = 1000 Hz × mm is taken as

Fig. 5.48 The fitting result of the reflection coefficient-crack depth, S0 mode at
ƒd = 1000 Hz × mm of the rectangular groove crack with a width of 0.1 mm in the specimen
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Fig. 5.49 The fitting result of the transmission coefficient-crack depth, S0 mode at
ƒd = 1000 Hz × mm of the rectangular groove crack with a width of 0.1 mm in the specimen

Fig. 5.50 The fitting result of the reflection coefficient-crack depth, S0 mode at
ƒd = 1000 Hz × mm of the symmetric rectangular groove crack with a width of 0.1 mm in the
specimen
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the incident wave and the rectangular groove defect on the plate surface is taken as
the sample. The percentage of the defect depth is taken as the x-coordinate, the
defect width is taken as the y-coordinate, and the reflection and transmission
coefficients are taken as the z-coordinate. Based on the data obtained from the
simulations, the curves of the reflection and transmission coefficients are provided
in Fig. 5.51. It is shown in the figures that these two coefficients of the S0 Lamb
wave mode are all monotonous in the depth direction (Fig. 5.52).

Based on the curves shown in Fig. 5.51, if the reflection and transmission
coefficients are given, the algorithm that can be used for the quantification of the
rectangular groove width and depth in parallel is proposed as follows:

(1) Make the plane correspond to the given reflection coefficient in the reflection
coefficient curve, and the subpoint of the intersection line being between the
plane and the curve satisfies the requirement of the reflection coefficient;

Fig. 5.51 The curves of reflection and transmission coefficients for the rectangular groove defect,
when the S0 Lamb wave mode at ƒd = 1000 Hz × mm is the incident wave. a The curve of the
reflection coefficient. b The curve of the transmission coefficient

Fig. 5.52 The curves of reflection and transmission coefficients for the rectangular groove defect,
when the A0 Lamb wave mode at ƒd = 1000 Hz × mm is the incident wave. a The curve of the
reflection coefficient. b The curve of the transmission coefficient
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(2) Make the plane correspond to the given transmission coefficient in the
transmission coefficient curve, and the subpoint of the intersection line being
between the plane and the curve satisfies the requirement of the transmission
coefficient;

(3) The horizontal and vertical coordinates of the intersection point of the two
projection lines represent the quantized percentile depth and width of the
rectangular groove crack corresponding to the given reflection and transmis-
sion coefficients.

For example, in the case of the rectangular groove defect with a width of
0.26 mm and a 40 % of depth, its reflection and transmission coefficients are 0.3975
and 0.7848, respectively. The projection line of the intersection line between the
reflection and transmission curves and the plane composed of the given coefficients
on the surface of the percentile depth and width is shown in Fig. 5.53. The vertical
and horizontal coordinates of its intersection point are the quantitative depth per-
centage 39.9995 % and the quantitative width percentage 0.2614 mm, respectively.

A set of quantitatively calculated examples of the rectangular groove cracks are
provided in Table 5.1. It is shown in Table 5.1 that the quantitative depth of the
rectangular groove crack has a better accuracy than the quantitative width of the
rectangular groove crack, for the reason that the variation in the reflection and
transmission coefficients is relative small as the crack width changes.

A condition for the application of the above algorithm is that the curves of the
reflection and transmission coefficients should be monotonous within the examined

Fig. 5.53 The projection of the intersection line between the coefficient curve and the plane of the
reflection and transmission coefficient
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scope of the defect size, for instance, for the condition of the S0 Lamb wave mode at
ƒd = 1000 Hz × mm being taken as the incident wave.

The quantitative scheme based on the curves of rectangular groove reflection and
transmission coefficients can only be used for the quantification of the rectangular
groove defect. The corresponding results of the triangular defect will be checked in
the following section. The curves of the reflection and transmission coefficients for
the condition of the S0 Lamb wave mode as the incident wave in the triangular
groove defect are shown in Fig. 5.54. It is shown in the figure that the change in the
coefficient curves of the S0 Lamb wave mode is monotonous in the depth direction,
which is similar to that of the rectangular groove (Fig. 5.55).

Using the curves of the reflection and transmission coefficients, the quantitative
research for the opening width and depth of the triangular groove defect is con-
ducted using the same method as that for the quantification of the rectangular
groove defect. A set of examples and their results are given in Table 5.2. It can be

Fig. 5.54 The curves of reflection and transmission coefficients for the triangular groove defect,
when the S0 Lamb wave mode at ƒd = 1000 Hz × mm is the incident wave. a Reflection coefficient
curve. b Transmission coefficient curve

Fig. 5.55 The curves of reflection and transmission coefficients for the triangular groove defect,
when the A0 Lamb wave mode at ƒd = 1000 Hz × mm is the incident wave. a Reflection coefficient
curve. b Transmission coefficient curve
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seen that the accuracy of the depth quantification for the triangular groove crack is
better than that of the width quantification.

Based on the same principle, elliptical defects and other types of standard defects
can also be inspected. A systematical database is composed of the reflection and
transmission coefficient curves of all the standard defects, which is beneficial to the
quantification of crack-like defects whose shapes are unknown.

The quantitative method given in this section is mainly targeted at the standard
defect, that is, the model of an artificial defect with a normalized shape; thus, it has
certain limitations. The establishment and design of the new algorithm which is
more applicable is the research orientation of the intensive study of the inverse
problem of the defect quantification.
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Table 5.2 The quantitative calculated examples of the triangular groove cracks

Width (mm) Depth (%) Reflection R Transmission T Width (mm) Depth (%)

0.26 40 0.33396 0.84023 0.2820 39.8454

0.45 23 0.1405 0.9626 0.5159 22.6980

0.15 55 0.4904 0.6748 0.1491 55.0176

0.56 22 0.1342 0.9664 0.6346 21.6318

0.67 46 0.4146 0.7833 0.6768 46.0067
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Chapter 6
Finite Element Simulation of Ultrasonic
Guided Waves

The commercial software Abaqus is used in this chapter to simulate the Lamb wave
propagation in the steel plate, the circumferential Lamb wave in the pipe, and the
L- and T-type guided waves in the axial direction of the pipe, as well as their
interactions with the transverse defects. The “transverse” means that the extensional
direction of the defect is perpendicular to the propagation direction of the guided
waves. As a classic example, a stress corrosion crack on a gas transmission pipeline
will generally stretch along the axial direction of the pipe. When the circumferential
guided wave in the pipe is used, it is possible that the propagation path is per-
pendicular to the stretching direction of the tested defect.

6.1 The Explicit Integration Finite Element Method

The corresponding simulation of the ultrasonic guided wave is based on the explicit
time integration of the finite element method. The simulation principle of this
method is given.

The selection of explicit time integration determines that the Abaqus/Explicit
should be automatically taken as the finite element solver. The central difference
method is used in the application of the Abaqus/Explicit to carry out the explicit
time integration for the kinematic equation. It is to use the kinestate of a time
increment to calculate the kinestate of another time increment.

At the beginning of the one-time increment, an expression of the dynamic
balance with the following form is established: M€u ¼ P� I, where M is the node
mass matrix, €u is the node acceleration, P is the applied external force, and I is the
acting force of the internal elements.
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At the starting point of the time increment, that is, time t, the acceleration is
€ut ¼ ðMÞ�1ðP� IÞt. Then, using the central difference method to create the time
integral for the acceleration, the velocity of the present-time increment midpoint
_utþ Dt

2
: is obtained from the velocity of the previous time increment midpoint _ut�Dt

2
,

as shown in the following equation:

_utþ Dt
2
¼ _ut�Dt

2
þ DttþDt þDtt

2
€ut

The displacement utþD t at the end of the time increment is obtained from the
starting point of the time increment ut, as shown in the following equation:

utþDt ¼ ut þDttþDt _utþ Dt
2

The earlier calculations are all based on nodes. Then, the strain increment, stress,
and the internal force of the node ItþDt are all calculable. The whole calculation
process will be repeated in the next-time increment.

When the explicit time integration method is used, in order to get accurate
simulation results, the time increment should be small enough so that the accel-
eration within a time increment is approximately constant. The explicit time inte-
gration method is very suitable for the high-speed dynamic problems, so that small
time increments are needed in this case to get the high-resolution solution.

6.2 Finite Element Simulation of the Lamb Wave
in the Plate [1]

6.2.1 Establishment of the Lamb Wave Equation
in the Elastic Plate

The coordinate system and the Lamb wave displacement component are shown in
Fig. 6.1. In Fig. 6.1, O is the origin of the coordinates, d = 2h is the plate thickness,
x and y are the coordinate axes, and u and v are the displacement components of the
x and y coordinate axes. The extension directions of the plate are along the positive
and negative directions of the x-axis.

One basic assumption for the Lamb wave propagation in the elastic plate is that it
is traction-free on the top and bottom surfaces of the plate, and the displacement
vector in the wave propagation process contains only the x-axis (u) and y-axis
(v) non-zero components; thus, this is a plane-strain problem.

Here, the procedure to derive the Lamb wave equation is listed in the following
sections:
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(1) The elastic-dynamic control equation, that is, the Navier wave equation, is
shown in the following equation:

lr2uþðkþ lÞrr � u ¼ q
@2u
@t2

In the above equation, u is the displacement vector, λ and μ are Lame con-
stants, and ρ is the mass density. The potential function is used to decompose
the displacement vector u (Helmholtz decomposition) so that the displacement
vector can be expressed as u ¼ ruþr� w, where u and w are the scalar
and vector potential functions, respectively. The potential function is used to
express the elastic-dynamic wave equation. As the solution of the wave
equation, the potential function has the following form:

u ¼ UðyÞei kx�xtð Þ; w ¼ wðyÞei kx�xtð Þ

In the above equation, k is the wave number, ω is the angular frequency, and w
is the Z component of the w-vector. The expressions of these potential
functions describe the traveling wave along the x-direction and the standing
wave along the y-direction.
UðyÞ and WðyÞ are assumed to be the following forms:

UðyÞ ¼ A1 sinðpyÞþA2 cosðpyÞ;WðyÞ ¼ B1 sinðqyÞþB2 cosðqyÞ

In the above equation, A1, A2, B1, and B2 are unknown coefficients, and we
have the equation listed as follows:

p2 ¼ x2

C2
L
� k2; q2 ¼ x2

C2
T
� k2

In the above equation, CL is the velocity of the longitudinal wave and CT is the
velocity of the shear wave.

(2) According to the strain–displacement relationship and the stress–strain rela-
tionship in elastic theory, the potential functions u and w are used to express
the stress where unknown coefficients are involved.

Fig. 6.1 The coordinate system in the plate and the displacement components of the Lamb wave
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(3) Based on the assumption of a traction-free boundary condition on the surfaces,
the equation set generated by the boundary condition is actually a system of
linear homogeneous equations, and the coefficient in the stress expression
discussed above is now an unknown value.

(4) In order to get the untrivial solution, the coefficient matrix determinant of the
system of linear homogeneous equations must be 0; the dispersion equation is
thus obtained. The numerical solution of the dispersion equation is expressed
as the dispersion curve of the phase velocity (Cp). The dispersion curve of the
group velocity is obtained from the frequency dispersion curve of the phase
velocity (Cp), as shown in the following equation, where f is the frequency:

Cg ¼ dx
dk

¼ C2
p

Cp � f dCp

df

According to the symmetry of the displacement components about the middle
plane of the plate, the Lamb wave can be decomposed into two types: a symmetrical
type and an antisymmetrical type.

The dispersion equation of the symmetrical type is listed as follows:

tanðqhÞ
tanðphÞ ¼ � 4k2pq

k2 � q2ð Þ2

The dispersion equation of the antisymmetrical type is listed as follows:

tanðqhÞ
tanðphÞ ¼ � k2 � q2ð Þ2

4k2pq

The dispersion curve of the Lamb wave propagation in the steel plate is shown in
Fig. 6.2. The symmetrical-type guided wave is marked as “Sn” and the
antisymmetrical-type guided wave is marked as “An.” The range of the subscript
n is from 0 to infinity. The x-axis thickness product (ƒd) and its unit is “Hz × mm”;
the y-axis is the phase velocity cp or group velocity cg and its unit is “km/s.” The
material parameters are: Young’s modulus E = 207 × 109 Pa, Poisson ratio v = 0.3,
mass density ρ = 7800 kg/m3.

6.2.2 Finite Element Simulation of the Lamb Wave
in the Plate

The simulation based on Abaqus includes three main stages: pretreatment, calcu-
lation, and post-processing. Each of these stages corresponds to one or several
function modules of the Abaqus/CAE environment.
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In the preliminary treatment process, in general, the simulation model will be
defined by the Abaqus/CAE environment. The purpose is to generate the suitable
solving input file (.inp file).

(1) The Part module. This module allows users to establish the part to correspond
with the different parts of the simulated structure in the real world. Each part is
a blueprint, which should be implemented as a specific instance first, and then
it can be analyzed in Abaqus. In the simulation model used in this section, a
part composed of a planar waveguide geometric structure and character is
drawn in Sketcher.

(2) The Property module. The material parameter is defined in this module, and
then is referenced in the section definition. Then, the defined section is given
to the part to complete the specification of the material parameter.

(3) The Assembly module. The whole model is an Assembly, which is composed
of one or several instances, but the instance generated in this module is
implemented from the defined part. The instance can be selected from
the dependent instance or independent instance. This selection appoints that
the grid generated on the part is taken as the blueprint, and then inherits all the
instances realized by this part, or generates on the instance itself directly. At
this moment, each instance has the grid of itself.

(4) The Step module. Except for the internal initial step, the analytical procedure
should also be established. In this simulation, the type of the analytical pro-
cedure is appointed as the “dynamic explicit.” This is the main step to simulate
the Lamb wave propagation and its interaction with the defect. The time period
parameter defined in the step decides the simulation time of duration, so its
value should be selected carefully to catch the useful guided wave signal
characteristics and avoid the useless characteristics. The Field Output and
History output are also defined in this module. The Field Output indicates the
following requests sent to the solver: The solver is required to generate
the values of some selected variables of the whole model or partial region of

Fig. 6.2 The dispersion curve of the Lamb wave in the steel plate, with a plate thickness of 1 mm.
a Phase velocity dispersion curve. b Group velocity dispersion curve
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the model on the time points, to establish the carton composed by the isoline
map that is used to describe the wave propagation. By contrast, History Output
requests the solver, under the precise time step, to calculate the time history of
the selected variables of the specified space points in the model, mainly used
to generate the time waveform of the variables on those points.

