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Courage in adversity, patience in prosperity,
modesty in fame, indifference in own glory,
deep love for foes, staying in solitude,
all these are naturally found in wise persons

Knowledge is proud, he knows too much, but
the wise is humble, he knows no more

What lies before us and what lies behind us
are tiny matters as compared to what lies
WITHIN US

Smile and passion are real debit cards of life.
Pay now and use later. But ego and vindictive
attitude are like credit cards of life.
Use now and pay later.

Iron does not become steel without through
fire. I must be prepared to undergo the test of
fire, if I wish to enjoy the success in life.



To be the best, I must extract the best from
myself

This book is dedicated to Dr. Amarnath
Chakravarti, Ex. Professor and the Head
of the Department of the Institute of Radio
Physics and Electronics of the University
of Calcutta, the Ph.D. Supervisor and
Philosopher of the present author.

Sir, your teaching such creativity bring,
I must not change my state with a King



Preface

The creation of Nano Electronics, the subset of the generalized set Physics, is based
on the following two important concepts:

• The symmetry of the wave vector space of charge carriers in electronic materials
having various band structures is being reduced from a 3D closed surface to a
quantized 2D closed surface, quantized non-parabolas and fully quantized wave
vector space leading to the formation of 0D systems such as ultrathin films
(UFs), doping superlattices, inversion and accumulation layers, quantum wells
(QWs), quantum well superlattices, carbon nanotubes, nanowires (NWs),
quantum wire superlattices, magnetic quantization, magneto size quantization,
quantum dots (QDs), magneto inversion and accumulation layers, magneto
quantum well superlattices, magneto NIPIs, quantum dot superlattices and other
field aided nanostructures.

• The advent of modern experimental methods, namely Fine Line Lithography
(FLL), Metallo-Organic Chemical Vapor Deposition (MOCVD), Molecular
Beam Epitaxy (MBE), etc., for fabricating low-dimensional nanostructured
systems.

Quantum confined materials have gained much interest in modern physics
because of their importance to unlock both new scientific revelations and multi-
dimensional altogether unheard of technological applications. In UFs, quantization
of the motion of carriers in the direction perpendicular to the surface exhibits the
two-dimensional carrier motion of charge carriers, and the third direction is being
quantized. Another one-dimensional structure known as NWs has been proposed to
investigate the physical properties in these materials, where the carrier gas is
quantized in two transverse directions and they can move only in the longitudinal
direction. As the concept of quantization increases from 1D to 3D, the degree of
freedom of the free carriers decreases drastically and the total density-of-states
(DOS) function changes from Heaviside step function to the Dirac’s delta function
forming QDs which, in turn, depend on the carrier energy spectra in different
materials. An enormous range of important applications of such low-dimensional
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structures for modern physics in the quantum regime, together with a rapid increase
in computing power, have generated considerable interest in the study of the optical
properties of quantum effect devices based on various new materials of reduced
dimensionality. Examples of such new applications include quantum switches,
quantum registers, quantum sensors, heterojunction field-effect, quantum logic
gates, quantum well and quantum wire transistors, quantum cascade lasers,
high-frequency microwave circuits, high-speed digital networks, high-resolution
terahertz spectroscopy, advanced integrated circuits, superlattice photo-oscillator,
superlattice photo-cathodes, resonant tunneling diodes and transistors, superlattice
coolers, thermoelectric devices, thin film transistors, micro-optical systems,
intermediate-band solar cells, high performance infrared imaging systems, optical
modulators, optical switching systems, single electron/molecule electronics,
nanotube-based diodes, and other nanoelectronic devices [1–14].

Although many new effects in quantized structures have already been reported,
the interest in further research of different other aspects of such quantum-confined
materials is becoming increasingly important. One such significant concept is the
Dispersion Relations (DRs) of carriers in semiconductors and their nanostructures,
which occupies a singular position in the arena of Modern Physics and related
disciplines in general and whose importance [15–36] has already been established
since the inception of the theory of band structure of Solid State Physics. The
concept of DRs is of fundamental importance for not only the characterization of
semiconductor nanostructures, but also for the study of carrier transport in semi-
conductors and their quantized counterparts through proper formulation of the
Boltzmann Transport equation which, in turn, needs the corresponding carrier
energy spectra of the heavily doped materials and is still one of the open research
problems. It is important to note that six important transport quantities,
namely the effective carrier mass (ECM), density-of-states (DOS) function, the
sub-band energy and the measurement of band gap in the presence of strong
light waves, intense electric field and heavy doping are in disguise in the very
important concept of DR. Besides, the acoustic mobility limited momentum
relaxation time is inversely proportional to the respective DOS function of a
particular semiconductor and integral over the DOS function leads to carrier
statistics under the condition of extreme carrier degeneracy which, in turn, is
connected to the 25 important transport topics of quantum effect devices,
namely the Landau Dia and Pauli’s Para Magnetic Susceptibilities [37], the
Einstein’s Photoemission [38], the Einstein Relation [39], the Debye Screening
Length [40], the Generalized Raman gain [41], the Normalized Hall coefficient
[42], the Fowler-Nordheim Field Emission [43], the Gate Capacitance [44], the
Thermoelectric Power [45], the Plasma Frequency [46], the Magneto-Thermal
effect in Quantized Structures [47], the Activity coefficient [48], the Reflection
coefficient [49], the Heat Capacity [50], the Faraday rotation [51], the Optical
Effective Mass [52], the Carrier contribution to the elastic constants [53], the
Diffusion coefficient of the minority carriers [54], the Nonlinear optical response
[55], the Third order nonlinear optical susceptibility [56], the Righi-Leduc coeffi-
cient [57], the Electric Susceptibility [58], the Electric Susceptibility Mass [59], the
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Electron Diffusion Thermo-power [60] and the Hydrostatic Piezo-resistance
Coefficient [61] respectively.

The present monograph solely investigates DRs in heavily doped nanostructures
of nonlinear optical, III–V, II–VI, gallium phosphide, germanium, platinum anti-
monide, stressed, IV–VI, lead germanium telluride, tellurium, II–V, zinc and cad-
mium diphosphides, bismuth telluride, III–V, II–VI, IV–VI and HgTe/CdTe
quantum well HD superlattices with graded interfaces under magnetic quantization,
III–V, II–VI, IV–VI and HgTe/CdTe HD effective mass superlattices under mag-
netic quantization, quantum confined effective mass superlattices and superlattices
of HD optoelectronic materials with graded interfaces in addition to other quantized
systems. Incidentally, even after 40 years of continuous effort, we see that complete
investigation of the DR comprising the whole set of HD materials and allied sci-
ences is really a sea and permanently enjoys the domain of impossibility theorems.
DRs have different forms for different materials and change under one-, two- and
three-dimensional quantum confinement of charge carriers. It is rather curious to
note that for the 31 important concepts, only 6 monographs have been written [62–
67] and the remaining 25 books will appear in the future, hopefully from the
readers of this book. In this context, it may be mentioned that the available reports
on the said areas cannot afford to cover even an entire chapter containing detailed
investigations on DRs in semiconductors and their quantized structures.

It is worth remarking that the effects of crossed electric and quantizing magnetic
fields on the transport properties of semiconductors having various band structures
have been relatively less investigated compared to the corresponding magnetic
quantization, although the study of cross-fields is of fundamental importance with
respect to the addition of new physics and related experimental findings in modern
quantum effect devices. It is well known that in the presence of electric field (E0)
along x-axis and the quantizing magnetic field (B) along z-axis, the DRs of carriers
in semiconductors become modified, for which the carrier moves in both the z and y
directions respectively. The motion along y direction is purely due to the presence
of E0 along x-axis and in the absence of an electric field, the effective electron mass
along y-axis tends to infinity indicating the fact that the electron motion along
y-axis is forbidden. The effective electron mass of the isotropic, bulk semicon-
ductors having parabolic energy bands exhibit mass anisotropy in the presence of
cross-fields and this anisotropy depends on the electron energy, the magnetic
quantum number, the electric and the magnetic fields respectively, although the
effective electron mass along z-axis is a constant quantity. In 1966, Zawadzki and
Lax [68] derived the expression of DR for III–V semiconductors in accordance with
the two-band model of Kane under cross-fields configuration, which generates the
interest to study this particular topic of solid-state science in general [69].

It is well known that heavy doping and carrier degeneracy are the keys to unlock
the important properties of semiconductors; they are especially instrumental in
dictating the characteristics of Ohmic and Schottky contacts respectively [70]. It is
an amazing fact that although heavily doped semiconductors (HDS) have been
investigated in the literature, the study of the corresponding DRs of HDS is still one
of the open research problems. We have obtained the exact E-k dispersion
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relations in HD nonlinear optical, III–V, II–VI, gallium phosphide, germanium,
platinum antimonide, stressed, IV–VI, lead germanium telluride, tellurium, II–V,
zinc and cadmium di-phosphides, bismuth telluride, III–V, II–VI, IV–VI and
HgTe/CdTe quantum well HD superlattices with graded interfaces under magnetic
quantization, III–V, II–VI, IV–VI and HgTe/CdTe HD effective mass superlattices
under magnetic quantization, quantum confined effective mass superlattices and
superlattices of HD optoelectronic materials with graded interfaces respectively.
Our method is not related to the DOS technique as used in the aforementioned
works. From the electron energy spectrum, one can obtain the DOS but the DOS
technique, as used in the literature, cannot generate the DRs. Therefore, our study
is more fundamental than those in the existing literature, because the Boltzmann
transport equation, which controls the study of the charge transport properties of
semiconductor devices, can be solved if and only if the DR is known.

This book is divided into five parts, each containing 1, 11, 5, 1 and 3 chapters,
respectively; it is partially based on our ongoing research on the DR in HDS from
1974 and an attempt has been made to present a cross section of the DR for a wide
range of HDS and their quantized-structures with varying carrier energy spectra
under various physical conditions. It may be noted that among the 21 chapters of
this book, two-third of the portion is new, whereas the remaining one-third is
based on our previous eight books from Springer with necessary modifications
in a condensed way not only for the larger cross section of readers and
potential buyers to enjoy, but also to satisfy the self-consistent and sufficient
conditions of Mathematics. The single chapter in Part I deals with DRs in HD
Quantum Wells (QWs), NWs and QDs, respectively, in the presence of surface
magnetic field. In Chap. 1 we study the DR in heavily doped QWs, NWs and QDs
of HD III–V, ternary, quaternary materials and IV–VI semiconductors in the
presence of surface magnetic field, respectively, on the basis of newly formulated
electron energy spectra. We also investigate the same in the presence of
cross-fields. This chapter explores the study of DR in cylindrical QD of HD III–
V semiconductors in the presence of crossed electric and magnetic fields and in
the presence of arbitrarily oriented magnetic field in QWs of HD III–V
materials respectively. It is important to note that the surface magnetic field
applied parallel to the surface makes effective carrier mass quantum number
dependent, whose contribution to the oscillatory mobility would be important.

Part II deals with the influence of quantum confinement on the DR of
non-parabolic HDS and in Chap. 2 we study the DR in UFs of HD nonlinear optical
materials on the basis of a generalized electron dispersion law introducing the
anisotropies of the effective masses and the spin orbit splitting constants, respec-
tively, together with the inclusion of the crystal field splitting within the framework
of the k.p formalism. We observe that the complex electron dispersion law in HDS
instead of the real one occurs from the existence of the essential poles in the
corresponding electron energy spectrum in the absence of band tails. The
physical picture behind the existence of the complex energy spectrum in heavily
doped nonlinear optical semiconductors is the interaction of the impurity atoms in
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the tails with the splitting constants of the valance bands. The more the interaction,
the more the prominence of the complex part than the other case. In the absence of
band tails, there is no interaction of impurity atoms in the tails with the spin orbit
constants and, consequently, the complex part vanishes. One important conse-
quence of the HDS forming band tails is that the effective mass exists in the
forbidden zone, which is impossible without the effect of band tailing. In the
absence of band tails, the effective mass in the band gap of semiconductors is
infinity. Besides, depending on the type of unperturbed carrier energy spectrum,
the new forbidden zone will appear within the normal energy band gap for HDS.

The results of HD III–V (e.g. InAs, InSb, GaAs, etc.), ternary (e.g. Hg1−xCdxTe),
quaternary (e.g. In1−xGaxAs1−yPy lattice matched to InP) compounds form a special
case of our generalized analysis under certain limiting conditions. The DR in HD
UFs of II–VI, IV–VI, stressed Kane type semiconductors, Te, GaP, PtSb2, Bi2Te3,
Ge, GaSb, II–V, lead germanium telluride, zinc and cadmium diphosphides has also
been investigated in the appropriate sections. The importance of the aforementioned
semiconductors has also been described in the same chapter. In the absence of band
tails together with certain limiting conditions, all the results for all the DRs for all the
HD UFs of Chap. 1 get simplified into the form of isotropic parabolic energy bands
exhibiting the necessary mathematical compatibility test. In Chaps. 3 and 4, the DR
for nanowires (NWs) and quantum dots (QDs) of all the materials of Chap. 2 have
respectively been investigated. As a collateral study, we observe that the EEM in
such QWs and NWs become a function of size quantum number, the Fermi energy,
the scattering potential and other constants of the system, which is the intrinsic
property of such 2D and 1D electrons.

With the advent of modern experimental techniques of fabricating nanomaterials
as already noted, it is also possible to grow semiconductor superlattices
(SLs) composed of alternative layers of two different degenerate layers with con-
trolled thickness [71]. These structures have found wide applications in many new
devices such as photodiodes [56], photoresistors [72], transistors [73], light emitters
[74], tunneling devices [75], and others [76–88]. The investigations of the physical
properties of narrow gap SLs have increased extensively since they are important
for optoelectronic devices and because the quality of heterostructures involving
narrow gap materials has been improved. It may be written in this context that
doping superlattices are crystals with a periodic sequence of ultrathin film layers
[89, 90] of the same semiconductor with the intrinsic layer in between, together
with the opposite sign of doping. All the donors will be positively charged and all
the acceptors negatively. This periodic space charge causes a periodic space charge
potential which quantizes the motions of the carriers in the z direction together with
the formation of sub-band energies. In Chap. 5, the DR in doping superlattices of
HD nonlinear optical, III–V, II–VI, IV–VI, and stressed Kane type semiconductors
has been investigated. In this case we note that the EEM in such doping supper
lattices becomes a function of nipi sub-band index, surface electron concentration,
Fermi energy, the scattering potential and other constants of the system, which is
the intrinsic property of such 2D quantized systems.
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It is well known that the electrons in bulk semiconductors in general have
three-dimensional freedom of motion. When these electrons are confined in a
one-dimensional potential well, whose width is of the order of the carrier wave-
length, the motion in that particular direction gets quantized while that along the
other two directions remains free. Thus, the energy spectrum appears in the shape of
discrete levels for one-dimensional quantization, each of which has a continuum for
two-dimensional free motion. The transport phenomena of such one-dimensional
confined carriers have recently been studied [7.1–7.20] with great interest. For the
metal-oxide-semiconductor (MOS) structures, the work functions of the metal and
the semiconductor substrate are different and the application of an external voltage
at the metal-gate causes the change in charge density at the oxide semiconductor
interface leading to a bending of the energy bands of the semiconductor near the
surface. As a result, a one-dimensional potential well is formed at the semicon-
ductor interface. The spatial variation of the potential profile is so sharp that for
considerably large values of the electric field, the width of the potential well
becomes of the order of the de Broglie wavelength of the carriers. The Fermi
energy, which is near the edge of the conduction band in the bulk, becomes nearer
to the edge of the valance band at the surface creating inversion layers. The energy
levels of the carriers bound within the potential well get quantized and form electric
sub bands. Each sub band corresponds to a quantized level in a plane perpendicular
to the surface leading to a quasi two-dimensional electron gas. Thus, the extreme
band bending at low temperature allows us to observe the quantum effects at the
surface [91]. Although considerable work has already been done regarding the
various physical properties of different types of inversion layers having various
band structures, nevertheless it appears from the literature that there lies scope in the
investigations made while the interest for studying different other features of
accumulation layers is becoming increasingly important. In Chap. 6, the DR in
accumulation layers of HD nonlinear optical, III–V, II–VI, IV–VI, stressed Kane
type semiconductors and Ge have been investigated. For the purpose of relative
comparisons, we have also studied the DR in inversion layers of the aforementioned
materials. It is interesting to note that the EEM in such layers is a function of
electric sub-band index, surface electric field, Fermi energy, scattering potential
and other constants of the system, which is the intrinsic property of such 2D
electrons.

It is worth remarking that the effects of quantizing magnetic field (B) on the band
structures of compound semiconductors are more striking than those of the para-
bolic one and are easily observed in experiments. A number of interesting physical
features originate from the significant changes in the basic energy wave vector
relation of the carriers caused by the magnetic field. Valuable information could
also be obtained from experiments under magnetic quantization regarding important
physical properties such as Fermi energy and effective masses of the carriers, which
affect almost all the transport properties of the electron devices [92] of various
materials having different carrier dispersion relations [93, 94].

Specifically, in Chap. 7 we study the DR in HD nonlinear optical materials in the
presence of magnetic quantization. The results of HD III–V (e.g. InAs, InSb, GaAs
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etc.), ternary (e.g. Hg1−xCdxTe), quaternary (e.g. In1−xGaxAs1−yPy lattice matched
to InP) compounds form a special case of our generalized analysis under certain
limiting conditions. The magneto DR for HD II–VI, IV–VI, stressed Kane type
semiconductors, Te, GaP, PtSb2, Bi2Te3, Ge, GaSb, II–V and lead germanium
telluride has also been investigated by formulating the respective appropriate HD
energy band structure. In the absence of band tails, together with certain limiting
conditions, all the results for all the DRs for all the HD compounds as considered in
this chapter get simplified into the well-known parabolic energy bands under
magnetic quantization exhibiting the necessary mathematical compatibility test.

Chapter 8 investigates the DR under cross-field configuration in HD nonlinear
optical, III–V, II–VI, IV–VI and stressed Kane type semiconductors respectively.
This chapter also tells us that the EEM in all the cases is a function of the finite
scattering potential, the magnetic quantum number, the electric field, the quan-
tizingmagneticfield and theFermi energy even forHD semiconductors, whose bulk
electrons in the absence of band tails are defined by the parabolic energy bands. In
Chap. 9 the DR in HDs of non-parabolic semiconductors under magneto-size quan-
tization has been studied for all the materials of Chap. 7. In Chap. 10 the DR in HD
ultrathin films under cross-fields configuration has been investigated for all the
materials of Chap. 8. In Chap. 11 the magneto DR in doping superlattices has been
investigated for all the cases of Chap. 5. The magneto DR in accumulation and
inversion layers has been explored in Chap. 12 for all the case of Chap. 6.

In Part III we study the DRs in quantum confined superlattices (SLs). It is well
known that Keldysh [95] first suggested the fundamental concept of a SL, although
it was successfully experimentally realized by Esaki and Tsu [96]. The importance
of SLs in the field of nanoelectronics has already been described in [97–99]. The
most extensively studied III–V SL is that consisting of alternate layers of GaAs and
Ga1−xAlxAs owing to the relative ease of fabrication. The GaAs layer forms
quantum wells and Ga1−xAlxAs form potential barriers. The III–V SLs are attractive
for the realization of high speed electronic and optoelectronic devices [100]. In
addition to SLs of the usual structure, SLs with more complex structures such as II–
VI [101], IV–VI [102] and HgTe/CdTe [103] SLs have also been proposed. The
IV–VI SLs exhibit quite different properties compared to the III–V SL due to the
peculiar band structure of the constituent materials [104]. The epitaxial growth of
II–VI SL is a relatively recent development and the primary motivation for studying
the mentioned SLs made of materials with large band gap is in their potential for
optoelectronic operation in the blue [104]. HgTe/CdTe SLs have raised a great deal
of attention since 1979 as a promising new material for long wavelength infrared
detectors and other electro-optical applications [105]. Interest in Hg-based SLs
further increased as new properties with potential device applications were revealed
[106]. These features arise from the unique zero band gap material HgTe [107] and
the direct band gap semiconductor CdTe, which can be described by the three-band
mode of Kane [108]. The combination of the aforementioned materials with
specified dispersion relation makes HgTe/CdTe SL very attractive, especially
because of the possibility to tailor the material properties for various applications by
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varying the energy band constants of the SLs. In addition, for effective mass SLs,
the electronic sub-bands appear continually in real space [109].

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one-dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallo-graphically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes from
a well (barrier) to a barrier (well), an intermediate potential region exists for the
electrons. The influence of finite thickness of the interfaces on the electron dis-
persion law is very important, since the electron energy spectrum governs the
electron transport in SLs.

InChap. 13 theDR in III–V, II–VI, IV–VI,HgTe/CdTe and strained layer quantum
well heavily doped superlattices (QWHDSLs) with graded interfaces is studied.
Besides, the DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantumwell
HD effective mass superlattices, respectively, has also been explored. In Chaps. 14
and 15 the DRs in quantum wire HD superlattices and quantum dot HD superlattices
have, respectively, been investigated for all the cases of Chap. 13. Chapter 16 contains
the study of the DR in HD SLs under magnetic quantization for all the cases of Chap.
13. In the last Chap. 17 of Part III, we have studied the DR in quantum well HD
superlattices under magnetic quantization for all the cases of Chap. 13.

With the advent of nanophotonics, there has been considerable interest in
studying the optical processes in semiconductors and their nanostructures in the
presence of intense light waves [110]. It appears from the literature that the
investigations in the presence of external intense photo-excitation have been
carried out on the assumption that the carrier energy spectra are invariant
quantities under strong external light waves, which is not fundamentally true.
The physical properties of semiconductors in the presence of strong light waves
which alter the basic dispersion relations have relatively been much less investi-
gated in [111, 112] as compared with the cases of other external fields and in
opto-electronics the influence of strong light waves is needed for the characteri-
zation of low-dimensional opto-electronic devices. The solo Chap. 18 of Part IV
investigates the DR in bulk specimens HD Kane type semiconductors under intense
light waves. The same chapter studies DR in the presence of magnetic quantization,
cross-fields configuration, QWs, NWs, QDs, magneto size quantization, inversion
and accumulation layers, magneto inversion and magneto accumulation layers,
doping superlattices, magneto doping superlattices, QWHD, NWHD and QDHD
effective mass superlattices, magneto QWHD effective mass superlattices, magneto
HD effective mass superlattices, QWHD, NWHD and QDHD superlattices with
graded interfaces, magneto QWHD superlattices with graded interfaces and mag-
neto HD superlattices with graded interfaces respectively.

With the advent of nanodevices, the built-in electric field becomes so large that
the electron energy spectrum changes fundamentally [113–115] instead of being
invariant and Chap. 19 of Part V of this book investigates the DR under intense
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electric field in bulk specimens of HD III–V, ternary and quaternary semiconduc-
tors. The same chapter also explores the influence of electric field on the DR in the
presence of magnetic quantization, cross-fields configuration, QWs, NWs, QDs,
magneto size quantum effect, inversion and accumulation layers, magneto inversion
and magneto accumulation layers, doping superlattices, magneto doping superlat-
tices, QWHD, NWHD and QDHD effective mass superlattices, magneto QWHD
effective mass superlattices, magneto HD effective mass superlattices, QWHD,
NWHD and QDHD superlattices with graded interfaces, magneto QWHD super-
lattices with graded interfaces and magneto HD superlattices with graded interfaces
and, respectively, magnetic quantization, size quantization, accumulation layers,
HD doping superlattices and effective mass HD superlattices under magnetic
quantization respectively. It is interesting to note that the EEM depends on the
strong electric field (which is not observed elsewhere) together with the fact that
the EEM in the said systems depends on the respective quantum numbers in
addition to the Fermi energy, the scattering potential and others system constants
which are the characteristics features of such heterostructures.

Chapter 20 explores 28 different applications, namelyCarrier Statistics,
Thermoelectric Power, Debye Screening Length, Carrier contribution to the elastic
constants, Diffusivity-mobility ratio, Measurement of Band-gap in the presence of
Light Waves, Diffusion coefficient of the minority carriers, Nonlinear optical
response, Third order nonlinear optical susceptibility, Generalized Raman gain,
The plasma frequency, The activity coefficient, Magneto-Thermal effect in
Quantized Structures, Normalized Hall coefficient, Reflection coefficient, Heat
Capacity, Magnetic Susceptibilities, Faraday rotation, Fowler-NordheimFied
Emission, Optical Effective Mass, Einstein’s Photoemission, Righi-Leduc coeffi-
cient, Electric Susceptibility, Electric Susceptibility Mass, Electron Diffusion
Thermo-power, Hydrostatic Piezo-resistance Coefficient, Relaxation time for
Acoustic Mode Scattering and Gate Capacitance of the content of this book and
Chap. 21 contains the conclusions and future research. It is needless to say that this
monograph is based on the ‘iceberg principle’ [116] and the rest of it will be
explored by researchers from different appropriate fields. Since there is no existing
report devoted solely to the study of DR for HD quantized structures to the best of
our knowledge, we earnestly hope that the present book will a useful reference
source for the present and the next generation of readers and researchers of
materials and allied sciences in general. We have discussed enough regarding DRs
in different quantized HD materials although a number of new computer-oriented
numerical analyses are being left for the purpose of being computed by the readers,
to generate the new graphs and the inferences from them which altogether is a sea
by itself. Since the production of an error-free first edition of any book from every
point of view is a permanent member of impossibility theorems, therefore in spite of
our joint concentrated efforts for a couple of years together with the seasoned team
of Springer, the same stands very true for this monograph also. Various expres-
sions and a few chapters of this book are appearing for the first time in printed
form. Suggestions from the readers for the improvement of the book will be highly
appreciated for the purpose of inclusion in future editions, if any. In this book, from
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the first chapter till the end, we have presented 200 open research problems for
graduate students, PhD aspirants, researchers and engineers in this pinpointed
research topic. We strongly hope that alert readers of this monograph will not only
solve the said problems by removing all the mathematical approximations and
establishing the appropriate uniqueness conditions, but will also generate new
research problems both theoretical and experimental and, thereby, transform this
monograph into a solid book. Incidentally, our readers after reading this book will
easily understand how little is presented and how much more is yet to be investi-
gated on this exciting topic, which is the signature of coexistence of new physics
and advanced mathematics combined with the inner fire for performing creative
researches in this context by young scientists, as like Kikoin [117] we feel that “A
young scientist is no good if his teacher learns nothing from him and gives his
teacher nothing to be proud of”. We emphatically assert that the problems pre-
sented here form an integral part of this book and will be useful for readers to
initiate their own contributions on the DR for HDS and their quantized counter-
parts. Like Sakurai [118], we firmly believe “The reader who has read the book but
cannot do the exercise has learned nothing”. It is nice to note that if we assign the
alphabets A–Z, the positive integers from 1 to 26 chronologically, then the word
“ATTITUDE ” receives the perfect score 100 and is the vital quality needed from
the readers since attitude is the ladder on which all other virtues mount.

In this monograph, we have investigated the expressions of effective electron
mass and the sub-band energy has been formulated throughout this monograph
as a collateral study for the purpose of in-depth investigations of the mentioned
important pinpointed research topics. Thus, in this book, the readers will get much
information regarding the influence of quantization in HD low-dimensional mate-
rials having different band structures. Although the name of the book is an example
of extremely high Q-factor, from the content one can easily infer that it should be
useful for graduate courses on materials science, condensed matter physics,
solid-state electronics, nanoscience and technology and solid-state sciences and
devices in many universities and the institutions in addition to both Ph.D. students
and researchers in the aforementioned fields. Last but not the least, the author
hopes that his humble effort will kindle the desire to delve deeper into this fasci-
nating and deep topic by anyone engaged in materials research and device
development either in academics or in industries.
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Symbols

α Band nonparabolicity parameter
a The lattice constant
a0, b0 The widths of the barrier and the well for superlattice

structures
A0 The amplitude of the light wave
~A The vector potential
A E; nzð Þ The area of the constant energy 2D wave vector space for

ultrathin films
B Quantizing magnetic field
B2 The momentum matrix element
b Bandwidth
c Velocity of light
C1 Conduction band deformation potential
C2 A constant which describes the strain interaction between the

conduction and valance bands
DC44 Second order elastic constant
DC456 Third order elastic constant
d Crystal field splitting constant
D0 Interface width
D 1

B

� �
Period of SdH oscillation

d0 Superlattice period
D0(E) Density-of-states (DOS) function
DB(E) DOS function in magnetic quantization
DB(E, λ) DOS function under the presence of light waves
dx, dy, dz Nano thickness along the x, y and z-directions
Dk Spin-orbit splitting constants parallel
D? Spin-orbit splitting constants perpendicular to the C-axis
D Isotropic spin-orbit splitting constant
d3k Differential volume of the k space
� Energy as measured from the center of the band gap
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e Trace of the strain tensor
e0 Permittivity of free space
e1 Semiconductor permittivity in the high frequency limit
esc Semiconductor permittivity
DEg Increased band gap
ej j Magnitude of electron charge
E Total energy of the carrier
E0; f0 Electric field
Eg Band gap
Ei Energy of the carrier in the ith band
Eki Kinetic energy of the carrier in the ith band
EF Fermi energy
EFB Fermi energy in the presence of magnetic quantization
En Landau sub-band energy
EFs Fermi energy in the presence of size quantization
�EFn Fermi energy for nipis
EFSL Fermi energy in superlattices
~es Polarization vector
EFQWSL Fermi energy in quantum wire superlattices with graded

interfaces
EFL Fermi energy in the presence of light waves
EFBL Fermi energy under quantizing magnetic field in the presence

of light waves
EF2DL 2D Fermi energy in the presence of light waves
EF1DL 1D Fermi energy in the presence of light waves
Eg0 Unperturbed band-gap
Erfc Complementary error function
Erf Error function
EFh Fermi energy of HD materials
�Ehd Electron energy within the band gap
Fs Surface electric field
F(V) Gaussian distribution of the impurity potential
Fj gð Þ One parameter Fermi–Dirac integral of order j
f0 Equilibrium Fermi–Dirac distribution function of the total

carriers
f0i Equilibrium Fermi–Dirac distribution function of the carriers

in the ith band
gv Valley degeneracy
G Thermoelectric power under classically large magnetic field
G0 Deformation potential constant
g� Magnitude of the band edge g-factor
h Planck’s constant
Ĥ Hamiltonian

Ĥ0 Perturbed Hamiltonian

l Symbols



H(E − En) Heaviside step function
î; ĵ and k̂ Orthogonal triads
i Imaginary unit
I Light intensity
jci Conduction current contributed by the carriers of the ith band
k Magnitude of the wave vector of the carrier
kB Boltzmann’s constant
k Wavelength of the light
�k0 Splitting of the two spin-states by the spin-orbit coupling and

the crystalline field
�l; �m; �n Matrix elements of the strain perturbation operator
Lx; Lz Sample length along x and z directions
L0 Superlattices period length
LD Debye screening length
m1 Effective carrier masses at the band-edge along x direction
m2 Effective carrier masses at the band-edge along y direction
m3 The effective carrier masses at the band-edge along z direction
m0

2 Effective-mass tensor component at the top of the valence
band (for electrons) or at the bottom of the conduction band
(for holes)

m�
i Effective mass of the ith charge carrier in the ith band

m�
k Longitudinal effective electron masses at the edge of the

conduction band
m�

? Transverse effective electron masses at the edge of the
conduction band

mc Isotropic effective electron masses at the edge of the con-
duction band

m�
?;1;m

�
k;1 Transverse and longitudinal effective electron masses at the

edge of the conduction band for the first material in
superlattice

mr Reduced mass
mv Effective mass of the heavy hole at the top of the valance band

in the absence of any field
n Landau quantum number
nx, ny, nz Size quantum numbers along the x, y and z directions
n1D; n2D 1D and 2D carrier concentration
n2Ds; n2Dw 2D surface electron concentration under strong and weak

electric field
�n2Ds; �n2Dw Surface electron concentration under the strong and weak

electric field quantum limit
ni Mini-band index for nipi structures
Nnipi Eð Þ DOS function for nipi structures
N2DT Eð Þ 2D DOS function
N2D E; kð Þ 2D DOS function in the presence of light waves

Symbols li



N1D E; kð Þ 1D DOS function in the presence of light waves
n0 Total electron concentration
�n0 Electron concentration in the electric quantum limit
ni Carrier concentration in the ith band
P Isotropic momentum matrix element
Pn Available noise power
Pk Momentum matrix elements parallel to the direction of crystal

axis
P? Momentum matrix elements perpendicular to the direction of

crystal axis
~r Position vector
Si Zeros of the Airy function
~S0 Momentum vector of the incident photon
t Timescale
tc Tight binding parameter
T Absolute temperature
si Eð Þ Relaxation time of the carriers in the ith band

u1 ~k;~r
� �

; u2 ~k;~r
� �

Doubly degenerate wave functions

V Eð Þ Volume of k space
V0 Potential barrier encountered by the electron
V ~rð Þ Crystal potential
x, y Alloy compositions
Zt Classical turning point
μi Mobility of the carriers in the ith band
μ Average mobility of the carriers
f 2rð Þ Zeta function of order 2r
C jþ 1ð Þ Complete Gamma function
g Normalized Fermi energy
gg Impurity scattering potential
x0 Cyclotron resonance frequency
h Angle
l0 Bohr magnetron
x Angular frequency of light wave
"0; #0 Spin up and down function
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Part I
Dispersion Relations in HD

Quantum Wells, Nano Wires
and Dots in the Presence

of Magnetic Field

Respect is received when it is given.



Chapter 1
The DRs in Low Dimensional HD Systems
in the Presence of Magnetic Field

Their is one mental light year distance between a “HUMAN
BEING” and “BEING HUMAN”.

1.1 Introduction

In recent years, with the advent of fine lithographical methods [1, 2] molecular
beam epitaxy [3], organometallic vapor-phase epitaxy [4], and other experimental
techniques, the restriction of the motion of the carriers of bulk materials in one
(QWs, doping super-lattices, accumulation, and inversion layers), two (nanowires)
and three (quantum dots, magneto-size quantized systems, magneto inversion
layers, magneto accumulation layers, quantum dot super-lattices, magneto QW
super-lattices, and magneto doping superlattices) dimensions have in the last few
years, attracted much attention not only for their potential in uncovering new
phenomena in nano-science but also for their interesting quantum device applica-
tions [5–8]. In QWs, the restriction of the motion of the carriers in the direction
normal to the film (say, the z direction) may be viewed as carrier confinement in an
infinitely deep 1D rectangular potential well, leading to quantization (known as
quantum size effect (QSE)) of the wave vector of the carriers along the direction of
the potential well, allowing 2D carrier transport parallel to the surface of the film
representing new physical features not exhibited in bulk semiconductors [9–13].
The low-dimensional hetero-structures based on various materials are widely
investigated because of the enhancement of carrier mobility [14]. These properties
make such structures suitable for applications in QWs lasers [15], hetero-junction
FETs [16, 17], high-speed digital networks [18–21], high-frequency microwave
circuits [22], optical modulators [23], optical switching systems [24], and other
devices. The constant energy 3D wave-vector space of bulk semiconductors
becomes 2D wave-vector surface in QWs due to dimensional quantization. Thus,
the concept of reduction of symmetry of the wave-vector space and its consequence
can unlock the physics of low-dimensional structures.
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It may be noted that in nano wires (NWs), the restriction of the motion of the
carriers along two directions may be viewed as carrier confinement by two infinitely
deep 1D rectangular potential wells, along any two orthogonal directions leading to
quantization of the wave vectors along the said directions, allowing 1D carrier
transport [25]. With the help of modern experimental techniques, such one
dimensional quantized structures have been experimentally realized and enjoy an
enormous range of important applications in the realm of nano-science in the
quantum regime. They have generated much interest in the analysis of
nano-structured devices for investigating their electronic, optical and allied prop-
erties [26–28]. Examples of such new applications are based on the different
transport properties of ballistic charge carriers which include quantum resistors
[29–31], resonant tunneling diodes and band filters [32, 33], quantum switches [34],
quantum sensors [35–37], quantum logic gates [38, 39], quantum transistors and
sub tuners [40–42], heterojunction FETs [43], high-speed digital networks [44],
high-frequency microwave circuits [45], optical modulators [46], optical switching
systems [47, 48], and other devices [49–51].

It is well known that as the dimension of the QWs increases from 1D to 3D, the
degree of freedom of the free carriers decreases drastically and the density-of-states
function changes from the Heaviside step function in QWs to the Dirac’s delta
function in Quantum Dot (QD) [52]. The QDs can be used for visualizing and
tracking molecularprocesses in cells using standard fluorescence microscopy
[53–55]. Theydisplay minimal photo-bleaching [56], thus allowing molecular
tracking over prolonged periods and consequently, single molecule can be tracked
by using optical fluorescencemicroscopy [57]. The salient features of quantum dot
lasers [58] include low threshold currents, higher power, and great stability as
compared with the conventional one and the QDs find extensive applications in
nano-robotics [59], neural networks [60] and high density memory or storage media
[61]. The QDs are also used in nano-photonics [62] because of their theoretically
high quantum yield and have been suggested as implementations of Q-bits for
quantum information processing [63]. The QDs also find applications in diode
lasers [64], amplifiers [65], and optical sensors [66]. High-quality QDs are well
suited for optical encoding [67] because of their broad excitation profiles and
narrow emission spectra. The new generations of QDs have far-reaching potential
for the accurate investigations of intracellular processes at the single-molecule level,
high-resolution cellular imaging, long-term in vivo observation of cell trafficking,
tumor targeting, and diagnostics [68]. The QD nanotechnology is one of the most
promising candidates for use in solid-state quantum computation [69]. It may also
be noted that the QDsare being used in single electron transistors [70], photovoltaic
devices [71], photoelectrics [72], ultrafast all-optical switches and logic gates [73],
organic dyes [74] and in other types of nano devices.

The III–V compounds find applications in infrared detectors [75], quantum dot
light emitting diodes [76], quantum cascade lasers [77], QWs wires [78], opto-
electronic sensors [79], high electron mobility transistors [80], etc. The electron
energy spectrum of III–V semiconductors can be described by the three- and
two-band models of Kane [81, 82], together with the models of Stillman et al. [83],
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Newson and Kurobe [84] and, Palik et al. [85] respectively. In this context it may be
noted that the ternary and quaternary compounds enjoy the singular position in the
entire spectrum of optoelectronic materials. The ternary alloy Hg1�xCdxTe is a
classic narrow gap compound. The band gap of this ternary alloy can be varied to
cover the spectral range from 0.8 to over 30 μm [86] by adjusting the alloy com-
position. Hg1�xCdxTe finds extensive applications in infrared detector materials and
photovoltaic detector arrays in the 8–12 μm wave bands [87]. The above uses have
generated the Hg1-xCdxTe technology for the experimental realization of high
mobility single crystal with specially prepared surfaces. The same compound has
emerged to be the optimum choice for illuminating the narrow sub-band physics
because the relevant material constants can easily be experimentally measured [88].
Besides, the quaternary alloy In1�xGaxAsyP1�y lattice matched to InP, also finds
wide use in the fabrication of avalanche photo-detectors [89], hetero-junction lasers
[90], light emitting diodes [91] and avalanche photodiodes [92], field effect tran-
sistors, detectors, switches, modulators, solar cells, filters, and new types of inte-
grated optical devices are made from the quaternary systems [93].

The Lead Chalcogenides (PbTe, PbSe, and PbS) are IV–VI non-parabolic
semiconductors whose studies over several decades have been motivated by their
importance in infrared IR detectors, lasers, light-emitting devices, photo-voltaic,
and high temperature thermo-electrics [94–98]. PbTe, in particular, is the end
compound of several ternary and quaternary high performance high temperature
thermoelectric materials [99–103]. It has been used not only as bulk but also as
films [104–107], QWs [108] super-lattices [109, 110] nanowires [111] and colloidal
and embedded nano-crystals [112–115], and PbTe films doped with various
impurities have also been investigated [116–123] These studies revealed some of
the interesting features that had been seen in bulk PbTe, such as Fermi level pinning
and, in the case of superconductivity [124].

In recent years there is considerable interest in studying the Dispersion Relations
(DRs) of the carriers of different technologically important compound semicon-
ductors and their nano structures under different physical conditions [125–140]
because of their importance in the characterization in semiconductor nano struc-
tures. The formulations of DRs lead to the Density-of-States Function (DOS) which
in turn plays the key role in determining the electron statistics in semiconductors
and their quantized counter parts. In this chapter in Sects. 1.2.1–1.2.3 of the the-
oretical background Sect. 1.2 we study the DR in QWs, NWs and QDs of HD III–V
semiconductors in the presence of magnetic field respectively. In Sects. 1.2.4–1.2.6
of the theoretical background Sect. 1.2 we study the same for QWs, NWs and QDs
of HD III–V semiconductors in the presence of crossed fields respectively. Besides
the Sects. 1.2.7–1.2.9 explore the DR in QWs, NWs and QDs of HD IV–VI
semiconductors in the presence of magnetic field. The Sect. 1.2.10 contains the
study of the DR in cylindrical QD of HD III–V semiconductors in the presence of
crossed electric and magnetic fields. The Sect. 1.2.11 contains the study of DR in
QWs of HD III–V materials in the presence of an arbitrarily oriented magnetic field.
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The Sect. 1.3 contains the results and discussion. The Sect. 1.4 contains sixteen
open research problems in this context.

1.2 Theoretical Background

1.2.1 The DR in Quantum Wells of HD III–V, Ternary
and Quaternary Materials in the Presence of Magnetic
Field

The DR of the conduction electrons in bulk samples of III–V ternary and quaternary
materials can be written as

Eð1 þ aEÞ ¼ �h2k2

2mc
ð1:1aÞ

where E is the electron energy as measured from the edge of the conduction band in
the vertically upward direction in the absence of any quantization, a ¼ 1

Eg
, Eg is the

band gap and mc is the effective electron mass at the edge of the conduction band.
Let us consider a thin layer III–V semiconductor of rectangular cross-section. In

such a structure the electron motion is quantized along the z-direction, (a being the
nano thickness along z-direction) resulting in formation of electric sub-bands cor-
responding to different quantum numbers. The electrons motion is free along in the
x-y plane and the magnetic field B is applied along the y-direction.

In the absence of magnetic field, EðkÞ dispersion relation of the electrons in
quasi 2D structures can be expressed as

Eð1 þ aEÞ ¼ �h2

2mc

np
a

� �2
þ �h2k2x

2mc
þ �h2k2y

2mc
ð1:1bÞ

In this case, the potential function assumes the form

VðzÞ ¼ 0; 0 \ z \ a

and VðzÞ ¼ a, 0 \ z and for z[ a.
The corresponding Eigen function in such structure can be written as

wnðx; y; zÞ ¼ w0
n ¼ un ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
sin

np
a
z

� �
expðikxx þ ikyyÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
wnðzÞ expðikxx þ ikyyÞ; wnðzÞ ¼ sin

np
a
z

� �h i ð1:2Þ
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The (1.1a) can be expressed as

Ê ¼ ap̂2 � bp̂4

where, a ¼ 1
2mc

, b ¼ aa2 and ~p ¼ �i�h ~r.
Therefore the Hamiltonian can be expressed as

Ĥ ¼ að�i�h ~r þ e~AÞ2 � bð�i�h ~r þ e~AÞ4 ð1:3Þ

where ~A is the vector potential.
We know that ~B ¼ ~r � ~A and let us choose Coulomb gauge here as

~r � ~A ¼ 0.
Since magnetic field is along y-direction, so

~B ¼ ~jB; ~B ¼ ð0;B; 0Þ

Let ~A ¼ ~iBz so that it satisfies the above two relations i.e.

~r � ~A ¼ @

@x
Bzð Þ þ 0 þ 0 ¼ 0

and

~B ¼ ~r � ~A ¼
~i ~j ~k
@
@x

@
@y

@
@z

Bz 0 0

������
������ ¼ ~i � 0 þ~j

@

@z
ðBzÞ þ ~k � @

@y
ðBzÞ

� �
¼ ~jB

Applying this in (1.3), we have the Hamiltonian for the system as

Ĥ ¼ að�i�h ~r þ ~ieBzÞ2 � bð�i�h ~r þ ~ieBzÞ4

¼ a �i�h
@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �2

� b �i�h
@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �4
¼ aðĤ1Þ2 � bðĤ1Þ4 ð1:4Þ

Again,

Ĥ ¼ Ĥ0 þ Ĥ0 ð1:5Þ

where Ĥ0 is referred to as unperturbed Hamiltonian.
Ĥ0 is the perturbation which has to be calculated and the effect of H0 is assumed

to be small.
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Ĥwn ¼ Enwn is the Schrodinger equation of the system: ð1:6Þ

Ĥ0un ¼ E0
nun is the Eigen value equation for the unperturbed Hamiltonian so

that

E0
n ¼ �h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ �h2k2x

2mc
� a

�h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ �h2k2x

2mc

" #2
ð1:7Þ

w0
n ¼ un ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
sin

np
a
z

� �
expðikxx þ ikyyÞ

¼ wnðzÞ expðikxx þ ikyyÞ

Now,

Ĥ1w
0
n ¼ �i�h

@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �
un

¼~ið�i�h � ikx þ eBzÞun þ ~jð�i�hikyÞun

þ ~k �i�h
np
a

� � ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
cos

np
a
z

� �
expðikxx þ ikyyÞ

ð1:8Þ

The term Ĥ1

 �2

w0
n is being calculated in the following way

ðĤ1Þ2w0
n ¼ Ĥ1ðĤ1w

0
nÞ ¼ �i�h

@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �
� ðĤ1w

0
nÞ

¼ ð�i�h � ikx þ eBzÞð�i�h � ikx þ eBzÞun þ ð�i�h � ikyÞð�i�h � ikyÞun
þ �i�h

np
a

� �
�i�h

np
a

� �
ð�unÞðĤ1Þ2w0

n ¼ ð�hkx þ eBzÞ2un

þ �h2k2y un þ �h2
np
a

� �2
un

ð1:9Þ

Therefore

ðĤ1Þ2w0
n ¼ �h2k2x þ �h2

np
a

� �2
þ �h2k2y

� 
þ e2B2z2 þ 2�hkxeBz

� �
un ð1:10Þ

ðĤ1Þ3w0
n ¼ �i�h

@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �
ðĤ1Þ2w0

n
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Therefore

ðĤ1Þ3w0
n ¼ ~i �i�h � ikx þ eBzð Þ �h2k2x þ �h2k2y þ �h2

np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� � �
un

þ ~j �i�h � iky

 �

�h2k2x þ �h2k2y þ �h2
np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� � �
un

þ ~k �i�h � np
z

� 	
�h2k2x þ �h2k2y þ �h2

np
a

� �2��

þ e2B2z2 þ 2�hkxeBz
�� ffiffiffi

2
a

r
cos

np
a
z

� �
expðikxx þ ikyyÞ

þ ~kð�i�he2B22z þ �i�h2xeBÞun
ð1:11Þ

ðĤ1Þ3w0
n ¼ ~i �hkx þ eBzð Þ �h2k2x þ �h2k2y þ �h2

np
a

� �2
þ e2B2z2 þ 2xeBz

� � �
un

þ ~j ðyÞ
h

�h2k2x þ �h2k2y þ �h2
np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� �
un

þ ~k �i�h � np
a

� �
�h2k2x þ �h2k2y þ �h2

np
a

� �2��
þ e2B2z2 þ 2xeBz

��
u0n þ ~k½ �2i�he2B2z � 2i�h2kxeB�un ð1:12Þ

where u0n ¼
ffiffi
2
a

q
ixiy cos np

a


 �
z expðikxx þ ikyyÞ

h i
Again

ðĤ1Þ4w0
n ¼ �i�h

@

@x
þ eBz

� 	
~i þ ~j �i�h

@

@y

� 	
þ ~k �i�h

@

@z

� 	� �
ðĤ1Þ3w0

n

¼ ð�hkx þ eBzÞ2 �h2k2x þ �h2k2y þ �h2
np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� 
un

þ ð�h2k2y Þ �h2k2x þ �h2k2y þ �h2
np
a

� �2�

þ e2B2z2 þ 2�hkxeBz
�
un þ �i�h

np
a

� �
�i�h

np
a

� �
�h2k2x þ �h2k2y þ �h2

np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� 
ð�unÞ

þ �i�h
np
a

� �
ð�i�hÞðe2B22z þ 2�hkxeBzÞu0n

þ ð�i�hÞð�2i�h2e2B2z � 2i�h2kxeBÞ np
a

� �
u0n

þ ð�i�hÞð�2i�he2B2Þun ¼ ð�h2k2x þ 2�hkxeBz þ e2B2z2Þ

�h2k2x þ �h2k2y þ �h2
np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� 
un

þ �h2k2y �h2k2x þ �h2
np
a

� �2
e2B2z2 þ 2�hkxeBz

� 
un

þ �h2
np
a

� �2
�h2k2x þ �h2k2y þ �h2

np
a

� �2
þ e2B2z2 þ 2�hkxeBz

� 
un

� 2�h2e2B2un � �h2
np
a

� �
ð4e2B2z þ 4�hkxeBÞ

ffiffiffi
2
a

r
ixiy cos

np
a
z

� �
expðikxx þ ikyyÞ ð1:13Þ

1.2 Theoretical Background 9



Thus finally we get

ðĤ1Þ4w0
n ¼ �h2k2x þ �h2k2y þ �h2

np
a

� �2� 2

un

þ 2 �h2k2x þ �h2k2y þ �h2
np
a

� �2� 
ðe2B2z2 þ 2�hkxeBzÞun

þ ðe2B2z2 þ 2�hkxeBzÞ2un � 2�h2e2B2un

� �h2
np
a

� �
ð4e2B2z þ 4�hkxeBÞu0n ð1:14Þ

Thus the total Hamiltonian of the system is

Ĥ ¼ aðĤ1Þ2 � bðĤ1Þ4

¼ �h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2
þ e2B2z2

2mc
þ 2�hkxeBz

2mc
� a

�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2" #2

� 2a
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
� e2B2z2

2mc
þ 2�hkxeBz

2mc

� 	
� a

e2B2z2

2mc
þ 2�hkxeBz

2mc

� 	2

þ 2a
�heB
2mc

� 	2

þ a�h2

2mc

np
a

� � 4e2B2z
2mc

þ 4xeB
2mc

� 	
cot

np
a
z

� �
ð1:15Þ

Therefore the perturbed Hamiltonian is given by

Ĥ0 ¼ e2B2z2

2mc
þ �hkxeBz

mc
þ 2a

�heB
2mc

� 	2

þ a�h2

2mc

np
a

� � 2e2B2z
mc

þ 2�hkxeB
mc

� 	
cot

np
a
z

� �

� 2a
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
� e2B2z2

2mc
þ �hkxeBz

mc

� 	
� a

e2B2z2

2mc
þ �hkxeBz

mc

� 	2

ð1:16Þ

So the first order perturbation to the energy is

Eð1Þ
n ¼ Ĥ0

nn ¼
Z
s

u�nĤ
0unds ¼ \un Ĥ0�� ��un [

¼ �hkxeB
mc

\z[ þ e2B2

2mc
\z2 [ þ 2a

�heB
2mc

� 	2

þ a�h2

2mc

np
a

� � 2e2B2

mcZa
0

2
a

� 	
z sin

np
a
z

� �
cos

np
a
z

� �
dz þ a�h2

2mc

np
a

� � 2�hkxeB
mc

Za
0

2
a

� 	
sin

np
a
z

� �
cos

np
a
z

� �
dz

� 2a
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
e2B2

2mc
\z2 [ � 2a

�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
�hkxeBz
mc

\z[ � a
e4B4

4m2
c
\z4 [ � 2a

e2B2

2mc

�hkxeB
mc

\z3 [ � a
�h2k2x e

2B2

m2
c

\z2 [

ð1:17Þ
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in which

\z[ ¼
Z
s

u�nzunds ¼ 2
a

� 	Za
0

sin2
np
a
z

� �
dz ð1:18Þ

\z2 [ ¼
Z
s

u�nz
2unds ¼ 2

a

� 	Za
0

z2 sin2
np
a
z

� �
dz ð1:19Þ

\z3 [ ¼
Z
s

u�nz
3unds ð1:20Þ

\z4 [ ¼
Z
s

u�nz
4unds ð1:21Þ

Now
Za
0

z sin2
np
a
z

� �
dz ¼ 1

2

Za
0

z 1 � cos
2np
a

z

� 	
dz ¼ 1

2

Za
0

z dz � 1
2

Za
0

z cos
2np
a

� 	
z dz

¼ a2

4
� 1

2
z
Z

cos
2np
a

z

� 	
dz �

Z
cos

2np
a

z dz
� � �a

0

¼ a2

4
� 1

2
az
2np

sin
2np
a

z � a
2np

� �Z
sin

2np
a

� 	
z dz

�a
0

¼ a2

4
� 1

2
az
2np

sin
2npz
a

� 	
þ a

2np

� �2
cos

2npz
a

� 	� �a
0

¼ a2

4
� 1

2
a2

2np
sin 2np þ a2

4n2p2
cos 2np � 0 � a2

4n2p2

� �a
0

¼ a2

4
� 1

2
0 þ 1 � 1½ � ¼ a2

4

Therefore from (1.18) we can write,

\z[ ¼ 2
a
a2

4
¼ a

2
ð1:22Þ
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Again
Za
0

z2 sin2
np
a
z

� �
dz ¼ 1

2

Za
0

z2 1 � cos
2np
a

z

� 	
dz

¼ 1
2

Za
0

z2dz � 1
2

Za
0

z2 cos
2np
a

� 	
z dz

¼ a3

6
� 1

2
z2
Z

cos
2np
a

z
� 	

dz �
Z

2z cos
2np
a

z
� 	

dz
� � �a

0

¼ a3

6
� 1

2
az2

2np
sin

2np
a

z

� 	
� 2a

2np

Z
z sin

2np
a

� 	
z dz

� �a
0

¼ a3

6
þ a

2np

� �Za
0

z sin
2npz
a

� 	
dz ¼ a3

6
þ a

2np

� �

Za
0

z sin
2npz
a

� 	
dz �

Za
0

1 sin
2npz
a

� 	
dz

� 
dz

2
4

3
5

¼ a3

6
þ a

2np
az
2np

� cos
2npz
a

� 	� � �a
0
þ a

2np

Za
0

cos
2npz
a

� 	
dz

¼ a3

6
þ a

2np
� a2

2np
cos 2np þ 0 þ a

2np

� �2
sin

2npz
a

� 	� �a
0

¼ a3

6
þ a

2np

� �
� a2

2np
þ a

2np

� �2
sin 2np � 0

� �
¼ a3

6
� a3

4n2p2

� 	

Therefore, from (1.19) we can write,

\z2 [ ¼ 2
a

a3

6
� a3

4n2p2

� 	
¼ a2

3
� a2

2n2p2

� 	
ð1:23Þ

Since
Za
0

z3 sin2
np
a
z

� �
dz ¼ 1

2

Za
0

z3 1 � cos
2np
a

z

� 	
dz

¼ 1
2

Za
0

z3dz � 1
2

Za
0

z3 cos
2np
a

z

� 	
dz

¼ a4

8
� 1

2
z3
Za
0

cos
2np
a

z

� 	
dz

2
4

� 3
Za
0

z2
Z

cos
2np
a

z

� 	
dz

� 
dz

�
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¼ a4

8
� 1

2
z3a
2np

sin
2np
a

z
Za
0

�3
a

2np

Za
0

z2 sin
2npz
a

� 	
dz

2
4

3
5

¼ a4

8
þ 3

2
a

2np

� �Za
0

z2 sin
2npz
a

� 	
dz

¼ a4

8
þ 3

2
a

2np

� �
z2
Za
0

sin
2npz
a

� 	
dz � 2

Za
0

z
Z

sin
2np
a

z
� 	

dzgdz
2
4

3
5

¼ a4

8
þ 3

2
a

2np

� �
� z2a
2np

cos
2npz
a

� 	Za
0

þ a
np

Za
0

z cos
2npz
a

� 	
dz

2
4

3
5

¼ a4

8
þ 3

2
a

2np

� �
� a3

2np
cosð2npÞ � 0 þ a

np

� �Za
0

z cos
2np
a

z

� 	
dz

2
4

3
5

¼ a4

8
� 3a4

8n2p2
þ 3a2

4n2p2

Za
0

z cos
2np
a

z
� 	

dz ¼ a4

8
� 3a4

8n2p2

� 	

Therefore from (1.20) we can write,

\z3 [ ¼ 2
a

a4

8
� 3a4

8n2p2

� 	
¼ a3

4
� 3a3

4n2p2
ð1:24Þ

\z4 [ ¼ 2
a

Za
0

z4 sin2
np
a

� �
zdz ¼ 1

2

Za
0

z4 1 � cos
2np
a

z
� 	

dz

¼ 1
a

Za
0

z4dz � 1
a

Za
0

z4 cos
2np
a

zdz

¼ a4

5
� 1

a
z4

a
2np

sin
2np
a

z
Za
0

� 4a
2np

Za
0

z3 sin
2np
a

z

� 	
dz

2
4

3
5

¼ a4

5
þ 2

np

Za
0

z3 sin
2np
a

z

� 	
dz

¼ a4

5
þ 2

np
�z3

a
2np

cos
2np
a

Z
� 	Za

0

þ 3
a

2np

Za
0

z2 cos
2np
a

z

� 	
dz

2
4

3
5
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¼ a4

5
� a4

n2p2
þ 3a

n2p2

Za
0

z2 cos
2np
a

z

� 	
dz

¼ a4

5
� a4

n2p2
þ 3a

n2p2
� a
np

Za
0

z2 sin
2np
a

z

� 	
dz

2
4

3
5

¼ a4

5
� a4

n2p2
þ 3a

n2p2
� a
np

ð� a2

2np
Þ

� �
¼ a4

5
� a4

n2p2
þ 3a

n2p2
a3

2n2p2

� 	

\z4 [ ¼ a4

5
� a4

n2p2
þ 3a4

2n4p4

Since the basic wave function is normalized, the first order contribution of the
Eigen energy value can be written as

Eð1Þ
n ¼ �hkxeB

mc
zh i þ e2B2

2mc
z2
� � þ 2a

�heB
2mc

� 	2

� a�h2

2mc

e2B2

mc

� 2a
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
�hkxeB
mc

zh i

� 2a
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
e2B2

2mc
z2
� �

� a
�h2k2x e

2B2

m2
c

z2
� � � a�hkxe3B3

m2
c

z3
� � � a

e4B4

4m2
c

� 	
z4
� � ð1:25Þ

So the total energy is

E ¼ E0
n þ Eð1Þ

n ¼ �h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2
� a

�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2" #2

þ �hkxeB
mc

zh i þ e2B2

2mc
z2
� � þ 2a

�heB
2mc

� 	2

� 2a
�heB
2mc

� 	2

� 2a�hkxeB
mc

�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
zh i

� a
e2B2

mc

� 	
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
z2
� �

� a
�hkxeB
mc

� 	2

z2
� � � a

e2B2

2mc

� 	2

z4
� � � a

�hkxe3B3

m2
c

� 	2

z3
� �

¼ �h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ 1

2mc
�hkx þ eB zh i½ �2 þ e2B2

2mc
z2
� � � z2

� �� � � a
�h2k2x
2mc

þ �h2k2y
2mc

"

þ �h2

2mc

np
a

� �2
þ �hkxeB

mc
zh i
�2

þ a
�hkxeB
mc

� 	2

z2
� � � a

e2B2

2mc

� 	
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )

� a
�hkxeB
mc

� 	2

z2
� � � a

e2B2

2mc

� 	2

z4
� � � a

�hkxe3B3

m2
c

� 	
z3
� �
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Therefore,

E ¼ �h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ 1

2mc
ð�hkx þ eB zh iÞ2 þ e2B2

2mc
z2
� � � zh i2
h i

� a
�hkxeB
mc

� 	2

z2
� � � zh i2
h i

� a
e2B2

2mc

� 	2

zh i4 � a
�hkxe3B3

m2
c

� 	
z3
� �

� a
e2B2

mc

� 	
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
z2
� � � a

�h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ 1

2mc
ð�hkx þ eB zh iÞ2

" #2

þ a
e2B2

mc

� 	
�h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ �h2k2x

2mc

" #
zh i2 þ a

�hkxe3B3

m2
c

� 	
z3
� �þ a

e2B2

2mc

� 	2

zh i4

ð1:26aÞ

It is well known that the band tails are being formed in the forbidden zone of
HDS and can be explained by the overlapping of the impurity band with the
conduction and valence bands [141]. Kane [142] and Bonch Bruevich [143] have
independently derived the theory of band tailing for semiconductors having
unperturbed parabolic energy bands. Kane’s model [142] was used to explain the
experimental results on tunneling [144] and the optical absorption edges [145, 146]
in this context. Halperin and Lax [147] developed a model for band tailing appli-
cable only to the deep tailing states. Although Kane’s concept is often used in the
literature for the investigation of band tailing [148, 149], it may be noted that this
model [142, 150] suffers from serious assumptions in the sense that the local
impurity potential is assumed to be small and slowly varying in space coordinates
[149]. In this respect, the local impurity potential may be assumed to be a constant.
In order to avoid these approximations, we have developed in this book, the
electron energy spectra for HDS for studying the EP based on the concept of the
variation of the kinetic energy [141, 149] of the electron with the local point in
space coordinates. This kinetic energy is then averaged over the entire region of
variation using a Gaussian type potential energy. It may be noted that, a more
general treatment of many-body theory for the DOS of HDS merges with
one-electron theory under macroscopic conditions [141]. Also, the experimental
results for the Fermi energy and others are the average effect of this macroscopic
case. So, the present treatment of the one-electron system is more applicable to the
experimental point of view and it is also easy to understand the overall effect in
such a case [151]. In a HDS, each impurity atom is surrounded by the electrons,
assuming a regular distribution of atoms, and it is screened independently [148,
150, 152]. The interaction energy between electrons and impurities is known as the
impurity screening potential. This energy is determined by the inter-impurity dis-
tance and the screening radius, which is known as the screening length. The
screening radius changes with the electron concentration and the effective mass.
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Furthermore, these entities are important for HDS in characterizing the semicon-
ductor properties [153, 154] and the modern electronic devices [148, 155]. The
works on Fermi energy and the screening length in an n-type GaAs have already
been initiated in the literature [156, 157], based on Kane’s model. Incidentally,
thelimitations of Kane’s model [142, 149], as mentioned above, are also present in
their studies.

The Gaussian distribution F(V) of the impurity potential is given by [142, 149]

FðVÞ ¼ pg2g

� ��1=2
exp �V2=g2g

� �
ð1:26bÞ

where, gg is the impurity screening potential. It appears from (1.26a) that the
variance parameter gg is not equal to zero, but the mean value is zero. Further, the
impurities are assumed to be uncorrelated and the band mixing effect has been
neglected in this simplified theoretical formalism.

We have to average the kinetic energy in the order to obtain the DR in this case
in the presence of band tails. Using the (1.26a) and (1.26b), we can write that the
DR in HDQW of III–V semiconductors (whose unperturbed conduction electrons
obey the two band model of Kane) in the presence of a parallel magnetic field B
along y-direction can be written

c3ðE; ggÞ ¼ �h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ 1

2mc
ð�hkx þ eB zh iÞ2

" #

� a
�h2

2mc

np
a

� �2
þ �h2k2y

2mc
þ 1

2mc
ð�hkx þ eB zh iÞ2

" #2

þ e2B2

2mc
z2
� � � zh i2
h i

� a
e2B2

mc

� 	
�h2k2x
2mc

þ �h2k2y
2mc

þ �h2

2mc

np
a

� �2( )
z2
� � � zh i2
n oh i

� a
�hkxeB
mc

� 	2

z2
� � � zh i2
h i

� a
�hkxe3B3

m2
c

� 	2

z3
� � � zh i3
h i

� a
e2B2

2mc

� 	2

z4
� � � zh i4
h ii

ð1:27Þ

Putting kn ¼ ky ¼ 0 and E ¼ En in (1.27) we get

c3ðE; ggÞ ¼ �h2

2mc

np
a

� �2
þ e2B2 zh i2

2mc
� a

�h2

2mc

np
a

� �2
þ e2B2 zh i2

2mc

" #2
þ e2B2

2mc
z2
� � � zh i2
h i

� a
e2B2

mc

�h2

2mc

np
a

� �2� �
z2
� � � zh i2
h i

� a
e2B2

2mc

� 	2

z4
� � � zh i4
h i

ð1:28Þ
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From (1.27) and (1.28) we get

c3ðE; ggÞ ¼ c3ðEn; ggÞþ
�h2k2y
2mc

þ �h2k2x þ 2�hkxeB zh i
2mc

� 	

� a
�h2k2x
2mc

þ �h2k2y
2mc

þ xeB zh i
mc

 !"
þ �h2

2mc

np
a

� �2
þ e2B2i2

2mc

)( #2

þ a
�h2

2mc

np
a

� �2
þ e2B2 zh i2

mc

" #2
� a

e2B2

mc

�h2k2x
2mc

þ �h2k2y
2mc

 !
z2
� � � zh i2
h i

� a
�h2k2x
mc

� e
2B2

mc
z2
� � � zh i2
h i

� a
�hkxe3B3

m2
c

� 	
z3
� � � zh i3
h i

ð1:29Þ

Putting a ¼ 0 we get

c3ðE; ggÞ ¼ fn þ �h2k2x
2mc

þ �h2k2y
2mc

þ �hkxeB zh i
mc

ð1:30Þ

where fn ¼ �h2

2mc

np
a


 �2 þ e2B2 z2h i
2mc

putting the value �h2k2x
2mc

þ �h2k2y
2mc

þ �hkxeB zh i
mc

¼
c3ðE; ggÞ � fn in the perturbed term.

a �h2k2x
2mc

þ �h2k2y
2mc

þ �hkxeB zh i
mc

� �
þ �h2

2mc

np
a


 �2 þ e2B2 z2h i
2mc

� � �2
of (1.29) we get

�cðE; ggÞ ¼ A(nÞk2x þ 2bðnÞkx þ cðnÞk2y ð1:31Þ

where �cðE; ggÞ ¼
"�

c3ðE; ggÞ � c3ðE; ggÞ þ a

�
c3ðE; ggÞ � fn

þ �h2

2mc

np
a

� �2
þ e2B2 z2

� �
2mc

� �2
� a

�h2

2mc

np
a

� �2
þ e2B2 z2

� �
mc

� �2#
;

AðnÞ ¼ �h2

2mc
� a

e2B2

mc
� �h2

2mc
z2
� � � zh i2
n o

� a2
�h2e2B2

2m2
c

z2
� � � zh i2
n o� �

;

2bðnÞ ¼ �heB zh i
mc

� a�he3B3

m2
c

z3
� � � zh i3
n o� �

and cðnÞ ¼ �h2

2mc
� a

e2B2

mc
� �h2

2mc
z2
� � � zh i2
h i� �

(1.31) can be written as
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kx þ bðnÞ
AðnÞ

h i2
1

A nð Þ �cðE; ggÞ � b2ðnÞ
AðnÞ

h i þ k2y
1

cðnÞ �cðE; ggÞ � b2ðnÞ
AðnÞ

h i ¼ 1 ð1:32Þ

The (1.32) indicates that the DR in this case is quantized ellipses for constant
electron energy and scattering potential in the kx � ky plane. The area of the ellipse
can be written as

sðE; n; ggÞ ¼ ps1ðE; n; ggÞ ð1:33Þ

where s1ðE; n; ggÞ ¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AðnÞcðnÞp �cðE; ggÞ � b2ðnÞ

AðnÞ
� �

It is interesting to note that the single important concept in the whole spectra of
materials and allied sciences is the effective electron mass which is in disguise in
the apparently simple (1.32), and can, briefly be described as follows:

Effective electron mass: The effective mass of the carriers in semiconductors,
being connected with the mobility, is known to be one of the most important
physical quantities, used for the analysis of electron devices under different oper-
ating conditions [158]. The carrier degeneracy in semiconductors influences the
effective mass when it is energy dependent. Under degenerate conditions, only the
electrons at the Fermi surface of n-type semiconductors participate in the con-
duction process and hence, the effective mass of the electrons corresponding to the
Fermi level (EEM) would be of interest in electron transport under such conditions.
The Fermi energy is again determined by the electron energy spectrum and the
carrier statistics and therefore, these two features would determine the dependence
of the effective electron mass in degenerate n-type semiconductors under the degree
of carrier degeneracy. In recent years, various DRs have been proposed [159–161]
which have created the interest in studying the effective mass in such materials
under external conditions. It has, therefore, different values in different materials
and varies with electron concentration, with the magnitude of the reciprocal
quantizing magnetic field under magnetic quantization, with the quantizing electric
field as in inversion layers, with the nano-thickness as in UFs and nano wires and
with superlattice period as in the quantum confined superlattices of small gap
semiconductors with graded interfaces having various carrier energy spectra
[162–224].

The EEM in this case is given by

m�ðE; n; ggÞ ¼ �h2

2
s01ðE; n; ggÞ ð1:34Þ

Thus magnetic field makes the mass quantum number dependent.
It is important to note that in any semiconductor the EEM at the Fermi level is a

function of electron concentration. In the case of HDS, the EEM at any energy is a
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function of electron concentration due to the presence of gg, a concept impossible
without band tailing.

The DOS function is given by

NQWHDBðE;B; ggÞ ¼ gv
2p

Xnmax

n ¼ 1

s01ðE; n; ggÞH(E � E19;1Þ ð1:35Þ

where E19;1 is the sub-band energy and can be expressed through the equation

�cðE19;1; ggÞ ¼ 0 ð1:36Þ

1.2.2 The DR in Nano Wires of HD III–V Semiconductors
in the Presence of Magnetic Field

The eigen function and the energy eigen values in this case are given by

w0
nl ¼ 4

ab

� 	1
2

sin
npz
a

� �
sin

lpx
b

� 	
expðiykyÞ ¼ c1wnlðx; zÞ expðiykyÞ ð1:37Þ

and
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þ �h2k2y
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" #2
ð1:38Þ

where a and b are the nano thickness along z and y-directions respectively, nð¼
1; 2; 3; . . .Þ is the size quantum number along z-direction and lð¼ 1; 2; 3; . . .Þ is the
size quantum number along x-direction, c1 ¼ 4

ab


 �1
2 and wnlðx; zÞ ¼

sin npz
a


 �
sin lpx

b


 �
.

In the presence of a magnetic field B along y-direction the term Ĥ1w
0
nl assumes

the from
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ð1:39Þ

1.2 Theoretical Background 19



Again
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Thus the total Hamiltonian of the system is
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Thus the perturbed Hamiltonian will be
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So the first order perturbation to the energy is
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The first order correction to the energy is given by
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The DR in NWs of HD III–V semiconductors in the presence of a parallel
magnetic field B along y-direction whose unperturbed electrons obey the two band
model of Kane can be written as
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(1.56a) can be written as
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The EEM is given by
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The DOS function is given by
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where E19;2 is the sub-band energy which can be expressed through the equation

c100ðE19;2; gg; l; n;BÞ ¼ 0 ð1:56eÞ

1.2.3 The DR in Quantum Dot of HD III–V Semiconductors
in the Presence of Magnetic Field

The unperturbed energy eigen value and unperturbed wave function in this case can
be written as
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and

wnlr ¼ c11wðx; y; zÞ ð1:58Þ

where l, r, and n are the size quantum number along x, y, and z-directions, a, b, c
are the nano thickness along z, x and y-directions respectively,
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Hamiltonian Ĥ can be written as
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Ĥ0 corresponds to unperturbed Hamiltonian and Ĥ0 is the perturbation to be
calculated
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Ĥ2
1wnlr ¼ � ð�i�hÞ2 lp

b

� 	2

wnlr þ 2eBzð�i�hÞ lp
b

� 	
c11 cos

lp
b
x

� 	
sin

np
a
z

� �
sin

rp
c
y

� �

þ e2B2z2wnlrÞ � ð�i�hÞ2 rp
c

� �2
wnlr � ð�i�hÞ2 np

a

� �2
wnlr

¼ �h2
np
a

� �2
þ lp

b

� 	2

þ rc
c

� �2" #
wnlr þ e2B2z2wnlr

� 2i�heBz
lp
b

� 	
c11 cos

lp
b
x

� 	
sin

np
a
z

� �
sin

rp
c
y

� �

¼ np
a

� �2
�h2 þ �h2

lp
b

� 	2

þ �h2
rp
c

� �2
þ e2B2z2

" #
wnlr

� 2i�heBz
lp
b

� 	
cot

lp
b
x

� 	
wnlr

ð1:63Þ
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Thus the total Hamiltonian of the system is
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The total Hamiltonian can be written as
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Thus the perturbed Hamiltonian assumes the form
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So the first order perturbation is
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Therefore the DR in QD of HD III–V semiconductors in the presence of a
parallel magnetic field B is givenby
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The DOS function in this case is given by

NðEÞ ¼ 2gv
dxdydz

Xnmax

n ¼ 0

Xlmax

l ¼ 0

Xrmax

r ¼ 0

d0ðE � E19;3Þ ð1:70bÞ

where E19;3 is the totally quantized energy in this case.

1.2.4 The DR in Quantum Wells of HD III–V
Semiconductors in the Presence of Cross Fields

The total Hamiltonian and the unperturbed wave function in the present case in the
presence of the magnetic field B along y direction and the crossed electric field E0

along z direction can, respectively, be written as

Ĥ ¼ að�i�h ~r þ e~AÞ2 � bð�i�h ~r þ e~AÞ4 � eE0z ð1:71Þ
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In this case the total Hamiltonian can be expressed as
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Therefore, the DR can be written as
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If the electric field E0 is along x direction, the total Hamiltonian can be written as

Ĥ ¼ að�i�h ~r þ e~AÞ2 � bð�i�h ~r þ e~AÞ4 � eE0x ð1:75Þ

(1.74) can be expressed as
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Thus the perturbed part = \eE0x[ ¼ eE0
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The DR in Quantum Wells of HD III–V Semiconductors in the Presence of
Cross Fields is given by
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The use of (1.77) leads to the expressions of EEM and DOS function, which is
left to be done by the readers.

1.2 Theoretical Background 33



1.2.5 The DR in Nano-Wires of HD III–V Semiconductors
in the Presence of Cross Fields

(a) The electric field E0 is along z direction and the crossed magnetic field B is
along y direction

The DR in this case is given by
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(b) The electric field E0 is along x direction and the crossed magnetic field B is
along y direction

In this case we can write
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Therefore the DR in this case is given by
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� eE0
b
2

� 	
þ e2B2

2mc
z2
� �

n � a
2�heB
2mc

� 	2 lp
b

� 	2

z2
� �

n

� 2a
e2B2

2mc

� 	
�h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2k2y
2mc

" #

z2
� �

n � a
e2B2

2mc

� 	2

z4
� �

n ð1:81Þ

The use of (1.78) and (1.81) lead to the expressions of EEM and DOS function,
which is left to be done by the readers.

1.2.6 The DR in Quantum Dot of HD III–V Semiconductors
in the Presence of Cross Fields

(a) The electric field E0 is along z direction and the crossed magnetic field B is
along y direction

The DR in this case is given by

c3ðE; ggÞ ¼ �h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #

� a
�h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #2

� eE0\z[ n þ e2B2

2mc
z2
� �

n � a
2�heB
2mc

� 	2

z2
� �

n

� 2a
e2B2

2mc

� 	2
�h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #
z2
� �

n

a
e2B2

2mc

� 	2

z4
� �

n

ð1:82aÞ
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The DOS function in this case can be written as

NðEÞ ¼ 2gv
abc

Xnmax

n ¼ 1

Xlmax

l ¼ 1

Xrmax

r ¼ 1

d0ðE � E19;900Þ ð1:82bÞ

where E19;900 is the totally quantized energy in this case.

(b) The electric field E0 is along x direction and the crossed magnetic field B is
along y direction

In this case we can write

c3ðE; ggÞ ¼ �h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #

� a
�h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #2

þ e2B2

2mc
z2
� �

n � a
2�heB
2mc

� 	2 lp
b

� 	2

z2
� �

n � 2a
e2B2

2mc

� 	2

�h2

2mc

np
a

� �2
þ �h2

2mc

lp
b

� 	2

þ �h2

2mc

rp
c

� �2" #
z2
� �

n

� aðe
2B2

2mc
Þ2 z4
� �

n � eE0
b
2

� 	
ð1:83aÞ

The DOS function in this case can be written as

NðEÞ ¼ 2gv
abc

Xnmax

n ¼ 1

Xlmax

l ¼ 1

Xrmax

r ¼ 1

d0ðE � E19;901Þ ð1:83bÞ

where E19;901 is the totally quantized energy in this case.
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1.2.7 The DR in Quantum Wells of HD IV–VI
Semiconductors in the Presence of Magnetic Field

(a) Cohen Model

In accordance with Cohen model, the DR in bulk specimens of IV–VI semicon-
ductors can be written as

E � �h2k2y
2m2

 !
1 þ aE þ a�h2k2y

2m0
2

 !
¼ �h2k2x

2m1
þ �h2k2z

2m3
ð1:84Þ

Let us substitute
1
2mi

¼ ai i ¼ 1; 2; 3 and
1

2m0
2
¼ a02

Using the method of successive approximation we can write

E ¼ a1p2x þ a3p2z þ a2p2y þ aða1p2x þ a3p2z þ a2p2yÞ2

þ aa2p
2
yða1p2x þ a3p

2
z þ a2p

2
yÞ

� aa02p
2
yða1p2x þ a3p

2
z þ a2p

2
yÞ þ aa1a

0
2p

4
y ð1:85Þ

Let us choose the formation of QWs is along z direction in presence of magnetic
field (B) along y direction.

Choosing the Coulomb gauge as

~A ¼ ð0; 0; � BxÞ and ~r �~A ¼ 0 together with the fact

~B ¼ ~r�~A ¼
i j k

@=@x @=@y @=@z

0 0 �Bx

�������
�������

In presence of perturbing magnetic field total Hamiltonian can be written as
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Ĥ ¼ a1 �i�h
@

@x
þ eAx

� 	2

þ a2 �i�h
@

@y
þ eAy

� 	2

þ a3 �i�h
@ þ eAz

� 	2

� a a1 �i�h
@

@x
þ eAx

� 	2

þ a2 �i�h
@

@y
þ eAy

� 	2

þ a3 �i�h
@

@z
þ eAz

� 	2
" #2

þ aa2 �i�h
@

@y
þ eAy

� 	2

a1 �i�h
@

@x
þ eAx

� 	2

þ a2 �i�h
@

@y
þ eAy

� 	2

þ a3 �i�h
@

@z
þ eAz

� 	2
" #

� aa02 �i�h
@

@y
þ eAy

� 	2

a1 �i�h
@

@x
þ eAx

� 	2

þ a2 �i�h
@

@y
þ eAy

� 	2

þ a3 �i�h
@

@z
þ eAz

� 	2
" #

þ aa2a02 �i�h
@

@y
þ eAy

� 	4

ð1:86Þ

¼ � a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�h eBx

@

@z

� 	

� a �a1�h2
@2

2 � a2�h2
@2

2 þ a3 ��h2
@2

@z2
þ e2B2x2 þ 2�h eBx

@

@z

� 	� �2

þ aa2 ��h2
@2

@y2

� 	
�a1�h2

@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�h e Bx

@

@z

� 	� �

þ aa02 ��h2
@2

@y2

� 	
�a1�h2

@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�h e Bx

@

@z

� 	� �

� aa02 ��h2
@2

@y2

� 	
�a1�h2

@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�h e Bx

@

@z

� 	� �

þ aa2a02 ��h4
@4

@y4

� 	

ð1:87Þ

Considering the effect of magnetic field and non parabolicity as perturbed
parameters, the unperturbed wave equation can be written as

� a1�h
2 @

2w0

@x2
� a2�h

2 @
2w0

@y2
� a3�h

2 @
2w0

@z2
¼ E0w0 ð1:88Þ

Therefore energy eigen value (E0
n) and the eigen function assume the forms

E0 ¼ E0
n ¼ �h2k2x

2m1
þ �h2k2y

2m2
þ �h2

2m3

np
a

� �2
ð1:89Þ

w0 ¼ w0
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
sin

np
a
z

� �
expðikxx þ ikyyÞ ð1:90Þ

The perturbed Hamiltonian can be calculated in the following way

38 1 The DRs in Low Dimensional HD Systems in the Presence …



� a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�h eBx

@

@z

� 	� �
wn

¼ a1�h
2k2xwn þ a2�h

2k2ywn þ a3�h
2 np

a

� �2
wn þ a3e2B2x2wn

þ 2a3i�heBx
np
a

� �
cot

np
a
z

� �
wn � a1�h

2 @2

@x2
� a2�h

2 @2

@y2

þ a3 ��h2
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@z2
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@
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� 	
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2k2xwn þ a2�h
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2 np

a

� �2
wn þ a3e2B2x2wn þ 2a3i�heB
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a

� �
x cot
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a
z

� �
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� �
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4k4xwn þ a1a2�h

4k2x k
2
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a
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� �
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� �
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a

� �2
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a

� �4
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a

� �2
e2B2x2wn

þ 2a23i�h
3eB
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a

� �3
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a
z

� �
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2k2x e
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a

� �2
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þ a23e
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� �
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� �2
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a
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x
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a

� �
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a
z

� �
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a

� �2
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� �
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a
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a
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ð1:91Þ
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Ĥwn ¼ a1�h
2k2xwn þ a2�h
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� �2
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� �
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� �
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a
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� �
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� �
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þ aa2 a1�h
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4k4y þ a3�h
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� �2� �
wn

þ aa2a3�h
2k2ye

2B2x2wn þ 2aa2a0a3i�h3k2yeB
np
a

� �
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a
z

� �
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4k2x k

2
y þ a2�h
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a

� �2� �
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2k2ye
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3k2yeB
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a

� �
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a
z

� �
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0
2�h

4k4ywn ¼ Ĥ0wn þ Ĥ0wn

ð1:92Þ

where Ĥ0 ¼ a1�h2k2x þ a2�h2k2y þ a3�h2 np
a


 �2
.

The remaining part correspond to perturbed Hamiltonian.

x cot
np
a
z

� �D E
¼ 2

a

Za
0

sin
np
a
z

� �
cos

np
a
z

� �
dz
ZLx
0

1
Lx

dx ¼ 0;

x3 cot
np
a
z

� �D E
¼ 0; x2

� � ¼ 1
Lx

ZLx
0

x2dx ¼ L2x
3
; x4
� � ¼ 1

Lx

ZLx
0

x4dx ¼ L4x
5
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The DR in this case is given by

E ¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2
� a a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �2

þ 2�h
2k2y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �

� aa02�h
2k2y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �
þ aa2a

0
2�h

4k4y þ a3e
2B2 x2
� �þ 2aa1a3�h2e2B2

� a 2a1a3�h2k2x þ a2a3�h2k2y þ 6a23�h
2 np

a

� �2� �
e2B2 x2

� �
� aa23e

4B4 x4
� � � aa02a3�h

2k2y e
2B2 x2
� � ð1:93Þ

Thus following the method of this chapter, the DR in HDQWs of IV–VI
semiconductors can be written as

c3ðE; ggÞ ¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2
� a a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �2

þ aa2�h
2k2y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �

� aa02�h
2k2y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �
þ aa2a

0
2�h

4k4y þ a3e
2B2 x2
� � þ 21a3�h2e2B2

� a 2a1a3�h2k2x þ a2a3�h
2k2y þ 6a23�h

2 np
a

� �2� �
e2B2 x2

� � � 2
3 e

4B4 x4
� � � aa02a3�h

2k2y e
2B2 x2
� �

ð1:94Þ

Putting a ¼ 0, we get

c3ðE; ggÞ ¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2
þ a3e2B2 x2

� � ð1:95Þ

(1.95) can be written as

c3ðE; ggÞ � a3e2B2 x2
� � � a3�h

2 np
a

� �2
¼ a1�h

2k2x þ a2�h
2k2y ð1:96Þ

Using the method of successive approximation we can write
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c3ðE; ggÞ ¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2
� aðc3ðE; ggÞ � c0Þ2

þ aa2ðc3ðE; ggÞ � c0Þ�h2k2y � aa02ðc3ðE; ggÞ � c0Þ�h2k2y
þ aa2a

0
2�h

4k4y þ c0 þ c2 � 2aa1a3e2B2 x2
� �

�h2k2x

� aa2a3e2B2 x2
� �

�h2k2y � 6aa232�h
2 np

a

� �2
e2B2 x2

� �
� aa23e

4B4 x4
� � � aa02a3e

2B2 x2
� �

�h2k2y ð1:97Þ

where c0 ¼ a3e2B2 x2
� � ¼ a3e2B2L2x

3 ; c1 ¼ a3�h2 np
a


 �2
.

The (1.97) can be written as

c3ðE; ggÞ � c0 � c1 � c2 þ aðc3ðE; ggÞ � c0Þ2 þ c3 þ c4 ¼ a1�h2 � 2a�h2a1a3e2B2 x2
� �� �

k2x
þ a2�h2 þ aa2ðc3ðE; ggÞ � c0Þ�h2 � aa02ðc3ðE; ggÞ � c0Þ�h2
�

� �h2aa2a3e
2B2 x2
� � � �h2aa02a3e

2B2 x2
� ��

k2y þ aa2a
0
2�h

4k2y

ð1:98Þ

The DR can be written as

c10ðE; ggÞ ¼ b1k
2
x þ b2k

2
y þ b3k

4
y ð1:99Þ

where,

c10ðE; ggÞ ¼ c3ðE; ggÞ � c0 � c1 � c2 þ c3 þ c4 þ aðc3ðE; ggÞ � c0Þ2

c2 ¼ 2aa1a3�h2e2B2; c3 ¼ 6aa23�h
2 np

a

� �2
e2B2 L2x

3

� 	
; c4 ¼ aa23e

4B4 L4x
5

� 	
;

b1 ¼ a1�h
2 � 2a�h2a1a3e2B2 L2x

3

� 	
¼ a1�h

2 1 � 2aa3e2B2 L2x
3

� 	� �
¼ positive quantity;

b2 ¼ a2�h
2 þ aa2ðc3ðE; ggÞ � c0Þ�h2 � aa02ðc3ðE; ggÞ � c0Þ�h2

� �h2aa2a3e
2B2 L2x

3

� 	
� �h2aa02a3e

2B2 L2x
3

� 	

’a2�h
2 � 2a�h2a2a3e2B2 L2x

3

� 	
’ a2�h

2 1 � 2aa2a3e2B2 L
2
x

3

� 	
’positive quantity and b3 ¼ aa2a

0
2�h

4 ¼ positive quantity

Therefore, from (1.99) we can write

kx ¼ � 1ffiffiffiffiffi
b1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ � b2k2y � b3k4y

q
ð1:100Þ
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Since area is a positive quantity, therefore

kx ¼ 1ffiffiffiffiffi
b1

p �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ � b2k2y � b3k4y

q
ð1:101Þ

Similarly we get kx ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�b2
2b3

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b22 þ 4b3c10ðE;ggÞ

p
2b3

r
.

Since ky is real, therefore ky ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
� 1

2 � b2
b3

� �
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b3

� �2
þ 4c10ðE;ggÞ

b3

rs
¼ �u.

So the area enclosed by the 2D surface as given by (1.99) can be written as

A ¼ 2I ¼ 2
Zþ u

�u

1ffiffiffiffiffi
b1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ � b2k2y � b3k4y dky

q
ð1:102Þ

where,

I ¼ 1ffiffiffiffiffi
b1

p Zþ u

�u

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ � b2k2y � b3k4ydky

q

¼ 2ffiffiffiffiffi
b1

p Zþ u

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ � b2k2y � b3k4ydky

q

¼ 2

ffiffiffiffiffi
b3
b1

s Zþ u

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ

b3
� b2

b3

� 	
k2y � k4ydky

s

¼ 2

ffiffiffiffiffi
b3
b1

s
� I1

Therefore

A ¼ 2I ¼ 4

ffiffiffiffiffi
b3
b1

s
� I1 ð1:103Þ

where

I1 ¼
Zþ u

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c10ðE; ggÞ

b3
� b2

b3

� 	
k2y � k4y dky

s
ð1:104Þ
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Now

c10 E; gg

 �
b3

� b2
b3

� 	
k2y � k4y dky ¼ a2 þ x2


 �
b2 � x2

 �

¼ a2b2 � a2x2 þ b2x2 � x4 ¼ a2b2 a2 � b2

 �

x2 � x4

So that

a2b2 ¼ c10ðE; ggÞ
b3

; a2 � b2 ¼ b2
b3

and x ¼ ky i.e; dx ¼ dky

I1 ¼
Zu
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ða2 þ x2Þðb2 � x2Þdx

p
ð1:105Þ

Now

ða2 þ b2Þ2 ¼ ða2 � b2Þ2 þ 4a2b2 ¼ b2
b3

� 	2

þ 4c10ðE; ggÞ
b3

ð1:106Þ

a2 þ b2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b3

� 	2

þ 4c10ðE; ggÞ
b3

s
for real b:

Therefore a2 ¼ 1
2

b2
b3

� 	
þ 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b3

� 	2

þ 4c10ðE; ggÞ
b3

s

b2 ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b3

� 	2

þ 4c10ðE; ggÞ
b3

s
� 1

2
b2
b3

� 	

So all the coefficients of (1.105) are defined. From the expressions of u and b we
note that u ¼ b. Since b is real and positive, u[ 0 and also a[ b. Therefore a[ u.
Thus we observe that a[ u[ 0. Under this condition (1.105) can be written as

I1 ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
� a2Fðh; rÞ � ða2 � b2ÞEðh; rÞ� �

þ u
3
ðu2 þ 2a2 � b2Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 � u2

a2 þ u2

r ð1:107Þ

where

Fðh; rÞ ¼ R h
0

dtffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � r2 sin2 t

p ;Eðh; rÞ ¼ R h
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 � r2 sin2 tdt

p
; Fðh; rÞ and Eðh; rÞ

are known as incomplete Elliptic integral of first and second kind respectively in
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which r2\1 and is known as modulus of the integral, h ¼ sin�1 u
b

ffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2
a2 þ u2

qh i
and

r ¼ bffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p .

In this case b ¼ u, so that

I1 ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
� a2Fðh; rÞ � ða2 � b2ÞEðh; rÞ� � ð1:108Þ

When b ¼ u; then h ¼ p
2

ð1:109Þ

Therefore from (1.109) we get

I1 ¼ 1
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
� a2F

p
2
; r

� �
� ða2 � b2ÞE p

2
; r

� �n o
¼ 1

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
� a2kðrÞ � ða2 � b2ÞEðrÞ� � ð1:110Þ

where KðrÞ and EðrÞ are known as the complete Elliptic integrals of first and second
kind respectively.

In our case r ¼ bffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p and since a[ b therefore r2\1.

Thus we write r ¼
ffiffiffiffiffiffiffiffiffiffiffi

b2
a2 þ b2

q
¼ 1ffiffi

2
p 1 �

b2
b3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

b2
b3

� 	2

þ
4c10ðE; ggÞ

b3

s
2
66664

3
77775

1=2

.

Since r � 1.
Therefore

KðrÞ ¼ p
2

1þð1=2Þ2r2 þ 1 � 3
2 � 4
� 	2

r4þ � � � � � � þ ð2n � 1Þ!!
2nn!

� 2

r2nþ � � � � � �
" #

EðrÞ ¼ p
2

1 � 1
22

r2 � 12 � 3
22 � 42
� 	2

r4 � � � � � � � � ð2n � 1Þ!!
2nn!

� 2 r2n

ð2n � 1Þ � � � � � � �
" #

Since r2 � 1, we take only r2 terms as they provide maximum contribution in
comparison with the higher order terms. Therefore
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I1 ¼ 1
3
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Þ a2KðrÞ � ða2 � b2ÞEðrÞ� �

¼ 1
3
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Þ a2

p
2

1þ 1
22

r2
� 

� ða2 � b2Þ p
2

1 � 1
22

r2
� � �

¼ 1
3
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Þ a2p

2
þ a2r2

4
p
2

� �
� a2p

2
þ a2r2

4
p
2

� �
þ b2

p
2

� b2r2

4
p
2

� �� �

¼ 1
3
ð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2 þ b2

p
Þ p

2

� � 3b2½2a2 þ b2�
4ða2 þ b2Þ

¼ p
2

� � b2½2a2 þ b2�
4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiða2 þ b2Þp ¼ p

2

� � 1
4
ð2a2b2 þ b4Þ
ða2 þ b2Þ1=2

¼ p
8

� � 2c10ðE;ggÞ
b3

þ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2
b3

� �2
þ 4c10ð;ggÞ

b3

r
� 1

2
b2
b3

� �" #2

b2
b3

� �2
þ 4c10ðE;ggÞ

b3

� �1=2

¼ p
8

� � b2
b3

� �2
1
2 þ

3c10ðE;ggÞb3
b22

� 1
2 1þ 4c10ðE;ggÞb3

b22

n o1=2
� �

b2
b3

� �1=2
1þ 4c10ð;ggÞb3

b22

h i1=4
So the general expression of Area (A) is given by

A ¼ 4

ffiffiffiffiffi
b3
b1

s
p
8

� � b2
b3

� 	3=2
1
2 þ 3c10ðE;ggÞb3

b22
� 1

2 1 þ 4c10ðE;ggÞb3
b22

n o1=2
� �

1 þ 4c10ðE;ggÞb3
b22

h i1=4

¼ p
2

� � b2
b3

� 	
b2
b1

� 	1=2
1
2 þ 3c10ðE;ggÞb3

b22
� 1

2 1 þ 4c10ðE;ggÞb3
b22

n o1=2
� �

1 þ 4c10ðE;ggÞb3
b22

h i1=4
ð1:111Þ

Since
4c10ðE; ggÞb3

b22
\1 We can write

1 þ 4c10ðE; ggÞb3
b22

" #1=4
ffi 1 þ 2c10ðE; ggÞb3

b22
and 1 þ 4c10ðE; ggÞb3

b22

" #1=4
ffi 1 þ c10ðE; ggÞb3

b22
.

Therefore we can write
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A ¼ p
2

� � b2
b3

� 	
b2
b1

� 	1=2 3c10ðE; ggÞb3
b22

� c10ðE; ggÞb3
b22

" #
1 þ c10ðE; ggÞb3

b22

" #�1

¼ p
b2
b3

� 	
b2
b1

� 	1=2 c10ðE; ggÞb3
b22

" #
1 þ c10ðE; ggÞb3

b22

" #�1

¼ p
b2
b1

� 	1=2 1
b2

� 	
c10ðE; ggÞ 1 þ c10ðE; ggÞb3

b22

" #�1

Therefore the simplified expression of area can be written as

A ¼ pc10ðE; ggÞffiffiffiffiffiffiffiffiffiffi
b1b2

p � 1

1 þ c10ðE;ggÞb3
b22

h i ¼ x19;1ðE; ggÞ ð1:112Þ

The EEM and the DOS function can respectively be written in this case as

m�ðE; gg; nÞ ¼ �h2

2p
x0

19;1ðE; ggÞ ð1:113Þ

N2DQWHDðE; ggÞ ¼ gv

ð2pÞ2
Xnmax

n ¼ 1

x0
19;1ðE; ggÞHðE � E19;1Þ ð1:114Þ

where E19;1 is the sub band energy and can be obtained from the equation

c10ðE19;1; ggÞ ¼ 0 ð1:115Þ

(b) Model of McClure and Choi

In accordance with this model, the DR in bulk specimens of IV–VI materials can be
written as

Eð1 þ aEÞ ¼ �h2k2x
2m1

þ �h2k2y
2m2

þ �h2k2z
2m3

þ a�h4k4y
4m1m0

2

þ �h2k2y
2m2

aE 1 � m2

m0
2

� 	
� a�h4k2x k

2
y

4m1m2
� a�h4k2y k

2
z

4m2m3
ð1:116Þ

Let us substitute

1
2mi

¼ ai; i ¼ 1; 2; 3;
1

2m0
2
¼ a02 and 1 � m2

m0
2

� 	
¼ a0

Therefore (1.116) can be written as
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Eð1 þ aEÞ ¼ a1p
2
x þ a2p

2
y þ a3p

2
z þ aa2a

0
2p

4
y þ aa2a0p

2
yE � aa1a2p

2
xp

2
y

� aa2a3p
2
yp

2
z

ð1:117Þ

Putting a ¼ 0, in (1.117) we get E ¼ a1p2x þ a2p2y þ a3p2z .
So, by the method of successive approximation we write

E ¼ a1p
2
x þ a2p

2
y þ a3p

2
z � a½a1p2x þ a2p

2
y þ a3p

2
z �2 þ aa2a

0
2p

4
y

þ aa2a0p
2
yða1p2x þ a2p

2
y þ a3p

2
z Þ � aa1a2p

2
xp

2
y � aa2a3p

2
yp

2
z ð1:118Þ

Choosing Coulomb Gange as

~A ¼ ð0; 0; � BxÞand~Bð0;B; 0Þ

So that ~r~A ¼ 0 and ~B ¼ ~rX~A.
In presence of perturbing magnetic field ~B


 �
total Hamiltonian Ĥ


 �
can be

written as

Ĥ ¼ a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2

� a a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #2

þ aa2a02 �i�h
@

@y

� 	4

þ aa2a0 �i�h
@

@y

� 	2

� a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #

� aa1a2 �i�h
@

� 	2

�i�h
@

� 	2

� aa2a3 �i�h
@

@y

� 	2

� � i�h
@

@z
� eBx

� 	2

ð1:119Þ

Considering non-parabolicity and magnetic field ~B

 �

as perturbations we can
write

Ĥ0w0 ¼ E0w0 ð1:120Þ

Therefore from (1.120) we get

�a1�h
2 @

2w0

@x2
� a2�h

2 @
2w0

@y2
� a3�h

2 @
2w0

@z2
¼ E0w0 ð1:121Þ

So that
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E0 ¼ E0
n ¼ �h2k2x

2m1
þ �h2k2y

2m2
þ �h2

2m3

np
a

� �2
ð1:122Þ

and

w0 ¼ w0
n ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
2

aLxLy

s
sin

np
a
z

� �
expðikxx þ ikyyÞ ð1:123Þ

Considering perturbing effects, the total Hamiltonian can be written as

Ĥ ¼ � a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

� a �a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2

þ aa2a02 �h4
@4

@x4

� 	
þ aa2a0 ��h2

@2

@y2

� 	

�a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

� aa1a2�h4
@2

@x2

� 	
@2

@y2

� 	
� aa2a3 ��h2

@2

@y2

� 	
��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

ð1:124Þ

Now

�a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �
wn ¼ a1�h

2k2xwn

þ a2�h2k2ywn þ a3�h2
np
a

� �2
wn þ a3e2B2x2wn þ 2a3i�heBx

np
a

� �
cot

np
a
z

� �
wn

�a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2
wn

¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2� �2
wn � 2a1a3�h2e2B2wn

þ 4a3i a1�h2k2x þ a2�h2k2y þ a3�h2
np
a

� �2� �
np
a

� �
x cot

np
a
z

� �
wn

þ 2a1a3�h2k2x þ 2a2a3�h2k2y þ 6a23�h
2 np

a

� �2� �
e2B2x2wn

þ 4a23i�he
3B3 np

a

� �
x3 cot

np
a
z

� �
wn þ a23e

4B4x4wn
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�h4
@4

@y4
ðwnÞ ¼ �h4ðikyÞ4wn ¼ �h4k4ywn ��h2

@2

@y2

� 	

a1�h
2k2xwn þ a2�h

2k2ywn þ a3�h
2 np

a

� �2
wn þ a3e

2B2x2wn þ 2a3i�heBx
np
a

� �
cot

np
a
z

� �
wn

� �

¼ �h2k2y a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2� �
wn þ a3�h

2k2y e
2B2x2wn

þ 2a3i�h2k2y eBx
np
a

� �
cot

np
a
z

� �
wn�h

4 @2

2

� 	
@2

@y2

� 	
wn

¼ �h4
@2

@x2
ðikyÞ2wn

h i
¼ �h4ðikyÞ2ðikxÞ2wn ¼ �h4k2x k

2
ywn

��h2
@2

@y2

� 	
��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� �
wn

¼ � �h2
@2

@y2
�h2

np
a

� �2
wn þ e2B2x2wn þ 2i

np
a

� �
cot

np
a
z

� �
wn

� �

¼ �h2k2y �h2
np
a

� �2
þ e2B2x2 þ 2i�heBx

np
a

� �
cot

np
a
z

� �� �
wn

ð1:125Þ

Therefore

Ĥwn ¼ a1�h
2k2xwn þ a2�h

2k2ywn þ a3�h
2 np

a

� �2
wn

þ a3e
2B2x2wn þ 2a3i�heB

np
a

� �
x cot

np
a
z

� �
wn

� a a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2� �2
wn þ 21a3�h2e2B2wn

� 4aa3i�heB a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2� �

np
a

� �
x cot

np
a
z

� �
wn � a

"
2a1a3�h2k2x þ 2a2a3�h2k2y

þ 6a23�h
2 np

a

� �2#
e2B2x2wn � 4ai�ha23e

3B3 np
a

� �
x3 cot

np
a
z

� �
wn

� aa23e
4B4x4wn þ aa2a

0
2�h

4k4ywn þ aa2a0�h
2k2y

a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2� �
wn þ 2 a0a3�h

2k2y e
2B2x2wn

þ 2aa2a0a3i�h3k2y eB
np
a

� �
x cot

np
a
z

� �
wn � aa1a2�h

4k2x k
2
ywn

� aa2a3�h
4k2y

np
a

� �2
wn � aa2a3�h

2k2y e
2B2x2wn

� 2aa2a3i�h3k2y eB
np
a

� �
x cot

np
a
z

� �
wn ¼ Ĥ0wn þ Ĥ0wn ð1:126Þ
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where Ĥ0 is the unperturbed Hamiltonian ¼ a1�h2k2x þ a2�h2k2y þ a3�h2 np
a


 �2
.

Applying first order perturbation we get

x cot
np
a
z

� �D E
¼ 0; x3 cot

np
a
z

� �D E
¼ 0; x2

� � ¼ L2x
3

and x4
� � ¼ L4x

5

Now, a2a0 ¼ 1
2m2

1 � m2
m0

2

� �
¼ 1

2m2
� 1

2m0
2
¼ ða2 � a02Þ.

Therefore the DR in QWs of HD IV–VI semiconductors in the presence of
magnetic field whose conduction electrons obey the model of McClure and Choican
be written as

c3ðE; ggÞ ¼ a1�h
2k2x þ a2�h

2k2y þ a3�h
2 np

a

� �2
� a a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �2

þ aa2a
0
2�h

4k4y þ aa2�h
2k2y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �

� aa02k
2
x k

2
y a1�h

2k2x þ a2�h
2k2y þ a3�h

2 np
a

� �2� �

� aa1a2�h
4k2x k

2
y � aa2a3�h

4k2y
np
a

� �2
þ a3e

2B2 x2
� �

þ 2aa1a3�h2e2B2 � aa23e
4B4 x4
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The use of (1.127) leads to the expressions of EEM and DOS, the derivations of
which are left for the readers.

1.2.8 The DR in Nano Wires of HD IV–VI Semiconductors
in the Presence of Magnetic Field

(a) McClure and Choi Model

In nano-wire let us assume the free electron motion is along y-direction and the
magnetic field B is also applied along y-direction. Following (1.118) the
Hamiltonian can be expressed as
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Considering non-parabolicity and magnetic field as perturbed, unperturbed wave
equation is given by

Ĥ0w0 ¼ E0w0 ð1:129Þ

The (1.129) can be written as

�a1�h
2 @

2w0

@x2
� a2�h

2 @
2w0

@y2
� a3�h

2 @
2w0

@z2
¼ E0w0 ð1:130Þ

Therefore
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and

w0 ¼ w0 ¼ wnl ¼
ffiffiffiffiffiffiffiffiffiffi
4

abLy

s
sin

lp
b
x

� 	
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np
a
z

� �
expðikyyÞ ð1:132Þ

Including perturbing effect, the total Hamiltonian can be written as
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Ĥ ¼ Ĥ0 þ Ĥ0 ¼ � a1�h
2 @2

@x2
� �a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

� a �a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2

þ aa2a
0
2 ��h4

@4

@y4

� 	
þ aa2a0 ��h2

@2

@y2

� 	

�a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

� aa1a2�h
4 @2

@x2

� 	
@2

@y2

� 	
� aa2a3 ��h2

@2

@y2

� 	
��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	
ð1:133Þ

Now �a1�h
2 @2
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Therefore
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ð1:135Þ
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Ĥw0
nl ¼ Ĥ0w
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Applying first order perturbation we can write
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The DR in this case is given by
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ð1:137Þ

Now a2a0 ¼ ða2 � a02Þ.
Therefore the DR in NWs of HD IV–VI semiconductors in the presence of

magnetic field in the present case can be written as
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ð1:138Þ

The use of (1.138) leads to the expressions of EEM and DOS function, the
derivations of which are left to the readers.

(b) Cohen model

The total Hamiltonian be
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ð1:139Þ

Considering non-parabolicity and magnetic field as perturbed, the unperturbed
wave equation is
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Ĥ0w0 ¼ E0w0 ð1:140Þ
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Including perturbing effect, the total Hamiltonian can be expressed as
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We can write
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So

Ĥwn ¼ Ĥ0wn þ Ĥ0wn ð1:146Þ

¼ a1�h
2 lp

b

� 	2

wn þ a2�h
2k2ywn þ a3�h

2 np
a

� �2
wn þ a3e

2B2x2wn

þ 2a3i�heB
np
a

� �
x cot

np
a
z

� �
wn � a a1�h

2 lp
b

� 	2

þ a2�h
2k2y

"

þ a3�h2
np
a

� �2�2
wn þ 2aa1a3�h2e2B2wn � 4aa3i�heB

a1�h
2 lp

b

� 	2

þ a2�h
2k2y þ a3�h

2 np
a

� �2" #
np
a

� �
x cot

np
a
z

� �
wn

� a 2a1a3�h2
lp
b

� 	2

þ 2a2a3�h2k2y þ 6a23�h
2 np

a

� �2" #
e2B2x2wn

� 4aa23i�he
3B3 np

a

� �
x3 cot

np
a
z

� �
wn � aa23e

4B4x4wn

þ aa2�h
2k2y a1�h

2 lp
b

� 	2

þ a2�h
2k2y þ a3�h

2 np
a

� �2" #
wn

þ aa2a3�h
2e2B2k2y x

2wn þ 2aa2a3i�h3k2y eB
np
a

� �
x cot

np
a
z

� �
wn

� aa02�h
2k2y a1�h

2 lp
b

� 	2

þ a2�h
2k2y þ a3�h

2 np
a

� �2" #
wn � aa02a3�h

2k2y e
2B2x2wn

� 2aa02a3i�h
3k2y eB

np
a

� �
x cot

np
a
z

� �
wn þ aa2a

0
2�h

4k4ywn

The averages are calculated as follow:
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The DR in this case is given by
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and x4
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l2p2 þ 3b4
2l4p4

� �
.

The EEM and the DOS function can be calculated from (1.147) and are left for
the readers to enjoy the same.

1.2.9 The DR in Quantum Dot of HD IV–VI
Semiconductors in the Presence of Magnetic Field

(a) Cohen Model
The Total Hamiltonian be

Ĥ ¼ a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2

� a a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #2

þ aa2 �i�h
@

@y

� 	2

a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #

� aa02 �i�h
@

@y

� 	2

a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #

þ aa2a
0
2 �i�h

@

@y

� 	4

ð1:148Þ
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Considering non-parabolicity and magnetic field as perturbed, the unperturbed
wave equation is

Ĥ0w0 ¼ E0w0 ð1:149Þ

From (1.149) we can write

�a1�h
2 @

2w0

@x2
� a2�h

2 @
2w0

@y2
� a3�h

2 @
2w0

@z2
¼ E0w0

So that

E0 ¼ Eð0Þ
nlr ¼ �h2

2m1

lp
b

� 	2

þ �h2

2m2

rp
c

� �2
þ �h2

2m3

np
a

� �2
ð1:150Þ

w0 ¼ wð0Þ
nlr ¼ wn ¼

ffiffiffiffiffiffiffi
8
abc

r
sin

lp
b
x

� 	
sin

rp
c
y

� �
sin

np
a
z

� �
ð1:151Þ

Considering the perturbing effect, the total Hamiltonian can be written as

Ĥ ¼ Ĥ0 þ Ĥ0 ¼ � a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

� a �a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2

þ aa2 ��h2
@2

@y2

� 	
�a1�h

2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

� aa02 ��h2
@2

@y2

� 	
�a1�h

2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

þ aa2a
0
2 �h4

@4

@y4

� 	

ð1:152Þ

Now

�a1�h
2 @2

@x2

� 	
� a2�h

2 @2

@y2

� 	
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �
wn

¼ a1�h
2 lp

b

� 	2

wn þ a2�h
2 rp

c

� �2
wn þ a3�h

2 np
a

� �2
wn

þ a3e
2B2x2wn þ 2a3i�heBx

np
a

� �
cot

np
a
z

� �
wn

ð1:153Þ
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�a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2
wn

¼ ½a41�h4
lp
b

� 	4

wn þ a1a2�h
4 lp

b

� 	2 rp
c

� �2
wn þ a1a3�h

4 lp
b

� 	2 np
a

� �2
wn

þ a1a3�h2
lp
b

� 	2

e2B2x2wn � 2a1a3�h2e2B2wn

þ 2a1a3i�h3eBx
lp
b

� 	2 np
a

� �
cot

np
a
z

� �
wn

þ a2a1�h
4 lp

b

� 	2 rp
c

� �2
wn þ a22�h

4 rp
c

� �4
þ a2a3�h

4 np
a

� �2 rp
c

� �2
þ a2a3e

2B2x2�h2
rp
c

� �2
wn þ 2a2a3i�h3eB

rp
c

� �2 np
a

� �2
cot

np
a
z

� �

þ a3a1�h
4 lp

b

� 	2 np
a

� �2
wn þ a3a2�h

4 rp
c

� �2 np
a

� �2
wn

þ a23�h
4 np

a

� �4
wn þ a23�h

2 np
a

� �2
e2B2x2wn

þ 2a23i�h
3eB

np
a

� �3
x cot

np
a
z

� �
wn

þ a3a1�h
2 lp

b

� 	2

þ a3a2�h
2 rp

c

� �2
þ a23�h

2 np
a

� �2" #
e2B2x2wn

þ a23e
4B4x4wn þ 2a23i�he

3B3x3
np
a

� �
cot

np
a
z

� �
wn

þ 2a3i�heB a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #
np
a

� �
x cot

np
a
z

� �
wn

þ 2a23i�he
3B3x3

np
a

� �
cot

np
a
z

� �
wn þ 4a23�h

2e2B2 np
a

� �2
wn

¼ a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2
wn � 2a1a3�h2e2B2wn

þ 4a3i�heB a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #
:
np
a

� �
x cot

np
a
z

� �
wn

þ 2a1a3�h2
lp
b

� 	2

þ 2a2a3�h2
rp
c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2x2wn

þ 4a23i�he
3B3 np

a

� �
x3cot

np
a
z

� �
wn þ a23e

4B4x4wn
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Again

aa2a
0
2�h

4 @4

@y4
wn ¼ aa2a

0
2�h

4 rp
c

� �2
wn ð1:154Þ

��h2
@2

@y2

� 	
�a1�h

2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

¼ �h2
rp
c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #
þ a3�h

2 rp
c

� �2
e2B2x2wn

þ 2a3i�h3
rp
c

� �2 np
a

� �
eBx cot

np
a
z

� �
wn

So

Ĥwnlr ¼ Ĥ0wnlr þ Ĥ0wnlr ð1:155Þ

or; Ĥwnlr ¼ a1�h
2 lp

b

� 	2

wn þ a2�h
2 rp

c

� �2
wn þ a3�h

2 np
a

� �2
wn þ a3e

2B2x2wn

þ 2a3i
np
a

� �
x cot

np
a
z

� �
wn

� a a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2
wn

þ 2aa1a3�h2e2B2wn � 43i�heB a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2"

þ a3�h
2 np

a

� �2� np
a

� �
x cot

np
a
z

� �
wn

� a 2a1a3�h2
lp
b

� 	2

þ 2a2a3�h2
rp
c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2x2wn

� 423i�he
3B3 np

a

� �
x3 cot

np
a
z

� �
wn � 2

3 e
4B4x4wn þ aa2�h

2 rp
c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #
wn

þ 2 a3�h
2e2B2 rp

c

� �2
x2wn þ 2aa2a3i�h3

rp
c

� �2 np
a

� �
eBx cot

np
a
z

� �
wn

� aa02�h
2 rp

c

� �2
a1�h

2� lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2�
wn � aa02a3�h

2 rp
c

� �2
e2B2x2wn

� 2aa02a3i�h
3 rp

c

� �2
eB

np
a

� �
x cot

np
a
z

� �
wn þ aa2a

0
2�h

4 rp
c

� �4
wn

Applying first order perturbation
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x cot
np
a
z

� �D E
¼ 0; x3cot

np
a
z

� �D E
¼ 0; x2

� � ¼ 2
b

Zb
0

x2 sin2
lp
b

� 	
xdx ¼ b2

3
� b2

2l2p2

� 	

x4
� � ¼ 2

b

Zb
0

x4 sin2
lp
b
x

� 	
dx ¼ b4

5
� b4

l2p2
þ 3b4

2l4p4

� 	

The DR in this case is given by

c3ðE; ggÞ ¼ a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #

� a a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2

þ aa2�h
2 rp

c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #

� aa02�h
2 rp

c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #

þ aa2a
0
2�h

4 rp
c

� �2
þ a3e

2B2 x2
� � þ 2aa1a3�h2e2B2

� a 2a1a3�h2
lp
b

� 	2

þ a2a3�h
2 rp

c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2 x2

� �

� aa02a3�h
2 rp

c

� �2
e2B2 x2

� � � aa23e
4B4 x4
� �

ð1:156aÞ

where x2
� � ¼ b2

3 � b2
2l2p2

� �
and x4

� � ¼ b4
5 � b4

l2p2 þ 3b4
2l4p4

� �
.

The DOS function in this case is given by

N Eð Þ ¼ 2gv
dxdydz

Xnmax

n ¼ 0

Xlmax

l ¼ 0

Xrmax

r ¼ 0

d0 E � E19;11

 � ð1:156bÞ

where E19;11 is the totally quantized energy in this case.

