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In a technological society, virtually every engineer and scientist needs to 
be able to collect, analyze, interpret, and properly use vast arrays of data. 
This means acquiring a solid foundation in the methods of data analysis 
and synthesis. Understanding the theoretical aspects is important, but 
learning to properly apply the theory to real-world problems is essential.

Probability, Statistics, and Reliability for Engineers and Scientists, 
Third Edition introduces the fundamentals of probability, statistics, 
reliability, and risk methods to engineers and scientists for the purposes of 
data and uncertainty analysis and modeling in support of decision making.

The third edition of this bestselling text presents probability, statistics, 
reliability, and risk methods with an ideal balance of theory and applications. 
Clearly written and firmly focused on the practical use of these methods, it 
places increased emphasis on simulation, particularly as a modeling tool, 
applying it progressively with projects that continue in each chapter. This 
provides a measure of continuity and shows the broad use of simulation 
as a computational tool to inform decision-making processes. This edition 
also features expanded discussions of the analysis of variance, including 
single- and two-factor analyses, and a thorough treatment of Monte 
Carlo simulation. The authors not only clearly establish the limitations, 
advantages, and disadvantages of each method, but also show that data 
analysis is a continuum rather than the isolated application of different 
methods. 

Like its predecessors, this book continues to serve its purpose well as 
both a textbook and a reference. Ultimately, readers will find the content of 
great value in problem solving and decision making, particularly in practical 
applications.

Bilal M. Ayyub and Richard H. McCuen are Professors of Civil and 
Environmental Engineering at the University of Maryland, College Park, USA.
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Preface

In. preparing. this. book,. we. strove. to. achieve. the. following. educational. objectives:. (1). introduce.
probability,.statistics,.reliability,.and.risk.methods.to.students.and.practicing.professionals.in.engi-
neering.and.the.sciences;.(2).emphasize.the.practical.use.of.these.methods;.and.(3).establish.the.
limitations,.advantages,.and.disadvantages.of.the.methods..The.book.was.developed.with.an.empha-
sis.on.solving.real-world.technological.problems.that.engineers.and.scientists.are.asked.to.solve.as.
part.of.their.professional.responsibilities.

On.graduation,.engineers.and.scientists.will.need.to.be.able.to.collect,.analyze,.interpret,.and.
properly.apply.vast.arrays.of.data.as.part.of.their.responsibilities.in.technological.environments..
Graduates.must.have.a.solid.academic.foundation.in.methods.of.data.analysis.and.synthesis,.as.
the.analysis.and.synthesis.of.complex.systems.are.common.tasks.that.confront.even.entry-level.
professionals..The.education.of.entry-level.professionals.must,.therefore,.include.the.topics.cov-
ered.in.this.book,.presented.in.such.a.way.that.students.come.to.recognize.the.importance.and.rel-
evance.of.the.material.to.complex.problems.for.which.they.will.be.responsible.as.professionals.

This.book.is.intended.to.be.used.in.courses.that.are.the.first.formal.introduction.to.the.subjects.
of.probability,. statistics,. reliability,.and. risk.analysis..Rather. than. taking.either.a. theoretical.
or.an.applied.approach.to.the.topics,.we.have.tried.to.strike.a.balance..The.underlying.theory,.
especially. the.assumptions. that.are.central. to. the.methods,. is.presented,.but. then. the.proper.
application.of.the.theory.is.presented.through.realistic.examples,.often.using.actual.data..Every.
attempt. is. made. to. show. that. methods. of. data. analysis. are. not. independent. of. each. other..
Instead,.we.show.that.real-world.problem.solving.often.involves.applying.many.of.the.methods.
presented.in.different.chapters..Data.analysis.should.be.viewed.as.a.continuum.rather.than.the.
isolated.application.of.one.method..The.fact.that.this.book.is.separated.into.16.chapters.should.
not.suggest. that. the.material.should.be.viewed.as.16.unrelated.topics..To.effectively.work.in.
a. technological.environment.requires. the.attitude. that.methods. in.probability,.statistics,. reli-
ability,. and. risk. form. a. continuum. of. concepts,. and. we. have. tried. to. instill. this. philosophy.
throughout.the.book.

Problems.that.are.commonly.encountered.by.engineers.and.scientists.require.decision.making.
under.conditions.of.uncertainty..The.uncertainty.can.be.in.the.definition.of.a.problem,.available.
information,.the.alternative.solution.methodologies.and.their.results,.and.the.random.nature.of.the.
solution.outcomes..Studies.show.that.in.the.future.engineers.and.scientists.will.need.to.solve.more.
complex.design.problems.with.decisions.made.under.conditions.of.limited.resources,.thus.necessi-
tating.increased.reliance.on.the.proper.treatment.of.uncertainty..Therefore,.this.book.is.intended.to.
better.prepare.future.engineers.and.scientists,.as.well.as.to.assist.practicing.professionals,.in.under-
standing. the. fundamentals. of. probability,. statistics,. reliability,. and. risk.methods,. and. especially.
their.applications,.limitations,.and.potentials.

An.aspect.of.probability.and.statistics.that.is.most.difficult. to.grasp.is.the.concept.of.sam-
pling.variation..In.the.practice.of.engineering.and.science,.only.one.sample.of.data.is.generally.
available..It.is.important.to.recognize.that.the.statistical.results.would.be.somewhat.different.if.
a.different.sample.had.been.collected,.even.if.that.sample.was.equally.likely.to.have.occurred..
Simulation. is. a. means. of. demonstrating. the. sample-to-sample,. or. sampling,. variation. that.
can.be.expected..For. this. reason,.we.have. incorporated.a.section.on.simulation.at. the.ends.of.
Chapters 1–15..Simulation.is.one.way.of.generating.a.better.appreciation.for.sampling.variation.
that. is. inherent. in. statistical. problems;. however,. omitting. the. sections. on. simulation. does. not.
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diminish.a.reader’s.understanding.of.the.other.sections.or.chapters..We.show.that.simulation.has.
wide.application.as.a.modeling.tool..Its.application.enables.users.of.this.book.to.assess.the.effects.
of.violations.in.theoretical.assumptions.of.statistical.methods..In.a.sense,.simulation.is.the.model-
ing.tool.by.which.sensitivity.analyses.can.be.performed..From.assessing.the.power.of.a.statistical.
test.when.applied.to.a.certain.type.of.problem.to.identifying.the.limitation.of.a.particular.sample.
size,.computer.simulation.is.an.important.tool.in.all.topics.of.probabilistic,.statistical,.reliability,.
risk,.and.uncertainty.analysis.

We.have.developed.this.book.with.a.dual.use.in.mind:.as.a.self-learning.guidebook.and.as.a.
required.textbook.for.a.course..In.either.case,.the.text.has.been.designed.to.achieve.important.edu-
cational.objectives,.as.discussed.in.Chapter.1.

The.16.chapters.of.this.book.cover.the.following.subjects:.(1).an.introduction.to.the.text.that.
covers.uncertainty.types.and.decision.analysis;.(2).graphical.analysis.of.data.and.the.computation.
of.important.characteristics.of.sample.measurements.and.basic.statistical.characteristics;.(3).the.
fundamentals.of.probability;.(4).an.introduction.to.discrete.random.variables,.their.distributions,.
and.their.application;.(5).a.discussion.of.widely.used.continuous.probability.distributions.and.their.
application.in.simulation.experiments;.(6).the.joint.behavior.of.random.variables.and.the.proba-
bilistic.characteristics.of.functions.of.random.variables;.(7).a.formal.presentation.of.Monte.Carlo.
simulation;.(8).statistical.analyses.that.include.parameter.estimation.and.identification.of.the.sam-
pling.distribution.of.random.variables;.(9).an.introduction.to.hypothesis.tests,.their.uses.in.deci-
sion.making,.and.commonly.used.tests;.(10).an.overview.of.experimental.design.procedures.for.
both.single-.and.two-factor.analyses.of.variance;.(11).confidence.interval.estimation,.sample-size.
determination,.and.probability.model.selection;.(12).an.introduction.to.a.variety.of.topics.related.
to.the.use.of.correlation.and.regression.analyses;.(13).curve.fitting.or.nonlinear.model.development.
using. regression. analysis;. (14). an. introduction. reliability. analysis. of. components. with. applica-
tions;.(15).system.reliability,.risk,.and.decision.analysis;.and.(16).the.use.of.Bayesian.methods.in.
engineering.

This.book.was.designed.for.an.introductory.course.in.probability,.statistics,.and.reliability.with.
an.emphasis.on.applications..In.developing.this.book,.a.set.of.educational.outcomes,.as.detailed.in.
Chapter.1,.motivated.the.structure.and.content.of.the.text..Ultimately,.serious.readers.will.find.the.
content.of.this.book.to.be.very.useful.in.problem.solving.and.decision.making,.especially.where.
practical.applications.are.of.interest.

In.each.chapter.of. this.book,.computational.examples.are.given.in. the. individual.sections.of.
the.chapter,.with.more.detailed.engineering.applications.given.in.a.concluding.section..Also,.each.
chapter.includes.a.set.of.exercise.problems.that.covers.the.materials.of.the.chapter..The.problems.
were.carefully.designed.to.meet.the.needs.of.instructors.in.assigning.homework.and.the.readers.in.
practicing.the.fundamental.concepts.

This.book.can.be.covered.in.one.or.two.semesters,.depending.on.the.level.of.the.course.or.the.
time.allocated.for.topics.covered.in.the.book..The.chapter.sequence.can.be.followed.as.a.recom-
mended.sequence;.however,.if.necessary,.instructors.can.choose.a.subset.of.the.chapters.for.courses.
that.do.not.permit.complete.coverage.of.all.chapters.or.for.courses.that.cannot.follow.the.order.pre-
sented..After.completing.Chapters.1,.2,.and.3,.readers.will.have.sufficient.background.to.follow.and.
understand.the.materials.in.Chapters.4.and.5,.followed.by.Chapters.6.and.7..Afterward,.readers.can.
follow.any.of.the.following.tracks.of.chapters:.Chapter.8–13,.Chapters.14.and.15,.and.Chapter.16,.
according.to.the.sequence.indicated.below,.which.illustrates.possible.sequences.of.these.chapters.in.
terms.of.their.interdependencies.

This.book.also.provides.problem.statements.for.four.simulation.projects.or.case.studies.at.the.
end.of.the.chapters..These.projects.are.developed.in.stages.in.the.chapters..Students.and.readers.
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can.use. these.projects. to.perform.analyses. that. should.enhance. their.understanding.of. concepts.
presented.in.the.chapters..A.sample.semester.project.is.provided.in.Appendix.D.of.the.book..These.
projects.were.designed.based.on.many.years.of.experience.in.teaching.probability,.statistics,.and.
reliability.at. the.University.of.Maryland.and.were.found.to.be.effective.in.communicating.these.
concepts.and.enhancing.their.understanding.by.the.students.

We.would.like.to.invite.users.of.this.book,.including.both.readers.and.instructors,.to.send.us.
any.comments.on.the.book.by.e-mail.to.Professor.Ayyub.at.ba@umd.edu..These.comments.will.be.
used.in.developing.future.editions.of.this.book..Instructors.may.contact.Professor.Ayyub.to.obtain.
additional.instructional.materials.for.classroom.and.teaching.use.

Chapter 1.
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1

ChAPter 1

Introduction

In.this.chapter,.we.discuss.the.role.of.probability,.statistics,.and.reliability.in.engineering.and.the.
sciences.for. informing.decision-making.processes..The.discussion.includes.definitions.of.knowl-
edge,. information,.opinions,. ignorance,.and.uncertainty. in. the.context.of.system.abstraction.and.
modeling.for.decision.making..Examples.are.used.to.illustrate.various.uncertainty.types..We.also.
introduce.simulation.as.a.key.method.to.analyze.and.propagate.uncertainty.in.prediction.models..
Problem.statements.at.the.end.of.the.chapter.are.introduced.that.can.be.used.to.start.a.course-long.
project.

1.1 INtrODUCtION

The.processes.of. engineering. analysis. and.design. can.be. systematically.performed.within. a.
system’s.framework..Generally,.an.engineering.project.can.be.modeled.to.include.a.segment.of.its.
environment.that.interacts.significantly.with.it.to.define.an.engineering.system..The.boundaries.of.
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1.1. Introduction...............................................................................................................................1
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1.1.2. Expected.Educational.Outcomes...................................................................................3
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the.system.are.drawn.based.on.the.goals.and.characteristics.of.the.project,.the.class.of.performances.
(including.failures).under.consideration,.and.the.objectives.of.the.analysis.

The.first.step.in.engineering.problem.solving.is.to.define.the.architecture.of.the.system..The.defini-
tion.can.be.based.on.observations.at.different.abstraction.levels.of.the.system.that.are.established.based.
on.the.analysis.goals.of.a.project..The.observations.can.be.about.the.different.elements.(or.components).
of.the.system,.interactions.among.these.elements,.and.the.expected.behavior.of.the.system..Each.level.of.
knowledge.that.is.obtained.about.an.engineering.problem.defines.a.system.to.represent.the.project..As.
additional.levels.of.knowledge.are.added.to.previous.ones,.higher.epistemological.levels.of.system.defi-
nition.and.description.are.possible.which,.taken.together,.form.a.hierarchy.of.the.system.descriptions.

An.epistemological.hierarchy.of.systems.requires.a.generalized.treatment.of.uncertainty.in.both.
the.architecture.of.the.system.and.the.collected.information..This.treatment.can.be.based,.in.part,.
on.probability.and.statistical.concepts,.as.well.as.other.related.theories..Therefore,.engineering.sys-
tems.should.be.viewed.with.an.understanding.of.the.knowledge.content.of.collected.information,.
including.its.associated.uncertainties..Also,.the.user.should.understand.the.limitations.of.prediction.
models.that.are.due.to.the.inherent.insufficiency.of.models.resulting.from.the.assumptions.used.to.
develop.them..The.uncertainty.dimension.in.the.analysis.of.engineering.systems.can.result.in.valu-
able. insight.or. information.that. is.necessary.to.make.rational.decisions..Such.a.decision.process.
considers.the.available.information.or.knowledge,.decision.choices,.alternative.decision.outcomes,.
and.associated.uncertainties..These.aspects.of.decision.analysis.are.discussed.in.Section.1.1.1.

The.need.for.a.proper.treatment.of.uncertainty.in.engineering.systems.as.well.as.the.advance-
ment.of.computer.technology.and.its.availability.to.practicing.engineers.have.impacted.engineering.
education.in.many.aspects..To.prepare.engineering.students.and.practicing.engineers.for.current.
and.future.challenges,.an.introduction.to.and.an.emphasis.on.computer-based.methods.are.neces-
sary..Currently,.practical.engineering.problems.demand.the.use.of.computers.to.obtain.solutions.in.
a.timely.manner.and.with.an.acceptable.level.of.accuracy.

The.objective.of.this.book.is.to.introduce.the.fundamentals.of.probability,.statistics,.and.reliability.
to.engineering.and.science.students,.and.practicing.engineers.and.scientists.to.deal.with.uncertainty.
in.engineered.or.natural.systems..The.practical.aspects.of.the.use.of.these.methods.are.emphasized.
throughout. the. book,. with. practical. applications. provided. in. each. chapter.. Although. the. book. was.
developed.with.an.emphasis.on.engineering,.science,.and.technological.problems,.these.methods.can.be.
used.to.solve.problems.in.many.other.fields..The.methods.are.provided.with.varying.levels.of.detail.and.
emphasis..A.critical.presentation.of.these.methods.is.provided.to.enhance.the.reader’s.understanding.

Probability,.statistics,.and.reliability.methods.can.be.used.for.hand.or.computer-based.compu-
tations..The.importance.of.these.methods.in.engineering.can.be.effectively.demonstrated.in.cases.
dealing.with.complex.problems.where.analytical.solutions.cannot.be.obtained.or.hand.calculations.
cannot.be.made..In.this.book,.we.use.common.engineering.and.science.problems.to.demonstrate.
the.computational.procedures..The.examples.were.intentionally.selected.with.traceable.solutions.so.
that.readers.can.reproduce.them..It.is.helpful,.but.not.necessary,.for.the.reader.to.be.familiar.with.
the.fundamentals.of.a.computer.language.

The.use.of. any.computational.method.without. a.proper.understanding.of. its. limitations. and.
shortcomings.can.have.serious.consequences..Before.using.a.method,.users.should.become.well.
versed.with.these.methods.in.terms.of.the.computational.details.and.their.limitations,.shortcomings,.
and.strengths..The.methods.presented.in.the.book,.especially.the.statistical.and.reliability.methods,.
should.not.be.used.without.a.complete.understanding.of.the.underlying.theory.and.knowledge.of.
computational.methods.or.procedures.

1.1.1 Decision Making in engineering and Science

Engineering. and. the. sciences. are. disciplines. in. which. their. members. are. often. in. decision-
making.positions..To.make.the.best.decisions,.engineers.and.scientists.must.be.aware.of.and.fully.
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understand.alternative.solution.procedures..This.need.has.become.more.important.in.professional.
practice.as.the.problems.that.engineers.and.scientists.must.address.have.become.more.important.to.
society.and.as.the.design.methods.have.become.more.complex..In.reference.to.decisions,.the.term.
best.is.multifaceted..For.example,.engineers.need.accurate.solutions.that.are.both.unbiased.and.have.
high.precision..The.solution.must.be.cost.effective.and.have.minimal.environmental.consequences..
The.adopted.solution.should.improve.the.community.and.be.aesthetically.appealing..These.are.just.
some.of.the.criteria.used.in.making.engineering.decisions.

When.engineers.are.given.a.design.problem,.they.typically.approach.the.solution.using.a.sys-
tematic.procedure..One.formulation.of.this.process.is.as.follows:.(1).identify.the.problem,.(2).state.
the.objectives,.(3).develop.alternative.solutions,.(4).evaluate.the.alternatives,.and.(5).implement.the.
best.alternative..In.this.process,.engineers.should.(1).consider.the.uncertainties.associated.with.the.
alternative.solutions,.(2).assess.the.array.of.possible.outcomes.of.each.alternative.with.their.asso-
ciated.uncertainties,.and.(3).evaluate.all.data.and.prediction.models.used.in.the.analyses,.also.with.
their.associated.uncertainties..Probability,. statistics,. and. reliability.methods.can.be.used. to.help.
ensure.that.each.of.these.tasks.is.properly.handled.

Decision.problems.can.be.classified.as.either.single-.or.multiple-objective.problems..For.exam-
ple,. modeling. that. uses. the. principle. of. least. squares. (as. used. in. Chapter. 12). to. define. a. curve.
.fitted. to.data. is.considered. to. involve.a.single.objective..A.multiple-objective.problem.may.seek.
to.minimize.the.total.expected.cost.while.both.maximizing.safety.and.minimizing.environmental.
damage..Decision.analysis.requires.that.all.objectives.are.clearly.stated..Also,.the.term.expected.in.
the.example.objectives.means.“on.the.average,”.which.implies.the.need.to.properly.model.the.asso-
ciated.uncertainties..For.cases.of.multiple.objectives,.the.objectives.must.all.be.stated.in.the.same.
units..Also,.weights.that.reflect.the.importance.of.the.objectives.and.that.can.be.used.to.combine.the.
objectives.must.be.assigned..Then,.the.problem.can.be.formulated.in.a.structure.that.is.suitable.for.
attaining.the.decision.objectives.

The.development.of.alternative.solutions.is.the.step.that.is.especially.critical.to.success.in.meet-
ing.project.objectives..A.team.of.engineers.must.have.a.sound.technical.background.and.a.broad.
understanding. of. alternative. design. methods.. To. properly. evaluate. each. alternative,. a. complete.
understanding.of. the. technical.basis.of. the.design.method. is. required,. then.alternatives.must.be.
evaluated.and.a.selection.made.

Computers.have. increased. the.number.of.alternative. solution.procedures. that. are.available. to.
engineers.and.scientists..Whereas.the.engineers.of.past.generations.were.limited.to.graphical,.analyt-
ical,.and.simple.empirical.methods,.engineers.can.now.consider.numerical.and.simulation.methods.
in.their.design.work..The.increased.complexity.of.the.numerical.and.simulation.methods.is.believed.
to.improve.the.accuracy.of.the.solutions,.and,.because.these.methods.are.easily.implemented.with.a.
computer,.the.increased.effort.over.the.less.detailed.methods.is.minimal..Thus,.the.increase.in.design.
effort.is.more.than.offset.by.the.expected.improvement.in.accuracy..To.achieve.this.benefit,.however,.
an.engineer.must.fully.understand.the.more.complex.methods.so.that.they.can.be.properly.applied.

1.1.2 expected educational Outcomes

While.a.textbook.can.be.the.principal.medium.for.an.individual.working.independently.to.gain.
an.understanding.of.a.body.of.knowledge,.books.such.as.this.one.are.typically.used.as.part.of.a.
course.on.probability,.statistics,.and.reliability.methods..This.book.has.been.designed.to.be.used.in.
either.capacity,.as.a.self-learning.guidebook.or.as.a.required.textbook.for.a.course..In.either.case,.
the.text.has.been.designed.to.produce.the.following.educational.outcomes:

. 1.. The.reader.of.the.book.should.be.able.to.(a).collect.data.on.a.problem.and.describe.the.data.using.
graphical.and.descriptive.measures;.(b).develop.a.probabilistic.model.for.the.problem;.(c).perform.
probability.operations.and.evaluations;.(d).use.discrete.and.continuous.random.variables.to.model.
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some.aspects.of.the.problem;.(e).assess.the.joint.behavior.of.random.variables.with.associated.cor-
relations;. (f). evaluate. the. probabilistic. characteristics. of. functions. of. random. variables;. (g). per-
form.statistical.analyses.of.the.data,.such.as.histogram.development,.univariate.analysis,.probability.
model.selection,.analysis.of.variance,.hypothesis.testing,.parameter.estimation,.confidence-interval.
estimation,.and.selection.of.sample.sizes;.(h).perform.correlation.and.regression.analyses.for.fit-
ting.a.curve.or.a.model.to.data;.(i).perform.random-number.and.random-variable.generation.for.the.
Monte.Carlo.simulation.of.selected.random.variables;.(j).evaluate.the.reliability.of.a.component.of.
a.system.or.the.reliability.of.the.entire.system;.(k).perform.risk.analyses.and.risk-based.decision.
making;.and.(l).utilize.Bayesian.methods.for.updating.probabilities.or.statistical.measures.

. 2.. The.reader.should.become.familiar.with.the.use.of.simulation.methods,.which.are.essential.for.solv-
ing.complex.problems.in.real-world.applications.

. 3.. The.reader.should.be.able.to.select.from.alternative.methods.the.one.method.that.is.most.appropriate.
for.a.specific.problem.and.state.reasons.for.the.selection.

. 4.. The.reader.should.be.able.to.formulate.algorithms.to.solve.problems.

. 5.. The.reader.should.understand.the.limitations.of.each.method,.especially.the.conditions.under.which.
they.may.fail.to.provide.a.solution.with.acceptable.accuracy.

. 6.. The.reader.will.become.familiar.with.engineering.applications.of.the.various.probability,.statistical,.
reliability,.risk,.and.Bayesian.methods.

In.developing.the.topics.presented.in.the.book,.these.expected.educational.outcomes.motivated.the.
structure.and.content.of.this.text..Ultimately,.the.serious.reader.will.find.the.material.very.useful.in.
engineering.problem.solving.and.decision.making.

1.2 KNOWLeDGe, INFOrMAtION, AND OPINIONS

The.interest.in.knowledge.and.its.theory.resulted.in.the.creation.of.a.branch.of.philosophy.called.
epistemology.that.investigates.the.possibility,.origins,.nature,.and.extent.of.human.knowledge..It.deals.
with.issues.such.as.the.definition.of.knowledge.and.related.concepts,.the.sources.and.criteria.of.knowl-
edge,.the.kinds.of.knowledge.possible.and.the.degree.to.which.each.is.certain,.and.the.exact.relation.
between.the.one.who.knows.and.the.object.known..Knowledge.can.be.a.priori,.knowledge.derived.from.
reason.alone,.and.a posteriori,.knowledge.gained.by.reference.to.the.facts.of.experience..Epistemology.
can.be.divided.into.rationalism,.inquiry.based.on.priori.principles,.or.knowledge.based.on.reason;.and.
empiricism,.inquiry.based.on.a.posteriori.principles,.or.knowledge.based.on.experience..Two.views.
have.emerged.in.systems.science.on.the.nature.of.knowledge:.realism and.constructivism.

According.to.realism,.a.system.that.is.obtained.by.applying.correctly.the.principles.and.methods.
of.science.represents some.aspect.of.the.real.world..This.representation.is.only.approximate,.due.
to.limited.resolution.of.our.sensors.and.measuring.instruments,.but.the.relation.comprising.the.sys-
tem.is.a.homomorphic image.of.its.counterpart.in.the.real.world..Using.more.refined.instruments,.
the.homomorphic.mapping.between.entities.of. the.system.of.concern.and.those.of. its.real-world.
counterpart.(the.corresponding.“real.system”).becomes.also.more.refined,.and.the.system.becomes.
a.better.representation.of.its.real-world.counterpart..Realism.thus.assumes.the.existence.of.systems.
in.the.real.world,.which.are.usually.referred.to.as.“real systems.”.It.claims.that.any.system.obtained.
by.sound.scientific.inquiry.is.an.approximate.(simplified).representation.of.a.“real.system”.via.an.
appropriate.homomorphic.mapping.

According.to.constructivism,.all.systems.are.artificial.abstractions..They.are.not.made.by.nature.
and.presented.to.us.to.be.discovered,.but.we.construct.them.by.our.perceptual.and.mental.capabil-
ities.within.the.domain.of.our.experiences..The.concept.of.a.system.that.requires.correspondence.
to. real.world. is. illusory.because. there. is.no.way.of.checking. such.correspondence..We.have.no.
access.to.the.real.world.except.through.experience..It.seems.that.the.constructivist.view.has.become.
predominant,.at. least. in.systems.science..According. to.which.constructivism.does.not.deal.with.
ontological.questions.regarding.the.real.world..It.is.intended.as.a.theory.of.knowing,.not.a.theory.
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of.being..It.does.not.require.analysts.to.deny.ontological.reality..Moreover,.the.constructed.systems.
are.not.arbitrary:.they.must.not.collide.with.the.constraints.of.the.experiential.domain..The.aim.of.
constructing.systems.is.to.organize.our.experiences.in.useful.ways..A.system.is.useful.if.it.helps.us.
to.achieve.some.aims—for.example,.to.predict,.retrodict,.control,.make.proper.decisions,.etc.

We.perceive.reality.as.a.continuum.in.its.composition.of.objects,.concepts,.and.propositions..We.
construct.knowledge.in.quanta.to.meet.constraints.related.to.their.cognitive.abilities.and.limitations,.
producing.what.can.be.termed.as.quantum knowledge..This.quantum.knowledge.leads.to.and.con-
tains.ignorance—manifested.in.two.forms:.(1).ignorance.of.some.states.of.ignorance.and.(2).incom-
pleteness.and/or.inconsistency,.as.discussed.in.detail.in.subsequent.sections..The.ignorance.of.a.state.
of.ignorance.is.called.blind ignorance..The.incompleteness.form.of.ignorance.stems.from.quantum.
knowledge.that.does.not.cover.the.entire.domain.of.inquiry..The.inconsistency.form.of.ignorance.
rises.from.specialization.and.focusing.on.a.particular.specialty.discipline.or.science.or.phenomenon.
without.accounting.for.interactions.with.or.from.other.sciences.or.disciplines.or.phenomena.

Many.disciplines.of.engineering.and.the.sciences.rely.on.the.development.and.use.of.predic-
tive.models.that.in.turn.require.knowledge.and.information,.and.sometime.subjective.opinions.of.
experts..Working.definitions.of.knowledge,.information,.and.opinions.are.necessary.and.are.pro-
vided.in.this.section.

The.definition.of.knowledge.can.be.based.on.evolutionary epistemology.using.an.evolution-
ary model..Knowledge.can.be.viewed.to.consist.of.two.types,.nonpropositional.and.propositional.
knowledge..The.nonpropositional.knowledge.can.be.further.broken.down.into.know-how and con-
cept knowledge,.and.familiarity knowledge.(commonly.called.object knowledge)..The.concept.and.
know-how.knowledge.types.require.someone.to.be.familiar.with.particular.words,.phrases,.images,.
doctrines,.and/or.thoughts,.and.know.how.to.do.a.specific.activity,.function,.procedure,.etc.,.such.as.
riding.a.bicycle..The.concept.knowledge.can.be.empirical.in.nature..In.evolutionary.epistemology,.
the.concept.and.know-how.knowledge.types.are.viewed.as.historical.antecedents.to.propositional.
knowledge..The.object.knowledge.is.based.on.a.direct.acquaintance.with.a.person,.place,.or.thing—
for. example,.Mr..Smith.knows. the.President. of. the.United.States..The.propositional. knowledge.
is.based.on.propositions.that.can.be.either.true.or.false—for.example,.Mr..Smith.knows.that.the.
Rockies.are.in.North.America..Therefore,.propositional.knowledge.is.defined.as.a.body.of.propo-
sitions.that.meet.the.conditions.of.justified true belief.(JTB)..Evidence.reliability.and.infallibility.
arguments.form.the.bases.of.the.reliability theory of knowledge.

Information.can.be.defined.as.sensed.objects,.data,.things,.places,.processes,.and.thoughts.in.
some. context,. and. knowledge. communicated. by. language. and. multimedia.. Information. can. be.
viewed.as.a.preprocessed.input.to.our.intellect.system.of.cognition,.and.knowledge.acquisition.and.
creation..Information.can.lead.to.knowledge.through.investigation,.study,.and.reflection..However,.
knowledge.and.information.about.a.system.might.not.constitute.the.eventual.evolutionary.knowl-
edge.state.about.the.system.as.a.result.of.not.meeting.the.justification.condition.in.JTB.or.the.ongo-
ing.evolutionary.process.or.both..Knowledge.is.defined.in.the.context.of.the.humankind,.evolution,.
language.and.communication.methods,.and.social.and.economic.dialectic.processes;.and.cannot.be.
removed.from.them..As.a.result,.knowledge.would.always.reflect.the.imperfect.and.evolutionary.
nature.of.humans.that.can.be.attributed.to.their.reliance.on.their.senses.for.information.acquisition;.
their.dialectic.processes;.and. their.mind.for.extrapolation,.creativity,. reflection,.and. imagination.
with.associated.biases.as.a.result.of.preconceived.notions.due.to.time.asymmetry,.specialization,.
and.other.factors..An.important.dimension.in.defining.the.state.of.knowledge.and.truth.about.a.sys-
tem.is.nonknowledge.or.ignorance.or.an.illusion.of.knowledge.

Opinions. rendered.by. experts. that. are.based.on. information. and. existing.knowledge. can.be.
defined.as.preliminary.propositions.with.claims.that.are.not.fully.justified.or.justified.with.an.inad-
equate.reliability.level,.but.are.not.necessarily.infallible..Expert.opinions.are.seeds.of.propositional.
knowledge.that.do.not.meet.one.or.more.of.the.conditions.required.for.the.JTB.and.according.to.
the.reliability.theory.of.knowledge..Opinions.are.valuable.and.necessary.in.many.situations.where.
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analysts.might.not.have.any.credible.substitutes,.and.offer.the.means.for.knowledge.expansion;.how-
ever,.decisions.made.based.on.opinions.can.be.risky.because.of.their.preliminary.nature.and.the.
potential.for.someone.to.invalidate.them.in.the.future.

The.relationships.among.knowledge,.information,.and.opinions.can.be.represented.using.evolu-
tionary.epistemology.terms.with.dialectic.processes.that.include.communication.methods.such.as.
languages,.visual.and.audio.formats,.and.other.forms..Also,.they.include.economic,.class,.schools.
of.thought,.political.and.social.processes.within.peers,.groups,.societies,.and.cultures.

1.3 IGNOrANCe AND UNCertAINtY

The. state. of. ignorance for. a. person. (or. a. society). can. be. unintentional. or. deliberate. due.
to.an.erroneous.cognition.state.and.not.knowing.relevant.information,.or.ignoring.information.
and.deliberate.inattention.to.something.for.various.reasons.such.as.limited.resources.or.cultural.
opposition,. respectively..The. latter. type. is. a. state.of.conscious ignorance,.which. is.not. inten-
tional,.and.once.they.recognize.it,.evolutionary.species.try.to.correct.for.that.state.for.survival.
reasons.with.varying.levels.of.success..The.former.ignorance.type.belongs.to.the.blind  ignorance.
category..Therefore,.ignoring.means.that.someone.can.either.unconsciously.or.deliberately.ref-
use.to.acknowledge.or.regard,.or.leave.out.an.account.or.consideration.for.relevant.information..
These.two.states.should.be.treated.in.developing.a.hierarchal.breakdown.of.ignorance..Ignorance.
can.be.viewed. to.have.a.hierarchal.classification.based.on. its.sources.and.nature,.as.shown.in.
Figure 1.1..

Blind.ignorance.includes.not knowing.relevant.know-how,.objects-related.information,.and.rel-
evant.propositions.that.can.be.justified..The.unknowable.knowledge.can.be.defined.as.knowledge.
that.cannot.be.attained.by.humans.based.on.current.evolutionary.progressions,.or.cannot.be.attained.
at.all.due.to.human.limitations,.or.can.only.be.attained.through.quantum.leaps.by.humans..Blind.
ignorance.also.includes.irrelevant.knowledge.that.can.be.of.two.types:.(1).relevant.knowledge.that.
is.dismissed.as. irrelevant.or. ignored.and.(2). irrelevant.knowledge. that. is.believed. to.be.relevant.
through.nonreliable.or.weak.justification.or.as.a.result.of.ignoratio.elenchi..The.irrelevance.type.
can.be.due.to.untopicality,.taboo,.and.undecidability..Untopicality.can.be.attributed.to.intuitions.
of.experts.that.could.not.be.negotiated.with.others.in.terms.of.cognitive.relevance..Taboo.is.due.

Ignorance

Irrelevance

Conscious ignorance

Inconsistency

InaccuracyConfusion

Incompleteness

AbsenceUncertainty

Approximations

CoarsenessVagueness

Randomness

Likelihood

Untopicality

Taboo

Undecidedness

Sampling

Conflict

Ambiguity

UnspecificityNonspecificity

Blind ignorance

Unknowable
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Figure 1.1 	a	generalized	classification	of	ignorance	types	including	uncertainty	subclassification.
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to.socially.reinforced.irrelevance..Issues.that.people.must.not.know,.deal.with,. inquire.about,.or.
investigate.define.the.domain.of.taboo..The.undecidedness.type.deals.with.issues.that.cannot.be.
designated.true.or.false.because.they.are.considered.insoluble,.or.solutions.that.are.not.verifiable,.or.
as.a.result.of.ignoratio.elenchi..A.third.component.of.blind.ignorance.is.fallacy.that.can.be.defined.
as.erroneous.beliefs.due.to.misleading.notions.

Logic.and.rationality.used.by.humans.cannot.be.both.consistent.and.complete;.and.therefore.
humans. could. not. prove. themselves. complete. without. proving. themselves. inconsistent. and. vise.
versa..Also,.problems.that.cannot.be.solved.by.any.set.of.rules.or.procedures.require.extending.the.
set.of.axioms..This.philosophical.view.of.logic.can.be.used.as.a.basis.for.classifying.the.conscious.
ignorance.into.inconsistency.and.incompleteness..This.classification.is.also.consistent.with.the.con-
cept.of.quantum knowledge.previously.discussed.

Inconsistency.in.knowledge.can.be.attributed.to.distorted.information.as.a.result.of.inaccuracy,.
conflict,.contradiction,.and/or.confusion..Inconsistency.can.result.from.assignments.and.substitu-
tions.that.are.wrong,.conflicting.or.biased-producing.confusion,.conflict.or.inaccuracy,.respectively..
The. confusion. and. conflict. results. from. an. in-kind. inconsistent. assignments. and. substitutions;.
whereas.inaccuracy.results.from.a.level.bias.or.error.in.these.assignments.and.substitutions.

Incompleteness.is.defined.as.lacking.or.nonwhole.knowledge.in.its.extent..Knowledge.incom-
pleteness.consists.of.(1).absence.and.unknowns.as.incompleteness.in.kind.and.(2).uncertainty..The.
unknowns.or.unknown.knowledge.can.be.viewed.in.evolutionary.epistemology.as.the.difference.
between.the.becoming.knowledge.state.and.current.knowledge.state..The.knowledge.absence.com-
ponent.can.lead.to.one.of.the.scenarios:.(1).no.action.and.working.without.the.knowledge,.(2).unin-
tentionally.acquiring.irrelevant.knowledge.leading.to.blind.ignorance,.and.(3).acquiring.relevant.
knowledge.that.can.be.with.various.uncertainties.and.levels..The.fourth.possible.scenario.of.delib-
erately.acquiring.irrelevant.knowledge.is.not.listed.since.it.is.not.realistic.

Uncertainty. can. be. defined. as. knowledge. incompleteness. due. to. inherent. deficiencies. with.
acquired. knowledge.. Uncertainty. can. be. defined. in. practical. terms. as. information. deficiency.
including.deficiency.types.of.incompleteness,.imprecision,.fragmentation,.unreliability,.vagueness,.
or.contradiction..Uncertainty.can.be.classified.based.on.its.sources.into.three.types:.(1).ambigu-
ity,. (2). approximations,. and. (3). likelihood..The.ambiguity. comes. from. the.possibility.of.having.
multioutcomes.for.processes.or.systems..Recognizing.only.some.of.the.possible.outcomes.creates.
uncertainty..The.recognized.outcomes.might.constitute.only.a.partial.list.of.all.possible.outcomes.
leading. to.unspecificity.. In. this.context,.unspecificity. results. from.outcomes.or.assignments. that.
are.incompletely.defined..The.improper.or.incorrect.definition.of.outcomes,.that.is,.error.in.defin-
ing.outcomes,.can.be.called.nonspecificity..In.this.context,.nonspecificity.results.from.outcomes.or.
assignments.that.are.improperly.defined..The.unspecificity.is.a.form.of.knowledge.absence.and.can.
be.treated.similar.to.the.absence.category.under.incompleteness..The.nonspecificity.can.be.viewed.
as.a.state.of.blind.ignorance.

The.human.mind.has. the.ability. to.perform.approximations. through.reduction.and.general-
izations,.that.is,.induction.and.deduction,.respectively,.in.developing.knowledge..The.process.of.
approximation.can.involve.the.use.of.vague.semantics.in.language,.approximate.reasoning,.and.
dealing. with. complexity. by. emphasizing. relevance.. Approximations. can. be. viewed. to. include.
vagueness,.coarseness,.and.simplification..Vagueness.results.from.the.imprecise.nature.of.belong-
ing.and.nonbelonging.of.elements.to.a.set.or.a.notion.of.interest,.whereas.coarseness.results.from.
approximating.a.set.by.subsets.of.an.underlying.partition.of.the.set’s.universe.that.would.bound.the.
crisp.set.of.interest..Simplifications.are.assumptions.introduced.to.make.problems.and.solutions.
tractable.

The.likelihood.can.be.defined.in.the.context.of.chance,.odds,.and.gambling..Likelihood.has.pri-
mary.components.of.randomness.and.sampling..Randomness.stems.from.the.nonpredictability.of.
outcomes..Engineers.and.scientists.commonly.use.samples.to.characterize.populations,.hence.the.
last.type.
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1.4 ALeAtOrY AND ePISteMIC UNCertAINtIeS IN SYSteM ABStrACtION

Uncertainty in engineering.analysis.and.design.is.commonly.defined.as.knowledge.incom-
pleteness.due.to.inherent.deficiencies.in.acquired.knowledge..It.can.also.be.used.to.characterize.
the.state.of.a.system.as.being.unsettled.or.in.doubt.including.its.outcome..For.example,.uncer-
tainty.is.an.important.dimension.in.the.analysis.of.risks..In.this.case,.uncertainty.can.be.present.
in. the. definition. of. the. hazard. threats. and. threat. scenarios,. the. asset. vulnerabilities. and. their.
magnitudes,.failure.consequence.types.and.magnitudes,.prediction.models,.underlying.assump-
tions,.effectiveness.of.countermeasures.and.consequence-mitigation.strategies,.decision.metrics,.
and.appropriateness.of.the.decision.criteria..Traditionally,.uncertainty.can.be.conveniently.clas-
sified.as.follows:

•. Inherit Randomness (i.e., Aleatory Uncertainty)..Some.events.and.modeling.variables.are.perceived.
to.be.inherently.random.and.are.treated.to.be.nondeterministic.in.nature..The.uncertainty.in.this.
case.is.attributed.to.the.physical.world.because.it.cannot.be.reduced.or.eliminated.by.enhancing.the.
underlying.knowledge.base..This. type.of.uncertainty. is.sometimes.referred. to.as.aleatory.uncer-
tainty..An.example.of.this.uncertainty.type.is.strength.properties.of.materials.such.as.steel.and.con-
crete,.and.structural.load.characteristics.such.as.wave.loads.on.an.offshore.platform.

•. Subjective (or Epistemic) Uncertainty..In.many.situations,.uncertainty.is.also.present.as.a.result.of.
a.lack.of.complete.knowledge..In.this.case,.the.uncertainty.magnitude.could.be.reduced.as.a.result.
of.enhancing.the.state.of.knowledge.by.expending.resources..Sometimes,.this.uncertainty.cannot.be.
reduced.due.to.resource.limitations,.technological.infeasibility,.or.sociopolitical.constraints..This.
type.of.uncertainty,.sometimes.referred.to.as.epistemic.uncertainty,.is.the.most.dominant.type..For.
example,. the.probability.of.an.event.can.be.computed.based.on.many.assumptions..A.subjective.
estimate.of.this.probability.can.be.used.in.an.analysis;.however,.the.uncertainty.in.this.value.should.
be.recognized..With.some.additional.modeling.effort,.this.value.can.be.bounded.using.intervals..By.
enhancing.our.knowledge.base.about.this.potential.event,.these.ranges.can.be.updated.

When. uncertainty. is. recognizable. and. quantifiable,. the. framework. of. probability. theory. can. be.
used.to.represent.it..Objective.or.frequency-based.probability.measures.can.describe.uncertainties.
associated.with.the.aleatory.uncertainty,.and.subjective.probability.measures,.for.example.based.on.
expert.opinion,.can.describe.uncertainties.associated.with.the.epistemic.uncertainty..Sometimes,.
however,.uncertainty.is.recognized,.but.cannot.be.quantified.in.statistical.terms..Examples.include.
risks.far.into.the.future,.such.as.those.for.radioactive.waste.repositories,.where.risks.are.computed.
over.design.periods.of.1000.or.10,000.years;.or.risks.aggregated.across.sectors.and.over.the.world,.
such.as.the.cascading.effects.of.a.successful.terrorist.attack.on.a.critical.asset.including.consequent.
government.changes.and.wars.

System.abstraction.performed.by.an.analyst.or.an.engineer.entails.uncertainties.as.schemat-
ically. represented. in. Figure. 1.2.. These. uncertainties. should. be. identified. and. quantified.. Three.
cases.can.be.identified.according.to.Figure.1.2.as.follows:

 1. Ignorance and Uncertainty in Abstracted System Aspects..For.example,.ambiguity.and.likelihood.
types.of.uncertainty.in.predicting.the.behavior.and.designing.systems.might.be.present.requiring.the.
use.of.the.theories.of.probability.and.statistics,.and.Bayesian.methods..In.addition,.approximations.
arise.from.human.cognition.and.intelligence..Some.subjective.representations.can.lack.crispness,.or.
they.can.be.coarse.in.nature,.or.they.might.be.based.on.simplifications..The.lack.of.crispness,.called.
vagueness.is.distinct.from.ambiguity.and.likelihood.in.source.and.natural.properties..The.vagueness.
type.of.uncertainty.in.engineering.systems.can.be.dealt.with.using.appropriately.fuzzy.set.theory..
To.date,.many.applications. involving.vagueness.were.developed,.such.as. (1).strength.assessment.
of. existing. structures. and.other. structural. engineering.applications;. (2)  risk. analysis. and.assess-
ment  in  engineering;. (3). analysis. of. construction. failures,. scheduling. of. construction. activities,.
safety.assessment.of.construction.activities,.decisions.during.construction.and. tender.evaluation;.
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(4).the.impact.assessment.of.engineering.projects.on.the.quality.of.wildlife.habitat;.(5).planning.of.
river.basins;.(6).control.of.engineering.systems;.(7).computer.vision;.and.(8).optimization.based.on.
soft.constraints..Coarseness.in.information.can.arise.from.approximating.an.unknown.relationship.
or.set.by.partitioning.the.universal.space.with.associated.belief.levels.for.the.partitioning.subsets.in.
representing.the.unknown.relationship.or.set..Simplifying.assumptions.are.common.in.developing.
engineering.models..Errors.resulting.from.these.simplifications.are.commonly.dealt.with.in.engi-
neering.using.bias.random.variables.that.are.assessed.empirically.

. 2.. Ignorance and Uncertainty in Nonabstracted System Aspects.. In.developing.a.model,.an.analyst.
needs.to.decide.at.the.different.levels.of.modeling.a.system.on.the.aspects.of.the.system.that.need.
to.be.abstracted,.and.the.aspects.that.need.not.be.abstracted..This.division.is.for.convenience.and.
to.simplify.the.model,.and.is.subjective.depending.on.the.analysts,.as.a.result.of.their.background,.
and.the.general.state.of.knowledge.about.the.system..The.abstracted.aspects.of.a.system.and.their.
uncertainty.models.can.be.developed.to.account.for.the.nonabstracted.aspects.of.the.system.to.some.
extent..Generally,.this.accounting.process.is.incomplete..Therefore,.a.source.of.uncertainty.exists.
due.to.the.nonabstracted.aspects.of.the.system..The.ignorance.categories.and.uncertainty.types.in.
this.case.are.similar.to.the.previous.case.of.abstracted.aspects.of.the.system..These.categories.and.
types.are.shown.in.Figure.1.2..The.ignorance.categories.and.uncertainty.types.due.to.the.nonab-
stracted.aspects.of.a.system.are.more.difficult. to.deal.with.than.the.uncertainty.types.due.to.the.
abstracted.aspects.of.the.system..The.difficulty.can.stem.from.a.lack.of.knowledge.or.understanding.
of.the.effects.of.the.nonabstracted.aspects.on.the.resulting.model.in.terms.of.its.ability.to.mimic.the.
object.of.interest..Poor.judgment.or.human.errors.about.the.importance.of.the.nonabstracted.aspects.
of.the.system.can.partly.contribute.to.these.uncertainty.types,.in.addition.to.contributing.to.the.next.
category,.uncertainty.due.to.the.unknown.aspects.of.a.system.

. 3.. Ignorance Due to Unknown System Aspects..Some.engineering.failures.have.occurred.because.of.
failure.modes.that.were.not.accounted.for.in.the.design.stage.of.these.systems..Failure.modes.were.
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not.accounted.for.due.to.various.reasons.that.include.(1).blind.ignorance,.negligence,.using.irrel-
evant.information.or.knowledge,.human.errors,.or.organizational.errors;.or.(2).a.general.state.of.
knowledge.about.a.system.that.is.incomplete..These.unknown.system.aspects.depend.on.the.nature.
of.the.system.under.consideration,.the.knowledge.of.the.analyst,.and.the.state.of.knowledge.about.
the.system.in.general..By.not.accounting.for.these.aspects.in.the.models.result.in.varying.levels.of.
impact.on.the.ability.of.these.models.in.mimicking.the.behavior.of.the.systems..The.effects.of.the.
unknown.aspects.on.these.models.can.range.from.none.to.significant..In.this.case,.the.ignorance.
categories.include.wrong.information.and.fallacy,.irrelevant.information,.and.unknowns.as.shown.
in.Figure.1.2..Engineers.dealt.with.nonabstracted.and.unknown.aspects.of.a.system.by.assessing.
what. is.commonly.called. the.modeling.uncertainty,.defined.as. the. ratio.of.a.predicted.system’s.
variables.or.parameter.(based.on.the.model).to.the.value.of.the.parameter.in.the.object.of.inter-
est..This.empirical.ratio,.which.is.called.the.bias,.is.commonly.treated.as.a.random.variable.that.
can.consist.of.objective.and.subjective.components..Factors.of. safety.are. intended. to.safeguard.
against. failures..This.approach.of.bias.assessment. is.based.on.two.implicit.assumptions:.(1). the.
value.of.the.variable.or.parameter.for.the.object.of.interest.is.known.or.can.be.accurately.assessed.
from.historical. information.or.expert. judgment;.and.(2). the.state.of.knowledge.about. the.object.
of.interest.is.complete.and.reliable..For.some.systems,.the.first.assumption.can.be.approximately.
examined.through.verification.and.validation,.whereas.the.second.assumption.generally.cannot.be.
validated.

1.5 ChArACterIZING AND MODeLING UNCertAINtY

System.abstraction.entails.the.development.of.a.model.for.a.particular.purpose..For.example,.
the.City.of.New.Orleans.is.located.in.a.hurricane-prone.region..The.city.is.protected.by.a.hurri-
cane. protection. system. (HPS). consisting. of. levees. and. floodwalls,. pumping. stations,. and. gates..
Figure 1.3(a).shows.an.example.floodwall.that.is.part.of.the.HPS,.and.Figure.1.3(b).shows.a.breach,.
that.is,.failure.of.the.HPS.after.the.2005.Hurricane.Katrina..According.to.the.American.Society.
of.Civil.Engineers,.Hurricane.Katrina.was.one.of.the.strongest.storms.ever.to.hit.the.coast.of.the.
United.States.with.intense.winds,.high.rainfall,.waves,.and.storm.surge..It. impacted.the.Gulf.of.
Mexico.shores.of.Louisiana,.Mississippi,.and.Alabama..The.City.of.New.Orleans.was.built.on.low-
lying.marshland.along.the.Mississippi.River..Levees.and.floodwalls.were.built.around.the.city.and.
adjacent.parishes.to.protect.against.flooding..As.a.result.of.the.hurricane,.1118.people.were.con-
firmed.dead.in.Louisiana.and.135.people.are.still.missing.and.presumed.dead..Thousands.of.homes.
were.destroyed,.and.the.direct.damage.to.residential.and.nonresidential.property.was.estimated.at.
$21..billion.in.2005,.with.damage.to.public.infrastructure.estimated.at.another.$6.7.billion..Nearly.
124,000.jobs.were.lost,.and.the.region’s.economy.was.crippled..The.HPS.of.New.Orleans.extends.
several.hundred.miles.with.variations.in.soil.conditions,.geometry,.height,.strength,.etc..To.analyze.
the.ability.of.a.primary.segment.of.the.HPS.to.protect.the.city,.a.simplified.model.was.constructed.
as.shown.in.Figure.1.3(c)..Each.linear.segment.in.this.model.represents.a.levee.or.a.floodwall.reach.
that.is.treated.as.a.homogeneous.segment.in.the.development.of.the.model..This.abstraction.through.
discretization.is.subjective.and.involves.a.lot.of.uncertainty;.however,.it.is.necessary.to.facilitate.the.
development.and.execution.of.the.model.

The.uncertainty.in.a.system.behavior.or.particular.system.parameter.is.commonly.character-
ized.either.(1).empirically.by.making.measurements.or.collecting.data.and/or.(2).subjectively.using.
expert.opinions..In.addition,.models.are.used.to.predict.system.behavior..Uncertainty.in.these.mod-
els.should.be.characterized..The.empirical.information.has.the.benefit.of.objectivity,.but.might.have.
the.shortfall.of.being.limited.in.scope.or.for.a.different.scale.compared.to.the.case.at.hand.or.under.
different. stressors. such.as. temperature,. pressure,. etc..On. the.other.hand,. subjective. information.
has. the.benefit.of.being.broader. in.coverage,.but.certainly.could.have.many.shortfalls. including.
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erroneous.beliefs,.fallacies,.and.unintentional.biases,.such.as.observers’.bias,.anchoring.to.previ-
ously.known.values,.etc..Both.characterization.types.play.central.roles.in.analyzing.and.designing.
systems,.and.in.making.decisions.in.engineering.and.science.

Figures. 1.4. and. 1.5. show. an. example. of. the. type. of. empirical. data. commonly. collected. in.
engineering.to.characterize.uncertainty..In.this.example,.underground.cavities.are.represented.by.
Figure 1.4.in.which.H1.=.overburden.depth.(m),.H2.=.total.drilling.depth.(m),.Z1.=.depth.of.cavity.
top.from.the.surface,.Z2.=.depth.of.cavity.bottom.from.the.surface,.cavity.height.=.Z2.−.Z1,.and.
drilling.depth.in.rock.=.H2.−.H1..The.ordinate.of.Figure.1.5.is.the.number.of.measurements.for.each.
bin.of.the.cavity.height.shown.on.the.abscissa,.with.a.total.of.233.drillings..The.number.of.observa-
tions.in.each.bin.is.called.the.frequency.as.discussed.in.Chapter 2..Figure 1.5.shows.the.aleatory.
uncertainty.present.in.the.cavity.height.that.cannot.be.reduced.by.collecting.additional.measure-
ments;.however,.the.additional.measurement.would.enhance.result.accuracy.

Figure.1.6.illustrates.modeling.uncertainty.that.is.typically.present.when.using.prediction.mod-
els..In.this.example,.several.prediction.models.are.used.to.compute.the.buckling.strength.of.stiffened.
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panels..The.models.vary.in.the.underlying.assumptions.and.the.physical.phenomena.included.in.
their.mathematical.formulations..Some.of.the.models.are.based.on.a.simple.equation.with.a.closed.
form.expression,.and.others.are.based.on.several.equations.that.require.a.numerical.solution..Figure.
1.6.shows.on.the.abscissa.the.slenderness.ratio,.which.is.a.geometric.measure.of.the.slenderness.of.
the.panel.acting.as.a.column,.and.on.the.ordinate.the.ratio.of.the.predicted.value.to.the.measured.
value.based.on.testing..In.this.example,.each.measurement.was.compared.to.the.predictions.based.
on.the.four.models.shown.in.the.figure.

Figure.1.7.shows.example.information.obtained.using.expert.opinion.elicitation..In.this.exam-
ple,.a.flood.depth–damage.relationship.was.obtained.by.subjective.assessments.by.seven.experts..
The.experts.included.insurance.adjustors,.home.builders.and.contractors,.engineers,.and.econo-
mists..Figure.1.7. shows.on. the. abscissa. the.floodwater.depth,. and.on. the.ordinate. the.percent.
loss. of. a. residential. structure. computed. based. on. the. ratio. of. the. cost. to. repair. the. structure.
after.flooding.at.a.particular.water.level.to.bring.it. to.its.state.prior.to.flooding.divided.by.the.
cost. to.replace. the.structure..This.relationship. is.for.a.particular.one-story.house. type.without.
basement,.a.particular.style,.construction.quality,.etc..The.relationship.accounts.for.the.value.of.
the.structure,.but.not.the.content..Such.relationships.are.key.elements.in.assessing.consequences.
due.to.flooding.by.economists..Similar.relationships.are.developed.for.content.and.other.types.of.
structure.

1.6 SIMULAtION FOr UNCertAINtY ANALYSIS AND PrOPAGAtION

A.central.theme.of.this.book.is.data.analysis..Generally,.an.engineer.or.scientist.works.with.data.
measured.from.real.systems..For.example,.transportation.engineers.frequently.use.traffic.counts.at.
intersections.or.accident.data.for.various.configurations.of.control.signals.in.designing.roadways..
Environmental.engineers.collect.water-quality.data,.and.their.analyses.of.the.data.are.used.to.decide.
the.type.of.water-quality.treatment.that.is.needed..This.book.emphasizes.the.analysis.of.such.real-
world.data..Unfortunately,.real-world.data.may.be.too.limited.for.reliable.decision.making..Real-
world.data.may.not.cover.extreme.situations.that.are.important.in.design..For.example,.streamflow.
records.often.do.not.include.the.extreme.floods.that.are.important.in.assessing.flood.risk..For.these.
reasons,.engineers.often.use.simulated.data.to.help.make.decisions..Simulation.is.formally.covered.
in.depth.in.Chapter.7;.however,.it.is.introduced.in.all.of.the.earlier.chapters.to.show.its.usefulness.
as.a.supplement.to.the.traditional.approaches.to.data.analysis.
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Figure 1.7 Depth–damage	relationships	for	a	residential	structure.
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1.6.1 Simulation by Coin Flipping

The.basics.of.simulation.are.easily.understood.using.an.example.based.on.the.flip.of.a.single.
coin..Assume.that,.at.a.particular.location.on.a.river,.the.water.quality.is.considered.good.about.50%.
of.the.time.and.unacceptable.50%.of.the.time..Also,.assume.that.an.environmental.engineer.tests.the.
quality.of.the.water.once.a.day.and.the.quality.on.one.day.is.independent.of.the.quality.on.the.previ-
ous.day..This.situation.is.much.like.the.flip.of.a.coin.in.that.probabilities.(i.e.,.likelihood.estimates).
are.0.5,.and.the.outcome.of.the.flip.of.the.coin.on.any.one.trial.is.independent.of.the.outcome.from.
the.previous.flip..Let.us.also.assume.that.the.environmental.engineer.only.has.data.from.the.past.2.
weeks,.and.the.sample.of.14.values.is.inadequate.to.make.a.decision.about.the.problem..Specifically,.
the.engineer.knows.that.polluted.water.on.two.consecutive.days.is.not.damaging.to.the.aquatic.life,.
but.damage.occurs.if.the.water.is.of.unacceptable.quality.for.three.or.more.consecutive.days..The.
actual.data.for.the.14.days.were.as.follows:

. AAUAUUAUUAAAUA

in.which.A.indicates.acceptable.water.quality.and.U.unacceptable.water.quality..Thus,.in.the.engi-
neer’s.data,. the.water.was.of.acceptable.quality.on.57%.of. the.days.and.no. instances.of.aquatic.
damage.occurred..Should. the.engineer,. therefore,.believe. that. aquatic.damage.will.not.occur. in.
the.future?.Of.course.not!.Because.the.engineer.needs.to.make.a.decision.based.on.the.probability.
of.aquatic.damage. in. the.future,. the.engineer.decides. to.simulate. the.process.and.use. the.simu-
lated.probability. to.make. the.decision..Flipping.a.coin.56. times.produced. the. following.8-week.
sequence:

H. H. T. H. T. H. H. H. H. H. .T. H. T. H. T. T.. H. T.. T. T. H. T.. H. H. H. T.. H. .T
T.. H. T. T. .T. T.. H. H. T.. H. H. H. T. H. T. H. T.. H. T. T. H. H. H. T.. T.. H. T.. H

where.H.is.heads.and.T.is.tails..If.a.tail.is.considered.an.unacceptable.water.quality,.then.two.occur-
rences.of.unacceptable.quality.happened.in.8.weeks,.which.represents.once.every.4.weeks.or.13.
times.a.year..Of.course,.for.decision.making,.the.engineer.would.want.to.use.a.longer.sequence.of.
simulated.data..This.example.demonstrates.the.use.of.simulation.in.a.real-world.problem.to.estab-
lish.a.better.understanding.of.the.problem,.its.consequences,.and.possible.solutions.

1.6.2 Generation of random Numbers

In.the.example.of.the.previous.section,.the.random.occurrence.of.events.was.simulated.using.
the.flip.of.a.coin..For.any.one.event,.only.one.of.the.two.possible.outcomes.can.occur,.H.or.T,.with.
each.having.the.same.likelihood.of.occurrence..Graphically,.this.appears.as
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If.two.coins.were.flipped.and.the.number.of.heads.counted,.one.of.three.possible.outcomes.could.
occur:.0,.1,.or.2..Letting.X.be.the.number.of.heads,.the.probability.P(x).can.be.graphed.as
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Values.of.0,.1,.and.2.would.result.from.these.sequences:.0.for.the.pair.(T,.T),.1.for.the.pairs.(H, T).
or.(T,.H),.and.2.for.the.pair.(H,.H).

If.random.events.were.generated.with.the.roll.of.a.single.die,.one.of.six.outcomes.is.possible..If.
the.die.is.fair,.each.outcome.Y.is.equally.likely,.so.each.would.have.a.probability.of.1/6..Graphically,.
this.appears.as
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If.a.pair.of.dice.was.rolled.simultaneously,.the.probability.of.the.sum.of.dots,.that.is,.pips,.from.
the.two.die.(Z).would.appear.graphically.as.follows:
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It.is.left.to.the.reader.to.show.how.this.would.occur.
In.each.of.these.cases,.only.integer.values.were.possible..That.is,.for.example,.if.a.single.die.is.

rolled,.a.value.of.3.5.is.not.possible..Values.from.the.flip.of.a.coin.or.roll.of.a.die.are.considered.
discrete..In.many.engineering.cases,.this.is.desirable,.such.as.when.the.engineer.is.interested.in.the.
number.of.traffic.fatalities,.the.number.of.floods.per.decade,.the.number.of.earthquakes.above.an.
intensity.of.6.0.per.century,.or.the.number.of.drums.of.a.hazardous.waste.

In.many.other.cases,.engineers.need.values.over.a.continuum,.such.as.the.stopping.distance.of.
cars,.the.magnitude.of.a.flood,.the.compression.strength.of.concrete,.or.the.weight.of.fertilizer.used.
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per.acre..Values.on.a.continuum.can.be.generated.with.a.spinner.(such.as.those.included.in.some.
board.games).placed.over.a.360°.protractor..The.arrow.can.be.spun.and.the.angle.read,.with.possible.
values.from.0.to.360°..The.precision.at.which.the.values.are.recorded.would.depend.on.the.accu-
racy.of.the.spinner..Values.of.the.angle.(A).to.the.nearest.5°.might.be.possible.for.a.crude.apparatus,.
while.values.to.eight.digits.might.be.possible.with.an.electronic.apparatus..Thus,.the.probability.of.
the.outcome.of.a.spin.is.1/360.and.could.be.graphed.as

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0 0 60 120 180 240 360
Outcome, A

Pr
ob

ab
ili

ty
, P

(A
)

300

It.should.be.obvious.that.we.could.transform.the.angle.A.to.a.new.variable.B.that.would.take.on.
values.from.0.to.1.using.the.transformation.B.=.A/360..This.would.appear.as
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This.distribution.from.0.to.1.is.very.useful.and.is.used.frequently.

1.6.3 Computer Generation of random Numbers

A.central.element.in.simulation.is.a.random-number.generator..In.practice,.computer.packages.are.
commonly.used.to.generate.the.random.numbers.used.in.simulation;.however,.it.is.important.to.under-
stand.that.these.random.numbers.are.generated.from.a.deterministic.(well-defined.and.predictable).pro-
cess.and.are.more.correctly.called.pseudo.random.numbers..Because.the.random.numbers.are.derived.
from.a.deterministic.process,.it.is.important.to.understand.the.limitations.of.these.generators.

Random-number. generators. produce. numbers. that. have. the. following. specific. statistical.
characteristics:

•. The.numbers.are.real.values.that.fall.in.the.range.[0,1].
•. Any.value.in.the.range.[0,1].is.equally.likely.to.occur.as.any.other.value.
•. The.numbers.do.not.have.any.trend,.and.future.values.cannot.be.predicted.from.previously.gener-

ated.values.

Obviously,.if.the.generated.numbers.are.truly.random,.an.underlying.population.exists.that.can.be.
represented.by.a.known.probability.function.using.figures.as.in.Section.1.6.2..A.single.die.is.the.
most.obvious.example.of. a. random-number.generator.. If.we. rolled.a. single.die.many. times,.we.
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could.tabulate.a.frequency.histogram..If.the.die.is.a.fair.die,.we.could.expect.the.sample.histogram.
to.consist.of.six.bars.with.almost.equal.heights..Of.course,.the.histogram.for.the.population.would.
consist.of.six.bars.of.equal.height,.as.shown.previously..Other.random-number.generators.would.
produce.random.numbers.having.different.distributions,.and.when.a.computerized.random-number.
generator.is.used.it.is.important.to.know.the.underlying.population..In.this.section,.the.midsquare.
method.and.the.rand.function.method.for.random-number.generation.are.described.for.illustration.
purposes..Other.methods.are.described.in.Chapter.7.

1.6.3.1  Midsquare Method

The.midsquare.method,.one.of. the.simplest.but. least. reliable.methods.of.generating. random.
numbers,.is.provided.for.demonstration.purposes.and.is.not.suitable.for.use.in.simulation.in.prac-
tice..However,.it.is.a.method.that.illustrates.problems.associated.with.deterministic.procedures..The.
general.procedure.is.as.follows:

. 1.. Select.at.random.a.four-digit.number,.which.is.referred.to.as.the.seed.

. 2.. Square.the.number.and.write.the.square.as.an.eight-digit.number.using.preceding.(lead).zeros.if.
necessary.

. 3.. Use.the.four.digits.in.the.middle.as.the.new.random.number.

. 4.. Repeat.steps.2.and.3.to.generate.as.many.numbers.as.necessary.

As.an.example,.consider.the.seed.number.of.2189..This.value.produces.the.following.sequence.
of.four-digit.numbers:

. 0.4.7.9.1.7.2.1

. 6.2.6.7.8.8.8.9

. 4.6.0.7.6.9.4.4

. 0.0.5.9.1.3.6.1

. 3.4.9.6.3.56.9

. 9.2.8.3.3.2.2.5

. 6.9.4.2.2.2.2.4

At.some.point.one.of.these.numbers.must.recur,.which.will.begin.the.same.sequence.that.occurred.
on.the.first.pass..For.example,.if.the.four-digit.number.of.3500.occurred,.the.following.sequence.
would.result:

. 1.2.2.5.0.0.0.0

. 0.6.2.5.0.0.0.0

. 0.6.2.5.0.0.0.0

. 0.6.2.5.0.0.0.0

Such.a.random-number.sequence.does.not.pass.statistical.tests.for.randomness..While.the.proce-
dure.could.be.used.for.very.small.samples.or.five-digit.numbers.could.be.used.to.produce.ten-digit.
squares,.the.midsquare.method.has.serious.flaws.that.limit.its.usefulness..However,.it.is.useful.for.
introducing.the.concept.of.random-number.generation.

The.midsquare.method.cannot.be.used.for.actual.simulation.studies,.but.numerous.methods.that.
are.more.reliable.are.available..Other.more.reliable.methods.for.generating.random.numbers.are.
discussed.in.Chapter.7.

1.6.3.2  The rand Function

Computer.programming.languages,.including.program.commands.in.calculators.and.functions.
available.in.spreadsheets,.have.the.rand.function.or.an.equivalent.function.for.generating.random.
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numbers..For.example,.a.spreadsheet.in.Microsoft.Excel™.can.be.used.to.demonstrate.the.use.of.
the.rand.function..To.use.the.function,.the.reader.should.type.the.following.function,.including.the.
equal.sign.and.the.parentheses,.in.a.cell.of.a.spreadsheet.to.obtain.a.random.number:

. random.number.=.rand(.)

When.the.return.key.is.pressed,.a.random.value.is.generated.and.placed.in.the.cell..The.rand.func-
tion.returns.a.uniformly.distributed.random.number.greater.than.or.equal.to.0.and.less.than.or.equal.
to.1.in.a.cell..A.new.random.number.is.returned.every.time.the.worksheet.is.calculated..Worksheets.
that. include.many.rand. function.uses.might.become.busy.reevaluating. the.rand. functions.every.
time.the.worksheet.is.recalculated..A.solution.to.this.problem.is.to.turn.off.the.worksheet.calcula-
tion.or.to.copy.all.the.rand.function.cells.and.paste.them.as.values.only.at.the.same.locations,.there-
fore.retaining.the.numerical.values.without.the.rand.functions..The.following.list.of.eight.numbers.
was.generated.using.the.rand.function.of.Excel:

. 0.106102761

. 0.358171156

. 0.810248935

. 0.666115294

. 0.129626466

. 0.272854219

. 0.912612626

. 0.979930229

It.can.be.observed.that.all.the.numbers.in.this.list.are.in.the.range.of.zero.to.one..Readers.should.try.
to.generate.their.own.random.numbers.using.both.a.calculator.and.spreadsheet.program.

1.6.4 transformation of random Variables

One.example.of.a.transformation.was.shown.in.Section.1.6.2..In.that.case,.a.value.on.a.continu-
ous.scale.from.0.to.360.was.transformed.to.a.continuous.scale.from.0.to.1..Transformation.is.quite.
frequently.necessary.and.is.discussed.in.detail.in.Section.7.4;.however,.the.rudiments.are.discussed.
herein.and.used.in.Chapters.2–6.and.8–13.

Assume.that.a.die.rather.than.a.coin.is.available..How.could.we.generate.flips.of.a.coin.with.the.
die?.This.is.easily.accomplished.by.transforming.the.value.of.the.die.to.the.value.of.the.coin..When.
the.die.is.rolled,.the.occurrence.of.a.1,.2,.or.3.would.represent.a.head,.while.a.value.of.4,.5,.or.6.
would.represent.a.tail..Graphically,.this.transformation.appears.as:
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We.enter.along.the.ordinate.with.the.outcome.of.the.roll.of.a.die.and.move.horizontally..If.the.
line.for.the.head.(H).is.intersected,.then.we.assume.a.head.occurred..If.we.move.horizontally.and.
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the.line.for.the.tail.is.first.intersected,.then.we.assume.a.tail.occurred..How.could.we.simulate.the.
flip.of.an.unbalanced.coin.for.which.the.probability.of.a.head.is.1/3.rather.than.1/2?.The.reader.
should.construct.a.transformation.graph.for.this.case.(for.the.moment,.we.will.call.these.graphs,.
where.one.value.is.transformed.to.another,.transformation graphs).

The.transformation.graph.for.the.case.of.the.0–360.scale.transformed.to.a.0–1.scale.is.as.follows:
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The.value.of.B.could.be.transformed.to.simulate.the.outcome.(Y).roll.of.a.die.using.the.following.
transformation.graph:
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Entering.along.the.ordinate.with.the.value.of.B,.move.horizontally.until.one.of.the.vertical.lines.
is.intersected..The.transformed.variable.Y.is.then.read.from.the.abscissa..For.example,.if.B.equals.
0.42,.then.Y.is.3.

Transformation.graphs.such.as.these.can.be.used.in.simulation.studies..Transformation.models.
can.be.used.instead.of.graphs.and.are.widely.used.in.simulation.studies..They.are.central.to.the.
discussions.of.simulation.throughout.this.book.

Example 1.1: Generation of Wave Heights Using Linear Transformation

The height of waves in an ocean at some point in time and over a spatial area is random in nature. To illus
trate the generation of the height of a wave, we will use a linear transformation model due to its simplicity. It 
should be noted that a linear model is not realistic, and other models are available to more accurately represent 
wave heights. An example linear transformation model is used to generate random values of wave height (h) in 
the range of 0–5 m. The linear model transformation can be expressed as

 h u b a a= − +( )  (1.1)

where h is the wave height, u is a random number, a is the lower limit on wave height of 0, and b is the upper 
limit on wave height of 5 m. The random number u  can be generated using the rand function in each simulation 
trial or cycle (i). Table 1.1 shows example results of this generation of wave heights.
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1.7 SIMULAtION PrOJeCtS

This.section.provides.problem.statements. for. four. simulation.projects.or.case.studies..These.
projects.are.developed.further.in.subsequent.chapters.where.appropriate..Students.and.readers.can.
use.these.projects.to.perform.analyses.that.should.enhance.their.understanding.of.the.concepts.pre-
sented.in.the.chapters..After.completing.the.analyses,.a.report.should.be.written..The.report.should.
have.a.professional.structure.and.style.with.all.concepts.utilized.clearly.explained..The.report.should.
include.a.title.page,.an.executive.summary,.a.table.of.contents,.and.various.sections.devoted.to.each.
analysis..Example.sections.include.assessing.the.statistical.characteristics.of.the.generated.random.
variable,. computing.exceedance.probabilities,. and.performing.parametric.analysis..Each. section.
should.begin.with.a.descriptive.heading;.the.format.used.for.headings.in.this.book.can.be.used.as.an.
example.of.headings..Most.reports.will.include.an.introduction.section,.a.conclusions.section,.and.a.
sufficient.number.of.intermediate.sections.to.cover.the.analyses..All.data.should.be.placed.in.tables.
and.graphical.presentations.as.needed..The.format.used.in.this.book.for.tables.and.figures.should.
be.followed..Note.that.all.tables.and.figures.are.numbered,.with.references.in.the.text.to.the.table.
or.figure.indicated.by.the.number..Large.tables.or.cases.involving.a.large.number.of.figures.should.
be.placed.in.appendices.to.the.report..Students.should.work.in.teams.and.set.up.a.website.with.all.
project.details,.reports,.and.related.links.

1.7.1 Structural Beam Study

The.case.study.introduced.in.this.section.and.used.in.subsequent.chapters.can.be.viewed.as.an.
example.project..The.objective.of.this.study.is.to.investigate.the.stress.at.the.extreme.fibers.of.a.
structural.steel.beam.used.in.a.bridge.(shown.in.Figure.1.8)..The.stress.at.the.extreme.fibers.can.be.
computed.as

.
s = ≤

Mc

I
fy

.
(1.2)

where.σ.is.the.computed.stress,.M.is.the.applied.moment.on.a.section.due.to.external.loads,.c.is.
the.distance.from.the.neutral.axis. to. the.extreme.fibers,.I. is. the.centroidal.moment.of. inertia.of.
the.cross.section,.and.fy.is.the.yield.stress.of.the.material.of.the.beam..The.variables.M,.c,.I,.and.

table 1.1  Uniform Generated 
Numbers (u) and 
Wave heights (h)

random Number 
(u)

Wave 
height (h)

0.121593361 0.607967

0.140811553 0.704058

0.913545411 4.567727

0.617829368 3.089147

0.680623817 3.403119

0.708733255 3.543666

0.539608737 2.698044

0.706784267 3.533921

0.200539197 1.002696

0.914977010 4.574885
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fy. are. called. basic random variables.. The. meaning. of. a. random. variable. will. be. introduced. in.
Chapter 3. Table 1.2 shows.the.parameters.needed.for.performing.linear.transformation according to.
Equation.1.1..Using.linear.transformation.for.the.four.random.variables,.generated.values.can.be.
obtained.based.on.the.rand.function.in.a.spreadsheet..The.results.of.20.simulation.trials.are.pro-
vided.in.Table.1.3..Table.1.3.is.structured.in.three.parts..Table.1.3a.lists.the.20.generated.random.
numbers..It.should.be.noted.that.each.random.variable.requires.its.own.set.or.stream.of.generated.
random.numbers.to.produce.random.variables.that.are.not.related..Table.1.3b.transforms.the.gen-
erated.random.numbers.into.random.variables.using.a.linear.transformation.process.as.defined.in.
Equation.1.1.and.according.to.the.parameters.defined.in.Table.1.2..Table.1.3c.uses.Equation.1.2.to.
compute.the.stress.(σ).and.compares.this.computed.stress.to.the.generated.yield.stress.of.the.mate-
rial..Failure.is.defined.in.this.case.study.as.reaching.the.first.yield.of.the.materials.at.the.extreme.
fibers..The.last.column.in.Table.1.3c.was.developed.based.on.this.comparison..In.this.case.study,.
the.moment.M.due.to.the.load.on.the.beam.was.assumed.to.show.a.wide.range.of.1000.to.6000.to.
demonstrate.the.possible.failure.state.of.the.beam..In.real.structures,.the.occurrence.of.failure.is.not.
as.frequent.as.demonstrated.in.this.case.study..Table.1.3c.shows.five.failures.in.20.simulation.trials.
(i.e.,.25%.of.the.cases)..The.reliability.of.this.steel.beam.is.defined.as.100%.minus.25%,.or.75%.

This.study.can.be.extended.into.a.full-term.project..Appendix.D.provides.a.suggested.project.
statement. and. solution. that. require. the. reader. to.have.completed.at. least.up. to.Chapter.3. to.get.
started.and.carry.through.the.project.to.the.end.of.Chapter.11.

1.7.2 Stream erosion Study

The.erosion.of.streams.can.significantly. increase. the.cost.of. treating.water. for.water.supply,.
damage.the.habitat.of.fish,.and.cause.in-stream.structures,.such.as.coffer.dams,.to.fail..Thus,.predic-
tion.of.stream.erosion.rates.is.necessary..Empirical.models.are.widely.used.for.making.predictions..

Moving truck load

Bridge span

Cross section
of moment 
of inertia I

c

Applied moment M
due to truck load 

Figure 1.8 steel	beam	in	a	bridge.

table 1.2  Linear transformation Parameters for Beam 
Failure Analysis Case Study

random 
Variable Mid-interval a b b – a

c 	 	10 	 	 	 	9.5 	 	 	10.5 1

M 3500 1000 6000 5000

I 1000 	 900 1100 200

fy 	 	50 	 	 45 	 	 55 10
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table 1.3b  Generated Stresses in a Beam, Yield Stresses, and Failure Analysis: 
Generated random Variables

Simulation 
trial i Generated c Generated M Generated I Generated fy

1 9.765683 3223.834 1006.817 53.24389

2 9.612984 4975.614 928.5426 48.13709

3 9.630852 1204.623 1022.041 46.19275

4 10.04097 5557.749 977.7457 50.62588

5 10.48639 1219.822 988.9896 48.02641

6 10.09974 3097.744 913.5263 49.2764

7 9.609176 3999.133 1055.776 46.2306

8 10.08211 1867.208 914.6821 51.82096

9 9.944096 1249.075 995.9544 54.60011

10 9.70698 4403.928 1042.317 53.8489

11 10.46046 4128.882 953.2209 51.22753

12 9.666624 2203.521 1030.619 48.98477

13 10.39759 4545.813 945.5859 51.47695

14 9.810298 5728.184 963.4097 48.07006

15 10.43158 3766.887 901.4936 48.6257

16 9.840714 4172.859 1071.6 50.56425

17 9.973103 5938.021 975.3646 45.11421

18 9.619418 5242.902 1046.678 51.51616

19 10.26901 5704.998 912.0707 50.13985

20 10.152 3065.187 1036.65 53.07705

table 1.3a  Generated Stresses in a Beam, Yield Stresses, and Failure Analysis: 
Generated random Numbers

Simulation 
trial i

Generated 
random 

Number (u) for c

Generated 
random Number 

(u) for M
Generated random 

Number (u) for I

Generated 
random Number 

(u) for fy

1 0.265683 0.444767 0.534083 0.824389

2 0.112984 0.795123 0.142713 0.313709

3 0.130852 0.040925 0.610206 0.119275

4 0.540974 0.91155 0.388728 0.562588

5 0.986392 0.043964 0.444948 0.302641

6 0.599745 0.419549 0.067631 0.42764

7 0.109176 0.599827 0.778881 0.12306

8 0.582111 0.173442 0.07341 0.682096

9 0.444096 0.049815 0.479772 0.960011

10 0.20698 0.680786 0.711584 0.88489

11 0.96046 0.625776 0.266105 0.622753

12 0.166624 0.240704 0.653093 0.398477

13 0.897585 0.709163 0.22793 0.647695

14 0.310298 0.945637 0.317049 0.307006

15 0.931585 0.553377 0.007468 0.36257

16 0.340714 0.634572 0.858001 0.556425

17 0.473103 0.987604 0.376823 0.011421

18 0.119418 0.84858 0.733391 0.651616

19 0.769009 0.941 0.060353 0.513985

20 0.652001 0.413037 0.68325 0.807705
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Table.C.1.(see.Appendix.C).includes.a.set.of.data.for.62.small.streams..The.data.include.three.pre-
dictor.variables:.the.mean.soil.particle.diameter,.the.slope.of.the.stream.channel,.and.the.discharge.
rate.of.the.water.in.the.stream.per.unit.foot.of.width..The.erosion.rate.(Y).is.measured.as.a.weight.
per.unit.time.per.unit.foot.of.width.

Using.the.data.of.Table.C.1,.find.the.minimum.and.maximum.values.of.Y..Then.generate.50.
values.of.Y.using.the.rand.function..Transform.each.of.the.50.random.values.(ui).to.values.of.Y.using.
the.following.transformation.model:

. Y ui i= + −min (max min) . (1.3)

1.7.3 traffic estimation Study

Traffic.engineers.need.estimates.of.the.number.of.vehicles.on.roads.in.a.local.community..These.
estimates.are.used.to.set.the.timing.of.traffic.lights.and.for.the.design.of.roadways..Table.C.2.con-
tains.a.set.of.data.for.a.median-sized.city.that.is.separated.into.46.zones..The.variable.of.interest.(Y).
is.the.number.of.daily.work.trips.made.in.a.zone..This.variable.is.some.function.of.the.zone.popu-
lation,.the.number.of.dwellings.in.the.zone,.and.the.number.of.vehicles.in.the.zone.

Using.the.data.of.Table.C.2,.find.the.minimum.and.maximum.values.of.Y..Then.generate.25.
values.of.Y.using.the.rand.function..Transform.each.of.the.25.random.values.(ui ).to.values.of.Y.using.
the.following.transformation.model:

. Y ui i= + −min (max min) . (1.4)

table 1.3c  Generated Stresses in a Beam, Yield Stresses, and Failure Analysis: 
Computed Stress, Failure Analysis, and reliability Assessment

Simulation 
trial i Generated fy

Computed Stress 
(σ) According to 

equation 1.2 Did Failure Occur?

1 53.24389 31.26978 no

2 48.13709 51.51137 Yes

3 46.19275 11.35135 no

4 50.62588 57.07539 Yes

5 48.02641 12.93394 no

6 49.2764 34.24797 no

7 46.2306 36.39822 no

8 51.82096 20.58136 no

9 54.60011 12.47138 no

10 53.8489 41.01329 no

11 51.22753 45.30954 no

12 48.98477 20.66779 no

13 51.47695 49.98539 no

14 48.07006 58.32948 Yes

15 48.6257 43.58834 no

16 50.56425 38.32018 no

17 45.11421 60.71627 Yes

18 51.51616 48.18449 no

19 50.13985 64.23261 Yes

20 53.07705 30.01764 no
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1.7.4 Water evaporation Study

Evaporation.of.water.stored.in.a.reservoir.is.a.significant.source.of.water.loss..This.loss.reduces.
the.amount.of.water.available.for.power.generation,.irrigation,.and.recreation..It.may.also.reduce.the.
aesthetics.of.the.site..Therefore,.predictions.of.evaporation.are.made.prior.to.constructing.a.dam.so.
that.evaporation.losses.can.be.accounted.for.in.the.design.of.the.dam.

Table.C.3.contains.a.set.of.data.from.an.existing.dam..The.daily.evaporation.rate.is.the.variable.
(Y).to.be.predicted..The.predictor.variables.are.the.mean.daily.temperature,.the.mean.daily.relative.
humidity,.and.the.mean.daily.wind.speed,.which.are.variables.thought.to.influence.the.predicted.
value.of.lake.evaporation..Find.the.minimum.and.maximum.values.of.Y.from.Table.C.3..Generate.
40.values.of.Y.using.the.rand.function..Transform.the.40.random.values.(ui ).to.values.of.Y.using.the.
following.transformation.model:

. Y ui i= + −min (max min) . (1.5)

1.8 PrOBLeMS

 1-1.  Select.an.engineering.system.for.which.you.can.define.different.levels.of.abstractions.on.the.system.
with.different.abstraction.aspects..Identify.the.abstracted.aspects.of.the.system,.the.nonabstracted.
aspects.of.the.system,.and.the.unknown.aspects.of.the.system..What.are.the.uncertainty.types.for.the.
selected.system?.Describe.the.uncertainty.types.using.examples.

 1-2.  Provide.examples.of.aleatory.and.epistemic.uncertainty.for.an.engineered.system..Discuss.the.dif-
ferences..How.can.you.reduce.uncertainty.for.each.type?

 1-3.  Provide.examples.of.ignorance.types.provided.in.Figure.1.1.
 1-4.  Show.the.development.of.the.probability.graph.P(Z).versus.Z.given.in.Section.1.3.2.
 1-5.  Show.the.transformation.graph.that.transforms.the.roll.of.a.die.(W).to.the.value.of.the.flip.of.an.unfair.

coin.(C).for.which.the.probability.of.a.tail.is.5/6.
 1-6.  Develop.a. transformation.graph. for.flipping.a. thumbtack. that.has.a.2/3.probability. for. its.needle.

pointing.down.
 1-7.  Develop.a.transformation.graph.for.producing.a.computer.chip.by.a.factory.that.has.a.1/1000.defec-

tive-chip.probability.
 1-8.  Assume.the.value.of.X.is.random.and.can.take.on.values.from.0.to.1..Assume.the.following.transfor-

mation.graph.relates.X.to.the.annual.number.of.fatal.accidents.(N).at.an.intersection:

.

1

0.8

0.6

0.4

X

0.2

0
0 1 2 3

N

0.40

0.70

0.90
1.0

. . .A.random-number.generator.yields.the.following.six.values.of.X:.0.37,.0.82,.0.64,.0.25,.0.02,.0.94..
How.many.fatal.accidents.occurred.in.each.of.the.six.years?
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 1-9.. .The.probabilities.of.the.largest.magnitude.of.an.earthquake.in.any.decade.are.as.follows:

.

Magnitude

Probability

3.to.4 4.to.5 5.to.6 6.to.7 7.to.8 8.to.9

0.78 0.13 0.04 0.03 0.01 0.01

. . or

1

0.8

0.6

0.4

E

0.2

0
3.5 4.5 5.5 6.5

M
7.5 8.5

0.78

0.91 0.95 0.98 0.99 1.00

. . Construct.a.transformation.graph.that.could.transform.a.random.number.(E).over.the.range.from.0.to.
1.to.the.magnitude.of.an.earthquake.(M),.where.M.takes.on.the.center.value.for.each.interval.of.the.
magnitude..For.each.of.the.following.values.of.E,.find.the.simulated.value.of.M:

E.=.{0.27,.0.62,.0.13,.0.49,.0.96,.0.06,.0.84}

 1-10.. .Use.the.midsquare.method.to.generate.10.random.numbers.using.a.seed.of.3456.
 1-11.. .Use.the.midsquare.method.to.generate.10.random.numbers.using.a.seed.of.8371.
 1-12.. .Use.the.midsquare.method.to.generate.20.random.numbers.using.a.seed.of.9658.
 1-13.. .Use.the.midsquare.method.to.generate.20.random.numbers.using.a.seed.of.2468.
 1-14.. .Use.the.rand.function.in.a.spreadsheet.to.randomly.generate.20.random.numbers..Repeat.the.process.

for.another.20.random.numbers..Is.the.first.set.of.random.numbers.the.same.as.the.second.set?
 1-15.. .Use.the.rand. function.in.a.spreadsheet. to.randomly.generate.20.random.numbers,.and.use.linear.

transformation.to.produce.random.values.in.the.range.[2,.6].
 1-16.. .Use.the.rand.function.in.a.spreadsheet.to.randomly.generate.100.random.numbers,.and.use.linear.

transformation.to.produce.random.values.in.the.range.[22,.132].
 1-17.. .Use.the.rand.function.in.a.spreadsheet.to.randomly.generate.100.random.numbers,.and.use.linear.

transformation.to.produce.random.values.in.the.range.[–5,.5].
 1-18.. .Use.the.rand.function.in.a.spreadsheet.to.randomly.generate.100.random.numbers,.and.use.linear.

transformation.to.produce.random.values.in.the.range.[–15,.325].
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ChAPter  2

Data Description and treatment

In.this.chapter,.we.discuss.measurement.scales.used.for.variables,.present.ways.of.graphing.data.
to.improve.communication.of.quantitative.information,.provide.descriptive.measures.of.variables,.
and.provide.guidelines.for.developing.effective.histograms.
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2.1 INtrODUCtION

It. is.common.in.engineering.to.deal.with.certain.types.of.dispersion.and.uncertainty.by.col-
lecting.data.and.information.about.some.variables.that.are.needed.to.solve.a.problem.of.interest..
For.example,.if.a.decision.needs.estimates.of.evaporation.rates,.then.measured.data.on.evaporation,.
temperature,.humidity,.and.air.wind.speed.would.be.useful..The.data.can.then.be.used.to.establish.
some.understanding.about.the.relations.among.the.different.variables..After.collecting.the.data,.it.
is.necessary.to.utilize.techniques.for.describing,.treating,.and.analyzing.them..The.objective.of.this.
chapter.is.to.introduce.common.techniques.to.describe.and.summarize.data.

2.2 CLASSIFICAtION OF DAtA

Graphical. analyses. are. widely. used. in. engineering. for. both. making. initial. assessments.
of.data.characteristics. and.presenting. results. to.be.used.by.engineers..A.number.of.ways.of.
graphically.presenting.data. are. available,. each.having.advantages. for. specific. types.of.data..
Therefore,.before.discussing.the.graphical.methods,.it.is.necessary.to.review.methods.for.clas-
sifying.data.

Data.can.be.measured.on.one.of.four.scales:.nominal,.ordinal,. interval,.and.ratio..The.four.
scales.are.given.in.order.of.numerical.value..Variables.defined.on.one.scale.can.be.reduced.to.a.
lower.scale.of.measurement.but.cannot.be.described.on.a.higher.scale.of.measurement;.however,.
when.a.variable.is.transformed.to.a.lower.scale.of.measurement,.there.is.an.accompanying.loss.of.
information..Examples.of.data.measured.on.the.four.scales.are:.gender.or.political.party.affiliation.
(nominal);.high,.medium,.or.low.risk.(ordinal);.test.scores.(interval);.and.age,.height,.and.weight.
(ratio).

In.addition.to.the.scale.of.measurement,.data.can.be.classified.based.on.their.dimensionality..
The. dimensionality. is. a. measure. of. the. number. of. axes. needed. to. present. the. data. graphically..
Graphical.analyses.are.usually.limited.to.use.with.one-,.two-,.and.three-dimensional.data.

2.2.1 Nominal Scale

The.nominal.scale.of.measurement.is.at.the.lowest.level,.because.there.is.no.order.to.the.data..
Measurements.consist.of.simply.identifying.the.sample.as.belonging.to.one.of.several.categories..
Nominal.measurement.scales.are.both.discrete.and.qualitative;.however,.numbers.may.be.assigned.
to.the.categories.for.the.purpose.of.coding.

Frequently.used.examples.of.variables.measured.on.a.nominal.scale.include:.(1).gender:.female.
or.male;.(2).political.affiliation:.Republican,.Democrat,.Independent,.or.other;.or.(3).college.major:.
engineering,.sciences,.physical.education,.or.other..Engineering.data.are.sometimes.provided.using.
a.nominal.scale—for.example:.(1).project.failed.or.did.not.fail;.(2).fatal.and.nonfatal.accidents;.or.
(3).land.use,.such.as.urban,.rural,.forest,.institutional,.commercial,.or.other.

2.8.4. Water.Evaporation.Study............................................................................................. 55
2.8.5. Pile.Strength.Study...................................................................................................... 55
2.8.6. Bridge.Scour.Study...................................................................................................... 55
2.8.7. Highway.Accident.Study............................................................................................. 55
2.8.8. Academic.Grade.Study................................................................................................ 55
2.8.9. River.Discharge.Study................................................................................................. 56

2.9. Problems.................................................................................................................................. 56
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2.2.2 Ordinal Scale

The.ordinal. scale.of.measurement. is.considered. to.be.a.higher. scale. than. the.nominal. scale.
because.it.has.the.added.property.that.there.is.order.among.the.groups;.however,.the.magnitude.of.
the.differences.between.groups.is.not.meaningful..For.example,.military.ranks.are.measured.on.an.
ordinal.scale..The.major.is.above.the.sergeant.and.the.sergeant.is.above.the.private,.but.we.cannot.
say.that.a.major.is.two.or.three.times.higher.than.a.sergeant.

Variables.of.interest.in.engineering.that.are.measured.on.an.ordinal.scale.include.the.infiltration.
potential.of.soil.texture.classes.and.hazard.classifications.for.dam.design.(high,.moderate,.or.low.
hazard)..Soils.are.classified.into.one.of.several.categories,.such.as.sand,.sandy.loam,.clay.loam,.and.
clay..In.this.respect,.soil.texture.is.measured.on.a.nominal.scale;.however,.if.we.consider.the.infil-
tration.potential.of.the.soil,.then.we.can.put.the.soil.textures.in.order.according.to.the.infiltration.
potential,.high.to.low.

2.2.3 Interval Scale

The.interval.scale.of.measurement.has. the.characteristics.of. the.ordinal.scale,. in.addition. to.
having.a.meaningfulness.in.the.separation.between.any.two.numbers.on.the.scale..Temperature.is.
defined.on.the.interval.scale..We.recognize.that.a.difference.in.temperature.of.5°C.is.less.than.a.dif-
ference.of.10°C..Values.on.an.interval.scale.may.be.treated.with.arithmetic.operators..For.example,.
the.mean.value.of.a.set.of.test.grades.requires.addition.and.division.

Engineering.data.are.frequently.recorded.on.an.interval.scale..The.yield.strength.of.steel,.the.
compression.strength.of.concrete,.and.the.shear.stress.of.soil.are.variables.measured.on.an.interval.
scale..The.annual.number.of.traffic.fatalities.and.the.number.of.lost.worker-hours.on.construction.
sites.due.to.accidents.are.also.engineering.variables.recorded.on.an.interval.scale.

2.2.4 ratio Scale

The.ratio.scale.represents.the.highest.level.of.measurement..In.addition.to.the.characteristics.
of.the.interval.scale,.the.ratio.scale.has.a.true.zero.point.as.its.origin,.not.like.the.interval.scale,.for.
which.the.zero.point.is.set.by.some.standard..For.example,.in.the.interval.scale.the.zero.point.for.
temperature.(°C).is.set.at.the.point.where.water.freezes..However,.it.could.have.been.either.set.at.the.
point.where.water.boils.or.based.on.some.other.substance.

The.standard.deviation,.which.is.discussed.in.Section.2.5.2,.is.measured.on.a.ratio.scale..The.
zero.point. is. that. for.which. there. is. no.variation..The. coefficient. of. variation. (COV). and.many.
dimensionless.ratios.such.as.the.Mach.and.Reynolds.numbers.are.measured.on.a.ratio.scale..Age,.
height,.and.weight.are.variables.measured.on.a.ratio.scale.

2.2.5 Dimensionality of Data

The.dimensionality.of.data.was.defined.as. the.number.of.axes.needed. to. represent. the.data..
Tabular.data.with.one.value.per.classification.is.an.example.of.one-dimensional.data..For.example,.
if.a.transportation.engineer.gives.the.number.of.fatal.traffic.accidents.for.each.state.in.1991,.the.var-
iable.is.described.using.one-dimensional,.interval-scale.data..It.can.be.represented.in.tabular.form.
as.a.function.of.the.state..It.could.also.be.represented.pictorially.with.the.number.of.fatalities.as.the.
ordinate.(vertical.axis).and.the.state.as.the.abscissa.(horizontal.axis)..In.this.case,.the.ordinate.is.on.
an.interval.scale,.while.the.abscissa.is.on.a.nominal.scale;.when.presented.this.way,.it.appears.as.a.
two-dimensional.graph.
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Two-dimensional.plots.are.very.common.in.engineering..For.example,.the.solution.of.a.depen-
dent.variable.y.of.a.differential.equation.could.be.plotted.as.a.function.of.the.independent.variable x..
In.this.case,.both.variables.are.expressed.on.an.interval.scale..As.another.example,.the.corrosion.
rate.of.structural.steel.as.a.function.of.the.length.of.time.that.the.steel.has.been.exposed.to.the.cor-
rosive.environment.is.a.two-dimensional.plot..If.we.have.data.for.different.types.of.steel.(carbon.
steel,.copper.steel,.and.weathered.steel),.the.three.relationships.can.be.presented.on.the.same.graph,.
with.the.steel.types.identified..In.this.case,.steel.type.is.a.nominal.variable,.so.the.two-dimensional.
plot.includes.two.variables.on.interval.scales.and.one.variable.on.a.nominal.scale.