(5) The Load module. The loading and boundary conditions are all defined in this
module. The guided wave excitation source is defined and applied in this
module. The narrow-band tone burst signal is taken as the excitation source.
This signal is composed of a several cycles sine wave and modulated by the
“Hamming” window function defined as follows:

wðnÞ ¼ 0:54� 0:46 cos
2pn
N

� �
; n ¼ 0; 1. . .;N � 1

In the above equation, N is the point that is used to define the window
function. Another usable typical window function is the “Hanning” window
function, as listed as follows:

wðnÞ ¼ 0:5� 0:5 cos
2pn
N

� �
; n ¼ 0; 1; . . .;N � 1

A key problem of guided wave simulation modeling is how to apply the exci-
tation source to generate the required type of guided wave. The excitation source of
different types can be used as shown in Fig. 6.3. For the S-type wave, edge exci-
tation is used, where the applied displacement boundary condition is perpendicular
to the edge. For the A-type wave, the excitation method is also edge excitation,
where the applied displacement boundary condition is parallel with the edge.
The top excitation can also be used; that is, the load is applied on the micro-region
of the top surface of the end, where the guided wave is close to the start edge. The
generated type (S or A) cannot be controlled any more when the top excitation is
used, which means that the S- and A-type waves will be generated at the same time.
In the study of the Lamb wave propagation, both the edge and the top excitation will
be used; for the study of the defect scattering, the only used excitation method is
edge excitation to generate a single pure guided wave mode.

The Mesh module. The finite element mesh is defined in this module. The finite
element model is shown in Fig. 6.4, and the element size of x-direction lex and

Fig. 6.3 Different types of excitation methods used for Lamb wave generation in the plate.
a Perpendicular to the edge. b Parallel to the edge. c Top excitation
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y-direction ley must be selected carefully to guarantee the accuracy of the simula-
tion. The ley should be small enough to guarantee that the element number of the
y-direction is big enough, so that the wave structure can be described accurately,
that is, the distribution of the displacement, stress, or other physical quantity in the
y-direction of the plate waveguide (the thickness direction). For the defect-free
circumstance, the element number in the y-direction is selected as 10; for the
circumstance of defects, the element number in the y-direction is selected as 100. lex
should also be small enough to guarantee the element number within a wave length
is sufficient.

k
lex

�N

In the above equation, λ = Cp/f is the wave length of the Lamb wave, (Cp is the
phase velocity, and f is the frequency, that is, the center frequency of the tone burst
signal), and N is the selected integer. The value of N is selected as 20 in most of the
simulations except the “defect area” in the scattering simulation.

If it is available, the “Structured” gridding technique can be used, since the
quality of the gridding generated by this technique is easy to be guaranteed.
The successful application of this technique requests that the geometric structure of
the model should be simple enough, or the model can be divided into several
partitions with a simple structure. The plane-strain quadrilateral element CPE4R is
selected as the type of these elements.

The second stage of the finite element simulation is calculated, which will be
finished in the Job module. In this module, the generated input file is submitted to
the solver selected in the Step module of the previous processing stage.

The last stage of the finite element simulation is the post-processing, which will
be realized in the Visualization module. In this module, the simulated results stored
in the output database file (.odb) can be shown, and then processed according to the
actual demands.

Most simulated work can be realized through the GUI operation in the Abaqus/
CAE environment, for instance, the special tasks when the tone burst signal is
defined by the equally spaced type Amplitude. In the post-processing process, it is
also possible to complete some data processing work, which is difficult to realize

Fig. 6.4 Finite element
model of the Lamb wave in
the plate
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using GUI. For these works, the programmatic interface named as “Abaqus
Scripting Interface” is provided by Abaqus; specifically, the Python programming
language is used to perform the task.

6.2.3 Example of Lamb Wave Simulation in the Plate

When the Lamb wave is propagating freely, it means that there is no defect on the
propagation path of the Lamb wave, although it is possible for the existence of edge
reflection. Then, the interaction between the Lamb wave and the transverse defect
will be studied.

The model of the Lamb wave propagation in the free steel plate is shown in
Fig. 6.5, where O is the origin of the coordinates, d is the plate thickness, and
l = 0.25 m is the length of the plate. P1 [coordinate (−0.075, d/2)] and P2 [coor-
dinate (0.075, d/2)] are the observation points. The waveform of these observation
points is recorded in the simulation. The “starting edge” in Fig. 3.7 is the applied
position of the excitation source, as well as being the initial position of the Lamb
wave propagation. The figure also shows the occurring locations of the edge
reflections of the second time, the fourth time, etc.

The tone burst signal is modulated by the Hamming window function, it has 5.5
sinusoidal periods. The plate thickness is selected as 1 mm and the material
parameters are: Young’s modulus E = 207 × 109 Pa, Poisson’s ratio v = 0.3, and the
mass density ρ = 7800 kg/m3. From these material parameters, the bulk wave
velocities can be calculated as: longitudinal wave velocity CL = 5977.03 m/s, shear
wave velocity CT = 5977.03 m/s.

Some typical “working points” can be obtained from the dispersion curve of the
phase and group velocity, as shown in Table 6.1. These data can be used in the
latter simulated examples.

Fig. 6.5 The model of the Lamb wave propagation in the sample without defect

Table 6.1 The typical “working points” and the corresponding velocities of wave propagation

Working point number Mode fd (Hz × m) Cp (m/s) Cg (m/s)

1 S0 1000 5335.55 5189.70

2 A0 1000 2347.40 3191.47

3 A0 2500 2793.65 3161.44

4 A1 2500 7049.18 3728.66
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From the distance of the guided wave propagation (that is the plate length
l = 0.25 m) and the calculated group velocity of the guided wave propagation,
which is listed in Table 6.1, the propagation time of the S0 mode, fd = 1000 Hz × m,
from the starting edge to the end edge is 4.82 × 10−5 s. The propagation time of the
A0 mode is 6.70 × 10−5 s. The time period parameter in the step definition of the
finite element simulation can be determined from these time durations.

Under the edge excitation in the simulation, the waveform of the displacement
components u at the input mode points P1 and P2 is shown in Fig. 6.6. The
corresponding waveform of v components is not shown here, due to the similarity
between the v and u waveforms. Both of the two waveforms in Fig. 6.6 contain two
larger waveform characteristics; the first characteristic is the signals for P1 and P2
and the second is the reflected signal from the end edge. The signal amplitude
attenuation and time dilation caused by the dispersion and material damping can be
observed from the figure. The recorded signal characteristic of propagation velocity
C0
g from points P1 to P2 is calculated using the following equation:

C0
g ¼

Dd
Dt

In the above equation, Ddð¼0:15mÞ is the propagation distance of the guided
wave and Dt is the propagating time of the guided wave, which is solved through
the written Python function. The value of C0

g should be very close to the theoret-
ically calculated value of Cg of the guided wave mode.

As shown in Table 3.1, the group velocity Cg of the S0 mode at fd =
1000 Hz × m is 5189.70 m/s. The C0

g obtained from the calculation of the signal
from the P1 to the P2 points in Fig. 6.6 is 5126.77 m/s. The error between the
propagation velocity C0

g of the signal and the theoretical group velocity Cg is around
1 %, which demonstrates that the expected guided wave mode is generated in the
simulation.

Fig. 6.6 The simulation of the S0 mode by edge excitation. a u at P1 point. b u at P2 point
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In the following section, the interactions between the Lamb wave and the defects
on the propagation path are studied. The model for this study is shown in Fig. 6.7.
In the figure, the plate length is assumed to be l = 0.25 m, plate thickness d = 1 mm,
and the excitation frequency f = 1 MHz, thus fd = 1000 Hz × m. The location of
the defect in the x-direction is in the range of 0–0.025 m. For the other part of
the model, a more detailed mesh is used in the defect area to accurately catch the
scattering phenomenon of the guided wave in the defect area.

Three types of defects in the cross section of the plate are inspected as shown in
Fig. 6.8, and they are listed as follows:

The external symmetric defect of the plate, Fig. 6.8a;
The inner symmetric defect of the plate, Fig. 6.8b;
The external antisymmetric defect of the plate, with the opening located on the
surface of the plate as shown in Fig. 6.8c.

The “symmetry” and “asymmetry” are all defined relative to the middle of the
plate. “Outside” and “inside” refer to the locations on the cross section of the plate.
For all the simulations, the width of the simulated rectangular defect is 1 mm and
the size of the defect in the y-direction/plate thickness direction t (in Fig. 6.8a
t1 = t2, t1 + t2 = t) is 50 % of the plate thickness.

The scattering circumstance of the external symmetric defect is inspected first
and the defect shape is shown in Fig. 6.8a. For the incident S0 mode, the u wave-
forms of points P1 and P2 are shown in Fig. 6.9. In the u waveform (Fig. 6.9a) of
point P1, the characteristics of waveforms of the propagation, reflection from the
defect, and reflection from the edge of the S0 mode can be seen. In the u waveform
(Fig. 6.9b) of point P2, only the characteristics of the waveforms of transmission
from the defect and reflection from the edge of the S0 mode can be found. The
simulated result shows that there is no existence of the A0 mode in the reflection or
transmission wave when the S0 mode is taken as the incident wave.

Fig. 6.7 The model of Lamb wave propagation in the sample with defect

Fig. 6.8 The different types of defects for the Lamb wave scattering simulation
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Then, the scattering condition of the internal symmetric defect is checked. The
defect shape is shown in Fig. 6.8b. The defect is actually located inside the plate.
When the S0 mode is taken as the incident wave, the u waveforms recorded at points
P1 and P2 are shown in Fig. 6.10. These results are almost the same as the sim-
ulated results of the external symmetric defect shown in Fig. 6.9.

In the following section, the scattering situation of the external antisymmetric
defect in the plate will be discussed. The opening of the defect is located on the
surface of the plate and its shape is shown in Fig. 6.8c. The defect is no longer
symmetric of the middle plane of the plate.

When the S0 mode is taken as the incident wave, the u waveforms recorded at
points P1 and P2 are shown in Fig. 6.11. In Fig. 6.11a, the signal around the time
t = 1.26 × 10−5 s is the propagating signal of the S0 mode at point P1; after the time
t = 4.0 × 10−5 s, the first waveform corresponds to the end edge reflection S0 mode

Fig. 6.9 The S0 mode incident into the sample with an external symmetric defect. a u at point P1.
b u at point P2

Fig. 6.10 The S0 mode incident into the sample with an internal symmetric defect. a u at point P1.
b u at point P2
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signal. Another waveform is the end edge reflection A0 mode, where the last
characteristic is the starting edge reflection S0 mode. In Fig. 6.11b, there are three
waveforms after the time t = 4.0 × 10−5 s, corresponding to the S0 mode, which has
the fastest propagation velocity, the A0 mode, which has the slower propagation
velocity, and the end edge reflection of the transmission S0 mode.

6.3 Finite Element Simulation of the Circumferential
Lamb Wave in Pipe [2]

6.3.1 Establishment of the Dispersion Equation
of Circumferential Lamb Waves

The definition of the circumferential coordinate system and the displacement
components of the pipeline circumferential Lamb wave are shown in Fig. 6.12. O is

Fig. 6.11 The S0 mode incident into the external antisymmetric defect. a u at point P1. b u at
point P2

Fig. 6.12 The model used for the circumferential coordinate system and the displacement
components of the circumferential Lamb wave
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the original point, a is the internal radius of the pipeline, b is the external radius of
the pipeline, r, θ, and z are coordinates, and uθ and ur are the displacement com-
ponents on the θ and r axes.

For the circumferential Lamb wave, uθ and ur are non-zero terms and are
functions of coordinates r and θ. The displacement uz perpendicular to the cross
section is equal to 0.

uh ¼ uhðr; hÞ; ur ¼ urðr; hÞ; uz ¼ 0 ð6:1Þ

The above assumptions indicate the plane-strain problem of the Lamb wave.
When the potential functions are used to express the displacement components,

then the Helmholtz decomposition expression is u ¼ ruþr� w. In the cylin-
drical coordinates, this decomposition is expressed as in Eq. (6.2).

ur ¼ @u
@r þ 1

r
@wz
@h � @wh

@z

uh ¼ 1
r
@u
@h þ @wr

@z � @wz
@r

uz ¼ @u
@z þ 1

r
@ rwhð Þ
@r � 1

r
@wr
@h

8><
>: ð6:2Þ

In the above equation, wz, wh and wr are the components of the three coordinate
axes, and the vector w and scalar u are the displacement potential functions.

Considering (6.1), the Helmholtz decomposition (6.2) can be simplified, as
shown in the following equation:

ur ¼ @u
@r

þ 1
r
@wz

@h
; uh ¼ 1

r
@u
@h

� @wz

@r
; uz ¼ 0

If the subscript z in wz is ignored, we have (6.3).

ur ¼ @u
@r

þ 1
r
@w
@h

; uh ¼ 1
r
@u
@h

� @w
@r

ð6:3Þ

The wave equation is listed as follows, where CL is the longitudinal wave
velocity and the CT is the shear wave velocity:

r2u ¼ 1
C2
L
� @

2u
@t2

; r2wz ¼
1
C2
T

@2wz

@t2

In the cylindrical coordinate system, we have the following equation:

r2u ¼ 1
r
@

@r
r
@u
@r

� �
þ 1

r2
@2u

@h2
þ @2u

@z2

6.3 Finite Element Simulation of the Circumferential Lamb Wave in Pipe 249



For the time harmonic wave, we have the following equation:

@2u
@t2

¼ �x2u;
@2wz

@t2
¼ �x2wz

If the subscript z in wz is ignored, the wave equation can be written as shown
in (6.4).

1
r
@u
@r þ @2u

@r2 þ 1
r2

@2u
@h2

¼ 1
C2
L
�x2uð Þ

1
r
@w
@r þ @2w

@r2 þ 1
r2

@2w
@h2

¼ 1
C2
T
�x2wð Þ

8<
: ð6:4Þ

The solutions of the potential function u and w are assumed to be as shown
in (6.5).

u ¼ U rð Þei kaþ b
2 h�xtð Þ

w ¼ W rð Þei kaþ b
2 h�xtð Þ

(
ð6:5Þ

The distribution of the potential function exists in the wall thickness direction of
the pipeline. ω is the angular frequency of the particle vibration of the guided wave
propagating along the circumferential direction, k is the wave number, and
ðaþ bÞh=2 is the arc length in the propagation direction, which means that the
middle surface of the pipeline wall is taken as the guided wave propagation path
under normal conditions.

The solutions of these equations are Bessel functions, as shown in the following
equation:

UðrÞ ¼ A1JM xr
CL

� �
þA2YM xr

CL

� �
WðrÞ ¼ B1JM xr

CT

� �
þB2YM xr

CT

� �
8<
:

In the above equation, J is the first-order Bessel function, Y is the second-order
Bessel function, M ¼ kðaþ bÞ=2 is the order of the Bessel function, and A1, A2, B1,
and B2 are all unknown coefficients.

From the recurrence relation of the Bessel function, we have the following
equations:

d JM xr
CL

� �� �
dr

¼ x
CL

J 0M
xr
CL

� �
¼ x

2CL
JM�1

xr
CL

� �
� JMþ 1

xr
CL

� �� �

d2 JM xr
CL

� �� �
dr2

¼ x2

4C2
L

JM�2
xr
CL

� �
� 2JM

xr
CL

� �
þ JMþ 2

xr
CL

� �� �
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So, we have the following equation, where the parameter of the Bessel function
parameter omitted in the first three equations is ωr/CL and the Bessel function
parameter omitted in the latter three equations is ωr/CT.