(b) McClure and Choi Model

In presence of ~B and considering non-parabolicity the total Hamiltonian can be
written as
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Ĥ ¼ a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2

� a a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #2

þ aa2a02 �i�h
@

@y

� 	4

aa2a0 �i�h
@

@y

� 	2

� a1 �i�h
@

@x

� 	2

þ a2 �i�h
@

@y

� 	2

þ a3 �i�h
@

@z
� eBx

� 	2
" #

� aa1a2 �i�h
@

@x

� 	2

�i�h
@

@y

� 	2

� aa2a3 �i�h
@

@y

� 	2

� �i�h
@

@z
� eBx

� �2
ð1:157Þ

Considering non-parabolicity and magnetic field as perturbed quantities, the
unperturbed wave equation is

Ĥ0w0 ¼ E0w0 ð1:158Þ

Or,

�a1�h
2 @

2w0

@x2
� a2�h

2 @
2w0

@y2
� a3�h

2 @
2w0

@z2
¼ E0w0 ð1:159Þ

So that

E0 ¼ Eð0Þ
nlr ¼ �h2

2m1

lp
b

� 	2

þ �h2

2m2

rp
c

� �2
þ �h2

2m3

np
a

� �2 ð1:160Þ

w0 ¼ wð0Þ
nlr ¼

ffiffiffiffiffiffiffi
8
abc

r
sin

lp
b
x

� 	
sin

rp
c
y

� �
sin

np
a
z

� �
ð1:161Þ

Including perturbing effect, the total Hamiltonian assumes the form

Ĥ ¼ Ĥ0 þ Ĥ 0 ¼ � a1�h
2 @2

@x2
� a2�h

2 @2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

� a �a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �2
þ aa2a02 ��h4

@4

@y4

� 	

þ aa2a0 ��h2
@2

@y2

� 	
�a1�h2

@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �

� aa1a2�h4
@2

@x2

� 	
@2

@y2

� 	
� aa2a3 �h2

@2

@y2

� 	
��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	

ð1:162Þ
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Now �a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �
w0

¼ a1�h2
lp
b

� 	2

w0 þ a2�h2
rp
c

� �2
w0 þ a3�h2

np
a

� �2
w0

þ a3e2B2x2w0 þ 2a3i�heBx
np
a

� �
cot

np
a

� �
w0 ð1:163Þ

�a1�h2
@2

@x2
� a2�h2

@2

@y2
þ a3 ��h2

@2

@z2
þ e2B2x2 þ 2i�heBx

@

@z

� 	� �
w0

¼ a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2
w0 � 2a1a3�h2e2B2w0

þ 4a3i a1�h2
lp
b

� 	2

þ a2�h2
rp
c

� �2
þ a3�h2

np
a

� �2" #

np
a

� �
x cot

np
a
z

� �
w0 þ 2a1a3�h2

lp
b

� 	2

þ 2a2a3�h2
rp
c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2x2w0

þ 4a23i�he
3B3 np

a

� �
x3 cot

np
a
z

� �
w0 þ a23e

4B4x4w0

þ aa2a02�h
4 @4

@y4
½w0� ¼ aa2a02�h

4 rp
c

� �4
w0 ð1:164Þ

So

Ĥw0
nlr ¼ Ĥ0w

0
nlr þ Ĥ0w0

nlr ð1:165Þ

Ĥw0
nlr ¼ a1�h

2 lp
b

� 	2

w0 þ a2�h
2 rp

c

� �2
w0 þ a3�h

2 np
a

� �2
w0

þ a3e
2B2x2w0 þ 2a3i�heB

np
a

� �
x cot

np
a
z

� �
w0

� a a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2
w0

þ 2aa1a3�h2e2B2w0 � 4aa3i�heB a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2"

þ a3�h
2 np

a

� �2� np
a

� �
x cot

np
a
z

� �
w0

� a 2a1a3�h2
lp
b

� 	2

þ 2a2a3�h2
rp
c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2x2w0
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� 4aa23i�he
3B3 np

a

� �
x3cot

np
a
z

� �
w0 � aa23e

4B4x4w0

þ aa2a
0
2�h

4 rp
c

� �4
w0 þ aa2a0�h

2 rp
c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #
w0

þ aa2a0a3�h
2 rp

c

� �2
e2B2x2w0 þ 2aa2a0a3i�h3

rp
c

� �2
eBx cot

np
a
z

� �
w0 � aa1a2�h

4 rp
c

� �2 lp
b

� 	2

w0

� aa2a3�h
4 rp

c

� � np
a

� �2
w0 � aa2a3�h

2 rp
c

� �
e2B2x2w0

� 2aa2a3i�h3
rp
c

� �2 np
a

� �
eBx cot

np
a
z

� �
w0 ð1:166Þ

Applying first order perturbation

x cot
np
a
z

� �D E
¼ 0; x3 cot

np
a
z

� �D E
¼ 0; x2

� � ¼ 2
b

Zb
0

x2 sin2
lp
b
x

� 	
dx ¼ b2

3
� b2

2l2p2

� 	

x4
� � ¼ 2

b

Zb
0

x4 sin2
lp
b
x

� 	
dx ¼ b4

5
� b4

l2p2
þ 3b4

2l4p4

� 	

Therefore the electron energy spectrum up to the first-order can be written as

E ¼ Eð0Þ
nlr þ Eð1Þ

nlr

E ¼ a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #

� a a1�h
2 lp

b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #2
þ aa2a

0
2�h

4 rp
c

� �4

þ aa2a0�h
2 rp

c

� �2
a1�h

2 lp
b

� 	2

þ a2�h
2 rp

c

� �2
þ a3�h

2 np
a

� �2" #

� aa1a2�h
4 lp

b

� 	2 rp
c

� �2
� aa2a3�h

4 rp
c

� �2 np
a

� �2
þ a3e

2B2 x2
� � þ 2aa1a3�h2e2B2 � aa23e

4B4 x4
� �

� a 2a1a3�h2
lp
b

� 	2

þ 2a2a3�h2
rp
c

� �2
þ 6a23�h

2 np
a

� �2" #
e2B2 x2

� �

þ aa2a0a3�h
2 rp

c

� �2
e2B2 x2

� � � aa2a3�h
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Now a2a0 ¼ a2 � a02

 �

.
Therefore the DR in this case is given by
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ð1:168aÞ

The DOS function in this case is given by

N Eð Þ ¼ 2gv
dxdydz

Xnmax

n ¼ 0

Xlmax

l ¼ 0

Xrmax

r ¼ 0

d0 E � E19;14

 � ð1:168bÞ

where E19;14 is the totally quantized energy in this case.

1.2.10 The DR in Cylindrical Quantum Dot of HD III–V
Semiconductors in the Presence of Crossed Electric
and Magnetic Fields

In the presence of an external magnetic field, B, and an external electric field (E0)
along the z-direction, the Schrodinger equation becomes

ðp � eAÞ2
2mc

w � a
ðp � eAÞ2

2mc

 !2

W � eE0z ¼ Ew ð1:169Þ

For a cylindrical quantum dot, the above equation has to be solved for the
following boundary conditions:
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W ¼ 0 at q ¼ a and at z ¼ 0 and d

Using ðq;u; zÞ as the cylindrical co-ordinates of the system, and a and d are the
radius and the width of the cylindrical QD, respectively.

Assuming that the magnetic field is perpendicular to the z-direction, one may
choose the vector potential components as Aq ¼ Au ¼ 0; and Az ¼
Bq sinu; and consequently the Eq. (1.169) may further be expressed as

� �h2

2mc

1
q
@

@q
q
@W
@q

� 	
þ 1

q2
@2W
@u2

þ @2W
@z2

� 

þ ie�hB
mc

q sinu
@W
@z

þ e2B2

2m� q
2 sin2 uW � eE0zW

� � �h2

2mc

1
q
@

@q
q
@W
@q

� 	
þ 1

q2
@2

@u2
þ @2

@z2

� 
þ ie�hB

mc
q sinu

@

@z
þ e2B2

2m� q
2 sin2 u

� �2
W

¼ EW

ð1:170Þ

The Eq. (1.170) can be written as

ðĤa � eE0zÞW þ Ĥb � aðĤa þ ĤbÞ2
n o

W ¼ EW ð1:171Þ

where

Ĥa ¼ � �h2

2mc

1
q
@

@q
q
@

@q

� 	
þ 1

q2
@2

@u2 þ @2

@z2

� 

and Ĥb 
 ie�hB
mc

q sinu
@

@z
þ e2B2

2mc
q2 sin2 u

Assuming that the effect of the magnetic field and of the band non-parabolicity is
to perturb the system slightly in the presence of the electric field, we can break up
the effective Hamiltonian into two parts:

(i) The unperturbed Hamiltonian ðĤa � eE0zÞ
(ii) The perturbing Hamiltonian ½Ĥb � aðĤa þ ĤbÞ2�

The unperturbed wave function ðW0Þ can be obtained from the eigen value
equation as

ðĤa � eE0zÞW0 ¼ E0W0 ð1:172Þ

where E0 is the unperturbed eigen value. Substituting the values of Ĥa into (1.172)
and usingW0 ¼ RðqÞ/ðuÞZðzÞ for applying the method of separation of variables,
we get
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� �h2

2mc

1
qR

@

@q
q
@R
@q

� 	
þ 1

q2/
@2/
@u2 þ 1

Z
@2Z
@z2

� 
� eE0z ¼ E0 ð1:173Þ

As the terms depending on z are not functions of q and u, the z-dependent terms
can be equated to a constant, say, Ezn. So, the z-dependent equation becomes

@2Z
@z2

þ 2mceE0

�h2
z þ Ezn

eE0

� 	
Z ¼ 0 ð1:174Þ

With the boundary conditions Z ¼ 0 at z ¼ 0 and d. Making the substitution

n ¼ 2mceE0

�h2

� 	1=3

z þ Ezn

eE0

� 	

in the above equation, we can write

@2Z

@n2
þ nZ ¼ 0 ð1:175Þ

with the boundary conditions Z ¼ 0 at for n1 � n� n2 where

n1 ¼ 2mceE0

�h2

� 	1=3Ezn

eE0 and n2 ¼ 2mceE0

�h2

� 	1=3

d þ Ezn

eE0

� 	
ð1:176Þ

The general solution of (1.175) is given by

Z ¼ CAið�nÞ þ DBið�nÞ ð1:177Þ

where C and D are constants and Aið�nÞ and Bið�nÞ are Airy function. The
condition to be satisfied for the non-trivial solutions of Z can be shown to be

Aið�n2ÞBið�n1Þ � Aið�n1ÞBið�n2Þ ¼ 0 ð1:178Þ

For appropriate combinations of n1 and n2, (1.178) can be solved numerically.
Then using the relations given by Eq. (1.176), one can get Ezn, which is the energy
eigen value of an electron inside the sample in the presence of the electric field,
considering the motion along the direction of the electric field only. As Ezn takes
only some discrete values, a suffix n has to be used to denote the quantum number
on which the energy Ezn depends.

Using the appropriate expressions for Aið�gÞ and Bið�gÞ for large arguments,
the condition can be reduced to the form
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n3=22 � n3=21 ¼ 3
2
np

here n ¼ 1; 2; 3; . . .. . .:: This equation can be solved for n1 and n2 to get Ezn.
From (1.173) and (1.174), it can be shown that the u� dependent equation is

given by

� 1
/
@2/
@u2 ¼ m2 ð1:179Þ

which gives

/ ¼ C/e� imu ð1:180Þ

where m is a positive integer including zero, Cu, being a constant determined by the
normalization condition.

Proceeding in the same manner, we can write the radial part of (1.173) as

q2
@2R
@q2

þ q
@R
@q

þ ðk2q2 � m2ÞR ¼ 0 ð1:181Þ

where

k2 ¼ 2mcðE0 � EznÞ
�h2

ð1:182Þ

This leads to the solution for R as

R ¼ CqJmðkqÞ

where JmðkqÞ is the Bessel function of the first kind and order m, Cq being a
constant obtained by the normalization of the radial wave function R. The boundary
condition to be imposed or R is R ¼ 0 at q ¼ a. This gives k ¼ aml=a, where
aml is the l-th zero of the m-th-order Bessel function. Hence, we can write

R ¼ CqJm
aml
a

q
� �

ð1:183Þ

Thus, w0 can be obtained using (1.177), (1.180) and (1.183) in the expression for
w0 mentioned earlier. Putting k ¼ aml=a into (1.182), the unperturbed energy
eigen value may be shown to be given by

E0 ¼ �h2

2mc

aml
a

� �2
þ Ezn ð1:184Þ

We can denote E0 by Elmn, as E0 depends on the quantum number l, m and n.
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To calculate the influence of the perturbing Hamiltonian, we first split it into two
parts:

(i) Ĥa and
(ii) �aðĤa þ ĤbÞ2 ¼ aĤ2

ab; where Ĥab ¼ ðĤa þ ĤbÞ.
We shall use only corrections arising from the first-order perturbation. The

first-order correction due to Ĥb is Hbss, where the suffix ss means that both w�
0 and

w0 correspond to the same s-state of the electron. It can be shown that

Hbss ¼ 1
2
e2B2

2mc
q2
� � ð1:185Þ

where q2
� �

is the expectation value of q2, given by

q2
� � ¼

R a
0 q

3R2dqR a
0 qR

2dq
ð1:186Þ

Similarly, the first-order correction due to �aĤ2
ab is Habss where

Habss ¼ � a

R
v w

�
0sĤ

2
abwosdVR

v w
�
0swosdV

Using the values of Ĥab and (1.171), where necessary, we can write

Habss ¼ I1 þ I2 þ I3 þ I4 þ I5 þ I6 ð1:187Þ

where I1; . . .; I6 represent separate integral terms as given below,

I1 ¼ � aE0

R
V w

�
0sĤawosdVR

V w
�
0swosdV

; I2 ¼ � a

R
V w

�
0sĤaeE0zwosdVR
V w

�
0swosdV

;

I3 ¼ � a

R
V w

�
0sĤaĤbwosdVR
V w

�
0swosdV

;

I4 ¼ � a

R
V E0w

�
0sĤbwosdVR

V w
�
0swosdV

; I5 ¼ � a

R
V w

�
0sĤbeE0zwosdVR
V w

�
0swosdV

and

I6 ¼ � a

R
V w

�
0sĤbĤbwosdVR
V w

�
0swosdV
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Using the expression for the wave function wos; I1; . . .; I6 can be evaluated to be
given by

I1 ¼ � a½E2
0 þ E0eE zh i�

I2 ¼ � a eE0 zh iE0 þ e2E02 z2
� �� �

I3 ¼ � a
�h2

2mc
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� �21
2
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� � þ 1

2
e2B2

2mc
q2
� �ðEzn þ eE0 zh iÞ

� �
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1
2
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2m� q2
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E0
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1
2
e2B2

2mc
q2
� �

eE0 zh i

I6 ¼ � a 4
1
2
e2B2
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q2
� �ðEzn þ eE0 zh iÞ þ 3

2
1
2
e2B2

2mc

� 	
q4
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zh i; z2
� �

and q4
� �

being the expectation values of z; z2 and q4 respectively, and
may easily be evaluated using the expression for wos: For example, q4

� �
may be

obtained in a similar manner as shown in (1.186). For the z-dependent function f ðzÞ,
one may write

f ðzÞh i ¼
R d
0 z2f ðzÞdzR d

0 z2dz
ð1:188Þ

Now, inserting the values of I1; . . .; I6 we can write, after some tedious algebraic
manipulations,

Habss ¼ �a E0 þ 1
2
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2mc
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�
ð1:189Þ

The energy ðE0
lmnÞ after the first-order correction is, therefore, given by

E0
lmn ¼ Elmn þ 1
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2mc
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#

ð1:190Þ

The equation (1.190) was derived for the first time by the group of A.N. Chakravarti
et.al. [174]
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The DR in cylindrical QD of HD III–V semiconductors in the presence of
crossed electric and magnetic fields can be written as

c3ðE; ggÞ ¼ Elmn þ 1
2
e2B2

2mc
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� � � Elmn þ 1
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2mc
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�

ð1:191Þ

The DOS function in this case is given by

NðEÞ ¼ 2gv
dxdydz

Xnmax

n ¼ 0

Xlmax

l ¼ 0

Xrmax

r ¼ 0

d0 E � E19;15

 � ð1:191aÞ

where E19;15 is the totally quantized energy in this case.

1.2.11 The DR in Quantum Wells of HD III–V
Semiconductors in the Presence of Arbitrarily
Oriented Magnetic Field

In this case the total Hamiltonian ðĤÞ can be written as

Ĥ ¼ a0ð�i�h ~r þ e~AÞ � b0ð�i�h ~r þ e~AÞ4 ð1:192Þ

In which a0 ¼ 1
2mc

; b0 ¼ aða0Þ2; a ¼ 1
Eg
;~A ¼ ~izBy þ ~jxBz þ ~kyBx;~B ¼

~iBx þ ~jBy þ ~kBz;Bx ¼ B sin h cos/; By ¼ B sin h sin/, Bz ¼ B cos h, ðB; h;/Þ
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and ð~i;~j;~kÞ are orthogonal triads.
From (1.192) we can write
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The unperturbed wave function and energy Eigen values in this case assume the
forms

un ¼ w0
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Now
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Therefore (1.197) assumes the form
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Therefore
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1w

0
n þ ð�hky þ 2xeBzÞ �2i�he2B2

xyuu � 2�h2
np
a

� �
eBxcot

np
a
z

� �
uu

h i
� 2�h3ky

np
a

� �
eBxcot

np
a
z

� �
uu � 2�h2e2B2

xuu � 2i�h2kye2B2
xyuu

ð1:203Þ

T ¼ �i�h
@

@z
þ eyBx

� 	
�i�h

np
a

� �
cot

np
a
z

� �
Ĥ2
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Ĥ2

1w
0
n � 2i�h

np
a

� �2�

eyBxð�unÞ þ 2ð�hx þ eByzÞeByun
� þ 2�h2

np
a

� �2
eyBxð�i�hÞ np

a

� �
cot

np
a
z

� �
un

� 2i�he2B2
yzð�i�hÞ np

a

� �
cot

np
a
z

� �
un � 2i�he2B2

yð�i�hÞun
� 2i�h2kxeByð�i�hÞ np

a

� �
cot

np
a
z

� �
un

þ eyBxð�i�hÞ np
a

� �
cot

np
a
z

� �
Ĥ2
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1w

0
n � 2�h3ky

np
a

� �
eBxcot

np
a
z

� �
un

� 2�h2e2B2
xun � 2i�h2kye2B2

xyun � 2i�h2kye2B2
xyun

� 2�h3ky
np
a

� �
eBxcot

np
a
z

� �
un � 4i�he3xyB2

xBzun

� 4�h2
np
a

� �
e2xBxBzcot

np
a
z

� �
un ð1:206Þ

1.2 Theoretical Background 77



T ¼ � �h
np
a

� �2
cot2

np
a
z

� �
Ĥ2
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So the first order perturbation to the energy is
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Besides various averages are written below:
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The electron energy spectrum in HD QWs of III–V semiconductors in the
presence of an arbitrarily oriented quantizing magnetic field B can be written as
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Under the condition a ! 0, (1.218) get simplified as
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Using the method of successive approximation from (1.218) and (1.219) we can

write
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(1.220) can be written as

½b1 � aa21 þ aa8a1 � aa6�k2x þ ½b2 � aa22 þ aa13a2 � aa11�k2y
þ ½a1 � aða5 þ a15 þ a17Þ � aa8ðc3ðE; ggÞ � a3Þ
þ aa1ða7 þ a9 þ a12Þ þ 2aa1ðc3ðE; ggÞ � a3Þ�kx
þ ½a2 � aða10 þ a14 þ a18Þ � aa13ðc3ðE; ggÞ � a3Þ
þ aða7 þ a9 þ a12Þa2 þ 2aa2ðc3ðE; ggÞ � a3Þ�ky
þ aða13a1 þ a8a2 � 2a1a2 � a16Þkxky
þ ½b3 � ðc3ðE; ggÞ � aðc3ðE; gg � a3Þ2
� aða7 þ a9 þ a12Þðc3ðE; gg � a3Þ þ a3 þ aa4� ¼ 0 ð1:221Þ

(1.221) can be expressed as

P1k
2
x þ Q1k

2
y þ kxky þ P2kx þ Q2ky þ c ¼ 0 ð1:222Þ

where
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P1 ¼ ½b1 � aa21 þ aa8a1 � aa6� Q1 ¼ ½b2 � aa22 þ aa13a2 � aa11�
P2 ¼ ½a1 � aða5 þ a15 þ a17Þ � aa8ðc3ðE; gg � a3Þ þ aa1ða7 þ a9 þ a12Þ

þ 2aa1ðc3ðE; ggÞ � a3Þ�
Q2 ¼ ½a2 � aða10 þ a14 þ a18Þ � aa13ðc3ðE; ggÞ � a3Þ þ aða7 þ a9 þ a12Þa2

þ 2aa2ðc3ðE; ggÞ � a3Þ�
c ¼ ½b3 � ðc3ðE; ggÞ � aðc3ðE; ggÞ � a3Þ2 � aða7 þ a9 þ a12Þ
ðc3ðE; ggÞ � a3Þ þ a3 þ 4� ¼ 0

Let us substitute kx ¼ k0x þ a1; ky ¼ k0y þ b1 where

a1 ¼ RQ2 � 2Q1P2

R2 � 4Q1P1
; b1 ¼ 2P1Q2 � RP2

R2 � 4Q1P1

(1.222) can be expressed as

Ak02x þ Bk02y þ 2Hk0xk
0
y ¼ 1 ð1:223Þ

where

A ¼ P1

C1
; B ¼ Q1

C1
; 2H ¼ R

C1
and C1

¼ C � P1a
2
1 � Q1b

2
1 þ Ra1b1 þ P2a1 � Q2b1

The area of the ellipse is given by

A19 ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AB � H2

p ð1:224Þ

The EEM can be written as

m�ðE; n;Bx;By;BzÞ ¼ �h2

2p
A0
19 ð1:225Þ

The DOS function in this case is given by

NðEÞ ¼ 2gv
dxdydz

Xnmax

n ¼ 0

Xlmax

l ¼ 0

Xrmax

r ¼ 0

d0ðE � E19;16Þ ð1:226Þ

where E19; 16 is the totally quantized energy in this case.

c ¼ 0 ð1:227Þ
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1.3 Results and Discussion

The DR in QWs of HD III–V semiconductors in the presence of magnetic field is
given by (1.32). The EEM and DOS function for (1.32) can be expressed through
(1.34) and (1.35) respectively. It appears that magnetic field makes the mass
quantum number dependent. The DR in NWs of HD III–V Semiconductors in the
presence of magnetic field is given by (1.56b) and the EEM and DOS function in
this context are expressed through (1.56c) and (1.56d) respectively. The DR and
DOS function for QDs of HD III–V semiconductors in the presence of magnetic
field are given by (1.70a) and (1.70b) respectively. The DR in QWsof HD III–V
semiconductors in the presence of cross fields is given by (1.77). The DR in NWs of
HD III–V Semiconductors in the presence of the electric field E0 is along z direction
and the crossed magnetic field B is along y direction has been investigated in (1.78)
where as the DR in the present case for the electric field E0 is along x direction and
the crossed magnetic field B is along y direction is given by (1.81). The DR and the
DOS function in QDs of HD III–V Semiconductors in the presence of the electric
field E0 is along z direction and the crossed magnetic field B is along y direction are
given through (1.82a) and (1.82b) respectively, where as for the electric field E0 is
along x direction and the crossed magnetic field B is along y direction the DR and
the DOS function in this case are explored through (1.83a) and (1.83b) respectively.
The DR, EEM and the DOS function for QWs of HD IV–VI semiconductors in the
presence of magnetic field in accordance with Cohen model can be expressed
through (1.99), (1.113) and (1.114) respectively, where as the DR in accordance
with the model of McClure and Choi in this case is given by (1.127). The DR in
NWs of HD IV–VI semiconductors in the presence of magnetic field in accordance
with the model of McClure and Choi is given by (1.138), whereas the same in
accordance with Cohen model can be expressed through (1.147). The DR and the
DOS function for QDs of HD IV–VI semiconductors in the presence of magnetic
field in accordance with Cohen model can be expressed through (1.156a) and
(1.156b), where as the said quantities in accordance with the model of McClure and
Choi in the present case are given by (1.168a) and (1.168b) respectively. The DR
and the DOS function for Cylindrical QDs of HD III–V semiconductors in the
presence of crossed electric and magnetic fields are expressed through (1.191) and
(1.191a) respectively. The DR, EEM and the DOS function for QWsof HD III–V
semiconductors in the presence of arbitrarily oriented magnetic field are given by
(1.222), (1.225) and (1.226) respectively.

Using the values of the energy band constants as given in Table 1.1, we have
ploted in Fig. 1.1 the zero point energy in QWs of (a) InSb, (b) n-In1-xAsxGayP1-y
lattice matched InP and (c) Hg1�xCdxTe as a function of magnetic field. It appears
that the zero point energy increases with increasing magnetic field were the
numerical values are totally energy band constant dependent. For InSb the values is
the greatest were us Hg1�xCdxTe the values of the zero point energy are the least.
The values of the zero point energy for QWs of quaternary materials are in between
that of InSb and Hg1�xCdxTe. The Fig. 1.2 exhibits the zero point energy as a
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Fig. 1.1 The plot of the zero point energy in QWs of III–V materials (a) InSb, (b) n-In1
−xAsxGayP1−y lattice matched InP and (c) Hg1�xCdxTe as a function of magnetic field

Fig. 1.2 Plot of the zero point energy as a function of film thickness in QWs of IV–VI materials in
accordance with (a) PbS (using Cohen model), (b) PbTe (using MeClure and Choi model) and
(c) PbSe (using Lax model)
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function of film thickness in QWs of IV–VI materials in accordance with (a) PbS
(using Cohen model), (b) PbTe (using MeClure and Choi model) and (c) PbSe
(using Lax model). It appears that as film thickness increases, the zero point energy
decreases for all the models of QWs of IV–VI materials. The Fig. 1.3 contains the
plots of the zero point energy as a function of film thickness in NWs of IV–VI
materials in accordance with (a) PbS (using Cohen model), (b) PbTe (using
MeClure and Choi model) and (c) PbSe (using Lax model). The dashed plot shows
the same in NWs for Pb1-xSnxTe in accordance with Meclure and Choi model.It
appears that as film thickness increases, the zero point energy decreases for all the
models of NWs of IV–VI materials although the rates of change are rather different
as compared with the corresponding zero point energy in QWs of IV–VI materials
in the presence of magnetic field.

In Fig. 1.4 we have plotted of the zero point energy as a function of magnetic
field in NWs of IV–VI materials in accordance with (a) PbS (using Cohen model),
(b) PbTe (using MeClure and Choi model) and (c) PbSe (using Lax model)
respectively. It appears that the zero point energy increases with increasing mag-
netic field where the numerical values are totally band structure dependent.In

Fig. 1.3 Plot of the zero point energy as a function of film thickness in NWs of IV–VI materials in
accordance with (a) PbS (using Cohen model), (b) PbTe (usingMeClure and Choi model) and
(c) PbSe (using Lax model). The dashed plot shows the same in NWsfor Pb1−xSnxTe in
accordance with Meclure and Choi model
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Fig. 1.5 we have plotted the zero point energy as a function of magnetic field in QD
of IV–VI materials in accordance with (a) Cohen model (taking n-PbS as an
example of IV–VI semiconductors), (b) MeClure and Choi model (for PbTe) and
(c) Lax model(for PbSe). It appears that the influences of energy band models on
the zero point energy are prominent. The zero point energy increases with
increasing magnetic field in all the cases but the numerical magnitude is the greatest
in accordance with Cohen model although for small values of magnetic field, the
zero point energy is invariant with respect to magnetic field for QD of n-PbS in
accordance with Cohen model and least for QD of PbSe in accordance with Lax
model where the variation is largest. For McClure and Choi model, QD of PbTe
exhibits the numerical values of zero point energy which falls in between Cohen
model and Lax model.

Fig. 1.4 Plot of the zero point energy as a function of magnetic field in NWs of IV–VI materialsin
accordance with (a) PbS (using Cohen model), (b) PbTe (using MeClure and Choi model) and
(c) PbSe (using Lax model)
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In Fig. 1.6 we have plotted the energy eigenvalue corresponding to the lowest
quantum state ðE0

101Þ in cylindrical quantum dot of n-GaAs (assuming parabolic
energy bands) in the presence of cross electric and quantizing magnetic fields as a
function of width of the dot for three different combinations of the electric fields
and magnetic fields (a) E0 ¼ 0, B = 3T; (b) 40 kV/m, 3T; and (c) 40 kV/m, B = 0.
The radius of the dot is 20 nm. The dashed curve corresponds to the absence of any
field. Figure 1.6 shows that the lowest quantized energy level is lowered for larger
values of the thickness (d) of the cylindrical quantum dot. If the electric field is
increased, the rate of decrease of the energy level at a particular thickness increases
whereas larger magnetic fields do not change the rate but change the value of the
energy ðE0

101Þ. The Fig. 1.7 exhibits the plots of the energy eigenvalue corre-
sponding to the lowest quantum state ðE0

101Þ in the presence of cross electric and
quantizing magnetic fields in cylindrical quantum dot of (a) InSb, (b) GaAs and
(c) Hg1�xCdxTe as a function of electric field. As the electric field is increased, the
energy ðE0

101Þ decreases with the rate of decrease being higher at larger values of the
electric field. However, the lowest energy level is shifted at a rapid rate at higher
values of the magnetic field.

Fig. 1.5 Plot of the zero point energy as a function of magnetic field in Quantum Dot of IV–VI
materials in accordance with (a) PbS (using Cohen model), (b) PbTe (using MeClure and Choi
model) and (c) PbSe (using Lax model)
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In Fig. 1.8 we have plotted of the energy eigenvalue corresponding to the lowest
quantum state ðE0

101Þ in the presence of cross electric and quantizing magnetic fields
in cylindrical quantum dot of a (a) n-Hg1−xCdxTe, (b) Gallium Aluminum Arsenide
respectively as a function of the radius of the dot. The upper dotted and lower
dotted curves are valid for n-InSb and n-GaP respectively. The bulk DR obeys the
two band model of Kane. The Fig. 1.8 illustrates the dependence of the energy of
the lowest quantized level on the radius (a) of the dot. In general, the level is shifted
downwards for larger values of the radius. With the application of higher magnetic
fields, the rate of downshifting of the level at a particular radius decreases. The
electric field lowers the lowest quantized state but does not change the rate.

In Fig. 1.9 we have plotted the energy eigenvalue corresponding to the lowest
quantum state ðE0

101Þ in the presence of cross electric and quantizing magnetic fields
in cylindrical quantum dot of a (a) n-Hg1-xCdxTe, (b) Gallium Aluminum Arsenide
respectively as a function of the width of the dot. The upper dotted and lower dotted
curves are valid for n-InSb and n-GaP respectively. It appears that rate of decrease
is also lowered with the increase in the values of d. This figure shows the variation

Fig. 1.6 The plot of the energy eigenvalue corresponding to the lowest quantum state ðE0
101Þ in

cylindrical quantum dot of n-GaAs (assuming parabolic energy bands) in the presence of cross
electric and quantizing magnetic fieldsas a function of width of the dot for three different
combinations of the electric fields and magnetic fields (a) E0 ¼ 0, B = 3T; (b) 40 kV/m, 3T; and
(c) 40 kV/m, B = 0. The radius of the dot is 20 nm. The dashed curve corresponds to the absence
of any field
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of the lowest quantized state with the width of the dot for various III–V quantum
dot materials. The nature of the variation of ðE0

101Þ with d for all the materials
depends on the values of the energy band constants. The Fig. 1.10 explores the zero
point energy as a function of the orientation of the magnetic field in QWs of
(a) InSb, (b) GaAs and (c) Hg1�xCdxTe. The dotted plots correspond to a ¼ 0. The
rate of change of the eigenvalue with the orientation of the magnetic field is larger
when the orientation is near the transverse axis than when it is nearer to the
longitudinal axis. It may be noted that similar computations can alsobe extended for
all types of quantum wells, wires and dots conveniently for investigating the
quantized states beyond the lowest one.

For the purpose of condensation we have plotted very few cases with the hope
that the readers will perform all the computer programming for the purpose of
creating new physics for effective electron mass, sub band energies and other
important transport quantities which are totally DR dependent. The numerical
results presented in this chapter would be different for other materials but the nature
of variation would be unaltered. The theoretical results as given here would be
useful in analyzing various other experimental data related to this phenomenon. We
must note that the study of transport phenomena and the formulation of the elec-
tronic properties of low dimensional field aidedHD compounds are based on the
DRs in such materials. It is worth remarking that this simplified formulation

Fig. 1.7 The plot of the
energy eigenvalue
corresponding to the lowest
quantum state ðE0

101Þ in the
presence of cross electric and
quantizing magnetic fields in
cylindrical quantum dot of
(a) InSb, (b) GaAs and
(c) Hg1�xCdxTe as a function
of electric field
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exhibits the basic qualitative features of the DRs for field assisted low dimensional
materials. The basic objective of this chapter is not solely to demonstrate the
influence of quantum confinement on the DRs for quantum confined HD
non-parabolic materials in the presence of external fields but also to formulate the
appropriate DOS and effective electron mass in the most generalized form, since the
transport and other phenomena in such nano structured materials having different
band structures and the derivation of the expressions of many important electronic
properties are based on the DOS in such compounds. Finally, we can write that the
analysis as presented in this chapter can be used to investigate the Burstein Moss
shift, the carrier contribution to the elastic constants, the specific heat, activity
coefficient, reflection coefficient, Hall coefficient, plasma frequency, various scat-
tering mechanisms and other different transport coefficients of modern HD
non-parabolic quantum confined field aided HDdevices operated under different
external conditions having varying band structures.

Fig. 1.8 The plot of the energy eigenvalue corresponding to the lowest quantum state ðE0
101Þ in

the presence of cross electric and quantizing magnetic fields in cylindrical quantum dot of a
(a) n-Hg1−xCdxTe, (b) Gallium Aluminum Arsenide respectively as a function of the radius of the
dot. The upper dotted and lower dotted curves are valid for n-InSb and n-GaP respectively. The
bulk DR obeys the two band model of Kane
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Fig. 1.9 The plot of the
energy eigenvalue
corresponding to the lowest
quantum state ðE0

101Þ in
thepresence of cross electric
and quantizing magnetic
fields in cylindrical quantum
dot of a (a) n-Hg1−xCdxTe,
(b) Gallium Aluminum
Arsenide respectively as a
function of the width of the
dot. The upper dotted and
lower dotted curves are valid
for n-InSb and n-GaP
respectively

Fig. 1.10 Plot of the zero
point energy as a function of
the orientation of the
magnetic field in QWs of
(a) InSb, (b) GaAs and
(c) Hg1�xCdxTe. The dotted
plots correspond to a ¼ 0
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1.4 Open Research Problems

The problems under these sections of this monograph are by far the most important
part for the readers and few open research problems are presented from this chapter
till end. The numerical values of the energy band constants for various semicon-
ductors are given in Appendix A for the related computer simulations.

(R.1.1) Investigate the DR for the quantum confined HD semiconductors whose
respective DRs of the carriers in the absence of band tails are given below:

(a) The electron dispersion law in n-GaP can be written as [228]

E ¼ �h2k2s
2m�

k
þ �h2k2s

2m�
?
 D

2
� D

2

� 	2

þ P1k
2
z þ D1k

2
x k

2
y

" #1=2
ðR:1:1Þ

where, D ¼ 335 meV, P1 ¼ 2� 10�10 eVm, D1 ¼ P1a1 and
a1 ¼ 5:4� 10�10 m.

(b) The dispersion relation for the conduction electrons for IV–VI semiconductors
can also be described by the models of Cohen [229], McClure and Choi [230],
Bangert et al. [231], Foley et al. [232] and the models of Takaoka et al. [233]
respectively.
(i) In accordance with Cohen [229], the dispersion law of the carriers is given
by

Eð1 þ aEÞ ¼ p2x
2m1

þ p2z
2m3

� aEp2y
2m0

2
þ ap4y

4m2m0
2

 !
þ p2y

2m2
ð1 þ aEÞ

ðR:1:2Þ

where m1, m2 and m3 are the effective carrier masses at the band-edge along x,
y and z directions respectively and m0

2 is the effective- mass tensor component
at the top of the valence band (for electrons) or at the bottom of the conduction
band (for holes).
(ii) The carrier energy spectra can be written, following McClure and Choi
[230] as

Eð1 þ aEÞ ¼ p2x
2m1

þ p2y
2m2

þ p2z
2m3

þ p2y
2m2

aE 1 � m2

m0
2

� 	� 
þ p4ya

4m2m0
2

� ap2xp
2
y

4m1m2
� ap2yp

2
z

4m2m3

ðR:1:3Þ

1.4 Open Research Problems 99



(iv) The carrier energy spectrum of IV–VI semiconductors in accordance with
Foley et al. [232] can be written as

E þ Eg

2
¼ E�ðkÞ þ E þ ðkÞ þ Eg

2

� �2
þ P2

?k
2
s þ P2

kk
2
z

" #1=2
ðR:1:4Þ

where, E þ ¼ ðkÞ ¼ �h2k2s
2m þ

?
þ �h2k2z

2m þ
k
; E� ¼ ðkÞ ¼ �h2k2s

2m�
?
þ �h2k2z

2m�
k

represents

the contribution from the interaction of the conduction and the valance band
edge states with the more distant bands and the free electron term,
1
m�

?
¼ 1

2
1
mtc

� 1
mtv

h i
; 1
m�

k
¼ 1

2
1
m1c

� 1
m1v

h i
;

For n-PbTe P? ¼ 4:61� 10�10 eVm; Pk ¼ 4:61� 10�10 eVm; m0
mtv

¼
10:36; m0

mtv
¼ 0:75; m0

mtc
¼ 11:36; m0

m1c
¼ 1:20; and gv ¼ 4

(v) The carrier DR in accordance with the model of Takaoka et al. [233] can be
written as

E 1 þ E
Eg

� 	
� b�h2k2y

2M2
� c�h4k4y

4M2
2Eg

¼ �h2k2x
2m1

þ �h2k2z
2m3

where b ¼ 1 þ E
Eg
ð1 � cÞ þ d; c ¼ M2

M0
2
; d ¼ M2

m2
and the notations are

defined in [233]
c) The conduction electrons of n-GaSb obey the following two dispersion

relations:
(i) In accordance with the model of Seiler et al. [234]

E ¼ �Eg

2
þ Eg

2
½1 þ a4k

2� þ f0�h
2k2

2m0
þ �v0f1ðkÞ�h2

2m0
� �x0f2ðkÞ�h2

2m0

� �
ðR:1:5Þ

where a4 
 4P2 Eg þ 2
3D


 �
E2
g Eg þ D

 �h i�1

, P is the isotropic momentum

matrix element, f1ðkÞ 
 k�2 k2x k
2
y þ k2y k

2
z þ k2z k

2
x

h i
represents the warping

of the Fermi surface, f2ðkÞ ¼ k2 k2x k
2
y þ k2y k

2
z þ k2z k

2
x

� �
� 9k2x k

2
y k

2
z

n o1=2
k�1

� �
represents the inversion asymmetry splitting of the conduction band and �f0, �v0
and �x0 represent the constants of the electron spectrum in this case.
(ii) In accordance with the model of Zhang et al. [235]

E ¼ Eð1Þ
2 þ Eð2Þ

2 K4;1

h i
k2 þ Eð1Þ

4 þ Eð2Þ
4 K4;1

h i
k4

þ k6 Eð1Þ
6 þ Eð2Þ

6 K4;1 þ Eð3Þ
6 K6;1

h i
ðR:1:6Þ
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where K4;1 
 5
4

ffiffiffiffiffi
21

p k4x þ k4y þ k4z
k4 � 3

5

h i
, K6;1 


ffiffiffiffiffiffiffiffiffiffiffi
639639
32

q
k2x k

2
y k

2
z

k6 þ 1
22

k4x þ k4y þ k4z
k4 � 3

5

� �
� 1

105

h i
,

the coefficients are in eV, the values of k are 10 a
2p


 �
times those of k in

atomic units (a is the lattice constant), Eð1Þ
2 ¼ 1:0239620, Eð2Þ

2 ¼ 0,

Eð1Þ
4 ¼ �1:1320772, Eð2Þ

4 ¼ 0:05658, Eð1Þ
6 ¼ 1:1072073, Eð2Þ

6 ¼
�0:1134024 and Eð3Þ

6 ¼ �0:0072275.
(d) In addition to the well-known band models of III–V semiconductors as dis-

cussed in this monograph, the conduction electrons of such compounds obey
the following three dispersion relations:
(i) In accordance with the model of Rossler [236]

E ¼ �h2k2

2mc
þ ða11 þ a12kÞk4 þ ðb11 þ b12kÞ k2x k

2
y þ k2y k

2
z þ k2z k

2
x

h i

� ðc11 þ c12kÞ k2 k2x k
2
y þ k2y k

2
z þ k2z k

2
x

� �
� 9k2x k

2
y k

2
z

h i1=2
ðR:1:7Þ

where, a11 ¼ � 2132� 10�40 eVm4, a12 ¼ 9030� 10�50 eVm5,
b11 ¼ � 2493� 10�40 eVm4, b12 ¼ 12594� 10�50 eVm5, c11 ¼
30� 10�30 eVm3 and c12 ¼ � 15� 10�42 eVm4.
(ii) In accordance with Johnson and Dickey [237], the electron energy spec-
trum assumes the form

E ¼ Eg

2
þ �h2k2

2
1
m0

þ 1
mcb

� �
þ Eg

2
1 þ 4

�h2k2

2m0
c

�f1ðEÞ
Eg

� �1=2

(R1.8)where, m0
m0

2

 P2 Eg þ 2D

3ð Þ
EgðEg þ DÞ

� �
, �f1ðEÞ 
 ðEg þ DÞ E þ Eg þ 2D

3ð Þ
Eg þ 2D

3ð ÞðE þ Eg þ DÞ, m
0
c ¼ 0:139m0

and mcb ¼ 1
m0

c
� 2

m0

h i�1
.

(iii) In accordance with Agafonov et al. [238], the electron energy spectrum
can be written as

E ¼ �g � Eg

2
1 � �h2k2

2�gm�
D
ffiffiffi
3

p � 3�B

2 �h2

2m�

� �
8<
:

9=
; k4x þ k4y þ k4z

k4

" #2
4

3
5 ðR:1:9aÞ

where, �g 
 E2
g þ 8

3P
2k2

� �1=2
, �B 
 � 21 �h2

2m0
and D 
 � 40 �h2

2m0

� �
.

(iv) In accordance with the model of Kolodziejczak et al. [239], the electron
energy spectrum of III–V compounds can be expressed, taking into account
the interaction of the higher bands as
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E ¼ �h2k2

2m0
þ v0 � Eg

2
þ a

v0 þ Eg

2v0

� �
�h2k2

2m0
þ v0 � Eg

2v0

�
�h2k2

2m0
b þ c

5

h i
ðR:1:9bÞ

where v0 
 E2
g � 4FEg

Eg þ 2
3D

Eg þ D

� �
�h2k2
2m0

� �h i1=2
F represents the interaction between the C250 and C15 states,

a 
 �p2½EðC15cÞ � EðC15vÞ� � ½EðC15Þ � EðC250 Þ�
2½EðC15cÞ � EðC15vÞ�½EðC15cÞ � EðC15vÞ � Eg�, b 
 1

3 ½M þ 4G�, M represents the

interaction between C250 and C15 states, G represents the interaction between
C250 and C120 states,

c 
 1
2

ðF � G þ MÞ2 � ðF þ 2G � MÞ2
F þ 2G � M

h i
and the other notations are the same as in the

above reference.
(e) The dispersion relation of the carriers in n-type Pb1-x-GaxTe with x = 0.01 can

be written following Vassilev [240] as

E � 0:606k2s � 0:0722k2z
� �

E þ �Eg þ 0:411k2s þ 0:0377k2z
� � ¼ 0:23k2s þ 0:02k2z

� 0:06�Eg þ 0:061k2s þ 0:0066k2z
� �

ks

ðR:1:10Þ
where, �Egð¼0:21 eVÞ is the energy gap for the transition point, the zero of the
energy E is at the edge of the conduction band of the C point of the Brillouin
zone and is measured positively upwards, kx; ky and kz are in the units of
109 m�1.

(f) The energy spectrum of the carriers in the two higher valance bands and the
single lower valance band of Te can, respectively, be expressed as [241]

�E ¼ A10k2z þ B10k2s � D2
10 þ ðb10kzÞ2

h i1=2
and �E

¼ Dk þ A10k
2
z þ B10k

2
s � b10kz ðR:1:11aÞ

where, �E is the energy of the hole as measured from the top of the valance and
within it, A10 ¼ 3:77� 10�19 eVm2, B10 ¼ 3:57� 10�19 eVm2,
D10 ¼ 0:628 eV, ðb10Þ2 ¼ 6� 10�20 ðeVmÞ2 and Dk ¼ 1004� 10�5 eV
are the spectrum constants.

(ii) The dispersion relation of the conduction electrons of Tellurium can be
written in accordance with the model of Ortenberg and Button as [242]

E ¼ t1 þ t2k
2
z þ t3k

2
s þ t4k

4
s þ t5k

2
s k

2
z � t1 þ t6k

2
s


 �2 þ t7k
2
z

h i1=2
ðR:1:11bÞ

where t1, t2, t3, t4, t5, t6 and t7 are the energy band constants.
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(g) The dispersion relation of the holes in p-InSb can be written in accordance
with Cunningham [243] as

�E ¼ c4ð1 þ c4f4Þk2 �
1
3

2
ffiffiffi
2

p ffiffiffiffiffi
c4

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
16 þ 5c4

p ffiffiffiffiffi
E4

p
g4k

h i
ðR:1:12Þ

where, c4 
 �h2

2m0
þ h4, h4 
 4:7 �h2

2m0
, c4 
 b4

c4
, b4 
 3

2 b5 þ 2h4, b5 
 2:4 �h2

2m0
,

f4 
 1
4 sin2 2h þ sin4 h sin2 2/
� �

, h is measured from the positive z-axis, / is
measured from positive x-axis, g4 
 sin h cos2 h þ 1

4 sin
4 h sin2 2/

� �
and

E4 ¼ 5� 10�4 eV.
(h) The energy spectrum of the valance bands of CuCl in accordance with

Yekimov et al. [244] can be written as

Eh ¼ ðc6 � 2c7Þ
�h2k2

2m0
ðR:1:13Þ

and

El;s ¼ ðc6 þ c7Þ
�h2k2

2m0
� D1

2
� D2

1

4
þ c7D1

�h2k2

2m0
þ 9

c7�h
2k2

2m0

� 	2
" #1=2

ðR:1:14Þ

where, c6 ¼ 0:53, c7 ¼ 0:07, D1 ¼ 70 meV.
(i) In the presence of stress, v6 along <001> and <111> directions, the energy

spectra of the holes in semiconductors having diamond structure valance
bands can be respectively expressed following Roman et al. [245] as

E ¼ A6k
2 � �B2

7k
4 þ d26 þ B7d6 2k2z � k2s


 �� �1=2 ðR:1:15Þ

and

E ¼ A6k
2 � �B2

7k
4 þ d27 þ Dffiffiffi

3
p d7 2k2z � k2s


 �� �1=2
ðR:1:16Þ

where, A6, B7, D6 and C6 are inverse mass band parameters in which

d6 
 l7 �S11 � �S12ð Þv6, �Sij are the usual elastic compliance constants, �B2
7 


B2
7 þ c26

5

� �
and d7 
 d8S44

2
ffiffi
3

p
� �

v6. For gray tin, d8 ¼ � 4:1 eV,

l7 ¼ � 2:3 eV, A6 ¼ 19:2 �h2

2m0
, B7 ¼ 26:3 �h2

2m0
, D6 ¼ 31 �h2

2m0
and

c26 ¼ � 1112 �h2

2m0
.

(j) The DR of the carriers of cadmium and zinc diphosphides are given by [246]
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E ¼ b1 þ b2b3ðkÞ
8b4

� �
k2 � b4b3ðkÞx b5 � b2b3ðkÞ

8b4

� 	
k2

� �
þ 8b24 1 � b23ðkÞ

4

� 	
� b2 1 � b23ðkÞ

4

� 	
k2

� 1=2

ðR:1:17Þ

where b1, b2, b4 and b5 are system constants and b3ðkÞ ¼ k2x þ k2y � 2k2z
k2

(k) The E-k relation of the conduction electrons in semiconductors in the presence
of electron-phonon interaction assumes the form [247]

E ¼ �h2k2

2mc
� ac�hx0

p0
�hk

tan�1 �h2k2

2mcð�hx0 � EÞ
� �1=2

ðR:1:18Þ

where ac is the dimensionless coupling constant, p0 ¼ ð2mc�hx0Þ1=2 and x0

is the angular frequency of the optical phonon.

(R.1.2) Investigate the DR for bulk specimens of the HD semiconductors in the
presences of exponential, Kane, Halperian, Lax and Bonch-Burevich
types of band tails [37] for all systems whose unperturbed carrier energy
spectra are defined in (R.1.1).

(R.1.3) Investigate the DR for QWs of all the HD semiconductors as considered
in (R.1.2).

(R.1.4) Investigate the DR for HD bulk specimens of the negative refractive
index, organic, magnetic and other advanced optical materials in the
presence of an arbitrarily oriented alternating electric field.

(R.1.5) Investigate the DR for the QWs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R.1.6) Investigate the DR for the multiple QWs of HD materials whose
unperturbed carrier energy spectra are defined in (R.1.1).

(R.1.7) Investigate the DR for all the appropriate HD low dimensional systems of
this chapter in the presence of finite potential wells.

(R.1.8) Investigate the DR for all the appropriate HD low dimensional systems of
this chapter in the presence of parabolic potential wells.

(R.1.9) Investigate the DR for all the appropriate HD systems of this chapter
forming quantum rings

(R.1.10) Investigate the DR for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings.

(R.1.11) Investigate the DR for triangular two dimensional systems in the
presence of an arbitrarily oriented alternating electric field for all the HD
materials whose unperturbed carrier energy spectra are defined in (R.1.1).

(R.1.12) Investigate the DR for HD two dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves.
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(R.1.13) Investigate the DR for triangular HD two dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.1.14) (a) Investigate the DR for HD two dimensional systems of the negative
refractive index, organic, magnetic and other advanced optical materials
in the presence of many body effects
(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.1.15) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.1.16) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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Part II
Dispersion Relations in HD Quantum

Confined Non-parabolic Materials

My greatest glory is not in never falling, but in rising
every time I fall.



Chapter 2
The DRs in Ultrathin Films
(UFs) of Heavily Doped
(HD) Non-parabolic Materials

The secret of a great scholar is to know some new thing that
nobody else know.

2.1 Introduction

It is well known that the constant energy 3D wave-vector space of bulk materials
becomes 2D wave-vector surface in QWs due to dimensional quantization. Thus,
the concept of reduction of symmetry of the wave-vector space and its consequence
can unlock the physics of low-dimensional structures. In this chapter, we study the
DR in QWs of HD non-parabolic materials having different band structures in the
presence of Gaussian band tails. At first we shall investigate the DR in QWs of HD
nonlinear optical compounds which are being used in nonlinear optics and light
emitting diodes [1]. The quasi-cubic model can be used to investigate the symmetric
properties of both the bands at the zone center of wave vector space of the same
compound. Including the anisotropic crystal potential in the Hamiltonian, and
special features of the nonlinear optical compounds, Kildal [2] formulated the
electron dispersion law under the assumptions of isotropic momentum matrix ele-
ment and the isotropic spin-orbit splitting constant, respectively, although the
anisotropies in the two aforementioned band constants are the significant physical
features of the said materials [3–5]. In Sect. 2.2.1, the DR in QWs of HD nonlinear
optical materials has been investigated on the basis of newly formulated HD DR of
the said compound by considering the combined influence of the anisotropies of the
said energy band constants together with the inclusion of the crystal field splitting
respectively within the framework of ~k �~p formalism.

In Sect. 2.2.2, the DR in QWs of HD III–V, ternary and quaternary materials has
been studied in accordance with the corresponding HD formulation of the band
structure and the simplified results for wide gap materials having parabolic energy
bands under certain limiting conditions have further been demonstrated as a special
case in the absence of band-tails and thus confirming the compatibility test. The
II–VI materials are being used in nano-ribbons, blue green diode lasers,
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photosensitive thin films, infrared detectors, ultra-high-speed bipolar transistors,
fiber optic communications, microwave devices, solar cells, semiconductor
gamma-ray detector arrays, semiconductor detector gamma camera and allow for a
greater density of data storage on optically addressed compact discs [6–13]. The
carrier energy spectra in II–VI compounds are defined by the Hopfield model [14]
where the splitting of the two-spin states by the spin-orbit coupling and the crys-
talline field has been taken into account. The Sect. 2.2.3 contains the investigation
of the DR in QWs of HD II–VI compounds.

Lead Chalcogenides (PbTe, PbSe, and PbS) are IV–VI non-parabolic materials
whose studies over several decades have been motivated by their importance in
infrared IR detectors, lasers, light-emitting devices, photo-voltaic, and high tem-
perature thermo-electrics [15–25]. PbTe, in particular, is the end compound of
several ternary and quaternary high performance high temperature thermoelectric
materials [26–30]. It has been used not only as bulk but also as films [31–34], QWs
[35] super-lattices [36, 37] nanowires [38] and colloidal and embedded
nano-crystals [39–42], and PbTe films doped with various impurities have also been
investigated [43–50]. These studies revealed some of the interesting features that
had been seen in bulk PbTe, such as Fermi level pinning and, in the case of
superconductivity [51]. In Sect. 2.2.4, the 2D DR in QWs of HD IV–VI materials
has been studied taking PbTe, PbSe, and PbS as examples. The stressed materials
are being investigated for strained silicon transistors, quantum cascade lasers,
semiconductor strain gages, thermal detectors, and strained-layer structures [52–
55]. The DR in QWs of HD stressed compounds (taking stressed n-InSb as an
example) has been investigated in Sect. 2.2.5. The vacuum deposited Tellurium
(Te) has been used as the semiconductor layer in thin-film transistors (TFT) [56]
which is being used in CO2 laser detectors [57], electronic imaging, strain sensitive
devices [58, 59], and multichannel Bragg cell [60]. Section 2.2.6 contains the
investigation of DR in QWs of HD Tellurium. The n-Gallium Phosphide (n-GaP) is
being used in quantum dot light emitting diode [61], high efficiency yellow solid
state lamps, light sources, high peak current pulse for high gain tubes. The green
and yellow light emitting diodes made of nitrogen-doped n-GaP possess a longer
device life at high drive currents [62–64]. In Sect. 2.2.7, the DR from QWs of HD
n-GaP has been studied. The Platinum Antimonide (PtSb2) finds application in
device miniaturization, colloidal nanoparticle synthesis, sensors and detector
materials and thermo-photovoltaic devices [65–67]. Section 2.2.8 explores the DR
in QWs of HD PtSb2. Bismuth telluride (Bi2Te3) was first identified as a material
for thermoelectric refrigeration in 1954 [68] and its physical properties were later
improved by the addition of bismuth selenide and antimony telluride to form solid
solutions. The alloys of Bi2Te3 are useful compounds for the thermoelectric
industry and have been investigated in the literature [69–73]. In Sect. 2.2.9, the DR
in QWs of HD Bi2Te3 has been considered. The usefulness of elemental semi-
conductor Germanium is already well known since the inception of transistor
technology and, it is also being used in memory circuits, single photon detectors,
single photon avalanche diode, ultrafast optical switch, THz lasers and THz
spectrometers [74–77]. In Sect. 2.2.10, the DR has been studied for QWs of HD Ge.
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Gallium Antimonide (GaSb) finds applications in the fiber optic transmission
window, hetero-junctions, and QWs. A complementary hetero-junction field effect
transistor in which the channels for the p-FET device and the n-FET device forming
the complementary FET are formed from GaSb. The band gap energy of GaSb
makes it suitable for low power operation [78–83]. In Sect. 2.2.11, the DR in QWs
of HD GaSb has been studied. The II–V materials have been studied in photovoltaic
cells constructed of single crystal semiconductor materials in contact with elec-
trolyte solutions. Cadmium selenide shows an open-circuit voltage of 0.8 V and
power conservation coefficients near 6 % for 720-nm light [84]. They are also used
in ultrasonic amplification [85]. The development of an evaporated thin film tran-
sistor using cadmium selenide as the semiconductor has been reported by Weimer
[86, 87]. The DR in HD QWs of II–V materials has been presented in Sect. 2.2.12.
In Sect. 2.2.13, the DR in HD QWs of Pb1−xGaxTe has been investigated [88]. The
diphosphides finds prominent role in biochemistry where the folding and structural
stabilization of many important extra-cellular peptide and protein molecules,
including hormones, enzymes, growth factors, toxins, and immunoglobulin are
concerned [89]. Besides, artificial introduction of extra diphosphides into peptides
or proteins can improve biological activity [90] or confer thermal stability [91]. The
asymmetric diphosphide bond formation in peptides containing a free thiol group
takes place over a wide pH range in aqueous buffers and can be crucially monitored
by spectrophotometric titration of the released 3-nitro-2-pyridinethiol [92, 93]. In
Sect. 2.2.14, the DR in HD QWs of zinc and cadmium diphosphides has been
investigated. Section 2.3 contains the result and discussion pertaining to this
chapter. The last Sect. 2.4 contains 16 open research problems.

2.2 Theoretical Background

2.2.1 The DR in Ultrathin Films (UFs) of HD Nonlinear
Optical Materials

The form of k·p matrix for nonlinear optical compounds can be expressed
extending Bodnar [3] as

H ¼ H1 H2

H þ
2 H1

� �
ð2:1Þ

where,

H1 �
Eg0 0 Pkkz 0
0 �2Dk

�
3

� � ffiffiffi
2

p
D?
�
3

� �
0

Pkkz
ffiffiffi
2

p
D?
�
3

� � � d þ 1
3Dk

� �
0

0 0 0 0

2
664

3
775; H2 �

0 �f;þ 0 f;�
f;þ 0 0 0
0 0 0 0
f;þ 0 0 0

2
664

3
775
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in which Eg0 is the band gap in the absence of any field, Pk and P? are the
momentum matrix elements parallel and perpendicular to the direction of crystal
axis respectively, d is the crystal field splitting constant, Dk and D? are the
spin-orbit splitting constants parallel and perpendicular to the C-axis respectively,
f;� � P?

� ffiffiffi
2

p� �
kx � iky
� �

and i ¼ ffiffiffiffiffiffiffi�1
p

. Thus, neglecting the contribution of the
higher bands and the free electron term, the diagonalization of the above matrix
leads to the DR of the conduction electrons in bulk specimens of nonlinear optical
materials as

c Eð Þ ¼ f1 Eð Þk2s þ f2 Eð Þk2z ð2:2Þ

where

c Eð Þ ¼EðEþEg0Þ EþEg0

� �
EþEg0 þ Dk
� ��

þ d EþEg0 þ
2
3
Dk

	 

þ 2

9
D2
k � D2

?
� ��

;

E is the total energy of the electron as measured from the edge of the conduction
band in the vertically upward direction in the absence of any quantization,
k2s ¼ k2x þ k2y ,

f1ðEÞ �
�h2Eg0 Eg0 þ D?

� �
2m�

? Eg0 þ 2
3D?

� ��  d EþEg0 þ 1
3
Dk

	 

þ EþEg0

� �
EþEg0 þ

2
3
Dk

	 

þ 1

9
D2
k � D2

k
� �� �

;

f2ðEÞ �
�h2Eg0 Eg0 þ Dk

� �
2m�

k Eg0 þ 2
3Dk

� �h i EþEg0

� �
EþEg0 þ

2
3
Dk

	 
� �
;

ħ = h/2π, h is Planck’s constant and m�
k and m�

? are the longitudinal and transverse

effective electron masses at the edge of the conduction band respectively.
Thus the generalized unperturbed electron energy spectrum for the bulk speci-

mens of the nonlinear optical materials in the absence of band tails can be expressed
following (1.2) as

�h2k2z
2m�
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where, bk � 1
�

Eg þDk
� �

, c? � 1
�

Eg þ 2
3D?

� �
, b? � 1

�
Eg þD?
� �

, ck �
1
�

Eg þ 2
3Dk

� �
and a � 1

�
Eg:

The Gaussian distribution F(V) of the impurity potential is given by [94]
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FðVÞ ¼ pg2g

� ��1=2
exp �V2

.
g2g

� �
ð2:4Þ

where, gg is the impurity screening potential. It appears from (2.4) that the variance
parameter gg is not equal to zero, but the mean value is zero. Further, the impurities
are assumed to be uncorrelated and the band mixing effect has been neglected in
this simplified theoretical formalism.

We have to average the kinetic energy in the order to obtain the DR in nonlinear
optical materials in the presence of band tails. Using the (2.3) and (2.4), we get
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The (2.5) can be rewritten as
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where,

Ið1Þ �
ZE
�1

FðVÞdV ð2:7Þ

I3 ck
� � � ZE

�1

ðE � VÞ½aðE � VÞþ 1� bkðE � VÞþ 1
� 
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Substituting E � V � x and x
�
gg � t0, we get from (2.7)

Ið1Þ ¼ expð�E2
.
g2g

. ffiffiffi
p
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�
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Thus,
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where, Erf E
�
gg

� �
is the error function of E

�
gg

� �
.

From (2.9), one can write

I 4ð Þ ¼ 1
�
gg

ffiffiffi
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E � Vð Þ exp �V2
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After computing this simple integration, one obtains
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Thus,

I 4ð Þ ¼ gg exp �E2
.
g2g

� �
2
ffiffiffi
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2
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From (2.10), we can write
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aðE�VÞþ 1½ � ! 0 and exp �V2

.
g2g

� �
! 0;

Thus (2.14) can be expressed as

I að Þ ¼ 1
�
agg

ffiffiffi
p

p� � Z1
�1

exp �t2
� �

u� tð Þ�1dt ð2:15Þ

where, V
gg
� t and u � 1 þ aE

ag

� �
:

It is well known that [95, 96]

WðZÞ ¼ i=pð Þ
Z1
�1

ðZ � tÞ�1 expð�t2Þdt ð2:16Þ

In which i ¼ ffiffiffiffiffiffiffi�1
p

and Z, in general, is a complex number.
We also know [95, 96],

WðZÞ ¼ exp �Z2� �
Erfc �iZð Þ ð2:17Þ

where,

Erfc Zð Þ � 1� Erf Zð Þ:
Thus, Erfc �iuð Þ ¼ 1� Erf �iuð Þ
Since, Erf �iuð Þ ¼ �Erf iuð Þ

Therefore, Erfc �iuð Þ ¼ 1þErf iuð Þ.
Thus,

IðaÞ ¼ �i
ffiffiffi
p

p �
agg

� 
exp �u2
� �½1þErf ðiuÞ� ð2:18Þ

We also know that [95, 96]
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Erf ðxþ iyÞ ¼Erf ðxÞ þ e�x2

2px

 !
1� cos 2xyð Þð Þþ i sin 2xyð Þ þ 2

p
e�x2

X1
p¼1

exp �p2
�
4

� �
p2 þ 4x2ð Þ

" #

fp x; yð Þþ igp x; yð Þ þ e x; yð Þ� 
ð2:19Þ

where, fp x; yð Þ � 2x� 2x coshðpyÞ cosð2xyÞþ p sinh ðpyÞ sinð2xyÞ½ �;

gp x; yð Þ � 2x coshðpyÞ sinð2xyÞþ p sinhðpyÞ cosð2xyÞ½ �; e x; yð Þj j
� 10�16 Erf xþ iyð Þj j

Substituting x ¼ 0 and y ¼ u in (2.19), one obtains,

Erf iuð Þ ¼ 2i
p

	 
X1
p¼1

exp �p2
�
4

� �
p

sinh puð Þ
� �

ð2:20Þ

Therefore, one can write

I að Þ ¼ C21 a;E; gg
� �� iD21 a;E; gg

� � ð2:21Þ

where,

C21 a;E; gg
� � � 2

agg
ffiffiffi
p

p
" #

exp �u2
� � X1

p¼1

exp �p2
�
4

� �
p

sinhðpuÞ
� �" #

and D21 a;E; gg
� � � ffiffiffi

p
p
agg

exp �u2
� �" #

:

The (2.21) consists of both real and imaginary parts and therefore, IðaÞ is
complex, which can also be proved by using the method of analytic continuation of
the subject Complex Analysis.

The integral I3 ck
� �

in (2.8) can be written as

I3 ck
� � ¼ abk

ck

	 

I 5ð Þ þ ack þ bkck � abk

c2k

 !
I 4ð Þ þ 1

ck
1� a

ck

	 

1� bk

ck

	 

I 1ð Þ

� 1
ck

1� a
ck

	 

1� bk

ck

	 

I ck
� �� �

ð2:22Þ

where

I 5ð Þ �
ZE
�1

ðE � VÞ2FðVÞdV ð2:23Þ
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From (2.23) one can write

I 5ð Þ ¼ 1ffiffiffiffiffiffiffi
pg2g

q E2
ZE
�1

exp
�V2

g2g

 !
dV � 2E

ZE
�1

V exp
�V2

g2g

 !
dV þ

ZE
�1

V2 exp
�V2

g2g

 !
dV

2
4

3
5

The evaluations of the component integrals lead us to write

I 5ð Þ ¼ ggE

2
ffiffiffi
p

p exp
�E2

g2g

 !
þ 1

4
g2g þ 2E2
� �

1þErf
E
gg

 !" #
¼ h0 E; gg

� � ð2:24Þ

Thus combining the aforementioned equations, I3 ck
� �

can be expressed as

I3 ck
� � ¼ A21 E; gg

� �þ iB21 E; gg
� � ð2:25Þ

where,

A21 E; gð Þ � abk
ck

�
ggE

2
ffiffiffi
p

p exp
�E2
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þ 1

4
g2g þ 2E2
� �

1þErf
E
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 !( )" ##
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c2k

" #
E
2
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gg exp �E2

.
g2g

� �
2
ffiffiffi
p

p
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:

9=
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þ 1
ck
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1� bk
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2
1þErf E=gð Þ½ � � 2

c2kgg
ffiffiffi
p

p 1� a
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1� bk
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expð�u21Þ

( )
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p¼1

exp �p2
�
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� �
p

sinh pu1ð Þ
� �" #

;

u1 �
1þ ckE
ckgg

" #
and B21 E; gg

� � � ffiffiffi
p

p
c2kgg

1� a
ck

 !
1� bk

ck

 !
expð�u21Þ

Therefore, the combination of all the appropriate integrals together with alge-
braic manipulations leads to the expression of the DR of the conduction electrons of
HD nonlinear optical materials forming Gaussian band tails as

�h2k2z
2m�

kT21 E; gg
� � þ �h2k2s

2m�
kT22 E; gg

� � ¼ 1 ð2:26Þ

where, T21 E; gg
� �

and T22 E; gg
� �

have both real and complex parts and are given by
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T21 E; gg
� � � T27 E; gg

� �þ iT28 E; gg
� �� 

; T27 E; gg
� � � T23 E; gg
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T5 E; gg
� �

" #
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T23 E; gg
� � � A21 E; gg
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1þErf E

�
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;

T28 E; gg
� � � T24 E; gg

� �
T5 E; gg
� �

" #
;

T24 E; gg
� � � B21 E; gg
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9
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D2
k � D2

?
� �

H21 E; gg
� �� �

;

H21 ck;E; gg
� � � ffiffiffi

p
p
ggck

exp �u21
� �" #
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� �þ iT30 E; gg
� �� 
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� �
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E
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 !" #
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c?
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d
2
þ D2

k � D2
?

6Dk

" # !
akC21 ak;E; gg
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d
2
� D2

k � D2
?

6Dk

" # !
G21 ak;E; gg
� �

;

C21 a;E; gg
� � � 2

a ffiffiffiffiffiffiffipgg
p exp �u2

� � X1
p¼1

exp �p2
�
4

� �
p

sinhðpuÞ
" #" #

;

T26 E; gg
� � � bk

b?

c?
ck

	 

d
2
� D2

k � D2
?

6Dk

 !
aD21 a;E; gg

� �

þ bkc?
b?

d
2
� D2

k � D2
?

6Dk

 !
H21 ck;E; gg
� �

and

T30 E; gg
� � � T24 E; gg

� �
T25 E; gg
� �þ T23 E; gg

� �
T26 E; gg
� �

T25 E; gg
� �� �2þ T26 E; gg

� �� �2h i

From (2.26), it appears that the energy spectrum in HD nonlinear optical
materials is complex. The complex nature of the electron dispersion law in HD
materials occurs from the existence of the essential poles in the corresponding
electron energy spectrum in the absence of band tails. It may be noted that the
complex band structures have already been studied for bulk materials and super
lattices without heavy dopingand bears no relationship with the complex electron
dispersion law as indicated by (2.26). The physical picture behind the formulation
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of the complex energy spectrum in HDS is the interaction of the impurity atoms in
the tails with the 0splitting constants of the valance bands. More is the interaction;
more is the prominence of the complex part than the other case. In the absence of
band tails, gg ! 0, and there is no interaction of the impurity atoms in the tails with
the spin orbit constants. As a result, there exist no complex energy spectrum and
(2.26) gets converted into (2.2) when gg ! 0. Besides, the complex spectra are not
related to same evanescent modes in the band tails and the conduction bands.

The DOS function is given by

NHD E; gg
� � ¼ 2gvm�

?
ffiffiffiffiffiffiffiffi
2m�

k
q

3p2�h3
R11 E; gg
� �

cos w11 E; gg
� ��  ð2:27Þ

where gv is the valley degeneracy,

R11 E; gg
� � ¼ T29 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q

þ T29 E; gg
� �

x E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x E; gg
� �q � T30 E; gg

� �� �0 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
y E; gg
� �q2

64
2
64

� T30 E; gg
� �

y E; gg
� �� �0

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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� �q

3
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The oscillatory nature of the DOS for HD nonlinear optical materials is apparent
from (2.27). For, w11 E; gg

� �	 p, the cosine function becomes negative leading to
the negative values of the DOS. The electrons cannot exist for the negative values
of the DOS and therefore, this region is forbidden for electrons, which indicates that
in the band tail, there appears a new forbidden zone in addition to the normal
band gap of the semiconductor.

For dimensional quantization along z-direction, the DR of the 2D electrons in
this case can be written following (2.26) as

�h2ðnzp=dzÞ2
2m�

kT21 E; gg
� � þ �h2k2s

2m�
?T22 E; gg

� � ¼ 1 ð2:28Þ

where, nzð¼1; 2; 3; . . .Þ and dz are the size quantum number and the nano-thickness
along the z-direction respectively.

The general expression of the total 2D DOS N2DTðEÞð Þ can, in general, be
expressed as

N2DTðEÞ ¼ 2gv
ð2pÞ2

Xnzmax

nz¼1

@A E; nzð Þ
@E

H E � Enz

� � ð2:29Þ

where A E; nzð Þ is the area of the constant energy 2D wave vector space and in this
case it is for QWs, H E � Enz

� �
is the Heaviside step function and Enz is the

corresponding sub-band energy. Using (2.28) and (2.29), the expression of the
N2DTðEÞ for QWs of HD nonlinear optical materials can be written as

N2DTðEÞ ¼ m�
?gv
p�h2

Xnzmax

nz¼1

T 0
1DðE; gg; nzÞH E� EnzD1

� � ð2:30Þ

where, T1DðE; gg; nzÞ ¼ 1� �h2ðnzp=dzÞ2
2m�

kT21 E;ggð Þ
� �

T22 E; gg
� �

and the sub band energies

EnzD1 in this case is given by the following equation

�h2ðnzp=dzÞ2
2m�

kT21 EnzD1; gg
� � ¼ 1 ð2:31Þ

Thus we observe that both the total DOS and sub-band energies of QWs of HD
nonlinear opticalmaterials are complex due to the presence of the pole in energy
axis of the corresponding materials in the absence of band tails.

The EEM in this case is given by
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m� EF1HD; gg; nz
� � ¼ m�

?½Real part of T 0
1DðEF1HD; gg; nzÞ� ð2:32Þ

Thus, we observe that the EEM is the function of size quantum number and the
Fermi energy due to the combined influence of the crystal filed splitting constant
and the anisotropic spin-orbit splitting constants respectively. Besides it is a
function of gg due to which the EEM exists in the band gap, which is otherwise
impossible.

In the absence of band-tails, the 2D DR the EEM in the x-y plane at the Fermi
level, the total 2D DOS, the sub-band energy Enz1 , of non-linear optical materials in
the absence of band tails can, respectively, be written as

w1ðEÞ ¼ w2ðEÞk2s þw3ðEÞðnzp=dzÞ2 ð2:33Þ

m� EFs; nzð Þ ¼ �h2

2

	 

w2 EFsð Þ½ ��2 w2 EFsð Þ w1 EFsð Þf g0 � w3 EFsð Þf g0 nzp

dz

	 
2
( )"

� w1 EFsð Þ � w3 EFsð Þ nzp
dz

	 
2
( )

w2 EFsð Þf g0
#

ð2:34Þ

N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

w2 Eð Þ�2
h i

w2 Eð Þ w1 Eð Þf g0� w3 Eð Þf g0 nzp
dz

	 
2
( )"

� w1 Eð Þ � w3 Eð Þ nzp
dz

	 
2
( )

w2 Eð Þf g0
#
H E � Enz1

� � ð2:35Þ

w1ðEnz1Þ ¼ w2ðEnz1Þðnzp=dzÞ2 ð2:36Þ

where

w1ðEÞ ¼ cðEÞ;w2ðEÞ ¼ f1ðEÞ;w3ðEÞ ¼ f2ðEÞ;

In the absence of band-tails, the DOS for bulk specimens of non-linear optical
materials is given by

D0ðEÞ ¼ gv 3p2
� ��1

w4ðEÞ ð2:37Þ
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;
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� �

w1ðEÞ E EþEg
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� �h i
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3
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�h2Eg Eg þD?
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dþ 2Eþ 2Eg þ 2
3
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2.2.2 The DR in Ultrathin Films (UFs) of HD III–V
Materials

The DR of the conduction electrons of III–V compoundsare described by the
models of Kane (both three and two bands) [97, 98], Stillman et al. [99] and Palik
et al. [100] respectively. For the purpose of complete and coherent presentation and
relative comparison, the DRs in QWs of HD III–V materials have also been
investigated.

(a) The Three Band Model of Kane

Under the conditions, d ¼ 0, Dk ¼ D? ¼ D (isotropic spin orbit splitting constant)
and m�

k ¼ m�
? ¼ mc (isotropic effective electron mass at the edge of the conduction

band), (2.2) gets simplified as

�h2k2

2mc
¼ I11ðEÞ; I11ðEÞ �

E EþEg0

� �
EþEg0 þD
� �

Eg0 þ 2
3D

� �
Eg0 Eg0 þD
� �

EþEg0 þ 2
3D

� � ð2:38Þ

which is known as the three band model of Kane [97, 98] and is often used to
investigate the physical properties of III–V materials.

Under the said conditions, the HD electron dispersion law in this case can be
written from (2.38) as

�h2k2

2mc
¼ T31 E; gg

� �þ iT32 E; gg
� � ð2:39Þ

where,
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:

Thus, the complex energy spectrum occurs due to the term T32 E; gg
� �

and this
imaginary band is quite different from the forbidden energy band.

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

3p2
2mc
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� ��  ð2:40Þ

where,

R21 E; gg
� � � a11 E; gg

� �� �0h i2
4a11 E; gg

� � þ
b11 E; gg
� �� �0h i2

4b11 E; gg
� �

2
64

3
75
1=2

;

a11 E; gg
� � � 1

2
T33 E; gg
� �þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T33 E; gg
� �� �2 þ T34 E; gg

� �� �2q� �
;

T33 E; gg
� � � T31 E; gg

� �� �3 � 3T31 E; gg
� �

T32 E; gg
� �� �2h i

;

T34 E; gg
� � � 3T32 E; gg

� �
T31 E; gg
� �� �2 � T32 E; gg

� �� �3h i
;

b11 E; gg
� � � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T33 E; gg
� �� �2 þ T34 E; gg

� �� �2q
� T33 E; gg

� �� �
and

#21 E; gg
� � � tan�1 b11 E; gg

� �� �0
a11 E; gg
� �� �0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a11 E; gg
� �

b11 E; gg
� �
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Thus, the oscillatory DOS function becomes negative for #21 E; gg
� �	 p and a

new forbidden zonewill appear in addition to the normal band gap.
For dimensional quantization along z-direction, the DR of the 2D electrons in

this case can be written following (2.40) as
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�h2ðnzp=dzÞ
2mc

þ �h2ðksÞ2
2mc

¼ T31 E; gg
� �þ iT32 E; gg

� � ð2:41Þ

The expression of the N2DTðEÞ in this case assumes the form

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T5D
0ðE; gg; nzÞHðE� EnzD5Þ ð2:42Þ

where, T5DðE; gg; nzÞ ¼ T31 E; gg
� �þ iT32 E; gg

� �� �h2ðnzp=dzÞ2ð2mcÞ�1
h i

and the

sub band energies EnzD5 in this case given by

�h2ðnz=dzÞ2
n o

ð2mcÞ�1 ¼ T31ðEnzD5; ggÞ ð2:43Þ

Thus we observe that both the total DOS in QWs of HD III–V compounds and
the sub band energies are complex due to the presence of the pole in energy axis of
the corresponding materials in the absence of band tails.

The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼ mc½T 0
31ðEF1HD; gg; nzÞ� ð2:44Þ

In the absence of band tails, the 2D DR, EEM in the x-y plane at the Fermi level,
the total 2D DOS, the sub-band energy, for QWs of III–V materials assume the
following forms

�h2k2s
2mc

þ �h2

2mc
ðnzp=dzÞ2 ¼ I11ðEÞ ð2:45Þ

m� EFsð Þ ¼ mc I11 EFsð Þf g0 ð2:46Þ

It is worth noting that the EEM in this case is a function of Fermi energy alone
and is independent of size quantum number.

N2DTðEÞ ¼ mcgv
p�h2

	 
Xnzmax

nz¼1

I11 Eð Þ½ �0H E � Enz2

� �n o
ð2:47Þ

where, the sub-band energies Enz2
can be expressed as
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I11 Enz2

� �
¼ �h2

2mc
nzp=dzð Þ2 ð2:48Þ

In the absence of band tails, the DOS density-of-statesfunction, in bulk III–V,
ternary and quaternary materials in accordance with the unperturbed three band
model of Kane assume the following forms

D0 Eð Þ ¼ 4pgv
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffi
I11 Eð Þ

p
I 011 Eð Þ�  ð2:49Þ

Under the inequalities D 
 Eg0 or D � Eg0 , (2.38) can be expressed as

E 1þ aEð Þ ¼ �h2k2

2mc
ð2:50Þ

where a � Eg0

� ��1
and is known as band non-parabolicity.

It may be noted that (2.50) is the well-known two band model of Kane and is
used in the literature to study the physical properties of those III–V and
opto-electronic materials whose energy band structures obey the aforementioned
inequalities.

The DR in HD III–V, ternary and quaternary materials whose energy spectrum
in the absence of band tails obeys the two band model of Kaneas defined by (2.50),
can be written as

�h2k2

2mc
¼ c2 E; gg

� � ð2:51Þ

where,

c2 E; gg
� � � 2

1 þ Erf E
�
gg

� �
" #

c0 E; gg
� �þ ah0 E; gg

� �� 
:

The EEM in this case can be written as

m� EFh ; gg
� � ¼ mc c2 E; gg

� �� �0���
E¼EFh

ð2:52Þ

Thus, one again observes that the EEM in this case exists in the band gap.
In the absence of band tails, gg ! 0 and the EEM assumes the well-known form

m� EFð Þ ¼ mc 1þ 2aEf gjE¼EF
ð2:53Þ

The DOS function in this case can be written as
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NHD E; gg
� � ¼ gv

2p2
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2 E; gg
� �q

c2 E; gg
� �� �0 ð2:54Þ

Since, the poles of the original two band Kane model are at infinity and and no
finite poles with respect to energy, therefore the HD counterpart will be totally real
and the complex band vanishes.

For dimensional quantization along z-direction, the DR of the 2D electrons in
this case can be written following (2.51) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ c2 E; gg
� � ð2:55Þ

The expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
7DðE; gg; nzÞHðE� EnzD7Þ ð2:56Þ

where,

T7DðE; gg; nzÞ ¼ c2 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1

h i
;

The sub-band energies EnzD7 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ c2 EnzD7; gg
� � ð2:57Þ

Thus, we observe that both the total DOS and sub-band energies of QWs of HD
III–V compounds in accordance with two band model of Kane are not at all
complex since the DR in accordance with the said model has no pole in the finite
complex plane.

The EEM in this case is given by

m� EF1HD; gg; nz
� � ¼ mc c02ðEF1HD; gg; nzÞ

�  ð2:58Þ

Under the inequalities D 
 Eg0 or D � Eg0 , (2.50) assumes the form

E 1þ aEð Þ ¼ �h2k2s
2mc

þ �h2

2mc

nzp
dz

	 
2

ð2:59Þ

The EEM can be written from (2.59) as
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m� EFsð Þ ¼ mcð1þ 2aEFsÞ ð2:60Þ

The total 2D DOS function assumes the form

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

ð1þ 2aEÞH E � Enz3

� � ð2:61Þ

where, the sub-band energy Enz3

� �
can be expressed as

�h2

2mc
nzp=dzð Þ2¼ Enz3 1þ aEnz3

� � ð2:62Þ

The forms of the DOS, for bulk specimens of III–V materials in the absence of
band tails whose energy band structures are defined by the two-band model of Kane
can, respectively, be written as

D0 Eð Þ ¼ 4pgv
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I11e Eð Þ

p
I 011e Eð Þ�  ð2:63Þ

where,

I11e Eð Þ � E 1þ aEð Þ; I 011e Eð Þ � 1þ 2aEð Þ;

The DR in HDS whose energy spectrum in the absence of band tails obeys the
parabolic energy bands is given by

�h2k2

2mc
¼ c3 E; gg

� � ð2:64Þ

where,

c3 E; gg
� � � 2

1þErf E
�
gg

� �� �
" #

c0 E; gg
� �

:

Since the DR in accordance with the said model is an all zero function with no
pole in the finite complex plane, therefore the HD counterpart will be totally real,
which is also apparent form the expression (2.64).

The EEM in this case can be written as

m� EFh ; gg
� � ¼ mc c3 E; gg

� �� �0 ð2:65Þ

In the absence of band tails, gg ! 0 and the EEM assumes the form
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m� EFð Þ ¼ mc ð2:66Þ

It is well-known that the EEM in unperturbed parabolic energy bands is a
constant quantity in general excluding cross-fields configuration. However, the
same mass in the corresponding HD bulk counterpart becomes a complicated
function of Fermi energy and the impuritypotential together with the fact that the
EEM also exists in the band gap solely due to the presence of finite gg.

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �q

c3 E; gg
� �� �0 ð2:67Þ

For dimensional quantization along z-direction, the DR of the 2D electrons in
this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ c3 E; gg
� � ð2:68Þ

the expression of the N2DTðEÞ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
9DðE; gg; nzÞH E� EnzD9

� � ð2:69Þ

where,

T9DðE; gg; nzÞ ¼ c3 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1

h i
: ð2:70Þ

The sub band energies EnzD9 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ c3ðEnzD9; ggÞ ð2:71Þ

The EEM in this case can be written as

m� EF1HD; gg; nz
� � ¼ mc c03ðEF1HD; ggÞ

�  ð2:72Þ

Under the condition a ! 0, the expressions of total 2D DOS, for materials
without forming band tails whose bulk electrons are defined by the isotropic
parabolic energy bands can, be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

H E � Enzp

� �
ð2:73Þ

The sub-band energy Enzp

� �
, can be expressed as
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Enzp ¼
�h2

2mc

nzp
dz

	 
2

ð2:74Þ

(b) The Model of Stillman et al.

In accordance with the model of Stillman et al. [99], the electron dispersion law of
III–V materials assumes the form

E ¼ �t11k
2 ��t12k

4 ð2:75Þ

where,

�t11 � �h2

2mc
;

�t12 � 1� mc

m0

	 
2 �h2

2mc

	 
2

3Eg0 þ 4Dþ 2D2

Eg0

	 

: Eg0 þD
� �

2Dþ 3Eg0

� �� ��1
� �

and m0 is the free electron mass.
In the presence of band tails, (2.75) gets transformed as

�h2k2

2mc
¼ I12 E; gg

� � ð2:76Þ

where,

I12ðE; ggÞ ¼ a11½1� ð1� a12c3ðE;ggÞÞ
1
2�;

a11 � �h2�t11
4mc�t12

	 

and a12 � 4�t12

�t211

The EEM can be written as

m� EFh ; gg
� � ¼ mc I12 EFh ; gg

� �� �0 ð2:77Þ

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I12 E; gg
� �q

I12 E; gg
� �� �0 ð2:78Þ

For dimensional quantization along z-direction, the DR of the 2D electrons in
this case can be written following (2.76) as
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�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I12 E; gg
� � ð2:79Þ

the expression of the N2DT Eð Þ in this case can be written as

N2DTðEÞ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
11DðE; gg; nzÞHðE� EnzD11Þ ð2:80Þ

where,

T11DðE; gg; nzÞ ¼ I12 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1

h i
ð2:81Þ

The sub band energies EnzD11 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ I12 EnzD11; gg
� � ð2:82Þ

The EEM in this case assumes the form

m� EF1HD; gg; nz
� � ¼ mc½I 012ðEF1HD; gg; nzÞ� ð2:83Þ

For unperturbed material, the 2-D EEM can be expressed as

m� EFsð Þ ¼ mc I12 EFsð Þf g0 ð2:84Þ

where

I12ðEÞ � a11½1� ð1� a12ðEÞÞ
1
2�

It appears that the EEM in this case is a function of Fermi energy alone and is
independent of size quantum number.

The total 2D DOS function in the absence of band tails in this case can be
written as

N2DT Eð Þ ¼ mcgv
p�h2

	 
Xnzmax

nz¼1

I12 Eð Þ½ �0H E � Enz3

� �n o
ð2:85Þ

where, the sub band energies Enz3
can be expressed as

I12ðEnz3
Þ ¼ �h2

2mc
nzp=dzð Þ2 ð2:86Þ
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(c) Model of Palik et al.

The energy spectrum of the conduction electrons in III–V materials up to the fourth
order in effective mass theory, taking into account the interactions of heavy hole,
light hole and the split-off holescan be expressed in accordance with the model of
Palik et al. [100] as

E ¼ �h2k2

2mc
� �B11k

4 ð2:87Þ

where

�B11 ¼ �h4

4Eg0ðmcÞ2
" #

1þ x211
2

1þ x11
2

" #
ð1� y11Þ2; x11 ¼ 1þ D

Eg0

	 
� ��1

and y11 ¼ mc

m0

The (2.87) gets simplified as

�h2k2

2mc
¼ I13 Eð Þ ð2:88Þ

where

I13 Eð Þ ¼ �b12 �a12 � �a12ð Þ2�4E�B11

� �1=2� �
; �a12 ¼ �h2

2mc

	 

and �b12 ¼ �a12

2�B11

� �

Under the condition of heavy doping forming Gaussian band tails, (2.88)
assumes the form

�h2k2

2mc
¼ I13ðE;ggÞ ð2:89Þ

where,

I13ðE; ggÞ ¼ �b12½�a12 � ðð�a12Þ2 � 4�B11c3ðE; ggÞÞ1=2�

The EEM can be written as

m� EFh ; gg
� � ¼ mc I13 EFh ; gg

� �� �0 ð2:90Þ

The DOS function in this case can be expressed as

NHD E; gg
� � ¼ gv

2p2
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I13 E; gg
� �q

I13 E; gg
� �� �0 ð2:91Þ

Since, the original band model in this case is a no pole function, in the finite
complex plane therefore, the HD counterpart will be totally real and the complex
band vanishes.
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For dimensional quantization along z-direction, the DR of the 2D electrons in
this case can be written following (2.89) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I13 E; gg
� � ð2:92Þ

the expression of the N2DTðEÞ in this case can be written as

N2DT Eð Þ ¼ mcgv
p�h2

Xnzmax

nz¼1

T 0
13DðE; gg; nzÞH E � EnzD13

� � ð2:93Þ

where,

T13DðE; gg; nzÞ ¼ I13 E; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1

h i
;

The sub band energies EnzD13 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ I13 EnzD13; gg
� � ð2:94Þ

The EEM in this case can be expressed as

m� EF1HD; gg; nz
� � ¼ mc½I 013ðEF1HD; gg; nzÞ� ð2:95Þ

The 2D electron DR in the absence of band tails this case assumes the form

�h2k2s
2mc

þ �h2

2mc
ðnzp=dzÞ2 ¼ I13ðEÞ ð2:96Þ

The EEM in this case can be written from (2.96) as

m�ðEFsÞ ¼ mc½I13ðEFsÞ�0 ð2:97Þ

The total 2D DOS function can be written as

N2DT Eð Þ ¼ mcgv
p�h2

	 
Xnzmax

nz¼1

I13 Eð Þ½ �0H E � Enz4

� �n o
ð2:98Þ
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where, the sub band energies Enz4
can be expressed as

I13 Enz4

� �
¼ �h2

2mc
ðnzp=dzÞ2 ð2:99Þ

2.2.3 The DR in Ultrathin Films (UFs) of HD II–VI
Materials

The carrier energyspectra in bulk specimens of II–VI compounds in accordance
with Hopfield model [14] can be written as

E ¼ a00k
2
s þ b00k

2
s � �k0ks ð2:100Þ

where a00 � �h2=2m�
?, b

0
0 � �h2=2m�

k, and �k0 represents the splitting of the two-spin

states by the spin orbit coupling and the crystalline field.
Therefore the DR of the carriers in HD II–VI materials in the presence of

Gaussian band tails can be expressed as

c3 E; gg
� � ¼ a00k

2
s þ b00k

2
z � �k0ks ð2:101Þ

Thus, the energy spectrum in this case is real since the corresponding E-k
relation in the absence of band tails as given by (2.101) is a no pole function in the
finite complex plane.

The volume in k-space as enclosed (2.101) can be expressed as

V E; gg
� � ¼ 4p

3a00
ffiffiffiffiffi
b00

p c3 E; gg
� �� �3=2 þ 3

8

�k0
� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c3 E; gg
� �q

a00

2
4

� 3
4

�k0ffiffiffiffiffi
a00

p
 !

c3 E; gg
� �þ �k0

� �2
4a00

 !
sin�1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �q

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c3 E; gg
� �þq �k0ð Þ2

4a00

2
64

3
75
3
75

ð2:102Þ

The DOS in this case is given by

NHD E; gg
� � ¼ gv

p2a00
ffiffiffiffiffi
b00

p @

@E
c3 E; gg
� �� �3=2 þ 3

8

�k0
� �2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

c3 E; gg
� �q

a00

2
4

3
5 ð2:103Þ
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The DR dispersion relation of the conduction electrons of QWs of HD II–VI
materials for dimensional quantization along z-direction can be written following
(2.101) as

c3 E; gg
� � ¼ a00k

2
s þ b00

pnz
dz

	 
2

� �k0ks ð2:104Þ

The EEM can be expressed following (2.104) as

m� EF1HD; nz; gg
� � ¼ m�

? 1�
�k0
� �

c03 EF1HD; gg
� �

�k0
� �2� 4a00b

0
0

nzp
dz

� �2
þ 4a00c3 EF1HD; gg

� �� �1=2
2
6664

3
7775

ð2:105Þ

Thus we observe that the doubled valued effective mass in 2-D QWs of HD II–
VI materials is a function of Fermi energy, size quantum number and the screening
potential respectively together with the fact that the same mass exists in the band
gap due to the sole presence of the splitting of the two-spin states by the spin orbit
coupling and the crystalline field.

The total DOS function in this case can be written as

N2DCðEÞ ¼ gv
ð2pÞ

1
ða00Þ

Xnzmax

nz¼1

c03ðE; ggÞHðE� EnzD14; ggÞ ð2:106Þ

The sub-band energy in this case is given by

c3 EnzD14; gg
� � ¼ b00

pnz
dz

	 
2

ð2:107Þ

The DR of the conduction electrons of QWs of II–VI materials for dimensional
quantization along z-direction in the absence of band tails can be written following
(2.100) as

E ¼ a00k
2
s þ b00

nzp
dz

	 
2

� �k0ks ð2:108Þ

Using (2.108), the EEMin this case can be written as

142 2 The DRs in Ultrathin Films (UFs) of Heavily Doped (HD) …



m� EFs; nzð Þ ¼ m�
? 1�

�k0
� �

�k0
� �2�4a00b

0
0

nzp
dz

� �2
þ 4a00c3EFs

� �1=2
2
6664

3
7775 ð2:109Þ

The sub-band energy Enz5 assumes the form

Enz5 ¼ b00ðnzp=dzÞ2 ð2:110Þ

The area of constant energy 2D quantized surface in this case is given by
where

A� E; nzð Þ ¼ p

2 a00
� �2 �k0

� �2 þ 2a00 E � Enz5

� � � �k0 �k0
� �2 þ 4a00 E � Enz5

� �h i1=2� �" #

The total DOS function in this case can be written as

N2DCðEÞ ¼ gv
ð2pÞ

1
ða00Þ

Xnzmax

nz¼1

HðE� Enz5Þ ð2:111Þ

2.2.4 The DR in Ultrathin Films (UFs) of HD IV–VI
Materials

(a) The DR of the conduction electrons in IV–VI materials can be expressed in
accordance with Dimmock [99] as

�e� Eg0

2
� �h2k2s
2m�

t
� �h2k2z
2m�

l

� �
�eþ Eg0

2
þ �h2k2s

2m�
t
þ �h2k2z

2m�
l

� �
¼ P2

?k
2
s þP2

kk
2
z ð2:112Þ

where, �e is the energy as measured from the center of the band gap Eg0 , m
�
t and m�

l
represent the contributions to the transverse and longitudinal effective masses of the
external Lþ

6 and L�6 bands arising from the~k �~p perturbations with the other bands
taken to the second order.

Substituting, P2
? � �h2Eg

�
2m�

t

� �
, P2

k � �h2Eg

2m�
l

� �
and �e � Eþ Eg

2

� �h i
(where, m�

t

and m�
l are the transverse and the longitudinal effective masses at k = 0), (2.112)

gets transformed as
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E � �h2k2s
2m�

t
� �h2k2z
2m�

l

� �
1þ aEþ a

�h2k2s
2mþ

t
þ a

�h2k2z
2mþ

l

� �
¼ �h2k2s

2m�
t
þ �h2k2z

2m�
l

ð2:113Þ

From (2.113), we can write

a�h4k4s
4mþ

t m�
t
þ �h2k2s

1
2m�

t
� 1
2m�

t

	 

þ aE

1
2m�

t
� 1
2mþ

t

	 

þ a�h2k2s

4m�
l m

þ
t

� �

þ �h2k2z
2m�

l
þ �h2k2z

2m�
l

	 

þ aE

2
�h2k2z

1
m�

l
� 1
mþ

l

	 

þ a�h4k4z

4mþ
l m�

t
� Eð1þ aEÞ

� �
¼ 0

ð2:114Þ

Using (2.114), the DR of the conduction electrons in HD IV–VI materials can be
expressed as

a�h4k4s
4mþ

t m�
l

Z0 E; gg
� �þ �h2k2s k71 E; gg

� �
k2z þ k72 E; gg

� �� 
þ k73 E; gg

� �
k2z þ k74 E; gg

� �
k4z � k75 E; gg

� ��  ¼ 0

ð2:115Þ

where,

Z0 E; gg
� � � 1

2
1þErf

E
gg

 !" #
; k70 E; gg

� � � a
4mþ

t m�
t
Z0 E; gg
� �

;

k71 E; gg
� � � a�h2

4m�
t m

þ
l

Z0 E; gg
� �þ a�h2

4m�
l m

þ
t
Z0 E; gg
� �� �

;

k72 E; gg
� � � 1

2m�
t
� 1
2m�

t

	 

Z0 E; gg
� �þ a

1
2m�

t
� 1
2mþ

t

	 

c0 E; gg
� �� �

;

k73 E; gg
� � � �h2

2m�
l
þ �h2

2m�
l

	 

Z0 E; gg
� �þ a�h2

2
1
m�

l
� 1
mþ

l

	 

c0 E; gg
� �� �

;

k74 E; gg
� � � a�h4Z0 E; gg

� �
4mþ

l m�
l

and k75 E; gg
� � � c0 E; gg

� �þ ah0 E; gg
� �� 

Thus, the energy spectrum in this case is real since the corresponding DR in the
absence of band tails as given by (2.115) is a pole-less function with respect to
energy axis in the finite complex plane.

The volume in k-space as enclosed by (2.115) can be written through the integral
as
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V E; gg
� � ¼ 2p

Zk86 E;ggð Þ

0

� k79 E; gg
� �

k2z þ k80 E; gg
� �� �

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k81 E; gg
� �

k4z þ k82 E; gg
� �

k2z þ k83 E; gg
� �q �

dkz

ð2:116Þ

where,

k86 E; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k84 E; gg
� �� 2 þ 4k85 E; gg

� �q
� k84 E; gg

� �
2

2
4

3
5
1=2

;

k79 E; gg
� � � k71 E; gg

� �
2�h2Z0 E; gg

� � ;
k81 E; gg
� � � k76 E; gg

� �
4�h4 Z0 E; gg

� �� 2 ;
k76 E; gg
� � � k71 E; gg

� �� 2
;

k76 E; gg
� � � k71 E; gg

� �� 2
;

k77 E; gg
� � � 2k71 E; gg

� �
k72 E; gg
� �� 4k70 E; gg

� �
k73 E; gg
� �� 4k70 E; gg

� �
k74 E; gg
� �� 

;

k83 E; gg
� � � k78 E; gg

� �
9�h4 Z0 E; gg

� �� 2 and

k78 E; gg
� � � 4k0 E; gg

� �
k75 E; gg
� �� 

Thus,

V E; gg
� � ¼ k87 E; gg

� ��  Zk86 E;ggð Þ

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k4z þ k88 E; gg

� �
k2z þ k89 E; gg

� �q
� k90 E; gg

� �� �
dkz

ð2:117Þ

where, k87 E; gg
� � � 2p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k81 E; gg
� �q

, k88 E; gg
� � � k82 E;ggð Þ

k81 E;ggð Þ, k89 E; gg
� � � k83 E;ggð Þ

k81 E;ggð Þ
and

k90 E; gg
� � � 2p

k79 E; gg
� �

k86 E; gg
� �� �3

3
þ k80 E; gg

� �
k89 E; gg
� �" #

:

The (2.117) can be written as
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V E; gg
� � ¼ k87 E; gg

� �
k95 E; gg
� �� k90 E; gg

� ��  ð2:118Þ

in which,

k95 E; gg
� � � k91 E; gg

� �
3

�Ei k93 E; gg
� �

; k94 E; gg
� �� �"

k91 E; gg
� �� �2 þ k92 E; gg

� �� �2 þ 2 k92 E; gg
� �� �2

Fi k93 E; gg
� �

; k94 E; gg
� �� h i

þ k86 E; gg
� �� �
3

 !
k86 E; gg
� �� �2 þ k91 E; gg

� �� �2 þ 2 k92 E; gg
� �� �2h i

k91 E; gg
� �� �2 þ k86 E; gg

� �� �2h i1=2
k92 E; gg
� �� �2 þ k86 E; gg

� �� �2h i�1=2
� ��

;

k91 E; gg
� �� �2 � 1

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k91 E; gg
� �� �2� 4k89 E; gg

� �q
þ k88 E; gg

� �� �
; Ei k93 E; gg

� �
; k94 E; gg

� �� 

is the incomplete elliptic integral of the 2nd kind and is given by [95, 96],

Ei k93 E; gg
� �

; k94 E; gg
� ��  � Zk93 E;ggð Þ

0

1� k94 E; gg
� �� �2

sin2 n
n o1=2
� �

dn;

n is the variable of integration in this case,

k93 E; gg
� � � tan�1 k86 E; gg

� �
k92 E; gg
� �

" #
;

k92 E; gg
� �� �2 � 1

2
k88 E; gg
� �� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k88 E; gg
� �� �2� 4k89 E; gg

� �q� �
;

k94 E; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k91 E; gg
� �� �2� k92 E; gg

� �� �2q
k91 E; gg
� � ; Fi k93 E; gg

� �
; k94 E; gg

� �� 

is the incomplete elliptic integral of the 1st kind and is given by [95, 96],

Fi k93 E; gg
� �

; k94 E; gg
� ��  � Zk93 E;ggð Þ

0

1� k94 E; gg
� �� �2

sin2 n
n o1=2
� �

dn:

The DOS function in this case is given by

NHD E; gg
� � ¼ gv

4p3
k87 E; gg
� �� �0

k95 E; gg
� �þ k95 E; gg

� �� �0
k87 E; gg
� �� k90 E; gg

� �� �0h i
ð2:119Þ
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The 2D DR of the conduction electrons in QWs of IV–VI materials in the
absence of band tails for the dimensional quantization along z direction can be
expressed as

E 1þ aEð Þþ aE
�h2k2x
2x4

þ �h2k2y
2x5

 !
þ aE

�h2

2x6

nzp
dz

	 
2

�ð1þ aEÞ �h2k2x
2x1

þ �h2k2y
2x2

 !

� a
�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2

2x6

nzp
dz

	 
2

�ð1þ aEÞ �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2k2x
2x4

þ �h2k2y
2x5

 !
� a

�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

¼ �h2k2x
2m1

þ �h2k2y
2m2

þ �h2

2m3

nzp
dz

	 
2

ð2:120Þ

where

x4 ¼ mþ
t ; x5 ¼ mþ

t þ 2mþ
l

3
; x6 ¼ 3mþ

t mþ
l

2mþ
l þmþ

t
; x1 ¼ m�

t ; x2 ¼
m�

t þ 2m�
l

3
; x3 ¼ 3m�

t m
�
l

2m�
l þm�

t
;

m1 ¼ m�
t ; m2 ¼ m�

t þ 2m�
l

3
andm3 ¼ 3m�

t m
�
l

2m�
l þm�

t
:

Therefore, the HD 2-D DR In this case assumes the form

c2 E; gg
� �þ ac3 E; gg

� � �h2k2x
2x4

þ �h2k2y
2x5

 !
þ ac3 E; gg

� � �h2

2x6

nzp
dz

	 
2

� 1þ ac3 E; gg
� �� � �h2k2x

2x1
þ �h2k2y

2x2

 !
� a

�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2k2x
2x4

þ �h2k2y
2x5

 !

� a
�h2k2x
2x1

þ �h2k2y
2x2

 !
�h2

2x6

nzp
dz

	 
2

� 1þ ac3 E; gg
� �� � �h2

2x2

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2k2x
2x4

þ �h2k2y
2x5

 !

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

¼ �h2k2x
2m1

þ �h2k2y
2m2

þ �h2

2m3

nzp
dz

	 
2

ð2:121Þ

Substituting, kx ¼ r cos h and ky ¼ r sin h (where r and h are 2D polar coordi-
nates in 2D wave vector space) in (2.121), we can write
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r4
"
a
1
4

�h2 cos2 h
x1

þ �h2 sin2 h
x2

	 

�h2 cos2 h

x4
þ �h2 sin2 h

x5

	 

� þ r2

1
2

�h2 cos2 h
m1

þ �h2 sin2 h
m2

	 
�

þ a
�h2

2x3

nzp
dz

	 
2 �h2 cos2 h
x4

þ �h2 sin2 h
x5

	 

þ a

�h2 cos2 h
x1

þ �h2 sin2 h
x2

	 

�h2

2x6

nzp
dz

	 
2

þ �h2 1þ ac3ðE; ggÞ
� � cos2 h

x1
þ sin2 h

x2

	 

� �h2ac3ðE; ggÞ

cos2 h
x4

þ sin2 h
x5

	 
�
� c2ðE; ggÞ
�

þ ac3ðE; ggÞ
�h2

2x6

nzp
dz

	 
2

� 1þ ac3ðE; ggÞ
� � �h2

2x3

nzp
dz

	 
2

�a
�h4

4x3x6

nzp
dz

	 
4
 !#

¼ 0

ð2:122Þ

The area A E; nzð Þ of the 2D wave vectorspace can be expressed as

A E; nzð Þ ¼ �J1 � �J2 ð2:123Þ

where

�J1 � 2
Zp=2
0

c1
b1

dh ð2:124Þ

and

�J2 � 2
Zp=2
0

ac21
b31

dh ð2:125Þ

In which

a � a
�h4

4

	 

cos2 h
x1

þ sin2 h
x2

	 

cos2 h
x4

þ sin2 h
x5

	 
� �
;

b1 � �h2

2

	 

cos2 h
m1

þ sin2 h
m2

	 

þ a

�h2

2x3

	 

nzp
dz

	 
� 2
cos2 h
x4

þ sin2 h
x5

	 


þ a
�h2

2x6

	 

nzp
dz

	 
2 cos2 h
m1

þ sin2 h
m2

	 


þ 1þ ac3 E; gg
� �� � cos2 h

x1
þ sin2 h

x2

	 

� ac3 E; gg

� � cos2 h
x4

þ sin2 h
x5

	 
�

and
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c1 � c2 E; gg
� �þ ac3 E; gg

� � �h2

2x6

	 

nzp
dz

	 
2
"

� 1þ ac3 E; gg
� �� � �h2

2x3

	 

nzp
dz

	 
2

�a
�h4

4x3x6

	 

nzp
dz

	 
4
#

The (2.124) can be expressed as

�J1 ¼ 2
Zp=2
0

t31 E; nzð Þdh
A11 E; nzð Þ cos2 hþB11 E; nzð Þ sin2 h ð2:126Þ

where,

t31 E; nzð Þ � c1; A11 E; nzð Þ � �h2

2m1
t11 E; nzð Þ;

t11 E; nzð Þ � 1þm1
1
x4

a�h2

2x3

nzp
dz

	 
2

þ a�h2

2x1x6

nzp
dz

	 
2

þ 1þ ac2 E; gg
� �
x1

� ac3 E; gg
� �
x4

" #" #

B11 E; nzð Þ � �h2

2m2
t21 E; nzð Þ and

t21 E; nzð Þ � 1þm2
a�h2

2x3x5

nzp
dz

	 
2

þ a�h2

2x2x6

nzp
dz

	 
2

þ 1þ ac3 E; gg
� �
x2

� ac3 E; gg
� �
x5

" #" #
:

Performing the integration, we get

�J1 ¼ pt31 E; nzð Þ A11 E; nzð ÞB11 E; nzð Þ½ ��1=2 ð2:127Þ

From (2.125) we can write

�J2 ¼ at231ðE; nzÞ�h4
2B3

11ðE; nzÞ
I ð2:128Þ

where,

I �
Z1
0

a1 þ a2z2ð Þ a3 þ a4z2ð Þdz
�að Þ2 þ z2

h i3 ; ð�aÞ2 ¼ A11ðE; nzÞ
B11ðE; nzÞ
	 


; ð2:129Þ

in which a1 � 1
x1
, a2 � 1

x2
, z ¼ tan h, h is a new variable, a3 � 1

x4
, a4 � 1

x5
and

�að Þ2� A1 E;nzð Þ
B1 E;nzð Þ
� �

.
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The use of the Residue theorem leads to the evaluation of the integral in (2.129)
as

I ¼ p
4�a

a1a4 þ 3a2a4½ �; ð2:130Þ

Therefore, the 2D area of the 2D wave vector space can be written as

AHD E; nzð Þ ¼ pt31 E; nzð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11 E; nzð ÞB11 E; nzð Þp 1� 1

x5

1
x1

þ 3
x3

	 

at31 E; nzð Þ�h4
8B2

11 E; nzð Þ
� �

ð2:131Þ

The EEM for the HD QWs of IV–VI materials can thus be written as

m� E; nzð Þ ¼ �h2

2
h5HD E; nzð Þ½ �

����
E¼EF1HD

ð2:132Þ

where,

h5HD E; nzð Þ � 1� 1
x5

1
x1

þ 3
x2

	 

at31 E; nzð Þ�h4
8 B11 E; nzð Þ½ �2

" #
A11 E; nzð ÞB11 E; nzð Þ½ ��1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11 E; nzð ÞB11 E; nzð Þ

p
t31 E; nzð Þf g0 � t31 E; nzð Þ

h
1
2

A11 E; nzð Þf g0 B11 E; nzð Þ
A11 E; nzð Þ
� �1=2

þ 1
2

B11 E; nzð Þf g0 A11 E; nzð Þ
B11 E; nzð Þ
� �1=2( )#

� 1
8

t31 E; nzð Þa�h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A11 E; nzð ÞB11 E; nzð Þp 1

x5

1
x1

þ 1
x2

	 

B11 E; nzð Þ½ ��4

B11 E; nzð Þf g2 t31 E; nzð Þf g0 � 2B11 E; nzð Þ B11 E; nzð Þf g0t31 E; nzð Þ
h i

:

Thus, the EEM is a function of Fermi energyand the quantum number due to the
band non-parabolicity.

The total DOS density-of-states function can be written as

N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

h5HD E; nzð ÞH E � Ens7HD

� �
ð2:133Þ

where the sub-band energy Enz7

� �
in this case can be written as
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c2 Enz7HD ; gg
� �þ ac3 Enz7HD ; gg

� � �h2

2x6

nzp
dz

	 
2

� 1þ ac3 Enz7HD ; gg
� �� � �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

� �h2

2m3

nzp
dz

	 
2
" #

¼ 0

ð2:134Þ

In the absence of band-tails the EEM in QWs of IV–VI materials can be written
as

m� E; nzð Þ ¼ �h2

2
h5 E; nzð Þ½ �

����
E¼EFs

ð2:135Þ

where,

h5 E; nzð Þ � 1� 1
x5

1
x1

þ 3
x2

	 

at30 E; nzð Þ�h4
8 B10 E; nzð Þ½ �2

" #
A10 E; nzð ÞB10 E; nzð Þ½ ��1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10 E; nzð ÞB10 E; nzð Þ

p
t30 E; nzð Þf g0 � t30 E; nzð Þ

h
1
2

A10 E; nzð Þf g0 B10 E; nzð Þ
A10 E; nzð Þ
� �1=2

þ 1
2

B10 E; nzð Þf g0 A10 E; nzð Þ
B10 E; nzð Þ
� �1=2( )#

� 1
8

t30 E; nzð Þa�h4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A10 E; nzð ÞB10 E; nzð Þp 1

x5

1
x1

þ 3
x2

	 

B10 E; nzð Þ½ ��4

B10 E; nzð Þf g2 t30 E; nzð Þf g0 � 2B10 E; nzð Þ B10 E; nzð Þf g0t30 E; nzð Þ
h i

;

t30 E; nzð Þ � c0;

c0 � Eð1þ aEÞþ aE
�h2

2x6

	 

nzp
dz

	 
2

�ð1þ aEÞ �h2

2x3

	 

nzp
dz

	 
2

�a
�h4

4x3x6

	 

nzp
dz

	 
4
" #

;

A10 E; nzð Þ � �h2

2m1
t10 E; nzð Þ;

t10 E; nzð Þ � 1þm1
1
x4

a�h2

2x3

nzp
dz

	 
2

þ a�h2

2x1x6

nzp
dz

	 
2

þ 1þ aE
x1

� aE
x4

" #" #
;

B10 E; nzð Þ � �h2

2m1
t20 E; nzð Þ and

t20 E; nzð Þ � 1þm2
a�h2

2x3x5

nzp
dz

	 
2

þ a�h2

2x2x6

nzp
dz

	 
2

þ 1þ aE
x2

� aE
x5

" #" #
;
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Thus, the EEM is a function of Fermi energyand the quantum number due to the
band non-parabolicity.

The total DOS function can be written as

N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

h5 E; nzð ÞH E � Enz7

� � ð2:136Þ

where the sub-band energy Enz7

� �
in this case can be written as

Enz7 1þ aEnz7

� �þ aEnz7
�h2

2x6

nzp
dz

	 
2

� 1þ aEnz7

� � �h2

2x3

nzp
dz

	 
2

� a
�h2

2x3

nzp
dz

	 
2 �h2

2x6

nzp
dz

	 
2

� �h2

2x3

nzp
dz

	 
2
" #

¼ 0

ð2:137Þ

For bulk specimens of IV–VI materials, the expression of DOS function at the
Fermi level assume the forms

NðEÞ ¼ gv
2p2

@

@E
½MA4ðEÞ�

����
E¼EFb

ð2:138Þ

where

MA4 EFbð Þ ¼ a5JA1 EFbð Þ � a3 EFbð Þ�sA1 EFbð Þ � a4
3

�sA1 EFbð Þ½ �3
h i

;

a5 ¼ 2mþ
t m�

t

a�h2
xA1

� �
;

xA1 ¼
a2

16
1

m�
t m

þ
l

þ 1
m�

l m
þ
t

� �2
� a2

4mþ
l m�

t m
�
l m

þ
t

" #
;

JA1 EFbð Þ ¼ AA EFbð Þ
3

� A2
A EFbð ÞþB2

A EFbð Þ� �
E k; qð Þþ 2B2

A EFbð ÞF k; qð Þ� 
þ �sA1 EFbð Þ

3
�sA1 EFbð Þð Þ2 þA2

A EFbð Þþ 2B2
A EFbð Þ

h i
A2
A EFbð Þþ �s2A1

EFbð Þ
h i1=2

B2
A FFbð Þþ�s2A1

EFbð Þ
h i�1=2
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k ¼ tan�1 �sA1 EFbð Þ
BA EFbð Þ ;

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
A EFbð Þ � B2

A EFbð Þ
p

AA EFbð Þ

" #
;

AA EFbð Þ ¼ sA2 EFbð Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2A2

EFbð Þ � 4sA3 EFbð Þ
qh i1=2, ffiffiffi

2
p

;

BA EFbð Þ ¼ sA2 EFbð Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2A2

EFbð Þ � 4sA3 EFbð Þ
qh i1=2, ffiffiffi

2
p

;

sA2 EFbð Þ ¼ xA2 EFbð Þ
x2

A1

; sA3 EFbð Þ ¼ xA3 EFbð Þ
x2

A1

;

xA2 EFbð Þ ¼ a
2

1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �
� 1

m�
t m

þ
l

þ 1
m�

l m
þ
t

� ��

� a
mþ

t m�
t

1
2m�

l
þ a � EFb

2mþ
l

þ 1þ a � EFb

2m�
l

� ��

xA3 EFbð Þ ¼ a � EFb 1þ a � EFbð Þ
2mþ

t m�
t

þ 1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �
;

a2 EFbð Þ 1
2m�

t
� a � EFb

2mþ
t

þ 1þ a � EFb

2m�
t

� �
; a3 ¼ a�h2

4
1

m�
t m

þ
l

þ 1
m�

l m
þ
t

� �
;

sA1 EFbð Þ ¼ 2mþ
l m�

l

a�h2

� �1=2
� 1

2m�
l
þ 1þ a � EFb

m�
l

� a � EFb

2mþ
l

� ��

þ 1
2m�

l
þ 1þ a � EFb

m�
l

� a � EFb

2mþ
l

� �2
þ a � EFb 1þ a � EFbð Þ

m�
l m

þ
l

" #1=235
1=2

;

E k; qð Þ is the in complete Elliptic integral of second kind, F k; qð Þ is the incomplete
Elliptic integral of first kind,

I17 E0ð Þ ¼
�I15 E0ð Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I215 E0ð Þ þ 4I16 E0ð Þ

q
2

;

I15 E0ð Þ ¼ 2mþ
l m�

t

a�h2
1
m�

l
þ 1

m�
l
þ aE0 1

m�
l
� 1
mþ

l

	 
� �
and

I16 E0ð Þ ¼ 4mþ
l m�

t

a�h4
E0ð1þ aE0Þ

(b) The DR of the conduction electrons in bulk specimens of IV–VI materials in
accordance with the model of Bangert and Kastner is given by
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x1ðEÞk2s þx2ðEÞk2z ¼ 1 ð2:139Þ

where

x1ðEÞ ¼ 2ðEÞ�1 ð�RÞ2
Eg0ð1þ a1EÞ þ

ð�SÞ2
D0
cð1þ a2EÞ þ

ð�QÞ2
D00
c ð1þ a3EÞ

" #
and

x2ðEÞ ¼ 2ðEÞ�1 ð�AÞ2
Eg0ð1þ a1EÞ þ

ð�Sþ �QÞ2
D00
c ð1þ a3EÞ

" #
; a1 ¼ 1

Eg0
; a2 ¼ 1

D0
c

; a3 ¼ 1
D00
c

;

and the numerical values of the other system constants are given in Table 1.1.
The electron energy spectrum in heavily doped IV–VI materials in accordance

with this model can be expressed by using the methods as given in this chapter as

2Ið4Þ ¼ k2s C1ða1;E;EgÞ � iD1ða1;E;EgÞ
� � ð�RÞ2

Eg0

"

þ C2ða2;E;EgÞ � iD2ða2;E;EgÞ
� � ð�SÞ2

D0
c

þ C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� � ð�QÞ2

D00
c

#

þ k2z
2ð�AÞ2
Eg0

C1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �"

þ ð�Sþ �QÞ2
D00
c

C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �#

ð2:140Þ

where

Gi ¼ 1þ aiE
ggai

ð2:141Þ

ciðai;E; ggÞ ¼
2

aigg
ffiffiffi
p

p
" #

expð�u2i Þ 
X1
p¼1

expð�p2=4ÞðsinhðpuiÞÞ
� �

p�1

" #
;

ð2:142Þ

i ¼ 1; 2; 3; 4 and

Diðai;E; ggÞ ¼
ffiffiffi
p

p
aigg

" #
expð�u2i Þ ð2:143Þ
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Therefore (2.140) can be written as,

F1ðE; ggÞk2s þF2ðE; ggÞk2z ¼ 1 ð2:144Þ

where,

F1ðE; ggÞ ¼ 2c0ðE; ggÞ
� �1 ð�RÞ2

Eg
C1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �"

þ ð�SÞ2
D0
c

C2ða2;E;EgÞ � iD2ða2;E;EgÞ
� �

þ ð�QÞ2
D00
c

C3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �#

and

F2ðE; ggÞ ¼ 2c0ðE; ggÞ
� �1 2ð�AÞ2

Eg
C1ða1;E;EgÞ � iD1ða1;E; ggÞ
� �"

þ ð�Sþ �QÞ2
D00
c

C3ða3;E; ggÞ � iD3ða3;E; ggÞ
� �#

Since F1ðE; ggÞ and F2ðE; ggÞ are complex, the energy spectrum is also complex
in the presence of Gaussian band tails.