2.3 GrAPhICAL DeSCrIPtION OF DAtA

The.first.step.in.data.analysis.is.often.a.graphical.study.of.the.characteristics.of.the.data.sam-
ple..Depending.on.the.objectives.of.the.analysis.and.the.nature.of.the.problem.under.consideration,.
one.or.more.of.the.following.graphical.descriptors.are.commonly.used:.area.charts,.pie.charts,.bar.
charts,. column.charts,. scatter.diagrams,. line.graphs,. combination.charts,. and. three-dimensional.
charts..The.selection.of.a.graphical.descriptor.type.should.be.based.on.(1).its.intended.readers,.(2).
the.type.of.data,.(3).the.dimensionality.of.the.problem,.and.(4).the.ability.of.the.graphical.descriptor.
to.emphasize.certain.characteristics.or.relations.of.the.parameters.of.the.problem..In.this.section,.
examples.are.used.to.illustrate.the.different.types.

2.3.1 Area Charts

Area. charts. are. useful. for. three-dimensional. data. that. include. both. nominal. and. interval-
.independent.variables,.with.the.value.of.the.dependent.variable.measured.on.an.interval.scale.and.
cumulated.over.all.values.of.the.nominal.variable..The.independent.variable.measured.on.an.inter-
val.scale. is.shown.on.the.abscissa..At.any.value.along.the.abscissa,. the.values.of. the.dependent.
.variable.are.cumulated.over.the.independent.variable.measured.on.the.nominal.scale.

Example 2.1: Area Chart for Traffic Analysis

A traffic engineer is interested in analyzing the traffic at an intersection. A vehicle approaching the inter
section can proceed in one of the following directions: straight, left turn, or right turn (Uturns are assumed to 
be illegal). The vehicles were counted at the intersection and classified according to direction. The counts were 
established for 24 h in a typical business day. The results are shown in Figure 2.1 in the form of an area chart. 
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The area chart shows that at 8:00 approximately 40 vehicles made a right turn, approximately 75 vehicles made 
either a right or left turn, and a total of approximately 200 vehicles went through the intersection.

2.3.2 Pie Charts

Pie.charts.are.commonly.used.to.graphically.present.data.recorded.as.fractions,.percentages,.
or.proportions..The.100%.of.the.circular.pie.chart.is.separated.into.pie.slices.based.on.fractions.or.
percentages..The.variable.presented.in.a.pie.chart.is.measured.on.an.interval.scale.

Example 2.2: Pie Chart for Shipment Breakdown

A shipping company facilitates for customers the transfer of any item from any location to another within the 
United States. The company transfers 25%, 30%, and 45% of the items by air, ground, and sea transportation, 
respectively. In this case, the variable is the form of transportation, with values recorded as a percentage of all trans
portation. The breakdown of these items by shipping method is shown in Figure 2.2 in the form of a pie chart.

2.3.3 Bar Charts

Bar.charts.are.also.useful.for.data.recorded.on.an.interval.scale.with.one.or.more.independent.
variables.recorded.on.nominal.or.ordinal.scales..The.dependent.variable.can.be.a.magnitude.or.a.
fraction..Both.one-.and.two-dimensional.bar.charts.can.be.used,.with.a.dimension.that.is.based.on.
the.number.of.independent.variables.

Example 2.3: Bar Chart for Steel Production

A reinforcingsteel manufacturer provides steel of three different yield strengths: 40, 50, and 60 ksi. The 
production manager would like to keep track of production for both reinforcingsteel type and the four quar
ters of a production year. Thus, the amount of steel produced is the dependent variable. The two independent 
variables are the steel type and the yearly quarters. The dependent variable is on an interval scale, while the 
independent variables are on an ordinal and nominal scale, respectively. A bar chart, in this case, can meet 
the requirements of the manager as shown in Figure 2.3. In this case, the bars are shown vertically because the 
descriptors can be easily included on the abscissa and as a side note.

Example 2.4: Bar Chart for Capacity of Desalination Plants

In this case, the dependent variable is the capacity (in million gallons per day, mgd) of water from desa
lination plants worldwide. The independent variable is the process used in the desalination. Figure 2.4 shows 
the distribution. The bar chart, in this example, is shown sideways to facilitate presenting the descriptors of the 
six processes.
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Figure 2.2 shipping	methods.
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2.3.4 Column Charts

Column.charts.are.very.similar.to.bar.charts.but.with.the.added.constraint.that.the.dependent.
variable.is.expressed.as.a.percentage.(or.fraction).of.a.total..In.this.case,.one.of.the.independent.
variables.is.used.for.the.abscissa,.while.the.dependent.variable.is.shown.as.percentages.(or.fractions).
of.the.second.independent.variable..The.dependent.variable.is.shown.as.the.ordinate.

2.3.5 Scatter Diagrams

When.both.the.independent.and.dependent.variables.are.measured.on.interval.or.ratio.scales,.
the.data.are.best.presented.with.scatter.plots..Usually,.the.variable.to.be.predicted.(dependent.var-
iable). is.shown.on.the.ordinate.and.the.independent.variable.on.the.abscissa..The.ranges.for. the.
variables.on.axes.are.based.on.the.minimum.and.maximum.values.of.the.measured.data,.possible.
values.for.the.variables,.or.values.that.may.be.expected.to.occur.in.the.future.

Example 2.5: Column Chart for Steel Production

An alternative method for displaying the reinforcing steel production of Example 2.3 is by column charts. 
Figures 2.5a and 2.5b show example charts. Note that in Figure 2.5a, steel production is displayed as a per
centage of the total steel produced for each quarter.
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Example 2.6: Scatter Diagram: Yield Strength and Carbon Content

The yield strength of steel depends on several factors, such as the carbon content. An experimental pro
gram was designed to understand this relationship. Figure 2.6 shows the measured values. Because we are 
interested in the yield strength as a function of the carbon content, the yield strength is placed on the ordinate. 
The limits of the plot were set by the values of the data. An alternative plot with a range of 0–200 ksi and 0–0.1% 
carbon content could also be used to display the data. It is evident from this figure that under similar test condi
tions the yield strength increases as the carbon content increases.
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Figure 2.5a 	reinforcing	steel	production	(as	percentage)	by	yield	strength	and	quarter.
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Figure 2.5b reinforcing	steel	production	by	yield	strength	and	quarter.
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2.3.6 Line Graphs

Line.graphs.are.used. to. illustrate.mathematical. equations..With.both.variables.measured.on.
interval.or.ratio.scales,.the.variable.to.be.predicted.is.usually.shown.as.the.ordinate..Line.graphs.are.
frequently.used.for.design.work.when.the.design.method.is.relatively.simple.

Example 2.7: Line Chart for Peak Discharge Rates

For one region of the state of Maryland, peak discharge rates (Q in ft3/s, cfs) can be estimated as a function 
of drainage area (A in mi2) by the following equations:

    Q A2
0 67255 1= . .

 (2.1a)

   Q A10
0 667172= .

 (2.1b)

  Q A100
0 662548= .

 (2.1c)

in which the subscripts on Q reflect the return frequency (T, in years) of the storm. Thus, Q100 is the 100
year peak discharge. Designs with these equations are usually limited to drainage areas of less than 100 mi2. 
Figure 2.7 shows the peak discharge for drainage areas up to 100 mi2. The twodimensional line chart shows 
the dependent variable on the ordinate and one independent variable as the abscissa, with the second indepen
dent variable in the legend taking three values. All three variables are measured on interval scales.

Example 2.8: Line Chart for Yield Strength and Carbon Content

To establish the relationship between yield strength and carbon content, two independent laboratories were 
requested to perform similar tests on similar sets of specimens. The results from the two laboratories are shown 
in Figure 2.8. The length of the lines connecting the points reflects the magnitude of the variations that are 
reported based on measurements made at different laboratories. The figure displays the differences in results 
from the two laboratories to help an analyst assess the significance of these differences.

2.3.7 Combination Charts

In.combination.charts,.two.or.more.of.the.previously.discussed.graphical.methods.are.used.to.pre-
sent.data..For.example,.a.line.graph.and.bar.chart.can.be.combined.in.the.same.plot..A .combination.
chart.that.includes.both.a.scatter.plot.and.a.line.graph.is.also.commonly.used.to.present.experimen-
tal.data.and.theoretical.(or.fitted).prediction.equations.
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Example 2.9: Operation of a Marine Vessel

The annual number of operation hours of a highspeed Coast Guard patrol boat is of interest. The annual 
number of hours was recorded for 10 years. The measured data, shown in Figure 2.9 as vertical bars, represent 
sample information. The analytical model used to fit the data is shown in the figure as a solid line  representing 
an assumed frequency model for the population. The combination chart in this case provides an effective pre
sentation tool.

Example 2.10: Sample Distribution and Probability Function

A combination graph is useful in comparing sample measurements and an assumed probability function. 
Measurements of daily evaporation (in./day) were collected for each day in a month. A histogram of 30 values 
is shown in Figure 2.10. An increment of 0.02 in./day is used to form this histogram. The measured evaporation 
ranges from 0.046 to 0.157 in./day; thus, lower and upper bounds of 0.04 and 0.16 in./day are used. Based 
on the figure, it is reasonable to assume that each increment on the abscissa of the graph is equally likely. 
Therefore, a uniform frequency of 5, which results from 30 measurements divided by 6 intervals, can be used 
as the model.
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Figure 2.8 Line	charts	for	yield	strength	and	carbon	content.
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Example 2.11: Corrosion Penetration versus Exposure Time

Measurements of corrosion were made yearly on a set of 10 steel specimens. The measured data are plot
ted in the combination graph of Figure 2.11. A power model was fitted to the data (see Chapter 13 for the defini
tion of a power model) and is also shown in Figure 2.11. The fitted power model is as follows:

 Penetration= 28 075 0 39943. .t  (2.2)

where t is the time exposure. The combination chart of Figure 2.11 is useful because it shows both the measured 
data and a graph that can be used to make predictions. The scatter of the measured points about the fitted line 
indicates the accuracy of the model.

2.3.8 three-Dimensional Charts

Any.of. the. charts. described. in. the.previous. examples. can.be.displayed. in. three.dimensions.
(three-dimensional);.however,. three-dimensional.charts.are.commonly.used. to.describe. the.rela-
tionships.among.three.variables..For.example,.Figure.2.12a.shows.a.three-dimensional.pie.chart.for.
the.data.of.Example.2.2..Another.example.is.shown.in.Figure.2.12b,.in.which.the.speed.(in.mph).
and.number.of.vehicles.per.hour.passing.through.an.intersection.are.shown.at.different.times.over.
a.24-h.period.
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2.4 hIStOGrAMS AND FreQUeNCY DIAGrAMS

Histograms.and.frequency.diagrams.are.special.types.of.charts.that.are.commonly.used.to.dis-
play.and.describe.data..They.are.developed.from.the.data.for.some.variables.of.interest..A.histogram.
is.a.plot.(or.a.tabulation).of.the.number.of.data.points.(count.or.frequency).versus.selected.intervals.or.
values.for.a.parameter..A.frequency.diagram.(or.frequency.histogram).is.a.plot.(or.tabulation).of.the.
frequency.of.occurrence.versus.selected.intervals.or.values.of.the.parameter..The.relative.frequency.
can.be.viewed.as.a.fraction.of.the.total.sample.that.occurs.in.an.interval;.therefore,.it.is.called.a.frac-
tion histogram..The.number.of.intervals.(k).can.be.subjectively.selected.depending.on.the.sample.
size (n)..As.an.alternative,.the.number.of.intervals.can.be.approximately.determined.as.follows:

. k n= +1 3 3 10. log ( ) . (2.3)

Also,.the.number.of.intervals.can.depend.on.the.level.of.dispersion.in.the.data..Relative.frequency.
diagrams.can.be.derived.from.the.histogram.by.dividing.the.number.of.data.points.that.correspond.
to.each.interval.by.the.sample.size..In.practice,.it.is.common.to.try.several.number.of.intervals.or.
interval.sizes.and.subjectively.assess.the.appropriateness.of.the.resulting.histograms.for.the.purpose.
of.selecting.one.of.them.to.best.represent.the.data..A.histogram.that.has.small.intervals.will.unnec-
essarily.capture.the.sampling.variability.and.noise.in.the.data,.whereas.a.histogram.that.has.large.
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intervals.will.not.properly.show.the.overall.variability.in.the.data..As.a.limiting.case,.a.histogram.
with.very.small.intervals.will.have.one.sampled.value.in.an.interval.with.many.intervals.that.are.
empty.(i.e.,.without.data.in.them)..On.the.other.hand,.a.histogram.with.very.large.intervals.will.have.
all.sampled.values.in.one.interval.(i.e.,.it.does.not.show.the.variability.in.the.data)..The.meaning.of.
these.diagrams.and.their.usefulness.and.development.are.illustrated.in.the.following.example.

Example 2.12: Grades of Students

Students are always interested in the frequency histogram of test scores. This can be developed by deter
mining the number of test scores in various groups, such as the letter grades or intervals of 10 points. If a test 
is given to 50 students and the numbers of scores are tabulated for each grade level (i.e., A, B, C, D, and F), 
a histogram can be plotted. If the number of students receiving grades of A, B, C, D, and F were 5, 11, 18, 10, 
and 6, respectively, a graph of the number of students versus the grade level indicates that the grades have 
a bellshaped plot. The resulting histogram and frequency diagrams are shown in Figures 2.13a and 2.13b. 
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Alternatively, the frequency of grades could be computed for intervals, such as 0–10, 11–20, 21–30,  . . .  , 
91–100, and the frequency could be plotted against these intervals.

The effectiveness of a graphical analysis in identifying the true shape of the frequency diagram depends 
on the sample size and the intervals selected to plot the abscissa. For small samples, it is difficult to separate 
the data into groups that provide a reliable indication of the frequency of occurrence. With small samples, the 
configuration of the histogram may be very different for a small change in the intervals selected for the abscissa; 
for example, the grade distribution might appear very different if the intervals 0–15, 16–25, 26–35, . . . ,  76–85, 
86–100 are used instead of the 10point intervals described previously.

Example 2.13: Thickness Measurement of Corroded Steel Plates

Exposing steel to a corrosive environment, such as in the case of a steel bridge spanning a waterway or a cargo 
ship making voyages regularly, leads to loss of thickness of structural components. A corroded steel plate was mea
sured at 20 locations and produced the following measurements in mm: 7.807, 8.886, 8.694, 8.185, 9.235, 8.526, 
6.890, 8.953, 6.284, 6.533, 8.953, 8.112, 7.372, 9.640, 7.344, 8.837, 8.900, 9.048, 7.253, and 8.588. The minimum 
and maximum values are 6.284 and 9.640, respectively. These extreme values and examination of the data can be 
used to select a suitable constantinterval size. Equation 2.3 would suggest the use of 5 intervals. As an example, a 
size of 0.500 mm was selected, starting with a thickness of 6.000 mm and incrementally increasing the thickness to 
10.000 mm. Table 2.1 shows these intervals (or bins), the counts in each bin, and the relative frequency. The relative 
frequency equals the count in the table divided by 20. The results are shown in Figures 2.14a and 2.14b.

table 2.1  Frequency and Fraction histogram of 
thickness Measurements

Interval or Bin 
for x Frequency

relative 
Frequency

x	≤	6.0 0 0

6.0	<	x	≤	6.5 1 0.05

6.5	<	x	≤	7.0 2 0.10

7.0	<	x	≤	7.5 3 0.15

7.5	<	x	≤	8.0 1 0.05

8.0	<	x	≤	8.5 2 0.10

8.5	<	x	≤	9.0 8 0.40

9.0	<	x	≤	9.5 2 0.10

9.5	<	x	≤	10.0 1 0.05
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Figure 2.14a frequency	histogram	of	plate	thickness.
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Example 2.14: Combustion of Gases

Thirtyeight laboratory measurements are made of the work developed by combustion of gases within an 
enclosed piston and cylinder during a single stroke. The initial condition of a volume of 2.5 in.3 is maintained 
for each test. The resulting work values (lbft) are

76, 78, 81, 82, 84, 84, 86, 86, 87, 88, 88, 88, 89, 91, 91, 92, 92, 92, 94, 94, 98, 101, 103, 103, 103, 104, 
104, 106, 108, 109, 112, 113, 114, 116, 116, 118, 118, 119

To examine the uncertainty in the work done by combustion, histograms are developed using different cell 
boundaries as shown in Figure 2.15. Figure 2.15(a) presents the data using a cell interval of 5 lbft, while Figures 
2.15(b) and 2.15(c) use an interval of 10 lbft. Figure 2.15(a) does not suggest a shape, while Figures 2.15(b) and 
2.15(c) reflect a uniform and gamma distribution, respectively. Figure 2.15(c) is obviously skewed.
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Figure 2.14b relative	frequency	histogram	of	plate	thickness.
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Figure 2.15 	frequency	histogram	of	work	by	gas	combustion.	(a)	Cell	width	5	lb-ft,	(b)	cell	width	10	lb-ft,	and	
(c)	cell	width	10	lb-ft.
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This example illustrates that histograms are subject to variation based on the cell width selected and cell 
boundaries used. Obviously, small samples can lead to histograms that portray quite different images of the under
lying population. Therefore caution should be used when interpreting histograms based on small samples.

Figure 2.16 shows the ordinate in relative frequency instead of frequency as shown in Figure 2.15. The rela
tive frequencies were computed as the frequency divided by the sample size of 38 and sum to one for each case. 
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Figure 2.16 	relative	 frequency	 histogram	 of	 work	 by	 gas	 combustion.	 (a)	 Cell	 width	 5	 lb-ft,	 (b)	 cell	 width	
10 lb-ft,	and	(c)	cell	width	10	lb-ft,	with	different	initial	cell	bound.
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The relative frequency can be interpreted as sample probability. For example, based on the relative frequency of 
Figure 2.16(a), the probability of the work being less than 90 lbft is (0.053 + 0.105 + 0.184 = 0.342). In Figure 
2.16(c), the probability of the work being less than 95 lbft is (0.184 + 0.158 + 0.132 = 0.474).

2.5 DeSCrIPtIVe MeASUreS

In.engineering.it.is.sometimes.desirable.to.characterize.some.data.by.certain.descriptive.mea-
sures..These.measures,.which. take.numerical.values,.can.be.easily.communicated. to.others.and.
quantify.the.main.characteristics.of.the.data.

Most.data.analyses.include.the.following.three.descriptive.measures.at.the.fundamental.level:

. 1.. Central.tendency.measures

. 2.. Dispersion.measures

. 3.. Percentile.measures

In.this.section,.an.introductory.description.of.these.measures.is.provided..A.formal.discussion.
of.these.measures.is.provided.in.subsequent.chapters..In.addition,.box-and-whisker.plots.are.intro-
duced.as.a.graphical.means.of.presenting.these.measures.

2.5.1 Central tendency Measures

A.very.important.descriptor.of.data.is.the.central.tendency.measure..The.following.three.types.
can.be.used:

. 1.. Average.value

. 2.. Median.value

. 3.. Mode.value

The.average.value.is.the.most.commonly.used.central.tendency.descriptor..For.n.observations,.
if.all.observations.are.given.equal.weight,.the.average.value.is.given.by

.
X

n
xi

i

n

=
=
∑

1

1 .
(2.4)

where.xi.is.a.sample.point,.and.i.=.1,.2,.......,.n.
The.median.value.xm.is.defined.as.the.point.that.divides.the.data.into.two.equal.parts;.that.is,.

50%.of.the.data.are.above.xm.and.50%.are.below.xm..The.median.value.can.be.determined.by.rank-
ing.the.n.values.in.the.sample.in.decreasing.order,.1.to.n..If.n.is.an.odd.number,.the.median.is.the.
value.with.a.rank.of.(n +.1)/2..If.n.is.an.even.number,.the.median.equals.the.average.of.the.two.
middle.values—that.is,.those.with.ranks.n/2.and.(n/2).+.1.

The.mode.value.xd.is.defined.as.the.point.or.points.with.the.highest.frequency.or.relative.fre-
quency.of.occurrence.that.can.be.observed.within.regions.or.ranges.of.x..This.point.can.be.deter-
mined.with.the.aid.of.the.frequency.histogram.

Although.these.measures.convey.certain.information.about.the.underlying.sample,.they.do.not.
completely.characterize.the.underlying.variables..Two.variables.can.have.the.same.mean,.but.dif-
ferent.histograms,.thus.measures.of.central.tendency.cannot.fully.characterize.the.data..Other.char-
acteristics.are.also.important.and.necessary.
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Example 2.15: Mean Value of Grades

Consider the grades of the students discussed in Example 2.12. Assume the following grade points (levels) 
that correspond to the letter grades:

 A = 4
 B = 3
C = 2
D = 1
 F = 0

Therefore, the average grade point of the class can be computed as follows:

 
X =

+ + + + + + + + + + + + + + +
=

4 4 4 4 4 3 3 2 1 1 0 0
50

1 98
... ... ... ...

.
 

(2.5)

In this equation, there are 5 of the 4 value, 11 of the 3 value, 18 of the 2 value, 10 of the 1 value, and 6 of the 0 
value. Therefore, this equation can be written as follows:

 
X =

× + × + × + × + ×
=

5 4 11 3 18 2 10 1 6 0
50

1 98.
 

(2.6)

The average value indicates that on the average the class is at the C level. By inspecting the frequency histogram 
in Figure 2.13b, the median value is also C, as 32% of the grades are in the A and B levels and 32% of the grades 
in the D and F levels. Therefore, the C grade divides the grades into two equal percentages. This method of 
finding the median is proper for values on an ordinal scale, but not on a continuous scale. Again, the C grade is 
the mode, because it has the highest frequency of 36%. In this example, the average, median, and mode values 
are the same value. However, in general, these values can be different.

2.5.2 Dispersion Measures

The.measures.of.dispersion.describe.the.level.of.scatter.in.the.data.about.the.central.tendency.
location..The.most.commonly.used.measure.is.the.variance.and.other.quantities.that.are.derived.
from.it..For.n.observations.in.a.sample.that.are.given.equal.weight,.the.variance.(S2).is.given.by
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The.units.of.the.variance.are.the.square.of.the.units.of.the.variable.x;.for.example,.if.the.variable.
is.measured.in.pounds.per.square.inch.(psi),.the.variance.has.units.of.(psi)2..Computationally,.the.
variance.of.a.sample.can.be.determined.using.the.following.alternative.equation:
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(2.8)

Equations.2.7.and.2.8.provide.an.estimate.of.the.variance.that.is.an.average.of.the.squared.differ-
ence.between.the.x.values.and.their.average.value..In.these.equations,.(n –.1).is.used.to.compute.
the.average.deviation,.instead.of.(n),.to.obtain.an.unbiased.estimate.of.the.variance.as.discussed.in.
Chapter.8.
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Two.commonly.used.derived.measures.based.on.the.variance.are.the.standard.deviation.and.
the.coefficient.of.variation.(COV)..By.definition,.the.standard.deviation.(S).is.the.square.root.of.the.
variance.as.follows:
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(2.9)

It.has.the.same.units.as.both.the.underlying.variable.and.the.central.tendency.measures;.therefore,.
it.is.a.useful.descriptor.of.the.dispersion.or.spread.of.a.sample.of.data.

The.COV.(d.for.the.population).is.a.normalized.quantity.that.is.equal.to.the.ratio.of.the.standard.
deviation.to.the.mean;.therefore,.it.is.dimensionless..The.COV.is.defined.as

.
COV =

S

X .
(2.10)

It.is.also.used.as.an.expression.of.the.standard.deviation.in.the.form.of.a.percent.of.the.average.
value..For.example,.consider.X.and.S.to.be.50.and.20,.respectively;.therefore,.COV(X).=.0.4%.or.
40%..In.this.case,.the.standard.deviation.is.40%.of.the.average.value.

Example 2.16: Dispersion Measures of Concrete Strength

A sample of five tests was taken to determine the compression strength (in ksi) of concrete. Test results 
are 2.5, 3.5, 2.2, 3.2, and 2.9 ksi. Compute the variance, standard deviation, and COV of concrete strength. The 
mean value of concrete strength X is given by

 
X =

+ + + +
=

2 5 3 5 2 2 3 2 2 9
5

2 86
. . . . .

. ksi
 

(2.11)

The variance of concrete strength is computed using Equation 2.8 as follows:

 
S 2

2 2 2 2 2
2

2 5 3 5 2 2 3 2 2 9
2 5 3 5 2 2 3 2 2 9

5
5 1

0 2=
+ + + + −

+ + + +

−
=

. . . . .
( . . . . . )

. 773 2ksi
 

(2.12)

Therefore, the standard deviation is given by

 S = =0 273 0 52249. . ksi  (2.13)

The COV can be computed as follows:

 
COV( )

.
.

.X
S
X

= = =
0 52249
2 86

0 183
 

(2.14)

The relatively large COV 18.3%, suggests that the average value is not reliable and that additional measure
ments might be needed. If, with additional measurements, the COV remains large, relatively large factors of 
safety should be used for projects that use the concrete.
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2.5.3 Percentiles

A.p.percentile.value.(xp).for.a.parameter.or.variable.based.on.a.sample.is.the.value.of.the.para-
meter.such.that.p%.of.the.data.is.less.than.or.equal.to.xp..On.the.basis.of.this.definition,.the.median.
value.is.considered.to.be.the.50.percentile.value..It.is.common.in.engineering.to.be.interested.in.the.
10,.25,.50,.75,.and.90.percentile.values.for.a.variable.

Example 2.17: Operation of a Marine Vessel

The annual number of operation hours of a highspeed Coast Guard patrol boat was discussed in 
Example 2.9. The annual number of hours was recorded for 10 years. An analytical model used to fit the 
data is shown in Figure 2.9 as a solid line representing an assumed frequency model for the population. 
The model is also shown in Figure 2.17. Also shown in this figure is the 25 percentile value, which is 702 h. 
The 75, 90, and 10 percentile values are 1850, 2244, and 578 h, respectively. The calculation of the percen
tile values, in this example, requires knowledge of the equation of the model and probabilistic analysis. The 
model used in Figure 2.17 is called the normal probability density function. The area under this model is a 
measure of likelihood or probability. The total area under the model is 1. Therefore, the 25 percentile value 
is the x value such that the area under the model up to this value is 0.25. This value is 702 h, as shown in 
Figure 2.17.

2.5.4 Box-and-Whisker Plots

A.box-and-whisker.plot. is. a.graphical.method. for. showing. the.distribution.of. sampled.data,.
including.the.central.tendency.(mean.and.median),.dispersion,.percentiles.(i.e.,.10,.25,.75,.and.90.
percentiles),.and.the.extremes.(minimum.and.maximum)..In.addition,.it.can.be.used.to.show.the.
bias.about.the.standard.value.and,.if.the.figure.includes.multiple.plots.for.comparison,.the.relative.
sample.size.

To. construct. a. box-and-whisker. plot,. the. following. characteristics. of. a. data. set. must. be.
computed:

. 1.. Mean.and.median.of.the.sample

. 2.. Minimum.and.maximum.of.the.sample

. 3.. 90,.75,.25,.and.10.percentile.values
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Figure 2.17 Percentile	values	for	the	operational	profile.
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The.plot.consists.of.a.box,.the.upper.and.lower.boundaries.of.which.define.the.75.and.25.per-
centiles,.and.upper.and.lower.whiskers,.which.extend.from.the.ends.of.the.box.to.the.extremes,.as.
shown.in.Figure.2.18..At.the.90.and.10.percentiles,.bars.that.are.one.half.of.the.width.of.the.box.are.
placed.perpendicular.to.the.whiskers..The.mean.and.median.are.indicated.by.solid.and.dashed.lines,.
respectively,.that.are.the.full.width.of.the.box.

Figure.2.18.shows.the.box-and-whisker.plot.for.the.maximum.daily.ozone.concentration..The.
mean.and.median.values.are.59.and.52.ppb.(parts.per.billion),.respectively..The.10,.25,.75,.and.90.
percentile.points.are.24,.36,.79,.and.97.ppb,.respectively.

If.a.figure. includes.more. than.one.box-and-whisker.plot.and. the.samples. from.which.each.
plot.is.derived.are.of.different.sizes,.then.the.width.of.the.box.can.be.used.to.indicate.the.sam-
ple.size,.with. the.width.of. the.box. increasing.as. the.sample.size. increases..Figure.2.19.shows.
.box-and-whisker. plots. of. samples. of. a. toxic. chemical. analyzed. at. four. different. laboratories..
Because. the. samples. were. of. different. concentrations,. the. distributions. are. presented. as. the.
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differences.between.the.true.concentration.and.the.concentration.reported.by.the.laboratory.(i.e.,.
error)..The.difference.between.the.line.for.zero.error.and.the.solid.line.for.the.mean.in.each.plot.
represents.the.corresponding.lab’s.bias..Lab.1.tends.to.overpredict.by.almost.10.ppb..Although.
lab. 2. shows. a. slight. positive. bias,. it. shows. a. skewed. distribution. of. results. with. many. values.
underestimating.the.true.value..Laboratories.1,.2,.3,.and.4.processed.the.same.number.of.samples.
each;.therefore,.the.widths.of.the.boxes.are.the.same,.reflecting.the.equal.sample.sizes..However,.
it.should.be.noted.that.greater.accuracy.of.data.descriptors.can.be.expected.for.the.descriptors.
based.on.larger.sample.sizes.

When.a.box-and-whisker.plot.is.derived.from.sample.data,.it.is.important.to.remember.that.each.
of.the.statistics.(e.g.,.the.maximum,.the.mean,.the.25th.percentile).are.sample.values.and,.therefore,.
are.not.exact.values..For.example,.in.Figure.2.18,.the.best.estimate.of.the.75th.percentile.ozone.is.79.
ppb,.but.the.true.value.could.be.larger.on.smaller..As.with.any.statistic,.the.accuracy.is.expected.to.
improve.as.the.size.of.the.sample.increases.

2.6 APPLICAtIONS

2.6.1 two random Samples

The.two.random.samples.shown.in.Table.2.2.are.used.to.illustrate.the.meaning.of.dispersion.in.
data..Both.samples.have.the.same.mean.value.of.10..The.mean.value.for.sample.1.can.be.computed.
as.follows:

.
Mean of sample 1

15 9 15 11

30
10=

+
=

( ) ( )

Similarly,.the.mean.for.sample.2.is

.
Mean of sample

...
2

3 5 2 6 4 7 2 13 2 14 2 15

30
10=

+ + + + + +
=

( ) ( ) ( ) ( ) ( ) ( )

table 2.2 two random Samples

Number of Occurrences

Sample Value Sample 1 Sample 2

5 0 3

6 0 2

7 0 4

8 0 0

9 15 3

10 0 4

11 15 2

12 0 6

13 0 2

14 0 2

15 0 2
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Although.both.samples.have.the.same.mean.and.the.same.sample.size,.they.are.different.in.their.
levels.of.scatter.or.dispersion..Figure.2.20.shows.the.histograms.for.the.two.samples,.which.show.
clearly.the.different.levels.of.scatter..The.variances,.standard.deviations,.or.coefficients.of.variation.
can.be.computed.and.used.to.measure.the.dispersion..The.variance.for.sample.1.can.be.computed.
as.follows:

.
Variance of sample 1

15 9 10 15 11 10

30 1
1 034

2 2

=
− + −

−
=

( ) ( )
.

Similarly,.the.variance.for.sample.2.is

.

3 5 10 2 6 10 4 7 10 2 13 10 2 14 10 2 15 102 2 2 2( ) ( ) ( ) ( ) ( ) ( )− + − + − + + − + − + −... 22

30 1
9 379

−
= .

Therefore,.the.variance.of.sample.2.is.about.nine.times.the.variance.of.sample.1..The.standard.
deviations.for.samples.1.and.2.are.1.017.and.3.063,.respectively,.and.the.coefficients.of.variation.are.
0.10.and.0.31,.respectively..The.larger.scatter.in.sample.2.could.reflect.natural.variation.in.the.value.
of.the.variable.or.a.difficulty.in.making.precise.measurements..In.some.cases,.variation.is.not.desir-
able.in.a.sample.of.data.if.it.reflects.a.lack.of.precision..In.other.cases,.sample.variation.is.necessary.
to.ensure.that.the.sample.is.representative.of.the.full.range.of.the.underlying.population.

2.6.2 Stage and Discharge of a river

River.stage.is.defined.as.the.flow.depth,.and.the.discharge.is.defined.as.the.volume.rate.of.flow..
For.the.Little.Patuxent.River.near.Guilford,.MD,.the.stage.in.meters.(m).and.the.discharge.in.cubic.
meters.per.second.(cms).were.obtained.as.shown.in.Table.2.3..The.table.shows.the.stage.and.dis-
charge.for.the.years.1933.to.1989..Descriptive.statistics.of.stage.and.discharge.are.given.in.Table.
2.4..The.relative.frequency.histogram.for.the.stage.is.shown.in.Figure.2.21..The.average,.which.is.
indicated.in.Table.2.4,.is.2.84.m..The.median.stage.is.2.71.m..The.standard.deviation.and.COV.are.
0.71.and.0.25.m,.respectively..The.maximum.and.minimum.values.(extreme.values).are.5.60.and.
1.69.m,.respectively.

The.relative.frequency.histogram.for.the.discharge.is.shown.in.Figure.2.22..The.average,.which.
is.indicated.in.Table.2.4,.is.54.82.cms..The.median.discharge.is.34.8.cms..The.standard.deviation.
and.COV.are.53.78.and.0.98.cms,.respectively..The.maximum.and.minimum.values.(extreme.val-
ues).are.351.10.and.15.90.cms,.respectively.

By.comparing.the.two.histograms.in.Figures.2.21.and.2.22,.it.can.be.observed.that.the.relative.
dispersion.in.discharge.is.larger.than.that.in.stage..The.COV.of.discharge.is.0.98,.which.is.four.times.
larger.than.the.COV.of.stage.(0.25)..Also,.it.can.be.observed.that.the.frequency.histogram.for.stage.
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Figure 2.20 Histograms	for	two	samples.
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table 2.3 Stage and Discharge for Little Patuxent river, Guilford, MD

Year
Stage 

(m)
Discharge  

(cms) Year
Stage 

(m)
Discharge 

(cms)

1933 3.81 119.2 1962 2.78 36.2

1934 2.86 41.9 1963 2.25 23.2

1935 2.35 25.9 1964 2.70 32.8

1936 2.74 37.4 1965 2.35 24.8

1937 3.14 56.6 1966 2.72 34.0

1938 3.08 51.5 1967 2.71 33.4

1939 2.41 27.4 1968 2.86 39.9

1940 3.51 77.6 1969 2.02 19.4

1941 1.87 15.9 1970 2.02 19.4

1942 3.25 61.7 1971 3.49 86.9

1943 2.79 39.6 1972 5.60 351.1

1944 3.19 58.3 1973 3.07 53.2

1945 3.72 107.9 1974 2.65 31.4

1946 2.52 30.6 1975 4.08 152.0

1947 2.44 23.1 1976 3.08 54.1

1948 3.02 43.9 1977 2.14 21.3

1949 2.22 19.9 1978 3.63 103.9

1950 1.95 15.9 1979 3.91 132.5

1951 3.19 55.8 1980 2.65 31.4

1952 4.04 150.1 1981 2.50 28.0

1953 3.11 56.6 1982 2.18 22.0

1954 1.91 18.3 1983 3.33 78.7

1955 3.69 107.3 1984 2.65 42.2

1956 2.55 28.6 1985 2.60 40.5

1957 1.90 17.3 1986 1.69 19.3

1958 2.75 34.8 1987 2.42 34.8

1959 2.14 21.4 1988 2.42 34.8

1960 2.54 28.3 1989 4.01 143.5

1961 2.49 27.4

table 2.4  Descriptive Statistics of Stage and 
Discharge for Little Patuxent river, 
Guilford, MD

Parameter
Stage

(m)
Discharge

(cms)

average 2.84 54.82

median 2.71 34.8

mode 2.65 34.8

standard	deviation 0.71 53.78

sample	variance 0.505 2892.5

Coefficient	of	variation 0.25 0.98

range 3.91 335.2

minimum 1.69 15.9

maximum 5.6 351.1

Count 57 57
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is.not.bell.shaped,.whereas.the.histogram.for.discharge.is.highly.skewed.and.appears.as.an.expo-
nential.decay.function..The.closeness.of.the.average.stage.(2.84.m).to.the.median.stage.(2.71.m).is.
an.indication.of.a.symmetric.histogram..On.the.other.hand,.the.average.discharge.(54.82.cms).is.
considerably.different.from.the.median.discharge.(34.8.cms),.indicating.a.lack.of.symmetry.in.the.
discharge.measurements.

2.7 ANALYSIS OF SIMULAteD DAtA

During.large.floods.along.major.rivers,.governmental.agencies.involved.in.flood.preparedness.
make. estimates. of. maximum. flood. stages. at. downstream. locations. using. observed. flood. stages.
at.upstream. locations..For.example,.when. locations.on. the.Upper.Mississippi.River. are.at.flood.
stage,.people.in.Memphis,.TN,.are.interested.in.the.maximum.flood.stage.expected.in.Memphis..
A.model.might.use.the.records.of.flood.stages.at.Cincinnati.on.the.Ohio.River,.St..Louis.on.the.
Mississippi.River,.and.Kansas.City.on.the.Missouri.River.to.simulate.the.flood.profile.that.might.
occur.in.Memphis..The.simulated.maximum.flood.stage.can.allow.the.local.residents.to.prepare.
for.the.flood..After.the.flood.wave.has.passed.through.Memphis,.those.involved.in.the.simulation.
would.compare. the.simulated.and.actual.flood.waves.. If. the.differences.are.significant,. then.the.
information.can.be.used.to.adjust.the.simulation.model.so.that.the.model.can.produce.more.accurate.
predictions.of.future.floods..The.point.is.that.it.is.common.practice.both.to.use.simulated.data.in.
decision.making.and.to.compare.simulated.and.actual.measured.data..As.another.example,.before.
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Figure 2.21 relative	frequency	histogram	of	the	stage	of	a	river.
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Apollo.astronauts.landed.on.the.moon,.they.went.through.many.simulations.in.a.flight.simulator.of.
the.landing..These.simulations.influenced.the.moon.landing.program.

Before.simulated.data.are.used.in.decision.making,.they.should.be.analyzed.in.much.the.same.
way.as.the.measured.data,.with.descriptive.measures.computed.and.graphical.analyses.made..In addi-
tion,.the.simulated.measures.should.be.compared.with.the.descriptive.measures.and.graphs.of.the.
actual.data..These.analyses.can.be.used.as.an.indication.of.the.reasonableness.of.the.simulation.

The.histogram.of.Figure.2.22.suggests.that.the.data.follow.an.exponential.decay,.which.math-
ematically.is

.
f x

b
eX

x b( ) /= −1

.
(2.15)

where.b. is.a.parameter..The.exponential.distribution. is.used.frequently. to. represent.engineering.
data..For.data.that.follow.this.form,.the.sample.mean.can.be.used.to.estimate.b..To.simulate.values,.
the.cumulative.function.FX(x).for.the.density.function.of.Equation.2.15.is.as.follows:

. F x eX
x b( ) /= − −1 . (2.16)

where.values.of.FX(x).vary.from.0.to.1.and.represent.the.area.under.fX(x).from.0.to.x.
Equation.2.16.can.be.used.as.a.transformation.graph.to.simulate.values.of.the.variable.x..The.

cumulative.function.of.the.population.shown.in.Figure.2.23.is.the.graphical.representation.of.the.
transformation.graph..Equation.2.16.can.be.algebraically.rearranged.as.an.expression.for.x.given.
values.of.FX(x).and.b.as.follows:

.

e F X

x b F x

x b F x

x b
X

X

X

− = −

− = −

= − −

/ ( )

/ ln[ ( )]

ln[ ( )]

1

1

1 . (2.17)

Because.FX(x).has.a.uniform.distribution.(0.to.1),.then.1.–.FX(x).also.has.a.uniform.distribution.(0.to.1)..
Thus,.Equation.2.17.can.be.rewritten.with.the.definition.F′X(x).=.1.– FX(x).as.follows:

. x b F xX= − ʹln[ ( )] . (2.18)

1.0

0.8

0.6

0.4

0.2

0

Cu
m

ul
at

iv
e f

un
ct

io
ns

Discharge, X (cms)
200 5004003001000

Sample
Population (Equation 2.16)

Figure 2.23 Cumulative	functions	for	sample	and	assumed	exponential	decay	model.
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Example 2.18: Simulation of River Discharge Rates

The discharge data of Table 2.3, which have the descriptive statistics of Table 2.4, follow an exponential 
decay (see Figure 2.22). Thus, it would be appropriate to use the exponential function of Equation 2.16 in the 
simulation of discharge rates. The mean of the sample data of 54.82 cms can be used as an estimate of the 
parameter b. Thus, the transformation equation, based on Equation 2.18, is

 x ui i= − 54 82. ln( ) (2.19)

where ui is the i th uniform variate (i.e., a random number between 0 and 1) and xi is the i th simulated 
discharge.

Values of the discharge x can be simulated using random numbers generated by the midsquare method and 
the function FX(x). To illustrate this procedure, a seed value of 8765 for randomnumber generation (r) is used 
to start the process. A sample of 57 values of x is simulated. The midsquare value is given in column 2 of Table 
2.5a, with the value transformed to a number between 0 and 1 by dividing it by 10,000 (column 3). The uniform 
variate is entered into Equation 2.19 to produce the discharge values of column 4 in Table 2.5. Some important 
descriptive statistics of the simulated discharges are given in Table 2.5b.

table 2.5a Simulation of Discharges

r2 r
random

Number (u)
Discharge, x

(cms) rank

8765

76,825,225 8252 0.8252 10.5 47

68,095,504 	 955 0.0955 128.8 	 9

00,912,025 9120 0.9120 5.0 53

83,174,400 1744 0.1744 95.7 17

03,041,536 	 415 0.0415 174.4 	 5

00,172,225 1722 0.1722 96.4 16

02,965,284 9652 0.9652 1.9 56

93,161,104 	 1611 0.1611 100.1 15

02,595,321 5953 0.5953 28.4 37

35,438,209 4382 0.4382 45.2 29

19,201,924 2019 0.2019 87.7 18

04,076,361 	 763 0.0763 141.1 	 8

00,582,169 5821 0.5821 29.7 35

33,884,041 8840 0.8840 6.8 51

78,145,600 1456 0.1456 105.6 13

02,119,936 1199 0.1199 116.3 10

01,437,601 4376 0.4376 45.3 28

19,149,376 1493 0.1493 104.3 14

02,229,049 2290 0.2290 80.8 19

05,244,100 2441 0.2441 77.3 20

05,958,481 9584 0.9584 2.3 54

91,853,056 8530 0.8530 8.7 49

72,760,900 7609 0.7609 15.0 46

57,896,881 8968 0.8968 6.0 52

80,425,024 4250 0.4250 46.9 27

18,062,500 	 625 0.0625 152.0 	 6
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These values can be compared with those of the measured data (see Table 2.4). Both the mean and  standard 
deviation of the simulated values are slightly larger than the values of the measured data. Such differences 
result from small samples, are expected, and reflect sampling variation, which is discussed in Chapter 8.

Graphical analyses are also useful for examining simulated data and making comparisons with measured 
data. Figure 2.24 shows the relative frequency histograms for the simulated and measured data. The results 

table 2.5a Simulation of Discharges (continued)

r2 r
random

Number (u)
Discharge, x

(cms) rank

00,390,625 3906 0.3906 51.5 26

15,256,836 2568 0.2568 74.5 22

06,594,624 5946 0.5946 28.5 36

35,354,916 3549 0.3549 56.8 25

12,595,401 5954 0.5954 28.4 38

35,450,116 4501 0.4501 43.8 32

20,259,001 2590 0.2590 74.1 23

06,708,100 7081 0.7081 18.9 43

50,140,561 1405 0.1405 107.6 12

01,974,025 9740 0.9740 1.4 57

94,867,600 8676 0.8676 7.8 50

75,272,976 2729 0.2729 71.2 24

07,447,441 4474 0.4474 44.1 31

20,016,676 	 166 0.0166 224.7 	 1

00,027,556 	 275 0.0275 197.0 	 2

00,075,625 	 756 0.0756 141.6 	 7

00,571,536 5715 0.5715 30.7 34

32,661,225 6612 0.6612 22.7 41

43,718,544 7185 0.7185 18.1 44

51,624,225 6242 0.6242 25.8 39

38,962,564 9625 0.9625 2.1 55

92,640,625 6406 0.6406 24.4 40

41,036,836 	 368 0.0368 181.0 	 4

00,135,424 1354 0.1354 109.6 11

01,833,316 8333 0.8333 10.0 48

69,438,889 4388 0.4388 45.2 29

19,254,544 2545 0.2545 75.0 21

06,477,025 4770 0.4770 40.6 33

22,752,900 7529 0.7529 15.6 45

56,685,841 6858 0.6858 20.7 42

47,032,164 	 321 0.0321 188.5 	 3

table 2.5b Descriptive Statistics

Parameter Value (cms)

average 64.81

median 45.25

standard	deviation 			57.57

minimum 	 		1.4

maximum 224.7

range 223.3
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suggest that the measured data are more skewed than the simulated data, as evident by the slightly higher pro
portion of small flows and the one event between 350 and 400 cms. However, these differences in the ordinates 
of the histograms are not large when one considers the relatively small sample size (i.e., n = 57). The  differences 
would be less if a larger sample had been used.

2.8 SIMULAtION PrOJeCtS

This.section.provides.additional,.or.continuation,.work.items.for.the.problem.statements.of.the.
four.simulation.projects.introduced.in.Section.1.7.

2.8.1 Structural Beam Study

For.the.project.described.in.Section.1.7.1,.perform.the.following.graphical.analyses:

. a.. Develop.the.relative.frequency.histogram.of.each.variable.

. b.. Construct.scatter.plots.of.the.computed.stress.versus.each.of.the.three.predictor.variables..Discuss.
the.information.provided.by.each.graph.

. c.. Compute.the.means,.standard.deviations,.and.COVs.for.all.variables.

2.8.2 Stream erosion Study

For.both.the.actual.and.simulated.data.of. the.project.described.in.Section.1.7.2,.perform.the.
following.graphical.analyses:

. a.. Develop.the.relative.frequency.histogram.of.each.variable.

. b.. Construct.scatter.plots.of.Y.versus.each.of.the.three.predictor.variables.(X)..Discuss.the.information.
provided.by.each.graph.

. c.. Compute.the.means,.standard.deviations,.and.COVs.for.all.variables.
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Figure 2.24 Comparison	of	relative	frequency	histograms	for	measured	and	simulated	data.
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2.8.3 traffic estimation Study

For.both.the.actual.and.simulated.data.of.the.project.described.in.Section.1.7.3,.perform.the.fol-
lowing.graphical.analyses:

. a..Develop.the.relative.frequency.histogram.of.each.variable.

. b.. Construct.scatter.plots.of.Y.versus.each.of.the.three.predictor.variables.(X)..Discuss.the.information.
provided.by.each.graph.

. c.. Compute.the.means,.standard.deviations,.and.coefficients.of.variation.for.all.variables.

2.8.4 Water evaporation Study

For.both.the.actual.and.simulated.data.of.the.project.described.in.Section.1.7.4,.perform.the.fol-
lowing.graphical.analyses:

. a.. Develop.the.relative.frequency.histogram.of.each.variable.

. b.. Construct.scatter.plots.of.Y.versus.each.of.the.three.predictor.variables.(X)..Discuss.the.information.
provided.by.each.graph.

. c.. Compute.the.means,.standard.deviations,.and.coefficients.of.variation.for.all.variables.

2.8.5 Pile Strength Study

Using.the.rand.function.of.Chapter.1,.generate.20.random.numbers.and.random.pile.strengths.
similar.to.the.data.provided.in.Problems.2.20.using.linear.transformation.for.pile.strength.in.the.
range.[5000,.12,000].kips,.where.1.kip.=.1000.lps..Use.the.data.generated.to.construct.a.histogram.
and.a.frequency.diagram.and.to.determine.the.average.value,.standard.deviation,.and.COV.

2.8.6 Bridge Scour Study

Generate.10.uniform.random.numbers.in.the.range.[0,1].using.the.rand function.of.Chapter 1.
that. correspond. to. one. value. per. year. for. a. period. of. 10. years. for. a. bridge. experiencing. scour..
Assume.that.the.annual.scour.ds.(in.feet).at.a.bridge.is.a.random.variable.that.can.be.simulated.by

. d us i= −0 25 4. exp( )

where.ui.is.a.random.number..Using.the.generated.numbers,.compute.the.scour.at.the.bridge.for.each.ofthe.
10.years..Compute.the.sample.mean.and.standard.deviation.of.the.simulated.scour.for.the.10.years.

2.8.7 highway Accident Study

Over.the.last.24.months,.the.number.of.accidents.per.month.along.one.section.of.highway.has.been.
{2,0,1,0,0,4,3,4,2,1,1,2,0,5,1,1,1,0,2,1,3,1,3,0}..Use.the.rand function.of.Chapter.1.to.generate.12.random.
numbers.in.the.range.[0,1]..Use.the.12.values.to.simulate.12.months.of.accidents.based.on.a.linear.trans-
formation.function.between.random.numbers.and.number.of.accidents.in.the.range.0.to.5..Assume.that.
the.24-month.sample.is.a.good.representation.of.the.distribution.of.accidents.in.the.future..Compare.the.
means.and.standard.deviations.of.the.sample.and.the.generated.number.of.accidents..Construct.a.bar.
chart.comparing.the.distribution.of.accident.probabilities.for.the.sample.versus.the.generated.values.

2.8.8 Academic Grade Study

Assume.a.professor.gives,.on.the.average,.20%.“A”s,.35%.“B”s,.30%.“C”s,.10%.“D”s,.and.5%.
“F”s..Construct.a.transformation.graph.that.transforms.a.value.from.0.to.1.into.a.grade..Use.the.
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midsquare.method.(seed.=.6348).and.the.constructed.transformation.graph.to.generate.grades.for.a.
class.of.32.students..Construct.a.pie.chart.of.the.simulated.grades..Construct.a.bar.chart.that.shows.
the.proportion.of.each.grade.in.the.simulated.class.along.with.the.average.grades.usually.given.by.
the.professor..Discuss.the.differences.between.the.simulated.and.long-term.average.grades.

2.8.9 river Discharge Study

Using. a. seed. of. 3597,. generate. a. sample. of. 25. discharges. using. the. midsquare. method. and.
Equation.2.19..Compute.the.mean.and.standard.deviation.and.compare.them.with.the.values.for.the.
measured.data.(Table.2.4)..Graph.the.frequency.histogram.of.the.simulated.data.and.compare.it.with.
the.histogram.for.the.measured.data.(Figure.2.22).

2.9 PrOBLeMS

 2-1.. ..For.each.of.the.measurement.scales,.identify.five.variables.that.are.measured.with.the.scale.
 2-2.. .Using.age.as.a.variable.of.interest,.identify.a.function.that.would.be.measured.on.each.of.the.scales:.

nominal,.ordinal,.interval,.and.ratio.
 2-3.. .Using.the.copper.content.of.steel.as.a.variable.of.interest,.identify.a.function.that.would.be.measured.

for.each.of.the.four.measurement.scales.
 2-4.. .Using.the.data.from.Problem.2.18.and.the.following.population.totals,.construct.an.area.chart.that.

shows.the.total.and.the.breakdown.of.the.total.population.in.rural,.suburban,.and.central.city.

Year

1900 1910 1920 1930 1940 1950 1960 1970

Total.(106) . 76 . 92 . 106 . 123 . 132 . 151 . 179 . 203

 2-5.  Using.the.data.of.Problem.2.18.construct.an.area.chart.and.a.column.chart.if.the.population.of.the.
United.States.is.295.million..Discuss.the.merits.of.the.alternative.figures.

 2-6.. .The.following.data.are.the.solid.waste.(millions.of.tons).produced.annually.in.the.United.States:

Municipal.trash.and.garbage . 150

Industrial . 350

Mining 1700

Agriculture 2300

. . Construct.a.pie.chart. to.present. the.data..Discuss. the.merits.of.presenting. the.data. in.a.pie.chart.
.versus.the.tabular.summary.given.

 2-7.  Obtain. data. on. the. percent. forested. for. regions. of. the. United. States. (e.g.,. South,. Central,. Mid-
Atlantic,.New.England,.etc.)..Present.the.percent.of.the.total.forested.area.in.a.pie.chart.

 2-8. .For.years.in.different.decades.(e.g.,.1970,.1980,.1990,.2000).obtain.data.on.the.source.of.petroleum.
imports.into.the.United.States.based.on.region.(e.g.,.South.America,.Saudi.Arabia,.Canada,.etc.).and.
present.the.percentages.of.the.total.imports.in.pie.charts,.one.for.each.year..Discuss.the.results.

 2-9.. .Obtain.data.on.U.S..family.size.(i.e.,.2.people,.3.people,.etc.).and.create.a.pie.chart.that.shows.the.
percentage.in.each.size.group.

 2-10.. .Obtain.data.on.the.winning.time.of.the.Kentucky.Derby.from.1919.to.the.present..Separate.the.data.
into.time.groups.and.graph.the.data.as.a.pie.chart,.which.shows.the.percentage.in.each.time.group.

 2-11.. .Create.a.bar.chart.to.display.the.following.data,.which.provide.the.estimated.remaining.strippable.
resources.and.reserves.of.bituminous.coal.in.the.United.States.(billions.of.short.tons):

Alaska 0.9

Rocky.Mountains.and.North.Great.Plains 1.1

Interior.and.Gulf.regions 32.0

Eastern.region 27.0
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 2-12.  Compare.the.graphical.analyses.of.Figures.2.3,.2.5a,.and.2.5b,.and.identify.the.circumstances.under.
which.each.would.be.the.most.appropriate.for.making.decisions.

 2-13.  Create.column.charts.to.present.the.following.estimates.of.U.S..production.of.bituminous.and.lignite.
coal.from.surface.and.underground.mines:

Year Surface Mines Underground Mines

1940 . 43 418

1950 123 393

1960 131 285

1970 264 339

. . Use.one.column.chart.to.emphasize.the.temporal.variation.of.total.production..Use.a.second.column.
chart.to.emphasize.the.proportion.produced.from.surface.mines..Use.a.third.column.chart.to.empha-
size.the.total.production.from.surface.versus.underground.mines.

 2-14.  Obtain.data.on.the.winning.time.of.the.Belmont.Stakes..Separate.the.data.into.time.groups.and.pre-
sent.the.percentage.in.a.column.chart.

 2-15.. .Plot.the.data.shown.in.the.following.table.using.a.column.chart:

Number of Constructed 
Bridges by Year

Superstructure Type 1989 1990 1991

Steel . 5 10 12

Concrete 10 . 6 . 7

Prestressed.concrete . 4 . 6 . 5

Total 19 22 24

 2-16.. .The.power.model.y.=.axb.is.widely.used.in.engineering..(a).Develop.line.graphs.for.a = 1.and.b.=.{0.5,.
1.0,.1.5}.for.0.≤.x.≤.2..(b).Develop.line.graphs.for.b.=.0.5.and.a.=.{0.5,.1.0,.1.5}.for.0.≤.x.≤.2..(c).For.
parts.(a).and.(b),.plot.the.three.curves.on.the.same.graph..Develop.general.observations.from.the.two.
line.graphs.

. 2-17.. .The.quadratic.polynomial.is.commonly.used.to.relate.two.variables,.y.and.x,.such.that.the.relationship.
is.nonlinear..An.oceanographer.measures.light.depth.penetration.in.an.estuary.(y,..microamps × 103).
at.depths.(x,.inches).and.computes.the.following.polynomial:.y.=.0.05x2.−.0.35x.+.0.7..Graph.light.
penetration.versus.depth.over.the.range.from.1.to.4.in..When.the.water.is.polluted,.the.equation.is.
y.=.0.05x2.–.0.36x.+.0.65..On.the.same.graph,.plot.the.equation.for.polluted.water.and.discuss.the.
difference.in.the.two.graphs.

 2-18.. .The.following.percentages.indicate.the.change.in.rural,.suburban,.and.central.city.U.S..populations.
from.1900.to.1970..Present.the.data.graphically.to.emphasize.the.decline.in.the.proportion.of.the.
population.living.in.rural.areas..Present.the.data.graphically.to.illustrate.any.association.between.the.
change.in.central.city.population.and.the.increase.in.the.proportion.living.in.suburban.areas.

Year Rural Suburban Central City

1900 58 16 26

1910 55 17 28

1920 51 18 31

1930 46 20 34

1940 46 22 32

1950 45 24 31

1960 40 30 30

1970 34 38 28

 2-19.. For. the. eight.methods.of. graphical. analysis. given. in.Section.2.3,. develop. a. classification. system.
for. distinguishing. among. them.. The. classification. system. should. center. on. basic,. yet. important,.
characteristics.
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 2-20.. The. following.data.give. the.age.distribution.of.U.S..citizens.as.a. function.of.age.group..Select.a.
method.for.graphing.the.results..Interpret.the.results..Then.combine.the.values.into.three.meaningful.
groups.and.provide.a.graphical.analysis.of.the.distribution..How.do.the.two.analyses.differ.in.their.
information.content.and.emphasis?

Age group <5 5–9 10–14 15–19 20–24 25–29 30–34

Percentage 7.1 7.4 8.1 9.3 9.4 8.6 7.8

Age group 35–39 40–44 45–49 50–54 55–59 60–64 >65

Percentage 6.2 5.2 4.9 5.2 5.1 4.5 11.2

 2-21.. .A.local.highway.department.compiled.the.following.percentages.from.accident.records.according.to.
traffic-control.method.(flashing.red.light,.two-way.stop.signs,.or.four-way.stop.signs).and.accident.
severity.(loss.of.life,.major.damage,.and.minor.damage):

Traffic Control
Method

Loss of 
Life

Major
Damage

Minor
Damage Total

Flashing.red.light 23 41 36 100

Two-way.stop.signs 18 39 43 100

Four-way.stop.signs 12 21 67 100

. a.. .Present.the.data.using.three.pie.charts,.one.for.each.of.the.traffic-control.methods.

. b.. .Present. all. the. data. in. a. bar. chart. in. a. way. that. emphasizes. differences. between. accident.
severity.

. c.. .Present.all.the.data.in.a.bar.chart.in.a.way.that.emphasizes.differences.between.the.traffic-control.
methods.

. d.. .Present.the.data.as.a.column.chart.

. e.. .Discuss.the.advantages.and.disadvantages.of.each.of.the.above.graphical.methods.with.respect.to.
these.data.

 2-22.  Using. the.bridge.data. in.Problem.2.15,.show.the.number.of.bridges.as.a. function.of.year.and.by.
bridge.type.using.a.line.chart,.a.pie.chart,.and.three-dimensional.surface.chart.

 2-23.. .Construct.a.histogram.of.the.river.stage.data.of.Table.2.3.using.a.0.5-m.interval..Compare.the.shape.
of.the.histogram.of.Figure.2.21..Discuss.any.differences.noted.

 2-24.. Construct.a.histogram.of.the.discharge.data.of.Table.2.3.using.a.25-cms.interval..Compare.the.shape.
of.the.histogram.with.that.of.Figure.2.21..Discuss.the.differences.noted.

 2-25.. Construct. a.histogram.of. the. simulated.discharge.data.of.Table.2.5.using.an. interval.of.40.cms..
Discuss. the. distribution. of. discharges. suggested. by. the. histogram.. Compare. the. histogram. with.
Figure.2.21.and.comment.on.the.ability.of.the.simulated.data.to.represent.the.measured.data.

 2-26.. .The.following.concrete.strength.data.(in.ksi).were.collected.using.an.ultrasonic.nondestructive.test-
ing.method.at.different.locations.of.an.existing.structure:.3.5,.3.2,.3.1,.3.5,.3.6,.3.2,.3.4,.2.9,.4.1,.2.6,.
3.3,.3.5,.3.9,.3.8,.3.7,.3.4,.3.6,.3.5,.3.5,.3.7,.3.6,.3.8,.3.2,.3.4,.4.2,.3.6,.3.1,.2.9,.2.5,.3.5,.3.4,.3.2,.3.7,.
3.8,.3.4,.3.6,.3.5,.3.2,.3.6,.and.3.8..Plot.the.histogram.and.relative.frequency.diagrams.for.concrete.
strength..Discuss.the.characteristics.

 2-27.. .Piles.are.commonly.used.in.foundations.of.civil.work.structures..Test.piles.were.driven.and.used.
to.measure.pile.strength.at.a.selected.site..The.following.strength.data.(in.kips).were.collected:.
8829,. 10236,. 5101,. 9144,. 7790,. 9327,. 8470,. 10570,. 10186,. 9305,. 10746,. 9069,. 11436,. 10044,.
10281,.12311,.10639,.10215,.8723,.and.8877..Plot.the.histogram.and.frequency.diagrams.for.pile.
strength.

 2-28.. .An.electronic.board.will.be.mass.produced.using.a.newly.developed.manufacturing.process..The.
process.was.tested.by.producing.20.products,.and.the.number.of.defects.was.counted.on.each.board..
The.following.defect.numbers.were.observed.for.these.boards:.0,.1,.3,.2,.1,.2,.2,.2,.3,.4,.1,.0,.0,.1,.0,.
2,.0,.0,.2,.and.0..Plot.the.histogram.and.frequency.diagrams.for.the.number.of.defects.

 2-29.. .Following.are.scores.on.a.test.in.the.form.of.ranges,.with.the.corresponding.number.of.students.in.
parentheses:.55–60.(2);.60–65.(4);.65–70.(7);.70–75.(7);.75–80.(1);.80–85.(6);.85–90.(3);.90–95.(3);.
95–100.(5)..Plot.three.histograms:.(1).cell.width.of.5;.(2).cell.width.of.10.starting.at.50;.and.(3).cell.
width.of.10.starting.at.55..What.general.observations.can.be.made.from.a.comparison.among.the.
three.histograms?

 2-30.  Two.laboratories.are.each.given.30.samples.over.the.course.of.a.year.to.measure.the.concentration.of.a.
pollutant.that.has.a.known.concentration.of.250.ppb..Form.histograms.of.the.measured.concentrations.
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. . and.comment.on.the.measurement.accuracies.of.the.two.labs:

  Lab A:..232,.234,.236,.237,.237,.239,.241,.241,.243,.243,.244,.246,.246,.246,.246,.247,.247,.248,.248,.
248,.249,.249,.251,.251,.251,.251,.252,.254,.256,.256

  Lab B:..241,.243,.243,.244,.244,.244,.246,.246,.247,.247,.247,.248,.248,.249,.249,.249,.251,.251,.251,.
252,.252,.253,.253,.253,.254,.254,.256,.256,.258,.259

 2-31.  Figure.2.23.compares.the.relative.frequency.histograms.for.assumed.and.simulated.data..The.two.
do.not.agree.exactly..Propose.a.means.of.deciding.how.large.a.sample.of.simulated.data.would.be.
needed.until.the.frequency.histogram.for.the.simulated.data.agrees.with.that.for.the.measured.data.

 2-32.. .Using.all.of.the.data.of.Problem.2.41,.construct.histograms.with.cell.widths.of.(a).100.and.(b).50..What.
general.observation.can.be.made.from.a.comparison.of.the.two.histograms?

 2-33.. .The.following.data.are.the.maximum.daily.ozone.concentrations.for.the.months.indicated..Graph.the.
data.in.a.way.that.will.emphasize.the.monthly.variation.in.the.concentration..Also,.graph.the.data.in.
a.way.that.emphasizes.the.annual.variation..Does.the.effect.of.monthly.variation.make.it.more.diff-
icult.to.assess.the.importance.of.the.annual.variation?.Explain.

Year February April June August October December

1980 61 72 77 83 64 55

1981 63 71 78 87 66 58

1982 64 72 78 86 66 59

1983 68 72 80 89 72 63

1984 74 73 85 94 68 66

1985 73 74 86 92 70 64

1986 67 73 85 90 67 64

1987 66 72 83 86 63 59

1988 62 68 81 87 65 57

1989 59 66 82 86 62 51

1990 56 65 80 86 60 50

 2-34.. .For.the.data.of.Problem.2.26,.determine.the.central.tendency.measures:.the.average.value,.median,.
and.mode.

 2-35.. .For.the.data.of.Problem.2.27,.determine.the.central.tendency.measures:.the.average.value,.median,.
and.mode.

 2-36.. .For.the.data.of.Problem.2.33,.determine.the.central.tendency.measures:.the.average.value,.median,.
and.mode.

 2-37.  If.a.small.sample.of.engineering.measurements.contains.one.extreme.event,.compare.the.use.of.the.
average.and.median.values.as.measures.of.central.tendancy..Illustrate.your.general.point.with.the.
following.six.measurements.of.a.ground.water.pollutant:.{0.6,.1.1,.1.3,.1.9,.3.1,.157.9}.mg/L.

 2-38.  Two.sections.of.a.class.are.given.a.quiz,.which.has.a.total.of.10.1-point.questions..The.distributions.
of.the.grades.are.as.follows:

Number 
correct

10 9 8 7 6 5 4 3 2 1 0

Section A . 2 7 6 4 3 0 1 0 0 1 0

Section B . 0 1 2 4 7 3 3 1 0 0 0

. . Compute.the.mean,.median,.and.mode.of.the.grades.for.each.section..Construct.bar.graphs.of.the.
grades..Discuss.the.relationship.among.measures.of.central.tendency.and.the.visual.interpretation.of.
the.graphs.

 2-39.. .The.calculation.of.the.mean.in.Equation.2.5.uses.the.formula.in.Equation.2.4..Develop.a.formula.for.
computing.the.mean.for.the.calculations.of.Equation.2.6.

 2-40.. .Using.the.data.of.Problem.2.49,.compute.the.mean,.standard.deviation,.and.COV.for.the.accident.rate.
at.intersection.B.
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 2-41.. .The.winner’s.shares.($.×.103,.not.corrected.for.inflation).of.the.purse.for.the.Kentucky.Derby.from.
1920.to.1999,.by.decade,.are.as.follows:

1920 to 1929 . 30 . 38 . 47 . 54 . 53 . 53 . 50 . 51 . 55 . 54

1930 to 1939 . 51 . 49 . 52 . 49 . 28 . 39 . 38 . 52 . 47 . 46

1940 to 1949 . 60 . 61 . 64 . 61 . 65 . 65 . 96 . 92 . 83 . 92

1950 to 1959 . 93 . 98 . 96 . 90 102 108 123 108 116 120

1960 to 1969 115 121 120 109 114 112 121 120 123 113

1970 to 1979 128 145 140 155 274 210 165 215 187 229

1980 to 1989 251 317 418 426 537 407 609 619 611 574

1990 to 1999 581 656 725 736 629 707 870 700 739 775

. . Compute.the.mean,.standard.deviation,.and.COV.for.each.decade..Create.bar.charts.for.the.means,.
standard.deviations,.and.COVs.as.a.function.of.decades.

 2-42.  For.the.data.of.Problem.2.26,.determine.the.dispersion.measures:.the.variance,.standard.deviation,.
and.COV.

 2-43.  For.the.data.of.Problem.2.27,.determine.the.dispersion.measures:.the.variance,.standard.deviation,.
and.COV.

 2-44.  For.the.data.of.Problem.2.33,.determine.the.dispersion.measures:.the.variance,.standard.deviation,.
and.COV.

 2-45.. .Equation.2.7.provides.the.definition.of.the.variance..Equation.2.8.is.more.commonly.used.to.compute.a.
sample.variance.than.Equation.2.7..Derive.Equation.2.8.from.Equation.2.7.

 2-46.. .If.the.length.of.an.object.(x).is.recorded.in.units.of.feet.and.the.measurements.are.transformed.to.units.
of.meters.(y),.values.of.the.mean,.standard.deviation,.and.variance.will.change.by.what.ratio?.What.is.
the.general.rule.for.transforming.a.variable.from.one.set.of.units.to.another.set.of.units.for.computing.
its.mean,.standard.deviation,.and.variance?

 2-47.. .Create.a.box-and-whisker.plot.of.the.data.in.Problem.2.33..Also.create.a.relative.frequency.histogram.
of.the.data..Discuss.and.compare.the.information.content.of.the.two.graphical.analyses.

 2-48.. .Using. the. data. of. Problem. 2.41,. construct. box-and-whisker. plots. for. the. 1920–59. and. 1960–99.
periods.

 2-49.  On.a.monthly.basis,.accidents.were.occurring.at.two.intersections.(A.and.B).at.similar.rates..Traffic.
control.measures.were.taken.at.one.of.the.two.intersections.(A),.and.then.monthly.accidents.were.
recorded.at.both.intersections.for.a.2-year.period..Compute.appropriate.statistics.and.make.graphi-
cal.analyses.to.characterize.the.difference.in.accident.rates.(B.–.A).at.the.two.sites..The.accident.
counts.are

. A.=.{2,0,4,3,0,1,0,4,2,1,2,2,3,0,1,5,4,2,0,2,3,1,6,1}

. . . . . . ..B.=.{5,2,8,11,7,8,5,10,6,8,9,4,6,12,7,7,10,11,6,8,13,11,7,9}
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ChAPter  3

Fundamentals of Probability

In.this.chapter,.we.introduce.the.fundamentals.of.probability.by.building.on.a.foundational.struc-
ture.of.sample.spaces.and.events..Then.we.define.probability,.random.variables,.and.key.descriptors.
including.moments..We.use.practical.examples.from.engineering.and.the.sciences.to.introduce.these.
fundamental.concepts.
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3.1 INtrODUCtION

The.analysis.of.a.system.in.engineering.or.the.sciences.should.begin.with.acquisition.of.knowl-
edge.about.the.system..This.includes.its.definition,.functions,.and.operational.characteristics..The.
process.of.knowledge.acquisition.defines.available.information.about.the.system..Equally.impor-
tant.is.defining.the.lack.of.information.or.uncertainty.about.the.system..This.process.is.achieved.
by. characterizing. the. gained. information.. These. two. components. are. vital. for. the. analysis. and.
decision-making.processes.

The.study.of.probability.as.a.branch.of.mathematics.started.more.than.300.years.ago.to.address.
questions. relating. to. games. of. chance.. The. interest. in. probability. has. been. on. the. increase. to.
address.problems.and.decision.situations.in.engineering.and.the.sciences.involving.uncertainty.and.
likelihood.

The.treatment.of.uncertainty.requires.the.understanding.of.its.nature.and.sources.as.discussed.
in.Chapter.1,.and.appropriate.mathematical.models.can.then.be.used.to.model.it..Uncertainties.in.
engineering. systems. can. be. attributed. mainly. to. ambiguity. and. vagueness. in. defining. the. vari-
ables.or.parameters.of.the.systems..The.ambiguity.component.is.due.to.(1).physical.randomness,.
(2).statistical.uncertainty.due. to. the.use.of. limited. information. to.estimate. the.characteristics.of.
these.parameters,.and.(3).model.uncertainties.that.are.due.to.simplifying.assumptions.in.analyti-
cal.and.prediction.models,.simplified.methods,.and.idealized.representations.of.real.performances..
The.vagueness-related.uncertainty.is.common.in.(1).the.definition.of.certain.parameters,.such.as.
structural.performance.(failure.or.survival),.quality,.deterioration,.skill.and.experience.of.construc-
tion.workers.and.engineers,.environmental.impact.of.projects,.or.conditions.of.existing.structures;.
and.(2).defining.the.interrelationships.among.the.parameters.of.the.problems,.especially.for.com-
plex.systems..Probability.theory.can.be.used.to.deal.with.the.ambiguity.component.of.uncertainty..
Modeling.uncertainty.commonly.entails.separating.it. into.aleatory.and.epistemic.components.as.
discussed.in.Chapter.1.

The. term.probability.has. received.a.broad.acceptance. to.be. the.most.accepted.measure.of.
likelihood.in.a.conceptually.similar.manner.to.using.meters,.seconds,.and.pounds.to.respectively.
measure.distance,.time.and.weight.as.examples..This.measure.of.likelihood.has.unique.proper-
ties. and. can. be. manipulated. according. to. mathematical. requirements. that. are. covered. in. this.
chapter.

3.2 SetS, SAMPLe SPACeS, AND eVeNtS

Engineers.and.scientists.engage.in.observing.existing.systems.or.designing.new.systems.that.
produce. particular. outcomes. of. interest,. such. as. identifying. the. blood. type. of. a. patient,. or. the.
strength.a.steel.bolt.used.in.constructing.buildings,.or.the.travel.time.by.a.shipping.truck.from.a.
warehouse. to.a.department.store,.etc..Although,. the.outcomes.can.be.all.enumerated.or.defined.
which.one.will.be.observed.is.uncertain..To.analyze.a.decision.situation,.we.need.to.create.a.struc-
ture.or.an.order.to.help.us.examine.the.problem..This.structure.or.order.is.commonly.created.using.
sets,.sample.spaces.and.events.as.they.offer.an.unambiguous.basis.for.definition,.communication,.
and.computation..They.constitute.a.fundamental.concept.in.probabilistic.analysis..The.goal.of.this.
section.is.to.provide.the.necessary.set.foundation.for.probabilistic.analysis.

3.2.1 Sets

Informally,.a.set.can.be.defined.as.a.collection.of.elements.or.components..Capital.letters.are.
usually.used.to.denote.sets.(e.g.,.A,.B,.X,.and.Y),.and.lower-case.letters.are.commonly.used.to.denote.
their.elements.(e.g.,.a,.b,.x,.and.y).
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Example 3.1: Sets

The following are examples of sets:

 A = { , , , , }2 4 6 8 10  (3.1a)

                   B b b= >{ : }0  (3.1b)

where “:” means “such that.”

 C = {Maryland,Virginia,Washington}  (3.1c)

              D = {P,M,2,7,U,E}  (3.1d)

     F = {1,3,5,7,11, }; the set of oddnumbers…  (3.1e)

In these example sets, each set consists of a collection of elements. In set A, 2 belongs to A, and 12 does not 
belong to A. Using mathematical notations, this can be expressed as 2∈A and 12�A, respectively.

Sets can be classified as finite and infinite sets. For example, sets A, C, and D in Example 3.1 are finite 
sets, and sets B and F are infinite sets. The elements of a set can be either discrete or continuous. For example, 
the elements in sets A, C, D, and F are discrete, and the elements in set B are continuous. A set without any 
elements is called a null (or empty) set and is denoted as Ø.

If every element in a set A is also a member of set B, then A is called a subset of B, mathematically 
expressed as A B� . Mathematically expressed, if A is contained in or equal to B (i.e., A B� ), then every a that 
belongs to A (i.e., a A∈ ) also belongs to B (i.e., a B∈ ). Every set is considered to be a subset of itself. The null 
set Ø is considered to be a subset of every set.

Example 3.2: Subsets

The following are examples of subsets of the sets defined in Example 3.1:

             A A1 {2,4} is a subset of {2,4,6,8,10}= =  (3.2a)

                B b b B b b1 7 200 0= < ≤ = >{ : } { : }is a subset of  (3.2b)

       F F= ={ , , , , , , , } { , , , , , , , }12 3 4 5 6 7 1 2 3 4 5 6 7… …is a subset of itself,  (3.2c)

Membership.(or.characteristic).functions.are.used.to.describe.sets..Let.X.be.a.universe,.or.a.set.
of.x.values,.and.let.A.be.a.subset.of.X..Each.element,.x,.is.associated.with.a.membership.value.to.the.
subset.A,.mA x( )..For.any.set.A,.the.membership.function.is.given.by

 mA x
x A

x A
( ) =

∈

∉

⎧
⎨
⎩

1

0

if

if . (3.3)

The.meaning.of.this.membership.function.is.that.there.are.only.two.possibilities.for.an.element.
x:.either.x.is.a.member.of.A,.such.that.mA x( ).=.1,.or.x.is.not.a.member.of.A,.such.that.mA x( ).=.0..In.
this.case,.the.set.A.has.sharp.(clearly.defined).boundaries.

3.2.2 Sample Spaces and events

In.engineering,.the.set.of.all.possible.outcomes.of.a.system.(or.for.an.experiment).constitutes.
the.sample.space.S..A.sample.space.consists.of.points. that.correspond. to.all.possible.outcomes..
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Each.outcome.for.the.system.should.constitute.a.unique.element.in.the.sample.space..A.subset.of.
the.sample.space.is.called.an.event..These.definitions.are.the.set.basis.of.probabilistic.analysis..An.
event.without.sample.points.is.an.empty.set.and.is.called.the.impossible event.Ø..A.set.that.contains.
all.the.sample.points.is.called.the.certain event.S..The.certain.event.is.equal.to.the.sample.space,.
also.called.the.universe.or.universal.set.

Example 3.3: Sample Spaces

The following are examples of sample spaces:

  A = {number of cars waiting (queuing) for a left turn at a specified traffic light}
  B = {number of units produced by an assembly line}
  C = {the strength of concrete delivered at a construction site}
  D = {the deformation of a structure under extreme load conditions}

Based on the sample spaces A and D, the following events A1 and D1 can be defined as follows:

  A1 =  {number of cars waiting (queuing) for a left turn at the specified traffic light between 3:30 p.m. and 6:30 p.m. 
on a work day}

  D1 = {failure of the structure}

Example 3.4: Manufacturing Output

A manufacturing plant producing computer chips has a quality assurance program that tests each chip 
prior to packaging and shipping. A chip tested is either approved for shipping if found nondefective (N ), dis
carded if found defective (D), or reworked if found partially defective (P). The following sample manufacturing 
space (M ) and an event (E ) of particular interest can be defined as follows:

  M = {N, D, P}
  E = {D, P}

Example 3.5: Online Retail Store

An online retail store operates three domain names www.BigAofAmerica.com (A), www.BigKofAmerica.com 
(K ), and www.BigWofAmerica.com (W ) with four order fulfillment sites each serving the Northeast (NE ), the 
Northwest (NW ), the Southeast (SE ), or the Southwest (SW ). The following sample space can be defined as 
follows:

Order Fulfillment Sites

NE NW SE SW

Domain name A (A, NE) (A, NW) (A, SE) (A, SW)
K (K, NE) (K, NW) (K, SE) (K, SW)
W (W, NE) (W, NW) (W, SE) (W, SW)

3.2.3 Venn–euler Diagrams

Events.and.sets.can.be. represented.using.spaces. that.are.bounded.by.closed.shapes,. such.as.
circles..These.shapes.are.called.Venn–Euler.(or.simply.Venn).diagrams..Belonging,.nonbelonging,.
and.overlaps.between.events.and.sets.can.be.represented.by.these.diagrams.
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Example 3.6: Venn Diagrams

In the Venn diagram shown in Figure 3.1, two events (or sets) A and B that belong to a sample space S are 
represented. The event C is contained in B (i.e., C B� ), and A is not equal to B (i.e., A ≠ B). Also, the events A 
and B have an overlap in the sample space S.

Example 3.7: Cargo Containers

In this example, we use the loading operations of containers into a cargo ship to demonstrate the develop
ment of possible arrangement of containers necessary to maintain ship stability. These arrangements define the 
sample space necessary for performing probabilistic computations.

A cargo ship as shown in Figure 3.2(a) has a width B, a length L, and a draft D. The draft measures the depth 
of the submerged portion of the ship, and is a function of the number of containers. Assuming that the ship 
has a draft D0 when empty, the containers are of about the same weight and are always arranged symmetrically 
to keep the ship leveled, and adding an i th container Ci to the ship increased the draft by d, the draft D can be 
computed as follows:

 D D i d= +0 ,  where i = 0, 1, 2, 3, 4, 5, 6, . . . , cargo capacity

When loading containers, ship trim, that is, level, and stability are of interest to maintain safety. The contain
ers should be distributed in a manner to keep the ship leveled. In this example, the capacity of the ship is 
assumed to be 240 containers. Assuming that the width of the ship can accommodate eight container stacks 
of 3 each with each container positioned lengthwise along the ship’s width, and the length can accommodate 
20  container stacks, the requirement of symmetry with respect to the two axes creates many possible arrange
ments for a particular number of containers.

Figure 3.2b shows the top view of the ship to illustrate the possible arrangements with 0 to 3 containers per 
stack. Figure 3.2c shows the Venn diagram for the case of one container, two containers, three containers, and 
four containers for illustration purposes. The first case of one container shows one event. The second case of 
two containers shows two possible arrangements: (1) one stack of two or (2) two stacks of one each. The third 
case of three containers has two possible arrangements. The final case shows two arrangements. Similar cases 
and arrangements can be created for 5 to 240 containers. The number of arrangements increases nonlinearly 
as the number of containers is increased.

Example 3.8: Crane Reactions

This example demonstrates how to define a sample space for the operation of a crane. A fixed crane as 
shown in Figure 3.3 weighs 2000 pounds (Wg) at its center of gravity (G) is used to carry a load (W ) of 

Sample space S

A

B
C

Figure 3.1 Venn	diagram	representation	of	events.
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5000 pounds. The crane is supported by a smooth pin at A and a rocker (i.e., roller) at B with the respective 
reactions of AX and AY, and B. From statics the reactions are as follows:

                  AX = 22,700 pounds 
 AY = 7000 pounds
                  B = 22,700 pounds
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The crane operates in a factory to handle loads of the following magnitudes including the case of no load:
 W = {0, 1000, 2000, 3000, 4000, 5000, 6000, 7000, 8000, 9000, 10,000} pounds
The reactions can be computed as follows:

W B Ax Ay

0 2667 −2667 2000
1000 6667 −6667 3000
2000 10667 −10667 4000
3000 14667 −14667 5000
4000 18667 −18667 6000
5000 22667 −22667 7000
6000 26667 −26667 8000
7000 30667 −30667 9000
8000 34667 −34667 10,000
9000 38667 −38667 11,000

10,000 42667 −42667 12,000

The reactions are also shown in Figures 3.4(a)–3.4(c). The results so far are for the case of fixed L = 8 ft. 
Another crane exists which is not schematically shown here that permits changing L for the same other dimen
sions and loads. The dimension L can be changed as follows:

 L = {4, 5, 6, 7, 8, 9, 10, 11, 12} ft

Figure 3.5 shows the results as multiple lines for each L value, making Figure 3.4(c) a special case and is included 
in Figure 3.5. Assuming that L can take any value in between 4 and 12 ft, the sample space is defined by the 
 triangle outlined in Figure 3.6. Events of interest can be schematically represented as illustrated in Figure 3.6.

3.2.4 Basic event Operations

In.this.section,.basic.operations.that.can.be.used.for.events.or.sets.are.introduced..These.operations.
are.analogous.to,.for.example,.addition,.subtraction,.and.multiplication.in.arithmetic.calculations:

. 1.. The.union.of.events.A.and.B,.which.is.denoted.as.∪ is.the.set.of.all.elements.that.belong.to.A.or.B.or.
both..Sometimes.the.union.A ∪ B is.expressed.as.A + B..Two.or.more.events.are.called.collectively 
exhaustive.events.if.the.union.of.these.events.results.in.the.sample.space.

. 2.. The.intersection.of.events.A.and.B,.which.is.denoted.as.∩ is.the.set.of.all.elements.that.belong.to.both.
A and.B..Sometimes.the.intersection.A.∩ B.is.expressed.as.A.B or.AB..Two.events.are.termed.mutually 

G

W

B

A

B

AX

AY

4 ft L = 8 ft

3 ft

Figure 3.3 Crane	reactions.
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exclusive.or.disjoint.if.the.occurrence.of.one.event.precludes.the.occurrence.of.the.other.event,.i.e.,.the.
two.events.have.no.intersection..The.term.can.also.be.extended.to.more.than.two.events.

. 3.. The.difference.of.events.A.and.B,.A.–.B,.is.the.set.of.all.elements.that.belong.to.A.but.not.to.B,.some-
times.called.the.complement.of.A.with.respect.to.B.

. 4.. The.event.that.contains.all.of.the.elements.that.do.not.belong.to.an.event.A.is.called.the.complement.
of.A.and.is.denoted.A.

Figure.3.7.shows.representations.of.these.operations.using.Venn.diagrams..Figure.3.8.shows.opera-
tions.on.more.than.two.events..Table.3.1.shows.additional.rules.based.on.the.above.fundamental.
rules..The.validity.of.these.rules.can.be.checked.using.Venn.diagrams.
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Figure 3.4 	Variations	in	crane	reactions.	(a)	Horizontal	reactions	as	a	function	of	load	W.	(b)	Vertical	reaction	
as	a	function	of	load	W.	(c)	Horizontal	and	vertical	reactions.
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Figure 3.7 Venn	diagram	representations	of	basic	operations.
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Example 3.9: Operations on Sets and Events

The following are example sets defined to demonstrate performing fundamental operations:

 A = {2, 4, 6, 8, 10}  (3.4a)

    B = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} (3.4b)

     C = {1, 3, 5, 7, 9, 11, }; the set of odd numbers…  (3.4c)

    F1 {failure of a structure due to an earthquake}=  (3.4d)

  F2 {failure of a structure due to strong winds}=  (3.4e)

     F3 = {failure of a structure due to an extreme overload}  (3.4f)

The following operations can be executed for the sets in Equations 3.4a through 3.4f:

          A B B∪ = = { , , , , , , , , , }1 2 3 4 5 6 7 8 9 10  (3.5a)

          A B A∩ = = { , , , , }2 4 6 8 10  (3.5b)

           C = { , , , , , , };2 4 6 8 10 12… the set of even numbers  (3.5c)

 F F1∪ =2 {failure of the structure due to an earthquake or strrong wind} (3.5d)

    F3 {nonfailure of the st cture due to an extreme overload}= ru  (3.5e)

The events F3 and F3 can be considered to be mutually exclusive. 

table 3.1 Additional Operational rules

rule type Operations

Identity	rules A A A A S S A S A∪∅= ∩∅=∅ ∪ = ∩ =, , ,

Idempotent	rules A A A A A A∪ = ∩ =,

Complement	rules A A S A A A A S S∪ = ∩ =∅ = =∅ ∅=, , , ,

Commutative	rules A B B A A B B A∪ = ∪ ∩ = ∩,

associative	rules A B C A B C A B C A B C∪ ∪ = ∪ ∪ ∩ ∩ = ∩ ∩( ) ( ) ( ), ( )

Distributive	rules A B C A C B C∪ ∩ = ∩ ∪ ∩( ) ( ) ( )

A B C A C B C∩ ∪ = ∩ ∪ ∩( ) ( ) ( )
de	morgan’s	rule A B A B E E E E E En n∪ = ∩ ∪ ∪⋅⋅ ⋅∪ = ∩ ∩ ∩( ) ( ) ⋅⋅⋅, 1 2 1 2

A B A B E E E E E En n∩ = ∩ ∩⋅ ⋅ ⋅∩ =( ) ∪ ( ) ∪ ∪⋅⋅⋅∪, 1 2 1 2

Combinations	of	rules ( ) ( )( ) ( ) ( )A B C A B C A B A C∪ ∩ = ∩ =∩ ∩ ∪ ∩

Sample space S Sample space S Sample space S

A
B

�ree events A, B, and C

C
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Intersection of A, B, and C shaded

C

Union of A and B shaded

A
B

C

Figure 3.8 Venn	diagram	representations	of	operations	on	more	than	two	events.
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Example 3.10: Transportation Routes

A manufacturing plant located in Woodbridge, Virginia, uses the Port of Baltimore to ship its products. 
Trucks are used to transport the products from the plant to the port as shown in Figure 3.9. Four travel seg
ments, called routes, are identified as follows:

Route A from Woodbridge to the Washington Metropolitan area beltway, 
Route B from the end of Route A using the western half of the beltway, that is, I495, 
Route C from the end of Route A using the eastern half of the beltway, that is, I95, and 
Route D from the north end of the beltway to the Port of Baltimore.

The events A, B, C, and D can be defined to correspond to traveling along these routes. A travel path on the routes 
A, B, and D by a truck can be represented as A and B and C, that is, A B D∩ ∩ .  Similarly, another travel path can 
be identified as: A C D∩ ∩ . A truck can either take A B D∩ ∩  or A C D∩ ∩ , that is, ( ) ( )A B D A C D∩ ∩ ∪ ∩ ∩  
that can also be represented as A B C D∩ ∪ ∩( ) . The events B and C are mutually exclusive.

Example 3.11: A Chain

A chain is used to support the load W of the crane in Example 3.8. For the purpose of illustration, consider 
a chain of three links. The failure of the links 1, 2, and 3 is denoted as F1, F2, and F3. The failure of the chain, 
considered as a system, is denoted as F. The respective survival events, that is, complements of failure events, 
are denoted as S1, S2, S3, and S, respectively. The failure of the chain can be represented as

 F F F F= ∪ ∪1 2 3

It should be noted that S F S F S F1 1 2 2 3 3= = =, , , and S F= . The survival of the chain can be represented as

 S S S S= ∩ ∩1 2 3
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The survival event S can be alternately expressed as

 S F F F= ∪ ∪1 2 3

Based on de Morgan’s rule, it can be shown that S F F F F F F S S S= ∪ ∪ = ∩ ∩ = ∩ ∩1 2 3 1 2 3 1 2 3.

3.2.5 Cartesian Product

The.Cartesian-product.set.of.A.and.B.is.the.set.of.all.ordered.pairs.(a, b).such.that.a ∈ A.and.
b.∈ B..In.mathematical.notation,.this.can.be.expressed.as

. A B a b a A b B⊗ = ∈ ∈{( , ) : }and . (3.6)

Therefore,.the.Cartesian.product,.⊗,.of.the.two.sets.results.in.a.two-dimensional.matrix.of.all.the.
possible.combinations.[ordered.pairs.(a, b)].of.the.elements.of.the.two.sets.

Example 3.12: Production Lines

A precastconcrete factory produces components for floor or roof systems. The manufacturing of these 
components is performed by three independent production lines. The qualitycontrol department for the factory 
determines whether the components are defective or nondefective for the lines. Therefore, the following two 
sets can be defined: (1) the set of production lines L = {line 1, line 2, line 3}, and (2) the set of component quality 
Q = {defective, nondefective}. Therefore, the Cartesian product of L and Q is given by the following:

Line 1 Line 2 Line 3

Defective (Line	1,	defective) (Line	2,	defective) (Line	3,	defective)

Nondefective (Line	1,	nondefective) (Line	2,	nondefective) (Line	3,	nondefective)

The above table can be expressed according to Equation 3.6 as follows:

 
L B

Line defective Line defective Line defective
⊗ =

( , ), ( , ), ( , ),1 2 3
(( , ), ( , ), ( ,Line nondefective Line nondefective Line nondefec1 2 3 ttive )
⎧
⎨
⎩

⎫
⎬
⎭

Each pair represents the state of each component, that is, ( , )Line defective1  means that the component produced 
by Line 1 is defective. There are six possible states in this case to represent all the components.

3.3 MAtheMAtICS OF PrOBABILItY

The.concept.of.probability.has.its.origin.in.games.of.chance..In.these.games,.probabilities.are.
determined.based.on.many.repetitions.of.an.experiment.and.counting.the.number.of.outcomes.of.
an.event.of.interest..Then,.the.probability.of.the.outcome.of.interest.was.measured.by.dividing.the.
number.of.event.occurrences.by.the.total.number.of.repetitions..The.objective.of.this.section.is.to.
formally.introduce.the.fundamentals.of.probability.

3.3.1 Definition of Probability

The.probability.of.an.event.can.be.defined.as.a.quantitative.measure.of.the.event’s.occurrence.
likelihood,.where.likelihood.is.associated.with.the.notion.of.chance.or.odds..In.engineering.and.
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the.science,.uncertainty.drives.the.need.to.have.the.notion.of.likelihood..Probability.offers.a.scale.
and.associated.conceptual.and.mathematical.rules.to.quantitatively.measure.likelihood.like.degrees.
centigrade. used. to. measure. temperature. or. meters. used. to. measure. distance.. We. would. like. to.
emphasize.the.importance.of.using.a.quantitative.measure.of.likelihood.in.the.form.of.probability..
Qualitative.measures.using.linguistic.terms.are.sometimes.used.by.practitioners,.but.will.entail.sub-
jective.uncertainty.associated.with.these.terms.as.illustrated.in.Figure.3.10..This.figure.was.devel-
oped.based.on.surveying.188.subjects,.and.shows,.as.an.example.the.term.“probable”.to.mean.0.01.
to.0.99.probability.based.on.the.subjective.assessments.of.the.subjects.surveyed..Some.instances.of.
irrationality.in.associating.probabilities.to.these.linguistic.terms.can.be.observed.

Probability.as.a.measure.comes.bundled.with.rules.called.axioms.and.mathematics.for.the.use.
of.the.probability.scale..These.rules.have.undergone.rigorous.mathematical.and.statistical.justifi-
cations.and.the.tests.of.use.for.several.hundred.years..Sometimes.analysts.wrongfully.attempt.to.
measure.likelihood.using.arbitrary.scales,.such.as.a.0.to.10.scale,.without.realizing.that.coming.up.
with.the.scale.is.the.easy.part.and.the.challenge.is.always.with.the.rules.that.must.be.invented.to.go.
along.with.the.scale..The.intent.herein.is.not.to.close.the.door.on.innovation.to.measure.likelihood,.
but.to.emphasize.the.requirement.that.any.likelihood.measure.and.associated.uncertainties.must.be.
accompanied.with.justified.rules.

There.are.two.primary.interpretations.or.schools.of.thought.relating.to.probability,.objective.
(i.e.,. frequency),.and.subjective.probability..Selecting.an. interpretation.depends.on. the.underly-
ing. event.. For. example,. in. an. experiment. that. can. be. repeated. N. times. with. n. occurrences. of.
the.underlying.event,. the. relative. frequency.of.occurrence.can.be.considered.as. the.probability.
of.occurrence..In.this.case,.the.probability.of.occurrence.is.n/N..However,.there.are.many.engi-
neering.problems.that.do.not.involve.large.numbers.of.repetitions,.and.still.we.are.interested.in.
estimating.the.probability.of.occurrence.of.some.event..For.example,.during.the.service.life.of.an.
engineered.product,.the.product.either.fails.or.does.not.fail.in.performing.a.set.of.performance.
criteria..The.events.of.failure.and.survival.are.mutually.exclusive.and.collectively.exhaustive.of.
the.sample.space..The.probability.of.failure.(or.survival).is.considered.as.a.subjective.probability..
An.estimate.of.this.probability.can.be.achieved.by.modeling.the.underlying.system,.its.uncertain-
ties,.and.performances..The.resulting.subjective.probability.is.expected.to.reflect.the.status.of.our.
knowledge.about.the.system.regarding.the.true.likelihood.of.occurrence.of.the.events.of.interest..
In. this. section,. the. mathematics. of. probability. is. applicable. to. both. definitions.. However,. it. is.
important.to.keep.in.mind.both.definitions,.so.that.results.are.not.interpreted.beyond.the.range.of.
their.validity.

Example 3.13: Probabilities

On receiving a graded test from the instructor, a student in a class is interested in three things: (1) the score 
received, (2) the distribution of the scores in the class or summary characteristics of the distribution, and (3) the 
grading policy. The scores that the students receive are meaningless by themselves, because they fail to tell 
the students individually both where they stand with respect to others and the opinion of the instructor about 
how well they understood the material. For example, if the student received a grade of 50 out of possible 100, 
he or she may or may not consider this to be good. If the class average was 45, the student (with a score of 50) 
knows that he or she did better than average. However, by itself, the class average does not indicate how well the 
student performed. The assessment of the performance depends, in part, on the dispersion of the grades. The 
student should feel better if the grades ranged from 35 to 53 than if the grades ranged from 10 to 90. In the first 
case, the score of 50 is closer to the highest score (53), thus the performance is probably better than a student 
with an average score. Although the closeness of the score with respect to the mean is important, the student 
is also interested in the grading policy, which indicates the instructor’s assessment of how well he or she per
formed with respect to all the students that the instructor has taught in the past. For example, if the instructor 
believes that all the test scores were poor in comparison to students of previous years, then the instructor may 
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set the grading policy such that there are no “A”s or “B”s; that is, even the student having the highest grade in 
the class (53) would get a C. Thus, besides the mean and dispersion, the grading policy, which is based on all 
past students, is important.

