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Preface

The aim of this book is to take the reader on a concentrated tour of some
of the central issues of non-linear modeling and analysis of structures and
solids. Traditionally, the non-linear theories of solids have been treated in
books on continuum mechanics, while the questions of analysis have formed
the focus of books on finite element techniques. The idea of the present
book is to place the emphasis on modeling with a view to its numerical
implementation right from the outset. Two guiding principles have deter-
mined the main style of the book: the story should be told in the form of
concentrated chapters, each giving the central ideas of a specific aspect such
as ‘finite rotations’ or ‘elasto-plastic solids’, and the reader should have the
possibility of getting a feel for the numerical implementation by access and
use of simple high-level implementations of the basic algorithms. A text
based on these principles cannot provide exhaustive coverage, but aims at
giving an interesting introduction to the basic ideas, which can then be stud-
ied elsewhere in greater detail as needed. It is hoped that the combination
of a concise theoretical presentation in plain language supported by specific
algorithms will make the text of interest to graduate students as well as
professionals.

The book contains nine chapters: a brief introductory chapter setting the
scene by use of elementary arguments, four chapters on structures, two chap-
ters on non-linear deformation and material behavior of solids, and finally
two chapters on numerical techniques for non-linear quasi-static and dy-
namic analysis. The theory is combined with demonstrations and exercises
using a small MATLAB toolbox FEMFILES providing routines for creation
and assembly of element matrices and permitting the solution of non-linear
finite element problems in a fairly simple script file format. The toolbox
FEMFILES is available from the author via the internet. Exercises that re-
quire the use of a high-level program like FEMFILES are marked .

X



b Preface

The text started as a draft manuscript prepared for a short introductory
course on non-linear aspects of the finite element method at Aalborg Univer-
sity in the fall of 1992. A visit to Lund Institute of Technology sponsored
by NorFA provided an opportunity to include additional material on the
numerical aspects. The text was later extended with material on finite ro-
tations, co-rotating formulation of elements, potential theory of plasticity
theory and plasticity models for geotechnical materials, and conservation
algorithms for numerical integration of dynamic problems. Several parts of
this work have been sponsored by the Danish Technical Research Council.
The work on bringing it all together was initiated during a visiting appoint-
ment as Melchor Professor at the University of Notre Dame, Indiana, in the
fall of 2001. The final stage has been combined with courses at Helsinki Uni-
versity of Technology 2004, and at Aalborg University and Lund Institute
of Technology 2005.



Introduction

Many problems of practical interest involve non-linear behavior of solids
and structures. In the present context a solid means a body with a firm
shape, as opposed to a fluid, while a structure refers to a solid composed
of slender elements such as beams, plates and shells. Typical problems
are the motion of robots, collapse scenarios of structures, metal forming
processes in industrial production, and material deformation and failure in
geotechnical engineering. These problems typically involve a considerable
change of shape, often accompanied by non-linear material behavior.

The finite element method is an important tool for the analysis of non-
linear problems, such as geometrical and material non-linear behavior of
solids and structures. The solution of non-linear problems by the finite
element method involves modeling, leading to the formulation of an appro-
priate set of non-linear equations describing the problem, followed by an
appropriate strategy for the numerical solution of these equations. In con-
trast to linear problems, where the solution strategy reduces to the solution
of a system of linear equations, the solution phase in a non-linear problem
typically involves an iterative procedure.

Non-linear modeling and analysis is a very active research area with many
engineering applications. The many different aspects involved are not cov-
ered in any single text. However, some central references to general texts
should be given here. A brief introduction to some of the basic problems
of non-linear finite element analysis of solids and structures is included in
the book by Cook et al. (1989). A general state-of-the-art presentation of
the finite element method, including the non-linear aspects of solids, struc-
tures and fluids, has been given in Zienkiewicz and Taylor (2000). A pre-
sentation with main emphasis on incremental formulation of geometrically
non-linear problems, including details of implementation, has been given by
Bathe (1996). The books by Crisfield (1991, 1997) and Belytschko et al.
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(2000) are entirely devoted to non-linear analysis of solids and structures,
combining illustrative examples with specific finite element procedures.

The present text is an introduction to some of the central ideas of non-
linear modeling and finite element analysis. It covers theoretical aspects of
geometric and material non-linearity and associated numerical techniques.
The text proceeds from the elementary level to a fairly rigorous presenta-
tion of ideas used in current research. Only the main ideas can be covered,
and the references should be consulted according to need. This first chap-
ter gives an illustration of geometric non-linear behavior with reference to
a simple two-element truss model. The example serves as a vehicle for an
informal introduction to a non-linear load—displacement relation, the tan-
gent stiffness, and the relation between the equilibrium and the virtual work
approach to the problem. The example also provides a simple realistic non-
linear equation on which to try different variants of the Newton—Raphson
solution technique.

1.1 A simple non-linear problem

The simple two-element truss model shown in Fig. 1.1 has often been used
to illustrate some basic features of geometric non-linear behavior, see e.g.
Bathe (1996, p. 494) and Crisfield (1991, pp. 2-13). The structure consists
of two identical truss elements, loaded with a vertical force f at the center
and simply supported at the other ends. The vertical displacement at the
center is called u. In the initial configuration the length of the bars is lg.

‘ f
EA EA
a[

Fig. 1.1. Two-element truss model.

Application of the load leads to a deformed state with vertical displace-
ment u of the central node, Fig. 1.2. The structure is assumed to be shallow,
i.e. a < b. This permits series expansion of the square roots defining the
original bar length [y and the bar length [ corresponding to the current
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deformed state:

h = Vi2+a? ~ b<1+;zz>, (1.1)
I = VP2+(atu)? ~ b[1+%(‘“g“)2]. (1.2)
u
l
a

lo

b

Fig. 1.2. Initial length ly and current length I.

The deformation of the bars is described by their elongation. A non-
dimensional measure of deformation is the engineering strain, defined as the
elongation relative to the original length,

3

=1 au 1/7u\2
ezl
lo lo lo 2\l
The first term is the linear part of the strain, while the second term is non-
linear. A true measure of deformation must not be influenced by any rigid

(1.3)

body motion of the bar, and thus a true deformation measure must be a non-
linear function of the displacement component(s). If the displacement u is
small relative to all characteristic lengths of the geometry — Iy and a — the
linear term will constitute a fair approximation, but if this approximation is
used, some of the characteristic non-linear features of the problem are lost.

1.1.1 Equilibrium

The two bars are assumed to be linear elastic with axial stiffness E'A, where
F is the elastic modulus and A is the cross-section area. Thus, the axial
force in each bar is expressed in terms of the strain as
N = BAe =~ EA[EE + 1(3)2] (1.4)
lo lo 2\l
Equilibrium of the central node in the deformed state requires that the
external force f is equal to the internal force g(u) generated by deformation
of the structure. Projection of the normal force gives

a+u 2FA
glu) = 2N ——= = =g (au+ 5¢) (a +u). (1.5)
0
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In non-dimensional form this is

ot =284 (1) [5+5(5) + 5 (0) ] 1.6

where the normalized displacement is u/a. The load—displacement relation
(1.6) is shown in Fig. 1.3 corresponding to a downward load.

#L(Z_O)?’
EA\a

0.8

067 B F

0.47T — — e — ——

0.2 T

A C E/ —u/a
0 O‘.5 IWZ

0271
-0.4T7 D

Fig. 1.3. Load—displacement curve for two-element truss.

From the unloaded state A an increasing downward load leads to a local
maximum B. In this state the structure cannot support a further increase
of the load. Thus, further increase of the load from B would lead to snap-
through to F. The snap-through is an unstable dynamic process, and thus
the load—displacement curve in Fig. 1.3 is not fully representative. Alter-
natively the structure may be loaded in displacement control, in which the
central node is given a controlled downward displacement —u. This would
require an increasing load from A to B, and then a decreasing load from B
to C, where u = —a and the two bars form a straight line. An upward force
is now required to proceed to D and E, where the structure is stress-free,
forming an angle symmetric to the original configuration with respect to the
base line. Further downward load leads through F' with increasing stiffness
of the structure.

For a structure with one degree of freedom, the stiffness is a measure of
the change in force for a given change in displacement. Thus, the tangent
stiffness K is defined as the stiffness corresponding to infinitesimal changes
in u and g:

d
Kk_-Y

= (1.7)

In the present case the tangent stiffness K follows from straightforward
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differentiation of (1.6):
2FA ra\2 U 3 /uN2
=5 () (@) +3 ) | 18
lo lo + a + 2\a ( )
Although this expression defines the tangent stiffness K, it does not convey

the physics of the problem very clearly. This is better accomplished by
differentiation of the equilibrium equation (1.5):

d EA 2 N
K = 7<2Na+“) = 27(‘”“) + 20 (1.9)

du lo l()
Here a + u is the height of the structure in the current state, while IV is
the current value of the axial force. The first term is due to changes in the
normal force N, while the second term is due to changes in the geometric

configuration with constant normal force N. Sometimes the first term is

lo lo

separated into a constant corresponding to u = 0 and the rest, whereby
(1.9) takes the form

2 2
K = oFA (), PA2utw N
lg lo lo l(% lo

= Ky + K, + K, (1.10)

where Ky is the linear stiffness, K, is the initial displacement stiffness, and
K, is the initial stress stiffness. In an incremental procedure, where the
geometry is updated, the current value of w is absorbed in the updated
value of a, and in that case the initial displacement stiffness K, vanishes.

| (e

1.0

0.5 —u/a

0 1 R

0

Fig. 1.4. Load—displacement curve for two-element truss with spring.

A family of load—displacement curves with different degrees of non-linearity
can be obtained by introducing a vertical linear elastic spring with stiffness
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k at the central node of the structure. The load—displacement relation (1.6)
is changed to

oo = 2ea (S TS A T o o
and the tangent stiffness (1.8) to
K = 2?:)’4(2))2[1+3<Z>+§(Z)2} + k. (1.12)

Figure 1.4 shows the load—displacement curve for different values of the
spring stiffness k. For k > EAa?/I} the variation of load with displacement
is monotonic, corresponding to K > 0.

1.1.2 Virtual work and potential energy

The load—displacement relations (1.6) and (1.11) were obtained from equi-
librium of the center node. For structures with more degrees of freedom or
more complicated elements it is often convenient to make use of the principle
of virtual work. Essentially, the principle of virtual work is a restatement
of a set of equilibrium equations, where each equation is multiplied by a
corresponding infinitesimal virtual displacement component. With an ap-
propriate definition of the force and displacement components summation
of their products forms a scalar invariant, known as the virtual work.

In the particular example of the two-element truss with an elastic spring
the equilibrium equation can be written as

a-+u

2N +ku— f=0. (1.13)

Multiplication by a virtual displacement du gives the virtual work equation

sV — on 2t

du + (ku)du — fou = 0. (1.14)

The displacement factor in the first term is similar to the first variation of
the strain (1.3):

b = aau[;;;; + ;(Z)Q}(su - “;;“‘Z‘ (1.15)

If, for the time being, the difference between [y and [ is neglected, the virtual

work equation (1.14) can now be written as

lo
oV ~ 2 Née ds + (ku)du — fou = 0. (1.16)
0

The integral is the internal virtual work of the bar elements, the second term
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is the virtual work of the elastic spring, while the last term is the external
virtual work.

Apart from the factor [/l that is somehow missing, the use of virtual work
in the present case where d¢ is constant within the elements is almost trivial.
However, for more general problems with more degrees of freedom and non-
trivial displacement fields within the elements, the principle of virtual work
is an important tool for establishing the balance equations of the discretized
model. The question of the factor I/l is discussed in Chapter 2, where the
theory of non-linear bar elements is discussed more rigorously. Here, the
relation between virtual work and potential energy is discussed briefly before
turning to elementary numerical solution methods for non-linear equilibrium
equations.

When the internal forces such as the axial force N and the spring force
ku are functions of the state of displacement given by u, and the external
load is also a function of u, the virtual work dV can be considered as the
differential of an energy function ®(u) — the potential energy. In the present
case (1.16) is written as

lo

0P(u) = 2 EAcée ds + kudu — fou. (1.17)
0

This relation can be integrated with respect to the displacement u, giving
the following expression for the potential energy:

lo
d(u) = 2/ sEAe? ds + Lku® — fu. (1.18)
0

The potential energy is the internal strain energy of the structure, including
the spring, minus the external work represented by fu. For linear elas-
tic structures it may be simpler to derive the equilibrium equations from
the potential energy by considering an incremental change du of the dis-
placements. However, the principle of virtual work is valid irrespective of
the specific material behavior, and thus the principle of virtual work has
become the method of choice for setting up equilibrium equations.

1.2 Simple non-linear solution methods

For a system with only one degree of freedom non-linear behavior can often
be described explicitly as a function of the displacement u, and the problem
may then be considered as one of displacement control. However, in the case
of several degrees of freedom the use of displacement control is non-trivial,
and most problems are formulated in terms of a load history, for which
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the corresponding displacement history is to be calculated. This requires
the solution of a system of non-linear equations. Here some of the simpler
methods for solving non-linear equations are briefly introduced, leaving more
specialized techniques to Chapter 8. The methods are illustrated for a single
degree of freedom and then generalized to matrix form.

1.2.1 Explicit incremental method

An explicit incremental method, often called the Euler explicit method, is
obtained by replacing the differentials in the definition (1.7) of the tangent
stiffness with finite increments A f and Au:

Au = K71 Af. (1.19)

The load—displacement history is described by a number of increments A f,,,
Aup, n =1,2,... defining the states

fo = fact +Afn, Un = Up1+Auy, n=1,2,... (1.20)

In the explicit incremental method the tangent stiffness K corresponds to the
state at the beginning of the increment. Thus, the precise form of (1.19) is

Aup, = K Y up 1) Af,, n=1,2,... (1.21)

This procedure is illustrated in Fig. 1.5.

f
1 /3

Afs _—

L f /

1A

Afe

Afr

ul Uz us
Aul AUQ AU3
—_—

Fig. 1.5. Explicit incremental method.

It is seen that the computed states deviate more and more from the ex-
act load—displacement curve. There are two reasons for this: the tangent
stiffness of each increment is taken at the left end-point and in this particu-
lar case overestimates the stiffness, and deviations from the exact curve are
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added to a cumulative error. While it is difficult to use an exact represen-
tation for the stiffness corresponding to the full increment, the problem of
increasing deviations can be countered by introducing equilibrium iterations
as discussed in the following.

The explicit incremental method is easily generalized to multi-degree of
freedom systems. Let the displacement vector be u and the corresponding
load vector f. The tangent stiffness matrix K is then defined by

df = K(u) du. (1.22)
The corresponding explicit incremental method is
Au,, = K Yu, 1)Af,, n=1,2,... (1.23)

The use of the inverse matrix K—1 in (1.23) should not be taken literally.
In practice the matrix K is factored and the product K~'Af found by back
substitution.

1.2.2 Newton—Raphson method

In order to avoid accumulating errors in each additional load step, equi-
librium iterations may be used to establish equilibrium to a desired degree
of accuracy at each load step. This procedure is a special instance of the
Newton—Raphson method, well known from numerical analysis. In princi-
ple, the method works by applying two steps intermittently: (i) check if
equilibrium is satisfied to within the desired accuracy; (ii) if not, make a
suitable adjustment of the state of deformation.

The first step consists in checking the equilibrium equation. This is done
by forming the difference between the external load f and internal force

g(w),
T(u’ f) =f- g(u) =0, (124)

where r(u, f) is called the residual force. In a state of equilibrium the inter-
nal force g(u) is equal to the external load f, and thus the residual vanishes.
In practice, lack of equilibrium will be produced at the beginning of each
load increment, where the load f is increased, while no new displacement
estimate u is yet available. Thus, the need arises for obtaining an improved
estimate of the state of displacement w.

In the absence of equilibrium an improved estimate of the displacement
u is obtained from a linearized form of the residual r(u + du, f) around the
known residual r(u, f),

r(u+ du, f) = r(u, f) + or(u, f) +--- = 0. (1.25)
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The dots indicate higher-order terms, because dr is only a linearized form of
the increment of the residual. In the classic form of equilibrium iterations
the load f is assumed fixed within the given load step, and thus the incre-
ment of the residual only depends on the internal force g(u). The linearized
increment is then given by the first derivative of the internal force as

_ dg(u)

= = —K . 1.2
or I du (u) du (1.26)

Here the tangent stiffness K, introduced in (1.7), has been introduced. The
displacement increment is now obtained from the linearized form of (1.25)
by substitution of the tangent stiffness relation (1.26). When rearranging
the terms in (1.25), the linearized equation becomes

K(u)du = r. (1.27)

In this equation the residual r(u, f) is known, as it relates to the current
state of load f and displacement u. The tangent stiffness K(u) at the
current displacement state u can also be calculated. Thus, this equation
permits determination of the displacement increment du,

du = K Y(u)r. (1.28)

Once the displacement increment du is determined, the current displacement
state is updated to

u' = uh s (1.29)

In this equation the superscript is used to indicate that the iteration ¢
changes the estimated displacement from u*~' to u’. In a computer pro-
gram the iteration superscript ¢ is not needed, as the register containing
u*~1 is simply overwritten by the new value u’ according to the assignment
statement

u = u + ou. (1.30)

Here, : = is the assignment operator, implying that the variable u is assigned
a new value. In this book many of the algorithms are presented in the form
of pseudocode —i.e. a code format that appears like high-level programs such
as MATLAB. In the pseudocode presented here assignments are indicated by
the normal equality sign, as all equalities are assignment statements.

The Newton—Raphson equilibrium iteration procedure is illustrated in
Fig. 1.6. The figure shows load step n. This load step starts from a state of
equilibrium already established at the previous load f,_1 with displacement
un—1. The load step is initiated by increasing the load by Af, to f,. This
generates the first residual r. = Af,,. This residual and the tangent stiffness
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f dul  Su?
e —

1 2
"n "

fn

Afn

fn41

Auy,

Fig. 1.6. Newton—Raphson equilibrium iterations.

K (uy,—1) lead to the displacement increment §u), shown in the figure. At the
new displacement u,,_1 +du’, the internal force g — represented by the curve
— is still smaller than the imposed load. The difference forms the residual
r2, and the procedure is continued. It should be noted that the use of sub-
and superscripts to indicate load step and iteration number, respectively, is
merely for illustration in relation to the figure. These indices are not needed
when programming the algorithm.

The iteration process needs a termination criterion. This may be taken
as the requirement that the current residual force r, should be less than a
prescribed fraction € of the load increment Af of the present load step,

7| < e|Af]. (1.31)

The value of € could be on the order of say 107%-1076. For structures
developing very small stiffness, the criterion (1.31) may be supplemented by
the displacement criterion

|0u] < €|Aul, (1.32)

where Awu is the total displacement increment accumulated in the present
load step.

In the corresponding multi-component problem with displacement vector
u and load vector f, the residual force vector is

r(u,f) = f — g(u). (1.33)

The tangent stiffness matrix is defined by the incremental change of the
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ALGORITHM 1.1. Newton—Raphson method.

Load steps n=1,2,...,Nmax
f, = f,1+Af,
u, = U,_1
Iterations i =1,2,...,%max
dg(u,
r, = £, —g(u,)
ou, = K;'r,
u, = u, +du,

Stop iteration when ||r,|| < € ||Af,]]
End of load step

internal forces,

K(u) = . 1.34
(w) = B (134)
The tangent stiffness is now introduced into a linearized form of the equi-
librium condition, whereby the following vector equation is obtained for the
displacement sub-increment du:

K(u)du = r. (1.35)

In contrast to the one-dimensional case, the solution of these equations may
be a non-trivial part of the procedure. The termination criteria will typically
make use of the ‘length’ of the corresponding vectors, whereby

(xlr,)V? < e(AfTAS)V2 (1.36)
(fulou)/? < e(Au”Au)'/2 (1.37)

The Newton—Raphson procedure is summarized as Algorithm 1.1. Note that
in the iteration loop the computer overwrites quantities like r,, by their new
value in the same register. Therefore, the superscript ¢ does not appear
explicitly in the algorithm. Similarly, the load step subscript n is only used
to avoid the explicit indication of storing the result of each completed load
step. The actual algorithm is conveniently programmed without the use of
indexed variables in the iteration loops.
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1.2.3 Modified Newton—Raphson method

In the original Newton—-Raphson method the current tangent stiffness matrix
K(u) is computed and factored in each iteration. For non-linear problems
with a single or a few degrees of freedom this is usually not a problem, but for
problems with many degrees of freedom the computational cost involved in
forming the stiffness matrix K(u) and solving the corresponding equations
for du in each iteration may be considerable. It is seen from Fig. 1.6 and Al-
gorithm 1.1 that K,, appears within the inner loop. A simple modification of
the Newton—Raphson method consists in moving the stiffness matrix K out-
side the iteration loop. Then K = K,,_1 is only computed and factored once
for each load step on the basis of the previous state of displacement u,,_1,

dg(u,—
K, 1 = g(dul)

This simplifies the iteration loop as shown in Fig. 1.7 and Algorithm 1.2.

. (1.38)

3
fn n_Tnn

Afn

fn*l Aul

Fig. 1.7. The modified Newton—-Raphson method.

The asymptotic convergence of the modified Newton—Raphson method is
slower than that of the Newton—Raphson method, and this may offset some
of its computational efficiency. A different, more refined type of modifica-
tion makes use of a secant approximation of K. This requires a non-trivial
generalization of the secant concept to multi-degree of freedom systems.
The corresponding methods, called quasi-Newton methods, are described in
Chapter 8.

The classic Newton methods encounter problems at a load maximum.
Several methods have been developed to deal with this problem. A common
feature of these methods is that the load increment is also subject to changes
during the iterations, e.g. by linking load and displacement increments. This
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ALGORITHM 1.2. Modified Newton—Raphson method.

Load steps n=1,2,...,Nmax
fn =, 1+ Afn
u, = Up—1
dg(unfl)
K, = —-—-+
! du
Tterations ¢ =1,2,...,tmax

r, = £, —g(u,)
ou, = K,_Lilrn
u, = u, +du,
Stop iteration when ||r,|| < € ||Af,]]

End of load step

introduces a kind of displacement control near the maximum, as discussed
in Chapter 8.

1.3 Summary and outlook

Non-linear problems of structures and solids involve processes in which
neighboring states are connected by non-linear relations. This is illustrated
by the simple example of a two-bar truss loaded by a quasi-static force.
A model of the problem requires representation of the material behavior
and the formulation of suitable equilibrium equations. In this introductory
chapter these issues were dealt with in an ad hoc fashion, also introducing
approximations to simplify the presentation. In the following chapters these
issues are dealt with in a rigorous way within the framework of finite element
analysis.

While the equilibrium equations of simple systems often can be formu-
lated directly, it is generally advantageous to use the principle of virtual
work, which retains its simplicity for larger and more complicated systems.
Several aspects of this will appear in later chapters. The idea of the principle
of virtual work is to consider the work done by the actual forces through an
imagined — or virtual — displacement field. This changes a multi-component
problem into a similar number of scalar problems. A necessary requirement
is that the product of the internal forces and the virtual measures of defor-
mation constitute work. This property of the virtual work serves to identify
suitable internal force and stress measures, when a displacement and strain
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representation has been selected. This is illustrated in the next chapter in
connection with a general discussion of bar elements, and is used to define
several stress measures for solids in Chapter 6. The virtual work also plays
a key role in defining the properties associated with rotations and moments
as discussed in Chapter 4.

In order to obtain the solution to specific problems, the material behavior
must be represented in the form of a relation between the internal forces
and the corresponding measures of deformation. In the problem of the
two-bar truss the bars were assumed to be linear elastic, thus simplifying
the presentation. In many situations non-linear material behavior is an
important part of the problem. The basic form of the equations of elasto-
plastic material behavior is described in Chapter 7.

Even the simple two-bar truss exhibits a non-monotonic relation between
load and displacement. The simple Newton-type solution methods briefly
outlined in this chapter need to be modified in order to enable computation
of non-monotonic force—displacement relations. This problem is dealt with
in Chapter 8 on numerical methods. The chapter on numerical methods can
be read without reference to the chapters before, and indeed reading this
chapter first will enable the reader to supplement the theory of the interme-
diate chapters with non-trivial numerical examples. In the final chapter the
numerical methods are extended to dynamic problems with inertial effects.

1.4 Exercises

Exercise 1.1 Consider the load—displacement curve of the two-element

truss shown in Fig. 1.3.

(a) Determine the non-dimensional coordinates to the points B and D.

(b) Select a suitable load step magnitude and sketch the states produced
by the explicit incremental method, the Newton—Raphson method, and
the modified Newton—Raphson method. Note in particular the passage
of the maximum at B.

Exercise 1.2 Consider the two-element truss shown in Fig. 1.1 and add a

vertical spring at the central node with spring stiffness k = 1.2EAa?/13.

(a) Introduce the non-dimensional displacement v = —u/a and the non-
dimensional load p = —fI3/(EAa®). Give the relation between p and v
and the corresponding tangent stiffness.

(b) Organize the explicit incremental method, the Newton—Raphson method,
and the modified Newton—Raphson method in tabular form and com-
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pute the p—v relation with a suitable load step, e.g. 0.2-0.4. Sketch the
result for each of the three methods.

Exercise 1.3* Implement the Newton—Raphson algorithm shown as Algo-
rithm 1.1 in MATLAB for analysis of the two-bar truss treated in Section 1.1.
Organize the implementation in four m-files:

(a) data.m: script file containing the model parameters and the load in-
crement, e.g. b=1.0,a =0.1, FA=1.0, k=0, and Af = —0.0001.

(b) g-bar.m: the internal force in (1.24), obtained as a function of the
displacement u from the expression (1.11).

(c) kt_bar.m: the function K (u) in (1.12), giving the tangent stiffness as a
function of the displacement u.

(d) nr_bar: script file containing the Newton—-Raphson algorithm from Al-
gorithm 1.1. (Use limited loops, e.g. n = 1 : Nypax and ¢ = 1 : ipax,
with nmax = 20 and imax = 8.)

Use the program to study the behavior of the Newton—Raphson algorithm

via plots of f as a function of displacement u, particularly near the turning

point of the load-displacement curve. Use e.g. Af = —1.0 x 10~ and

Af =—-05x 107

Exercise 1.4* Make a modified version mnr_bar.m of the driver routine nr-

bar.m from Exercise 1.3 using the modified Newton—Raphson algorithm. Use

the two routines to study the behavior of the algorithms for different values
of the spring constant k. Note in particular that the modified Newton—

Raphson algorithm has convergence problems for increasing stiffness. Sketch

this problem.

Exercise 1.5* Both the full and the modified form of the Newton—Raphson
algorithm are based on prescribed load increments, and therefore require
monotonically changing load. In the two-bar truss problem the load will
increase monotonically if a vertical spring with stiffness k > (FA/ly)(a/lo)?
is introduced. The actual force transferred to the truss is fog = f — ku.

Introduce a spring of sufficient stiffness and solve the problem with the
program developed in Exercise 1.3. Plot the effective load f.g against the
displacement u to demonstrate recovery of the full curve from Fig. 1.3.
For a very stiff spring equal load increments correspond to equal displace-
ments, and the method is equivalent to the use of displacement control. This
method is only directly applicable in the case of a single load component.
General solution methods are discussed in Chapter 8.
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Non-linear bar elements

The finite element method has been the method of choice for modeling and
analysis of structures and solids for several decades. The basic idea is that
the structure (or solid) is considered as an assembly of elements, and that
each element is modeled in a standard format that permits repetitive use of
the individual element formats. Bar elements only contain a single internal
degree of freedom — the elongation — and they are therefore a convenient
means for introducing and illustrating the basic features of geometrically
non-linear finite element analysis.

In a geometrically non-linear problem the first question to arise is the def-
inition of a non-linear measure of deformation, the strain. This is addressed
in Section 2.1. When a structure is assembled from the individual elements,
use is generally made of the principle of virtual work. The principle of vir-
tual work is a restatement of the equilibrium equations in scalar form. It
turns out that once a non-linear strain definition has been adopted, the cor-
responding definition of stress follows from the formulation of the principle
of virtual work. This is the subject of Section 2.2. The tangent stiffness
matrix of a geometrically non-linear bar element is derived in Section 2.3 in
global coordinates.

The derivation of the equilibrium and stiffness relations of the bar element
is quite simple because the strain is constant within the element. In order
to illustrate the relation to more complex problems involving other types of
elements, the tangent stiffness matrix is re-derived by use of shape functions
in global coordinates. This indicates the procedure followed in isoparametric
solid elements. Another alternative makes use of a local coordinate system
rotating together with the element during displacement. This so-called co-
rotational approach is typically used for generalized continuum elements
such as beams and shells, where the displacement representation depends
on the local orientation of the beam axis, middle plane, etc. Co-rotating

17
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beam elements are treated in Chapter 5. Bar elements have been given an
extensive treatment by Crisfield (1991), and Mattiasson (1983) has described
the co-rotational formulation of bar elements in detail.

The implementation of the finite element method involves the assembly of
elements into the global structure. A brief sketch of the assembly procedure
is given in Section 2.5. The actual solution of the finite element relations can
follow one of two formulations. In the first the initial configuration is used
as reference through the full analysis, and total displacements from this con-
figuration are used. This is the total Lagrangian formulation. In the other
formulation the reference state is updated each time an equilibrium state
has been established. Thus, the displacements in this formulation refer to
the last equilibrium state. This is the updated Lagrangian formulation. The
simple bar element is used to illustrate these two formulations in Section 2.6.

In spite of its simplicity the bar element contains the main features of ge-
ometrically non-linear structural and solid elements, and Section 2.7 sums
up these main features in a general form. These general features are en-
countered repeatedly in various settings in the following chapters.

2.1 Deformation and strain

In most finite element formulations for structures and solids the displace-
ments are the primary variables of the problem. The displacements may
lead to deformation of the elements, and this in turn to internal forces. It
is important to use deformation measures that vanish identically for rigid
body displacements. In a theory with finite displacements this requirement
can be satisfied by several different strain definitions. The most common of
these are briefly discussed here for a simple bar element to indicate their use
and limitations.

In a bar element the deformation is characterized by the elongation. Fig-
ure 2.1 shows a bar element with initial length 5. Deformation introduces
the elongation u, whereby the new length is

[ =lp+u. (2.1)
A suitable measure of strain must give the relative deformation. The sim-
plest definition is the engineering strain,

. u [ — lo

_ . 2.9
E= 0 o (2.2)

This is the traditional definition used in the theory of infinitesimal strain.
For finite deformation it is somewhat arbitrary to refer to the initial length
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ST

lo

Fig. 2.1. Bar element.

lo. Alternatively, the strain increment de can be defined with reference to
the current length [ by the relation

ol
Integration of this relation gives the logarithmic strain
! l
e = [ de = hl(gf). (2.4)
lo lo

This strain makes no distinction between initial and final length, and inter-
change of [y and [ merely changes the sign of €;,. For small strains e and
€1, are nearly equal.

Many problems involve large displacements but only small to moderate
strains. In those problems the important point is to use a strain definition
without ‘self straining’, i.e. a strain definition that does not produce strain-
ing for arbitrary rigid body motion. It is then convenient to use {? instead of
| as a basis for the strain definition. One reason for the use of I? is that the
square of the length a of a vector a = [ay, as, a3]” is the sum of the squared
coordinates, a®> = a? + a3 + a3. Another is that a definition based on [?
is simpler to generalize to two- and three-dimensional continua. A strain
definition based on I? can be obtained by rewriting (2.2) in the form

U=l +1) 1213

If e is omitted from the denominator, the definition of the Green strain e¢

ER — (2.5)

2 lo . .6

This strain definition, and its generalization to two and three dimensions,
are often used in solid mechanics.
The different strains introduced here are related by

L = ln(l —|-€E) = %111(1-}-266'). (2.7)
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f ~0.1
el r—0.2
EE ‘ -0.3
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Fig. 2.2. The strain measures g, g and €y,.

The strains g, €1, and g are shown in Fig. 2.2 as a function of u/ly. It is
seen that e¢ > e > €. For |u/ly| < 0.05 the deviation from ef is of the
order 2-3%. For larger strains it may be necessary to distinguish between
the strain to be used or account for the difference through the stress—strain
relation.

2.2 Equilibrium and virtual work

Figure 2.3 shows a bar element with end-points A and B. The coordinates
of A and B are referred to a global Cartesian coordinate system. In the
initial configuration the coordinates are x 4, and xp,, respectively. Boldface
letters are used to denote vectors and matrices. The dimension corresponds
to the dimension of the space, i.e. 2 or 3. It turns out that this dimension is
not important in the formulation of the equilibrium and stiffness relations
except at the very end, when individual components are written down.

XB
X
XA
up
us
XB
XA X0 0

Fig. 2.3. Bar element AB in initial and displaced configurations.

The points Ay and By are now given the displacementg 4 and up, re-
spectively. Only the direction and length of the vector AB influence the
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equilibrium and stiffness. The initial position is
X0 = XB, — XA,- (2.8)
The difference between the displacement at A and B is denoted
u = up — uy, (2.9)
% . .
and thus AB after displacement is
X = X+ u (2.10)

It is now a simple matter to calculate the initial length [y and the length [
after deformation:

2 = xixo, (2.11)
? = x'x = (xo+u)7 (x0+u). (2.12)

The strain of the bar can now be expressed in terms of Iy and [ by any of
the strain measures defined in Section 2.1.
The fact that the square of the length is given in simple form suggests the
use of the Green strain eg. From the definition (2.6) it follows that
? 12

1
eq = 5 = —Z(XOTu + Julu). (2.13)
22 B

This formula can be interpreted as a projection of the displacement u on
the mean vector x; /5 = %(xo + x), scaled by [3:
_ 6 17
€q = (XO + 211)

1 1
B u= $(x0 + x)Tu = = X{/2 u. (2.14)
0 0

I3

This interpretation is illustrated in Fig. 2.4. In the general formulation of
the Green strain the interpretation in terms of a mean position vector may
be helpful in the evaluation of eg. A slightly more general formulation is
discussed in Exercise 2.1.

X1/2

X0

Fig. 2.4. Projection of displacement u on mean vector x5 = 3(xq + X).
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The variation of the strain (2.13) is needed for the formulation of the
principle of virtual work:

deq = %(xo +u)’ou = %deu. (2.15)
lg lg

Note that the variation of the strain consists of the projection of the dis-

placement variation du on the current vector x, scaled by 3.

The universal method of establishing finite element relations consists in
the use of the principle of virtual work. In the case of bar elements the
state of deformation within the element is homogeneous, and the relations
could therefore in principle be obtained directly, but in order to illustrate
the general procedure and to identify precisely the internal force that is
conjugate to the Green strain, the principle of virtual work is also used
here. According to the principle of virtual work an arbitrary displacement
variation must lead to identical internal and external work. The internal
virtual work is expressed in terms of the internal force(s), while the external
virtual work is expressed in terms of the external loads. Thus, the principle
of virtual work establishes a relation between the internal and the external
forces.

For a bar element with the external forces f4 and fp acting at A and B,
respectively, the principle of virtual work is

oV = /N(Ssds — flouy — fLdup = 0. (2.16)

In order to be specific, a strain measure must be selected and an appropriate
length measure must be used in the integral. Here the Green strain is used
together with the initial length [y of the element. With this choice and deg
from (2.15) the principle of virtual work takes the form

lo 1
SV = /0 B (VX (Gus — Gus) ds — ldua — fhoup = 0. (217

Taking the transpose of (2.17) leads to changing the order of the factors,
whereby

T lol
5V = (5uA<—/ Z—Q(Nx)ds—fA)
0 ‘o

r( [*L ) =
+ dugp 5 (Nx)ds — fgp ) = 0. (2.18)
0o 1

This equation must be valid for any choice of the virtual displacements
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duy and dup, and therefore the following two equations are obtained after
evaluating the integrals:

1 1
—X, fp = N —x. (2.19)
lo lo

These equations give a precise definition of the normal force N appearing in

£ = - N

the principle of virtual work as conjugate to the Green strain. The vector
x/lp is in the direction of the bar after displacement with length {/ly. Thus
N1/ly is the actual force in the bar element. For moderate strain /Iy ~ 1,
and N gives the actual force directly. For large strains the difference between
N and the actual force can be absorbed in the constitutive equation for
N. The main point is that with this definition of N the use of the Green
strain and initial length in the principle of virtual work (2.16) is an ezact
representation of the equilibrium equations. The use of engineering strain
is discussed in Exercise 2.2.

For a linear elastic bar, in which N is proportional to g, the constitutive
relation is

N = EAeg, (2.20)

where E is the modulus of elasticity and A is the cross-section area. The
internal forces q4, qp generated by the deformation of the element can then
be expressed in terms of the displacements ug and up by substitution of
(2.20) into (2.19):

1

1
qa = — FAeq % qg = FAceq X (2.21)
0 0

With the displacements uy and up available the displacement vector u is
evaluated from (2.9), the current vector x from (2.10), and ¢ from (2.14).
This enables the evaluation of the internal forces q4, qp in an iterative solu-
tion procedure. In order to find the corresponding displacement increment
the current stiffness is needed.

The formulae for strain and equilibrium derived so far have been expressed
in a compact form making use of the differences in position and displacement
between the two ends of the bar. This form is convenient for derivation and
discussion of the physical meaning of the formulae. However, in a finite
element formulation it is important to have a convenient matrix format, in
which all coordinates, displacements and forces appear in vector format. A
tilde is introduced to denote an extended vector, containing the vectors from
all element nodes. In this notation the extended position, displacement and
internal force vectors of the bar element are

X' = [xhxp], @' =[uhup], @ = [diqp] (2.22)
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for coordinates, displacements and forces, respectively. In terms of this
notation the formula (2.11) for the initial length of the element is

B =x{x0 =%} [ I _I} X0, (2.23)
-1 I
where I is the unit matrix corresponding to the dimension of the space,
typically 2 or 3.
By use of (2.8) and (2.9) the formula (2.14) for the Green strain is then
rewritten as

Ly - I -I|. 1_ I I
e¢ = 5 s(Fo+%)T [ —I I] u = ﬁxr{ﬂ [—I I} . (2.24)
0

The strain increment (2.15) takes the form
1+ T I
deq = % X [ r I} oa. (2.25)

The difference between the mean position X; /5 in £ and the current position
X in deg is clear.
The internal element forces (2.21) have the following simple matrix form:

(2.26)

=7 -1 1 |

N[ I —I]~_EAag[ I —I]~
lo ’

lo

where ¢ is evaluated from (2.24). Note that the strain and the internal
forces q are non-linear functions of the displacements 1.

2.3 Tangent stiffness matrix

The tangent stiffness matrix gives the changes in the internal forces q4 and
qp corresponding to infinitesimal changes in the displacements u4 and up.
It is conveniently found from differentiation of (2.21a):

dgg - —x N N
lo lo
x dN N
- _ (= 1 — 2.2
(5 Gu + L 0)dms —ua), (2:27)

where I is the unit matrix. It follows from (2.21) that

dqp = —dqa. (2.28)
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For a linear elastic bar with the constitutive relation (2.20), differentiation
gives

— =FA— = —/ — X . 2.29

du du ~ g XoTw) = (2.29)
When this expression is inserted into (2.27) and (2.28), the result can be
written in block matrix format as

[qu} _ <EA[ xxT XXT] N N[ I —I]) [duA]' (2.30)
dqp lg —xxI  xx' lp | -1 1 dup
Note that the format of the equations (2.27) implies the identity dqp =
—dqa and dqp = dqa = 0 for a rigid body translation dup = duy4.

The first matrix in (2.30) represents the constitutive stiffness due to mate-
rial deformation, while the second matrix is the initial stress stiffness, often
called geometric stiffness. The separation into these two parts can be illus-

trated by considering the representation of a vector N by its length N and
a unit vector e = N/N giving the direction, i.e.

N = Ne. (2.31)
The corresponding incremental form is
dN = dNe + N de. (2.32)

The increments are illustrated in Fig. 2.5 for the case where the length of
the vector e remains constant, i.e. de corresponds to a rotation of e. The
rotation term Nde corresponds to the initial stress term, while the change
of length dNe corresponds to the constitutive stiffness term.

N 4+ dN Nde
e+ de
edN

e

Fig. 2.5. Decomposition of increment into a rotation and a change of length.

In terms of the vector notation (2.22), the tangent stiffness relation (2.30)

takes the form
dq:@dﬁ:Kdﬁ (2.33)
e . .
The tangent stiffness matrix K consists of the following three contributions:

K=K, + K, + K, (2.34)
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with the linear stiffness matrix

EA T —( ...
Ko = —- [ TR0 ( )] ; (2.35)
Bl-(-) +(-)
the initial displacement stiffness matrix
K, = %[XOHT+UXOT+HUT _(...)}7 (2.36)
13 () ()
and the initial stress stiffness matrix
N I I
=] 1. o)

The compact products in terms of x and u can be computed by formulae
similar to (2.23), but direct computation will be more efficient. In the ref-
erence state the initial displacement is zero, and the initial displacement
stiffness matrix vanishes.

2.4 Use of shape functions

The bar element is so simple that the full description could be made entirely
by reference to the vector x connecting the end-points A and B. For most
other elements the notion of shape functions is needed. Shape functions
describe the displacement field in the element, usually in terms of a set of
local, or basic, coordinates. In order to illustrate the use of shape functions
in a simple case, the equilibrium equations already treated in Section 2.2
are re-derived.

The position vector r(&) of an arbitrary point of the bar AB is defined by
interpolation between the end-points x4 and xp. In the initial configuration

ro(§) = ha(§)xa, + hp(§)xa,. (2.38)
The shape functions are defined by
ha(§) = 3(1-¢), -1<g<l,
hp(§) = 3(1+¢), —-1<¢<l

The basic coordinate ¢ is traditionally normalized to the interval (—1,1).
The shape function representation (2.38) can also be written in matrix for-
mat:

(2.39)

ro(§) = [ha(§L, hp(§)I] Xo. (2.40)

In the displaced configuration the same relation holds, but with X replaced
by X = Xg + 1.
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The Green strain at a point defined by & is determined by using the
definition (2.6) on an infinitesimal vector with initial value dry(¢) and final
value dr(&):

B drldr — drOTdro

2.41
ec(§) 9 drg“ dro ( )
The infinitesimal vector drg is found by differentiation of (2.40) as
drg dha dhp -7 - 17 1113
_ ,71} = [-11, 1%, 2.42
df df df X0 [ 2 2 ] X0 ( )

The infinitesimal vector dr in the displaced configuration follows from a
similar formula with Xy replaced by X = Xp + u. From this the scalar
products in the strain definition (2.41) are found as

drf dro = }p‘coT[ j _i ] %ode? = 112 ag? (2.43)
and
drldr = 3(%o + )" [ _i ‘i ] (Ro + 1) d¢? = Li%ag. (2.44)

Substitution of these expressions into the strain definition (2.41) gives

_ 1 ~ 1~\T I _I ~ l ~T I _I ~
e = 2 (X0 + 51) [—I I]u -z X1 /2 [—I I}u. (2.45)
This is the formula previously established as (2.24). The strain increment

follows by differentiation as in (2.25):

1 I -1
deq = = X° 5. 2.46

¢ zgx[—l I}“ (2.46)
Thus, the strain and strain increment have been established on a pointwise
basis.

The equilibrium equations can now be established directly from the prin-
ciple of virtual work. In the present bar element the only external loads act
at the end-points, and therefore the principle of virtual work takes the form

lo _
oV = beg N ds — 6l f = 0. (2.47)
0
This identity is expressed in matrix form by substitution of the virtual strain
from (2.46). In the present case the integration is trivial. For more com-
plicated elements the volume integral must be evaluated by approximate
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numerical integration in terms of the basic variables (¢, ...).

sa’ (Z {_i _H % - f) =0. (2.48)

The variation du of the displacement vector is arbitrary, and thus the scalar
identity (2.48) gives the vector equilibrium equation

N I -1T)|. =

The tangent stiffness relation follows by considering increments in the equi-
librium equation (2.48). The procedure and results are the same as in Sec-
tion 2.3.

EXAMPLE 2.1. EQUILIBRIUM AND STIFFNESS OF TWO-ELEMENT TRUSS.
The equilibrium equations and the tangent stiffness of the two-element truss
shown in Fig. 2.6 are derived and used to describe a lateral bifurcation
instability and the associated displacement pattern (Pecknold et al., 1985).
The equations are used to illustrate special numerical solution techniques in
Chapter 8.

c
‘thl
a fa,u2
/
a
c
—

Fig. 2.6. Two-element truss supported by a lateral spring.

Figure 2.6 shows a truss consisting of two identical bar elements with stiff-
ness AE. The initial geometry is specified by the lengths a, b and ¢, where ¢
indicates the deviation from vertical, e.g. due to a geometric imperfection.
The initial length of the elements is denoted [y. Lateral support is provided
by a linear spring with stiffness k. This spring remains horizontal during
deformation. The load consists of a vertical force fi and a horizontal force
fo acting at the top of the truss. In the present example the general equi-
librium equations and tangent stiffness are derived. The specific results are
here limited to the ‘perfect’ structure, ¢ = 0 and fo = 0.
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In the present example the simplest way to obtain the equilibrium equa-
tions is by use of the potential energy

® = 2L0EAeq + $hus — faua,

where a repeated Greek subscript implies summation over the terms, i.e.
fata =Y, faua. By use of the stiffness AE and the initial length

lo = Va2 + 02+ ¢,
the following non-dimensional parameters are introduced:
a = afly, B = b/ly, v = ¢/lo,
Vo = uqa/lo, k = klg/EA, Pa = fo/EA.
In terms of these variables the strain eg is
eq = —vi(a— %vl) + vo(y + %Ug)
and the potential energy takes the form
b = loEA(EQG + %m)g — pava).

The equilibrium equations are now established in non-dimensional form from
the stationarity condition §® = 0 using the strain variation

—(Oé — Ul)

deq = —ovi(a—v1) + 0va(y +v2) = (1, 002) [ (7 + v2)
2

The resulting equilibrium equations are
—2eg(a —v1) = p1,
2eq(y+v2) + kv = po.

The tangent stiffness relation follows from the equilibrium equations by dif-

ferentiation as
dvy dpq
dvo dps |

The terms 2e¢ correspond to the initial stress stiffness. These are the two
sets of equations used in a non-linear analysis of the two-element truss.

A brief analysis of the ideal, symmetric system with v = 0 and py = 0
is now given. This analysis establishes the principal behavior of the system

2a—v)?+2¢  —2(a—uv)(y+ )
—2(y+v)(a—v1) 2(y+v2)?+2e¢+ K
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and typical load levels to be used in Chapter 8. For the ideal, symmetric
truss the transverse equilibrium equation is

(2eq + k) vy = 0.

This equation can be satisfied in two ways: vo = 0 or 26¢ + k = 0. The
first solution is symmetric, while the second is non-symmetric. The sym-
metric branch, vo = 0, corresponds to the introductory example presented
in Section 1.1. In the present notation the load is

p1 = [042 — (a— Ul)Q] (@ —v1) = 2020, — 3av? + v},

corresponding to (1.6). The maximum load on this branch is attained when
dp1/dvy =0, i.e. at
1 20
7) ) b1 = ——-
V3 3V3

The symmetric branch is shown as ABCD in Fig. 2.7. The point C of
maximum load is called a limit point.

U1 :a(l—

Fig. 2.7. Symmetric and non-symmetric branches for two-element truss.

The non-symmetric solution is only possible when the strain has reached
the value eg = —%/{. Initially this corresponds to vo = 0 and 2eg + Kk =
0. These combined conditions determine the bifurcation point B shown in
Fig. 2.7. At the bifurcation point

v = a — Va2 -k, p1 = KV a2 — k.

A comparison between the location of the bifurcation point and the limit
point leads to the following conclusions regarding the influence of the spring
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stiffness k:
0<kr< %oﬂ bifurcation point before limit point;
%az <Kk <a? bifurcation point after limit point;

o <k no bifurcation point.

For k < a? the non-symmetric branch satisfies the condition 2eg + & = 0.
Clearly the strain g remains constant, while the displacement components
describe a circle with the equation

(a—v1)? + v3 = o® — k.
On this branch the load is determined by
p1 = —2eqla—v1) = kla—uv1)

and thus the non-symmetric branches CD’ and C'D” form parts of a plane
ellipse, while D’ B’D" forms a semi-circle.

For a non-symmetric truss the bifurcation and limit loads of the equivalent
symmetric truss are never reached. However, for a nearly symmetric truss
the load—deformation curves are qualitatively similar to those of Fig. 2.7,
and thus the solution for the symmetric truss provides useful information
when investigating the non-symmetric situation.

2.5 Assembly of global stiffness and forces

So far the current internal force and the tangent stiffness have been deter-
mined for an individual bar element. A structure consists of an assembly of
elements, joined at nodes. In the case of bar elements the loads and sup-
ports are applied at the nodes. The displacement of the complete structure
is described completely in terms of the displacement vector u, at each node,
and similarly the resulting force at each node can be found by summation
of the contributions from all elements attached to that node. Thus, the dis-
placement at a node is shared among elements, while the resulting internal
force is accumulated by summation over the elements. In the case of truss
structures formed from bar elements this argument is simple and sufficient,
but for more general elements, e.g. for shells and solids, a more general ap-
proach is needed, as the elements are joined along curves and surfaces and
not just at the nodes. The current case of truss structures and bar elements
is therefore used to illustrate the general procedure using the principle of
virtual work. The use of the principle of virtual work also turns out to play
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a key role in the formulation of tangent stiffness relations for elements with
displacement fields described in terms of translations and rotations, such as
beams and shells.

Consider a truss structure formed by joining a number of bar elements
at a set of nodes. The principle of virtual work states that equilibrium
corresponds to vanishing difference between the internal and the external
virtual work. The internal virtual work is the sum of the contributions from
each element, and for truss structures, where the loads and supports are
applied at the nodes, the external virtual work is the work of the forces at
the nodes. Thus, the virtual work of the structure takes the form

V.= > [deNds— Y éulf, =0, (2.50)

elements nodes

where the virtual strain de in the elements is defined by (2.15) in terms of
the virtual displacements du at the element nodes. The incremental virtual
strains de can be expressed by a derivative of the total strain as

Oe 7 Oe
oe = : aunéu’”‘ = zd: 5un@, (2.51)

where the last form brings the displacement factor du’ to the front by
transposing and interchanging the order of the two factors in the scalar
product. The strain in each element only depends on the displacement
vector at the nodes of the element, and thus only these nodes participate in
the summation. The virtual work equation (2.50) can now be written as

V=3 5u§f( Yy /;lfTNds - fn> = 0. (2.52)

nodes elements

The integrals over the elements are identified as the internal element forces
qn at the particular node. In fact, it follows from differentiation of the strain
definition (2.13) that

0 1 0 1
i = [ L Nds = —N-x, QB:/gTNdSZNX (2.53)
l() 6uB lO

when the element vector x is oriented from A to B.

One equilibrium vector equation is recovered for each node from (2.52) by
considering one non-vanishing virtual displacement component at a time.
When it is realized that the integrals define the internal forces from the
individual elements at the appropriate node n, these equilibrium equations
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take the form

Y an=£f, n=1,. (2.54)
elements
Only the elements connected to the node n participate in the sum relating to
the equilibrium of that node. The equations (2.54) express equality between
the internal forces, generated within the elements of the structure, and the
external loads, applied at the nodes.

In the solution process the relation between an infinitesimal change in the
loads and the corresponding change in the displacements is needed. This
so-called tangent stiffness relation is obtained by considering the difference
between two neighboring states of equilibrium. In each state of equilibrium
the virtual work vanishes, and thus the same applies to the increment of the
virtual work, symbolically written as

d(6V) = lim (6V5 — 6V4). (2.55)

The virtual work dV is linear in du and can be considered as a first variation
of a functional V. In this terminology d(0V") is the second variation.

In the virtual work equation the displacement variation du is subject to
choice, and if the same displacement variations are selected for both of the
neighboring states, the second variation (2.55) takes the form

d6v) = 3 ul ( 3 dan - dfn) ~ 0. (2.56)
nodes elements
As before, this relation can be converted into a vector equation for each of
the nodes:
Y dan =df,, n=1,..., (2.57)
elements
this time for the increments of the internal element forces dq, and the
external loads increment df. For each element the increment of the internal
forces q and the displacement increments 1 of the element nodes are related
by the element tangent stiffness matrix,

0q ~
dq = —=du = Kdu, 2.58

q= 5 (2.58)

where the notation K is introduced to denote the element tangent stiffness

matrix. When this expression is substituted into the incremental equilibrium

equation (2.57), it takes the symbolic form

3 f{) du = df (2.59)

elements
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in which the vectors du and df contain the components from all the nodes of
the structure. The symbolic summation over the elements defines the global
tangent stiffness matrix
K= ) K (2.60)
elements
The assembly procedure for the global tangent stiffness matrix K and for
the total internal forces q is illustrated in the following example.

EXAMPLE 2.2. ELEMENT FORMULATION OF TWO-ELEMENT TRUSS. In
Example 2.1 the equilibrium equations and the tangent stiffness of the two-
element truss shown in Fig. 2.6 were derived directly from the elastic energy.
This example shows how the current internal forces and the incremental
equilibrium equations of the truss are obtained by assembling the element
contributions.

The left support is denoted A, the top node B, and the right support C.
The truss then consists of the two elements AB and BC, connected at the
node B. The displacement and internal element force vectors of the element

AB are

= [uzaug]v flT = [qqug]a

while for the element BC' they are

T ..T ~T

i’ = [quuC]v qQ = [qg,qg]-

The current internal element forces are given by (2.26),

. N I -I]|._

9= 7 [ 1 I} *
with the normal force N = FAeq, and the strain eg given by (2.24). The
vector X describes the current position of the element nodes. At each node
the total internal force is the sum of the contributions from all elements
connected to that node. In the present example this can be expressed as

qA qA
aqs | = | 4B + | aB

The assembly of element forces consists of arranging each element force

vector q in the global numbering scheme, and then adding the contributions.
The element tangent stiffness matrix is given by (2.30) as

- EA[ xx! —XXT] N[ I —I]

—xx! xx! I I I
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where x is the vector describing the current position of the element. The
element stiffness matrices must be assembled such that the displacement
vector at a shared node is common, while the element forces at that node
are added. This is accomplished by the format

Kap duy dqa
dug|| = ||das
Kpe duc dqc

The assembly of the tangent stiffness matrix consists of appropriate posi-
tioning of the element stiffness matrices within the global stiffness matrix
format and then adding all the element contributions to form the global
stiffness matrix.

In the present example the two element stiffness matrices simply overlap
with one quarter. In general an element AB is connected to nodes with
global numbers ¢ and j. The element stiffness matrix is then divided into

four sub-matrices
K — kaa | kan ‘
kpa | kg

The contribution from this element to the global tangent stiffness matrix
can then be written as

|kAA| |kAB| RO
K = . .

|kBA| |kBB| R

L : ; i

It is seen that the key to the assembly of the stiffness matrix is the identifi-
cation of the element node numbers within the global stiffness matrix.

In the finite element method the element properties are evaluated and
assembled for all nodes, and the boundary conditions are introduced subse-
quently in the global stiffness matrix and load vector. In the two-bar truss
the nodes A and C are fully restrained, i.e. uy = 0 and ug = 0. This
implies that the corresponding internal forces q4 and q¢ are unknown and
have the character of reactions. The fact that uy = 0 eliminates all con-
tributions from the first block column of the matrix equation. Similarly,
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uc = 0 eliminates all contributions from the last block column. The first
and last block rows are not proper equations, as q4 and q¢ are unknown.
This leaves only the central block of the equation system. In the sub-matrix
notation the final equations are

(kgl;) + kfff) ) dug = dqg.

It may be shown that these equations are identical to those of Example 2.1,
see Exercise 2.4.

2.6 Total or updated Lagrangian formulation

Finite element formulations that make use of representations of the motion
of the material points are called Lagrangian or material. This type of for-
mulation is often used for structures and solids, and is indeed the one used
here for truss structures. The alternative formulation, using a representation
of the motion of material through a fixed part of space, is called Eulerian
or spatial. The Eulerian approach is typically used in fluid mechanics. In
recent years mixed Lagrangian—Eulerian methods have been developed, e.g.
for modeling very large deformations of solids (Belytschko et al., 2000). The
present formulation makes use of an initial configuration x¢ and displace-
ments u from this configuration. In practice, the solution often involves a
number of load steps fi,...,f,,... and the load step from f,_; to f,, may
then be formulated in two ways. In the total Lagrangian formulation the
initial configuration xq is retained as reference during the whole load his-
tory, and the total displacements u,, are used as illustrated in Fig. 2.8. This
calls for use of the full tangent stiffness matrix (2.34), including the initial
displacement stiffness matrix (2.36), during all stages of the computation.

x{;\ + 11,‘?
Au?

Fig. 2.8. Total Lagrangian formulation.
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ALGORITHM 2.1. Total Lagrangian formulation.

Load steps n=1,2,..., nmax
fn — In—-1 +Afn
U, = Up—1
K,-1 = Ko(xo) + Ku(x0,up—1) + Ko (€r-1)
Iterations i =1,2,...,%max
14, _ I -I]|.
6’rL = % E(XO +xn)T [—I I‘| un
EA I -I|.
" f” - clcmzcntsf o -1 I‘| o
5un = (Kn—l)ilr"
u, = u, +ou,
Xn, = X+ u,

Stop iteration when ||r,|| < € ||f,]]
End of load step

The main points of the total Lagrangian formulation are indicated in Al-
gorithm 2.1 using a modified Newton-Raphson method. The formulae in
the table are only indications of the main ideas, and no distinction is made
between global and element parameters. Each load step starts with incre-
menting the load, initializing the displacement u?L from the last equilibrium
state, and evaluating and factoring the tangent stiffness matrix K,_; at
state n — 1. This tangent stiffness matrix is retained during the iterations
according to the modified Newton—Raphson method. In each iteration the
residual force r?, is evaluated as the difference between the external and the
internal forces, and the displacement iteration increment duf, is computed
by use of the factored tangent stiffness matrix. Then the total displacement
u!, is updated. The final evaluation of x?, is just a computational conve-
nience and does not change the original reference state xg. As previously
noted the iteration index ¢ does not appear explicitly in the algorithm, as
new values overwrite the previous value.

In the updated Lagrangian formulation each load step ends with the defi-
nition of an updated configuration x,, = x,,_1+Au,, as illustrated in Fig. 2.9
and Algorithm 2.2. Thus, the first evaluation of the tangent stiffness matrix
in each load step does not contain any initial displacement contribution. In
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ALGORITHM 2.2. Updated Lagrangian formulation.

Load steps n=1,2,..., Nmax
fn =, 1+ Afn
Au, = 0
anl = KO(anl) + KU(5n71)
Tterations ¢ =1,2,...,%max
1. N I -1, .
Ae, = E 5(Xn_1 +%,)T [—I I Aq,
En = En-1-+ A5n
EA I —-I]|.
n - fn - 7 ¢n n
' elenzle;nti ZO ) -1 1 ] :

ou, = (K,_1) 'r,
Au, = Au, +du,
X, = Xp—1-+ Au,
Stop iteration when |r,|| < € ||f,]]
End of load step

each iteration the residual force rf is evaluated and the displacement it-
eration increment du’, is computed by use of the factored tangent stiffness
matrix as in the total Lagrangian formulation. The difference appears in the
updates. In the updated Lagrangian formulation du’, is used to update the
displacement Au’, from the last equilibrium state, and the strain increment
A&l also is relative to state n — 1.

The change of reference configuration in a Lagrangian formulation requires
some care, because the strain definition (2.6) and the internal force definition

B B
A A anl + Aun
xnfl + Aun

Au?
Auy x5y
Xf- 1
/ Xy
/
x{

Fig. 2.9. Updated Lagrangian formulation.
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(2.19) make use of a reference length from this state. If the current length
ln—o was used as reference length in load step n — 1, the actual normal force
in the bar at the end of load step n — 1 is Ny,—1 l,,—1/l—2. In the following
load step the new reference length would be [,,_1 and N should therefore
be multiplied by the factor [,,_1/l,,—2 when initiating load step n. For small
strains this correction factor is without importance, and it is usually omitted.
In Algorithm 2.2 the reference length [y has been used throughout, whereby
the updated method is just a reformulation of the total method. Differences
arising in the total and updated Lagrangian formulations due to the use of
different reference lengths are discussed by Yang and Leu (1991).

2.7 Summing up the principles

The results obtained in this chapter for bar elements are particularly simple
because the deformation is one-dimensional and homogeneously distributed
within each bar element. However, the results are of general nature, and
it is therefore worthwhile to restate the principal results in general terms,
applicable also to other geometrically non-linear elements. The discussion
makes use of the current coordinate vector x, the displacement vector u and
the load vector f, and no explicit distinction is made between the element
and the global level.

The basic relation (2.50) is a statement of equilibrium formulated in terms
of virtual work in the form

8V = /55N ds — sulf = 0, (2.61)

where the integral covers all elements, and the vectors u and f include all
nodal displacements and the corresponding loads. The state of the structure
is expressed in terms of the current geometry described by x and u, the
internal state of stress described by the normal force N in each element,
and the external load f. de is the virtual strain corresponding to the virtual
nodal displacements du, i.e. J¢ is the strain increment corresponding to a
virtual change of the nodal positions from x to x + du. The increments
d¢ and du are considered as virtual — i.e. corresponding to a hypothetical
change of displacement of the structure. Thus, they do not change the actual
state of the structure, and the internal stresses and external loads remain
unchanged.

In the statement (2.61) of the virtual work principle the strain e was delib-
erately stated without reference to the particular choice of strain measure.
The important point is that the strain measure must be independent of any
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rigid body displacement. For the bar this will be the case for any strain
measures based only on the length of the bar. In Section 2.1 three different
strain measures were introduced, all meeting this requirement: the engi-
neering strain g, the Green strain ¢, and the logarithmic strain 7. When
formulated in two- or three-dimensional space, all of these strain measures
are non-linear functions of the displacements. Indeed, any strain measure
that is invariant to (large) rotations must be a non-linear function of the
displacements. Also, the curve length parameter s was left unspecified in
(2.61). The choice of curve parameter depends on the choice of strain. For
engineering and Green strain the initial curve length sg is used, while log-
arithmic strain corresponds to the use of current curve length s. Similar
considerations hold for the internal force N, the interpretation of which also
depends on the chosen strain measure.
The strain increment is found by differentiation of the total strain e,

Oe 7 Oe
de = P du = du Pl (2.62)

For bars with Green strain this relation corresponds to (2.46). For a non-
linear strain definition the derivative de/0x depends on the current geometry
x. In the virtual work equation the internal work is the product of the
stresses and strains, and thus the stress measure depends on the selected
strain measure, or conversely. This relation is explored further in relation
to rotations in Chapters 3 and 4 and in relation to solids in Chapter 6.
When the virtual strain de in the principle of virtual work is expressed in
terms of the virtual nodal displacements du, the statement of equilibrium
takes the form
ul ( aa—EN ds — f) — 0. (2.63)
—_—

internal force

The components of the virtual displacement vector du can be associated
with arbitrary values, and therefore the internal and external force vectors
inside the parentheses must be equal. Thus, the scalar equation (2.63) is
equivalent to the system of equilibrium equations

/N ds = f (2.64)

corresponding to (2.54). These equilibrium equations only involve the cur-
rent state of the structure, with de/0u’ appearing as a weight function on
the internal state of stress .

In non-linear analysis the equilibrium equations derived from virtual work
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are used to check equilibrium and to evaluate the corresponding residual,
which is an expression for the unbalanced loads. When equilibrium has
not been attained, it is necessary to consider a change of an equilibrium
configuration x, N with load f to a neighboring equilibrium configuration x+
du, N+dN with load f+df. In contrast to the virtual increments considered
above, the increments du, dN and df correspond to actual changes, and thus
the corresponding changes in the state of deformation de lead to changes dN
in the internal state of stress.

Equilibrium in the new state is expressed in terms of the principle of
virtual work. The change in virtual work from the original equilibrium state
to the neighboring state is found by differentiation of 6V, and when the
virtual displacements du are kept constant, the resulting second variation is
found to be

d(8V) = / ( 6edN + d(6e)N )ds — su”df = 0. (2.65)
—— ——
constitutive geometry
change change

Note that the load term has been obtained from d(du’f) = ju”?df, because
there is no change of the virtual nodal displacement, i.e. d(du) = 0. It is
intuitively clear that the same virtual translation du can be used for both
neighboring configurations. However, when the nodal displacements also
contain finite rotations ¢, as in the case of beams and shells, independence
can no longer be assumed, and d(d¢) # 0. This problem and its solution
are considered in detail in Chapter 3 dealing with finite rotations.

The first part of the integrand in (2.65) contains the effect of the change
of the internal state of stress dIN. The change of the state of stress is due to
the change in the state of strain de, and the constitutive relation will usually
provide the incremental stiffness factor in the relation

dN
dN = — de. 2.
A e (2.66)

In the case of linear elasticity the stiffness of the bar is dN/de = AE, but
non-linear elasticity or plasticity could also provide the incremental stiffness
needed in this format.

The second part of the integrand represents the effect of the change of
geometry on the equilibrium of the internal state of stress. The normal force
in the bar changes direction due to the incremental displacement du. Note
that this effect is not related to deformation as such, but is a consequence
of the rotation of the internal stress state. The virtual strain increment de
is given by (2.15). In a geometrically non-linear theory the virtual strain
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increment d¢ depends on the current geometry, and thus the factor de/du
will generally be a function of the current node positions x. The incremental
change is found by differentiation,

0 (0e 0%
a(d2) = —— (5= ou)du = su” du. 2.67
(%) au\ou )M Y oaTou M (2:67)
Note that also here it is used that the virtual displacement du remains
unaffected by the change of state d( ).

When (2.66) and (2.67) are substituted into the increment of the virtual

work as given by (2.65), the following form is obtained:

dN T 0% T
A8V = / ((isdeda + 6u (N M)m) ds — su” df = 0. (2.68)
The first term can be expressed in terms of the nodal displacement incre-
ments by use of (2.62) for de and the similar formula for de, whereby

. AT Jde A a..Ta.. — =
o {[/ <8UT &= ou © NauT8u)dS] du df} 0. (2.69)

The variation du is arbitrary, and thus the scalar equation (2.69) is equiva-
lent to the incremental stiffness relation

Os dN Oe 0%

The square brackets contain the tangent stiffness K. It is seen that the con-
stitutive contribution to the tangent stiffness depends on the first derivatives
of the strain with respect to the coordinates, while the initial stress contribu-
tion depends on the second derivative. Thus, the geometric effect of rotating
the internal stress state can only be represented by use of a non-linear strain
measure, and this non-linearity leads to state-dependent factors in the con-
stitutive term. Note that the form of the incremental stiffness in (2.70)
leads to a symmetric matrix — also for non-linear material behavior. In the
general continuum theory with more than one strain component at a point,
symmetry depends on the symmetry properties of the constitutive matrix.
This is dealt with in Chapter 7 on plasticity.

For the elastic bar element the tangent stiffness relation was given in
(2.30). The first and second derivatives of the axial Green strain follow
from the incremental strain relation (2.25), and it is easily verified that
(2.30) follows as a special case of (2.70).

In the special case of an elastic material, there exists a strain energy
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density function, which is an expression for the accumulated internal work,

p(e) = /;Nde. (2.71)

It follows from this definition that the internal stress N is the derivative of
the strain energy density,

dep(e)
de

For elastic bodies the virtual work can be considered as the first variation

N =

(2.72)

of a potential energy function. Thus, the potential energy corresponding to
(2.61) is

®(u) = /(p(s) ds —ul'f = 0. (2.73)

The first variation of the potential energy gives the equilibrium equations
in the form

d
50(u) = /&sd“’ ds — sulf = 0. (2.74)
€
The incremental stiffness relation follows by differentiation as above, leading
to the equations

Os d%p Oe dp 0%
[ / (ur ez 3w * ac 3uT3u>d8] du = dt. (2.75)

This form of the incremental stiffness equations is symmetric, even for the

general case of multi-dimensional stresses due to the existence of an energy
potential ¢(¢).

The results of this chapter can be generalized in two directions: by intro-
ducing rotations at the nodes in addition to the translation displacements,
leading to beams and shells, and by extending the notion of strain to two or
three dimensions, leading to continuum models for solids. The first route is
followed in Chapters 3-5 dealing with finite rotations and beam elements.
The second is taken up in Chapter 6 on the non-linear relations of solid
mechanics and the following chapter on plasticity models for solids.

2.8 Exercises

Exercise 2.1 Consider the bar element AB in Fig. 2.9. In the initial state
the end-points have the coordinates X64 and XOB . In the state n — 1 the
coordinates are x4 | and x2 . In the following state n the coordinates are
x7 =x2 |+ Auf and xB = xB | + Aub.

n =
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(a) Derive the mean position formula for the increment in Green strain used
in the updated Lagrangian formulation in Algorithm 2.2:

1 T
Ae, = €, —€p_1 = 5(Xn—1+X,)" Auy,.

oT:\ =

Note that the common reference length is Ij.

Exercise 2.2 The virtual work equation (2.16) was used to find the pre-

cise definition of the internal force N corresponding to a given strain mea-

sure.

(a) Find deg corresponding to the engineering strain eg = (I — ly)/lp, i.e.
the formula similar to (2.15).

(b) Use the variation dep and the initial length lp in the integral of the
virtual work equation (2.16) to find f4 and fp.

(c) What is the physical meaning of the internal force N, when used to-
gether with engineering strain.

Exercise 2.3 The general framework of geometrically non-linear bar el-
ements outlined in Section 2.7 does not depend on the particular strain
measure used in the theory.

(a) Use the results of Section 2.6 to establish the equilibrium equations of
the current state (2.64) and the incremental stiffness relation (2.70) in
explicit matrix form, when formulated in terms of engineering strain e g.

(b) Obtain the explicit matrix expressions when the theory is formulated
in logarithmic strain €7, (using current length measures ds and 1).

Exercise 2.4 Example 2.2 describes the assembly of the total internal
forces and the global tangent stiffness matrix with specific reference to the
two-bar truss treated in Example 2.1. In the notation introduced in Exam-
ple 2.1 the current coordinates of the three nodes of the truss are

A = (0,0,-b), B = (—c+ui,uz,u3), C = (0,0,b).

Consider the symmetric case, in which ug = 0. The following computations
can then be based on the element AB alone.

(a) Find the total strain ¢ and the strain increment de in the element AB.

(b) Form the current position vector x for the element AB, and find the
internal element forces q4 and qp in terms of .

(c) Determine the tangent stiffness matrix of the element AB, and find the
part of the global tangent stiffness matrix that enters into the equilib-
rium equations after elimination of the support conditions.