UðrÞ ¼ JMA1 þ YMA2

U0ðrÞ ¼ x
2CL

JM�1 � JMþ 1ð ÞA1 þ x
2CL

YM�1 � YMþ 1ð ÞA2

U00ðrÞ ¼ x
2CL

� �2
JM�2 � 2JM þ JMþ 2ð ÞA1 þ x

2CL

� �2
YM�2 � 2YM þ YMþ 2ð ÞA2

WðrÞ ¼ JMB1 þ YMB2

W0ðrÞ ¼ x
2CT

JM�1 � JMþ 1ð ÞB1 þ x
2CT

YM�1 � YMþ 1ð ÞB2

W00ðrÞ ¼ x
2CT

� �2
JM�2 � 2JM þ JMþ 2ð ÞB1 þ x

2CT

� �2
YM�2 � 2YM þ YMþ 2ð ÞB2

8>>>>>>>>><
>>>>>>>>>:
Based on the plane-strain assumptions for the circumferential Lamb wave, the

relationship between the displacement and stress in the cylindrical coordinate
system can be simplified into the following equation, where λ and μ are Lame
constants:

rr ¼ k @ur
@r þ ur

r þ 1
r
@uh
@h

� �þ 2l @ur
@r

srh ¼ l @uh
@r � uh

r þ 1
r
@ur
@h

� �
(

Substituting (6.5) into (6.3), we get (6.6).

ur ¼ @U rð Þ
@r þ ikaþ b

2
r W rð Þ

h i
ei kaþ b

2 h�xtð Þ

uh ¼ ikaþ b
2
r U rð Þ � @W rð Þ

@r

h i
ei kaþ b

2 h�xtð Þ

8<
: ð6:6Þ

After the UðrÞ and WðrÞ are obtained, the wave structure of the displacement can
be calculated by the above equations.

rr ¼ l
r2 v2r2U00 rð Þþ v2 � 2ð Þ rU0 rð Þ � k2 aþ b

2

� �2
U rð Þ

� �
þ 2ik aþ b

2 rW0 rð Þ �W rð Þð Þ
h i

srh ¼ l
r2 �r2W00 rð Þþ rW0 rð Þ � k2 aþ b

2

� �2
W rð Þþ 2ik aþ b

2 rU0 rð Þ � U rð Þð Þ
h i

8<
:

ð6:7Þ

In (6.7), v ¼ CL=CT .
Based on the traction-free boundary condition, the stress on both the inside and

the outside of the surfaces is equal to 0, as shown in (6.8).

rrjr¼a;b¼ 0; srhjr¼a;b¼ 0 ð6:8Þ
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From the boundary conditions (6.8) and (6.7), we can get the following equation:

v2r2U00 rð Þþ v2 � 2ð Þ rU0 rð Þ � k2 aþ b
2

� �2
U rð Þ

� �
þ 2ik aþ b

2 rW0 rð Þ �W rð Þð Þ
���
r¼a;b

¼ 0

�r2W00 rð Þþ rW0 rð Þ � k2 aþ b
2

� �2
W rð Þþ 2ik aþ b

2 rU0 rð Þ � U rð Þð Þ
���
r¼a;b

¼ 0

8><
>:

There are actually four equations included in the above equation set: two for
r = a and two for r = b. A1, A2, B1, and B2 are the unknown numbers of the
solutions.

Now the determinant of the matrix composed by the coefficients of these
unknown numbers is 0; thus, the dispersion equation of the circumference Lamb
wave can be obtained. This equation can only be solved using a numerical method.
The numerical solution is expressed as the dispersion curve of the phase velocity;
the dispersion curve of the group velocity can be calculated from that of the phase
velocity.

The dispersion curves of the Lamb waves in the circumferential direction of the
pipeline with an inner and outer radius of 49 and 50 mm are shown in Fig. 6.13.
The “CLambn” form is used as the guided wave mode, where the integer subscript
n increases from 0 to infinity. The material parameters are Young’s modulus
E = 207 × 109 Pa, Poisson’s ratio v = 0.3, and mass density ρ = 7800 kg/m3.

6.3.2 Finite Element Simulation of the Circumferential
Lamb Wave in the Pipe

The simulation process of the circumferential Lamb wave in the pipe is similar to
that of the Lamb wave in the plate. In this chapter, only the differences are provided.

Fig. 6.13 The circumferential Lamb wave dispersion wave in the pipeline. a Phase velocity
dispersion curve. b Group velocity dispersion curve
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In the Load module of the preprocessing stage, there are still three different types
of application methods of the excitation, as shown in Fig. 6.14. For the S-like
modes such as CLamb1, CLamb3, and CLamb4, edge excitation is used and the
applied displacement boundary condition is perpendicular to the edge. For the
A-like mode that includes the Clamb0 and CLamb2 modes, the applied displacement
boundary condition is parallel to the edge. The top excitation can also be used; in
this case, the pressure loading is applied to the micro-region on the top surface,
where the waveguide is near to the starting edge. In this situation, the S-like and
A-like modes will be generated at the same time. For studies of the Lamb wave
free-propagation and edge reflection, the edge excitation and top excitation will be
examined. For the study of the defect scattering, the method used to generate a
simple single input mode is the edge excitation.

6.3.3 Simulation of the Circumferential Lamb Wave
in the Pipe

The situation of free-propagation should be checked first, and then the interaction
between the circumferential Lamb wave and the defect will be studied.

The model that is used to study the Lamb wave free-propagation and edge
reflection is shown in Fig. 6.15. O is the original point, a and b are the inner and
outer radius of the pipeline, respectively, and P1 and P2 are the observation points
of the waveform that is expected to be recorded.

In the given simulated example, the inner radius and outer radius are 49 and
50 mm, respectively. The parameters of the tone burst signal, material parameters,
and bulk wave velocities are all the same as in the simulation of the Lamb wave in
the plate. The dispersion curve is calculated as shown in Fig. 6.13. Based on the
calculated Lamb wave dispersion curve, the phase and group velocities of the
different guided wave modes and frequencies are already selected. As a result, for
the “S0”/CLamb1 mode at 1 MHz, the phase velocity cp = 5335.52 m/s and group
velocity cg = 5187.68 m/s, and for the “A0”/CLamb1 mode at the same frequency,
cp = 2347.23 m/s and cg = 3191.88 m/s.

Under the edge excitation and using “S0”/CLamb1 as the incident mode, the
simulation ur waveforms at points P1 and P2 are shown in Fig. 6.16. The

Fig. 6.14 The loadings of the excitation used to generate different types circumferential Lamb
waves. a Excitation perpendicular to edge. b Excitation parallel to edge. c Top excitation
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corresponding uθ waveforms at points P1 and P2 are shown in Fig. 6.17. Two big
waveforms are included in these four waveforms, where the first characteristic is the
propagating signal at points P1 and P2 and the second characteristic is the reflection
signals from the end edge. The propagation velocity ðC0

gÞ of the recorded waveform
from points P1 to P2 along the middle of the pipeline can be calculated, as shown in
the following equation:

Fig. 6.15 The model used to simulate the defect-free propagation of the circumferential
Lamb wave

Fig. 6.16 The simulated results of the “S0”/CLamb0 mode. a ur at point P1. b ur at point P2
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C0
g ¼

Dd
Dt

�
aþ b
2

b

Dd ¼ 1=4� 2pb is the propagation distance of the characteristic from points P1
to P2 on the external surface of the pipeline and Dt is the propagation time of the
recorded waveform characteristics.

As discussed above, for the “S0”/CLamb1 mode, cg = 5187.68 m/s. In Fig. 6.16,
the value of C0

g calculated from the propagation characteristic from points P1 to P2
is 5132.38 m/s, and from the calculation of the propagation characteristic in
Fig. 6.17, C0

g ¼ 5132:39m=s. The error between the simulated velocity C0
g and the

theoretical group velocity Cg is around 1 %.
In the next section, the propagation of the A mode will be investigated and

parallel edge excitation will be used. Under edge excitation, the incident mode is
“A0”/CLamb0. The ur waveforms at points P1 and P2 are shown in Fig. 6.18. The

Fig. 6.17 The simulated results of the “S0”/CLamb1 mode. a uθ at point P1. b uθ at point P2

Fig. 6.18 The simulated results of the “A0”/CLamb0 mode. a ur at point P1. b ur at point P2
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corresponding uθ waveforms at points P1 and P2 are shown in Fig. 6.19. For the
“A0”/CLamb0 mode, Cg ¼ 3191:88m=s. Based on the propagating signal at points
P1 and P2 in Fig. 6.18, it can be calculated that C0

g ¼ 3212:34m=s, and it can be
calculated from Fig. 6.19 that C0

g ¼ 3148:25m=s. The error between the simulated
velocity C0

g and the theoretical group velocity Cg is also around 1 %.
The simulated result of the top excitation is shown in Fig. 6.20. The circum-

ferential width of the top excitation source is 2°. It is shown in the figure that, for
the “S0”/CLamb1 mode characteristic near the time 1.8 × 10−5 s, uθ is much bigger
than ur, but for the “A0”/CLamb0 mode characteristic near the time 2.7 × 10−5 s, ur
is much bigger than uθ.

After the discussions of the free-propagation and edge reflection of the cir-
cumferential Lamb waves, the most important thing is to study their interaction with
the defects on the propagation path and the scattering of the defects. The model
used to study this problem is shown in Fig. 6.21. The circumferential width of the

Fig. 6.19 The simulated results of the “A0”/CLamb0 mode. a uθ at point P1. b uθ at point P2

Fig. 6.20 The simulated results of the top excitation. a ur at point P1. b ur at point P2
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defect is defined by angle α. The circumferential position of the defect is defined by
the counterclockwise angle β, from the perspective of the x-axis.

The “defect area” is also drawn out in the model, which happens within an angle
range of 112.5°–157.5°, that is, 45° or one-eighth of the whole circle. Compared to
the rest of the model, a more detailed mesh generation is used in the defect area.

Four kinds of defects are investigated: the external symmetric defect as shown in
Fig. 6.22a; the internal symmetric defect, where the defect is located inside the
pipeline, as shown in Fig. 6.22b; the external asymmetric defect, the opening of
which is located on the external surface of the pipeline, as shown in Fig. 6.22c; and
the internal symmetric defect, the opening of which is located on the inner surface
of the pipeline, as shown in Fig. 6.22d.

Fig. 6.21 The model of the interaction between the circumferential Lamb wave and the defect

Fig. 6.22 Different defects used in the scattering simulation of the circumferential Lamb wave in
the pipe
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Here, the “symmetry” and “asymmetry” are in respect to the middle surface of
the pipeline. The “external” and “inner” are used to describe the location of the
defect in the pipeline. For all the simulated examples of the defect’s scattering,
α = 1° and β = 135°. The depth of the rectangular cross-sectional defect d (in
Fig. 6.22a, d1 = d2, d1 + d2 = d) is equal to 50 % of the wall thickness.

When the model for the external symmetric defect case, with the “S0”/CLamb1
as the incident wave, is studied, the waveforms of ur and uθ recorded at points P1
and P2 are shown in Figs. 6.23 and 6.24. In the waveforms recorded at point P1, the
propagation and defect reflection characteristics of the “S0”/CLamb1 model are very
easy to observe. In the waveforms recorded at point P2, only the defect transmission
“S0”/CLamb1 model characteristic exists.

The limitations of the simulation time mean that the edge reflection is not
recorded. The simulated results also prove that there is no mode conversion from

Fig. 6.23 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
external symmetric defect. a ur at point P1. b ur at point P2

Fig. 6.24 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
external symmetric defect. a uθ at point P1. b uθ at point P2
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the incident “S0”/CLamb1 mode to the reflection or transmission mode of “A0”/
CLamb0.

The situation with the internal symmetric defect will be investigated in the
following section; the defect is actually located inside the pipeline. The “S0”/
CLamb1 mode is the incident wave; the ur and uθ waveforms recorded at points P1
and P2 are shown in Figs. 6.25 and 6.26. These results are almost the same as the
simulated results with the external symmetric defect, as shown in Figs. 6.23 and
6.24.

Then the situation of the external asymmetric defect on the outside surface of
the pipeline is discussed. The defect is not symmetric of the middle plane of the
pipeline, so the mode conversion from the input “S0”/CLamb1 mode to the reflec-
tion and transmission “A0”/CLamb0 mode can be observed.

Fig. 6.25 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
internal symmetric defect. a ur at point P1. b ur at point P2

Fig. 6.26 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
internal symmetric defect. a uθ at point P1. b uθ at point P2

6.3 Finite Element Simulation of the Circumferential Lamb Wave in Pipe 259



For the “S0”/CLamb1 mode as the incident wave, the ur and uθ waveforms
recorded at points P1 and P2 are shown in Figs. 6.27 and 6.28. In Figs. 6.27a and
6.28a, the characteristic near the time 1.85 × 10−5 s is the nonstop characteristic of
the incident “S0”/CLamb1 mode at the point P1; and after the time 3 × 10−5 s, it is
the end reflection mode of “S0”/CLamb1 and then the end reflection mode of “A0”/
CLamb0.

In Figs. 6.27b and 6.28b, the two characteristics after the time 3 × 10−5 s are the
faster “S0”/CLamb1 mode and the slower “A0”/CLamb0 mode. The mode conver-
sion from the input “S0”/CLamb1 mode to the reflection and transmission “A0”/
CLamb0 mode can be observed clearly.

The isoline of the reflection and transmission wave after the defect’s scattering is
shown in Fig. 6.29. The drawn variables are the displacement amplitude.

Fig. 6.27 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
external asymmetric defect. a ur at point P1. b ur at point P2

Fig. 6.28 The simulated results when the “S0”/CLamb1 mode is incident into the sample with the
external asymmetric defect. a uθ at point P1. b uθ at point P2
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Finally, the antisymmetric defect on the inner surface of the pipeline is inspected
with the “S0”/CLamb1 taken as the incident mode; the ur and uθ waveforms
recorded at points P1 and P2 are shown in Figs. 6.30 and 6.31.

Fig. 6.29 The isoline of the reflection and transmission wave after the scattering from the external
antisymmetric defect

Fig. 6.30 “S0”/CLamb1 mode is incident into the sample with external antisymmetric defect on
the inner surface of the pipeline. a ur at point P1. b ur at point P2

6.3 Finite Element Simulation of the Circumferential Lamb Wave in Pipe 261



6.4 Finite Element Simulation of the L-Type Guided Wave
Along the Axial Direction of the Pipeline

The guided wave along the axial direction of the pipeline can be divided into three
types: L mode (longitudinal modes), T mode (torsional modes), and F mode
(flexural modes), where the L- and T-type guided wave modes are axisymmetric,
which means that the displacement vibration of the guided wave propagation is
symmetric about the axial of pipeline. The structure of its displacement is relatively
simple. In practical applications, usually the detecting system and guided wave
transducer are controlled intentionally to generate the axisymmetric guided wave.
The F-type guided wave is a non-axisymmetric guided wave and its vibration
displacement has three components: axial direction, circumferential direction, and
radial direction. Its constitution is very complex and in practical applications the
positive generation of the F-type guided wave along the axial direction of the pipe
is usually to be avoided. Although the guided wave transducer can generate the
axisymmetric L- or T-type guided waves, if defects in the pipeline are
non-axisymmetric, the generation of the F-type guided wave is inevitable.