The DOS function in this case can be expressed as

NHDðE; ggÞ ¼
gv
3p2

F0
3ðE; ggÞ; F3ðE; ggÞ ¼ F1ðE; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2ðE; ggÞ

qh i�1
ð2:145Þ

The 2D DR in this case assumes the form

k2s ¼ F6ðE; gg; nzÞ ð2:146Þ

where,

F6ðE; gg; nzÞ ¼
1� F2ðE; ggÞðnzp=dzÞ2
h i

F1ðE; ggÞ

2
4

3
5

The EEM in this case is given by

m�ðEF1HD; gg; nzÞ ¼
�h2

2
Real part of ½F0

6ðEF1HD; gg; nzÞ� ð2:147Þ
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The total DOS function can be written as

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

F0
6ðE; gg; nzÞHðE � Enz71HDÞ ð2:148Þ

where Enz71HD is the quantized energy in this case and is given by

1 ¼ F2ðEnz71HD ; ggÞðpnz=dzÞ2 ð2:149Þ

In the absence of band-tails the EEMs can be written as

m�
? EFð Þ ¼ �h2

2

	 

F0
11ðEFÞ

F2
12ðEFÞ

	 

ð2:150Þ

m�
11 EFð Þ ¼ �h2

2

	 

F0
12ðEFÞ

F2
12ðEFÞ

	 

ð2:151Þ

where

F11ðEÞ ¼ ð�RÞ2
Eg0ð1þ a1EÞ þ

ð�SÞ2
D0
cð1þ a2EÞ

þ ð�QÞ2
D00
c ð1þ a3EÞ

" #
2E½ ��1 and

F12ðEÞ ¼ ð�AÞ2
Eg0ð1þ a1EÞ þ

ð�Sþ �QÞ2
D00
c ð1þ a2EÞ

" #
2E½ ��1

The DOS function in this case can be expressed as

NðEÞ ¼ gv
3p2

F0
13ðEÞ; F13ðEÞ ¼ ½F11ðEÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F12ðEÞ

p
��1 ð2:152Þ

In the absence of band-tails, the 2D DR in this case assumes the form

k2s ¼ F16ðE; nzÞ ð2:153Þ

where,

F16ðE; nzÞ ¼
1� F12ðEÞðnzp=dzÞ2
h i

F11ðEÞ

2
4

3
5 ð2:154Þ

The EEM in this case is given by
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m�ðEFs ; nzÞ ¼
�h2

2
½F0

16ðEFs ; nzÞ� ð2:155Þ

The total DOS function can be written as

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

F0
16ðE; nzÞHðE � Enz711Þ ð2:156Þ

where Enz711 is the quantized energy in this case and is given by

1 ¼ F12ðEnz711 ; ggÞðpnz=dzÞ2 ð2:157Þ

2.2.5 The DR in Ultrathin Films (UFs) of HD Stressed Kane
Type Materials

The electron energy spectrum in stressed Kane type materials can be written [101]
as

kx
�a0 Eð Þ
	 
2

þ ky
�b0 Eð Þ
	 
2

þ kz
�c0 Eð Þ
	 
2

¼ 1 ð2:158Þ

where, �a0 Eð Þ½ �2� �K0ðEÞ
�A0 Eð Þ þ 1

2
�D0 Eð Þ,

�K0ðEÞ � E � C1e� 2C2
2e

2
xy

3E0
g

h i
3E0

g

2B2
2

� �
, C1 is the con-

duction band deformation potential, e is the trace of the strain tensor ê which can be

written as ê ¼
exx exy 0
exy eyy 0
0 0 ezz

2
4

3
5;

C2 is a constant which describes the strain interaction between the conduction
and valance bands, E0

g � Eg þE � C1e, B2 is the momentum matrix element,

�A0 Eð Þ � 1� �a0 þC1ð Þ
E0
g

þ 3�b0exx
2E0

g
�

�b0e
2E0

g

" #
;

�a0 � � 1
3

�b0 þ 2�mð Þ;

�b0 � 1
3
�l� �mð Þ;

�d0 � 2�nffiffiffi
3

p ;

�l; �m; �n are the matrix elements of the strain perturbation operator,
�D0ðEÞ � �d0

ffiffiffi
3

p� � exy
E0
g
,
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�b0 Eð Þ½ �2 �
�K0ðEÞ

�A0 Eð Þ � 1
2
�D0 Eð Þ ;

�c0 Eð Þ½ �2 �
�K0ðEÞ
�L0 Eð Þ and

�L0 Eð Þ � 1� �a0 þC1ð Þ
E0
g

þ 3�b0ezz
E0
g

�
�b0e
2E0

g

" #

The use of (2.158) can be written as

ðE � a1Þk2x þðE � a2Þk2y þðE � a3Þk2z ¼ t1E
3 � t2E

2 þ t3Eþ t4 ð2:159Þ

where

a1 � Eg � C1e� ð�a0 þC1Þeþ 3
2
�b0exx �

�b0
2
eþ

ffiffiffi
3

p .
2

� �
exy�d0

� �
;

a2 � Eg � C1e� ð�a0 þC1Þeþ 3
2
�b0exx �

�b0
2
e�

ffiffiffi
3

p .
2

� �
exy�d0

� �
;

a3 � Eg � C1e� ð�a0 þC1Þeþ 3
2
�b0ezz �

�b0
2
e

� �
;

t1 � 3�
2B2

2

� �
;

t2 � 1�
2B2

2

� �
½6ðEg � C1eÞþ 3C1e�;

t3 � 1�
2B2

2

� �
3ðEg � C1eÞ2 þ 6C1eðEg � C1eÞ � 2C2

2e
2
xy

h i
and

t4 � 1�
2B2

2

� �
�3C1eðEg � C1eÞ2 þ 2C2

2e
2
xy

h i
:

The (2.159) can be written as

Ek2 � T17k
2
x � T27k

2
y � T37k

2
z ¼ q67E

3 � R67E
2 þV67Eþ q67

�  ð2:160Þ

where

T17 ¼ a1; T27 ¼ a2; T37 ¼ a3; t1 ¼ q67; t2 ¼ R67; t3 ¼ V67 and t4 ¼ q67

Under the condition of heavy doping, (2.160) can be written as

Ið4Þk2 � T17Ið1Þk2x � T27Ið1Þk2y � T37k
2
z Ið1Þ

¼ q67Ið6Þ � R67Ið5ÞþV67Ið4Þþ q67Ið1Þ½ � ð2:161Þ

where,
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I 6ð Þ ¼
ZE
�1

E � Vð Þ3F Vð ÞdV ð2:162Þ

The (2.162) can be written as

I 6ð Þ ¼ E3I 1ð Þ � 3E2I 7ð Þþ 3EI 8ð Þ � I 9ð Þ ð2:163Þ

In which,

I 7ð Þ ¼
ZE
�1

VF Vð ÞdV ð2:164Þ

I 8ð Þ ¼
ZE
�1

V2F Vð ÞdV ð2:165Þ

I 9ð Þ ¼
ZE
�1

V3F Vð ÞdV ð2:166Þ

Using simple algebraic manipulations we can write

I 7ð Þ ¼ �gg
2
ffiffiffi
p

p exp
�E2

g2g

 !
ð2:167Þ

I 8ð Þ ¼ g2g
4

1þErf
E
gg

 !" #
ð2:168Þ

and

I 9ð Þ ¼ �gg
2
ffiffiffi
p

p exp
�E2

g2g

 !
1þ E2

g2g

 !" #
ð2:169Þ

Thus (1.166) can be written as

I 6ð Þ ¼ E
2

1þErf
E
gg

 !" #
E2 þ 3

2
g2g

� �
þ gg

2
ffiffiffi
p

p exp
�E2

g2g

 !
4E2 þ g2g

h i" #
ð2:170Þ

Thus, combining the appropriate equations, the DR of the conduction electrons
in HD stressed materials can be expressed as
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P11 E; gg
� �

k2x þQ11 E; gg
� �

k2y þ S11 E; gg
� �

k2z ¼ 1 ð2:171Þ

where,

P11 E; gg
� � � c0 E; gg

� �� T17=2ð Þ 1þErf E
�
gg

� �� 
D14 E; gg
� �

" #
;

D14 E; gg
� � � q67

E
2

1þErf
E
gg

 !" #
E2 þ 3

2
g2g

� �
þ gg

2
ffiffiffi
p

p exp
�E2

g2g

 !
4E2 þ g2g

h i( )"

�R67h0 E; gg
� �þV67c0 E; gg

� �þ q67
2

1þErf E
�
gg

� �� i
;

Q11 E; gg
� � � c0 E; gg

� �� T27=2ð Þ 1þErf E
�
gg

� �� 
D14 E; gg
� �

" #
and

S11 E; gg
� � � c0 E; gg

� �� T37=2ð Þ 1þErf E
�
gg

� �� 
D14 E; gg
� �

" #
:

Thus, the energy spectrum in this case is real since the DR of the corresponding
materials in the absence of band tails as given by (2.171) has no poles in the finite
complex plane.

The DOS function in this case can be written as

NHD E; gg
� � ¼ gv

3p2
D100 E; gg

� �
where

D100 E; gg
� � ¼ D15 E; gg

� �� ��2 3
2

D15 E; gg
� �� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

D14 E; gg
� �q

D14 E; gg
� �� �0�

� D14 E; gg
� �� �3=2

D15 E; gg
� �� �0i

and

D15 E; gg
� � � c0 E; gg

� �� T17=2ð Þ 1þErf ðE=ggÞ
� � �

c0 E; gg
� �� T27=2ð Þ 1þErf ðE=ggÞ

� � 
c0 E; gg
� �� T37=2ð Þ 1þErf ðE=ggÞ

� � 1=2
:

ð2:172Þ

The DR of the conduction electrons in HD QWs of Kane type materials can be
written as

P11 E; gg
� �

k2x þQ11 E; gg
� �

k2y þ S11 E; gg
� �ðpnz=dzÞ2 ¼ 1 ð2:173Þ

The EEM can be expressed as
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m� EF1HD; gg; nz
� � ¼ �h2

2
A0
56 EF1HD; gg; nz
� � ð2:174Þ

where,

A56 E; gg; nz
� � ¼ p 1� S11 E; gg

� �
nzp=dzð Þ2

h i
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P11 E; gg
� �

Q11 E; gg
� �q ð2:175Þ

From (2.174), it appears that the EEM is a function of Fermi energy, and size
quantum number and the same mass exists in the band gap.

Thus, the total 2D DOS function can be expressed as

N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

A0
56 EF1HD; gg; nz
� � ð2:176Þ

The sub band energies Enz8HD

� �
are given by

S11 Enz8HD

� �
ðpnz=dzÞ2 ¼ 1 ð2:177Þ

In the absence of band tails, the 2D electron energy spectrum in QWs of stressed
materials assumes the form

k2x
�a0ðEÞ½ �2 þ k2y

�b0ðEÞ½ �2
þ 1

�c0ðEÞ½ �2 nzp=dzð Þ2¼ 1 ð2:178Þ

The area of 2D wave vector space enclosed by (2.178) can be written as

A E; nzð Þ ¼ pP2 E; nzð Þ�a0 Eð Þ�b0 Eð Þ ð2:179Þ

where

P2ðE; nzÞ ¼ 1� nzp=dz�c0ðEÞ½ �2
h i

:

From (2.178), the EEM can be written as
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m�ðEFs ; nzÞ ¼
�h2

2
P2ðEFs ; nzÞ�a0ðEFsÞ�b0ðEFsÞ
� 0 ð2:180Þ

Thus, the total 2D DOS function can be expressed as

N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

h6 E; nzð ÞH E � Enz11

� � ð2:181Þ

in which,

h6 E; nzð Þ ¼ 2P E; nzð Þ P E; nzð Þf g0�a0 Eð Þ�b0 Eð Þþ P E; nzð Þf g2 �a0 Eð Þf g0�b0 Eð Þ
h
þ P E; nzð Þf g2 �b0 Eð Þ� �0

�a0 Eð Þ
i

ð2:182Þ

The sub band energies Enz11

� �
are given by

�c0ðEnz11
Þ ¼ nzp=dz ð2:183Þ

The DOS function for bulk specimens of stressed Kane type materials in the
absence of band tail can be written as

D0 Eð Þ ¼ gv 3p2
� ��1�T0 Eð Þ ð2:184Þ

where

�T0 Eð Þ ¼ �a0 Eð Þ�b0 Eð Þ �c0 Eð Þ½ �0 þ �a0 Eð Þ �b0 Eð Þ½ �0�c0 Eð Þ þ �a0 Eð Þ½ �0�b0 Eð Þ�c0 Eð Þ
h i

2.2.6 The DR in Ultrathin Films (UFs) of HD Te

The DR of the conduction electrons in Te can be expressed as [102]

E ¼ w1k
2
z þw2k

2
s � ½w2

3k
2
z þw2

4k
2
s �1=2 ð2:185Þ

where, the values of the system constants are given in Table 1.1.
The carrier energy spectrum in HD Te can be written as
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c3 E; gg
� � ¼ w1k

2
z þw2k

2
s � ½w2

3k
2
z þw2

4k
2
s �1=2 ð2:186Þ

The DOS function at the Fermi level can be written as

NHD EFh ; gg
� � ¼ gv

3p2
@

@EFh

½t1HDðEFh ; ggÞ� ð2:187Þ

where,

t1HD EFh ; gg
� � ¼ 3w5HD EFh ; gg

� �
C3HD EFh ; gg

� � � w6C
3
3HD EFh ; gg
� �� 

;

w5HD EFh ; gg
� � ¼ c3 EFh ; gg

� �
w2

þ w2
4

2w2
2

" #
;

C3HD EFh ; gg
� � ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
3 þ 4w1c3 EFh ; gg

� �q
2w1

; and

w6 ¼
w1

w2

The DR in 2D HD Te can be written as

k2s ¼ �w5HDðE; ggÞ ð2:188Þ

where

�w5HDðE; ggÞ ¼ w5HDðE; ggÞ � w6
nzp
dz

	 
2

�w7 w2
8HDðE; ggÞ �

nzp
dz

	 
2
" #1=2

;

w7 ¼
w4

ffiffiffiffiffiffi
w1

p
w3=2
2

and w2
8HDðE; ggÞ ¼

w4
4 þ 4c3ðE; ggÞw2w

2
4 þ 4w2

2w
2
3

4w1w2w
2
4

" #

The EEM in this case is given by

m� EF1HD; gg; nz
� � ¼ �h2

2
w0
5HDðEF1HD; ggÞ �

w8HDðEF1HD; ggÞw0
8HDðEF1HD; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w2
8HDðEF1HD; ggÞ � ðpnz=dzÞ2

q
2
64

3
75

ð2:189Þ

The total DOS function in this case can be expressed as
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N2DT Eð Þ ¼ gv
2p

� �Xnzmax

nz¼1

�w5HDðE; ggÞ
� 0

H E � Enz59HD

� � ð2:190Þ

where Enz59HD is the lowest positiveroot of the equation

w5HDðEnz59HD ; ggÞ � w6
pnz
dz

	 
2

�w7 w2
8HD Enz59HD ; gg
� �� pnz

dz

	 
2
" #1=2

¼ 0

ð2:191Þ

The 2D electron energy spectrum in QWs of Te in the absence of band tails
assumes the form

k2s ¼ w5ðEÞ � w6
pnz
dz

	 
2

�w7 w2
8ðEÞ �

pnz
dz

	 
2
" #1=2

ð2:192Þ

where,

w5ðEÞ ¼
E
w2

þ w2
4

2w2
2

" #
and w2

8ðEÞ ¼
w4
4 þ 4Ew2w

2
4 þ 4w2

2w
2
3

4w1w2w
2
4

Thus, the total 2D DOS function can be expressed as

N2DT Eð Þ ¼ gv
p

� �Xnzmax

nz¼1

t400 E; nzð ÞH E � Enz12

� � ð2:193Þ

where,

t40 E; nzð Þ ¼ w5ðEÞ � w6
pnz
dz

	 
2

�w7 w2
8ðEÞ �

pnz
dz

	 
� �1=2" #1=2

The sub-band energies Enz12

� �
are given by

Enz12 ¼ w1ðnzp=dzÞ2 � w3ðnzp=dzÞ ð2:194Þ

Using (2.192) the EEM can be expressed as
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m�ðEFs ; nzÞ ¼
�h2

2
t040ðEFs ; nzÞ ð2:195Þ

The DOS function for bulk specimens of Te in the absence of band tails can be
expressed as

NðEFÞ ¼ gv
3p2

@

@EF
½M9ðEFÞ� ð2:196Þ

where,

M9ðEFÞ ¼ 3w5ðEFÞC3ðEFÞ � w6C
3
3ðEFÞ

� 
;

w5ðEFÞ ¼ EF

w2
þ w2

4

2w2
2

" #
and

C3ðEFÞ ¼ 2w1½ ��1
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
w2
3 þ 4w1EF

q
� w3

� �

2.2.7 The DR in Ultrathin Films (UFs) of HD Gallium
Phosphide

The energy spectrum of the conduction electrons in n-GaP can be written as [103]

E ¼ �h2k2s
2m�

?
þ �h2

2m�
k

�A0k2s þ k2z
� � �h4k20

m�2
k

k2s þ k2z
� �þ VGj j2

" #1=2
þ VGj j ð2:197Þ

where, k0 and VGj j are constants of the energy spectrum and �A0 ¼ 1.
The DR of the conduction electrons in HDn-GaP can be expressed as

c3ðE; ggÞ ¼
�h2k2s
2m�

?
þ �h2

2m�
k

�A0k2s þ k2z
� � �h4k20

m�2
k

k2s þ k2z
� �þ VGj j2

" #1=2
� VGj j

ð2:198Þ

The EEMs assume the forms as
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m�
z ðEFh ; ggÞ ¼

�h2c03ðEFh ; ggÞ
b

1� ðCþ bDÞ C2 þ 4bD2 þ 4bCc3ðEFh ; ggÞ
��

� 4bCDþ 4b2c3ðEFh ; ggÞD
�1=2

i
ð2:199Þ

and

m�
s ðEFh ; ggÞ ¼

�h2

2
t11c

0
3ðEFh ; ggÞ � t41t

0
5ðEFh ; ggÞ

�  ð2:200Þ

where,

b ¼ �h2

2m�
k
; C ¼ ð�h2k0=m�

kÞ2; D ¼ VGj j; t11 ¼ 1
a
; a ¼ �h2

2m�
?
þ �A0b; t41 ¼

ffiffiffiffiffiffiffi
g3
2a2

r
;

g3 ¼ ð4abcþ 4a2cÞ; t25ðEFh ; ggÞ ¼ ½g2 � 4aCc3ðEFh ; ggÞ�ðg3Þ�1;

g2 ¼ ð4a2b2 þC2 þ 4aCDÞ

The DOS function can be expressed as

NHDðEFh ; ggÞ ¼
gv
4p2

@

@EFh

½M1HDðEFh ; ggÞ� ð2:201Þ

where

M1HDðEFh ; ggÞ ¼
"
2ðt11c3ðEFh ; ggÞþ t21Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

q
:

þ ðt31=3Þh3;�ðEFh ; ggÞþ ðt41=2Þ

h;�ðEFh ; ggÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�ðEFh ; ggÞþ t5ðEFh ; ggÞ

q
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q� �

þ ðt41t5ðEFh ; ggÞ=2Þ ln
h;�ðEFh ; ggÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h2�ðEFh ; ggÞþ t5ðEFh ; ggÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFh ; ggÞ

q
�������

�������
3
75;
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t21 ¼ g1
2a2

; g1 ¼ �ðCþ 2aDÞ; t81 ¼ ½t441 þ 4t241t21t31 þð4t231t241g2Þðg3Þ�1�; t31 ¼ b
a
;

t91 ¼ ½4t11t31t241 þ 8t11t21t231 � ð16t231t241aCÞðg3Þ�1�;
h�ðEFh ; ggÞ ¼ ðt31

ffiffiffi
2

p
Þ�1½t61 þ t7c3ðEFh ; ggÞ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t81 þ t91c3ðEFh ; ggÞ

q
�; t61 ¼ ðt241 þ 2t21t31Þ and

t71 ¼ ð2t11t31Þ

The 2D DR in QW of HD GaPcan be expressed following (2.198) as

k2s ¼ t11c3ðE; ggÞþ t21 � t31
pnz
dz

	 
2

� t41
pnz
dz

	 
2

þ t25ðE; ggÞ
" #1=2

ð2:202Þ

The EEM in this case can be written following (2.202) as

m�ðEF1HD; gg; nzÞ ¼
�h2

2
t11c

0
3ðEF1HD; ggÞ � t41t5ðEF1HD; ggÞt05ðEF1HD; ggÞ

�
pnz
dz

	 
2

þ t25ðEF1HD; ggÞ
" #�1=2

3
5

ð2:203Þ

The total DOS function assumes the form

N2DTðE; ggÞ ¼
gv
2p

Xnzmax

nz¼1

t11c
0
3ðEF1HD; ggÞ � t41t5ðEF1HD; ggÞt05ðEF1HD; ggÞ

�

pnz
dz

	 
2

þ t25ðEF1HD; ggÞ
" #�1=2

3
5HðE � Enz8THDÞ

ð2:204Þ

where, Enz8THD is given by the equation

t11c3ðEnz8THD ; ggÞþ t21 � t31
pnz
dz

	 
2

� t41
pnz
dz

	 
2

þ t25ðEnz8THD ; ggÞ
" #1=2

¼ 0

ð2:205Þ

The 2D DR in size-quantized n-GaP in the absence of band tails assumes the
form
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E ¼ ak2s þC nzp=dzð Þ2 þ VGj j � Dk2s þ VGj j2 þ D nzp=dzð Þ2
h i1=2

ð2:206Þ

The sub-band energy Enz13

� �
are given by

Enz13 ¼ C nzp=dzð Þ2 þ VGj j � VGj j2 þ D nzp=dzð Þ2
h i1=2

ð2:207Þ

The (2.215) can be expressed as

k2s ¼ t42ðE; nzÞ ð2:208Þ

in which,

t42 ¼ E; nzð Þ � 2a E � t1ð ÞþDf g � 2a E � t1ð ÞþD½ �2�4a2 E � t1ð Þ2�t2
h in o1=2

� �
;

t1 � VGj j þC pnz=dzð Þ2 and t2 � VGj j2 þD pnz=dzð Þ2:

The total DOS function is given by

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

t42
0 E; nzð Þ½ �H E � Enz13

� � ð2:209Þ

Using (1.212) the EEM can be expressed as

m�ðEFs ; nzÞ ¼
�h2

2
t042ðEFs ; nzÞ ð2:210Þ

The DOS function at the Fermi level is given by

NðEFÞ ¼ gv
4p2

@

@EF
½M1ðEFÞ� ð2:211Þ

where

M1ðEFÞ ¼ 2ðt11EF þ t21Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t91EF þ t81

p þ t31
3
/3ðEFÞþ t41

2
/ðEFÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q��

þ t41t5ðEFÞ
2
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/ðEFÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
/2ðEFÞþ t5ðEFÞ

q
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t5ðEFÞ

p
������

������
2
4

3
5
3
5;/ðEFÞ ¼ ðt31

ffiffiffi
2

p
Þ�1½t61 þEFt71 � ½t81 þ t91EF �1=2�

3
5
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2.2.8 The DR in Ultrathin Films (UFs) of HD Platinum
Antimonide

The DR for the n-type PtSb2 can be written as [104]

Eþ k0
a2

4
k2 � lk2s

a2

4

� �
Eþ d0 � v

a2

4
k2 � n0k2s

a2

4

� �
¼ I

a4

16

	 

k4 ð2:212Þ

The (2.222) assumes the form

½Eþx1k
2
s þx2k

2
z �½Eþ d0 þx3k

2
s � x4k

2
z � ¼ I1ðk2s þ k2z Þ2 ð2:213Þ

where

x1 ¼ k0
a2

4
þ l

a2

4

� �
; x2 ¼ k0

a2

4
; x3 ¼ n0

a2

4
� t

a2

4

� �
; x4 ¼ t

a2

4
; I1 ¼ I

a2

4

	 
2

;

k0, l, d0, v, n0 and a are the band constants.
The carrier dispersion law in HD PtSb2 can be written as

T11k
4
s � k2s ½T21ðE; ggÞ � T31k

2
z � þ ½T41k4z � T51ðE; ggÞk2z � T61ðE; ggÞ� ¼ 0

ð2:214Þ

where,

T11 ¼ ðI1 � x2x3Þ;
T21ðE; ggÞ ¼ ½x1d0 þx1c3ðE; ggÞþx3c3ðE; ggÞ�;

T31 ¼ ½2I1 þx2x4 � x2x3�;
T41 ¼ ½2I1 þx2x4�;

T51ðE; ggÞ ¼ x2c0 � x4c3ðE; ggÞ þ x2c3ðE; ggÞ
� 

;

T61ðE; ggÞ ¼ ½c8ðE; ggÞþ c0c3ðE; ggÞ� and
c8ðE; ggÞ ¼ 2h0ðE; ggÞ½1þErf ðE�ggÞ��1

The DOS function at the Fermi level in this case can be written as
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NHDðEFh ; ggÞ ¼
gv
3p2

@

@EFh

½M6HDðEFh ; ggÞ� ð2:215Þ

where

M6HDðEFh ; ggÞ ¼ T91HDðEFh ; ggÞq2HDðEFh ; ggÞ � T101
q32HDðEFh ; ggÞ

3
� T11J3ðEFh ; ggÞ

� �

T91HDðEFh ; ggÞ ¼
T21ðEFh ; ggÞ

2T11
;

q2HDðEFh ; ggÞ ¼ ð2T41Þ�1 T51ðEFh ; ggÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
51ðEFh ; ggÞþ 4T41T61ðEFh ; ggÞ

qh ih i1=2
T101 ¼ T31=2T11½ �;

J3ðEFh ; ggÞ ¼
q2HDðEFh ; ggÞ

3
A2
3HDðEFh ; ggÞþB2

3HDðEFh ; ggÞ
� �

E0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ
� A2

3HDðEFh ; ggÞ � B2
3HDðEFh ; ggÞ

� 
F0ðgðEFh ; ggÞtðEFh ; ggÞÞ


þ q2HDðEFh ; ggÞ

3
ðA2

3HDðEFh ; ggÞ � q22HDðEFh ; ggÞÞðB2
3HDðEFh ; ggÞ � q22HDðEFh ; ggÞÞ

� 1=2
;

E0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ and F0ðgðEFh ; ggÞ; tðEFh ; ggÞÞ are the incomplete elliptic
integrals of second and first respectively,

A2
3HDðEFh ; ggÞ ¼

1
2

T12ðEFh ; ggÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
12ðEFh ; ggÞ � 4T2

13ðEFh ; ggÞ
qh i

;T12ðEFh ; ggÞ ¼ T7ðEFh ; ggÞ=�T61
� 

�T61 ¼ T2
31 � 4T11T41

� 
; T7ðEFh ; ggÞ ¼ 2T31T21ðEFh ; ggÞ � 4T11T51ðEFh ; ggÞ

� 
;

T13ðEFh ; ggÞ ¼ ðT8ðEFh ; ggÞ=�T8Þ;
T8ðEFh ; ggÞ ¼ T2

12ðEFh ; ggÞþ 4T11T61ðEFh ; ggÞ
� 

;

B2
3HDðEFh ; ggÞ ¼

1
2

T12ðEFh ; ggÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T2
12ðEFh ; ggÞ � 4T13ðEFh ; ggÞ

qh i
; �T11 ¼

ffiffiffiffiffiffiffi
�T61

p .
2T11

h i

tðEFh ; ggÞ ¼ ½B3ðEFh ; ggÞ=A3ðEFh ; ggÞ�; gðEFh ; ggÞ ¼ sin�1 q2ðEFh ; ggÞ
B3ðEFh ; ggÞ

" #

From (2.215) the DR in QWs of HD PtSb2 can be expressed as

T11k
4
s � P1HDðE; gg; nzÞk2s þP2HDðE; gg; nzÞ ¼ 0 ð2:216Þ

where,

P1HDðE; gg; nzÞ ¼ ½T21ðEFh ; ggÞ � T31ðpnz=dzÞ�
P2HDðE; gg; nzÞ ¼ ½T41ðpnz=dzÞ4 � T51ðEFh ; ggÞðpnz=dzÞ2 � T61ðEFh ; ggÞ�

(2.216) can be written as
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k2s ¼ A60ðE; gg; nzÞ ð2:217Þ

where,

A60ðE; gg; nzÞ ¼ P1HDðE; gg; nzÞ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
P2
1HDðE; gg; nzÞ � 4T11P2HDðE; gg; nzÞ

qh i

The EEM assumes the form

m�ðEF1HD; gg; nzÞ ¼
�h2

2
A0
60ðEF1HD; gg; nzÞ ð2:218Þ

The DOS function in this case is given by

N2DCðEÞ ¼ gv
2p

Xnzmax

nz¼1

½A0
60ðE; gg; nzÞ�HðE � Enz100Þ ð2:219Þ

where Enz100 is the lowest positive root of the equation

P2HDðEnz100 ; gg; nzÞ ¼ 0 ð2:220Þ

From (2.217), we can write the expression of the 2D dispersion law in QWs of
n-PtSb2 in the absence of band tails as

k2s ¼ t44ðE; nzÞ ð2:221Þ

where,

t44ðE; nzÞ ¼ 2A9½ ��1 �A10 E; nzð Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A2
110 E; nzð Þþ 4A9A11 E; nzð Þ

q� �
;

A9 � I1 þx1x3½ �;

A10 E; nzð Þ � x3Eþx1 Eþ d0 � x4
pnz
dz

	 
2
( )"

þ x2x3
pnz
dz

	 
2

þ 2I1
pnz
dz

	 
2
#

and

A11 E; nzð Þ � E Eþ d0 � x4
pnz
dz

	 
2
" #

þx2
pnz
dz

	 
2

Eþ d0 � x4
pnz
dz

	 
2
" #

� I1
pnz
dz

	 
4
" #
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The area of ks space can be expressed as

A E; nzð Þ ¼ pt44 E; nzð Þ ð2:222Þ

The total DOS function assumes the form

N2DTðEÞ ¼ gv
2p

Xnzmax

nz¼1

½t044ðE; nzÞ�HðE � Enz14Þ ð2:223Þ

where the quantized levels Enz14 can be expressed through the equation

Enz14 ¼ 2ð Þ�1 � x2
pnz
dz

	 
2

þ d0 � x4
pnz
dz

	 
2
" #"

þ x2
pnz
dz

	 
2

þ d0 � x4
pnz
dz

	 
2
" #28<

:
þ 4 I1

pnz
dz

	 
4

þ x2x4
pnz
dz

	 
4

�x2d0
pnz
dz

	 
2
" #)1=2

3
5

ð2:224Þ

Using (2.221), the EEM in this case can be written as

m�ðEFs ; nzÞ ¼
�h2

2
t044ðEFs ; nzÞ ð2:225Þ

2.2.9 The DR in Ultrathin Films (UFs) of HD Bismuth
Telluride

The DR of the conduction electrons in Bi2Te3 can be written as [105]

Eð1þ aEÞ ¼ �x1k
2
x þ �x2k

2
y þ �x3k

2
z þ 2�x4kzky ð2:226Þ

where �x1 ¼ �h2

2m0
�a11; �x2 ¼ �h2

2m0
�a22; �x3 ¼ �h2

2m0
�a33; �x4 ¼ �h2

2m0
�a23 in which �a11; �a22; �a33

and �a23 are system constants.
The DR in HD Bi2Te3 assumes the form

c2ðE; ggÞ ¼ �x1k
2
x þ �x2k

2
y þ �x3k

2
z þ 2�x1kxky ð2:227Þ

The DOS function in this case is given by
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NðEÞ ¼ 4pgv
2m0

�h2

	 
3=2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c2ðE; ggÞ

q
c02ðE; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a22a33 � 4a11a223
p ð2:228Þ

The DR in QWs of HD Bi2Te3 can be expressed as

c2ðE; ggÞ ¼ �x1
pnx
dx

	 
2

þ �x2k
2
y þ �x3k

2
z þ 2�x4kzky ð2:229Þ

The EEM can be expressed as

m�ðEF1HD; ggÞ ¼
m0ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a33 � 4a223
p c02ðEF1HD; ggÞ ð2:230Þ

The DOS function per sub-band can be written as

�N2DCðEF1HDÞ ¼ gv
2p

R0
60ðEF1HD; ggÞ ð2:231Þ

where

R60ðEF1HD; gg; nzÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a11a33 � 4a223
p 2m0c02ðEF1HD; ggÞ

�h2
� 2m0

�h2
pnx
dx

	 
2

�a11

" #

The 2D DR in QWs of Bi2Te3 in the absence of band tails assumes the form

Eð1þ aEÞ ¼ �x1
nxp
dx

	 
2

þ �x2k
2
y þ �x3k

2
z þ 2�x4kzky ð2:232Þ

The area of the ellipse is given by

AnðE; nxÞ ¼ pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a22�a33 � 4�a223

p 2m0Eð1þ aEÞ
�h2

� �x1
nxp
dx

	 
2
" #

ð2:233Þ

The total DOS function assumes the form

N2DTðEÞ ¼ gvm0

p�h2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a22�a33 � 4�a223

p Xnxmax

nx¼1

ð1þ 2aEÞH E � Enz15

� � ð2:234Þ

where, Enz15

� �
can be expressed through the equation
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Enz15ð1þ aEnz15Þ ¼ �x1
nxp
dx

	 
2

ð2:235Þ

The EEM in this case assumes the form as

m�ðEFsÞ ¼
m0ð1þ 2aðEFsÞÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�a22�a33 � 4�a223
p ð2:236Þ

2.2.10 The DR in Ultrathin Films (UFs) of HD Germanium

It is well known that the conduction electrons of n-Ge obey two different types of
dispersion laws since band non-parabolicity has been included in two different ways
as given in the literature[106–108].

(a) The DR of the conduction electrons in bulk specimens of n-Ge can be
expressed in accordance with Cardona et al. [106] as

E ¼ �Eg0

2
þ �h2k2z

2m�
k
þ E2

g0

4
þEg0k

2
s

�h2

2m�
?

	 
" #1=2
ð2:237Þ

where in this case m�
k and m�

? are the longitudinal and transverse effective masses

along <111> direction at the edge of the conduction band respectively
The (2.237) can be written as

�h2k2s
2m�

?
¼ Eð1þ aEÞþ a

�h2k2z
2m�

k

 !
� ð1þ 2aEÞ �h2k2z

2m�
k

 !
ð2:238Þ

The DR under the condition of heavy doping can be expressed from (2.238) as

�h2k2s
2m�

?
¼ c2ðEþ ggÞþ a

�h2k2z
2m�

k

 !2

�ð1þ 2ac3ðEþ ggÞÞ
�h2k2z
2m�

k

 !
ð2:239Þ

The DOS function in this case assumes the form

NHDðEFh ; ggÞ ¼
8pgvm�

?
ffiffiffiffiffiffiffiffi
2m�

k
q

�h3
M0

8HDðEFh ; ggÞ ð2:240Þ
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where

M8HDðEFh ; ggÞ ¼ c3ðEFh ; ggÞ
� 1=2

c2ðEFh ; ggÞþ
a
5
c23ðEFh ; ggÞ

h i
� c3ðEFh ; ggÞ

3
½1þ 2ac3ðEFh ; ggÞ�

In the presence of size quantization, the dispersion law in QW of HD Ge can be
written following (2.239) as

�h2k2s
2m�

?
¼ c2ðEþ ggÞþ a

�h2 nzp=dz

� �2
2m�

k

0
B@

1
CA

2

�ð1þ 2ac3ðEþ ggÞÞ
�h2 nzp=dz

� �2
2m�

k

ð2:241Þ

The EEM assumes the form

m�
s ðEF1HD; gg; nzÞ ¼ m�

? c02ðEF1HD; ggÞ �
a�h2

m�
k

nzp
dz

	 
2

c03ðEF1HD; ggÞ
" #

ð2:242Þ

The DOS function per sub-band at the Fermi level in this case can be written as

N2DCðEF1HDÞ ¼ gvm�
?

p�h2
R0
1ðEF1HD; ggÞ ð2:243Þ

where,

R1ðEF1HD; gg; nzÞ ¼ c2ðEF1HD; ggÞþ a
�h2 nzp=dz

� �2
2m�

k

0
B@

1
CA

2

�ð1þ 2ac3ðEF1HD; ggÞÞ
�h2 nzp=dz

� �2
2m�

k

2
64

3
75

The sub-band energy Enz100HD is the lowest positive root of the equation

c2ðEnz100HD ; ggÞþ a
�h2

2m�
k

nzp
dz

	 
2
" #2

� ½1þ 2ac3ðEnz100HD ; ggÞ�
�h2

2m�
k

nzp
dz

	 
2

¼ 0

ð2:244Þ
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In the presence of size quantization along kz direction, the 2D DR of the con-
duction relations in QWs of n-Ge in the absence of band tails can be written by
extending the method as given in [107] as

�h2k2x
2m�

1
þ �h2k2y

2m�
2
¼ cðE; nzÞ ð2:245Þ

where,

m�
1 � m�

?;m
�
2 ¼

m�
? þ 2m�

k
3

;

c E; nzð Þ � Eð1þ aEÞ � ð1þ 2aEÞ �h2

2m�
3

nzp
dz

	 
2

þ a
�h2

2m�
3

nzp
dz

	 
2
" #22

4
3
5and

m�
3 ¼

3m�
km

�
?

2m�
k þm�

?

The area of ellipse of the 2D surface as given by (2.245) can be written as

A E; nzð Þ ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

c E; nzð Þ ð2:246Þ

The EEM in this case can be written as

m�ðEFs ; nzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p� �
cðEFs ; nzÞ½ �0 ð2:247Þ

The DOS function per sub-band can be expressed as

N2D Eð Þ ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h2

1þ 2aE � 2a
�h2

2m�
3

pnz
dz

	 
2
 !" #

ð2:248Þ

The total DOS function is given by

N2DT Eð Þ ¼ 4

p�h2
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p Xnzmax

nz¼1

1þ 2aE � 2a
�h2

2m�
3

pnz
dz

	 
2
 !" #

H E � Enz16

� �
ð2:249Þ

where, Enz16 is the positive root of the following equation
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Enz16 1þ aEnz16

� �� 1þ 2aEnz16

� � �h2

2m�
3

pnz
dz

	 
2
 !

þ a
�h2

2m�
3

pnz
dz

	 
2
 !2

¼ 0

ð2:250Þ

The DOS function for bulk specimens of Ge in the absence of band tails can be
written following (2.238) as

NðEÞ ¼ 4pgv
2m�

D

�h2

	 
3
2

E
1
2 � 5

6
aE

3
2 þ 18a

5
m�

11

�h2

	 
2

E
7
2

" #
; mD ¼ m�2

? :m�2
k

� �1
3

ð2:251Þ

(b) The DR of the conduction electron in bulk specimens of n-Ge can be
expressed in accordance with the model of Wang and Ressler [106] can be written
as

E ¼ �h2k2z
2m�

k
þ �h2k2s

2m�
?
� �a4

�h2k2s
2m�

?

	 

� �a5

�h2k2s
2m�

?

	 

�h2k2z
2m�

k

 !
� �a6

�h2k2z
2m�

k

 !2

ð2:252Þ

where,

�a4 ¼ b4
2m�

?
�h2

	 

; b4 ¼ 1:4b5;

b5 ¼
a�h4

4
ðm�

?Þ�1 � ðm0Þ�1
h i2

; �a5 ¼ �a7
4m�

?m
�
k

�h4

	 

; �a7 ¼ 0:8b5 and �a6 ¼ ð0:005b5Þ

2m�
k

�h2

	 
2

The energy spectrum under the condition of heavy doping can be written as

c3ðE; ggÞ ¼
�h2k2z
2m�

k
þ �h2k2s

2m�
?
� �a4

�h2k2s
2m�

?

	 

� �a5

�h2k2s
2m�

?

	 

�h2k2z
2m�

k

 !
� �a6

�h2k2z
2m�

k

 !2

ð2:253Þ

The (2.253) can be expressed as

�h2k2s
2m�

?
¼ �a8 � �a9k

2
z � �a10 k4z þ �a11k

2
z þ �a12ðE; ggÞ

� 1=2 ð2:254Þ

where
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�a8 ¼ 1
2�a4

; �a9 ¼ �a5
2�a4

�h2

2m�
k

 !
; �a10 ¼ 1

2�a4

�h2

2m�
k

 ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a25 � 4�a4�a6

q
;

�a11 ¼
2m�

k
�h2

4�a4 � 2�a5
�a5 � 4�a4�a6

� �
and �a12ðE; ggÞ ¼

2m�
k

�h2

	 
2 1� 4�a4c3ðE; ggÞ
� �

�a25 � 4�a4�a6

" #

The DOS function in this case is given by

N2DðEFh ; ggÞ ¼
m�

?gv
p�h2

I 03ðEFh ; ggÞ ð2:255Þ

where

I3ðEFh ; gsÞ ¼ �a8q10ðEFh ; ggÞ �
�a9
3
q310ðEFh ; gsÞ � �a10J10ðEFh ; gsÞ

� �
;

q10ðEFh ; gsÞ ¼
1
�h

m�
k

�a6

� �1
2

1�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 4�a6c3ðEFh ; gsÞ

ph i1
2

J10ðEFh ; ggÞ ¼
�A1ðEFh ; ggÞ

3
�E0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ
�

:

½�A2
1ðEFh ; ggÞþ �B2

1ðEFh ; ggÞ� þ 2�B2
1ðEFh ; ggÞF0ðkðEFh ; ggÞ; qðEFh ; ggÞÞ


þ

�A1ðEFh ; ggÞ
3

½q10ðEFh ; ggÞþ �A1
2ðEFh ; ggÞþ 2�B2

1ðEFh ; ggÞ�

�A1ðEFh ; ggÞþ q210ðEFh ; ggÞ
�B2
1ðEFh ; ggÞþ q210ðEFh ; ggÞ

" #1
2

�A1
2ðEFh ; ggÞ ¼

1
2

�a11 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a211 þ 4�a212ðEFh ; ggÞ

qh i
;

�B2
1ðEFh ; ggÞ ¼

1
2

�a11 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�a211 þ 4�a212ðEFh ; ggÞ

qh i
;

kðEFh ; ggÞ ¼ tan�1 q10ðEFh ; ggÞ
�B2
1ðEFh ; ggÞ

" #
;

qðEFh ; ggÞ ¼
�A2
1ðEFh ; ggÞ � �B2

1ðEFh ; ggÞ
�A2
1ðEFh ; ggÞ

" #" #

The DR in QW of HD Ge can be written as
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�h2k2s
2m�

?
¼ �a8 � �a9

nzp
dz

	 
2

� �a10
nzp
dz

	 
4

þ �a11
nzp
dz

	 
2

þ �a12ðE; ggÞ
" #1=2

ð2:256Þ

The (2.256) can be expressed as

�h2k2s
2m�

?
¼ A75ðE; gg; nzÞ ð2:257Þ

where,

A75ðE; gg; nzÞ ¼ �a8 � �a9
pnz
dz

	 
2

��a10
pnz
dz

	 
4

þ �a11
pnz
dz

	 
2

þ �a12ðE; ggÞ
" #1=22

4
3
5

The EEM is given by

m�ðEF1HD; gg; nzÞ ¼ m�
?A

0
75ðEF1HD; gg; nzÞ ð2:258Þ

The DOS function in this case can be written as

N2DCðEÞ ¼ m�
?gv
p�h2

X
A0
75ðE; gg; nzÞHðE � Enz205HD

Þ ð2:259Þ

where Enz205HD
is the lowest positive root of the equation

A75ðEnz205HD
; gg; nzÞ ¼ 0 ð2:260Þ

The 2D dispersion law in the absence of band tails can be expressed as

E ¼ A5ðnzÞþA6ðnzÞb� �a4b
2 ð2:261Þ

where,

A5ðnzÞ ¼ �h2

2m�
3

pnz
dz

	 
2

1� �a6
�h2

2m�
3

	 

pnz
dz

	 
2
" #

;

A6ðnzÞ ¼ 1� �a5
�h2

2m�
3

	 

pnz
dz

	 
2
" #

and

b � �h2k2x
2m�

1
þ �h2k2y

2m�
2
:

The (2.261) can be written as
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�h2k2x
2m�

1
þ �h2k2y

2m�
2
¼ I1 E; nzð Þ ð2:262Þ

where,

I1ðE; nzÞ ¼ ð2�a4Þ�1½A6ðnzÞ � ½A2
6ðnzÞ � 4�a4Eþ 4�a4A5ðnzÞ�1=2�

From (2.262), the area of the 2D ks-space is given by

A E; nzð Þ ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

I1 E; nzð Þ ð2:263Þ

Using (2.262), the EEM in this case can be expressed as

m�ðEFs ; nzÞ ¼
ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p� �
I1ðEFs ; nzÞ½ �0 ð2:264Þ

The DOS function per sub-band can be written as

N2D Eð Þ ¼ 4
p

ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
�h2

I1 E; nzð Þf g0 ð2:265Þ

where

I1 E; nzð Þf g0� @

@E
I1 E; nzð Þ½ �

The total DOS function assumes the form

N2DT Eð Þ ¼ 4
ffiffiffiffiffiffiffiffiffiffiffi
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1m
�
2

p
p�h2

Xnzmax

nz¼1

I1 E; nzð Þf g0H E � Enz17

� � ð2:266Þ

where, the sub-band energy Enz17

� �
are given by

Enz17 ¼
�h2

2m�
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dz
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�h2

2m�
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2
" #

ð2:267Þ
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2.2.11 The DR in Ultrathin Films (UFs) of HD Gallium
Antimonide

The DR of the conduction electrons in n-GaSb can be written as [109]

E ¼ �h2k2

2m0
�

�E0
g0

2
þ

�E0
g0

2
1þ 2�h2k2

�E0
g0

1
mc

� 1
m0

	 
" #1
2

ð2:268Þ

where

�E0
g0 ¼ Eg0 þ

5:10�5T2

2ð112þ TÞ
� �

eV

The (2.268) can be expressed as

�h2k2

2mc
¼ I36ðEÞ ð2:269Þ

where

I36ðEÞ ¼ Eþ½ �E0
g0 � ðmc=m0Þð�E0

g0=2Þ � ð�E0
g0=2Þ

2
h

þ ½ðð�E0
g0Þ2=2Þð1� ðmc=m0ÞÞ� þ ½ð�E0

g0=2Þð1� ðmc=m0ÞÞ�2 þ ½E�E0
g0ð1� ðmc=m0ÞÞ�1=2

i

Under the condition of heavy doping (2.269) assumes the form

�h2k2

2mc
¼ I36ðE; ggÞ ð2:270Þ

where,

I36ðE; ggÞ ¼ c3ðE; ggÞþE0
g �

mc

m0
� E

0
g

2
� E0

g

2

	 
2

þ E0
g

2
1� mc

m0

	 
� �2""

þ E0
g

2

	 
2

1� mc

m0

	 

þ c3ðE; ggÞE0

g 1� mc

m0

	 
#1=235

The EEM can be written as

m� EFh ; gg
� � ¼ mc I36 EFh ; gg

� �� �0 ð2:271Þ

The DOS function in this case can be written as
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NHD E; gg
� � ¼ gv

2p2
2mc

�h2

	 
3=2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I36ðE; ggÞ

q
I36ðE; ggÞ
� �0 ð2:272Þ

Since, the original band model in this case is a no pole function, therefore, the
HD counterpart will be totally real, and the complex band vanishes.

For dimensional quantization along z-direction, the DR of the 2D electrons in
QWs of HD GaSb can be written following (2.270) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðksÞ2
2mc

¼ I36 E; gg
� � ð2:273Þ

The expression of the N2DTðEÞ in this case can be written as

N2DT Eð Þ ¼ mcgv
p�h2

Xnzmax

nz¼1

T119D0ðE; gg; nzÞHðE� EnzD119Þ ð2:274Þ

where,

T119DðE; gg; nzÞ ¼ I36 EFh ; gg
� �� �h2ðnzp=dzÞ2ð2mcÞ�1

h i
; ð2:275Þ

The sub band energies EnzD119 in this case given by

�h2ðnzp=dzÞ2
n o

ð2mcÞ�1 ¼ I36 EnzD119; gg
� � ð2:276Þ

The EEM in this case assumes the form

m� EF1HD; gg; nz
� � ¼ mc½I 036ðEF1HD; gg; nzÞ� ð2:277Þ

The total 2D DOS function in the absence of band tails in this case can be
written as

N2DT Eð Þ ¼ mcgv
p�h2

	 
Xnmax

nz¼1

½I36ðEÞ�0HðE � Enz44Þ
� � ð2:278Þ

where, the sub-band energies Enz44 can be expressed as

I36ðEnz44Þ ¼
�h2

2mc
ðpnz=dzÞ2 ð2:279Þ
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The EEM in this case can be written as

m�ðEFsÞ ¼ ðmcÞ½I36ðEFsÞ�0 ð2:280Þ

2.2.12 The DR in Ultrathin Films (UFs) of HD II–V
Materials

The DR of the holes in II–V compounds in accordance with Yamada [110] can be
expressed as

E ¼A10k
2
x þA11k

2
y þA12k

2
z þA13kx

� A14k
2
x þA15k

2
y þA16k

2
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þ A18k

2
y þA2

19

� �1=2 ð2:281Þ

where, A10;A11;A12;A13;A14;A15;A16;A17;A18 and A19 are energy band constants.
The DR under the condition of formation of band tails can be written in this case

as

c3ðE; ggÞ ¼A10k
2
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19

� �1=2 ð2:282Þ

The hole energy spectrum in this case assumes the form
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dx

	 
2
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ð2:283Þ

The sub band energy ðEnzHD401Þ is the lowest positive root of the following
equation
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c3ðEnzHD401 ; ggÞ ¼A10
nxp
dx

	 
2

þ A13
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dx

	 


� A14
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dx
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þ A17
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dx

	 
 !2

þ A2
19

2
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5
1=2 ð2:284Þ

The EEM and the DOS function for both the cases should be calculated
numerically.

2.2.13 The DR in Ultrathin Films (UFs) of HD Lead
Germanium Telluride

The dispersion law of n-type Pb1−xGexTe with x = 0.01 can be expressed following
Vassilev [111] as

E � 0:606k2s � 0:722k2z
� 

Eþ �Eg0 þ 0:411k2x þ 0:377k2z
�  ¼ 0:23k2s þ 0:02k2z

� 0:06�Eg0 þ 0:061k2s þ 0:0066k2z
� 

ks

ð2:285Þ

where �Eg0 ¼ 0:21 eV, kx, ky and kz are in the units of 109 m−1.
The electron energy spectrum in n-type Pb1−xGexTe under the condition of

formation of band tails can be written as

2

1þErf E
gg

� �
2
4

3
5h0ðE; ggÞþ c3ðE; ggÞ½�Eg0 � 0:195k2s � 0:345k2z �

¼ ½0:23k2s þ 0:02k2z � ½0:06�Eg0 þ 0:061k2s
þ 0:0066k2z �ks þ ½�Eg0 þ 0:411k2s þ 0:377k2z �½0:606k2s þ 0:722k2z �� ð2:286Þ

The E � ks relation in HD QWs of n-type Pb1−xGexTe assumes the form
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3
5h0ðE; ggÞ þ c3ðE; ggÞ �Eg0 � 0:195k2s � 0:345

nzp
dz

	 
2
" #

¼ 0:23k2s þ 0:02
nzp
dz

	 
2
"

� 0:06�Eg0 þ 0:061k2s þ 0:0066
nzp
dz
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ks

" #

þ �Eg0 þ 0:411k2s þ 0:377
nzp
dz

	 
2
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2
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ð2:287Þ

The sub band energy ðEnzHD400Þ is the lowest positive root of the following
equation

2

1þErf
EnzHD400

gg

� �
2
4

3
5h0ðEnzHD400 ; ggÞþ c3ðEnzHD400 ; ggÞ �Eg0 � 0:345

nzp
dz

	 
2
" #

¼ 0:02
nzp
dz

	 
2

� �Eg0 þ 0:377
nzp
dz

	 
2
" #

0:722
nzp
dz

	 
2
" #" #

ð2:288Þ

The EEM and the DOS function for both the cases should be calculated
numerically.

2.2.14 The DR in Ultrathin Films (UFs) of HD Zinc
and Cadmium Diphosphides

The DR of the holes of Cadmium and Zinc diphosphides can approximately be
written following Chuiko [112] as

E ¼ b1 þ
b2b3 kð Þ
8b4

� �
k2 � b4b3 kð Þ b5 �

b2b3 kð Þ
8b4

	 

k2

� ��

þ 8b24 1� b23 kð Þ
4

	 

� b2 1� b23 kð Þ

4

	 

k2
�1=2

ð2:289Þ

where b1; b2; b4 and b5 are system constants and b3 kð Þ ¼ k2x þ k2y�2k2z
k2 :

Under the condition of formation of band tail, the above equation assumes the
form
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c3ðE; ggÞ ¼ b1 þ
b2b3 kð Þ
8b4

� �
k2 � b4b3 kð Þ b5 �

b2b3 kð Þ
8b4

	 

k2

� ��

þ 8b24 1� b23 kð Þ
4

	 

� b2 1� b23 kð Þ

4

	 

k2
�1=2 ð2:290Þ

The DR in HD QWs of Zinc and Cadmium diphosphides can be written as

c3ðE; ggÞ ¼ b1þ
b2b31 kð Þ

8b4

� �
k2x þ k2y þ

nzp
dz

	 
2
" #

� b4b31 kð Þ b1 �
b2b31 kð Þ

8b4

	 
� �
k2x þ k2y þ

nzp
dz

	 
2
" #(

þ 8b24 1� b231 kð Þ
4

	 

� b2 1� b231 kð Þ

4
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nzp
dz

	 
2
" #)1=2

ð2:291Þ

where

b31 kð Þ ¼
k2x þ k2y � 2 nzp

dz

� �2
k2x þ k2y þ nzp

dz

� �2
2
64

3
75

The sub band energy ðEnzHD402Þ is the lowest positive root of the following
equation

c3ðEnzHD402 ; ggÞ ¼ b1 �
b2
4b4

� �
nzp
dz

	 
2
" #

� �2b4 b5 �
b2
4b4

� �
nzp
dz

	 
2
" #" #( )1=2

ð2:292Þ

The EEM and the DOS function for both the cases should be calculated
numerically.

Thus, we can summarize the whole mathematical background in the following
way.

In this chapter, we have investigated the 3D and 2D DRs in HD bulk and QWs
of non-linear optical materials on the basis of a newly formulated electron dis-
persion law considering the anisotropies of the effective electron masses, the spin
orbit splitting constants and the influence of crystal field splitting within the
framework of k·p formalism. The results for 3D and 2D DRs in HD bulk and QWs
of III–V, ternary and quaternary compounds in accordance with the three and two
band models of Kane form a special case of our generalized analysis. We have also
studied the DR in accordance with the models of Stillman et al. and Palik et al.
respectively since these models find use to describe the electron energy spectrum of
the aforesaid materials. The 3D and 2DDRs has also been derived for HD bulk and
QWs of II–VI, IV–VI, stressed materials, Te, n-GaP, p-PtSb2, Bi2Te3, n-Ge and
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n-GaSb compounds by using the models of Hopfield, Dimmock, Bangert and
Kastner, Seiler, Bouat and Thuillier, Rees, Emtage, Kohler, Cardona, Wang et al.,
Mathuret al., II–V, Pb1−xGexTe and Zinc and Cadmium diphosphides respectively
and transforming each on the basis of the appropriate carrier energy spectra. The
well-known expressions of the DRs in the absence of band tails for wide gap
materials have been obtained as special cases of our generalized analysis under
certain limiting conditions. This indirect test not only exhibits the mathematical
compatibility of our formulation but also shows the fact that our simple analysis is a
more generalized one, since one can obtain the corresponding results for relatively
wide gap materials having parabolic energy bands under certain limiting conditions
from our present derivation.

2.3 Results and Discussion

Using the appropriate equations together with parameters as given in the Table 1.1,
we have plotted the real part of the energy spectrum ðRe½h1ðE; ggÞ�Þ as a function of
election energy in Fig. 2.1a, b exhibits the dependence of the imaginary part of the
energy spectrum Im ½h1ðE; ggÞ� on electron energy for HD n-Cd3As2 (an example
of tetragonal materials), respectively.

From Fig. 2.1a, it appears that ðRe½h1ðE; ggÞ�Þ has an increasing trend with
energy E for positive values of E. Besides for negative values of E, the value of
ðRe½h1ðE; ggÞ�Þ is positive indicating its band-tailing nature. Beyond
E ¼ �1:0ðeVÞ, the value of ðRe½h1ðE; ggÞ�Þ becomes negative and magnitude of the
values are insignificant one. It is worth remarking that the band-tailing nature of
ðRe½h1ðE; ggÞ�Þ is clearly apparent from the Fig. 2.1a.

From Fig. 2.1b, we observe that Im ½h1ðE; ggÞ� has the Gaussian nature of
variation with energy E for both positive and negative values of E. The values of
Im ½h1ðE; ggÞ� are negative for all the values of E as considered in Fig. 2.1b. It may
be remarked that the graph of Fig. 2.1b clearly shows the tailing of Im ½h1ðE; ggÞ�
into conduction band (i.e., for positive values of E) and the tailing within the
spin-splitting band (i.e., for negative values of E) respectively. The maximum
contribution of Im ½h1ðE; ggÞ� appears at E = −0.25 (eV) for gg ¼ 0:8 ðeVÞ which is
beyond the band gap Eg ¼ 0:095 ðeVÞ. From Fig. 2.2a, we observe that the
Re½h2ðE; ggÞ� has an increasing trend with positive value of E. For negative value of
E, the Re½h2ðE; ggÞ� becomes positive exhibiting clearly the band-tailing nature of
it. Besides beyond E ¼ �1:0 ðeVÞ, the value of Re½h2ðE; ggÞ� becomes negative. In
addition, the band-tailing nature of Re½h2ðE; ggÞ� is clearly apparent from the
Fig. 2.2a.

From Fig. 2.2b, we can write that the nature of variation of the Im ½h2ðE; ggÞ�
versus E is quite different from Im ½h2ðE; ggÞ�. Here, Im ½h2ðE; ggÞ� has a positive
alues with positive variations of E. Also, the positive values of Im ½h2ðE; ggÞ� for
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negative E indicate the band-tailing nature. Beyond E ¼ �0:5 ðeVÞ, Im ½h2ðE; ggÞ�
becomes negative and the magnitude of the negative values are significant. The
nature of variation of Im ½h2ðE; ggÞ� is not Gaussian type but can roughly be
approximated to it. This occurs for d ¼ 0:085 ðeVÞ (i.e., positive value of d).
Because for d ¼ �0:21 ðeVÞ for CdGeAs2, the nature of variation of Im ½h2ðE; ggÞ�
is Gaussian. The contribution of ðRe½h2ðE; ggÞ�Þ is of significant value as compared
to Im ½h2ðE; ggÞ�. The band-tailing is clearly shown in the variation of
Im ½h2ðE; ggÞ�.

From Fig. 2.3a, it appears that the nature of variation of the real part of the
electron energy spectrum for CdGeAs2 (an example of non-linear optical materials)
is more or les same as that for the tetragonal materials as given by Fig. 2.1a. In this
case, the band tailing nature of variation of Re½h1ðE; ggÞ� for CdGeAs2 is clearly
shown in the graph. From Fig. 2.3b, it appears that the nature of variation of the
imaginary part of the electron energy spectrum for non-linear optical materials is
more or less the same as that for the tetragonal material as given by Fig. 2.1b. The
Gaussian distribution of Im ½h1ðE; ggÞ� with respect of E is apparent from the graph
and the band tailing is clearly shown.

From Fig. 2.4a, we can write that the band tailing effect is clearly shown in the
graph. From Fig.2.4b, it appears that the variation of Im ½h2ðE; ggÞ� with respect to
E is a Gaussian type with negative From Fig. 2.5, we can write that the curve (a) is
valid for d 6¼ 0 and Dk 6¼ D? for the case of Cd3As2 and the curve (b) is valid for
d ¼ 0, D ¼ ðDk þD?Þ=2 and Dk ¼ D? to obtain the corresponding three band
model of Cd3As2. The curve (a) shows that the DOS increases with the increase in
the positive values of E. The band tailing is clearly being observed from the graph.
The variation of Im ½h2ðE; ggÞ� with respect to Eare unlike that with respect of
Im ½h2ðE; ggÞ� for Cd3As2 because of the negative value of dð�0:21ðeVÞÞ in
CdGeAs2. The curve (b) also shows the same nature and finally the curve
(b) merges with the curve (a). For negative value of E, the curves (a) and (b) exhibit
tailing in the DOS together with the oscillations. It is worth remarking in this
context that at the value of E corresponding to point MN, curve (a) shows that the
DOS becomes negative indicating the formation of a new forbidden zone in the
material. The value of E at those points lie between −1.45 (eV) at M and −1.65
(eV) at N which corresponds to the region away or near to the spin-orbit splitting
band of the material. Besides, beyond −1.65 (eV), the DOS becomes positive.

The oscillatory nature of the DOS for negative values of E has been predicted by
the present theory. Also for w11ðE; ggÞ	 p, the cosine function becomes negative
indicating the negative value of the DOS and hence the creation of a new
forbidden zone. The curve (b) is widely separated from the curve (a) for negative
values of E. Also, it shows oscillation in this region with two points, P and Q where
the DOS for curve (b) shows negative value. For this value of the DOS, the new
forbidden zone appears for the curve (b). The value of E at P is −1.45 (eV) and at Q
is −1.58 (eV). Thereafter, the DOS again becomes positive. The oscillatory nature
of the DOS for the Curve (b), is also predicted by the present formulation. For
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Fig. 2.1 a Plot of the electron energy spectrum of Re½h1ðE; ggÞ� (in m−2) versus energy, E (eV) for
Cd3As2. b Plot of the electron energy spectrum of Im½h1ðE; ggÞ� (in m−2) versus energy, E (eV) for
Cd3As2
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the curve (b), the new forbidden zone (i.e., PQ) appears earlier than the same for the
curve (a). The band tailing in the DOS for the curves (a) and (b) are clearly
indicated in the graph for negative values of E. In the plot, the value of the DOS has
been normalized by (1.0 × 1020) factor.

Fig. 2.2 a Plot of the electron energy spectrum of Re½h2ðE; ggÞ� (in m−2) versus energy, E
(eV) for Cd3As2. b Plot of the electron energy spectrum of Im½h2ðE; ggÞ� (in m−2) versus energy,
E (eV) for Cd3As2
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From Fig. 2.6, it appears that both the curves (a) and (b) of the DOS increase
with increase in E and finally the curve (b) converges with the curve (a). For
negative value of E, the curve (a) exhibits oscillations with positive values of the
DOS. Two oscillation peaks have been shown to appear over the region of study of
energy, E. For the curve (a), the value of the DOS becomes negative as indicated by
the region (X, Y), where the new forbidden zone has appeared. Besides, beyond the
point Y, the DOS becomes positive with an oscillatory nature. The value of E at X
is ≈−1.68 (eV) and at Y is ≈−1.8 (eV). The curve (a) is being widely separated
from the curve (b) for the negative values of E. In addition, the appearance of
oscillations with the new forbidden zone in the DOS has also been predicted by the
theory. The curve (b) also shows oscillation in the DOS as indicated in the figure.
Between the point (R, S), the curve (b) shows negative values of the DOS indi-
cating the formation of a new forbidden zone for the three band Kane model
representation of CdGeAs2. The value of E at point R is E = −1.7(eV) and at point
Sis E ≈ −1.8(eV). Besides beyond point S, the DOS becomes positive with
oscillatory nature. The curve (b) is widely separated from the curve (a) for negative
values of E. The band tailing in the DOS for the curves (a) and (b) is clearly
indicated in the graph.

In Fig. 2.7, we have plotted the energy spectra of n-InSb where the graph 3R
indicates the real part T31ðE; ggÞ for the perturbed three-band model of Kane in
which the curve 3Im exhibits the imaginary part T32ðE; ggÞ. The curve 3up indicates
the unperturbed three-band model of Kane. The curve (2) has been drawn for the
perturbed two-band model of Kane in which 2up indicates the corresponding
unperturbed DR). In Fig. 2.7, I indicate the perturbed parabolic band model and Iup
exhibits the energy spectrum for unperturbed parabolic energy bands (i.e.
E ¼ �h2k2=2mc).

Using the other material constants form the Table of the Appendix we have
plotted the DRs for n-InAs, In1−xGaxAsyP1−y lattice matched to InP and Hg1
−xCdxTe for all the cases of Fig. 2.7 in Figs. 2.8, 2.9, 2.10, respectively. In
Figs. 2.11, 2.12, 2.13 and 2.14 we have plotted the DOS function for all cases of
Fig. 2.7 for n-InSb, n-InAs, In1−x GaxAsyP1−y lattice matched to InP and Hg1
−xCdxTe, respectively. In this context, it may be noted that we have taken the first
fifteen terms of the finite series in T31ðE; ggÞ for the purpose of numerical evalu-
ations since we have observed that the contributions of the higher terms in the
infinite series of T31ðE; ggÞ become negligible after it.

This statement is valid for all the cases in general. From Figs. 2.7, 2.8, 2.9, 2.10,
respectively. In Figs. 2.11, 2.12, 2.13 and 2.14, the following points can be noted:

1. When Eg \D (e.g. InSb and Hg1−xCdxTe), the imaginary part of the energy
spectrum (3Im) is most prominent as compared to In1−x GaxAsyP1−y lattice
matched to InP where Eg\D. The imaginary part of energy spectrum enters in
the conduction band where E[ 0 (i.e. tails in the conduction band) as compared
to the cases of n-InAs and In1−x GaxAsyP1−y lattice matched to InP where the
tails are very small.
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2. When the imaginary part (3Im) is prominent (Figs. 2.1 and 2.3), the tails of the
real part is shortened. The curves 3Im exhibits tail of the conduction band and
with this tail, the imaginary band enters into the region of conduction band
(E[ 0). For Hg1−xCdxTe and n-InSb, the 3Im tails into the split-off band.

3. When the DRs of the conduction electrons of the materials are defined by the
perturbed two-band model of Kane, the imaginary part of the energy spectrum
vanishes. The same is also true for perturbed parabolic band model. The
unperturbed bands never exhibit tails in the energy spectrum.

4. The NHDðE; ggÞ as given by (1.43) shows oscillations with E for E\ 0. The
oscillatory part is not seen in Fig. 2.11 for E[ 0. This is because, for
E\0, T32ðE; ggÞ � T31ðE; ggÞ

�� ��. So #21ðE; ggÞ is equal to zero leading to the
non-oscillatory result cos #21ðE; ggÞ for E[ 0. For E\0, the value of
#21ðE; ggÞ is significant and oscillations are found for NHD E; gg

� �
for E[ 0, as

evident from Fig. 2.11. For #21ðE; ggÞ	 p, cos #21ðE; ggÞ becomes negative
leading to the negative values of the DOS. The boundary points M and N in the
graph mark the points where the DOS become negative. The electrons cannot
exist for negative values of the DOS so this region is forbidden for electrons,
which implies that, in the band-tails, there appears a new forbidden zone in
addition to the normal band-gap of the semiconductor. It appears beyond the
spin-orbit splitting band. No oscillations are found for the perturbed two band
model of Kane and perturbed parabolic energy bands respectively although there
is tailing in the DOS. For gg ! 0, the oscillations and the appearance of new
band gap in the tailed zone of the DOS are absent.

Form the above discussion, we observed that T31ðE; ggÞ has a tail in the for-
bidden band and extended further. As this tail crosses the forbidden band (when
T31ðE; ggÞT31ðE; ggÞ does not vanish in the forbidden band for small Eg) and enters
into the split-off band where D exists and in the split-off band the tail vanishes,
leaving behind some part of it to cross; then the remaining part of the split-off band
interacts with the impurity atoms of the doped materials to produce a complex band.
This interaction produces complex energy spectrum in the heavily doped materials
whose unperturbed conduction electron are defined by the three-band model of
Kane. Obviously for Eg � D; the imaginary part of the complex energy spectrum
will be most prominent and depth of the tail will be small. In the case when
Eg 
 D; the tails due to T31ðE; ggÞ (i.e. the real part) lies almost within the for-
bidden region; only a very thin tail enters into the spin-split off band. This causes a
prominent tail of T31ðE; ggÞ and imaginary part is slightly present. For Eg � D (e.g.,
n-InAs shown in Fig. 2.8), the tail of T31ðE; ggÞ is present considerably in the
forbidden band, but T31ðE; ggÞ does not vanishes to zero at the edge of the

b Fig. 2.3 a Plot of the electron energy spectrum of Re½h1ðE; ggÞ� (in m−2) versus energy, E (eV) for
CdGeAs2. b Plot of the electron energy spectrum of Im½h1ðE; ggÞ� (in m−2) versus energy, E (eV)
for CdGeAs2
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Fig. 2.4 a Plot of the electron energy spectrum of Re½h2ðE; ggÞ� (in m−2) versus energy, E (eV) for
CdGeAs2. b Plot of the electron energy spectrum of Im½h2ðE; ggÞ� (in m−2) versus energy, E (eV)
for CdGeAs2
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light-hole valance band where forbidden band ends; rather enters into the split-off
band. In the split-off band (when D is comparable to Eg), the tail covers the band
considerably. So the tail due to T31ðE; ggÞ and the imaginary energy spectrum due
for to T32ðE; ggÞ are present prominently.

So from Figs. 2.7, 2.8, 2.9 and 2.10, we observe that the complex energy
spectrum is due to the interaction of the impurity atoms with the spin orbit splitting
constant of the valance band for the three-band model of Kane where no real energy
band as well as impurity band exist. More is the interaction (depends on the cross
over region of D by the tail) causes more prominence of the imaginary part than the
other case. Under undoped condition the band-tailing vanishes and there is no
interaction with the splitting band. As a result, there exist no complex energy
spectrum i.e. T32ðE; ggÞ approaches to zero as gg ! 0:

From the 2D DR in QWs of HD nonlinear optical and tetragonal materials
(2.28), we observe that constant energy 2D wave vector surfaces are the series of
concentric quantized circles in the complex energy plane which is the consequence
of non-removable poles in the corresponding DR in the absence of band tails. The
(2.140) represents the 2D DR of HD IV–VI materials in accordance with the model

Fig. 2.5 The plots of the DOS, (cm−3/eV) (normalized by 1.0 × 1020) versus Energy, E (eV) for
Cd3As2 (the curve (a)), and also for the HD three band Kane model of Cd3As2 (curve (b))
respectively
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of Bangert and Kastner and same conclusion is also valid. From (2.41) we have the
same inference for QWs of HD III–V materials whose unperturbed conduction
electrons obey the three band model of Kane, which contains one non-removal pole
in energy axis. The 3D electrons in HD III–V materials are also described by two
band model of Kane, parabolic energy bands, model of Stillman et al. and the
model of Palik et al. with the 2D DRs as given by (2.55), (2.68), (2.79) and (2.92)
respectively. Besides the 2D DRs of Te, GaP, PtSb2, Bi2Te3, Ge and GaSb are
given by (2.288), (2.202), (2.217), (2.229), (2.241, in accordance with the model of
Cardona et al. of Ge), (2.256, in accordance with the model of Wang and Ressler of
Ge) and (2.223) respectively. Since all the said DRs possess no poles in the finite
energy planes, the constant energy of 2D wave vector surfaces are the series of
concentric quantized circles in the real plane instead of the complex one. The 2D

Fig. 2.6 The plots of the DOS, (cm−3/eV) (normalized by 1.0 × 1020) versus energy, E (eV) for
CdGeAs2 (the curve (a)) and also for the HD three band Kane model of CdGeAs2 (curve (b))
respectively
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DR (2.104) in HD II–VI materials reflects the fact that the constant energy 2D
surface is series of concentric displaced quantized circles in the real plane. The 2D
DR (2.121) of HD IV–VI materials represents constant energy 2D wave vector
surface as the series of concentric quantized closed surfaces in accordance with
Dimmock model. The 2D DRs for II–V, Pb1−xGexTe, ZnP2 and CdP2 are given by
(2.283), (2.287) and (2.291) respectively and the aforementioned conclusion is also
true in this case. The 2D DR (2.273) in QWs of HD stressed Kane type materials
reflects the fact that the constant energy 2D wave vector surfaces are the series of
concentric ellipses in the real plane.

The influence of quantum confinement is immediately apparent from the said 2D
equations since the DR depends strongly on the thickness of the quantum-confined
materials in contrast with the corresponding bulk specimens. The energy decreases
with increasing film thickness in an quantized way with different numerical mag-
nitudes for QWs of HD materials. It appears that any electronic property exhibits
spikes for particular values of film thickness which, in turn, depends on the

Fig. 2.7 The energy spectrum of InSb has been plotted with the following notations: a 3R
indicates the real part T31ðE; ggÞ for the perturbed three-band model of Kane; b 3Im exhibits the
imaginary part T32ðE; ggÞ; c 3up indicates the unperturbed three-band model of Kane; d (2) has
been drawn for the perturbed two-band model of Kane; e 2up indicates the corresponding
unperturbed DR; f I indicates the perturbed parabolic band model; g 1up exhibits the energy
spectrum for unperturbed parabolic energy bands ði:e: E ¼ �hk2=2mcÞ
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particular band structure of the specific material. Moreover, the electron energy in
QWs of HD compounds can become several orders of magnitude larger than of
bulk specimens of the same HD materials, which is also a direct signature of
quantum confinement.

It may be noted that with the advent of MBE and other experimental techniques,
it is possible to fabricate quantum-confined structures with an almost defect-free
surface. If the direction normal to the film was taken differently from that as
assumed in this work, the expressions for the DR for QWs of HD materials would
be different analytically, since the basic DRs for many materials are anisotropic. In
formulating the generalized electron energy spectrum for non-linear optical mate-
rials, we have considered the crystal-field splitting parameter, the anisotropies in the
momentum-matrix elements, and the spin-orbit splitting parameters, respectively. In
the absence of the crystal field splitting parameter together with the assumptions of
isotropic effective electron mass and isotropic spin orbit splitting, our basic relation

Fig. 2.8 The energy spectrum of InAs has been plotted for all the cases of Fig. 2.7
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as given by (1.2) converts into the well-known three-band Kane model and is valid
for III–V compounds, in general. It should be used as such for studying the elec-
tronic properties of n-InAs where the spin-orbit splitting parameter ðDÞ is of the
order of band gap (Eg). For many important materials D 
 Eg and under this
inequality, the three band model of Kane assumes the form Eð1þEE�1

g Þ ¼
�h2k2=2mc which is the well-known two-band Kane model. Also under the condi-
tion, Eg ! 1, the above equation gets simplified to the well-known form of
parabolic energy bands as E ¼ �h2k2=2mc. It is important to note that under certain
limiting conditions, all the results for all the models as derived here have trans-
formed into the well-known expression of the DR for size quantized materials
having parabolic bands. We have not considered other types of compounds or

Fig. 2.9 The energy spectrum of In1−xGaxAsyP1−y lattice matched to InPhas been plotted for all
the cases of Fig. 2.7
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external physical variables for numerical computations in order to keep the pre-
sentation brief.

It may be noted that the complex band structures have already been studied for
bulk materials and super lattices without heavy doping [113, 114] and bear no
relationship with the complex energy spectrum as formulated in this chapter. The
physical picture behind the formulation of complex energy spectrum in doped small
gap materials, whose unperturbed conduction band is defined by the three band
model of Kane, is the interaction of the impurity atoms in the tails with the
spin-orbit splitting constant of the valence band as already noted. Besides, the
complex spectra are not related to same evanescent modes (extinction modes) in the
band tails and the conduction band. In this context, we wish to further note that
many band tails models are proposed using the Gaussian distribution of the
impurity potential variation. In this chapter we have used the Gaussian distribution
function of the impurity potential and obtained an exact DR for heavily doped
nonlinear optical and tetragonal compounds and other materials forming band tails.
Our method is not at all related with the DOS technique as used in the afore-
mentioned works. From the DR we can obtain the DOS but the DOS technique as
used in the literature [113, 114] cannot provide the DR. Therefore our study is more
fundamental than those in the existing literature because the Boltzmann transport

Fig. 2.10 The energy spectrum of Hg1−xCdxTehas been plotted for all the cases of Fig. 2.7
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Fig. 2.11 The DOS functions have been plotted for all cases of Fig. 2.7 for n-InSb

Fig. 2.12 The DOS functions have been plotted for all cases of Fig. 2.8 for n-InAs
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equation, which controls the study of the charge transport properties of semicon-
ductor devices, can be solved if and only if the DR is known. In this context it may
be noted that although we have used the Gaussian model to explain the band tailing
in heavily doped materials but it is not the only well-established one.

It may be noted that the presence of non-removable poles in the DR of the
undoped material creates the complex energy spectrum of the corresponding
heavily doped sample. All investigations of the transport properties of modern
electronic devices made of heavily doped materials should be reformulated since
the Boltzmann transport equation which controls all the transport properties should
be solved at first for complex energy spectrum which is altogether a new field of
research. Consequently, all the band structure dependent properties of all the
electronic devices made of heavily doped materials will change leading to new
physical ideas and new experimental findings under different physical conditions.
We have not considered the many body effects in this simplified theoretical for-
malism due to the lack of availability in the literature of proper analytical tech-
niques for including them in the generalized system as considered in this chapter.
Our simplified approach will be useful for the purpose of comparison when
methods of tackling the formidable problem after inclusion of the many body
effects for the generalized systems appear. It is worth remarking in this context that
the results of our simple theory, in the limit the band gap tends to infinity, get
transformed to the well-known formulation for wide gap materials having parabolic
energy bands. This indirect test not only exhibits the mathematical compatibility of
our formulation but also shows the fact that our simple analysis is a more gener-
alized one, since one can obtain the corresponding results for the relatively wide

Fig. 2.13 The DOS functions have been plotted for all cases of Fig. 2.9 for In1−xGaxAsyP1−y
lattice matched to InP
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gap materials having parabolic energy bands under certain limiting conditions from
our present derivation. The experimental results for the verification of the theo-
retical analyses of this chapter are still not available in the literature. It may be noted
in this context that our theoretical formulation will be useful to analyze the
experimental data when they appear. The inclusion of the said effect would cer-
tainly increase the accuracy of the results, although the qualitative features of the
DOS discussed in this chapter would not change in the presence of the afore-
mentioned effect. An important feature of the present work is that the influence of
the energy band parameters on the DR and the DOS can be determined for various
types of HD materials as considered in this chapter.

2.4 Open Research Problems

(R.2.1) Investigate the DR for bulk specimens of the HD materials in the
presences of exponential, Kane, Halperian, Lax and Bonch-Burevich

Fig. 2.14 The DOS functions have been plotted for all cases of Fig. 2.7 for Hg1−xCdxTe
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types of band tails [115] for all systems whose unperturbed carrier energy
spectra are defined in this chapter.

(R.2.2) Investigate the DR for QWs of all the HD materials as considered in
R.2.1.

(R.2.3) Investigate the DR for HD bulk specimens of the negative refractive
index, organic, magnetic and other advanced optical materials in the
presence of an arbitrarily oriented alternating electric field.

(R.2.5) Investigate the DR for the QWs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R.2.6) Investigate the DR for the multiple QWs of HD materials whose
unperturbed carrier energy spectra are defined in R.2.1.

(R.2.7) Investigate the DR for all the appropriate HD low dimensional systems of
this chapter in the presence of finite potential wells.

(R.2.8) Investigate the DR for all the appropriate HD low dimensional systems of
this chapter in the presence of parabolic potential wells.

(R.2.9) Investigate the DR for all the appropriate HD systems of this chapter
forming quantum rings.

(R.2.10) Investigate the DR for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings.

(R.2.11) Investigate the DRfor triangular two dimensional systems in the presence
of an arbitrarily oriented alternating electric field for all the HD materials
whose unperturbed carrier energy spectra are defined in R.2.1.

(R.2.12) Investigate the DR for HD two dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves.

(R.2.13) Investigate the DR for triangular HD two dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.2.14) (a) Investigate the DR for HD two dimensional systems of the negative
refractive index, organic, magnetic and other advanced optical materials
in the presence of many body effects
(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.2.15) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.2.16) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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Chapter 3
The DRs in Quantum Wires
(QWs) of Heavily Doped
(HD) Non-parabolic Materials

The greatest thing in life is to keep the MIND YOUNG.

3.1 Introduction

It is well-known that in quantum wires (QWs), the restriction of the motion of the
carriers along two directions may be viewed as carrier confinement by two infinitely
deep 1D rectangular potential wells, along any two orthogonal directions leading to
quantization of the wave vectors along the said directions, allowing 1D carrier
transport [1]. With the help of modern experimental techniques, such one dimen-
sional quantized structures have been experimentally realized and enjoy an enor-
mous range of important applications in the realm of nano-science in the quantum
regime. They have generated much interest in the analysis of nano-structured
devices for investigating their electronic, optical and allied properties [2–4].
Examples of such new applications are based on the different transport properties of
ballistic charge carriers which include quantum resistors [5–10], resonant tunneling
diodes and band filters [11, 12], quantum switches [13], quantum sensors [14–16],
quantum logic gates [17, 18], quantum transistors and sub tuners [19–21],
heterojunction FETs [22], high-speed digital networks [23], high-frequency
microwave circuits [24], optical modulators [25], optical switching systems [26,
27], and other devices.

In this chapter in Sects. 3.2.1–3.2.14, we have investigated the DRs in NWs of
HD non-linear optical, III–V, II–VI, stressed Kane type, Te, GaP, PtSb2, Bi2Te3,
Ge, GaAs, II–V, lead germanium telluride and zinc and cadmium phosphides
respectively. The Sect. 3.3 contains the summary and conclusion pertaining to this
chapter. The Sect. 3.4 presents 19 open research problems.
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3.2 Theoretical Background

3.2.1 The DR in Quantum Wires (QWs) of HD Nonlinear
Optical Materials

The DR of the 1D electrons in this case can be written following (2.32) as

�h2ðnzp=dzÞ2
2m�

kT21ðE; ggÞ
þ �h2ðnyp=dyÞ2

2m�
kT22ðE; ggÞ

þ �h2k2x
2m�

kT21ðE; ggÞ
¼ 1 ð3:1Þ

where, nzð¼1; 2; 3; . . .Þ, dz are the size quantum number and the nano-thickness
along the z-direction respectively, nyð¼1; 2; 3; . . .Þ and dy are the size quantum
number and the nano-thickness along the y-direction respectively.

The 1D DOS function per sub-band is given by

N1D Eð Þ ¼ 2gv
p

@kx
@E

ð3:2Þ

Thus by using (3.1) and (3.2) the total DOS function in this case can be written
as

N1DHDCðE; ggÞ ¼
2gv
p

Real part of
Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
1ðE; ny; nz; ggÞHðE � E0

1HDNW Þ

ð3:3Þ

where E0
1HDNW is the complex sub-band energy which can be expressed in this case

as

�h2ðnzp=dzÞ2
2m�

kT21ðE0
1HDNW ; ggÞ

þ �h2ðnyp=dyÞ2
2m�

kT22ðE0
1HDNW ; ggÞ

¼ 1 ð3:4Þ

and T 0
1HDNWðE; ny; nz; ggÞ ¼ 1� �h2ðnzp=dzÞ2

2m�
kT21ðE;ggÞ

þ �h2ðnyp=dyÞ2
2m�

kT22ðE;ggÞ

� �
2m�

kT21ðE;ggÞ
�h2

� �1=2
.

The EEM in this case in given by

m�ðEF1HDNW ; ny; nz; ggÞ ¼
�h2

2
Real part of

@

@ðEF1HDNWÞ T1HDNW ðE; ny; nz; ggÞ
� �2� �

ð3:5Þ

where EF1HDNW in the Fermi energy in this case.
Thus, we observe that the EEM is the function of size quantum numbers in both

the directions and the Fermi energy due to the combined influence of the crystal
filed splitting constant and the anisotropic spin-orbit splitting constants
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respectively. Besides it is a function of gg due to which the EEM exists in the band
gap, which is otherwise impossible.

In the absence of band-tails, for electron motion along x-direction only, the 1D
electron dispersion law in this case can be written following (2.2) as

cðEÞ ¼ f1ðEÞk2x þ f1ðEÞðpny=dyÞ2 þ f2ðEÞðpnz=dzÞ2 ð3:6Þ

Using (3.2) and (3.6) the total DOS function in this case.

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 010ðE; ny; nzÞHðE � E0
1Þ ð3:7Þ

where f10ðE; ny; nzÞ ¼ f1ðEÞ½ ��1
2 cðEÞ � f1ðEÞ nyp

dy

� �2
� f2ðEÞ nzp

dz

� �2� �1
2

In (3.7), the sub-band energy ðE0
1Þ are given by the equation

cðE0
1Þ ¼ f1ðE0

1Þðpny=dyÞ2 þ f2ðE0
1Þðpnz=dzÞ2 ð3:8aÞ

The EEM in this case assumes the form

m�ðEF1D; ny; nzÞ ¼ �h2

2
f 010ðEF1D; ny; nzÞ ð3:8bÞ

where EF1D is the Fermi energy in this case.

3.2.2 The DR In Quantum Wires (QWs) of HD III–V
Materials

(i) Three Band Model of Kane

The dispersion relation of the 1D electrons in this case can be written following (2.
45) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ T31ðE; ggÞþ iT32ðE; ggÞ ð3:9Þ

The DOS function in this case assumes the form

N1DHDCðE; ggÞ ¼
2gv
p

Real part of
Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
2ðE; ny; nz; ggÞHðE � E0

2HDNWÞ

ð3:10Þ
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where

T2ðE; ny; nz; ngÞ ¼ T31ðE; ggÞþ iT32ðE; ggÞ � �h2ðnzp=dzÞ2
2mc

¼ �h2ðnyp=dyÞ2
2mc

h ih i
2mc

�h2

h i1
2

In (3.10), E0
2HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ T31ðE0
2HDNW ; ggÞþ iT32ðE0

2HDNW ; ggÞ ð3:11Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½T0
31ðEF1HDNW ; ggÞ� ð3:12Þ

In the absence of band tails the DR in this case assumes the form

I11ðEÞ ¼ �h2k2x
2mc

þG2ðny; nzÞ ð3:13Þ

where G2ðny; nzÞ ¼ �h2p2
2mc

nyp
dy

� �2
þ nzp

dz

� �2� �
The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 011ðE; ny; nzÞHðE � E0
2Þ ð3:14Þ

where f11ðE; ny; nzÞ ¼ 2mc

�h2
I11ðEÞ � G2ðny; nzÞ
� �h i1

2

In (3.14), the sub band energy E0
2 can be written as

G2 ny; nz
� 	 ¼ I11ðE0

2Þ ð3:15Þ

The EEM in this case assumes the form

m�ðEF1DÞ ¼ mcI
0
11ðEF1DÞ ð3:16Þ

(ii) Two Band Model of Kane

The DR of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ c2ðE; ggÞ ð3:17Þ

The DOS function in this case assumes the form
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N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
3ðE; ny; nz; ggÞHðE � E0

3HDNWÞ ð3:18Þ

where T3ðE; ny; nz; ggÞ ¼ c2ðE; ggÞ � �h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

h ih i
2mc

�h2

h i1
2

In (3.18), E0
3HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ c2ðE0
3HDNW ; ggÞ ð3:19Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc c02ðEF1HDNW ; ggÞ
� � ð3:20Þ

The expression of 1D DR, for NWs of III–V materials whose energy band
structures are defined by the two-band model of Kane in the absence of band tailing
assumes the form

Eð1þ aEÞ ¼ �h2k2x
2mc

þG2 ny; nz
� 	 ð3:21Þ

The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 012ðE; ny; nzÞHðE � E0
3Þ ð3:22Þ

where f12ðE; ny; nzÞ ¼ 2mc

�h2
½Eð1þ aEÞ � G2ðny; nzÞ�

h i1
2

In (3.22), the sub band energy E0
3 can be written as

E0
3 ¼ 2að Þ�1 �1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4aG2 ny; nz

� 	q� �
ð3:23Þ

The EEM in this case assumes the form

m�ðEF1DÞ ¼ mcð1þ 2aEF1DÞ ð3:24Þ

(iii) Parabolic Energy Bands

The DR of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2kxÞ2
2mc

¼ c3ðE; ggÞ ð3:25Þ

3.2 Theoretical Background 213



The DOS function in this case assumes the form

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
4ðE; ny; nz; ggÞHðE � E0

4HDNWÞ ð3:26Þ

where T4ðE; ny; nz; ggÞ ¼ c3ðE; ggÞ � �h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

h ih i
2mc

�h2

h i1
2

In (3.26), E0
3HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ c3ðE0
4HDNW ; ggÞ ð3:27Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½c03ðEF1HDNW ; ggÞ� ð3:28Þ

The expression of 1D DR, for NWs of III–V materials whose energy band
structures are defined by the parabolic energy bandsin the absence of band tailing
assumes the form

E ¼ �h2k2x
2mc

þG2 ny; nz
� 	 ð3:29Þ

The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 013ðE; ny; nzÞHðE � E0
4Þ ð3:30Þ

where f13ðE; ny; nzÞ ¼ 2mc

�h2
½E � G2ðny; nzÞ�

h i1
2

In (3.30), the sub band energy E0
4 can be written as

E0
4 ¼ G2 ny; nz

� 	 ð3:31Þ

The EEM in this case assumes the form

m�ðEF1DÞ ¼ mc ð3:32Þ

(iv) The Model of Stillman et al.

The DR of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ h4ðE; ggÞ ð3:33Þ
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where h4ðE; ggÞ ¼ I12ðE; ggÞ
The DOS function in this case assumes the form

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
5ðE; ny; nz; ggÞHðE � E0

5HDNWÞ ð3:34Þ

where T5ðE; ny; nz; ggÞ ¼ h4ðE; ggÞ � G2ðny; nzÞ
� �� � 2mc

�h2

h i1
2

In (3.34), E0
5HDNW is the sub-band energy in this case which can be expressed as

G2ðny; nzÞ ¼ h4ðE0
5HDNW ; ggÞ ð3:35Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½h04ðEF1HDNW ; ggÞ� ð3:36Þ

The expression of 1D DR, for NWs of III–V materials whose energy band
structures are defined by the model of Stillman et al. in the absence of band tailing
assumes the form

I12ðEÞ ¼ �h2k2x
2mc

þG2ðny; nzÞ ð3:37Þ

In this case, the quantized energy E0
9 is given by

I12ðE0
9Þ ¼ G2ðny; nzÞ ð3:38Þ

The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 014ðE; ny; nzÞHðE � E0
9Þ ð3:39Þ

where f14ðE; ny; nzÞ ¼ 2mc

�h2
½I12ðEÞ � G2ðny; nzÞ�

h i1
2

The EEM in this case assumes the form

m�ðEF1DÞ ¼ mcI
0
12ðEF1DÞ ð3:40Þ

(v) The Model of Palik et al.

The DR of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ h5ðE; ggÞ ð3:41Þ
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where h5ðE; ggÞ ¼ I13ðE; ggÞ
The DOS function in this case assumes the form

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

T 0
6ðE; ny; nz; ggÞHðE � E0

6HDNWÞ ð3:42Þ

where T6ðE; ny; nz; ggÞ ¼ h5ðE; ggÞ � G2ðny; nzÞ
� �� � 2mc

�h2

h i1
2

In (3.42), E0
6HDNW is the sub-band energy in this case which can be expressed as

G2ðny; nzÞ ¼ h5ðE0
6HDNW ; ggÞ ð3:43Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½h05ðEF1HDNW ; ggÞ� ð3:44Þ

The expression of 1D DR, for NWs of III–V materials whose energy band
structures are defined by the model of Palik et al. in the absence of band tailing
assumes the form

I13ðEÞ ¼ �h2k2x
2mc

þG2ðny; nzÞ ð3:45Þ

In this case, the quantized energy E0
10 is given by

I13ðE0
10Þ ¼ G2ðny; nzÞ ð3:46Þ

The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 015ðE; ny; nzÞHðE � E0
10Þ ð3:47Þ

where f15ðE; ny; nzÞ ¼ 2mc

�h2
½I13ðEÞ � G2ðny; nzÞ�

h i1
2

The EEM in this case assumes the form

m�ðEF1DÞ ¼ mcI
0
13ðEF1DÞ ð3:48Þ
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3.2.3 The DR in Quantum Wires (QWs) of HD II–VI
Materials

The 1D DR in NW of HD II–VI materials can be written as

c3ðE; ggÞ ¼ a00
nxp
dx

� �2

þ nyp
dy

� �2
" #

� �k0
nxp
dx

� �2

þ nyp
dy

� �2
" #1=2

þ �h2k2z
2m�

k
ð3:49Þ

The DOS function in this case assumes the form

N1DHDCðE; ggÞ ¼
gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
7ðE; nx; ny; ggÞHðE � E0

13HDNW Þ ð3:50Þ

where T7ðE; ny; nz; ggÞ ¼ c3ðE; ggÞ � G3;�ðnx; nyÞ
� �� � 2m�

k
�h2

h i1
2
and

G3;�ðnx; nyÞ ¼ a00
nxp
dx

� �2

þ nyp
dy

� �2
" #

� �k0
nxp
dx

� �2

þ nyp
dy

� �2
" #1=2

and E0
13HDNW is the sub-band energy in this case which can be expressed as

c3ðE0
13HDNW ; ggÞ ¼ a00

nxp
dx

� �2

þ nyp
dy

� �2
" #

� �k0
nxp
dx

� �2

þ nyp
dy

� �2
" #1=2

ð3:51Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ m�
kc

0
3ðEF1HDNW ;ggÞ ð3:52Þ

The 1D DR for NWs of II–VI materials in the absence of band-tailscan be
written as

E ¼ b00k
2
z þG3;� nx; ny

� 	 ð3:53Þ

The DOS function can be expressed as

N1DCðEÞ ¼ gv
p

Xnxmax

nx ¼ 1

Xnymax

nz ¼ 1

f 020ðE; nx; nyÞHðE � E0
20Þ ð3:54Þ

where f20ðE; nx; nyÞ ¼ 2m�
k

�h2
E � G3;�ðnx; nyÞ
� �h i1

2
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In Eq. (3.54), the sub band energy E0
20 can be written as

E0
20 ¼ G3;�ðnx; nyÞ ð3:55Þ

The EEM in this case assumes the form

m�ðEF1DÞ ¼ m�
k ð3:56Þ

3.2.4 The DR in Quantum Wires (QWs)
of HD IV–VI Materials

(i) Dimmock Model

The 1D electron dispersion law in NW of HD IV–VI materials can be expressed as

c2ðE; ggÞþ ac3ðE; ggÞ
�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

þ ac3ðE; ggÞ
�h2

2x6
k2z � 1þ ac3ðE; ggÞ

� 	 �h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x6
k2z � 1þ ac3ðE; ggÞ

� 	 �h2

2x3
k2z

� a
�h2

2x3
k2z

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h4k4z
4x3x6

¼ �h2

2m1

nxp
dx

� �2

þ �h2

2m2

nyp
dy

� �2

þ �h2

2m3
k2z

ð3:57Þ

Equation (3.57) can be written as

kz ¼ T36ðE; nx; nyÞ ð3:58Þ

where

T36ðE; ng; nx; nyÞ ¼
"
ð2C22Þ�1

"
� BHDðE; ng; nx; nyÞ::

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
HDðE; ng; nx; nyÞþ 4C22AHDðE; ng; nx; nyÞ

q ##1=2
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C22 ¼ a
�h2

4x3x6

� �
BHDðE; gg; nx; nyÞ

¼ a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !"

�h2

2x6

þ 1þ ac3 E; gg
� 	� 	 �h2

2x3
� ac3 E; gg

� 	 �h2

2x6

þ �h2

2m3
þ a

�h2

2x3

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !#

and

AHDðE; gg; nx; nyÞ ¼ � �h2

2m1

nxp
dx

� �2

þ �h2

2m2

nyp
dy

� �2
" #

c2 E; gg
� 	"

þ ac3 E; gg
� 	 �h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� 1þ ac3 E; gg
� 	� 	 �h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !#

The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
36ðE; nx; ny; ggÞHðE � E0

14HDNW Þ ð3:59Þ

In (3.59), E0
14HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T36ðE0
14HDNW ; gg; nx; nyÞ ð3:60Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
@

@E
½T2

36ðEF1HDNW ; gg; nx; nyÞ� ð3:61Þ

The 1D DR in NW of IV–VI materials in the absence of band tails can be
expressed as
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Eð1þ aEÞþ aE
�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

þ aE
�h2

2x6
k2z � ð1þ aEÞ

�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x6
k2z

� ð1þ aEÞ �h2

2x3
k2z � a

�h2

2x3
k2z

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h4k4z
4x3x6

¼ �h2

2m1

nxp
dx

� �2

þ �h2

2m2

nyp
dy

� �2

þ �h2

2m3
k2z

ð3:62Þ

Equation (3.62) can be written as

kz ¼ T40ðE; nx; nyÞ ð3:63Þ

where T40ðE; nx; nyÞ ¼ ½ð2C22Þ�1½�B0ðE; nx; nyÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
0ðE; nx; nyÞ þ 4C22A0ðE; nx

p
; nyÞ��1=2

where B0ðE; nx; nyÞ ¼ a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x6
þ 1þ aEð Þ �h2

2x3
� aE

�h2

2x6

"

þ �h2

2m3
þ a

�h2

2x3

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !#

and

A0ðE; nx; nyÞ ¼ � �h2

2m1

nxp
dx

� �2

þ �h2

2m2

nyp
dy

� �2
" #

E 1þ aEð Þ
"

þ aE
�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� a
�h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !

�h2

2x4

nxp
dx

� �2

þ �h2

2x5

nyp
dy

� �2
 !

� 1þ aEð Þ �h2

2x1

nxp
dx

� �2

þ �h2

2x2

nyp
dy

� �2
 !#

The DOS function can be expressed as

N1DCðEÞ ¼ gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
40ðE; nx; nyÞHðE � E0

22Þ ð3:64Þ
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In (3.64), E0
22 is the sub-band energy in this case which can be expressed as

0 ¼ T40ðE0
22; nx; nyÞ ð3:65Þ

The EEM in this case is given by

m�ðEF1D; nx; nyÞ ¼ �h2

2
@

@E
½T2

40ðEF1D; nx; nyÞ� ð3:66Þ

(ii) Bangert and Kastner Model

The 1D DR in NW of IV–VI materials in accordance with the present model can be
written as

F1 E; gg
� 	 nxp

dx

� �2

þ nyp
dy

� �2
" #

þF2 E; gg
� 	

k2z ¼ 1 ð3:67Þ

The (3.67) can be written as

kz ¼ T60ðE; gg; nx; nyÞ ð3:68Þ

where

T60ðE; gg; nx; nyÞ ¼ 1� F1 E; gg
� 	 nxp

dx

� �2

þ nyp
dy

� �2
" #" #"

F2 E; gg
� 	� ��1

i1=2
The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
40ðE; nx; ny; ggÞHðE � E0

15HDNWÞ ð3:69Þ

In (3.69), E0
15HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T60ðE0
15HDNW ; gg; nx; nyÞ ð3:70Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
@

@E
½T2

40ðEF1HDNW ; gg; nx; nyÞ� ð3:71Þ

The 1D DR in the absence of band tailing can be written in this case as
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x1ðEÞ pnx
dx

� �2

þ pny
dy

� �2
" #

þx2ðEÞk2z ¼ 1 ð3:72Þ

The (3.72) can be written as

kz ¼ T61ðE; nx; nyÞ ð3:73Þ

where T61ðE; nx; nyÞ ¼ 1� x1 Eð Þ nxp
dx

� �2
þ nyp

dy

� �2� �� �
x2 Eð Þ½ ��1

� �1=2
The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
61ðE; nx; nyÞHðE � E0

24Þ ð3:74Þ

In (3.74), E0
24 is the sub-band energy in this case which can be expressed as

0 ¼ T40ðE0
24; nx; nyÞ ð3:75Þ

The EEM in this case is given by

m�ðEF1D; nx; nyÞ ¼ �h2

2
@

@E
½T2

61ðEF1D; nx; nyÞ� ð3:76Þ

3.2.5 The DR in QWs of HD Stressed Kane Type Materials

The 1D DR in this case can be written as

P11 E; gg
� 	 pnx

dx

� �2

þQ11 E; gg
� 	 pny

dy

� �2

þ S11ðE; ggÞk2z ¼ 1 ð3:77Þ

The (3.77) can be written as

kz ¼ T70ðE; gg; nx; nyÞ ð3:78Þ

where t72ðE; ny; nz; ggÞ ¼ � nyp
dy

� �2
þw5HDðE; ggÞ � w6

pnz
dz

� �2
�w7

"
w2
8HDðE; ggÞ�

"

pnz
dz

� �2#1=2#1=2
The DOS function in this case can be written as
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N1DHDCðE; ggÞ ¼
2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

T 0
70ðE; nx; ny; ggÞHðE � E0

30HDNWÞ ð3:79Þ

In (3.79), E0
30HDNW is the sub-band energy in this case which can be expressed as

0 ¼ T70ðE0
30HDNW ; gg; nx; nyÞ ð3:80Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
@

@E
½T2

70ðEF1HDNW ; gg; nx; nyÞ� ð3:81Þ

In the absence of band tailing the 1D DR in this case assumes the form

kz ¼ t70ðE; nx; nyÞ ð3:82Þ

where t70ðE; nx; nyÞ ¼ �c0ðEÞ½1� pnx
dx�a0ðEÞ

� �2
� pny

dy�b0ðEÞ

� �2� �� �1=2

N1DCðEÞ ¼ 2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

t070ðE; nx; nyÞHðE � E0
26Þ ð3:83Þ

In (3.83), E0
26 is the sub-band energy in this case which can be expressed as

0 ¼ t70ðE0
26; nx; nyÞ ð3:84Þ

The EEM in this case is given by

m�ðEF1d; nx; nyÞ ¼ �h2

2
@

@E
½t260ðEF1d ; nx; nyÞ� ð3:85Þ

3.2.6 The DR in Quantum Wires (QWs) of HD Te

The 1D DR may be written in this case as

kx ¼ t72ðE; ny; nz; ggÞ ð3:86Þ
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where t72ðE; ny; nz; ggÞ ¼
"
� nyp

dy

� �2
þw5HDðE; ggÞ � w6

pnz
dz

� �2
�w7

"
w2
8HDðE; ggÞ�

pnz
dz

� �2#1=2#1=2
The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

t072ðE; ny; nz; ggÞHðE � E0
31HDNWÞ ð3:87Þ

In (3.87), E0
31HDNW is the sub-band energy in this case which can be expressed as

0 ¼ t72ðE0
31HDNW ; gg; ny; nzÞ ð3:88Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
½t272ðEF1HDNW ; gg; ny; nzÞ� ð3:89Þ

In the absence of band tailing the 1D DR in this case assumes the form

kx ¼ H70ðE; ny; nzÞ ð3:90Þ

where

H70ðE; ny; nzÞ ¼ � nyp
dy

� �2
þ w5ðEÞ � w6

pnz
dz

� �2
�w7 w2

8ðEÞ � pnz
dz

� �2� �1=2" #1=2

N1DCðEÞ ¼ 2gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

H0
70ðE; ny; nzÞHðE � E0

44Þ ð3:91Þ

In (3.91), E0
44 is the sub-band energy in this case which can be expressed as

0 ¼ H70ðE0
44; ny; nzÞ ð3:92Þ

The EEM in this case is given by
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m�ðEF1D; ny; nzÞ ¼ �h2

2
@

@E
½H2

70ðEF1D; ny; nzÞ� ð3:93Þ

3.2.7 The DR in Quantum Wires (QWs) of HD Gallium
Phosphide

The 1D DR may be written in this case as

kx ¼ u70ðE; ny; nz; ggÞ ð3:94Þ

where u70ðE; ny; nz; ggÞ ¼ � nyp
dy

� �2
þ t11c3ðE; ggÞþ t21 � t31

nzp
dz

� �2
� t41

nzp
���

dzÞ2 þ t25ðE; ggÞ�1=2�1=2
The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

u070ðE; ny; nz; ggÞHðE � E0
32HDNWÞ ð3:95Þ

In (3.95), E0
32HDNW is the sub-band energy in this case which can be expressed as

0 ¼ u70ðE0
32HDNW ; gg; ny; nzÞ ð3:96Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
u270ðEF1HDNW ; gg; ny; nzÞ
� � ð3:97Þ

In the absence of band tailing the 1D DR in this case can be written as

kx ¼ X71ðE; ny; nzÞ ð3:98Þ

where X71ðE; ny; nzÞ ¼ � nyp
dy

� �2
þ t42ðE; nzÞ

� �1=2
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The DOS function is given by

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

X 0
71ðE; ny; nzÞHðE � E0

46Þ ð3:99Þ

In (3.99), E0
46 is the sub-band energy in this case which can be expressed as

0 ¼ X71ðE0
46; ny; nzÞ ð3:100Þ

The EEM in this case is given by

m�ðEF1D; ny; nzÞ ¼ �h2

2
@

@E
X2

71ðEF1D; ny; nzÞ
� � ð3:101Þ

3.2.8 The DR in Quantum Wires (QWs) of HD Platinum
Antimonide

The 1D DR may be written in this case as

kx ¼ V70ðE; ny; nz; ggÞ ð3:102Þ

where V70ðE; ny; nz; ggÞ ¼ � nyp
dy

� �2
þA60ðE; gg; nyÞ

� �1=2
The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

V 0
70ðE; ny; nz; ggÞHðE � E0

34HDNW Þ ð3:103Þ

In (3.103), E0
34HDNW is the sub-band energy in this case which can be expressed

as

0 ¼ V70ðE0
34HDNW ; gg; ny; nzÞ ð3:104Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
V2

70ðEF1HDNW ; gg; ny; nzÞ
� � ð3:105Þ

In the absence of band tailing the 1D DR in this case can be written as
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kx ¼ D71ðE; ny; nzÞ ð3:106Þ

where D71ðE; ny; nzÞ ¼ � nyp
dy

� �2
þ t44ðE; nzÞ

� �1=2
The DOS function is given by

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

D0
71ðE; ny; nzÞHðE � E0

48Þ ð3:107Þ

In (3.107), E0
48 is the sub-band energy in this case which can be expressed as

0 ¼ D71ðE0
48; ny; nzÞ ð3:108Þ

The EEM in this case is given by

m�ðEF1D; ny; nzÞ ¼ �h2

2
@

@E
D2

71ðEF1D; ny; nzÞ
� � ð3:109Þ

3.2.9 The DR in Quantum Wires (QWs) of HD Bismuth
Telluride

The DR in this case can be written as

kx ¼ J70ðE; ny; nz; ggÞ ð3:110Þ

where

J70ðE; ny; nz; ggÞ ¼ c2ðE; ggÞ � �x2
nyp
dy

� �2
� �x3

nzp
dz

� �2
� 2�x4

nynzp2

dydz

� �
ð�x1Þ�1

� �1=2
The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

J 070ðE; ny; nz; ggÞHðE � E0
50HDNW Þ ð3:111Þ

and E0
50HDNW is the sub-band energy in this case which can be expressed as

0 ¼ J70ðE0
50HDNW ; gg; ny; nzÞ ð3:112Þ

The EEM in this case is given by
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m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
½J270ðEF1HDNW ; gg; ny; nzÞ� ð3:113Þ

In the absence of band tailing the 1D DR in this case can be written as

kx ¼ B71ðE; ny; nzÞ ð3:114Þ

where

B71ðE; ny; nzÞ ¼ Eð1þ aEÞ � �x2
nyp
dy

� �2
� �x3

nzp
dz

� �2
� 2�x4

nynzp2

dydz

� �
ð�x1Þ�1

� �1=2
The DOS function is given by

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

B0
71ðE; ny; nzÞHðE � E0

50Þ ð3:115Þ

In (3.115) E0
50 is the sub-band energy in this case which can be expressed as

0 ¼ B71ðE0
50; ny; nzÞ ð3:116Þ

The EEM in this case is given by

m�ðEF1D; ny; nzÞ ¼ �h2

2
@

@E
½B2

71ðEF1D; gg; ny; nzÞ� ð3:117Þ

3.2.10 The DR in Quantum Wires (QWs)
of HD Germanium

(a) Model of Cardona et al.

The DR in accordance with this model in the present case can be written as

kx ¼ L70ðE; ny; nz; ggÞ ð3:118Þ

where L70ðE; ny; nz; ggÞ ¼ c2ðE; ggÞþ a �h2

2m�
k

nzp
dz

� �2� �2
�ð1þ 2ac3ðE; ggÞÞ �h

2

""

2m�
k

nzp
dz

� �2# 2m�
k

�h2

� �#1=2
The DOS function in this case can be written as
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N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

L070ðE; ny; nz; ggÞHðE � E0
52HDNW Þ ð3:119Þ

In (3.119) E0
52HDNW is the sub-band energy in this case which can be expressed as

0 ¼ L70ðE0
52HDNW ; gg; ny; nzÞ ð3:120Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
½L2

70ðEF1HDNW ; gg; ny; nzÞ� ð3:121Þ

In the absence of band tailing the 1D DR in this case can be written as

kx ¼ B77ðE; ny; nzÞ ð3:122Þ

where

B77ðE; ny; nzÞ ¼ Eð1þ aEÞþ a �h2

2m�
k

nzp
dz

� �2� �2
�ð1þ 2aEÞ �h2

2m�
k

nzp
dz

� �2" #
2m�

k
�h2

" #1=2
The DOS function is given by

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

B0
77ðE; ny; nzÞHðE � E0

60Þ ð3:123Þ

In (3.123) E0
60 is the sub-band energy in this case which can be expressed as

0 ¼ B77ðE0
60; ny; nzÞ ð3:124Þ

The EEM in this case is given by

m�ðEF1D; ny; nzÞ ¼ �h2

2
@

@E
½B2

77ðEF1D; ny; nzÞ� ð3:125Þ

(b) Model of Wang et al.

The DR in accordance with this model in the present case can be written as

kx ¼ b70ðE; ny; nz; ggÞ ð3:126Þ
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where b70ðE; ny; nz; ggÞ ¼ � nyp
dy

� �2
þ 2m�

?
�h2

�a8 � �a9
pnz
dz

� �2
� �a10

pnz
dz

� �4���

þ �a11
pnz
dz

� �2
þ �a12ðE; ggÞ�1=2��1=2

The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

b070ðE; ny; nz; ggÞHðE � E0
54HDNW Þ ð3:127Þ

In (3.127), E0
54HDNW is the sub-band energy in this case which can be expressed

as

0 ¼ b70ðE0
54HDNW ; gg; ny; nzÞ ð3:128Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; ny; nzÞ ¼
�h2

2
@

@E
½b270ðEF1HDNW ; gg; ny; nzÞ� ð3:129Þ

In the absence of band tailing the 1D DR in this case can be written as

kx ¼ P77ðE; ny; nzÞ ð3:130Þ

where P77ðE; ny; nzÞ ¼ I1ðE; nzÞ � �h2

2m�
2

nyp
dy

� �2� �
2m�

1

�h2

� �� �1=2
The DOS function is given by

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

P0
77ðE; ny; nzÞHðE � E0

80Þ ð3:131Þ

and E0
80 is the sub-band energy in this case which can be expressed as

0 ¼ P77ðE0
80; ny; nzÞ ð3:132Þ

The EEM in this case is given by

m�ðEF1D; gy; nzÞ ¼
�h2

2
@

@E
½P2

77ðEF1D; ny; nzÞ� ð3:133Þ
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3.2.11 The DR in Quantum Wires (QWs)
of HD Gallium Antimonide

The DR of the 1D electrons in this case can be written as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ I36ðE; ggÞ ð3:134Þ

The DOS function in this case can be written as

N1DHDCðE; ggÞ ¼
2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

N 0
100ðE; ny; nz; ggÞHðE � E0

100HDNW Þ ð3:135Þ

where N100ðE; ny; nz; ggÞ ¼ I36ðE; ggÞ � G2ðny; nzÞ
� � 2mc

�h2

� �h i1
2

and E0
100HDNW is the sub-band energy in this case which can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ I36ðE0
100HDNW ; ggÞ ð3:136Þ

The EEM in this case is given by

m�ðEF1HDNW ; ggÞ ¼ mc½I036ðEF1HDNW ; ggÞ� ð3:137Þ

The expression of 1D DR, for NWs of GaSb whose energy band structures in the
absence of band tailing assumes the form

I36ðEÞ ¼ �h2k2x
2mc

þG2ðny; nzÞ ð3:138Þ

The DOS function can be expressed as

N1DCðEÞ ¼ 2gv
p

Xnymax

ny ¼ 1

Xnzmax

nz ¼ 1

f 0151ðE; ny; nzÞHðE � E0
101Þ ð3:139Þ

where f151ðE; ny; nzÞ ¼ 2mc

�h2
½I36ðEÞ � G2ðny; nzÞ�

h i1
2

In this case, the quantized energy E0
101 is given by

I36ðE0
101Þ ¼ G2ðny; nzÞ ð3:140Þ
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3.2.12 The DR in Quantum Wells (QWs) of HD II–V
Materials

The DR of the 1D holes in II–V compounds can be expressed as

c3ðE; ggÞ ¼A10
nxp
dx

� �2

þA11
nyp
dy

� �2

þA12k2z þA13
nxp
dx

� �

� A14
nxp
dx

� �2

þA15
nyp
dy

� �2

þA16k2z þA17
nxp
dx

� �2
 !

þA18
nyp
dy

� �2

þA2
19

" #1=2

ð3:141Þ

where the numerical values of the energy band constants are given in Appendix A.
The sub-band energy ðEnzHD401Þ is the lowest positive root of the following

equation

c3ðEnzHD401 ; ggÞ ¼ A10
nxp
dx

� �2

þA13
nxp
dx

� �

� A14
nxp
dx

� �2

þA17
nxp
dx

� � !2

þA2
19

2
4

3
5
1=2

ð3:142Þ

(3.142) can be expressed as

kz ¼ D27ðE; gg; nx; nyÞ ð3:143Þ

where

D27ðE; gg; nx; nyÞ ¼ ðA2
12 � A2

16Þ�1 ½D21ðE; gg; nx; nyÞA12 þA16D22ðnx; nyÞ�
�h

þ D21ðE; gg; nx; nyÞA12
��

þA16D22ðnx; nyÞ
�2 �ðA2

12 � A2
16ÞD25ðnx; ny;E; ggÞ

i1=2��
;

D21ðE; gg; nx; nyÞ ¼ c3ðE; ggÞ � A10
nxp
dx

� �2

�A11
nyp
dy

� �2

�A13
nxp
dx

� �" #
;

D22ðnx; nyÞ ¼ A14
nxp
dx

� �2

þA15
nyp
dy

� �2

þA17
nxp
dx

� �" #
;

D25ðnx; ny;E; ggÞ ¼ ½D2
21ðE; gg; nx; nyÞ � D24ðnx; nyÞ�;

D24ðnx; nyÞ ¼½D2
22ðnx; nyÞþD23ðnyÞ� and D23ðnyÞ ¼ A18

nyp
dy

� �2

þA2
19

" #

The DOS function in this case can be written as
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N1DHDCðE; ggÞ ¼
gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

D0
27ðE; nx; ny; ggÞHðE � E0

200HDNWÞ ð3:144Þ

In (3.144), E0
200HDNW is the sub-band energy in this case which can be expressed

as

0 ¼ D27ðE0
200HDNW ; nx; ny; ggÞ ð3:145Þ

The EEM in this case is given by

m�ðEF1HDNW ; gg; nx; nyÞ ¼
�h2

2
@

@E
½D2

27ðEF1HDNW ; gg; nx; nyÞ� ð3:146Þ

In the absence of band-tailing, the 1D hole energy spectrum in this case assumes
the form

E ¼ A10
nxp
dx

� �2

þA11
nyp
dy

� �2

þA12k
2
z þA13

nxp
dx

� �

� A14
nxp
dx

� �2

þA15
nyp
dy

� �2
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The subband energy ðE0
300Þ is the lowest positive root of the following equation
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(3.147) can be expressed as

kz ¼ D271ðE; nx; nyÞ ð3:149Þ

where
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The DOS function in this case can be written as

N1DCðEÞ ¼ gv
p

Xnxmax

nx ¼ 1

Xnymax

ny ¼ 1

D0
271ðE; nx; nyÞHðE � E0

300Þ ð3:150Þ

In (3.150), E0
300 is the sub-band energy in this case which can be expressed as

0 ¼ D271ðE0
300; nx; nyÞ ð3:151Þ

The EEM in this case is given by

m�ðEF1D; nx; nyÞ ¼ �h2

2
@

@E
½D2

271ðEF1D; nx; nyÞ� ð3:152Þ

3.2.13 The DR in Quantum Wells (QWs) of HD Lead
Germanium Telluride

The 1D electron energy spectrum in n-type Pb1-xGexTe under the condition of
formation of band tails can be written as

234 3 The DRs in Quantum Wires (QWs) of Heavily Doped (HD) …



2

1þErf E
gg

� �
2
4

3
5h0ðE; ggÞþ c3ðE; ggÞ �Eg0 � 0:195

nxp
dx

� �2

þ nyp
dy

� �2
" #"

�0:345k2z
� ¼ 0:23

nxp
dx

� �2

þ nyp
dy

� �2
" #

þ 0:02k2z

" #

� 0:06�Eg0 þ 0:061
nxp
dx

� �2

þ nyp
dy

� �2
" #

þ 0:0066k2z

" #
nxp
dx

� �2

þ nyp
dy

� �2
" #1=2

þ �Eg0 þ 0:411
nxp
dx

� �2

þ nyp
dy

� �2
" #

þ 0:377k2z

" #
0:606

nxp
dx

� �2
""

þ nyp
dy

� �2
#
þ 0:722k2z

#

ð3:153Þ

The subband energy ðEnzHD500Þ is the lowest positive root of the following
equation
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The EEM and the DOS function for both the cases should be calculated
numerically.

