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An opening discussion

The present work develops techniques enabling one to carry out the large-
N asymptotic analysis of a class of multiple integrals that arise as representations for
the correlation functions in quantum integrable models solvable by the quantum
separation of variables. We shall refer to the general class of such integrals as the
sinh-model:

suW) = [ T] {sinblmon (v, — ylsinhlros (3~ o)) [ T 00 a¥y.
]RN

a<b a=1

When =1 and for specific choices of the constants w;,w, > 0 and of the
confining potential W, 35 represents norms or arises as a fundamental building
block of certain classes of correlation functions in quantum integrable models that
are solvable by the quantum separation of variable method. This method takes its
roots in the works of Gutzwiller [1, 2] on the quantum Toda chain and has been
developed in the mid-1980s by Sklyanin [3, 4] as a way of circumventing certain
limitations inherent to the algebraic Bethe Ansatz. Expressions for the norms or
correlation functions for various models solvable by the quantum separation of
variables method have been established, e.g. in the works [5-12]. The expressions
obtained there are either directly of the form given above or are amenable to this
form (with, possibly, a change of the integration contour from R to ¥", with % a
curve in C) upon elementary manipulations. Furthermore, a degeneration of 3 [W)]
arises as a multiple integral representation for the partition function of the six-vertex
model subject to domain wall boundary conditions [13]. In the context of quantum
integrable systems, the number N of integrals defining 3, is related to the number of
sites in a model (e.g. in the case of the compact or non-compact XXZ chains or the
lattice regularisations of the sinh or sine-Gordon models) or to the number of
particles (e.g. in the case of the quantum Toda chain). From the point of view of
applications, one is mainly interested in the thermodynamic limit of the model,
which is attained by sending N to + oo. For instance, in the case of an integrable
lattice discretisation of some quantum field theory, one obtains in this way an exact
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and non-perturbative description of a quantum field theory in 1 + 1 dimensions and
in finite volume. This limit, at the level of 3,[W], translates itself in the need to
extract the large-N asymptotic expansion of In 3,[W] up to o(1). It is, in fact, the
constant term in the expansion of In(3,[W']/3y[W]) with W’ some deformation of
W that gives rise to the correlation functions of the underlying quantum field theory
in finite volume. These applications to physics constitute the first motivation for our
analysis. From the purely mathematical side, the motivation of our works stems
from the desire to understand better the structure of the large-N asymptotic
expansion of multiple integrals whose analysis demands surpassing the scheme
developed to deal with f-ensembles.

As we shall argue in Section 2.1, it is possible to understand the large-N
asymptotic analysis of the multiple integral 3,[W] from the one of the rescaled
multiple integral

N
ZN[VN] = / H {Sll’lh TE(,OITN(/I — /lb ]s1nh[nw2TN } — j-b }ﬁ HC NIy V(4 dN)\,

N a<b a=1

There Ty is a sequence going to infinity with N whose form is fixed by the
behaviour of W(x) at large x, and: V(&) = Ty! - W(Ty).

The main task of the book is to develop an effective method of asymptotic
analysis of the rescaled multiple integral Zy[V] in the case when T = N?,
0<a<1/6 and V is a given N-independent strictly convex smooth function
satisfying to a few additional technical hypothesis.

Prior to discussing in more detail the results obtained in this work, we would like
to provide an overview of the developments that took place, over the years, in the
field of large-N asymptotic analysis of N-fold multiple integrals, as well as some
motivations underlying the study of these integrals in a more general context than
the focus of this book. This discussion serves as an introduction to various ideas
that appeared fruitful in such an asymptotic analysis, that we place in a more
general context than the focus of this book. More importantly, it will put these
techniques in contrast with what happens in the case of the sinh-model under study.
In particular, we will point out the technical aspects which complicate the large-
N asymptotic analysis of 3,[W] and thus highlight the features and techniques that
are new in our analysis. Finally, such an organisation will permit us to emphasise
the main differences occurring in the structure of the large-N asymptotic expansion
of integrals related to the sinh-model as compared to the ff-ensemble like multiple
integrals.

The book is organised as follows. Chapter 1 is the introduction where we give an
overview of the various methods used and results obtained with respect to
extracting the large number of integration asymptotics of integrals occurring in
random matrix theory. Since we heavily rely on tools from potential theory, large
deviations, Schwinger—Dyson equations and Riemann—Hilbert techniques, which
are often known separately in several communities but scarcely combined together,
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we thought it would be useful to give a detailed introduction for readers with
various backgrounds. We shall as well provide a non-exhaustive review of various
kinds of N-fold multiple integrals that have occurred throughout the literature.
Finally, we shall briefly outline the context in which multiple integrals such as
3y[W] arise within the framework of the quantum separation of variables method
approach to the analysis of quantum integrable models. In Chapter 2, we state and
describe the results obtained in this book. In Chapter 3 appears the first part of the
proof: we carry out the asymptotic analysis of the system of Schwinger—Dyson
equations subordinated to the sinh-model. It relies on results concerning the
inversion of the master operator related with our problem. It is a singular integral
operator whose inversion enables one to construct an N-dependent equilibrium
measure. The second part of the proof is precisely the construction of this inverse
operator: it is carried out in Chapter 4 by solving, for N large enough, an auxiliary
2 x 2 Riemann—Hilbert problem. The inverse operator itself and its main properties
are described in Section 4.3. The third part of the proof consists in obtaining fine
information on the large-N behaviour of the inverse operator: Chapter 5 is devoted
to deriving uniform large-N local behaviour for the inverse operator. Chapter 6
deals with the asymptotic analysis of one- and two-fold integrals of interest to the
problem. In Section 6.1 we build on the results established so far to carry out the
large-N asymptotic analysis of single integrals involving the inverse operator.
Finally, in Section 6.3 we establish the large-N asymptotic expansion of certain
twofold integrals, a result that is needed so as to obtain the final answer for the
expansion of the partition function. The book contains five appendices. In
Appendix A we remind some useful results of functional analysis. In Appendix B
we establish the asymptotics for the leading order of In 3,[W] by adapting known
large deviation techniques. In Appendix C we derive some properties of the N-
dependent equilibrium measures of interest to the analysis. Then, in Appendix D,
we derive an exact expression for the partition function Zy[Vs] when f = 1 and Vs
is a quadratic potential. We also obtain there the large-N asymptotics of Zy[Vs] up
to o(1). This result is instrumental in deriving the asymptotic expansion of Zy[V]
for more general potential, since the Gaussian partition function always appears as a
factor of the latter. Finally, Appendix E recapitulates all the symbols that appear
throughout the book. Some basic notations are also collected in Section 1.6.
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Abstract

This book develops a method to carry out the large-N asymptotic analysis of a class
of N-dimensional integrals arising in the context of the so-called quantum separa-
tion of variables method. We push further the ideas developed in the context
of random matrices of size N, but in the present problem, two scales 1/N* and
1/N naturally occur. In our case, the equilibrium measure is N*-dependent and
characterised by means of the solution to a2 x 2 Riemann—Hilbert problem, whose
large-N behaviour is analysed in detail. Combining these results with techniques of
concentration of measures and an asymptotic analysis of the Schwinger—Dyson
equations at the distributional level, we obtain the large-N behaviour of the free
energy explicitly up to o(1). The use of distributional Schwinger-Dyson is a
novelty that allows us treating sufficiently differentiable interactions and the mixing
of scales 1/N* and 1/N, thus waiving the analyticity assumptions often used in
random matrix theory.

XV



Chapter 1
Introduction

1.1 Beta Ensembles with Varying Weights

One of the simplest and yet non-trivial example of an N-fold multiple integral that we
are interested in is provided by the partition function of a B-ensemble with varying
weights:

(ﬂ)[v] /Hp\' _)"b|ﬂ He—NV()\(,) de

RN a<b
/exp{ZﬂlnM - NZV(AQ)} dVa . (1.1.1)
RN a<b

B > 01is apositive parameter and V is a potential growing sufficiently fast at infinity
for the integral (1.1.1) to be convergent. Z}f) [V] can be interpreted as the partition
function of the statistical-mechanical system of N particles at temperature 8!, that
interact through a two-body repulsive logarithmic interaction and are placed on the
real line in an overall confining potential V. This logarithmic interaction is the Green
function for the Laplacian in R? equipped with its canonical metric. By “varying
weights” we mean that the potential V is preceded by a factor of N, such that the
logarithmic repulsion can typically be balanced by the effect of V for A, remaining
in a bounded in N interval. This is an important feature of the model that we shall
comment further on. We shall however start the discussion by explaining the origin
of B-ensembles.

The partition function (1.1.1) can be interpreted as the result of integrating over
the spectrum of certain random matrices whose distribution is invariant under one of
the classical groups. Consider the real vector spaces:

© Springer International Publishing Switzerland 2016 1
G. Borot et al., Asymptotic Expansion of a Partition Function

Related to the Sinh-model, Mathematical Physics Studies,
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2 1 Introduction

B =1 : real symmetric
Hy.p =1 B =2 : complex hermitian N x N matrices.
4 : quaternionic self —dual

We denote dM, the product of the Lebesgue measures for the linearly independent
real coefficients of such matrices. The Lie groups:

B =1 : real orthogonal
Yvp =1 B =2 : complex unitary N x N matrices
B =4 : quaternionic unitary

act on ¢} g by conjugation. If M is a random matrix in .77y g drawn from the distri-
bution! Cy.ye NUIVADI . dM, Cy.y being the normalisation constant, the induced
distribution IP’](\?) of eigenvalues must be of the form:

N N
pf,(A)-dA  with  pP, ) = %H ha =2l [T fe v}

’ * 'ZN [V] a<b a=1
Hence, in this context, the partition function Zj(f) [V] corresponds to the normalisa-
tion constant of the induced distribution of eigenvalues. The three cases 8 € {1, 2, 4}
are very special, since they feature a determinantal or Pfaffian structure that is
unknown for general 8. This additional structure allows one to reduce the compu-
tation of Zl(\’,s) [V] to one of a family of orthogonal or skew-orthogonal polynomials
[1].

For general B > 0 and polynomial V, the partition function (1.1.1) can also
be interpreted as the integral over the spectrum of a family of random tri-diagonal
matrices [2, 3], whose entries are independent and have a well-tailored distribution
depending on V. As there is no symmetry group acting here, this class of random
matrices is very different from the invariant ensembles. It is in nature closer to
stochastic Schrodinger operators.

The B-ensembles have been extensively studied for more than 20 years, see e.g.
the books [ 1, 4-6], for two main reasons, that we shall develop below. From the prob-
abilistic perspective, the statistical-mechanics interpretation of S-ensembles makes

1(5) [V] and its associated probability distribution a good playground for testing the
local universality of the distribution of repulsive particles [7]. From the perspec-
tive of geometry and physics, the interest in the 8 = 2 case—uviz. random hermitian
matrices—has been fostered, since the pioneering works of Brézin—Itzykson—Parisi—
Zuber [8], by the insight it provides into two-dimensional quantum gravity and the
enumerative geometry of surfaces. This interest was eased by the algebraic miracles
that make the case 8 = 2 quite tractable from the computational point of view,
and also raised by the desire to understand the geometry (related to the integrable
structure associated with the orthogonal polynomials) behind these miracles.

I'Such distributions are indeed invariant under conjugation by %y, 8-
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1.1.1 Local Fluctuations and Universality

The physical idea behind universality is that the logarithmic repulsion dictates the
local behaviour of the particles.” The universality classes should only depend on 8
and the local environment of the chosen position on R. Typically one expects that,
when N — +o00, the particles will localise on some union of segments Uy[ay ; by]
and that, upto a O(N ’1) precision, the pth particle will localise around a “classical”
position y;'.

To be precise, we introduce the k-point density functions pl(f ) (x1,...,x;). These
are symmetric functions of k real variables characterized (if they exist) by the property
that, for any sequence of pairwise disjoint intervals (Ai)f.‘zl:

IPN[EIil,...,ike{l,...,N} : )\,-jeAJ:/ / o® (. xk)de
A A
"1.12)

,ol(f ) fails to be a density probability function, because of the unusual normalization:

(k)
L%mumﬁw ka

which follows from (1.1.2) by taking a partition of R into k pairwise disjoint intervals
and symmetrising the integration range. In particular, N~ ,oji,l ) (x) is the local mean
density of particles.

For instance, if 8 = 2 and we look at intervals of size 1/N around a point xy € R
where the mean density of particles is smooth and positive—i.e. in the bulk—one
expects the distribution of the eigenvalues to converge to the determinantal process
of the sine kernel. This means that, if limy_, oo N~ (U (x9) > 0, we expect that

*) FROPSNL
lim PN ({X() + El/pN (XO)}izl) — (k) (é_— g_- )
N—o0 [ (1)()60)] Psin

where ,0Slrl are given by:

pOE B = det [KanEnE)], Kan(ry) = 000 3
1S @ —y)

Still for B = 2 and if we look at intervals of size 1/N?/3 around a point x, where
the mean density vanishes like a square root, one rather expects to observe the

2By local, we mean “looking at intervals shrinking with N so that these contain typically only a
finite number of particles in the N — oo limit”.
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determinantal process of the Airy kernel:

Ai(x)AT'(y) — AT’ (x)Ai(y)
PR Ereen B = det [KaiCux] Kaitr,y) = '
1=<ij<k xX—y
(1.1.4)
To reformulate, if the condition:
li oo N71 (H
lim ——N A 4o (1.1.5)

xX—>X0 /| Xo — x|
holds, we expect that,
k

Jim NP ([xg + raP N g ) = AR o, 60

Without being too precise, let us say that (1.1.5) is the generic behaviour at the edge
of the spectrum of random matrices of large sizes.

The expression for the potentially universal distribution of particles for other
shapes of large-N local mean density of particles, and other values of 8 are known
[9, 10]—although their understanding is currently much more developed for 8 €
{1, 2, 4}. The main theme in universality problems is therefore to prove that given
models exhibit these distributions for the local behaviour of particles in the large-N
limit. As a matter of fact, the precise mode of convergence to the universal laws that
one can obtain mathematically is not always optimal from a physical point of view,
namely it may hold only once integrated against a class of test functions, or only
after integration on intervals of size N~!*7 for n arbitrarily small and independent
of N. We refer to the original works cited below to see which mode of convergence
they establish.

First results of local universality in the bulk where obtained by Shcherbina and
Pastur [11] at 8 = 2. Then, at § = 2 and for polynomial V, Deift, Kriecherbauer,
McLaughlin, Venakides and Zhou [12] established the local universality in the bulk
within the Riemann—Hilbert approach to orthogonal polynomials with orthogonality
weight e ¥V ® on the real line. These results were then extended by Deift and Gioev
to B € {1, 2, 4} for the bulk [13] and then for the generic edge [14] universality.
The bulk and generic edge universality for general 8 > 0 were recently established
by various methods and under weaker assumptions. Bourgade, Erdos and Yau built
on relaxation methods so as to establish the bulk [15, 16] and the generic edge [17]
universality in the presence of generic C* potentials. Krishnapur, Rider and Virdg
[3] proved both universalities by means of stochastic operator methods and in the
presence of convex polynomial potentials. Finally, the bulk universality was also
established on the basis of measure transport techniques by Shcherbina [18] in the
presence of real-analytic potentials while universality both at the bulk and generic
edge was derived by Bekerman, Figalli and Guionnet [19] for C* potentials with k
large enough.
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1.1.2 Enumerative Geometry and N-fold Integrals

The motivation to study the all-order asymptotic expansion of In Zl(\’,g)[V] when
N — oo initially came from physics and the study of two-dimensional quantum
gravity, especially in the case f = 2 corresponding to hermitian matrices. In the
landmark article [8], Brézin, Itzykson, Parisi and Zuber have argued that, for poten-
tials given by formal series:

2 .
Vi) = i(% +Z;—’x’)

j=3
the free energy In Zz(\/,g) [V] has the formal expansion:
(2)
n( ZN [Vl ) fogml ZN272g (}7:(5’) (1.1.6)
2 o
PViol =

which is to be understood as an equality between formal power series in {#;}, and

we use the notation V|, —o(x) = ’2‘—‘24 The coefficients 7® correspond to a weighted
enumeration of “maps”, i.e. equivalence classes of graphs ¢ embedded in a topo-
logical, connected, compact, oriented surface .% of genus g such that all connected
components ¢; of .\ ¢ are homeomorphic to disks. Each %; which is bordered by j
edges of ¢ is counted with alocal weight —¢;, each vertex in ¢ is counted with a local
weight u, and the overall weight of (¢, .%) is computed as the product of all local
weights, divided by the number of automorphisms of (¢, .). For instance, choos-

ingt3 # 0and tj.3 = 0, F® enumerates triangulations of an oriented surface of

genus g. More generally, In Z;f) [V]with B # 2 gives rise to enumerations of graphs

embedded in possibly non-orientable surfaces [20, 21]. Then, the expansion (1.1.6)
also contains half-integer g’s. Although the mathematical nature of the expansions
that had been obtained in [8] and in the many subsequent works in physics was often
not precised, these handlings can be set in the appropriate framework of providing an
equality between formal power series in « and the parameters {#;};~3 in [22]. Indeed,
the fact of subtracting the free energy of the quadratic potential V|, (x) = x*/2u in
the right-hand side of (1.1.6) turns the formula into a well-defined equality between
formal series; a combinatorial argument based on the computation of the Euler char-
acteristics 2 — 2g shows that the coefficient of a given monomial u* [, #;* is given
by a sum over finitely many genera g. For a restricted class of potentials® for which
the integral (1.1.6) is convergent, the formal power series also corresponds to the
N — oo asymptotic expansion of ZI(\%)[V]. It is because of such a combinatorial
interpretation that these expansions are called “topological expansions”, this inde-
pendently of their formal or asymptotic nature.

3Roughly speaking, when there exists 1/N asymptotic expansion, its coefficients are the same as
the formal expansion.
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The random hermitian matrix model (8 = 2) for finite N was also interpreted
as a well-defined discretised model of two-dimensional quantum gravity. For fixed
{t;}, there is a finite value u = u. at which the model develops a critical point:
the coefficients F® exhibit as a singularity of the type (u, — u)?~ 718 with
a critical exponent —1/2 < yi < 0 depending on the universality class. One of
the consequences of the appearance of such singularities is that the average or the
variance of the number of faces in a map of fixed genus diverges when u — u,.
This allows one to interpret the # — u, limit as a continuum limit. In taking such a
limit, it becomes particularly interesting to tune the u-parameter in an N-dependent
way such that u = u. — N~'*7/2 . i, hence making each term N>~2¢ 7@ of order
1 when N — o0. In such a double scaling limit, the expansion (1.1.6) does not
make sense any more. However, it is expected, and it can be proved in certain cases,
that the double scaling limit of the appropriately rescaled partition function Zz(\%) [V]
exists. This limit was proposed as a way of defining the partition function of two-
dimensional quantum gravity with coupling constant z. We refer to the review [23]
for more details. The investigation of these double scaling limits is similar in spirit to
the investigation of universality that we already mentioned, with the only difference
being that a continuation to complex-valued u# does have an interest from the physics
point of view, whereas it is often excluded from mathematical study of universality
given the difficulty to address it with probabilitistic techniques.

Finally, the all-order expansion (be it formal or asymptotic) of N-fold integrals
in the B-ensembles and generalisations thereof have numerous applications at the
interface of algebraic geometry and theoretical physics. The key point is that the
coefficients of the all-order expansions have an interesting geometric interpretation,
and the study of matrix models in the large N limit can give some insight into
topological strings, gauge theories, efc. Describing the exponentially small in N
contributions to In Z,(\’,g) [V]has also an interest of its own. It is particularly interesting
[24] as a path towards understanding the possible non-perturbative completion(s) of
the perturbative physical theories. As an illustration closer to the scope of this book,
we shall give in Section 1.3 a non-exhaustive list of N-fold integrals which have a
physical or geometrical interpretation.

1.2 The Large-N Expansion of Zz(\?)

1.2.1 Leading Order of Z B). The Equilibrium Measure and
Large Deviations

Given a sufficiently regular potential V growing atx — =00 faster than (,3 + e) In |x|

for some € > 0, the leading asymptotic behaviour of the partition function Zz(\’,g) [V]
takes the form:
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InZy'[v]= —NZ(S(’S)[Meq] + o(l)) (1.2.1)

with

EPu] Z/V(X) dpu(x) — B /ln lx — yldu(x)du(y) .

x<y

In these leading asymptotics, the functional & is evaluated at the so-called equi-
librium measure jieq, the probability measure on R that minimises the functional
&P . The notion of equilibrium measure arises in numerous other branches of math-
ematical physics, for instance the study of zeroes of families of polynomials or the
one of the characterisation of the thermodynamic behaviour at finite temperature
of quantum integrable models [25]. The minimiser j¢q can be characterised within
the framework of potential theory [26]. One can show that the equilibrium measure
associated with the functional & exists and is unique. We stress that 1, is charac-
terised by (1.2.3) and thus depends on § only via a rescaling of the potential, hence
imposing the same dependence in the leading order term of the expansion (1.2.1).

Let us explain, on a heuristic level, the mechanism which gives rise to (1.2.1). For
this purpose, observe that the integrand of Z;f) [V] can be recast as

N
1
— N2 LW } h LY = —S 122
exp{ [Ly'] where N N; ha ( )

is the so-called empirical measure while &, refers to the Dirac mass at x. For finite
but large N, A > EP[LY] with 4, < --- < Ay attains its minimum at a point
Yeq = (Veq:1s - - - » Yeq:n) Whose coordinates Yeq;1 < < Yeq;n are bounded, uni-
formly in N, from above and below. This minimum results from a balance between
the repulsion of the integration variables induced by the logarithmic interaction and
the confining nature of the potential V since the entropy is negligible.* It seems
reasonable that the main contribution to the integral, namely the one not including
exponentially small corrections, will issue from a small neighbourhood of the point
Y ¢q (or those issuing from permutations of its coordinates) and hence yield, to the

leading order in N, In Z](f) [V] = —N*(&¥P [L](\,ye“')] 4 0(1)). As a matter of fact, the
Yeq:a are distributed in such a way that they densify on some compact subset of R
and in such a way that, in fact, LI(J'“’) converges, in some appropriate sense, to the
probability measure fieq.

This reasoning thus indicates that the leading asymptotics of In Z](\’,g)[V] issue
from a saddle-point like estimation of the integral (1.1.1). This statement can be
made precise within the framework of large deviations. Ben Arous and Guionnet [27]

4The Lebesgue measure does not participate to the setting of this equilibrium: the aforementioned

terms induce ae®™>) behaviour in the light of (1.2.1), while on compact subsets of R", the Lebesgue
measure produces at most a O(e“V) contribution, with ¢ depending on the size of the compact set.
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showed that the distribution of LZ(VM under the sequence IP%‘) of probability measures
associated with Z;f) [V] satisfies a large deviation principle with good rate function
EP[1] at speed N2. This means that, for any open set  and any closed set F of the
space of probability measures endowed with the weak topology, we have:

liminf N2 InPY LY € Q] > — inf 8P[u]
N—o0 neQ

- 2 1B A e o)
limsupN™" InlPy’[Ly" € F] < inf &[] .
N—oo neF

Saying that &® is a good rate functional means that its level sets (E®))~!([0; M])
are compact for any M > 0. As a direct consequence of this large deviation principle,

the random measure L](Vl) converges almost surely and in expectation, in the weak
topology, towards the (deterministic) equilibrium measure fieq.

The properties of the equilibrium measure ., have been extensively studied
[26, 28, 29]. Its uniqueness follows from the strict convexity of EP  Indeed, given
two probability measures (¢, w1 and ¢ € [0, 1], one has

EPLA = Do + 1] = (1 = )EP 1ol + 18P (1] — BQLs — ol - 1(1 — 1)

where, for any signed finite measure v of zero mass, one has:

°° dk
Qv] = — / dv(x)dv(y) Infx —y[ = / o F 1|
0

x<y

which implies that Q[v] > 0. Furthermore, it is clear that equality holds if and only
if v = 0. The latter does ensure the strictly convexity of &4,

As a solution of a minimisation problem, p.q must satisfy an “Euler-Lagrange
equation”. This condition states the existence of a constant Ceq such that:

Vefr () = 0 fteq—almost everywhere
Ver (x) > 0 n—almost everywhere

(1.2.3)

Vet () = V(x) — Ceq —/3/111 ¥ — yldpteq(v).

where the second condition holds for any probability measure © on R such that
EP[u] < 400, ¢f. [3, Theorem 6.126]. The inequality comes from the fact that one
minimises over positive measures, and the constant Cq is a Lagrange multiplier for
the constraint that the total mass should be 1. V. (x) is the effective potential felt by
a particle; it takes into account V and the repulsion it feels from all other particles
distributed according to jieq. The characterisation (1.2.3) expresses that the effective
potential is constant and minimal on the support of jieq. The constant Ceq is chosen
in such a way that this minimum is zero. It thus appears reasonable to expect that, in
the large N limit, the particles should mostly likely accumulate in supp(iteq]. More
precisely, [4, 30, 31] proves a large deviation principle for the position of individual
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particles at speed N with good rate function V.¢. This means that, for any open subset
Q and closed subset F' of R, we have:

liminf N"' Py [3a € {1,...,N}, ho € 2] = —inf Vegr (x)
xeQ

N—oo

limsup N~'InPy’[3a € {1,...,N}, &, € F] < — inf Ve (x) -
X€E

N—o00

One can prove that if V is C* for k > 2, then Ieq 18 Lebesgue continuous with
a Ck=2 density. Besides, if V is real-analytic, the density is the square root of an
analytic function what, in its turn, implies that its support consists of a finite number
of segments, called cuts. Critical points of the model occur when the topology of
the support becomes unstable with respect to small perturbations of the potential.
Namely when there exist arbitrarily small perturbations of the potential which result
in a support of the equilibrium measure in which one of the component has split
in two, or where a new cut has appeared. When this is not the case, one says that
the potential is off-critical. For V real-analytic on R, a necessary condition for off-
criticality is that u.q vanishes exactly like a square root at the edges of the support:

1 d
lim Heg

X—>a€ISUPPlleq A/ |x — [l| dx

and this is the “generic” behaviour. When 1. vanishes like [x — a|k+% with k > 0,
a small island of particles around a can separate from the rest and form a new cut
under certain small perturbations of the potential.

The simplest example of an equilibrium measure is provided by the one subordi-
nate to a quadratic potential V(x) = x?. This equilibrium measure is given by the
famous Wigner semi-circle distribution [32]:

dx |
— (B —4x)? - 1_y.5,(0)
T 2

d,ueq(x) = B —Z,

which has only one cut. Although there is no easy characterisation of the set of
potentials V' leading to one-cut equilibrium measures, strictly convex V do belong
to this set [33]. Indeed, since for any y the function x +— —In|x — y| is strictly
convex, integrating it over y against the positive measure fieq still gives a convex
function. As aresult, if V is strictly convex, the effective potential (1.2.3) is a fortiori
strictly convex. This imposes that the minimum of Vg is attained on a connected
set, therefore the support of (ieq is a segment.

A remarkable feature of B-ensembles is that, looking at the case of equality
in (1.2.3), the density of ueq can be built in terms of the solution to a scalar
Riemann—Hilbert problem for a piecewise holomorphic function having jumps on
the support of (eq. If one assumes the support to be known, such Riemann-Hilbert
problems can be solved explicitly leading to a one-fold integral representation for
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the density of jteq. These manipulations originate in the work of Carleman [34], and
some aspects have also been treated in the book of Tricomi [35]. In the case where
the support consists of single segment [a; b] and for V at least C, one gets that the
density of the equilibrium measure reads:

]2 . (124

d/-/Leq(-x) dx - l[a b](.x) / dé V (X) V/(g) ) [ (b — x)(x — a)

x—& b-8)E—-a

The above representation still contains two unknown parameters of the minimisation
problem: the endpoints a, b of the support of (i.q. These are determined by imposing
additional non-linear consistency relations. In the one-cut case discussed above, the
conditions on the endpoints a and b are:

b b
/g. V() o a+b/§. EViEeds
™ {b-£)E - a) 2 LB g -a)

(1.2.5)

The situation, although more involved as regards explicit expressions, is morally
the same in the multi-cut case where one has to determine all the endpoints of the
support. We stress that the very existence of a one-fold integral representation with
a fully explicit integrand tremendously simplifies the analysis, be it in what concerns
the description of the properties of fieq, or any handling that actually involves the
equilibrium measure. The one-cut case is computationally easier to deal with than the
multi-cut case: for instance when V is polynomial, the conditions (1.2.5) determining
the endpoints a and b are algebraic. As we will explain later, there is another, more
important difference between the one-cut case and the multi-cut case, that pertains to
the nature of the O(1) corrections to the large-N behaviour of the partition function

Z(ﬂ)[V]~

1.2.2 Asymptotic Expansion of the Free Energy:
From Selberg Integral to General Potentials

For very special potentials, the partition function Z(’3 ) [V] can be exactly evaluated
in terms of a N-fold product. The quadratic potential V5(x) = x? is one of these
special cases and the associated partition function is related to the Selberg integral
[36], from where it follows:

E

oI o

m=1
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With such an explicit representation, standard one-dimensional analysis methods
lead to the large-N asymptotics of the partition function:

4 4 8
1B p p p
+[(E-I-Z)~1n(£)+5'ln2+ln(2n)—1nr(1+§)] -N
1 3 B 2 N , 0.2 1 In(27) q
+E( +E+B)-n +X(,E,)+ 5 +o(1) .

(1.2.6)

The function y (s ; by, by) is the meromorphic continuation in s of the function defined
for Re s > 2 by the formula:

1
(s;b1,b2) = S RE——
X Z (m1by + maby)*
my,mp>0
(my,mp)#(0,0)

Note that, when 8 = 2, the constant term in (1.2.6) can be recast in terms of the
Riemann zeta function as:

In(2
x'(0;1,1) =¢'(-1) — n(zn) '

The o(1) remainder admits an asymptotic expansion in 1/N whose coefficients are
expressed as linear combinations with rational coefficients of Bernoulli numbers and
2/B.

For generic potentials V, there is no chance to obtain a simple closed formula for
ZI(\?)[V]. Nevertheless, the cases that are computable in closed form do play a role
in the asymptotic analysis of the more general Z](f)[V] beyond the leading order.
Indeed, most of the methods of asymptotic analysis rely, in their final step, on an
interpolation between the potential of interest V, and a potential of reference Vj, for
which the partition function can be exactly computed. The strategy for obtaining
the leading corrections is to conduct, first, a study of the large-N corrections to the
macroscopic distribution of eigenvalues, and in particular to the fluctuations of the
linear statistics:

N
Ey [ > fG)—=N / £00) - dpteg (x)] =N-Ey [ / fOo-day - ueqxx)]

i=1

=N / Py m{ / f@-dwy - ueqxx)} -
RN
(1.2.7)



12 1 Introduction

for a sufficiently large class of test functions f. The subscript V indicates that we are
considering the sequence of probability measures for which Zy ) [V]is the partition
function. Assume that one is able to establish the large-N behaviour of (1.2.7) for
a one parameter ¢ family {V;};[0.1; of potentials, and this uniformly in ¢ € [0, 1]
and up toa O(N —*=1) k> 0 and fixed, remainder. Then one can build on the basic

formula:
e !
" (Zw)[v ]) —N* / EX‘[ / 8,V (x) ~dL‘N“<x>} -di (12.8)
Zy'[Vol J

s0 as to obtain the asymptotic behaviour of the left-hand side up to a O(N ~*) remain-
der. If by some other means one can access to the large-N asymptotics of In Z; vl
up to O(N ™) remainder, then one can deduce the expansion of Zy 2 [V] to the same
order. The terms of order N In N, In N, and the transcendental constant term in the
asymptotic expansion of the partition function usually do not arise from the fluc-
tuations of linear statistics, but rather from an “integration constant” or from some
additional singularities present in the confining potential. The comparison to some
known, Selberg-like integral often seems the only way of accessing to these terms,
especially in what concerns the highly non-trivial constant terms in such asymptotic
expansions. Note that when 8 = 2 one can build on orthogonal polynomial tech-
niques to access to the NIn /N and In N terms. Also, recently, some progress in an
alternative approach to computing the logarithmic terms has been achieved in [37].

1.2.3 Asymptotic Expansion of the Correlators
via Schwinger-Dyson Equations

As already mentioned, for a general potential, going beyond the leading order
demands taking into account the effect of fluctuations of the integration variables
around their large-N equilibrium distribution. The most effective way of doing so
consists in studying the large-N expansion of the multi-point expectation values of
test functions versus the probability measure induced by Z(ﬂ 4 [V], i.e. the quantities:

El‘\//[/f(xlr .. 's-xn) . HdL](\?‘)(x,):| s
i=1

sometimes called n-linear statistics. Indeed the access to the sufficiently uniform
in the potential large-N expansion of the 1-linear statistic allows one to deduce the
asymptotic expansion of Z(’8 ) [V] by means of (1.2.8). As we shall explain in the
following, these linear statistics satisfy a tower of equations which allow one to
express the n-linear statistics in terms of k-linear statistics with k < n + 1. These
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equations are usually called the Schwinger—Dyson equations and, sometimes, also
referred to as “loop equations”.

We are first going to outline the structure and overall strategy of the large-N
analysis of the Schwinger—Dyson equations on the example of a polynomial potential.
The latter simplifies some expressions but also allows one to make a connection with
the problem of enumerating certain maps. Then, we shall discuss the case of a general
potential which will be closer, in spirit, with the techniques developed in the core of
the book.

1.2.3.1 Moments and Stein’s Method

For the purpose of this subsection, we shall assume that the potential is a polynomial

of even degree Vi (x) = %{%2 +> 2d ad } with 1o > 0 so that P is well-defined.
(1.1.6) implies that for any integer number p, the pth moment

my (p) —]EV""‘[ ZAP] = ,3N2 3, 10 Z3) [ Voot lru=o - (1.2.9)

has a power series expansion in (tj) ;21 whose coefficients enumerate maps (see
Section 1.1.2) with one marked face of degree p. To explain what convergent matrix
integrals and their asymptotic expansions on the one hand, and generating series of
maps and their topological decomposition in (inverse) powers of N on the other hand,
have to do with each other, we shall use Schwinger—Dyson equations.

Probably, the simplest example of a Schwinger—Dyson equation can be provided
by focusing on the standard Gaussian law y on R. An integration by parts shows that

y satisfies

/xf(X)d)/(X) = /f/(X) dy (x) . (1.2.10)

for a sufficiently big class of test functions f. In fact, y is the unique probability
measure on R which satisfies (1.2.10). Recall that the pth-moment of the Gaussian
law has the combinatorial interpretation of counting the number of pairings of p
ordered points. One can, in fact, build on the above Schwinger—Dyson equation so as
to deduce such a combinatorial interpretation by checking that the moments satisfy
the same recurrence relation than the enumeration of pairings.

The strategy to extract the large-N behaviour of moments (1.2.9) relies first on
the derivation of the system of Schwinger—Dyson equations they satisfy. As for the
Gaussian law, it is obtained by an integration by parts. To write this equation down,
we denote by my the quenched moments, i.e. the real-valued random variable:

N

m@=%2w.

a=1



14 1 Introduction

We shall as well adopt the convention that 7y (p) = 0 when p < 0. Then, integration
by parts readily yields

p—1 2d
Vpol |: 2 — —

D mnhmy(p—1-D+ = (/j 1)pmN(p—1>—mN(p+1>—szmN(p+j—l>} =
1=0 j=1
(1.2.11)

Compared to (1.2.10), this equation depends on the dimension parameter N. Note
that (1.2.11) not only involves the observables my = EX,P"] [my], but also the covari-
ance of {mN (p)}p>0. To circumvent this fact, let us assume first that these moments
self-average, so that this covariance is negligible. Let us assume as well that the
expectations my (p) are bounded by some C? for some C independent of N, this for
all p < P(N) where P(N) is some sequence going to infinity with N. Such informa-
tion imply that the sequence {mN (2] }pZO admits a limit point {m(p) }pzo. Equation
(1.2.11) then implies that any such limit point {m(p)}p>0 must satisfy

p—1
m(p—l—l)—Zm(l)m(p—l—l)—thm(p—}-j—l) (1.2.12)
=0 j=1

Moreover, m(p) < C? for all p. It is then not hard to see that the limiting equation
(1.2.12) has a unique solution such that m(0) = 1 provided the ¢#;’s are small enough:
indeed this is clear for #; = 0 and the result is then obtained by a straightforward
perturbation argument, see [38] for details. Finally, one can check that this unique
solution is also given by

2d
(=)
Mp)= [H / Map,(p, 41, ..., £24)
O,lag>0 b j=1 Je
where Map,(p, £1, ..., ¢2q) is the number of connected planar maps with one

marked, rooted face of degree p, and ¢; faces of degree j, for 1 < j < 2d.Indeed, Tutte
surgery—which consists in removing the root edge on the marked face, and describ-
ing all the possible maps ensuing from this removal—reveals that these numbers
satisfy the recursive relation:

p—1 2d
Mapo(p + 1, €1, ..., by=> > [ ( )]Mapo(q,ll ..... ba)

q=14;=1;>0 " j=1

xMapg(p—q—1,¢1 =11,...,8q — bg)
2d

+ > G Mapg(p+j— 1.0y, G G — 1. L)
j=1

which turns into the Schwinger-Dyson equation for the generating function M (p).
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This strategy to prove convergence to the generating function of planar maps is
very similar to the so-called Stein’s method [39] in classical probability, which is
widely used to prove convergence to a Gaussian law. This method can roughly be
summarised as follows. One considers a sequence of probability measures {1y},

on the real line and assumes that there exist differential operators {LN} v=0 Such that
for all N, -

N I:-LN[f]:I =0

for a set of test functions. Assume moreover that {,uN} N=0 is tight and that Ly
converges towards some operator L. Then, if this convergence holds in a sufficiently

strong sense, any limit point u of the sequence {/LN} v~o Should satisfy

ulLin] =0,

If moreover there exists a unique probability measure p satisfying these equations,
then this entails the convergence of the sequence {;J,N} y towards p. For instance,
convergence to the Gaussian law is proved when L[f](x) = f’'(x) — xf (x). Higher
order of the expansion can be obtained similarly in the case where one knows that
Ly admits an asymptotic expansion:

Lo £
-EN:-E‘FT“FW‘F'“
so that if £ is invertible one could hope to prove an asymptotic expansion of the

form: ] 5
(1) H( )

MN:/,L—FT-{-W_}_...

at least when integrated against a suitable class of test functions, and with:

nOf1 = —p[ L0 £, @11 = = V[ L) o L7 u[£P 0 £7'11].
(1.2.13)

The main difference in 8 ensembles is that the Schwinger—Dyson equation (1.2.11)
is not closed on the {mN (p)}p>0, namely that involves auxiliary quantities (covari-
ances) which cannot be determined by the equation itself. In order to study the large-N
behaviour of the moments by means of the Schwinger—Dyson equation (1.2.11) it is
convenient to re-centre the quenched moment around their mean, leading to
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p—1
EXP"‘[ (7N (1) — my (D) (AN — 1 —1) —my(p — 1 — z))} —my(p+1)
=0
1 2 2d
+5 (E—l)pmN(p— 1)—;tij@+j— 1)
p—1
+ D my(hmy(p—1-1) = 0. (1.2.14)
=0

If one then assumes that the covariance produces o(1/N) contributions and that the
moments admit the expansion:

Amy(p)
N

my(p) = m(p) + +o(1/N),

one would find

2
E[Amy](p+ 1) ~ (E - 1) pmy(p—=1),

where E is the endomorphism of RY, which associates to a sequence {v(p) }p>0, the
new sequence: N

p—2 2d
El](p) = v(p) =2 D> mDv(p— 1 —2) + D u(p+j—2). (1.2.15)
=0 j=1

When all #;’s are equal to zero, E is represented by a triangular (semi-infinite) matrix
with diagonal elements equal to one, and therefore it is invertible. A perturbation
argument shows that E is still invertible when the #;’s are small enough. Hence, we
deduce that

lim Amy = (% — 1) pE N ml(p—-1).

N—o00

To get the next order of the corrections, one needs to be able to characterise
the leading large-N behaviour of the covariance. To this end, following [40—42],
one derives a “rank 2” Schwinger-Dyson equation, which will give access to the
limit of the appropriately rescaled N covariance in the spirit of Stein’s method. This
equation is obtained by considering the effect, to the first order in €, of an infinitesimal
perturbation of the potential V(x) — V(x) + ex* in the first Schwinger—Dyson
equation (1.2.11), i.e. tj — t; + 28; xke/B. It results in the insertion of a factor of
my (k) in the expectation value in (1.2.11). If we introduced the centred random
variable my = N (my — my), this “rank 2” equation can be put in the form:
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p—1
Ey” [Z iy () Ty () iy (p — 1 = 1) — iy (k) Elfn1(p + 1)
=0
1 (2 ~ ~
+N E— )pmy(kymy(p—1) | =kmy(k—1+p). (1.2.16)
In this equation, we simplified some terms exploiting the fact that my is centred and

that the first Schwinger—Dyson equation (1.2.11) is satisfied. Again, assuming that
the first term in (1.2.16) is negligible, we would deduce that:

Jim B\ (7 (k) i (p)] = —KE' S m](p) = wik. p).

where S¥~2m is the sequence whose pth term is m(k — 2 + p).
Plugging back this limit into the first Schwinger—Dyson equation yields the second
order correction:

mVp)  m?p) 1
et =m0 ()
with
p—1 2
EmPlp+1) = > {w(l,p—l—l)~|—m(1)(l)m(l)(p—l—l)}—i—(E - 1) pmD(p—1).
=0

Again, one can check that when 8 = 2, m® is the generating function for maps with
genus | as its derivatives at the origin satisfy the same recursion relations, which in
the case of maps are derived similarly by Tutte surgery. The same type of arguments
can be carried on to all orders in 1/N.

As a summary, to obtain the asymptotic expansion of moments, and hence of the
partial derivatives of the partition function c.f. (1.2.9), we see that one needs unique-
ness of the solution to the limiting equation (to obtain convergence of the observ-
ables), invertibility of the linearised operator E (to solve recursively the linearised
equations), a priori estimates on covariances, or more generally of the correlators (in
order to be able to get approximately closed linearised equations for the observables).
The expansion can then be established and computed recursively, and this recursion
is the topological recursion of [43].

1.2.3.2 The Schwinger-Dyson Equations for a General Potential

We now expand the previous discussion of the Schwinger—Dyson equations, by
considering moments of arbitrary test functions instead of polynomials. For the
B-ensembles in presence of a general potential V the Schwinger—-Dyson equation
also arise from an integration by parts. The first Schwinger—Dyson equation takes
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the form:

— 1
E%[ ; / e ——i(y) (ALY () - ALY ) + N(l -5) / f'@ - ALy )
- / V(0f (x) - dL}V“(x)} =0

Similar equations can be derived for test functions depending on n-variables, although
we shall not present them explicitly here. We see that the first Schwinger—Dyson
equation relates 1 and 2-linear statistics. More generally, the nth Schwinger—Dyson
equations relates n-linear statistics to k-linear statistics with k < (n + 1). Therefore,
as such, the Schwinger—-Dyson equations do not allow one for the computation of the
n-linear statistics. However, it turns out that these equations are still very useful in
extracting the large-N asymptotic expansion of the n-linear statistics. For instance,
the leading order as N — oo of the first Schwinger—Dyson provides one with an
equation satisfied by the equilibrium measure:

g/ ﬂiﬁ%'dueq(x»dueq@) - / V@ () - dpeg() =0 (12.17)

This equation is actually implied by differentiating the equality case in the
Euler-Lagrange equation (1.2.3) for peq, and then integrating the result against
f()dpteq(x). The most important point, though, is that one can build on the
Schwinger—Dyson equations so as to go beyond the leading order asymptotics. Doing
sois achieved by carrying out a bootstrap analysis of the system of Schwinger—Dyson
equations. The latter allows one to turn a rough estimate on the (k 4 1)-linear sta-
tistics into an improved estimate of the kth statistics. One repeats such a scheme
until reaching the optimal order of magnitude estimates. On the technical level, the
essential step of the bootstrap method consists in the inversion of a master operator
K, which appears in the “centring” of the Schwinger—Dyson equation around ficq,
namely by substituting L,(\f‘) = fleq + Lx”) in the first Schwinger—Dyson equation
what, owing to the identity (1.2.17), leads to:

Ex / KU - 4Ly ) + §/ f(x%];(y) ALY - dLP )

1 /
+ﬁ(l - g) /f ) - dLY (x)

1
= _N(l - g) /f/(x)-dueq(x) (1.2.18)
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where:

S

“dpteq() = V'@ f () = =V (0 f(x) — Ty diteq(y) -

KIf1() =ﬂ/f(x%’;(y)

(1.2.19)

The centred around p.q nth Schwinger-Dyson equations, n > 2, all solely involve
the operator K.

Now, assuming that the operator K is invertible on some appropriate functional
space, one can recast (1.2.18) in the form

EN[ / f@) - dﬂ”(x)] ( ) ax7< 1) - dyeq ()

N ) [ Kol - dLy )}
-1 g1
_gEx[/’K [f](x))c_z< [F10) ar® . dL(A)@)]

The term arising in the first line is deterministic and produces an O(1/N) behaviour.
The first term in the second line is given by a 1-linear centred statistic that is preceded
by afactor of N~!. It will thus be sub-dominant in respect to the deterministic term. In
fact, its contribution to the asymptotic expansion of 1-linear statistics is the easiest
to take into account. Indeed, assume that one knows the asymptotic expansion of
1-linear statistics up to O(N ) and wants to push it one order in N further. Then,

the term we are discussing will automatically admit an asymptotic expansion up to
O(N~*~1) what readily allows one to identify its contribution to the next order in the
expansion of 1-linear statistics. Taken this into account, it follows that the non-trivial
part of the large-N expansion of 1-linear statistics will be driven by the one of 2-
linear centred statistics. In all cases, if one assumes that the 2-linear statistics produce
o(1/N) contributions, the first Schwinger—Dyson equation yields immediately the
first term in the large-N expansion of 1-linear statistics. In order to push the expansion
further, one should access to the first term in the large-N expansion of 2-linear centred
statistics. The latter can be inferred from the second Schwinger—Dyson equation. We
shall however, not go into more details.

The main point is that one can push the large-N expansion of k-linear statistics,
this to the desired order of precision in N, by picking lower order corrections out of
the higher order Schwinger—Dyson equations. The effectiveness of such a bootstrap
analysis is due to the particular structure of the Schwinger—Dyson equations. It was
indeed discovered in the early 90's that the coefficients of topological expansions in
1/N of the n-point correlators are determined recursively by the Schwinger—Dyson
equations. The calculation of the first sub-leading correction to (1.2.1) based on
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the use of Schwinger—Dyson equations for correlators was first carried out in the
seminal papers of Ambjgrn, Chekhov and Makeenko [41] and of these authors with
Kristjansen [40]. The approach developed in these papers allowed, in principle, for a
formal,’ order-by-order computation of the large-N asymptotic behaviour of Z,(\?) [VI].
However due to its combinatorial intricacy, the approach was quite complicated to set
in practice. In [44], Eynard proposed a rewriting of the solutions of Schwinger—Dyson
equations in a geometrically intrinsic form that strongly simplified the structure and
intermediate calculations. Chekhov and Eynard then described the corresponding
diagrammatics [45], and it led to the emergence of the so-called topological recursion
fully developed by Eynard and Orantin in [43, 46]. It allows, in its present setting,
for systematic order-by-order calculation of the coefficients arising in the large-N
expansions of the 8-ensemble partition functions, just as numerous other instances
of multiple integrals, see e.g. the work of Borot, Eynard and Orantin [47]. Eynard,
Chekhov, and subsequently these authors with Marchal have developed a similar®
theory [42, 49, 50]. For 8 = 2, Kostov [51] has also developed an interpretation of
the coefficient arising in the large-N expansions as conformal field theory amplitudes
for a free boson living on a Riemann surface that is associated with the equilibrium
measure. It was argued in [52] that Kostov’s approach is indeed equivalent to the
formalism of the topological recursion.