In this section, the L-type guided wave simulation in the case of guided waves
and defects are all axial symmetrically distributed. Initially, the dispersion curve of
the L-type guided waves in the pipeline is as shown in Fig. 6.31. The phase velocity
is the propagation velocity of the steady-state guided wave. In practical inspections,
its value is used to design the transducer parameter. In the simulation, it is used to
decide the finite element size along the guided wave propagation direction, that is,
the axial direction in the pipeline. The group velocity is the propagation velocity of
the short-time impulse; its value is used to verify the generation of the expected
guided wave mode, and it also confirms the length of the finite element simulation
as well as the guided wave propagation path length.

Fig. 6.31 “S0”/CLamb1 mode is incident into the sample with the external antisymmetric defect
on the inner surface of the pipeline. a uθ at point P1. b uθ at point P2
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The material parameters are Young’s modulus E = 207 × 109 Pa, Poisson’s ratio
v = 0.3, and mass density ρ = 7800 kg/m3. The inner radius of the pipe a = 49 mm
and the external radius b = 50 mm.

In the dispersion of the L-type guided wave, the modes are numbered as L(0,n)
in the dispersion curve, where n is a positive integer. It can be seen from the
dispersion curve that the L(0,1) mode is similar to the A0 Lamb wave mode in the
plate; here it is called “A0-like mode.” The L(0,2) mode is similar to the S0 Lamb
wave mode in the plate; here, it is called “S0-like mode” (Fig. 6.32).

The center frequency of the used tone burst signal is 250 kHz; at this frequency,
the phase velocity of the L(0,1)mode/A0-like mode is 1440.51 m/s and the group
velocity Cg = 2478.84 m/s. The phase velocity of the L(0,2) mode/S0-like mode is
5397.97 m/s and the group velocity Cg = 5388.5 m/s.

The 3D pipe model is generated using the rotating method, which means that the
two-dimensional cross section and rotation axle of the 3D pipe are drawn first.
Then, the rotation angle of the two-dimensional cross section around the rotation
axle is appointed as 360° and a complete 3D model can be generated. In all the
simulation studies of the L-type guided wave, the length of the pipeline is 0.4 m.

Similar to the simulation of Lamb wave in the plate, the excitation on the edge of
the waveguide starting terminal is used to generate the L-type S-like and A-like
guided wave modes. At the frequency of 250 kHz, the S-like mode is the L(0,2)
mode and the A-like mode is the L(0,1) mode. In the 3D model of the pipeline, the
edge excitation that is parallel to the edge is actually along the radial direction; thus,
the auxiliary cylindrical coordinates are established on the end edge of the pipeline
and so the edge excitation along the radial direction is very easy to apply
(Fig. 6.33).

Firstly, the guided wave propagation in the defect-free pipeline is simulated. The
circumstance of the free-propagation of the L-type guided wave in the steel pipeline
is shown in Fig. 6.34. Figure 6.34a corresponds to the L(0,2) mode/S0-like mode
and Fig. 6.34b corresponds to the L(0,1) mode/A0-like mode. The variable drawn in

Fig. 6.32 The dispersion curve of the L-type guided wave in the steel pipeline. a Phase velocity
dispersion curve. b Group velocity dispersion curve
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the figure is the displacement amplitude, the axial direction ultrasonic guided wave
propagating from the lower left side of the pipeline to the upper right side of the
pipeline. According to the guided wave mode phase velocity and excitation fre-
quency, the wavelength of the L(0,1) mode/A0-like mode can be calculated as
λ = Cp/f = 5.8 mm, and the wave length of the L(0,2) mode/S0-like mode is
λ = 21.6 mm.

Now, the axial symmetric defect with a circumferential distribution existing in
the pipeline will be discussed. Here, the interactions between the L-type ultrasonic
guided wave and four types of axisymmetric transversal defects are studied. The
defect’s axial cross section includes the external axisymmetric defect, as shown in

Fig. 6.33 The different types of excitation used to generate the L-type guided wave along the axial
direction in the pipe. a Edge vertical excitation. b Edge parallel excitation

Fig. 6.34 The simulation of the L-type guided wave free-propagation in the steel pipeline. a L
(0,2) mode. b L(0,1) mode

264 6 Finite Element Simulation of Ultrasonic Guided Waves



Fig. 6.35a; the internal symmetric defect, where the defect is located inside the
pipeline, as shown in Fig. 6.35b; the external axisymmetric defect, the opening of
which is located on the outside surface of the pipe wall, as shown in Fig. 6.35c; and
the external axisymmetric defect, the opening of which is located on the inside
surface of the pipeline, as shown in Fig. 6.35d.

Here, the “symmetry” and “asymmetry” are all in respect to the middle surface of
the pipeline. “Outside” and “inside” are used to describe the location of the defect
inside the pipeline. Because of the axial symmetry of the simulated defect, the
scattering signal of the incident L-type guided wave mode is still an L-type guided
wave mode.

The simulated results between the L-type ultrasonic guided wave and defect are
given in the following section. The axial width of the transverse/circumferential
cracks in the following example are all 1 mm, and they are all located in the middle
position of the pipe axial direction in the model. The radial dimension (t) of the
defect with a rectangular axle cross section is 50 % of the pipe wall thickness.

In Fig. 6.36, subgraph (a) shows the circumstance after the scattering of the
L(0,2) mode/S0-like mode guided waves at the external symmetric defect in the steel

Fig. 6.35 Different types of transverse defects in the simulation of the L-type guided wave along
the axial direction of the pipeline. a External axisymmetric defect. b Internal symmetric defect.
c Outside surface asymmetric defect. d Inside surface asymmetric defect

Fig. 6.36 The scattering of the L(0,2) mode guided wave at the defect that is symmetric about the
middle surface of the pipe wall in the steel pipe. a External symmetric defect. b Internal symmetric
defect
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pipeline. Because of the symmetry of the symmetric defect of the middle surface of
the pipeline, there is only the L(0,2) mode, which is the same as the incident mode
that exists of the reflection and transmission guided wave. This means there is no
existence of the reflection and transmission L(0,1) mode/A0-like mode generated
from the mode conversion.

In Fig. 6.37, subgraph (a) shows the circumstance after the scattering of the
L(0,2) mode/S0-like mode guided wave at the axisymmetric defect on the outside
surface of the steel pipeline, while subgraph (b) shows the circumstance after the
scattering at the axisymmetric defect on the internal surface. Because the defect is
not symmetric at the pipe wall’s middle surface any more, at this time the mode
conversion from the incident L(0,2) guided wave mode to the reflection and
transmission L(0,1) mode guided wave will happen. In the scattering guided wave
shown in the figure, the faster guided wave characteristic near the two ends of the
pipeline is the reflection and transmission L(0,2) mode, while the slower guided
wave characteristic near the pipe central defect is the reflection and transmission
L(0,1) mode generated by the mode conversion.

In Fig. 6.38, subgraph (a) shows the circumstance after the scattering of the
L(0,1) mode/A0-like mode guided wave at the asymmetric defect on the outside
surface of the steel pipeline, while subgraph (b) shows the circumstance after the
scattering at the asymmetric defect on the internal surface. Because the defect is not
symmetric of the pipe wall’s middle surface any more, at this time the mode
conversion from the incident L(0,1) guided wave mode to the reflection and
transmission L(0,2) guided wave modes will happen. In the scattering guided wave
shown in the figure, the faster guided wave characteristic near the two ends of the
pipeline is the reflection and transmission L(0,2) mode generated by the mode
conversion, while the slower guided wave characteristic near the central defect in
the pipe is the reflection and transmission L(0,1) mode.

Fig. 6.37 The scattering of the L(0,2) mode guided wave about the defect that is asymmetric
about the middle surface of the pipe wall inside the steel pipe. a Axisymmetric defect on the
outside surface. b Axisymmetric defect on the inside surface

266 6 Finite Element Simulation of Ultrasonic Guided Waves



6.5 Finite Element Simulation of the T-type Guided Wave
Along the Axial Direction in the Pipeline

In this section, the ideal circumstance of the T-type guided wave simulation, if the
guided waves and defects are all symmetrically distributed along the axial direction
in the pipeline, will be investigated. The target steel pipeline has an inner radius and
outer radius of 49 and 50 mm, respectively. The phase and group velocity dis-
persion for the T-type guided wave in the pipeline is shown in Fig. 6.39.

The material parameters used in the dispersion curve calculation are Young’s
modulus E = 207 × 109 Pa, Poisson’s ratio v = 0.3, and mass density
ρ = 7800 kg/m3. The inner radius of the pipeline in the model is 49 mm and the
outer radius is 50 mm. In the dispersion curve of the T-type guided wave, T(0,n)

Fig. 6.38 The scattering of the L(0,1) mode guided wave about the defect that is asymmetric
about the middle surface of the pipe wall inside the steel pipe. a Axisymmetric defect on the
outside surface. b Axisymmetric defect on the internal surface

Fig. 6.39 The dispersion curves of the T-type guided wave in the steel pipeline. a Phase velocity
dispersion curve. b Group velocity dispersion curve
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stands for the nth torsional mode. It can be seen from the dispersion curve that each
mode of the T-type guided wave is similar to that of the SH guided wave in the
plate. Similar to the SH0 mode in the plate, the phase velocity and group velocity of
the T(0,1) mode is a straight line and there is no existence of the dispersive phe-
nomenon of this mode.

The center frequency of the used excitation signal is 250 kHz. At this frequency,
the phase velocity of the T(0,1) mode is 194.86 m/s and the group velocity is
3194.86 m/s. The 3D model is also used in the simulation for the T-type guided
wave along the axial direction in the pipeline. In all the T-type guided wave
simulations, the pipe length is 0.4 m.

Considering the particle vibration in the propagation process of the T-type
guided wave mode, the tangential excitation is applied on the edge of the starting
terminal in the pipeline. The application method of the excitation is shown in
Fig. 6.40. In order to make the assignment of the tangential excitation more con-
venient, the auxiliary cylindrical coordinates are established at the starting end
surface in the pipeline. It can be seen from the dispersion curve that there is only the
T(0,1) guided wave mode existing at the used frequency of 250 kHz; thus, there is
only the T(0,1) mode generated by the tangential excitation, as shown in Fig. 6.40.

Firstly, the circumstance of the guided wave propagation in the defect-free
pipeline is simulated. The free-propagation of the T-type guided wave inside the
steel pipeline is shown in Fig. 6.41, where the guided wave mode is T(0,1). The
variable drawn in the figure is the displacement amplitude, the axial ultrasonic
guided wave propagating from the lower left side of the pipeline to the upper right
side of the pipeline.

Then, the simulated results of the interactions between the T-type ultrasonic
guided wave and the defects are provided. The axial width of the
transverse/circumferential crack in the following examples are all 1 mm, and they
are all located at the middle position of the axial direction of the pipeline in the
model. The radial dimension of the defect with a rectangular axial cross section is
50 % of the pipe wall thickness.

Fig. 6.40 The excitation
method that is used to
generate the T-type guided
wave along the pipeline axial
direction
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In Fig. 6.42, subgraph (a) shows the circumstance of the T(0,1) mode guided
wave at the external symmetric defect inside the steel pipeline, while subgraph
(b) shows the circumstance after the scattering at the inside symmetric defect.

Fig. 6.42 The scattering of the T(0,1) guided wave at the symmetric defect inside the steel
pipeline. a External symmetric defect. b Internal symmetric defect

Fig. 6.41 The free-propagation of the T(0,1) guided wave mode in the steel pipeline
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In Fig. 6.43, subgraph (a) shows the circumstance of the T(0,1) mode guided
wave at the external asymmetric defect inside the steel pipeline, while subgraph
(b) shows the circumstance after the scattering in the inside asymmetric defect.
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Fig. 6.43 The scattering of the T(0,1) guided wave at the asymmetric defect inside the steel
pipeline. a Asymmetric defect on the outside surface. b Asymmetric defect on the inside surface
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Chapter 7
Applications of the Electromagnetic
Ultrasonic Guided Wave Technique

7.1 Thickness Measurement by Electromagnetic
Ultrasonics

7.1.1 Principle of the Thickness Measurement
by Electromagnetic Ultrasonics

There are two principles of the thickness measurement by electromagnetic ultra-
sonics: One is based on Lorentz force, which is suitable for conductor materials, and
the other is based on magnetostrictive force, which is suitable for ferromagnetic
conductive materials. In the process of thickness measurement, the ferromagnetic
conductive materials will be affected by two different forces.

The pulse echo method of the straight beam is used for the electromagnetic
ultrasonic thickness measurement, while for the fast scanning and high-resolution
detection, or detection of thin material, the pitch–catch approach of the oblique
beam can also be used.

In the propagation process of the ultrasonic wave, the reflection and transmission
phenomenon will happen when it meets the interface of the two kinds of medium.
In the bounce-back-and-forth process of the vertical incident wave between the top
and bottom surfaces of the specimen, the reflection and transmission phenomenon
will happen at both the upper and lower interfaces of the specimen. Assuming the
acoustic impedance between the specimen (metallic material) and air are Z1 and Z2,
respectively, for the circumstance of the vertical incidence of the ultrasonic wave,
the reflection coefficient R and transmission coefficient T can be expressed,
respectively, as shown in (7.1).
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R ¼ Z1 � Z2
Z1 þ Z2

� �2

�100 %

T ¼ 4Z1Z2
Z1 þ Z2ð Þ � 100 %

ð7:1Þ

Since the acoustic impedance of the air Z2 is much less than that of the specimen
Z1—thus, R is close to 1, but T is close to 0. The total reflection of the ultrasonic
wave will happen at the interface, and many times, the reflections will occur
between the top and bottom surfaces of the specimen. Then, the thickness of the
tested specimen can be calculated by (7.2).

d ¼ CTn
2

ð7:2Þ

In the above equation, d is the thickness of the tested specimen and Tn is the time
difference between the two echo signals, which is the propagation time of the
ultrasonic wave between the top and bottom surfaces of the detected specimen. C is
the wave velocity of the electromagnetic ultrasonics in the specimen. The principle
of the thickness measurement is shown in Fig. 7.1. Since under different temper-
atures, the propagation velocity of the ultrasonic wave in the specimen can be
different, sometimes the temperature compensation should be conducted for the
modification of the ultrasonic wave velocity.