The 1D dispersion law of n-type Pb1-xGexTe with x = 0.01 in the absence of
band-tails can be expressed as
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The sub-band energy �E500 in this can be written as
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3.2.14 The DR in Quantum Wires (QWs)
of HD Zinc and Cadmium Diphosphides

The DR in HD NWs of Zinc and Cadmium diphosphides can be written as
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The sub-band energy EnzHD600 in this case assumes the form
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where
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The EEM and the DOS function should be obtained numerically.
The 1D DR in NWs of Zinc and Cadmium diphosphides in the absence of

band-tails can be written as
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The subband energy(ðE700Þ is the lowest positive root of the following equation
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The EEM and the DOS function for both the cases should be calculated
numerically.

3.3 Summary and Conclusion

From the 1D DR in NWs of HD nonlinear optical and tetragonal materials (3.1), we
observe that the real part of kx versus E plot are the series of quantized
non-parabolae. The (3.68) represents the 1D DR in NWs of HD IV–VI materials in
accordance with the model of Bangert and Kastner and same conclusion is also
valid. From (3.9) we have the same inference for NWs of HD III–V materials
whose unperturbed conduction electrons obey the three band model of Kane, which
contains one non removal pole in energy axis. The 1D electrons in HD III–V
materials are also described by two band model of Kane, parabolic energy bands,
model of Stillman et al. and the model of Palik et al. with the 1D DRs as given by
(3.17), (3.25), (3.33) and (3.41) respectively. Besides the 1D DRs of Te, GaP,
PtSb2, Bi2Te3, Ge and GaSb are given by (3.86), (3.94), (3.102), (3.110), (3.118 in
accordance with the model of Cardona et al. of Ge), (3.126 in accordance with the
model of Wang and Ressler of Ge) and (3.134) respectively. All the said DRs
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possess no poles in the finite energy planes, the kx versus E plot are the series of
quantized non-parabolae. The 1D DR (3.49) in HD II–VI materials reflects the fact
that the kx versus E plot are the series of quantized non-parabolae. The 1D DR
(3.58) of HD IV–VI materials represents the fact that the kx versus E plot are the
series of quantized non-parabolae in accordance with Dimmock model. The 1D
DRs for II–V, Pb1–xGexTe, ZnP2 and CdP2 are given by (3.143), (3.153) and
(3.157) respectively and the aforementioned conclusion is also true in this case. The
1D DR (3.78) in NWs of HD stressed Kane type materials reflects the fact identical
conclusion in this context.

The influence of quantum confinement is immediately apparent from the 1D
DRs since the DR depends strongly on the thickness of the quantum-confined
materials in contrast with the corresponding bulk specimens. Finally, it may be
noted that the basic aim of this chapter is not solely to demonstrate the influence of
quantum confinement on the DR from NWs of HD non-linear optical, III–V, II–VI,
IV–VI, n-GaP, n-Ge, PtSb2 and stressed compounds respectively but also to for-
mulate the appropriate DOS in the most generalized form, since the transport and
other phenomena in quantized structures having different band structures and the
derivation of the expressions of many important electronic properties are based on
the DOS in such materials.

3.4 Open Research Problems

(R.3.1) Investigate the DR for NWs of all of the HD materials in the presences of
Gaussian, exponential, Kane, Halperian, Lax and Bonch-Burevich types
of band tails for all systems whose unperturbed carrier energy spectra are
defined in (R.1.1).

(R.3.2) Investigate the DR in the presence of strain for NWs of all of the
HDmaterials of the negative refractive index, organic, magnetic and other
advanced optical materials.

(R.3.3) Investigate the DR for the NWs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R.3.4) Investigate the DR for the multiple NWs of HD materials whose
unperturbed carrier energy spectra are defined in (R.1.1).

(R.3.5) Investigate the DR for all the appropriate HD one dimensional systems of
this chapter in the presence of finite potential wells.

(R.3.6) Investigate the DR for all the appropriate HD one dimensional systems of
this chapter in the presence of parabolic potential wells.

(R.3.7) Investigate the DR for HD one dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves and in the presence of strain.
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(R.3.8) Investigate the DR for triangular HD one dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.3.9) Investigate the DR for all the problems of (R.1.1) in the presence of
arbitrarily oriented magnetic field.

(R.3.10) Investigate the DR for all the problems of (R.1.1) in the presence of
alternating electric field.

(R.3.11) Investigate the DR for all the problems of (R.1.1) in the presence of
alternating magnetic field.

(R.3.12) Investigate the DR for all the problems of (R.1.1) in the presence of
crossed electric field and quantizing magnetic fields.

(R.3.13) Investigate the DR for all the problems of (R.1.1) in the presence of
crossed alternating electric field and alternating quantizing magnetic
fields.

(R.3.14) Investigate the DR for HD NWs of the negative refractive index, organic
and magnetic materials.

(R.3.15) Investigate the DR for HD NWs of the negative refractive index, organic
and magnetic materials in the presence of alternating time dependent
magnetic field.

(R.3.16) Investigate the DR for HD NWs of the negative refractive index, organic
and magnetic materials in the presence of in the presence of crossed
alternating electric field and alternating quantizing magnetic fields.

(R.3.17) (a) Investigate the DR for HD NWs of the negative refractive index,
organic, magnetic and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field considering many body
effects.
(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.3.18) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.3.19) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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Chapter 4
The DRs in Quantum Dots (QDs)
of Heavily Doped (HD)
Non-parabolic Materials

I must dream as I live forever and I must live as I die to-day.

4.1 Introduction

It is well known that as the dimension of the UFs increases from 1D to 3D, the
degree of freedom of the free carriers decreases drastically and the density-of-states
function changes from the Heaviside step function in OWs to the Dirac’s delta
function in Quantum Dots (QDs) [1].

The QDs can be used for visualizing and tracking molecular processes in cells
using standard fluorescence microscopy [2–4]. They display minimal
photo-bleaching [5], thus allowing molecular tracking over prolonged periods and
consequently, single molecule can be tracked by using optical fluorescence
microscopy [6]. The salient features of quantum dot (QD) lasers [7] include low
threshold currents, higher power, and great stability as compared with the con-
ventional one and the QDs find extensive applications in nano-robotics [8], neural
networks [9] and high density memory or storage media [10]. The QDs are also
used in nano-photonics [11] because of their theoretically high quantum yield and
have been suggested as implementations of Q-bits for quantum information pro-
cessing [12]. The QDs also find applications in diode lasers [13], amplifiers [14],
and optical sensors [15]. High-quality QDs are well suited for optical encoding [16]
because of their broad excitation profiles and narrow emission spectra. The new
generations of QDs have far-reaching potential for the accurate investigations of
intracellular processes at the single-molecule level, high-resolution cellular imag-
ing, long-term in vivo observation of cell trafficking, tumor targeting, and diag-
nostics [17]. The QD nanotechnology is one of the most promising candidates for
use in solid-state quantum computation [18]. It may also be noted that the QBs are
being used in single electron transistors [19], photovoltaic devices [20], photo-
electrics [21], ultrafast all-optical switches and logic gates [22], organic dyes [23]
and in other types of nano devices.
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In this chapter in Sects. 4.2.1–4.2.14, we have investigated the DR in QDs of
HD non-linear optical, III–V, II–VI, stressed Kane type, Te, GaP, PtSb2, Bi2Te3,
Ge, GaSb, II–V, lead Germanium Telluride, Zinc and Cadmium Diphosphides
respectively and corresponding DOS functions. The Sect. 4.3 contains the summary
and conclusion pertaining to this chapter. The Sect. 4.4 presents 22 open research
problems.

4.2 Theoretical Background

4.2.1 The DR in Quantum Dot (QD) of HD Nonlinear
Optical Materials

The DR in this case can be written following (2.32) as

�h2ðnzp=dzÞ2
2m�

kT21ðE1QBHD; ggÞ
þ �h2ðnyp=dyÞ2
2m�

kT22ðE1QBHD; ggÞ
þ �h2ðnxp=dxÞ2
2m�

kT21ðE1QBHD; ggÞ
¼ 1 ð4:1Þ

where E1QBHD is the totally quantized energy in this case.
The total DOS function in this case is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E1QBHDð Þ ð4:2Þ

where d0 E � E1QBHDð Þ is the Dirac’s Delta function.
For the purpose of comparison we shall also formulate the DR in the absence of

band tails is this case.
Let Eni ði ¼ x; y; and zÞ be the quantized energy levels due to infinitely deep

potential well along ith-axis with ni ð¼1; 2; 3; . . .Þ as the size quantum numbers.
Therefore, from (2.2), one can write

c Enxð Þ ¼ f1 Enxð Þ pnx
dx

� �2

ð4:3Þ

c Eny

� � ¼ f1 Eny

� � pny
dy

� �2

ð4:4Þ

c Enz

� � ¼ f2 Enz

� � pnz
dz

� �2

ð4:5Þ

244 4 The DRs in Quantum Dots (QDs) of Heavily Doped (HD) …

http://dx.doi.org/10.1007/978-3-319-21000-1_2
http://dx.doi.org/10.1007/978-3-319-21000-1_2


From (2.2), the totally quantized energy EQD1ð Þ can be expressed as

c EQD1ð Þ ¼ f EQD1ð Þ pnx
dx

� �2

þ pny
dy

� �2
" #

þ f2 EQD1ð Þ pnz
dz

� �2
" #

ð4:6Þ

The total DOS in this case is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD1ð Þ ð4:7Þ

4.2.2 The DR in Quantum Dot (QD) of HD III–V Materials

The DR of the conduction electrons of III–V materials are described by the models
of Kane (both three and two bands) Stillman et al. Palik et al. respectively. For the
purpose of complete and coherent presentation, the DRs in QDs of HD III–V
compounds have also been investigated in accordance with the aforementioned
different DRs for relative comparison as follows:

(a) The HD three band model of Kane

The DR in this case can be written following (2.45) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ T44ðE2QBHD; ggÞ ð4:8Þ

where T44ðE2QBHD; ggÞ ¼ T31ðE2QBHD; ggÞ þ iT31ðE2QBHD; ggÞ and E2QBHD is the
totally quantized energy in this case

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E2QBHDð Þ ð4:9Þ

The quantized energy levels (Enx , Eny and Enz along x, y, and z directions
respectively) in the absence of band tails in QDs of III–V materials in accordance
with the three band model of Kane can be expressed as

I11 Enxð Þ ¼ �h2

2mc

pnx
dx

� �2

ð4:10Þ
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I11 Eny

� � ¼ �h2

2mc

pny
dy

� �2

ð4:11Þ

and I11 Enz

� � ¼ �h2

2mc

pnz
dz

� �2

ð4:12Þ

The totally quantized energy EQD2ð Þ (changed) in this case assumes the form

I11 EQD2ð Þ ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð4:13Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD2ð Þ

(b) The HD two band model of Kane

The DR in this case can be written following (2.59) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ c2ðE3QBHD; ggÞ ð4:14Þ

and E3QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E3QBHDð Þ ð4:15Þ

In the absence of band-tails, the totally quantized energy EQD3ð Þ in this case is
given by

EQD3 1þ aEQD3ð Þ ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð4:16Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD2ð Þ ð4:17Þ
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(c) The HD parabolic energy bands

The DR in this case can be written following (2.72) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ c3ðE4QBHD; ggÞ ð4:18Þ

and E4QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E4QBHDð Þ ð4:19Þ

In the absence of band-tails, the totally quantized energy �EQD3

� �
in this case is

given by

�EQD3 ¼
�h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð4:20Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �EQD3ð Þ ð4:21aÞ

(d) The HD Model of Stillman et al.

The DR of the electrons in this case can be written following (2.83) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ h4ðE5QBHD; ggÞ ð4:21bÞ

and E5QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E5QBHDð Þ ð4:22Þ
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In the absence of band-tails, the EQD5 in this case can be defined as

I12 EQD5

� � ¼ �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

ð4:23Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD5ð Þ ð4:24Þ

(e) The HD model of Palik et al.

The DR of the electrons in this case can be written following (2.96) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ h5ðE6QBHD; ggÞ ð4:25Þ

and E6QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E6QBHDð Þ ð4:26Þ

In the absence of band-tails, the EQD5 in this case can be defined as

I13 EQD7

� � ¼ �h2

2mc

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

ð4:27Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD7ð Þ ð4:28Þ

(f) The HD model of Rossler

The DR of the conduction electrons in this case in accordance with the model of
Rossler can be written as [24]
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E ¼ �h2k2

2mc
þ a11 þ a12k½ �k4 þ b11 þ b12kð Þ k2x k

2
y þ k2y k

2
z þ k2z k

2
x

h i
� c11 þ c12k½ � k2 k2x k

2
y þ k2y k

2
z þ k2z k

2
x

� �
� 9k2x k

2
y k

2
z

h i1=2 ð4:29Þ

where a11, a12, b11, b12, c11 and c12 are energy-band constants.
The HD DR assumes the form

c3ð�E8QBHD; ggÞ �
�h2p2

2m�
nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

þ a11 þ a12
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #1=22

4
3
5

� pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

þ b11 þ b12
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #1=22

4
3
5

� p4
nxny
dxdy

� �2

þ p4
nynz
dydz

� �2

þ p4
nznx
dzdx

� �2
" #

� c11 þ c12
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #1=22

4
3
5

� pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

p4
nxny
dxdy

� �2

þ p4
nynz
dydz

� �2

þ p4
nznx
dzdx

� �2
" #"

� 9p6 nxnynz=dxdydz
� �6i

ð4:30Þ

The DOS function can be expressed as

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �E8QBHDð Þ ð4:31Þ

In the absence of band-tails, the electron energy spectrum assumes the form
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EQD6� � �h2p2

2mc

nx
dx

� �2

þ ny
dy

� �2

þ nz
dz

� �2
" #

þ a11 þ a12
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #1=22

4
3
5

� pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

þ b11 þ b12
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #1=22

4
3
5

� p4
nxny
dxdy

� �2

þ p4
nynz
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� �2

þ p4
nznx
dzdx
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" #

� c11 þ c12
pnx
dx

� �2

þ pny
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� �2

þ pnz
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� �2
" #1=22

4
3
5

� pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

p4
nxny
dxdy

� �2

þ p4
nynz
dydz

� �2

þ p4
nznx
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� �2
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� 9p6 nxnynz=dxdydz
� �6i

ð4:32Þ

The DOS function can be expressed as

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD6�ð Þ ð4:33Þ

(g) The HD model of Agafonov et al.

In accordance with the model of Agafonov et al. [25], the electron dispersion law
can be expressed as

E ¼ �y� Eg0

2
1� T5

k4x þ k4y þ k4z
�yk2

 !" #
ð4:34Þ

where, ð�yÞ2 ¼ E2
g0 þ 8

3P
2
0k

2
h i

, T5 ¼ �D
ffiffi
3

p �3�B
2 , �B ¼ �21 �h2

2m0

� �
, �D ¼ �40 �h2

2m0

� �
and

P0 is the momentum matrix element.
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The HD electron dispersion law can be written as

c3ðE; ggÞ ¼
�y� Eg0

2
1� T5

k4x þ k4y þ k4z
�yk2

 !" #
ð4:35Þ

The totally quantized energy can be written as

c3ð�E8QBHD1; ggÞ ¼
w30 � Eg0

2

� �
1� T5

pnx
dx

� �4

þ pny
dy

� �4

þ pnz
dz

� �4
" #" #

:

"

w30
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #" #�1

3
5

ð4:36Þ

where, w30 ¼ E2
g0 þ

8
3
P2 pnx

dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #" #1=2

The DOS function can be expressed as

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �E8QBHD1ð Þ ð4:37Þ

In the absence of band-tails the totally quantized energy EQD9 assumes the form

EQD9 ¼ w30 � Eg0

2

� �
1� T5

pnx
dx

� �4

þ pny
dy

� �4

þ pnz
dz

� �4
" #" #

:

"

w30
pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #" #�1

3
5 ð4:38Þ

The DOS function can be expressed as

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD9ð Þ ð4:39Þ
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4.2.3 The DR in Quantum Dot (QD) of HD II–VI Materials

The 0D electron dispersion law in QD of HD II–VI materials can be written
following (2.108) as

c3ðE7QBHD; ggÞ ¼ a00
nxp
dx

� �2

þ nyp
dy

� �2
" #

� �k0
nxp
dx

� �2

þ nyp
dy

� �2
" #1=2

þ �h2ðnzp=dzÞ2
2m�

k
ð4:40Þ

where E7QBHD is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E7QBHDð Þ ð4:41Þ

In the absence of band tails the totally quantized energy EQD10;� in this case can
be expressed as

EQD10;� ¼ a00
pnx
dx

� �2

þ pny
dy

� �2
" #

þ 1
2m�

k

�hpnz
dz

� �2

� �k0
pnx
dx

� �2

þ pny
dy

� �2
" #1=2

ð4:42Þ

The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD10;�
� � ð4:43Þ

4.2.4 The DR in Quantum Dot (QD) of HD IV–VI Materials

(a) Dimmock Model

In this case the DR of the electrons can be written as the following (2.124) as

nzp
dz

¼ T36ðE81QBHD; gg; nx; nyÞ ð4:44Þ

where E81QBHD is the totally quantized energy in this case.
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E81QBHDð Þ ð4:45Þ

In the absence of band tailing, the electron DR in this case can be written as

nzp
dz

¼ T40ðEQD11; nx; nyÞ ð4:46Þ

where EQD11 is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD11ð Þ ð4:47Þ

(b) Bangert and Kastner Model

The electron DR in this case is given by following (2.150) as

nzp
dz

¼ T60ðE9QBHD; gg; nx; nyÞ ð4:48Þ

where E9QBHD is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E9QBHDð Þ ð4:49Þ

In the absence of band-tails the DR is given by

nzp
dz

¼ T61ðE12QD; gg; nx; nyÞ ð4:50Þ

where E12QD is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E12QDð Þ ð4:51Þ
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(iii) In accordance with Foley et al. [26], the electron DR assumes the form

E þ Eg0

2
¼ �h2k2s

2m�
?
þ �h2k2z
2m�

k
þ �h2k2s

2mþ
?
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2mþ

k
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2

" #2
þP2

kk
2
z þ P2

?k
2
s

2
4

3
5
1=2

ð4:52Þ

where 1
m�

?
¼ 1

2
1
mtc

� 1
mtv

h i
, 1
m�

k
¼ 1

2
1
mlc

� 1
mlv

h i
, mtc and mlc are the transverse and lon-

gitudinal effective electron masses of the conduction electrons at the edge of the
conduction band, mtv and mlv are the transverse and longitudinal effective hole
masses of the holes at the edge of the valence band.

The totally quantized energy �E10QBHD for this model is given by

c3 �E10QBHD; gg
� � ¼� Eg0

2
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2
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2mþ

k
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2mþ
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( )" #" 2

þP2
k

nzp
dz

� �2

þP2
?

nxp
dx

� �2

þ nyp
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ð4:53Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �E10QBHDð Þ ð4:54Þ

The totally quantized energy EQD30 in the absence of band-tails for this model is
given by

EQD30 ¼� Eg0

2
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254 4 The DRs in Quantum Dots (QDs) of Heavily Doped (HD) …



The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD30ð Þ ð4:56Þ

4.2.5 The DR in Quantum Dot (QD) of HD Stressed Kane
Type Materials

The electron DR in this case is given by following (2.177) as

nzp
dz

¼ T70ðE10QBHD; gg; nx; nyÞ ð4:57Þ

where E10QBHD is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E10QBHDð Þ ð4:58Þ

In the absence of band-tails, the totally quantized energy �EQD23 in this case
assumes the form

pnx
dx

� �2

�a0 �EQD23ð Þ½ ��2þ pny
dy

� �2
�b0 �EQD23ð Þ½ ��2þ pnz

dz

� �2

�c0 �EQD23ð Þ½ ��2 ¼ 1

ð4:59Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �EQD23ð Þ ð4:60Þ

4.2.6 The DR in Quantum Dot (QD) of HD Te

The 0D DR may be written in this case following (2.196) as

nxp
dx

¼ t72ðE11QBHD; ny; nz; ggÞ ð4:61Þ

where E11QBHD is the totally quantized energy in this case
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The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E11QBHDð Þ ð4:62Þ

The totally quantized energy in the absence of band-tails can be written as

EQD14;� ¼ w1
pnz
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� �2

þw2
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" #
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ð4:63Þ

The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD14;�
� � ð4:64Þ

4.2.7 The DR in Quantum Dot (QD) of HD Gallium
Phosphide

The 0D DR may be written in this case following (2.206) as

nxp
dx

¼ u70ðE14QBHD; ny; nz; ggÞ ð4:65Þ

where E14QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E14QBHDð Þ ð4:66Þ

In the absence of doping, the totally quantized energy ðEQD16Þ in this case can be
written as
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD16ð Þ ð4:68Þ

4.2.8 The DR in Quantum Dot (QD) of HD Platinum
Antimonide

The 0D DR may be written in this case following (2.221) as

nxp
dx

¼ V70ðE15QBHD; ny; nz; ggÞ ð4:69Þ

where E15QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E15QBHDð Þ ð4:70Þ

In the absence of band tailing the 0D DR in this case can be written as

nxp
dx

¼ D71ðEQD17; ny; nzÞ ð4:71Þ

where EQD17 is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD17ð Þ ð4:72Þ

4.2.9 The DR in Quantum Dot (QD) of HD
Bismuth Telluride

The DR in this case can be written following (2.233) as

nxp
dx

¼ J70ðE18QBHD; ny; nz; ggÞ ð4:73Þ

where E18QBHD is the totally quantized energy in this case

4.2 Theoretical Background 257

http://dx.doi.org/10.1007/978-3-319-21000-1_2
http://dx.doi.org/10.1007/978-3-319-21000-1_2


The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E18QBHDð Þ ð4:74Þ

The totally quantizedenergy EQD33, in the absence of band-tailscan be written as

EQD33ð1þ aEQD33Þ ¼ �x1
nxp
dx

� �2

þ �x2
nyp
dy

� �2

þ �x3
nzp
dz
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þ 2�x4
p2nynz
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� �" #

ð4:75Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD33ð Þ ð4:76Þ

4.2.10 The DR in Quantum Dot (QD) of HD Germanium

(a) Model of Cardona et al.

The DR in accordance with this model in the present case can be written following
(2.245) as

nxp
dx

¼ L70ðE20QBHD; ny; nz; ggÞ ð4:77Þ

where E20QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E20QBHDð Þ ð4:78Þ

In the absence of doping the totally quantized energy EQD30 in this case can be
written as

EQD30 ¼ �Eg0

2
þ �h2
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pnz
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4
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ð4:79Þ
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD30ð Þ ð4:80Þ

(b) Model of Wang and Ressler

The DR in accordance with this model in the present case can be written following
(2.261) as

nxp
dx

¼ b70ðE24QBHD; ny; nz; ggÞ ð4:81Þ

where E24QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E24QBHDð Þ ð4:82Þ

In the absence of doping, the totally quantized energy EQD40 in this case is given
by

EQD40 ¼ �h2
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD40ð Þ ð4:84Þ
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4.2.11 The DR in Quantum Dot (QD) of HD Gallium
Antimonide

The conduction electrons of n-GaSb obey the three dispersion relations as provided
by Seiler et al. [27], Mathur et al. [28] and Zhang [29] respectively. The DRof QBs
of GaSb is being presented in accordance with the aforementioned models for the
joint purpose of coherent presentation and relative assessment.

(i) In accordance with the model of Seiler et al. [27] the DR of the conduction
electrons in n-GaSb assume the form

E ¼ �Eg0

2
þ Eg0

2
1þ a4k

2	 
1=2þ f0�h
2k2

2m0
þ v0h1 kð Þ�h2

2m0
� w0h2 kð Þ�h2

2m0

� �
ð4:85aÞ

where a4 ¼ 4P2
0 Eg0 þ 2

3D
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� �h i�1

, h1 kð Þ ¼ k�2 k2x k
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z þ k2z k

2
x

� �
represents the warping of the Fermi surface, h2 kð Þ ¼ k2 k2x k

2
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2
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2
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� �nh
�9k2x k

2
y k

2
z g1=2 � k�1� represents the inversion asymmetry splitting of the conduction

band, f0 ¼ �2:1ð Þ, v0 ¼ �1:49ð Þ and w0 ¼ 0:42ð Þ represent the constants of the
spectrum.

The DR in HDGaSb in accordance with the model of Seiler et al. can be written as

c3ð�E30QBHD1; ggÞ ¼ �Eg0

2
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where �E30QBHD1 is the totally quantized energy, k21 ¼ nxp
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � �E30QBHD1Þ ð4:85cÞ

(ii) in accordance with the model of Mathur et al., the DR of the 0D electrons in
this case can be written following (2.277) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ
�h2 nxp

dx

� �2
2mc

¼ I36ð�E30QBHD; ggÞ ð4:85dÞ
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where �E30QBHD is the totally quantized energy in this case
The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � �E30QBHDð Þ ð4:86Þ

The totally quantized energy EQD60 in the absence of band-tails assumes the
form

I36ðEQD60Þ ¼ �h2

2mc

pnx
dx

� �2

þ pny
dy

� �2

þ pnz
dz

� �2
" #

ð4:87Þ

The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD60ð Þ ð4:88aÞ

(iii) The dispersion relation of the conduction electrons in n-GaSb can be
expressed in accordance with Zhang [29] as

E ¼ E1 þ E2Z1ðkÞ
	 


k2 þ E3 þ E4Z1ðkÞ
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ð4:88bÞ
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the coefficients are in eV, the values of k are in 10 a
2p

� �
times of k in atomic units (a is

lattice constant), E1, E2, E3, E4, E5, E6 and E7 are energy-band constants.
The DR inHDGaSb in accordance with the model of Zhang [29], can be written as
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The DOS function is given by

N0DTðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE��E30QBHD2Þ ð4:88dÞ

4.2.12 The DR in Quantum Dot (QD) of HD II–V
Semiconductors

The DR of the holes in QDs of HD II–V compounds can be expressed as
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where E100QBHD;� is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz
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nz¼1

d0 E � E100QBHD;�
� � ð4:90Þ

In the absence of band-tailing, the 0D hole energy spectrum in this case assumes
the form
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where EQD70;� is the totally quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD70;�
� � ð4:92Þ
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4.2.13 The DR in Quantum Dot (QD) of HD Lead
Germanium Telluride

The 0D electron energy spectrum in n-type Pb1−xGexTe under the condition of
formation of band tails can be written as
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where E101QBHD;� is the quantized energy in this case.
The DOS function is given by

N0DTðEÞ ¼ gv
dxdydz
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nz¼1

d0 E � E101QBHD;�
� � ð4:94Þ

The 0D dispersion law of n-type Pb1−xGexTe with x = 0.01 in the absence of
band-tails can be expressed as
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where EQD71;� is the quantized energy in this case.
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The DOS function is given by

N0DT Eð Þ ¼ gv
dxdydz
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d0 E � EQD71;�
� � ð4:96Þ

4.2.14 The DR in Quantum Dot (QD) of HD Zinc
and Cadmium Diphosphides

The DR in HD QDs of Zinc and Cadmium diphosphides can be written as

c3ðE102QBHD;�; ggÞ ¼ b1 þ
b2b31 nx; ny; nz

� �
8b4

� �
nxp
dx

� �2

þ nyp
dy

� �2

þ nzp
dz

� �2
" #

� b4b31 nx; ny; nz
� �

b5 �
b2b31 nx; ny; nz

� �
8b4

� ���

nxp
dx

� �2

þ nyp
dy

� �2

þ nzp
dz

� �2
" ##

þ 8b24 1� b231 nx; ny; nz
� �

4

 !
� b2 1� b231 nx; ny; nz

� �
4

 !

nxp
dx

� �2

þ nyp
dy

� �2

þ nzp
dz

� �2
" #)1=2

ð4:97Þ

where b31 nx; ny; nz
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energy in this case
The DOS function is given by
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dxdydz
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The 0D DR in QDs of Zinc and Cadmium diphosphides in the absence of
band-tails can be written as
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where EQD72;� is the quantized energy in this case.
The DOS function is given by

N0DT Eð Þ ¼ gv
dxdydz

Xnxmax
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Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � EQD72;�
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4.3 Summary and Conclusion

• The DRs for QDs of HD materials exhibit the fact that the total energy is
quantized since the corresponding wave vector space is totally quantized.

• The DOS functions for all the materials in this case are series of non-uniformly
distributed Dirac’s Delta functions at specified quantized points in the respective
energy axis. The spacing between the consecutive Delta functions are functions
of energy band constants and quantization of the wave vector space of a par-
ticular material.

• It may be noted that the HD QDs lead to the discrete energy levels, somewhat
like atomic energy levels, which produce very large changes. This follows from
the inherent nature of the quantum confinement of the carrier gas dealt with
here. In QDs, there remain no free carrier states in between any two allowed sets
of size-quantized levels unlike that found for UFs and NWs where the quantum
confinements are 1D and 2D, respectively. Consequently, the crossing of the
Fermi level by the size-quantized levels in HD QDs would have much greater
impact on the redistribution of the carriers among the allowed levels, as com-
pared to that found for UFs and NWs respectively. The quantum signature of
HD QDs for the DR is rather prominent as compared to the same from UFs and
NWs.

• It is the band structure which changes in a fundamental way and consequently
all the physical properties of all the electronic materials changes radically
leading to new physical concepts.
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4.4 Open Research Problems

(R.4.1) Investigate the DR for QDs ofthe HDS in the presences of Gaussian,
exponential, Kane, Halperian, Lax and Bonch-Burevich types of band
tails for all systems whose unperturbed carrier energy spectra are defined
in (R.1.1).

(R.4.2) Investigate the DR for QDs of all the HD materials as considered in
(R.4.1) under non uniform strain.

(R.4.3) Investigate the DR in the presence of non uniform strain for QDs of HD
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an alternating electric field.

(R.4.4) Investigate the DR for the QDs of HD negative refractive index, organic,
magnetic and other advanced optical materials in the presence of an
arbitrarily oriented alternating electric field.

(R.4.5) Investigate the DR for the multiple QDs of HD materials whose
unperturbed carrier energy spectra are defined in (R.1.1).

(R.4.6) Investigate the DR for all the appropriate HD zero dimensional systems
of this chapter in the presence of finite potential wells.

(R.4.7) Investigate the DR for all the appropriate HD zero dimensional systems
of this chapter in the presence of parabolic potential wells.

(R.4.8) Investigate the DR for all the above appropriate problems in the presence
of elliptical Hill and quantum square rings in the presence of strain.

(R.4.9) Investigate the DR for parabolic cylindrical HD zero dimensional
systems in the presence of an arbitrarily oriented alternating electric field
for all the HD materials whose unperturbed carrier energy spectra are
defined in (R.1.1) in the presence of strain.

(R.4.10) Investigate the DR for HD zero dimensional systems of the negative
refractive index and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field and non-uniform light
waves and in the presence of strain.

(R.4.11) Investigate the DR for triangular HD zero dimensional systems of the
negative refractive index, organic, magnetic and other advanced optical
materials in the presence of an arbitrarily oriented alternating electric
field in the presence of strain.

(R.4.12) Investigate the DR for all the problems of (R.4.1) in the presence of
arbitrarily oriented magnetic field.

(R.4.13) Investigate the DR for all the problems of (R.4.1) in the presence of
alternating electric field.

(R.4.14) Investigate the DR for all the problems of (R.4.1) in the presence of
alternating magnetic field.

(R.4.15) Investigate the DR for all the problems of (R.4.1) in the presence of
crossed electric field and quantizing magnetic fields.
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(R.4.16) Investigate the DR for all the problems of (R.4.1) in the presence of
crossed alternating electric field and alternating quantizing magnetic
fields.

(R.4.17) Investigate the DR for HD QDs of the negative refractive index, organic
and magnetic materials.

(R.4.18) Investigate the DR for HD QDs of the negative refractive index, organic
and magnetic materials in the presence of alternating time dependent
magnetic field.

(R.4.19) Investigate the Dr for HD QDs of the negative refractive index, organic
and magnetic materials in the presence of in the presence of crossed
alternating electric field and alternating quantizing magnetic fields.

(R.4.20) (a) Investigate the DR for HD QDs of the negative refractive index,
organic, magnetic and other advanced optical materials in the presence of
an arbitrarily oriented alternating electric field considering many body
effects.
(b) Investigate all the appropriate problems of this chapter for a Dirac
electron.

(R.4.21) Investigate all the appropriate problems of this chapter by including the
many body, image force, broadening and hot carrier effects respectively.

(R.4.22) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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Chapter 5
The DR in Doping Superlattices of HD
Non-parabolic Semiconductors

I must lower my mind to the dust of all persons’ feet so that I
can enjoy the GOD’s Laugh from every heart.

5.1 Introduction

The technological importance of super-lattices in general, and specifically doping
super-lattices [1–20] has already been stated in the preface and also in the refer-
ences of this chapter. In Sect. 5.2.1, of the theoretical background, the DR in doping
superlattices of HD non-linear optical semiconductors has been investigated. The
Sect. 5.2.2 contains the results for doping superlattices of HD III–V, ternary and
quaternary semiconductors in accordance with the three and the two band models of
Kane together with parabolic energy bands and they form the special cases of
Sect. 5.2.1. The Sects. 5.2.3–5.2.5 contain the study of the DR for doping
superlattices of HD II–VI, IV–VI and stressed Kane type semiconductors respec-
tively. The Sects. 5.3 and 5.4 contain the summary and conclusion and 5 open
research problems for this chapter.

5.2 Theoretical Background

5.2.1 The DR in Doping Superlattices of HD Nonlinear
Optical Semiconductors

The DR of the conduction electrons in doping superlattices of HD nonlinear
optical materials can be expressed by using (2.2) and following the method as given
in [19, 20] as

© Springer International Publishing Switzerland 2016
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ni þ 1
2

� �
�hT21 E; gg

� �x8HD E; gg
� �þ �h2k2s

2m�
?T22 E; gg

� � ¼ 1 ð5:1Þ

where

x8HD E; gg
� � � Real part of

n0 ej j2

d0esc m�
kT

0
21 E; gg
� �h i

0
@

1
A

1=2

; ni ð¼ 0; 1; 2. . .Þ

is the mini-band index for nipi structures and d0 is the superlattice period.
The EEM in this case assumes the form

m� EFnHD; ni; gg
� � ¼ Real part of

�h2

2

� �
G0

21HDðEFnHD; ni; ggÞ ð5:2Þ

where,

G21HDðE; gg; niÞ ¼
2m�

?T22 E; gg
� �

�h2
1� ni þ 1

2

� �
�hT21 E; gg

� �x8HD E; gg
� �" #

and �EFnHD is the Fermi energy in the present case as measured from the edge of the
conduction band in vertically upward direction in the absence of any quantization.

From (5.2), we observe that the EEM is a function of the Fermi energy, nipi
subband index, scattering potential and the other material constants which is the
characteristic feature of doping superlattices of HD non-linear optical materials.

The subband energy ðE1niHDÞ can be written as

ni þ 1
2

� �
�hT21 E1niHD; gg

� �x8HD E1niHD; gg
� � ¼ 1 ð5:3Þ

The DOS function for doping superlattices of HD non-linear optical materials
can be expressed as

NnipiHDðE; ggÞ ¼
gv
2p

Xnimax

ni¼0

G0
21HDðE; gg; niÞHðE � E1niHDÞ ð5:4Þ

The DR of the conduction electrons in doping superlattices of nonlinear optical
materials in the absence of band tails assumes the form

w1ðEÞ ¼ w2ðEÞk2s þ w3ðEÞ ni þ 1
2

� � 2m�
k

�h
x8ðEÞ ð5:5Þ
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where

x8 Eð Þ � n0 ej j2
d0esc h1 Eð Þ½ �

 !1=2

and h1ðEÞ ¼ �h2

2
w3ðEÞ w1ðEÞ½ �0 �w1ðEÞ w3ðEÞ½ �0

w3ðEÞ½ �2
( )

The EEM in this case can be written as

m�ðEFn; niÞ ¼ �h2

2

� �
R81ðE; niÞ

����
E¼�EFn

ð5:6Þ

where,

R81 E; nið Þ ¼ w2 Eð Þ½ ��2
�
w2 Eð Þ w1 Eð Þ½ �0 �

2m�
k

�h

� �
w3 Eð Þ½ �0 ni þ 1

2

� �
x8 Eð Þ½ �

�

�
2m�

k
�h

� �
w3 Eð Þ½ � ni þ 1

2

� �
x8 Eð Þ½ �0

	

� w2 Eð Þ½ � �
2m�

k
�h

� �
w3 Eð Þ½ � ni þ 1

2

� �
x8 Eð Þ½ �

� 	
w3 Eð Þ½ �0




and �EFn is the Fermi energy in the present case as measured from the edge of the
conduction band in vertically upward direction in the absence of any quantization.
The sub-band energy E1nið Þ can be written as

w1 E1nið Þ ¼ w3 E1nið Þ ni þ 1
2

� � 2m�
k

�h

� �
x8 E1nið Þ ð5:7Þ

The DOS function for doping superlattices of nonlinear optical materials can be
expressed as

Nnipi Eð Þ ¼ gv
2p

Xnimax

ni¼0

R81 E; nið ÞHðE � E1niÞ ð5:8Þ

5.2.2 The DR in Doping Superlattices of HD III–V, Ternary
and Quaternary Semiconductors

(a) The electron energy spectrum in doping superlattices of HD III–V, ternary and
quaternary materials can be expressed from (2.1) under the conditions Dk ¼ D? ¼
D; d ¼ 0 and m�

k ¼ m�
? ¼ mc, as
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�h2k2s
2mc

¼ T31ðE; ggÞ þ iT32ðE; ggÞ � ni þ 1
2

� �
�hx9HD E; gg

� �� 

ð5:9Þ

where

x9HD E; gg
� � � n0 ej j2

d0escT 0
31 E; gg
� �

mc

 !1=2

The EEM in this case assumes the form

m� EFnHD; ni; gg
� � ¼ Real part of

�h2

2

� �
G0

23HD EFnHD; gg; ni
� � ð5:10Þ

where

G23HD EFnHD; gg; ni
� � ¼ 2mc

�h2

�
T31 EFnHD; gg
� � þ iT32 EFnHD; gg

� �
� ni þ 1

2

� �
�hx9HD EFnHD; gg

� �


The sub-band energy E2niHD can be written as

T31 E2niHD; gg
� �þ iT32 E2niHD; gg

� �� ni þ 1
2

� �
�hx9HD E2niHD; gg

� �� 

¼ 0 ð5:11Þ

The DOS function for doping superlattics of HD III–V, ternary and quaternary
materials can be expressed as

NnipiHD E; gg
� � ¼ gvmc

p�h2
Xnimax

ni¼0

G0
23HD E; gg; ni

� �
HðE � E2niHDÞ ð5:12Þ

In the absence of band tails, the DR in this case assumes the form

I11ðEÞ ¼ ni þ 1
2

� �
�hx19ðEÞ þ �h2k2s

2mc
ð5:13Þ

where

x19ðEÞ � n0 ej j2
d0escI 011 Eð Þmc

 !1=2

:
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The EEM in this case can be written as

m� EFn; nið Þ ¼ mcR82 E; nið ÞjE¼EFn
ð5:14Þ

in which,

R82 E; nið Þ � I11 Eð Þ½ �0 � ni þ 1
2

� �
�h x19 Eð Þ½ �0

� 	
:

From (5.14), we observe that the EEM in this case is a function of the Fermi
energy, nipi subband index and the other material constants which is the charac-
teristic feature of doping superlattices of III–V, ternary and quaternary compounds
whose bulk DRs is defined by the three band model of Kane.

The subband energies E2nið Þ can be written as

I11 E2nið Þ ¼ ni þ 1
2

� �
�hx19 E2nið Þ ð5:15Þ

The DOS function in this case can be expressed as

Nnipi Eð Þ ¼ mcgv
p�h2

Xnimax

ni¼0

R82 E; nið ÞHðE � E2niÞ ð5:16Þ

(b) The electron energy spectrum in doping superlattices of HD III–V, ternary
and quaternary materials whose energy band structures in the absence of band tails
are described by the two band model of Kane can be expressed from (5.13) under
the conditions D � Eg or D � Eg, as

�h2k2s
2mc

¼ c2ðE; ggÞ � ni þ 1
2

� �
�h2x10HD E; gg

� �� 

ð5:17Þ

where

x10HDðEÞ � n0 ej j2
d0escc02 E; gg

� �
mc

 !1=2

The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
G0

25HDðEFnHD; gg; niÞ ð5:18Þ
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where

G25HDðEFnHD; gg; niÞ ¼
2mc

�h2
c2ðEFnHD; ggÞ � ni þ 1

2

� �
�hx10HD EFnHD; gg

� �� 


The subband energy E3niHD can be written as

c2ðE3niHD; ggÞ � ni þ 1
2

� �
�hx9HD E3niHD; gg

� �� 

¼ 0 ð5:19Þ

The DOS function in this case is given by

NnipiHDðE; ggÞ ¼
gvmc

p�h2
Xnimax

ni¼0

G0
25HDðE; gg; niÞHðE � E3niHDÞ ð5:20Þ

In the absence of band tails, the DR in this case assumes the form

Eð1þ aEÞ ¼ ni þ 1
2

� �
�hx20ðEÞ þ �h2k2s

2mc
ð5:21Þ

where

x20ðEÞ � n0 ej j2
d0escð1þ 2aEÞmc

 !1=2

:

The EEM in this case can be written as

m� EFn; nið Þ ¼ mcR182 E; nið ÞjE¼EFn
ð5:22Þ

in which,

R182 E; nið Þ � 1þ 2aE½ � � ni þ 1
2

� �
�h x19ðEÞ½ �0

� 	
:

From (5.22), we observe that the EEM in this case is a function of the Fermi
energy, nipi subband index and the other material constants which is the charac-
teristic feature of doping superlattices of III–V, ternary and quaternary compounds
whose bulk DRs is defined by the three band model of Kane.

The subband energies E3nið Þ can be written as

E3nið1þ aE3niÞ ¼ ni þ 1
2

� �
�hx20 E3nið Þ ð5:23Þ
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The DOS function in this case can be expressed as

Nnipi Eð Þ ¼ mcgv
p�h2

Xnimax

ni¼0

R182ðE; niÞHðE � E3niÞ ð5:24Þ

(c) The electron energy spectrum in nipi structures of HD III–V, ternary and
quaternary materials whose energy band structures in the absence of band tails are
described by the parabolic energy bands can be expressed as

�h2k2s
2mc

¼ c3ðE; ggÞ � ni þ 1
2

� �
�hx11HD E; gg

� �� 

ð5:25Þ

where

x11HDðEÞ � n0 ej j2
d0escc0ðE; ggÞmc

 !1=2

The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
G0

27HDðEFnHD; gg; niÞ ð5:26Þ

where

G27HDðEFnHD; gg; niÞ ¼
2mc

�h2
c3ðEFnHD; ggÞ � ni þ 1

2

� �
�hx11HD EFnHD; gg

� �� 


The subband energy E4niHD can be expressed as

c3ðE4niHD; ggÞ � ni þ 1
2

� �
�hx11HD E4niHD; gg

� �� 

¼ 0 ð5:27Þ

The DOS function in this case is given by

NnipiHD E; gg
� � ¼ gvmc

p�h2
Xnimax

ni¼0

G0
27HDðE; gg; niÞHðE � E4niHDÞ ð5:28Þ

In the absence of band tails, the DR in this case assumes the form

E ¼ ni þ 1
2

� �
�hx21 þ �h2k2s

2mc
ð5:29Þ
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where

x21 � n0 ej j2
d0escmc

 !1=2

:

The EEM in this case can be written as

m� EFn; nið Þ ¼ mc ð5:30Þ

Thus the EEM in this case is a constant quantity.
The subband energies E4nið Þ can be written as

E4ni ¼ ni þ 1
2

� �
�hx21 ð5:31Þ

The DOS function in this case can be expressed as

Nnipi Eð Þ ¼ mcgv
p�h2

Xnimax

ni¼0

HðE � E4niÞ ð5:32Þ

5.2.3 The DR in Doping Superlattices of HD II–VI
Semiconductors

The 2D electron dispersion law in doping superlattices of HD II–VI semiconductors
can be expressed as

c3ðE; ggÞ ¼ a00k
2
s þ ni þ 1

2

� �
�hx30ðE; ggÞ � �k0ks;

x30ðE; ggÞ �
n0 ej j2

d0c03ðE; ggÞescm�
k

 !1=2

ð5:33Þ

The EEM in this case assumes the form as

m�ðEFnHD; ni; ggÞ ¼ m�
?

(
1� �k0

�
�k0
� �2 þ 4a00c3ðEFnHD; ggÞ

� 4a00 ni þ 1
2

� �
�hx30ðEFnHD; ggÞ


�1=2
)
c03ðEFnHD; ggÞ

ð5:34Þ
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The subband energy can be written as

c3ðE6niHD; ggÞ ¼ ni þ 1
2

� �
�hx30 E6niHD; gg

� � ð5:35Þ

The DOS function in this case is given by

NnipiHD Eð Þ ¼ gv
4pða00Þ2

Xnimax

ni¼0

½G30HDðE; gg; niÞ�0HðE � E6niHDÞ ð5:36Þ

where

G30HDðE; gg; niÞ ¼ ð�k0Þ � 2d0 ni þ 1
2

� �
�hx30ðE; gg; niÞ � c3ðE; gg; niÞ

� 	� 


In the absence of band-tails, the carrier dispersion law in doping superlattices of
II–VI compounds can be expressed as

E ¼ a00k
2
s þ ni þ 1

2

� �
�h�x10 � �k0ks; �x10 ¼ n0 ej j2

d0escm�
k

 !1
2

ð5:37Þ

Using (5.37), the EEM in this case can be written as

m� EFn; nið Þ ¼ m�
? 1� �k0 �k0

� �2 þ 4a00EFn � 4a00 ni þ 1
2

� �
�h�x10

� 
�1=2
( )

ð5:38Þ

Thus, the EEM in this case is a function of the Fermi energy, the nipi subband
index number and the energy spectrum constants due to the only presence of �k0.

The subband energies E8nið Þ assume the form as

E8ni ¼ ni þ 1
2

� �
�h�x10 ð5:39Þ

The DOS function in this case can be expressed as

NnipiðEÞ ¼ m�
?gv
p�h2

Xnimax

ni¼0

1� a81ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E þ b81ðniÞ

p
" #

HðE � E8niÞ ð5:40Þ
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in which,

a81 �
�k0

2
ffiffiffiffiffi
a00

p
and

b81ðniÞ � 1
4a00

ð�k0Þ2 � 4a00 ni þ 1
2

� �
�h�x10

� 
� 

:

5.2.4 The DR in Doping Superlattices of HD IV–VI
Semiconductors

The 2D electron dispersion law in this case is given by

k2s ¼ d15ðE; gg; niÞ ð5:41Þ

where

d15ðE; gg; niÞ ¼ ½2d12ðE; ggÞ��1½�d13ðE; gg; niÞ
þ
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e2no
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m�
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�h2
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The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
d015ðEFnHD; gg; niÞ ð5:42Þ

The sub-band energy E9niHD can be expressed as in this case as

0 ¼ d15ðE9niHD; gg; niÞ ð5:43Þ

The DOS function in this case is given by

NnipiHDðEÞ ¼ gv
2p

Xnimax

ni¼0

½d15ðE; gg; niÞ�0HðE � E9niHDÞ ð5:44Þ

The carrier energy spectrum in doping superlattices of IV–VI compounds in the
absence of band tails can be written as

k2s ¼ �h2S19
� ��1 �S20ðE; niÞ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S220ðE; niÞ þ 4S19S21ðE; niÞ

q� 

ð5:45Þ
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S19 � a
mþ

t m�
t

� �
; S20ðE; niÞ � 1

m�
t
� aE

mþ
t

� �
þ 1þ aE

m�
t

þ a�h2

2mþ
l m

�
t

ni þ 1
2

� �
TðEÞ

�

þ a�h2

2m�
l m

þ
t

ni þ 1
2

� �
TðEÞ

	

TðEÞ ¼ 2m�ð0Þ
�h

x11ðEÞ; m�ð0Þ � m�
l m

�
l

m�
l þ m�

l

� �
; x11ðEÞ � n0 ej j2

d0escm�ðEÞ

 !1
2

;

m�ðEÞ � 1
4t1

� t2 Eð Þð Þ0 þ t2 Eð Þ t2 Eð Þð Þ0 þ 2t1ð1þ 2aEÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t22ðEÞ þ 4Et1ð1þ aEÞ

p
" #

;

t1 � a
4mþ

l m
�
l

� �
; t2 Eð Þ � 1

2
1
m�

l

� �
� aE

mþ
l

� �
þ 1þ aE

m�
l

� �� 

;

t2 Eð Þð Þ0 � a
2

1
m�

l
� 1

mþ
l

� �� �

and

S21 E; nið Þ ¼ E 1þ aEð Þ þ aE�h2

2mþ
l

ni þ 1
2

� �
T Eð Þ þ �h2

2m�
l

ni þ 1
2

� �
T Eð Þ 1þ aEð Þ

�

þ �h4

4m�
l m

þ
l

ni þ 1
2

� �
T Eð Þ � �h2

2m�
l

� �
T Eð Þ ni þ 1

2

� �

:

5.2 Theoretical Background 279



Using (5.45) the EEM in this case can be written as

m� EFn; nið Þ ¼ R84 E; nið ÞjE¼EFn
ð5:46Þ

where,

R84 E; nið Þ � 2S19ð Þ�1 � S20 E; nið Þð Þ0 þ S20 E; nið Þ S20 E; nið Þ½ �0 þ 2S19 S21 E; nið Þ½ �0

S20 E; nið Þ½ �0� 2 þ 4S19S21 E; nið Þ
h i

2
4

3
5:

Thus, one can observe that the EEM in this case is a function of both the Fermi
energy and the nipi sub-band index number together with the spectrum constants of
the system due to the presence of band non-parabolicity.

The sub-band energies E10nið Þ can be written as

E10ni � �h2

2m�
l
T E10nið Þ ni þ 1

2

� �� 

1þ aE10ni þ a

�h2

2mþ
l
T E10nið Þ ni þ 1

2

� �� 


¼ �h2

2m�
l
T E10nið Þ ni þ 1

2

� �� 

ð5:47Þ

The DOS function in this case assumes the form as

Nnipi Eð Þ ¼ gv
p�h2

Xnimax

ni¼0

R84 E; nið ÞH E � E10nið Þ ð5:48Þ

5.2.5 The DR in Doping Superlattices of HD Stressed Kane
Type Semiconductors

The 2D DR in this case is given by

P11ðE; ggÞk2x þ Q11ðE; ggÞk2y þ S11ðE; ggÞd19ðE; gg; niÞ ¼ 1 ð5:49Þ

where

d19ðE; gg; niÞ ¼
2
�h
m�

zz 0; gg
� �

ni þ 1
2

� �
n0e2

d0escmzzðE; ggÞ

" #1=2
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The EEM in this case assumes the form

m�ðEFnHD; ni; ggÞ ¼
�h2

2

� �
d020ðEFnHD; gg; niÞ ð5:50Þ

where

d20ðEFnHD; gg; niÞ ¼
½1� S11ðEFnHD; ggÞd19ðEFnHD; gg; niÞ�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

P11ðEFnHD; ggÞQ11ðEFnHD; ggÞ
q

The sub-band energy E15niHD can be expressed as in this case as

S11ðE15niHD; ggÞd19ðE15niHD; gg; niÞ ¼ 1 ð5:51Þ

The DOS function in this case is given by

NnipiHDðEÞ ¼ gv
2p

Xnimax

ni¼0

½d20ðE; gg; niÞ�0HðE � E15niHDÞ ð5:52Þ

The electron dispersion law in the doping superlattices of stressed Kane type
semiconductors can be written as

k2x
½�a0ðEÞ�2

þ k2y
½�b0ðEÞ�2

þ k2z
½�c0ðEÞ�2

2m�
z ð0Þ
�h
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2

� �
x12ðEÞ ¼ 1 ð5:53Þ
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d0escm�

z ðEÞ

 !1=2

and

m�
z ðEÞ � �h2�c0ðEÞ @

@E
�c0ðEÞ½ �:

The use of (5.53) leads to the expression of the EEM as

m� EFn; nið Þ ¼ �h2

2

� �
R85 E; nið Þ

����
E¼EFn

ð5:54Þ
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where,

R85 E; nið Þ �
"
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Thus, the EEM is a function of the Fermi energy and the nipi subband index due
to the presence of stress and band non-parabolicity only.

The subband energies E25nið Þ can be written as

1

�c0 E25nið Þ½ �2
2m�

z 0ð Þ
�h

ni þ 1
2

� �
x12 E25nið Þ ¼ 1 ð5:56Þ

The DOS function can be written as

Nnipi Eð Þ ¼ gv
p�h2

Xnimax

ni¼0

R85 E; nið ÞH E � E25nið Þ ð5:57Þ

5.3 Summary and Conclusion

From the 2D DR in doping superlattices of HD nonlinear optical and tetragonal
materials (5.1), we observe that constant energy 2D wave vector surfaces are the
series of concentric quantized circles in the complex energy plane which is the
consequence of non removable poles in the corresponding DR in the absence of band
tails. From (5.9) we have the same inference for doping superlattices of HD III–V
materials whose unperturbed conduction electrons obey the three band model of
Kane, which contains one non removal pole in energy axis. The 2D electrons in HD
doping superlattices of III–V materials are also described by two band model of
Kane and parabolic energy bands with the 2D DRs as given by (5.17) and (5.25)
respectively. Besides the 2D DRs in this case for IV–VI materials is given by (5.41).
Since all the said DRs possess no poles in the finite energy planes, the constant
energy of 2D wave vector surfaces are the series of concentric quantized circles in
the real plane instead of the complex one. The 2D DR (5.33) in HD doping
superlattices of II–VI materials reflects the fact that the constant energy 2D surface is
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series of concentric displaced quantized circles in the real plane. The 2D DR (5.53)
in doping superlattices of HD stressed Kane type semiconductors reflects the fact
that the constant energy 2D wave vector surfaces are the series of concentric ellipses
in the real plane.

5.4 Open Research Problems

(R:5:1) Investigate the DR in the presence of an arbitrarily oriented non-quantizing
magnetic field for nipi structures of HD nonlinear optical semiconductors
by including the electron spin. Study all the special cases for HD III–V,
ternary and quaternary materials in this context.

(R:5:2) Investigate the DRs in nipi structures of HD IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R:5:3) Investigate the DR for HD nipi structures of all the materials as stated in
this chapter in the presence of non-uniform strain.

(R:5:4) Investigate the DR for all the problems from (R.5.1) to (R.5.3) in the
presence of an additional arbitrarily oriented electric field.

(R:5:5) Investigate the DR for all the problems from (R.5.1) to (R.5.5) in the
presence of arbitrarily oriented crossed electric and magnetic fields.
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Chapter 6
The DR in Accumulation and Inversion
Layers of Non-parabolic Semiconductors

Having A smile on my face is a good compliment to life, but
putting a smile on others face by my own tremendous effort is
the best compliment to life.

6.1 Introduction

It is well known that the electrons in bulk semiconductors in general, have three
dimensional freedom of motion. When, these electrons are confined in a one
dimensional potential well whose width is of the order of the carrier wavelength, the
motion in that particular direction gets quantized while that along the other two
directions remains as free. Thus, the energy spectrum appears in the shape of
discrete levels for the one dimensional quantization, each of which has a continuum
for the two dimensional free motion. The transport phenomena of such one
dimensional confined carriers have recently studied [1–20] with great interest. For
the metal-oxide-semiconductor (MOS) structures, the work functions of the metal
and the semiconductor substrate are different and the application of an external
voltage at the metal-gate causes the change in the charge density at the oxide
semiconductor interface leading to a bending of the energy bands of the semi-
conductor near the surface. As a result, a one dimensional potential well is formed
at the semiconductor interface. The spatial variation of the potential profile is so
sharp that for considerable large values of the electric field, the width of the
potential well becomes of the order of the de Broglie wavelength of the carriers.
The Fermi energy, which is near the edge of the conduction band in the bulk,
becomes nearer to the edge of the valance band at the surface creating accumulation
layers. The energy levels of the carriers bound within the potential well get
quantized and form electric subbands. Each of the subband corresponds to a
quantized level in a plane perpendicular to the surface leading to a quasi two
dimensional electron gas. Thus, the extreme band bending at low temperature
allows us to observe the quantum effects at the surface. Though considerable work
has already been done, nevertheless it appears from the literature that the DR in
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accumulation layers of non-parabolic semiconductors has yet to be investigated in
details. For the purpose of comparison we shall also study the DR for inversion
layers of non-parabolic compounds.

In what follows in Sect. 6.2.1, of the theoretical background, the DR in accu-
mulation and Inversion layers of nonlinear optical semiconductors has been studied
under weak electric field limit. The Sect. 6.2.2 contains the results for accumulation
and Inversion layers of III–V, ternary and quaternary semiconductors for the weak
electric field limit whose bulk electrons obey the three and the two band models of
Kane together with parabolic energy bands and they form the special cases of
Sect. 6.2.1. The Sect. 6.2.3 contains the study of the DR for accumulation and
Inversion layers of II–VI semiconductors, which is valid for all values of electric
field. The Sects. 6.2.4 and 6.2.5 contain the study of the DR in accumulation and
Inversion layers of IV–VI and stressed semiconductors respectively. The Sect. 6.2.6
contains the study of the DR in accumulation and Inversion layers of Ge. The
Sect. 6.3 contains the summary and conclusion of this chapter. The last Sect. 6.4
contains 12 open research problems of this chapter.

6.2 Theoretical Background

6.2.1 The DR in Accumulation and Inversion Layers
of Non-linear Optical Semiconductors

In the presence of a surface electric field Fs along z direction and perpendicular to
the surface, (2.2) assumes the form

�h2k2z
2m�

k
þ �h2k2s
2m�

?

T21 E� ej jFsz; gg
� �

T22 E� ej jFsz; gg
� � ¼ T21 E� ej jFsz; gg

� � ð6:1Þ

where, for this chapter, E represents the electron energy as measured from the edge
of the conduction band at the surface in the vertically upward direction.

The quantization rule for 2D carriers in this case, is given by [5]

Zzt
0

kzdz ¼ 2
3

Sið Þ3=2 ð6:2Þ

where, zt is the classical turning point and Si is the zeros of the Airy
function Ai �Sið Þ ¼ 0ð Þ:

Using (6.1) and (6.2) leads to the DR of the 2D electrons in accumulation layers
of HD non-linear optical materials under the condition of weak electric field limit as
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�h2k2s
2m�

k
¼ L6 E; i; gg

� � ð6:3Þ

where L6 E; i; gg
� � ¼ T21 E; ggð Þ�L3 E;i ggð Þ

L4 E;i;ggð Þ , L3 E; i; gg
� � ¼ Si T 0

21 E; gg
� �� �2=3 �h ej jFsffiffiffiffiffiffi

2m�
k

p
� �2=3

and L4 E; i; gg
� � ¼ T21 E;ggð Þ

T22 E;ggð Þ þ L3 E; i; gg
� � T21 E;ggð Þ

T 0
21 E;ggð ÞT22 E;ggð Þ �

2
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T 0
21 E;ggð Þ
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T22 E;ggð Þ
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The EEM in this case can be written as

m�ðE0
f ; i; ggÞ ¼ m�

k Real part of L06 E0
f ; i; gg

� �h i
ð6:4Þ

where E0
f ¼ eVg � e2nsdox

eox
þ EFB, Vg is the gate voltage, ns is the surface electron

concentration, dox is the thickness of the oxide layer, eox is the permittivity of the
oxide layer, Fs ¼ ens

esc
, esc is the semiconductor permittivity and EFB should be

determined from the equation

nB ¼ 2gv
ð2pÞ3

2m�
?

ffiffiffiffiffiffiffiffi
2m�

jj
q
�h3

Real part of T22 EFB; gg
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T21 EFB; gg
� �q� �

ð6:5Þ

and nB is the bulk electron concentration.
The sub-band energy Ei can be determined from the equation

0 ¼ Real part of L6 Ei; i; gg
� � ð6:6Þ

The surface electron concentration in the regime of very low temperatures where
the quantum effects become prominent can be written as

ns ¼ 2gv Real part of the
Ximax

i¼0

m�
?

2p�h2
L6 E0

f ; i; gg
� �� �

þ 1

2pð Þ3
2m�

?
ffiffiffiffiffiffiffiffi
2m�

k
q
�h3

ti

2
4

T22 EFB; gg
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

T21 EFB; gg
� �q� �# ð6:7Þ

where ti ¼ Eimax
eFs 1þimaxð Þ, Eimax is the root of the Real part of the equation

T21 Eimax; gg
� �� L3 Eimax; imax; gg

� � ¼ 0 ð6:8aÞ

In what follows, we shall discuss the DR in inversion layers of non-linear optical
materials for the purpose of relative comparison. In the presence of a surface
electric field Fs along z direction and perpendicular to the surface, the (2.2) assumes
the form
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w1 E � ej jFszð Þ ¼ w2 E � ej jFszð Þk2s þ w3 E � ej jFszð Þk2z ð6:8bÞ

where w1 Eð Þ ¼ c Eð Þ; w2 Eð Þ ¼ f1 Eð Þ and w3 Eð Þ ¼ f2 Eð Þ
Using (6.2) and (6.8b), under the weak electric field limit, one can write,

Zzt
0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A7 Eð Þ � ej jFszD7 Eð Þdz

p
¼ 2

3
Sið Þ3=2 ð6:9Þ

in which, A7 Eð Þ � w1 Eð Þ�w2 Eð Þk2s
w3 Eð Þ

h i
D7 Eð Þ � B7 Eð Þ � A7 Eð ÞC7 Eð Þ½ �; B7 Eð Þ �

w1 Eð Þð Þ0� w2 Eð Þð Þ0k2s
w3 Eð Þ

h i
and C7 Eð Þ � w3 Eð Þð Þ0

w3 Eð Þ
h i

:

Thus, the 2D electron dispersion law in inversion layers of nonlinear optical
materials under the weak electric field limit can approximately be written as

w1 Eð Þ ¼ P7 E; ið Þk2s þ Q7 E; ið Þ ð6:10Þ

where, P7 E; ið Þ � w2 Eð Þ � 2t2 Eð Þ
3 t1 Eð Þ½ �1=3
� �

w3 Eð ÞSi ej jFsð Þ2=3
h i

, t2 Eð Þ � w2 Eð Þ½ �0
w3 Eð Þ � w2 Eð Þ w3 Eð Þ½ �0

w3 Eð Þ½ �2
� �h i

,

t1 Eð Þ � w1 Eð Þ½ �0
w3 Eð Þ � w1 Eð Þ w3 Eð Þ½ �0

w3 Eð Þ½ �2
� �h i

and Q7 E; ið Þ � Siw3 Eð Þ ej jFst1 Eð Þ½ �2=3.
The EEM in the x-y plane can be expressed as

m� EFiw; ið Þ ¼ �h2

2

 �
G7 E; ið Þ

����
E¼EFiw

ð6:11Þ

where G7 E; ið Þ � P7 E; ið Þ½ ��2 P7 E; ið Þ w1 Eð Þð Þ0� Q7 E; ið Þð Þ0� �� w1 Eð Þ � Q7 Eið Þð Þf g�
P7 E; ið Þð Þ0� and EFiw is the Fermi energy under the weak electric field limit as
measured from the edge of the conduction band at the surface in the vertically
upward direction. Thus, we observe that the EEM is the function of subband index,
the Fermi energy and other band constants due to the combined influence of the
crystal filed splitting constant and the anisotropic spin-orbit splitting constants
respectively.

The subband energy Eniwlð Þ in this case can be obtained from (6.10) as

w1 Eniwlð Þ ¼ Q7 Eniwl ; ið Þ ð6:12Þ

The general expression of the 2D total DOS function in this case can be written
as

N2Di Eð Þ ¼ 2gv
2pð Þ2

Ximax

i¼0

@

@E
A E; ið ÞH E � Enið Þ½ � ð6:13Þ

where, A E; ið Þ is the area of the constant energy 2D wave vector space for inversion
layers and Eni is the corresponding subband energy.
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Using (6.10) and (6.13), the total 2D DOS function under the weak electric field
limit can be expressed as

N2Di Eð Þ ¼ gv
2pð Þ

Ximax

i¼0

G7 E; ið ÞH E � Eniw1ð Þ½ � ð6:14Þ

6.2.2 The DR in Accumulation and Inversion Layers
of III–V, Ternary and Quaternary Semiconductors

(a) Using the substitutions d ¼ 0, Dk ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (6.3) under

the condition of weak electric field limit, assumes the form

T90 E; gg
� � ¼ �h2k2s

2mc
þ Si

�h ej jFs T90 E; gg
� �� �0ffiffiffiffiffiffiffiffi

2mc
p

" #2=3
ð6:15Þ

where,

T90 E; gg
� � ¼ T31 E; gg

� �þ iT32 E; gg
� �

(6.15) represents the DR of the 2D electrons in accumulation layers of HD III–V,
ternary and quaternary materials under the weak electric field limit whose bulk
electrons obey the HD three band model of Kane. Since the electron energy
spectrum in accordance with the HD three-band model of Kane is complex in
nature, the (6.15) will also be complex. The both complexities occur due to the
presence of poles in the finite complex plane of the dispersion relation of the
materials in the absence of band tails.

The EEM can be expressed as

m�ðE0
f ; i; ggÞ ¼ mc Real part of P0

3HDðE0
f ; i; ggÞ ð6:16Þ

where,

P3HD E0
f ; i; gg

� �
¼ T90 E0

f ; gg
� �

� Si
�h ej jFs T90 E0

f ; gg
� �h i0
ffiffiffiffiffiffiffiffi
2mc

p

2
64

3
75
2=32

64
3
75

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the com-
bined influence of Eg and D.

The sub-band energy Ei1 is given by
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0 ¼ Real part of T90 Ei1; gg
� �� Si �h ej jFs T90 Ei1; gg

� �� �0 � ð2mcÞ�1=2
h i2=3� �

ð6:17Þ

The DOS function can be written as

N2Di Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HD E; i; gg
� �

H E � Ei1ð Þ� � ð6:18Þ

Thus the DOS function is complex in nature.
The surface electron concentration is given by

ns ¼ gv Real part of the
Ximax

i¼0

mc

p�h2
P3HD E0

f ; i; gg
� �� �

þ 1
3p2

2mc

�h2

 �3=2

ti T90ðEFB; ggÞ
� �3=2" #

ð6:19Þ

where EFB should be determined from the following equation

nB ¼ gv
3p2

2mc

�h2

 �3=2

Real part of ½T90ðEFB; ggÞ�3=2 ð6:20Þ

Using the substitutions d ¼ 0, Dk ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (6.10) under

the condition of weak electric field limit, assumes the form

I11 Eð Þ ¼ �h2k2s
2mc

þ Si
�h ej jFs I11 Eð Þ½ �0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð6:21Þ

(6.21) represents the dispersion relation of the 2D electrons in inversion layers of
III–V, ternary and quaternary materials under the weak electric field limit whose
bulk electrons obey the three band model of Kane.

The EEM can be expressed as

m� EFiw; ið Þ ¼ mc P3 E; ið Þ½ �jE¼EFiw
ð6:22Þ

where, P3 E; ið Þ � I11 Eð Þ½ �0 � 2
3 Si

�h ej jFsffiffiffiffiffiffi
2mc

p
h i2=3

I11 Eð Þ½ �0� ��1=3
I11 Eð Þ½ �00

	 
	 

:

Thus, one can observe that the EEM is a function of the subband index, surface
electric field, the Fermi energy and the other spectrum constants due to the com-
bined influence of Eg and D.

The subband energy Eniw2ð Þ in this case can be obtained from the (6.21) as
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I11 Eniw2ð Þ ¼ Si
�h ej jFs I11 Eniw2ð Þ½ �0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð6:23Þ

Thus the 2D total DOS function in weak electric field limit can be expressed as

N2Di Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3 E; ið ÞH E � Eniw2ð Þ½ � ð6:24Þ

(b) Using the constraints D � Eg or D � Eg, the (6.21) under the low electric
field limit assumes the form

c2 E; gg
� � ¼ �h2k2s

2mc
þ Si

�h ej jFs c2 E; gg
� �� �0ffiffiffiffiffiffiffiffi
2mc

p
" #2=3

ð6:25Þ

The (6.25) represents the dispersion relation of the 2D electrons in accumulation
layers of HD III–V, ternary and quaternary materials under the weak electric field
limit whose bulk electrons obey the HD two band model of Kane.

The EEM can be expressed as

m� E0
f ; i; gg

� �
¼ mc P

0
3HD1 E0

f ; i; gg
� �

ð6:26Þ

where,

P3HD1 E0
f ; i; gg

� �
¼ c2 E0

f ; gg
� �

� Si
�h ej jFs c2 E0

f ; gg
� �h i0
ffiffiffiffiffiffiffiffi
2mc

p

2
64

3
75
2=32

64
3
75

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the com-
bined influence of Eg and D.

The sub-band energy Ei1 is given by

0 ¼ c2 Ei2; gg
� �� Si �h ej jFs c2 Ei2; gg

� �� �0 � ð2mcÞ�1=2
h i2=3� �

ð6:27Þ

The DOS function can be written as

N2Di Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HD1 E; i; gg
� �

H E � Ei2ð Þ� � ð6:28Þ

Thus the DOS function is complex in nature.
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The surface electron concentration is given by

ns ¼ gv
Ximax

i¼0

mc

p�h2
P3HD E0

f ; i; gg
� �� �

þ 1
3p2

2mc

�h2

 �3=2

ti c2ðEFB; ggÞ
� �3=2" #

ð6:29Þ

where EFB should be determined from the following equation

nB ¼ gv
3p2

2mc

�h2

 �3=2

c2ðEFB; ggÞ
� �3=2 ð6:30Þ

Using the constraints D � Eg or D � Eg, the (6.21) under the low electric field
limit assumes the form

Eð1þ aEÞ ¼ �h2k2s
2mc

þ Si
�h ej jFsð1þ 2aEÞffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð6:31Þ

For large values of i, Si ! 3p
2 iþ 3

4

� �� �2=3
[5], and the (6.31) gets simplified as

Eð1þ aEÞ ¼ �h2k2s
2mc

þ 3p�h ej jFs

2
iþ 3

4

 � ð1þ 2aEÞffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð6:32Þ

The (6.32) was derived for the first time by Antcliffe et al. [3].
The EEM in this case is given by

m� EFiw; ið Þ ¼ mc P6 E; ið Þ½ �jE¼EFiw
ð6:33Þ

where,

P6 E; ið Þ � 1þ 2aE � 4a
3
Si

�h ej jFsffiffiffiffiffiffiffiffi
2mc

p
� �2=3

1þ 2aEf g�1=3

( )
:

Thus, one can observe that the EEM is a function of the subband index, surface
electric field and the Fermi energy due to the presence of band non-parabolicity
only.

The subband energies Eniw3ð Þ are given by

Eniw3 1þ aEniw3ð Þ ¼ Si
�h ej jFsð1þ 2aEniw3Þffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð6:34Þ
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The total 2D DOS function can be written as

N2DðEÞ ¼ mcgv
p�h2

Ximax

i¼0

1þ 2aE � 4a
3
Si

�h ej jFsffiffiffiffiffiffiffiffi
2mc

p
� �2=3

1þ 2aEð Þ�1=3

" #
H E � Eniw3ð Þ

( )

ð6:35Þ

(c) Using the constraints a ! 0, the (6.25) under the low electric field limit
assumes the form

c3ðE; ggÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs c3ðE; ggÞ

� �0ffiffiffiffiffiffiffiffi
2mc

p
" #2=3

ð6:36Þ

The (6.36) represents the dispersion relation of the 2D electrons in accumulation
layers of HD III–V, ternary and quaternary materials under the weak electric field
limit whose bulk electrons obey the HD parabolic band model.

The EEM can be expressed as

m� E0
f ; i; gg

� �
¼ mcP

0
3HD2 E0

f ; i; gg
� �

ð6:37Þ

where,

P3HD2 E0
f ; i; gg

� �
� c3 E0

f ; gg
� �

� Si
�h ej jFs c3 E0

f ; gg
� �h i0
ffiffiffiffiffiffiffiffi
2mc

p

2
64

3
75
2=32

64
3
75

Thus, one can observe that the EEM is a function of the sub-band index, surface
electric field, the Fermi energy and the other spectrum constants due to the com-
bined influence of Eg and D.

The sub-band energy Ei1 is given by

0 ¼ c3 Ei2; gg
� �� Si �h ej jFs c3 Ei2; gg

� �� �0 � ð2mcÞ�1=2
h i2=3� �

ð6:38Þ

The DOS function can be written as

N2Di Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HD2 E; i; gg
� �

H E � Ei3ð Þ� � ð6:39Þ
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The surface electron concentration is given by

ns ¼ gv
Ximax

i¼0

mc

p�h2
P3HD2 E0

f ; i; gg
� �� �

þ 1
3p2

2mc

�h2

 �3=2

ti c3ðEFB; ggÞ
� �3=2" #

ð6:40Þ

where EFB should be determined from the following equation

nB ¼ gv
3p2

2mc

�h2

 �3=2

c3ðEFB; ggÞ
� �3=2 ð6:41Þ

For a ! 0, as for inversion layers, whose bulk electrons are defined by the
parabolic energy bands, from (6.32), we can write,

E ¼ �h2k2s
2mc

þ Si
�h ej jFsffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð6:42Þ

The (5.42) is valid for all values of the surface electric field [1].
The electric subband energy Eni4ð Þ assumes the form, from (6.42) as

Eni4 ¼ Si
�h ej jFsffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð6:43Þ

The total DOS function can be written using (6.42) as

N2D Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

H E � Eni4ð Þ ð6:44Þ

6.2.3 The DR in Accumulation and Inversion Layers
of II–VI Semiconductors

The use of (2.105) and (6.2) leads to the expression of the quantization integral as

ffiffiffiffiffiffiffiffi
2m�

k
q

�h

Zzt
0

c3ðE; ggÞ � ej jFszc
0
3ðE; ggÞ � a00k

2
s 	 �k0

� �
ks

� �1=2
dz ¼ 2

3
sið Þ3=2 ð6:45Þ
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where,

zt � ej jFsc
0
3ðE; ggÞ

� ��1
c3ðE; ggÞ � a00k

2
s 	 �k0

� �
ks

� �
:

Therefore, the 2D electron dispersion law for accumulation layers of HD II–VI
semiconductors can be expressed as

c3 E; gg
� � ¼ a00k

2
s 
 �k0

� �
ks þ Si

�h ej jFsc03 E; gg
� �
ffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

ð6:46Þ

The area of the 2D surface as enclosed by the (6.46) can be expressed as

A E; gg; i
� � ¼ p

a020
D10 E; gg; i
� � ð6:47Þ

where

D10 E; gg; i
� � ¼ �k0

� �2�2a00 �c3 E; gg
� �þ Si

�heFsc03 E; gg
� �
ffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=38><
>:

9>=
>;

2
64

3
75

The EEM in this case assumed the form

m� E0
f ; gg; i

� �
¼ m�

?D
0
10 E0

f ; gg; i
� �

ð6:48Þ

The sub-band energy Ei2 can be written as

c3ðEi2; ggÞ ¼ Si
�h ej jFsc03 Ei2; gg

� �
ffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

ð6:49Þ

The surface electron concentration can be written as

ns ¼gv
Ximax

i¼0

m�
?

p�h2

 �
D10 E0

f ; i; gg
� �

þD11 E0
f ; i; gg

� �h i	 
�

þ ti
2

k0T
pb00

 �3
2 b00

a00

 �
F1

2

EFB

kBT

 �
þ ð�k0Þ2

2a00kBT
F�1

2

EFB

kBT

 �" ## ð6:50Þ
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The EFB can be determined from the following equation

nB ¼ gv
2

k0T
pb00

 �3
2 b00

a00

 �
F1

2

EFB

kBT

 �
þ

�k0
� �2
2a00kBT

F�1
2

EFB

kBT

 �" #
ð6:51Þ

The use of (2.104) and (6.2) leads to the expression of the quantization integral
in this case as

ffiffiffiffiffiffiffiffi
2m�

k
q

�h

Zzt
0

E � ej jFsz� a00k
2
s 	 �k0

� �
ks

� �1=2
dz ¼ 2

3
sið Þ3=2 ð6:52Þ

where,

zt � ej jFsð Þ�1 E � a00k
2
s 	 �k0

� �
ks

� �
:

Therefore, the 2D electron dispersion law for inversion layers of II–VI semi-
conductors can be expressed for all values of Fs as

E ¼ a00k
2
s 
 �k0

� �
ks þ Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

ð6:53Þ

The area of the 2D surface as enclosed by the (6.53) can be expressed as

A E; ið Þ ¼ p m�
?

� �2
�h4

2 �k0
� �2� 2�h2

m�
?
Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

þ 2�h2E
m�

?

8><
>:

9>=
>;

2
64

�2 �k0
� �

�k0
� �2� 2�h2

m�
?
Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

þ 2�h2E
m�

?

2
64

3
75
1=23775

ð6:54Þ

The EEM is given by

m� EFi; ið Þ ¼ m�
? 1� q71ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

EFi þ q72
p

� �
ð6:55Þ

where, EFi is the Fermi energy in this case, q71 � �k0
2
ffiffiffiffi
a00

p and q72 �

ðq71Þ2 � �h ej jFsffiffiffiffiffiffi
2m�

k
p
 �2=3

" #
:
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Thus, the EEM depends on both the Fermi energy and the sub-band index due to
the presence of the term �k0.

The subband energy Eni6ð Þ can be written as

Eni6 ¼ Si
�h ej jFsffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

ð6:56Þ

6.2.4 The DR in Accumulation and Inversion Layers
of IV–VI Semiconductors

The 2D electron dispersion relation in accumulation layers of IV–VI semicon-
ductors can be written as

h1 E; i; gg
� �

k2x þ h2 E; i; gg
� �

k2y ¼ h3 E; i; gg
� � ð6:57Þ

where

h1 E; i; gg
� � ¼ F1 E; gg

� �þ Si eFsa1 E; gg
� �� �2=3

F2 E; gg
� �h i

a1 E; gg
� � ¼ 1

F2 E; gg
� � F0

2 E; gg
� �

F2 E; gg
� �F1ðE; ggÞ � F0

1 E; gg
� �" #

h2 E; i; gg
� � ¼ F1 E; gg

� �þ 2
3

a2 E; gg
� �

a1 E; gg
� � eFsa1 E; gg

� �� �2=3
SiF1 E; gg

� �" #" #

a2 E; gg
� � ¼ 1

F2 E; gg
� � F0

2 E; gg
� �

F2 E; gg
� �F1 E; gg

� �� F0
1 E; gg
� �" #

h3 E; i; gg
� � ¼ 1þ 2

3

C E; gg
� �

a1 E; gg
� � Si eFsa1 E; gg

� �� �2=3
F2 E; gg
� �" #

andC E; gg
� � ¼ F02 E; gg

� �
F2
2 E; gg
� �

" #

The EEM can be expressed as

m� E0
f ; i; gg

� �
¼ �h2

2
h04 E0

f ; i; gg
� �

ð6:58Þ

where
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h4 E0
f ; i; gg

� �
¼

h3 E0
f ; i; gg

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h1 E0

f ; i; gg
� �

h2 E0
f ; i; gg

� �r

The sub band energy Ei3 is given by

h3 Ei3; i; gg
� � ¼ 0 ð6:59Þ

The 2D electron concentration in accumulation layer of IV–VI materials under
the condition of extreme degeneracy and low electric field limit can be written as

ns ¼ gv Real part of
Ximax

i¼0

h4 E0
f ; i; gg

� �
þ ti
3p2

F1 EFB; gg
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F2 EFB; gg
� �q� ��1

" #

ð6:60Þ

where EFB can be determined from the equation

nB ¼ gv Real part of
1
3p2

F1 EFB; gg
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

F2 EFB; gg
� �q� ��1

" #
ð6:61Þ

The 2D electron dispersion relation of the inversion layers of IV–VI semicon-
ductors in the low electric field limit can be written as

k2s ¼ b3 E; ið Þ ð6:62Þ

where

b3 E; ið Þ ¼ b1 E; ið Þ
b2 E; ið Þ ;

b1 E; ið Þ ¼ 1� eFsV 0
2 Eð Þ

V2
2 Eð Þ

� �2
3

SiV2 Eð Þ; V2 Eð Þ ¼ 2 �Að Þ2
Eg0 1þ a1Eð Þ þ

�Sþ �Qð Þ2
D00
c 1þ a3Eð Þ

" #
2Eð Þ�1;

b2 E; ið Þ ¼ V1ðEÞ þ eFsV 0
2 Eð Þ

V2
2 Eð Þ

� �2
3

SiV2 Eð Þ 2
3
V2
2 Eð Þ

V 0
2 Eð Þ

V1 Eð ÞV 0
2 Eð Þ

V2
2 Eð Þ � V 0

1 Eð Þ
V2 Eð Þ

� �" #
and

V1ðEÞ ¼
�Rð Þ2

Eg0 1þ a1Eð Þ þ
�Sð Þ2

D0
c 1þ a2Eð Þ þ

�Qð Þ2
D00
c 1þ a3Eð Þ

" #
2Eð Þ�1
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The EEM can be expressed as

m� EFi; ið Þ ¼ �h2

2
b03 EFi; ið Þ ð6:63Þ

The sub-band energy ðEi4Þ can be written as

0 ¼ b3 Ei4; ið Þ ð6:64Þ

6.2.5 The DR in Accumulation and Inversion Layers
of Stressed Kane Type Semiconductors

The 2D electron DR in accumulation layers of stressed III–V semiconductors can
be written as

h13 E; i; gg
� �

k2x þ h23 E; i; gg
� �

k2y ¼ h33 E; i; gg
� � ð6:65Þ

where

h13 E; i; gg
� � ¼ f1 E; gg

� �þ Si eFsa13 E; gg
� �� �2=3

f3 E; gg
� �h i

a13 E; gg
� � ¼ 1

f3 E; gg
� � f 03 E; gg

� �
f3 E; gg
� � f1 E; gg

� �� f 01 E; gg
� �" #

h23 E; i; gg
� � ¼ f2 E; gg

� �þ 2
3

a13 E; gg
� �

a13 E; gg
� � eFsa13 E; gg

� �� �2=3
Sif2 E; gg
� �" #" #

a23 E; gg
� � ¼ 1

f3 E; gg
� � f 03 E; gg

� �
f3 E; gg
� � f2 E; gg

� �� f 02 E; gg
� �" #

h33 E; i; gg
� � ¼ 1þ 2

3

C3 E; gg
� �

a13 E; gg
� � Si eFsa13 E; gg

� �� �2=3
f3 E; gg
� �" #

C3 E; gg
� � ¼ f 03 E; gg

� �
f 23 E; gg
� �

" #
; and

f1 E; gg
� �

; f2 E; gg
� �

; f3 E; gg
� �

;P11 E; gg
� �

;Q11 E; gg
� �

and S11 E; gg
� �

are defined in
Chap. 2 respectively.

The EEM can be expressed as

m� E0
f ; i; gg

� �
¼ �h2

2
h043 E0

f ; i; gg
� �

ð6:66Þ
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where

h43 E0
f ; i; gg

� �
¼

h33 E0
f ; i; gg

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h13 E0

f ; i; gg
� �

h23 E0
f ; i; gg

� �r

The sub-band energy Ei33 is given by

h33 Ei33; i; gg
� � ¼ 0 ð6:67Þ

The 2D electron concentration in accumulation layers of stressed III–V materials
under the condition of extreme degeneracy and low electric field limit can be
written as

ns ¼ gv Real part of
Ximax

i¼0

h43 E0
f ; i; gg

� �
þ ti
3p2

f1 EFB; gg
� �

f2 EFB; gg
� �

f3 EFB; gg
� �� ��1=2

h i
ð6:68Þ

The EFB can be determined from the following equation

nB ¼ gv
3p2

f1 EFB; gg
� �

f2 EFB; gg
� �

f3 EFB; gg
� �� ��1=2 ð6:69Þ

The expression of the DR of the 2D electrons in inversion layers of stressed
III–V materials under the low electric field limit as

T57 E; ið Þ½ �k2x þ T67 E; ið Þ½ �k2y ¼ T77 E; ið Þ ð6:70Þ

where,

T57 E; ið Þ ¼ E � a1 þ 2
3
Si

ej j2
esc

 !2=3

n2Dwð Þ2=3L17 Eð Þ
2
4

3
5;

L17 Eð Þ ¼ E � a1ð Þ
E � a3ð Þ2=3 �T47 Eð Þ½ �1=3

� E � a3ð Þ1=3 �T47 Eð Þ½ ��1=3

" #
;

�T47 Eð Þ½ � ¼ q5 Eð Þf g0� q5ðEÞ
E � a3

 �� �
;

T67 E; ið Þ ¼ E � T2 þ 2
3
Si

ej j2
esc

 !2=3

n2Dwð Þ2=3L27 Eð Þ
2
4

3
5;

L27 Eð Þ ¼ E � a2ð Þ
E � a3ð Þ2=3 �T47 Eð Þ½ �1=3

� E � a3ð Þ1=3
�T47 Eð Þ½ ��1=3

 !" #
;

T77 E; ið Þ ¼ q5 Eð Þ � Si
ej j2
esc

 !2=3

n2Dwð Þ2=3L37 Eð Þ
2
4

3
5;

L37 Eð Þ � E � a3ð Þ1=3 �T47 Eð Þ½ �2=3
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and q5ðEÞ � t1E3 � t2E2 þ t3E þ t4½ �:
The area of the 2D surface under the weak electric field limit can be written as

A E; ið Þ ¼ pT77 E; ið Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T57 E; ið ÞT67 E; ið Þp ð6:71Þ

The sub-band energies Eniw8ð Þ in this case are defined by

T47 Eniw8ð Þ ¼ Si
ej j2
esc

 !2=3

n2Dwð Þ2=3L37 Eniw8ð Þ ð6:72Þ

The expression of the EEM in this case can be written as

m� EFiw; ið Þ ¼ �h2

2
L47 E; ið Þ

����
E¼EFiw

ð6:73Þ

where,

L47 E; ið Þ � 1
T57 E; ið ÞT67 E; ið Þ
� �

T77 E; ið Þf g0 T57 E; ið ÞT67 E; ið Þ½ �1=2� T77 E; ið Þ
2

 ��

T57 E; ið Þf g0 T67 E; ið Þ
T57 E; ið Þ
� �1=2

þ T67 E; ið Þf g0 T57 E; ið Þ
T67 E; ið Þ
� �1=2( )#

:

The total 2D DOS function can be expressed as

N2D Eð Þ ¼ gv
2p

Ximax

i¼0

L47 E; ið ÞH E � Eniw8ð Þf g ð6:74Þ

6.2.6 The DR in Accumulation and Inversion Layers
of Germanium

The 2D DR in accumulation layers of Ge can be written as

�h2k2x
2m�

1
þ �h2k2y

2m�
2
¼ c10 E; i; gg

� � ð6:75Þ
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where

c10 E; i; gg
� � ¼ c3 E; gg

� �
1þ ac3 E; gg

� �� �� Si
�heFsc03 E; gg

� �
ffiffiffiffiffiffiffiffi
2m�

3

p
" #2

3

1þ 2ac3ðE; ggÞ
� �2

4

þ a Si
�heFsc03 E; gg

� �
ffiffiffiffiffiffiffiffi
2m�

3

p
" #2

3

2
4

3
5
2
3
75

The EEM can be expressed as

m� E0
f ; i; gg

� �
¼ ffiffiffiffiffiffiffiffiffiffiffi

m�
1m

�
2

p
c010 E; i; gg
� �� � ð6:76Þ

The band non-parabolicity and heavy doping makes the mass quantum number
dependent.

The sub band energy Ei14 can be written as

c10 Ei14; i; gg
� � ¼ 0 ð6:77Þ

The surface electron concentration in accumulation layers can be written as

ns ¼ gv
Ximax

i¼0

ffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p
p�h2

c10 E0
f ; i; gg

� �h i"

þ ti
8pm�

?
ffiffiffiffiffiffi
m�

k
q

h3
2c3 EFB; gg
� �� �3

2 1þ 4a
5
c3 EFB; gg
� �� �35

ð6:78Þ

where EFB can be determined from the following equation

nB ¼ gv
8pm�

?
ffiffiffiffiffiffi
m�

k
q

h3
2c3 EFB; gg
� �� �3

2 1þ 4a
5
c3 EFB; gg
� �� �2

4
3
5 ð6:79Þ

The 2D electron dispersion law in inversion layers of Ge at low electric field
limit can be expressed as

�h2k2x
2m1

þ �h2k2y
2m2

¼ E 1þ aEð Þ þ aE2
i20 � Ei20 1þ 2aEð Þ� � ð6:80Þ
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where,

Ei20 ¼ Si
�heFsffiffiffiffiffiffiffiffi
2m3

p
 �2=3

The area of 2D space is

A ¼ 2p
ffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�h2

E 1þ aEð Þ þ aE2
i20 � Ei20 1þ 2aEð Þ� � ð6:81Þ

The EEM assumes the form

m� EFiw; ið Þ ¼ ffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
1þ 2aEFiw � Ei202a½ � ð6:82Þ

Thus the EEM is the function of both Fermi energy and quantum number due to
band non-parabolicity.

The DOS function is given by

N2D Eð Þ ¼ 2gv
2pð Þ2 �

2p
ffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
�h2

Ximax

i¼0

1þ 2aE � 2aEi20½ �H E � Ei20ð Þ ð6:83Þ

6.3 Summary and Conclusion

From the 2D DR of accumulation (6.3) and inversion layers (6.10) of HD nonlinear
optical and tetragonal materials, we observe that constant energy 2D wave vector
surfaces are the series of concentric quantized circles in the complex energy plane
which is the consequence of non removable poles in the corresponding DR in the
absence of band tails. Equations (6.15), (6.25) and (6.36) represent 2D DR in
accumulations layers and (6.21), (6.31) and (6.42) inversion layers of III–V
materials and the represent concentric quantized circles in complex energy plane in
accordance with three band model of Kane and the same in real plane for two band
model of Kane and that of parabolic energy bands. Equations (6.46) and (6.53)
represent 2D DR in accumulation and inversion layers of II–VI materials and they
represent series of concentric quantized circles in the real energy plane.
Equations (6.57) and (6.62) represent 2D DR in accumulation and inversion layers
of IV–VI materials and they represent series of concentric quantized ellipses in the
real energy plane. Equations (6.65) and (6.70) represent 2D DR in accumulation
and inversion layers of stressed Kane type materials and they represent series of
concentric quantized ellipses in the real energy plane. Equations (6.75) and (6.80)
represent 2D DR in accumulation and inversion layers of Ge and they represent
series of concentric quantized ellipses in the real energy plane.

6.2 Theoretical Background 303



It may be noted that if the direction of application of the surface electric field
applied perpendicular to the surface be taken as either kx or ky and not as kz as
assumed in the present work, the DR would be different analytically for both the
limits. Nevertheless, the arbitrary choice of the direction normal to the surface
would not result in a change of the basic qualitative feature of the DR in accu-
mulation layers of semiconductors. The approximation of the potential well at the
surface by a triangular well introduces some errors, as for instance the omission of
the free charge contribution to the potential. This kind of approach is reasonable if
there are only few charge carriers in the accumulation layer, but is responsible for
an overestimation of the splitting when the accumulation carrier density exceeds
that of the depletion layer. It has been observed that the maximum error due to the
triangular potential well is tolerable in the practical sense because for actual cal-
culations, one need a self consistent solution which is a formidable problem, for the
present generalized systems due to the non availability of the proper analytical
techniques, without exhibiting a widely different qualitative behavior. The second
assumption of electric quantum limit in the numerical calculation is valid in the
range of low temperatures, where the quantum effects become prominent. The
errors which are being introduced for these assumptions are found not to be serious
enough at low temperatures. Thus, whenever the condition of the electric quantum
limit has been applied, the temperature has been assumed to be low enough so that
the assumption becomes well grounded because at low temperature, one can
assume that nearly all electrons are at the lowest electric subband. We wish to note
that the many body effects, the hot electron effects, the formation of band tails,
arbitrary orientation of the direction of the electric quantization and the effects of
surface of states have been neglected in our simplified theoretical formalism due to
the lack of availability in the literature of the proper analytical techniques for
including them for the generalized systems as considered in this paper. Our sim-
plified approach will be useful for the purpose of comparison, when, the methods of
tackling of the aforementioned formidable problems for the present generalized
system appear. The inclusion of the said effects would certainly increase the
accuracy of our results, and the qualitative features of the DR as discussed in this
chapter would not change in the presence of the aforementioned influences.

6.4 Open Research Problems

(R.6.1) Investigate the DR in the presence of an arbitrarily oriented electric
quantization for accumulation layers of tetragonal semiconductors. Study
all the special cases for III–V, ternary and quaternary materials in this
context.

(R.6.2) Investigate the DR in accumulation layers of IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
quantizing electric field.
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(R.6.3) Investigate the DR in accumulation layers of all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented quantizing
electric field.

(R.6.4) Investigate the DR in the presence of an arbitrarily oriented
non-quantizing magnetic field in accumulation layers of tetragonal
semiconductors by including the electron spin. Study all the special cases
for III–V, ternary and quaternary materials in this context.

(R.6.5) Investigate the DR in accumulation layers of IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R.6.6) Investigate the DR in accumulation layers of all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented
non-quantizing magnetic field by including electron spin.

(R.6.7) Investigate the DR in accumulation layers for all the problems from
(R.6.1) to (R.6.6) in the presence of an additional arbitrarily oriented
electric field.

(R.6.8) Investigate the DR in accumulation layers for all the problems from
(R.6.1) to (R.6.3) in the presence of arbitrarily oriented crossed electric
and magnetic fields.

(R.6.9) Investigate the DR in accumulation layers for all the problems from
(R.6.1) to (R.6.8) in the presence of surface states.

(R.6.10) Investigate the DR in accumulation layers for all the problems from
(R.6.1) to (R.6.8) in the presence of hot electron effects.

(R.6.11) Investigate the DR in accumulation layers for all the problems from
(R.6.1) to (R.6.6) by including the occupancy of the electrons in various
electric subbands.

(R.6.12) Investigate the problems from (R.6.1) to (R.6.11) for the appropriate
p-channel accumulation layers.
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Chapter 7
The DR in Heavily Doped
(HD) Non-parabolic Semiconductors
Under Magnetic Quantization

Team work is more “WE” and less “ME”.

7.1 Introduction

It is well known that the band structure of semiconductors can be dramatically
changed by applying the external fields. The effects of the quantizing magnetic field
on the band structure of compound semiconductors are more striking and can be
observed easily in experiments [1–3]. Under magnetic quantization, the motion of
the electron parallel to the magnetic field remains unaltered while the area of the
wave vector space perpendicular to the direction of the magnetic field gets quan-
tized in accordance with the Landau’s rule of area quantization in the wave-vector
space [3]. The energy levels of the carriers in a magnetic field (with the component
of the wave-vector parallel to the direction of magnetic field be equated with zero)
are termed as the Landau levels and the quantized energies are known as the
Landau sub-bands. It is important to note that the same conclusion may be arrived
either by solving the single-particle time independent Schrödinger differential
equation in the presence of a quantizing magnetic field or by using the operator
method. The quantizing magnetic field tends to remove the degeneracy and
increases the band gap. A semiconductor, placed in a magnetic field B, can absorb
radiative energy with the frequency x0 ¼ ej jB=mcð Þð Þ. This phenomenon is known
as cyclotron or diamagnetic resonance. The effect of energy quantization is
experimentally noticeable when the separation between any two consecutive
Landau levels is greater than kBT . A number of interesting transport phenomena
originate from the change in the basic band structure of the semiconductor in the
presence of quantizing magnetic field. These have been widely been investigated
and also served as diagnostic tools for characterizing the different materials having
various band structures [4–7]. The discreteness in the Landau levels leads to a
whole crop of magneto-oscillatory phenomena, important among which are
(i) Shubnikov-de Haas oscillations in magneto-resistance; (ii) De Haas-van Alphen
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oscillations in magnetic susceptibility; (iii) magneto-phonon oscillations in ther-
moelectric power, etc.

In this chapter in Sect. 7.2.1, of the theoretical background, the DR has been
investigated in HD non linear optical semiconductors in the presence of a quan-
tizing magnetic field. The Sect. 7.2.2 contains the results for HD III–V, ternary and
quaternary compounds in accordance with the three and the two band models of
Kane. In the same section the DR in accordance with the models of Stillman et al.
and Palik et al. have also been studied for the purpose of relative comparison. The
Sect. 7.2.3 contains the study of the DR for HD II–VI semiconductors under
magnetic quantization. In Sect. 7.2.4, the DR in HD IV–VI materials has been
discussed in accordance with the models of Cohen, Lax, Dimmock, Bangert and
Kastner and Foley and Landenberg respectively. In Sect. 7.2.5, the magneto-DR for
the stressed HD Kane type semiconductors has been investigated. In Sect. 7.2.6, the
DR in HD Te has been studied under magnetic quantization. In Sect. 7.2.7, the
magneto-DR in n-GaP has been studied. In Sect. 7.2.8, the DR in HD PtSb2 has
been explored under magnetic quantization. In Sect. 7.2.9, the magneto-DR in HD
Bi2Te3 has been studied. In Sect. 7.2.10, the DR in HD Ge has been studied under
magnetic quantization in accordance with the models of Cardona et al. and Wang
and Ressler respectively. In Sects. 7.2.11 and 7.2.12, the magneto-DR in HD
n-GaSb and II–V compounds has respectively been studied. In Sects. 7.2.13 the
magneto DR in HD Pb1−xGexTe has been discussed. The Sect. 7.3 explores the
discussion and the last Sect. 7.4 contains 15 open research problems.

7.2 Theoretical Background

7.2.1 The DR in HD Nonlinear Optical Semiconductors
Under Magnetic Quantization

The DR under magnetic quantization in non-linear optical materials can be written
as

cðEÞ ¼ �h2k2s
2m�

?
f3ðEÞþ

�h2k2z
2m�

k
f4ðEÞ

� eB�hEg

6
ðEg0 þD?Þ
ðEg0 þ 2

3D?Þ

" #
EþEg0 þ dþ D2

k � D2
?

3Dk

" #
ð7:1Þ

where f3ðEÞ ¼ EgðEg þ D?Þ
Eg þ 2

3D?ð Þ ðEþEgÞ EþEg þ 2
3Dk

� �þ d EþEg þ 1
3Dk

� �þ 1
9 ðD2

k�
h

D2
?Þ� and f4ðEÞ ¼ EgðEg þ DkÞ

Eg þ 2
3Dkð Þ ðEþEgÞ EþEg þ 2

3Dk
� �� �
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The (7.1) can be expressed as
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ð7:2Þ

where e1 ¼ eB�h Eg þ 2
3Dkð Þ

6ðEg þ DkÞ
ðEg þ D?Þ
Eg þ 2

3D?ð Þ
� 	
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?

3Dk

� 	
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?
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� d
h i

:

Therefore, the DR of the conduction electrons in heavily doped non-linear
optical semiconductors in the presence of a quantizing magnetic field B can be
written following the methods as developed in Chap. 1 as

�h2k2z
2m�

k
¼ U1;� E; n; gg

� �þ iU2;� E; n; gg
� � ð7:3Þ

where
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U2;� E; n; gg
� � ¼ 1þErf ðE=ggÞ
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p

p
h i

expð�u2i Þ �
P1
p¼1

exp �p2

4

� �
p
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sinhðpuiÞ

" #
; ui ¼ 1þbiE

bigg
and

Dðbi;E; ggÞ ¼
ffiffi
p

p
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expð�u2i Þ
h i

The EEM at the Fermi Level can be written from (6.3) as

m�
�ðEFBHD; n; ggÞ ¼ m�

kU
0
1;�ðEFBHD; n; ggÞ ð7:4Þ

where EFBHD is the Fermi energy in this case.
Therefore the double valued EEM in this case is a function of Fermi energy,

magnetic field, quantum number and the scattering potential together with the fact
that the EEM exists in the band gap which is the general characteristics of HD
materials.

The complex density of states function under magnetic quantization is given by

NBðEÞ ¼ NBRðEÞþ iNBIðEÞ

¼ eB

2p2�h2
ffiffiffiffiffiffiffiffi
2m�

k
q Xnmax

n¼0

x0

2
ffiffiffi
x

p þ iy0
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ffiffiffi
y

p
� 	 ð7:5Þ

where

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU1;�ðE; n; ggÞÞ2 þðU2;�ðE; n; ggÞÞ2

q
þðU1;�ðE; n; ggÞÞ

2
;

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU1;�ðE; n; ggÞÞ2 þðU2;�ðE; n; ggÞÞ2

q
þðU1;�ðE; n; ggÞÞ

2

and x0 and y0 are the differentiations of x and y with respect to energy E.
Therefore, from (7.5) we can write

NBRðEÞ ¼
eB

ffiffiffiffiffiffiffiffi
2m�

k
q
4p2�h2

Xnmax
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x0ffiffiffi
x

p ð7:6Þ
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and NBIðEÞ ¼
eB

ffiffiffiffiffiffiffiffi
2m�

k
q
4p2�h2

Xnmax

n¼0

y0ffiffiffi
y

p ð7:7Þ

where EnHD is the complex Landau sub-band energy which can be obtained from (6.
3) by substituting kz ¼ 0 and E ¼ EnHD:

7.2.2 The DR in HD III–V Semiconductors Under Magnetic
Quantization

(a) The electron energy spectrum in III–V semiconductors under magnetic quan-
tization is given by

EðEþEgÞðEþEg þDÞðEg þ 2
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EgðEg þDÞðEþEg þ 2
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The (7.8) can be written as
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GðC;E; ggÞ ¼
2

Cgg
ffiffiffi
p

p
" #

expð�u2Þ �
X1
p¼1

exp �p2

4


 �
p

8<
:

9=
; sinhðpuÞ

2
4

3
5; u ¼ 1þCE

Cgg
;

HðC;E; ggÞ ¼
ffiffiffi
p

p
Cgg

expð�u2Þ
" #

Therefore

�h2k2z
2mc

¼ ab
c

� 	
h0ðE; ggÞ

1þErf ðE=ggÞ
2

� 	�1

þ acþ bc� ab
c2

� �
c0ðE; ggÞ

1þErf ðE=ggÞ
2

� 	�1

þ 1
c

1� a
c


 �
1� b

c

� �
� nþ 1

2

� �
�hx0

� 	

� g�
1þErf ðE=ggÞ

2

� 	�1

½GðC;E; ggÞ � iHðC;E; ggÞ�

ð7:10Þ

Therefore the DR is given by

�h2k2z
2mc

¼ U3;�ðE; n; ggÞþ iU4;�ðE; ggÞ ð7:11Þ

where
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and

U4;�ðE; ggÞ ¼ g�
1þErf ðE=ggÞ

2

� 	�1

HðC;E; ggÞ

The complex Landau energy EnHD1 in this case can be obtained by substituting
kz ¼ 0 and E ¼ EnHD in (6.11). The EEM at the Fermi Level can be written from (7.
11) as

m�
�ðEFBHD; n; ggÞ ¼ m�

kU
0
3;�ðEFBHD; n; ggÞ ð7:12Þ

Thus the EEM is a function of Fermi energy, Landau quantum number and
scattering potential together with the fact it is double valued due to spin.

The complex density of states function under magnetic quantization is given by

NBðEÞ ¼ NBR1ðEÞþ iNBI1ðEÞ

¼ eB

2p2�h2
ffiffiffiffiffiffiffiffi
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where

x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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2
;

y ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðU3;�ðE; n; ggÞÞ2 þðU4;�ðE; n; ggÞÞ2

q
� ðU3;�ðE; n; ggÞÞ

2

and x01 and y01 are the differentiations of x and y with respect to energy E.
From (7.13) we can write

NBR1ðEÞ ¼ eB
ffiffiffiffiffiffiffiffi
2mc

p
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x01ffiffiffiffiffi
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and NBIðEÞ ¼ eB
ffiffiffiffiffiffiffiffi
2mc

p

4p2�h2
Xnmax

n¼0

y01ffiffiffiffiffi
y1

p ð7:15Þ

(b) Two band model of Kane

The magneto-dispersion law in this case is given by

7.2 Theoretical Background 313

http://dx.doi.org/10.1007/978-3-319-21000-1_6


�h2k2

2mc
¼ c2ðE; ggÞ � nþ 1

2

� �
�hx0 � 1

2
g�l0B ð7:16Þ

where g� is the magnitude of the effective g factor at the edge of the conduction
band and l0 is the Bohr magnetron.

The EEM at the Fermi Level can be written from (7.16) as

m�ðEFBHD; ggÞ ¼ mcc
0
2ðEFBHD; ggÞ ð7:17Þ

Thus EEM is independent of quantum number.

(c) Parabolic Energy Bands

The magneto-dispersion law in this case is given by

�h2k2

2mc
¼ c3ðE; ggÞ � nþ 1

2

� �
�hx0 � 1

2
g�l0B ð7:18Þ

The EEM at the Fermi Level can be written from (7.18) as

m�ðEFBHD; ggÞ ¼ mcc
0
3ðEFBHD; ggÞ ð7:19Þ

Thus the EEM in heavily doped parabolic energy bands is a function of Fermi
energy and scattering potential whereas in the absence of heavy doping the same
mass is a constant quantity invariant of any variables.

(d) The model of Stillman et al.

The (2.79) under the condition of band tailing assumes the form

k2 ¼
�t11 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð�t11Þ2 � 4�t12c3ðE; ggÞ

q� 	
2�t12

ð7:20Þ
Therefore the magneto DR is given by

k2z ¼ U7ðE; n; ggÞ ð7:21Þ
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where U7ðE; n; ggÞ ¼
�t11 �
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The EEM at the Fermi Level can be written from (7.21) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

7ðEFBHD; ggÞ ð7:22Þ

(e) The model of Palik et al.

To the fourth order in effective mass theory and taking into account the interactions
of the conduction, light hole, heavy-hole and split-off hole bands, the electron
energy spectrum in III–V semiconductors in the presence of a quantizing magnetic
field ~B can be written as
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k31 ¼ ð1� y11Þ ð1� x11Þ
ð2þ x11Þ
� 	

� 2þ 3
2
x11 þ x211

� �
� ð1� y11Þ
ð2þ x11Þ

� 	
� 2
3
ð1� x11Þy11

� 
;

k32 ¼ � 1þ 1
2
x211

� �
= 1þ 1

2
x11

� �� 	
ð1� y11Þ2; x11 ¼ 1þ D

Eg

� �� 	�1

and y11

¼ mc

m0

Under the condition of heavy doping, the (7.23) assumes the form

J34k
4
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where
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The (7.24) can be written as

k2z ¼ A35;�ðE; n; ggÞ ð7:25Þ

where A35;�ðE; n; ggÞ ¼ 2J34ð Þ�1 �J35;� nð Þþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J35;� nð Þ� �2�4J34 J36;� nð Þ � c3ðE; ggÞ

� �q� 	

The EEM at the Fermi Level can be written from (7.25) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
A0
35;�ðEFBHD; n; ggÞ ð7:26Þ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.
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7.2.3 The DR in HD II–VI Semiconductors Under Magnetic
Quantization

The magneto dispersion relation of the carriers in heavily doped II–VI semicon-
ductors are given by

c3ðE; n; ggÞ ¼ a00
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ð7:27Þ

The (7.27) can be written as

k2z ¼ U8�ðE; n; ggÞ ð7:28Þ
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2eBa00
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The EEM at the Fermi Level can be written from (7.28) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

8�ðEFBHD; n; ggÞ ð7:29Þ

7.2.4 The DR in HD IV–VI Semiconductors Under
Magnetic Quantization

The electron energy spectrum in IV–VI semiconductors are defined by the models
of Cohen, Lax, Dimmock and Bangert and Kastner respectively. The magneto DR
in HD IV–VI semiconductors is discussed in accordance with the said model for the
purpose of relative comparison.

(a) Cohen Model

In accordance with the Cohen model, the dispersion law of the carriers in IV–VI
semiconductors is given by

Eð1þ aEÞ ¼ p2x
2m1

þ p2z
2m3

� aEp2y
2m0

2
þ p2yð1þ aEÞ

2m2
þ ap4y

4m2m0
2

ð7:30Þ
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where, pi 	 �hki, i ¼ x; y; z, m1, m2, and m3 are the effective carrier masses at the
band-edge along x, y and z directions respectively and m0

2 is the effective-mass
tensor component at the top of the valence band (for electrons) or at the bottom of
the conduction band (for holes).

The magneto electron energy spectrum in IV–VI semiconductors in the presence
of quantizing magnetic field B along z-direction can be written as
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2
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8
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Therefore the magneto dispersion law in heavily doped IV–VI materials can be
expressed as
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The EEM at the Fermi Level can be written from (7.32) as

m�
�ðEFBHD; n; ggÞ ¼ m3U

0
16;�ðEFBHD; n; ggÞ ð7:33Þ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

(b) Lax Model

In accordance with this model, the magneto dispersion relation assumes the form
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Eð1þ aEÞ ¼ nþ 1
2

� �
�hx03ðEÞþ

�h2k2z
2m3

� 1
2
l0g

�B ð7:34Þ

where,

x03ðEÞ ¼ eBffiffiffiffiffiffiffiffiffiffiffi
m1m2

p
The magneto dispersion relation in heavily doped IV–VI materials, can be

written following (7.34) as

c2ðE; ggÞ ¼ nþ 1
2

� �
�hx03ðEÞþ

�h2k2z
2m3

� 1
2
g�l0B ð7:35Þ

ð7:35Þ can be written as
�h2k2z
2m3

¼ U17;�ðE; n; ggÞ ð7:36aÞ

where

U17;�ðE; n; ggÞ ¼ c2ðE; ggÞ � nþ 1
2

� �
�hx03 � 1

2
g�l0B

The EEM at the Fermi Level can be written from (7.36a) as

m�ðEFBHD; ggÞ ¼ m3U
0
17;�ðEFBHD; n; ggÞ ð7:36bÞ

(c) Dimmock Model

The dispersion relation under magnetic quantization in HD IV–VI semiconductors
can be expressed in accordance with Dimmock model as
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where

x ¼ k2z
Therefore the magneto dispersion relation in heavily doped IV–VI materials,

whose unperturbed carriers obey the Dimmock Model can be expressed as

k2z ¼ U170ðE; n; ggÞ ð7:38Þ

where U170ðE; n; ggÞ ¼ 2p9½ ��1 �q9ðE; n; ggÞþ q29ðE; n; ggÞþ 4p9R9ðE; n; ggÞ
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h i
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and

R9ðE; n; ggÞ ¼ c2ðE; ggÞþ aeBc3ðE; ggÞ nþ 1
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þ
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The EEM at the Fermi Level can be written from (7.38) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

170ðEFBHD; n; ggÞ ð7:39Þ

Thus, the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential.

(d) Model of Bangert and Kastner

In accordance with this model [8], the carrier energy spectrum in HD IV–VI
semiconductors can be written following (2.143) as

k2s
q211ðE; ggÞ

þ k2y
q212ðE; ggÞ

¼ 1 ð7:40Þ
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where

q11ðE; ggÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

S1ðE; ggÞ
q ; q12ðE; ggÞ ¼

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q ;
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Since S1ðE; ggÞ and S2ðE; ggÞ are complex, the energy spectrum is also complex
in the presence of Gaussian band tails.

Therefore the magneto dispersion law in the presence of a quantizing magnetic
field B which makes an angle h with kz axis can be written as

k2z ¼ U18ðE; n; ggÞ ð7:41Þ

where

U18ðE; n; ggÞ ¼ q11
2ðE; ggÞsin2hþ q12
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2

ii

The EEM at the Fermi Level can be written from (7.41) as
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m�ðEFBHD; n; ggÞ ¼
�h2

2
Real part of U18ðEFBHD; n; ggÞ

� �0 ð7:42Þ

Thus,the EEM is a function of Fermi energy, Landau quantum number and the
scattering potential and the orientation of the applied quantizing magnetic field.

(e) Model of Foley and Langenberg

The dispersion relation of the conduction electrons of IV–VI semiconductors in
accordance with Foley et al. can be written as [9]
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Following the methods as given in Chap. 1, the dispersion relation in heavily

doped IV–VI materials in the present case is given by
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Therefore the magneto-dispersion relation in heavily doped IV–VI materials can
be written as
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where
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k2z ¼ x

Therefore the magneto dispersion relation in IV–VI heavily doped materials,
where unperturbed carriers follow the model of Foley et al. can be expressed as

k2z ¼ U19ðE; n; ggÞ ð7:46Þ
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The EEM at the Fermi Level can be written from (7.46) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

19ðEFBHD; n; ggÞ ð7:47Þ

Thus, as noted already in this case also the EEM is a function of Fermi energy,
Landau quantum number and the scattering potential.

7.2.5 The DR in HD Stressed Kane Type Semiconductors
Under Magnetic Quantization

The DR of the conduction electrons in heavily doped Kane type semiconductors
can be written following (2.175) of Chap. 2 as
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k2x
a2kðE; ggÞ

þ k2y
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c2kðE; ggÞ

¼ 1

where akðE; ggÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
SkðE; ggÞ

q ð7:48aÞ

The electron energy spectrum in heavily doped Kane type semiconductors in the
presence of an arbitrarily oriented quantizing magnetic field B which makes an
angle �a1, �b1 and �c1 with kx, ky and kz axes respectively, can be written as

ðk0zÞ2 ¼ U41ðE; n; ggÞ ð7:48bÞ

where U41ðE; n; ggÞ ¼ I2ðE; ggÞ½1� I3ðE; n; ggÞ�
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h i
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2eB
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� �
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The EEM at the Fermi Level can be written from (7.48b) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

41ðEFBHD; n; ggÞ ð7:48cÞ

From (7.48c) we observe that the EEM is a function of Fermi energy, Landau
quantum number, the scattering potential and the orientation of the applied quan-
tizing magnetic field.
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7.2.6 The DR in HD Te Under Magnetic Quantization

The magneto dispersion relation of the conduction electrons in HD Te can be
expressed following (2.190) of Chap. 2 as

k2z ¼ U42�ðE; n; ggÞ ð7:49aÞ

where
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The EEM at the Fermi Level can be written from (7.49a) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
U0

42�ðEFBHD; n; ggÞ ð7:49bÞ

Thus from (7.49b) we note that the EEM is a function of three variables namely
Fermi energy, Landau quantum number and the scattering potential.

7.2.7 The DR in HD Gallium Phosphide Under Magnetic
Quantization

The magneto dispersion relation in HD GaP can be written following (2.202) of
Chap. 2 as

k2z ¼ U43ðE; n; ggÞ ð7:50aÞ

where
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The EEM at the Fermi Level can be expressed from (7.50a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

43ðEFBHD; n; ggÞ ð7:50bÞ

Thus, from (7.50b) it appears that the EEM is the function of Fermi energy,
Landau quantum number and the scattering potential.

7.2.8 The DR in HD Platinum Antimonide Under Magnetic
Quantization

The magneto dispersion relation in HD PtSb2 can be written following (2.218) as

k2z ¼ U44ðE; n; ggÞ ð7:51aÞ

where U44ðE; n; ggÞ ¼
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The EEM at the Fermi Level can be written from (7.51a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

44ðEFBHD; n; ggÞ ð7:51bÞ

Thus, from the above equation we infer that the EEM is a function of Landau
quantum number, the Fermi energy and the scattering potential.
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7.2.9 The DR in HD Bismuth Telluride Under Magnetic
Quantization

The magneto dispersion relation in HD Bi2Te3 can be written following (2.231) as

k2x ¼ U45ðE; gg; nÞ ð7:52aÞ

where

U45ðE; gg; nÞ ¼
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� �
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4


 �1
2

The EEM at the Fermi Level can be written from (7.52a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

45ðEFBHD; n; ggÞ ð7:52bÞ

7.2.10 The DR in HD Germanium Under Magnetic
Quantization

a. Model of Cardona et al.

The magneto dispersion relation in HD Ge can be written following (2.243) as

k2x ¼ U46ðE; gg; nÞ ð7:53aÞ

where

U46ðE; n; ggÞ ¼
2m�

k
�h2

c3ðE; ggÞþ
Eg0

2
� E2

g0

4
þ Eg0�h

2

m�
?

2eB
�h

nþ 1
2

� �" #" #1=2

The EEM at the Fermi Level can be written from (7.53a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

46ðEFBHD; n; ggÞ ð7:53bÞ
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From (7.53b) it appears that the EEM is a function of Fermi energy and Landau
quantum number due to band non-parabolicity.

b. Model of Wang and Ressler

The magneto dispersion relation in HD Ge can be written following (2.258) as

k2z ¼ U47ðE; n; ggÞ ð7:54aÞ

where
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The EEM at the Fermi Level can be written from (7.54a) as

m�ðEFBHD; n; ggÞ ¼
�h2

2
U0

47ðEFBHD; n; ggÞ ð7:54bÞ

From (7.54b) we note that the mass is a function of Fermi energy and quantum
number due to band non-parabolicity.