(d) Explain how the spring shown in Fig. 2.6 enters into the stiffness matrix.
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Exercise 2.5*% Set up a finite element model of the two-bar truss shown
in Fig. 2.6. Subroutines from FemFiles can be used. The model has 2
bar elements, connecting 3 nodes, of which 2 are fully constrained. The
horizontal linear spring is represented by a direct entry of the spring stiffness
in the corresponding diagonal term.

(a) Write a data script file truss01 for a non-linear finite element analysis of
the truss structure. The file must define the following data arrays:
- X = [x,y,z;...], containing node coordinates;
- T = [n1,n2,matl;...], for topology and material identification;
- D = [AE;.. ], defining material property table;
- F = [n1,Fx,Fy,Fz;.. ], defining the load increment vector;
C = [n1,dof,u0;. . .], defining the boundary constraints.
In addition, the file must provide some algorithmic parameters: number

of load steps n_max, max number of iterations i_max, and tolerance of
force residual unbalance TOL.

(b) Write subroutines kbar(K,T,X,D,u) and gbar(g,T,X,D,u) for the global
tangent stiffness matrix and global internal force vector, respectively.

(c) Write a Newton-Raphson driver routine nrtruss that calls the data
script file truss01 and makes use of the functions kbar(K,T,X,D,u) and
gbar(g, T,X,D,u).

(d) Use truss01 and nrtruss to study the equilibrium path of the truss from
Fig. 2.6 for ideal symmetry and for a small inclination of the truss with
vertical. Illustrate the results with plots of the displacement compo-
nents u1, us and the load fi.

Exercise 2.6* The shallow dome shown in Fig. 8.10 is made of elastic bars.
The dimensions of the dome are specified by the reference length b; = 1.0
and by = 2.0by, hy = 0.25b7 and hy = 1.3h;. The dome is loaded by a
concentrated downward force —f at nodes 3 and 4 and an upward force f
at nodes 6 and 7.

(a) Write a data script file dome01 for non-linear finite element analysis of
the dome. The maximum load may be estimated around f/EA ~ 1073,
corresponding to downward displacement of node 3 around w3 /by ~ 0.1.
The file must define the structure by the arrays listed in question (a)
of Exercise 2.5. In addition, it should give data for a f—w plot.

(b) Write a Newton—-Raphson driver routine nrtruss that calls the data
script file dome01 and makes use of the functions kbar(K,T,X,D,u) and
gbar(g,T,X,D,u) from Exercise 2.5 for the global tangent stiffness matrix
and global internal force vector.
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(¢) Use dome01 and nrtruss to calculate the deformation of the dome and
make load—displacement plots for nodes 3 and 6.

(d) Is the displacement field anti-symmetric? Can the full load—displacement
path be traced using the Newton—Raphson method with a set of vertical
springs?



3

Finite rotations

Beams and shells can be considered as three-dimensional solids, in which two
or one of the dimensions are small compared to the remaining dimensions.
This has given rise to beam and shell models in which the representation
of the transverse displacement components is simplified. These models are
formulated in terms of the translation and rotation of a reference curve or
surface in the case of beams and shells, respectively. As it will appear,
there are fundamental differences between the representation of translations
and rotations. It is important to account for the special characteristics of
rotations in the formulation and analysis of kinematically non-linear theories
for beams and shells, and this chapter provides a concise presentation of the
special properties of rotations needed for the development of general non-
linear beam and shell theories. A detailed discussion of rotations and their
various representations has been given by Argyris (1982) and by Géradin
and Cardona (2001).

The translation of a point is described by a vector u, and the result of a
sequence of translations Auj, Auo,... is simply the sum of the individual
translation vectors. The result is independent of the order of the individual
terms. Finite rotations cannot be described in this simple manner, as may
be seen by considering two rotations of 90° about orthogonal axes, and
comparing the result with that of the same rotations taken in the opposite
order (Goldstein, 1980). The top sequence of Fig. 3.1 shows a box which
is first rotated 90° around the xi-axis and then —90° around the zs-axis.
This leaves the box standing on its end. The bottom sequence shows the
box when rotated in the opposite order, first —90° around the zs-axis and
then 90° around the x;-axis. This leaves the box lying on its side. The two
results are distinctly different, and there is a clear need for a representation
of rotations that reflects their non-commuting character.

The basic representation of finite rotations is considered in Sections 3.1

47
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Fig. 3.1. Rotation of box around x:- and xs-axes.

and 3.2. It is demonstrated that finite rotations can be expressed in the
form of a rotation tensor, the components of which form a 3 x 3 matrix.
The components of the rotation tensor can be expressed in terms of a unit
vector, defining the direction of the rotation axis, and the angle of rotation.
This indicates that a rotation can be described in a vector-like format ¢ in
which the direction of the vector defines the rotation axis, while the length
of the vector defines the magnitude of the rotation. In structural models it is
convenient to represent the rotations in this three-component pseudo-vector
format.

In structural theories involving rotations, small rotation increments occur
in two contexts: as a virtual rotation d¢ used in the principle of virtual
work 0V, and as a change of rotation between neighboring points dey/ds,
expressing curvature or deformation of the structure. The role of rotation
increments in the principle of virtual work is dealt with in Section 3.3. In
particular, the comparison of virtual work in neighboring states of equi-
librium, required to establish the tangent stiffness, leads to the important
result that the virtual rotation d¢ cannot be considered identical in the two
states, and therefore an extra term appears in the tangent stiffness relation.
The second role, in which the derivatives dy/ds are needed, is discussed in
Section 3.4.

In kinematically non-linear structural models rotations need repeatedly to
be updated from computed rotation increments. It is therefore of interest to
find the most efficient way to combine two rotations. This is accomplished by
an extended pseudo-vector representation of the rotations, called quaternion
parameters. The quaternion parameter representation of rotations and the
associated product rule that adds the corresponding rotations are derived
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in Section 3.5 from concepts of vector analysis. Finally, Section 3.6 gives a
simple geometric derivation of a slightly different pseudo-vector representa-
tion of rotations, and a direct transformation of this vector to quaternion
parameters.

3.1 The rotation tensor

The basic properties of finite rotations are important for the development of
kinematically non-linear theories of beams and shells, where the rotation is
used as an independent representation of displacement. Let ag be a vector
that is rotated into the position a as shown in Fig. 3.2(a). This can be
described by a relation of the form

a = Ray, (3.1)

where R is the rotation tensor. In this chapter it is convenient to use
the notation of matrix analysis. A vector is represented by its Cartesian
components in column format. This implies that the scalar product of two
vectors is written as a’ b and the exterior product as ab” .

(a) (b)

Fig. 3.2. Rotation of vector ag by the angle ¢ around the direction n.

The components of the rotation tensor constitute a 3 x 3 matrix. However,
it is seen from the figure that a rotation can be specified by a direction n and
an angle of rotation . It is therefore clear that not all the components of the
rotation tensor R are independent. The relations between the components
are found by using the fact that the length of any vector as well as the
mutual orientation of any two vectors must be conserved by the rotation.
Let apg and bg be two vectors. They are now rotated by the common rotation
tensor R into the new vectors a and b. The scalar product of the vectors is



50 Finite rotations
left unchanged by the rotation, and therefore

a’b = al RTRby = al Iby = al'by, (3.2)
where I is the unit tensor. Thus R must satisfy the relations

RTR = RRT =1, det(R) = +1. (3.3)

The condition of positive determinant ensures that a right-hand vector triple
retains its right-hand orientation after the rotation. These relations impose
six constraints on the components of the tensor R, thus leaving three inde-
pendent components to specify the magnitude and direction of the rotation.
The relations (3.3) define the rotation tensor R as a proper orthogonal ten-
SOT.

Figure 3.2(a) shows the rotation of a vector ag by the angle ¢ around
the direction n into the new position a. The rotation parameters may be
combined into the pseudo-vector

¢ = ¢n, (3.4)

often called the rotation vector. The corresponding rotation tensor can
be obtained directly in terms of n and ¢ by the following geometric ar-
gument, illustrated in Fig. 3.2. First the original vector is decomposed
mto its projection on the rotation ax1s OC =n (nTaO) and the remainder
CAO = [ag — n(nTay)]. The vector CAO is rotated by the angle ¢ in the
plane 01rthogon.aul> to n. H%by the component CTA>0 in ﬁ(}% initial direction
is reduced to CB = cos ¢ C'Ap, while a new component BA = sin ¢ (n x ag)
is generated, using the vector product denoted by x. This gives the rotated
vector in the form

a = n(nTag) + cosp[ag —n(nTag)] + siny (n x ag), (3.5)

i.e. in terms of the vectors ay and n, and trigonometric functions of the
angle ¢. This relation is often termed Rodrigues’ formula, although it was
in fact derived earlier by Euler, see e.g. Cheng and Gupta (1989).

The vector ag can be extracted as a factor by introducing the notation

n x ag = nay, (3.6)

where n is a skew-symmetric two-dimensional tensor with the component
matrix

0 —ns Up)
(fl)ij = —E&ijkNEk = ng 0 —-m (3.7)
) ny 0

The skew-symmetric component matrix is also indicated in compact form
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by use of the summation convention and the permutation symbol €;;,. The
summation convention implies that a subscript that appears with the same
symbol twice corresponds to a summation, and thus (3.7) is a sum of three
terms corresponding to k = 1,2, 3, respectively. The permutation symbol
€ijk equals +1 or —1 when ijk is an even or an odd permutation of the
numbers 1, 2,3, and equals zero if any index value occurs more than once.
With the vector product notation, the rotated vector can be expressed as

a = [coscpI—i—sin(pﬁ—i— (1—cosgo)nnT]ao. (3.8)

In this expression the rotation tensor corresponds to the terms in the square
brackets, and thus

R = cospl 4 sinpn + (1 —cosp)nn’. (3.9)

The component form can be written using Kronecker’s delta d;; for the unit
matrix and the permutation symbol &y,

Rij = cospdyj — sinpegpng + (1 — cosp) nin;. (3.10)

It is noted that the first and last terms are symmetric, while the middle
term is skew-symmetric.

In the relations (3.8) and (3.9) the rotation tensor is expressed in terms
of the direction n and the angle of rotation . For a given rotation tensor
the rotation angle and the direction can be extracted in the following way.
Properties in vector and tensor analysis that do not change if the coordinate
system is changed are called scalars or invariants. It is known from tensor
analysis that the trace of a tensor, defined as the sum of the diagonal terms,
is invariant, see e.g. Malvern (1969) or Holzapfel (2000). It is clear from
the definition of the angle of rotation ¢ that it is independent of any choice
of coordinate system, while the components [ni,ng,ns] of the direction of
the rotation axis refer to the chosen coordinate system. It is therefore to be
expected that the angle of rotation can be extracted from the trace of the
rotation tensor. This is confirmed by direct calculation from (3.10), whereby
the trace of the rotation tensor is

tr(R) = Ry = 1 + 2cosp. (3.11)

Once the rotation angle has been obtained from (3.11), the direction com-
ponents can be extracted from the skew-symmetric part of R;;, giving the
second term in (3.10). The principles used to extract the rotation angle
¢ and the components [n1,ng,ns] of the axis of rotation constitute a sim-
ple example of the use of invariance and symmetry. In Section 3.5 similar
principles are used to derive a compact addition formula for rotations.
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EXAMPLE 3.1. SOME SIMPLE ROTATIONS. For given direction n and
rotation angle ¢ the components of the rotation tensor R follow from (3.10).
The rotation in Fig. 3.1 around the x;-axis is given by

- 1 1 0 0
®1 ™
° Ri=|00 —-1],
n; = [1,0,07 01 0

while the negative rotation around the z9-axis is given by

1 [0 0 —1 ]
Y2 = ™

2 Ry—= |0 1 0
n, = [0,1,07 1.0 0

The rotation tensor Rqo corresponding to first rotating by Ry and then
rotating by Re, as illustrated in the top sequence of Fig. 3.1, follows from
the product rule (3.1) as

0 -1 0
Ris = Ro Ry = 0o 0 -1 {.
1 0 0
It is noted that the first rotation appears to the right in the product.
The angle 12 of the combined rotation is found from the trace of the
combined rotation tensor by (3.11),

tr(Ry2) = 1 + 2cos(p12) = 0 = Y12 = :t%ﬂ‘.

The different signs correspond to opposite choices of the positive direction
of the axis of rotation. Here the positive angle @19 = %7[' is chosen. The di-
rection vector njo of the rotation axis is extracted from the skew-symmetric
part of the rotation tensor Rqg, given by (3.9):

1 T 1 0 -1 -1
A= — (Rp—R ) —— |1 0 -1/,
" QSln%DlZ( e V311 1 o0

where it has been used that sin 12 = @ This identifies the direction vector

of the rotation axis of the combined rotation as

When the order of the rotations is changed, as illustrated in the bottom
sequence of Fig. 3.1, the rotation tensor components are

0o 0 -1
R21 = R1 RQ = -1 0 0 .
0 1 0
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The rotation angle and the direction of the rotation axis are extracted by
the process described above, yielding

P = 2m, ny = %[17—17—1]?

3.2 Rotation of a vector into a specified direction

The rotation tensor R has been expressed above in terms of the direction
vector n of the rotation axis and the magnitude ¢ of the rotation. In ap-
plications the rotation may be specified as a rotation of a unit vector eg
into a unit vector e; with rotation axis normal to the plane containing the
two vectors, as illustrated in Fig. 3.3. This is the smallest rotation that
accomplishes the mapping of ey on e;. In this case the rotation tensor can
be expressed directly in terms of the two unit vectors ey and e;.

€1

€
Fig. 3.3. Rotation of unit vector e into specified direction e;.

First, the rotation tensor (3.9) is written in the form
R =1+singn — (1 —cose)(I — nn') (3.12)

and the two last terms are then expressed in terms of the vectors ey and e;.
The second term is rewritten by introducing the rotation axis via the vector
product, n = egx ej/siny. This gives, by the well-known double vector
product formula,

sinpna = sinp(nxa) = (e xep)xa
- . . . (3.13)
= ei(efa) —eg(efa) = (el —epel)a.

In the last term of (3.12) the tensor (I — nn”) represents a projection on
a plane normal to the direction n of the rotation axis. This plane contains
the two vectors ey and e;. They can be combined into the two orthogonal
vectors eg+e; and eg—e;. When these vectors are normalized the projection
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operator can be expressed as the sum of the projection on each of these
vectors,

_an? — (eo+e1)(eo+e)T  (eg—ei)(eg—er)T
! a (eo + el)T(eO +e1) + (eg — el)T(eo — el). (3.14)

Note the exterior vector products as numerators, and the scalar products
as denominators. It is now used that ey and e; are unit vectors, and that
cos ¢ = el 'e1, whereby |eg £ e1]? = 2(1 £ cos ¢). The rotation tensor (3.12)
can then be expressed in the form

(eo +e1)(ep + el)T
leg + e1]?

R=1+2eel —2 (3.15)

This constitutes the expression for the rotation tensor directly in terms of

the two unit vectors ey and e;. It is easily verified that e = Reg, as
required.
n
, ©p . €3
€3 ey ef
e e el
€5 1 . 2
e5 7 €1
v €3
()
/ el e(

(a) (b)

Fig. 3.4. Unit vectors e/ at node and ef in element. (a) Beam, (b) shell.

In the formulation of geometrically non-linear theories for beams, plates
and shells, the nodes may be associated with a unit vector triple e} =
[e], ey, eh] as shown in Fig. 3.4. In the co-rotational formulation, discussed
in Chapter 5, it is of interest to know the rotation of the vector triple ey
relative to a coordinate system e} moving with the element. This involves
rotating the triple €7 such that one of the vectors, e.g. ef, is brought into a
direction e, defined by the element-based coordinate system. The rotation
is defined as a rotation of the vector e} into the new vector ef about an axis
orthogonal to the plane of these two vectors, i.e. by the smallest rotation
of the vector e} into ef. Thus, the vector triple is rotated into the new
unit vector triple ej = [e], €5, €5]. The two rotated vectors e§ and e follow
directly from the rotation formula (3.15). The two initial vectors e and
e} are orthogonal to the vector e, and therefore the second term in (3.15)
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does not contribute. Thus, the transformation formula for the original base

vectors e} can be written in the simple symmetric form

n e
e; +ej

= (I-2eel)e” _—
( ) fef +ef

" j=23 with &= (3.16)

e
It is seen that the transformation of the two vectors e is described com-
pletely by the unit vector e. This transformation corresponds to a reflection
in a plane normal to the unit vector €, see Exercise 3.2. This type of trans-
formation is used in numerical analysis under the name of a Householder
transformation (Press et al., 1986).

In the case of a co-rotating beam element, treated in Chapter 5, the unit
vectors e} define the beam cross-section or shell surface and the rotation
defines the bending of the element.

3.3 The increment of the rotation variation

In the formulation of theories of structures with explicit representation of
rotations, a need arises for comparing a state of rotation described by the
rotation pseudo-vector ¢ = (1, p2, p3) with a neighboring state with ro-
tation pseudo-vector ¢ + dp = (1 + 01, Y2 + 02, 3 + dp3). According
to Fig. 3.1 and the findings in Example 3.1, the components of the total
rotation pseudo-vector will in general not be the algebraic sum of the com-
ponents of the constituent rotations. Thus, the components (51, dp2, dps)
will in general not describe an incremental rotation. Here the notation
dp = (6¢1,0p2,0p3) will be used for the incremental rotation leading from
the state ¢ to the state ¢ + d¢p. The relation between the three pseudo-
vectors ¢, dp and ¢ is illustrated in Fig. 3.5.

The principle of virtual work is concerned with the change from the cur-

5901]

N 9'¢

[901 + 6902 /
)ék .

Fig. 3.5. Total rotation ¢ + d¢ as rotation ¢ followed by incremental rotation d¢.
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rent state to a virtual neighboring state. Thus, the principle of virtual work
including rotations is formulated in terms of the incremental rotation dép.
This has a profound influence on the tangent stiffness relations, where the
change d(d¢) has to be considered. The questions relating to the use of the
incremental rotation d¢ in the principle of virtual work and its higher-order
increment d(d¢) in stiffness relations are treated in this section, while the
general relation between an incremental rotation di and the corresponding
parameter increments de, needed e.g. for describing curvature, is derived
in the following section.

Let ag be a vector that is rotated into the new position a as shown in
Fig. 3.2. The rotation is described by the rotation tensor R(¢), defined as a
function of the rotation pseudo-vector components . Now consider a small
variation da generated by an infinitesimal rotation 0R(¢) from the rotated
position a. It follows from (3.1) and (3.2) that

da = {Ray = 0RR”a. (3.17)

It follows from differentiation of (3.3a) that the tensor SRRT is skew-
symmetric,

S(RRT) = 6RR? + RORT = \RRT + RRT)T = 0.  (3.18)

An incremental rotation of the vector a by the infinitesimal vector 4 is
given by the vector product

da = dpxa= gg%a, (3.19)

where the symbol = was introduced in (3.7) for the skew-symmetric ma-
trix associated with a three-dimensional vector and representing a vector
product.

From this it follows that the skew-symmetric matrix gc% corresponding
to the incremental rotation vector dip is expressed in terms of the rotation
tensor as

spx = d6p = SRRY. (3.20)

The explicit non-linear relation between the incremental rotation vector dép
and the increment of the pseudo-vector components d¢ for an arbitrary value
of the rotation parameter vector ¢ is derived in Section 3.4. However, many
of the physical implications of the non-commuting property of rotations can
be identified by considering the simpler case of small rotations around the
state ¢ ~ 0, and therefore this special case is considered independently first.

First, small rotations relative to a configuration in which ¢ = 0 are con-
sidered with the objective of studying the changes in the variation d{ for an
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infinitesimal change dy = [di1, dpa, dps]” in the pseudo-vector components.
For this purpose it is sufficient to consider expansions of 6R and R” includ-
ing only constant and linear terms in the rotation pseudo-vector . While
the general relation (3.9) between the rotation tensor R and the rotation
pseudo-vector ¢ is rather indirect, because it relies entirely upon a split
into the direction n and the magnitude of the rotation ¢, the second-order
expansion of R can be expressed directly in terms of the pseudo-vector ¢ as

R =1+ (px) — 3" @) I+ 300" + O(°). (3.21)
From this the following expansions are obtained:
IR = (5px) — (6" )T+ 560" + pdp") + 0(¥%)  (3:22)
and
RT =1 — (px) + O(Y). (3.23)
In these expansions only linear terms in ¢ have been retained. The expan-
sion of the product SRR, including linear terms in ¢, is then

SRRT = (§px) — dp x (px) — (0T )1 (3.24)
+3600" + 0T + O(p?).

Finally, this expansion is reformulated by rewriting the double vector
product in terms of scalar products using the well-known vector relation

ax(bxc)=(alc)b — (a’b)c = [bc’ — cb’]a (3.25)

and then reassembling the resulting scalar products into vector product form
again. The result of this rearrangement of the terms is

SRRT = [6p — 10p x o + O(¢?)] x (3.26)
It then follows from (3.20) that the incremental rotation d¢p is related to the
pseudo-vector ¢ and its increment ¢ by

5p = 0p — Sopx @ + O(p?). (3.27)

It follows from this result that in a configuration with ¢ = 0 the two first-
order increments are equal, i.e.

dp = dp for ¢ =0. (3.28)

Thus, the infinitesimal parameter increments 6o = [5p1, 62, dps]” do rep-
resent the components of an infinitesimal rotation vector d¢. However, this
result is limited to the linear part of the generally non-linear relation between
the rotation parameters and the incremental rotation.
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The second variation d(d@) describes the change of the incremental rota-
tion d¢, when the rotation components are changed by d¢ and the variation
S = [6p1, 602, 0¢3]" of the components remains constant. It follows from
differentiation of (3.27), where the linear term in ¢ gives rise to the second
variation

d(6p) = — Ldpxdp for ¢=0. (3.29)

In the second variation the increments may be replaced by their correspond-
ing ‘physical’ representations in terms of incremental rotations d¢ and d¢
on account of the ‘tangency condition’ (3.28). Hereby any reference to the
parameter representation in terms of ¢ disappears, and the second variation
takes the form

d(6p) = — 10 x dep. (3.30)

Note that the sign of the second variation is determined by the order of the
operations: first a rotation variation §¢ is introduced, and then a change of
configuration d¢ is considered. This effect is purely three-dimensional; in
plane problems the two rotation increments are co-linear, and their vector
product vanishes. The implications of this new term are illustrated in the
following two examples.

EXAMPLE 3.2. CHANGES IN EXTERNAL MOMENTS. In finite element analy-
sis the effect of an external moment M is introduced via the contribution
to external virtual work,

Vi = 6@ M.

The contribution to the tangent stiffness relation is evaluated from the sec-
ond variation,

d(6Viy) = d(6@T™™M) = 6@ dM + d(6@)TM.

The first term is the well-known contribution from the change of the mo-
ment, while the second term is the change in the virtual rotation because of
the non-linearity of the rotation parametrization. When the second varia-
tion d(d¢) is substituted from (3.30), and the factors in the resulting triple
product are rearranged,

d(0Var) = 6@ dM — L(5¢ x dp)"™™ = 6" (dM — S dp x M).
This relation can be written in the form

d(6Vyr) = 6T d.M,
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where dM., is the effective change of the external moment, defined as
d:M = dM — §dp x M.

Thus, an external moment for which d.M = 0 will appear as a constant
moment in tangent stiffness relations. A similar conclusion was obtained by
Christoffersen (1989) using the reciprocity relation for conservative systems.

A case of particular interest is the motion of a beam element with an initial
distribution of forces and moments. In this case the force and moment at the
nodes of the beam element are rotated with the element. If the incremental
rotation of the element is dg, the corresponding moment increment is dM =
dip x M. However, the apparent change of the moment d,M as seen via the
change in external virtual work is

M = dM — Ldpx M = Ldp x M,

i.e. half the physical change due to the rotation of the element. This is a
crucial point in the development of geometric stiffness of beams and shells
as discussed in Chapters 4 and 5.

EXAMPLE 3.3. SEMI-TANGENTIAL MOMENT. Figure 3.6(a) shows the end
of a beam loaded by a moment M. The tangent of the beam is described
by the unit vector n, and a rigid circular disk of radius a is mounted on the
end of the beam, normal to n. The moment M = Mn is generated via four
long strings wound around the circular disk. Each string has the tension
force P, thus producing the moment M = 4aP. When the forces are kept
constant in magnitude and direction, the moment is conservative.

Now, consider a small rotation di of the end of the beam around the
direction of one pair of forces as shown in Fig. 3.6(b). The contribution to

M M + 2dexM

(a) (b)

Fig. 3.6. Semi-tangential moment.
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the moment from the pair of forces parallel to the rotation vector is rotated
with the disk, while the moment contribution from the other pair of forces
remains unchanged. The total effect is a change of the moment

dM = §dp x M.

Thus, the moment rotates with half the rotation increment di. This type of
moment is called semi-tangential and was introduced by Ziegler (1977) in the
context of follower forces and moments, and their influence on stability. Note
that the expression for dM remains valid also if the rotation increment dip
has a component along the tangent n, although the intuitive interpretation
of the moment rotating through half the rotation increment becomes more
indirect.

For a semi-tangential moment the effective moment increment, introduced
in Example 3.2, is

dM = dM — $dp x M = 0.

Thus, the rotation di of the point of application produces a change of the
moment vector dM, but the non-linearity of the rotation parametrization
compensates for this change in the incremental form of the principle of
virtual work, making a semi-tangential moment appear as constant during
the change of configuration. Several authors, e.g. Argyris et al. (1979)
and Yang and Kuo (1994), have made use of the concept of semi-tangential
moments in the development of non-linear beam theories. However, the
properties of semi-tangential moments rely on the constant direction of the
forces generating the moment. In a solid body the stresses are convected with
the material, and thus the essential problem of non-commutative rotations
remains in the description of the stress components.

3.4 Parameter representation of an incremental rotation

In Section 3.3 the implications of the non-linear parametrization of rotations
were investigated for small rotations around the state ¢p = 0. In beam theory
the rotations vary along the beam, and it is therefore necessary to obtain the
general relation between the rotation increment vector de and the analogous
pseudo-vector rotation component increment de. The relation plays a role
in the parametrization of curved beams and shells, and has been derived
by several authors, e.g. Simo (1985), Simo and Vu-Quoc (1986), Atluri and
Cazzani (1995).
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In this section an explicit relation is obtained between the incremental
rotation di and the increment of the rotation pseudo-vector components
de from the basic relation (3.20),

dpx = dp = dRR”. (3.31)

The rotation tensor was given in terms of the rotation pseudo-vector ¢ in

(3.9) as
R = cospI + sing (nx) + (1 —cosg)nn’. (3.32)

The dependence on the pseudo-vector ¢ is through its magnitude ¢ and the
direction n, and it is therefore convenient first to express the increment of
R in terms of the increments dy and dn:

dR = [ —sinpI 4 cosp (nx) + singonnT] de
(3.33)
+ sinp (dnx) + (1 —cos p)(dnn’ + ndnT).

The contribution to dRR7 from the increment in magnitude de is deduced
using the relations

n“(nx) =n’h =0, (nx)? =nn=(nn’ -1). (3.34)
This leads to the simple relation
dR4, RT = dp (nx). (3.35)

This implies that for a rotation increment d¢ proportional to the current
rotation pseudo-vector ¢, the incremental rotation di is identical to the
increment of the rotation parameter vector de. This is the case in plane
problems, where the rotation vector is always orthogonal to the plane, and
thus this class of problems can be formulated without the distinction between
the two types of rotation increments.

In the general case also the direction changes. The contribution to dR RT
from this increment can be reduced to the form

dR;m RT = singcosg(dnx) + (1 —cos¢p) [dnn’ —ndnT |

(3.36)

T

+ sing (1 —cos¢) [(dn x n)n” — n(dn x n)

T]'

In the last two terms the brackets contain exterior vector products of the
form an — na with a = dn and a = dn X n, respectively. This form is
equivalent to a double vector product as expressed by a reformulation of the

vector product relation (3.25),

(nxa)x = an’ — na’. (3.37)
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When this relation is used to reduce the last two terms,

dRgn RT = sinpcosp (dnx) + (1 —cosyp)[(nxdn)x ]
(3.38)
+ sing (1 — cose) [(nx(dn x n))x .

The vector n is a unit vector, and therefore dn is orthogonal to n. This in
turn implies that nx (dn x n) = dn, whereby the last term is simplified. Af-
ter combination of the first and last term, the final formula for the increment
from the change of direction dn is

dRgRT = sing(dnx) + (1 —cose)[(nxdn)x]. (3.39)

Addition of the contributions from dy and dn then gives the total increment
in the form

dRRT = dp(nx) + sing (dnx) 4 (1 — cosp) [(nxdn)x]. (3.40)

This expression consists of three terms, each corresponding to a vector prod-
uct. The incremental rotation vector d¢ can therefore be identified directly
from (3.31) as the sum of the corresponding three vectors,

dp = ndp + sinpdn + (1 —cosy) (nxdn). (3.41)

The three terms in this expression give the components of dg along each of
the three orthogonal directions n, dn, nxdn.

The increments dy and dn are now expressed in terms of the parameter
pseudo-vector dep. Differentiation of the defining relations p? = ¢’ ¢ and

n = p/p gives
1
dp = nTdp, dn = —(I-nn”)de. (3.42)
¥

The final relation between the incremental rotation vector dg and the incre-
ment de of the rotation pseudo-vector then follows by substitution of these
expressions into (3.41):

: 1
dp = |nn? + w(l—nnT)+ﬂ(nx) de. (3.43)
¥ P
This relation is written as

1% = T(¢) dp, (3.44)

with the tensor T(¢) defined by

. 1_

T(p) = nn? + 2 (I — nnT) + — 2% 4, (3.45)

¥ ¥
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Note that while the transformation tensor T(¢) is formed as the sum of
three terms of the same structure as the rotation tensor R(y), the scalar
factors are different, and T(¢) is not an orthogonal tensor.

In the formulation of beam and shell theories, it is convenient to repre-
sent the incremental rotation vector d¢ directly, and to obtain the parameter
increments de subsequently from d¢. This requires the inverse of the trans-
formation tensor T(¢). The inverse T ()~ !
an assumed vector representation in the form

is most easily obtained from

T(¢) ™! = ann? + (I — nnT) 4+ yn (3.46)

similar to the form of T(¢), where each term represents an independent
vector component in space. The parameters «, 3,y are determined from the
fundamental relation T T~ = I, giving the inverse as

T(p) ' = nn’ + Jpcot(p) (I-nn”) - Lpn (3.47)

and thus confirming the assumed form of the inverse.
In some applications the tensor T(¢) or its inverse T(¢p)
for very small angles . In that case it may be preferable with respect

1 are needed

to numerical accuracy to use a representation of the argument directly in
terms of the rotation pseudo-vector ¢ to avoid extraction of the normalized
direction n, see Exercise 3.3.

3.5 Quaternion parameter representation

It is seen from the form (3.9) of the rotation tensor that it only depends
on the rotation angle ¢ through trigonometric functions. This has led to
several pseudo-vector formats in terms of trigonometric functions. Of these
the quaternion parameter format deserves special attention, because it is
non-singular for all angles, and it leads to a simple algebraic formula for
the non-commutative addition of finite rotations. The concept of quater-
nions as four-dimensional vectors with a special product rule was originally
introduced by Hamilton, and the addition formula developed by Cayley. A
description of this theory has been given by e.g. Corben and Stehle (1974),
and Géradin and Cardona (2001) present a survey of different three- and
four-parameter representations of finite rotations. In this presentation the
quaternion parameters will simply be used as a convenient means of repre-
senting the rotation tensor and the addition of rotations, and the necessary
formulae will be developed directly in vector format, using techniques from
vector analysis.
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3.5.1 Representation of the rotation tensor

The quaternion parameter representation of a rotation ¢ about the axis n
consists of a scalar rg and a vector r, defined by

ro = cos(39), T = sin(io)n. (3.48)

It turns out to be convenient to retain the four-parameter format, although
the quaternion parameters satisfy the identity

2+ rle =2 +0d 403 403 = 1 (3.49)

In terms of the four quaternion parameters ro,r the rotation tensor (3.9)
takes the homogeneous quadratic form

R = (g —r'r)T + 2ro# + 2rr’. (3.50)
The corresponding component representation is
Rij = (r§ — rare) 0ij — 2eix ors + 277 (3.51)

or, in full matrix form,

7'(2) +r2—r2 - r§ 2(rire — ro73) 2(rirs + ror2)
R = 2(rary +1or3) 8 =12 4+713 —12  2(rorz —rory) . (3.52)
2(r3ry — ro7T2) 2(rarg +1or1) 13— 12 — 13 + 12

The scalar quaternion parameter r2 is determined directly by the trace of
the rotation matrix. From (3.52) and the normalization condition (3.49),

tr(R) = Ry = 4rg — 1. (3.53)

The quaternion vector components r; can be extracted from the skew-sym-
metric part of R;;. Multiplication of R;; in (3.51) by the permutation symbol
€lij gives

eujRij = —2eijeijerors = —4ror, (3.54)

where the identity ;5,51 = 205, has been used.

EXAMPLE 3.4. EXTRACTION OF QUATERNION PARAMETERS. While the
formulae (3.53) and (3.54) illustrate the principle behind extraction of the
quaternion parameters from the rotation tensor components, they become
singular at rotations of 180°, and lose numerical accuracy for angles around
this value. A scheme that is numerically stable for all angles was proposed by
Spurrier (1978) and given in simplified form by Géradin and Cardona (2001).
The current status is available in Markley (2008). In the extraction process
it is necessary to divide by one of the quaternion components [rg, 1,72, 73],
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and it is numerically advantageous to select the largest. This is conveniently
done by forming the quaternion component product matrix

T% rori1 Troreo 1ors
2

roT1 r T2 1173

S =4 !

roro2 ToTr1 T% ToT3
rors r3riy r3rg Tg

in terms of the rotation tensor components R;; from (3.52),

1+ Ri1+ Raa+ Ras R32— Ros Ri3—R31 Ro1— R
R — R3s—R3o 14+ Ry1— Ro2— Ras Ri2+Rop Ri3+R31
Ri3—R31 Ro1+Ryo 1—Ry1+Roo—R33 Ro3+ Rao

Ro1— Ryo Ryi3+R3; Ros+Rs3o 1—Ri11—Roa+R33

The largest component 7; is identified from the diagonal element as 4r? =
VS,
while the full set of components follows from the corresponding row of S as
rj = iSij/m, 7 =1,...,4, again without summation.

max; Sj;, without summation of the repeated subscript. Thus, r; =

3.5.2 Addition of two rotations

Let two rotations be represented by the rotation tensors P and Q. If a
vector ag is first rotated into a; by Q and then into as by P, the total
rotation is given by the product

as = Pa; = PQay. (3.55)
Thus, the combined rotation matrix is
R=PQ (3.56)
or, in component form,
Rij = Py, Quj. (3.57)

It is desirable to have formulae for this matrix product directly in terms
of the corresponding pseudo-vector representations, in order to compute all
rotation changes directly in terms of the corresponding pseudo-vectors. The
combination rule for rotations is particularly simple when expressed in terms
of the quaternion parameters.

Let the rotation tensors P and Q have the quaternion representations pg, p
and qg, q, respectively. The objective then is to determine the quaternion
parameters 7o, r of the combined rotation. The scalar quaternion parameter
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ro is determined by the trace R;; as shown in (3.53). Substitution of the
subscript form (3.51) of the quaternion representations of Pj; and Qp; into
the trace of (3.57) gives

Rii = [(2p5 — 1)dik + 2pipk — 2eirapop] (265 — 1)0ki + 2k — 2€kimGogm)-
(3.58)
Products of symmetric and skew-symmetric terms cancel, and the result is
therefore easily reduced to the form

Rii = 4(pogo — pigi)® — 1 (3.59)
and thus, by (3.53), the scalar quaternion parameter of the combined rota-
tion is

o = Podo — Pi - (3.60)

The vector part of the quaternion for the combined rotation follows from
the skew-symmetric part of R;; by substitution of the product P;;Qy; into
(3.54). After reduction of the permutation symbol products, the following
result is obtained:

erijRij = —4(pogo — piqi) (Pogr + qopr + €rijDiq;)- (3.61)

This identifies the vector part as

T = pogr + Qopr + Erijpid;- (3.62)

In vector form the formulae for the combined rotation q followed by p are

7o =Pogo — P'd, T =poq+ P+ PXxq (3.63)

The last term takes care of the effect of different directions of the two ro-
tations p and q. If the direction is the same, (3.63) reduces to the trigono-
metric addition formulae for the two angles.

EXAMPLE 3.5. ADDITION OF ROTATIONS BY QUATERNIONS. This ex-
ample demonstrates the representation and addition of the rotations shown
in Fig. 3.1 by use of quaternions. The first is a 90° rotation around the
x1-axis. The quaternion representation follows directly from the defining

relations (3.48) with COS(%TI’) = sin(%ﬂ') = @,

7"(()1) = \éQ’ I‘(l) = [?,O,O]T.

The other is a 90° rotation around the negative zs-axis, corresponding to
the quaternion representation

SR

2

r® = o, —g, 0.
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The quaternion of the combined rotation from first rotating around the x;-
axis and then around the xq-axis follows from (3.63) as

12
0? =4 =gl
The angle of rotation is then obtained from
COS(%gplg) = %, Sin(%(plg) = § = Y12 = %ﬂ'

and the direction vector follows from r(*?) as nyy = %[1, —1,1]%.
Changing the order of the rotations just changes the sign of the vector
product in (3.61), whereby

(1) _ 1 21) _ 71 _1 _ 19T
o) =3, @ =1[5—5 3"

The angle and rotation axis direction are then found to be w91 = %7[' and
ny = %[1, —1,—1]7. As expected, the same results are obtained as in

Example 3.1, but somewhat more directly.

3.5.3 Incremental rotation from quaternion parameters

The problem treated in Section 3.4 of expressing an incremental rotation
di in terms of the increments of a suitable set of parameters describing an
initial state of rotation can be solved in a compact form, when the rotation
is represented in terms of quaternion parameters. The angular velocity w
is defined as the incremental rotation dg normalized with the correspond-
ing time increment dt, i.e. by the relation w = d¢/dt, and the relation
between the angular velocity and the time derivative of the quaternion pa-
rameters plays an important role in multibody dynamics, see e.g. Géradin
and Cardona (2001).

Let a rotation state be described by the quaternion parameters (ro,r).
From this state an infinitesimal rotation di is applied, leading to a final state
described by the quaternion parameters (rg+ drg, r +dr). The problem is to
express the incremental rotation di in terms of the quaternion parameter
increments (dro, dr).

It follows from the quaternion parameter definition (3.48) that the quater-
nion representation of an infinitesimal rotation dé is (1, %d@) plus second-
and higher-order terms. Use of the quaternion addition formulae (3.63) now
gives the quaternion parameter representation of the final rotation,

ro+drg ~ 1rg — %d(oTr, r+dr ~ 1r + rg %dcfo + %d{oxr. (3.64)
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After cancellation of the initial rotation parameters this formula gives
the quaternion parameter increments in terms of the original quaternion
parameters and the incremental rotation vector,

2drg = —rldp, 2dr = rodp — r X dp. (3.65)

The inverse relation can be obtained by multiplication of the vector part
by rx, yielding

2r x dr = ror X dp — r X (r X dep). (3.66)
This formula is reduced by writing the double vector product in the form
rx (rxdp) = —(r)’I — rr!)dep (3.67)

and substituting the product rxde from (3.65b). The normalization relation
(3.49) for the quaternion parameters implies that |r|? = 1 —rZ, whereby the
inverse relation is obtained from (3.66) in the form

3dp = —rdrg + rodr + r X dr. (3.68)

This is the desired relation, giving the incremental rotation d@ in terms
of the current quaternion parameters and their increments. It plays the
same role for the quaternion representation as (3.44) plays for the rotation
pseudo-vector representation. The relation also gives the angular velocity w,
when the quaternion parameter increment (drg,dr) is replaced by its time
derivative (dro/dt,dr/dt).

3.5.4 Mean and difference of two rotations

In the formulation of simple elements the rotation may be known at two
states A and B, and the questions then arise, what is the mean rotation at
some mean state C, and what is the rotation increment from A to B? In the
case of displacements these questions are answered simply by the algebraic
mean and difference of the corresponding displacement vector components.
However, in the case of rotations that are not coaxial a slightly more elabo-
rate formulation of the questions and answers is needed. It turns out to be
convenient to pose the problem in terms of quaternion parameters. Let the
rotation at A be described by the quaternion (p%, p4) and the rotation at B
similarly by (p%,pp). The mean rotation, with quaternion representation
(ro,r), is now defined such that the rotation from C to A is the reverse of
the rotation from C to B. Let the rotation from C to B be represented
by the quaternion (sg,s). The reverse rotation from C to A is then repre-
sented by (sg, —s), and the mean value property of C' can be expressed by



3.6 Alternative representation of the rotation tensor 69
the quaternion addition formulae (3.63) as

p?4 = Sgro + sTr, PA = Sor — 198 — S Xr,
. (3.69)
p% = Sgr9 — ST, PB = Sor + mgS + S Xr.

The explicit extraction of the mean rotation (rg,r) and the increment
from the mean to the original values (sg,s) now proceeds as follows. The
quaternion of the mean rotation can be expressed directly by the sum of the
scalar and vector relations in the form

soro = 3P4 +P%), sor = 3(pa+PB), (3.70)

where the scalar factor sg is determined from the quaternion normalization
relation (3.49),

s = 1% +pB)* + ilpa+psl” (3.71)
The vector part s is determined from the difference between the two sets of
relations in (3.69),

sly = %(p% - %), ToS — r X8 = 5(pp —pa). (3.72)

Pre-multiplication of the last of these equations by rx gives
ToT X8 — I X (rX8) = r X 3(pp — pa). (3.73)

In this equation r x s is substituted from (3.72b), the double vector product
is expressed by scalar products, and r is substituted from (3.70b),

L s

ro[%(pA*pB)nLros] + |r|?’s—r(rls) = %(quLpA)x(pB—pA)%

The final result is obtained from this relation by introduction of |r|? = 1—73,
substitution of r’'s from (3.72a), and multiplication by 2s,

2508 = pAPE — PEPA + Pa X PB. (3.75)

In the case of coaxial rotations at A and B the vector product vanishes, and
the formula reduces to the trigonometric formula for the difference between
the angles %ch and %(pA.

3.6 Alternative representation of the rotation tensor

An alternative pseudo-vector representation of the rotation tensor can be
obtained by a simple geometric argument illustrated in Fig. 3.7. The figure
shows the rotation of a vector ag by the rotation pseudo-vector ¢p = n into
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(a) (b)

Fig. 3.7. Vector increment Aa in terms of mean vector a.

its final position a. This rotation can be characterized in simple terms by
using the vector increment Aa = a — ag and the mean vector a = %(a +ag).
It is seen from Fig. 3.7(a) that the vector increment Aa is orthogonal to
both the mean vector a and the rotation pseudo-vector ¢. It can therefore
be expressed as a scalar factor times the vector product n x a. The two
angles at C in Fig. 3.7 are equal to %go, and the geometry of the triangle
CApA then implies that

%(a —ag) = tan(%@) n x %(a +ayp). (3.76)

It is seen from this formulation that the rotation only appears in the form
of the pseudo-vector,

¥ = tan(3¢)n = —r. (3.77)

Thus, the rotation can be introduced via 1) instead of the pseudo-vector
¢ = pn with length equal to the rotation angle ¢, or the quaternion pseudo-
vector r = sin(%gp)n with length sin(%gp). The pseudo-vector ¥ leads to an
algebraic representation of the rotation tensor in terms of three components,
but has a singularity for ¢ = +m,43x,... The pseudo-vector 1, some-
times called the Rodrigues vector, has been used extensively by e.g. Argyris
(1982), while here the rotation vector ¢ and the quaternion representation
(ro,r) are used as the basic variables.

The relation (3.76) can be written in terms of the skew-symmetric matrix

~

Y = (x) as
(I—)a=(I+)ag. (3.78)
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The rotation tensor R can now be determined by solving this equation for
a in terms of ag. The solution has the form

a=(I-4¢) " (I+7%)a, (3.79)
whereby the rotation tensor is identified as
R=(I-%)4I+%). (3.80)

This form, called the Cayley representation, gives the rotation tensor R as
the product of the inverse of the tensor (I — ) with the tensor (I + ).
This format can be used e.g. in the integration of the equations of rigid body
dynamics, where the equations can be simplified by using the parameters v
directly — see, for example, Simo and Wong (1991) and Krenk (2007b) for
the basic algorithms. It has also been used with the vector 1 replaced by %cp
as an approximation of the rotation tensor. The format gives an orthogonal
tensor, irrespective of the specific choice of the vector denoted .

An explicit form of the rotation tensor can be obtained from (3.80) by
introducing the identity tensor in the form (I + % )"1(I + ) between the
factors. It then follows that

R=[I+¢)I-d) (I+9) = (I-¢ ) (I+9)%  (381)

where the linear terms in the inverse have cancelled. It follows from the
expansion of vector triple products (3.25) that

Ya =y @Ta) - (Wyp)a= (py! — ¢v’I)a (3.82)

When this is introduced into the first factor of (3.81), the formula takes the
form

R =[(1+¢)I—yypT |71 (I+9)% (3.83)

Now, the pseudo-vector 1 is expressed in terms of the quaternion parame-
ters, ¥ = r/rg, and the scalar factor (1 +v?) = cos™2(2¢) = r;? is moved
to the second factor. The formula then takes the simplified form

R = (I-re!) " (roI+#)2 (3.84)

The first factor is evaluated by observing that it is the inverse of the identity
tensor minus an exterior vector product. The inverse then has a similar
format, and it is easily verified by direct multiplication that

1
(I—rr") ' =1+ —5rr’, (3.85)
7o
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Finally, substitution of this gives the rotation tensor in the explicit form
R = (rol+#)> +rel = (72 — vTe)T + 2rp# + 2rr”. (3.86)

This establishes the representation (3.50) of the rotation tensor in terms of
quaternion parameters by an alternative procedure.

3.7 Summary of rotations and their virtual work

Rotations occur in two different contexts in the formulation of theories for
structures and solids: as a finite rotation describing a configuration at a
particular instant, and as a ‘small’ change of the state of rotation typi-
cally encountered when setting up conditions of equilibrium, and in the
calculation of the tangent stiffness relations of models described in terms
of rotations. Rotations are principally different from translations in the
fact that they cannot be reduced to linear operations, and that they are
non-commuting in three-dimensional space. Thus, there are two aspects of
rotations in relation to mechanical theories for structures and solids. The
first is the representation of the rotation associated with a particular state,
and the change of this state by a finite additional rotation. Due to the non-
linear character of motion associated with rotations, these operations are
described by rotation tensors and the addition of consecutive rotations by
tensor products. The basic formulae were derived in Section 3.1 in terms of
the rotation pseudo-vector ¢. An alternative representation in terms of a
vector before and after rotation was presented in Section 3.2. This form is
particularly relevant for determining the rotation of element nodes relative
to element axes.

The special character of rotations has important implications for the equi-
librium equations and tangent stiffness of solid bodies described by use of
rotations. The tangent stiffness is an expression for forces and moments
arising from an incremental change of a state of equilibrium. When deal-
ing with continuous bodies these relations are generally expressed via the
principle of virtual work. This is very important when using rotations to de-
scribe the motion. The equilibrium equation will then contain virtual work
contributions of the form d@’ M, where 6¢p is a virtual rotation and M is
an internal or external moment. In the analysis of problems described in
terms of translations the variation du can be kept constant, when considering
changes around the state of equilibrium. However, in the case of rotations
a change of state also implies a change of the variation of the form d(d¢).
This ‘second variation’ was derived in Section 3.3 and the specific form given
in (3.30). The implications were indicated briefly in Examples 3.2 and 3.3.
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This led to the interesting conclusion that, when treated in a virtual work
context, rotation of a moment will only contribute %dcfo x M, correspond-
ing to an apparent rotation of only half the actual incremental angle. This
has important implications for theories involving rotations, and the conse-
quences in terms of symmetry and geometric stiffness are demonstrated and
discussed in the following chapters.

Finally, a number of special issues have been discussed, notably the rep-
resentation of rotations in terms of quaternion parameters presented in Sec-
tion 3.5. These parameters describe a rotation in a homogeneous four com-
ponent format in terms of trigonometric functions of half the rotation angle.
This homogeneous format of order two enables a compact combination rule
for rotations, expressed directly in the parameters in vector format, thereby
avoiding the use of matrix multiplications.

3.8 Exercises

Exercise 3.1 The finite rotation tensor formula (3.8) can also be derived
from a vector differential equation. Let n be a constant unit vector, and let
© be the finite angle of rotation as shown in Fig. 3.2. For the fixed direction
n, the incremental rotation can be written as

da = dpnxa = dpna
or as the differential equation

da
dp

The formal integral to this differential equation is

= na.

a = e"¥ ag,

where the exponential function of a matrix is defined via its Taylor series
expansion

A =T+ A+ HA? + JAS + ..

(a) Demonstrate by substitution that the series expansion of the matrix
exponential function is a solution of the differential equation.
(b) Establish the vector product identity

nxnxnxa=-—-nxa or na-—=— —na.

(Hint: nxa is orthogonal to n.)
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(¢) Use the result from (b) to sum the even and odd power terms in the
Taylor expansion of the solution to get the rotation tensor

R = e =1+ sinpn + (1 —cosp)hn.

Exercise 3.2 Let n; be a set of orthonormal base vectors, and let n;. be the
orthonormal basis obtained by rotating the vector n; into nj. It was shown
in Section 3.2 that the remaining two base vectors transform according to

_ _ n1+n'
n, = (I-2nn")n,, n= m
1

This transformation is symmetric and defined solely by the unit vector n.

(a) Find the inverse transformation, giving the vectors ny and nj3 in terms
of the vectors nf and nj.
(b) Show that the transformation corresponds to reflection of the vectors
ny and nj3 in a plane orthogonal to n, and illustrate this by a sketch.
(¢) Show that the magnitude of the rotation angle of each of the vectors
n; can be determined by
sin(395) = 5(mj —ng)"n = njn.
Exercise 3.3 The formula (3.9) for the rotation tensor R(¢), and (3.45)
and (3.47) for the transformation tensor T(¢) and its inverse all contain
potential numerical singularities for ¢ — 0. The problem is that in the limit
the rotation direction vector n is not well defined.

Rewrite the expressions for R(¢), T(¢) and T~1(¢) in terms of the ro-
tation pseudo-vector ¢ and suitable scalar factors containing powers and
trigonometric functions of ¢ or %np with a well-defined limit for ¢ — 0. In-
dicate a two- to three-term Taylor series expansion of the scalar factors for
small ¢.

Exercise 3.4 Quaternions can be considered as four-component numbers

in a similar way as complex numbers are two-component numbers. Like the

complex numbers the addition rule is trivial, while the special properties are

associated with the product rule. This exercise presents some of the basic

properties of quaternions.

(a) Let the quaternions associated with the rotation tensors P and Q be
denoted (po, p) and (qo, q), respectively. The product, here denoted by
the asterisk x*, is then defined by the rules from (3.63),

(po, P) * (q0,d) = (Pogdo — P d, pod+ qop +P X q).

(b) Ordinary vectors a and b are associated with quaternions with zero
scalar part, (0,a) and (0,b). Find the corresponding quaternion prod-
uct (0,a) * (0,b).
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(¢) The adjoint quaternion is defined as (rg,r)’ = (rg, —r). Let the quater-
nion (rg,r) correspond to the rotation tensor R. Show that the rotated
vector a; = R a can be evaluated by the two-sided quaternion product

(0,a1) = (rg,r)*(0,a) * (1o, 1),

where each factor is linear in the quaternion parameters ro and r.
(d) Explain how the rotation formula in (c) leads to the bi-linear product
formula (3.63) for addition of rotations.

Exercise 3.5% Let ¢ denote the rotation pseudo-vector ¢p = n introduced

in (3.4) and R the corresponding rotation tensor.

(a) Use the quaternion addition formula (3.63) to write a MATLAB func-
tion phi = addrot(phil,phi2) giving the rotation pseudo-vector ¢ cor-
responding to the rotation ¢ followed by the rotation ¢,.

(b) Write a MATLAB function R = rotmat(phi) giving the rotation matrix
R corresponding to the rotation ¢.

(¢) Introduce the three rotations ¢; = [17,0,0]T, ¢, = [0, 37,07 and
¢3 = [0,0, 7]7. Obtain the rotation pseudo-vector and rotation matrix
corresponding to the three cases: (i) ¢, followed by ¢, (ii) ¢4 followed
by ¢; and (iii) ¢, followed by ¢, followed by ¢s.

Exercise 3.6 Consider two coaxial rotations with pseudo-vectors ¢, =
wan and ¢ = ppn. Use the relations of Section 3.5.4 to find the mean
rotation and the rotation increment from the mean to B.

Exercise 3.7 Consider the rotation tensors R4 and Rp associated with
two points A and B, e.g. the end-points of a beam element. Let R¢ be
the mean rotation tensor. This implies that there exists a rotation tensor
S representing the rotation from A to C' as well as from C to B. By the
product rule of rotation tensors this implies that

Rc =SR4 and Rp = SRe.

The rotations represented by the tensors R¢o and S were derived in Sec-

tion 3.5.4. A more direct procedure for S is indicated here.

(a) Eliminate R¢ to obtain an expression for S? in terms of R4 and Rp.

(b) Introduce the quaternion representation (sg,s) for the rotation S, and
find the corresponding quaternion representation for S2.

(c) Use the results from (a) and (b) to establish the formula (3.75) for

(so,8).
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Finite rotation beam theory

Beams are slender structural elements, usually defined by their axis and
cross-sections. This permits two basically different ways of modeling beams,
one based on the translation and rotation of the points on the beam axis
and the connected cross-sections (Fig. 4.1), the other treating the beam as
a special example of a fully three-dimensional continuum. This chapter and
the next develop fully non-linear beam models of the first type. In this chap-
ter the fully non-linear theory of a beam represented as a curve with elastic
properties — a so-called elastica — is developed, and its finite element imple-
mentation discussed. This theory is in principle unique, and can therefore
be called the theory of the elastica. It describes the deformation of an elastic
space curve in terms of total translation and rotation, and relies heavily on
the properties of finite rotations, presented in Chapter 3. An alternative for-
mulation of non-linear beams is presented in Chapter 5. In that description
the motion is decomposed into a local deformation described in a frame of
reference following the beam, and a motion of the local frame of reference.
The local frame of reference moves with each beam element, and this type of
formulation is therefore often called co-rotating. Simple beam theories can
be used within a co-rotating formulation, where finite rotation contributions
are added. The application-oriented reader may want to go directly to the
co-rotational formulation in Chapter 5.

S0 P

Fig. 4.1. Displacement and rotation vectors in beam element.
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4.1 Equilibrium equations

In this chapter a non-linear beam theory is developed by generalizing the
virtual work approach of Chapter 2 to include rotations, using the results
established in Chapter 3. The beam is considered as a curve segment x(so),
where each point is associated with a cross-section. The orientation of each
cross-section is determined by two orthogonal unit vectors no, n3. A third
unit vector, normal to the cross-section, is defined by ny = ny xng. Thus, the
triple n; = [n;,ny, n3] constitutes a local orthonormal basis, that rotates
with the cross-section, see Fig. 4.2. This type of formulation, originally
introduced by Dupuis (1969) and Reissner (1981), has been pursued more
recently in connection with non-linear finite element analysis by Simo (1985),
Simo and Vu-Quoc (1986, 1988), Cardona and Géradin (1988), Lo (1992),
Mathiesen (1993), Ibrahimbegovié¢ (1995) and Géradin and Cardona (2001).

ns
np

n;

€j
Fig. 4.2. Beam representation as a curve with orthogonal directors.

The theory will here be developed for an elastica — i.e. a flexible curve —
described in terms of an initial arc-length parameter sg. The curve is loaded
by distributed forces p(sp) and moments m(sg) per unit initial length s.
The section force and moment are N(sp) and M(sg), respectively. Consid-
eration of a small length of the beam in its current, deformed, configuration
gives the force equilibrium equation

— +p=0 4.1
dso P (4.1)
and the moment equilibrium equation

dM dx
— + —xN = 0. 4.2
dS(] + dSO % tm ( )
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Note that dx/dsg is a tangent vector, of unit length in the initial but
usually not in the deformed geometry.

4.2 Virtual work, strain and curvature

The equation of virtual work is now formed by introducing suitable dis-
placement and rotation variation fields du(sp) and d@(so). Here, dp(so) is
a small incremental rotation as discussed in Section 3.3, and

lo dN dM  dx
== 2T (= 4+ — = x N =0. (4.
/0 {511 (dS() + p) + 590 (dSO + dSO % + m) } dSO 0 ( 3)

The equation is reformulated via integration by parts, whereby

o (/d(éu) _dx\T d . .

— [(5uTN + 5¢TMK) — /lo <6qu + 5¢Tm)dso = 0.
0

(4.4)

This is a statement of the principle of virtual work in the form that the
internal virtual work, expressed in terms of internal forces and their conju-
gate deformation measures, minus the external virtual work equals zero for
arbitrary admissible variations du(sg), d@(so).

The constitutive relations of the beam provide the components of the
section force and moment in the local director basis, i.e. the components

N = Nj n;, M = Mj n,. (45)
The virtual work equation (4.4) then takes the form
lo

oV = /Olo (56ij + 5/1ij)dso — [5uTN + (5{0T1\/I}0

— /ZO <6qu + 5¢Tm>dso = 0.
0

In this equation de; and dk; are the variational strain and curvature com-
ponents in the local director basis, defined via the virtual work equation.
The use of local components in the representation of the internal work leads
to a natural separation of each term into a factor representing a kinematic

(4.6)

variation and a factor determined from the constitutive relations. In the
further derivation of the incremental stiffness relation these factors generate
the geometric and constitutive stiffness contributions, respectively.

In the treatment of the bar element in Chapter 2, the strain definition was
introduced a priori and the conjugate internal force was then determined
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from the virtual work equation. In the case of the elastica beam theory the
internal forces are introduced via the equilibrium equation, and the virtual
work equation then determines the appropriate virtual strain components.
Thus, in general appropriate generalized stresses and their conjugate gen-
eralized virtual strains are determined by the virtual work equation, when
either one of the two sets is given.

The virtual strain components follow from (4.4)—(4.6) as

d(ou) _dx\T
oes = ( ~ 0p x ) mj. 4.7
& dSO L dSo 1 ( )
It is easily verified that this is the variation of the total strain components
dx T

when use is made of the fact that 6(nf n;) = 0, because the directors remain
orthonormal. The corresponding vector form of the total strain is

e = (d—SO - nl). (4.9)

This definition of the total strain components leads to representation of the
tangent vector as

dx

dsy n; + jn; = n; + €. (4.10)

The local components [1+e&1,£9,e3] of the tangent vector dx/dsy are illus-
trated in Fig. 4.3.

Fig. 4.3. Local components of tangent vector in terms of total strain.

The components dx; of the variation of curvature components also follow
from (4.4)-(4.6) as
d(o@) "

The variations dx; correspond to total curvature components x; defined by
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the derivatives of the rotation vector along the reference curve of the beam,
dpT
Kj = —— n,.
J dS() J
The fact that dx; are the variations of x; is demonstrated by differentiation
of (4.12),

(4.12)

de\T dpT
Sk; = 5(d—80) m e o, (4.13)
The order of the operators § and d in the second-order increment §(d¢) is
now interchanged by use of (3.30), and the variation of the unit vector dn;
is expressed as a vector product,

d(op)" dp\T dg

OKkj = El;g’) n; + (6¢xd—;> nj—i-df;

The factors in the triple vector products in the two last terms are identical,

but occur in opposite order. These terms therefore cancel, demonstrating

that dx; defined by (4.11) is indeed the variation of the total curvature

components «; defined by (4.12). The vector form of the curvature corre-
sponding to (4.12) is

T
(6@ x n;). (4.14)

dip T de

KR = — = -,

dS() ¥ dS()

where the tensor T(¢) given in (3.45) relates the incremental rotation de
to the increment of the rotation parameters de.

(4.15)

REMARK: It should be noted that de; and dr; are the variations of the
local components €; and k; of strain and curvature. The variations do not
include contributions from rotation of the directors, and thus they are not
the components of the variations of the corresponding vectors € and . The
vectorial form of the variations can be expressed as

de = dejn; = R(ée;RTn;) = RERTe),
§k = dkjn; = R(6k;RTn;) = RIRTk),

where the role of R” is to rotate from the local basis n; back to the fixed
global basis e; = RTnj. When the component variation has been taken, the
result is then rotated back into the local basis n; by R. These operations
are termed pull-back and push-forward by Marsden and Hughes (1983).
However, the correct component form arises naturally from the principle of
virtual work, and the present remark merely serves to identify the physical
nature of de; and dx; and to explain a terminology sometimes used in the
computational mechanics literature.
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4.3 Increment of the virtual work equation

The virtual work equation (4.6) with the definitions (4.7) and (4.11) of the
virtual strain and curvature components permits a check of equilibrium by
evaluation of residual forces and moments. In order to prescribe a desired
change of the configuration of the beam, an incremental change of config-
uration must be introduced in the virtual work equation as discussed in
Section 2.7. The change of configuration is described by the incremental
displacements and rotations du and d¢g, the changes dN; and dM; in inter-
nal forces and moments, and the changes dp, dm and dN, dM in distributed
and end-point forces and moments. In the derivation of the incremental
relations it is important to note that the rotation increment d¢ is in the
form of a small rotation and is not generally equal to the increment dep of
the components in the rotation pseudo-vector ¢.
The change of the internal virtual work is

lo
d(8Vin) = d / (025N + 9, M; ) dso
l 0 (4.16)
0
= / <5Edej + 5/€de]‘ + d(5€j)Nj + d(5l€j)Mj)d$0.
0

The first two terms of the integrand come from constitutive changes, while
the two last represent the effect of the change of geometry on the current
stress state. For simplicity of notation it is assumed that the constitutive re-
lations for the section forces N; are uncoupled from the constitutive relations
for the moments M;. More general formulations may include the coupling
between torsion and extension found in twisted beams, e.g. Krenk (1983a,b).
By the assumed independence, the incremental constitutive relations are of
the form

ON; OM;
dN; = —Ld dM; = — dr. 4.17
J 8€k k> J 8/€k Tk ( )
Substitution into the incremental form (4.16) of the internal virtual work
then gives
d(d‘/;nt) -

/ (58jbd€k + 5ﬁj&dﬁk + d(é&j)Nj + d(&ﬁj)Mj)dSQ.
0 8514; (9/%

For symmetric constitutive relations (4.17) the first two terms are seen to be
symmetric in the virtual and actual increments (de;, 0x;) and (deg, dky). In
particular, symmetric stiffness terms would follow from an internal energy
density function.
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4.3.1 Constitutive stiffness

The incremental constitutive relations are given in terms of the local tensor
components

ON; OM,;
e — 29 Ko —J
"= e C% o (4.19)

where the components C’jk and ka refer to the local base vectors n; follow-

ing the beam. A typical example is the linear elastic relation expressed in
principal axes,

EA GJ

K
) jk —

EI, . (4.20)
GAs El;
If the displacement and rotation fields are represented by global components,
the constitutive tensors must be introduced via their global form
C. = n;Cyn, = RC* RT,
(4.21)
Ci = n;Ciin, = RC” RT,
where the rotation tensor R represents the current orientation of the axes,
and the subscript * indicates the global form of the constitutive parameters.
The global vector form of the virtual strain increment follows from (4.7) as
d(ou) dx d(éu) dx

de = —dpx — = — X d¢p. 4.22
€ dso ®x dsg dsg * dsg X of ( )

Similarly, the virtual curvature increment vector follows from (4.11) as

_ d(69)
o = = (4.23)

With these expressions and the notation ( ) = d( )/dso the constitutive
contribution to the incremental stiffness can be expressed in the following
block matrix format:

0e; C5, deg + Orj CFy, dry =

Ce 0 Ccix/ du’ (4.24)
[ou’ d¢’ 0¢p] 0 (O 0 de' |,
Tce o xTceex'| | de

where the notation X = (xx) from (3.7) has been used for the skew-
symmetric matrix equivalent of a vector. The constitutive stiffness con-
tribution to a non-linear beam element follows by substitution of a suitable
representation of the variations du’, d@¢’, d@ and the increments du’, d@’, dp
in terms of shape functions, as discussed in Section 4.4.
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4.3.2 Geometric stiffness

The geometric stiffness is represented by the last two terms of the integrand
in (4.18). The second variations d(dx;) and d(de;) are now evaluated using
the results of Section 3.3 on second-order rotation increments. It follows
directly from the definition (4.11) of the curvature component variations
that

d(dog)’  d(6p)"

s n; + “dso (d@ x nj). (4.25)

As explained in Section 3.3, the parameter variation d¢p is kept constant
when changing the configuration. The non-linear form of the rotation para-
metrization then implies that the virtual rotation ¢ must have the second-
order variation given by (3.30). Substitution of the second-order variation
into the first term of (4.25) gives

d(élij) =

d 15— \T d(op)”
Differentiation of the first factor in the first term leads to cancellation of
half of the last term, leaving
_ d(d@)\T d@g)”
d(0k;) = — % <6cp X Tso> n; + 3 dso (d x nj). (4.27)
Upon rearrangement of the order of the triple products this result can be
written in the tensor format

d((sl‘{j) =

] d(dp)  d(e)" _
— T (1. 1.
d(6rj) = 6@ (5n;x) dse  de (31;%) de. (4.28)
The tensor in the parentheses is skew-symmetric, and the second variation
d(dr;) therefore is a symmetric function of the increments 6@ and de.

The contribution d(dx;)M; to the internal virtual work can be given in
tensor form, by observing that the internal moment vector is M = M;n;,

and it then follows from (4.28) that

- \T
d(6k;)M; = 5" (L Mx) dgld"’) _ 209 (1 v dg. (4.29)
S0 dSo

The invariant form of (4.29) in terms of tensors makes it valid for com-
putations in global, local or element system components, provided the dif-
ferentiation of the base vectors is included. The component format of the

skew-symmetric tensor was given in (3.6).
The first step in the evaluation of the second variation of the strain com-
ponents follows from (4.7) by taking differentials of all factors, and recalling
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that the variation of the displacement is selected such that d(du) vanishes,

(o)) = CM;‘)TW <) — (s A,
5 y (4.30)
- (d(&,‘o) 5:) _ (5(,0 x j;) (d@ x ny).

The first two terms are rearranged into a form similar to (4.28), and the
second variation d(d¢) is substituted from (3.30), whereby

T
(o) = 9" (njx) T dﬁl‘i‘;) (%) di

e ] (4.31)
_ _ X X _

The last two terms are reduced by use of the vector product identities
(axb)-(cxd) =a-[bx(cxd)] = (a-c)(b-d)—(a-d)(b-c). (4.32)

One of the terms with factor % cancels half of a similar term, resulting in
the fully symmetric form

T
(o) = " ) ) — A )

_ dx” 1 dx o, dx
+ 5<PT<%HJ P 2d50 T> de — (590Td80)< d50)7

(4.33)

where the terms with factor % are exterior products.
Also in this case the introduction of the vector form of the internal force

N = N;n; reduces the result to the convenient tensor format

d(du)  d(ou)”

d(6e;) N; = 6T (Nx Nx)deg
( J) J @ ( ) dso dso ( ) de (430
dxT dx dx
ST (1N 22 L2 NT — (NT-2) 1) de.
+op (2 dso | 2dsy N %) ) ®

The format of this contribution is similar to (4.29) from the moments.
The initial stress contributions (4.34) and (4.29) from section force and
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moment can be combined in block matrix format, where the notation ( ) =

d( )/dsg is used,

d(ésj) Nj + d(é/ﬁj) Mj =

0O 0 NT Ju
~ ~ 0 0 lMT - (435)
[(511,T (5(,0/T 5‘PT] ) ) l(NX,2T+X, NT) dQO/
N iMm 2 dip
2 —-(NTx)1

This formula provides the initial stress, or geometric stiffness, contribution
to a beam element, when the variations du’,dp’,d@ and the increments
du’,d@’,dp are represented by suitable shape functions. In particular, if
identical shape functions are used for each of the three vector components,
the formula enables an efficient global implementation of a general element
for large deformation of curved beams as discussed in the following section.

Fig. 4.4. Incremental rotation of force and moment at rotating node.

There is an interesting difference between the effect of rotating the internal
force N and rotating the internal moment M. While rotation of the internal
force gives a contribution of the form di x N corresponding to the classic
result for infinitesimal rotation of a vector, the similar contribution from
the moment is %d{a x M, i.e. reduced to precisely half. The reason for
the difference lies in a reduction introduced via the second variation of the
rotation d(d¢p) as discussed in Examples 3.2 and 3.3. In connection with
convected internal forces in structures, it appears as if the moment is only
rotated by half the angle as illustrated in Fig. 4.4. Similar effects may occur
in relation to applied moment load, and these should be included via their
contribution to the virtual work.

4.3.3 The load increments

The external virtual work serves to define the external loads. In the case of
the ‘elastica’ beam theory the external virtual work is the last term in (4.6):

lo
Ve = / (5u”p + 5@7m)dso, (4.36)
0
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where p(sg) and m(sg) are the distributed force and moment, respectively,
per unit original length measured by sp. A discretized representation of
the virtual translation du(sgp) and virtual rotation d@(sg) will provide the
equivalent concentrated loads via the integral §Viys.

A change of state, e.g. by change of the loads, may also lead to change in
the external virtual work. In this process du remains unchanged, while §¢
changes as described in detail in Section 3.3. Thus the change in §Veyt is

lo lo
d(0Vixy) = / <5qup + 5¢Tdm)dso + [ 6@ (lmx)dp dso. (4.37)
0 0

The first integral represents the usual change in the external loads, while
the second integral is a byproduct of the use of the incremental rotation §@
in the virtual work as demonstrated in Example 3.2. This second term is
linear in the rotation increment d@ and therefore has the character of a skew-
symmetric contribution to the stiffness matrix. As illustrated in Example 3.3
a conservative moment may include a dependence of the moment on dg,
whereby this term is cancelled.

4.4 Finite element implementation

The beam theory can be implemented directly in global form as proposed
by Ibrahimbegovi¢ (1995). The idea is to represent the beam by a space
curve interpolating a given set of nodes, and then describe the displacement
and rotation along the beam in terms of global vector components, referring
to a fixed Cartesian coordinate system, common to all the elements in the
analysis. This approach represents a logical extension of the use of shape
functions for bar elements illustrated in Section 2.5, but is quite different
from the traditional element formulation of beams, in which the properties
of the beam element are obtained in a local coordinate system associated
with the beam.