7.1.2 Setup of the Electromagnetic Ultrasonic Thickness
Measurement [1]

The electromagnetic ultrasonic thickness measurement system mainly consists of 4
parts: the electromagnetic ultrasonic transducer, match circuit, ultrasonic

Fig. 7.1 A sketch map of the
electromagnetic ultrasonic
thickness measurement
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transmission circuit, signal-receiving amplifier circuit, as well as the data acquisi-
tion and processing circuit. The permanent magnet can provide a constant bias
magnetic field. The match circuit can improve the transfer efficiency of the energy
converter. The tested specimen is ferromagnetic material or conductor. The ultra-
sonic transmission circuit includes the power amplifier, pulse-generating circuit,
and the frequency regulator. The pulse-generating circuit is charged by the power
amplifier. The frequency regulator is used to modulate the pulse width of the
generated pulse and the frequency of the sine wave. The core component of this
circuit is programmable logic component FPGA. The waveform of any frequency
can be modified by the online program. After the ultrasonic echo signal is received
by the electromagnetic ultrasonic transducer through amplification, smoothing, and
data sampling, and then incident into PC through the digital signal filter, the value
of the thickness is calculated. The waveform after the amplification and smoothing
can also be observed in the oscilloscope. The testing system is shown in Fig. 7.2.

7.1.3 Hardware of the Electromagnetic Ultrasonic
Thickness Measurement [2]

Among the electromagnetic ultrasonic thickness measurement devices, the key
parts are the signal reception and amplification, which have a significant effect on
the accuracy of the measurement. The signals received from the electromagnetic
ultrasonic transducer require amplification and filtering, as shown in Fig. 7.3.

The echo signals are received by the electromagnetic ultrasonic transducer and
transferred to the filter amplifier circuit; the preamplifier is usually a broadband,
low-gain device. The ultrasonic signal in the whole amplitude range can be
amplified linearly, modifying the signal to the level which is big enough to over-
come the noise of the subsequent amplifier stage and filtering stage, which can
maximize the signal-to-noise ratio. The amplifier modifies the ultrasonic echo signal
amplitude to the level that will enable the signal processing circuit to work

Fig. 7.2 The setup of the electromagnetic ultrasonic thickness measurement
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normally; the filter is narrowband, which can eliminate the unnecessary frequency
response of EMAT, reducing the interference of the power. The frequency char-
acteristic of the signal is determined by the band-pass filter, controlling the fre-
quency band of the amplified signal, which will contribute to improving the
signal-to-noise ratio. The signal after the amplification and filtering is incident into
the acquisition system for the data collection.

Usually, when the circuit reaches a good matching status and the current peak of
the excitation coil reaches 50 A, the voltage of the receiving coil is only dozens of
microvolt. At the same time, the high-power excitation circuit will generate strong
electromagnetic interference during its working period, which induces the serious
acoustic noise in the EMAT system. Thus, in order to obtain a signal with a high
signal-to-noise ratio, the receiving circuit of EMAT must have the ability to detect a
weak signal under the background of strong noise. In order to reduce the inter-
ference of the external environment, a coaxial cable and BNC joint are used in the
connections of the receiving circuit. Moreover, it is necessary to avoid the influence
of the high-voltage excitation on the receiving circuit. A block diagram of the
protection of the amplification circuit and frequency-selective amplification signal
processing, etc., is shown in Fig. 7.4.

The coil excitation needs a high-voltage and high-power excitation circuit in
order to provide excitation to the receiving circuit, so the excitation circuit generates
a high-frequency sinusoidal signal or pulse signal. According to the current tech-
nology and the request of the electromagnetic ultrasonic thickness measurement, a
full-bridge inverter amplifier circuit is used to generate sine waves. A single switch
pipeline is used for the charge–discharge of the capacitance to generate the
high-voltage narrow pulse.

The principle of the full-bridge inverter power amplification excitation circuit is
shown in Fig. 7.5. 220 V power frequency AC main is connected to a rectifier bridge

Fig. 7.3 The receiving and processing process of the electromagnetic ultrasonic signal

Fig. 7.4 The amplitude limitation and amplification processes of the receiving circuit
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through an adjustable transformer. The AC main is transferred into the DC current
through the full-bridge rectifier, providing the input voltage for the inverter circuit. At
the end of the AC input, the alternating voltage is transferred into the direct voltage,
the maximum value of which can attain 400 V through the full-bridge rectifier
composed of four diodes. The peak voltage output by the full-bridge inverter circuit is
close to the direct voltage at the input terminal, but the value of the output voltage is
only half of the direct voltage after the rectification of the front-end rectifier.
Compared to the half-bridge inverter circuit, the full-bridge converter has a higher
efficiency. The inductance L1 is the smoothing section after the rectification, in which
the high-frequency spike pulse generated from the rectifying process can be filtered.
The capacitance at the back-end is the high-voltage charging capacitance with a large
capacity, which can form a stable DC voltage at the input terminal. F1 is the fuse wire
which is used to control the electric current in the switching pipeline, so that the
average current in the switching pipeline can be restricted. The full-bridge inverter
mainly includes the driver module, inverter module, and tunable filter module. The
drive capability of the pulse signal generated by the signal-generating module is
limited, and the driving for the power switch pipeline should be placed after the
amplification of the driver module. The power electronics switch with high fre-
quency, high voltage, and high power should be used in the inverter module through
the control of the connection and disconnection of the switch, outputting the sym-
metric square pulse. The snubber circuit is used to absorb the sharp pulse and noise
generated in the conduction and turnoff process.

7.1.4 Analysis and Processing of the Echo Signal
in the Electromagnetic Ultrasonic Thickness
Measurement [3]

The electromagnetic ultrasonic thickness measurement is the same as that of the
traditional piezoelectric ultrasonic approach, where the impulse reflection process is

Fig. 7.5 The principle of the full-bridge inversion of the excitation circuit
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used. The ultrasonic wave reflection and propagation have strict repeatability, so the
waveform characteristic is obvious. The time difference corresponding to the peak
values is used to calculate the thickness. Since pulse energy is mostly used as the
excitation of the thickness measurement, such as the pulse-modulated sine wave
excitation transducer, its echo signal has the same amplitude as the modulated
signal and its frequency is the same as that of the excitation pulse. The echoed
signal is usually highly contaminated by noise and the signal-to-noise ratio is
relatively low. The superposition of the noise makes the output signal unsteady,
where the amplitude, phase position, and some other parameters of the sinusoidal
components of each frequency are time-varying parameters. However, the analog
filter circuit has a scarce capacity when the random noise of the unsteady signal is
modified, and thus, it is necessary to carry out some digital filtering and processing
of the signal.

Time-domain analysis is used to extract the time-varying sine signal submerged
in noise, which can improve the signal quality. An averaging technique is used for
the randomicity characteristic by making multiple samples in the time domain and
then averaging them to improve the signal-to-noise ratio. Now, it becomes a general
method for dealing with the signal received by EMAT. For the recurring signal
received by EMAT, the waveforms within the error range are basically the same
every time, but the noise of the signal is random. After a lot of signal acquisition,
the noise level of the useful signal can be significantly reduced, and the echo signals
are strengthened through the summation and averaging of the corresponding
sampling points.

As shown in Fig. 7.6, the ultrasonic echo signal generated by the sinusoidal burst
signal with a center frequency 2 MHz and periodicity 12 in the aluminum plate with
a thickness of 29.2 mm is provided. Figure (a) is the original signal, and figure (b) is
the waveform after averaging 128 times. It can be seen from the figure that the

(a) (b)

Fig. 7.6 The averaging process of the echo signal. a Original signal. b The signal after averaging
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random noise is suppressed effectively, and as there is no obvious attenuation of the
useful signal, the signal-to-noise ratio is improved.

In order to measure the time difference of the echo signal to calculate the
thickness of the tested specimen, the envelope of the detected signal should be
obtained first. The envelopes are the up and down lines of the parcel signal gen-
erated by connecting the signal maximum and minimum points sequentially.

Common methods that are used to extract the signal envelope are listed as
follows: the polyphonic method, the full-wave rectification method, the detection
filtering method, and the Hilbert transform method (Hilbert). Those modulation
methods are generally needed to work with the filter, so that it can be effectively
applied in practice. The Hilbert is a simple and effective method and has wide
applications in the engineering field.

After the extraction of the ultrasonic echo signal envelope, in order to achieve
the automatic thickness measurement, the time difference between the two adjacent
echo peaks should be checked. The thickness of the specimen is calculated from the
calculation equation of the electromagnetic ultrasonic thickness. However, the
difficulty of the method is how to check the locations of the two wave peaks. In
order to perform further analysis and processing of the ultrasonic echo signal, two
functions used to reflect the echo signal characteristic are defined: the energy dis-
tribution representing the energy distribution of the echo signal and the compara-
bility distribution representing the level of similarity between the nth waveform and
the 1st waveform of the ultrasonic signal. Initially, the tone burst signal in the
envelope is removed. A rectangular window with a width Wd is constructed as
shown in Fig. 7.7. Moving the rectangular window along the time axis, within the
scope of the rectangular window, the second norm of the vectors composed of all
the data points is the value of the energy distribution function corresponding to the
central point of the rectangular window. Its function waveform is shown in
Fig. 7.8a. The horizontal ordinate corresponding to the maximum value of the
energy distribution function is the FirstPeak at the time corresponding to the peak
of the first echo. Setting this moment as the center position of the rectangular
window, at this time the vector composed of the energy distribution function value
within this rectangular window is P1(Wd). Moving the rectangular window along
the time axis on the waveform of the energy distribution function, when it moves to
any position, the vector composed of the values of the energy distribution function
within the rectangular window is Pn(Wd). The comparability distribution function
can be expressed by (7.3).

f nð Þ ¼ exp � P1 Wdð Þ � Pn Wdð Þk k2
h i

ð7:3Þ

In (7.3), P1 Wdð Þ � Pn Wdð Þk k2 represents the second norm of the two vectors,
when the waveform of the FirstPeak corresponding to the first echo peak is most
similar to itself. The corresponding f(n) is the largest, followed by the waveform of
the SecondPeak corresponding to the second echo peak and then by the waveforms
corresponding to the time of the nth echo peak. The waveform of this function is
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listed in Fig. 7.8b. From the FirstPeak, the horizontal ordinate corresponding to the
maximum value of the function f(n) is the SecondPeak corresponding to the second
echo peak. The time difference between these two peaks is the propagation time Tn
of the ultrasonic wave bouncing back and forth once inside the specimen. If the
propagation velocity C of the ultrasonic wave in the specimen is already known,
then the thickness of the tested specimen can be measured by the electromagnetic
ultrasonic thickness calculation (7.2).

Fig. 7.8 The characteristic function of the ultrasonic echo signal. a Energy distribution function.
b Waveform similarity function

Fig. 7.7 Establishment of the characteristic function of the ultrasonic echo signal envelope
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The energy distribution function represents the energy distribution of the echo
signal. Compared to the method by which the first wave peak time is obtained
directly from the echo signal envelope after comparison with the echo signal
amplitude, this method is more accurate and reliable for the reason that the first
echo peak is obtained from the energy distribution function. The energy distribution
function can eliminate the singular value contained in the echo signal envelope and
the misjudgment caused by the high-frequency noise spike. The width of the
rectangular window depends on the frequency of the ultrasonic wave, the data
sampling rate, and the shape of the echo peak; thus, the selection of the width of the
rectangular window depends on various circumstances.

7.2 Electromagnetic Ultrasonic Guided Wave Test Along
the Axial Direction of the Pipeline

7.2.1 Electromagnetic Ultrasonic Transducers

The structure of the longitudinal mode guided wave EMAT for the pipeline is
shown in Fig. 7.9. Two kinds of schemes of single cluster coil and multiple cluster
coils are used separately. Varnished wire is used to unwind the electromagnet coil.
After the DC current is input, a static bias magnetic field will be generated along the
pipeline in the axial direction. The EMAT coil is unwound along the pipeline in the
circumferential direction, where a dynamic magnetic field will be generated when
high-frequency alternating current is introduced. The direction of the dynamic
magnetic field is parallel to that of the static bias magnetic field.

From the phase velocity and group velocity dispersion curves of the longitudinal
mode, within a frequency range of 0–1 MHz, there are four guided wave modes,
from L(0,1) to L(0,4). Since the L(0,2) guided wave mode is not dispersive, the
L(0,2) mode is selected for the test.

(a) (b)

Fig. 7.9 The structure diagram of the longitudinal mode guided wave EMAT. a Single cluster
coil. b Multiple cluster coils
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In the design of the multiple cluster coils, the space D between adjacent cluster
coils is half the wavelength of the longitudinal guided wave mode, as shown in
(7.4).

D ¼ k
2
¼ cp

2f
ð7:4Þ

In the above equation, λ is the wavelength of the guided wave mode, cp is the
phase velocity of the guided wave, and ƒ is the frequency. Thus, the space between
adjacent cluster coils corresponds to the selected guided wave frequency. At the
same time, adjacent cluster coils are unwound along the clockwise and anticlock-
wise directions, respectively, making the direction of the current in adjacent cluster
coils opposite to each other to generate a dynamic magnetic field with different
directions. Based on this design, when the propagation distance of the particle
vibration caused by a bunch of coils is λ/2 (the position of the adjacent cluster coil)
at phase velocity of cp, it will produce constructive interference in the phase with
the particle vibration caused by the adjacent cluster coil, which will enhance the
vibration intensity. For the guided waves of other modes, if they do not satisfy
the corresponding relationship expressed in (7.4), the particle vibration caused by
the adjacent cluster coil cannot generate the constructive interference, so adjacent
cluster coils might offset each other. Thus, if multiple cluster coils are used, they
can both improve the vibration intensity of the guided wave mode and restrain the
generation of other guided wave modes.

The design parameters of the EMAT multiple cluster coils that can excite the
L(0,2) guided wave mode are given in Table 7.1. From the phase velocity dis-
persion curve of the longitudinal guided waves in the pipe, at the 250 kHz fre-
quency point, the phase velocity of the L(0,1) mode is 2169 m/s and the wavelength
is 8.68 mm, while the phase velocity of the L(0,2) mode is 5364 m/s and the
wavelength is 21.46 mm. In this way, when the spacing between adjacent cluster
coils is designed as 10.73 mm, that is, half of the wavelength of the L(0,2) mode,
the L(0,2) mode can be excited, while at the same time, the generation of the L(0,1)
mode guided wave is restrained.

The width d of the single cluster coil should be small or equal to half the
wavelength of the expected guided wave mode; otherwise, the vibration caused by
the wire at the end of the coil will offset each other, reducing the vibration intensity
of the expected guided wave mode. When designing multiple cluster coils, the

Table 7.1 The design parameters of the L(0,2) mode guided wave EMAT multiple cluster coils

Parameter Value

Guided wave frequency f (kHz) 100 150 200 250

Guided wave phase velocity cp (m/s) 5412 5392 5378 5364

Distance between the adjacent cluster coil D (mm) 27.06 17.97 13.45 10.73
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width of each cluster coil also needs to meet this requirement. Although the prin-
ciple of interferometry cannot be used to enhance the vibration intensity of the
expected guided wave mode, when the single cluster coil is used, the longitudinal
guided wave of the different frequencies can be generated by adjusting the coil
width with great flexibility.