To summarise, the above works have elucidated the a priori structure of the large N
expansions. We have not yet discussed the problem of actually proving the existence
of an asymptotic expansion of In Z](f)[V] to all algebraic orders in N, namely the
fact that

K
mZy' V] = ¢’ NInN + ¢’ InN + > N FFP v+ o) (1.220)
k=0

for any K > 0 and with coefficients being some S-dependent functionals of the
potential V. The existence and form of the expansion up to o(1) when = 2 was
proven by Johansson [53] for polynomial V under the one-cut hypothesis, this by
using the machinery described above and a priori bounds for the correlators that were
first obtained by Boutet de Monvel, Pastur et Shcherbina [54]. Then, the existence
of the all-order asymptotic expansion at § = 2 was proven by Albeverio, Pastur
and Shcherbina [55] by combining Schwinger—Dyson equations and the bounds
derived in [54]. In particular, this work proved that the coefficients of the asymptotic
expansion coincide with the formal generating series enumerating ribbon graphs
of [8]—also known under the name of “maps”. Finally, Borot and Guionnet [31]
systematised and extended to all 8 > 0O the approach of [55], hence establishing the

existence of the all-order large-N asymptotic expansion of Zl(\’,g)[V] at arbitrary

SNamely based, among other things, on the assumption of the very existence of the asymptotic
expansion.

SFor potentials with logarithmic singularities and 8 # 2, some additional terms must be included
[48].
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and for analytic potentials under the one-cut hypothesis. This includes, in particular,
the analytic convex potentials. The starting point always consists in establishing an
a priori estimate for the fluctuations of linear statistics, on the basis of a statistical-
mechanical analysis [54] or of concentration of measures [31], without assumptions
on the potential beyond a sufficient regularity. This estimate takes the form:

]ID;\/]S)[{A’ e RN . ‘/f(x) -d(Lj(\;\) — Heq)(X)

> t” < exp { - C[f]Nzt2 + C/NlnN}

for some constants C[f] > 0, C’, and for 7 large enough independently of N. We
remind that if Oy, ..., O, are random variables, their moment is:

E! [ ﬁ Oi] =y aZHZOIP’](f) [ exp ( Zn: I,Oi)]
e i1

while their cumulant is defined as:

Cn[ Lo evosfnl = 0=0 " 0,0 lnIP’I(\’,S)[exp { Zn:tiO,-}] .

i=1

In fact, the cumulants are enough for computing all the n-linear statistics. Indeed,
one has the reconstruction

E%[ / Ulﬁ‘(x“)'.ljldw()‘”] =2, 2 [Tlewllid., ]

s=1[1;n]=a=1
Jiu---UJg

The expression for n-linear statistics involving genuine test functions in n variables
belonging to the test space 7 (R") is then obtained by density of, say, T (R) ® - - - ®
T (R) in 7 (R").

It is advantageous to work with C, [fl, ..., ful, since it is a homogeneous polyno-
mial of degree n of the re-centred measure L,(\g‘ ) _ eq> and concentration occurs in

this re-centred measure:
- InN
< NI —
= [T ()

where N is some norm. Then, under the one-cut assumptions, one shows that the
master operator is invertible with a continuous inverse for a suitable norm N. These
two pieces of information allow one to neglect the contribution of some of the higher
order cumulants in the system of Schwinger—Dyson equations and lead to a successive
improvement of the a priori bounds up to the optimal scale

[STE

Cn[ 1 -~'sfn]
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1
Calfi - Sl = m{fw;‘”[ e f] + o(1)} . (1221)

There, W is some n-linear functional on the space of test functions that are per-
tinent for the analysis. The same method can be pushed further and establishes
recursively an all-order asymptotic expansion for the cumulants:

o [ i [ z;li/olez—zg—n Wi(lg)[ I A 0(N2—11—2|_K/2J) if p=2
n 17 s Jn =

| SR N WL ] A o(NEE it B £2
(12.22)

for any K > 0. The asymptotic expansion (1.2.20) for the free energy can then be
obtained by the interpolation method that was outlined in Section 1.2.2.

Although this phenomenon will not occur in the present book, we would still like
to mention for completeness that, when the support of pieq has several cuts, the form
(1.2.20) of the asymptotic expansion is not valid any more: new bounded oscillatory
in N contributions have to be included in F ,Eﬁ '[V]fork > 0. Heuristically speaking,
this effect takes its roots in the possibility the particles have to tunnel from one cut
to another [56, 57]. On the technical level, this takes its origin in the fact that the
master operator K has a kernel whose dimension is given by the number of cuts
minus one. For real-analytic off-critical potentials and general 8 > 0, the form of
the all-order asymptotic expansion in the multi-cut case was conjectured in [57],
and established in [58]. It was also established up to o(1) by Shcherbina in [59]
by a different technique, namely via a coupling to Brownian motion to replace the
two-body interaction between different cuts with a linear but random one. We refer
the reader to [58] for a longer discussion relative to the history of this particular
problem. We also stress that, so far, the analysis of the double scaling limit around a
critical potential where the support of the equilibrium measure changes its topology
have not been addressed mainly due to difficulties such a transition induces on the
level of constructing the pseudo-inverses of the master operator.

Above, we have focused our discussion solely on the approach based on the
analysis of loop equations. However, when g = 2, the orthogonal polynomial based
determinantal structure allows one to build on the Riemann—Hilbert problem charac-
terisation of orthogonal polynomials [60] along with the non-linear steepest descent
method [61, 62] based approach to characterising the large degree asymptotic behav-
iour of polynomials orthogonal with respect to varying weights [ 12, 63] so as to obtain
the large-N asymptotic expansion of Zz(\%) [V]. Within the Riemann—Hilbert problem
approach, Ercolani and McLaughlin [64] established the existence of the all order
asymptotic expansion at 8 = 2 in the case of potentials that are a perturbation of
the Gaussian interaction. Bleher and Its [65] obtained, up to a o(1) remainder the
large-N expansion of Z](\?) [V] for polynomial V that give rise to a one-cut potential.
Also, recently, Claeys, Grava and McLaughlin [66] developed the Riemann—Hilbert
approach so as to obtain the large-N expansion of ZI(\?)[V] in the case of a two-cut
polynomial potential V.
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1.2.4 The Asymptotic Expansion of the Free Energy
up to o(1)

We shall now make some general remarks about the nature of the terms arising in
the asymptotic expansion of In .Z;\’,g)[V].

The terms diverging in N when N — oo are not affected by the topology of the
support of the equilibrium measure. In the case of regular potentials, the pre-factors
of the NInN and In N corrections in (1.2.20) take the form:

® _ B @ _ |1 B2
. = (3+24+2).
| > Co 12( +2+’3

They can be identified from the large-N asymptotics of the Gaussian partition func-
tion, cf. (1.2.6). Their presence in (1.2.20) is only the sign that there is a more natural
normalisation of the N-fold integral (1.2.20) which would kill the logarithmic correc-
tions in the large N limit. The terms of order N2 and N are functionals of the equilib-
rium measure /Leq, Which depend in a non-local way on the density of this measure.
As we have seen in Section 1.2.1, the prefactor of N2 is given by a double integral
involving fieq. The term of order N is also known to be given by a single integral
involving fieq. More precisely, up to a universal—viz. Leq-independent—function
of B, it is proportional to the von Neumann entropy of the equilibrium measure
[42, 59, 67, 68]:

1+ d eq(x
= ) mr(152) () [o(252)

(1.2.23)
The fact that the entropy only appears as a sub-leading term is a typical feature of
models having varying weights. The bounded term is affected by the topology of the
support: it is a constant in the one-cut case and it contains an additional, oscillatory
contribution in the multi-cut case. Unlike the non-decaying terms, the coefficient in
front of N~ with k > 0 only depends on the local behaviour (at an order increasing
with k) of the equilibrium measure’s density near the endpoints of its support.
Once the asymptotic expansion of the free energy is established up to o(1), and in
the case it does not contain oscillatory terms, one can deduce a central limit theorem
for the fluctuations of linear statistics. The starting point is the formula for the Fourier
transform of their distribution:

A ](\/;})[V — ﬁ]
IEX,|:eXp (isN /f(x) . dLI(\,))j| = TN . (1.2.24)
v V]

Resorting to arguments of complex analysis, one can fairly easily extend the validity
of the asymptotic expansion (1.2.20) to potentials of the form Vy + AV/N, with
V real-valued satisfying the previous assumptions, and AV complex-valued and
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differentiable enough. Besides, since the logarithmic correction does not depend on
perturbations of the initial potential V, and F ,Eﬂ )[V] are smooth functionals of V
away from critical points of the model, one deduces that:

2
E%[exp (isN / F-dy —ueqxx))] = exp {isavFY’) V1= 5 80 F 1. f1+o(1)

where the error o(1) is uniform for s belonging to compact subsets of C and 8y G[f]
refers to the Gateaux derivative of G at the point V and in the direction f. This implies
that

N
D160 =N [ 00 dueg) =N [ 10 40 —ppn 1225)
i=1

converges in law to a Gaussian random variable, with covariance given by the Hessian
(defined by the second-order functional derivative) of the energy functional intro-
duced in Section 1.2.1, evaluated at V along the direction f:

Fy V1=~ [jueq] -

This central limit theorem for V polynomial, f differentiable enough, any g = 2
in the one-cut regime, was first obtained by Johansson [53]. The characteristics of
the Gaussian variable can be computed solely from the knowledge of the functional
F(()’3 '[V] related to the energy functional, and of F' l(ﬂ )[V] related to the entropy. For
B = 2, F\P[V] approaches In (Z) owing to its prefactor in (1.2.23), and (1.2.25)
converges to a centred Gaussian variable.

‘We observe that the fluctuations of (1.2.25) are of order 1. In the multi-cut regime,
the tunnelling of particles between different, far-apart segments of the support lead
as well to order 1 fluctuations, which in general destroy the gaussianity of (1.2.25)
and the central limit theorem. This phenomenon was predicted in [69], and given a
precise form in [58, 59]: the Gaussian behaviour is in first approximation convoluted
with the law of a discrete Gaussian variable, i.e. supported on a lattice of an arithmetic
progression on R with step of order 1 and depending on f, and whose initial term
drifts with N at a speed of order 1. As a result, the fluctuations display a Gaussian
behaviour with interference fringes which are displaced when N — N + 1.

1.3 Generalisations

It is fair to say that there exists presently a pretty good understanding of large-N
asymptotic expansions of 8 ensembles. The main remaining open questions concern
the description of the asymptotic expansion uniformly around critical points (viz.
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when the number of cuts changes) and the possibility to relax the regularity of the
potential, for instance by allowing the existence of singularities, e.g. of the Fisher—
Hartwig type.” What we would like to stress is that the techniques of asymptotic
analysis described so far are effective in the sense that they allow, upon certain more
or less obvious generalisations of technical details, treating various instances of other
multiple integrals.

The framework of small enough perturbation of the Gaussian potential is, in
general, the easiest to deal with. Asymptotic expansions for hermitian multi-matrix
models have been obtained in such a setting. For instance, the expansion including
the first sub-leading order was derived for a two-matrix model by Guionnet and
Maurel-Segala [38], the one to all orders for multi-matrix models by Maurel-Segala
[73] and the one to all orders for unitary random matrices in external fields was then
obtained by an appropriate adaptation of the analysis of Schwinger-Dyson equations
in [74]. Multi-matrix models are interesting in operator algebras, since their ring of
observables in the large N limit give planar algebras. Without claiming exhaustive-
ness, they also appear in the theory of random tilings of arbitrary two-dimensional
domains [75, 76], in gauge theories [77] and topological strings via the topological
vertex [78, 79]. Most of the time, however, the technology for their asymptotic analy-
sis is not sufficiently developed at present for the purposes of theoretical physics and
algebraic geometry, even in the (rare) case where the integrand is real-valued. In fact,
even the mere task of establishing the leading order asymptotics under fairly general
assumptions is an open problem.

Another natural generalisation of S-ensembles consists in replacing the one-
particle varying potential N - V by a regular and varying multi-particle potential

N r Nz_p
NI VO <= > p D V(i k) (1.3.1)

a=1 p=1 T 1Sienip <N

For r = 2, such interactions were studied by Gotze, Venker [80] and Venker [81] who
showed that the bulk behaviour falls in the universality class of S-ensembles. For
general r, Borot [82] has shown that the formal asymptotic expansion of the partition
function subordinate to multi-particle potentials is captured by a generalisation of
the topological recursion. The existence of the all-order asymptotic expansion was
established by the authors in [83] under certain regularity assumptions on the multi-
particle interactions. Note that for perturbations of the Gaussian potential of the form
(1.3.1) the hypothesis of [83] are indeed satisfied. We give below a non-exhaustive
list of physically interesting models with r = 2. The ones encountered in integrable
models of statistical physics will be pointed out in Section 1.5.3.

7 Although, even in these two cases, some partial progress has been achieved at 8 = 2 where one
can build on the Riemann—Hilbert approach [70-72].
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Biorthogonal Ensembles

For r = 2 and when 8 = 2, the structure of such models becomes determinantal in
the special cases where the two-body interaction takes the form:

(f(kz) _f()\l)) (g()»z) - g()‘l))) ) (1.3.2)

Va(Ai,22) =1In (

(A2 — 11)?

It is well known that, then, the associated multiple integrals can be fully charac-

terised in terms of appropriate systems of bi-orthogonal polynomials in the sense of

[84]. By bi-orthogonal polynomials, we mean two families of monic polynomials
{P,}nen and {Q, }nen With deg[P,] = deg[Q,] = n and which satisfy

/ Pu(f) - [¢W]} e VP dr =0 (13.3)

R

and

/Qn(g(x))-[jf(x)]-"-e—NV“)-dA:o for je{0,....,.n—1}.

R

The system of bi-orthogonal polynomials subordinate to f and g exists and is unique
for instance when f and g are real-valued and monotone functions. In that case, the
multiple integral of interest can be recast as a determinant which, in turn, can be
evaluated in terms of the overlaps involving the polynomials P, and Q, by carrying
out linear combinations of lines and columns of the determinant:

N—1

dety [/[f()\)]f“.[g(x)]k“.e*NV<A>.dx] = H {/Pn(f(x)).Qn(g()\)).e*""’@).dx .

Jkel 1;N —
n=0 R

It is due to their connections to bi-orthogonal polynomials that such multiple inte-
grals are referred to as bi-orthogonal ensembles. The case f (1) = A? and g(A) = A is
of special interest, since the bi-orthogonal polynomials can be effectively described.
In [85] Borodin was able to establish certain universality results for specific examples
of confining potentials V. Furthermore, it was observed, first on a specific example
by Claeys and Wang [86] and then in full generality by Claeys and Romano [87] that
the bi-orthogonal polynomials can be characterised by means of a Riemann—Hilbert
problem. However, for the moment, the Riemann—Hilbert problem-based machinery
still did not lead to the asymptotic evaluation of the associated partition functions.

Statistical Physics in Two-Dimensional Random Lattices

For g = 2, with the same precise meaning that was discussed in Section 1.1.2, the
N-fold integral:
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[T 1=l

N 1<a<b<N
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enumerates maps whose faces, instead of being restricted to be homeomorphic to
disks, can have any topology. Each face homeomorphic to a surface of genus %, with
p boundaries of respective perimeters my, ..., m,, is counted with a local weight
t,(,f’l) ’’’’ m, This model was introduced in [82], and encompasses a large class of statis-
tical physics models on two-dimensional random lattices. The simplest ones occur
for r = 2, and the only other interesting cases we are aware of have » = co. The
general » = 2 case is equivalent to the enumeration of maps carrying a configura-
tion of self-avoiding loops crossing certain faces, each loop being counted with a
Boltzmann weight n. The special case where the faces crossed by the loops are all
triangles corresponds to:

Va(x,y) = —nln|l—z- (hg+ M) (1.3.4)

where z is the local weight per triangle crossed by a loop. This is the O(n) loop model
which was first introduced by Kostov [88]. The 6-vertex model on a random lattice
[89] is realised by:

Vax,y) = —41neTr, —e T Ay . (1.3.5)

In (1.3.4) for |n| < 2 and in (1.3.5) for any real y, the existence and uniqueness of
the equilibrium measure is known, and the results of [83] for an all-order asymptotic
analysis apply within the one-cut hypothesis.®

Chern-Simons Theory in Seifert Spaces

The perturbative expansions of SU(N) gauge theories lead to a weighted enumeration
of Feynman graphs, which are dual to embedded graphs in surfaces, and t’Hooft
observed that the N-dependence of the weights only comes from the topology of the
surface. For this reason, N-fold integrals related to matrix models are very common in
gauge theories, although the form of the probability measure might be complicated.
For Chern—Simons theory on a simple class of three-dimensional manifolds .#
called Seifert spaces (which include the three-sphere), the measure can be explicitly
computed [91, 92], and leads to a partition function for 8 = 2 and r = 2 with
one-point and two-point interactions

81t was shown in [90], under fairly general hypothesis, that the equilibrium measures relevant for
combinatorics are supported on a single segment.
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2 1/a; 1/a;
Vi(h) = ¢ - (lr;;\) +ep-Ind,  Va(hg, Ao) = Zln (%)
where (ap,...,a;) are integers, cj, ¢, rational numbers related to the geome-
try of .#, and u is related to the coupling constant of the Chern—Simons the-
ory. In this case of interest, the integration runs through (R*)N. For the cases
XxX=2—k+ Z, ,a; ' > 0, the suitably defined energy functional is convex, and
this implies existence and uniqueness of the equilibrium measure. The cases
2—k+ Zle ai_l < 0 are rather interesting: although one does not know currently
how to prove uniqueness of the equilibrium measure via potential theory by lack
of convexity, Monte-Carlo simulations of the distribution of eigenvalues by Weille
seems to indicate that it should be unique [93, Appendix]. The all-order asymptotic
expansion of the correlators in these models receive an interpretation in terms of
perturbative knot invariants in .#, and by large N-dualities, they can be related to
topological strings amplitudes in suitable target spaces [93, 94]. As an example of
application of the existence of the all-order large-N asymptotic expansion established
in [83], Borot and Eynard derived some arithmetic properties of these perturbative
knot invariants in [93].

Multispecies 3-Ensembles

The B-ensemble with the two-point interactions can be generalised to several types
of particles, and appear in the study of coupling between conformal field theories
with internal degrees of freedom (describing matter) and two-dimensional quantum
gravity. From the probabilistic point of view, these models are potentially the source
of new universality classes that can be more usually found in multi-matrix models.
But, as they are already written as N-fold integrals, their study is much simpler
than the multi-matrix models in which it is necessary to integrate over spaces of
(non-commuting) matrices, without the possibility of simultaneous diagonalisation.

Let D be a graph having M vertices and possibly multiple edges, and let A stand
for its adjacency matrix—uviz. A, ,, corresponds to the number of edges that link the
vertices v and w—. Kharchev et al. [95] introduced the N-fold integral:

/HH[ ) —Nv.w”)] e =207 T T e - AT

RV veD a=1 a<b {v,w} edge 1<a=<N,
inD 1<b=<N,

(1.3.6)

The {AS’) }5:1 are thought as the positions of N, particles of type v,and N = > _, N,
denote the total number of particles. These models appear in the N' = 2 supersym-
metric gauge theories associated to ADE quivers [96]. Their study has been revived
recently [77, 95] in view of the conjectures of Alday—Gaiotto—Tachikawa [97] which
propose a precise relation between four-dimensional quiver gauge theories and the
conformal blocks of Liouville theory of two-dimensional quantum gravity.
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Kostov introduced the slightly different model:

Hl—[[dk(v) 7va(xa>)] H |A(") A(”)| H H |)‘£zv)

N veEDa=1 1<a<b<N, {v,w} edge 1<a<N,
®*) €D 1=b=Ny,

(1.3.7)

Its partition function enumerates maps in which each face has a colour chosen among
the set of vertices of D, restricted in such a way that faces of colour v and v’ can
be adjacent if and only if there is an edge between v and v’ in D. Each interface
between a cluster of colour v and a cluster of colour v’ is weighted by the number
of edges between v and v’ in D. Up to an affine change of variables, we retrieve the
O(n)-model (1.3.4) in the case in which D has a single vertex from which issue n
loops. The g-Potts model corresponds to the case where O is the complete graph on
q vertices, and the model corresponding to O = “the Dynkin diagram of type A,” is
called the (restricted) height model. One can show [47, Lemma 5.5] that the suitably
defined energy functional for these models is strictly convex if and only if (2 — A)
is the Cartan matrix of a Dynkin diagram of type A, D, or E, or of the extended
Dynkin diagrams A, D, or E, or of the cyclic graph The N-fold integral (1.3.7)
is simpler to analyse than (1.3.6) due to the absence ° of logarithmic singularities
when A = )»(bw). New universality classes remembering the ADE symmetries occur
precisely when the confining potentials V,, are tuned so that the support S, of the
equilibrium measure for the particles of type v approaches 0. Indeed, at the vicinity
of 0 the attractive interaction with —A") of all other particles will change the local
distribution of the particles. To our knowledge, the universal distributions governing
these universality classes have not been derived (although the original work of [95]
exhibits some integrable structure in these models), maybe because this model is not
so well-known in the community working in random matrix theory from the point
of view of probabilities.

Conduction in Disordered Wires

Experiments showed that the properties of quantum transport of electrons in chaotic
cavities feature some universality, and therefore, one can expect to capture these
properties as typical in an ensemble of random cavities. The simplest model consists
of two cavities related by two wires, in which N modes can propagate. Landauer
theory describes the conduction in such a system by a 2N x 2N scattering matrix:

rt
=(0%)
such that the amplitudes of the N modes in the first cavity is related to the ampli-

tudes of the N modes in the second cavity by multiplication by S. Conservation of
the current implies that S is unitary, and in turn this implies that the matrices tt",

(w)
)‘b

9The singularities at A(v) = are absent since the integration runs through R*.
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'), 1 —rrf and 1 — r'(r')" have identical spectrum consisting of N eigenval-
ues Ay, ..., Ay € [0; 1]. To understand the transport properties in this setting, it is
necessary to investigate the behaviour of the linear statistics ZZVZI ().

In the model, the distribution of the X, is drawn from a S-ensemble with V ())
proportional to In A. In a model of non-ideal leads and for 8 = 2, the distribution
depending on the mean free path £ and the length L of the wire is proportional to
[98]:

N

]_[ Ag — Aol .He*NVW 3 d%tNKa[L/éN; ap] - dV2 (1.3.8)
<a,b<

1<a<b<N a=1 -

for kernels K, which involve Gauss hypergeometric functions, whereas for 8 # 2
it is unknown. In the metallic regime, we have 1 < L/¢ <« N, and the distribution
(1.3.8) simplifies drastically to a S-ensemble (here, for all 8 = 1, 2, 4) with a two-
body interaction:

N
[Te™ - T |%—n| |argsech®(a}/?) — argsech®(x,/*)| - d"A (1.3.9)

a=1 I<a<b<N

where sech(x) = m and argsech is its reciprocal function, and V is some explicit
one-body interaction. Whereas (1.3.9) falls into the class of models which can be
treated with the existing methods of [83], the structure of (1.3.8) is much more
involved and goes beyond the present technology based on Schwinger—-Dyson equa-
tions.

We refer to [99] and references therein for a justification of these distributions, as
well as for a deeper overview of the relations between random matrix theory (notably
in the form of N-fold integrals) and quantum transport.

1.4 pB-Ensembles with Non-varying Weights

In all the examples of the multiple integrals discussed so far, the interaction potential
V is preceded by a power of N. This scaling ensures that, for typical configurations
of the A,’s, the logarithmic repulsion is of the same order of magnitude in N than
the confining potential. As a consequence, with overwhelming probability when
N — oo, the integration variables remain in a bounded region and exhibit a typical
spacing 1/N. The scheme developed in [12, 31, 55, 83] for the asymptotic analysis
was adapted to this particular tuning of the interactions with N and, in general, breaks
down if the nature of the balance between the interactions changes.

Serious problems relative to extracting the large-N asymptotic behaviour already
start to arise in the case of non-varying weights, i.e. for multiple integrals:
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N N
[Ttva=wsl? [Te ™09 -d". (14.1)
RN a<b a=1

Indeed, consider the integral (1.4.1) for N-large and focus on the contribution of a
bounded domain of RV . In this case, the logarithmic interactions are dominant with
respect to the confinement (and this by one order in NV): the dominant contribution of
such a region is obtained by spacing the y,’s as far apart as possible. Increasing the
size of such a bounded region will increase the value of the dominant contribution,
at least until the confining nature of the potential kicks in. Hence, to identify the
configuration maximising the value of the integral, one should rescale the integration
variables as y, = TyX, with Ty — oo. The sequence Ty would then be chosen in
such a way that the 2-body interaction and the confinement ensured by the potential
have the same order of magnitude in N, the ideal situation being:

W(Tyd) = N-Vy()  with V() = Vo) - (1 +o(1)) (1.4.2)

for some potential V,, and pointwise almost-everywhere in A. These new variables
A are typically distributed in a bounded region and have a typical spacing 1/N.

The simplest illustration of such a mechanism issues from the case of a poly-
nomial potential V(1) = Zii, caA?, co¢ > 0. In this case, the sequence Ty takes
the form Ty = N'/?9, Note that, up to a trivial prefactor, the two-body interaction
X+ |A|# is invariant under dilatations. As a consequence, for polynomial poten-
tials, the asymptotic analysis can still be carried out by means of the previously
described methods [63], with minor technical complications due to the handling of
a N-dependent potential. Although illustrative, the polynomial case is by far not
representative of the complexity represented by working with non-varying weights.
Indeed, the genuinely hard part of the analysis stems form the fact that, in principle,
in the expansion (1.4.2):

e the remainder may not be “sufficiently”” uniform;

e the non-varying potential W may have singularities in the complex plane. This last
scenario means that the singularities of the rescaled potential Vy given in (1.4.2)
will collapse, with a N-dependent rate, on the integration domain.

In this situation, the usual scheme for obtaining sub-leading corrections breaks down.
So far, the large-N asymptotic analysis of a “non-trivial” multiple integral of the type
(1.4.1) were carried out only when 8 = 2 and this for only a handful of examples.
Zinn—Justin [100] proposed an N-fold multiple integral representation of the type
(1.4.2) for the partition function of the six-vertex model in its massless phase and
subject to domain wall boundary conditions. By using a proper rescaling of the vari-
ables suggested in [100], Bleher and Fokin [101] carried out the large-N asymptotic
analysis of the associated multiple integral within the Riemann—Hilbert problem
approach to orthogonal polynomials. The most delicate point of their analysis was to
absorb the contribution of the sequence of poles ¢,/N,n =1, 2, ..., of the rescaled
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potential that were collapsing on R. In fine, they obtained the asymptotic expansion
of the logarithm of the integral up to o(1) corrections.

The situation may, in fact, very easily be much worse than the scheme described
above, simply because (1.4.2) might not even hold to the leading order with an N-
independent V,,. A simple example can be provided by W(y) = y*(3 + cos(y))
whose rescaled large-N leading behaviour has N-dependent oscillatory terms.

To conclude, it seems fair to state that despite the considerable developments that
took place over the last 20 years in the field of large-N asymptotic expansion of N-
dimensional integrals, the techniques of asymptotic analysis are still far from enabling
one to grasp the large-N asymptotic behaviour of multiple integrals lacking the
presence of a scaling of interactions. Such integrals arise quite naturally in concrete
applications. For instance, it is well known that correlation functions in quantum
integrable models are described by N-fold multiple integrals [102—105] or series
thereof [106]. Usually, for reasons stemming from the physics of the underlying
model, one is interested in the large-N behaviour of these integrals and, in particular,
in the constant term arising in their asymptotics. However, for most cases of interest,
the given N-fold integrals have a much too complicated integrand in order to apply
any of the existing methods of analysis.

1.5 The Integrals Issued from the Method of Quantum
Separation of Variables

1.5.1 The Quantum Separation of Variables for the Toda
chain

The quantum separation of variables method refers to a technique allowing one the
determination of the spectrum, eigenvectors and correlation functions of quantum
integrable models. The method takes its roots in the 1985 work of Sklyanin [107] and
applies to a wide range of lattice quantum integrable models such as spin chains [108—
111], lattice discretisations of quantum field theories in 1 + 1 dimensions [112—114]
or multi-particle quantum Hamiltonians [107, 115, 116]. We will outline the main
ideas of the method on the example of the open quantum Toda chain Hamiltonian
with (N + 1)-particles [117]:

N+1 p2 N
Hrq = Z? e g N R (1.5.1)

a=1 a=1
Above, x, is to be understood as the operator of multiplication by the ath coor-
dinate x, - ®(x) = x,P(x) while p, is the canonically conjugated operator,

P, P(x) = —ihd®(x)/0x,, so that [%,, D] = 8apih. Here, x denotes a N + 1
dimensional vector x = (xi, ..., xy+1). Within such a realisation of the operators
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x, and p,, the Toda chain Hamiltonian is a multi-dimensional partial differential
operator acting on the Hilbert space Hroqa = L*(RVF!, dV*lx).

The quantum Toda chain Hamiltonian is a quantum integrable model. This means,
among other things, that Hryq can be embedded into a family {t;}}_, of operators in
involution, conveniently collected as coefficients of the polynomial:

N+1
£ = A4 (=DM e (1.5.2)
k=0

such that Hrg = t, — tf. Thus, solving the spectral problem associated with Hrg
means, in fact, solving a multi-dimensional (due to the dimensionality of the ambient
space) and multi-parameter (due to the necessity to keep track of eigenvalues #, of
the operators ty) spectral problem

t- P = f - D). (1.5.3)

Since the model is translation invariant, its spectrum will contain a Lebesgue
continuous part corresponding to the spectrum of the total momentum operator
Pt = ZaNill p,- However, if one puts oneself in the centre of mass frame, or if
one fixes the origin of coordinates at xy41, viz. sets xy4+; = 0, then the restricted
operator has already a purely point-wise spectrum, see e.g. [118].

The idea of quantum separation of variables is to build—using the various sym-
metries stemming from the quantum integrability of the model—a unitary transform:

U : Hep = L*(RN, dv) — Hrpoqe = LRV, dVx) (1.5.4)

such that the transformed operator % ~'t(A)% becomes “separated”. The L? space
Hiep is endowed with a measure dv which is part of the unknowns in the problem of
constructing % . By “separated”, we mean that one would like %/ to intertwine the
t(X) operator with a direct sum of finite difference operators in one-variable. It turns
out that this problem can be solved. The measure dv on H,., factorizes dv = du®de
into a product of a “trivial” one-dimensional Lebesgue measure de that takes into
account the spectrum ¢ of the total momentum operator, and a non-trivial measure d
which is absolutely continuous in respect to the N-dimensional Lebesgue measure
d"y and takes the form

N

. 1 Ya = Yb . T (ya - b)

du) = p@)-d¥y with - csinh | O]

o) = w)-d'y it w0) = oy 11 [ — -sin .

(1.5.5)

When applied to sufficiently well behaved functions P e Hiep, the action of the
unitary operator 7%/ takes the form of an integral transform
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N
~ i(e—y ~ du(y) R
w|®|(x, xy+1) = / () e ENH B(y: ). — 2 @de  with =
[®] G xy-41 Py o I YN Z‘;ya

RN+

(1.5.6)

where x and y are N-dimensional vectors and the non-trivial ingredients ¢, (x) are the
GL(N, R) Whittaker functions. The unitarity of the transform 7% as given by (1.5.6)
has been established in [119] by means of harmonic analysis on groups, and in [120]
by means of the quantum inverse scattering method.

One can show [118] that for the Toda chain, the original spectral problem attached
to the family {t(k)} ;¢ Of operators in involution, is in one-to-one correspondence
with the problem of finding all solutions (#(1), ¢;(1)) to the below Baxter T-Q
equation

t) - qn) = OVg(+ih) + (—)"g, (L —ih) (1.5.7)

that, furthermore, satisfy the conditions:

N+1,

(i) r(»)isapolynomial of the formz(x) = []3=] (A—m) with {tk}kN: ={}_:

(i) A +— g,(}) is entire and satisfies, for some N-dependent C > 0, to the bound

(N+ Dr

lg:(M)] = C-exp[ -

|Re,\|] |5 T @lm2I=F) (1.5.8)

uniformly in A € {z € C: |Imz| < h/2};

(iii) the roots {rk}llv + satisfy to Zivill T, = €.

The condition (iii) relates the t;’s to the eigenvalue ¢ of the total momentum operator
P.. This constraint issues from the fact that the Toda chain Hamiltonian is invariant
under translation, hence making it more convenient to describe the spectrum of the
chain directly in a sector corresponding to a fixed eigenvalue & of Py. After such
a reduction, g, represents the “normalisable” part of the Toda chain eigenfunction,
associated with the purely point-wise spectrum. More precisely, if (t(1), g;(1)) is a
solution to the T — Q Eq.(1.5.7) then

N
i (e du(y)
_ L arEYaNs | . .
Dy (X, Xn11) = / Py(x) -enr a|:|l {a:00)} - f (&) N ®de (1.5.9)

RN+1

represents a wave packet having a dispersion in & momentum space given by
f € L'(R). Further the function

q)(norm)(x) _ / () - ﬁ{ ¢ )} . dulyy) (1.5.10)
&t = Py 1 q:Ya NG .S.

RN
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represents the “normalisable” part of the generalised eigenfunction of the operators
t(A) associated with the eigenvalues #(1) and a total momentum &. One speaks of a
separation of variables since the normalisable part of the generalised eigenfunction
is given by a product of functions in one variable ¢,(A,),a =1,...,N.

The spectral problem associated with the Baxter equation might seem under-
determined, in the sense that it contains too many unknowns. To convince oneself of
the contrary, at least heuristically, it is helpful to make the parallel with the Sturm—
Liouville spectral problem

find all (E.f) € R x Hy(R) suchthat —f"(x) + V() f(x) = E-f(x)
(1.5.11)

with V sufficiently regular and growing fast enough at infinity and H,(R) is the
second Sobolev space. Although the above ordinary differential equation admits two
linearly independent solutions for any value of E, only for very specific values of
E does one finds solutions belonging to H,(R). Regarding to (1.5.7), the regularity
and growth requirements on g, play the same role as the H,(R) space in the Sturm—
Liouville problem: the T-Q equation admits solutions (, g;) belonging to the desired
class only for well-tuned monic polynomials of degree N + 1. It is precisely this
effect that gives rise to so-called quantisation conditions for the Toda chain.

In light of the above discussion, the quantum separation of variables may be
thought of as a way to map a multi-parameter and multi-dimensional spectral problem
onto a multi-parameter (so as to keep track of the different eigenvalues of the t;’s)
but one-dimensional spectral problem. This results in a tremendous simplification of
the problem.

Nekrasov and Shatashvilii conjectured in [121] and Kozlowski and Teschner later
proved in [122] that it is possible to construct all solutions to the 7 — Q equation
for the Toda chain through solutions to non-linear integral equations. Namely, let
o= {ak}i\’:f be complex numbers satisfying |Imoy| < h/2 and let In Y; denote
the continuous and bounded on R solution (if it exists) to the non-linear integral
equation:

o _ Ya(,u)
InY,(A) = /Rdu K. — ) In (1 + . ih/Z)ﬂ(u+ih/2)) . (1.5.12)
where
A N+1
K (L) = T and () = g(,\ — o) . (1.5.13)

Starting from Y, one constructs the functions:

e 1 Yo (1)
Invy ) = / a2 D (1 =i (i +ih/2)) ’
R
(1.5.14)
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and
d 1 Y
1nv¢(,\—ih)=/.—“—,1n 1+ LW .
2im A — pu —ih/2 Y (u—1ih/2) ¥ (u +1h/2)
R
(1.5.15)
These auxiliary functions v4,, then give rise to the functions
L ETEe TRy () TR ey (L — i)
I (A) = 3 v 4, (M) = .
N+ .)\'_O'k N+ .)\_Gk
[110(1 -1 [1ir{1+i
k=1 h k=1 h
(1.5.16)
One can show that the ratio
S —ihg; (A +ih) — qf (A +iR)q; (A — ik
oy = Ja T iMe (A +iR) = 4p (i, (4 —iR) (1.5.17)

4o (Mg (A +ih) — dg (A +iM)ge (1)

is, in fact, a monic polynomial in A of degree (N + 1) that has, furthermore, a self-
conjugated set of roots. All these quantities being given one constructs the function,
depending on ¢ and a parameter ¢:

) —¢q;(x
i) = — ) L8 )

(1.5.18)
iy {e7 7 sinh 2 — o)}

which is a meromorphic solution to the T-Q equation associated with the polynomial
ty (1) that, furthermore, satisfies to the growth estimates (1.5.8). The pair (¢,, ¢5)

provides ones with a solution to the Baxter T-Q equation if and only if the parameters
N+1

{o1},C} and ¢ satisfy to the quantisation conditions, for any k € {1, ..., N + 1}:
N+1 .
(1 — h
2 = D% g e — i3 (1 +iCox — om)/h) (1.5.19)
= F(] — (o} — Gm)/h)
+/d—f L L ln(1+ LA )
2r |ox — Tt +ih/2 o — T —ih/2 Y (t —ih/2) ¥ (v +ih/2)
R
N+1
and > o = ¢.

k=1
It was shown in [122] that any solution to the T-Q equation gives rise to a solution

Y, to (1.5.12) with a set of parameters ¢ = {ok}ivjll satisfying to the quantisation
conditions (1.5.19) and, reciprocally, that any solution to (1.5.12) with parameters o
satisfying to (1.5.19) gives rise to the solution (¢, (1), g (1)) to the T-Q equations.
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1.5.2 Multiple Integral Representations

The objects of main interest to the physics of a quantum integrable model are its
correlation functions, namely expectation values of products of certain physically
relevant operators taken between two eigenstates of the Hamiltonian of the model.
The simplest such objects are the form factors, namely expectation values of so-
called quasi-local operators. In the language of the Toda chain, such operators only
act on a fixed subset of variables (xy, ..., x,). The knowledge of form factors allows
one, in principle, to access to all correlation functions involving products of quasi-
local operators acting on different sets of variables: it is enough to insert the closure
relation in between each of the operators. In order to compute the form factors of
local operators within the quantum separation of variables method, one has to solve
the inverse problem, that is to say find how the given local operator of interest
is intertwined by the %/ -transform. In other words, one should find how the given
operator on Hrog, acts on the space Hie, where the separation of variables is realised.
This inverse problem has been solved for different examples of quasi-local operators
and for various models [110, 113, 123-128].

e The Toda Chain

The resolution of the inverse problem for the Toda chain has been pioneered by
Babelon [123, 124] in 2002 and further developed in the works [125, 128]. These
results, along with the unitarity of the separation of variables transform % lead to
multiple integral representations for the form factors.

Let ®,., and ®,., be two eigenfunctions of the Toda chain in the sector char-
acterised by the total momentum ¢ and built up from solutions to the Baxter T-Q
equation associated with the polynomials 7(A) and #'(1). The associated finite part
of the form factor!® of the operator I, {e"ﬂ THN+ } takes the form

r

N ™ N [(Ya =Y o [TGa = )
(Cbé‘;t/vH{e ] 'CDS;Z)\XN“:O_ r'(l\/—r)'[g{( s )Slnh[ 7 :I}
R

a=1

Xﬁ{(‘]t’@a Qt()’a}

a=1

r (ya },) N . dN
l{qtq,@u” H[ th'(zmy)N'

a= b=r+1

(1.5.20)

The index |y, ,,—o refers to the fact that the coordinates are chosen so that xy4; = 0.

10Namely the one built up from the normalisable part of the wave function, in contrast with the
non-normalisable part associated with the continuous part of the spectrum described by ¢.
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e Lukyanov’s Conjecture for the Sinh—-Gordon model

Lukyanov [129] argued that the vacuum expectation value of the exponential of the
field operator ® in the quantum Sinh—Gordon model should be obtained from the
properly normalised large-N limit

(€®)z = lim (N )03“ with 0 = o (1.5.21)
k= N—+o00 mR 30 B 2(] +b2)(1 +b_2) . o

In the above expression m is the Sinh—Gordon mass parameter, 277 R is the volume, b
is the coupling constant, and 3, is given by the N-fold multiple-integral representation

N N
o= [ TT{sint [(-+6% 03] -sinh [145 ) 01-y0] T fe 0} 'y
py k<t a=1
(1.5.22)
The one-body interaction is given by the confining potential
mR cosh(1) In [1 + efE(’”] dy
wWo) = —oh+ —/——m@M@MMM — | ———— —. (1.5.23)
. b4 cosh(A — ) b4
2 sin R
14 b?
Its expression involves the solution E to the non-linear integral equation
E(A) = 2mwmRcosh(h) — / d(h—p)ln [1 + e—EW] ~du (1.5.24)
R
whose integral kernel takes the form
cosh(u) cos(t) 7(b* —b7?)
d(pn) = - - where T=—"—.
cosh(A +it) cosh(A — iT) 2Q2 + b2 +b72)
(1.5.25)

It is easy to see by using Banach’s fixed point theorem that, at least for R large
enough, the non-linear integral equations admits a unique solution E € L*(R).
Per se Lukyanov’s conjecture [129] takes its roots in semi-classical reasonings
applied to the classical Sinh—Gordon model in finite volume. Later, Bytsko and
Teschner [112] proposed a lattice discretised version of the quantum Sinh—Gordon
model in finite volume 277 R and implemented the quantum separation of variables
for this model. Teschner [130] provided a characterisation of the solutions to the T-Q
equation which describes the spectrum of that model. The results of these two papers
suggest a representation for the expectation value of the exponential of the field in
the quantum Sinh—Gordon model slightly more complex than (1.5.21): the confining
potential (1.5.23) arising in 3, should be replaced by a more involved expression
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which, in particular, depends on N. We will however not provide this explicit form
here. It is an open question whether the limit (1.5.21) exists and if it exists whether
it takes the same value when one inserts in 3, the potential conjectured by Lukyanov
and the one suggested by Teschner’s analysis. Note that a thorough characterisation
of (e"‘q’) » has been recently conjectured by Negro and Smirnov in [131] on completely
independent grounds; it is an open question whether the limit (1.5.21) does indeed
gives rise to the same object.

e General Structure of Form Factors in the Quantum Separation of Variables
Method

It is possible to obtain multiple integral representations for the form factors arising
in other models solvable by the quantum separation of variables. Although we shall
not discuss the precise form taken by these representation, the main feature is that the
form factors are either directly expressed—as in the case of the Lukyanov integral
(1.5.22)—or very closely related—as in the case of the position operator form factor
of the Toda chain (1.5.20)—to multiple integrals of the type

N N
p ,
I1 { sinh[7 1 (Vg — v5)] sinh[7r @2 (v, — y,,)]} JTe Vo -d%y  (15.26)
@N a<b a=1

or their degenerations when some of the wy’s are send to 0. There 4 is some curve
in the complex plane which, in the simplest cases discussed above, coincides with
R. The coefficients w;, w, are related to the given model’s coupling constants. The
confining potential W, which can be N-dependent, contains all the information on
the eigenfunctions and the operator involved in the form factor.

1.5.3 The Goal of the Book

This work aims at developing the main features of a theory that would enable one
to extract the large-N asymptotic behaviour out of the class of multiple integrals
that naturally arises in the context of the so-called quantum separation of variables
method:

N B N
ntW1 = [ T] {siohtor = yonsintiranrs 1) e -

RN a<b a=1

(1.5.27)
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As discussed earlier on, the examples issuing from the quantum separation of vari-
ables correspond to taking!! 8 = 1 and specific choices of the potential W. Inde-
pendently of its numerous potential applications to physics, should one only have in
mind characterising the large-N behaviour of N-fold multiple integrals, it is precisely
the class of integrals described by (1.5.27) that constitutes naturally the next one to
investigate and understand after the B-ensembles issued ones (1.1.1) and (1.3.1).
Indeed, on the one hand the integrand in (1.5.27) bears certain structural similarities
with the one arising in S-ensembles. On the other hand, it brings two new features
into the game. Therefore, 3[ W] provides one with a good playground for pushing
forward the methods of asymptotic analysis of N-fold integrals and learning how to
circumvent or deal with certain of the problematic features mentioned in Section 1.4.
To be more precise, the main features of the integrand in 35[ W] which constitute an
obstruction to applying the already established methods stem from the presence of

e anon-varying confining one-body potential W

e a two-body interaction that has the same local (viz. when A, — ;) singularity
structure as in the B-ensemble case, while breaking other properties of the inter-
action such as the invariance under a re-scaling of all the integration variables.

Although the tools of asymptotic analysis discussed previously break down or have to
be altered in a significant way, a certain analogy with matrix models and 8-ensembles
persists. Indeed, upon a proper rescaling in the spirit of Section 1.4, one can show
for certain examples of potentials that the integral localises at a configuration of the
integration variables in such a way that these condense, in the large-N limit, with
a density peq. In fact, we show in Appendix B that it is possible to repeat, with
some modifications, the large-deviation approach to f-ensemble integrals so as to
obtain the leading asymptotic behaviour of In 3 [ W] for certain instances of confining
potentials W. However, in order to go beyond the leading asymptotic behaviour of
the logarithm, one has to alter the picture and work directly at the level of the rescaled
model

N
ZylV] = / [T{sinh [we1N*Gra = 3] sinh [N Gy - x,,)]}'3
RN a<b

N N
« lj[l {e—NHaV()\a)] .lj[ldka . (1.5.28)

This integral is related to 3y[W] by a rescaling of the integration variables. The
exponent « is fixed by the growth of the original potential W at infinity. Finally, the
potential V' should depend on N and correspond to some rescaling of the original
potential W. In fact, the main result obtained in the present paper deals with the

1TBecause of the two factors admitting a simple zero at y, = yj, the parameter f in Equation (1.5.27)
should be compared to the parameter — in the B ensembles. So, the special case § = 1 is put in

parallel with the special case of B = 2-ensembles.
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large-N asymptotic expansion of the rescaled partition function Zy[V] and this in
the case where

e the potential V is smooth, strictly convex, has sub-exponential growth and is N-
independent;
e 0 <a<1/6;

The first assumption is more than enough to carry the large deviation analysis, which
gives the leading order of In Zy[ V'], while the second assumption appears in the course
of the bootstrap analysis of the Schwinger—Dyson equations. Per se, the application
of our technique and results to computing the asymptotics of the original integral
3nv[W] would demand to take a N dependent potential and study Zy[Vy], which is
technically much more involved. However, this problem is not conceptually different
from the one studied in this book. Therefore, the setting we shall discuss is more fit
for developing the method of asymptotic analysis of this class of integrals. We shall
address the question of N-dependent potentials Vy related to specific applications to
quantum integrable models in a separate publication.

Within our setting, in order to grasp sub-leading corrections to In Zy [ V], one faces
several difficulties:

(i) owing to the scaling N“, the nature of the repulsive interaction between the A,’s
changes drastically between N = oo and N finite. Therefore, one has to keep
track of the transition of scales between the per-se leading contribution—which
feels, effectively, only the brute N = oo behaviour of the properly normalised
two-body interaction—and the sub-leading corrections which experience the
two-body interactions at all scales.

(i) The presence of two scales N and N® weakens a naive approach to the concen-
tration of measures.

(iii)) The derivative of the two-body interaction possesses a tower of poles that col-
lapse down to the integration line, hence making the use of correlators and
complex variables methods to study Schwinger—Dyson equations completely
ineffective.

(iv) The master operator arising in the Schwinger—Dyson equations is a N-dependent
singular integral operator of truncated Wiener—Hopf type. One has to invert this
operator effectively and derive the fine, N-dependent bounds on its continuity
constant as an operator between spaces of sufficiently differentiable functions.

(v) The large-N behaviour of one-point functions, as fixed by a successful large-N
analysis of the Schwinger—-Dyson equations, is expressed in terms of one and
two dimensional integrals involving the inverse of the master operator. One has
to extract the large-N asymptotic behaviour of such integrals.

The setting of methods enabling one to overcome these problems constitutes the
main contributions of this book.

First, in order to strengthen the concentration of measures and, in fact, effectively
absorb part of the asymptotic expansion into a single expression, one should work
with N-dependent equilibrium measures, that is to say equilibrium measures asso-
ciated with a minimisation problem of a quadratic N-dependent functional on the
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space of probability measures on R. The density of such an N-dependent measure
can be expressed as an integral transform whose kernel is given by a double inte-
gral involving the solution to an auxiliary matrix 2 x 2 Riemann—Hilbert problem.
This very fact constitutes a crucial difference with the matrix model case in that,
in the latter case, the density of equilibrium measure can be expressed in terms of
the solution to a scalar Riemann—Hilbert problem, hence admitting an explicit, one-
dimensional integral representation. On top of improving numerous bounds, the use
of such N-dependent equilibrium measures turns out to be crucial in order to push
the asymptotic expansion of In Zy[V] up to o(1).