Statistical measures, such as the mean and dispersion, and policy criteria are used extensively in engi
neering decision making. If the value of 50 were a measurement of a water quality based on a certain pollutant, 
could we safely conclude that the average level of the pollutant in the river was not different from the level of 45 
allowed by the state policy? Similarly, corrosion reduces the thickness of steel beams, but the loss of material 
due to corrosion is far from uniform over the cross section of a beam. If a 50mil loss of thickness is measured 
at one point in a beam and the policy allows for a 45mil loss, can we conclude that the steel beam is unsafe? 
Numerous other examples could be presented. The important point made through these examples is that deci
sions must often be based on sample measurements, and data must be analyzed systematically if the decisions 
are to be universally accepted.

The test score example is useful for introducing some important terminology. In the instructor’s view
point, the collection of test scores represents observations on the random variable “test score.” The test 
scores for the class represent a sample of observations; the test scores for all the students who have had the 
test (or similar test) in the past or will have the test in the future represent the population. Thus, the sample 
is a random collection or subset of the population. The class average and the range of scores are sample 
characteristics; that is, they are values that provide summary information about the sample. The grading 
policy is an assessment of the population, and characteristics derived from the population are population 
characteristics.

The student uses the available information (i.e., his or her score, the class distribution of scores, and the 
grading policy) to make inferences about the likelihood of getting a specific final grade at the end of the course. 
This represents an example of probabilistic assessment and statistical inference.

In the test score example, a student may be interested in determining the likelihood of his or her final 
grade. If the deadline for dropping courses is near, the likelihood of receiving a passing grade is of interest. 
Probability is a scale of measurement used to describe the likelihood of an event, where an event is defined as 
the occurrence of a specified value of the random variable “final grade.” It is important to note that there are two 
random variables: the test score and the final grade. The student must use the value of one random variable to 
draw an inference about the other. The scale on which probability is measured extends from 0 to 1, inclusive, 
where a value of 1 indicates a certainty of occurrence of the event, and a value of 0 indicates certainty of its 
nonoccurrence.

Quite often, probability is specified as a percentage; for example, when the weather bureau predicts a 
30% chance of rain, experience indicates that under similar meteorological conditions it has rained three out 
of ten times. In this example, the probability was estimated empirically using the concept of relative frequency 
expressed as

 P X x
n
N

( )= =0  (3.7)

in which n is the number of observations on the random variable X  that results in an outcome of interest x0, and 
N is the total number of observations of X.

In the case of the student who is trying to estimate the probability of getting a passing grade for the course, 
the student considers the grades that he or she received and how he or she has performed under similar cir
cumstances in the past. If the student has received grades D and F on the two tests taken to date and has failed 
three out of four courses in which he or she also had a D and F on the first two tests, the likelihood is high (0.75) 
that the student will also fail this course. Thus, with a high probability of failure, the student would most likely 
elect to drop the course. This represents decision making under conditions of uncertainty.

Like students, engineers must make decisions under conditions of uncertainty. For example, engineers 
who have the responsibility of monitoring water quality in our nation’s streams and bodies of water estimate 
pollution levels using samples collected from the water. The samples are then analyzed in a laboratory 
and the results are used to make a decision. Most sampling programs involve ten or fewer measurements. 
Uncertainty arises because of the highly variable nature of pollution; that is, the concentration of a pollutant 
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may vary with time, the degree of turbulence in the water, and the frequency with which wastes are dis
charged into the water. These sources of variation must be accounted for when the engineer makes a decision 
about water quality.

Traffic engineers must also make decisions under conditions of uncertainty. For example, intersections are 
frequently the sites of accidents. The traffic engineer knows that accidents can be reduced by installing stop 
signs or traffic lights. However, there is a cost associated with installing such hardware. Also, traffic controls 
can cause delay and inconvenience to those who must travel through the intersections. Thus, the traffic engi
neer must consider numerous factors in making a decision, including the likelihood and severity of accidents at 
the intersection and the traffic load in each direction. The frequency and severity of accidents can be assessed 
using data from accidents that have occurred at that intersection in the past; however, these are data of the past, 
and there is no assurance that they will accurately reflect accident rates in the future. For example, reduced 
travel due to an increase in the cost of gasoline may reduce the number of accidents. Data on the traffic vol
umes originating from each street entering the intersection can be obtained using traffic counters, but these 
data may not completely characterize the traffic volumes that will take place in the future. For example, if the 
traffic volume data are collected during the summer, the opening of schools may alter the relative proportion 
of traffic volumes on each street entering the intersection. Such sources of variation introduce uncertainty into 
the decisionmaking process.

3.3.2 Axioms of Probability

In.general,.an.axiomatic.approach.can.be.used.to.define.probability.as.a.function.from.sets.to.
real.numbers..The.domain.is.the.set.of.all.events.within.the.sample.space.of.the.problem,.and.the.
range.consists.of.the.numbers.on.the.real.line..For.an.event.A,.the.notation.P(A).means.the.probabil-
ity.of.occurrence.of.the.event.A..The.function.P(.).should.satisfy.the.following.properties:

. 0 1≤ ≤ ⊆P A A S( ) , for every event . (3.8a)

. P S( ) = 1 . (3.8b)

If.A1,.A2,.......,.An.are.mutually.exclusive.events.on.S,.then

. P A A A A An nP P A( ) ( ) ( ) ( )1 2 1 2∪ ∪ ⋅⋅⋅ ∪ + + += � . (3.8c)

The.first.property.states.that.the.probability.of.any.event.is.inclusively.between.0.and.1;.there-
fore,.negative.probabilities.or.probabilities.larger.than.one.are.not.allowed..The.second.property.
comes.from.the.definition.of.the.sample.space..Because.the.sample.space.is.the.set.of.all possible 
outcomes,.one.or.more.of.these.outcomes.must,.therefore,.occur,.resulting.in.the.occurrence.of S..
If. the.probability.of. the.sample.space.does.not.equal.1,. this.means. that. the.sample.space.was.
incorrectly.defined..The.third.property.results.from.the.definition.of.mutually.exclusive.events..
Computational.rules.can.be.developed.based.on.these.properties..Example.rules.are.given.in.the.
following:

. . . . . . . . . . . ..P( )∅ = 0 . (3.9)

. . . . . . . . . . P A B A B PP P A B( ) ( ) ( ) ( )∪ + −= ∩ . (3.10a)

.

P A B C A B P C P A C

B C A B C

P P A B P( ) ( )( ) ( ) ( ) ( )∪ ∪ + + − ∩

− ∩ + ∩ ∩

= ∩ −

P P( ) ( ) . (3.10b)

. . . . . . . . . . . P A P A( ) ( )= −1 . (3.11)

. If thenA B P A P B⊆ ≤, ( ) ( ). (3.12)
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Example 3.14: Dice Probabilities

Rolling a fair pair of dice produces 36 possible outcomes for the sides of the dice that face up as shown 
in Figure 3.11a. The sample space contains 36 events. Event A is defined as the sum of the two sides that face 
up being seven. Six events have a sum of seven. The probability of the occurrence of A can be computed as 6 
divided by 36, producing 1/6. The probability of having a sum of 11 as defined by event B is 2/36. Events A and 
B are mutually exclusive; therefore, the probability of their union is

 P A B P A P B( ) ( ) ( )∪ = + = + =
6
36

2
36

8
36

Figure 3.11b shows two additional events of C and D that are defined as follows:

 C = The two sides facing up have the same value.

        D = The sum of the sides facing up is less than five.

The probability of C is 1/6, and the probability of D is 1/6. The probability of the union of C and D can be com
puted using Equation 3.10a as follows:

. P C D P C P D P C D( ) ( ) ( ) ( )∪ = + − ∩ = + − =
6
36

6
36

2
36

10
36

The probability of the intersection of C and D could be computed by counting the common elements in C and D 
and dividing by the sample space size of 36.

Example 3.15: Probabilities of Events

In the design of structures, the occurrence of damaging winds and earthquakes is of interest. The following 
events can be defined as

 E = {the occurrence of an earthquake in a year}
      W = {the occurrence of damaging winds in a year}

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1)

(3,1)

(2,2)

(3,2)

(2,3)

(3,3)

(2,4)

(3,4)

(2,5)

(3,5)

(2,6)

(3,6)

(4,1)

(5,1)

(4,2)

(5,2)

(4,3)

(5,3)

(4,4)

(5,4)

(4,5)

(5,5)

(4,6)

(5,6)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)Event A Event B

Figure 3.11a sample	space	for	rolling	a	pair	of	dice	and	related	events.
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Assume that the events E and W have the probabilities P(E ) and P(W ) of 0.1 and 0.2, respectively. Also, the 
probability of occurrence of both E and W, P(E ∩ W ), is 0.02. Therefore, the probability of occurrence of an 
earthquake or strong winds in a year can be determined as the union of E and W using Equation 3.10a as 
follows:

 P E W( ) . . . .∪ = + − =0 1 0 2 0 02 0 28  (3.13)

The probability of nonoccurrence of an earthquake in a year according to Equation 3.11 is

 P E( ) . .= − =1 0 1 0 9  (3.14)

where E  is the complement of E (i.e., nonoccurrence of an earthquake).

3.3.3 Counting

In.experiments.that.result.in.finite.sample.spaces,.the.processes.of.identification,.enumeration,.
and.counting.are.essential.for. the.purpose.of.determining.the.probabilities.of.some.outcomes.of.
interest..The.identification.process.results.in.defining.all.possible.outcomes.and.their.likelihood.of.
occurrence..The.identification.of.equally.likely.outcomes.is.needed.to.determine.any.probabilities.
of.interest..The.order.of.occurrence.of.the.outcomes.can.be.important.in.certain.engineering.appli-
cations,.requiring.its.consideration.in.the.counting.process.

The.enumeration.process.can.be.performed.in.any.systematic.form.that.results. in.all.possible.
outcomes..The.multiplication.principle.can.be.used.for.this.purpose..Let.events.A1,.A2,.......,.An.have.
n1,.n2,.......,.nn.elements,.respectively..Therefore,.the.total.number.of.possible.outcomes.of.selecting.
one.element.from.each.of.A1,.A2,.......,.An.is.the.product.n1,.n2,.......,.nn,.where.the.outcomes.represent.the.
ways.to.select.the.first.element.from.A1,.the.second.element.from.A2,.......,.and.finally.to.select.the.nth.
element.from.An..In.Example.3.14,.the.sample.space.size.of.rolling.a.pair.of.dice.can.be.determined.
using.the.enumeration.counting.principle.as.6(6).=.36.possible.events,.as.shown.in.Figure.3.11a.

(3,3)

(1,1) (1,2) (1,3) (1,4) (1,5) (1,6)

(2,1)

(3,1)

(2,2)

(3,2)

(2,3) (2,4)

(3,4)

(2,5)

(3,5)

(2,6)

(3,6)

(4,1)

(5,1)

(4,2)

(5,2)

(4,3)

(5,3)

(4,4)

(5,4)

(4,5)

(5,5)

(4,6)

(5,6)

(6,1) (6,2) (6,3) (6,4) (6,5) (6,6)

Event C

Event D

Figure 3.11b sample	space	for	rolling	a	pair	of	dice	and	related	events.
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The.permutation.of.r.elements.from.a.set.of.n.elements.is.the.number.of.arrangements.that.can.
be.made.by.selecting.r.elements.out.of.the.n.elements..The.order.of.selection.counts.in.determining.
these.arrangements..The.permutation.Pr|n.of.r.out.of.n.(where.r.≤.n).is

. P
n

n rr n|

!

( )!
=

− . (3.15)

where.n!.is.the.factorial.of.n.=.n(n.–.1).(n.–.2).·.·.·.(2)(1)..It.should.be.noted.that.0!.≡.1.by.convention..
Equation.3.15.results.from.the.fact.that.there.are.n.ways.to.select.the.first.element,.(n.–.1).ways.to.
select.the.second.element,.(n.–.2).ways.to.select.the.third.element,.and.so.on.to.the.last.element.
(i.e.,.the.rth.element)..An.assumption.is.made.herein.that.a.selected.element.is.neither.replaced.nor.
put.back.into.the.available.pool.for.selecting.the.next.element;.that.is,.selections.are.made.without.
replacement.

The.combination.of.r.elements.from.a.set.of.n.elements.is.the.number.of.arrangements.that.can.be.
made.by.selecting.r.elements.out.of.the.n.elements.without.replacement..The.order.of.selection.in.this.
case.does.not.count.in.determining.these.arrangements..One.arrangement.differs.from.another,.only.
if.the.contents.of.the.arrangements.are.different..The.combination.Cr|n.of.r.out.of.n.(where.r ≤ n).is

. C
P

rr n
r n

|
|

!
= . (3.16)

Therefore,.the.combination.Cr n|
.can.be.determined.as

. C
n

r n rr n|

!

( !)( )!
=

−
. (3.17)

It.is.very.common.to.use.the.notation.for.the.combination.Cr|n..It.can.be.shown.that.the.following.
identity.is.valid:

. ( ( ))rn n r
n= − . (3.18)

Example 3.16: Counting Pump Failures

This example illustrates the use of the enumeration process for counting and defining the sample space. 
A contractor operates three concrete pumps. A pump is either operational (O) or not operational (N). The follow
ing table shows all the possible states of the pumps and their occurrence combinations:

Pump 1 Pump 2 Pump 3 Events

O O O OOO
O O N OON
O N O ONO
O N N ONN
N O O NOO
N O N NON
N N O NNO
N N N NNN
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Because each pump can have two states (either O or N), the enumerations of all the possible states results in 
2(2)(2) = 8 events as provided in the above table.

Example 3.17: Election of Officers and Committee Members

A city council of 10 members has decided to elect three officers (chair, vice chair, and secretary) and a 
committee of three members. In the case of the officers, any one person cannot hold more than one position 
of chair, vice chair, or secretary. The numbers of possible cases of three officers without replacement from 10 
council members can be computed using the permutation equation, as order counts in this case. The number 
of permutations according to Equation 3.15 is

 
P3 10

10
10 3

720|
!

( )!
=

−
=

The number of possible cases of three committee members without replacement from 10 council members 
can be computed using the combination equation, because order does not count in this case. The number of 
combinations according to Equation 3.16 is

. C3 10
10

3 10 3
120|

!
!( )!

=
−

=

The council has 720 unique cases for officers, and 120 unique cases for a committee.

Example 3.18: A Standard 52-Card Deck

A standard deck of cards consists of the four suits of spades, hearts, diamonds, and clubs. Each suit con
sists of 13 cards as follows: the ace, 2, 3, 4, 5, 6, 7, 8, 9, 10, jack, queen, and king. What is the probability of 
getting 5 spade cards by drawing 5 cards from this deck without replacement? Because the order of cards in a 
draw does not count in defining the event of interest, the probability can be computed by counting. The sample 
space has the following count:

.
C5 52

52
5 52 5

2 598 960|
!

!( )!
, ,=

−
=

The event of 5 spade cards out of 13 possible spade cards has the following count of cases:

.
C5 13

13
5 13 5

1287|
!

!( )!
=

−
=

These two counts can be used to compute the probability of getting 5 spade cards by drawing 5 cards from this 
deck without replacement as follows:

.

C
C
5 13

5 52

1287
2 598 960

0 0005|

| , ,
.= ≈

What is the probability of getting 2 kings and 3 queens in drawing 5 cards? This probability can be computed 
as follows:

.
( ) ( )

, ,
.| |

|

C C
C

3 4 2 4

5 52

24
2 598 960

0 00000923= ≈
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Example 3.19: Counting for Bridge Failure

Consider a simple case of a bridge that is supported by three cables. The failure of interest is the failure of 
only two cables out of the three cables because it results in failure of the bridge. What is the number of combina
tions of r = 2 out of n = 3 that can result in bridge failure?

 C
n

r n rr n|
!

!( )!
!

!( )!
( )( )

( )( )( )
=

−
=

−
= =

3
2 3 2

3 2 1
2 1 1

3 (3.19a)

This number of combinations can be established by enumeration. The following events can be defined:

 C i ii = =failure of cable where and, , ,1 2 3  (3.19b)

Therefore, the following events result in bridge failure:

 C C1 2∩  (3.20a)

 C C1 3∩  (3.20b)

 C C2 3∩  (3.20c)

The number of events is three, which is the same as the result from Equation 3.19a.
In Equation 3.21, the order of occurrence of cable failure is not a factor in determining the number of com

binations. However, if we assume the order of failure is a factor, then the possible events become

 C C1 2∩  (3.21a)

 C C1 3∩  (3.21b)

 C C2 3∩  (3.21c)

 C C2 1∩  (3.21d)

 C C3 1∩  (3.21e)

 C C3 2∩  (3.21f)

In this case, the number of combinations is six. The same result can be obtained by computing the number of 
permutations, where order counts, using Equation 3.15 as

 P
n
n rr n|

!
( )!

!
( )!

=
−

=
−

=
3

3 2
6  (3.22)

Now, if we assume that the bridge is supported by n = 20 cables, and the failure of r = 8 cables results in the 
failure of the bridge, what is the number of combinations of r = 8 out of n = 20 that can result in bridge failure? 
In this case, the number of combinations is

 C
n

r n rr n|
!

!( )!
!

! !
( )( )( ) ( )
( )( )( ) (

=
−

= =
⋅⋅⋅

⋅⋅⋅

20
8 12

20 19 18 13
8 7 6 1))

,= 125 970 (3.23)

For a real bridge, failure can result from the failure of at least r = 8 out of n = 20. The number of combinations 
in this case is

 Cr n
r

|
!

( !)( !)
!

( !)( !)
!

( !)( !)
!

(=
∑ = + + + +

8

20 20
8 12

20
9 11

20
10 10

20
2

�
00 0!)( !)  

(3.24)
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3.3.4 Conditional Probability

The.probabilities.previously.discussed.are.based.on.and.relate.to.the.sample.space.S,.that.is,.the.
probabilities.are.based.on.the.condition.that.the.system.being.modeling.will.always.produce.an.out-
come.that.belongs.to.the.sample.space..This.means.that.these.probabilities.are.conditional.probabili-
ties.with.the.condition.being.the.occurrence.of.S..However,.it.is.common.in.many.decision.situations.
to.have.interest.in.the.probabilities.of.occurrence.of.events.that.are.conditioned.on.the.occurrence.
of.a.subset.of.the.sample.space..This.introduces.the.concept.of.conditional.probability..For.example,.
the.probability.of.A.given.that.B.has.occurred,.denoted.as.P(A|B),.means.the.occurrence.probability.
of.a.sample.point.that.belongs.to.A.given.that.we.know.it.belongs.to.B..Figure.3.12.illustrates.the.
concept.of.a.condition.defined.by.the.occurrence.of.the.event.B..In.this.case.the.event.B.becomes.a.
constraint.on.the.possible.occurrence.of.A,.that.is,.the.probability.is.not.anymore.conditional.on.S,.
but.it.becomes.conditional.on.B..It.is.as.if.the.sample.space.was.reduced.to.B..The.conditional.prob-
ability.can.be.computed.as.follows:

. P A B
P A B

P B
P B( )

( )

( )
( )| =

∩
≠if 0. (3.25)

Clearly,.the.underlying.sample.space.for.the.conditional.probability.is.reduced.to.the.conditional.
event.B..The.conditional.probability.satisfies.all.the.properties.of.probabilities..The.following.prop-
erties.can.be.developed.for.conditional.probabilities:

. 1.. The.complement.of.an.event

. P A B P A B( ) ( | )� = −1 . (3.26)

. 2.. The.multiplication.rule.for.two.events.A.and.B

. P A B P A B P B P B( ) ( ) ( ) ( )∩ = ≠� if 0 . (3.27a)

. P A B P B A P A P A( ) ( ) ( ) ( )∩ = ≠� if 0. (3.27b)

. 3.. The.multiplication.rule.for.three.events.A,.B,.and.C

. P A B C P A B C P B C P C P A B C P C

P C P B

( ) ( ( )) ( ) ( ) (( ) ) ( )

( ) (

∩ ∩ = ∩ = ∩

≠

� � �
if and0 ∩∩ ≠C) 0

. (3.28)

Sample space S Sample space S

B A

Venn diagram of events A and B
belonging to a sample space S

B A

Intersection of A and B shaded

B

A ∩ B)(
()|(

BP
A ∩ B)PBAP =

(a)
(b)

(c)

Figure 3.12 Conditional	probability	and	its	interpretation.
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. 4.. For.mutually.exclusive.events.A.and.B

. P A B( )� = 0 . (3.29a)

. P B A( )� = 0 . (3.29b)

. 5.. For.statistically.independent.events.A.and.B

. . . . . . . . . . . . . . . . P A B P A( ) ( )� = . (3.30a)

. . . . . . . . . . . . . . . . P B A P B( ) ( )� = . (3.30b)

. P A B P A P B( ) ( ) ( )∩ = . (3.30c)

. A Band are independent events . (3.30d)

. A Band are independent events . (3.30e)

. A Band are independent events . (3.30f)

Dependence.among.events.is.an.important.concept.and.is.commonly.a.complicating.factor.in.engi-
neering. and. scientific. studies.. Table. 3.2. provides. a. summary. of. dependence. types,. their. defini-
tion.and.graphical.representation.using.Venn.diagrams..The.table.introduces.the.cases.of.opposite.
dependence.and.perfect.dependence..In.the.case.of.opposite.dependence,.two.events.A.and.B.have.

table 3.2 Dependence	Definitions	and	representations

Case Definition Venn Diagram Probabilities 
Perfect 
independence 

Events are 
not related or 
associated 
with each 
other 
whatsoever. 

A

B

)()()( BPAPBAP =∩

( )))(1))((1(1)(

)()()()()(

BPAPBAP
or

BPAPBPAPBAP

−−−=∪

−+=∪

Mutual 
exclusion 

Occurrence 
of an event 
precludes the 
occurrence 
of another.

A

B

0)( =∩ BAP
)()()( BPAPBAP +=∪

Opposite 
dependence 

Two events 
A and B have 
the minimum 
possible 
overlap. 

A

B

( )0,1)()(max)( −+=∩ BPAPBAP
( ))()(,1min)( BPAPBAP +=∪

Perfect 
dependence 

One event is 
contained in 
another, i.e., 
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the.minimum.possible.overlap..The.case.of.mutually.exclusive.events.is.a.special.case.of.opposite.
dependence.if.the.sum.of.their.probabilities.is.less.than.one..In.the.case.of.perfect.dependence,.one.
event.is.contained.in.another,.that.is,.nested.events.

In.some.applications,.probability.trees.can.be.used.to.define.the.sample.space.and.compute.the.
underlying.probabilities.based.on.conditional.events..A.probability.tree.is.a.graphical.representation.
of.event-occurrence.sequences,.sometimes.called.scenarios,.using.a.tree.structure.with.branches..
Each.tree.branch.represents.an.event-occurrence.sequence..An.event.probability.in.a.sequence.is.
computed.as.a.conditional.probability.for.the.event.under.the.condition.that.all. the.events.in.the.
sequence.have.occurred..Two.examples.are.used.to.illustrate.this.graphical.representation..In.reli-
ability.analysis,.tree.structures,.such.as.event,.success,.and.fault.trees.are.used.to.model.reliability.
of.systems.as.discussed.in.Chapter.15.

Example 3.20:  A Probability Tree to Model Conditional Events 
for Computer Recall

After shipping five computers to users, a computer manufacturer realized that two out of the five computers 
were not configured properly (i.e., were defective), without knowing specifically which ones. The manufacturer 
allocated resources to recall only two computers in succession out of the five for examination. What is the prob
ability that the second recalled computer is a defective computer?

Probability trees can be used to construct the sample space and compute the underlying probabilities 
based on conditional events. Figure 3.13 shows the probability tree for this example of computer recall. The 
tree shows four possible scenarios or branches with their corresponding occurrence probabilities. Now, the 
question can be answered by summing up the probabilities of all the branches that meet the question statement 
“second recalled computer is a defective computer,” producing (1/10) + (3/10) = 4/10.

Example 3.21:  Probability Trees to Model Conditional Events 
Illustrated Using Product Recall

A box contains ten identical components with two of these components defective (D) and eight nonde
fective (N ). The components in the box are all mixed up such that the defective and the nondefective compo
nents are indistinguishable without further expense. An assembly requires the use of three components as 
follows: component 1 is randomly selected from the box and installed, followed by component 2 randomly 
selected and installed, and finally selecting and installing component 3. The performance of the assembly is 

Start

First draw
(Computer recalled)

2/5

Defective
(D)

3/5
Nondefective

(N)

1/4
Defective

(D)

3/4 Nondefective
(N)

2/4
Defective

(D)

2/4 Nondefective
(N)

Second draw
(Computer recalled)

Scenario and branch
probability

P(DD) = (2/5)(1/4) = 1/10

P(DN) = (2/5)(3/4) = 3/10

P(ND) =( 3/5)(2/4) = 3/10

P(NN) = (3/5)(2/4) = 3/10

Sum = 10/10 = 1

Figure 3.13 Probability	tree	for	computer	recall.
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adversely affected primarily by the state of component 3 (either defective or nondefective) regardless of the 
states of components 1 and 2. What is the probability that the assembly will have a defective component 3 
regardless of the states of components 1 and 2?

A probability tree can be used to define the sample space and compute the underlying probabilities based 
on conditional events. Figure 3.14 shows the probability tree for this example. The tree shows eight possible 
scenarios or branches with their corresponding occurrence probabilities. Now, the question can be answered 
by summing up the probabilities of all the branches that meet the question statement “the assembly will have a 
defective component 3 regardless of the states of components 1 and 2,” producing

 Probability =
0
720

16
720

16
720

112
720

⎛
⎝⎜

⎞
⎠⎟
+ ⎛
⎝⎜

⎞
⎠⎟
+ ⎛
⎝⎜

⎞
⎠⎟
+ ⎛
⎝⎜

⎞
⎠⎟⎟
= =
144
720

0 20. .

Example 3.22: Conditional Probabilities for Production Lines

Consider the three manufacturing lines of Example 3.12. Assume that 20, 30, and 50% of the components 
are manufactured by lines 1, 2, and 3, respectively. The quality assurance department of the producing factory 
determined that the probability of having defective products from lines 1, 2, and 3 are 0.1, 0.1, and 0.2, respec
tively. The following events can be defined in this case:

 L1 1= Component produced by line  (3.31a)

 L2 2= Component produced by line  (3.31b)

 L3 3= Component produced by line  (3.31c)

               D = Defective component  (3.31d)

Therefore, the following probabilities are given as

 P D L( | ) .1 0 1=  (3.32a)

 P D L( | ) .2 0 1=  (3.32b)

 P D L( | ) .3 0 2=  (3.32c)

Start

First
component draw

2/10

Defective
(D)

8/10
Nondefective

(N)

1/9
D

8/9
N

2/9
D

7/9
N

Second
component draw

Scenario and
branch probability

P(DDD) = (2/10)(1/9)(0/8) = 0/7200/8 D
8/8

N

�ird
component draw

1/8 D
7/8

N

1/8 D
7/8

N

2/8 D
6/8

N

P(DDN) = (2/10)(1/9)(8/8) = 16/720
P(DND) = (2/10)(8/9)(1/8) = 16/720

P(DNN) = (2/10)(8/9)(7/8) = 112/720

P(NDD) = (8/10)(2/9)(1/8) = 16/720

P(NDN) = (8/10)(2/9)(7/8) = 112/720

P(NND) = (8/10)(7/9)(2/8) = 112/720

P(NNN) = (8/10)(7/9)(6/8) = 336/720

Sum = 720/720 = 1

Figure 3.14 Probability	tree	for	an	assembly.
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Because these events are not independent, the joint probabilities can be determined as follows:

 P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =1 1 1 0 1 0 2 0 02 (3.33a)

 P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =2 2 2 0 1 0 3 0 03 (3.33b)

 P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =3 3 3 0 2 0 5 0 10 (3.33c)

This example illustrates the importance of using conditional probabilities in determining the probability of the 
intersection of events.

Example 3.23: Conditional Probabilities for Production Lines

The chain of Example 3.11 is used to illustrate the computing failure probability of the chain. The failure of 
the chain can be represented as

 F F F F= ∪ ∪1 2 3

and

 S S S S= ∩ ∩1 2 3

Assuming that the failure probability of each link is 0.05, and their failure events are independent. The fail
ure probability of the chain can be computed based on either F F F F= ∪ ∪1 2 3 or S S S S= ∩ ∩1 2 3. Using 
F F F F= ∪ ∪1 2 3 requires Equation 3.10b; whereas using S S S S= ∩ ∩1 2 3 requires Equation 3.28 from which 
P(F ) can computed as 1 − P(S). The latter approach is easier and computationally more effective particularly 
where the number of links is large. Therefore, the failure probability of the chain is

 P F P S S S( ) ( ) . ( . )( . ) .= − ∩ ∩ = − =1 1 0 95 0 95 0 95 0 1426251 2 3

To illustrate the computations for the case of perfect dependence, let us use the following model:

 

P F P F F F P F P F P F P F F
P F F P F

( ) ( ) ( ) ( ) ( ) ( )
( ) (

= ∪ ∪ = + + − ∩

− ∩ − ∩
1 2 3 1 2 3 1 2

1 3 2 FF P F F F3 1 2 3) ( )+ ∩ ∩

or

 

P F P F P F P F P F F P F P F F P F P F F( ) ( ) ( ) ( ) ( | ) ( ) ( | ) ( ) ( |= + + − − −1 2 3 1 2 2 1 3 3 2 3 )) ( )
( | ) ( | ) ( )
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P F F F P F F P F

3

1 2 3 2 3 3+ ∩

Perfect dependence means the following:
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=

=

=
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Therefore, the failure probability is

P F P F P F P F P F F P F P F F P F P F F( ) ( ) ( ) ( ) ( | ) ( ) ( | ) ( ) ( |= + + − − −1 2 3 1 2 2 1 3 3 2 3 )) ( ) ( | ) ( | ) ( )
. . . ( )( . )

P F P F F F P F F P F3 1 2 3 2 3 3

0 05 0 05 0 05 1 0 05
+ ∩

= + + − − (( )( . ) ( )( . ) ( )( . ) .1 0 05 1 0 05 1 0 05 0 05− + =
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3.3.5 Partitions, total Probability, and Bayes’ theorem

A.set.of.disjoint.(i.e.,.mutually.exclusive).events.A1,.A2,.......,.An.form.a.partition.of.a.sample.space.
if.A1.∪.A2.∪.......∪ An = S..An.example.partition.is.shown.in.Figure.3.15..If.A1,.A2,.......,.An.represents.
a.partition.of.a sample.space.S,.and.E,.S.represents.an.arbitrary.event.as.shown.in.Figure.3.16,.the.
theorem.of.total.probability.states.that

. P E P A P E A P A P E A P A P E An n( ) ( ) ( ) ( ) ( ) ( ) ( )| | |= + + +1 1 2 2 � . (3.34)

This.theorem.is.very.important.in.computing.the.probability.of.an.event.E,.especially.in.practical.
cases.where.the.probability.cannot.be.computed.directly,.but.the.probabilities.of.the.partitioning.
events.and.the.conditional.probabilities.can.be.computed.

Bayes’. theorem. is. based. on. the. same. conditions. of. partitioning. and. events. as. the. theorem.
of  total. probability. and. is. very.useful. in. computing. the. reverse. probability. of. the. type.P(Ai|E),.

Sample space S
A1 A2 A3

A5

E

A4

Figure 3.16 theorem	of	total	probability.

Sample space S 
A1 A2 A3 A4

A5

Figure 3.15 Partitioned	sample	space.



88	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

for i =.1, 2,.......,.n..The.reverse.probability.can.be.computed.as.follows:

. P A E
P A P E A

P A P E A P A P E A P A P E Ai
i i

n

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) (
| |

| | |
=

+ + +1 1 2 2 � nn )
. (3.35)

The.denominator.of.this.equation.is.P(E),.which.is.based.on.the.theorem.of.total.probability.

Example 3.24: Defective Products in Production Lines

The three manufacturing lines discussed in Example 3.22 are used to illustrate the total probability theo
rem. The theorem can be used to determine the probability of a defective component as follows:

 
P D P D L P L P D L P L P D L P L( ) ( | ) ( ) ( | ) ( ) ( | ) ( )

. ( . ) . (
= + +

= +
1 1 2 2 3 3

0 1 0 2 0 1 0.. ) . ( . ) . . .
.

3 0 2 0 5 0 02 0 03 0 1
0 15

+ = + +

=

 (3.36)

This probability includes the three lines; therefore, on the average, 15% of the components produced by the 
factory are defective.

Assume that a component was received from the factory and found defective, what is the probability that it 
was produced by line 1? This probability can be computed using Bayes’ theorem as follows:

 
P L D

P D L P L
P D

( | )
( | ) ( )

( )
. ( . )
.

.1
1 1 0 1 0 2

0 15
0 1333= = =

The corresponding probabilities for lines 2 and 3 are

 P L D P L D( | ) . ( | ) .2 30 2 0 6667= =and

3.4 rANDOM VArIABLeS AND theIr PrOBABILItY DIStrIBUtIONS

In.most.engineering.and.science.applications,.the.outcomes.(say,.E1,.E2,.......,.En).that.constitute.a.
sample.space.S.take.numerical.real.values..In.other.applications,.the.outcomes.can.be.nonnumeric.or.
combinations.of.both..It.is.convenient.and.sometimes.necessary.to.express.all.outcomes.using.numer-
ical.values.on.the.real.line.R..The.functions.that.establish.such.a.mapping.or.transformation.to.the.real.
line.are.called.random variables..Formally,.a.random.variable.is.defined.as.a.function.that.assigns.a.real.
value.to.every.possible.outcome.for.a.system..This.mapping.can.be.one-to-one.or.one-to-many..Based.
on.this.definition,.the.properties.of.the.underlying.outcomes.(e.g.,.intersection,.union,.and.complement).
are.retained.in.the.form.of,.for.example,.overlapping.ranges.of.real.values,.combination.of.real.ranges,.
and.values.outside.these.ranges..Figure.3.17.shows.a.schematic.representation.of.this.mapping.

Random. variables. are. commonly. classified. into. two. types:. discrete. and. continuous. random.
variables..A.discrete.random.variable.may.only.take.on.distinct,.usually.integer.values;.for.example,.
the.outcome.of.a.roll.of.a.die.may.take.on.only.the.integer.values.from.1.to.6.and.is,.therefore,.a.dis-
crete.random.variable..The.number.of.floods.per.year.at.a.point.on.a.river.can.take.on.only.integer.
values,.so.it.is.also.a.discrete.random.variable..A.continuous.random.variable.takes.values.within.
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a.continuum.of.values..For.example,.the.average.of.all.scores.on.a.test.having.a.maximum.possi-
ble.score.of.100.may.take.on.any.value,.including.nonintegers,.between.0.and.100;.thus,.the.class.
average.would.be.a.continuous.random.variable..A.distinction.is.made.between.these.two.types.of.
random.variables.because.the.computations.of.probabilities.are.different.for.the.two.types.

3.4.1 Probability of Discrete random Variables

The.probability.of.a.discrete.random.variable.is.given.by.the.probability mass function,.which.
specifies.the.probability.that.the.discrete.random.variable.X.equals.some.value.xi.and.is.denoted.by

. P x P X xX i i( ) ( )= = . (3.37)

A.capital.X.is.used.for.the.random.variable,.whereas.an.xi.is.used.for.the.ith.value.of.the.random.
variable..The.probability.mass.function.must.satisfy.the.axioms.of.probability..Therefore,.the.prob-
ability.of.an.event.xi.must.be.less.than.or.equal.to.one.and.greater.than.or.equal.to.zero;.that is,

. 0 1ʺ ʺP xX i( ) . (3.38)

This.property.is.valid.for.all.possible.values.of.the.random.variable.X..In.addition,.the.sum.of.all.
possible.probabilities.must.be.equal.to.one;.that.is,

. P xX i
i

N

( ) =
=
∑ 1

1

. (3.39)

in.which.N.is.the.total.number.of.possible.outcomes;.for.the.case.of.the.roll.of.a.die,.N.equals.6.
It.is.often.useful.to.present.the.likelihood.of.an.outcome.using.the.cumulative mass function,.

FX(xi ),.which.is.given.by

. F x P X x P xX i i X j
j

i

( ) ( ) ( )= ≤ =
=
∑

1

. (3.40)

The.cumulative.mass.function.is.used.to.indicate.the.probability.that.the.random.variable.X.is.less.than.
or.equal.to.xi..It.is.inherent.in.the.definition.(Equation.3.40).that.the.cumulative.probability.is.defined.
as.zero.for.all.the.values.less.than.the.smallest.xi.and.one.for.all.values.greater.than.the.largest.value.
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a b c d
Real values a, b, c, and d
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sample space (S) to
real line (R)
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Figure 3.17 a	random	variable	as	a	mapping	from	the	sample	space	to	the	real	line.
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Example 3.25: Roll of a Die

To illustrate the concepts introduced for discrete random variables, assume that the random variable is the 
outcome of the roll of a die. The sample space consists of the collection of all possible values of the random 
variable (i.e., x = 1, 2, 3, 4, 5, and 6). The probability of each element of the sample space is given by

 P x xX ( ) , , , , ,= =
1
6

1 2 3 4 5 6for and  (3.41)

The probability mass function is shown in Figure 3.18a. The cumulative mass function can be evaluated using 
Equation 3.40. The results are shown in Figure 3.18b and are given by

 F x P X x
x

xX ( ) ( ) , , , , ,= ≤ = =
6

1 2 3 4 5 6for and  (3.42)

Example 3.26: Pair of Dice

In this example, a random variable is defined as the sum of the dots showing when a pair of dice is rolled. 
What is the cumulative mass function? What is the probability of getting an even value? What is the probability 
that for a single roll of the two dice, the sum of the points is equal to 11? What is the probability of obtaining a 
value of 6 or less?

The sample space consists of the integer values from 2 to 12. If one identifies all the 36 possible outcomes, 
the relative frequency concept of Equation 3.7 yields the following mass function:

 P xX ( ) , , , , , , , , , ,= ⎧⎨
⎩
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⎬
⎭

1
36

1
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 (3.43)
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FIGUre 3.18b Cumulative	mass	function	for	the	roll	of	a	die.
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FIGUre 3.18a Probability	mass	function	for	the	roll	of	a	die.
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It is important to note that the sum of the probabilities equals 1; otherwise, PX(x) would not be a legitimate mass 
function. The cumulative mass function is

 F xX ( ) , , , , , , , , , ,= ⎧⎨
⎩

⎫
⎬
⎭

1
36

1
12

1
6

5
18

15
36
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18

5
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11
12

35
36

1  (3.44)

The probability of the random variable X taking an even value is the sum of the probabilities for the even values 
of X. Thus,

 P x( )is even = + + + + + =
1
36

1
12

5
36

5
36

1
12

1
36

1
2  (3.45)

Also,

 P x( )= =11
1
18

 (3.46)

and using the probability mass function, we have

 P x( ) .≤ = + + + + = =6
1
36

1
18

1
12

1
9

5
36

15
36

0 4167  (3.47)

The same result can be obtained directly from the cumulative mass function.
Equations 3.43 and 3.44 and the values in Example 3.26 apply to the populations that underlie the random 

variables. They do not give the values obtained from a sample of data. For small samples, probabilities com
puted using sample results may poorly reflect the true probabilities. For example, if a die is rolled five times and 
produces the values 3, 2, 5, 1, 2, then the sample mass function would be as shown in Figure 3.19. The sample 
probability for x = 2 is over twice as high as the population probability (1/6). Because x = 4 and x = 6 did not 
occur, their sample probabilities of 0 are also poor reflections of the true probabilities. This illustrates the dif
ficulty of using information based on small samples to draw inferences about population probabilities. Larger 
samples usually provide better estimates of population probabilities than those provided by small samples. 
Consider the following sample of rolling a single die 18 times: {3, 1, 4, 3, 6, 2, 4, 5, 5, 2, 6, 3, 1, 3, 5, 2, 6, 5}. 
The sample includes two 1s, three 2s, four 3s, two 4s, four 5s, and three 6s, giving sample probabilities of 
0.111, 0.167, 0.222, 0.111, 0.222, and 0.167, respectively. Thus, the larger sample of 18 rolls does not contain 
the extreme probabilities that were observed in the sample of 5. Note in Figure 3.19 that the probabilities from 
the sample of 18 are generally closer to the true value of 0.167 than are the sample probabilities based on five 
values.
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Figure 3.19 Probability	mass	function	for	two	samples.
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Example 3.27: Hurricanes

The numbers of hurricanes in the United States from 1970/1971 to 1984/1985 are as follows:

1970–71 5 1975–76 3 1980–81 2
1971–72 4 1976–77 1 1981–82 1
1972–73 0 1977–78 3 1982–83 2
1973–74 0 1978–79 1 1983–84 4
1974–75 2 1979–80 6 1984–85 0

The sample probability mass function and the cumulative mass function can be tabulated as shown in Table 
3.3. The probability mass values in the table were computed by dividing the number of occurrences by 15, 
which is the total number of hurricane seasons in the period 1970 to 1985. The cumulative mass value was 
computed using Equation 3.40. The results of the calculations are also shown in Figures 3.20a and 3.20b.

In spite of the small sample, the mass function shows a consistent trend, with the probability decreasing 
as the value of the random variable x; that is, the number of hurricanes per year increases. It appears that hur
ricanes do not have the same mass function as the roll of a die. Besides the decreasing trend, the mass function 
of Table 3.3 does not allow for values greater than six. Even though there was no year in which more than six 
hurricanes occurred in the 15year period, the possibility that it could occur exists, so a mass function that 
allows for more than six occurrences of X should be selected for the population.
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Figure 3.20a sample	probability	mass	function	for	hurricanes	in	the	united	states.
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Figure 3.20b sample	cumulative	mass	function	for	hurricanes	in	the	united	states.
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3.4.2 Probability for Continuous random Variables

A.probability density function. (PDF).defines. the.probability.of.occurrence. for. a. continuous.
random.variable..Specifically,. the.probability. that. the.random.variable.X. lies.within. the. interval.
form.x1.to x2.is.given.by

. P x X x f x xXx

x
( )1 2

1

2

≤ ≤ = ∫ ( ) d . (3.48)

in. which. fX(x). is. the. probability. density. function.. If. the. interval. is. made. infinitesimally. small,.
x1 approaches.x2.and.P(x1.≤.X ≤.x2).approaches.zero..This.illustrates.a.property.that.distinguishes.
discrete. random.variables. from.continuous. random.variables..Specifically,. the.probability. that.a.
continuous.random.variable.takes.on.a.specific.value.equals.zero;.that.is,.probabilities.for.continu-
ous.random.variables.must.be.defined.over.an.interval.

It.is.important.to.note.that.the.integral.of.the.PDF.from.–∞.to.+∞.equals.1;.that.is,

. ( ) ( )−∞ < < +∞ = =
−∞

+∞

∫X f x xX d 1 . (3.49)

Also,.because.of.Equation.3.49,.the.following.holds:

. P X x f x x P X xXx
( ) ( )≥ = = − <

+∞

∫0 01
0

( ) d . (3.50)

The.cumulative distribution function.(CDF).of.a.continuous.random.variable.is.defined.by

. F x P X x f x xX X

x
( ) ( )0 0

0

= ≤ =
−∞∫ ( ) d . (3.51a)

The.CDF.is.a.nondecreasing.function.in.that.P(X ≤.x1).≤.P(X ≤ x2),.where.x1.≤ x2..The.CDF.equals.0.
at.–∞.and.1.at.+∞..The.relationship.between.fX(x).and.FX(x).can.also.be.expressed.as

. f x
F x

xX
X( )
( )

=
d

d
. (3.51b)

table 3.3  Computation of Sample Probability Function for 
hurricanes in example 3.27

Number of 
hurricanes, X

Number of 
Occurrences

Probability 
Mass Value

Cumulative 
Mass Value

0 3 0.2 0.2

1 3 0.2 0.4

2 3 0.2 0.6

3 2 0.13333 0.73333

4 2 0.13333 0.86667

5 1 0.06667 0.93333

6 1 0.06667 1.

7 0 0. 1.

8 0 0. 1.

� 0 0. 1.

0 0. 1.

∞ 0 0. 1.
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Example 3.28: Continuous Random Variables

The continuous random variable X  has the following probability density function:

 f x
kx

X ( ) =
≤ ≤⎧

⎨
⎩

for x
otherwise

0 2
0  (3.52)

where k is a constant. Find the value of k that is necessary for fX(x) to be a legitimate probability density func
tion. Plot both the density and cumulative functions. What is the probability that X equals 1? What is the proba
bility that X takes on a value less than 0.5? What is the probability that X is greater than 1.0 and less than 1.5?

For fX(x) to be a legitimate PDF, it must satisfy the following constraint:

 P X f x xX( )−∞ < < +∞ = ( ) =
−∞

+∞

∫ d 1  (3.53)

Therefore,

 1
20

2

0

2 2

0

2

= = =∫ ∫kx x k x x
kx

d d  (3.54a)

and

 k = 0 5.  (3.54b)

The CDF is given by

 F x x x
x x

X

x
x

( ) .0 0

2

0

0
2

0 5
4 4

0
0

= = =∫ d  (3.55)

where x o is any value from 0 to 2. The probability density and cumulative functions appear graphically in 
Figures 3.21a and 3.21b, respectively. Because probabilities of continuous random variables are defined for 
regions rather than point values as illustrated in Figure 3.21c, P(X = 1) = 0. The P(X < 0.5) can be determined 
from the cumulative function; specifically, 

 P X
x

x

x

( . )
.

< = =
=

=

0 5
4

1
16

0
2

0

0 5

0

0

 (3.56)
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Figure 3.21a Probability	density	function	for	a	continuous	random	variable.
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Similarly, the cumulative function can be used to find the probability for the following region as illustrated in 
Figure 3.21c:

 

P X P X P X

x x

x

x

x

x

( . . ) ( . ) ( . )
.

1 0 1 5 1 5 1 0

4 4
0
2

0

1 5

0
2

0

1

0

0

0

0

< < = < − <

= −
=

=

=

= ..0

9
16

1
4

5
16

= − =
 

(3.57)

Example 3.29: Settlement of Footings

The settlement (S) of a footing depends on the average bearing pressure (B), a dimension of the footing (D), 
and the soil modulus of compressibility (M ). The settlement is assumed to be a random variable that follows 
the following density function:

 f s sS ( ) exp( )= −l l  (3.58)

where λ is a constant depending on the three characteristics B, D, and M. Integration of the density function 
yields the following cumulative function:

 F s sS ( ) exp( )= − −1 l  (3.59)

If the value of λ is 0.5 for a specified set of conditions (B, D, and M ) and the settlement S is in inches, then the 
probability that the settlement S is less than s0 inches is

 F s P S s sS ( ) ( ) exp( . )o o o= ≤ = − −1 0 5  (3.60)

For example, the probability of 1 in. or less of settlement is

 F P SS ( ) ( ) exp( . ( . )) .1 1 1 0 5 1 0 0 393= ≤ = − − =  (3.61)
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Figure 3.21b Cumulative	distribution	function	for	a	continuous	random	variable.
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If damage occurs to the structure where the settlement exceeds 4 in., then the probability of damage is

 P S FS( . ) ( . ) { exp[ . ( . )]} .> = − = − − − =4 0 1 4 0 1 1 0 5 4 0 0 135 (3.62)

Therefore, for 1000 footings at the specified conditions, damage can be expected with 135 footings.

3.5 MOMeNtS

Whether.summarizing.a.data.set.or.attempting.to.find.the.population,.one.must.characterize.the.
sample..The.moments.are.useful.descriptors.of.data;.for.example,.the.mean,.which.is.a.moment,.is.
an.important.characteristic.of.a.set.of.test.scores..A.moment.can.be.referenced.to.any.point.on.the.
measurement.axis;.however,.the.origin.(i.e.,.zero.point).and.the.mean.are.the.most.common.refer-
ence.points.
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P(1.0 ≤ X ≤ 1.5) = area
P(1.0 ≤ X ≤ 1.5) = difference

= FX(1.5) – FX(1.0)

FX(1.5)

FX(1.0)

Figure 3.21c relationships	among	density	function,	cumulative	distribution	function,	and	probabilities.
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Although.most.data.analyses.use.only.two.moments,.it.is.important.for.some.probabilistic.and.
statistical.studies.to.examine.three.moments:

. 1.. The.mean,.which.is.the.first.moment.about.the.origin

. 2.. The variance,.which.is.the.second.moment.about.the.mean

. 3.. The.skewness,.which.is.the.third.moment.about.the.mean

Two.characteristics,.the.mean.and.variance,.were.briefly.introduced.in.Chapter.2.
In. this. section,. equations. and. computational. procedures. for. these. moments. are. introduced..

These.moments.are.analogous.to.the.area.moments.used.to.compute.quantities.such.as.the.centroi-
dal.distance,.the.first.static.moment,.and.the.moment.of.inertia..For.a.continuous.random.variable.
X,.the.kth.moment.about.the.origin.is.given.by

. ʹ =
−∞

+∞

∫M x f x xk
k

X ( ) d . (3.63)

in.which.X.is.the.random.variable,.and.fX(x).is.its.density.function..The.corresponding.equation.for.
a.discrete.random.variable.is

. ʹ =
=
∑M x P xk i

k

i

n

X i
1

( ) . (3.64)

in.which.n.is.the.number.of.elements.in.the.underlying.sample.space.of.X,.and.PX(x).is.the.probabil-
ity.mass.function..The.first.moment.about.the.origin.(i.e.,.k =.1.in.Equations.3.63.and.3.64).is.called.
the.mean.of.X.and.is.denoted.μ.

For.a.continuous.random.variable,.the.kth.moment.about.the.mean.(μ).is

. M x f x xk
k

X= −
−∞

+∞

∫ ( )m ( )d . (3.65)

in.which.μ.is.the.first.moment.about.the.origin.(i.e.,.the.mean)..The.corresponding.equation.for.a.
discrete.random.variable.is

. M x P xk i
k

X i
i

n

= −
=
∑ ( ) ( )m

1

. (3.66)

The.above.moments.are.considered.as.a.special.case.of.mathematical.expectation..The.math-
ematical.expectation.of.an.arbitrary.function.g(x),.which.is.a.function.of.the.random.variable.X,.is.
defined.as

. E g x g x f x xX[ ( )] ( ) ( )=
−∞

+∞

∫ d . (3.67)

The.corresponding.equation.for.a.discrete.random.variable.is

. E g x g x P xi X i
i

n

[ ( )] ( ) ( )=
=
∑

1
. (3.68)

3.5.1 Mean

The.mean.value,.which.was.introduced.in.Chapter.2,.can.be.formally.defined.as.the.first.moment.
measured. about. the.origin;. it. is. also. the. average.of. all. observations.on. a. random.variable.. It. is.
important.to.note.that.the.population.mean.is.most.often.indicated.as.µ,.while.the.sample.mean.is.
denoted.by.X..For.a.continuous.random.variable,.the.mean.(µ).is.computed.as

. m =
−∞

+∞

∫ x f x xX ( ) d . (3.69)
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For.a.discrete.random.variable,.the.mean.is.given.by

. m =
=
∑ x P xi X i
i

n

( )
1

. (3.70)

For.n.observations,.if.all.observations.are.given.equal.weights,.such.that.PX(xi ).=.1/n,.then.the.mean.
for.a.discrete.random.variable.(Equation.3.70).produces

. X
n

xi
i

n

=
=
∑

1

1
. (3.71)

which.is.the.average.of.the.observed.values.x1,.x2,.x3,.......,.xn.
The.mean.corresponds.to.the.average.value.that.lies.along.the.measurement.axis;.this.is.most.

easily.represented.by.the.density.functions.shown.in.Figure.3.22..If.the.random.variable.X.is.the.
magnitude.of.a.flood,.then.fX1

(x1).and.fX2
(x2).could.represent.the.distributions.of.floods.on.two.rivers..

Obviously,.the.floods.of.the.river.characterized.by.fX2
(x2).are.usually.larger.than.floods.on.the.river.

characterized.by.fX1
(x1)..Similarly,.if.the.density.functions.of.Figure.3.22.represent.the.distribution.

of.grades.for.two.large.sections.of.a.class,.it.is.evident.that.students.in.section.2.scored.higher,.on.
the.average,.than.those.in.section.1.

Although.the.mean.conveys.certain.information.about.a.random.variable,.it.does.not.completely.
characterize.the.random.variable..The.distributions.shown.in.Figure.3.22.are.obviously.not.identi-
cal,.even.though.they.have.the.same.mean..Thus,.the.mean,.by.itself,.cannot.characterize.a.distribu-
tion..Other.characteristics.are.also.important.

Example 3.30: Mean Number of Hurricanes

Consider the data on hurricanes discussed in Example 3.27. The mean annual number of hurricanes in the 
United States can be computed using Equation 3.71 as follows, to produce a mean of 2.27 hurricanes per year:

 X =
+ + + + + + + + + + + + + +

=
5 4 0 0 2 3 1 3 1 6 2 1 2 4 0

15
2 27.  (3.72)
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Figure 3.22 mean	values	for	continuous	random	variables.
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Example 3.31: Mean Settlement of Footings

Example 3.29 used an exponential distribution to model the settlement of footings as provided by the den
sity function of Equation 3.58. The mean value can be computed according to Equation 3.69 as follows:

 µS Ssf s s s s s= = −
∞ ∞

∫ ∫( )d exp d
0 0

l l( )

Integration by parts can be used by assigning u(s) = s, and v(s) = –exp(–λs). The integral can then be evalu
ated as

 
µS u s v s s u s v s u s v s s= ʹ = − ʹ( ) ( )

∞ ∞ ∞

∫ ∫( ) ( ) ( ( ) ( ))d d
0 0 0

where u′ and v′ are the derivatives of u and v, respectively. Substituting u and v and their derivatives gives the 
following integral:

 
µS s s s s s= − − − − = −

−
− =

∞ ∞∞

∫( ( )) ( )exp ( )exp( ) d expl l
l

l
l0 00

1 0
1 1

The mean is the reciprocal of the rate λ.

3.5.2 Variance

The.variance.is.the.second.moment.about.the.mean..The.variance.of.the.population.is.denoted.
by.σ 2..The.variance.of.the.sample.is.denoted.by.S2..The.units.of.the.variance.are.the.square.of.the.
units.of.the.random.variable;.for.example,.if.the.random.variable.is.measured.in.pounds.per.square.
inch.(psi),.the.variance.has.units.of.(psi)2..For.a.continuous.random.variable,.the.variance.is.com-
puted.as.the.second.moment.about.the.mean.as.follows:

. s m2 2= −
−∞

+∞

∫ ( )x f x xX ( ) d . (3.73)

For.a.discrete.variable,.the.variance.is.computed.as

. s m2 2

1

= −
=
∑ ( ) ( )x P xi X i
i

n

. (3.74)
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Figure 3.23 random	variables	with	different	variances	and	same	mean	value.
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When.the.n.observations.in.a.sample.are.given.equal.weight,.such.that.PX(xi).=.1/n,.the.variance.is.
given.by

. S
n

x Xi
i

n
2 2

1

1
= −

=
∑ ( ) . (3.75)

The.value.of.the.variance.given.by.Equation.3.75.is.biased;.an.unbiased.estimate.of.the.variance.is.
given.by

. S
n

x Xi
i

n
2 2

1

1

1
=

−
−

=
∑ ( ) . (3.76)

Equation.3.76,.which.is.the.equation.used.most.frequently,.provides.an.unbiased.estimate.because.
the.average.value.of.many.sample.estimates.of.σ 2.would.approach.the.true.value.of.σ 2,.whereas.the.
average.value.of.many.sample.estimates.of.σ 2.obtained.from.Equation.3.75.would.not.approach.the.
true.value.of.σ 2..The.concept.of.unbiased.estimators.is.discussed.in.Section.8.2.1..Computationally,.
the.variance.of.a.sample.can.be.determined.using.the.following.alternative.equation,.which.pro-
duces.the.same.result.as.Equation.3.76:

. S
n

x nXi
i

n
2 2 2

1

1

1
=

−
−

⎡

⎣
⎢

⎤

⎦
⎥

=
∑ . (3.77)

If.X.is.not.computed,.then.Equation.3.77.becomes

. S
n

x
n

xi i
i

n

i

n
2 2

1

2

1

1

1

1
=

−
−

⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥==

∑∑ . (3.78)

Equation.3.77.provides.the.same.answer.as.Equation.3.78.when.computations.are.made.using.an.
appropriate.number.of.significant.digits.

The.variance. is. an. important. concept. in. probabilistic. and. statistical. analyses. because.many.
solution.methods.require.some.measure.of.variance..Therefore,.it.is.important.to.have.a.conceptual.
understanding.of.this.moment..In.general,.it.is.an.indicator.of.the.closeness.of.the.values.in.sample.
or.a.population.to.the.mean..If.all.values.in.the.sample.equal.the.mean,.the.sample.variance.would.
equal.zero..Figure.3.23.illustrates.density.functions.with.different.variances.

Because.of.the.importance.of.the.concept.of.variance,.it.may.be.worthwhile.to.show.its.compu-
tation.for.two.samples,.each.having.a.sample.size.(n).of.3;.both.sets.have.a.mean.of.10,.with.set.1:.
{9,.10,.11}.and.set.2:.{5,.10,.15}..Tables.3.4a.and.3.4b.show.the.calculations.for.the.two.sets..Thus,.
the.variance.of.set.2.is.25.times.greater.than.that.of.set.1..To.illustrate.the.computational.formula.
(Equation.3.78),.the.variance.of.set.1.could.be.determined.as

.
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(3.79)

Although. the.variance. is.used. in.all.aspects.of.probabilistic.and.statistical.analyses,. its.use.as.a.
descriptor.is.somewhat.limited.due.to.its.units;.specifically,. the.units.of.the.variance.are.not.the.
same.as.those.of.either.the.random.variable.or.the.mean.
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3.5.3 Standard Deviation and Coefficient of Variation

By.definition,.the.standard.deviation.is.the.square.root.of.the.variance..It.has.the.same.units.as.
the.random.variable.and.the.mean;.therefore,.it.is.a.better.descriptor.of.the.dispersion.or.spread.of.
either.a.sample.of.data.or.a.distribution.function.than.the.variance..The.standard.deviation.of.the.
population.is.denoted.by.σ,.while.the.sample.value.is.denoted.by.S.

The.coefficient.of.variation.(δ.or.COV).is.a.dimensionless.quantity.defined.as

. d s
m

= . (3.80)

It.is.also.used.as.an.expression.of.the.standard.deviation.in.the.form.of.a.proportion.of.the.mean..For.
example,.consider.μ.and.σ.to.be.100.and.10,.respectively;.therefore,.δ..=.0.1.or.10%..In.this.case,.the.
standard.deviation.is.10%.of.the.mean.

Example 3.32: Variance of Soil Strength

A sample of five tests was taken to determine the unconfined compression strength (in tons/ft2) of soil, 
with the following test results: 1.8, 3.5, 6.1, 3.6, and 4.3 tons/ft2. Compute the variance, standard deviation, and 
COV of soil strength.

The mean value of soil strength X is given by

 X =
+ + + +

=
1 8 3 5 6 1 3 6 4 3

5
3 86 2. . . . .
. tons/ft  (3.81)

The variance of soil strength is computed using Equation 3.78 as follows:

 S 2

2 2 2 2 2
2

1 8 3 5 6 1 3 6 4 3
1 8 3 5 6 1 3 6 4 3

5
5 1

=
+ + + + −

+ + + +

−

. . . . .
( . . . . . )

 (3.82)

The variance is 2.413 (tons/ft2)2. Therefore, the standard deviation is

 S = =2 413 1 553 2. . tons/ft  (3.83)

table 3.4a Calculation of Variance of Data Set 1

x X x X− ( )x X− 2
1

1n −
1
1

2

n
x X

−
−( )

	 9 10 –1 1 0.5 0.5

10 10 	 0 0 0.5 0

11 10 	 1 1 0.5 0.5

summation	=	1

table 3.4b Calculation of Variance of Data Set 2

x X x X− ( )x X− 2
1

1n −
1
1

2

n
x X

−
−( )

	 5 10 –5 25 0.5 12.5

10 10 	 0 	 0 0.5 0

15 10 	 5 25 0.5 12.5

summation	=	25
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The COV (or δ)  is

 d = = =
S
X

1 553
3 86

0 402
.
.

.  (3.84)

The large COV (i.e., 40.2% of the mean value) suggests that either the mean value is not reliable and that addi
tional measurements might be needed or the underlying random variable has a large dispersion. If with additional 
measurements the COV remains large, relatively large factors of safety should be used for soil strength design.

Example 3.33: Settlement Variance

Example 3.29 used an exponential distribution to model the settlement of footings as provided by the den
sity function of Equation 3.58. The variance can be computed according to Equation 3.73 using a mean value 
of 1/λ as follows:

 
s 2

2

0

2

0

1 1
= −⎛

⎝⎜
⎞
⎠⎟

( ) = −⎛
⎝⎜

⎞
⎠⎟

−( )
∞ ∞

∫ ∫s f s s s s sSl l
l ld exp d

Integration by parts can be used to determine the variance as follows:

 
s 2

2

1
=
l

3.5.4 Skew

The.skew.is.the.third.moment.measured.about.the.mean..Unfortunately,.the.notation.for.skew.is.
not.uniform.from.one.user.to.another..The.sample.skew.can.be.denoted.by.G,.while.λ.can.be.used.
to.indicate.the.skew.of.the.population..Mathematically,.it.is.given.as.follows.for.a.continuous.ran-
dom.variable:

. l m= −
−∞

+∞

∫ ( )x f x xX
3 ( ) d . (3.85)

For.a.discrete.random.variable,.it.can.be.computed.by

. l m= −
=
∑ ( ) ( )x P xi X i
i

n
3

1
. (3.86)

It.has.units.of.the.cube.of.the.random.variable;.thus,.if.the.random.variable.has.units.of.pounds,.the.
skew.has.units.of.(pounds)3.

The.skew.is.a.measure.of.the.lack.of.symmetry..A.symmetric.distribution.has.a.skew.of.zero,.
while.a.nonsymmetric.distribution.has.a.positive.or.negative.skew.depending.on.the.direction.of.the.
skewness..If.the.more.extreme.tail.of.the.distribution.is.to.the.right,.the.skew.is.positive;.the.skew.
is.negative.when.the.more.extreme.tail.is.to.the.left.of.the.mean..Skewed.probability.distributions.
are.illustrated.in.Figure.3.24.

Example 3.34: Moments of a Discrete Random Variable

The mean, variance, standard deviation, and COV for the random variable defined in Example 3.26 are cal
culated in Table 3.5. Because the probabilities are for the population, the population mean can be determined 
using Equation 3.70 and the values from Table 3.5 as

 µ = = =
=
∑ x P xi X i
i

n

( )
252
36

7
1

 (3.87)
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The population variance can be determined using Equation 3.74 as

 s 2 2

1

210
36

5 833= − = =
=
∑ ( ) ( ) .x P xi X i
i

n

µ  (3.88)

Therefore, the standard deviation is σ = 2.415, and the COV is δ = 0.345. The skew (λ) is zero, indicating a 
symmetric mass function.

Example 3.35: Moments of a Continuous Random Variable

The mean, variance, standard deviation, and COV for the density function given in Example 3.28 are com
puted in this example. The mean can be computed using Equation 3.69 as follows:

 µ = = =
−∞

+∞

∫ ∫xf x x x x xX ( ) ( . )d d0 5
4
30

2  (3.89)

The variance can be computed using Equation 3.73:

 s 2 2
2

0

2 4
3

0 5
2
9

= − = −⎛
⎝⎜

⎞
⎠⎟

=
−∞

+∞

∫ ∫( ) .x f x x x x xXµ ( ) d ( ) d  (3.90)

The standard deviation equals σ = 0.4714, and the COV is δ = 0.3771.

table 3.5 Computations for the Moments for example 3.34

x PX(x) x PX(x) (x – 𝛍) (x – 𝛍)2 (x – 𝛍)2 PX(x) (x – 𝛍)3 PX(x)

2 1/36 2/36 –5 25 25/36 –125/36

3 1/18 6/36 –4 16 32/36 –64/36

4 1/12 12/36 –3 9 27/36 –27/36

5 1/9 20/36 –2 4 16/36 –8/36

6 5/36 30/36 –1 1 5/36 –1/36

7 1/6 42/36 0 0 0 0

8 5/36 40/36 1 1 5/36 1/36

9 1/9 36/36 2 4 16/36 8/36

10 1/12 30/36 3 9 27/36 27/36

11 1/18 22/36 4 16 32/36 64/36

12 1/36 12/36 5 25 25/36 125/36

summations 77 1.00 252/36 0 210/36 0

0.012

0.010

0.008

0.006

0.004

0.002

0

Value of random variable, x

D
en
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Figure 3.24 skewed	distributions.
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3.6 APPLICAtION: WAter SUPPLY AND QUALItY

The.water.for.a.residential.unit.is.pumped.from.a.well.and.passed.through.a.neutralization.unit.
(neutralizer).and.then.through.a.water.filter..The.annual.probability.of.failure.of.the.pump.(which.is.
electrically.operated).is.0.1..The.annual.failure.probabilities.of.the.neutralizer.and.filter.are.0.2.and.
0.1,.respectively..The.probability.of.failure.of.both.the.neutralizer.and.filter.at.the.same.time.is.0.02..
The.failure.of.the.pump.results.in.the.loss.of.the.water.supply,.whereas.the.failure.of.the.neutralizer.
or.filter.results.in.reducing.the.water.quality.below.acceptable.limits.without.the.loss.of.water.sup-
ply..The.failure.events.of.the.pump,.neutralizer,.and.filter.can.be.assumed.to.be.independent..What.
is.the.probability.of.having.water.of.acceptable.quality.at.the.residential.unit?

The.following.events.are.defined:

. . . . . . . . . . . . . . . .P = pumpfailure . (3.91a)

. . . . . . . . . . . . . . . . .N = neutralizer failure. (3.91b)

. . . . . . . . . . . . . . . .F = filter failure. (3.91c)

The.probability.of.receiving.water.of.acceptable.quality.is

. . . . . . . . . . . . P P( ) [ ( )]P N F P N F∩ ∩ = ∩ ∪ . (3.92a)

. Probability of acceptablewater = − − + − =( . )[( ( . . . )] .1 0 1 1 0 2 0 1 0 02 0 6648. (3.92b)

If.low-quality.water.is.received.at.the.residential.unit,.the.probability.that.the.low-level.quality.is.
due.to.the.failure.of.the.neutralizer.is.determined.using.Equation.3.25.as

. P
P

P

P

P
[ ( )]

( ( ))

( )

( )

( )
|N N F

N N F

N F

N

N F
∪ =

∩ ∪

∪
=

∪
. (3.93)

Therefore,.the.probability.is

. P[ ( )]
.

. . .
.|N N F∪ =

+ −
=

0 2

0 2 0 1 0 02
0 714 . (3.94)

This.result.indicates.that.the.neutralizer.is.responsible.for.71.4%.of.the.failures.in.water.quality.
If.the.neutralizer.is.replaced.with.a.more.reliable.unit.with.P(N).=.0.1.and.P(N.∩.F).=.0.01,.then.

the.conditional.probability.of.Equation.3.94.becomes

. P[ ( )]
.

. . .
.|N N F∪ =

+ −
=

0 1

0 1 0 1 0 01
0 526 . (3.95)

3.7 SIMULAtION AND PrOBABILItY DIStrIBUtIONS

Simulation. offers. a. unique. opportunity. to. understand. several. important. elements. related. to.
probability.distributions.and.probabilistic.analysis..First,.it.clearly.shows.the.concept.of.sampling.
variation,.which.is.random.variations.in.statistics.that.characterize.the.difference.between.a.sample.
value.of.a.statistic.and.the.corresponding.population.value..This.is.the.underlying.basis.for.probabil-
ity.distributions..Sampling.variation.was.evident.in.the.simulated.discharge.data.of.Example.2.21.
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Second,.simulation.of.random.samples.provides.the.opportunity.to.examine.the.effect.of.sample.
size.on.the.accuracy.of.sample.statistics..Small.samples.yield.statistics.that.generally.show.greater.
deviation.from.the.population.value.than.those.provided.by.large.samples..Thus,.the.spread.of.a.prob-
ability.distribution.of.a.random.variable,.on.the.average,.decreases.as.the.sample.size.increases.

Third,.simulation.can.be.used.to.show.why.it.is.important.to.assess.the.probability.function.of.
the.random.variable.prior. to. the.simulation..Different.probability.functions.can. lead. to.different.
decisions..Furthermore,.random.variables.can.be.discrete.or.continuous,.and.the.type.of.problem.
dictates.the.selection.

Fourth,.measured.data.are.often.very.limited,.and.making.decisions.with.small.sample.sizes.
increases.the.risk.of.an.incorrect.decision..Using.measured.data.for.decision.making.is.subject.to.
the.problems.of.(1).not.having.extreme.values.in.the.sample.that.enable.the.response.of.the.system.
to.be.studied.under.extreme.conditions.and.(2).outlying.measurements.that.distort.sample.statistics..
Simulation.enables.the.effect.of.either.of.these.factors.on.the.probability.distribution.to.be.studied.

Example 3.36: Simulation of Distributions

During any time period, a minor earthquake (II), a major earthquake (III), or no earthquake (I) can occur. 
These events have probabilities of 30, 10, and 60%, respectively. If an earthquake occurs, damage can be 
negligible (N), little (L), or major (M). The probabilities of damage during a minor (II) earthquake are N, 35%; 
L, 40%; and M, 25%. The probabilities during a major (III) earthquake are N, 15%; L, 45%; and M, 40%. The 
following effects or probabilities can be studied by simulation: (a) the effect of sample size; (b) the effect of 
uncertainty in the distribution of damages; and (c) the conditional probability that an event where major damage 
occurred was a minor (II) earthquake.

The simulated values are shown in Table 3.6. Twentyfour periods are simulated. For each period, two uni
form (0 to 1) variates are generated, one (UE) for the earthquake magnitude (I, II, or III) and one (UD) for the level 
of damage (N, L, or M). The cumulative mass function for the earthquake magnitude is {0.6, 0.9, 1.0} for {I, II, 
III}, respectively. The value of UE is used with this cumulative transformation function to decide the earthquake 
magnitude, which is indicated in column 3 of Table 3.6. The cumulative transformation function for damage for 
earthquake magnitudes I, II, and III are {1.0, 1.0, 1.0}, {0.35, 0.75, 1.0}, and {0.15, 0.60, 1.0}, respectively. The UD 
values are used as input to the transformation function that corresponds to the earthquake magnitude indicated 
in column 3. The damage level (N, L, or M) is indicated in column 4 of Table 3.6.

Based on the 24period record, the proportions of level I, II, and III magnitudes using the relative frequency 
concept of Equation 3.7 are 0.583, 0.209, and 0.208, which differ from the population values because of sam
pling variation.

To examine the effect of record length, the 24period record is divided into two 12period records. The first 
12 periods give probabilities of 0.583, 0.167, and 0.250. The second 12 periods give probabilities of 0.833, 
0.167, and 0.0. If enough 12period simulations are made, the sampling distribution of the three proportions 
could be assessed. The effect of the sample size could then be examined by simulating for different sample 
sizes. It is shown here that the sample probabilities for record lengths of 12 periods show greater variation from 
the population than the probabilities for 24 periods.

To study the effect of uncertainty in the distribution of damages, assume that the cumulative transforma
tion function for damage resulting from a major (III) earthquake is {0.25, 0.75, 1.0}. Then the damages for the 
24period record would be as shown in column 5 of Table 3.6 (i.e., D2). The distribution of damages is, thus, 
{0.792, 0.267, 0.041}. This compares with the distribution of damages for the original transformation function 
of {0.708, 0.167, 0.125}. Thus, changing the distribution for just the major earthquakes produced a noticeable 
change in the damage probabilities.

For the original damage function, major damage occurred in three periods, all during major earthquakes. 
Thus, the sample conditional probability of major damage given minor and major earthquakes is 0 and 1, 
respectively. Given that major damage could occur in a minor earthquake, these conditional probabilities are 
inaccurate, with the inaccuracy being the result of the small sample of 24 periods.
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3.8 SIMULAtION PrOJeCtS

This. section. provides. additional. work. items. for. the. problem. statements. of. the. four. simula-
tion.projects.introduced.in.Sections.1.7.and.2.8,.and.provides.an.example.of.structural.reliability.
analysis.

3.8.1 Structural Beam Study

Using.the.project.information.provided.in.Sections.1.7.1.and.2.8.1,.reevaluate.the.failure.proba-
bility.similar.to.Table.1.3.using:.(a).100.simulation.cycles.and.uniform.probability.distributions.for.
all.random.variables.as.provided.in.Table.1.2,.and.(b).100.simulation.cycles.and.exponential.prob-
ability.distributions,.using.Equation.3.58.with.λ.equal.to.mid-intervals.as.provided.in.Table.1.2.for.
corresponding.random.variables.

This.study.can.be.extended.into.a.full.term.project..Appendix.D.provides.a.suggested.project.
statement.and.solution.

3.8.2 Stream erosion Study

Using.the.data.of.Table.C.1.(Appendix.C),.the.project.information.provided.in.Sections.1.7.2.
and.2.8.2,.and.the.relative.frequency.concept.of.Equation.3.7,.compute:.(a).the.probability.that.the.
erosion.Y.is.greater.than.6.lb/sec/ft.and.the.conditional.probability.that.Y > 6.given.that.the.water.
discharge.(X3).is.greater.than.0.42.cfs/ft;.(b).the.probability.that.the.erosion.Y.is.less.than.3.lb/s/ft.

table 3.6 Simulation results for example 3.36

Ue UD e D1 D2

0.41 0.48 	 I n n

0.03 0.97 	 I n n

0.91 0.24 III L n

0.98 0.99 III m m

0.74 0.20 	II n n

0.94 0.67 III m L

0.58 0.18 	 I n n

0.31 0.47 	 I n n

0.45 0.62 	 I n n

0.31 0.49 	 I n n

0.68 0.37 II L L

0.93 0.67 III m L

0.77 0.56 II L L

0.37 0.07 	 I n n

0.72 0.08 II n n

0.55 0.22 	 I n n

0.67 0.24 II n n

0.01 0.86 	 I n n

0.51 0.40 	 I n n

0.58 0.78 	 I n n

0.46 0.94 	 I n n

0.97 0.21 III L n

0.27 0.47 	 I n n

0.15 0.32 	 I n n
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and.the.conditional.probability.that.Y < 3.given.that.the.slope.is.greater.than.1%;.and.(c).the.prob-
ability.that.the.mean.particle.diameter.is.greater.than.3.25.×.10–3.ft.on.a.channel.with.a.slope.less.
than.0.75%.

3.8.3 traffic estimation Study

Using.the.data.of.Table.C.2.(Appendix.C),.the.project.information.provided.in.Sections.1.7.3.
and. 2.8.3,. and. the. relative. frequency. concept. of. Equation. 3.7,. compute:. (a). the. probability. that.
the. work. trips. per. day.Y. are. less. than. 1.×. 103. and. the. conditional. probability. that. Y < 1. ×. 103.
given. that. the. .population. in. the.zone.exceeds.15.×.103;. (b). the.probability. that. the.work. trips.Y.
are.greater than 1.25 ×.103.and.the.conditional.probability.that.Y >.1.25.×.103.given.that.the.zone.
includes.less.than.4.×.103.dwelling.units;.and.(c).the.conditional.probability.that.there.are.fewer.than.
6.×.103.vehicles.in.zones.with.populations.greater.than.18.× 103.

3.8.4 Water evaporation Study

Using.the.data.of.Table.C.3,.the.project.information.provided.in.Sections.1.7.4.and.2.8.4,.and.the.
relative.frequency.concept.of.Equation.3.7,.compute:.(a).the.probability.that.the.daily.evaporation.Y.
exceeds.0.18.in./day.and.the.conditional.probability.that.Y.exceeds.0.18.given.that.the.temperature.
is.less.than.65°F;.(b).the.probability.that.the.daily.evaporation.Y.is.less.than.0.11.in./day.and.the.
conditional.probability.that.Y.<.0.11.given.a.day.on.which.the.relative.humidity.is.less.than.40%;.
and.(c).the.conditional.probability.that.the.temperature.exceeds.60°F.given.that.the.relative.humid-
ity.is.less.than.50%.

3.9 PrOBLeMS

 3-1.  A.construction.manager.needs.to.procure.building.materials.for.the.construction.of.a.bridge..The.
following.sources.are.identified:

Material Type Sources

Concrete Sources.A.and.B
Reinforcing.steel Sources.C.and.D
Timber Sources.D.and.E
Structural.steel Sources.C.and.F
Hardware Sources.F,.G,.and.H

. . .Define.the.sample.space.of.all.possible.combinations.of.sources.supplying.the.construction.project,.
assuming.that.each.material.type.can.be.procured.from.one.source.only,.but.a.source.may.supply.
more.than.one.material.type.at.the.same.time.

 3-2.  A.construction.tower.crane.can.operate.up.to.a.height.H.of.300.ft,.a.range.(radius).R.of.50.ft,.and.an.
angle.ϕ.of.±90°.in.a.horizontal.plane..Sketch.the.sample.space.of.operation.of.the.crane..Sketch.the.
following.events:

Event Definition

A 30.<.H.<.80,.and.R.<.30
B H.>.50,.and.0°.<.ϕ.<.50°
C H.<.40,.and.R.>.60
D H.>.80,.and.–30°.<.ϕ.<.50°

 3-3.. .Construct.Venn.diagrams.for.each.of.the.following:
. a.. Deck.of.playing.cards
. b.. Roll.of.a.die
. c.. Letter.grades.on.a.test,.assuming.equal.probabilities.for.each.grade

.d.. .Letter.grades.on.a.test,.assuming.the.following.probabilities:.A,.15%;.B,.25%;.C,.30%;.D, 20%;.F,.
10%
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.e.. .Options.at.an.intersection.with.the.following.probabilities:.left.turn,.20%;.straight.ahead,.40%;.
right.turn,.25%;.U-turn,.10%;.and.remaining.stopped,.5%

 3-4.  For.the.data.and.events.of.Problem.3.2,.sketch.the.following.events:.A∪ B,.A B∩ ,.C D∪ ,.C D∩ ,.
A ∪ C, A B C∪ ∩( ),.A,.and.A B∩ .

 3-5.  The.traffic.that.makes.a.left.turn.at.an.intersection.consists.of.two.types.of.vehicles,.types.A.and.B..
A.type.A.vehicle.is.twice.the.length.of.type.B..The.left-turn.lane.can.accommodate.eight.vehicles.of.
type.B,.four.of.type.A,.or.combinations.of.A.and.B..Define.the.sample.space.of.all.possible.combina-
tions.of.vehicles.waiting.for.a.left.turn.at.the.intersection..Also,.define.the.following.events:.(1).at.
least.one.vehicle.of.type.A.waiting.for.a.left.turn,.(2).two.vehicles.of.type.B.waiting.for.a.left.turn,.
and.(3).exactly.one.of.type.A.and.one.of.type.B.waiting.for.a.left.turn.

 3-6.. .Construct.a.Venn.diagram.for.a.deck.of.playing.cards.(four.suits,.13.cards.per.suit)..Show.the.follow-
ing.events:

. a.. A.=.all.diamonds.and.all.aces

. b.. B.=.all.face.cards

. c.. C.=.the.intersection.of.red.cards.and.face.cards

. d.. D.=.the.union.of.black.cards.and.cards.with.values.of.4.or.smaller
  3-7.  What.is.the.difference.between.the.population.and.a.sample?.A.construction.engineer.obtains.five.

specimens.of.steel.reinforcing.bars.from.a.shipment.to.a.construction.site..What.is.the.corresponding.
population?.How.could.the.engineer.use.the.sample.to.characterize.the.population?

  3-8.  The.scores.on.a.test.were.distributed.as.shown.below.for.a.class.of.60.students..Convert.the.frequency.
histogram.to.a.probability.distribution..What.is.the.probability.that.a.student.had.a.score.of.at.least.
90?.What.is.the.probability.that.a.student.failed.the.test.(F.grade),.assuming.that.a.score.less.than.70.
was.considered.an.F?

Range

50–59 60–69 70–74 75–79 80–84 85–89 90–94 95–100

Number 4 9 7 11 13 7 6 3

  3-9.. .A.manufacturer.produced.10.identical.cellular.devices.that.were.shipped.to.selected.clients.for.beta.
testing..The.manufacturer.suspected.that.the.devices.might.have.a.defect,.and.decided.to.recall.2.of.
the.10.shipped.devices..What.is.the.number.of.cases.of.selecting.2.out.of.10.devices?

 3-10.. .A.manufacturer.produced.30.identical.cellular.devices.that.were.shipped.to.selected.clients.for.beta.
testing..The.manufacturer.suspected.that.the.devices.might.have.a.defect,.and.decided.to.recall.10.
of.the.30.shipped.devices.incrementally..The.first.device.is.recalled,. tested,.and.test.outcomes.are.
reported.to.help.with.testing.future.devices..The.second.device.is.then.recalled,.tested.differently.than.
first.device.to.reflect.gained.knowledge.from.testing.the.first.device,.and.so.on.and.so.forth.for.third,.
fourth,.......,.to.tenth.device..What.is.the.number.of.cases.of.selecting.10.out.of.30.devices.in.this.case?

 3-11.. .A. rocket. consists.of.10. subsystems..Each. subsystem.operates. as. intended.or.does.not.operate. as.
intended.upon.demand..Upon.demand,.i.e.,.firing.the.rocket,.the.rocket.could.malfunction.due.to.the.
malfunctioning.of.any.of.its.subsystems..The.state.of.the.rocket.upon.demand.is.defined.by.the.opera-
tional.successes.and.failures.of.its.subsystems..How.many.states.does.the.rocket.have.upon.demand?.
Assume.that.in.order.for.the.rocket.to.operate.properly,.only.two.or.less.subsystem.malfunctioning.is.
permitted?.How.many.states.of.two.or.less.subsystem.malfunctioning?

 3-12.. The.quality.control.of.an.electronic.device.requires.the.examination.of.its.performance.experimen-
tally.using.five.temperature.settings,.three.humidity.levels,.and.six.vibration.conditions..How.many.
tests.are.necessary.to.perform.the.quality-control.testing.of.a.device.under.all.the.combinations.of.
conditions?.Assume.now.that.we.have.two.devices..The.examination.in.this.case.starts.with.the.first.
device.to.limit.the.testing.of.the.second.device.only.to.the.conditions.of.temperature,.humidity.and/
or.vibration.that.have.a.significant.effect.on.performance..For.example,.if.temperature.was.found.to.
have.insignificant.effect.on.performance.based.on.testing.the.first.device,.the.second.device.is.tested.
only.for.humidity.and.vibration.while.keeping.temperature.at.the.same.level..Construct.a.probability.
tree.to.represent.all.the.possible.testing.scenarios.

 3-13.. The.perimeter.security.system.of.a.critical.facility.consists.of.five.nested.security.zones,.that.is,.an.
intruder.must.pass.through.the.first.zone.successfully.before.encountering.the.second.zone,.and.must.
pass.through.the.second.zone.successfully.before.encountering.the.third.zone,.etc..Construct.a.prob-
ability.tree.to.define.all.the.possible.scenarios.encountered.by.an.intruder.

 3-14. Two.loads.A.and.B.are.applied.on.a.structural.column.and.are.mutually.exclusive..The.probability.
that.the.beam.is.safe.against.load.A.is.0.7.and.against.load.B.is.0.9..What.is.the.probability.that.the.
structure.is.safe,.assuming.that.the.“safe”.events.for.the.two.loads.are.independent?
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 3-15. A.concrete.beam.may.fail.by.shear.or.flexure..The.failure.probability.in.shear.is.0.01,.and.the.failure.
probability.in.flexure.is.0.05.for.the.following.cases:.(1).the.failure.events.in.shear.and.flexure.are.
independent,.(2).the.failure.events.in.shear.and.flexure.are.perfectly.and.positively.dependent,.and.
(3).the.conditional.probability.of.shear.given.flexural.failure.=.0.75.

 3-16. A.concrete.beam.may.fail.by.shear.or.flexure..The.failure.probability.in.shear.is.equal.to.failure.prob-
ability.in.flexure,.and.the.probability.of.failure.in.shear.when.the.beam.is.loaded.beyond.its.flexural.
capacity.(i.e.,.the.beam.already.failed.in.flexure).is.80%..Find.the.failure.probability.of.the.beam.in.
flexure,.knowing.that.the.probability.of.failure.of.the.beam.is.0.2.

 3-17. A.highway.owned.and.managed.by.a. local.authority. is.maintained.by.dividing. it. into. ten.seg-
ments.separated.at.identified.stations..Each.segment.is.inspected.every.year.and.given.a.pavement.
rating.of.good,.marginal,.or.poor..The.degradation.probability.is.time.dependent.and.provided.
in.the.following.table.assuming.no.actions.are.in.taken.during.the.years.indicated.in.the.table.to.
restore.the.pavement:

Year
Probability in

Good Condition
Probability in

Marginal Condition
Probability in

Poor Condition

First 0.99 0.01 0.00

Second 0.95 0.04 0.01

Third 0.90 0.08 0.02

Fourth 0.80 0.15 0.05

Fifth 0.60 0.30 0.10

  Assuming.pavement.conditions.to.be.independent,.what.is probability.of.all.of.the.pavement.seg-
ments.being.in.good.condition.after.(a).1.year,.(b).2.years,.(c).3.years,.(d).4.years,.and.(e).5.years..
Compute.similar.probabilities.for.the.case.all.of.the.pavement.segments.being.in.marginal.condition.
and.in.poor.conditions..Plot.the.probabilities.as.functions.of.time.

 3-18. Materials.for.a.construction.site.are.supplied.by.two.sources.A.and.B..Upon.arrival.of.all.materials.
from.both.sources,. the.construction. is. started.after. the.arrival.of.workers.. If. the.probability. that.
materials.would.be.supplied.by.A.on.time.is.0.8.and.by.B.is.0.75,.and.if.the.probability.that.the.work-
ers.arrive.on.time.for.work.is.0.95,.find.the.probability.that.the.job.is.started.on.time.

 3-19. Baggage.screening.equipment.has.a.99%.probability.of.detection.of.a.prohibited.item.in.a.bag.that.
contains.such.an.item,.and.a.false.detection.probability,.that.is,.the.probability.of.detecting.a.pro-
hibited.item.in.a.bag.that.does.not.contain.such.an.item,.is.0.05..Assume.the.probability.of.a.bag.
containing.a.prohibited.item.is.0.005..What.is.the.probability.of.finding.a.prohibited.item.in.a.bag.
in.a.particular.screening.cycle?.What.is.the.probability.of.a.false.detection.in.a.particular.screening.
cycle?.Assume.that.the.equipment.screens.5000.bags.per.day..On.the.average,.(a).How.many.prohib-
ited.items.are.there?.(b).how.many.are.detected.and.found?.and.(c).how.many.detected.and.not.found,.
that.is,.false.detection?

 3-20. A.weld.inspection.method.has.a.90%.probability.of.detection.of.a.defect.in.a.welded.joint.that.con-
tacts.such.a.defect,.and.a.5%.false.detection.probability,.that.is,.the.probability.of.detecting.a.defect.
in.a.joint.that.does.not.contain.such.a.defect..Assume.a.5%.probability.of.a.joint.containing.a.defect..
What.is.the.probability.of.finding.a.defect.in.a.joint.during.inspection?.What.is.the.probability.of.a.
false.detection.during.inspection?.Assume.that.an.inspection.crew.screens.100.joints.per.day..On.the.
average,.(a).How.many.defects.are.there?.(b).how.many.are.detected.and.found?.and.(c).how.many.
detected.and.not.found.false.detection?

 3-21. An.anti-missile.defense.system.has.a.99%.probability.of.detection.of.an.incoming.missile,.that.is.
and.a.0.1%.false.detection.probability,.that.is,.the.probability.of.detecting.an.incoming.missile.when.
in.fact.it.is.not.an.incoming.missile..The.probability.that.the.defense.system.will.kill.an.incoming.
missile.is.80%..What.is.the.joint.detection.and.kill.assuming.the.events.independent?.Assume.10.
incoming. missiles. at. the. same. time,. what. is. the. probability. of. detection. and. kill. of. all;. assume.
independence?

 3-22. A.pressure.vessel.has.five.pressure.relief.valves..The.probability.that.a.valve.will.operate.on.demand.
is.0.75..What.is.the.probability.that.at.least.one.valve.will.operate.on.demand?.What.is.the.probability.
that.none.of.the.valves.will.operate.on.demand?.What.is.the.probability.that.at.least.one.valve.will.
not.operate.on.demand?.Assume.the.underlying.events.to.be.independent.

 3-23. A.shipping.company.facilitates.for.customers.the.transfer.of.any.items.from.any.location.to.another.
within.the.United.States..The.company.transfers.20,.50,.and.30%.of.the.items.by.air,.ground,.and.
sea.transportation,.respectively..The.breakdown.of.these.items.by.shipping.method.is.shown.in.the.
accompanying.figure..Assume.that.5%.of.the.items.shipped.by.air.get.damaged.during.shipping,.10%.
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of.the.items.shipped.by.ground.get.damaged.during.shipping,.and.15%.of.the.items.shipped.by.sea.
get.damaged.during.shipping..Determine.the.following.probabilities:

Pe
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Air Ground

shipping methods
Sea

Damaged
Undamaged

. a.. The.probability.of.receiving.a.damaged.item.sent.by.air,.ground,.or.sea
.b.. .If.an.item.was.received.damaged,.the.probability.that.it.was.sent.by.(i).air,.(ii).by.ground,.and.(iii).

by.sea
 3-24.. Find.the.following.conditional.probabilities:

.a.. On.a.single.roll.of.a.die,.the.probability.of.a.3.given.that.the.value.is.an.odd.integer.(draw.the.
sample.space.for.the.conditional.event)

.b.. The.probability.that.the.outcome.of.a.single.draw.from.a.card.deck.is.a.red.ace.given.that.it.is.not.
a.face.card

.c.. The.probability.that.the.outcome.of.a.single.draw.from.a.card.deck.is.an.ace.given.that.five.cards,.
including.one.ace,.have.already.been.drawn.and.discarded.from.the.deck

 3-25.. A.construction.site.receives.fill.material.from.three.sources,.with.sources.A,.B,.and.C.providing.15,.
25,.and.60%.of.the.total,.respectively..On.the.average,.fill.material.from.sources.A,.B,.and.C.do.not.
have.the.proper.moisture.characteristics.2,.6,.and.3%.of.the.time,.respectively..If.one.dump.truck.is.
sampled.at.random.and.the.fill.material.does.not.have.the.proper.moisture,.what.is.the.probability.
that.it.came.(a).from.source.A,.(b).from.source.B,.and.(c).from.source.C?

 3-26.. An.electronic.device.is.operated.under.three.temperature.settings.of. low,.medium,.and.high.(i.e.,.
L,.M,.H).and.two.vibration.conditions.of.V1.and.V2..The.reliability.of.the.device.depends.on.the.
temperature.and.vibration.conditions.of.operation..Define.a.partition.of.the.sample.space.of.opera-
tion..Assume.that.the.device.is.equally.likely.to.be.in.any.of.these.conditions,.and.that.the.failure.
probabilities.(Pf).corresponding.to.combinations.of.these.conditions.are.Pf(L,V1).=.Pf(M,V1).=.0.05,.
Pf(L,V2).=.Pf(M,V2).=.0.10,.Pf(H,V1).=.0.20,.and.Pf(H,V2).=.0.15..Compute.the.failure.probability.of.
the.device..What.is.its.reliability?.For.a.particular.device.that.has.failed,.what.is.the.probability.that.
it.was.operated.in.(H,V1)?.in.(M,V2)?

 3-27. An.automobile.insurance.company.classifies.insured.drivers.as.low.risk.(L),.medium.risk.(M),.
and.high.risk.(H)..The.population.of.insured.drivers.is.characterized.from.the.company.records.
to.have.the.breakdown.of.50%.low.risk,.40%.medium.risk,.and.10%.high.risk.with.the.follow-
ing.conditional.probabilities.of.receiving.citations.(C).in.a.year:.P(C|L).=.0.01,.P(C|M).=.0.05,.
and.P(C|H).=.0.1.. If.a.particular.driver. receives.a. traffic.citation,. (a).what. is. the.probability.
that.they.belong.to.the.low.risk.subpopulation?.(b).What.is.the.probability.that.they.belong.to.
the.medium.risk.subpopulation?.(c) What. is. the.probability. that. they.belong. to. the.high.risk.
subpopulation?

 3-28. Given.the.following.cumulative.mass.function,.derive.the.mass.function:
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. . Graph.both.the.probability.and.cumulative.mass.functions.
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 3-29. Given.the.following.probability.mass.function:

.
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i x
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otherwise

. . determine.the.value.of.i.that.results.in.a.legitimate.mass.function..Graph.both.the.probability.and.
cumulative.mass.functions.

 3-30. Given.the.following.probability.mass.function:
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. . determine.the.value.of.i.that.results.in.a.legitimate.mass.function..Graph.both.the.probability.and.
cumulative.mass.functions.

 3-31. For.the.probability.mass.function.of.Problem.3.15,.determine.the.following.probabilities:.(a).P(X =.
4);.(b).P(X =.5);.(c).P(X ≤ 5);.(d).P(X <.5);.(e).P(4.<.X ≤ 7);.and.(f).P(X ≥ 7).

 3-32. For.the.following.probability.mass.function:

x 0 1 2 3 4 5 6

P xX ( ) 0.05 0.05 0.25 0.2 0.2 0.15 0.1

. . (a). Compute.the.expected.value.of.X,.(b).compute.the.variance.and.standard.deviation,.(c).compute.
the.probability.that.X.≥.4.

 3-33.. The.number.of.years.of.drought.in.each.decade.is.as.follows:

1900.to.1909 2

1910.to.1919 0

1920.to.1929 3

1930.to.1939 5

1940.to.1949 4

1950.to.1959 1

1960.to.1969 1

1970.to.1979 2

1980.to.1989 2

. . Show.the.sample.mass.function.and.cumulative.function.for.the.number.of.drought.years.in.a.decade..
What.is.the.sample.space?

 3-34. For.the.following.probability.mass.function:

x 4 5 6 7 8 9 10

P xX ( ) 0.40 0.30 0.20 0.05 0.03 0.02 0.01

. . (a). .Compute.the.expected.value.of.X,.(b).compute.the.variance.and.standard.deviation,.(c).compute.
the.probability.that.X.≥.6.

 3-35.  For.the.following.probability.mass.function:

x 4 5 6 7 8 9 10
P xX ( ) 0.05 0.05 0.25 0.2 0.2 0.15 0.1

. . (a). .Compute.the.expected.value.of.X,.(b).compute.the.variance.and.standard.deviation,.(c).compute.
the.probability.that.X.≥.6.
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 3-36. The.following.probability.mass.function.is.for.a.random.variable.of.the.number.of.customers.ser-
viced.by.a.bank.teller:

x (rang) [0,100] [101,200] [201,300] [301,400] [401,500]
P xX ( ) 0.10 0.20 0.30 0.2 0.2

. . Assuming. the. mid.value.of. the. range. to. represent. the.x. value. for. the.probability. mass. function,.
(a) compute.the.expected.value.of.X,.(b).compute.the.variance.and.standard.deviation,.(c).compute.
the.probability.that.X.≥.301.