In the above discussion, the electromagnet and coil are both entwined by var-
nished wire, so it is easy to adjust the intensity of the bias magnetic field, the
working frequency of EMAT, the thickness and turns of the coil wire, and so on,
which is convenient for use in the laboratory. However, multiple cluster coils used
in practical engineering are always made by a flexible printed circuit board, while
the magnet is made by the neodymium–iron–boron permanent magnet, as shown in
Figs. 7.10 and 7.11.

A printed circuit board is used to make the EMAT coil. The width of the
conductor line in the coil and the spacing between the adjacent coils can be con-
trolled with high accuracy, which benefits the miniaturization of the EMAT so that
its energy conversion efficiency can be improved. The magnet can be divided into
four parts. Each set of magnets is composed of two neodymium–iron–boron per-
manent magnets and an iron yoke. The different magnet sets are connected by a
hinge. When it is used, the magnet can be placed on the outer surface of the pipeline
axisymmetrically in order to provide a static bias magnetic field along the axial
direction of the pipeline for the coils.

The structure of the torsional mode guided wave EMAT is shown in Fig. 7.12.
The single cluster coil and multiple cluster coils are used, respectively.
A premagnetized nickel belt is wrapped around the outer surface of the pipeline to
generate the static bias magnetic field along the pipeline in the circumferential
direction. The coil is wrapped along the circumferential direction in the pipeline to
generate the dynamic magnetic field, the direction of which is perpendicular to the
static bias magnetic field. Similar to the longitudinal guided wave EMAT, the width

Fig. 7.10 Coils made by the
flexible printed circuit board

Fig. 7.11 A magnet made by
the neodymium–iron–boron
permanent magnet
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of single cluster coil, distance between the adjacent coils, etc., should meet the
matching relationship of the selected guided wave mode.

The design parameters of the EMAT multiple cluster coils that can excite the
T(0,1) mode guided wave are given in Table 7.2. From the phase velocity dis-
persion curve of the torsional mode in the pipe, at the 190 kHz frequency point, the
phase velocity of the T(0,1) guided wave mode is 3200 m/s and the wavelength is
1684 mm. In this situation, when the spacing between adjacent cluster coils is
designed as 8.42 mm, that is, half the wavelength of the T(0,1) mode, the T(0,1)
guided wave mode can be excited.

The premagnetized nickel strap can be fixed on the pipeline surface using either
epoxy resin glue or a mechanical clamping ring, and the coil can be made by the
varnished wire or the flexible printed circuit board. Since the EMAT with this kind
of structure will first generate vibration inside the ferromagnetic nickel strap and
then couple the vibration into the tested pipeline, it can also be used to detect a
pipeline made by non-conducting and non-ferromagnetic material.

7.2.2 Electromagnetic Ultrasonic Excitation Source
and the Filter Amplifier [4]

The electromagnetic ultrasonic excitation source is mainly composed of a control
circuit, a drive circuit, a rectifier and filter circuit, an inverter circuit, and a current
foldback circuit. Its principle structure is shown in Fig. 7.13. Initially, the control
circuit generates a control signal, either through the computer or using the
parameters set by the hand knob. Then, the control signal is amplified by the drive

(a) (b)

Fig. 7.12 The structure diagram of the torsional mode guided wave EMAT. a Single cluster coil.
b Multiple cluster coils

Table 7.2 The design parameters of the T(0,1) mode guided wave EMAT multiple cluster coils

Parameter Value

Guided wave frequency f (kHz) 100 150 190

Guided wave phase velocity cp (m/s) 3200 3200 3200

Distance between adjacent cluster coils D (mm) 16.00 10.67 8.42

282 7 Applications of the Electromagnetic Ultrasonic Guided Wave …



circuit and drives the power MOSFET in the inverter circuit. Finally, the inverter
circuit converts the direct voltage generated by the rectifier and filter circuit into the
high-power pulse signal and outputs it to the excitation EMAT. At the same time,
the output current is measured by the current foldback circuit composed of a Hall
sensor and an analog-to-digital converter, and it is fed back to the control circuit to
realize the overcurrent protection.

The programming language VHDL is used to write the control circuit program.
It mainly includes a clock divider, trigger, signal from control and overcurrent
protection, and some other modules. Its structure diagram is shown in Fig. 7.14.
The clock divider module is based on the phase-locked coil implanted into the
FPGA, on the outside of which there is a global clock at a frequency of 200 MHz
with a multiplication frequency of 50 MHz generated by the source oscillator, with
all the signals formatted from the edge-triggered count of the global clock. In the
trigger module, the counter is defined as X. When the value of X is summed as the
global clock number according to the adjacent time interval, the trigger module will
output a trigger signal, the time width of which is a global clock cycle. Then, the
counter X is reset and counting restarts. The rising edge of the trigger signal

Fig. 7.13 A structure
diagram of the
electromagnetic ultrasonic
drive source

Fig. 7.14 A structure diagram of the control circuit program
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prompts the formation of the control signal and the counters Y and Z begin
counting, while at the same time judging the numerical range of Y and Z using a
branch structure. Controlling the switching element in the inverter circuit to
establish the excitation signal frequency and cycle number generates the
double-channel control signal. The output current is monitored by the overcurrent
protection module through the overcurrent protection circuit of the excitation
source. If the peak value of the output current exceeds the established threshold
value, the alerting signal and stopping signal are reset from a low level to a high
level through the overcurrent protection module, which will cause a buzzer to ring.
At the same time, the output of the excitation signal is stopped to make sure that the
whole excitation source is working within the security scope.

The electromagnetic ultrasonic filter amplifier is mainly composed of a pream-
plifier, a band filter circuit, and the main amplifying circuit. Its structure is shown in
Fig. 7.15. Initially, the voltage signal received by the receiving EMAT is amplified
preliminarily; then, the band-pass filtering is made by the band filter circuit, in
which the guided wave frequency used in the actual application is taken as the
center frequency; then, the signal after filtering is amplified further. Finally, an
oscilloscope and computer are used to collect and display the signal.

7.2.3 Experiment of the Electromagnetic Ultrasonic Guided
Wave Test and the Factors

Firstly, longitudinal mode and torsional mode ultrasonic guided waves are gener-
ated by EMAT, and the correctness of excitation of the modes is verified through
the measured wave velocity. Then, the influences of the number of cycles of the
signal, static bias magnetic field and dynamic magnetic field on the guided wave
signal amplitude are studied. Finally, for the artificial defect on the outer wall of the
pipeline, the experiment using the electromagnetic ultrasonic guided wave in the
axial direction of the pipeline for defect detection is conducted.

The experimental system of the electromagnetic ultrasonic guided wave exci-
tation and defect detection in the pipeline is provided in Fig. 7.16. It is mainly
composed of the electromagnetic ultrasonic source, the transmitting EMAT, the
receiving EMAT, a filter amplifier, computer, direct current main, and the experi-
mental pipeline. In the experiment, the high-power pulse excitation signal is gen-
erated by the electromagnetic ultrasonic source and output to the excitation EMAT.
The excitation EMAT is based on the magnetostrictive effect, where the ultrasonic

Fig. 7.15 A structure diagram of the electromagnetic ultrasonic filter amplifier
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guided wave propagating along the axial direction of pipeline is incident on the
pipeline. The receiving EMAT is based on the inverse effect of magnetostriction.
The ultrasonic guided wave signal in the pipeline is converted into voltage signal.
The voltage signal detected by the receiving EMAT is amplified and filtered vir-
tually and then collected and processed by the computer. The direct current inside
the electromagnet of the EMAT is provided by direct current main to generate the
static bias magnetic field. The parameters of the tested pipeline are as follows:
external diameter = 59 mm, inner diameter = 53 mm, and length of the pipe = 3 m.

A PCI-9812 data acquisition card is assembled in the computer in the experi-
mental system to collect the ultrasonic wave signal and convert it into a digital
signal. The data acquisition card has 4-way independent A/D channels, a 12-bit
A/D resolution ratio, and a synchronous sampling rate of up to 20 MS/s, which is
good enough to meet the requirements of the acquisition and conversion of the
ultrasonic guided wave signal. The PCI-9812 data acquisition card has very high
flexibility, and it can be used either in the circumstance that the ultrasonic guided
wave is taken as the trigger signal or in the circumstance where the external digital
signal is taken as the trigger signal. Data acquisition and analysis software is also
installed in the computer. Its main interface is shown in Fig. 7.17. Using this
software, we can set the trigger type, trigger level, sampling rate, and sampling
point, and the collected data can also be processed and analyzed by the software,
such as for band-pass filtering, times averaging, and calculating the envelope.

The ultrasonic guided wave has multimode characteristics. Multiple modes can
exist at a certain frequency point. It is the basic precondition of the pipeline
detection to verify the correctness of the excited guided wave mode. In practice,

Fig. 7.16 The experimental system of the electromagnetic ultrasonic guided wave excitation and
defect detection
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comparison of the measured wave velocity and theoretical wave velocity is usually
used to verify the excited guided wave mode.

When we verify the longitudinal guided wave mode, the experimental setup
shown in Fig. 7.18 is used. The distance between the central position of the exci-
tation EMAT and the left margin of the pipeline is 0.5 m. Copper varnished wire
with a diameter of 1 mm is used in these coils. The wire is divided into 2 layers,
each layer having 25 turns, and the total width is 25 mm. The distance between the
central position of the receiving EMAT and the left margin of the pipeline is 2.0 m.
Copper varnished wire with a diameter of 0.31 mm is used as these coils. This wire
is divided into 4 layers, each layer having 70 turns, and the total width is 21.7 mm.

The excitation voltage amplitude of the excitation EMAT is set at 50 V, the
excitation frequency is 100 kHz, the cycle number is 6, and the magnetizing current
of the electromagnet is 6 A. A computer is used to collect and filter the voltage
signal detected by the receiving EMAT, and the obtained longitudinal guided wave
signal is shown in Fig. 7.19.

After the generated signal is incident on the excitation EMAT, the longitudinal
guided wave excited by the EMAT will propagate to left and right directions. The
guided wave propagation path is shown in Fig. 7.18, and the temporal relation of
each signal is shown in Fig. 7.19. It is known that signal (1), signal (3), and signal

Fig. 7.17 The main interface of the EMAT data collection and analysis software
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(5) are the direct signal propagating to the right side and the reflection wave signals
from the right margin and the left margin, respectively. Signal (2), signal (4), and
signal (6) are the first reflection wave signal propagating to the left side, the reflection
wave signal from the right margin, and the second reflection wave signal from the left
margin, respectively. The unnumbered signals on the left side of signal (1) in
Fig. 7.19 are the initial excitation signals sensed by the receiving EMAT through the
space coupling, when the excitation signal is applied on the excitation EMAT.

If signal (1) is taken as the reference, the difference in distance between other
signals and signal (1) can be obtained from Fig. 7.18. The delay of each signal
compared with signal (1) can be obtained from Fig. 7.19, and then, the propagation
velocity of the excited longitudinal guided wave can be calculated, with the results
shown in Table 7.3.

From the group velocity dispersion curve of the longitudinal guided waves in the
pipeline, at the frequency of 100 kHz, the theoretical value of the L(0,2) guided
wave group velocity is 5349 m/s. As shown in Table 7.3, the average value of the
longitudinal guided wave propagation velocity is 5365 m/s. The error between the
theoretical value and experimental value of the L(0,2) mode guided wave group

Fig. 7.18 The experimental setup for the mode verification of the longitudinal guided wave

Fig. 7.19 The longitudinal guided wave signal
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velocity is 0.3 %. It can therefore be verified that the excited longitudinal guided
wave is in the L(0,2) mode.

In the circumstance of the torsional mode guided wave EMAT, the nickel strap
should be premagnetized first to generate the static magnetic field, whose direction
is along the length direction of the EMAT. The method is shown in Fig. 7.20. The
length of the nickel strap is 186 mm, its width is 60 mm, and its thickness is
0.2 mm. N and S represent two permanent magnets with opposite polarity. After the
premagnetization, the nickel strap is wrapped around the outside surface of the
pipeline along the circumferential direction and fixed in place by a snap ring, so it
has tight contact with the pipeline surface. The method is shown in Fig. 7.21.

The setup for the verification of the torsional mode guided wave by the exci-
tation EMAT and receiving EMAT is shown in Fig. 7.22. The distance from the
center position of the excitation EMAT to the left margin is 1.0 m. Copper var-
nished wire with a diameter of 1 mm is used to make the coils. The wire is divided
into 4 layers, each layer having 35 turns, and the total width is 12.4 mm.

It is assumed that the excitation voltage amplitude of the excitation EMAT is
50 V, the excitation frequency is 100 kHz, and the cycle number is 6. A computer is
used to collect and filter the voltage signal detected by the receiving EMAT, and the
torsional mode signal is shown in Fig. 7.23.

Table 7.3 Experimental results of the longitudinal guided wave propagation velocity

Number Propagation distance (m) Propagation time (μs) Propagation velocity (m/s)

(2) 1.0 183 5464

(3) 2.0 375 5333

(4) 3.0 559 5366

(5) 6.0 1128 5319

(6) 7.0 1310 5344

Fig. 7.20 The
premagnetization of the nickel
strap

Fig. 7.21 The installation
and fixation of the nickel strap
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After the excitation signal is supplied to the excitation EMAT, the torsional
mode guided waves excited by the EMAT are propagating to the left and right
sides, respectively. The guided wave propagation path is shown in Fig. 7.22, and
the precedence relationship of each signal is shown in Fig. 7.23. It is known that
signal (1) and signal (2) are the direct signal propagating to the right side and the
reflection signal from the right margin, respectively. Signal (3) and signal (4) are
the reflection signal from the left margin propagating to the left side and the
reflection signal from the right margin, respectively.

If signal (1) is taken as the reference, the difference in the propagation distance
between each signal and signal (1) can be obtained from Fig. 7.22 and the retar-
dation time of each signal relative to signal (1) can be obtained from Fig. 7.23.
Then, the propagation velocity of the excited torsional mode guided wave can be
calculated. The results are shown in Table 7.4.

Based on the group velocity dispersion curve of the torsional guided wave in the
pipe at a frequency of 100 kHz, the theoretical value of the T(0,1) mode group
velocity is 3200 m/s. As shown in Table 7.4, the average value of the propagation
velocity of the torsional guided wave is 3181 m/s. The error of the T(0,1) mode
guided wave group velocity is 0.6 %. Therefore, it can be verified that the mode of
the excited torsional guided wave is the T(0,1) mode.

Fig. 7.22 The experimental setup for the verification of the torsional mode guided wave

Fig. 7.23 The torsional mode guided wave signal
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When the electromagnetic ultrasonic technology is used to detect the pipeline,
the excitation signals supplied to the EMAT are usually the high-frequency or pulse
signals that contain more than one cycle. If the amplitude and frequency of the
high-frequency signal remain unchanged, the energy from the excitation source to
the EMAT is decided by its cycle number, and thus, the energy of the ultrasonic
mechanical vibration inside the pipeline is also decided by the cycle number.