Second, the per se machinery of topological recursion mentioned earlier breaks
down for this class of multiple integrals. In order to circumvent dealing with the
collapsing of poles, we develop a distributional approach to the asymptotic analysis
of Schwinger—Dyson equations. The latter demands, in particular, to have a much
more precise control on its constituents.

Third, the inversion of the master operator is based on handlings of the inverse
of the operator driving the singular integral equation for the density of equilibrium
measure. Obtaining fine, N dependent bounds for this operator demands to go deep
into the details of the solution of the 2 x 2 Riemann—Hilbert problem which arises
as the building block of this inverse kernel. We develop techniques enabling one to
do so.

Finally, the precise control on the objects issuing from Schwinger—Dyson equa-
tions yield, through usual interpolation by means of ¢-varying potentials, an N-
dependent functional of the density of equilibrium measure—itself also depending
on N—as an answer for the large-N asymptotics of In Zy[V]. Setting forth methods
for the asymptotic analysis of this functional demands, again, a very fine control of
the inverse build through the Riemann—Hilbert problem approach. We develop such
methods, in particular, by describing the new class of special functions related to our
problem.

Putting in Perspective the Bi-Orthogonal Ensembles

At this point, it appears useful to make several comments with respect to the exist-
ing literature on bi-orthogonal ensembles. Indeed, the applications to the quantum
separation of variables correspond to setting 8 to 1 in 3y[W] and hence in Zy[V]. In
this case, these multiple integral corresponds to a bi-orthogonal ensemble. As such,
they can be explicitly computed, at least in principle, by means of the system of bi-
orthogonal polynomials associated with the ia)fl or iw, ! periodic functions e,
e™2Y and with respect to the weight e =) supported on R. As shown by Claeys and
Wang [86] for a specific degeneration (which corresponds basically to sending one of
the w’s in (1.5.27) to zero) and then in full extent by Claeys and Romano [87], such
a system of bi-orthogonal polynomials solves a vector Riemann—Hilbert problem.
Furthermore, the non-linear steepest descent approach [12, 63] to the uniform in the
variable large degree-N asymptotics of orthogonal polynomials can be generalised
to such a bi-orthogonal setting, leading to Plancherel-Rotach like asymptotics for
these bi-orthogonal polynomials [86]. In principle, by adapting the steps of [64],
one should be able to derive the large-N asymptotic expansion of the integral 35[W]
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in presence of varying weights, viz. provided the replacement W <— NV is made.
However, such a result would by no means allow one for any easy generalisation
to non-varying weights. Indeed, as we have argued, in the non-varying case, one
rather needs to carry out the large-N analysis of the rescaled model Zy[V]. However,
starting from such a multiple integral would imply that one should study the system
of bi-orthogonal polynomials associated with the functions e™“@1?, e™V“®2¥_ The
presence of N* introduces a new scale in N to the Riemann—Hilbert analysis. Taking
the latter into account would probably demand a quite non-trivial modification of the
non-linear steepest descent method.

On top of all this, one needs to construct the equilibrium measure. For similar
reasons of absorbing part of the asymptotic expansion, this measure will have to issue
from the same N-dependent minimisation problem and hence correspond to the N-
dependent equilibrium measure that we construct in the present paper. However, if
one goes into the details of the work [87], one observes that these authors provide a
one-fold integral representation for the density of the one-cut equilibrium measure
arising in bi-orthogonal ensembles. The kernel of this transform involves the inverse
of an explicit and basic transcendental function. Although extremely effective in the
varying case, such an integral representation appears ineffective in the analysis of
Zy[V]. Indeed, then, one would have to manipulate N-dependent versions of this
inverse and, in particular, obtain uniform in N local behaviours thereof. A priori,
since this inverse does not seem to admit an explicit series expansion or a manage-
able integral representation, such a characterisation seems to be quite complicated.
Furthermore, the transform constructed in [87] does not exhibit explicitly the factori-
sation of square root singularities at the edges—in contrast to the case of the one-fold
integral representation arising in 8 ensembles, c.f. (1.2.4). This means that, just as in
our setting, one would have to extract the square root behaviour by hand. Therefore,
although one dimensional, we believe that this transform, in the present state of the
art, is less effective then ours, at least from the point of view of our perspective of
asymptotic analysis. In fact, when specialised to the construction of the equilibrium
measure, the 2 x 2 Riemann—Hilbert analysis we use enables us, among other things,
to provide the leading, up to exponentially small corrections in N, behaviour of the
inverse of the N-rescaled map built in [87]. Thus, indirectly, our approach solves
such a problem.

1.6 Notations and Basic Definitions

In this section, we introduce basic notations that we shall use throughout the book.
General Symbols

e 0 and O refer to standard domination relations between functions. In the case of
matrix function M (z) and N (z), the relation M (z) = O(N(z)) is to be understood
entry-wise, viz. Mj (z) = O(Nj(2)).

e O(N~>°) means O(N~X) for arbitrarily large K’s.
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e Given a set A C X, 1, stands for the indicator function of A, and A® denotes its
complement in X.
e A Greek letter appearing in bold, e.g. A, will always denote an N-dimensional
vector:
A= (A,....hy) €eRY.

and dVA denotes the product of Lebesgue measures HQ’ZI dA,.
e given x € R, |x] denotes the integer satisfying |[x] <x < [x] + 1
e Throughout the file, the curve 4 will denote the curve depicted in Fig. 5.1 appear-

reg
ing in Section 5.1.1. This curve is such that 2¢ = dist (R, ‘ﬁrjg) > (. Throughout
the text, this distance will always be denoted by 2¢.

e I is the 2 x 2 identity matrix while o* and o3 stand for the Pauli matrices:

01 00 10
+ _ - _ _
o" = (00) , 0 = (10) and o3 = (0_1).

Functional Spaces

e M!(R) denotes the space of probability measures on R. The weak topology on
M!(R) is metrized by the Vasershtein distance, defined for any two probability
measure i and u; by:

Dy[p1, u2]l = sup
feLipy 1 (R)

/f(é)d(m —Mz)(é)' (1.e.1)
R

where Lip; | (R) is the set of Lipschitz functions bounded by 1 and with Lipschitz
constant bounded by 1. If f is a bounded, Lipschitz function, its bounded Lipschitz

norm is:
f&) —fn)
E—n |’

[FllBL = IIfllLe®) + sup
§#neR

e Given an open subset U of C", O(U) refers to the ring of holomorphic functions
on U. If f is a matrix of vector valued function, the notation f € O(U) is to be
understood entrywise, viz. V a, b one has f,;, € O(U).

e C*(A) refers to the space of function of k times continuously differentiable on the
manifold A. C’g (A) refers to the spaces built out of functions in C*(A) that have a
compact support.

e [P(A,dpu) refers to the space of pth-power integrable functions on a set A with
respect to the measure p. L7 (A, du) is endowed with the norm

Wllraaw = {/V(X)Ide(X)]
A
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e More generally, given an n-dimensional manifold A, W/ (A, du) refers to the pth
Sobolev space of order k defined as

WL (A, du) = If € LP(A dp) 9% ... 9%f € LP(A,dp)

with Zagfk and ageN]. (1.6.2)
=1

This space is endowed with the norm

I 1lw? .,y = max [||3ffll co 0 fllr@an - ac €N, £=1,...,n,
and satisfying »_ a; < k] . (1.6.3)
=1

In the following, we shall simply write L”(A), W,f (A) unless there will arise some
ambiguity on the measure chosen on A.
e We shall also need the N-weighted norms of order £ for a function f € W°(R"),

which are defined as ,

[l wee @n)

] P

NPT = D e
p=0

In particular, we have the trivial bound N,Ef ) [f1 = (¢ + DIlf llwpewn). Also, the
number of variables of f is implicit in this notation. '

e The symbol 7 denotes the Fourier transform on L*(R) whose expression, versus
L' N L*(R) functions, takes the form

Flpl() = / (&) S dE .

R

Given u € M!(R), we shall use the same symbol for denoting its Fourier trans-
form, viz. ¥ [i]. The Fourier transform on L*(R") is defined with the same nor-
malisation.

e The sth Sobolev space on R” is defined as

H (R") = [u e S'(R") :

n
||M||%‘IV(R") = / (l + | Ztg
a=1

R~

1\ 2s 2
2) |Flul(ty, ... )| - d"t < +oo],

(1.6.4)
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in which &' refers to the space of tempered distributions. We remind that given a
closed subset FF € R", H;(F) corresponds to the subspace of H;(R") of functions
whose support is contained in F'.

The subspace

v, d
x,(4) = {H € Hy(A) : / X WFTHIN® eV M’NZ,_“ — 0}
i
R+1e

in which A C R is closed and € > 0 is arbitrary but small enough, will play an
important role in the analysis. It is defined in terms of xp;, the (1, 1) entry of the
unique solution x to the 2 x 2 matrix valued Riemann-Hilbert problem given in
Section 4.2.1.

Given a smooth curve X in C, the space M, (LZ(E)) refers to £ x £ matrices with
coefficients belonging to L2(X). It is endowed with the norm

1

IMIImaes) = { / Z[Mab(s)]*Mab(s)dum]z.
5 a,b

and * denotes the complex conjugation.

Certain Standard Operators

Given an oriented curve ¥ C C, —X refers to the same curve but endowed with
the opposite orientation.

Given a function f defined on C\ X, with X an oriented curve in C, we denote—if it
exists—by fi (s) the boundary values of f (z) on £ when the argument z approaches
the point s € ¥ non-tangentially and from the left (+) or the right (—) side of the
curve. Furthermore, if one deals with vector or matrix-valued function, then this
notation is to be understood entry-wise.

H* = {z € C : Im(&£z) > 0} is the upper/lower half-plane, and

REf={zeR : +z>0}

is the closed positive/negative real axis.
The symbol C refers to the Cauchy transform on R:

f@s) ds

s—A 2im

CIIG) = /

R

The £ boundary values C+ define continuous operators on H;(R) and admit the
expression
J) 1 [ f@s)ds

C:If10) = — +

2 2 w(s—n) (1.6.5)
R

where f denotes the principal value integral.


http://dx.doi.org/10.1007/978-3-319-33379-3_4

1.6 Notations and Basic Definitions 47

e Given a function f supported on a compact set A of R”, we denote by f, an extension
of f onto some compact set K such that A C Int(K). We do stress that the compact
support is part of the data of the extension. As such, it can vary from one extension
to another. However, the extension f, is always assumed to be of the same class as
f. For instance, if f is L (A), W/ (A) or C*(A), then f; is L (K), W} (K) or C*(K).
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Chapter 2
Main Results and Strategy of Proof

Abstract In the first part of this chapter we gather the main results which follow
from the analysis developed in this book. To start with, in Section 2.1, we discuss an
example, in Theorem 2.1.1, of the leading large- N asymptotic expansion of In 3 [W]
where 3x[W] is the unscaled partition function defined by (1.5.27). We shall also
argue that the large-N asymptotic behaviour of (1.5.27)—whose integrand does
not depend explicitly on N—can be deduced from the one of the rescaled model
(2.5.1)—whose integrand depends explicitly on N—that we propose to study. Then,
after presenting the per se model of interest and listing the assumptions on which our
analysis builds in Section 2.2, we shall discuss the form of the large-N asymptotic
expansion of the logarithm of the rescaled partition function In Zy[V] in Section
2.3. Then, in Section 2.4, we shall discuss the characterisation of the N-dependent
equilibrium measure that is pertinent for our study as well as the form of the inverse
Wy of a fundamental singular integral operator Sy that arises naturally in the study.
Finally, Section 2.5, we outline the main steps of the proof.

2.1 A Baby Integral as a Motivation

Let &gy be the functional, defined in R U {400} for any probability measure
w € M'(R) by:

+
eomtit = [ {2 (el ) - EE e i aprduon

(2.1.1)

Theorem 2.1.1 &y is a lower semi-continuous good rate function. Furthermore,
given a potential W such that

lim [£]7"W(E) = ¢, >0 forsome g > 1, 2.1.2)
[§|—>+o00
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it holds | (W]
n3y .
—_— = = f & . 2.1.3

N—+o00 N2+qIT| ue}\I}ll(R) (ply)[/Jv] ( )

This infimum is attained at a unique probability measure ,uég Y. This measure is
continuous with respect to the Lebesgue measure and has density

—1)E192
péfil”(é-') = % A (8) . (2.1.4)

uéﬁlw is supported on the interval [a ; b], with (a, b) being the unique solution to the
set of equations
nB(wr + w2)

q

e~ = lat™! = (2.1.5)

We have, explicitly:

g+1
Inzn[W] (7B T 2¢°—9q+6
— = | — —_— 2.1.6
Ghim Nquj (Cq) ( 4 (@ +a)2)) 2029 —1) ( )

The proof of this proposition is postponed to Appendix B, and follows similar
steps to, e.g. [1]. We now provide heuristic arguments to justify the occurrence of
scaling in N in this problem. Just as discussed in the introduction, the repulsive effect
of the sinh-2 body interactions will dominate over the confining effect of the potential
as long as the integration variables will be located in some bounded set. Furthermore,
in the same situation, the Lebesgue measure should contribute to the integral at most
as an exponential in N. We thus look for a rescaling of the variables y, = TyA,
where the effects of the confining potential and the sinh-2 body interactions will be
of the same order of magnitude in N. This recasts the partition function as

N
W] = (TN)N I1 { sinh [ Ty (kg — Ap)] sinh [ Ty (g — x,,)]}ﬁ
RN a<b
<1 {e*W”N*a)}de, 2.1.7)

a=1
Taking into account the large-variable asymptotics of the potential, we have:

N
ZW(TNAa) ~ TIN, (2.1.8)

a=1

where the symbol ~ means that for a “typical” distribution of the variables {A,}},
the leading in N asymptotic behaviour of the sum in the right-hand side should be
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of the order of the left-hand side. Similarly, assuming a typical distribution of the
variables {), }f’ such that most of the pairs {A,, A} satisfy Ty |A, — Ap| > 1, one has

N
> Bin{sinh [ Ty Gy — )] sinh [rn Ty G = 2]} ~ C N> Ty .

a<b

(2.1.9)
Thus, the confining potential and the two-body interaction will generate a com-
parable order of magnitude in N as soon as N2 - Ty = Ty -N,ie.

Ty = N7 . (2.1.10)

Theorem 2.1.1 indeed justifies that the empirical distribution L%) ofA, = N = Ya
concentrates around the equilibrium measure, with a large deviation principle gov-
erned by the rate function (2.1.1).

This observation implies that, in fact, Zy[Vy] with Vy(A) = N “a W(N «%1)\)
is the good object to study in that it involves interactions that are already tuned to
the proper scale in N. Due to the relation 3y [W] = N = ZN[Vn], one readily has
access to the large-N asymptotic expansion of 3 [W].

2.2 The Model of Interest and the Assumptions

It follows from the arguments given in the previous section that, effectively, the
analysis of the unrescaled model boils down to the one subordinated to the partition
function

. N N
ZyIV] = / [T { sinh [reo1 N (o = 2] sinh [z 02N Gua fx,,)]}’S []e N V0o Vs,
RN a<b a=1

(2.2.1)

with « some parameter—equal to 1/(g — 1) in the previous paragraph—and V a
potential that possibly depends on N. Due to such an effective reduction, in this
book, we shall develop the general formalism to extract the large-N asymptotic
behaviour. Therefore, we shall keep the complexity at minimum. In particular, we
shall not consider the case of N-dependent potentials which would put the analysis
of Zy[V] in complete correspondence with the one of 35[W]. Indeed, this would
lead to numerous technical complication in our arguments, without bringing more
light on the underlying phenomena. By focusing on (2.2.1), we believe that the new
features and ideas of our methods are better isolated and illustrated.
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In the present paper we obtain the large-N asymptotic expansion of In Zy[V]
up to o(1) under four hypothesis

e the potential V is confining, viz. there exists € > 0 such that

liminf [£]"19 V() = +o0; (2.2.2)

|§]—=>+o0

e the potential V is smooth and strictly convex on R;
e the potential is sub-exponential, namely there exists € > 0 and Cy > 0 such that

Vs eR,  sup VE+n| = ev(IVE)l+1), (2.2.3)
nel0:e]

and given any « > 0 and p € N, there exists Cy, , such that
VEeR, |[VP@®]e™"® < C,p. (2.2.4)
e the exponent « in N* is neither too large nor too small:
O<a<1/6. (2.2.5)

The first hypothesis guarantees that the integral (2.2.1) is well-defined, and that
the A’s will typically remain in a compact region of R independent of N. It could
be weakened to study weakly confining potentials, for the price of introducing more
technicalities, similar to those already encountered for 8 ensembles—see e.g. [2].

In the second assumption, V could be assumed C* for k large enough. The con-
vexity assumption guarantees that the support of the equilibrium measure is a single
segment.! In principle, the multi-cut regime that may arise when the potential is not
strictly convex can be addressed by importing the ideas of [3] to the present frame-
work. We expect that the analysis of the Riemann—Hilbert problem in the multi-cut
regime is very similar to the present case, but with a larger range of degrees for the
polynomial freedom appearing in the solution (4.3.14). Though it would certainly
represent some amount of work, the ideas we develop here should also be applicable
to derive the fine large N analysis of the solution of the Riemann—Hilbert problem in
the bulk and in the vicinity of all the edges of the support of the equilibrium measure.

The third assumption is not essential, but allows some simplification of the inter-
mediate proofs concerning the equilibrium measure and the large deviation estimates,
e.g. Theorem 3.1.6 and Corollary 3.1.10. It is anyway satisfied in physically relevant
problems.

ISee e.g. the expression of the N = oo equilibrium measure (2.4.3). Its proof is given in Appendix C.
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In the fourth assumption, « = 0 can already be addressed with existing methods
[4]. The analysis of the transition regime o — 0 appears to be difficult. The upper
limit@ < o* = 1/6 has a purely technical origin. The value of &* could be increased
by entering deeper into the fine structure of the analysis of the Schwinger—-Dyson
equation, and by finding more precise local and global bounds for the large N behav-
iour of the inverse of the master operator Iy, in more cunning norms. Intuitively,
the genuine upper limit should be * = 1, since in the ¢ > 1 case, we reach a regime
where the particles do not feel the local repulsion any more. However, obtaining
microscopic estimates is usually a difficult question—for 8 ensembles, it has been
addressed e.g. in [5, 6]. So, one can expect important technical difficulties to extend
our result to values of « increasing up to 1.

This set of hypothesis offers a convenient framework for our purposes, enabling
us to focus on the technical aspects (i)—(vi) listed in Section 1.5.3 without adding
extra complications.

2.3 Asymptotic Expansion of Zy[V]at g =1

We now state one of the main results of the paper, namely the large-N asymptotic
expansion of the partition function Z y[V] which holds for any potential V satisfying
the hypothesis stated above

Theorem 2.3.1 The below asymptotic expansion holds

! ( ZylV1] )
n{ ————
ZN[WG;N] |ﬂ:l

12/a)+1 .0V
= NP ST SIS N T (QUV. Wenl(by) — LV Weil(an))

p=0

+ No - (SUV. Won ] ow) + QUV. Won] (@y)) + oD,

(23.1)

The whole V -dependence of this expansion is encoded in the coefficients 5,[V ]
and in the function [V, Wg.n1(§). Jo and Ry are numerical coefficients given,
respectively, in terms of a single and four-fold integral. Also, the answer involves the
Gaussian potential

7B +w2) - [§2 = (an + by)é]

Won(§) = (2.3.2)

2
_ RERSE w107
bN an + N* Z[ Twp 1n (

wp(w1+w2)
p:
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and sequences ay and by that are given in Theorem 2.4.3. If we denote

Vﬁ = V £ Wg,n, the coefficients ©,[ V] take the form

by
—1 - —\/
V] = m/va &) - (Vy)' (&) d& (2.3.3)

when p = 0 and, for any p > 1:

by

B, (V] = ttps: / Vi (&) V(&) de

an
-ISZ
+ 2
s!

s+l=p—1

s,£>0

+ (=D (V)P by - (VD ()} (2.3.4)

{(=D V)V @y - (VD (ay)

The coefficients T, ¢ are defined by:

e+l o i( u ) . ( | )
2m —l ris+€+1—=r)! ou" \Ry(—p)/|u=0 qusti+t—r R (11)/11=0 ’
(2.3.5)

§st1+t—r

-Is,l =

R\ is the ™ Wiener—Hopf factor of 1/ F[S](A), with S defined in (2.4.15), that reads

‘ N G TR U )
A ( @) )—T;;ﬁ)l'( o] )—2:&2. (2”’”1) (27””2

R - .
e 2ol Fwy \o|+w w1 +w r(iA2(w1+wz)
TW| W)
(2.3.6)
The function §) describing the constant term is defined as
Vi) = W5y @) V(&)
QUV, Won1) = — SN In ( . ) (2.3.7)
V(€)= We.n@) Wen (&)
The V -independent coefficient X in front of the term N reads
+ood ]( )
uJu
Jo= / o (uS'(u) + S(w))
0
with
) = / 2si.nh [A/Qw))]sinh [A/Qw))] ’em'{ da | s
sinh [A (w1 + @2)/ Qo) ] 2im

(+)
Oreg



2.3 Asymptotic Expansion of Zy[V]atf = 1 59
Finally, the numerical prefactor N is expressed in terms of the four-fold integral
+00
= B[S [anafse (£ 51)
R Ju|

didu u(wy + wr)
(2im)? (A + R (M) Ry (1)

€t
+00
iAx+ipy Xr=y
X dxdye 8X S()C—y) t(x)—t(y)—m .
0
(2.3.9)

The integrand of Ry involves the function v which is given by

2
o (x) + co(x)|: > ﬁ In (%(“’w‘l"fwz))}
p=1

T = 1+ 2B (@) + @2)co(x) (2310

with
eitr ap 1 i
) 2.3.11)

() = 2171«/7a)1+w2/ Y a)\P R, ()

(+)
<€reg

2ir

The result for § # 1 contains two more terms, and is given in the body of the book,
by Proposition 3.4.1, in terms of N-dependent simple and double integrals 322/)3 The
final form for the asymptotics up to o(1) of these extra terms can be worked out
following the steps of Section 6.3, although we decided to leave it out of the scope
of this book, since 8 # 1 does not seem to appear in quantum integrable systems.

2.4 The N-dependent Equilibrium Measure
and the Master Operator

It is not hard to generalise the proof of Theorem 2.1.1 to the present setting so as
to obtain the below characterisation of the leading in N asymptotic behaviour for
ZyIV].

Theorem 2.4.1 Let E, be the lower semi-continuous good rate function

1
Eoolu] =7 /(V(n) + V() — mB(or +@)|§ —nl) duE)dun) . (2.4.1)
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Then, one has that

InZy[V] .
—_— = = f & . 24.2
N—>+too NZte ue}\lj['(]R) ~[n] ( )

The infimum is attained at a unique probability measure (ieq. This measure is
continuous with respect to the Lebesgue measure, and has density

V()

peq(é) = 27 (@) + )

Aa:p1(8) (2.4.3)

supported on the interval [a ; b], with (a, b) being the unique solution to the set of
equations

V() = —V'(a) = 7w + wy) . 24.4)
One has, explicitly,
o mZV] V@4 ve) | (V)G -a + [ (VE)
N—+4oo N2ta - 2 4B (w1 + wy) .
(2.4.5)

The strict convexity of V guarantees that the density (2.4.3) is positive and that it
reaches a non-zero limit at the endpoints of the support. This behaviour differs from
the situation usually studied in B ensembles with analytic potentials which leads
to a generic square root (or inverse square root) vanishing (or divergence) of the
equilibrium density at the edges.

Note that the function &, defined in (2.4.1) arises as a good rate function in
the large deviation estimates for the empirical measure Lm, c.f. (1.2.2). In fact, a
refinement of Theorem 2.4.1 would lead to the more precise estimates

InZy[V] = —N>"*Ex[peq] + ON?) . (2.4.6)

Thus, with respect to the usual varying weight S-ensemble case, there is a loss of
precision by a N'~=¢ factor. This, in fact, takes its origin in that the purely asymptotic
rate function &y [,ueq] does not absorb enough of the fine structure of the saddle-
point. As a consequence, the remainder O(N?) mixes both types of contributions:
the deviation of the saddle-point with respect to its asymptotic position and the
fluctuation of the integration variables around the saddle-point.

The fine, N-dependent, structure of the saddle-point is much better captured by
the N-dependent deformation? of the rate functions £

2The property of lower semi-continuity along with the fact that £y has compact level sets is verified
exactly as in the case of S-ensembles, so we do not repeat the proof here.
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2

1

ENu] = 5 /(V(E) + V) — Lo | TT sioh [xN o, ¢ —n)]}) dpE)dpn(n)
p=1

(2.4.7)

This N-dependent rate functions appear extremely effective for the purpose of our
analysis. Namely, it allows us re-summing a whole tower of contributions into a single
term. The use of €y should not be considered as a mere technical simplification of the
intermediate steps; it is, in fact, of prime importance. The use of the more classical
object £, would render the analysis of the Schwinger—Dyson equations impossible.
This fact will become apparent in the core of the text.

As usual, this minimiser admits a characterisation in terms of a variational
problem:

Proposition 2.4.2 For any strictly convex potential V, the N-dependent rate func-
tion Ey admits its minimum on M'(R) at a unique probability measure Még ). This
equilibrium measure is supported on a segment [ay ; by] and corresponds to the
unique solution to the integral equations

2
VE) - Nﬁ / In []'[sinh [7Nw, (5 — n>]]du§f§><n> =’ onlay:by]
p=I
(2.4.8)

2

VE) - %/m [l_[lsinh [7Nw, (& - n>]]du§qN>(n> > Cgy) onR\ [ay:by].
p:

(2.4.9)

with Céév ) a constant whose determination is part of the problem (2.4.8)—(2.4.9). The

equilibrium measure admits a density ,oéflv), which is C*=2 in the interior lay; by if

V is C. Finally, one has the behaviour at the edges:

Py (&) ot O(v& —ay) . ) = O(Vby —£).  (24.10)

—>dy N

The proof of this proposition is rather classical. It follows, for instance, from
[4, Section2.3] in what concerns the regularity, and from a convexity argument
(see [7, Theorem 2.2]) in what concerns connectedness of the support and the strict
inequality in (2.4.9). Elements of proof are nevertheless gathered in Appendix C. In
fact, regarding to the equilibrium measure, we can be much more precise when N is
large enough:

(N).

Theorem 2.4.3 Inthe N — o0 regime, the equilibrium measure jig,’:

e is supported on the single interval [ay ; by] whose endpoints admit the asymptotic
expansion
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1 1
ay = a+ Z Nm (N(k+l)a) and by = b+ Z Ntza O(N(k+1)o¢) :
(2.4.11)
where k € N* is arbitrary, (a, b) are as defined in (2.4.4) while

2
bya\ _ 1 w V(@) {V" b))
(aN;l) - I;zmp ln(wp(w1+wz))] ( Vi) - (V@) )

(2.4.12)

e is continuous with respect to Lebesgue. Its density is p(N ) vanishes like a squareroot
at the edges:

(N) (V') + O(N“)) —
Peq é) %a,\,( ﬂﬁm vE—ay,

Wy ~ (V) +OW a))Jb - 2413
w0 5 (Shimorte ) F e

and there exists a constant C > 0 independent of N such that:

||,0 Mewdayibyd < CHV" |1 (ay by - (2.4.14)

This density takes the form ,o(N) = Wn[ V'], with Wy as defined in (2.4.17).

If the potential V defining the equilibrium measures satisfies V € C*([ay ; by]),
then the density is of class C*=2 on lay ; by[.

Note that the characterisation of p(N ) in the theorem above comes from the

fact that it is solution to the singular integral equation Sy [,oéév )](5) = V/(§) on
[ay ; bn], where

by 2
Sn[o]E) = ][S[N“(g —m]pndn  and  SE) = > prw)cotanh [rwpk].
an p=1

(2.4.15)

(N)
eq
pé(’;’ ) has mass 1 on [ay ; by]and is regular at the endpoints ay, by. Thus, determining
the equilibrium measure boils down to an inversion of the singular integral operator
Sy . In fact, the singular integral operator Sy also intervenes in the Schwinger—Dyson
equations. The precise control on its inverse VVy—defined between appropriate func-
tional spaces—plays a crucial role in the whole asymptotic analysis.

These pieces of information can be obtained by exploiting the fact that the operator
Sy is of truncated Wiener—Hopf type. As such, its inversion is equivalent to solving
a 2 x 2 matrix valued Riemann—Hilbert problem. This Riemann—Hilbert problem

The unknowns in this equation (p:."”, ay, by) should be picked in such a way that
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admits a solution for N large enough that can be constructed by means of a variant of
the non-linear steepest descent method. By doing so, we are able to describe, quite
explicitly, the inverse Wy by means of the unique solution y to the 2 x 2 matrix
valued Riemann—Hilbert problem given in Section 4.2.1. We will not discuss the
structure of this solution here and, rather, refer the reader to the relevant section.
We will, however, provide the main consequence of this analysis, viz. an explicit
representation for the operator Wy . For this purpose, we need to announce that y;,
the (1, 1) matrix entry of y, is such that . — u'/? - x;1(n) € L*(R).

Theorem 2.4.4 Let 0 < s < 1/2. The operator Sy : Hy([ay : by]) — X,(R) is
continuous and invertible where, for any closed A C R,

a —iN“uby d/”/
X,(4) = {HGHS(A) : /xll(y,)]-"[H](N pye Vb = 0}
R+ie
(2.4.16)

is a closed subspace of Hy (A) such that Sy (HS ([aN ; bN])) = X;(R). The inverse

is given by the integral transform Wy which takes, for H € C Ylan ; ba]) N X, (R),
the form

N2 i dp e—iNE—ay)n u
WnNIH]E) = 2P / pr Eﬁlxn()\))ﬂz(l’«) - X1 (W xi2(A)
R+-2ie R+ie
by
« / N BO=DN) b (2.4.17)
ay

In the above integral representations the parameter € > 0 is small enough but arbi-
trary. Furthermore, for any H € C! ([aN ; bN]), the transform YWy exhibits the local
behaviour

WNIHIE) ~ CLH'@)VE—ax  and  WylHIE) ~ Cil'bx)on—§ .
" ' (2.4.18)

where Cy g are some H-independent constants.

(N)
eq
is expressed in terms of the inverse as péév ) = WN[V/]. In this case, the pair of

Note that, within such a framework, the density of the equilibrium measure (&

endpoints (ay, by) of the support of ,ug]\' ) corresponds to the unique solution to the
system of equations

bN bN

d o
/WN[V’](S)dE — 1 and / %;T(M)/e"m @=Ly (gydn = 0.
ay R+ie ay

(2.4.19)
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The first condition guarantees that ug]v ) has indeed mass 1, while the second one
ensures that its density vanishes as a square root at the edges ay, by. Using fine
properties of the inverse, these conditions can be estimated more precisely in the
large-N limit, hence enabling one to fix the large-N asymptotic expansion of the
endpoints ay, by as announced in (2.4.11) and (2.4.12).

2.5 The Overall Strategy of the Proof

In the following, we shall denote by py (L) the probability density on RV associated
with the partition function Zy[V] defined in (2.2.1):

N N
1 s “
PN = mg{sinh [7w1N* (A — Ap)] sinh [T N® (Aa fxb)]} a]:[le—’vl+ VOa)

(2.5.1)

pn (L) gives rise to a probability measure Py on R"Y. We also agree that, throughout
the book, Lx‘) refers to the empirical measure

N
1
LY = ->'s 2.52
Vo= ; A (25.2)
associated with the stochastic vector A.
Definition 2.5.1 Let vy, ..., v, be any (possibly depending on the stochastic vector

A) measures and ¥ a function in £ variables. Then we agree upon

(v) . =(v o) EPN[/W@, BNy
J

VI®--®vy

(2.5.3)

whenever it makes sense. We shall add the superscript V whenever the functional
dependence of the probability measure on the potential V needs to be made clear.

Note that if none of the measures vy, . . ., v, is stochastic, then the expectation versus
Py in (2.5.3) can be omitted.

As explained in Section 1.2.3, the Schwinger—-Dyson equations constitute a tower
of equations which relate expectation values of functions in many, non necessar-
ily fixed, variables that are integrated versus the empirical measure (2.5.2). More
precisely, the Schwinger—Dyson equations at rank k (k > 1) yield exact relations
between various expectation values of a function in k variables and its transforms,
this versus the empirical measure. The knowledge of these expectation values, yields
an access to the derivatives of the partition function with respect of external parame-
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ters. For instance, if {V;}; is a smooth one parameter family of potentials, then

O InZy[V,] = N2+“<atvt>Lm. (2.5.4)

The exponent V; appearing in the right-hand side is there so as to emphasise that
the expectation value is computed with respect to the probability measure subordinate
to the #-dependent potential V;.

Thus the problem boils down to obtaining a sufficiently precise control on the
behaviour in N of the one-point expectation values. This can be achieved on the
basis of a careful analysis of the system of Schwinger—Dyson equations associated
with the present model. Since this machinery does not simplify much in the g = 1
case, we do this for general . The result for some sufficiently regular function H
and potentials V satisfying to the general hypothesis, is our Proposition 3.3.6.

In the B = 1 case, Proposition 3.3.6 reads:

4 1
—N2+a<H>Zx) = — N> /H(§)~WN[V’](§)d$ + EJd[H, V] + o).

an

(2.5.5)

and the proof shows that the remainder o(1) is uniform in H and V provided that H
is regular enough and that V satisfies to the hypothesis given in (2.2.2)—(2.2.4).
Furthermore, the expansion (2.5.5) involves

JalH, V] = / Wa[o:{S(N (& = 0) - Gu[H. V]E )| ©rde . @56

an

with
WylHIE) — WylHIM)
H V| n) = - . 2.5.7
W VIED = 56 T Wyivim @a7)

Note that, in (2.5.6), the * indicates the variable of the function on which the operator
W acts. Given sufficiently regular functions H, V, we obtain in Section 6.3 and
more precisely in Proposition 6.3.10 the large-N asymptotic behaviour of J4[H, V].
We then have all the elements to calculate the large-N asymptotic behaviour of
the partition function Zy[V]. For this purpose, we observe that, when g = 1, the
partition function associated to a quadratic potential can be explicitly evaluated as
shown in Proposition D.0.19. One can also show (c¢f. Lemma D.0.18) that there
exists a unique, up to a constant, quadratic potential Vg.y such that its associated
equilibrium measure has the same support [ay, by] as the one associated with V.
Then V, = (1 — t) VG Ny +tVisaone parameter ¢t smooth family of strictly convex
potentials, and ,u =(1- I)M(N) .t tue v Furthermore, if follows from the
details of the analy51s that led to (2 5 5) that the remainder o(1) will be uniform in
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t € [0; 1]. As a consequence, by combining all of the above results and integrating
equation (2.5.4) over ¢, we get that, in the asymptotic regime,

NIV 2+a/ / (N)
" (ZN[VG N]) - dt [ 9:Vi(§) dpiegy, (§)

+ Ny (SUV. Vo lbw) = QUV, Vanlan))

+ - (V. Vonlbw) + 21V, Vowl@n) + o).
(2.5.8)

The constants Jy and R were defined respectively in (2.3.8) and (2.3.9), while §
is as given by (2.3.7).

Note also that the first integral can be readily evaluated (integration of ratio-
nal functions in t) on the asymptotic level by means of Proposition 6.1.6. It pro-
duces an expansion into inverse powers of N* and, as such, does not contribute to
the constant term unless « is of the form 2/n for some integer n. Note that it is
this integral that gives rise to the functional -©,[V] in (2.3.1). Finally, the answer
for the large-N asymptotic behaviour of the partition function Zy[Vg,n1 =1 can
be found in Proposition D.0.19. As follows from Lemma D.0.18 the quadratic
potential Vg y is such that Vg,y — Wg,y = O(N~°) with W,y as defined in 2.3.2
and where the remainder is uniform on some N-independent relatively compact
open neighbourhood of [ay ; by]. This allows one to replace V. x by Wiy in the
right hand side of (2.5.8). Also, it is clear form the large-N expansion of the parti-
tion function associated with quadratic potentials given in Proposition D.0.19 that
InZy[Vo,n]lip=1 —In Zy[Wg,n]jp=1 = o(1).

For B # 1, (2.5.5) is modified by the addition of two more terms 722; and
J4;p. Their large N behaviour can be determined without difficulty—but with some
algebra—along the lines of Section 6.1.6 and Section 6.3. Then, to arrive to a final
answer for Zy[V ] similar to (2.5.8), we would need to compute exactly the par-
tition function for the Gaussian potential Zy[Vg.n]1p1. We do not know at present
how to perform such a calculation. Thus, we would be able to derive the asymptotic
behaviour of the partition function at 8 # 1 up to a universal, i.e. not depending
on the potential V, function of 8. However, since the values 8 # 1 do not seem to
appear in quantum integrable systems, we shall limit ourselves in this book to the
result of Proposition 3.4.1 for the case 8 # 1.
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Chapter 3
Asymptotic Expansion of In Zy [V ]—The
Schwinger-Dyson Equation Approach

Abstract In the present chapter we develop all the necessary tools to prove the
large-N asymptotic expansion for In Zy[V] up to o(1) terms, in the form described
in (2.5.5). This asymptotic expansion contains N -dependent functionals of the equi-
librium measure whose large-N asymptotic analysis will be carried out in Sections
6.1-6.3. We shall first obtain some a priori bounds on the fluctuations of linear sta-
tistics around their means computed versus the N-dependent equilibrium measure
ug]v ). In other words, we consider observables given by integration against products

of the centred measure: £ = L’ — 1. Then we shall build on a bootstrap ap-
proach to the Schwinger—Dyson equations so as to improve these a priori bounds. We
shall use these improved bounds so as to identify the leading and sub-leading terms
in the Schwinger—Dyson equations what, eventually, leads to an analogue, at 8 # 1,
of the representation (2.5.5) which will be given in Proposition 3.3.6. Finally, upon
integrating the relation (2.5.4) so as to to interpolate the partition function between
a Gaussian and a general potential, we will get the N-dependent large-N asymptotic
expansion of In Zy[V] in Proposition 3.4.1.

3.1 A Priori Estimates for the Fluctuations Around [Lg‘;’ )

For simplification, we use the notation:

sn() =

S n [sinh (ma) N*€) sinh (mzzv“g)] G.1.1)

for the two-body interaction kernel. This kernel provides a natural way of comparing
two probability measures:

Definition 3.1.1 If i, v € M;(R), we set:

D*[u,v] = —/SN(E —mnd(u—v)E)du —v)(), (3.1.2)
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with sy as given in (3.1.1). D?[, v] is a well-defined number in R U {+0c}.
The notation is justified by the property > > 0 following from:

Lemma 3.1.2 We have the representation:

2
d
D[uv] = /[2;5 Zcotanh[mz’m”.}f[u—vm\z-ﬁ, (3.13)
P

where F[](§) is the Fourier transform of the measure |i.
Proof The claim follows in virtue of the formula
Fl il = ~ T (cotanh (n—(p) _
AW = © 2t T
with f;(x) = In|sinh(zx)| —¢|x| + In2. |

Definition 3.1.3 The classical positions x}¥ for the measure /,Lgilv ) are defined by

N
X

=/dug§>(y) for ie[l;N] and x)=ay , xy=by.

—00

N
(3.1.4)

Our first task is to derive a lower bound for the partition function (2.2.1), by
restricting to configurations of points close to their classical positions:

Lemma 3.14 Zy[V] > exp{ —N2+°‘5N[/L§gv)] + O(NH-a)} )

We stress on this occasion that using the N-dependent rate function &y allows the
gain of a factor 1/N in the remainder with respect to the leading term, while using £
would lead to a weaker estimate O(N?) for the remainder in the lower bound. This
is of particular importance to simplify the analysis of Schwinger—Dyson equations
that will follow.

Proof It follows from the local expressions obtained in Chapter 5 that /Lgﬁlv ) is con-
tinuous with respect to Lebesgue measure with density bounded by a constant M
independent of N, as shown in (2.4.14). This ensures that

1
x{il—xﬂzm, iel0; N—1]. (3.1.5)

‘We obtain our lower bound by keeping only configurations in

Q= {xeR" :sup|r, — x| <
a A4MN
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Let 0. be some N-independent e-neighbourhood of [ay ; by]. Since V e C'(R), it
follows that

IV 120
4MN

NV 1)

_ N
V() — V)| < N

-V - < —V(a)

(3.1.6)

fora € [ 1; N ] and forany A € Q. Thus, upon are-centring at x/" of the integration
with respect to A,, we get

N
e |,
2V 2 T fe " ve) o W
a=1

N 2 B
X / de-H[Hsinh[npra(va—vb —I—x;\'—xé\’)]}

[—1/@MN), 1 /@My 4<b T p=l

N N
I+a
- H {e_NH«vuy)} ce i WVl | |e2N“sN(x,,”—x£’>
a=1

a<b

N
x /deH{llgkﬁ(va)}. (3.1.7)
a=1

Vi <--<Vy

‘We remind that sy has been defined in (3.1.1). The second line is obtained by keeping
only the configurations where i — v; is increasing, and then using that sinh is an
increasing function. Finally:

a NIy (x) N ) ad Ny (e ey L 1 N
ZN[V] > {e* a } e A L) e Ny =X)L .
1 I vi (i

(3.1.8)

We rewrite the first product involving the potential by comparison between the
Riemann sum and the integral:

NV 2%
LA LSl GO R N )
N (by — ay)

1 N
F Ve = [vOuw© + o o=
a=1 R
(3.1.9)

it thus remains to bound from below the S-exponent part. Using that sy is increasing
onR™, we get:
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/ sy (5 — 0 du (1) du ()

x<y
N N
XX
N—1 Tat1 Fb41

= 1x<y(x7 »sy(y —x) d:ueq(x) dﬂeq(y)

1 N—-1 N-—1 N—1 1
<= Z sy — x4+ ZSN(x;V+1 —xjf)-m. (3.1.10)
a=0 b=a+1 a=0

The first sum can be recast as

N-1 N
z Z sN(xév—x;V) Z Z sN(xb - X, ) + ZSN(xb

a=0 b=a+2 a=1 b=a+1
- ZSN(XZ,VH —x)) . (3.1.11)
It follows from (3.1.5) and from |x — X, N| < |by —an| < C for some C > 0 in-

dependent of N, that:

N N
max |Sy (X — X
pmax sy (el —x)

= N “O(InN + N%) and max lsy(x) —x)Hl = O(1).  (3.1.12)

Hence, it follows that

N
NZ/SN(y—x)d/LeQ’)(x)d,ué (y) < 0(N)+ZSN(x},V—x;V), (3.1.13)

x<y a<b

thus leading to the claim. |

We now estimate the fluctuations of linear statistics by using an idea introduced
in [1].

l~)eﬁniti0n 3~.1.5 Given aconfiguration of pointsA; < --- < Ay, webuildasequence
A1 < --- < Ay defined as

M=nand T =Jx + max (g — b, e V) (3.1.14)
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Further, for any A € RV, we associate a vector A eRY by ordering the A’s with a
permutation o, apply the previous construction to obtain a N -uple A, and put them in
original order with the permutation o ~!. The corresponding empirical measure is:

%——Z&

and we denote L(D the convolution of Lm with the uniform probability measure
on[0; e_(l“N)Z/N]

The new configuration has been constructed such that, for ¢ # k,

= Je| = e ag — Ae| < [l — 7| and |ag =T < (k= 1) eV,

~ (3.1.15)

The advantage of working with Lg\),‘;)u is that it is Lebesgue continuous; as such it can

appear in the argument of £y or 2 and yield finite results. The scale of regularisation
7(11’1 N)2 . . . . . —a
e is somewhat arbitrary, but in any case negligible compared to N ~¢.

We introduce the effective potential associated to the N-dependent equilibrium

measure:

Vuar®) = V) = 2 [ s —nando - €. GLIo

By the characterisation of the equilibrium measure (Theorem 2.4.2), V.. = 0 in
the support [ay ; by], while Vi..ie > 0 outside [ay ; by].

Proposition 3.1.6 Assume that

e the partition function Zy[ V] satisfies a lower-bound of the form
ZulV] = exp | = N*E[ud] + o). sy =o(NF): (B.L17)
e the potential is sub-exponential, viz. there exists € > 0 and Cy > 0 such that

vieR, s [Via+n| = ov([ven|+1). (3.1.18)
te[0;e]

Then, given any 0 < n < 1, we have for all . € R" that
24ay2[ 7 X
pv(A) < exp{ — N [LNu’Mg.]V)] Sy

—N”m—m/ﬁmmau@ﬁ)+ommNﬁ} (3.1.19)


http://dx.doi.org/10.1007/978-3-319-33379-3_2
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The effective potential Vy..ir has been defined in (3.1.16) while D2, v is as given
in(3.1.1).

Proof The partition function takes the form:
Zy[V] = / d"2 exp [ - N / V@) ALY () — Tagl L)1) }
RN

Saugli] = / sy — ) du(du(y) .
XFY

where sy defined in (3.1.1). We are going to estimate the cost of replacing L;C) by

Lx‘) . in the above integration. We start with the term involving the potential. Since
we assumed V sub-exponential, we have:

‘/V(x)dLﬁ@)(x) — /V(x)dLg)(x)

N

Il @-D e . (a—1)
= NZI:e(m—N)Z'Sup[lv()‘a_’_tN .te[o’e(ln—N)sz}
a=
NCy ®
= o N)? [V)ldLY (x) + 1) . (3.1.20)

Further, since V (x) — +o00 when |x| — oo, there exists C.; > 0 such that

VxeR,  Cly(l+ Vier@) = Cy(IV@)I+1). (3.121)

Asa consequence,

N3+o¢ C/ -
exp[ —N2+a/V(x)dL§3)(x)} < exp Tweff[l n /VN;eﬁ(x)dL;y(x)]
_ N / VndLY (x)
(3.1.22)

Now, let us consider the term involving the sinh interaction. Since sy is increasing on
R* and the spacings between 1,’s are larger than those between the 1,s, it follows

that Ediag[Lx)] < Ediag[L%)]. Furthermore, we have:
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X (X
2:diag [LEV)] - 2diag [LN;)u]

:/dL;?(x)dLg)(y) / dzu{sN(x—y)

X#y [0;117
—sn(x—y+ N~le N7 () — uz))}
1
- Pusy[N'e ™ () —uy)] . (3.1.23)
[0;1]?

When N is large enough, we can use the Lipschitz behaviour of sy on
[e=M™M)? /2. 4+o0] for the first term. Indeed:

2

ENSIEDY p ”2“’” cotanh[7 e, N |x|] < ¢/ N~%e™ N’ (3.1.24)

p=1

for some ¢’ > 0. Besides, we exploit that sy is increasing to bound the second term.
This leads to:

Zaee[LP] = Saie[LP]| < CN7T 4 O N N)? . (3.1.25)

Since the measure L( ) is continuous with respect to Lebesgue, it is not any more
necessary to take care of the diagonal singularity in sy, and we obtain:

exp[ - N”O‘( / V(x)dLY (x) — zdiag[L(;)])]
R

< exp[ — N2+“5N[L§§}u] + O(N(In N)z)]

X exp ’eﬂnmz N¥ L / VN;eﬁ(x)dLg}u(x)} ) (3.1.26)

Since ()" is also continuous with respect to Lebesgue, Ey[1()] is finite and we

can expand the first term around M(N ):

e9) N 27 X N
gN[LN:u] :g [Méq)]—i—@ [LN u’u’éq)]
+ / ALy, - ueqb(x)[voc) / A (v) sy (x — y)} :
R R
We recognize in the last integral Vy..g(x) + Cég’ ) integrated against a measure of

mass 0. So, we can omit the constant Ceq, and since Vy..r = 0 on the support of
(&), we actually find:
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En[LD,] = Ex[nl] + 02 [LE, k] + / Vaser ) dLP, ()
R

If we plug this relation in (3.1.26), we obtain a similar bound but now with V..
having the prefactor N>™® — ¢="NM N3+l < (1 — ) N>t thisforany 0 < n <
1, provided that N is large enough. |

In order to bound the one and multi-point expectation values and in particular the
various terms arising in the Schwinger—-Dyson equations, we introduce the exponen-
tial regularisation of a function. This regularisation allows one to deal with functions
that are unbounded at infinity but whose expectation values are still well defined.