The present beam theory is formulated in terms of displacements u(sg)
and rotations ¢(sg), and implementation into the finite element format im-
plies some kind of representation in terms of given interpolation or shape
functions. In the following the procedure is illustrated for the element with
linear interpolation of translation and rotation increments, but the pro-
cedure is fairly easily generalized to higher-order interpolation. First the
stiffness matrix is derived and then the evaluation of the internal forces and
moments is discussed. When the translations and rotations are represented
by shape functions, it is important to realize that the total strain and the
strain increments are formulated in terms of a difference between the in-
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cremental rotation vector and the derivative of the incremental translation
vector. If translations and rotations are represented by polynomials of the
same degree, this may lead to spurious strains in some deformation modes.
This important problem, called locking, is discussed in Section 4.4.3.

4.4.1 Element stiffness matrix

The fully non-linear beam theory derived in the previous sections can be
implemented in terms of two-node elements with linear interpolation. The
shape functions of an element with nodes A and B and initial length [y are

ha(so) = 1—s0/lo,  hp(so) = so/lo- (4.38)
The virtual and actual increments are represented in terms of these shape
functions in the form

du(sg) = ha(so)dua + hp(so)dug,

dg(so) = ha(so)dps + hp(so)dep,

where subscripts A and B identify the corresponding end-point value of the
translation and rotation vector increments. Similar representations are used
for the virtual increments du(sp) and d¢(sp).

In order to facilitate the use of these representations it is convenient to

(4.39)

introduce the block matrix format

duy
du(so) . hA(S()) I 0 hB(S()) I 0 dS_DA (4 40)
d@(s0) 0  ha(so)I 0  hp(so)I|| dus '
dep

Following the notation introduced in Chapter 2, the components of all the
displacements associated with nodes of the element are denoted u. For the
present element these components are found on the right-hand side of (4.40),
and thus

di” = [du},d@},duf, dp}]. (4.41)
In this notation the representation of the displacement increments takes the
form
du(So) ~
_ = H(sp) du 4.42
) | = ) (.42

with the shape functions contained in the matrix H(so).
It follows from the expressions (4.24) and (4.35) for the increment of
the virtual work that the stiffness matrix requires the increments du’(sy),
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d@'(sg) and d@(sg). The representation of these in terms of the nodal values
follows from differentiation of (4.40) as

du(s0) Ryso)I 0 Hy(so)I 0 dua
d@'(so) | = 0  Hy(so)T 0 hy(so)I dﬁﬁ . (4.43)
dQ_D(S()) 0 hA(So)I 0 hB(S())I dp

In the compact notation corresponding to (4.42), this relation is

du’(so)
d@'(sg) | = G(sp)du (4.44)
dé(so)

where the matrix G(sg) is defined by (4.43).

The element tangent stiffness matrix K can now be expressed in a conve-
nient matrix format. As seen from (4.18), the element stiffness consists of
two contributions, one due to the constitutive changes of the internal forces
in the beam and another due to the convection of the internal forces with
the beam, the so-called geometric stiffness. The constitutive part of the
element stiffness matrix is denoted K.. It is determined by substitution of
the representation (4.44) of the virtual and actual increments into the con-
stitutive part of the virtual work increment, defined by the first two terms
in (4.18),

lo
50 K, dii = / (02 Cldey + dr; Cdry)dso. (445
0

When using the expression (4.24) for the integrand, the constitutive part of
the element stiffness matrix takes the form

lo
K. = / GTD.G dso, (4.46)
0
where the matrix D, follows from (4.24) as
Cs 0 C:x/
D, = 0 Ct 0 . (4.47)
}A(/Tce 0 )A(cha %/

Similarly, the geometric part of the element stiffness matrix K is determined
by the last two terms of the virtual work increment (4.18),

lo
5K, dit = / (d(éej)Nj + d((s/{j)Mj)dSo. (4.48)
0
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This leads to the geometric element stiffness matrix

lo
K, = [ G'D,G ds, (4.49)
0
where the matrix Dy follows from (4.35) as
0 0 NT
1\gT
p,=|% ° M ] (4.50)
2 (NTx) I

It is seen that the expressions for the constitutive and geometric stiffness
matrices K. and K, are similar. This is because the incremental strain is
not used explicitly in the formulation of the constitutive stiffness matrix,
but is obtained by combination of terms within the matrix D.. Thus, in the
present formulation the element stiffness matrix can be written as

lo
K. =K.+ K, = GT(D.+D,)G dso. (4.51)
0

Care should be exercised to control any spurious strain contributions arising
from the assumed shape functions when using this formula. This problem
is discussed in Section 4.4.3.

4.4.2 Loads and internal forces

The equilibrium condition, and thereby the residual, is determined from the
virtual work (4.6). The contribution of distributed loads on the elements is
expressed in terms of the equivalent nodal loads

~T

p’ = [ph, m%, pk, mE]

. (4.52)

These nodal loads are determined from the virtual work equation (4.6),

lo
sulp = / (5qu + 5¢Tm>dso. (4.53)
0

Substitution of the representation of the virtual displacement in the form
(4.42) then gives the equivalent nodal loads

B = /0 u'[ P as. (4.54)

Concentrated loads acting at the nodes can be added directly into the global
formulation and will not be associated with the elements.
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The internal forces are arranged in the same format as the equivalent
loads,

a’ = [-N%4, -M4 NE ME ), (4.55)

where the minus signs are due to the sign convention of section forces. They
are determined from the internal virtual work given by the first integral in
(4.6),

lo
il = /0 (025N + 63 M; ) dso. (4.56)

The components in this integral are local, as explained in Section 4.2. For
a linear elastic beam the constitutive tangent stiffness matrices Cjk and
C7, introduced in (4.19) are constant. The internal virtual work (4.53) can
therefore be written as

lo
salq — /O (925 C50er — e8) + 01y — w0) ) dso, (4.57)

where 62 and /ﬁg are the strain and curvature components in the reference
state, respectively. In the present formulation the global strain and curva-
ture components € and k are used together with the global stiffness compo-
nent matrices C5 and C¥ introduced in (4.21). Hereby, the internal virtual
work takes the form

lo
salq = / (5sci(s —e0) + dKCH(k — n0)>dso
0

lo
T .71 Cs O €—€p
/0[55 0K ][ o Cf][m—no]dso'

The global components of the virtual strain and curvature follow from (4.7)
and (4.11) in the form

(4.58)

de = ou’ + x' x dp, ok = 6. (4.59)
The virtual strain and curvature can be represented in block matrix format
as
!/
de } { 10 % ] ou
= e’ | . (4.60)

The vector on the right-hand side has already been represented in terms of
shape functions in (4.44) by the matrix G(sg). When this expression is used
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in (4.50) the internal virtual work formula (4.58) defines the internal force
vector q as
lo €—¢€p
g= | G'D, [ K — Ko ]dso, (4.61)
0 0
where the zero vector 0 in the combined strain curvature block vector is
introduced to eliminate the last block column of the constitutive matrix D,
which is not used here.
The global form of the total strain and curvature is given by (4.9) and

(4.15) respectively,
['ﬂ - [;@)rﬂ (4.62)

In principle, these expressions are to be represented by interpolation of the
current nodal values of x and ¢. Due to the non-linear relation between
the incremental rotation d@ and the increment of the rotation parameters
dep, linear interpolation of the rotation parameters ¢ may introduce some
inconsistency. In the case of the two-node element this can be avoided by use
of representative mean values of € and k obtained directly from the ‘mean
rotation’ and the rotation increment Al over the element, as discussed in
Section 3.5.4. The idea is to consider a point of ‘mean rotation’, described
e.g. by the rotation pseudo-vector @. The mean is defined such that further
rotation by %Acfo produces the rotation ¢ g, while the reverse rotation —%Acfo
produces the rotation ¢ 4. The mean strain is obtained from the vector n; as
determined by the mean rotation ¢, while the mean curvature is determined
from the rotation increment over the element as

A&
k=L (4.63)

lo
The direction n; and the rotation increment A¢ determined by this proce-
dure are independent of the parametrization of the rotations and directly

related to the element.

4.4.3 Shear locking

The representation of the displacement and rotation increments by linear
interpolation introduces a number of approximations, of which the most
important probably is shear locking. This phenomenon, which is known
for many beam and shell elements formulated in terms of translations and
rotations, will here be illustrated in a simple two-dimensional setting. The
following discussion relates to the linearized theory of a straight beam of
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length L. The base vectors (nj,ng, n3) defined by the beam cross-sections
can therefore be used as a fixed global frame of reference. Extension of the
beam is disregarded, and thus bending in the ny—mgs plane is described by
the transverse displacement us and the rotation ¢ = ¢3. The only measures
of deformation are the shear strain and the curvature,

€2 = Uy — 3, K3 = 5. (4.64)

With these deformation measures the elastic energy of the beam is

1 L

U= 2/ (EIgoff + GA(uy — @3)2)ds. (4.65)
0

The problem of shear locking arises when the representation of the shear

strain in the last term of the energy is not able to accommodate a state of

vanishing shear stress.

EXAMPLE 4.1. SHEAR LOCKING IN HOMOGENEOUS BENDING. The simple
example in Fig. 4.5 illustrates the problem. A beam of length L is mod-
eled by n identical elements of length [ = L/n and loaded in homogeneous
bending by application of two opposite bending moments of magnitude M.
Within each element the translation u(sg) and the rotation ¢(s) are repre-
sented by linear interpolation between the end-point values. The curvature
¢ is represented correctly, giving

;M _ LM
Y = El’ ¥YB = SDA—QEI

The linear graph of ¢(s) is shown in Fig. 4.5(b). The shear strain is given by
u'— . Due to the linear representation of the translation u, the derivative v’
is constant within each element. In the present case each element deforms
symmetrically, and thus the graph of u' intersects the graph of ¢ in the
midpoint of each element. As a result of the different degrees of representa-
tion of the two terms, the shear strain is given by the ‘sawtooth’ difference
between the two graphs, while in the exact solution it is identically zero.

M M

A B PA M u
¥ L + 4

(a) (b)

Fig. 4.5. (a) Homogeneous bending, (b) distribution of ¢ and w’.
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The elastic strain energy of the beam as represented by the n elements
with linear representation of u and ¢ follows by integration from (4.65),

Uspprox = 3 LEI (204/L)* + $ LGA (¢a/n)*.

The first term represents the exact value, while the second term is an un-
desirable consequence of the inconsistent representation of the shear strain.
It is convenient to write the result in the form

1
Uapprox = (1 + 7)Uexact>

n2dy
where @, is the non-dimensional shear parameter of the beam
_ 12FEI
LT orga

For a classical Bernoulli beam the shear stiffness is infinite, whereby & = 0.
It is seen that linear interpolation of both translation and rotation does not
permit representation of Bernoulli beams.

The shear locking effect in homogeneous bending is seen to depend on the
parameter n?®;,, which is the shear factor of the individual element,

12E1

2GA°

where | = L/n is the element length. In a displacement representation the
factor on the energy corresponds directly to a factor on the stiffness. Thus,
the stiffness in homogeneous bending is increased by the linear interpolation
of the displacements. The error decreases with n~2, but it is undesirable to
use many elements to obtain a satisfactory solution to simple problems of

d = n’d;, =

beam theory. Solutions to the shear locking problem are described in the
following.

There are three basically different ways of countering the shear locking
problem of displacement-based finite elements. For simple elements, like the
present beam element, the locking problem can be resolved by use of inter-
polation functions that lead to consistent representation of the shear stress.
For the beam element this implies that the transverse components of the
rotation vector ¢(sg) and the displacement derivative u’(sg) should be in-
terpolated to the same order, e.g. with a linear representation of ¢(sg) and
a quadratic representation of u(sp). For beam elements this can be accom-
plished by introducing a center-node for the translation degrees of freedom
or the introduction of an additional internal mode not associated with a
particular node, followed by elimination of the internal degrees of freedom
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at the element level, see e.g. Ibrahimbegovi¢ (1995). The second method
consists in evaluating the element properties by reduced integration. The
term ‘reduced integration’ is typically used in the finite element literature
to denote a form of numerical integration that is deliberately chosen not to
include certain contributions, see e.g. Hughes (1987) and Zienkiewicz and
Taylor (2000). In the beam example this amounts to evaluating the shear
strain contributions by their value at the element midpoint. As seen from
Fig. 4.5(b), the undesired shear strain contribution vanishes here. Many
shell elements make use of reduced integration. A third method consists in
the use of modified stiffness parameters that are selected to compensate for
the errors introduced by the interpolation. In the following, modified bend-
ing and shear stiffness parameters EI and G A are derived for the beam
elements with linear interpolation. The derivation is based on small de-
formation bending of a simple straight element, but the resulting modified
parameters can subsequently be used in the implementation of the general
theory for large displacement beam theory.

(

)y (o 3

(a) (b)

M M

1 2M/1 2M /1 J

Fig. 4.6. Bending of ‘linear’ beam element. (a) Anti-symmetric, (b) symmetric.

For beams, modified bending and shear parameters EI and GA can be
determined from the anti-symmetric and symmetric bending modes of an
element. The anti-symmetric and symmetric bending modes of an element
with linear interpolation of displacement and rotation are shown in Fig. 4.6.
In the anti-symmetric mode of Fig. 4.6(a) the rotation ¢ must be equal at
both ends of the element, and for linear representation the rotation must
therefore be constant. In the symmetric mode of Fig. 4.6(b) the rotation ¢
must be of equal magnitude but opposite sign at the ends of the element.
In both modes the displacement vanishes at both ends, and therefore iden-
tically. The modified stiffness parameters are now determined such that the
two bending modes of the element attain the correct stiffness.

The anti-symmetric mode is treated first. Its elastic energy is evaluated
by observing that the moment varies linearly between the values —M and
M, while there is a constant shear force of magnitude @@ = 2M/I. For a
linear elastic beam the energy follows directly from the stress state as

1L M52 Q(s)? 1 /1M?  4M?
Uexact = 3 /0 (g *ea)® = 3GGEr * poa) (49
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This expression takes the form

[ M?
Uexact = (1 + q>) 6 ﬁ (467)
when using the shear parameter of the element
12FE1
= —— 4.
I?GA (4.68)

already introduced in Example 4.1. The energy is expressed in terms of the
end-point rotation ¢ by use of the flexibility relation 2¢ = 0U/OM, where
the factor 2 arises from the fact that both end loads contribute equally to
the energy. Substitution of this expression for ¢ gives the energy as

6 EI ,
+o 1 7
The energy of the beam element with linear interpolation is calculated from

(4.65), using the parameter GA. Due to the linear interpolation ¢ = const.
and the bending contribution vanishes, leaving only

Uexact = (469)

Ry —
Uapprox = 2/0 GA(P(S)Z ds = *GA(,O2. (470)

The parameter G A is now selected to make the two energy expressions (4.69)
and (4.70) identical. This gives the equivalent shear stiffness

— P

This modified value of GA will produce the theoretically correct stiffness of
the linearly interpolated beam element in anti-symmetric bending.

The procedure for symmetric bending, shown in Fig. 4.6(b), is similar.
The symmetry of the problem and the linear interpolation imply that u = 0
over the full element and ¢’ = const. The exact elastic energy is evaluated
from statics, observing that the moment is constant, whereby
1 (' M(s)? g — 1 M?

Uosact = = _ LM
exact = o |, BT T 2EI

(4.72)

The angle at the ends of the beam is again calculated by use of the relation
2¢ = QU /OM, and substitution of the result gives the exact energy as

2F1
Uexact = l *802~ (4.73)

The energy of symmetric bending of the beam element with linear interpo-
lation is calculated from (4.65), using the modified parameters ET and G A,
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whereby

| Ay — o) G p—
Usppros = / (BTo/(s)? + GAgp(s)ds = (7+ + S GA)2 (474)
0
The parameter ET is now selected to make the two expressions (4.73) and
(4.74) identical, when using the value for GA already determined by (4.71).

This gives the modified bending stiffness

— P
I = mEI (full integration). (4.75)

Note that by this procedure the correction factors for £I and GA are iden-
tical and less than unity.

In the implementation of finite elements it is common to obtain the stiff-
ness matrices by numerical integration. In the present case of the beam
element with linear interpolation the anti-symmetric bending can be inte-
grated exactly by use of one integration point located in the middle of the
element. For the case of symmetric bending one-point integration will give
the exact result for the constant curvature term, while the shear strain term
vanishes at the midpoint, and therefore does not contribute to the result.
This means that the second term, containing G A, vanishes from Uapprox in
(4.74). Thus, the approximate energy will give the correct result for

EI = EI (reduced integration). (4.76)

This particular form of modified parameters has been discussed, e.g. by
Hughes (1987).

Linear element stiffness matrix

When the node displacements and rotations are collected in the array u in
the form

ﬁT = [uA7S0A7uB7Q0B]7 (477)

the element stiffness matrix K can be found from the elastic energy expres-
sion
1-Tye o
U=su"Ku (4.78)
When linear interpolation is introduced, full integration of the energy ex-
pression (4.65) gives

BT 0 0 0 0 e\ 6 -3l -6 =3I
B 0 10 -1 3 22 3 P2

0 -1 0 1 -3l 2 31 27
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The terms containing 2 arise from integration of ¢?. These terms are
changed, if one-point integration is used, and the stiffness matrix obtained
by this reduced integration is

[0 00 0] 424
Ello 10 -1 -2 2 2 PP

K=="10 o0 ot |-4 2 1 gz | (educed.
0 -1 0 1 ol 2 A

(4.80)
By substituting the equivalent shear stiffness GA from (4.71) and the appro-
priate equivalent bending stiffness ET from (4.75) or (4.76), both expressions
for the stiffness matrix lead to the common form

12 -61  —12 61
EI —61 (4+®)* 61 (2— @)
K=TGrepE| 12 6 12 el (4.81)

—61 (2—®)12 61 (4+®)2

This is the well-known exact stiffness matrix for a beam with shear flexibility,
see e.g. Krenk (2001) for a simple derivation from static equilibrium states.

EXAMPLE 4.2. SHEAR LOCKING IN CANTILEVER BEAM. The shear locking
effects discussed above can be illustrated by considering a cantilever beam of
length L with a transverse end force P. The exact solution for the translation
u and rotation ¢ of the loaded end is

u PL*> P PL*4+ 9 PL?

I 3EI TGA” EI 12 %P7 T3Er

In this example P = EI/L? and the shear modulus is G = 0.4E. The
cross-section is rectangular with h = 2b, effective shear area A = %bh and

moment of inertia I = %bh‘g.

0.4 0.6
0.5 k
0.3 04 GvVvVY
: v
~ SN vV v Y
= 02 ;03 v, v
3 v
v v
0.2 v
0.1 v
o1p A&
0%
0 0.2 0.4 0.6 0.8 1
x/L
Fig. 4.7. Cantilever with transverse end force, n = 8,16: — analytical, + exact

element, x reduced integration, V full integration with original stiffness parameters.
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Figure 4.7 shows the translation and rotation for the case L = 10h, where
the shear parameter of the beam is ®;, = 0.03. This is a fairly slender beam
in which the translation contribution due to shear flexibility is less than
1%. The fully integrated beam element (4.79) without correction is approx-
imately 40% too stiff even with 8 elements, and an increase to 16 elements
still leaves a stiffness error of about (1)240% = 10% in both translation and
rotation. By reduced integration the mean bending within each element is
exact, and only the shear flexibility effect needs further correction by (4.71).
In the present example there is no contribution from shear flexibility to the
rotation, which is modeled correctly by reduced integration. However, the
translation still requires correction of the shear modulus by (4.71) to permit
accurate analysis with few elements.

4.5 Summary of ‘elastica’ beam theory

An elegant way of formulating a general large deformation beam theory con-
sists in considering the beam as a space curve, on which the cross-sections
are attached. The generalized strain € and curvature k then appear as
three-component vectors, conjugate to the internal force N and the internal
moment M, all functions of the length-coordinate sy along the beam. The
principle of virtual work combines the deformation measures €,k and the
internal forces N, M and provides equilibrium equations in terms of a bal-
ance between the external load and the corresponding work of the internal
forces. An important consequence is that a concise statement of the tangent
stiffness relation can be obtained by manipulating the internal work by the
rules developed in Chapter 3. By carefully following the rules for incremen-
tal rotations it is demonstrated that the tangent relation is symmetric, and
explicit expressions are obtained for the constitutive stiffness and the geo-
metric stiffness. Thus, non-symmetric terms will only occur in the tangent
stiffness relations if there are load components with directions depending on
the motion of the structure, so-called ‘follower-forces’.

The theory leads to an internal shear force, defined by a combination of
the rotation and the lengthwise derivative of the transverse displacement.
Consistent representation of the shear in the beam requires special atten-
tion to enable the beam to retain vanishing shear strain under rigid body
motion and uniform bending. Three measures to ensure this are discussed:
higher-degree representation of the rotation components, use of selective
integration, and use of modified stiffness parameters.
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4.6 Exercises

Exercise 4.1 As shown in Example 3.2 the increment of the virtual work
of a moment is

d(6@"™) = s@"dM + s (M x dip).

If M is an external load and dM is given, the second term has the character
of a geometric stiffness term. How will this term enter the geometric stiffness
format (4.50)? Give both the matrix format and the full component format.

Exercise 4.2 Example 4.2 treated a cantilever beam with transverse end

load, illustrating the effect of shear locking.

(a) Implement the three stiffness matrices corresponding to full integra-
tion, reduced integration, and the modified parameter form. Make an
error analysis similar to Fig. 4.7 for the case of a concentrated moment
applied to the end of the beam.

(b) How do these results relate to the general discussion of shear locking in
Example 4.17
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Co-rotating beam elements

The beam theory of Chapter 4 and the corresponding finite element im-
plementation was formulated in a fixed global frame of reference using the
total displacements and rotations. In many cases it may be advantageous to
consider the beam element with reference to a local, element-based, coordi-
nate system. Motion of the beam then implies motion of the local frame of
reference as well as deformation of the beam element within this frame. The
separation of the motion of the element into two parts — a rigid body motion
associated with the element-based frame of reference and a deformation of
the element within this frame of reference — is called a co-rotating formula-
tion. The co-rotating formulation has a number of advantages, provided it
can be demonstrated that the tangent stiffness can be decomposed into the
sum of a part associated with the rotation of the element-based frame and a
part associated solely with the deformation of the element within this frame
of reference. The first advantage is that displacements and rotations within
the local frame of reference are small or at most moderate. Therefore, the
deformation of the beam can be modeled by approximate beam theory. Sec-
ondly, the co-rotating formulation is closely associated with the idea of ‘nat-
ural modes’, advocated by Argyris et al. (1979a,b). The idea of the ‘natural
modes’ is to consider any increment of the motion of an element as made up
of a set of rigid body modes — typically translation and rotation — and a set
of deformation modes — representing extension, bending and torsion of the
beam element. In the co-rotating formulation the rigid body motion is asso-
ciated with the motion of the local frame of reference, while the deformation
is described within this frame. Considerable simplifications can be obtained
by representing the deformation in terms of suitable ‘natural modes’.

An important aspect of the co-rotating formulation is to establish that
the contributions to the tangent stiffness involving the motion of the lo-
cal frame can be expressed in a unique symmetric form, independent of

100
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the particular beam theory used to represent the deformation of the beam.
For two-dimensional beam problems a simple and direct procedure can be
used to obtain this part of the tangent stiffness. However, due to the non-
additive nature of three-dimensional rotations, this procedure does not apply
to three-dimensional co-rotational formulations. Therefore, in the follow-
ing the two-dimensional problem is first presented using the classical direct
method, see e.g. Crisfield (1991). The general three-dimensional problem
is then formulated rigorously by introducing rigid body and deformation
modes in the general theory of Chapter 4. The co-rotating formulation is
demonstrated using both the classic cubic bending interpolation and a non-
linear beam—column formulation originally proposed by Oran (1973a,b).

5.1 Co-rotating beams in two dimensions

Figure 5.1 shows a beam element located in a plane defined by a fixed frame
of reference {z1,z2}, indicated in the lower left corner. The beam itself
is described with respect to a local frame of reference {z,y}, following the
motion of the beam. The local frame of reference is defined by the position of
the end-points A and B of the beam element: the z-axis passes through the
points A and B, and the origin is located with equal distance from A and B.

Fig. 5.1. Motion of beam element in local co-rotating frame of reference.

In the fixed global frame of reference the motion of the beam element is
described by the translation and rotation of the beam end-points A and B,
dply = [duf,duy,dp?),  dply = [duf,duy dg"].  (5.1)

Thus, the motion of the beam element is described by six components, and
naturally there are also six conjugate generalized force components. The
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conjugate element forces constituting the force and moment at A and B are
denoted

ah = [/ 6mdY, ap = [P 7 mP) (5.2)
It is convenient to introduce the notation
dp” = [dp},dpp),  d' = [dh, 5] (5.3)

for the complete description of the motion and the generalized forces in
the fixed frame of reference. When these arrays are expressed in the local
element-based frame, they are denoted dp, and q.. In this notation the
virtual work of the generalized forces at the end-points of the beam element
takes the form

5V = éplaq. (5.4)

This relation will be used to express equilibrium of the element, using ép,
and g, in the local frame, and to obtain the element tangent stiffness matrix,
relating the global increments dp and dq.

(a) (b)

Fig. 5.2. Incremental rigid body modes: (a) translation, (b) rotation.

The idea of the co-rotating formulation is to separate the motion into two
parts: a rigid body motion associated with the motion of the local frame
of reference, and a deformation of the beam within this frame. The motion
of the local frame of reference is described by the translation u?" = [uy, us]
of its origin and the rotation ¢ of the axes. The incremental rigid body
motions corresponding to du and dyp are illustrated in Fig. 5.2.

The full description of the motion of the beam element requires six compo-
nents, and when three components are used for the rigid body motion three
are left for description of the deformation of the beam. These three compo-
nents define three modes of deformation of the beam element. These modes
can be selected in different ways, but it turns out to be convenient to use
the set of ‘natural deformation modes’ illustrated in Fig. 5.3. The extension
mode shown in Fig. 5.3(a) consists of an axial translation of magnitude %du
of the end-points A and B, increasing their distance by du. For a straight
beam this corresponds to an extension of du. The symmetric bending mode
shown in Fig. 5.3(b) is defined by a rotation 3d; of the end-points, clockwise
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at A and counterclockwise at B. Finally, the anti-symmetric bending mode
shown in Fig. 5.3(c) is defined by a counterclockwise rotation %dgoa of both
end-points.

Ldu

2 1 1
1u A 14 5dps 5d¢aq
g / 2 SOS ¥ 74 E
/

3do,
(a) (b) (c)

Fig. 5.3. Deformation modes: (a) extension, (b) symmetric bending, (c) anti-
symmetric bending.

The six generalized force components of the beam element must satisfy
three equilibrium equations. This leaves three generalized force components,
conveniently selected as the generalized forces conjugate to the displacement
components of the natural deformation modes of Fig. 5.3. The generalized
forces corresponding to the natural deformation modes are illustrated in
Fig. 5.4. The extension mode corresponds to a normal force N, shown in
Fig. 5.4(a). The symmetric bending mode corresponds to a moment M; at
the end-points, clockwise at A and counterclockwise at B, Fig. 5.4(b). The
anti-symmetric bending mode corresponds to a counterclockwise moment
M, at both end-points. It is easily seen that the generalized forces N and M
are equilibrium systems, while the moment M, in the anti-symmetric bend-
ing mode must be complemented by shear forces Q = —2M,/l as shown in
Fig. 5.4(c), where [ is the current distance between the end-points A and B.

) vl X

(a) (b) (©

Fig. 5.4. Equilibrium force systems: (a) normal force, (b) constant moment, (c)
constant shear.

It is also convenient to have a matrix notation for the components of the
deformation modes and the corresponding equilibrium force systems, and
therefore the following notation is introduced:

dvl = [du, dps, dpq), t7 — [N, My, M,). (5.5)



104 Co-rotating beam elements

In this notation the external virtual work of the generalized forces at the
end-points of the beam element is

5V = ovlt. (5.6)

This relation is similar to (5.4) in the fixed frame of reference, but has
only three components. It is seen that the factor % in the definition of the
deformation modes shown in Fig. 5.3 is necessary to make the generalized
forces t conjugate to the incremental displacements dv.

5.1.1 Co-rotation form of the tangent stiffness

The co-rotating formulation involves two transformations: one from the
reduced set of internal variables dv and t to a complete set of variables
dp, and q, in a coordinate system aligned with the element, and then a
transformation of these components to the fixed frame of reference by a
rotation. The rotation of components q, in a local frame of reference to the
fixed frame of reference is described by the rotation matrix

cosp —sing
R = [ sinp  cosy ] (5.7)
1
When using the combined format (5.3), the compound rotation matrix

_ | R
R. [ R ] (5.8)
is introduced to give the relation

q = Re qe- (59)

Clearly, this relation rotates the components at A and the components at
B by the rotation matrix R.

The first transformation, giving the full set of generalized forces in a local
frame, is expressed as

q. = St, (5.10)

where the 6 x 3 transformation matrix S is

S:[:;]:

(5.11)

[ Nol o N
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It follows from equality of the virtual work 6V expressed in a set of full
components by (5.4) and in internal components by (5.6) that

6V = oplq, = opl St = ovlt. (5.12)

The last equality must hold for arbitrary internal ‘stresses’ t, and the internal
incremental displacements dv must therefore be related to the displacement
components dp, by

dv = ST dp, = STR! dp. (5.13)

Thus, the transformation matrix S serves to expand the reduced set of inter-
nal forces to full format by (5.10), while the transpose ST serves to extract
the modal deformation components from the full displacement representa-
tion by (5.13).

As discussed in Chapters 2 and 4, the standard procedure for obtaining
the tangent stiffness consists in considering the increment of the virtual
work used to express equilibrium. In the case of co-rotational elements
only the external virtual work is used. In the present case this leads to
consideration of the increment of the external virtual work 6V = 6p’q.
When calculating this increment the virtual displacement vector dp can be
considered constant, and thus

d(oV) = d(épTq) = épldq. (5.14)

Thus, the virtual work increment d(6V') is of the same form as the virtual
work 0V, when the generalized forces q are replaced by their increment dq.
This implies that the incremental equilibrium equations for dq are of the
same form as those for the total forces q. This is often taken for granted, but
does not hold for general three-dimensional rotations, where the increment of
the virtual rotation gives a separate contribution that must also be included
in the incremental equilibrium equations as described in Section 5.2.

For the two-dimensional problems considered here the tangent stiffness
can be derived from the increment of the generalized force relation

q = R.St. (5.15)

The incremental relation involves a change in the internal forces t, a change
of S due to a change in [, and finally a change of R, due to a change in ¢:

dq = R,Sdt + R.dSt + dR.St. (5.16)

The change of the internal force vector is related to a change in the state of
deformation, and it is therefore given by a relation of the form

dt = Kydv, (5.17)
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where K, is the tangent stiffness matrix of the deformation modes of the
element, expressed in the reduced 3 x 3 internal format. When this relation
is substituted into the first term of (5.16), and dv is expressed by (5.13),
the increment of the force takes the form

dq = RG[SKdST dp, + (dS + RerRes)t]. (5.18)

Multiplication with R gives the stiffness relation in terms of the full com-
ponents in the local frame of reference,

dq, = SK4S" dp, + (dS + RIdR.S)t. (5.19)

The first term represents the stiffness due to the local deformation, while the
second term containing the internal forces t represents the combined effect
of the co-rotating frame of reference and the fact that the shear forces,
determined from the moments by equilibrium, may change due to a change
of the distance | between the end-points of the beam element.

The rotation and extension increments are expressed in terms of the dis-
placement components in the local frame of reference,

do = (dul —du)/l,  dl = dul — duj. (5.20)
The local tangent stiffness relation can then be rearranged into the form
dq, = K. dp,, (5.21)
where the element stiffness matrix K. is given by
K. = SK ;87 + K,. (5.22)

The first part is the stiffness of the deformation modes of the element, given
by K, while the second part K, represents the combined effect of the co-
rotating frame of reference and the change of the shear force due to changes
in {. The co-rotation stiffness matrix is evaluated from the second term in
(5.19), see Exercise 5.2. The result is conveniently given in block matrix
format as

K, — { K K, } (5.23)
21 22
with
1 0 -Q 0
1= 52_—7142_—51_1[_62 N O]- (5.24)
0 0 0

It is interesting to note that the stiffness matrix K, includes the effect of
extension dl on the shear force in addition to the effect of the rotation dy
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of the frame of reference. K, would not be symmetric if the extension effect
were omitted.

5.1.2 Element deformation stiffness

In the co-rotation procedure the element stiffness matrix K. is composed of
two parts: one from incremental deformation of the element represented in
terms of the deformation modes by K, and the matrix K, caused by the co-
rotation of the frame of reference. It is important to note that this separation
is different from the previously used separation of the total stiffness into
a constitutive and a geometric part. In the co-rotational formulation the
geometric stiffness associated with the rotation of the local frame of reference
and changes of the shear force due to extension are accounted for by K,.
Whether or not there are additional geometric stiffness contributions in the
deformation stiffness matrix K; depends on the level of approximation of the
beam model. At the lowest level is a linear beam theory without initial stress
terms, the next level includes geometric stiffness contributions via assumed
shape functions, and the last level incorporates a non-linear deformation
model as discussed in Section 5.3.

Constitutive stiffness

The constitutive properties of the beam element are contained in the defor-
mation stiffness matrix Ky, introduced in (5.17) as the coefficient matrix of
the incremental relation between the static and kinematic variables of the
displacement modes,

dN du
dMy | = Ky dps | . (5.25)
dM, dyg

This relation involves the constitutive stiffness and may in addition include
a geometric contribution. Here the constitutive contribution of a straight
homogeneous elastic beam element is considered. In this case the stiffnesses
of the deformation modes do not couple, whereby Ky becomes a diagonal
matrix and each of the three deformation modes can be considered sepa-
rately.

The first deformation mode is extension. For a straight homogeneous
elastic beam the extension stiffness is

EA

giving the first diagonal element of K.
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The bending modes are illustrated in Fig. 5.5. As the beam is assumed
to be linear elastic, the total moments and angles are used for simplicity
of notation. The stiffness of the symmetric deformation mode follows from
evaluation of the complementary virtual work of a constant moment distri-

bution
l 2 2
M(s) M
M = ds = 1 =2 2
=), E1 T "ED (5:27)
corresponding to the incremental stiffness relation
ET
dMs; = — dps. (5.28)

l

This gives the second diagonal term of K, .

M, M, M, . 3%a 1on wMa
) R I I e I
1 1
_Sos _SDS
2 2 0 0
(a) (b)

Fig. 5.5. Bending modes: (a) symmetric, (b) anti-symmetric.

The anti-symmetric bending mode is illustrated in Fig. 5.5(b). The static
components are a bending moment of linear variation from —M, to M, and
a constant shear force

Q = —2M,/l (5.29)

determined from equilibrium. There is no transverse displacement at the
ends, and complementary virtual work then gives

Ma%:/ol(M(s)QqLCy)ds:l(lMngQz). (5.30)

EI GA 3EI ' GA
When introducing the shear flexibility parameter

1 12FE1

Yo = 153 ¢ = BGA’ (5.31)

substitution of the shear force from (5.29) gives the incremental stiffness

relation

EI
= dgq. (5.32)

dMa = 377Z)a I
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This is the final diagonal element in K;. Thus, the constitutive part of the
stiffness matrix of the deformation modes is
FA

EI
30 ET

K, = -

l . (5.33)

This matrix enters the local element stiffness matrix K, in the form SK,;S7,
which may be evaluated numerically or explicitly, depending on program-
ming taste.

In essence, the constitutive stiffness was calculated from the statics of the
beam element. This procedure is easily generalized to non-homogeneous and
curved elastic elements, see e.g. Krenk (1994).

Local geometric stiffness

In addition to the constitutive part of the deformation stiffness matrix K,
evaluated above there may be local geometric stiffness contributions. The
geometric contribution to the stiffness of the local deformation modes can
be evaluated under the simplifying assumption of vanishing shear strain,
whereby the results become very simple and usually quite representative.

In the local zy-frame, bending of a beam with vanishing shear strain and
with a normal force N is governed by the differential equation

(ETuy)" — (Nuy,) = 0. (5.34)

The corresponding internal virtual work is found by multiplication with du,,
followed by integration by parts. The result is

I
0Vin = /0 ((5%’ EIuZ + 5u;Nu;)ds. (5.35)

In the absence of three-dimensional rotation effects, the incremental form
follows directly by d(du,) =0 as

l
d(Vin) = /D ((ouy BI duy + ou) N du, )ds. (5.36)

The local stiffness matrix follows from this expression by substitution of
suitable shape function representations of du, and du,,.
It is convenient to represent the arc-length s by the non-dimensional co-
ordinate & via
s = 2(1+¢), —-1<¢<1. (5.37)
In terms of this coordinate the symmetric bending mode is

duy = —31(1— &%) des, (5.38)
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while the anti-symmetric mode is
duy = —31(1 — )¢ dp,. (5.39)

The local stiffness matrix follows from substitution of the representations
(5.38) and (5.39) into the incremental virtual work d(6V') given by (5.36).
The displacement representations do not couple as they are even and odd
functions of £, respectively, and the stiffness of symmetric and anti-symmetric
bending deformation modes can therefore be calculated independently. It is
easily verified — see e.g. Exercise 5.3 — that the constitutive stiffness con-
tribution from (5.36) gives the special case ¥, = 1 of the result already
obtained by a direct method including shear flexibility in (5.33).

The geometric stiffness of the symmetric bending mode follows from sub-
stitution of the derivative of u,, given by (5.38), into the second term of the
integrand in (5.36), whereby

1
kS = ;z/l(gg)N@g) dé = 5IN. (5.40)
The geometric stiffness of the anti-symmetric mode follows similarly from
substitution of the derivative of u,, given by (5.39), as

1
do= 3 [ da-sNia-sea = fiv sy

Thus the geometric stiffness from the deformation bending modes with cubic
interpolation is

0
Ky = l[ LN . (5.42)

N
This matrix should be added to the constitutive part (5.33) to give the full
stiffness associated with the deformation modes.

5.1.3 Total tangent stiffness

In the co-rotating format the element stiffness matrix in the local frame of
reference is given by (5.22). In this format the stiffness of the deformation
modes, with a constitutive and possibly a geometric part, is transformed into
the local frame, and a contribution from the co-rotation of the local frame is
added. It is simple to program this basic relation directly, using the stiffness
matrix of the deformation modes K, the rotation stiffness matrix K,., and
the transformation matrix S relating the components of the deformation
modes to a full set of variables in the local element frame. However, the
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transformation matrix is quite simple and involves many zero entries, and
the full element stiffness matrix is therefore easily evaluated analytically
by matrix multiplication. In addition to its potential use in a computer
program, this form also facilitates comparison with other formulations and

derivations.
The local element stiffness matrix has the block matrix format
K, Ki,
K., = [ . . ] 5.43
c K5 K ( )

already introduced for the rotation matrix in (5.23). When using the block
matrix format (5.11) of the transformation matrix S, the co-rotation format
(5.22) can be written in sub-matrix format as

K{ = S;K4S] + K (5.44)

with i = 1,2 and j = 1,2. The sub-matrices KJ; were given in (5.24), and
the stiffness matrix of the modes K, is the sum of the constitutive part
(5.33) and the geometric part (5.42).

When carrying out the matrix multiplications in (5.44), the constitutive
part of the element stiffness matrix is found to be

| [ BAP 0 0
9= 5 0 12¢,EI 61, ETl , (5.45)
06U EIl  (3Y,+1)EI?
[ EAI2 0 0
o= = | 0  120EI  —6p.EIl |, (5.46)
Pl 0 —60eEINl (36a+1)EI?
| [ —EAPR 0 0
¢, = K§l = 5 0 —120,EI 6y, Ell (5.47)
0 —6Y,EIl (3¢, —1)EII?
Similarly the sub-matrices of the geometric stiffness matrix of the element
are
[0 e 0
¢ = 7 {—Q SN LN, (5.48)
0 NI ZNP2
[0 -Q 0
o = 7 [—Q SN —{NL |, (5.49)
0 —iNl ENI2
Lo Q 0
G=Ky{i =-1Q -SN LN |, (5.50)

1 1
0 —LNl —LNP
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where the shear force is determined from the antisymmetric bending moment
as

Q = —2M,/L. (5.51)

It is seen by comparison with (5.24) that the deformation modes only con-
tribute modestly to the geometric stiffness matrix.

5.1.4 Finite element implementation

In the co-rotation format the element properties are first obtained in a local
element-based frame of reference and are subsequently transformed into the
global frame. For two-dimensional co-rotating beam element problems the
formation of element forces and stiffness matrix can be arranged as described
in the following. In order to illustrate the procedure in the simplest possible
setting a total displacement description is used, and the beam element is
assumed to be homogeneous and linear elastic.

XB

¥B
XA

T2 YA
t
Fig. 5.6. Deformed beam element in two-dimensional problem.

The current state of the beam element is illustrated in Fig. 5.6, showing
the current coordinate vectors x4, xp and rotation angles ¢4, ©a at the
element end-points. The element angle ¢ with the global axes is conveniently
calculated from the trigonometric relations

cosp = (P — /1, sing = (28 — a3/l (5.52)
by using the relation for tan(%go), whereby

1—cosp I — Az
A.Z‘Q )
This expression is singular for Az = 0, where ¢ =0 for Axy =land p =7
for Axq = —L.
The next step is to calculate the kinematic measures of deformation: the
elongation u, the angle (p; of the symmetric deformation mode, and the angle

Y = 2arctan< ) = 2arctan( (5.53)

sin
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ALGORITHM 5.1. Two-dimensional co-rotating beam elements.

Element angle:

| — Az

p = Qarctan< Azy ) (5.53)
Deformation parameters v:

u=1- lo

Ps = ¥B —PA (5.54)

Pa = 9B +pa—2(p —¢o)
Modulus for absolute angle:

pa = mod(pg +7) — 7 (5.55)
Internal ‘stresses’:

t =Kyv (5.33)
Element forces in global frame:

q = RSt (5.9), (5.10)
Element tangent stiffness in global frame:

K;; = RK{;R" (5.58)

pq of the anti-symmetric deformation mode. These quantities are calculated
from the relations

w=1-1l, ¢s=9YB—va, Yo« = o+ea—2(p—¢o). (5.54)

In order to be robust for arbitrary angles, the expression for the anti-
symmetric rotation should be calculated using the modulus function

Yq 1= n%od(goa +7) — . (5.55)

The modulus function places the argument in the interval [0, 27|, and the
last term re-establishes symmetry with respect to zero. Omission of this step
may lead to problems, when the beam element has rotated £m, £27, ...
The internal ‘stresses’ of the beam element are the normal force N, the
symmetric moment My, and the anti-symmetric moment M,. For the present
linear theory the total relations follow from (5.25) and (5.33) as
N = ETAu, M, = ?%, M, = 3@[)&%%1. (5.56)
In the factors no distinction has been made between current length [ and
initial length lp. With the internal ‘stresses’ t determined by (5.56), the
full set of element forces q, is determined from (5.10) and the local element
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stiffness matrix K. from (5.43) and (5.45)—(5.51), or the underlying product
format (5.22).

The final step before assembling the element contributions into the global
matrices is the transformation from the local element frame to the global
frame of reference. This is accomplished by use of the compound rotation
matrix R given by (5.7)—(5.8). The element force vector is transformed by
(5.9), while the element matrix is transformed by

K = R.K.R!. (5.57)

This transformation contains many zero entries, and the diagonal block ma-
trix structure of the transformation matrix R, implies that the sub-matrices
of the stiffness matrix can be transformed directly by the rotation matrix
R,

K;; = RKj;R" (5.58)

with ¢ = 1,2 and j = 1,2. The element sub-matrices were given in explicit
form in (5.45)—(5.51).

The computational procedure for obtaining the element forces and the
element tangent stiffness matrix in the global frame is summarized in Algo-
rithm 5.1.

EXAMPLE 5.1. BENDING OF A BEAM. A simple example that illustrates the
beam element’s ability to handle large rotations is the roll-up of a cantilever
beam by a bending moment applied to its free end. Ideally the beam will
curve into a circular arc with curvature k = 1/R = M/E1. Thus, the beam
ends meet, when M = 27 FEI/L. In the graphics of Fig. 5.7 the 10 elements
are plotted as straight, although they are curved due to the deformation
described by the shape functions. However, in the element developed here
the distance between the two end-points of the element is not changed by

=)

L ~\

NN

Fig. 5.7. Roll-up of cantilever beam.
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curvature, and thus the nodes are located at the apexes of a polygon with
sides corresponding to the initial length of the beam.

The rotation of the end node is proportional to the load, and thus Newton—
Raphson iteration is fully adequate. The full circle is reached in 10 steps,
and with a relative tolerance on the residual of 1076 each step required six
equilibrium iterations. In this example the only internal force is the moment
M, and thus there is no contribution from geometric stiffness.

EXAMPLE 5.2. LARGE DEFORMATION OF CANTILEVER. An example that
illustrates very large deformation as well as the influence of the geometric
stiffness matrix is a cantilever beam of length L with a transverse force
P applied at the free end, shown in Fig. 5.8(a). An accurate table of the
displacement and rotation of the end-point has been obtained by Mattiasson
(1981) using elliptic integrals. The force is assumed to retain its direction
while following the position of the end-point. The load is described by
the non-dimensional parameter PL?/EI, and Fig. 5.8(b) shows the non-
dimensional displacements u/l, v/L and ¢ at the end of the cantilever as
functions of the load. The load is applied in 20 equal steps leading to a
final load of PL?/EI = 10. At this load level the end-point has attained a
horizontal displacement of more than half the length of the beam.

0 0.2 0.4 0.6 0.8 1
—u/L,v/L, 2p/7

(a) (b)

Fig. 5.8. Cantilever with conservative transverse end force.

Four models were used with 2, 4, 6, and 8 identical elements, respectively.
With a relative tolerance on the residual of 1076 the average number of
iterations was around 7.5. The results at the final load level and half of this
are shown in Table 5.1 with the analytical results in the last row. It is seen
that good accuracy, even in this highly deformed state, is obtained with four
elements. In this problem the geometric stiffness matrix is important, and
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Table 5.1. Cantilever beam with conservative end force.

PL?/EI =5 PL?/EI =10
Nelem —u/L v/L ® —u/L v/L ®
2 0.38941 0.73858 1.21137 0.56761 0.84771 1.47759
4 0.38711 0.71915 1.22314 0.55572  0.81878  1.44037
6 0.38732 0.71607 1.21873 0.55506  0.81400 1.43460
8 0.38744 0.71506 1.21723 0.55498 0.81247 1.43268
- 0.38763 0.71379 1.21537 0.55500 0.81061 1.43029

the convergence is lost around half the final load if the geometric stiffness
matrix is omitted in the iterations.

EXAMPLE 5.3. SHALLOW ANGLE BEAM. The angle beam shown in
Fig. 5.9(a) includes an additional effect, the shortening of the beam due
to bending. This is not included in the present beam element formulation,
and it is therefore necessary to use several beam elements for each of the
two straight beams. In this way the finite displacement of the nodes leads
to a representation of the shortening effect.

1.5

0 0.5 1 1.5 2
w/h

(a) (b)

Fig. 5.9. Angle beam with clamped supports: (x) 5 elements, (+) 10 elements.

An approximate analytical solution based on second-order theory has been
obtained by Williams (1964). A more direct solution can be obtained by con-
sidering each of the beams as a beam-column with finite displacement con-
necting the support and the apex in a state of anti-symmetric bending. The
corresponding beam-column solution is well known, see e.g. Timoshenko and
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Gere (1961) or Krenk (2001). The solution depends on the inclination h/b
of the two beams and their slenderness, represented by the non-dimensional
parameter L3A/I. Figure 5.9(b) shows the non-dimensional vertical load
PL3/ET as a function of the vertical displacement w/h of the central node
for h/b = 0.024 and L3A/I = 3.0 x 10, Two finite element models with
straight beam elements were made, using 5 and 10 elements, respectively,
for each straight beam. With equal load steps, Newton—Raphson iteration,
and a relative tolerance on the residual of 1076, the average numbers of it-
erations were 5.6 and 4.8, respectively. It is seen that the error is negligible
for w < h, but for larger displacements even the model with 10 elements
per beam exhibits some error. This indicates the usefulness of elements in
which the shortening due to bending is included in the individual element, as
discussed in Section 5.3. For more slender beams or larger inclination h/b a
snap-through mechanism will develop, and bifurcation into a non-symmetric
deformation mode may also occur. These phenomena can be computed by
the more general path-tracing methods described in Chapter 8.

5.2 Co-rotating beams in three dimensions

The derivation of the co-rotating beam element format for two-dimensional
problems presented above is attractive because it only requires a constitutive
relation for the deformation modes of the element, and a relation between
these modes and the global set of element forces. Thus, finite rotations are
accounted for without the need for a fully non-linear beam theory. This
attractive feature is due to the fact that the tangent stiffness is derived from
the external virtual work of the element, and not from the internal work of
a fully non-linear theory as in the beam theory of Chapter 4. Furthermore,
the derivation was arranged in such a way that only incremental relations
between internal and global displacement components were needed. When
working with finite rotations in three dimensions it is important to note
the difference between a small rotation represented by the pseudo-vector §ip
and the corresponding set of component increments d¢ of the total rota-
tion ¢. This difference was discussed in detail in Section 3.3, where it was
demonstrated that it is indeed possible to work directly with the small rota-
tion pseudo-vector d¢, provided that the increment of the variation d(d¢p)
is properly accounted for by use of (3.30). When this term is included the
need for an explicit parametrization of the finite rotation, used e.g. by Pa-
coste and Eriksson (1997) and Battini (2002), is avoided, and the procedure
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L2

Fig. 5.10. Three-dimensional motion of beam in co-rotating frame.

of the previous section for two-dimensional beam elements can be extended
directly.

Figure 5.10 shows a beam element in three-dimensional space described
by the fixed frame of reference {x1, 2, x3}. The beam is described in a local
co-rotating frame of reference {z,y, 2} with base vectors {n,,n,,n,}. The
x-axis passes through the end-points A and B of the beam element. The
y- and z-axes are defined by the mean rotation of A and B as described
in detail later. The incremental motion is described in the global frame of
reference by the array

dp” = [ du}y,d@l, duf;, dp}] (5.59)
and the corresponding conjugate element forces are

The components of dp and q refer to the fixed frame of reference. In terms
of these components the external virtual work of the beam element is

8V = éplq = Z <5u*T f. + 5¢*T m*). (5.61)
AB

The increment of this relation is used to obtain the tangent stiffness.

The components of the displacement increments and the element forces
in the local co-rotating frame are denoted dp, and q,.. The current orien-
tation of the local frame of reference is defined by the rotation matrix R.
The relation between the local and global components is then given by the
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compound rotation matrix

R, = R (5.62)
R

as
dp = R.dp,, q = Req,. (5.63)

While it is necessary to have an expression for the rotation R of the local
frame relative to the fixed frame in order to transform force components and
stiffness matrix from the local to the global frame, the expressions for both
local element forces and the local element stiffness matrix are independent
of R.

| M. e
3%5 s 1 7 v M
2
/ s
M #
Y MZ
V2
1
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Y “
- -
N ]\ly

Mz
Fig. 5.11. The six natural deformation modes of a beam element.

The six natural deformation modes of a symmetric beam element are illus-
trated in Fig. 5.11. The top row shows three modes with constant moment,
while the bottom row shows three modes with constant internal force. The
constant moment modes are: a constant torsion moment M corresponding
to opposing incremental angles of twist :I:%dgpfg, a constant moment pro-
duced by symmetric end moments M, with incremental end-point rotations
:l:%dcpz, and similar symmetric moments M; with incremental end-point ro-
tations :I:%dgoj The constant internal force modes are: a constant normal
force N corresponding to the incremental extension du, opposing bending
moments M, corresponding to incremental end-point rotations %dgp‘g, and
opposing bending moments £MZ corresponding to incremental end-point
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rotations %dgog. This corresponds to the incremental deformation mode vec-
tor

vl = [ dpy, dipy, dp?, du, dej), def | (5.64)
and the conjugate internal ‘stress’ vector
t" = [ M, M, M; N, M, M. (5.65)
In later computations it will be convenient to use also the shear forces
Qy = —2M7/1, Q. = 2M,/l (5.66)

following from the equilibrium conditions.

The relation between the internal deformation variables and the full set of
element variables is conveniently expressed in terms of a set of unit vectors
{n;,n,,n.} constituting the base vectors of the local {z,y, 2} co-ordinate
system. When using these vectors it is seen directly from Fig. 5.11 that the
element forces can be expressed as

M

fa 0 0 0 -n, —2n./l 2n,/l M;

my [ -n, —-n; -n, 0 n, n, M
fr | 0 0 0 n, 2n;/l -—2n,/I N (5.67)

mpg n, n, n, 0 n, n, M:f

~\~ M(l

S

Thus the element forces q are given in terms of the internal ‘stresses’ by
q = St, (5.68)

where the 12 x 6 transformation matrix S is defined by (5.67). This rela-
tion represents the global components q if the base vectors n;,n,,n, are
represented in the global frame, and the local components q, if the base
vectors ng,n,,n, are represented in the local frame as nl = [1,0,0], etc.
This means that the rotation of the element is accounted for directly via
the rotation of the unit vectors n,,ny,,n.. This simplifies the derivation
of the tangent stiffness, because an incremental rotation of a vector can be
represented by a vector cross product as discussed in Chapter 3.

5.2.1 Co-rotation form of the tangent stiffness

In the co-rotation context the tangent stiffness is derived from the increment
of the external virtual work of the element, given by (5.61). When allowance
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is made for the increment of the variation of the rotations dip 4 and depg,
this variation is

d(0V) = épldq + d(6@ ) my + d(6ps) mp. (5.69)

Note that in this relation the transpose is just an alternative way of writing
a scalar product. The tangent stiffness matrix is identified by writing this
in the form

d(6V) = spT K dp. (5.70)

For ease of notation the fixed coordinate system is temporarily assumed to
coincide with the element coordinate system at the start of the increment.
The element stiffness matrix K. will be described in the block matrix
format
Ki, Kij, Kij; Kj,
K5, K5 K5 K
K, = | Ko Ko K Ko 5.71
¢ Ks Kip Ki Ky ( )
Ky K Kiz K,
where K7, are 3 x 3 sub-matrices. A similar block matrix format is used
for the rotation part K, of the stiffness matrix. It follows from the formula

(3.28) for the increment of the rotation variation
d(6p) = — 16 x dp (5.72)

that the two last terms of (5.69) give contributions K5, and KJ,, respec-
tively, of the form

0 -m? mﬁ 0 -mbB myB

- A A T B B
A A B B

—my My 0 —-m, My 0

The remaining contributions to the stiffness matrix can be calculated di-
rectly from dq.

The increment of the element forces q in the fixed frame of reference is
obtained by taking the increment of (5.68),

dq = Sdt + (dSq + de¢)t. (5.74)

In this expression the first term corresponds to change in the internal ‘stresses’
due to a change in the deformation modes of the beam, while the last term
accounts for a change of element length dl and element orientation de.
Although seemingly innocent, it is important to note that this step does
not account for the effect of the deformation modes for constant internal
‘stresses’. However, there is no means of representing this effect without a
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finite deformation model of the beam, so it is left out for the moment to be
clarified at the end of the derivation of the tangent stiffness.

The change in internal ‘stresses’ is governed by an incremental relation of
the form

dt = Ky dv, (5.75)

where K, is the tangent stiffness matrix of the deformation modes of the
element, expressed in the reduced 6 x 6 internal format. As in the two-
dimensional case a virtual work argument shows that

dv = STdp, (5.76)

where S and p are either both local or global. Substitution of this into
(5.74) gives the element stiffness matrix in the form

K. = SK; ;87 + K,, (5.77)

where the ‘rotation’ matrix K, contains the contributions (5.73) and the
contributions from change of length and orientation given by the last term
in (5.74). The format (5.77) is the same as that of the two-dimensional
case, but here K, contains additional contributions from the increment of
the variational rotations d¢ 4 and dpp given by (5.73).

The effect of a change of length dl follows by differentiation of (5.67) as

) —n, n,
0 0 My
sat=-5 0 0 [le}dl. (5.78)
0 0

The shear force components @, and @, are now introduced from (5.66) to
give

dl Quty + Qe al 9

_a 0 _a 0

BSat = 7| _Qmn,—Qn. | = 7 —8 ’ (5.79)
0

where the shear force vector has been introduced as Q = Qyny + @Q.n..
When the beam extension is introduced as dl = du? — duZ?, the elongation
is seen to contribute to the first and seventh columns of the element stiffness
matrix via the sub-matrix contributions

1 0O 0 O
K71"1 = K§3 = —qu = - 51 = 7 Qy, 0 0]. (5-80)

Q. 00
The shear force is seen to constitute the first column of these sub-matrices.
The final contribution to the element stiffness matrix is from the rotation
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dep of the local frame, denoted dSgpt in (5.74). This implies that each of
the unit vectors in the block format (5.67) of the transformation matrix
S is rotated. However, rotating each of the base vectors while retaining
their coefficients corresponds to rotating the resulting vectors. Thus, the
contribution from rotation may be expressed directly as
dip x fa
. | dexmy
dSgpt = dp x5 |- (5.81)
dip X mp
The computation is similar for each of the four terms. It is illustrated by
the force vector fg. The vector fp is expressed in an axial and a transverse
component

fz = Nn, + Q, (5.82)

where N is the normal force and Q is the shear force vector, orthogonal
to n,. The incremental rotation di is also expressed in terms of its axial
and transverse components,

dp = deng, + I"lnyxAu . (5.83)

The axial component is determined by the average rotation about the z-axis,
do = %(dgof +dpB), while the transverse rotation component is determined
from the transverse component of the displacement difference between B
and A, Au; = uf —u?. The representations (5.82) and (5.83) are now sub-
stituted into the cross product, and when using the triple product formula
(3.25), the result takes the form

dp x fz = n;xQ dy + I"'NAu; — I"'n,(QTAu,). (5.84)

When using the components of dp and A u, this expression directly gives
the rotation contribution to the sub-matrices K3, Kj,, K53 and K5,. When
it is observed that f4 = —fp this also determines the contributions to Kf;,
K7,, K73 and Kf,.

The representation of the moment vector mpg in terms of an axial and a
transverse component is

mp = Mn, + m%. (5.85)
The rotation cross product then follows from (5.84) as
dp x mp = nyxm? dp + 7'M Au; — I7'n,(mPTAu,). (5.86)

This determines the rotation contribution to the sub-matrices K;, KJ,,
K5 and KJ,. The similar result for m 4 follows by changing the superscript
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from B to A, and replacing M with —M. This determines the rotation
contribution to the sub-matrices K5, Kj,, Kj; and Kj,.

Initial non-symmetric form of K,

The matrix K, representing the effect of co-rotation of the local frame of
reference can now be assembled from the three contributions: the increment
of the variation of the nodal rotations (5.73), the extension of the element
(5.80), and the effect of the incremental rigid body rotation de. In this
process it is convenient to collect the sub-matrices in groups.

The first sub-matrix column K, represents the effect of the translation
duy of node A, while the third sub-matrix column K5 represents the effect
of the translation dup of node B. It follows from invariance to a rigid body

translation that K;3 = —K;1. The contributions to the force increments df 4
and dfp from the translations are given by the sub-matrices
1 O *Qy *Qz
_Qz 0 N

This group of sub-matrices is seen to satisfy symmetry. The contributions to
the moment increment dm 4 from translations are given by the sub-matrices

0 m? mAa

1 y M
0 O M
while the contributions to dmp are given by
1 0 mf mbB
0 0 -M

The sub-matrix columns K}, and K}, represent the effect of the incre-
mental rotation of node A and node B, respectively. The contributions to
the force increments are given by the sub-matrices

0 0 0
12 = 54:—§2:—§4:7M5007 (5.90)
M* 0 0

where the anti-symmetric moments M, and M7 have been introduced in
place of the shear forces by use of (5.66). The contributions to dmy are

given by
119 —m? m?‘j 1 0 00
52:5 0 0 M |, 5425 -mZd 0 0], (5.91)
0 -M 0 mi 0 0
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while the contributions to dmp are given by

1 0 —mP mf 1 0 00
B
0 M 0 mB 0 0

It is seen that the sub-matrix group given by (5.91)—(5.92) does not satisfy
symmetry, and neither does the group (5.90) satisfy symmetry in combina-
tion with (5.88)—(5.89).

The lack of symmetry is a consequence of the use of the virtual work
principle on the rigid body motion. In rigid body motion only the total
force and moment on the body contribute to equilibrium, and thus the
distribution of forces and moments on the individual nodes of the element is
not uniquely determined. This problem is addressed in the following section.

Symmetric form of K,

The derivation of the tangent stiffness relation from the external virtual
work may lead to a non-symmetric formulation, because the matrix K, is
constructed from extension and rigid body rotations alone. The need to
use the internal virtual work of a full non-linear beam theory would to
some extent defy the purpose of the co-rotating format, namely to derive a
universal stiffness matrix K, for a given class of elements, such as e.g. beam
elements with two nodes, independent of the specific details of the local
element model. It is therefore interesting that a systematic procedure can
be devised to establish full symmetry by introducing terms corresponding
to the missing effect of the deformation modes in the derivation of K.
The procedure relies on the fact that in a rigid body rotation the rotation
increments at both ends are equal, dp, = dipg. Thus, for a rigid body
motion any contribution of an element force or moment of the form

K (dp 4 — dop) (5.93)

will vanish. If the two rotations are not equal, their difference describes a
deformation mode, and the result would represent a non-constitutive contri-
bution from the deformation modes. Thus, non-constitutive contributions
from the deformation modes can be identified by modifying the second and
fourth sub-matrix columns of the non-symmetric K, according to the format

Ki, Ki,+K{ Kj; Kj,-K{
K, — Ky Ki+ K% Kjs Ky — Kg ' (5.94)

K; K3+ K5 Kiy Ky —Kj

h Kih+K{ Kj Kj,-Kj{
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Here the assignment operator : = has been used to indicate the assignment
of a new value in terms of the original definition.

The four 3 x 3 matrices K¢ are defined such that the final matrix K,
becomes symmetric. The matrices Kil and Kg are determined directly by
symmetry. The final two matrices K¢ and K¢ are determined such that
they make K5, symmetric with respect to K, and make both the diagonal
matrices K5y and K/, symmetric. The result is most easily obtained directly
from (5.91)—(5.92) by moving the content of the matrices K5, and K}, to the
matrices K5, and K3, on the diagonal, and then moving the anti-symmetric
torsion moment terms the other way.

The result is the fully symmetric form of the co-rotation matrix K, given
by the sub-matrices

1 0 *Qy *Qz
T T T T
Ky = Ky = —Kj3 = —K3 = 7 -Qy N E (5.95)
-Q. 0 N
) 0 0 O
md 0 M
0 0 0
r= Kle = —Kj, = _Kzg = = mf —M 0 , (5.97)
mZ 0 -M
1 0 fm? mz‘? 1 0 fmf myB
hy = 3 —ma 0 0 |, h = 3 —m? 0 0 |, (5.98)
md 0 0 mg 0 0
1 0 O 0
v, = Kb = 5 0o 0 M. (5.99)
0 -M O

It is interesting to note that the symmetric form (5.95)—(5.99) is not uniquely
determined. In fact, any symmetric matrix Kg can be added to K5, and
K, if it is also subtracted from K9, and KJj,. The co-rotation procedure,
in which the stiffness matrix is determined from the external virtual work of
the element without specific account of the element deformation properties,
does not provide any means of determining such a matrix Kg. However, a
derivation of the geometric matrix from the general beam theory derived in
Chapter 4 demonstrates the consistency of the present symmetric form.
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5.2.2 Element deformation stiffness

The element deformation stiffness matrix K, introduced in (5.75) contains
the tangent stiffness of the deformation modes and their conjugate ‘stresses’.
It may be represented with different orders of accuracy, the simplest being
the constitutive relation alone, the next including geometric terms. In two
dimensions it was easy to obtain the linear geometric matrix from partial
differentiation of the differential equation for bending. In three dimensions
a complete linear geometric matrix must include coupling between bending
and torsion, and therefore requires a more elaborate system of differential
equations as a basis. In the following the geometric stiffness of the deforma-
tion modes is extracted from the general formulation of Chapter 4.

Constitutive stiffness

In the case of a straight homogeneous beam the stiffness of the modes is
uncoupled, and in terms of linear elastic parameters it may be written as

dM GJ do
dM; Bl w dioy
dM; _ 1 Bl des (5 100)
dN I EA du |\
dMy { 345 EL, ‘ dg
dM? 3YIET, | Lde?

Ky

GJ is the St. Venant torsion stiffness, and EA the axial stiffness. EI, and
FE1I, represent the stiffness of symmetric bending about the y- and the z-
axis, respectively. The last two coeflicients 3¢y El, and 3¢ZEI, are the
stiffness of the anti-symmetric bending modes about the y- and the z-axis,
respectively. The theory of shear flexibility was given in Section 5.1.2. In
the present notation for the three-dimensional problem the shear coefficient
of anti-symmetric bending about the y-axis is given by

1 12F1I
o= o, = 2 5.101
vy 1+, Y 12GAL ( )
while the shear coefficients for anti-symmetric bending about the z-axis are
1 12FE1
= —— = = 5.102

Here A, is the effective area of the shear force @), and A, is the effective
area of the shear force Q.

For curved or non-homogeneous beams, coupling terms will appear in K.
These terms are conveniently calculated by use of the complementary energy,
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using equilibrium moment distributions (Krenk, 1994). Coupling between
torsion and extension for twisted beams can be accounted for by a coupling
term (Krenk, 1983a,b).

Local geometric stiffness

In the computation of geometric stiffness it is often useful to consider the
local motion as composed of rotation and strain. The rotation changes the
orientation of the internal stresses in space while the strain mainly plays
a role by permitting the geometric stiffness to be expressed in the form of
internal virtual work. In the case of beams with finite rotations and small
strains it is convenient to calculate the geometric stiffness based on the
assumption of negligible shear strains. According to the general ‘elastica’
formulation in (4.7), the relation between the displacement derivative du’ =
d(du)/dsy and the rotation of the beam cross-sections d¢ is given by

du' = dpxx' + de. (5.103)

When the transverse components of the incremental strain de are neglected,
the displacement derivative can be written in the form of an axial component
du’ and a transverse component du’|,

du' = n,du' + du’|, (5.104)

where the transverse displacement component du’, is expressed in terms of
the transverse components of the rotation,

du| = dpxx'. (5.105)

The derivatives are with respect to the initial arc length sg, and x(sg) de-
scribes the current configuration. Thus, the unit vector n, is defined by
lnx = loX,.

The geometric stiffness follows from that part of the incremental virtual
work that is proportional to the current value of the internal forces. This
part of the incremental internal work was given in (4.35) for the general
elastica beam theory. When the assumption of vanishing shear strains is
introduced, this expression can be reduced by use of the relations for triple
cross products. The following notation is introduced for a combination of
internal forces,

[N] = NI — 3(Nn] +n,N"), (5.106)

where N = N”Tn, is the axial force of the beam. The relation (4.35) can
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then be written as

d(8e;) N; + d(6k;) M; = — 60/ "N (lp/1) du’ — o’ (Ip/1) NTdu',

=/

de

de

AR P OTATINY

)

where the terms with explicit dependence on the axial displacements have
been extracted, and the notation M has been used for the equivalent skew-
symmetric matrix. In the present connection the integral over the length of
the beam is needed for displacements and rotations representing the defor-
mation modes of the beam. The internal forces N as well as the derivatives
du’ and du’ of the axial displacement are constant. Furthermore, the trans-
verse displacements du; and du; of the deformation modes of the beam
vanish by definition at the beam ends, and therefore the two first terms
containing the displacements do not contribute to the integral.

It is convenient to express the shape functions in terms of the non-dimen-
sional coordinate £ defined by

so = sh(1+¢), —1<¢<l (5.108)

The incremental rotation d@(sp) and its derivative with respect to sg are
now expressed in terms of de, and de,, representing symmetric and anti-
symmetric deformation, respectively. There are three symmetric modes
de! = [dps, degy, d@s] corresponding to torsion and bending, respectively,
while there are only two anti-symmetric bending modes, d@! = [0, dgy, dg?].
The polynomial shape function representation is

d@'(s0)
dep(s0)

do,

. 5.109
a2, 109

L 3¢/l
C|ker 1se-1)1

The bending modes can be represented as derivatives of the transverse dis-
placement by (5.105), and it therefore follows that their integral over the
element must vanish. For the symmetric mode this follows immediately from
the representation as an odd function of £, while for the anti-symmetric mode
it determines the relative magnitude of the quadratic and the constant term.

The integration of the rotation terms follows after substitution of the
representations (5.109). When it is observed that the internal forces N are
constant within the beam element, while the moments M may contain linear
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and constant terms, the integration gives

/0 v (a0 Ny + dowy) M; )dsg

LiN] N (5.110)

b
dp, )’
where M is the mean value of the internal moment M(£) over the beam
element, i.e. the value at its center.

It is noted that the contributions of the internal forces N through the
deformation modes appear with the coeflicients 1—12 and 2% already found for
the two-dimensional element in (5.42). In addition, there are non-trivial cou-

pling terms between the symmetric and anti-symmetric deformation modes.
These are important, e.g. for phenomena like torsional buckling.

5.2.3 Total tangent stiffness

The element stiffness matrix is conveniently described in the block matrix
format (5.71) in terms of sub-matrices Kf;, 4,7 = 1,...,4. When the indi-
vidual four-block rows in the definition (5.67) of the transformation matrix
S are denoted S;, i = 1,...,4, the transformation from deformation modes

to local element forces can be written in the form
K = SK4S] + K (5.111)

with 4,7 = 1,...,4. The sub-matrices K}; were given in (5.95)-(5.99), and
the deformation stiffness matrix K, contains the constitutive terms given in
(5.100) and the geometric contributions given by (5.110).

The relation (5.111) is easily programmed directly, but the transforma-
tion contains a large number of zero entries and for the simple straight beam
considered here the result takes a quite simple form when computed ana-
lytically. For the diagonal deformation stiffness matrix (5.100), the block
matrices containing the constitutive stiffness in full element force format are

| | BAP 0 0
K{, = K§; = -K{; = -K§, = G| 0 120PL 0 , (5.112)
0 0 12¢8EI,
1| GJ 0 0
s = K§, = 7 0 (3yg+1)EI, 0 , (5.113)
0 0 (3Y¢+1)EL,
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L[ -GJ 0 0
Ks, = Kip = ;| 0 (ug-DEL 0 (5.114)
0 0 (3¢~ 1)EL

and

e _ e _ e _ e _
12_K14_K23_K43_

. . . . 6|0 0 aO (5.115)
-K5 = -Kj; = -Kj = —K§, = 2 0 0 YIEL |.
0 —geBL, 0

These relations are well known from the linear theory of beam bending.