 3-37. Prospects.for.bidding.by.a.contractor.are.ranked.in.a.descending.order..The.probability.mass.function.
of.winning.a.prospect.with.the.rank.X.out.of.n.opportunities.is.assumed.as.follows.i.e.,.equally.likely:

.

P x n
x n

X ( )
, , ,...,
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1
1 2 3

0

for

otherwise

. . Graph.both.the.density.and.the.cumulative.functions..Compute.the.mean.and.variance.
 3-38. Prospects.for.bidding.by.a.contractor.are.ranked.according.to.multi-criteria.for.bidding.preference.in.a.

descending.order..The.cumulative.probability.function.of.winning.an.opportunity.with.the.rank.x.out.
of.n.opportunities.is.assumed.cumulative.as.follows:
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. . Graph.both.the.density.and.the.cumulative.functions.
 3-39. Find.the.value.k that.is.necessary.to.make.the.following.a.legitimate.density.function.for.constant.a.

and.b:

. .
f x

k a x b
X ( ) =

≤ ≤⎧
⎨
⎩

for

otherwise0

. . Graph.both.the.density.and.the.cumulative.functions.
 3-40. Find.the.value.k that.is.necessary.to.make.the.following.a.legitimate.density.function:

.
f x

kx x
k xX ( ) =

≤ ≤
≤ ≤
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for
for
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. . Graph.both.the.density.and.the.cumulative.functions.
 3-41. Find.the.value.k that.is.necessary.to.make.the.following.a.legitimate.density.function:

.
f x

kx x
X ( )

exp( )
=

− ≤ < ∞⎧
⎨
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2 0

0

for

otherwise

. . Graph.both.the.density.and.the.cumulative.functions.
 3-42. Find.the.values.of.k that.are.necessary.to.make.the.following.a.legitimate.density.function:

.
f x

k kx x
X ( )

exp( )
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0

0

 3-43. The.duration.of.a.construction.activity.was.estimated.to.be.in.the.range.[2,.6].days.with.a.most.likely.
duration.of.4.days..A.construction.engineer.used.the.following.symmetric.density.function.to.model.
the.duration:

.
f x

bx x
a bx xX ( ) =

≤ ≤
− < ≤





for
for

2 4
4 6

. . .Determine.the.necessary.constants.a and.b. to.have.a. legitimate.density.function..Graph.both. the.
density.and.cumulative.functions.

 3-44. For. the. probability. mass. function. of. Problem. 3.28,. determine. the. mean,. variance,. and. standard.
deviation.

 3-45. For.the.probability.mass.function.of.Problem.3.29,.determine.the.mean,.variance,.standard.devia-
tion,.COV,.and.skewness.
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 3-46. For.the.probability.density.function.of.Problem.3.40,.determine.the.mean,.variance,.and.standard.
deviation.

 3-47. For.the.probability.density.function.of.Problem.3.43,.determine.the.mean,.variance,.standard.devia-
tion,.COV,.and.skewness.

 3-48. A.severe.rainstorm.is.defined.as.a.storm.with.8.in..or.more.of.rain..The.cumulative.distribution.func-
tion.of.X.as.the.random.variable.defining.the.amount.of.rain.from.a.severe.rainstorm.is

.
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. . (a).Graph.both.the.density.and.the.cumulative.functions..(b).Compute.the.mean,.median,.and.vari-
ance.of.rain..(c).Compute.the.COV?.(d).Street.flooding.occurs.when.rain.exceeds.15.inches..Compute.
the.probability.of.street.flooding.

 3-49. The.return.on.investment.in.power.production.is.expressed.as an.annual.rate.of.return.on.an.invested.
amount.(I)..The.annual.rate.of.return.is.a.random.variable.that.has.the.following.cumulative.distri-
bution.function:
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. . (a).Compute.a.. (b).Graph.both. the.density. and. the. cumulative. functions.. (c).Compute. the.mean,.
median,.and.variance.of.I.. (d).Compute. the.COV?.(e).Compute. the.probability. that. the.return.on.
investment.exceeds.5%.

 3-50.. A.delivery.truck.operates.from.a.warehouse.to.a.department.store,.and.its.trip.duration.is.a.random.
variable.D.in.minutes..Once.it.reaches.the.department.store,.it.takes.time.T.to.unload..To.simplify.
the.problem,.the.random.variables.D.and.T.are.assumed.to.take.on.discrete.values.with.associated.
probabilities.as.follows:

D (min) P (d)D T (min) P tT ( )

10 0.1 . 5 0.3

20 0.3 10 0.25

30 0.5 15 0.35

40 0.1 20 0.1

. . (a).Define.the.sample.space.of.all.the.possible.scenarios.of.D.and.T..(b).Construct.a.probability.tree..
(c).Assuming.events.defining.D.and.T.are.independent,.compute.the.probability.mass.function.of.the.
total.time.to.deliver.and.unload..(d).Assuming.that.the.truck.makes.a.return.trip.to.the.warehouse.
with. the. return. trip. duration. having. the. same.probability. mass. function. as. the.delivery.duration.
although.independent.of.it,.compute.the.total.duration.of.a.complete.cycle.of.delivery,.unload.and.
return..(e).Compute.the.probability.that.the.duration.of.a.complete.cycle.will.be.less.than.1.h.

 3-51.. An.online.order.fulfillment.center.uses.ground.and.air.shipping.to.deliver.packages..Ground.shipping.
takes.a.duration.D.in.days.to.reach.a.customer;.whereas.air.shipping.takes.a.duration.T.in.days.to.reach.
a.customer..Historical.records.indicate.that.customers.prefer.ground.shipping.over.air.shipping.due.to.
the.low.cost.with.65%.of.items.shipped.by.ground.and.35%.shipped.by.air..To.simplify.the.problem,.
the.random.variables.D.and.T.are.assumed.to.take.on.discrete.values.with.associated.probabilities.as.
follows:

G (days) P (g)G A (days) P (a)A

4 0.1 2 0.1

5 0.2 3 0.4

6 0.2 4 0.4

7 0.2 5 0.1

8 0.1

9 0.1

10 0.1 . .
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. . (a).Define.the.sample.space.of.all.the.possible.scenarios.of.G.and.A..(b).Construct.a.probability.tree..
(c).Assuming.events.defining.G. and.A. are. independent,. compute. the.composite.probability.mass.
function.of.the.time.to.deliver.that.accounts.for.both.probability.mass.functions.and.the.customer.
preference.probabilities..(d).Compute.the.composite.probability.that.the.duration.to.deliver.is.less.
than.4.days.

 3-52. Calculate. the. mean,. variance,. standard. deviation,. COV,. and. skewness. for. the. following. data.
sample:

.
X = { }3 5 8 6 8, , , ,

 3-53. Ten.steel.specimens.were. tested.for. their.yield.strength..Determine. the.mean,.variance,.standard.
deviation,.COV,.and.skewness.for.the.tested.steel.based.on.the.following.test.results:

. 38 36 34 37 38 39 35 38 40 36, , , , , , , , ,{ } ksi

 3-54. The.power.consumption.of.pumps.where.measured.over.a.period.of.one.day..Determine.the.mean,.
variance,. standard. deviation,. COV,. and. skewness. for. the. tested. pumps. based. on. the. following.
measurements:

. { . , . , . , . , . , . , . , . , . , . }0 65 0 88 0 75 0 50 0 93 0 85 0 78 0 55 0 70 0 65

 3-55. The.probability.of.a.flood.in.any.1.year.is.0.1..In.a.10-year.period,.what.is.the.probability.of.(a).no.
floods,.(b).two.or.fewer.floods,.(c).from.one.to.three.floods?

 3-56. The. annual. failure. probability. of. an. Internet. switch. is. 0.01.. In. a. network. that. includes. 10. such.
switches.that.are.assumed.to.be.independent,.what.is.the.probability.of.no.failures?.Assuming.that.
these.switches.do.not.exhibit.aging,.what.is.the.probability.of.no.failures.in.5.years?

 3-57.. The.vaccination.of.children.entails.a.composite.probability.of.side.effects.of.0.01.per.vaccination.
per.child..The.side.effect.requires.a.health.clinic.to.stockpile.special.medication.for.these.cases.of.
side.effects..The.health.clinic.vaccinates.on.the.average.200.children.per.day..How.many.doses.of.
the.side-effect.medication.should.health.clinic.stockpile.to.meet.its.average.30-day.(i.e.,.monthly).
needs?.Assuming.that.side-effect.medication.is.effective.90%.of.the.times.and.cases.that.are.not.suc-
cessfully.treated.by.the.first.dose.of.the.side-effect.medication.require.an.additional.dose.of.the.same.
side-effect.medication..How.many.additional.doses.should.the.health.clinic.stockpile.to.cover.these.
cases?

 3-58. Piles.are.used.to.support.the.foundation.of.a.structure..The.failure.probability.of.a.pile.during.proof.
testing.is.0.1..Determine.the.following:

. a.. The.probability.of.3.failed.piles.out.of.10.tested.piles

. b.. The.probability.of.no.failures.in.20.tested.piles

. c.. The.probability.of.10.tested.piles.to.obtain.the.first.failure

. d.. The.probability.of.three.consecutive.pile.failures
 3-59. Water.samples.are.taken.from.deep.ocean.water.to.identify.new.micro-species.based.on.DNA.test-

ing..The.probability.of.a.sample.containing.new.micro-species.is.0.2..Determine.the.following:
. a.. .What.is.the.probability.of.having.one.sample.containing.new.micro-species.out.of.10.samples?
. b.. What.is.the.probability.of.no.new.micro-species.in.10.tested.samples?

.c.. .What.is.the.probability.of.testing.10.samples.to.obtain.the.first.sample.containing.new.micro-
species?

. d.. .What.is.the.probability.of.testing.three.consecutive.samples.without.finding.new.micro-species?
 3-60.. A.fair.coin.is.tossed.10.times..What.is.the.probability.of.getting.(a).exactly.five.heads,.(b).exactly.two.

tails,.(c).no.heads,.(d).two.or.fewer.heads,.(e).five.or.more.tails,.and.(f) at.least.two.but.not.more.than.
six.heads?

 3-61.. A.stock.trader.in.an.equity.market.picks.10.stocks.each.month.for.a.pension.plan.with.an.average.
positive.return,.successful.pick,.probability.of.0.75.per.pick.after.1.year.of.holding.a.position..What.is.
the.probability.of.getting.(a).exactly.five.successful.picks.out.of.the.10,.(b).exactly.two.unsuccessful.
picks.in.a.month,.(c).no.successful.picks.in.a.month,.(d).two.or.fewer.successful.picks.in.a.month,.
(e) five.or.more.unsuccessful.picks.in.a.month,.and.(f).at.least.two.but.not.more.than.six.successful.
picks.in.a.month?

 3-62.. A.air.defense.system.has.an.effectiveness.value.to.kill.a.single.incoming.target.by.firing.one.missile.
of.0.75..Assume.targets.and.kills.are.independent.events..(a).What.is.the.probability.of.killing.an.
incoming.target.by.shooting.two.missiles.at.it?.(b).What.are.the.probabilities.killing.an.incoming.
target.by.shooting.3,.4,.and.5.missiles.at.it?.(c).How.many.missiles.should.be.fired.to.kill.an.incom-
ing.target.with.a.probability.of.0.99?.(d).How.many.missiles.should.be.fired.to.kill.a.two.incoming.
targets.with.a.probability.of.0.99.each?.Construct.a.plot.that.shows.the.number.of.missiles.needed.to.
kill.n.incoming.targets.with.a.probability.of.0.99.each.as.a.function.of.n.
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 3-63.. The.probability.that.a.flood.of.a.specified.magnitude.occurs.in.any.1.year.is.0.05..What.is.the.proba-
bility.that.in.the.next.10.years.(a).exactly.two.such.floods.will.occur,.(b) no.more.than.one.such.flood.
will.occur,.(c).no.such.floods.will.occur,.(d).at.least.four.floods.will.occur,.and.(e).at.least.three.but.
no.more.than.six.such.floods.will.occur?

 3-64. A.defense.manufacturer.submits.quotes. to.supply.guns..The.probability.of.winning.a. job.is.0.65..
Assuming.statistically.independent.jobs,.compute.the.following:.(1).the.probability.of.winning.one.
job.out.of.five.submitted.quotes,.(2).the.probability.of.winning.at.least.two.jobs.out.of.five.submitted.
quotes,.(3).the.minimum.number.of.quotes.necessary.to.win.at.least.three.jobs.with.a.probability.of.
0.90.to.sustain.its.business.operations.

 3-65. An.oil.exploration.company.drills.for.oil.in.a.new.territory..The.probability.of.finding.oil.per.drill.is.
0.70..Assuming.statistically.independent.drills,.compute.the.following:.(1).the.probability.of.finding.
oil.in.one.well.based.on.five.wells,.(2).the.probability.of.finding.oil.in.at.least.two.wells.based.on.five.
wells,.(3).the.number.of.wells.necessary.to.find.oil.in.at.least.three.wells.with.a.probability.of.0.99.in.
order.to.meet.a.target.return.on.investment.

 3-66.. Use.the.rand.function.to.generate.30.uniform.random.numbers.(0.to.1)..Plot.frequency.histograms.
using.cell.widths.of.0.1,.0.2,.and.0.25..Comment.on:.(a).the.degree.to.which.the.numbers.follow.a.
uniform.distribution,.and.(b).the.effect.of.cell.size.on.the.ability.of.the.sample.to.appear.to.have.a.
uniform.distribution.

 3-67.. Use.the.rand.function.to.generate.1000.uniform.random.numbers.(0.to.1)..Plot.frequency.histograms.
using.cell.widths.of.0.1,.0.2,.and.0.25..Comment.on:.(a).the.degree.to.which.the.numbers.follow.a.
uniform.distribution,.and.(b).the.effect.of.cell.size.on.the.ability.of.the.sample.to.appear.to.have.a.
uniform.distribution.

 3-68.. Re-do.Problem.3.67.using.different.random.numbers.and.compare.the.results..Discuss.any.differences.
 3-69.. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.uniform.

variates.on.a.scale.from.10.to.20..Use.the.30.variates.of.Problem.3.31.and.the.transformation.curve.
to.obtain.30.uniform.variates.on.a.scale.from.10.to.20..Discuss.the.results.of.the.transformation.

 3-70.. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.uniform.
variates.on.a.scale.from.10.to.20..Use.the.30.variates.of.Problem.3.32.and.the.transformation.curve.
to.obtain.30.uniform.variates.on.a.scale.from.10.to.20..Discuss.the.results.of.the.transformation.
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ChAPter 4

Probability Distributions for 
Discrete random Variables

In.this.chapter,.we.introduce.commonly.used.probability.distributions.for.discrete.random.vari-
ables.including.their.moment–parameter.relationships..We.use.practical.examples.from.engineering.
and.the.sciences.to.help.readers.understand.when.and.where.to.use.them.

4.1 INtrODUCtION

Any.function.that.results.in.probabilities.satisfying.the.axioms.of.probability.is.qualified.to.be.
a.probability.distribution..As.a.result.of.previous.experience.with.applications.of.probability.dis-
tributions.and.an.improved.understanding.of.the.underlying.physical.processes,.several.probability.
distributions.have.emerged.that.are.useful.to.model.many.problems.in.engineering.and.the.sciences..
The.objective.of.this.chapter.is.to.introduce.these.commonly.used.probability.distributions.to.model.
discrete.random.variables..They.are.called.discrete probability distributions..Whereas.this.chapter.
describes.commonly.used.discrete.probability.distributions,.Chapter.5.describes.commonly.used.
continuous.probability.distributions.
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A.probability.distribution.function.is.expressed.as.a.real-valued.function.of.the.random.variable..
The.location,.scale,.and.shape.of.the.function.are.determined.by.its.parameters..Distributions.commonly.
have.one.or.more.parameters..These.parameters.take.particular.values.that.are.specific.for.the.problem.
and.conditions.being.investigated..The.parameters.of.a.distribution.can.be.expressed.in.terms.of.its.
moments.(e.g.,.mean,.variance,.and.skewness);.but.not.necessarily.in.closed-form.expressions..Knowing.
these.parameter–moment.relationships.is.quite.useful.to.estimate.the.parameters.from.the.moments,.
such.as.the.mean.and.standard.deviation,.which.are.obtained.through.sampling.and.statistics.

In.this.chapter,.the.Bernoulli,.binomial,.geometric,.and.Poisson.distributions.are.discussed..The.
first.three.distributions.are.based.on.what.is.called.the.Bernoulli.trials.(or.sequences);.the.fourth.
one.is.not..An.engineering.experiment.(or.system).that.consists.of.N.trials.is.considered.to.result.in.a.
Bernoulli process.(or.sequence).if.it.satisfies.the.following.conditions:.(1).the.N.trials.(or.repetitions).
are.independent;.(2).each.trial.has.only.two.possible.outcomes—say,.survival.(S).or.failure.(F);.and.
(3).the.probabilities.of.occurrence.for.the.two.outcomes.remain.constant.from.trial.to.trial..Also,.the.
negative.binomial,.Pascal,.and.hypergeometric.distributions.are.described.as.other.discrete.proba-
bility.distributions.

4.2 BerNOULLI DIStrIBUtION

For.convenience,.the.random.variable.X.is.defined.as.a.mapping.from.the.sample.space.{S,F}.
for.each.trial.of.a.Bernoulli.sequence.to.the.integer.values.{1,0},.with.one-to-one.mapping.in.the.
respective.order.and.where,. for.example,.S.=. success.and.F.=. failure..Therefore,. the.probability.
mass.function.is.given.by

.
P x

p x

p xX ( ) =

=

− =

⎧

⎨
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otherwise

1

1 0

0
.

(4.1)

The.probability.mass.function.(PMF).of.the.Bernoulli.distribution.is.shown.in.Figure.4.1..The.map-
ping.of.{S,F}.to.{1,0}.could.be.switched.to.{S,F}.to.{0,1}.if.it.is.convenient.for.modeling.a.problem..
The.mean.and.variance.for.the.Bernoulli.distribution.are,.respectively,.given.by

. . . . . . . . . . . . . . . . . .mX p= . (4.2)
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Figure 4.1 Probability	mass	function	of	the	Bernoulli	distribution.
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The.PMF,.cumulative.distribution. function. (CDF),.and.parameter–moment. relationships. for. this.
distribution.are.shown.in.a.tabulated.summary.at.the.end.of.the.chapter.(see.Table.4.6).

Example 4.1: Quality Assurance

The quality assurance department in a structuralsteel factory inspects every product coming off its pro
duction line. The product either fails (F ) or passes (S) the inspection. Past experience indicates that the prob
ability of failure (having a defective product) is 5%. Assuming that failures of the products are independent, 
determine the average percent of the products that will pass the inspection. What are the variance (Var) and 
coefficient of variation (COV)?

The average percent of the products that will pass the inspection, X, is

 E X p( ) . . %= = − = =1 0 05 0 95 95  (4.4)

The Var and COV are

 Var( ) ( ) . ( . ) .X p p= − = =1 0 95 0 05 0 0475  (4.5)

and

 COV
Var

( )
( )

( )
.
.

.X
X

E X
= = =

0 0475
0 95

0 229 (4.6)

These results indicate that on the average 95% of the products pass inspection with variability in the percent 
pass value expressed in the form of a standard deviation of 4.75% that corresponds to a COV of 0.229.

4.3 BINOMIAL DIStrIBUtION

Many.problems.in.engineering.and.the.sciences.can.be.represented.by.a.series.of.repeated.
experiments.or.trials.with.each.experiment.or.trial.conform.exactly.or.approximately.to.the.char-
acteristics. of. the.Bernoulli. trial..As.was. stated. in.Section.4.1,. an. experiment. (or. system). that.
consists.of.N.trials.is.considered.to.result.in.a.Bernoulli process.(or.sequence).if.it.satisfies.the.
following.conditions:.(1).the.N.trials.(or.repetitions).are.independent.of.each.other;.(2).each.trial.
has. only. two. possible. outcomes—say,. survival. (S). or. failure. (F);. and. (3). the. probabilities. of.
occurrence.for.the.two.outcomes.remain.constant.from.trial.to.trial..A.random.variable.can.be.
represented.by.the.binomial.distribution,.if.these.three.assumptions.are.exactly.or.approximately.
met.. The. constant. probability. of. the. outcome. of. interest. (say. S). is. designated. p,. making. the.
P(F) =.1.–.p.

Consider,.as.an.example,.a.fleet.of.three.front-end.loaders.owned.by.a.construction.company..At.
a.particular.day,.each.loader.can.be.designated.either.as.operable.(S).or.nonoperable.(F)..The.sample.
space.in.this.case.can.be.represented.as.shown.in.Table.4.1.with.x.as.the.number.of.operable.loaders.
out.N.=.3..The.order.of.the.Ss.and.Fs.in.each.outcome.does.not.matter.in.computing.the.probability.
P(x.out.of.N)..As.an.example,.P(2.out.of.3).is.given.by

.

P P SSF P FSS P SFS

p p

( ) ( ) ( ) ( )
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2 3

3 12

out of = + +

= −
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The.value.of.3.that.appears.in.the.above.equation.is.the.number.of.combinations.of.selecting.2.out.
of.3.based.on.the.combination.principle.of.counting.discussed.in.Section.3.3..This.value.can.also.
be.obtained.using.the.binomial.formula.expressed.as.follows.for.any.real.values.a.and.b,.and.an.
integer.value.n:

.
( ) , , , ,a b C a C a b C a b C bn

n
n

n
n

n
n

n n
n+ = + + + +− −

0 1
1

2
2 2 �

where.C n
xx n, ( )= .can.be.computed.using.Equation.3.17..Sample.evaluations.of.the.binomial.formu-

lae.are
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Note.that.the.third.case.above.corresponds.to.the.case.presented.in.Table.4.1.where.a.=.p,.b.=.(1.−.p),.
and.n.=.N.

According.to.this.distribution,.the.underlying.random.variable.(X).for.this.distribution.repre-
sents.the.number.of.successes.(X).in.N.Bernoulli.trials..The.probability.mass.function.is.given by

. P x x
N p p x N
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x N x
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otherwise
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where..( )Nx .can.be.computed.using.Equation.3.17..The.probability.mass.and.cumulative.functions.
of.an.example.binomial.distribution.are.shown.in.Figures.4.2a.and.4.2b,.respectively..The.mean.and.
variance.for.the.binomial.distribution,.respectively,.are.given.by.

. mX Np= . (4.8)

. s X Np p2 1= −( ) . (4.9)

The.flip.of.a.coin.would.meet.these.assumptions,.but.the.roll.of.a.die.would.not.because.six..outcomes.
are.possible..In.the.case.of.rolling.a.die,.an.analyst.could.designate.one.or.more.of.the.outcomes.

table 4.1  Number of Loaders Operated by a Construction Company

Outcome x = Number of Operable Loaders Probability P(x out of N)

FFF 0 p0(1	- p)3-0	= (1	- p)3

SFF 1 p1(1	- p)3-1	= p(1	- p)2

FSF 1 p1(1	- p)3-1	= p(1	- p)2

FFS 1 p1(1	- p)3-1	= p(1	- p)2

SSF 2 p2(1	- p)3-2	= p2(1	- p)

FSS 2 p2(1	- p)3-2	= p2(1	- p)

SFS 2 p2(1	- p)3-2	= p2(1	- p)

SSS 3 p3(1	- p)3-3	= p3
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of.the.die.to.constitute.the.success.S,.and.the.other.outcomes.to.constitute.the.failure.F.to.meet.the.
these.assumptions.and.use.the.die.for.the.purposes.of.generating.a.binomially.distributed.sequence.
of.outcomes..The.PMF,.CDF,.and.parameter–moment.relationships.for.this.distribution.are.shown.
in.a.tabulated.summary.at.the.end.of.the.chapter.(see.Table.4.6).

Example 4.2: A Roll of Die

If a fair die is rolled five times, what is the probability of rolling: (a) exactly two 3s? and (b) at least two 3s? 
This repeated experiment of N = 5 times meets the requirements of a Bernoulli sequence if we divide the out
comes into two cases: (1) S = obtaining a 3, F = not obtaining a 3. The random variable in this case is the num
ber of 3s obtained. The parameter p therefore takes a value of 1/6. The probability of rolling exactly two 3s is
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The probability of rolling at least two 3s is
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Figure 4.2a Probability	mass	function	of	the	binomial	distribution.

1.0

0.8

0.6

0.4

0.2

0
0 1 2 3 4 5 6 7 8 9

x value

Cu
m

ul
at

iv
e m

as
s v

al
ue

10

N = 10 and p = .45

Figure 4.2b Cumulative	mass	function	of	the	binomial	distribution.



122	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

The desired probability can be obtained easier than using the above equation based on the complement of the 
event of interest according to the following equation:
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Example 4.3: Quality Assurance

The production line in Example 4.1 manufactures (on the average) 1000 units of the product daily. What is 
the expected number of nondefective (S) units? What is the COV of the number of nondefective units?

Because there are only two possible outcomes (i.e., defective F and nondefective S units) and the trials are 
independent, a binomial distribution can be used to model this problem, with N = 1000 and P(S) = p = 0.95. 
The mean, standard deviation, and COV of the number of nondefective units are

      Expected (mean) value,  units/dayE X Np( ) ( . )= = =1000 0 95 950  
(4.10a)

 Standard deviation, units/s = − = =Np p( ) ( . )( . ) .1 1000 0 95 0 05 6 892 dday (4.10b)

     
Coefficient of variation, COV( )

( )
.X

E X
= =

s
0 00725

 
(4.10c)

The COV in this case describes the dispersion of the daily nondefective units produced by a line. The probability 
of producing exactly 980 nondefective units in a day is

 PX ( ) ( . ) ( . ) .( )980 980
1000 0 95 1 0 95 4 787 10980 20 7= − = × −

Such a small probability of having 980 nondefective units in a day is a result of the precision of specifying 
exactly 980 units a day in computing the probability. The probability of obtaining more than 980 S units is 
(1−7.7E07) which is almost 1. This probability was computed as follows:
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Evaluating P(X ≥ 980) using the above equation is much easier than the following equation:
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The result is the same from the two equations, but the number of terms in the summation according to the latter 
equation is greater than the number of terms in the former equation.

Example 4.4: A Bidding Strategy

A governmental supplier of industrial equipment received a competitive delivery contract with a govern
mental agency that has awarded such contracts to five suppliers. Each delivery job of industrial equipment 
requires these five prequalified suppliers to submit a price quote, and the government selects the lowest bidder. 
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Assume the suppliers to be equally likely to win a bid. The success probability p is 0.2. The governmental 
agency is expected to issue on the average 200 requests for price quotes per year. A particular supplier needs at 
least 20 jobs to sustain its operations and make a reasonable level of profit. How many jobs should this supplier 
bid on per year to receive at least 20 jobs per year with a .95 probability?

This decision situation can be modeled by the binomial distribution with p = 0.20, P(X ≥ 20) = 0.95, and 
N  =  unknown.
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The above equation can be solved by trial and error to determine the value of N that results in a probability of 
about 0.95. For N equal to 141, the probability is 0.952.

4.4 GeOMetrIC DIStrIBUtION

The.underlying.random.variable.for.this.distribution.represents.the.number.of.Bernoulli.trials.
that.are.required.to.achieve.the.first.success..In.this.case,.the.number.of.trials.needed.to.achieve.the.
first.success.is.neither.fixed.nor.certain..The.probability.mass.function.is.given.by
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The.probability.mass.function.of.an.example.geometric.distribution.is.shown.in.Figure.4.3..The.
mean.and.variance.for.the.geometric.distribution,.respectively,.are.given.by
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mX p

=
1

.
(4.12)
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2

2

1
=

−

.
(4.13)

Example 4.5: A Bidding Strategy to Win

The supplier of Example 4.4 is interested to probabilistically characterize the number of bids required to 
win the first job. The random variable X equal to the number of bids to win the first job follows a geometric 
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Figure 4.3 Probability	mass	function	of	the	geometric	distribution.
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distribution with p = 0.20 with the following probability mass function:

 P X x p p xx( ) ( ) , , ,= = − =−1 1 2 31 for …

Table 4.2 shows sample results based on evaluating this equation to compute P(X = x) and P(X ≤ x). The table 
shows that the probability of a supplier wining a job for the first time on the first to 14th trial to be 0.956.

Example 4.6: Traffic Accidents

Based on historic accident records, assume that the annual probability of being in a fatal traffic accident 
is on the average 1.8 × 10–5 per 1000 miles of travel. What is the probability of being in a fatal accident for 
the first time at 10,000 miles of travel, or 100,000 miles of travel, or 500,000 miles of travel? These miles of 
travel can be considered to correspond to (on the average) 10, 100, and 500 years. The accident probability at 
10,000 miles of travel is

 1.8 × 10–5 [(1 – 1.8 × 10–5)10–1] = 1.8 × 10–5

At 100,000 miles, the probability is

 1.8 × 10–5 [(1 – 1.8× 10–5)100–1] = 1.8 × 10–5

At 500,000 miles, the probability is

 1.8 × 10–5 [(1 – 1.8 × 10–5)500–1] = 1.8 × 10–5

It is interesting to note that the probability remains the same, because the geometric distribution assumes 
the accident to be in the last 1000 miles of travel. The probabilities are about the same because (1 – small 
number)500–1 = 1.

Example 4.7: Defective Products

In a particular manufacturing process it is known that, on the average, 1 in every 100 items is defective. 
What is the probability that the fifth item inspected is the first defective item found? A geometric distribution 

table 4.2  Probabilities of Bidding Strategies 
Using a Geometric Distribution

x PX(x) = P(X = x) FX(x) = P(X < x) 

1 0.2 0.2

2 0.16 0.36

3 0.128 0.488

4 0.1024 0.5904

5 0.08192 0.67232

6 0.06554 0.73786

7 0.05243 0.79028

8 0.04194 0.83223

9 0.03355 0.86578

10 0.02684 0.89263

11 0.02147 0.9141

12 0.01718 0.93128

13 0.01374 0.94502

14 0.011 0.95602

15 0.0088 0.96482



ProBaBILItY	DIstrIButIons	for	DIsCrete	ranDom	VarIaBLes	 125

can be used to compute this probability based on x = 5, and p = 0.01, we have

 P X( ) . ( . ) .= = − =−5 0 01 1 0 01 0 0096065 1

4.5 POISSON DIStrIBUtION

The.Poisson.distribution.is.commonly.used.in.engineering.and.the.sciences.that.deal.with.the.
occurrence.of.some.random.event.in.the.continuous.dimension.of.time.or.space..For.example,.the.
number.of.occurrences.of.natural.hazards,.such.as.earthquakes,.tornadoes,.or.hurricanes,.in.some.
time.interval,.such.as.1.year,.can.be.considered.as.a.random.variable.with.a.Poisson.distribution..In.
these.examples,.the.number.of.occurrences.in.the.time.interval.is.the.random.variable..Therefore,.
the.random.variable.is.discrete,.whereas.its.reference.space.(i.e.,.the.time.interval).is.continuous..
This.distribution.is.considered.to.be.the.limiting.case.of.the.binomial.distribution.by.dividing.the.
reference.space.(time.t).into.nonoverlapping.intervals.of.size.∆t..The.occurrence.of.the.event.(such.
as.a.natural.hazard).in.each.interval.is.considered.to.constitute.a.Bernoulli.sequence..The.number.
of.Bernoulli.trials.depends.on.the.size.of.the.interval.∆t..By.considering.the.limiting.case.where.the.
size.of.the.interval.∆t.approaches.zero,.the.binomial.distribution.becomes.the.Poisson.distribution.

In.general,.random.phenomena.that.can.be.characterized.by.a.random.occurrence.of.an.event.
in.the.continuous.dimension.of.time.or.space,.and.random.intensity.of.an.attribute.of.interest.of.the.
event.are.termed.stochastic processes..At.least.the.following.three.random.variables.can.be.used.to.
characterize.a.stochastic.process.as.illustrated.in.Figure.4.4:

. 1.. The.number.of.events.occurring.in.a.fixed.time.(or.space).interval.t..The.random.variable.in.this.
case.is.denoted.by.Xt,.for.example,.the.number.of.severe.rainstorms.in.t =.5.years,.the.number.of.
earthquakes.hitting.a.geographic.area.of.interest.in.t =.10.years,.the.number.of.insurance.claims.in.
t =.2.years,.the.number.of.weld.defects.in.an.inspected.weld.seam.of.length.l =.500.ft,.and.the.num-
ber.producing.oil.wells.in.an.area.of.a =.100.mile2.

. 2.. The.intensity.of.an.attribute.of.the.event..The.random.variable.in.this.case.can.be.denoted.by.Y,.for.
example,.the.intensity.of.the.rainstorm.in.inches.of.rain,.the.intensity.of.the.earthquake.based.on.the.
peak.ground.acceleration,.the.dollar.amount.of.an.insurance.claim,.the.size.of.the.defect.in.the.weld.
seam,.and.the.yield.of.a.producing.oil.well..This.random.variable.could.have.discrete.values.or.values.
over.a.range,.and.can.be.modeled.using.either.discrete.or.continuous.random.variable,.respectively.

. 3.. The.time.(or.distance).between.events..The.random.variable.in.this.case.can.be.denoted.by.T,.for.
example,.the.time.between.rainstorms,.the.time.between.earthquakes,.the.time.between.insurance.
claims,. the. distance. between. defects. in. the. weld. seam,. and. the. distance. between. producing. oil.
wells..This.random.variable.has.values.over.a.range,.and.can.be.modeled.using.a.continuous.random.
variable.

Time or
spacea b c d

Events at a, b, c, and d

T T

Intensity
Y Intensity

Y
Intensity

Y
Intensity

Y
T

Fixed interval t

0

Figure 4.4 stochastic	process.
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A.Poisson process.is.a.special.case.of.stochastic.processes.where.Xt,.Y,.and.T.are.time.invariant..
Other.properties.of.a.Poisson process.include.(1).not.having.a.memory,.that.is,.the.occurrence.of.
an.event.does.not.affect.the.occurrence.probability.of.an.event.in.the.next.time.instance.that.means.
the.occurrence.rate.of.events.(i.e.,.events.per.year).is.constant,.and.(2).the.time.between.events,.T,.
follows.an.exponential.probability.distribution.as.discussed.in.Chapter.5.

The.probability.mass.function.for.the.Poisson.distribution.is

.

P x
t t

x
x

X

x

t
( )

( ) exp( )

!
, , , ,

=
−

=
⎧

⎨
⎪

⎩⎪

l l
for 

otherwise

0 1 2 3

0

…

.

(4.14)

The.probability.mass.function.of.an.example.Poisson.distribution.is.shown.in.Figure.4.5..The.mean.
and.variance.for.the.Poisson.distribution,.respectively,.are.given.by

. m lX t= . (4.15)

. s lX t2 = . (4.16)

The.parameter.λ.of.the.Poisson.distribution.represents.the.average.rate.of.occurrence.of.the.event.
of interest..The.PMF,.CDF,.and.parameter–moment.relationships.for.this.distribution.are.shown.in.
a.tabulated.summary.at.the.end.of.the.chapter.(see.Table.4.9).

Example 4.8: Traffic Accidents

In Example 4.6, traffic accidents were used to illustrate the use of the geometric distribution. The traffic 
accident problem can be modeled more adequately using the Poisson distribution. In this case, the annual rate 
is assumed to equal the annual probability of fatal accidents per 1000 miles (i.e., λ = 1.8 × 10–5). The variable 
t is considered to be the travel distance in thousands of miles. Therefore, the probability of having one fatal 
accident in 10,000 miles of travel is

 P x
e
x

tX

t
x

1
1( )

!
( )= =

−l

l  (4.17a)

Substituting produces

 P xXt
( )

exp( . ( ))
!

( . ( )) .= =
− ×

× = ×
−

− −1
1 8 10 10

1
1 8 10 10 1 7997 10

5
5 4  (4.17b)
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Figure 4.5 Probability	mass	function	of	the	Poisson	distribution	(λ	=	2	and	t	=1).
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It is important to note that this result is fundamentally different from the corresponding result in Example 4.6. This 
result gives the probability of one fatal accident in 10,000 miles that can happen at any 1000mile interval. 
The result of Example 4.6 is the probability of having a fatal accident in the last 1000mile interval of 10,000 
miles of travel.

Example 4.9: Severe Rainstorms

The City of New Orleans experiences severe rainstorm (10year storm) with an annual rate of 0.1 rainstorms 
per year. What are the probabilities that the city will have 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, or 10 storms during a period 
of 1 year? What are the probabilities that the city will have 0, 1, 2, 3, 4, 5, 6, 7, 8, 9, or 10 storms during a period 
of 5 years? These probabilities are evaluated as summarized in Table 4.3. The following equation explains how 
to compute the values for the case of x = 2:
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( ) exp( )

!
( . ( )) exp( . ( ))

!
.= =

−
=

−
=2

0 11 0 11
2

0 00452
2l l

and for the case of x = 5
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Example 4.10: Tornadoes

From records of the past 50 years, tornadoes occur in a particular area on the average of two times per year, 
that is, λ = 2/year. The probability of no tornadoes in the next year (i.e., x = 0 and t = 1 year) can be computed 
as follows:
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x
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!
( ( )) exp( ( ))

!
.= =

−
=

−
=0

2 1 2 1
0

0 13534
0l l

The probability of two tornadoes in 1 year is
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table 4.3 Probabilities of Severe rainstorms

PXt
(x) = P(X = x)

x For t = 1 year For t = 5 years

0 0.90484 0.60653

1 0.09048 0.30327

2 0.00452 0.07582

3 0.00015 0.01264

4 3.8e-06 0.00158

5 7.5e-08 0.00016

6 1.3e-09 1.3e-05

7 1.8e-11 9.4e-07	

8 2.2e-13 5.9e-08

9 2.5e-15 3.3e-09

10 2.5e-17 1.6e-10
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The probability of no tornadoes in the next 50 years is
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4.6 NeGAtIVe BINOMIAL AND PASCAL PrOBABILItY DIStrIBUtIONS

This.section.describes.a.select.group.of.other.discrete.probability.distributions.that.are.related.to.
the.geometric.distribution..The.group.consists.of.the.negative.binomial.and.the.Pascal.distribution.

The.negative binomial distribution.is.considered.a.general.case.of.the.geometric.distribution..Its.
underlying.random.variable.is.defined.as.the.kth.occurrence.of.an.event.of.interest.on.the.last.trial.
in.a.sequence.of.X.Bernoulli.trials..The.probability.of.this.kth.occurrence.on.the.last.trial.is.given.
by.the.probability.mass.function.of.the.negative.binomial.distribution

.
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…
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(4.18)

The.mean.and.variance.of.this.distribution,.respectively,.are.given.by
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. (4.19b)

The. negative. binomial. distribution. is. called. the. Pascal distribution. if. k. takes. on. only. integer.
values.

Example 4.11: Cost Recovery for a Bidding Strategy

The supplier of Examples 4.4 and 4.5 needs 3 jobs to cover the fixed cost of the supplier operations. What 
is the probability that the third winning job will occur at the 3rd, 4th, 5th, 6th, 7th, 8th, 9th, or 10th bid? Equation 
4.18 can be used to compute the P(X = 3) and P(X = 4) as follows with p = 0.2:

            

P X p p
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1 0 2 0 008

4
4 1
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3 3 3 3

⎟⎟ − = =−p p3 4 3 31 3 0 2 0 8 0 0192( ) ( . )( . ) .

 Table 4.4 shows the results for all the cases. The resulting probability mass function and cumulative 
distribution function are shown in Figure 4.6. According to Equations 4.19a and 4.19b, the mean number of 
trials to the k th occurrence of a winning job on the last trial is 3/0.2 = 15 bids with a standard deviation of 
7.75 bids.
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4.7 hYPerGeOMetrIC PrOBABILItY DIStrIBUtION

The.hypergeometric distribution.deals.with.a.finite.population.of.size.N,.with.a.class.of.D.≤.N.
elements.of.the.population.having.a.property.of.interest.(e.g.,.defective.units.or.nondefective.units)..
A.random.sample.is.selected.of.size.n.without.replacement;.that.is,.a.sampled.element.of.the.popu-
lation.is.not.replaced.before.randomly.selecting.the.next.element.of.the.sample..The.underlying.ran-
dom.variable,.X,.for.this.distribution.is.defined.as.the.number.of.elements.in.the.sample.that.belong.
to.the.class.of.interest..The.probability.mass.function.is.given.by

.

P x
x
D

n x
N D

n
N

x n D
X ( )

, , , , min( , )
( )

( )
( )

=
−
−

=
⎧

⎨
⎪

⎩

for 

otherwise

0 1 2

0

…

⎪⎪
.

(4.20)

The.mean.and.variance.of.this.distribution,.respectively,.are.given.by
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table 4.4  Probabilities of Cost recovery 
for a Bidding Strategy

x PX(x) = P(X = x) FX(x) = P(X < x)

3 0.008 0.008

4 0.0192 0.0272

5 0.03072 0.05792

6 0.04096 0.09888

7 0.04915 0.14803

8 0.05505 0.20308

9 0.05872 0.2618

10 0.0604 0.3222

0
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Figure 4.6 	Probability	 mass	 function	 (Pmf)	 and	 cumulative	 distribution	 function	 (CDf)	 of	 the	 Pascal	
distribution.
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Example 4.12: A Deck of Cards

What is the probability of observing 3 red cards in 5 draws from an ordinary deck of 52 playing cards? The 
binomial distribution does not apply in this case unless each card is replaced and the deck reshuffled before the 
next drawing is made. To solve the problem of sampling without replacement, we will compute the total number 
of ways to select 3 red and 2 black cards in 5 draws as
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We will also compute the total number of ways to select 5 cards from 52 cards as
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⎞
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Therefore, the probability of observing 3 red cards in 5 draws from an ordinary deck of 52 playing cards is 
given by
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4.8 APPLICAtIONS

4.8.1 earthquakes and Structures

A.structure.is.located.in.an.earthquake.zone,.where.ten.damaging.earthquakes.of.intensity.VI.
have.occurred.in.the.last.100.years..For.an.earthquake.of.this.intensity,.the.probability.of.failure.of.
the.structure.is.0.01..The.occurrence.of.earthquakes.can.be.assumed.to.follow.a.Poisson.distribu-
tion..Therefore,.the.time.between.consecutive.earthquakes.follows.an.exponential.distribution..The.
rate.of.earthquake.occurrence.is

. l = =
10

100
0 1.  earthquakes/year . (4.22)

The.probability.of.occurrence.of.Xt.=.two.earthquakes.in.the.next.year.is.computed.using.the.prob-
ability.mass.function.of.the.Poisson.distribution.(Equation.4.14).as

. PXt ( )
[( . )( )]

!
exp[ ( . )( )] .2

0 1 1

2
0 1 1 0 004524

2

= − = . (4.23)

The.probability.of.failure,.Pf ,.of.the.structure.during.its.design.life.of.50.years,.due.to.earthquakes,.
can.be.computed.using. the. theorem.of. total.probability..Partitioning. the.sample.space.using. the.
number.of.earthquakes.(x).in.50.years.results.in.the.following.failure.probability.for.a.given.number.
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of.earthquakes.(x):

. P x P( ) [ (structural failure earthquakes structural failure| = − −1 1 ||an earthquake)]x. (4.24a)

Equation.4.24a.is.based.on.the.assumption.of.independence.between.structural-failure.events.due.to.
the.x.earthquakes..Using.the.theorem.of.total.probability.(Equation.3.34),.the.failure.probability.of.
the.structure.can.be.computed.as

. P P x Pf = − −( ) [ ( ( ))earthquakes structural failure an earthquake|1 1 xx

x

]
=

∞

∑
1

. (4.24b)

In. Equations. 4.24a. and. 4.24b,. a. surviving. structure. after. an. earthquake. is. assumed. to. sustain.
no.damage;. therefore,.based.on. the.assumption. that. .P(structural. failure.∙.an.earthquake).=. 0.01,.
Equation.4.24b.can.be.rewritten.as

. P
xf

x
x

x

= − − −
=

∞

∑ exp( . ( ))
( . ( ))

!
( ( . ) )0 1 50

0 1 50
1 1 0 01

1

. (4.25)

Utilizing.the.following.relationship.for.infinite.series.(see.Appendix.B):

. exp( )
! !

x x
x x

= + + + +1
2 3

2 3

�. (4.26)

Pf .can.be.expressed.as

. Pf = − − − =exp( . ( ))[exp( . ( )) exp( . ( )( . ))] .0 1 50 0 1 50 0 1 50 1 0 01 0 048777 . (4.27)

4.8.2 Floods and Coffer Dams

A.specific.coffer.dam.has.a.probability.of.0.05.of.being.overtopped.by.a.flood.in.any.1.week..
We. are. interested. in. the. probability. that. the. first. overflow. will. not. occur. until. the. xth. week..
Because.there.are.only.two.possible.outcomes,.overtopped.or.not.overtopped,.and.the.probabil-
ity.of.overtopping.remains.constant.from.week.to.week,. the.geometric.probability.distribution.
of.Equation.4.11.can.be.used.to.approximate.the.probability.that.the.first.overtopping.occurs.in.
week.x.=.1,.2,.3,.......,.7.as

. P X( ) ( . )( . ) .= = =1 0 05 0 95 0 05000 . (4.28a)

. P X( ) ( . )( . ) .= = =2 0 05 0 95 0 04751 . (4.28b)

. P X( ) ( . )( . ) .= = =3 0 05 0 95 0 04512 . (4.28c)

. P X( ) ( . )( . ) .= = =4 0 05 0 95 0 04293 . (4.28d)

. P X( ) ( . )( . ) .= = =5 0 05 0 95 0 04074 . (4.28e)

. P X( ) ( . )( . ) .= = =6 0 05 0 95 0 03875 . (4.28f)

. P X( ) ( . )( . ) .= = =7 0 05 0 95 0 03686 . (4.28g)

In.this.case,.the.probability.of.the.first.occurrence.remains.fairly.constant.from.week.to.week,.for.
a. relatively.small.number.of.weeks..On. the.average,. the.first.overtopping.occurs.on. the. (1/0.05).
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week,.or.the.20th.week.(see.Equation.4.12),.with.a.standard.deviation.of.first.occurrence,.σ0,.given.
by.Equation.4.13.as

.
s 0 2

1 0 05

0 05
19 5=

−
=

.

( . )
.  weeks

.

(4.29)

The.probability.of.at.least.one.overtopping.in.the.next.10.weeks.is.computed.using.the.binomial.
distribution.of.Equation.4.7.as

. . . . . . . .P PX X( ) ( )at least 1 = −1 0 .
(4.30a)

.
= − =−1

10

10 0
0 05 0 95 0 401260 10 0!

!( !)
( . ) ( . ) .

.
(4.30b)

The.probability.that.the.dam.will.not.be.overtopped.in.a.2-year.period.(104.weeks).is

. . .PX ( ) ( . ) ( . ) .( )0 0
104 0 05 0 95 0 00480 104 0= =−

. (4.31)

The.probability.of.one.overtopping.is

. . .PX ( ) ( . ) ( . ) .( )1 1
104 0 05 0 95 0 02641 104 1= =−

. (4.32)

The.probability.of.more.than.one.overtopping.is

.

P x P P( ) ( ) ( )

.

more than overtopping overtopping1 1 0 1

1 0 0048 0

= − −

= − − .. .0264 0 9688= .
(4.33)

The.probability.of.the.dam.not.being.overtopped.can.be.increased.by.increasing.the.height.of.the.
dam..If.the.height.of.the.dam.is.increased.so.that.the.probability.of.being.overtopped.in.a.1-week.
period.is.decreased.to.0.02,.the.probability.of.the.dam.not.being.overtopped.in.a.104-week.period.
increases.to

. . .PX ( ) ( . ) ( . ) .( )0 0
104 0 02 0 98 0 12230 104 0= =−

.
(4.34)

Thus,. the.probability.of. the.dam.not.being.overtopped.during.the.104-week.period.increases.25.
times.when.the.probability.of.overtopping.during.1.week.is.decreased.from.0.05.to.0.02..Increasing.
the.height.of.the.dam.requires.additional.resources.but.has.the.return.that.the.probability.of.over-
topping,.which.can.result.in.damages,.is.reduced..Therefore,.these.probabilities.can.be.used.in.a.
trade-off.analysis,.such.as.a.benefit–cost.study.of.alternative.dam.heights.

The.binomial.and.geometric.distributions.were.used.in.this.example.for.the.purpose.of.illus-
tration.. Because. we. are. dealing. with. the. random. occurrence. of. an. event. in. time,. the. Poisson.
distribution. might. be. more. appropriate. to. compute. the. above. probabilities. than. the. geometric.
distribution.
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4.9 SIMULAtION OF DISCrete rANDOM VArIABLeS

In.Chapter.1,.values.of.the.flip.of.a.coin.and.a.roll.of.a.die.were.simulated;.both.of.these.are.discrete.
random.variables..In.Chapter.2,.values.for.an.exponential.distribution.were.simulated..The.discharge.val-
ues.of.Example.2.17.are.continuous.variates..Both.discrete.and.continuous.variates.can.be.simulated.

When. using. uniform. variates. to. simulate. discrete. variates,. the. transformation. graph. uses. a.
continuous.scale.for.the.uniform.variate.and.a.discrete.scale.on.the.axis.for.the.discrete.random.
variable..In.such.cases,.the.transformation.graph.can.be.portrayed.as.a.series.of.spikes.as.shown.in.
Chapter.1.or.as.a.cumulative.histogram.as.shown.in.Figure.2.21..They.are.used.in.the.same.way.

Example 4.13: Simulation of Pump Reliability

A mechanical engineering company produces hydraulic pumps. Over a long period of time, they have found 
that one in eight of the pumps is returned because of defects. If the company has orders to deliver six pumps per 
week for a period of 28 weeks, they would expect 1/8 of the 168 pumps, or 21, to be returned over the 28week 
period. To assess the likelihood that multiple pumps will be returned in any week, the company decides to sim
ulate a 28week sequence.

Because a pump can only be defective or not defective and because defects in pumps are independent 
events, the sequence can be represented as a binomial process, with the probability of a defective pump being 
1/8. Therefore, the probabilities for pumps being defective in a group of six are as follows:  

The cumulative probability function of Equations 4.35a through 4.35g can be used as the transformation 
function. Any random number less than 0.448795 would indicate zero defects. A value between 0.448795 and 
0.833477 would indicate one defect.

To simulate a 28week period, random numbers (column 3 of Table 4.5) are generated using the 
 midsquare  method (see Section 1.3.3.1). The results are given in Table 4.5. A seed of 1941 was used. 
The  sequence (column 5 of Table 4.5) indicates that only four pumps were returned in the first 10 weeks. 

Number of 
Defective 
Pumps Binomial Probability

Cumulative 
Probability

0
6
0

1
8

7
8

0 448795
0 6⎛

⎝⎜
⎞

⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
= . 0.448795 (4.35a)

1
6
1

1
8

7
8

0 384682
1 5⎛

⎝⎜
⎞

⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
= . 0.833477 (4.35b)

2
6
2

1
8

7
8

0 137386
2 4⎛

⎝⎜
⎞

⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
= . 0.970863 (4.35c)

3
6
3

1
8

7
8

0 026169
3 3⎛

⎝⎜
⎞

⎠⎟
⎛
⎝⎜
⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
= . 0.997032 (4.35d)

4
6
4

1
8

7
8

0 002804
4 2⎛

⎝⎜
⎞

⎠⎟
⎛
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⎞
⎠⎟
⎛
⎝⎜
⎞
⎠⎟
= . 0.999836 (4.35e)
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8

7
8

0 000160
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⎝⎜
⎞
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= . 0.999996 (4.35f)
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= . 1.000000 (4.35g)
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However, in the last 10 weeks, a total of nine pumps were returned because of defects. In the 28week period, 
a total of 18 pumps were returned. Thus, the sample probability of a pump being returned was 18/[28(6)] = 
0.1071, which is slightly less than the longterm average of 0.125. In 3 of the 28 weeks, more than one pump was 
returned. The simulation indicates that the probability of multiple pumps being returned in 1 week is 0.1071 (i.e., 
3/28). Based on the longterm probability of 1/8, the expected rate can be computed from the cumulative func
tion of Equations 4.35a through 4.35g. The probability of more than one pump being returned equals 1– FX(1), 
which would be 1 – 0.833477, or 0.166523. If a simulation period longer than 28 weeks is used, the sample 
probability would be closer to the true probability. Again, the difference reflects sampling variation.

Example 4.14: Simulation of Traffic Flow I

To illustrate the generation of values that have a discrete distribution, uniform variates (continuous) are 
used to generate Poisson variates (discrete). The Poisson distribution was introduced in Section 4.5. Assume 
that the number of cars N arriving at a leftturnonly signal is Poisson distributed with a rate λ = 4. A traffic 
engineer is trying to design the length of the leftturnonly lane; cars wishing to turn left in excess of the design 

table 4.5 Simulation of Normal, Binomial, and Poisson Variates

(1)

Week

(2)

X2

(3)

X

(4)

random 
Number

(5) 
Number of 

Pumps returned 
(Binomial)

(6)

Normal random 
Number

(7)

Poisson 
Variate

1941	seed

1 03,767,481 7674 0.7674 1 0.7300 5

2 58,890,276 8902 0.8902 2 1.2274 7

3 79,245,604 2456 0.2456 0 –0.6884 3

4 06,031,936 0319 0.0319 0 –1.8538 1

5 00,101,761 1017 0.1017 0 –1.2718 2

6 01,034,289 342 0.0342 0 –1.8225 1

7 00,116,964 1169 0.1169 0 –1.1905 2

8 01,366,561 3665 0.3665 0 –0.3411 3

9 13,432,225 4322 0.4322 0 –0.1708 3

10 18,679,684 6796 0.6796 1 0.4667 5

11 46,185,616 1856 0.1856 0 –0.8946 2

12 03,444,736 4447 0.4447 0 –0.1390 4

13 19,775,809 7758 0.7758 1 0.7580 5

14 60,186,564 1865 0.1865 0 –0.8908 2

15 03,478,225 4782 0.4782 1 –0.0548 4

16 22,867,524 8675 0.8675 2 1.1148 6

17 75,255,625 2556 0.2556 0 –0.6569 3

18 06,533,136 5331 0.5331 1 0.0830 4

19 28,419,561 4195 0.4195 0 –0.2031 3

20 17,598,025 5980 0.5980 1 0.2482 4

21 35,760,400 7604 0.7604 1 0.7077 5

22 57,820,816 8208 0.8208 1 0.9185 6

23 67,371,264 3712 0.3712 0 –0.3287 3

24 01,778,944 7789 0.7789 1 0.6683 5

25 60,668,521 6685 0.6685 1 0.4358 5

26 44,689,225 6892 0.6892 1 0.4936 5

27 47,499,664 4996 0.4996 1 –0.0010 4

28 24,960,016 9600 0.9600 2 1.7511 8
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capacity would have to wait in the left lane, which represents a traffic hazard to those in the throughlanes. For 
this simulation, a simplifying assumption that no cars remain from the previous cycle of the traffic signal is 
made. That is, all cars are able to turn left prior to the light turning red. The proportion of time that the left lane 
is occupied by cars wishing to use the leftturnonly lane is of interest to the traffic engineer.

The uniformly distributed random numbers for 28 cycles of the traffic signal were generated with the mid
square method, and the resulting values are given in column 4 of Table 4.5. The cumulative Poisson distribution 
for λ = 4 is given in Table 4.6. The uniform random numbers were entered into the cumulative function and 
the value of N found (see column 7 of Table 4.5). For example, for the first cycle of the traffic light, the uniform 
variate is 0.7674. In Table 4.6, this corresponds to N = 5 because it is greater than 0.6288 and less than 0.7851. 
For the second cycle, a uniform variate of 0.8902 yields a Poisson variate of N = 7. The 28 values of N are given 

table 4.6  Cumulative Values of the Poisson 
Distribution with 𝛌 = 4 and 𝛌 = 4.5

(1)

N

(2)  

P xX
x

N

t
( )

=
∑

0

with 𝛌 = 4

(3)

P xX
x

N

t
( )

=
∑

0

with 𝛌 = 4.5 

0 0.0183 0.0111

1 0.0916 0.0611

2 0.2381 0.1736

3 0.4335 0.3423

4 0.6288 0.5321

5 0.7851 0.7029

6 0.8893 0.8311

7 0.9489 0.9134

8 0.9786 0.9597

9 0.9919 0.9829

10 0.9972 0.9933

11 0.9991 0.9976

12 0.9997 0.9992

13 0.9999 0.9997

14 1.0000 0.9999

15 1.0000 1.0000

table 4.7  Sample Frequency histogram and Simulated 
Frequency Distribution for example 4.14

(1)

N

(2) 
Sample 

Frequency 
or Count (f)

(3)

fN

(4)

Simulated 
Proportion

(5)

Cumulative 
Proportion

0 0 0 0 0

1 2 2 0.071 0.071

2 4 8 0.143 0.214

3 6 18 0.214 0.428

4 5 20 0.179 0.607

5 7 35 0.250 0.857

6 2 12 0.071 0.928

7 1 7 0.036 0.964

8 1 8 0.036 1.000

total 28 110 1.000
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in column 7 of Table 4.5. A sample frequency histogram is tabulated in column 2 of Table 4.7. The sample 
cumulative distribution is tabulated in column 5 of Table 4.7. If the engineer sets the length of the leftturnonly 
lane at five cars, then 14.3% of the time the lane capacity would be exceeded. For λ = 4, the true proportion is 
0.2149 (1 – 0.7851 from Table 4.6). The difference between the sample and the population is the result of the 
small sample size (i.e., sampling variation).

Example 4.15: Simulation of Traffic Flow II

The above example does not illustrate the true value of simulation because the population was assumed to 
be Poisson with λ = 4. Thus, it was not really necessary to perform the simulation because the probability of 
N could be determined from the population. The example was also not overly realistic because an assumption 
was made that all cars in the queue were able to turn left before the light turned red. Anyone who has used a 
leftturnonly lane knows that this is not a realistic assumption. The value of simulation becomes more evident 
if random numbers are used for both the number of cars entering the leftturnonly lane and the number of cars 
that turn left during one cycle of the traffic light. Both of these are discrete random variables and two random 
variates are needed to simulate one cycle of the traffic light.

To illustrate the process, the problem of Example 4.6 can be modified by allowing a queue to form in the 
leftturnonly lane. The number of cars that turn during one cycle of the light is a discrete random variable, which 
is assumed to be of a Poisson distribution with λ = 4.5, with the cumulative distribution as given in column 3 of 
Table 4.6. A simulation run of 28 trafficlight cycles is given in Table 4.8. A separate midsquare transformation is 
used for the two random variables. A seed of 1941 is used for cars entering the queue, and a seed of 5287 is used 
for simulating the number of cars that are able to make the left turn before the light turns red. A random variate is 
used to decide on the initial number of cars in the leftturnonly lane. The seed of 5287 leads to the first gener
ated variate of 0.9523. This is used to compute the initial number of cars waiting to make a left turn. Referring to 
Table 4.6 (column 3) yields an initial queue length of eight cars. For the first trafficlight cycle, the random variate 
of 0.7674 indicates that five additional cars enter the queue (column 2 of Table 4.6). This is shown in column 3 
of Table 4.8. The random variate of 0.6875 (column 6) indicates that time and traffic from the opposing direction 
would permit five cars to make a left turn. Thus, during the first cycle, five vehicles entered the queue and the five 
cars at the front of the queue made the left turn, which leaves eight cars in the queue. Column 9 of Table 4.8 gives 
the number in the leftturnonly lane at the end of the greenlight part of the cycle. If we assume that those cars 
that make the left turn do so at the end of the cycle, then the number of cars in both the leftturnonly and left lanes 
would be the number at the start of the cycle plus the number of arrivals. This queue length is given in column 4 
of Table 4.8. These values show if the design engineer only allowed for five cars in the leftturnonly lane, cars 
would usually be on hold in the left lane. Thus, a longer leftturnonly lane is warranted.

4.10 A SUMMArY OF DIStrIBUtIONS

Table.4.9.shows.a.summary.of.probability.distributions.that.are.commonly.used.to.model.prob-
lems.with.discrete.random.variables.

4.11 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for.the.problem.statements.of.the.four.simulation.
projects.introduced.in.Sections.1.7,.2.8,.and.3.8.

4.11.1 Structural Beam Study

Using.the.projects.information.provided.in.Sections.1.7.1,.2.8.1,.and.3.8.1,.assume.that.the.occur-
rence.of.the.load.applied.to.the.beam.follows.a.Poisson.distribution.with.a.rate.of.four.per.year..
Evaluate.the.failure.probability.of.the.beam.in.2.years.using.the.failure.probability.of.the.beam.for.a.
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given.load.occurrence.based.on.the.100.simulation.cycles.that.utilized.uniform.probability.distribu-
tions.for.all.random.variables.of.Table.1.2..The.computations.of.the.failure.probability.of.the.beam.
for.a.given.load.occurrence.should.be.based.on.the.requirements.of.Section.2.9.1..For.this.purpose,.
use.Tables.4.5.and.4.6.to.generate.100.Poisson.occurrences.of.loading.and.assume.independent.fail-
ure.events.in.the.2-year.period..Next,.evaluate.the.failure.probability.of.the.beam.in.3,.4,.5,.......,.20.
years,.and.plot.your.results.

4.11.2 Stream erosion Study

The.project. information.of.Sections.1.7.2,.2.8.2,.and.3.8.2.provides.background. information..
The. discharge. rate. could. reach. extreme. levels. during. flooding. conditions.. Generate. 100. values.
for.the.number.of.floods.in.10.years.based.on.a.Poisson.process.with.a.rate.of.0.5.floods.per.year..
Construct.a.table.similar.to.Tables.4.5.and.4.6.to.generate.100.Poisson.occurrences.of.floods.

table 4.8 Left-turn-Only Simulation for Both Car Arrivals and Left turns

(1)
4-Digit 
Value 

(2)
Uniform 
Variate

(3)
Car 

Arrivals

(4)
Number 
in Lane

(5)
4-Digit 
Value 

(6)
Uniform 
Variate

(7)
Number 

eligible for turn

(8)
Number 
turning

(9)
Number 
in Lane

1941 5287

9523 0.9523 8

7674 0.7674 5 13 6875 0.6875 5 5 8

8902 0.8902 7 15 2656 0.2656 3 3 12

2456 0.2456 3 15 543 0.0543 1 1 14

319 0.0319 1 15 2948 0.2948 3 3 12

1017 0.1017 2 14 6907 0.6907 5 5 9

342 0.0342 1 10 7066 0.7066 6 6 4

1169 0.1169 2 6 9283 0.9283 8 6 0

3665 0.3665 3 3 1740 0.1740 3 3 0

4322 0.4322 3 3 276 0.0276 1 1 2

6796 0.6796 5 7 761 0.0761 2 2 5

1856 0.1856 2 7 5791 0.5791 5 5 2

4447 0.4447 4 6 5356 0.5356 5 5 1

7758 0.7758 5 6 6867 0.6867 5 5 1

1865 0.1865 2 3 1556 0.1556 2 2 1

4782 0.4782 4 5 4211 0.4211 4 4 1

8675 0.8675 6 7 7325 0.7325 6 6 1

2556 0.2556 3 4 6556 0.6556 5 4 0

5331 0.5331 4 4 9811 0.9811 9 4 0

4195 0.4195 3 3 2557 0.2557 3 3 0

5980 0.5980 4 4 5382 0.5382 5 4 0

7604 0.7604 5 5 9659 0.9659 9 5 0

8208 0.8208 6 6 2962 0.2962 3 3 3

3712 0.3712 3 6 7734 0.7734 6 6 0

7789 0.7789 5 5 8147 0.8147 6 5 0

6685 0.6685 5 5 3736 0.3736 4 4 1

6892 0.6892 5 6 9576 0.9576 8 6 0

4996 0.4996 4 4 6997 0.6997 5 4 0

9600 0.9600 8 8 9580 0.958 8 8 0
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Cumulative Distribution FunctionProbability Mass FunctionDistribution Moment–Parameters
Relationships
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table 4.9 A Summary of typical Discrete Probability Distributions
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4.11.3 traffic estimation Study

The.project. information.of.Sections.1.7.3,.2.8.3,.and.3.8.3.provides.background. information..
The.number.of.vehicles.in.a.zone.is.assumed.to.follow.a.Poisson.distribution.for. the.purpose.of.
illustration..Generate.100.values.for.the.number.of.vehicles.in.a.zone.in.5.days.based.on.a.Poisson.
process.with.a.rate.of.100.vehicles.per.day..Construct.a.table.similar.to.Tables.4.5.and.4.6.to.generate.
100.Poisson.occurrences.of.the.number.of.vehicles.in.a.zone.

4.11.4 Water evaporation Study

The.project. information.of.Sections.1.7.4,.2.8.4,. and.3.8.4.provides.background. information..
High.temperature.and.wind.conditions.can.greatly.increase.evaporation..Generate.100.values.for.
the.number.of.extreme.temperature.conditions.in.10.years.based.on.a.Poisson.process.with.a.rate.of.
0.5.high-temperature.occurrence.per.year..Construct.a.table.similar.to.Tables.4.5.and.4.6.to.generate.
100.Poisson.occurrences.

4.12 PrOBLeMS

 4-1. The.probability.of.a.flood.in.any.1.year.is.0.05..In.a.10-year.period,.what.is.the.probability.of.(a).no.
floods,.(b).two.or.fewer.floods,.(c).from.one.to.three.floods?

 4-2. Piles.are.used.to.support.the.foundation.of.a.structure..The.failure.probability.of.a.pile.during.proof.
testing.is.0.1..Determine.the.following:

. (a). The.probability.of.three.failed.piles.out.of.ten.tested.piles

. (b). The.probability.of.no.failures.in.20.tested.piles

. (c). The.probability.of.ten.tested.piles.to.obtain.the.first.failure

. (d). The.probability.of.three.consecutive.pile.failures
 4-3. An.assembly.plant.of.electronic.devices.uses.a.chip.type.that.has.a.defect.probability.of.0.02..The.

chip’s.defect.can.be.identified.only.at.the.quality.testing.stage.of.the.completed.device..What.is.the.
probability.of.(a).no.defects.in.five.consecutive.devices.assembled,.(b).two.or.fewer.defects.in.five.
consecutive.devices.assembled,.and.(c).one.to.three.defects.in.five.consecutive.devices.assembled?

 4-4. A.fair.coin.is.tossed.ten.times..What.is.the.probability.of.getting.(a).exactly.six.heads,.(b).exactly.
three.tails,.(c).no.heads,.(d).three.or.fewer.heads,.(e).six.or.more.tails,.and.(f).at.least.three.but.not.
more.than.eight.heads?

 4-5. A.medication.could.lead.to.side.effects.requiring.the.use.of.a.secondary.drug.to.counter.the.effects..
The.probability.of. a.user. experiencing. side.effects. is.0.01..What. is. the.probability.of. (a).no. side.
effects.in.five.consecutive.users.of.the.medication,.(b).one.or.more.cases.of.side.effects.in.five.con-
secutive.users,.and.(c).one.to.three.cases.of.side.effects.in.five.consecutive.users?

 4-6. The.probability.that.a.flood.of.a.specified.magnitude.occurs.in.any.1.year.is.0.1..What.is.the.proba-
bility.that.in.the.next.10.years.(a).exactly.two.such.floods.will.occur,.(b).no.more.than.one.such.flood.
will.occur,.(c).no.such.floods.will.occur,.(d).at.least.four.floods.will.occur,.and.(e).at.least.three.but.
no.more.than.six.such.floods.will.occur?

 4-7. A.manufacturer.of.processors.for.communication.devices.has.established.that.the.defect.probability.
of.its.manufacturing.process.is.0.05.

.(a). What. is. the. probability. of. having. at. the. most. two. defective. processors. in. a. sample. of. 30.
processors?

.(b). What. is. the. probability. of. having. more. than. three. defective. processors. in. a. sample. of. 30.
processors?

. (c). What.is.the.probability.of.having.one.to.five.defective.processors.in.a.sample.of.30.processors?

. (d). What.is.the.probability.of.having.no.defective.processors.in.a.sample.of.30.processors?

. (e). What.are.the.mean.and.standard.deviation.of.the.number.of.defective.processors?
 4-8. A.furniture.manufacturer.performs.final.inspections.on.furniture.pieces.produced..The.pieces.are.

classified.as.follows.with.associated.probabilities:.flawless.(0.90.probability),.with.cosmetic.flaws.
(0.08. probability),. and. flawed. requiring. rework. (0.02. probability).. Assume. that. the. pieces. are.
independent,

. (a). What.is.the.probability.of.producing.20.flawless.pieces.out.of.20.produced.in.a.day?
.(b). What.is.the.probability.of.producing.at.least.one.piece.with.cosmetic.flaws.out.of.20.produced.in.

a.day?
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. (c). What.is.the.probability.of.producing.at.least.one.piece.with.flaws.out.of.20.produced.in.a.day?

. (d). What.are.the.mean.and.standard.deviation.of.the.number.of.flawless.pieces.produced.in.a.day?
 4-9. A.missile.defense.system.is.intended.to.kill.any.incoming.missiles.directed.at.a.country..The.missile.

defense.system.has.a.successful-kill.probability.of.0.85.per.attempt.by.the.system..Assume.that.the.
attempts.are.independent,

. (a). What.is.the.probability.that.the.kill.will.occur.on.the.first.attempt?

. (b). What.is.the.probability.that.the.kill.will.occur.on.the.second.attempt?

. (c). How.many.attempts.are.needed.to.achieve.a.successful.kill.with.a.probability.of.0.99?
.(e). Plot.the.number.of.attempts.as.a.function.of.the.probability.in.part.(c).over.the.probability.range.

from.0.85.to.0.9999.
 4-10. An.oil.exploration.company.has.determined.at.a.site.that.the.oil.discovery.probability.is.0.65.per.

well..Assume.that.the.oil.exploration.attempts,.that.is,.the.wells,.are.independent,
. (a). What.is.the.probability.that.oil.will.be.discovered.on.the.first.attempt?
. (b). What.is.the.probability.that.oil.will.be.discovered.on.the.second.attempt?
. (c). How.many.wells.are.needed.in.order.to.discover.oil.with.a.probability.of.0.99?

.(e). Plot.the.number.of.attempts.as.a.function.of.the.probability.in.part.(c).over.the..probability.range.
from.0.85.to.0.9999.

 4-11. A 10-year.record.of.tornadoes.per.year.to.land.in.a.particular.region.is.2,.2,.1,.3,.2,.1,.0,.2,.3,.and.1..
What.is.the.probability.of.not.having.tornados.in.any.1.year?.What.are.the.average.and.variance.of.
the.number.of.tornadoes.in.1.year?

 4-12. A.home.construction.company.has.determined.at.a.home.subdivision.that.the.probability.of.finding.
unusual.soil.conditions.is.0.15.per.house.site.requiring.blasting.to.excavate.for.a.house’s.foundation..
Assuming.these.unusual.soil.conditions.are.randomly.spread.out.in.the.development.and.their.dis-
covery.to.be.independent,

.(a). What.is.the.probability.that.unusual.soil.conditions.will.be.found.at.the.third.home.site.attempted.
for.the.first.time?

.(b). What.is.the.probability.that.unusual.soil.conditions.will.be.found.at.three.home.sites.out.of.30.
home.sites.planned.for.the.subdivision?

.(c). What.is.the.probability.that.no.unusual.soil.conditions.will.be.found.at.home.sites.for.the.30.home.
sites.planned.for.the.subdivision?

 4-13. Over.the.past.15.years,.the.numbers.of.hurricanes.per.year.to.cause.damage.in.a.particular.city.were.
4,.2,.1,.3,.0,.2,.1,.3,.5,.2,.3,.1,.1,.2,.and.0..What.is.the.probability.of.not.having.hurricane.damage.in.
any.1.year?.What.are.the.average.and.variance.of.the.number.of.hurricanes.in.1.year?

 4-14. The.overload.occurrence.of.an.offshore.facility.due.to.extreme.waves.can.be.modeled.by.a.Poisson.
process.with.a.rate.λ.=.0.5..What.is.the.probability.of.occurrence.of.two.overloads.in.a.year?.What.
is.the.probability.of.no.overloads.in.a.year?.What.is.the.probability.of.one.or.two.overloads.in.the.
design.life.of.the.structure.of.20.years?

 4-15. Insurance.claims.follow.a.Poisson.process.with.a.rate.λ.=.100.claims.per.year..(a).What.is.the.mean.and.
standard.deviation.of.the.number.of.claims.per.year?.(b).What.is.the.probability.of.receiving.more.than.100.
claims.per.year?.(c).What.is.the.probability.of.receiving.exactly.100.claims.in.a.year?.(d).Why.is.the.prob-
ability.of.receiving.exactly.100.claims.in.a.year.small?.(e).What.is.the.probability.of.no.claims.in.a.year?

 4-16.. An. insurance. company. reviews. insurance. claims. received. for. payment,. and. rejects. 40%. of. the.
claims..The.insurance.claims.follow.a.Poisson.process.with.a.rate.λ.=.200.claims.per.year..What.is.
the.probability.that.a.claim.will.be.rejected?.What.is.the.mean.and.standard.deviation.of.the.number.
of.claims.per.year?.What.is.the.mean.and.standard.deviation.of.the.number.of.rejected.claims.per.
year.assuming.independence.among.claim.rejection?.What.is.the.probability.of.rejecting.more.than.
100.claims.per.year?

 4-17. Derive.Equations.4.15.and.4.16.using.Equations.3.70.and.3.74.
 4-18. The.failure.rate.of.an.electronic.device.is.λ.=.0.001.per.year.of.continuous.operation..What.is.the.

probability.of.occurrence.of.two.failures.in.a.year?.What.is.the.probability.of.no.failures.in.5.years?.
What.is.the.probability.of.one.or.two.failures.in.the.design.life.of.the.device.of.10.years?

 4-19. Extreme.wave.loads.follow.a.Poisson.distribution.with.an.occurrence.rate.λ.=.0.01.per.year..What.is.
the.probability.of.occurrence.of.two.extreme.loads.in.a.year?.What.is.the.probability.of.no.extreme.
loads.in.2.years?.What.is.the.probability.of.one.or.two.load.occurrences.during.a.period.of.25.years?

. 4-20.. A.seam.weld. is. inspected.using.a.nondestructive.evaluation.method.and.was.determined. to.have.
defects.following.a.Poisson.process.with.a.rate.λ.=.0.05.per.ft..A.pressure.vessel.contains.20.ft.of.this.
seam.weld.

 (a). What.is.probability.that.the.pressure.vessel.will.be.free.of.defects.in.this.seam.weld?
 (b). Five.pressure.vessels.were.delivered.to.an.industrial.plant,.what.is.the.probability.that.three.out.

of.the.five.pressure.vessels.will.not.have.weld.defects.in.the.seams?
.(c). What. is. the.probability.of.not.having.defects. in. the.seam.welds.of. the.five.pressure.vessels. if.

treated.as.one.100-ft.seam.weld?.Compare.the.two.answers.from.(b).and.(c),.and.discuss.
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 4-21. Use.the.negative.binomial.distribution.to.compute.the.probability.of.having.a.3rd.success.on.the.10th.
trial.for.a.success.probability.in.a.trial.(p).of.0.1.

 4-22. Use.the.negative.binomial.distribution.to.compute.the.probability.of.having.a.10th.success.on.the.
10th.trial.for.a.success.probability.in.a.trial.(p).of.0.1.

 4-23.. A.bidding.strategy.assumes.that.five.successes.are.necessary.in.ten.bids. Use.the.negative.binomial.
distribution.to.compute.the.probability.of.having.a.5th.success.on.the.10th.trial.for.a.success.proba-
bility.in.a.trial.(p).of.0.2.

 4-24. A.lot.of.products.contains.100.units.with.10.defective.units.among.these.100.units..Compute.the.
probability.of.sampling.at.least.1.defective.unit.in.a.sample.of.size.10.units..Is.a.sample.size.of.10.
adequate?.Discuss.your.results.

 4-25. A.box.contains.100.fasteners.with.five.defective.fasteners.among.them..A.connection.requires.the.
use.of.six.fasteners..Having.two.or.more.fasteners.will.have.an.adverse.impact.on.the.safe.use.of.
the.joint..Compute.the.probability.of.having.an.unsafe.joint.constructed.using.6.randomly.selected.
fasteners.from.the.box.

 4-26. A.shipment.contains.60.individually.sealed.boxes.that.contain.electronic.devices..It.was.determined.
from.historical.records.that.shipping.damages.were.on.the.average.10%.of.the.devices.in.a.shipment..
The.shipment.is.allocated.equally.and.randomly.to.three.offices..Compute.the.probability.that.a.sin-
gle.office.will.receive.all.undamaged.devices.

 4-27. An.automobile.manufacturer.is.considering.the.recall.of.100,000.cars.to.correct.a.safety.device.in.
them..The.number.of.automobiles.with.defective.safety.devices.is.estimated.to.be.about.10%.of.the.
100,000.automobiles..Determine.the.expected.number.of.defective.items.in.a.sample.recall.of.10.
automobiles..What.is.the.probability.of.not.receiving.any.automobiles.with.defective.devices.in.a.
sample.of.10.automobiles?.What.is.this.probability.if.the.sample.size.is.increased.from.10.to.1000.
automobiles?.Plot.the.variation.of.the.probability.as.a.function.of.sample.size.from.a.size.of.10.to.
1000.in.increments.of.10..(Hint:.Use.the.hypergeometric.distribution.)

 4-28. A.defense.contractor.developed.a.new.welding.process.of.high-strength.metal.for.use.in.construct-
ing.submarines..The.new.process.was.used.and.the.resulting.welds.were.tested.using.a.specialized.
nondestructive. testing.method..The. testing.produced.a.reliability. level.of.99.9%.for. the. length.of.
welds..The.submarine.construction.is.expected.to.require.10,000.ft.of.welding.at.various.locations.
of.the.submarine.hull..Determine.the.expected.length.of.defective.welds.in.the.10,000.ft.of.welds..
Modeling.each.1.ft.of.weld.as.a.Bernoulli. trial,.what. is. the.probability.of.having.1.ft.or.more.of.
defective.weld.length.based.on.nondestructive.examination.of.sample.welds.of.500.ft?.What.is.this.
probability.if.the.sample.size.is.varied.from.10.to.10,000.ft.as.follows:.10,.20,.50,.100,.1000,.5000,.
and.10,000?.Plot.your.results..Can.you.recommend.a.sample.size?

 4-29. A.k-out-of-n.system.is.defined.as.a.system.that.functions.if.and.only.if.at.least.k.out.of.the.n.indi-
vidual.components.in.the.system.function..If.individual.components.function.independently.of.one.
another,.each.with.a.probability.of.0.95,.compute.the.probability.that.a.3-out-of-5.system.functions.

 4-30. A.k-out-of-n.system.is.defined.as.a.system.that.functions.if.and.only.if.at.least.k.out.of.the.n.indi-
vidual.components.in.the.system.function..If.individual.components.function.independently.of.one.
another,.each.with.a.probability.of.0.9,.compute.the.probability.that.a.2-out-of-3.system.functions.

 4-31. During.World.War.II,.an.economical.procedure.for.testing.syphilitic.(i.e.,.diseased).men.among.mil-
itary.inductees.was.initiated.to.test.the.blood.of.groups.of.n.men.by.combining.the.blood.samples.of.
all.n men.in.a.group.and.performing.one.test.on.the.combined.sample..If.no.one.in.the.group.had.the.
disease,.the.test.would.be.negative,.and.only.the.one.test.was.required..If.at.least.one.individual.was.
diseased,.the.test.on.the.combined.sample.would.yield.a.positive.result,.in.which.case.n.individual.
tests.would.then.be.carried.out..Assume.that.p.is.the.probability.that.a.randomly.selected.man.has.the.
disease..Compute.the.expected.number.of.tests.if.p.=.0.1.and.n.=.3..Evaluate.and.plot.the.expected.
number.of.tests.as.n.is.increased.from.3.to.10.in.increments.of.1.

 4-32. It.was.reported.in.1993.that.1.in.200.carry.the.defective.gene.that.causes.inherited.colon.cancer..For.
a.random.sample.of.1000.individuals,.what.is.the.distribution.of.the.number.of.individuals.who.carry.
the.gene?.Compute.the.probability.that.4.to.10.(inclusive).individuals.out.of.the.1000.selected.carry.
the.gene.and.the.probability.that.at.least.6.carry.the.gene.

 4-33. It.was.determined.from.historical.records.of.inspecting.inflatable.liferafts.onboard.vessels.that.5.in.100.
are.defective.and.will.not.properly.inflate..(a).For.a.randomly.selected.vessel.that.has.onboard.20.rafts,.
what.is.the.distribution.of.the.number.of.defective.liferafts?.(b).Compute.the.probability.that.5.or.more.
liferafts.out.of.the.20.onboard.are.defective..(c).Compute.also.the.probability.that.at.least.1.is.defective.

 4-34. The.arrival.of.aircraft.to.an.airport.can.be.modeled.as.a.Poisson.process.with.a.rate.of.10.arrivals.per.
hour.

.(a). What.is.the.probability.that.exactly.5.aircrafts.arrive.in.a.1-h.period?

.(b). What.is.the.probability.that.at.least.5.aircrafts.arrive.in.a.1-h.period?

.(c). What.is.the.probability.that.at.least.10.aircrafts.arrive.in.a.1-h.period?
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.(d). The.airport.has.a.policy.of.requiring.aircraft.to.wait.in.a.holding.position.in.the.air.if.the.num-
ber.of.arriving.aircraft.in.any.10-min.period.exceeds.2..What.is.the.occurrence.probability.of.an.
aircraft.holding.event?

.(e). Recompute.and.plot.the.occurrence.probability.of.an.aircraft.holding.event.in.part.(d).as.a.func-
tion.of.the.rate.of.the.Poisson.process.for.rates.ranging.from.10.to.50.

 4-35. The.arrival.of.school.buses.at.a.maintenance.station.can.be.modeled.as.a.Poisson.process.with.a.rate.
of.5.arrivals.per.day.

.(a). What.is.the.probability.that.exactly.3.buses.arrive.in.a.1-day.period?

.(b). What.is.the.probability.that.at.least.2.buses.arrive.in.a.1-day.period?

.(c). What.is.the.probability.that.at.least.3.buses.arrive.in.a.1-day.period?

.(d). The.maintenance.station.has.a.policy.of.requiring.buses.to.wait.if.the.number.of.buses.in.main-
tenance.exceeds.6..What.is.the.probability.of.a.bus.that.must.wait.for.service?

.(e). Recompute.and.plot.the.occurrence.probability.of.the.waiting.event.in.part.(d).as.a.function.of.the.
rate.of.the.Poisson.process.for.rates.ranging.from.5.to.15.

 4-36. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.uniform.
variates.on.a.scale.from.10.to.20.of.integer.values..Generate.30.variates.using.the.transformation.
curve.to.obtain.30.uniform.variates.on.a.scale.from.10.to.20.of.integers..Discuss.the.results.of.the.
transformation.

 4-37. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.binomial.
values.for.N.=.10.and.p.=.0.1..Generate.30.variates.using.the.transformation.curve.to.obtain.30.bino-
mial.variates..Discuss.the.results.of.the.transformation.

 4-38. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.geomet-
ric.values.for.p.=.0.1..Generate.30.variates.using.the.transformation.curve.to.obtain.30.geometric.
variates..Discuss.the.results.of.the.transformation.

 4-39. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.Poisson.
values.for.λ.=.2.per.year.and.t.=.1.year..Generate.30.variates.using.the.transformation.curve.to.obtain.
30.Poisson.variates..Discuss.the.results.of.the.transformation.

 4-40. Construct.a.transformation.curve.that.transforms.uniform.variates.on.a.scale.from.0.to.1.to.Poisson.
values.for.λ.=.0.1.per.year.and.t.=.2.year..Generate.30.variates.using.the.transformation.curve.to.
obtain.30.Poisson.variates..Discuss.the.results.of.the.transformation.
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ChAPter 5

Probability Distributions for 
Continuous random Variables

In.this.chapter,.we.introduce.and.illustrate.commonly.used.probability.distributions.for.contin-
uous.random.variables..We.use.practical.examples.from.engineering.and.the.sciences.to.introduce.
the.distributions.
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5.1 INtrODUCtION

Any.function.that.results.in.probabilities.satisfying.the.axioms.of.probability.is.qualified.to.be.a.
probability.distribution.to.model.continuous.random.variables..Experience.with.the.various.uses.of.
probability.distributions.and.improved.understanding.of.the.underlying.physical.processes.resulted.
in.the.development.of.several.probability.distributions.that.are.now.put. to.practical.use.by.engi-
neers.and.scientists..The.objective.of.this.chapter.is.to.introduce.these.probability.distributions.that.
are.used.to.model.continuous.random.variables..They.are.commonly.called.continuous.probabil-
ity.distributions..This.chapter.describes.these.commonly.used.continuous.probability.distributions.
(Chapter.4.describes.commonly.used.discrete.probability.distributions).

A.probability.distribution.function.is.expressed.as.a.real-valued.function.of.the.random.vari-
able..The.location,.scale,.and.shape.of.the.function.are.determined.by.its.parameters..Distributions.
commonly.have.one.to.three.parameters..These.parameters.take.certain.values.that.are.specific.for.
the.problem.and.conditions.being.investigated..The.parameters.of.a.distribution.can.be.expressed.
in. terms.of. its.moments.(e.g.,.mean,.variance,.and.skewness),.but.not.necessarily.in.closed-form.
expressions.

In.this.section,.four.continuous.distributions.are.emphasized:.uniform,.normal,.lognormal,.and.
exponential..The.uniform.distribution.is.very.important.for.performing.random-number.generation.
in.simulation,.as.described.in.Chapter.7..The.normal.and.lognormal.distributions.are.important.due.
to.their.common.use.and.applications.in.engineering.and.science..These.two.distributions.also.have.
an.important.and.unique.relationship..The.importance.of.the.exponential.distribution.comes.from.
its.special.relation.to.the.Poisson.distribution..The.triangular,.gamma,.Rayleigh,.and.beta.distribu-
tions.are.also.described.in.this.chapter..In.addition,.sampling.distributions.that.include.the.Student’s.
t.distribution,.the.chi-square.distribution,.and.the.F.distribution.are.described.due.to.their.use.in.
statistics..This.chapter.also.includes.extreme.value.distributions.and.some.fundamental.concepts.of.
extreme.value.analysis.

The.reader.should.note.that.the.probability.functions.of.selected.distribution.types.are.shown.in.
the.summary.section.as.provided.in.Table.5.1.toward.the.end.of.the.chapter.

5.2 UNIFOrM DIStrIBUtION

The.density.function.for.the.uniform.distribution.of.a.random.variable.X.is.given.by

.

f x b a
a x b

X ( ) = −
≤ ≤

⎧

⎨
⎪

⎩⎪

1

0

for

 otherwise .

(5.1)

where.a is.the.location.parameter.and.b.the.scale.parameter..They.are.real.values,.collectively.called.
parameters,.with.a.<.b..The.density.function.for.the.uniform.distribution.takes.a.constant.value.of.
1/(b – a) to.satisfy.the.probability.axiom,.which.requires.that.the.area.under.the.density.function.be.
one..An.example.of.a.uniform.density.function.is.shown.in.Figure.5.1..The.mean.and.variance.for.
the.uniform.distribution,.respectively,.are.given.by

.
mX

a b
=

+

2 .
(5.2a)

.
s X

b a2
2

12
=

−( )

.
(5.2b)
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Due. to. the.simple.geometry.of. the.density. function.of. the.uniform.distribution,. it. can.be.easily.
noticed.that.its.mean.value.and.variance,.as.given.by.Equations.5.2a.and.5.2b,.correspond.to.the.
centroidal.distance.and.centroidal.moment.of.inertia,.respectively,.with.respect.to.a.vertical.axis.of.
the.area.under.the.density.function..This.property.is.valid.for.other.distributions.as.well..The.cumu-
lative.function.for.the.uniform.distribution.is.a.line.with.a.constant.slope.and.is.given.by

.
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x b
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0
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(5.3)

If.a.sample.is.used.to.estimate.the.parameters.by.collecting.n.sampled.values.to.compute.the.sam-
ple.mean.(X).and.standard.deviation.(S).according.to.Equations.2.4.and.2.7,.respectively,.Equations.
5.2a.and.5.2b.can.be.solved.algebraically.for.estimates.â.and.b̂.of.the.respective.parameters.a.and.
b.as.follows:

. â X S= − 3 . (5.4a)

. b̂ X S= + 3 . (5.4b)

Parameter.estimation.is.discussed.in.great.detail.in.Chapter.8..The.method.used.to.develop.Equat-
ions.5.4a.and.5.4b.is.called.the.method.of.moments.(see.Chapter.8).

Example 5.1: Subjective Assessment of Concrete Strength

Subjectively, as well as objectively, determined information is commonly used in engineering for the pur
pose of decision making. For example, a structural engineer might assess, based on his or her experience, the 
strength of concrete in an existing bridge to be in the range of 3 to 4 ksi. A uniform probability distribution can 
be used to estimate probabilities in this case, if the engineer believes that all the values in this range are equally 
likely. Therefore, the mean value of concrete strength is 3.5 ksi, and its variance is 1/12 (ksi)2, which gives a 
standard deviation of 0.2887 ksi. The probability that the strength of concrete X is larger than 3.6 ksi is

 P X FX( . ) ( . )
.

.> = − = −
−

−
=3 6 1 3 6 1

3 6 3
4 3

0 4  
(5.5)

0.40

0.35

0.30

0.25

0.20

0.15

0.10

0.05

00 1 2 3 4 5 6
x Value

D
en

sit
y v

al
ue

a = 1 and b = 5 

Figure 5.1 Probability	density	function	of	the	uniform	distribution.
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5.3 NOrMAL DIStrIBUtION

The.normal.distribution.(also.called.the.Gaussian.distribution,.after.Karl.F..Gauss.[1777–1855];.
see.Figure.5.2).is.used.widely.due.to.its.simplicity.and.wide.applicability..This.distribution.is.the.basis.
for.many.statistical.methods..The.normal.density.function.for.a.random.variable.X.is.given.by

.
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s p
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(5.6)

It.is.common.to.use.the.notation.X N~ ( )m s, 2 .to.provide.an.abbreviated.description.of.a.normal.
distribution..The.notation.states.that.X.is.normally.distributed.with.a.mean.value.μ and.variance.σ 2..
The.normal.distribution.has.several.important.properties,.including.the.following:

. 1.. f xX ( ).approaches.0.as.x.approaches.either.–∞.or.∞.

. 2.. f a f aX X( ) ( )+ = − +m m .for.any.a.(i.e.,.symmetric.density.function.about.the.mean.μ).

. 3.. The.maximum.value.of. f xX ( ).(i.e.,.the.mode.of.the.distribution).occurs.at.x.=.μ.

. 4.. The.inflection.points.of.the.density.function.occur.at.x = ±m s .

. 5.. The.density.function.has.an.overall.bell.shape.

. 6.. The.mean.value.μ and.the.variance.σ 2.are.also.the.parameters.of.the.distribution.

In.Figure.5.3a,.the.normal.distribution.is.used.to.model.the.concrete.strength.of.Example.5.1;.how-
ever,.now.we.are.assuming.that.concrete.strength.has.a.normal.distribution.with.a.mean.equal.to 3.5 ksi.
and.standard.deviation.equal.to.0.2887.ksi..The.density.function.of.another.normal.distribution.is.shown.
in.Figure.5.3b..The.cumulative.distribution.function.of.the.normal.distribution.is.given.by

.
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(5.7)

The. evaluation.of. the. integral. of.Equation.5.7. requires. numerical.methods. for. each.pair. (μ,σ 2)..
This.difficulty.can.be.reduced.by.performing.a. transformation. that. results. in.a.standard.normal.
distribution.with.a.mean.μ =.0.and.variance.σ 2.=.1,.denoted.as.Z.~.N(0,1)..Numerical.integration.
can.be.used.to.determine.the.cumulative.distribution.function.of.the.standard.normal.distribution..
Therefore,. by. utilizing. the. transformation. between. the. normal. distribution.X ~. N(μ,σ 2). and. the.
standard.normal.distribution.Z.~.N(0,1),. and. the. integration. results. for. the.standard.normal,. the.

Figure 5.2 Karl	f.	Gauss	(1777–1855)	as	shown	on	1993	ten	German	mark.
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cumulative..distribution.function.for.the.normal.distribution.can.be.evaluated.by.using.the.following.
standard.normal.transformation:

.
Z

X
=

− m
s .

(5.8)

The.density.function,.which.is.shown.in.Figure.5.3b,.and.the.cumulative.distribution.function.of.the.
standard.normal,.respectively,.are.determined.as

.
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where.φ (z).is.a.special.notation.for.the.probability.density.function.of.the.standard.normal,.and.Φ(z).a.
special.notation.for.the.cumulative.distribution.function.of.the.standard.normal..The.results.of.the.inte-
gral.Φ(z).are.tabulated.in.Table.A.1.of.Appendix.A..The.tabulated.values.are.for.z.∈ [0,8.2]..Negative.
z.values.can.be.obtained.utilizing.the.symmetry.property.of.the.normal.distribution;.that is,

. Φ Φ( ) ( )− = −z z1 . (5.11)
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Figure 5.3a Probability	density	function	of	the	normal	distribution.
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The.tabulated.Φ.values.for.z.>.0.are.in.the.range.[0.5,.1.0)..The.table.can.also.be.used.for.determin-
ing.the.inverse.of.the.Φ.function.(i.e.,.Φ–1)..For.values.of.specified.p.=.Φ(z).that.are.less.than.0.5,.
Table.A.1.can.be.used.with.the.help.of.the.following.relation.to.obtain.the.z.values:

. z p p p= = − −( ) <− −Φ Φ1 1 1 0 5( ) .for . (5.12)

Equation.5.12.is.based.on.the.symmetry.property.of.the.normal.distribution..Spreadsheet.programs.
have.standard.functions.for.the.standard.normal.cumulative.distribution.function.and.its.inverse,.
such.as.NORMSDIST(z).and.NORMSINV(p),.respectively.

Using.the.transformation.of.Equation.5.8,.probabilities.based.on.any.normal.distribution.can.
be.easily.computed.with.the.aid.of.the.tabulated.Φ.values..For.example,.the.following.cumulative.
probability.for.any.X ~.N(μ,σ).can.be.computed.by.changing.the.variable.of.integration.according.
to.Equation.5.8:
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Then,.the.probability.is.given.by
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Therefore,
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It.can.also.be.shown.that
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The.normal.distribution.has.several.important.and.useful.properties.that.include.the.following:

. 1.. The.addition.of.n.normally.distributed.random.variables,.X1,.X2,.......,.Xn,.is.a.normal.distribution.as.
follows:

. .Y X X X Xn= + + + +1 2 3 � . (5.17)

. . The.mean.of.Y.(i.e.,.μY).is

.
m m m m mY X X X Xn

= + + + +
1 2 3

�
.

(5.18)

. . The.variance.of.Y.(i.e.,.σY
2)..is

. s s s s sY X X X Xn

2 2 2 2 2

1 2 3
= + + + +� . (5.19)
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. 2.. Central limit theorem:.Informally.stated,.the.addition.of.a.number.of.individual.random.variables,.
without.a.dominating.distribution.type,.approaches.a.normal.distribution.as.the.number.of.the.random.
variables.approaches.infinity..The.result.is.valid.regardless.of.the.underlying.distribution.types.of.the.
random.variables..In.practice,.the.number.of.the.random.variables.needs.to.be.sufficiently.large.