Definition 3.1.7 Given a function f in n variables, its exponential regularisation
with growth « is defined by

Kl il = [TV} rn 6. (3.127)
a=1

Definition 3.1.8 We define the centred empirical measure as:
(2) )
Ly =Ly —ndd. (3.1.28)

Prior to establishing the simplest a priori bounds on the multi-point expectation
values ( f ) Q! L we need to establish a convenient decomposition thereof. The latter
1 N

is written in such a way that the leading in N behaviour comes from the part involving
a restriction of f to a compactly supported function.

Lemma 3.1.9 There exists t > 0 and a functional AX}) on the space of functions f
such that IC.[ f1 € W°(R") for some k > 0 satisfying

sup {supp[ugqv)]} C[—t/2;1/2] and ‘A%)[f]) < cemN L I wee )

NeN
(3.1.29)
and such that
(A cw = fielgyew + AV (3.1.30)
In the above decomposition,
fel&n &) = f& ... &) -Hqﬁ(Sa) (3.1.31)
a=1

where ¢ € C°(R) is such that

0<¢p=<1, ¢ry=1and supplgp] C[-(+1D;t+1]. (3.1.32)
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Proof We first claim that the constant C{}") arising in the minimisation problem for
the equilibrium measure (2.4.8) is bounded in N. Indeed, it follows from (2.4.8) that

by

c = / V(E) duld) )

an

2
B . o
-~ | m{Tsinnire,n"€ —m1} duld ©duld o
lay :bn]? p=l
(3.1.33)
Therefore, we have:
|C(N)} =< UVIlL=(ay a1
{ 2
+ CUV 1B gy s / ~z| In{ T sinblreo, v & — 1} | agan
[an ;by]? p=l
(3.1.34)

where we have used that ,uég’ ) is a probability measure and that its density is bounded
by (2.4.14). The double integral remaining in (3.1.34) can be bounded by an N-
independent constant. Such bounds are obtained by using that the function

en(§) = { H sinh] na)aN"‘E]H — (w1 + )€ (3.1.35)

approaches 0 point-wise in & € [ay — by ; by —an]\ {0} and is bounded as
lgn(@E)| < C (1 + | In|&| |) Since the endpoints a and by are bounded in N in virtue
of (2.4.11), we can apply the dominated convergence theoremto (§, n) — gy (§ — 1)
on [ay ; by]*.

The finiteness in N of C{}’’ along with the confinement hypothesis (2.2.2) on the
potential implies the existence of # > 0 independent of N such that:

V& e R\ [—1,1],  Vier(§) > @ > %' (3.1.36)

where the effective potential is defined by (3.1.16). In virtue of (2.4.11), one can
always choose 7 such that it also holds supp[u{y'] C [—/2;1/2].
Since

. 1
(f)®'|’ oh = (fsym>®r]r e With fom@r,.o 80) = ] Z FEoys s o)
oe’,

(3.1.37)


http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
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we may assume that f is a completely symmetric function. Then, one gets

n

(Flgren = dgy o + AV o AV = Z(p) AN [ fovm]

p=1
(3.1.38)
where
» @,
A [roml = By | [ TTate [T et
[—:0pe =1 —(+1) =P

P n
<[T(1 - ¢@) TT ¢Efam@ 80| . (3139

a=1 a=p+1

Note that, in the intermediate steps, we have used that supp[y,gg’ Nnl=r;11 =
Hence, one gets the bound

A | = G Mgy 27 1€ 13 iy - Ap (3.140)
with
| N p
kV(hg N
A, = m/pN(x)aZ H[e Ga) 1 (R )] d"a. (3141
]RN

Observe that given any symmetric function g in p-variables, one has the decompo-
sition

N P
¢
2. i) =2 2, GO
aip,..., ap,=1 =1 ry,..., re>1
ri+...+re=p
X Z g()»bl, s Abys ey Abys ,)»bg)
1<by,....by<N
pairwise disjoint n e
(3.1.42)
where C “, P )A,g > ( are purely combinatorial coefficients. The latter implies that, for

some p-dependent constant C ,:

P
Z Z P, < Cp. (3.1.43)
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As a consequence, we get

1 & -
A= 2 Gl /”N(X) 2. H{ew“vmbx)'1‘)“>’(M’")} a

=1 ry,,re=1 by,..., be=1 s=1

ri4etre=p RN pairwise disjoint
P
N--(N-t+1 “n
B JElUELERS
NP
=1 rittre

-p

x / ﬁdka/ IT - meH{mma}. (3.1.44)

(=t 11 a=1 RN-€ 4= 41

It follows from (3.1.19) with = 1/2 given in Proposition 3.1.6 that:

N
lPvM) 1oW)| < He_%NIMVN*f‘(’\“) ~exp{ Nt inf D [L%)u, (f]")]} )
a=1

(3.1.45)
This bound leads to:

. ¢ N—¢
A, <Cp- max { / e—%N]JraVN:eff(EH-KV(E)d{;, . max {/e—%NH“VN;eff(s)ds} '
P P

(3.1.46)
Further, in virtue of (3.1.36) we have, for N large enough,

e [

[—t;t]¢ [—t52]¢

/e—éN”"mdg‘ = 0(e™M") . (3.1.47)

[—t;1]°

=

The integral over R in (3.1.46) is bounded uniformly by a constant A, since
Vet = 0, and V.. grows atleast linearly atinfinity. Allinall, forany p € [ 1; n ],
(3.1.46) is bounded by C'ANe=N"™ = o(e=“N'""), whence the result. [ |

Corollary 3.1.10 Let k > 0. There exist constants C,, > 0 depending on n and k
such that the below bounds hold for any f satisfying IC.[ f]1 € W (R")

(e 80) g, | = G [N I e

NI oy - IV My | -
(3.1.48)
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Proof Using the decomposition (3.1.30) it is enough to obtain the bounds (3.1.48) for
the compact restriction fi. of f defined in (3.1.31). Upon decomposing

le‘) = 50‘) + (Lgy — Lx,)u), we can write:

(f0)®"ﬁ‘”
33 eu [ filer.... 6 de,@}u(g,.“) 1 (1~ 1) &
= 1[|<_1<l( Rn ;éi[f,_...,ig
+ gy o - (3.1.49)

Sincexa’s are not far from ), ’s according to (3.1.15), we can bound forany £ < n — 1,

PN[ / fie(Err o & Hdcm ,) H Ly, —Lﬁé)xsa)”
;ét

R»

. N(N —1) e N7
< 2" I L Nlwpe ey 7 N (3.1.50)

To get the second factor, we used the chain of bounds

| ficllwerny < CillKelfidllwewy < CalIKLf Nwewn - (3.1.51)
As a consequence, the first sum in (3.1.49) will only give rise to

N Lf Mwee@ny - O(N =) corrections. This being settled, Proposition 3.1.6 ensures
the existence of M > 0 and a constant C > 0 such that, for N large enough:

Py [QM;N] = o(e—CMN”“) with Qu.y = {x eRYV: D[P 1] > M/N} .

(3.1.52)
This ensures that
fiege oo | = CINCL MmN 4+ Ryl fil  (B.153)
with
Ryl fiel = PN[lg / fier, .. &) ]‘[db“ (sa]‘. (3.1.54)
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Finally, using Cauchy—Schwarz inequality to make the distance % appear:

dn
Ryl 1= PN[IQ‘ / f[ﬁc](cm,...,wn>1_[f (%] %)-ﬁ}
er
_ [/ [FLfilor. - o) d"p ]%
- @ny
' [T, [ZN"‘(p Zcotanh[zpra”
x IP’N[ IQ%;NZ)”[L%)M,MQQV)]} : (3.1.55)

The last factor, because it is evaluated on the complement on 2.y, is at most
O(N~"/?). The Fourier transform part of the bound can be estimated with the bound:

H‘—Zcotanh[zw N"‘] < E(CNamD
< (CN%Y" (1 + {igo,?}l/z)n . (3.156)

i=1

Hence, there exists a constant C;, > 0 such that:

(idgs el = CoN 2 (11 el + KL M) - (B.157)

where the W® norm is nothing but the L> norm. In order to bound || fic||#, &) by
the W?° norms (c.f. their definition (1.6.7)), we observe that:

||f|c||%—1n/2(]Rn) < W Sficllm,@ny - N fiell 2@y - (3.1.58)
The L?(R") norm is bounded directly as:
I fiellzen < C'(2t +2)7 - 1K Lf Mwpecwe) - (3.1.59)

Finally, in order to bound || fic||, &), we remark that (1 + [¢[)** < 4"(1 +1?)", so

that: .
" 12\ " n

<1+{Z‘p§} ) < CY Pgt.....o0 (3.1.60)
a=1 k=0

for some symmetric homogeneous polynomial of degree k which has the expansion:

P@i.....op) = D Py o el with  pyy =0, (3.1.61)
ky -, =k


http://dx.doi.org/10.1007/978-3-319-33379-3_1
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This ensures that

el <€ S /\Ha& felern &0 e

k=0 ki+---+kny=k

<C'-@2+20)" - IK [f]llwm(Rn . (3.1.62)

To get the last line, we have repeatedly used the sub-exponential hypothesis (2.2.4).
As a consequence, for some constant C’

1 1
el < € Nl Ny - WL My - (3.1.63)

Inserting the above bound in (3.1.57), we obtain

(fiedgy e = CIN D 2N W gy - 1L Mgy (3:1.64)

what leads to the claimed form of the bound on the average ( f > |

).
& Ly

3.2 The Schwinger-Dyson Equations

In the present section, we derive the system of Schwinger—Dyson equations in our
model. The operator

Un$1E) = ¢©&) - {V'&) — Svlp1E)} + Snlg - p{ 165) (3:2.1)

with Sy defined in (2.4.15) will arise in their expression, and play a crucial role
in the large-N analysis. It will be shown in Proposition 4.3.8 that the operator Sy
is invertible and in Proposition 5.2.1 that the operator {/y is invertible as well. We
will build on this information until the end of this chapter. At a later stage, we
shall use as well fine bounds on the W °(R) norms of functions K, [Z/{ZT,I [¢]] which
will be obtained later in Proposition 5.2.2. We do stress that these results on the
invertibility of Sy and Uy as well as those relative to estimates involving Uy, U will
be obtained independently of the results obtained in the present chapter. By presenting
this technical result only in a later Chapter 5, and using it as a tool in the present
chapter, we hope to make the principles of analysis of Schwinger—Dyson equations
more transparent.

Since we will be dealing with operators initially defined on functions in one
variable but acting on one of the variables of a function in many variables, it is useful
to introduce the

Definition 3.2.1 Given an operator O : W;o R) — W,?Q (R%) acting on functions of
one variable and ¢ € W[‘,’O (R™), Oy [¢] refers to the function


http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_2
http://dx.doi.org/10.1007/978-3-319-33379-3_4
http://dx.doi.org/10.1007/978-3-319-33379-3_5
http://dx.doi.org/10.1007/978-3-319-33379-3_5
http://dx.doi.org/10.1007/978-3-319-33379-3_5
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Ol &1 - Enpem) = O[dEr ey ket % Bt - Enge—) | s - - - k=)
(3.2.2)

in which * denotes the variable of ¢ on which the operator Oy acts.

For instance, according to the above definition, we have

Uyi[¢] G 8 = Un[d( &, ED]ED.

Definition 3.2.2 If ¢ isafunctioninn > 1 variables, we denote 0, the differentiation
with respect to the pth variable. We also define an operator

2P WERY) - WER'

by:
EP[AIEN, . &) = Er e Ept, E1 Epy o Enc)

Proposition 3.2.3 Let ¢, be a function in n real variables such that
Kilpn] € WX@R"), cf. (3.1.27), for some k > 0 that can depend on n. Then, all
expectation values appearing below are well-defined. Furthermore, the rank 1
Schwinger—Dyson equation takes the form:

! - (1-p)
_((bl)Lm + §<'DN OUN1[¢1]>£5¢)®£2’ + Nita (81UN [¢|]) ®
*‘%L?@U[@Mm—o (3.23)

There, Dy corresponds to the non-commutative derivative

2
DylolE, m) = [Zﬁnwpcotanh[npr“(s—n)]]'(¢(s>—¢(n>). (3.2.4)

p=1

In their turn, the Schwinger—Dyson equation at rank n takes the form:

1 $ — —1 1 —1
(g s = s {8 ottty o + P ci6t ol

+ S Dl n)

W@ Ly
1 n
=(p) -1
N2+“ Z<u OUN;1[8p¢ll]> (N) ® LO‘)
p=2
(1-p)

+ (ot 1[¢n]>®cm. (32.5)

_l.

Proof Schwinger—Dyson equations express the invariance of an integral under
change of variables, or equivalently, integration by parts. Although the principle
of derivation is well-known, we include the proof to be self-contained, following the
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route of infinitesimal change of variables. Let @, a = 1, ..., n + 1 be a collection
of smooth and compactly supported functions. We introduce an e-deformation of the
probability density py given in (2.5.1) by setting:

\ R p
V) = e TT {sinh [ronv G — )] sinh [N G = 2]
alr a<b
N
x HefNHaV((g,,))()ha) , (326)
a=1
where:

n+1

Vien®) = V) + D e (¢<“) &) — / ¢ () dull >(n>) . 627
a=2
the new normalisation constant Zy ({€,}) in (3.2.6) is such that p%e“})
ability density on R".
We then define G, () = u + 1tV (). Since 8§¢(1)(§) is bounded from below,
for ¢ small enough G, is a diffeomorphism of R. Let us carry out the change of
variables A, = G;(u,) and translate the fact that p%e“}) is a probability measure.

This yields

is still a prob-

N N
I = / Py’ @ [[dra = / PN (G, .. GO [] Grha) dAa -
a=1 a=1

RY = RV
(3.2.8)
As a consequence, the change of variables yields, to the first order in :
N N
= /d”[l +12 Bmm(xa)] [1 — NS (Vi) ) ¢“><Aa)]
RN a=1 a=1
N 2
[1 +INe> [Zﬂnwpcotanh[npr“(ka _ /\b)]] [qs(”()\a) _ ¢<‘>(xb)”
a<b p=l1
X pI(éfa}) ()‘) + O(IZ) . (329)

Identifying the terms linear in ¢ leads to:

@) 1 (fea) (1—B)
()] D (6]
_<‘/’ al[v”ea”])m * §< wle ]>Lg)®L;¢) M

(o6 )\5" = 0.
(3.2.10)
The superscript ({¢,}) is there to emphasise that the averages should be taken with

respect to the probability measure associated with the e-deformed density (3.2.6).

We then centralise the empirical measures with respect to ,uéf]" ). By using the integral

equation satisfied by the density of the equilibrium measure V'(§) = Sy [pe(flv &)
for & € [ay ; by], we obtain:


http://dx.doi.org/10.1007/978-3-319-33379-3_2
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n+1

~(ux [¢<“1) w " Z (¢>“> 019”),m + (9 al¢<P>)§§fN:>”)

+ 5(oato™) s + et ((31¢“>) o+ o)) ) _
(3.2.11)

Sending €,’s to zero in this equation leads to the desired form of the Schwinger—
Dyson equation at rank 1. In order to get the Schwinger—Dyson equation at rank #,
we should compute the €, derivatives of (3.2.11) evaluated at €, = 0. However, first,
it is convenient to multiply the above equation by Zy ({€,})/Zn[V] so as to avoid
differentiating the {¢,}-dependent partition function entering in the definition of the
density p, (teal) (A). Doing so, however, produces additional averages in front of the
averages solely involving the non-stochastic measures fieq:

n+1 n+1

~ (unto 160 H¢<“><sa ) o+ NZIM S sV En o e [[6 € ) N
a=2 N p=2 a#—p2 En
n+1 _,3)
+5(orio M, éz)H¢(”)(§a+1)>n+z oy (M0 E0) )
n+1 1 n+1 n+1
(HM(SQ 1)) o NMZ<¢<“(sl)al¢“’>(sl)) (N)(Hw“)(s“’)l))nl N
_ n+1
+ (}VH’f)( ¢<‘>(sl>]'[2¢<“>(su ) =0 (3.2.12)

To any & € R"~!, we associate the vector £ € R" by
g(p) (Elv~~'7‘§p71’§1’§p1'-~7§n71)7

whose components arise in products of the type H"H ¢ (f(p )) The representation
#p

Un[lE) = ¢@E)V'(E)

by
/ [ Zﬂnwpcotanh[npr“@ - n>]](¢<n) — (&) ps" () dn
ay  P=1

(3.2.13)
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readily shows that the operators Uy and Dy are both continuous as operators
WP (K) — W§°(K) for any compact K C R. This continuity along with the finite-
ness of the measure Py is then enough to conclude, by density of
CPR)® - - ®@CX[R) in CF(R"), that equation (3.2.5) holds for all functions
¢n € C°(R"). Eventually, the assumption of compact support can be dropped. In-
deed, given any ¢, € C°(R"), the Schwinger-Dyson equation at level n can be
presented as

1 - _ 1
U 1[¢"])®c‘“ = N2+ pz=‘2‘<a””[3p¢n]>,® £ + §<DN;1[¢n]>r§ o
(1-p) Lo
+ N1+a <al¢n> ég)gﬁw + N2+ ;<Q(P)[8P¢n]> (N)’éﬁ,m
(1-p)
+ N1+a < ]¢”> (,\) . (3214)

It is readily seen due to the sub-exponentiality hypothesis (2.2.4) that given
0 < k < k' and ¢, such that I [¢,] € W (R"), we have:

e [Unialdnl|llwge@n < CHE[dallllwge ) (3.2.15)

and likewise for Dy . Thus, since K [¢,] € W°(R") can be approached in W (R")
norm by functions IC, [, ] with v, € C2°(R"), it remains to invoke the finiteness of
the measures Py and the decomposition of the nth order averages obtained in Lemma
3.1.9 so as to get (3.2.5) in full generality. In the announcement of the result, we
actually choose to write the Schwinger—Dyson equation (3.2.5) for U 1\7}1 [¢,] instead
of ¢,,. This rewriting is possible because we construct in Chapter 5 this inverse U 1;;11 ,
and merely anticipate the use we will make of this equation. The Schwinger—Dyson
equation we have proved in the form (3.2.5) holds independently of the invertibility
of N:1- |

It follows from the form taken by the Schwinger—Dyson equations that, if we want
to solve these equations perturbatively we should, in the very first place, construct the
inverse to the operator Uy . This should be done is such a way that one can control
explicitly or at least in a manageable way, its dependence on N and its possible
singularities. Indeed, the building blocks of L{;l exhibit, for instance, square root
like singularities at the endpoints of the support [ay ; by] of the equilibrium measure.
In Section 5.2.1, we shall construct a regular representation for ,Ql. By regularity,
we mean that the various square root singularities present in its building blocks
eventually cancel out, hence showing that I/, '[H] is smooth as long as H is. Then,
in Section 5.2.2, we shall provide explicit, N-dependent, bounds on the W*(R)
norms of L{Z\_,I[H ]. These will play a crucial role in the large-N analysis of the
Schwinger—Dyson equations.
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3.3 Asymptotic Analysis of the Schwinger-Dyson
Equations

The asymptotic analysis of the Schwinger—Dyson equation builds heavily on a family
of N-weighted norms that we introduce below.

Definition 3.3.1 For any ¢ € W°(R”), the N-weighted L*° norm of order € is

defined by
¢

Nlilg)[(p] _ Z ||¢||Wk°°(]RP) . (3.3.1)

ka
k=0 N
This notation N, 1{,[ ) [¢] does not specify the number of variables of ¢ since this is

usually clear from the context.

The weighted norm satisfies the obvious bound:
NPB1 <+ 1) - lpllweee) - (3.3.2)

and, respectively, the operators of differentiation and “repetition of a variable” E()
are bounded as:

NV10,01 < N NS TV01, NY[EP 1] < N (61 - (3.3.3)

Also, it is important to introduce a specific function that allows one to control the
dependence on the potential in the various bounds that issue from the Schwinger—
Dyson equations.

Definition 3.3.2 The order ¢ estimate of the potential V is defined as

l I4
max{ TT IV Ny = 3 ka = 26+ 1}
a=1 @ a=1
V] =
[ min (1. inffg 1 V@)1 V(6 +6) = VB V(@ — ) ~ V@))

+1 7

(3.34)

where € > 0 is small enough and fixed once for all, while k > 0. We also remind
that /C, is the exponential regularisation of Definition 3.1.7.

Since « only plays a minor role due to the sub-exponentiality hypothesis (2.2.4)
in the estimates provided by n,[ V], we chose to keep its dependence implicit. Note
also that the constants n,[ V] satisfy

n[V]-ng[V] < neppa[V]. (3.3.5)
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Lemma 3.3.3 Let « > 0. There exist constants C.¢, Cp.¢ > 0 such that, for any ¢
satisfying

o Kielgl € Wi (R
o &> 96,5, ..., &) € X,([ay; by]), 0 < s < 1/2, that is to say'

by
d H acs_
[ s [o e g g =0
2im
R+ie ay

almost everywhere in (&, ...,§&,) € R"! (3.3.6)

we have the bounds:
NP Keltzhi91]] = Coe etV N (N NV (337)
N[ K[ Praal]] = e - tn M- NV [Klo1] (3:38)
Note that the above lemma implies, in particular, a bound on the weighted norm
of DN;] o} Z/{;;III
NP Ke[Puat o Ughiol]] = €l mesa V- N (V) NEV [ 01]
(3.3.9)

We stress for the last time that the proof of this Lemma, for the part concerning ¢/ 1;-11 ,
relies on estimates of this inverse obtained in Chapter 5 independently of the present
chapter.

Proof We first focus on the norm of K [Dy:1[¢]]. In order to obtain (3.3.8), we
bound

n+l1 n+1
Ok €)= [ ] 08 Ke[Dratl)] 1. Ea)  with Dk, < € ky €N
a=1 a=1

(3.3.10)

by different means in the two cases of interest, viz. N¥|§; — &| > (In N)?> and
N — &| < (InN)™.

We first treat the case N*|&; — &| > (In N)2. Observe that for [N“&| > (In N)?,
we have:

't is straightforward to check by carrying out contour deformations that, for functions v decaying
sufficiently fast at infinity with respect to its first variable, the condition (3.3.6) is equivalent to
belonging to X (R).
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3.3 Asymptotic Analysis of the Schwinger—Dyson Equations 89

Ve=0,  [o{SIVE}| < Suoch + (1—8p0) ¢y N "V < ¢)(InN)?
(3.3.11)

for some constants c,, where S is defined in (2.4.15) and §; o being the Kronecker
symbol. Therefore:

| Ok B )| < ZIK)

Pa +la _k a=1
a=

x [0 02 (B €1 6 ) = B €2 B Ene)] |-ttty - (N2

max (ky,k)
< ¢ NImEle g N2 R N max (919,10 &3 - Ens)|
s=0 nels
< C-N®. (N2 Ny [Kelo]] (3.3.12)

where, in the intermediate calculations, we have used:

n+1

braE a6 = [JoF [Klol@ &80} (3:3.13)

a=3

‘We now turn to the case when N* |§ 1 — Ezl < (In N)2. Observe that for any{ € N
and |[N“€] < (In N)2, the function S, with S(x) = xS(x), satisfies

28 ]
Neg
+ (1= 800) N|ISllwe@ < ceN“(InN)’

(3.3.14)

VEz 0, [of SV} = beo|NUE[SNE) -

for some constants ¢,. Starting from the integral representation

Ok,H.l (anrl)
1
/ 3k13k2 314’{@}(51 +1& =&, &, ... ) §(Na($1 - 52))] ,

0
(3.3.15)
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we obtain:

(kl) (kz) Cei+0,
Outeil = 2, TNt

Patla=ka
a=1,2

1

x / (U= PP @7 gy ) (6 + 16— ). B )

0
-(InN)? - dr
ki+ko+1
< CN®H(nNY? > N7 max |0}, & - S|
—l nelé ;61
< CN™(nN)* - Ny P [Kelo]] - (3.3.16)

Putting together (3.3.12) and (3.3.16) and taking the supremum over {k,} such that
Za k, < £, we deduce the desired bound (3.3.8) for the weighted norm of Dy .
The bounds for the weighted norm of /C, [Z/{jg;ll [¢]] are obtained quite straight-
forwardly by using the W/ °(R) bounds on I, [L[;}l [¢>]] as derived in Proposi-
tion 5.2.2. [ |

With the bounds on the action of the operators U;}l and Dy.|, we can improve
the a priori bounds on the centred expectation values of the correlators through a
bootstrap procedure.

Proposition 3.3.4 Let o < 1/4 and pick « > 0. There exist an increasing
sequence of integers (m,), and positive constants (Cy),, such that, for any n > 1
and ¢ € X;([ay ; by]) in the sense of (3.3.6) and satisfying IC,.[¢] € Wn‘ﬁ (R™), cf.
(3.1.27), we have:

< Cy 1y [V1- NI [Kelpl] N (3.3.17)

(@) co

The whole dependence of the upper bound on the potential V is contained in the
constant n,, [ V], and we can take:

my =L@, g, =1 +L J €D =29(n +q) +327 — 1) . (3.3.18)

n
1 -4«
Proof The proof utilises a bootstrap-based improvement of the a priori bounds
given in Corollary 3.1.10. Namely, assume the existence of sequences
ny — 0, 2y € [0; 1], and constants C,, > 0 independent of N, and integers £, in-
creasing with n, such that, for any ¢ such that K [¢] € W (R"):

(Bl coo| = Come, VI NG iG] (0w + N7@D) L (3319)
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We will establish that there exists a new constant C, >0 and integers
), = 2£,41 + 3 such that, for ICc[¢] € W °(R"):

(Blgy coo| = CoemelVI- N[N - (- 54 + N") L (3.320)

where
©y = ny (ln N)ZHZ max (N“nN; N“’zn;,z; N“’ln;,') . (3.3.21)

Before justifying (3.3.21), let us examine its consequences. The bootstrap approach
can be settled if
sy = N2y (3.3.22)

for some y,, > 0. Assuming momentarily that ny = N7V, when 0 < o < 1, the
range of « and y ensuring (3.3.22) is:

a<y<l—-ua a fortiori a < 1/2. (3.3.23)

The rate y,. at which sz, /¢y goes to zero increases when y runs from « to 1/2, is
maximal and equal to 1/2 — o when y = 1/2, and then decreases when y increases
between 1/2 and 1 — «.

The a priori estimate proved in Corollary 3.1.10 gives:

1 1
=G LD oo ey - I [ oo oy - N@=Dn/2
Cr - Ny [Kilpl] N2 (3.3.24)

¥l ez

IA

Therefore, the assumption (3.3.20) is satisfied with ny = N77 for y = 1/2 — «,
and the order ¢,, = n for the weighted norm. The bootstrap condition (3.3.23) then
implies @ < 1/4, and in this case, we find:

(1—4a)

sy <y (DN N~= | (3.3.25)

Now, we can iterate the bootstrap until the first term in (3.3.20) becomes less
or equal than the second term N©@~Y" This is obtained in a number of steps g,
determined by the equation N ~(1/2=0n N—=(1=4)a:/2  N©@=Dn therefore:

n
=1 L J . 3.3.26

i s (3.3.26)
The order of the weighted norm appearing in the bound of the n point correlations
at step g of the recursion satisfies £/ = 20~ 4+ 3, with initial condition O =n.

n+1
The solution is
09 =21(n+q) +327 - 1). (3.3.27)
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Therefore, we get at the end of the recursion:

<G N NG [Kelgl], my =€ (3.3.28)

‘<¢)®7 P

We shall now justify the claim (3.3.21). Starting from (3.3.19), we bound (¢)®7 £®
given by the Schwinger—Dyson equations of Proposition 3.2.3, using the norms of
the operators Uy.; and Dy obtained in Lemma 3.3.3. We stress that it is indeed licit
to apply the bound (3.3.7) for U/, ! for, if ¢ satisfies the condition (3.3.6), then so do
the functions 9,¢ with p =2, ..., n. Respecting the order of appearance of terms
in (3.2.5), we getz:

2a

2 N
< Cny _[V]

N2+a (ln N)ZZ,,,|+1N]$]2L1—1+2) [ICK [d)]]

Pl e
. (ﬂ?v_l ey + N(n—l)(a—n)

+ Oy, [ViIng,, 1 [VIN®(In N2 N[ (9]
_ (nnN+1 R N(n+1)(a71))

2a
N+
: (,7;1\;1 ey + N(n—l)(a—l))

+Cny, [VIng,  11lV] (In N)21 53 NI [8]]

2a

T+ Cny VDR (i )22 N [g]

N2+
. (,ﬁv—z ey + N(”*”(“*U)

N2a
+ Cng VI, V]S (I NP5 DK )]
: (n’}v sy + Nn(a—l)) , (3.3.29)

for some constant C > 0 depending on n and « only. Note that terms integrated
against the probability measure /,Léflv ) have been bounded by means of sup norms.
The maximal powers of N are exactly as in (3.3.21)—since we assume 1y — 0, the
powers arising in the first line are negligible compared to those in the fourth line. We
can then use (3.3.5) to bound the products of n,[V]’s in terms of n, [V] for a choice:

€ > max (26,1 +2,26,11 43,20, +3,20, 2 +2,2¢,+3) . (3.3.30)

Since (£,), is increasing, we can take £, = 2{,.; + 3, and we indeed find (3.3.20)
for N large enough. Note that, the new sequence (£,,), is, again, increasing. Then, the

2The third and fifth line are absent in the case = 1, and it gives a larger range of a > 0 for
which ny can be chosen so that the bootstrap works. But, eventually, this does not lead to a
stronger bound because we can only initialize the bootstrap with the concentration bound (3.1.10)
i — N~ (1/2-)
ie.ny =N .
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maximal power of In N occurs in the second line, and is (In N)*»++5 = (In N)&+2,
So, we have fully justified (3.3.20). |

The improved estimates on the multi-point correlators are almost all that is needed
for obtaining the large N asymptotic expansion of general one-point functions up to
o(N ’(2“‘1) corrections. Prior to deriving such results, we still need to introduce an
operator Xy mapping any function in W7°(0), O a bounded open subset in R", onto
a function belonging to X;([ay ; by]) in the sense of (3.3.6).

Definition 3.3.5 Let Xy be the linear form on W ([ay ; by]):

by
iN“® d -
Xyl¢] = ) / e N ETI) g (£) dE (3.3.31)
x11:+(0) 2ir
R+ie ay
Then, we denote by Xy the operator
XvplE) = ¢(&) — Xylg] (3.3.32)
and also define: _ _ _ _
z,{;‘ = 1;1 o Xy, Wy =Wy o Xy . (3.3.33)

It follows readily from the identity

1 —e % dy , _

/ i =S 0 with Ty = Ny —ax) .
nw 2im

R+ie

(3.3.34)

that fN[¢] € Xs([ay ; by]) in the sense of (3.3.6). The proof of (3.3.34) follows
from the use of the boundary conditions e #N*tv=av) x| (A) = x;1._(A), A € R
the fact that x;; € O(C \ R) and that x;; (%) = O(JA|~'/?) at infinity. Likewise, by
using the bounds (6.1.23) obtained in Corollary 6.1.3 it is readily seen that

NP Bnle]] = € MK (3.3.35)
Proposition 3.3.6 Given any x > 0, and any ¢ satisfying K.[p] € W(R), we
have:
(@) = (INT—+?'<3‘L~’IVI[¢]>M) * 2N12+“<E(2)[82a];*]' [ovli [911]] )
- %(8@5&3&7&5 [DAlT' [911] )
+ (;]2_(—]_’2)2(31 N;‘[alﬁ,;‘[m])/‘g) + % (3.3.36)
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The remainder Sy [¢, V] is bounded as:
[svig, V1| < C-nelV1- N [Kelg]] - N (in W) (3.3.37)

for a constant C > 0 that does not dependent on ¢ nor on the potential V, and the
integers:

¢ =max(3msz + 5, 8m, + 18), ¢ = max(4ms + 9, 14m, + 37),
¢ = max(14m, + 17, 6ms3 + 16)

given in terms of the sequence (m,), introduced in (3.3.18).

Proof The strategy is to exploit the Schwinger—Dyson equation and get rid of expec-
tation values of functions integrated against the random measure L%). This can be
done by replacing them approximately by integration against a deterministic measure
of a transformed function, up to corrections that we can estimate.

Let ¢ be a sufficiently regular function of one variable. Since the signed measure
LS has zero mass, it follows that (¢>)L(§, = (z’?N [¢>])£§¢) . We can use the Schwinger—

Dyson equation at rank 1 (3.2.3) for the function Xy [¢], and apply the sharp bounds
of Proposition 3.3.4 to derive:

)0 — et (ontts [Evia])

Nita = C-ny,p[V]

ey
x N[S]Zm2+3) [’CK[¢]] . N30t72(1n N)2m2+5 .
(3.3.38)

Above, we have stressed explicitly the composition of the operator U;l with Xy.
This bound ensures that

1 _:3 . | (1 _,3)2 -1 77—1
| O 190 0 — (000 [ 101])
< C/ . n4m2+7[v] . N1£,4mZ+9) [’CK[¢]] . N4a73(1n N)6M2+l4 . (3339)
where we remind that Z;{V,T,I =Uy'o Xy. Equation (3.3.39) can be used for a sub-

stitution of the term proportional to (1 — §) in the Schwinger-Dyson equation at
rank 1 (3.2.3), and we get:

1— -
#)esy — oy i)

(1-p)

wd T N2 <8lg§1[3la§1[¢1]>u

(N)
cq

1 ~_
= 5{Pn o Uy 1)ge o
< C o, V- NG [Klgl] - N2 an N4 (3.3.40)
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In order to gain a better control on the term involving Dy—which is a two-point
correlator—we need to study the Schwinger—-Dyson equation at rank n = 2 (3.2.5).
Given a sufficiently regular function ¥, in two variables, using the sharp bounds of
Proposition 3.3.4, we find:

1 o 1-8 ~
=) -1 _ —1
(1//2)®2£<]¢) ~ N <u [82UN;][1//2]]>M$) NIt <(81UN:1 Wz])>ﬂqu oo
< C oy 2V1- N [K[]] - N* 73 (In Nyt (3.341)
We apply this estimate to the particular choice:
V261, 8) = Dy[Uy'191]G1. 5. (33.42)

Thanks to the bound (3.3.9) on the norm of Dy o U, !and the sub-multiplicativity
(3.3.5) of the ny[V]’s, we deduce:

(Vg o — N;ﬂ<E<Z)[aza;;1[m]]>@g) - 1\/_—+'f<(81211;;11[1/f2])>ﬂg)®£w

< C 1 [V NG [Kl@]] - N33 (In N)ySmatie (3.3.43)

This can be used for a substitution of (y,) = (Dy o Uy 1[qb]) in the left-hand side
of (3.3.40). Before performing this substitution, we still need to control the term
in (3.3.43) which is proportional to (1 — 8). This is a one-point correlator for the
function:

1-8

e | Bl [vate )]0 dul o) (3.3.44)

Yi(§) =

Applying the one-point estimate (3.3.38) to the function ¥, along with the bounds
(3.3.7) and (3.3.8) for the norms of Z/{];' and Dy, we find:

=B =
’(W])qy - W<31UN [I/fl]>/l-§3”
< C g, sV N2V [Kclg]] - N3 (In Ny t37 (3.3.45)
This leads to:
1 —~(2) 77—1
(w2)®2£<]\§) - W(n o 32uN;1[W2]>M$,
(1-p)

1 o 771
— e ()

< C - nguyislV]- NG 2P [Klgl] - N7 (an M) L (3.3.46)
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The result follows by substituting this inequality in (3.3.40). |

3.4 The Large-N Asymptotic Expansion of In Zy[V]
up to o(1)

We can use the large- N analysis of the Schwinger—Dyson equations to establish the
existence of an asymptotic expansion up to o(1) of In Zy[V]. The coefficients in
this asymptotic expansion are single and double integrals whose integrand depends
on N. We will work out the large-N asymptotic expansion of these coefficients in
Sections 6.1-6.3. Prior to writing down this large- N asymptotic expansion, we need
to introduce those single and double integrals that will enter in the description of
the result. We also remind the notation WN =Wyo fN where Wy is the inverse
of Sy (cf. (2.4.15)), studied in Section 4.3.4, and fN is the operator introduced in
Definition3.3.5. Given G, H sufficiently regular on [ay ; by], we define the one-
dimensional integrals:

by
3[H.G] = /H(S) WAIGIE) - d |

by .

WnIH

I [H.G] = / wmc’m%i#}fg}ds G41)
and

~ Wy [H]

by Wy | o (22
IGH.G] = /W [G'1§) N[ I(WN[G/])}(S) dé.  (342)
W " ¢ WhIG1(E) ' a

We also define the two-dimensional integrals:

Ja[H.G] = 7%[85{5(1\/“@ -) (

an

WyIHIE)  WylH](x) }
- d
WyIG1(E) WN[Gq(*))} (£)dg

(3.4.3)
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and
by
Jap[H.G] = 5 [ dean A6 1) - W16 0

an

1
0¢ 0,
o (WN[G/J(S) NG ()

- - WrIHI(x1)  WylH](x2)
10 A | S(N* — — .
Wi W”[ (V61 =) {55 T WN[G@(*z)”(‘E ))

(3.4.4)

Above, *x refers to the variables on which the operators act, *;, viz. *,, to the first,
respectively second, running variable on which the product of operators Wy.1 - Wy.»
acts. The subscript 8 reminds that the terms concerned are absent in the case § = 1.

Proposition 3.4.1 Let Vi.n (L) = gyA? + tyA be the unique Gaussian potential as-
sociated with an equilibrium measure supported on [ay ; by] as given in Lemma
D.0.18 and assume that 0 < o < 1/6. Then there exists £ € N such that one has the
large-N asymptotic expansion

ZylV] ) 2+a/ /~<1)
In{ ———— —N j 8,V,,V dt — N1 — o, Vi, Vi | -dt
! (ZN[VG;N] 1 =9 I

1

1 1 -
- E/Jd Vi, V] -dr — ( ’3) / "(2) [0V, vi]
0
+ Jas[0 Vi, V,]} -dt + O(N* ' (InN)*) . (3.4.5)

Here V, = (1 —t)Vg.n +tV.

Proof The result follows from (2.5.4). Indeed, the remarks above (2.5.8) allow to

identify the equilibrium measures ngv;)v, =(1- t)ugg)VG.N + t,uégl)v forallt € [0, 1].

One can then use Proposition 3.3.6 to expand (9, V;) ‘L/’m , along with the representation
N

for U,;l on the support of the equilibrium measure which reads

_ WylH
Uy'HIE) = #]]i)) (3.4.6)

Taking these data into account, it solely remains to write down explicitly the one and
two-dimensional integrals arising in Proposition 3.3.6. |

Note that the factors J 32 [8, Vi, V,] and Jg; [Bt Vi, Vt] are preceded by the negative
power of N~¢. Still, it does not mean that these do not contribute to the leading
contribution, i.e. up to o(1), to the asymptotics of the partition function. Indeed, the
presence of derivatives in their associated integrands generates additional powers
of N*.
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Chapter 4
The Riemann—-Hilbert Approach
to the Inversion of Sy

Abstract In the present chapter we focus on a class of singular integral equation
driven by a one parameter y-regularisation of the operator Sy. More precisely, we
introduce the singular integral operator Sy.,,

by

o S =S I XN VXN
Swy [91() =][Sy(N (E—n))¢(n)'d’7 where [ y()_i\?:N(f?)(bN[—yaN;/ I

an

4.0.1)

This operator is a regularisation of the operator Sy in the sense that, formally, Sy.cc =
Sy. This regularisation enables to set a well defined associated Riemann—Hilbert
problem, and is such that, once all calculations have been done and the inverse of
Sh;y constructed, we can send y — +-00 at the level of the obtained answer. It is then
not a problem to check that this limiting operator does indeed provide one with the
inverse of Sy. We start this analysis by, first, recasting the singular integral equation
into a form where the variables have been re-scaled. Then, we put the problem of
inverting the re-scaled operator associated with Sy.,, in correspondence with a vector
valued Riemann-Hilbert problem. The resolution of this vector problem demands the
resolution of a 2 x 2 matrix Riemann—Hilbert problem for an auxiliary matrix x. We
construct the solution to this problem, for N-large enough, in Section 4.2.2 and then
exhibit some of the overall properties of the solution x in Section 4.2.3. We shall
build on these results so as to invert Sy.,, and then Sy in subsequent sections.

4.1 A Re-writing of the Problem

4.1.1 A Vector Riemann—Hilbert Problem

In the handlings that will follow, it will appear more convenient to consider a properly
rescaled problem. Namely define
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o

2in B

(€)= p(E+NaN™) and  h(E) = s—H((E +NayN ™).

“4.1.1)

It is then clear that solutions to Sy, [¢] () = H(&) are in a one-to-one correspon-
dence with those of

XN d
Iylel€) = ][Sy(f;'—n)w(n%ﬁ = h) . (4.1.2)
0

For any N and y > 0 and s € R, the operator .#y.,, is continuous as an operator
S Hs([o ; )_CN]) — Hs([—J/)_CN ; J/)_CN]) c HJ(R) . (4.1.3)

Indeed, this continuity follows readily from the boundedness of the Fourier transform
FIS, ] of the operator’s integral kernel, c¢.f. Lemma4.1.2 to come.

First, we shall start by focusing on spaces with a negative index s < 0 and going
to construct a class of its inverses

Tyt Hi([=yxn:yin]) —  H([0;3y]) . (4.1.4)

What we mean here is that, per se, the operator is non-invertible in that, as will be
inferred from our analysis, for —k < s < —(k — 1)

dimker ., = k. (4.1.5)

In fact, the analysis that will follow, provides one with a thorough characterisation of
its kernel. Furthermore, when restricting the operator .#y.,, to spaces of more regular
functions like H, ([0; Xy]) with s > 0, we get that the image .y, [H,([0; Xy])] is a
closed, explicitly characterisable subspace of Hs([—y)_cN ; (v + I)J_CN]), and that the
operator becomes continuously invertible on it.

In the following, we shall invert the operator .%y.,, by means of the resolution of
an auxiliary 2 x 2 Riemann—Hilbert problem and then by implementing a Wiener—
Hopf factorisation. The analysis is inspired by the paper of Novokshenov [1] where
a correspondence has been built between singular integral equations on a finite seg-
ment subordinate to integral kernels depending on the difference on the one hand
and Riemann-Hilbert problems on the other one. The large parameter analysis is,
however, new.

In fact the very setting of the Riemann—Hilbert problem-based analysis enables
one to naturally construct the pseudo-inverse of .#y.,—i.e. modulo elements of
ker[yN;y]—when the operator is understood to act on H; spaces with negative
index s < 0. The inversion of .., understood as an operator on H, spaces with
positive index s > 0 goes, however, beyond, the “crude” construction issuing from
the Riemann—Hilbert problem-based analysis. It is, in particular, based on an explicit
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characterisation, through linear constraints, of the image space -#y.,, [Hs ([0 )_CN]])],
s > 0. For 0 < s < 1/2, which is the case of interest for us, we show that
Iy [Hs([0: Xy 1) ] coincides with X ([—yXy ; (¥ + DEn]).

Lemma4.1.1 Let h € HS([O;)_CN]), s < 0. For any solution ¢ € I‘IS([O;)_CN])
of (4.1.2), there exists a two-dimensional vector function ® € O(C\R) such that
¢ = F'[(®1);] and ® is a solution to the boundary value problem:

o (®.), € F[Hs(R*)] fora € {1,2}, and there exists C > 0 such that:

Vi >0, Vaell,2l, /|q>a(,\im)|2-(1+|/\|+|u|)25-dx < C. (416)
R

o We have the jump equation for ®,.(A) = G,(A) - P_(A) + H(X) for A € R,
with:

Gy () = o 0 d HO) = 0
0= s g0 e ) @t B0 = ()
4.1.7)

Conversely, for any solution ® € O(C\R) of the above boundary value problem,
o = .7-'_][ (<I>1)+] is a solution of (4.1.2).

We do remind that & denotes the upper/lower boundary values on R with the latter
being oriented from —oo to 4+-00; A, denotes any extension of & to H(R); F [S,,] Q)
refers to the Fourier transform of the principal value distribution induced by S, :

VAN
FIs, ] = f S(&) e dk . 4.1.8)
—YxN

Proof Assume that one is given a solution ¢ in Hs([O ; )?N]) to (4.1.2). Then, let
Y, Yg be two functions such that

supp(Yr) = [xy;+ool,  supp(¥r) =]—00;0] (4.1.9)
and -
i d
][Sy(é —n)w(n)~ﬁ — he(§) = Y&) + Yr(®) . (4.1.10)
0

Then, by going to the Fourier space, we get:

1
2B

F[S,]0) - Flol) — Flhl) = Flyul(d) + Flygl(h) . (4.1.11)
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By Lemma 4.1.2 that will be proved below, F[S, ] € L*(R). Hence vz € H,(R™)
whereas {; € H;(R™). Then, we introduce the vectors

_ Flelr) _ | Flex 1)
Fy(0) = (eim}‘[w](x)) and F ()) = (ﬂm](k)) (4.1.12)

where we agree upon ¢z, (§) = @(§ +Xy). Since [F;] € F[H(R")], respectively
[Fl]a IS f[HY(R’)], it is readily seen that

Fra0) = (1—ir)"- [F1],(0)  resp. F..00) = (L+ix)" - [F,], )
(4.1.13)

defines a holomorphic function on H™, respectively H~, with L?>(R) +, respectively
—, boundary values on R. The Paley—Wiener Theorem A.0.14 then shows the exis-
tence of C > 0 such that:

Vi >0, Vael(l,2), /|[FT/L]a(Aj:iu)|2~(1+|A|+|M|)23-dk < C.
R

(4.1.14)
In other words the function:

& =F; - 1g+ + F - 1y- (4.1.15)

solves the vector valued Riemann-Hilbert problem.

Reciprocally, suppose that one is given a solution & to the vector-valued Riemann—
Hilbert problem in question. Then, set o = F ! [(CD 1 ) +] .We clearly have p € Hy(R™),
but we now show that the support of ¢ is actually included in [0, Xy]. Let (-, -) be the
canonical scalar product on L>(R, C). If pg is a € function with compact support
included in ]xy, +00[, we have:

27 - (pr, @) = (Florl. Flpl) = (™ Flpgl(1 — i)™, (14 i%)* (1)) ,
(4.1.16)

where * denotes the running variable. But this is zero since
(1 + i%)*(®;)_ € F[L>(R7)], whereas, by the Paley-Wiener Theorem A.0.14,
e W Flprl(1 —i%) ™ € FIL*(R7)]. Finally, the fact that ¢ € H,([0; xy]) satisfies
(4.1.2) follows from taking the Fourier transform of the second line of the jump
equation (4.1.7) for ®. [ |

For further handlings, it is useful to characterise the distributional Fourier trans-
form F[S, ] slightly better.