The total geometric contribution to the element stiffness matrix is found
as the sum of the contributions from K, given in (5.95)—(5.99) and the
contribution (5.110) from the deformation modes. The result is expressed
in terms of the normal force N, the shear forces [Q,, @], the torsion moment
M, and the external bending moments at the nodes [m2, m4] and [mZ, mP]:

Yy z
e e € € ]‘ O _GQy _QZ
¢ =K = —K§3 = —K§; = 7 -Q, SN 60 , (5.116)
-Q. 0 &N
T 0 0
= Ki = -K§, = -Kjj = ; m‘i 1 HIN |, (5.117)
| ms —LIN M
0 0 0
s = Kif = -K§, = -Kij = T my *IM WV [, (5.118)
B
L mf —LIN —M ]
[0 e Q.
¢, =KL = AR -LN 3M |, (5.119)
1Q. —-3M —1iIN
1 [ 0 —2m2 +m?B 2m‘y4 - myB T
g = G —2m& +mPB 4N 0 : (5.120)
A 4
L 2my fmyB 0 sIN |
1 [ 0 —2mB +m4 me - m.;;‘ i
KS, = 5 —2mB + ma 3IN 0 ) (5.121)
L ZmyB—m;1 0 %ZN ]

In these expressions the shear force components (), and (). appear explicitly,
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although they can be expressed in terms of the external moments at the
nodes as

Qy = —(m+md)/l, Q. = (my +m)/l. (5.122)

In particular, these relations have been used to obtain the present form of
KgQ and KZ4.

EXAMPLE 5.4. LATERAL BUCKLING. Figure 5.12 shows a slender beam of
length L with simple supports at both ends. The supports prevent transla-
tion and rotation about the axis of the beam. The load consists of identical
bending moments of magnitude M, applied at the ends. For a slender beam
the bending stiffness about a horizontal axis is large, and the deformation in
bending is therefore small. However, as the bending stiffness about a vertical
axis and the torsional stiffness are much smaller, the beam may fail by lat-
eral buckling. For sufficiently slender beams only little vertical deformation
will develop, and the stability problem may be solved to a good approxima-
tion in linearized form as an eigenvalue problem. This example illustrates
the ability of the cubic bending element to capture this phenomenon in a
model with two elements. The shear flexibility for bending in the horizontal
plane is assumed negligible, i.e. 9% = 1.

xs3
2

M(

)M\ﬁjl
l
l

Fig. 5.12. Lateral buckling of slender beam with simple supports.

Let the beam be represented by two identical elements of length [ = %L.
Due to symmetry of the problem only the element AB representing the left
half of the beam need be considered. The buckling mode involves a combina-
tion of torsion with bending out of the plane of the beam. This deformation
is described by the nodal displacement components [dgof, duzB, dcpf]. These
components correspond to the full element displacement components with
index 6, 8 and 10, respectively. The reduced constitutive matrix follows
from (5.112)—(5.115) as

AEI;/l  —6EI3/I2 0
K. = | —6EL3/I> 12EL3/I3 0
0 0 GJ/l
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There is no axial or shear force in the beam, and the reduced geometric
stiffness matrix then follows from (5.116)—(5.121) as

0o 0 0
K, = [0 0 M/l].
0 M/l 0

When combining these matrices into an eigenvalue problem it is seen that
the first row constitutes a relation between dp4 and duf that does not
involve the load M,

duf = Zldps.

This relation defines the shape of the lateral bending. When this relation is
used to eliminate the component dcpg‘, the remaining eigenvalue problem is

e L] = o)

The eigenvalue is

- i—\/EIg, GJ = i@\/mg GJ.

The analytical solution of the linearized lateral buckling problem gives the
factor as m/L = 1.571/l, see e.g. Timoshenko and Gere (1961). Thus, in this
case a single element gives a fair result. However, the accuracy is limited by
the low-order representation of the torsion angle, and for accurate solution
of torsional and lateral buckling problems several elements should be used.

5.2.4 Finite element implementation

In three dimensions rotations are no longer algebraically additive. The cur-
rent rotation of the nodes is calculated by tracing the equilibrium path of
the structure as in the case of truss structures or two-dimensional beams.
The rotation of a node A can be represented in several ways, either by the
pseudo-vector ¢ 4, by a set of quaternion parameters (r4,r4), or by the
rotation matrix R4. The finite element formulation presented here and in
Chapter 4 is based on rotation increments dg 4 in the form of an infinitesimal
vector. In the computation this is replaced by a small but finite increment
dip 4. The individual components of this representation are non-additive
as explained in Chapter 3, and it is therefore convenient to represent the
accumulated current rotation by its quaternion parameters (r4,r4). The
rotation increment is represented by quaternion parameters (dr4,dr4), and
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it is consistent with the linearization implied by the tangent stiffness formu-
lation to introduce the first-order approximation

dra = Ydp,,  dra = (1—drlidry)"” (5.123)

following from the quaternion definition (3.48). The quaternion representa-
tion of the accumulated rotation is then updated by the non-linear quater-
nion addition formula (3.63) as

rTA = drars — errA, ra :=drara + radrg + draxry. (5-124)

The quaternion representation (r4,r4) of the node A can then be used
to extract the total rotation components ¢ 4 or to form the corresponding
rotation tensor R4 by use of (3.50) or (3.52).

In the two-dimensional co-rotating beam problem the local element frame
of reference is fully determined by the end-points of the element. In the
three-dimensional problem the end-points only determine the location of
the local z-axis, while the orientation of the y- and the z-axis must be de-
termined by use of the rotation of the nodes. The orientation of the beam
coordinate system in space can be formulated in two ways: by updating its
position incrementally, or by placing it with reference to the total accumu-
lated rotations of the beam element nodes. In the incremental procedure a
linearized form of the rotation increments can be used. However, this in turn
implies the use of steps with limited magnitude of the rotation increments.
The formulation in terms of total accumulated rotation is independent of
the size of the individual load steps, but must then be formulated in terms of
finite rotations. For most cases of practical analysis the incremental method
will be sufficient.

Incremental formulation

The co-rotating beam is described in a local frame of reference, defined by
the base vectors [n;,ny,,n;]. In the incremental procedure this set of base
vectors is updated from its value in the last step by use of the displacement
increments duy,dup and the rotation increments dg 4,d@p of the beam
nodes A and B. The symmetric deformation modes, shown in the top row
of Fig. 5.11, are described in terms of the local components of the difference
between the rotations of node B and node A. When the current element
base vectors are used to define the rotation matrix R = [ng,n,,n.], the
linearized form of the symmetric rotation increment is

dp, = R (dpp — dp ). (5.125)
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The pre-multiplication by RT performs projection of the global components
on the local base vectors, thereby yielding the local components dp! =
[dps, dey, dp$]. The corresponding anti-symmetric rotation components are
found from the sum of the nodal rotation increments by subtracting twice
the incremental rotation of the beam axis,

de, = RT[(dpg + dp4) — 2n, x (dug — duy)/I]. (5.126)

The last term defines the incremental rotation of the beam axis, dp =
n, x (dug — duy)/l. Pre-multiplication by R’ gives the local components
dpl = [dp2, dej, dp?]. The component dpj does not have a counterpart in
the two-dimensional theory, as it does not contribute to the deformation of
the beam, but describes the rigid body rotation around the beam axis.

R

Ax/l
A e
Fig. 5.13. Rotation of element base vectors [ng, n,,n| to element axis Ax.

The element base vectors [ng,n,,n.| are updated by a rotation of mag-
nitude dy§ around the beam axis, followed by a rotation of the full basis to
align the base vector n, with the updated beam axis as shown in Fig. 5.13.
The rotation of a set of base vectors through the minimum angle bringing
one of the vectors into a given new direction was described in Section 3.2. In
the present case the vector n, is to be rotated into the direction of the beam
axis, described by the unit vector Ax/l. First mean direction is defined by
the unit vector

n = (n; + Ax/l)/In, + Ax/I|. (5.127)

The full basis can then be updated by a reflection in the plane orthogonal
to n,

[ng,n,,n,] = (I-2nn")[—n,,n,,n,]. (5.128)

For the vector n, being realigned the transformation also involves a change
of sign.

When the deformation parameters v = [%, Ds P2 Uy Py ©%] have been
determined in the element frame of reference, the internal forces t follow

from the constitutive equation (5.100). The nodal forces q are found from
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ALGORITHM 5.2. Incremental update of 3D co-rotating beam elements.

Element extension:
u=1— lO

Symmetric and anti-symmetric rotation increments:

R = [nz7ny7nz]
de, = R (dpp —dp,) (5.125)
dp, = RT[(dpg +dp,) — 2n, x (dup — dua)/l| (5.126)

P, =P tdep,, @, = P, Tdp,
Rotate element basis around axis:
cos(dep?) —sin(dys
[ny7nz] _ [ny’nz] . ( @a) ( ‘pa)
sin(dp?) cos(dp)
Rotate basis to new element axis and update R:
n = n, + Ax/l, n = n/|n|
[ny,ny,n.] = (I- 2nnT)[—nx,ny,nz] (5.128)
R = [nzanyanz]

Internal element forces:

t=Kyv (5.75)
Nodal element forces in global frame:

q = R.St (5.63), (5.68)
Element tangent stiffness in global frame:

K;; = RK{;R" (5.129)

(5.68) and transformed to global components by use of the updated element
basis R = [n,,n,,n;]. The local components of the element stiffness matrix
are given in terms of 3 x 3 block matrices by (5.112)-(5.122) and transformed
to global components by use of the updated element basis R,

K;j = RK;RT, ij=1,... .4 (5.129)

This completes the incremental update of element deformations, local frame
of reference, nodal element forces and element stiffness matrix. The proce-
dure is summarized in pseudo-code format as Algorithm 5.2. The update
is based on linearized rotation increments, and can therefore be carried out
independently from the calculation of the total rotation of the nodes.
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Total formulation

At the end of each load increment the new orientation in space of each
beam element must be determined. In the incremental procedure described
above this was done in terms of linearized rotation increments. This leads
to a fairly simple procedure that is independent of any description of the
accumulated nodal rotations. The price of this independence is the need for
sufficiently small steps to justify the linearization of the rotation increments.
Alternatively, the orientation of the beam element in space as well as its
deformation parameters can be determined from the current position and
total rotation of the nodes. In such a procedure the element axes are defined
by coincidence of the base vector n, with the element axis, and orientation
of the base vectors n,, n, via a suitable mean value of the nodal rotations.

A procedure based on total displacements and rotations can be implemented
inseveral ways. The present procedure generalizes the incremental formulation
by using a quaternion representation of the rotation of thenodes. Thus, the first
step is to update the quaternions (r4,r4) and (rg, rp) for the rotations of the
nodes by use of (5.123)—(5.124). The updated node quaternions are used to find
amean rotation quaternion (r, r) and the quaternion (s, s) defining the rotation
from node A to the mean, and from the mean to B. The mean and difference
quaternions were discussed in Section 3.5, and explicit formulae were given in
(3.70), (3.71) and (3.75). They are included in the pseudo-code Algorithm 5.3
for the total formulation.

The updated set of base vectors [n,,n,,n.] is found from the initial ele-
ment basis [n9,n), nd] in two steps. First the initial basis is rotated by the
mean rotation of the nodes

ng;,n,,n.] = R(r, r)[ng,ng,ng], (5.130)
where the rotation tensor R(r,r) is defined in terms of the mean quaternion
(r,r) in (3.50). This step produces the intermediate base vectors [n;, n,, n]
shown in Fig. 5.13. This intermediate basis is then rotated through the
smallest angle that aligns the vector n, with the beam axis Ax. This step
is identical to that of the incremental formulation. First a unit vector n
is defined by (5.127) as the mean between the initial and final position of
n,, and the rotation of the basis is then set up as a reflection in the plane
orthogonal to n by (5.128). This gives the updated element base vectors,
and a corresponding updated rotation tensor R = [n;,n,, n;].

The deformation of the element consists of the extension u = [ — [, three
symmetric and two anti-symmetric rotation components. The extension
follows directly from the displacements of the element nodes, while the five
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ALGORITHM 5.3. Total update of 3D co-rotating beam elements.

Scalar part of difference quaternion:

s = %[(TA+7"B)2+|I‘A+I‘B|2]1/2 (3.71)
Mean rotation quaternion:

r=2i(ra+rp)/s, r=2i(ra+rp)/s (3.70)
Vector part of difference quaternion:

s = %(rArB—rBrA—l—rAxrB)/s (3.75)
Rotate initial element basis:

[n;,n,,n,] = R(r r)[ng,ng,ng] (3.50), (5.130)

Rotate basis to element axis and redefine R:
n = n, + Ax/l, n = n/|n|
[n;,n,,n,] := (I-2nn?)[-n,,n,,n,| (5.128)
R = [n;,n,n,;]
Symmetric and anti-symmetric rotation components:
¢, = 4RTs (5.131)
¢, = 4RT (n,; x n) (5.132)
Element extension:
u=1-—1Iy

Internal element forces:

t =Kgv (5.100)
Nodal element forces in global frame:

q = R.St (5.63), (5.68)
Element tangent stiffness in global frame:

K;; = RK{;R" (5.129)

remaining components depend on the rotations. The symmetric deformation
modes shown in the top row of Fig. 5.11 are described by the difference
between the rotation of nodes A and B. The vector part of the difference
quaternion (s,s) describes half the angle 1¢, in the global frame of reference.
This angle is a relative angle, describing the element deformation and the
sine function involved in the definition of the quaternion can therefore be
linearized, whereby

p, ~ 4s. (5.131)

The local components are obtained by pre-multiplication with R”. The anti-
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symmetric part of the rotations arises because the intermediate base vectors,
defined by the mean of the node rotations and shown in Fig. 5.13, are gen-
erally not aligned with the beam axis. In the algorithm it is inconvenient
to store the intermediate basis, and the rotation required for alignment is
therefore calculated from the mean vector n, defined by (5.127). When lin-
earizing the involved sine function, the anti-symmetric rotation components
are defined by the vector product

@, = 4n, X n. (5.132)

The local components of the anti-symmetric rotations are found by pre-
multiplication with R”. The vector product (5.132) produces a vector that
is orthogonal to the beam axis, and thus the local component ¢% vanishes,
leaving only the two components describing anti-symmetric bending. The
beam deformations are included in Algorithm 5.3, together with the calcu-
lation of nodal forces and the tangent stiffness matrix.

5.3 Summary and extensions

In the co-rotating formulation the total motion is separated into two parts:
the motion of the element-based local co-rotating frame of reference, and the
deformation of the element in this local frame. The advantage of the method
is that the contributions from the motion of the local frame are independent
of the particular element formulation, and the element formulation is limited
to the deformation modes in the local frame of reference. These local defor-
mation modes can be modeled at different levels of sophistication, ranging
from simple linear theory, over small finite deformation theories with sim-
ple geometric stiffness, to fairly advanced theories with non-linear column
effects and shortening due to bending. In Sections 5.1.2 and 5.2.2 the local
deformation modes were modeled at the intermediate level corresponding to
including geometric stiffness effects based on cubic shape functions. This
puts certain restrictions on the effects that can be represented accurately
within an individual element.

Several extensions of the co-rotating beam theory have found application
for offshore structures where column effects, initial imperfections, etc. are
important (Skallerud and Amdahl, 2002). A brief indication of the basic
idea of a beam-column with special effects like shortening due to bending
and the option of initial curvature is given here. The basic idea is to consider
the axial force IV, or the associated axial strain e, as the source of geometric
effects (Oran, 1973a,b). This suggests an equilibrium formulation for a
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beam-column element of the form
N = FAe, M = A(e) ¢, (5.133)

where N and ¢ are the normal force and the corresponding axial strain, while
M and ¢ are arrays containing the moments and the corresponding rotation
angles describing the natural deformation modes shown in Fig. 5.11. The
axial stiffness F A is assumed constant, while the moment stiffness matrix
A(e) is a function of the normal force or strain. It is an important con-
sequence of the format (5.133) that it implies a relation between the axial
strain ¢ and the elongation u of the beam element of the form

u=1le — %(pTB(E) P, (5.134)

where the last term represents the apparent shortening due to bending. The
change of separation of the end-points of the beam with strain then follows
as

gz =1 - %J%@ =1L, (5.135)
where L appears as the ‘apparent length’ of the beam-column element with
respect to the extension—strain relation.

It is an important aspect of the present beam-column theory that the
‘shortening matrix’ B(e) is determined explicitly by the moment stiffness
matrix A(e) (Krenk, 1995b). The energy of the beam element follows from
first increasing the normal force to its final value while maintaining ¢ = 0,

and then bending the beam with € constant. This gives the internal energy
D(e, ) = 5leN + 3" — Lp"BopN. (5.136)

The normal force N is conjugate to the extension given by wu, and thus

Ny 0RO 100

= — = - —. 5.137
Os Ou L 0e ( )
Differentiation of the expression (5.136) gives
0o dA
— = LN + o' (— — EAB)e. 5.138
Oe T (ds )C'D ( )

It follows from a comparison of the two last equations that consistency
requires the matrix B to be defined by

1 dA  dA
~ EA de  dN’
Thus, the beam-column theory is completely defined by the constitutive re-

lations (5.133) and the kinematic relation (5.134) with the matrix B defined
as the derivative of the moment stiffness matrix A (N).

(5.139)
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The constitutive relations (5.133) are in total form. In the computation
also the tangent stiffness relation is needed. It follows by differentiation of
the total relations, using the strain—elongation relation (5.135),

T

e = (o &)= T [ep]rowm) [&] - o
It is seen that the apparent length L defined by (5.135) acts as the length
of the beam-column in the incremental stiffness relation. The matrix in the
parentheses corresponds to the element deformation matrix K, for which
the linearized theory was given in Section 5.2.2. The components have been
reordered to accommodate the special status of the normal force in the
present beam-column theory. The details of the formulation for the classic
beam-column shape functions with added shear flexibility have been given
by Krenk (1995b) and Krenk et al. (1999).

A number of special effects can be incorporated into the beam-column
theory. Initial imperfections in the form of ‘out of straightness’ can be in-
cluded explicitly in the formulation by adding a hypothetical step in which
the beam-column element is straightened at zero normal force by application
of suitable end moments. This is then accounted for by explicit terms in the
bending relation (5.133b) and the strain-elongation relation (5.134). This
feature enables representation of the column effect for design purposes with-
out additional degrees of freedom. Many frame structures are designed to
accommodate a certain amount of yielding — typically at joints. This effect
can be incorporated into the individual beam-column element by including
the extra local deformation at the nodes in the form of plastic hinges (Ueda
and Yao, 1982; Powell and Chen, 1986). Furthermore, plastic hardening can
be accounted for with the extent of the plastic yield zone estimated from the
variation of the moments along the element (Fujikubo et al., 1991). A par-
ticularly simple formulation is obtained when using a flexibility formulation
for the local element properties as in Section 5.1.2. In that case the local
plastic straining appears as a purely additive contribution to the flexibility
matrix (Krenk et al., 1999). By including these additional features the co-
rotating beam formulation can be developed into a highly efficient analysis
tool for frame structures.

5.4 Exercises

Exercise 5.1 Consider a two-dimensional beam element in the xqx9-plane
as shown in Fig. 5.1. The bending deformation modes are described in terms
of the parameters ¢ and ¢, as illustrated in Fig. 5.3. Denote the end-points
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of the beam by A and B, and let their incremental transverse displacement
and rotation be given by [duﬁ, dp?] and [du‘y8 , dpP], respectively. These four
displacement components include a rigid body translation duy and a rigid
body rotation dpJ. Show that the incremental rigid body motion is found

as
A
dug _ 1 1 du;,
dys =10 1] | duf |

Show that the deformation modes are found by subtracting the rigid body
rotation of the beam ends to give

du;;‘
1dep, yr 2 -1 duf
d<pB

These relations are special cases of the transformation relations (5.13a) be-
tween deformation modes and local nodal displacements.

Exercise 5.2 Use the definition of the co-rotation stiffness matrix
K,dp, = (dS + RldR.S)t

to evaluate its components in the two-dimensional case and obtain (5.23)-
(5.24). It is convenient first to express the first term in terms of (N, M, M,)
and dl and the second term in terms of (N, My, M,) and dp. The increments
dl and dyp are then introduced from (5.20) and the expression rearranged in
matrix format.

Exercise 5.3 Consider a plane straight beam element with end-points A
and B. Let n; denote a unit vector in the direction from A to B and ngy a
transverse unit vector. In the local frame of reference these vectors have the
components n} = [1,0,0] and nd = [0, 1,0].

Show that the basic block matrix K, of the co-rotation stiffness matrix
K., given in (5.24), can be expressed in the form

N
I = Tngng — %(nlng—i-ngan)

when the unit vectors n; and ns are expressed in the local coordinate system.

Explain why the formula remains valid and gives the co-rotation part of
the stiffness matrix in a general coordinate system, when the unit vectors
are expressed in this coordinate system.

Exercise 5.4 Show that the bending part of the constitutive stiffness ma-

trix for the deformation modes given by (5.33) with 1, = 1 can be derived
from the expression (5.36) for the incremental virtual work with the shape
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functions for the symmetric and anti-symmetric bending modes given by
(5.38) and (5.39). The advantage of the flexibility method based on energy
is that it allows inclusion of the shear flexibility effect as a simple additional
term.

Exercise 5.5*% The geometric stiffness matrix is formulated for a state
of equilibrium. During iterations the state of the individual elements does
not correspond to equilibrium of the structure. In some cases it is found
that retaining the last established equilibrium stress state in the geometric
stiffness matrix during the equilibrium iterations reduces the number of
iterations. Perform the calculations of Example 5.2 with full update of
the internal stresses and with update only at equilibrium. Compare and
comment on the resulting number of iterations.

Exercise 5.6* Figure 5.14 shows an initially square frame with side length
L and member bending stiffness FI. Use the two-dimensional co-rotating
element formulation of Section 5.1 to analyze the tension and compression
problem in the interval 0 < PL?/EI < 10. Make plots of u/L, v/L and ¢
as a function of the load.

Fig. 5.14. Diamond shaped frame: (a) tension, (b) compression.

Table 5.2. Displacements of diamond-shaped frame.

Tension Compression
PL?/EI u/L v/L ® u/L v/L ®
1 0.13960 0.11252 1.05144 0.17046  0.24754 0.32789
2 0.23184 0.16429 1.20263 0.24224 0.58236 —0.19539
5 0.37322 0.21931 1.40209 0.07735 1.08927 —0.98149
10 0.46601 0.24380 1.50351 —0.12724 1.30578 —1.34277
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This problem was initially analyzed by Jenkins et al. (1966) using elliptic
integrals. Accurate results, tabulated by Mattiasson (1981), are given in
Table 5.2. Discuss the accuracy of the finite element solution with two and
four elements per side member of the frame.

Exercise 5.7* The results for the angle beam in Fig. 5.9 were obtained for
the parameters A = 1 and [ = % corresponding to a square cross-section
of unit side length and a frame half-width of b = 50. If the height at the
center of the angle beam is increased above the value h = 1.2 used in Ex-
ample 5.3 the load—displacement curve becomes non-monotonic, indicating
a snap-through. Make a finite element model for the case h = 1.6, and
obtain the solution by applying a vertical spring at the apex as explained in

Exercise 1.5. More efficient solution techniques are developed in Chapter 8.

Exercise 5.8 The procedure described in Algorithm 5.2 for the calculation
of the element rotation matrix R and the deformation parameters p, ¢y, 3,
u, ¢y, p; can be formulated in several alternative ways. The important thing
is that the total rotation of the element is described in terms of accurate
formulae for finite rotations, while differences within the element may be
handled approximately, assuming small angles.

Describe and illustrate an alternative procedure, in which the rotation ma-
trices Ry and R’z define nodal base vectors [n7,n/!,n] and [nZ,n? n?|
that are rotated such that n2 and nZ coincide with the beam axis, repre-
sented by n,, see Fig. 5.12. In this procedure the element base vectors and
the deformation parameters are then defined by mean values and differences
between these base vectors at the nodes A and B.

Exercise 5.9 Define the nodal displacement vector du = [dua,dp 4, dup,
de | corresponding to a rigid body rotation deg, and find the corresponding
nodal forces K,du generated by the co-rotation stiffness matrix given by
(5.95)—(5.99).

Show that the effect corresponds to rotating the force at each end by de,
and the moment at each end by %dgoo, corresponding to the semi-tangential
property of the moment. Recall the explanation given in Section 3.3 of the
fact that moments appear to rotate by only half when treated within an
incremental form of a virtual work equation.

Exercise 5.10 In the co-rotating formulation the total geometric stiffness
matrix is considered as consisting of two parts K, = K, +K;, where K, is the
co-rotating part determined by the procedure of Section 5.2. Determine the
local part K;, and show that the contribution from the local part vanishes
for a rigid body displacement.
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Deformation and equilibrium of solids

Kinematic non-linearity is a recognized part of continuum mechanics often
termed ‘large’ or ‘finite’ displacement theory. The non-linearity arises be-
cause equilibrium is considered in the current, and initially unknown, state
of the body. In order to describe finite deformation of a continuous body it is
necessary to have a non-linear measure of strain and a stress definition that
can be used in the deformed state. It turns out that the Green strain, intro-
duced for axial strain in Chapter 2, can be generalized to multi-component
form describing the deformation of a continuous body. This is the subject
of Section 6.1.

For any continuum mechanics theory it is very desirable to use stresses and
strains that satisfy some form of virtual work principle. It was demonstrated
in Chapter 2 that the use of the Green strain, which was a convenient
quadratic strain measure with exact invariance with respect to arbitrary
rigid body motion, led to a slightly modified interpretation of the normal
force N appearing in the principle of virtual work. In a similar way the use
of the Green strain for a continuous body leads to a special stress definition,
the second Piola—Kirchhoff stress. For small strains this stress definition has
a simple physical interpretation, precisely as N in the case of a bar element.
This stress is introduced in Section 6.2, and it is demonstrated how it serves
as a convenient reference for other stress measures of practical importance.
In particular the change of stress, the so-called stress rate, is discussed with
a view to its use in plasticity theory in Chapter 7.

The change of virtual work as an instrument to study a change of state in a
solid body is presented in Section 6.3. This establishes the equilibrium equa-
tions in a form suitable for finite element representation with the external
forces defined via the external work and the internal forces via the internal
work. For elastic materials an integral to the virtual work can be found and
identified as the potential energy of the body. The principle of virtual work
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is the instrument for checking equilibrium and defining the ‘out of balance’
forces if equilibrium has not been established. In order to approach equi-
librium in the case of unbalance a representative stiffness is needed. Again
the tangent stiffness is particularly useful because it represents the exact
solution for very small changes, and because the tangent stiffness matrix for
elastic bodies is symmetric. This is discussed in Section 6.4.

Up until this stage all relations have been kept in general form with ar-
bitrary displacement fields. In practice, the discretization of the problem in
terms of finite elements is a very important step. In Section 6.4.3 the intro-
duction of shape functions and their role in the formulation of geometrically
non-linear isoparametric solid elements is discussed. The results appear as
a systematic generalization of the linear isoparametric element.

There are numerous books on continuum mechanics, many of which cover
stresses and strains in finite deformation theory. Malvern (1969), Gurtin
(1981) and Truesdell (1991) are standard references presenting a broad
overview, while Holzapfel (2000) provides an introduction to more recent
developments. The presentation of deformation and equilibrium of solids
given here is influenced by Washizu (1974).

6.1 Deformation and strain

Figure 6.1 shows a continuous body in the initial undeformed configuration,
serving as reference configuration. In this configuration each point of the
body has a position vector xg. A set of orthogonal unit base vectors iy, iz, i3
is introduced, forming a Cartesian coordinate system. The initial position
vector can then be written in component form as

X) = x(l)ll =+ [13812 + xglg (61)

In the following the components will either be given in vector notation as
XE‘)F = [29, 29, :cg], or in index form as 29, where the range of the subscript « is
1,2, 3 for three-dimensional problems and 1, 2 for two-dimensional problem:s.
Greek subscripts will be reserved for spatial components, and thus always
have a range corresponding to the spatial dimension. In terms of the index

notation the coordinate decomposition (6.1) is written as
xg = 224, (6.2)

The fact that the subscript a occurs twice in the same term is used to
indicate a sum over the range of c. This so-called summation convention
is a part of tensor analysis, the theory of vectors and their combination in
space, see e.g. Malvern (1969), but its use here will be quite straightforward.
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iy

Fig. 6.1. Initial configuration with orthogonal unit base vectors i,.

Each coordinate set 20 defines a material particle by its position in the
initial configuration. Now, each material particle is displaced from its ini-
tial position xg to its current position x by the displacement vector u, see
Fig. 6.2,

x = x(x0) = Xp + u. (6.3)

In the following each point is identified by its material coordinates xg. Thus,
the coordinates x,, of the current position are considered as functions of the
g, and similarly for the displacement components.

The coordinate relation corresponding to (6.3) then is

material coordinates z
a;a(:cg) =20+ ua(xg). (6.4)

This type of formulation in which the displacement, and thereby the current
position, is expressed in terms of the coordinates of the initial position is
called material or Lagrangian. 1t is the commonly used formulation in solid
mechanics, whereas fluid mechanics problems are often formulated in terms
of the current position giving a spatial or Eulerian description.

Vv

X0
i |

Fig. 6.2. Displacement u from initial configuration xo to current configuration x.
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6.1.1 Non-linear strain

A strain measure in a solid body must characterize the state of deformation
at each point of the body. This includes the ability to describe different
elongations in different directions and also that vanishing strain should cor-
respond to undeformed rigid body motion. It turns out that such a strain
measure can be obtained by generalizing the simple length formula (2.13)
for the axial Green strain. In the case of a continuum strain is a point prop-
erty, and therefore only infinitesimal lengths can be used. Also the direction
in which the length is measured must be incorporated. Consider a vector
dxg of infinitesimal length dsg in the initial configuration, shown in Fig. 6.3.
The length dsg is determined by

dst = dx?dxg. (6.5)

The definition of dsy as the length of the vector dxy implies that the nor-
malized vector dxg/dsg is a unit vector, indicating the direction being con-
sidered.

o
Fig. 6.3. Motion of infinitesimal vector dx.

The current coordinates dx of the initial vector dxg are defined by the
partial derivatives of the function x(x¢) in (6.3) as

dx = F dx, (6.6)

where F is the deformation gradient tensor, with components

021/02Y  0Ox1/029 Ox1/02%
F = | 022/01y 0x5/0x) 022/02Y | . (6.7)
O0z3/02Y  Ox3/029 0Ox3/0x%

The partial derivatives of the displacement vector u are arranged similarly
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in the displacement gradient tensor D with components

Ou1 /02y Oui /02§  Ouy )0zl
D = | Quz/029 0Ouy/023 Ous/0xY | . (6.8)
Ouz/0xY  Ouz/0z§ Ous/0xl

It follows from the linear relation (6.3) that the deformation gradient tensor
can be expressed in terms of the displacement gradient tensor as

F=1+D, (6.9)

where I is the unit tensor with components given by the unit matrix.

The deformation gradient components (6.7) have a very direct interpreta-
tion. Consider the unit vector i; = dxq/dz{ = [1,0,0]7 along the z;-axis. It
follows from (6.6) that the current position of this vector is given by the first
column in the deformation gradient matrix (6.7). Thus, the three columns
0x/0xY of the deformation gradient matrix F give the current components
of the three original unit vectors i;, io and iz. This relation is illustrated
in Fig. 6.4, showing displacement and deformation of the three edges of a
unit cube, originally aligned with the coordinate axes. It is seen that the
displacement vector describes a translation, while the nine components of
the deformation gradient combine a rotation and deformation of the cube.
While the deformation depends on the loads and the constitutive behavior
of the material, the rotation does not change the state of the material, and
it is therefore important to separate these two parts of the motion.

0x /0

Fig. 6.4. Displacement vector u and deformation gradient F'.

Clearly, a change of the length between two points of a solid body is inde-
pendent of any rigid body motion. It therefore appears natural to investigate
the axial Green strain e¢ using a generic line element with the initial vector
representation dxg of infinitesimal length dsg. The current vector represen-
tation is dx with length ds. The axial Green strain introduced in Chapter 2
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is

I ds® — dsg B dxTdx — dxgdx(]
@7 T dsg N 2 ds%

(6.10)
Substitution of the current increment dx from (6.6) into this expression
yields the axial Green strain as

dxg1
Eq = — 5

dXo

FIF 1) —. 6.11
dSo 2( ) dSo ( )
The first and last factor define the initial direction, and the factor in the

middle is now defined as the Green strain tensor,
E = JF'F-1I) = }(D+D") + ID'D. (6.12)

The second expression in terms of the displacement gradient follows from
use of (6.9). It is observed that the Green strain tensor E can be written
as the symmetric part of %(F +1)"D = F{/QD, similar to the notion of a
mean state introduced in Section 2.2.

Substitution of the components of the displacement gradient tensor (6.8)

gives the components of the Green strain tensor,

1 [0Ouy  Oug 1 Ouy Ouy

The components of the Green strain tensor constitute a symmetric matrix
where each term is a sum of a linear and a quadratic term. The linear term
is identical to that of ‘small’ displacement theory. The components have a
simple interpretation as the change of the scalar products of the base vectors
before and after the motion. As illustrated in Fig. 6.4, the initial base vectors
are 9xo/0x while their current coordinates are 9x/0z%. The components
of the Green strain tensor express the change in the scalar products of the
corresponding base vectors,

oxT ox ox} 9%
2Bap = Oxf, 9} e oz (6.14)

Hereby the diagonal elements of 2F,3 correspond to the increase of the
square of the length of the unit vectors, while the off-diagonal elements
describe the cosines to the angles between the base vectors after the motion.
However, this relation is somewhat indirect due to the change of the length of
the base vectors. For small deformation the Green strain tensor components
correspond to those of linear strain.

In order to establish the principle of virtual work, the variation dE of the
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Green strain tensor E is also needed. The variation follows immediately
from (6.12),
SE = L(F'6D + éD'F). (6.15)

This defines the variation of the strain components JE as the symmetric
part of FT6D. The corresponding component form is

1 { 0x~ O(6uy) = O(du~) Ox
Eo.— = gl gl v) 9%y ) 1
OEap 2 <8xg Ox% + 09 Ox% (6.16)

It is seen that both the current Green strain tensor E and its variation dE
are symmetric and therefore have only six independent components, while
the deformation gradient and its variation are in general non-symmetric and
therefore have nine independent components. The extra three components
describe the rotation of the material at the point, as described in the next
section.

6.1.2 Decomposition into deformation and rigid body motion

The deformation gradient tensor F relates the initial and current local ge-
ometry around a point as illustrated in Fig. 6.4. It follows from the in-
terpretation of the columns of the component matrix F as the coordinates
of the base vectors after the motion that det(F) > 0, and thus the com-
ponent matrix is invertible. The deformation gradient matrix has nine
components, while the local deformation is described by only six compo-
nents. The explanation is given by the polar decomposition theorem, which
states that a positive definite three-dimensional tensor can be factored in two
ways as

F=RU= VR, (6.17)

where U and V are positive definite symmetric tensors, and R is a proper
orthogonal tensor, describing a rotation as discussed in Section 3.1. Each of
the symmetric tensors has six independent components, while the rotation
tensor is defined in terms of three independent components, for example in
the form of a rotation pseudo-vector.

The factors in (6.17) can be interpreted by considering a line element with
initial components dxg. After the motion the current line element is

dx = Fdxo = R(Udxg) = V (Rdxy). (6.18)

In the right-hand decomposition F = RU the line element first participates
in a deformation described by the symmetric matrix U, after which it is
rotated by the rotation tensor R. Conversely, in the left-hand decomposition
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F = VR the line element is first rotated by the rotation tensor R, and then
participates in a deformation described by the symmetric tensor V. The
rotation is the same in the two cases, while the deformation tensors U and
V will in general not be identical.

Proof of the decompositions (6.17) and the relation between the tensors
U and V are established as follows (Gurtin, 1981). The symmetric tensor
U is determined from the deformation gradient tensor via the product

F'F = (RU)RU = UU = U2 (6.19)

This product defining U?, and thereby U, is determined by the Green strain
tensor as shown by (6.12). As F is invertible, the same applies to U, and
thus the rotation tensor is determined as

R =FU L (6.20)

It is easily verified that RTR = I, which completes the proof of the right-
hand decomposition.

The left-hand decomposition follows from introducing the symmetric ten-
sor V in the form

V = RUR'. (6.21)
The product of the left-hand decomposition (6.17) then takes the form
VR = (RUR’)R = RU = F. (6.22)

This completes the proof of the decomposition relations and provides explicit
definitions for the tensors U, R and V.

The decomposition of a motion into a deformation and a rotation part
is illustrated by the two-dimensional examples shown in Fig. 6.5. In both
cases there is no displacement in the xs-direction, i.e. uz = 0, and only a
2 x 2 sub-matrix of the components of F needs to be considered.

EXAMPLE 6.1. BIAXIAL EXTENSION. Figure 6.5(a) shows a state of biaxial
extension, in which a unit vector along the xi-axis is extended by €1, and a
unit vector along the xo-axis is extended by €2. There is no change of angle
of the axes, and the deformation gradient therefore is

1+¢ 0
F = .
[ 0 1+€2:|

The right deformation matrix U? follows from (2.19) as

(1+e1)? 0 ]

2 T _
v —FF—[ 0 (14e0)?
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X1 z
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(a) (b)

Fig. 6.5. (a) Biaxial extension, (b) shear at constant volume.

The diagonal form of U? immediately gives

|1+ 0
U_[ 0 1+62:|.

It is seen that the diagonal of U contains the so-called stretches of the axes.
As a consequence of the diagonal form of U there is no rotation, and V = U.

EXAMPLE 6.2. SHEAR AT CONSTANT VOLUME. Figure 6.5(b) shows a
state of shear at constant volume, in which the top side of a unit square is
shifted v to the right. Within linear deformation theory = is the angular
shear strain, but in a rigorous large deformation formulation matters are
slightly more complicated. The deformation gradient for this case is

e [1]

and U? is then defined by the product

V-rrF-|' 7 |
v 1442

It is easy to verify — but somewhat more complicated to derive — that the
matrix U then is

1 2
o el )
44217 247

where it should be noted that the factor applies to all components in the
matrix. The inverse of this matrix is

-t ! [2+72 —7}

Jizrel v 2
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and the rotation matrix R then follows from (6.20) as

v 2l 3] el

Vira2l0 1 -y 2 Va+2 Ly 2

The rotation matrix is orthogonal with unit determinant, and can be written
in terms of the rotation angle ¢ as

cosp —sing 1
R = t = —3.
[sinnp cosgo} ’ any 27
For small deformation ¢ ~ —%fy but for increasing values of v the angle
approaches %ﬂ, and the deformation loses its resemblance to shear. Finally,
the left deformation tensor V follows from (6.21). Note that the determinant
of U and V is equal to unity, because the volume is unchanged by the motion.

6.2 Virtual work and stresses

The traditional way of introducing stresses is via an infinitesimal volume el-
ement. First a rectangular element is considered to establish the differential
equations of equilibrium, and then a tetrahedral element is used to establish
the transformation rule needed for the surface stress vector. As already men-
tioned, the choice of a strain measure and the requirement that a principle
of virtual work must exist leads to the stress measure that is conjugate to
the chosen strain, i.e. the stress that combines with the strain variation into
a virtual work equation. Here, the procedure already introduced in Chap-
ter 2 is followed, starting out from the principle of virtual work, deriving
the equilibrium equations and the formula for the surface stress vector, and
then giving the physical interpretation of the stress obtained in this way.

The Green strain leads to the Piola—Kirchhoff stress, described in Sec-
tion 6.2.1. The definition of the Piola—Kirchhoff stress makes explicit refer-
ence to the initial state, and there are theoretical as well as practical reasons
to investigate stresses defined solely with reference to the current state. This
leads to the Cauchy and the Kirchhoff stress measures introduced in Sec-
tion 6.2.2. These stresses refer to current directions and areas. However, the
material properties — and thereby the current state of stress — are convected
with the material, and it is therefore necessary to introduce a special de-
scription of the stress changes that accounts for the motion of the material.
These so-called objective stress rates are discussed in Section 6.2.3.
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6.2.1 Piola—Kirchhoff stress

The stress components associated with the Green strain components dE,3
are denoted S,3. The virtual work identity is formulated using the initial
coordinates :Ug and the initial volume and surface elements dVy and dSy,
respectively. When py 9dVj are the volume force components and tOdSo the
surface traction components corresponding to the Cartesian base vectors i,
the virtual work equation is

0Eag Sap dVo = / Sun 15 dSo + / Suy pY dVa. (6.23)
VO SO VO

The virtual strains dF,3 are symmetric. The product with the stress com-
ponents will therefore only depend on the symmetric part, and the stress
components appearing in the virtual work can therefore be introduced in
symmetric form, i.e. Sgo, = Sap. Due to the symmetry of the stress com-
ponents the stress integral can be expressed by substituting the simple non-
symmetric form of the virtual strain expression (6.16), whereby

0(du~) Oz
SE dV = i Rips S dVo. 24
/vo ot Sep &V /V oa%, 09 2 0 (6:24)

By use of the divergence theorem the derivative 8/[%% is moved to the
product of the second and third factors,

d(du) 0
/ ( u’Y) x"/ Sa,@ d‘/o —
Vo

ax 0z

Oy 0 0 (0xy
/SO(Su7 (angM) ng dSp /V0<5u7 (996%(8 OS )dVo.

When this form is introduced into the virtual work identity (6.23), and it
is observed that the displacement variation du. is arbitrary, it is found that
the equilibrium equation

(6.25)

0 8307 0
must be satisfied in Vj, and the surface traction must be defined by
ox
t9 = <a LSa >nﬁ, v=1,2,3 (6.27)

on the surface Sy.

The stresses S, introduced in this way are the components of the second
Piola—Kirchhoff stress tensor. These stress components have the advantage
of being symmetric. However, as seen from the equilibrium equation (6.26)
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and the definition of the surface traction (6.27) they are used in the form
Pyg = (0x,/02%)Sap. This combination is the first Piola-Kirchhoff stress
tensor. The first Piola-Kirchhoff stress tensor P,g appears directly in the
vector relations (6.26) and (6.27), while the second stress tensor S, plays
the direct role in the principle of virtual work. The symmetry and the direct
relation to the principle of virtual work have led to general use of the second
Piola—Kirchhoff stress tensor.

Ss3

So
S 2

i3
2
i 1

13

Fig. 6.6. Initial unit cube and deformed shape with face tractions S1,Ss, Ss.

The physical meaning of the two Piola—Kirchhoff stress tensors can be
explained with reference to Fig. 6.6. The figure shows a small unit cube
with sides i, located at the point xg in the initial configuration. After the
displacement the faces have the traction vectors Si,S2,S3 as shown. In
the initial configuration the cube had unit side length, and therefore the
change of the traction vectors from one side of the volume to the other
can be expressed by differentiation with respect to the original Cartesian
coordinates 0. With the body force p = pgiA, acting on the original unit
volume the equilibrium equation is

0S1 0Se  0Ss3

+ =0, 6.28
0xY 92y 02 po (6.28)
or in index notation
0Sg3
— + po = 0, (6.29)
0
(%Cﬁ

where the subscript 3 identifies the face of the volume in the original con-
figuration. The similar component form was given in (6.26). When the base
vectors i, are introduced into (6.26), the following identity is obtained:

. [ Ox 0(z~i
Sp = iy <8$35a6> - (3;07) S, B=1,2,3. (6.30)

These equalities show that the first Piola—Kirchhoff stress tensor corresponds
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to resolving the traction vectors Sz in components along the original unit
base vectors i,, while the second Piola~Kirchhoff stress tensor corresponds
to resolving the traction vectors Sg in components along the vectors 9x /9.
These vectors form the sides of the deformed cube and thus correspond to
a deformed non-orthogonal set of base vectors. The curious fact is that
the use of this non-orthogonal set of base vectors leads to symmetric stress
components, see e.g. Washizu (1974, p. 57).

EXAMPLE 6.3. PIOLA-KIRCHHOFF STRESS IN BEAM THEORY. For small
strain but arbitrarily large displacements the second Piola—Kirchhoff stress
components act as convected stress components, as illustrated in Fig. 6.7
for a beam.

Fig. 6.7. Stresses S11,.921,531 on beam cross-section.

In the initial configuration the axis of the beam is in the direction of the
xr1-axis, and the cross-section of the beam therefore described in the zo—x3
plane. The main stress components of a beam theory are those acting on
the cross-section. In the present case the initial position of the cross-section
is identified by the normal i; and thus the relevant stress components corre-
spond to the traction vector S;. The stress components S, correspond to
a resolution in the deformed basis. In the present case there are two vectors
fixed in the cross-section giving the shear stress components So1, S31, and
the tangent vector to the center-line of the deformed beam giving the axial
stress component S11. The lengths of the deformed base vectors are deter-
mined by the strains E11, Fao, F33 and the deviation from orthogonality by
the strains F13, Fo3, E12. In the case of small strain the deformed base vec-
tors still constitute a nearly orthogonal set of vectors of nearly unit length,
and the second Piola—Kirchhoff stress components are then nearly the ordi-
nary stresses referred to this convected coordinate system. Thus, it turns
out to be quite convenient that the stress components S, refer to a plane
with normal direction ( in the initial configuration with vector components
« along the deformed base vectors.
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6.2.2 Cauchy and Kirchhoff stresses

The Piola—Kirchhoff stress refers to areas and directions in the reference
state, and this gives an indirect relation to the current state in some sit-
uations involving large strains. It is therefore desirable to investigate the
possibility of formulations based on the current state. Here the problem is
posed in terms of small displacements du imposed on the current state, de-
scribed by the coordinates x. The strains introduced by this motion will be
the linear part of the Green strains, but with the current state as reference
state. Thus these strains are

1 (0(duy) | O(dup)
daaﬂ_Q( oyt om ) (6.31)

These strains may be related to the Green strain increments with compo-
nents given by (6.16). When using the chain rule of differentiation on the
derivatives of the displacements, the Green strain increments may be written
as

1 (0xy0(duy) Ox\ | Oxy d(du) Oz,
dFap = 2((%8 Ox 837% 020 Oxy 837% ' (6.32)

It is seen that the deformation gradient appears as a factor twice in each
term, and thereby establishes the relation between the Green strain incre-
ment dE and the incremental linear strain de as

dE = FldeF. (6.33)

A similar relation applies to the variations JE and de.

The Cauchy stress tensor o with components 0,3 can now be introduced
as conjugate to the linear current strains (6.31) when using the current
volume and surface. This definition implies that the virtual work of the
Cauchy stress through the virtual linear strain equals the virtual work of
the second Piola—Kirchhoff stress through the virtual Green strain,

/ 5Eaﬁ5a5 d‘/o = / 55a50a5 dVv. (6.34)
Vo Vv

The relation between the two sets of stress components is obtained by in-
troducing the relation (6.33) between the virtual strain components and
by obtaining a relation between the reference volume element dVy and the
current volume element dV.

The current volume element dV is related to the initial volume element
dVp by considering the sides 9x/02% of the deformed unit cube in Fig. 6.4.
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The volume of the deformed cube is given by the triple product of the side

vectors,
ox Ox O0Ox 0xy
dV = | =5+ = X== |dVp = det| —5 ) dVp. 6.35
(830(1) axgx&cg) 0 ¢ (8:6%) 0 (6.35)

Introducing the Jacobian determinant J = det(F'), the volume relation is
AV = J dVp = det(F) dVp. (6.36)

Introduction of this relation and the strain increment relation (6.33) into
the left side of the internal virtual work equation (6.34) gives the following
formula for the Cauchy stress:

1
o= jFSFT. (6.37)

The corresponding component relation is

1 Oz, %

It is seen that the role of the deformation gradient is to transform the refer-
ence of Sy5 components from the reference coordinates to the current coor-
dinates. It follows from the polar decomposition (6.17) that in general this
is not an orthogonal transformation, but involves deformation as well.

The Cauchy stress o conforms closely to the small deformation theory
notion of stress with its use of current geometry. However, for processes
involving large deformation the volume may change, and thereby the volume
increment dV used in the principle of virtual work is not constant during the
motion. This fact is accounted for by the so-called Kirchhoff stress 7, that
is introduced in a similar way as the Cauchy stress but using the original
volume element dV. The reason behind the Kirchhoff stress is that for
actual processes the constitutive behavior of the material is associated with
a certain mass of material. Thus, the volume integrals would actually be
over mass elements dm = pdV, where p is the mass density. The change
of density with change of volume element would neutralize the apparent
effect of the changing volume increment dV'. This effect is often included by
representing the volume element in the form J~'dV. Thus, the Kirchhoff
stress components 7,4 are introduced via the internal virtual work identity

6Fop Sap dVo = / 0cap Tap J L dV. (6.39)
Vo |4

It follows directly by comparison with the Cauchy stress relation (6.34) that



160 Deformation and equilibrium of solids

the Kirchhoff stress is
T =Jo =FSFT, (6.40)

The similarity with the inverse relation (6.33) for the corresponding strain
increments is evident.

6.2.3 Stress rates

The Piola-Kirchhoff stress components S,z describe tractions acting on ma-
terial surfaces as described in Section 6.2.1. The change in these components
can therefore be attributed to the constitutive behavior of the material.
The Cauchy and Kirchhoff stress components are different in this respect,
as they refer to tractions on surfaces fixed in space. Thus, a solid body
with a constant state of stress undergoing rigid body motion will not expe-
rience any change in the Piola—Kirchhoff stress components. However, the
changing direction of the body relative to the fixed directions in space will
in general imply that there is a change in the Cauchy and Kirchhoff stress
components. In this section the changes in the components of Cauchy and
Kirchhoff stresses that can be ascribed to changes in the state of the ma-
terial are described. It is customary to imagine the associated motion as
taking place in time, and the stress component changes are therefore called
stress rates. The stress rates that can be attributed to changes of the state
of the material are called objective stress rates. By implication the objective
stress rate associated with a rigid body motion must vanish. This criterion
is necessary, but not sufficient, to define an objective stress rate. Several
objective stress rates have been defined in the literature, see e.g. Holzapfel
(2000), but only the two most common will be used here.

A simple and direct approach to the derivation of objective stress rates
starts out by observing that the Piola—Kirchhoff stress S is defined with
reference to material surfaces and directions, and thus the rate of its com-
ponents defined as the time derivative Sisob jective. This enables derivation
of objective rates of other stress definitions directly from the relation of their
original components to the Piola—Kirchhoff stress. This approach leads to
the so-called Truesdell stress rate.

The simplest case is the Kirchhoff stress 7. Inversion of the relation (6.40)
gives

S=F'!7F7T, (6.41)
The time derivative of this relation is

S=F1F T L FlrsF T L Flrp T (6.42)
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Now, the basic argument is that the objective rate of the Kirchhoff stress,
denoted 70', should follow from the rate of the Piola-Kirchhoff stress S in
the same way as the current components 7 follow from S, namely by the
relation (6.40). This defines the objective rate of the Kirchhoff stress as

7 = FSF’. (6.43)
Substitution of S from (6.42) then gives
=+ +FF 7+ (FF (6.44)

It is seen that the effect of convection of the material is included via a factor
FF-! and its transpose.

The factors that represent the material convection in this formula can
be given a precise interpretation. By definition of the time derivative, the
deformation gradient has the components
Fg = gig. (6.45)
The time derivatives &, are the components of the velocity of the particle.
Thus (6.45) is the gradient of the particle velocity field with respect to the
reference coordinates m%. The velocity gradient L with respect to the current

coordinates is obtained via post-multiplication by F~1,

L Y (6.46)

L=FF!=
81‘2 8% axﬁ

The velocity gradient tensor is defined in terms of derivatives with respect to
the current state, in contrast to the deformation and displacement gradients,
where gradient refers to derivatives with respect to the coordinates of the
reference state.

The factor FF~1 describing the convection in the objective stress rate
(6.44) is obtained by taking the time derivative of the identity FF~! = I,
whereby

FF! = —FF! = —L. (6.47)
The final form of the Truesdell rate of the Kirchhoff stress in terms of the
velocity gradient is

=+ - Lt - rL". (6.48)
Note that while + denotes the time derivative of the components of the

Kirchhoff stress tensor, constitutive relations must be formulated in terms
[¢]
of objective stress rates, such as the Truesdell rate 7.
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The Truesdell rate of the Cauchy stress can be found via the time deriva-
tives of the second Piola—Kirchhoff stress tensor by a similar procedure.
Inversion of (6.37) gives

S=JF'loF 7T (6.49)
and time differentiation leads to
S=F'Jé6+Jo)F T +JFloF T 4+ JFlok T (6.50)

This formula contains the time derivative J of the Jacobian determinant.
The Jacobian determinant V' is the current volume of the material originally
occupying unit volume. Thus, .J /J is the current rate of volume change,
which can be expressed in terms of the time derivatives of the strains,

j/] = €11 + €92 + €33 = tr(é). (6.51)

Definition of the objective Cauchy stress rate o from the original transfor-
mation formula (6.37) then leads to

=6+ tr(é)o — Lo — oL”. (6.52)

The term containing tr(€) accounts for the change in the current volume
element dV, an effect that has been neutralized in the definition of the
Kirchhoff stress.

Note that the circle symbol for the Truesdell stress rate has here been used
to denote a particular procedure for defining the objective rate, in which the
stress — here Kirchhoff or Cauchy stress — is transformed to a material frame
of reference by a relation of the form (6.41) or (6.49). In the material frame
a direct time derivative is objective and can be used to describe material
behavior. The corresponding Truesdell rate of Kirchhoff or Cauchy stress is
therefore defined by a similar transformation of the increments in the ma-
terial frame. This procedure corresponds to the concept of a Lie derivative
discussed e.g. by Marsden and Hughes (1983) and Holzapfel (2000). It is
similar to the discussion in Section 4.2 of the virtual and actual changes of
the local components of strain and curvature in the development of a large
deformation beam theory.

EXAMPLE 6.4. TRUESDELL STRESS RATE IN CONSTANT VOLUME SHEAR.
The constant volume shear problem introduced in Example 6.2 and illus-
trated in Fig. 6.5(b) is described by the deformation tensor, its inverse and
its time derivative:

I 1 |1 = |0 ¥
TR B R P
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The velocity gradient tensor is determined by (6.46) as

. 0 4
L=FF'= .
o o]
The velocity gradient tensor determines the extra terms in the objective
stress rate (6.48),

F=i—Lr - 1L =4 — y[ﬁﬁm 722].
T22 0

When this formula is used to express the time derivative of the Kirchhoff
stress,

RN Ti2 + T21  T22

Y o BE

the last term represents the effect of the convection of the material in the
spatial frame of reference. It is seen that the convection contribution is
independent of the stress component 771. Intuitively this stress may be
associated with tension in an imagined fiber in the z;-direction, which does
not change during the motion. On the other hand, the current tension 799
in the direction of the xo-axis contributes 479 to the time derivative of the
shear strain, and a current shear stress 79 = 701 contributes 29712 to the
time derivative of the normal stress in the zi-direction. Intuitively, effects
of this type were to be expected.

In the present problem there is no change of volume, and therefore the
stress rate formulae also apply to the Cauchy stress.

Other objective stress rates have also found use in modeling large defor-
mation of solids. Probably the most used is the Jaumann stress rate. It is
based on the idea that the change of stress components in a fixed spatial
coordinate system consists of two parts: one part corresponding to a change
of stress in the material, and another due to convection of the material rel-
ative to the spatial frame of reference. In the Jaumann stress rate the effect
of convection is described by reference to an instantaneous angular veloc-
ity w. This angular velocity, called the spin, is identified by resolving the
velocity gradient tensor into a symmetric and an anti-symmetric part. The
symmetric part is the strain rate €, while the anti-symmetric part is the spin
tensor W:

L=¢+W (6.53)



164 Deformation and equilibrium of solids

with strain rate and spin tensor defined by
¢ =3L+L"), W=3LiL-L"). (6.54)

It follows from the discussion in Section 3.1 that any skew-symmetric tensor
can be associated with a vector representing an infinitesimal rotation or an-
gular velocity. Thus, according to (3.7) the spin tensor W can be expressed
in terms of the angular velocity w as

0 —Wws3 w2
W=w-= w3 0 —Ww1 . (6.55)
—Ww9 w1 0

The Jaumann stress rate is defined by a relation similar to the Truesdell rate
(6.48), but now using only the skew-symmetric part of the velocity gradient.
This gives the Jaumann rate

T=+-Wr - W7 (6.56)

of the Kirchhoff stress. The Jaumann rate only accounts for the spin, but
not for the strain rate. The volume rate does not enter into the definition
of the Jaumann stress rate, and thus the formula for the Jaumann rate of
the Cauchy stress is of the same form as (6.56).

The Truesdell stress rates for the Kirchhoff stress and the Cauchy stress
are easily expressed in terms of the Jaumann rate by substitution of the
decomposition (6.53) of the velocity gradient tensor. The Kirchhoff stress
rate formula follows from (6.48),

Fe=T —é1 — T (6.57)
and the Cauchy stress rate formula from (6.52),
=0+ tr(é)o — éo — oE. (6.58)

It is seen that the difference between the Truesdell and the Jaumann stress
rates is described by the current state of stress and the current rate of strain,
but is independent of any rate of rotation. With a suitable constitutive
relation for the material the strain rate can be expressed in terms of the
current state of the material and the rate of the loads, and thus the choice
between the Truesdell and Jaumann stress rates is largely a matter of taste
and convenience.

EXAMPLE 6.5. JAUMANN STRESS RATE IN CONSTANT VOLUME SHEAR. The
Truesdell stress rate of the constant volume shear problem was considered
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in Example 6.4. In the Jaumann stress rate the convection terms are repre-
sented by the spin tensor W, defined as the symmetric part of the velocity
gradient tensor L. The strain rate € and the spin tensor W are found as
the symmetric and anti-symmetric parts of the velocity gradient tensor L,
determined in Example 6.4.

0 % . 0 iy 0 14
L —_ = — 2 W p—y 2 .
[0 0}’ © [57 0]’ ~15 0
The spin tensor W determines the extra terms in the objective stress rate
(6.56),
2

v ) . .| T2 + 721 T22 — T11
T:T—WT—TWT:T—I"}/|: }

T2 — 111 — (712 + 721)

The time derivative of the Kirchhoff stress in terms of the Jaumann stress
rate is

7V_+1.[712+721 To2 — T11 }

T22 — T11 —(712 + 721)

It is seen that the Jaumann stress rate formula involves all the current stress
components, while the Truesdell rate is independent of 771 in this motion.

6.3 Total Lagrangian formulation

As discussed in Chapter 2, non-linear problems of solids and structures may
be formulated either in the total or the updated Lagrangian format. In
the total Lagrangian format the motion of the material points is described
by the total displacement field u(xg) with reference to the initial position
xo of the material point. This formulation leads naturally to deformations
described in terms of the Green strain tensor E and stresses described in
terms of the second Piola—Kirchhoff stress tensor S. An advantage of this
method is that the total stress appears directly in the equations, while a
disadvantage is that strain increments become non-linear, as they refer to
the initial state. Alternatively, the non-linear problem may be described
in the updated Lagrangian format in terms of the displacement increments
du(x) with reference to the current state x. This formulation leads to lin-
earized incremental strains de and Cauchy or Kirchhoff stresses. This gives
the advantage that the strain increments may be introduced in linear form.
However, the stress increments must be represented by their non-linear ob-
jective rates, as discussed in the previous section. Thus, the choice between



166 Deformation and equilibrium of solids

the total and the updated Lagrangian formulations includes a choice of the
specific form of the non-linearity in the equations to be solved.

This section describes three main aspects of the total Lagrangian formula-
tion: the formulation of equilibrium equations, the formation of the tangent
stiffness matrix, and the implementation in the finite element format by
use of shape functions. The formulation of these steps in the updated La-
grangian format is presented in Section 6.4.

6.3.1 Equilibrium and residual forces

The total Lagrangian format makes use of the total displacement compo-
nents ua(xg), considered as functions of the initial position 332. This for-
mat makes use of the Green strain Eag(xg) corresponding to the conjugate
Piola—Kirchhoff stress components Sag(xg). In order to illustrate the gen-
eral procedure the virtual work relation is obtained from the equilibrium
equation, reversing the argument in Section 6.2.1.

The equilibrium equation corresponding to the Piola—Kirchhoff stress com-
ponents was given in (6.26) as

0 ( 0z,
— | 22 Sag ) + P, =0 inVp. 6.59
(933% (33:3 B > Py 0 (6.59)
In this equation pg stresses and displacements are considered as functions of
the initial position :cg. The corresponding virtual work equation is obtained
by scalar multiplication of this equation with a virtual displacement field
. (mg), followed by integration over the initial volume Vj:

0 [0Ox
5 2085 | dV S, 0 dVy = 0. 6.60
/Vo © o) O’ (axo 5) o /Vo toba €0 (050

By use of the divergence theorem, expressed by (6.25), this relation may be
written in the form of an equality of internal and external virtual work

/ 6FEop Sap dVy = / Suy t9 dSo +/ Su pY dVp, (6.61)
Vo So Vo
where the virtual Green strain components 0,3 have been introduced from
(6.16),
1 [0z, 0(0uy)  O(0u) Ox
8E.3 = — 7 7 SRty 6.62
8= 3 <axg o0:0, " 010 o) (6:62)

and tg is the surface traction vector, related to the stress tensor components
by (6.27).
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The right side of the virtual work equation (6.61) defines the external
virtual work, i.e. the virtual work of the external loads,

Vext = | Ouyt) dSo + | duyp) dVy (6.63)
So VO

while the left side defines the internal virtual work of the stresses,

OVint = 0Eq3 Sap dVp. (6.64)
Vo
Equilibrium is expressed by the statement dVins = 0Vext, valid for any dis-
placement variation field dz-(2?). Thus, any lack of equilibrium may be
considered equivalent to a distribution of residual forces r,y(;vg), which ac-
counts for the difference in the external and internal virtual work. This is
expressed by the relation

6U,y ’r'»y d‘/o == (5‘/6)“; - 6Vvint (665)
Vo
which, for any state of displacement u(z¢) and stress Sog(x¢), defines the
residual force distribution rw(xg). For a suitably discretized displacement
field this relation defines a discrete set of residual forces, which are eliminated
in an iteration process that gradually establishes equilibrium. The finite
element discretization is described in Section 6.3.3.

6.3.2 Tangent stiffness

In the same way the virtual work equation for the total internal and external
forces is used to check equilibrium and to define residual forces, an incre-
mental form of the virtual work equation is established in order to obtain the
tangent stiffness. Instead of considering the total loads tg,pg and stresses
Sap, two neighboring configurations separated by the increments dtg,dpg
and dS,g are considered. In practice it is easier to obtain the incremental
relation by differentiation of the virtual work (6.61) than by considering
the two neighboring states individually. The key point is that while loads,
stresses and displacements are incremented, the variation du, remains unaf-
fected. This follows from the fact that du. is to be considered as an arbitrary
field, independent of the actual displacement field. In the case of continua,
where the displacement representation depends on rotations, this argument
has to be modified as explained in Chapter 3.

The tangent stiffness follows from the increment of the internal virtual
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work 0 Ving,
d(0Vipt) = d 0Eq3 Sap dVp. (6.66)
Vo

The stress components are symmetric, and the virtual strain can then be
substituted from the first term in (6.62). It then follows from differentiation
that

o(6u,) . d(du.)
d(0Vint) = / 7S, AV + 0E.3dSas dVjp. 6.67
(0Viar) v 0x9 70 drfy Oy, e T (6.67)

Now, assume that there exists a linear constitutive relation between the
stress increments dS,g and the strain increments dE.s in the form

dSap = Clgys dEys. (6.68)

Specific forms of this relation corresponding to elastic and elasto-plastic
materials are discussed in Chapter 7.
The increment of the internal virtual work then takes the form

0(du~) J(du.)
d(8Viy, :/ S 7 dVy + 8E.5 C°s < dE.sdVy. (6.69
( t) Vo 81‘3 B ax% 0 Vo B8 “~aBys ol 0 ( )

Due to the symmetry of the stress and strain components the elastic tensor
Capys must be symmetric in the first and last pair of subscripts, and the
strain variation and strain increment can therefore be introduced in the
non-symmetric form corresponding to the first term in (6.62). With this,
the increment of the internal virtual work is

. _ 9(duy) O(du)
d(6Vim) = /V oy S g

(6.70)

/ 0(0uy) 0z o Oxy O(duy) v,
Vo

Oxl, dx} P10 9 Dzl

This form of the incremental virtual work is similar to the tangent stiff-
ness relation (2.68) obtained for bar elements. It consists of a constitutive
stiffness contribution and a geometric stiffness contribution, where the defor-
mation gradients appear as a consequence of the finite change of geometry.
In order to emphasize the simple structure of the relations they are also
given in matrix form using the symbol : for contraction on two subscripts,

d(0Vint) = / (6DTdD) : S dVy + | OET:Cy: dE dVj. (6.71)
Vo VO
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The parentheses indicate that the product §D”'dD should be formed, leaving
two free subscripts that are then contracted with S. The previous formulae
may help in the detailed interpretation of the matrix products.

Several special cases of the incremental virtual work (6.67) are of interest.
If the initial stress contribution and the dependence on the current displace-
ment are omitted, the traditional linear form is obtained. Note that material
non-linearities can still be included via the coefficients C’,%aﬁ. In updated
formulations and in linearized stability theory the initial stress terms are
included, while the dependence on the current displacement is left out, see
e.g. Washizu (1974).

There is a close relation between the symmetry of the incremental virtual
work and the existence of a strain energy function for the material. If the
material has a strain energy density function ¢(F,g), the stresses are given
by the derivatives

Iy
Sap = . 6.72
" OBus (6.72)
Then the stress increments follow by further differentiation,
05,5 = 0P ap o0 ap (6.73)
T OEap0E,, 0 T e T '

This establishes the coeflicients Cgﬁwi as double derivatives of the strain

«

from interchanging the order of differentiation. With this symmetry the

energy density ¢(F,3), and the symmetry relation Cg&lﬁ = (9 Gy follows

incremental internal virtual work is symmetric with respect to interchange
of du and du. This symmetry in turn leads to a symmetric tangent stiffness
relation. It should be noted that several material models do not lead to
a strain energy density, see e.g. Ottosen and Ristinmaa (2005). Those
materials must therefore be treated by incremental relations. An important
example is the incremental theory of plasticity treated in the next chapter.

The principle of virtual work may also be written as an equation express-
ing that the change in virtual work dV is zero for arbitrary variations of the
displacement field:

5V:/ Sap 00z dVy — / t9 Su, dSy — / Py ouydVp.  (6.74)
Vo So Vo

If the material has a strain energy density function, and if the loads are
conservative, this may be considered as the variation of a potential energy
functional ®(u) found by integration. In the case of constant loads the
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potential energy has the form

®(u) =/ p(Eys) dVo — / tSuy dSy — / Pluy dVp.  (6.75)
Vo So Vo

In this formulation it is seen that the geometrical non-linearity is contained
completely in the non-linear strain definition, while material non-linearity
determines the form of the strain energy function.

6.3.3 Finite element implementation

Within the finite element method the most common way of discretizing
problems of solid mechanics consists in representing the displacement field
u(xg) in terms of the displacement u, at selected nodes x2, n = 1,2,...
This corresponds to a representation in the form

u(xp) = Zhn(xo) up,, (6.76)

where hy,(xp) is the shape function corresponding to a unit displacement at
node n. Thus, the shape functions must satisfy the relation

hn(x2) = S, (6.77)

m

where d,,,,, is the Kronecker delta. This relation implies that h,(xo) is unity
at the node x% and zero at all other nodes. In practice the shape functions
may not be explicitly given functions of the spatial coordinates xg, but be
given as a mapping from a normalized set of coordinates.

In the formulation of the virtual work, the external virtual work can be
evaluated directly from (6.63) by substituting a representation of the virtual
displacement field of the same form as (6.76),

Ju(xg) = Y hn(xo) Suy. (6.78)

The external virtual work can now be used to define equivalent external
nodal forces £ via the relation

Vo, = ol £ = ul{ [

hn(XQ) to dSo -+ /
So

hn(x0) Po dvo}, (6.79)
Vo

where summation over the nodes n = 1,2,... is implied. The components
of the virtual nodal displacements du,, can be selected independently, and
thus the scalar relation (6.79) defines the external nodal forces as

£ = [ halxo)to dSo + | ha(xa) po dV. (6.80)
S 0 VO
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Thus, the external nodal forces are obtained by integrating the surface trac-
tion and the volume force, weighted by the corresponding shape function
hn (Xo).

In spite of the fact that the stresses S, and virtual strains 6 £,z are com-
ponents of two-dimensional tensors, it is often computationally convenient
to represent these components as a one-dimensional array. In the follow-
ing a column format will be used. The symmetry of the stress and strain
components leads to the six-component form of the virtual work

0Ea3Sap = OE11 S11 + 0E2 Sas + dE33 533

+ 20F93 593 + 20F31 S31 + 20FE15 S1a. (6.81)

This expression of virtual work may alternatively be formed by use of the
one-dimensional arrays for the strain increments and stresses

SE = [0FE1,6Es, 0Fs3, 25 Ea3, 26 Eg1, 2615 ] (6.82)

and

S = [Si1, Saz, S33, Saz, S31, Si2 |7, (6.83)

where the factor two has been included in the virtual strains.

The internal virtual work (6.64) involves the virtual strain 0E,g, given
by (6.62) in terms of products of the deformation gradient F = [9z.,/027]
and the displacement gradient dD = [0(du~)/ 856%]. It is computationally
desirable to arrange these tensors in a format that gives the incremental
strain JE in a product format. This is accomplished by considering the
columns of the component matrix of the deformation gradient

F = [024/0x3] = [f1,f,15] (6.84)

and the virtual displacement gradient
§D = [0(0uq)/0xp] = [ddy,6dy,dds]. (6.85)
It is seen that the summation in the definition of the virtual strain increment
0FEqp is on the subscript denoting the row number, and thus the summation

can be expressed directly by the boldface notation introduced by the columns
in (6.84) and (6.85). The array format (6.82) of the virtual strain then takes
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the form

T ffsdy ] (7 0 0]

£75d, 0 £ 0|

£75d; o o f7 !