If the single cluster coil longitudinal guided wave EMAT is used, the voltage
amplitude of the excitation EMAT is set at 20 V, the excitation frequency is
100 kHz, the magnetizing current of the electromagnet is 5 A, and the excitation
signal cycle number N is adjusted to conduct the experiment. A multicluster coil
longitudinal guided wave EMAT is used. Copper varnished wire with a diameter of
1 mm is used as the excitation EMAT coil, which contains 4 clusters, each cluster
having 2 layers and each layer having 7 turns of wire. The space between the
adjacent coil clusters is 27 mm. Copper varnished wire with a diameter of 0.31 mm
is used as the receiving EMAT coil, which contains 4 clusters, each cluster having 2
layers and each layer having 15 turns of wire. The space between the adjacent coil
clusters is 27 mm. The electric current amplitude of the excitation EMAT is set at
16 A, the excitation frequency is 10 kHz, the magnetizing current of the electro-
magnet is 7 A, and the excitation signal cycle number N is adjusted to conduct the
experiment.

When the periodicity of the excitation signal is 4, the amplitude of the direct
signal is taken as the denominator and the amplitudes of the direct signals under the
excitation signals with other periodicities are taken as the numerator. Then, we
obtain the curve of the relative value of the direct signal amplitude with the change
of excitation signal cycle number, as shown in Fig. 7.24.

It can be seen that whether the single cluster coil EMAT or the multicluster coil
EMAT is used, the amplitude of the guided wave will be improved with increase in
the excitation signal cycle number, but there is a saturation effect. When the cycle
number of the excitation signal increases from 4 to 8, it is found that the increasing
effect of the amplitude will become weak through the increase in the excitation
signal periodicity. Because the distance between the adjacent coil clusters in the
multicluster coil has a matching relationship with the wavelength of the excited
guided wave, which means the particle vibration of the adjacent clusters has con-
structive interference, and there is no corresponding relationship between the single
cluster structure and the wavelength of the excited guided wave. The effect on the
amplitude does not change significantly, as is the case for the multicluster structure
coils.

Table 7.4 Experimental results of the torsional guided wave propagation velocity

Number Propagation distance (m) Propagation time (μs) Propagation velocity (m/s)

(2) 1.0 314 3185

(3) 2.0 627 3190

(4) 3.0 947 3168
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In addition, as the excitation signal cycle number increases, the time width of the
guided wave signal will also increase accordingly and the spatial resolution will
decrease. So, when we select the excitation signal cycle number, its influence on the
guided wave signal amplitude and spatial resolution should be considered com-
prehensively to achieve a good detection effect.

The intensity of the bias magnetic field can also affect the receiving signal. The
peak excitation current of the excitation EMAT coil is set at 8 A and 14 A,
respectively, adjusting the magnetizing current of the electromagnet. The data of the
signal detected by the receiving EMAT are shown in Fig. 7.25.

It can be seen that before the magnetizing current of the electromagnet reaches
15 A, the direct signal amplitude will increase linearly with the increasing mag-
netizing current of the electromagnet. When the magnetizing current of the elec-
tromagnet is higher than 15 A, the direct signal amplitude will tend to be a stable
value, and it does not increase with increase in the magnetizing current of the
electromagnet. The finite element simulation shows that when the magnetizing
current of the electromagnet is 15 A, the range of magnetic induction intensity is
1.6–2.0 T. At this time, the tested pipeline has already entered the saturation
magnetization state. Thus, in practice, the EMAT DC bias magnetic field should be
set at the state that can bring the pipeline close to the saturation magnetization state,
so that a higher conversion efficiency between the electric energy and acoustic
energy can be achieved.

In order to improve the detection ability of EMAT along the pipeline axial
direction, an artificial defect is made on the outer wall of the tested pipeline, and its
shape is shown in Fig. 7.26. The length of the artificial defect along the pipeline

Fig. 7.24 The curves of the relative value of the direct signal amplitude with the change of
excitation signal cycle number
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circumferential direction is 40 mm, and its width along the pipeline axial direction
is 4 mm. Its maximum depth along the pipeline radial direction is 2 mm.

When the L(0,2) guided wave mode is used to detect the defect in the pipe, the
experimental arrangement of the excitation EMAT and receiving EMAT is as
shown in Fig. 7.27. The distance from the center position of the excitation EMAT
to the left margin is 1.745 m. Copper varnished wire with a diameter of 1 mm is
used to enwind the coil, which contains 8 clusters, each cluster having 2 layers and
each layer having 3 turns of wire. The distance between the adjacent coil clusters is
10.8 mm. The distance from the center position of the receiving EMAT to the left
margin is 2.4 m. Copper varnished wire with a diameter of 0.31 mm is used to
enwind the coil, which contains 8 clusters, each cluster having 2 layers and each
layer having 10 turns of wire. The distance between the adjacent coil clusters is
2.75 mm.

The excitation voltage of the excitation EMAT is set at 350 V, the excitation
frequency is 250 kHz, the cycle number is 12, and the magnetizing current of the
electromagnet is 15 A. The L(0,2) mode guided wave signal detected by the
receiving EMAT is shown in Fig. 7.28.

After the excitation signal is supplied to the excitation EMAT, the L(0,2) guided
wave modes excited by the EMAT are propagating to the left and right sides. The
guided wave propagation path is shown in Fig. 7.27, and the precedence

Fig. 7.25 The direct signal amplitude under different magnetizing current of the electromagnet

Fig. 7.26 A sketch of the
artificial defect in the
experimental pipeline
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relationship of each signal is shown in Fig. 7.28. This shows that signal (1), signal
(2), signal (3), and signal (4) are the direct signal propagating to the right side, the
reflection signal from the defect, and the first and second reflection signals from
the right margin, respectively; signal (5), signal (6), signal (7), and signal (8) are
the reflection signal from the left margin propagating to the left side, the reflection
signal from the defect, and the first and second reflection signals from the right
margin, respectively. It must be noted that since the artificial defect is an
axisymmetric defect, when the reflection of the L(0,2) mode guided wave meets the

Fig. 7.27 The experimental setup of the defect detection in the pipe by the L(0,2) guided wave
mode

Fig. 7.28 The L(0,2) mode guided wave signal in the pipeline with defect
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artificial defect, it can also generate the L(0,1) guided wave mode and torsion mode
of the guided wave.

If signal (1) is taken as the reference, the differences in distance between each
edge reflection wave and signal (1) can be obtained from Fig. 7.27 and the retar-
dation time of each edge reflection wave signal relative to signal (1) can be obtained
from Fig. 7.28, and then, the propagation velocity of the L(0,2) mode guided wave
can be calculated. The results are listed as follows.

As shown in Table 7.5, the average value of the L(0,2) mode propagation
velocity is 5212 m/s. It can be obtained from Fig. 7.28 that the retardation time of
the reflection wave signal (2) relative to the direct signal (1) is 135 μs. The dif-
ference in propagation distance between the defect echo signal (2) and defect echo
signal (1) is given in (7.5).

L ¼ 5212� 135� 10�6 ¼ 0:704 m ð7:5Þ

So, the distance between the defect and the receiving EMAT is given in (7.6).

d ¼ L
2
¼ 0:352 m ð7:6Þ

The actual distance between the artificial defect and the receiving EMAT is
0.35 m. Using the L(0,2) mode, the distance from the defect to the receiving EMAT
is 0.352 m and the relative error is 0.6 %. It can be seen that the artificial defect on
the outside surface of the pipeline can be detected effectively using the L(0,2)
guided wave mode with a higher accuracy of defect location.

When the T(0,1) guided wave mode is used for defect detection in the pipeline,
the setup of the excitation EMAT and receiving EMAT is as shown in Fig. 7.29.
The distance between the center position of the excitation EMAT and the left
margin of the pipeline is 1.415 m. Copper varnished wire with a diameter of 1 mm
is used to enwind the coil, which contains 6 clusters. Each cluster has 2 layers, and
each layer has 3 turns of wire. The distance between adjacent coil clusters is
8.4 mm, and the distance from the center position of the artificial defect to the left
margin is 2.75 m.

The excitation voltage amplitude of the excitation EMAT is set at 350 V, the
excitation frequency is 190 kHz, and the periodicity is 10. The T(0,1) mode guided
wave detected by the receiving EMAT is shown in Fig. 7.30.

After the excitation signal is supplied to the excitation EMAT, the T(0,1) mode
guided wave excited by the EMAT propagates to the left and right sides.

Table 7.5 The results of the L(0,2) guided wave mode propagation velocity

Number Propagation distance (m) Propagation time (μs) Propagation velocity (m/s)

(3) 1.20 230 5217

(5) 3.49 670 5209

(7) 4.69 900 5211
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The guided wave propagation path is shown in Fig. 7.29. The precedence rela-
tionship of each signal shows that signal (1), signal (2), signal (3), and signal
(4) are the direct signal propagating to the right side, the reflection signal from the
defect, and the first and second reflection signals from the right margin, respec-
tively. Signal (5) is the reflection signal from the left margin propagating to the left
side. Similar to the L(0,2) guided wave mode, when the reflection of the T(0,1)
mode guided wave is at the non-axisymmetry artificial defect, it can also generate
the torsional mode.

If signal (1) is taken as the reference, the difference between the propagation
distance of each edge reflection signal and that of signal (1) can be obtained from
Fig. 7.29, and the retardation time of each edge reflection signal relative to signal
(1) can be obtained from Fig. 7.30. The propagation velocity of the T(0,1) mode
guided wave can then be calculated. The results are shown in Table 7.6.

Fig. 7.29 The experimental setup for defect detection in the pipe by the T(0,1) mode

Fig. 7.30 The T(0,1) mode guided wave signal in the pipeline with defect
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As shown in Table 7.6, the average value of the T(0,1) mode propagation velocity
is 3185 m/s. It can be seen from Fig. 7.30 that the retardation time of the defect
reflection signal (2) relative to the direct signal (1) is 370 μs. The difference in
propagation distance between the defect echo signal (2) and the direct signal (1) is
given in (7.7).

L ¼ 3185� 370� 10�6 ¼ 1:178 m ð7:7Þ

So, the distance between the defect and the receiving EMAT is given in (7.8).

d ¼ L
2
¼ 0:589 m ð7:8Þ

The real distance between the artificial defect and the receiving EMAT is 0.6 m,
the distance between the receiving EMAT and the defect detected by the T(0,1)
mode guided wave is 0.589 m, and the relative error is 1.8 %. It is thus shown that
the artificial defect on the outside surface of the pipeline can be detected effectively
by the T(0,1) mode guided wave, with a higher accuracy of defect location.

7.3 Electromagnetic Ultrasonic Guided Wave Detection
for Cracks in the Natural Gas Pipeline [5–7]

7.3.1 The Main Structure of the Detector

The detector includes three sections, each section containing three groups of
detecting probes arranged evenly along the circumferential direction of the pipeline.
The detecting probes of the adjacent sections are arranged with a staggered angle of
30°. Each group of detecting probes contains three electromagnetic ultrasonic
transducers of different types: The circumferential guided wave electromagnetic
ultrasonic probe is used to detect stress corrosion cracks; the surface wave elec-
tromagnetic ultrasonic probe is used to detect inner surface cracks and distinguish
between cracks on the inside and outside walls of the pipeline; and the vertical
incident wave electromagnetic ultrasonic probe is used to detect pipe thickness and
identify the circumferential weld for the accurate location and quantification of the
defect. The first section of the detector is equipped with a seal cup and a supporting
wheel; the second section is equipped with a seal cup and an internal capsule
equipped with a battery; and the third section is equipped with a seal cup and an

Table 7.6 The results of the T(0,1) guided wave mode propagation velocity

Number Propagation distance (m) Propagation time (μs) Propagation velocity (m/s)

(3) 1.70 536 3172

(5) 2.83 885 3198
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internal capsule equipped with an electronic information recorder. These three
sections are connected by a cardan joint, as shown in Fig. 7.31.

In order to avoid cross talk between channels and improve the excitation power
of the electromagnetic ultrasonic probe, an independent physical channel is used in
the excitation circuit and signal detection circuit of the 27 probes of the detector,
each probe having a dual role of excitation and receiving of the ultrasonic signals.

The output pulse signal is generated by the signal-generating unit and passed
through the excitation coil of the excitation probe after the power amplification.
Under the excitation of the pulse current, the ultrasonic wave is excited by the
excitation coil. The electromagnetic ultrasonic signal is received by the receiving
coil and then saved to the electronic hard disk after the amplification, smoothing,
data collection, and data compression. After detection, the saved data are transferred
onto a computer and the results analyzed using private data analysis software.

The pulsed power supply is composed of a signal-generating unit and a power
amplification unit. The phase-shift full-bridge control chip UCC2895 is used in the
signal-generating unit. Its characteristics are as follows: The output open time delay
and self-adaption time delay can be set through programming; it can be used either
in voltage mode or in current mode; it has a soft close function; its maximum
operating frequency is 1 MHz; and the complementary square wave signal is output
from two base pins OUTA and OUTB, the duty ratio being adjustable from 0 to
100 %. Because the working frequency range of the EMAT is usually from
100 kHz to 1 MHz, the UCC2895 can meet the requirements of the probe relative to
the pulsed power supply.

The circuit connection diagram of the signal-generating unit is shown in
Fig. 7.32.

The signal cycle is determined by the capacitance C3 and the resistance R1. The
cycle satisfies (7.9).

tOSC ¼ 5� R1� C3
48

þ 120 ns ð7:9Þ

The duty ratio of the square signal is determined by the resistance R2, R3, and
R4. In order to generate a group of pulse signals, the UCC2895 should be con-
trolled. The chip has the control pins SS/DISB. As long as the pins are set to a low
level, the OUTA and OUTB will output low-level voltage. A single chip is used to
output the high low-level current regularly to the SS/DISB so that the UCC2895
chip can be controlled to output the square wave pulsed periodically. The pulsed
square wave is amplified by the power amplification unit, and it becomes a large

Fig. 7.31 A structure
diagram of the
electromagnetic ultrasonic
detector
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current pulse. In the power amplification unit, the MOSFET is used as the power
device, designed by a full-bridge circuit structure. MOSFET works in the switching
state; the consumed power itself is very small, which causes the efficiency of the
pulsed power supply to increase.

In order to improve the energy conversion efficiency of the electromagnetic
ultrasonic probe, the capacitors in the parallel matching method are used for the
receiving coil, so that the signal amplitude can be improved. Because the received
signal is at a microvolt level, a perfect shielding and ground connection are needed,
and a weak signal amplifier with high precision and low noise also needs to be
designed.

AD797 has the characteristics of ultralow noise and low distortion. The band-
width can reach up to 110 MHz and the response speed is 20 V/μs, which is suitable
for preamplification. A LT1568 chip is used in the design of the band-pass filter to
clear the noise signal. Through the amplification of the main amplifier, the gain can
reach up to 80 dB.

The 27-channel ADC is used to complete the parallel sampling of each channel.
FPGA is used as the core of the acquisition system, in charge of the ADC parallel
sampling, data flow organization, and data compression storage. Its functional block
diagram is shown in Fig. 7.33.