Example 5.2: Subjective Assessment of Concrete Strength

Assume that the structural engineer of Example 5.1 decided to use a normal distribution to model the 
strength of concrete. The mean and variance are the same as before: 3.5 ksi and 1/12 (ksi)2, respectively (see 
Figure 5.3a); therefore, the probability that the concrete strength is larger than 3.6 ksi is
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(5.20)

Using linear interpolation in Table A.1, Φ(0.3464) is given by
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(5.21)

Therefore,

 P X( . . .> = − =3 6 1 0 635478 0 364522 ksi)  (5.22)

The probability that the concrete strength is larger than 3.6 ksi was determined in Example 5.1 to be 0.4. The 
difference between the estimates of 0.4 and 0.36452 reflects the disparity that can result from selection of the 
probability distribution. Care should be exercised in selecting a probability distribution because the selection 
affects the resulting probabilities.

Example 5.3: Temperature Level

The average temperature (T ) during the summer in a particular geographic area is 80oF with a standard 
deviation of 10oF. Assuming that the temperature can be modeled by a normal distribution, what is its probabil
ity exceeding 100oF? The probability can be computed as follows:

.
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Therefore the probability is

. P T( ) ( ) . .> = − = − =100 1 2 1 0 97725 0 02275Φ

5.4 LOGNOrMAL DIStrIBUtION

A.random.variable.X.is.considered.to.have.a.lognormal.distribution.if.Y.=.ln(X).has.a.normal.
probability.distribution,.where.ln(x).is.the.natural.logarithm.to.the.base.e..It.should.be.noted.that.
base.to.logarithms.can.also.be.used..The.density.function.of.the.lognormal.distribution.is.given.by
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where.μy.and.σy.are.the.parameters..It.is.common.to.use.the.notation.X ~.ln( , )m sY Y .to.provide.an.
abbreviated.description.of.a.lognormal.distribution..The.notation.states.that.X.is.lognormally.dis-
tributed.with.the.parameters.mY.and.sY..The.lognormal.distribution.has.the.following.properties:

. 1.. The.values.of.the.random.variable.X are.positive.(i.e.,.x.>.0).

. 2.. fX(x).is.not.a.symmetric.density.function.about.the.mean.value.μX.

. 3.. The.mean.value.μX.and.variance.are.not.equal.to.the.parameters.of.the.distribution.(i.e.,.mY.and.sY)..
However,.they.are.related.to.them.as.follows:
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These.two.relations.can.be.inverted.as.follows:
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. s m sX X Y
2 2 2 1= −⎡⎣ ⎤⎦exp( ) . (5.27)

For.a.relatively.small.coefficient.of.variation.(COV).γY ,.for.example,.(σX/µX).≤.0.3,.σY .is.approximately.
equal.to.the.COV,.δX..An.example.density.function.of.the.lognormal.distribution.is.shown.in.Figure.5.4..
It.can.be.shown.that.the.median.(xm ).is.related.to.mY.as.xm Y= exp( )m ,.and.related.to.the.mean.and.sY.as.
m sX m Yx= +1 2 ..The.latter.relationship.indicates.that.the.mean.is.always.greater.than.the.median.

The.cumulative.distribution. function.of. the. lognormal.distribution.can.be.determined.based.
on.its.relationship.to.the.normal.distribution..Similar.to.the.normal.distribution,.the.difficulty.of.
performing. the. integral.of. the.cumulative.distribution. function.can.be. reduced.by.performing.a.
transformation.that.results.in.a.standard.normal.distribution.with.a.mean.μ =.0.and.variance.σ 2.=.1,.
denoted.as.Z.~.N(0,.1)..Numerical.integration.can.be.used.to.determine.the.cumulative.distribution.
function.of. the.standard.normal..Therefore,.by.utilizing. the. transformation.relationship.between.
the.lognormal.distribution.X ~.ln( , )m sY Y .and.the.standard.normal.distribution.Z.~.N(0,1),.and.the.
integration.results.for.the.standard.normal,.the.cumulative.distribution.function.for.the.lognormal.
distribution.can.be.evaluated.using.the.following.transformation:
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Figure 5.4 Probability	density	function	of	lognormal	distribution.
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The.density.function.and.the.cumulative.distribution.function.of.the.standard.normal,.respectively,.
are.given.by.Equations.5.9.and.5.10..They.can,.therefore,.be.used.to.compute.probabilities.for.the.
lognormal.distribution..The.results.of.the.integral.Φ(z).are.given.in.Table.A.1.of.Appendix.A..The.
symmetry.property.of.the.standard.normal.should.be.used.to.obtain.a.complete.range.of.values.for.
the.standard.variate.similar.to.the.normal.distribution.

Using.the.transformation.of.Equation.5.28,.probabilities.based.on.any.lognormal.distribution.
can.be.easily.computed.with.the.aid.of.the.tabulated.Φ.values..For.example,.the.cumulative.prob-
ability.P(X ≤.x). for.any.X ~. ln( , )m sY Y .can.be.computed.by.changing. the.variable.of. integration.
according.to.Equation.5.28..Therefore,.the.cumulative.probability.is.given.by
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It.can.be.also.shown.that
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The.lognormal.distribution.has.several.important.properties.that.include.the.following:

. 1.. The.multiplication.of.n.lognormally.distributed.random.variables,.X1,.X2,.......,.Xn,.is.a.lognormal.dis-
tribution.with.the.following.statistical.characteristics:

. . .........W X X X Xn= 1 2 3, , , ,� . (5.31)

. The.first.parameter.of.W.(i.e.,.μW).is

. m m m m mW Y Y Y Yn
= + + + +

1 2 3
� .

(5.32)

. The.second.parameter.of.W.(i.e.,.σW
2).is

. .s s s s sW Y Y Y Yn

2 2 2 2 2

1 2 3
= + + + +� . (5.33)

. 2.. Central limit theorem:.In.this.case,. the.multiplication.of.a.number.of.individual.random.variables,.
without.a.dominating.distribution.type,.approaches.a.lognormal.distribution.as.the.number.of.the.ran-
dom.variables.approaches.infinity..The.result.is.valid.regardless.of.the.underlying.distribution.types.of.
the.random.variables..In.practice,.the.number.of.the.random.variables.needs.to.be.sufficiently.large.

Example 5.4: Subjective Assessment of Concrete Strength

As the strength of concrete takes on only positive values, someone might argue against using the normal 
distribution to model concrete strength because it allows for negative values. The lognormal distribution has 
the property of being defined only for positive values for the underlying random variable, so let us assume 
that the structural engineer of Examples 5.1 and 5.2 decides to use a lognormal distribution to model concrete 
strength. The mean value and variance are the same as before: 3.5 ksi and 1/12 (ksi)2. Therefore, the parameters 
of the lognormal distribution can be determined using Equations 5.24 and 5.25 as follows:
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The probability that the concrete strength is greater than 3.6 ksi can be determined as
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(5.35)

The answer in this case is slightly different from the corresponding value of Example 5.2. It should be noted that 
this positive property of the random variable of a lognormal distribution should not be used as the only basis for 
justifying its use. Statistical bases for selecting probability distribution can be used as discussed in Chapter 9.

Example 5.5: Modulus of Elasticity

The randomness in the modulus of elasticity (or Young’s modulus) E can be described by a lognormal ran
dom variable. If the mean and standard deviation were estimated to be 29,567 ksi and 1507 ksi, respectively, 
what is the probability of E having a value between 28,000 ksi and 29,500 ksi? The commonly used Young’s 
modulus E for steel in design is 29,000 ksi. What is the probability of E being less than the design value? What 
is the probability that E is at least 29,000 ksi? What is the value of E corresponding to 10percentile?

The parameters of the lognormal distribution in this case are computed according to Equations 5.24 and 
5.25 as follows:

.

sY

Y
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⎛
⎝⎜
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.

ln( , )
( . )

1
1507
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0 051

2

µ
22

2
10 293= .

The probability of E having a value between 28,000 ksi and 29,500 ksi is

.

P( , , )
ln( , ) .

.
ln( ,

< ≤ ≤ =
−⎛

⎝⎜
⎞
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−28 000 29 500

29 500 10 293
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28 00
E �
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) .
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⎝⎜
⎞
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= − − −� �( . ) ( . )0 017 1 04
          = − =0 4932 0 1492 0 3440. . .

The probability of E being less than the design value is

.

P

       

( , )
ln( , ) .

.
( . )E ≤ =

−⎛
⎝⎜

⎞
⎠⎟
= −29 000

29 000 10 293
0 051

0 352� �

                  = 0 3624.

The probability that E is at least 29,000 ksi is

. P( , ) . .E > = − =29 000 1 0 3624 0 6376

For 10percentile, the E value will be computed as follows:

.
�

ln( ) .
.

.
E −⎛

⎝⎜
⎞
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=

10 293
0 051

0 10
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or

.

ln( ) .
.

( . ) ( . ) .
E −⎛

⎝⎜
⎞
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= = − = −− −10 293

0 051
0 10 0 90 1 2821 1Φ Φ

Thus, In E = 10.293−1.282(0.051) = 10.228 or E = 27,659 ksi.

5.5 eXPONeNtIAL DIStrIBUtION

The.importance.of.this.distribution.comes.from.its.relationship.to.the.Poisson.distribution..For.
a.given.Poisson.process,.the.time.T.between.consecutive.occurrences.of.events.has.an.exponential.
distribution.with.the.following.density.function:

.
f t

t t
T ( )

exp( )
=

− ≥⎧
⎨
⎩

l l for 

otherwise

0

0 .
(5.36)

The.cumulative.distribution.function.is.given.by

. F t tT ( ) exp( )= − −1 l . (5.37)

The. density. and. cumulative. functions. of. the. exponential. distribution. with. λ. =. 1. are. shown. in.
Figures 5.5a.and.5.5b,.respectively..The.mean.value.and.the.variance,.respectively,.are.given.by

.
m

lT =
1

.
(5.38)

.
s

lT
2

2

1
=

.
(5.39)

Based.on. the.means.of. the.exponential. and.Poisson.distributions,. the.mean recurrence time.
(or return period).is.defined.as.1/l.

Example 5.6: Earthquake Occurrence

The occurrence of earthquakes is commonly modeled by a Poisson process. Assume that the occurrence 
of a strong earthquake in a certain region was modeled by a Poisson process with an annual (λ) rate of 0.01. 
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Figure 5.5a Probability	density	function	of	the	exponential	distribution.
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The probability of occurrence of exactly one earthquake in 1 year is given by
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(5.40)

The probability of having one or more earthquakes in 1 year is
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(5.41a)

Substituting the values of λ and t produces
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0e
 

(5.41b)

The return period for such an earthquake is 1/l  = 100 years. A return period of 100 years does not imply that 
it is only possible to have one earthquake in a 100year period; in fact, there may be none or any number of 
earthquakes in any 100year period. However, on the average, there will be one every 100 years. The probability 
of having an earthquake for the first time more than 100 years after the last occurrence is computed using the 
exponential distribution (Equation 5.37) as

 

P T P T( ) ( )

[ ] .. ( )

> = − ≤

= − − =−

100 1 100

1 1 0 36790 001 100

 years  years

e  
(5.42)

This result can be generalized to the following probability of an event, which follows a Poisson process, occur
ring (for the first time) at a time that exceeds its return period:
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(5.43)

5.6 trIANGULAr DIStrIBUtION

This. distribution. is. used. to. qualitatively. model. an. uncertain. variable. that. can. be. bounded.
between.two.limits,.such.as.the.duration.of.a.construction.activity. For .example, the duration of.a.
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Figure 5.5b Cumulative	distribution	function	of	the	exponential	distribution.
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construction.activity.can.be.described.by.the.following.density.function:

.
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(5.44)

and.0.otherwise,.where.a,.b,.and.c.are.lower.limit,.upper.limit,.and.mode,.respectively..The.cumu-
lative.distribution.function.is.given.by
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(5.45)

The.inverse.of.the.cumulative.distribution.function.can.be.computed.as

.
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(5.46)

The.mean.(μ).and.variance.(σ 2).for.the.distribution,.respectively,.are.given.by

.
mX

a b c
=

+ +

3 . (5.47)

.
s X

a b c ab ac bc2
2 2 2

18
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+ + − − −

.
(5.48)

The.density.and.cumulative.functions.of.the.triangular.distribution.with.a.=.1,.b =.6,.and.c.=.2.are.
shown.in.Figures.5.6a.and.5.6b,.respectively.
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Figure 5.6a Probability	density	function	of	the	triangular	distribution.
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Example 5.7: Performance Duration of a Task

One of the tasks required for prototyping a communication device could take 1 to 3 months with a best estimate 
of 2 months. A triangular distribution is well suited to model task duration (X ) with subjective information provided 
as optimistic, pessimistic, and best estimates of the duration. Therefore, the parameters of the triangular distribution 
are a = 1, b = 3, and c = 2. The mean and standard deviation according to Equations 5.47 and 5.48 are

.

µ =
+ +

=

= + + − − − = =

1 2 3
3

2

1 2 3 1 2 1 3 2 3 18 3 18 0 4082 2 2

months

ms ( ( ) ( ) ( )) / / . oonth

The probability of completing the task within 2 days is 0.5. The probability of completing the task within 1.5 days 
according to Equation 5.45 is

.
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5.7 GAMMA DIStrIBUtION

The.density.function.of.this.probability.distribution.is.given.by

.
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x x

k
xX

k
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( ) exp( )
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−
≤

−n n n1

0
Γ .

(5.49)

where.k.>.0.and.v.>.0.are.the.parameters.of.the.distribution..The.function.Γ.is.called.the.gamma.
function,.as.provided.at.the.end.of.Appendix.A.in.Table.A.8,.and.is.given.by

.
Γ( , ) exp( )k x y y ykx

= − −∫ 1
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(5.50a)
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Figure 5.6b Cumulative	distribution	function	of	the	triangular	distribution.
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or

.
Γ( ) exp( )k y y yk= −

∞ −∫0
1 d

. (5.50b)

The.cumulative.distribution.function.is.given.by
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The.mean.(μ).and.variance.(σ 2).for.the.distribution,.respectively,.are.given.by
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(5.52)
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(5.53)

5.8 rAYLeIGh DIStrIBUtION

The.density.function.of.this.probability.distribution.is.given.by
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where.α.is.the.parameter.of.the.distribution..The.cumulative.distribution.function.is.given.by
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The.mean.(μ).and.variance.(σ 2).for.the.distribution,.respectively,.are.given.by

. ....
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(5.55a)
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For.a.given.mean,.the.parameter.can.be.computed.as

.
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2
X
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(5.55c)



158	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

Example 5.8: Waves at a Buoy in Open Seas

The National Data Buoy Center of the U.S. National Oceanic and Atmospheric Administration provides 
information on water elevation at various locations on coastal areas and open seas. Assuming that the signifi
cant wave height (X ) under particular sea conditions can be modeled by a Rayleigh distribution with a mean of 
8 meters, what is the probability that the significant wave height would exceed 10 m? To compute this probabil
ity, we need to determine the parameter of the distribution according to Equation 5.55c. The parameter is

. a = =8 2 3 14 6 3847/ . . .

The probability according to Equation 5.54b is

. P X( ) exp( . ( / . ) )> = − + − =10 1 1 0 5 10 6 3847 02 .2933.

5.9 BetA DIStrIBUtION

The.beta.distribution.is.used.for.modeling.continuous.random.variables.in.a.finite.interval..The.
beta.distribution.function.is.also.used.as.an.auxiliary.distribution.in.nonparametric.distribution.esti-
mation.and.as.a.prior.distribution.in.Bayesian.statistical.procedures..The.density.function.is

.
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1 11 for 0 1,  > 0,  > 0x k m
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(5.56)

where.k.and.m.are.the.parameters.of.the.distribution..Depending.on.the.values.of.parameters.k.and.
m,.the.beta.function.takes.on.many.different.shapes..For.example,.if.k.=.m.=.1,.the.density.function.
coincides.with.the.density.function.of.the.standard.uniform.distribution.between.0.and.1..The.cumu-
lative.distribution.function.is.given.by

.
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(5.57)

where.I.as.incomplete.beta.function..The.mean.(µ).and.variance.(σ 2),.respectively,.for.the.distribu-
tion,.are.given.by

.
m sx x

k

k m

km

k m k m
( )
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+ + + +
 and  2

x 2 1 .
(5.58)

5.10 StAtIStICAL PrOBABILItY DIStrIBUtIONS

In.statistical.analysis,.tables.of.values.of.the.Student’s.t.distribution,.chi-square.distribution,.and.
F.distribution.are.commonly.used..These.distributions.and.their.basic.properties.are.introduced.in.
this.section.
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5.10.1  Student’s t Distribution

The.Student’s.t distribution.(or.t.distribution).published.under.the.pseudonym.“Student”.by.its.
author,.is.a.symmetric,.bell-shaped.distribution.with.the.following.density.function:
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2 10 5 2 0 5 1p .
(5.59)

where.k.is.a.parameter.of.the.distribution.and.is.called.the.degree.of.freedom..The.function.Γ(.).is.
called.the.gamma.function.and.is.given.by

.
Γ( ) exp( )n x x x nn= −−∞

∫ 1

0
d for any value 

.
(5.60)

This.function.is.tabulated.in.Table.A.8.and.has.the.following.useful.properties:

. Γ Γ( ) ( ) ( )n n n= − −1 1 . (5.61a)

. Γ( ) ( )!n n n= −1 for integer . (5.61b)

For.k.>.2,.the.mean.and.variance,.respectively,.for.this.distribution.are.related.to.the.parameter.as.
follows:

. mT = 0 . (5.62a)

.
sT

k

k
2

2
=

− .
(5.62b)

As.k.increases.toward.infinity,.the.variance.of.the.distribution.approaches.unity,.and.the.t distri-
bution.approaches.the.standard.normal.density.function..Therefore,.the.t.distribution.has.heavier.
tails.(with.more.area).than.the.standard.normal.distribution..It.is.of.interest.in.statistical.analysis.to.
determine.the.percentage.points.tα,k,.which.correspond.to.the.following.probability:

.
a a= >P T t k( ), . (5.63a)

or

.
a =

∞

∫ f t tTt ka,
( ) d

.
(5.63b)

where.α is.the.level.of.significance..These.percentage.points.are.tabulated.(e.g.,.see.Table.A.2)..Due.
to.the.symmetry.of.the.t.distribution,.it.is.common.to.tabulate.values.for.only.the.upper.tail.(i.e.,.
nonnegative.t.values)..For.the.lower.tail,.the.following.relationship.can.be.used.to.determine.the.
percentage.points:

.
t tk k( ), ,1− = −a a . (5.64)
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Example 5.9: Using the t-Distribution Table

The purpose of this example is to demonstrate the use of Table A.2. In this example, we will find (a) the 
P(–t0.025,10 < T < t0.05,10), and (b) the t1 such that P(t1 < T < −1.761) for k = 14. The probability P(–t0.025,10 < 
T < t0.05,10) means that t0.05,10 would leave an area of 0.05 at the right tail and t0.025,10 would leave an area of 0.025 
to the left tail. Therefore, for part (a)

.
P t T t( ) . . .. , . ,− < < = − − =0 025 10 0 05 10 1 0 05 0 025 0 925

As for part (b), from Table A.2, 1.761 corresponds to t0.05,14. Therefore, –t0.05,14 = –1.761. Since t1 in the original 
probability statement is to the left of –t0.05,14 = –1.761. Let t1 = –tα,14, then from the following figure we have 
0.045 = (0.05 − α) producing α = 0.005. Table A.2 is then used to look up the value of t1 as t t1 0 005 2 977= − = −. . . 
Therefore, P T( . . ) . .− < < − =2 977 1 761 0 045

0

Area = 0.045 k = 14

fT(t)

t
t1 –t0.05

5.10.2  Chi-Square Distribution

The.chi-square.(χ 2).distribution.is.encountered.frequently.in.statistical.analysis,.where.we.deal.
with.the.sum.of.squares.of.k.random.variables.with.standard.normal.distributions;.that.is,

. c2
1
2

2
2 2= = + + +C Z Z Zk� . (5.65)

where.C.is.a.random.variable.with.a.chi-square.distribution,.and.Z1.to.Zk.are.normally.(standard.
normal).and.independently.distributed.random.variables..The.probability.density.function.of. the.
chi-square.distribution.is

.
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(5.66)

where.Γ(.).is.the.gamma.function.as.defined.in.Equation.5.61..The.distribution.is.defined.only.for.
positive.values.and.has.the.following.mean.and.variance,.respectively:

. mC k= . (5.67a)

. sC k2 2= . (5.67b)

The.parameter.of.the.distribution,.k,.represents.the.degrees.of.freedom..This.distribution.is.posi-
tively.skewed.with.a.shape.that.depends.on.the.parameter.k..It.is.of.interest.in.statistical.analysis.to.
determine.the.percentage.points.cα,k.that.correspond.to.the.following.probability:

.
a a= >P C c k( ), . (5.68a)
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where.α.is.the.level.of.significance..These.percentage.points.are.tabulated.(e.g.,.see.Table.A.3).

5.10.3  F Distribution

The.F.distribution.is.used.quite.frequently.in.statistical.analysis..It.is.a.function.of.two.shape.
parameters,.ν1.=.k.and.ν2.=.u,.and.has.the.following.density.function:
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(5.69)

where.Γ(·).is.the.gamma.function.as.given.by.Equation.5.61..For.u.>.2,.the.mean.and.variance.of.
this.distribution.are

.
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This.distribution.is.positively.skewed.with.a.shape.that.depends.on.the.parameters.k.and.u..It.is.of.
interest.in.statistical.analysis.to.determine.the.percentage.points.fα,k,u.that.correspond.to.the.follow-
ing.probability:

.
a aa
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= > = =
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∫P F f f x xk u Ff k u

( ) ( ), ,
, ,

d
.

(5.71)

where.α.is.the.level.of.significance..These.percentage.points.are.tabulated.(e.g.,.see.Table.A.4)..The.
F.distribution.has.a.unique.property.that.allows.tabulating.values.for.the.upper.tail.only..For.the.
lower.tail,.the.following.relationship.can.be.used.to.determine.the.percentage.points:
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f
fu k

k u
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1

1
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(5.72)

It.should.be.noted.that.the.order.of.the.parameters.is.not.the.same.on.both.sides.of.Equation.5.72,.
allowing.for.the.use.of.Table.A.4.for.α.=.0.95.and.0.99..The.parameters.of.this.distribution.cannot.
be.transposed;.that.is,

.
f fu k k ua a, , , ,↑

. (5.73)
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5.11 eXtreMe VALUe DIStrIBUtIONS

5.11.1 Introduction to extreme Value estimation

Extreme.value.distributions.are.a.class.of.commonly.used.distributions.in.engineering.and.sci-
ences..Three.types.of.asymptotic.extreme.value.distributions.are.used.as.described.in.subsequent.
sections..In.this.section,.the.fundamental.concepts.of.extreme.value.estimation.are.provided.

Extreme.values.based.on.observational.data.are.very.important.in.system.safety.and.life.assess-
ment..The.prediction.of.future.conditions,.especially.extreme.conditions,.is.necessary.in.engineering.
planning.and.design..The.prediction.is.performed.based.on.an.extrapolation.from.previously.observed.
data..For.a.set.of.observations.(x1,.x2,.......,.xk ).from.an.identically.distributed.and.independent.set.of.ran-
dom.variables.(X1,.X2,.......,.Xk ),.the.distribution.of.Xi.is.called.the.parent.(or.initial).distribution..It.has.the.
cumulative.probability.distribution.function.FX(x).and.the.density.probability.function.fX(x)..The.maxi-
mum.extreme.value.of.the.observed.values.is.a.random.variable.Mk,.which.can.be.represented.as

. M X X Xk k= Maximum( , , , )1 2 … . (5.74)

The.exact.cumulative.and.density.probability.distribution.functions.of.the.maximum.value,.respec-
tively,.are.given.by

.
F m F mM X

k

k
( ) [ ( )]=

. (5.75)

.
f m k F m f mM X

k
Xk

( ) [ ( )] ( )= −1

. (5.76)

It.can.be.shown.that.for.relatively.large.values.of.k,.the.extreme.distribution.approaches.an.asymp-
totic.form.that.is.not.dependent.on.the.exact.form.of.the.parent.distribution;.rather,.it.depends.on.
the.tail.characteristics.of.the.parent.distribution.in.the.direction.of.the.extreme..The.central.portion.
of. the.parent.distribution.has. little. influence.on.the.asymptotic.form.of. the.extreme.distribution..
For. parent. probability. distributions. of. exponential. tails,. the. extreme. distribution. approaches. an.
extreme.value.distribution.of.double.exponential.form.as.k.becomes.large..For.example,.a.normal.
or.lognormal.probability.distribution.approaches.a.type.I.extreme.value.distribution.as.k.becomes.
large..In.this.case,.the.difference.between.an.exact.distribution.for.Mk.and.the.type.I.extreme.value.
distribution.is.relatively.small..The.difference.diminishes.as.k.approaches.infinity..Practically,.the.
difference.is.negligible.for.k.larger.than.approximately.25.

The.above.formulation.can.be.used.for.the.purpose.of.life.prediction..The.mathematical.model.
for. the.extreme.distribution.needs. to.be.a. function.of.k. to. relate. the.outcome.of. the.analysis.of.
extreme. statistics. to. time.. Extreme. value.distributions,. such. as. the. type. I. largest. extreme. value.
distribution,.can.be.used. to.model.extreme. load.effects..Because. the.mathematical.model. is.not.
sensitive.to.the.type.of.the.parent.distribution,.as.long.as.it. is.within.the.same.general.class,.the.
mathematical.model.used.in.this.chapter.is.based.on.a.parent.distribution.that.follows.the.class.of.
normal.probability.distributions.

For.a.normal.parent.probability.distribution.of.the.random.variable.X.with.a.mean.value.μ.and.
standard.deviation.σ,.the.cumulative.distribution.and.density.functions.of.the.largest.value.Mk.of.k.
identically.distributed.and.independent.random.variables.(X1,.X2,.…,.Xk),.respectively,.are.given.by

.
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m s
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(5.77)
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.
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(5.78)

where

. . . . . . . .
a k k= [ ln( )] .2 0 5

. (5.79a)

.
u

k
k k

k

= −
+a p
a

ln[ln( )] ln( )4

2 . (5.79b)

The.mean.and.standard.deviation.of.Mk.can.be.determined.approximately.using. the.central.and.
dispersion.characteristics.of.the.type.I.extreme.value.distribution.and.are.given,.respectively,.by.the.
following:

.
Mean: m s m gs

aM k
k

k
u= + +

. (5.80a)

.
Standard deviation: s p s

aM
k

k
=

6 . (5.80b)

The.constants.π.and.γ..have.the.values.of.3.141593.and.0.577216,.respectively.
The. minimum. extreme. value. of. the. observed. values. is. a. random. variable.M1. which. can. be.

.represented.as

. M X X Xk1 1 2= Minimum( , , , )… . (5.81)

The.exact.cumulative.and.density.probability.distribution.functions.of.the.minimum.value,.respec-
tively,.are.given.by

.
F m F mM X

k

1
1 1( ) [ ( )]= − −

. (5.82)

.
f m k F m f mM X

k
X1

1 1( ) [ ( )] ( )= − −

. (5.83)

Example 5.10: Maximum Value Based on Exponential Parent Distribution

Consider an exponential parent distribution as follows:

 f x xX ( ) exp( )= −l l  (5.84)

The cumulative distribution function of the parent distribution is

 F x xX ( ) exp( )= − −1 l  (5.85)

The k th largest value has the following distribution:

 F y yY k
k( ) ( exp( ))= − −1 l  (5.86)
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The density function of the k th largest value can be obtained by differentiation or using Equation 5.76 to obtain 
the following:

 f y k y yYk
k( ) ( exp( )) exp( )= − − −−l l l1 1

 (5.87)

Considering the special case of the nth largest value, its probability density function f yYn ( ) and cumulative dis
tribution function F yYn ( ) are shown in Figure 5.7.

5.11.2  type I extreme Value (Gumbel) Distributions

Two.forms.of.the.type.I.extreme.value.distribution,.also.called.the.Gumbel.distributions,.are.
available:.the.largest.and.smallest.extreme.value..These.two.types.are.described.in.this.section..The.
density.function.for.the.largest.distribution.of.a.random.variable.Xn.is.given.by

.
fX n

x u x u

n

n n n n= −⎡⎣ ⎤⎦
− − − −a a ae e( ) ( )exp

.
(5.88)
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Figure 5.7 Probability	density	and	cumulative	distribution	functions	of	maximum	values.
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The.density.function.for.the.smallest.distribution.of.a.random.variable.X1.is.given.by

.
fX

x u x u

1

1 1 1 1
1= −− −a a ae e( ) ( )exp( )

. (5.89)

where.un.is.the.location.parameter.for.Xn;.a n.the.shape.parameter.of.Xn; u1.the.location.parame-
ter.for.X1;.and.a1the.shape.parameter.of.X1..The.cumulative.function.for.the.largest.distribution.is.
given by

.
FX

x u

n

n n= −⎡⎣ ⎤⎦
−exp ( )ea

. (5.90)

The.cumulative.function.for.the.smallest.extreme.is.given.by

.
F xX

x u

1

1 11( ) exp ( )= − −⎡⎣ ⎤⎦
−ea

. (5.91)

For. the. largest. extreme,. the. mean. (μ). and. variance. (σ 2). for. the. distribution,. respectively,. are.
given by

.
m g

aX n
n

n
u= +

.
(5.92)

.
s p

aX
n

n

2
2

26
=

.
(5.93)

where.π.=.3.14159,.and.γ .=.0.577216..For.the.smallest.extreme,.the.mean.(μ).and.variance.(σ 2).for.
the.distribution,.respectively,.are.given.by

.
m m g

aX1 1
1

= −
.

(5.94)

.
s p

aX1

2
2

1
26

=
.

(5.95)

Example 5.11: Extreme Wave Heights

The extreme wave height that is used in the design of an offshore oil storage facility for a design life of 25 
years is a random variable with a mean of 30 ft and standard deviation of 10 ft. Determine the probability that the 
extreme wave height will exceed 35 ft in 25 years. We can solve for the parameters α and αn and u as follows:

.

                  produces   

   

s
sY
Y

= = = =
p
a

a p p
6 6 6 10

0 1282
( )

.

              produces    µ µY Yu u= + = − = − =
g g
a a

30
0 5772
0 1282

2
.
.

55 497.
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Therefore

.

      P

                        

[ ]

exp

Y F

e

Y

y

≥ = − ( )
= − − − −

35 1 35

1 a uu

e

( )

− −( )

⎡
⎣

⎤
⎦

= − −                        1 0 1282 35 25 497exp . .⎡⎡
⎣

⎤
⎦ = 0 256.

5.11.3  type II extreme Value (Frechet) Distributions

Two.forms.of.the.type.II.extreme.value.distribution,.also.called.the.Frechet.distributions,.are.
available:.the.largest.and.smallest.extreme.value..The.two.types.are.described.in.this.section,.although.
only.the.largest.distribution.has.practical.value..The.density.function.for.the.largest.extreme.of.a.
random.variable.Xn.is.given.by

.
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(5.96)

where vn.is.the.location.parameter.for.Xn,.and.k is.the.shape.parameter.of.Xn. The.density.function.
for.the.smallest.extreme.of.a.random.variable.X1.is.given.by

.
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where.v1.is.the.location.parameter.for.X1,.and.k.is.the.shape.parameter.of.X1.and.Xn..The.cumulative.
function.for.the.largest.distribution.is.given.by

.

F x
xX
n

k

n
( ) exp= −

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

n

.
(5.98)

The.cumulative.function.for.the.smallest.extreme.is.given.by

. . . .
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(5.99)

where.x.≤.0,.and.v1.>.0..For.the.largest.extreme,.the.mean.(μ).and.variance.(σ 2).for.the.distribution,.
respectively,.are.given.by

.
m nX nn k

= −
⎛
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⎞
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.
(5.100)

.
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(5.101)
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where.the.Γ(.).is.the.gamma.function.given.by

.
Γ( ) exp( )t r r rt= −−∞

∫ 1

0
d

.
(5.102)

It.should.be.noted.that

. Γ Γ( ) ( ) ( )t t t= − −1 1 . (5.103)

For.an.integer.n,.the.gamma.function.becomes.the.factorial.as.follows:

. Γ( ) ( )!n n= −1 . (5.104)

Table.A.8.contains.tabulated.values.of.the.gamma.function..The.COV(δ).based.on.Equations.5.100.
and.5.101.is

.
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(5.105)

For. the. smallest. extreme,. the. mean. (μ). and. variance. (σ 2). for. the. distribution,. respectively,. are.
given by

.
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The.COV(δ).is

.
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Example 5.12: Extreme Wind Speed

In a particular geographic area, the measured data suggest that the mean and standard deviation of the 
maximum annual wind velocity are 55 and 12.8 mph, respectively. What is the velocity y  that will be exceeded 
with a probability value of 0.02?

Using Equation 5.105 with the COV of 12.8/55 = 0.2327 and a rootfinding numerical procedure, the 
parameter k can be determined to be 6.5. Therefore, using Equation 5.100, the other parameter is

.
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The velocity y that will be exceeded with a probability value of 0.02 can be computed as follows:

.

1

e

− =

− =−( )

F yY

y

( ) .

..

0 02

1 0 0249 4

Solving for y produces y = 91 mph.

5.11.4  type III extreme Value (Weibull) Distributions

Two. forms.of. the. type. III. extreme.value.distribution,. commonly.known.as. the.Weibull,. are.
available:.the.largest.and.smallest.extreme.values..These.two.types.are.described.in.this.section..It.
should.be.noted.that.sometimes.the.smallest.extreme.value.distribution.is.used.in.engineering.to.
model.problems.dealing.with.largest.value.(such.as.maximum.loads).as.a.best-fit.distribution.to.data..
The.density.function.for.the.largest.extreme.random.variable.Xn.is.given.by
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The.density.function.for.the.smallest.extreme.random.variable.X1.is.given.by
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where.u >.0.and.k >.0,.u.is.the.scale.parameter,.k.the.shape.parameter,.and.ω.the.upper.or.lower.
limit.on.x.for.the.largest.and.smallest.extremes,.respectively..These.distributions.are.used.as.two-pa-
rameter.distributions.by.setting.ω.=.0..The.cumulative.distribution.function.for.the.largest.extreme.
random.variable.Xn.is.given.by
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The.cumulative.distribution.function.for.the.smallest.extreme.random.variable.X1.is.given.by
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For. the. largest. extreme,. the. mean. (μ). and. variance. (σ 2). for. the. distribution,. respectively,. are.
given by
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For.the.smallest.extreme,.the.mean.(μ).and.variance.(σ 2).for.the.distribution,.respectively, are.given.by
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5.12 APPLICAtIONS

5.12.1  earthquakes and Structures

For.an.earthquake.of.intensity.VI,.the.probability.of.failure.of.the.structure.is.taken.to.be.0.01..
The.occurrence.of.earthquakes.can.be.assumed.to.follow.a.Poisson.distribution.with.a.rate.of.occur-
rence.of

.
l = =

10

100
0 1.  earthquakes/year

.
(5.117)

The.probability.of.an.earthquake.occurring.in.the.next.year.is.computed.using.Equation.5.37.as

. P T( ) exp[ . ( )] .≤ = − − =1 1 0 1 1 0 09516 . (5.118)

where.T.is.the.time.between.consecutive.earthquakes..The.probability.that.an.earthquake.will.not.
occur.in.the.next.5.years.is

. P T( ) { exp[ . ( )]} .< = − − − =5 1 1 0 15 5 0 6065 . (5.119)

5.12.2  Foundation of a Structure

The.foundation.of.a.column.in.a.structure.supports.a.concentrated.axial.force.with.a.normally.
distributed.magnitude,.N(100,000.lb,.10,0002.lb2)..The.supporting.foundation.is.5.×.5.ft2;.therefore,.
its.area.is.25.ft2..Because.the.foundation.is.concentrically.loaded,.the.soil.bearing.pressure,.Pb,.can.
be.assumed.to.a.have.a.uniform.distribution.over. the.foundation.area.with.a.mean.and.variance.
computed,.respectively,.as

.
Pb = =

100 000

25
4000

,
 psf

.
(5.120)
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.
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.
(5.121)

The.standard.deviation.of.the.bearing.pressure.is.400.psf,.and.its.COV.is.400/4000.=.0.1..The.bear-
ing.strength.of.the.soil,.Ps,.was.determined.from.test.borings.to.be.normally.distributed:.N(10,000.
psf;.25002.psf2)..The.probability.of.bearing.failure,.Pf,.of.the.soil.is

.
P P P P P P Pf b S S b= > − <( ) ( )0

. (5.122)

This.probability.can.be.computed.by.defining.the.following.random.variable:

. M P PS b= − . (5.123)

where.M.is.the.safety.margin..Therefore,.the.mean.and.variance.of.M,.respectively,.are

. M P PS b= − = − =10 000 4000 6000,  psf . (5.124)

. Var Var Var psf( ) ( ) ( ) ( ) , , , ( )M P PS b= + = + =2500 160 000 6 410 0002 2

. (5.125)

According. to. Equations. 5.17. and. 5.19,. M. is. normally. distributed:. N(6000. psf,. 6,410,000. psf2)..
Therefore,.the.probability.of.failure,.Pf,.is

.

P P M
M

f
M

= < =
−⎡

⎣
⎢

⎤

⎦
⎥ =

−⎡

⎣⎢
⎤

⎦⎥
= − =( ) ( . ) .0

0 0 6000

2532
1 2 37 0 0089Φ Φ Φ

σ
.

(5.126)

Table.A.1.for.the.standard.normal.variate.was.used.to.determine.the.cumulative.probability.Φ(2.37).

5.12.3  Failure of highway Drainage

A.ditch.alongside.a.roadway.has.a.capacity.of.4.m3/min,.and,.based.on.its.cross-sectional.geom-
etry.and.grade,.the.average.water-flow.velocity.is.0.5.m/s.with.a.standard.deviation.of.0.25.m/s..The.
maximum.permissible.velocity.(so.that.erosion.is.not.a.problem).is.1.m/s..Historical.rainfall.records.
indicate.that.the.ditch.is.expected.to.have.a.flow.with.a.mean.and.standard.deviation.of.2.and.1.m3/
min,.respectively..The.water-flow.volume.rate.and.velocity.can.be.assumed.to.be.normally.distrib-
uted..Therefore,.the.probability,.Pe,.that.the.water-flow.velocity.exceeds.the.erosion.limit.is

. . .....

P P Ve = > = −
−⎡

⎣⎢
⎤

⎦⎥
= − =( )

.

.
( ) .1 1

1 0 5

0 25
1 2 0 0228Φ Φ

.
(5.127)

where.V.is.the.velocity.of.water.flow..Table.A.1.for.the.standard.normal.variate.was.used.to.deter-
mine.the.cumulative.probability.Φ(2)..The.probability,.PQ,.of.exceeding.the.volume-rate.capacity.
of.the.ditch.is

.
P P QQ = > = −

−⎡

⎣⎢
⎤

⎦⎥
= − =( ) ( ) .4 1

4 2

1
1 2 0 0228Φ Φ

.
(5.128)

where.Q.is.the.volume.rate.of.the.water.flow.
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5.13 SIMULAtION AND PrOBABILItY DIStrIBUtIONS

The.uniform.distribution.(see.Section.5.2).is.of.special.importance.in.simulation.because.many.
generators.produce.random.numbers.that.are.uniformly.distributed..The.uniform.distribution.was.
used. as. an. input. to. the. transformation. equation. of. Equation. 2.18.. Random. numbers. from. other.
distributions.are.often.transformed.from.numbers.generated.with.a.uniform.distribution..The.mid-
square.method.introduced.in.Chapter.1.produces.uniformly.distributed.random.numbers.from.0.to.
9999..Multiplying.such.numbers.by.0.0001.will.essentially.produce.numbers.over.the.range.from.
0.to.1..Also,.the.rand.function.was.introduced.in.Chapter.1.for.generating.random.numbers.in.the.
interval.[0,1].that.should.be.uniformly.distributed.

Because.the.midsquare.method.is.not.an.especially.reliable.generator,.generated.numbers.should.
be.tested.prior.to.their.use..Consider.the.28.random.numbers.given.in.column.4.of.Table.4.1..Figure.
5.8.shows.histograms.developed.from.these.random.numbers.using.different.cell.widths:.0.1,.0.2,.
and.0.25..The.histograms.suggest.that.the.28.generated.numbers.are.approximately.uniformly.dis-
tributed..It.should.be.noted.that.for.cases.with.cell.widths.that.have.small.numbers.of.events.per.cell,.
such.as.Figure..5.8(a),.the.graph.shows.greater.deviation.from.the.population..For.large.cell.widths.
(Figures.5.8(b).and.5.8(c)),.the.frequencies.are.greater,.and.the.sample.provides.a.better.representa-
tion.of.the.population..Considerable.sampling.variation.can.occur.for.small.sample.sizes.

.In.Section.1.3.4,.a.transformation.graph.was.shown.for.transforming.uniform.variates.on.the.
scale.of.0.to.360.to.a.uniform.variate.on.the.scale.from.0.to.1..The.graph.itself.was.a.continuous.
line,.with.both.axes.being.continuous.scales..This.is.the.character.of.a.transformation.graph.for.the.
transformation.of.one.continuous.variate.to.a.second.continuous.variate.

Normally.distributed.random.numbers.are.frequently.used.in.simulation.studies..Many.statis-
tical.methods.assume.an.underlying.normal.population..Therefore,.normally.distributed. random.
numbers.are.widely.used.in.statistically.based.simulations..Normally.distributed.random.numbers.
can.be.generated.by.transforming.uniformly.distributed.random.numbers..In.Chapter.7,.a.mathe-
matical.approach.to.making.the.transformation.is.provided..To.provide.a.conceptual..understanding.
of.the.transforming.of.one.continuous.variable.to.another,.this.approach.is.presented.using.the.tab-
ular.representation.of.the.normal.distribution.(Table.A.1.in.Appendix.A).

Assuming.that.a.random-number.generator.that.provides.uniformly.distributed.numbers.from.
0.to.1.is.available,.values.of.the.standard.normal.deviate.Z.can.be.obtained.in.Table.A.1.by.using.
the.uniform.variate.U.as.the.probability.and.reading.the.value.of.Z.that.corresponds.to.the.cumula-
tive.probability.of.U..Values.of.U.less.than.0.5.produce.negative.values.of.Z..Consider.a.U.value.of.
0.4814..Entering.Table.A.1.with.a.probability.of.0.4814.gives.a.Z.value.of.–0.0467,.assuming.that.
linear.interpolation.is.acceptable.

Example 5.13: Generation of Standard Normal Variates

The uniformly distributed numbers in column 4 of Table 4.1 were transformed to a set of 28 numbers that 
have a standard normal distribution (see column 6 of Table 4.1). A histogram of simulated values is shown in 
Figure 5.9. The values appear to closely match the standard normal distribution.

5.14 A SUMMArY OF DIStrIBUtIONS

Figure.5.10.shows.a.summary.of.selected.probability.distribution.that.are.commonly.used.to.
model. problems. with. continuous. random. variables.. The. probability. distributions. are. shown. for.
selected. location. and. shape.parameters. as.noted.on. the.figure. for. the.purpose.of. comparatively.
summarizing.them.



172	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

6

5

4

3

2

1

0

Fr
eq

ue
nc

y (
co

un
t)

Population
Sample

X
0 0.2 0.4 0.6 0.8 1.0 1.2

8

7

6

5

4

3

2

1

0

Fr
eq

ue
nc

y (
co

un
t)

Population
Sample

X
0 0.2 0.4 0.6 0.8 1.0 1.2

(a)

(b)

9

8

7

6

5

4

3

2

1

0

Fr
eq

ue
nc

y (
co

un
t)

X
0 0.25 0.5 0.75 1.0 1.25

Population
Sample

(c)

Figure 5.8 	Histograms	of	uniformly	generated	random	numbers	for	cell	widths	(a)	cell	width	=	0.10;	(b)	cell	
width	=	0.20;	and	(c)	cell	width	=	0.25.
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5.15 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for.the.problem.statements.of.the.four.simulation.
projects.introduced.in.Sections.1.7,.2.8,.3.8,.and.4.11.

5.15.1  Structural Beam Study

Using.the.project.information.provided.in.Sections.1.7.1,.2.8.1,.3.8.1,.and.4.11.1,.evaluate.the.fail-
ure.probability.of.the.beam.for.a.given.load.using.the.probabilistic.characteristics.in.Table.5.1.and.
100.simulation.cycles.(i.e.,.re-evaluate.Table.1.3.using.mixed.normal.and.non-normal.probability.
distributions.of.Table.5.1)..Next,.evaluate.the.failure.probability.of.the.beam.using.1000,.2000,.......,.
10,000.simulation.cycles..Plot.the.trend.diagrams..Plot.the.population.and.sample.distributions.for.
input.and.output.random.variables,.and.perform.parametric.analysis..Discuss.your.results.

5.15.2  Stream erosion Study

The.project. information.of.Sections.1.7.2,.2.8.2,.3.8.2,.and.4.11.2.provides.background.infor-
mation..Generate.100.uniform.variates.using.the.rand.function..Transform.the.values.to.standard.
normal.deviates.and.then.to.normally.distributed.values.that.have.the.same.mean.and.standard.devi-
ation.as.the.values.of.Y.in.Table.C.1.in.Appendix.C..Compute.the.mean.and.standard.deviation.of.the.
generated.values,.and.compare.your.results.with.the.table..Perform.trend.analysis.on.these.values.
by.increasing.the.number.of.simulation.cycles.from.10.to.100.in.increments.of.10,.and.from.100.to.
1000.in.increments.of.100..Develop.a.histogram.of.the.100.generated.values.of.Y,.and.compare.the.
generated.and.sample.values.of.Table.C.1.

5.15.3  traffic estimation Study

The.project. information.of.Sections.1.7.3,.2.8.3,.3.8.3,.and.4.11.3.provides.background.infor-
mation..Generate.100.uniform.variates.using.the.rand.function..Transform.the.values.to.standard.
normal.deviates. and. then. to.normally.distributed.values. that.have. the. same.mean.and. standard.
deviation.as.the.values.of.Y.in.Table.C.2.in.Appendix.C..Compute.the.mean.and.standard.deviation.
of.the.generated.values,.and.compare.your.results.with.the.table..Perform.trend.analysis.on.these.
values.by.increasing.the.number.of.simulation.cycles.from.10.to.100.in.increments.of.10,.and.from.
100.to.1000.in.increments.of.100..Develop.a.histogram.of.the.100.generated.values.of.Y,.and.com-
pare.the.generated.and.sample.values.of.Table.C.2.
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Figure 5.9 Comparison	of	random	sample	of	standard	normal	variate	and	N(0,1).
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5.15.4  Water evaporation Study

The.project. information.of.Sections.1.7.4,.2.8.4,.3.8.4,.and.4.11.4.provides.background. infor-
mation..Generate.100.uniform.variates.using.the.rand.function..Transform.the.values.to.standard.
normal.deviates. and. then. to.normally.distributed.values. that.have. the. same.mean.and. standard.
deviation.as.the.values.of.Y.in.Table.C.3.in.Appendix.C..Compute.the.mean.and.standard.deviation.
of.the.generated.values,.and.compare.your.results.with.the.table..Perform.trend.analysis.on.these.
values.by.increasing.the.number.of.simulation.cycles.from.10.to.100.in.increments.of.10,.and.from.
100.to.1000.in.increments.of.100..Develop.a.histogram.of.the.100.generated.values.of.Y,.and.com-
pare.the.generated.and.sample.values.of.Table.C.3.

5.16 PrOBLeMS

 5-1. Assume.that.daily.evaporation.rates.(E).have.a.uniform.distribution.with.a.=.0.and.b = 0.35.in./day..
Determine.the.following.probabilities:.(a).P(E >.0.1);.(b).P(E.<.0.22);.(c).P(E.=.0.2);.and.(d).P(0.05.<.
E.<.0.15).

 5-2. Assume.that.a.construction.activity.has.an.uncertain.duration.(D).for.competition..The.duration.was.
subjectively.evaluated.based.on.prior.experiences.with.similar.activities.as.an.interval.with.a.uni-
form.distribution.with.a.=.100.and.b.=.200.days..Determine.the.following.probabilities:.(a).P(D >.
100);.(b).P(D.<.150);.(c).P(D.=.180);.and.(d).P(120.<.D.<.200).

 5-3. Graphically.fit.a.uniform.distribution.to.the.following.test.grades.data:

Range 50–59 60–69 70–74 75–79 80–84 85–89 90–94 95–100

Number 4 9 7 11 13 7 6 3

 5-4. The.compressive.strength.of.concrete.specimen.follows.a.normal.distribution.with.a.mean.value.(μ).
of.2.8.ksi.and.COV.of.0.1..If.the.applied.stress.is.2.5.ksi,.find.the.probability.of.failure.

 5-5. The.annual.revenue.of.a.manufacturing.plant.follows.a.normal.distribution.with.a.mean.value.(μ).of.
100.million.dollars.and.COV.of.0.2..If.the.annual.cost.of.operation.is.160.million.dollars,.find.the.
annual.probability.of.making.profit.

 5-6. The.average.annual.precipitation.for.Washington,.DC,.is.43.in.,.with.a.standard.deviation.of.6.5.in..If.
the.amounts.can.be.assumed.to.have.a.normal.distribution,.find.the.probability.that.the.precipitation.
in.any.1.year.is.(a).greater.than.55.in.,.(b).less.than.35.in.,.(c).either.less.than.32.in..or.greater.than.51.
in.,.(d).between.38.and.48.in..Find.the.precipitations.that.have.(e).5%.chance.of.being.exceeded,.and.
(f).1%.chance.of.not.being.exceeded.

 5-7. The.annual.claims.made.by.clients.on.their.insurance.policies.have.an.average.of.10.million.dollars.
and.a.standard.deviation.of.2.million.dollars..If.the.amounts.can.be.assumed.to.have.a.normal.distri-
bution,.find.the.probability.that.the.annual.claims.in.1.year.is.(a).greater.than.12.million.dollars,.(b).
less.than.8.million.dollars,.and.(c).either.less.than.8.million.dollars.or.greater.than.12.million.dollars..
Find.the.annual.claims.that.have.(d).5%.chance.of.being.exceeded,.and.(e).1%.chance.of.not.being.
exceeded.

 5-8. A.concrete.delivery.truck.shuttles.between.a.concrete.mixing.plant.and.a.construction.site.for.the.
entire.10-h.working.day..The.one-way.trip.takes.on.the.average.1.h.with.a.standard.deviation.of.0.2.
h..Assuming.that.the.travel.time.can.be.modeled.by.a.normal.distribution,.what.is.the.probability.
of.completing.a.two-way.(complete).trip.within.1.5.h?.Assuming.that.the.time.needed.to.unload.the.

table 5.1  Probability Distribution for Beam 
Failure Analysis Case Study

random 
Variable Mean

Coefficient 
of Variation

Distribution 
type

C 	 	 10 0.05 normal

m 3000 0.30 Lognormal

I 1000 0.08 normal

fy 	 	 50 0.15 Lognormal
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truck.is.also.a.normal.variate.with.a.mean.of.0.5.h.and.standard.deviation.of.0.2.h,.what.are.the.mean.
and.standard.deviation.of.the.time.required.for.a.complete.two-way.trip.with.unloading?

  5-9. The.Reynolds.number.for.a.pipe.flow.was.found.to.follow.lognormal.distribution.with.a.mean.value.
and.standard.deviation.of.μRe

.=.2650.and.σRe
.=.700,.respectively..The.flow.can.be.classified.as.lam-

inar.flow.if.Re.<.2700.and.as.turbulent.flow.if.Re.>.4000..Find.the.probability.that.the.flow.is.in.a.
transitional.state.

 5-10. The.impact.factor.of.moving.trucks.on.bridges.can.be.modeled.by.a.lognormal.distribution.with.a.
mean.value.and.standard.deviation.of.µ.=.1.45.and.σ.=.0.2,.respectively..The.impact.load.would.cause.
damage.to.the.bridge,.if.it.exceeds.1.75..Find.the.probability.that.a.bridge.will.be.damaged.due.to.
impact.loading.

 5-11. The.median.home.price.in.a.town.is.$100,000.with.a.COV.of.0.2..Assuming.a.lognormal.probability.
distribution,.find.the.fraction.of.the.homes.with.a.price.greater.than.$125,000.

 5-12. A.pressure.vessel.has.a.relief.valve.that.would.release.the.pressure.at.500.psi..The.pressure.in.the.ves-
sel.has.a.mean.value.and.standard.deviation.of.µ =.300.and.σ.=.100,.respectively..What.is.the.fraction.
of.the.time.that.the.valve.will.activate.and.relief.the.pressure?.Assume.a.normal.distribution.

 5-13. The.median.speed.of.vehicles.on.a.highway.segment.during.rush.hour.is.40.mph.with.a.COV.of.0.2..
Assuming.a.lognormal.probability.distribution,.find.the.fraction.of.the.time.the.speed.will.fall.below.
10.mph?.What.about.greater.than.50.mph?

 5-14. The.random.variable.Y =.ln(X).has.a.normal.distribution.with.a.mean.of.5.and.a.standard.deviation.of.
1..Determine.the.mean,.variance,.standard.deviation,.mode,.median,.and.skewness.coefficient.of X.

 5-15. Over.the.past.15.years,.the.number.of.hurricanes.per.year.to.cause.damage.in.a.certain.city.is.4,.2,.
1,.3,.0,.2,.1,.3,.5,.2,.3,.1,.1,.2,.and.0..What.is.the.probability.that.the.time.between.consecutive.hur-
ricanes.exceeds.1.year?.What.is.the.return.period.of.hurricanes.for.this.city?

 5-16. Accident.records.on.a.highway.segment.are.reported.in.the.form.of.times.between.accidents..The.fol.-
lowing.record.was.established.in.days:.2,.3,.1,.3,.2,.5,.1,.2,.3,.4,.3,.1,.1,.2,.and.2..Assume.an.exponen-
tial.distribution..Compute.the.average.time.between.accidents?.What.is.the.probability.that.the.time.
between.consecutive.accidents.would.exceed.2.days?.What.is.the.probability.that.the.time.between.
consecutive.accidents.would.exceed.5.days?

 5-17. A.random.variable.X.with.a.mean.of.2.5.follows.an.exponential.distribution..Find.the.following.prob-
abilities:.(a).P(X >.2.5),.(b).P(X <.1),.and.(c).P(0.5.<.X.<.1.5)..Find.the.values.of.x0.if.(d).P(X.<.x0).=.
0.1,.and.(e).P(X.>.x0).=.0.05.

 5-18. The.arrival.of.warranty.claims.at.an.automobile.dealership.follow.a.Poisson.process.with.a.rate.of.
2.per.day..Find.the.following.probabilities.where.X.=.time.between.consecutive.claims:.(a).P(X >.2.
days),.(b).P(X <.1.day),.and.(c).P(0.5.<.X.<.1.5.days)..Find.the.values.of.x0.if.(d).P(X.<.x0).=.0.1,.and.
(e).P(X.>.x0).=.0.05.

 5-19. Assume.that.the.time.required.to.pour.a.concrete.floor.for.a.structure.(D).has.a.triangular.distribution.
between.10.and.15.days.with.a.mode.of.13.days..Determine.the.following.probabilities:.(a).P(D >.11),.
(b).P(D.<.13),.(c).P(D.=.12),.and.(d).P(10.<.D.<.15).

 5-20. A.construction.activity.has.an.uncertain.duration.(D).for.competition..The.duration.was.subjectively.
evaluated.based.on.prior.experiences.with.similar.activities.using.a.pessimistic.estimate,.best.esti-
mate,.and.optimistic.estimate.of.90,.120,.150.days..Determine.the.following.probabilities:.(a).P(D >.
100),.(b).P(D.<.140),.(c).P(D.=.125),.and.(d).P(100.<.D.<.130).

 5-21. The.10-year.extreme.wave.height.(W).at.a.site.of.interest.for.oil.drilling.and.extraction.can.be.assumed.
to.follow.a.Rayleigh.distribution.with.a.mean.of.10.ft..Determine.the.following.probabilities:.(a).P(W >.
10),.(b).P(W.<.10),.(c).P(W.=.10),.and.(d).P(5.<.W.< 15).

 5-22. The.10-year.extreme.wind.speed.(W).at.a.site.of.interest.for.oil.drilling.and.extraction.can.be.assumed.
to.follow.a.Rayleigh.distribution.with.a.mean.of.100.mph..Determine.the.following.probabilities:.(a).
P(W >.100),.(b).P(W.<.100),.(c).P(W.=.100),.and.(d).P(50 <.W.<.130).

 5-23. The.10-year.extreme.wave.height.(W).at.a.site.of.interest.for.an.offshore.platform.can.be.assumed.to.
follow.an.extreme.value,.largest.type.I,.distribution.with.a.mean.of.10.ft.and.a.standard.deviation.of.
3.ft..Determine.the.following.probabilities:.(a).P(W >.10),.(b).P(W.<.10),.(c).P(W.=.10),.and.(d).P(5.<.
W.<.15).

 5-24. The.50-year.largest.wind.speed.(S).at.a.site.of.interest.for.a.high.rise.building.can.be.assumed.to.fol-
low.an.extreme.value,.largest.type.II,.distribution.with.a.mean.of.100.mph.and.a.standard.deviation.
of.20.mph..Determine.the.following.probabilities:.(a).P(S >.120),.(b).P(S.<.100),.(c).P(S.=.110),.and.
(d).P(100.<.S.<.120).

 5-25. The. 10-year. largest. rainstorm. produces. rainfall. (R). in. inches. at. a. site. of. interest. that. follow. an.
extreme.value,.largest.type.I,.distribution.with.a.mean.of.20.in..and.a.standard.deviation.of.8.in..The.
drainage.system.at.the.site.can.handle.25.in..rainfall.beyond.which.flooding.would.occur..Determine.
the.probability.that.the.drainage.system.will.not.meet.demand.according.for.such.events..Assume.
that.such.storms.have.a.return.period.of.10.years,.what.is.the.probability.of.having.one.10-year.storm.
in.a.year.that.exceeds.the.capacity.of.the.drainage.system.
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 5-26. The.annual.maximum.number.of.transactions.occurring.at.a.server.cluster.of.an.online.store.in.an.
hour.(X).follows.an.extreme.value,.largest.type.I,.distribution.with.a.mean.of.500,000.and.a.stan-
dard.deviation.of.100,000.transactions..The.server.cluster.can.handle.750,000.transactions.beyond.
which.transactions.are.deferred.by.asking.users.to.return.at.a.later.time.and.potentially.losing.them.
as.customers..Determine.the.probability.that.the.cluster.will.not.meet.demand.at.such.peak.times.

 5-27. Find.the.following.probabilities.for. the. t.statistic:. (a).P(t.>.2.45∙k.=.6),. (b).P(t.<.2.72∙k = 11),.and.
(c) P(t <.–1.75∙k =.16).

 5-28. Find.the.following.probabilities.for. the. t.statistic:.(a).P(t.>.2.45∙k.=.8),.(b).P(t.<.2.72∙k = 15),.and.
(c) P(t <.–1.75∙k =.18).

 5-29. Find. the. values. of. tα. for. a. random. variable. that. has. the. t. distribution. such. that:. (a). P(t. <. tα∙k. =.
15) = 0.05,.(b).P(t.>.tα∙k.=.8).=.0.025,.and.(c).P(t.>.tα∙k.=.24).=.0.90.

 5-30. Find. the. following. probabilities. for. the. chi-square. (C). statistic:. (a). P(C >. 5.024∙k  =  1),.
(b) P(C < 0.831∙k.=.5),.(c).P(C.>.2.555∙k =.10),.and.(d).P[(C.<.6.251.or.C >.10.864)∙k = 18].

 5-31. Find. the. following. probabilities. for. the. chi-square. (C). statistic:. (a). P(C >. 5.024∙k. =. 2),. (b)  P(C. <.
0.831∙k = 7),.(c).P(C.>.2.555∙k =.12),.and.(d).P[(C.<.6.251.or.C >.10.864)∙k.= 15].

 5-32. Find.the.values.of.cα.for.each.of.the.following:.(a).P(C >.cα∙k.=.4).=.0.020,.and.(b).P(C <.cα∙k.=.7).=.
0.01.

 5-33. Find.the.values.of.the.F.statistic.( fα).for.each.of.the.following:.(a).P[F >.fα∙(k.=.8,.u = 5)] =.0.05,.
(b) P[F >.fα∙(k =.15,.u =.10)].=.0.01.

 5-34. Find.the.values.of. the.F.statistic.( fα).for.each.of. the.following:.(a).P[F>fα∙(k.=.10,.u = 6)].=.0.05,.
(b) P[F >.fα∙(k =.14,.u =.8)].=.0.01.

 5-35. The.extreme.wave.height.used.in.the.design.of.an.offshore.facility.for.a.design.life.of.30.years.is.a.
random.variable.with.a.mean.of.25.ft.and.standard.deviation.of.5.ft..Determine.the.probability.that.
the.extreme.wave.height.will.exceed.30.ft.in.30.years..Assume.that.the.extreme.wave.height.follows.
the.largest.extreme.value.distribution.of.type.I.

 5-36. Rework.Problem.5.35.assuming.that.the.extreme.wave.height.follows.the.largest.extreme.value.dis-
tribution.of.type.II.

 5-37. Rework.Problem.5.35.assuming.that.the.extreme.wave.height.follows.the.smallest.extreme.value.dis-
tribution.of.type.III.

 5-38. Use.the.rand.function.to.generate.30.uniform.random.numbers..Transform.the.30.generated.values.
to.standard.normal.variates.(z)..Compute.the.mean.and.standard.deviation.of.the.z.values..Compare.
them.with.the.population.values.of.zero.and.one,.respectively,.and.discuss.the.differences.

 5-39. Use.the.rand.function.to.generate.30.uniform.random.numbers..Transform.the.30.generated.values.to.
lognormal.variates.(x).with.a.mean.of.30.and.a.standard.deviation.of.5..Compute.the.mean.value.and.
standard.deviation.of.the.generated.values..Compare.them.with.the.population.values,.and.discuss.
the.differences.

 5-40. Use.the.rand.function.to.generate.30.uniform.random.numbers..Transform.the.30.generated.values.
to. exponential. variates. (x).with. a.mean.of.30..Compute. the.mean.value.of. the.generated.values..
Compare.them.with.the.population.values,.and.discuss.the.differences.
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ChAPter 6

Multiple random Variables

In.this.chapter,.we.introduce.and.illustrate.joint.random.variables,.examine.dependencies,.and.
introduce.functions.of.random.variables..We.will.use.practical.examples.from.engineering.and.the.
sciences.to.introduce.the.concepts.and.their.applications.
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6.1 INtrODUCtION

The.discussion.in.Chapter.3.is.limited.to.single.random.variables..However,.in.engineering.and.
science,.it.is.common.to.deal.with.two.or.more.random.variables.simultaneously.in.solving.prob-
lems..In.general,.multiple.random.variables.are.encountered.in.these.problems.in.the.following.two.
forms:

. 1.. Joint.occurrences.of.multiple.random.variables.that.can.be.correlated.or.uncorrelated

. 2.. Random.variables.that.are.known.in.terms.of.their.functional.relationship.with.other.basic.random.
variables

The.objective.of.this.chapter.is.to.provide.analytical.tools.to.deal.with.these.two.forms.of.multiple.
random.variables.

6.2 JOINt rANDOM VArIABLeS AND theIr PrOBABILItY 
DIStrIBUtIONS

In.some.engineering.applications,. the.outcomes.(say,.E1,.E2,.......,.En ). that.constitute.a.sample.
space.S.are.mapped.to.an.n-dimensional.(n-D).space.of.real.numbers..The.functions.that.establish.
such.a.transformation.to.the.n-D.space.are.called.multiple random variables.(or.random vectors)..
This.mapping.can.be.one-to-one.or.one-to-many.

Multiple.random.variables.are.commonly.classified.into.two.types:.discrete.and.continuous.ran-
dom.vectors..A.discrete.random.vector.may.only.take.on.distinct,.usually.integer,.values,.whereas.
a.continuous.random.vector.takes.on.values.within.a.continuum.of.values..A.distinction.is.made.
between.these.two.types.of.random.vectors.because.the.computations.of.probabilities.depend.on.
their.type.

6.2.1 Probability for Discrete random Vectors

The.probability.of.a.discrete.multiple.random.variable.or.random.vector.X.=.(X1,.X2,.......,.Xn ).is.
given.by.a.joint probability mass function..A.joint.mass.function.specifies.the.probability.that.the.
discrete.random.variable.X1.is.equal.to.some.value.x1,.X2.is.equal.to.some.value.x2,.......,.Xn.is.equal.
to.some.value.xn.and.is.denoted.by

. P P X x X x X xn nX x( ) ( , , , )= = = =1 1 2 2 … . (6.1)

where. X. is. a. random. vector. that. includes. the. random. variables. (X1,. X2,.......,. Xn),. and. x. is. some.
.specified.values.for.the.random.vectors.(x1,.x2,.......,.xn)..The.probability.mass.function.must.satisfy.
the.axioms.of.probability..Therefore,.the.probability.of.an.event.(X1.=.x1,.X2.=.x2,.......,.Xn.=.xn).must.
be.less.than.or.equal.to.one,.and.it.must.be.greater.than.or.equal.to.zero;.that.is,

. 0 11 1 2 2≤ = = = ≤P X x X x X xn n( , , , )… . (6.2)

This.property.is.valid.for.all.possible.values.of.all.of.the.random.variables..In.addition,.the.sum.of.
all.possible.probabilities.must.equal.one.
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It.is.often.useful.to.present.the.likelihood.of.an.outcome.using.the.cumulative distribution func-
tion (CDF),.which.is.given.by

. F P X x X x X x P x x x xn n n
X x X

X Xx( ) ( , , , ) ( , , , , )
( ,

= ≤ ≤ ≤ =
≤

1 1 2 2 1 2 3

1 1 2

… …
all ≤≤ ≤

∑
x X xn n2 , , )…

. (6.3)

The.cumulative.mass.function.is.used.to.indicate.the.probability.that.the.random.variable.X1.is.less.
than.or.equal.to.x1,.X2.is.less.than.or.equal.to.x2,.......,.and.Xn.is.less.than.or.equal.to.xn..The.cumulative.
distribution.function.(CDF).must.satisfy.the.following.properties:

. 1.. FX(all x.→.–∞).=.0.that.requires.the.CDF.to.start.at.zero.where.all.the.random.variables.take.their.
lowest.limiting.values.

. 2.. FX(x1,.x2,.......,.xi.→.–∞,.......,.xn).=.0,.for.any.i.=.1,.2,.......,.n.that.requires.the.CDF.to.start.at.zero.where.
any.of.the.random.variables.takes.its.lowest.limiting.value.

. 3.. FX(x1,.x2,.......,.xi.→.–∞,.......,.xk.→.–∞,.......,.xn).=.0,.for.any.values.of.xi.,.......,.xk.that.requires.the.CDF.to.
start.at.zero.where.a.set.of.the.random.variables.take.their.lowest.limiting.values.

. 4.. FX(x1,.x2,.......,.xi.→.+∞,.......,.xn).=.FXj(xj:.j.=.1,.2,.......,.n.and.j.≠.i),.called.the.marginal distribution of.all.
the.random.variables.except.Xi.

. 5.. FX(x1,.x2,.......,.xi.→.+∞,.......,.xk.→.+∞,.......,.xn).=.FXj(xj:.j.=.1,.2,.......,.n.and.j.≠.i.to.k),.called.the.marginal 
distribution of.all.the.random.variables.except.Xi.to.Xk.

. 6.. FX(all x.→.+∞).=.1.

. 7.. FX(x).is.a.nonnegative.and.nondecreasing.function.of.x.

The.first,.second,.and.third.properties.define.the.limiting.behavior.of.FX(x);.as.one.or.more.of.the.
random.variables.approach.–∞,.FX(x).approaches.zero..The.fourth.and.fifth.properties.define.the.
possible.marginal.distributions.as.one.or.more.of.the.random.variables.approaches.+∞..The.sixth.
property.is.based.on.the.probability.axiom.that.states.the.probability.of.the.sample.space.being.one..
The.seventh.property.is.based.on.the.cumulative.nature.of.FX(x).

The.presentation.of.the.materials.in.the.remaining.part.of.this.section.is.limited.to.two.random.
variables..The.presented.concepts.can.be.generalized.to.n.random.variables..Based.on.the.definition.
of.conditional.probabilities,.the.conditional.probability.mass.function.PX1∙X2

(x1∙x2).for.two.random.
variables.X1.and.X2.is.given.by

. P x x
P x x

P xX X

X X

X
1 2

1 2

2

1 2
1 2

2

( )
( , )

( )
= . (6.4)

where.PX1∙X2
(x1∙x2).results.in.the.probability.of.X1 = x1.given.that.X2 = x2;.PX1X2

(x1,x2).is.the.joint.mass.
function.of.X1.and.X2;.and.PX2

(x2).is.the.marginal.mass.function.for.X2.that.is.not.equal.to.zero..In.
this.case,.the.marginal.distribution.is.given.by

. P x P x xX X
x

2 2

1

2 1 2( ) ( , )= ∑ X
all 

1
. (6.5)

Similarly,.the.conditional.probability.mass.function.PX2∙X1
(x2∙x1),.for.two.random.variables.X1.and.

X2,.is.given.by

. P x x
P x x

P xX X

X X

X
2 1

1 2

1

2 1
1 2

1

( )
( , )

( )
= . (6.6)
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where.the.marginal.mass.function.PX1
(x1).is

. P x P x xX X X
x

1 2

2

1 1 2( ) ( , )= ∑ 1
all 

. (6.7)

The.definitions.provided.by.Equations.6.4.through.6.7.can.be.generalized.for.the.n-D.case..Based.on.
the.definition.of.conditional.probabilities,.it.can.be.stated.that,.if.X1.and.X2.are.statistically.uncor-
related.random.variables,.then

. P x x P xX X X1 2 11 2 1( ) ( )= . (6.8a)

and

. P x x P xX X X2 1 22 1 2( ) ( )= . (6.8b)

Therefore,. using. Equations. 6.4. or. 6.6,. the. following. important. relationship. can. be. obtained. for.
.statistically.uncorrelated.random.variables:

. P x x P x P xX X X X1 2 1 21 2 1 2( , ) ( ) ( )= . (6.9)

Example 6.1: Reliability Engineering

A reliability engineer evaluates each unit of a device produced at the end of a manufacturing line in a 
factory for mechanical and electrical defects. The evaluation is based on an accelerated test for a simulated 
life of the manufactured product. Based on a sample of 100 units, the following number of defects were 
determined:

 X = Number of
 mechanical defects

 

0 1 2 3 4
0 70 4 2 1 0

1 4 2 3 1 1

2 2 1 1 1 2

3 2 1 0 0 0

4 1 1 0 0 0  

(6.10a)

In this table, two random variables are defined: X is the number of mechanical defects, and Y the number of 
electrical defects. The table entries can be used to obtain likelihood measures of the occurrences of combina
tions of defects by dividing the entries by the total number of units (i.e., 100 units). The result can be considered 
to be the joint mass function of X and Y, PXY(x,y):

X = Number of 
mechanical defects

 

0 1 2 3 4
0 0.70 0.04 0.02 0.01 0

1 0.04 0.02 0.03 0.01 0.01

2 0.02 0.01 0.01 0.01 0.02

3 0.02 0.01 0 0 0

4 0.01 0.01 0 0 0  

(6.10b)

Y = Number of  
electrical defects 

Y = Number of 
electrical defects 
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The marginal mass distributions for X and Y, PX(x), and PY(y), can be determined by performing summations 
over all Y and X values, respectively, of PXY(x,y). The resulting marginal distributions can be computed by 
 summing the columns for X

 
x

P xX

0 1 2 3 4
0 79 0 09 0 06 0 03 0 03( ) . . . . .  (6.10c)

and summing the rows for the margin of Y

 
y

P yY

0 1 2 3 4
0 77 0 11 0 07 0 03 0 02( ) . . . . .  (6.10d)

The marginal distribution of a random variable provides a description of its probabilistic characteristics while 
the other random variable remains random. These two distributions are plotted as follows:

Marginal PMF of X1

0
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2(x

2)
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0
0.05

0.1
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0.4
0.45

0.5

For example, PX(x) provides the probability mass function for mechanical defects without regard to the occur
rences of the electrical defects (i.e., with random occurrence of electrical defects).

The probability distribution of x mechanical defects given that there are y electrical defects, PX|Y(x |y), is 
given by

For y = 0

 
x y

P x yX Y

0 0 1 0 2 0 3 0 4 0
70 77 4 77 2 77 1 77 0 77( ) / / / / /

or 0.909 0.052 0.026 0..013 0.000

 (6.10e)

For y = 1

 

x y
P x yX Y

0 1 1 1 2 1 3 1 4 1
4 11 2 11 3 11 1 11 1 11( ) / / / / /

or 0.364 0.182 0.273 0.0091 0.091
 (6.10f)

For y = 2

 

x y
P x yX Y

0 2 1 2 2 2 3 2 4 2
2 7 1 7 1 7 1 7 2 7( ) / / / / /

or 0.285 0.143 0.143 0.143 0.2286
 (6.10g)

For y = 3

 

x y
P x yX Y

0 3 1 3 2 3 3 3 4 3
2 3 1 3 0 3 0 3 0 3( ) / / / / /

or 0.667 0.333 0.000 0.000 0.0000
 (6.10h)
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For y = 4

 

x y
P x yX Y

0 4 1 4 2 4 3 4 4 4
1 2 1 2 0 2 0 2 0 2( ) / / / / /

or 0.5 0.5 0.000 0.000 0.000
 (6.10i)

The conditional distributions enable the reliability engineer to investigate the probabilistic characteristics of 
a random variable as the other random variable is maintained constant at some specified value. For example, 
PX|Y = 4(x |y = 4) provides the probability mass function for mechanical defects for the case that we have four 
electrical defects. Because PXY(x,y) is not equal to the product PX(x) PY(y), the random variables X and Y are 
statistically correlated.

6.2.2 Probability for Continuous random Vectors

A.joint probability density function (PDF).is.used.to.define.the.likelihood.of.occurrence.for.a.
continuous.random.vector..Specifically,.the.probability.that.the.random.vector.X.=.(X1, X2, . . . , Xn).

is.within.the.interval.from.xu u u
n
ux x x= ( , , , )

1 2 … .to.xl l l l
n
lx x x x= ( , , , , )1 2 3 … .is

.
P f x x x xl u

x

x

x

x

x

x

nl

u

l

u

n
l

n
u

( ) ( )x X x X≤ ≤ = ∫ ∫ ∫
1

1

2

2

1 2� …d d d
. (6.11)

in.which.fX(x).is.the.joint.density.function..It.is.important.to.note.that.the.multiple.integral.of.the.
joint.PDF.from.–∞ to.+∞ equals.1;.that.is,

. P f x x xn( ) ( )−∞ < < +∞ = =
−∞

+∞

−∞

+∞

−∞

+∞

∫ ∫∫X xX� …d d d1 2 1 . (6.12)

The.CDF.of.a.continuous.random.variable.is.defined.by

. F P X f x x x
xx

n

xn

X Xx x x( ) ( ) ( )= ≤ =
−∞−∞ −∞∫∫ ∫� …21

1 2d d d . (6.13)

The.CDF.must.satisfy.the.following.properties:

. 1.. FX(all x.=.–∞).=.0.

. 2.. FX(x1,.x2,.......,.xi.→.–∞,.......,.xn).=.0,.for.any.i.=.1,.2,.......,.n.

. 3.. FX(x1,.x2,.......,.xi.→.–∞,.......,.xk.→.–∞,.......,.xn).=.0,.for.any.values.of.xi,.......,.xk.

. 4.. FX(x1,.x2,.......,.xi.→.+∞,.......,.xn).=.FXj
(xj,.j.=.1,.2,.......,.n.and.j.≠.i),.called.the.marginal distribution of.all.

the.random.variables.except.Xi.
. 5.. FX(x1,.x2,.......,.xi.→.+∞,.......,.xk.→.+∞,.......,.xn).=.FXj

(xj,.j.=.1,.2,.......,.n.and.j.≠.i.to.k),.called.the.marginal 
distribution of.all.the.random.variables.except.Xi.to.Xk.

. 6.. FX(all x.→.+∞).=.1.

. 7.. FX(x).is.a.nonnegative.and.nondecreasing.function.of.x.

These.properties.are. similar. to. the.properties.of.FX(x). for. the.discrete. random.variables.as.was.
discussed.in.Section.6.2.1..The.joint.density.function.can.be.obtained.from.a.given.joint.CDF.by.
evaluating.the.partial.derivative.as.follows:

. f
Fn

X
Xx
x

X
( )

( )
=
∂

∂
. (6.14a)
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that.is,

. f x x x
F x x x

X X XX X X n

n
X X X n

n

n

1 2

1 2

1 2
1 2

1 2
⋅⋅⋅

⋅⋅⋅
=
∂

∂ ∂ ⋅⋅⋅∂
( , , , )

( , , , )
…

…

nn
. (6.14b)

The.presentation.of.the.materials.in.the.remaining.part.of.this.section.is.limited.to.two.random.
variables..The.presented.concepts.can.be.generalized.to.n.random.variables..Based.on.the.definition.
of.conditional.probabilities,.the.conditional.probability.density.function.fX1∙X2

(x1∙x2).for.two.random.
variables.X1.and.X2.is.given.by

. f x x
f x x

f xX X

X X

X
1 2

1 2

2

1 2
1 2

2

( )
( , )

( )
= . (6.15)

where.fX1X2
(x1,x2).is.the.joint.density.function.of.X1.and.X2,.and.fX2

(x2).is.the.marginal.density.func-
tion.for.X2.that.is.not.equal.to.zero..In.this.case,.the.marginal.distribution.is.given.by

. f x f x x xX X X2 1 22 1 2 1( ) ( , )=
−∞

+∞

∫ d . (6.16)

Similarly,.the.conditional.probability.density.function.fX2∙X1
(x2∙x1).for.two.random.variables.X1.and.

X2.is.given.by

.

f x x
f x x

f xX X

X X

X
2 1

1 2

1

2 1
1 2

1

( )
( , )

( )
=

.

(6.17)

where.the.marginal.density.function.fX1
(x1).is

.
f x f x x xX X X1 1 21 1 2 2( ) ( , )=

−∞

+∞

∫ d
.

(6.18)

The.definitions.as.given.by.Equations.6.15.through.6.18.can.be.generalized.for.the.n-D.case,.but.
they.are.not.discussed.herein..Based.on.the.definition.of.conditional.probabilities,.it.can.be.stated.
that.if.X1.and.X2.are.statistically.uncorrelated.random.variables,.then

. f x x f xX X X1 2 11 2 1( ) ( )= . (6.19)

and

. f x x f xX X X2 1 22 1 2( ) ( )= . (6.20)

Therefore,.using.Equations.6.15.or.6.17,.the.following.important.relationship.can.be.obtained.for.
uncorrelated.random.variables:

. f x x f x f xX X X X1 2 1 21 2 1 2( , ) ( ) ( )= . (6.21)
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Example 6.2: Times to Failure for a Control System

An automated control system consists of two components with random times to failure X and Y. Previous 
experience with these components indicates that their times to failure are exponentially distributed and that the 
x time to failure is three times larger than the y time to failure. The following joint density function was suggested 
in this case:

 f x y
c x y x y

XY ( , )
exp[ ( )]

=
− + ≥ ≥⎧

⎨
⎩

3 0 0
0

 and 
otherwise

 (6.22)

where c is a constant. The magnitude of c can be determined based on the following condition:

      The volume under d df x y f x y x yXY XY( , ) ( , )= =
∞∞

∫∫ 1
00

 (6.23a)

               = − +
∞∞

∫∫ c x y x yexp[ ( )]3
00

d d  (6.23b)

              
= − −

∞∞

∫∫ c x y x yexp( )exp( )3
00

d d
 

(6.23c)

               = − − −
=

=∞∞

∫ ([ exp( )( )] )c y x yx
x3 00

d  
(6.23d)

               =
− −

= =
=

=∞c y c

y

yexp( )3
3 3

1
0

 (6.23e)

Therefore, c = 3.
The marginal distributions of X and Y are

 f x c x y y xX ( ) exp[ ( )] exp( )= − + = −
∞

∫ 3
0

d  (6.24)

    
f y c x y x yY ( ) exp[ ( )] exp( )= − + = −

∞

∫ 3 3 3
0

d
 (6.25)

The marginal distribution of a random variable provides a description of its probabilistic characteristics while 
the other random variable remains random. For example, fX(x) provides the probability density function for X 
without regard to the occurrence of Y (i.e., random occurrence of Y ). Because fXY(x,y) = fX(x) fY(y), the random 
variables X and Y are statistically uncorrelated.

The probability that X as a random variable is larger than Y as a random variable is

            
P X Y f x y y xXY( ) ( , )> =

∞∞

∫∫ 00
d d

 (6.26a)

    = − − − +
∞

∫ exp( )[ exp( ) ]x x x3 1
0

d   (6.26b)

   =
−

− −
⎛
⎝⎜

⎞
⎠⎟

=
∞

exp( )
exp( )

4
4

3
40

x
x   (6.26c)

This result is expected because the problem states that the X time to failure is three times larger than the Y time 
to failure.
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6.2.3 Conditional Moments, Covariance, and Correlation Coefficient

In.general,.moments.can.be.computed.using.the.concept.of.mathematical.expectation..For.a.contin-
uous.random.vector.X,.the.kth.moment.about.the.origin.is.given.by

. ʹ =
−∞

+∞

−∞

+∞

−∞

+∞

∫∫ ∫M x x x f x x x x xk
k k

n
k

X X X nn
� … … ……1 2 1 2 1 21 2

( , , , ) d d dxxn . (6.27)

in.which.{X1,.X2,.......,.Xn}.is.the.random.vector.and.fX1X2.......Xn
.(x1,.x2,.......,.xn).is.its.joint.density.function..

The.corresponding.equation.for.a.discrete.random.vector.X.is

. ʹ = ∑M x x x P x x xk
k k

n
k

x
X X X nn1 2 1 21 2

… ……
all 

( , , , ) . (6.28)

in.which.PX1X2.......Xn
(x1, x2, . . . , xn).is.the.joint.probability.mass.function.

The. above. moments. are. commonly. considered. special. cases. of. mathematical. expectation..
The.mathematical.expectation.of.an.arbitrary.function.g(X),.a.function.of.the.random.vector.X,.is.
given by

. E g g f x x x x x xX X X n nn
[ ( )] ( ) ( , , , )X x=

−∞

+∞

−∞

+∞

−∞

+∞

∫∫ ∫� … ……1 2 1 2 1 2d d d . (6.29)

The.corresponding.equation.for.a.discrete.random.vector.X.is

. E g g P x x xX X X
x

nn
[ ( )] ( ) ( , , , )X x= ∑ 1 2 1 2… …

all 
. (6.30)

For.the.two-dimensional.case,.X1.and.X2,.the.conditional.mean.value.for.X1.given.that.X2.takes.a.value.
x2,.denoted.μX1|x2

,.is.defined.in.terms.of.the.conditional.mass.and.density.functions.for.the.discrete.
and.continuous.random.variables,.respectively..The.conditional.mean.for.the.continuous.case.is

. mX x X XE X x x f x x x
1 2 1 21 2 1 1 2 1= =

−∞

+∞

∫( ) ( ) d . (6.31)

where.fX1|X2
(x1|x2).is.the.conditional.density.function.of.X1.at.a.given.(or.specified).value.of.X2.(see.

Equation.6.15)..In.this.case,.the.conditional.mean.is.the.average.value.of.the.random.variable.X1.
given.that.the.random.variable.X2.takes.the.value.x2..For.a.discrete.random.variable,.the.conditional.
mean.is.given.by

. mX x
x

X XE X x x P x x
1 2

1

1 21 2 1 1 2= = ∑( ) ( )
all 

. (6.32)

where.PX1∙X2
(x1∙x2).is.the.conditional.mass.function.of.X1.at.a.given.(or.specified).value.of.X2.(see.

Equation.6.4).
For.statistically.uncorrelated.random.variables.X1.and.X2,. the.conditional.mean.of.a. random.

variable.is.the.same.as.its.mean;.that.is,

. mX x E X x E X
1 2 1 2 1= =( ) ( ). (6.33)
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and

. mX x E X x E X
2 1 2 1 2= =( ) ( ) . (6.34)

Also,.it.can.be.shown.that.the.expected.value.with.respect.to.X2.of.the.conditional.mean.µX1|X2
.is.the.

mean.of.X1;.that.is,

. E E XX X X2 1 2 1( ) ( )m = . (6.35)

where.EX2
.is.the.expected.value.with.respect.to.X2;.that.is,.the.variable.of.integration.(or.summation).

for.computing.the.expected.value.is.x2..In.Equation.6.35,.the.quantity.µX1|X2
.is.treated.as.a.random.

variable,.because.conditioning.is.performed.on.the.random.variable.X2.(not.a.specified.value.x2).
As.previously.discussed,.the.variance.is.the.second.moment.about.the.mean..For.two.random.

variables.X1.and.X2,.the.conditional.variance.s X x1 2

2 .[or.Var(X1|x2)].is.computed.as.follows:

. Var d( ) ( ) ( )X x x f x x xX X X X1 2 1
2

1 2 11 2 1 2
= −

−∞

+∞

∫ m . (6.36)

For.a.discrete.variable,.the.conditional.variance.is.computed.by

. Var
all 

( ) ( ) ( )X x x P x x
x

X x X X1 2 1
2

1 2

1

1 2 1 2
= −∑ m . (6.37)

The.variance.of. the.random.variable.X1.can.also.be.computed.using. the.conditional.variance.as.
follows:

. Var Var Var( ) [ ( )] [ ( )]X E X X E X XX X1 1 2 1 22 2
= + . (6.38)

where.EX2
.is.the.expected.value.with.respect.to.X2,.and.VarX2

.is.the.variance.with.respect.to.X2;.that.
is,.the.variable.of.integration.(or.summation).for.computing.the.variance.is.x2..In.Equation.6.38,.the.
quantity.Var(X1|X2).is.treated.as.a.random.variable,.because.the.conditioning.is.performed.on.the.
random.variable.X2.(not.a.value.x2).

The.covariance.(Cov)..of.two.random.variables.X1.and.X2.is.defined.in.terms.of.mathematical.
expectation.as

. Cov( , ) [( )( )]X X E X XX X1 2 1 21 2
= − −m m . (6.39)

It. is. common. to. use. the. notation. σX1X2
,.σ12,. or. Cov(X1,X2). for. the. covariance. of. X1. and. X2.. The.

.covariance. for. two. random. variables. can. also. be. determined. using. the. following. equation. that.
results.from.Equation.6.39:

. Cov( , ) ( )X X E X X X X1 2 1 2 1 2
= − m m . (6.40)

where.the.expected.value.of.the.product.(X1X2).is.given.by

. E X X x x f x x x xx x( ) ( , )1 2 1 2 1 2 1 21 2−∞

+∞

−∞

+∞

∫∫ d d . (6.41)

Equation.6.40.can.be.derived.from.Equation.6.39.based.on.the.definition.of.mathematical.expecta-
tion.and.by.separating.terms.of.integration..If.X1.and.X2.are.statistically.uncorrelated,.then

. Cov( , )X X1 2 0= . (6.42a)
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and

. E X X X X( )1 2 1 2
= m m . (6.42b)

The.correlation.coefficient.is.defined.as.a.normalized.covariance.with.respect.to.the.standard.devia-
tions.of.X1.and.X2.and.is.given.by

. r
s sX X

X X

X X
1 2

1 2

1 2=
Cov( , )

. (6.43)

The.correlation.coefficient.ranges.inclusively.between.–1.and.+1;.that.is,

. − ≤ ≤ +1 1
1 2

rX X . (6.44)

If.the.correlation.coefficient.is.zero,.then.the.two.random.variables.are.said.to.be.uncorrelated..From.
the.definition.of.correlation,.for.ρX1X2

.to.be.zero,.the.Cov(X1,X2).must.be.zero;.therefore,.X1.and.X2.
are.statistically.uncorrelated..However,.the.converse.of.this.finding.does.not.hold..The.correlation.
coefficient.can.also.be.viewed.as.a.measure.of.the.degree.of.linear.association.between.X1.and.X2..
The.sign.(–.or.+).indicates.the.slope.for.the.linear.association..It.is.important.to.note.that.the.correla-
tion.coefficient.does.not.give.any.indications.about.the.presence.of.a.nonlinear.relationship.between.
X1.and.X2.(or.the.lack.of.it).

Example 6.3: Covariance and Correlation

The sample space for two random variables, X and Y, is defined by the region between the two curves shown in 
Figure 6.1a. Assume that any pair (x,y) in this region is equally likely to occur; that is, a uniform distribution is 
assumed over the region between the two curves. The two curves are given by the following equations:

 y x xn= ≤ ≤
1

0 1    for  (6.45)

and

 y x xn= ≤ ≤      for 0 1 (6.46)
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Figure 6.1a the	two	curves	in	example	6.3.
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Therefore, the joint density value for these random variables can be viewed on a third axis that is perpendicular 
to the plane of the curves in Figure 6.1a. The joint density function in this case takes on a constant value over 
this region. The range of y for both curves is [0,1]. Therefore, the value of the density function can be determined 
based on the following condition:

 f x y x yXY ( , ) d d =
∞∞

∫∫ 1
00

 (6.47a)

where fXY(x,y) is the constant (c). Therefore,

 
1

1

0

1

0

1
= −
⎡

⎣
⎢

⎤

⎦
⎥∫ ∫x x x x cn nd d

 
(6.47b)

Solving for c, the following expression can be obtained:

 
c

n
n

=
+

−

1
1  

(6.48)

Therefore, the density function is given by

 

f x y
n
n

x x y x
XY

n n
( , )

+

−
≤ ≤ ≤ ≤

⎧

⎨
⎪

⎩
⎪

1
1

0 1

0

1

for  and  

otherwise  

(6.49)

The marginal density function of X is given by

 
f x c y

n
n

x x xX x

x
n n

n

n

( ) = =
+

−
−

⎛

⎝⎜
⎞

⎠⎟
≤ ≤∫ d for 

1

1
1

0 1
1

 
(6.50)

Similarly, the marginal density functions of Y are given by

 
f y

n
n

y y yY
n n( ) =

+

−
−

⎛

⎝⎜
⎞

⎠⎟
≤ ≤

1
1

0 1
1

for 
 

(6.51)

Therefore, fY(y) is similar to fX(x). Thus, the expected value of X is equal to the expected value of Y and is 
given by

             E X E Y xf x xX( ) ( ) ( )= = ∫ d
0

1

 
(6.52a)

  
=

+

− +
−

+
⎡

⎣⎢
⎤

⎦⎥
n
n

n
n n

1
1 1 2

1
2  

(6.52b)

Also, the second moments of X and Y are equal and given by

               E X E Y x f x xX( ) ( ) ( )2 2 2

0

1
= = ∫ d  (6.53a)

 =
+

− +
−

+
⎡

⎣⎢
⎤

⎦⎥
n
n

n
n n

1
1 1 3

1
3  (6.53b)
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Therefore, the variances of X and Y are

 Var( ) ( ) [ ( )]X E X E X= −2 2 (6.54a)

 Var( ) ( ) [ ( )]Y E Y E Y= −2 2 (6.54b)

The expected value of the product XY is

             E XY c xy y x
x

x

n

n

( )= ∫∫ d d
1

0

1

 (6.55a)

  =
+

− +
−

+
⎡

⎣⎢
⎤

⎦⎥
=

1
2

1
1 2 2

1
2 2

1
4

n
n

n
n n

 (6.55b)

Therefore, the covariance of X and Y is

 Cov( , ) ( ) ( ) ( )X Y E XY E X E Y= −  (6.56)

For n = 2, these moments take the following values:

 E X E Y( ) ( )= =
9
20  (6.57)

  E X E Y( ) ( )2 2 9
35

= =  (6.58)

                 Var Var( ) ( ) .X Y= = 0 0546  (6.59)

                 E XY( )=
1
4  (6.60)

                Cov( , ) .X Y = 0 0475  (6.61)

Therefore, the correlation coefficient is

 rXY
X Y
X Y

= = =
Cov
Var Var

( , )
( ) ( )

.

.
.

0 0475
0 0546

0 87 (6.62)

For n = 3, the correlation coefficient ρXY is 0.71. Figure 6.1b shows selected probability descriptors, including 
ρXY, as functions of n. It is interesting to note that as the power order n approaches 1, the area between the two 
curves diminishes and the correlation coefficient approaches 1. Also, by increasing n, the area between the two 
curves increases, approaching a limiting case where it covers the entire area of Figure 6.1b and the correlation 
coefficient approaches zero.

6.2.4 Common Joint Probability Distributions

A. few. joint. probability. distributions. are. used. in. engineering. and. science.. They. include. the.
.multinomial. distribution,. a. discrete. distribution,. and. the. joint. bivariate. normal,. a. continuous.
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.distribution..These.two.distributions.are.described.in.this.section.with.an.example.joint.normal-

.exponential.distribution.
The.multinomial distribution.is.a.generalization.of.the.binomial.distribution..In.this.case,.the.

distribution.is.not.based.on.a.Bernoulli.sequence.(i.e.,.trials.with.two.possible.outcomes);.it.is.based.
on.trials.with.more.than.two.possible.outcomes.(say,.n.outcomes)..The.probabilities.of.occurrence.
for.these.outcomes.are.assumed.to.be.p1,.p2,.......,.pn..The.following.condition.is.imposed.on.these.
probabilities:

. p p pn1 2 1+ + + =� . (6.63)

The.trials.are.assumed.to.be.independent..The.random.variables,.in.this.case,.X1,.X2,.......,.Xn,.are.the.
numbers.of.occurrences.of.the.respective.outcomes.in.N.identical.and.independent.trials..The.joint.
probability.mass.function.is

. P x x x
N

x x x
p p pX X X n

n

x x
n

x

n

n

1 2

1 2
1 2

1 2
1 2… …

…
…( , , , )

!