— — 5dy | .
O £75ds + £] 6ds o £ £ || d2 (6.86)

£76d, + fTdds 7 o ff 3

L flT(SdQ + sz(Sdl i L f2T flT 0 |

The column vectors dd in the last factor are expressed in terms of the node
displacements and the shape functions by use of (6.78):

Z% fu, = ;hnﬁ Sy, (6.87)

where the notation hnﬂ has been used for the material derivatives of the
shape functions. The relation (6.86) for the virtual strain can now be ex-
pressed in the compact form

SE(x0) ZFB du, = ZBO Xg) 0uy, (6.88)

5ds =

where the matrix I is defined by the first factor in (6.86), and the material
derivatives of the shape functions are contained in the matrices

hpi1

B, = | hnol |. (6.89)
hns I

Most often the factors Ox,/ 8:6% and Oh,,/ axg are given implicitly and the
evaluation of the matrix BY (x) is carried out numerically at selected points,
see e.g. Hughes (1987) and Zienkiewicz and Taylor (2000) for computational
details.

The internal virtual work is now used to define internal nodal forces fint
by substitution of the virtual strain field into (6.64):

Vi = Sul fint — 5u;{{ /

BY(x0)"S V% | (6.90)
Vo

where summation over the nodes n = 1,2, ... is implied. By selecting non-
vanishing nodal displacements one node at a time, the following definition
of the internal nodal forces is obtained:

fint :/ B (x0)! S dVj. (6.91)
Vo

The calculation of the internal nodal forces requires evaluation of a volume
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integral of the product of the current Piola—Kirchhoff stress and the matrix
By (xo)-

The integral form of the residual force relation (6.65) can now be written
in discretized form in terms of nodal residual forces r,,,

r, = f&¢ — fint, (6.92)

For a given configuration x(xg) with Piola—Kirchhoff stress distribution
S(xp) the external and internal forces are calculated from (6.80) and (6.91),
respectively. Any deviation from equilibrium is then expressed by the nodal
residual forces r,,, determined by (6.92). In the absence of equilibrium the
residual forces are eliminated by iterations using the tangent stiffness matrix.

The tangent stiffness is evaluated from the increment of the internal vir-
tual work (6.70) by substitution of the displacement and the incremental
strain representations (6.78) and (6.88), whereby

Ohy, Ohm,

d(0Ving) = 5u5{1 S dVp + | BT CuBY, dvg} duy,,

Vo 8:1:3 p 8x% Vo

(6.93)
where I is the 3 x 3 unit tensor with components d,3. The 6 x 6 matrix
Cp is the incremental stiffness corresponding to the relation (6.68), when
written in terms of the array notation (6.82) and (6.83) for strains and

stresses,
dS = CydE. (6.94)
The incremental virtual work relation (6.93) is of the form
d(8Vint) = oul Ky, duyy, (6.95)

where summation over n and m is implied, and K, is the contribution
to the tangent stiffness matrix from the combination of nodes n and m. It
follows from (6.93) and (6.95) that the stiffness matrix contribution K, is
given by

Ohy,

him
=1 [ Omg O
V()axa

K B Ao
(%Uﬁ

Vo + / B)" CyB;, dV. (6.96)
Vo

The global stiffness matrix is assembled as discussed e.g. in Section 2.5.
The total Lagrangian formulation is complicated by the fact that the

matrix BY(xg) depends on the components of the deformation gradient

F = 0x/0x¢. Simplifications arise if the current configuration x coincides

with the initial configuration xg. In that case 0z4/ 8x% = 043, and the com-

ponents of the matrix F are either unity or zero. Hereby the formulation
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becomes similar to that of a linear finite element analysis, in which an ini-
tial stress term has been included. This simplification of the computation
of internal forces and the tangent stiffness matrix is a characteristic feature
of the updated Lagrangian formulation discussed in the next section.

6.4 Updated Lagrangian formulation

In the previous section it was demonstrated how the finite deformation pri-
marily enters into the total Lagrangian formulation via the non-linear form of
the strain increments. In this section it is described how the non-linearities
may be transferred into the constitutive behavior by use of an updated
Lagrangian formulation. In the updated Lagrangian formulation each incre-
ment uses the current configuration as reference. This gives some simplifica-
tions in the kinematic description, but on the other side the change of stress
must be formulated in an objective format to justify evaluation by a con-
stitutive relation for the material properties. First, a direct transformation
of the total format into updated form is demonstrated. Then, formulations
derived directly from the principle of virtual work in the current state are
discussed, and finally a brief description of implementation issues is given.

6.4.1 Transformation from total to updated format

One way to obtain an updated Lagrangian formulation is by transformation
of the total format presented above. The quantities needed are: the external
virtual work, the internal virtual work, and the incremental virtual work
representing the tangent stiffness.

The external virtual work follows immediately from (6.63) by introduc-
ing t as the traction vector with reference to the current bounding surface
element dS and p as the distributed load intensity with reference to the
current volume element dV. The external virtual work then follows imme-
diately from (6.63) in the form

OVext = /5u7 ty dS + / Oty py dV. (6.97)
S \%4

In a similar way the internal virtual work follows from (6.64) by using the
relation (6.34), changing the format to linearized current strain, Cauchy
stress and current volume:

5Vint = / 5€a50a5 dV. (6.98)
14



6.4 Updated Lagrangian formulation 175

These relations enable evaluation of residual forces representing any devia-
tions from equilibrium.

The incremental internal virtual work was given by (6.67). The first term
represents geometric effects, while the second term is the constitutive re-
lation representing the material behavior. The geometric contribution can
be transformed into current configuration by differentiation ‘through’ the
current configuration via the chain rule of differentiation. The result is

0(du~) 0(du) B / 0(6u~) 1 O0xy, Sap Oxy\ O(dun)
/Vo 0x9 Sag 83:% Vo = v Oy (8562 J &c%) Oy av,

(6.99)
where the volume element has also been changed to current volume by use
of the relation dV = JdV. By using the relation (6.38) it is seen that the
factor in parentheses is simply the Cauchy stress component matrix o).

The second term involves the stress increment dS,3. The defining prop-
erty of the Truesdell rate of the Cauchy stress is that objective increments of
Cauchy and Piola—Kirchhoff stress are related by the same transformation
as their total components. Thus, the incremental form of the virtual work
relation (6.34) is

/ 0B dSas AV = / 0¢ap Doag dV, (6.100)
Vo 1%

(o]
where the notation D has been introduced to denote the increment corre-
sponding to the Truesdell rate. The precise form follows from (6.52):

o(dzg, o(dx
( )aw — Oy E%f), (6.101)

o
Doog = d(oagd) ]t — o
where do,g represents the increments of the components o,3.

As discussed in Section 6.2.3, constitutive relations must be formulated in
terms of objective stress rates. In the present context this means a relation
between the Truesdell stress increment and the increment of the linearized
stress of the form

Dong = Cupys deys. (6.102)
When using the strain and stress transformation rules (6.33) and (6.37)

it can be demonstrated that the new stiffness component matrix Cpg,s is
connected to the previous stiffness component matrix Cg By via the relation

Ox¢ Oxy) ng,yg 0x, Ox)
Oxd 02 J 08 0x§

Cenrr = (6.103)



176 Deformation and equilibrium of solids

This relation can also be established by differentiating the first and last
factors of the last integral in (6.70) ‘through’ the current state variable
xx. Note that the initial coordinates xg with index 0 are contracted by the
indices of the stiffness coefficients of Cy, also with index 0, while the stiffness
coefficients of the current state C correspond to the indices of the current
configuration x. The relation (6.103) corresponds to a transformation of the
material properties from the initial to the current configuration.
Combination of the geometric contribution (6.99) and the constitutive
contribution (6.100) leads to the incremental virtual work in the form

d(6Vint) = / a(5u7)0aﬁ8(duv) dV + / 0eap Capys deys dV. (6.104)
4 8$a a:l:lg v

It is seen that the external and internal force relations (6.97) and (6.98) and
the incremental virtual work relation (6.104) are obtained from their to-
tal Lagrangian equivalents (6.63), (6.64) and (6.70) by changing to Cauchy
stress and linearized current strain and using current surface and volume
elements. In this formulation the complications associated with the non-
linear Green strain interpolation matrix B have been absorbed into the
constitutive relations for the material. However, this does not imply that
the complications arising from the non-linear kinematics of the problem have
vanished. As described in Chapter 7, the classical definition of (hyper)elastic
materials as derivable from an elastic energy function implies that the elas-
tic coefficients Cg Gy from the material description can be constants, while
the corresponding coefficients C,3,5 must depend on the deformation gra-
dient F,,.

It is of interest to note that the present reformulation of the total La-
grangian equations into updated Lagrangian format establishes exact cor-
respondence between the use of Green strain and Piola—Kirchhoff stress in
the total formulation with the use of linearized current strain and Cauchy
stress combined with its Truesdell rate in the updated formulation. Alterna-
tively, other stress rates may be introduced, when the updated Lagrangian
formulation is derived directly from the equilibrium equation in the current
configuration.

6.4.2 Virtual work in the current configuration

The updated Lagrangian formulation may be obtained directly from the
equation of virtual work formulated in the current configuration. The start-
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ing point is the equilibrium equation

0oap

D5 + P =0 InV (6.105)
expressed in terms of the components o,3(x) of the Cauchy stress and the
distributed force p,(x) per unit current volume.

The virtual work equation is obtained by multiplying the equilibrium
equation (6.105) with the virtual displacement field du,(x), followed by
integration over the current volume. After use of the divergence theorem,
the equation of virtual work takes the form

/ deapoapdV = / OUg to dS + / OUq Pa AV, (6.106)
1% s 1%
where the virtual strain components are
1 (0(0uq) ~ O(dug)
= - 1
0cap 5 ( D + 0z (6.107)

and the surface traction components t,, are related to the stress components
by

ta = 0apng. (6.108)
In this formulation the distributed surface loads as well as the surface normal
components ng refer to the current surface area.

It follows immediately from the virtual work equation (6.106) that the
external virtual work in the current configuration is

5‘/ext = /5uato¢d5’ + / 5uapadv, (6109)
S 1%

where the loads are normalized with respect to the current surface and
volume, respectively. The internal virtual work is

OVint = / deap OapdV. (6.110)
14

These relations are identical to (6.97) and (6.98) derived from transformation
of the total Lagrangian formulation.

The tangent stiffness follows from the increment of the internal virtual
work,

d(0Ving) = /V d(8c0p) OapdV + /V Scap d(oapd) J V. (6.111)

The Jacobi determinant is included in the stress factor, because J1dV =
dVj is then invariant with respect to the increment. In order to derive the
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stress increment from a constitutive material relation it must be expressed
in objective form. It turns out to be convenient first to use the Truesdell
stress rate to establish the basic result. The corresponding results for other
stress rates can then be obtained from this result by simple substitution.

When the Truesdell stress increment Do,g defined in (6.101) and the
linearized virtual strain from (6.107) are introduced into the second integral,
the following result is obtained:

/ Seas d(Tagd) J~LdV = / Seas Dowg AV
14 14
0(6ua)  O(dua)  O(dug)  O(dug)
1
+ 2/‘/{ Oz~ o6 Oxg + 0%, ey Oz~ }dV

00ua)  Oldug)  OfSug)  Oldua)
1
T3 /V { oz oy 0z + Orq 76 0z } dv.

(6.112)

The stress component matrix o,g is symmetric, and therefore the two terms
in each of the square brackets are identical. Thus, the relation may be
written in the more compact form

/ Scapd(oagd) J 1dV = / 6cap DoagdV
\%4

0(6u) duy / (5ua (duw)
+ /V 0xq Tap v + (9:167 c'?:vg dv.

(6.113)

The first two integrals on the right side correspond to the incremental vir-
tual work as given in (6.104). It is now demonstrated that in the full form
(6.111) of the incremental virtual work the first integral containing the con-
tribution from the increment of virtual strain exactly cancels the last integral
n (6.113).

The contribution to the incremental virtual work from the increment of
the virtual strain is given by

/V (02 0s) Oap dV = /V d(a(;;;)) ag dV, (6.114)

where the definition (6.107) of the linearized virtual strain and the symmetry
of the strain component matrix have been used. The variation du, is kept
constant, and the increment arises because the position of a material point
currently at x = x; changes position to x = x; 4+ du. The influence of this
on the partial derivatives in (6.114) is found by first differentiating through
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the current state variables .%}/ by the chain rule of differentiation,

(%) = i) 6119

The increment has now been isolated to the last factor, which is independent
of any particular variational displacement du,. It is evaluated by considering
the identity

8$,1y oz A

— = . 6.116
81‘)\ 81‘% B ( )

This relation is simply a statement of the definition of partial differentiation
of the variable :z,ly with respect to the variable azi For identical variables
~v = X the result is unity, while for different variables v # A it is zero. When

the variables z., are fixed, the increment of this relation is

d<ax§ %) - (895%)(%6A L Oy (6.117)

871‘)\ 836}3 8.%)\ 3%‘}3 8@ 8%

At the current state z, = xly, and thus 9zl /0xg = axa/axk = 0qp in this
state. When using this

Oz} 0(dz~)
) = — b
d( 6) }3 . (6.118)

By use of this result in (6.115), the integral (6.114) takes the form

[ 9(ua)  O(duy)
/Vd(&?aﬁ)aaﬁd‘/— /V ax}y Oaf al‘é dV. (6.119)

In the current state x), = z,, and it is seen that this integral is exactly equal
to the last term in (6.113) with opposite sign.

Thus, the final form of the incremental virtual work derived directly from
the virtual work equation in the current configuration is

d(0Vint) = / agsu’y)aa@agduv) dVv —I—/&Saﬁlo)aag dvV. (6.120)
v OZa T3 v

This form of the incremental virtual work is identical to (6.104), when the
linear relation (6.102) is introduced between the Truesdell stress increment
and the incremental strains de,s. It is seen that this simple form of the
incremental virtual work is connected with the use of the Truesdell stress
increment. In this formulation the Truesdell stress increment is assumed
to be provided by a constitutive relation representing the material behav-
ior. A different objective stress rate or increment can be used, but then it
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must be introduced into the incremental virtual work equation in a consis-
tent manner. In essence this amounts to substitution of the new objective
stress increment into the incremental virtual work equation (6.120) via its
relation to the Truesdell stress increment. As a result, additional terms will
appear in the first integral on the right side of (6.120), representing a mod-
ification of the geometric stiffness following from a modified interpretation
of convection of the current state of stress. In general this will lead to a
non-symmetric tangent stiffness, as seen in the case of the Jaumann stress
increment by substitution of the incremental form of (6.58). The lack of
symmetry of the tangent stiffness for alternative stress rates is discussed in
detail in connection with the rotated Green—Naghdi stress rate in section
7.3.2.2 of Simo and Hughes (1998).

6.4.3 Finite element implementation

The finite element implementation of each step of the updated Lagrangian
formulation follows that of the total Lagrangian formulation closely, but
contains three essential differences: the current geometry with current sur-
faces and volumes is used, the virtual and incremental strains are simplified
because they refer to current geometry, and finally the stress components
must be updated from the objective increment provided by the constitutive
relation in order to refer to fixed spatial coordinates.

In the updated Lagrangian formulation the virtual and incremental dis-
placements dJu(x) and du(x) are considered as functions of the current con-
figuration x. This implies a representation of the virtual displacements in
the form

su(x) = Y hy(x)du, (6.121)

in terms of shape functions h,(x) and nodal values du,, n = 1,2,... A
similar representation is used for the incremental displacements in terms of
their nodal values du,,.

The external virtual work is used to define equivalent external nodal forces
£ via the relation

Vet = ol 5 = oul{ /
S

hn(x)t dS + /

ha (%) P dv}, (6.122)
1%

where summation over the nodes n = 1,2,... is implied, and loads refer
to current surface and volume. By the standard procedure, in which each
nodal component is selected as the only non-vanishing component, this scalar
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equation generates the external nodal forces

£t — / hy(x)t dS + / hy(x)p dV. (6.123)
S %

Thus, in the updated Lagrangian formulation the external nodal forces are
obtained by integrating the surface traction and the volume force, weighted
by the corresponding shape function A, (x).

Also the Cauchy stress and the linear strain components satisfy compo-
nent symmetry conditions that permit replacement of the nine-component
tensor index format with a six-component format. The six-component form
of the Cauchy stress is

o = [on, 00, 033,00, 031,012 ], (6.124)
while the corresponding virtual strain components are
e = [5611, (5822, (5833, 25823, 25631, 2(5812 ]T . (6.125)

A similar formula holds for the strain increment de.

In the updated Lagrangian formulation the internal virtual work involves
the virtual strain components de,g3, given by (6.107). When substituting
the virtual displacement representation (6.121) into the strain definition,
the virtual strain is represented as

de(x) = > Bp(x)du, (6.126)

where the matrix strain interpolation matrix B, (x) corresponding to node
n is given by

Oh, 0 0
g
0 — 0
81‘2 oh
0 0 —
8503
81‘3 6I2
Ohn 0 %
8%3 89c1
Ohy Dby
| 8;102 81'1 _

The strain interpolation matrix B, (x) for the updated Lagrangian formu-
lation is seen to be a special case of the strain interpolation matrix BY (xo)
for the total Lagrangian formulation. It corresponds to the choice of the
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current configuration x as initial configuration xg. This introduces the sim-
plification 0x,,/ 81’% = 0qp and removes the need for the superscript 0 in
the formula (6.88) for BO(xo). In spite of the apparent simplicity of the
formula (6.127) for B,,(x), the shape functions h,(x) are usually only given
as implicit functions of the current coordinates x and thus the matrix B, (x)
must be evaluated numerically at specific points.

The internal virtual work defines internal nodal forces fi"* by substitution
of the virtual strain field into (6.110):

Vi = ouT £t — 5u§{ / B,.(x) o dv}, (6.128)
\%

where summation over the nodes n = 1,2, ... is implied. This scalar work
equation generates the internal nodal forces

fint — / B, (x)'o av. (6.129)
\%4

The calculation of the internal nodal forces requires evaluation of a volume
integral of the product of the current Cauchy stress and the strain represen-
tation matrix B,,(x).

In the discretized problem equilibrium, or deviation from equilibrium, is
expressed in terms of the nodal residual forces

r, = fot _ fint, (6.130)

The residual forces are calculated via the external and internal nodal forces
by integration of the current loads and estimate of the Cauchy stresses. If
the residual forces are not negligible, they are eliminated by iterations using
the tangent stiffness matrix.

The tangent stiffness is evaluated from the increment of the internal vir-
tual work (6.120) using the constitutive incremental relation (6.102) for the
Truesdell stress increment. When substituting the virtual and incremental
strains from representations of the form (6.121), the incremental internal
virtual work is obtained in the form

Ohn, Ohm,

dV—l—/BZ(CBde}dum, (6.131)
\%

where I is the two-dimensional unit tensor. The 6 x 6 matrix C is the
incremental stiffness (6.102) for the Truesdell increment of the Cauchy stress,

Do = Cde. (6.132)

As for the total Lagrangian formulation, the incremental internal virtual
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work relation is of the form
d(6Vine) = 6ul Ky duyy,, (6.133)

where summation over n and m is implied, and K,,,,, is the contribution to
the tangent stiffness matrix from the combination of nodes n and m. In the
updated Lagrangian format the tangent stiffness matrix contribution K,
is given by

Ohy, Ohm,

Ko =1 — —-—
o v 0z ap Oxg

dv + / B! CB,, dV. (6.134)

\%4
When comparing this expression to the equivalent total Lagrangian formula
(6.96) it is seen that in the first integral, representing the geometric stiffness,
the deformation gradient changes the gradient factors, leaving the Cauchy
stress instead of the Piola—Kirchhoff stress, and in the second integral, rep-
resenting the constitutive relation of the material, the deformation gradient
also changes the strain representation matrix to B and the constitutive stiff-
ness to C for the Truesdell increment of the Cauchy stress. While the first
of these changes is a simple substitution, the second involves basic consid-
erations if the coefficient matrix C is to be derived directly from material
behavior.

The iterative procedure provides an estimate of the displacement incre-
ment du,, at each of the nodes. This estimate gives the strain increment
de by the representation (6.126). In the updated Lagrangian formulation
the strain increment is related to an objective stress increment, e.g. the
Truesdell increment of the Cauchy stress shown in (6.132). The update of
the stress components must then be made by use of the defining relation
for that particular objective stress increment. In the case of the Truesdell
stress increment the component formula follows from (6.101) as

O(dug) 0(dug)
O~3 + Oq
ele ey

daag = Ddaﬁ - dsw Oap + . (6.135)

Oz,

This formula can be expressed in a computationally more convenient form
using the six-component stress format,

do = Do — odey, + T, du,. (6.136)

The increment of the volume strain is calculated from

Oh, Ohy, Oy,

Iln Tl " 1
(91'1 83:2 81‘3 ndu (6 37)

deyy = [
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while the matrix T, is given by a formula similar to that of the strain repre-
sentation matrix B,,, but with the terms weighted by the stress components,

Oh,, i
20’1787:177 0 0
Oh,
0 20'2787137 0
0 0 20’37%
— Y
T, = oh o (6.138)
0 g g,
~
O Ol
Y o, Y o,
Oh, Oh,,
027% Ul»yaixﬂy 0

In all these formulae, summation over the contributing nodes n is implied.

The formula (6.135) is for infinitesimal increments. Actual calculations
work with finite increments. This suggests a reinterpretation of the stress
update in which the strain increment Ae is considered as a linearized Green
strain increment with the current state as reference state. This strain incre-
ment produces a Piola—Kirchhoff stress increment AS, also with the current
state as reference state. The current configuration is denoted xi, and the
displacement increment Au leads to the new configuration xs = x; + Au.
The updated Cauchy stress then follows from the transformation formula
(6.38) in the form

Jp 02 O
2 1 a 1 8
= = —= AS.s ) =—=, 6.139
Oap T 8x% (Uvé + '75) 8@15 ( )

where the terms in parentheses represent the updated Piola—Kirchhoff stress
with x; as basis configuration.

In summary, the implementation of the updated Lagrangian formulation
using the Truesdell increment of the Cauchy stress is similar in structure to
the total Lagrangian formulation but leads to a simpler strain representation
matrix B,,. However, some of this simplification is offset by the need to
update the stress components from their objective increments. This leads
to a matrix fairly similar to the strain representation matrix BY of the total
Lagrangian formulation. The use of an alternative objective stress increment
will introduce additional terms in the tangent stiffness matrix, that will then
generally lose its symmetry, even for a symmetric constitutive matrix.
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6.5 Summary of non-linear motion of solids

Motion of a solid body is described either with reference to the individual
particles of the body, the material or Lagrangian description, or with refer-
ence to the current positions in space, the spatial or Eulerian description. In
the material formulation the properties of the local deformed state around
a particle are described via the deformation gradient, which can be used to
define several different strain measures. A special role is taken by the Green
strain, which is a quadratic function of the displacement gradient. While
the Green strain may not be ideal for the formulation of constitutive rela-
tions for large deformation, its quadratic form leads to a particularly simple
formulation of problems with large displacement and moderate strain, used
e.g. in the formulation of momentum- and energy-conserving algorithms for
dynamics in Chapter 9.

The principle of virtual work serves as an important tool for the formula-
tion of consistent theories of continuous deformable bodies. In its basic form
it is a statement of equality between the external virtual work, performed
by the external loads through a virtual displacement field, and the internal
virtual work, performed by the internal stresses through the corresponding
virtual strain field. In the case of the Green strain the postulated form of
the internal virtual work leads to a clear interpretation of the associated
Piola—Kirchhoff stress, simply by reformulation of the involved integrals.
The principle of virtual work also serves as a convenient means of connect-
ing a material description in terms of e.g. Green strain and Piola—Kirchhoff
stress with an equivalent spatial formulation in terms of linearized small
strain and Cauchy stress. When the kinematic relation between the strain
increments has been established, the relation between the corresponding
conjugate stresses again follows from simple reformulation of the integrals.

The solution of specific problems relies on the constitutive relation be-
tween the stresses and strains in the body. The material properties, includ-
ing the state of deformation, reside in the material frame of reference, and
thus a spatial formulation must be based on proper representation of these
material properties in the spatial frame. An important aspect is the rela-
tion between the change of stress as observed in the spatial frame, and as
observed relative to a local material frame. This issue is dealt with by the
so-called objective stress rate, i.e. a formulation in the spatial frame, that
accounts for the convection effects introduced by the motion of the mate-
rial body. The basic form, corresponding to the Lie derivative from tensor
analysis, is derived for the Cauchy stress. It is observed that the use of
current volume in the definition of the Cauchy stress leads to an additional
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term in the objective stress rate accounting for material dilation. A simpler
formulation is obtained by re-normalizing the stress with respect to a con-
stant amount of material, and this leads to the introduction of the Kirchhoff
stress. The Kirchhoff stress plays a more direct role when accounting for
internal properties such as internal energy, because it refers to a specific
amount of material.

The chapter concludes with a discussion of the formulation of finite defor-
mation problems for solids by the total and the updated Lagrangian meth-
ods. The total Lagrangian formulation is obtained from the virtual work
equation in terms of Green strain and Piola—Kirchhoff stress and leads to the
definition of residual forces and tangent stiffness in terms of a shape func-
tion representation of the displacement field. In the updated Lagrangian
formulation the current state is used as reference state. The correspond-
ing formulation is obtained from the total formulation by transforming the
stresses and strains. This transformation leads directly to the objective
stress rate in terms of the Lie derivative. Specific constitutive relations for
elastic and elasto-plastic materials are discussed in the following chapter.

6.6 Exercises

Exercise 6.1 A uniform state of deformation can be expressed by the linear
relation x = a + Axg. Consider the special two-dimensional case given by

[ml] _ [3.0] n {0.8 —0.2}[3:9}

za) 120 06 1210291

(a) Plot the initial and current base vectors e, e; and the current location
of the initial square with corner coordinates xq = [+1, +1]7.

(b) Find the deformation gradient component matrix F3.

(c) Find the Green strain component matrix E,g3.
(d) Find the ratio of current area to original area via the determinant .J.

Exercise 6.2 In a rectangular two-dimensional bi-linear element the dis-
placement field is of the form

U = ag-+ alx? + agxg + agx?xg,
uy = by + b2l + boxd + bzalal.
(a) Find the deformation gradient component matrix Fyg.
(b) Find the Green strain component matrix Eqg3.
(c) Determine the polynomial degree of the components E;, E3,, 3, and

the necessary order of Gauss quadrature for exact integration of all
terms in a linear elastic material.
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Exercise 6.3 The purpose of the objective stress rates discussed in this
chapter is to isolate changes associated with the material frame, and thus
they must be independent of any superimposed rigid body rotation. A
rigid body rotation transforms the current coordinates x to xg = Rx. The
corresponding transformed deformation gradient is Fg = RF, while the
transformed Kirchhoff stress is 7 = RTRT.
(a) Express the transformed velocity gradient Ly in terms of the original
velocity gradient L, the rigid body rotation R and its time derivative R.
(b) Use the expression (6.48) for the Truesdell rate of Kirchhoff stress to
prove the transformation formula T R = RTRT.

Exercise 6.4 The symmetric matrix U defined by the polar decomposition

theorem (6.17) is called the (right) stretch tensor. Its principal directions de-

fine the directions of zero shear, and the corresponding eigenvalues A1, A2, A3

are called the stretches.

(a) Find the stretches A\, Ao for the shear problem of Example 6.2 in terms
of the parameter v and illustrate the result graphically.

(b) Introduce 1 by the variable transformation sinh(n) = %+, and express
the stretches A1 and A in terms of 7.

(c) Give an interpretation of 1 in terms of logarithmic strain, introduced

in Chapter 2.

Exercise 6.5 The polar decomposition theorem (6.17) provides a factor-

ization of the deformation gradient tensor, F = RU.

(a) Obtain an expression for the velocity gradient tensor L in terms of R
and U, and identify the angular velocity tensor 2 = RR”.

(b) Express the angular velocity tensor €2 for the shear problem of Exam-
ple 6.2 in terms of .

Exercise 6.6 In the shear problem considered in the examples of this

chapter there is no volume change, and for a linear isotropic elastic mate-

rial the stress rate is then proportional to the strain rate. In terms of the

Jaumann stress rate this amounts to the relation 7 = 2ue, where u is the

shear modulus.

(a) Show, on the basis of the expressions in Example 6.5, that the mean
stress vanishes identically, 71 4+ 792 = 0.

(b) Show that the remaining elasticity equations can be expressed as

11 — Y72 = 0, Ti2 + Y711 = py.
(c) Integrate these equations for 4 = const. to find the solution

Ti2 = psin7y, 1 = —To2 = p(1—cosy).
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(d) Plot and discuss the solution.
This solution was given by Dienes (1979) as part of a general discussion of
stress rates.
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Elasto-plastic solids

A central feature of the mechanical behavior of solids and structures is the
constitutive relation connecting stresses and strains. This chapter presents
the basic theory of elastic and plastic solids, including the techniques needed
to implement the models in the numerical framework described in previous
chapters. The theoretical basis for the material models described here has
developed over the last 50 years, from the early work of Ziegler (1963), over
potentials with internal variables (Rice, 1971; Hill and Rice, 1973), to a fully
developed theory including conjugate variables and potentials (Halphen and
Son, 1975; Germain et al., 1983). A full account of this development is out-
side the present scope, and the chapter is limited to elastic and elasto-plastic
solids. The presentation is deliberately simplified to purely mechanical ef-
fects, leaving out e.g. thermal effects, but retaining the general structure of
the formulation.

First the notion of reversible elastic deformation is introduced in Sec-
tion 7.1 in connection with an internal energy potential, and the concept
of conjugate variables and potentials is described. The role of stress and
strain invariants and some of their properties is described and used in the
formulation of isotropic elasticity. The general theory of rate-independent
elasto-plasticity with internal variables is then developed in Section 7.2. The
key ingredients are the internal energy potential, expressing the recoverable
energy in terms of elastic strains and the primary internal variables, and
a yield potential, describing the limit of the region of reversible behavior.
The equations of plasticity theory are then developed from the postulate of
maximum rate of dissipation during plastic deformation. It is demonstrated
by elementary arguments that this requirement leads to evolution conditions
formulated in terms of the gradients with respect to the conjugate variables.
The natural appearance of the conjugate variables has fundamental impli-
cations, explaining the difference between the classic notions of associated

189
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and non-associated plastic flow in terms of properties of the internal energy
function.

The following two sections describe basic properties of elasto-plastic mod-
els and their numerical implementation on two levels. First, the basic prop-
erties like hardening and numerical integration are treated on a simple basis
in connection with von Mises plasticity, and then the corresponding prob-
lems are treated in a general form. Section 7.5 illustrates the formulation of
a non-associated plasticity theory for granular materials by using simple ar-
guments on special stress states, and then ‘unfolding’ the theory for general
stress states by more qualitative arguments. For simplicity the main pre-
sentation is based on small displacement theory. Extension of the results to
finite displacements is treated in Section 7.6, where two different definitions
of finite elastic strain are identified and discussed.

Some elastic materials, such as e.g. wood and fiber composites, have aniso-
tropic properties, i.e. properties that depend on the orientation of loading
relative to directions fixed in the material, see e.g. Lekhnitskii (1963) and
Cowin and Mehrabadi (1995). However, in the following the theory will
be specialized to isotropic materials, i.e. materials whose properties are
independent of the orientation of the material. This enables a fairly general,
yet simple, identification of two basic deformation mechanisms: change of
volume and change of shape.

7.1 Elastic solids

A material is called elastic when the current state of stress is a function of the
current state of the conjugate strain. Here the basic considerations will be
based on linear kinematics using the Cauchy stress o with components o,3
and the conjugate linear strain € with components €,3. Thus, the property
of elasticity is expressed as

OaB = Jaﬁ(ev(s). (71)

This relation is illustrated in Fig. 7.1 as a single curve, as reversing the
strain history leads to reversal of the stress history.

During straining of the material the stresses perform work as defined via
the principle of virtual work. The accumulated work per unit volume is

Pleos) = [ oup(ers) dea. (7.2

The integral is illustrated schematically in Fig. 7.1. In order for the ac-
cumulated work to be a unique function of the current state of strain, the
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€

Fig. 7.1. Elastic stress—strain curve with internal energy density ¢(e) and comple-
mentary energy density (o).

integrand must satisfy the conditions

Joap 004
OEW(; N &Saﬁ'

(7.3)

Conversely, if these conditions are satisfied, the integral () is only a func-
tion of the current state of strain and the stresses are given in terms of the
internal energy density function as

dip(e)
Deap

OaB = (74)
Such a material is called hyper-elastic or Green-elastic. Hyper-elasticity
implies that reversal to a previous state of strain will imply reversal to the
energy at this previous state. Thus, the deformation of a hyper-elastic mate-
rial is fully reversible. An elastic material without the integrability relations
(7.3) is called Cauchy-elastic. The additional freedom in the formulation of
Cauchy-elastic models is obtained at the cost of lack of energy reversibility
for closed strain cycles, see e.g. Ottosen and Ristinmaa (2005).

It is sometimes more convenient to use the complementary energy density
1(0+s), defined in terms of the strain energy density as

Y(o) = oapeap — p(€). (7.5)

The role of ¥ as the complement of ¢ is illustrated schematically in Fig. 7.1.
The complementary energy is considered as a function of current stress. The
differential increment of (7.5) therefore takes the form

o _ I
0%5 dO'ag = Eap dO’aﬁ + ((Taﬁ — aeoﬂ)d&‘aﬁ. (7.6)

The terms in parentheses cancel due to (7.4), leaving the relation between
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the strain and the complementary energy density,

o)
of doap

(7.7)

This relation is a clear analogue to the relation (7.4) between stress and the
strain energy density. The use of a relation like (7.5) to define a comple-
mentary potential is called a Legendre transformation and is a procedure
widely used in mechanics, see e.g. Washizu (1974) and Sewell (1987). The
purpose here is to interchange the roles of stress and strain relative to the
original potential.

In the following it is convenient to use boldface notation for the stress and
strain tensors, and also to introduce the notion of a compact array notation,
in which only the independent components appear. In this notation o and
€ are represented by the column arrays

o = [011,0227033,0237031,012]Ta (7-8)
e = [e11,620, €33, 2603, 2631, 2612 . (7.9)

As discussed in the previous chapter, this implies that the contribution to
the internal virtual work is represented as o’ de. This establishes a precise
analogy with the boldface tensor notation for conjugate tensor quantities,
when the transpose is indicated explicitly. A similar analogy applies to the
energy potentials p(g) and (o), where the increments can be expressed as

dp = —g: de = olde (7.10)
and
oY T
dip . do = e’ do (7.11)

It is seen that derivatives correspond to the transpose of the array. In the
following the boldface notation will be used with the possibility of interpre-
tation as tensors or as component arrays. In the few cases where ambiguities
of interpretation can arise, these are resolved by indicating e.g. products in
a more explicit form.

7.1.1 Stress invariants

The discussion of material models is here limited to isotropic materials, i.e.
materials whose properties are independent of the orientation in space. This
gives the possibility of formulating the theory in terms of the so-called stress
and strain invariants, i.e. special combinations of tensor components that



7.1 Elastic solids 193

are independent of the orientation. While a similar approach is also possible
for anisotropic materials, the number of invariants increases considerably
because for anisotropic materials additional invariants must be included to
account for the orientation of the stress and strain components relative to
special directions in the material.

The properties of the stress tensor o, and thereby the state of stress at a
point, can be described via the eigenvalue problem

on; = o;n; (no sum). (7.12)

In this equation n; is a unit vector, defining a section through the point
with stress tensor o. The equation defines sections with stress vector o;
in the direction of the normal n;. These stresses are called the principal
stresses and the directions are similarly called the principal directions of the
stress tensor. The principal stresses and directions are found by writing the
eigenvalue problem in matrix form,

(60 —o;I)n; =0 (no sum). (7.13)

A non-trivial solution for the direction vector n; requires the matrix to be
singular, corresponding to the component determinant equation

011 —0 012 013
091 099 — O 093 = 0. (7.14)
031 32 033 — 0

The principal stresses o; are the solution to the corresponding cubic charac-
teristic equation

03 — Lo + Iho — I3 = 0, (7.15)

in which the coefficients I, I5 and I3 are the so-called principal stress invari-
ants. The principal stresses o1, o9 and o3 are the roots of the characteristic
equation, and it can therefore be expressed in the form

03 — (014 09 + 03)0? + (0903 + 0301 + 0102)0 — 010903 = 0. (7.16)
The invariance of the parameters I1, Io and I3 follows from their identi-

fication with the coefficients in terms of principal stresses. They can be
expressed in terms of the general stress components via the determinant
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equation (7.14) as

I, = tr(e) = 0yy = 01+ 02+ 03, (7.17)
Iy = 3fte(o)? —tr(0?)] = 3(0aatss — 0aposa)

= 0903 + 0301 + 0102, (7.18)
I3 = det(a) = €aBy 010023803y = 010203. (719)

Here tr(o) denotes the trace defined as the sum of the diagonal terms and
det(o) denotes the determinant of the component matrix.

It is an interesting fact that the stress tensor o satisfies its own char-
acteristic equation, when interpreted in tensor format. The proof is quite
simple and consists in pre-multiplication of the eigenvalue equation (7.13)
with factors containing the two remaining principal stress components. The
order of the factors can be interchanged, and thus the resulting equation
can be written in the form

(O’—O’lI)(O'—O'gI)(O'—UgI)nj = 0. (720)

By changing the order of the factors to place the factor with subscript j
last, the equation is seen to be satisfied for all three directions ni, ny and
n3. Thus, the product of the three factors must be the zero tensor, and
multiplication gives the cubic tensor equation

0'3 — (01 + 09 —|-0'3)O'2 + (0203+0301 —|-0'10'2)0' — 0'1020'31 = 0. (7.21)

This is the Cayley—Hamilton equation, stating that the stress tensor satis-
fies its own characteristic equation. The equation implies that o can be
expressed as a linear combination of 2, o and I with coefficients in terms
of the stress invariants I1, Iy and I3. If the equation is multiplied with o the
fourth power o can be reduced to lower powers, and so on. By continuing
this process it can be concluded that a power series in the stress tensor o
can be expressed in terms of a basis consisting of the three members I, o
and o2 with coefficients in terms of the stress invariants I1, I» and I3. Scalar
functions of the stress tensor o must be formed by invariants of the series
expansions, and thus must be functions of the three stress invariants.

The implications may be illustrated with reference to the complementary
energy ¢ (o). It follows from the argument above that it can be expressed
as a function of the three stress invariants, i.e. in the form ¥ (11, I, I3). The
strain was found by the stress derivatives as shown in (7.7). This can be
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expressed using the invariant format as

oy oY oL Y L, | 0P Ol

= = - S N 22
€T 96T ~ 0l 00T " 91, 00T ' 0l; 00T (7.22)

where the transpose has been introduced to make the notation consistent
with the condensed component format. It is seen from this relation that the
derivatives of the invariants with respect to o serve as a three-component
basis for the strain tensor.

The derivatives of the invariants follow from their defining relations (7.17)—
(7.19). They are most easily derived in component form. The derivative of
I follows directly from the definition as the trace,

5

= 0a3- 7.23
agaﬂ af ( )
Similarly, the derivative of the second invariant I is found as
ol
WZ = 01,008 — Oap- (7.24)
(0%

Finally, the derivatives of the invariant I3 follow from the observation that
the definition as the stress tensor determinant can be expanded as prod-
ucts of components and co-factors along the row or column containing the
component o,g3. In this expansion the selected component o,3 only appears
once, namely as factor to the corresponding co-factor. Thus, the derivative
is the co-factor corresponding to o,3. The co-factor can be expressed in
component form as

013
003

= %Sawsﬁ,ﬁ)\avﬁa(w\. (7.25)

The factor % compensates for the inclusion of two permutations that each
contribute to the full result.

It is often convenient to use a different set of stress invariants that corre-
spond more directly to the properties of materials. In this connection the
mean stress

om = str(o) = 204y = 31 (7.26)

plays a central role. The idea is to decompose the total stress into an
isotropic stress state defined by the mean stress and the remaining stress
representing the deviation from an isotropic state of stress, and therefore
called the deviatoric stress. The deviatoric stress is defined as

/
g = 0 —

str(o)l = o — oyl (7.27)



196 Elasto-plastic solids

corresponding to the component form
Tas = Oap — 3047008 = Tag — Om Oap- (7.28)

The mean stress state is described by the principal stress invariant I;, and
two new invariants that do not contain the mean stress are now introduced
to characterize the deviatoric stress state.

The deviatoric stress invariants are defined by the corresponding powers
of the deviatoric stress tensor as

Ji = tr(e’) = d, =0, (7.29)
Jy = itr(o?) = %a;ﬂaf@a, (7.30)
J3 = %tr(a'?’) = %afxﬁalﬁva/w. (7.31)

The fact that the mean deviatoric stress vanishes provides a relation between
the components. This leads to two alternative formats for the expressions
of the deviatoric invariants in terms of principal stresses:

Jy = 2P+ 0F +0f) = —(040h + ool + olah), (7.32)
Js = (0 + 05 +0F) = olohos, (7.33)

where the first expression follows directly from the definition, while the sec-
ond can be demonstrated by use of the zero mean deviatoric stress property.
An important use of the deviatoric invariants is in the expression of the
complementary energy density in the form (13, Jo, J3). When expressed in

terms of these variables, the strain relation (7.7) takes the form
SO 0oL 0w 0k 000K .

OoT 0l 0T  0Jy 00T = 0J300T

In this format the basis consists of the derivatives 9I; /007, Jo/0aT and
0J3/0a™. The first of these is the unit tensor I as shown in (7.23). The
two remaining terms are evaluated by differentiation through the deviatoric
stress tensor o’. The components of this differentiation follow from (7.27)

as
/
00p

= o035 — 30450as. (7.35)

The derivative of the second deviatoric stress invariant Jy then follows from
(7.30) as

0 _ . (7.36)

0oap
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Clearly, this component is independent of the mean stress o,,, in contrast
to the derivative of Is given in (7.24). This also follows from the property
0J2/00, = 0. The derivative of the third deviatoric stress invariant J3
follows from (7.31) as

0Js ;.

= 04,005 — 3J200p. (7.37)

0oap

Also for this derivative the contracted form vanishes, 0J3/00,, = 0, indi-
cating the independence of the mean stress.

EXAMPLE 7.1. GRAPHIC REPRESENTATION OF STRESSES. A state of stress
o is conveniently represented graphically in terms of its principal compo-
nents o1, 09, 03. In particular, this representation permits an illustration of
the decomposition of the stress state into the sum of the mean stress state
Io,, and the deviatoric stress state o/, as shown in Fig. 7.2. The geometry
of this stress space is central to the development of elasto-plastic material
models and is discussed in some detail, e.g. by Chen and Han (1988).

g3

02
(L1L1)om

01

Fig. 7.2. Principal stress space with deviatoric plane.

The mean stress is represented by the vector (1,1, 1)o,, in the direction
of the principal diagonal. The deviatoric components are represented by
the vector (o}, 0},0%) that is orthogonal to the mean state vector. Thus,
the deviatoric stress lies in the deviatoric plane illustrated by the triangle
that intersects the axes at 3o0,,. The location of the stress in the princi-
pal stress space is conveniently determined by the stress invariants I, Jo
and J3. The location of the deviatoric plane is described by its distance
from the origin v/30,, = I1/v/3. The length of the deviatoric stress vector
(01,05, 0%) is /2J, and the direction in the deviatoric plane is determined
by a combination of J3 and J as discussed in Section 7.5.
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7.1.2 Strain invariants and small strain elasticity

The properties relating to principal components, invariants, etc. have been
described relating to the stress tensor o. Similar results apply to the strain
tensor €. Within small strain analysis it is customary to use the linear
volumetric strain

gy = tr(e) = €y (7.38)

instead of the mean strain. This gives the deviatoric strain components in
the form

aﬁ = EaB — 57”{ daf = Eap — 1 Ev Oag- (7.39)

The principal strain invariants I1, I and I3 follow from (7.17)—(7.19), when
replacing the stress symbol ¢ with the strain symbol €. As in the case of
stresses, the first principal strain invariant

I = tr(e) = Evy = €1+ €2+ €3 (7.40)

can be used together with the second and third deviatoric strain invariants,
defined in the same way as the deviatoric stress invariants,

Jy = Str(e?) = %slaﬁslﬂa, (7.41)
J3 = %tr(e"g) = %E;B€/ﬁ7€fya. (7.42)

The property of zero mean value of the deviatoric strain leads to two alter-
native forms of the formulae for the principal component forms, exactly like
(7.32) and (7.33) for the deviatoric stress invariants.

For isotropic materials the internal energy can be expressed in terms of
the deviatoric strain invariants in the form ¢(I, Jo, J3). The stress relation
(7.10) then takes the form

) ol dp 0.Jy Dy 0J3
N OeT N 611 8ET 8J2 8.»'-:T &]3 8€T.

In this format the basis consists of the derivatives 9I;/9e”, Jo/0e” and
0J3/0eT. The components follow from the similar stress basis given in
(7.23), (7.36) and (7.37) as
I ¢ 90 o 9%
2ot )1 = 7.44
= (o1, ~ ¥ )T+ 55+ e (7.44)
It follows from this relation that a linear relation between conjugate stress
and strain tensors implies an internal energy function of the form (I, Jo),
because dependence on J3 would lead to a term with the quadratic tensor
product €'e’

(7.43)
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The linear isotropic elastic model follows from (7.44), when the internal
energy is a homogeneous function of degree two in the strain components as

o(I1, o) = Skl + 2uds = Lk(eyy)? + pel 550 (7.45)

This energy function is described by two additive terms: a volumetric term
multiplied by the bulk modulus k, and a deviatoric term multiplied by the
shear modulus p. The corresponding stresses follow by differentiation with
respect to the strain components as

dp

Tap = 75—

Cas = keyylap + 2,“5;5 = (k- %M)gw‘saﬁ + 2peap.  (7.46)

The first form shows the split into mean stress and deviatoric stress:
Om = 504y = keyy, Opp = 2UELg- (7.47)

These two equations describe the two basic deformation mechanisms of linear
isotropic materials — change of volume and change of shape. The change of
shape is associated with zero-mean stress and strain states and is sometimes
called generalized shear. The relations are illustrated in Fig. 7.3.

| Om Oap

Ev

Fig. 7.3. Linear isotropic elasticity in dilation and generalized shear.

The linear elastic relation (7.46) can be written in boldface format as
o = Ce, e = Clo, (7.48)

where the relations can be interpreted either in full tensor format or in the
reduced vector format as need may be. The stiffness tensor components
follow from (7.46) as

Capys = (k= 31)0ap0ys + (00085 + Sas0sy)- (7.49)

In the vector format C is a 6 x 6 stiffness matrix, and its inverse C™! a 6 x 6
flexibility matrix. For hyper-elastic materials the existence of an energy
function implies the symmetry relations

Caﬂ'yé = C’yéa,@- (750)
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These relations are equivalent to symmetry of the 6 x 6 stiffness matrix C
and its inverse. For linear isotropic materials the elastic parameters are
often represented by Young’s modulus E and Poisson’s ratio v, describing
the uniaxial tension stiffness and transverse contraction, respectively. The
somewhat more basic parameters k and p are expressed in terms of these as

E E
k= ——— = —. 7.51
31—20) M T 2140 (7:51)
The elastic flexibility matrix
1 —v —v
) -v 1 —v
-1 _ v —v 1
C+ = 1o 2(1 4 v) (7.52)
2(1+v)
2(1+v)
and the corresponding stiffness matrix
1-v v v
v 1-v v
E v v 1-v
C=—7—+—— 7.53
(1+v)(1—2v) 2V (7:53)
27V .

follow from (7.49), when using the vector representation (7.8) for stresses
and (7.9) for strains.

7.1.3 Isotropic elasticity at finite strain

In practice the isotropic linear elastic relation developed in the previous
section is limited to small strains. The theory demonstrates the important
distinction between change of volume and change of shape. In the small
strain theory the change of volume is represented by the linear volume strain,
defined in (7.38) as €, = . However, the interpretation of ¢, as a volume
strain only holds within linearized displacement theory. In the case of finite
motion and finite strain, volume changes must be described by a precise
measure of the change of volume, e.g. the Jacobian J, introduced in (6.36) as
the ratio between a volume element in the current state and in the reference
state, J = dV/dVy. A general discussion of finite strain models in elasticity
can be found in e.g. Ogden (1984) and Holzapfel (2000).

In the context of finite deformation it is often convenient to describe the
current configuration relative to the original in a factored format without



7.1 Elastic solids 201

explicit use of strains. For this purpose the right Green deformation tensor
is introduced by the definition

C = FIF. (7.54)

In terms of this tensor the Green strain tensor definition (6.12) takes the
form

E = J(C-T). (7.55)

In the development of constitutive relations, volume changes play an impor-
tant role and will often be represented directly in the model, e.g. via the
Jacobian determinant of the deformation gradient tensor F,

J = det(F) = det(C)"2. (7.56)

The dilatational part of the motion, described by J, must be supplemented
by a tensor measure of the change of shape, the so-called isochoric or volume-
preserving deformation. A split of the infinitesimal motion into a volumetric
and an isochoric part can be accomplished by introducing a factored format,
in which the local dilation appears as a separate factor (Simo et al., 1985;
Simo, 1988a,b). This is expressed by the factored format

F = FvolFiso - Fisonol- (7-57)

The volumetric part Fyo represents a simple isotropic scaling with the ap-
propriate power of the Jacobian determinant J:

Foo = JY/%1,  Fi, = J /°F. (7.58)

Hereby the motion represented by Fiy, is volume-preserving, as demon-
strated by the property det(Fis,) = 1. The factored format of the deforma-
tion gradient leads to the following factored format for the corresponding
right Green deformation tensor:

C = J*3Ci0,  Ciso = FL Fie.. (7.59)
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The deformation tensor Cig, is then used to describe the isochoric part of
the motion by assuming an internal energy density composed of two additive
parts, whereby

0(C) = pvoi(J) + ¥iso(Ciso), (7.60)

representing the dilatational and the isochoric part of the motion, respec-
tively.

The Piola—Kirchhoff components of the stress follow from differentiation of
the energy density function with respect to the finite Green strain E. When
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using the relation (7.55) the differentiation is changed to the deformation
tensor C,

_ dp _ 87(70 _ 8(,0\70187(] Opiso ICigo
S=%3E ~%c ~ %97 ac " %ac,, aC

The first term describes the dilatational behavior. The potential @y (/)
should exhibit monotonic dependence on J on both sides of a minimum at
J = 1. The potential

pval(J) = gk [5(J% —1) = In(J)] (7.62)

was introduced by Simo (1988a,b) and Simo and Miehe (1992). Other spe-
cific forms can be used, e.g. ¢voi(J) = 2k(InJ)? from Belytschko et al.
(2000). The derivative with respect to the deformation tensor C is evalu-
ated in two steps. First, the derivative of the particular function ¢y (J)
with respect to J,

(7.61)

890\'01

oJ

followed by the derivative of J.
The derivative of J follows from a general formula for the derivative of a
determinant with respect to its components. The contribution to a deter-
minant from any particular component can be expressed as the product of
this component with the corresponding co-factor. The co-factor is defined
by the determinant of the matrix, where the row and column containing
the component have been deleted. Thus, differentiation with respect to the
component gives the co-factor. This result can be expressed for the matrix

= lk(J—-J, (7.63)

C in the compact notation

0 det(C)
oC
The last result follows from the expression of the inverse in terms of co-
factors. When using the expression (7.56) for J and the symmetry of C, the
formula takes the form

= cof(C) = det(C)CT. (7.64)

2C = 5J C7 . (7.65)
This completes the evaluation of the dilatational part,
8Spvol oJ 1 2 -1
=2 — = = -1 . .
Svol 97 9C sk (J )C (7.66)

For small displacements the leading term of this relation is

Svol ~ 3k(J2 =11 = 3k[det(C) —1]I ~ kE,, L (7.67)

=3
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This corresponds to the dilation relation (7.47a) for the linearized theory.
The isochoric motion is described in terms of the scaled deformation tensor

Ciso defined in (7.59),
Piso(Ciso) = 3 [tr(Ciso) — 3]. (7.68)

Differentiation of this energy potential gives

a@iso 0Ciso

0Cigo 0C

where Cig, is represented by (7.59).
In total the two contributions give the Piola—Kirchhoff stress

Siso =2

= pJ 2B 1~ Lr(C)Cc, (7.69)

S =1lk(-1nCt + pJ 1 tu(C)CT]. (7.70)

The physical content of this relation is more easily seen when expressed
in terms of the spatial Kirchhoff stress. The Kirchhoff stress is obtained
by the transformation (6.40). The transformation cancels the factors C~1,
and leads to the left Green deformation tensor B together with its scaled
isochoric counterpart Bis,

B = FF7, Biso = Fio,FL = J72/3B. (7.71)
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In terms of these tensors the Kirchhoff stress is found as
T = 3k(J* = DT + p[Biw — 3t1(Biso) T]. (7.72)

This formula brings out the similarity with the linear stress—strain relations
(7.47) for dilatational and isochoric motion.

7.2 General plasticity theory

Plasticity theory is used to denote constitutive relations in which irreversible
processes take part, when the stress or strain state exceeds a certain limit,
described by the yield condition. Thus, plasticity theory is concerned with
constitutive relations which combine an elastic state of deformation with
additional irreversible effects, typically represented by additional straining.
The discussion in this chapter is limited to rate independent forms of plas-
ticity, i.e. forms of plasticity theory in which the additional straining is
independent of time. Theories in which the irreversible deformation is as-
sociated with a time scale are called visco-plasticity, see e.g. Lemaitre and
Chaboche (1990) or Ottosen and Ristinmaa (2005). In this section the struc-
ture of rate-independent plasticity theory is presented by using the modern
approach of potentials, but without including non-mechanical effects like
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temperature. Thus, the theory takes the simplest form that illustrates the
interplay between internal energy and the limit of reversible deformation,
described by a yield surface. This section presents the general framework
and proceeds to discuss the special case of associated plasticity theory, often
used e.g. for metals. The implications of the more general non-associated
plasticity theory are discussed in Section 7.4, and application of the general
theory to the area of geotechnical problems is presented in Section 7.5.

7.2.1 Reversible deformation

Consider a material point in a state of deformation described by the elastic
strain €. and a set of internal variables k. The subscript e denotes elastic
and refers to reversible elastic deformation. The internal variables k are
parameters describing irreversible processes in the material. They are cho-
sen such that they do not change during reversible elastic deformation. An
example is the specific pore volume in a porous material that will contain
a part due to the elastic deformation, but may also develop an irreversible
contribution due to constitutive changes, e.g. in a granular material. The
internal parameters are here selected such that they represent only the ir-
reversible part, while any reversible contribution is included in the elastic
properties.

The material is assumed to have an internal energy density described by
the function ¢(e., k). This form includes two extensions relative to the
elastic deformation described in Section 7.1: the elastic strain €. may be
only part of the total straining of the material, and the internal variables
may contribute to the energy density. Conjugate variables are defined via
the partial derivatives of the energy function,

o = 88692 = 6()0(667"")7 ¢ = GZZDT = R(P(sean)' (7‘73)
Here o is the stress tensor, and ¢ is the set of internal variables, conjugate to
K. It is here convenient to introduce the special notation for partial deriva-
tives in terms of the symbol V with an appropriate subscript indicating the
variable with respect to which the function is differentiated.
The system is assumed to change with time, and the time derivatives
are denoted by a dot over the symbol. The theory to be developed is rate
independent, and thus time appears merely as a parameter, and can be

considered as ‘pseudo time’. The time derivatives of the conjugate variables
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in (7.73) follow by differentiation through e, and k,

o = (Ves@) €e + (Vm@) K, (7'74)

& = (Veep)€e + (Vino) K. (7.75)

The role of the internal parameters k as describing irreversible changes of
material configuration implies that £ = 0 in the elastic state. Thus, the
reversible development of the conjugate external variables o and internal
variables ¢ is governed by the relations

6 = (Veep) e, ¢ = (Vieo) &e. (7.76)

The first relation identifies V.. as the reversible elastic incremental stiffness
tensor,

C(ee, k) = Veep(€e, K). (7.77)

The second relation demonstrates that for a material in which the exter-
nal and internal variables are coupled, the conjugate internal variables ¢
will change under reversible elastic deformation, while the primary internal
variables kK remain constant.

VF

elastic
- elastic/plastic
NF=0

Fig. 7.4. Domain of reversible elastic deformation.

Reversible deformation only takes place when the primary variables e,
and k remain within a limited domain, described by a condition of the form

F(ee, k) < 0. (7.78)

This relation and the role of the yield function F'(e., k) defining the domain
of reversible deformation are illustrated in Fig. 7.4. While the material point
is inside the domain of reversible deformation the strains €. and thereby the
stresses o may change, while the internal variables k remain constant. Thus,
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the yield function can be expressed in terms of the stress tensor o and k.
For convenience this is expressed here without change of symbol as

F(o,k) < 0. (7.79)

The stress gradient of the yield function F(o, k) is obtained by using the in-
cremental relation between the stress o and the elastic strain €, for constant
value of the internal parameters k:

VoF = (Veep) 'V.F = CT'V.F. (7.80)

In any reversible elastic process the internal variables k remain constant,
and thus in this particular state the limiting surface, also called the yield
surface, can be described as a function of stress F(o, k) with the internal
variables K acting as internal parameters. This, the most commonly used
form, is illustrated in Fig. 7.5.

elastic
elastic/plastic

NF=0

Fig. 7.5. Domain of reversible elastic deformation in stress space.

It is important to note that while the yield surface can be expressed
either by using the reversible elastic strain €, or the stress o, there may
be restrictions on the representation in terms of the internal variables. The
original internal variables Kk were introduced in such a way that they remain
constant during reversible elastic deformation. Thus, the internal variables k
appear as constant parameters for processes inside the current yield surface.
In contrast, the conjugate internal variables ¢ will change during reversible
processes according to (7.76b), if not all the mixed derivative components
Ve vanish. When all mixed derivatives vanish, the conjugate variables ¢
remain constant during reversible processes. In that case the yield condition
can be expressed in terms of the conjugate internal variables ¢ instead of
the original internal variables k. However, in the general case the original
internal variables k, that remain constant during reversible deformation,
must be used.
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In the following it will be assumed that the yield function F' is convex in
its arguments. This corresponds to the statement that for any two states
within the yield surface any weighted linear average of the state variables
will also be inside the yield surface. This condition is important for the
uniqueness of the irreversible processes to be described next.

7.2.2 Maximum plastic dissipation rate

In the case of reversible deformation the internal variables xk remain con-
stant. Thus, it follows from (7.73a) that the work of the stresses o through
the strain rate € is equal to the rate of change of the internal energy ¢. It is
noted that in reversible deformation the elastic strain constitutes the total
strain, and therefore (7.73a) can be written in time rate form as

ole = é:zvggo(ee,n) = ¢(ee, k), (7.81)

where the superscript 7" denotes transpose, and has been introduced to make
the notation cover tensor and matrix notation. In essence this is a statement
that the total work of the stresses is stored in the internal energy ¢, and
thus is recoverable.

In the case of irreversible deformation dissipation will occur, and the rate
of dissipation is defined by

D =ole - ¢(e.,k) > 0. (7.82)

The first term is the work of the stresses o through the strain rate &€, while
the second term is the rate of recoverable work stored in the internal energy
function (e, k). The energy function ¢ is a function of the current state of
the recoverable strain €. and the internal variables k, but does not depend
explicitly on time. Thus, the rate of change of the internal energy is given
by

Plee, k) = €L Vep + KT V. (7.83)
The gradients in this expression are the conjugate variables o and ¢ defined
in (7.73). Thus, the internal rate of energy can be written in terms of the

rates of the primary variables, multiplied by the corresponding conjugate
variables:

Qb(sev/%) = O'Tée + CT’%“ (784)
When this is introduced into (7.82), the rate of dissipation takes the form

D =ol(e—-¢.) — ¢Tk. (7.85)
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The plastic strain rate €, is now defined as the difference of the total and
the elastic strain rates, appearing in the first term. Hereby the total strain
rate is the sum of the elastic and the plastic strain rates, i.e.

€ = & + &p. (7.86)
The dissipation relation then takes the simpler form
D =o'¢, — (TR, (7.87)

where it is clear that only the plastic part of the strain rate contributes to
the dissipation, together with a contribution from the internal variables.

The constitutive relations of the material follow from a postulate of max-
imum dissipation rate under the condition that the variables are bounded
by the yield condition defined by the inequality (7.78). The basic idea goes
back to von Mises (1928) and Hill (1948), and has since been used by many
authors, typically in relation to convex analysis, see e.g. Eve et al. (1990)
for a survey. Here, a simple and direct formulation is given, following the
approach of optimization theory. The maximum dissipation problem can be
stated as a constrained extremum problem of the form

maximize D=o sp ¢tk
7:¢ (7.88)
subject to F(ee,k) < 0.

Here the original form of the yield function F'(e., k) has been retained to
stress its role as the bounding surface of the domain of reversible deforma-
tion, described by the variables €. and . This form helps clarify the role of
the internal variables in determining the rules for the development of plastic
strains.

The maximum rate of dissipation is found by considering the rates &, and
K as fixed, and then searching for the maximum by considering the conjugate
variables o and ¢ as subject to variation. The yield function is given in terms
of the original variables €. and k, and therefore derivatives with respect to
the conjugate variables must be obtained by using the defining relations
(7.73). If the maximum is attained at a point inside the domain defined
by the yield condition, the derivatives of D with respect to the independent
variables o, must vanish. This gives the equations

€, =0, £ =0. (7.89)

These equations state that there is no development of plastic strain and no
development of the internal variables «. These are precisely the conditions
characterizing reversible deformation, as described in Section 7.2.1.
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Now, assume that the maximum rate of dissipation is attained for a set
of variables o, corresponding to a point on the yield surface. According
to (7.88a), surfaces corresponding to equal dissipation rate are hyperplanes
with normal vector (€,, —&). The point of maximum dissipation rate must
therefore be located on the yield surface and have the same normal vector
in o, ¢ space. If this were not the case, a larger value of the dissipation rate
D could be found in the neighborhood of the assumed intersection of the
dissipation contour and the yield surface. It is convenient to formulate this
condition in terms of a potential function G(o, ) that describes the yield
surface in terms of the variables o, (:

G(o,¢) = F(ee, k), (7.90)

where the variables are transformed according to (7.73). The partial deriva-
tives of the two potentials F'(e, k) and G(o, () are related via the chain rule
of differentiation:

T T
vr-2"v. q+ % v.a,
856 K 866 K
Jp o it (7.91)
(oa
Vil = 5o | Vo6 + 5[ Ve

When the conjugate variables o, ¢ are introduced by their definition (7.73),
the relation between the partial derivatives of the potentials takes the form

V.F [Vaeap VW] V.G

V. F

. (7.92)

Viep Vi A&

This provides the relation of the partial derivatives of the yield function F
in terms of the original variables €., x and the yield function G in terms of
the conjugate variables o, (.

The solution to the constrained maximization problem (7.88) can now
be stated in concise form. In the o, space the condition of co-directional
normals of the dissipation rate function D and the yield potential G takes
the form

V,D
VD

vV, G

7.93
vie | (7.99)

where A > 0 is a factor of proportionality. This factor is conveniently com-
bined with the yield potential in the product condition

AF(e., k) = 0. (7.94)

This condition covers both of the following two cases. Inside the yield surface
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A = 0, and the processes are fully reversible with D = 0, as discussed in
connection with (7.89). Conversely, points on the yield surface have F' = 0
and thus permit A > 0, corresponding to dissipative processes. These are
the Kuhn—Tucker conditions, here expressed in terms of conjugate variables
(Kuhn and Tucker, 1951).

When substituting the rate of dissipation from (7.85), the evolution equa-
tions are obtained as

E = é.+ \V,G,
. (7.95)
ko= — AV.G.

For A = 0 the elastic equations (7.89) corresponding to reversible deforma-
tion are recovered. The internal variables x have been chosen to represent
the deviation from the quasi-stationary equilibrium in the elastic state, and
as a consequence changes are limited to the plastic state. The plastic strain
rate and the rate of the internal variables & are given by the gradients of the
potential function G, and this is therefore often called the flow potential.

A similar set of equations was obtained by Lemaitre and Chaboche (1990)
by a different approach, using special properties of the Legendre transfor-
mation of homogeneous functions of degree one instead of the maximum dis-
sipation condition, see e.g. Sewell (1987) for the mathematical background.
The plastic strain rate and the gradient of the potential G are illustrated in
Fig. 7.6. It is seen that in the case of coupling between external and internal
variables the plastic strain increment does not appear as orthogonal to the
yield surface in stress space.

NF=0

Fig. 7.6. Yield surface with coupled plastic flow.

The solution (7.95) for the rates of plastic strain and the internal variables
leads to a simple form of the rate of dissipation D in terms of gradients of
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the flow potential G. Substitution of &, and k. into (7.85) gives
D = Mo"V,G + ¢(TV:G). (7.96)

The dissipation rate is here given entirely as a function of the stress o and
the conjugate internal variable {. Thus, this expression may be used as a
theoretical basis for derivation of the flow potential G(o, {) from the physics
of the dissipation process, see e.g. Schofield and Wroth (1968) and Krenk
(1998) for the case of granular friction materials, discussed in Section 7.5.

Much work on plasticity theory and many specific plasticity models have
been based on the uncoupled case, in which V . = V. = 0, correspond-
ing to an additive format of the internal energy:

ple, k) = pe(e) + pu(k). (7.97)

For this class of plasticity problems the conjugate variables are defined by
the uncoupled relations

o = V.p:(ee), ¢ = Vipu(k). (7.98)

This implies that the transformation between the variable €, and its conju-
gate variable o is independent of the transformation between the internal
variable K and its conjugate internal variable {. As a consequence, the gra-
dients of the two yield function representations F' and G are given by the
uncoupled form of (7.92) as

V.F = (Veep)VoG,  ViF = (Vi) VG (7.99)

for the class of uncoupled materials. For this class of plastic materials the
plastic strain rate is proportional to the stress gradient of the yield function
F(o,k) as illustrated in Fig. 7.7.

NF=0

Fig. 7.7. Yield surface with uncoupled plastic flow.
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In the literature, plasticity theory with internal variables that are uncou-
pled from the elastic strain (or the stress) is often called associated plas-
ticity, because the gradient property used in the flow rule follows directly
from the yield function F'. In contrast, the general coupled theory is called
non-associated plasticity theory, because the direction of plastic flow is not
directly given by the original yield function F'(o, k). In the present con-
text it is probably more descriptive to classify these two types of models as
uncoupled and coupled, respectively.

7.2.3 Evolution equations

Plastic flow requires A > 0, and according to the Kuhn-Tucker criterion
(7.94) this leads to the condition F = G = 0. This identity must remain
satisfied during plastic flow, a property often called the consistency condi-
tion. This provides the extra equation needed to determine the multiplier )\,
thereby closing the system of evolution equations. The most elegant general
formulation is obtained by expressing the consistency condition in terms of
the yield function F'(e, k). Time differentiation of the yield condition in
terms of this potential gives the consistency condition in the form

Flee,k) = ¢IV.F + KTV, F = 0. (7.100)

The time derivatives €. and & are substituted from the flow equations (7.95),
whereby

F =e"V.F - M(VeG)(V.F)+ (VG (V.F)] =0.  (7.101)

This gives an expression for the plastic multiplier A in terms of the total
strain rate €,
(V.F)Te

It is to be noted that the products of the gradients of the potentials £’ and
G are formed directly by products of their components. This property is a

A\ =

(7.102)

consequence of the gradients being formed in terms of conjugate variables.

The evolution equations for elasto-plastic flow are now found from (7.95)
by substitution of A. In the first of these equations the rate of elastic strain
€. is replaced by the stress rate o by multiplication with the elastic stiffness
according to (7.76a):

(VoG) @ (V.F)T

o = (Vss(P) I— (VUG)T(VEF) + (VcG)T(VnF)

g, (7.103)
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where I is the appropriate unit tensor, and the symbol ® is introduced
to indicate that the components of two factors are not contracted. The
corresponding evolution law for the internal variables & follows from the
second equation (7.95b) as

(VoG)® (V.F)T

" T NLGT(V.E) £ (VGT(VLE) © (7.104)

This is the most compact explicit formulation of the evolution equations,

making use of the dual yield and flow potentials F(e., k) and G(o, ().

In practice, plasticity problems are integrated by forming finite incre-
ments, and thus the gradients appearing in the evolution equations typically
change value over the time increment. The format of the evolution equations
(7.103)—(7.104) is well suited for explicit integration schemes, in which the
non-linear gradients are evaluated using the current value of the variables.
However, explicit integration schemes have limitations regarding accuracy
and numerical stability, and therefore implicit schemes are often preferred,
see e.g. the analyses of Krieg and Krieg (1977), Ortiz and Popov (1985),
Ortiz and Simo (1986). In implicit schemes the functions occurring in the
evolution formulae are evaluated at an intermediate or the final time. This
requires iterations, and the evolution equations must therefore be given a
format that is suitable for this. In the context of plasticity the incremental
step will most often start with a predicted value of the total strain increment
Aeg, and the objective of the numerical scheme will then be to find corre-
sponding increments of the variables Ao, Ak and AX. Here the evolution
equations will be reformulated using the time derivatives, while the finite
increment form will be discussed in connection with numerical integration
schemes later.

The idea is to cast the set of the two evolution equations (7.95a,b) and
the consistency equation (7.100) in the form of three equations for the rates
&, f and \. First the strain increment equation (7.95a) is written in the
form

e = Clo + \V,G, (7.105)

where the elastic strain rate has been replaced by the stress rate by use of
the elastic stiffness tensor C = V.o from (7.77). The equation (7.95b) for
the internal variable k is written in homogeneous form as

0=k + \VG. (7.106)

In the final equation, the consistency equation (7.100), the elastic strain is
replaced as independent variable by the stress, yielding the equation

F =6'V,F + TV .F = 0. (7.107)
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These three equations are conveniently collected in block matrix form as

& c! 0 (V,G) ] [ o
0| = 0 I (V:G) ik, (7.108)
F (V. )T (V.F)T 0 A

where F' has been indicated explicitly for clarity. It is noted that for ma-
terials, where the internal variables are coupled with the elastic strains,
these equations are non-symmetric. However, for materials with uncoupled
internal parameters symmetry can be obtained by multiplication of the sec-
ond row with the symmetric matrix (Vi.p). By (7.99b) this replaces the
gradient VG with V,F', and the equations then take the symmetric form

é ct 0 (V. F) o
0| = 0 (Virw)  (VoF) k| (7.109)
F (V. F)T  (Vv.F)T 0 A

The integrated forms, in which the time derivatives are replaced by finite
increments, are suitable for numerical plasticity algorithms, when the en-
tries in the matrix are recognized as representative mean values, typically
evaluated iteratively to correspond to the final time.