7.2.11 The DR in HD Gallium Antimonide Under Magnetic
Quantization

The magneto dispersion relation in HD GaSb can be written following (2.274) as
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k2z ¼ U48ðE; n; ggÞ ð7:55aÞ
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The EEM at the Fermi Level can be written from (7.55a) as

m�ðEFBHD; ggÞ ¼
�h2

2
U0

48ðEFBHD; n; ggÞ ð7:55bÞ

7.2.12 The DR in HD II–V Materials Under Magnetic
Quantization

The dispersion relation of the holes are given by [10]

E ¼ h1k2x þ h2k2y þ h3k2z þ d4kx

� h5k
2
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2
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2
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n o2
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3k
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3

� 	1
2

� D3 ð7:56Þ

where, kx, ky and kz are expressed in the units of 1010 m−1,

h1 ¼ 1
2
ða1 þ b1Þ; h2 ¼ 1

2
ða2 þ b2Þ; h3 ¼ 1

2
ða3 þ b3Þ; d4 ¼ 1

2
ðA þ BÞ;

h5 ¼ 1
2
ða1 � b1Þ; h6 ¼ 1

2
ða2 � b2Þ; h7 ¼ 1

2
ða3 � b3Þ; d5 ¼ 1

2
ðA þ BÞ;

aiði ¼ 1; 2; 3; 4Þ; bi;A;B;G3 and D3 are systems constants

The hole energy spectrum in HD II–V semiconductors can be expressed fol-
lowing the method of Chap. 1 as
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the magneto dispersion law in HD II–V semiconductors assumes the form

k2y ¼ U49;�ðE; n; ggÞ ð7:58Þ
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I39;�ðnÞ ¼ ð4h25Þ�1½I233;�ðnÞþ 4h32I34;�ðnÞ � 4h35I34;�ðnÞ�;
I33;�ðnÞ ¼ ½G2

3 þ 2h5I32ðnÞ � 2h2I31;�ðnÞ�;

I34;�ðnÞ ¼ ½I232;�ðnÞþD2
3 � I31;�ðnÞ�;

I31;�ðnÞ ¼ nþ 1
2

� �
�hx31 � d24

4h1
� D3

� 	
;

I32ðnÞ ¼ nþ 1
2

� �
�hx32 � d25

4h5

� 	
;

x31 ¼ eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M31M32

p ; x32 ¼ eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M33M34

p ; M31 ¼ �h2

2h1
;

M32 ¼ �h2

2h3
; M33 ¼ �h2

2h5
and M34 ¼ �h2

2h7
:

The EEM at the Fermi Level can be written from (7.58) as

m�
�ðEFBHD; n; ggÞ ¼

�h2

2
U0

49;�ðEFBHD; n; ggÞ ð7:59Þ

From (7.59) we note that the EEM is a function of Fermi energy, Landau
quantum number and the scattering potential.
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7.2.13 The DR in HD Lead Germanium Telluride Under
Magnetic Quantization

The DR of the carriers in n-type Pb1−xGaxTee with x = 0.01 can be written fol-
lowing Vassilev [11] as

E � 0:606k2s � 0:0722k2z
� �

Eþ �Eg þ 0:411k2s þ 0:0377k2z
� �

¼ 0:23k2s þ 0:02k2z � 0:06�Eg þ 0:061k2s þ 0:0066k2z
� �

ks
ð7:60Þ

where, �Eg ¼ 0:21 eVð Þ is the energy gap for the transition point, the zero of the
energy E is at the edge of the conduction band of the C point of the Brillouin zone
and is measured positively upwards, kx, ky and kz are in the units of 109 m�1:

The magneto dispersion law in HD Pb1−xGexTe can be expressed following the
methods as given in Chap. 1 as

2h0ðE; ggÞ
1þErf ðE=ggÞ

" #
þ c3ðE; ggÞ

Eg0 � 0:345x� 0:390
eB
�h

nþ 1
2

� �� 	

¼ 0:46eB
�h

nþ 1
2

� �
þ 0:02x�

0:06Eg0 þ 0:122
eB
�h

nþ 1
2

� �
þ 0:0066x

� 	
2eB
�h

nþ 1
2

� �� �1
2

þ Eg0 þ
0:822eB

�h
nþ 1

2

� �
þ 0:377x

� 	
1:212eB

�h
nþ 1

2

� �
þ 0:722x

� 	

ð7:61Þ

The (7.61) assumes the form

k2z ¼ U50;�ðE; n; ggÞ ð7:62Þ

where U50;�ðE; n; ggÞ ¼ ð2p10Þ�1 q10ðE; n; ggÞ � q210ðE; n; ggÞþ 4p10R10;�ðE; n; ggÞ
� �1

2

h i
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p10 ¼ð0:377� 0:722Þ; q10ðE; n; ggÞ ¼ 0:02þ 0:345c3½ ðE; ggÞ � 0:0066
2eB
�h

nþ 1
2

� �� �1
2

þ 0:377� 1:212eB
�h

nþ 1
2

� �
þ 0:722 �Eg0 þ 0:822

eB
�h

nþ 1
2

� �� 		

and

R10;�ðE; n; ggÞ ¼
2h0ðE; ggÞ

1þEof ðE=ggÞ

"
þ c3ðE; ggÞ

�Eg0 � 0:390
eB
�h

nþ 1
2

� �� 	
� 0:06�Eg0 þ 0:122

eB
�h

nþ 1
2

� �� �

2eB
�h

nþ 1
2

� �� �1
2

� �Eg0 þ 0:822
eB
�h

nþ 1
2

� �� �
1:212eB

�h
nþ 1

2

� �

� 0:46eB
�h

nþ 1
2

� �	
:

The EEM at the Fermi Level can be written from (7.62) as

m�
�ðEFBHD; ggÞ ¼

�h2

2
U0

50;�ðEFBHD; n; ggÞ ð7:63Þ

Thus from (7.63) we note that the EEM is a function of the Fermi energy,
Landau quantum number and the scattering potential.

7.3 Discussion

• It appears that the magneto DRs are in general quantized non-parabolas and the
consecutive different between two curves are not constant but varies with other
physical constants together with scattering potentials.

• The magneto DR is concentration dependent, a fact only possible for HD
materials forming band-tails

• The Landau sub-bands are concentration dependent

It may be noted that initial works based on Kane’s density-of-states technique
[12] in deriving the DOS have been made by Tsitsishvili [13] and Dyakonov et al.
[14]. Also, Dyakonov et al. found the distribution of impurity potential as the
Gaussian distribution [14]. The basic limitations of Kane’s model of
density-of-states technique, as mentioned above, have also strongly influenced the
models proposed by Tsitsishivili [13] and Dyakonov et al. [14].

Dyakonov et al. [14] considered the basic equation for the present case as
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E ¼ Vð�rÞþ �h2k2z
2mc

þ nþ 1
2

� �
�hx0B� 1

2
glBB ð7:64Þ

where Vð�rÞ is a slowly varying impurity potential in the crystal.
From (7.64), we find the density-of-states, qðEIs; �rÞ, at the local point ð�rÞ in

space as

qðEIs;�rÞ ¼ 1
4p2

2mc

�h2

� �3=2

�hx0

X
Is

EIs � Vð�rÞ½ ��1=2 ð7:65Þ

where EIs ¼ E � nþ 1
2

� �
�hx0 � 1

2 glBB and s represents the spin + or −.
In (7.65), each elemental volume is considered independently so that the

density-of-states, qDðEI;s; ggÞ, for the whole system is obtained by averaging
qðEI;s;�rÞ over the Gaussian potential distribution of the local potential fluctuations,
as did Dyakonov et al. [14], using the relation:

qDðEI;s; ggÞ ¼
ZEIs

�1
qDðEIs;�rÞFðVÞdV ð7:66Þ

We name this method as density-of-states technique of calculating the DOS.
Thus we get

qDðEI;s; ggÞ ¼
1
4p2

2mc

�h2

� �3=2 �hx0

ðpg2gÞ1=2
X
I;s

IðI; sÞ ð7:67Þ

where

IðI; sÞ ¼ p1=22�1=4g1=2g exp �E2
I;s

2g2g

 !
D�1=2

ffiffiffi
2

p
EI;s

gg

 !
ð7:68Þ

It may be noted from (7.68) that the parabolic cylindrical function,
D�1=2ð�

ffiffiffi
2

p
EI;s
�
ggÞ, exists for ðEI;s

�
ggÞ[ 0 (representing the quantized Landau

sub-bands) and for ðEI;s
�
ggÞ\0 (representing the forbidden band). This indicates

that the DOS function has been tailed into the forbidden region. We now write the
asymptotic expansion of D�1=2ð�

ffiffiffi
2

p
EI;s
�
ggÞ under the following cases:

Case A: when ðEI;s
�
ggÞ\0 and EI;s

�
gg

�� ��! 1
These conditions indicate the region deep into the forbidden band. Under these

limiting condition, we find [15]
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D�1=2ð�
ffiffiffi
2

p
EI;s

.
ggÞ ¼ p�1=2 EI;sffiffiffiffiffiffiffi

2gg
p
 !1=2

K1=4
1
2

E2
I;s

g2g

 !
ð7:69Þ

where K1=4(x) is the real valued MacDonald function.
Therefore, combining (7.67)–(7.69), the expression for the DOS function can be

written as

qDðEI;s; ggÞ ¼
1
4p2

2mc

�h2

� �3=2�hx0

gg

X
Is

EI;s

2p

� �1=2

� exp �E2
I;s

2g2g

 !
K1=4

E2
I;s

2g2g

 !

ð7:70Þ

The (7.70) is exactly the same as that of Dyakonov et al. [14].
The asymptotic expansion [15] of D1=2ð�

ffiffiffi
2

p
EI;s
�
ggÞ provides us

qDðEI;s; ggÞ ¼
1
4p2

2mc

�h2

� �3=2

�hx0

X
I;s

1ffiffiffiffiffiffiffiffiffiffi
2EI;s

p exp �E2
I;s

g2g

 !
� 1� 3

16

g2g
E2
I;s

þ 105
512

g4g
E4
I;s

� � � �1
( )

ð7:71Þ

Equations (7.70) and (7.71) represent the DOS function deep into the forbidden
band. Also, this shows that the DOS function has been tailed into the forbidden
region. In the limiting case. gg ! 0, the density-of-states, qDðEI;s; ggÞ ! 0. This
implies that at a very low doping condition, the tail of the density-of-states
disappears.

Case B: when ðEI;s
�
ggÞ[ 0 and EI;s

�
gg

�� ��! 1
This region lies far above the CB edge. In this limiting case, we find [15]

D�1=2ð�
ffiffiffi
2

p
EI;s

.
ggÞ ¼

p1=2

2
EI;s

2gg

 !1=2

I1=4
1
2

E2
I;s

g2g

 !
ð7:72Þ

where I1=4(x) is the imaginary part of the MacDonald function.
Combining the appropriate equations we get

qDðEI;s; ggÞ ¼
1
4p2

2mc

�h2

� �3=2�hx0

2gg

X
I;s

pEI;s

2

� �1=2

� exp �E2
I;s

2g2g

 !
I1=4

E2
I;s

2g2g

 !

ð7:73Þ

The asymptotic expansion [15] of D�1=2ð�
ffiffiffi
2

p
EI;s
�
ggÞ for this case, yields
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qDðEI;s; ggÞ ¼
1
4p2

2mc

�h2

� �3=2

�hx0

X
I;s

1ffiffiffiffiffiffiffiffiffiffi
2EI;s

p
 !

1þ 3
16

g2g
E2
I;s

þ 105
512

g4g
E4
I;s

þ � � �1
( )

ð7:74Þ

The (7.74) represents the density-of-states function in the region far away from
the CB edge. It has a singularity at the point EI;s ¼ 0. In the Limiting case, when
gg ! 0, for low doping condition, we find from (7.74)

qDðEI;s; 0Þ ¼ 1
4p2

2mc

�h2

� �3=2

�hx0

X
I;s

1ffiffiffiffiffiffiffi
EI;s

p ð7:75Þ

The (7.75) shows the magneto DOS function in the normal case of a parabolic
band, in the absence of band-tails.

We now find the expression for DOS,qDðEI;s; ggÞ, when energy, EI;s is small.
This means that the region is very near to the CB edge. This case is possible, when
I ¼ 0 and s ¼ �1. It may be noted here that for a small value of E, neither
Tsitsishvili [13] nor Dyakonov et al. [14] provided any expression for DOS
function. For this case, we have to find the asymptotic expansion of
D�1=2ð�

ffiffiffi
2

p
EI;s
�
ggÞ appearing in (7.68), when I ¼ 0 and s ¼ �1 and E0

Case C: when ðE0�1
�
ggÞ\0 and E0�1

�
gg ! 0

�� ��
These limits correspond to the region very near to the CB edge and in the

forbidden band. In this limit, we find [15]

D�1=2 �
ffiffiffi
2

p
E0;�1

gg

 !
¼ p1=2 exp �E2

0;�1

2g2g

 !
� 21=4

gg3=4
� 23=4

gg1=4

E0;�1

gg

 !
ð7:76Þ

Thus, we get

qDðE0;�1; ggÞ ¼
1
2p2

2mc

�h2

� �3=2�hx0ffiffiffiffiffiggp exp �E2
0;�1

g2g

 !

� 0:51138� 0:34568
E0;�1

gg

 !" #
ð7:77Þ

From (7.77) exhibits the exponential variation of the DOS, without any singu-
larity point, very near to the CB edge in the forbidden region.

Case D: when ðE0�1
�
ggÞ[ 0 and E0�1

�
gg ! 0

�� ��
This limiting case indicates the region very near to and above the CB edge, i.e.

the lowest Landau sub-band. In this limiting condition, we find [15]

7.3 Discussion 335



D�1=2 �
ffiffiffi
2

p
E0;�1

gg

 !
¼ p1=2 exp �E2

0;�1

2g2g

 !
� 2�1=4

gg3=4
þ 23=4

gg1=4

E0;�1

gg

 !
ð7:78Þ

Thus, we find

qDðE0;�1; ggÞ ¼
1
2p2

2mc

�h2

� �3=2�hx0ffiffiffiffiffiggp exp �E2
0;�1

g2g

 !

� 0:51139� 0:34568
E0;�1

gg

 !" #
ð7:79Þ

From (7.79) shows the exponential variation of the DOS function without any
singularity in the region very near to the lowest Landau sub-band. As noted above,
neither Tsitsishvili [13] nor Dyakonov et al. [14] provided the expression of the
DOS function in this region.

From (7.77) and (7.79), we find the limiting value of the DOS function at the
lowest sub-band, when E0;�1 ¼ 0, as

qDð0; ggÞ ¼ 0:0732755
mc

�h2

� �3=2�hx0ffiffiffiffiffiggp ð7:80Þ

The (7.80) shows that in the heavy doping condition, the DOS at the lowest
sub-band edge is not infinitely large, but has a definite value. This implies that the
band gets perturbed because of the heavy doping. In the case, when there is no tail
(7.75), the DOS function is infinitely large at E0;�1 ¼ 0. In such a case, we call it an
unperturbed conduction band.

It may be noted further that (7.77) and (7.79) represent the DOS function near to
the CB edge, where E0;�1 ! �e; and e ! 0. We are to find now the limiting
values of e, so that (7.77) and (7.79) are valid. The limiting values are obtained
from the derivatives of (7.76) and (7.78), when they are to be equated to the values

� p1=221=4
gg1=4


 �
and p1=221=4

gg1=4


 �
respectively, where U0ð0; 0Þ ¼ � p1=221=4

gg1=4
and V 0ð0; 0Þ ¼

p1=221=4
gg1=4

:

U0ð0; 0Þ and V 0ð0; 0Þ are the derivatives of parabolic cylinder functions at
E0;�1 ! 0. Therefore, the limiting values of E0;�1 for the DOS function.

Table 7.1 Limiting values of
energies ðE0;�1Þ for various
cases of DOS function

DOS qDðE0;�1; ggÞ Workable range of E0;�1

(6.71) �1 to � 0:98623gg
(6.74) 0 to 1
(6.77) �0:98623gg to 1
(6.79) 0
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qDðE0;�1; ggÞ, can be obtained for values of E0;�1 from �0:98623gg to 0, and that of
(6.79) as E0;�1 ¼ 0. For the purpose of condensed presentation in Table 7.1 we
have written the limiting values for energies which are valid for four cases of the
DOS functions (7.71), (7.74), (7.77) and (7.79) in the perturbed band. It may be
noted that the theories of Dyakonov et al. [14] and Tsitsishvili [13] were unable to
show the singularity in the DOS function in the forbidden region.

In Figs. 7.1 and 7.3 we have plotted the DOS function for GaAs, taking gj j ¼
0:44;B ¼ 3:0 T, l ¼ 0 and s ¼ �1 for the lowest Landau sub-band, gg ¼ 5:0�hx0 in
order to cover a wider range of gg.

In Fig. 7.1, graphs AB(A0B0Þ;CD(C0D0Þ; FG(F0G0Þ and HI are drawn for the DOS,
qDðE0;�1; ggÞ versus ðE=�hx0Þ in the perturbed band with the DOS technique pro-
posed by Dyakonov et al. [14] The graph MN is for the DOS, qDðE0;�1; ggÞ(7.75)
with the unperturbed band. The approximate expressions that are used in the plots

Fig. 7.1 Graphs ABðA0B0Þ, CDðC0D0Þ, FGðF0G0Þ, HI are the representations of density-of-states
qDðE0;�1; ggÞ against ðE=�hx0Þ for E=�hx0 ¼ 5:0 (0.5) in the perturbed band at B ¼ 3:0 T for HD
GaAs material and extended for ðE=�hx0Þ
 0 and \0. Graph MN is drawn for the
density-of-states qcðE; 0Þ against ðE=�hx0Þ at B ¼ 3:0 T for GaAs material. The expressions
used in the plots are given in Table 7.2. For this plot gg ¼ C and x0 ¼ xB
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Table 7.2 The approximate expressions for various cases of DOS function that are used in the
plots of Fig. 7.1 for GaAs

Density-of-states (approximate) Curve in
Fig. 7.1

Workable range
of E0;�1

Equation
number

qDðEI;s; ggÞ ¼ 1
4p2

2mc

�h2


 �3=2
�hx0

1ffiffiffiffiffiffiffiffi
E0;�1

p � 1þ 3
16

g2g
ðE0;�1Þ2

n o ABðA0B0Þ 0 to 1 (7.74)

qDðE0;�1; ggÞ ¼
1
2p2

2mc

�h2

� �3=2�hx0ffiffiffiffiffiggp exp �E2
0;�1

g2g

 !
�

0:51139þ 0:34568
E0;�1

gg

 !" #
CDðC0D0Þ 0 (7.79)

qDðE0;�1; ggÞ ¼
1
2p2

2mc

�h2

� �3=2�hx0ffiffiffiffiffiggp exp �E2
0;�1

g2g

 !
�

0:51139� 0:34568
E0;�1

gg

 !" #
FGðF0G0Þ 0:98623gg to 0 (7.77)

qDðE0;�1; ggÞ ¼
1
4p2

2mc

�h2

� �3=2

�hx0
1ffiffiffiffiffiffiffiffiffiffiffiffiffi

2E0;�1
p exp

�E2
0;�1

g2g

 !
� 1� 3

16

g2g
ðE0;�1Þ2

( )
HI �1 to 0:98623gg (7.71)

qDðE0;�1; ggÞ ¼ 1
4p2

2mc

�h2


 �3=2
�hx0ffiffiffiffiffiffiffiffi
E0;�1

p MN (7.75)

Fig. 7.2 Graphs are plotted
for cðE; ggÞ (in eV) versus
electron energy E (ineV) in
the case of impurity screening
energy gg ¼ 2:0 eV (solid
line) and gg ¼ 1:0 eV (dotted
line), for E
 0 and E\0. For
this plot gg ¼ C and x0 ¼ xB
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are given in Table 7.2. It appears from Fig. 7.1 that CD(C0D0Þ; FG(F0G0Þ and HI
exhibit the tail region in the DOS for gg ¼ 5:0�hx0. The unperturbed DOS (graph
MN) never shows such a tail rather singularity at ðE=�hx0Þ ¼ 0:50737. The break
points in the curves AB(A0B0Þ;CD(C0D0Þ; FG(F0G0Þ and HI are due to the limiting
ranges of ðE0;�1; ggÞ in the different models for the DOS, mentioned in Table 7.2. It
may be noted that our results presented above are more simple to handle as compared
to others [13, 14].

In Fig. 7.2 we have plotted cðE; ggÞ against E for gg ¼ 1:0 eV (dotted curve) and
gg ¼ 2:0 (solid curve) in order to show the effect of gg on the tailing of band. These
curves are for the values of E extending �1 to 1. For E\ 0, the curve show a
positive value of cðE; ggÞ. This implies that the energy band is tailing into the
forbidden region. For E[ 0, the graph is no more a straight line and for every large
value of E, the graphs becomes linear. This implies that under band-tailing states,
the E � �k relation remains no more related to its parabolic feature. The curve for
cðE; ggÞ cuts the E ¼ 0 axis at different points, depending on the value of gg, as
shown in Fig. 7.2.

In Fig. 7.3, we have presented the plots of DOS, qðE; ggÞ(solid line for
ðgg=�hx0Þ ¼ 5:0) and dotted line for ððgg=�hx0Þ ¼ 5:0Þ, against ðE=�hx0Þ[ 0 and
ðE=�hx0Þ\0 in order to compare the effect of ðgg=�hx0Þ on it. Figure 7.3 shows that
the tailing of the band in the E � �k relation curves (Fig. 7.2) does not exist in the
DOS, rather a singularity point, that has been shifted to the forbidden region for
ðgg=�hx0Þ ¼ 0:5. For ðgg=�hx0Þ ¼ 0:5, the singularity point remains in the CB
without any tailing in the curve. Figure 7.3, does not show any break point in it and

Fig. 7.3 Graph are plotted
for density-of-states qðE; ggÞ
against ðE=�hx0Þ for
gg
�
�hxB ¼ 5:0 (solid line) and

0.5 (dotted line) at B ¼ 3:0 T,
for GaAs material. Graphs are
extended for ðE=�hx0Þ
 0 and
ðE=�hx0Þ� 0. For this plot
gg ¼ C and x0 ¼ xB
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the tailing in the forbidden band region, as in Fig. 7.1 for qDðE0;�1; ggÞ. We wish to
remark that the singularity for all energies must exist in the DOS function in HDS
under quantizing magnetic field in order to explain the experimentally observed
oscillations in various semiconductor phenomena. We therefore conclude from the
above analysis that there is not enough basis for consideration of the DOS tech-
nique (e.g. the approaches due to Tsitsishvili [13] and Dyakonov et al. [14]) in the
form of the basic equation for the development of band-tailing theory in the
presence of an external magnetic field. Our study on band-tailing using the E � �k
relationship in the presence of a magnetic field is more appropriate and can be used
in a more general way. Also, by band-tailing, we mean that energy band has a tail in
the forbidden band but not the case when the DOS function has a tail in this region.

We have not plotted any other cases and leave the computer plots on the
shoulders of our readers with the hope that they will enjoy the new physics and the
related numerical computations in the own way

7.4 Open Research Problems

(R.7.1) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field for all the materials as given in problems in (R.1.1) of
Chap. 1 in the presence of the Gaussian type band tails

(R.7.2) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field in HD nonlinear optical semiconductors by including
broadening and the electron spin. Study all the special cases for HD III–
V, ternary and quaternary materials in this context

(R.7.3) Investigate the DRs for HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing magnetic
field by including broadening and electron spin

(R.7.4) Investigate the DR for all the materials as stated in (R.1.1) of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field by
including broadening and electron spin under the condition of heavily
doping

(R.7.5) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field and crossed electric fields in HD nonlinear optical
semiconductors by including broadening and the electron spin. Study all
the special cases for HD III–V, ternary and quaternary materials in this
context

(R.7.6) Investigate the DRs for HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing magnetic
field and crossed electric field by including broadening and electron spin

(R.7.7) Investigate the DR for all the materials as stated in (R.1.1) of Chap. 1 in
the presence of an arbitrarily oriented quantizing magnetic field and
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crossed electric field by including broadening and electron spin under the
condition of heavy doping

(R.7.8) Investigate the 2D DR in QWs of HD nonlinear optical, III–V, II–VI,
IV–VI and stressed Kane type semiconductors in the presence of
magnetic quantization

(R.7.9) Investigate the 2D DR for HD QWs of all the materials as considered in
problems (R.1.1) in the presence of magnetic quantization

(R.7.10) Investigate the 2D DR in the presence of an arbitrarily oriented
non-quantizing magnetic field for the QWs of HD nonlinear optical
semiconductors by including the electron spin. Study all the special cases
for III–V, ternary and quaternary materials in this context

(R.7.11) Investigate the DRs in QWs of HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented non-quantizing
magnetic field by including the electron spin

(R.7.12) Investigate the 2D DR for HD QWs of all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented magnetic field
by including electron spin and broadening

(R.7.13) Investigate the DR for all the problems of (R.1.1) under an additional
arbitrarily oriented non uniform magnetic field in the presence of heavy
doping

(R.7.14) Investigate the DR for all the problems of (R.1.1) under the arbitrarily
oriented crossed electric and magnetic fields in the presence of heavy
doping

(R.7.15) Investigate all the problems of this section by removing all the
mathematical approximations and establishing the respective appropriate
uniqueness conditionsUniqueness conditions.
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Chapter 8
The DR in HDs Under Cross-Fields
Configuration

Nothing is interesting until I am interested.

8.1 Introduction

The influence of crossed electric and quantizing magnetic fields on the transport
properties of semiconductors having various band structures are relatively less
investigated as compared with the corresponding magnetic quantization, although,
the cross-fields are fundamental with respect to the addition of new physics and the
related experimental findings. In 1966, Zawadzki and Lax [1] formulated the
electron dispersion law for III–V semiconductors in accordance with the two band
model of Kane under cross fields configuration which generates the interest to study
this particular topic of semiconductor science in general [2–14].

In Sect. 8.2.1 of theoretical background, the DR in HD nonlinear optical
materials in the presence of crossed electric and quantizing magnetic fields has been
investigated by formulating the electron dispersion relation. The Sect. 8.2.2 reflects
the study of the DR in HD III–V, ternary and quaternary compounds as a special
case of Sect. 8.2.1. The Sect. 8.2.3 contains the study of the DR for the HD II–VI
semiconductors in the present case. In Sect. 8.2.4, the DR under cross field con-
figuration in HD IV–VI semiconductors has been investigated in accordance with
the models of the Cohen, the Lax nonparabolic ellipsoidal and the parabolic
ellipsoidal respectively. In the Sect. 8.2.5, the DR for the HD stressed Kane type
semiconductors has been investigated. The Sect. 8.3 contains the summary and
conclusion of this chapter and the last Sect. 8.4 presents three open research
problems.

© Springer International Publishing Switzerland 2016
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8.2 Theoretical Background

8.2.1 The DR in HD Nonlinear Optical Semiconductors
Under Cross-Fields Configuration

The (2.26) of Chap. 2 can be expressed as

T22 E; gg
� � ¼ p2s

2m�
?
þ p2z
2Mk

T22 E; gg
� �

T21 E; gg
� �� ��1 ð8:1Þ

where, ps ¼ �hks and pz ¼ �hkz
We know that from electromagnetic theory that,

~B ¼ r�~A ð8:2Þ

where, ~A is the vector potential. In the presence of quantizing magnetic field
B along z direction, the (8.2) assumes the form

0̂iþ 0̂jþ Bk̂ ¼
î ĵ k̂
@
@x

@
@y

@
@z

Ax Ay Az

������
������ ð8:3Þ

where î, ĵ and k̂ are orthogonal triads. Thus, we can write

@Az

@y
� @Ay

@z
¼ 0

@Ax

@z
� @Az

@x
¼ 0

@Ay

@x
� @Ax

@y
¼ B

ð8:4Þ

This particular set of equations is being satisfied for Ax ¼ 0, Ay ¼ Bx and
Az ¼ 0.

Therefore in the presence of the electric field Eo along x axis and the quantizing
magnetic field B along z axis for the present case following (8.1) one can
approximately write,

T22 E; gg
� �þ ej jE0x̂q E; gg

� � ¼ p̂2x
2m�

?
þ p̂y � ej jBx̂� �2

2m�
?

þ p̂2z
2a E; gg
� � ð8:5Þ
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where

q Eð Þ � @

@E
T22 E; gg
� �� �

and a E; gg
� � � m�

k T22 E; gg
� �� ��1 T21 E; gg

� �� �

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂� m�
?Eoq E; gg

� �
B

ð8:6Þ

Eliminating the operator x̂, between (8.5) and (8.6) the dispersion relation of the
conduction electron in tetragonal semiconductors in the presence of cross fields
configuration is given by

T 22 E; gg
� � ¼ nþ 1

2
�hx01

� �
þ �hkz Eð Þ½ �2

2a E; gg
� �

 !
� Eo�hkyq E; gg

� �
B

 !
� M?q2 E; gg

� �
E2
o

2B2

 !" #

ð8:7Þ

where,

x01 ¼ ej jB
m�

?

The EEMs along Z and Y directions can, respectively be expressed from (8.7) as

m�
z
�EFBHD; gg; n;E0
� � ¼ Real part of a0 �EFBHD; gg

� �
T22 �EFBHD; gg
� �� nþ 1

2

� �
�hx01

		

þM?q2 �EFBHD; gg
� �

E2
0

2B2

#
þ a �EFBHD; gg

� �

T 0
22

�EFBHD; gg
� �þM?q �EFBHD; gg

� �
q0 �EFBHD; gg
� �

E2
0

B2

" ##

ð8:8Þ

and

m�
y
�EFBHD; gg; n;E0
� � ¼ B

E0

� �2

Real part of q �EFBHD; gg
� �� ��3

T22 �EFBHD; gg
� �� nþ 1

2

� �
�hx01 þ

M?q2 �EFBHD; gg
� �

E2
0

2B2

" #

qð�EFBHD; ggÞ T 0
22

�EFBHD; gg
� �þM?q �EFBHD; gg

� �
q0 �EFBHD; gg
� �

E2
0

B2

" #""

� T22 �EFBHD; gg
� �� nþ 1

2

� �
�hx01 þ

M?q2 �EFBHD; gg
� �

E2
0

2B2

" #

q0 �EFBHD; gg
� ��� ð8:9Þ
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where �EFBHD is the Fermi energy in the presence of cross-fields configuration and
heavy doping as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization.

When E0 ! 0, m�
z
�EFBHD; gg; n;E0
� �! 1, which is a physically justified result.

The dependence of the EEM along y direction on the Fermi energy, electric field,
magnetic field and the magnetic quantum number is an intrinsic property of cross
fields together with the fact in the present case of heavy doping, the EEM exists in
the band gap. Another characteristic feature of cross field is that various transport
coefficients will be sampled dimension dependent. These conclusions are valid for
even isotropic parabolic energy bands and cross fields introduce the index depen-
dent anisotropy in the effective mass.

The formulation of DR requires the expression of the electron concentration
which can, in general, be written excluding the electron spin as

n0 ¼ �gv
Lxp2

Xnmax

n¼0

Z1
�E0

I E; gg
� � @f0

@E
dE ð8:10Þ

where Lx is the sample length along x direction, �E0 is determined by the equation

I �E0; gg
� � ¼ 0

where

I E; gg
� � ¼ Zxh E;ggð Þ

xl E;ggð Þ
kz Eð Þdky ð8:11Þ

in which, xl E; gg
� � � �E0M?q E;ggð Þ

�hB and xh E; gg
� � � ej jBLx

�h þ xl E; gg
� �

:

Thus we get

I E; gg
� � ¼ 2

3

B
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2a E; gg
� �q

�h2E0q E; gg
� �

2
4 T22 E; gg

� �� nþ 1
2

� �
�h ej jB
m�

?
þ ej jE0Lxq E; gg

� �� m�
?E

2
0 q E; gg
� �� �2

2B2

" #" 3
2

� T22 E; gg
� �� nþ 1

2

� �
�h ej jB
m�

?
� m�

?E
2
0 q E; gg
� �� �2

2B2

" #3
2
3
5
3
5 ð8:12Þ

348 8 The DR in HDs Under Cross-Fields Configuration



Therefore the electron concentration is given by

n0 ¼ 2gvB
ffiffiffi
2

p

3Lxp2�h2E0

� �
Real part of

Xnmax

n¼0

T41HD n; �EFBHD; gg
� �þ T42HD n; �EFBHD; gg

� �� �
ð8:13Þ

where

T41 n; �EFBHD; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a �EFBHD; gg
� �q

q �EFBHD; gg
� �

"
T22 �EFBHD; gg
� �� nþ 1

2

� �
�h ej jB
M?

þ ej jE0Lxq �EFBHD; gg
� �	

:

�m�
?E

2
0 q �EFBHD; gg
� �� �2
2B2

#3
2

� T22 �EFBHD; gg
� �� nþ 1

2

� �
�h ej jB
m�

?
� m�

?E
2
0 q �EFBHD; gg
� �� �2
2B2

" #3
2
3
5

where �EFBHD is the Fermi energy in this case and

T42HD n; �EFBHD; gg
� � �Xs

r¼1

LðrÞT41HD n; �EFBHD; gg
� �� �

Therefore the DOS function can be written as

N E0;Bð Þ ¼ 2gvB
ffiffiffi
2

p

3Lxp2�h2E0

� �Xnmax

n¼0

T41HD n;E; gg
� �� �0

HðE � �E71Þ ð8:14Þ

where �E71 is the complex Landau level energy in this case.

8.2.2 The DR in HD Kane Type III–V Semiconductors
Under Cross-Fields Configuration

(a) Under the conditions d ¼ 0, Dk ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (8.7) assumes

the form
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T33 E; gg
� � ¼ nþ 1

2

� �
�hx0 þ �hkz Eð Þ½ �2

2mc

� E0

B
�hky T33 E; gg

� �� �0�mcE2
0 T33 E; gg

� �� �0h i2
2B2 ð8:15Þ

where

T33 E;gg

� � ¼ T31 E;gg

� �þ iT32 E;gg

� �
The use of (8.15) leads to the expressions of the EEMs’ along z and y directions as

m�
z
�EFBHD; gg; n;E0
� � ¼ mc Real part of T33ð�EFBHD; ggÞ

� �00h

þmcE2
0 T33ð�EFBHD; ggÞ
� �0

T33ð�EFBHD; ggÞ
� �00

B2

#

ð8:16Þ

m�
y
�EFBHD; gg; n;E0
� � ¼ B

E0

� �2

Real part of T33ð�EFBHD; ggÞ
� �0h i�1

T33 �EFBHD; gg
� �� nþ 1

2

� �
�hx0 þ

mcE2
0 T33 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

� T33 �EFBHD; gg
� �� �00

T33 �EFBHD; gg
� �� �0h i2 T33ð�EFBHD; ggÞ � nþ 1

2

� �
�hx0

	2
64

þ
mcE2

0 T33 �EFBHD; gg
� �� �0h i2
2B2

3
75

þ 1þ mcE2
0 T33 �EFBHD; gg

� �� �00
B2

#

ð8:17Þ

The Landau energy �En1ð Þ can be written as

T33 �En1 ; gg
� � ¼ nþ 1

2

� �
�hx0 �

mcE2
0 T33 �En1 ; gg

� �� �0h i2
2B2 ð8:18Þ
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The electron concentration in this case assumes the form

n0 ¼ 2gvB
ffiffiffi
2

p
mc

3Lxp2�h2E0

� �
Real part of

Xnmax

n¼0

T43HD n; �EFB; gg
� �þ T44HD n; �EFB; gg

� �� �
ð8:19Þ

where,

T43HD n; �EFBHD; gg
� � ¼

"
T33 �EFB; gg
� �� nþ 1

2

� �
�hx0 � mcE2

0

2B2 T33 �EFB; gg
� �� �0h i2

:

þ ej jE0Lx T33 �EFB; gg
� �� �0h ii3

2

� T33 �EFB; gg
� �� nþ 1

2

� �
�hx0 � mcE2

0

2B2 T33 �EFB; gg
� �� �0h i2#3

2

2
4
1

T33 �EFB; gg
� �� �0h i and

T44HD n; �EFBHD; gg
� � �Xs

r¼1

L rð ÞT44HD n; �EFBHD; gg
� �� �

:

Therefore the DOS function can be written as

N E0;Bð Þ ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

� �Xnmax

n¼0

T43HD n;E; gg
� �� �0

H E � �En1ð Þ ð8:20Þ

(b) Under the conditionD � Eg, (8.16) assumes the form

c2 E; gg
� � ¼ nþ 1

2

� �
�hx0 � E0

B
�hkyc

0
2 E; gg
� �� mcE2

0

2B2 c02 E; gg
� �� �2þ �hkz Eð Þ½ �2

2mc

ð8:21Þ

The use of (8.21) leads to the expressions of the EEMs’ along z and y directions as

m�
z
�EFBHD; gg; n;E0
� � ¼ mc c2 �EFBHD; gg

� �� �00þmcE2
0 c2 �EFBHD; gg

� �� �0
c2 �EFBHD; gg
� �� �00

B2

" #

ð8:22Þ
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m�
y
�EFBHD; gg; n;E0
� � ¼ B

E0

� �2 1

c2ð�EFBHD; ggÞ
� �0h i

c2 �EFBHD; gg
� �� nþ 1

2

� �
�hx0 þ

mcE2
0 c2 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

� c2 �EFBHD; gg
� �� �00

c2 �EFBHD; gg
� �� �0h i2

2
64

c2 �EFBHD; gg
� �� nþ 1

2

� �
�hx0 þ

mcE2
0 c2 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

þ1þ mcE2
0 c2 �EFBHD; gg

� �� �00
B2

#

ð8:23Þ

The Landau energy �En2ð Þ can be written as

c2 �En2 ; gg
� � ¼ nþ 1

2

� �
�hx0 � mcE2

0

2B2 c02 �En2 ; gg
� �� �2 ð8:24Þ

The expressions for n0 in this case assume the forms

n0 ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

Xnmax

n¼0

T47HD n; �EFBHD; gg
� �þ T48HD n; �EFBHD; gg

� �� � ð8:25Þ

where

T47HD n; �EFBHD; gg
� � � c2 �EFBHD; gg

� �� nþ 1
2

� �
�hx0

		

þ ej jE0Lx c02 �EFBHD; gg
� �� �� mcE2

0

2B2 c02 �EFBHD; gg
� �� �23

2

� c2 �EFBHD; gg
� �� �� nþ 1

2

� �
�hx0 � mcE2

0

2B2 c02 �EFBHD; gg
� �� �2	 3

2
#

c02 �EFBHD; gg
� �� ��1
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and T48HD n; �EFBHD; gg
� � � Ps

r¼0
LðrÞ T47HD n; �EFBHD; gg

� �� �
:

Therefore the DOS function can be written as

N E0;Bð Þ ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

Xnmax

n¼0

T47HD n;E; gg
� �� �0

H E� �En2ð Þ ð8:26Þ

(c) For a ! 0 and we can write,

c3 E; gg
� � ¼ nþ 1

2

� �
�hx0 � E0

B
�hkyc

0
3 E; gg
� �� mcE2

0

2B2 c03 E; gg
� �� �2þ �hkz Eð Þ½ �2

2mc

ð8:27Þ

The use of (8.26) leads to the expressions of the EEMs’ along z and y directions as

m�
z
�EFBHD; gg; n;E0
� � ¼ mc c3 �EFBHD; gg

� �� �00þmcE2
0 c3 �EFBHD; gg

� �� �0
c3 �EFBHD; gg
� �� �00

B2

" #

ð8:28Þ

m�
y
�EFBHD; gg; n;E0
� � ¼ B

E0

� �2 1

c3 �EFBHD; gg
� �� �0h i

c3 �EFBHD; gg
� �� nþ 1

2

� �
�hx0 þ

mcE2
0 c3 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

"
� c3 �EFBHD; gg

� �� �00
c3 �EFBHD; gg
� �� �0h i2:

c3 �EFBHD; gg
� �� nþ 1

2

� �
�hx0 þ

mcE2
0 c3 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

þ1þ mcE2
0 c3 �EFBHD; gg

� �� �00
B2

#

ð8:29Þ

The Landau energy �En3ð Þ can be written as

c3 �En3 ; gg
� � ¼ nþ 1

2

� �
�hx0 � mcE2

0

2B2 c03 En3 ; gg
� �� �2 ð8:30Þ
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The expressions for n0 in this case assume the forms

n0 ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

Xnmax

n¼0

T49HD n; �EFBHD; gg
� �þ T50HD n; �EFBHD; gg

� �� � ð8:31Þ

where

T49HD n; �EFBHD; gg
� � � c3 �EFBHD; gg

� �� nþ 1
2

� �
�hx0

		

þ ej jE0Lx c03 �EFBHD; gg
� �� �� mcE2

0

2B2 c03 �EFBHD; gg
� �� �23

2

� c3 �EFBHD; gg
� �� �� nþ 1

2

� �
�hx0 � mcE2

0

2B2
c03 �EFBHD; gg
� �� �2	 3

2

#

c03 �EFBHD; gg
� �� ��1

and T50HD n; �EFBHD; gg
� � � Ps

r¼0
L rð Þ T49HD n; �EFBHD; gg

� �� �
.

Therefore the DOS function can be written as

N E0;Bð Þ ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

Xnmax

n¼0

T49HD n;E; gg
� �� �0

H E � �En3ð Þ ð8:32Þ

8.2.3 The DR in HD II–VI Semiconductors Under
Cross-Fields Configuration

The electron energy spectrum in HD II–VI semiconductors in the presence of
electric field E0 along x direction and quantizing magnetic field B along z direction
can approximately be written as

c3 E; gg
� � ¼ b1 n;E0ð Þ � E0

B
�hkyc

0
3 E; gg
� �� m�

kE
2
0

2B2 c03 E; gg
� �� �2þ �hkz Eð Þ½ �2

2m�
k

ð8:33Þ

where b1 n;E0ð Þ � nþ 1
2

� �
�hx02 � E2

0m
�
?

2B2

� �
þ D nþ 1

2

� �
�hx02 þ E2

0m
�
?

2B2

� �n o1
2

	 
,

x02 � ej jB
m�

?
:

and

D � �
�k0

ffiffiffiffiffiffiffiffiffi
2m�

?
p
�h
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The use of (8.31) leads to the expressions of the EEMs’ along z and y directions
as

m�
z
�EFBHD; gg; n;E0
� � ¼m�

k

"
c3 �EFBHD; gg
� �� �00

:

þ
m�

kE
2
0 c3 �EFBHD; gg

� �� �0
c3 �EFBHD; gg
� �� �00

B2

#

ð8:34Þ

m�
y
�EFBHD; gg; n;E0
� � ¼ B

E0

� �2 1

c3 �EFBHD; gg
� �� �0h i

c3 �EFBHD; gg
� �� b1 n;E0ð Þ þ

m�
kE

2
0 c3 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

� c3 �EFBHD; gg
� �� �00

c3 �EFBHD; gg
� �� �0h i2

2
64

c3 �EFBHD; gg
� �� b1 n;E0ð Þ þ

m�
kE

2
0 c3 �EFBHD; gg

� �� �0h i2
2B2

2
64

3
75

þ 1þ
m�

kE
2
0 c3 �EFBHD; gg

� �� �00
B2

#

ð8:35Þ

The Landau energy �En4ð Þ can be written as

c3 �En4 ; gg
� � ¼ b1 n;E0ð Þ �

m�
kE

2
0

2B2 c03 �En4 ; gg
� �� �2 ð8:36Þ

The expression for n0 in this case assumes the form

n0 ¼
2gvB

ffiffiffiffiffiffiffiffi
2m�

k
q

3Lxp2�h2E0

Xnmax

n¼0

T53HD n; �EFBHD; gg
� �þ T54HD n; �EFBHD; gg

� �� � ð8:37Þ
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where

T53HD n; �EFBHD; gg
� � �

"
c3 �EFBHD; gg
� �� b1 n;E0ð Þ þ ej jE0Lx c03 �EFBHD; gg

� �� ��
:

�
m�

kE
2
0

2B2
c03 �EFBHD; gg
� �� �2#3

2

�
"

c3 �EFBHD; gg
� �� �� b1 n;E0ð Þ �

m�
kE

2
0

2B2 c03 �EFBHD; gg
� �� �2�32

#

c03 �EFBHD; gg
� �� ��1

and T54HD n; �EFBHD; gg
� � � Ps

r¼0
L rð Þ T53HD n; �EFBHD; gg

� �� �
.

Therefore the DOS function can be written as

N E0;Bð Þ ¼ 2gvB
ffiffiffiffiffiffiffiffi
2mc

p

3Lxp2�h2E0

Xnmax

n¼0

T53HD n;E; gg
� �� �0

H E � �En4ð Þ ð8:38Þ

8.2.4 The DR in HD IV–VI Semiconductors Under
Cross-Fields Configuration

The (2.143) can be written as

p2s
2M�

1 E; gg
� �þ p2z

2M�
3 E; gg
� � ¼ g E; gg

� � ð8:39Þ

where

M�
1ðE; ggÞ ¼ ð�RÞ2

Eg
c1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �þ ð�SÞ2

D0
c

c2ða2;E;EgÞ � iD2ða2;E;EgÞ
� �h

þ ð�QÞ2
D0
c

c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �i�1

M�
3ðE; ggÞ ¼ 2ð�AÞ2

Eg
c1ða1;E;EgÞ � iD1ða1;E;EgÞ
� �þ ð�Sþ�QÞ2

D00
c

c3ða3;E;EgÞ � iD3ða3;E;EgÞ
� �h i�1

and

g�ðE; ggÞ ¼ 2�h2c0ðE; ggÞ
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In the presence of quantizing magnetic field B along z direction and the electric
field along x-axis, from above equation one obtains

p̂2x
2M�

1 E; gg
� �þ p̂y � ej jBx̂� �2

2M�
1 E; gg
� � þ p̂2z

2M�
3 E; gg
� � ¼ g� E; gg

� �þ ej jE0x̂q
�
1 E; gg
� � ð8:40Þ

where q�1 E; gg
� � ¼ @

@E
g� E; gg
� �� �

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂� q�1 E; gg
� �

E0 M�
1 E; gg
� �� �

B
ð8:41Þ

Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuraration can be expressed as

g� E; gg
� � ¼ nþ 1

2

� �
�hxi1 E; gg

� �þ �h2k2z
2M�

3 E;ggð Þ �
E0
B q�1 E; gg

� �
�hky � E2

0
2B2 q�1 E; gg

� �� �2
M�

1 E; gg
� �

where xi1 E; gg
� � ¼ eB M�

1 E; gg
� �� ��1

ð8:42Þ

The use of (8.42) leads to the expressions of the EEM s’ along z and y directions
as

m�
z
�EFBHD; gg; n;E0
� � ¼Real part of M�

3
�EFBHD; gg
� �� �0h

g� �EFBHD; gg
� �� nþ 1

2

� �
�hxi1 �EFBHD; gg

� �	

þ E2
0

2B2
q�1 �EFBHD; gg
� �� �2

M�
1
�EFBHD; gg
� ��þ M�

3
�EFBHD; gg
� �� �

g� �EFBHD; gg
� �� �0�h

nþ 1
2

� �
�h xi1 �EFBHD; gg

� �� �0
þ E2

0

2B2
q�1 �EFBHD; gg
� �� �2

M�
1
�EFBHD; gg
� �� �0h i

þ 2 M�
3
�EFBHD; gg
� �� �

q�1 �EFBHD; gg
� �� �

q�1 �EFBHD; gg
� �� �0ii

ð8:43Þ
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m�
y
�EFBHD; gg; n;E0
� � ¼ B=E0ð Þ2Real part of q�1 �EFBHD; gg

� �� ��3

g� �EFBHD; gg
� �� nþ 1

2

� �
�hxi1 �EFBHD; gg

� �	

þ E2
0

2B2 q�1 �EFBHD; gg
� �� �2

M�
1
�EFBHD; gg
� �

q�1 �EFBHD; gg
� �� �

g� �EFBHD; gg
� �� �0� nþ 1

2

� �
�h xi1 �EFBHD; gg

� �� �0	

þ E2
0

2B2 q�1 �EFBHD; gg
� �� �2

M�
1
�EFBHD; gg
� �� �0h i

� q�1 �EFBHD; gg
� �� �0

g� �EFBHD; gg
� �� nþ 1

2

� �
�hxi1 �EFBHD; gg

� �	
E2
0

2B2 q�1 �EFBHD; gg
� �� �2

M�
1
�EFBHD; gg
� �

ð8:44Þ

The Landau level energy ðEn9Þ in this case can be expressed through the
equation

g� E; gg
� � ¼ nþ 1

2

� �
�hxi1 �En9 ; gg

� �� E2
0

2B2 q�1 �En9 ; gg
� �� �2

M�
1
�En9 ; gg
� � ð8:45Þ

The electron concentration can be written as

n0 ¼ 2B

3Lxp2�h2E0
Real part of

Xnmax

n¼0

T4131HD n; �EFBHD; gg
� �þ T4141HD n; �EFBHD; gg

� �� �
ð8:46aÞ

where

T4131HD n; �EFBHD; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2M�

3
�EFBHD; gg
� �q

q�1 �EFBHD; gg
� �

2
4

3
5

"
T51 n; �EFBHD; gg
� �þ E0

B
q�1 �EFBHD; gg
� �

�hxhHD1 �EFBHD; gg
� �

q�1 �EFBHD; gg
� �#" 3

2

� T51 n; �EFBHD; gg
� �þ E0

B
q�1 �EFBHD; gg
� �

�hxhHD1 �EFBHD; gg
� �

q�1 �EFBHD; gg
� �	 3

2

#
;

T51 n; �EFBHD; gg
� � ¼

"
g� �EFBHD; gg
� �� nþ 1

2

� �
�hxi1 �EFBHD; gg

� �
:

þM�
1
�EFBHD; gg
� �

E2
0

2B2 q�1 �EFBHD; gg
� �� �2#
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xlHD1 �EFBHD; gg
� � ¼�M�

1
�EFBHD; gg
� �

E0 q�1 �EFBHD; gg
� �� �

B
;

xhHD1 �EFBHD; gg
� � ¼ ej jBLx

�h
þ xlHD1 �EFBHD; gg

� �
and

T4141HD n; �EFBHD; gg
� � �Xs

r¼1

L rð ÞT4131HD n; �EFBHD; gg
� �

The DOS in this case is given by

N E0;Bð Þ ¼ 2B

3Lxp2�h2E0

Xnmax

n¼0

T4131HD n;E; gg
� �� �0

H E � En9ð Þ ð8:46bÞ

8.2.5 The DR in HD Stressed Kane Type Semiconductors
Under Cross-Fields Configuration

The use of (2.175) can be written as

p2x
2m�

1 E; gg
� �þ p2y

2m�
2 E; gg
� �þ p2z

2m�
3 E; gg
� � ¼ G� E; gg

� � ð8:47Þ

where

m�
1 E; gg
� � ¼ 2�h2 c0 E; gg

� �� Ið1ÞT17
� �� ��1

;

T17 ¼ Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0exx �

�b0
2
eþ

ffiffiffi
3

p

2

� �
exy�d0

	 
;

m�
2 E; gg
� � ¼ 2�h2 c0 E; gg

� �� Ið1ÞT27
� �� ��1

;

T27 ¼ Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0exx �

�b0
2
e�

ffiffiffi
3

p

2

� �
exy�d0

	 
;

m�
3 E; gg
� � ¼ 2�h2 c0 E; gg

� �� Ið1ÞT37
� �� ��1

;

T37 ¼ Eg � C1e� ð�a0 þ C1Þeþ 3
2
�b0exx �

�b0
2
e

	 
;

and the other symbols are written in Chap. 2.
In the presence of quantizing magnetic field B along z direction and the electric

field along x-axis, from (8.47) one obtains
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p̂2x
2m�

1 E; gg
� �þ p̂� ej jBx̂ð Þ2

2m�
2 E; gg
� � þ p̂2z

2m�
3 E; gg
� � ¼ G� E; gg

� �

þ ej jE0x̂
m�

1 E; gg
� �

m�
2 E; gg
� �

" #1
2

q� E; gg
� �

ð8:48Þ

where

q� E; gg
� � ¼ @

@E
G� E; gg
� �� �

Let us define the operator ĥ as

ĥ ¼ �p̂y þ ej jBx̂� q� E; gg
� �

E0 m�
1 E; gg
� �

m�
2 E; gg
� �� �1

2

B
ð8:49aÞ

Eliminating x̂, between the above two equations, the dispersion relation of the
conduction electrons in HD stressed Kane type semiconductors in the presence of
cross fields configuration can be expressed as

G� E; gg
� � ¼ nþ 1

2

� �
�h�xi E; gg
� �þ �h2k2z

2m�
3 E; gg
� �� E0

B
q� E; gg
� � m�

1 E; gg
� �

m�
2 E; gg
� �

" #1
2

�hky

� E2
0

2B2 q� E; gg
� �� �2

m�
1 E; gg
� �

ð8:49bÞ

where �xi E; gg
� � ¼ eB m�

1 E; gg
� �

m�
2 E; gg
� �� ��1

2

The use of (8.49b) leads to the expressions of the EEMs’ along z and y directions
as

m�
z
�EFBHD; gg; n;E0
� � ¼ m�

3
�EFBHD; gg
� �� �0h

G� �EFBHD; gg
� �� nþ 1

2

� �
�hxi �EFBHD; gg
� �	

þ E2
0

2B2 q� �EFBHD; gg
� �� �2

m�
1
�EFBHD; gg
� �

þ m�
3
�EFBHD; gg
� �� �

G� �EFBHD; gg
� �� �0�h

nþ 1
2

� �
�h xi �EFBHD; gg

� �� �0
þ E2

0

2B2 2 q� �EFBHD; gg
� �� �

q� �EFBHD; gg
� �� �0h

m�
1
�EFBHD; gg
� �� �

m�
1
�EFBHD; gg
� �� �0

q� �EFBHD; gg
� �� �2iii

ð8:50Þ
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m�
y
�EFBHD; gg; n;E0
� � ¼ B=E0ð Þ2 m�

4ð�EFBHD; ggÞ
� ��3

G� �EFBHD; gg
� �� nþ 1

2

� �
�hxi �EFBHD; gg
� �	

þ E2
0

2B2 q� �EFBHD; gg
� �� �2

m�
1
�EFBHD; gg
� �

m�
4
�EFBHD; gg
� �� �

G� �EFBHD; gg
� �� �0�h

nþ 1
2

� �
�h xi1 �EFBHD; gg

� �� �0
þ E2

0

2B2 q� �EFBHD; gg
� �� �2

m�
1
�EFBHD; gg
� �� �0h i

� m�
4
�EFBHD; gg
� �� �0

G� �EFBHD; gg
� ��

� nþ 1
2

� �
�hxi1 �EFBHD; gg

� �þ E2
0

2B2
q� �EFBHD; gg
� �� �2

m�
1
�EFBHD; gg
� ���

ð8:51Þ

where

m�
4
�EFBHD; gg
� � ¼ q� �EFBHD; gg

� �� � m�
1
�EFBHD; gg
� �

m�
2
�EFBHD; gg
� �

" #1
2

2
4

3
5

The Landau level energy ðEn8Þ in this case can be expressed through the
equation

G� E; gg
� � ¼ nþ 1

2

� �
�h�xi Eng;gg
� �� E2

0

2B2 q� E; gg
� �� �2

m�
1 Eng ; gg
� � ð8:52Þ

The electron concentration can be written as

n0 ¼ 2B

3Lxp2�h2E0

Xnmax

n¼0

T413HD n; �EFBHD; gg
� �þ T414HD n; �EFBHD; gg

� �� � ð8:53Þ

where

T413HD n; �EFBHD; gg
� � �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�

3
�EFBHD; gg
� �q

q� �EFBHD; gg
� �

2
4

3
5

T5 n; �EFBHD; gg
� �þ E0

B
q� �EFBHD; gg
� �

�hxhHD �EFBHD; gg
� �

q� �EFBHD; gg
� �	 	 3

2

� T5 n; �EFBHD; gg
� �þ E0

B
q� �EFBHD; gg
� �

�hxhHD1 �EFBHD; gg
� �

q� �EFBHD; gg
� �	 3

2

#
;
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T5 n; �EFBHD; gg
� � ¼ G� �EFBHD; gg

� �� nþ 1
2

� �
�hxi �EFBHD; gg
� �	

þm�
1
�EFBHD; gg
� �

E2
0

2B2 ½q� �EFBHD; gg
� ��2

#

xlHD �EFBHD; gg
� � ¼�m�

1
�EFBHD; gg
� �

E0 q� �EFBHD; gg
� �� �

B
;

xhHD �EFBHD; gg
� � ¼ ej jBLx

�h
þ xlHD �EFBHD; gg

� �
and

T414HD n; �EFBHD; gg
� � �Xs

r¼1

LðrÞT413HD n; �EFBHD; gg
� �

The DOS in this case is given by

N E0;Bð Þ ¼ 2B

3Lxp2�h2E0

Xnmax

n¼0

T413HD n;E; gg
� �� �0

H E� �En8ð Þ ð8:54Þ

8.3 Summary and Conclusion

• The DRs in this case are quantized displaced non-parabolas in the k2z � ky plane.
• The DRs are concentration dependent which is possible only under band-tailing

effect.
• The subband energies are complex for non-removable poles in the finite s-plane.
• The subband energies also depend on concentration due to band tails.
• The DOS functions depend on electric field, concentration and the position of

branch-cut changes from denominator to numerator.
• The cross fields introduces energy and quantum number dependent mass

anisotropy.
• The effective mass exists in the band gap which is impossible without band

tailing effect.

Although in a more rigorous statement the many body effects, the hot electron
effects, spin and broadening should be considered along with the self-consistent
procedure, the simplified analysis as presented in this chapter exhibits the basic
qualitative features of the DR in degenerate HD materials having various band
structures in the presence of crossed electric and quantizing magnetic fields with
reasonable accuracy. As a collateral understanding, we have studied the EMMs
along the directions of the magnetic and the electric fields. The characteristic feature
of the cross fields is to introduce index-dependent oscillatory mass anisotropy
which is also concentration dependent for any value of electron energy in this case.
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8.4 Open Research Problems

R.8.1 Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields in HD tetragonal semiconductors by
including broadening and the electron spin. Study all the special cases for
HD III–V, ternary and quaternary materials in this context.

R.8.2 Investigate the DRs for all models of HD IV–VI, II–VI and stressed Kane
type compounds in the presence of an arbitrarily oriented quantizing
magnetic and crossed electric fields by including broadening and electron
spin.

R.8.3 Investigate the DR for all the materials as stated in R.1.1 of Chap. 1 in the
presence of an arbitrarily oriented quantizing magnetic and crossed electric
fields by including broadening and electron spin.

References

1. W. Zawadzki, B. Lax, Phys. Rev. Lett. 16, 1001 (1966)
2. M.J. Harrison, Phys. Rev. A 29, 2272 (1984); J. Zak, W. Zawadzki, Phys. Rev. 145, 536

(1966)
3. W. Zawadzki, Q.H. Vrehen, B. Lax, Phys. Rev. 148, 849 (1966); Q.H. Vrehen, W. Zawadzki,

M. Reine, Phys. Rev. 158, 702 (1967); M.H. Weiler, W. Zawadzki, B. Lax, Phys. Rev. 163,
733 (1967)

4. W. Zawadzki, J. Kowalski, Phys. Rev. Lett. 27, 1713 (1971); C. Chu, M.S Chu, T. Ohkawa,
Phys. Rev. Lett. 41, 653 (1978); P. Hu, C.S. Ting, Phys. Rev. B 36, 9671 (1987)

5. E.I. Butikov, A.S. Kondratev, A.E. Kuchma, Sov. Phys. Sol. State 13, 2594 (1972)
6. K.P. Ghatak, J.P. Banerjee, B. Goswami, B. Nag, Non. Optics and Quantum Optics 16, 241

(1996); M. Mondal, K.P. Ghatak, Phys. Stat. Sol. (b) 133, K67 (1986)
7. M. Mondal, N. Chattopadhyay, K.P. Ghatak, Jour. Low Temp. Phys. 66, 131 (1987); K.

P. Ghatak, M. Mondal, Zeitschrift fur Physik B 69, 471 (1988)
8. M. Mondal, K.P. Ghatak, Phys. Lett. A 131A, 529 (1988); M. Mondal, K.P. Ghatak, in Phys.

Stat. Sol. (b) Germany 147, K179 (1988); B. Mitra, K.P. Ghatak, Phys. Lett. 137A, 413 (1989)
9. B. Mitra, A. Ghoshal, K.P. Ghatak, Phys. Stat. Soli. (b) 154, K147 (1989)
10. B. Mitra, K.P. Ghatak, Phys. Stat. Sol. (b) 164, K13 (1991); K.P. Ghatak, B. Mitra, Int.

J. Electron. 70, 345 (1991); S.M. Adhikari, D. De, J.K. Baruah, S. Chowdhury, K.P. Ghatak
Adv. Sci. Focus 1, 57 (2013); S Pahari, S Bhattacharya, D. De, S.M. Adhikari, A. Niyogi, A.
Dey, N. Paitya, S.C. Saha, K.P. Ghatak, P.K. Bose, Physica B: Condens. Matter 405, 4064
(2010); S. Bhattaacharya, S. Choudhary, S. Ghoshal, S.K. Bishwas, D. De, K.P. Ghatak,
J. Comp. Theory Nanosci. 3, 423 (2006); M. Mondal, K.P. Ghatak, Ann. der Physik. 46, 502
(1989); K.P. Ghatak, B. De, MRS Proceedings 242, 377 (1992); K.P. Ghatak, B. Mitra, Int.
J. Electron. Theory Exp. 70, 343 (1991); B. Mitra, K.P. Ghatak, Phys. Lett. A 141, 81 (1989);
B. Mitra, K.P. Ghatak, Phys. Lett. A 137, 413 (1989); M. Mondal, N. Chattopadhyay, K.
P. Ghatak, J. Low Temp. Phys. 73, 321 (1988); K.P. Ghatak, N. Chattopadhyay, S.N. Biswas,
Int. Soc. Optics Photonics, Proc. Soc. Photo-Optic. Instrum. Eng., USA, 203 (1987)

11. K.P. Ghatak, M. Mitra, B. Goswami and B. Nag, Nonlinear Opt. 16, 167 (1996); K.P. Ghatak,
D.K. Basu, B. Nag, J. Phys. Chem. Sol. 58, 133 (1997)

8.4 Open Research Problems 363

http://dx.doi.org/10.1007/978-3-319-21000-1_1


12. S. Biswas, N. Chattopadhyay, K.P. Ghatak Int. Soc. Optics Photonics, Proc. Soc. Photo-Optic.
Instrum. Eng., USA, 836, 175 (1987); K.P. Ghatak, M. Mondal and S. Bhattacharyya, SPIE
1284, 113 (1990); K.P. Ghatak, Photonic materials and optical bistability. SPIE 1280, 53
(1990)

13. K.P. Ghatak, and S.N. Biswas, Growth and characterization of materials for infrared detectors
and nonlinear optical switches. SPIE 1484, 149 (1991)

14. K.P. Ghatak, Fiber optic and laser sensors IX. SPIE 1584, 435 (1992)

364 8 The DR in HDs Under Cross-Fields Configuration



Chapter 9
The DR in Heavily Doped (HD)
Non-parabolic Semiconductors Under
Magneto-Size Quantization

Failure is a tragedy when seen in close-up but a comedy in
long-shot.

9.1 Introduction

In this chapter in Sect. 9.2.1, of the theoretical background, the DR has been
investigated in ultra thin films of HD non linear optical semiconductors in the
presence of a quantizing magnetic field. The Sect. 9.2.2 contains the results for ultra
thin films of HD III–V, ternary and quaternary compounds in accordance with the
three and the two band models of Kane. In the same section the DR in accordance
with the models of Stillman et al. and Palik et al. have also been studied for the
purpose of relative comparison. The Sect. 9.2.3 contains the study of the DR for
ultra thin films of HD II–VI semiconductors under magnetic quantization. In
Sect. 9.2.4, the DR in ultra thin films of HD IV–VI materials has been discussed in
accordance with the models of Cohen, Lax, Dimmock, Bangert and Kastner and
Foley and Landenberg respectively. In Sect. 9.2.5, the magneto-DR for the stressed
ultra thin films of HD Kane type semiconductors has been investigated. In
Sect. 9.2.6, the DR in ultra thin films of HD Te has been studied under magnetic
quantization. In Sect. 9.2.7, the magneto-DR in ultra thin films of HD n-GaP has
been studied. In Sect. 9.2.8, the DR in ultra thin films of HD PtSb2 has been
explored under magnetic quantization. In Sect. 9.2.9, the magneto-DR in ultra thin
films of HD Bi2Te3 has been studied. In Sect. 9.2.10, the DR in ultra thin films of
HD Ge has been studied under magnetic quantization in accordance with the
models of Cardona et al. and Wang and Ressler respectively. In Sects. 9.2.11 and
9.2.12, the magneto-DR in ultra thin films of HD n-GaSb and II–V compounds has
respectively been studied. In Sect. 9.2.13 the magneto DR in ultra thin films of HD
Pb1−xGexTe has been discussed. The Sect. 9.3 explores the summary and conclu-
sion and the last Sect. 9.4 contains 19 open research problems for this chapter.
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9.2 Theoretical Background

9.2.1 The DR in HD Nonlinear Optical Semiconductors
Under Magneto-Size Quantization

The DR of the conduction electrons in ultra thin films of heavily doped non-linear
optical semiconductors in the presence of a quantizing magnetic field B can be
written following (7.3) as

�h2 nzp
dz

� �2

2m�
k

¼ U1;�ðe81; g; ggÞþU2;�ðe81; g; ggÞ ð9:1Þ

where e81 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e81Þ ð9:2Þ

9.2.2 The DR in QWs of HD III–V Semiconductors Under
Magneto-Size Quantization

(a) Three Band Model of Kane

In accordance with three band model of Kane, the DR in the present case can be
written following (7.11) as

�h2 nzp
dz

� �2

2m�
k

¼ U3;�ðe82; n; ggÞþU4;�ðe82; n; ggÞ ð9:3Þ

where e82 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e82Þ ð9:4Þ
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(b) Two Band Model of Kane

The DR in this case is given by

�h2 nzp
dz

� �2

2mc
¼ c2ðe83; ggÞ � nþ 1

2

� �
�hx0 � 1

2
g�l0B ð9:5Þ

where e83 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e83Þ ð9:6Þ

(c) Parabolic Energy Bands

The DR in this case is given by

�h2 nzp
dz

� �2

2mc
¼ c3ðe84; ggÞ � nþ 1

2

� �
�hx0 � 1

2
g�l0B ð9:7Þ

where e84 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e84Þ ð9:8Þ

(d) The Model of Stillman et al.

Following (7.21) the DR in the present case can be written as

nzp
dz

� �2

¼ U7ðe85; n; ggÞ ð9:9Þ

where e85 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e85Þ ð9:10Þ
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(e) The Model of Palik et al.

Following (7.25) the DR in the present case can be written as

nzp
dz

� �2

¼ A35;�ðe86; n; ggÞ ð9:11Þ

where e86 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e86Þ ð9:12Þ

9.2.3 The DR in HD II–VI Semiconductors Under
Magneto-Size Quantization

Following (7.28) the DR in the present case can be written as

nzp
dz

� �2

¼ U8�ðe87; n; ggÞ ð9:13Þ

where e87 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e87Þ ð9:14Þ

9.2.4 The DR in HD IV–VI Semiconductors Under Magneto
Size-Quantization

The electron energy spectrum in IV–VI semiconductors are defined by the models
of Cohen, Lax, Dimmock and Bangert and Kastner respectively. The magneto DR
in HD IV–VI semiconductors is discussed in accordance with the said model for the
purpose of relative comparison.
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(a) Cohen Model

The DR in the present case can be written as

nzp
dz

� �2

¼ U16�ðe88; n; ggÞ ð9:15Þ

where e88 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e88Þ ð9:16Þ

(b) Lax Model

The DR in the present case can be written as

nzp
dz

� �2

¼ U17�ðe89; n; ggÞ ð9:17Þ

where e89 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e89Þ ð9:18Þ

(c) Dimmock Model

The DR in the present case can be written as

nzp
dz

� �2

¼ U170ðe90; n; ggÞ ð9:19Þ

where e90 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e90Þ ð9:20Þ
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(d) Model of Bangert and Kastner

The DR in the present case can be written as

nzp
dz

� �2

¼ U18ðe91; n; ggÞ
�����
h¼0

ð9:21Þ

where e91 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e91Þ ð9:22Þ

(e) Model of Foley and Langenberg

The DR in the present case can be written as

nzp
dz

� �2

¼ U19ðe92; n; ggÞ ð9:23Þ

where e92 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e92Þ ð9:24Þ

9.2.5 The DR in HD Stressed Kane Type Semiconductors
Under Magneto-Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U41ðe93; n; ggÞ
�����
h¼0

ð9:25Þ

where e93 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e93Þ ð9:26Þ
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9.2.6 The DR in HD Te Under Magneto Size-Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U42�ðe94; n; ggÞ ð9:27Þ

where e94 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e94Þ ð9:28Þ

9.2.7 The DR in HD Gallium Phosphide Under Magneto
Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U43ðe94; n; ggÞ ð9:29Þ

where e94 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e94Þ ð9:30Þ

9.2.8 The DR in HD Platinum Antimonide Under Magneto
Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U44ðe95; n; ggÞ ð9:31Þ

where e95 is the totally quantized energy in this case.
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The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e95Þ ð9:32Þ

9.2.9 The DR in HD Bismuth Telluride Under Magneto
Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U45ðe96; n; ggÞ ð9:33Þ

where e96 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e96Þ ð9:34Þ

9.2.10 The DR in HD Germanium Under Magneto
Size Quantization

(a) Model of Cardona et al.

The DR in the present case can be written as

nzp
dz

� �2

¼ U46ðe97; n; ggÞ ð9:35Þ

where e97 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e97Þ ð9:36Þ
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(b) Model of Wang and Ressler

The DR in the present case can be written as

nzp
dz

� �2

¼ U47ðe98; n; ggÞ ð9:37Þ

where e98 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e98Þ ð9:38Þ

9.2.11 The DR in HD Gallium Antimonide Under Magneto
Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U48ðe99; n; ggÞ ð9:39Þ

where e99 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e99Þ ð9:40Þ

9.2.12 The DR in HD II–V Materials Under Magneto
Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U49�ðe100; n; ggÞ ð9:41Þ

where e100 is the totally quantized energy in this case.
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The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e100Þ ð9:42Þ

9.2.13 The DR in HD Lead Germanium Telluride Under
Magneto Size Quantization

The DR in the present case can be written as

nzp
dz

� �2

¼ U50�ðe101; n; ggÞ ð9:43Þ

where e101 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � e101Þ ð9:44Þ

9.3 Summary and Conclusion

The DRs in magneto-size quantized of HD materials exhibit the fact that the total
energy is quantized since the corresponding wave vector space is totally quantized
by quantizing magnetic field and size quantization along z-direction.

• The DOS functions for all the materials in this case are series of non-uniformly
distributed Dirac’s Delta functions at specified quantized points in the respective
energy axis. The spacing between the consecutive Delta functions are functions
of energy band constants and quantization of the wave vector space of a par-
ticular material. The DOS function needs two summations namely one sum-
mation over the Landau quantum number and the other one is due to size
quantization.

• It may be noted that the energy levels in magneto-size quantized HD materials
lead to the discrete energy levels, somewhat like atomic energy levels, which
produce very large changes. This follows from the inherent nature of the
quantum confinement of the carrier gas dealt with here. In QBs, there remain no
free carrier states in between any two allowed sets of size-quantized levels
unlike that found for QWs, NWs and QBs where the quantum confinements are
1D, 2D and 3D respectively. Consequently, the crossing of the Fermi level by
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the size-quantized levels in this case would have much greater impact on the
redistribution of the carriers among the allowed levels, as compared to that
found for QWs, NWs and QBs respectively.

• It is the band structure which changes in a fundamental way and consequently
all the physical properties of all the electronic materials changes radically
leading to new physical concepts.

9.4 Open Research Problems

(R.9.1) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field for all the QW HD materials as given in problems in
(R.1.1) of Chap. 1.

(R.9.2) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field in QW HD nonlinear optical semiconductors by including
broadening and the electron spin. Study all the special cases for QW HD
III–V, ternary and quaternary materials in this context.

(R.9.3) Investigate the DRs for QW HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing magnetic
field by including broadening and electron spin.

(R.9.4) Investigate the DR for all the QW HD materials as stated in (R.1.1) of
Chap. 1 in the presence of an arbitrarily oriented quantizing magnetic
field by including broadening and electron spin.

(R.9.5) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field and crossed electric fields in QW HD nonlinear optical
semiconductors by including broadening and the electron spin. Study all
the special cases for HD III–V, ternary and quaternary materials in this
context.

(R.9.6) Investigate the DRs for QW HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented quantizing magnetic
field and crossed electric field by including broadening and electron spin.

(R.9.7) Investigate the DR for all the QW HD materials as stated in (R.1.1) of
Chap. 1 in the presence of an arbitrarily oriented quantizing magnetic
field and crossed electric field by including broadening and electron spin.

(R.9.8) Investigate the 2D DR in QW HD nonlinear optical, III–V, II–VI, IV–VI
and stressed Kane type semiconductors.

(R.9.9) Investigate the 2D DR for QW HD for all the materials as considered in
problems (R.1.1).

(R.9.10) Investigate the 2D DR in the presence of an arbitrarily oriented
non-quantizing magnetic field for the QWs HD nonlinear optical
semiconductors by including the electron spin. Study all the special
cases for III–V, ternary and quaternary materials in this context.
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(R.9.11) Investigate the DRs in QWs HD IV–VI, II–VI and stressed Kane type
compounds in the presence of an arbitrarily oriented non-quantizing
magnetic field by including the electron spin.

(R.9.12) Investigate the 2D DR for QW HD for all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented magnetic field
by including electron spin and broadening.

(R.9.13) Investigate the 2D DR for all the problems from RA4.32 to RA4.35 in
the presence of an additional arbitrarily oriented non-quantizing electric
field.

(R.9.14) Investigate the 2D DR for all the problems from RA4.32 to RA4.35 in
the presence of arbitrarily oriented crossed electric and magnetic fields.

(R.9.15) Investigate all the problems from RA4.1 to RA4.37, in the presence of
arbitrarily oriented light waves and magnetic quantization.

(R.9.16) Investigate all the problems from RA4.1 up to RA4.37 in the presence of
exponential, Kane, Halperin and Lax and Bonch-Bruevich band tails
[1–14].

(R.9.17) Investigate all the problems of this chapter by removing all the
mathematical approximations and establishing the uniqueness conditions
in each case.

(R.9.18) (a) Investigate the DR in all the QW HD semiconductors as considered in
this chapter in the presence of defects and magnetic quantization.
(b) Investigate the DR as defined in (R.1.1) in the presence of an
arbitrarily oriented quantizing magnetic field including broadening and
the electron spin (applicable under magnetic quantization) for all the
QW HD semiconductors whose unperturbed carrier energy spectra are
defined in Chap. 1.

(R.9.19) Investigate all the problems of this section by removing all the
mathematical approximations and establishing the respective appropriate
uniqueness conditions.
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Chapter 10
The DR in Heavily Doped Ultra-thin
Films (HDUFs) Under Cross-Fields
Configuration

I will never find a rainbow, if I am looking down.

10.1 Introduction

In this chapter in Sect. 10.2.1 of theoretical background, the DR in ultra thin films of
HD nonlinear optical materials in the presence of crossed electric and quantizing
magnetic fields has been investigated by formulating the electron dispersion rela-
tion. The Sect. 10.2.2 reflects the study of the DR in ultra thin films of HD III–V,
ternary and quaternary compounds as a special case of Sect. 10.2.1. The Sect. 10.2.3
contains the study of the DR for the ultra thin films of HD II–VI semiconductors in
the present case. In Sect. 10.2.4, the DR under cross field configuration in ultra thin
films of HD IV–VI semiconductors has been investigated in accordance with the
models of the Cohen, the Lax non-parabolic ellipsoidal and the parabolic ellip-
soidal respectively. In the Sect. 10.2.5, the DR for the ultra thin films of HD stressed
Kane type semiconductors has been investigated. The Sect. 10.3 contains summary
and conclusion. The last Sect. 10.4 eleven open research problems.

10.2 Theoretical Background

10.2.1 The DR in Heavily Doped Ultra-thin Films
(HDUFs) of Nonlinear Optical Semiconductors
Under Cross-Fields Configuration

The DR of the conduction electrons in HD ultrathin films of nonlinear optical
material in the presence of cross-fields configuration can be written as

© Springer International Publishing Switzerland 2016
K.P. Ghatak, Dispersion Relations in Heavily-Doped Nanostructures,
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T22ðE; ggÞ ¼ n þ 1
2

� �
�hx01

� �
þ ½�h2�

2aðE; ngÞ
� �

npz
dz

� �2

� Eo�hkyqðE; ggÞ
B

� �
� M?q2ðE; ggÞE2

o

2B2

� �" #

ð10:1Þ

The use of (10.1) leads to the expression of EEM along y direction as

m�
yðefA1; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T49ðefA1; gg; nzÞ½T49ðefA1; gg; nzÞ�0

ð10:2aÞ

where efA1 is the Fermi energy in this case and

T49ðefA1; gg; nzÞ ¼ T22ðefA1; ggÞ
� �� n þ 1

2

� �
�hx01

� ��

þ ½�h�2
2aðefA1; ggÞ

 !
pnz
dz

� �2

� M?q2ðefA1; ggÞE2
o

2B2

� �#
½qðefA1; ggÞ��1

The sub band energy E9;1 in this case assumes the from

T22ðE9;1; ggÞ ¼ n þ 1
2

� �
�hx01

� �
þ ½�h2�

2aðE9;1; ngÞ
� �

pnz
dz

� �2

� M?q2ðE9;1; ggÞE2
o

2B2

� �" #

ð10:2bÞ

10.2.2 The DR in Heavily Doped Ultra-thin Films
(HDUFs) of Type III–V Semiconductors Under
Cross-Fields Configuration

(a) Under the conditions d ¼ 0, Dk ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (9.1) assumes

the form

T33ðE; ggÞ ¼ n þ 1
2

� �
�hx0 þ

�h npz
dz

h i2
2mc

� E0

B
�hky T33ðE; ggÞ
� �0 � mcE2

0 ½fT33ðE; ggÞg0�2
2B2

ð10:3Þ
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The use of (10.3) leads to the expression of EEM along y direction as

m�
yðefA2; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T50ðefA2; gg; nzÞ½T50ðefA2; gg; nzÞ�0

ð10:4aÞ

where efA2 is the Fermi energy in this case and

T50ðefA2; gg; nzÞ ¼
"
T33ðefA2; ggÞ � n þ 1

2

� �
�hx0:

�
�h pnz

dz

h i2
2mc

þ mcE2
0 ½fT33ðefA2; ggÞg0�2

2B2

#
½fT33ðefA2; ggÞg0��1

The sub band energy E9;2 in this case assumes the from

T33ðE9;2; ggÞ ¼ n þ 1
2

� �
�hx0 þ

�h pnz
dz

h i2
2mc

� mcE2
0 ½fT33ðE9;2; ggÞg0�2

2B2 ð10:4bÞ

(b) HD two band model of Kane

Under the condition D � Eg, (10.3) assumes the form

c2ðE; ggÞ ¼ n þ 1
2

� �
�hx0 � E0

B
�hkyc

0
2ðE; ggÞ �

mcE2
0

2B2 c02ðE; ggÞ
	 
2 þ �h nzp

dz

h i2
2mc

ð10:5Þ

The use of (10.5) leads to the expression of EEM along y direction as

m�
yðefA3; gg; n;E0; nzÞ ¼ ðB=E0Þ2T51ðefA3; gg; nzÞ½T51ðefA3; gg; nzÞ�0 ð10:6aÞ

where efA3 is the Fermi energy in this case and

T51ðefA3; gg; nzÞ ¼
"
c2ðefA3; ggÞ � n þ 1

2

� �
�hx0:

�
�h pnz

dz

h i2
2mc

þ mcE2
0 ½fc2ðefA3; ggÞg0�2

2B2

#
½fc2ðefA3; ggÞg0��1
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The sub band energy E9;3 in this case assumes the from

c2ðE9;3; ggÞ ¼ n þ 1
2

� �
�hx0 � mcE2

0

2B2 c02ðE9;3; ggÞ
	 
2 þ �h nzp

dz

h i2
2mc

ð10:6bÞ

(c) HD Parabolic energy bands

The DR and for this model under this condition
a ! 0 can be written as

c3ðE; ggÞ ¼ n þ 1
2

� �
�hx0 � E0

B
�hkyc

0
3ðE; ggÞ �

mcE2
0

2B2 c03ðE; ggÞ
	 
2 þ �h nzp

dz

h i2
2mc

ð10:7Þ

The use of (10.7) leads to the expression of EEM along y direction as

m�
yðefA4; gg; n;E0; nzÞ ¼ ðB=E0Þ2T52ðefA4; gg; nzÞ½T52ðefA4; gg; nzÞ�0 ð10:8aÞ

where efA4 is the Fermi energy in this case and

T52ðefA4; gg; nzÞ ¼
"
c3ðefA4; ggÞ � n þ 1

2

� �
�hx0:

�
�h pnz

dz

h i2
2mc

þ mcE2
0 ½fc3ðefA4; ggÞg0�2

2B2

#
½fc3ðefA4; ggÞg0��1

The sub band energy E9;4 in this case assumes the from

c2ðE9;4; ggÞ ¼ n þ 1
2

� �
�hx0 � mcE2

0

2B2 c03ðE9;4; ggÞ
	 
2 þ �h nzp

dz

h i2
2mc

ð10:8bÞ

10.2.3 The DR in Heavily Doped Ultra-thin Films
(HDUFs) of II–VI Semiconductors Under
Cross-Fields Configuration

The DR in this case in ultrathin films of HD II–VI semiconductors can be written as

c3ðE; ggÞ ¼ b1ðn;E0Þ � E0

B
�hkyc

0
3ðE; ggÞ �

m�
kE

2
0

2B2 c03ðE; ggÞ
	 
2 þ �h nzp

dz

� �h i2
2m�

k
ð10:9Þ

382 10 The DR in Heavily Doped Ultra-thin Films …



The use of (10.9) leads to the expression of EEM along y direction as

m�
yðefA5; gg; n;E0; nzÞ ¼ ðB=E0Þ2T53ðefA5; gg; nzÞ½T53ðefA5; gg; nzÞ�0 ð10:10aÞ

where efA5 is the Fermi energy in this case and

T53ðefA5; gg; nzÞ ¼
"
c3ðefA5; ggÞ � b1 n;E0ð Þ:

�
�h npz

dz

h i2
2m�

k
þ

m�
kE

2
0½fc3ðefA5; ggÞg0�2

2B2

#
½fc3ðefA5; ggÞg0��1

The sub band energy E9;5 in this case assumes the from

c3ðE9;5; ggÞ ¼ b1 n;E0ð Þ �
m�

kE
2
0

2B2 c03ðE9;5; ggÞ
	 
2 þ �h nzp

dz

� �h i2
2m�

k
ð10:10bÞ

10.2.4 The DR in Heavily Doped Ultra-thin Films
(HDUFs) of IV–VI Semiconductors Under
Cross-Fields Configuration

The DR in this case is given by

g�ðE; ggÞ ¼ n þ 1
2

� �
�hxi1ðE; ggÞ þ

�h2 nzp
dz

� �2
2M�

3ðE; ggÞ

� E0

B
q�1ðE; ggÞ�hky �

E2
0

2B2 ½q�1ðE; ggÞ�
2M�

1ðE; ggÞ
ð10:11Þ

The use of (10.11) leads to the expression of EEM along y direction as

m�
yðefA6; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T54ðefA6; gg; nzÞ½T54ðefA6; gg; nzÞ�0

ð10:12aÞ
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where efA6 is the Fermi energy in this case and

T49ðefA6; gg; nzÞ ¼
"
g�ðefA6; ggÞ � n þ 1

2

� �
�hxi1ðefA6; ggÞ:

�
�h2 nzp

dz

� �2
2M�

3ðefA6; ggÞ
þ E2

0

2B2 ½q�1ðefA6; ggÞ�
2M�

1ðefA6; ggÞ
#
½q�1ðefA6; ggÞ��1

The sub band energy E9;6 in this case assumes the from

g�ðE9;6; ggÞ ¼ n þ 1
2

� �
�hxi1ðE9;6; ggÞ þ

�h2 nzp
dz

� �2
2M�

3ðE9;6; ggÞ

� E2
0

2B2 ½q�1ðE9;6; ggÞ�2M�
1ðE9;6; ggÞ

ð10:12bÞ

10.2.5 The DR in Heavily Doped Ultra-thin Films
(HDUFs) of Stressed Semiconductors Under
Cross-Fields Configuration

The DR in this case assumes the form

G�ðE; ggÞ ¼ n þ 1
2

� �
�hxiðE; ggÞ þ

�h2 nzp
dz

� �2
2m�

3ðE; ggÞ

� E0

B
q�ðE; ggÞ

m�
1ðE; ggÞ

m�
2ðE; ggÞ

" #1
2

�hky � E2
0

2B2 ½q�ðE; ggÞ�
2m�

1ðE; ggÞ

ð10:13Þ

The use of (10.13) leads to the expression of EEM along y direction as

m�
yðefA7; gg; n;E0; nzÞ ¼ Real part of ðB=E0Þ2T55ðefA7; gg; nzÞ½T55ðefA7; gg; nzÞ�0

ð10:14aÞ
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where efA7 is the Fermi energy in this case and

T55ðefA7; gg; nzÞ ¼
"
G�ðefA7; ggÞ � n þ 1

2

� �
�hxiðefA7; ggÞ:

�
�h2 nzp

dz

� �2
2m�

3ðefA7; ggÞ
þ E2

0

2B2 ½q�ðefA7; ggÞ�
2m�

1ðefA7; ggÞ
#
½m�

4ðefA7; ggÞ��1

The sub band energy E9;7 in this case assumes the from

G�ðE9;7; ggÞ ¼ n þ 1
2

� �
�hxiðE9;7; ggÞ þ

�h2 nzp
dz

� �2
2m�

3ðE9;7; ggÞ

� E2
0

B
½q�ðE9;7; ggÞ�2m�

1ðE9;7; ggÞ
ð10:14bÞ

10.3 Summary and Conclusion

The DRs under cross field configuration in ultra-thin films of HD materials exhibit
the fact that the electron motion along ky direction is free i.e. the materials become
less degenerate.

• The DRs in this case are quantized straight lines.
• The DRs are concentration dependent which is possible only under band-tailing

effect.
• The subband energies also depend on concentration due to band tails.
• The cross fields introduces energy and quantum number dependent mass

anisotropy.
• The effective mass exists in the band gap which is impossible without band

tailing effect.

It is the band structure which changes in a fundamental way and consequently all
the physical properties of all the electronic materials change radically leading to
new physical concepts.

10.4 Open Research Problems

(R.10.1) Investigate the 2D DR in the presence of cross fields for all the HD UFs
of the materials whose bulk DRs are given in problems in (R.1.1) of
Chap. 1.
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(R.10.2) Investigate the 2D DR in the presence of cross fields in ultra-thin films
of HD nonlinear optical semiconductors by including broadening and
the electron spin. Study all the special cases for HD III–V, ternary and
quaternary materials in this context.

(R.10.3) Investigate the 2D DRs for HD UFs of IV–VI, II–VI and stressed Kane
type compounds in the presence of cross fields by including broadening
and electron spin.

(R.10.4) Investigate the 2D DR in the presence of cross fields in HD UFs of
nonlinear optical semiconductors by including broadening and the
electron spin. Study all the special cases for HD III–V, ternary and
quaternary materials in this context.

(R.10.5) Investigate the 2D DRs for HD UFs of IV–VI, II–VI and stressed Kane
type compounds in the presence of cross fields by including broadening
and electron spin.

(R.10.6) Investigate the 2D DR for all the UFs of materials whose bulk DRs are
stated in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented
quantizing magnetic field and crossed electric field by including
broadening and electron spin under the condition of heavy doping.

(R.10.7) Investigate the 2D DR in HD UFs of nonlinear optical, III–V, II–VI,
IV–VI and stressed Kane type semiconductors in the presence of
non-uniform strain.

(R.10.8) Investigate the 2D DR in the presence of an arbitrarily oriented
non-quantizing magnetic field for UFs of HD nonlinear optical
semiconductors by including the electron spin. Study all the special
cases for III–V, ternary and quaternary materials in this context.

(R.10.9) Investigate the DRs in QWs of HD IV–VI, II–VI and stressed Kane
type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.

(R.10.10) Investigate the 2D DR for HD UFs of all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented magnetic
field by including electron spin and broadening.

(R.10.11) Investigate all the problems of this section by removing all the
mathematical approximations and establishing the respective appropri-
ate uniqueness conditions.
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Chapter 11
The DR in Doping Superlattices of HD
Non-parabolic Semiconductors Under
Magnetic Quantization

One week means ten thousand and eighty minutes. If by
applying the maximum power transfer theorem, I can really use
five thousand and forty minutes, then instead of weak I will be
rather strong mentally.

11.1 Introduction

In Sect. 11.2.1, of the theoretical background, the DR in doping superlattices of HD
non-linear optical semiconductors has been investigated under magnetic quantiza-
tion. The Sect. 11.2.2 contains the results for doping superlattices under magnetic
quantization of HD III–V, ternary and quaternary semiconductors in accordance
with the three and the two band models of Kane together with parabolic energy
bands and they form the special cases of Sect. 11.2.1. The Sects. 11.2.3–11.2.5
contain the study of the DR under magnetic quantization for doping superlattices of
HD II–VI, IV–VI and stressed Kane type semiconductors respectively. The
Sects. 11.3 and 11.4 contain the summary and conclusion and the 5 open research
problems for this chapter.

11.2 Theoretical Background

11.2.1 The DR in Doping Superlattices of HD Nonlinear
Optical Semiconductors Under Magnetic
Quantization

The DR of the conduction electrons in doping superlattices under magnetic quan-
tization of HD nonlinear optical materials can be expressed by using (6.1) as

© Springer International Publishing Switzerland 2016
K.P. Ghatak, Dispersion Relations in Heavily-Doped Nanostructures,
Springer Tracts in Modern Physics 265, DOI 10.1007/978-3-319-21000-1_11
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ni þ 1
2

� �
�hT21 E10;1; gg

� �x8HDðE10;1; ggÞ þ
�heB nþ 1

2

� �
m�

?T22ðE10;1; ggÞ
¼ 1 ð11:1Þ

where E10;1 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;1Þ ð11:2Þ

In the absence of band-tails we can write

w1ðE10;2Þ ¼ w2ðE10;2Þ 2eB
�h

nþ 1
2

� �
þ w3ðE10;2Þ ni þ 1

2

� � 2m�
k

�h
x8ðE10;2Þ ð11:3Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;2Þ ð11:4Þ

11.2.2 The DR in Doping Superlattices of HD III–V,
Ternary and Quaternary Semiconductors Under
Magnetic Quantization

(a) The electron energy spectrum in doping superlattices under magnetic quanti-
zation of HD III–V, ternary and quaternary materials can be expressed from (11.1)
under the conditions Dk ¼ D? ¼ D, d ¼ 0 and m�

k ¼ m�
? ¼ mc, as [1–20]

nþ 1
2

� �
�hx0 ¼

�
T31ðE10;3; ggÞ þ iT32ðE10;3; ggÞ

� ni þ 1
2

� �
�hx9HDðE10;3; ggÞ

� ð11:5Þ

where E10;3 is the totally quantized energy
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;3Þ ð11:6Þ
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In the absence of band tails, the DR in this case assumes the form

I11ðE10;4Þ ¼ ni þ 1
2

� �
�hx19ðE10;4Þ þ nþ 1

2

� �
�hx0 ð11:7Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;4Þ ð11:8Þ

(b) The DR in doping superlattics of HD III–V, ternary and quaternary materials
under magnetic quantization whose energy band structures in the absence of band
tails are described by the two band model of Kane can be expressed from (11.5)
under the conditions D � Eg or D � Eg, as

nþ 1
2

� �
�hx0 ¼ c2ðE10;5; ggÞ � ni þ 1

2

� �
�hx10HDðE10;5; ggÞ

� �
ð11:9Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;5Þ ð11:10Þ

In the absence of band tails, the DR in this case assumes the form

E10;6ð1þ aE10;6Þ ¼ ni þ 1
2

� �
�hx20ðE10;6Þ þ nþ 1

2

� �
�hx0 ð11:11Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;6Þ ð11:12Þ

(c) The electron energy spectrum in nipi structures of HD III–V, ternary and
quaternary materials under magnetic quantization whose energy band structures in
the absence of band tails are described by the parabolic energy bands can be
expressed as

nþ 1
2

� �
�hx0 ¼ c3ðE10;7; ggÞ � nþ 1

2

� �
�hx11HDðE10;7; ggÞ

� �
ð11:13Þ
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The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;7Þ ð11:14Þ

In the absence of band tails, the DR in this case assumes the form

E10;7 ¼ ni þ 1
2

� �
�hx21 þ nþ 1

2

� �
�hx0 ð11:15Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;6Þ ð11:16Þ

11.2.3 The DR in Doping Superlattices of HD II–VI
Semiconductors Under Magnetic Quantization

The 2D DR in doping superlattices of HD II–VI semiconductors under magnetic
quantization can be expressed as

c3ðE10;7; ggÞ ¼ a00
2eB
�h

nþ 1
2

� �� �
þ ni þ 1

2

� �
�hx30ðE10;7; ggÞ

� �k0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2eB
�h

nþ 1
2

� �� �s ð11:17Þ

where E10;7 is the totally quantized energy in this case.
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;7Þ ð11:18Þ

In the absence of band-tails, the carrier dispersion law in doping superlattices of
II–VI compounds can be expressed as

E10;8 ¼ a00
2eB
�h

nþ 1
2

� �� �
þ ni þ 1

2

� �
�h�x10

� �k0
2eB
�h

nþ 1
2

� �� �1=2
;

ð11:19Þ
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The DOS function is given by

NBnz ¼
gveB
2p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;8Þ ð11:20Þ

11.2.4 The DR in Doping Superlattices of HD IV–VI
Semiconductor Under Magnetic Quantization

The 2D magneto DR in this case is given by

2eB
�h

nþ 1
2

� �
¼ d15ðE10;9; gg; niÞ ð11:21Þ

where

d15ðE; gg; niÞ ¼ ½2d12ðE; ggÞ��1
�
�d13ðE; gg; niÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d213ðE; gg; niÞ � 4d12ðE; ggÞd14ðE; gg; niÞ

q �
;

d12ðE; ggÞ ¼
a�h4Z0ðE; ggÞ
4mþ

t m�
l

;

d13ðE; gg; niÞ ¼ �h2½k71ðE; ggÞd11ðE; gg; niÞ þ k12ðE; ggÞ�;

d14ðE; gg; niÞ ¼ ½k73ðE; ggÞd211ðE; gg; niÞ þ k74ðE; ggÞd411ðE; gg; niÞ � k74ðE; ggÞ�;

d11ðE; gg; niÞ ¼
2
�h
m�

HDð0; ggÞ ni þ 1
2

� �
e2n0

d0escm�
HDðE; ggÞ

" #1=2

;

m�
HDðE; ggÞ ¼

�h2

4k276ðE; ggÞ
2k74ðE; ggÞ
	

�k073ðE; ggÞþ
k73ðE; ggÞk073ðE; ggÞþ 2k074ðE; ggÞk75ðE; ggÞþ 2k74ðE; ggÞk075ðE; ggÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k273ðE; ggÞþ 4k74ðE; ggÞk75ðE; ggÞ
q

8><
>:

9>=
>;

�2k074ðE; ggÞ �k73ðE; ggÞþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k273ðE; ggÞþ 4k74ðE; ggÞk75ðE; ggÞ

q
 ��

and E10;9 is the totally quantized energy in this case.
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The carrier energy spectrum in doping superlattices of IV–VI compounds in the
absence of band tails can be written as

2eB
�h

nþ 1
2

� �
¼ð�h2S19Þ�1

"
� S20ðE10;10; niÞ

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S220ðE10;10; niÞ þ 4S19S21ðE10;10; niÞ

q # ð11:22Þ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;10Þ ð11:23Þ

11.2.5 The DR in Doping Superlattices of HD Stressed Kane
Type Semiconductors Under Magnetic Quantization

The 2D DR in this case is given by

nþ 1
2

� �
�hx90ðE10;11; ggÞ þ S11ðE10;11; ggÞd19ðE10;11; gg; niÞ ¼ 1 ð11:24Þ

where E10;11 is the totally quantized energy in this case,

x90ðE10;11; ggÞ ¼
eBffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

m�
1ðE10;11; ggÞm�

2ðE10;11; ggÞ
q ;

m�
1ðE10;11; ggÞ ¼

�h2

2P11ðE10;11; ggÞ
and

m�
2ðE10;11; ggÞ ¼

�h2

2Q11ðE10;11; ggÞ

The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;11Þ ð11:25Þ

The electron dispersion law in the doping superlattices of stressed Kane type
semiconductors can be written as
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nþ 1
2

� �
�hx100ðE10;12Þ þ 1

½�c0ðE10;12Þ�2
2m�

z ð0Þ
�h

ni þ 1
2

� �
x12ðE10;12Þ ¼ 1 ð11:26Þ

where E10;12 is the totally quantized energy in this case and
x100ðE10;12Þ ¼ eB

�h�a0ðE10;12Þ�b0ðE10;12Þ
The DOS function is given by

NBnz ¼
gveB
p�h

Xnmax

n¼0

Xnzmax

nz¼1

d0ðE � E10;12Þ ð11:27Þ

11.3 Summary and Conclusion

From the 2D DR in doping superlattices of HD nonlinear optical and tetragonal
materials (11.1) under magnetic quantization, we observe that the electron energy is
totally quantized in 3D wave vector surfaces in the complex energy plane which is
the consequence of non removable poles in the corresponding DR in the absence of
band tails. From (11.5) we have the same inference for doping superlattices of HD
III–V materials under magnetic quantization whose un-perturbed conduction elec-
trons obey the three band model of Kane, which contains one non removal pole in
energy axis. The 0D electrons in HD doping superlattices of III–V materials under
magnetic quantization are also described by two band model of Kane and parabolic
energy bands with the DRs as given by (11.19) and (11.13) respectively. Besides
the DRs in the case for IV–VI materials is given by (11.21). Since all the said DRs
possess no poles in the finite energy planes, the constant quantized energies in this
case exist in the real plane. The DR (11.17) in HD doping superlattices of II–VI
materials under magnetic quantization reflects the fact that the totally quantized
energies exist in the real plane. The DR (11.24) in doping superlattices of HD
stressed Kane type semiconductors under magnetic quantization reflects the iden-
tical conclusion. Besides in all the cases the DOS functions are non uniformly
placed Dirac delta functions in the energy axis.

11.4 Open Research Problems

(R.11.1) Investigate the DR in the presence of an arbitrarily oriented quantizing
magnetic field for nipi structures of HD nonlinear optical semiconductors
by including the electron spin. Study all the special cases for HD III–V,
ternary and quaternary materials in this context.
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(R.11.2) Investigate the DRs in nipi structures of HD IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
quantizing magnetic field by including the electron spin.

(R.11.3) Investigate the DR for HD nipi structures of all the materials as stated in
(R.1.1) of Chap. 1.

(R.11.4) Investigate the DR for all the problems from (R.11.1) to (R.11.3) in the
presence of an additional arbitrarily oriented electric field.

(R.11.5) Investigate the DR for all the problems from (R.11.1) to (R.11.3) in the
presence of arbitrarily oriented crossed electric and magnetic fields.
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Chapter 12
The DR in Accumulation and Inversion
Layers of Non-parabolic Semiconductors
Under Magnetic Quantization

Blessed are those who can give without remembering and take
without forgetting.

12.1 Introduction

In this chapter, in Sect. 12.2.1, of the theoretical background, the DR in accumu-
lation and Inversion layers of nonlinear optical semiconductors under magnetic
quantization has been studied under weak electric field limit. The Sect. 12.2.2
contains the results for accumulation and Inversion layers of III–V, ternary and
quaternary semiconductors under magnetic quantization for the weak electric field
limit whose bulk electrons obey the three and the two band models of Kane together
with parabolic energy bands and they form the special cases of Sect. 12.2.1. The
Sect. 12.2.3 contains the study of the DR for accumulation and Inversion layers of
II–VI semiconductors under magnetic quantization, which is valid for all values of
electric field. The Sects. 12.2.4 and 12.2.5 contain the study of the DR in accu-
mulation and Inversion layers of IV–VI and stressed semiconductors under mag-
netic quantization respectively. The Sect. 12.2.6 contains the study of the DR in
accumulation and Inversion layers of Ge under magnetic quantization. The
Sect. 12.3 contains the summary and conclusion of this chapter. The last Sect. 12.4
contains 12 open research problems of this chapter.
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12.2 Theoretical Background

12.2.1 The DR in Accumulation and Inversion Layers
of Nonlinear Optical Semiconductors Under
Magnetic Quantization

Following (6.3) the DR of the 2D electrons in accumulation layers of HD non-linear
optical materials under the condition of weak electric field limit under magnetic
quantization as

nþ 1
2

� �
�heB
m�

k
¼ L6ðE11;1; i; ggÞ ð12:1Þ

where E11;1 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;1Þ ð12:2Þ

Thus, the 2D electron dispersion law in inversion layers of nonlinear optical
materials under the weak electric field limit under magnetic quantization can
approximately be written following (6.10) as

w1ðE11;2Þ ¼ P7ðE11;2; iÞ 2eB
�h

nþ 1
2

� �
þ Q7ðE11;2; iÞ ð12:3Þ

where E11;2 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;12Þ ð12:4Þ

12.2.2 The DR in Accumulation and Inversion Layers
of III–V Semiconductors Under Magnetic
Quantization

(a) The DR in the present case can be written following (6.15) as

T90ðE11;3; ggÞ ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFs½T90ðE11;3; ggÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2=3

ð12:5Þ

where E11;3 is the totally quantized energy in this case.
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The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;3Þ ð12:6Þ

The (12.5) represents the DR of the 2D electrons in accumulation layers of HD
III–V, ternary and quaternary materials under the weak electric field limit under
magnetic quantization whose bulk electrons obey the HD three band model of
Kane. Since the electron energy spectrum in accordance with the HD three-band
model of Kane is complex in nature, the (12.5) will also be complex. The both
complexities occur due to the presence of poles in the finite complex plane of the
dispersion relation of the materials in the absence of band tails.

Using the substitutions d ¼ 0, Dk ¼ D? ¼ D and m�
k ¼ m�

? ¼ mc, (6.21) under

the condition of weak electric field limit, assumes the form

I11ðE11;4Þ ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFs½I11ðE11;4Þ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð12:7Þ

where E11;4 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;4Þ ð12:8Þ

(e) Using the constraints D � Eg or D � Eg, the (6.25) under the low electric
field limit assumes the form

c2ðE10;5; ggÞ ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFs½c2ðE11;5; ggÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2=3

ð12:9Þ

where E11;5 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;5Þ ð12:10Þ

Using the constraints D � Eg or D � Eg, the (6.31) under the low electric field
limit in the present case assumes the form

E11;6ð1þ aE11;6Þ ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFsð1þ 2aE11;6Þffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð12:11Þ

where E11;6 is the totally quantized energy in this case.
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The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;6Þ ð12:12Þ

For large values of i, the (12.11) gets simplified as

E11;6ð1þ aE11;6Þ ¼ nþ 1
2

� �
�heB
mc

þ Si
3p�h ej jFs

2
iþ 3

4

� � ð1þ 2aE11;6Þffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð12:13Þ

(f) Using the constraints a ! 0, following (6.36) the DR under the low electric
field limit and in the presence of magnetic quantization assumes the form

c3ðE10;7; ggÞ ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFs½c3ðE11;7; ggÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2=3

ð12:14Þ

where E11;7 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;7Þ ð12:15Þ

For a ! 0, as for inversion layers, whose bulk electrons are defined by the
parabolic energy bands, from (12.13), we can write,

E11;8 ¼ nþ 1
2

� �
�heB
mc

þ Si
�h ej jFsffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð12:16Þ

where E11;8 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;8Þ ð12:17Þ

12.2.3 The DR in Accumulation and Inversion Layers
of II–VI Semiconductors Under Magnetic
Quantization

The magneto 2D DR for accumulation layers of HD II–VI semiconductors can be
expressed following (6.46) as

400 12 The DR in Accumulation and Inversion Layers of Non-parabolic …

http://dx.doi.org/10.1007/978-3-319-21000-1_6
http://dx.doi.org/10.1007/978-3-319-21000-1_6


c3ðE11;9; ggÞ ¼ a00
2eB
�h

nþ 1
2

� �� �
� �k0

2eB
�h

nþ 1
2

� �� �1=2

þ Si
�h ej jFsc03ðE11;9; ggÞffiffiffiffiffiffiffiffi

2m�
k

q
0
B@

1
CA

2=3 ð12:18Þ

where E11;9 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;9Þ ð12:19Þ

Therefore, the magneto 2D DR for inversion layers of II–VI semiconductors can
be expressed for all values of Fs following (6.46) as

E11;10 ¼ a00
2eB
�h

nþ 1
2

� �� �
� �k0

2eB
�h

nþ 1
2

� �� �1=2
þ Si

�h ej jFsffiffiffiffiffiffiffiffi
2m�

k
q

0
B@

1
CA

2=3

ð12:20Þ

where E11;10 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;10Þ ð12:21Þ

12.2.4 The DR in Accumulation and Inversion Layers
of IV–VI Semiconductors Under Magnetic
Quantization

The 2D magneto DR in accumulation layers of IV–VI semiconductors can be
written following (6.57) as

nþ 1
2

� �
eB
�h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h1ðE11;11; i; ggÞh2ðE11;11; i; ggÞ

q
¼ h3ðE11;11; i; ggÞ ð12:22Þ

where E11;11 is the totally quantized energy in this case.
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The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;11Þ ð12:23Þ

The 2D magneto DR of the inversion layers of IV–VI semiconductors in the low
electric field limit can be written following (6.62) as

2eB
�h

nþ 1
2

� �
¼ b3ðE11;12; iÞ ð12:24Þ

where E11;12 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;12Þ ð12:25Þ

12.2.5 The DR in Accumulation and Inversion Layers
of Stressed Kane Type Semiconductors Under
Magnetic Quantization

The 2D magneto DR in accumulation layers of stressed III–V semiconductors can
be written following (6.65) as

nþ 1
2

� �
eB
�h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
h13ðE11;13; i; ggÞh23ðE11;13; i; ggÞ

q
¼ h33ðE11;13; i; ggÞ ð12:26Þ

where E11;13 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;13Þ ð12:27Þ

The expression of the magneto DR of the 2D electrons inversion layers of
stressed III–V materials under the low electric field limit can be written following
(6.70) as

nþ 1
2

� �
2eB
�h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
T57ðE11;14; iÞT67ðE11;14; iÞ

q
¼ T77ðE11;14; iÞ ð12:28Þ

where E11;14 is the totally quantized energy in this case.
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The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;14Þ ð12:29Þ

12.2.6 The DR in Accumulation and Inversion Layers
of Germanium Under Magnetic Quantization

The 2D DR in accumulation layers of Ge can be written as

nþ 1
2

� �
�heBffiffiffiffiffiffiffiffiffiffiffi
m�

1m
�
2

p ¼ c10ðE11;15; i; ggÞ ð12:30Þ

where E11;15 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;15Þ ð12:31Þ

The 2D magneto DR in inversion layers of Ge at low electric field limit can be
expressed following (6.80) as

nþ 1
2

� �
�heBffiffiffiffiffiffiffiffiffiffiffi
m1m2

p ¼ ½E11;16ð1þ aE11;16Þ þ aE2
i20 � Ei20ð1þ 2aE11;16Þ� ð12:32Þ

where E11;16 is the totally quantized energy in this case.
The DOS function is given by

NBi ¼ gveB
p�h

Xnmax

n¼0

Xnimax

i¼0

d0ðE � E11;16Þ ð12:33Þ

12.3 Summary and Conclusion

The DRs in inversion and accumulation layers of various materials exhibit the fact
that the total energy is quantized since the corresponding wave vector space is
totally quantized by quantizing magnetic field and quantization due to formation of
such layers along z-direction.
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• The DOS functions for all the materials in this case are series of non-uniformly
distributed Dirac’s Delta functions at specified quantized points in the respective
energy axis. The spacing between the consecutive Delta functions are functions
of energy band constants and quantization of the wave vector space of a par-
ticular material. The DOS function needs two summations namely one sum-
mation over the Landau quantum number and the other one is due to formation
of such layers.

• It may be noted that the energy levels in inversion and accumulation layers of
various materials lead to the discrete energy levels, somewhat like atomic energy
levels, which produce very large changes. This follows from the inherent nature
of the quantum confinement of the carrier gas dealt with here. In the present case,
there remain no free carrier states in between any two allowed sets of totally
quantized levels in this case unlike that found for QWs, NWs and QBs where the
quantum confinements are 1D, 2D and 3D respectively. Consequently, the
crossing of the Fermi level by the totally quantized levels in this case would have
much greater impact on the redistribution of the carriers among the allowed
levels, as compared to that found for QWs, NWs and QBs respectively.

• It is the band structure which changes in a fundamental way and consequently
all the physical properties of all the electronic materials changes radically
leading to new physical concepts.

12.4 Open Research Problems

(R.12.1) Investigate the DR in the presence of an arbitrarily oriented electric
quantization for accumulation layers of tetragonal semiconductors.
Study all the special cases for III–V, ternary and quaternary materials in
this context.

(R.12.2) Investigate the DR in accumulation layers of IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
quantizing electric field.

(R.12.3) Investigate the DR in accumulation layers of all the materials as stated
in (R.1.1) of Chap. 1 in the presence of an arbitrarily oriented quan-
tizing electric field.

(R.12.4) Investigate the DR in the presence of an arbitrarily oriented
non-quantizing magnetic field in accumulation layers of tetragonal
semiconductors by including the electron spin. Study all the special
cases for III–V, ternary and quaternary materials in this context.

(R.12.5) Investigate the DR in accumulation layers of IV–VI, II–VI and stressed
Kane type compounds in the presence of an arbitrarily oriented
non-quantizing magnetic field by including the electron spin.
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(R.12.6) Investigate the DR in accumulation layers of all the materials as stated in
(R.1.1) of Chap. 1 in the presence of an arbitrarily oriented non-quantizing
magnetic field by including electron spin.

(R.12.7) Investigate the DR in accumulation layers for all the problems from
(R.12.1) to (R.12.5) in the presence of an additional arbitrarily oriented
electric field.

(R.12.8) Investigate the DR in accumulation layers for all the problems from
(R.12.1) to (R.12.5) in the presence of arbitrarily oriented crossed
electric and magnetic fields.

(R.12.9) Investigate the DR in accumulation layers for all the problems of this
chapter in the presence of surface states.

(R.12.10) Investigate the DR in accumulation layers for all the problems from
(R.12.1) to (R.12.9) in the presence of hot electron effects.

(R.12.11) Investigate the DR in accumulation layers for all the problems from
(R.3.1) to (R.3.6) by including the occupancy of the electrons in various
electric subbands.

(R.12.12) Investigate the problems from (R.12.1) to (R.12.11) for the appropriate
p-channel accumulation layers.
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Part III
The DR in Heavily Doped (HD)
Quantum Confined Superlattices

The best book is life and the best teacher is experience.



Chapter 13
The DR in QWHDSLs

F-E-A-R means face everything and rise.

13.1 Introduction

In recent years, modern fabrication techniques have generated altogether a new
dimension in the arena of quantum effect devices through the experimental real-
ization of an important artificial structure known as semiconductor superlattice
(SL) by growing two similar but different semiconducting compounds in alternate
layers with finite thicknesses [1]. The materials forming the alternate layers have the
same kind of band structure but different energy gaps. The concept of SL was
developed for the first time by Keldysh [2] and was successfully fabricated by Esaki
and Tsu [2]. The SLs are being extensively used in thermal sensors [3], quantum
cascade lasers [4], photodetectors [5], light emitting diodes [6], multiplication [7],
frequency multiplication [8], photocathodes [9], thin film transistor [10], solar cells
[11], infrared imaging [12], thermal imaging [13], infrared sensing [14] and also in
other microelectronic devices.

The most extensively studied III–V SL is the one consisting of alternate layers of
GaAs and Ga1–xAlxAs owing to the relative easiness of fabrication. The GaAs and
Ga1–xAlxAs layers form the quantum wells and the potential barriers respectively.
The III–V SL’s are attractive for the realization of high speed electronic and op-
toelectronic devices [15]. In addition to SLs with usual structure, other types of SLs
such as II–VI [16], IV–VI [17] and HgTe/CdTe [18] SL’s have also been inves-
tigated in the literature. The IV–VI SLs exhibit quite different properties as com-
pared to the III–V SL due to the specific band structure of the constituent materials
[19]. The epitaxial growth of II–VI SL is a relatively recent development and the
primary motivation for studying the mentioned SLs made of materials with the
large band gap is in their potential for optoelectronic operation in the blue [19].
HgTe/CdTe SL’s have raised a great deal of attention since 1979, when as a
promising new materials for long wavelength infrared detectors and other
electro-optical applications [20]. Interest in Hg-based SL’s has been further
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increased as new properties with potential device applications were revealed [20,
21]. These features arise from the unique zero band gap material HgTe [22] and the
direct band gap semiconductor CdTe which can be described by the three band
mode of Kane [23]. The combination of the aforementioned materials with specified
dispersion relation makes HgTe/CdTe SL very attractive, especially because of the
tailoring of the material properties for various applications by varying the energy
band constants of the SLs.

We note that all the aforementioned SLs have been proposed with the
assumption that the interfaces between the layers are sharply defined, of zero
thickness, i.e., devoid of any interface effects. The SL potential distribution may be
then considered as a one dimensional array of rectangular potential wells. The
aforementioned advanced experimental techniques may produce SLs with physical
interfaces between the two materials crystallographically abrupt; adjoining their
interface will change at least on an atomic scale. As the potential form changes from
a well (barrier) to a barrier (well), an intermediate potential region exists for the
electrons [24]. The influence of finite thickness of the interfaces on the electron
dispersion law is very important, since; the electron energy spectrum governs the
electron transport in SLs. In addition to it, for effective mass SLs, the electronic
subbands appear continually in real space [25].

In this chapter, the DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
quantum well heavily doped superlattices (QWHDSLs) with graded interfaces has
been studied in Sects. 13.2.1 to 13.2.5. From Sects. 13.2.6 to 13.2.10, the DR from
III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum well heavily doped
effective mass superlattices respectively has been presented. The Sect. 13.3 contains
the summary and conclusion pertinent to this chapter. The last Sect. 13.4 presents 1
multi-dimensional open research problem.