! ! !
( ) ( ) ( )= . (6.64)

The.following.condition.should.be.satisfied:

. N x x xn= + + +1 2 � . (6.65)

The.mean.and.variance.of.the.respective.random.variables,.X1,.X2,.......,.Xn,.are

. . .. . mi iNP i n= =for 1 2, , ,… . (6.66a)

. . . . .s i i iNP p i n2 1 1 2= − =( ) , , ,for … . (6.66b)
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Figure 6.1b Probability	descriptors	as	functions	of	n.
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The.joint bivariate normal distribution.is.a.generalization.of.the.normal.probability.distribu-
tion..This.distribution.describes.the.joint.probabilistic.characteristics.of.random.variables..For.the.
case.of.two.random.variables,.X1.and.X2,.the.joint.density.function.is.given.by

.
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⎪

⎭⎪
. (6.67)

where.–∞.<.x1.<.+∞, –∞ <.x2.<.+∞, ρ.is.the.correlation.coefficient.for.the.two.random.variables,.μ.
is.the.mean,.and.σ.is.the.standard.deviation..The.marginal.distributions.for.X1.and.X2.are.the.same.
as. the. probability. density. function. of. the. normal. distribution. (i.e.,. Equation. 5.6). and. are. given,.
respectively,.by
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The.following.moments.can.be.determined.for.the.two.random.variables:

. . .E X( )1 1= m . (6.70a)

. . E X( )2 2= m . (6.70b)

. Var( )X1 1
2= s . (6.70c)

. Var( )X2 2
2= s . (6.70d)

It.can.be.shown.that.the.conditional.random.variables.X1∙x2.and.X2∙x1.have.normal.probability.distri-
butions.with.the.following.means,.respectively:

. E X x x( ) ( )1 2 1 2 2= + −m s
s

m r1

2
. (6.71a)

. E X x x( ) ( )2 1 2 1 1= + −m s
s

m r2

1
. (6.71b)

The.respective.variances.of.the.conditional.random.variables.are:

. Var( ) ( )X x1 2 1
2 21= −s r . (6.72a)

. Var( ) ( )X x2 1 2
2 21= −s r . (6.72b)
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An.example.of.the.joint.normal.is.shown.in.Figure.6.2.using.mean.values.of.X1.and.X2.of.5.and 7,.
respectively..The.corresponding.standard.deviations.are.3.and.3,.respectively..The.correlation.coef-
ficient.was.varied.as.shown.in.the.figure..As.the.correlation.coefficient.deviates.from.zero,.the.sur-
face.of.the.joint.density.function.deviates.from.the.bell.shape.to.show.the.correlation.between.the.
two.variables.

An.example.joint.normal-exponential.distribution.is.shown.in.Figure.6.3.as.the.product.of.two.
marginal.distributions.of.a.normal.with.mean.equal.to.4.and.standard.deviation.equal.to.2,.and.an.
exponential.with.λ equal.to.2.

6.3 FUNCtIONS OF rANDOM VArIABLeS

Many.engineering.problems.deal.with.a.dependent.variable.that.is.a.function.of.one.or.more.indepen-
dent.random.variables..This.section.provides.analytical.tools.for.determining.the.probabilistic.charac-
teristics.of.the.dependent.random.variable.based.on.given.probabilistic.characteristics.of.independent.
random.variables.and.a.functional.relationship.between.them..The.discussion.in.this.section.is.divided.
into.the.following.cases:.(1).probability.distributions.for.dependent.random.variables,.(2).mathematical.
expectations,.and.(3).approximate.methods..Cases.1.and.2.result.in.complete.distributions.and.moments,.
respectively,.without.any.approximations,.whereas.the.third.case.results.in.approximate.moments.
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Figure 6.2 Joint	normal	density	functions.	(a)	ρ	=	0;	(b)	ρ	=	0.5;	(c)	ρ	=	0.9;	and	(d)	ρ	=	–0.9.
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6.3.1 Probability Distributions for Dependent random Variables

A.random.variable.X.is.defined.as.a.mapping.from.a.sample.space.of.an.engineering.system.or.exper-
iment.to.the.real.line.of.numbers..This.mapping.can.be.one-to-one.mapping.or.many-to-one.mapping,.
but.not.one-to-many.mapping..If.Y.is.defined.to.be.a.dependent.variable.in.terms.of.a.function.Y.=.
g(X),.then.Y.is.also.a.random.variable..Assuming.that.both.X.and.Y.are.discrete.random.variables.and.
for.a.given.probability.mass.function.of.X,.PX(x),.the.objective.herein.is.to.determine.the.probability.
mass.function.of.Y,.PY(y)..This.objective.can.be.achieved.by.determining.the.equivalent.events.of.Y in.
terms.of.the.events.of.X.based.on.the.given.relationship.between.X.and.Y,.Y = g(X)..For.each.value.
yi,. all.of.the.values.of.x.that.result.in.yi.should.be.determined.(say,.xi1

, xi2
, . . . , xij 

)..Therefore,.the.prob-
ability.mass.function.of.Y.is.given.by

. P y P xY i X i
k

j

k
( ) ( )=

=
∑

1

. (6.73)

If.X.is.continuous.but.Y.is.discrete,.the.probability.mass.function.for.Y.is.given.by

. P y f x xY i XRe
( ) ( )= ∫ d . (6.74)

where.Re.is.the.region.of.X.that.defines.an.event.equivalent.to.the.value.Y = yi.
If.X.is.continuous.with.a.given.density.function.fX(x).and.the.function.g(X).is.continuous,.then.

Y = g(X). is.a.continuous.random.variable.with.an.unknown.density.function. fY(y)..The.density.
function.of.Y.can.be.determined.by.performing.the.following.four.steps:

. 1.. For.any.event.defined.by.Y <.y,.an.equivalent.event.in.the.space.of.X.needs.to.be.defined.

. 2.. FY(y) = P(Y < y).can.then.be.calculated.

. 3.. fY(y).can.be.determined.by.differentiating.FY(y).with.respect.to.y.

. 4.. The.range.of.validity.of fY(y).in.the.Y.space.should.be.determined.

Formally.stated,.if.X.is.a.continuous.random.variable,.Y = g(X).can.be.differentiated.for.all.x,.and.
g(X).is.either.strictly.(i.e.,.monotonically).increasing.or.strictly.(i.e.,.monotonically).decreasing.for.

Figure 6.3 Joint	normal	and	exponential	density	function.
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all.x,.then.Y = g(X).is.a.continuous.random.variable.with.the.following.density.function:

. f y f g y
g y

yY X( ) [ ( )]
( )

=
∂

∂
−

−
1

1

. (6.75)

where g–1(y) = x..Equation.6.75.can.be.derived.by.developing.an.expression.for.the.CDF.of.Y.as

. F y f x x f x xY Xx g y X

g y
( ) ( ) ( )

( )

( )
= =

≤ −∞−

−

∫ ∫d d
1

1

. (6.76)

This.result.can.be.expressed.as

. F y f g
g y

y
yY X

y
( ) ( )

( )
=

∂

∂
−

−∞

−

∫ 1
1

d . (6.77)

By.taking.the.derivative.∂ ∂F y yY ( ) ,/ .Equation.6.75.results..The.derivative.∂ ∂−g y y1( ) / .is.known.as.
the.Jacobian.of.the.transformation.(or.inverse).and.can.be.alternatively.determined.as.follows:

.
∂

∂
=
∂
∂

−

= −

g y

y g x

x x g y

1 1

1

( )
( )

( )evaluated at 

. (6.78)

Then.the.limits.on.Y.should.be.determined.based.on.the.limits.of.X.and.Y = g(X)..If.the.inverse.g–1(y).
is.not.unique.(say.=.x1, x2, . . . , xm),.then.the.density.function.of.Y.is.determined.as.follows:

. f y f g y
g y

yY X i
i

m
i( ) [ ( )]
( )

=
∂

∂
−

=

−

∑ 1

1

1

. (6.79)

where

. g y xi i
− =1( ) . (6.80)

The.following.cases.are.selected.special.functions.of.single.and.multiple.random.variables.that.are.
commonly.used,.where.the.resulting.variable.(Y).can.have.known.distribution.types.for.some.cases:

. 1.. For.a.multiple.independent.random.variables.X = (X1, X2,.......,.Xn),.where.the.function.g(X).is.a.linear.
combination.as.given.by

. Y g a a X a X a Xn n= = + + + +( )X 0 1 1 2 2 � . (6.81)

. . and.a0, a1, a2,.......,.an.are.real.numbers,.the.mean.value.and.variance.of.Y.are

. E Y g a a E X a E X a E Xn n( ) ( ) ( ) ( ) ( )= = + + + +X 0 1 1 2 2 � . (6.82)

. . and

. Var Cov( ) ( , )Y a a X Xi j
j

n

i j
i

n

=
==
∑∑

11

. (6.83)
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. . where.Cov(Xi,Xj).is.the.covariance.of.Xi.and.Xj..It.should.be.noted.that.COV(Xi,Xi).=.Var(Xi).=.σ 2Xi
..

Equation.6.83.can.be.expressed.in.terms.of.the.correlation.coefficient.as.follows:

. Var( )Y a ai j X X
j

n

i

n

X Xi j i j
=

==
∑∑ r s s

11

. (6.84)

. . where.ρXi Xj
. is.the.correlation.coefficient.of.Xi.and.Xj..If.the.random.variables.of.the.vector.X.are.

.statistically.uncorrelated,.then.the.variance.of.Y.is

. Var Var( ) ( )Y a Xi
i

n

i=
=
∑ 2

1

. (6.85)

. 2.. In.Equations.6.82.through.6.85,.if.the.random.variables.X1,.X2,.X3,......., Xn.have.normal.probability.
distributions,. then.Y.has.a.normal.probability.distribution.with.a.mean.and.variance.as.given.by.
Equations.6.81.through.6.85..This.special.case.was.also.described.in.Equations.5.17.through.5.19.

. 3.. If.X.has.a.normal.distribution,.and.Y =.g(X) =.exp(X),.then.Y.has.a.lognormal.distribution.

. 4.. If.Y =.X1 X2 X3.......Xn,.the.arithmetic.multiplication.of.X1,.X2,.X3,.......,.and.Xn.with.lognormal.distribu-
tions,.then.Y.has.a.lognormal.distribution.as.given.by.Equations.5.31.through.5.33.

. 5.. If.X1,.X2,.......,.Xn.are.independent.random.variables.that.have.Poisson.distributions.with.the.param-
eters,.λ1,.λ2,.......,.λn,.respectively,.then.Y X X Xn =  +  + + 1 2 � .has.a.Poisson.distribution.with.the.
parameter.l l l l =  +  + + 1 2 � n .

Example 6.4: Mean and Variance of a Linear Function

Consider the following function:

 Z X Y= + +2 5 10  (6.86)

where X, Y, and Z are random variables. The means of X and Y are 3 and 5, respectively, and the standard devia
tions are 1 and 2, respectively. The random variables X and Y are assumed to be uncorrelated; therefore, the 
mean of Z, μZ, is computed using Equation 6.82 as

 mZ = + + =2 3 5 5 10 41( ) ( )  (6.87a)

The variance of Z, s Z
2 , is computed using Equation 6.85 as

 s Z
2 2 2 2 22 1 5 2 104= + =( ) ( )  (6.87b)

The standard deviation of Z is 104  = 10.20, and the COV is 10.20/41 = 0.25.

Example 6.5: Probability Density Function of a Nonlinear Function

For the following nonlinear function:

 Y aX b= +2  (6.88)

where a and b are constants and X  has an exponential distribution with a parameter λ, determine the probability 
density function of Y.
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In order to use Equation 6.79 to determine fY(y), we need to determine X  as a function of Y  and the deriva
tive of X  with respect to Y. The inverse of the function in Equation 6.88 is

 X
Y b
a

= ±
−  (6.89)

The derivative of X  with respect to Y  is

 d
d
X
Y a Y b
=

−
∓

1
2 ( )

 (6.90)

Therefore, the density function of Y can be determined based on the density function of the exponential distri
bution (given by Equation 5.36) and by substituting in Equation 6.79

          f y
a y b

f
y b
a

f
y b
aY X X( )

( )
=

−
+

−⎛

⎝⎜
⎞

⎠⎟
+ −

−⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

1
2

 (6.91a)

or

 f y
a y b

y b
a

y b
aY ( )

( )
exp exp=

−
−

−⎛

⎝⎜
⎞

⎠⎟
+ +

−⎛

⎝⎜
⎞

⎠⎟
⎡

⎣
⎢
⎢

⎤

⎦
⎥
⎥

l
l l

2
 (6.91b)

The resulting function fY(y) is not an exponential density function.

6.3.2 Mathematical expectation

In.certain.engineering.and.science.applications,.we.might.be.interested.in.knowing.only.the.moments.
(specifically,.the.mean.and.variance).of.a.random.variable.Y,.based.on.known.probabilistic.charac-
teristics.of.a.random.variable.X.and.a.function.Y = g(X)..In.such.cases,.mathematical.expectation.is.
very.effective.in.achieving.this.objective.

The.mathematical.expectation.of.an.arbitrary.function g(X).of.a.continuous.random.variable.X.
is.given.by

. E g X g x f x xX[ ( )] ( ) ( )=
−∞

+∞

∫ d . (6.92)

The.corresponding.equation.for.a.discrete.random.variable.is

. E g X g x P xi X i
i

n

[ ( )] ( ) ( )=
=
∑

1
. (6.93)

Mathematical.expectation.can.be.used.to.determine.the.moments.of.Y.for.a.given.probabilistic.char-
acteristic.of.X.and.the.function.Y = g(X)..The.mean.(or.expected.value).can.be.determined.by.the.
direct.use.of.Equations.6.92.and.6.93..The.variance.can.be.determined,.respectively,.for.continuous.
and.discrete.X.random.variables.as

. Var Var d( ) [ ( )] { ( ) [ ( )} ( )Y g X g x E g X f x xX= = −
−∞

+∞

∫ 2 . (6.94)

and

. Var Var( ) [ ( )] { ( ) [ ( )]} ( )Y g X g x E g X P xi
i

n

X i= −
=
∑ 2

1
. (6.95)
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If.we.consider.a.special.case.where.the.function,.g(X),.is.the.following.linear.function:

. Y g X aX b= = +( ) . (6.96)

where.a.and.b.are.real.numbers,.mathematical.expectation.can.be.used.to.determine,.respectively,.
the.mean.and.variance.of.Y.as.follows:

. . ..E Y aE X b( ) ( )= + . (6.97)

. Var Var( ) ( )Y a X= 2 . (6.98)

Equations.6.97.and.6.98.are.valid.regardless.of.the.distribution.type.of.X..Also,.they.can.be.used.for.
both.cases.of.discrete.and.continuous.X..Based.on.Equation.6.96,.it.can.be.stated.that.mathematical.
expectation,.E(·),.is.a.linear.operator..However,.the.variance,.Var(.),.is.not.a.linear.operator.

Equations. 6.97. and. 6.98. can. be. generalized. to. the. case. of. multiple. random. variables. X. =.
(X1, X2,.......,.Xn),.where.the.function.g(X).is.given.by

. Y g a a X a X a Xn n= = + + + +( )X 0 1 2 2 2 � . (6.99)

where.a0,.a1,.a2,.......,.an.are.real.numbers..The.mean.and.variance.of.Y.are

. E Y a a E X a E X a E Xn n( ) ( ) ( ) ( )= + + + +0 1 1 2 2 � . (6.100)

and

. Var Cov( ) ( , )Y a a X Xi j
j

n

i j
i

n

=
==
∑∑

11
. (6.101)

where.Cov(Xi,Xj).is.the.covariance.of.Xi.and.Xj..It.should.be.noted.that.Cov(Xi,Xi).=.Var(Xi).=..σ 2Xi
...

Equation.6.101.can.be.expressed.in.terms.of.the.correlation.coefficient.as.follows:

. Var( )Y a ai
j

n

j
i

n

X X X Xi j i j
==
∑∑

11

r s s . (6.102)

where ρXiXj
.is.the.correlation.coefficient.of.Xi.and.Xj..If.the.random.variables.of.the.vector.X.are.sta-

tistically.uncorrelated,.then.the.variance.of.Y.is.expressed.as

. Var Var( ) ( )Y a Xi
n

n

i=
=
∑ 2

1

. (6.103)

Again,.these.equations.are.valid.regardless.of.the.distribution.types.of.X,.as.well.as.for.both.cases.
of.discrete.and.continuous.X.

Now,.consider.the.case.where.the.function.g(X).=.g(X1,.X2,.......,.Xn).is.the.arithmetic.multiplica-
tion.of.all.the.random.variables.and.is.given.by

. Y X X Xn= ⋅⋅⋅1 2 . (6.104)

For.statistically.independent.random.variables,.X1,.X2,.X3,.......,.Xn,.the.mean.and.variance.of.Y.are

. E Y E X E X E Xn( ) ( ) ( ) ( )= ⋅⋅⋅1 2 . (6.105)
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and

. Var( ) ( ) ( ) ( ) [ ( ) ( ) ( )]Y E X E X E X E X E X E Xn n= −1
2

2
2 2

1 2
2� � . (6.106)

Again,.these.equations.are.valid.regardless.of.the.distribution.types.of.X,.as.well.as.for.both.cases.
of.discrete.and.continuous.X.

Example 6.6: Cost of Precast Concrete

The total cost, C, to manufacture a concrete panel in a precast plant is

 C X Y= +1 5 2.  (6.107)

where X is the cost of materials, Y the cost of labor, and the constants 1.5 and 2 are overhead cost multipliers 
for materials and labor, respectively. These multipliers include the costs of storing and handling the materials, 
management, supervision, and quality control. The costs X and Y are assumed to be uncorrelated random 
variables with means of $100/panel and $250/panel, respectively, and with standard deviations of $10/panel 
and $50/panel, respectively. The means of X and Y are denoted as μX and μY, respectively, and the variances 
are denoted as s X

2  and sY
2, respectively. Using mathematical expectation (Equations 6.100 and 6.101), the mean 

and variance of the total cost are

         m m mC X Y= + = + =1 5 2 1 5 100 2 250 650. . ( ) ( ) $ /panel (6.108)

 s s sC X Y
2 2 2 2 2 2 2 2 2 21 5 2 1 5 10 2 50 10 225= + = + =. . ( ) ( ) , ($ / )panel  (6.109)

The standard deviation is 10225 101 12= $ . /panel,  and the COV is 101.12/650 = 0.1556.

6.3.3 Approximate Methods

The.closed-form.solutions.for.the.distribution.types.of.dependent.random.variables,.as.well.as.math-
ematical.expectation,.provide.solutions.for.the.simple.cases.of.functions.of.random.variables..Also,.
they.provide.solutions.for.simple.distribution.types.or.a.mixture.of.distribution.types.for.the.inde-
pendent.random.variables..For.cases.that.involve.a.more.general.function.g(X).or.a.mixture.of.distri-
bution.types,.these.methods.are.not.suitable.for.obtaining.solutions.due.to.the.analytical.complexity.
of.these.methods..Also,.in.some.engineering.applications,.precision.might.not.be.needed..In.such.
cases,.approximate.methods.based.on.Taylor-series.expansion.(see.Appendix.B),.with.or.without.
numerical.solutions.of.needed.derivatives,.can.be.used..The.use.of.Taylor-series.expansion,.in.this.
section,.is.divided.into.the.following.two.headings:.(1).single.random.variable.X,.and.(2).multiple.
random.variables.(i.e.,.a.random.vector.X).

6.3.3.1  Single Random Variable X

The.Taylor.series.expansion.of.a.function.Y = g(X).about.the.mean.of.X,.E(X),.is.given.by

.

Y g E X X E X
g X

X
X E X

g X

X
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= + − + −
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d

d
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(6.110)
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in.which.the.derivatives.are.evaluated.at.the.mean.of.X..Truncating.this.series.at.the.linear.terms,.
the.first-order mean and variance.of.Y.can.be.obtained.by.applying.the.mathematical.expectation.
and.variance.operators,.respectively..The.first-order.(approximate).mean.is

. E Y g E X( ) [ ( )]⊕ . (6.111)

The.first-order.(approximate).variance.is

. Var
d

d
Var( )

( )
( )Y

g X

X
X≈

⎛
⎝⎜

⎞
⎠⎟

2

. (6.112)

Again.the.derivative.in.Equation.6.112.is.evaluated.at.the.mean.of.X.

6.3.3.2  Random Vector X

The. Taylor. series. expansion. of. a. function. Y = g(X). about. the. mean. values. of. X,. that. is, E(X1),.
E(X2),.......,.E(Xn),.is.given.by

.
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(6.113)

in.which.the.derivatives.are.evaluated.at.the.mean.values.of.X..Truncating.this.series.at.the.linear.
terms,.the.first-order mean and variance.of.Y.can.be.obtained.by.applying.the.mathematical.expec-
tation.and.variance.operators,.respectively..The.first-order.(approximate).mean.is

. E Y g E X E X E Xn( ) [ ( ), ( ), , ( )]⊕ 1 2 … . (6.114)

The.first-order.(approximate).variance.is

. Var Cov( )
( ) ( )

( , )Y
g X

X

g X

X
X X

i jj

n

i j
i

n

≈
∂

∂

∂

∂==
∑∑

11
. (6.115)

in.which.the.derivatives.are.evaluated.at.the.mean.values.of.X:.E(X1),.E(X2),.......,.E(Xn).

Example 6.7: Stress in a Beam

The stress, F, in a beam subjected to an external bending moment M is

 F
My
I

=  (6.116)

where y is the distance from the neutral axis of the cross section of the beam to the point where the stress is 
calculated, and I is the centroidal moment of inertia of the cross section. Assume that the M and I are random 
variables with means μM and μI, respectively, and variances 𝜎 2M and 𝜎 2I, respectively. Also assume that y is not a 
random variable. The mean value of the stress, μF, based on firstorder approximations (Equation 6.114) is

 m
m
mF
M

I

y
⊕  (6.117a)
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The firstorder variance of the stress, 𝜎 2F, is (see Equation 6.115)
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Assume that M and I  are random variables with means μM = 3000 kip·in. and μI = 1000 in.3, respectively, and 
standard deviations 𝜎M = 900 kip·in. and 𝜎I = 80 in.3, respectively. Also assume that c is constant (i.e., not a 
random variable) and is equal to 10 in. On the basis of a firstorder approximation, the mean of F is
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Assuming the basic random variables to be noncorrelated, the variance of F is
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Assuming the basic random variables M and I to be correlated with a correlation coefficient of 0.87, and using 
the X1 and X2 to refer to M and I, respectively, the variance of F can be reevaluated as follows based on Equation 
6.115:
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The mean in this case is the same as the uncorrelated case. It should be noted that the variance in the correlated 
case is smaller than the variance of the uncorrelated case as a result of partial derivatives of opposite signs for 
the two basic random variables.

Example 6.8: Ocean Waves

The maximum impact pressure of ocean waves on coastal structures may be determined by

 
r

r
max = 2 7

2

.
KV
D

where ρ = density of water, K = length of hypothetical piston, D = thickness of air cushion, V = horizontal 
 velocity of advancing wave. Suppose that the mean crest velocity V is 4.5 ft/s with COV of 0.2. ρ, K, and D are 
constants. If ρ = 1.96 slugs/cu ft, and the ratio K/D = 35, determine the mean and standard deviation of the peak 
impact pressure. The approximate moments can be computed as follows:
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and
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Example 6.9: Three Random Variables

Assume that the random variable Y can be represented by the following relationship:

 Y X X X= 1 2
2

3
1 3/

where X1, X2, and X3 are statistically independent random variables with mean values of 1.0, 1.5, and 0.8, 
respectively and corresponding standard deviations of 0.1, 0.2, and 0.15, respectively. Find the firstorder mean 
and standard deviation of Y. The approximate moments can be computed as follows:
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6.4 MODeLING ALeAtOrY AND ePISteMIC UNCertAINtY

In.this.section,.we.will.use.functions.of.random.variables.to.illustrate.how.to.model.aleatory.
and.epistemic.uncertainty.in.engineering..Also,.we.will.discuss.uncertainty.models.for.prediction.
biases..The.two.uncertainty.types.discussed.in.Section.1.4.are

 1. Inherit randomness. (i.e.,. aleatory uncertainty).. The. uncertainty. in. this. case. is. attributed. to. the.
physical.world.and.is.not.reducible.through.measurements.or.data.collection..An.example.of.this.
uncertainty.type.is.strength.properties.of.materials.or.wave.loads.on.an.offshore.platform..For.a.
probability.or.consequence.parameter.of.interest,.the.aleatory.uncertainty.is.commonly.represented.
probabilistically.by.a.random.variable.P .

 2. Subjective. (or epistemic). uncertainty.. In. this. case,. the. uncertainty. magnitude. could. be. reduced.
as.a. result.of. enhancing. the. state.of.knowledge.by.expending. resources..Sometimes,. this.uncer-
tainty.cannot.be.reduced.due.to.resource.limitations,. technological. infeasibility,.or.sociopolitical.
.constraints..For. a. probability.or. consequence.parameter. of. interest,. the. epistemic.uncertainty. is.
commonly.represented.probabilistically.by.a.random.variable.P̂.

When.uncertainty.is.recognizable.and.quantifiable,.the.framework.of.probability.can.be.used.to.
represent. it.. Objective. or. frequency-based. probability. measures. can. describe. uncertainties. associ-
ated.with.the.aleatory.uncertainty,.and.subjective.probability.measures,.based.on.expert.opinion,.can.
describe.uncertainties.associated.with.the.epistemic.uncertainty..Sometimes,.however,.uncertainty.is.
recognized,.but.cannot.be.quantified.in.statistical.terms..Examples.include.risks.far.into.the.future,.
such.as.those.for.radioactive.waste.repositories.where.risks.are.computed.over.design.periods.of.1000.
or.10,000.years,.or.risks.aggregated.across.sectors.and.over.the.world,.such.as.the.cascading.effects.of.
a.successful.terrorist.attack.on.a.critical.asset.including.consequent.government.changes.and.wars.

The.two.primary.uncertainty.types.of.aleatory.and.epistemic.can.be.combined.for.a.parameter.
of.interest.as.follows:

. P P P= ˆ . (6.118a)

where.P.is.a.random.variable.representing.both.uncertainty.types,.that.is,.the.combined.uncertainty,.
P .is.a.random.variable.to.represent.the.aleatory.uncertainty,.and.P̂ is.a.random.variable.to.represent.
the.epistemic.uncertainty..For.example,.the.following.lognormal.distributions.can.be.used.for.this.
purpose:

. ˆ ln[ . , ( ˆ )]P P= 1 0 COV . (6.118b)

where.COV.is.the.COV.of.P̂,.and.ln.means.lognormal..In.Equation.6.118b,.the.random.variable.is.
assumed.to.be.an.unbiased.estimate.of.the.true.value..The.aleatory.uncertainty.can.be.represented.
in.a.similar.manner.using.a.COV(P )..The.total.COV (P).can.be.computed.as.follows:

. COV COV COV( ) [ ( )] [ ( )]P P P= +2 2� . (6.118c)
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It.is,.however,.often.important.to.treat.the.aleatory.uncertainty.separately.from.the.epistemic.uncer-
tainty;.for.example,.in.light.of.the.epistemic.uncertainty.the.pertinent.result,.such.as.the.true.or.cor-
rect.expected.value.of.P,.will.also.be.a.random.variable..Whereas.if.the.two.types.of.uncertainties.
were.combined.as.indicated.in.Equation.6.118c,.then.the.expected.value.of.P.would.be.a.determin-
istic.value..In.the.case.where.P.is.the.risk.R,.it.is.important.that.the.decision.maker.be.able.to.select.
or.specify.a.risk-aversive.value,.such.as.the.90%.value.of.the.risk..This.latter.aspect.can.be.provided.
only.if.the.two.types.of.uncertainty.are.treated.separately.

In.engineering,.prediction.models.are.commonly.used..By.comparing.experimental.results.with.
the. model. predictions. and. using. representative. mean. values. of. variables,. the. total. bias,. that. is,.
uncertainty,.in.prediction.can.be.expressed.as

. Total bias  
Experimentalvalue

Representative mean value
= = XE    X XM V . (6.119a)

The.mean.total.bias,.µTB,.can.be.expressed.as

. m m m mTB E M V= . (6.119b)

Where.TB is.the.total.bais,.E.is.the.experimental,.M.is.the.model-related,.and.V.is.the.basic.vari-
able.related.uncertainty..The.COV,.VTB,.considering.XE,.XM,.and.XV.as.uncorrelated.variables.and.
neglecting.terms.higher.than.second.order.is.given.by

. V V V VTB E V M= + +2 2 2 . (6.119c)

Moreover,.the.variables.XE,.XV,.and.XM.in.Equation.6.119a.are.defined.as.follows:

. XE =
Experimental value

True mean value
. (6.119d)

XE.has.a.mean.value,.µE,.equals.to.1.and.a.COV,.VE.that.accounts.for.uncertainties.arising.from.
inaccuracies.of.the.gages.and.readings.and.small.errors.in.the.setting.of.related.experiments..For.
example,.a.typical.value.for.structural.components.of.buildings.is.in.between.0.02.and.0.04..The.
variable.XV.is.defined.as.follows:

. XV =
Simulated mean value 

Representative mean value
. (6.119e)

This.variable’s.mean.value,.µV,.takes.a.value.of.1.0.and.a.COV,.VV..This.variable.accounts.for.uncer-
tainties.introduced.by.the.basic.random.variables.such.as.the.dimensions.and.material.properties.

The. model. uncertainty. variable. XM. expresses. the. uncertainty. of. the. model. alone. and. is.
expressed.as

. XM =
True mean value

Simulated mean value
. (6.119f)

Equation.6.119b.can.be.used.to.compute.the.mean.of.XM..The.COV.can.be.evaluated.using.Equation.
6.119c.as.follows:

. V V V VM TB V E= − −2 2 2 . (6.119g)
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6.5 APPLICAtIONS

6.5.1 reactions Due to a random Load

A.random.load.P.is.applied.at.the.end.of.a.cantilever.beam.of.length.L.as.shown.in.Figure.6.4..
The.vertical.force.reaction,.V,.of.the.beam.at.the.fixed.support.is

. V P= . (6.120a)

The.moment.reaction.M.at.the.fixed.support.is

. M PL= . (6.120b)

Assume.that.the.load.has.a.mean.value.µp.and.variance.s P
2..The.length.L.is.considered.to.be.nonrandom.

(i.e.,.a.deterministic.quantity)..Therefore,.the.mean.of.the.reaction.moment.based.on.Equation.6.82.is

. m mM PL= . (6.121)

The.variance.of.the.moment.is.computed.using.Equation.6.83.as.follows:

. s sM PL2 2 2= . (6.122)

6.5.2 Buckling of Columns

The.buckling.load.capacity,.P,.of.a.column.that.has.an.effective.length.L.and.radius.of.gyration.r.is.
given.by

. P
E

L r

r E

L
= =

p p2

2

2 2

2( / )
. (6.123)

The.column.is.made.of.a.material.with.a.modulus.of.elasticity,.E,.and.is.shown.in.Figure.6.5..Assume.
that.r.and.E.are.deterministic.quantities.and.that.L.follows.a.normal.distribution,.N(µL,.s L

2 )..Therefore,.
the.buckling.load.can.be.expressed.as

. P
c

L
=

2
. (6.124)

where.the.constant.c.=.π 2r2E..Thus,.the.derivative.of.L.with.respect.to.P.can.be.computed.as

. L
c

P
cP= ± = ±

−
1

2 . (6.125)

M

V
P

L

Figure 6.4 Cantilever	beam	with	one	load.
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. .
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P
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2 1 5.
. (6.126)

Therefore,.the.density.function.of.P.is.given.by
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. f p
c

p

c

p
P

L

L

L

( ) exp
.

= −

−
⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟

1

2 2

1

21 5

2

s p

m

s
⎟⎟

+ −

− −
⎧

⎨

⎪
⎪

⎩

⎪
⎪

⎫

⎬

⎪
⎪

⎭

⎪
⎪

⎛

⎝

⎜
⎜
⎜
⎜
⎜

⎞

⎠

⎟
⎟
⎟
⎟
⎟

⎡

⎣

⎢
⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥exp

1

2

2
c

p L

L

m

s ⎥⎥
⎥

. (6.128)

6.5.3 reactions Due to random Loads

Random.concentrated.loads.P1.and.P2.are.applied.at.a.cantilevered.beam.of.length.L1.as.shown.
in.Figure.6.6..The.loads.are.applied.at.distances.L1.and.L2.from.the.fixed.support,.respectively..The.
vertical.force.reaction.V.is

. V P P= +1 2 . (6.129)

The.moment.reaction.M.is

. M PL P L= +1 1 2 2 . (6.130)

The.loads.P1.and.P2.have.means.of.mP1
.and. mP2

,.respectively,.and.variances.of.σ 2P1
.and.σ 2P2

,.respec-
tively..The.lengths.are.considered.to.be.nonrandom.(i.e.,.deterministic.quantities)..Assume.the.loads.
to.be.statistically.uncorrelated..Using.mathematical.expectation.(see.Equation.6.99),.the.means.of.

L

P

P

Figure 6.5 Buckling	of	a	column.
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the.reactions.are

. . . . . . . . . . . . . . . . ..m m mV P P= +
1 2 . (6.131)

. m m mM P PL L= +1 21 2
. (6.132)

The.variances.of.the.reactions.according.to.Equation.6.101.are

. . . . . . . . . . . . . . . . s s sV P P
2 2 2

1 2
= + . (6.133)

. s s sM P PL L2
1
2 2

2
2 2

1 2
= + . (6.134)

Now,.assume.that. the.dimensions.L1.and.L2.are.random.variables.with.mean.values.μL1
.and.μL2

,.
respectively,.and.variances.σ 2L1

.and.σ2
L2

,.respectively..In.this.case,.the.mean.values.of.the.reactions.
based.on.first-order.approximations.(Equation.6.114).are

. . . . . . . . . . . . . . . . .m m mV P P≈ +
1 2. (6.135a)

. m m m m mM L P L P≈ +
1 1 2 2. (6.135b)

The.first-order.variances.of.the.reactions.according.to.Equation.6.115.are

. . . . . . . . . . . . .s s sV P P
2 2 2

1 2
≈ + . (6.136a)

. s m s m s m s m sM L P P L L P P L
2 2 2 2 2 2 2 2 2

1 1 1 1 2 2 2 2
≈ + + + . (6.136b)

6.5.4 Open Channel Flow

In.an.open.channel,.water.flows.because.of.a.difference.in.elevation.between.one.section.of.the.
channel.to.another..The.velocity.V.of.the.water.flow.in.an.open.channel.is

. V
n
R S=

1 2

3
1

2 . (6.137)

where.R.is.the.hydraulic.radius,.S.is.the.slope.of.the.hydraulic.gradient,.and.n.is.a.channel.roughness.
factor.that.depends.on.the.lining.of.the.channel..Equation.6.137.is.called.the.Manning formula..The.

P1 P2

L1

L2

V

M

Figure 6.6 Cantilever	beam	with	two	loads.
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hydraulic.radius,.R,.can.be.computed.as

. R
A

P
= . (6.138)

where.A. is.the.cross-sectional.area.of.flow.and.P. is.the.wetted.perimeter..For.a.channel.near.an.
existing.highway,.n.=.0.070,.S.=.4%,.and.R. is.a.random.variable.with.the.following.exponential.
distribution:

. f r r rR ( ) exp( )= − ≥l l for 0 . (6.139)

where.λ.=.12.5.s/m..Determine.the.probability.density.function.of.the.velocity.V.
Equation.6.137.can.be.rewritten.as

. V cR=
2

3 . (6.140)

where.c.is.a.constant.as.follows:
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Therefore,.from.Equation.6.140,.r.is.given.by
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and
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Then,.using.Equation.6.75,
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The.resulting.distribution.is.not.of.the.exponential.type..However,.the.approximate.mean.of.V,.V ,.
can.be.computed.using.Equation.6.111..The.result.is

. V R⊕2 8571
2

3. . (6.145a)
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where.R .is.the.mean.of.R.which.is.1/λ..Therefore,.the.mean.value.is

. V =
⎛
⎝⎜

⎞
⎠⎟

=2 8571
1

0 530

2

3
. . /s

l
 m . (6.145b)

The.approximate.variance.of.V,.Var(V),.can.be.computed.using.Equation.6.112.as
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where.Var(R).is.the.variance.of.R..Therefore,.the.variance.is
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The.standard.deviation.is. 0 1250608. .=.0.3536.m/s,.and.the.COV.is.0.667.

6.5.5 Warehouse Construction

A.warehouse.is.to.be.constructed.from.precast.concrete.elements.that.are.produced.by.a.nearby.
precast.factory..The.following.construction.tasks.are.identified.for.building.the.warehouse:

A:. Excavation.of.foundations
B:. Construction.of.foundations
C:. Construction.of.precast.elements.at.factory
D:.Transportation.of.precast.elements.to.construction.site
E:. Assembly.of.elements.at.site
F:. Construction.of.roof
G:.Exterior.and.interior.finishing

Figure.6.7.shows.the.logical.network.for.performing.these.activities..The.figure.indicates.that.tasks.
C.and.D.can.be.performed.in.parallel.to.tasks.A.and.B;.that.is,.as.excavation.and.construction.of.the.
footings.are.being.performed.at.the.site,.the.precast.elements.can.be.constructed.at.the.factory.and.then.
transported.to.the.construction.site..Table.6.1.shows.the.means.and.standard.deviations.for.the.com-
pletion.times.of.these.tasks..Normal.probability.distributions.and.statistical.independence.are.assumed.
for.these.times,.although.normally.distributed.random.variables.can.take.negative.values,.which.is.not.
appropriate.for.modeling.durations..Also,.the.normal.distribution.can.take.any.real.value..For.model-
ing.durations.of.construction.activities,.distributions.such.as.the.triangular.distribution.might.be.more.
appropriate.than.the.normal.because.it.has.lower.and.upper.limits.on.possible.values..The.use.of.the.
normal.distribution.is.for.the.purpose.of.illustration..The.assumption.of.statistical.independence.of.
durations.can.be.questionable.due.to.common.causes.for.delays.such.as.weather.or.labor.

2

3

41. Start of project 7. End of project5 6
A B

E F G

C D

Figure 6.7 Construction	network.
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A.construction.engineer. is. interested. in.determining. the.completion. time.of. the.project. (i.e.,.
the.duration.of.the.project)..Figure.6.7.shows.the.paths.that.are.necessary.to.complete.the.project..
Therefore,.the.completion.time,.T,.is.a.dependent.random.variable.that.is.given.by

. T A B C D E F G= + + + + +max{ , } . (6.147)

where.A, B, C, D, E, F,.and.G.are.random.variables.that.model.the.times.for.completing.the.cor-
responding.tasks..The.mean.duration.of.the.project,.T,.can.be.determined.as

. T = + + + + + =max{ , . }3 2 4 0 5 4 2 3 14 days. (6.148)

The.variance.of.the.project.duration,.Var(T),.can.be.computed.approximately.as

. Var Var Var Var Var Var( ) ( ) ( ) ( ) ( ) ( )T A B E F G= + + + + . (6.149a)

. . . . . ..= + + + + =( ) ( . ) ( ) ( ) ( ) . ( )1 0 5 1 1 1 4 252 2 2 2 2 2days . (6.149b)

The.computation.of.the.variance.was.based.on.the.path,.from.the.construction.network.of.Figure.
6.7.that.resulted.in.the.mean.duration.of.the.project..The.exact.variance.of.T.can.be.computed.using.
simulation.as.discussed.in.Chapter.7..Assuming.a.normal.probability.distribution.for.T,.the.probabil-
ity.that.the.project.finishes.at.the.most.20.days.after.the.start.of.the.project.can.be.computed.as

. Prob( )
.

( . ) .T < =
−⎛

⎝⎜
⎞

⎠⎟
= =20

20 14

4 25
2 91 0 9986Φ Φ . (6.150)

6.6. MULtIVArIABLe SIMULAtION

Simulation.easily.handles.studies.where.multiple. random.variables.are. involved..Very.often,.
it.can.provide.information.about.the.distributions.of.random.variables.that.is.beyond.the.ability.of.
theory..Theoretical.relationships.are.often.based.on.restrictive.assumptions,.such.as.normal.distri-
butions,.that.may.not.be.valid.for.a.given.problem..Simulation.would.enable.the.needed.statistics.to.
be.computed.for.conditions.where.the.restrictive.assumptions.are.not.applicable.

Simulation.can.provide.information.beyond.that.provided.by.theory..This.is.especially.true.in.
cases.that.involve.multiple.random.variables..For.example,.if.the.distribution.of.a.random.variable.
that.represents.the.output.from.a.function.with.multiple.random.variable.inputs.is.needed,.simula-
tion.can.enable.the.distribution.to.be.empirically.approximated.

table 6.1 Moments of Completion times

task Name
Mean
(Days)

Standard Deviation
(Days)

A foundation	excavation 3 1

B foundation	construction 2 0.5

C Precast-elements	construction 4 1

D transportation	of	elements 0.5 0.5

E assembly	of	elements 4 1

F roofing 2 1

G finishing 3 1
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6.6.1 Simulation of expected Values

Equations.6.100.and.6.103.provide.a.method.for.estimating.the.mean.and.variance.of.uncorre-
lated.multiple.random.variables..The.information.from.Example.6.6.illustrates.the.computation.of.
the.mean.and.variance;.however,.the.distribution.of.the.total.cost.C.might.be.of.interest,.and.it.will.
depend.on.the.distribution.of.the.two.random.variable.inputs.X.and.Y.

Example 6.10: Expectation with Normally Distributed Random Variables

To demonstrate that Equations 6.100 and 6.103 can be applied regardless of the distribution function of the 
two variables, two simulations were made, each with 50 estimates of the cost C. For the first simulation, the 
material (X ) and labor (Y ) costs of Equation 6.107 are assumed to be normally distributed, X ~ N (μ = 100, 𝜎 = 
10), and Y ~ N (μ = 250, 𝜎 = 50). The simulations are given in Table 6.2. The means and standard deviations of 
the three variables based on the 50 trials are 

 

Variables Mean Standard Deviation

X 	 99.07 	 10.87

Y 231.85 	 50.24

C 612.31 104.77

table 6.2  Simulated Values of Material (X), Labor (Y), and Cost (C) Assuming Normal Populations

random 
Number 
for X

Standard 
Normal 

Variate for X X
random 

Number for Y

Standard 
Normal 

Variate for Y Y C

0.8443 1.04 110.37 0.4661 –0.09 245.73 657.01
0.1980 –0.85 91.50 0.9932 2.49 374.30 885.85
0.1776 –0.94 90.60 0.1266 –1.16 191.77 519.44
0.1615 –1.01 89.89 0.8295 0.97 298.57 731.98
0.5239 0.06 100.60 0.6777 0.46 273.20 697.30
0.3515 –0.38 96.15 0.0094 –2.36 132.19 408.60
0.8930 1.25 112.51 0.2739 –0.61 219.64 608.04
0.6064 0.27 102.71 0.1731 –0.96 202.00 558.06
0.5811 0.20 102.05 0.9286 1.49 324.47 802.01
0.3413 –0.41 95.88 0.6909 0.50 274.99 693.79
0.0734 –1.47 85.25 0.2223 –0.77 211.46 550.79
0.6733 0.45 104.52 0.0389 –1.77 161.70 480.18
0.1736 –0.96 90.42 0.6915 0.50 275.07 685.77
0.5861 0.22 102.18 0.2933 –0.55 222.72 598.70
0.4850 –0.04 99.62 0.2706 –0.62 219.12 587.67
0.2585 –0.66 93.44 0.1157 –1.21 189.38 518.91
0.3677 –0.34 96.59 0.1653 –0.99 200.29 545.46
0.6824 0.48 104.77 0.6065 0.27 263.55 684.25
0.4980 –0.01 99.95 0.5294 0.07 253.70 657.33
0.6941 0.51 105.08 0.4002 –0.25 237.36 632.34
0.1540 –1.04 89.56 0.3219 –0.47 226.75 587.84
0.5457 0.12 101.15 0.3773 –0.31 234.26 620.24
0.3524 –0.38 96.18 0.7185 0.58 279.15 702.57
0.1393 –1.11 88.91 0.3694 –0.34 233.19 599.74
0.9629 1.79 117.91 0.4530 –0.12 244.08 665.03
0.0512 –1.64 83.64 0.2307 –0.74 212.79 551.03
0.9232 1.45 114.50 0.4632 –0.09 245.37 662.48
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Using Equations 6.100 and 6.103, the computed moments are
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The difference between the values of 101.8 and 104.77 is due to sampling variation; another set of 50 simulation 
trials will produce different answers such that on the average the true moments are attained.

Example 6.11: Expectation with Exponential Variables

For this second simulation, X and Y of Example 6.10 are assumed to be exponentially distributed, X ~ 
exp(λ = 100) and Y ~ exp(λ = 250). The exponential distribution assumes that the mean equals the standard 
deviation, which was not the case for the simulation based on the normal distribution. The simulations for the 
exponential distribution are given in Table 6.3. The means and standard deviations of the three variables based 
on the 50 trials are

 

Variables Mean Standard Deviation

X 111.98 115.31

Y 333.48 245.35

C 834.93 559.16

table 6.2  Simulated Values of Material (X), Labor (Y), and Cost (C) Assuming Normal Populations 
(continued)

random 
Number 
for X

Standard 
Normal 

Variate for X X
random 

Number for Y

Standard 
Normal 

Variate for Y Y C

0.4701 –0.08 99.25 0.6520 0.39 269.71 688.30

0.6808 0.47 104.72 0.2168 –0.79 210.58 578.25

0.1739 –0.96 90.44 0.0920 –1.34 183.02 501.69

0.9865 2.23 122.31 0.0916 –1.34 182.87 549.21

0.6708 0.45 104.45 0.2004 –0.84 207.98 572.64

0.1648 –1.00 90.04 0.1855 –0.91 204.73 544.51

0.6297 0.33 103.34 0.1087 –1.24 187.84 530.68

0.9849 2.19 121.87 0.9313 1.51 325.45 833.71

0.7241 0.60 106.01 0.9626 1.79 339.35 837.71

0.2591 –0.65 93.46 0.8913 1.24 312.16 764.52

0.0157 –2.17 78.29 0.0723 –1.48 175.86 469.15

0.2928 –0.55 94.53 0.1062 –1.25 187.29 516.36

0.0017 –2.94 70.58 0.0542 –1.61 169.28 444.44

0.3103 –0.50 95.04 0.3740 –0.32 233.81 610.17

0.4511 –0.12 98.77 0.3404 –0.41 229.26 606.66

0.9829 2.13 121.33 0.8335 0.99 299.45 780.89

0.1553 –1.04 89.62 0.4301 –0.18 241.20 616.82

0.1830 –0.92 90.84 0.2275 –0.75 212.28 560.82

0.7176 0.58 105.80 0.2582 –0.66 217.15 593.00

0.0907 –1.35 86.51 0.2206 –0.78 211.19 552.14

0.5069 0.02 100.17 0.0563 –1.6 170.05 490.35

0.7756 0.76 107.64 0.1468 –1.08 196.22 553.90

0.9003 1.28 112.84 0.0806 –1.42 178.87 527.00
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table 6.3  Simulated Values of Material (X), Labor (Y), and Cost (C) Assuming exponential 
Populations

random Number for X X random Number for Y Y C

0.8443 16.92 0.4661 190.84 407.06

0.1980 161.95 0.9932 1.71 246.33

0.1776 172.82 0.1266 516.68 1292.59

0.1615 182.33 0.8295 46.73 366.95

0.5239 64.65 0.6777 97.26 291.49

0.3515 104.55 0.0094 1166.76 2490.35

0.8930 11.32 0.2739 323.75 664.47

0.6064 50.02 0.1731 438.47 951.98

0.5811 54.28 0.9286 18.52 118.46

0.3413 107.50 0.6909 92.44 346.13

0.0734 261.18 0.2223 375.93 1143.64

0.6733 39.56 0.0389 811.69 1682.72

0.1736 175.10 0.6915 92.22 447.10

0.5861 53.43 0.2933 306.64 693.42

0.4850 72.36 0.2706 326.78 762.10

0.2585 135.29 0.1157 539.19 1281.31

0.3677 100.05 0.1653 450.00 1050.07

0.6824 38.21 0.6065 125.01 307.35

0.4980 69.72 0.5294 159.00 422.58

0.6941 36.51 0.4002 228.95 512.67

0.1540 187.08 0.3219 283.38 847.38

0.5457 60.57 0.3773 243.68 578.21

0.3524 104.30 0.7185 82.65 321.74

0.1393 197.11 0.3694 248.97 793.61

0.9629 3.78 0.4530 197.97 401.60

0.0512 297.20 0.2307 366.66 1179.12

0.9232 7.99 0.4632 192.40 396.78

0.4701 75.48 0.6520 106.93 327.08

0.6808 38.45 0.2168 382.20 822.06

0.1739 174.93 0.0920 596.49 1455.37

0.9865 1.36 0.0916 597.58 1197.20

0.6708 39.93 0.2004 401.86 863.61

0.1648 180.30 0.1855 421.18 1112.80

0.6297 46.25 0.1087 554.79 1178.96

0.9849 1.52 0.9313 17.79 37.87

0.7241 32.28 0.9626 9.53 67.48

0.2591 135.05 0.8913 28.77 260.12

0.0157 415.41 0.0723 656.73 1936.58

0.2928 122.83 0.1062 560.61 1305.46

0.0017 637.71 0.0542 728.77 2414.11

0.3103 117.02 0.3740 245.87 667.28

0.4511 79.61 0.3404 269.41 658.23

0.9829 1.72 0.8335 45.53 93.65

0.1553 186.24 0.4301 210.93 701.23

0.1830 169.83 0.2275 370.15 995.04

0.7176 33.18 0.2582 338.51 726.79

0.0907 240.02 0.2206 377.85 1115.73

0.5069 67.94 0.0563 719.27 1540.45

0.7756 25.41 0.1468 479.67 997.46

0.9003 10.50 0.0806 629.56 1274.88
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Using Equations 6.100 and 6.103, the computed moments are

.
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The difference between the values of 520.3 and 559.16 is due to sampling variation; another set of 50 simulation 
trials will produce different answers such that on the average the true moments are attained.

While the relationships for the two moments, Equations 6.100 and 6.103, do not depend on the distributions 
of X and Y, the distribution of C depends on the distributions of X and Y.  Histograms for the 50 simulated values 
of C from Tables 6.2 and 6.3 are shown in Figure 6.8. Because the means and standard deviations are  different, 
the two histograms can only be assessed using their shapes, which are quite different. The distribution of C 
depends on the distributions of X and Y, the inputs. For the histogram of Figure 6.8(a), which is based on nor
mally distributed inputs, the histogram has a more centered peak than the histogram based on exponentially 
distributed inputs (Figure 6.8(b)). The latter histogram is relatively skewed, which is similar to the exponential 
distribution.
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Figure 6.8 	Distributions	 of	 total	 cost	 (C)	 for	 50	 simulation	 trials	 assuming	 cost	 components  X	 and	 Y	 are	
(a) normally	distributed,	and	(b)	exponentially	distributed.



216	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

6.6.2 Simulation and Correlation

Correlation. was. introduced. in. Section. 6.2.3.. It. is. an. important. topic. in. statistical. analysis..
Equation.6.43.provides.the.general.concept.of.correlation.based.on.probability.theory..In.practice,.
the.numerical.value.depends.on.the.calculation.of.the.covariance..Several.coefficients.have.been.
developed,.with.the.Pearson.product-moment.correlation.coefficient.being.the.most.widely.used,.as.
discussed.in.Chapter.12..For.continuous.random.variables,.the.covariance.is.defined.as.the.average.
of.the.products.of.the.deviations.of.the.two.random.variables.(Equation.6.39);.thus,.the.correlation.
coefficient.for.sample.values.of.X1.and.X2.becomes

. r
s sX X
X X

i i

X Xi

nX X

n

X X X X

S S1 2

1 2 1 2

1 2 1 1 2 2

1

1
= =

− −

=
∑

Cov( , ) ( )( )
.

(6.151)

It.should.be.noted.that.the.first.expression.of.Equation.6.151.for.a.population.based.on.probability.
theory,.and.the.second.expression.on.the.right.side.is.for.a.sample.estimate..Equation.6.151.can.be.
expressed.as.standardized.variates
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Of.special.interest.in.many.statistical.analyses.is.the.distribution.of.ρX1X2
..While.a.sample.

estimate.of. the.value. is.easily.computed.with. the.above.equation,.knowledge.of. the.distribu-
tion.of.the.sample.value.is.important.when.deciding.how.much.weight.to.place.on.the.sample.
value.when.making.a.decision.about.a.causal.relationship.between.X1.and.X2..The.distribution.
depends.on.the.sample.size.and.the.true.value.ρX1X2

.from.which.the.sample.values.of.X1.and.X2.
were.drawn.

In. order. to. simulate. random. samples. that. can. be. used. to. determine. the. distribution. of. the.
.cor.relation.coefficient,.a.model.is.needed..Because.the.distribution.of.sample.values.of.the.cor-
relation.coefficient.depends.on.the.population.value,.ρ,.the.model.should.be.a.function.of ρ..
The.following.relationship.can.be.used.to.generate.sample.values.of.the.random.variable.Y.for.
given.values.of.the.second.random.variable.X.and.a.population.value.of.the.correlation.coeffi-
cient.ρ:

. Y X Z Y= + + −b b s r0 1
21 . (6.153)

where.β0.and.β1.are.the.population.values.of.a.linear.relationship.between.X.and.Y,.σY.is.the.stan-
dard.deviation.of.Y,.and.Z.is.the.standard.normal.deviate..The.slope.coefficient.β1.is.related.to.the.
population.correlation.by.β1.=.ρσY /σX..Thus,.the.above.equation.becomes

. Y x ZY
Y

X
X Y= +

⎛

⎝⎜
⎞
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− + −m r s

s
m s r( ) 1 2

. (6.154)

The.first.two.terms.on.the.right-hand.side.of.Equation.6.154.represent.the.correlation.between.
Y.and.X,.with.µY,.the.mean.of.Y,.being.a.vertical.location.parameter,.and.σY.and.σX.being.scaling.
parameters..The.third. term.on.the.right-hand.side.of. the.above.equation.represents. the.extent. to.
which.Y.and.X.are.uncorrelated..If.ρ.equals.1.or.–1,.then.the.third.term.drops.out.and.the.relationship.
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between. Y. and. X. is. defined. entirely. by. the. deterministic. linear. relationship. Y. =. β0  +  β1  X.. If.
ρ equals 0,.then.the.random.component.and.the.vertical.location.parameter.define.the.relationship.
between.Y.and.X.

To.generate.random.samples.that.are.from.a.population.with.correlation.ρ,.values.of.σY,.σX,.μY,.
μX,.and.the.sample.size.n.must.be.set..Then.values.of.X.with.set.characteristics.μX.and.σX.can.be.
generated.randomly..Using.random.values.of.Z,.where.Z.is.normally.distributed.with.mean.of.0.and.
variance.of.1,.the.above.equation.is.used.to.generate.values.of.Y..Other.distributions.can.be.used;.
however,.the.normal.distribution.is.almost.always.assumed.

Example 6.12: Correlation between Functions

Equations 6.45 and 6.46 provide two functions that depend on the value of a random variable X and param
eter n. Figure 6.2 shows the relationship between the correlation coefficient ρ and parameter n. For n = 2, 
Equation 6.62 shows that the population correlation coefficient is 0.87. For n = 3, the population value equals 
0.71. The development of Equation 6.62 applies to the population but not to sample estimates of the correlation 
coefficient. Furthermore, the theoretical development does not provide knowledge of the distribution of the 
sample correlation coefficient (R), which is a function of the size of the random sample (n).

Simulation can provide the distribution of sample estimates of the correlation between the two functions of 
Equations 6.45 and 6.46. Using uniform random numbers, samples of 5, 10, and 25 were generated for the case 
n = 3, and the correlation between the two functions was computed, with the following means:

 

N Mean Correlation R
	 5 0.891

10 0.832

25 0.803

As the sample size N increases, the mean would approach the population value of 0.71.
In addition to means, the distributions of the sample R were obtained for each N. Figure 6.9 shows the three 

simulated distributions with the values listed in Table 6.4. As expected, as the sample size increases, the spread 
of the distribution decreases, which reflects the increase in the accuracy of the statistic as N increases. The 
centers of the distributions move toward the population value of 0.71.
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Figure 6.9 	sample	distributions	of	the	correlation	coefficients	of	the	functions	of	equations	6.45	and	6.46	for	
sample	sizes	(N)	of	5,	10,	and	25.
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Example 6.13: Multivariable Simulation of Stage and Discharge

Example 6.12 evaluated the correlation between two functions of one random variable, X. In this example, 
values of two random variables were simulated and the correlation between the simulated data was assessed. 
The simulation assumes values of the population parameters of Equation 6.154 and the distribution of X, which 
along with the distribution of Z determine the distribution of Y. In this example, both X and Z are assumed to be 
normally distributed. The following statistics were assumed: ρ = 0.921, μY = 55, 𝜎Y = 54, 𝜎X = 0.71, μX = 2.84. 
These are approximately the sample values for the data of Table 2.3.

Table 6.5 gives 50 simulated values of the stage and discharge. The values of stage X were simulated to 
have a normal distribution and Equation 6.154 was used to simulate the discharges Y. Figure 6.10 shows the 
distributions of the simulated values. 

Simulated data should always be examined to ensure that the values are reasonable. Certainly, the distri
butions of Figure 6.10 are an important means of assessing the data. In this case, both appear to be normally 
distributed. It is also useful to compare the sample statistics of the simulated data with the assumed population. 
The following tabular summary compares the statistics:

 

Statistic Assumed Population Simulated Data

stage:	mean 2.84 2.780

stage:	standard	deviation 0.71 0.619

Discharge:	mean 55.0 54.5

Discharge:	standard	
deviation

54.0 37.3

The standard deviation of the simulated discharges is smaller than that of the population, but the simulated 
statistics are within the expected sampling variation of the population values.

table 6.4  Sample Distributions of Correlation of 
Functions of equations 6.45 and 6.46 
for Sample Sizes (N) of 5, 10, and 25 

Correlation 
Coefficient N = 5 N = 10 N = 25

0.575 0.0000 0.0002 —

0.600 0.0002 0.0007 —

0.625 0.0016 0.0036 0.0003

0.650 0.0022 0.0099 0.0028

0.675 0.0065 0.0179 0.0104

0.700 0.0106 0.0352 0.0269

0.725 0.0195 0.0591 0.0819

0.750 0.0325 0.0759 0.1468

0.775 0.0484 0.1016 0.1960

0.800 0.0672 0.1328 0.2068

0.825 0.0824 0.1376 0.1785

0.850 0.1022 0.1401 0.0989

0.875 0.1123 0.1199 0.0396

0.900 0.1374 0.0877 0.0097

0.925 0.1378 0.0529 0.0014

0.950 0.1371 0.0213 —

0.975 0.1021 0.0036 —

1.000 — — —
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table 6.5 Simulated Stages and Discharges

Observation Number Simulated Stage random Number Simulated Discharge

1 3.342 –0.257 84.8
2 2.927 0.546 72.6
3 2.477 –0.100 27.5
4 1.384 2.931 14.7
5 1.908 1.111 13.1
6 2.544 –0.735 18.8
7 2.546 1.711 70.4
8 3.182 0.005 79.1
9 3.564 0.150 108.9

10 3.305 –0.188 83.6
11 3.602 –0.466 98.6
12 2.237 –0.523 1.8
13 1.404 2.790 13.1
14 2.753 0.618 61.9
15 2.522 –0.307 26.3
16 2.529 0.174 36.8
17 2.734 0.052 48.7
18 2.135 0.705 20.5
19 3.219 –0.293 75.4
20 4.285 –0.223 151.5
21 3.132 –0.674 61.3
22 2.959 –1.042 41.4
23 3.415 –0.235 90.3
24 2.519 –0.553 20.9
25 3.459 –0.714 83.3
26 2.111 0.752 19.7
27 2.414 0.467 35.0
28 3.039 0.112 71.3
29 3.371 0.629 105.4
30 2.761 –1.198 24.2
31 3.008 0.056 67.9
32 3.417 –1.633 61.1
33 2.194 0.323 16.5
34 2.031 0.262 3.8
35 2.838 0.160 58.2
36 3.718 –0.585 104.2
37 3.112 –0.302 67.7
38 2.739 –0.739 32.4
39 2.639 –0.639 27.5
40 1.810 1.103 6.1
41 2.663 0.314 49.2
42 2.030 0.735 13.7
43 2.353 0.144 23.9
44 2.030 0.667 12.3
45 2.554 –0.434 25.8
46 3.758 –0.193 115.2
47 2.702 0.600 57.9
48 2.927 0.711 76.1
49 3.075 1.424 101.4
50 3.644 1.426 141.3
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6.7 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for.the.problem.statements.of.the.four.simulation.
projects.introduced.at.the.end.of.previous.chapters.

6.7.1 Structural Beam Study

Using.the.project.information.provided.in.previous.sections.on.this.project,.perform.computa-
tions.to.produce.results.similar.to.the.results.in.Section.6.6.2,.as.much.as.possible,.to.investigate.the.
correlation.among.the.output.random.variable.and.the.predictor.random.variables.
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Figure 6.10 	Distributions	 of	 (a)	 simulated	 stages;	 (b)	 random	 normal	 variate	 used	 to	 compute	 simulated	
	discharges;	(c)	simulated	discharges.
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6.7.2 Stream erosion Study

Using.the.project.information.provided.in.previous.sections.on.this.project,.perform.computa-
tions.to.produce.results.similar.to.the.results.in.Section.6.6.2,.as.much.as.possible,.to.investigate.the.
correlation.among.the.output.random.variable.and.the.predictor.random.variables.

6.7.3 traffic estimation Study

Using.the.project.information.provided.in.previous.sections.on.this.project,.perform.computa-
tions.to.produce.results.similar.to.the.results.in.Section.6.6.2,.as.much.as.possible,.to.investigate.the.
correlation.among.the.output.random.variable.and.the.predictor.random.variables.

6.7.4 Water evaporation Study

Using.the.project.information.provided.in.previous.sections.on.this.project,.perform.computa-
tions.to.produce.results.similar.to.the.results.in.Section.6.6.2,.as.much.as.possible,.to.investigate.the.
correlation.among.the.output.random.variable.and.the.predictor.random.variables.

6.8 PrOBLeMS

 6-1.. A.shipping.company.records.the.conditions.of.cargoes.at.the.delivery.points.as.not.damaged.(ND),.
damaged.(D),.and.partially.damaged.(PD)..The.following.probability.mass.function.was.established.
for.three.shipping.methods:

. .

X.=.Condition.of.Cargo

ND D PD

Y.=.Shipping.
Method

Sea 0.20 0.04 0.02

Air 0.40 0.02 0.03

Ground 0.27 0.01 0.01

. . Determine.the.marginal.probability.mass.functions.PX(x).and.PY(y)..If.a.cargo.is.damaged,.what.is.
the.probability.that.it.was.shipped.by.sea?.By.air?.By.ground?.Are.the.random.variables.statistically.
uncorrelated?.Why?

 6-2.. An.electronics.company.tests.for.the.performance.quality.of.its.products.by.performing.nondestruc-
tive.thermal.and.magnetic-field.tests..The.products.are.classified.as.adequate.(A),.not.adequate.(NA),.
and.partially.adequate.(PA)..A.sample.of.100.produced.the.following.results:

X.=.Thermal.Test

A NA PA

Y.=.Magnetic.
Field

A 80 2 0

NA 4 2 2

PA 4 2 4

. . Determine.the.joint.probability.mass.function.PXY(x,y).and.the.marginal.probability.mass.functions.
PX(x).and.PY(y)..Are.the.random.variables.statistically.uncorrelated?.Why?.

 6-3.. Determine.the.conditional.probability.mass.function.PX|Y(X =.ND).for.all.y.values.for.the.random.
variables.in.Problem.6.1.

 6-4.. Determine.the.conditional.probability.mass.function.PY |X(Y =.sea).for.all.x.values.for.the.random.
variables.in.Problem.6.1.

 6-5.. Determine.the.conditional.probability.mass.function.PX|Y(X =.PA).for.all.y.values.for. the.random.
variables.in.Problem.6.2.

 6-6.. Determine.the.conditional.probability.mass.function.PY |X(Y =.NA).for.all.x.values.for.the.random.
variables.in.Problem.6.2.
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 6-7.. A.poultry. inspector.visually.examines.(VE).slaughtered.chickens.on.a.processing. line. in.a.plant..
Birds.that.exhibit.some.visual.marks.are.examined.further.based.on.a.detailed.examination.(DE).
protocol..A.sample.of.1000.birds.has.the.following.pass.(P).and.fail.(F).results:

VE.=.Visual.
Examination

P F

DE.=.Detailed.
Examination

P 960 . 5

F . 10 25

. . Determine.the.joint.probability.mass.function.and.the.marginal.probability.mass.functions.of.VE.
and. DE.. Are. the. random. variables. statistically. uncorrelated?. Why?. How. effective. is. the. visual.
inspection?

 6-8.. A. weld. inspector. VE. weld. seams. of. a. ship. produced. according. to. the. American. of. Shipping.
Classification.Rules..Welds.seems.that.exhibit.some.visual.signs.of.poor.quality.(P).or.medium.qual-
ity.(M).are.examined.further.using.a.nondestructive.testing.method.(NDE)..A.sample.of.100.weld.
seams.has.the.following.results.of.poor.(P),.medium.(M),.and.high.(H).quality:

VE.=.Visual.
Examination

P M H

NDE.=.
Nondestructive.
Examination

P 3 5 . 0

M 2 5 10

H 0 5 70

. . Determine.the.joint.probability.mass.function.and.the.marginal.probability.mass.functions.of.VE.
and. DE.. Are. the. random. variables. statistically. uncorrelated?. Why?. How. effective. is. the. visual.
inspection?

 6-9.. The.following.is.a.joint.probability.density.function.for.two.continuous.random.variables,.X.and.Y:

.
f x y cxy x yXY ( , ) = < < < <   for  and 0 1 0 1

. . Determine.the.constant.c.such.that.fXY(x,y).is.a.legitimate.joint.density.function..Evaluate.the.mar-
ginal.density.functions.fX(x).and.fY(y)..Evaluate.the.probability.that.0.<.x <.0.5.and.0.<.y <.0.25..Are.
the.random.variables.statistically.uncorrelated?.Why?

 6-10.. The.following.is.a.joint.probability.density.function.for.two.continuous.random.variables,.X.and.Y:

.
f x y cx y x yXY ( , ) = < < < <   for  and 0 1 0 1

. . Determine.the.constant.c.such.that.fXY(x,y).is.a.legitimate.joint.density.function..Evaluate.the.mar-
ginal.density.functions.fX(x).and.fY(y)..Evaluate.the.probability.that.0.<.x <.0.5.and.0.<.y <.0.25..Are.
the.random.variables.statistically.uncorrelated?.Why?

 6-11.. Determine. the. conditional. expected. values. E(X|y). and. E(Y |x). for. the. random. variables. in.
Problem 6.9.

 6-12.. Determine.the.conditional.expected.values.E(X|y).and.E(Y|x).for.the.random.variables.in.Problem.6.10.
 6-13.. Determine.the.correlation.coefficient.ρXY.for.the.random.variables.in.Problem.6.9.
 6-14.. Determine.the.correlation.coefficient.ρXY.for.the.random.variables.in.Problem.6.10.
 6-15.. The.electric.(E).and.gas.(G).energy.consumption.of.a.household.in.a.residential.subdivision.follows.

a.hypothetical.joint.probability.density.function.as.follows:

. f e g c g e e gEG ( , ) ( )= + < < < <2 0 1 0 1for and

. . where.e.and.g.are.normalized.to.the.respective.maximum.value.for.all.the.houses..Determine.the.
constant.c. such. that. fEG(e,g). is. a. legitimate. joint. density. function..Evaluate. the.marginal. density.
functions.fE(e).and.fG(g)..Evaluate.the.probability.that.0.<.E <.0.5.and.0.<.G <.0.25..Are.the.random.
variables.statistically.uncorrelated?.Why?
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 6-16.. The.consumption.of.two.types.of.household.goods.(X.and.Y).follows.a.hypothetical.joint.probability.
density.function.as.follows:

. f x y c x y x yXY ( , ) ( )= + < < < <2 2 0 1 0 1for and

. . where.x.and.y.are.normalized.to.the.respective.maximum.value.for.all.the.houses..Determine.the.
constant. c. such. that. fxy(x,y). is. a. legitimate. joint. density. function.. Evaluate. the. marginal. density.
functions.fX(x).and.fY(y)..Evaluate.the.probability.that.0.<.x <.0.5.and.0.<.y <.0.25...Are.the.random.
variables.statistically.uncorrelated?.Why?

 6-17.. The.consumption.of.two.types.of.manufacturing.goods.(X.and.Y).follows.a.hypothetical.joint.proba-
bility.density.function.as.follows:

. f x y c x y x yXY ( , ) ( )= + < < < <2 0 1 0 1for and

. . where.x.and.y.are.normalized.to.the.respective.maximum.value.for.all.the.houses..Determine.the.
constant. c. such. that. fxy(x,y). is. a. legitimate. joint. density. function.. Evaluate. the. marginal. density.
functions.fX(x).and.fY(y)..Evaluate.the.probability.that.0.<.x <.0.5.and.0.<.y <.0.25..Are.the.random.
variables.statistically.uncorrelated?.Why?

 6-18.. The.random.variable.X.is.normally.distributed.with.mean.and.standard.deviation.μX.=.0.and.σX.=.1,.
respectively..A.dependent.random.variable.Y.is.defined.as

. Y X= 2

. . Show.that.the.probability.density.function.of.Y.is.a.chi-square.distribution.(as.given.by.Equation.5.66).
 6-19.. The.random.variable.Y.is.normally.distributed.with.mean.and.standard.deviation.μY.and.σY,.respec-

tively..The.dependent.random.variable.Y.is.defined.as

. Y X= ln( )

. . Show.that.the.probability.density.function.of.X.is.a.lognormal.distribution.(as.given.by.Equation.5.23).
 6-20.. For.a.simply.supported.beam.with.a.concentrated.load.P.at.midspan.and.uniformly.distributed.load.

of. intensity. w. over. the. entire. span. L,. the. maximum. shear. force. (V). and. the. maximum. bending.
moment.(M).are.given.by

.

V
wL P

M
wL PL

= +

= +

2 2

8 4

2

. . Find.the.covariance.of.V.and.M,.Cov(V,.M),.using.first-order.approximations..Assume.P.and.w.to.be.
random.variables.with.known.mean.values.and.variances.of.μP,.σP,.μw,.and.σw,.respectively.

Deformation of a rod (Problem 6.21)

P

P

L

.
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 6-21.. The.change.in.the.length.of.a.rod.shown.in.the.figure.above.and.due.to.an.axial.force.P.is.given.by

.
Δ =L

PL

AE

. . where.L.is.the.length.of.rod,.P.is.the.applied.axial.force,.A.is.the.cross-sectional.area.of.rod,.and.E.is.
the.modulus.of.elasticity..If.P.and.E.are.normally.distributed.with.μP.and.σP.and.μE.and.σE,.respec-
tively,.determine.the.first-order.mean.and.variance.of.ΔL.for.the.following.two.cases:.(1).P.and.E.are.
uncorrelated,.and.(2).P.and.E.are.correlated.with.a.correlation.coefficient.ρ.

 6-22.. The.ultimate.moment.capacity,.M,.of.an.under-reinforced.concrete.rectangular.section.is.given by

.
M A f d

a
s y= −

⎛
⎝⎜

⎞
⎠⎟2

. . where

.
a

A f

bf
s y

c

=
ʹ0 85.

. . in.which.the.following.are.random.variables:.As.is.the.cross-sectional.area.of.the.reinforcing.steel,.fy.
is.the.yield.stress.(strength).of.the.steel,.d.is.the.distance.from.the.reinforcing.steel.to.the.top.fibers.
of.the.beam,.b.is.the.width.of.the.beam,.and.f′c.is.the.ultimate.stress.(strength).of.the.concrete..If.the.
random.variables.are.assumed.to.be.statistically.uncorrelated,.determine.the.first-order.mean.and.
variance.of.the.moment.capacity.in.terms.of.the.means.and.variances.of.the.random.variables.

 6-23.. For. the.reinforced.concrete.section.described. in.Problem.6.22,.determine. the.second-order.mean.
and.variance.of.the.moment.capacity.by.including.the.second-order.term.of.Taylor.series.expansion.
(Equation.6.113).in.the.approximate.expression.for.the.mean.and.variance.

 6-23.. For.the.following.engineering.formula:

. Y X X X= 1 2 3
2

. . compute.the.first-order.approximate.mean.and.variance.for.the.following.two.cases:.(1).uncorrelated.
Xs,. and. (2). correlated. Xs. as. functions. of. the. mean. and. variances. and. correlation. coefficients. of.
the Xs.

 6-24.. For.the.following.engineering.formula:

. Y X X X X= 1 2 3
1 2

4
1 2/ /

. . compute. the.first-order.approximate.mean.and.variance. for. the. following. two.cases:. (1).uncorre-
lated.Xs,.and.(2).correlated.Xs.as.functions.of.the.mean.and.variances.and.correlation.coefficients.of.
the Xs.

 6-25.. For.the.following.engineering.formula:

. Y X X X= −
1 2

1 2
3
1 2/ /

. . compute. the.first-order.approximate.mean.and.variance. for. the. following. two.cases:. (1).uncorre-
lated.Xs,.and.(2).correlated.Xs.as.functions.of.the.mean.and.variances.and.correlation.coefficients.of.
the Xs.

 6-26.. For.the.following.engineering.formula:

.
Y

X

X
X= 1

2
3
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. . compute.the.first-order.approximate.mean.and.variance.for.the.following.two.cases:.(1) .uncorrelated.
Xs,. and. (2). correlated. Xs. as. functions. of. the. mean. and. variances. and. correlation. coefficients. of.
the Xs.

 6-27.. For.the.following.engineering.formula:

. Y X X= 1 2exp( )

. . compute.the.first-order.approximate.mean.and.variance.for.the.following.two.cases:.(1)..uncorrelated.
Xs,.and.(2).correlated.Xs.as.functions.of.the.mean.and.variances.and.correlation.coefficients.of.the.
Xs.

 6-28. Using.the.midsquare.method.with.a.seed.of.2941,.generate.30.uniform.variates..Use.these.to.compute.
the.material.costs.X.assuming.X.~.N(μ =.150,.σ =.20)..Using.the.midsquare.method.with.a.seed.of.
7676,.generate.30.uniform.variates.and.use.them.to.compute.the.labor.costs.(Y).assuming.Y.~.N(μ =.
225,.σ  =.25)..Generate.the.30.total.cost.(C).values.assuming.that.C.=.2.5X.+.1.7Y..Compute.the.mean.
and.standard.deviation.of.C.and.plot.histograms.of.X,.Y,.and.C..Discuss.the.results.

 6-29.. Using.the.midsquare.method.with.a.seed.of.9507,.generate.a.sample.of.ten.values.(X).that.follow.X.~.
N(μ.=.10,.σ.=.2)..Assume.σY.=.3,.μY.=.20,.and.ρ.=.0.5..Generate.ten.values.of.Y.using.Equation.6.154.
with.values.of.Z.generated.using.the.midsquare.method.with.a.seed.of.2782..Compute.the.correlation.
coefficient.between.the.X.and.Y.values..Compute.the.sample.and.population.correlation.coefficient.

 6-30.. Assume.the.river.stage.X.is.N(μ.=.4,.σ.=.0.7)..Assume.μY.=.650,.σY.=.60,.and.ρ.=.0.82..Using.the.
midsquare.method.with.a.seed.of.1073,.generate.15.values.of.the.stage.and.generate.values.of.the.
discharge.Y.using.Equation.6.154.with.values.of.Z.generated.using.the.midsquare.method.and.a.seed.
of.6639..Compute.the.mean,.standard.deviation,.and.frequency.histograms.of.the.simulated.data..
Make.comparisons.with.the.assumed.populations.

 6-31.. Assume.the.river.stage.X.is.N(μ.=.4,.σ.=.0.7)..Assume.μY.=.650,.σY.=.60,.and.ρ.=.0.82..Using.the.
rand.function,.generate.15.values.of.the.stage,.and.generate.values.of.the.discharge.Y.using.Equation.
6.154.with.values.of.Z.generated.using.the.rand.function..Compute.the.mean,.standard.deviation,.and.
frequency.histograms.of.the.simulated.data..Make.comparisons.with.the.assumed.populations.
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ChAPter 7

Simulation

In.this.chapter,.we.introduce.and.illustrate.simulation.methods.starting.with.random.number.
generation,.followed.by.random.variable.generation,.and.finishing.with.solving.problems.using.sim-
ulation..We.will.use.practical.examples.to.introduce.the.concepts.and.their.applications.
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7.1	 INtrODUCtION

7.1.1	 engineering Decision Making

Assume.that.you.are.a.county.transportation.engineer.and.that.you.have.found.from.studying.
traffic.accident.reports.that.traffic.fatalities.at.a.particular.intersection.in.the.county.are.especially.
high..The. intersection. is. currently.uncontrolled.except. for. stop. signs. for. the.north–south. street;.
there.are.no.stop.signs.on.the.east–west.street..As.a.possible.measure.for.reducing.traffic.accidents,.
you.propose.installing.a.four-way.traffic.light;.however,.you.want.the.light.to.operate.in.a.pattern.
that.will.cause.the.least.impedance.on.traffic..Therefore,.you.must.decide.the.length.of.the.red–
green.cycle.in.each.direction.and.the.proportion.of.time.that.it.will.be.green.in.each.direction..For.
example,.will.the.light.be.green.in.the.north–south.direction.less.time,.equal.time,.or.more.time.
than.in.the.east–west.direction?.Also,.will.the.entire.cycle.be.1.min,.2.min?.It.is.necessary.for.you,.
the. transportation. engineer,. to. establish. the. traffic-light.operation.policy. that.will. reduce. traffic.
accidents.with.minimal.impedance.of.traffic.

One.possible.solution.to.your.dilemma.would.be.to.install.the.traffic.light,.assume.some.light-
operation.sequence,.and. then.observe. its.effectiveness.over.2.weeks.or.a.month..Then.a. second.
sequence.could.be.used.and.traffic.observed.for.another.2.weeks..This.process.could.be.repeated.
until.the.optimum.light-operation.sequence.is.found..Obviously,.this.is.an.unrealistic.option,.but.an.
arbitrary.setting.of.the.light-operation.sequence.is.also.an.undesirable.option..A.method.of.simulat-
ing.the.actual.process.in.a.very.short.period.of.time.is.needed.

Consider.a.second.case.that.involves.the.task.of.a.water-supply.engineer.who.must.establish.a.
policy.for.public.water.use.during.periods.of.drought..Let.us.assume.here.that.drought.is.defined.as.an.
extended.period.of.time.when.the.normal.demand.for.water.exceeds.the.available.supply..It.is.the.task.
of.the.engineer.to.set.a.policy.that.sets.a.limit.on.the.daily.use.of.water..Common.limitations.on.water.
use.include.bans.on.car.washing.and.lawn.watering.and.limiting.home.use.to.some.percentage.of.nor-
mal.use..To.ensure.that.the.policy.is.enforceable,.it.must.be.applied.consistently.over.a.relatively.long.
period.of.time;.it.cannot.be.changed.daily..But.what.policy.should.the.water-supply.engineer.recom-
mend.to.the.water.commissioner?.The.engineer.wants.to.minimize.inconvenience.to.the.public,.but.at.
the.same.time.water.must.be.available.for.consumption,.fire.safety,.public.health,.and.important.com-
mercial.and.industrial.uses..The.policy.must.take.into.consideration.the.engineer’s.expectation.for.
rain.over.the.next.month.or.so,.but.this.is.an.unknown,.yet.important,.variable..The.engineer.would.
have.some.knowledge.of.the.depth.of.rain.that.has.occurred.in.the.past,.but.past.sequences.of.rain.
are.unlikely.to.occur.exactly.in.the.future..How.can.the.water-supply.engineer.combine.knowledge.
of.existing.water.supplies,.public.demand.for.water,.potential.amounts.of.rainfall,.and.the.effects.of.
alternative.policies.for.limiting.water.use?.Just.as.in.the.traffic-light.problem,.the.engineer.needs.a.
method.of.combining.knowledge.of.each.part.of.the.process.in.a.way.that.simulates.the.parts.and.
their.interaction.so.that.estimates.of.the.effects.of.alternative.water.policies.can.be.assessed.

7.1.2	  Sampling Variation

The. topic. of. sampling. variation. has. been. introduced. previously.. The. standard. error. of. the.
sample.mean.was.given.as.S /( )n ..Confidence.intervals.are.a.statistical.tool.used.to.quantify.the.
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variation.that.can.be.expected.in.a.statistic..The.subject.of.the.standard.error.of.estimate.is.intro-
duced. in. Chapter. 12. as. a. measure. of. the. expected. variation. of. the. residuals. from. a. regression.
model..Numerous.other.examples.of.sampling.variation.have.been.introduced..A.slightly.different.
approach.is.considered.here.

Consider.the.following.experiment..A.die.is.rolled.three.times,.with.the.number.of.dots.from.
the.three.rolls.summed..We.will.denote.this.random.variable.as.S..What.is.the.sample.space.of.
S?.Obviously,.it.cannot.take.on.a.value.smaller.than.3.or.larger.than.18..So.the.sample.space.con-
sists.of.the.integer.values.from.3.to.18..There.is.only.one.way.to.get.S.equal.to.3—namely,.three.
occurrences.of.a.1:.(1,.1,.1)..There.are.three.ways.of.getting.S.equal.to.4:.(1,.1,.2),.(1,.2,.1),.and.
(2, 1,.1)..If.we.continued.to.identify.all.possible.outcomes,.we.would.see.that.there.is.a.total.of.216.
possibilities..The.number.of.possible.outcomes.can.be.converted.to.a.probability.by.dividing.the.
number.of.outcomes.by.216;.these.are.the.population.probabilities.and.are.given.in.Table.7.1.as.p..
An.experiment.is.to.roll.the.die.150.times,.with.each.group.of.three.rolls.used.to.compute.a.value.
of.S;.thus,.the.150.rolls.produce.50.values.of.the.random.variable..Each.group.of.the.50.will.be.
referred.to.as.a.simulation.run;.the.number.of.values.for.each.S.and.for.each.of.17.simulation.runs.
(or.cycles).are.shown.in.Table.7.1..The.point.of.this.exercise.is.to.show.that.each.simulation.run.
produces.a.different.result..In.fact,.some.runs.are.quite.different;.for.example,.runs.4.and.13.differ.
in.that.run.4.has.29.occurrences.of.S.between.3.and.10,.while.run.13.has.21.occurrences..But.each.
simulation.run.cannot.be.the.same.because.run-to-run.variation.is.expected.when.dealing.with.a.
random.variable.

This.variation.occurs. in.engineering.systems..We.do.not.have. the.same.flood.patterns.every.
year..Structures.are.not.subjected.to.the.same.wind.loads.every.year..Traffic.patterns.and.accidents.
differ.on.a.day-to-day.basis..Construction.delays.are.not.systematic..Pollution.loads.in.rivers.vary.
continuously.and.the.level.of.pollution.at.any.time.cannot.be.predicted.with.certainty..In.problems.
where.uncertainty.is.significant.and.important.to.the.decisions.that.engineers.must.make,.simula-
tion.can.be.an.important.modeling.tool.for.engineers.

7.1.3	  Coin-Flipping Simulation

Problems.such.as.the.traffic-light.and.water-rationing.examples.can.be.studied.on.a.computer.
without.the.need.to.conduct.exhaustive.real-world.studies..The.essence.of.the.computer.approach.
will.be.illustrated.using.an.example..The.reader.is.encouraged.to.perform.a.similar.study.of.the.
problem.while.following.the.steps.shown..The.only.requirement.is.a.coin.and.pen.and.paper.to.rec-
ord.the.results.

First,.flip.a.coin.72.times.and.record.the.sequence.of.heads.and.tails.(H.and.T,.respectively)..The.
following.is.an.example.result:

. HTT.HTH.TTH.THT.TTH.HTT.HHT.HTT.TTH.TTT.HHT.HHH

. ...TTH.HHT.THT.THH.TTH.HTH.TTT.HHH.THH.HHH.HTH.THT

Next,.divide.the.sequence.into.24.groups.of.3.as.shown.above..This.sequence.is.used.to.simulate.
the.operation.of.a.manufacturing.plant.and.the.selection.of.a.piece.of.equipment.based.on.a.linear.
cost.function..Assume.that.each.group.of.three.coin.tosses.represents.the.output.from.an.assembly.
line..Also,.assume.that.the.machine.randomly.produces.defective.units,.with.a.unit.from.machine.
A.being.defective.for.any.of.the.following.sequences:.TTT,.TTH,.or.HTT;.all.other.combinations.
indicate.a.nondefective.unit..For.machine.A,.the.sequence.of.defective.(D).and.nondefective.(N).
units.from.the.above.coin.tosses.can.be,.therefore,.expressed.as

. DNDNDDNDDDNNDNNNDNDNNNNN
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The. manufacturing. engineer. is. considering. the. installation. of. a. more. reliable. and. more. costly.
machine,.which. is. called.machine.B..For.machine.B,. the. following. sequences. indicate. a.defec-
tive.unit:.TTT.or.TTH;.thus,.the.sequence.of.defective.and.nondefective.units.from.the.above.coin.
tosses is

. NNDNDNNNDDNNDNNNDNDNNNNN

Machine.A.produced.ten.defective.units.(41.7%),.while.machine.B.produced.only.seven.defective.
units.(29.2%)..Let.us.assume.that.there.is.a.$5.profit.for.a.nondefective.unit.and.a.$2.loss.for.each.
defective.unit..Machine.A.costs.$12,000,.while.machine.B.costs.$15,000..Based.on.a.useful.life.
of.1.year.for.the.machines,.during.which.10,000.units.would.be.produced,.the.expected.profit.for.
machine.A.is

.
Profit for A =

⎛
⎝⎜

⎞
⎠⎟
( ) − ⎛

⎝⎜
⎞
⎠⎟
( ) −$ , $ , $5

14

24
10 000 2

10

24
10 000 12,, $000 8833=

The.expected.profit.for.machine.B.is

. . 	
Profit for B =

⎛
⎝⎜

⎞
⎠⎟
( ) − ⎛

⎝⎜
⎞
⎠⎟
( ) −$ , $ , $ ,5

17

24
10 000 2

7

24
10 000 15 0000 14 583= $ ,

Therefore,.based.on.the.sample.estimates.obtained.from.the.simulated.sequences.of.defective.and.
nondefective.items,.the.profit.expected.from.machine.B.exceeds.the.profit.expected.from.machine A..
Thus,.an.engineer.would.recommend.the.purchase.of.machine.B..In.practice,.the.engineer.should.
also.consider.the.standard.deviation.of.the.profit.of.each.machine.in.the.final.selection.

This.example.demonstrates.the.point.that.it.was.not.necessary.to.actually.produce.10,000.units.
with.each.machine.to.estimate.the.profit.for.the.two.alternatives..The.random.nature.of.the.produc-
tion.of.defective.units.was.represented.by.a.simple.experiment.that.had.the.same.statistical.charac-
teristics.as.the.real.system.

7.1.4	  Definitions

Before.defining.what.is.meant.by.engineering.simulation,.it.is.necessary.to.give.a.few.other.defi-
nitions..First,.a.system.is.defined.herein.as.a.set.of.processes.or.components.that.are.interdependent.
with.each.other..This.could.be.a.natural.system.such.as.a.watershed,.a.geographic.system.such.as.a.
road.network,.or.a.structural.system.such.as.a.high-rise.building..An.accident.on.one.road.can.lead.
to.traffic.congestion.on.a.nearby.road,.so.the.roads.are.interdependent.

Second,. a. model. is. defined. herein. as. a. representation. of. a. real. system. as. was. discussed. in.
Chapter.1..The.model.could.be.either.a.physical.model,. such.as. those.used. in. laboratories,.or.a.
mathematical.model..Models.can.be.developed.from.either.theoretical.laws.or.empirical.analyses..
The. model. includes. components. that. reflect. the. processes. and. provides. for. interaction. between.
components.

Third,.an.experiment.is.defined.for.our.purposes.here.as.the.process.of.observing.the.system.or.
the.model..Where.possible,.it.is.usually.preferable.to.observe.the.real.system;.however,.the.lack.of.
control.may.make.this.option.impossible.or.unrealistic.

Given. these. three. definitions,. we. can. now. provide. a. preliminary. definition. for. simulation..
Specifically,. simulation. is. the. process. of. conducting. experiments. on. a. model. when. we. cannot.
experiment.directly.on.the.system..The.uncertainty.or.randomness.inherent.in.model.elements.is.
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incorporated.into.the.model.and.the.experiments.are.designed.to.account.for.this.uncertainty..To.
illustrate.this.aspect,.consider.the.coin-tossing.example..The.occurrence.of.defective.items.was.con-
sidered.to.be.random,.so.the.model.incorporated.the.randomness.of.coin.tossing.to.represent.the.
randomness.of.the.real.system..Both.sequences.of.defective.and.nondefective.items.appear.to.be.
random..The.$5.profit.and.$2.loss,.as.well.as.the.cost.of.the.machine,.were.not.subject.to.uncertainty,.
so.they.were.included.in.the.model.as.constants.

The.term.simulation run or cycle.is.defined.as.an.execution.of.the.model.through.all.operations.
for.a.length.of.simulated.time..The.72.coin.tosses.shown.above.could.represent.one.simulation.run,.
with.the.24.items.being.the.length.of.the.simulation.run..Using.the.above.model,.a.simulation.run.
that.consisted.of.30,000.flips.can.be.used.to.yield.10,000.units.

Some.additional.terms.used.in.this.chapter.that.should.be.defined.here.are.as.follows:

. 1.. A.model parameter.is.a.value.that.is.held.constant.over.a.simulation.run.but.can.be.changed.from.
run.to.run.

. 2.. A.variable.is.a.model.element.whose.value.can.vary.during.a.simulation.run.

. 3.. Input variables. are. those.model.variables. that. require.values. to.be. input.prior. to. the. simulation.
run.

. 4.. Output variables.are.model.variables.that.reflect.the.end.state.of.the.system.and.can.consist.of.single.
values.or.a.vector.of.values.

. 5.. Initial conditions.are.the.values.of.model.variables.and.parameters.that.establish.the.initial.state.of.
the.model.at.the.beginning.of.a.simulation.run.

7.1.5	  Benefits of Simulation

Simulation.is.frequently.encountered.in.our.everyday.lives..Flight.simulators.are.widely.used.in.
the.space.and.aircraft.industries,.and.attractions.at.leading.amusement.parks.simulate.the.experi-
ence.of.space.travel..Even.video.games.use.simulation.to.mimic.life-threatening.activities.

Simulation.is.widely.used.in.engineering.decision.making..It.is.a.popular.modeling.tool.because.
it. enables. a. representation. of. the. system. to. be. manipulated. when. manipulating. the. real. system.
is.impossible.or.too.costly..Simulation.allows.the.time.or.space.framework.of.the.problem.to.be.
changed.to.a.more.convenient.framework..Simulation.enables.the.representation.of.the.system.to.
be.changed.to.better.understand.the.real.system;.of.course,.this.requires.the.model.to.be.a.realistic.
representation.of.the.system..Simulation.enables.an.analyst.to.control.any.of.the.model.parameters,.
variables,.or.initial.conditions,.something.that.is.not.possible.with.the.real.system..Simulation.can.
be.used.to.evaluate.the.response.of.the.system.for.conditions.that.have.not.occurred.in.the.past.

Simulation.is.a.principal.modeling.tool.because.it.allows.a.model.to.be.altered.to.reflect.condi-
tions.that.have.not.occurred.in.the.past.but.can.be.expected.to.occur.in.the.future..Thus,.the.response.
of.the.real.system.to.future.extreme.conditions.can.be.evaluated,.with.the.effects.of.possible.preven-
tion.actions.evaluated..The.model.can.be.used.with.simulation.to.assess.the.relative.importance.of.
the.variables..The.effects.of.uncertainty.in.design.inputs.can.be.evaluated.with.simulation.

While. simulation. is. extremely. useful,. there. are. a. few.problems..First,. it. is. quite. possible. to.
develop.several.different,.but.realistic,.models.of. the.system..The.different.models.could.lead.to.
different.decisions..Second,.the.data.used.to.calibrate.the.model.may.be.limited,.so.extrapolations.
beyond.the.range.of.the.measured.data.may.be.especially.inaccurate.

7.2	 MONte CArLO SIMULAtION

Interest.in.simulation.methods.started.in.the.early.1940s.for.the.purpose.of.developing.inexpen-
sive.techniques.for.testing.engineering.systems.by.imitating.their.real.behavior..These.methods.are.
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commonly.called.Monte Carlo simulation techniques,.with.an.obvious.connection.to.the.European.
gambling.enclave;.however,.Monte.Carlo.simulation.goes.way.beyond.gambling..The.connection.
with.uncertainty.is.the.commonality..The.principle.behind.the.methods.is.to.develop.a.computer-
based.analytical.model.that.predicts.the.behavior.of.a.system..When.the.model.is.evaluated.using.
data.measured.from.a.system,.it.predicts.the.behavior.of.the.system,.usually.for.many.simulation.
runs..Each.evaluation.(or.simulation.cycle).is.based.on.a.certain.randomly.selected.set.of.conditions.
for.the.input.parameters.of.the.system..Certain.analytical.tools.are.used.to.assure.the.random.selec-
tion.of.the.input.parameters.according.to.their.respective.probability.distributions.for.each.evalua-
tion..As.a.result,.several.predictions.of.the.behavior.are.obtained..Then.statistical.methods.are.used.
to.evaluate.the.moments.and.distribution.type.for.the.behavior.of.the.system.

The.analytical.and.computational.steps.that.are.needed.for.performing.Monte.Carlo.simulation.
are.(1).definition.of.the.system.using.a.model,.(2).generation.of.random.numbers,.(3).generation.of.
random.variables,.(4).evaluation.of.the.model,.(5).statistical.analysis.of.the.resulting.behavior,.and.
(6).study.of.simulation.efficiency.and.convergence..The.definition.of.the.system.should.include.its.
boundaries,.input.parameters,.output.(or.behavior).measures,.architecture,.and.models.that.relate.
the.input.parameters.and.architecture.to.the.output.parameters..The.accuracy.of.the.results.of.sim-
ulation.is.highly.dependent.on.having.an.accurate.definition.for.the.system..All.critical.parameters.
should.be.included.in.the.model..The.definition.of.the.input.parameters.should.include.their.statis-
tical.or.probabilistic.characteristics,.that.is,.knowledge.of.their.moments.and.distribution.types..It.
is.common.to.assume.the.architecture.of.the.system.in.Monte.Carlo.simulation.to.be.nonrandom..
However,.modeling.uncertainty.can.be.incorporated.in.the.analysis.in.the.form.of.bias.factors.and.
additional.variability.(e.g.,.coefficients.of.variation)..The.result.of.these.generations.is.a.set.of.cer-
tain.values.for.the.input.parameters..These.values.should.then.be.substituted.in.the.model.to.obtain.
an.output.measure..By.repeating.the.procedure.N.times.(for.N.simulation.cycles),.N.response.mea-
sures.are.obtained..Statistical.methods.can.now.be.used.to.obtain,.for.example,.the.mean.value,.var-
iance,.or.distribution.type.of.the.response..The.accuracy.of.the.resulting.measures.for.the.behavior.
is.expected.to.increase.by.increasing.the.number.of.simulation.cycles..The.convergence.of.the.sim-
ulation.methods.can.be.investigated.by.studying.their.limiting.behavior.as.N.is.increased..Also,.the.
efficiency.of.simulation.methods.can.be.increased.by.using.variance.reduction.techniques..These.
variance.reduction.techniques.are.not.covered.in.this.chapter,.but.they.are.described.in.Chapter.14.
in.regard.to.their.use.in.reliability.analyses.

7.3	 rANDOM NUMBerS

Random.numbers.are.real.nonnegative.values;.if.they.are.normalized.by.dividing.each.value.by.
the.largest.possible.value,.the.resulting.numbers.are.real.values.in.the.range.[0,.1]..Also,.the.nor-
malized.numbers.have.a.uniform.distribution.on.the.range.[0,.1]..Therefore,.it.can.be.stated.that.
a.random.number.can.be.modeled.as.a.random.variable.U.that.has.a.uniform.distribution.on.the.
continuous.range.[0,.1]..A.set.of.random.numbers.should.also.satisfy.the.condition.of.no.serial.cor-
relation.for.the.purpose.of.simulation.use.