It is sometimes convenient to use a reduced format, in which the effect
of the internal parameters is combined into a single parameter H, and the
update of the internal parameters k is considered separately. This format
follows, when the time rate of internal variables & is eliminated from the
consistency condition (7.107) by use of the evolution equation (7.106). This
gives the consistency equation in the form

F=6"V,F —H)N=0, (7.110)

where the contribution from the internal parameters has been combined in
the hardening modulus

H = (V:G)'(V,.F). (7.111)

In some cases the hardening modulus may be prescribed directly in the
model, and the equations (7.108) can then be used in the reduced form

Cc! (V,Q)

(Vv,pr)'  —H

é
a

;’ ] (7.112)

supplemented with the evolution equation for the internal parameters,

k = —AV.G. (7.113)
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This format can be used for a combined implicit—explicit iteration scheme
for the finite increments corresponding to &, £ and A

If the internal variables are uncoupled from the elastic strain, these equa-
tions can be recast in a symmetric form, where the potential G is eliminated.
In the definition of the hardening modulus the gradient V G is replaced by
the gradient V. F' by use of (7.99b),

H = (V. F) (Virp) H(VLF). (7.114)
It follows from (7.99a) that V,G = V,F, and thus the block matrix equation
takes the symmetric form
ct  (V,F)
(V.F)T  —H

€

F A

‘:’] . (7.115)

Finally, the evolution equation for the internal parameters is expressed in
terms of the gradient V. F' by use of (7.99b) as

o= —A(Vinp) ' ViF. (7.116)

This simple format is often found in the literature, but in many cases without
the identification of the coefficient matrix (Vj,p) as part of the internal
energy function.

To round off the general discussion of evolution equations the rate equa-
tions (7.102)—(7.104) are given in terms of stress derivatives, the elastic
stiffness tensor C and the hardening modulus H:

(Vo.F)ICe

N = RLGTC(NLE) T (7.117)
o C(V,G) ® (V,F)'C 1,
o= [C- Gorev.R T ¢ (7.118)
_ (VG (VP ., (7.119)

(V,G)IC(V.F) + H .

For materials with uncoupled internal variables, i.e. for V., = 0, the stress
gradients are identical, V,G = V,F, and the hardening modulus is given
by the symmetric relation (7.114).

For materials with internal variables that are coupled to the elastic strains,
ie. for Veep # 0, the relation between the gradients of the potentials
F(e.,k) and G(o¢, () is non-trivial, and the directions of the two corre-
sponding stress gradients are different. This is generally called non-associated
flow. It should be noted that, according to the present formulation based on
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potentials and maximum energy dissipation, the stress gradients of the yield
potential F'(e., k) and its dual, the flow potential G(o, (), are not indepen-
dent, but related through the energy function. In the literature the two
potentials are often considered as independent potentials. These theories
may be consistent in the sense of dual potentials, if they can be related via
a complete internal energy function containing the internal variables. This
issue will be considered further in Sections 7.4 and 7.5.

7.2.4 Isotropic and kinematic hardening

As seen in the previous section, the plastic deformation of a material is gov-
erned by the internal energy function (e, k) and the yield function F'(o, k).
Thus, the initial shape of the yield surface and its possible development
during plastic deformation are important for the representation of elasto-
plastic material models. Elasto-plastic materials whose yield surface does
not change with plastic deformation are called perfectly plastic. For these
materials the yield function F'(o) does not depend on internal parameters,
and the hardening modulus H is identically zero, as follows from (7.110).
This group has been intensively studied by analytical methods, see e.g. Hill
(1950), Chen and Hahn (1988) and Chakrabarty (2000). In the present con-
text perfect plasticity arises as a special case, in which the yield function
F(o) is independent of internal variables. Thus, perfect plasticity will not
be given special attention here, but merely be considered as a limiting case.

At any particular instant the current yield surface can be described by a
relation of the form

f(o) = oo, (7.120)

where o( represents the yield stress under specific conditions, e.g. uniaxial
loading. This corresponds to a yield function F (o) of the form

Flo) = f(o) — oo. (7.121)

In general the yield function F' depends on internal variables x. Often the
details of this dependence are not known in terms of first principles, and
two simple assumptions are often used, either separately or in combination.
The first is the so-called isotropic hardening, in which only the yield stress
0o = oo(k) is assumed to depend on the internal variables. This gives the
functional form

F(o,k) = f(o) — oo(K). (7.122)
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Due to the particular functional form, the yield surfaces constitute a set of
surfaces typically enclosing each other as illustrated in Fig. 7.8. The name
arises from the fact that the expansion is independent of precisely which
stress path generated the change of size of the yield surface. As a conse-
quence, there are infinitely many stress paths that create the same sequence
of yield surfaces, and thus the final state gives only limited information on
the process leading to the final state.

7))
—

Fig. 7.8. Isotropic hardening: expanding yield surface.

In the isotropic hardening model the yield surface expands in all direc-
tions. Thus, the yield stress experienced after a load reversal will also be
increased. This is not in accordance with the so-called Bauschinger effect by
which an increase in the yield stress for loading in one direction is typically
accompanied by a change of the reverse yield limit in the same direction.
A simple hardening model that includes the Bauschinger effect is the so-
called kinematic hardening, in which the yield surface retains its shape but
translates during plastic loading, (Fig. 7.9).

A translating yield surface with initial yield stress oy can be written in

vanm
(4

Fig. 7.9. Kinematic hardening: translating yield surface.
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terms of the yield function
F(o,k) = flo —K) — oo. (7.123)

The parameters k represent the current position of the initial center of the
yield surface. The direct interpretation of the parameters o in terms of
stresses has led to names like ‘pseudo stress’ and ‘back stress’ for these
parameters.

In the kinematic hardening model the translation is governed by a set
of relations of the form (7.112) for the rate of the internal parameters K.
Commonly used forms are the rule of Melan (1938) and Prager (1955),
defining the translation by the plastic strain rate

k= a(k)ép (7.124)

and the rule of Ziegler (1959), using a radial direction from an assumed
center

k= la(k) (o —K) (7.125)

corresponding to radial motion controlled by the single scalar function a(k)
for calibration. These rules coincide and follow from the potential formula-
tion if the yield function is a quadratic function of the shifted stress variables
o — K, as discussed in Section 7.4.1.

7.3 Von Mises plasticity models

It has been found that the theory of plasticity can provide accurate repre-
sentation of deformation of materials like metals. These materials typically
exhibit plastic strains that are orthogonal to the yield surface described by
the yield function F', and thereby suggest the use of uncoupled plasticity
theory, without need for the extra flow potential GG. It also appears that
in the absence of voids in the material, the plastic strains are purely de-
viatoric, i.e. the plastic contribution to the volumetric strain vanishes. It
then follows from the flow rule (7.95a) for plastic strains that the yield func-
tion is independent of the mean stress and only depends on the deviatoric
stress components. For isotropic materials this implies that the yield surface
may be generated via its contour in the deviatoric stress plane illustrated in
Fig. 7.2. The central model for this class of materials is the model of von
Mises (1928), in which the yield surface is a circular cylinder. This model
leads to several particularly simple theoretical relations between stresses,
strains and hardening parameters, and also has a number of very attrac-
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tive features with respect to numerical integration algorithms. This section
contains a brief presentation of some of these features.

7.3.1 Yield surface and flow potential

The von Mises yield surface constitutes a circular cylinder in principal stress
space with the principal diagonal as center axis. The radius is expressed in
terms of the so-called equivalent stress o, defined via the second deviatoric
stress invariant as

02 =3Jy = %U’aﬁa;ﬁ = 3 (o0} + ohoh + ohah) . (7.126)
The numerical factor has been chosen such that a uniaxial stress o corre-
sponds to the equivalent stress o, = |o|. The cylindrical von Mises yield
surface is illustrated in principal stress space in Fig. 7.10.

g3

g1

(@) (b)
Fig. 7.10. Von Mises yield surface in principal stress space.

The yield function is conveniently expressed in terms of the equivalent
stress as

F(o,00) = oe(o) — 0. (7.127)

In this format og represents the uniaxial yield stress. Note that the yield
function is formulated with the dimension of stress. This leads to consid-
erable algorithmic advantages, as discussed later. The yield stress og is
considered as an internal parameter that may change during plastic defor-
mation. Extension to kinematic hardening is discussed later. The strains are
derived from the yield function F(o,0() with respect to the stresses. This
requires the derivatives of the equivalent stress o, conveniently calculated
by the component relations

0o, 1 803 B §U;5

= e — ) 7.128
0oag 20, Joap 2 o, ( )
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This result may be expressed in the more compact form

V,0e = %0_1 o' (7.129)

e

It is noted that the stress gradient of the equivalent stress o, is purely devia-
toric and therefore has mean value zero. In geometric terms this corresponds
to the normals of the cylinder shown in Fig. 7.10(a) being orthogonal to the
axis of the cylinder.

The plastic strain increments are evaluated according to the rate equation
(7.95a),

€)= A\V,0, = 3 Ao tol (7.130)
It follows from the definition of the deviatoric stress that the volumetric
plastic strain rate vanishes, ¢ = 0. It is convenient to define an equivalent

plastic strain rate ¢,, similar to the equivalent stress o.. For incompressible
strain increments the definition is

.2 2. .

e (7.131)
In pure extension in the principal direction 1 with &} # 0 the incompress-
ibility condition gives ¢§ = ¢ = — 10 and thereby ¢, = |&}|. Thus, the

equivalent strain rate €, corresponds to the strain rate for uniaxial stress
loading. For the von Mises model the equivalent strain rate follows from
substitution of the plastic strain rate tensor (7.130) into the definition of
the equivalent plastic strain rate (7.131):

512) = %(%)\ae_l)%ﬂaﬁafw = A2 (7.132)

and thus the rate multiplier \ is equal to the equivalent strain rate in this
model:

A= ¢, (7.133)
This leads to some simple illustrative interpretations of e.g. the multiplier .

EXAMPLE 7.2. HARDENING IN VON MISES PLASTICITY. Let the hardening
be described in terms of the accumulated plastic strain ,. The consistency
condition is now expressed as the time derivative of the yield function in the

form
. d
F(o,00) = 6V,0, — —2¢, = 0. (7.134)
de,
Comparison with the form (7.110) identifies the hardening modulus in the
present model as
N dO‘Q

— 490 1
i, (7.135)
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i.e. the slope of the uniaxial stress—strain relation corresponding to yielding
of the material.

Fig. 7.11. Uniaxial stress—strain curve.

Figure 7.11 shows a uniaxial stress strain curve and identifies the initial
modulus of elasticity £ and the tangent modulus F;. The representation of
the total strain rate as the sum of the elastic and plastic strain rates can be

written as
o o o
= = 4 = 1
i 5 + IR (7.136)
from which the plastic hardening modulus H is obtained as
1 1 1
= = = — —. 1
I E T (7.137)

H has a range from zero for perfect plasticity with F; = 0 to infinity for
vanishing plastic strain. If the tangent modulus E; is negative the material is
said to be softening, and the corresponding value of the hardening modulus
H is negative. This phenomenon typically leads to localization of the strains
in smaller regions and requires special computational measures.

The tangent stiffness C,, of elasto-plastic deformation is defined via the
stress—strain relation

o = Cepé, (7.138)

where the specific form of the elasto-plastic tangent stiffness follows from
(7.118), when specialized to associated form:

C(V,F)® (V,F)TC

Co =C - W, FIC(V,F) + H

(7.139)

In the present case the elastic properties are assumed to be isotropic linear
elastic, and the stiffness tensor is then given in component form by (7.49).
In von Mises plasticity with yield function (7.127) the stress gradient of
the yield function F' is equal to the gradient of the equivalent stress o,
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VF = Vo.. This gradient has already been calculated in (7.129), where it
was demonstrated to be purely deviatoric. Therefore, multiplication with
the isotropic elastic stiffness tensor C simply corresponds to multiplication
with the scalar factor 2pu:

C(Vy0.) = 3uo, o’ (7.140)

The product in the denominator then follows from the definition (7.126) of
the equivalent stress as

(Vy0,)IC(Vyoe) = 3p. (7.141)

The elasto-plastic tangent stiffness now follows directly by substitution of
these expressions into (7.139) as

92 ! 1T
P 282, (7.142)

Cep =C— —— —
P H—|—3,u0€®ae

With the transpose sign the expression is valid both when interpreted as a
four-dimensional tensor and when interpreted in association with the vector
representation (7.8)—(7.9) of stresses and strains as a 6 X 6 matrix. In neither
formulation are the two last factors contracted.

The problem of integrating the constitutive relations of plasticity is due to
the fact that the elasto-plastic stiffness C., depends on the current stresses —
and possibly on hardening parameters as well. Thus, generally approximate
numerical methods must be used. These can be either explicit, in which
case the needed parameters are evaluated at the initial time of the incre-
ment, or implicit, which leaves a number of possibilities for representation
of the development of the parameters over the increment. The following
two subsections give a brief presentation of explicit and implicit algorithms,
illustrated specifically with reference to von Mises plasticity.

7.3.2 Explicit integration

In elasto-plastic analysis the solution is advanced by increments of the form
Oni1 =0,+ A0 and g,11 = g, + Ae. Typically, the elasto-plastic stiffness
is used in connection with a specified load increment to predict the corre-
sponding strain increment Ae at the individual material points — typically
element Gauss points — of the body to be analyzed. This leads to a local
analysis at the individual material points, in which the strain increment Ae
is imposed, and the corresponding stress increment Ao needs to be cal-
culated. Once the stresses are known, they can be used to carry out an
equilibrium check via residual forces, or in the case of explicit methods the
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stresses can be accepted and used as a basis for the next step. In either case
it is necessary to solve the problem of determining the stress increment Ao
resulting from an imposed strain increment Ae. This limited task, carried
out one or more times at each material point of the model within each load
increment, is discussed in terms of explicit methods in this subsection and
in terms of implicit methods in the next subsection.

Explicit integration, often termed the forward Euler procedure, consists in
calculating the stress increment Ao directly from the rate equation (7.138)
by suitable representation of the elasto-plastic stiffness C,), in terms of pa-
rameter values that have already been obtained. In its simplest form the
stress and strain rates are replaced by finite increments, and the variables
defining the elasto-plastic stiffness are evaluated corresponding to the initial
state. Thus, the incremental relation (7.138) for infinitesimal increments is
replaced by

Ao = Cg(a” k") Ae, (7.143)

where the notation k is retained for internal variables, and superscript 0
denotes initial state. A similar representation can be used to update A and
Kk from (7.117) and (7.119) if necessary. In the forward Euler scheme the
new stress state may not satisfy the yield condition, and the errors tend to
accumulate. Thus, refined methods are needed.

The simplest refinement of the forward Euler method follows from the
observation that the error in (7.143) depends on the square of the size of
the increments. Therefore, the error can be reduced by dividing the origi-
nal strain increment Ae into sub-increments, e.g. m equal sub-increments
Ae/m. This ‘sub-incremental’ method is illustrated in Fig. 7.12. The cor-
responding formulae are

soF = Ceplo* 1 kP 1) Ae/m,
(7.144)
ot = oF 1 4 do,

supplemented with similar formulae for A and & if necessary. Various meth-
ods have been proposed to determine a suitable number of sub-increments,
see e.g. Crisfield (1991).

Although the use of sub-increments reduces the error, there is still no
check on the yield condition, and thus f(o*, k¥) may drift away from the
zero value required by consistency. A special two-step procedure has been
suggested by Zienkiewicz and Taylor (2000). In this procedure a mid-point

stress o/2 is first estimated by use of the forward Euler formula

Ac'/? = Cep(o?, k") $Ae. (7.145)
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dok

(2J0]

Fig. 7.12. The sub-incremental method.

1/2 1/2

is also determined. The increment Ao is now used

1/2 " and the full increment Ao is then

If necessary Ak
to determine the mid-point stress o
calculated as

Ao = C(c'/? kY?) Ae. (7.146)

The two-step procedure provides an error estimate by comparing stress in-
crements based on the initial point and the mid-point, respectively. Thus,
from (7.145) and (7.146) the error estimate is

Ao — 2A0'? = (CY? - CY)Ae. (7.147)
This error measure may be used to control the increment size.

EXAMPLE 7.3. EXPLICIT INTEGRATION. The explicit integration methods
are illustrated by a simple example with the von Mises yield criterion in a
two-dimensional principal stress space o = [o71, O'Q]T, with the corresponding
strain components € = [e1, €2]7. The elastic modulus is E and Poisson’s ratio
is assumed to be zero, v = 0, giving the simple diagonal elastic stiffness
matrix C = EI = 2ul. The yield function F' is given by (7.127), with
equivalent stress o:
Ug = 0% + O'% — 0102.

The material is assumed to be non-hardening, i.e. H = 0.

The material is loaded in uniaxial stress to first yield at the stress o =
[00,0]7 and the strain € = [g9,0]7, where g9 = 00/E is the uniaxial yield
strain. This state is represented by the point A in Fig. 7.13. After first
yield at A an additional strain increment Ae = [g0,0]” is imposed, i.e.
an elongation with Aes = 0. The stress increment Ao from this imposed
strain increment is now determined by the three explicit methods described
above: the single increment, division into two strain sub-increments, and
the mid-point procedure. The final stress state is indicated with B, C and
D, respectively in Fig. 7.13, and the numerical values given in Table 7.1.

Comparison of the results of the first two methods illustrates that half
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Fig. 7.13. Explicit stress increments.

Table 7.1. Ezplicit plastic stress integration.

Single increment Sub-increments Mid-point
ol /oy (1.200, 0.400) (1.155, 0.356) (1.109, 0.312)
oe/00 1.058 1.024 0.991

the increment gives one quarter error, but to be added from the two steps,
resulting in an overall result with half the original error. Comparison be-
tween the two last methods demonstrates that given that two computations
are going to be used, an extra factor of three is gained on the error by using
the estimated mid-point for calculating the total step.

7.3.3 Radial return algorithm

The explicit methods have the inherent weakness that the stresses may leave
the yield surface and thereby violate the consistency condition. This prob-
lem is addressed in the implicit methods, in which the consistency condition
is satisfied, often by iterative procedures. The implicit methods can be
developed from two different points of view: either by recasting the com-
bined elasto-plastic strain increment into algorithmic form, or by solving the
non-linear matrix evolution equations developed in Section 7.2.3 for finite
increments by an iterative numerical method. The direct algorithmic for-
mulations are often called ‘return algorithms’ because they typically consist
of an elastic prediction of the stress, followed by a correction due to plastic
effects, see e.g. Ortiz and Popov (1985), Ortiz and Simo (1986). The return
algorithms have particular advantages in connection with special yield sur-
faces like cylinders or cones. The main idea of the radial return algorithm is
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illustrated in this section with reference to the von Mises plasticity model.
The general integration problem is dealt with in the following subsections
in connection with the discussion of internal variables and non-associated
flow.

The basic idea of the return algorithms is to decompose the stress incre-
ment into two additive parts,

Ao = C (Ae — Agy) = Aoe — Aoy, (7.148)

Here Ao, = CAce is an equivalent elastic stress that would result in the
absence of plastic strains, while Ao, = CAg, represents a plastic correction.
This decomposition is illustrated in Fig. 7.14.

Ao B
-\
>} —Aoy

A c

(o

Fig. 7.14. Elastic predictor and plastic corrector.

If the point B is inside the yield surface the increment is fully elastic
and Ao, = 0. If B is outside the yield surface the plastic corrector —Ao),
returns the stress to the yield surface. The plastic strain rate is given by
(7.95) and a representation in finite increment form is

Ao, = CAe, = AACV,G. (7.149)

Thus, the direction of the plastic corrector is determined by the gradient of
the flow potential VG, while the length depends on AX. The increment A\
is determined such that the point C' is on the yield surface after hardening.
Taylor expansion of the yield function F(o, k) around (o, k)p gives

F(oc¢) ~ F(og) — Ao, V,F + (0F/OX) AX = 0. (7.150)

Comparison of the last term with the differential form (7.110) of the consis-
tency equation identifies the derivative as the hardening modulus, 0F/I\ =
—H. Substitution of Ag? from (7.149) gives

F(op)

AN = .
A= NL,GTC(V,F) 1 |

(7.151)

It is instructive to compare this formula with (7.117) for the infinitesimal
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increment d\. The only change is that the numerator (V,F)”C ¢ has been
replaced with F(op).

The derivation leaves a number of issues. In the general case the gra-
dients V,G and V,F vary along the return path from B to C. Then an
iterative scheme must be used to determine the point C. Two different
approaches have been proposed: an explicit and an implicit, see Ortiz and
Simo (1986), Simo and Hughes (1987). In the explicit scheme a sequence
of linearized problems are solved, starting at the point B. In the implicit
method the direction of the full plastic stress increment is determined by the
gradient at the initially unknown point C. Each step consists of evaluating
the gradient V,G at the most recent estimate of point C', and then solv-
ing the consistency condition for AX by a Newton-type iterative procedure.
This corresponds closely to the Newton-type iteration procedure presented
in Section 7.4.3.

g0

Fig. 7.15. Radial return for perfect von Mises plasticity.

In the special case of a von Mises material the return algorithm takes
on a particularly simple and robust form. In this case the gradient of the
flow potential is equal to the gradient of the yield function V,G = VF.
Furthermore, the particular choice (7.127) of the yield function as a linear
function of the equivalent stress o, (o) leads to the property that the gradient
of F' is constant along the radial line connecting B and C'. This is illustrated
in Fig. 7.15 for von Mises plasticity with isotropic hardening. As seen from
the explicit expression (7.129), the gradient V0, represents a radial vector
in the deviatoric stress plane pointing through the point D. This is the
so-called radial return algorithm (Krieg and Krieg, 1977).

EXAMPLE 7.4. RADIAL RETURN ALGORITHM. The radial return algorithm
is illustrated for a von Mises material in three-dimensional principal stress
space @ = [01,09,03]7. As in Example 7.3 the elastic modulus is £ and
Poisson’s ratio is assumed to be zero, v = 0, whereby the elastic stiffness
tensor is C = ET = 2uI. The yield function F' is given by (7.127), with
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equivalent stress

2 2 2 2
o, = 01 + 05+ 03 — 0203 — 0301 — 0102

and the stress gradient from (7.129) or directly by differentiation as
V.0, = %a;l [201 — 09 — 03,209 — 03 — 01,203 — 01 — O'Q]T.

The material is assumed to be non-hardening, i.e. H = 0, and loaded
in uniaxial stress to first yield at the stress o4 = [00,0,0]7 with strain
€4 = [€0,0,0]T, eg = 00/E. A strain increment Ae = [gq, —£0,0]7 is now
imposed and the new stress state is to be determined.

First the equivalent elastic stress increment is determined, leading to
the stress o = 0g[2, —1,0]7. This corresponds to oe,B = 2.6458 0y, and
thereby F(op) = 1.6458 0p. The multiplier increment A\ is determined
from (7.151),

AN = F(op)/3u = 1.64580¢/pn = 1.09720¢/E.
The gradient at B is

o
V,Flg = —2[5,—4,-1]T.
20¢,B

The plastic stress increment Ao then follows from (7.149), and then the
final stress state

2 1.0367 0.9633

oc =o0p— Ao, = | —1|og — | -0.8293 |5y = | —0.1707 | .

0 —0.2073 0.2073
It is easily verified that o.c = 1.000 o9, and thereby point C has been
returned to the yield surface. In the case of isotropic hardening the yield
stress is simply updated to o c.

It is instructive to compare the radial return algorithm with explicit inte-
gration by use of the tangent stiffness at A. Here the gradient is
00

VoF|a = 5o A[2,—1,—1]T = [1,-0.5,-0.5]T.
e?

The increment A\ is determined from (8.21) as
AN = V,F|ysAc./3n = op/E.

It is seen that this estimate of A\ deviates 10% from that of the radial
return algorithm. The plastic strain increment is now evaluated by use of
the gradient at A as

2 1 1
oc =op — Ao, = |-1|og — | =05 |og = | —0.5 |op.
0 —-0.5 0.5
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This stress state deviates considerably from the yield surface, 0. ¢ = 1.323 0.

The example illustrates how the radial return algorithm modifies the di-
rect tangent method in two ways: the direction of the plastic stress increment
is determined from the gradient corresponding to the final stress state, and
the length of the increment is calculated via the yield function to give exact
return to the yield surface.

In the case of plane stress the von Mises yield function is constituted
by a section of the cylindrical yield function shown in Fig. 7.10 in one of
the principal stress planes. This leads to an elliptic surface, where the
normal return procedure described above must be modified. However, the
basically simple shape of the yield surface can also be used to construct
efficient return mapping schemes in this case, see Jetteur (1986) and Simo
and Taylor (1986).

7.4 General aspects of plasticity models

In this section three aspects of more general plasticity models are presented.
The first is the use of combined isotropic and kinematic hardening, which
is of central importance for the use of plasticity models for reversed and
cyclic load histories. The second is a simple demonstration of the use of
the dual potentials F' and G in connection with internal variables and their
conjugates to introduce non-associated flow. This problem is important
in connection with many non-metallic materials, notably granular media,
discussed in more detail in Section 7.5. Finally, the integration of the general
plastic evolution equations derived in differential form in Section 7.2.3 is
discussed in Section 7.4.3.

The models considered in this section are mainly intended to illustrate ba-
sic properties of the plastic deformation, and the elastic properties are there-
fore assumed to be linear isotropic as discussed in Section 7.1. In isotropic
material models the deformation consists of two mechanisms: change of vol-
ume and change of shape. The volumetric behavior is governed by mean
stress and mean strain, represented by the scalar variables

Om = 504y, €y = vy (7.152)

The change of shape is governed by the corresponding deviatoric tensor
components with magnitudes

02 = 3003003, Er = 3cnCes- (7.153)
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The elastic energy is the sum of contributions from volumetric and deviatoric
strain

P(ee ev) = 2k(eyy)? + HEQGE B = 1hel + 3pel. (7.154)

In the models discussed below the internal energy is obtained by introduc-
ing suitable internal variable effects into the elastic strain energy, and then
introducing an appropriate flow potential G in terms of the stresses and the
conjugate internal variables.

7.4.1 Combined isotropic and kinematic hardening

In modeling of cyclic loading there is typically a need to include the so-called
Bauschinger effect, by which an increase of the yield stress in positive loading
leads to a shift in the yield stress experienced upon reversal of the loading.
This involves a translation of the yield surface as discussed in general terms
in the form of kinematic hardening in Section 7.2.4. Kinematic hardening
requires an internal tensor variable k to keep track of the translation. In
addition, a scalar internal variable kg is included in the model here to illus-
trate the combined effect. Often the translation of the yield surface in e.g.
metals does not lead to noticeable deviations from normality of the plastic
strain increment from the normal to the yield surface. Thus, the model will
be formulated to represent associated plasticity, and therefore the internal
variables will appear in the form of additive terms according to (7.97):

O(Eey Evy K) = %ks% + %,usz + ¢1(ke) + wo(ko)- (7.155)

The scalar invariant s, is here introduced in terms of the deviatoric compo-
nents «,, 5in analogy with the equivalent stress o., but without the numerical

factor:
K2 = Kghing: (7.156)
The stress is defined as the conjugate variable to the strain, whereby
0
Gag = a;‘; = kbages + 2chg. (7.157)
(0%

The conjugate internal tensor variable follows by differentiation of the po-
tential ¢ through the scalar argument k. as

. 8901 OKe . r Fap

Cap , (7.158)

" Oke OKkag B Ke

where ¢ denotes the derivative with respect to the argument k.. It is
noted that the conjugate internal tensor variable (.3 is purely deviatoric. Its
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magnitude is characterized by the scalar invariant (., defined by a relation
similar to (7.156) for k.. Contraction of the components on each side of
(7.158) with themselves then gives the relation

Ce = ¥ (Fe)- (7.159)

This relation establishes the internal variable (. as conjugate to the primary
internal variable k.. The conjugate scalar internal variable (g is defined by
the similar relation

o = ¢olko)- (7.160)

In general these relations may be non-linear, but the linear case, arising from

quadratic functions 1 and ¢g, leads to a particularly simple formulation.
The Jacobian of the transformation between the primary internal tensor

variable £/, 5 and it conjugate ¢, 3 follows from differentiation of (7.158) as

0Cap _ Op(Ke) L, Kap K (o

1
= = orOps(— -2 ——¢)). (7161
Okys OKkapOk~s K Bé(l-ﬂe @1) * Ke Fe © 0 He%ﬁ) ( )

It is seen that the first term is isotropic, while the second term is anisotropic
— depending on the current direction of the internal variable tensor ., 5- Now
assume that . = 0 corresponds to (. = 0. It then follows from (7.159) that
a Taylor expansion of the potential ¢; around this value must have the form

p1(ke) = 2ar? + O(x?). (7.162)

It is convenient to select internal variables k., kg with dimension of strain,
whereby the parameter a gets the dimension of stress, similar to the shear
modulus p and the bulk modulus k. Substitution of this representation into
(7.161) demonstrates that if the potential ¢y is represented by the quadratic
term alone, then the second — anisotropic — term in the relation (7.161)
vanishes, leaving the simple isotropic component relation

Cap = QKap (7.163)

between the primary and conjugate internal variables. In contrast, any form
of o1 that is not simply quadratic in x. leads to a relation with anisotropy,
induced via the internal parameter components k3.

In the present model the energy consists of additive contributions from
elastic strains and internal variables. This implies that the relation between
the internal variables kog, ko and their conjugate variables (,g,(o is inde-
pendent of the state of strain. As discussed in Section 7.2.2, this implies that
the yield potential F' is equal to the flow potential G and can be expressed
in terms of stress or strain in connection with either the primary internal
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variables kg, ko or their conjugate internal variables (.3, (p. In the present
context it is most direct to express the potentials F' and G in terms of the
stress and the conjugate internal variables.

In kinematic hardening the stresses are ‘centered’ by the internal variable
¢. When using the von Mises yield surface this corresponds to introduction
of the stresses via the translated equivalent stress

oo —¢) = %(Ugg—féﬁ)(ff&ﬁ—gﬂ)' (7.164)

The flow potential can then be written in the form
G(0,(,¢) = de(o —¢) + %gC’i ¢ — (o0 + <o) (7.165)

The quadratic term in ¢ was introduced by Armstrong and Frederick (1966)
and leads to finite translation of the yield surface, see e.g. Chaboche (1986)
and Ottosen and Ristinmaa (2005).

The evolution equations follow from the general format (7.108), when it is
observed that also the isotropic hardening component «y must be included
among the internal variables. It turns out to be advantageous to consider
the effect of this internal variable first. The isotropic internal variable kg
has the evolution equation

. . 0G :

Thus, the isotropic hardening variable kg can be identified with the plas-
tic multiplier A\. In the following the plastic multiplier is replaced by the
isotropic hardening parameter xg. Note that this representation remains
valid also in the special case without isotropic hardening. In this case the
internal energy is independent of xg, and thus ¢y = 0 and (o = 0. Therefore
the strain-like hardening variable kg is retained in the equations, and not
its stress-like conjugate variable (.

When A is eliminated from the general evolution equation (7.108), the
following system of equations is obtained:

€ Cc! 0 (V,G) o
0| = 0 I (V:G) k| (7.167)
F (V. (V.F)T 0F/0kg Fo

Here it is observed that F' = (G, and the two last derivatives in the last
column are expressed as

VCG = ((;IZ)TVKF = (vmnwl)ilva, (7.168)
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OF _ OF 3¢

or _ oF Yo _ _ w
Bre ~ 90, Oy o (Ko)- (7.169)

Multiplication of the middle equation in (7.167) by V.1 then gives the
final form of the evolution equations,

£ c! o (v,n)][e
ol = 0 (Vewpr) (VoF) | | & |, (7.170)
F (V)T (V.F)T  —pf Ko

Comparison with the general form of the evolution equations (7.109), in-
cluding all hardening parameters, shows that elimination of the multiplier A
leads to an identical system of equations apart from the isotropic hardening
function —¢{j(ko), now appearing in the lower right position. This is the
same position, and the same role, as the hardening modulus in the reduced
format (7.115). The double derivative V.7 in the center term has already
been expressed in component form in (7.161).

The format (7.170) of the evolution equations is general for associated
plasticity theory with isotropic hardening described by an additive term
(o with kinematic conjugate variable kg. For the particular model with
modified kinematic hardening described by the flow potential (7.165), the
equations are completed by introducing the gradients with respect to the
stress and the kinematic hardening parameters:

v.a=32_"2> wa=-37_"> 4

Oe¢ Oe¢

o< il S (7.171)
«

The first of the evolution equations (7.167) gives the plastic strain rate as

O'I*C,

€, = A\V,G = A3 (7.172)

Oe
Formation of the fully contracted product of the components on each side
of this equation with themselves gives the equivalent plastic strain rate as
&0 = (2l )P = A (7.173)

If the kinematic hardening potential ¢; is assumed to be quadratic, then
¢ = ak and the evolution equation for k follows from the second equation
in (7.167) as

k= -AV.G =¢, — 7k (7.174)

For monotonic proportional loading the kinematic hardening tensor k ex-
hibits a decaying exponential approach to the limit determined by £ = O.
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The limit is conveniently expressed in terms of the scalar invariant k., de-

fined in (7.156):

=G = (7.175)
where the numerical factor is due to the difference in normalization between
the kinematic hardening scalars and the stress/strain scalars in order to
facilitate the discussion of non-linear kinematic hardening. A detailed dis-
cussion of the behavior of combined kinematic and isotropic hardening has
been given by Ottosen and Ristinmaa (2005).

The numerical integration of this type of equation is discussed in Sec-
tion 7.4.3. Extensions of kinematic hardening models to large deformation
kinematics have been presented, e.g. by Simo (1988a,b) and Wallin et al.
(2003). The main points of this extension are briefly indicated in Section 7.6.

7.4.2 Internal variables and non-associated flow

If the contribution of the internal variables & to the internal energy ¢ is in
the form of an additive term, the mixed derivatives V.. will vanish. It was
demonstrated in Section 7.2.2 that if this condition is satisfied the stress
gradients V,F and V,G are identical, and the corresponding plasticity is
called associated. Conversely, if there are coupling terms in the form of non-
vanishing mixed derivatives V., the stress gradients of the yield potential
F and the flow potential G will exhibit a systematic difference, governed by
the coupling between stresses and internal variables in the internal energy.
This effect will here be illustrated in relation to a generalized Drucker—
Prager model, in which the yield surface and flow potential are represented
by cones in principal stress space (Drucker and Prager, 1952). The basic
model is probably the simplest plasticity model combining the mean stress
and the deviatoric stress. More detailed models are discussed in Section 7.5.

In this subsection the main point is the coupling between volumetric
strain effects in the internal energy and the direction of plastic flow, no-
tably the volumetric plastic strain. The discussion is therefore limited to
a two-component format consisting of the mean stress and the equivalent
deviatoric stress (o, 0¢) and the conjugate strain variables (e,, &.), defined
in (7.152)—(7.153). The yield surface, represented by the yield function

F(oe,0m) = 0e + a0y — oF, (7.176)

is shown in full line in Fig. 7.16. The inclination of the line is given via
the non-dimensional coefficient a.. It is seen that the yield surface expands
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with increasing mean compression, corresponding to decreasing mean stress
om. This general behavior is typical of granular media, soils and rock. It is
generally found that flow strains based on the normal to the yield function
F will predict a too large dilation. This suggests a flow potential G with a
smaller slope, as indicated by the dashed line in the figure:

G(Oe,0m) = 0c + Bom — oG- (7.177)

The idea here is to illustrate how the experimentally observed behavior
0 < « can be generated via a physically plausible assumption about the
internal energy .

Om

Fig. 7.16. Drucker—Prager yield function F'(oe,0,,) and flow potential G(o, 0.,).

Materials represented via a Drucker—Prager yield surface of the form
(7.176) often have, or develop, internal porosity. This implies that not all
the externally observable volume strain ¢, reflects actual straining of the
material. This can be represented, e.g. by an internal energy of the form

P(ee,ev, k) = 2k(ey — k)2 + %,ueg, (7.178)

where k represents a stress-free volumetric strain. The internal energy as-
sociated with the deviatoric strain . is unaffected by the internal variable
k. The stresses follow from the internal energy by differentiation as

_ Op Oy
Om = e, k(ey — K), 0 = 2.

The conjugate internal variable ¢ follows similarly from differentiation with
respect to the ‘porosity variable’ x as

_ 9o g
¢ =5, = k(ey — k). (7.180)

= 3uee. (7.179)

In this relation the strain €, can be eliminated by use of (7.179a), whereby
¢=—0m. (7.181)

This relation permits transformation between the flow potential G(oe, o, ()
and the yield potential F'(o., o, k) by direct substitution.
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The inclination 3 of the flow potential is assumed to be independent of the
internal variable, and the flow potential is therefore assumed of the following
form in the stresses and the complementary internal variable (:

G(0e,0m, () = 0e + Bom — (00 +7C), (7.182)

where 7y is a positive constant. The dissipation rate follows from (7.96) in
the form
aﬁ + 0o oG + <8£

oo,

) = AG+00) = hog.  (7.183)
The result follows from the property of G as a homogeneous function of
degree one in o, 0, and (. This relation identifies A as an equivalent

irreversible strain.

O¢,EP

(5, €8)

Om, €D

Fig. 7.17. Drucker-Prager flow potential G(o, 0,,) with plastic strain rates (£, P).

v Te

The plastic strain rate vector (£5,€%) is normal to the flow potential
G(0e,0m) as shown in Fig. 7.17. The corresponding yield function follows
from the flow potential by elimination of the internal variable { by use of
(7.181):

F(oe,0m) = 0c + (B+7)om — 09 = 0. (7.184)

It is seen that the introduction of an internal volumetric strain variable
leads to a change of the slope 3 of the flow potential G to

a=p+7 (7.185)

in the yield potential F'. This illustrates that a stress-free volumetric strain
component k in the internal energy leads to a smaller slope of the flow
potential than the yield surface, and thereby to less plastic dilation than
predicted by a corresponding associated version of the theory. Hardening
can be introduced into the model by including a suitable additive function
©o(0p) in the internal energy.
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7.4.3 General computational procedure

In the analysis of elasto-plastic behavior in solids and structures the in-
cremental structure of the evolution equations leads to an extra level in the
analysis procedure. Basically the analysis is performed by a sequence of load
increments. Within the individual load step the predicted deformation may
be accepted, perhaps with a check on unbalance, or equilibrium iterations
may be included. In either case the load step leads to a predicted motion
and thereby to a predicted strain increment Ae at each material point used
in the model. Due to the special structure of the evolution equations of
plasticity, the finite increment of the total strain must be split into a plastic
part and an elastic part, from which the stress is determined. In the implicit
methods this is typically done in an extra iterative loop at each individual
material point. The input to this loop is the total strain increment Ae, and
the result is the corresponding finite increments of elastic and plastic strains
as well as stress and any internal parameters. When using local material
models this step does not involve coupling between the different material
points, and thus this step in the analysis can be carried out sequentially at
the material point level. The key point is to set up a consistent extension of
the differential evolution equations to finite increments, and to obtain the
necessary matrices for iterative solution of these finite increment equations.

In the local analysis the total strain increment Ae has been predicted,
and therefore remains fixed, while the increments of the stress o, the hard-
ening parameters k and the plastic multiplier A are to be computed. The
procedure consists in iterative elimination of the residuals defined by the
discretized form of the strain rate equation (7.95a),

re = Ae — Ae. — ANV, G(0,¢) (7.186)
and the discretized rate equation (7.95b) for the hardening parameters,
r, = —Ak — AAV:G(o,(). (7.187)

In these relations the symbol A denotes the total increment relative to the
last established state of equilibrium. An iterative sequence of stress incre-
ments is illustrated in Fig. 7.18.

The iteration follows the Newton—Raphson scheme, in which the non-
linear equations are expanded in terms of current derivatives and linearized
sub-increments, denoted by §. The linearized form of the equations (7.186)
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AcF
o=o,+Ack

On

Fig. 7.18. Sequence of iterative total stress increments Ao*.

and (7.187) is
Jee + OANV,G + ANO(V,G) = r., (7.188)

Sk + SAV.G + ANS(V.G) = 1. (7.189)

The most systematic form of these equations is obtained by using the con-
jugate variables o and ¢. Thus, the terms de. and dk must be recast in
terms of their conjugate counterparts do and 0. A systematic approach is
developed by use of the complementary energy density defined by

lf)(U,C) = Oap 525 + Cozﬁ Rap — SO(EB’KJ)' (7190)

This extends the definition (7.5) to the case including internal variables.
When using the complementary energy density (o, (), the roles of the
primary variables €., k and their conjugate variables o, are interchanged
relative to the discussion in Section 7.2.1. Thus, differentiation of the com-
plementary energy density gives

9

€e = 80’T = 01/}(0"()7 K aw

= 9T T Vey(o,¢), (7.191)

while further differentiation with respect to time gives

Ee = (Vaaw)d’ + (VaCl/}) é) (7'192)

ko= (Vo)) + (Veet) € (7.193)

These are the desired relations. They can also be obtained, although less
elegantly, from the double derivatives of the internal energy ¢(e., k) by
inversion of (7.74)—(7.75).

It is now observed that the terms §(V,G) and §(V¢G) lead to a similar
format in terms of the double derivatives of the flow potential G(o, ). The
equations (7.188)—(7.189) therefore take a particularly simple and compact
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form, if an algorithmic complementary energy is defined as
¥(o,¢) = ¢(o,¢) + AAG(o, Q). (7.194)

In terms of this potential function the equations (7.188)—(7.189) take the
compact form

Vool VU
VeV VW

V,G
V.G

oo
oA
¢ ] *

These equations must be supplemented by the consistency condition. Ac-

- [ ' ] . (7.195)

ry

cording to their definition in connection with the maximum dissipation for-
mulation the yield function F'(e., k) and the flow potential G(o, () are the
same function, but expressed in terms of conjugate sets of variables. In the
present context the iteration variables are o, ¢, and it is therefore convenient
to represent the yield condition in terms of the flow potential. When the
yield condition is expressed via the residual

re = —G(o,¢) (7.196)
the corresponding linearized equation takes the form
(V,G)l'do + (V:G)T6¢ = re. (7.197)

When this equation is combined with (7.195) the resulting system of equa-~
tions for the iterative increments is

Voo ¥ VUC\I/ V.G oo Ire
VCU\IJ Vgg‘l’ VcG o¢ = | re |- (7.198)
(V.G)" (V.G)T 0 5 ro

It is remarkable that this local system of equations is symmetric, also for
non-associated plasticity.

In the case of associated plasticity the internal and external variables un-
couple, and the equations can be expressed in terms of the sub-increments
do, 0k together with the yield potential F(o, k). The key to the transfor-
mation is the incremental relation

0

T
0¢ = (57) 0k = (Vinp)or (7.199)
and the corresponding differentiation rule
Vil = (gi)TVcG = (V) VG- (7.200)

The equation system (7.198) is transformed by introducing 6¢ from (7.199),
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followed by pre-multiplication of the second row by (Vixp) (continues
below).

Ve W V¥  V,F do re
Vo U V.. V.F ok | = | re |, (7.201)
(VJF)T (VHF)T 0 oA TR

where the notation 7p = rg has been introduced for consistency. In this
formulation the residual r, in the second row has been replaced by

re = (Vigp)re ~ —A( — ANV, F(o,K). (7.202)

The last approximation is given as the form, in which the first term is
represented by the linear increment A( instead of the product (V,.¢)AK.
This is a slight modification of the initial formulation of the discretization,
but equally valid and more consistent with the formulation in terms of the
yield potential F(o, k).

Associated plasticity is a consequence of uncoupling of internal and ex-
ternal variables in the internal energy, i.e. Voo = 0 and V¢ = 0. This
uncoupling in terms of energy does not necessarily imply uncoupling of the
yield potential F'(o, k) and the flow potential G(o, ). However, if the flow
potential function satisfies the uncoupling condition V-G = 0, then this
implies that V.V = 0 and leads to the often-used form

(Veep) L+ ANV, F 0 V. F do re

0 (Vi) + ANV, F V F ok | = | r¢

(V, )T (Vo F)T 0o | [ rr
(7.203)

This formula is quite similar to the rate equation (7.109), when the two
diagonal terms are represented by their corresponding ‘algorithmic value’,
representing the finite increment via a contribution proportional to AX. The
algorithmic tangent stiffness matrix C, is defined for associated plasticity
theory via the top diagonal term as

Cl = (Vo) P + ANV, F = C1 + ANV, F. (7.204)

A similar algorithmic matrix for the internal variable is defined by the center
term.

Consistent tangent matrices for incremental changes around a predicted
state with finite multiplier increment AX were discussed in relation to the
return format by Simo and Taylor (1985). The concept arises naturally in
connection with the Newton—Raphson scheme. The consistent tangent ma-
trices play a role on two levels in the computation. They are generated on
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a node-by-node basis within the stress iteration loop and improve the rate
of convergence here. When the stresses have been determined at all Gauss
points the corresponding residual forces may require an additional global
determination of the deformation, strain, etc. In that connection changes
on the sub-increment level are also related via the consistent tangent stiff-
ness. The analysis can be simplified, if the changes of the internal variables
are condensed into the hardening modulus H and determined separately.
However, general plasticity models with coupled internal and external vari-
ables in both energy and flow potential lead to full coupling of the local
incremental equations as illustrated in (7.198).

7.5 Models for granular materials

Granular materials like soils, grain, etc. represent an interesting case, in
which basic mechanics principles can be used to formulate plasticity models
that reflect several special features of the stress—strain behavior with re-
markable accuracy. One of the basic features is observed in a triaxial test,
in which a uniform isostatic compression is overlaid by an increasing uniaxial
compression. In the beginning of such a test, where the uniaxial component
is small relative to the isostatic component, the material will experience com-
paction — i.e. negative dilation. Just before failure, characterized by rapidly
increasing strains, the behavior changes and becomes dilational. It turns out
that the change from compaction to dilation is a characteristic of any partic-
ular granular material, described by the ratio of the stress difference to the
mean stress. A mathematical theory incorporating this transition was de-
veloped by Schofield and Wroth (1968) under the name of Cam-Clay theory
and has given name to the general concept of ‘critical state soil mechanics’.
A simplified modern formulation using the concepts of plasticity theory can
be found e.g. in Wood (1990), and later Collins and Houlsby (1997) have
recast this theory into potential form, using the extremum properties of the
energy dissipation rate. The original work on these theories was formulated
in terms of two stress and two strain components — typically a mean value
and the component difference. The following describes a fully triaxial plas-
ticity theory for granular materials, in which the triaxial format arises as a
natural extension in terms of invariants of a basic behavior in a hypotheti-
cal two-component generalized shear test (Krenk, 1998, 2000). Alternative
models have been proposed e.g. by Lade and Kim (1995). The theory
applies to granular materials without adhesion, and therefore is restricted
to compressive stresses. In this section it has therefore been found conve-
nient to use a notation in which stresses are positive in compression, and
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strains are positive in contraction. The final equations are easily converted
by changing the sign on all stress and strain components.

7.5.1 Flow potential and yield surface

A typical yield surface of a granular material is shown in Fig. 7.19(a) in prin-
cipal stress space. A suitable mathematical format should account for the
smooth triangular shape in the deviatoric sections and the closed rounded
shape with increasing mean stress. This is illustrated by the two generating
contours in Fig. 7.19(b). It is convenient first to identify a suitable format
for the deviatoric contour and subsequently determine the dependence of
the size of the contour on the mean stress, see e.g. Collins (2003).

g3 g3

(a) (b)

Fig. 7.19. (a) Yield surface in principal stress space, (b) generating curves.

In the formulation of the model it is convenient to use the mean stress o,
and the deviatoric stress components oy, 5, defined by (7.26) and (7.28). The
simplest mathematical form of a smooth triangular contour that satisfies
the symmetry requirements with respect to the three principal deviatoric
components (o}, 0%, 0%) is the cubic polynomial equation

(o] +d)(oh + d)(oh +d) = nd®, (7.205)
where d determines the size of the circumscribing triangle, and 7 is a non-
dimensional shape parameter (Krenk, 1996). It may be argued theoretically

that the triangle should be the intersection of the deviatoric plane with the
coordinate planes in principal stress space, whereby

d = om. (7.206)
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This is supported by experimental evidence, e.g. by Lade and Duncan
(1975). The implication is that in any particular deviatoric plane the smooth
triangular contour is defined in terms of a single parameter n. Thus, the
full surface is determined if this parameter is prescribed as a function of
the mean stress, n = 1(oy,). A set of deviatoric stress contours is shown in
Fig. 7.20.

g3

tension

—shear

COIIIpreSSiOIl
o1 . 02

Fig. 7.20. Smooth triangular contours in deviatoric plane.

The surface is easily reformulated in full component format by using the
stress invariants discussed in Section 7.1.1. The particular choice d = oy,
implies that the left side of (7.205) is simply the product of the three prin-
cipal stress components, and it then follows from the definition of the third
stress invariant I3 by (7.19) that the deviatoric contour is given by

I3 = n(om) oo, (7.207)

Several other formats for the deviatoric contour have been used in the lit-
erature, e.g. the Matsuoka and Nakai (1985) format with o3, replaced by
omJo. However, not all of these formats are convex in their full parameter
range. In the present formulation the deviatoric contour can be expressed in
terms of the deviatoric stress invariants Jo and Js from (7.30) and (7.31) as

I3 —omds + (1 —n(on))es, = 0. (7.208)

This latter format in terms of deviatoric invariants is particularly useful for
identification of suitable functions n(o,,) for the yield surface and the flow
potential.

Most triaxial experiments on granular materials have been made with
two of the principal stresses equal, either as ‘triaxial compression’ with
e.g. 01 > 09 = 03, or as ‘triaxial tension’ with e.g. 01 < 09 = 03. These
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particular conditions lie on the lines connecting the center of the triangle in
Fig. 7.20 with either a corner (full line) or the mid-point of a side (dotted
line) respectively. Theoretically it is more convenient to refer to a condition
of ‘generalized shear’, in which an isostatic state of compression is super-
posed by a state of pure shear. These conditions correspond to

o1 > 03, o9 = %(O’] +0’3) (7209)

or similar states obtained by index permutation. This state of stress is
illustrated by the dashed line in Fig. 7.20. It has the interesting property
that o}, = 0, and

Vo = 3(o1—03) =T, J3 =0 (7.210)

where 7 is the maximum value of the shear stress. When these expressions
are substituted into equation (7.207), the following formula is obtained:

T)om = /1 —=n(om) = v(om). (7.211)

According to the friction hypothesis of Coulomb the ratio 7/0,, is equal
to sin ¢, where ¢ is the friction angle. In the Coulomb theory the friction
angle ¢ is a constant. However, it has been argued by Krenk (1998) that
when plastic flow takes place the yield condition must be satisfied, and
thus an effective angle of friction ¢, can be determined from the Coulomb
condition. When combined with a physically argued dilation condition this
leads to an analytical determination of the flow potential G(o,y,,7) for the
state of generalized shear. However, the result involves the combination
of the sine and the In function, and it is therefore of interest to develop a
similar but simpler form of the flow potential from the expression for the
rate of dissipation.

The following argument is based on a state of generalized shear stress as
defined in (7.209). The maximum and minimum stress are combined into
mean stress and maximum shear stress:

om = (014 03), T = 3(01 — 03). (7.212)
Corresponding conjugate plastic strain rates are defined by
gp = e + &b, ip = &) — &L (7.213)

It is assumed that the dissipation from the intermediate stress and strain
components can be neglected. The dissipation rate from (7.96) then takes
the form

D = 0188 + 0385 = omép + T (7.214)
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After division by o,,7, this equation takes the non-dimensional form
T € D
2 = (7.215)

Om "Yp Um'.)’p

The plastic strain rate vector (¢p,%,) is along the gradient of the flow po-
tential G(op, 7), and thus satisfies the equation

doy ép + dT4p = 0, (7.216)

where (do,,,dr) is an increment along an equipotential curve of G(oy,, 7).
Substitution of this result into (7.215) leads to the following differential
equation for the function y(o,,) = 7/0om:

dy D

—_— = . 7.217
om dom O'm;}/p ( )

This function determines the shape of the surface as a function of the mean
stress o,,, and the physics enters the theory via an assumed expression for
the dissipation rate D in terms of the stresses and plastic strain rates.

In the original Cam-Clay theory it was assumed that the rate of dissipation
was due to a friction-like mechanism and expressed via the product of the
mean stress o, and the shear strain rate 4, and a friction coefficient n.
Hereby the right side of the equation (7.217) takes the constant value n and
is easily integrated to give

T g0

o = Y(om) = n ln(a). (7.218)
In this formula o( represents the value of oy where the curve intersects the
isostatic axis, i.e. the intersection of the surface as shown in Fig. 7.19 with
the principal diagonal, and thereby constitutes a direct measure of the size
of the current surface. The surface described by this function has an apex
at the intersection with the principal diagonal. It has later been modified
to a smooth shape in an associated plasticity theory for granular materials,
see e.g. Wood (1990). However, the real problem with this form is not
the apex, but the fact that the surface encloses regions with tension due to
the rather simple assumption regarding the friction mechanism. This can
be remedied in a fairly simple way by changing the assumption regarding
the dissipation D. If the representative stress in the friction assumption is
changed from the mean stress o, to the minimum stress oy, = 0, — 7, the
curve is found to be

L= o) =1 - ()", (7.219)

Om g0
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This generalized shear contour is used to define the plastic flow potential
G(o) according to the surface format (7.207). Direct substitution gives

G(o) = — Iz + nalom) o, (7.220)
with the contour described by the function
16(0m) = 1 = v(om)? = (@n/oc)"[1 - (Gwfoc)"].  (7.221)

The corresponding surface is illustrated in Fig. 7.21, clearly showing the
apex at o, = og. This format was used in the implementation of Ahadi
and Krenk (2000, 2003). However, from the point of numerical analysis it
would be desirable to have the mathematical format of the surface in a form
in which the stresses in the Jo and J3 terms are of degree one.

o3 g3

Fig. 7.21. (a) Flow potential in principal stress space, (b) generating curves.

It would now be desirable to introduce the internal elastic energy as de-
scribed in Section 7.2 with suitable internal kinematic parameters, and then
to derive the resulting yield surface F'. However, no complete theory in
terms of conjugate internal and external variables appears to be available at
the present time. The yield surface is therefore introduced by retaining the
function format

F(o) = — Iz + nr(om) op, (7.222)

whereby the rounded triangular contour family is retained. The dependence
on the mean stress is represented by the function

ne(om) = (om/or)™. (7.223)
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This surface is rounded at the intersection ¢, = op with the principal
diagonal. It was used for the illustration in Fig. 7.19.

7.5.2 Elasticity and hardening

The elastic stress—strain relations are chosen in accordance with the original
Cam-Clay theory, in which the bulk modulus is proportional to the mean
stress o,, and the shear modulus is constant:

K. o Lo

Ey = aam, Ea,@ = ﬂaaﬁ’ (7224)
where the volumetric flexibility is described by the non-dimensional param-
eter k. In the elasto-plastic regime the total volumetric strain rate is given
by the relation

Gy = e = X (7.225)

m
where x > &k represents the increased volumetric flexibility in the elasto-
plastic range. When subtracting the elastic part, the plastic strain rate is
found as
Om

G = ep. (7.226)

X—kK "

In the case of isostatic loading &, = 6, and thus the relation may be con-
sidered as the evolution equation for the stress op determining the current
size of the yield surface. This is the hardening evolution rule adopted in
the original Cam-Clay theory (Schofield and Wroth, 1968). In that theory
the yield surface expansion was controlled by the rate of work of the mean
stress o,&h. Thus hardening stops, and unlimited plastic deformation can
take place, once the critical state of zero plastic dilation is reached. This
does not reflect the experimentally observed behavior in typical tests, where
the material passes into a dilative state accompanied by large plastic strains.
This can be incorporated into the model by adding a weighted contribution
from the deviatoric components to the plastic work, whereby the hardening
equation becomes

1
= x

&F (omeh + wapely). (7.227)
In this equation w is a weight factor leading to a modest contribution to the
hardening from the plastic work from the deviatoric components.

The plastic hardening is characterized via the hardening modulus H as
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defined via F' in (7.110),

H=-—2Y_mn,. (7.228)

The factor Hy gives the dependence of the yield function on the size param-
eter op. It follows from (7.222) by differentiation,
F
Hl a 2 )m+1 )

= = moy,(om/or

- 22
or (7.229)

The factor Ha describes the plastic hardening via the hardening rule (7.227).
After substitution of the plastic strain rates in terms of the flow potential
G, the following result is obtained:

dop 1 ( oG , 0G )

H = =
2 o\ X — K

(7.230)

The differentiations are most easily carried out by using the format (7.208)
for G in terms of mean and deviator stress components,

1 4 dna
- [(1 —w) (35 — 20mJ2) + o E]' (7.231)

This completes the formulation of the model. It contains a total of six
parameters — three parameters p, x and x relating to stiffness, and three
non-dimensional parameters n, m and w specifying the potential functions

in the theory. Parameter calibration and numerical implementation are
discussed by Ahadi and Krenk (2000, 2003).
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Fig. 7.22. Stress ratio and volumetric strain for loose Baskarp sand.

Figure 7.22 shows the ability of the model to represent the development
of stress and volumetric strain in a typical triaxial cylinder test on sand
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by Borup and Hedegaard (1995). The development of volumetric strain in
Fig. 7.22(b) clearly shows the initial contraction phase, followed by dilation.
The parameter pg refers to the uniform compressive stress at the beginning
of the test.
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Fig. 7.23. Constant volume tests on Sacramento sand: (a) loose, (b) dense.

Figure 7.23 illustrates the ability of the model to represent the results
from so-called undrained tests on sand by Lee and Seed (1967). In the
undrained test the sample is saturated with water and sealed, whereby the
total volume is kept approximately constant. The figure shows a vertical
plane containing the principal diagonal in stress space. The tests are started
by loading the specimen to an isostatic state of compression, here appearing
as the starting point of the individual curve on the principal diagonal. The
first curved part of the curve depends on the shape of the yield potential
G, and the excellent agreement supports the present shape derived from a
simplified friction hypothesis. A shortcoming of the present model is the
lack of explicit internal variables, representing e.g. the development of the
void volume fraction during plastic deformation. An extension to include
the evolution of the void volume could be made along the lines indicated for
the simple Drucker-Prager model in Section 7.4.2.

7.6 Finite strain plasticity

In the previous sections plasticity theory has been presented within the
framework of infinitesimal strains. In the generalization of the theory to
finite strains a central role is played by the structure of the evolution equa-
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tions (7.95) in which the total strain rate is the sum of the rate of elastic
recoverable strains and the rate of irreversible plastic strains,

€ =&+ & (7.232)

When extending the theory to finite strains one option is to consider this
as a spatial rate equation and to replace the time derivatives with a cor-
responding objective strain rate along the lines discussed in Section 6.2.3.
However, in the discretized form problems may arise with full reversibility
of the elastic strains.

An alternative formulation in terms of material components was proposed
by Lee (1969). An extensive discussion of this format in relation to nu-
merical computations has been presented by Simo and Ortiz (1985) and
Simo (1988a,b). The basic idea is to consider the deformation gradient at a
point. If a small volume of material around the point were separated and the
stresses were released, then the deformation gradient due to plastic straining
would remain. This property is expressed by the factored format

F =F.F, (7.233)

Here F), is the deformation gradient associated with plastic straining, while
F. is an extra factor due to the elastic deformation. Release of the stresses
would lead to elastic unloading and introduce the factor F, !, leaving the
residual deformation gradient F,,. The relation can be illustrated by use of
component format, where a material particle initially at xy moves to x in
elasto-plastic loading, and then moves to x, upon elastic unloading. The
factored format (7.233) then takes the form
O0xq Ozo Ok

= . 234
82 ~ 04 021 (7234

It is seen that F on the left side and the last factor F;, on the right side both
represent well-defined deformation gradients with respect to the initial state
represented by xo. In contrast, the factor Fy, = 0xq/ dz% is a deformation
gradient relative to an initial state described by the residual state x,.

In the combined elasto-plastic state the Green strain tensor E is expressed
in terms of the Green deformation tensor C as

C=F'F, E-=1.lcC-I). (7.235)

In the hypothetical stress released state the Green strain E,, is given similarly
as

C, =FF,, E,=1(C,-1I). (7.236)
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While the total and the stress released states are given unambiguously, the
interpretation of an elastic state and its associated straining is slightly more
open. The simplest formulation is obtained by defining the elastic strain E.
as the additional Green strain introduced by the deformation from the resid-
ual plastic state to the total state of deformation. In terms of deformation
gradients this definition amounts to

E. = {(F'F-F.F,) = $(C—C,). (7.237)
This definition leads to additive elastic and plastic strains,
E = E. + E,. (7.238)

The implication of this property is that the complete structure of the plas-
ticity equations developed above is retained, when using the appropriate
material definitions of stresses and strains. It is noted that the factored for-
mat (7.233) of the deformation gradient only defines the plastic deformation
gradient in the form RF,, where R is an undetermined rotation. However,
it follows from the definition (7.237) that the elastic strain E. is independent
of this rotation.

The definition (7.237) implies that the elastic strains are defined relative
to an initial state including the total accumulated plastic straining. This is
reflected in the appearance of the tensor C,, instead of the unit tensor I in
the definition of the strain E.. Alternatively, an elastic strain can be defined
from the deformation gradient F. by relations similar to (7.235) and (7.236)
for the total and the plastic strain:

C. = FIF,, E. = 3(C. - 1), (7.239)

where a tilde has been used to distinguish this definition from the previous.
It follows directly from the previous elastic strain definition (7.237) and the
factored form of the deformation gradient that

E. = F/E.F,. (7.240)

This definition complicates the previous additive strain relation (7.238) and
also introduces a need for determining the rotation component of F,, in the
case of anisotropic materials. The tensor E. was adopted as the elastic strain
by Lee (1969) and Halphen and Son (1975). This elastic strain definition
has since been used fairly extensively in computational models in spite of
the complications arising from the non-additive strain format.

The extension of the small displacement plasticity theory to finite displace-
ments is straightforward, when using the elastic strain definition (7.237).
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The first step is the introduction of an internal energy density in terms of fi-
nite strains in the form p(E, k), where the plastic strain E, may be included
among the internal variables k. The complementary variables are defined
via the partial derivatives of the internal energy, giving the Piola—Kirchhoff
stress of the second kind as

_ 0p(Ee, k)

S =~ uT (7.241)

The definition of the complementary internal variables ¢ is unchanged from
(7.73b). It is common within finite strain continuum mechanics to express
the potentials in terms of the Green deformation tensor C instead of the
strain E. If that tradition is followed, the internal energy function is ex-
pressed in the form ¢(C, C,, k), whereby the stress definition (7.241) be-
comes
0¢(C,Cp, K)
oCT

Clearly, the formulation could also be made in terms of an equivalent C,
defined from the elastic strain in (7.237), but it should be noted that this
definition is different from that of C..

With the elastic strain E. defined by (7.237) and the Piola-Kirchhoff
stress S defined from the internal energy by (7.241), the theory of elasto-
plastic materials developed in this chapter for small displacement theory can

S =2 . (7.242)

be extended directly to finite displacements, and the corresponding finite ele-
ment formulation follows the principles outlined in Chapter 6. Alternatively,
the elastic strain may be constructed from the current state as described in
detail by Simo and Miehe (1992) using the elastic model of Section 7.1.3.

7.7 Summary

Many types of material response can be modeled adequately by constitu-
tive relations that are independent of the rate of deformation. The two
main types of models within this class are the elastic materials, exhibit-
ing reversible response, and the elasto-plastic models, including the effect
of irreversible plastic deformation. These models can be combined into a
common framework based on the concept of an internal energy ¢(e., k) and
a yield potential F(e., k) expressed in terms of the reversible elastic strain
€. and a set of internal variables k. The elastic response, taking place for
states inside the yield surface, is governed solely by the internal energy,
while combined elasto-plastic response can occur for states on the yield sur-
face. Both types of response are governed by evolution equations expressed
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in terms of conjugate variables o and {, defined by the derivatives of the
internal energy. The plastic flow is determined by a flow potential G (o, (),
obtained by exchanging the original variables in the yield potential F'(e., k)
with their conjugate counterparts. An important consequence of this result
is that materials with uncoupled internal and external variables will exhibit
plastic flow along the normal to the yield function F', while coupling between
internal and external variables leads to plastic flow in a different direction,
determined by the normal to G. A simple illustration of this effect is that
irreversible volume strain, such as change of pore volume, typically will lead
to non-associated plastic dilation, an effect observed for granular materials.

Numerical integration of the elasto-plastic evolution equations requires
the introduction of a finite increment representation. This is developed
on two levels: an elementary ‘return algorithm’ formulation for von Mises
plasticity, and a general formulation for iterative determination of stress
and internal variables corresponding to an imposed total strain increment.
It turns out that even in the case of non-associated plasticity this problem
can be formulated via a symmetric equation system, when using conjugate
variables.

Finally, the question of finite strains is addressed, and two alternative
formulations are indicated. In the first formulation the finite elastic strain
appears as the difference between the total strain and a finite plastic strain.
This definition permits direct interpretation of the small strain formulation
in terms of finite Green strain in connection with the second Piola—Kirchhoff
stress. In the second formulation the elastic strain is defined as the addi-
tional straining after imposing the plastic strain. Thus, the second definition
uses the residual plastic state as reference configuration in the Green strain
definition.

7.8 Exercises

Exercise 7.1 Show that the definition (7.17)—(7.19) of the principal stress
invariants leads to the explicit component representations

1 = o011+ 092+ 033,
Iy = 092033 + 033011 + 011022 — 023032 — 013031 — 012021,
I3 = 011022033 + 2023013012 — 011023032 — 022013031 — 033012021

Exercise 7.2 Find the tensor component derivatives 011 /00,8, 012/0043,
0I3/004p of the principal stress invariants from the component form in
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Exercise 7.1, and arrange the result in matrix format. Compare with the
components obtained from the differentiation formulae (7.23)—(7.25).

Exercise 7.3 The stress invariants and their derivatives can be handled in

the compact array format as illustrated by the following calculations.

(a) Express the stress principal invariants Iy, I and I3 in terms of the
six independent stress components used in the compact stress vector
format (7.8).

(b) Find the derivatives 0I1/0c, 0I2/0o, 0I3/00 corresponding to the in-
dependent stress components and arrange the results in one-dimensional
array format.

(¢) Compare the array format components with the tensor components ob-
tained in Exercise 7.2, and explain the result using the scalar increments
d[j = (8]j/00‘)d0’.

Exercise 7.4 Prove the results (7.32) and (7.33) for the principal stress

invariants Jo and J3 by using the zero mean deviatoric stress property.

Exercise 7.5 Prove the following relations, used in the derivation of the
von Mises elasto-plastic tangent stiffness, by use of the tensor component
relations (7.49) and (7.128):

Odoe o, 3 Ooe Odoe

C - e ¢
alvyd 6075 1% o, ’ aaaﬂ afyé

e~ 3.
0oys H

Exercise 7.6 Use the expression (7.96) for the rate of plastic dissipation
to prove the following result for perfect von Mises plasticity: O'Tép = Ao =
Aog. This in turn implies the interpretation of the plastic multiplier as
A = &,, demonstrated in (7.133) by other means.

Exercise 7.7 Let the elasto-plastic stiffness C,, be defined by the rate
equation (7.118). Consider a total strain rate proportional to the gradient
of the plastic potential, i.e. € «x V,G. For this particular strain direction the
elastic and plastic strain increments are proportional. Find the reduction in
stiffness due to plasticity, and give an interpretation of the non-dimensional
ratio H/(V,G)TC(V,F). Compare with the uniaxial von Mises plasticity
formula (7.135) and Fig. 7.11.

Exercise 7.8 Repeat the calculations of Example 7.3 illustrating explicit
stress updating methods, but this time with half the strain increment. Com-
ment on the effect of using half the increment length.

Exercise 7.9 The relations of von Mises plasticity theory can be derived
directly in matrix—vector format. The following questions illustrate the pro-
cedure.
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(a) Use the six-dimensional stress vector o introduced in (7.8) and find the
symmetric matrix M for which o2 = %O’TM o.

(b) Use the matrix relation (a) to find the gradient vector V,o, and com-
pare with (7.128).

(c) Use the gradient V,o, from (b) and the elastic stiffness matrix C from
(7.53) to obtain C(V,0e).

(d) Combine (b) and (c) to obtain (V,0.)TC(V,0e).

Compare the results in (c¢) and (d) with the tensor component results in

Exercise 7.5. Note that while the gradient (b) is in strain vector format,

the product (c) with the stiffness matrix brings the vector into stress vector

format.

Exercise 7.10 Consider an associated Drucker—Prager material with the
yield condition (7.176). The yield stress in uniaxial tension is oy and the
yield stress in uniaxial compression is o, (> o0¢). Determine the parameter
« in terms of o, and oy, and indicate the stress path of the uniaxial tension
and compression tests on a figure like Fig. 7.16.

Exercise 7.11 Show that the elasto-plastic evolution equations (7.170)

can be recast in terms of the flow potential G (o, {, (o) and the multiplier A
in the form

B o 0 v,0) ] [&
q = 0 (VNNSOI)_l (VCG) C
Ia (%G (VeG)T —gl || A

Exercise 7.12 The dependence on the internal tensor variable k,g is ex-
pressed by the potential ¢ (k). The resulting formulation simplifies if the
2), where the argument

Show that in this formulation the formulae

potential is expressed in the form ¢1(ke) = ®1(35
ke has been replaced by %Fag
(7.158) and (7.161) simplify to

o
Cap = Fing @), 852 = 0005 D) + Kiyg K5 DY
(67

This result leads directly to the conclusion of isotropy for ®{ = 0.

Exercise 7.14 Use the differential equation (7.217) for the 7/0,, = v(om)
contour to derive the result (7.218) for the original Cam-Clay hypothesis
D = nop?p, and the result (7.219) for the modified friction hypothesis
D= na’minﬁp-
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Numerical solution techniques

The solution of non-linear problems relies heavily on numerical methods.
Only few non-linear problems allow direct solution, and most often an iter-
ative strategy must be used. A simple example of such an iterative strategy
is the Newton—Raphson method described in Section 1.2. In its standard
form it consists of a series of prescribed load increments combined with an
iterative solution of the equilibrium equations for the corresponding dis-
placement increments. This strategy has a number of disadvantages. In the
full Newton—Raphson method each step in the iterative solution requires
solution of a linearized set of equations. This may involve a very high com-
putational effort, and therefore modified versions, in which the equations
are not reformulated in each step, can be an alternative. The modified
Newton—Raphson method has slower convergence, and this may offset some
of the gain from the simplified solution of the equations. In addition to
concerns about the numerical efficiency, the Newton—Raphson method also
encounters problems in passing limit and bifurcation points.