The compression mainly contains of two parts: the wavelet transform and the
self-adaptation arithmetic code. Its functional block diagram is shown in Fig. 7.34.
Both the wavelet transform and self-adaptation arithmetic code can be realized
through FPGA, with the main system established using the VHDL.

A hybrid programming method is adopted by using Visual C and LabVIEW to
make the data analysis software. The software has a good human–computer
interface and has a strong ability for data analysis and processing. The functions
that can be achieved using this software are as follows: the automatic importing of

Fig. 7.32 The circuit connection diagram of UCC2895
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the data, displaying the image (C-S scan) of the planar scanning of the pipeline
conditions and the waveform image of the crack defect, identifying the pipe welds
automatically, quantifying and locating the crack defect, etc. For the test data, the
alternate display between the spatial domain and time domain can be conducted
conveniently. It also has functions such as smoothing, spectral analysis, automatic
capture, and measure of the local peak value. A contrast display window is
available in this software, which can enlarge the image locally. The signal can be

Fig. 7.33 The functional block diagram of the data acquisition and compression storage

Fig. 7.34 The functional block diagram of the data compression
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displayed according to the user needs: original signal, original signal envelope, and
any kind, or all of, the filtered signals.

7.3.2 Relative Detection Experiment

The experiment of electromagnetic ultrasonic crack detection is conducted on the
natural gas pipeline that has a stress corrosion crack. It shows that the crack with a
minimum length of 20 mm and minimum depth of 1 mm can be detected effec-
tively, and it has a resolving ability for crack clusters. The experimental result is
shown in Fig. 7.35.

The hightest testing speed is 2 m/s and the longest detection distance is 100 km,
and it can pass through the natural gas pipeline with 1.5D bend. Based on the
development of the natural gas pipelines, higher pressure and higher throughput of
the pipe will be used in the future. If we can improve the testing speed and single run
distance of the inspector, the electromagnetic ultrasonic cracking detector will have
better adaptability. With the development of electronic techniques and computer
technology, online detection speed can be improved significantly if rapid acquisition
and storage technology for high speeds and large volumes of data are introduced in
electromagnetic ultrasonic inspectors for natural gas pipelines in the near future.

References

1. Xin, J.: Development of electromagnetic ultrasonic thickness measurement device. Tsinghua
University, Beijing (2009). (In Chinese)

2. Li, P., Huang, S., Wang, S., et al.: Development of a pulsed exciting source for electromagnetic
ultrasonic detection. Electr Measur & Instrum 49(2), 76–79 (2012). (In Chinese)

Fig. 7.35 Result comparison
of magnetic particle
inspection and
electromagnetic ultrasonic
detection of cracks in the
pipeline

300 7 Applications of the Electromagnetic Ultrasonic Guided Wave …



3. Wang, S., Huang, S., Zhao, W.: Virtual instrument technology of electromagnetic ultrasonic
data acquisition and analysis software design. Instrum Tech Sens 315(5), 37–39 (2009). (In
Chinese)

4. Zhang, Y., Huang, S., Zhao, W.: Development of the high frequency pulsed electrical source.
Power Electron 42(7), 49–50 (2008). (In Chinese)

5. Huang, S., Ye, C., Wang, S., et al.: Design of electromagnetic ultrasonic detector for the crack
detection in natural gas pipe. Nondestr Test 31(10), 827–829 (2009). (In Chinese)

6. Huang, S., Wang, S., Zhao, W., et al.: Study on oil and gas pipeline crack detection method
based on EMAT-generated ultrasonic guided waves. In: The 3rd World Conference on Safety of
Oil and Gas Industry (WCOGI 2010), pp. 491–493 (2010)

7. Huang, S., Wang, S., Zhao, W.: Study on oil and gas pipeline crack detection method based on
EMAT-generated ultrasonic guided waves. Measur. Technol. 23(S), 34–36 (2009) (In Chinese)

References 301


	Preface
	Contents
	1 Electromagnetic Acoustic Transducer
	1.1 Outline
	1.2 Research Status of EMAT
	1.2.1 Structure of EMAT
	1.2.1.1 The EMAT Applied to Plate and Pipe Circumferential Detection [1]
	1.2.1.2 The EMAT Applied to the Testing Along the Axial Direction of Pipe [2]

	1.2.2 Energy Conversion Mechanism and Analytical Method of EMAT

	1.3 Optimal Design of EMAT and Its New Configuration
	1.3.1 Optimal Design of Meander Coil
	1.3.1.1 Effect of Coil Wire Spacing on the Performance of EMAT
	1.3.1.2 Effect of Coil Fold Number on the Performance of EMAT
	1.3.1.3 Effect of Coil Conductor on the Performance of EMAT
	1.3.1.4 Effect of Liftoff on the Performance of EMAT

	1.3.2 Multibelt Coil Axisymmetric Guided Wave EMAT
	1.3.2.1 Longitudinal Guided Wave Mode and Frequency Dispersion
	1.3.2.2 Transducer Configuration and Transduction Principles
	1.3.2.3 Experimental Study of L-mode EMAT [3]
	1.3.2.4 The Experimental Research of T-Mode EMAT

	1.3.3 SH Guided Wave EMAT Used in Non-ferromagnetic Material
	1.3.4 Calculation of the Impedance Matching Capacitance of EMAT [5]

	References

	2 Analytical Method of EMAT Based on Lorentz Force Mechanism
	2.1 Multifield Coupling Equation of EMAT Based on Lorentz Force Mechanism
	2.1.1 Magnetic Field Equation of a Permanent Magnet
	2.1.2 Dynamic Magnetic Field Equation of the Pulsed Eddy Current [1]
	2.1.3 Motion Equation of Particle in the Specimen
	2.1.4 Receiving Equation of Ultrasonic Signal

	2.2 The Weak Form of the Coupling Field Equations
	2.2.1 The Weak Form of Coupled Equations Under Two-Dimensional Cartesian Coordinates
	2.2.1.1 The Weak Form of the Static Magnetic Field Equation of the Permanent Magnet
	2.2.1.2 The Weak Form of the Coil’s Pulsed Eddy Current Field Equation
	2.2.1.3 The Weak Form of the Specimen’s Wave Equation

	2.2.2 The Weak Form of Coupled Equations in the Axisymmetric Coordinate System
	2.2.2.1 The Weak Form of the Permanent Magnet’s Static Magnetic Field Equation
	2.2.2.2 The Weak Form of the Coil’s Pulsed Eddy Current Field
	2.2.2.3 The Weak Form of the Specimen’s Wave Equation


	2.3 Finite Element Simulation of EMAT by COMSOL Multiphysics [2]
	2.3.1 Simulation Procedure of EMAT by COMSOL Multiphysics
	2.3.2 Example of the Numerical Simulation and Experimental Verification
	2.3.2.1 The Parameters of the Simulation
	2.3.2.2 Experimental Setup
	2.3.2.3 The Process and Result of Calculations


	2.4 Analytical Modeling and Calculation of EMAT with Spiral Coil [3]
	2.4.1 Configurations of the EMAT with Spiral Coils
	2.4.2 Frequency-Domain Solution
	2.4.2.1 The Magnetic Vector Potential of a Delta Function Coil
	2.4.2.2 The MVP of the Spiral Coil
	2.4.2.3 Analytical Expression of Magnetic Flux Intensity, Pulsed Eddy Current and Input Impedance
	2.4.2.4 Series Expressions of Flux Density, Eddy Current, and Input Impedance

	2.4.3 The Time-Domain Solutions
	2.4.4 Results Comparison and Discussion

	2.5 Analytical Modeling and Calculation of the Meander Coil EMAT [4]
	2.5.1 Meander Coil EMAT Configuration and Calculation Model
	2.5.2 The Frequency-Domain Calculation of the Coil’s Impedance and Magnetic Field
	2.5.2.1 The Scalar Potential of the Rectangle δ Coil
	2.5.2.2 Scalar Potential of Rectangular Single-Turn Coil
	2.5.2.3 Scalar Potential of Meander Coil
	2.5.2.4 Eddy Current, Magnetic Flux Density, and Coil’s Impedance

	2.5.3 The Calculation of the Time-Domain Pulsed Magnetic Field
	2.5.4 Example and Comparison of Results

	2.6 The Analytical Method of EMAT Under Impulse Voltage Excitation [5]
	2.6.1 Calculating the Pulsed Current Using the Analytical Equation
	2.6.2 Calculating the Pulsed Current Using the Field-Circuit Coupling Finite Element Method
	2.6.3 The Coil’s Current Calculation Examples Realized Using the Circuit-Field Coupled Finite Element Method

	References

	3 Analytical Method of EMAT Based on Magnetostrictive Mechanism
	3.1 Magnetic and Magnetostrictive Property of Ferromagnetic Materials
	3.1.1 Magnetic Characteristics and Magnetic Permeability of Ferromagnetic Materials
	3.1.2 Magnetostrictive Property of the Ferromagnetic Material

	3.2 Finite Element Method of EMAT Based on the Magnetostrictive Mechanism [1]
	3.2.1 Basic Physical Equations
	3.2.2 Calculations of Magnetostrictive Force and Magnetostrictive Current Density in the Two-Dimensional Cartesian Coordinate System
	3.2.3 Calculation of the Magnetostrictive Force and Magnetostrictive Current Density in the Axisymmetric Coordinates
	3.2.4 Determination of the Piezomagnetic Coefficient
	3.2.5 Numerical Simulation of EMAT Based on Magnetostrictive Mechanism

	3.3 Analytical Modeling and Calculation of SH Guided Waves by EMAT [2]
	3.4 Analytical Modeling and Calculation of an Axial Guided Wave in a Pipe by EMAT
	3.4.1 The Magnetic Vector Potential of the δ Coil
	3.4.2 Magnetic Vector Potential of the Coil with the Rectangular Cross Section
	3.4.3 The Impedance, Eddy Current, and Magnetic Induction Intensity of the Coil
	3.4.4 One-Layer Conductor
	3.4.5 Magnetic Elasticity of the Axial Guided Wave EMAT in Pipe
	3.4.6 Calculation of the Pulsed Magnetic Field of the T-Mode Guided Wave

	References

	4 The Propagation Characteristics of Ultrasonic Guided Waves in Plate and Pipe
	4.1 Dispersion and Wave Structures of the Lamb Waves in the Plate
	4.1.1 The Dispersion Characteristics of the Lamb Waves in the Plate
	4.1.2 The Wave Structures of the Lamb Waves in the Plate

	4.2 The Characteristics of Dispersion and Wave Structures of SH Guided Waves in the Plate
	4.2.1 Dispersion of SH Guided Waves in the Plate
	4.2.2 Wave Structure of SH Guided Waves in the Plate

	4.3 Dispersion and Wave Structure of Circumferential Lamb Waves in Pipe [1]
	4.3.1 Dispersion Equations and Their Solution of Circumferential Lamb Waves in Pipe
	4.3.2 Wave Structure of Circumferential Lamb Waves in the Pipe

	4.4 Dispersion and Wave Structure of Circumferential SH Guided Waves in the Pipe [2]
	4.4.1 The Dispersive Equations and Solutions of the Circumferential SH Guided Waves in the Pipe
	4.4.2 Wave Structure of Circumferential SH Guided Waves in the Pipe

	4.5 Comparison of the Propagation Characteristics Between Guided Waves in the Plate and Circumferential Guided Waves in the Pipe
	References

	5 Simulation of Interactions Between Guided Waves and the Defects by Boundary Element Method
	5.1 Hybrid BEM Model of the External Defects in a Plate
	5.2 Elastodynamic Integration Equation and Its Fundamental Solution
	5.3 Boundary Integration Equation and Its Discretized Numerical Solution
	5.3.1 The Solution of the Elements in Matrix G
	5.3.2 The Solution of the Elements in Matrix {\hat{{\bf H}}} 

	5.4 Construction of the Boundary Condition Based on Mode Expansion
	5.5 Structure of the BEM Program
	5.6 Factors of Computational Accuracy
	5.6.1 Sweeping of the Model Length
	5.6.2 Sweeping of the Boundary Elements Size

	5.7 Calculation of the Reflections at the End of the Plate
	5.8 Simulation of the External Defect in the Plate [1]
	5.8.1 Sweeping of the Crack Depth on the External Surface of the Plate
	5.8.2 Sweeping of the Crack Width on the External Surface of the Plate
	5.8.3 Sweeping of the Frequency Thickness Product in the Plate with External Defect

	5.9 Model and Numerical Simulation of Internal Defect in the Plate
	5.9.1 Internal Crack’s Height in the Plate
	5.9.2 Internal Crack’s Width in the Plate
	5.9.3 Frequency Thickness Product of Internal Crack in the Plate
	5.9.4 Internal Crack’s Movement Along the Vertical Direction

	5.10 Quantitative Crack Detection by Electromagnetic Ultrasonic Guided Waves
	References

	6 Finite Element Simulation of Ultrasonic Guided Waves
	6.1 The Explicit Integration Finite Element Method
	6.2 Finite Element Simulation of the Lamb Wave in the Plate [1]
	6.2.1 Establishment of the Lamb Wave Equation in the Elastic Plate
	6.2.2 Finite Element Simulation of the Lamb Wave in the Plate
	6.2.3 Example of Lamb Wave Simulation in the Plate

	6.3 Finite Element Simulation of the Circumferential Lamb Wave in Pipe [2]
	6.3.1 Establishment of the Dispersion Equation of Circumferential Lamb Waves
	6.3.2 Finite Element Simulation of the Circumferential Lamb Wave in the Pipe
	6.3.3 Simulation of the Circumferential Lamb Wave in the Pipe

	6.4 Finite Element Simulation of the L-Type Guided Wave Along the Axial Direction of the Pipeline
	6.5 Finite Element Simulation of the T-type Guided Wave Along the Axial Direction in the Pipeline
	References

	7 Applications of the Electromagnetic Ultrasonic Guided Wave Technique
	7.1 Thickness Measurement by Electromagnetic Ultrasonics
	7.1.1 Principle of the Thickness Measurement by Electromagnetic Ultrasonics
	7.1.2 Setup of the Electromagnetic Ultrasonic Thickness Measurement [1]
	7.1.3 Hardware of the Electromagnetic Ultrasonic Thickness Measurement [2]
	7.1.4 Analysis and Processing of the Echo Signal in the Electromagnetic Ultrasonic Thickness Measurement [3]

	7.2 Electromagnetic Ultrasonic Guided Wave Test Along the Axial Direction of the Pipeline
	7.2.1 Electromagnetic Ultrasonic Transducers
	7.2.2 Electromagnetic Ultrasonic Excitation Source and the Filter Amplifier [4]
	7.2.3 Experiment of the Electromagnetic Ultrasonic Guided Wave Test and the Factors

	7.3 Electromagnetic Ultrasonic Guided Wave Detection for Cracks in the Natural Gas Pipeline [5–7]
	7.3.1 The Main Structure of the Detector
	7.3.2 Relative Detection Experiment

	References