13.2 Theoretical Background

13.2.1 The DR in III–V Quantum Well HD Superlattices
with Graded Interfaces

The electron dispersion law in bulk specimens of the heavily doped constituent
materials of III–V SLs whose un-doped energy band structures are defined by three
band model of Kane can be expressed as

�h2k2

2m�
cj
¼ T1j E;Dj;Egj; ggj

� �þ iT2j E;Dj;Egj; ggj
� � ð13:1Þ
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where

j ¼ 1; 2; Tij E;Dj;Egj; ggj
� �

¼ ð2=ð1=Erf ðE=ggjÞÞÞ ðajbj=cjÞ � h0 E; ggj
� �þ ðajcj þ bjcj � ajbjÞ=c2j

h i
:

h
c0 E; ggj
� �þ ð1=cjÞð1� ðaj=cjÞÞð1� ðbj=cjÞÞ 12 1þErf ðE=ggjÞ

� ��

� ð1=cjÞð1� ðaj=cjÞÞð1� ðbj=cjÞÞ 2=ðcjggj
ffiffiffi
p

p Þ exp �u2j
� 	� 	

X1
p¼1

ðexpð�p2=4Þ=pÞ sinhðpujÞ
" ##

;

bj � ðEgj þDjÞ�1; cj � Egj þ 2
3Dj

� ��1
; uj � 1þ cjE

cjggi
and T2j E;Dj;Egj; ggj

� �
� 2

1þErf E=ggj

� 	
0
@

1
A 1

cj
1� aj

cj

� 	
1� bj

cj

� 	 ffiffi
p

p
cjggj

exp �u2j
� 	

:

Therefore, the dispersion law of the electrons of heavily doped III–V SLs with
graded interfaces can be expressed as [25]

k2z ¼ G8 þ iH8 ð13:2Þ

where

G8 ¼ C2
7 � D2

7

L20
� k2s

� 

; C7 ¼ cos�1ðx7Þ; x7 ¼ ð2Þ�1

2 ð1� G2
7 � H2

7Þ
�

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

7 � H2
7Þ2 þ 4G2

7

q 
1
2

a20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2
� �

Ms1 0; gg1
� �

s
þ 1

" #2
4

Ms2 0; gg2
� �

Ms1 0; gg1
� �

 !1=2
2
4

3
5
�1

;

a21 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2
� �

Ms1 0; gg1
� �

s
� 1

" #2
4

Ms2 0; gg2
� �

Ms1 0; gg1
� �

 !1=2
2
4

3
5
�1

C40ðE; kx; ky; gg1Þ ¼ ½1� P1ðE; gg1Þk2x � Q1ðE; gg1Þk2y �1=2½S1ðE; gg1Þ��1=2

D40ðE; kx; ky; gg2Þ ¼ ½1� P2ðE; gg2Þk2x � Q2ðE; gg2Þk2y � ½S2ðE; gg2Þ��1=2
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G7 ¼ G1 þðq5G2=2Þ � ðq6H2=2Þþ ðD0=2Þ q6H2 � q8H3f½
þ q9H4 � q10H4 þ q11H5 � q12H5 þð1=12Þðq12G6 � q14H6Þg�;

G ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½
þ sinðh1Þð Þ sinhðh2Þð Þ sinhðg1Þð Þ sinðg2Þð Þ�;

h1 ¼ e1ðb0 � D0Þ; e1 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
þ t1

� �1
2

;

t1 ¼ ð2m�
c1=�h

2Þ : T11ðE;Eg1;D1; gg1Þ � k2s
� �

;

t2 ¼ ð2m�
c1=�h

2ÞT21ðE;Eg1;D1; gg1Þ
� �

;

h2 ¼ e2ðb0 � D0Þ; e2 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
� t1

� �1
2

;

g1 ¼ d1ða0 � D0Þ; d1 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q
þ x1

� �1
2

;

x1 ¼ �ð2m�
c2=�h

2Þ :T11ðE � V0;Eg2;D2; gg2Þþ k2s
� �

;

y1 ¼ ð2m�
c2=�h

2ÞT22ðE � V0;Eg2;D2; gg2Þ
� �

;

g2 ¼ d2ða0 � D0Þ; d2 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q
� x1

� �1
2

;

q5 ¼ ðq23 þ q24Þ�1 q1q3 � q2q4½ �;

q1 ¼ d21 þ e22 � d22 � e21
� �

; q3 ¼ ½d1e1 þ d2e2�;
q2 ¼ 2 d1d2 þ e1e2½ �; q4 ¼ d1e2 � e1d2½ �;

G2 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ½
þ ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;

q6 ¼ ðq23 þ q24Þ�1½q1q4 þ q2q3�;

H2 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðcoshðg1ÞÞ½
�ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;

q7 ¼ ðe21 þ e22Þ�1 e1ðd21 � d22Þ � 2d1d2e2
� �� 3e1

h i
;

G3 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½
þ ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;
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q8 ¼ ðe21 þ e22Þ�1 e2ðd21 � d22Þ � 2d1d2e1
� �þ 3e2

h i
;

H3 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðsinhðg1ÞÞ½
�ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ�;

q9 ¼ ðd21 þ d22Þ�1 d1ðe22 � e21Þþ 2e2d2e1
� �þ 3d1

h i
;

G4 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðsinhðg1ÞÞ½
�ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;

q10 ¼ �ðd21 þ d22Þ�1 d2ð�e22 þ e21Þþ 2e2d2e1
� �þ 3d2

h i
;

H4 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ½
þ ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;

q11 ¼ 2½d21 þ e22 � d22 � e21�;

G5 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðcoshðg1ÞÞ½
�ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�

q12 ¼ 4 d1d2 þ e1e2½ �;

H5 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ½
þ ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ�;

q13 ¼ 5ðd1e31 � 3e1e22d1Þþ 5d2ðe31 � 3e21e2Þ
 �ðd21 þ d22Þ�1 þðe21 þ e22Þ�1
h

5ðe1d31 � 3d2e21d1Þþ 5ðd32e2 � 3d21d2e2Þ
 �� 34ðd1e1 þ d2e2Þ

�
;

G6 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ½
þ ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ�;

q14 ¼ 5ðd1e32 � 3e2e21d1Þþ 5d2ð�e31 þ 3e22e1Þ
 �ðd21 þ d22Þ�1
h
þðe21 þ e22Þ�1 5ð�e1d

3
2 þ 3d21d2e1Þþ


5ð�d31e2 þ 3d22d1e2Þ

o
þ 34ðd1e2 � d2e1Þ

i
;

H6 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ½
�ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ�;

H7 ¼ H1 þðq5H2=2Þþ ðq6G2=2Þþ ðD0=2Þ q8G3 þ q7H3 þ q10G4 þ q10H4f þ½
q12G5 þ q11H5 þð1=12Þðq14G6 þ q13H6Þg�;
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H1 ¼ ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½
þ ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;

D7 ¼ sinh�1ðx7Þ; H8 ¼ ð2C7D7=L
2
0Þ

The simplified DR of heavily doped quantum well III–V super-lattices with
graded interfaces can be expressed as

nzp
dz

� �2

¼ G8 þ iH8 ð13:3aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ G8 þ iH8½ �
�����
ks¼0 and E¼E12;1

ð13:3bÞ

where E12;1 is the sub-band energy in this case.

13.2.2 The DR in II–VI Quantum Well HD Superlattices
with Graded Interfaces

The electron energy spectra of the heavily doped constituent materials of II–VI SLs
are given by

c3ðE; g1Þ ¼
�h2k2s
2m�

?;1
þ �h2k2z

2m�
k;1

� C0ks ð13:4Þ

and

�h2k2

2m�
c2
¼ T12 E;D2;Eg2; gg2

� �þ iT22 E;D2;Eg2; gg2
� � ð13:5Þ

where m�
?;1 and m�

k;1 are the transverse and longitudinal effective electron masses

respectively at the edge of the conduction band for the first material. The
energy-wave vector dispersion relation of the conduction electrons in heavily doped
II–VI SLs with graded interfaces can be expressed as

k2z ¼ G19 þ iH19 ð13:6Þ
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where

G19 ¼ C2
18 � D2

18

L20
� k2s

� 

;

C18 ¼ cos�1ðx18Þ;x18 ¼ ð2Þ�1
2 ð1� G2

18 � H2
18Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

18 � H2
18Þ2 þ 4G2

18

q� 
1
2

;

G18 ¼ 1
2
G11 þG12 þD0ðG13 þG14ÞþD0ðG15 þG16Þ½ �;

G11 ¼ 2ðcosðg1ÞÞðcosðg2ÞÞðcos c11ðE; ksÞÞ

c11ðE; ksÞ ¼ k21ðE; ksÞðb0 � D0Þ; k21ðE; ksÞ

¼ c3ðE; gg1Þ �
�h2k2s
2m�

?;1
� C0ks

" #
2m�

k;1
�h2

( )1=2

;

G12 ¼ X1ðE; ksÞðsinh g1Þðcos g2Þ � X2ðE; ksÞðsin g2Þðcosh g1Þ½ � sin c11ðE; ksÞð Þð Þ

X1ðE; ksÞ ¼ d1
k21ðE; ksÞ �

k21ðE; ksÞd1
d21 þ d22

� 

and X2ðE; ksÞ ¼ d2

k21ðE; ksÞ þ
k21ðE; ksÞd2
d21 þ d22

� 

G13 ¼ X3ðE; ksÞðcosh g1Þðcos g2Þ � X4ðE; ksÞðsin g1Þðsin g2Þ½ � sin c11ðE; ksÞð Þð Þ

X3ðE; ksÞ ¼ d21 � d22
k21ðE; ksÞ � 3k21ðE; ksÞ
� 


;X4ðE; ksÞ ¼ 2d1d2
k21ðE; ksÞ
� 


G14 ¼ X5ðE; ksÞðsinh g1Þðcos g2Þ � X6ðE; ksÞðsin g1Þðcosh g2Þ½ � cos c11ðE; ksÞð Þð Þ:

X5ðE; ksÞ ¼ 3d1 � d1
d21 þ d22

k221ðE; ksÞ
� 


;

X6ðE; ksÞ ¼ 3d2 þ d2
d21 þ d22

k221ðE; ksÞ
� 


G15 ¼ X9ðE; ksÞðcosh g1Þðcos g2Þ � X10ðE; ksÞðsinh g1Þðsin g2Þ½ � cos c11ðE; ksÞð Þð Þ
X9ðE; ksÞ ¼ ½2d21 � 2d22 � k221ðE; ksÞ�;X10ðE; ksÞ ¼ ½2d1d2�

G16 ¼ X7ðE; ksÞðsinh g1Þðcos g2Þ � X8ðE; ksÞðsin g1Þðcosh g2Þ½ � sin c11ðE; ksÞ=12ð Þð Þ;

X7ðE; ksÞ ¼ 5d1
d21 þ d22

k321ðE; ksÞþ
5ðd31 � 3d22d1Þ
k21ðE; ksÞ � 34k21ðE; ksÞd1

� 

;

X8ðE; ksÞ ¼ 5d2
d21 þ d22

k321ðE; ksÞþ
5ðd31 � 3d22d1Þ
k21ðE; ksÞ þ 34k21ðE; ksÞd2

� 


H18 ¼ 1
2
½H11 þH12 þD0ðH13 þH14ÞþD0ðH15 þH16Þ�;
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H11 ¼ 2ðsinh g1 sin g2 cos c11ðE; ksÞÞ;
H12 ¼ ð½X2ðE; ksÞðsinh g1Þðcos g2ÞþX1ðE; ksÞðsin g2Þðcosh g1Þ�ðsin c11ðE; ksÞÞÞ;
H13 ¼ ð½X4ðE; ksÞðcosh g1Þðcos g2ÞþX3ðE; ksÞðsinh g1Þðsin g2Þ�ðsin c11ðE; ksÞÞÞ;
H14 ¼ ð½X6ðE; ksÞðsinh g1Þðcos g2ÞþX5ðE; ksÞðsin g1Þðcosh g2Þ�ðcos c11ðE; ksÞÞÞ;
H15 ¼ ð½X10ðE; ksÞðcosh g1Þðcos g2ÞþX9ðE; ksÞðsinh g1Þðsin g2Þ�ðcos c11ðE; ksÞÞÞ;
H16 ¼ ð½X8ðE; ksÞðsinh g1Þðcos g2ÞþX7ðE; ksÞðsin g1Þðcosh g2Þ�ðsin c11ðE; ksÞ=12ÞÞ;

H19 ¼ 2C18D18

L20

� 

and D18 ¼ sinh�1ðx18Þ

The simplified DR in heavily doped quantum well II–VI super-lattices with
graded interfaces can be expressed as

nzp
dz

� �2

¼ G19 þ iH19 ð13:7aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ G19 þ iH19½ �
�����
ks¼0 and E¼E12;2

ð13:7bÞ

where E12;2 is the sub-band energy in this case.

13.2.3 The DR in IV–VI Quantum Well HD Superlattices
with Graded Interfaces

The E-k DR of the conduction electrons of the heavily doped constituent materials
of the IV–VI SLs can be expressed as

k2z ¼ ½2p9;i��1½�q9;iðE; ks; ggiÞþ q9;iðE; ks; ggiÞ
� �2 þ 4p9;iR9;iðE; ks; ggiÞ

� �1
2

h i
ð13:8Þ

where,

p9;i ¼ðai�h4Þ=ð4m�
l;im

þ
li Þ; i ¼ 1; 2; q9;iðE; ks; ggiÞ

¼ ð�h2=2Þ ð1=m�
liÞþ ð1=m�

li Þ
� �� þ aið�h4=4Þk2s

ð1=mþ
li m

�
ti Þþ ð1=mþ

ti m
�
li Þ

� �� aic3ðE; ggiÞ ð1=mþ
li Þ � ð1=m�

li Þ
� ��

and

R9;iðE; ks; ggiÞ ¼ c2ðE; ggiÞþ c3ðE; ggiÞ ð�h2=2Þaik2s ð1=m�
tiÞ

���
�ð1=m�

ti Þ
��� ð�h2=2Þk2s ð1=m�

tiÞþ ð1=m�
ti Þ

� �� �� aið�h6=4Þk4s ð1=mþ
ti m

�
ti Þ

� ��
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The electron dispersion law in heavily doped IV–VI SLs with graded interfaces
can be expressed as

cos Lokð Þ ¼ 1
2
U2 E; ksð Þ ð13:9Þ

where

U2 E; ksð Þ � 2 cosh b2 E; ksð Þf g cos c2 E; ksð Þf g
"

þ e2 E; ksð Þ sinh b2 E; ksð Þf g sin c22 E; ksð Þf gþD0
K112 E; ksð Þf g2
K212 E; ksð Þ � 3K212 E; ksð Þ

 !"

cosh b2 E; ksð Þf g sin c22 E; ksð Þf gþ 3K112 E; ksð Þ K112 E; ksð Þf g2
K212 E; ksð Þ

 !
sinh b2 E; ksð Þf g

cosh c2 E; ksð Þf g�þD0 2½ K112 E; ksð Þf g2� K212 E; ksð Þf g2
� 	

cosh b2 E; ksð Þf g

cos c22 E; ksð Þf gþ 1
12

5 K112 E; ksð Þf g3
K212 E; ksð Þ þ 5 K212 E; ksð Þf g3

K112 E; ksð Þ

"

� 34K212 E; ksð ÞK112 E; ksð Þ� sinh b2 E; ksð Þf g sin c22 E; ksð Þf g�
#
;

b2 E; ksð Þ � K112 E; ksð Þ a0 � D0½ �;

k2112ðE; ksÞ ¼ ½2p9;2��1½�q9;2ðE � V0; ks; gg2Þ
� ½½q9;2ðE � V0; ks; gg2Þ�2

þ 4p9;2R9;2ðE � V0; ks; gg2Þ�
1
2�;

c22 E; ksð Þ ¼ K212 E; ksð Þ b0 � D0½ �;

k2212ðE; ksÞ ¼ ½2p9;1��1½�q9;1ðE; ks; gg1Þ
þ ½½q9;1ðE; ks; gg1Þ�2 þ 4p9;1R9;1ðE; ks; gg1Þ�

1
2� and

e2 E; ksð Þ � K112 E;ksð Þ
K212 E;ksð Þ � K212 E; ksð Þ

K112 E; ksð Þ
h i

:

The simplified DR in heavily doped quantum well IV–VI super-lattices with
graded interfaces can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U2ðE; ksÞ

� �� 
2
� k2s ð13:10aÞ
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The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U2ðE12;3; 0Þ

� �� 
2
ð13:10bÞ

where E12;3 is the sub-band energy in this case.

13.2.4 The DR in HgTe/CdTe Quantum Well HD
Superlattices with Graded Interfaces

The electron energy spectra of the constituent materials of HgTe/CdTe SLs are
given by

k2 ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1

" #
ð13:11Þ

and

�h2k2

2m�
c2
¼ T12 E;D2;Eg2; gg2

� �þ iT22 E;D2;Eg2; gg2
� � ð13:12Þ

where B01 ¼ 3 ej j2
.
128esc1

� 	
, A1 ¼ �h2

�
2m�

c1

� �
· esc1 is the semiconductor per-

mittivity of the first material. The energy-wave vector dispersion relation of the
conduction electrons in heavily doped HgTe/CdTe SLs with graded interfaces can
be expressed as

k2z ¼ G192 þ iH192 ð13:13Þ

where

G192 ¼ ðC2
182 � D2

182Þ=L20
� �� k2s
� �

;

C182 ¼ cos�1ðx182Þ;
x182 ¼ð2Þ�1

2 ½ð1� G2
182 � H2

182Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

182 � H2
182Þþ 4G2

182

q
�12;

G182 ¼ 1
2
G112 þG122 þD0ðG132 þG142ÞþD0ðG152 þG162Þ½ �;

G112 ¼ 2 cosðg12Þð Þ cosðg22Þð Þ cos c8ðE; ksÞð Þ
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c8ðE; ksÞ ¼ k8ðE; ksÞðb0 � D0Þ;

k8ðE; ksÞ ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1
� k2s

" #1=2
;

G122 ¼ X12ðE; ksÞðsinh g12Þðcos g22Þ � X22ðE; ksÞðsin g22Þðcosh g12Þ½ � sin c8ðE; ksÞð Þð Þ

X12ðE; ksÞ ¼ d12
k8ðE; ksÞ �

k8ðE; ksÞd12
d212 þ d222

� 


X22ðE; ksÞ ¼ d22
k8ðE; ksÞ þ

k8ðE; ksÞd22
d212 þ d222

� 

;

G132 ¼ X32ðE; ksÞðcosh g12Þðcos g22Þ½ð
�X42ðE; ksÞðsin g12Þðsin g22Þ� sin c8ðE; ksÞð ÞÞ;

X32ðE; ksÞ ¼ d212 � d222
k8ðE; ksÞ � 3k8ðE; ksÞ
� 


;

X42ðE; ksÞ ¼ 2d12d22
k8ðE; ksÞ
� 


;

G142 ¼ X52ðE; ksÞðsinh g12Þðcos g22Þ½ð
�X62ðE; ksÞðsin g12Þðcosh g22Þ� cos c8ðE; ksÞð ÞÞ;

X52ðE; ksÞ ¼ 3d12 � d12
d212 þ d222

k28ðE; ksÞ
� 


;

X62ðE; ksÞ ¼ 3d22 þ d22
d212 þ d222

k28ðE; ksÞ
� 


;

G152 ¼ X92ðE; ksÞðcosh g12Þðcos g22Þ½ð
�X102ðE; ksÞð12Þðsin g22Þ

�
cos c8ðE; ksÞð Þ�;

X92ðE; ksÞ ¼ ½2d212 � 2d222 � k28ðE; ksÞ�;X102ðE; ksÞ ¼ ½2d12d22�
G162 ¼ X72ðE; ksÞð12Þðcos g22Þ

��
�X82ðE; ksÞðsin g12Þðcosh g22Þ� sin c8ðE; ksÞ=12ð ÞÞ;

X72ðE; ksÞ ¼ 5d12
d212 þ d222

k38ðE; ksÞþ
5ðd312 � 3d222d12Þ

k8ðE; ksÞ � 34k8ðE; ksÞd12
� 


;

X82ðE; ksÞ ¼ 5d22
d212 þ d222

k38ðE; ksÞþ
5ðd322 � 3d222d12Þ

k8ðE; ksÞ þ 34k8ðE; ksÞd22
� 
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H182 ¼ 1
2 H112 þH122 þD0ðH132 þH142ÞþD0ðH152 þH162Þ½ �;

H112 ¼ 2 sinh g12 sin g22 cos c8ðE; ksÞð Þ;
H122 ¼ X22ðE; ksÞðsinh g12Þðcos g22ÞþX12ðE; ksÞðsin g22Þðcosh g12Þ½ � sin c8ðE; ksÞð Þð Þ;
H132 ¼ X42ðE; ksÞðcosh g12Þðcos g22ÞþX32ðE; ksÞðsinh g12Þðsin g22Þ½ � sin c8ðE; ksÞð Þð Þ;
H142 ¼ X62ðE; ksÞðsinh g12Þðcos g22ÞþX52ðE; ksÞðsin g12Þðcosh g22Þ½ � sin c8ðE; ksÞð Þð Þ;
H152 ¼ X102ðE; ksÞðcosh g12Þðcos g22ÞþX92ðE; ksÞðsinh g12Þðsin g22Þ½ � cos c8ðE; ksÞð Þð Þ;
H162 ¼ X82ðE; ksÞðsinh g12Þðcos g22ÞþX72ðE; ksÞðsin g12Þðcosh g22Þ½ � sin c8ðE; ksÞ=12ð Þð Þ;
H192 ¼ ð2C182D182Þ=L20

� �� �
and D182 ¼ sinh�1ðx182Þ

The simplified DR in heavily doped quantum well HgTe/CdTe superllatices with
graded interfaces can be expressed as

nzp
dz

� �2

¼ G192 þ iH192 ð13:14aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ G192 þ iH192½ �
�����
ks¼0 and E¼E12;4

ð13:14bÞ

where E12;4 is the sub-band energy in this case.

13.2.5 The DR in Strained Layer Quantum Well HD
Superlattices with Graded Interfaces

The DR of the conduction electrons of the constituent materials of the strained layer
super lattices can be expressed as

E � T1i½ �k2x þ E � T2i½ �k2y þ E � T3i½ �k2z ¼ qiE3 � RiE2 þViEþ fi ð13:15Þ

where

T1i ¼ hi; hi ¼ Egi � Cc
1iei � ai þCc

1i

� �
ei þ 3

2 biexxi � biei
2 þ

ffiffi
3

p
diexyi
2

h i
;

T2i ¼ xi; xi ¼ Egi � Cc
1iei � ai þCc

1i

� �
ei þ 3

2 biexxi � biei
2 �

ffiffi
3

p
diexyi
2

h i
;

T3i ¼ di; di ¼ Egi � Cc
1iei þ ai þCc

1i

� �
ei þ 3

2 biezzi � biei
2

� �
Ri ¼ qi 2Ai þCc

1iei
� �

; qi ¼ 3
2B2

2i
; Ai ¼ Egi � Cc

1iei;

Vi ¼ qi A2
i � 2C2

2iexyi
3 þ 2AiCc

1iei
h i

; fi ¼ qi
2C2

2iexyi
3 � Cc

1ieiA
2
i

h i
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Therefore the electron energy spectrum in HD stressed materials can be written
as

Pi E; ggi
� �

k2x þQi E; ggi
� �

k2y þ Si E; ggi
� �

k2z ¼ 1 ð13:16Þ

where

Pi E; ggi
� � ¼ c0 E; gi � I0T1ið Þ½ �

Di E; ggi
� � ;

Di E; ggi
� � ¼ �qig3gi

2
ffiffi
p

p exp �E2

g2gi

� �
1þ E2

g2gi

� 

� Rih0 E; ggi

� �þVic0 E; ggi
� �þ fi

2 1þErf E
ggi

� 	h i� 

;

I0 ¼ 1
2 1þErf ðE�ggiÞ� �

;Qi E; ggi
� � ¼ c0 E;ggið Þ�I0T2i½ �

�Di E;ggið Þ and �Si E; ggi
� � ¼ c0 E;ggið Þ�I0T3i½ �

�Di E;ggið Þ

The energy-wave vector dispersion relation of the conduction electrons in
heavily doped strained layer SLs with graded interfaces can be expressed as

cos L0kð Þ ¼ 1
2
/6 E; ksð Þ ð13:17Þ

where

/6 E; ksð Þ � 2 cosh T4 E; gg2
� �� �

cos T5 E; gg1
� �� �� 


þ T6 E; ksð Þ½ � sinh T4 E; gg2
� �� �

sin T5 E; gg1
� �� �

þD0
k20 E; gg2
� �

k0 E; gg1
� � � 3k0 E; gg1

� � !
cosh T4 E; gg2

� �� 

sin T5 E; gg1

� �� 
"

þ 3k0 E; gg2
� � k02 E; gg1

� �
k0 E; gg2
� �

 !
sinh T4 E; gg2

� �� �
cos T5 E; gg1

� �� �#

þD0 2 k20 E; gg2
� �� k02 E; gg1

� �� �
cosh T4 E; gg2

� �� 

cos T5 E; gg1

� �� 
� 


þ 1
12

5k30 E; gg2
� �

k0 E; gg1
� � þ 5k03 E; gg1

� �
k0 E; gg2
� � � 34k0 E; gg2

� �
k0 E; gg1
� � !

sinh T4 E; gg2
� �� 


sin T4 E; gg1
� �� 
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T4 E; gg2
� �� � ¼ k0 E; gg2

� �
a0 � D0½ �;

k0 E; gg2
� � ¼ S2 E � V0; gg2

� �� ��1=2

P2 E � V0; gg2
� �

k2x þQ2 E � V0; gg2
� �

k2y � 1
h i�1=2

;

T5 E; gg1
� � ¼ k0 E; gg1

� �½b0 � D0�;
k0 E; gg1
� � ¼ S1 E; gg1

� �� ��1=2
1� P1 E; gg1

� �
k2x � Q1 E; gg1

� �
k2y

h i
1=2 and

T6 E; ksð Þ ¼ k0 E; gg2
� �

k0 E; gg1
� � � k0 E; gg1

� �
k0 E; gg2
� �

" #

Therefore the DR of the conduction electrons in heavily doped strained layer
quantum well SL with graded interfaces can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U6ðE; ksÞ

� �� 
2
� k2s ð13:18aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U6ðE12;5; 0Þ

� �� 
2
ð13:18bÞ

where E12;5 is the sub-band energy in this case.

13.2.6 The DR in III–V Quantum Well HD Effective Mass
Super Lattices

Following Sasaki [24], the electron dispersion law in III–V heavily doped effective
mass super-lattices (EMSLs) can be written as

k2x ¼
1
L20

cos�1 f21 E; ky; kz
� �� � �2� k2?

� 

ð13:19Þ

in which f21 E; ky; kz
� � ¼ a1 cos a0C21 E; k?; gg1

� �þ b0D21 E; k?; gg2
� �� �

�a2 cos a0C21 E; k?; gg1
� �� b0D21 E; k?; gg2

� �� �
; k2? ¼ k2y þ k2z ;

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0;gg2ð Þ
M1 0;gg1ð Þ

r
þ 1

� 
2
4

M2 0;gg2ð Þ
M1 0;gg1ð Þ
� �1=2
" #�1

;

a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0;gg2ð Þ
M1 0;gg1ð Þ

r
� 1

� 
2
4

M2 0;gg2ð Þ
M1 0;gg1ð Þ
� �1=2
" #�1

,
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Mi 0; ggi
� � ¼m�

ci
�2ffiffiffi
p

p T 0; ggi
� �þ 2

aibi
ci

ggiffiffiffi
p

p þ 1
2

aici þ cibi � aibi
c2i

� ���

þ 1ffiffiffiffiffiffi
pci

p 1� ai
ci

� �
1� bi

ci

� �
� 1
ci

1� ai
ci

� �
1� bi

ci

� �
2

ciggi
ffiffiffi
p

p

�2
cig2gi

exp
�1
c2i g

2
gi

 ! Xa
p¼1

exp
�p2

4

� �� �
1
p
sinh

p
ciggi

 ! !(

þ exp
�1
c2i g

2
gi

 ! Xa
p¼1

exp
�p2

4

� �� �
1
ggi

cosh
p

ciggi

 ! !)##
;

T 0; ggi
� � ¼ 2

aibi
ci

g2giffiffiffi
4

p þ aici þ bici � aibi
c2i

� �
ggi
2
ffiffiffi
p

p þ 1
2ci

1� ai
ci

� �
1� bi

ci

� �"

� 1
ci

1� ai
ci

� �
1� bi

ci

� �
2

ciggi
ffiffiffi
p

p exp
�1
c2i g

2
gi

 !Xa
p¼1

exp �p2
�
4

� �
p

sinh
p

ciggi

 !#
;

C21 E; k?; gg1
� � ¼ e1 þ ie2;D21 E; k?; g2ð Þ ¼ e3 þ ie4;

e1 ¼
"
ðð

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
þ t1Þ=2Þ

#1
2

; e2 ¼
"
ðð

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
� t1Þ=2Þ

#1
2

;

t1 ¼ 2m�
c1

�h2
T11 E;D1; gg1;Eg1
� �� k2?

� 

; t2 ¼ 2m�

c1

�h2
T21 E;D1; gg1;Eg1
� �

;

e3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
t23 þ t24

p
þ t3

2

" #1=2
; e4 ¼

ffiffiffiffiffiffiffiffiffiffiffiffi
t23 þ t24

p
� t3

2

" #1=2

t3 ¼ 2m�
c2

�h2
T12 E;D2; gg2;Eg2
� �� k2?

� 

; t4 ¼ 2m�

c2

�h2
T22 E;D2; gg2;Eg2
� �

;

Therefore (12.19) can be expressed as

k2x ¼ d7 þ id8 ð13:20Þ

where

d7 ¼ 1
L20

d25 � d26
� �� k2?

h i
; d5 ¼ cos�1 p5;

p5 ¼ 1� d23 � d24 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� d23 � d24Þþ 4d24

p
2

� 
1=2
;
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d3 ¼ ða1 cosD1 coshD2 � a2 cosD3 coshD4Þ;
d4 ¼ ða1 sinD1 sinhD2 � a2 sinD3 sinhD4Þ;
D1 ¼ a0e1 þ b0e3ð Þ;D2 ¼ a0e2 þ b0e4ð Þ;
D3 ¼ a0e1 � b0e3ð Þ;D4 ¼ a0e2 � b0e4ð Þ;
d6 ¼ sinh�1 p5 and d8 ¼ 2d5d6

�
L20

� �
The DR in III–V heavily doped effective mass quantum well super-lattices can

be written as

nxp
dx

� �2

¼ d7 þ id8 ð13:21aÞ

The sub-band equation in this case can be expressed as

nxp
dx

� �2

¼ d7 þ id8½ �
�����
k?¼0 and E¼E12;6

ð13:21bÞ

where E12;6 is the sub-band energy in this case.

13.2.7 The DR in II–VI Quantum Well HD Effective Mass
Super Lattices

Following Sasaki [24], the electron dispersion law in heavily doped II–VI EMSLs
can be written as

k2z ¼ D13 þ iD14; ð13:22Þ

where

D13 ¼ 1
L20

D2
11 � D2

12

� �� k2s

� 


D11 ¼ cos�1 p6; p6 ¼
1� D2

9 � D2
10 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9 � D2
10

� �2 þ 4D2
10

q
2

2
4

3
5
1=2

;
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D9 ¼ a1 cosD6 coshD7 � a2 cosD8 coshD7ð Þ;
D10 ¼ a1 sinD6 sinhD7 þ a2 cosD8 sinhD7ð Þ;
D6 ¼ a0C22 E; ks; gg1

� �þ b0e3
� �

;

D7 ¼ b0e4;

D8 ¼ a0C22 E; ks; gg1
� �� b0e3

� �
;

C22 E; ks; gg1
� � ¼ 2m�

k
�h2

c3 E; gg1
� �� �h2k2s

2m�
?;1

� C0ks

( )" #1=2
;

a1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2
� �

M1 0; gg1
� �

s
þ 1

" #2
4

M2 0; gg2
� �

M1 0; gg1
� �

 !1=2
2
4

3
5
�1

;

M1 0; gg1
� � ¼ m�

c1 1� 2
p

� �
;

a2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2
� �

M1 0; gg1
� �

s
� 1

" #2
4

M2 0; gg2
� �

M1 0; gg1
� �

 !1=2
2
4

3
5
�1

D12 ¼ cos�1 p6;D14 ¼ 2D11D12

L20

The DR in III–V heavily doped effective mass quantum well super-lattices can
be written as

nzp
dz

� �2

¼ d13 þ id14 ð13:23aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ d13 þ id14½ �
�����
ks¼0 and E¼E12;7

ð13:23bÞ

where E12;7 is the sub-band energy in this case.
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13.2.8 The DR in IV–VI Quantum Well HD Effective Mass
Super Lattices

Following Sasaki [24], the electron dispersion law in IV–VI, EMSLs can be written
as

k2z ¼
1
L20

cos�1 f23 E; kx; ky
� �� � �2� k2s

� 

ð13:24Þ

where

f23 E; kx; ky
� � ¼ a3 cos a0C23 E; kx; ky; gg1

� ��
þ b0D23 E; kx; ky; gg1

� ��� a4 cos a0C23 E; kx; ky; gg2
� ��

� b0D23 E; kx; ky; gg2
� ��

;

a3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M3 0; gg2
� �

M3 0; gg1
� �

s
þ 1

" #2
4

M3 0; gg2
� �

M3 0; gg1
� �

 !1=2
2
4

3
5
�1

;

a4 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M3 0; gg2
� �

M3 0; gg1
� �

s
� 1

" #2
4

M3 0; gg2
� �

M3 0; gg1
� �

 !1=2
2
4

3
5
�1

M3 0; ggi
� � ¼ 4p9;i

� ��1
ai 1� 2

p

� �
1

mþ
l;i

� 1
m�

l;i

 !( )
þ q9;i 0; ggi

� �" #22
4

2
4

þ 4p9;i
� �

R9;i 0; ggi
� �#�1=2

ai 1� 2
p

� �
1

mþ
l;i

� 1
m�

l;i

 !
q9;i 0; ggi
� �"

þ 2p9;i 1� 2
p
þ aiggiffiffiffi

p
p

� �


; p9;i ¼ ai�h4

4mþ
l;i m

�
l;i
;

q9;i 0; ggi
� � ¼ �h2

2
1

mþ
l;i

þ 1
m�

l;i

 !
� aiggiffiffiffi

p
p 1

mþ
l;i

� 1
m�

l;i

 !" #
;

R9;i 0; ggi
� � ¼ ggiffiffiffi

p
p þ aig2gi

2

" #

C23 E; kx; ky; gg1
� � ¼ 2p9;1

" #�1

�q9;1 E; kx; ky; gg1
� �þ q9;1 E; kx; ky; gg1

� � �2""2
4

þ 4p9;1
� �

R9;1 E; kx; ky; gg1
� �#1=235

3
5
1=2

;
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D23 E; kx; ky; gg2
� � ¼ 2p9;2

� ��1 �q9;2 E; kx; ky; gg2
� �þ q9;2 E; kx; ky; gg2

� � �2"""

þ 4p9;2
� �

R9;2 E; kx; ky; gg2
� �#1=235

3
5
1=2

;

�q9;i E; kx; ky; ggi
� � ¼ �h2

2
1
m�

l;i
þ 1

m�
l;i

� 	h
þ ai �h

4

4 k
2
s

1
mþ

l;i m
�
t;i
þ 1

mþ
t;i m

�
l;i

� �

�aic3 E; ggi
� �

1
mþ

l;i
� 1

m�
l;i

� �

;

R9;i E; kx; ky; ggi
� � ¼ c2 E; ggi

� �þ c3 E; ggi
� �

ai �h
2

2 k
2
s

1
mþ

t;i
� 1

m�
t;i

� ��

� �h2

2 k
2
s

1
m�

t;i
� 1

m�
t;i

� 	
� a�h6

4
k4s

m�
t;im

þ
t;i



; a5 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
m�

2
m�

1
þ 1

qh i2
4 m�

2
m�

1

� 	1=2� 
�1

Therefore the DR in heavily doped IV–VI, quantumwell EMSLs can be written as

nzp
dz

� �2

¼ 1
L20

cos�1 f23 E; kx; ky
� �� � �2� k2s

� 

ð13:25aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 f23 E12;8; 0; 0
� �� � �2� 


ð13:25bÞ

where E12;8 is the sub-band energy in this case.

13.2.9 The DR in HgTe/CdTe Quantum Well HD Effective
Mass Super Lattices

Following Sasaki [24], the DR in heavily doped HgTe/CdTe EMSLs can be written
as

k2z ¼ D13H þ iD14H ð13:26Þ

where

D13H ¼ 1
L20

D2
11H � D2

12H

� �� k2s

� 
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D11H ¼ cos�1 p6H ; p6H ¼ 1� D2
9H � D2

10H �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9H � D2
10H

� �2 þ 4D2
10H

q
2

2
4

3
5
1=2

;

D9H ¼ a1H cosD5H coshD6H � a2H cosD7H coshD6Hð Þ;
D10H ¼ a1H sinD5H sinhD6H þ a2H cosD7H sinhD6Hð Þ;
D5H ¼ a0C22H E; ks; gg1

� �þ b0e3
� �

;D6H ¼ b0e4;D7H ¼ a0C22H E; ks; gg1
� �� b0e3

� �
;

C22H E; ks; gg1
� � ¼ B2

01 þ 2A1E � B01ðB2
01 þ 4A1EÞ

2A2
1

� k2s

� 
1=2
;

a1H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2
� �
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c1
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þ 1

2
4

3
5
2

4
M2 0; gg2
� �
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c1

 !1=2
2
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3
5
�1

;

a2H ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2 0; gg2
� �
m�

c1

s
� 1

2
4

3
5
2
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M2 0; gg2
� �
m�
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 !1=2
2
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5
�1

D12H ¼ cos�1 p6H ;D14H ¼ 2D11HD12H

L20

The DR in heavily doped HgTe/CdTe QWEMSLs can be written as

nzp
dz

� �2

¼ D13H þ iD14H ð13:27aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ D13H þ iD14H½ �
�����
ks¼0 and E¼E12;9

ð13:27bÞ

where E12;9 is the sub-band energy in this case.

13.2.10 The DR in Strained Layer Quantum Well HD
Effective Mass Super Lattices

The DR of the constituent materials of heavily doped III–V super lattices can be
written as
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PiðE; ggiÞk2x þQiðE; ggiÞk2y þ Si E; ggi
� �

k2z ¼ 1 ð13:28Þ

where,

PiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T1iÞðDiðE; ggiÞÞ�1; I0 ¼ ð1=2Þ½1þErfðE=ggiÞ�;
T1i ¼ ½Egi � Cc

1iei � ðai þCc
1iÞei þð3=2Þbiexxi � ðbiei=2Þþ ð

ffiffiffiffiffiffi
3di

p
exyi=2Þ�;

DiðE; ggiÞ ¼ ½ð�qig3gi=2
ffiffiffi
p

p Þ expð�ðE2=g2giÞÞ½1þðE2=g2giÞ� � Rih0ðE; ggiÞþVic0ðE; ggiÞ
þ ðfi=2Þ½1þErf ðE=ggiÞ��; qi ¼ ð3=2B2

2iÞ;Ri ¼ qi½2Ai þCc
1iei�;Ai ¼ Egi � Cc

1iei;

Vi ¼ qi½A2
i � ð2C2

2iexyi=3Þþ 2AiC
c
1iei�; fi ¼ qi½ð2C2

2iexyi=3Þ � Cc
1ieiA

2
i �;

QiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T2iÞðDiðE; ggiÞÞ�1;

T2i ¼ ½Egi � Cc
1iei � ðai þCc

1iÞei þð3=2Þbiexxi � ðbiei=2Þ
� ð

ffiffiffi
3

p
diexyi=2Þ�; SiðE; ggiÞ ¼ ðc0ðE; ggiÞ � I0T3iÞðDiðE; ggiÞÞ�1;

T3i ¼ ½Egi � Cc
1iei þðai þCc

1iÞei þð3=2Þbiezzi � ðbiei=2Þ�;

The electron energy spectrum in heavily doped strained layer effective mass
super-lattices can be written as

k2z ¼
1
L20

cos�1 f40 E; kx; ky
� �� � �2�k2s

� 

ð13:29Þ

where

f40 E; kx; ky
� � ¼ a20 cos a0C40 E; kx; ky; gg1

� �þ b0D40 E; kx; ky; gg1
� �� �

�a21 cos a0C40 E; kx; ky; gg2
� �� b0D40 E; kx; ky; gg2

� �� �
;

a20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2
� �

Ms1 0; gg1
� �

s
þ 1

" #2
4

Ms2 0; gg2
� �

Ms1 0; gg1
� �

 !1=2
2
4

3
5
�1

;

Msi 0; ggi
� � ¼ð�h=2ÞqiðggiÞ
qiðggiÞ ¼ ½ðggi=2

ffiffiffi
p

p Þ � ðT3i=2Þ��2 	 ðggi=2
ffiffiffi
p

p Þ � ðT3i=2Þ
 ��

ðRiggi=
ffiffiffi
p

p Þþ ðfi=ggi
ffiffiffi
p

p Þ �� ðð1=2Þ � ðT3i=ggi
ffiffiffi
p

p ÞÞ
ðfi=2Þþ ðViggi=2

ffiffiffi
p

p Þ � ðRig
2
gi=4Þ � ðqig3gi=2

ffiffiffi
p

p Þ
n oi

a20 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2
� �

Ms1 0; gg1
� �

s
þ 1

" #2
4

Ms2 0; gg2
� �

Ms1 0; gg1
� �

 !1=2
2
4

3
5
�1

;

a21 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ms2 0; gg2
� �

Ms1 0; gg1
� �

s
� 1

" #2
4

Ms2 0; gg2
� �

Ms1 0; gg1
� �

 !1=2
2
4

3
5
�1
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C40 E; kx; ky; gg1
� � ¼ ½1� P1ðE; gg1Þk2x � Q1ðE; gg1Þk2y �1=2½S1ðE; gg1Þ��1=2

D40 E; kx; ky; gg2
� � ¼ ½1� P2ðE; gg2Þk2x � Q2ðE; gg2Þk2y �1=2½S2ðE; gg2Þ��1=2

Therefore, the DR in heavily doped strained layer effective mass quantum well
super-lattices can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 f40 E; kx; kzð Þð Þ �2�k2s

� 

ð13:30aÞ

The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 f40 E12;10; 0; 0
� �� � �2� 


ð13:30bÞ

where E12;10 is the sub-band energy in this case.

13.3 Summary and Conclusion

This chapter explore the DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
quantum well heavily doped superlattices (QWHDSLs) with graded interfaces has
been studied in Sects. 13.2.1 to 13.2.5. From Sects. 13.2.6 to 13.2.10, the DR from
III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum well heavily doped
effective mass superlattices respectively has been presented. The presence of
essential poles in the constituent materials of HD III–V and HgTe/CdTe SLs makes
the DR in the said SLs complex (for both SLs with graded interfaces and effective
mass SLs). The E � k2s plots for HD III–V and HgTe/CdTe QWSLs are quantized
closed 2D surfaces and they exist in the complex energy plane. The DR for other
cases are quantized closed 2D surfaces and the exist in the real energy plane. The
DRs in all the cases are concentration dependent for any value of the electron
energy. The sub band energies will be real or complex in accordance with said
logic. The EEM will be wave vector dependent and analytical expressions of the
DOS function are not possible so that the numerical integration method should be
used for the determination of the DOS functions in the respective cases.
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13.4 Open Research Problem

(R.13.1) Investigate the influence of arbitrarily oriented alternating quantizing
magnetic field and strain on the DR for all types of HD super-lattices
whose carrier energy spectra are described in this book.
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Chapter 14
The DR in Quantum Wire HDSLs

P-A-I-N means positive attitude in negativity.

14.1 Introduction

In this chapter, the DR from III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
quantum wire heavily doped superlattices (QWHDSLs) with graded interfaces has
been studied in Sects. 14.2.1 to 14.2.5. From Sects. 14.2.6 to 14.2.10, the DR from
III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum wire heavily doped
effective mass superlattices respectively has been presented. The Sect. 14.3 contains
the summary and conclusion pertinent to this chapter. The last Sect. 14.4 presents
single open research problem.

14.2 Theoretical Background

14.2.1 The DR in III–V Quantum Wire HD Superlattices
with Graded Interfaces

The simplified DR of heavily doped quantum wire III–V super-lattices with graded
interfaces can be expressed as [1, 2]

k 2
z ¼ G8 þ iH8½ ���kx¼nxp

dx
and ky¼nyp

dy

ð14:1aÞ

The DOS function can be written as

NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;1Þ½G0
8 þ iH0

8�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G8 þ iH8

p ð14:1bÞ
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where E13;1 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ G8 þ iH8½ �jkx¼nxp
dx

; ky¼nyp
dy

and E¼E13;1
ð14:1cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
G0

8 ð14:2Þ

14.2.2 The DR in II–VI Quantum Wire HD Superlattices
with Graded Interfaces

The simplified DR of heavily doped quantum wire III–V super-lattices with graded
interfaces can be expressed as

k 2
z ¼ G19 þ iH19½ ���kx¼nxp

dx
and ky¼nyp

dy
ð14:3aÞ

The DOS function can be written as

NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;2Þ½G0
19 þ iH0

19�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G19 þ iH19

p ð14:3bÞ

where E13;2 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ G19 þ iH19½ �jkx¼nxp
dx

; ky¼nyp
dy

and E¼E13;2
ð14:3cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
G0

19 ð14:4Þ

14.2.3 The DR in IV–VI Quantum Wire HD Superlattices
with Graded Interfaces

The simplified DR in heavily doped quantum wire IV–VI super-lattices with graded
interfaces can be expressed as
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k 2
z ¼ 1

L20
cos�1 1

2
U2ðE; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð14:5aÞ

The DOS function can be written as

NðEÞ ¼ gv
pL0

Xnxmax

nx¼1Xnymax

ny¼1

cos�1 1
2U2ðE; ksÞ
� 	

U2ðE; ksÞU0
2ðE; ksÞHðE � E13;3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos�1 1
2U2ðE; ksÞ
� 	2� L20

nxp
dx


 �2
þ nxp

dx


 �2� �s ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

4U
2
2ðE; ksÞ

q
ð14:5bÞ

where E13;3 is the sub-band energy and the sub-band equation in this case can be
expressed as

0¼ 1
L20

cos�1 1
2
U2ðE13;3; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð14:5cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2L20
cos�1 1

2
U2ðE; ksÞ

� �
U0

2ðE; ksÞ 1� 1
4
U2

2ðE; ksÞ
� ��1=2

ð14:6Þ

14.2.4 The DR in HgTe/CdTe Quantum Wire HD
Superlattices with Graded Interfaces

The simplified DR in heavily doped quantum wire HgTe/CdTe superlattices with
graded interfaces can be expressed as

k 2
z ¼ G192 þ iH192½ ���kx¼nxp

dx
and ky¼nyp

dy

ð14:7aÞ

The DOS function can be written as

NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;4Þ½G0
192 þ iH0

192�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G192 þ iH192

p ð14:7bÞ
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where E13;4 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ G192 þ iH192½ �jkx¼nxp
dx
;ky¼nyp

dy
and E¼E13;4

ð14:7cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
G0

192 ð14:8Þ

14.2.5 The DR in Strained Layer Quantum Wire HD
Superlattices with Graded Interfaces

Therefore the DR of the conduction electrons in heavily doped strained layer
quantum well SL with graded interfaces can be expressed as

k2z ¼
1
L20

cos�1 1
2
�U6ðE; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð14:9aÞ

The DOS function can be written as

NðEÞ ¼ gv
pL0

Xnxmax

nx¼1Xnymax

ny¼1

cos�1 1
2
�U6ðE; ksÞ

� 	
�U6ðE; ksÞ½�U6ðE; ksÞ�0HðE � E13;5Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos�1 1
2
�U6ðE; ksÞ

� 	2� L20
nxp
dx


 �2
þ nxp

dx


 �2� �s ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

4 ½�U6ðE; ksÞ�2
q

ð14:9bÞ

where E13;6 is the sub-band energy and the sub-band equation in this case can be
expressed as

0 ¼ 1
L20

cos�1 1
2
�U6ðE13;5; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð14:9cÞ

The EEM in this case is given by
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m�ðE; gg; nx; nyÞ ¼
�h2

2L20
cos�1 1

2
�U6ðE; ksÞ

� �
½�U6ðE; ksÞ�0 1� 1

4
½�U6ðE; ksÞ�2

� ��1=2

ð14:10Þ

14.2.6 The DR in III–V Quantum Wire HD Effective Mass
Super Lattices

The DR in III–V heavily doped effective mass quantum wire super-lattices can be
written as

k2z ¼ d7 þ id8½ ���kx¼nxp
dx

and ky¼nyp
dy

ð14:11aÞ

The DOS function can be written as

NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;6Þ½d07 þ id08�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d7 þ id8

p ð14:11bÞ

where E13;6 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ d7 þ id8½ �jkx¼nxp
dx
;ky¼nyp

dy
and E¼E13;6

ð14:11cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
d07 ð14:12Þ

14.2.7 The DR in II–VI Quantum Wire HD Effective Mass
Super Lattices

The DR in III–V heavily doped effective mass quantum wire super-lattices can be
written as

k 2
z ¼ d13 þ id14½ ���kx¼nxp

dx
and ky¼nyp

dy

ð14:13aÞ

The DOS function can be written as
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NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;6Þ½d013 þ id014�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d13 þ id14

p ð14:13bÞ

where E13;7 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ d13 þ id14½ �jkx¼nxp
dx
;ky¼nyp

dy
and E¼E13;7

ð14:13cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
d013 ð14:14Þ

14.2.8 The DR in IV–VI Quantum Wire HD Effective Mass
Super Lattices

Therefore the DR in heavily doped IV–VI, quantum wire EMSLs can be written as

k 2
z ¼ 1

L20
cos�1ðf23ðE; kx; kyÞÞ
� 	2� k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð14:15aÞ

The DOS function can be written as

NðEÞ ¼ gv
pL0

Xnxmax

nx¼1

Xnymax

ny¼1

cos�1 1
2 f23 E; nxpdx ;

nyp
dy


 �n o
f23 E; nxpdx ;

nyp
dy


 �
f23 E; nxpdx ;

nyp
dy


 �h i0
HðE � E13;8Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos�1 1
2 f23 E; nxpdx ;

nyp
dy


 �n o2
� L20

nxp
dx


 �2
þ nxp

dx


 �2� �s ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

4 f23 E; nxpdx ;
nyp
dy


 �h i2r

ð14:15bÞ

where E13;8 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ 1
L20

cos�1ðf23ðE13;8; kx; kyÞÞ
� 	2� k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð14:15cÞ

The EEM in this case is given by
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m�ðE; gg; nx; nyÞ ¼
�h2

2L20
cos�1 1

2
f23 E;

nxp
dx

;
nyp
dy

� � �

f23 E;
nxp
dx

;
nyp
dy

� � �0
1� 1

4
f23 E;

nxp
dx

;
nyp
dy

� � �2" #�1=2

ð14:16Þ

14.2.9 The DR in HgTe/CdTe Quantum Wire HD Effective
Mass Super Lattices

The DR in heavily doped HgTe/CdTe QWEMSLs can be written as

k 2
z ¼ D13H þ iD14H½ ���kx¼nxp

dx
and ky¼nyp

dy

ð14:17aÞ

The DOS function can be written as

NðEÞ ¼ gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

HðE � E13;9Þ½D0
13H þ iD0

13H �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D13H þ iD14H

p ð14:17bÞ

where E13;9 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ D13H þ iD14H½ �jkx¼nxp
dx
;ky¼nyp

dy
and E¼E13;9

ð14:17cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2
D0

13H ð14:18Þ

14.2.10 The DR in Strained Layer Quantum Wire HD
Effective Mass Super Lattices

Therefore the DR in heavily doped IV–VI, quantum wire EMSLs can be written as

k 2
z ¼ 1

L20
cos�1ðf40ðE; kx; kyÞÞ
� 	2� k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð14:19aÞ

The DOS function can be written as
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NðEÞ ¼ gv
pL0

Xnxmax

nx¼1

Xnymax

ny¼1

cos�1 1
2 f40 E; nxpdx ;

nyp
dy


 �n o
f40 E; nxpdx ;

nyp
dy


 �
f40 E; nxpdx ;

nyp
dy


 �h i0
HðE � E13;10Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cos�1 1
2 f40 E; nxpdx ;

nyp
dy


 �n o2
� L20

nxp
dx


 �2
þ nxp

dx


 �2� �s ! ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1

4 f40 E; nxpdx ;
nyp
dy


 �h i2r

ð14:19bÞ

where E13;10 is the sub band energy and the sub-band equation in this case can be
expressed as

0 ¼ 1
L20

cos�1ðf40ðE13;10; kx; kyÞÞ
� 	2� k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð14:19cÞ

The EEM in this case is given by

m�ðE; gg; nx; nyÞ ¼
�h2

2L20
cos�1 1

2
f40 E;

nxp
dx

;
nyp
dy

� � �

f40 E;
nxp
dx

;
nyp
dy

� � �0
1� 1

4
f40 E;

nxp
dx

;
nyp
dy

� � �2" #�1=2

ð14:20Þ

14.3 Summary and Conclusion

In this chapter, the DR from III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
quantum wire heavily doped superlattices (QWHDSLs) with graded interfaces has
been studied in Sects. 14.2.1 to 14.2.5. From Sects. 14.2.6 to 14.2.10, the DR from
III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum wire heavily doped
effective mass superlattices respectively has been presented. The presence of
essential poles in the constituent materials of HD III–V and HgTe/CdTe SLs makes
the DR in the said SLs complex (for both SLs with graded interfaces and effective
mass SLs). The E � k2x plots for HD III–V and HgTe/CdTe QWSLs are quantized
closed 2D surfaces and they exist in the complex energy plane. The DR for other
cases are quantized closed 2D surfaces and they exist in the real energy plane. The
DRs in all the cases are concentration dependent for any value of the electron
energy. The sub band energies are either real or complex in accordance with said
logic. The DOS functions have been derived in all the cases. The EEM are func-
tions of quantum numbers, screening potential and for any value of the electron
energy, the EEM is concentration dependent.
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14.4 Open Research Problem

(R.14.1) Investigate the influence of arbitrarily oriented alternating quantizing
magnetic field and strain on the DR for all types of HD super-lattices
whose carrier energy spectra are described in this book
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Chapter 15
The DR in Quantum Dot HDSLs

If I realize that my ego pressure is much greater that of my
blood pressure, then I am to some extent wise.

15.1 Introduction

In this chapter, the DR from III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
heavily doped superlattices (QDHDSLs) with graded interfaces has been studied in
Sects. 15.2.1 to 15.2.5. From Sects. 15.2.6 to 15.2.10, the DR from III–V, II–VI,
IV–VI, HgTe/CdTe and strained layer quantum dot heavily doped effective mass
superlattices respectively has been presented. The Sect. 15.3 contains the summary
and conclusion pertinent to this chapter. The last Sect. 15.4 presents single open
research problem.

15.2 Theoretical Background

15.2.1 The DR in III–V Quantum Dot HD Superlattices
with Graded Interfaces

The simplified DR of heavily doped quantum dot III–V super-lattices with graded
interfaces can be expressed as [1–9]

nzp
dz

� �2

¼ ½G8 þ iH8�jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;1

ð15:1Þ

where E14;1 is the totally quantized energy in this case.
The DOS function is given by
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NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;1Þ ð15:2Þ

15.2.2 The DR in II–VI Quantum Dot HD Superlattices
with Graded Interfaces

The simplified DR of heavily doped quantum dot III–V super-lattices with graded
interfaces can be expressed as

nzp
dz

� �2

¼ ½G19 þ iH19�jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;2

ð15:3Þ

where E14;2 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;2Þ ð15:4Þ

15.2.3 The DR in IV–VI Quantum Dot HD Superlattices
with Graded Interfaces

The simplified DR in heavily doped quantum dot IV–VI super-lattices with graded
interfaces can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U2ðE14;3; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð15:5Þ

where E14;3 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;3Þ ð15:6Þ
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15.2.4 The DR in HgTe/CdTe Quantum Dot HD
Superlattices with Graded Interfaces

The simplified DR of heavily doped quantum dot III–V super-lattices with graded
interfaces can be expressed as

nzp
dz

� �2

¼ ½G192 þ iH192�jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;4

ð15:7Þ

where E14;4 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;4Þ ð15:8Þ

15.2.5 The DR in Strained Layer Quantum Dot HD
Superlattices with Graded Interfaces

The DR of the conduction electrons in heavily doped strained layer quantum dot SL
with graded interfaces can be expressed as

nzp
dz

� �2

¼ 1
L20

cos�1 1
2
U6ðE14;5; ksÞ

� �� �2
� k2s

" #�����
kx¼nxp

dx
and ky¼nyp

dy

ð15:9Þ

where E14;5 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;5Þ ð15:10Þ

15.2.6 The DR in III–V Quantum Dot HD Effective Mass
Super Lattices

The DR in III–V heavily doped effective mass quantum dot super-lattices can be
written as
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nzp
dz

� �2

¼ ½d7 þ id8�jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;6

ð15:11Þ

where E14;6 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;6Þ ð15:12Þ

15.2.7 The DR in II–VI Quantum Dot HD Effective Mass
Super Lattices

The DR in III–V heavily doped effective mass quantum dot super-lattices can be
written as

nzp
dz

� �2

¼ ½d13 þ id14�jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;7

ð15:13Þ

where E14;7 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;7Þ ð15:14Þ

15.2.8 The DR in IV–VI Quantum Dot HD Effective Mass
Super Lattices

The DR in heavily doped IV–VI, quantum dot EMSLs can be written as

nzp
dz

� �2

¼ 1
L20

cos�1ðf23ðE14;8; k; kyÞÞ
	 
2 � k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð15:15Þ

where E14;8 is the totally quantized energy in this case.
The DOS function is given by
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NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;8Þ ð15:16Þ

15.2.9 The DR in HgTe/CdTe Quantum Dot HD Effective
Mass Super Lattices

The DR in heavily doped HgTe/CdTe QWEMSLs can be written as

nzp
dz

� �2

¼ ½D13H þ iD14H �jkx¼nxp
dx
;ky¼nyp

dy
and E¼E14;9

ð15:17Þ

where E14;9 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;9Þ ð15:18Þ

15.2.10 The DR in Strained Layer Quantum Dot HD
Effective Mass Super Lattices

The DR in heavily doped IV–VI, quantum dot EMSLs can be written as

nzp
dz

� �2

¼ 1
L20

cos�1ðf40ðE14;10; kx; kyÞÞ
	 
2 � k2s

� �����
kx¼nxp

dx
and ky¼nyp

dy

ð15:19Þ

where E14;10 is the totally quantized energy in this case.
The DOS function is given by

NQDSLðEÞ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E14;10Þ ð15:20Þ
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15.3 Summary and Conclusion

In this chapter, the DR from III–V, II–VI, IV–VI, HgTe/CdTe and strained layer
quantum dot heavily doped superlattices (QDHDSLs) with graded interfaces has
been studied in Sects. 15.2.1 to 15.2.5. From Sects. 15.2.6 to 15.2.10, the DR from
III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum dot heavily doped
effective mass superlattices respectively has been presented

• The DRs for QDHDSLs of HD materials exhibit the fact that the total energy is
quantized since the corresponding wave vector space is totally quantized.

• The DOS functions for all the materials in this case are series of non-uniformly
distributed Dirac’s Delta functions at specified quantized points in the respective
energy axis. The spacing between the consecutive Delta functions are functions
of energy band constants and quantization of the wave vector space of a par-
ticular material.

• It may be noted that the HD QDHDSLs lead to the discrete energy levels,
somewhat like atomic energy levels, which produce very large changes. This
follows from the inherent nature of the quantum confinement of the carrier gas
dealt with here. In QDHDSLs, there remain no free carrier states in between any
two allowed sets of size-quantized levels unlike that found for QWs and NWs
super-lattices where the quantum confinements are 1D and 2D, respectively.
Consequently, the crossing of the Fermi level by the size-quantized levels in HD
QDHDSLs would have much greater impact on the redistribution of the carriers
among the allowed levels, as compared to that found for QWs and NWs
super-lattices respectively. The quantum signature of HD QDHDSLs for the DR
is rather prominent as compared to the same from QWs and NWs super-lattices.

• It is the band structure which changes in a fundamental way and consequently
all the physical properties of all the electronic materials changes radically
leading to new physical concepts.

15.4 Open Research Problem

(R.15.1) Investigate the influence of arbitrarily oriented alternating quantizing
magnetic field and strain on the DR for all types of HD super-lattices
whose carrier energy spectra are described in this book.
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Chapter 16
The DR in HDSLs Under Magnetic
Quantization

A man is measured by not what he says or does, but by what he
becomes.

16.1 Introduction

In recent years the influence of magnetic quantization on the various electronic
properties of semiconductor supperlattices having various band structures has been
investigated in the literature [1–10]. In this chapter, the magneto DR in III–V, II–
VI, IV–VI, HgTe/CdTe and strained layer heavily doped superlattices (HDSLs)
with graded interfaces has been studied in Sects. 16.2.1 to 16.2.5. From
Sects. 16.2.6 to 16.2.10, the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and
strained layer heavily doped effective mass superlattices respectively has been
presented. The Sect. 16.3 contains the summary and conclusion pertinent to this
chapter. The last Sect. 16.4 presents 4 open research problems.

16.2 Theoretical Background

16.2.1 The DR in III–V HD Superlattices with Graded
Interfaces Under Magnetic Quantization

The simplified DR of heavily doped quantum well III–V super-lattices with graded
interfaces under magnetic quantization can be expressed as

k2z ¼ G8E;n þ iH8E;n ð16:1aÞ
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� �� �

sinh h2E;n
� �� �

sinh g1E;n
� �� �

sin g2E;n
� �� ��

;

q8E;n ¼ e21E;n þ e22E;n
� 	�1

e2E;n d21E;n � d22E;n
� 	

þ 2d1E;nd2E;ne1E;n
h i

þ 3e2E;n

� �
;

H3E;n ¼ sin h1E;n
� �� �

cosh h2E;n
� �� �

sin g2E;n
� �� �

sinh g1E;n
� �� ��

� cos h1E;n
� �� �

sinh h2E;n
� �� �

cosh g1E;n
� �� �

cos g2E;n
� �� ��

;

q9E;n ¼ d21E;n þ d22E;n
� 	�1

d1E;n e22E;n � e21E;n
� 	

þ 2e2E;nd2E;ne1E;n
h i

þ 3d1E;n

� �
;

G4E;n ¼ cos h1E;n
� �� �

cosh h2E;n
� �� �

cos g2E;n
� �� �

sinh g1E;n
� �� ��

� sin h1E;n
� �� �

sinh h2E;n
� �� �

cosh g1E;n
� �� �

sin g2E;n
� �� ��

;

q10E;n ¼ � d21E;n þ d22E;n
� 	�1

d2E;n �e22E;n þ e21E;n
� 	

þ 2e2E;nd2E;ne1E;n
h i

þ 3d2E;n

� �
;

H4E;n ¼ cos h1E;n
� �� �

cosh h2E;n
� �� �

cosh g1E;n
� �� �

sin g2E;n
� �� ��

þ sin h1E;n
� �� �

sinh h2E;n
� �� �

sinh g1E;n
� �� �

cos g2E;n
� �� ��

;

q11E;n ¼ 2 d21E;n þ e22E;n � d22E;n � e21E;n
h i

;

G5E;n ¼ cos h1E;n
� �� �

cosh h2E;n
� �� �

cos g2E;n
� �� �

cosh g1E;n
� �� ��

� sin h1E;n
� �� �

sinh h2E;n
� �� �

sinh g1E;n
� �� �

sin g2E;n
� �� ��

;

q12E;n ¼ 4 d1E;nd2E;n þ e1E;ne2E;n
� �

;

H5E;n ¼ cos h1E;n
� �� �

cosh h2E;n
� �� �

sinh g1E;n
� �� �

sin g2E;n
� �� ��

þ sin h1E;n
� �� �

sinh h2E;n
� �� �

cosh g1ð Þð Þ cos g2ð Þð Þ�;
q13E;n ¼

(
5 d1E;ne

3
1E;n � 3e1E;ne22E;nd1E;n

� 	
þ 5d2E;n e31E;n � 3e21E;ne2E;n

� 	
g d21E;n þ d22E;n
� 	�1

"

þ e21E;n þ e22E;n
� 	�1

5 e1E;nd
3
1E;n � 3d2E;ne21E;nd1E;n

� 	n

þ 5 d32E;ne2E;n � 3d21E;nd2E;ne2E;n
� 	o

� 34 d1E;ne1E;n þ d2E;ne2E;n
� �#

;
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G6E;n ¼ sin h1E;n
� �� �

cosh h2E;n
� �� �

sinh g1E;n
� �� �

cos g2E;n
� �� ��

þ cos h1E;n
� �� �

sinh h2E;n
� �� �

cosh g1ð Þð Þ sin g2ð Þð Þ�;
q14E;n ¼ 5 d1E;ne

3
2E;n � 3e2E;ne21E;nd1E;n

� 	
þ 5d2E;n �e31E;n þ 3e22E;ne1E;n

� 	n o
d21E;n þ d22E;n
� 	�1

�

þ e21E;n þ e22E;n
� 	�1

5 �e1E;nd
3
2E;n þ 3d21E;nd2E;ne1E;n

� 	n
þ 5 �d31E;ne2E;n þ 3d22E;nd1E;ne2E;n
� 	o

þ 34 d1E;ne2E;n � d2E;ne1E;n
� ��

;

H6E;n ¼ sin h1E;n
� �� �

cosh h2E;n
� �� �

cosh g1E;n
� �� �

sin g2E;n
� �� ��

� cos h1E;n
� �� �

sinh h2E;n
� �� �

sinh g1E;n
� �� �

cos g2E;n
� �� ��

;

H7E;n ¼ H1E;n þ q5E;nH2E;n=2
� �þ q6E;nG2E;n=2

� ��
þ D0=2ð Þ q8E;nG3E;n þ q7E;nH3E;n þ q10E;nG4E;n þ q9E;nH4E;n

�
þ q12E;nG5E;n þ q11E;nH5E;n þ 1=12ð Þ q14E;nG6E;n þ q13E;nH6E;n

� ��
;

H1E;n ¼ sin h1E;n
� �� �

sinh h2E;n
� �� �

cosh g1E;n
� �� �

cos g2E;n
� �� ��

þ cos h1E;n
� �� �

cosh h2E;n
� �� �

sinh g1E;n
� �� �

sin g2E;n
� �� ��

;

D7E;n ¼ sinh�1 x7E;n
� �

; H8E;n ¼ 2C7E;nD7E;n=L
2
0

� �
The DOS function can be written as

NðEÞ ¼ eB
2p2�h

Xnmax

n¼0

G0
8E;n þ iH0

8E;n

� 	
H E � E15;1
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G8E;n þ iH8E;n

p ð16:1bÞ

where E15;1 is the sub-band energy in this case and is given by

0 ¼ G8E;n þ iH8E;n
� ���

E¼E15;1
ð16:1cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
G0

8E;n ð16:2Þ

16.2.2 The DR in II–VI HD Superlattices with Graded
Interfaces Under Magnetic Quantization

The simplified DR in heavily doped II–VI super-lattices with graded interfaces
under magnetic quantization can be expressed as
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k2z ¼ G19E;n þ iH19E;n ð16:3aÞ

where

G19E;n ¼
C2
18E;n � D2

18E;n

L20
� 2eB

�h
nþ 1

2

� �� �" #
;

C18E;n ¼ cos�1 x18E;n
� �

;

x18E;n ¼ ð2Þ�1
2 1� G2

18E;n � H2
18E;n

� 	
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2

18E;n � H2
18E;n

� 	2
þ 4G2

180D

r" #1
2

;

C18E;n ¼ 1
2

G11E;n þG12E;n þD0 G13E;n þG14E;n
� �þD0 G15E;n þG16E;n

� �� �
;

G11E;n ¼ 2 cos g1E;n
� �� �

cos g2E;n
� �� �

cos c11 E; nð Þð Þ; c11 E; nð Þ ¼ k21 E; nð Þ b0 � D0ð Þ;

k21 E; nð Þ ¼ c3 E; gg1
� �� �h2

2m�
?;1

2eB
�h

nþ 1
2

� �� �
� C0

2eB
�h

nþ 1
2

� �� �1=2
" #

2m�
k;1

�h2

( )1=2

;

G12E;n ¼ X1ðE; nÞðsinh g1E;nÞðcos g2E;nÞ
��
� X2ðE; nÞðsinh g2E;nÞðcosh g1E;nÞ

�
sin c11 E; nð Þð Þ�

X1 E; nð Þ ¼ d1E;n
k21ðE; nÞ �

k21ðE; nÞd1E;n
d21E;n þ d22E;n

" #
;

X2 E; nð Þ ¼ d2E;n
k21ðE; nÞ þ

k21ðE; nÞd2E;n
d21E;n þ d22E;n

" #
;

G13E;n ¼ X3 E; nð Þ cosh g1E;n
� �

cos g2E;n
� ���

� X4 E; nð Þ sinh g1E;n
� �

sin g2E;n
� ��

sin c11 E; nð Þð Þ�

X3 E; nð Þ ¼ d21E;n � d22E;n
k21ðE; nÞ � 3k21ðE; nÞ

" #
;

X4 E; nð Þ ¼ 2d1E;nd2E;n
k21ðE; nÞ

� �

G14E;n ¼ X5 E; nð Þ sinh g1E;n
� �

cos g2E;n
� ���

� X6 E; nð Þ sin g1E;n
� �

cosh g2E;n
� ��

cos c11 E; nð Þð Þ�:
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X5 E; nð Þ ¼ 3d1E;n � d1E;n
d21E;n þ d22E;n

k221ðE; nÞ
" #

;

X6 E; nð Þ ¼ 3d2E;n þ d2E;n
d21E;n þ d22E;n

k221ðE; nÞ
" #

G15E;n ¼ X9 E; nð Þ cosh g1E;n
� �

cos g2E;n
� ���

� X10 E; nð Þ sinh g1E;n
� �

sing2E;n
� ��

cos c11 E; nð Þð Þ�
X9 E; nð Þ ¼ 2d21E;n � 2d22E;n � k221 E; nð Þ

h i
;

X10 E; nð Þ ¼ 2d1E;nd2E;n
� �

G16E;n ¼ X7 E; nð Þ sinh g1E;n
� �

cos g2E;n
� ���

� X8 E; nð Þ sin g1E;n
� �

coshg2E;n
� ��

sin c11 E; nð Þ=12ð Þ�;
X7 E; nð Þ ¼ 5d1E;n

d21E;n þ d22E;n
k321 E; nð Þþ

5 d31E;n � 3d22E;nd1E;n
� 	

k21 E; nð Þ � 34k21 E; nð Þd1E;n
2
4

3
5;

X8 E; nð Þ ¼ 5d2E;n
d21E;n þ d22E;n

k321 E; nð Þþ
5 d32E;n � 3d22E;nd1E;n
� 	

k21 E; nð Þ þ 34k21 E; nð Þd2E;n
2
4

3
5

H18E;n ¼ 1
2

H11E;n þH12E;n þD0 H13E;n þH14E;n
� �þD0 H15E;n þH16E;n

� �� �
;

H11E;n ¼ 2 sinh g1E;n
� �

sin g2E;n
� �

cos c11 E; nð Þð Þ�;
H12E;n ¼ X2 E; nð Þ sinh g1E;n

� �
cos g2E;n
� ���

þX1 E; nð Þ sin g2E;n
� �

cosh g1E;n
� ��

sin c11 E; nð Þð Þ�;
H13E;n ¼ X4 E; nð Þðcosh g1E;nÞðcos g2E;nÞ

��
þX3 E; nð Þ sinh g1E;n

� �
sin g2E;n
� ��

sin c11 E; nð Þð Þ�;
H14E;n ¼ X6 E; nð Þ sinh g1E;n

� �
cos g2E;n
� ���

þX5 E; nð Þ sin g1E;n
� �

cosh g2E;n
� ��

cos c11 E; nð Þð Þ�;
H15E;n ¼ X10 E; nð Þ cosh g1E;n

� �
cos g2E;n
� ���

þX9 E; nð Þ sinh g1E;n
� �

sin g2E;n
� ��

cos c11 E; nð Þð Þ�;
H16E;n ¼ X8 E; nð Þ sinh g1E;n

� �
cos g2E;n
� ���

þX7 E; nð Þ sin g1E;n
� �

cosh g2E;n
� ��

sin c11 E; nð Þ=2ð Þ�;
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H19E;n ¼ 2C18E;nD18E;n

L20

� �
and D18E;n ¼ sinh�1 x18E;n

� �

The DOS function can be written as

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

G0
19E;n þ iH0

19E;n

� 	
H E � E15;2
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G19E;n þ iH19E;n

p ð16:3bÞ

where E15;2 is the sub-band energy in this case and is given by

0 ¼ G19E;n þ iH19E;n
� ���

E¼E15;2
ð16:3cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
G0

19E;n ð16:4Þ

16.2.3 The DR in IV–VI HD Superlattices with Graded
Interfaces Under Magnetic Quantization

The simplified DR in heavily doped IV–VI super-lattices with graded interfaces
under magnetic quantization can be expressed as

k2z ¼
1
L20

cos�1 1
2
U2ðE; nÞ

� �� �2
� 2eB

�h
nþ 1

2

� �
ð16:5aÞ

where

U2ðE; nÞ � 2 cosh b2 E; nð Þf g cos c2 E; nð Þf gþ e2 E; nð Þ sinh b2ðE; nÞf g sin c22 E; nð Þf g
"

þ D0

"
K112 E; nð Þf g2=K212 E; nð Þ

� 	
� 3K212 E; nð Þ

� 	
cosh b2ðE; nÞf g sin c22ðE; nÞf g:

þ 3K112 E; nð Þ � K212 E; nð Þf g2
K112 E; nð Þ

 !
sinh b2ðE; nÞf g cos c22ðE; nÞf g

#

þD0

"
2 K112 E; nð Þf g2� K212 E; nð Þf g2
� 	

cosh b2 E; nð Þf g cos c22 E; nð Þf g:

þ 1
12

5 K112 E; nð Þf g3
K212 E; nð Þ þ 5 K212 E; nð Þf g3

K112 E; nð Þ � 34K212 E; nð ÞK112 E; nð Þ
" #

sinh b2ðE; nÞf g sin c22ðE; nÞf g
##

;

b2 E; nð Þ �K112 E; nð Þ a0 � D0½ �;
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k2112 E; nð Þ ¼ 2�p9;2n
� ��1 ��q9;2n E � V0; gg2

� �"

� �q9;2n E � V0; gg2
� �� �2 þ 4�p9;2n�R9;2n E � V0; gg2

� �h i1
2

#
;

�q9;2n E � V0; gg2
� � ¼ �h2=2

� �
1=m�

l2

� �þ 1=m�
l2

� �� �"

þ a2 �h4=4
� � 2eB

�h
nþ 1

2

� �
1=mþ

l2 m
�
t2

� �þ 1=mþ
t2 m

�
l2

� �� �

� a2c3 E � V0; gg2
� �

1=mþ
l2

� �� 1=m�
l2

� �� �#
;

�R9;2n E; gg2
� � ¼ c2 E � V0; gg2

� �þ c3 E � V0; gg2
� �"

�h2=2
� �

a2
2eB
�h

nþ 1
2

� �
1=m�

t2

� �� 1=m�
t2

� �� �� �
� �h2=2
� �

k2s0 1=m�
t2

� �þ 1=m�
t2

� �� �� �
� a2 �h6=4

� � 2eB
�h

nþ 1
2

� �� �2
1=mþ

t2 m
�
t2

� �� �#
;

c2 E; nð Þ ¼K212 E; nð Þ b0 � D0½ �;

k2212 E; nð Þ ¼ 2�p9;1n
� ��1 ��q9;1n E; gg1

� �þ �q9;1n E; gg1
� �� �2 þ 4�p9;1n�R9;1n E; gg1

� �h i1
2

� �

�q9;1nðE; gg1Þ ¼ �h2=2
� �

1=m�
l1

� �þ 1=m�
l1

� �� �þ a1 �h4=4
� � 2eB

�h

"
nþ 1

2

� �

1=mþ
l1 m

�
t1

� �þ 1=mþ
t1 m

�
ml1

� 	� 	
� a1c3 E; gg1

� �
1=mþ

l1

� �� 1=m�
l1

� �� �#
;

458 16 The DR in HDSLs Under Magnetic Quantization



�R9;1 E; gg1
� � ¼ c2 E; gg1

� �þ c3 E; gg1
� �"

�h2=2
� �

a1 2eB=�hð Þ nþ 1
2

� �
1=m�

t1

� �� 1=m�
t1

� �� �� �
� �h2=2
� �

k2s0 1=m�
t1

� �þ 1=m�
t1

� �� �� �
� a1 �h6=4

� �
2eB=�hÞð Þ nþ 1

2

� �� �2

1=mþ
t1 m

�
t1

� �� �#
and

e2 E; nð Þ � K112ðE; nÞ
K212ðE; nÞ �

K212ðE; nÞ
K112ðE; nÞ

� �
:

The DOS function can be written as

N Eð Þ ¼ eBgv
2p2�hL0

Xnmax

n¼0

cos�1 1
2u2ðE; nÞ 1� 1

4u
2
2ðE; n

� �� ��1=2
u0
2ðE; nÞH(E � E15;3Þ

cos�1 1
2u2ðE; nÞ
� �� �2�L20

2eB
�h 1þ 1

2

� �h i1=2
ð16:5bÞ

where E15;3 is the sub-band energy in this case and is given by

0 ¼ 1
L20

cos�1 1
2
U2ðE15;3; nÞ

� �� �2
� 2eB

�h
nþ 1

2

� �
ð16:5cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2L20
cos�1 1

2
u2 E; nð Þ 1� 1

4
u2
2 E; nð Þ

� �� ��1=2

u0
2 E; nð Þ ð16:6Þ

16.2.4 The DR in HgTe/CdTe HD Superlattices with Graded
Interfaces Under Magnetic Quantization

The simplified DR in heavily doped HgTe/CdTe superlattices with graded inter-
faces under magnetic quantization can be expressed as

ðkzÞ2 ¼ G192E;n þ iH192E;n ð16:7aÞ

where

G192E;n ¼
C2
182E;n � D2

182E;n

L20
� 2eB=�hð Þ nþ 1=2ð Þð Þ

" #
;
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C1820D ¼ cos�1 x182E;n
� �

;

x182E;n
� � ¼ð2Þ�1

2 1� G2
182E;n � H2

182E;n

� 	
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2

182E;n � H2
182E;n

� 	2
þ 4G2

182E;n

r" #1
2

;

G182E;n ¼ 1
2

G112E;n þG122E;n þD0 G132E;n þG142E;n
� �þD0 G152E;n þG162E;n

� �� �
;

G112E;n ¼ 2 cos g12ð Þð Þ cos g22ð Þð Þ cos c8 E; nð Þð Þ;
c8 E; nð Þ ¼ k8 E; nð Þ b0 � D0ð Þ;

k8 E; nð Þ ¼ B2
01 þ 4A1E � B01

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B2
01 þ 4A1E

p
2A2

1
� 2eB=�hð Þ nþð1=2Þð Þ

" #1=2
;

G120D ¼ X12 E; nð Þ sinh g12E;n
� �

cos g22E;n
� ���

� X22 E; nð Þ sin g22E;n
� �

cosh g12E;n
� ��

sin c8ðE; nÞð Þ�;
X12 E; nð Þ ¼ d12E;n

k8 E; nð Þ �
k8 E; nð Þd12E;n
d212E;n þ d222E;n

" #
;

X22 E; nð Þ ¼ d22E;n
k8 E; nð Þ þ

k8 E; nð Þd22E;n
d212E;n þ d222E;n

" #
;

G1320D ¼ X32 E; nð Þ cosh g12E;n
� �

cos g22E;n
� ���

� X42 E; nð Þ sinh g12E;n
� �

sin g22E;n
� ��

sin c8 E; nð Þð Þ�;
X32 E; nð Þ ¼

d2
12E;n

� d22E;n
k8 E; nð Þ � 3k8 E; nð Þ

" #
;

X42 E; nð Þ ¼ 2d12E;nd22E;n
k8 E; nð Þ

� �
;

G1420D ¼ X52 E; nð Þ sinh g12E;n
� �

cos g22E;n
� ���

� X62 E; nð Þ sin g12E;n
� �

cosh g22E;n
� ��

cos c8 E; nð Þð Þ�;
X52 E; nð Þ ¼ 3d12E;n � d12E;n

d212E;n þ d222E;n
k28 E; nð Þ

" #
;

X62 E; nð Þ ¼ 3d22E;n þ d22E;n
d212E;n þ d222E;n

k28 E; nð Þ
" #

;
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G1520D ¼ X92 E; nð Þ cosh g12E;n
� �

cos g22E;n
� ���

� X102 E; nð Þ sinh g12E;n
� �

sin g22E;n
� ��

cos c8 E; nð Þð Þ�;
X92 E; nð Þ ¼ 2d212E;n � 2d222E;n � k28 E; nð Þ

h i
;

X102 E; nð Þ ¼ 2d12E;nd22E;n
� �

;

G162E;n ¼ X72 E; nð Þ sinh g12E;n
� �

cos g22E;n
� ���

� X82 E; nð Þ sin g12E;n
� �

cosh g22E;n
� ��

sin c80D E; nð Þ=12ð Þ�;
X72 E; nð Þ ¼ 5d12E;n

d212E;n þ d222E;n
k28 E; nð Þþ

5 d312E;n � 3d222E;nd12E;n
� 	

k8 E; nð Þ � 34k8 E; nð Þd12E;n
2
4

3
5;

X82 E; nð Þ ¼ 5d22E;n
d212E;n þ d222E;n

k28 E; nð Þþ
5 d322E;n � 3d222E;nd12E;n
� 	

k8 E; nð Þ þ 34k8 E; nð Þd22E;n
2
4

3
5;

H182E;n ¼ 1
2

H112E;n þH122E;n þD0 H132E;n þH142E;n
� �þD0 H152E;n þH162E;n

� �� �
;

H112E;n ¼ 2 sinh g12E;n
� �

sin g22E;n
� �

cos c8 E; nð Þð Þ;
H1220D ¼ X22 E; nð Þ sinh g12E;n

� �
cos g22E;n
� ���

þX12 E; nð Þ sin g22E;n
� �

cosh g12E;n
� ��

sin c8 E; nð Þð Þ�;
H132E;n ¼ X42 E; nð Þ cosh g12E;n

� �
cos g22E;n
� ���

þX32 E; nð Þ sinh g12E;n
� �

sin g22E;n
� ��

sin c8 E; nð Þð Þ�;
H142E;n ¼ X62 E; nð Þ sinh g12E;n

� �
cos g22E;n
� ���

þX52 E; nð Þ sin g12E;n
� �

cosh g22E;n
� ��

cos c8 E; nð Þð Þ�;
H1520D ¼ X102 E; nð Þ cosh g12E;n

� �
cos g22E;n
� ���

þX92 E; nð Þ sinh g12E;n
� �

sin g22E;n
� ��

cos c8 E; nð Þð Þ�;
H162E;n ¼ X82 E; nð Þ sinh g12E;n

� �
cos g22E;n
� ���

þX72 E; nð Þ sin g12E;n
� �

cosh g22E;n
� ��

sin c8 E; nð Þ=2ð Þ�;
H192E;n ¼ 2C182E;nD182E;n

� �
=L20

� �� �
and D182E;n ¼ sinh�1 x182E;n

� �
The DOS function can be written as

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

G0
192E;n þ iH0

192E;n

� 	
H E � E15;4
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G192E;n þ iH192E;n

p ð16:7bÞ
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where E15;4 is the sub-band energy in this case and is given by

0 ¼ G192E;n þH192E;n
� ���

E¼E15;4
ð16:7cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
G0

192E;n ð16:8Þ

16.2.5 The DR in Strained Layer HD Superlattices
with Graded Interfaces Under Magnetic
Quantization

The DR of the conduction electrons in heavily doped strained layer SL with graded
interfaces can be expressed as

k2z ¼
1
L20

cos�1 1
2
�u6ðE; nÞ

� �� �2
� 2 ej jB

�h
nþ 1

2

� �
ð16:9aÞ

where

�/6 E; nð Þ ¼ 2 cosh T4 E; n; gg2
� �h i

cos T5 E; n; gg1
� �h ih i

þ T6 E; nð Þ
h i

sinh T4 E; n; gg2
� �h i

sin T5 E; n; gg1
� �h i

þD0
k20 E; n; gg2
� �

k00 E; n; gg1
� � � 3k00 E; n; gg1

� � !
cosh T4 E; n; gg2

� �h i
sin T5 E; n; gg1

� �h i"

þ 3k0 E; n; gg2
� �� k020 E; n; gg1

� �
k0 E; n; gg2
� �

 !
sinh T4 E; n; gg2

� �h i
cos T5 E; n; gg1

� �h i#

þD0 2 k20 E; n; gg2
� �� k020D E; n; gg1

� �� �
cosh T4 E; n; gg2

� �h i
cos T5 E; n; gg1

� �h ih i

þ 1
12

5k30 E; n; gg2
� �

k00 E; n; gg1
� � þ 5k030 E; n; gg1

� �
k0 E; n; gg2
� � � 34k0 E; n; gg2

� �
k00 E; n; gg1
� � !

sinh T4 E; n; gg2
� �h i

sin T5 E; n; gg1
� �h i

T4 E; n; gg2
� �� � ¼ k0 E; n; gg2

� �
a0 � D0½ �;
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k0 E; n; gg2
� � ¼ �S2 E � V0; gg2

� �h i�1=2
: nþ 1=2ð Þ�heB=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q1 Eð Þq2 Eð Þ

p� 	h i
� 1

h i1=2
;

q1 Eð Þ ¼ �h2= 2�P2 E � V0; gg2
� �� �

; q2 Eð Þ ¼ �h2= 2�Q2 E � V0; gg2
� �� �

T5 E; n; gg1
� � ¼ k00 E; n; gg1

� �
b0 � D0½ �;

k00 E; n; gg1
� � ¼ �S1 E; n; gg1

� �h i�1=2
1� nþ 1=2ð Þ�heB=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q3 Eð Þq4 Eð Þ

p� 	h ih i1=2
q3 Eð Þ ¼ �h2= 2�P1 E; gg1

� �� �
; q4 Eð Þ ¼ �h2= 2�Q1 E; gg1

� �� �
T6 E; nð Þ ¼ k0 E; n; gg2

� �
k00 E; n; gg1
� �� k00 E; n; gg1

� �
k0 E; n; gg2
� �

" #

The DOS function can be written as

N Eð Þ ¼ eBgv
2p2�hL0

Xnmax

n¼0

cos�1 1
2 �u6 E; nð Þ 1� 1

4 �u6 E; nð Þ½ �2
� 	" #�1=2

�u6 E; nð Þ½ �0H E � E15;5
� �

cos�1 1
2 �u6 E; nð Þ
h ih i2

�L20
2eB
�h 1þ 1

2

� �" #1=2

ð16:9bÞ

where E15;5 is the sub-band energy in this case and is given by

0 ¼ 1
L20

cos�1 1
2
�u6 E15;5; n
� �� �� �2

� 2 ej jB
�h

nþ 1
2

� �
ð16:9cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2L20
cos�1 1

2
�u6 E; nð Þ 1� 1

4
�u6 E; nð Þ½ �2

� �� ��1=2

�u6 E; nð Þ½ �0

ð16:10Þ

16.2.6 The DR in III–V HD Effective Mass Superlattices
Under Magnetic Quantization

The magneto electron dispersion relation in this case assumes the form

kxð Þ2¼ d7E;n þ id8E;n ð16:11aÞ

where
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d7E;n ¼ 1
L20

d25E;n � d26E;n

� 	
� 2eB

�h
nþ 1

2

� �� �� �
; d5E;n ¼ cos�1 p5E;n;

p5E;n ¼
1� d23E;n � d24E;n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� d23E;n � d24E;n

� 	2
þ 4d24E;n

r
2

2
664

3
775
1=2

;

d3E;n ¼ a1 cosD1E;n coshD2E;n � a2 cosD3E;n coshD4E;n
� �

;

d4E;n ¼ a1 sinD1E;n sinhD2E;n � a2 sinD3E;n sinhD4E;n
� �

D1E;n ¼ a0e1E;n þ b0e3E;n
� �

; D2E;n ¼ a0e2E;n þ b0e4E;n
� �

;

D3E;n ¼ a0e1E;n � b0e3E;n
� �

; D4E;n ¼ a0e2E;n � b0e4E;n
� �

;

d6E;n ¼ sinh�1 p5E;n and d8E;n ¼ 2d5E;nd6E;n=L20
� �

;

e1E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21E;n þ t22

q
þ t1E;n

� 	
=2

� 	h i1
2

; e2E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21E;n þ t22

q
� t1E;n

� 	
=2

� 	h i1
2

;

e3E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t23E;n þ t24

q
þ t3E;n

2

2
4

3
5
1=2

; e4E;n ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t23E;n þ t24

q
� t3E;n

2

2
4

3
5
1=2

;

t1E;n ¼ 2m�
c1

�h2
T11 E;D1; gg1;Eg1
� �� 2eB

�h
nþ 1

2

� �� �
;

t3E;n ¼ 2m�
c1

�h2
T12 E;D2; gg2;Eg2
� �� 2eB

�h
nþ 1

2

� �� �

The DOS function can be written as

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

d07E;n þ id08E;n
� 	

H E � E15;6
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d7E;n þ id8E;n

p ð16:11bÞ

where E15;6 is the sub-band energy in this case and is given by

0 ¼ d7E15;6;n þ id8E15;6;n ð16:11cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
d07E;n ð16:12Þ
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16.2.7 The DR in II–VI HD Effective Mass Superlattices
Under Magnetic Quantization

The DR in heavily doped II–VI EMSL can be written as

kzð Þ2¼ D13E;n þ iD14E;n; ð16:13aÞ

where

D13E;n ¼ 1
L20

D2
11E;n � D2

12E;n

� 	
� 2eB

�h
nþ 1

2

� �� �� �

D11E;n ¼ cos�1 p6E;n; p6E;n

¼
1� D2

9E;n � D2
10E;n �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9E;n � D2
10E;n

� 	2
þ 4D2

10E;n

r
2

2
664

3
775
1=2

;

D9E;n ¼ �a1 cosD6E;n coshD7E;n � �a2 cosD8E;n coshD7E;n
� �

;

D10E;n ¼ �a1 sinD6E;n sinhD7E;n þ �a2 sinD8E;n sinhD7E;n
� �

;

D6E;n ¼ a0C22E;n EE;n; gg1
� �þ b0e3E;n

� �
;

D7E;n ¼ b0e4E;n;

D8E;n ¼ a0C22E;n EE;n; gg1
� �� b0e3E;n

� �
;

C22E;n EE;n; gg1
� � ¼ 2m�

k;1
�h2

c3 EE;n; gg1
� �� �h2

2m�
?;1

2eB
�h

nþ 1
2

� �� �
� C0

2eB
�h

nþ 1
2

� �� �� �1=2( )" #1=2
;

D12E;n ¼ cos�1 p6E;n; D14E;n ¼ 2D11E;nD12E;n

L20
;

The DOS function can be written as

NðEÞ ¼ eB
2p2�h

Xnmax

n¼0

ðD0
13E;n þ iD0

14E;nÞHðE � E15;7Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D13E;n þ iD14E;n

p ð16:13bÞ

where E15;7 is the sub-band energy in this case and is given by

0 ¼ D13E15;7;n þ iD14E15;7;n ð16:13cÞ
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The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
D0
13E;n ð16:14Þ

16.2.8 The DR in IV–VI HD Effective Mass Superlattices
Under Magnetic Quantization

The DR in heavily doped IV–VI, EMSLs under magnetic quantization can be
written as

kzð Þ2¼ 1=L20
� �

cos�1 f23 E; nð Þð Þ� 2� 2eB
�h

nþ 1
2

� �� �� �
ð16:15aÞ

where

f23 E; nð Þ ¼ a3 cos a0C23E;n E; n; gg1
� �þ b0D23E;n E; n; gg1

� �h i
� a4 cos a0C23E;n E; n; gg2

� �� b0D23E;n E; n; gg2
� �� �

;

C23 E; n; gg1
� � ¼ 2p9;1

� ��1 �
h

q9;1 E; n; gg1
� �þ q9;1 E; n; gg1

� �� h 2
�

þ 4p9;1
� �

R9;1 E; n; gg1
� ��1=2i1=2

;

D23 E; n; gg2
� � ¼ 2p9;2

" #�1

�q9;2 E; n; gg2
� �þh2

4

þ q9;2 E; n; gg2
� �� 2 þ 4p9;2

� �
R9;2 E; n; gg2
� �1=2h ii#1=2

;

q9;i E; n; ggi
� � ¼ �h2

2
1
m�

l;i
þ 1

m�
l;i

 !
þ ai

�h4

4
2eB
�h

nþ 1
2

� �� �
1

mþ
l;i m

�
t;i
þ 1

mþ
t;i m

�
l;i

 !"

�aic3 E; ggi
� � 1

mþ
l;i

� 1
m�

l;i

 !#
;

R9;i E; n; ggi
� � ¼ c2 E; ggi

� �þ c3 E; ggi
� �

ai
�h2

2
2eB
�h

nþ 1
2

� �� �
1

mþ
t;i

� 1
m�

t;i

 !"

� �h2

2
2eB
�h

nþ 1
2

� �� �
1
m�

t;i
� 1
m�

t;i

 !
� a�h6

4

2eB
�h nþ 1

2

� �� �2
m�

t;im
þ
t;i

#
;
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The DOS function can be written as

N Eð Þ ¼ eBgv
2p2�hL0

Xnmax

n¼0

cos�1 1
2 f23 E; nð Þ 1� 1

4 f
2
23 E; nð Þ� �� ��1=2

f 023 E; nð ÞH E � E15;8
� �

cos�1 1
2 f23 E; nð Þ� �� �2�L20

2eB
�h 1þ 1

2

� �h i1=2
ð16:15bÞ

where E15;8 is the sub-band energy in this case and is given by

0 ¼ 1=L20
� �

cos�1 f23 E15;8;n
� �� �� 2� 2eB

�h
nþ 1

2

� �� �� �
ð16:15cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2L20
cos�1 1

2
f23 E; nð Þ 1� 1

4
f 223 E; nð Þ

� �� ��1=2

f 023 E; nð Þ ð16:16Þ

16.2.9 The DR in HgTe/CdTe HD Effective Mass
Superlattices Under Magnetic Quantization

The DR in heavily doped HgTe/CdTe EMSLs under magnetic quantization can be
written as

kzð Þ2¼ D13HE;n þ iD14HE;n ð16:17aÞ

where

D13HE;n ¼ 1=L20
� �

D2
11HE;n � D2

12HE;n

� 	
� 2eB

�h
nþ 1

2

� �� �

D11HE;n ¼ cos�1 p6HE;n;

p6HE;n ¼ 1� D2
9HE;n � D2

10HE;n �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� D2

9HE;n � D2
10HE;n

� 	2
þ 4D2

10HE;n

r !
=2

 !" #1
2

D9HE;n ¼ a1H cosD5HE;n coshD6HE;n � a2H cosD7HE;n coshD6HE;n
� �

;

D10HE;n ¼ a1H sinD5HE;n sinhD6HE;n þ a2H sinD7HE;n sinhD6HE;n
� �

;

D5HE;n ¼ a0C22HE;n EE;n; gg1
� �þ b0e3

� �
;

D6HE;n ¼ b0e4;

D7HE;n ¼ a0C22HE;n EE;n; gg1
� � � b0e3

� �
;
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C22HE;n EE;n; gg1
� � ¼ B2

01 þ 2A1EE;n � B01 B2
01 þ 4A1EE;n

� �
2A2

1
� 2eB

�h
nþ 1

2

� �� �� �1=2
;

D12HE;n ¼ cos�1 p6HE;n; D14HE;n ¼ 2D11HE;nD12HE;n

L20

The DOS function can be written as

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

D0
13HE;n þ iD0

14HE;n

� 	
H E � E15;9
� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
D13HE;n þ iD14HE;n

p ð16:17bÞ

where E15;9 is the sub-band energy in this case and is given by

0 ¼ D13HE15;9;n þ iD14HE15;9;n ð16:17cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2
D0
13HE;n ð16:18Þ

16.2.10 The DR in Strained Layer HD Effective Mass
Superlattices Under Magnetic Quantization

The DR in heavily doped strained layer effective mass super-lattices under magnetic
quantization can be expressed as

kzð Þ2¼ 1
L20

cos�1 f40 E; nð Þð Þ� 2� 2eB
�h

nþ 1
2

� �� �� �
ð16:19aÞ

where

f40 E; nð Þ ¼ a20 cos a0C40 E; n; gg1
� �þ b0D40 E; n; gg1

� �� �
� a21 cos a0C40 E; n; gg2

� �� b0D40 E; n; gg2
� �� �

;

C40 E; n; gg1
� � ¼ 1� �heB

/50ðE; gg1Þ
nþ 1

2

� �" #1=2
�S1ðE; gg1Þ
� ��1=2

;

/50 E; gg1
� � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w50 E; gg1
� �

w51 E; gg1
� �q

;
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w50 E; gg1
� � ¼ �h2

2�P1 E; gg1
� � ; w51 E; gg1

� � ¼ �h2

2�Q1 E; gg1
� �

D40 E; n; gg2
� � ¼ 1� �heB

/501ðE; gg2Þ
nþ 1

2

� �" #1=2
�S2 E; gg2
� �� ��1=2

/501 E; gg2
� � ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

w501 E; gg2
� �

w511 E; gg2
� �q

w501 E; gg2
� � ¼ �h2

2�P2ðE; gg2Þ
;w511 E; gg2

� � ¼ �h2

2�Q2 E; gg2
� �

The DOS function can be written as

N Eð Þ ¼ eBgv
2p2�hL0

Xnmax

n¼0

cos�1 1
2 f40 E; nð Þ 1� 1

4 f
2
40 E; nð Þ� �� ��1=2

f 040 E; nð ÞH E � E15;10
� �

cos�1 1
2 f40ðE; nÞ
� �� �2�L20

2eB
�h 1þ 1

2

� �h i1=2
ð16:19bÞ

where E15;10 is the sub-band energy in this case and is given by

0 ¼ 1=L20
� �

cos�1 f40 E15;10; n
� �� �� 2� 2eB

�h
nþ 1

2

� �� �� �
ð16:19cÞ

The EEM can be written as

m� E; gg; n
� � ¼ �h2

2L20
cos�1 1

2
f40 E; nð Þ 1� 1

4
f 240 E; nð Þ

� �� ��1=2

f 040 E; nð Þ ð16:20Þ

16.3 Summary and Conclusion

In this chapter, the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained
layer heavily doped superlattices (HDSLs) with graded interfaces has been studied
in Sects. 16.2.1 to 16.2.5. From Sects. 16.2.6 to 16.2.10, the magneto DR in III–V,
II–VI, IV–VI, HgTe/CdTe and strained layer heavily doped effective mass super-
lattices respectively has been presented

• It appears that the magneto DRs is in general quantized surfaces and the con-
secutive different between two curves are not constant but varies with other
physical constants scattering potentials.

• The magneto DR is concentration dependent, a fact only possible for HD
materials forming band-tails

• The Landau sub-bands are concentration dependent
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16.4 Open Research Problems

(R.16.1) Investigate the magneto DR in the presence of an arbitrarily oriented
non-quantizing magnetic field in III–V, II–VI, IV–VI, HgTe/CdTe and
strained layer heavily doped superlattices (HDSLs) with graded
interfaces by including the electron spin

(R.16.2) Investigate the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and
strained layer heavily doped effective mass superlattices in the presence
of an arbitrarily oriented non-quantizing magnetic field by including the
electron spin

(R.16.3) Investigate the DR for all the problems from (R.16.1) to (R.16.2) in the
presence of an additional arbitrarily oriented electric field

(R.16.4) Investigate the DR for all the problems from (R.16.1) to (R.16.3) in the
presence of arbitrarily oriented crossed electric and magnetic fields

References

1. M. Mondal, K.P. Ghatak, Czech. J. Phys. B 36, 1389 (1986)
2. S. Bhattacharyya, K.P. Ghatak, S. Biswas, in OE/Fibers’87, vol. 73 (International Society for

Optics and Photonics, 1987)
3. B. Mitra, K.P. Ghatak, Phys. Status Solidi B 149, K117 (1988)
4. K.P. Ghatak, S.N. Biswas, in M.R.S. Proceedings 161, 371(1989)(USA)
5. B. Mitra, K.P. Ghatak, Phys. Lett. A 142, 401 (1989)
6. K.P. Ghatak, SN Biswas in Properties of II-VI Semiconductors: Bulk Crystals, Epitaxial

Films, Quantum Well Structures, and Dilute Magnetic Systems (USA, 1990)
7. K.P. Ghatak, in Properties of II-VI Semiconductors: Bulk Crystals, Epitaxial Films, Quantum

Well Structures, and Dilute Magnetic Systems, vol. 161, p. 371 (USA, 1990)
8. K.P. Ghatak, B. Mitra, S.N. Biswas, in Optics, Electro-Optics, and Laser Applications in

Science and Engineering 137 (International Society for Optics and Photonics, 1991)
9. K.P. Ghatak, Il Nuovo Cimento D 13, 1321 (1991)
10. K.P. Ghatak, A. Ghoshal, Phys. Status Solidi B 170, K27 (1992)

470 16 The DR in HDSLs Under Magnetic Quantization



Chapter 17
The DR in QWHDSLs Under Magnetic
Quantization

Life is too short to waste time hating any one.

17.1 Introduction

In this chapter, the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained
layer quantum well heavily doped superlattices (QWHDSLs) with graded interfaces
has been studied in Sects. 17.2.1 to 17.2.5. From Sects. 17.2.6 to 17.2.10, the
magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum well
heavily doped effective masssuperlattices respectively has been presented. The
Sect. 17.3 contains the summary and conclusion pertinent to this chapter. The last
Sect. 17.4 presents 4 open research problems.

17.2 Theoretical Background

17.2.1 The DR in III–V Quantum Well HD Superlattices
with Graded Interfaces Under Magnetic
Quantization

The DR in heavily doped quantum well III–V superlattices under magnetic quan-
tization assumes the form

nzp
dz

� �2

¼ G8E41;n þ iH8E41;n ð17:1Þ

where E41;n is the totally quantized energy in this case.
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The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E41;nÞ ð17:2Þ

17.2.2 The DR in II–VI Quantum Well HD Superlattices
with Graded Interfaces Under Magnetic
Quantization

The DR in quantum well heavily doped II–VI superlattices under magnetic quan-
tization assumes the form

nzp
dz

� �2

¼ G19E42;n þ iH19E42;n ð17:3Þ

where E42;n is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E42;nÞ ð17:4Þ

17.2.3 The DR in IV–VI Quantum Well HD Superlattices
with Graded Interfaces Under Magnetic
Quantization

The DR in quantum well heavily doped quantum well IV–VI superlattices under
magnetic quantization assumes the form

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
u2 E43;n; n

� �� �� 	2
� 2 ej jB

�h
n þ 1

2

� �
ð17:5Þ

where E43;n is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E43;nÞ ð17:6Þ
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17.2.4 The DR in HgTe/CdTe Quantum Well HD
Superlattices with Graded Interfaces Under Magnetic
Quantization

The DR in quantum well heavily doped HgTe/CdTe superlattices under magnetic
quantization assumes the form

nzp
dz

� �2

¼ G192E44;n þ iH192E44;n ð17:7Þ

where E44;n is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E44;nÞ ð17:8Þ

17.2.5 The DR in Strained Layer Quantum Well HD
Superlattices with Graded Interfaces Under Magnetic
Quantization

The DR of the conduction electrons in heavily doped quantum well strained layer
SLs with graded interfaces can be expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
�u6 E47;n; n
� �� �� 	2

� 2 ej jB
�h

n þ 1
2

� �
ð17:9Þ

where E47;n is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E47;nÞ ð17:10Þ

17.2.6 The DR in III–V Quantum Well HD Effective Mass
Super Lattices Under Magnetic Quantization

The dispersion relation in quantum well heavily doped III–V superlattices under
magnetic quantization assumes the form
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nxp
dx

� �2

¼ d7A1;n þ id8A1;n ð17:11Þ

where A1 is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � A1Þ ð17:12Þ

17.2.7 The DR in II–VI Quantum Well HD Effective Mass
Super Lattices Under Magnetic Quantization

The dispersion relation in quantum well heavily doped III–V superlattices under
magnetic quantization assumes the form

nzp
dz

� �2

¼ D13;A2;n þ iD14;A2;n ð17:13Þ

where A2 is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � A2Þ ð17:14Þ

17.2.8 The DR in IV–VI Quantum Well HD Effective Mass
Super Lattices Under Magnetic Quantization

The DR of the conduction electrons in heavily doped quantum well strained layer
SLs with graded interfaces can be expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
f23 A3; nð Þ

� �� 	2
� 2 ej jB

�h
n þ 1

2

� �
ð17:15Þ

where A3 is the totally quantized energy in this case.
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The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � A3Þ ð17:16Þ

17.2.9 The DR in HgTe/CdTe Quantum Well HD Effective
Mass Super Lattices Under Magnetic Quantization

The DR in quantum well heavily doped III–V superlattices under magnetic quan-
tization assumes the form

nzp
dz

� �2

¼ D13;A4;n þ iD14;A4;n ð17:17Þ

where A4 is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � A4Þ ð17:18Þ

17.2.10 The DR in Strained Layer Quantum Well HD
Effective Mass Super Lattices Under Magnetic
Quantization

The DR of the conduction electrons in heavily doped quantum well strained layer
SLs with graded interfaces can be expressed as

pnz
dz

� �2

¼ 1
L20

cos�1 1
2
f40 A8; nð Þ

� �� 	2
� 2 ej jB

�h
n þ 1

2

� �
ð17:19Þ

where A8 is the totally quantized energy in this case.
The DOS function in this case can be expressed as

NMQWSL Eð Þ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � A8Þ ð17:20Þ
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17.3 Summary and Conclusion

In this chapter, the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained
layer quantum well heavily doped superlattices (QWHDSLs) with graded interfaces
has been studied in Sects. 17.2.1 to 17.2.5. From Sects. 17.2.6 to 17.2.10, the
magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and strained layer quantum well
heavily doped effective mass superlattices respectively has been presented.

The magneto DRs in QWHDSLs exhibit the fact that the total energy is quan-
tized since the corresponding wave vector space is totally quantized by quantizing
magnetic field and size quantization along z-direction.

• The DOS functions for all the cases are series of non-uniformly distributed
Dirac’s Delta functions at specified quantized points in the respective energy
axis. The spacing between the consecutive Delta functions are functions of
energy band constants and quantization of the wave vector space of a particular
material. The DOS function needs two summations namely one summation over
the Landau quantum number and the other one is due to size quantization.

• It may be noted that the energy levels in this case lead to the discrete energy
levels, somewhat like atomic energy levels, which produce very large changes.
This follows from the inherent nature of the quantum confinement of the carrier
gas dealt with here. In QWHDSLs, under magnetic quantization there remain no
free carrier states in between any two allowed sets of size-quantized levels
unlike that found for QWs, NWs and quantum dot superlattices where the
quantum confinements are 1D, 2D and 0D respectively. Consequently, the
crossing of the Fermi level by the quantized levels in this case would have much
greater impact on the redistribution of the carriers among the allowed levels, as
compared to that found for QWs, NWs and quantum dot superlattices
respectively.

• It is the band structure which changes in a fundamental way and consequently
all the physical properties of all the electronic materials changes radically
leading to new physical concepts.

17.4 Open Research Problems

(R.17.1) Investigate the magneto DR in the presence of an arbitrarily oriented
non-quantizing magnetic field in III–V, II–VI, IV–VI, HgTe/CdTe and
strained layer heavily doped quantum well superlattices with graded
interfaces by including the electron spin.

(R.17.2) Investigate the magneto DR in III–V, II–VI, IV–VI, HgTe/CdTe and
strained layer heavily doped effective mass quantum well superlattices in
the presence of an arbitrarily oriented non-quantizing magnetic field by
including the electron spin.
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(R.17.3) Investigate the DR for all the problems from (R.17.1) to (R.17.2) in the
presence of an additional arbitrarily oriented electric field.

(R.17.4) Investigate the DR for all the problems from (R.17.1) to (R.17.3) in the
presence of arbitrarily oriented crossed electric and magnetic fields.
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Part IV
Dispersion Relations in HD Kane

Type Semiconductors in the Presence
of Light Waves

If my only desire is to be desire-less, then my
consciousness is reversed.



Chapter 18
The DR Under Photo Excitation in HD
Kane Type Semiconductors

If instead of locating the faults of others, I can locate a single
fault of mine and wipe it out permanently from my mind,
then surely I am in the state of wiseness.

18.1 Introduction

With the advent of nano-photonics, there has been a considerable interest in
studying the optical processes in semiconductors and their nanostructures [1]. It
appears from the literature, that the investigations have been carried out on the
assumption that the carrier energy spectra are invariant quantities in the presence of
intense light waves, which is not fundamentally true. The physical properties of
semiconductors in the presence of light waves which change the basic dispersion
relation have relatively less investigated in the literature [2–5]. In this appendix we
shall study the DR in HD III–V, ternary and quaternary semiconductors on the basis
of newly formulated electron dispersion law under external photo excitation.

In Sect. 18.2.1 of the theoretical background 18.2, we have formulated the DR of
the conduction electrons of HD III–V, ternary and quaternary materials in the
presence of light waves whose unperturbed electron energy spectrum is described
by the three-band model of Kane in the absence of band tailing. In the same section,
we have studied the DR for the said HD materials in the presence of external
photo-excitation when the unperturbed energy spectra are defined by the two band
model of Kane and that of parabolic energy bands in the absence of band tails
respectively for the purpose of relative comparison. In Sect. 18.2.2, we have studied
the opto DR in the said HD materials under magnetic quantization. In Sect. 18.2.3,
we have studied the opto DR in the presence of crossed electric and quantizing
magnetic fields. In Sect. 18.2.4, we have studied the DR in QWs in HD Kane type
semiconductors. In Sect. 18.2.5, we have investigated the DR in doping superlat-
tices of HD Kane type semiconductors in the presence of light waves. In
Sect. 18.2.6, we have studied the DR in QBs of HD Kane type semiconductors in
the presence of light waves. In Sect. 18.2.7, we have studied the magneto DR in
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QWs of HD Kane type semiconductors in the presence of light Waves. In
Sect. 18.2.8, we have studied the DR in accumulation and inversion layers of Kane
type semiconductors in the presence of light waves. In Sect. 18.2.9, we have studied
the DR in NWs of HD of Kane type semiconductors in the presence of light waves.
In Sect. 18.2.10, we have studied the magneto DR in accumulation and inversion
layers of Kane type semiconductors in the presence of light waves. In Sect. 18.2.11,
we have investigated the magneto DR in doping superlattices of Kane type semi-
conductors in the presence of light waves. In Sect. 18.2.12, we have investigated the
DR in QWHD effective mass superlattices of Kane type semiconductors. In
Sect. 18.2.13, we have studied the DR in NWHD effective mass superlattices of
Kane type semiconductors. In Sect. 18.2.14, we have studied the magneto DR in
HD effective mass superlattices of Kane type semiconductors in the presence of
light waves. In Sect. 18.2.15, we have studied the magneto DR in QWHD effective
mass superlattices of Kane type semiconductors in the presence of light waves. In
Sect. 18.2.16, we have studied the DR in QWHD superlattices of Kane type
semiconductors with graded interfaces in the presence of light waves. In
Sect. 18.2.17, we have studied the DR in NWHD superlattices of Kane type
semiconductors with graded interfaces in the presence of light waves. In
Sect. 18.2.18, we have studied the DR in Quantum dot HD superlattices of Kane
type semiconductors with graded interfaces in the presence of light waves. In
Sect. 18.2.19, we have studied the magneto DR in HD superlattices of Kane type
semiconductors with graded interfaces in the presence of light waves. In
Sect. 18.2.20, we have studied the magneto DR in QWHD superlattices of Kane
type semiconductors with graded interfaces in the presence of light waves. The
Sect. 18.3 contains the summary and conclusion pertinent to this chapter. The last
Sect. 18.4 presents 6 open research problems.

18.2 Theoretical Background

18.2.1 The Formulation of the Electron Dispersion Law
in the Presence of Light Waves in HD III–V, Ternary
and Quaternary Semiconductors

The Hamiltonian bH� �
of an electron in the presence of light wave characterized by

the vector potential ~A can be written following [3] as

bH ¼ bpþ ej j~A
� ���� ���2�2m

� �
þVð~rÞ ð18:1Þ

in which, bp is the momentum operator, Vð~rÞ is the crystal potential and m is the free
electron mass. (18.1) can be expressed as
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bH ¼ bH0 þ bH 0 ð18:2Þ

where,

bH0 ¼ bp2
2m

þVð~rÞ

and

bH 0 ¼ ej j
2m

~A � bp ð18:3Þ

The perturbed Hamiltonian bH 0 can be written as

bH 0 ¼ �i�h ej j
2m

� 	
~A � r
� �

ð18:4Þ

where, i ¼ ffiffiffiffiffiffiffi�1
p

and bp ¼ �i�hr
The vector potential ð~AÞ of the monochromatic light of plane wave can be

expressed as

~A ¼ A0~es cosð~s0 �~r � xtÞ ð18:5Þ

where A0 is the amplitude of the light wave,~es is the polarization vector,~s0 is the
momentum vector of the incident photon,~r is the position vector, x is the angular
frequency of light wave and t is the time scale. The matrix element of bH 0

nl between

initial state, w1 ~q;~rð Þ and final state wn
~k;~r
� �

in different bands can be written as

bH 0
nl ¼

ej j
2m

n~k ~A �~p�� ��l~qD E
ð18:6Þ

Using (18.4) and (18.5), we can re-write (18.6) as

bH 0
nl ¼

�i�h ej jA0

4m

� 	
~es � n~k eði~s0�~rÞr�� ��l~qD E

e�ixt
n o

þ n~k eð�i~s0�~rÞr�� ��l~qD E
eixt

n oh i
ð18:7Þ

The first matrix element of (18.7) can be written as

n~k eði~s0�~rÞr�� ��l~qD E
¼
Z

e i ~qþ~s0�~k½ ��~rð Þi~qu�n ~k;~r
� �

u1 ~q;~rð Þd3r

þ
Z

e i ~qþ~s0�~k½ ��~rð Þu�n ~k;~r
� �

ru1 ~q;~rð Þd3r ð18:8Þ
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The functions u�nu1 and u�nru1 are periodic. The integral over all space can be
separated into a sum over unit cells times an integral over a single unit cell. It is
assumed that the wave length of the electromagnetic wave is sufficiently large so

that if~k and~q are within the Brillouin zone, ~qþ~s0 �~k
� �

is not a reciprocal lattice

vector.
Therefore, we can write (18.8) as

n~k eði~s0�~rÞr�� ��l~qD E
¼ 2pð Þ3

X

" #
i�qd ~qþ~s0 �~k
� �

dnl þ d ~qþ~s0 �~k
� � Z

cell

u�n ~k;~r
� �

ru1 ~q;~rð Þd3r
8<
:

9=
;

¼ 2pð Þ3
X

" #
d ~qþ~s0 �~k
� � Z

cell

u�n ~k;~r
� �

ru1 ~q;~rð Þd3r
8<
:

9=
;

ð18:9Þ

where, X is the volume of the unit cell and
R
u�n ~k;~r
� �

u1 ~q;~rð Þd3r ¼
d ~q�~k
� �

dnl ¼ 0, since n 6¼ l:

The delta function expresses the conservation of wave vector in the absorption of
light wave and~s0 is small compared to the dimension of a typical Brillouin zone
and we set ~q ¼~k.

From (18.8) and (18.9), we can write,

bH 0
nl ¼

ej jA0

2m
~es � bpnlð~kÞdð~q�~kÞ cosðxtÞ ð18:10Þ

where,

bpnlð~kÞ ¼ �i�h
Z

u�nru1d3r ¼
Z

u�nð~k;~rÞbpu1ð~k;~rÞd3r
Therefore, we can write

bH 0
nl ¼

ej jA0

2m
~e � bpnlð~kÞ ð18:11Þ

where,

~e ¼~es cosxt:

When a photon interacts with a semiconductor, the carriers (i.e., electrons)
are generated in the bands which are followed by the inter-band transitions.
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For example, when the carriers are generated in the valence band, the carriers then
make inter-band transition to the conduction band. The transition of the electrons

within the same band i.e., bH 0
nn ¼ n~k bH 0

��� ���n~kD E
is neglected. Because, in such a case,

i.e., when the carriers are generated within the same bands by photons, are lost
by recombination within the aforementioned band resulting zero carriers.

Therefore,

n~k bH 0
��� ���n~kD E

¼ 0 ð18:12Þ

With n ¼ c stands for conduction band and l ¼ v stand for valance band, the
energy equation for the conduction electron can approximately be written as

I11 Eð Þ ¼ �h2k2

2mc

� 	
þ

ej jA0

2m

� �2
~e � bpcvð~kÞ��� ���2� �

av

Ecð~kÞ � Evð~kÞ
ð18:13Þ

where, I11ðEÞ ¼ EðaEþ 1ÞðbEþ 1Þ=ðcEþ 1Þ, a � 1=Eg0 , Eg0 is the un-perturbed

band-gap, b � 1= Eg0 þD
 �

, c � 1= Eg0 þ 2D=3
 �

, and ~e � bpcvð~kÞ��� ���2� �
av

represents

the average of the square of the optical matrixelement (OME).
For the three-band model of Kane, we can write,

n1k ¼ Ecð~kÞ � Evð~kÞ ¼ ðE2
g0 þEg0�h

2k2=mrÞ1=2 ð18:14Þ

where, mr is the reduced mass and is given by m�1
r ¼ mcð Þ�1 þm�1

v , and mv is the
effective mass of the heavy hole at the top of the valance band in the absence of any
field.