In the Newton—Raphson method the load increment is specified at the
beginning of the load step and kept constant during equilibrium iterations.
This leads to lack of efficiency and possibly complications when the stiffness
changes rapidly, and in particular around load limit points where the sign
of the load increment changes. Several techniques have been developed to
deal with this problem. Here two types of techniques will be described. In
the first the magnitude of the load increment is adjusted in such a way that
the residual force vector attains an optimal property. This approach was
proposed by Bergan (1980, 1981), who used minimum length of the residual
force vector as optimality criterion. Alternatively, the residual force may
be required to be orthogonal to the current displacement increment (Krenk,
1995a). The other approach is based on the concept of an arc-length of
the equilibrium curve in combined load—displacement space (Riks, 1979;

256
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Crisfield, 1981; Ramm, 1981; Forde and Stiemer, 1987; and others). The
key point in both of these techniques is that the prescribed load increment is
considered as a first estimate subject to adjustment by the algorithm. The
fact that both loads and displacements are adjusted during the iteration
process makes these techniques robust and suitable for automatic selection
of increments. The basic problem of variable load step and passage of local
extremes is discussed in Section 8.1, while residual force and arc-length
methods are presented in Sections 8.2 and 8.3, respectively.

The non-linear solution methods discussed here all use a predictor for the
displacement increment, obtained from the residual force and some repre-
sentation of the current stiffness. This format may be modified by use of
a modified stiffness obtained by incorporating information from the force
residual, briefly described in Section 8.4. Methods of this type, often called
quasi-Newton methods, have their origin in the theory of optimization, see
e.g. Luenberger (1984). The quasi-Newton methods were introduced into
finite element computations by Matthies and Strang (1979). When the equi-
librium equations can be derived from an energy functional, e.g. the poten-
tial energy, the problem can be considered as one of finding the minimum
of the energy functional, i.e. a standard problem of optimization. However,
also problems without a potential formulation, e.g. incremental plasticity
problems, may be solved by using these techniques.

8.1 Iterative solution of equilibrium equations

The non-linear problems considered here consist in finding a sequence of
equilibrium states of a non-linear system with internal forces g(u), when
considering a series of load states f, where f is a load pattern, typically
incremented in a proportional way. This corresponds to a sequence of non-
linear equations of the form

g(u, =1, n=01,..., (8.1)

where the subscript n indicates the solution after load step n. The solution
strategies make use of the residual force, defined as

r =f — g(u). (8.2)

The residual force describes the part of the load f that is not balanced
by the internal forces in the body g(u), and the solution typically consists
of a sequence of steps by which the residual force is reduced to negligible
magnitude.

A typical load step starts from the last established state of equilibrium



258 Numerical solution techniques

A f

KAul = Afl

V=

Uyp—1

Fig. 8.1. Initial linear step followed by sub-increments.

(up—1,f,-1) as illustrated in Fig. 8.1. The load step starts with imposing
the additional load Af;, where the subscript 1 refers to the iteration number.
The corresponding displacement increment Auy is found from a linearized
form of the equilibrium equation (8.1),

K Au, = Afy. (8.3)

The matrix K represents the stiffness of the body. It will often be the
tangent stiffness, defined by K = dg/0du, but may also be a modified form
as discussed in Section 8.4.

In a non-linear problem the increments Auj, Af; determined by the lin-
earized equation (8.3) will not produce an equilibrium solution, and thus
iterative corrections are needed to eliminate the residual force vector r cor-
responding to the predicted state. After iteration i the displacement incre-
ment is Au;, and the load increment residual is

r, = fn—l + Afi — g(un_1 + Aui). (8.4)

It is an important feature of general procedures for tracing equilibrium paths
that the load increment Af; can be modified by the algorithm as part of
the iteration cycle. Thus, a general iteration step may involve a load sub-
increment 0f; as well as a displacement sub-increment du;. The total incre-
ments after iteration ¢ are obtained by adding the sub-increments

Aui = Aui—l + 5111‘, Afl = Afifl + (5fl (85)

The introduction of sub-increments of the load éf in addition to the displace-
ments du generates a considerable freedom in the development of non-linear
algorithms for tracing an equilibrium path.
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8.1.1 Non-linear iteration strategies

Three different non-linear solution strategies are illustrated in Fig. 8.2. Each
sub-figure shows a single load step, which is initiated by imposing the load
increment Af;, leading to the corresponding displacement increment Auy
by (8.3). Figure 8.2(a) illustrates the Newton—Raphson method, described
in Section 1.2. In this method the load increment is prescribed as constant,
and the displacement is updated via sub-increments du; found from the
residual force. Thus, the Newton—Raphson method can be characterized by
the sub-increment relations

5fi = 0, K5ui = I;. (8.6)

In the full Newton—Raphson method the stiffness matrix K represents the
current tangent stiffness, while modified forms can be developed using e.g.
the stiffness matrix at the latest determined equilibrium state. Clearly, these
methods are limited by the need for selecting a load increment Af that is
suitable with respect to magnitude and sign.

| f | £ A f

ju_ o su, of
L l/

Afy Afy Afy

Auy u Auy

1=

Au1 u

(a) (b) (©

Fig. 8.2. (a) Newton-Raphson methods, (b) residual force methods, (c) arc-length
methods.

An alternative method that includes automatic load increment adjustment
is illustrated in Fig. 8.2(b). In this method a displacement increment is
calculated corresponding to a prescribed load increment Af;. Subsequently
the load increment Af; is adjusted to optimize the properties of the residual
force r;. Consequently, this method is called the residual force method. The
strategy can be briefly indicated in the form

of; # 0, Kou; = r; + of;. (8.7)

The load adjustment is indicated in the figure, where it should be noted
that for multi-dimensional problems the load adjustment does not by itself
lead to a point on the equilibrium curve. This procedure is described in
Section 8.2.
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The third class of solution strategies makes use of simultaneous load and
displacement sub-increment (du;, d8f;), indicated in Fig. 8.2(c) as return to
the equilibrium path by an inclined curve. The simultaneous change of load
and displacement increment is governed by a relation of the form

The load is typically given in terms of a load pattern multiplied by a scalar
load intensity factor, and the constraint equation (8.8) is then a scalar equa-
tion. This equation is used to impose a constraint on the magnitude of
the total increment (Auy;, Af;) considered as a vector, and these methods
therefore go by the name of arc-length methods. The arc-length methods
are currently the most used methods for equilibrium analysis of non-linear
structures and solids. They are described in Section 8.3, and issues relating
to appropriate definition of sub-increments and the constraint equation are
discussed.

8.1.2 Direction and step-size control

A typical load—displacement curve with load and displacement limit points
is shown in Fig. 8.3(a). First a load limit point is passed at A. Then the

A

Uen,

(a)

(b)

Fig. 8.3. Load and displacement limit points.
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displacement component u, shown in the figure reaches a local maximum
at B and a local minimum at C. Figure 8.3(b) shows a corresponding two-
dimensional displacement path. In non-linear displacement analysis without
bifurcations, the load—displacement path does not cross itself, and therefore
these displacement limit points are generated by the particular projections
of load—displacement space used in Fig. 8.3. The equilibrium path-following
techniques discussed here move from one equilibrium state to the follow-
ing by an initial prediction (Au, Af) based on the tangent stiffness, or an
approximation to the tangent stiffness. For this predictor to be an effi-
cient origin for the following iteration process, it is necessary that it has the
right orientation along the equilibrium path. Furthermore, the curvature of
the equilibrium path typically imposes limitations on the size of the initial
incremental predictors. These issues are briefly dealt with here, and imple-
mented in the orthogonal residual algorithm and the arc-length algorithm
in the following sections.

A load step is initiated by incrementing the load by Af; and finding the
corresponding displacement increment Au; as a solution of the stiffness re-
lation (8.3). If the previous increment has passed a load limit point, there
may be a need for changing the direction of load incrementation. The prob-
lem is illustrated in Fig. 8.4, showing the displacement increment Aug of the
previous load step, connecting two points on the equilibrium curve. In the
current step, use of a tangent stiffness relation will produce a displacement
increment Au; along the tangent of the equilibrium curve. It is important
that the predicted displacement increment Au; points in the direction that
continues the equilibrium curve, as shown in Fig. 8.4(b), and not in the
reverse direction as indicated in Fig. 8.4(a). A simple implementation of
direction control consists in checking the condition

Aul'Au; <0 (8.9)
Alll
A
Aug Au, ug
(a) Aul'Au; <0 (b) Aul'Au; >0

Fig. 8.4. (a) Doubling back, (b) continuation of equilibrium path.
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on the projection of the previous on the current displacement increment. If
this condition is satisfied, the sign is changed on both the current load and
displacement increments,

Aul = —Aul, Afl = —Afl. (810)

Direct sign reversal as indicated here is only relevant in the first prediction
step, as the following process is governed by the sub-increments.

A e

|

Au

Fig. 8.5. Scaling the first displacement increment.

The efficiency of a solution method typically depends on the use of suitable
initial load (or displacement) increments in each load step. The problem is
illustrated in Fig. 8.5, where the initial load and displacement increments
(Auy, Afy) are scaled by the factor 1. There is no general optimal predictor
for the initial increment of a load step based on information from the previ-
ous steps as e.g. a bifurcation point may change the behavior dramatically
within a single load step. However, for smooth equilibrium paths without
bifurcation points several methods have been developed for selection of a
suitable initial load or displacement increment, e.g. the ‘effective stiffness’
concept of Bergan (1980). A simple method that often works satisfactorily
is based on the observation that more iterations are typically needed when
encountering large changes of the equilibrium path. Thus, the number of
iterations needed for convergence of the previous load step can serve as an
indicator of the suitability of the step size (Crisfield, 1991). Typically the
problem consists in decreasing stiffness leading to excessive displacement
increments, suggesting a load step control based on the initial displacement
increment. The most common form is a power function of the number of
iterations in the previous step, corresponding to the relation

[Aw [ = (ia/i0)* || Auol| (8.11)

where ||Augl| is a suitable norm of the previous step, iy is the number
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of iterations in this previous load step, and i4 is the ‘desired number of
iterations’. A typical value of the exponent is o ~ 0.5. The number iq4
controls the step size. It depends on the requested accuracy on the iteration
process and may depend on the problem size. In the present simple form
(8.11) controls the displacement part of the increments (Auy, Af;). More
elaborate formats involving displacement and load components are discussed
in connection with arc-length algorithms in Section 8.3.

8.2 Orthogonal residual method

The basic idea in the residual force methods is that after having obtained
a new displacement increment Au;, the load increment is modified such as
to obtain some desirable property of the residual force. This approach was
originally proposed by Bergan (1980, 1981) in connection with a minimum
criterion on the residual force. It turns out that it is difficult to define
a suitable norm of the residual force to be minimized, independent of the
problem under consideration. Also, the use of a minimum criterion may
lead to locking of the iteration procedure. In the following an alternative
formulation of the residual force procedure in terms of an orthogonality
condition is presented. The original form of this procedure was proposed
by Krenk (1993), but here the method is supplemented with displacement
increment control, leading to improved robustness of the algorithm. An
alternative modification has recently been presented by Kouhia (2008).
Let the equilibrium equation to be solved be of the form

g(u) = f, (8.12)

where f is the load vector and u the corresponding generalized displacement
vector. The objective is to generate a sequence of equilibrium states (uy, f,),
n = 1,2,... To simplify the notation only a single load step is considered.
The load step starts at the last established equilibrium state which, for ease
of notation, is here simply denoted (ug,fy). A load increment Af is then
applied, and the corresponding displacement increment is determined from
the stiffness relation

K Au = Af, (8.13)

where K is a suitable stiffness matrix. This leads to the predicted displace-
ment ug + Au with the internal force vector g(up + Au). Generally this
internal force will not equal the external load fy + Af, but generates a resid-
ual force r. The load level is now adjusted by considering the scaled load
increment {Af instead of the original Af as illustrated in Fig. 8.6(a). The
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residual force corresponding to the scaled load increment (AT is
r = fo + (A — g(up + Au) = EAf — Ag, (8.14)

where Ag is the increment of the internal force from the last equilibrium
state ug:

Ag = g(ug+ Au) — g(uy). (8.15)

In this formulation the parameter £ acts as a load factor that can be adjusted
to provide optimal algorithmic properties.

A f [ \ /s
Ve
/
/
Af - Af r
f, 4 / g(uo + Au)

Au u to Ua fo fa
Ug = = =

(a) (b) (©

Fig. 8.6. Orthogonality between residual force r and displacement increment Au.

An optimal value of the scaling factor £ is determined from the follow-
ing argument. The residual force represents an unbalance that will lead to
additional displacements. The residual force r will increase or decrease the
magnitude of the current displacement increment Au according to the sign
of rTAu, i.e. the sign of the projection of the residual force on the cur-
rent displacement increment. The magnitude of the current displacement
increment is therefore optimal under the condition

r’Au = 0. (8.16)

This condition is used to determine the scaling factor £. Substitution of the
residual force (8.14) into the orthogonality condition (8.16) determines the
optimal load scaling factor as

AgTAu
= —. 8.17
¢ AT Au ( )
The displacement increment Au and the residual r are illustrated in Fig.
8.6(b,c), showing orthogonality between the displacement increment Au and

the residual r for the optimal value of &.
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ALGORITHM 8.1. Orthogonal residual algorithm.

Initial state: ug, fy, Au=0
Load increments n =1,2,..., nyax
Au; = KTIAf
if AufAu<0 then Au; = —Auy, Af=—Af
Au = min (1, umax/[|Aug||) Auy
Iterations 7 =1,2,...,%max
Ag = g(u,—1 +Au) — £, 4
¢ = AgTAu/Af" Au
r = (Af — Ag
ou =K 'r
Au = Au + déu
Stop iteration when |[[r| < e[ Af||

u, = u,_1 + Au
f, = f,1 + gAf

Stop load incrementation when ||£,|| > fmax

When the optimal residual r has been obtained, a displacement sub-
increment du is determined from a stiffness relation

Kéu=r (8.18)

as usual. Here the stiffness matrix K may correspond to the last equilibrium
state ug, the current displacement state ug+ Au, or be an updated stiffness
matrix of quasi-Newton type as discussed in Section 8.4.

The orthogonal residual algorithm is summarized in Algorithm 8.1. It
starts at an equilibrium state ug, fy. From this state a sequence of load in-
crements Af,, n =1,2,... are applied. These load increments are modified
by the procedure, and thus do not add up to the total increase of load. After
a load increment is applied the corresponding displacement increment Auy
is calculated from the linearized stiffness relation (8.13). The direction of
the increment is checked against the result from the previous load increment.
It is often desirable to prescribe the magnitude of the load increment, and
the algorithm is shown with a simple scaling to a constant size of the first
increment of all load steps umax = ||Aul|. Alternatively, a suitable length of
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the first increment of a load step can be estimated from the previous load
step, e.g. as indicated in (8.11).

The iteration loop starts with calculation of the internal force increment
Ag since the last equilibrium. The internal force increment is then used to
calculate the scaling of the load increment by the factor £, and the scaled
load increment £Af is used to determine the residual load. The residual load
r determines the displacement sub-increment du by the stiffness relation
(8.18). In principle, the stiffness matrix K in this relation can be selected
in several ways. However, if the load step includes a change of loading
direction, use of the current stiffness may lead to very large displacement
sub-increments, and experience suggests that a more robust formulation is
obtained around load limit points by using the stiffness matrix from the start
of the load increment. This corresponds closely to the modified Newton—
Raphson procedure, but in the orthogonal residual algorithm the efficiency
is increased by the sequential adjustment of the load increment during the
iteration process.

Uo Ug,

Fig. 8.7. Displacement increments in the orthogonal residual method.

Figure 8.7 shows a characteristic sequence of equilibrium iteration steps.
In each step the load increment &Af is adjusted such that the residual
r is orthogonal to the current displacement increment Au. The orthog-
onal residuals are indicated by thin lines in Fig. 8.7. The residuals pro-
duce displacement sub-increments du as shown in the figure. For a positive
definite stiffness matrix the variables could be normalized corresponding
to a unit stiffness matrix. In these normalized variables the displacement
sub-increments would be identical to the residuals, and the iteration would
trace a broken spiral in which orthogonality between increments Au and
sub-increments du limits the size of the final displacement increment.

ExXAMPLE 8.1. TWO-ELEMENT TRUSS. This example is concerned with the
two-bar truss shown in Fig. 8.8 and analyzed analytically in Example 2.1.
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Fig. 8.8. Inclined two-bar truss.

It demonstrates the ability of the orthogonal residual algorithm to deal with
limit points and sudden changes of direction of the equilibrium path in dis-
placement space. The relative height of the trussis h/b = 0.2, the inclination
is ¢/h = 0.01, and the relative stiffness of the lateral spring is kb/ EA = 0.02.
Figure 8.9 shows the equilibrium path for AF/EA = 0.001. When approach-
ing the maximum of the w—F curve the equilibrium path branches off in the
transverse direction, with the middle node approximately following a circu-
lar path. It is seen on the w—v graph that the bifurcation point of the ideal
structure is replaced by a smooth transition that depends on the inclination
¢/h. The step control, in which the magnitude of the first displacement

1
w/h

Fig. 8.9. Equilibrium path of inclined two-bar truss, AF/EA = 1073.
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increment is adjusted to the constant length upy.x, leads to nearly equally
spaced points on the displacement contour.

Table 8.1. Two-element truss.

Ef = 10~4 Ef = 10-6

AF‘/E‘A Ntotal itotal imax itotal Z'max
0.5 x 1073 80 260 6 414 10
1.0 x 1073 40 190 17 298 20
1.5 x 1073 27 164 20 258 20

Table 8.1 gives some solution statistics for three different load increments.
Ntotal 18 the total number of load steps used to pass through the part of the
equilibrium path shown in the figure. iyt is the total number of iterations,
including the first displacement update in each load step, and iyax is the
maximum number of equilibrium iterations needed for convergence. It is
seen that while larger load steps lead to a larger number of iterations per
load step, the total number of iterations decreases. However, further increase
of the load step size will lead to a need for step adjustment around the load
extremum points. The table contains results for relative error tolerance
ef = 10~% and gf = 1076, Tt is seen that increasing the number of digits by
1.5 leads to an approximate increase of the total number of iterations by a
factor of 1.5.

The present formulation of the orthogonal residual algorithm does not
explicitly address the problem of bifurcation. Nonetheless, the present for-
mulation may be used to analyze bifurcations, either by introducing small
perturbations in the loads or geometry, or directly as illustrated in the fol-
lowing example. Special methods for identification and passage of limit
points have been developed, e.g. by Kouhia and Mikkola (1999a,b) and
Magnusson and Svensson (1998).

EXAMPLE 8.2. BIFURCATIONS OF SHALLOW DOME. In this example the
shallow truss dome shown in Fig. 8.10 is analyzed using the orthogonal
residual algorithm. The dimensions of the dome used in this example are
given by ha/hy = 1.3, by/h1 = 4.0 and by = 8.0. All the bars are assumed
to be linear elastic with stiffness FA. A symmetric downward load pattern
is defined by f1 = F and fo = f3 = fs = f5 = fo = fr = 2F. The
deformation pattern is dominated by various types of bifurcations. The
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Fig. 8.10. Shallow truss dome.

equilibrium paths are shown in Fig. 8.11. The ideal structure, denoted by
I, reaches a maximum load at F/EA = 0.00093, and then snaps through
in a fully symmetric mode. The vertical and radial displacements of nodes
2-7 are indicated by a dashed curve in Fig. 8.11. Before reaching this load
two bifurcation points are passed: a bifurcation with a plane of symmetry
denoted by S, and a bifurcation with 3-fold symmetry, denoted by 7. The

F/EA F/EA

0.0010 4 0.0010 7
0.0008 1 / \ 0.0008 -
0.0006 - 0.0006 -
\ 0.0004 -

0.0004 4

0.0002 0.0002 A

0.0000 T T T T 1 0.0000 +———T——T—
-020 000 020 040 0860 080 -0.02 -0.01 0.00 001
w/ho ur/h2
ur/h2

0.01

W
0.00
N
~o.
-0.01 Sl

—0.02 + T T T T N
—0.20 000 020 040 080 0.80

w/ho

Fig. 8.11. Equilibrium paths of shallow truss dome.
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3-fold symmetric buckling mode becomes unstable and bifurcates further as
indicated in the figure.

The algorithm is not specifically developed for treating bifurcation prob-
lems, and must therefore be guided through the various equilibrium paths
shown in Fig. 8.11. In the ideal structure with identical stiffness of all bars
the coordinates of the nodes are given with finite precision — in the present
example 5 digits. This gives symmetry with respect to the coordinate planes,
and thus the model of the ideal truss buckles in the symmetric mode de-
noted S. The ideal curve I was produced by introducing an extra direction
check of the form Aug’AuiH > 0 at the end of each equilibrium iteration.
In practice the main concern is that no bifurcation point is passed over by
the algorithm. The problem arises because the idealized structure possesses
a perfect symmetry not shared by the buckling mode. In the present exam-
ple this problem is overcome by introducing a random perturbation in the
stiffnesses of the bars of relative magnitude 1073. This produces the 3-fold
symmetric bifurcation and the following further bifurcations shown as 71" in
Fig. 8.11.

Table 8.2. Shallow truss dome under symmetric load.

Ap/EA  Niotal  Gtotal  Trestarts

I 4x107° 61 - 0
S 2x10°5 122 221 0
T 1x107° 104 269 9

A summary of the numerical details of the computation is given in Ta-
ble 8.2. With the selected load increments only few iterations are needed in
each load step, and only the double bifurcations of T require restart with
locally smaller load increment.

8.3 Arc-length methods

Arc-length methods are developed from the idea that the ‘length’ of the
combined displacement—load increment (Au, Af) should be controlled dur-
ing equilibrium iterations (Riks, 1979). There are several variations on this
basic theme. A presentation of arc-length methods including many refer-
ences has been given by Crisfield (1991). The basic idea is illustrated in
Fig. 8.12. The most recent equilibrium state is denoted (uo, fy). After the
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initial load and displacement increment the equilibrium iterations are re-
stricted to a hypersphere in the combined displacement—load space (u,f).
The next equilibrium state is marked at the intersection of the equilibrium
path with the hypersphere.

(Au, Af

(o, fo)

Fig. 8.12. Arc constraint on total increment.

In the first step the displacement increment Au; is determined from a
load increment Af; by the linearized stiffness relation

K Aul = Afl (819)

This is followed by simultaneous combined displacement and load sub-incre-
ments (du;, f;), after which the increments are updated as

Aui = Aui—l + 5111‘, Afl = Afifl + (Sfl (820)

The key point is the strategy for selecting the sub-increments. Crisfield
(1981) introduced a constraint in the form of a hypersphere, while Forde
and Stiemer (1987) demonstrated how several constraint conditions could
be constructed by starting from an orthogonality condition in the combined
displacement—load space. Schweizerhof and Wriggers (1986) presented a
Newton procedure for a general constraint surface. In the following a general
iterative procedure, sometimes called the bordering algorithm, is described.
The idea is to carry out simultaneous iterations for equilibrium conditions
and the constraint condition. Alternatively, the so-called arc-length meth-
ods use iterations for equilibrium, while satisfying the constraint condition
explicitly during each step of the iteration process. In practice this requires
constraints that permit explicit solution for the load increment parameter,
and therefore arc-length methods mainly use a constraint condition con-
sisting of one or more hyperplanes, or a constraint condition in the form
of a hypersphere. Arc-length methods are currently considered to be the
most robust general purpose methods for solution of non-linear finite ele-
ment equations in solid and structural mechanics, see e.g. the comparative
studies by Forde and Stiemer (1987) and Clarke and Hancock (1990).
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8.3.1 General constraint formulation

Let the equilibrium of the discrete system be described by a non-linear vector
equation of the form

g(u) =1, (8.21)

where f is the external load and g(u) is the internal force, given as a func-
tion of the displacement vector u. Let ug,fy denote the last established
equilibrium state. A load increment Af is imposed, and a corresponding
displacement increment Au is determined from a stiffness relation of the
form

K Au = Af, (8.22)

where K typically is the current tangent stiffness matrix. In the subsequent
iterative procedure the load magnitude is adjusted via a scalar parameter &
while the relative magnitude of the individual load increment components
is retained. Thus, the general form of the displacement and load vectors is

u = ug + Au, f =1y + (AL (8.23)

In a non-linear problem the initial prediction of Au by the linear equation
(8.22) will not lead to a state of equilibrium, and the solution is therefore
adjusted by displacement sub-increments du and corresponding increments
6& of the load factor &.

An iterative procedure is then constructed from the residual force
r =f— g(u) = EAf — Ag (8.24)
and a constraint equation
c(Au, EAS) = 0. (8.25)

The constraint equation connects the current displacement Au to the current
load increment (A as illustrated in Fig. 8.12. A Newton—Raphson iteration
procedure for the solution to combined equilibrium and constraint equations
proceeds via the corresponding linearized equations

r + dr = 0, ¢+ dc = 0. (8.26)

where r and ¢ are the current values, while dr and dc are the first-order
increments. The independent variables of the problem are the displacement
vector u and the load factor &, and thus the linearized equations take the
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form
—géu - @55 =,
Ou 1913
(8.27)
ut T e T ¢
The partial derivatives of the residual r follow from (8.24) as
or/ou = —K, or/0¢ = Af, (8.28)

where K is the current stiffness matrix and Af the imposed load incre-
ment. The following notation is introduced for the partial derivatives of the
constraint condition:

dc/ou = cl',  9c/IE = ce. (8.29)

With this notation the linearized equations (8.27) for the iterative incre-

ments take the form
K -—Af ou | (8.30)
—cl' —¢ | el '

In the present context it is convenient to solve these equations using the
block format. A formal solution of the first equation is

su =K 'r + ¢ K 'Af. (8.31)

This solution illustrates that the displacement sub-increment consists of two
vector contributions, conveniently denoted by

ou, = K'r,  Au; = K 'Af, (8.32)
whereby
du = du, + 0§ Auy. (8.33)

The first term is the displacement sub-increment du,, generated by the
residual force r and corresponding to that used in the Newton—Raphson
method. The second term represents the displacement increment following
from the adjustment of the load increment. Substitution of this expression
for the displacement sub-increment into the second of the equations (8.30)
gives the load factor increment
T
& = — W (8.34)
cuAuy + ¢

The displacement sub-increment du finally follows from substitution of this
expression into (8.33).
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For a non-linear constraint condition the process is a simultaneous itera-
tion towards satisfaction of equilibrium and the constraint. There are three
important exceptions: linear constraint, piecewise linear constraint, and hy-
persphere constraint. The linear constraints are special cases of the general
procedure, while the hypersphere constraint makes use of a quadratic equa-
tion for the load factor increment 0£ to bring the combined displacement
load vector back on the constraining hypersphere. These special forms are
the most used in connection for solid and structural mechanics problems
and are therefore discussed in some detail in the following.

8.3.2 Hyperplane constraints

The linear constraint is illustrated in Fig. 8.13(a). In the figure the last
established state of equilibrium is shown as (ug, fy), and the current com-
bined displacement and load increment is shown as the ‘vector’ (Au, Af).
The sub-increment (du,df) is constructed from the displacement (du,,0)
from the residual force and the contribution 0¢(Au, Af) from the load ad-
justment. When passing a load limit point, i.e. around a load maximum or
minimum, the current load increment Af may vanish, whereby all three vec-
tor components become ‘horizontal’. This may cause convergence problems.
These can be avoided by using the load adjustment term corresponding to
the first step of the iteration procedure, indicated as 6§(Auy, Afy). This
corresponds to selecting the displacement sub-increment in the form

du = du, + 6§ Auy, (8.35)
where Au; follows from the first load increment Afy by (8.19). This corre-
sponds to the return direction originally introduced by Riks (1979).

(6u,,0)

e, Af) (Au, Af) (5u, 5F)

(uo, fo) (a0, o)
(@) (b)
Fig. 8.13. (a) Residual and return components, (b) increment and sub-increment.
The linear constraint is a hyperplane orthogonal to the combined dis-

placement load increment. A fixed hyperplane is obtained by using a hy-
perplane with normal vector (Auj, Af;). However, as no additional com-
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putational cost is implied by using a hyperplane orthogonal to the current
combined displacement load step (Au, Af), this is illustrated in Fig. 8.13(b)
and used in the implementation of Algorithm 8.2. The condition that the
sub-increment (du, 6f) lies in a hyperplane orthogonal to the current total
increment (Au, Af) is expressed by the condition

(Au, Af) - (5u, 6f) = 0, (8.36)

where the dot symbol represents a suitable scalar product in the combined
displacement—load space. A proper definition of a scalar product depends on
introduction of a suitable metric in the combined displacement—load space.
The role of the metric is to ensure that the individual components get
appropriate weights in the formation of the scalar product, and thereby
that the scalar product is suitable for expressing distance in the combined
displacement—load space. The central problem is that the load and displace-
ment increments represent different physical quantities and therefore have
different units and scaling. Thus, a scalar product containing load com-
ponents as well as displacement components should contain an appropriate
scaling of load increments relative to displacement increments. In addition
to this the displacement vector components may represent different behav-
ior, e.g. translations and rotations, and similarly for the individual load
components.

The problem of a suitable metric is often resolved in a pragmatic way
by accounting for the different units involved in the displacement vector
and in the load vector, but neglecting possible differences in the individual
components in each of these vectors. This leads to a scalar product of the
form

(Au, Af) - (6u, 6f) = Aulou + 5% AfTSF. (8.37)

Here ( is a flexibility parameter, representing the ratio of a displacement to a
corresponding load component. There are several papers discussing various
schemes for scaling the terms in (8.37), e.g. Schweizerhof and Wriggers
(1986) and Al-Rasby (1991). However, no single method of scaling has yet
demonstrated general superiority, and it is interesting to recall the conclusion
reached by Crisfield (1981), that numerical experience has shown that it
is preferable to fix the ‘incremental length’ in n-dimensional space, i.e. in
displacement space. This corresponds to 8 = 0, whereby the geometric
considerations deal with a projection into the displacement space indicated
in Fig. 8.3(b).

The load factor increment € is determined from the orthogonality condi-
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tion (8.36), using the definition (8.37) of the scalar product.

Aul'su,

0 = — .
§ AuT Au; + 52 AfTAFy

(8.38)

This formula corresponds to a piecewise linear constraint with return to the
constraint along the first increment of the load step (Auy, Afy). The corre-
sponding formula for the case with return along the current displacement—
load vector (Au, Af) follows by removing the subscript 1 in the denomi-
nator of (8.38) and in the sub-increment relation (8.35). Conversely, the
relation corresponding to using a fixed hyperplane for the iteration process
is obtained by introducing the subscript 1 on the increments shown without
subscript.

The linear constraint is a special case of the general constraint condition,
and thus the expression (8.38) for the load factor increment 0¢ is a special
case of the general expression (8.34). In the case of a linear constraint the
combined displacement—load state is returned to the constraint surface in
each iteration step, and therefore ¢ = 0. The gradient vector ¢, = dc/du
corresponds to the displacement part of the normal to the constraint hy-
perplane, and thus ¢, = Au as also seen from the formula (8.38). The
last coefficient c¢ represents the dependence of the constraint on the load
level. It is here represented by B2Aff Af;, where the factor 5% determines
the weight of the load contribution. The parameter § may be chosen from
two different considerations. One argument is that a certain uniformity in
the full displacement—load space is desired, and therefore § should represent
a typical flexibility associated with a representative degree of freedom. Al-
ternatively, it has been found that the geometric argument involved in the
orthogonality condition can be restricted to apply only to the projection in
the displacement part of the space, illustrated by Fig. 8.3(b). Geometrically
this corresponds to using ‘vertical’ hyperplanes in the combined u—f space.
This choice corresponds to selecting = 0, whereby the load components
are removed from the formula for the load factor increment. In this case the
load factor increment is calculated as

Aul'bu,

0 = — ————. 8.39

¢ Aul Auy ( )
This formula bears a considerable similarity to the load factor formula (8.17)
of the orthogonal residual method. In fact the main difference appears to
be the absence of a stiffness matrix in the scalar products of the present for-
mula for the arc-length method. While this may introduce a certain measure

of arbitrariness, when combining displacement components of different di-
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ALGORITHM 8.2. Orthogonal arc-length algorithm.

Initial state: ug, fy, Au=0
Load increments n =1,2,...,Nmax
Au; = K IAf
if AufAu<0 then Au; =—Auy, Af
§ = (/][ Auy]]
Au = £ Auy
Tterations ¢+ =1,2,...,tmax
Ag = g(u,—1 +Au) — £,
r = EAf — Ag
du, = K 'lr
§¢ = —Auldu,/Au’ Au,
ou = du, + 0§ Auy
Au = Au + du
£=¢6+ 0
Stop iteration when ||r|| < e ||Af]|

—Af

u, = u,_1 + Au
f, = f1 + fAf

Stop load incrementation when ||£,|| > fuax

mension, the arc-length method obtains considerable numerical robustness
by avoiding use of the current stiffness matrix that becomes non-positive
definite around load limit and bifurcation points.

The arc-length algorithm for the case of piecewise linear constraint is
summarized as Algorithm 8.2. The structure is very similar to that of the
orthogonal residual algorithm. The algorithm starts from a state of equilib-
rium ug, fy and proceeds by application of load increments Af,,, n = 1,2,...
The applied load increments are modified by the algorithm, and thus they
do not add up to the total load. Each load step starts with calculation of
the first displacement increment Au;. The initial increments Af,, and Auy
are retained as reference, and a scaled increment Au = £Au; is used to
define the actual first displacement step. The residual force corresponding
to this step is calculated, and the load factor increment is determined ac-
cording to the formula (8.39). In this formula and the following formula
for du the original unscaled form Au; is used to simplify the algebra. The
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algorithm can be changed to use of return to the constraint by the current
displacement—load increment simply by omitting the subscript 1 on Auy in
these two expressions. This corresponds to the method proposed by Ramm
(1981). The algorithm is shown with the residual displacement du, deter-
mined by the first stiffness matrix in the load step K,, in all iterations. This
has been found to increase the robustness of the algorithm and avoids re-
peated factorization of the stiffness matrix within the iteration loop, similar
to the modified Newton-Raphson method.

8.3.3 Hypersphere constraint

In the early formulation of the arc-length method by Crisfield (1981) a
quadratic constraint condition was used, and this is still much in use. The
idea is that a spherical surface corresponds to a constant distance, and
thereby to a constant length of the combined displacement—load increment
vector. The corresponding hypersphere is a quadratic function of the vector
components, and thus return to the hypersphere will define the load factor &
or its increment 0§ via a quadratic equation. The exact return to the hyper-
sphere constraint in each iteration step makes this algorithm different from
the bordering algorithm described in Section 8.3.1, in which a non-linear
constraint was only approached during the general iteration process. It is
therefore more direct to describe the hypersphere arc-length algorithm as
an extension of the linear constraint formulation of the previous section.

(ou,.,0)

(Au, Af) (6u, 5F)

(a9, o) (ug, fo)
(@) (b)

Fig. 8.14. (a) Residual and return components, (b) increment and sub-increment.

The quadratic constraint condition is illustrated in Fig. 8.14(a). The
last established state of equilibrium is shown as (ug,fy), and the current
combined displacement and load increment is shown as (Au, Af). The sub-
increment (du, df) is constructed from the displacement (du,,0) from the
residual force and the contribution 0¢(Au, Af) from the load adjustment as
in the case of linear constraints. Also in this case the return will be shown
along the direction of the first increment in the load step as d§(Auy, Afy).
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This corresponds to selecting the displacement sub-increment in the two-
component form (8.35). The condition that the current iteration point lies
on a hypersphere corresponds to orthogonality of the sub-increment (du, Jf)
with the mean value of the current and predicted form of the total increment
(u+ 36u, 6f + 30f) as illustrated in Fig. 8.14(b). This is expressed by the
orthogonality condition

(Au+ 26u, Af + 16f) - (du, 8f) = 0. (8.40)

When using the definition of the norm in which the load components are
scaled by a common flexibility parameter 3 similar to (8.37), this gives the
relation

(Au+ 35u)Téu + B*(Af+ L6£)T6f = 0. (8.41)

The difference from the linear constraint condition is the presence of the
terms %5u and %5f in the quadratic constraint condition. When introducing
the displacement sub-increment du from (8.35) and the load sub-increment
of = 0EAf;, the constraint equation becomes

(Au Auy + B2Af] Afy)s¢?
+2(Au”Au; + AuTou, + FAFTALf)GE (8.42)
+2Au’'du, + dul'du, = 0.
This is a quadratic equation for the load factor increment §¢ of the form
A2 + 2B6E+C =0 (8.43)
with coefficients
A = Aul'Au; + B2Af] Afy,
B = Aul'Auy + Aul'éu, + B2AFT A, (8.44)
C = 2Au’bu, + 5u,7:(5ur.
The solution to this quadratic equation is given by

5¢ = (—Bi B2—AC’>/A. (8.45)

Solutions corresponding to points on the hypersphere require that B >
VAC. As seen from Fig. 8.14(a), this condition may be violated if the
displacement increment du, generated by the residual force is too large.
The typical solution to this problem is to decrease the initial load increment
Afy of the load step. When a tangent stiffness is used the residual is of
higher order in the load increment size, thus leading to intersection with the
hypersphere for a sufficiently small load increment. For 8 = 0 this is the
condition introduced by Crisfield (1981, 1991).
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When using an appropriate load increment there will be two solutions to
the equation (8.43). The root can be chosen in analogy with the argument
illustrated in Fig. 8.4. The initial and final increment vectors (Au, Af) and
(Au + du, Af + 6f) should then have a positive scalar product:

(Au, Af) - (Au + du, Af + 5f) > 0. (8.46)

Accordingly the appropriate root 6§ is chosen to maximize this scalar prod-
uct. The method implicitly assumes that the current increment vector
(Au, Af) has a positive scalar product with the increment vector used for
return to the constraint condition. Substitution of the appropriate expres-
sions into (8.46) then shows that the appropriate choice is max(6¢). When
0& is negative this corresponds to selecting the smallest absolute value.

In the arc-length method the iterative update of the current increment
vector (Au, Af) is obtained by using the residual sub-increment (du,,0)
and the direction of return, here represented by the first increment of the
load step (Auy, Afy). If the current increment is used as return direction,
these three vectors become co-planar, and the hypersphere condition can be
obtained as a fairly simple modification of the hyperplane constraint result.
When using the current increments for the return direction the hyperplane
condition (8.38) determines the load factor increment as

Au’l'su,

6, = — . 8.47
S AuT Au + 32 AfTAf (8.47)

Similarly the subscript 1 is omitted in the quadratic equation (8.42). This
equation is divided by (Au’Au 4+ B2AfTAf), and the product Au’du, is
expressed in terms of the hyperplane load factor increment d¢, by use of
(8.47). The result is a normalized quadratic equation for the load factor
increment 0&s corresponding to the hypersphere in the form

sul'su, B
AulAu+ BAFTAf

02 + 2(1 — 6€,)065 — 20€, + 0. (8.48)

The load factor increment &, for the hypersphere is now expressed in terms
of the similar load factor increment ¢, for the hyperplane as

8¢ = 66, + 06, (8.49)

Substitution of this expression for 0¢; into (8.48) gives the following equation
for 0&,:

sul'su,

s 2 _
(L0867 = (LH05) + XuTRu + PAFTAL

0. (8.50)
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Solution of this equation leads to

sul'su,
66, = —1 + \/1+6§’2’_AuTAu+62AfTAf' (8.51)

An iterative step with this method starts with calculating the hyperplane
load factor increment 6¢, from (8.47), and then proceeds to calculation of
the additional load factor increment 0&, from (8.51). Return to the hyper-
sphere is obtained by using the sum according to (8.49). This procedure is

particularly convenient for obtaining a common implementation of the two
arc-length conditions in a single routine. As in the previous formulae the
special case 0 = 0 reduces the geometric considerations to the projection on
the displacement space. A different correction to the hyperplane condition
has been proposed by Forde and Stiemer (1987), who calculated the addi-
tional length &, via the radial distance from the center of the hypersphere
to the point on the hyperplane.

EXAMPLE 8.3. 12-BAR TRUSS. In this example the full equilibrium path
of the 12-bar space truss structure shown in Fig. 8.15 is calculated by the
hyperplane arc-length method as shown in Algorithm 8.2. This structure
has been used to illustrate large strain implementation by Yang and Leu
(1991) and numerical solution algorithms by Krenk and Hededal (1995).

Fig. 8.15. Space truss with 12 bars.

The truss structure consists of 12 bars with identical stiffness £ A. The de-
formation of the structure is characterized by the three displacement compo-
nents u, v, w shown in the figure. The center top node is loaded by a vertical
force of magnitude F', while the two neighboring top nodes carry a vertical
force of magnitude 1.5F. The initial load increment is AF/EA = 0.03, and
the following load increments are adjusted to keep constant length of the
displacement increment.

The results are illustrated in Fig. 8.16. The general behavior is probably
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best understood with reference to the F—v plot in Fig. 8.16(b). In the
first stage of the loading process the side nodes move downwards, finally
reaching nearly the level —h. At that point the center node has reached the
level 0 as seen from Fig. 8.16(c). The side nodes now start moving up, and
the structure reaches a prestressed stage in the middle of the load history,
where v = w = h and F//EA = 0. From then on a mirror image of the first
part of the equilibrium path is followed.

0.1

0.05

F/EA
[=]

-0.05

1.5 2 2.5

-0.5 0 0.5

1
w/h
Fig. 8.16. Equilibrium path of 12-bar truss.

The equilibrium curve shown in the figure is traced in niga = 95 steps.
The use of a tolerance of e; = 104 leads to a total of iyt = 389 iterations,
including the initial calculation of the displacement increment Auy. The
maximum number of iterations in any step was iymax = 6. The present form
of the arc-length algorithm, in which the stiffness matrix is retained during
the iterations within a load step, does not experience any convergence prob-
lems. However, a full Newton—Raphson implementation is less robust and
experiences problems at the two points, where the displacement component
v changes direction.
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8.4 Quasi-Newton methods

Iterative methods for solution of systems of non-linear equations typically
make use of a sequence of solutions of linear systems that represent a local
approximation to the non-linear system. In the methods described so far the
linear equations have used a tangent stiffness matrix — either the current tan-
gent stiffness or a tangent stiffness from the initial iteration within the load
step. However, as soon as a displacement increment has been determined,
the corresponding internal forces can be evaluated and this provides addi-
tional information on the stiffness of the system. This information can be
used to construct systematic modifications to the stiffness matrix, whereby
improved convergence properties can often be obtained with a modest com-
putational effort. This class of methods are often called quasi-Newton meth-
ods.
Let the non-linear equation to be solved be given in the form

g(u) = T, (8.52)

where f is the external load vector and g is the internal force vector, given in
terms of the current displacement vector u. The solution starts from a state
of equilibrium, given by the load fy and the internal force g = g(ug). The
first step is to impose a load increment Af and to calculate the corresponding
displacement increment Au from the equation

Ko Au = Af. (8.53)

In this equation Ky is a stiffness matrix obtained at the state ug,fy. The
internal force is now determined corresponding to the new state of displace-
ment, g = g(ug + Au). Hereby both the displacement increment Au and
the corresponding internal force increment Ag = g — g are known. These
vectors are related by a secant stiffness relation of the form

KAu = Ag. (8.54)

This so-called quasi-Newton condition is illustrated in Fig. 8.17. Clearly,
the two vectors Au and Ag do not define the matrix K, but rather impose
a set of constraints. Thus, the idea of quasi-Newton methods is to use the
secant condition (8.54) to modify the already known stiffness matrix Kj.
The basic idea is to introduce corrections to the stiffness matrix K in
the form of exterior products of the vectors Au and Ag. This can be done
in several different ways, see e.g. Luenberger (1984). The most popular is a
symmetric rank two correction, the so-called Broyden—Fletcher—Goldfarb—
Shanno (BFGS) update. In the BFGS update the new stiffness matrix is
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f

KAu=Ag ///

Au

Uop u

Fig. 8.17. The quasi-Newton condition.

obtained via two additive contributions as

(K()Au) (KoAu)T + Ag AgT

K = Kj — :
0 AuTKy,Au AgTAu

(8.55)

It is easily verified that multiplication of K with Au leads to the desired force
increment Ag. The structure of the formula is special, removing the stiffness
of Ky in the direction of Au and replacing it by an exterior product of Ag.
In directions orthogonal to Au no change of stiffness is introduced. The
special form of the BFGS update implies that the quasi-Newton condition
(8.54) will also be satisfied if the original stiffness matrix K were scaled by
a factor 8. This possibility will be discussed later.

The inverse of K is obtained by use of the structure as a modification of Kg
via addition of exterior products. The basic result is the Sherman—Morrison
formula for the inverse of a matrix, where an exterior vector product has
been added. The Sherman—Morrison formula

ab”\ ! (A'a) (A 'b)T
A+ = A — 8.56
< + H ) H + bTA la (8:56)

is most easily proved directly by multiplication with the matrix to be in-
verted. A similar format occurs in the theory of plasticity, discussed in
Chapter 7. In the present context this formula is used twice — first to evalu-
ate the inverse of Ko + AgAg’ /Ag?” Au, and then combining this with the
exterior product involving the vector KoAu. The result of these manipula-
tions is

_ AuAg” _ AgAu” AuAu”
K!=(1I-—|K;!(1- . .
< AgTAu> 0 ( AeThAu) T AgTaa &7
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Note that here multiplication with Ag produces Au in accordance with
inversion of the tangent relation (8.54).

The following sub-increment du can be determined from the inverse (8.56)
of the modified stiffness matrix as K~ 'r. However, if consecutive steps
are needed, it is convenient to have the inverse in product format. As
demonstrated by Matthies and Strang (1979), the product format

Auv’l v Au?
-1 _ 1
K = (I— 7gT u) K, <I— 7gT u> (8.58)

is obtained, when the vector v is defined as

v=Ag — {| ———— KoAu. (8.59)
The result is proved by substitution into (8.57). This factored format is suit-
able for building a sequence of stiffness matrices Ky, K1, Ko, ..., each incor-
porating the latest displacement and internal force sub-increment du;, 0g;.
The updated inverse matrices Kl_l, K5 1 ... need never be formed explicitly.
The displacement increments Ki_lrz- can be found directly from the original
stiffness matrix and the stored vectors (v, dul’), (ve,dul), etc. using scalar
vector products. This is a computationally important point as the exterior
vector products would otherwise destroy the profile structure of the stiffness
matrix.

In its original form the BFGS method removes the stiffness associated
with the specific displacement increment Au and adds a rank one stiffness
to obtain the force increment Ag. Thus, the stiffness change is related
specifically to the directions Au; and Ag in displacement and load space.
Alternatively a general stiffness reduction 3 for all finite displacement incre-
ments may be introduced by replacing Ky with SKy. A logical choice for
the stiffness reduction factor 3; would be

AgTAu

b= AuTKgAu’

(8.60)

i.e. the ratio between the actual work Ag” Au and the corresponding elastic
work Au”KyAu using the original stiffness matrix. In most computation
strategies the vector KgAu is already available, and thus the denominator
of (8.60) only requires a product of two vectors. With this choice for § the
inverse of the updated stiffness matrix is

K'=p"I-Auw")K;'(I-wAu’), (8.61)
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where the vector w is defined as

w — Ag B KoAu
 AgTAu  AuTKpAu’

(8.62)

This vector is orthogonal to Au, i.e. w/ Au = 0. Inversion by the Sherman—
Morrison formula then gives the updated stiffness matrix in the factored
format

K = 3(I+wAu")Ko(I+Auw’). (8.63)

The scaled formulation is computationally convenient and has a certain
physical logic. The stiffness is reduced by the factor § for all displace-
ment combinations, and the matrix (I + Auw?’) only serves to adjust the
mutual directions of the force and displacement vectors.

The scaled update has been discussed by Luenberger (1984) in the con-
text of optimization. Luenberger introduced scaling in order to counteract
possible ill-conditioning caused by use of a very crude original estimate of
the matrix Ko, e.g. the unit matrix. Considerations of optimal condition
number for the updated matrices led to the scaling factor § given by (8.60).
It was demonstrated by Luenberger that the scaled form was robust and did
not accumulate errors when used in connection with inaccurate line searches.

The use of the sequential form of the BFGS method in non-linear finite
element analysis has been discussed by Bathe and Cimento (1980) and Bathe
(1996). An alternative formulation, a so-called secant-Newton method, has
been proposed by Crisfield (1979, 1980, 1991). In the secant-Newton method
the current displacement and internal force increments du; and dg; with
respect to the last equilibrium state are used to update a fixed stiffness
matrix Ky, e.g. the tangent stiffness at the beginning of the load increment.
Crisfield gives a format in which the displacement update is expressed in
terms of the previous displacement updates by a recurrence relation with
two or three terms. This formulation is somewhat simpler to implement
than the full BFGS method.

In the orthogonal residual method presented in Section 8.2 the residual
force satisfies the orthogonality relation r’ Au = 0. In that case a BFGS
update using the current total increments Au, Ag leads to a particularly
simple form of the inversion formula (8.57). This has been used in the dual
orthogonality algorithm by Krenk and Hededal (1993), used for shell sta-
bility analysis e.g. by Poulsen and Damkilde (1996). Numerical experience
indicates a need for step-size control around limit points, leading to a recent
modification by Kouhia (2008).
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8.5 Summary

Numerical analysis of non-linear problems of solids and structures usually
leads to a need for solution of systems of non-linear equations on the global
level, i.e. fair-sized or large systems of non-linear equations. In the case of
geometric non-linearity the equations can be formulated directly, while the
implicit formulation of elasto-plastic problems also has a non-linear analysis
step on the local element level. While the standard Newton—Raphson itera-
tion method using a fixed load increment can be applied to moderately non-
linear problems, a central feature of general non-linear solvers is an iteration
cycle in which the load level is modified together with the displacement in-
crement. Two essentially different approaches to load level adjustment have
been discussed: the orthogonal residual method, and arc-length methods.
The difference is in the way the combined load and displacement increments
are scaled and adjusted in the iteration cycle.

In the orthogonal residual method the load increment is scaled such that
the residual force r is orthogonal to the current displacement increment Au.
The idea has a direct analogue to the mechanics of the problem: the optimal
load level is the one that does not have a residual component in the direction
of the current displacement increment Au. However, the robustness of the
method depends on proper scaling of the first displacement increment of
each load step.

In the arc-length methods the central point is the scaling of the com-
bined displacement and load increments Au, Af. The idea of the arc-length
methods is to form the combined load and displacement increment from
two components: the increments corresponding to the Newton—Raphson
method, plus an extra term pulling the load—displacement point back to an
imposed constraint. There are numerous variations of this idea originally in-
troduced into computational mechanics by Riks (1979) and Crisfield (1981).
There is a large literature on various generalizations of this class of methods,
e.g. to bifurcation analysis, see Kouhia and Mikkola (1999a,b). Arc-length
methods are typically implemented using a ‘length’ defined via simple scalar
products of e.g. the displacement vector, > = Au’” Au. While this may ap-
pear somewhat removed from the physics of the original problem, and may
even involve addition of terms carrying different physical dimension, the
simple form contributes to computational efficiency, and a simple scaling
will often be sufficient to render the algorithm robust, even around limit or
bifurcation points.

The iterations within each load step require the use of an appropriate
stiffness matrix. The algorithms in this chapter show the use of the stiffness
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matrix corresponding to the first increment within the load step, and in the
implementation of the arc-length method shown in Algorithm 8.2 the direc-
tion for return to the constraint is along the direction of the first increment.
While this choice may not provide optimal convergence properties on mono-
tonic parts of the equilibrium path, it does give added robustness around
limit points. The use of the initial stiffness can be modified by BFGS meth-
ods as briefly indicated. This type of modification improves performance
in regular non-linear regimes, but may lead to reduced robustness around
critical points where the stiffness matrix is singular.

8.6 Exercises

Exercise 8.1* Implement the orthogonal residual method, described in Al-

gorithm 8.1, and use it to study the two-bar truss illustrated in Fig. 8.8.

(a) The effect of changing the iteration tolerance €.

(b) The effect of the magnitude of the initial load increment.

(c) The effect of the relative inclination on the equilibrium curves and the
number of iterations.

The results should be illustrated in graphs like those in Fig. 8.9.

Exercise 8.2* Implement the hyperplane form of the arc-length method,
described in Algorithm 8.2, and use it to study the two-bar truss illustrated
in Fig. 8.8 with respect to the influence of the parameters as described in
Exercise 8.1.

Exercise 8.3* Introduce the flexibility parameter 3 in the norm (8.37) in
the hyperplane arc-length algorithm. Compare the performance of the algo-
rithm for the 12-bar truss of Example 8.3. Use # = 0 and 5 = ||Auy||/||Afy |
from the first load step, respectively.

Exercise 8.4* Analyze the shallow dome shown in Fig. 8.10 for the anti-
symmetric vertical load case described in Exercise 2.6. Use both the orthog-
onal residual method and the hyperplane arc-length method, and compare
performance characteristics.

Exercise 8.5* Modify the hyperplane implementation of the arc-length
method to the hypersphere form by including the extra length 6&, defined by
(8.51). Evaluate the effect by reconsidering the 12-bar truss of Example 8.3
already analyzed with the hyperplane arc-length method in Exercise 8.3.

Exercise 8.6 In the case of a hypersphere constraint the two consecutive
increments (Au, Af) and (Au + ou, Af + 6f) have the same length. Thus,
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the condition
maximize (Au, Af) - (Au + du, Af 4 of)

corresponds to minimizing the angle between the two vectors. Introduce the
sub-increments (du, df) in terms of the increment 0¢ of the load factor, and
find the corresponding condition on 0§&.

Exercise 8.7 Prove the formula (8.58) giving the factored format of the
BFGS inverse of the quasi-Newton stiffness matrix K.

Exercise 8.8 Prove the representation (8.63) for the scaled BFGS matrix
K and the representation (8.61) for its inverse.
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Dynamic effects and time integration

There are many engineering problems in which dynamic effects are impor-
tant, e.g. in robotics, manufacturing, transportation and civil engineer-
ing structures under environmental loads like wind, waves and earthquakes.
Dynamic problems with essential non-linearities typically require a combi-
nation of one or more of the non-linear features discussed in the previous
chapters, with the dynamic effects arising from the motion. These problems
are mostly solved by time integration of the non-linear equations of motion.
Traditionally these problems have been solved by so-called collocation-type
methods, see e.g. Hughes (1987), Argyris and Mlejnek (1991), Géradin
and Rixen (1997). In these methods the equation of motion is matched at
selected points in combination with suitable assumptions regarding the re-
lation between displacement, velocity and acceleration. Recent years have
seen a rapid development of an alternative type of algorithm based on an
integrated form of the equation of motion — the so-called momentum meth-
ods. This chapter combines a concise summary of the collocation methods,
that are still widely used, with an introduction to the momentum-based
methods.

In order to bring out the essential features of the two types of time in-
tegration methods the present chapter makes use of the following simple
format for the equations of motion:

Mi + g(u,u) = f(t). (9.1)

In this equation the first term represents the inertial forces generated by the
acceleration 11, and the second term represents the internal forces expressed
via the displacement u and the velocity u. The external load f(t) is assumed
to be a given function of time. The problem also requires a set of initial

290
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conditions of the form
u(O) = up, u(O) = il(). (9.2)

This basic format with constant mass matrix M enables a presentation of
the central features of collocation and momentum methods, but is not suf-
ficiently general to cover a detailed discussion of finite motion described in
terms of rotations, see e.g. Géradin and Cardona (2001).

(@) (b)
Fig. 9.1. Time history and state-space diagrams.

The basic idea of the two approaches to time integration can be illustrated
with reference to Fig. 9.1. The state of the system at any particular time ¢
is described completely by the state vector [u(t),u(t)] and the load vector
f(t) at time ¢. Thus, the time development of the system can be represented
in state-space as shown in Fig. 9.1(b). The state vector at time ¢,, can serve
as initial conditions for the system response for ¢t > t,. The simplest direct
numerical integration procedures for the equation of motion (9.1) are the
single-step algorithms, in which the state vector (up+1, Up+1) at time 4,41
is calculated by use of the state vector (u,,0,) at the previous time ¢, and
the load history between these two states. In the collocation methods the
equation of motion (9.1) is satisfied at a selected point in the time interval
[tn,tn+1]. This equation must be supplemented by two additional equations,
relating the involved displacements, velocities and accelerations. In contrast,
the momentum-based methods consider the development of the motion over
the time interval [t,,t,+1]. The idea is to integrate the equation of motion
over the interval. Hereby the inertial term becomes the finite increment of
momentum over the time interval, while the load and internal forces are
represented by suitable time averages.

The first part of this chapter deals with single-step collocation methods of
the Newmark type, typically used in analysis of the dynamics of structures.
First, the algorithm is formulated for a linear system in order to identify the
appropriate computational structure, and to enable a detailed analysis of
the stability and accuracy, based on consideration of the individual modes
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of vibration. It is often desirable to introduce artificial damping of high-
frequency response components, because they are subject to aliasing by the
time discretization and therefore may adversely influence the results. A
discretized energy balance equation is set up for the Newmark algorithm,
and the influence of the parameters of the algorithm on the representation
of damping and stiffness is discussed. The algorithm is then generalized to
non-linear systems in Section 9.2.

Some central aspects of momentum-based algorithms are then presented.
The basic energy-conserving form is presented in Section 9.3. It is demon-
strated that for a system with quadratic non-linearity, like an elastic system
with a finite displacement formulation in terms of the quadratic Green strain,
energy conservation is obtained by including an additional ‘damping term’
expressed via the geometric stiffness matrix. It is then shown how damping
can be introduced into the algorithm via a balanced combination of a veloc-
ity and a displacement term. The chapter concludes with some remarks on
ongoing developments in the field of time integration.

9.1 Newmark algorithm for linear systems

The oldest and probably most extensively used algorithm for integration
of the equations of structural dynamics is due to Newmark (1959). This
algorithm is first discussed in relation to the linear equation of motion

Mii + Cu + Ku = £(t), (9.3)

where the structure is described by the mass matrix M, the viscous damping
matrix C, and the stiffness matrix K.

The objective of the Newmark integration procedure is the computation
of the state vector (W41, U, +1) at time t,,11 = t,, + h, given the state vector
(uy,0,) at the previous time ¢, and the load vector at both these times, f,
and f,;;. The procedure is established in two steps: first the increments
of u(t) and u(t) are expressed in terms of integrals of the acceleration i
over the time interval [t,,t,+1], and then the acceleration is evaluated by
use of the equations of motion. Thus, the Newmark algorithm rests on
two principles: the expression of displacement and velocity increments in
terms of acceleration by an approximate representation, asymptotically valid
for small time increments, and collocation of the equation of motion at
the forward time t,41. Suitable parameters used in the displacement and
velocity representations are determined by considering the linear problem,
and the method is then extended to non-linear problems by solving the
non-linear equation of motion by iteration.
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It follows immediately from integral calculus that the value of the vector
u(t,+1) at time t,41 can be expressed as its value u(t,) at time ¢, plus an
increment evaluated as the integral of the time derivative u(7) over the time
interval:

altn+h) = u(ts) + /t " al) dr. (9.4)

Now, a factor 1 can be introduced under the integral sign, and the integral
evaluated via integration by parts. When the integral of the factor 1 is
selected as T — ty41, the result is

Uts1) = u(tn) — [(bngr —7)a(r) [ + /t " s — 1) ii(7) dr. (9.5)

Note that the upper limit in the square brackets does not contribute due to
the factor (t,4+1 — 7).

In the Newmark procedure a central point is the representation of the
velocity and the displacement increments in terms of integrals of the ac-
celeration. The first formula is obtained from (9.4), when replacing u and
u with u and 1, respectively. The second formula follows from (9.5) by
evaluating the term in the square brackets:

tn+1
1:ln—&-l = u, +/ ﬁ(T)dTa
tn
(9.6)
tn+1
Unsr = Uy + ht, + / (bnst — 7) ia(7) dr,
tn

where h = t, 41 — t,, is the length of the time interval, and u,, = u(t,).

In the present use of the integration formula (9.6) the acceleration will not
be known throughout the interval, and the integrals will have to be evaluated
approximately from the value of the acceleration vector at the interval end-
points. The appropriate formulae are given by weighted averages of the
acceleration in the form

tn+1
/ u(r)dr ~ (1—7)hi, + yhiyy,
t” (9.7)

tn+1
/ (bosr — T)i(r)dr = (4= B)R2in + Bh2 i,
tn

The parameters 0 < v <1 and 0 < < % determine the degree of forward
weighting, with v = 0, 8 = 0 corresponding to full backward weighting, and
y=1,0= % corresponding to full forward weighting. Note that in (9.7a)
the sum of the integration weights is h, while in (9.7b) the sum is h due to
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the linear factor in the integrand. These properties are necessary to ensure
convergence for decreasing h, which implies that the formulae must be exact
for constant acceleration.

When the approximate integration formulae (9.7) are substituted into
(9.6) the following discrete relations are obtained between the displacement,
velocity and acceleration vectors at the two interval end-points:

U1 = U, + (1 _'V)hﬁn + v hip,
(9.8)
W1 = u, + hi, + (53— B)h2 i, + Bh% .

The Newmark integration algorithm is obtained by satisfying the equations
of motion at time ¢,41, using the representation (9.8a) and (9.8b) for the
velocity and displacement vector, respectively. Substitution of these rep-
resentations into the linear equations of motion (9.3) gives the following
equation for the acceleration vector tip41:

<M+7hC+ﬁh2K) 1 = fopr — c(an + (1—7)hi’1n>
(9.9)
—K(un + hu, + (%—ﬂ)hQﬁn).

This equation permits calculation of the acceleration vector ii,+1 at time
tn+1, and the velocity and displacement can then be calculated from (9.8).
It is convenient to organize the computation of a time step in the Newmark
algorithm in the form of a prediction step followed by a correction step.
In the linear problem the definition of the predictor is merely a matter of
convenience, while in non-linear problems the predictor serves as the starting
point for iterations. In the prediction step preliminary values uy ,; and uj, 4
of velocity and displacement are evaluated from (9.8), without the last term
containing the as yet unknown acceleration t,,41:
l‘l;kH-l = U, + (1—9)hiy,,
(9.10)
wi,, o= u, + ha, + (3 -p)h%i,.
These predicted values appear directly on the right side of the equation (9.9)
for the acceleration 1i,41. With the notation

M, = M + vhC + gh*K (9.11)

for the modified mass matrix, the equation of motion (9.9) takes the simpli-
fied form

M, i1 = £ — Cuyyy — Kupyy. (9.12)

This equation is solved for the acceleration ii,41. The correction consists
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ALGORITHM 9.1. The linear Newmark algorithm.

(1) System matrices K, C, M
M, = M + yvhC + gh?’K
(2) Initial conditions ug, ug
Uy = Mil(fo — Cuy — Kuo)
(3) Prediction step:
wo,o= 0, + (1-9)hi,
w, o= u, + hu, + (5 -0)h2,
(4)  Correction step:
s = My (fop — Ciyy — Kug,)
Upy1 = Upyq + Yhing
Up+1 = u;—&-l + 5h2 Uy 41

(5)  Return to (3) for new time step or stop

in adding the last term in (9.8) to the predicted velocity and displacement
vector:

Upt1 = U,y + Yhupg, (9.13)
U1 = ujy + BhPigg,

thereby completing the time step.

The implementation of the linear Newmark algorithm is summarized in
Algorithm 9.1. For undamped structures the algorithm can be formulated
in explicit form if the mass matrix is diagonal and § = 0. In that case (9.9)
can be solved directly for 1,41, without matrix inversion. This particular
case is only conditionally stable and requires the time increment h to be
within an upper limit, identified in the following subsection.

9.1.1 Energy balance and stability

A time integration method is classified as stable if the free response to a set
of finite initial conditions remains bounded. Stability is a necessary condi-
tion, and in order to be useful an algorithm must also satisfy some accuracy
requirements. Traditionally time integration algorithms have been studied
in their linear form by performing a modal decomposition and carrying out
a harmonic analysis of the free response. Alternatively some algorithms,
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including those of Newmark type, lead to an explicit equation for the de-
velopment of the energy. This equation can be used to identify the stability
conditions, and furthermore gives information about the development of the
energy of the system as represented by the algorithm.

The energy equation for the linear equation of motion (9.3) is found by
pre-multiplication with the velocity u’, followed by a slight rearrangement
of terms:

di( LM + 3 TKu) = a’f — a’Cu (9.14)
This equation gives the rate of change of the mechanical energy in terms of
the external rate of work minus the rate of energy dissipation in terms of
the viscous damping matrix C.

The discrete energy relation similar to the differential energy equation
(9.14) is obtained most directly from a phase-space representation of the
algorithm. This is a representation in terms of the state-space variables
u and 1, where the acceleration 1 has been eliminated. The state-space
representation is obtained by rearranging the Newmark representation for-
mulae (9.8) in terms of increments and mean values, using the notation
Au = u,41 — u, for the displacement increment with similar notation for
the velocity and acceleration increments:

Al = h(liyq1 +1n) + (v — 3)hAW,
(9.15)
Au = 1h(U,41 +1,) + (B — y)h2AilL.

It is seen that these formulae are fully symmetric for v = 5 and 8 =
while different parameter values introduce a bias.

When these formulae are multiplied by the mass matrix M, the terms con-
taining the acceleration can be eliminated by use of the equation of motion
(9.3). The resulting equations can be written in state-space format as

(v=DHhK  M+(y—1rC [ Au
M+(B—37h?K  (B—37)h*C || Au )
K C hu hE + (y—3)hASf
[0 M || na| (B—37)h2Af

where the bar symbol denotes the algebraic mean value, e.g. the mean load
f= f(fn+1 +f,,). If the parameters are selected as v = % and 3 = %’y, these
equations simplify considerably and are recognized as the equation of motion
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and an equation defining the mean velocity in terms of the displacement
increment, respectively.

The discrete form of the energy balance equation involves the increment of
the mechanical energy over the time interval from ¢,, to ¢,,41. This increment
can be expressed in terms of mean values and increments of the displacement
and velocity by the identity

n+1

tu"Mu + Ju’Ku =
" (9.17)

%(ﬁnJrl + 1) "M (41 — ) + %(un+1 + ) 'K (un g1 — ay).

It is seen that the energy increment can be obtained from the diagonal of
the second matrix when the equations (9.16) are multiplied by the vector
[Au”, —~AuT]. In the present case, where the main purpose is to obtain
stability limits, the free response of a system without external damping
is sufficient. The complete energy relations for linear systems have been
derived by Krenk (2006). For the homogeneous equations without structural
damping the energy balance takes the form

sa"Mua + Ju'Ku e —(v - $)Au"KAu + (8- iy)h Aa"KAu.

" (9.18)
In the last term the velocity increment can be substituted from the first
equation of (9.16). This introduces two terms, the first Aul KM~ 'KAu
is a dissipation term, while the second %(unﬂ + u,)TKM~'KAu can be
written in increment form and moved to the left side of the equation. The
result of these operations is the following energy relation for free response of
a linear system without damping as calculated by the Newmark algorithm:

n+1
LalMu + Ju? (K + (8- 19)h?KM 'K u]
n

(9.19)
=~ (7= HAUT (K + (8- }9)h?KM'K) Au.

From this relation it is seen that the algorithm replaces the original stiffness
matrix K by an equivalent stiffness matrix given by

Keq = K + (8- 37 KM ™ 'K. (9.20)

This equivalent stiffness appears in the definition of the equivalent energy
inside the brackets on the left side as well as in the quadratic term on the
right side.

For the algorithm to be stable the equivalent energy inside the brackets
on the left side must be positive definite and the right side must be zero or
provide positive dissipation. It is seen immediately that these conditions are
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satisfied and full correspondence with the continuous energy equation (9.14)
obtained for the parameter values ~ :% and = %. In general stability re-
quires the right side to be zero or negative, implying that v> % Taking v > %
introduces so-called algorithmic damping into the time integration. Stability
also requires that the equivalent stiffness matrix K¢y is non-negative defi-
nite. The stiffness matrix K itself is assumed to be positive definite, and
for g > %'y a positive definite equivalent stiffness is guaranteed, irrespec-
tive of the magnitude of the time increment A. This is called unconditional
stability, and the corresponding conditions are

y>3% and B> i (9.21)

These conditions are illustrated in Fig. 9.2.

Stable

- Stabl
« 075 complex able

Unstable

B+ 1/(wh)

Unstable

0 0.5 1 1.5
Y

Fig. 9.2. Stability diagram for the Newmark algorithm.

The condition (9.21b) on the parameter § can be relaxed, provided the
time increment h is bounded by a limit Apax to be calculated from the
condition that K¢, is non-negative definite. The time limit Apnax depends
on the behavior of the structure described by the stiffness matrix K and mass
matrix M. For linear structures the response is conveniently represented in
terms of the mode shapes uy,...,u,, in the form

u(t) = > uj(t)u;. (9.22)
j=1

The full theory of modal analysis can be found in standard texts on struc-
tural dynamics, e.g. Hughes (1987) and Géradin and Rixen (1997), and only
a brief summary of the basic facts is included here. In the representation
(9.22) the modal coordinates u;(t) describe the time dependence of com-
ponents corresponding to the mode shapes u;. The mode shapes are free
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vibration solutions of the form
u(t) = uje™it (9.23)

where i is the imaginary unit, w; is the angular frequency of the modal
vibration, and the result is interpreted as the real part of the equation.
Substitution of this representation into the undamped equation of free vi-
brations gives the generalized eigenvalue problem

(K - w'M)u; = 0. (9.24)

The mode shapes satisfy orthogonality conditions with respect to both the
mass matrix M and the stiffness matrix K. These orthogonality relations
are conveniently normalized to the form

u;fFM up = i, u;fFK u, = w]? Sk (9.25)

These orthogonality relations imply that each mode can be treated sepa-
rately, and substitution of the modal representation (9.22) into the energy
equation (9.19) gives the following energy equation for mode j:

(42 + 5(1+ 6 Inhp)ere ] -
(9.26)
— (=5 (1 + (B I wh)?)w? (Au)?,

It is seen from this equation that the modal stiffness is changed from its

proper value wjz to an equivalent modal stiffness [1 + (B — %'y)(wjh)z}w? on
both sides of the equation. This equivalent modal stiffness must be positive
for all modes. The condition of positive modal stiffness is conveniently

expressed in the form
B = B+ (wih)™? > 37 (9.27)

For a given value of § this condition determines an upper limit on A and
the smallest of these is the limit hpay for conditional stability. Conversely,
for a given time increment size h the condition determines a lower limit
on 3. The limits for conditional stability are included in the diagram in
Fig. 9.2 simply by replacing 3 with (.. The case 8 = 0 is of particular
interest because the algorithm can then be arranged in explicit form if the
mass matrix M is diagonal, or can be represented as a diagonal matrix.
This leads to a conditionally stable algorithm. If no algorithmic damping
is imposed v = %,
(9.27) as h < hmax = 2/wmax- It can be observed from the modal energy

and the upper time increment limit is determined from

equation (9.26) that in this case the equivalent energy is conserved, but for
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h close to the stability limit hyax the change in equivalent stiffness leads to
fairly large oscillations in the mechanical energy (Krenk, 2006).