The.importance.of.uniform.random.numbers.is.that.they.can.be.transformed.into.real.values.that.
follow.any.distribution.of.interest..Therefore,.they.are.the.basis.for.most.engineering.simulation.

In.the.early.years.of.simulation,.mechanical.random-number.generators.were.used.(e.g.,.draw-
ing.numbered.balls,.throwing.dice,.or.dealing.out.cards)..Many.lotteries.are.still.operated.this.way..
Then,.after.several.stages.of.development,.arithmetic.random-number.generators.were.developed.
that.are.computer.based.and.use.some.analytical.models..In.these.generators,.a.random.number.is.
obtained.based.on.a.previous.value.(or.values).and.fixed.mathematical.equations..Therefore,.a.seed.
is.needed.to.start.the.process.of.random-number.generation,.resulting.in.a.stream.of.random.values..
The.main.advantages.of.arithmetic.random-number.generators.over.mechanical.generators.are.their.
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speed,.the.fact.that.they.do.not.require.memory.for.storage.of.numbers,.and.repeatability.of.results..
The.conditions.of.a.uniform.distribution.and.the.absence.of.serial.correlation.should.also.be.satis-
fied..Due.to.the.nature.of.arithmetic.generation.of.random.numbers,.a.given.seed.should.result.in.the.
same.stream.of.random.values.all.the.time..This.property.of.repeatability.is.important.for.debug-
ging.of.the.simulation.algorithm.and.for.comparative.studies.of.design.alternatives.of.a.system..In.
this.section,.arithmetic.random-number.generators.are.briefly.described.

7.3.1	  Arithmetic Generators

There.are.many.arithmetic. random-number.generators—for.example,.midsquare,. linear.con-
gruential.generator,.mixed.generators,.multiplicative.generators,.general.congruences,.composite.
generators,.and.Tausworthe.generators..The.midsquare.generator.was.used.in.Chapters.1.to.6.to.
illustrate. the.use.of.simulation..All.of. these.generators.are.based.on.the.same.principle.of.start-
ing.with.a.seed.and.having.fixed.mathematical.equations.for.obtaining.the.random.value,.then.the.
resulting.value. is.used. in. the.same.equations. to.obtain.another. random.value..By.repeating. this.
recursive. process. N. times,. N. random. numbers. in. the. range. [0,. 1]. are. obtained.. However,. these.
methods.differ.in.the.mathematical.equations.that.are.used.as.the.recursive.model..In.all.recursive.
models,.the.period.for.the.generator.is.of.concern..The.period.is.defined.as.the.number.of.gener-
ated.random.values.before.the.stream.of.values.starts.to.repeat.itself..It.is.always.desirable.to.have.
random-number.generators.with.large.periods.that.are,.for.example,.much.larger.than.the.number.of.
simulation.cycles.needed.in.a.simulation.study.of.a.system.

In.almost.all.modern.computers,.a.random-number.generator.is.provided.as.a.standard.function..
Modern.generators.are.sometimes.based.on.the.direct.use.of.bits.and.binary.digits;.however,.the.
great.majority.of.random-number.generators.are.linear.congruential.generators..In.these.generators,.
a.sequence.of.integers.I1,.I2,.I3, . . . is.defined.by.the.following.recursive.equation:

.
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where.Int.[(aIi–1 + b)/c].is.the.integer.of.the.result.of.the.division,.a.the.multiplier,.b.the.increment,.
and.c the.modulus..The.model.constants.a,.b,.and.c.are.nonnegative.integers..The.starting.value.I0.
is.called the.seed,.which.should.be.provided.by.the.user.of.the.model..The.value.Ii.is.obtained.by.
dividing.(aIi–1 + b).by.c.and.letting.Ii.be.the.remainder.of.the.division..The.random.number.Ui.is.
defined.as

.
U

I

ci
i=

.
(7.2)

The.Ii.value.is.normalized.by.dividing.by.c,.as.0.≤.Ii.≤.c..The.parameters.of.this.recursive.model.
should.also.satisfy.the.following.conditions:.0.<.c,.a.<.c,.b.<.c,.and.I0.<.c..It.is.evident.from.this.recur-
sive.model.that.the.process.is.not.random,.as.it.can.be.repeated.with.the.same.results.all.the.time..For.
this.reason,.this.process.is.commonly.called.pseudo.random-number.generation..The.period.of.this.
generator.is.less.than.or.equal.to.c..For.this.reason.and.others,.the.value.of.c.in.real.generators.should.
be.very.large.(e.g.,.c.≥.109)..In.addition.to.some.computers.and.calculators.that.have.random-number.
generators,.tables.of.random.numbers.have.also.been.published.(e.g.,.Table.A.6)..A.special.case.of.the.
linear.congruential.generators,.where.b.=.0,.is.called.the.multiplicative generator..If.b.>.0,.they.are.
called.mixed generators..The.rand.function,.available.in.calculators.and.spreadsheet.programs,.can.
be.used.to.generate.random.numbers..This.function.is.described.in.Chapter.1.
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Example 7.1:	 Random-Number Generators

For a recursive multiplicative generator that is defined by the following equation:
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and with a seed I0 = 2, the random numbers shown in Table 7.2 are obtained. The period for this generator is 4. This 
is not a good generator because it has a small period. The period is less than or equal to c, which has a value of 5 
in this case. In real generators, c should be very large. Also, the resulting random numbers from the generator are 
discrete: 0, 1/c, 2/c, . . . , (c – 1)/c (in this example, 0, 0.2, 0.4, and 0.8). By selecting a large value for c, the number 
of discrete values becomes large, resulting in a better approximation of a continuous uniform distribution.

7.3.2	  testing of Generators

Before.using.a.random-number.generator,.two.important.tests.should.be.performed.on.the.gen-
erator:. (1). test.of.uniformity.and.(2). test.of.serial.correlation..These. tests.can.be.performed.either.
theoretically.or.empirically..A.theoretical.test.is.defined.as.an.evaluation.of.the.recursive.model.itself.
of.a.random-number.generator..The.theoretical.tests.include.an.assessment.of.the.suitability.of.the.
parameters.of.the.model.without.performing.any.generation.of.random.numbers..An.empirical.test.is.
a.statistical.evaluation.of.streams.of.random.numbers.resulting.from.a.random-number.generator..The.
empirical.tests.start.by.generating.a.stream.of.random.numbers:.N.random.values.in.the.range.[0,.1]..
Then,.statistical.tests.for.distribution.types.(i.e.,.goodness.of.fit.tests.such.as.the.chi-square.test).are.
used.to.assess.the.uniformity.of.the.random.values..The.objective.in.the.uniformity.test.is.to.make.sure.
that.the.resulting.random.numbers.follow.a.uniform.continuous.probability.distribution..This.test.is.
discussed.in.Chapter.9..The.serial.tests.of.the.runs.are.used.to.assess.the.serial.correlation.of.the.result-
ing.random.vector,.where.each.value.in.the.stream.is.considered.to.come.from.a.different,.although.
identical,.uniform.distribution..The.serial.correlation.tests.are.beyond.the.scope.of.this.book.

7.4	 GeNerAtION OF rANDOM VArIABLeS

The.process.of.generating.a.random.variable.according.to.its.probability.distribution.can.be.viewed.
as.a.sampling.procedure.with.a.sample.size.N,.where.N.=.the.number.of.simulation.cycles..It.is.desir-
able,.and.in.some.cases.necessary,.for.a.random-number.generator.to.possess.the.following.properties:.
(1).exactness,.(2).efficiency,.(3).simplicity,.(4).robustness,.and.(5).synchronism..The.exactness.prop-
erty.is.necessary.to.assure.that.the.resulting.values.for.a.generated.random.variable.exactly.follow.the.
assumed.probability.distribution..The.efficiency.property.is.measured.in.terms.of.necessary.computer.
memory,.and.setup.and.execution.times.for.generating.a.random.variable..It.is.desirable.to.have.gen-
eration.methods.that.are.efficient..It.is.also.desirable.to.have.a.mathematically.and.computationally.

table 7.2 random Numbers Generated Using a recursive relation

i Ii Ui i Ii Ui i Ii Ui

0 2 seed 5 4 0.8 10 3 0.6

1 4 0.8 6 3 0.6 11 1 0.2

2 3 0.6 7 1 0.2 12 2 0.4

3 1 0.2 8 2 0.4 13 4 0.8

4 2 0.4 9 4 0.8 14 3 0.6
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simple.procedure.for.generating.a.random.variable..The.methods.must.also.be.robust;.that.is,.they.
should.be.able.to.provide.reasonable.random.values.for.wide.ranges.of.values.for.the.parameters.of.the.
distribution..In.certain.applications,.it.might.be.necessary.to.have.synchronized.random.values.of.the.
input.random.variables..In.such.cases,.the.synchronism.property.must.be.satisfied..In.developing.or.
selecting.a.random-variable.generator,.some.of.these.properties.must.be.satisfied.and.others.must.be.
satisfied.in.different.levels,.using.a.trade-off.approach..For.example,.increasing.the.simplicity.might.
reduce.exactness,.whereas.increasing.exactness.might.increase.complexity.and.reduce.efficiency.

7.4.1	  Inverse transformation Method

This.method.is.simple.and.direct..A.random.number.u.is.first.generated.in.the.range.[0,.1];.that.
is,.u ∈ U[0,.1],.where.U[0,.1]. is.a.continuous.uniform.probability.distribution..Then.a.generated.
continuous.random.variable,.X,.is.determined.as.follows:

.
x F ux= −1( )

.
(7.4)

where.FX
−1.is.the.inverse.of.the.cumulative.distribution.function.of.the.random.variable.X..Because.

FX(x).is.in.the.range.[0,.1],.a.unique.value.for.x.is.obtained.in.each.simulation.cycle.
For.a.discrete.random.variable,.a.random.number.is.generated,.u ∈ U[0,.1]..Then.the.value.of.the.

generated.random.variable,.X,.is.determined.as.follows:

. x i u F xi X i such that  is the smallest integer with ʺ ( ) . (7.5)

where.xi, i.=.1,.2,.3,.......,.m,.are.m.discrete.values.of.the.random.variable.X.with.a.cumulative.mass.
distribution.function.FX(x).

Example 7.2:	 Inverse Transformation for a Discrete Distribution

In this case, we have a uniform randomnumber generator, U  (0, 1), and we want to transform U values so 
that they have a specified discrete mass function. The discrete function of interest could be either some known 
function such as a binomial or Poisson function or a custommade mass function. The transformation process 
is the same for all cases.

Consider the case where we have collected a sample of data on a discrete random variable X, and the data 
yield a sample estimate of the mass function as shown in Figure 7.1(a). The cumulative function for values of X 
from 0 to 5 is FX(x) = {0.10, 0.30, 0.60, 0.85, 0.95, 1.00}, for x = 0, 1, 2, 3, 4, and 5, respectively. This is shown 
in Figure 7.1(b). For any value of X greater than 5, the cumulative function equals 1, and for values of X less than 
0, the cumulative function equals 0.

To transform continuous uniform variates U  to discrete variates having fX(x) as a mass function, the value 
of U is entered as the ordinate on the cumulative function of Figure 7.1(b), with the point projected horizontally 
until it intersects the cumulative function. The point of intersection identifies the value of X.

Consider the following set of uniform variates: U = {0.47, 0.91, 0.08}. These are transformed to X variates 
as shown in Figure 7.1c. The generated values of X are: X = {2, 4, 0}.

Example 7.3:	 Inverse Transformation for a Continuous Distribution

The process for generating continuous variates follows the same steps of the discrete case. We have a gen
erator that gives values with a uniform distribution U (0, 1). A density function must be identified, usually from 
empirical analysis, but possibly from theoretical considerations. The cumulative distribution for the assumed 
density function is formed.
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Let us assume that the objective is to transform uniform variates of Figure 7.2(a) to variates that have 
a triangular density function as shown in Figure 7.2(b). The following is the density function, which can be 
 determined using the constraint ∫∞

-∞ fx(x) dx = 1 and the equation for the function as fX(x) = k(x – xL):
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The cumulative function, FX(x), can be determined by integrating the density function of Equation 7.6 from xL 
to any value x as follows:
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The cumulative function is shown in Figure 7.2(c).
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Figure 7.1 	Inverse	transformation	for	a	discrete	probability	distribution.	(a)	sample	mass	function,	(b)	sample	
cumulative	functions,	and	(c)	transformation	of	U to	X.
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To generate a value of X for a given uniform variate U, the cumulative function FX(x) is set equal to a gener
ated random number u, and Equation 7.7 is solved for x. Solving the quadratic yields

 x x x x uL U L= + −( )   (7.8)

A graphical solution is also possible using the approach shown for the discrete variate.
For the case where xL = 1, xU = 3, and U = {0.47, 0.91, 0.08}, the values of X are computed from

 x u= +1 2  (7.9)

which gives X = {2.371, 2.908, 1.566}.
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Figure 7.2 	Inverse	 transformation	 for	 a	 continuous	 probability	 distribution.	 (a)	 uniform	 density	 function,	
	(b) 	triangular	density	function,	and	(c)	cumulative	density	function.
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Example 7.4:	 Transformation to a Normal Distribution

A common need is to transform uniform variates to normal variates. For transformation to a standard 
normal deviate, the standard normal table can be used. For a normal distribution with mean μ and standard 
deviation σ, the uniform variate is first transformed to the standard normal deviate z, which is then transformed 
to normal deviate x by:

 x z= +µ s  (7.10)

A uniform deviate is transformed to a standard normal deviate by entering the standard normal table (Table A.1) 
using u as Φ(z) and then moving across to the left of the table to find z. That is, the value of u is used as the 
probability from which the deviate z is taken from the table.

Consider the case where the sample consists of the following uniform variates:

 
U = { }0 82 0 43 0 71 0 18 0 66. , . , . , . , .

To find the corresponding z values, enter the standard normal table for a probability of 0.82, for example, and 
read the z value (z = 0.915). Continuing for each ui value yields

 
Z = − −{ }0 915 0 176 0 556 0 915 0 413. , . , . , . , .

7.4.2	  Composition Method

This.method.can.be.used.to.generate.a.random.variable.X.that.has.the.following.composite.prob-
ability.distribution.FX(x):
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where.F xX
i ( ).is.the.ith.cumulative.distribution.function.(CDF).for.the.random.variable.X,.and.wi.is.

the.ith.weight.factor..The.weight.factors.must.satisfy.the.following.condition:
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The.random.variable.X.is.generated.in.the.following.two.stages:

. 1.. A. random.number.u1. is.generated. in. the. range. [0,.1]..This. random.number. is.used. to. select. the.
appropriate. CDF,.F xX

i ( ),. i. =. 1,. 2,.......,. m,. for. random-variable. generation.. The. selection. can. be.
based. ontreating. the. weight. factors. to. constitute. the. following. discrete. probability. function:
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. 2.. A.second.random.number.u2.is.then.used.to.generate.the.random.variable.according.to.the.selected.
distribution. in. step.1..The. inverse. transformation.method.or.other.methods.can.be.used. for. this.
purpose.

7.4.3	  Function-Based Generation

Some.random.variables.can.be.expressed.in.terms.of.other.random.variables.that.can.be.eas-
ily.generated..Such.functions.can.be.used.for.generation.purposes..For.example,.the.addition.of.m.
random.variables.X1, X2,.......,.Xm.that.have.independent.exponential.distributions.with.a.parameter λ.
is.a.gamma.distribution.with.parameters.(m,λ)..Therefore,.a.random.variable.Y.that.has.a.gamma.
distribution.with.parameters.(m,λ).can.be.expressed.as

. Y X X X Xm= + + + +1 2 3 � . (7.14)

where.m.is.an.integer..This.random.variable.can.be.generated.by.randomly.generating.m.independent.
random.variables.using.an.exponential.distribution.with.a.parameter.λ..The.result.is.x1, x2,......., xm..
Therefore,.a.generated.value.for.Y.is.given.by

. y x x x xm= + + + +1 2 3 � . (7.15)

The.function-based.method.can.be.used.to.generate.random.variables.in.a.simple.manner,.but.it.can.
be.inefficient..Direct.generation.of.random.variables.should.be.used.wherever.possible.

7.4.4	  Acceptance–rejection Method

This.method.can.be.considered.as.an.indirect.generation.of.random.variables,.especially.if.it.is.
compared.with.the.inverse.transformation,.composition,.or.the.function-based.methods..For.a.ran-
dom.variable.X.that.has.a.probability.density.function.fX(x),.the.acceptance–rejection.method.for.
generating.X.can.be.summarized.in.the.following.steps:

. 1.. A.random.variable.Y.is.selected.to.facilitate.the.generation.of.X.with.the.following.density.function.
fY(y):

.

f y
g y

g y y
Y ( )

( )

( )
=

−∞

∞

∫ d
.

(7.16)

. . where.g(y).is.a.generally.simple.arbitrary.function.such.g(x) ≥.fx(x).for.any.x,.and

.
g y y( ) d < ∞

−∞

∞

∫ .
(7.17)

. 2.. A.random.number.u.should.be.generated.independent.of.Y..The.random.number.u ∈ U[0,.1]

. 3.. A.random.value.y.should.be.generated.based.on.the.density.function.of.Equation.7.16.

. 4.. A.generated.value.for.the.random.variable.X.is.taken.as

.
x y u

f y

g y
X= ≤  if  

( )

( ) .
(7.18)

. . Otherwise,.if.u f y g yX> ( ) / ( ) ,.the.value.of.y.is.rejected.and.a.new.pair.of.u.and.y.values.must.be.
generated.repeatedly.until.the.condition.of.Equation.7.18.is.satisfied.and.a.value.for.x.is.obtained.
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7.4.5	  Generation Based on Special Properties

In.this.method,.special.properties.or.relations.between.distributions.are.used.for.the.purpose.of.
generating.random.variables..For.example,.if.X.has.a.standard.normal.distribution,.X ~.N(0,.1),.and.
utilizing.the.property.that.Y.=.X2.has.a.chi-square.distribution.with.one.degree.of.freedom,.Y.can.
be.generated.by:.(1).generating.X.as.a.standard.normal.variate,.and.(2).using.y.=.x2..To.generate.a.
random.variable.Z.that.has.a.chi-square.distribution.with.ν.degrees.of.freedom,.the.following.prop-
erty.can.be.used:

. Z Y Y Y Yv= + + + +1 2 3 � . (7.19)

where.Yi,.i.=.1,.2,.......,.ν,.have.independent.chi-square.distribution.with.1.degree.of.freedom.each..Each.
Yi.can.be.generated.as.X2,.where.X.has.a.standard.normal.distribution..Then.the.results.are.added.to.
obtain.the.distribution.of.Z..This.method.is.not.efficient..Other.more.efficient.methods.for.generating.
chi-square.random.variables.with.ν.degrees.of.freedom.are.available.but.not.discussed.here.

7.5	 GeNerAtION OF SeLeCteD DISCrete rANDOM VArIABLeS

7.5.1	  Bernoulli Distribution

The.Bernoulli.distribution.can.be.generated.using.the.inverse.transformation.method..Starting.
with.a.generated.random.number.u ∈ U[0,.1],.a.random.variable.X.can.be.generated.according.to.a.
Bernoulli.distribution.as.follows:

.
x

u p
=

≤⎧
⎨
⎩

1

0

if

otherwise .
(7.20)

where.p.is.a.specified.parameter.for.the.Bernoulli.distribution..Symbols.other.than.0.or.1.can.be.
used.in.their.place.

7.5.2	  Binomial Distribution

A.discrete.random.variable.that.has.two.possible.outcomes.can.follow.a.binomial.mass.function..
Four.assumptions.underlie.a.binomial.process:.(1).only.two.possible.outcomes.for.each.trial,.(2).n.
trials.in.the.experiment,.(3).the.n.trials.are.independent,.and.(4).the.probability.of.each.outcome.
remains.constant.from.trial.to.trial..The.probability.of.exactly.X.occurrences.in.n.trials.is.given.by

. p x x
n p p x nX

x n x( ) ( ) , ,...,= ( ) − =−1 1 2for . (7.21)

where.( )x
n

.is.the.binomial.coefficient.and.equals. n x n x!/( !( )!)− ,.where.0!.is.given.a.value.of.1.by.
convention..In.this.section,.the.notation.b(X;n,p).is.used.for.the.binomial.distribution.

A.random.variable.X.of.a.binomial.distribution.with.the.parameters.n.and.p.can.be.generated.
by.generating.n.independent.random.variables,.X1,.X2,.......,.Xn,.of.a.Bernoulli.distribution,.each.with.
a.parameter.p..Each.Xi.can.be.generated.using.the.inverse.transformation.method.for.the.Bernoulli.
distribution.as.discussed.in.Section.7.5.1..Then,.a.generated.value.of.y.is.given.by

. y x x x xn= + + + +1 2 3 � . (7.22)
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where.xi,.i =.1,.2,.......,.n,.are.the.respective.generated.values.of.the.random.variables X1,.X2,.......,.Xn..
This.method.becomes.inefficient.for.large.values.of.n..In.such.cases,.direct.inverse.transformation.
can.be.utilized.

Binomial.experiments.can.be.simulated.using.uniform.variates..The.procedure.is.as.follows.for.
N.experiments,.with.each.having.n.trials.and.an.outcome.A.with.an.occurrence.probability.of.p.and.
an.outcome.B.with.an.occurrence.probability.of.(1.–.p):

. 1.. For.each.trial.in.the.experiment,.generate.a.uniform.variate,.ui.

. 2.. If.ui < p,.then.assume.outcome.A.has.occurred;.otherwise,.assume.outcome.B.has.occurred.

. 3.. Determine.the.number.of.A.outcomes,.X,.that.occurred.in.the.n.trials.

. 4.. After.completing.the.N.experiments,.with.each.having.n.trials,.compute.the.relative.frequency.of.X.
outcomes.

Example 7.5: Generation of Binomial Variates

This problem has three trials per experiment where the probability (p) of outcome A is 0.3. For example, 
if we have an unbalanced coin with a probability of 0.3 of getting a head, then we would be interested in the 
probabilities of getting 0, 1, 2, or 3 heads in three flips of the coin. From the binomial mass function of Equation 
7.21, we can compute the following population probabilities:

.

b

b

( ; , . ) . . .

( ; , . ) . . .

( )
( )

0 3 0 3 0
3 0 3 0 7 0 343

13 0 3 1
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= =
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( ; , . ) . . .

( ; , . ) . . .

( )
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2 3 0 3 2
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3 3 0 3 3
3 0 3 0 7 0 02

2 1

3 0

= =

= = 77

The sum of these probabilities is 1.
To illustrate the simulation of binomial probabilities, let N = 15. For each of the 15 experiments, we gener

ated three uniform variates and counted the number of values less than 0.3, which is then the sample estimate 
of X. One possible simulation is shown in Table 7.3.

table 7.3  Generation of a Binomial 
Distribution

experiment ui Variates x

1 0.78,	0.51,	0.43 0

2 0.85,	0.95,	0.22 1

3 0.88,	0.36,	0.20 1

4 0.79,	0.55,	0.71 0

5 0.11,	0.09,	0.70 2

6 0.11,	0.70,	0.98 1

7 0.79,	0.45,	0.86 0

8 0.62,	0.11,	0.77 1

9 0.45,	0.40,	0.13 1

10 0.37,	0.31,	0.12 1

11 0.54,	0.99,	0.95 0

12 0.79,	0.36,	0.37 0

13 0.73,	0.67,	0.60 0

14 0.56,	0.40,	0.71 0

15 0.24,	0.21,	0.23 3
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From the 15 simulated estimates of X, there are seven 0s, six 1s, one 2, and one 3. This yields sample 
estimates of the probabilities of 7/15 = 0.467, 6/15 = 0.400, 1/15 = 0.067, and 1/15 = 0.066, respectively. As 
N becomes larger and larger, the sample estimates of the probabilities would more closely approximate the 
population probabilities.

Example 7.6: Life of a Project

Consider the case of a project that has a design life of 5 years, with the probability of failure in any 1 year 
equal to 0.1. A binomial process can be used to simulate life based on n = 5 and p = 0.1, with values of X = 0, 1, 
2, 3, 4, and 5. To estimate the probability of no failures, we would be interested in the case of X = 0. Ten experi
ments were made, and the sample estimates of the probability of a project not failing were computed as shown 
in Table 7.4a. The sample (p̂) and population (p) probabilities are shown in Table 7.4b. For a sample of 10, the 
sample estimates are in good agreement with the population values. The sample estimate of the probability of 
a project not failing in 5 years is 0.60.

7.5.3	  Geometric Distribution

The.geometric.distribution.can.be.generated.using.the.inverse.transformation.method..An.alter-
native.method.can.be.used.by.setting.i.=.1.and.performing.the.following.steps:

. 1.. Generate.a.random.number.u ∈ U[0,.1].

. 2.. If.u.≤.p,.where.p. is.a.specified.parameter.for. the.geometric.distribution,.return.x.=. i;.otherwise,.
replace.i.by.i +.1.and.go.back.to.step.1.

table 7.4a	  Simulation results for a Binomial 
Distribution

Project ui Variates x

1 0.05,	 0.37,	 	0.23,	 0.42,	 0.05 2

2 0.60,	 0.32,	 0.79,	 0.45,	 0.20 0

3 0.67,	 0.86,	 0.66,	 	0.55,	 0.23 0

4 0.41,	 0.03,	 0.90,	 0.98,	 0.74 1

5 0.94,	 0.58,	 0.31,	 0.45,	 0.31 0

6 0.69,	 0.93,	 0.77,	 	0.37,	 	0.72 0

7 0.55,	 0.69,	 0.01,	 0.51,	 0.58 1

8 0.33,	 0.58,	 0.72,	 0.22,	 0.97 0

9 0.09,	 0.29,	 0.81,	 0.44,	 0.68 1

10 0.29,	 0.54,	 0.75,	 0.36,	 0.29 0

table 7.4b  Sample (p̂) and Population (p) Probabilities

X
Sample 

Probability (p̂)
Population 

Probability (p)

0 0.60 0.5905

1 0.30 0.3280

2 0.10 0.0729

3 0.00 0.0081

4 0.00 0.0005

5 0.00 0.0000

Column	summations 1.00 1.0000



244	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

A.third.method.of. random.generation. for. the.geometric.distribution.starts.with.generating.a.
random.number.u ∈ U[0,.1],.and.then.x.is.calculated.as

.
x

u

p
=

−

ln

ln

( )

( )1
.

(7.23)

The.result.from.Equation.7.23.is.a.real.value;.therefore,.the.integer.of.this.real.value.should.be.used.
as.the.generated.value.and.should.be.assigned.to.x.

7.5.4	  Poisson Distribution

Discrete.random.variables.that.can.take.on.integer.values.may.be.represented.by.a.Poisson.mass.
function,.which.has.the.following.form:
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where.Xt is.the.number.of.occurrences.in.a.reference.period.t,.λ.is.a.parameter.of.the.function,.and.
0!.is.defined.as.1..The.cumulative.function.is
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(7.25)

The.mean.and.variance.of.the.function.both.equal.λt,.so.the.sample.mean.can.be.used.as.an.esti-
mator.of.λt.

The.Poisson.distribution.can.be.generated.using.the.inverse.transformation.method.based.on.
Equation.7.25.or.using.its.relationship.to.the.exponential.distribution.

According.to.the.first.method,.uniform.random.variates.can.be.used.to.generate.random.variates.
that.have.a.Poisson.distribution.for.any.λ..The.procedure.for.any.given.λ.is.as.follows:

. 1.. Calculate.the.cumulative.function.F x xX i it
( ) , , , ...for = 0 1 2 .

. 2.. Generate.a.unit.variate.ui.in.the.range.[0,.1].

. 3.. If.F x u F xX i i X it t
( ) ( )− ≤ <1 ,.then.the.Poisson.variate.is.xi.

The.procedure.in.the.second.case.is.based.on.the.special.relation.between.the.Poisson.distribu-
tion.and.the.exponential.distribution..To.generate.a.random.variable.X.that.has.a.Poisson.distribution.
with.a.parameter.λ,.the.following.must.be.set:

. a t= − = =exp( )l where 1 and 0b i .. (7.26)

In.the.(i +.1).random.generation.cycle,.generate.a.random.number.u ∈ U[0,.1].and.assign.a.value.to.
X.as.follows:

.
x

i bu a

i
=

<⎧
⎨
⎩

if

increment by 1 and repeat the process otherwise .
(7.27)
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Example 7.7: Floods in Northern Idaho

The number of floods per year (n) on a river in northern Idaho was obtained from stream flow records over a 
38year period. The sample analysis is shown in Table 7.5. A total of 120 floods occurred in the 38 years, which 
yields a mean annual flood count of 3.158; thus, the sample estimate of the Poisson parameter λ is 3.158, with 
t = 1 year. The assumed population mass function is
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(7.28)

The population probabilities are shown in Table 7.6.

Example 7.8:	 Hurricanes Hitting the U.S. Coasts

Records indicate that the annual number of hurricanes hitting the U.S. coast has an average of 4. The 
annual number of hurricanes can be represented by a discrete variable of a Poisson mass function with λ = 4. 
Thus, the probability of the coast not being hit by a hurricane in any year is
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(7.29)

where 0! is defined as 1.

table 7.5  Frequency of Flows above 28,000 cfs on Clearwater river at Kamiah, ID

Year n Year n Year n Year n Year n

1911 4 1919 2 1927 5 1935 3 1943 6

1912 3 1920 2 1928 2 1936 5 1944 1

1913 4 1921 2 1929 3 1937 2 1945 2

1914 3 1922 3 1930 1 1938 4 1946 7

1915 1 1923 3 1931 2 1939 2 1947 3

1916 5 1924 2 1932 4 1940 2 1948 6

1917 5 1925 3 1933 4 1941 1

1918 3 1926 3 1934 4 1942 3

table 7.6  Poisson Approximation of Flood Counts

Sample Population

X NX NX/N
Mass Function 

PXt

Cumulative 
Function FXt

(x)

0 	 0 0 0.043 0.043

1 	 4 0.105 0.134 0.177

2 10 0.263 0.212 0.389

3 11 0.290 0.223 0.612

4 	 6 0.158 0.176 0.788

5 	 4 0.105 0.111 0.899

6 	 2 0.053 0.059 0.958

7 	 1 0.026 0.026 0.984

≥8 	 0 0 0.016 1.000
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Example 7.9: Annual Number of Floods

In Example 7.7, the mean annual number of floods on the Clearwater River was found to be 3.158. Assume 
that it is necessary to simulate the annual number of floods for a 10year period. The cumulative function is 
given in Table 7.6. For a given vector of uniform variates ui, the generated number of floods per year is shown in 
Table 7.7. Based on this sample of ten simulated values, the mean number of floods is 26/10 = 2.6. As the sample 
size increases, the sample mean would be expected to be closer to the assumed population mean of 3.158.

7.6	 GeNerAtION OF SeLeCteD CONtINUOUS rANDOM VArIABLeS

7.6.1	  Uniform Distribution

Variates.with.a.uniform.distribution.that.has.parameters.other.than.0.and.1.can.be.generated.
using.the.inverse.transformation.method..Starting.with.a.generated.random.number.u ∈ U[0,.1],.a.
random.variable.X.can.be.generated.according.to.a.uniform.distribution.as.follows:

. x a b a u= + −( ) . (7.30)

where.a.and.b.are.specified.parameters.for.the.uniform.distribution.that.correspond.to.the.lower.and.
upper.limits.of.the.random.variable,.respectively.

7.6.2	  Normal Distribution

Many.problems.require.random.normal.numbers.that.have.mean.μ.and.standard.deviation.σ,.
which.is.denoted.as.N(μ,.σ)..Several.methods.can.be.used.to.generate.standardized.normal.devi-
ates,.N(0,.1)..Three.methods.are.presented.in.this.section:.the.inverse.transformation.method,.the.
empirical.method,.and.the.polar.method..Once.the.standard.normal.deviate.is.generated,.a.normal.
deviate x,.which.is.N(μ,.σ),.can.be.computed.with.Equation.7.10.

The.inverse.transformation.method.sets.a.uniform.deviate,.U(0,.1),.equal.to.the.cumulative.standard.
normal.probability..The.normal.deviate.is.the.value.of.z.that.corresponds.to.the.cumulative.probability

. z ui i= −Φ 1( ) . (7.31)

Approximate.values.can.be.obtained.by.linear.interpolation.of.a.table.of.standard.normal.deviates.
(Table.A.1)..Use.the.uniform.variate.ui.as.the.value.of.Φ.and.interpolate.the.value.of.zi.

table 7.7  Synthetic Series of the Frequency of Floods

Year ui xi FXt
(xi – 1) FXt

(xi)

1 0.13 1 0.043 0.177

2 0.04 0 0.000 0.043

3 0.66 4 0.612 0.788

4 0.80 5 0.788 0.899

5 0.77 4 0.612 0.788

6 0.52 3 0.389 0.612

7 0.30 2 0.177 0.389

8 0.14 1 0.043 0.177

9 0.37 2 0.177 0.389

10 0.65 4 0.612 0.788

Column	
summation

26
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A.single.standard.normal.deviate.zi.can.be.obtained.empirically.by

.
z ui i
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⎞
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−

=
∑

1

12

6
.

(7.32)

The.disadvantage.of.using.Equation.7.32.is.that.12.uniform.deviates.are.required.to.generate.a.single.
standard.normal.deviate.

A.random.variable.X.can.be.generated.according.to.a.normal.distribution.N(μ,.σ2).by.generating.
the.first.variate.z.with.a.standard.normal.distribution,.and.then.using

. x z= s m+

The. normal. distribution. can. be. generated. by. several. methods.. A. direct,. although. approximate,.
method.is.to.develop.regression.equations.for.segments.of.the.CDF.distribution.of.the.standard.nor-
mal..Then,.inverse.transformation.can.be.used.to.generate.a.variate.z.according.to.a.standard.normal.
distribution.using.the.following.relation:

. z u= −Φ 1( )

The.polar.method.can.also.be.used.to.generate.standard.normal.variates..The.polar.method.starts.by.
generating.two.independent.random.numbers.u1.and.u2.from.the.interval.[0,.1]..Then,.the.variables.
y1,.y2,.and.w.are.defined.as

. y u1 12 1= − . (7.33)

. y u2 22 1= − . (7.34)

. ....w y y= +1
2

2
2
. (7.35)

If.w.>.1,.then.generate.new.random.numbers.u1.and.u2.and.repeat.the.evaluation.for.y1,.y2,.and.w..If.
w.≤.1,.then.evaluate.a.pair.of.independent.standard.normal.variates.as.follows:

.
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w

w
y1 1

2
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− ln( )

.
(7.36)
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y2 2

2
=

− ln( )

.
(7.37)

Example 7.10: Piston Ring Tolerance

A machine that prepares piston rings is reported to machine rings to be normally distributed with a mean 
diameter of 10 cm and a standard deviation of 0.3 mm. A piston ring is considered defective if its diameter is 
more than 0.6 mm larger or smaller than the design diameter. For a set of six rings, compute the probability that 
all rings in a set of six will meet the tolerance. The probability can be approximated using simulation.
The theoretical probability that one piston ring is machined within tolerance is
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Given that a machined ring is either within tolerance or not within tolerance, the probability that all 
six rings in a set of six have been machined to be within tolerance can be computed with the binomial 
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distribution

 P b( ) ( , , . ) .0 0 6 0 9544 0 7558defective = =

This indicates that approximately 25% of the sets of six rings will have at least one ring that is not within the 
tolerance of 0.6 mm.

Ten sets of six rings were simulated assuming a normal population with a mean of 10 cm and a standard 
deviation of 0.3 mm. Table 7.8 shows the 10 sets of six standard normal deviates, which are used to compute the 
deviation of the ring diameter from 10 cm. Of the 60 deviations, only two exceed the tolerance 0.6 mm. These 
two are in sets 3 and 8. Thus, 8 out of 10 sets, or 80%, include rings that are all within tolerance. For a sample 
of 10, this is as close as possible to the theoretical probability of 75.6%. Of course, if 106 sets of six were sim
ulated, the probability would be expected to be closer to the theoretical value.

7.6.3	  Lognormal Distribution

The.generation.of.lognormal.variates.can.be.based.on.generating.standard.normal.variates.and.
the.special.relationship.between.the.lognormal.and.the.standard.normal.distributions..To.generate.
a variate.X.with.given.mean.value.and.variance.according.to.a.lognormal.distribution,.the.param-
eters.of.the.lognormal.distribution,.μY.and.σY ,.should.first.be.determined.from.the.given.mean.and.
variance..The.relations.between.the.parameters.of.a.distribution.and.its.mean.and.variance.were.
previously.discussed.in.Chapter.3..Then,.a.normal.variate.Y.with.the.parameters.μY.and.σY.is.gener-
ated,.resulting.in.a.normal.value.y..The.generated.lognormal.value.is.taken.as

. x y= exp( ) .
(7.38)

The.generation.of.normal.variates.was.discussed.in.Section.7.6.2.
To.illustrate.the.generation.of.lognormally.distributed.variates,.consider.the.case.where.x.values.

with.μx.equal.to.250.and.σx.equal.to.35.are.needed..Using.Equations.5.24.and.5.25,.the.statistics.in.
the.log.space.is
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table 7.8  Generation of Deviations of Piston ring Diameter from Design Diameter for 
example 7.10

Set Standard Normal Deviates
Deviation of Simulated ring 

Diameters from 100 mm

1 			 1.80,	0.46,	1.10,	–1.07,	–0.34,	0.94 		 0.540,	0.138,	0.330,	–0.321,	–0.102,	0.282

2 –0.18,	–0.75,	–0.13,	1.23,	1.48,	–0.15 –0.054,	–0.225,	–0.039,	0.369,	0.444,	–0.045

3 –0.86,	–1.46,	0.53,	0.24,	–0.21,	2.02 –0.258,	–0.438,	0.159,	0.072,	–0.063,	0.606

4 –0.58,	0.34,	–0.82,	0.14,	-0.33,	0.43 –0.174,	0.102,	–0.246,	0.042,	–0.099,	0.129

5 	 	0.83,	0.80,	–0.46,	0.56,	0.64,	–0.73 		 0.249,	0.240,	–0.138,	0.168,	0.192,	–0.219

6 –1.34,	0.95,	–1.46,	–1.21,	1.02,	–0.15 –0.402,	0.285,	–0.438,	–0.363,	0.306,	–0.045

7 	1.48,	1.26,	–1.43,	0.49,	–0.52,	–0.65 		 0.444,	0.378,	–0.429,	0.147,	–0.156,	–0.195

8 0.53,	–1.05,	0.88,	0.65,	2.96,	–0.97 		 0.159,	–0.315,	0.264,	0.195,	0.888,	–0.291

9 –0.65,	0.12,	0.06,	–0.08,	–1.64,	–0.75 –0.195,	0.036,	0.018,	–0.024,	–0.492,	–0.225

10 –0.51,	–1.51,	–0.71,	–1.58,	0.91,	1.75 –0.153,	–0.453,	–0.213,	–0.474,	0.273,	0.525
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Then.values.of.y.are.computed.by

.
y z zi y i y i= + = +m s 5 4518 0 1393. .

For.example,.if.a.generated.standard.normal.deviate.is.0.74,.then.the.computed.value.of y is

. y = + =5 4518 0 1393 0 74 5 5549. . ( . ) .

Therefore,.x.is.computed.with.Equation.7.38

. x = =exp( . ) .5 5549 258 5

The.values.of.y.are.normally.distributed,.but.the.values.of.x.are.lognormally.distributed.

7.6.4	  exponential Distribution

The.exponential.distribution.can.be.generated.using.the.inverse.transformation.method..Starting.
with.a.generated.random.number.u ∈ U[0,.1],.a.random.variable.X.can.be.generated.according.to.a.
exponential.distribution.as.follows:

.
x

u
=
−ln( )

l .
(7.39)

where.λ.is.a.specified.parameter.for.the.exponential.distribution.

Example 7.11: Simulation of Exponentially Distributed Times to Failure

The time (years) to failure of the motor in a blender in exponentially distributed with λ= 6.5. A restaurant 
purchases six blenders. What is the probability that no more than one blender will need to have its motor replaced 
in 10 years? Simulate 10 sets of six blenders and compare the theoretical and simulated probabilities.

The probability of one blender not failing (NF) in 10 years because of motor failure is

.
P NF tt( )

.
./ .> = =−

∞

∫10
1
6 5

0 21476 5

10
e d

where T  is time to failure. The binomial distribution can be used to compute the probability that two or more of 
the blenders will still be working after 10 years, where x is the number of blenders in which the motor has not 
failed.

.

P X b x b x
xx

( ) ( ; , . ) ( ; , . )

. .

≥ = = −

= − −
==
∑∑2 6 0 2147 1 6 0 2147

1 0 2345 0
0

1

2

6

33847 0 3808= .

To simulate the time to motor failure of 10 sets of six blenders, 60 uniform variates, U (0, 1), are generated and 
used with Equation 7.39 to generate the time to motor failure. The number of nonfailures in each group is taken 
as the number of failure times that were greater than 10. The results are given in Table 7.9. For only one set of 
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six blenders did two or more motors survive 10 years. Thus, the probability is 0.1 versus the theoretical value 
of 0.38. The difference between the simulated and theoretical probabilities is the result of sampling variation. 
To achieve a failure time of 10 years or more requires a uniform variate of 0.214 or smaller. Of the 60 uniform 
variates of Table 7.9, only 10 were less than 0.214, rather than the expected number of 13.

7.7	 APPLICAtIONS

7.7.1	  Simulation of a Queuing System

A.classical.problem.in.engineering.is.establishing.policies.for.problems.involving.queues..The.
following.problem.illustrates.the.use.of.simulation.in.the.evaluation.of.policies.on.the.operation.of.
a.checkout.station.in.a.retail.store..The.manager.of.the.store.is.interested.in.the.operation.of.the.
checkout.station.because.she.is.aware.that.customers.who.spend.excessive.time.waiting.to.check.out.
will.be.less.likely.to.return.to.the.store..Although.the.total.time.that.a.customer.spends.in.the.check-
out.process.is.of.interest,.the.manager.is.also.interested.in.both.the.time.spent.waiting.to.be.served.
and.the.time.being.served;.the.total.time.is.the.sum.of.the.two..The.manager.also.recognizes.that.
customers.are.discouraged.by.long.lines;.therefore,.the.number.of.customers.waiting.to.be.served.is.
also.a.criterion.of.interest..The.manager.would.be.interested.in.examining.alternatives.that.would.
reduce.both.the.total.time.and.the.length.of.the.queue..For.example,.the.manager.could.install.a.
second.checkout.counter,.which.would.require.increases.in.costs.associated.with.installation,.opera-
tion,.and.maintenance.of.the.added.counter..As.an.alternative,.the.manager.might.decide.to.install.a.
new.checkout.system.that.is.more.efficient;.this.system.would.reduce.the.time.required.for.checkout.
without.the.costs.associated.with.the.installation.of.a.new.counter.and.the.added.labor..Of.course,.
there.would.be.a.cost.associated.with.the.purchase.of.the.new.equipment..

As.the.manager.is.most.concerned.with.peak.demand.hours,.she.needs.to.collect.data.on.the.
current.operation.of.the.checkout.counter..Each.evening.for.1.week,.the.manager.measured.the.time.
between.the.arrival.of.a.customer.and.the.time.required.for.a.customer.to.be.serviced..The.manager.
finds.that.the.service.time.can.be.approximated.by.a.uniform.probability.function.with.a.mean.of.
2 min;.based.on.her.measurements,.the.manager.believes.that.the.service.time.can.be.approximated.
with.probabilities.of.0.25.for.service.times.of.1.25,.1.75,.2.25,.and.2.75.min;.these.are.the.center.
points.of.the.computational.interval.of.0.5.min..The.time.between.arrivals.is.shown.in.Table.7.10.for.
0.5-min.intervals..During.the.time.of.peak.demand.all.interarrival.times.were.5.min.or.less,.with.an.
average.of.2.2.min..Because.the.interarrival.times.did.not.follow.a.known.probability.function,.the.
empirical.function.was.used.for.simulations..The.discrete.cumulative.function.for.the.interarrival.

table 7.9 Failure times of Blender Motors for example 7.11

Set Uniform Variates, ui Failure times (Years) F

1 0.63,	0.16,	0.54,	0.76,	0.30,	0.94 	3.0,	11.9,	4.0,	1.8,	7.8,	0.4 5

2 0.24,	0.09,	0.87,	0.60,	0.98,	0.40 	9.3,	15.7,	0.9,	3.3,	0.1,	6.0 5

3 0.62,	0.05,	0.85,	0.61,	0.88,	0.91 	3.1,	19.5,	1.1,	3.2,	0.8,	0.6 5

4 0.85,	0.34,	0.73,	0.89,	0.20,	0.87 	 1.1,	7.0,	2.0,	0.8,	10.5,	0.9 5

5 0.76,	0.41,	0.23,	0.75,	0.32,	0.94 	 1.8,	5.8,	9.6,	1.9,	7.4,	0.4 6

6 0.75,	0.12,	0.07,	0.56,	0.07,	0.59 	 1.9,	13.8,	17.3,	3.8,	17.3,	3.4 3

7 0.30,	0.47,	0.77,	0.01,	0.65,	0.38 	 7.8,	4.9,	1.7,	29.9,	2.8,	6.3 5

8 0.80,	0.97,	0.30,	0.53,	0.23,	0.01 			1.5,	0.2,	7.8,	4.1,	9.6,	29.9 5

9 0.17,	0.99,	0.55,	0.41,	0.80,	0.85 11.5,	0.1,	3.9,	5.8,	1.5,	1.1 5

10 0.23,	0.82,	0.93,	0.78,	0.81,	0.40 	9.6,	1.3,	0.5,	1.6,	1.4,	6.0 6
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times.is.shown.in.Figure.7.3..The.discrete.function.is.used.because.the.data.were.collected.on.a.
.0.5-min.interval;.the.center.point.of.each.interval.is.used.to.represent.the.interval..The.derivation.of.
the.cumulative.function.for.the.interarrival.times.is.given.in.Table.7.10.

To.demonstrate. the.simulation. technique,.a.1-h.period.was.simulated..The. interarrival. times.
were.simulated.by.generating.a.sequence.of.random.numbers.from.a.uniform.distribution.having.
location.and.scale.parameters.of.0.and.1,.respectively..Each.of.the.numbers.in.the.sequence.was.
entered.into.Figure.7.3,.and.the.interarrival.times.determined..The.interarrival.times.are.given.in.
Table.7.11,.with.values.ranging.between.0.25.and.4.75.on.a.0.5-min.interval..The.second.customer.
arrived.at.the.checkout.counter.1.25.min.after.the.first.customer..The.third.customer.arrived.at.a.
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ili
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(policy #1)

0.75 1.25 1.75 2.25 2.75 3.25 3.75 4.25 4.75 5.25 5.75 6.25 6.75
Interarrival time (min)

Figure 7.3 Comparison	of	the	distributions	of	the	interarrival	times	and	output	from	the	system.

table 7.10  Computation of Cumulative Probability Function of 
Interarrival times

Interarrival time (min)
Number of 

Arrivals
Probability 
Function

Cumulative 
Function

0.0–0.5 	 20 0.031 0.031

0.5–1.0 	 50 0.077 0.108

1.0–1.5 	 90 0.138 0.246

1.5–2.0 140 0.215 0.461

2.0–2.5 120 0.185 0.646

2.5–3.0 100 0.154 0.800

3.0–3.5 	 70 0.108 0.908

3.5–4.0 	 30 0.046 0.954

4.0–4.5 	 20 0.031 0.985

4.5–5.0 	 10 0.015 1.000

Column	summations 650 1.000
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time.of.3.min,.which.is.1.75.min.after.the.second.customer..The.time.of.arrival.of.each.customer.is.
also.given.in.Table.7.11.

A.second.sequence.of.random.numbers.having.a.uniform.probability.function.(a =.0,.b =.1).
is.generated..Because.these.values.are.used.for.simulating.the.time.required.for.service,.there.are.
four.service.times.(1.25,.1.75,.2.25,.and.2.75).with.an.equal.probability.of.occurrence..The.random.
numbers.were.used.to.generate.the.service.times,.which.are.shown.in.Table.7.11,.for.the.existing.
situation;.this.is.called.policy.1..The.time.of.departure.equals.the.sum.of.the.service.time.and.either.
the.time.that.the.previous.customer.leaves.the.checkout.counter.or.the.time.that.the.person.arrives.
at.the.counter.when.no.one.is.being.served..The.waiting.time.for.a.customer,.which.is.also.given.in.
Table.7.11,.equals.the.difference.between.the.time.of.arrival.and.the.time.that.the.customer.starts.
service..The.total.time.equals.the.sum.of.the.waiting.time.and.servicing.time..The.number.of.cus-
tomers.in.the.queue.is.determined.by.comparing.the.time.of.departure.of.a.person.and.the.time.of.
arrival.of.customers.who.follow.the.person.being.served..For.example,.the.11th.customer.departs.
at.time.21.75..At.that.time,.customers.12,.13,.14,.and.15.had.already.arrived.at.the.counter.(at.times.
17.75,.19.50,.20.75,.and.21.00),.so.there.are.four.customers.waiting.in.the.queue.to.be.served.when.
customer.11.departs.

The.manager.is.interested.in.determining.the.effect.of.a.new.means.of.checking.out.a.customer..
The.equipment.is.expected.to.decrease.the.service.time..The.simulation.based.on.this.service.time.
distribution.is.referred.to.as.policy.2..The.probabilities.for.service.times.of.1.25,.1.75,.2.25,.and.2.75.
min.are.0.35,.0.30,.0.20,.and.0.15,.respectively..The.same.sequence.of.arrivals.was.used.to.simulate.
the.effect.of.service.policy.2..The.service.times.and.times.of.departure.were.computed.and.are.given.
in.Table.7.11..The.total.time,.waiting.time,.and.number.in.the.queue.were.computed.in.the.same.
way.as.for.policy.1..The.distribution.of.waiting.times.is.given.in.Table.7.12..It.is.quite.evident.that.
the.waiting.time.is.considerably.less.with.policy.2.than.with.policy.1..The.mean.waiting.times.for.
policies.1.and.2.are.3.27.and.1.08.min,.respectively..The.mean.service.times.are.1.78.and.1.59.min,.
respectively..It.is.evident.from.both.the.mean.values.and.the.distributions.of.service.times.shown.
in.Table.7.13.that.the.sample.values.for.the.simulated.period.of.1.h.are.less.than.what.would.be.

table 7.12 Computation of Cumulative Probability Function of Waiting times

Policy 1 Policy 2

Waiting 
time (min) Frequency

Probability 
Function

Cumulative 
Function Frequency

Probability 
Function

Cumulative 
Function

0.0 3 0.091 0.091 8 0.242 0.242

0.5 1 0.030 0.121 6 0.182 0.424

1.0 2 0.061 0.182 6 0.182 0.606

1.5 0 0.000 0.182 6 0.182 0.788

2.0 5 0.152 0.333 3 0.091 0.879

2.5 3 0.091 0.424 1 0.030 0.909

3.0 4 0.121 0.545 3 0.091 1.000

3.5 2 0.061 0.606 — — —

4.0 1 0.030 0.636 — — —

4.5 2 0.061 0.697 — — —

5.0 5 0.152 0.848 — — —

5.5 1 0.030 0.878 — — —

6.0 2 0.061 0.939 — — —

6.5 2 0.061 1.000 — — —

Column	
summations

33 1.000 — 33 1.000 —
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expected..As.the.length.of.the.period.of.simulation.is.increased,.one.can.expect.the.sample.values.
to.be.closer.approximations.to.the.true.values.

7.7.2	  Warehouse Construction

A.warehouse.is.to.be.constructed.from.precast.concrete.elements.that.are.produced.by.a.nearby.
precast.factory..The.following.construction.tasks.are.identified.for.building.the.warehouse:

. A:.Excavation.of.foundations

. B:. Construction.of.foundations

. C:. Construction.of.precast.elements.at.factory

. D:.Transportation.of.precast.elements.to.construction.site

. E:. Assembly.of.elements.at.site

. F:. Construction.of.roof

. G:.Exterior.and.interior.finishing

Figure.7.4.shows.the.logical.network.for.performing.these.activities..The.figure.indicates.that.
tasks.C.and.D.can.be.performed.parallel.to.tasks.A.and.B;.that.is,.as.excavation.and.construction.of.
the.footings.are.being.performed.at.the.site,.the.precast.elements.can.be.constructed.at.the.factory.
and.then.transported.to.the.construction.site..Table.7.14.shows.the.means.and.standard.deviations.
for.the.completion.times.of.these.tasks..Normal.probability.distributions.and.statistical.noncorrela-
tion.are.assumed.for.these.times..This.example.was.used.in.Section.6.4.5.to.illustrate.the.estimation.
of.the.mean.and.variance.of.the.completion.time.of.the.project.using.approximate.methods..In.this.
section,.simulation.is.used.to.compute.these.moments.

The.project.completion.time,.T,.is.a.dependent.random.variable.that.is.given.by

.
T A B C D E F G= + +{ } + + +,

.. (7.40)

table 7.13 Distributions of total time in Systems and Service time for two Policies

total time 
(min)

Frequency 
for Policy 1

Frequency 
for Policy 2

Service 
time (min)

Frequency 
for Policy 1

Frequency 
for Policy 2

1.25 2 7 1.25 16 20

1.75 1 5 1.75 7 7

2.25 2 3 2.25 4 5

2.75 0 7 2.75 7 2

3.25 4 5 — — —

3.75 1 2 — — —

4.25 5 4 — — —

4.75 4 0 — — —

5.25 0 1 — — —

5.75 4 — — — —

6.25 2 — — — —

6.75 3 — — — —

7.25 2 — — — —

7.75 3 — — — —

8.25 0 — — — —

8.75 1 — — — —

Column	
summations

34 34 — 34 34
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where.A,.B,.C,.D,.E,.F,.and.G.are.random.variables.that.model.the.times.for.completing.the.corre-
sponding.tasks..The.random.numbers.used.for.generating.the.completion.times.for.tasks.A,.B,.C,.D,.
E,.F,.and.G.are.shown.in.Table.7.15..In.this.example,.20.simulation.cycles.were.used..The.random.
numbers.were.used.to.generate.the.random.times.as.shown.in.Table.7.16.utilizing.the.inverse.trans-
formation.method..Then,.Equation.7.40.was.used.to.compute.the.completion.time.for.the.project.for.
each.simulation.cycle.as.shown.in.Table.7.16..The.mean.value.and.variance.of.the.completion.time.of.
the.project.were.computed.using.values.in.the.last.column.of.Table.7.16..The.resulting.statistics.are

. Meanvalue = 14.59 days . (7.41a)

. . . . Variance =5.55 days 2( ) . (7.41b)

The.approximate.mean.duration.of.the.project,.T,.was.computed.in.Section.6.4.5.as

.
T = + +{ } + + + =max , .3 2 4 0 5 4 2 3 14 days

. (7.42)

The.approximate.variance.of.the.project.duration,.Var(T ),.was.computed.as

. Var Var + Var + Var + Var + Var( ) ( ) ( ) ( ) ( ) ( )T A B E F G= . (7.43a)

. = ( ) ( ) ( ) ( ) ( ) ( )1 + 0.5 + 1 + 1 + 1 4.25 days2 2 2 2 2 2= . (7.43b)

These.values.differ. from. the. computed.values.using. simulation..The. simulation. results. are. also.
approximate.because.of.the.small.number.of.cycles.used.to.compute.the.results..By.increasing.the.
number.of.simulation.cycles,.the.accuracy.of.the.results.is.expected.to.increase..The.assumed.prob-
ability.distributions.for. the. task.durations.resulted. in.negative.durations. that.are.not. realistic,.as.

table 7.14 Moments of Completion times

task Name
Mean 
(days)

Standard 
Deviation 

(days)

a foundation	excavation 3.0 1.0

B foundation	construction 2.0 0.5

C Precast-elements	
construction

4.0 1.0

D transportation	of	elements 0.5 0.5

e assembly	of	elements 4.0 1.0

f roofing 2.0 1.0

G finishing 3.0 1.0

2

3

4 5 6E F G 7. End of project1. Start of project
A B

C D

Figure 7.4 Construction	network.
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table 7.15 random Numbers Used for Completion time of tasks

task A task B task C task D task e task F task G

0.642707 0.758002 0.547225 0.510713 0.924981 0.444910 0.671304

0.240297 0.092418 0.847150 0.071252 0.981120 0.793358 0.780596

0.169051 0.446979 0.990008 0.079644 0.391058 0.793205 0.276989

0.457609 0.521270 0.606333 0.006137 0.479270 0.121284 0.343670

0.386325 0.395759 0.956544 0.432595 0.723067 0.448813 0.008538

0.313708 0.061922 0.343042 0.230356 0.538481 0.636290 0.211676

0.137571 0.078837 0.471558 0.383158 0.203166 0.500447 0.101354

0.296782 0.610994 0.785467 0.282056 0.282186 0.560465 0.539651

0.908314 0.124274 0.709123 0.508328 0.496352 0.886927 0.720611

0.763968 0.327695 0.506164 0.246872 0.743617 0.275227 0.218178

0.139498 0.935402 0.789508 0.966422 0.440431 0.682035 0.476614

0.220256 0.040641 0.347426 0.282962 0.178687 0.092735 0.964860

0.344963 0.100168 0.963482 0.569873 0.933351 0.646640 0.858627

0.095613 0.791418 0.726318 0.376506 0.872995 0.895403 0.962331

0.225540 0.262949 0.632760 0.550859 0.198235 0.077169 0.086730

0.239485 0.985236 0.212528 0.445724 0.662470 0.325610 0.025242

0.191603 0.108613 0.897544 0.990706 0.933851 0.557361 0.050711

0.946010 0.241317 0.187334 0.015071 0.228146 0.832563 0.816427

0.973859 0.343243 0.197940 0.177672 0.125638 0.099943 0.747989

0.484109 0.214928 0.020997 0.424466 0.893968 0.866459 0.706856

table 7.16 Generated random Values for Completion time of tasks

task A task B task C task D task e task F task G

Project 
Completion 

time

3.3652600 2.3498042 4.1183849 0.5133909 5.4396627 1.8617675 3.4430860 16.459580

2.2949296 1.3368915 5.0242746 –0.2334048 6.0778971 2.8179440 3.7739874 17.460698

2.0421427 1.9334970 6.3270846 –0.2038625 3.7238635 2.8174073 2.4085497 15.073043

2.8937885 2.0266006 4.2693511 –0.7523029 3.9481516 0.8313093 2.5979742 12.297824

2.7115217 1.8680395 5.7122992 0.4152843 4.5916169 1.8716254 0.6144956 13.205321

2.5150499 1.2304214 3.5962670 0.1312882 4.0963777 2.3481148 2.1995787 12.389543

1.9086613 1.2934043 3.9288268 0.3516179 3.1698067 2.0011170 1.7259547 11.177323

2.4667156 2.1407416 4.7905834 0.2118119 3.4240093 2.1518299 3.0993185 13.677553

4.3306524 1.4230146 4.5504403 0.5104081 3.9908831 3.2104754 3.5842925 16.539318

3.7188585 1.7770724 4.0154067 0.1579639 4.6542217 1.4032765 2.2218555 13.775285

1.9173874 2.7587914 4.8045186 1.4155181 3.8504386 2.4729750 2.9415001 15.484950

2.2288943 1.1281585 3.6081638 0.2131524 3.0797160 0.6756985 4.8105053 12.387236

2.6014871 1.3596149 5.7930090 0.5878512 5.5015181 2.3758197 4.0742012 18.332399

1.6928452 2.4055804 4.6013610 0.3428837 5.1407426 3.2559441 4.7787973 18.119729

2.2466222 1.6830249 4.3387303 0.5637742 3.1522166 0.5753632 1.6386032 10.268687

2.2923139 3.0884019 3.2025201 0.4319117 4.4187744 1.5483608 1.0437219 12.391573

2.1281350 1.3829576 5.2678487 1.6770614 5.5053989 2.1439730 1.3616434 15.955925

4.6076817 1.6491037 3.1123607 –0.5843253 3.2552784 2.9642836 3.9017196 16.378067

4.9412389 1.7984060 3.1511551 0.0379101 2.8526594 0.7179441 3.6678706 13.978119

2.9602643 1.6053855 1.9659854 0.4049415 5.2480626 3.1098640 3.5438339 16.467410
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shown.in.Table.7.16..Other.distributions.for.finite.durations.might.be.appropriate.in.this.case..Also,.
the.simulation.results.in.the.case.of.a.small.number.of.cycles.are.dependent.on.the.random.numbers.
used..For.example,.by.using.a.different.set.of.random.numbers.as.those.used.in.Table.7.17,.the.results.
shown.in.Table.7.18.are.obtained..The.statistics.in.this.case.are

. Meanvalue = 13.98 days . (7.44a)

. . . ...Variance = 3.67 days 2( ) . (7.44b)

7.8	 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for.the.problem.statements.of.the.four.simulation.
projects.introduced.at.the.end.of.previous.chapters.

7.8.1	  Structural Beam Study

Using.the.project.information.provided.in.previous.sections.on.this.project,.perform.paramet-
ric.analysis.on.results.produced.in.Chapter.5.for.this.project..Investigate.the.effects.of.individually.
changing.mean.values.and.standard.deviations.of.input.random.variables..Investigate.the.effects.of.
individually.changing.distribution.types.of.input.random.variables.

7.8.2	  Stream erosion Study

Using.the.mean.and.standard.deviation.of.each.of.the.variables.in.Table.C.1,.generate.a.sample.
of.62.values.each.for.the.random.variables.that.have.a.normal.distribution..Compute.the.correlation.

table 7.17	 random Numbers Used for Completion time of tasks

task A task B task C task D task e task F task G

0.606883 0.093464 0.125703 0.736216 0.585157 0.033755 0.719628

0.277315 0.682777 0.759930 0.485396 0.288004 0.697372 0.101427

0.725585 0.326737 0.091488 0.718726 0.819744 0.912300 0.910932

0.179915 0.471119 0.072710 0.293896 0.559946 0.441863 0.749723

0.152424 0.240208 0.294833 0.769227 0.786163 0.121520 0.663357

0.168486 0.035771 0.513560 0.880006 0.748794 0.115441 0.953369

0.915682 0.243600 0.610186 0.848375 0.102922 0.009326 0.801494

0.124135 0.682049 0.610019 0.203327 0.081627 0.866440 0.514767

0.342101 0.739733 0.131999 0.569512 0.388688 0.518582 0.204704

0.985961 0.613146 0.914132 0.898415 0.543517 0.091718 0.970920

0.336867 0.616759 0.402409 0.268781 0.913337 0.098700 0.545388

0.583809 0.471045 0.343964 0.278476 0.128413 0.359243 0.341192

0.798033 0.053788 0.467997 0.405734 0.923671 0.587813 0.126547

0.688703 0.028898 0.021365 0.039026 0.483284 0.546590 0.267746

0.959589 0.749079 0.914929 0.729020 0.917082 0.870119 0.652013

0.331024 0.626462 0.697033 0.771629 0.382801 0.702866 0.060994

0.201754 0.233297 0.417021 0.770881 0.034672 0.724181 0.395496

0.633503 0.380850 0.538246 0.326588 0.633842 0.176778 0.346776

0.840578 0.895108 0.071531 0.714916 0.400981 0.243865 0.211002

0.531249 0.463470 0.952944 0.073020 0.345216 0.578557 0.214954
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coefficients.between.each.pair.of.variables:.(x1,x2),.(x1,x3),.(x2,x3),.(x1,y),.(x2,y),.and.(x3,y),.for.both.
the.actual.and.generated.data..Discuss.any.differences.in.both.the.moments.and.the.correlations.
between.the.generated.data.and.sample.data.

7.8.3	  traffic estimation Study

Using.the.mean.and.standard.deviation.of.each.of.the.variables.in.Table.C.2,.generate.a.sample.
of.45.values.each.for.the.random.variables.that.have.a.normal.distribution..Compute.the.correlation.
coefficients.between.each.pair.of.variables:.(x1,x2),.(x1,x3),.(x2,x3),.(x1,y),.(x2,y),.and.(x3,y),.for.both.
the.actual.and.generated.data..Discuss.any.differences.in.both.the.moments.and.the.correlations.
between.the.generated.data.and.sample.data.

7.8.4	  Water evaporation Study

Using.the.mean.and.standard.deviation.of.each.of.the.variables.in.Table.C.3,.generate.a.sample.
of.71.values.each.for.the.random.variables.that.have.a.normal.distribution..Compute.the.correlation.
coefficients.between.each.pair.of.variables:.(x1,x2),.(x1,x3),.(x2,x3),.(x1,y),.(x2,y),.and.(x3,y),.for.both.
the.actual.and.generated.data..Discuss.any.differences.in.both.the.moments.and.the.correlations.
between.the.generated.data.and.sample.data.

7.9 PrOBLeMS

 7-1.	 Using.the.linear.congruential.generator.given.by.Equation.7.1,.generate.a.stream.of.ten.random.num-
bers.based.on.the.following.model.parameters:.a = 7,.b.=.5,.c.=.26,.and.I0.=.3.

table 7.18 Generated random Values for Completion time of tasks

task A task B task C task D task e task F task G

Project 
Completion 

time

3.2707799 	1.3400400 2.8529732 0.8156949 4.2147164 0.1713280 3.5813727 12.578237

2.4095244 2.2375281 4.7058017 0.4817430 3.4411537 2.5164544 	1.7263661 12.871519

3.5991597 	1.7757440 2.6681462 0.7893469 4.9142851 3.3552784 4.3467318 17.991199

2.0844111 	1.9638631 2.5438200 0.2291748 4.1505155 1.8540637 3.6733168 13.726170

1.9739182 	1.6473216 3.4610715 0.8680251 4.7929741 0.8324813 3.4212035 13.375756

2.0399005 	1.0987845 4.0339016 1.0875602 4.6703954 0.8017872 4.6788003 15.272445

4.3768346 	1.6527585 4.2793768 1.0147408 2.7347579 –0.3528514 3.8468091 12.258309

	1.8453495 2.2365066 4.2789404 0.0851884 2.6055421 3.1097732 3.0369229 13.116367

2.5937050 2.3210996 2.8829455 0.5873924 3.7176888 2.0464701 2.1752441 12.854208

5.1966454 2.1435484 5.3668740 1.1363712 4.1090447 0.6695408 4.8949117 17.013691

2.5794094 2.1482732 3.7532931 0.1919199 5.3618234 0.7108243 3.1137570 13.914087

3.2112634 	1.9637700 3.5987720 0.2064942 2.8660028 1.6399625 2.5912269 12.272226

3.8344438 	1.1952375 3.9198922 0.3809357 5.4304724 2.2215315 	1.8570525 14.538738

3.4917621 	1.0511701 	1.9732268 –0.3812494 3.9582012 2.1167830 2.3806975 12.998614

4.7463211 2.3356456 5.3719798 0.8047524 5.3859459 3.1270236 3.3903168 18.985253

2.5633476 2.1610288 4.5154829 0.8719888 3.7023022 2.5322679 	1.4531975 13.075239

2.1647959 	1.6361127 3.7908605 0.8707520 2.1834205 2.5949514 2.7353984 12.175383

3.3407015 	1.8485931 4.0957866 0.2755382 4.3416040 1.0723773 2.6064022 13.209678

3.9968036 2.6271607 2.5352335 0.7837149 3.7496031 1.3063624 2.1972483 13.877178

3.0782144 	1.9542634 5.6744610 –0.2269675 3.6021733 2.1978306 2.2108603 13.458358
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 7-2.. Using.the.linear.congruential.generator.given.by.Equation.7.1,.generate.a.stream.of.ten.random.num-
bers.based.on.the.following.model.parameters:.a = 7,.b.=.5,.c.=.345,.and.I0.=.3.

 7-3.. .Using.the.linear.congruential.generator.given.by.Equation.7.1,.generate.a.stream.of.ten.random.num-
bers.based.on.the.following.model.parameters:.a = 77, b.=.345,.c.=.26,.and.I0.=.3.

 7-4.. .Perform.a.parametric.analysis.of.the.linear.congruential.generator.given.by.Equation.7.1.by.varying.
the.values.of.a,.b,.c,.and.I0.to.investigate.their.importance..Based.on.your.results,.discuss.the.impor-
tance.of.these.parameters.

 7-5.. .If.a.random-number.generator.is.available.to.generate.uniformly.distributed,.0.to.1.random.numbers,.
(a).how.could.it.be.used.to.generate.rolls.of.a.fair.die.that.has.the.six.discrete.values?.and.(b).how.
could.it.be.used.to.generate.rolls.of.a.loaded.die.that.has.a.probability.of.0.25.for.a.1,.0.35.for.a.4,.and.
equal.probabilities.for.the.remaining.four.numbers?

 7-6.. .A.random.variable.x.can.take.on.values.of.1,.2,.3,.4,.and.5..A.random.variable.y.can.take.on.values.
of.2,.4,.and.6..If.a.random.sequence.of.x.is.{2,.4,.3,.1,.5,.4,.3,.4}.and.the.corresponding.sequence.of.
y.is.{4,.2,.6,.6,.2,.2,.6,.2},.what.is.the.transformation.rule?

 7-7.. .The.roll.of.a.die.is.used.to.simulate.the.toss.of.a.coin..If.the.roll.produces.an.even.value,.a.head.is.
assumed..If.the.roll.produces.an.odd.value,.a.tail.is.assumed..Indicate.the.outcomes.of.coin.flips.if.
the.random.sequence.of.rolls.is.{2,.5,.4,.2,.1,.6,.3,.3,.6}.

 7-8.. .The.density.function.of.a.continuous.random.variable.x.is:

.
f x

x x
X ( )

/
=

≤ ≤⎧
⎨
⎩

3 26 1 3

0

2 for

otherwise

. . .Use.the.function.to.generate.values.of.x.for.the.following.sequence.of.uniform.(0.to.1).variates:

. ui = { }0 63 0 21 0 90 0 56 0 35 0 48 0 06. , . , . , . , . , . , .

. . Compare.the.population.mean.and.the.mean.of.the.generated.values.of.x.
  7-9.. .A.discrete.random.variable.X.has.a.Bernoulli.distribution.with.parameter.p.=.0.3..Using.the.follow-

ing.uniform.variates,.generate.Bernoulli.variates.using.Equation.7.20..Determine.the.sample.propor-
tion.and.compare.it.to.the.population.value.

. ui = 0 79 0 34 0 27 0 55 0 06 0 13 0 70 0 18 0 16 0 50 0 19. , . , . . . , . , . , . , . , . , . , . ,00 63.{ }

 7-10.. .On.any.day,.assume.that.the.probability.of.rainfall.is.0.3..Assume.that.the.occurrence.of.rainfall.
on.any.day.can.be. simulated.by.a.Bernoulli.variate,.with.0. indicating.no. rain.on. that.day.and.
1. indicating. rainfall. occurring.. Using. the. following. uniform. variates. and. the. inverse. transfor-
mation.method,.generate.2.weeks.of. the.rainfall. indicator..Compare. the.sample.and.population.
probabilities.

. ui = 0 71 0 53 0 29 0 42 0 02 0 20 0 87 0 43 0 26 0 92 0 34. , . , . , . , . , . , . , . , . , . , . ,00 53 0 15 0 76. , . , .{ }

 7-11.. .A.random.variable.that.can.take.on.values.of.x.and.y.has.P(x).=.0.2.and.P(y).=.1.–.P(x).=.0.8..Assume.
that.an.experiment.was.conducted.with.three.trials.per.experiment..Use.the.following.30.uniform.
variates.to.generate.10.binomial.variates..Compare.the.sample.and.population.probabilities.

.

ui = { 0 47 0 06 0 02 0 77 0 44 0 73 0 40 0 01 0 53 0 00
0 83

. , . . . , . , . , . , . , . , . , . ,
. ,, . , . , . , . , . , . , . , . , . ,
. , . ,

0 71 0 74 0 34 0 04 0 62 0 82 0 90 0 97 0 29
0 61 0 32 0.. , . , . , . , . , . , . , .01 0 18 0 22 0 95 0 67 0 64 0 68 0 67}

 7-12.. .Generate.10.binomial.variates.with.p.=.0.75.and.n.=.2.using.the.following.uniform.variates..Compare.
the.population.and.sample.probabilities.

.

ui = { 0 17 0 35 0 92 0 24 0 20 0 02 0 78 0 34 0 62 0 29

0 43

. , . , . , . , . , . , . , . , . , . ,

. ,, . , . , . , . , . , . , . , . , .0 35 0 51 0 67 0 82 0 47 0 90 0 01 0 13 0 68} .
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 7-13.. .Generate.10.binomial.variates.with.p.=.0.65.and.n.=.3.using.the.first.three.columns.of.uniform.vari-
ates.in.Table.7.4a..Compare.the.population.and.sample.probabilities.

 7-14.. .A.discrete.random.variable.(N).has.a.geometric.distribution.with.parameter.p.=.0.5..Using.the.first.
ten. values. of. ui. in. Problem. 7.17,. generate. values. of. N. using. the. inverse. transformation. method..
Compare.these.to.values.generated.with.Equation.7.23.

 7-15.. .The. following. is. a. sequence. of. independent. trials. of. successes. (S). and. failures. (F).. Identify. the.
underlying.geometric.distribution..Compare.the.sample.values.of.the.random.variable.X,.which.is.
the.number.of.trials.to.the.first.success,.and.the.theoretical.values.for.the.population.

. SFFSFSSFFFSFFSSFSFFFFSSFF

 7-16.. .In.a.certain.manufacturing.process,.1.in.every.12.items.has.a.defect..(a).Compute.the.probability.
that.exactly.three.items.will.be.inspected.before.an.inspector.finds.a.defective.items..(b).Compute.
the.probability.that.no.more.than.four.items.will.be.inspected.before.the.first.defective.item.is.found..
(c) Use.Equation.7.23.and.the.following.uniform.variates.to.generate.values.of.x:

 ui = { }0 76 0 33 0 47 0 60 0 08 0 39 0 84 0 27. . . . . , . , . , . , . , .

 7-17.. .A. random. variable. is. Poisson. distributed. with. λ. =. 1.5.. Using. the. following. random. variates.
from.a.uniform.distribution,.generate.Poisson.variates..Compute.the.sample.mean.and.standard.
deviation.of. the.Poisson.variates.and.compare. them.to. the.population.values..Comment.on. the.
differences. Use

.

ui = { 0 43 0 53 0 65 0 66 0 48 0 87 0 67 0 66 0 85 0 81

0 44

. , . , . , . , . , . , . , . , . , . ,

. ,, . , . , . , . , . , . , . , . , .0 37 0 54 0 71 0 27 0 15 0 34 0 89 0 52 0 64}

 7-18.. .Generate.20.Poisson.variates.with.parameter.λt.=.1.5..Use.the.inverse.transformation.method.and.the.
20.uniform.variates.of.Problem.7.12..Compare.the.population.and.sample.probabilities.

 7-19.. .On.the.average,.three.radioactive.particles.pass.through.a.counter.per.millisecond..Use.the.following.
uniform.variates.to.generate.a.time.sequence.of.the.number.of.particles.in.15.s..Compare.the.mean.
of.the.generated.sequence.and.the.expected.value..Use:

.

ui = { 0 16 0 37 0 82 0 51 0 70 0 23 0 44 0 92

0 78 0 32 0 03

. , . , . , . , . , . , . , . ,

. , . , . ,, . , . , . , .0 54 0 63 0 22 0 15} ..

 7-20.. .Barges.arrive.at.a.certain.lock.on.the.Mississippi.River.at.an.average.rate.of.two.per.hour..Using.
the.following.uniform.variates,.simulate.the.number.of.barges.assuming.that.1.day.has.12.h.of.lock.
operation..Use

. ui = 0 84 0 47 0 23 0 59 0 10 0 66 0 35 0 14 0 72 0 51 0 88. , . , . , . , . , . . . , . , . , . , . ,00 12.{ }

. . Compare.the.population.mean.with.the.mean.of.the.generated.hourly.arrivals.
 7-21.. .Transform.the.following.uniform.variates.from.a.U(0,1).population.to.variates.of.a.second.uniform.

distribution.X,.which.is.U(4,10)..Use:

. ui = { }0 62 0 31 0 85 0 76 0 09 0 43. , . , . , . , . , .

 7-22.. .A.probability.density.function.fX(x).for.the.random.variable.consists.of.two.sections,.each.a.constant.
as.follows:

.
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. . Transform.the.following.uniform.variates.U(0,1).to.values.of.x:

. ui = { }0 03 0 79 0 52 0 41 0 86 0 22 0 90. , . , . , . , . , . , .

 7-23.. .Use.the.inverse.transformation.method.to.transform.the.following.uniform.variates.U(0,1).to.normal.
variates.N(3,22).with.mean.of.3.and.standard.deviation.of.2:

 ui = { }0 68 0 04 0 76 0 37. , . , . , .

 7-24.. .Use.the.inverse.transformation.method.to.transform.the.following.uniform.variates.U(2,4).to.normal.
variates.N(5,22).with.mean.of.5.and.standard.deviation.of.2:

 ui = { }2 76 3 47 2 06 3 84. , . , . , .

 7-25.. .What.uniform.variate.ui.for.U(0,1).was.used.to.generate.a.normal.variate.of.7.81.from.N(6,32).with.
mean.of.6.and.standard.deviation.of.3?

 7-26.. .Assume.that.the.mean.weekly.dissolved.oxygen.concentration.can.be.represented.by.a.normal.dis-
tribution.N(6.5,1.52).with.mean.of.6.5.and.standard.deviation.of.1.5..Simulate.6.weekly.mean.values.
using.the.following.uniform.variates:

 ui = { }0 55 0 38 0 82 0 27 0 64. , . , . , . , .

 7-27.. .Assume.the.random.variable.X.has.a.lognormal.distribution.and.y.=.log(x).with.mean.Y.of.1.32.and.
standard.deviation.S.of.0.17..Generate.values.of.x.for.the.following.uniform.variates:

 ui = { }0 13 0 71 0 44 0 60 0 27. , . , . , . , .

 7-28.. .Assume.that.floods.are.lognormally.distributed.with.a.mean.of.X.of.254.m3/sec.and.a.standard.devi-
ation.of.X.of.38.m3/sec..Use.the.following.uniform.variates.to.generate.values.of.x.that.are.lognor-
mally.distributed:

 ui = { }0 39 0 61 0 50 0 13 0 82. , . , . , . , .

 17-29.. .The.mean.( )mY .of.Y.=.ln(X).and.standard.deviation.(σY).of.Y.=.ln(X).are.2.76.and.0.57,.respectively..
Generate.values.of.x.that.have.a.lognormal.distribution.using.the.following.uniform.variates:

 ui = { }0 03 0 82 0 37 0 54. , . , . , .

 17-30.. Using.inverse.transformation,.generate.values.of.exponential.variates.for.the.parameter.λ.=.1.4.with.
the.following.uniform.variates:

 ui = { }0 34 0 83 0 02. , . , .

 17-31.. Assume.the.following.values.of.xi.are.a.sample.from.an.exponential.distribution:.xi.=.{0.27,.0.62,.
1.12,.1.35}..Generate.exponential.variates.that.are.from.the.same.population.using.the.following.uni-
form.variates:

 ui = { }0 47 0 92 0 23 0 52 0 17. , . , . , . , .



sImuLatIon	 263

 7-32.. .The.change.in.the.length.of.a.rod.due.to.axial.force.P.is.given.by

.
ΔL

PL

AE
=

. . where.L.is.the.length.of.the.rod,.P.the.applied.axial.force,.A.the.cross-sectional.area.of.rod,.and.E.the.
modulus.of.elasticity..Using.20.simulation.cycles,.determine.the.mean.and.variance.of.∆L.assuming.
noncorrelated.random.variables.with.the.following.probabilistic.characteristics:

Random 
Variable Mean Value

Coefficient of 
Variation

Distribution 
Type

P 100.kips 0.35 Lognormal

L 20.in. 0.05 Normal

E 30,000.ksi 0.10 Lognormal

A 1.in.2 0.05 Normal

 7-33. . .For.the.rod.in.Problem.7.32,.study.the.effect.of.increasing.the.number.of.simulation.cycles.on.the.
estimated.mean.and.variance.of.the.deformation..Use.the.following.numbers.of.simulation.cycles:.
20,.100,.500,.1000,.2000,.and.10,000..Provide.your.results.in.the.form.of.plots.of.estimated.statis-
tics.as.a.function.of.the.number.of.simulation.cycles.

 7-34.. .For.the.rod.in.Problems.7.32.and.7.33,.plot.two.frequency.histograms.for.the.deformation.of.the.rod.
based.on.20.and.100.simulation.cycles..Suggest.a.distribution.type.for.the.deformation.

 7-35.. .For. the.rod.in.Problems.7.32.and.7.33,.plot.a.frequency.histogram.for. the.deformation.of. the.rod.
based.on.1000.simulation.cycles..Suggest.a.distribution.type.for.the.deformation.

 7-36.. ..Compare. the. results. of.Problems.7.34. and.7.35. to. the. rod. in.Problems.7.32. and.7.33..Provide. a.
discussion.

 7-37.. . The.ultimate.moment.capacity,.M,.of.an.under-reinforced.concrete.rectangular.section.is.given.by

.
M A f

a
s y= −

⎛
⎝⎜

⎞
⎠⎟

d
2

. . where

.
a

A f

bf
s y

c

=
0 85. ’

. . in.which.the.following.are.random.variables:.As.is.the.cross-sectional.area.of.the.reinforcing.steel,.
fy.the.yield.stress.(strength).of.steel,.d.the.distance.from.the.reinforcing.steel.to.the.top.fibers.of.the.
beam,.b.the.width.of.the.beam,.and.fc.the.ultimate.stress.(strength).of.the.concrete..If.the.random.
variables. are. assumed. to. be. statistically. noncorrelated,. determine. the. mean. and. variance. of. the.
moment.capacity.using.the.following.information:

Random 
Variable Mean Value

Coefficient of 
Variation

Distribution 
Type

As 0.25.in.2 0.10 Lognormal

fy 40,000.psi 0.10 Normal

d 20.in. 0.05 Lognormal

b 12.in. 0.05 Normal

fc 4000.psi 0.20 Lognormal

. . Use.100.simulation.cycles..Is.this.a.sufficient.number.of.cycles?.Why?.Provide.a.discussion.
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ChAPter  8

Fundamentals of Statistical Analysis

In.this.chapter,.we.distinguish.between.samples.of.a.random.variable.and.the.underlying.popula-
tion,.introduce.statistics.used.to.characterize.the.systematic.and.nonsystematic.variation.of.a.statis-
tical.estimator,.discuss.methods.of.using.sample.estimators.to.approximate.population.parameters,.
describe.the.sampling.distributions.of.the.mean.and.variance.of.a.random.variable,.and.univariate.
frequency.analysis.

8.1 INtrODUCtION

Values.of.random.variables.obtained.from.sample.measurements.are.commonly.used.in.mak-
ing.important.engineering.decisions..For.example,.samples.of.river.water.are.collected.to.estimate.
the.average.level.of.a.pollutant.in.the.entire.river.at.that.location..Samples.of.stopping.distances.are.
used.to.develop.a.relationship.between.the.speed.of.a.car.at.the.time.the.brakes.are.applied.and.the.
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distance.traveled.before.the.car.comes.to.a.complete.halt..The.average.of.sample.measurements.of.
the.compressive.strength.of.concrete.collected.during.the.pouring.of.a.large.concrete.slab,.such.as.
the.deck.of.a.parking.garage,.is.used.to.help.decide.whether.or.not.the.deck.has.the.strength.speci-
fied.in.the.design.specifications..It.is.important.to.recognize.the.random.variables.involved.in.these.
cases..In.each.case,.the.individual.measurements.or.samples.are.values.of.a.random.variable,.and.
the.computed.mean.is.also.the.value.of.a.random.variable..For.example,.the.transportation.engineer.
measures.the.stopping.distance;.each.measurement.is.a.sample.value.of.the.random.variable..If.ten.
measurements.are.made.for.a.car.stopping.from.a.speed.of.50.mph,.then.the.sample.consists.of.ten.
values.of.the.random.variable..Thus,.there.are.two.random.variables.in.this.example:.the.stopping.
distance.and.the.estimated.mean.of.the.stopping.distance..This.is.also.true.for.the.water-quality-
pollutant.and.compressive-strength.examples.

The. estimated. mean. for. a. random. variable. is. considered. by. itself. to. be. a. random. variable,.
because.different.samples.about.the.random.variable.can.produce.different.estimated.mean.values,.
thus.the.randomness.in.the.estimated.mean..When.a.sample.of.n.measurements.of.a.random.variable.
is.collected,.the.n.values.are.not.necessarily.identical..The.sample.is.characterized.by.variation..For.
example,.let.us.assume.that.five.independent.estimates.of.the.compressive.strength.of.the.concrete.
in.a.parking.garage.deck.are.obtained.from.samples.of.the.concrete.obtained.when.the.concrete.was.
poured..For.illustration.purposes,.let.us.assume.that.the.five.compressive-strength.measurements.
are.3250,.3610,.3460,.3380,.and.3510.psi..This.produces.a.mean.of.3442.psi.and.a.standard.deviation.
of.135.9.psi..Assume.that.another.sample.of.five.measurements.of.concrete.strength.was.obtained.
from.the.same.concrete.pour;.however,.the.values.were.3650,.3360,.3328,.3420,.and.3260.psi..In.this.
case,.the.estimated.mean.and.standard.deviation.are.3404.and.149.3.psi,.respectively;.therefore,.the.
individual.measurements.and.the.mean.are.values.of.two.different.random.variables:.X.and.X.

It.would.greatly.simplify.decision.making.if.the.sample.measurements.were.identical.(i.e.,.there.
is.no.sampling.variation.so.the.standard.deviation.was.zero)..Unfortunately,.that.is.never.the.case,.
so.decisions.must.be.made.in.spite.of.the.uncertainty..For.example,.let.us.assume.in.the.parking.
garage.example.that.the.building.code.requires.a.mean.compressive.strength.of.3500.psi..Because.
the.mean.of.3442.psi.based.on.the.first.sample.is.less.than.the.required.3500.psi,.should.we.con-
clude.that.the.garage.deck.does.not.meet.the.design.specifications?.Unfortunately,.decision.making.
is.not.that.simple..If.a.third.sample.of.five.measurements.had.been.randomly.collected.from.other.
locations.on.the.garage.deck,.the.following.values.are.just.as.likely.to.have.been.obtained:.3720,.
3440,.3590,.3270,.and.3610.psi..This.sample.of.five.produces.a.mean.of.3526.psi.and.a.standard.
deviation.of.174.4.psi..In.this.case,.the.mean.exceeds.the.design.standard.of.3500.psi..Because.the.
sample.mean.is.greater.than.the.specified.value.of.3500.psi,.can.we.conclude.that.the.concrete.is.
of.adequate.strength?.Again,.we.cannot.conclude.with.certainty.that.the.strength.is.adequate.any.
more.than.we.could.conclude.from.the.first.sample.that.the.strength.was.inadequate..The.fact.that.
different.samples.lead.to.different.means.is.an.indication.that.we.cannot.conclude.that.the.design.
specification.is.not.met.just.because.the.sample.mean.is.less.than.the.design.standard..We.need.to.
have.more.assurance.

The.need.then.is.for.a.systematic.decision.process.that.takes.into.account.the.variation.that.can.
be.expected.from.one.sample.to.another..The.decision.process.must.also.be.able.to.reflect.the.risk.
of.making.an.incorrect.decision..Decisions.can.be.made.using,.for.example,.hypothesis.testing.as.
described.in.Chapter.9.

8.1.1 Samples and Populations

The.data.that.are.collected.represent.sample.information,.but.this.information.is.not.complete.
by.itself,.and.predictions.are.not.made.directly.from.the.sample..The.intermediate.step.between.
sampling. and. prediction. is. identification. of. the. underlying. population.. The. sample. is. used. to.
identify. the. population. and. then. the. population. is. used. to. make. predictions. or. decisions.. This.
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sample-.to-population-to-prediction.sequence.is.true.for.the.univariate.methods.of.this.chapter.or.for.
the.bivariate.and.multivariate.methods.that.follow.in.other.chapters.

A.known.function.or.model. is.most.often.used. to. represent. the.population..The.normal.and.
lognormal.distributions.are.commonly.used.to.model.the.population.for.a.univariate.problem..For.
bivariate.and.multivariate.prediction,.linear.(Ŷ.=.a.+.bX).and.power.(Ŷ .=.aXb).models.are.commonly.
assumed. functions. for. representing. the.population,.where.Ŷ . is. the.predicted.value.of.dependent.
variable.Y,.X.is.the.independent.random.variable,.and.a.and.b.are.model.parameters..When.using.
a.probability.function.to.represent.the.population,.it.is.necessary.to.estimate.the.parameters..For.
example,.for.the.normal.distribution,.we.must.estimate.the.location.and.scale.parameters,.which.are.
the.mean.and.standard.deviation,.respectively..For.the.exponential.distribution,.the.rate.(λ).is.a.dis-
tribution.parameter.that.needs.to.be.estimated.and.is.not.equal.to.the.mean.or.standard.deviation..
When.using.the.linear.or.power.models.as.the.population,.it.is.necessary.to.estimate.the.coefficients.
a.and.b..In.both.the.univariate.and.multivariate.cases,.they.are.called.sample estimators.of.the.pop-
ulation.parameters.

8.2 PrOPertIeS OF eStIMAtOrS

In.developing.models.for.populations,.models.can.be.classified.as.univariate,.bivariate,.or.mul-
tivariate..Models.can.have.one,.two,.or.more.parameters..For.example,.the.normal.distribution.as.
a.univariate.model.has. two.parameters,. the. exponential. distribution.has.one.parameter,. and. the.
bivariate.power.model.(Ŷ .=.aXb).has.two.parameters..Samples.are.used.to.develop.a.model.that.can.
adequately.represent.the.population.and.to.estimate.the.parameters.of.the.population.model..The.
parameters. can.be.estimated. in. the. form.of.point. estimates. (single.values).or. interval. estimates.
(ranges.of.values).using. the.samples..The.equations.or.methods.used. to.estimate. the.parameters.
are.called.estimators..In.this.section,.estimators.and.their.properties.are.introduced..The.statistical.
uncertainty.associated.with. the.estimators. is. considered. in. the.next. sections. for. statistical.deci-
sion.making.using.hypothesis.testing.(see.Sections.9.1.to.9.3)..Interval.estimation.is.discussed.in.
Section 11.2.

Several. properties. of. estimators. are. of. interest. to. engineers.. The. concepts. that. are. widely.
used,.and.sometimes.misunderstood,.include.accuracy,.bias,.precision,.consistency,.efficiency,.and.
.sufficiency..Because.of.the.lack.of.uniform.terminology,.definitions.that.represent.the.most.common.
usage.are.given.here.

8.2.1 Bias

An.estimate.of.a.parameter.θ.made.from.the.sample.statistic.is.said.to.be.an.unbiased.estimate.
if.the.expected.value.of.the.sample.quantity.Ŷ .is.θ;.that.is,

. E( )θ̂ θ= . (8.1)

where.E(·).denotes.the.mathematical.expectation..The.bias.is.defined.as.[E(θ̂).–.θ]..Therefore,.bias.
deprives.a.statistic.of.representativeness.by.systematically.distorting.it..It.is.not.the.same.as.a.ran-
dom.error.that.may.distort.at.any.one.occasion.but.balances.out.on.the.average..It.is.important.to.
note.that.bias.is.a.systematic.error.

Figure.8.1.shows.the.results.of.four.experiments,.with.each.experiment.being.repeated.six.times..
It.is.known.that.the.true.(i.e.,.population).mean.of.each.experiment.is.15..The.sample.means.for.the.
four.experiments.are.15,.24,.7,.and.14..Thus,.experiment.A.is.unbiased.because.its.expected.value.
equals.the.true.value..Experiments.B,.C,.and.D.show.varying.degrees.of.bias..Whereas.experiment.
B.has.a.positive.bias.of.9,.the.biases.of.experiments.C.and.D.are.negative;.that.is,.experiment.B.tends.
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to.overestimate.θ.and.experiments.C.and.D.underestimate.θ..A.question.that.is.discussed.in.Sections.
9.2.and.9.3.is.whether.or.not.the.biases.are.significant.

8.2.2 Precision

In.addition.to.the.systematic.variation,.variation.in.an.observation.may.be.due.to.random.error..
Random.error.is.measured.by.fluctuations.in.the.value.of.a.variable.that.occur.when.the.same.exper-
iment.is.performed.more.than.once..It.may.be.the.result.of.(1).errors.in.judgment,.(2).uncontrollable.
variation.in.environmental.conditions,.(3).differences.due.to.deficiencies.in.defining.the.quantity.
being.measured,.or.(4).intrinsically.random.process.

Precision.can.be.defined.as.the.ability.of.an.estimator.to.provide.repeated.estimates.that.are.
very.close.together..Therefore,.precision.may.be.expressed.in.terms.of.the.variance.of.an.esti-
mator,.with.a. large.variance.signifying. lack.of.precision.and.a.small.variance.signifying.high.
precision..Obviously,.absolute.precision.implies.a.zero.variance,.a.level.that.practically.cannot.
be.achieved.

Using.the.variance.of.the.observations,.as.measured.about.the.sample.mean,.the.precision.of.
each.experiment.is.shown.in.Figure.8.1..Experiments.A.and.B.show.considerably.more.precision.
(i.e.,.they.have.lower.variances.among.the.observations).than.do.experiments.C.and.D..Experiment.
C.has.the.largest.variance.(i.e.,.it.is.the.least.precise.experiment)..In.comparing.experiments.A.and.
B,.they.have.the.same.level.of.precision.but.experiment.A.is.unbiased,.whereas.B.is.highly.biased.
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8.2.3 Accuracy

Accuracy.can.be.defined.as.the.closeness.or.nearness.of.the.measurements.to.the.true.or.actual.
value.of. the.quantity.being.measured..The.concept.of.accuracy.can.be.considered.to.encompass.
both.the.precision.and.bias.

Definitions.of.accuracy.often.imply.that.the.term.should.only.be.used.in.a.dichotomous.manner;.
that.is,.a.measurement.or.a.statistic.is.either.accurate.or.inaccurate..In.practice,.the.term.accuracy.
is.used.for.comparisons,.and.quantitative.estimates.of.accuracy.are.used.to.describe.a.measurement.
or.statistic;.that.is,.accuracy.is.a.characteristic.that.should.be.measured.on.a.continuous.scale,.rather.
than.as.a.discrete.variable.

The.variance.of.the.observations.in.Figure.8.1,.as.measured.about.the.true.value.of.the.statistic.
(i.e.,.15),.is.used.as.a.measure.of.the.accuracy..The.values.of.the.four.experiments.are.shown.in.Figure.
8.1..Experiment.B.is.the.least.accurate;.in.addition.to.its.high.bias,.it.is.imprecise..Experiment.D.is.
reasonably.accurate,.in.spite.of.its.noticeable.lack.of.precision..Experiment.A.is.the.most.accurate.

8.2.4 Comparison of Bias, Precision, and Accuracy

It.is.interesting.to.distinguish.among.accuracy,.bias.(systematic.error),.and.precision.(random.
error)..The.measurements.using.experiment.A.are.all.close.to.the.true.value,.which.indicates.no.
significant.bias.and.high.precision;.thus,.experiment.A.is.highly.accurate..There.is.little.variation.
among.the.six.observations.in.experiment.B,.which.indicates.that.it.provides.precise.measurements;.
however,.because.the.values.are.consistently.higher.than.the.true.value,.the.experiment.is.biased..
The.significant.bias.contributes.to.its.poor.accuracy..Experiment.C.is.both.biased.and.imprecise.
because.the.systematic.and.random.variations.are.both.significant;.thus,.it.is.also.highly.inaccurate..
Experiment.D.is.imprecise.but.relatively.unbiased..In.summary,.inaccuracy.can.result.from.either.a.
bias.or.lack.of.precision..Although.accuracy.can.be.of.greatest.overall.concern,.one.should.examine.
the.bias.and.precision.components.to.identify.the.most.likely.sources.of.the.inaccuracy.