Lemma 4.1.2 The distributional Fourier transform F[S,](A) defined by (4.1.8)
admits the representation
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FIS, 1(x - DE
[y]( ) — R()\) 4 (elxny + e—lkny)K_N + rN()»)
2im B A
2
where iy =— > % cotanh[7r @,y Ty (4.1.17)
p=1
ROY sinh [_M;kuxz)] Giis)
A) = 1.
. . A ’
2 sinh [2’\71] sinh [ﬂ]
and
(mwp)? i e AN el v e dg
er:;im_eW% 0/ {sinhz[nwp@—ym] _sinhz[nwp(swfm]}' 2im
(4.1.19)

Besides, for Im A = € > 0 small enough, there exists C. > 0 independent of N such
that, uniformly in Re A € R:

v < Ce A% - exp{ — yXy(27 minfor, 2] — €)} . (4.1.20)

Proof One has that

XN H
FISI0) e, ). %
212,3 :52‘”15(1)1+ 7w, cotanh[ww, (§ + ier)] - Yim
p=1 ec{£l}_
YXN
1 Tw, . ~ eidg
=3 2 o tim [ eotanh [, 6 +en] - =
pe(l1,2} I
ee{£1}) ’
4.1.21)

where I', = [—yXy ; yXn] U [yXy +i/w,; —yXn+i/wp], where the second interval
is endowed with an opposite orientation. It then remains to add the counter-term:

@p

2
rv(A) = Z 1& / [em””’ (cotanh[ﬂwpy)_c]v] + cotanh[rw,(§ — y)_cN)])

= _ ef)u/w,,
Ay T - _ et de
+e cotanh[m w,yXy] — cotanh[rw,(§ + yXy)])t - T
in
(4.1.22)

to form a closed contour F,,. Upon integrating by parts, we find the expression (4.1.19)
for ry(A). Then, we pick up the residues surrounded by I',, and we also write aside
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the term behaving as O(1/1) when . — oo. This leads to the appearence of ky
in (4.1.17). The bounds on the line [Im A| = € > 0, with € small enough are then
obtained through straightforward majorations. |

The resolution of the vector Riemann—Hilbert problem for & can be done with
the help of a matrix Wiener—Hopf factorization. In order to apply this method, we
first need to obtain a +=-factorization of the matrix G, given by (4.1.7). This leads
to an 2 x 2 matrix Riemann—Hilbert problem that we formulate and solve, for N
sufficiently large, in the next subsections.

4.1.2 A Scalar Riemann—Hilbert Problem

In order to state the main result regarding to the auxiliary 2 x 2 matrix Riemann—
Hilbert problem, we first need to introduce some objects. To start with, we introduce a
factorization of R(A) defined in (4.1.18) that separates contributions from zeroes and
poles between the lower and upper half-planes A € H*. In other words, we consider
the solution v to the following scalar Riemann—Hilbert problem, depending on € > 0
small enough and chosen once for all:

e UE O(C \ {R+ ie}) and has continuous #-boundary values on R + i¢;
1 .
.« 00 = (_IA)E (1 +0(™") if Imi > e
—i(i)u)2 . (1 + O()Fl)) if Iml <e
when A — oo non-tangentially to R + ie;
e U (L) -R(A) = v_(A) for AeR-+ie.

This problem admits a unique solution given by

1 .
where
2 .
i o N (e (= DT
R¢()»)=X.4/w1+a)2.(a)l+w2) . (a)1+a)2) ) F(l—%)
(4.1.24)
and
2 i
R(M) = - ( @2 ) . (L) . pgyr(m”) .
2n o +w; \w +w w1 + @) r(Gete)

(4.1.25)
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Note that

R,(0) = —ivo @, and (ART(A))MZO = iJorFa,.  (4.126)
Also, Ry and R satisfy to the relations

Ri(=3) = 3Ry and (Ry0D) = ARG @120)

Furthermore, R4, exhibit the asymptotic behaviour

l—

—(_ix) 2. -1
Ri(M) = (—in) (1 + O(x )) for A — o0  (4128)
R () = —i(in)” - (1 n o(,\-l)) for % —> oo (4.1.29)

as it should be. The notation 1 and | indicates the direction in the complex plane
where R4, have no pole nor zeroes.

Preliminary definitions

We need a few other definitions before describing the solution to the factorisation
problem for G, . Let:

-1 —1 R(W)e™
Ri() = ((1) _R(Meim) and  Ry() = ( ) e ) . (4.130)

as well as their “asymptotic” versions:

o) _ (01 ) _ (10
Ry = (1 0) and R~ = (0 E (4.1.31)

‘We also need to introduce

1 0 1-R2(0) _pz
2 . —iAX,
My () = <_ L=R0) iy 1) and M () = (1 VO TRy N)’
0

vZ(X) - R(L)
(4.1.32)

where v is given by (4.1.23), and:

Pri() =D 4y At el =D L 6
Pr. (W) =L+ ky A~ le V=D 5=
(4.1.33)

PR(A)=12+97RH"(O)U‘H(O) and I

in which IT(0) is a constant matrix that will coincide later with the value at O of the
matrix function IT, cf. (4.2.14), and



106 4 The Riemann—Hilbert Approach to the Inversion of Sy

1 KN
v3(0) 1+xy/(@1 + @)

O = (4.1.34)

4.2 The Auxiliary 2 x 2 Matrix Riemann—Hilbert Problem
for x

4.2.1 Formulation and Main Result

The factorisation problem for the jump matrix G, corresponds to solving the 2 x 2
matrix Riemann—Hilbert problem given below. This problem is solvable for N large
enough.

Proposition 4.2.1 There exists Ny such that, for any N > Ny, the given below
2 x 2 Riemann—Hilbert problem has a unique solution. This solution is as given in
Figure 4.2

o the 2 x 2 matrix function y € O(C\R) has continuous £-boundary values on R;

_ . alAX; _ o3
PL;T()\)-( Sg“(RfAI) e é)-(—ik) P (h+240(7) remt
® x(A) = —iAX; o3 .
PL,(V) - (_01 Sg“(Rekg e N) (ix) " T eiton . (12 AR o(rz)) reH-

for some constant matrix x;, when A — 00 non-tangentially to R;
o x+(A) = G, (A) - x-(1) for reR

Furthermore, the unique solution to the above Riemann—Hilbert problem satisfies
det x (1) = sgn(Im(%)) for any » € C\ R.

The existence of a solution x will be established in Section 4.2.2, by a set of trans-
formations:
X~ W~ I1 “4.2.1)

which maps the initial RHP for x, to a RHP for IT whose jump matrices are uniformly
close to the identity when N is large, and thus solvable by perturbative arguments
[2]. The structure of x in terms of the solution IT is summarized in Figure 4.2.
The uniqueness of x follows from standard arguments, see e.g. [3], that we now
reproduce.

Proof (of uniqueness)
Define, for A € C\R,

d) = det[x (M)l (V) — det[x (W) ]1a- (L) . 4.2.2)

Since x has continuous +-boundary on R, it follows thatd € O(C\R) has continuous
=4 boundary values on R as well. Furthermore these satisfy d; (A) = d_()). Finally,
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d admits the asymptotic behaviour d(A) = 1 + O()Fl ) d can thus be continued to
an entire function that is bounded at infinity. Hence, by Liouville theorem, d = 1.
Let xi, x» be two solutions to the Riemann-Hilbert problem for x. Since yx, can
be analytically inverted, it follows that ¥ = x, . 1 solves the Riemann—Hilbert
problem:

e X € O(C\R) and has continuous +-boundary values on R;
e X(1) =L 4+ O(A™") when A — oo non-tangentially to R;
e x.(A) = x_(1) for AeR.

Thus, by analytic continuation through R and Liouville theorem ¥ = I, hence
ensuring the uniqueness of solutions. |

4.2.2 Transformation x ~ ¥ ~ II and Solvability
of the Riemann—Hilbert Problem

We construct a piecewise analytic matrix W out of the matrix x according to Figure
4.1. It is readily checked that the Riemann—Hilbert problem for y is equivalent to
the following Riemann—Hilbert problem for W:

e U € O(C*\Xy) and has continuous boundary values on Xy;
—1 0

—iy A7 14 Ky /(@1 @)

e V(M) =1L + O()Fl) when A — 00 non-tangentially to Xy;

e W, (A) = Gy(A)-W_(1) for Xe Xy;

e The matrix( ) ~[U(O)] “%.9 (1) has alimit when A — 0;

where the jump matrix Gy takes the form:

eiAIN

for A el Gy(A) =1 —_ 0, 423
or A ey v(A) =5 + 2R o ( )
forhel, Goy—l 4+ ZRE™ 4 4.2.4)
or = ——— .o™, 2.

J v 2 R()\)

and for A € R + ie
_ —iA%y
v (M) i}} v (A)v_(Q)e
Gu() = b + o= el » 4.2.5)
v (Mv-(A)

The motivation underlying the construction of W is that its jump matrix Gy not only
satisfies Gy — I, € M, ((L2 N L°°) (Eq,)), but is, in fact, exponentially in N close
to the identity
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®

®
[w(D)]7 - R(T"")é PLD) - x()

M) - [uD]™ - Ry (D) - PLLD) - x (D)

M) - (W] - RTH ) - PLL D - G - x (D)

My - [p(D]™ - R - P (D - x(D)

®
I - (R) & PLL -x()

®

Fig. 41 Xy = 'y U, U {R + i€} is the contour appearing in the Riemann—Hilbert problem
for W. I'y,, separates all the poles of R~'(0) from R (they are indicated by ®), and is such that
dist(I"y}, R) > & for some § > 0 but sufficiently small

1Gy — hllmoaz(sey + 1Gw — hllrsaccsyy = O(e™™V) (4.2.6)
with
%, = (by — ay) - min { Aell“%m ImA|; 2y(7r min[w, wy] — e)} . 427

Note that we have a freedom of choice of the curves I'y /|, provided that these avoid
(respectively from below/above) all the poles of R~ (1) in H/~. As a consequence,
we have the natural bound:

2 wiwy

inf |[Imi] < —— . (4.2.8)
Aelyury W) +

These bounds are enough so as to solve the Riemann—Hilbert problem for W.
Indeed, introduce the singular integral operator on the space M, (LZ(E\I,)) of 2 x2
matrix-valued L*(Zy) functions by

oMoy = tim [ Ge=ROTO dr

A t—z 21
ze—sideof Ty =¥

4.2.9)



4.2 The Auxiliary 2 x 2 Matrix Riemann—Hilbert Problem for x 109

Since Gy — I, € /\/lz((LOO N Lz)(E\p)) and Xy is a Lipschitz curve, it follows
from Theorem A.0.13 that ng) is a continuous endomorphism on M (L? (E\p )) that

furthermore satisfies:

< Ce 7N | (4.2.10)

IS Porr———

Hence, since
Gy — b e My(12(2y)) and C)lh] € M(L2(20)) (4.2.11)
provided that N is large enough, it follows that the singular integral equation
(b-c))n] =1 (4.2.12)
admits a unique solution I1_ such that [1_ — I, € M, (LZ(Zq,)). The bound (4.2.6)
also implies that:
- = blIroee ) =1 (4.2.13)

for N large enough. It is then a standard fact [2] in the theory of Riemann—Hilbert
problems that the matrix

Gw —Db)(0)-TT_() dr

o) = I
) =15+ r— A 2in

Zy

(4.2.14)

is the unique solution to the Riemann—Hilbert problem:

e [T € O(C\Xy) and has continuous =+ boundary values on Xy;
e () =15, + O(x~") when A — oo non-tangentially to Zy;
o [1,(A) = Gy(A)-TT_(1) for & € Xy.

‘We claim that for any open neighbourhood U of 2y such thatdist(Xy, 0U) > § > 0,
there exists a constant C > 0 such that:

C e 7eN*
VA e U, max |IT(A) — 1 < —. 4.2.15
a,be{l,Z}[ @) 2]“” T 142 ( )
Indeed, we can write:
" (Gy —D)ap(t) dt
abetia) (@) - 2], =l t—a 2ir
Ty
|Go — D)@ 1an '
+ z = = Dl py 259 ( [i— A : (2,,)2)
a,be{l,2}

Zy

(4.2.16)
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The second term is readily bounded with (4.2.13) and the fact (4.2.6) that Gy is
exponentially close to the identity matrix. For the first term, we study the asymptotic
behaviour of Gy — I, with help of Section 4.1.2:

if el Uy,  [(Gy —DL)w(®)]| < Ce Rl e N" - (4.2.17)
ifreR+ie, [(Gy—Db)w@)| <Clt|™h e >N . (4.2.18)

For the contribution on R+ie, we split [Gy — (1) = Cy -t~ +0(2). We compute
directly the contour integral of the term in !, and find the bound max, ] [Cylap- 2! }
if Im A > €, and O otherwise. Hence, it is bounded by c; /(1 + |A|) for some constant
c; > 0. The contribution of the remainder O(|¢|=?) to the contour integral can be
bounded thanks to the lower bound dist(Xy, A) > ¢2/(1 4 |1|) for some constant
¢ > 0. Collecting all these bounds justifies (4.2.15).

The Riemann—Hilbert problem for W and IT have the same jump matrix Gy, but
W must have a zero with prescribed leading coefficient at A = 0, while IT has a finite
value IT(0). We then see that the formula:

W) = M) - Pr(k) (4.2.19)

with:

1 KN
v2(0) 1+ ky /(w1 + @2)
(4.2.20)

0
PR(A):IZ+7R-1'I_1(O)0_H(O), and O =

yields the unique solution to the Riemann—Hilbert problem for W. Tracking back
the transformations IT ~» W ~» x, gives the construction of the solution x of
the Riemann—Hilbert problem of Proposition 4.2.1, summarized in Figure 4.2. This
concludes the proof of Proposition 4.2.1. |

4.2.3 Properties of the Solution x

Lemma 4.2.2 The solution x to the Riemann—Hilbert problem given in Proposition
4.2.1 admits the following symmetries

X () = (1 0) X (0 1) and (x(x*))*=((1) O) X (1) (—01?)
4.2.21)

where * refers to the component-wise complex conjugation.

Proof Since G, (—1) = em%G;l()»)e_iﬂ%,the matrix:
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PLa() - (R) - [u] ™ - TID) - Pe()

Prp(A) - RYN ) - [uD]7 - My () - TI(Q) - Pr(A)

Gy(A) - Pry() - Ry(A) - [u()] ™ - M () - TIC) - Pr(A) Rtie

Pry(D) - Ry - [uD]7 - M) - TIA) - Pr(A)

Pry() - R - [u()] ™ - TI(D) - Pr(A)

Fig. 4.2 Piecewise definition of the matrix x. The curves 'y, separate all poles of A > R™' (%)
from R and are such that dist(I'y/, R) > § > € > 0 for a sufficiently small 6. The matrix IT
appearing here is defined through (4.2.14)
_ —1 _imoy
EX) = x  W)-e 7 - x(—r) (4.2.22)
is continuous across R and thus is an entire function. The asymptotic behaviour
of E(A) when A — oo is deduced from the growth conditions prescribed by the
Riemann—Hilbert problem (cf. Proposition4.2.1):
EMW = ir-o —i(i-ot + 0T ) + 07N (4.2.23)

Since E()) is entire, by Liouville theorem this asymptotic expression is exact, namely

EM) = ir-o7 —i()(l ot + 0T Xl) . (4.2.24)
Observe that
xi-ot +o0t o = ([Xl]Zl tr[Xl]) . (4.2.25)
X1]9

By expanding the relation det [x ()] = 1 for A € H™" at large A, we find that the
matrix x; is actually traceless. Finally, the jump condition at A = O takes the form

x-(0) = 03 x4(0) . (4.2.26)
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Using this relation and the expression for E given in (4.2.24), we get:

0

—ix+(0) = —ix+(0) - ([Xé)]ﬂ [x]
21

) ie. [x], =1 (4.2.27)

since x4 (0) is invertible. This proves the first relation in (4.2.21). In order to establish
the second one, we consider:

B = x7'=0 e T (x) (4.2.28)

With the relation (G X (A*))* = G;l (1) and the complex conjugate of the asymptotic

behaviour for yx, one shows that Zis holomorphic on C\R, continuous across R and
hence entire. Furthermore, since it admits the asymptotic behaviour

imo3

B =T (n + 00(7). (4.2.29)

ina3

by Liouville’s theorem, E(A) =e¢ 7. |

Lemma 4.2.3 The matrix x admits the large-), A € H asymptotic expansion

KO\ - —ioc™t .
Z (A) - xx —io Xk+1’ 4.2.30)

xO) ~ (—in)*. ot +
(=) k=0 (—ir)""r

where (xi)r is a sequence of constant, 2 x 2 matrices, with x_; = 0, xo = b, and:
—sgn(Re A) eV 0
K@) = —KTN -sgn(Re ) e™™ — 1 —iky - sgn(Re 1) e~

(4.2.31)
In particular, we have:

1 1 .
XIn®) = ———7 Z F[ — sgn(Rel)e™™ [l — i [Xk+1]21] ,
(—i2) " i
42.32)

1 D ;
Z F[ — sgn(ReA)e"™ ™ [xx_1112 — 1[Xk]22] .

1
A () & ——
(—ik)l/z k=0

(4.2.33)

We remind that [x1]21 = 1. Also >~ means equality up to a O(L~°°) remainder.

Proof It is enough to establish that IT admits, for any ¢, the large-A asymptotic
expansion of the form:



4.2 The Auxiliary 2 x 2 Matrix Riemann—Hilbert Problem for x 113

k
M) = > a7 + AIl() with
=0

1
ATl = O(W) forany 8 >0 and To=1. (4.2.34)

Indeed, once this asymptotic expansion is established for IT, the results for x follow
from matrix multiplications prescribed on the top of Figure 4.2.

Equation (4.2.15) shows that the expansion (4.2.34) holds for £ = 0 uniformly
away from Xy. This is actually valid everywhere, for the jump matrix Gy (X) is
analytic in a neighbourhood of ¥y and asymptotically close to I, at large A in an
open neighbourhood of Xy, c.f. (4.2.17) and (4.2.18).

Now assume that the expansion holds up to some order k. Consider the integral
representation (4.2.14) for IT. We recall that (IT_ —1) € L*(Zy)and Gy — 1, decays
exponentially fast along I'y U I'y . Thus, standard manipulations give an asymptotic
expansion of the form:

o > Tt (4.2.35)
=1

/ (Gw—lz)(t) M- dt
r,ur,

It thus remains to focus on the integral on R + ie. We can first move the contour
to R + i€’ for some 0 < € < ¢, and insert the assumed asymptotic expansion at
order k:

k
GO T & < [ (Gy—B)O T &
r—A — t(t—2) 2im

R+ie 7 R+ie’

/ (Gy — L)1) - A1) dr
+ TS
r—A 2im

R+ie’
(4.2.36)

It follows from (4.1.19) that we can decompose
rvA) =y Q)T 4y (e,

W1th r(i) (1) bounded in A away from its poles. This induces a decomposition Gy —

(G\p —1)™®) + (Gy—15)) onR+ie’. Inspecting the expression (4.2.5), one can
convince oneself that there exist curves ‘Ka C H* going to oo when Re r — o0,
te %Gi@ and such that:

Gy=b)D (0)-M,

e [ (=)

has no pole between R + i€’ and chiw’

e (Gy — L) (¢) decays exponentially fast in # when t — oo along CK&.
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Therefore, we obtain:

(Gy — D)) -1, dr (Gy —D)P @) M, dr
1t — 1) 2imr 1t — 1) 2im
R+ie’ ng\u
(Gy —L) D) -, dr
-— (4.2.37
+ it —A) 2im ( )
Gy

and the properties of this decomposition ensure the existence of an all order asymp-
totic expansion in A ~! when A — oo. It thus remains to focus on the last term present
in (4.2.36). For § > 0 but small, we write:

(G\y—lz)(f) Awll()  dr —Z / Gy — L)1)
- )»Z'H

- A
R+ie’ R+tie’
dt A[k]T()\)
X Ap @) - 2ir AFT[[1=28
(4.2.38)

The decay at oo of Ay Il and (Gy — I») guarantees the existence of an asymptotic
expansion of the first term in the right-hand side, this up to a O(A~*~?) remainder.
Finally, we have:
Gy — L)1) - ATl(t) dr A2 dr
AT O] = / tk“( v — L)1) - A ().._ <c / |A] 7
NEENE)) 2in 110 |t — A|

R+ie’ R+ie’
(4.2.39)

where we used the assumed bound given below of (4.2.34) for AjyI1(¢) and the
O(1/t) decay (4.2.18) for Gy — I,. The growth of the right-hand side at large A is
then estimated by cutting the integral into pieces:

CIM2 1709 if [Ret| < |A] /2
CIAM =7V if |A|/2 < |Ret| <3|A[/2  (4.2.40)
C |t|=0+D if [Ret| > 32| /2

|)\'|1—23
)" =2

for some C > 0 independent of A and 7. The integral over ¢ of the right-hand side on
each of piece is finite, and collecting all the pieces, we get A7 (A) = o(1) when
A — 00. |
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4.3 The Inverse of the Operator Sy

4.3.1 Solving /N;yl@] =h forh € Hi([0;xy]), =1 <5 <0

With the 2 x 2 matrix x in hand, we can come back to the inversion of the integral
operator .#y., according to Lemma4.1.1.

Proposition 4.3.1 Assume —1 < s < 0, and h € H([0;Xy]). Any solution to
YN;y[go](f) = h(§) is of the form ¢ = Wy, [h.] where

%;zo[he] = fﬁl[(*_ZO)Xll;-i— 'C+[fl;zo] + X12:+'C+[f2;zo] + 79')(11;+:|-
4.3.1)

Above, v € Cand zy € C\R are arbitrary constants. We remind that x . is the upper
boundary value of x on R, C is the Cauchy transform (1.6.14), Cy its £ boundary
values and h. is any extension of h to Hy(R).

Srn@)) vy O —z20) " X124 ()
(fz;zO()»))—e f[he](x).( (o ) (4.3.2)

The transform Wy.., is continuous on Hy(R), —1 < s < 0:

oo lhelllm,®y < Cn lhella@) » (4.3.3)

the continuity constant Cy being however dependent, a priori, on N. Finally, when
h e C'([0;xy]) the transform can be recast as

N

__ ©da " d —1EL—IXN 1 A — o
Wy [1(E) = / - .—’”7[ D () — x“(mmm} ~/e"”“‘h(77) - dn
T ) 2im pu—X " =20

R+2ie’ R+ie’ 0
L da
+ 0 / e““;m(k)j—‘ 4.3.4)
51

Rtie’

where €' > € is arbitrary but small enough and such that Imzy > €' in the case
when zo € H™T.

We stress that the integrals, as written in (4.3.4), are to be understood in the
Riemann sense in that they only converge as oscillatory integrals.

Proof The proof is based on a Wiener—Hopf factorisation. For the moment, we only
assume that s < 0. Let ® be any solution to the vector Riemann—Hilbert problem for
® outlined in Lemma 4.1.1. Then, define a piecewise holomorphic function Y by
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[xl(x)cb(x) — HO) AreH*T
T = N (4.3.5)
x PR — Hr) reH~

where, for some zp € C\R

g1, (1) dt
(A —2z0)" f —_
~ _ R 21Tt —A) . am\
oo = ot [ 8L—1(0) dt with (gz(x)) =xI' W) -H®) .
A=z [ [ Smi—n

(4.3.6)
Above, taking into account that s < 0, we have set

8au, () = (t —20) "ga(t) with (;, =k for —k<s<—(k—1). (437

It follows from the asymptotic behaviour for x (A) atlarge A that g, € F [Hs,l /2] and
g eF [ S+l /2] Recall that Theorem A.0.11 ensures that the 4 boundary values C.
of the Cauchy transform on R are continuous operators on H; (R) for any |7| < 1/2.
Thus, C+[g1.,] € Hepr—12(R) as well as C1[g2.,,—1] € Hyx—1/2(R), which implies:
H,.c F[H,(R)] withs;=s—1/2and s, =s+1/2. (4.3.8)

Equation (4.1.6) ensures that, uniformly in & > 0,

Va e (1,2}, /|T,,(x i (14 1A+ ) dr < C . (4.3.9)
R
The discontinuity equation satisfied by ® along with H at — H a— = gq guarantee

that Y, € O(C\R) admits F[H,,(R)] + boundary values that are equal. Then,
straightforward manipulations show that, in fact, Y is entire. Furthermore, for any
¢ € N such that s, + £ > —1/2 and for any & > |Im z|, we have:

, B O, (A +iep) di
MYz = Z /()\+1eu 50T 2 (4.3.10)

Thus

—25,

1 1+ |Al+ 12
ol = Ly ([ (HELE)
T e==+ R |)L +iew — Z|2(K-H)

dl

1/2
TaO+ie)? (14 1A+ |ul) ™ da ) (4.3.11)

T
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where the last integral factor is bounded. So far, the parameter o was arbitrary. We
stress that the constant C in (4.3.9) is uniform in w. Thus taking u = 2|z| and
assuming that |z| > 1/2, we find:

—2s,4 %
|0 Yu@)| < €|z~ Cattr1/2) / (21+2) ar) . (4.3.12)
Z R [()\‘ N 1)2 + 1][-"—1

In particular, reminding the values of s,, in (4.3.8), we find that 3! > (z) and 8 Y (z)
are entire and bounded, so they must be constant. These constants are zero due to
(4.3.12). Hence, there exist polynomials P; € C;_[X] and P, € C;_,[X] such that

(P12
Y(z) = (Pz(Z)) . (4.3.13)

Reciprocally, it is readily seen that the piecewise analytic vector

P1(2)

®() = x () -HOW) + x () - (PZ(Z)

) with P, € Cp_,[X] for —k<s<—(k—1)
(4.3.14)

provides solutions to the Riemann—Hilbert problem for ®.
From now on, we focus on the case k = 1, i.e. h € Hy([0; xy]) for —1 < 5 < 0.
Then, it follows from Lemma4.1.1 that any solution to INn.yle]l = htakes the form

Y= %;zo[he], with:

F[ Hslhd| 1) = @1.4(0)

= X11:+4A) - (A = 200C[f1:2] V) + x12:4R) - Colfoiz IV + 0+ x11,4 (M)
(4.3.15)

with f.;,’s given by (4.3.2).

It is then readily inferred from the asymptotic expansion for x at A — o0
given in Lemma4.2.3, and from the jump conditions satisfied by yx, that indeed
@y, € F[H,([0;Xy])]. Also the continuity on F[H, (R)] with |t| < 1/2 of the &
boundary values C of the Cauchy transform, cf. Theorem A.0.11, ensures that

NP1l Faw) < Cllhella,®) » (4.3.16)

which in turn implies the bound (4.3.3).

It solely remains to prove the regularised expression (4.3.4). Given
h e CY([0;Xy]) it is clear that h € H,([0;Xxy]) for any s < 1/2. We chose the
sggciﬁc extension #, = h. Then, it follows from the previous discussion that
Wy.,lh] € Hy([0; Xn]). The integral in the right-hand side of (4.3.4), considered
in the Riemann sense, defines a continuous function on [0; Xy], that we denote
momentarily V9., [h]. Now, for any f € C*([0; Xy]), starting with the expression
(4.3.1) for #.,,[h], we have:
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(. Tyoa]) = (FUL ®1iy) = / FUN-R) - Brs (1) di
R

/ FIFF1(=2) - @1(0) da

R+-2ie’

= / (FI 1) Fle > T[] 0)dR = (F, Ty ]
R
(4.3.17)

in e represents the running variable with respect to which the Fourier transform is
computed. There, we have equality #j.. [h] = ¥y.,[h] forh € C' N H,([0; Xy]). W

A priori, the solutions %;ZO [h.] given in (4.3.4) have two free parameters ¥ and
Z0. This “double” freedom is, however, illusory.
Lemma 4£.2 Given zg, z6 € C\Rand v € C, there exists ¥ € C such that
Wizg = %’;Z(’,'

Proof By carrying out the decomposition A —zg = A — i+ 1 — 2o in the first term
present in the integrand of (4.3.4), we get that #y.,, = #5(;):00

P(zo) = U —

/ xi2(w) - Flhe](w) - e7# Jdw i (4.3.18)

n— 20 2im
R+ie’

and oo means that one should send zy — 0o under the integral sign of (4.3.4). W

Hence, with the above lemma in mind, we retrieve that the kernel of .#y.,, is one
dimensional when considered as an operator on H([0; Xy]), with —1 < s < 0. The
above lemma of course implies that we can choose zg arbitrarily in (4.3.4). It is most
suitable to consider the specific form of solutions obtained by taking zp — 0 with
Imzy < 0. For h € C'([0; Xy]), this yields a family of solution parametrized by
v eC:

—~ dx
Wylhl(§) = / -

R+2ie’ R+ie’

d —iAE—ipXn A
ﬁ%{; ) xa () — X11(M)X1z(k)}f[h](/‘)

—iAé | dl

4o / a1 (De (4.3.19)

R-+tie’
It is possible to find real-valued solutions to .#y., [¢] = h by taking h purely imagi-
nary:

Lemma 4.3.3 Let ¥ € iR and let h € C'([0;Xy]) satisfy h* = —h. Then,
bl . .
(#s1hel)” = Wylhel
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Proof From Lemma 422, we have —x;(-2) = (xu(»"))" and
X12(—A) = ( Xlz()»*))*. Hence, under the assumptions of the present lemma

IAEH XN 226" E 4 TP
(%[h]@))*:/dl/ Sy e A+ 2 (—n + i)
2r ) —2irm n—A+ie n—ie’
R R

+ x(—p +i€) xia(=r + 2ie’)] FR* 1 (—p +i€)

——
—F[h]
O AR (4.3.20)
xi(—h+i€) 3= 3.

-0 R

The change of variables (A, u) — (—X, —pu) in the first integral and A — —2 in the
second integral entails the claim. |

4.3.2  Local Behaviour of the Solution #3[h]
at the Boundaries

In the present subsection, we shall establish the local behaviour of %[h](g)

at the boundaries of the segment [0; xy], viz. when & — 0 or & — Xy, this in
the case where & € C'([0;Xy]). We shall demonstrate that there exist constants

Co, Cx, affine in ¥ and depending on £, such that %[h] exhibits the local behaviour

Wy h)(€) = % +0(1) for & — 0"

and %, [h)() = \/)?C—Lé +0(1) for & — (Xy) . 4.3.21)
—

Let us recall that our motivation for studying % takes its origin in the need to
construct the density of equilibrium measure p{’ which solves Sy[p{y’] = V', as
well as to invert the master operator Uy arising in the Schwinger—Dyson equations
described in Section 3.2. The density has a square root behaviour at the edges, what
translates itself into a square root behaviour at £ = 0 and £ = Xy in the rescaled
variables. Having this in mind, we would like to enforce Cy = C;, = 0. For this
purpose, we can exploit the freedom of choosing #. This is however not enough and,
as it will be shown in the present section, in order to have a milder behaviour of
Wyh] at the edges, one also needs to impose a linear constraint on 4. In fact, we
shall see later on that the latter solely translates the fact that & € Ay, [H,(R)] with
0<s<1/2.
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This informal discussion only serves as a guideline and motivation for the results
of this subsection, in particular:

Proposition 4.3.4 Let

—ipuxy d
Flh] = / eM X2 - FIRIGD - S 4322)

R+ie

Then, for any h € C'([0; Xy]) such that

- d
Hulhl = /ef"””xll(uff[h](u)'ﬁ =0 (4.3.23)
R+ie
we have W zmlh] € (L' N L¥)([0; Xy ]).

Prior to proving the above lemma, we shall first establish a lemma characterising the
local behaviour at 0 and Xy of functions belonging to the kernel of .#y., .

Lemma 4.3.5 The function

: da
V() = /67“5)(11(?»)% satisfies Sy [¥1(6) =0, § €]0;xn(

R+4-2ie’
(4.3.24)
and admits the asymptotic behaviour
Y = ! +0O(1) when & — 0"
when
i/mE
1 _
and Y(€) = ————x +0(1) when &— (Ty) . (4.3.25)
ir(xy —§)
Proof One has, for £ €]0; Xy[ and in the distributional sense,
Py W1E) = / du [ TSN gy S
Ny % 2inp X1+ O — )
/ dr e ™ FIS, () xi(R)eh™ — e x i1 (1)
271 2ir B i — )

R

—iué iuXy
_ /d_u e -?'-[Sy](ﬂ) I—X11;+(M) n / da X}l()\)e ]

2 2in B 2r 1A — )
R —ie
lad g | GinGn—t)
== [ 571X (n)e™™ +e K14 (1) (4.3.26)

R
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Note that, in the intermediate steps, we have used that x;;.4 (1) = el Xi1:—(A),
and deformed the integral over A to the lower half-plane. Further, we have also used
that

FIS, 1)

ey iAXy ) A) =
x21.—(A) + €™ xo1.4 (M) 2ip

X+ (A) 4.3.27)

Observe that, when 0 < £ < Xy, the function ;u > xa1._(u)e "¢ (respectively,
W > xa1:4 () ¥ =) admits an analytic continuation to the lower (respectively
upper) half-plane that it is Riemann-integrable on R —it (respectively R+-it), this for
any T > 0, and that it decays exponentially fast when T — +o00. As a consequence,

- du ¢ iy —
VE €10 %yl / Z(e M et () + S () = 0, (4328)
R

which is equivalent to Ay., [¥](§) = 0.
From the large-A expansion of yx(A) given in Lemma 4.2.3, we have for
A € R+ 2i¢,

sgn(Re 1) e*™ 4 i an
W) = = o(in"). 4329
) = @) + N Al ( )
Hence,
e dA sgn(Re 1) eV =5 dx e )
_ g A sgn(Re 1) V=5 da e dn
) = / weye . / o — et / S
R+2ie’ R+-2ie’ R+-2ie’
(4.3.30)

By dominated convergence, the first term is O(1) in the limit & — 0. The second
term is also a O(1). This is most easily seen by deforming the contour of integration
into a loop in H around iR™ + 2ie’, hence making the integral strongly convergent,
and then applying dominated convergence. Finally, the third term (4.3.30) can be
explicitly computed by deforming the integration contour to —iR*:

/‘ e dv -1 m{ 1 B 1 }e*'dt _raspy 1
(=02 2ir — JE (=012 (—e=0Tp12 | 2n T inJE T iJmE
0
(4.3.31)

R+2ie’

Similar arguments ensure that the first and last term in (4.3.30) are a O(1) in the
& — (Xy)~ limit. The middle term can be estimated as
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/ sgn(Re ) S8 dr e 2@ =5 sgn(}) e di
i) 2 2m /Xy — i "Gin — )72
B (—ir)z N—§& J (—ir+2¢' Gy — &)
_ , too
_ e 20v—b)e e~ dt

TAVE =t ) 420Gy -0)"
1 o(/m=b). 4332)

T(xy —§)
Putting together all of the terms entails the claim. |

Before carrying on with the proof of Proposition4.3.4 we still need to prove a
technical lemma relative to the large-2 behaviour of certain building blocks of #[h].

Lemma 4.3.6 Let h € CP*'([0;Xy1). Then, the integrals

_ Xia(W) - FIAI(W) -e7 ¥ dp _[tlifa=2
/Ia[h]()\) - / /J/SZa (M _ )\') : E Wlth 52a - [0 lfa — 1
R +ie’
(4.3.33)

admit the |1| — oo, Im A > 2¢’ > 0, asymptotic behaviour:

P w]fl/z)(k) )4 w]il)
_ -1 a a —(p+3/2)
J1alhl() = =27 Akl + le—(_ﬂ)l vl ;Wl + 0(x )
(4.3.34)
where
k—1 N
wk(;la/Z)()‘) = Zik_zh(k_l_l)(ﬁ_w)[Sgn(ReX) e [xo—spia + 11Xet1-8,]2a |
£=0
(4.3.35)

and w,ilg are constants whose explicit expression is given in the core of the proof.

Proof The regularity of & implies the following decomposition for its Fourier trans-
form:

P (gy) e — p0(0)  (—1pt [

Flhlw) = = — + /h(”+l)(t) eéh d .
—i +1 .\l
s (=ip) (in)™ J as0
It gives directly access to the large-u expansion:
5 - TPW o
1 g () - FIAN ) = > m + R (1) . (4.3.37)

k=1
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The remainder is RY (u) O(n=P~%/%) when p is large, whereas T¥ (1) remains

bounded as long as Im 1 is bounded. Explicitly, these functions read:

k—1
T () = 3 (14170 () — e ptI=0 @v))[ — sgn(Re 1) ¥ [x¢—5,,Jar — i [xeﬂfmaz]

=0
(4.3.38)

where x,, are the matrices appearing in the asymptotic expansion of yx, see (4.2.30).
The integral of interest can be recast as

(k) —ipxy d
Sl =3 / e

IM)VZM"(M —A) 2im

k=l
4
oo dp
() —1px
_Z)JH / Ria e o
R+tie’
pt+l1 R(P) Lo d
n / M—lu(ﬂ)eﬂux/v . _I’L (4339)
W (=) 2im
R+ie’

In virtue of the bound on Ri’;) , the last term is a O(A ™7~ 2) In order to obtain the

asymptotic expansion of the first term we study the model integral

/ (cisgn(Re p) — coe ™) (ke — i) dp

) = i) P (i — 1) 2in

(4.3.40)
R+ie’

where Im A > €’ while ¢y, ¢; and k1, k; are free parameters. By deforming appro-
priately the contours, we get that:

cisgn(Re A)e™ — ¢, o x sgn(Re 1) du

. —C1k2 C——

(—ir) /2 )k — a2 ke, — 2im
ey (i) TG =20

400
—k—1/2 n— 1%y —iuxy ,,—k
. t e dr e u du
+6‘1K1(—1)k / _. —T[ + Ky ¢ C—

it — A a2, — 2iw
¢ 7r(in)( i) =2

cisgn(Re A) e™™ — ¢,
(in)1/2k

Jk()\.) =

P
=D AT L AP A L M)
q=0

= K

(4.3.41)
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The constant L,iq) occurring above is expressed in terms of integrals

sgn(Rep) - ua7* du

(@ _
Ly = —cia = )1/2 2im
—I([0:i€’]) ®
e d iUx, q—k d
- t e AN L -
+ ey (=) / (IR e TN ey % —1112 . _,u
T (—in) 2 2ix
€ —I(R)
(4.3.42)
and the remainder function reads:
A-sgn(Rep) - wPt1=%  du
ApMi(A) = cikz }Ig £ — 5y
(=2 (=ip)V/ 2irm
=I'([0;ie'])
¢ A- e*iNfN 'Mp+17k d/,l,
— C2K2 12 2
_ im
ik (—ip) " (w—2)
400 _
‘ - tp—k+l/2 . e—th dr
+ cik1(—1 _p/ . — 4.3.43
k1 (—1) TS - ( )
6/
If we define:
~ ) ik_] HL@ cr = —xe-s.dia K1 —> —iklh(kel)(ﬁ_w)]
Wea = — k . ket (ke
¢ k=1 ¢=0 C —> 1[X€+1—52a]2a K2 — lk Zh(k =D (0)
(4.3.44)
we obtain:

- 1 2
Z T (pyein B i U2 () i @ OG-,
(=) V2 k(e — A) 217r 1)\)1/2)\" p Aatl

k= 1]R+e

(4.3.45)

Furthermore, the above relation and Equations (4.3.33) and (4.3.39), ensure that

I
/ RY) (e 2—“ = Sl + @), (4.3.46)
17T
R+ie’

Hence, puttmg all the terms together, we arrive to the expansion (4.3.34) with the
constants wk glven by
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_ 4
Wiy = W, — / MkR?;)(M)e_'“XN-ﬁ k> 1. (4.3.47)
R+-ie’

Proof (of Bfoposition4.3.4). Given h € C'([0;xy]) and for & €]0;xy[, we can
represent % as an integral taken in the Riemann sense'

. . da
i) = [ e a0 2alhit) - xet) £tk 32 . @349

R+-2ie’

where we remind that _#;,[h](A) have been defined in (4.3.33). Using the asymptotic
expansions of Lemma 4.2.3 for x and those of Lemma 4.3.6 for _¢#),[h], we can
decompose:

sgn(Rer)e™ +i  i.9[h]
A1) Flhl(R) = xi2() Fulhl() = Falh] - T RETYTE
. wiy? (W) {sgnRen)e™™ + i} —iw /P (1)

iA

+003%y. (4.3.49)

As a matter of fact, the coefficient of 1/(—i)) in this formula vanishes, as can be
seen from the expressions (4.3.35) for w(l/ 2 Besides, integrating the O(A™ 3/2) in
(4.3.48) yields a contribution remaining ﬁnlte at £ = 0 and & = xy, that we denote
W [h] € C°([0; Xy]). Eventually, the effect of the first line of (4.3.49) once inserted
in (4.3.48) is already described in (4.3.31) and (4.3.32). All in all, we find:

%m@=ﬁmﬂ

Inlh
owm—ﬁyf“”+wm@>

1 1
+ +
Vs JaQy —§) Ve
(4.3.50)

Since we have %[h](& ) = %[h] (&) + v (&) in terms of the function i of Lemma
4.3.5, we deduce that:

ig1[h]

Wsmlh(E) = — O(v/Zy — WElh 4351
Aot [1(§) Nz + O(V 3y — &) + #(1h(§) ( )
and this function is continuous on [0 ; Xy] if and only if .#;[h] = 0. |

IThe fact that the integral (4.3.48) is well-defined in the Riemann sense will follow from the analysis
carried out in this proof.
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4.3.3 A Well-Behaved Inverse Operator of Sy,

Since, in fine, we are solely interested in solutions belonging to (L' N L°°) (10;xn])

we shall henceforth only focus on %lz[hl [#] and denote this specific solution as
Wi, [h]. Furthermore, we shall restrict our reasoning to a class of functions such
that .#;,[h] = 0. We now establish:

Proposition 4.3.7 Let 0 < s < 1/2. The subspace

Zi([=vXn: (v + Dxn]) = {h e Hy([—yXn: (v + Dxy]) © Sulhl = 0]
(4.3.52)
is closed in Hy ([—y)_cN s (v + I)J_CN]), and the operator:

Iy + Hi([0:3N]) — Sy [Ho(10:38])] = Z5(1—vXn s (v + DEN])
(4.3.53)

is continuously invertible. Its inverse is the operator
Wiy + Z([=yFn s (v + Div]) — H,(10:%v]) - (43.54)
On functions h € C'([0; Xy)), it is defined as:

da d —irE—iuxy
Wivey 111(E) = / = [

R4-2ie’ R+ie’

> {mmmm ~ L xnt) | Fihw .
mopu—A A

(4.3.55)
Forh € C'([0; Xy]), Wiy [h1(§) is a continuous function on [0 ; Xy, which vanishes
at least like a square root at 0 and Xy. The operator #y.,, extends continuously to
Hy([0;xn]), 0 < s < 1/2 although the constant of continuity of #y., depends, a
priori, on N.

Comparing (4.3.55) with the double integral defining % in (4.3.19), one observes
that A/ in front of x;;(A) is absent and that there is an additional pre-factor u/X in
front of x1(A).

Proof Continuity of #n.y.

Take h € C' ([—yXy ; (¥ + DXy]). We first establish that #j., [h], as defined by
(4.3.55), extends as a continuous operator from H, ([—yXy ; (¥ + DXy]) to Hy(R).
We observe that:

Fle Wy 1)) = x1100 + 2i€) - C[R12Fhe 1| (h + i€)

X2k +2i€) -
_ xelirae) Flha 1100 43.
P C[xuFlhel)(h +i€)  (4.3.56)
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with he (§) = e <% h(&),

X () = (i€ (i)™ O™ and Yo (u) = xia(u+ie)e HHOW
It thus follows from the growth at infinity of x;; and x;, and the continuity on

H.(R), || < 1/2, of the transforms C,., where C.[f](A) = C[f](r + i€’), f.
Proposition A.0.12, that

13y ) 1,y < C{ [|Cer [X12 - Flhe ][ gy, ey + [1Cer[700 - FlhM | e }
< C’{ X2+ Flhe W Fim,_y p @y + X010 Flhelll Fia,_y @) }
< C" lhe'lla,®) < C" Al H,(—y3y : (4 DEND - (4.3.57)

Proof The space %([—y)_cN sy + I)J_CN]).
Given h € H; ([—y)_cN ; (v + 1))_CN]), we have:

1/2
| Ah| < ( / (1+|u|>—2‘|xllw)|2du) AN H (—ymy 4Dz - (4.3.58)
R

As a consequence, .#; is a continuous linear form on Hs([—y)_cN s (v + I)XN]). In
particular, its kernel is closed, what ensures that 2 ([—y)_cN (v + I)J_CN]) is a closed
subspace of H; ([—y)_cN s (v + I)J_CN]). We now establish that:

<yN;y [Hs([o 5 -?N])]

N

Z([=yZn s (r + DIn]) - (4.3.59)

Let ¢ € C'([0;xy]) and define h = %y, [¢]. Then, using the jump condition
(4.3.27):

XN

o TS .
Jlh]l = /dnfp(n)/e’l’“‘” xl1;+(u)me"“’
R

2in B
XN
= [anem [ (er-Ge ™™ + LG @360
0 R

and this quantity vanishes according to (4.3.28). The equality can then be extended
to the whole of HY([O ; )_cN]), 0 < s < 1/2 since #1; and .#y., are continuous on
this space and C' ([0; Xy]) is dense in H,([0; Xy]). [ |
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Proof Relation to the inverse.
By definition, for any 4 € (HS N Cl)([—y)_cN ; (1 + v)xn]), we have:

VRIS
dr [ dp e ()
/2— .—“e—l—~x”(mn(m—x”w)xlz(x)]-f[h](u)
T 2 pu— A 0
R42ie’ R+ie’
dr . dp e insy
+( / z—e“fx“m)-( / cre xlz(u)-f[hm))
T 2im
R4-2ie’ R+ie’

d —irE—iuxy
/ / e [Xll()\)Xlz(M)—XII(M)XIZ()\)]'-7:[/’1](//0)

2 pu—A
R+-2ie’ ]RJrle
_ d_)\ —irg X12(A) d_ﬂ —iuFy
(/ e 220) ) (/me X1 0) f[h](u))
R+2ie’ R+ie’
=0
= Wy [h1(E) . (4.3.61)

In the last line, we used the freedom to add a term proportional to .#;[h] = 0,
so that the combination retrieves the announced expression (4.3.55). The continuity
of the linear functional .#1, on H,([O; xN]) is proven analogously to (4.3.58), hence

ensuring the continuity of the operator %z, (. Since both operators #4. .y and Wgih)
are continuous on H,([0; Xy]) and coincide on C! functions which form a dense
subspace, they coincide on the whole H;([0; Xy]). From there we deduce two facts:

o weindeed have Sy, [#x;,[h]] = h,asaconsequence of Hy,, [#s,mlh]] = h.
This shows that the reverse inclusion to (4.3.59) holds as well.

e The function #y., [h] is supported on [0; xy] (and thus belongs to H([0; Xn1))
since Lemma4.1.1 ensures that # s, n[h] is supported on [0; Xy] this for any
h € Hy([—yXn: (v + DXy]) € He ([—yXy: (v + DIn]) with 0 < s < 1/2 and
-l1<7<0. ]

Proof Local behaviour for C' ([0 ; Xy1]) functions.

It follows from a slight improvement of the local estimates carried out in the proof
of Proposition4.3.4 that, given h € C'([0; xy]), we have:

Py = €0 + ;7 JE +0(§)
Wy IhE) = CL +CY? Iy —E+ 0y —§) (4.3.62)

form some constants C( L/R with a € {0, 1/2}. It thus remains to check that

C © =Cy O — 0. It follows also from the proof of Proposition 4.3.4 that #y., [h]
is, in fact continuous on R. Since supp[WN y[h]] = [0; xy], the function has to

vanish at 0 and Xy so as to ensure its continuity. Thence, C; O—c ,(QO) =0. |
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o\ -3 .
(RE) - o] - TI() - Pr(A)

R - [u] 7 - My() - T - Pr(A)

( eixﬁN 0

RO el )-Rlu)- [(D]™7 - M (1) - TI() - Pr(d) Rovie

R - [uD]™ - M) - TI(A) - Pr(A)

R - ()] - TI() - Pr(A)

Fig. 4.3 Piecewise definition of the matrix x (at y — +o00). The curves Iy, separate all poles
of A = AR(A) from R and are such that dist(I'y/;, R) > & for some § > 0 but sufficiently small

4.3.4 WWy: The Inverse Operator of Sy

In order to construct the inverse to .#y, we should take the limit y — 400 in the
previous formulae. It so happens that this limit is already well-defined at the level
of the solution to the Riemann—Hilbert problem for x as defined through Figure 4.2.
More precisely, from now on, let x be as defined in Figure 4.3 where the matrix
IT is as defined through (4.2.12)—(4.2.14) with the exception that one should send
y — 400 in the jump matrices for ¥ (4.2.4) and (4.2.5). Note that, in this limit,
Gy = L, on R + i€, viz. V¥ is continuous across R + ie. Then, we can come back
to the inversion of the initial operator Sy in unrescaled variables—compare (4.0.1),
(4.1.1) and (4.1.2).