9.1.2 Numerical accuracy and damping

The accuracy of an algorithm like the Newmark algorithm is usually deter-
mined for linear systems by a spectral analysis. The spectral analysis traces
the state-space variables u,u through a discrete time step and determines
the amplification and phase angle increment. Detailed spectral analyses of
the linear Newmark algorithm have been given e.g. by Hughes (1987) and
Géradin and Rixen (1997). In the present context a concise summary of the
spectral properties of the free vibration response of an undamped system
is sufficient. The first step is to arrange the state-space equations (9.16) in
the form of a recurrence relation. When the first equation is multiplied by
%h and added to the second, the result for an undamped system without

external load is
~vhK M| |u B —(1—=7v)hK M u (9.28)
M+8h2K 0 | |u n+1_ M+ (B—-5h’K WM | |a] =~

These equations are now applied to a single mode with modal coordinates

[u(t),u(t)], where the subscript j is left out for convenience. When the
corresponding natural frequency is w, the time increment is characterized
by the non-dimensional frequency 2 = wh. The equations (9.28) for this
particular mode reduce to

2 1 U B U
e o) [, - i o

The spectral properties of the algorithm follow from analyzing the modal
response characterized by an amplification factor A. This means that the
modal response is assumed to be of the form

] el o
n+1 n

The algorithm is then characterized by the — generally complex — amplifica-
tion factor X\. The magnitude |\|, called the spectral radius, determines the

—(1-7 1
1- (3-890 1

amplification in a single time increment, while the argument of A determines
the development of the phase angle, and thereby the period of the response.

The amplification factor A is determined by substituting the representa-
tion (9.30) into the recurrence equations (9.29). This gives the generalized
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eigenvalue problem

—(1-y 1 \ 7?21 u |
1-(G=-p92 1| 7| 14892 0 hi|

The eigenvalue A is determined by the characteristic equation. After division
by €2 the characteristic equation is

BN~ [28 - (y+ DA+ [B—(-D] =0, (9.32)

where (3, was introduced in (9.27). The two roots A; and Ay of this equation
characterize the algorithm.

In the low frequency limit \; = Ao = 1. With increasing frequency the
roots form a complex conjugate pair. The condition of a complex conjugate
pair follows from the discriminant of (9.32) in the form

B = B+072 > Ly 12 (9.33)

0
0

] . (9.31)

This condition is shown by a dashed curve in Fig. 9.2. It is seen that roots
in the form of a complex conjugate pair can be guaranteed for any set of
parameters v and [ if the non-dimensional frequency {2 is taken to be suf-
ficiently small. In structural dynamics high frequencies are often present
due to the modeling procedure, and there is a particular interest in algo-
rithms that do not impose restrictions on €2. If complex conjugate roots are
required for all frequencies the parameters must satisfy the inequality

5= Lo+ b2, (930

where the equality will produce a real double root in the limit of infinite
frequency.

The complex conjugate roots can be expressed as A2 = |\|exp(tiyp),
where |A| is the spectral radius and ¢ is the phase angle. The spectral radius
and phase angle are most easily extracted by expressing the characteristic
equation in the normalized form

M — 2cosp|Ai2| A + [Aof* = 0. (9.35)

The spectral radius then follows immediately from normalizing the constant
term in (9.32):

Al = (1—?)1/2 — 1 -

Thus, stability requires v > %, and unconditional stability with complex

conjugate roots imposes the additional condition (9.34) on §.

(v — HQ*(1+0(2%). (9.36)

D=
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In some applications it is advantageous to use a numerical integration al-
gorithm that retains the full response below a certain cut-off frequency, but
introduces numerical damping at higher frequencies. There are two common
causes for this. Often the discretized model may contain an erroneous rep-
resentation of the underlying physical system in the high-frequency domain,
and it may therefore be desirable to have damping of the high-frequency
components to prevent them from retaining or even building up their part
of the system energy, thereby adding noise to the solution and possibly cre-
ating convergence problems in the iterative solution of non-linear problems.
A second class of problems are those with very high-frequency components
— e.g. in the modeling of mechanisms, where rigid links may be associ-
ated with infinite frequencies. These high-frequency components are mis-
represented by discretized collocation-type time integration algorithms, and
numerical damping can be used to remove spurious high-frequency oscilla-
tions, see e.g. Cardona and Géradin (1989). In contrast, energy-conserving
algorithms of the type developed subsequently can typically accommodate
constraints without the need for special algorithmic damping measures.

In linear vibrations the attenuation produced by damping is characterized
by the damping ratio {, and the attenuation over a small time step h is
e ~ 1 —(Q. Tt follows from comparison with the expression (9.36) that
for low frequencies the damping imposed by the Newmark algorithm can
be characterized by the damping ratio ¢ ~ %(’7 - %)Q This means that
if damping is introduced by selecting v > %, the low-frequency regime will
experience an algorithmic damping ratio that is proportional to wh.

For an ideal algorithm the phase angle ¢ would be equal to 2. However,
discretization prevents this, and in fact for algorithms of Newmark type the
phase angle is mapped on the interval [0, 7[. The phase angle follows by
normalizing the characteristic equation (9.32) to the form (9.35),

1- %(74_%)/6* '
(1—(v—3)/8)"?

A low-frequency expansion of the phase angle is found by substitution of a

cosp = (9.37)

series representation of ¢ into (9.37) and expanding both sides in powers of
Q. The result is

¥

g =1+ [E-8+30-002-0-)2% (939
This result can also be stated as an expression for the relative period error

AT Q

=, =Bk -i0-0G -]t (939)
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For the undamped algorithm, v = %, the optimal phase behavior is obtained
for g = % However, unconditional stability requires 3 > %. It is concluded
that for parameters in this neighborhood the value of 3 should be chosen as
small as possible, while satisfying the conjugate root condition (9.34).

From these considerations it follows that the parameters of the Newmark
algorithm with unconditional stability and complex conjugate roots can be
expressed in terms of a parameter « as

N = %—i—Oé’ B = %(1‘1‘04)2- (9.40)

The parameter o > 0 serves to introduce algorithmic damping, characterized
by the spectral radius. The low-frequency spectral radius follows from (9.36)

Al = 1 — 3a0?[1+0(Q)], (9.41)
corresponding to the algorithmic damping ratio
¢ = a2 [1+0(0%)]. (9.42)
For finite frequencies the eigenvalues A1 and Ao form a complex conjugate
pair, meeting in the double root A\; 2 = —A for infinite frequency, with
11—« 1— Ao
ey = = . 9.43
* 14+a’ @ 14+ Ao ( )
The low-frequency period error follows from (9.39) as
AT
- = L1+ 3a2) Q% (9.44)

It is seen that increasing « leads to increased period error, but the effect is
modest for the fairly small values of a needed in practice.

=

[e)

>
A

(a) (b)

Fig. 9.3. Newmark algorithm with Ao, = 0.6. (a) Locus of the amplification fac-
tor A, (b) spectral radius |A| as a function of wh.
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The complex locus of the amplification factor A is illustrated in Fig. 9.3(a).
In the case of @ = 0 the two roots trace the upper and lower half of the
unit circle, respectively, and the error consists only of period distortion.
For o > 0 the spectral radius |\| decreases with increasing frequency, with
minimum value A\, approached at infinite frequency. The development of
the spectral radius with frequency is illustrated in Fig. 9.3(b).

Many problems of dynamics are formulated by models where e.g. the need
for geometric detail leads to many high-frequency vibration modes that are
not accurately determined by the discrete model. It is therefore desirable
to introduce artificial energy dissipation with filter characteristics such that
only the high-frequency modes are damped. This kind of damping has been
introduced in the Newmark algorithm in the form of various averages of the
individual terms in the equation of motion by Hilber et al. (1977), Wood et
al. (1981), Chung and Hulbert (1993), and recently a general procedure con-
taining these as special cases was developed by Krenk and Hggsberg (2005).
These procedures are known as a-modifications of the Newmark procedure,
because of the a-parameters used to form the averages. A detailed analysis
of energy conservation and dissipation in linear Newmark-type algorithms
and their a-modifications is given in Krenk (2006).

9.2 Non-linear Newmark algorithm

In non-linear structural mechanics problems the non-linearity is often asso-
ciated with the displacement, e.g. via a non-linear strain or non-linear ma-
terial behavior. It is therefore convenient to rearrange the solution method
in such a way that the prediction concerns the velocity 1 and the accelera-
tion 1, while the displacement u is solved for in the iterative solution of the
equation of motion.

In the Newmark method, the equation of motion is satisfied at the time
increments ...,t,,t,4+1. Thus, the solution at t,4; is obtained from the
equation of motion

M, 11 + g(Unt1, Upy1) = g (9.45)

together with the Newmark representation formulae (9.8). The solution is
obtained by Newton iterations on the residual

r = fn+l — Mﬁn+1 — g(un+1,1'1n+1). (946)

The idea of Newton iterations is to consider a linearized increment r to
the current value of the residual r. The non-linear equation for the residual
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ALGORITHM 9.2. Non-linear Newmark algorithm.

(1) Initial conditions ug, 1
i, = M (fy — g(up,a))

(2) Prediction step:

l"171-‘,-1 = un
1-»ln-‘,-l = u, + hun
Upt1 = Uy + ha, + %h2 Uy,

(3) Residual calculation:
r = fn+1 - Mij-n+1 - g(un+17un+1)
(4)  System matrices and increment correction:

K = 9g/0u, C = 0g/ou

vh 1
K, = K —C — M
TS B
bu = K;'r
Up41 = Upg1 + du
h
1':ln-‘,-l = l'ln-‘,-l + glh25u
Upy1 = Upyr + W(SU

If r> e, or du > gy, return to (3) for new iteration

(5) Return to (2) for new time step or stop

increment then is

r+dér+---=0, (9.47)

where the dots indicate non-linear contributions to the increment.

In the present case the residual r depends on u, u and 1. Assume that an
estimate of these vectors is available. Corrections du, du and du are then
determined by using the linearized system of equations

or or _. or _.
r + <a—u§u + og0u+ %M) + - =0. (9.48)

These equations are supplemented with the incremental form of the New-
mark representation formulae (9.8), taking the form

du = yhdu, Su = fh? i (9.49)
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These linear equations enable the elimination of the increments du and du
from the linearized residual equation (9.48). By elimination the linear term
becomes

_ (@ yh Or 1 3r) (9.50)

ou " Br2on T AR ow

The partial derivatives of the residual vector are expressed in terms of the
mass matrix and the tangent stiffness and damping matrices, defined as

K = 0g/0u, C = 9g/ou. (9.51)

The total derivative of the residual vector with respect to the displacement
vector u defines the modified tangent stiffness matrix

dr 0 1
K,=-—=K+—C+ —M. 9.52
* = T T ERC T anz (9-52)
When formulated in terms of the displacement increments du, the residual
equation (9.48) takes the more familiar form

K.du = r, (9.53)

where K, is the modified tangent stiffness matrix (9.52). The non-linear
Newmark algorithm is shown as pseudo-code in Algorithm 9.2. The system
matrices K and C representing the non-linear properties are now moved
inside the iteration loop.

ExXAMPLE 9.1. THE ELASTIC PENDULUM. The pendulum shown in Fig. 9.4
consists of a concentrated mass m suspended in a hinged elastic bar with neg-
ligible mass and stiffness KA and length [y in the unloaded state.

J T m

Fig. 9.4. Elastic pendulum with concentrated mass.
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Gravitation gives the force mg in the downward z-direction. The position
of the mass is described by the coordinates (x,y) and the velocity is (&, 9).
The kinetic and potential energy are

T = Im(i* + °), U= 3ilgEA* — mgux,

where € is the strain in the bar, corresponding to the force N = FAe. In
this example the Green strain eg = (12 — [3)/212 is used, while engineering
strain is the subject of Exercises 9.3 and 9.4.
The equations of motion follow from the time derivatives of the total
energy,
d

L OUL U,
%(T+U):(mx—I—%)x%—(my—l—a—y)y—O.

The terms in parentheses define the components of the equations of motion.
Thus, the pendulum is described by the mass matrix, the internal and the
external forces

S IR A B KL

The tangent stiffness matrix K = 0dg/0x consists of a geometric and a
constitutive component

N|1 o0 EA [ 2?2 xy
K= — —— .
ZO[O 1]+ l% [yx y2]

These system properties are now used in the Newmark algorithm.

15 15
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Fig. 9.5. Newmark integration of pendulum vibrations with & = 0.03. (a) Coordi-
nates x(t) and y(t), (b) length I/ly and angle 2¢/7.

In the present example m =1, [p = 1, ¢ = 10 and FA = 3000. The time
scales of the problem are the period pendulum vibrations 7}, = 27/w, =
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21 /+/g/lo = 1.987 and the vibration period of the bar T, = 27/w, =
2n/\/EA/mly = 0.1147. The ratio of these time scales is T},/T}, = 17.3,
and thus the oscillations of the bar are rapid relative to the swinging pen-
dulum motion. The integration time increment h = 0.03 is chosen to enable
visualization of the rapid oscillations without attempting an accurate rep-
resentation of these. In the initial state the pendulum is horizontal with
10 pct. elongation, (xo,y0) = (0,1.1lp). The coordinates z(t) and y(t)
are integrated with the non-linear Newmark Algorithm 9.2 with v = % and
8= i and shown in Fig. 9.5(a), while the alternative representation of the
motion in terms of length [(¢) and angle (¢) is shown in Fig. 9.5(b). Both
figures clearly illustrate the slow pendulum motion superposed by the rapid
oscillations of the elastic bar.

2.5

E/mgly

0.5

Fig. 9.6. Energy development in Newmark integration of pendulum vibrations for
h=0.03 with vy =%, g =1

The development of the total energy F = U + T with time is shown in
Fig 9.6. It is seen that in contrast to the theory for the continuous problem
and the linear algorithm, that both predict energy conservation, the total
energy of the numerically integrated solution fluctuates by about +10 pct.
of the energy level. The figures reveal that the fluctuations of the energy
follow the period of the oscillations in the bar and are in opposite phase to
the elongation. This behavior will be explained in the following section, in
which the energy-conserving algorithm is described.

A high-frequency damping scheme for the non-linear Newmark method
has been developed by Kuhl and Crisfield (1999), inspired by the generalized
alpha methods developed for linear systems. However, numerical results
and an analysis of the algorithm by Erlicher et al. (2002) indicate that
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algorithmic damping may lead to undesirable energy fluctuations similar to
those illustrated in the example.

9.3 Energy-conserving integration

The Newmark method is based on collocation of the equation of motion at
selected points in time. It was demonstrated in Section 9.1.1 that in the
linear case energy is only conserved for the particular choice of parameters
8 = %7 = i and Example 9.1 demonstrated that even for this set of pa-
rameters energy is not conserved for non-linear systems. It is desirable that
time integration algorithms conserve basic quantities like momentum and
energy, or dissipate energy in a controlled manner. In order to derive algo-
rithms with conservation properties the idea of collocation at selected times
must be replaced with algorithms that are based on the development of the
system properties over a time step, e.g. from ¢, to t,41. Time integration
methods with conservation properties have been the subject of intensive re-
search since the papers of Simo and Wong (1991) on finite rotations and
Simo and Tarnow (1992) on finite elastic deformation.

The basic principles of conservation methods will here be illustrated by
considering systems with non-linear kinematics described in terms of non-
linear strain. The mass and damping matrices are assumed to be constant,
giving the equation of motion in the form

Mii(t) + Cua(t) + VuG(u) = £(1). (9.54)

M and C are the mass and damping matrices as before, while the internal
forces g(u) = V,G(u) are the displacement derivatives of a potential func-
tion G(u). With this definition of the internal forces, multiplication by the
velocity 17 leads to the non-linear energy balance equation

d ) ) . . )

ﬁ(%uTMu + G(u)) = ulf — u’Ccu. (9.55)
This result follows from the observation that the time derivative is obtained
from the ‘chain rule’ as

d

—Gu) = ! V,G(u). (9.56)
As demonstrated in the following, the key to energy conservation is to de-
velop an algorithm that contains the equivalent relation for a finite time

interval and thereby a finite displacement increment Au.
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9.3.1 State-space formulation

It is often advantageous to recast the second-order differential equations
of dynamics into an augmented set of first-order differential equations by
introduction of a new independent variable representing the velocity. The
simplest form is the introduction of a new vector v .= u. This is changed
to a momentum relation by multiplication with the mass matrix M. The
augmented system then takes the symmetric form

c M][u [
e ML [T [0)

0
The purpose of a single-step time integration is to advance the state-space

VuG(u)
—Mv

variables u and v from time ¢,, to t,41. Therefore, the equations are inte-
grated over the time interval [t,,t,11] as

C M |[Au . [fVuG(u)dt] B [ff(t)dt]

(9.58)
M 0 Av M [vdt 0

The time integral of the external force is represented as the interval length h
times the algebraic mean of the end-point values f, and the velocity integral
is similarly represented as hv. The potential term VLG (u) is generally non-
linear in u, and the integral is first expressed in terms of a representative
value in the form

n+1
/ VuG(u) dt ~ hV4G,. (9.59)

The representative ‘mean’ value VG, is determined later from an energy
conservation condition. In terms of this notation the discretized equations
of motion take the form
hf
= [ ] . (9.60)

Au

C M
Av 0

M 0 —-hMv

[ hV,G.

It is observed that the damping term is here represented as CAu instead of
Chv as in collocation methods.

The energy relation for the discrete algorithm corresponding to (9.55) fol-
lows from the difference form (9.60) by pre-multiplication with [Au’, —AvT]:

C M
M o0

Au

[AuT, —AvT] (
Av

h V.G,
—hMv

) = hAulf. (9.61)

The contributions from the off-diagonal sub-matrices of the first matrix can-
cel, while the diagonal term represents the dissipation by damping. The
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v-contributions from the second matrix are rewritten by use of the relation
+1
(Vg—i—l - V;];)M(VTL+1 +Vn) = [VTMV]Z . (9.62)

After division by h the energy equation then takes the form
n _1
[%vTMv]nJrl + Au'V,G, = Au'f — EAuTC Au. (9.63)

This equation will give the correct energy balance equation if the representa-
tive value of the internal force VEG* is chosen such that the corresponding
term in (9.63) represents the increment of the energy potential G(u),

[G) "™ = AuTV,G.. (9.64)

This is recognized as a finite increment form of the differentiation formula
(9.56). The general question of finite increment formulation of non-linear
internal forces has been discussed by e.g. Simo and Tarnow (1992) and
Gonzalez (2000). The main points will be illustrated in the following with
reference to a linear elastic material with non-linear kinematics described
by the Green strain following Krenk (2007a). More general material models
are discussed in Section 9.5.

9.3.2 Non-linear kinematics for Green strain

The material is now assumed to be linear elastic in terms of the Green strain
tensor E and the second Piola—Kirchhoff stress tensor S. This implies the
linear relation

S = CE, (9.65)

where C is the constant stiffness tensor. In the following, no specific distinc-
tion will be made between the formulation in terms of tensor components
and the equivalent reduced formulation in terms of vector-matrix compo-
nents, where stresses and strains are one-dimensional arrays. The transpose
symbol is therefore introduced, when needed in the vector-matrix formal-
ism. The Green strain formulation makes use of an initial configuration
X with the initial volume element dVy. The elastic potential of a model
consisting of linear elastic elements with Green strain E is given by

G(u) :/ IETCE dVp, (9.66)
Vo

where dV}y denotes integration with respect to initial volume. The transpose
is introduced to make the formulation valid also in matrix notation. The
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internal force in a displacement state u follows from the elastic potential
(9.66) by differentiation:

g(u) = V,G(u) = | VE! S ag, (9.67)
Vo
where strain derivatives and stress are evaluated corresponding to the dis-
placement state u.

A key role in conservative integration is played by the increment of the
elastic potential. It follows from an argument similar to (9.62) that the
increment of the elastic potential (9.66) can be expressed in the factored
form

[Gw) "™ = | AETCEdv, = | AE'S av,. (9.68)
Vo Vo
This is the form used by Simo and Tarnow (1992). In the present formulation
the integral is factored in the form (9.64) to identify the representative
‘mean’ value g, = VG, to be used in the algorithm. While this in principle
can be done for any definition of the strain measure, the result takes a
particularly simple and convenient form for the Green strain.

Special properties of Green strain

The Green strain tensor is obtained from a product of the deformation
gradient tensor as discussed in Chapters 6 and 7,

E = }(F'F - I). (9.69)

It follows from this definition that the Green strain tensor E is a quadratic
function of the displacement vector u. Quadratic functions have the prop-
erty that their increment can be factored as the product of a difference and
a mean value. Furthermore, the term in the mean value is the partial deriva-
tive vector of the quadratic form. In the case of the Green strain this implies
that

AET = Au?(V,ET). (9.70)

It is important to notice that the mean value applies to the derivatives of
the Green strain E, i.e. to a linear function of u. While a factored form
with the factor éu’ can in principle be obtained for any strain, the prop-
erty of the second factor as a mean value of the gradient at the end-points
is a consequence of the quadratic form of the Green strain, and therefore
particular to this strain measure.
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When the factored form (9.70) is substituted, the elastic potential incre-
ment (9.68) takes the form

[Gu) "™ = Au” : (VLET) S dVj. (9.71)

Comparison with (9.64) identifies the representative internal force as
g. = VoG = / (VLET) S dVp. (9.72)
Vo

Thus, the representative mean of the internal force is the product of the
arithmetic mean of the strain derivatives, and the arithmetic mean of the
stress tensor at the ends of the current time step.

The integrand can also be interpreted as the product of the derivatives of
the strain V,E” (1) evaluated at the mean configuration described by the
mean displacement @ with the mean stress S. This interpretation follows
from the fact that as the strain is quadratic in u, the strain derivatives are
linear, whereby

VWET = L[ VLE (u,11) + VuE' (u,) ] = VLET (). (9.73)

Substitution of this expression into (9.72) gives the following integral:
g. = VuG(u) = / V.ET(0) S dvp, (9.74)
Vo

where the strain derivatives refer to the mean state.

Geometric and constitutive stiffness matrices

It is advantageous to reformulate the integral in (9.72) in such a way that
the representative internal force g, is expressed by the internal forces at
the end-points of the time step plus any additional terms. The integrand
consists of the product

V.ET S = %[VUEZH + VHEE] [sn+1 + sn] (9.75)

The products of the individual terms can be grouped to form products of
corresponding end-point values and a remainder term:

V.ET S = %[(VuEZJrl)Sn-H + (VuEZ)Sn}
(9.76)
~1 [VuEg+1 - VHEH [snﬂ - sn]
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The first term is the arithmetic mean of the end-point values and the second
term is a product of increments,

V.ET S = (V,ET)S — 1A(V,ET) AS. (9.77)

The last term can be reformulated by use of the fact that the strain deriva-
tives V4ET are linear functions of the displacement vector u. This implies
that the second derivatives of the strain V,VLET are independent of u.
The strain derivative increment in the last term can therefore be expressed
in factored form in terms of the displacement increment Au as

A(V4ET) = (VL VIET) Au (9.78)

This expression is to be interpreted on a strain component basis, i.e. as an
equation of each component in the strain tensor E.

Substitution of (9.75) and (9.78) into (9.72) gives the following expression
for the representative internal force:

g« — %[gnJrl + gn] - i[/\/ (VuVZET)AS dVb:| Au. (9'79)
0

This establishes the representative internal force g, as the mean value of
the internal forces at the end-points of the time step, minus an integral
accounting for the effect of non-linearity.

The integral term is closely related to the geometric stiffness matrix of the
structure. The internal force g(u) corresponding to the state of displace-
ment is given by (9.67). The infinitesimal increment of the internal force
corresponding to an infinitesimal change of the displacement du follows by
differentiation. The integral is over the initial volume, which remains con-
stant under differentiation, and the increment dg is therefore obtained as the
sum of the contributions from the increments of the strain and the stress,
respectively:

dg(w) = | /V (VuVIET) S dVy+ /V (VL EDC(VLET)T dv, | du. (9.80)

This is a matrix relation for the infinitesimal internal force increment in the
form

dg(u) = [K?+K°] du, (9.81)
where

K9 = / (V.VIET) S av; (9.82)
Vo
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is the geometric tangent stiffness matrix and
K¢ = / (VLEDC(VENT av; (9.83)
Vo

is the constitutive tangent stiffness matrix. These matrices are typically
available in a standard finite element implementation.

It is seen that the integral term in the representative internal force g,
can be expressed directly in terms of the finite increment of the geometric
stiffness matrix over the interval of integration,

AKY = KY | - K¢ = /V (VuVEIET) AS avj. (9.84)
0

When this expression is introduced into (9.72), the following matrix expres-

sion is obtained for the representative internal force:

g = 5[8n+1+8n] — FAKI Au (9.85)

This form of the representative internal force demonstrates that it consists
of a direct arithmetic average plus a term containing the increment of the
geometric stiffness matrix and the displacement increment. The additive
format presents two advantages: the increment of the geometric stiffness
is usually directly available, without implementation of special procedures
on the element level, and the presence of the factor Au allocates a special
position of the term in the integration algorithm together with the damping
term, thereby providing a physical interpretation of this algorithmic term.

9.3.3 Energy-conserving algorithm

The representative internal force can now be substituted into the state-space
form (9.60) of the algorithm. In this substitution the incremental term is
moved to the first matrix,

Au
Av

C - jhAKI M

M 0 2

h[ g(u,y1) + g(uy) ] _ [hf

— . (9.86)
—Mvy1 —Mv, 0

This formula gives an energy-conserving discretized form of the equations
of motion. It has the form of a simple mean value based algorithm with
the exception of a single extra term containing the incremental geometric
stiffness matrix AKY. This term appears in the same position as the viscous
damping matrix C. Thus, it is seen that the use of a simple mean value based
integration algorithm, in which the incremental geometric stiffness term is
omitted, corresponds to introduction of an algorithmic viscous damping of
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magnitude %hAKg. Typically the sign of the stress increments will change
during a response analysis, and thus the geometric non-linearity will result
in periods with negative damping if the incremental geometric stiffness term
is omitted.

Reduction to displacement format

The full state-space format was introduced to identify the structure of the
algorithm and to provide a clear interpretation of the additional term re-
quired for energy conservation. In the actual computation it is advantageous
to eliminate the explicit dependence on the velocity components v, ;1 in the
matrix equations. The second equation in (9.86) is just the central difference
form of the displacement velocity relation,

Au = Lh(vii1 + V). (9.87)

This equation is used to express the velocity increment,

2
Av = EAu —2v,,. (9.88)

When this is introduced into the first of the equations (9.86), the following
equation is obtained for the displacement increment:

42
[ SM+ -

1 4
h2 hC - §AKg Au + g(un+1) = fh1 + | — g(un) + EMVH] .

(9.89)
Thus, advancing the solution one time step involves iterative solution of the
discretized equation of motion (9.89) for Au, followed by evaluation of the
velocity increment Av by use of (9.88).

The iteration process

The residual is chosen as the difference between the right- and the left-hand
sides of (9.89),

4 2
7M_|_,

1 4
—AK? |Au + My,
MO R

(9.90)
Iteration by the Newton-Raphson procedure essentially amounts to calcu-

r = fop+f - g(un+1)+g(un)} ; [

lating the value of the residual r, and if this is not sufficiently close to zero,
a linearized increment Jr is calculated in order to make the residual vanish,
ie.

r + ér = 0. (9.91)
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When obtaining the linearized increment dr it is advantageous to recombine
the internal forces and the incremental geometric stiffness matrix by use of
(9.85),

or = —6(2g.) — {%M#—%C}(Su. (9.92)

The first term can be evaluated from the definition (9.72) of the represen-
tative internal force g., whereby derivatives of the stiffness matrices are
avoided,

3(28) = [ A(VLET) S avy + /V (VET) 68 dVp, (9.93)
0 0

When the variations in the integrals are expressed in terms of du, the inte-
grals define a relation of the form

§(2gs) = (KI+KS) bu. (9.94)
with a geometric iteration matrix defined by
KJ = / (VL VIET) S avj (9.95)
Vo
and a constitutive iteration matrix defined by
K¢ = / (VLET)C (VEDT av. (9.96)
Vo

With these definitions equation (9.91) for the sub-increment Ju takes the
form

K.éu =r (9.97)
with the effective stiffness matrix
4 2
K., - K+ KI + | =M fc]. 9.98

The residual r was defined in (9.90). In essence the residual is the sum of the
unbalance of the equation of motion at times ¢, and t,41. The sum is here
chosen instead of the mean value to make the iteration matrices similar to
those of the corresponding quasi-static formulation. Use of the mean value
would have introduced the factor %

It follows from the definition (9.95) that the geometric iteration stiffness
matrix is symmetric and given by the mean value of the tangent geometric
stiffness matrix at the end-points of the current interval,

K = 1(K?,  +KY). (9.99)

The iteration constitutive stiffness matrix is in general non-symmetric, and
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ALGORITHM 9.3. Non-linear energy-conserving algorithm.

(1) Initial conditions ug, v
(2) Prediction step:
Au = hv,
(3) Residual calculation:
Up+1 = u, + Au
r =f,1+f, — (8ut1+8n) + (4/h)Mv,
—[(2/h)* M + (2/h)C — ;AKY| Au
(4) Displacement sub-increment:
K. = [K¢+K{+(2/h)?M + (2/h)C]|
bu=K'r

Au = Au+ du

If r>ep or Ju> e, repeat from (3)

(5) State vector update:
u,+1 = u, +Au
Vpt1 = (2/h)Au — v,

(6) Return to (2) for new time step, or stop

there is no exact expression in terms of the tangent constitutive stiffness
matrix. However, the non-symmetry is typically modest, and the iteration
matrix can be replaced by a linear combination of the tangent constitutive
stiffness matrix at the interval end-points. The asymptotic optimal combi-
nation has been given in Krenk (2007a), but numerical experience indicates
that a direct mean value like for the geometric stiffness works equally well,

K ~ 2(KS, +K;). (9.100)

If these mean value expressions are used for both iteration stiffness matrices
no additional programming is needed at the element level to implement the
energy-conserving time integration algorithm.

The implementation of the algorithm is illustrated as pseudo-code in Al-
gorithm 9.3. The energy conservation algorithm deals specifically with the
interval [t,,t,+1], and the equation of motion is therefore not matched at
specific points. This leads to a residual including the extra term AKYAu,
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and combines the equations of motion at t,, and t,41. The method is formu-
lated entirely in the state-space variables u and v, and thus the acceleration
is not evaluated explicitly in the algorithm. The absence of an explicit value
of the acceleration leads to the use of a simple predictor. If needed, the accel-
eration can be evaluated from the equation of motion at the corresponding
time or by a suitable interpolation formula.

EXAMPLE 9.2. THE ELASTIC PENDULUM — ENERGY CONSERVATION. In
this example the motion of the elastic pendulum introduced in Example 9.1
is integrated by the energy-conserving algorithm. The mass matrix M, the
internal force vector g and the external load vector f are as defined before.
However, the stiffness matrix now appears in two roles: as the incremental
geometric stiffness

AN [1 0]
g —

and as the stiffness matrix needed in the Newton iterations
10 EA[zz zy
01 B lyr gy |-

KJ+ K = N[
lo

These matrices are now used in the energy-conserving Algorithm 9.3.
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Fig. 9.7. Energy-conserving integration of pendulum vibrations with h = 0.03.
(a) Coordinates z(t) and y(t), (b) length {/ly and angle 2¢ /7.

The parameters of the elastic pendulum are chosen as in Example 9.1:
m=1,1p =1, g = 10 and EA = 3000 with the period of pendulum
vibrations T, = 1.987 and the vibration period of the bar 7T, = 0.1147. The
coordinates z(t) and y(t) obtained by the energy-conserving algorithm with
h = 0.03 are shown in Fig. 9.7(a), and the alternative representation of
the motion in terms of I(¢) and ¢(t) is shown in Fig. 9.7(b). The results
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are very similar to those obtained by the non-linear Newmark method in
Example 9.1 and shown in Fig. 9.5. However, small differences lead to
differences in the energy, and in the present algorithm the total energy is
constant, E/mgly = 1.6357, corresponding to the elastic energy of the bar
due to the initial elongation.
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Fig. 9.8. Energy-conserving integration of pendulum vibrations with » = 0.1.

(a) Coordinates x(t) and y(t), (b) length I/ly and angle 2¢/.

The constant energy of Algorithm 9.3 is important because it leads to
more accurate results when integrated with an intermediate time increment
like h = 0.03, but also because it permits the use of a considerably larger
time increment. If the high-frequency oscillation is considered as an ex-
ample of a high-frequency disturbance, which is not a part of the response
to be identified, it is desirable to be able to use a fairly large time step,
that permits accurate representation of the low-frequency response, while
accepting that the high-frequency response will be misrepresented due to
under-sampling. This is illustrated in Fig. 9.8, showing the results of an in-
tegration by the energy-conserving algorithm with time increment h = 0.1.
This time increment is close to the period T, = 0.1147 of the bar vibrations,
and the time history of the length of the bar [(¢) looks erratic due to the
crude sampling. However, it is important that the low-frequency pendulum
vibration is still accurately represented with approximately 20 points per
period, and the energy of the system is constant with its value defined by
the initial conditions as before.

In the non-linear Newmark algorithm the energy fluctuations increase with
increasing length of the time increment A, and numerical experiments indi-
cate that in the present example the non-linear Newmark algorithm becomes
unstable for A 2 0.57,. This demonstrates the importance of using the
energy-conserving form (9.79) for correct evaluation of the internal forces,
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conveniently implemented as an additional term containing the incremental
geometric stiffness matrix AKY, as shown in Algorithm 9.3.

ExAMPLE 9.3. FREE MOTION OF A SOLID FRAME. This example is
concerned with the free motion of a solid frame, illustrated in Fig. 9.9. The
frame is quadratic, consisting of four identical sides with interior length
L = 1.0m and square cross-section with dimension b = 0.1 m. The frame
is linear elastic in the Green strains with modulus of elasticity E = 10° Pa
and Poisson ratio v = 0.3. The mass density is p = 103kg/m?, giving the
frame a total mass of m = 44 kg.

Fig. 9.9. Motion of quadratic frame with solid elements.

The frame is modeled by 16 8-node elements, giving a total of 64 nodes
and 192 DOF. In small amplitude vibrations this corresponds to 6 modes
of free motion plus 186 vibration modes. The angular frequency range is
Orad/s < w; < 1530rad/s. The vibration modes of most structural models
consist of low-frequency modes describing overall deformation of the struc-
ture, plus high-frequency modes representing local vibrations on the element
level. Typically, the high-frequency modes do not represent the dynamic vi-
bration of the continuous body well, and it is of interest to perform the time
integration with a time step that reflects interest in the lower modes.

The modes 7, 9 and 30, representative of the frame-like behavior, are
shown in Fig. 9.10. These three modes correspond to warping, in-plane
bending and out-of-plane bending, respectively. The modes 70, 120 and 170,
representative of element-level vibrations, are shown in Fig. 9.11. Broadly
speaking, the frame behavior is described by the modes with natural angular
frequency w; < 200rad/s.
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wr = 5rad/s wg = 18rad/s wgo = 126 rad/s

(@) (b) (©

Fig. 9.10. Low-frequency ‘frame-like’ modes.

wro = 692rad/s wige = 981 rad/s wiro = 1451 rad/s

(a) (b) ()

Fig. 9.11. High-frequency ‘local vibration’ modes.

The frame is moving in a homogeneous gravitational field with accelera-
tion ¢ = 10m/s2. The initial conditions specify the velocity of the center
of mass vo = [10,0,0]m/s and a rigid body rotation around the center of
mass with angular velocity wg = [0, 0, 5]rad/s. In addition, the frame has
a deformation in the lowest vibration mode shown in Fig. 9.10(a) corre-
sponding to warping out of the plane of the frame with angular frequency
wy = 4.52rad/s.
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(a) (b)

Fig. 9.12. Solid frame. (a) Linear momentum components P;, (b) angular momen-
tum components L;.

A time integration was performed by Algorithm 9.3 with time step h =
0.005s. This time step corresponds to about 3 points per period at the
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angular frequency 200rad/s representing the upper frequency limit of the
frame-like modes. The tolerances were set to e = 1073 N and £, = 1072 m.
The motion is shown at 20 step intervals in Fig. 9.9. The components of the
linear momentum F; and the angular momentum L; are shown in Fig. 9.12.
The components of the angular momentum are constant to within 12 digits,
and the linear momentum is described exactly within the 14 digits of the
computed format. The total energy is conserved to a relative accuracy of 14
digits.

9.4 Algorithmic energy dissipation

It is desirable that time integration algorithms used for structural dynam-
ics can introduce energy dissipation in high-frequency components of the
response that may occur in the system as a consequence of the discretiza-
tion of the problem. The Newmark algorithm permits introduction of this
so-called algorithmic damping by selecting o = fy—% >0and = %(1—1—04)2
as discussed in Section 9.1. However, it is seen from the energy balance
equation (9.19) that this way of introducing algorithmic damping also leads
to an undesirable reinterpretation of the energy. In view of the importance
of precise energy relations in kinematically non-linear problems it is of in-
terest to develop a method that introduces algorithmic damping into the
energy balance in the form of energy dissipation terms without influencing
the definition of the mechanical energy. The simplest way to do this is to
introduce damping terms of order O(h) directly into the state-space form
(9.60) of the energy-conserving algorithm. In this process it is important to
ensure that the damping terms are balanced to produce a complex amplifi-
cation factor for all frequencies (Armero and Romero, 2001b; Krenk, 2007a).
Therefore the procedure is first developed via a linear spectral analysis, and
then extended to non-linear systems in the following two subsections. A
high-frequency modification of the algorithmic damping has been developed
in Krenk (2008), but is currently not extended to non-linear problems.

9.4.1 Spectral analysis of linear systems

For a linear dynamic system the elastic energy is given in terms of the stiff-
ness matrix K as G = %uTKu. The state-space form of the integrated
equation of motion then follows directly from (9.60). In this equation al-
gorithmic damping terms of order O(h) are introduced in the diagonal of
the increment matrix. For a linear system without structural damping this
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leads to the equation of motion in the form

ahK M Au K o0 ha | hf 0.101
Tlo -Mm hv_o'(')

M  —ashM || Av
The extra diagonal terms are determined by the fact that only the sys-
tem matrices K and M are available, and the extra terms must be of or-

der O(h). The energy balance equation is obtained by pre-multiplication
with [Au”, —AvT] as
[%VTMV + %uTKu]nJrl =

n

_ (9.102)
Aulf — oy AuTK Au — as AvIM Av.

It is seen that both coefficients o1 and ao contribute an energy dissipation
term when they are positive. The optimal balance between these two terms
is now determined by a spectral analysis.

The spectral analysis is carried out by writing the homogeneous equations
in recurrence form,

(3+a1)hK M u | -G-a)hK M u
M —(+a)hM | |v n+1_ M (3—a2)hM | |v .

(9.103)
As explained in detail in the spectral analysis of the Newmark algorithm in
Section 9.1, these equations are now applied to a single mode with natural
frequency w and modal coordinates [u(t),v(t)]. The resulting equations are

expressed in terms of the non-dimensional frequency €2 = wh,

Graver 1 J[u] _[-Gmape 1 ][

1 —(%—1-042)
When considering the free response in terms of an amplification factor A as

shown in (9.30), this equation takes the form of the eigenvalue problem

—(E—a)? 1 w| |0
([ 5 @_M]_A )[m]—[o]-<9~105>

The eigenvalue A is determined by the characteristic equation
[1 + (%4—@1)(%4—@2)92])\2 — 2[1 — (% — oqozg)Qz]A
+ 1+ (3—a1)(3—a2)Q*] = 0.
This is a quadratic equation of the form

AN —2BX+C =0 (9.107)

(%—i—al)QQ 1
1 —(3+a)

(9.106)
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and the question of complex roots is therefore determined by the discrimi-
nant AC — B?. After some algebra it follows that the discriminant is

AC - B? = 0 — Ya1—a)? QL (9.108)

If the parameters oy and «ao are different, the sign of the discriminant will
change from positive to negative for some finite frequency. This is undesir-
able, as it would imply that the complex locus of the amplification factor
has a bifurcation point on the real axis, and branches along the real axis for
high frequencies. Although the algorithm would be stable, this would lead to
a non-monotonic damping frequency relation. Thus, the best properties of
the algorithm will be obtained by selecting the two parameters equal. It will
be convenient to express the parameters in terms of a common parameter
«, defined as

o= ay = o (9.109)
The characteristic equation (9.106) then takes the simplified form

[1+5(14a)2Q%]A2 — 2[1- (1 - a®)Q%]A
(9.110)
+[1+3(1-)?Q?] = 0.

It is easily verified that this quadratic equation is the same as (9.32) for the
Newmark method when the parameters v and (§ are expressed in terms of
a according to (9.40), see Exercise 9.7. Thus, the spectral properties of the
two algorithms are identical. This implies that « is given in terms of Ao, by
(9.43), and the low-frequency asymptotic behavior is given by (9.41), (9.42)
and (9.44). Also, the spectral behavior illustrated in Fig. 9.3 remains valid
for the present algorithm. In spite of identical spectral behavior of the two
algorithms the energy balance is different due to differences in the eigenvalue
problem defining the free vibration modes [u, hv] of the algorithms.

This algorithm can be modified to high-frequency dissipation by intro-
ducing auxiliary state variables, connected to the original state variables
by suitable filter equations (Krenk, 2008). The result is an algorithm with
frequency properties comparable to the generalized-a method, but without
the energy oscillations of the high-frequency components associated with
collocation methods.

9.4.2 Linear algorithm with energy dissipation

The algorithm with consistent energy dissipation can now be expressed for
linear systems including structural damping C as Algorithm 9.4. The state-
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ALGORITHM 9.4. Linear energy dissipating algorithm.

(1) System matrices K, C, M,

= ol 2o ()

(2) Initial conditions ug, v
(3) Displacement increment:

4
Au = K- [an £, — 2Ku, + —thn]
K

(4) State vector update:

Up+1 = U, +Au

2 2
Vatl = Vp + [EAu — ;vn

(5) Return to (3) for new time step, or stop

space form follows from (9.101) as

K o0 hﬁ_hf 0111
Tlo -m hv_o'(')

It is most efficient to solve these equations by eliminating the velocity incre-
ment Av from the first equation. The formulation takes on a particularly
compact form when introducing the dissipation parameter

C+iahK M
M —lahM

Au
Av

k=14+a. (9.112)

The second state-space equation then gives the forward velocity v,4+1 via
the simple vector relation

2
KAV = EAu —2v,. (9.113)

It is observed that the effect of the parameter « is to reduce the velocity
increment Av in the algorithm. In the Newmark algorithm this effect is
accomplished by a correction involving the acceleration, while here the effect
is obtained by a simple weighting.

The algorithm is most conveniently formulated in terms of the increments
Au and Av. Substitution of Av from (9.113) into the first of the state-space
equations (9.111a) and multiplication by 2/h gives the following equation
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for the displacement increment Au:

P 4 4
K+ —-C 7M}A — (f1 +1£,) — 2Ku, + —Myw,,.
n[ +— +(Kh)2 u = (f41+1,) u, + —Mv
(9.114)

In this equation the displacement is determined by the effective stiffness
matrix
K, = K[K+ic+im}. (9.115)
kh (kh)?
It is seen that the terms are scaled as if extending the time increment from
h to kh, whereby the dynamic terms get less weight.

9.4.3 Non-linear algorithm with energy dissipation

The introduction of algorithmic damping into the energy-conserving algo-
rithm of Section 9.3 consists in the introduction of two damping terms in
the state-space equations. The term —%OéhMAV in the second state-space
equation is linear and can be introduced directly. Thus, the second state-
space equation is the same as (9.111), and Av is expressed in terms of Au
by (9.113). The linear form of the damping term for the first state-space
equation is %ahKAu. This term is proportional to the increment of the in-
ternal force vector, and the non-linear equivalent is %ahg. When this term
is inserted into the first state-space equation (9.86a), the following form of
the equation of motion is obtained after division by %h:

2
ZIMAv + (C - 1hAK9)Au| +
h[ S ) } (9.116)

(I+a)gn+1 + (1—a)g, = 41 + £

In this equation the velocity increment Av is eliminated by use of (9.113),
and the damping is represented by the parameter x = 1 4+ « introduced in
(9.112), giving an equation in terms of the unknown displacement u,,11:

2 1
K M+—C—2—AK9 Au + kAg
K

4
(1h)? wh (9.117)

4
=f,+£f —2g, + —Mv,.
kh

For o« = 0 this equation reproduces the energy-conserving equation of motion
(9.86).
The residual of the non-linear equation of motion (9.117) is chosen as the
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ALGORITHM 9.5. Non-linear energy-dissipating algorithm.

(1) Initial conditions ug, vo
(2) Prediction step:
Au = hv,
(3) Residual calculation:
U1 = u, + Au
r="f,.1+f, — [an + HAg] + (4/kh)M v,
—n[ﬁM + %hc = iAKQ] Au

(4) Displacement sub-increment:

2
K, =k K¢+ KI 4+ — M
H[ ot “+/<ahc+(/$h)2 }
bu=K.'r
Au = Au+du

If r>ep or du> e, repeat from (3)

(5) State vector update:
U,+1 = u, +Au

2 2
Va4l = Vp + EAu - Evn

(6) Return to (2) for new time step, or stop

difference between the right- and left-hand sides,

r ="t +1f — [an—i-liAg]

A 5 (9.118)

1 4
K| — —C - — 9|A —Myv,,.
K [ (ﬁh)2M+ /@'hC 2/£AK } u + v

kh

The solution is found by iterations using the linearized increment dr of the
residual. When the linearized increment is written in the form r = —K,du,
the sub-increment du is determined from the equation

K.ju = r. (9.119)

The effective stiffness matrix K, is determined from the energy conservation
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result in Section 9.3.3,

2 4
K. = 5| K+ K4+ —C+ M|, 9.120
R KG+ KL+ — +(Kh)2 ( )
The structure of this formula is identical to (9.115) for the linear case, when
introducing the stiffness matrix via the constitutive and geometric stiffness
matrices, given by

kK¢ = K¢ + aK¢, rK? = KJ + aKY. (9.121)
In terms of the end-point values these relations are
rKg = (n—3)Kh 1 + K5, wKE = (k- 3)Kj, + 5K (9.122)

where the constitutive relation is an approximation as discussed in connec-
tion with (9.100).

The implementation of the non-linear energy-dissipating algorithm is il-
lustrated as pseudo-code in Algorithm 9.5. The only difference from the
non-linear energy-conserving Algorithm 9.3 is the occurrence of the param-
eter x in the residual, the iteration matrices, and the updating formula for
the velocity. The effect of algorithmic energy dissipation is illustrated in the
following example.

EXAMPLE 9.4. THE ELASTIC PENDULUM — ENERGY DISSIPATION. The mo-
tion of the elastic pendulum introduced in Examples 9.1 and 9.2 is integrated
by the energy-dissipating algorithm. The mass matrix M, the incremental
geometric stiffness matrix AKY, the internal force vector g and the external
load vector f are as defined before. The effective constitutive and geometric
stiffness matrices defined by (9.122) now take the form

N[1 0 EA[%z &y
KI + K¢ = — =l AR
o e 10[0 JJF 13 [3/93 yy]

with kN = N 4+ aN, and similarly for # and .

The coordinates z(t) and y(t) obtained by the energy-dissipating algo-
rithm with @ = 0.02 and h = 0.03 are shown in Fig. 9.13(a), and the
alternative representation of the motion in terms of [(t) and () is shown
in Fig. 9.13(b). It is seen that the algorithmic dissipation removes most of
the high-frequency oscillations, while retaining the low-frequency oscillation
only lightly damped.

Similar results are shown in Fig. 9.14 for the same value of the damping
parameter, a = 0.02, but the larger time increment h = 0.1. It is seen that
in this case the algorithmic damping is slightly less efficient in removing
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Fig. 9.13. Energy-dissipating integration of pendulum vibrations with o = 0.02 and
h =0.03. (a) Coordinates z(t) and y(t), (b) length I/ly and angle 2p /7.
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Fig. 9.14. Energy-dissipating integration of pendulum vibrations with o = 0.02 and
h =0.1. (a) Coordinates z(t) and y(t), (b) length I/ly and angle 2¢/7.

the high-frequency oscillations, while more damping is introduced into the
low-frequency oscillation.

The effect of algorithmic damping on the energy of the system is illus-
trated in Fig. 9.15, showing the energy development for both time incre-
ments h = 0.03 and A = 0.1. In the initial configuration the potential and
kinetic energies are zero, and the total energy is therefore determined by the
elastic energy, Ep/mgly = 1.6357. As the elastic energy in the pendulum
is dissipated, the energy decreases to around zero. However, some energy
is also dissipated from the pendulum oscillation, and the energy therefore
continues to decrease slightly below zero, but at a lower rate. The energy
curves illustrate higher efficiency of the algorithmic damping for A = 0.03,



9.5 Summary and outlook 331

Fig. 9.15. Energy development for « = 0.02: h =0.03, —; h = 0.1, ——.

as this curve decreases more rapidly in the beginning, and then levels off
closer to the zero energy level towards the end of the time interval.

9.5 Summary and outlook

Time integration methods have been presented from two different perspec-
tives: collocation and momentum-based methods. In collocation methods
the equation of motion is satisfied at selected points. This provides one
equation for the three variables: displacement u, velocity a and acceleration
1. Thus, two additional equations are needed. They are typically formed
by Taylor expansion-type approximations, and are therefore asymptotically
accurate. However, these equations do not represent the conservation prop-
erties of the mechanics problem to be solved, except in special cases such as
linear problems without damping.

A different approach is used in the momentum-based methods. These
methods are developed specifically to represent e.g. conservation properties
associated with the underlying problems, see e.g. the general discussion in
Hairer et al. (2006). These methods found their way into elasto-dynamics
via the work of Simo and Tarnow (1992). The equation of motion is con-
sidered as a first-order differential equation in time for the momentum of
the system. The momentum is defined in terms of the motion by a supple-
mentary first-order differential equation in time. These equations are then
integrated to provide two equations for the development over a finite time
increment. The central point is to perform this integration in a format that
leads to the desired conservation properties. For linear systems the desired
properties often follow from use of central differences and mean values, but
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for non-linear systems more elaborate schemes are needed. The central point
is the ‘representative average’ of the internal forces discussed here in con-
nection with the energy conservation relation (9.64). This equation may be
stated in the general form

[G(u)]z“ = / [o(Ens1) — 0(Ey)] dVy = | AETS, dVp, (9.123)

Vo Vo
where the finite time increment of the global G(u) is expressed in terms of
the finite strain increment AE and a representative stress S,. It was shown
in (9.68) that for linear elasticity expressed in terms of the Green strain
the representative stress is simply the mean value, i.e. S, = S, and it was
demonstrated that this permits a simple explicit formulation of the effect
of the non-linear strain. Two approaches have been used for more general
stress—strain relations. Simo and Tarnow (1992) gave a formulation in which
the representative stress is constructed from an intermediate state, a scheme
later refined by Laursen and Meng (2001). A simpler method is the so-called
discrete derivative introduced by Gonzalez (2000) and used, e.g. by Armero
and Romero (2001a). The idea is to introduce the gradient of the internal
energy in a secant format similar to that used in quasi-Newton methods,
discussed in Section 8.4. Thus, the representative stress is defined by the
discrete derivative

S« = ViEp(Eni1/2) (9.124)

in such a way that multiplication with the finite strain increment AE pro-
duces the correct energy increment,

AETS. = AET Vi 0(En 1)) = ¢(Entt) — @(En).  (9.125)

This property is obtained as in the BFGS format by a two-term correction.
The first term contains the increment of the internal energy, and the second
term is a gradient approximation to this difference. The most common
format is based on the gradient at the mean state:

Vey = Vg Pnt1/2 + HAE”_z [@n+1 — ¥n — AETVE Pnt1/2 AE, (9.126)

where the scalar factor in front of the square brackets is a norm of the
finite strain increment, ||AE|? = AETAE. For small strain increments
the contribution from the square brackets becomes of higher order, leaving
the gradient Vg ¢, 1/2 as the dominating contribution. It is seen that this
format satisfies the finite increment condition (9.125). Recently, momentum-
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conservation algorithms have also been applied to elasto-plasticity, see e.g.
Armero (2006).

9.6 Exercises

Exercise 9.1 Determine the period error predicted by the linear theory for
the pendulum motion and the oscillations of the elastic bar in Example 9.1.

Exercise 9.2* Demonstrate the effect of algorithmic damping for the pen-
dulum problem of Example 9.1, e.g. by taking v = 0.52 and 3 = %(’y + %)2
Show by numerical calculations that the non-linear Newmark Algorithm 9.2
becomes unstable for h ~ 0.06, irrespective of application of algorithmic
damping.

Exercise 9.3 Formulate the pendulum problem shown in Fig. 9.4 using
engineering strain, defined in Chapter 2 as eg = (I —ly)/lo. (In essence the
change in strain corresponds to replacing all occurrences of the initial length
lo in the denominator with the current length [.)

Exercise 9.4* Use the formulation of the elastic pendulum problem in
terms of engineering strain developed in Exercise 9.3 as the basis of a numer-
ical analysis by the energy-conserving Algorithm 9.3. In particular, study
the energy history.

Exercise 9.5* In integrated state-space based algorithms the acceleration
does not appear directly. However, the acceleration may be of independent
interest, either as a result of the analysis or as part of an improved predictor
in non-linear problems. In the energy-conserving Algorithm 9.3 the inertial
term is represented via the velocity increment Av, which may be related to
the acceleration w by the central difference Av = %h(wnﬂ + wp). When
the initial acceleration wg is evaluated from the equation of motion at time
t = 0, this formula permits subsequent updates of the acceleration of the
form wy,4+1 = (2/h)Av — w,. Implement the acceleration vector w, in
the energy-conserving Algorithm 9.3 and recalculate the elastic pendulum
problem of Example 9.2 including the acceleration.

Exercise 9.6* For central differences corresponding to v = %, 0= % the
displacement increment is approximated by (9.8b) as

Au = hvy, + $h(Wy + Wny1),

where w is the acceleration vector. This formula suggests the following three
displacement increment predictors:

Au?t = hv,, Au® = hv, + ihwn, Au® = hv, + %hwn,

The predictor Au? disregards the effect of the acceleration, Au® corresponds
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to neglecting the acceleration at the end of the interval, while Au® corre-
sponds to the assumption of constant acceleration.

Use the implementation from Exercise 9.5 of the acceleration vector w,, in
the energy-conserving Algorithm 9.3 to investigate the efficiency of the three
displacement increment predictors by application to the elastic pendulum
treated in Example 9.2.

Exercise 9.7 Show that the characteristic equation (9.110) for the energy-
conserving algorithm with dissipation is identical to ? times the character-
istic equation (9.32) for the Newmark method, when the parameters v and
(3 are expressed in terms of o according to (9.40).

Exercise 9.8 Show that for an elastic Green strain bar element the consti-
tutive and geometric contributions (9.96) and (9.95) to the iteration stiffness
matrix are

c EAO éaT —éaT
K¢ = / (Vue) E(Vie)dVo = — | — . T]
Vo a; | —aa aa
and
5A I -I
KYI = / 5 (VoVIe)avy = 720 ] .
Vo agn -1 I

Exercise 9.9* Consider a linear elastic bar element AB described in terms
of Green strain e¢, located in the zy-plane. The initial position is deter-
mined by the nodes A at (—1,0) and B at (1,0). There is a concentrated
mass m = 1 at each of the nodes A and B, and the axial element stiffness
is FAyp = 1. Formulate the equations of motion in a format similar to that
used in Example 9.1. Find the corresponding system matrices and integrate
the equations of motion by the energy-conserving Algorithm 9.3 with initial
conditions consisting of the initial velocity v = (0,1). Evaluate and plot
the total energy and the velocity of the center of mass, and compare with
the corresponding analytical results. Repeat the numerical analysis using
the Newmark Algorithm 9.2 and compare the results.

Exercise 9.10% Let two bar elements AB and BC, connected at B, be
located in the xy-plane. The initial position is determined by the nodes A
at (—1,0), B at (0,0), and C at (1,0). Let the mass be concentrated at the
nodes with magnitude 1, 2 and 1 at A, B and C, respectively, and use the
stiffness FAg = 1. Assemble the system matrices and integrate the equations
of motion by the energy-conserving Algorithm 9.3 with initial conditions
consisting of the initial velocity v64 = (0,1). In particular, compare the



9.6 Exercises 335

motion of the center of mass of the system with the analytical solution, and
evaluate the development of the total energy of the system.
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additive internal energy, 201, 211
algorithmic complementary energy, 239
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algorithmic energy dissipation, 325
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arc-length methods, 260, 270-281
displacement sub-increments, 271, 274
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general constraint formulation, 272-274
hyperplane constraint, 274-278
hyperplane constraint condition, 275
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orthogonal arc-length algorithm, 277
quadratic constraint condition, 278
sub-increment selection strategy, 271
Armstrong—Frederick flow potential, 232
assembly of elements, 31
associated plasticity, 212
evolution equations, 214
axial stiffness, 3, 127, 140

back stress, 218
bar element, 18-28, 39
Bauschinger effect, 217, 230
beam element 2D implementation, 112
beam element 3D implementation, 134, 137
beam tangent stiffness matrix, 110, 130
beam-column element, 140
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tangent stiffness, 141
bending mode
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BFGS matrix inverse, 285
BFGS matrix update, 285
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bifurcation point, 30, 267
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hardening rule, 247
Cauchy elasticity, 191
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Truesdell rate, 162
Cauchy stress tensor, 158
Cayley rotation representation, 71
Cayley—Hamilton equation, 194
characteristic equation, 193, 194, 327
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co-rotating formulation, 100
co-rotating frame, 101, 118
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symmetric, 125, 126
co-rotation tangent stiffness, 104-107, 120-126
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complementary internal variable, 236
complementary internal variables, 252
complementary virtual work, 108
compound rotation matrix, 104, 119
conjugate element forces, 102, 118
conjugate variables, 204
external, 205
in elasto-plastic iteration, 238
internal, 205, 230, 235
conservative moments, 59
conservative time integration, 310
displacement increment, 317
velocity increment, 317
consistency condition, 212
consistent tangent matrix, 240
constitutive beam stiffness matrix, 111, 130
constitutive stiffness, 168
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constitutive stiffness matrix, 107
constrained extremum problem, 208
continuum mechanics, 146
contraction phase, 249

critical state soil mechanics, 241
current coordinates, 148

cut-off frequency, 303

deformation gradient
factored format, 250
vector format, 171
deformation gradient tensor, 148, 151, 201
deformation mode stiffness matrix, 106, 122
deformation stiffness matrix, 107
determinant of stress components, 194
deviatoric contour, 242
deviatoric plane, 197
deviatoric sections, 242
deviatoric strain, 229
equivalent, 229
invariants, 198
deviatoric stress, 195, 199, 229
components, 197
contour, 243
equivalent, 229
invariants, 243
dilation, 249
direction control, 261
discrete derivative, 334
discretized hardening evolution equation, 237
discretized strain evolution equation, 237
displacement control, 4, 7
displacement gradient
tensor, 149
vector format, 171
displacement increment, 258
displacement increment control, 263
displacement sub-increment, 258, 265
dissipation parameter, 328
dissipation rate, 207, 211, 236, 245
friction mechanism, 245
divergence theorem, 155
Drucker—Prager flow potential, 236
Drucker—Prager yield surface, 234
dual flow potential, 216

effective stiffness, 262
effective stiffness matrix, 329
eigenvalue problem, 193
elastic flexibility matrix, 200
elastic incremental stiffness, 205
elastic pendulum, 307, 320, 331
elastic potential, 312
elastic solids, 190-203
elastic stiffness matrix, 200
elastic stiffness tensor, 199
elastic strain, 204
elastica, 77
constitutive stiffness, 82
curvature components, 79
curvature parametrization, 80
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element stiffness, 87-89
equilibrium equations, 77
geometric stiffness, 83—-85
strain components, 79
elasto-plastic flow
evolution equations, 212-216
element stiffness matrix, 106
element tangent stiffness matrix, 33
energy balance equation
finite increment form, 312, 326
linear form, 297
Newmark algorithm, 298
non-linear form, 310
energy dissipating time integration
displacement increment, 329
energy dissipating time integration algorithm,
330
energy fluctuations, 309
energy-conserving integration, 316
energy-conserving time integration algorithm,
319
energy-dissipating time integration
velocity increment, 328
energy-dissipating time integration algorithm,
328
engineering strain, 3, 18, 23, 40, 44, 335
equation of motion, 291, 293, 305
recurrence format, 326
state space increment format, 316, 326, 328
state-space format, 311
state-space increment format, 311
equilibrium, 3, 18
equilibrium equation, 155
equilibrium force system, 103
equilibrium iterations, 9-14
equilibrium path, 258, 267
equipotential curve, 245
equivalent bending stiffness, 96
equivalent elastic stress, 226
equivalent plastic strain, 220
equivalent shear stiffness, 95
equivalent stiffness matrix, 298
equivalent stress, 219
error estimate, 224
Euler explicit method, 8
Eulerian formulation, 147
evolution equations, 210
combined hardening, 233
elasto-plastic flow, 212-216
reduced format, 214
explicit elasto-plastic integration, 222-225
explicit integration, 222
explicit method, 224
extension mode, 102
external nodal forces, 170, 180
external virtual work, 22, 58, 104, 120, 167,
174, 180

factored format
deformation gradient, 250
elastic potential increment, 313, 314, 334



Green strain increment, 313
finite displacement theory, 145
finite strain, 252
finite strain elasticity, 200-203
finite strain plasticity, 249-252
first variation, 33
flow potential, 210, 244

Armstrong—Frederick, 232
forward Euler procedure, 223
free motion of solid frame, 322

generalized shear, 244

generalized strain vector, 79

generalized stress vector, 79

geometric beam stiffness matrix, 111, 131

geometric stiffness, 25, 168

geometric stiffness increment, 316

global frame, 101, 118

global tangent stiffness matrix, 34

granular materials, 241-249

Green deformation tensor, 201, 250

Green elasticity, 191

Green strain, 19, 40, 145, 148-151, 312, 334

Green strain tensor, 150, 201, 250, 312, 313
components, 150
variation, 151

hardening modulus, 214, 226

granular material, 247
high-frequency algorithmic damping, 325
homogeneous function, 199
hyper-elasticity, 191
hyperplane, 209

implicit integration, 225
implicit method, 227, 237
incompressible strain increments, 220
increment of internal virtual work, 168
increment of rotation variation, 55-58, 121
incremental rotation vector, 56
incremental stiffness equation, 43
inertial forces, 291
initial conditions, 292
initial stress, 25
integrated state space equations, 311
internal energy density, 191, 204, 252
internal force, 3
internal nodal force, 172
internal porosity, 235
internal porosity variable, 235
internal variables, 204

conjugate, 206

original, 206
internal virtual work, 22, 167, 172, 174
invariants, see stress invariants
irreversible deformation, 207
isochoric deformation, 201
isostatic compression, 241, 249
isotropic hardening, 216
isotropic material, 192
isotropic scaling, 201

Index

iteration sub-increments, 239

Jacobian determinant, 159, 201
Jaumann stress increment, 180
Jaumann stress rate, 163
Cauchy stress, 164
Kirchhoff stress, 164

kinematic hardening, 217
exponential decay, 233

Kirchhoff stress, 159
Truesdell rate, 161

Kuhn—Tucker conditions, 210

Lagrangian formulation, 147

large displacement theory, 145
lateral buckling of beam, 132
left-hand decomposition, 152
Legendre transformation, 192

Lie derivative, 162

limit point, 30, 260

linearized equilibrium equation, 258
linearized evolution equations, 237
linearized stability theory, 169

load step, 258

load step control, 262

load sub-increment, 258

local beam geometric stiffness, 130
local director basis, 78

local force transformation matrix, 104, 120
local frame, 101

local geometric stiffness, 109, 110, 128
local geometry, 151

local orthonormal basis, 77
logarithmic strain, 187

logarithmic strain, 19, 40

material formulation, 147

material particle, 147

material point, 204

maximum dissipation rate, 208212
mean rotation by quaternions, 69
mean strain, 229

mean stress, 195, 199, 229, 314
mid-point integration, 223

mode shape representation, 299
modified mass matrix, 295

modified Newton—Raphson method, 13-14, 37,

256
modified tangent stiffness matrix, 307
momentum-based methods, 292, 333
momentum-based time integration, 310-333

natural deformation modes, 102, 119

Newmark algorithm, 293
alpha-modifications, 305
characteristic equation, 302
energy balance equation, 298
equivalent modal stiffness, 300
integral approximations, 295
modal energy equation, 300
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non-linear form, 306
prediction step, 295
recurrence format, 301
stability diagram, 299
state space format, 297
unconditional stability, 299
Newton iteration, 227
Newton iterations, 305

Newton—Raphson method, 9-12, 237, 256, 259

nodal residual force, 173, 182
non-associated flow, 215, 234-236
non-associated plasticity, 212
evolution equations, 214
non-linear solution strategies, 259

objective stress rate, 160
orthogonal residual algorithm, 265
orthogonal residual method, 263266

parameter representation of incremental
rotation, 60—-63
period error, 303
asymptotic low-frequency, 304
permutation symbol, 51, 64
Piola—Kirchhoff stress, 155-157
beam theory, 157
in finite strain plasticity, 252
Piola—Kirchhoff stress tensor, 312
components, 156
first kind, 156
second kind, 155
plastic deformation gradient, 250
plastic hinges, 141
plastic multiplier, 212, 220, 232
finite increment, 240
plastic rotation, 251
plastic strain, 252
plasticity theory, 203
Poisson’s ratio, 200
polar decomposition theorem, 151
potential energy, 7, 29, 43, 145, 169, 308
principal deviatoric components, 242
principal direction, 193
principal strain invariants, 198
principal stress, 193
principal stress invariants, 193
principal stress space, 197, 219, 242
principle of virtual work, see virtual work
projection tensor, 53
proper orthogonal tensor, 50, 151
pseudo stress, 218
pseudo time, 204
pull-back, 80
push-forward, 80

quasi-Newton condition, 284
quasi-Newton methods, 13, 284-287
factored form with scaling, 287

inverse with stiffness scaling, 286
stiffness scaling factor, 286
quasi-stationary equilibrium, 210

Index

quaternion addition of rotations, 66
quaternion parameters, 64

beam elements, 133

extraction of, 64

increment, 134

update, 134

radial return algorithm, 225-229
rate-independent plasticity, 203
reduced integration, 94

reduced plastic dilation, 236
reference configuration, 146
representative internal force, 314, 316
residual deformation gradient, 250
residual force, 167, 257, 305

residual force methods, 259

residual orthogonality condition, 264
return algorithm, 226

reversible deformation, 205
right-hand decomposition, 152

rigid body modes, 102

rigid body motion, 160

Rodrigues’ formula, 50

Rodrigues’ vector, 70

roll-up of cantilever, 114

rotation increment by quaternions, 68
rotation into specified direction, 53—55
rotation of external moment, 58, 86
rotation of internal moment, 85
rotation of local basis, 135

rotation parameter increments, 57
rotation pseudo vector, 70

rotation pseudo-vector, 50

rotation tensor, 49-51, 151

rotation transformation tensor, 63

scalar invariant, 6
scaled load increment, 263
secant condition, 284
secant-Newton method, 287
second variation, 33
second variation of rotation, 58
semi-tangential moment, 59
sequence of equilibrium states, 257
shallow truss dome, 268
shape functions
bar element, 26
beam element, 87, 109, 129
solid element, 170, 180
shear at constant volume, 153
Jaumann stress rate, 164
Truesdell stress rate, 162
shear flexibility, 108, 127
shear locking, 91-98
shear modulus, 199, 247
Sherman—Morrison formula, 285
six-component tensor format, 171, 181, 192

skew-symmetric vector component matrix, 50

smooth triangular contour, 243
snap-through, 4, 117
spatial components, 146
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spatial formulation, 147
spectral radius, 301, 305
spin tensor, 163
state vector, 292
state-space variables, 297, 301, 311
stiffness matrix, 273, 284
constitutive, 318
elastica, 87-89
geometric, 318
non-symmetric, 318
total Lagrangian, 173
updated Lagrangian, 183
strain, see Green strain
strain energy density, 42, 169, 191, 192
strain invariants, 192
strain rate, 163
elastic, 208
plastic, 208
total, 208
stress, see Cauchy stress, Kirchhoff stress,
Piola—Kirchhoff stress
stress free volumetric strain, 235
stress invariants, 192, 194
deviatoric, 196
stress rates, 160-165
stretch tensor, 187
sub-increment, 223, 237
summation convention, 146
symmetric non-associated iteration equations,
239
symmetry correction of stiffness matrix, 125

tangent stiffness, 4
algorithmic, 240
constitutive, 90, 316, 319
elasto-plastic, 221, 222
geometric, 316, 318
modified, 307
non-symmetric, 180
symmetric, 169
tangent stiffness matrix, 9, 24
tensor analysis, 146
three-component tensor basis, 195
time increment limit, 300
total displacement components, 166
total Lagrangian formulation, 18, 37, 165-170
trace, 194
trace of rotation tensor, 51, 64
triaxial compression, 243
triaxial tension, 243
Truesdell stress increment, 175, 178, 180, 182
Truesdell stress rate, 160
Cauchy stress, 162
Kirchhoff stress, 161
truss model, 2, 28, 266, 281

uncoupled materials, 211

undrained test, 249

uniaxial compression, 241

uniaxial yield stress, 219

updated Lagrangian formulation, 18, 37,
174-180

velocity gradient tensor, 161
virtual displacement, 6, 32, 78, 105, 180
virtual Green strain, 158, 166
virtual nodal displacement, 39—41
virtual rotation, 56, 58, 78
virtual strain, 32, 39, 40
virtual strain components, 177
virtual work
equation, 155, 166, 177
increment, 105, 121, 176, 177, 179, 182
principle, 6, 14, 22, 40-42, 55, 72, 78, 80
virtual work of elastica, 78-81
visco-plasticity, 203
volume-preserving deformation, 201
volumetric strain, 198
von Mises plasticity, 218-222
elasto-plastic tangent stiffness, 222
hardening modulus, 221
plane stress, 229
uniaxial stress—strain relation, 221
yield function, 219
yield surface, 219, 232

yield function, 205, 209, 219
convex, 207

yield potential, 209

yield surface, 206, 219

Young’s modulus, 200
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