The doubly degenerate wave functions u1ð~k;~rÞ and u2ð~k;~rÞ can be expressed as

u1ð~k;~rÞ ¼ akþ ðisÞ #0½ � þ bkþ
X 0 � iY 0ffiffiffi

2
p "0

� �
þ ckþ Z 0 #0½ � ð18:15Þ

and

u2ð~k;~rÞ ¼ ak� ðisÞ "0½ � � bk�
X 0 � iY 0ffiffiffi

2
p #0

� �
þ ck� Z 0 "0½ � ð18:16Þ

s is the s-type atomic orbital in both unprimed and primed coordinates, #0 indicates
the spin down function in the primed coordinates,
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ak� � b Eg0 � c0k�ð Þ2 Eg0 � d0
 �h i1=2

Eg0 þ d0
 ��1=2

� �
;

b � 6 Eg0 þ 2D=3
 �

Eg0 þ 2D
 � �

=v
� �1=2

;

v � 6E2
g0 þ 9Eg0Dþ 4D2

� �
; c0k� � n1k � Eg0

 �
2 n1k þ d0ð Þ
� �1=2

;

n1k �Ecð~kÞ � Evð~kÞ ¼ Eg0 1þ 2 1þ mc

mv

� 	
I11ðEÞ
Eg0

� �1=2
;

d0 � E2
g0D

� �
vð Þ�1, X 0, Y 0, and Z 0 are the p-type atomic orbitals in the primed

coordinates, "0 indicates the spin-up function in the primed coordinates,

bk� � qc0k�, q � 4D2=3v
 �1=2

, ck� � tc0kþ and t � 6ðEg0 þ 2D=3Þ2=v
h i1=2

.

We can, therefore, write the expression for the optical matrix element (OME) as

OME ¼ bpcv ~k
� �

¼ u1ð~k;~rÞ bpj ju2ð~k;~rÞ
D E

ð18:17Þ

Since the photon vector has no interaction in the same band for the study of
inter-band optical transition, we can therefore write

S bpj jSh i ¼ X bpj jXh i ¼ Y bpj jYh i ¼ Z bpj jZh i ¼ 0

and X bpj jYh i ¼ Y bpj jZh i ¼ Z bpj jXh i ¼ 0

There are finite interactions between the conduction band (CB) and the valance
band (VB) and we can obtain

S bP��� ���XD E
¼ bi � bP ¼ bi � bPx

S bP��� ���YD E
¼ bj � bP ¼ bj � bPy

S bP��� ���ZD E
¼ bk � bP ¼ bk � bPz

where, bi; bj and bk are the unit vectors along x, y and z axes respectively.
It is well known that

"0
#0
� �

¼ e�i/=2 cos h=2ð Þ ei/=2 sin h=2ð Þ
�e�i/=2 sin h=2ð Þ ei/=2 cos h=2ð Þ
� � "

#
� �

and
X 0

Y 0

Z 0

2
4

3
5 ¼

cos h cos/ cos h sin/ � sin h
� sin/ cos/ 0

sin h cos/ sin h sin/ cos h

2
4

3
5 X

Y
Z

2
4

3
5
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Besides, the spin vector can be written as

~S ¼ �h
2
~r; where rx ¼ 0 1

1 0

� �
; ry ¼ 0 �i

i 0

� �
and rz ¼ 1 0

0 �1

� �

From above, we can write

bpcv ~k
� �

¼ u1 ~k;~r
� � bP��� ���u2 ~k;~r

� �D E
¼ akþ iSð Þ #0½ � þ bkþ

X 0 � iY 0ffiffiffi
2

p
� 	

"0
� �

þ ckþ Z 0 #0½ �
� � bP��� ��� ak�f iSð Þ "0½ �
�

� bk�
X 0 þ iY 0ffiffiffi

2
p

� 	
#0 þ ck� Z 0 "0½ �

� ���
:

Using above relations, we get

bpcv ~k
� �

¼ u1 ~k;~r
� � bP��� ���u2 ~k;~r

� �D E
¼ bkþ ak�ffiffiffi

2
p X 0 � iY 0ð Þ bP��� ���iSD E

"0 j "0h i
n o

þ ckþ ak� Z 0 bP��� ���iSD E
#0 j "0h i

n o

� akþ bk�ffiffiffi
2

p iS bP��� ��� X 0 þ iY 0ð Þ
D E

#0 j "0h i
n o

þ akþ ck� iS bP��� ���Z 0
D E

#0 j "0h i
n o

ð18:18Þ

We can also write

X 0 � iY 0ð Þ bP��� ���iSD E
¼ X 0ð Þ bP��� ���iSD E

� iY 0ð Þ bP��� ���iSD E
¼ i
Z

u�X 0 bPS� Z �iu�Y 0 bPiuX ¼ i X 0 bP��� ���SD E
� Y 0 bP��� ���SD E

From the above relations, for X 0; Y 0 and Z 0, we get

X 0j i ¼ cos h cos/ Xj i þ cos h sin/ Yj i � sin h Zj i

Thus,

X 0 bP��� ���SD E
¼ cos h cos/ X bP��� ���SD E

þ cos h sin/ Y bP��� ���SD E
� sin h Z bP��� ���SD E

¼ bPbr1
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where,

br1 ¼ bi cos h cos/þbj cos h sin/� bk sin h
Y 0j i ¼ � sin/ Xj i þ cos/ Yj i þ 0 Zj i

Thus,

Y 0 bP��� ���SD E
¼ � sin/ X bP��� ���SD E

þ cos/ Y bP��� ���SD E
þ 0 Z bP��� ���SD E

¼ bPbr2
where,

br2 ¼ �bi sin/þbj cos/
so that X 0 � iY 0ð Þ bP��� ���SD E

¼ bP ibr1 � br2ð Þ.
Thus,

ak�bkþffiffiffi
2

p X 0 � iY 0ð Þ bP��� ���SD E
"0 j "0h i ¼ ak�bkþffiffiffi

2
p bP ibr1 � br2ð Þ "0 j "0h i ð18:19Þ

Now since,

iS bP��� ��� X 0 þ iY 0ð Þ
D E

¼ i S bP��� ���X 0
D E

� S bP��� ���Y 0
D E

¼ bP ibr1 � br2ð Þ

We can write,

� akþ bk�ffiffiffi
2

p iS bP��� ��� X 0 þ iY 0ð Þ
D E

#0 j #0h i
n o� �

¼ � akþ bk�ffiffiffi
2

p bP ibr1 � br2ð Þ #0 j #0h i
� �

ð18:20Þ

Similarly, we get

Z 0j i ¼ sin h cos/ Xj i þ sin h sin/ Yj i þ cos h Zj i

So that, Z 0 bP��� ���iSD E
¼ i Z 0 bP��� ���SD E

¼ ibP sin h cos/biþ sin h sin/bjþ cos hbkn o
¼

ibPbr3
where

br3 ¼ bi sin h cos/þbj sin h sin/þ bk cos h
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Thus,

ckþ ak� Z 0 bP��� ���iSD E
#0 j "0h i ¼ ckþ ak� ibPbr3 #0 j "0h i ð18:21Þ

Similarly, we can write,

ck�akþ iS bP��� ���Z 0
D E

#0 j "0h i ¼ ck�akþ ibPbr3 #0 j "0h i ð18:22Þ

Therefore, we obtain

ak�bkþffiffiffi
2

p X 0 � iY 0ð Þ bP��� ���SD E
"0 j "0h i

n o
� akþ bk�ffiffiffi

2
p iS bP��� ��� X 0 þ iY 0ð Þ

D E
#0 j #0h i

n o

¼
bPffiffiffi
2

p �akþ bk� #0 j #0h iþ ak�bkþ " j "0h i �
ibr1 � br2ð Þ

ð18:23Þ

Also, we can write,

ckþ ak� Z 0 bP��� ���iSD E
#0 j "0h iþ ck�akþ iS bP��� ���Z 0

D E
#0 j "0h i

¼ ibP ckþ ak� þ ck�akþ
 �br3 #0 j #0h i½ � ð18:24Þ

Combining (18.23) and (18.24), we find

bpCV ~k
� �

¼
bPffiffiffi
2

p ibr1 � br2ð Þ bkþak�
 � " j "0h i � bk�akþ

 � #0 j #0h i� �
þ ibPbr3 ckþak� � ck�akþ

 � #0 j "0h i ð18:25Þ

From the above relations, we obtain,

"0¼ e�i/=2 cos h=2ð Þ " þ ei/=2 sin h=2ð Þ #
#0¼ �e�i/=2 sin h=2ð Þ " þ ei/=2 cos h=2ð Þ #

)
ð18:26Þ

Therefore,

#0 j "0h ix¼� sin h=2ð Þ cos h=2ð Þ " j "h ix þ e�i/ cos2 h=2ð Þ # j "h ix
� e�i/ sin2 h=2ð Þ " j #h ix þ sin h=2ð Þ cos h=2ð Þ # j #h ix ð18:27Þ

But we know from above that
" j "h ix¼ 0; # j "h i ¼ 1

2 ; # j "h ix¼ 1
2 and # j #h ix¼ 0

Thus, we get
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#0 j "0h ix ¼
1
2

e�i/ cos2 h=2ð Þ � ei/ sin2 h=2ð Þ� �
¼ 1

2
cos/� i sin/ð Þ cos2 h=2ð Þ � cos/þ i sin/ð Þ sin2 h=2ð Þ� � ¼ 1

2
cos/ cos h� i sin/½ �

ð18:28Þ

Similarly, we obtain
#0 j "0h iy¼ 1

2 i cos/þ sin/ cos h½ � and #0 j "0h iz¼ 1
2 � sin h½ �.

Therefore,

#0 j "0h i ¼ bi #0 j "0h ix þ bj #0 j "0h iy þ bk #0 j "0h iz¼
1
2

cos h cos/� i sin/ð Þbiþ i cos/þ sin/ cos hð Þbj � sin hbkn o
¼ 1

2
cos h cos/ð Þbiþ sin/ cos hð Þbj � sin hbkn o

þ i �bi sin/þbj cos/n oh i
¼ 1

2
br1 þ ibr2½ � ¼ � 1

2
i br1 � ibr2½ �

Similarly, we can write

"0 j "0h i ¼ 1
2
bi sin h cos/þbj sin h sin/þ bk cos hh i

¼ 1
2
br3 and #0 j #0h i ¼ � 1

2
br3

Using the above results, we can write

bpcv ~k
� �

¼
bPffiffiffi
2

p ibr1 � br2ð Þ ak bkþ
 � "0 j "0h i � bk akþ

 � #0 j #0h i� �
þ ibPbr3 ckþ akþ � ck�akþ

 � #0 j "0h i� �
¼
bP
2
br3 ibr1 � br2ð Þ ak�bkþffiffiffi

2
p þ bk�bkþffiffiffi

2
p

� 	� �

þ
bP
2
br3 ibr1 � br2ð Þ ckþ ak� þ ck�akþ

 �� �
Thus,

bpCV ~k
� �

¼
bP
2
br3 ibr1 � br2ð Þ akþ

bk�ffiffiffi
2

p þ ck�

� 	
þ ak�

bkþffiffiffi
2

p þ ckþ

� 	� �
ð18:29Þ

We can write that,

br1j j ¼ br2j j ¼ br3j j ¼ 1; also; bPbr3 ¼ bPx sin h cos/biþ bPy sin h sin/bjþ bPz cos hbk
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where, bP ¼ SjbPjXD E
¼ SjbPjYD E

¼ SjbPjZD E
, SjbPjXD E

¼ R u�C 0;~rð ÞbPuVX
0;~rð Þd3r ¼ bPCVX 0ð Þ and SjbPjZD E

¼ bPCVZ 0ð Þ.
Thus,

bP ¼ bPCVX 0ð Þ ¼ bPCVY 0ð Þ ¼ bPCVZ 0ð Þ ¼ bPCV 0ð Þ

where

bPCV 0ð Þ �
Z

u�c 0;~rð ÞbPuV 0;~rð Þd3r � bP
For a plane polarized light wave, we have the polarization vector~es ¼ bk , when

the light wave vector is traveling along the z-axis. Therefore, for a plane polarized

light-wave, we have considered~es ¼ bk .
Then, from (18.29) we get

~e � bpCV ~k
� �� �

¼~k �
bP
2
br3 ibr1 � br2ð Þ A ~k

� �
þB ~k
� �h i

cosxt ð18:30Þ

and

Að~kÞ ¼ ak�
bkþffiffiffi
2

p þ ckþ

� 	

Bð~kÞ ¼ akþ
bk�ffiffiffi
2

p þ ck�

� 	
9>>>=
>>>;

ð18:31Þ

Thus,

~e � bpcv ~k
� ���� ���2¼ bk � bP

2
br3

�����
�����
2

ibr1 � ibr2j j2 Að~kÞþBð~kÞ
h i2

cos2 xt

¼ 1
4
bPz cos h
��� ���2 Að~kÞþBð~kÞ

h i2
cos2 xt ð18:32Þ

So, the average value of ~e � bpcv ~k
� ���� ���2 for a plane polarized light-wave is given by

~e � bpcv ~k
� ���� ���2� �

av
¼ 2

4
bPz

��� ���2 Að~kÞþBð~kÞ
h i2 Z2p

0

d/
Zp
0

cos2 h sin hdh

0
@

1
A 1

2

� 	

¼ 2p
3
bPz

��� ���2 Að~kÞþBð~kÞ
h i2

ð18:33Þ
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where, bPz

��� ���2¼ 1
2

 �
~k � bpcv 0ð Þ
��� ���2 and

~k � bpcv 0ð Þ
��� ���2¼ m2

4mr

Eg0 Eg0 þD
 �

Eg0 þ 2
3D

 � ð18:34Þ

We shall express Að~kÞ and Bð~kÞ in terms of constants of the energy spectra in the
following way:

Substituting ak� , bk� ; ck� , and c0k� in Að~kÞ and Bð~kÞ in (18.31) we get

A ~k
� �

¼ b tþ qffiffiffi
2

p
� 	

Eg0

Eg0 þ d0

� 	
c20kþ � c20kþ c

2
0k�

Eg0 � d0

Eg0 þ d0

� 	� �1=2

ð18:35Þ

B ~k
� �

¼ b tþ qffiffiffi
2

p
� 	

Eg0

Eg0 þ d0

� 	
c20k� � c20kþ c

2
0k�

Eg0 � d0

Eg0 þ d0

� 	� �1=2

ð18:36Þ

in which, c20kþ � n1k�Eg0
2 n1k þ d0ð Þ � 1

2 1� Eg0 þ d0

n1k þ d0

� �h i
and c20k� � n1k þEg0

2 n1k þ d0ð Þ

� 1
2 1þ Eg0 þ d0

n1k þ d0

� �h i
Substituting x � n1k þ d0 in c20k�, we can write,

A ~k
� �

¼ b tþ qffiffiffi
2

p
� 	

Eg0

Eg0 þ d0

� 	
1
2

1� Eg0 þ d0

x

� 	�

� 1
4

Eg0 � d0

Eg0 þ d0

� 	
1� Eg0 þ d0

x

� 	
1þ Eg0 � d0

x

� 	�1=2

Thus, A ~k
� �

¼ b
2 tþ qffiffi

2
p

� �
1� 2a0

x þ a1
x2

� �1=2
where, a0 � E2

g0 þ d02
� �

Eg0 þ d0
 ��1

and a1 � Eg0 � d0
 �2

.

After tedious algebra, one can show that

A ~k
� �

¼ b
2

tþ qffiffiffi
2

p
� 	

Eg0 � d0
 � 1

n1k þ d0
� 1
Eg0 þ d0

� �1=2 1
n1k þ d0

� Eg0 þ d0
 �
Eg0 � d0
 �2

" #1=2

ð18:37Þ

Similarly, from (18.36), we can write,

B ~k
� �

¼ b tþ qffiffiffi
2

p
� 	

Eg0

Eg0 þ d0

� 	
1
2

1þ Eg0 � d0

x

� 	�

� 1
4

Eg0 � d0

Eg0 þ d0

� 	
1� Eg0 þ d0

x

� 	
1þ Eg0 � d0

x

� 	�1=2
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So that, finally we get,

B ~k
� �

¼ b
2

tþ qffiffiffi
2

p
� 	

1þ Eg0 � d0

n1k þ d0

� 	
ð18:38Þ

Using (18.33), (18.34), (18.37) and (18.38), we can write

ej jA0

2m

� 	2 ~e � bpcvð~kÞ��� ���2� �
av

Ecð~kÞ � Evð~kÞ
¼ ej jA0

2m

� 	2 2p
3

~k � bpcvð0Þ��� ���2b2
4

tþ qffiffiffi
2

p
� 	2

1
n1k

1þ Eg0 � d0

n1k þ d0

� 	
þðEg0 � d0Þ 1

n1k þ d0
� 1
Eg0 þ d0

� �1=2 1
n1k þ d0

� Eg0 þ d0

Eg0 � d0
 �2

" #1=28<
:

9=
;

2

ð18:39Þ

Following Nag [4], it can be shown that

A2
0 ¼

Ik2

2p2c3
ffiffiffiffiffiffiffiffiffi
esce0

p ð18:40Þ

where, I is the light intensity of wavelength k, e0 is the permittivity of free space
and c is the velocity of light. Thus, the simplified electron energy spectrum in III–V,
ternary and quaternary materials in the presence of light waves can approximately
be written as

�h2k2

2mc
¼ b0 E; kð Þ ð18:41Þ

where,

b0 E; kð Þ � I11 Eð Þ � h0 E; kð Þ½ �;

h0 E; kð Þ � ej j2
96mrpc3

Ik2ffiffiffiffiffiffiffiffiffi
esce0

p Eg0 Eg0 þD
 �

Eg0 þ 2
3D

 � b2

4
tþ qffiffiffi

2
p

� 	2 1
/0 Eð Þ

1þ Eg0 � d0

/0 Eð Þþ d0

� 	
þ ðEg0 � d0Þ 1

/0 Eð Þþ d0
� 1
Eg0 þ d0

� �1=2 1
/0 Eð Þþ d0

� Eg0 þ d0

Eg0 � d0
 �

" #1=28<
:

9=
;

2

and

/0 Eð Þ � Eg0 1þ 2 1þ mc

mv

� 	
I11ðEÞ
Eg0

� 	1=2
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Thus, under the limiting condition~k ! 0, from (18.41), we observe that E 6¼ 0
and is positive. Therefore, in the presence of external light waves, the energy of the
electron does not tend to zero when ~k ! 0, where as for the un-perturbed three
band model of Kane, I11ðEÞ ¼ �h2k2

�ð2mcÞ
� �

in which E ! 0 for ~k ! 0. As the
conduction band is taken as the reference level of energy, therefore the lowest
positive value of E for ~k ! 0 provides the increased band gap DEg

 �
of the

semiconductor due to photon excitation. The values of the increased band gap can
be obtained by computer iteration processes for various values of I and k
respectively.

Special Cases:

(1) For the two-band model of Kane, we have D ! 0. Under this condition,
I11ðEÞ ! Eð1þ aEÞ ¼ �h2k2

2mc
. Since, b ! 1, t ! 1, q ! 0, d0 ! 0 for D ! 0,

from (18.41), we can write the energy spectrum of III–V, ternary and qua-
ternary materials in the presence of external photo-excitation whose unper-
turbed conduction electrons obey the two band model of Kane as

�h2k2

2mc
¼ s0 E; kð Þ ð18:42Þ

where,

s0 E; kð Þ � E 1þ aEð Þ � B0 E; kð Þ;

B0 E; kð Þ � ej j2Ik2Eg0

384pc3mr
ffiffiffiffiffiffiffiffiffi
esce0

p 1
/1 Eð Þ 1þ Eg0

/1 Eð Þ
� 	

þEg0
1

/1 Eð Þ �
1
Eg0

� �� �2

;

/1 Eð Þ � Eg0 1þ 2mc

mr
aEð1þ aEÞ

� �1=2

:

(2) For relatively wide band gap semiconductors, one can write, a ! 0,b ! 0,
c ! 0 and I11ðEÞ ! E.
Thus, from (18.42), we get,

�h2k2

2mc
¼ q0 E; kð Þ ð18:43Þ

where,

q0 E; kð Þ � E � ej j2Ik2
96pc3mr

ffiffiffiffiffiffiffiffiffi
esce0

p 1þ 2mc

mr

� 	
aE

� ��3=2
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The (18.41), (18.42) and (18.43) can approximately be written as

�h2k2

2mc
¼ UkI11ðEÞ � Pk ð18:44Þ

�h2k2

2mc
¼ t1kEþ t2kE2 � dk ð18:45Þ

and

�h2k2

2mc
¼ t1kE� dk ð18:46aÞ

where,

Uk ¼ ð1þ hkÞ; hk ¼ C0

A
tk þ BJk

A

� 	
; C0

¼ ej j2Ik2Eg0ðEg0 þDÞ
96pc3mr

ffiffiffiffiffiffiffiffiffi
esce0

p
Eg0 þ 2

3D
 � b2

4
1þ qffiffiffi

2
p

� 	2
" #

;

A ¼ Eg0 ;

B ¼ 1þ m�

mV

� �
; Gk ¼ 2B

ðAþ d0Þ3 �
BCk

ðAþ d0Þ

" #

Ck ¼ ½ðEg0 þ d0Þ�1 þðEg0 þ d0ÞðEg0 � d0Þ�2�ðAþ d0Þ�1

Pk ¼ C0

A
Jk; Jk ¼ ðDk þ 2ðEg0 � d0Þ

ffiffiffiffi
fk

p
Þ;

Dk ¼ 1þ 2ðEg0 � d0Þ
ðAþ d0Þ

� 	
; fk ¼ 1

ðAþ d0Þ2 þ 1

ðEg0 � d0Þ2 � Ck

" #
;

t1k ¼ 1þ 3mc

mr
adk

� 	
; a ¼ 1

Eg0
; dk ¼ ej j2Ik2

96mrpc3
ffiffiffiffiffiffiffiffiffi
esce0

p and t2k ¼ at1k

Under the condition of heavy doping, following the methods as developed in
Chap. 1, the HD dispersion relations in this case in the presence of light waves can
be written as

�h2k2

2mc
¼ T1ðE; gg; kÞ ð18:46bÞ

�h2k2

2mc
¼ T2ðE; gg; kÞ ð18:47Þ
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�h2k2

2mc
¼ T3ðE; gg; kÞ ð18:48aÞ

where

T1ðE; gg; kÞ ¼½Uk½T31ðE; ggÞþ iT32ðE; ggÞ� � Pk�;
T2ðE; gg; kÞ ¼½t1kc3ðE; ggÞþ ðt2kÞ2h0ðE; ggÞ½1þErf ðE�ggÞ��1 � dk�

and T2ðE; gg; kÞ ¼½t1kc3ðE; ggÞ � dk�

The DOS functions for (18.46b), (18.47) and (18.48a) can, respectively, be
written as

NLðEÞ ¼ 4pgv
2mc

�h2

� 	3
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½T1ðE; gg; kÞ�
q

½T1ðE; gg; kÞ�0 ð18:48bÞ

NLðEÞ ¼ 4pgv
2mc

�h2

� 	3
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½T2ðE; gg; kÞ�
q

½T2ðE; gg; kÞ�0 ð18:48cÞ

NLðEÞ ¼ 4pgv
2mc

�h2

� 	3
2 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

½T3ðE; gg; kÞ�
q

½T3ðE; gg; kÞ�0 ð18:48dÞ

The EEM can be expressed in this case by using (18.46a), (18.47) and (18.48a).

m�ðEFHDL; gg; kÞ ¼ mc Real part of ½T1ðEFHDL; gg; kÞ�0 ð18:49Þ

m�ðEFHDL; gg; kÞ ¼ mc ½T2ðEFHDL; gg; kÞ�0 ð18:50Þ

m�ðEFHDL; gg; kÞ ¼ mc ½T3ðEFHDL; gg; kÞ�0 ð18:51Þ

18.2.2 The DR Under Magnetic Quantization in HD Kane
Type Semiconductors in the Presence of Light Waves

(i) Using (18.46b), the magneto-dispersion law, in the absence of spin, for HD III–
V, ternary and quaternary semiconductors, in the presence of photo-excitation,
whose unperturbed conduction electrons obey the three band model of Kane, is
given by

T1 E; gg
 � ¼ nþ 1

2

� 	
�hx0 þ

�h2k2z
2mc

ð18:52Þ
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Using (18.52), the DOS function in the present case can be expressed as

DB E; gg; k
 � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T1 E; gg; k
 �� �0

T1 E; gg; k
 �� nþ 1

2

� 	
�hx0

� ��1=2

HðE � Enl1Þ
" #

ð18:53Þ

where, Enl1 is the Landau sub-band energies in this case and is given as

T1 Enl1 ; gg; k
 � ¼ nþ 1

2

� 	
�hx0 ð18:54Þ

The EEM in this case assumes the form

m�ðEFHDL; gg; kÞ ¼ mc Real part of T1 EFHDL; gg; k
 �� �0 ð18:55Þ

where, EFHDLB is the Fermi energy under quantizing magnetic field in the presence
of light waves as measured from the edge of the conduction band in the vertically
upward direction in the absence of any quantization.

(ii) Using (18.47), the magneto-dispersion law, in the absence of spin, for HD
III–V, ternary and quaternary semiconductors, in the presence of photo-excitation,
whose unperturbed conduction electrons obey the two band model of Kane, is given
by

T2 E; gg
 � ¼ nþ 1

2

� 	
�hx0 þ

�h2k2z
2mc

ð18:56Þ

Using (18.56), the DOS function in the present case can be expressed as

DB E; gg; k
 � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T2 E; gg; k
 �� �0

T2 E; gg; k
 ��h

� nþ 1
2

� 	
�hx0

��1=2

HðE � Enl2Þ
#

ð18:57Þ

where, Enl2 is the Landau sub-band energies in this case and is given as

T2 Enl2 ; gg
 � ¼ nþ 1

2

� 	
�hx0 ð18:58Þ

The EEM in this case assumes the form

m�ðEFHDLB; gg; kÞ ¼ mc T2 EFHDLB; gg; k
 �� �0 ð18:59Þ
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(iii) Using (18.47), the magneto-dispersion law, in the absence of spin, for HD
III–V, ternary and quaternary semiconductors, in the presence of photo-excitation,
whose unperturbed conduction electrons obey the parabolic energy bands, is given
by

T2 E; gg
 � ¼ nþ 1

2

� 	
�hx0 þ

�h2k2z
2mc

ð18:60Þ

Using (18.60), the DOS function in the present case can be expressed as

DB E; gg; k
 � ¼ gv ej j

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

T3 E; gg; k
 �� �0

T3 E; gg; k
 ��h

� nþ 1
2

� 	
�hx0

��1=2

HðE � Enl2Þ
# ð18:61Þ

where, Enl2 is the Landau sub-band energies in this case and is given as

T3 Enl2 ; gg; k
 � ¼ nþ 1

2

� 	
�hx0 ð18:62Þ

The EEM in this case assumes the form

m�ðEFHDLB; gg; kÞ ¼ mc T3 EFHDLB; gg; k
 �� �0 ð18:63Þ

18.2.3 The DR Under Crossed Electric and Quantizing
Magnetic Fields in HD Kane Type Semiconductors
in the Presence of Light Waves

(i) The electron dispersion law in the present case is given by

T1 E; gg; k
 � ¼ nþ 1

2

� 	
�hx0 þ ½�h2kz Eð Þ�2

2mc

� E0

B
�hky T1 E; gg; k

 �� �0� mcE2
0 T1 E; gg; k

 �� �0h i2
2B2

8><
>:

9>=
>; ð18:64Þ

The use of (18.64) leads to the expressions of the EEM s’ along z and y
directions as
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m�
z ðEFBLHDC ; n;E0;B; kÞ ¼Real part of mc T1 EFBLHDC ; gg; k

 �� �00h

þ mcE2
0 T1 EFBLHDC ; gg; k

 �� �0
T1 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:65Þ

m�
yðEFBLHDC ; n;E0;B; kÞ ¼Real part of

B
E0

� 	2

T1 EFBLHDC ; gg; k
 �� �0h i�1

T1 EFBLHDC ; gg; k
 �� � nþ 1

2

� 	
�hx0

þ
mcE2

0 T1 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75 T1 EFBLHDC ; gg; k

 �� �00
T1 EFBLHDC ; gg; k
 �� �0h i2 T1 EFBLHDC ; gg; k

 �� � nþ 1
2

� 	
�hx0

2
64

þ
mcE2

0 T1 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75þ 1þ mcE2

0 T1 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:66Þ

where, EFBLHDC is the Fermi energy in this case.
The Landau energy Enl41ð Þ can be written as

T1 Enl41 ; gg; k
 � ¼ nþ 1

2

� 	
�hx0 �

mcE2
0 T1 Enl41 ; gg; k

 �� �0h i2
2B2

8><
>:

9>=
>; ð18:67Þ

(ii) Similarly, the electron dispersion law in this case is given by

T2 E; gg; k
 � ¼ nþ 1

2

� 	
�hx0

� E0

B
�hky T1 E; gg; k

 �� �0�mcE2
0

2B2 T2 E; gg; k
 �� �0h i2

þ �hkz Eð Þ½ �2
2mc

ð18:68Þ

The use of (18.78) leads to the expressions of the EEM s’ along z and y
directions as

m�
z ðEFBLHDC ; n;E0;B; kÞ ¼mc T2 EFBLHDC ; gg; k

 �� �00h

þ mcE2
0 T2 EFBLHDC ; gg; k

 �� �0
T2 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:69Þ
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m�
yðEFBLHDC ; n;E0;B; kÞ ¼ B

E0

� 	2

T2 EFBLHDC ; gg; k
 �� �0h i�1

T2 EFBLHDC ; gg; k
 �� � nþ 1

2

� 	
�hx0

þ
mcE2

0 T1 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75 T2 EFBLHDC ; gg; k

 �� �00
T2 EFBLHDC ; gg; k
 �� �0h i2 T2 EFBLHDC ; gg; k

 �� � nþ 1
2

� 	
�hx0

2
64

þ
mcE2

0 T2 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75þ 1þmcE2

0 T2 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:70Þ

The Landau energy Enl42ð Þ can be written as

T2 Enl42 ; gg; k
 � ¼ nþ 1

2

� 	
�hx0 �

mcE2
0 T2 Enl42 ; gg; k

 �� �0h i2
2B2

8><
>:

9>=
>; ð18:71Þ

(iii) Similarly, the electron dispersion law in this case is given by

T3 E; gg; k
 � ¼ nþ 1

2

� 	
�hx0

� E0

B
�hky T3 E; gg; k

 �� �0�mcE2
0

2B2 T3 E; gg; k
 �� �0h i2

þ �hkz Eð Þ½ �2
2mc

ð18:72Þ

The use of (18.72) leads to the expressions of the EEM s’ along z and y
directions as

m�
z ðEFBLHDC ; n;E0;B; kÞ ¼mc T3 EFBLHDC ; gg; k

 �� �00h

þ mcE2
0 T3 EFBLHDC ; gg; k

 �� �0
T3 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:73Þ

m�
yðEFBLHDC ; n;E0;B; kÞ ¼ B

E0

� 	2

T3 EFBLHDC ; gg; k
 �� �0h i�1

T3 EFBLHDC ; gg; k
 �� � nþ 1

2

� 	
�hx0

þ
mcE2

0 T3 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75 T3 EFBLHDC ; gg; k

 �� �00
T3 EFBLHDC ; gg; k
 �� �0h i2 T3 EFBLHDC ; gg; k

 �� � nþ 1
2

� 	
�hx0

2
64

þ
mcE2

0 T3 EFBLHDC ; gg; k
 �� �0h i2

2B2

3
75þ 1þmcE2

0 T3 EFBLHDC ; gg; k
 �� �00

B2

#

ð18:74Þ
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The Landau energy Enl43ð Þ can be written as

T3 En42 ; gg; k
 � ¼ nþ 1

2

� 	
�hx0 �

mcE2
0 T3 Enl42 ; gg; k

 �� �0h i2
2B2

8><
>:

9>=
>; ð18:75Þ

18.2.4 The DR in QWs of HD Kane Type Semiconductors
in the Presence of Light Waves

(i) The 2D DR in QWs of HD III–V, ternary and quaternary materials, whose
unperturbed band structure is defined by the three band model of Kane, in the
presence of light waves can be expressed following (18.46b) as

�h2k2s
2mc

þ �h2

2mc

nzp
dz

� 	2

¼ T1 E; gg; k
 � ð18:76Þ

The sub band energies Enl7HDð Þ can be written as

T1 Enl7HD ; gg; k
 � ¼ �h2

2mc
nzp=dzð Þ2 ð18:77Þ

The expression of the EEM in this case is given by

m�ðEF2DLHD; nz; kÞ ¼ mc Real part of T1 EF2DLHD; gg; k
 �� �0 ð18:78Þ

where, EF2DLHD is the Fermi energy in the present case as measured from the edge
of the conduction band in the vertically upward direction in absence of any
quantization.

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

T1 E; gg; k
 �� �0

H E � Enl7HDð Þ ð18:79Þ

(ii) The 2D DR in QWs of HD III–V, ternary and quaternary materials, whose
unperturbed band structure is defined by the two band model of Kane, in the
presence of light waves can be expressed following (18.47) as

�h2k2s
2mc

þ �h2

2mc

nzp
dz

� 	2

¼ T2 E; gg; k
 � ð18:80Þ
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The sub band energies Enl8HDð Þ can be written as

T2 Enl8HD ; gg; k
 � ¼ �h2

2mc
nzp=dzð Þ2 ð18:81Þ

The expression of the EEM in this case is given by

m�ðEF2DLHD; nz; kÞ ¼ mc T2 EF2DLHD; gg; k
 �� �0 ð18:82Þ

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

T2 E; gg; k
 �� �0

H E � Enl8HDð Þ ð18:83Þ

(iii) The 2D DR in QWs of HD III–V, ternary and quaternary materials, whose
unperturbed band structure is defined by the parabolic energy bands, in the presence
of light waves can be expressed following (18.48a) as

�h2k2s
2mc

þ �h2

2mc

nzp
dz

� 	2

¼ T3 E; gg; k
 � ð18:84Þ

The sub band energies Enl9HDð Þ can be written as

T2 Enl9HD ; gg; k
 � ¼ �h2

2mc
nzp=dzð Þ2 ð18:85Þ

The expression of the EEM in this case is given by

m�ðEF2DLHD; nz; kÞ ¼ mc T3 EF2DLHD; gg; k
 �� �0 ð18:86Þ

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

T3 E; gg; k
 �� �0

H E � Enl9HDð Þ ð18:87Þ

18.2.5 The DR in Doping Superlattices of HD Kane Type
Semiconductors in the Presence of Light Waves

(i) The DR in doping superlattices of HD III–V, ternary and quaternary materials in
the presence of external photo-excitation whose unperturbed electrons are defined
by the three band model of Kane can be expressed following (18.46b) as
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T1 E; gg; k
 � ¼ ni þ 1

2

� 	
�hx91HD E; gg; k

 �þ �h2k2s
2mc

ð18:88Þ

where,

x91HD E; gg; k
 � � n0 ej j2

d0escT 0
1 E; gg; k
 �

mc

 !1=2

:

The sub band energies Eni10HDð Þ can be written as

T1 Eni10HD ; gg; k
 � ¼ ni þ 1

2

� 	
�hx91HD Eni10HD ; gg; k

 � ð18:89Þ

The expression of the EEM in this case is given by

m�ðEF2DLHDD; gg; k; niÞ ¼ mc M40HD EF2DLHDD; gg; k; ni
 �� �0 ð18:90Þ

where,

M40HD EF2DLHDD; gg; k; ni
 � ¼ Real part of T1 EF2DLHDD; gg; k

 �� ni þ 1
2

� 	
�hx91HD EF2DLHDD; gg; k

 �� �

and EF2DLHDD is the Fermi energy in the present case as measured from the edge of
the conduction band in the vertically upward direction in absence of any
quantization.

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

M40HD E; gg; k
 �� �0

H E � Eni10HDð Þ ð18:91Þ

(ii) The DR in doping superlattices of HD III–V, ternary and quaternary mate-
rials in the presence of external photo-excitation whose unperturbed electrons are
defined by the two band model of Kane can be expressed following (18.47) as

T2 E; gg; k
 � ¼ ni þ 1

2

� 	
�hx92HD E; gg; k

 �þ �h2k2s
2mc

ð18:92Þ

where

x92HD E; gg; k
 � � n0 ej j2

d0escT 0
2 E; gg; k
 �

mc

 !1=2

:
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The sub band energies Eni11HDð Þ can be written as

T2 Eni11HD ; gg; k
 � ¼ ni þ 1

2

� 	
�hx92HD Eni11HD ; gg; k

 � ð18:93Þ

The expression of the EEM in this case is given by

m�ðEF2DLHDD; gg; k; niÞ ¼ mc M41HD EF2DLHDD; gg; k; ni
 �� �0 ð18:94Þ

where

M41HD EF2DLHDD; gg; k; ni
 � ¼ T2 EF2DLHDD; gg; k

 �� ni þ 1
2

� 	
�hx92HD EF2DLHDD; gg; k

 �� �
and

The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

M41HD E; gg; k
 �� �0

H E � Eni11HDð Þ ð18:95Þ

(iii) The DR in doping superlattices of HD III–V, ternary and quaternary
materials in the presence of external photo-excitation whose unperturbed electrons
are defined by the two band model of Kane can be expressed following (18.48a) as

T3 E; gg; k
 � ¼ ni þ 1

2

� 	
�hx93HD E; gg; k

 �þ �h2k2s
2mc

ð18:96Þ

where

x93HD E; gg; k
 � � n0 ej j2

d0escT 0
3 E; gg; k
 �

mc

 !1=2

:

The sub band energies Eni12HDð Þ can be written as

T3 Eni12HD ; gg; k
 � ¼ ni þ 1

2

� 	
�hx93HD Eni12HD ; gg; k

 � ð18:97Þ

The expression of the EEM in this case is given by

m�ðEF2DLHDD; gg; k; niÞ ¼ mc M42HD EF2DLHDD; gg; k; ni
 �� �0 ð18:98Þ

where

M42HD EF2DLHDD; gg; k; ni
 � ¼ T3 EF2DLHDD; gg; k

 �� ni þ 1
2

� 	
�hx93HD EF2DLHDD; gg; k

 �� �
and
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The DOS function can be written as

N2DðE; gg; kÞ ¼
mcgv
p�h2

� 	Xnzmax

nz¼1

M42HD E; gg; k
 �� �0

H E � Eni12HDð Þ ð18:99Þ

18.2.6 The DR of QDs of HD Kane Type Semiconductors
in the Presence of Light Waves

(i) The DR in QDs of HD III–V, ternary and quaternary materials in the presence of
external photo-excitation whose unperturbed electrons are defined by the three band
model of Kane can be expressed following (18.46b) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ T1ðE17;1; gg; kÞ ð18:100Þ

where E17;1 is the totally quantized energy in this case.
The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;1
 � ð18:101Þ

In the absence of band-tails, the totally quantized energy E17;2
 �

in this case is
given by

b0 E17;2; k
 � ¼ �h2p2

2mc

nx
dx

� 	2

þ ny
dy

� 	2

þ nz
dz

� 	2
" #

ð18:102Þ

The DOS function is given by

N0L Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;2
 � ð18:103Þ

(ii) The DR in QDs of HD III–V, ternary and quaternary materials in the
presence of external photo-excitation whose unperturbed electrons are defined by
the two band model of Kane can be expressed following (18.47) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ T2ðE17;3; gg; kÞ ð18:104Þ

where E17;3 is the totally quantized energy in this case
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The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;3
 � ð18:105Þ

In the absence of band-tails, the totally quantized energy E17;4
 �

in this case is
given by

s0 E17;4; k
 � ¼ �h2p2

2mc

nx
dx

� 	2

þ ny
dy

� 	2

þ nz
dz

� 	2
" #

ð18:106Þ

The DOS function is given by

N0L Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;4
 � ð18:107Þ

(iii) The DR in QDs of HD III–V, ternary and quaternary materials in the
presence of external photo-excitation whose unperturbed electrons are defined by
the parabolic energy bands can be expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2ðnxp=dxÞ2
2mc

¼ T3ðE17;5; gg; kÞ ð18:108Þ

where E17;5 is the totally quantized energy in this case.
The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;5
 � ð18:109Þ

In the absence of band-tails, the totally quantized energy E17;6
 �

in this case is
given by

q0 E17;6; k
 � ¼ �h2p2

2mc

nx
dx

� 	2

þ ny
dy

� 	2

þ nz
dz

� 	2
" #

ð18:110Þ

The DOS function is given by

N0L Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;6
 � ð18:111Þ
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18.2.7 The Magneto DR in QWs of HD Kane Type
Semiconductors in the Presence of Light Waves

(i) The magneto DR in QWs of HD III–V, ternary and quaternary materials, whose
unperturbed band structure is defined by the three band model of Kane, in the
presence of light waves can be expressed following (18.76) as

nþ 1
2

� 	
�hx0 þ �h2

2mc

nzp
dz

� 	2

¼ T1ðE17;7; gg; kÞ ð18:112Þ

where E17;7 is the totally quantized energy in this case.
The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;7
 � ð18:113Þ

(ii) The 2D magneto DR in QWs of HD III–V, ternary and quaternary materials,
whose unperturbed band structure is defined by the two band model of Kane, in the
presence of light waves can be expressed following (18.47) as

nþ 1
2

� 	
�hx0 þ �h2

2mc

nzp
dz

� 	2

¼ T2ðE17;8; gg; kÞ ð18:114Þ

where E17;8 is the totally quantized energy in this case.
The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;8
 � ð18:115Þ

(iii) The 2D magneto DR in QWs of HD III–V, ternary and quaternary materials,
whose unperturbed band structure is defined by the parabolic energy bands, in the
presence of light waves can be expressed following (18.48a) as

nþ 1
2

� 	
�hx0 þ �h2

2mc

nzp
dz

� 	2

¼ T3ðE17;9; gg; kÞ ð18:116Þ

where E17;9 is the totally quantized energy in this case
The DOS function is given by

N0DT Eð Þ ¼ 2gv
dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � E17;9
 � ð18:117Þ
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18.2.8 The DR in Accumulation and Inversion Layers
of Kane Type Semiconductors in the Presence
of Light Waves

(a) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, whose unperturbed band structure is defined by the two band model of
Kane, in the presence of light waves can be expressed following (18.46b) as

T1ðE; gg; kÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs½T1ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

ð18:118Þ

(18.118) represents the DR of the 2D electrons in accumulation layers of HD III–
V, ternary and quaternary materials under the weak electric field limit in the
presence of light waves whose bulk electrons obey the HD three band model of
Kane. Since the DR in accordance with the HD three-band model of Kane is
complex in nature, the (18.118) will also be complex. The both complexities occur
due to the presence of poles in the finite complex plane of the dispersion relation of
the materials in the absence of band tails.

The EEM can be expressed as

m�
LðE0

fl; i; ggÞ ¼ mc Real part of P0
3HDLðE0

fL; i; gg; kÞ ð18:119Þ

where

P3HDLðE0
fl; i; gg; kÞ ¼ T1ðE; gg; kÞ � Si

�h ej jFs½T1ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

2
4

3
5

and E0
fl is the Fermi energy in this case.

Thus, one can observe that the EEM is a function of light intensity, scattering
potential, the sub-band index, surface electric field, the Fermi energy and the other
spectrum constants due to the combined influence of Eg and D.

The sub-band energy Ei1L is given by

0 ¼ Real part of T1ðEi1L; gg; kÞ � Si
�h ej jFs½T1ðEi1L; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

2
4

3
5 ð18:120Þ

The DOS function can be written as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HDL E; i; gg; k
 �

H E � Ei1Lð Þ� � ð18:121Þ
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Thus the DOS function is complex in nature.
In the absence of band-tails and under the condition of weak electric field limit,

(18.118) assumes the form

b0ðE; kÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs½b0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð18:122Þ

(18.122) represents the DR of the 2D electrons in inversion layers of III–V,
ternary and quaternary materials under the weak electric field limit in the present of
light waves waves whose bulk electrons in the absence of any perturbation obey the
three band model of Kane.

The EEM can be expressed as

m�
LðEFiwl; i; kÞ ¼ mc½P3LðE; i; kÞ�0

��
E¼EFiwL

ð18:123Þ

where,

P3LðE; i; kÞ ¼ b0ðE; kÞ � Si
�h ej jFs½b0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #

Thus, one can observe that the EEM is a function of the subband index, the light
intensity, surface electric field, the Fermi energy and the other spectrum constants
due to the combined influence of Eg and D.

The subband energy Eniw2L in this case can be obtained from the (18.123) as

0 ¼ b0ðEniw2L ; kÞ � Si
�h ej jFs½b0ðEniw2L ; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #
ð18:124Þ

Thus the 2D total DOS function in weak electric field limit can be expressed as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3L E; i; kð ÞH E � EniwLð Þ½ � ð18:125Þ

(b) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, whose unperturbed band structure is defined by the two band model of
Kane in the absence of any field, in the presence of light waves can be expressed
following (18.47) as

T2ðE; gg; kÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs½T2ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

ð18:126Þ
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(18.126) represents the DR of the 2D electrons in accumulation layers of HD III–
V, ternary and quaternary materials under the weak electric field limit in the
presence of light waves whose bulk electrons obey the HD two band model of
Kane. Since the electron energy spectrum in accordance with the HD two-band
model of Kane is real in nature, the (18.126) will also be real.

The EEM can be expressed as

m�
LðE0

fl; i; ggÞ ¼ mcP
0
3HDL1ðE0

fl; i; gg; kÞ ð18:127Þ

where,

P3HDL1ðE0
fl; i; gg; kÞ ¼ T2ðE; gg; kÞ � Si

�h ej jFs½T2ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

2
4

3
5

Thus, one can observe that the EEM is a function of light intensity, scattering
potential, the sub-band index, surface electric field, the Fermi energy and the other
spectrum constants due to the combined influence of Eg and D.

The sub-band energy Ei1L1 is given by

0 ¼ T2ðEi1L1; gg; kÞ � Si
�h ej jFs½T2ðEi1L1; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

2
4

3
5 ð18:128Þ

The DOS function can be written as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HDL1 E; i; gg; k
 �

H E � Ei1L1ð Þ� � ð18:129Þ

In the absence of band-tails and under the condition of weak electric field limit,
(18.126) assumes the form

s0ðE; kÞ ¼ �h2k2s
2mc

þ Si
�h ej jFs½s0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð18:130Þ

(18.130) represents the DR of the 2D electrons in inversion layers of III–V,
ternary and quaternary materials under the weak electric field limit in the present of
light waves waves whose bulk electrons in the absence of any perturbation obey the
two band model of Kane.
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The EEM can be expressed as

m�
LðEFiwL; i; kÞ ¼ mc½P3L2ðE; i; kÞ�0

��
E¼EFiwL

ð18:131Þ

where,

P3L2ðE; i; kÞ ¼ s0ðE; kÞ � Si
�h ej jFs½s0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #

Thus, one can observe that the EEM is a function of the subband index, the light
intensity, surface electric field, the Fermi energy and the other spectrum constants
due to the combined influence of Eg and D.

The subband energy Eniw2L2 in this case can be obtained from the (18.130) as

0 ¼ s0ðEniw2L2 ; kÞ � Si
�h ej jFs½s0ðEniw2L2 ; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #
ð18:132Þ

Thus the 2D total DOS function in weak electric field limit can be expressed as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3L2 E; i; kð Þ½ �H E � EniwL2ð Þ ð18:133Þ

(c) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, whose unperturbed band structure is defined by the two band model of
Kane in the absence of any field, in the presence of light waves can be expressed
following (18.48a) as

T3ðE; gg; kÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs½T3ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

ð18:134Þ

(18.134) represents the DR of the 2D electrons in accumulation layers of HD III–
V, ternary and quaternary materials under the weak electric field limit in the
presence of light waves whose bulk electrons obey the HD model of parabolic
energy bands. Since the electron energy spectrum in this case is real in nature, the
(18.134) will also be real.

The EEM can be expressed as

m�
LðE0

fl; i; ggÞ ¼ mcP
0
3HDL2ðE0

fl; i; gg; kÞ ð18:135Þ
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where,

P3HDL2ðE0
fl; i; kÞ ¼ T3ðE; gg; kÞ � Si

�h ej jFs½T3ðE; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

2
4

3
5

Thus, one can observe that the EEM is a function of light intensity, scattering
potential, the sub-band index, surface electric field, the Fermi energy and the other
spectrum constants due to the combined influence of Eg and D.

The sub-band energy Ei1L2 is given by

0 ¼ T3ðEi1L2; gg; kÞ � Si
�h ej jFs½T3ðEi1L2; gg; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

" #2
3

2
4

3
5 ð18:136Þ

The DOS function can be written as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3HDL2 E; i; gg; k
 �� �

HðE � Ei1L2Þ ð18:137Þ

In the absence of band-tails and under the condition of weak electric field limit,
(18.134) assumes the form

q0ðE; kÞ ¼
�h2k2s
2mc

þ Si
�h ej jFs½q0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3
ð18:138Þ

(18.138) represents the DR of the 2D electrons in inversion layers of III–V,
ternary and quaternary materials under the weak electric field limit in the present of
light waves waves whose bulk electrons in the absence of any perturbation obey the
model of isotropic parabolic energy bands.

The EEM can be expressed as

m�
LðEFiwL; i; kÞ ¼ mc½P3L3ðE; i; kÞ�0

��
E¼EFiwL

ð18:139Þ

where,

P3L3ðE; i; kÞ ¼ q0ðE; kÞ � Si
�h ej jFs½q0ðE; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #

Thus, one can observe that the EEM is a function of the subband index, the light
intensity, surface electric field, the Fermi energy and the other spectrum constants
due to the combined influence of Eg and D.
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The subband energy Eniw2L3 in this case can be obtained from the (18.138) as

0 ¼ q0ðEniw2L3 ; kÞ � Si
�h ej jFs½q0ðEniw2L3 ; kÞ�0ffiffiffiffiffiffiffiffi

2mc
p

� �2=3" #
ð18:140Þ

Thus the 2D total DOS function in weak electric field limit can be expressed as

N2DiL Eð Þ ¼ mcgv
p�h2

Ximax

i¼0

P3L3 E; i; kð Þ½ �HðE � EniwL3Þ ð18:141Þ

18.2.9 The DR in NWs of HD Kane Type Semiconductors
in the Presence of Light Waves

(a) The 1D DR in NWs of HD III–V, ternary and quaternary materials, whose
unperturbed band structure is defined by the three band model of Kane in the
absence of any field, in the presence of light waves can be expressed following
(18.46b) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ T1ðE; gg; kÞ ð18:142Þ

The DOS function in this case assumes the form

N1DHDCL E; gg
 � ¼ 2gv

p

Xnymax

ny¼1

Xnzmax

nz¼1

T 0
3L1ðE; ny; nx; gg; kÞHðE� E0

3HDNWL1Þ ð18:143Þ

where

T3L1ðE; ny; nz; gg; kÞ ¼ T1ðE; gg; kÞ �
�h2ðnzp=dzÞ2

2mc
þ �h2ðnyp=dyÞ2

2mc

" #" #
2mc

�h2

" #1
2

In (18.143), E0
3HDNWL1 is the sub-band energy in this case which can be

expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ T1ðE0
3HDNWL1; gg; kÞ ð18:144Þ
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The EEM in this case is given by

m� EF1HDNWL1;gg;k

� �
¼ mc Real part of T 0

1 EF1HDNWL1; gg; k
 �� � ð18:145Þ

The 1D DR, for NWs of III–V materials whose energy band structures are
defined by the three-band model of Kane in the absence of band tailing assumes the
form

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ b0ðE; kÞ ð18:146Þ

The DOS function can be expressed as

N1DCL Eð Þ ¼ 2gv
p

Xnymax

ny¼1

Xnzmax

nz¼1

f 012L1ðE; ny; nz; kÞHðE� E0
3L1Þ ð18:147Þ

where

f12L1ðE; ny; nz; kÞ ¼ b0ðE; kÞ �
�h2ðnzp=dzÞ2

2mc
þ �h2ðnyp=dyÞ2

2mc

" #" #
2mc

�h2

" #1
2

and E0
3L1 is the sub-band energy in this case which can be obtained from the

following equation

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ b0ðE0
3L1; kÞ ð18:148Þ

The EEM in this case is given by

m� EF1HDNWL2; kð Þ ¼ mc b00 EF1HDNWL2; kð Þ� � ð18:149Þ

where EF1HDNWL2 is the Fermi energy in this case.
(b) The 1D DR in NWs of HD III–V, ternary and quaternary materials, whose

unperturbed band structure is defined by the two band model of Kane in the absence
of any field, in the presence of light waves can be expressed following (18.47) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ T2ðE; gg; kÞ ð18:150Þ
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The DOS function in this case assumes the form

N1DHDCL E; gg
 � ¼ 2gv

p

Xnymax

ny¼1

Xnzmax

nz¼1

T 0
3L2ðE; ny; nz; gg; kÞHðE� E0

3HDNWL2Þ ð18:151Þ

where

T3L2ðE; ny; nz; gg; kÞ ¼ T2ðE; gg; kÞ �
�h2ðnzp=dzÞ2

2mc
þ �h2ðnyp=dyÞ2

2mc

" #" #
2mc

�h2

" #1
2

In (18.151), E0
3HDNWL2 is the sub-band energy in this case which can be

expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ T2ðE0
3HDNWL2; gg; kÞ ð18:152Þ

The EEM in this case is given by

m� EF1HDNWL2; gg; k
 � ¼ mc T 0

2 EF1HDNWL2; gg; k
 �� � ð18:153Þ

The 1D DR, for NWs of III–V materials whose energy band structures are
defined by the two-band model of Kane in the absence of band tailing assumes the
form

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ s0ðE; kÞ ð18:154Þ

The DOS function can be expressed as

N1DCL Eð Þ ¼ 2gv
p

Xnymax

ny¼1

Xnzmax

nz¼1

f 012L2ðE; ny; nz; kÞHðE� E0
3L2Þ ð18:155Þ

where

f12L2ðE; ny; nz; kÞ ¼ s0ðE; kÞ � �h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

" #" #
2mc

�h2

" #1
2

18.2 Theoretical Background 515



and E0
3L2 is the sub-band energy in this case which can be obtained from the

following equation

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ s0ðE0
3L2; kÞ ð18:156Þ

The EEM in this case is given by

m� EF1HDNWL2; kð Þ ¼ mc s02 EF1HDNWL2; kð Þ� � ð18:157Þ

where EF1HDNWL2 is the Fermi energy in this case.
(c) The 1D DR in NWs of HD III–V, ternary and quaternary materials, whose

unperturbed band structure is defined by the parabolic energy bands in the absence
of any field, in the presence of light waves can be expressed following (18.48a) as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ T3ðE; gg; kÞ ð18:158Þ

The DOS function in this case assumes the form

N1DHDCL E; gg
 � ¼ 2gv

p

Xnymax

ny¼1

Xnzmax

nz¼1

T 0
3L3ðE; ny; nz; gg; kÞHðE� E0

3HDNWL3Þ ð18:159Þ

where

T3L3ðE; ny; nz; kÞ ¼ T3ðE; gg; kÞ �
�h2ðnzp=dzÞ2

2mc
þ �h2ðnyp=dyÞ2

2mc

" #" #
2mc

�h2

" #1
2

In (18.159), E0
3HDNWL3 is the sub-band energy in this case which can be

expressed as

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

¼ T3ðE0
3HDNWL3; gg; kÞ ð18:160Þ

The EEM in this case is given by

m� EF1HDNWL2; gg; k
 � ¼ mc T 0

3 EF1HDNWL2; gg; k
 �� � ð18:161Þ

The 1D DR, for NWs of III–V materials whose energy band structures are
defined by the parabolic energy bands in the absence of band tailing assumes the
form
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�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ q0ðE; kÞ ð18:162Þ

The DOS function can be expressed as

N1DCL Eð Þ ¼ 2gv
p

Xnymax

ny¼1

Xnzmax

nz¼1

f 012L3ðE; ny; nz; kÞHðE� E0
3L3Þ ð18:163Þ

where

f12L3ðE; ny; nz; kÞ ¼ q0ðE; kÞ �
�h2ðnzp=dzÞ2

2mc
þ �h2ðnyp=dyÞ2

2mc

" #" #
2mc

�h2

" #1
2

and E0
3L3 is the sub-band energy in this case which can be obtained from the

following equation

�h2ðnzp=dzÞ2
2mc

þ �h2ðnyp=dyÞ2
2mc

þ �h2k2x
2mc

¼ q0ðE0
3L3; kÞ ð18:164Þ

The EEM in this case is given by

m� EF1HDNWL2; kð Þ ¼ mc q03 EF1HDNWL2; kð Þ� � ð18:165Þ

18.2.10 The Magneto DR in Accumulation and Inversion
Layers of Kane Type Semiconductors
in the Presence of Light Waves

(a) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, whose unperturbed band structure is defined by the three band model of
Kane, in the presence of light waves under magnetic quantization can be expressed
following (18.118) as

T1ðE17;30; gg; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½T1ðE17;30; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

ð18:166Þ

where E17;30 is the totally quantized energy in this case.
(18.166) represents the magneto DR of the 2D electrons in accumulation layers

of HD III–V, ternary and quaternary materials under the weak electric field limit in
the presence of light waves whose bulk electrons obey the HD three band model of

18.2 Theoretical Background 517



Kane. Since the DR in accordance with the HD three-band model of Kane is
complex in nature, the (18.166) will also be complex in the energy plane. The tolal
energy is quantized since the wave vector space is totally quantized.

The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;30Þ ð18:167Þ

In the absence of band-tails and under the condition of weak electric field limit,
(18.166) assumes the form

b0ðE17;31; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½b0ðE17;31; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð18:168Þ

where E17;31 is the totally quantized energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;31Þ ð18:169Þ

(b) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, whose unperturbed band structure is defined by the two band model of
Kane, in the presence of light waves under magnetic quantization can be expressed
as

T2ðE17;32; gg; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½T2ðE17;32; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

ð18:170Þ

where E17;32 is the totally quantized energy in this case.
(18.170) represents the magneto DR of the 2D electrons in accumulation layers

of HD III–V, ternary and quaternary materials under the weak electric field limit in
the presence of light waves whose bulk electrons obey the HD two band model of
Kane. Since the DR in accordance with the HD two-band model of Kane is real in
nature, the (18.170) will also be real in the energy plane. The total energy is
quantized since the wave vector space is totally quantized.

The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;32Þ ð18:171Þ

In the absence of band-tails and under the condition of weak electric field limit,
(18.170) assumes the form
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s0ðE17;33; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½s0ðE17;33; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð18:172Þ

where E17;33 is the totally quantized energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;33Þ ð18:173Þ

(c) The 2D magneto DR in accumulation layers of HD III–V, ternary and
quaternary materials, whose unperturbed band structure is defined by the parabolic
energy bands, in the presence of light waves under magnetic quantization can be
expressed as

T3ðE17;34; gg; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½T3ðE17;34; gg; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
" #2

3

ð18:174Þ

where E17;34 is the totally quantized energy in this case.
(18.174) represents the magneto DR of the 2D electrons in accumulation layers

of HD III–V, ternary and quaternary materials under the weak electric field limit in
the presence of light waves whose bulk electrons obey the isotropic parabolic
energy bands. Since the DR in accordance with the HD parabolic energy bands is
real in nature, the (18.174) will also be real in the energy plane. The total energy is
quantized since the wave vector space is totally quantized.

The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;34Þ ð18:175Þ

In the absence of band-tails and under the condition of weak electric field limit,
(18.174) assumes the form

q0ðE17;35; kÞ ¼ nþ 1
2

� 	
�hx0 þ Si

�h ej jFs½q0ðE17;35; kÞ�0ffiffiffiffiffiffiffiffi
2mc

p
� �2=3

ð18:176Þ

where E17;35 is the totally quantized energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;35Þ ð18:177Þ
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18.2.11 The Magneto DR in Doping Superlattices
of HD Kane Type Semiconductors in the Presence
of Light Waves

(a) The magneto DR in doping superlattices of HD III–V, ternary and quaternary
materials in the presence of external photo-excitation whose unperturbed electrons
are defined by the three band model of Kane can be expressed following (18.46b) as

T1ðE17;40; gg; kÞ ¼ ni þ 1
2

� 	
�hx91HDðE17;40; gg; kÞþ nþ 1

2

� 	
�hx0 ð18:178Þ

where E17;40 is the total energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;40Þ ð18:179Þ

(b) The magneto DR in doping superlattices of HD III–V, ternary and quaternary
materials in the presence of external photo-excitation whose unperturbed electrons
are defined by the two band model of Kane can be expressed following (18.47) as

T2ðE17;41; gg; kÞ ¼ ni þ 1
2

� 	
�hx92HDðE17;41; gg; kÞþ nþ 1

2

� 	
�hx0 ð18:180Þ

where E17;41 is the total energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;41Þ ð18:181Þ

(c) The magneto DR in doping superlattices of HD III–V, ternary and quaternary
materials in the presence of external photo-excitation whose unperturbed electrons
are defined by the parabolic energy bands can be expressed following (18.48a) as

T2ðE17;42; gg; kÞ ¼ ni þ 1
2

� 	
�hx93HDðE17;42; gg; kÞþ nþ 1

2

� 	
�hx0 ð18:182Þ

where E17;42 is the total energy in this case.
The DOS function is given by

N2DALB Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Ximax

i¼0

d0ðE � E17;42Þ ð18:183Þ
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18.2.12 The DR in QWHD Effective Mass Superlattices
of Kane Type Semiconductors in the Presence
of Light Waves

(a) The electron dispersion law in HD III–V effective mass superlattices (EMSLs) in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the three band model of Kane can
be written as

k2x ¼
1
L20

cos�1 fHD1 E; ky; kz; k
 � �� �2�k2?

� �
ð18:184Þ

in which, fHD1 E; ky; kz; k
 � ¼ a1HD1 cos a0C1HD1 E; k?ð Þþ b0D1HD1 E; k?ð Þ½ � �

a2HD1 cos a0C1HD1 E; k?ð Þ � b0D1HD1½ E; k?ð Þ�;k2? ¼ k2y þ k2z ; L0 ¼ a0 þ b0;

a1HD1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

s
þ 1

" #2
4

mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

a2HD1 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

s" #2
4

mc2 Real part of ½T1ð0; gg2; kÞ�
mc1 Real part of ½T1ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

C1HD1 E; k?; kð Þ � 2mc1

�h2

� 	
T1 E; gg1; k
 �� k2?

� �1=2

and D1HD1 E; k?; kð Þ � 2mc2

�h2

� �
T1 E; gg2; k
 �� k2?

h i1=2
.

The DR in QWHD effective mass superlattices of Kane type semiconductors in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the three band model of Kane can
be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD1 E; ky; kz; k
 � �� �2 � k2?

� �
ð18:185Þ

The EEM in this case assumes the form

m�ðk?;E; kÞ ¼ �h2

L20

cos�1½fHD1ðE; ky; kzÞ�f 0HD1ðE; ky; kzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD1ðE; ky; kzÞ

p
" #�����

����� ð18:186Þ
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The Subband energies ðEnSL5HD1Þ can be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD1 EnSL5HD1; 0; 0; kð Þð Þ� �2� �
ð18:187Þ

(b) The electron dispersion law in HD III–V effective mass superlattices
(EMSLs) in the presence of light waves, the dispersion relations of whose con-
stituent materials in the absence of any perturbation are defined by the two band
model of Kane can be written as.

k2x ¼
1
L20

cos�1 fHD2 E; ky; kz; k
 � �� �2 � k2?

� �
ð18:188Þ

in which fHD2 E; ky; kz; k
 � ¼

a1HD2 cos a0C1HD2 E; k?ð Þþ b0D1HD2 E; k?ð Þ½ � � a2HD2 cos a0C1HD2 E; k?ð Þ � b0D1HD2 E; k?ð Þ½ �;

a1HD2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 ½T2ð0; gg2; kÞ�
mc1 ½T2ð0; gg1; kÞ�

s
þ 1

" #2
4

mc2 ½T2ð0; gg2; kÞ�
mc1 ½T2ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

a2HD2 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 ½T2ð0; gg2; kÞ�
mc1 ½T2ð0; gg1; kÞ�

s" #2
4

mc2 ½T2ð0; gg2; kÞ�
mc1 ½T2ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

C1HD2 E; k?; kð Þ � 2mc1

�h2

� �
T2 E; gg1; k
 �� k2?

h i1=2
and D1HD2 E; k?; kð Þ �

2mc2

�h2

� �
T2 E; gg2; k
 �� k2?

h i1=2
.

The DR in QWHD effective mass superlattices of Kane type semiconductors in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the two band model of Kane can
be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD2 E; ky; kz; k
 � �� �2 � k2?

� �
ð18:189Þ

The EEM in this case assumes the form

m�ðk?;E; kÞ ¼ �h2

L20

cos�1½fHD2ðE; ky; kzÞ�f 0HD2ðE; ky; kzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD2ðE; ky; kzÞ

p
" #�����

����� ð18:190Þ
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The Subband energies ðEnSL5HD2Þ can be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD2 EnSL5HD2; 0; 0; kð Þð Þ� �2� �
ð18:191Þ

(C) The electron dispersion law in HD III–V effective mass superlattices
(EMSLs) in the presence of light waves, the dispersion relations of whose con-
stituent materials in the absence of any perturbation are defined by the parabolic
energy bands can be written as.

k2x ¼
1
L20

cos�1 fHD3 E; ky; kz; k
 � �� �2 � k2?

� �
ð18:192Þ

in which fHD3 E; ky; kz; k
 � ¼

a1HD3 cos a0C1HD3 E; k?ð Þþ b0D1HD3 E; k?ð Þ½ � � a2HD3 cos a0C1HD3 E; k?ð Þ � b0D1HD3 E; k?ð Þ½ �;

a1HD3 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 ½T3ð0; gg2; kÞ�
mc1 ½T3ð0; gg1; kÞ�

s
þ 1

" #2
4

mc2 ½T3ð0; gg2; kÞ�
mc1 ½T3ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

a2HD3 ¼ �1þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
mc2 ½T3ð0; gg2; kÞ�
mc1 ½T3ð0; gg1; kÞ�

s" #2
4

mc2 ½T3ð0; gg2; kÞ�
mc1 ½T3ð0; gg1; kÞ�

 !1=2
2
4

3
5
�1

;

C1HD3 E; k?; kð Þ � 2mc1

�h2

� 	
T3 E; gg1; k
 �� k2?

� �1=2
and

D1HD3 E; k?; kð Þ � 2mc1

�h2

� 	
T3 E; gg2; k
 �� k2?

� �1=2
:

The DR in in QWHD effective mass superlattices of Kane type semiconductors
in the presence of light waves, the dispersion relations of whose constituent
materials in the absence of any perturbation are defined by the parabolic energy
bands can be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD3 E; ky; kz; k
 � �� �2 � k2?

� �
ð18:193Þ

The EEM in this case assumes the form

m�ðk?;E; kÞ ¼ �h2

L20

cos�1½fHD3ðE; ky; kzÞ�f 0HD3ðE; ky; kzÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD3ðE; ky; kzÞ

p
" #�����

����� ð18:194Þ
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The Subband energies ðEnSL5HD3Þ can be written as

nxp
dx

� 	2

¼ 1
L20

cos�1 fHD2 EnSL5HD3; 0; 0; kð Þð Þ� �2� �
ð18:195Þ

18.2.13 The DR in NWHD Effective Mass Superlattices
of Kane Type Semiconductors in the Presence
of Light Waves

(a) The DR in NWHD effective mass superlattices of Kane type semiconductors in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the three band model of Kane can
be written as

k2x ¼
1
L20

cos�1 fHD1 E;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:196Þ

The EEM in this case assumes the form

m� nyp
dy

;
nzp
dz

;E; k

� 	
¼ �h2

L20

cos�1 fHD1 E; nypdy ;
nzp
dz

� �h i
f 0HD1 E; nypdy ;

nzp
dz

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD1 E; nypdy ;

nzp
dz

� �r
2
664

3
775

��������

��������
ð18:197Þ

The Subband energies ðEnSL5HD4Þ can be written as

0 ¼ 1
L20

cos�1 fHD1 EnSL5HD4;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:198Þ

(b) The DR in NWHD effective mass superlattices of Kane type semiconductors
in the presence of light waves, the dispersion relations of whose constituent
materials in the absence of any perturbation are defined by the two band model of
Kane can be written as

k2x ¼
1
L20

cos�1 fHD2 E;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:199Þ
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The EEM in this case assumes the form

m� nyp
dy

;
nzp
dz

;E; k
� 	

¼ �h2

L20

cos�1 fHD2 E; nypdy ;
nzp
dz

� �h i
f 0HD2 E; nypdy ;

nzp
dz

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD2 E; nypdy ;

nzp
dz

� �r
2
664

3
775

��������

��������
ð18:200Þ

The Subband energies ðEnSL5HD5Þ can be written as

0 ¼ 1
L20

cos�1 fHD2 EnSL5HD5;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:201Þ

(C) (b) The DR in NWHD effective mass superlattices of Kane type semicon-
ductors in the presence of light waves, the dispersion relations of whose constituent
materials in the absence of any perturbation are defined by the parabolic energy
bands can be written as

k2x ¼
1
L20

cos�1 fHD3 E;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:202Þ

The EEM in this case assumes the form

m� nyp
dy

;
nzp
dz

;E; k

� 	
¼ �h2

L20

cos�1 fHD3 E; nypdy ;
nzp
dz

� �h i
f 0HD3 E; nypdy ;

nzp
dz

� �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f 2HD3 E; nypdy ;

nzp
dz

� �r
2
664

3
775

��������

��������
ð18:203Þ

The Subband energies ðEnSL5HD6Þ can be written as

0 ¼ 1
L20

cos�1 fHD3 EnSL5HD6;
nyp
dy

;
nzp
dz

; k

� 	� 	� �2

� nyp
dy

� 	2

þ nzp
dz

� 	2
" #" #

ð18:204Þ
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18.2.14 The Magneto DR in HD Effective Mass
Superlattices of Kane Type Semiconductors
in the Presence of Light Waves

(a) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2x ¼ q4HD1 n;E; kð Þ½ � ð18:205Þ

in which, q4HD1 n;E; kð Þ ¼ 1
L20

cos�1 fHD1 n;E; kð Þð Þ½ �2� 2 ej jB
�h nþ 1

2

 �n o
;

fHD1 E; n; kð Þ ¼ a1HD1 cos a0C1HD1 E; n; kð Þþ b0D1HD1 E; n; kð Þ½ �
� a2HD1 cos a0C1HD1 E; n; kð Þ � b0D1HD1 E; n; kð Þ½ �

C1HD1 E; n; kð Þ � 2mc1

�h2

� 	
T1 E; gg1; k
 �� 2 ej jB

�h

� �
nþ 1

2

� 	� �1=2
and

D1HD1 E; n; kð Þ � 2mc2

�h2

� 	
T1 E; gg2; k
 �� 2 ej jB

�h

� �
nþ 1

2

� 	� �1=2
:

The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼ Real part of
�h2

2
½q4HDðn;EfSLHDB; kÞ�0 ð18:206aÞ

where EfSLHDB is the Fermi energy in this case.
The EEM in III–V EMSLs under magnetic quantization depends on both, the

Fermi energy, magnetic quantum number and wavelength which is the intrinsic
property of such SLs.

The DOS function is given by

N Eð Þ ¼ eB
p�h

Xnmax

n¼0

q04HD1ðn;E; kÞHðE � EnSL5HDÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD1ðn;E; kÞ

p ð18:206bÞ

where the Landau Subband energies EnSL5HDð Þ can be written as

q4HD1ðn;EnSL5HD; kÞ ¼ 0 ð18:207Þ

(b) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2x ¼ q4HD2ðn;E; kÞ½ � ð18:208Þ

526 18 The DR Under Photo Excitation in HD Kane Type Semiconductors



in which; q4HD2 n;E; kð Þ ¼ 1
L20

cos�1 fHD2 n;E; kð Þð Þ� �2� 2 ej jB
�h

nþ 1
2

� 	� �
;

fHD2 E; n; kð Þ ¼ a1HD2 cos a0C1HD2 E; n; kð Þþ b0D1HD2 E; n; kð Þ½ � � a2HD2 cos a0C1HD2 E; n; kð Þ � b0D1HD2 E; n; kð Þ½ �

C1HD2 E; n; kð Þ � 2mc1

�h2

� 	
T2 E; gg1; k
 �� 2 ej jB

�h
nþ 1

2

� 	� �� �1=2
and

D1HD2 E; n; kð Þ � 2mc2

�h2

� 	
T2 E; gg2; k
 �� 2 ej jB

�h
nþ 1

2

� 	� �� �1=2
:

The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼ �h2

2
½q4HD2ðn;EfSLHDB; kÞ�0 ð18:209aÞ

where EfSLHDB is the Fermi energy in this case.
The EEM in III–V EMSLs under magnetic quantization depends on both the

Fermi energy, magnetic quantum number and wavelength which is the intrinsic
property of such SLs.

The DOS function is given by

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

q04HD2ðn;E; kÞHðE � EnSL5HD2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD2ðn;E; kÞ

p ð18:209bÞ

where the Landau Subband energies EnSL5HD2ð Þ can be written as

q4HD2ðn;EnSL5HD2; kÞ ¼ 0 ð18:210Þ

(C) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in this case can be written as

k2x ¼ q4HD3ðn;E; kÞ½ � ð18:211Þ

in which; q4HD3 n;E; kð Þ ¼ 1
L20

cos�1 fHD3 n;E; kð Þð Þ� �2� 2 ej jB
�h

nþ 1
2

� 	� �
;

fHD3 E; n; kð Þ ¼ a1HD3 cos a0C1HD3 E; n; kð Þþ b0D1HD3 E; n; kð Þ½ � � a2HD3 cos a0C1HD3 E; n; kð Þ � b0D1HD3 E; n; kð Þ½ �

C1HD3 E; n; kð Þ � 2mc1

�h2

� 	
T3 E; gg1; k
 �� 2 ej jB

�h
nþ 1

2

� 	� �� �1=2
and

D1HD3 E; n; kð Þ � 2mc2

�h2

� 	
T3 E; gg2; k
 �� 2 ej jB

�h
nþ 1

2

� 	� �� �1=2
:
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The EEM in this case assumes the form

m�ðn;EfSLHDB; kÞ ¼ �h2

2
½q4HD3ðn;EfSLHDB; kÞ�0 ð18:212aÞ

where EfSLHDB is the Fermi energy in this case.
The EEM in III–V EMSLs under magnetic quantization depends on both the

Fermi energy, magnetic quantum number and wavelength which is the intrinsic
property of such SLs.

The DOS function is given by

N Eð Þ ¼ eB
2p2�h

Xnmax

n¼0

q04HD3ðn;E; kÞHðE � EnSL5HD3Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q4HD3ðn;E; kÞ

p ð18:212bÞ

where the Landau Subband energies EnSL5HD3ð Þ can be written as

q4HD3ðn;EnSL5HD3; kÞ ¼ 0 ð18:213Þ

18.2.15 The Magneto DR in QWHD Effective Mass
Superlattices of Kane Type Semiconductors
in the Presence of Light Waves

(a) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in QWHD III–V effective mass superlattices (EMSLs) in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the three band model of Kane can
be written as

nxp
dx

� 	2

¼ q4HD1ðn;E17;50; kÞ
� � ð18:214Þ

where E17;50 is the totally quantized energy in this case.
The DOS function is given by

NBQWHDEMSL Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Xnxmax

nx¼1

d0ðE � E17;50Þ ð18:215Þ

(b) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in QWHD III–V effective mass superlattices (EMSLs) in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the two band model of Kane can
be written as
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nxp
dx

� 	2

¼ q4HD1ðn;E17;51; kÞ
� � ð18:216Þ

where E17;51 is the totally quantized energy in this case.
The DOS function is given by

NBQWHDEMSL Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Xnxmax

nx¼1

d0ðE � E17;51Þ ð18:217Þ

(C) In the presence of an external magnetic field along x-direction, the simplified
magneto dispersion law in QWHD III–V effective mass superlattices (EMSLs) in
the presence of light waves, the dispersion relations of whose constituent materials
in the absence of any perturbation are defined by the isotropic parabolic energy
bands can be written as

nxp
dx

� 	2

¼ q4HD3ðn;E17;52; kÞ
� � ð18:218Þ

where E17;52 is the totally quantized energy in this case.
The DOS function is given by

NBQWHDEMSL Eð Þ ¼ gveB
p�h

Xnmax

n¼0

Xnxmax

nx¼1

d0ðE � E17;52Þ ð18:219Þ

18.2.16 The DR in QWHD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Light Waves

The electron dispersion law in bulk specimens of the heavily doped constituent
materials of III–V SLs whose energy band structures are defined by (17.46b) be
expressed as

�h2k2

2mcj
¼ V1jðE; ggj; k;Dj;Eg0jÞþ iV2jðE; ggj; k;Dj;Eg0jÞ ð18:220Þ

where

j ¼ 1; 2; V1jðE; ggj; k;Dj;Eg0jÞ ¼ ½UkjT1jðE;Dj;Egj; ggjÞ � Pkj�
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Ukj ¼ ð1þ hjÞ; hkj ¼ C0j

Aj
tkj þ BjJkj

Aj

� 	
;C0j ¼

ej j2Ik2Eg0jðEgj þDjÞb2j 1þ qjffiffi
2

p
� �2

384mrjpc3
ffiffiffiffiffiffiffiffiffi
esce0

p
Eg0j þ 2

3Dj
 �

2
64

3
75;

bj ¼ 6 Eg0j þ 2
3
Dj

� 	 ðEg0j þDjÞ
vj

" #1=2
; vj ¼ ð6E2

g0 þ 9Eg0jDj þ 4D2
j Þ; qj ¼

4D2
j

3vj

" #1=2
; Aj ¼ Eg0j;

tkj ¼ Ekj �
GkjðEg0j � d0jÞffiffiffiffiffi

tkj
p

" #
; Ekj ¼

2BjðEg0j � d0jÞ
Aj þ d0j
� � ; Bj ¼ 1þ mcj

mvj

� �
; Gkj ¼ 2Bj

Aj þ d0j
� �3 � BjCkj

Aj þ d0j
� �

2
64

3
75;

Ckj ¼ ðEg0j þ d0jÞ�1þ ðEg0j þ d0jÞðEg0j � d0jÞ�2
h i

Aj þ d0j
� ��1

; Pkj ¼ C0j

Aj
Jkj; Jkj ¼ ðDkj þ 2ðEg0j � d0jÞ

ffiffiffiffiffi
fkj

p Þ;

Dkj ¼ 1þ 2ðEg0j � d0jÞ
ðAj þ d0jÞ

 !
; fkj ¼ 1

ðAj þ d0jÞ2
þ 1

ðEg0j � d0jÞ2
� Ckj

" #
;

T1jðE;Dj;Egj; ggjÞ ¼ ð2=ð1þErf ðE=ggjÞÞ ðajbj=cjÞ:h0ðE; ggjÞþ ½ajcj þ bjcj � ajbj=c
2
j �

h
:

c0ðE; ggjÞþ ð1=cjÞð1� ðaj=cjÞÞð1� bj=cjÞÞ 12 ½1þErf ðE=ggjÞ�
�

� ð1=cjÞð1� ðaj=cjÞÞð1� bj=cjÞÞð2=cjggj
ffiffiffi
p

p Þ expð�u2j Þ
X1
p¼1

ðexpð�p2=4Þ=pÞ sinhðpujÞ
" ###

;

bj � ðEgj þDjÞ�1; cj � Egj þ 2
3
Dj

� 	�1

; uj � ð1þ cjEÞðcjggiÞ�1;

V2jðE; ggj; k;Dj;Eg0jÞ ¼ ½UkjT2jðE;Dj;Egj; ggjÞ�

T2jðE;Dj;Egj; ggjÞ �
2

ð1þErf ðE=ggjÞ

 !
1
cj

1� aj
cj

� 	
1� bj

cj

� 	 ffiffiffi
p

p
cjggj

expð�u2j Þ

Therefore, the DR in HD III–V SLs with graded interfaces in the presence of
light waves can be expressed as

k2z ¼ G8 þ iH8 ð18:221Þ

where,

G8 ¼ C2
7 � D2

7

L20
� k2s

� �
; C7 ¼ cos�1ð�x7Þ;

�x7 ¼ð2Þ�1
2 ð1� G2

7 � H2
7Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

7 � H2
7Þ2 þ 4G2

7

q� �1
2

;
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G7 ¼ G1 þðq5G2=2Þ � ðq6H2=2Þþ ðD0=2Þ q6H2 � q8H3 þ q9H4 � q10H4f½
þ q11H5 � q12H5 þð1=12Þðq12G6 � q14H6Þg�;

G1 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½
þ ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ�;

h1 ¼e1ðb0 � D0Þ; e1 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
þ t1

� 	1
2

;

t1 ¼ ð2mc1=�h
2Þ:V11ðE;Eg1; k;D1; gg1Þ � k2s

� �
;

t2 ¼ ð2mc1=�h
2ÞV21ðE;Eg1; k;D1; gg1Þ

� �
;

h2 ¼ e2ðb0 � D0Þ; e2 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffi
t21 þ t22

q
� t1

� 	1
2

; g1 ¼ d1ða0 � D0Þ; d2

¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q
þ x1

� 	1
2

;

x1 ¼ �ð2mc2=�h
2Þ � V11ðE � V0;Eg2; k;D2; gg2Þþ k2s

� �
; y1

¼ ð2mc2=�h
2ÞV22ðE � V0;Eg2; k;D2; gg2Þ

� �
;

g2 ¼ d2ða0 � D0Þ; d2 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21 þ y21

q
� x1

� 	1
2

; q5 ¼ ðq23 þ q24Þ�1 q1q3 � q2q4½ �;

q1 ¼ d21 þ e22 � d22 � e21
� �

; q3 ¼ ½d1e1 þ d2e2�; q2 ¼ 2 d1d2 þ e1e2½ �; q4
¼ d1e2 � e1d2½ �;

G2 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞþ ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ½ �;
q6 ¼ ðq23 þ q24Þ�1½q1q4 þ q2q3�;

H2 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðcoshðg1ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ½ �;
q7 ¼ ðe21 þ e22Þ�1 e1ðd21 � d22Þ � 2d1d2e2

� �� 3e1
h i

;

G3 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞþ ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ½ �;
q8 ¼ ðe21 þ e22Þ�1 e2ðd21 � d22Þ � 2d1d2e2

� �þ 3e2
h i

;

H3 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinðg2ÞÞðsinhðg1ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½ �;
q9 ¼ ðd21 þ d22Þ�1 d1ðe22 � e21Þþ 2e2d2e1

� �þ 3d1
h i

;
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G4 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðsinhðg1ÞÞ � ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ½ �;
q10 ¼ �ðd21 þ d22Þ�1 d2ð�e22 þ e21Þþ 2e2d2e1

� �þ 3d2
h i

;

H4 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞþ ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ½ �;
G5 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðcosðg2ÞÞðcoshðg1ÞÞ � ðsinðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ½ �;
q12 ¼ 4 d1d2 þ e1e2½ �;

H5 ¼ ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞþ ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞ½ �;
q13 ¼ 5ðd1e31 � 3e1e22d1Þþ 5d2ðe31 � 3e21e2Þ

� �ðd21 þ d22Þ�1 þðe21 þ e22Þ�1 5ðe1d31 � 3d2e21d1Þ
�h

þ 5ðd32e2 � 3d21d2e2Þ
�� 34ðd1e1 þ d2e2Þ

�
;

G6 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞþ ðcosðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ½ �;
q14 ¼ 5ðd1e32 � 3e2e21d1Þþ 5d2ð�e31 þ 3e22e1Þ

� �ðd21 þ d22Þ�1 þðe21 þ e22Þ�1 5ð�e1d32 þ 3d21d2e1Þ
�h

þ 5ð�d31e2þ 3d22d1e2Þ
�þ 34ðd1e2 � d2e1Þ

�
;

H6 ¼ ðsinðh1ÞÞðcoshðh2ÞÞðcoshðg1ÞÞðsinðg2ÞÞ � ðcosðh1ÞÞðsinhðh2ÞÞðsinhðg1ÞÞðcosðg2ÞÞ½ �;
H7 ¼ H1 þðq5H2=2Þþ ðq6G2=2Þþ ðD0=2Þ q6G3 þ q7H3 þ q10G4 þ q10H4f½

þ q12G5 þ q11H5 þð1=12Þðq14G6 þ q13H6Þg�;

H1 ¼ ðsinðh1ÞÞðsinhðh2ÞÞðcoshðg1ÞÞðcosðg2ÞÞþ ðcosðh1ÞÞðcoshðh2ÞÞðsinhðg1ÞÞðsinðg2ÞÞ½ �;
D7 ¼ sinh�1ð�x7Þ; H8 ¼ ð2C7D7=L

2
0Þ

The simplified DR of HD QWs of III–V super-lattices with graded interfaces can
be expressed as

nzp
dz

� 	2

¼ G8 þ iH8 ð18:222Þ

The sub-band equation in this case can be expressed as

nzp
dz

� 	2

¼ G8 þ iH8½ �
�����
ks¼0 and E¼E17;100

ð18:223Þ

where E17;100 is the sub-band energy in this case.
The EEM and the DOS function should be obtained numerically in this case.
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18.2.17 The DR in NWHD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Light Waves

The DR in NWHD superlattices of Kane type semiconductors with graded inter-
faces in the presence of light waves can be expressed as

k2z ¼ G8;17;50 þ iH8;17;50 ð18:224Þ

G8;17:50 ¼
C2
7;50 � D2

7;50

L20
� nxp

dx

� �2
þ nyp

dy

� 	2
" #" #

;C7;50 ¼ cos�1ð�x7;50Þ;

where

�x7;50 ¼ ð2Þ�1
2 ð1� G2

7;50 � H2
7;50Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

7;50 � H2
7;50Þ2 þ 4G2

7;50

q� �1
2

;

G7;50 ¼ G1;50 þðq5;50G2;50=2Þ � ðq6;50H2;50=2Þþ ðD0=2Þ
�
q6;50H2;50 � q8;50H3;50 þ q9;50H4;50 � q10;50H4;50 þ
�
q11;50H5;50 � q12;50H5;50 þð1=12Þðq12;50G6;50 � q14;50H6;50Þ

��
;

G1;50 ¼ ðcosðh1;50ÞÞðcoshðh2;50ÞÞðcoshðg1;50ÞÞðcosðg2;50ÞÞ
�
þðsinðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðsinðg2;50ÞÞ

�
;

h1;50 ¼e1;50ðb0 � D0Þ; e1;50 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;50 þ t22;50

q
þ t1;50

� �1
2

;

t1;50 ¼ ð2mc1=�h
2Þ:V11ðE;Eg1; k;D1; gg1Þ �

nxp
dx

� �2
þ nyp

dy

� 	2
" #" #

; t2;50

¼ ð2mc1=�h
2ÞV21ðE;Eg1; k;D1; gg1Þ

� �
;

h2;50 ¼ e2;50ðb0 � D0Þ; e2;50 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;50 þ t22;50

q
� t1;50

� �1
2
; g1;50

¼ d1;50ða0 � D0Þ; d2;50 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;50 þ y21;50

q
þ x1;50

� �1
2

;

x1;50 ¼ �ð2mc2=�h
2Þ:V11ðE � V0;Eg2; k;D2; gg2Þþ

nxp
dx

� �2
þ nyp

dy

� 	2
" #" #

;

y1;50 ¼ ð2mc2=�h
2ÞV22ðE � V0;Eg2; k;D2; gg2Þ

� �
;

g2;50 ¼ d2;50ða0 � D0Þ; d2;50 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;50 þ y21;50

q
� x1;50

� �1
2

; q5;50

¼ ðq23;50 þ q24;50Þ�1 q1;50q3;50 � q2;50q4;50
� �

;
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q1;50 ¼ d21;50 þ e22;50 � d22;50 � e21;50
h i

;

q3;50 ¼ ½d1;50e1;50 þ d2;50e2;50�;
q2;50 ¼ 2 d1;50d2;50 þ e1;50e2;50

� �
;

q4;50 ¼ d1;50e2;50 � e1;50d2;50
� �

;

G2;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðsinhðg1;50ÞÞðcosðg2;50ÞÞ
�
þðcosðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðsinðg2;50ÞÞ

�
;

q6;50 ¼ðq23;50 þ q24;50Þ�1½q1;50q4;50 þ q2;50q3;50�;

H2;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðsinðg2;50ÞÞðcoshðg1;50ÞÞ
�
�ðcosðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðcosðg2;50ÞÞ

�
;

q7;50 ¼ ðe21;50 þ e22;50Þ�1 e1;50ðd21;50 � d22;50Þ � 2d1;50d2;50e2;50
h i

� 3e1;50
h i

;

G3;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðcoshðg1;50ÞÞðcosðg2;50ÞÞ
�
þðcosðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðsinðg2;50ÞÞ

�
;

q8;50 ¼ ðe21;50 þ e22;50Þ�1 e2;50ðd21;50 � d22;50Þ � 2d1;50d2;50e2;50
h i

þ 3e2;50
h i

;

H3;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðsinðg2;50ÞÞðsinhðg1;50ÞÞ
�
�ðcosðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðcosðg2;50ÞÞ

�
;

q9;50 ¼ ðd21;50 þ d22;50Þ�1 d1;50ðe22;50 � e21;50Þþ 2e2;50d2;50e1;50
h i

þ 3d1;50
h i

;

G4;50 ¼ ðcosðh1;50ÞÞðcoshðh2;50ÞÞðcosðg2;50ÞÞðsinhðg1;50ÞÞ
�
�ðsinðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðsinðg2;50ÞÞ

�
;

q10;50 ¼ �ðd21;50 þ d22;50Þ�1 d2;50ð�e22;50 þ e21;50Þþ 2e2;50d2;50e1;50
h i

þ 3d2;50
h i

;

H4;50 ¼ ðcosðh1;50ÞÞðcoshðh2;50ÞÞðcoshðg1;50ÞÞðsinðg2;50ÞÞ
�
þðsinðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðcosðg2;50ÞÞ

�
;

q11;50 ¼ 2 d21;50e
2
2;50 � d22;50 � e21;50

h i
;

G5;50 ¼ ðcosðh1;50ÞÞðcoshðh2;50ÞÞðcosðg2;50ÞÞðcoshðg1;50ÞÞ
�
�ðsinðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðsinðg2;50ÞÞ

�
;

q12;50 ¼ 4 d1;50d2;50 þ e1;50e2;50
� �

;
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H5;50 ¼ ðcosðh1;50ÞÞðcoshðh2;50ÞÞðsinhðg1;50ÞÞðsinðg2;50ÞÞ
�
þðsinðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðcosðg2;50ÞÞ

�
;

q13;50 ¼ 5ðd1;50e31;50 � 3e1;50e22;50d1;50Þþ 5d2;50ðe31;50 � 3e21;50e2;50Þ
n oh
ðd21;50 þ d22;50Þ�1 þðe21;50 þ e22;50Þ�1

5ðe1;50d31;50 � 3d2;50e21;50d1;50Þþ 5ðd32;50e2;50 � 3d21;50d2;50e2;50Þ
on

�34ðd1;50e1;50 þ d2;50e2;50Þ
�
;

G6;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðsinhðg1;50ÞÞðcosðg2;50ÞÞ
�
þ ðcosðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðsinðg2;50ÞÞ

�
;

q14;50 ¼ 5ðd1;50e32;50 � 3e2;50e21;50d1;50Þþ 5d2;50ð�e31;50 þ 3e22;50e1;50Þ
n oh
ðd21;50 þ d22;50Þ�1 þðe21;50 þ e22;50Þ�1

5ð�e1;50d
3
2;50 þ 3d21;50d2;50e1;50Þþ 5ð�d31;50e2;50 þ 3d22;50d1;50e2;50Þ

on
þ 34ðd1;50e2;50 � d2;50e1;50Þ

�
;

H6;50 ¼ ðsinðh1;50ÞÞðcoshðh2;50ÞÞðcoshðg1;50ÞÞðsinðg2;50ÞÞ
�
�ðcosðh1;50ÞÞðsinhðh2;50ÞÞðsinhðg1;50ÞÞðcosðg2;50ÞÞ

�
;

H7;50 ¼ H1;50 þðq5;50H2;50=2Þþ ðq6;50G2;50=2Þþ ðD0=2Þ
�
q6;50G3;50 þ q7;50H3;50 þ q10;50G4;50 þ q10;50H4;50
�
þ q12;50G5;50 þ q11;50H5;50 þð1=12Þðq14;50G6;50 þ q13;50H6;50Þ

��
;

H1;50 ¼ ðsinðh1;50ÞÞðsinhðh2;50ÞÞðcoshðg1;50ÞÞðcosðg2;50ÞÞ
�
þðcosðh1;50ÞÞðcoshðh2;50ÞÞðsinhðg1;50ÞÞðsinðg2;50ÞÞ

�
;

D7;50 ¼ sinh�1ð�x7;50Þ;
H8;50 ¼ð2C7;50D7;50=L

2
0Þ

The sub-band equation in this case can be expressed as

0 ¼ ½G8;17;50 þ iH8;17;50�
��
E¼E17;51

ð18:225Þ

where E17;51 is the sub-band energy in this case.
At low temperatures where the quantum effects become prominent, the DOS

function for the lowest SL mini-band is given by

NHDSL E; gg; k
 � ¼ gv

p

Xnxmax

nx¼1

Xnymax

ny¼1

½G0
8;17;50 þ iH0

8;17;50�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G8;17;50 þ iH8;17;50

p HðE � E17;51Þ ð18:226Þ
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The EEM can be written as

m�ðE; nx; ny; k; ggÞ ¼
�h2

2
ðG0

8;17;50Þ ð18:227Þ

18.2.18 The DR in Quantum Dot HD Superlattices of Kane
Type Semiconductors with Graded Interfaces
in the Presence of Light Waves

The DR in QDHD superlattices of Kane type semiconductors with graded interfaces
in the presence of light waves can be expressed as

nzp
dz

� 	2

¼ ½G8;17;50 þ iH8;17;50�
�����
E¼E17;52

ð18:228Þ

where E17;52 is the totally quantized energy in this case.The DOS function is given
by

NQDHDSL E; gg; k
 � ¼ 2gv

dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E17;52Þ ð18:229Þ

18.2.19 The Magneto DR in HD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Light Waves

The magneto DR in HD superlattices of Kane type semiconductors with graded
interfaces in the presence of light waves can be expressed as

k2z ¼ G8;17;54 þ iH8;17;54 ð18:230Þ

where

G8;17;54 ¼
C2
7;54 � D2

7;54

L20
� 2eB

�h
nþ 1

2

� 	� �" #
;C7;54 ¼ cos�1ð�x7;54Þ;

�x7;54 ¼ ð2Þ�1
2 ð1� G2

7;54 � H2
7;54Þ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1� G2

7;54 � H2
7;54Þ2 þ 4G2

7;54

q� �1
2

;
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G7;54 ¼ G1;54 þðq5;54G2;54=2Þ � ðq6;54H2;54=2Þþ ðD0=2Þ
�
q6;54H2;54 � q8;54H3;54 þ q9;54H4;54 � q10;54H4;54
�
þ q11;54H5;54 � q12;54H5;54 þð1=12Þðq12;54G6;54 � q14;54H6;54Þ

��
;

G1;54 ¼ ðcosðh1;54ÞÞðcoshðh2;54ÞÞðcoshðg1;54ÞÞðcosðg2;54ÞÞ
�
þðsinðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðsinðg2;54ÞÞ

�
;

h1;54 ¼ e1;54ðb0 � D0Þ; e1;54 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;54 þ t22;54

q
þ t1;54

� �1
2
;

t1;54 ¼ ð2mc1=�h
2Þ:V11ðE;Eg1; k;D1; gg1Þ �

2eB
�h

nþ 1
2

� 	� �� �
;

t2;54 ¼ ð2mc1=�h
2ÞV21ðE;Eg1; k;D1; gg1Þ

� �
;

h2;54 ¼ e2;54ðb0 � D0Þ; e2;54 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;54 þ t22;54

q
� t1;54

� �1
2

g1;54 ¼ d1;54ða0 � D0Þ; d2;54 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;54 þ y21;54

q
þ x1;54

� �1
2
;

x1;54 ¼ �ð2mc2=�h
2Þ:V11ðE � V0;Eg2; k;D2; gg2Þþ

2eB
�h

nþ 1
2

� 	� �� �
;

y1;54 ¼ ð2mc2=�h
2ÞV22ðE � V0;Eg2; k;D2; gg2Þ

� �
;

g2;54 ¼ d2;54ða0 � D0Þ; d2;54 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;54 þ y21;54

q
� x1;54

� �1
2

; q5;54

¼ ðq23;54 þ q24;54Þ�1 q1;54q3;54 � q2;54q4;54
� �

;

q1;54 ¼ d21;54 þ e22;54 � d22;54 � e21;54
h i

; q3;54 ¼ ½d1;54e1;54 þ d2;54e2;54�;
q2;54 ¼ 2 d1;54d2;54 þ e1;54e2;54

� �
; q4;54 ¼ d1;54e2;54 � e1;54d2;54

� �
;

G2;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðsinhðg1;54ÞÞðcosðg2;54ÞÞ
�
þðcosðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðsinðg2;54ÞÞ

�
;

q6;54 ¼ðq23;54 þ q24;54Þ�1½q1;54q4;54 þ q2;54q3;54�;

H2;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðsinðg2;54ÞÞðcoshðg1;54ÞÞ
�
�ðcosðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðcosðg2;54ÞÞ

�
;

q7;54 ¼ ðe21;54 þ e22;54Þ�1 e1;54ðd21;54 � d22;54Þ � 2d1;54d2;54e2;54
h i

� 3e1;54
h i

;
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G3;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðcoshðg1;54ÞÞðcosðg2;54ÞÞ
�
þðcosðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðsinðg2;54ÞÞ

�
;

q8;54 ¼ ðe21;54 þ e22;54Þ�1 e2;54ðd21;54 � d22;54Þ � 2d1;54d2;54e2;54
h i

þ 3e2;54
h i

;

H3;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðsinðg2;54ÞÞðsinhðg1;54ÞÞ
�
�ðcosðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðcosðg2;54ÞÞ

�
;

q9;54 ¼ ðd21;54 þ d22;54Þ�1 d1;54ðe22;54 � e21;54Þþ 2e2;54d2;54e1;54
h i

þ 3d1;54
h i

;

G4;54 ¼ ðcosðh1;54ÞÞðcoshðh2;54ÞÞðcosðg2;54ÞÞðsinhðg1;54ÞÞ
�
�ðsinðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðsinðg2;54ÞÞ

�
;

q10;54 ¼ �ðd21;54 þ d22;54Þ�1 d2;54ð�e22;54 þ e21;54Þþ 2e2;54d2;54e1;54
h i

þ 3d2;54
h i

;

H4;54 ¼ ðcosðh1;54ÞÞðcoshðh2;54ÞÞðcoshðg1;54ÞÞðsinðg2;54ÞÞ
�
þðsinðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðcosðg2;54ÞÞ

�
;

q11;54 ¼ 2 d21;54e
2
2;54 � d22;54 � e22;54

h i
;

G5;54 ¼ ðcosðh1;54ÞÞðcoshðh2;54ÞÞðcosðg2;54ÞÞðcoshðg1;54ÞÞ
�
�ðsinðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðsinðg2;54ÞÞ

�
;

q12;54 ¼ 4 d1;54d2;54 þ e1;54e2;54
� �

;

H5;54 ¼ ðcosðh1;54ÞÞðcoshðh2;54ÞÞðsinhðg1;54ÞÞðsinðg2;54ÞÞ
�
þðsinðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðcosðg2;54ÞÞ

�
;

q13;54 ¼ 5ðd1;54e31;54 � 3e1;54e22;54d1;54Þþ 5d2;54ðe31;54 � 3e21;54e2;54Þ
n oh
ðd21;54 þ d22;54Þ�1 þðe21;54 þ e22;54Þ�1

5ðe1;54d31;54 � 3d2;54e21;54d1;54Þ
n
þ 5ðd32;54e2;54 � 3d21;54d2;54e2;54Þ

o
� 34ðd1;54e1;54 þ d2;54e2;54Þ

i
;

G6;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðsinhðg1;54ÞÞðcosðg2;54ÞÞ
�
þðcosðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðsinðg2;54ÞÞ

�
;

q14;54 ¼ 5ðd1;54e32;54 � 3e2;54e21;54d1;54Þþ 5d2;54ð�e31;54 þ 3e22;54e1;54Þ
n oh
ðd21;54 þ d22;54Þ�1 þðe21;54 þ e22;54Þ�1

5ð�e1;54d
3
2;54 þ 3d21;54d2;54e1;54Þ

n
þ 5ð�d31;54e2;54 þ 3d22;54d1;54e2;54Þ

o
þ 34ðd1;54e2;54 � d2;54e1;54Þ

i
;
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H6;54 ¼ ðsinðh1;54ÞÞðcoshðh2;54ÞÞðcoshðg1;54ÞÞðsinðg2;54ÞÞ
�
ðcosðh1;54ÞÞðsinhðh2;54ÞÞðsinhðg1;54ÞÞðcosðg2;54ÞÞ

�
;

H7;54 ¼ H1;54 þðq5;54H2;54=2Þþ ðq6;54G2;54=2Þþ ðD0=2Þ
�
H1;54 þðq5;54H2;54=2Þþ ðq6;54G2;54=2Þþ ðD0=2Þ
�
þ q12;54G5;54 þ q11;54H5;54 þð1=12Þðq14;54G6;54 þ q13;54H6;54Þ

��
;

H1;54 ¼ ðsinðh1;54ÞÞðsinhðh2;54ÞÞðcoshðg1;54ÞÞðcosðg2;54ÞÞ
�
þðcosðh1;54ÞÞðcoshðh2;54ÞÞðsinhðg1;54ÞÞðsinðg2;54ÞÞ

�
;

D7;54 ¼ sinh�1ð�x7;54Þ; H8;54 ¼ ð2C7;54D7;54=L
2
0Þ

The sub-band equation in this case can be expressed as

0 ¼ ½G8;17;54 þ iH8;17;54�
��
E¼E17;54

ð18:231Þ

where E17;54 is the Landau sub-band energy in this case.
At low temperatures where the quantum effects become prominent, the DOS

function for the lowest SL mini-band is given by

NHDSL E; gg; k
 � ¼ gveB

2p2�h

Xnmax

n¼0

½G0
8;17;54 þ iH0

8;17;54�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G8;17;54 þ iH8;17;54

p HðE � E17;54Þ ð18:232Þ

The EEM can be written as

m�ðE; nx; ny; k; ggÞ ¼
�h2

2
ðG0

8;17;54Þ ð18:233Þ

18.2.20 The Magneto DR in QWHD Superlattices of Kane
Type Semiconductors with Graded Interfaces
in the Presence of Light Waves

The magneto DR in QWHD superlattices of Kane type semiconductors with graded
interfaces in the presence of light waves can be expressed as

nzp
dz

� 	2

¼ ½G8;17;54 þ iH8;17;54�
�����
E¼E17;55

ð18:234Þ

where E17;55 is the totally quantized energy in this case.
The DOS function is given by
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NQDHDSL E; gg; k
 � ¼ gv

p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E17;55Þ ð18:235Þ

18.3 Summary and Conclusion

The (18.46b), (18.47) and (18.48a) represent the DR in HD Kane type semicon-
ductors (i.e. III–V, ternary, quaternary compounds) and in the presence of strong
light waves whose unperturbed conduction electrons obey the three, two and one
band models of Kane. The DRs depend on the intensity and wave length of the
incident waves in addition to the screening potential. The EEMs ((18.49), (18.50),
(18.51)) and the DOS functions ((18.48b), (18.48c) and (18.48d)) for (18.46b),
(18.47) and (18.48a) have also been formulated which exhibit the signature of the
light waves. The (18.52), (18.54) and (18.60) represent the magneto DR in HD
Kane type materials in the present case. The EEMs ((18.55), (18.59), (18.63)) and
the DOS functions ((18.53), (18.57), (18.61)) have been derived for ((18.52),
(18.54) and (18.60)) and they also depend on light wave length. The (18.64),
(18.68) and (18.72) represent the DR in HD Kane type materials under cross fields
configurations in the present case. The anisotropic EEMs are given by (18.65) and
(18.66) for (18.64) and (18.69) for (18.68) and (18.73) and (18.74) for (18.72)
respectively in this case. The mass anisotropy depends on the magnetic field,
quantum number, electric field and other physical constants together with the fact
that the screening potential dependent EEMs exist in the band gap, a fact impossible
without heavy doping. The (18.76), (18.80) and (18.84) represent the DR in QW of
HD Kane type materials in the presence of external light waves. The EEMs
((18.79), (18.83), (18.87)) and the DOS functions ((18.78), (18.82), (18.86)) have
been derived for ((18.76), (18.80) and (18.84)) and they also depend on light wave
length. The (18.88), (18.92) and (18.96) represent the DR in doping superlattices of
HD Kane type materials in the presence of external light waves. The EEMs
((18.90), (18.94), (18.98)) and the DOS functions ((18.91), (18.95), (18.99)) have
been derived for ((18.88), (18.92) and (18.98)) and they also depend on light wave
length. The EEMs in doping superlattices will depend on mini band index which is
the characteristics property of such quantized structures together with the fact in the
present case the same mass will be strongly influenced by the intensity of the
incident light waves.

The DR in QBs of HD Kane type materials under strong light excitation is given
by (18.100), (18.104) and (18.108) and the corresponding DOS functions are
reflected by (18.101), (18.105) and (18.109) respectively. The DRs are totally
quantized due to the quantization of the wave vector space and the DOS functions
are unevenly distributed in the energy axis in the forms of Dirac’s delta function.
The magneto DR in QWs of HD Kane type compounds under light waves is given
by (18.112), (18.114) and (18.116) and the corresponding DOS functions can be
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expressed by (18.113), (18.115) and (18.117) respectively like the previous case,
the DOS functions are represented by the Dirac delta function. The DRs in accu-
mulation layers of Kane type compounds in the presence of light waves are given
by (18.118), (18.126) and (18.134). The EEMs ((18.119), (18.127), (18.135)) and
the DOS functions ((18.121), (18.129), (18.137)) have been derived for ((18.118),
(18.126) and (18.134)) and they also depend on light wave length. The (18.142),
(18.150) and (18.158) represent the DR in NWs of HD Kane type materials in the
presence of external light waves. The EEMs ((18.145), (18.153), (18.161)) and the
DOS functions ((18.143), (18.151), (18.159)) have been derived for ((18.145),
(18.153) and (18.161)) and they also depend on light wave length. The magneto DR
in accumulation layers of HD Kane type compounds under light waves is given by
(18.166), (18.170) and (18.174) and the corresponding DOS functions can be
expressed by (18.167), (18.171) and (18.175) respectively like the previous case,
the DOS functions are represented by the Dirac delta function. The magneto DR in
doping superlattices of HD Kane type compounds under light waves is given by
(18.178), (18.180) and (18.182) and the corresponding DOS functions can be
expressed by (18.179), (18.181) and (18.183) respectively like the previous case,
the DOS functions are represented by the Dirac delta function. The DR in QWHD
effective mass superlattices of Kane type compounds under light waves is given by
(18.185), (18.189) and (18.193) and the corresponding EEMs can be expressed by
(18.186), (18.190) and (18.194) respectively. The EEMs are quantum number
dependent in addition to other physical variables which is the characteristics feature
of such superlattices. The DR in NWHD effective mass superlattices are given by
(18.196), (18.199) and (18.202) respectively and their use lead to expressions of
EEM and sub-band energies as given by (18.197), (18.200) and (18.203) and
(18.198), (18.201) and (18.204) respectively. As usual, the effective masses are
functions of quantum numbers in addition to other physical variables. The magneto
DRs in HD effective mass superlattices of Kane type semiconductors in the pres-
ence of light waves are given by (18.205), (18.208) and (18.211) and their use lead
to the expressions of EEM and DOS functions as (18.206a), (18.209) and (18.212a)
and (18.206b), (18.209) and (18.212b) respectively. The EEMs are as usual
quantum number dependent. The magneto DRs in QWHD effective mass super-
lattices of Kane type semiconductors in the presence of light waves are given by
(18.214), (18.216) and (18.218) and their use lead to the expressions of the DOS
functions as represented by (18.215), (18.217) and (18.219) respectively. The DR in
QWHD superlattices of Kane type semiconductors with graded interfaces in the
presence of light waves is given by (18.222) and sub-band energies are expressed
through (18.223). The EEM and the DOS function should be obtained numerically
in this case. The DR in NWHD superlattices of Kane Type semiconductors with
graded interfaces in the presence of light waves is given by (18.224). The EEM and
DOS function for this case are given by (18.227) and (18.226) respectively. The DR
in Quantum dot HD superlattices of Kane type semiconductors with graded inter-
faces in the presence of light waves is given by (18.228) and totally quantized DOS
function is represented by (18.229). The magneto DR in HD superlattices of Kane
type semiconductors with graded interfaces in the presence of light waves is given
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by (18.230). The EEM and DOS function for this case are given by (18.233) and
(18.232) respectively. The last section of theoretical background investigates the
magneto DR in QWHD superlattices of Kane type semiconductors with graded
interfaces in the presence of light waves which is given by (18.234) and the delta
functional DOS function is represented through (18.235).

18.4 Open Research Problems

(R.18.1) Investigate the DR in the presence of intense external non-uniform light
waves for all the HD superlattices whose respective dispersion relations
of the carriers are given in this chapter

(R.18.2) Investigate the DR for the heavily–doped semiconductors in SLs the
presences of Gaussian, exponential, Kane, Halperian, Lax and
Bonch-Burevich types of band tails for all SL systems as discussed in
this chapter in the presence of external oscillatory and non-uniform light
waves

(R.18.3) Investigate the DR in the presence of external light waves for short
period, strained layer, random and Fibonacci HD superlattices in the
presence of an arbitrarily oriented alternating electric field

(R.18.4) Investigate all the appropriate problems of this chapter for a Dirac
electronDirac electron

(R.18.5) Investigate all the appropriate problems of this chapter by including the
many body, broadening and hot carrier effects respectively

(R.18.6) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditions.
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Part V
Dispersion Relations in HD Kane

Type Semiconductors in the Presence
of Intense Electric Field

Information is just bits of Data. Knowledge is putting
them together, but the wisdom is transcending them.



Chapter 19
The DR Under Intense Electric Field
in HD Kane Type Semiconductors

Some cause happiness where ever they go; others whenever
they go.

19.1 Introduction

With the advent of modern nano devices, there has been considerable interest in
studying the electric field induced processes in semiconductors having different
band structures. It appears from the literature that the studies have been made on the
assumption that the carrier dispersion laws are invariant quantities in the presence
of intense electric field, which is not fundamentally true. In this chapter, we shall
study the DR in quantum confined optoelectronic semiconductors under strong
electric field. In Sect. 19.2.1, and attempt is made to investigate the DR in the
presence of intense electric field in HD III–V, ternary and quaternary semicon-
ductors The Sect. 19.2.2 contains the investigation of the DR under magnetic
quantization in HD Kane type semiconductors in the presence of intense electric
field. In Sect. 19.2.3, the DR in QWs of HD Kane Type Semiconductors in the
Presence of intense electric field has been studied. In the Sect. 19.2.4 we have
investigated the DR in NWs of HD Kane type semiconductors in the presence of
intense electric field. In Sect. 19.2.5 the DR in QBs in HD Kane type semicon-
ductors in the presence of intense electric field has been studied. In Sect. 19.2.6 the
magneto DR in QWs in HD Kane type semiconductors in the presence of intense
electric field has been studied. In Sect. 19.2.7 the DR in accumulation and inversion
layers of Kane type semiconductors in the presence of intense electric field has been
studied. In Sect. 19.2.8 the magneto DR in accumulation and inversion layers of
Kane type semiconductors in the presence of intense electric field has been studied.
In Sect. 19.2.9 the DR in doping superlattices of HD Kane type semiconductors in
the presence of intense electric field has been studied. In Sect. 19.2.10 the magneto
DR in doping superlattices of HD Kane type semiconductors in the presence of
intense electric field has been investigated. In Sect. 19.2.11 the DR in QWHD
effective mass superlattices of Kane type semiconductors in the presence of intense

© Springer International Publishing Switzerland 2016
K.P. Ghatak, Dispersion Relations in Heavily-Doped Nanostructures,
Springer Tracts in Modern Physics 265, DOI 10.1007/978-3-319-21000-1_19

547



electric field has been investigated. In Sect. 19.2.12 the DR in NWHD effective
mass superlattices of Kane type semiconductors in the presence of intense electric
field has been studied. In Sect. 19.2.13 the DR in Quantum dot HD superlattices of
Kane type semiconductors in the presence of intense electric field has been studied.
In Sect. 19.2.14 the magneto DR in HD effective mass superlattices of Kane type
semiconductors in the presence of intense electric field has been studied. In
Sect. 19.2.15 the DR in QWHD superlattices of Kane type semiconductors with
graded interfaces in the presence of intense electric field has been studied. In
Sect. 19.2.16 the DR in NWHD superlattices of Kane type semiconductors with
graded interfaces in the presence of intense electric field has been investigated. In
Sect. 19.2.17 the DR in Quantum dot HD superlattices of Kane type semicon-
ductors with graded interfaces in the presence of intense electric field has been
studied. In Sect. 19.2.18 the magneto DR in HD superlattices of Kane type semi-
conductors with graded interfaces in the presence of intense electric field has been
investigated. In Sect. 19.2.19 the magneto DR in QWHD superlattices of Kane type
semiconductors with graded interfaces in the presence of intense electric field has
been investigated. The Sect. 19.3 contains the summary and conclusion pertinent to
this chapter. The Sect. 19.4 presents 6 open research problems which challenges the
first order creativity from the readers of diverse fields.

19.2 Theoretical Background

19.2.1 The Formulation of the Electron Dispersion Law
in the Presence of Intense Electric Field in HD III–V,
Ternary and Quaternary Semiconductors

The expression of the inter-band transition matrix element ðX12Þ in this case can be
written as

X12 ¼ i
Z

u��k1 �rð Þ: @

@kx
u�k2 �rð Þd3r ð19:1Þ

where u�k1 �rð Þ � u1 �k;�rð Þ and u�k2 �rð Þ � u2 �k;�rð Þ in which u1 �k;�rð Þ and u2ð�k;�rÞ are
given by (18.15) and (18.16) respectively.

In the case of the presence of an external electric field, Fs along x axis, the
inter-band transition matrix-element, X12, has finite interaction band same band,
e.g.,

S j Sh i ¼ X jXh i ¼ Y j Yh i ¼ Z j Zh i ¼ 1

X j Yh i ¼ Y j Zh i ¼ Z jXh i ¼ 0

S jXh i ¼ X j Sh i ¼ 0; S j Yh i ¼ Y j Sh i ¼ 0 and S j Zh i ¼ Z j Sh i ¼ 0:
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Using the appropriate equations we can write

X12 ¼ i
Z

d3r akþ iSð Þ #0½ � þ bkþ
X 0 � iY 0ffiffiffi

2
p

� �
"0

� �
þ ckþ Z 0 #0½ �

� �� @

@kx

ak� iSð Þ "0½ � � bk�
X 0 þ iY 0ffiffiffi

2
p

� �
#0

� �
þ ck� Z 0 "0½ �

� �

¼ i
Z

d3r akþ
@

x
ak

� �
: iSð Þ #0½ ��: iSð Þ "0½ �	 
�

þ bkþffiffiffi
2

p @

@kx
ak

� �
ðX 0 � iY 0Þ "0½ �

� �
: iSð Þ "0½ �

þ ckþ
@

@kx
ak

� �
Z 0 #0½ ��: iSð Þ "0½ �

��

þ i
Z

d3r � akþffiffiffi
2

p @

@kx
bk

� �
: iSð Þ #0½ ��: ðX 0 � iY 0Þ #0½ �	 
�

� bkþ
@
@kx

bk
2

 !
ðX 0 � iY 0Þ "0½ �

" �
: ðX 0 � iY 0Þ #0½ �

� ckþ
@
@kx

bkffiffiffi
2

p
 !