Proposition 4.3.8 Let 0 < s < 1/2. The operator Sy : Hy(lay ; by]) —> H,(R)
is continuous and invertible on its image:

e d
X(R) = [H € HR) : / X GOFIHIN e N o SE = o].
R+ie
(4.3.63)

The inverse is then given by the operator Wy : X;(R) — H;([an ; by]) defined in
(2.4.17):
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N da

HIE) = il

WnIH]() 2P im

R-+2ie
dy e-iNAG-ay) 9 e )
2.——IX|1(A)X12(M) — = (WxiG) fe N FH] (N 1)
m o= A A
R+ie

(4.3.64)

with x being understood as defined in Figure 4.3.

Proof Starting from the expression for the inverse operator to .#y., and carrying
out the change of variables, one obtains an operator JWy.,, which corresponds to the
inverse of the operator Sy.,. Then, in this expression we replace y at finite y by
the solution x at y — 400, as it is given in Figure 4.3. This corresponds to the
operator Wy, as defined in (2.4.17). One can then verify explicitly on the integral
representation for Wy by using certain elements of the Riemann—Hilbert problem
satisfied by x that the equation Sy [WN [H ]] = H does hold on [ay ; by]. All the
other conclusions of the theorem can be proved similarly to Proposition4.3.7. W

We describe a symmetry of the integral transform Wy that will appear handy in the
remaining of the text.

Lemma 4.3.9 The operator Wy has the reflection symmetry:
WylH(ay + by — &) = —WnIH"](E) (4.3.65)

where we agree upon H"(§) = H(ay + by — &).

Proof Tt follows from the jump conditions satisfies by x and from Lemma4.2.2 that,
for L e R,
Xt (=2) = ey ()
and iz (<3) = e (2 () = A () -
(4.3.66)
Upon squeezing the contours of integration in the integral representation for Wy to
R we get, in particular, the 4+ boundary values of yx,. It is then enough to implement

the change of variables (A, i, n) — (—A, —u, by + ay — 1) and observe that, all
in all, the unwanted terms cancel out. |

In the case of a constant argument (which clearly does not belong to X (R)) the
expression for Wy simplifies:
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Lemma 4.3.10 The function W [11(§) admits the one-fold integral representation

_Na x12;+(0) x11(2) o—iNAME—ax) | d_)\

2in B A 2im
R+ie’

Will1E) =

(4.3.67)

Proof Starting from the representation (2.4.17) we get, for any & €]ay ; by[,

N da
1 = _
WALLIE) = 5 / >
R+-2ie
du e~ IN(E—an)r [ 1 N
- - @ . A - —. (1 —e N
A7 p—A [M x11 (W) x12(w) Iy X () xi2( )] ( e )
R-+ie

(4.3.68)

One should then treat the terms involving the function 1 and e ¥ arising in the
right-hand side differently. The part involving 1 is zero as can be seen by deforming
the p-integral up to +ioco. In what concerns the part involving e 7**, we deform
the p-integral up to —ioo by using the jump conditions e 7 x 1., (A) = x14:— (1).
Solely the pole at © = 0 contributes, hence leading to (4.3.67). |
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Chapter 5
The Operators Wy and Uy

Abstract In this chapter we derive a local (in &), uniform (in N), behaviour of the
inverse Wy [ H](£). This will allow an effective simplification, in the large- N limit, of
the various integrals involving YWy [ H] arising from the Schwinger-Dyson equations
of Proposition 3.2.3. Furthermore, these local asymptotics will provide a base for
estimating the W;O norms of the inverse of the master operator Uy, cf. (3.2.1). In fact,
such estimates demand to have a control on the leading and sub-leading contributions
issuing from Wy with respect to W° norms. We shall demonstrate in Section 5.1.1
that the operator VV/y can be decomposed as

Wy = Wr + Wi + WL + Wexp . (5.0.1)

The operator Wexp represents an exponentially small remainder in W* norm, while
the three other operators contribute to the leading order asymptotics when N — oo.
Their expression is constructed solely out of the leading asymptotics in N of the
solution y to the Riemann—Hilbert problem given in Proposition 4.2.1. In Section
5.1.2 we shall build on this decomposition so as to show that there arise two regimes
for the large-N asymptotic behaviour of WWy[H] namely when

e £ is in the “bulk” of [ay ; by], i.e. uniformly in N away from the endpoints ay
and bN.
e & is close to the boundaries, viz. in the vicinity of the endpoints ay (resp by).

In addition to providing the associated asymptotic expansions, we shall also establish
certain properties of the remainders which will turn out to be crucial for our further
purposes.

5.1 Local Behaviour of Wy[H](&) in &, uniformly in N

5.1.1 An Appropriate Decomposition of YWy

We remind that any function H € C*([ay ; by]) admits a continuation into a function
C¥(lay — n; by + nl) for some n > 0. We denote any such extension by H., as
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it was already specified in the notation and basic definition section. In the present
subsection we establish a decomposition that is adapted for deriving the local and
uniform in N asymptotic expansion for Wy.

In this section and the next ones, we will use extensively the following notations:

Definition 5.1.1 To a variable £ on the real line, we associate xg = N%(by — &)
and x; = N%(§ — ay) the corresponding rescaled and centred around the right
(respectively left) boundary variables. Similarly, for a variable 1, we denote yr and
yr, its rescaled and centred variable.

Definition 5.1.2 If H is a function of a variable &, we denote
H"(&) = H(ay + by — &) its reflection around the centre of [ay ; by] (as already
met in Lemma 4.3.9). This exchanges the role of the left and right boundaries. If H
is a function of many variables, by H” we mean that all variables are simultaneously
reflected. If O is an operator, we define the reflected operator by:

OMH] = (O[H"])" (5.1.1)

Definition 5.1.3 Let € (respectively €',’) be a contour such that:

reg reg

e it passes between R and I'y (respectively I')).

e it comes from infinity in the direction of angle e*37/4

direction of angle e*\7/4,

and goes to infinity in the

These contours are depicted in Figure 5.1, and we denote ¢/2 = dist(cﬁr(e?, R) >
0. We also introduce an odd function J by setting, for x > 0:

eiAx d)\.

J(x) = L 512

*x) /R(A) 2ir (5.1.2)
(r(:gr)

Proposition 5.1.4 Given any function H € C*([ay ; by]) with k > 1 belonging
X;(R) (the image of Sy, see (4.3.68)), the function Wy[H] is C*~! (]aN ; bN[) and
admits the representation

WIH](E) = WrlH(xr, §) + WilH1(E) + WilH I(xL,§) + WexplH1(&)
(5.1.3)
with:

Wik[H.](§) =

N [ N~y) — H. (&) J(y) - d 5.1.4
271/3/[ (E+NTy)—H&]J()-dy, (514
R
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poles & zeroes of A — R (1)

poles & zeroes of A — ARy (1)

Fig. 5.1 The curves %(e:gt)

WrlHe(x,§) = —

+oo[He(§ + N™%y) — He(®)] J () - dy

2npB
X

by

2a A irx . o H
_;v / L / di € ) /He(n)elp,N (r;—bN)dn_ : 2(5) :
4] 2im 2ir (u— ARy (M) Ry (1) iwN®
an

G G

(5.1.5)
WiIH(x, &) = —Wg[HI(x,ay + by — &) . (5.1.6)
The remainder operator Wexp| H. ] reads:

WSXP = WI(V++) - (VVI(V-’_—’_))A + WTSS - (eres)A + AWZ(\/+_) - (AV\}I(\,-F_))A
(5.1.7)
where the operators W1(v++) and AW,(V+_) are given by

(++) NZ“ e iIN“AGE—bN)HN u(n—an)
H
WUDLH]E) = / = / = / R

(+) (+)
Cgreg Cgreg

[‘I’n()»)‘lflz(ﬂ) - ‘VII(M)‘I’lz(?»)]H(TI)
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(+-) NZa e TIN“A(E—bN)+iIN® u(n—by)
AWSOLH](E) = / . / /
ir ) 2in (1t — MR, (MR (1)

(+) (=)
Cgre& Cgreg an

x[l + % W (u)Wi2(A) — ‘1111()»)‘1’22(#)]1'1(7}) (5.1.8)

while Wies is the one-form:

N
dn H (n) N ro=av) - (51.9)

b
Wil H] = N2 T115(0)6k / du Wi (p)

278 R,(0) 2ir R, (w)
%prg) ay

The piecewise holomorphic matrix W (j1) corresponds to the solution to the Riemann—
Hilbert problem for W described in Section 4.2.2 in which we have taken the limit
y — +0Q.

In the expressions above, we have used an extension H, of H whenever it was
necessary to integrate H over the whole real line, but we can keep H when only the
integrals over [ay ; by] are involved—e.g. in (5.1.8). The decomposition given in
Proposition 5.1.4 splits Wy into a sum of four operators. The operator Wy takes into
account the purely bulk-type contribution of the inverse, namely those which do not
feel the presence of the boundaries ay, by of the support of the equilibrium measure.
This operator does not localise at a specific point but rather takes values which are of
the same order of magnitude throughout the whole of the interval [ay ; by]. In their
turn the operators Wy, represent the contributions of the right/left boundaries of
the support of the equilibrium measure. These operators localise, with exponential
precision, on their respective left or right boundary. Namely, they decay exponentially
fastin xg,; when xg,; — +o00. This factis a consequence of the exponential decay
at oo of J(x) in what concerns the first integral in (5.1.5) and an immediate bound
of the second one which follows from inf {Im A, A€ ‘5(“} > 0.

reg
Proof We remind that since we are considering the y — 400 limit, the matrix W
has no jump across R + ie. A straightforward calculation based on the identity:

_ —1 iIAX N -1
x() = ( Ry Gye™ Ry (“).\p(x) valid for ). between R and T’y

—Ry () 0
(5.1.10)
shows that, for such A’s and u’s,
N> iNee—a M N (n—
—— e TNTHEAI o (D X () — = - x1 (W) xi2 (1) | e N N
2B A
= > Kqo(hulé&n). (5.1.11)

€,6€{+}
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The above decomposition contains four kernels

N2¢ o—IN*AE—an)+HN u(n—by)

2nB Ry (M) Ry ()

K__(Aplén) = {\Ilem%z(m - %%l(u)%z(x)},

(5.1.12)

NZoz e—iN”A(S—bN)-HN“/L(i]—aN)

2B RL(IR, ()

Koy (ol &0) = [‘1’11()»)‘1112(#) - %wmmwnm],

(5.1.13)
N2 @=iN“AE—bN)HN u(—=by)

Kio(hopl&m) = 2B Ry (MR ()

[‘1/11()»)‘1’22(#) - %wzl(mwm)] ,

(5.1.14)

N2« o—iN A(E—an)+iN® n(n—an)

2B RyMRy(w)

Koy(h )& n) = {%mwmm - %wnw)wzzm}.

(5.1.15)

The labeling of the kernels K¢, , (A, uwléE, n) by the subscripts €1, €, refers to the
half-planes H' x H¢ in which they are exponentially small when N — oo, provided
that the variables &, n € [ay ; by] are uniformly away from the boundaries ay or
by.
One should note that the above kernels K, ¢, have a simple pole at A = 0. In
particular,

BV invep—ay) N0k - T112(0)
R K_4 (A, ,n)di, A =0) = —— - par=aN) -~ -~ | 5.1.16
es( +< nlé 77) ) RL(M) € 278 - ()\RTO\'))M:Q ( )
P21 v by N Or - T112(0)
Res { K__ (A, ,n)dr, A =0) = — . wh=on) =~ <7 (5.1.17
es (K (i 1 £01) )= sep o), O

Furthermore, the kernels are related. Indeed, according to the definition of W in terms
of x in Figure 4.1, we have for A between I' | and R:

_ (—RUIG) Ry e
x() = ( B 1 R )~\IJ(/\) (5.1.18)

and by invoking the reflection relation for x obtained in Lemma 4.2.2, we can show

that:
W(-1) = (_Slg)wo\).(é _1’\) (5.1.19)

The above equation ensures that

K i(=d —play+by—§ay+by—n) =K (A pnl&n), (5120
K- (=t —mlay+by—&ay+by—n) =Ker(A,wl|6m).  (5.121)

The decomposition (5.1.11) of the integral kernel allows one recasting the operator
Wy as:


http://dx.doi.org/10.1007/978-3-319-33379-3_4
http://dx.doi.org/10.1007/978-3-319-33379-3_4

138 5 The Operators Wy and L{&l

WylHIE) = D WyH]E) (5.1.22)
€1, 6,€{£1}
where
A elev )\
WEDH](E) = / o / 2171/ “'s n)H(n). (5.1.23)
R+-2ie R+ie

The next step consists in deforming the contours arising in the definition of
VT)I(\?Q) [H]. We shall discuss these handlings on the example of VT/]({H [AH]. In this
case, one should deform the A-integration to R —2ie. In doing so, we pick the residues
at the poles at . = 0 and A = pu leading to

by
T da
WEDIHIE) = WilH] + / = / dn Ky (o | £ 0)H(n)

/Zm/zm/ MIEU)H(’?).

R—2ie

It remains to implement the change of variables (A, u) +— (—A, —u) in the last
integral and observe that

N2 giN“pm=5§)
K_+()\.,)\. | §,n) = ﬂw simce det\IJ()L) = 1, (5124)

SO as to obtain

Wy PIHIE) = WielH] + WRIHIE) — WY [HM (ay + by — &)
(5.1.25)

with Wi, being given by (5.1.9) and

WOLHIE) = & ][ (N“( — &) H(p)dn (5.1.26)

2np

with the function J given in (5.1.2). A similar reasoning applied to the case of
WS T [H(E) yields

Wy OIHIE) = Wy [H (ay + by —£) — Wil H'T. (5.1.27)
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Hence, eventually, upon deforming the contours to 6} or € in the Wy ) oper-
ators,

WyIHIE) = WP THIE) — WP [H @y + by — &) + WS IHIE)

_ WI(V"'_)[HA](aN + by — &) + Wres[H] — Wies[H ] + ngg)[H](é) ’
(5.1.28)

The operator W,(fr) appearing above has been defined in (5.1.8) whereas

W) Ky (A, p|&.m)
[HIE) = /zm/m/ =S . (5129)

G G an
At this stage, it remains to observe that
WY IHIE) = WTHGxr) + AWY T HIE) | (5.1.30)

where AWI(\,+_) is as defined in (5.1.8), while

©) H(n) ele+1N°’u,(n by)
Wi lHI() = 271,3 / 2in / 2ir | T =) RLVRy () (5.1.31)

+

As a consequence, we obtain the decomposition:

WiyHIE) = WOTHIG) + WL THIE) + WTH(xR) + WeplH1(E)
(5.1.32)
where we have set Wg)) [H](x) = —W;eo) [H"](x). In order to obtain the represen-

tation (5.1.3) it is enough to incorporate certain terms present in Wég)[H 1(¢) into
the R and L-type operators. Namely, we can recast W(O)[H 1(§) as

N20! N
WO HIE) = 25 / J(N( =) [H(m) — HE]dn — N*HE)[eo(xr) — 00(x1)]
an

= Wik[Hel(¢) — N%[00(xr) — 00(xp)] He(&)

+oo  —xp

NO(
_ﬂ{/J“ / ’ [He(& + N*y) — He(®)] () dy.

XR —00
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There, we have introduced
e dr . J(x)

Q) = 217t/3 / AR(X) 2in 2o(x) :_2716 ’

.
Cror)

(5.1.33)

The representation (5.1.3) for Wy [H] follows by redistributing the terms. This
decomposition also ensures that Wy[H] € C*1(Jay : by]). Indeed, this regular-
ity follows from the exponential decay of the integrands in Fourier space when
& €lay ; byl and derivation under the integral theorems. |

Note that the integral defining o¢ in (5.1.33) can be evaluated explicitly leading to:

27 |x|w) wp
1 1—¢e oitm
QO(X) = 27T2,8 -In _Zhlorey | joermop | (5.1.34)

1 4+ e ertez ] +an

In particular, it exhibits a logarithmic singularity at the origin meaning that J (x) has
a 1/x behaviour around 0.

5.1.2 Local Approximants for VVn

In this subsection, we obtain uniform—in the running variable—asymptotic expan-
sions for the operators Wiy, Wg and Wey,. In particular, we shall establish that if & is
uniformly away from by (respectively ay), Wk (respectively YV, ) will only generate
exponentially small (in N) corrections. Finally, this exponentially small bound will
hold uniformly after a finite number of &-differentiations. Prior to discussing these
matters we need to introduce two families of auxiliary functions on Rt and constants
that come into play during the description of these behaviours.

Definition 5.1.5 For any integer £ > 0:

+oo
1
we(x)=ﬁ/y[J(y)dy, (5.1.35)

£+l el)uc
5.1.36
0= 50p / 2in / 2w 1R 0k — Ry T OO
Gt

Y4 4
b= 0 (1 . (5.1.37)
2inp 0 \RW ),

Note that u;, = 0 since R is an odd function—given in (4.1.18).
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For ¢ = 0, this definition of o, coincides with (5.1.33), whose explicit expression is
(5.1.34). Indeed, we remember from Section 4.1.2 that 1 means that we can move
the contour of integration over y up to +ioo without hitting a pole of Ry "(w).
According to (4.1.26), & R4 (i) has a non-zero limit when u — 0, so we just pick
up the residue at u = X, which leads to the expression (5.1.33). For ¢ > 1, the
function @y is continuous at x = 0. Furthermore, for any £ > 0, g¢(x) and @, (x)
decay exponentially fast in x when x — +o00. Indeed, it is readily seen on the basis
of their explicit integral representations that there exists C; > 0 such that:

loe(X)] + |we(x)| < Coe ™S fore>1. (5.1.38)
Proposition 5.1.6 Let k > 0 be an integer, H € CHA+1 ([aN ; bN]), and define:

k

HE)—H®Ob H®
WralH1(x, §) = % " X0o(x) — N“TS)@, ~ @ (x)

S HOW

+ Zﬁ o) (5.1.39)
=1

k
O

Wik [H1(E) = D N(—fj ue (5.1.40)

=1

These operators provide the asymptotic expansions, uniform for & € [ay ; by]:

WrIH (xg, §) = Wra[HI(xg, &) + ApgWelH](xr,8), (5.1.41)
Wi [H1(6) = Wik [HI(E) + ApgWhi[H () . (5.1.42)

The remainder in (5.1.41) takes the form:

k
A WrlH)(x. &) = R [H(x. &) + D x"2RYD [Hx) . (5.1.43)
=0

with Ry [Hel € W (RY x [ay : by)) and R/ [He] € WS (R). One has
the more precise bound: Vm € [0; k1,

P15 (0) P (1/2)
peI[I[l()a;)in]] [|8g RR;[k][He](xR1$)| + |8g RR;[k];e[He](xR)|]
Le[[05 kT

Ce=Cxr e
= N k=m)a ||HB ||W;§§°(R) (5144)
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forsome C, C' > Oindependent of N and H. The remainderin (5.1.42) is bounded by:

Aol He ||y oy oy = €N NHS Vv - (5.1.45)
Proposition 5.1.7 Letk > 0 be an integer, and H € C**!([ay ; by1). The operator
Wexp takes the form.:

k
Wl HIE) = RO, g[H1(xr, €) + D xg P RE THICxp)
=0

k
+ RO IHIG &) + > x PR TH) () (5.1.46)
=0

with RG). ¢ 1 [He] € W (R x [ay : by]) and Ry, 1 [He] € W™ (RY). One
has the more precise bound: Ym € [0; k],

0) (1/2)
per[?oa:)in]] [|B§Rexp;R/L[He](xR/L’$)| + |a£,-'pRexp;R/L;E[He](xR/L)|]
Lel[0; kT

< CN™e N || H*D || oo gy (5.1.47)

m

for some C, C' > 0 independent of N and H.

The idea for obtaining the above form of the asymptotic expansions is to represent
H in terms of its Taylor-integral expansion of order k. We can then compute explicitly
the contributions issuing from the polynomial part of the Taylor series expansion for
H and obtain sharp bounds on the remainder by exploiting the structure of the integral
remainder in the Taylor integral series. In particular, the analysis of this integral
remainder allows uniform bounds for the remainder as given in (5.1.44), (5.1.45)
and (5.1.47). The reason for such handlings instead of more direct bounds issues
from the fact that the integrals we manipulate are only weakly convergent. One thus
has first to build on the analytic structure of the integrand so as to obtain the desired
bounds and expressions and, in particular, carry out some contour deformations.
Clearly, such handlings cannot be done anymore upon inserting the absolute value
under the integral sign, as then the integrand is no more analytic.

Proof We carry out the analysis, individually, for each operator.

The operator Wy

The Taylor integral expansion of H up to order k yields the representation

k

Wikl H(E) = >

p=1

1
278 N@r=

H®
Da p!(S) /ypj(y)dy + AWkl He1() ,
R

(5.1.48)
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where
! k
AW H.1(§) = 1 / ar L= / dy y*' () HEV(E + N7ty
27BNk« k! ¢
0 R
(5.1.49)
In the first terms of (5.1.48) we identify:
/ J(y)dy = i*! (1 =2nBlu (5.1.50)
y ydy = ak[ R()\,) |A=O_ UL oL
R

and we remind that this is zero when £ is even. Finally, we get that the remainder is
a C* function of &, and:

NWHE D Nwe®y [ e
Vm € [0 kT AWk H e day by < g /| | |J(y)|—

(5.1.51)
Since J decays exponentially at oo (see (5.1.33) and (5.1.34)), the last integral gives
a finite, k-dependent constant.

The operator Wy
The contribution arising in the first line of (5.1.5) can be treated analogously to Wi,

what leads to

N a ‘ e([)(é) )
—ﬁ x/ ()’) He $+N ) He(é;-)]dy = - ;Ww{{(/\f) + A[k]VVR [Hel(x, &)

(5.1.52)
with

+00

-1
AW LHG, ) = 3 [arstiao / ar L=

X

) H(k+l)($+N—a )

(5.1.53)
Since J decays exponentially at infinity, we clearly have:

NHE D e )
P —CXR . m
peI[P()a)En \8 A[k]W [H 1(xg, §)| = Ce N k—m)a

(5.1.54)
for some constants C, C’ independent of H and N. We remind that the &-derivative
can act on both variables & and xg = N*(by — &).

We now focus on the contributions issuing from the second line of (5.1.5). For
this purpose, observe that the Taylor-integral series representation for H yields the
following representation for the Fourier transform of H:
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/ H (e N b dny = Fi i [HI(p) + ForlHl(w) + FlH () , (5.1.55)

an

where we complete the integral over [ay ; by] to ] — 00 ; by] in the first term, while
the two last terms come from subtracting the right and left contributions:

k i p+1
fl;k[H](u)=—Z( ) - HP (by),

p=0 Neu
FilHel () = / He () e =) dp (5.1.56)
and
by 1 (1 )k
— D% . e
Paaltslo) = [ an [[ar SN 000 I (o r-by)
—00 0 ’
(5.1.57)
Thus,
NZa 1Ax by )
- / / H(n)e "*dn
2B 2im 2im (0 — ARy (M) Ry (1)
G Cs an
HY(by)
—————0¢(x) + L[ Fax[He] + F3[He]]|(x) . (5.1.58)
~ N—Da
L, 18 an operator with integral kernel—see later Equation (5.1.65):
Ao(h, ) _ (5.1.59)
7“ = B < N bl
’ Ri(WR, (2)

which satisfies the assumptions of Lemma 5.1.8 appearing below. Thence, Lemma
5.1.8 entails the decomposition:

k
L[ FaxlHe] + F3lHe]|(x) = Z fo+1/2e§X£Ao;g[.7:2;k[He] + fg[He]](x)}
=0
+ (A La) [FoxHel + F3[H]](x)
(5.1.60)

inwhich both £, ¢[Fax[Hel 4 F3[H 1] (x) and (A Lag) [Far[Hel + F3[He ] (x)
belong to W°(R™) and are as given in (5.1.67) and (5.1.68)
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By using the bounds:
Ck||He(k+l)||L°C(R) . 1 ¢
Foi[H, < —— = — f e €,
FalldGo] = =Eapprg shee o S g for ne e
(5.1.61)
n Al
|FslH()| < e g tvlimul (5.1.62)

|| N

we get that there exists N-independent constants C, C’ such that

max [of-{ (¢ L + Awla,)[FaulHed + FlH (o)
feto: k1

k
Cxp HHE )

= Ce N(k—m)ot

(5.1.63)

We have relied on:

Lemma 5.1.8 Let A(A, i) be a holomorphic function of A and u belonging to the
region of the complex plane delimited by ‘fr(e"g*) and %r(e? and such that it admits an
asymptotic expansion

k
Ag(p) [ 1Al = O(|ul'/?)
A, pn) = ———————— + A A(A, pn) with [ _ .
Z‘; [ix—ig] 7271 IALAG, ] = O(a|~EF2) 1) 12)

(5.1.64)

Then, the integral operator on - L™(%S))) = {f D uf(p) € L®(6, ))}

reg reg

N2 du A, @)
Lalf]@) = 2B / 2in / 2112 %emﬂ“) (5.1.65)

.
Cr) Cros

can be recast as

k
La[f]e) = D a2 Loy £10) + A La[F](x) . (5.1.66)

£=0

where the operators

Lkl f1(x) =

2 ir

27t/3r(iR+) 21;1%? 20 [x (i — ig) — AJim)EH
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du A[k]l\()» w) el
/ o / ey (5.1.68)

A Lalflx) = i

2/3

(+)
G Gl

are continuous as operators i - Lw(%( )) — W° (R*) Note that, above, F(iR*)

reg

corresponds to a small counterclockwise loop around iR™.

Proof Tt is enough to insert the large-u expansion of A and then, in the part sub-
ordinate to the inverse power-law expansion, deform the A-integrals to I' (i]R + ig),
translate by +i¢ and, finally, rescale by x. The statements about continuity are evi-
dent. |

The operator W, (Proposition 5.1.7)

The analysis relative to the structure of Weyp[ H.] follows basically the same steps
as above so we shall not detail them here again. The main point, though, is the
presence of an exponential prefactor e V" which issues from the bound (4.2.15)
onlIl — I,. |

5.1.3 Large N Asymptotics of the Approximants of YWy

The results of Propositions 5.1.6 and 5.1.7 induce the representation

WNIH](E) = WriHI(xr, &) + Whik[HI(E) — WeilH](xL, an +by — &) + ApgWnlH:1(E) ,
(5.1.69)

with all remainders at order k being collected in the last term. In this subsection, we
shall derive asymptotic expansion (in N) of the approximants Wyk., and Wk, in the
case when their unrescaled variable & scales towards by as £ = by — N~ x with
x being independent of N. We, however, first need to establish properties of certain
auxiliary functions that appear in this analysis.

Definition 5.1.9 Let £ > 0 be an integer. As a supplement to Definition 5.1.5, we
introduce, for any integer £ > 0:

B (—x)tH! (=x)P@oq1(x)
be(x) = 0¢41(x) — (€+1),Q0( x) — X%@m
s,p=0
and u(x) =Y % (5.1.70)
s-‘rp:O[ p:
5, p>

and.:

Q) = bo(x) Fupx),  ar(x) = W for £>1. (5.1.71)
0
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It will be important for the estimates of Section 5.2.2 to remark that x~!/2

is a smooth and positive function:

ap(x)

Lemma 5.1.10 Ler £,n,m > 0 be three integers such that n > m. There exist
polynomials pg.m., of degree at most n + € and functions fo.m ., € W2, (R*) such
that, for any x > 0:

ap(x)

and ap(x) - ag(x)

\/)_CPO;m,n(x)eigx + x" fO;m,n(x)
\/;pl;m,n(x)e_gx + x" f@;m,n(x) . (5172)

The function ay(x) is positive for x > 0 and satisfies

1 X
Cl()(.x) xio% m + O(x) (5173)

Finally, one has, in the x — +00 regime,
ap(x) = ur + O(e™*%), ap(x) - ar(x) = w(x) + O(*") (5.1.74)
and the bound on the remainder is stable with respect to finite-order differentiations.

Proof By using the integral representation (5.1.2) for the function J, we can readily
recast wy(x), for x > 0 as:

i[+1 eikx aE 1 dxr
op(x) = —— / =2 (—) == (5.1.75)
2B A A\ R(M) ) 2im
Cuet

The p-integral arising in the definition (5.1.36) of o, can be computed by moving
the contour of integration over u up to +ioco, and picking the residues at © = A and
w=0:

iZJrl eikx d
o) =225 | Ry 2 T W

c@a(Jr)

reg
) iH—l eiAx al 1 dr
with 7,(x) = — |l .
2B /| LRy (A) Ot \ (u— ARy () |MZOZW

Cgreg

The first term can be related to the functions g¢ and @ of Definition 5.1.5 by an
{-fold integration by parts based on the identities:

1 3t [(=1)* 9t ihx 2! . 0° 1
S ) O [l R i N Al (L
ALt o ALl AL ROV P s!p! A | R(V)

(5.1.76)
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Namely, we obtain—writing the identity for £ 4 1 instead of {—that:

(=)™ yert (—x)P @1 (x)
001(X) — Ty (x) = @i 00(x) + s;p:e PISTE (5.1.77)
s,p=>0

According to Definition 5.1.9, we can thus identify 7, (x) = by(x)—in this proof,
we will nevertheless keep the notation t,. Hence, it remains to focus on 7, (x). Com-
puting the ¢M-order u-derivative appearing in its integrand and then repeating the
same integration by parts trick, we obtain that:

itt! (ix)" a° 1 e gr 1 da
Tx) = — E e .
218 B s!p!rla,us Ry () =0 A OAP [ Ry(AN) ) 2im
(g(ﬂ

s+r+p

reg

(5.1.78)

In the second integral, let us move a bit the contour ‘Kr(%') to a contour ‘égo which
passes below 0 while keeping the same asymptotic directions as €. Doing so, we

reg
pick up the residue at A = 0:

/em [ 1 ydn a1 +/ei“ 7 [ 1 ] da
Ao | Ry ) 2im 9 [ RV f Ao | R () 2in
)

Gt Grgo
(5.1.79)
We observe that there exist constants ¢, such that:
19r [ 1 ] C Cpig P[R-!
Pl = — P+ AP[R)V) . (5.1.80)
. . +1/2 (] L7
A OAP | R (M) gept1 [l(k — 1g)]q /

This decomposition ensures that A(p )[ Il]()») is holomorphic in H™, has a simple

pole at A = 0 and satisfies Afﬁ])[ . Mo = O()ﬁ(””/z)).
Since ¢/2 is the distance between Cﬁr%) and R, we can choose this contour—
for a fixed ¢—such that the branch cut of the denominators in (5.1.80) is located

on a vertical half-line above ‘Kfj)o This implies that the remainder in (5.1.80) is

holomorphic below ‘ﬁr(;gr)o So, in the second integral of (5.1.79), we obtain with the

first sum contributions involving:
eikx dx e~ S xq—l/Z
——— s s Tt (5.1.81)
[in —ig)]""/? 2ir  il(g +1/2)

G
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in which (after the change of variable t = —ix (A —i¢)) we have recognised the Hankel

contour integral representation of {l" (g+1/ 2)}71 . In its turn, the contribution of the
remainder in (5.1.80) can be written:

i 1y, dA - (m)x ) da
/ AAES])[RU]O‘)ﬂ = /( ) AR ¢1](/\)-2—

€, ) =
m—1 .
N T
+Z/ T AR ]()‘) pr
r= O%H)

reg,0

(5.1.82)

Note that the last sum vanishes since we can deform the contour of integration to

—ioo provided m < n. Also, we could deform " back to %rgjg‘) in the first term
since the integrand has no pole at A = 0. All-in- all we get

/ ei)»x ﬁ 1 di}‘ _ _ﬁ 1 N i cp;qefgqufl/z
W o | R (v | 2im 07 | R Jpmy iC(g+1/2)

=p+1
Gt

m—1 .
(P -1 iAx (ix)"A"Y di
+ / A[n][ ! o (e B Z 7! 2im
e r=0

reg

(5.1.83)

With the bound

m—1 ,. -
i >1x) A
¢ Z r!

and theorems of derivation under the integral, we can conclude that the last term
in (5.1.83) is at least n — m times differentiable and that it has, at least, an m-fold
zero at x = 0. With the decomposition (5.1.83), we can come back to 7, given by
(5.1.78). The second term in (5.1.83)—which contain derivatives of 1/R —can be
recombined with its prefactor—containing derivatives of 1/ R4—Dby using the Leibniz
rule backwards for the representation of the derivative at 0 of 1/R = 1/(RyR)).
Subsequently, we find there exist a polynomial py.,, , of degree at most n 4 £ and a
function fy, € W2, (RT) such that

< X" (5.1.84)

4 : s+1
_ i (ix)P ) 1
Tpp1(x) = \/;Pligm,n(x)e S 4 X fZ;m,n(x) - { ]
|A=0

27 o D! s+l | R(Y)
(5.1.85)
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The claim then follows upon adding up all of the terms. Finally, the estimates at
x — 400 of a; follow readily from the exponential decay at x — +oo of the
functions ¢ and .

To compute the behaviour at x — 0, we remind that:

ap(x) = bo(x) +u; = 71(x) +uy. (5.1.86)

We already know from (5.1.85) that ay(0) = 0, and we just have to look in (5.1.78)—
(5.1.83) for the coefficient of \/x in the case £ = 1. For this purpose, it is enough to
write (5.1.78) with n = 1. Then, the squareroot behaviour occur for p = r = 0 and
s = 1 in the sum, and gives:

Co:1 x1/2 e—s¥

—1

ap(x) =

The coefficient c.; is given by the large A asymptotics in (5.1.80), coming from that
of Ry (A) given by (4.1.29):

Co;1 = —1. (5188)
On the other hand, we know from (4.1.26) that:

_ 1
Ry Wlumo = [

Therefore: | <

We finally turn to proving that ay > 0 on R It follows from the previous calculations
that

(5.1.89)

1 ( 1 ) e — 1 da
apx) = —| — / — . (5.1.91)
2B\ - Ry () =0 4 AR (X) 2im

Oreg

The integral can be computed by deforming the contour up to +ico and, in doing so,
we pick up the residues of the poles located at

9
o= STRO® (5.1.92)
w1 + wy
All-in-all this yields
_2nwjw)
ao(x) = Za();n(l — e optm nx)

n>1
@1+ @) - (=)' (1 =)

with ag.,
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and k = wr /(w1 + wy) < 1. By using the Euler reflection formula, we can recast
ap:, into a manifestly strictly positive form

_ (@ +w) (sin[mcn])2 T(1L4«n) - T(1+(1—K)n)

" 5.1.94
ao; T n2.nl.gne. (1 _ K)”(l_") ( )

27‘[/36()16()2

The asymptotics of ay., then takes the form

0~ (a)1+w2)_ /2/((1—/(). sin[mrkn] 2. (5.1.95)
7 n—>+400 2,3&)1602 and T

Thus the series (5.1.93) defining ag(x) converges uniformly for x € R™. Since the
series only contains positive summands, ag(x) is positive for x > 0. |

The main reason for investigating the properties of the functions a;(x) lies in the
fact that they describe the large-N asymptotics of the function
WerilHl(x, by — N™%x) + Wik [H1(by — N~ x). In particular, ap(x) arises
as the first term and plays a particularly important role in the analysis that will
follow. Let us remind Definition 3.3.1 for the weighted norm:

14

H 00
NPHI =D 1Hllwew (5.1.96)

ka
k=0 N

Lemma 5.1.11 Letk > Obeaninteger, H € C+1 ([aN ; bN]). Define the functions:

k—1
as 7 H(K+l) b b
WEIHIW = H by o) + > 02 (51 .97)
=1
k—1
HY D p
Wk [H1(x) = H'(by) ur + % (5.1.98)
=1

The approximants at order k, Wg.x [H](x, by — N~ x) and W [H](bxy — N~ x),
admit the large-N asymptotic expansions:

WraHI(x, by — N™x) = W [HI(x) + ApgWeHIx) . (5.1.99)
Whik [H1(by — N™x) = Wi [HI(x) + AW [H]1(x) . (5.1.100)

The remainders have the following structure:

ApWEHI) = N e T R [HI0) + RO, HI® L, (5.1.101)

as;k as;k

AW THI@) = N TR RE) [Hx) (5.1.102)
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where Rgz)k[H] € WX[R") fora =1,2,3. Fora = 1, we have:
IRGLIH] ()] = O+ (5.1.103)

uniformly in N. Moreover, we have uniform bounds for x € [0; e N*], namely for
Le[0; k]

0f RO IHI )| < Cr -2 Nt NP [HEFD] . (5.1.104)

a=23 [ofRY[HIp)| < Cre- N N [HEV] (5.1.105)

as;k

where we remind xg = N“(by — &).

Note that we can combine the operators into the asymptotic expansion

k

WESH(x) + W IH(x) = H'(b I1+
rox L 1(x) bk LA 1(x) (bw) ao(x) ; H'(by) N**

(5.1.106)

H D (by) ag(x) ]

Proof The form of the large-N asymptotic expansion follows from straightforward
manipulations on the Taylor integral representation for H® (&) around & = by
for £ € [0; k]. The control on the remainder arising in (5.1.99), (5.1.100) and
(5.1.106) follows from the explicit integral representation for the remainder in the
Taylor-integral series:

(1 — 0 (=) gp(x)
k!

1
AW H](x) = N~k /dtH(k‘H)(bN ~N"%tx) {—
0

t)k—[( x)]-!—k—l

k
(11— — @y (x)
B Z{ 00k — o)

k+1—-¢€
AW HI(x) = N~ kaZu 2 x) /dt(l DDy — N 1x)
(5.1.107)

and we remark that oy (x)—given by (5.1.34)—has a logarithmic singularity when
x — 0. The details to arrive to (5.1.104) and (5.1.105) are left to the reader. |

Collecting the bounds we have obtained in sup norms, we find in particular Wy [ H ]
is bounded when H is C':

Corollary 5.1.12 There exists C > 0 independent of N such that, for any
H € C'(lay ; b)),

IWNIH]lweqay ox) = C I Hellwem) - (5.1.108)
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-1
5.2 The Operator Uy,
Let us remind the definition of the operators Uy and Sy:

UnB1(E) = $(€) - {V'©®) = Sxlpl1®)) +Swld - oY1) (521
by
Sul#]® = f SV = mloan an

ay

2
and S(€) = Y Brw, cotanh [, | (5.2.2)

p=1

and the fact that Wy defined in Section 4.3.4 is the inverse operator to Sy . We also
remind that the density péé\' ) of the N-dependent equilibrium measure satisfies the
integral equation:

Vé € layibyl,  Snlpg’16) = V') . (5.2.3)

This makes the first term of (5.2.1) vanish for & € [ay ; by], but it can be non-zero
outside of this segment.

In this section we obtain an integral representation for the inverse of Uy, which
shows that Z/{ng [H]is smooth as long as H is. Then, in Section 5.2.2, we shall provide
explicit, N-dependent, bounds on the W° (R) norms of Uy, ! [H]. This technical result
is crucial in the analysis of the Schwinger—Dyson equation performed in Section 3.3.

5.2.1 An Integral Representation for L{ZQI

Proposition 5.2.1 The operator Uy is invertible on (%5 Nne 1)(R), 0<s < 1/2
and its inverse admits the representation

VnIH](E)

U,QI[H](‘%‘) = m,

(5.2.4)

where Vy = Vl[vl] + VZ[VZ] with

VWIHIE) =

by

/ [H(§) — H(s)]ds

J €9V —anty
by

and VP[H(E) = / VIRE, ) - WylH]() dy (5.2.5)

an
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and the integral kernel of the operator V][\?] reads:

by
Sreg[N*(s —n)] — Sreg[N* (€ — )] . 28
v, :/ g g d B Srea(E) = S(&)— =2 .
N (Em) TEEN T s wit 2 (&) = S(&) :
(5.2.6)

Finally, we have that, for any & € [ay ; by], Vn[V'1(§) # 0.

Note that the above representation is not completely fit for obtaining a fine bound of
the W/°(R) norm of 1/11;1 [H]inthelarge-N limit. Indeed, we will show in Appendix C
that Vy[V'](§) > cy > 0 for N large enough. Unfortunately, the constant cy — 0
and thus does not provide an optimal bound for the W/°(R) norm. Gaining a more
precise control on cy (eg. its dependence on N) is much harder, but a more precise
control is one of the ingredients that are necessary for obtaining sharp N-dependent
bounds for the W;°(R) norm of U, ! [H]. We shall obtain such a more explicit control
on cy in the course of the proof of Theorem 5.2.2.

Proof Given H € (X; N CH(R), let ¢ be the unique solution to the equation
Snlp1(€) = H(&) on[ay ; by]. Reminding the definition of Sy in (2.4.15), it means
that, for & €lay ; by|:

by
¢(n)dn
=y
. & —nim ®
N i
where U(§) = 2ijTﬁ[H(fif) - /Sreg[N“(E—n)]dJ(n) dny . (5.27)

ay
As a consequence, the function
by
1 oG dn

q) ) z—n 2in

N

with  ¢(z) = V(z—an)(z—by) (5.2.8)

F(z) =

solves the scalar Riemann—Hilbert problem

e F € O(C\lay ; by]) and admits + LP([aN ; bN]) boundary values for p €]1; 2[ ;
e F(z) = O(z7") whenz — o0 ;
e Fi(x)—F_(x) = U(x)/q4+(x) forany x €lay ; by[ .

Note that the L? character of the boundary values follows from the fact that both
¢ and the principal value integral are continuous on [ay ; by]. The former follows

from Propositions 5.1.4-5.1.6 whereas the latter is a consequence of (5.2.7). By
uniqueness of the solution to such a Riemann—Hilbert problem, it follows that

by

. U(s) ds )
F(Z) = /m E for Z € C \ [aN 5 bN] (529)

an
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By using that, for & €lay ; byl,

by

1 ds
—¢¢) = CI+($)'(F+(§) + F—(é)) and ][m T 0

an

(5.2.10)
we obtain that:

VN2 (& —ay)(by — £)

$(&) = 25

Vn[H](E) (5.2.11)

with the expression of Vy given by (5.2.5). Further, given any £ € R\ [ay ; by ], we
have:

by
4
Snlgl€) = / Sweg[ N6 — m]p(m) dn + ;’f GgOFE) . (5212
It then remains to use that, for such &’s
bN ]
/ b (5.2.13)
q+(s)(s —§) im q(§)
so as to get the representation
_ q(&)
Snlgl) = HE) — T~VN[H](§)- (5.2.14)

We can now go back to the original problem. Let ¢ be any solution to Uy[y] = H.
Due to the integral equation satisfied by the density of equilibrium measure on
[ay ; by], it follows that, for any & € [ay ; by] such that Wy [V'](§) # O,

WnIH]E)
= —" 5.2.15
V(&) WAV 1) ( )

and we can conclude thanks to the relation (5.2.11). For £ € R\ [ay ; by], we rather
have:

Sn[WnIHI](6) — H()

Ve = Sy[WnIV]E) — VI(E)

(5.2.16)

at any point where the denominator does not vanish. It then solely remains to invoke
the relation (5.2.14). Note that

228 p&(£)

WIVIE) = .
! VN —an) by — &)

(5.2.17)
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It is shown in the proof of Theorem 2.4.2 given in Appendix C, point (ii), that
p& (§) > 0for& €lay ; by[ for N large enough and that it vanishes as a square root
at the edges. Furthermore, it is also shown in that appendix, Equation (C.0.8), that
V') — Sy[WnIV'1](§) # 0 on R\ [ay ; by]. Thus the denominator in (5.2.4)
never vanishes, and thus the equation holds for any é € Rand any H € X; NC!(R).
The result then follows by density of X; N C! (R) in X, N C'(R). [ |

5.2.2 Sharp Weighted Bounds for Uy 1

The aim of the present subsection is to prove one of the most important technical
propositions of the paper, namely sharp N-dependent bounds on the W°(R) norm
of L{,;' [H]. Part of the difficulties of the proof consists in obtaining lower bounds
for Wy[V’] in the vicinity of ay and by as well as in gaining a sufficiently precise
control on the square root behaviour of Wy [H] at the edges.

Proposition 5.2.2 below is the key tool for the large- N analysis of the Schwinger—
Dyson equations. We insist that although our result is effective in what concerns
our purposes, it is not optimal. More optimal results can be obtained with respect to
local W norms, viz. W;°(J) with J being specific subintervals of R, or with respect
to milder ones such as the W[p (R) ones. However, obtaining these results demands
more efforts on the one hand and, on the other hand, requires much more technical
handlings so as to make the best of them when dealing with the Schwinger—Dyson
equations. We therefore chose not to venture further in these technicalities.

Before stating the theorem, we remind the expression for the weighted norm

(Definition 3.3.1):
4

NP = 3 Wl (5.2.18)

NZO(
k=0

and the ad hoc norms on the potential (Definition 3.3.2):

[ [4
max { T GV Uwgoqny = 3 ka =26+ 1]
a=1 ka a=1

V] = +1
{min (17 infig.5) [V/EI, [V'(b+e) = V'), |[V(a—e) — V/(a>|)}

(5.2.19)

for some € > 0 small enough but independent of N. We also remind that IC, [ H] is
an exponential regularisation of H, see Definition 3.1.7.

Proposition 5.2.2 Let ¢ > 0 be an integer, and Cy, k be positive constants. There
exists a constant Cy > 0 such that for any H and V satisfying
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o KeplH] € Wi | (R) and K, e[V] € Wi, (R);
o |Vllwgqa—s:b+s) < Cy for some § > 0 where (a,b) are such that
(an,by) M (a,b);

o H e X([an; bnD);
we have the following bound.:

HK/( [Z/{;][H]] < CE A nz[v] A N(f+1)0{ . (ln N)2l+1 . N1§[2£+1) [ICK[H]] .

(5.2.20)

| | We(R)
Proof As discussed in the proof of Proposition 5.2.1, the operator U ]Ql canberecastas

WNIHIE) (o SNDYNIHINE) - HE) “©.
W@ e E S vl - v e
(5.2.21)

VI HIE) =

Therefore, obtaining sharp bounds on U,;l [H] demands to control, with sufficient
accuracy, both ratios appearing in the formula above. Observe that the same Propo-
sition 5.2.1 and, in particular, Eqgs. (5.2.11)—(5.2.14) ensure that, given € > 0 small
enough and H of class C**!, the functions

WNIHIE) £ Sy[WwIH]|(E) — H() (5.222)
qr (&) qr (&)
with:
qr(€) = /N (by — &) = x° (5.2.23)

are respectively C¥([by — € ; by]) and C*([by ; by + €]). A similar statement holds
at the left boundary. Furthermore, the same proposition readily ensures that both
functions are C**! uniformly away from the boundaries.

The large-N behaviour of both functions in (5.2.22) is not uniform on R and
depends on whether one is in a vicinity of the endpoints ay, by or not. Therefore,
we will split the analysis for £ in one of the four regions, from right to left on the
real axis:

J(R o) 1py +e(nN)E- N~ +oof (5.2.24)
J(R ;ext) = [by: by + €(In N)Z -N7Y (5.2.25)
(R in) = [by —e(InN)> - N~ by] (5.2.26)
J(bk) [ay +e(nN)2 - N~ : by — e(In N)2 - N9] . (5.2.27)

Indeed, the behaviour on the three other regions:

J(L ;in) = [an; any + €(In N)2 N7 (5.2.28)
J(L e _ gy —e(nN)2- N~ : ay] (5.2.29)
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I =1 - 00 ay — e(InN)>- N7 (5.2.30)

can be deduced by the reflection symmetry
WyIH1(E) = —Wn[H"|(an + by — §) (5.2.31)

from the analysis on the local intervals (5.2.24)—(5.2.26).

The proof consists in several steps. First of all, we bound the W/°(J;’) norm of
the functions in (5.2.22), this depending on the interval of interest. Also, we obtain
lower bounds for the same functions with H <> V. Finally, we use the partitioning of
R into the local intervals (5.2.24)—(5.2.26) so as to raise the local bounds into global
bounds on Uy '[H] issuing from those on Wy[H]-q "' and {Sy[Wy[H1|—-H} q3".
Lower and upper bounds on J*"

()
N

Let us decompose S given in (5.2.2) into:

S(x) = Seo () + (AS) (%), with Seo(x) = B (w; + wy)sgn(x)  (5.2.32)
We observe that when & € J xz;out) and n € [ay ; by] one avoids the simple pole in the
kernel functions S[N* (& —n)] of the integral operator Sy . Besides, the decomposition
(5.2.32) has the property that, for any integer £ > 0, there exists constants ¢, C; > 0
independent of N such that:

Ve € I, Ve lay byl |ILASINYGE —mI| = € NWem Y

(5.2.33)
We have proved in Lemmas 6.1.7 and 6.1.8 that
by
‘ /WN[H](é)dé < CllHcllwewy s IWnIHI L qay 00y < C I Hellwew)
(5.2.34)

for some C > 0 independent of N. Subsequently:

y, . 2
(SN DN THT] oo giiom, <860 C Nl Hellwgey + Ce N ™M™ VN THIIIL 10y )

<800 C' N [KclHT] + € NED ™M oy ) NP [K[H]] -
(5.2.35)

We have used: in the first line, the estimates (5.2.34); in the second line, the definition
(5.2.18) of the weighted norm, and we have included exponential regularisations
via IC,, whose only effect is to change the value of the constant prefactors. Since
(an, by) — (a, b) in virtue of Corollary 6.2.2, we can write for N large enough:

1 [Su[WNIHT] = H]ll o o) < Co- N NP [KlHT] . (5.2.36)
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Indeed, a bound from the left-hand side is obtained by adding the W° norm of H
to (5.2.35), which is itself bounded by a multiple of NN’ [K[H]].

Thanks to the decomposition (5.2.32) using that sgn(§é —n) = 1 for.f ely
and n € [ay ; by], as well as the exponential estimate (5.2.33) and the L' bound of
Wy from Lemma 6.1.8, we can also write:

R; (out)

Sn[WnIV'T](E) = V/(§) = np (w1 + wz)/WN[V’](E)dé - V()
———
=V'(b) ay

—_—
=1

n O(efc(lnN)2 ||V'||Wf>°([aN:bN])) . (5.2.37)

The identification of the first term comes from (3.1.16). Further, we have for
| —b| <eand & e JF:

2 "
Vo) -V©l = s —bl-_int V'@ = N gy > £V O
g€lb;b+e 2 N« 2 N«
(5.2.38)

To obtain the last bound we have assumed that € was small enough—but still indepen-
dent of N—and made use of |b — by| = O(MN% as well as of
IV Ilwee(a—s:b+sy < +00 and N large enough. Finally, it is clear from the strict
convexity of V that in the case |b — &| > e:

V) —V©l = Veto vz s TCTI TV s )

where the last inequality is a trivial one. Therefore, in any case, for N large enough:

|Sx[Wh V1] = V' (©)] = W min [géﬁf;b] V&), [V'(b+e€) — V/(b)|} :

(5.2.40)
The combination of the numerator upper bound (5.2.36) applied to H = V' (using
that the weighted norm is dominated by the W norm) and the denominator lower

bound (5.2.40) implies that, for any « > 0 such that both sides below are well-
defined:

1K [Sn[WNIVT] - V/]HWZOO(J%?;om)) NEDe ¢, ||V/||W[°°(R)
< 3

IS [WNIVI]E) — V/(©)] - min{infge[a;b] V/E), V(b +e) — V/(b)\}
(5.2.41)
Implicitly, we have treated € from (5.2.40) like a constant.
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Lower and upper bounds on J 5‘;“)

Consider the decomposition of Wy from (5.1.69):

WNIHI(E) = Wk [H1(E) + ApgWhi[Hel(E) + WerIH 1(xg)
- WR[HA](va by +ay — &) + WexplHel(§) . (5.2.42)

From the expression of Wy in (5.1.40), we have the bound:

(k—1) (s+1)
Wik LH 1y oo oy < Ck;l'sellTll(%“NN [H"T] (5.2.43)

and recollecting the estimates of the other terms from Propositions 5.1.4 and 5.1.6,
we also find:

| A Whicl Hel + WilH] = V) He] + WeplHe

—k K+
< co N7 H{ )”Wf"(R)‘

Wty —
(5.2.44)

with the reflected operator Wy, as introduced in Definition 5.1.2. We do stress that, in
the present context, H, denotes a compactly supported extension of H from [ay ; by]
to R that, furthermore, satisfies the same regularity properties as H. All in all, the
bounds (5.2.43) and (5.2.44) yield

/ (k) s+1
IWALEIE e ggey < e max (MO (5.2.45)

Besides, for k = 1 we have from (5.1.40):
Wokek[V1(E) = u V'(&) . (5.2.46)

The constant #; was introduced in Definition 5.1.5, and according to the expression
of R()) in (4.1.18), it takes the value:

1

- . (5.2.47)
2nB(w) + w2)

uj

So, using the bound (5.2.44) for k = 1 and £ = O to control the extra terms in Wy
in sup norm, we get

. C L
WiV’ > f V"'"E) — —||Vellwew = — - inf {V”
WaIV'1E)| = up inf V') — SZlVellwew = 5 ge‘{a‘;b,{ ©)})

(5.2.48)
where the last lower bound holds for N large enough. The above lower bound leads to

||ka;k[vl]||wloo(q]]§\‘;k>) - CZ ' ||V/||W1?iz+1(~]];:;k))
Whvi®| ~ inf V(&)
&€la;b]

(5.2.49)
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Lower and upper bounds on J 55““)

In virtue of Lemma 5.1.11 and Proposition 5.1.6, given k € N*, we have the decom-
position

WyIHIE) = Wiy + Wae) IHI(xR) + QealHel(xg &) (5.2.50)

QralH (g, §) = ApWSHI(xz) + ApgWE [H](xg)
— WeralHM(xp, by +ay — &) + AigWn[HJ(E) (5.2.51)

where Ay WWn|[H.] has been introduced in (5.1.69). We remind from (5.1.106) that:

k
as as / H(r+1) b
Ve + WEDIHI R = H omaate) + 37— (a2

r=1
(5.2.52)
For any integers n,¢ such that n > ¢ + 2, Lemma 5.1.10 applied to

(¢, m,n) — (r, €+ 1,n) tells us:

ap(x) ex
i/; = P01 ()e 4+ XV fo 0, (x),
(ap - a,)(x) Cex
OT = Prvia(e S +x T f () (5.2.53)

for some polynomials pi.¢+1,(x) of degree at most n + k and functions
Jiserin € W2 i1y (Ry). We therefore get:

[laz" Vs AWt T |y im) < cioe- N (An N FNYTVIHT L (5.2.54)

In this inequality, one power of N® pops up at each action of the derivative of
xg = N*(by — &). Furthermore, by putting together the control of the remainders
in Proposition 5.1.6 and Lemma 5.1.11, we get that:

k
m+1
Qpi[Hel(xg, &) = Z{c,ﬁ?;x;’; + c,i},{?x,e“} + fi(xg) (5.2.55)

m=0
where, for any 0 < ¢ < k, the function f satisfies:
- k+1—¢ A —Cxz
0f (xz "2 frxp))| < Cre-xig = - NEOO NOTHEFDT . (In(xg) e €% + 1).
(5.2.56)
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Since the functions (Wi, +Wiey ) [H1-qx" and Wy[H]-gy" are smooth on ™,
so must be Qg.x[H.] - qgl. As a consequence, we necessarily have c,(c?fn = 0. The
properties of the remainders then ensure that, for any 0 < ¢ <k,

] = Con WA ey 5257

m

Thus, all-in-all, by choosing properly the compactly supported regular extension H,
of H from [ay ; by] to R we get

llag" - W IH o guemy < Ce - (n N NV NEEDICTH T (5.2.58)

upon choosing k = £. This holds for any k > 0, the right-hand side being possi-
bly 4-oc0.
In what concerns the lower bounds, observe that

ao(xg)

X2 (W + W H (xp) = Vi

VO(by) (XR))
V' (by) ’ N«
(5.2.59)

V”(bN)(

as well as

el + el Pxg + xx P Ai)] = €N G+ DIV llwem

N g (Inxge S 4+ 1)||vg/||W50(R)} . (5.2.60)

These estimates imply, for N large enough:

WAlVI®) | _ aol) (In N’
Vilby) — ———
—® NI T

The function x — ag(x)/+/x is bounded from below on R™, ¢f. Lemma 5.1.10 and
(ay, by) — (a, D) in virtue of Corollary 6.2.2. As a consequence, for any potential
V such that || Ve ||wge(a:6)) < C, there exists Ny large enough and ¢ > 0 such that

Vellwe®) - (5.2.61)

Whi[V']
‘M > cinf {V/(®)}. (5.2.62)
qr &) la:b]
We can deduce from the above bounds that, for any & € J Ef;in)’

- , | ' sin
||C]R71- WiV ]||W£°“(J%€:m)) < C;-(In N)2£+1 Nt M
e 6 VIS infra:s {V"(6)}

(5.2.63)
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Lower and upper bounds on J %? ext)

Let us go back to the vector Riemann—Hilbert problem discussed in Lemma4.1.1. The
representation (4.1.10) and the fact that the solution & to this vector Riemann—Hilbert
problem allows one the reconstruction of the functions ¥; and v, arising in (4.1.10)
through (4.1.15). Using the reconstruction formula (4.3.14) with P, = P, = 0
and zp = oo and applying the regularisation trick exactly as in (4.3.67), we get
& € [by; +ool:

AN (by —&)—iuN® (by—n)
Sn[WnlH]1](E) = N¢ / / i /dnH(n) P

R+-2ie R+1e

x D - %mmmx)} . (5264

The local behaviour of the above integral representation can be studied with the set
of tools developed throughout this Chapter 5. We do not reproduce this reasoning
again. All-in-all, we obtain:

g5 K [Sy[WxlHT) = H] |y gz, < Celln NYX LNV (]|

(5.2.65)
and, for any £ € ij?“‘),
lgz' @& - {SxWWIVIE®)] - V' ©}] > C[ing] V" (byn) (5.2.66)

provided that N is large enough. Likewise, we have the bounds:

lag K [SNIWNIVT] = VIl oo, r(Riext e LVl
WAy )

Woo (J(R;ext))
< €y (In N2+ Nt 2+1WN

inflg . {V7(©)}

ag'© - {svpywtv] - v}

(5.2.67)
Synthesis
Let us now write:
_ Sn[WyIHI|E) — HE) Wy IHIE)
Z/{ 1 H [ N 1 soul SAY v/ e ‘in
v 1HIE = AZL:R SYIVII® - Vi@ o O Ty g ©
g & - {Sy[WnIH) @) - HE)) o] 4 WNLHIE) ©.
. Asext ST T bk)
9z © - (Snpwwivile - vie) W WalVIE) I
(5.2.68)

The piecewise bounds (5.2.36)~(5.2.41) on J&, (5.2.45)~(5.2.49) on I\,
(5.2.58)—(5.2.63) on J$¥, (5.2.65)~(5.2.67) on JW™, and those which can be
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deduced by reflection symmetry on the three other segments defined in (5.2.28)—
(5.2.30), can now be used together with the Fad di Bruno formula

d‘ Zk ,nk' f(m)@)- n [L —gW(®) nj]
(5.2.69)

to establish the global bound. Note that, in the intermediate bounds, one should use
the obvious property of the exponential regularisation:

P
KK[fl"'fp] = H’CK/p[fa]~ (5.2.70)

a=1

The details are left to the reader. |



Chapter 6
Asymptotic Analysis of Integrals

Abstract In this chapter we carry out the large- N asymptotic analysis of the single
and double integrals that arise in the problem. First, in Section 6.1.1, we deal with
the one-fold integrals that arise in the characterisation of the image space X;(R) of
H; ([aN ; bN]) under the operator Sy. Then, in Section 6.1.2, we evaluate asymp-
totically in N one-dimensional integrals of Wy [H] versus test functions G. This
provides the first set of results that were necessary in Section 3.4 for a thorough
calculation of the large- N expansion of the partition function. Then, in Section 6.2,
we build on the obtained large-N expansion of the two types of single integrals so
as to characterise the support of the equilibrium measure. Finally, in Section 6.3, we
obtain the large-N expansion, up to a vanishing with N remainder, of the double
integral (3.4.3) arising in the large- N expansion of the partition function at § = 1.

6.1 Asymptotic Analysis of Single Integrals

6.1.1 Asymptotic Analysis of the Constraint Functionals
An[H]

Recall that for any H € C'([ay ; by]) the linear form Xy[H] defined in (3.3.31):

x11;+(0)

by

iN“ d SN

Xy[H] = / ) / Hpe¥ om0 gy (6.1.1)
R-+tie’ ay

is related to the constraint .#},[4] defined in (4.3.24) where H and h are related by
the rescaling (4.1.1):

o

O iy, hew =

Sulhl = 218 2inp

H(ay + N %) . (6.1.2)
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In the following, we shall obtain the large- N expansion of the linear form Xy[k]
introduced in (3.3.31) and defining the hyperplane X; where we inverse operators.
We first need to define new constants:

Definition 6.1.1 If p > 0 is an integer, we define:

9, = Ri(o) / 1 di = (— 1)P+1 R¢(0) / di
P le+1R¢(l/«) 2im /Lp+2R¢(H) 2im
R+ie’ R—ie/
(6.1.3)

The equality between the two expressions of 1, follows from the symmetry (4.1.27).

Lemma 6.1.2 Let k > 1 be an integer, and H € ck ([aN ; bN]). We have an asymp-
totic expansion:

k=1 .
i’ 7, ,
XulH] =Y L {HP@y) + D' HPGn)] + AwnlH]. (6.14)
p=0
where:
| A XN [H]| < C N7 H e ay b (6.1.5)

Proof For A between I'; and R, we decompose x into:

x0) = x40 + 0. (6.1.6)

In terms of the various matrices used Section 4.2.2, the main part is:

(as) -1 —03 o
(P = Ry - o] 'MT(”'(’”T)

e Lt 1
= | R AR Ry() (6.1.7)
— Ry(M) 0

and is such that the remainder is exponentially small in N:

—\ 1
Xf"l’)(x) (‘”’(/\) [STI](A)  with  [STI(A) = (12 + UT) TG -PROY — Iy
(6.1.8)

Indeed, the large-N behaviour of 8y inferred from (4.1.17) and (4.1.34) as well as
the estimate (4.2.15) on the matrix IT — I, imply that, for ¢’ fixed but small enough,
and uniformly inA € R+ir,0 <7 < ¢€”:

Ce N
(8T (V)] < T (6.1.9)
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Furthermore, a direct calculation shows that
1 ei)JN

B [6IT]21(A)
Ry RL(M)

, 6.1.10
NG (6.1.10)

() = ( )[sn]um +

and taking into account the large-A behaviour of R/, given in (4.1.24) and (4.1.25),
we also get a uniform bound for A € R +it,0 <t < ¢€”:

(exp) Cle N
™ M| € ———. 6.1.11
|[X¢ | < N ( )
In particular, this estimate (6.1.11) implies:
1 RL(O) _ N¢
= — + O™V ). (6.1.12)
X11;+(0) 2
The decomposition (6.1.6) in formula (6.1.1) induces a decomposition:
Xy[H] = X™[H] + X5 [H] (6.1.13)
where
iNe d fi
XD = Pt / H(meN ™ =0 . dp  (6.1.14
[H] e J i P, (ne n ( )

2] ay

and €0 is a contour surrounding 0 from above, going to oo in H™ along the rays
te=F and re~ ¥ and such that max {Im(x) : 2 € €} = €. Note that we could
have carried out this contour deformation since I1(2) is holomorphic in the domain
delimited by R + i’ and €.

Since for 1 € €7, we have:

bN e C YNG/
‘ [ e @) < o Ml (6.1.15)
an
it is readily seen that
[ PH]| < € Ne N I H s ay i - (6.1.16)

It thus remains to estimate

XH = X H] + X H 6117
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where

a5 iN® d
XO[H] = A /H(n)elN RO=bn) qyy (6.1.18)
x11;+(0) / 2im ILRT(M)
Cgreg

and the second term arises upon the change of variables (i, n) — (—u, ay+by —n)
in the initial expression. The dependence in N is implicit in these new notations.
Note that we could deform the contour from R + i€’ up to R — i€’ or %rg; since
the integrand is holomorphic in the domain swapped in between. Replacing H by its
Taylor series with integral remainder at order k, we get:

Xj(gaS)[ ] = X(d*)[H] + A[k]XI(QaS)[H]' (6119)
The first term is:
» k—1 H® (by) du 1 : Ve
X H] = Z o 1N dy

o P+ (0) 2im MRT(M)7

—ie’

k—1 (p)
_ —2 (=) 1, HP (by) (6.1.20)
R, (0)x11;+(0) po Npe

where we have recognised the constants 1, of Definition 6.1.1. The remainder is:

k—1 —XN
as H® (b d 1 .
A X H] = (by) el nPel dn
ixu +(0) p! NP 2im Ry ()
p= %or(c:) —00
au N T
an )k — DT iNu—by) k) _
+/ 2 WR (1) dn(n bN)/dt T H" (by +t(n — by))
Creg) w 0

(6.1.21)

X Ig“? [H] yields the leading terms of the asymptotic expansion announced in (6.1.4).

Hence, it remains to bound Ay X\ [H]. The first line in (6.1.21) is exponentially
small and bounded by a term proportional to || H ||wg, (ay :by1)- The second line is
bounded by
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ldp| 1 / ~N[Im p(n—by)|
N R (O] - [|Hlwoo(fan - dn (b HAI=oN
IRy O N Tweeay sovd | 277 |MR¢(M)| n(by —mke
Cgreg

< CN M HIlwetay o) - (6.1.22)
It thus solely remains to put all the pieces together. |
Using these estimates, we obtain the continuity of the linear form Xy in sup norms:
Corollary 6.1.3 There exists C > 0 independent of N, such that:
|ANH]| < CHHIlwg ay b)) - (6.1.23)
Proof We have shown in the proof of Lemma 6.1.2 a decomposition:

XWH] = XPH] + XOH + X5 H] (6.1.24)

X}fs) [H]is givenin (6.1.18).Ithas x;.4(0) as prefactor, and we have seenin (6.1.12)
that this quantity takes the non-zero value —2/R (0) up to exponential small (in N)
corrections. So, we have the bound:

1 |dpl

N H e ay 26 /
Mt ) el lm el Ry ()] 27
cgreg

¢( )

| IH| < (6.1.25)

where the inverse power of [Im | and the loss of the prefactor N* resulted from
integrating the decaying exponential |¢!N“ 1=V | over [ay ; by ], given thatIm p < 0
for u € €. We conclude by combining this estimate with (6.1.16) which shows

reg
that the remainder is exponentially small. |

6.1.2 Asymptotic Analysis of Simple Integrals

In the present subsection, we obtain the large-N asymptotic expansion of one-
dimensional integrals involving Wy [H]. This provides the first set of results that
were necessary in Section 3.4 for a thorough calculation of the large-N expansion
of the partition function.

Definition 6.1.4 If G and H are two functions on [ay ; by], we define:

by

3[6.H] = / G (&) - WylHI(E) d& (6.1.26)

an

where the Wy is the operator defined in (2.4.17).
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To write the large N-expansion of J, we need to introduce some more constants:

Definition 6.1.5 If s, £ > 0 are integers, we set:

+00

Toe = / x* by(x) dx (6.1.27)
0

where the function b, has been introduced in Definition 5.1.9.

Proposition 6.1.6 Let k > 1 be an integer, G € C‘'(lay:byl) and
H e C*'([ay ; by]). We have the asymptotic expansion:

by o by

1 .

3[G. H] = u /G(E)-H’(S)dé + Zw|up+./c<s>m””<s>ds
i p=l i

Py Y [(_l)s HED by) - GO (by) + (_1)‘H<Z+‘>(aN)G“)(aN)]]

s!
s+l=p—1
5,4>0

+ A[k]js[G, H] . (6128)

where we remind that u’s are the constants appearing in Definition 5.1.5. The remain-
der is bounded as

|AwIs[G, H]| < C N NG, tay o) 1 Hellwes, day ) (6.1.29)

for some constant C > 0 independent of N, G and H.

Note that the leading asymptotics of js[G, H ], i.e. up to the o(1) remainder,
correspond precisely to the contribution obtained by replacing the integral kernel
S(N “E - n)) of Sy by the sign function—which corresponds to the almost sure
pointwise limit of S (N® (€ —n)), see (2.4.15)—and then inverting the formal limiting
operator. The corrections, however, are already more complicated as they stem from
the fine behaviour at the boundaries.

Proof Recall from Propositions 5.1.4 and 5.1.6 that Wy[H] decomposes as
WNIHIE) = WrilHI(xr, &) + Wik [H1E) — Wri[H"1(x1, ay + by — £)

+ A WnIH1(§) (6.1.30)
where

HAWWNIHA| oy iy = CN T NHED ) - (6.1.31)
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This leads to the decomposition

3G, H] = 351G, H] + 391G, H] — 39(G", H" + Aw3lG, H]
(6.1.32)

where:

by

IWG, H) = / G (&) - Wk [H1(E) d& |

an

301G, Hl = 1\} /G(bN — N7%x) - W [H1(x, by — N™x) dx

0
by

A3slG, He] = / GE) - AgWy[H () d& . (6.1.33)

an
Clearly from the estimate (6.1.31), there exist a constant C’ > 0 such that:

| AW TG, H| < C' N7 1G |l ay by - HHE P ey - (6.1.34)

The asymptotic expansion of 3( ) follows readily from the expression (5.1.40) for
Wok:x[ H]. It produces the first hne of (6.1.28). As a consequence, it remains to focus
on 35‘2 Recall from Proposition 5.1.11 the decomposition

Wi H1(x, by = N™%x) = WellHI(x) + AigWEY[HI(x)  (6.1.35)

and especially the bounds (5.1.103)—(5.1.105) on the remainder, which imply:
|AWRITHI(x)| < Cem s X" Inx - N7 || Hellwee, ) - (6.1.36)
The contribution of the first term of (6.1.35) involves the functions b,. It remains

to replace G by its Taylor series with integral remainder of appropriate order so as
to get

k—1
A ! cly s
WG H = 3 e 2 o H V00 -GV / £ b () dr
p=0 s+l=p

5,0>0
+ ApIP[G, H] (6.1.37)
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where

k-1 y
. 1 H(E-H)(b ) L
A[kljéd)[Gy H] = ke E (kT—;)' dx by(x) (—x)k el
=0 "0

1

x /dt (1= )2 tG* =D (py — N%1x) (6.1.38)
0
7
+ m/G(bN — N7%%) - AW H](x)dx . (6.1.39)
0

Clearly from (6.1.36), there exists C” > 0 such that:
|AIQIG HI| < "N Hellwgs, @ - 1G] lwe qawoyp - (6.1.40)

Moreover, one can extend the integration in (6.1.37) from [0 ; Xy ] up to R™, this
for the price of exponentially small corrections in N. Adding up all the pieces leads
to (6.1.28). |

In the case when G = 1, i.e. to estimate the magnitude of the total integral of
Wy [H], we can obtain slightly better bounds, solely involving the sup norm.

Lemma 6.1.7 There exists C > 0 independent of N such that, for any
H € C'(lay ; by ),

< CllH.|lwp®) - (6.1.41)

by
‘ / WlHI(E) d

Proof Recall from Propositions 5.1.4 the decomposition:

WnIHI(E) = WrlH](xg, &) + Wik[H:1(6)
— WrIH ) (xr,ay +by —§) + WexlHIE) (6.1.42)

We focus on the integral of each of the terms taken individually. We have:

by N~y
/ka[He](E)dS = 2np dy J(y) / [He(by + 1) — He(ay +1)]dr,
. : ’ (6.1.43)
thus leading to
by
‘/ka[He](E)dé = CllHellwp®) - (6.1.44)
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Next, we have:

N 400 by
/ WrlHel(xg. §) d& = 2N = o / d& [He( + N™y) — He(®)]
N
o XN N%
= dy J () / [Helby + 1) — Heby — N~y + )] dr

21n/3 / 2ir /2m (n — A)RL(M)RT(X)
Gk Gy

1Ax _
x {L / He(e Rdy + L / H <s)e‘“Rds}
(6.1.45)

The exponential decay of J at +o0o ensures that the first two lines of (6.1.45) are
indeed bounded by C [|H.||wg®) for some N-independent C > 0. The last line is
bounded similarly by using

/
- C' | Hellwgem)

6.1.46
N ( )

by
VA € cg(:t) ‘/He(&.)eiiAN“(bNE) d%'

reg

It thus solely remains to focus on the exponentially small term Wy, [ H]. In fact,

we only discuss the operator W,(fr) as all others can be treated in a similar fashion.
Thanks to the bound (4.2.15) for IT(A) — I, and the expression (4.2.19) of the matrix

W in terms of I1, we have:
1 O e—%(N"‘
YA = O 6.1.47
» (1/11) - (1+I?»|) ( )

which is valid for A uniformly away from the jump contour Xy (see Figure 4.1).
Therefore, using the definition (5.1.8) of WJ(VJFJF):

|dady 1
Qm)? A —pl IRyQIRy () A

by
' / WP IHE) dg| < C7 || Hellwgeo @y eV
Gt

(6.1.48)

Adding up all the intermediate bounds readily leads to the claim. |
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By a slight modification of the method leading to Lemma 6.1.7, we can likewise
control the L!([ay ; by]) norm of Wy in terms of the Wp° norm of (an extension
of) H.

Lemma 6.1.8 Forany H € C'([ay ; by]) it holds

IWNIH] L Gay v = C I Hellwe®)
and

—C'Ne
[WexplHN L (qay vy < Ce [ Hellwe ) -

(6.1.49)

6.2 The Support of the Equilibrium Measure

In the present subsection we build on the previous analysis so as to prove the existence
of the endpoints (ay, by) of the support of the equilibrium measure and thus the fact
that

pE) = Niay i1 (6) - WIV'I(E) dé . 6.2.1)
where Wy is as defined in (2.4.17).

Lemma 6.2.1 There exists a unique sequence (ay, by)—defining the support of the
Lebesgue-continuous equilibrium measure which corresponds to the unique solution
to the minimisation problem (2.4.8)—(2.4.9). The sequences ay and by are bounded
in N.

Proof The existence and uniqueness of the solution to the minimisation problem
(2.4.8)—(2.4.9) is obtained through a straightforward generalisation of the proof aris-
ing in the random matrix case, see e.g. [1].

The endpoint of the support of the equilibrium measure should be chosen in such
a way that, on the one hand, the density of equilibrium measure admits at most a
square root behaviour at the endpoints and, on the other hand, that it indeed defines
a probability measure. In other words, the endpoints are to be chosen so that the two
constraints are satisfied

by
Xy[V]1 =0 and J,[1, V'] =/WN[V/](-§) dé = 1. (6.2.2)

The asymptotic expansion of Xy[V'] and J[1, V'] is given, respectively, in
Lemma 6.1.2 and Proposition 6.1.6. However, the control on the remainder obtained
there does depend on ay and by. Should ay or by be unbounded in N this could
brake the a priori control on the remainder. Still, observe that if (ay, by) solve the
system of equations (6.2.2) then & — Wy[V'](§) with W)y associated with the
support [ay ; by] provides one with a solution to the minimisation problem of Ey
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defined in (2.4.7). By uniqueness of solutions to this minimisation problem, it thus
corresponds to the density of equilibrium measure. As a consequence, there exists at
most one solution (ay, by) to the system of equations (6.2.2).

Assume that the sequence ay and by are bounded in N. Then, the leading asymp-
totic expansion of the two functionals in (6.2.2) yields

V/(by) + Viay) =  O(N™9) vie (1 1 )_(v/(bN)— v/(b)) _ o)

V/(by) — V'(an) = uy' + O(N"%) 1-1 )\ V'ay) - V'
(6.2.3)

Note that the control on the remainder follows from the fact that |ay| and |by| are
bounded by an N-independent constant. Also, (a, b) appearing above corresponds
to the unique solution to the system

V(b) + V'(@) =0 and V'(b) — V'(a) = u;". (6.2.4)

We do stress that the existence and uniqueness of this solution is ensured by the strict
convexity of V.

The smoothness of the remainder in (ay, by ) away from 0, the control on its mag-
nitude (guaranteed by the boundedness of ay and by) as well as the strict convexity
of V and the invertibility of the matrix occurring in (6.2.3) ensure the existence of
solutions (ay, by) by the implicit function theorem, this provided that N is large
enough. Hence, since a solution to (6.2.2) with ay and by bounded in N does exists,
by uniqueness of the solutions to (6.2.2), it is the one that defines the endpoints of
the support of the equilibrium measure. |

Corollary 6.2.2 Let the pair (a, b) correspond to the unique solution to the system
V'(b) + V'(a) = 0 and V'(b) — V'(a) = ul_' . (6.2.5)

Then the endpoints (ay, by) of the support of the equilibrium measure admit the
asymptotic expansion

k—1 k—1
ay = 3 T+ O(NT) and by = 32+ O(NT)L (6:26)
£=0 £=0

where ay.o = a and by.o = b.

Note that the existence and uniqueness of solutions to the system (6.2.5) follows
from the strict convexity of the potential V.

Proof Theinvertibility of the matrix occurring in (6.2.3) as well as the strict convexity
of the potential V ensure that ay and by admit the expansion (6.2.6) for k = 1, viz.
up to O(N ~*) corrections. Now suppose that this expansion holds up to O(N =),
It follows from Lemma 6.1.2 and Proposition 6.1.6 that the asymptotic expansion of
Xn[V'] and T,[1, V'] up to O(N"“") can be recast as
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an[v']-Ty! (Vo) +V@an) + BV + Tt ApanV]
I, V'] -uy! V'(by) — V'(ay) + Box—1[V'] + Ml_l - A Js[1, V'] .
6.2.7)

In this expression, we have |—I5l . A[k]XN[V/]‘ + |ul_1 - A Jsll, V’]| < CN e
since ay and by are bounded uniformly in N, while

(Bl;k—l[v/])
Bok—1[V']
S ( 7R (V@) + DIV () )
p=1 nr (ps1 + Topt)uy' - VD By) — (upsr + (=DPTopo)uy" - VP D (ay)
(6.2.8)

We remind that 7 » was introduced in Definition 6.1.1, u,, in Definition 5.1.5, and
To,p in Definition 6.1.5.

Since both By.;—1[ V'] and By.x—1[V'] have N~ as a prefactor, by composition
of asymptotic expansions, there exist functions

By (bw:ts - byie—t | ants - ane-1),

indexed by p € {I,2} and £ € [ 1 ; k — 1], independent of k, such that

k-1
(Bl d—1lV ]) 3 lz Bio(bn:1s - bye—1 L an;ts ... ane—1) - o(N).
By-1V'] N\ By le by lana, .o an:e-1)

=1

(6.2.9)
As a consequence, we have the relation:
11 V'(by) — V'(b)
1 -1 V'(ay) — V'(a)
k—1
Z L (Bl o(bnits oo beor | ans, - --,aN;z—l)) L O(NH) |
—~N Boo(bnits - byie—t L anit, .. anse—1)
(6.2.10)

This implies the existence of an asymptotic expansion of ay and by up to a remainder
of the order O(N ’k“). |

6.3 Asymptotic Evaluation of the Double Integral

In this section we study the large-N asymptotic expansion for the double integral in:
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Definition 6.3.1

by
TH V) = [ Wy o Fa[ac{(v € — ) - O[Tl H1 V]GE 0} (61 d
. (6.3.1)
with
WAlHI®) _ WalHI0)

Ve ~ . 6.3.2

We remind that * indicates the variable on which the operator Wy acts. The asymp-
totic analysis of the double integral Jg4.g arising in the 8 # 1 large-N asymptotics
(cf. (3.4.4)) can be carried out within the setting of the method developed in this
section. However, in order to keep the discussion minimal, we shall not present this
calculation here.

In order to carry out the large- N asymptotic analysis of J4[ H, V], itis convenient
to write down a decomposition for Gy [H , V] ensuing from the decomposition of
W that has been described in Propositions 5.1.4 and 5.1.6. We omit the proof since
it consists of straightforward algebraic manipulations.

Lemma 6.3.2 The function Gy [H , V](é‘ , 1) can be recast as

GuIH, VIE. ) = Gux[H. VIE.0) + GllH, VI(xg. yai . 1)
— Gl [H " VN (xr yrian +by — E.ay +by —n) + AwGy[H, V]E. 0) .

(6.3.3)
The functions arising in this decomposition read
Whick[H](&)
«[H, V], = —— — , 6.3.4
Gok:kl 16, m) Wl V1E) &< (6.3.4)

and

Wi IHI0) WSV (W + Wi )IHI)
Wokk[V'1(8) Wk [V'1(8) (Wéf)k + Wl(ésk))[v/](x)

- (S < ’7). (6.3.5)

Gl lH, VI(x, y: €,1) = {

X <y
Finally, the remainder Ay Gy takes the form

AGnIH, V1(E, n)
1
= ——— T AmWnIH — ApgWnIV'IE) -
ka;k[V’](E)[ KW LH](E) KWNIVIE)
+ AwGSH, VI, yr: €, 1)

— AwGy [HN VML, yisay + by — E.ay + by — 1) . (6.3.6)

WyIHIE)
WyIVIE) ] (<)
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The reminder Ay Wy of order k has been introduced in (5.1.69), while

WNIHIE)
Wi [V](S)

WN[H]@)} Wi IV'16) ]_(éen)
: .

AwGWIH, VI, y; §,1) = [Amw,‘?”[m(x) AWV (x) -

1
Wk [V'1(§)

- [(A[k]WN)R[H](E) — (A WN) R IV'1E) -

WrIVIE) L (W, + W;“;“,:)[V’](x) X<y
(6.3.7)
The local right boundary remainder arising above is defined as
(AWn), = Wn — Wil — Wi . (6.3.8)

Note that the two terms g(‘“) present in (6.3.3) correspond to the parts of Gy that
localise at the right and left boundary The way in which they appear is reminiscent
of the symmetry satisfied by Wy:

WylH](ay + by — &) = —WnIH"1() . (6.3.9)

Lemma 6.3.3 The double integral J4[H, V] can be recast as

JlH, V] = jd;bkl:gbk;k[H» V]] + Ja. bk[g(aS)[H V] + g(as)[HA, VA]]
+ Tack| (Goksk + G V] + (Goscr + ) ", V1]

n A[k]jd[;FN[H], V] . (6.3.10)

The bulk part of the double integral is described by the functional

Jak[F1 = _47”3 / J(N“E=m)- (9 — 3,) {S(N*E—m)F(&, n}dédn .
[an ;bNT?
(6.3.11)
The local (right) part of the double integral is represented as
N2 de AN (by=§)
JarlF]l = — / /
2B 2in 2ir (= AR (MR (1)
Guet Gz a
by
X / dne NV N g LS (N (& — ) F(E, )} (6.3.12)

ay
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Finally, AjJq represents the remainder which decomposes as

4
ApgIalH, V1= D" Apgda; plH. V] (6.3.13)
p=1
by

ArJda:1[H, V] = /Wexp[ﬁg{S(N“(E — %) - (Gn — AiGn)[H. V](E, *)}](E)d$
an
(6.3.14)

by
ATaalH. VI = [ W[ae(S(V & - 0) - aggon[H VI )@ de  (63.15)
an

by
ArprTaalt V1= = [ Wyt - 2y o[V € =) - O Ve m} @) de
an

(6.3.16)
ApgIda:alH. V] = —Jg. R[(Q}QS,Q[H, v, + (Q;;S,z[HA,VA])A] (6.3.17)

where Wy, is as defined in (5.1.32).

Proof We first invoke the Definition 3.3.5 of the operator X v so astorecast Jq[H, V]
as an integral involving solely Wy, and another one containing the action of Xy.
Then, in the first integral, we decompose the operator Wy arising in the “exterior”
part of the double integral Jy[H, V] as Wy = (W,(QO) + Wég) + W,(‘O) + Wexp)s ¢f-
(5.1.32). Then, it remains to observe that

by
/WEO)[ag{S(Na(S — %) - Gy[H, V], *)}](xL)dS
N "
= [wPfafsvee ) -onlm . vIE oo de 6319
and that
B jd;bkli(gf!?;s/z[HA’ VA])A] _ jd;bk[gf;f]z[HA’ VA]] : (6.3.19)

Putting all these results together, and using that the functions Gyk.x[H, V] and
g};S,Q[H , V] solely involve derivatives of H, implies:


http://dx.doi.org/10.1007/978-3-319-33379-3_5
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Goik [XN[H], V] = Gue[H, V] and  GRl[XAn[HL. V] = GellH. V],
(6.3.20)

we obtain the desired decomposition of the double integral. |

6.3.1 The Asymptotic Expansion Related to Jq;pi and Ja; r

Once again, we need to introduce new constants:

Definition 6.3.4 If £ > 0 is an integer, we set:

" J 20 , J S 2(l+1)
Joe = /%[ué‘ W)+ Sw]du  and  Ipeq1 = /(:73/3((;—211)‘
(6.3.21)

where the function J comes from Definition 5.1.3 and S is the kernel of Sy and
appears lately in (5.2.2).

They are useful in the following:

Lemma 6.3.5 Assume F e C**2(ay;by1» and antisymmetric  viz.
F(&,n) = —F(n,&). We have the asymptotic expansion:

jd;bk[F] = _NQ'JO'%ven[F](O)
k
1 _
- ZZ;N(%_I),,{JM Teen [F10) + Tog—1 - Ty~ VIF10) | + O(N~2ke)

(6.3.22)
in terms of the integral transforms:
2by—|s|

1
- / F[(w+$)/2, (v —s)/2] dv

Teven[ F1(s)

2ay—|s|
2by—|s|

and  Toaa[F1(s) s Flo+9)/2, (v—19)/2]}dv.  (6.3.23)

2ay—|s]|

The integral transforms Zeyen, Zoaa can be slightly simplified in the case of specific
examples of the function F. In particular, if F takes the form F (&, n) = g(§) —g(n)
for some sufficiently regular function g, then we have:
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2by

Teven [ F1(0) = /g/(v/Z)dv = 2[g(bn) — glan)] - (6.3.24)

2ay

Proof We first implement the change of variables

[M=N“(E—n) ie [€=(U+N_au)/2

oty T (0w N2 (6.3.25)

in the integral representation for Jg.pk[ F]. This recasts the integral as

w2 2by—|ulN~* L uUN— N—¢
v+u v—u
Jaok[F] = “anp ) W / BM[S(M)'F[ 2 72 ”dv
—.YN 2aN+.\u|N*"‘
XN
N¥ / -
- - (J(u) [ () + S)] Tevenl F1uN %)
—XN

+ N~%J(u) - uSQu) -Todd[F](uN*“))du (6.3.26)

Both J(u) - uS(u) and J(u)[uS'(u) + S(u)] decay exponentially fast at infinity.
Hence, the expansion (6.3.22) readily follows by using the Taylor expansion with
integral remainder for the functions Teven/oad[F1(w N %) around u = 0, and the parity
properties of Teven/oad[ F - [ |

Lemma 6.3.6 Let F(x, y; &, n) be such that
° F(%}’?S» T’]) = —F()’JCJ?»S) ;
e themap (x,y; €, 1) — F(x,y; 1) is CP(RT x RT x [ay; by]?)

e F—and any combination of partial derivatives of total order at most 3—decays
exponentially fast in x, y uniformly in (§&, ) € [ay ; by], viz.

4
max[|afla;’za§’3a,¢4F(x,y;é,n)| : Zpa < 3] < Ce cminey) - (6.3.27)

a=1

e the following asymptotic expansion holds uniformly in (x,y) € [0;eN*], for
some € > 0 and with a differentiable remainder in the sense of (6.3.27).

. B B fl(x y) Ck e—cmin(x,y)
F(X,y,bN—N “x,by — N “y Z Nl ( NEia s

(6.3.28)
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where f, € CC(RT x R*) for € € [ 1; k] while

max[|8f8)q,fg(x,y)| cp+qg <3 and Lel; k]]] < Cp e Cminty) |
(6.3.29)

Then, denoting Fy (&, 1) = F(N“(bN —&), N*(by — n); &, r]), we have an asymp-
totic expansion:

Lo dudw) [
Jak[FNl = = T / b:lnﬁu dv Bu{S(M) e[ =w)/2, (v + u)/Z]]
=1 % |
1
+ O(W) , (6.3.30)

Note that, necessarily, f; are antisymmetric functions of (x, y).

Proof The change of variables

u=N*&—n) . E=by—N*wv—u)/2
[U — Na(sz _%. _ n) Le. [77 — bN _ N*"‘(v +u)/2 (6331)

recasts the integral as

X, 2x N —|ul
5 [F] = _N¢ 7Vdul(u) x7 ud 9 S()F[viu v+u'b _vfub _v+u]
4okl F] = B v 0| S(u R eyl eyl [
o " (6.3.32)

At this stage, we can limit all the domains of integration to |u|, |[v| < € N¥, this for the
price of exponentially small corrections. Then, we insert the asymptotic expansion
(6.3.28) and extend the domains of integration up to +oo this, again, for the price of
exponentially small corrections, and we get the claim. |

Very similarly, but under slightly different assumptions on the function F, we
have the large-N asymptotic expansion of the right edge double integral.

Lemma 6.3.7 Let F(x, y; &, n) be such that
o F(x,y:6,m) = —F(y,x;n.§);
o themap (x,y;§,m) — F(x,y; & 1) is C*(RT x RY x [ay ; by]?);

e F decays exponentially fast in x, y this uniformly in (§,n) € [ay ; by] and for
any combination of partial derivatives of total order at most 3, viz.:

y

4
max[|afla;’za§3ag4F(x,y;é,n)| : Zpa < 3] < Ce cminy) - (6.3.33)

a=1
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e the following asymptotic expansion holds uniformly in (x,y) € [0;eN“], for
some € > 0 and with a differentiable remainder in the sense of (6.3.33).

Se(x, y) Ce " +y*+1)
(x v;by — N %x,by — Z N —N(k-H)a ,

(6.3.34)
where f; € C3(RT x RY) for € € [ 1; k] while

max“éﬂfa;?fg(x,yﬂ :p+q <3 and EGI[l;k]]} < Ce(xF 4+ +1).
(6.3.35)

Then, we have the following asymptotic expansions

Q2np)~!
R[F
JarlEn] = N(f Da / 2in / 2i (A — )R, () Ry ()
G G
+o00

% /eiAx—i;t)'ax{S(x —y)- fe(x,y)}dx dy + O(ﬁ) . (6.3.36)

0

The function Fy occurring above is as defined in the previous Lemma.

Proof The change of variables x = N“(by — &) and y = N%(by — 1) recasts the
integral in the form

. - @2np)~!
Jd;R[F - /217‘[ / 2imr (A — M)R¢()‘)RT(IU“)

(gr(;r) (g( )

XN

~ /eikxfiuyax{s(x _ y) . F()C, y: bN _ Nfozx’ bN _ Nfay)}dxdy .
0

We can then conclude exactly as in the proof of Lemma 6.3.6. |

6.3.2 Estimation of the Remainder A;J3q[H, V]

Lemma 6.3.8 Let k > 1 be an integer. Given Cy > 0, assume V strictly con-
vex, smooth enough and ||V.|lwew) < Cy. There exists C > 0 such that, for any
H e X;(R) smooth enough, the remainder integral Ay Jq[H, V] satisfies:

|AwJalH, V]| < CN™ 9 Vel - [ Hellwe

max{k,5}+4

® - (6.3.37)
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Proof Tt follows from Lemma 5.1.10 and 5.1.11, as well as V”(by) # 0 by strict
convexity, that:
WE + W) H](x)
x> ( o - LA (6.3.38)
Wik + Wi [V/1(x)

is smooth at x = 0. As a consequence, the function

& 1) > Gokk[H, VIE. 0) + Gr[H. VI(xr. yri €. 1)
_ AW [HIE) | WGV (k) (Wier + Wea) [H](xr) (s - n)
Woick[VIE) W[ V16 (WE, + W) V1 (xx)

(6.3.39)

is smooth in (&, n). Furthermore, it follows from Theorem 5.2.1 that
&,m) +—  GylH,V](E,n) is smooth on [ay;by] as well. Since
g};“,g [H , V1(xr, yr; &, n) is smooth in £€—respectively n—as soon as the latter vari-
able is away from by or ay, it follows that (&, ) = Ay Gy[H, VI(E, 1) is smooth
as well.

The remainder AGy described in (5.2.36) involves the remainders A[k]W,(f;gk
studied in Lemma 5.1.11, and (A)WWn)g defined in (6.3.8) and for which Propo-
sition 5.1.6 and Lemma 5.1.11 also provide estimates. Using the properties of the
as obtained in Lemma 5.1.10 and involved in the asymptotic expansion of the quan-
tities of interest, it shows the existence of constants cg),z, 61(5;1]{2) and of functions
fmsk € W2 (RT) bounded uniformly in N and satisfying f,,.x(x) = O(x™"'/?) such
that

m

— k(X
S el skl ) ) (),

AGnIH, VIE, n) = «
=0 N

Nke
(6.3.40)

for (xg, yg) € [0; €]?. Since AmGylH, V](E, n) is smooth, we necessarily have

that cé},{z) = 0for £ € [0; m ]. The representation (6.3.40) thus ensures that

C
4 n
O;}lf;;n(g:ii)|8§85A[k]gN[H, VIE.n| < N DV el -

€[0;€e]?
(6.3.41)

Here, the explicit control on the dependence of the bound on V and H issues from
the control on the remainders entering in the expression for A Gy[H, V1.

Similar types of bounds can, of course, be obtained for (x,, y.) € [0; €]?. Finally,
as soon as a variable, be it £ or 7, is uniformly (in N) away from an immediate
neighbourhood of the endpoints ay and by, we can use more crude expressions for
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the remainders so as to bound derivatives of the remainder A;Gy[H, V]. This does
not spoil (6.3.41) and we conclude:

C

14 P —n . . o

,max_ - max 0507 AwGnH, V1E, )| < Nieme eV Hel bz,
elay :by]?

(6.3.42)

Having at disposal such a control on the remainder A Gy [H, V'], we are in position
to bound the double integral of interest. The latter decomposes into a sum of four
terms

4
AdalH. V] = D" ApgJap[H. V] (6.3.43)
p=1

that have been defined in (6.3.14)—(6.3.17).

6.32.1 Bounding AgqJai[H, V]
Let
w6.m) = d{S(N“(& = ) - Gu[H. V] )
and Agjt(E, 1) = ag{s(zv“(g — ) - AwGn[H, V](E,n)} L (63.44)

Observe that given (¢, n) — f (&, n) sufficiently regular, we have the decomposition:

bN bN bN S
/ Wexp [ (£, 0] (€) dE = / Wexp| f(an. )] (€) dé + / dg / dn Wexp[ 0y £ (. %)](€) .