Z0 #0ð Þ½ ��: ðX 0 þ iY 0Þ #0½ �
)#

¼ i
Z

d3r akþ
@

@kx
ck

� �
: iSð Þ #0½ ��: Z 0"0½ �	 
�

þ bkþffiffiffi
2

p @

@kx
ck

� �
ðX 0 � iY 0Þ "0½ �

� �
: Z0 "0½ �

þ ckþ
@

x
ck

� �
Z 0 #0ð Þ½ ��: Z 0 "0½ �

��

ð19:2Þ

Therefore,

X12

i
¼ akþ

@

@kx
ak�

� �
: iS j iSh i #0 j "0h i

� �
þ bkþffiffiffi

2
p @

@kx
ak�

� �
ðX 0 � iY 0ÞiSh i #0 j "0h i

� ���

þ ckþ
@

@kx
ak�

� �
Z 0 j iSh i #0 j "0h i

� ���

� akþffiffiffi
2

p @

@kx
bk�

� �
: iS j X 0 þ iY 0ð Þh i #0 j #0h i

� �
þ bkþ

2
@

@kx
bkþ

� �
X 0 � iY 0ð Þj X 0 þ iY 0ð Þh i "0 j #0h i

� ���

þ ckffiffiffi
2

p @

@kx
bk�

� �
Z 0j X 0 þ iY 0ð Þh i #0 j #0h i

� ���

þ ak
@

@kx
ck�

� �
: iS j Z 0h i #0 j "0h i

� �
þ bkþffiffiffi

2
p @

@kx
ck�

� �
: X 0 � iY 0ð ÞjZ 0h i "0 j "0h i

� ��

þ ck
@

@kx
ck�

� �
: Z 0jZ 0h i #0 j "0h i

� ��

ð19:3Þ

Therefore we can write,

X12 ¼ i � akþ
@

@kx
ak

� �
#0 j "0h iþ ckþ

@

@kx
ck

� �
#0 j "0h i

� �
ð19:4Þ

We can prove that

#0 j "0h i ¼ 1
2
ðr̂1 þ ir̂2Þ ð19:5Þ
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Therefore (19.4) and (19.5) we get

X12 ¼ i � akþ
@

@kx
ak�

� �
þ ckþ

@

@kx
ck�

� �� �
#0 j "0h i

¼ � i akþ
@

@kx
ak�

� �
� ckþ

@

@kx
ck�

� �� �
:
1
2

r̂1 þ ir̂2ð Þ

¼ �iAðkÞ
2

r̂1 þ ir̂2ð Þ

ð19:6Þ

where

AðkÞ ¼ akþ
@

@kx
ak�

� �
� ckþ

@

dkx
ck�

� �
ð19:7Þ

From (19.6), we find,

X12j j2¼ 1
4
A2 kð Þ 1þ 1ð Þ ¼ 1

2
A2ðkÞ since; r̂1j j ¼ r̂2j j ¼ 1½ � ð19:8Þ

Considering spin-up and spin-down, we have to multiply by 2

X12j j2¼ 2� 1
2
A2ðkÞ ¼ A2ðkÞ ð19:9Þ

We can evaluate X11 and X22. in the following way :

X11 ¼ i
Z

u��k1ð�rÞ:
@

@kx
u�k1 �rð Þ:d3r

¼ i
Z

d3r akþ
@

@kx
akþ

� �
þ bkþ

@

@kx
bkþ

� �
þ ckþ

@

@kx
ckþ

� �� �

¼ 1
2
i
Z

d3r
@

@kx
a2k þ b2k þ c2k
	 
� �

¼ 1
2
i
Z

d3r
@

@kx
ð1Þ

� �
¼ 0; since a2kþ þ b2kþ þ c2kþ ¼ 1:

Therefore X11 ¼ 0, and similarly we can prove X22 ¼ 0. Thus we conclude that
intraband momentum matrix element due to external electric field ðXCCÞ is zero.
From the expression of ak� we can write

a2kþ ¼ r20
Eg � c2kþ ðEg � d0Þ

Eg þ d0

" #2
and a2k� ¼ r0

2 Eg � c2k�ðEg � d0Þ
Eg þ d0

� �2
:
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Therefore,

2ak�
@

@kx
ak� ¼ r0

2 � Eg � d0

Eg þ d0

� �� �
@c2k�
@kx

and
@ak�
@kx

¼ � r02

2
Eg � d0

Eg þ d0

� �
1
ak�

@c2k�
@kx

Combining we can write

akþ
@ak�
@kx

¼ � r02

2
Eg � d0

Eg þ d0

� �� �
akþ
ak�

@c2k�
@kx

Similarly, ckþ ¼ tckþ and ck� ¼ tck� . Therefore, ckþ
@
@kx

ck� ¼ t2
2
ckþ
ck�

@c2k�
@kx

AðkÞ ¼ � r20
2

Eg � d0

Eg þ d0

� �� �
akþ
ak�

� t2

2
ckþ
ck�

� �
@c2k�
@kx

Now,

akþ
ak�

� �2

¼ Eg � c2kþ Eg � d0
	 


Eg � c2k� Eg � d0
	 
 ¼ Eg � g�Eg

2 gþ d0ð Þ Eg � d0
	 


Eg � gþEg

2 gþ d0ð Þ Eg � d0
	 


¼ 2Eg � gþ d0ð Þ � g� Eg
	 


Eg � d0
	 


2Eg gþ d0ð Þ � gþEg
	 


Eg � d0
	 
 ¼ g Eg þ d0

	 
þEg Eg þ d0
	 


g Eg þ d0
	 
� Eg Eg � 3d0

	 


Therefore, akþ
ak�

� �2
¼ gþEg

g�Eg
Eg�3d0
Eg þ d0

� � ¼ gþEg

g�E0
g

where, E0
g ¼

Eg Eg�3d0ð Þ
Eg þ d0 . Thus,

akþ
ak�

¼
ffiffiffiffiffiffiffiffiffi
gþEg

g�E0
g

q
. Similarly,

ckþ
ck�

¼ ckþ
ck�

¼
ffiffiffiffiffiffiffiffiffi
g�Eg

gþE0
g

q
and thus,

AðkÞ ¼ � P
gþEg

g� E0
g

 !1=2

þ Q
g� Eg

gþEg

� �1=2
8<
:

9=
; @c2k�

@kx
ð19:10Þ

where, P ¼ r20
2

Eg�d0

Eg þ d0

� �
and Q ¼ t2=2.

Now c2k� ¼ gþEg

2 gþ d0ð Þ so that
@c2k�
@kx

¼ 1
2

@g=@kx
gþ d0ð Þ �

gþEg

gþ d0ð Þ2
@g
@kx

h i
Thus,

@c2k�
@kx

¼ 1
2

gþ d0 � g� Eg

gþ d0ð Þ
� �

@g
@kx

¼ � 1
2

Eg � d0
	 

gþ d0ð Þ2

:
@g
@kx

ð19:11Þ
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From (19.10) and (19.11), we get

AðkÞ ¼ 1
2

Eg � d0
	 

gþ d0ð Þ2

� @g
@ku

: P
gþEg

g� E0
g

 !1=2

þQ
g� Eg

gþEg

� �1=2
8<
:

9=
; ð19:12Þ

This implies

@g
@kx

¼ Eg�h2

mr
:
kx
g

ð19:13Þ

From (19.12) and (19.13), one can write

AðkÞ ¼ Eg�h2

2mr
:
ku
g
:
ðEg � d0Þ
ðgþ d0Þ2 : P

gþEg

g� E0
g

 !1=2

þQ
g� Eg

gþEg

� �1=2
8<
:

9=
; ð19:14Þ

Thus,

AðkÞj j2¼ E2
g Eg � d0
	 


�h2

4mr

�h2k2x
mr

1
g2

1

gþ d0ð Þ4
: P

gþEg

g� E0
g

 !1=2

þQ
g� Eg

gþEg

� �1=2
8<
:

9=
;

2

ð19:15Þ

and

X12j j2¼ Að�kÞ 2: ð19:16Þ

From (19.15) and (19.16) we can write the square of the magnitude of the

inter-band transition matrix element due to external electric field XCVj j2
� �

It is well-known that the energy Eigen value, Eð2Þ
n �kð Þ in the presence of a

perturbed Hamiltonian, H0, is given by [1]

Eð2Þ
n

�kð Þ ¼ En
�kð Þþ n�k jH0 j n�k� �þ n�k jH0 j n�k� � 2. En

�kð Þ � Em
�kð Þ½ �

n o
ð19:17Þ

where

Hwn
�k;�rð Þ ¼ Ew �k;�rð Þ ð19:18Þ
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H ¼ H0 þH0 ð19:19Þ

H0un �k;�rð Þ ¼ En
�kð Þun �k;�rð Þ ð19:20Þ

in which, H is the total Hamiltonian, w �k;�rð Þ is the wave function, where un �k;�rð Þ is
the periodic function of it, H0 is the unperturbed Hamiltonian, n is the band index,
and En �kð Þ is the energy of an electron in the periodic lattice.

For an external electric field ðFsÞ applied along the x-axis, the perturbed
Hamiltonian ðH0Þ can be written as

H0 ¼ �F � x ð19:21Þ

where

Fð¼ eFsÞ

Therefore we get

Eð2Þ
n

�kð Þ ¼ En
�kð Þ � F n�k jH0 j n�k� �þF2 n�k jH0 j n�k� � 2. En

�kð Þ � Em
�kð Þ½ �

n o
ð19:22Þ

In (19.22), the second and the third terms are due to the perturbation factor.

For Xnm
�kð Þ ¼ n�k xj jm�k� � ð19:23Þ

we find

Xnm �kð Þ ¼ i
Z

u�n �k;�rð Þ @=@uð Þ um �k;�rð Þ½ �d3r ð19:24Þ

where kx is the x component of the �k and the integration in (19.24) extends over the
unit cell. From (19.22), (19.23) and (19.24) with the n corresponds to the con-
duction band (C) and m corresponds to the valance band (V), we get

Eð2Þ
c

�kð Þ ¼ Ec �kð Þ � FXcc þ F2 XCVj j2
.

Ec �kð Þ � EV �kð Þ½ �
n o

ð19:25Þ
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Thus combining the appropriate equations, the dispersion relation of the con-
duction electrons in the presence of electric field along x-axis can be written as

I11ðEÞ ¼ �h2k2x
2mc

þ �h2k2y
2mc

þ �h2k2z
2mc

þ F2 X12j j2
g

¼ �h2k2x
2mc

þ �h2k2y
2mc

þ �h2k2z
2mc

þ �h2k2x
2mc

� 2mc

mr
� F

2�h2E2
g Eg � d0
	 
2
4mr

1
g3

1

gþ d0ð Þ4
P

gþEg

g� E0
g

 !1=2
2
4

8<
:

2
4

þQ
g� Eg

gþEg

� �1=2
#29=
;
3
5

ð19:26Þ

When F ! 0, we have from (19.26), k2 ! 2mc

�h2
I11ðEÞ and g21 ¼

E2
g þEg

2mc
mr

I11ðEÞ
h i

. Using the method of successive approximation one can write

1 ¼ �h2k2x
2mcI11ðEÞ þ

�h2k2y
2mcI11ðEÞ þ

�h2k2z
2mcI11ðEÞ þ

�h2k2x
2mcI11ðEÞ � UðE;FÞ ð19:27Þ

where,

UðE;FÞ ¼ 2mc

mr

F2�h2E2
gðEg � d0Þ
4mr

1
g31

1

ðg1 þ d0Þ4 P
g1 þEg

g1 � E0
g

 !1=2

þ Q
g1 � Eg

g1 þEg

� �1=2
2
4

3
5
2

Therefore, the E-k dispersion relation in the presence of an external electric field
for III–V, ternary and quaternary materials whose unperturbed energy band struc-
tures are defined by the three band model of Kane can be expressed as

k2x
2mc

�h2
I11ðEÞ

1þUðE;FÞ
h i þ k2y

2mc

�h2
I11ðEÞ

þ k2z
2mc

�h2
I11ðEÞ

¼ 1 ð19:28Þ

In (19.28), the coefficients of kx, ky and kz are not same and for this reason, this
basic equation is “anisotropic” in nature together with the fact that the anisotropic
dispersion relation is the ellipsoid of revolution in the k-space.
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From (19.28) the expressions of the effective electron masses along x, y, and
z directions can, respectively, be written as

m�
x E;Fð Þ ¼ �h2kx

@kx
@E


ky¼0;kz¼0

¼ mc 1þU E;Fð Þ½ ��2 1þU E;Fð Þ½ �I 011 Eð Þ � I11 Eð ÞU0 E;Fð Þ� �
ð19:29Þ

m�
y E;Fð Þ ¼ �h2ky

@ky
@E


kx¼0;kz¼0

¼ m0I
0
11 Eð Þ ð19:30Þ

m�
z E;Fð Þ ¼ �h2kz

@kz
@E


kx¼0;ky¼0

¼ m0I
0
11 Eð Þ ð19:31Þ

where I 011 Eð Þ ¼ @
@E I11 Eð Þð Þ and U0 E;Fð Þ ¼ @

@E U E;Fð Þ½ �. It may be noted from
(19.29) that the effective mass along x-direction is a function of both electron
energy and electric field respectively whereas from (19.30) and (19.31) we can infer
the expressions of the effective masses along y and z directions are same and they
depend on the electron energy only. Thus in the presence of an electric field, the
mass anisotropy for Kane type semiconductors depends both on electron energy
and electric field respectively.

The use of the usual approximation [2]

k2x 	
1
3
k2 ð19:32Þ

in (19.28), leads to the simplified expression of the electron energy spectrum in the
present case as

I11 Eð Þ ¼ �h2k2

2mc
þ F2�h2E2

gðEg � d0Þ2
12mr

2mc

mr
I11 Eð Þ 1

g1

1

ðg1 þ d0Þ4

P
g1 þEg

g1 � E0
g

 !1=2

þ Q
g1 � Eg

g1 þEg

� �1=2
8<
:

9=
;

2 ð19:33Þ

The (19.33) can approximately be written as

�h2k2

2mc
¼ e1E

4 þ e2E
3 þ e3E

2 þ e4Eþ e5 � e6
1þCE

þ e7ð1þCEÞ�2
� �

ð19:34Þ

where
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e1 ¼ Qf :x1; Qf ¼ mc

mr
E�4
g 5ef E�2

g � 6Gf þ 7hf E�4
g

h i
;

ef ¼ Af Pf ; Af ¼ F�hEgðEg � d0Þ� �2
mc 6m2

r ðd0Þ4
� ��1

;

F ¼ eFs; Gf ¼ ef ð4d0 þCf Þ; Cf ¼ 2EgQ2þPQ Eg � E0
g

� �
� 2P2Eg

� �
;

E0
g ¼

Eg Eg � 3d0
	 

Eg þ d0

; P ¼ r20
2

Eg � d0

Egþ d0

� �
; r0 ¼ 6

v
Eg þD
	 


Egþ 2
3
D

� �� �1=2
; Q ¼ t2

2
;

t ¼ 6
v

Eg þ 2
3
D

� �� �1=2
; hf ¼ 4d0ef Cf

	 

Bf
	 
�1

; Bf ¼ PþQð Þ2

Pf ¼ E�3
g ef E

�2
g � Gf þ hf E

�4
g

� �
; x1 ¼ a21; a1 ¼ ab

c
; a ¼ 1

Eg
; b ¼ 1

EgþD
; c ¼ Egþ 2

3
D

� ��1

;

e2 ¼ Qf :x2; x2 ¼ 2a1b1; b1 ¼ ðcÞ�2ðacþ bc� abÞ; e3 ¼ 1� Pf
	 


a1þQf :x3; x3 ¼ b21 þ 2a1c1
	 


;

c1 ¼ 1
c

1� a
c

� �
1� b

c

� �� �
; e4 ¼ ð1� Pf Þb1 þQfx4

� �
; x4 ¼ 2b1c1; e5 ¼ ð1� Pf Þc1þx5Qf

� �
x5 ¼ c21 � 2c1b1

	 

; e7 ¼ Qfx7; x7 ¼ c21; e6 ¼ ð1� Pf Þc1 � Qfx6

� �
and x6 ¼ 2c1b1

c
1� cc1

b1

� �

Using (1.26b) and (19.34) we get

�h2k2

2mc

ZE
�1

FðVÞdV¼ e1

ZE
�1

ðE � VÞ4FðVÞdV þ e2

ZE
�1

ðE � VÞ3FðVÞdV

þ e3

ZE
�1

ðE � VÞ2FðVÞdV þ e4

ZE
�1

ðE � VÞFðVÞdV

þ e5

ZE
�1

FðVÞdV � e6

ZE
�1

FðVÞdV
½1þ cðE � VÞ� þ e7

ZE
�1

FðVÞdV
½1þ cðE � VÞ�2

ð19:35Þ

We can prove that

ZE
�1

ðE � VÞ4FðVÞdV ¼E4

2
1þErf E=gg

	 
� �

þ 3g4g
8p

1þErf ðE=ggÞ �
2gg
3E

exp
�E2

g2g

 !" #

þ 3
2
ðEggÞ2½1þErf ðE=ggÞ� þ

E3ggffiffiffi
p

p exp
�E2

g2g

 !

þ 2ffiffiffi
p

p Eg3g exp
�E2

g2g

 !
1þ E2

g2g

" #
¼ w0ðE; ggÞ ð19:36Þ

From Chap. 2, we know that
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ZE
�1

FðVÞdV
½1þ cðE � VÞ� ¼ c1 c;E; gg

	 
� ic2 c;E; gg
	 
 ð19:37Þ

where

c1 c;E; gg
	 
 ¼ 2

cgg
ffiffiffi
p

p exp �u2
	 
 X1

p¼1

exp
�p2

4

� �
ðpÞ�1sinhðpuÞ

" #" #
; c2ðc;E; ggÞ

¼
ffiffiffi
p

p
cgg

exp �u2
	 


and

u ¼ 1þ cE
cgg

We know that

@

@x

ZBðxÞ
AðxÞ

Fðx; fÞdf ¼
ZBðxÞ

AðxÞ

@

@x
Fðx; fÞ½ �dfþFðx;BðxÞÞ @BðxÞ

@x
� Fðx;AðxÞÞ @AðxÞ

@x

ð19:38Þ

Using (19.37) and (19.38), we get

ZE
�1

FðVÞdV
½1þ cðE � VÞ�2 ¼ c3 c;E; gg

	 
� ic4 c;E; gg
	 
 ð19:39Þ

where

c3ðc;E; ggÞ ¼
�4u expð�u2Þ

c2g2g
ffiffiffi
p

p
X1
p¼1

exp
�p2

4

� �
ðpÞ�1 sinhðpuÞ

" #"
þ 1

gg
exp

�E2

g2g

 !

� 2 expð�u2Þ
c2g2g

ffiffiffi
p

p
X1
p¼1

exp
�p2

4

� �
coshðpuÞ

#
and D3ðc;E; ggÞ ¼

2u
c2g2g

expð�u2Þ

Therefore the DR in HD Kane type semiconductors can be written using (19.35),
(19.36), (19.37) and (19.39) as
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�h2k2

2mc
¼ J1 E; c; gg;F

	 
þ iJ2 E; c; gg;F
	 
 ð19:40Þ

where,

J1ðE; c; gg;FÞ ¼ 2½1þErf ðE=ggÞ��1 e1w0ðE; ggÞþ e2w1ðE; ggÞþ e3h0ðE; ggÞþ e4c0ðE; ggÞ
�

þ e5
1
2
½1þErf ðE=ggÞ� � e6c1ðE; c; ggÞþ e7c3ðE; c; ggÞ

�
; w1ðE; ggÞ

¼ E
2
½1þErf ðE=ggÞ� E2 þ 3

2
g2g

� �
þ gg

2
ffiffiffi
p

p exp
�E2
g2g

 !
ð4E2 þ g2gÞ

" #

and

J2 E; c; gg;F
	 
 ¼ 2 1þErf E=gg

	 
��1½e6c2 E; c; gg
	 
þ e7D3 E; c; gg

	 
h i

The DOS function is given by

NFðEÞ ¼ 4pgv
2mc

�h2

� �3
2

J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J1 E; c; gg;F
	 
þ iJ2 E; c; gg;F

	 
� �q
ð19:41Þ

The EEM in this case is given by

m� E; gg;F
	 
 ¼ mcJ

0
1 E; c; gg;F
	 
 ð19:42Þ

19.2.2 The DR Under Magnetic Quantization in HD Kane
Type Semiconductors in the Presence of Intense
Electric Field

The DR of the conduction electrons in HD optoelectronic materials under electric
field can be written in presence of quantizing magnetic field B along x-direction
whose unperturbed electron energy spectra are defined by the three of Kane as

nþ 1
2

� �
�hx0 þ �h2k2x

2mc
¼ J1 E; c; gg;F

	 
þ i J2 E; c; gg;F
	 
� �

; x0 ¼ eB
mc

ð19:43Þ

From (19.43) we get,
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k2x ¼ x11 E;F; n; gg
	 
 ð19:44Þ

where,

x11 E;F; n; gg
	 
 ¼ 2mc

�h2
J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �� nþ 1
2

� �
�hx0

� �

The density-of-states function for both the cases can, respectively, be expressed
as

N E; c; gg;F
	 
 ¼ gveB

ffiffiffiffiffiffiffiffi
2mc

p

2p2�h2
Xnmax

n¼0

J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
� �
H E � En1HDð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �q
� nþ 1

2

	 

�hx0

ð19:45Þ

where, En1HD is the Landau level in this case and can be expressed as

nþ 1
2

� �
�hx0 ¼ J1 En1HD; c; gg;F

	 
þ i J2 En1HD; c; gg;F
	 
� � ð19:46Þ

The EEM in this case is given by

m� E; gg;F
	 
 ¼ mcJ

0
1 E; c; gg;F
	 
 ð19:47Þ

19.2.3 The DR in QWs in HD Kane Type Semiconductors
in the Presence of Intense Electric Field

The DR in this case is given by

�h2

2mc

nzp
dz

� �2

þ �h2k2s
2mc

¼ J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� � ð19:48Þ

The DOS function in this case is given by

N2D E; c; gg;F
	 
 ¼ mcgv

p�h2
Xnzmax

nz¼1

J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
� �
H E � Enz18;1HD

	 

ð19:49Þ

where, Enz18;1HD is the sub-band energy in this case and can be expressed as
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�h2

2mc

nzp
dz

� �2

¼ J1 Enz18;1HD ; c; gg;F
	 
þ i J2 Enz18;1HD ; c; gg;F

	 
� � ð19:50Þ

The EEM in this case is given by

m� E; gg;F
	 
 ¼ mcJ

0
1 E; c; gg;F
	 
 ð19:51Þ

19.2.4 The DR in NWs in HD Kane Type Semiconductors
in the Presence of Intense Electric Field

The DR in this case is given by

�h2

2mc

nzp
dz

� �2

þ �h2

2mc

nyp
dy

� �2

þ �h2k2x
2mc

¼ J1 E; c; gg;F
	 
þ iJ2 E; c; gg;F

	 
� � ð19:52Þ

The DOS function in this case is given by

N1DðE; c; gg;FÞ ¼
gv

ffiffiffiffiffiffiffiffi
2mc

p
p�h

Xnymax

ny¼1

Xnzmax

nz¼1

J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
� �
H E � Enz18;2HD

	 

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �� G2 ny; nz
	 
q
ð19:53Þ

where, Enz18;2HD is the sub-band energy in this case and can be expressed as

�h2

2mc

nzp
dz

� �2

þ �h2

2mc

nyp
dy

� �2

¼ J1 Enz18;2HD ; c; gg;F
	 
þ i J2 Enz18;2HD ; c; gg;F

	 
� �
ð19:54Þ

and G2ðny; nzÞ, is defined in (3.13) of Chap. 3.
The EEM in this case is given by

m� E; gg;F
	 
 ¼ mcJ

0
1 E; c; gg;F
	 
 ð19:55Þ
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19.2.5 The DR in QDs in HD Kane Type Semiconductors
in the Presence of Intense Electric Field

The DR in this case is given by

�h2

2mc

nzp
dz

� �2

þ �h2

2mc

nyp
dy

� �2

þ �h2

2mc

nxp
dx

� �2

¼ J1 Enz18;3HD ; c; gg;F
	 
þ i J2 Enz18;3HD ; c; gg;F

	 
� � ð19:56Þ

where, Enz18;3HD is the totally quantized energy in this case.
The DOS function in this case is given by

NQBHDLðE; gg;FÞ ¼
2gv

dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E � Enz18;3HD

	 
 ð19:57Þ

19.2.6 The Magneto DR in QWs of HD Kane Type
Semiconductors in the Presence of Intense Electric
Field

The DR in this case is given by

�h2

2mc

nxp
dx

� �2

þ nþ 1
2

� �
�hx0 ¼ J1 Enz18;4HD ; c; gg;F

	 
þ i J2 Enz18;4HD ; c; gg;F
	 
� �

ð19:58Þ

where, Enz18;4HD is the totally quantized energy in this case
The DOS function in this case is given by

NQWBHD E; gg;F
	 
 ¼ gveB

p�h

Xnxmax

nx¼1

Xnmax

n¼0

d0 E � Enz18;4HD

	 
 ð19:59Þ

19.2.7 The DR in Accumulation and Inversion Layers
of Kane Type Semiconductors in the Presence
of Intense Electric Field

(a) The 2D DR in accumulation layers of HD III–V, ternary and quaternary
materials, in this case can be expressed as
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J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� � ¼ �h2k2s
2mc

þ �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !

J 01 E; c; gg;F
	 
� þ i J 02 E; c; gg;F

	 
�0 ð19:60Þ

Since the DR in accordance with the HD three-band model of Kane is complex
in nature, the (19.60) will also be complex. The both complexities occur due to the
presence of poles in the finite complex plane of the dispersion relation of the
materials in the absence of band tails.

The EEM can be expressed as

m� E; c; gg;F; i
	 
 ¼ mc Real part of P3HDL1 E; c; gg;F; i

	 
� �0 ð19:61Þ

where,

P3HDL1 E; c; gg;F; i
	 
 ¼

"
J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �

� �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !�
J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
�0#

Thus, one can observe that the EEMis a function of electric field, scattering
potential, the sub-band index, surface electric field, the Fermi energy and the other
spectrum constants due to the combined influence of Eg and D.

The sub-band energy E400HD is given by

J1 E400HD; c; gg;F
	 
þ i J2 E400HD; c; gg;F

	 
� � ¼ �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !

J 01 E400HD; c; gg;F
	 
þ i J 02 E400HD; c; gg;F

	 
� �0
ð19:62Þ

The DOS function can be written as

N2D E; c; gg;F
	 
 ¼ mcgv

p�h2
Ximax

i¼0

P3HDL1ðE; c; gg;F; iÞ
� �0

H E � E400HDð Þ ð19:63Þ

Thus the DOS function is complex in nature.
In the absence of band-tails, the DR in this case assumes the form

J11 E;Fð Þ½ � ¼ �h2k2s
2mc

þ �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !
J 011 E;Fð Þ� �0 ð19:64Þ
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where

J11ðE;FÞ ¼ e1E4 þ e2E3 þ e3E3 þ e4Eþ e5 � e6
1þCE

þ e7 1þCEð Þ�2
� �

(19.63) represents the DR of the 2D electrons in inversion layers of III–V,
ternary and quaternary materials under the intense electric field limit whose bulk
electrons in the absence of any perturbation obey the three band model of Kane.

The EEM can be expressed as

m�ðE;F; iÞ ¼ mc½P31ðE;F; iÞ�0

where,

P31ðE;F; iÞ ¼ J11ðE;FÞ½ � � �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !
J 011ðE;FÞ
� �0" #

ð19:65Þ

Thus, one can observe that the EEM is a function of the sub-band index, the light
intensity, surface electric field, the Fermi energy and the other spectrum constants
due to the combined influence of Eg and D.

The sub-band energy E401 in this case can be obtained from the (19.64) as

0 ¼ J11ðE401;FÞ½ � � �h ej jFsffiffiffiffiffiffiffiffi
2mc

p 2
ffiffiffi
2

p
S3=2i

3

 !
J 011ðE401;FÞ
� �0" #

ð19:66Þ

Thus the 2D total DOS function in weak electric field limit can be expressed as

N2DðE;FÞ ¼ mcgv
p�h2

Ximax

i¼0

P31ðE;F; iÞ½ �0HðE � E401Þ ð19:67Þ

19.2.8 The Magneto DR in Accumulation and Inversion
Layers of Kane Type Semiconductors in the Presence
of Intense Electric Field

(a) The magneto DR in accumulation layers of HD III–V, ternary and quaternary
materials, in this case can be expressed as

J1 E450; c; gg;F
	 
þ i J2 E450; c; gg;F

	 
� � ¼ nþ 1
2

� �
�hx0 þ �h ej jFsffiffiffiffiffiffiffiffi

2mc
p 2

ffiffiffi
2

p
S3=2i

3

 !

J 01 E450; c; gg;F
	 
þ i J 02 E450; c; gg;F

	 
� �0
ð19:68Þ
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where E450, is the total energy in this case.
The DOS function is given by

NHDA E; gg
	 
 ¼ gveB

p�h

Ximax

i¼0

Xnmax

n¼0

d0 E � E450ð Þ ð19:69Þ

In the absence of band-tails, the DR in this case assumes the form

J11ðE451;FÞ½ � ¼ nþ 1
2

� �
�hx0 þ �h ej jFsffiffiffiffiffiffiffiffi

2mc
p 2

ffiffiffi
2

p
S3=2i

3

 !
J 011ðE451;FÞ
� �0 ð19:70Þ

where E451, is the total energy in this case.
The DOS function is given by

NHDA E; gg
	 
 ¼ gveB

p�h

Ximax

i¼0

Xnmax

n¼0

d0 E � E451ð Þ ð19:71Þ

19.2.9 The DR in Doping Superlattices of HD
Kane Type Semiconductors in the Presence
of Intense Electric Field

The DR in doping superlattices of HD III–V, ternary and quaternary materials in the
presence of intense electric field whose unperturbed electrons are defined by the
three band model of Kane can be expressed as

J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� � ¼ ni þ 1
2

� �
�hx91HD1 E; c; gg;F

	 
þ �h2k2s
2mc

ð19:72Þ

where,

x91HD1 E; c; gg;F
	 
 ¼ ns ej j2

d0esc J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �0
mc

 !1
2

The sub band energies E452 can be written as
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J1 E452; c; gg;F
	 
þ i J2 E452; c; gg;F

	 
� � ¼ ni þ 1
2

� �
�hx91HD1 E452; c; gg;F

	 

ð19:73Þ

The EEM in this case is given by

m� E; c; gg;F; ni
	 
 ¼ mc Real part of P3HDL3 E; c; gg;F; ni

	 
� �0 ð19:74Þ

where,

P3HDL3 E; c; gg;F; ni
	 
� � ¼ J1 E; c; gg;F

	 
þ i J2 E; c; gg;F
	 
� �� ni þ 1

2

� �
�hx91HD1 E; c; gg;F

	 
� �

The DOS function in this case is given by

N2DDSL E; c; gg;F
	 
 ¼ mcgv

p�h2
Xnimax

ni¼0

J 01 E; c; gg;F
	 
þ i J 02 E; c; gg;F

	 
� ni þ 1
2

	 

�hx0

91HD1 E; c; gg;F
	 
� �

H E � E452ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
� �� ni þ 1
2

	 

�hx91HD1 E; c; gg;F

	 
q
ð19:75Þ

19.2.10 The Magneto DR in Inversion Layers of Kane
Type Semiconductors in the Presence of Intense
Electric Field

The magneto DR in inversion layers of HD III–V, ternary and quaternary materials
in the presence of intense electric field whose unperturbed electrons are defined by
the three band model of Kane can be expressed as

J1 E555; c; gg;F
	 
þ iJ2 E555; c; gg;F

	 
� � ¼ ni þ 1
2

� �
�hx91HD1 E555; c; gg;F

	 
þ nþ 1
2

� �
�hx0

ð19:76Þ

where, E555 is the totally quantized energy in this case.
The DOS function is given by

NHDA E; gg
	 
 ¼ gveB

p�h

Ximax

i¼0

Xnmax

n¼0

d0 E � E555ð Þ ð19:77Þ
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19.2.11 The DR in QWHD Effective Mass Superlattices
of Kane Type Semiconductors in the Presence
of Intense Electric Field

Following Sasaki [3], the electron dispersion law in HD III–V effective mass
superlattices (EMSLs) in the presence of light waves, the dispersion relations of
whose constituent materials in the absence of any perturbation are defined by the
three band model of Kane can be written as

k2x ¼
1
L20

cos�1 f18HD1 E; ky; kz; F
	 
	 
� �2� k2?

� �
ð19:78Þ

In which,

f18HD1 E; ky; kz; F
	 
 ¼ a1HD1;18 cos a0C1HD1;18 E; k?; Fð Þþ b0D1HD1;18 E; k?; Fð Þ� �

� a2HD1;18 cos a0C1HD1;18 E; k?; Fð Þþ b0D1HD1;18 E; k?; Fð Þ� �

a1HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of J3 0; c; gg2;F

	 
� �
m c1Real part of J3 0; c; gg1;F

	 
� �
s

þ 1

" #2
4

m c2Real part of J3 0; c; gg2;F
	 
� �

m c1Real part of J3 0; c; gg1;F
	 
� �

 !1
2

2
4

3
5
�1

;

a2HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of J3 0; c; gg2;F

	 
� �
m c1Real part of J3 0; c; gg1;F

	 
� �
s

� 1

" #2
4

m c2Real part of J3 0; c; gg2;F
	 
� �

m c1Real part of J3 0; c; gg1;F
	 
� �

 !1
2

2
4

3
5
�1

J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
 ¼ J3 E; c; gg;F
	 


;

C1HD1;18 E; k?;Fð Þ � 2mc1

�h2

� �
J3 E; c; gg1;F
	 
� k2?

� �1
2

and D1HD1;18 E; k?;Fð Þ � 2mc1

�h2

� �
J3 E; c; gg2;F
	 
� k2?

� �1
2

:

The DR in QWHD effective mass superlattices of Kane type semiconductors in
the presence of intense electric field, the dispersion relations of whose constituent
materials in the absence of any perturbation are defined by the three band model of
Kane can be written as

nxp
dx

� �2

¼ 1
L20

cos�1 f18HD1 E; ky; kz; F
	 
	 
� �2 � k2?

� �
ð19:79Þ
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The EEM in this case assumes the form

m�ðk?;E;FÞ ¼ �h2

L20

cos�1½f18HD1ðE; ky; kz;FÞ�f 018HD1ðE; ky; kz; FÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f218HD1ðE; ky; kz; FÞ

q
2
64

3
75


 ð19:80Þ

The subband energies E600 can be written as

nxp
dx

� �
¼ 1

L
cos�1 f18HD1 E600; ky; kz; F

	 
	 
� �� �
ð19:81Þ

19.2.12 The DR in NWHD Effective Mass Superlattices
of Kane Type Semiconductors in the Presence
of Intense Electric Field

Following Sasaki [3], the magneto DR in HD III–V effective mass superlattices
(EMSLs) in the presence of intense electric field, the dispersion relations of whose
constituent materials in the absence of any perturbation are defined by the three
band model of Kane can be written as

k2x ¼
1
L20

cos�1 f18HD2 E; n; Fð Þð Þ� �2� 2eB
�h

nþ 1
2

� �� �
ð19:82Þ

In which,

f18HD2 E; n; Fð Þ ¼ a1HD1;18 cos a0C1HD2;18 E; n; Fð Þþ b0D1HD2;18 E; n; Fð Þ� �
� a2HD1;18 cos a0C1HD2;18 E; n; Fð Þþ b0D1HD2;18 E; n; Fð Þ� �

a1HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of J3 0; c; gg2;F
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;

a2HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of J3 0; c; gg2;F

	 
� �
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� �
s

� 1
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J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
 ¼ J3 E; c; gg;F
	 


;

C1HD2;18 E; n;Fð Þ � 2mc1

�h2

� �
J3 E; c; gg1;F
	 
� 2eB
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nþ 1
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2

and D1HD2;18 E; n;Fð Þ � 2mc1
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� �
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2
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The DOS function in this case is given by

N100ðE; FÞ ¼ gveB
p2�h

Xnmax

n¼0

½x100ðE; n; FÞ�0 ð19:83Þ

where

x100ðE; n; FÞ ¼ 1
L20

cos�1ðf18HD2ðE; n; FÞÞ
� �2� 2eB

�h
nþ 1

2

� �� �� �1
2

The EEM in this case assumes the form

m�ðn;E;FÞ ¼ �h2

L20

cos�1½f18HD2ðE; n; FÞ�f 018HD2ðE; n; FÞffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� f218HD2ðE; n; FÞ

q
2
64

3
75


 ð19:84Þ

The Landau sub-band energies E602 can be written as

0 ¼ 1
L20

cos�1ðf18HD2ðE602; n; FÞÞ
� �2� 2eB

�h
nþ 1

2

� �� �
ð19:85Þ

19.2.13 The DR in Quantum Dot HD Superlattices of Kane
Type Semiconductors in the Presence of Intense
Electric Field

Following Sasaki [3], the DR in QDHD III–V effective mass superlattices (EMSLs)
in the presence of intense electric field, the dispersion relations of whose constituent
materials in the absence of any perturbation are defined by the three band model of
Kane can be written as

nxp
dx

� �2

¼ 1
L20

cos�1 f18HD4 E600; ny; nz; F
	 
	 
� �2 �G2 ny; nz

	 
� �
ð19:86Þ

In which,

f18HD4 E600; ny; nz; F
	 
 ¼ a1HD1;18 cos a0C1HD4;18 E600; ny; nz;F

	 
þ b0D1HD4;18 E600; ny; nz; F
	 
� �

� a2HD1;18 cos a0C1HD4;18 E600; ny; nz; F
	 
þ b0D1HD4;18 E600; ny; nz; F

	 
� �
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E600 is the totally quantized energy in this case,

a1HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of ½J3ð0; c; gg2;FÞ�
m c1Real part of ½J3ð0; c; gg1;FÞ�

s
þ 1

" #2
4

m c2Real part of ½J3ð0; c; gg2;FÞ�
m c1Real part of ½J3ð0; c; gg1;FÞ�

 !1
2

2
4

3
5
�1

;

a2HD1;18 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m c2Real part of ½J3ð0; c; gg2;FÞ�
m c1Real part of ½J3ð0; c; gg1;FÞ�

s
� 1

" #2
4

m c2Real part of ½J3ð0; c; gg2;FÞ�
m c1Real part of ½J3ð0; c; gg1;FÞ�

 !1
2

2
4

3
5
�1

J1 E; c; gg;F
	 
þ i J2 E; c; gg;F

	 
 ¼ J3 E; c; gg;F
	 


;

C1HD4;18 E600; ny; nz;F
	 
 � 2mc1

�h2

� �
J3 E600; c; gg1;F
	 
� G2 ny; nz

	 
� �1
2

and D1HD4;18 E600; ny; nz;F
	 
 � 2mc1

�h2

� �
J3 E600; c; gg2;F
	 
� G2 ny; nz

	 
� �1
2

:

The DOS function in this case can be written as

N600 E; c; Fð Þ ¼ 2gv
dxdydz

Xnmax

nx¼1

Xnmax

ny¼1

Xnmax

nz¼1

d0 E� E600ð Þ ð19:87Þ

19.2.14 The Magneto DR in QWHD Effective Mass
Superlattices of Kane Type Semiconductors
in the Presence of Intense Electric Field

Following Sasaki [3], the electron dispersion law in HD III–V effective mass
superlattices (EMSLs) in the presence of light waves, the dispersion relations of
whose constituent materials in the absence of any perturbation are defined by the
three band model of Kane can be written as

nxp
dx

� �2

¼ 1
L20

cos�1 f18HD2 E601; n; Fð Þð Þ� �2� 2eB
�h

nþ 1
2

� �� �
ð19:88Þ

where E601 is the totally quantized energy in this case.
The DOS function is given by

N601 E; F; gg
	 
 ¼ gveB

p�h

Xnxmax

nx¼1

Xnmax

n¼0

d0 E� E601ð Þ ð19:89Þ
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19.2.15 The DR in QWHD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Intense Electric Field

The DR in bulk specimens of the heavily doped constituent materials of III–V SLs
in the presence of intense electric field can be expressed as

�h2k2

2mcj
¼ J1j E;Dj;Eg0j;gj; F

	 
þ iJ2j E;Dj;Eg0j; gj; F
	 
 ð19:90Þ

where j = 1, 2.

J1j E;Dj;Eg0j; gj; F
	 
 ¼ 2 1þErf E=ggj

� �h i�1
e1jw0j E; ggj

� �
þ e2jw1j E; ggj

� �
þ e3jh0j E; ggj

� �h
þ e4jc0 E; ggj

� �
þ e5j

1
2

1þErf E=ggj

� �h i
� e6jc1j E; c; ggj

� �
þ e7jc3j E; c; ggj

� ��
;

w1jðE; ggjÞ ¼
E
2

1þErf E=ggj

� �h i
E2þ 3

2
g2gj

� ��
þ ggj

2
ffiffiffi
p

p exp
�E2

g2gj

 !
4E2 þ g2gj

� �#
;

J2j E;Dj;Eg0j; gj; F
	 
 ¼ 2 1þErf E=ggj

� �h i�1
e6jc2j E; c; ggj

� �
þ e7jD3j E; c; ggj

� �h i
;

e1j ¼ Qfj:x1j; Qfj ¼ mcj

mrj
E�4
gj 5efjE

�2
gj � 6Gfj þ 7hfjE�4

gj

h i
;

efj ¼ AfjPfj ; Afj ¼ F�hEgj Egj � d0j
� �h i2

mcj 6m2
rj d0j
� �4� ��1

;

F ¼ eFs; Gfj ¼ efj 4d0j þCfj

� �
; Cfj ¼ 2EgjQ

2
j þPjQj Egj � E0

gj

� �
� 2P2

j Egj

� �
;

E0
gj ¼

Egj Egj � 3d0j
� �
Egj þ d0j

; Pj ¼
r20j
2

Egj � d0j
Egj þ d0j

 !
; r0j ¼ 6

vj
Egj þDj
	 


Egj þ
2
3
Dj

� �" #1=2
; Qj ¼

t2j
2
;

tj ¼ 6
vj

Egj þ
2
3
Dj

� �" #1=2
; hfj ¼ 4d0jefjCfj

� �
Bfj

	 
�1
; Bfj ¼ Pj þQj

	 
2

Pfj ¼E�3
gj ðefjE�2

gj � Gfj þ hfjE
�4
gj Þ; x1j ¼ a21j; a1j ¼ ajbj

cj
;

aj ¼ 1
Egj

; bj ¼ 1
Egj þDj

; cj ¼ Egj þ
2
3
Dj

� ��1

;

e2j ¼ Qfj:x2j; x2j ¼ 2a1jb1j; b1j ¼ ðcjÞ�2ðajcj þ bjcj � ajbjÞ;
e3j ¼ ð1� PfjÞa1j þ Qfj � x3j; x3j ¼ ðb21j þ 2a1jc1jÞ;

c1j ¼ 1
cj

1� aj
cj

� �
1� bj

cj

� �� �
; e4j ¼ 1� Pfj

	 

b1j þQfjx4j

� �
;

x4j ¼ 2b1jc1j; e5j ¼ 1� Pfj
	 


c1j þx5jQfj
� �
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x5j ¼ c21j � 2c1jb1j
� �

; e7j ¼ Qfjx7j; x7j ¼ c21j; e6j ¼ 1� Pfj
	 


c1j � Qfjx6j
� �

and x6j ¼ 2c1jb1j
cj

1� cjc1j
b1j

� �

Therefore, the DR in HD III–V SLs with graded interfaces in the presence of
intense electric field can be expressed as [4]

k2z ¼ G8;19 þ iH8;19 ð19:91Þ

where

G8;19 ¼
C2
7;19 � D2

7;19

L20
� k2s

" #
;C7;19 ¼ cos�1 �x7;19

	 

;

�x7;19 ¼ ð2Þ�1
2 1� G2

7;19 � H2
7;19

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2

7;19 � H2
7;19

� �2
þ 4G2

7;19

r" #1
2

;

G7;19 ¼ G1;19 þ q5;19G2;19=2
	 
� q6;19H2;19=2

	 
�
þ D0=2ð Þ q6;19H2;19 � q8;19H3;19 þ q9;19H4;19 � q10;19H4;19 þ

�
q11;19H5;19 � q12;19H5;19 þð1=12Þ q12;19G6;19 � q14;19H6;19

	 
��
;

G1;19 ¼ cos h1;19
	 
	 
�

cosh h2;19
	 
	 


cosh g1;19
	 
	 


cos g2;19
	 
	 
þ

sin h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


sin g2;19
	 
	 
�

;

h1;19 ¼ e1;19 b0 � D0ð Þ; e1;19 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;19 þ t22;19

q
þ t1;19

� �1
2

;

t1;19 ¼ 2mc1=�h
2	 

:J11 E;D1;Eg01; F
	 
� k2s

� �
;

t2;19 ¼ 2mc1=�h
2	 

J21 E;D1;Eg01; F
	 
� �

;

h2;19 ¼ e2;19 b0 � D0ð Þ;

e2;19 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;19 þ t22;19

q
� t1;19

� �1
2

;

g1;19 ¼ d1;19 a0 � D0ð Þ;

d1;19 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;19 þ y21;19

q
þ x1;19

� �1
2

;
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x1;19 ¼ � 2mc2=�h
2

	 
 � J11 E � V0;Eg2;D2; gg2; F
	 
þ k2s

� �
;

y1 ¼ 2mc2=�h
2	 
 � J22 E � V0;Eg2;D2; gg2; F

	 
� �
;

g2;19 ¼ d2;19 a0 � D0ð Þ;

d2;19 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;19 þ y21;19

q
� x1;19

� �1
2

;

q5;19 ¼ q23;19 þ q24;19

� ��1
q1;19q3;19 � q2;19q4;19
� �

;

q1;19 ¼ d21;19 þ e22;19 � d22;19 � e21;19
h i

;

q3;19 ¼ d1;19e1;19 þ d2;19e2;19
� �

;

q2;19 ¼ 2 d1;19d2;19 þ e1;19e2;19
� �

;

q4;19 ¼ d1;19e2;19 � e1;19d2;19
� �

;

G2;19 ¼ sin h1;19
	 
	 


cosh h2;19
	 
	 


sinh g1;19
	 
	 


cos g2;19
	 
	 
�

þ cos h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


sin g2;19
	 
	 
�

;

q6;19 ¼ q23;19 þ q24;19

� ��1
q1;19q4;19 þ q2;19q3;19
� �

;

H2;19 ¼ sin h1;19
	 
	 


cos h2;19
	 
	 


sin g2;19
	 
	 


cosh g1;19
	 
	 
�

� cos h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


cos g2;19
	 
	 
�

;

q7;19 ¼ e21;19 þ e22;19
� ��1

e1;19 d21;19 � d22;19
� �

� 2d1;19d2;19e2;19
h i

� 3e1;19

� �
;

G3;19 ¼ sin h1;19
	 
	 


cosh h2;19
	 
	 


cosh g1;19
	 
	 


cos g2;19
	 
	 
�

þ cos h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


sin g2;19
	 
	 
�

;

q8;19 ¼ e21;19 þ e22;19
� ��1

e2;19 d21;19 � d22;19
� �

þ 2d1;19d2;19e1;19
h i

þ 3e2;19

� �
;

H3;19 ¼ sin h1;19
	 
	 


cosh h2;19
	 
	 


sin g2;19
	 
	 


sinh g1;19
	 
	 
�

� cos h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


cos g2;19
	 
	 
�

;

q9;19 ¼ d21;19 þ d22;19
� ��1

d1;19 e22;19 � e22;19
� �

þ 2e1;19d2;19e1;19
h i

þ 3d1;19

� �
;

G4;19 ¼ cos h1;19
	 
	 


cosh h2;19
	 
	 


cos g2;19
	 
	 


sinh g1;19
	 
	 
�

� sin h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


sin g2;19
	 
	 
�

;

q10;19 ¼ � d21;19 þ d22;19
� ��1

d2;19 �e22;19 þ e21;19
� �

þ 2e2;19d2;19e1;19
h i

þ 3d2;19

� �
;
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H4;19 ¼ cos h1;19
	 
	 


cosh h2;19
	 
	 


cos g1;19
	 
	 


sin g2;19
	 
	 
�

þ sin h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


cos g2;19
	 
	 
�

;

q11;19 ¼ 2 d21;19 þ e22;19 � d22;19 � e21;19
h i

;

G5;19 ¼ cos h1;19
	 
	 


cosh h2;19
	 
	 


cos g1;19
	 
	 


cos g1;19
	 
	 
�

� sin h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


sin g2;19
	 
	 
�

;

q12;19 ¼ 4 d1;19d2;19 þ e1;19e2;19
� �

;

H5;19 ¼ cos h1;19
	 
	 


cosh h2;19
	 
	 


sinh g1;19
	 
	 


sin g2;19
	 
	 
�

þ sin h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


cos g2;19
	 
	 
�

;

q13;19 ¼ 5 d1;19e31;19 � 3e1;19e22;19d1;19
� �

þ 5d2;19 e31;19 � 3e21;19e2;19
� �n o

d21;19 þ d22;19
� ��1

þ e21;19 þ e22;19
� ��1

�

5 e1;19d31;19 � 3d2;19e21;19d1;19
� �

þ 5 d32;19e2;19 � 3d21;19d2;19e2;19
� �n o

� 34 d1;19e1;19 þ d2;19e2;19
	 
i

G6;19 ¼ sin h1;19
	 
	 


cosh h2;19
	 
	 


sinh g1;19
	 
	 


cos g2;19
	 
	 
�

þ cos h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


sin g2;19
	 
	 
�

;

q14;19 ¼ 5 d1;19e32;19 � 3e2;19e21;19d1;19
� �

þ 5d2;19 �e31;19 þ 3e22;19e1;19
� �n o

d21;19 þ d22;19
� ��1

þ e21;19 þ e22;19
� ��1

�

5 �e1;19d31;19 þ 3d22;19d2;19e1;19
� �

þ 5 �d31;19e2;19 þ 3d22;19d1;19e2;19
� �n o

þ 34 d1;19e2;19 � d2;19e1;19
	 
i

;

H6;19 ¼ sin h1;19
	 
	 


cosh h2;19
	 
	 


cosh g1;19
	 
	 


sin g2;19
	 
	 
�

� cos h1;19
	 
	 


sinh h2;19
	 
	 


sinh g1;19
	 
	 


cos g2;19
	 
	 
�

;

H7;19 ¼ H1;19 þðq5;19H2;19=2Þþ ðq6;19G2;19=2Þ
� þðD0=2Þ

q8;19G3;19 þ q7;19H3;19
� þ q10;19G4;19

þ q9;19H4;19 þ q12;19G5;19 þ q11;19H5;19 þð1=12Þðq14;19G6;19 þ q13;19H6;19Þ
��
;

H1;19 ¼ sin h1;19
	 
	 


sinh h2;19
	 
	 


cosh g1;19
	 
	 


cos g2;19
	 
	 
�

þ cos h1;19
	 
	 


cosh h2;19
	 
	 


sinh g1;19
	 
	 


sin g2;19
	 
	 
�

;

D7;19 ¼ sinh�1 �x7;19
	 


;H8;19 ¼ 2C7;19D7;19=L
2
0

	 

The simplified DR of HD QWs of III–V super-lattices with graded interfaces can

be expressed as

nzp
dz

� �2

¼ G8;19 þ iH8;19 ð19:92Þ
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The sub-band equation in this case can be expressed as

nzp
dz

� �2

¼ G8;19 þ iH8;19

 
ks¼0 and E¼E700

ð19:93Þ

where E700 is the sub-band energy in this case.
The EEM and the DOS function should be obtained numerically in this case.

19.2.16 The DR in NWHD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Intense Electric Field

The DR in NWHD III–V SLs with graded interfaces in the presence of intense
electric fieldcan be expressed as [4]

k2z ¼ G8;20 þ iH8;20 ð19:94Þ

where

G8;20 ¼
C2
7;20 � D2

7;20

L20
� k2s

" #
;C7;20 ¼ cos�1 �x7;20

	 

;

�x7;20 ¼ 2ð Þ�1
2 1� G2

7;20 � H2
7;20

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2

7;20 � H2
7;20

� �2
þ 4G2

7;20

r" #1
2

;

G7;20 ¼ G1;20 þ q5;20G2;20=2
	 
� q6;20H2;20=2

	 
� þ D0=2ð Þ
q6;20H2;20 � q8;20H3;20 þ q9;20H4;20 � q10;20H4;20 þ
�
q11;20H5;20 � q12;20H5;20 þð1=12Þðq12;20G6;20 � q14;20H6;20Þ

��
;

G1;20 ¼ cos h1;20
	 
	 
�

cosh h2;20
	 
	 


cosh g1;20
	 
	 


cos g2;20
	 
	 
þ

sin h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


sin g2;20
	 
	 
�

;

h1;20 ¼ e1;20ðb0 � D0Þ; e1;20 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;20 þ t22;20

q
þ t1;20

� �1
2

;

t1;20 ¼ 2mc1=�h2
	 
 � J11 E;D1;Eg01Þ; F� G2ðny; nz

	 
� �
;

t2;20 ¼ 2mc1=�h
2	 

J21 E;D1;Eg01; F
	 
� �

;
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h2;20 ¼ e2;20 b0 � D0ð Þ;

e2;20 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;20 þ t22;20

q
� t1;20

� �1
2

;

g1;20 ¼ d1;20 a0 � D0ð Þ;

d1;20 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;20 þ y21;20

q
þ x1;20

� �1
2

;

x1;20 ¼ � 2mc2=�h
2	 
 � J11 E � V0;Eg2;D2; gg2; F

	 
þG2 ny; nz
	 
� �

;

y1 ¼ 2mc2=�h
2	 
 � J22 E � V0;Eg2;D2; gg2; F

	 
� �
;

g2;20 ¼ d2;20 a0 � D0ð Þ;

d2;20 ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;20 þ y21;20

q
� x1;20

� �1
2

;

q5;20 ¼ q23;20 þ q24;20

� ��1
q1;20q3;20 � q2;20q4;20
� �

;

q1;20 ¼ d21;20 þ e22;20 � d22;20 � e21;20
h i

; q3;20 ¼ d1;20e1;20 þ d2;20e2;20
� �

;

q2;20 ¼ 2 d1;20d2;20 þ e1;20e2;20
� �

; q4;20 ¼ d1;20e2;20 � e1;20d2;20
� �

;

G2;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


sinh g1;20
	 
	 


cos g2;20
	 
	 
�

þ cos h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


sin g2;20
	 
	 
�

;

q6;20 ¼ q23;20 þ q24;20

� ��1
q1;20q4;20 þ q2;20q3;20
� �

;

H2;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


sinh g2;20
	 
	 


cosh g1;20
	 
	 
�

� cos h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


cos g2;20
	 
	 
�

;

q7;20 ¼ e21;20 þ e22;20
� ��1

e1;20 d21;20 � d22;20
� �

� 2d1;20d2;20e2;20
h i

� 3e1;20

� �
;

G3;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


cosh g1;20
	 
	 


cos g2;20
	 
	 
�

þ cos h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


sin g2;20
	 
	 
�

;

q8;20 ¼ e21;20 þ e22;20
� ��1

e2;20 d21;20 � d22;20
� �

þ 2d1;20d2;20e1;20
h i

þ 3e2;20

� �
;

H3;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


sin g2;20
	 
	 


sinh g1;20
	 
	 
�

� cos h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


cos g2;20
	 
	 
�

;

q9;20 ¼ d21;20 þ d22;20
� ��1

d1;20 e22;20 � e21;20
� �

þ 2e2;20d2;20e1;20
h i

þ 3d1;20

� �
;
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G4;20 ¼ cos h1;20
	 
	 


cosh h2;20
	 
	 


cos g2;20
	 
	 


sinh g1;20
	 
	 
�

� sin h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


sin g2;20
	 
	 
�

;

q10;20 ¼ � d21;20 þ d22;20
� ��1

d2;20 �e22;20 þ e21;20
� �

þ 2e2;20d2;20e1;20
h i

þ 3d2;20

� �
;

H4;20 ¼ cos h1;20
	 
	 


cosh h2;20
	 
	 


cosh g1;20
	 
	 


sin g2;20
	 
	 
�

þ sin h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


cos g2;20
	 
	 
�

;

q11;20 ¼ 2 d21;20 þ e22;20 � d22;20 � e21;20
h i

;

G5;20 ¼ cos h1;20
	 
	 


cosh h2;20
	 
	 


cos g2;20
	 
	 


cosh g1;20
	 
	 
�

� sin h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


sin g2;20
	 
	 
�

;

q12;20 ¼ 4 d1;20d2;20 þ e1;20e2;20
� �

;

H5;20 ¼ cos h1;20
	 
	 


cosh h2;20
	 
	 


sinh g1;20
	 
	 


sin g2;20
	 
	 
�

þ sin h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


cos g2;20
	 
	 
�

;

q13;20 ¼ 5 d1;20e
3
1;20 � 3e1;20e22;20d1;20

� �
þ 5d2;20 e31;20 � 3e21;20e2;20

� �n o
d21;20 þ d22;20
� ��1

þ e21;20 þ e22;20
� ��1

�

5ðe1;20d31;20 � 3d2;20e21;20d1;20Þþ 5ðd32;20e2;20 � 3d21;20d2;20e2;20Þ
n o

� 34 d1;20e1;20 þ d2;20e2;20
	 
i

;

G6;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


sinh g1;20
	 
	 


cos g2;20
	 
	 
�

þ cos h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


sin g2;20
	 
	 
�

;

q14;20 ¼ 5 d2;20e
3
1;20 � 3e2;20e21;20d1;20

� �
þ 5d2;20 �e31;20 þ 3e22;20e1;20

� �n o
d21;20 þ d22;20
� ��1

þ e21;20 þ e22;20
� ��1

�

5 �e1;20d32;20 þ 3d21;20d2;20e1;20
� �

þ 5 �d31;20e2;20 þ 3d22;20d1;20e2;20
� �n o

þ 34 d1;20e2;20 � d2;20e1;20
	 
i

;

H6;20 ¼ sin h1;20
	 
	 


cosh h2;20
	 
	 


cosh g1;20
	 
	 


sin g2;20
	 
	 
�

� cos h1;20
	 
	 


sinh h2;20
	 
	 


sinh g1;20
	 
	 


cos g2;20
	 
	 
�

;

H7;20 ¼ H1;20þ q5;20H2;20=2
	 
þ q6;20G2;20=2

	 
� þ D0=2ð Þ q8;20G3;20 þq7;20H3;20 þ q10;20G4;20 þ q9;20H4;20 þ
�

q12;20G5;20 þ q11;20H5;20 þ 1=12ð Þ q14;20G6;20 þ q13;20H6;20
	 
��

;

H1;20 ¼ sin h1;20
	 
	 


sinh h2;20
	 
	 


cosh g1;20
	 
	 


cos g2;20
	 
	 
�

þ cos h1;20
	 
	 


cosh h2;20
	 
	 


sinh g1;20
	 
	 


sin g2;20
	 
	 


;

D7;20 ¼ sinh�1 �x7;20
	 


;H8;20 ¼ 2C7;19D7;20=L
2
0

	 


The sub-band equation in this case can be expressed as

0 ¼ ½G8;20 þ iH8;20�

E¼E610

ð19:95Þ

where E610 is the sub-band energy in this case.
At low temperatures where the quantum effects become prominent, the DOS

function for the lowest SL mini-band is given by

NHDSLðE; gg; FÞ ¼
gv
p

Xnxmax

nx¼1

Xnymax

ny¼1

½G0
8;20 þ iH0

8;20�ffiffiffiffi
G

p
8;20 þ iH8;20

HðE� E610Þ ð19:96aÞ
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The EEM can be written as

m�ðE; ny; nz; gg;FÞ ¼
�h2

2
ðG0

8;20Þ ð19:96bÞ

19.2.17 The DR in Quantum Dot HD Superlattices of Kane
Type Semiconductors with Graded Interfaces
in the Presence of Intense Electric Field

The DR in QDHD superlattices of Kane type semiconductors with graded interfaces
in the presence of intense electric field can be expressed as

nzp
dz

� �2

¼ G8;20 þ iH8;20

 
E¼E620

ð19:97Þ

where E620 is the totally quantized energy in this case.
The DOS function is given by

NQDHDSL E; gg;F
	 
 ¼ 2gv

dxdydz

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0 E� E620ð Þ ð19:98Þ

19.2.18 The Magneto DR in HD Superlattices of Kane Type
Semiconductors with Graded Interfaces
in the Presence of Intense Electric Field

The magneto DR in HD III–V SLs with graded interfaces in the presence of intense
electric field can be expressed as

k2z ¼ G8;19n þ iH8;19n ð19:99Þ

where

G8;19n ¼
C2
7;19n � D2

7;19n

L20
� 2eB

�h
nþ 1

2

� �" #
;C7;19n ¼ cos�1 �x7;19n

	 


�x7;19n ¼ 2ð Þ�1
2 1� G2

7;19n � H2
7;19n

� �
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� G2

7;19n � H2
7;19n

� �2
þ 4G2

7;19n

r" #1
2

;
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G7;19n ¼ G1;19n þ q5;19nG2;19n=2
	 
� q6;19nH2;19n=2

	 
� þ D0=2ð Þ
q6;19nH2;19n � q8;19nH3;19n þ q9;19nH4;19n � q10;19nH4;19n þ
�
q11;19nH5;19n � q12;19nH5;19n þ 1=12ð Þ q12;19nG6;19n � q14;19nH6;19n

	 
��
;

G1;19n ¼ cos h1;19n
	 
	 
�

cosh h2;19n
	 
	 


cosh g1;19n
	 
	 


cos g2;19n
	 
	 
þ

sin h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

h1;19n ¼ e1;19n b0 � D0ð Þ; e1;19n ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;19n þ t22;19n

q
þ t1;19n

� �1
2

;

t1;19n ¼ 2mc1=�h
2	 
 � J11 E;D1;Eg01; F

	 
� 2eB
�h

nþ 1
2

� �� �
;

t2;19n ¼ 2mc1=�h
2	 

J21 E;D1;Eg01; F
	 
� �

;

h2;19n ¼ e2;19n b0 � D0ð Þ;

e2;19n ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
t21;19n þ t22;19n

q
� t1;19n

� �1
2

;

g1;19n ¼ d1;19n a0 � D0ð Þ; d1;19n ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;19n þ y21;19n

q
þ x1;19n

� �1
2

;

x1;19n ¼ � 2mc2=�h
2	 

:J11 E � V0;Eg2;D2; gg2; F
	 
þ 2eB

�h
nþ 1

2

� �� �
;

y1 ¼ 2mc2=�h
2	 
 � J22 E � V0;Eg2;D2; gg2; F

	 
� �
;

g2;19n ¼ d2;19n a0 � D0ð Þ;

d2;19n ¼ 2
�1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x21;19n þ y21;19n

q
� x1;19n

� �1
2

;

q5;19n ¼ q23;19n þ q24;19n

� ��1
q1;19nq3;19n � q2;19nq4;19n
� �

;

q1;19n ¼ d21;19n þ e22;19n � d22;19n � e21;19n
h i

;

q3;19n ¼ d1;19ne2;19n þ d2;19ne2;19n
� �

;

q2;19n ¼ 2 d1;19nd2;19n þ e1;19ne2;19n
� �

;

q4;19n ¼ d1;19ne2;19n � e1;19nd2;19n
� �

;

G2;19n ¼ sin h1;19n
	 
	 


cosh h2;19n
	 
	 


sinh g1;19n
	 
	 


cos g2;19n
	 
	 
�

þ cos h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

q6;19n ¼ q23;19n þ q24;19n

� ��1
q1;19nq4;19n þ q2;19nq3;19n
� �

;
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H2;19n ¼ sin h1;19n
	 
	 


cos h2;19n
	 
	 


sin g2;19n
	 
	 


cosh g1;19n
	 
	 
�

� cos h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


cos g2;19n
	 
	 
�

;

q7;19n ¼ e21;19n þ e22;19n
� ��1

e1;19n d21;19n � d22;19n
� �

� 2d1;19nd2;19ne2;19n
h i

� 3e1;19n

� �
;

G3;19n ¼ sin h1;19n
	 
	 


cosh h2;19n
	 
	 


cosh g1;19n
	 
	 


cos g2;19n
	 
	 
�

þ cos h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

q8;19n ¼ e21;19 þ e22;19
� ��1

e2;19 d21;19n � d22;19n
� �

þ 2d1;19nd2;19ne1;19n
h i

þ 3e2;19n

� �
;

H3;19n ¼ sin h1;19n
	 
	 


cosh h2;19n
	 
	 


sin g2;19n
	 
	 


sinh g1;19n
	 
	 
�

� cos h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


cos g2;19n
	 
	 
�

;

q9;19n ¼ d21;19n þ d22;19n
� ��1

d1;19n e22;19n � e21;19n
� �

þ 2e2;19nd2;19ne1;19n
h i

þ 3d1;19n

� �
;

G4;19n ¼ cos h1;19n
	 
	 


cosh h2;19n
	 
	 


cos g2;19n
	 
	 


sinh g1;19n
	 
	 
�

� sin h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


sin g2;19n
	 
�

;

q10;19n ¼ � d21;19n þ d22;19n
� ��1

d2;19n �e22;19n þ e21;19n
� �

þ 2e2;19nd2;19ne1;19n
h i

þ 3d2;19n

� �
;

H4;19n ¼ cos h1;19n
	 
	 


cosh h2;19n
	 
	 


cosh g1;19n
	 
	 


sin g2;19n
	 
	 
�

þ sin h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


cos g2;19n
	 
	 
�

;

q11;19n ¼ 2 d21;19n þ e22;19n � d22;19n � e21;19n
h i

;

G5;19n ¼ cos h1;19n
	 
	 


cosh h2;19n
	 
	 


cos g1;19n
	 
	 


cos g1;19n
	 
	 
�

� sin h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

q12;19n ¼ 4 d1;19nd2;19n þ e1;19ne2;19n
� �

;

H5;19n ¼ cos h1;19n
	 
	 


cosh h2;19n
	 
	 


sinh g1;19n
	 
	 


sin g2;19n
	 
	 
�

þ sin h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


cos g2;19n
	 
	 
�

;

q13;19n ¼ 5 d1;19ne31;19n � 3e1;19ne22;19nd1;19n
� �

þ 5d2;19n e31;19n � 3e21;19ne2;19n
� �n o

d21;19n þ d22;19n
� ��1

þ e21;19nþ e22;19n
� ��1

�

5 e1;19nd31;19n � 3d2;19ne21;19nd1;19n
� �

þ 5ðd32;19ne2;19n � 3d21;19nd2;19ne2;19nÞ
n o

� 34 d1;19ne1;19n þ d2;19ne2;19n
	 
i

;
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G6;19n ¼ sin h1;19n
	 
	 


cosh h2;19n
	 
	 


sinh g1;19n
	 
	 


cos g2;19n
	 
	 
�

þ cos h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

q14;19n ¼ 5 d2;19ne31;19n � 3e2;19ne21;19nd1;19n
� �

þ 5d2;19n �e31;19n þ 3e22;19ne1;19n
� �n o

d21;19n þ d22;19n
� ��1

þ e21;19nþ e22;19n
� ��1

�

5 �e1;19nd32;19nþ 3d21;19nd2;19ne1;19n
� �

þ 5 �d31;19ne2;19n þ 3d22;19nd1;19ne2;19n
� �n o

þ 34 d1;19ne2;19n � d2;19ne1;19n
	 
i

;

H6;19n ¼ sin h1;19n
	 
	 


cosh h2;19n
	 
	 


cosh g1;19n
	 
	 


sin g2;19n
	 
	 
�

� cos h1;19n
	 
	 


sinh h2;19n
	 
	 


sinh g1;19n
	 
	 


cos g2;19n
	 
	 
�

;

H7;19n ¼ H1;19n þ q5;19nH2;19n=2
	 
þ q6;19nG2;19n=2

	 
�
þ D0=2ð Þ q8;19nG3;19n þq7;19nH3;19n þ q10;19nG4;19n

�
þ q9;19nH4;19n þ q12;19nG5;19n þq11;19nH5;19n þ 1=12ð Þ q14;19nG6;19n þq13;19nH6;19n

	 
��
;

H1;19n ¼ sin h1;19n
	 
	 


sinh h2;19n
	 
	 


cosh g1;19n
	 
	 


cos g2;19n
	 
	 
�

þ cos h1;19n
	 
	 


cosh h2;19n
	 
	 


sinh g1;19n
	 
	 


sin g2;19n
	 
	 
�

;

D7;19n ¼ sinh�1 �x7;19n
	 


;H8;19n ¼ 2C7;19nD7;19n=L
2
0

	 


The sub-band equation in this case can be expressed as

0 ¼ G8;19n þ iH8;19n
� �

E¼E630
ð19:100Þ

where E630 is the Landau sub-band energy in this case.
At low temperatures where the quantum effects become prominent, the DOS

function for the lowest SL mini-band is given by

NHDSLðE; gg; FÞ ¼
gveB
2p2�h

Xnmax

n¼0

½G0
8;19n þ iH0

8;19n�ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
G8;19n þ iH8;19n

p HðE� E630Þ ð19:101Þ

The EEM can be written as

m�ðE; n; ggÞ ¼
�h2

2
ðG0

8;19nÞ ð19:102Þ

19.2.19 The Magneto DR in QWHD Superlattices of Kane
Type Semiconductors with Graded Interfaces
in the Presence of Intense Electric Field

The magneto DR in QWHD superlattices of Kane type semiconductors with graded
interfaces in the presence of intense electric field can be expressed as
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nzp
dz

� �2

¼ G8;19n þ iH8;19n
� �

E¼E650
ð19:103Þ

where E650 is the totally quantized energy in this case.
The DOS function is given by

NQWHDSLBðE; gg; FÞ ¼
gveB
p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE� E650Þ ð19:104Þ

19.3 Summary and Conclusion

In this chapter in, (19.28), the coefficients of kx,ky and ky are not same and for this
reason, this basic equation is “anisotropic” in nature together with the fact that the
anisotropic dispersion relation is the ellipsoid of revolution in the k-space although
the basic DR in the absence of any field for Kane type semiconductors is isotropic
in accordance with the three band model of Kane. The (19.29), (19.30) and (19.31)
exhibit the EEMs along x, y and z directions and they show electric field and energy
dependent mass anisotropy due to the presence of electric field only. The (19.40),
(19.41) and (19.42) represent the DR, DOS and the EEM in HD Kane type
semiconductors under intense electric field. The aforesaid equations depend on the
electric field, screening potential and the electron concentration at any value of the
electron energy.

The (19.48), (19.49) and (19.51) represent the DR in QW of HD Kane type
materials, the DOS function and the EEM in the presence of intense electric field.
The sub-band energies as given by (19.50) are complex and electric field depen-
dent. The (19.52), (19.53) and (19.55) represent the DR in NW of HD Kane type
materials, the DOS function and the EEM in the presence of intense electric field.
The sub-band energies as given by (19.54) are complex and electric field depen-
dent. The DR in QBs of HD Kane type materials under strong electric field is given
by (19.56) and the corresponding DOS function is reflected through (19.57).
The DR is totally quantized due to the quantization of the wave vector space and the
DOS functions are unevenly distributed in the energy axis in the forms of Dirac’s
delta function. The magneto DR in QWs of HD Kane Type Semiconductors in the
Presence of intense electric field is given by (19.58) and the corresponding DOS
function is expressed through (19.59). The total energy is being quantized due to
the simultaneous combination of magnetic and size quantization’s respectively. The
DRs in accumulation and inversion layers of Kane Type Semiconductors in the
Presence of intense electric field are given by (19.60) and (19.64) respectively. For
accumulation layers the DRs are quantized circles for constant complex energies in
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the kxky plane. For inversion layers the DRs are quantized circles for constant real
energies in the same plane. The sub-band index dependent EEMs are given by
(19.61) and (19.65) for accumulation and inversions layers respectively. The DOS
functions in the respective cases can be expressed through (19.63) and (19.67)
respectively. The magneto DRs in accumulation and inversion layers of Kane Type
Semiconductors in the Presence of intense electric field are given by (19.68) and
(19.70) respectively. It appears that the energy is totally quantized in both the cases
due to the application of quantizing magnetic field in inversion layers forming
quantized sub-bands. The DOS functions in both the cases can be expressed
through (19.69) and (19.71) respectively. The (19.69) and (19.71) exhibit the fact
that they are delta functions respectively and summations over the Landau quantum
numbers and the quantized mini-band index are needed to generate the total DOS
functions in each case. The DR, the sub-band energy, the EEM and the DOS
function in electric field aided doping superlattices of HD Kane Type
Semiconductors are given by (19.72), (19.73), (19.74) and (19.75) respectively. The
DRs are quantized circles in the kxky plane for constant complex energies and the
sub-band energies are also complex. The EEM is mini-band index dependent which
is the characteristics features of doping superlattices in general. The magneto DR
and the DOS function in doping superlattices of HD Kane Type semiconductors in
the presence of intense electric field are given by (19.76) and (19.77) respectively.
The DR in QWHD effective mass superlattices of Kane Type Semiconductors in the
presence of intense electric field is given by (19.88) and (19.89) explores the
corresponding DOS function. The DR in QWHD superlattices of Kane Type
Semiconductors with graded interfaces in the Presence of intense electric field has
been formulated in (19.92) and the sub-band equation for this system is given by
(19.93). The derivations of the analytical explicit expressions of the DOS function
and EEM are not possible and we have to rely on the numerical computations in this
context. The DR, the EEM and the DOS function in NWHD superlattices of Kane
Type Semiconductors with graded interfaces in the presence of intense electric field
are given by (19.94), (19.96a) and (19.96b) respectively. The EEM is quantum
number dependent which is the characteristics property of such superlattices.
The DR in Quantum dot HD superlattices of Kane type semiconductors with graded
interfaces in the presence of intense electric field is given by (19.97) and the DOS
function has been investigated in (19.98). The magneto DR, the DOS function and
the EEM in HD superlattices of Kane Type Semiconductors with graded interfaces
in the Presence of intense electric field are given by (19.99), (19.101) and (19.102)
respectively. The magneto DR and the DOS function in QWHD superlattices of
Kane Type Semiconductors with graded interfaces in the Presence of intense
electric field are given by (19.103) and (19.104) respectively.
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19.4 Open Research Problems

(R.19.1) Investigate the DR in the presence of intense external non-uniform
electric field for all the HD superlattices whose respective dispersion
relations of the carriers are given in this chapter.

(R.19.2) Investigate the DR for the heavily–doped semiconductors in SLs the
presences of Gaussian, exponential, Kane, Halperian, Lax and
Bonch-Burevich types of band tails for all SL systems as discussed in
this chapter in the presence of external oscillatory and non-uniform
electric field.

(R.19.3) Investigate the DR in the presence of external non-uniform electric field
for short period, strained layer, random and Fibonacci HD superlattices
in the presence of an arbitrarily oriented alternating electric field.

(R.19.4) Investigate all the appropriate problems of this chapter for a Dirac
electronDirac electron.

(R.19.5) Investigate all the appropriate problems of this chapter by including the
many body, broadening and hot carrier effects respectively.

(R.19.6) Investigate all the appropriate problems of this chapter by removing all
the mathematical approximations and establishing the respective appro-
priate uniqueness conditionsUniqueness conditions.
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Chapter 20
Few Related Applications

Morning is not only sunrise, but a beautiful miracle of GOD
that defeats the DARKNESS and spreads light.

20.1 Introduction

In this monograph, we have investigated different DRs of HD semiconductor
nanostructures of different technologically important materials and its implications
in materials science in general. The concept of DR is one of the main keys for
investigating the carrier transport phenomena of HD quantum effect devices. In this
chapter, we shall discuss twenty eight different applications in this context. The
Sect. 20.3 contains the single gigantic open research problem.

20.2 Different Related Applications

The investigations as presented in this monograph find twenty eight different
applications in the realm of modern quantum effect devices.

20.2.1 Carrier Statistics

In the whole realm of the electronic properties of the semiconducting materials, in
accordance with importance the investigations of carrier statistics occupy the third
position in the merit list where the other two’s are DR and the DOS function
chronologically. Incidentally the first book in this line is Semiconductor Statistics
written by famous physicist Prof. J.S. Blakemore as early as in 1962 [1] many
electronic properties are connected with carrier statistics and the carrier statistics
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itself has been investigated in the literature extensively [2–10]. The electron
statistics can in general be written as

n0 ¼
Z1

E0

NðEÞf0dE ð20:1Þ

where E0 is the lower limit of integration. In this book we have formulated many
DOS functions for different HD semiconductors and their quantized counter parts.
Thus for the expressions of NðEÞ as formulated in different chapters we can studied
the n0 for each condition and thus we can study the influence of different physical
variables on the electron degeneracy.

20.2.2 Thermoelectric Power

In recent years, with the advent of Quantum Hall Effect (QHE) [11], there has been
considerable interest in studying the thermoelectric power under strong magnetic
field (TPSM) in various types of nanostructured materials having quantum con-
finement of their charge carriers in one, two and three dimensions of the respective
wave vector space leading to different carrier energy spectra [12–41]. The classical
TPSM equation G ¼ p2kB=3e (which is a function of three fundamental constants
of nature) is valid only under the condition of carrier non-degeneracy, being
independent of carrier concentration and reflects the fact that the signature of the
band structure of any material is totally absent in the same.

Zawadzki [17] demonstrated that the TPSM for electronic materials having
degenerate electron concentration is essentially determined by their respective
energy band structures. It has, therefore, different values in different materials and
changes with the doping, magnitude of the reciprocal quantizing magnetic field under
magnetic quantization, quantizing electric field as in inversion layers, nanothickness
as in quantum wells, wires and dots, with superlattice period as in quantum confined
semiconductor superlattices with graded interfaces having various carrier energy
spectra and also in other types of field assisted nanostructured materials.

The magnitude of the thermoelectric power G can be written as [18]

G ¼ 1
ej jTn0

Z1

�1
ðE � EFÞRðEÞ � @f0

@E

� �
dE ð20:2Þ

where RðEÞ is the total number of states. The (20.2) can be written under the
condition of carrier degeneracy [13] as

G ¼ p2k2BT
3 ej jn0

� �
@n0
@EF

� �
ð20:3Þ
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For inversion layers and NIPI structures, under the condition of electric quantum
limit, (20.3) assumes the form

G ¼ p2k2BT
3en02D

@n02D
@ðEF2D � E02DÞ

� �
ð20:4Þ

where n02D, EF2D and E02D are the surface electron concentration, the Fermi energy
and the sub band energy for the said 2D systems at the electric quantum limit.

For heavily doped semiconductors (20.2) assumes the form

G ¼ p2k2BT
3en0HD

@n0HD
@ðEFHD � E0HDÞ

� �
ð20:5Þ

where n0HD, EFHD and E0HD are the electron concentration, the Fermi energy and
the band tail energy for the heavily doped semiconductors where E0HD should be
obtained from the heavily doped dispersion relation of the semiconductor under the
conditions E ¼ E0HD and k ¼ 0.

Thus, we can use the carrier statistics for different low dimensional HD materials
to investigate the TPSM in such compounds.

20.2.3 Debye Screening Length

It is well known that the Debye screening Length (DSL) of the carriers in semi-
conductors is a very important quantity characterizing the screening of the Coulomb
field of the ionized impurity centers by the free carriers [42]. It affects many of the
special features of modern nano-devices, the carrier motilities under different
mechanisms of scattering, and the carrier plasmas in semiconductors [43]. The DSL
is a very good approximation to the accurate self-consistent screening in presence
of band tails and is also used to illustrate the interaction between the colliding
carriers in Auger effect in solids [42]. The classical value of the DSL is equal to

½esckBT=ðe2n0Þ�1=2 (esc, kB, T , e, and n0 are the semiconductor permittivity, the
Boltzmann’s constant, the temperature, the magnitude of the carrier charge, and the
electron concentration, respectively) which is valid for both the carriers. In this
conventional form, the DSL decreases with increasing carrier concentration at a
constant temperature and this relation holds only under the condition of carrier
non-degeneracy. It is interesting to note that the under the condition of extreme
degeneracy, the expression of DSL for materials having parabolic energy bands can

be written as LD ¼ p2=3�h
ffiffiffiffiffi
esc

p� �
eg1=3v 31=6n1=60

ffiffiffiffiffiffi
mc

p	 
�1
(�h, mc and gv are Dirac

constant, effective electron mass at the edge of the conduction band and valley
degeneracy respectively). Thus we observed that in this case the result is inde-
pendent of temperature, but depends on n0, gv and mc. Besides, the indices of
inverse electron variation changes from half in the former case to one-sixth in the
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latter case. Since, the performance of the electron devices at the device terminals
and the speed of operation of modern switching transistors are significantly influ-
ence by the degree of carrier degeneracy present in these devices, the simplest way
of analyzing such devices taking into account of the degeneracy of the band is to
use the appropriate DSL to express the performance at the device terminal and
switching speed in terms of the carrier concentration [44].

The DSL depends on the density-of-states function which, in turn, is signifi-
cantly affected by the different carrier energy spectra of different semiconductors
having various band structures [42, 44]. In recent years, various energy wave vector
dispersion relations of the carriers of different materials have been proposed [45]
which have created the interest in studying the DSL in such quantized structures
under external conditions. It is well known from the fundamental study of
Landsberg [42], that the DSL for electronic materials having degenerate electron
concentration is essentially determined by their respective energy band structures. It
has, therefore, different values in different materials and varies with the electron
concentration, with the magnitude of the reciprocal quantizing magnetic field under
magnetic quantization, with the quantizing electric field as in inversion layers, with
the nano-thickness as in quantum wells, with super-lattice period as in the quantum
confined super-lattices of small gap compounds with graded interfaces having
various carrier energy spectra. The nature of these variations has been investigated
by in the literature [46–54].

The 3D DSL can, in general, be expressed as [44]

L3D ¼ e2

esc
:
@n0
@EF

� ��1
2

ð20:6Þ

Using (20.3) and (20.6) we can write

L3D ¼ p2k2BTesc
3e3n0G

� �1
2

ð20:7Þ

The 3D DSL for the heavily doped systems is given by

L3D ¼ e2

esc
:

@n0HD
@ðEFHD � E0HDÞ

� ��1
2

ð20:8Þ

Using (20.8) and (20.5) we obtain the same equation as given by (9.7). Thus, the
3D DSL for degenerate materials can be determined by knowing the experimental
values of G.

For inversion layers and NIPI structures, the 2D DSL is given by
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L2D ¼ e2

2esc

@n02D
@ðEF2D � E02DÞ

� ��1

ð20:9Þ

Using (20.4) and (20.9) we get,

L2D ¼ 2p2k2BTesc
3e3n02DG

ð20:10Þ

For QWs, the G assumes the form

G ¼ p2k2BT
3en2D

:
@n2D
@EFs

ð20:11Þ

where n2D and EFs are 2D electron concentration and Fermi energy in this case.
Using (20.10) and (20.11) we get

L2D ¼ 2p2k2BTesc
3e3n2DG

ð20:12Þ

From the suggestion for the experimental determination of the 3D DSL for
degenerate materials having arbitrary dispersion laws as given by (20.7), we
observe that for a constant T, the DSL varies inversely with the square root of Gn0.
Only the experimental values of G for any material as a function of electron con-
centration will generate the experimental values of the 3D DSL for that range of n0
for that material. Since ðGn0Þ�1=2 decreases with increasing n0 for constant T, from
(20.7) we can conclude that the 3D DSL will decrease with increasing n0. For 2D
DSL LD at a constant temperature varies inversely with n02DG or n2DG as appear
from (20.10) and (20.12) respectively. Since n02DG and n2DG increase with
decreasing surface concentration, from (20.10) and (20.12) we can infer that 2D
DSL will increase with decreasing n02D or n2D for the appropriate 2D systems. This
statement provides a compatibility test of our theoretical analysis. Thus (20.7),
(20.10) and (20.12) provide experimental checks of both 3D and 2D DSLs and also
a technique for probing the band structures of the degenerate materials having
arbitrary band structures.

20.2.4 Carrier Contribution to the Elastic Constants

The knowledge of the carrier contribution to the elastic constants is important in
studying the mechanical properties of the materials and has been investigated in the
literature [55–58]. The electronic contribution to the second- and third-order elastic
constants for HD materials can be written as [55–58]
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DC44 ¼ �G2
0

9
@n0HD

@ðEFHD � E0HDÞ
� �

ð20:13Þ

and

DC456 ¼ G3
0

27
@2n0HD

@ðEFHD � E0HDÞ2
" #

ð20:14Þ

where G0 is the deformation potential constant. Thus, using (20.5), (20.13) and
(20.14), we can write

DC44 ¼ �n0 �G0ð Þ2 ej jG= 3p2k2BT
� �h i

ð20:15Þ

and

DC456 ¼ n0 ej j G0
� �3	 


G2= 3p4k3BT
� �

1þ n0
G

@G
@n0

� �
ð20:16Þ

Therefore, by using (20.13) and (20.14) we can investigate DC44 and DC456 for all
the cases of this monograph. Besides, the experimental graph of G versus n0 allows
us to determine the electronic contribution to the elastic constants for materials
having arbitrary spectra.

20.2.5 Diffusivity-Mobility Ratio

It is well known that the diffusivity-mobility ratio (DMR) occupies a central position
in the whole field of solid state device electronics and the related sciences since the
diffusion constant (a quantity very useful for device analysis where exact experi-
mental determination is rather difficult) can be obtained from this ratio by knowing
the experimental values of the mobility. The classical value of the DMR is equal to
kBT= ej jð Þ, (kB, T , and ej j are Boltzmann’s constant, temperature and the magnitude
of the carrier charge respectively). This relation in this form was first introduced by
Einstein to study of the diffusion of gas particles and is known as the Einstein
relation [59, 60]. It appears that the DMR increases linearly with increasing T and is
independent of electron concentration. This relation is applicable for both types of
charge carriers only under non-degenerate carrier concentration although its validity
has been suggested erroneously for degenerate materials [61]. Landsberg first
pointed out that the DMR for degenerate semiconductors is essentially determined
by their energy band structures [62–65]. This relation is useful for semiconductor
homo-structures [62, 63], semiconductor-semiconductor hetero-structures [66, 67],
metals-semiconductor hetero-structures [68–76] and insulator-semiconductor
hetero-structures [77–80]. The nature of the variations of the DMR under
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different physical conditions has been studied in the literature [59–63, 81–104].
Incidentally, A.N. Chakravarti (a recognized leading expert of DMR in general) and
his research group are still contributing significantly under his able leadership
regarding this pin pointed research topic on DMR from 1972 [59, 81–85, 91, 96–
104] and some of the significant features, which have emerged from these studies,
are:

(a) The DMR increases monotonically with increasing carrier concentration in
bulk semiconductors and the nature of these variations are significantly
influenced by the band structures of different materials.

(b) The DMR increases with the increasing quantizing electric field as in inversion
layers.

(c) The DMR oscillates with the inverse quantizing magnetic field under magnetic
quantization due to the Shubnikov-de Haas effect.

(d) The DMR shows composite oscillations with the various controlled quantities
of semiconductor super lattices.

(e) In ultrathin films, quantum wires and other field assisted low-dimensional
systems, the value of the DMR changes appreciably with the external variables
depending on the nature of quantum confinements of different materials.

The DMR depends on the density-of-states (DOS) function, which, in turn, is
significantly affected by the different carrier energy spectra of different semicon-
ductors having various band structures. It can, in general, be proved that for bulk
specimens the DMR is given by [81]

D
l
¼ n0HD

e
@n0HD

@ðEFHD � E0HDÞ
� ��1

ð20:17Þ

The electric quantum limit as in inversion layers and NIPI structures refers to the
lowest electric sub-band and (20.17) assumes the form [81]

D
l
¼ n02D

e
@n02D

@ðEF2D � E02DÞ
� ��1

ð20:18Þ

Using (20.4), (20.5), (20.17) and (20.18) one obtains

D
l
¼ p2k2BT

3 ej j2G

" #
ð20:19Þ

Thus, the DMR for degenerate materials can be determined by knowing the
experimental values of G.

The suggestion for the experimental determination of the DMR for degenerate
semiconductors having arbitrary dispersion laws as given by (20.19) does not
contain any energy band constants. For a fixed temperature, the DSL varies
inversely as G. Only the experimental values of G for any material as a function of
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electron concentration will generate the experimental values of the DMR for that
range of n0 for that system. Since G decreases with increasing n0, from (20.19) one
can infer that the DMR will increase with increase in n0. This statement is the
compatibility test so far as the suggestion for the experimental determination of
DMR for degenerate materials is concerned.

20.2.6 Measurement of Band-Gap in the Presence
of Light Waves

Using the appropriate equations, the normalized incremental band gap ðDEgÞ has
been plotted as a function of normalized I0 (for a given wavelength and considering
red light for which k ¼ 660 nm) at T ¼ 4:2 K in Figs. 20.1 and 20.2 for n-Hg1
−xCdxTe and n-In1−xGaxAsyP1-y lattice matched to InP in accordance with the
perturbed three and two band models of Kane and that of perturbed parabolic
energy bands respectively. In Figs. 20.3 and 20.4, the normalized incremental band
gap has been plotted for the aforementioned optoelectronic compounds as a func-
tion of k. It is worth remarking that the influence of an external photo-excitation is
to change radically the original band structure of the material. Because of this

Fig. 20.1 Plots of the normalized incremental band gap DEg
� �

for n-Hg1−xCdxTe as a function of
normalized light intensity in which the curves (a) and (b) represent the perturbed three and two
band models of Kane respectively. The curve (c) represents the same variation in n-Hg1−xCdxTe in
accordance with the perturbed parabolic energy bands
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Fig. 20.2 Plots of the normalized incremental band gap DEg
� �

for In1−xGaxAsyP1−y lattice
matched to InP as a function of normalized light intensity for all cases of Fig. 20.1

Fig. 20.3 Plots of the normalized incremental band gap DEg
� �

for Hg1−xCdxTe as a function of
wavelength for all cases of Fig. 20.2
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change, the photon field causes to increase the band gap of semiconductors. We
propose the following two experiments for the measurement of band gap of
semiconductors under photo-excitation.

(A) A white light with colour filter is allowed to fall on a semiconductor and the
optical absorption coefficient �a0ð Þ is being measured experimentally. For
different colours of light, �a0 is measured and �a0 versus �hx (the incident photon
energy) is plotted and we extrapolate the curve such that �a0 ! 0 at a particular
value �hx1. This �hx1 is the unperturbed band gap of the semiconductor. During
this process, we vary the wavelength with fixed I0. From our present study, we
have observed that the band gap of the semiconductor increases for various
values of k when I0 is fixed (from Figs. 20.3 and 20.4). This implies that the
band gap of the semiconductor measured (i.e. �hx1 ¼ Eg) is not the unper-
turbed band gap Eg0 but the perturbed band gap Eg; where Eg ¼ Eg0 þDEg,
DEg is the increased band gap at �hx1. Conventionally, we consider this Eg as
the unperturbed band gap of the semiconductor and this particular concept
needs modification. Furthermore, if we vary I0 for a monochromatic light
(when k is fixed) the band gap of the semiconductor will also change con-
sequently (Figs. 20.1 and 20.2). Consequently, the absorption coefficient will
change with the intensity of light [105]. For the overall understanding, the
detailed theoretical and experimental investigations are needed in this context
for various materials having different band structures.

Fig. 20.4 Plots of the normalized incremental band gap DEg
� �

for In1−xGsxAsyP1−y lattice
matched to InP as a function of wavelength for all cases of Fig. 20.1
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(B) The conventional idea for the measurement of the band gap of the semicon-
ductors is the fact that the minimum photon energy hv (v is the frequency of
the monochromatic light) should be equal to the band gap Eg0 (unperturbed) of
the semiconductor, i.e.,

hv ¼ Eg0 ð20:20Þ

In this case, k is fixed for a given monochromatic light and the semiconductor is
exposed to a light of wavelength k. Also the intensity of the light is fixed. From
Figs. 20.3 and 20.4, we observe that the band gap of the semiconductor is not Eg0

(for a minimum value of hv) but Eg, the perturbed band gap. Thus, we can rewrite
the above equality as

hv ¼ Eg ð20:21Þ

Furthermore, if we vary the intensity of light (Figs. 20.1 and 20.2) for the study of
photoemission, the minimum photon energy should be

hv1 ¼ Eg1 ð20:22Þ

where Eg1 is the perturbed band gap of the semiconductor due to various
intensity of light when v and v1 are different.

Thus, we arrive at the following conclusions:

(a) Under different intensity of light, keeping k fixed, the condition of band gap
measurement is given by

hv1 ¼ Eg1 ¼ Eg0 þDEg1 ð20:23Þ

(b) Under different colour of light, keeping the intensity fixed, the condition of
band gap measurement assumes the form

hv ¼ Eg ¼ Eg0 þDEg ð20:24Þ
and not the conventional result as given by (20.20).
determined by the appropriate carrier statistics. Thus, our present study plays an

important role in determining the diffusion coefficients of the minority carriers of
quantum-confined lasers with materials having arbitrary band structures. Therefore
in the investigation of the optical excitation of the optoelectronic materials which
lead to the study of the ambipolar diffusion coefficients the present results con-
tribute significantly.
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20.2.7 Diffusion Coefficient of the Minority Carriers

This particular coefficient in quantum confined lasers can be expressed as

Di=D0 ¼ dEFi=dEF ð20:25Þ

where Di and D0 are the diffusion coefficients of the minority carriers both in the
presence and absence of quantum confinements and EFi and EF are the Fermi
energies in the respective cases. It appears then that, the formulation of the above
ratio requires a relation between EFi and EF , which, in turn, can be formed through
the respective carrier statistics.

20.2.8 Nonlinear Optical Response

The nonlinear response from the optical excitation of the free carriers is given by
[106]

Z0 ¼ �e2

x2�h2

Z1

0

kx
@kx
@E

� ��1

f0 N Eð ÞdE ð20:26Þ

where x is the optical angular frequency, N Eð Þ is the density-of-states function.
From the various E-k relations of different materials under different physical con-
ditions, we can formulate the expression of N Eð Þ and from band structure we can
derive the term kx

@kx
@E

� �
and thus by using the density-of-states function as formu-

lated, we can study the Z0 for all types of materials as considered in this monograph.

20.2.9 Third Order Nonlinear Optical Susceptibility

This particular susceptibility can be written as [107]

vNPðx1;x2;x3Þ ¼
n0e4 e4

� �
24x1x2x3ðx1 þx2 þx3Þ�h4

ð20:27Þ

where n0 e4
� � ¼ R1

0
@4E
@k4z

N Eð Þf0 dE and the other notations are defined in [107]. The

term @4E
@k4z

	 

can be formulated by using the dispersion relations of different materials

as given in appropriate sections of this monograph. Thus one can investigate the
vNPðx1;x2;x3Þ for all materials as considered in this monograph.
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20.2.10 Generalized Raman Gain

The generalized Raman gain in optoelectronic materials can be expressed as [108]

RG ¼ �I
16p2c2

�hxqgx2
s nsnp

� �
Cq

C

� �
e2

mc2

� �
m2R2

� �
ð20:28Þ

where, �I ¼ P
n:tz

f0 n; kz "ð Þ � f0 n; kz #ð Þ½ �, f0 n; kz "ð Þ is the Fermi factor for spin-up

Landau levels, f0 n; kz #ð Þ is the Fermi factor for spin down Landau levels, n is the
Landau quantum number and the other notations are defined in [108]. It appears
then the formulation of RG is determined by the appropriate derivation requires the
magneto-dispersion relations. By using the different appropriate formulas as for-
mulated in various chapters of this monograph RG can, in general, be investigated.

20.2.11 The Plasma Frequency

The plasma frequency xp can be expressed as [109]

x2
p ¼

e2

esc

Z1

E0

N Eð Þv2x
@f0ðEÞ
@E

dE ð20:29Þ

where E0 can be obtained from N E0ð Þ ¼ 0.

20.2.12 The Activity Coefficient

Dilute solution transport equations introduced by Shockley [110] have been very
effective in describing the fluxes of electrons and holes in semiconductors. These
expressions, however, are inaccurate at high carrier concentrations due to nonide-
alities associated with carrier degeneracy and bandgap narrowing. Within the
framework of dilute solution theory, these nonidealities can be included by intro-
duction of concentration-dependent activity coefficients. Expressions for activity
coefficients should also be useful in the area of chemical kinetics where mass-action
principles are applied. Reviews of the literature on activity coefficients are avail-
able. Of special interest is a paper by Hwan and Brews [110], where majority carrier
activity coefficients were presented that included the effects of Fermi statistics and
bandgap narrowing due to exchange interactions and impurity effects. Explicit
expressions and plots of electron activity coefficients as a function of concentration
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for GaAs were included. Activity coefficients were derived under the assumption of
complete ionization. No mention was made, however, of minority carrierscreening
by majority carriers, which are shown here to have a strong influence upon the
majority carrier activity coefficients.

The activity coefficient in semiconductors can, in general be expressed as [110]

f �e ¼ kBT
n0

Z1

0

N Eð Þ
ð1� f0Þ2

� @f0
@E

� �
dE ð20:30Þ

20.2.13 Magneto-Thermal Effect in Quantized Structures

The magneto-thermal effect can be expressed by the dimensionless quantity as
[111]

/ ¼ B
T
@T
@B

¼ �B
T

@S
@b

� �
ðT ;nÞ

" #
@S
@T

� �
ðb;nÞ

" #�1

ð20:31Þ

where S is the entropy which can be written as [112]

S ¼ kB

Z1

0

� @f0
@E

� �
E � EF

kBT

� � ZE

0

N Eð ÞdE
2
4

3
5dE ð20:32Þ

Under magnetic quantization we know, the DOS function assumes the form

N Eð Þ ¼ eBgv
2p2�h

� �Xnmax

n¼0

@k0zðEÞ
@E

HðE � E0Þ ð20:33Þ

where E0 is the Landau sub-band energy or Landau level.
Therefore,

S ¼ kB
Xnmax

n¼0

Za

E0

�@f0
@E

� �
E � EF

kBT

� �
eBgv
2p2�h

kzdE ð20:34Þ

Since

Z
NðEÞdE ¼ eBgv

2p2�h

Xnmax

n¼0

kzðEÞ ð20:35Þ
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S ¼ c0
Xnmax

n¼0

Za

E0

kzE
�@f0
@E

� �
dE

 �
� Ef

Za

E0

kzE
�@f0
@E

� �
dE

 �2
4

3
5 ð20:36Þ

where c0 ¼ ðeBgv=2p2�hTÞ.
Using the concept of 3D Quantization (magneto-size quantization,

Magneto NIPI, Magneto Inversion layers, Magneto accumulation Layers, magneto
quantum dot, Quantum dot superlattices, magneto-size quantized superlattices and
the respective heavily doped cases together with influence of light waves and
electric fields on the 3D quantized structures), the DOS functions can respectively
be written as

NðEÞ ¼ gveB
2p�h

Xnzmax

nz¼1

Xnmax

n¼0

d0ðE � E00Þ ð20:37Þ

NðEÞ ¼ gveB
2p�h

Ximax

i¼0

Xnmax

n¼0

d0ðE � E00Þ ð20:38Þ

and

NðEÞ ¼ 2gv
ðdxdydzÞ

Xnxmax

nx¼1

Xnymax

ny¼1

Xnzmax

nz¼1

d0ðE � E000Þ ð20:39Þ

where E00 is the totally quantized energy in 2D systems in the presence of applied
quantizing magnetic field along z-direction and E000 is the totally quantized energy
in 0D systems in the absence of quantizing magnetic field along z-direction, (20.37)
represents all the cases corresponding to E00, (20.38) represents all the cases cor-
responding to Magneto Inversion layers and Magneto accumulation Layers and
(20.39) represents the rest cases.

In the three cases we can show

S ¼ c000
XX

E00½F0ðg00Þ � ðg00ÞF�1ðg00Þ� ð20:40Þ

S ¼ c0000
XX

E000½F0ðg000Þ � ðg000ÞF�1ðg000Þ� ð20:41Þ

where c000 ¼ gveBkB
2p�h , c0000 ¼ 2gv

dxdydz
, g00 ¼ EF�E00

kBT
, g000 ¼ EF�E000

kBT
and EF in this case is the

Fermi energy for all the previous respective cases of 3D quantization of wave
vector space.

20.2 Different Related Applications 599



20.2.14 Normalized Hall Coefficient

The normalized Hall coefficient in a semiconductor can be expressed as [113]

RðTÞ
Rð0Þ ¼ 1þ ðpkBTÞ2

3
1

NðEÞ
@NðEÞ
@E

� �2�����
E¼EFT

ð20:42Þ

where RðTÞ is the Hall coefficient at T , Rð0Þ is the same at T ! 0 and EFT is the
Fermi energy at T .

20.2.15 Reflection Coefficient

In the presence of light waves, the reflection coefficient ðRÞ is given by [114]

R ¼ ðx� 1Þ2
ðxþ 1Þ2 ð20:43Þ

where x ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
esc � n0e2k

2

m�pc2

q
, m� is the effective electron mass and c is the velocity of

light.

20.2.16 Heat Capacity

The heat capacity of the carriers in semiconductors is a very important quantity.
The total heat capacity ct is given by

ct ¼ ce þ cl ð20:44Þ

where ce is the electronic heat capacity and is given by [115]

ce ¼
Z1

0

� @f0
@E

E � EF

T
þ @EF

@T

� �
ðE � EFÞNðEÞdE ð20:45Þ

Thus (20.44) can be written as

ct ¼ p2k2BTNðEFÞ
3

1þ T
@EF

@T

� �
N 0ðEFÞ
NðEFÞ

� �� �
þ cl ð20:46Þ
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20.2.17 Magnetic Susceptibilities

The Landau dia-magnetic susceptibility ðvdÞ can be written as

vd ¼ �l0
@2FðBÞ
@B2 ð20:47Þ

where l0 is the free space permeability and FðBÞ is the free energy which can be
written as

FðBÞ ¼ n0EFB þ
Z1

0

D2ðEÞ @f0
@E

dE ð20:48Þ

where D2ðEÞ is twice integration of the DOS function with respect to E.
The Pauli’s paramagnetic susceptibility ðvpÞ can be expressed as [116]

vp ¼ �2l2B

Z1

E0

NðEÞ @f0
@E

dE ð20:49Þ

where lB is the Bohr magnetic field.

20.2.18 Faraday Rotation

The Faraday rotation of the electrons in semiconductors can in general, be
expressed under the condition xs � 1, as [117]

h ¼ AI ð20:50Þ

where x is the angular frequency of the incident light, s is the momentum relax-

ation time, A � e3l
8p3�h4x2

1
2nre0c

	 

, l is the thickness of the semiconductor specimen, nr

is the real part of the refractive index at that frequency and

I ¼ ð2pÞ3
2gv

Z1

0

@E
@kx

@E
@ky

:
@2E

@kx@ky
� @E
@kx

:
@2E
@k2y

" #
@f0
@E

NðEÞdE ð20:51Þ

Thus from different DRs as formulated in this book, we can formulate the partial
differentials and from the expressions of NðEÞ as derived in different chapters we
can study the Faraday rotations for various HD materials.
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20.2.19 Fowler-Nordheim Fied Emission

The Fowler-Nordheim field emission (FNFE) is a well-known quantum-mechanical
phenomenon that involves tunneling of electrons through a surface barrier due to the
application of an intense external electricfield. Normally, atfield strengths of the order
of 108 V/m (below the electrical breakdown), the potential barriers at the surfaces of
metals and semiconductors usually become very thin and result in field emission of
electrons due to the tunnel effect [118]. This has beenwell-investigatedwith reference
to three dimensional electron gases in metals and semiconductors and the FNFE from
quantum confined structures has also been studied in this context [119–125].

The current ðIÞ due to Fowler-Nordheim {FN}field emission can be written as

I ¼ 1
2

Xnxmax

nx¼1

Xnymax

nu¼1

Z1

E11

e � vn1t11½ � ð20:52Þ

where e is the magnitude of the electron charge, v is the velocity of the electron and
given by v ¼ 1

�h
@E
@kz

n1 ¼ N1DðEÞ � f0dE, N1DðEÞ is the 1D DOS function per

sub-bands and can be written as N1DðEÞ ¼ 2gv
p

@kz
@E, t11 is the transmission coefficient

which can be expressed as

t11 ¼ exp �2
Z
i

kij jdi
2
4

3
5

in which i ¼ x; i; z.

20.2.20 Optical Effective Mass

The investigation of the energy band structure of the noble metals is one of the
standard problems in solid state physics. The topology and geometry of the Fermi
surfaces of the noble metals are very well known in detail from the de Hass-van
Alphen measurements of Shoenberg. Very accurate values for the cyclotron masses
of the noble metals were experimentally obtained from de Hass-van Alphen
investigations [126]. The optical effective mass being used to study the different
optical properties of semiconductors can be expressed following Madelung [126] as

mopt ¼ 3�h2n0

Z1

0

NðEÞ @E
@k

f0dE

2
4

3
5
�1

ð20:53Þ

602 20 Few Related Applications



20.2.21 Einstein’s Photoemission

Einstein’s Photoemission (EP) is a physical phenomenon and occupies a singular
position in the whole arena of materials science and related disciplines in general.
The EPin recent years finds extensive applications in modern optoelectronics,
characterization and investigation of condensed matter systems, photoemission
spectroscopy and related aspects in connection with the investigations of the optical
properties of nanostructures [127–131]. Interest in low dimensional silicon
nanostructures also grew up and gained momentum, after the discovery of room
temperature photoluminescence and electroluminescence of silicon nano-wires in
porous silicon [127]. Work on ultrathin layers of SiSiO2 superlattices resulting into
visible light emission at room temperature clearly exhibited low dimensional
quantum confinement effect [128] and one of the most popular technique for
analyzing the low dimensional structures is to employ photoemission techniques.
Recent observation of room temperature photoluminescence and electro lumines-
cence in porous silicon has stimulated vigorous research activities in silicon
nanostructures [129].

It is well-known that the classical equation of the photo-emitted current density
is [133] J ¼ ½4pa0emcgvðkBTÞ2=h3� exp½ðhv� /Þ=ðkBTÞ�, where a0, e, m�, gv, kB,
T , h, hv and / are the probability of photoemission, electron charge, effective
electron mass at the edge of the conduction band, valley degeneracy, the Boltzmann
constant, temperature, the Planck constant, incident photon energy along z-axis and
work function respectively. The afore-mentioned equation is valid for both the
charge carriers and in this conventional form it appears that, the photoemission
changes with the effective mass, temperature, work function and the incident
photon energy respectively. This relation holds only under the condition of carrier
non-degeneracy. The EP has different values for different materials and varies with
doping and with external fields which creates quantization of the wave-vector space
of the carriers leading to various types of quantized structures. The nature of these
variations has been studied in [127–158].

20.2.22 Righi-Leduc Coefficient

It is well known that some transport effects under strong magnetic field are inde-
pendent of relaxation mechanism and are determined by the DRs only. Among
them one is thermoelectric power and the other one is Righi-Leduc coefficient,
which can in turn, be written as [159]

R ¼ cn0
eB2vph

ðE � EFÞ2
D E

� E � EFh i2
h i

ð20:54Þ
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where, vph is the phonon thermal conductivity, ðE � EFÞ2
D E

¼ 1
n

R ðE � EFÞ2GðEÞ
� @f0

@E

h i
dE, GðEÞ is the total number of states and is given by GðEÞ ¼ R E

E30
N(fÞdf in

which f is the variable of integration, E30 is the lower limit of integration and

E � EFh i ¼ 1
n

R ðE � EFÞGðEÞ � @f0
@E

h i
dE.

20.2.23 Electric Susceptibility

In semiconductors the effect of free carriers on the optical properties becomes
important at wavelengths longer than the intrinsic absorption edge. Free carriers
produce absorption and affect also the dispersion at sufficiently long wavelengths.
Electric susceptibility can be written as [160]

vc ¼
�e2

3x2e0�h2

Z1

0

NðEÞ @E
@k

f0dE ð20:55Þ

20.2.24 Electric Susceptibility Mass

In recent years there has been considerable interest in studying the electric sus-
ceptibility mass of the carriers in narrow gap materials because of its direct influ-
ence in the study of carrier scattering mechanisms in semiconductor. Electric
susceptibility mass can be determined from measurements in the infrared region of
the frequency dependence of the spectral reflectivity at normal incidence and
provides useful information regarding band structures. Electric Susceptibility Mass
can be written as [161]

m�
s ¼ 3A20

Z1

E20

NðEÞ @E
@k

f0dE

2
64

3
75
�1

ð20:56Þ

where A20 ¼ n0e0�h2 and E20 is the lower limit of integration.
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20.2.25 Electron Diffusion Thermo-Power

The electron diffusion thermopower ðSeÞ is an important property of AlGaN/GaN
QLD structures since it yields useful information about the carrier transport
mechanism. ðSeÞ can be written as [162]

Se ¼ � 1
n0 e

df
dT

ð20:57Þ

where f ¼ n0EF �PR1
E21

GðEÞf0dE in which GðEÞ ¼ R E
E30

N(fÞdf, E21 and E30 are
the lower limits of integrations of f and GðEÞ respectively.

20.2.26 Hydrostatic Piezo-resistance Coefficient

The importance of Hydrostatic Piezo-resistance Coefficient ðHcÞ is well known in
the sensor technology and Hc can be expressed as [163]

Hc ¼ �@n0
n0@P

ð20:58Þ

where P is the pressure in kilobar.

20.2.27 Relaxation Time for Acoustic Mode Scattering

The importance of momentum relaxation time for acoustic mode scattering in semi-
conductors is well known for the evaluation of the electron mobility and in the
simplest scattering theory, the relaxation time for acoustic mode scattering ðsamðEÞÞ
[164] is directly proportional to the inverse ofNðEÞ and can, in general be expressed as

samðEÞ ¼ s0
NðEÞ ð20:59Þ

where s0 is a constant. Thus using various expressions of NðEÞ in different cases we
can study not only samðEÞ but also acoustic mode limited mobility in HD semi-
conductors and their nanostructures.
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20.2.28 Gate Capacitance

In recent years there has been considerable interest in studying the surface capaci-
tance of inversion layers in Si MOS structures. The dependence of the MOS
capacitance on gate voltage and on a quantizing magnetic field has been studied both
theoretically and experimentally. The fact that the MOS capacitance can be very
easily controlled by varying the gate voltage is of much importance from the point of
view of technical applications. It may also be stated that, as far as the determination
of the effective mass under the degenerate electron distribution at the surface is
concerned, measurement of magneto-capacitance as compared to that of conduc-
tivity or cyclotron resonance would not be more advantageous regarding the
experimental facilities required or accuracies achieved. Nevertheless, it is felt that
the theoretical investigation presented here would be of much significance as the
interest on gate capacitance has been growing very much in recent years from the
point of view of exploration of other fundamental aspects of semiconductor surfaces
of MOS structures [165]. The gate capacitance ðCgÞ can in general be expressed as

Cg ¼ e@ns
@Vg

ð20:60Þ

where ns is the surface electron concentration per unit area and Vg is the gate
voltage. It may be noted that although Cg for inversion layers have been studied in
literature but investigations of Cg in accumulation layers are rather small. Thus by
using the expressions of the DOS functions of inversion and accumulation layers as
given in this monograph we can study the gate capacitance for different important
cases.

20.3 Open Research Problems

(R.20.1) Investigate Carrier Statistics, Thermoelectric Power, Debye Screening
Length, Carrier contribution to the elastic constants, Diffusivity-mobility ratio,
Measurement of Band-gap in the presence of LightWaves, Diffusion coefficient of the
minority carriers, Nonlinear optical response, Third order nonlinear optical suscep-
tibility, Generalized Raman gain, The plasma frequency, The activity coefficient,
Magneto-Thermal effect in Quantized Structures, Normalized Hall coefficient,
Reflection coefficient, Heat Capacity, Magnetic Susceptibilities, Faraday rotation,
Fowler-NordheimFied Emission, Optical Effective Mass, Einstein’s Photoemission,
Righi-Leduc coefficient, Electric Susceptibility, Electric Susceptibility Mass,
Electron Diffusion Thermo-power, Hydrostatic Piezo-resistance Coefficient,
Relaxation time for Acoustic Mode Scattering and Gate Capacitance for the appro-
priate problems of this monograph and perform related experiments for experimental
investigations.
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Chapter 21
Conclusion and Scope for Future Research

The most wasted of all days is one without surrendering
to GOD.

This monograph deals with the DRs in various types of HD materials and their
quantized counter parts. The external photo excitation, quantization and strong
electric field alter profoundly the basic band structures, which, in turn, generate
pinpointed knowledge regarding DR in various HDS and their nanostructures. The
in-depth experimental investigations covering the whole spectrum of solid state and
allied science in general, are extremely important to uncover the underlying physics
and the related mathematics in this particular aspect. We have formulated the
simplified expressions of DR for few HD quantized structures together with the fact
that our investigations are based on the simplified k·p formalism of solid-state
science without incorporating the advanced field theoretic techniques. In spite of
such constraints, the role of band structure, which generates, in turn, new concepts
are truly amazing and discussed throughout the text.

We present the last bouquet of open research problem in this pin pointed topic of
research of modern physics.

(R.21.1) Investigate the DR in the presence of a quantizing magnetic field under
exponential, Kane, Halperin, Lax and Bonch-Bruevich band tails [1] for
all the problems of this monograph of all the HD materials whose
unperturbed carrier energy spectra are defined in Chap. 1 by including
spin and broadening effects.

(R.21.2) Investigate all the appropriate problems after proper modifications
introducing new theoretical formalisms for the problems as defined in
(R21.1) for HD negative refractive index, macro molecular, nitride and
organic materials.

(R.21.3) Investigate all the appropriate problems of this monograph for all types of
HD quantum confined p-InSb, p-CuCl and semiconductors having
diamond structure valence bands whose dispersion relations of the
carriers in bulkmaterials are given byCunningham [2], Yekimov et al. [3]
and Roman et al. [4] respectively.
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(R.21.4) Investigate the influence of defect traps and surface states separately on
the DR of the HD materials for all the appropriate problems of all the
chapters after proper modifications.

(R.21.5) Investigate the DR of the HD materials under the condition of
non-equilibrium of the carrier states for all the appropriate problems of
this monograph.

(R.21.6) Investigate the DR for all the appropriate problems of this monograph
for the corresponding HD p-type semiconductors and their
nanostructures.

(R.21.7) Investigate the DR for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures under
mixed conduction in the presence of strain.

(R.21.8) Investigate the DR for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures in the
presence of hot electron effects.

(R.21.9) Investigate the DR for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures for
nonlinear charge transport.

(R.21.10) Investigate the DR for all the appropriate problems of this monograph
for all types of HD semiconductors and their nanostructures in the
presence of strain in an arbitrary direction.

(R.21.11) Investigate all the appropriate problems of this monograph for strongly
correlated electronic. Strongly correlated electronic HD systems in the
presence of strain.

(R.21.12) Investigate all the appropriate problems of this chapter in the presence
of arbitrarily oriented photon field and strain.

(R.21.13) Investigate all the appropriate problems of this monograph for all types
of HD nanotubes in the presence of strain.

(R.21.14) Investigate all the appropriate problems of this monograph for HD
Bi2Te3-Sb2Te3 super-lattices in the presence of strain.

(R.21.15) Investigate the influence of the localization of carriers on the DR in
HDS for all the appropriate problems of this monograph in the presence
of crossed fields.

(R.21.16) Investigate DR for HD p-type SiGe under different appropriate physical
conditions as discussed in this monograph in the presence of strain and
crossed fields.

(R.21.17) Investigate DR for HD GaN under different appropriate physical
conditions as discussed in this monograph in the presence of strain and
crossed fields.

(R.21.18) Investigate DR for different disordered HD conductors under different
appropriate physical conditions as discussed in this monograph in the
presence of strain and crossed fields.
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(R.21.19) Investigate all the appropriate problems of this monograph for HD
Bi2Te3−xSex and Bi2−xSbxTe3 respectively in the presence of strain and
crossed fields.

(R.21.20) Investigate all the appropriate problems of this monograph in the
presence of crossed electric and alternating quantizing magnetic fields.

(R.21.21) Investigate all the appropriate problems of this monograph in the
presence of crossed alternating electric and quantizing magnetic fields.

(R.21.22) Investigate all the appropriate problems of this monograph in the
presence of crossed alternating non uniform electric and alternating
quantizing magnetic fields.

(R21.23) Investigate all the appropriate problems of this monograph in the
presence of alternating crossed electric and alternating quantizing
magnetic fields.

(R.21.24) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented pulsed electric and quantizing magnetic
fields.

(R.21.25) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented alternating electric and quantizing
magnetic fields.

(R.21.26) Investigate all the appropriate problems of this monograph in the
presence of crossed in homogeneous electric and alternating quantizing
magnetic fields.

(R.21.27) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented electric and alternating quantizing
magnetic fields under strain.

(R.21.28) Investigate all the appropriate problems of this monograph in the
presence of arbitrarily oriented electric and alternating quantizing
magnetic fields under light waves.

(R.21.29) (a) Investigate the DR for all types of HD materials of this monograph
in the presence of many body effects, strain and arbitrarily oriented
alternating light waves respectively.

(b) Investigate all the appropriate problems of this chapter for the
Dirac electron.

(c) Investigate all the problems of this monograph by removing all the
physical and mathematical approximations and establishing the
respective appropriate uniqueness conditions.

The formulation of DR for all types of HD materials and their quantum confined
counter parts considering the influence of all the bands created due to all types of
quantizations after removing all the assumptions and establishing the respective
appropriate uniqueness conditions is, in general, an extremely difficult problem. 200
open research problems have been presented in this monograph and we hope that
the readers will not only solve them but also will generate new concepts, both
theoretical and experimental. Incidentally, we can easily infer how little is presented
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and how much more is yet to be investigated in this exciting topic which is the
signature of coexistence of new physics, advanced mathematics combined with the
inner fire for performing creative researches in this context from the young sci-
entists since like Kikoin [5] we firmly believe that “A young scientist is no good if
his teacher learns nothing from him and gives his teacher nothing to be proud of”.
In the mean time our research interest has been shifted and we are leaving this
particular beautiful topic with the hope that (R.21.29) alone is sufficient to draw the
attention of the researchers from diverse fields and our readers are surely in tune
with the fact that “Exposition, criticism, appreciation is the work for second-rate
minds” [6].
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