(6.3.45)

The latter ensures that

by
| [ sl nlrde] < [Weol @yl

+ (by —an) sup ||Wexp[aﬂf(n’*)]HL‘([aN;bN]) :
nelay byl
(6.3.46)

The two terms can be estimated directly using the L' bound (6.1.49) obtained in
Lemma 6.1.8. For the first one:
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[Wexo[f @ns 0| 1 sonpy = €16 N N feans Hllwpey < Cre” M N1 fllwe @)

(6.3.47)

for some Cy, C, > 0 independent of N and f, and likewise for the second term. But
the W[‘jo (R?) norm of f, is also bounded by a constant times the W[‘jo([a N bvP)
norm of f, and we can make the constant depends only on the compact support of
the extension f,. Therefore:

[ Wesp[ f (an, *)]Hu([aN;le) < Cre M fllweday bw) (6.3.48)

for some C{, C; > 0. Taking f = v — Ayt to match the definition (6.3.14) of
A Ja;1, this implies:

|AwJai[H, V]| = Cle @ {||T||W;°([aN;bN]2> + ||A[k]T||W;°<[aN:bN]2>} .
(6.3.49)

It solely remains to bound the W3°([ay ; b ~1%) norm of 7 and ApyT. We remind that,
for & € [ay ; by], we have from the definition (6.3.2) and the expression of Z/{,T,l
given in (5.2.21):

OnIH, VI(E) = Uy'[HIE) — Uy [H]() . (6.3.50)

By invoking the mean value theorem and the estimate of Proposition 5.2.2 for W;*
norm on/{];1 [H], we obtain:

@ Gn|H, V|, n)
||T||W;°([aN;hN]2) < CN“ ||, n) — [éf]
7 WX, (lan sbn1%)
’ -1
< C'N® HUN [H]HW;J‘;Z([QN;I;N]) (6.3.51)

IA

C, - (In N5 NEDe 0 b V- NV [KAHT] (6.3.52)

< C/ - (In N Ny HIV] - || Hellwg, ) (6.3.53)
where the last step comes from domination of the weighted norm by the W norm
of the same order—and the exponential regularisation can easily be traded for a

compactly supported extension up to increasing the constant prefactor. Similarly, in
virtue of the bounds (6.3.42), we get:

AT weay oxpy < € N bV | Hellwg, @) - (6.3.54)
Putting these two estimates back in (6.3.49) with £ = 2, we see that:

|AwJaaH, V]| < € N* e Ny [V] - || Hellwes

max{k,5}+4 ®) »

(6.3.55)

which is exponentially small when N — oo.
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6.3.2.2 Bounding Ay Ja2[H, V]
ApgJa2[H, V] has been defined in (6.3.15) and can be bounded by repeating the

previous handlings. Indeed, using (6.1.49) on the L' norm of Wy and then following
the previous steps, one finds:

|AwTaalH. V1| = 11AKTlwan o) (6.3.56)

with At defined in (6.3.44) and bounded in W7° norms in (6.3.54). Hence, we
find:

|AwJaalH, V]| < C1 - N i [V [ Hellwe, @) - (6.3.57)

6.3.2.3 Bounding A[k]jd;:;[H, V]

This quantity is defined in (6.3.16), and it follows from the explicit expression for
Wi [1](€) given in (4.3.72) that

|AJas[H, V1| < CNlItllweqay :bx ) * | x12:40)| - by — anl

/ x11(2) e-iNAE—a) | a (6.3.58)

X S
up y 2irn

&€lay ;by]

R+ie’

where 7 is as defined in (6.3.44). The decomposition (6.1.6) for x and its properties
show the existence of C, C’ > 0 such that:

VAieR+i€,  ruMl = CIAT2 and x| = CleN
(6.3.59)
Hence, by invoking the bounds (6.3.53) satisfied by t, we get:

A[k]jd;3[H, V] < c’. NSa - (In N)S _efNa[%erfg’(bN*aN)l -m[V]- ||He||W5°°(R) .
(6.3.60)

Since 7. > 0 is bounded away from 0 when € — 0 according to its definition
(4.2.7), we also have >, — €'xy > 0 uniformly in N for some choice of € small
enough but independent of N.

6.3.24 Bounding A[k]jd;4[H, V]

This quantity is defined in (6.3.17), and it involves integration of:

rEon) = 3 [ SV —m) - GRUH. V](ew, e by +aw — . by +aw — )]
(6.3.61)
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where Gig was defined in (6.3.5). It only involves the operators Wiy and Wi,

whose expression is given in Lemma 5.1.11. Let us fix € > 0. Straightforward
manipulations show that, for (¢, ) € [ay + €; by1?, we have:

|t )| < CNPeCmintwsn) o V] - || Hellwew
< C-N*¥.e N . [V]- [ Hellwer) (6.3.62)

which is thus exponentially small in N. Similar steps show that, for
€. € {la +e; bl xlay: an +el] U flavsay + el x lay +¢; by
U {[azv say + €]l X [ay;an + e]} , (6.3.63)

we have:
|t €. | <= CN*net [VIIHlwe) - (6.3.64)

Here, the exponential decay in N will come after integration of t; as it appears in
(6.3.17). Indeed, given Im A > 0 and Im © < 0 we have:

by
‘ / iR (&) dédn‘

by
< CN* e N VI H g / e /I ROV O TmuINE OV dyp dg
ay+e€
an—+e€ ay-+e
+CN3aﬂk+1[V]||H||W,f°(R)I / dé / dn + /df / dn
ay+e an—+e€
ay-+e ay+e
+/ /dgdn]e—llmAlN“(bN—@—umMN“(bN—n)
an an
5N3lxe—6’N0‘
< nk+1[V]||H||W,f°(R)'W. (6.3.65)

Note that, above, we have used that for A € € and u € €’, we can bound:

reg reg ?

Mmal™ <A™, [Imu™ <elpl™ (6.3.66)
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for some constant ¢; > 1. Hence, all in all, we have:

[0r] (81 V)]

IA

C/N¥eCN / |dA| / |dpel - Ren VAN o
I = Al ARy (M) Ry ()]
Gt Gy

IA

C" N7 e N IV wge ) - (6.3.67)

Then, putting together all of the results for each A;Jg4., for p € [ 1; 4] entails the
global bound (6.3.37). |

6.3.3 Leading Asymptotics of the Double Integral

We need to introduce two new quantities before writing down the asymptotic expan-
sion of the double integral Jgq.

Definition 6.3.9 We define the function:

bi(x) — bo(x)ay(x)

) b (6.3.68)
and the constant:
dud@) [ v—u vtu
R = _/ pho dvau[S(u)'(C[ o B ])]
R Jul

1 1
+ —_
27 B 2ir / 2ir (A —w)R (V)R (1)
Gt Gz
+00

x / el r iy, [S(x = P[e@) =] = x+ y}dx dy  (63.69)
0

Proposition 6.3.10 We have the large-N behaviour:

_ « [H'(y)  H'ay) H'y/ H'
JalH VI = =2o-N '[V"(bN) - V"(am] o I(V) o+ (5) (aN)]

+ AJq[H, V] (6.3.70)

and the remainder is bounded as:

C
ATJ4[H, V] < Ne ‘o[ Vel - [[Hellwr ) - (6.3.71)
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Proof We first need to introduce two universal sequences of polynomials % ({x p}‘f)
and @ ({ yp}‘f; {a p}‘f). Given formal power series

f@Q=1+> fi" and g =1+ g1 (6.3.72)

>1 =1

they are defined to be the coefficients arising in the formal power series

! 2(2)
=1 2 oand 2 ‘. o
f@ +;T‘ (o) o +§Qe({gp}1 (o)) 2
(6.3.73)
Note that

Q(lep)i: (1) Z g B ({h) (6.3.74)

r+s={

r,s>0

where we agree upon the convention B = 1 and gy = 1. This notation is convenient
to write down the large-N expansion of Gyy.,—defined in (6.3.4)—ensuing from
the large N-expansion of Wyy., provided by Lemma 5.1.11. We find, uniformly in
(&, m) € lay; byl

k—1
BoielH, VI(E, )
Goick[H, VIE ) = D bl Nag](é Dy ot (6.3.75)
=0
where
Goi:c[H, VIE. M) = gokee[H, VIE) — gokie[H, V1) (6.3.76)
with

ke[ H, V1(§) =

H'(E) (I H () Me+1} . [ VR () Me+1} )
4 ¢

V(&) H'(E) Vi€ w
(6.3.77)

Also, in the case of a localisation of the variables around by, we have:

Gokk[H, V1(by — N™%x,by — N™"y)

H(by) < ([H<P+‘><bN) u,,(x>] |v<"+2><bN> u,,<x>])
Vit 2V N Ty w Vi)

(6.3.78)

N k+Da

—(xey+ 0(
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Finally, we also have the expansion,

k

® p. H,V , —cmin(x,y)
GEVH, VI, yi by — N-%x, by — Noy) = > xRl VIG ) o(e )

= Nt N k+Da
- (6.3.79)
where &, [H, VI(x,y) = gr.([H, VI(x) — gr.e[H, V]I(y) and
I Va2 (by) uy(x) ) HOD (by)
w[H,V S — m . 'bs
adH VIO = S 2 (oo™ J THGy
m,s>0
H' (by) VD (by) 1, (r)
- /szz?’"({ o ])
ul[V (bN)] m+s+p=L{ N “r g
m,s,p=0
HEHD (by) } lv<q+2><bN> ]) Ve ()
B Gw) YN YUTON)
XQP([ woo O ven “Y) Tvew W
(6.3.80)

We can now come back to the double integral J4. It has been decomposed in
Lemma 6.3.3. If we want a remainder Ax;J4 decaying with N, we should take k = 6
in Lemma 6.3.8. Then, up to O(N %), we are thus left with operators J4.px and Jg. g,
and Lemmas 6.3.5 and 6.3.7 describe for us their asymptotic expansion knowing
the asymptotic expansion of the functions to which they are applied. Here, they are
applied to the various functions involving Gy.x and g{{“,j whose expansion has been
described in (6.3.78) and (6.3.79). As these expression shows, in order to get J4
up to O(N %), one just need the expressions of gpk.o[H, V](§) from (6.3.77) and
gr.1[H, V](x) from (6.3.80). These only involve the universal polynomials ?, and
Qi, whose expression follows from their definitions in (6.3.73):

2({f) =—f Qe {fi}) =a— 1. (6.3.81)

Therefore, we get

V//
(6.3.82)

H(E) and  ggr.[H, V]x) =

_ bi(x) — a;()box) (H'Y
ok 1[H, V1) = Ve 0 ( ) (bn)

and we recognize in the prefactor of the second equation the function c¢(x) of
Definition 6.3.9. Finally, we remind that we take the remainder at order k = 6.
The claim then follows upon recognising the constant R, from Definition 6.3.4 in
the computation of the leading term by Lemma 6.3.7. |
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Appendix A
Several Theorems and Properties
of Use to the Analysis

Theorem A.0.11 (Huntet al. [1]) The Hilbert transform, defined as an operator
H : L*(R, w(x)dx) — L*(R, w(x)dx)
is bounded if and only if there exists a constant C > 0 such that, for any interval

I CR:
1 1 dx

1

In particular, the operators “upper/lower boundary values”
C: : F[H,®)] — F[H,®)]

are bounded if and only if |s| < 1/2.
A less refined version of this theorem takes the form:

Proposition A.0.12 For any y > 0, the shifted Cauchy operators C,, : f — C,[f]
with C,[ f1(A) = C[f1(A +iy) are continuous on .7-'[Hs (R)] with |s| < 1/2.

Theorem A.0.13 (Calderon [2]) Let ¥ be a non-self intersecting Lipschitz curve
in C and Cx, the Cauchy transform on L*(X, ds):

d
Vfel*(Z,ds)  Cslfl) = /% : ﬁ €eO(C\x2). (A.0.2)
z

For any f € L*(X,ds), Cs[f] admits L*>(X,ds) + boundary values Cs.+[ f].
The operators Cx. 1| f] are continuous operators on L*(%, ds) which, furthermore,
satisfy Cs.+ — Cx.— = id.
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Theorem A.0.14 (Paley and Wiener [3]) Let u € L?>(R*). Then Flu] is the L*>(R)
boundary value on R of a function @ that is holomorphic on H*, and there exists a
constant C > 0 such that:

Y > 0, /yﬁ(xiiu)f.dx < C. (A.0.3)
R

Reciprocally, every holomorphic function ont on H* that satisfies the bounds (A.0.3)
and admits L*(R) % boundary values its. on R, is the Fourier transform of a function
u € L2(RY), viz. u(2) = Flul(z), z € H*.



Appendix B
Proof of Theorem 2.1.1

We denote by py the rescaled probability density on RV associated with 3, namely

N

agN N
pvQ) = % al:[b { sinh [na)lN"“f (ha — Ab)] sinh [nng"“i (g — Ab)]}ﬂ . al:II e~ W ha)

with

To obtain the above probability density, we have rescaled in the variables in (1.5.27)
as y, = N% A, with the value of &, guided by the heuristic arguments that followed
the statement of Theorem 2.1.1. We shall denote by Py the probability measure on
M (R) induced by pu, viz. the measurable sets in M I(R) are generated by the Borel
o -algebra for the weak topology, and for any open subset in M (R), we have:

Pv[O] = /pN(k)de. (B.0.1)

(LY <oy

The strategy of the proof consists in proving that Py is exponentially tight and then
establishing a weak large deviation principle, namely upper and lower bounding Py
on balls of shrinking radii this for balls relatively to the bounded Lipschitz topology,
see e.g. [4].
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Exponential Tightness

Lemma B.0.15 The sequence of measures Py is exponentially tight, i.e.:

lim sup lim sup N ~+%) In Py [Ki]= (B.0.2)

L—>+40c0 N—o0
where K = {u e M!R) : [Ix|9du(x) < L}-
R

Proof By the monotone convergence theorem,

/|x|‘47 du(x) = sup/mln(lxlq M) du(x). (B.0.3)

R

The left-hand side is lower semi-continuous as a supremum of a continuous family of
functionals on M (R). Thus, K is closed as a level set of a lower semi-continuous
function. For any i € K, we have by Chebyshev inequality:

w[[-M; MI] < — /|x|qdu(x)< i. (B.0.4)
[ M ;M
As a consequence,
L
KL< ) [/LE,/\/{I(]R) u[l—M; M) < Mq]. (B.0.5)
MeN

The right-hand side is uniformly tight, by construction and is closed as an intersection
of level sets of lower semi-continuous functions on M!(R). Thence by Prokhorov
theorem, it is compact. As K is closed, it must be as well compact.

We now estimate Py [K 2] We start by a rough estimate for the partition function.
It follows by Jensen inequality applied to the probability measure of RY

—W(A )d)\.

N
H (B.0.6)

azl e—W(*)dk

that

In[3x[W]] > NIn [/e_W()‘)dk]

e~ Whady,

N
+ [ X pn{uin ronaa = ) sinn rontia — )]} [T <000

RN a<b a=1
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> Nln[/e_w()‘)dk]

N(N —1 —WAD-W0O2 dx. da
+ % /ln { sinh [ﬂwl()q — Az)] sinh [710)2()»1 - Az)]}e =72
R2

( fe—Wwdx)z
(B.0.7)

As a consequence, jy[W] > eV *¢ for some x € R. It now remains to estimate the
integral arising from the integration over K¢. Using that |sinh (A)| < e*! we get:

N N

I1 {sinh [r@1N% (hy — 2p)] sinh [T N% (o, — A,,)]}ﬂ < [exw {Jrﬁ(wl T )N |ry — A,,\}
a<b a<b
N N
< Hexp {nﬂ(wl + )N (|hg] + |Ab|)} < Hexp {nﬁ(wl +w2)N%HU~a|} ]
a<b a=1
(B.0.8)
Hence,

N
Palki] =Nt [ Tlexp {mp@rtonestt = wivesi,| a¥a
a=1

{L¥ek;}
(B.0.9)
Since |£]' 79 \EI—+> 0 there exists a constant C € R such that
—+00
cq 1§17
VEeR, nB(w+wm)E] < +C. (B.0.10)

2
Likewise it follows from (2.1.2) that given any € > 0 there exists 7. € R* such that
VEeR, —¢(I+e)lEl!—1 < -W(E) < —c,(1 —€) 5" + .. (B.O.11)

In the following, € will be taken small. Taking into account that go; = oy + 1,
(B.0.10) and the upper bound of (B.0.11) lead to:

N
c
PN[KE] < eV NN / Hexp [N“"“C + ?qN“qH |Agl?
=1
{1ex;) ©

+17 — cg(1 — )N |3, ] -dMa
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N
< Na,,NeKNZJrCNz*""IJrreN/ (Heech“‘l“Aal”)

{L¥ek:} !

1—4
MNH%/IXquLE\}})(x)] .dVa

xexp[— 3
R

N
< NN CNH 47N —le, (1—4e) /2ILN> ( / efcqlkal"dx) (B.0.12)

for some constant C’ > C and N large enough. As a consequence,

limsup N~ @+ InPy[K§] < C — Leg(1 —4e) /2,
N——+o00

and this upper bound goes to —oo when L — +oc0. ]

Lower Bound

111 the following we focus on the renormalised measure on MI(I_R) defined as
Py = 3n[W] - Py. We will now derive a lower bound for the Py volume of
small Vasershtein balls, in terms of the energy functional £y of (2.1.1), namely:

Epiy [l = / E,n)du&)du(n),

_ Br(w 4 @)

) & —n| . (B.0.13)

E(s,n)=%‘f(|s|q+|n|q)

Lemma B.0.16 Let Bs(u) be the ball in M'(R) centred at . and of radius § with
respect to Dy (1.6.1). Then, for any i € M'(R), it holds

liminf liminf N~%% InPy[Bs(w)] = —Eqiylul. (B.0.14)

§—~>0 N-—>oo

Proof Let u € M'(R) and § > 0. Iff |x]9du(x) = +oo, then Epiy)l] = 400
and there is nothing to prove. Thus we may assume from the very beginning that
f |x]9 dp(x) < +oo. If M > 0is large enough, we have w([—M ; M]) # 0, and we
can introduce: 1
[-M;M] - M
Uy = —/————— (B.0.15)
w([—M : M])
which is now a compactly supported measure. We will obtain the lower bound for
PN[B,g (pL)] by restricting to configurations close enough to the classical positions
of s, and only at the end, see how the estimate behaves when M — oo. For any
given integer N, we define:
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X

a
Ya € [1, NJ, NM —infix eR : /d > —1 B.0.16
a € [1, N] X, in [x ,bLM_N+1 ( )

—00

N.M . . .
When N — oo, Lx ) approximates s for the Vasershtein distance, so there
exists Ns such that, for any N > Nj, we have the inclusion:

Qs = [x eRY : Vae[l,N], |r—xY| < 3/2]

c |x eRY : Dy(um, LY) < 3] ) (B.0.17)
Subsequently:
_ N B
Pn[Bs(um)] = NN%/H sinh [7w; N% (Aq — Ap)] sinh [N |rg — Ap! ]
Qs a<b
N o,
x [Je WV Rl gy (B.0.18)

a=1

It follows from the lower bound

x|

. [x]
sinh > — B.0.19
| )= 2 T4 ] ( )
from the lower bound for W in (B.0.11), and ga;, = oy + 1, that:
_ eN(a;, In N+1¢) N N
Pu[Bs(w)] = RN /exp [nﬂ(wl + wy)N% Z [ha — Apl — N%Hle, (1 +E)Z [2ql? ]
Qs a<b a=1
il 8
< [T fenGa =2} ¥ (B.0.20)
a<b
where we have set
Twi N% |\ TwyN% |\
gn(A) = (B.0.21)

1+ 7o N% [A] 1+ mwy N |A|

Now, we would like to replace A, by x¥**. Since the configurations A € s satisfy
|x¥M — ),| < §/2, we have:

s
D e =Ml = =NV — Dy + DM =M. (B.0.22)

a<b a<b
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Since g > 1, we also deduce from the mean value theorem:

)

hal? < |xNM|7 5 (g1 + 8/2)*"" (B.0.23)
and thus
8
—(+ Okl = =1 +6) [T + = hep(ed™™)
q
qCq q—1
hes(x) = T(1+e).(|x|+5/2) . (B.0.24)

These inequalities yield the lower bound:

— N.M N.M

Pw[Bs(w)] = exp [CN2 — N2ty (a[c/ + / hes@®ALy V@) + EpplLy ]
+ ecq / £19 dLﬁé”*M’@)] ‘G (B.0.25)

for some irrelevant, N and 8§ independent, constants C, C’ > 0. Furthermore, the

factor Gy s reads
N

Gns = / [T{sves =20} -a¥a (B.0.26)

ord A>b
Qf

inwhicthrd =QsNAeRY 1 A <--- <Ay}

To find a lower bound for Gy s, we can restrict further to configurations such
that u, = A, — x'™ increases with a € [1, N], and satisfies |u;| < §/(2N) and
|41 — uy| < 8/2N forany a € [[1, N — 1]. Using that & > gy(&) is increasing
on R, , we have:

N-1 N
N N—at1
Grns > / IT (v ast —ua)}?™ - a¥u = / [T {ev @)™ aVo.
[—8/2.8/2F @=! [0,6/2NV 9=2

(B.0.27)
Now, using an arithmetic-geometric upper bound for the denominator in gy (v), we
can write:

Nozq+l _
Vo e[0,8/2N], ay(v) > Z—S VEOIL2 2> CNOTL P (B.0.28)

for some irrelevant C’ > 0 independent of § provided that § < 1. So, we arrive to:

§/2N 2B8(N—a+1) -
(8/2N) > (C'N'InN (B ().29)
26N —a+1)+1

S et ﬂN(N—l)/Z.N_l
Gns = o (CNe ) ]:[2
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for some C’ > 0 independent of §. Hence, ultimately
Pa[Bs(w)] = €V exp [ — Nt [s (c’ + /'he.(s@ dL(;N’M)@) + e [LE ]
+ e [l a0 | (B.0.30)

To establish the desired result (B.0.14), we only need to focus on the last exponential.
If ¢ is a C' function of p real variables, we denote:

(&) = min [$(©) 16 lle~-srimm (B.031)

which has the advantage of being bounded and Lipschitz. Since u,, is supported on

[—M ; M], so must be the classical positions xV*¥, and we can apply the truncation

N.M
to all the functions against which Lg\’,‘ )

the truncated functional:

is integrated. In particular, we make appear

M (1] = / EMIE, ) dp(®)du) (B.0.32)

The advantage is that now, all functions to be integrated are Lipschitz bounded. Since,
N.M
Dy (pLM, Lgf,c )) — 0 when N — oo, we get:

InPy[B
lim in XL E2 )] ) (c+ / hE.,s(s)duM@)) — & ]

N—oo N2+%
- ch/{max(lél, MY duy ) . (B.0.33)
The right-hand is an affine function of €, and at this stage, we can send € to 0:

lim inf N~ In Py [ By (a)] = 8 (c + / ho,(8) duM(é)) — Epiplienl -
(B.0.34)

Now, for any fixed 8, there exists Ms such that, for any M > My, Dy (u, uy) <6,
and consequently:

liNmﬁior})f N~ 1n Py [Bas(w)] = =8 (C +/h0,5(§) dMM(E)) — Epiyp L]

(B.0.35)
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We could replace 5([314;) by Eply) here because 1y is supported on [—-M ; M]. Now,

we can consider sending M — oo. Since we have the bound:
VE,neR, EEn<CA+IE7+ M), hos<C (1+]£) (B.0.36)

and we assumed that f €17 du(§) < 400, we get by dominated convergence:

liminf N~ InPy[Bas(w)] = —8 (C +/ho,s(§)dﬂ($)) — Epiylul .

N—o00
(B.0.37)
Last but not least, sending § — 0, the first term disappears and we find:
.. .. — (24« -
lim inf lim inf N @t InPy[Bas()] = —Eqiy (1] - (B.0.38)
|

Upper Bound

In this paragraph, we complete our estimate by an upper bound on the probability of
small Vasershtein balls:

Lemma B.0.17

lim suplimsup N~ @+ In Py [Bs(u)] < —Eqiy) (1] (B.0.39)

§—0 N—oo

Proof Let & € M'(R). In order to establish an upper bound, we use that
|sinh (x)| < e™! and the upper bound in (B.0.11) for the potential W. This makes
appear again the function &y of (B.0.13):

fN[B(S(M)] < eN(aq In N+7¢)

. . N
« / exp[ _ N2+oz,,(_ Zqu/ |19 dLg\},‘) +€(ply)[Lx~)])} « He,Naqﬂc[,elAaw .dVa

A a=1
Ly eBs(w)

(B.0.40)

where we have put aside one exponential decaying with rate € to ensure later con-
vergence of the integral. If M > 0, let us define the truncated functional:

Elgryy 1] = / EM- (&, ) du(E)du(n),

EMI =min[M; EE n) —cqe (161 + )] . (B.0-41)
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Since EM-€} is a Lipschitz function bounded by M, with Lipschitz constant bounded
by O(M 1=1/4) we deduce the following bounds when the event Lx) € Bs(w) is
realised:

€ LY 1= EQi ]| = Cs M (B.0.42)

for some constant C > 0 independent of N, § and €. Therefore:

N
Py|[Bs(n)] < exp{C'NInN+N*+? (CM-S—S({Sfy’f}[M])]-(/e_‘"l”'q dA)

(B.0.43)
It follows that:

lim sup N~ In Py [Bs(uw)] < CM -8 — €0 ] (B.0.44)

N—o00

We observe that —E™-<} is an increasing function of €. We can now let ¢ — 0 by
applying the monotone convergence theorem:

lim sup N~ In Py [By(u)] < CM -6 — £ ] - (B.0.45)

N—o00

Then, sending § — 0 erases the first term, and finally letting M — oo using again
monotone convergence:

lim sup lim sup N~ In Py [Bs()] < —Epiy (1] (B.0.46)

§—0 N—o0

Notice that monotone convergence proves this last inequality even in the case where
g(ply) [n] = +o0. |

B.0.4 Partition Function and Equilibrium Measure

By applying the reasoning described in [5], to the lower bounds (Lemma B.0.16)
and upper bounds (Lemma B.0.17), along with the property of exponential tightness
(Lemma B.0.15), we deduce that £y is a good rate function for large deviations,
ie.

for any open set Q2 C MI(R), minf NGt nPy[Q] > — ing2 S(ply)[ﬂ] ,
=

li

N—400

for any closed set F € MI(R) lim sup N~ Ctag) InPy[F] < — in% 5(ply) [m] .
e

N—+o00
(B.0.47)
These two estimates, taken for @ = F = M!(R), lead to
lim N™ ) Inzn[W]l=— inf Epylpl . (B.0.48)

N—o0 pneM(R)
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The proof of the statements relative to the existence, uniqueness and characterisation
of the minimiser of &y is identical to those for the usual logarithmic energy [6]—
and even simpler since there is no logarithmic singularity here. The minimiser is

denoted /Léﬁly) and it is characterised by the existence of a constant cég‘” such that:

Gy I511 = wp(an +w2) [ 16 = nldu8Yn = CEY for &, ) everywhere
(B.0.49)

cq |61 — mB(wr + @) / & —nldpu®¥ () = CEY forany § € R (B.0.50)

The construction of the solution of this regular integral equation is left as an exercise
to the reader. We only give the final result in the announcement of Theorem 2.4.1.
Actually, the fact that (2.1.4) is a solution can be checked directly by integration by
parts, and we can conclude by uniqueness.

|
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Appendix C
Properties of the N-Dependent Equilibrium
Measure

We give here elements for the proof of Theorem 2.4.2, which establishes the main
properties of the minimiser of:

2
1
enlil = 3 /(V(S) + V) - %m[ I sinh [nNaw,,(s—n)]])du@du(n).
p=1

(C.0.1)

among probability measure u on R, with N considered as a fixed parameter. As for
any probability measures u, v and o € [0, 1],

Enlap + (1 —apw] —alylp] = (1 — )€yl = —a(l —a)D*[ — v, u — ],

with ® as in 3.1.2, &y is strictly convex, and the standard arguments of potential
theory [6, 7] show that it admits a unique minimiser, denoted (. More precisely,
one can prove that u{\) has a continuous density oS}’ (as soon as V is C?) and is
supported on a compact of R (since the potential here is confining for any given
value of N) a priori depending on N, see e.g. [8, Lemma 2.4]. What we really need

to justify in our case is that:

(0)  the support of 1" is contained in a compact independent of N;

i) pd

(ii) pé"lv ) does not vanish on the interior of this segment and vanishes like a square
root at the edges.

is supported on a segment;

As a preliminary, we recall that the characterisation of the equilibrium measure

is obtained by writing that 51\’[#((33/) +ev] > En [,uéf}')] for all € > 0, all measures v

with zero mass and such that ,ug]" ) + €v is non-negative. The resulting condition can

be formulated in terms of the effective potential introduced in (3.1.16):
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Vien () = Un.en(®) —inf Uner,  Un(§) = V() = ][ sw(E —m dpgg” (m)

(C.0.2)
with the two-point interaction kernel:
sw(E) = s [ sinh (rw1N7g) sinh (renN“e) | . (€03)
The equilibrium measure is characterised by the condition:
Vn.er(§) = 0, with equality uéﬁlv ) almost everywhere . (C.04)

Proof of (0). Let my > 0 such that the support of /Lg]" ) is contained in [—m y, my].
For |£] > 2my, we have an easy lower bound:

’/SN(E -n) duég”(n)’ > 2"% In [sinh (nwlNamN) sinh (na)zN"mN)]
> w my + O(1) (C.0.5)

where the remainder is bounded uniformly when N — oo and my — co. By the
growth assumption on the potential, there exists constant C, C' > ¢ > 0 such that

V() > Clg|'" + ¢ (C.0.6)

Therefore, we can choose m := 2m y large enough and independent of N such that
Vn.efr(§) > O for any || > m. This guarantees that the support of ,uég' ) is included
in the compact [—m ; m] for any N.

Proof of (i).
We observe that —sy is strictly convex:

BN o (1))’

2 el (sinh na)pé)z

shE) = — <0. (C.0.7)

Since V is assumed strictly convex and Méﬁl ) is a positive measure, it implies that

Vet 1s strictly convex. Therefore, the locus where it reaches its minimum must be
a segment. So, there exists ay < by such that [ay ; by] is the support of ugg’). This
strict convexity also ensures that

Vye() > 0 forany & >by, Vy;E) <0 forany £ <ay.
(C.0.8)
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Proof of (ii).
This piece of information is enough so as to build the representation:

PV (E) = WIV'T Liay )1 (8) (C.0.9)

for the equilibrium measure. Indeed, we constructed Wy [H] in Section 4.3.4 so that
it provides the unique solution to:

by
V& €lan ; bnl, ][SN[Na(S - n)]duéﬁ”(n) = V'(§) (C.0.10)

an

which extends continuously on [ay;by], and this was only possible when
Xy[V’'] = 0 in terms of the linear form introduced in Definition 3.3.5. Since the
equilibrium measure exists, this imposes the constraint:

Xn[V1=0. (C.0.11)

Besides, since the total mass of (C.0.9) must be 1, we must also have:
by
/WN[V’] =1. (C.0.12)

At this stage, we can use Corollary 6.2.2, which shows that (C.0.11) and (C.0.12)
determine uniquely the large-N asymptotic expansion of ay and by, in particular
there exists a < b such that (ay,by) — (a, b) with rate of convergence N .
Besides, the leading behaviour at N — oo of Wy is described by Propositions 5.1.4
and 5.1.6. It follows from the reasonings outlined in the proof of Proposition 5.2.2
that

P& € = YWNIV'IE)

vV’ (&) - (nN)*. (In N)?
erO(N *) fe[aNJrT,bN*T}

V" (bn) ao(N®(by — §)) + O(G"N#«/N“(bzv *S)) £ €lby — (InN)*-N~;by]

V7 (an) ao(N%(& —an)) + 0(“% NO(E —am) £elayiay +(nN)2- N
(C.0.13)

Therefore, for N large enough, péé\' () > 0 on [ay: by]. The vanishing like a

square root at the edges then follows from the properties of the as established in
Lemma 5.1.10. In fact, one even has
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lim & = N"‘/Z(V”(b ) - lim x Y 2ap(x) + O(N“")]
by ,/bN —%‘ N x—0 0
Na/ZV//(b) B
_ L O(NT¥?y . C.0.14
nB/ (W) + wy) ( ) ( )



Appendix D
The Gaussian Potential

In this appendix we focus on the case of a Gaussian potential and establish two
results. On the one hand, we establish in Lemma D.0.18 that, for N large enough,
there exists a unique sequence of Gaussian potential Vg.y = gyAZ + tyA such that
their associated equilibrium measure has support oy = [ay ; by]. On the other
hand we show, in Proposition D.0.19, that the partition function associated with
any Gaussian potential can be explicitly evaluated, and thus is amenable to a direct
asymptotic analysis when N — oo. Note that when w; /w is rational, such Gaussian
partition functions have been evaluated in [9] by using biorthogonal analogues of the
Stieltjes—Wigert orthogonal polynomials.

Lemma D.0.18 There exists a unique sequence of Gaussian potentials
Vv = gvA’ +tyh (D.0.1)

such that their associated equilibrium measure has support O'e(év ) = [ay ; by]. The
coefficients gn, ty take the form

2 -1
- 1 w1 _
= by— N~¢ 1 O(N~™
gn nﬂ(a)l%—wz)i N—ay + ,,Z::' —— (a)p(wl +w2))] + O(N™™)
(D.0.2)
and
ty = —(ay +by)gy + O(N™>). (D.0.3)

Proof Let V(L) = gA? + tA be any Gaussian potential. Since it strictly convex,
all previous results apply. Suppose that Vi gives rise to an equilibrium measure
supported on ae(év ) = [ay ; by]. This means that the potential V; has to satisfy the

system of two equations that are linear in V;:
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bn by

du iINY (n—
/WN[V;;]@)ds =1 and / Em(m/vg(mew HI=tN) dp = 0.
an R+ie’ an

(D.0.4)

It follows from the multi-linearity in (g, #) of V; and from the evaluation of single
integrals carried out in Lemma 6.1.2 and Proposition 6.1.6 that there exist two linear
forms Ly, L, of (g, t) whose norm is a O(N ~*°) and such that

2
- & _ 1 1 w0,
b= 77,3(0)1+a)2)[(bN an) + N« prn In (a)p(a)l—i—a)z))] + Lig, )

p=1
(D.0.5)
where we have used that
+o00 | 2 |
w17
bo(x)dx = . In D.0.6
0/ o) 2nB(w; + w2) ; W, (a)p(a)1 +a)2)) ( )

a formula that can be established with the help of (5.1.71) and (5.1.91). One also
obtains that

2
0= ————(gby+aw) +1) + La(g. 1) D.0.7
N m 8 ( N N ) Z(g ) ( )
In virtue of the unique solvability of perturbations of linear solvable systems, the
existence and uniqueness of the potential V. x follows. ]

Proposition D.0.19 The partition function Zy[Vs] at B = 1 associated with the
Gaussian potential V(L) = g\* + tA can be explicitly computed as

N! T N2
ZnlVGlip=1 = IN(N-T) (gN1+a)
N -
X €Xp NP | Tt e N*(N%—1) (1 — e_z%’g”zwlwz)N_j
4g 12¢ ’

j=1

(D.0.8)

Proof We can get rid of the linear term in the potential by a translation of the
integration variables. Then

N2+ozt2

ZyVeljpe = exp[ }-ZN[VG]ﬁ:1 where  Vg(A) = gA%. (D.0.9)

Further, the products over hyperbolic sinh’s can be recast as two Vandermonde
determinants
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N

[T{sinh [ren V¥ (ha = 2)] sinh [me2N*(h = 2]}

a<b
N

a=1

[en(erwz)N”(N Dig ]
1

[T detw [eZ”%NW"*“] . (D.0.10)

p=I

Inserting this formula into the multiple integral representation for Zy[Vs] =1
and using the symmetry of the integrand, one can replace one of the determinants by
N! times the product of its diagonal elements. Then, the integrals separate and one
gets:

N!

ZN[VG]|,9=1 _ 2N(N.—l) dety |:/efn(un+m2)ND’(N71))Le2r[ND’[w1(k71)+w2(j71)])n_engH"")»zd)L] )

R

(D.0.11)
The integral defining the (k, j)th entry of the determinant is Gaussian and can thus be
computed. This yields, upon factorising the trivial terms arising in the determinant,

|z

N!
2N(N-1)

ZuVelp=r = (e

NN (P 4w3)(2j—1—N)?
N He“e e Dy, (D0.12)

where
71,2
Dy = dety [exp {Z—N“’lwlwg(Zk SN—DQj—1- N)H . (D.0.13)
g

The last determinant can be reduced to a Vandermonde determinant. Indeed, we have:

w? 2 N[ 27 N (N (1)
Dy = exp{iwlwz(N—l) N“} . {e g w12 }
j=1

”2 a—1 .
x dety [exp{Z?N otk — 1(j — 1)”

2 N 72 ya—1 _ 72 ya—1 i
 p - Zononcy - ] - [ (7t _ Ao,
k>j

(D.0.14)

In order to present the last product into a convergent form, we factor out the largest
exponential of each term. The product of these contributions is computable as

2

N 2 na— Nl 2 no—
H (6271\1 lwlwz(k—l)) _ H 2N lotonk® _ exp {n—wlsza(N — 1N — 1)} ’
38
k>l k=1
(D.0.15)
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where we took advantage of

= N(N+1é(2N+1) . (D016)

M=

p=1

Putting all of the terms together leads to the claim. ]

The large-N asymptotic behaviour of the partition function at 8 = 1 and associ-
ated to a Gaussian potential can be extracted from (D.0.8).

Proposition D.0.20 Assume 0 < a < 1. We have the asymptotic expansion:

2 2 2
t
InZlVollpmr = N2 [ £ TOFONN 2 gy e, 8
4g 12¢g 12w w;
2
3 2
4o 80 NN+ N ( /e )
(27‘[2&)]0)2) A/ W1@2
72 (w1 + w2)? a+5 1 1287 8w,
ooy IO . — (212 "(—1 .
g "N 12“( HEED o)

(D.0.17)

Proof The sole problematic terms demanding some further analysis is the last product
in (D.0.8). The latter can be recast as:

N
H(l _ e—tNZ)N—f
=1
Mo(e™Vv;em™) 1Y My(1ie™) 2N®
— . where Ty = T wiw2
My(1;e~™) M, (e*NTN; e*fN) gN
(D.0.18)

and M, (a, q) corresponds to the infinite products M, (a; ¢) = [[;=,(1 —ag*)~*.
We will exploit the fact that asymptotics of M, (a; e~ ) when 7 — 0T up to o(1)
can be read-off from the singularities of the Mellin transform of its logarithm

00 +00
M, (a; s) :/ InMy(a;e '~ 'dr  where InMy(a;q) = —ZE’ In (1 —aq[).
0 =1

(D.0.19)

The above Mellin transform is well-defined for Re(s) > r + 1 and can be easily
computed. For any |a| < 1, we have:

M, (a;s) = Zzﬂnjm /
=1 m=1

o0

#~le ™ dr =T (s) (s — r) Lig11(a) .
0
(D.0.20)
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Above, ¢ refers to the Riemann zeta function whereas Lig(z) is the polylogarithm
which is defined by its series expansion in a variable z inside the unit disk:

k
L@ = ]Z(— . (D.0.21)
k>1

Note that, when Re s > 1, the series also converges uniformly up to the boundary of
the unit disk. We remind that the first two polylogarithms can be expressed in terms
of elementary functions:

Z

Lio@) = ;=

and Lij(z) = —In(1—2). (D.0.22)

In both cases |a| < 1 ora = 1, M, (a; s) admits a meromorphic extension from
Res > 1to C. When |a| < 1 this is readily seen at the level of the series expansion
of the polylogarithm whereas when a = 1, this follows from Lis (1) = ¢(s + 1).
Furthermore, this meromorphic continuation is such that 901, (a; x +iy) = O(e~),
¢ > 0, when y — =o0. This estimate is uniform for a in compact subsets of the
open unit disk and for x belonging to compact subsets of R. The same type of bounds
also holds for a = 1, namely 9, (1; x +iy) = O(e~?!), ¢ > 0, when y — Fo00
for x belonging to a compact subset of R. This is a consequence of three facts:

e ['(x+1iy) decays exponentially fast when |y| — +o00 and x is bounded, as follows
from the Stirling formula;

e [f(x +1y)| < C|x +1y|° for some ¢ > 0 valid provided that x is bounded [10];

e Li, i, (a) is uniformly bounded for x in compact subsets of R and a in compact
subsets of the open unit disk, as is readily inferred from the series representation
(D.0.21).

Thanks to the inversion formula for the Mellin transform

c+ioco
d
InM,(a,e") = /r—sm(a;s)z,—s with ¢>r+1,  (D.0.23)
17T

c—ioco

we can compute the T — 0 asymptotic expansion of In M, (a, e~*)—this principle
is the basis of the transfer theorems of [11]. To do so, we deform the contour of
integration to the region Re s < 0. The residues at the poles of 91, (a; s) are picked
up in the process. There are two cases to distinguish since the polylogarithm factor
in (D.0.20) is entire if |a| < 1, while for a = 1 one has Li; (1) = ¢(s + 1) what
generates an additional pole at s = 0. We remind that:

1 1
L) = - = ve+06).  £() = — +ye+06) (D024
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where yg is the Euler constant. For a < 1, 9, (a; s) has simple poles ats = 1 4 r
ands = 0:

M (a;s) = ————— + 0(), M(a;s) =

s—14r) + 0.

(D.0.25)

Lis,(a) r! —¢(=r)In(1 —a)
s

Notice that here r € {0, 1} and the Riemann zeta function has the special values
£(0) = —1/2 and ¢(—1) = —1/12. Therefore,

r!Liyy,(a)

., T —
InM,(a;e™ ") = -

—¢(=r)In(1 —a) + o(1), 1 — 0" (D.0.26)
and the remainder is uniform for a uniformly away from the boundary of the unit

disk. For a = 1, 9, (a; s) has the same simple pole at s = 1 + r with residue
r!¢(2 4 r), but now a double pole at s = 0:

() =) @+
52 + 5 + O(l)s s*‘):'),tr(]’*s') - 5 — (1 +r) + O(l)
(D.0.27)

Mm(I;s) =

and we remind the special value ¢’(0) = — In(27) /2. In this case, we thus have:

r'c2+r)

M,(1;e7") = =

—¢(=r)Int 4+ ¢'(=r) + o(1), T —> 0",
(D.0.28)

Collecting all the terms from (D.0.26)—(D.0.28), we obtain the asymptotics of the
product (D.0.18) that are uniform in a belonging to compact subsets of the unit disk:

N-1 : (a—Nt 2
eyt | _ §G3) —Li (eN™) NNy T
ln|:£[1(1—e ) ]_—z—l——(Lll(e )—?)

N N
N 1 1 —e N N In(27) ,
+(?—E)ln( . )+ 0 e 4ot
(D.0.29)

Here, we have used the special value ¢ (2) = 72 /6. It remains to insert in (D.0.29) the
value of the parameter of interest ty = N =1 272w w, /g, and return to the original
formula. The announced result for the Gaussian partition function (D.0.17) follows,
upon using the Stirling approximation N! ~ /27 NV+1/2¢=N for the factorial pre-
factor.
We remark that for « > 1, 7y > 0 is not anymore going to O when N — oo,
therefore the asymptotic regime will be different.
|



Appendix E
Summary of Symbols

Empirical and Equilibrium Measures

Eply) (1] (B.0.13) Energy functional for the baby integral of Section 2.1

EE,n) (B.0.13) Its kernel function

;LéZly} Section B.0.4 Minimiser of Eply)

Enlpl (2.4.7) N-dependent energy functional

Esolit] 2.4.1) Same one at N = o0

Du, v] Definition 3.1.1 Pseudo-distance between probability measures induced
by En

Még’) (2.4.8) and (2.4.9)  N-dependent equilibrium measure (maximiser of Ey)

pe(év ) Theorem 2.4.2 Density of uélqv)

[an, by] Theorem 2.4.2 Support of ,uéélv)

xN Definition 3.1.3 Classical positions for ;quN)

VN .eff (3.1.16) Effective potential

L%‘) (2.5.2) Empirical measure

A Definition 3.1.5 Deformation of A enforcing a minimal spacing

L%‘?u Definition 3.1.5 Convolution of L%‘) with uniform law of small support

E;’,‘) Definition 3.1.8 Centred empirical measure with respect to ug{f)

ME\';) K Definition 3.1.7 Probability measure including exponential regularization

of n variables

Partition Functions

ZN[V] (1.5.28) Partition function of the sinh model with potential V
Ve~ Lemma D.0.18 Gaussian potential leading to support [ay; by]
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Pairwise Interactions

sn (&)
S()
Sreg(§)
SN
Sniy
yN:V

Operators

K
=)

Teven, Todd

(3.1.1)
(2.4.15)
(5.2.6)
(2.4.15)
4.0.1)
(4.1.2)

Definition 3.1.7
Definition 3.2.2
(3.2.1)

(3.2.4)
Proposition 5.2.1
(2.4.17)
Definition 3.3.5
Definition 3.3.5
(3.3.33)

(4.3.58)

(4.3.15)
Proposition 4.3.4
(4.3.34)

(4.3.36)
Definition 5.1.2

6.3.2)
(6.3.23)

Appendix E: Summary of Symbols

Pairwise interaction kernel
Derivative of 8 1n [sinh(rw;&)sinh(rw&)| viz. 38ssy (N7¥&)
S minus its pole at 0

Integral operator with kernel S(N® (&1 — &2))
Same one with extended support

Same one in rescaled and centered variables

Multiplication by a decreasing exponential

Operator inserting a copy of &; at position p

Master operator

Hyperbolic analog of the non-commutative derivative
Building block of Uy,

Inverse of Sy

Linear form related to .7

Projection to the hyperplane X ([ay ; by]) = Ker Xy
operators composed to the right with Xy

Operator Wy in rescaled and centered variables

A pseudo-inverse of .Zy;,,

Functionals appearing in the inversion of #y.,
Related functionals

Functionals appearing in the large A expansion of the latter
Reflection of the function H (exchanging left and right

boundary)
2-variable operator related to Wy
Some even/odd averaging operator

Decomposition of Operators for Asymptotic Analysis

W) sw

Wr, WL

WR ik

AgWr

Wik AWy
Whk

Whk:k

AWk
(as) (as)
Wok:k> A[k]Wbl:;k

Wexp
(A Wn)R

(5.0.1)

(5.1.3)
Proposition 5.1.6
Proposition 5.1.6
Lemma 5.1.11
(5.1.3)
Proposition 5.1.6

Proposition 5.1.6
Lemma 5.1.11

(5.1.5)
(6.3.8)

Leading and subleading terms in Wy when
N — o0

Contribution of the right/left boundary to Wy
Terms contributing to the latter up to O (N ) ...
...and the remainder

Putting aside exponentially small terms in Wg.x
Contribution of the bulk to Wy

The terms contributing to the latter up to O (N ~¥®)

...and the remainder

Putting aside exponentially small terms in the bulk
operator

Exponentially small contribution

Local right boundary remainder
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Similar notations are used throughout Section 6.3 for the decompositions of G and

the various J.

Riemann-Hilbert Problems
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Ry ()

(c0)
Ri/y

My (1)

(4.1.18)

4.1.17)

(4.1.24) and (4.1.25)
(4.1.23)

Lemma 4.1.1
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(6.1.8)
(4.2.30)
4.1.7)
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Coefficient of 1/X term

Wiener—Hopf factors of R(A)

Related, piecewise holomorphic function
Two-dimensional vector in correspondence with so-
lutions of Ay, [f1=¢g

2 x 2 matrix solution of the homogeneous Riemann—
Hilbert problem with jump G,

Leading part of x (1) when N — oo

Exponentially small part of x (1)

Matrix coefficients in the large A expansion of x (1)
Jump matrix of the Riemann—Hilbert problem of ¢
and x
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Difference between IT(A) minus identity
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Rate of exponential decay of Gy — I»
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lem

A constant involved in the auxiliary Riemann—Hilbert
problem

Polynomial remainder in the inhomogeneous
Riemann-Hilbert problem

Two-dimensional vector on the right-hand side of the
inhomogeneous Riemann—Hilbert problem
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Figure 5.1

Model integral appearing in the asymptotics of Ji, (1)
Reduced variables centered at the right and left bound-

ary
Contours in the upper/lower half-plane

Definition 5.1.3 and Fig. 5.1 Contours between I'y;; and R

Definition 5.1.3

(5.1.33) and (5.1.34)

Definition 5.1.5
Definition 5.1.5
Definition 5.1.5

Definition 5.1.9, (5.2.48)

Definition 5.1.9

Definition 6.1.1
Definition 6.1.5
Definition 6.3.4
(6.3.73)
(6.3.77)—(6.3.80)

Related to the Fourier transform of 1/R (1)
Proportional to a primitive of J (x)
Related to higher primitives

Integrals of xtJ (x) from x to oo

Coefficients in the Taylor expansion of 1/R(A) at

A=0

of 1/R

Combinations of the above, involved in asymptotics

of Wy

Negative moments of 1/R

sth order moment of by

£th order moments related to J and S
Some universal multivariable polynomial

A specialisation of the latter involving the functions

above

Answer for the Partition Function
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JalH, G] (6.3.1)
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c(x) Definition 6.3.9
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Norms

N 191 Definition 3.3.1
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q(2) (5.2.8)
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Bilinear pairing induced by Wy
Related expression appearing only for 8 # 1

Related expression appearing only for g # 1

Related expression

Related expression appearing only for g # 1

A functional appearing in the interpolation

A function involving the a’s and b’s appearing in expansion
of Jq

A constant involving integrals of J, S and Ry, appears

in expansion of Jg

Weighted norms involving W2° norms for k € [0; £]]
Some estimates for the magnitude of potential

Square root
Square root at the right boundary

Related to the £th order truncation of the Taylor series
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