8.2.5 Mean Square error

One.objective.of.data.analysis.is.to.explain.variation.in.a.set.of.measurements..Accuracy.reflects.
both.systematic.and.random.errors,.and.both.sources.of.variation.must.be.assessed.when.attempt-
ing.to.select.one.estimator.from.among.many;.specifically,.a.biased.estimator.may.be.preferable.to.
an.unbiased.estimator.if.the.precision.of.the.biased.estimator.is.significantly.better.than.that.of.the.
unbiased.estimator..The.variance.of.an.estimator.may.be.viewed.as.a.measure.of.its.precision..The.
mean.square.error.(MSE).can.be.defined.as.the.expected.value.of.the.square.of.the.deviation.of.the.
estimate.from.the.true.value.of.the.quantity.being.estimated..It.is.equal.to.the.variance.of.the.esti-
mate.plus.the.square.of.the.bias..Thus,.the.MSE.is.a.measure.of.accuracy.

8.2.6 Consistency, Sufficiency, and efficiency

In.addition.to.unbiasness,.there.are.other.properties.that.a.statistic.should.have.to.be.a.good.esti-
mator..The.estimator.should.be.both.consistent.and.sufficient,.and.the.method.of.estimation.should.
be.relatively.efficient.

An.estimator.is.consistent.if.the.probability.(P).that.θ̂.will.deviate.from.θ.more.than.any.fixed.
amount.ε.>.0,.no.matter.how.small,.approaches.zero.as. the.sample.size. (n).becomes. larger.and.
larger..Mathematically,.consistency.is.given.by

. P n(| | )θ θ ε� − ≤ → →∞1  as . (8.2)
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in.which.n.is.the.sample.size..In.contrast.with.biasedness,.consistency.is.a.“sample.size”.property.of.
an.estimator..It.can.be.shown.that.unbiased.estimators.are.consistent.estimators..However,.a.consis-
tent.estimator.is.not.necessarily.unbiased;.for.example,.the.sample.variance.is.consistent.but.must.
be.corrected.for.its.biasedness.by.multiplying.it.by.the.factor.n/(n –.1).

An.estimate.θ̂.is.said.to.be.sufficient.if.it.exhausts.all.possible.information.on.θ.in.a.sample.of.
any.size..Sufficiency.implies.that.no.other.estimator.computed.from.the.same.sample.can.provide.
additional.information.about.θ..Sufficiency.is.the.most.desirable.property.of.an.estimator,.and.such.
estimators.are.said.to.be.optimum.

Efficiency.is.an.important.criterion.for.evaluating.the.quality.of.an.estimator..Because.it.is.
desirable.to.have.an.estimate.that.is.close.to.the.true.value.and.the.variance.is.a.measure.of.close-
ness,. the.efficiency.of.an.estimator. is. inversely.proportional. to. its.variance..A.consistent.esti-
mate,.ˆ ,θ1 .is.said.to.be.more.efficient.than.another.estimate,.ˆ ,θ2 .if.Var(.̂θ1).<.Var(θ̂2),.where.Var(·).
is.the.variance..An.estimate.is.said.to.be.efficient.if.it.has.the.smallest.variance.of.all.available.
estimators.

8.3 MethOD OF MOMeNtS eStIMAtION

The.method.of.moments.is.one.method.of.estimating.population.parameters.using.the.moments.
of.samples..The.method.of.moments.is.frequently.used.to.provide.estimates.of.the.parameters.of.a.
distribution,.primarily.because.of.its.computational.simplicity..Equations.that.relate.the.moments.
of.a.sample.to.the.parameters.of.a.distribution.can.be.derived..Estimates.obtained.by.the.method.of.
moments.are.always.consistent,.but.they.may.not.be.efficient.in.a.statistical.sense.

Because.of.its.structural.simplicity,.the.uniform.distribution.is.used.to.illustrate.the.method.of.
moments..The.uniform.distribution.is.a.function.of.two.parameters,.α.and.β..The.location.parameter 
α.defines.the.lower.limit.of.the.distribution,.while.the.scale.parameter.β.indicates.the.spatial.extent.
of.the.density.function.which.is.given.by

. f x b a
a x b

X ( ) = −
≤ ≤

⎧

⎨
⎪

⎩⎪

1

0 otherwise
. (8.3)

where.a.and.b.are.the.estimators.of.the.parameters.α.and β,.respectively..The.solid.lines.in.Figure.
5.7.are.examples.of.a.uniform.density.function..The.sample.mean.can.be.related.to.the.definition.of.
the.mean.of.the.population.(Chapter.3).as.follows:
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The.sample.variance.can.be.related.to.the.variance.of.the.population..The.following.relationship.
simplifies.the.computation:

. m m m= ʹ −2 1
2( ) . (8.5)
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where.μ1.is.the.mean.and.m�2.is.the.second.moment.about.the.origin..Thus,.Equation.8.5.becomes

.

S x
b a

x
b a

b a

x b a

a

b

a

b2 2
2 31

2

1

3 2
=

−
⎛
⎝⎜

⎞
⎠⎟

−
+⎛

⎝⎜
⎞
⎠⎟

=
−

⎛

⎝⎜
⎞

⎠⎟
−

+⎛
⎝⎜

⎞
⎠⎟

d∫∫

=
−

−( )
−

+⎛
⎝⎜

⎞
⎠⎟

=
−

    
b a

b a

b a b a3 3 2 2

3 2 12

( )

.
(8.6)

Equations.8.4.and.8.6.provide.the.means.for.evaluating.the.parameters.of.the.uniform.density.func-
tion,.which.in.turn.provides.two.equations.with.two.unknowns,.b.and.a,.as.follows:

. . . . . . . . . . . . . . . . . .
X
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(8.7)

.
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b a2
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12
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−( )
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(8.8)

Solving.Equations.8.7.and.8.8.for.a.and.b.gives

. a X S= − 3. (8.9)

and

. b X S= + 3 . (8.10)

Table.8.1.provides.a.summary.of.the.relationships.between.the.parameters.of.commonly.used.
distributions.and.the.mean.and.variance..These.relationships.can.be.developed.using.an.approach.
similar.to.the.method.used.for.the.uniform.distribution.and.using.the.concepts.in.Chapters.3.and 5.

Example 8.1: Method of Moments for Uniform Distribution

To illustrate the method of moments, consider the sample histogram of Figure 8.2. This sample was intro
duced as sample number 2 in Section 2.6.1 (in Table 2.2 and Figure 2.18). It is shown that the sample mean and 
standard deviation are 10 and 3.0625, respectively. Using Equations 8.9 and 8.10, the parameters are estimated 
to be a = 4.7 and b = 15.3. The density function fX(x) is thus given by

 f x
x

X ( )
. . .

=
≤ ≤⎧

⎨
⎩

0 0943 4 7 15 3
0 otherwise  (8.11)

The population density function of Equation 8.11 is shown in Figure 8.2. Although the population density function 
differs from the sample probability histogram, the population should be used to make probability statements about 
the random variables X. For example, the probability that X is between 7 and 10 is 0.0943(10 – 7) = 0.283.

Example 8.2: Method of Moments for the Normal Distribution

For the normal distribution, an estimator for the location parameter (μ) can be found by equating the pop
ulation and the sample means
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Figure 8.2 uniform	probability	function	fit	using	the	method	of	moments.

table 8.1  relationships for Method of Moments: (a) Discrete Distributions, (b) Continuous 
Distributions

Distribution 
type Probability Mass or Density Function Parameters relationships
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Thus, the location parameter (μ) equals the mean (X ). To derive an estimator for the scale parameter (𝜎) the 
sample variance can be equated to the definition of the variance:
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Thus, the scale parameter (s) equals the standard deviation of the sample (S).

8.4 MAXIMUM LIKeLIhOOD eStIMAtION

The.most.common.statistical.method.of.parameter.estimation.is.the.method.of.maximum.likeli-
hood..This.method.is.based.on.the.principle.of.calculating.values.of.parameters.that.maximize.the.
probability.of.obtaining.the.particular.sample.

The.likelihood.of.the.sample.is.the.total.probability.of.drawing.each.item.of.the.sample..The.
total. probability. is. the.product.of. all. the. individual. item.probabilities..This.product. is. differen-
tiated.with.respect. to. the.parameters,.and. the.resulting.derivatives.are.set. to.zero. to.achieve. the.
maximum.

Maximum-likelihood.solutions.for.model.parameters.are.statistically.efficient.solutions,.mean-
ing.that.parameter.values.have.minimum.variance..This.definition.of.a.best.method,.however,. is.
theoretical..Maximum-likelihood.solutions.do.not.always.produce.solvable.equations.for.the.para-
meters..The.following.examples.illustrate.easy.to.moderately.difficult.solutions..For.some.distribu-
tions,.including.notably.the.normal.distribution,.the.method.of.moments.and.maximum-likelihood.
estimation.produce.identical.solutions.for.the.parameters.

Example 8.3:  Maximum-Likelihood Estimation for Exponential Distribution

For this example we will find the maximumlikelihood estimate of the parameter λ in the density function 
λexp(–λx). Consider a sample of n items: x1, x2, x3, . . . , xn. By definition, the likelihood function, L, is

 L x
i

n

i= −
=
∏l l

1

exp ( )  (8.14)

The product form of the function in Equation 8.14 is difficult to differentiate. We make use of the fact that the 
logarithm of a variate must have its maximum at the same place as the maximum of the variate. Taking loga
rithms of Equation 8.14 gives

 ln( ) ln( )L n xi
i

n

= −
=
∑l l

1
 (8.15)

The differential of ln(L) with respect to λ, set to zero, produces the value of the parameter that maximizes the 
likelihood function. The derivative is given by
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Equation 8.16 yields the following:

 
1 1
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Thus, the maximumlikelihood value of 1/λ is the mean of the sample of x ’s.
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Example 8.4:  Maximum-Likelihood Estimation of an Arbitrary Density Function

Consider the problem of finding the maximumlikelihood value of parameter A in the density function:

 f x cx Ax xX ( ) exp( )= − ≥for 0  (8.18)

where c is a constant. To use this equation as a probability density function, we must first find c from the con
dition that the total probability equals 1 as follows:

 c x Ax xexp( )− =
∞

∫ d 1
0  (8.19)

Solution of this equation gives c = A2. Thus, the likelihood function is

 L A x Axi i
i

n

= −
=
∏ 2

1

exp( ) (8.20)

The logarithm of this function is

 ln( ) ln( ) ln( )L n A x A x
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 (8.21)

and
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We find that the maximumlikelihood value of A is 2 divided by onehalf of the mean of the sample.

Example 8.5: Maximum-Likelihood Estimation and Gamma Distribution

The problem here is to find the maximumlikelihood expressions for the parameters of the gamma distri
bution. The density function of the gamma distribution can be written as

 f x
b
a

bx xX

a
a( )

!
exp( )= −

+1

 (8.23)

where a ! is the factorial of a and is related to the gamma integral by a ! = Γ(a + 1) and Γ(a + 1) = aΓ(a). Solving 
for the likelihood expressions
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and
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Therefore,
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and
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Setting the two partial differentials of Equations 8.26 and 8.27 to zero for their maxima and solving simulta
neously for a and b give
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(8.28b)

Equations 8.28a and 8.28b illustrate the potential complexity of the maximumlikelihood solutions. Equa
tion 8.28b can be solved by a trialanderror process for a. With a evaluated, Equation 8.28a can be solved for b. 
The expression ∂ln(a!)/∂a in Equation 8.28b is called the gamma derivative function of a and is designated ψ(a). 
Tables of values of the gamma function can be found in mathematical handbooks as shown in Table A.8.

A sample of 36 synthetic numbers is shown as a histogram in Figure 8.3. Values for the samplesummation 
terms in Equation 8.28b are
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and
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Substituting in Equation 8.28b and rearranging give
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⎛
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⎞
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=1 0 2533 0

 
(8.30)

We must now search for values of a in Equation 8.30. One systematic method is to try values of a at the mid
points of intervals that are known to contain a root of the equation. This method is illustrated in Table 8.2. In this 
table, A denotes the first term on the left side of Equation 8.30, B is the second expression in brackets in this 
equation. Trial values of a of 0, 1, and 2 were assumed. The quantity (A – B) changed from positive to negative 
between 1 and 2; therefore, a zero point of the equation falls in this interval. The successive midinterval values 
of 1.5, 1.25, and 1.125 were assumed, yielding the approximate values of a and b as shown. The function, ψ(a), 
is ∂ln(a !)/∂a, which can be related to the gamma function. The values for the gamma function were obtained 
from Table A.8. The resulting value of a of 1.12 was then substituted in Equation 8.28a to obtain a value for b 
of 0.658.

The gamma distribution (Equation 8.23), using the estimated values of a and b, is superimposed on the 
histogram in Figure 8.3. Probability estimates for the occurrence of various values of X can now be made using 
the assumed population and not the sample histogram.

8.5 SAMPLING DIStrIBUtIONS

In.Section.8.1,.two.samples.of.five.measurements.of.the.compressive.strength.of.concrete.were.
given..The.means.differed.(3442.vs..3526).and.the.standard.deviations.differed.(135.9.and.174.4)..If.
we.took.many.samples.of.five.and.computed.the.mean.and.standard.deviation.for.each.sample,.we.
could.form.two.histograms,.one.for.the.sample.means.and.one.for.the.sample.standard.deviations..
What.would. the.histograms. look. like?.The.histogram.for. the. sample.means.would.approximate.
the.sampling.distribution.of.the.estimated.mean.X

–,.where.X
–. is.treated.as.a.random.variable..The.

histogram.of.the.sample.standard.deviations.would.approximate.the.sampling.distribution.of.the.
estimated.standard.deviation.S,.where.S.is.treated.as.a.random.variable.

8.5.1 Sampling Distribution of the Mean

The.sampling.distribution.of.the.mean.depends.on.whether.or.not.the.population.variance.σ 2.
is.known..If.it.is.known,.then.the.mean.of.a.random.sample.of.size.n.from.a.population.with.mean.
μ.and.variance.σ 2.has.a.normal.distribution.with.mean.μ.and.variance.σ 2/n..The.statistic.Z.has.a.
standard.normal.distribution.(i.e.,.mean.=.0.and.variance.=.1).as.follows:

. Z
X

n
=

− m
s /

. (8.31)

table 8.2  Maximum-Likelihood Solution for Gamma 
Parameter a

trial Value 
for a ψ (a) B A A – B

0 –0.5772 –0.3239 0 0.3239

1.0 0.4228 0.6761 0.6931 0.0170

2.0 0.9228 1.1761 1.0986 –0.0775

1.5 0.7032 0.9565 0.9163 –0.0402

1.25 0.5725 0.8258 0.8109 –0.0149

1.125 0.5034 0.7567 0.7538 –0.0029
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If.the.population.variance.is.not.known,.then.the.distribution.of.the.mean.depends.on.the.distri-
bution.of.the.random.variable..For.a.random.variable.with.a.normal.distribution.with.mean.μ,.the.
distribution.of.the.mean.has.a.mean μ.and.a.standard.deviation.S n/ ..The.statistic.t.has.a.t.distribu-
tion.with.(n – 1).degrees.of.freedom:

.
t

X

S n
=

− m

/ .
(8.32)

To.illustrate.the.distribution.of.the.sample.mean,.consider.the.40.samples.of.five.measurements.
from.the.standard.normal.population,.N(0,.1),.that.are.given.in.Table.8.3(a)..A.histogram.of.the.200.
sample.values.of.the.random.variable.and.the.density.function.for.the.underlying.population.are.given.
in.Figure.8.4(a)..The.200.values.give.a.reasonably.good.approximation.of.the.population.N(0,.1)..For.
each.of.the.40.samples,.the.mean.was.computed.as.shown.in.Table.8.3(b)..A.sample.histogram.is.
shown.in.Figure.8.4(b),.with.the.density.function.N(0,.1/5).also.shown..This.density.function.of.the.
sample.mean.has.a.variance.of.σ2/n,.where.n.is.the.size.of.each.sample.(n.=.5)..Thus,.the.standard.
error.of.the.mean.is.s / n.or.1 5/ ..The.two.population.distributions.(X.and.X).are.given.in.Figure.
8.4(c).for.the.purpose.of.comparison..It.is.important.to.note.that,.while.both.have.identical.means.of.
0,.the.sampling.distribution.of.the.mean.has.a.much.smaller.spread..This.should.be.expected.because.
there.is.much.less.variation.in.means.than.in.the.values.that.are.used.to.compute.the.means.

If.two.independent.samples.of.sizes.n1.and.n2.are.drawn.from.populations.with.means.μ1.and.μ2.
and.variances.s1

2.and.s 2
2
,.respectively,.then.the.difference.of.the.sample.means,.X–1.–.X–2,.has.a.sam-

pling.distribution.that.is.approximately.normal.with.a.mean.μ1.–.μ2.and.a.variance.(s1
2/n1.+.s 2

2/n2)..
Thus,.the.statistic.Z.has.a.standard.normal.distribution:

.
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(8.33)

If.the.population.means.and.variances.are.equal,.then.the.Z.statistic.of.Equation.8.33.is

.

Z
X X

n n

=
−

+
⎛

⎝⎜
⎞

⎠⎟

1 2

2 2

0 5
1 1

s
.

.

(8.34)

Equations.8.31.through.8.34.can.be.used.to.test.hypotheses.(see.Chapter.9).about.the.means.and.to.
form.confidence.intervals.(see.Chapter.11).

8.5.2 Sampling Distribution of the Variance

The.estimated.variance.of.a.sample.is.a.random.variable,.and.so.it.has.a.distribution..The.dis-
tribution. depends. on. the. characteristics. of. the. underlying. population. from. which. the. sample. is.
derived..If.the.population.is.normal,.then.it.can.be.shown.that.for.the.unbiased.estimate.of.the.var-
iance.S2,.the.quantity.(n.–.1)S2/σ 2.is.a.random.variable.distributed.as.chi-square.(χ2,.called.C.in.
Chapter.5).with.(n.–.1).degrees.of.freedom..Thus,.inferences.about.the.variance.of.a.single.normally.
distributed.population.are.made.with

.
c

s
2

2

2

1
=

−( )n S

.
(8.35)
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The.chi-square.statistic.of.Equation.8.41.can.be.used.to.test.hypotheses.about.the.variance.of.a.sin-
gle.random.variable.and.to.form.confidence.intervals.

The.40.samples.of.5.were.used.to.compute.the.sample.variances.as.shown.in.Table.8.3(c),.from.
which.the.standard.deviations.were.also.computed,.as.shown.in.Table.8.3(d)..Because.each.sample.
was.based.on.a.size.of.5,.the.number.of.degrees.of.freedom.is.four..The.histogram.of.sample.vari-
ances.is.shown.in.Figure.8.4(d),.as.is.the.underlying.chi-square.distribution..The.sample.does.not.

table 8.3  Sampling Distributions for the Mean and Variance for Samples taken from N(0, 1) 
Population

(a) Forty Samples from N(0, 1), each with a Sample Size of 5

0.048 1.040 –0.111 –0.120 1.396 –0.393 –0.220 0.422 0.233 0.197

–0.521 –0.563 –0.116 –0.512 –0.518 –2.194 2.261 0.461 –1.533 –1.836

–1.407 –0.213 0.948 –0.073 –1.474 –0.236 –0.649 1.555 1.285 –0.747

1.822 0.898 –0.691 0.972 –0.011 0.517 0.808 2.651 –0.650 0.592

1.346 –0.137 0.952 1.467 –0.352 0.309 0.578 –1.881 –0.488 –0.329

0.420 –1.085 –1.578 –0.125 1.337 0.169 0.551 –0.745 –0.588 1.810

–1.760 –1.868 0.677 0.545 1.465 0.572 –0.770 0.655 –0.574 1.262

–0.959 0.061 –1.260 –0.573 –0.646 –0.697 –0.026 –1.115 3.591 –0.519

0.561 –0.534 –1.730 –1.172 –0.261 –0.049 0.173 0.027 1.138 0.524

–0.717 0.254 0.421 –1.891 2.592 –1.443 –0.061 –2.520 –0.497 0.909

–2.097 –0.180 –1.298 –0.647 0.159 0.769 –0.735 –0.343 0.966 0.595

0.443 –0.191 0.705 0.420 –0.486 –1.038 –0.396 1.406 0.327 1.198

0.481 0.161 –0.044 –0.864 –0.587 –0.037 –1.304 –1.544 0.946 –0.344

–2.219 –0.123 –0.260 0.680 0.224 –1.217 0.052 0.174 0.692 –1.068

1.723 –0.215 –0.158 0.369 1.073 –2.442 –0.472 2.060 –3.246 –1.020

–0.937 1.253 0.321 –0.541 –0.648 0.265 1.487 –0.554 1.890 0.499

–0.568 –0.146 0.285 1.337 –0.840 0.361 –0.468 0.746 0.470 0.171

–1.717 –1.293 –0.556 –0.545 1.344 0.320 –0.087 0.418 1.076 1.669

–0.151 –0.266 0.920 –2.370 0.484 –1.915 –0.268 0.718 2.075 –0.975

2.278 –1.819 0.245 –0.163 0.980 –1.629 –0.094 –0.573 1.548 –0.896

(b) Sample Means

0.258 0.205 0.196 0.347 –0.246 –0.399 0.556 0.642 –0.231 –0.425

–0.491 –0.634 –0.694 –0.643 0.897 –0.290 –0.027 –0.740 0.641 0.797

–0.334 –0.110 –0.211 –0.008 0.077 –0.793 –0.571 0.351 –0.063 –0.128

–0.219 –0.454 0.243 –0.456 0.264 –0.520 0.114 0.151 1.412 0.094

(c) Sample Variances

1.764 0.514 0.529 0.694 1.272 1.147 1.257 2.829 1.113 0.882

0.955 0.752 1.325 0.880 1.777 0.627 0.231 1.462 3.305 0.766

3.042 0.024 0.514 0.484 0.445 1.493 0.248 2.033 3.233 1.002

2.280 1.402 0.276 1.745 0.945 1.318 0.613 0.442 0.421 1.192

(d) Sample Standard Deviations

1.328 0.717 0.727 0.833 1.128 1.071 1.121 1.682 1.055 0.939

0.977 0.867 1.151 0.938 1.333 0.792 0.481 1.209 1.818 0.875

1.744 0.155 0.717 0.696 0.667 1.222 0.498 1.426 1.798 1.001

1.510 1.184 0.525 1.321 0.972 1.148 0.783 0.665 0.649 1.092
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Figure 8.4 	sample	distributions	of	 (a)	 random	variable	 from	N(0,	1)	population;	 (b)	 sample	means;	 (c)	 the	
population	of	the	random	variable	and	the	mean;	and	(d)	variances.
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match.the.population.as.well.for.the.variance.as.for.the.mean.because.the.sampling.variation.of.the.
variance.is.relatively.greater.than.that.of.the.mean..It.would.take.considerably.more.than.40.samples.
to.provide.a.reasonable.approximation.of.the.sampling.distribution.of.the.variance..However,.it.is.
evident.from.Figure.8.4(d).that.the.variance.has.a.chi-square.distribution.

8.5.3 Sampling Distributions for Other Parameters

Any.estimated.quantity.using.a.sample.can.be.treated.as.a.random.variable,.and.so.it.has.a.distri-
bution..The.distribution.depends.on.the.characteristics.of.the.underlying.population.from.which.the.
sample.is.derived..For.example,.in.Chapter.12,.correlation.analysis.and.regression.analysis.are.intro-
duced..The.estimated.correlation.coefficient.and.the.estimated.parameters.(or.coefficients).in.the.
regression.models.are.treated.as.random.variables..Therefore,.they.are.random.variables.and.have.
probability.distributions..Their.distributions.are.discussed.after. their. introduction.in.Chapter 12..
However,.a.computed.statistic.is.only.an.estimate.of.the.population.value.and.may.not.be.either.an.
unbiased.or.a.precise.estimate.

8.6 UNIVArIAte FreQUeNCY ANALYSIS

How.do.hydrologic.engineers.obtain.estimates.of.the.500-year.flood.magnitude.that.could.inundate.
New.Orleans?.How.does.an.environmental.engineer.determine.the.probability.of.the.annual.aver-
age.dissolved.chloride.concentration.will.exceed.20.mg/L.in.any.year?.These.are.example.issues.
where.estimates.are.needed.for.design.or.for.setting.water.quality.standards..Frequency.analysis.is.
one.approach.that.can.be.used.to.provide.answers.to.such.questions..It.is.based.on.a.sample.of.data.
of.size.n..For.example,.to.answer.the.first.question,.a.sample.of.annual.maximum.peak.discharges.
would.be.required..The.presentation.in.this.section.is.limited.to.analyzing.a.single.variable,.called.
univariate.analysis.

Frequency.analysis.uses.a.sample.of.data.to.hypothesize.a.population.model.to.represent.the.
processes.that.led.to.the.data..Estimates.of.magnitudes.and.occurrence.probabilities.of.random.vari-
ables.are.then.computed.using.the.resulting.population.model..The.measured.sample.data.are.used.
to.verify.that.the.assumed.population.is.a.reasonable.approximation.of.the.sample.data.

Frequency.analysis.can.be.applied.to.any.probability.distribution..For.example,.meteorologists.
often.use.an.extreme.value.distribution.to.model.rainfall.magnitudes..The.use.of.frequency.analysis.
will.be.used.herein.only.for.representing.normal.and.lognormal.distributions.

Sample. data. are. used. to. identify. the. underlying. population.. Sample. moments,. for. example,.
mean,.log.mean,.are.often.used.to.provide.estimates.of.the.population.parameters..The.method.of.
moments.is.one.procedure.that.equates.sample.moments.and.population.parameters.to.define.the.
assumed.population.

A.common.form.to.represent.the.population.model.is

. x X zSX= + . (8.36)

in.which.x.is.the.value.of.the.random.variable,.X .the.sample.mean,.SX.the.sample.standard.devia-
tion,.and.z.the.standard.normal.variate..If.the.lognormal.distribution.will.be.used.to.represent.the.
population,.then.the.model.becomes

. y Y zSY= + . (8.37)

where.y,.Y ,.and.SY.are.the.logarithms.of.the.random.variable,.and.the.mean.and.standard.deviation.
of.the.sample.data,.respectively..Note.that.to.compute.Y .and.SY,.the.logarithms.of.the.X.values.are.
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taken.as

. y xi i= log( ). for.i.=.1,.2,.......,.n. (8.38)

and.the.moments.computed.from.the.yi.values,.that.is,.Y X↑ log( )..The.probability.corresponding.
to.any.xi.value.is.that.taken.from.the.standard.normal.distribution.based.on.statistics.using.loga-
rithms.of.the.values.and.Equation.8.37..For.example,.if.the.100-year.flood.is.of.interest,.then.the.
1/100.=.0.01.cumulative.normal.deviate.is.2.327..This.z value.could.be.used.in.Equation.8.36.or.
Equation 8.37.

The.term.T-year.event.refers.to.a.magnitude.X.that.will.occur,.on.average,.once.every.T.years..
It.does.not.imply.that,.if.the.event.T.occurs.this.year,.it.will.not.occur.again.for.T.years..In.fact,.the.
T-year.event.could.occur.2.years.in.a.row..It.is.better.to.refer.to.the.event.as.the.1/T.event,.that.is,.the.
1%.event.is.better.than.using.the.100-year.event..In.theory,.the.method.assumes.that.only.one.event.
of.a.given.magnitude.will.occur.in.any.year.

If.we.have.a.magnitude.x.(or.y).and.want.to.estimate.the.probability.of.the.value.being.exceeded,.
then.Equations.8.36.and.8.37.can.be.algebraically.transformed.to.solve.for.z.as.follows:

. z
x X

SX
=

−
. (8.39)

or

.
z

y Y

SY
=

−

.
(8.40)

Then.the.cumulative.probability.of.X.(or.Y).is.obtained.from.the.standard.normal.table.using.the.
value.of z.

The.procedure.for.performing.a.univariate.frequency.analysis.is

. 1.. Hypothesize.the.underlying.density.function,.for.example,.normal.

. 2.. Obtain.the.sample.and.compute.the.sample.moments.

. 3.. Equate.the.sample.moments.and.the.parameters.of.the.density.function.

. 4.. Assess. the. likelihood.that. the.assumed.probability.cumulative.distribution.function. is.correct.by.
graphing.the.assumed.population.and.the.sample.data.

A.graphical.analysis.of.frequency.data.uses.a.paper.called.probability paper,.which.typically.has.a.
linear-scaled.ordinate.and.an.exceedance.probability-scaled.abscissa,.where.an.exceedance.probability.
at.a.particular.value.is.computed.as.one.minus.the.cumulative.probability.at.the.same.value..The.pop-
ulation.is.graphed.using.two.points:.(an.ordinate.value.of.X SX− .vs..the.exceedance.probability.at.the.
same.value,.e.g.,.0.841.for.the.normal.probability.distribution).and.(another.ordinate.value.of.X SX+ .
vs..the.exceedance.probability.at.the.same.value,.e.g.,.0.159.for.the.normal.probability.distribution)..
A straight.line.connects.the.two.points.to.represent.the.assumed.population.probability.distribution.

Sample.points.are.shown.on.the.same.graph.as.the.population.by.plotting.each.sample.xi.(or.yi).
value.versus.a.probability.computed.using.a.plotting.position.formula..While.many.such.formulae.
are.available,.the.Weibull.formula.is.frequently.used.as.follows:

. p
i

ni = +1
. (8.41)

in.which.pi. is. the.exceedance.probability,. i. the.rank.of. the.event,. that. is,.a.sampled.value,. from.
the.largest.to.the.smallest,.and.n. the.sample.size..When.plotting.the.data,. the.sample.values.are.
ranked.from.the.largest.(rank.i.=.1).to.the.smallest.(rank.i =.n)..For.example,.if.a.sample.includes.
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the.following.four.values.(210,.435,.365,.180),.then.the.sorted.sample.values.of.435,.365,.210,.and.
180.would.be.associated.with.ranks.1,.2,.3,.and.4,.respectively,.and.plotted.using.the.exceedance.
probability.positions.of.0.2,.0.4,.0.6,.and.0.8,.respectively.

The.plotted.sample.points.are.then.compared.to.the.population.straight.line.for.the.purpose.of.
deciding.whether.or.not.the.assumed.probability.distribution.is.the.likely.population.from.which.the.
sample.was.drawn..If.the.sample.points.follow.the.trend.of.the.straight.line,.then.it.is.reasonable.to.
use.the.population.model.to.make.estimates.of.either.exceedance.probabilities.with.Equation.8.39.
(or.Equation.8.40).or.magnitudes.with.Equation.8.36.(or.Equation.8.37)..It.is.important.to.use the.
mathematical.model. to.make.estimates,.not. the.graph..The.graph.should.only.be.used. to.verify.
the reasonableness.of.the.assumed.probability.distribution.to.model.the.population..Unfortunately,.
the.extent.to.which.the.points.follow.the.trend.line.is.a.subjective.decision..A.few.sample.points.may.
deviate.from.the.line.even.when.the.assumed.population.model.is.the.correct.distribution..It.should.
be.noted.that.hypothesis.testing.can.be.used.to.statistically.assess.the.reasonableness.of.the.model,.
as.discussed.in.Chapter.9.

Example 8.6: Frequency Analysis of Flood Discharges

A flood record of 7 years consisted of the following annual maximum discharges: {1450, 1375, 1260, 1190, 
1140, 1035, 925} ft3/s. These flow rates have a mean of 1196 and a standard deviation of 184 ft3/s. In this exam
ple, we examine the normal distribution as the mathematical model to represent the population as follows:

 p zi = +1196 184( )  (8.42)

Table 8.4 includes the plotting positions (pi) in column 3 based on the Weibull equation, that is, Equation 8.41, 
and the predicted discharge (x̂ i) in column 4 based on the population model of Equation 8.42. Figure 8.5 shows 
the population curve and the plotted points. Since the sample flows are close to the computed population curve, 
the use of the normal distribution seems reasonable.

To estimate the 50year flow, a probability of 1/50 = 0.02 yields a normal deviate of z = 2.054 from 
Table A.1, and a corresponding discharge value from Equation 8.42 as follows:

 x = + =1196 2 054 184 1574. ( ) ft /s3

A flow of 900 ft3/s yields a z value according to Equation 8.39 of

 z =
−

= −
900 1196

184
1 609.

The corresponding probability according to Table A.1 is 0.9462, which has a return period of 1.06 years, which 
means that on the average it would occur in about 95 years out of 100 years.

table 8.4  Annual Maximum Floods (xi), Plotting Positions (pi), and 
estimated Population Flows (x̂i)

event
Annual Maximum 

Floods (xi)
Plotting 

Positions (pi)
estimated Population 

Flows (x̂i)
1 1450 0.125 1408

2 1375 0.250 1320

3 1260 0.375 1255

4 1190 0.500 1196

5 1140 0.625 1137

6 1035 0.750 1072

7 925 0.875 984
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Example 8.7: Frequency Analysis of Peak-Discharge Data

The peakdischarge data for the Piscataquis River, near DoverFoxcroft, Maine, were transformed by taking 
the logarithm to the base 10 of 58 sampled annual maximum values. The analysis could have been done using 
the logarithms to the base e to reach the similar decisions as illustrated in this example. The moments of the 
logarithms are as follows: Y = 3.8894, SY = 0.20308. A histogram of the logarithms is shown in Figure 8.6. The 
frequency curve is shown in Figure 8.7(a). To plot the lognormal population curve, the following two points were 
used: Y SY−  = 3.686 at p = 84.13% and Y SY+  = 4.092 at p = 15.87%.

If one were interested in the probability that a flood of 20,000 ft3/s would be exceeded in any 1 year, the 
logarithm of 20,000, which is 4.301, would be entered on the discharge axis and followed to the assumed pop
ulation line. After reading the exceedance probability that corresponds to that point on the frequency curve, one 
concludes that there is about a 1.7% chance of a flood of 20,000 ft3/s being exceeded in any 1 year. It can also 
be interpreted that over the span of 1000 years, one could expect the flood discharge to exceed 20,000 ft3/s in 
17 of those years (it is important to understand that this is an average value). In any period of 1000 years, a value 
of 20,000 ft3/s may be exceeded by more or less than 17, but on the average there would be 17 exceedances in a 
period of 1000 years.

The probability of a discharge of 20,000 ft3/s can also be estimated mathematically. The standard normal 
deviate is

 
z

Y
SY

=
−

=
−

=
log ( , ) . .

.
.10 20 000 4 301 3 8894

0 20308
2 027

The value of z is entered into Table A.1, which yields a probability of 0.9786. Since the exceedance probability 
is of interest, this value is subtracted from 1, which yields a value of 0.0214, which corresponds to a 47year 
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Figure 8.5 frequency	curve	for	the	annual	maximum	flow	rate.
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flood. The difference between the mathematical estimate of 2.1% and the graphical estimate of 1.7% is due to 
the error in reading the graph. The computed value of 2.1% should be used.

The frequency curve can also be used to estimate flood magnitudes for selected probabilities. The flood mag
nitude is found by entering the figure with the exceedance probability, moving vertically to the frequency curve, 
and finally moving horizontally to the flood magnitude. For example, the 100year flood for the Piscataquis River 
can be found by entering with an exceedance probability of 1%, moving to the curve of Figure 8.7(a); and then 
moving to the ordinate, which indicates a logarithm of about 4.3586 or a discharge of 22,800 ft3/s. Discharges 
for other exceedance probabilities can be found in the same way or by using the mathematical model based on a 
z value of 2.327 corresponding to a probability of 0.01 from Table A.1. Thus, the logarithm is

 y Y zSY= + = + =3 8894 2 327 0 20308 4 3620. . ( . ) .

Taking the antilogarithm yields a discharge of 23,013 ft3/s.
The population model of Figure 8.7(a) can be verified by comparing the population line and the data points. 

The data points, plotted in Figure 8.7(a) using the Weibull formula, show a close agreement with the population 
line. Therefore, it is reasonable to assume that the measured peakdischarge rates can be represented by a 
lognormal distribution and that the future flood behavior of the watershed can be described statistically using 
a lognormal distribution. While the points on the lower tail of the curve do not closely match the lines, the 
observed differences are not sufficient to reject the assumed lognormal population. To provide a contrast for 
comparison, Figure 8.7(b) shows the same data fitted assuming a normal population as follows:

. x X zS zX= + = +8634 4095

When a normally distributed population is graphed with the data (see Figure 8.7(b)), it is evident that it would 
be unreasonable to assume that the discharge follow a normal distribution. The plotted points show significant 
local biases, with underprediction for large and small exceedance probabilities and overprediction for mod
erate probabilities. Comparing Figures 8.7(a) and 8.7(b) provide a good illustration of the extent of agreement 
between the plotted points and the respective lines needed to verify an assumed population.
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funDamentaLs	of	statIstICaL	anaLYsIs	 285

8.7 APPLICAtIONS

8.7.1 tollbooth rates of Service

During.rush.hours.on.a.toll.road,.backups.are.common..The.Highway.Administration.is.consid-
ering.installing.electronic.toll.lanes.to.improve.service..An.administrator.visits.a.facility.at.another.
toll.road.and.measures.the.number.of.cars.passing.through.electronic.(E),.exact-change.(C),.and.

99.99(a)

4.5

4.3

4.1

3.9

3.7

3.5

3.3

4.5

4.3

4.1

3.9

3.7

3.5

3.3

0.01 0.050.10.2 0.5 1 2 5 10 20 30

Exceedence probability (%)

Lo
ga

rit
hm

 o
f p

ea
k 

di
sc

ha
rg

e

40 50 60 70 80 90 95 98 99 99.899.9 99.99

99.9 99.8 99 98 95 90 80 70 60 50 40 30 20 10 5 2 1 0.5 0.2 0.1 0.05 0.01

20000

18000

16000

99.99(b) 99.9 99.8 99 98 95 90 80 70 60

Exceedence probability (%)
50 40 30 20 10 5 2 1 0.5 0.2 0.1 0.05 0.01

14000

12000

Pe
ak

 d
isc

ha
rg

e (
ft3 /s

ec
)

S = 4128 ft3/s

10000

8000

6000

4000

2000
0.01 0.05 0.1 0.2 0.5 1 2 5 10 20 30 40 50 60 70 80 90 95 98 99 99.8 99.9 99.99

X = 8620 ft3/s–

Figure 8.7 	frequency	curve	of	annual	maximum	discharges:	(a)	Lognormal	model,	(b)	normal	model.



286	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

person-operated.(P).booths..Ten.1-min.readings.are.taken.for.each.service.line.with.the.following.
results:

.

C

E

P

= { }
= { }
=

6 8 6 7 9 9 8 6 5 6

12 10 13 13 11 12 10 13 14 12

, , , , , , , , ,

, , , , , , , , ,

33 5 2 4 4 6 3 5 3 5, , , , , , , , ,{ }

These.provide.mean.rates.of.C.=.7,.E.=.12,.and.P.=.4.
Letting.X.be.the.number.of.cars.passing.through.a.toll.booth.per.minute,.the.probability.of.X.

cars.passing.can.be.assumed. to. follow.a.Poisson.distribution..Both. the.method.of.moments.and.
maximum-likelihood.analyses.yield.the.relationship.for.estimating.the.Poisson.parameter.as.λ.=.X,.
where.the.mass.function.is

. P x
e

xX

x

( )
!

=
−l l

. (8.43)

Based.on.the.sample.data,.the.probabilities.of.getting.more.than.five.cars.per.minute.through.each.
type.of.toll.facility.are
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8.7.2 Frictional resistance to Shear

A.geologist.needs.to.estimate.the.frictional.resistance.to.shear.of.a.sand.that.has.a.particular.
distribution.of.particles,.with.the.individual.sand.particles.differing.in.size,.shape,.and.relative.den-
sity..These.differences,.among.others,.will.cause.variation.in.laboratory.measurements..Therefore,.
the.sample.mean.and.standard.deviation.will.likely.deviate.from.the.population,.which.is.unknown..
Analyses.of.similar.sands.have.found.a.mean.of.200.kN/m2,.which.the.geologist.will.assume.is.the.
population.value.
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The.following.shear.measurements.were.made.by.the.geologist:.{207,.192,.203,.217,.198,.206,.
221,.186,.215,.210}.kN/m2..These.values.have.a.mean.and.standard.deviation.of.205.5.and.11.11
kN/m2,.respectively..These.statistics.suggest.a.bias.(overprediction).of.5.5.kN/m2..If.we.assume.that.
the.frictional.resistance.of.sand.is.normally.distributed,.then.we.would.expect.50%.of.the.sample.
values.to.be.greater.than.205.5.kN/m .2 .Actually,.60%.are.greater.than.the.mean,.but.such.a.differ-
ence.is.not.unexpected..For.a.normal.distribution.we.would.expect.68%.to.be.within.the.bounds.of.
205.5.−.11.1.=.194.4.and.205.5.+.11.1.=.216.6..Actually,.only.60%.are.within.the.expected,.theoret-
ical.range..Such.a.percentage.is.not.unexpected.when.sampling.

8.8 SIMULAtION PrOJeCtS

This.section.provides.a.research-oriented.simulation.project.that.is.not.related.to.the.problem.state-
ments.of.the.four.simulation.projects.introduced.at.the.end.of.previous.chapters.

The.objectives.of.this.project.are.to.use.simulation.for.the.following:.(1).to.show.the.effect.of.
the.sample.size.on.the.sampling.distribution.of.the.mean;.(2).to.show.the.effect.of.knowing.the.
population.standard.deviation.on.the.distribution.of. the.mean;.and.(3). to.show.the.effect.of. the.
sampling.distribution.of.the.random.variable.on.the.sampling.distribution.of.the.mean..The.simu-
lation.analysis.needs.to.be.repeated.(1).for.sample.sizes.(n).of.5,.10,.and.25;.(2).using.an.assumed.
σ.rather.than.the.standard.deviation S of.each.sample.of.size.n.to.compute.the.test.statistic;.and.(3).
to.generate.samples.assuming.that.the.data.are.from.a.uniform,.normal,.or.exponential.population..
A.sample.size.of.25.will.be.used.for.parts.2.and.3..A.normal.distribution.will.be.used.for.parts.1.
and.2..The.sample.standard.deviation.will.be.used.for.parts.1.and.3..The.simulation.procedure.is.
as.follows:

. 1.. Set.the.simulation.size.NS.as.105.(i.e.,.the.number.of.samples.of.size.n.used.in.each.analysis).

. 2.. Compute.the.mean.and.standard.deviation.of.the.Y.variable.from.Tables.C.1,.C.2,.or.C.3..These.are.
used.as.the.population.parameters.μ.and.σ,.respectively.

. 3.. Establish.20.cell.bounds.for.each.of.three.histograms:.one.for.the.sample.means,.a.second.one.for.
the.z.statistic.[ ( ) /( / )],z X n= − m σ .and.a.third.one.for.the.t.statistic.[ ( ) /( / )]t X S n= − m .

. 4.. Iterate.NS.times.and.perform.the.following.steps:.(a).Generate.a.sample.of.size n for.the.assumed.
distribution..(b).Compute.the.sample.mean.(X).and.the.standard.deviation.(S)..(c).Compute.the.test.
statistics.t.and.z..(d).For.each.of.the.three.histograms,.increase.the.frequency.count.by.1.for.the.cell.
in.which.X,.t,.and.z.occur..(Note:.It.is.not.necessary.to.store.the.values.of.X,.t,.and.z;.only.store.the.
frequency.counts.)

. 5.. Divide.each.cell.of.each.frequency.histogram.by.NS.to.obtain.relative.frequency.histograms.

. 6.. Compute.the.theoretical.distributions.and.compare.them.with.the.relative.frequency.histograms.of.
step.5.

Repeat.the.procedure,.as.necessary,.to.meet.the.three.stated.objectives..Summarize.the.results.in.a.
way.that.conclusions.can.be.made.about.the.three.objectives.

8.9 PrOBLeMS

 8-1.. With.respect.to.collecting.samples.of.stream.water.to.identify.the.concentration.of.dissolved.oxygen,.
discuss.the.concepts.of.samples.and.populations.

 8-2.. Identify.the.population.from.which.each.of.the.following.samples.were.drawn:.(a).the.times.of.the.
last.five.Kentucky.Derby.winners;.(b).the.fuel.efficiencies.(miles/gal).of.100.Toyota.Camrys;.(c).the.
grade.point.averages.of.55.graduating.seniors;. (d). the.drag.coefficients.computed.from.five.wind.
tunnel.tests.on.a.model.of.a.new.car;.and.(e).the.porosity.of.eight.soil.samples.made.from.a.1-acre.
field.
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 8-3.. A. model. is. used. to. predict. values. of. Y,. with. the. predicted. values. Ŷ . compared. to. the. measured.
.values (Y)..The.predicted.(Ŷ).and.measured.(Y).values.of.a.random.variable.are

Ŷ 6.1 8.3 4.7 5.2 7.6

Y 5.7 7.5 4.4 4.7 7.1

. . Discuss.the.model.from.the.standpoint.of.prediction.bias.
 8-4.. Discuss.the.concepts.of.bias,.precision,.and.accuracy.in.terms.of.an.archer.shooting.arrows.at.a.tar-

get..Sketch.targets.to.illustrate.each.of.the.three.concepts.
 8-5. Traffic.officers.use.radar.guns.to.catch.speeders..Discuss.bias,.precision,.and.accuracy.as.they.are.

relevant.to.ticketing.speeders.
 8-6. Grades.for.college.courses.are.generally.based.on.scores.on.hourly.tests,.quizzes,.final.exams,.home-

work.assignments,.and.project.reports..Discuss.bias,.precision,.and.accuracy.as.they.are.relevant.to.
final.grades.in.college.courses.

 8-7.. If.we.know.that.the.true.specific.weight.of.dry.sand.was.100.lb/ft3,.which.of.the.following.two.meth-
ods.of.estimation.provide.more.precise.estimates:

Method 1:. 102.4,.101.9,.102.6,.102.1,.101.7

Method 2:. 99.7,.101.6,.98.5,.102.3,.100.9

. . Which.method.has.the.lesser.bias?.Discuss.the.accuracy.of.the.two.methods.
 8-8.. If.the.true.temperature.of.a.body.of.water.is.16.5°C.and.four.of.five.measurements.of.the.tempera-

ture.are.16.2,.17.4,.17.1,.and.15.9°C,.what.value.of.the.fifth.measurement.would.be.necessary.for.the.
measurement.method.to.be.unbiased?

 8-9.. Find.the.mean,.variance,.and.standard.deviation.for.the.following.values.of.a.discrete.random.vari-
able.X.and.the.corresponding.probability.mass.function.(pX(x)):

x 0 1 2 3 4

pX(x) 0.35 0.39 0.19 0.06 0.01

. . What.is.the.most.likely.value.of.x?
 8-10.. Given.the.values.of.the.cumulative.mass.function.FX(x).for.the.discrete.random.variable.X,.compute.

the.mean,.variance,.and.standard.deviation:

x 0 1 2 3 4

FX(x) 0.55 0.88 0.97 0.99 1.00

. . What.is.the.likelihood.of.the.random.variable.x.being.equal.to.the.mean?
 8-11.. Compute.the.mean.and.standard.deviation.for.the.following.pH.measurements.made.from.water.in.

a.lake:.6.4,.5.7,.6.8,.7.3,.and.6.3..Discuss.whether.or.not.the.pH.of.the.water.is.evenly.distributed.
throughout.the.lake.

 8-12.. Find.the.mean,.variance,.and.standard.deviation.of.the.eight.largest.values.and.separately.the.eight.
smallest.values.of.sediment.yield.given.in.Table.9.4..Discuss.the.differences.in.the.statistics.

 8-13.. Show.the.calculations.of.the.mean.and.standard.deviation.for.the.data.of.Equation.9.40a..Plot.a.his-
togram.of.the.data.and.show.the.mean.and.standard.deviation.on.the.graph.

 8-14.. Is.the.following.function.a.legitimate.mass.function.for.a.discrete.random.variable.x?. f x x( ) /( )= 12 13 .
for.x =.2,.3,.4..If.so,.compute.the.mean.value.

 8-15.. If.the.mean.of.the.discrete.random.variable.is.9.2,.what.is.the.value.of.xo?

x 2 5 Xo 11 16

f(x) 0.3 0.2 0.1 0.2 0.3

 8-16.. A.continuous.random.variable.has.the.following.density.function:.fX(x).=.3x2/26.for.the.interval.(1.≤.
x.≤.3)..Find.the.mean,.variance,.and.standard.deviation.of.x.
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 8-17.. Compute.the.mean,.variance,.and.standard.deviation.for.a.continuous.random.variable.x.with.the.
density.function.fX(x).=.2x/9.over.the.range.from.0.to.3.

 8-18.. Use.the.method.of.moments.to.derive.an.estimator.of.b.for.the.following.density.function:

.
f x

x b x b
X ( ) = ≤ ≤⎧

⎨
⎩

2 0

0

2/ for

otherwise

 8-19.. Use. the.method.of.moments. to.provide.an.estimator. for.k. for. the.discrete. random.variable.x:.
f(x) = 3 2 3x k/ .for.x.=.1,.2,.3,.4.

 8-20.. If.the.mean.is.equal.4,.use.the.method.of.moments.to.provide.estimates.for.the.constants.a.and.b.for.
the.density.function.f(x).=.0.5x/(b − a)2.for.a x bʺ ʺ ..Graph.the.resulting.f(x).

 8-21. Using.the.histogram.for.the.daily.evaporation.data.of.Example.9.2,.evaluate.the.parameters.of.a.pop-
ulation.having.a.uniform.distribution.using.the.method.of.moments.(X.=.0.1387,.and.S.=.0.0935).

 8-22.. Use.the.method.of.moments.to.derive.estimators.of.x0.and.y0.for.the.density.function:

.
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 8-23.. Derive. the. estimator. k. for. the. function f(x). =. x/k. for.1 3ʺ ʺx . using. the. method. of. maximum.
likelihood.

 8-24.. Use.the.method.of.maximum.likelihood.to.derive.estimators.for.the.two-parameter.exponential.func-
tion: f(x).=.(1/b).exp(−(x.−.a)/b).

 8-25.. A.random.variable.has.a.population.mean.of.45.and.a.standard.deviation.of.10..What.is.the.probabil-
ity.that.a.sample.mean.computed.from.a.sample.of.15.drawn.from.the.population.will.be.greater.than.
47.5?

 8-26. If.a.random.sample.of.5.static.friction.coefficients.μ.has.a.mean.of.0.005.and.a.standard.deviation.of.
0.0002,.sketch.the.distributions.of.both.μ.and.its.mean.

 8-27.. If.a.random.sample.of.8.resistors.has.a.mean.of.11.ohms.and.a.standard.deviation.of.2.ohms,.sketch.
the.distributions.of.both.the.resistance.and.its.mean.

 8-28.. The.efficiency.of.a.certain.type.of.pump.has.a.mean.of.72%.and.a.standard.deviation.of.3.2%..(a).
Assuming.a.normal.population,.what.is.the.probability.of.a.single.pump.selected.at.random.having.
an.efficiency.of.75%.or.greater?.(b).What.is.the.probability.that.a.sample.of.3.pumps.drawn.at.ran-
dom.will.have.a.mean.efficiency.greater.than.75%?.(c).Explain.the.difference.in.the.probabilities.of.
parts.(a).and.(b).

 8-29.. A.supply.of.resistors.that.is.intended.to.have.a.mean.of.24.ohms.and.a.standard.deviation.of.no.more.
than.1.5.ohms.is.manufactured..A.sample.of.5.resistors.has.a.mean.of.25.ohms..What.is.the.proba-
bility.that.a.sample.of.5.would.produce.a.mean.greater.than.25?

 8-30. The.specific.conductance.(μS/cm) is.one.measure.of.the.salinity.of.prairie.lakes.and.wetlands..In.a.
specific.wetland,.a.biogeochemical.analysis.suggests.that.the.conductance.is.normally.distributed.
with.a.mean.of.2500.(μS/cm).with.a.standard.deviation.of.425.(μS/cm)..(a).What.is.the.probability.
that.a.sample.of.20.will.yield.a.mean.greater.than.2600.(μS/cm)?.(b).What.sample.size.would.be.
needed.to.have.sample.mean.within.100.(μS/cm).(assume.z.=.1.645)?

 8-31. A.geologist.who.needs.an.estimate.of.the.porosity.of.a.sandy.soil.in.large.field.collects.15.specimens,.
which.yields.a.mean.of.31%..Studies.have.shown.that.fine.mixed.sands.have.a.mean.of.approximately.
32%.and.a.standard.deviation.of.2%..What.is.the.probability.that.the.samples.are.actually.from.fine.
mixed.sand?

 8-32.. The.population.standard.deviation.of.the.random.variable.x.is.equal.to.4..Show.how.the.sample.mean.
varies.as.the.sample.size.varies.from.10.to.50.using.a.population.mean.of.25.

 8-33.. Nine.measurements.are.made.on.the.roughness.of.a.concrete.pipe.(e)..The.mean.and.standard.devia-
tion.are.0.018.and.0.002,.respectively..Sketch.the.distributions.of.e-.and.the.variance.of.e.

 8-34.. Twelve.measurements.of.a.pollution.concentration.(X).are.made,.with.a.mean.of.42.mg/L.and.a.stan-
dard.deviation.of.8.mg/L..Sketch.the.distributions.of.X,.the.mean,.and.the.variance.of.X.

 8-35.. A.normal.population.is.known.to.have.a.mean.of.10..(a).If.the.standard.deviation.of.the.population.
is.5,.what.is.the.probability.that.a.random.sample.of.size.25.will.have.a.mean.of.12.or.higher?.(b).
What.is.the.probability.in.(a).if.n.=.100?.(c).If.the.standard.deviation.of.the.population.is.10,.what.
is.the.probability.that.a.random.sample.of.size.25.will.have.a.mean.of.12.or.higher?.(d).What.is.the.
probability.in.(c).for.a.mean.of.6.or.lower?
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 8-36.. Write.and.execute.a.computer.program.to.derive.an.approximation.of.the.sampling.distribution.of.
the.mean..Use.a.random-number.generator.that.generates.standard.normal.deviates.with.a.mean.of.
zero.and.a.variance.of.one..Generate.1000.samples.of.size.n.and.compute.the.mean.of.each.sample..
Develop.a.histogram.using.the.1000.values.and.plot.both.the.histogram.and.the.normal.distribution..
Determine.the.number.of.sample.means.that.lie.in.each.tail.for.probabilities.of.0.01,.0.025,.0.05,.and.
0.10..Execute.the.program.for.sample.sizes.of.5,.10,.and.25.

 8-37.. A.random.variable.X.has.a.normal.population.with.a.mean.μ.and.a.variance.of.3..(a).If.samples.of.
10.are.taken.from.the.population,.sketch.the.distribution.of.the.variance..(b).Approximately.what.
proportion.of.10,000.samples,.each.with.a.sample.size.of.10,.would.have.sample.variances.greater.
than 5.6?

 8-38.. A.random.variable.X.has.a.standard.normal.distribution..If.many.samples.of.5.are.drawn.from.the.
population,.what.sample.variance.will.be.exceeded.5%.of.the.time?.How.does.this.compare.with.the.
40.samples.in.Table.8.3(c)?

 8-39.. Write.and.execute.a.computer.program.to.derive.an.approximation.of.the.sampling.distribution.of.
the.variance..Use.a.random-number.generator.that.generates.standard.normal.deviates.with.a.mean.
of.zero.and.a.variance.of.one..Generate.1000.samples.of.size n and.compute.the.variance.of.each.
sample..Develop.a.histogram.using.the.1000.values.and.plot.both.the.histogram.and.the.chi-square.
distribution.for.(n.–.1).degrees.of.freedom..Determine.the.number.of.sample.variances.that.lie.in.
each.tail.for.probabilities.of.0.01,.0.025,.0.05,.and.0.10..Execute.the.program.for.sample.sizes.of.5,.
10,.and.25.
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ChAPter  9

hypothesis testing

In.this.chapter,.we.introduce.the.steps.of.hypothesis.tests.and.their.use.in.statistical.decision.
making,.provide.tests.for.means,.standard.deviations,.and.probability.distributions,.present.the.sam-
pling.distributions.of.commonly.used.statistics,.and.emphasize.the.difference.between.sample.and.
population.statistics.
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9.1 INtrODUCtION

Hypothesis.testing.is.a.class.of.statistical.analysis.that.is.widely.used.because.it.encourages.sys-
tematic.decision.making.about.problems.that.involve.considerable.uncertainty..It.enables.inferences.
to.be.made.in.such.a.way.that.sample.data.can.be.combined.with.statistical.theory..It.supposedly.
removes.the.effect.of.the.biases.of.the.individual,.which.leads.to.more.rational.and.accurate.decision.
making.

9.2 GeNerAL PrOCeDUre

Hypothesis.testing.is.the.formal.procedure.for.using.statistical.concepts.and.measures.in.per-
forming.decision.making..The.following.six.steps.can.be.used.to.make.a.statistical.analysis.of.a.
hypothesis:

. 1.. Formulate.hypotheses.

. 2.. Select.the.appropriate.statistical.model.(theorem).that.identifies.the.test.statistic.

. 3.. Specify.the.level.of.significance,.which.is.a.measure.of.risk.

. 4.. Collect.a.sample.of.data.and.compute.an.estimate.of.the.test.statistic.

. 5.. Define.the.region.of.rejection.for.the.test.statistic.

. 6.. Select.the.appropriate.hypothesis.

These.six.steps.are.discussed.in.detail.in.the.following.sections.

9.2.1 Step 1: Formulation of hypotheses

Hypothesis.testing.represents.a.class.of.statistical.techniques.designed.to.extrapolate.informa-
tion.from.samples.of.data.to.make.inferences.about.populations.for.the.purpose.of.decision.mak-
ing..The.first.step.is.to.formulate.two.or.more.hypotheses.for.testing..The.hypotheses.are.usually.
statements. indicating. that. a. random.variable.has. some. specific.distribution.or. that. a. population.
parameter.has.some.specific.value..If.the.objective.is.to.compare.two.or.more.specific.parameters,.
such.as.the.means.of.two.populations,.the.hypotheses.are.then.statements.formulated.to.indicate.the.
absence.or.presence.of.differences..It.is.important.to.note.that.the.hypotheses.are.composed.of.state-
ments.involving.either.population.distributions.or.parameters;.hypotheses.should.not.be.expressed.
in.terms.of.sample.statistics.

The.first.hypothesis.called.the.null hypothesis,.is.denoted.by.H0,.and.is.formulated.as.an.equal-
ity,.thus.indicating.that.a.difference.does.not.exist..The.second.hypothesis,.which.is.called.the.alter-
native hypothesis,.is.formulated.to.indicate.that.a.difference.does.exist..The.alternative.hypothesis.
is.denoted.by.either.H1.or.HA..The.null.and.alternative.hypotheses.should.be.expressed.both.gram-
matically. and. in. mathematical. terms. and. should. represent. mutually. exclusive. conditions.. Thus,.
when.a.statistical.analysis.of.sampled.data.suggests.that.the.null.hypothesis.should.be.rejected,.the.
alternative.hypothesis.must.be.accepted.. In.some.cases,. the.users.may.hope. that. the.experiment.

9.6.8. Test.on.Variances.of.Soil.Friction.Angle................................................................ 323
9.6.9. Test.on.Variances.of.Nitrogen.Levels..................................................................... 323

9.7. Simulation.of.Hypothesis.Test.Assumptions....................................................................... 324
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9.9. Problems............................................................................................................................... 326
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leads.to.a.difference;.thus,.there.may.be.a.desire.to.present.the.null.hypothesis.in.a.way.that.would.
suggest.that.a.difference.exists..This.practice.should.not.be.followed..The.null.hypothesis.must.be.a.
statement.of.equality,.not.inequality.

Consider.the.following.three.hypothesis.pairs:

Pair 1:
H01:.The.mean.global.temperature.has.not.changed.over.the.last.100.years.
HA1:.The.mean.global.temperature.has.increased.over.the.last.100.years.

Pair 2:
H02:.The.mean.pH.of.the.lake.is.not.acidic,.that.is,.it.is.equal.to.7.
HA2:.The.mean.pH.of.the.lake.is.acidic,.that.is,.pH<7.

Pair 3:
H03:.The.mean.stopping.distances.of.two.truck.braking.systems.are.the.same.
HA3:.The.mean.stopping.distances.of.two.truck.braking.systems.are.different.

Note. that. all. three. null. hypotheses. are. expressed. as. equalities,. that. is,. no. difference.. The.
three.alternative.hypotheses.are.expressed.as.inequalities,.that.is,.HA1.indicates.greater.than,.HA2.

indicates.less.than,.and.HA3.indicates.a.difference.exists.but.the.direction.of.the.difference.is.not.
specified.

9.2.2 Step 2: test Statistic and Its Sampling Distribution

The.alternative.hypothesis.of.step.1.provides.for.a.difference.between.specified.populations.or.
parameters..To.test.the.two.hypotheses,.it.is.necessary.to.develop.a.test.statistic.that.reflects.the.dif-
ference.suggested.by.the.alternative.hypothesis..The.computed.value.of.a.test.statistic.varies.from.
one.sample.to.the.next;.therefore,.the.test.statistic.is.a.random.variable.and.has.a.sampling.distribu-
tion..A.hypothesis.test.should.be.based.on.a.theoretical.model.that.defines.the.distribution.function.
of.the.test.statistic.and.the.parameters.of.the.sampling.distribution..Based.on.the.distributions.of.the.
test.statistic,.probability.statements.about.computed.values.may.be.made.

Theoretical.models.are.available.for.all.of.the.more.frequently.used.hypothesis.tests..In.cases.
where. theoretical.models.are.not.available,.approximations.have.usually.been.developed.. In.any.
case,.a.model.or.theorem.that.specifies.the.test.statistic,.its.distribution,.and.its.parameters.must.be.
found..The.test.statistic.reflects.the.hypotheses.and.the.data.that.are.usually.available..Also,.the.test.
statistic.is.a.random.variable,.thus.it.has.a.distribution.function.that.is.defined.by.a.functional.form.
and.one.or.more.parameters.

Examples.of.test.statistics.were.introduced.in.Chapter.8..Specifically,.the.Z statistic.(Equation.
8.31).for.a.mean.value.and.the.Z.statistic.(Equation.8.33).for.comparing.two.means..A.number.of.
other.test.statistics.will.be.introduced.in.this.chapter.

9.2.3 Step 3: Level of Significance

A.set.of.hypotheses.was.formulated.in.step.1..In.step.2,.a.test.statistic.and.its.distribution.were.
selected.to.reflect.the.problem.for.which.the.hypotheses.were.formulated..In.step.4,.data.will.be.
collected.to.test. the.hypotheses..Before.the.data.are.collected,.however,. it. is.necessary.to.pro-
vide.a.probabilistic.framework.for.accepting.or.rejecting.the.null.hypothesis.and,.subsequently,.
making.a.decision..The.framework.should.reflect.the.allowance.to.be.made.for.the.chance.vari-
ation.that.can.be.expected.in.a.sample.of.data..This.chance.variation.is.referred.to.as.sampling 
variation.
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Table.9.1.shows.the.available.situations.and.the.potential.decisions.involved.in.a.hypothesis.test..
The.decision.table.suggests.two.types.of.errors:

. 1.. Type.I.error:.reject.H0.when,.in.fact,.H0.is.true.

. 2.. Type.II.error:.accept.H0.when,.in.fact,.H0.is.false.

These.two.types.of.incorrect.decisions.are.not.independent;.however,.the.decision.process.is.most.
often.discussed.with.reference.only.to.the.type.I.error.

The. level. of. significance,. which. is. a. primary. element. of. the. decision. process. in. hypothesis.
testing,.represents.the.probability.of.making.a.type.I.error.and.is.denoted.by.α..It.is.often.referred.
to.as.the.rejection.probability..The.probability.of.a.type.II.error.is.denoted.by.β..The.two.possible.
incorrect.decisions.are.not.independent..The.level.of.significance.should.not.be.made.exception-
ally.small,.because.the.probability.of.making.a.type.II.error.will.then.be.increased..Selection.of.
the.level.of.significance.should,.therefore,.be.based.on.a.rational.analysis.of.its.effect.on.decisions,.
and.it.should.be.selected.prior.to.the.collection.and.analysis.of.the.sample.data..Specifically,.one.
would.expect.the.level.of.significance.to.be.different.when.considering.a.case.that.involves.the.loss.
of.human.life.and.a.case.that.involves.minor.property.damage.

The.value.chosen.for.α. is.often.based.on.convention.and.the.availability.of.statistical. tables,.
with.values.for.α.of.0.05.and.0.01.being.selected.frequently..This.traditional.means.of.specifying.
α.should.be.understood..When.a.computed.value.of.the.test.statistic.leads.to.a.rejection.probability.
in.the.range.of.1%.to.10%.and.the.level.of.significance.has.been.selected.by.convention,.say.5%.or.
1%,.then.it.is.a.good.idea.to.consider.additional.information.in.making.a.decision..If.the.rejection.
probability.is.on.the.order.of.25%.or.0.05%,.then.you.have.some.assurance.that.the.test.is.leading.
you.to.a.correct.decision..In.many.cases,.the.rejection.probability.corresponding.to.the.computed.
value.of.the.test.statistic.is.reported.rather.than.the.decision.based.on.an.arbitrarily.selected.alpha;.
this.allows.the.reader.to.draw.her.or.his.own.conclusion..However,.the.person.analyzing.the.data.
may.have.more.knowledge.about.the.analysis.than.the.user.of.the.results,.so.a.decision.should.be.
specified.along.with.the.analysis.and.results.

9.2.4 Step 4: Data Analysis

Given.the.significance.level.α,.it.is.possible.to.determine.the.sample.size.required.to.meet.any.
rejection.criterion..The.selection.of.a.sample.size.is.discussed.in.Section.11.2..After.obtaining.the.
necessary.data,.the.sample.is.used.to.compute.an.estimate.of.the.test.statistic..In.most.cases,.the.data.
are.also.used.to.provide.estimates.of.other.parameters.required.to.define.the.sampling.distribution.
of.the.test.statistic.

To.illustrate.the.random.variable.involved,.a.test.on.a.population.mean.when.the.population.
standard.deviation.is.known.involves.two.random.variables:.the.sample.mean.and.the.Z statistics.
of.Equation.8.31.. If. the.population. standard.deviation. is.not.known,. then.values.of. three. ran-
dom.variables.are.computed:.the.sample.mean,.the.sample.standard.deviation,.and.a.computed.
t statistic.

table 9.1 Decision table for hypothesis testing

Decision

Situation

H0 Is true H0 Is Not true

accept	H0 Correct	decision Incorrect	decision:	type	II	error

reject	H0 Incorrect	decision:	type	I	error Correct	decision
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9.2.5 Step 5: region of rejection

The.region.of.rejection.consists.of.those.values.of.the.test.statistic.that.would.be.unlikely.to.occur.
when.the.null.hypothesis.is,.in.fact,.true..Conversely,.the.region.of.acceptance.consists.of.those.val-
ues.of.the.test.statistic.that.would.be.expected.when.the.null.hypothesis.is,.in.fact,.true..Extreme.
values.of.the.test.statistic.are.least.likely.to.occur.when.the.null.hypothesis.is.true..Thus,.the.region.
of.rejection.is.usually.represented.by.one.or.both.tails.of.the.distribution.of.the.test.statistic.

The. critical. value. of. the. test. statistic. is. defined. as. that. value. which. separates. the. region. of.
rejection.from.the.region.of.acceptance..The.critical.value.of.the.test.statistic.depends.on.(1).the.
statement.of.the.alternative.hypothesis,.(2).the.distribution.of.the.test.statistic,.(3).the.level.of.signif-
icance,.and.(4).characteristics.of.the.sample.or.data..These.four.components.represent.the.first.four.
steps.of.a.hypothesis.test.

Depending.on.the.statement.of.the.alternative.hypothesis,.the.region.of.rejection.may.consist.of.
values.associated.with.either.one.or.both.tails.of.the.distribution.of.the.test.statistic..This.may.best.
be.illustrated.with.examples..Consider.the.case.of.a.manufacturer.of.soft.drinks..It.must.be.recog-
nized.that.the.accuracy.of.the.bottling.process.is.not.sufficient.to.assure.that.every.bottle.will.con-
tain.exactly.12.oz;.some.bottles.will.contain.less,.whereas.others.will.contain.more..If.the.label.on.
the.bottle.indicates.that.the.bottle.contains.12.oz,.the.manufacturer.wants.to.be.assured.that,.on.the.
average,.each.bottle.contains.at.least.that.amount;.otherwise,.the.manufacturer.may.be.subject.to.a.
lawsuit.for.false.advertising..But,.if.the.bottles.contain,.on.the.average,.more.than.12.oz,.the.man-
ufacturer.may.be.losing.money..Thus,.the.manufacturer.is.interested.in.both.extremely.large.and.
extremely.small.deviations.from.12.oz.and.would.be.interested.in.the.following.two-tailed.test:

. H0:.µ.= µ0. (9.1a)

. HA:.µ.≠ µ0. (9.1b)

where.μ.is.the.population.mean,.and.μ0.is.the.standard.of.comparison.(i.e.,.12.oz)..In.this.case,.the.
region.of.rejection.will.consist.of.values.in.both.tails..This.is.illustrated.in.Figure.9.1a,.where.Z.is.
the.test.statistic.that.has.the.continuous.probability.density.function.shown.in.the.figure..In.this.case,.
the.test.is.called.a.two-tailed upper test.

In.other.cases,.the.region.of.rejection.may.consist.of.values.in.only.one.tail.of.the.distribution..
For.example,.if.the.mean.concentration.of.a.pollutant.from.ten.samples.is.used.as.an.indicator.of.
water.quality,.a.regulatory.agency.would.only.be.interested.in.whether.or.not.the.state.water-quality.
standard.for.the.pollutant.is.met..Specifically,. if.a.manufacturing.plant.is.discharging.waste.that.
contains. the.pollutant,. a. state.may.fine. the.manufacturer.or. close.down. the.plant. if. the.effluent.
causes.the.concentration.to.exceed.the.state.standard..Thus,.the.regulatory.agency.is.only.interested.
in.whether.or.not.the.quality.is.greater.than.the.standard.limit..It.is.not.concerned.with.the.degree.to.
which.the.concentration.is.below.the.standard..This.situation.represents.a.one-tailed.hypothesis.test.
because.the.test.is.directional..The.following.hypotheses.reflect.this.problem:

. H0:.µ.= µ0. (9.2a)

. HA:.µ.> µ0. (9.2b)

In.this.case,.the.region.of.rejection.is.associated.with.values.in.only.the.upper.tail.of.the.distribution,.
as.illustrated.in.Figure.9.1c..The.test.is.called.a.one-tailed,.upper test.

Other.engineering.situations.involve.concern.over.the.lower.tail..Engineers.design.concrete.struc-
tures.such.that.a.minimum.concrete.strength.is.achieved..Strengths.higher.than.a.standard.or.spec-
ified.value.are.acceptable.assuming.the.ductility.of.the.structure.is.adequate..During.construction.
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of.the.structure,.samples.of.the.concrete.are.collected.and.then.tested.after.they.have.cured.for.a.
required.period.of.time,.and.the.mean.strength.is.computed..This.mean.is.compared.with.the.stan-
dard.or.specified.value.(μ0)..This.situation.leads.to.the.following.hypotheses:

. H0:.µ.= µ0. (9.2c)

. HA:.µ.< µ0. (9.2d)

The. test. is.called.a.one-tailed, lower test.because. the. interest. is. in.strengths.significantly.below.
the.standard..In.this.case,.the.region.of.rejection.is.associated.with.values.in.only.the.lower.tail.of.
the distribution,.as.illustrated.in.Figure.9.1(b)..Rejection.of.the.null.hypothesis.would.suggest.that.
the.strength.is.not.adequate..This.may.necessitate.a.decision.to.retrofit.the.structure.to.ensure.ade-
quate.strength.

Although.the.region.of.rejection.should.be.defined.in.terms.of.values.of.the.test.statistic,.it.is.
often.pictorially.associated.with.an.area.of.the.sampling.distribution.that.is.equal.to.the.level.of.sig-
nificance..The.region.of.rejection,.region.of.acceptance,.and.the.critical.value.are.shown.in.Figure.
9.1.for.the.two-tailed.and.both.one-tailed.tests.

9.2.6 Step 6: Select Appropriate hypothesis

A.decision.on.whether.or.not. to.accept. the.null.hypothesis.depends.on.a.comparison.of. the.
computed.value.of.the.test.statistic.and.the.critical.value..The.null.hypothesis.is.rejected.when.the.
computed.value.lies.in.the.region.of.rejection..Rejection.of.the.null.hypothesis.implies.acceptance.of.
the.alternative.hypothesis..When.a.computed.value.of.the.test.statistic.lies.in.the.region.of.rejection,.
there.are.two.possible.explanations..First,.the.sampling.procedure.may.have.resulted.in.an.extreme.
value.purely.by.chance;.although.this.is.a.very.unlikely.event,.this.corresponds.to.the.type.I.error.
of.Table 9.1..Because.the.probability.of.this.event.is.relatively.small,.this.explanation.is.most.often.
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Figure 9.1 	representation	of	the	region	of	rejection	(cross-hatched	area),	region	of	acceptance,	and	critical	
value	(zα):	(a)	two-sided	test,	(b)	lower	tail	one-sided	test,	and	(c)	upper	tail	one-sided	test.
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rejected..Second,.the.extreme.value.of.the.test.statistic.may.have.occurred.because.the.null.hypothe-
sis.is.false;.this.is.the.explanation.most.often.accepted.and.forms.the.basis.for.statistical.inference.

9.3 hYPOtheSIS teStS OF MeANS

Because. the.mean.of.a.population. is.often.a.primary.element.of. statistical.decision.making,.
hypothesis.tests.of.the.mean.are.frequently.used..The.six-step.procedure.for.testing.hypotheses.is.
applicable.for.testing.hypotheses.concerning.the.population.mean.μ.

9.3.1 test of Mean with Known Population Variance

When.the.standard.deviation.of.the.population.is.known,.the.procedure.for.testing.the.mean.is.
as.follows:

Step 1: Formulate hypotheses—The.null.and.alternative.hypotheses.must.be.stated.in.terms.
of.the.population.parameter.μ.and.the.value.selected.for.comparison,.which.may.be.denoted.as.μ0..
The.three.examples.in.Section.9.2.1.illustrate.a.test.on.a.mean.value..The.null.hypothesis.should.
state.that.the.mean.of.the.population.equals.a.preselected.standard.value..Acceptance.of.the.null.
hypothesis.implies.that.it.is.not.significantly.different.from.μ0..Mathematically,.the.null.hypothesis.
could.be.stated.as

. H0.:.µ.= µ0. (9.3)

The.alternative.hypothesis. indicates. that.a.difference.exists..One.of. three.alternative.hypotheses.
may.be.selected:

. HA1 lower one-tailed test: m m< 0 . (9.4a)

. HA2 upper one-tailed test: m m> 0 . (9.4b)

. . . . . . . . . . . . . .HA3 two-tailed test: m m↑ 0 . (9.4c)

Each.of.the.alternative.hypotheses.indicates.that.a.significant.difference.exists.between.the.popula-
tion.mean.and.the.standard.value..The.selected.alternative.hypothesis.depends.on.the.statement.of.
the.problem..Note.the.three.alternative.hypotheses.of.Section.9.2.1.

Consider,.for.example,.the.problem.of.defining.the.yield.strength.of.a.shipment.of.steel..A.study.
may.be.proposed. to.decide.whether.or.not.a.shipment.of.steel.meets. the.required.yield.strength.
of.3250.kgf.(kilogram.force)..In.this.case,.the.shipment.would.be.rejected.only.if.the.mean.yield.
strength.of.the.specimens.in.the.sample.was.significantly.less.than.3250.kgf..Whether.or.not.the.
strength.is.greater.than.3250.kgf.is.not.important.because.the.strength.of.the.structure.is.assumed.to.
be.adequate.as.long.as.it.is.at.least.3250.kgf..Thus,.a.one-sided.hypothesis.test.would.be.appropriate.
with.the.following.hypotheses:

. H0 3250 kgf: m = . (9.5a)

. HA 3250 kgf: m < . (9.5b)

This.represents.the.one-tailed.(lower).test.
Step 2: Select the appropriate model—The.mean.X.of.a. random.sample. is.used. in. testing.

hypotheses.about.the.population.mean.σ;.X.is.itself.a.random.variable..If.the.population.from.which.
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the.random.sample.is.drawn.has.mean.µ.and.variance.σ.2,.the.distribution.of.the.random.variable.
X  has.mean.µ. and.variance.σ. 2/n. for. samples. from. infinite.populations..For. samples. from.finite.
.populations.of.size.N,.the.variance.is.[σ 2(N – n)]/[n(N – 1)].

For.a.random.sample.of.size.n,.the.sample.mean.X–.can.be.used.in.calculating.the.value.of.the.
test.statistic.z.as

. z
X

n
=

− m
s /

. (9.6)

in.which.z.is.the.value.of.a.random.variable.with.a.standard.normal.distribution.
Step 3: Select the level of significance—A.level.of.significance.of.1%.is.selected.for.demon-

stration.of.this.hypothesis.test;.however,.in.actual.practice.the.level.selected.for.use.should.vary.with.
the.problem.being.studied.and.the.impact.of.making.an.incorrect.decision.

Step 4: Compute estimate of the test statistic—A.random.sample.consisting.of.100.specimens.
is.selected,.with.a.computed.mean.of.3190.kgf..The.standard.deviation.of.the.population.is.160.kgf..
The.value.of.the.test.statistic.of.Equation.9.6.is

. z =
−

= −
3190 3250

160 100
3 750

/
. . (9.7)

Step 5: Define the region of rejection—For.the.standard.normal.distribution,.the.level.of.sig-
nificance.is.the.only.characteristic.required.to.determine.the.critical.value.of.the.test.statistic..The.
region.of.rejection.depends.on.the.statement.of.the.alternative.hypothesis:

.

If is then the region of rejection is

<

H

z z

z z

z z

A

m m
m m
m m

a

a

a

0

0

0

< −

> >

≠ < − // /2 2 or  z z> a .

(9.8)

For.the.case.study,.because.the.statement.of.the.alternative.hypothesis.indicates.a.one-tailed.lower.
test,.the.critical.value.of.z.for.a.1%.level.of.significance.(α).can.be.obtained.from.Table.A.1.as

. − = − − = −−za aΦ 1 1 2 326( ) . . (9.9)

The.symbol.Φ-1.indicates.the.z.value.for.probability.1.- α..Thus,.the.region.of.rejection.consists.of.
all.values.of.z.less.than.–2.326.

Step 6: Select the appropriate hypothesis—Because. the.computed.statistic.of.−3.75. lies. in.
the.region.of.rejection,.the.null.hypothesis.must.be.rejected..That.is,.there.is.no.statistical.basis.for.
assuming.the.population.mean.to.be.equal.to,.or.greater.than,.the.selected.value.of.3250.kgf..If.steel.
having.a.yield.strength.of.at.least.3250.kgf.was.required,.then.the.sampled.data.suggest.that.the.
shipment.from.which.the.sample.was.obtained.has.inadequate.strength.

Summary—The.decision.criterion.specified. in.step.3.was. limited. to. the.specification.of. the.
level.of.significance..Because.the.null.hypothesis.was.rejected.for.a.1%.level.of.significance,.there.is.
a.1%.chance.of.making.a.type.I.error;.that.is,.there.is.a.chance.of.1.in.100.of.returning.the.shipment.
of.steel.when,.in.fact,.it.was.of.adequate.strength..The.decision.criterion.of.step.3.did.not.take.into.
account.the.possibility.of.a.type.II.error.(β)..The.results.of.a.type.II.error.would.be.the.use.of.steel.
of.inadequate.strength..Obviously,.the.consequences.of.a.type.II.error.(e.g.,.structural.failure).are.
probably.more.severe.than.the.consequences.of.a.type.I.error.(e.g.,.economic.loss)..However,.it.is.
easier.and.more.direct.to.specify.a.value.for.β.than.to.specify.a.value.for.β.
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Example 9.1: Hypothesis Testing for Mean

Assume that the population mean is 7, with a variance of 5.833. Also, assume that a sample size of n = 15 
has a mean of 7.2. Based on this, the test statistic of Equation 9.6 is

 z =
−

=
7 2 7 0

2 416 15
0 321

. .
. /

.  (9.10)

For a level of significance of 5% and a twotailed test, the critical value of the standard normal distribution 
is ±1.96. Because the computed value of 0.321 is within the region of acceptance, the null hypothesis H0: μ = 
7.0 is accepted.

Example 9.2: Daily Evaporation Measurements

A mean pan evaporation of 0.1387 in./day is computed from a sample of 354 measurements. If most of the 
measurements were made on cloudy or humid days, then the computed mean might be biased. Is the mean 
estimate a biased estimate if the longterm records indicate an average value of 0.1575 in./day and a standard 
deviation of σ  = 0.1 in./day? The hypothesis test for the mean with σ  known can be used to test the significance 
of the bias. The null and alternative hypotheses are

 H0 0.1575  in./day: µ=  (9.11a)

 HA in./day: .µ↑ 0 1575  (9.11b)

The computed value of the test statistic is

 z =
−

= −
0 1387 0 1575
0 1 354

3 537
. .
. /

.
( )  (9.11c)

For a level of significance of 5%, the region of rejection consists of all values of z less than –1.96 and all values 
of z greater than 1.96. Thus, the null hypothesis must be rejected. This suggests that the sample is biased. 
Because the sample mean is less than the population mean, one might expect that the sample included more 
days during cold months or very humid days.

9.3.2 test of Mean with Unknown Population Variance

When.the.population.variance. is.unknown,. the. theorem.used. in. the.preceding.section. is.not.
applicable,.even. though. the.null.and.alternative.hypotheses.and. the.decision.steps.are. the.same..
In.such.cases,.a.different.theorem.is.used.for.testing.a.hypothesis.about.a.mean..Specifically,.for.a.
random.sample.of.size.n,.the.sample.mean.X–.and.standard.deviation.S.can.be.used.in.calculating.
the.value.of.the.test.statistic.t:

. t
X

S n
=

− m

/
. (9.12)

The.test.statistic,.t,.is.the.value.of.a.random.variable.having.the.Student’s.t.distribution.with.ν = n – 1.
degrees.of.freedom..This.statistic.requires.that.the.sample.be.drawn.from.a.normal.population..The.
region.of.rejection.depends.on.the.level.of.significance,.the.degrees.of.freedom,.and.the.statement
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of.the.alternative.hypothesis:

.

If is       then reject  ifA 0

0

0

0

H H

t t

t t

t t

m m
m m
m m

a

a

a

< < −

> >

≠ < − /22 2or t t> a / .

(9.13)

When.the.standard.deviation.of.the.population.is.unknown.but.the.sample.is.large.(say,.greater.
than.30),.the.z.statistic.of.the.preceding.section.can.be.used.as.an.approximation.of.the.t.statistic..
For.a.sample.size.of.30,.the.z.values.for.5.and.1%.are.obtained.from.Table.A.1.to.be.1.645.and.2.324,.
respectively;.the.corresponding.t.values.from.Table.A.2.are.1.699.and.2.462,.respectively..The.dif-
ferences.are.3.3.and.5.8%,.respectively..The.decision.on.whether.or.not.to.use.the.z.statistic.in.place.
of.the.t.statistic.should.be.based.on.the.consequences.of.erroneous.decisions.

Example 9.3: Dissolved Oxygen Concentration

The case of sampling the dissolved oxygen concentration of effluent from a manufacturing plant can be 
used to illustrate the use of this test statistic. If a waterquality regulation required a minimum dissolved oxygen 
concentration of three parts per million (3 ppm), the following procedure may be used in testing the quality of 
the effluent:

 1. H0: μ = 3 ppm.
  HA: μ < 3 ppm.
 2. Theorem: t statistic of Equation 9.12 with ν = n – 1.
 3. α = 5%.
 4. n = 5.
  X– = 2.8 ppm.
  S = 0.32 ppm.

          
t

X
S n

=
−

=
−

= −
µ0 2 8 3 0

0 32 5
1 398

/
. .
. /

. .

  ν = n – 1 = 4.
 5. For ν = 4, α = 5%, and a onetailed lower test and using Table A.2, tα = –2.132.
 6. Because t > tα, then accept H0.

The onetailed lower alternative hypothesis is used because a value greater than 3 ppm is not relevant to the 
decision to close the plant releasing waste water into the river. Because there is no statistical basis for reject
ing the null hypothesis, one must assume that the effluent meets the waterquality regulations of 3 ppm, even 
though the sample mean is less than the standard of 3 ppm. The fact that H0 cannot be rejected even though the 
sample mean is less than the standard of 3 ppm reflects the tolerance that must be permitted, because decision 
making based only on the sample represents decision making under conditions of uncertainty.

9.3.3 hypothesis test of two Means

The.previous.hypothesis.tests.have.involved.a.single.random.variable..In.some.cases,.samples.
are.obtained. from. two.different. populations,. and. it. is. of. interest. to.determine. if. the.population.
means.are.equal..For.example,.two.manufacturers.may.advertise.that.their.tires.will.last.for.30,000.
miles;.samples.of.tires.may.be.used.to.test.whether.or.not.the.means.of.the.two.populations.are.
equal..Similarly,. tests. could.be.conducted.on.engineering.products. to.determine.whether.or.not.
the.means.are.equal..The.fraction.of.downtime.for.two.computer.types.could.be.tested.to.decide.
whether.or.not.the.mean.times.differ.
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A.number.of.tests.can.be.used.to.test.a.pair.of.means..The.method.presented.here.should.be.
used.to.test.the.means.of.two.independent.samples..This.test.is.frequently.of.interest.in.engineer-
ing.research.when.the.investigator.is.interested.in.comparing.an.experimental.group.to.a.control.
group..For.example,.an.environmental.engineer.might.be.interested.in.comparing.the.mean.growth.
rates.of.microorganisms.in.polluted.and.natural.environments..In.this.case,.samples.would.be.col-
lected.from.the.two.environments..The.procedure.presented.in.this.section.can.be.used.to.make.
the.test.

Step 1: Formulate hypotheses—If.we.denote.the.means.of.two.populations.as.µ1.and.µ.2,.the.
null.hypothesis.for.a.test.on.two.independent.means.would.be

. H0: the means of two populations are equal . (9.14a)

Mathematically,.this.is

. H0 1 2: m m= . (9.14b)

Both.one-sided.and.two-sided.alternatives.can.be.used:

. HA1 1 2: m m< . (9.15a)

. HA2 1 2: m m> . (9.15b)

. HA3 1 2: m m↑ . (9.15c)

The.selection.of.the.alternative.hypotheses.should.depend.on.the.statement.of.the.problem.
Step 2: Select the appropriate model—For.the.case.of.two.independent.samples,.the.hypoth-

eses.of.step.1.can.be.tested.using.the.following.test.statistic

.

t
X X

S
n np

=
−

+
⎛

⎝⎜
⎞

⎠⎟

1 2

1 2

0 5
1 1

.

.

(9.16)

in.which.X1.and.X2.are.the.means.of.the.samples.from.populations.1.and.2,.respectively;.n1.and.
n2.are.the.sample.sizes.from.populations.1.and.2,.respectively;.t.is.the.value.of.a.random.variable.
having.a.t.distribution.with.degrees.of.freedom.of.(ν.=.n1.+.n2.–.2);.and.Sp.is.the.square.root.of.the.
pooled.variance.given.by

. S
n S n S

n np
2 1 1

2
2 2

2

1 2

1 1

2
=

− + −

+ −

( ) ( )
. (9.17)

in.which.S1
2.and.S2

2.are.the.variances.of.the.samples.from.population.1.and.2,.respectively..This.test.
statistic.assumes.that.the.variances.of.the.two.populations.are.equal,.but.unknown.

Step 3: Select the level of significance—As.usual,.the.level.of.significance.should.be.selected.
on.the.basis.of.the.problem;.however,.values.of.either.5%.or.1%.are.used.most.frequently.

Step 4: Compute an estimate of test statistic—Samples.are.drawn.from.the.two.populations,.
and. the. sample.means.and.variances.computed..Equation.9.16.can.be.computed. to. test. the.null.
hypothesis.of.Equation.9.14.
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Step 5: Define the region of rejection—The.region.of.rejection.is.a.function.of.the.degrees.of.
freedom.(ν.=.n1.+.n2.–.2),.the.level.of.significance.(α),.and.the.statement.of.the.alternative.hypothe-
ses..The.regions.of.rejection.for.the.alternative.hypotheses.are.as.follows:

.

If is then reject if

or

A 0H H

t t

t t

t t t t

m m
m m
m m

1 2

1 2
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> >

≠ < − >

a

a

a a/ / 22 .

(9.18)

Step 6: Select the appropriate hypothesis—The.sample.estimate.of.the.t.statistic.from.step.4.
can.be.compared.with.the.critical.value,.which.is.based.on.either.tα.or.tα / 2.obtained.from.step.5..If.
the.sample.value.lies.in.the.region.of.rejection,.then.the.null.hypothesis.should.be.rejected.

Example 9.4: Effect of Development on Total Nitrogen

A study was made to measure the effect of suburban development on total nitrogen levels in small streams. 
A decision was made to use the mean concentrations before and after the development as the criterion. Eleven 
measurements of the total nitrogen (mg/L) were taken prior to the development with a mean of 0.78 mg/L and a 
standard deviation of 0.36 mg/L. Fourteen measurements were taken after the development with a mean of 1.37 
mg/L and a standard deviation of 0.87 mg/L. The data are used to test the null hypothesis that the population 
means are equal against the alternative hypothesis that the urban development increased total nitrogen levels; 
this requires the following onetailed test:

 H b a0:µ µ=  (9.19a)

 H b aA: µ µ<  (9.19b)

where µb and µa are the before and after development means, respectively. Rejection of H0 would show that the 
nitrogen levels after development exceed the nitrogen levels before development, with the implication that the 
development might have caused the increase; however, the increase may have occurred because of a reason 
other than the development.

Based on the sample data, the pooled variance of Equation 9.17 is

 SP
2

2 211 1 0 36 14 1 0 87
11 14 2

0 4842=
− + −

+ −
=

( )( . ) ( )( . )
.  (9.20)

The computed value of the test statistic is

 t =
−

+⎛
⎝⎜

⎞
⎠⎟

= −
0 78 1 37

0 4842
1
11

1
14

2 104
. .

.
.  (9.21)

which has ν = 11 + 14 – 2 = 23 degrees of freedom. From Table A.2, with a 5% level of significance and 23 
degrees of freedom, the critical value of t is –1.714. Thus, the null hypothesis is rejected, with the implication 
that the development caused a significant change in nitrogen level. However, for a 1% significance level, the 
critical value is –2.500, which leads to the decision that the increase is not significant. This shows the impor
tance of selecting the level of significance before analyzing the data.
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9.3.4 Summary

Three.hypothesis.tests.were.introduced..Each.test.can.be.conducted.using.the.six.steps.that.were.
identified.in.Section.9.2..In.applying.a.hypothesis.test,.the.important.elements.are.the.test.statistic,.
the.level.of.significance,.the.degrees.of.freedom,.and.the.critical.value.of.a.test.statistic..Table 9.2.
includes.a.convenient. summary.of. the. three.statistical. tests. introduced. in. this. section.and.other.
important.tests.

9.4 hYPOtheSIS teStS OF VArIANCeS

The.variance.of.a.random.sample.is.a.measure.of.the.dispersion.of.the.observations.about.the.
sample.mean..Although.the.variance.is.used.to.indicate.the.degree.of.variation.about.the.mean,.it.is.
an.important.statistic.in.its.own.right..Large.variation.in.engineering.systems.reflects.instability.or.
nonuniformity,.both.of.which.can.be.considered.nonoptimal.

table 9.2 Summary of hypothesis tests

H0 test Statistic HA region of rejection
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9.4.1 One-Sample Chi-Square test

Consider,.for.example,.the.case.of.water-distribution.systems.used.for.irrigation..They.should.be.
designed.to.distribute.water.uniformly.over.an.area,.such.as.a.lawn.or.an.agricultural.field..Failure.
to.provide.a.uniform.application.of.water.over.the.area.may.lead.to.nonoptimum.grass.or.crop.out-
put;.thus,.equipment.that.does.not.apply.water.uniformly.would.probably.not.be.purchased..A.com-
pany.that.manufactures.irrigation.distribution.systems.wishes.to.check.whether.or.not.a.new.system.
increases.the.uniformity.of.water.application.in.comparison.with.existing.models..The.variance.of.
depths.of.water.measured.at.different.locations.in.a.field.would.serve.as.a.measure.of.uniformity.of.
water.application..The.following.procedure.is.used.to.test.for.a.statistical.difference.in.the.unifor-
mity.of.application.rates.(i.e.,.a.test.on.the.variance.of.a.random.variable).

Step 1: Formulate hypotheses—To.investigate.the.possibility.of.a.significant.difference.exist-
ing.between.the.variance.of.a.population.σ.2.and.the.preselected.standard.variance.value.( )s 0

2 ,.the.
following.null.hypothesis.can.be.used:

.

H0: There isnosignificant difference between the
variance of the poppulation and the preselected
standardvalue for thevariance

2s
s( 0

22 ) .

(9.22a)

Mathematically,.the.null.hypothesis.is

. H0
2

0
2: s s= . (9.22b)

The.null.hypothesis.can.be.tested.against.either.a.one-tailed.or.two-tailed.alternative.hypothesis.as.
follows:

. HA1
2

0
2: s s< . (9.23a)

. HA2 > : s s2
0
2
. (9.23b)

. HA3
2

0
2: s s↑ . (9.23c)

For.the.irrigation.distribution.system.case,.assume.that.the.standard.deviation.of.an.existing.system.
is.0.1.cm/h..The.following.hypotheses.are.examined.by.a.manufacturing.company.wishing.to.deter-
mine.if.their.new.system.provides.a.more.uniform.distribution.of.water:

. H0
2: s = (0.1 cm/h)2

. (9.24a)

. HA cm/h: ( . )s 2 20 1< . (9.24b)

The.implication.of.accepting.the.null.hypothesis.would.be.that.the.new.system.should.not.be.pur-
chased.because.it.does.not.improve.the.uniformity.of.the.irrigated.water..Rejection.of.H0.would.
suggest.that.the.new.system.is.better.

Step 2: Select the appropriate model—The.variance.S2.of.a.random.sample.is.a.random.vari-
able.itself.and.is.used.in.testing.the.hypotheses.about.the.variance.of.a.population,.σ.2..The.sampling.
distribution.of.the.estimated.variance.of.a.random.sample.that.is.drawn.from.a.normal.population.
has.a.chi-square.distribution..The.test.statistic.for.testing.the.hypotheses.is

.
c2

2

0
2

1
=

−( )n S

s .
(9.25)
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in.which.χ 2.is.the.value.of.a.random.variable.that.has.a.chi-square.distribution.with.ν.=.n.–.1.degrees.
of.freedom,.and.n.is.the.sample.size.used.in.computing.the.sample.variance.S 2..Note.that.the.sample.
mean.is.not.needed.for.this.test.

Step 3: Select the level of significance—For.the.case.study,.a.level.of.significance.of.2.5%.is.
selected.

Step 4: Compute estimate of test statistic—To.test.the.uniformity.of.application.of.water.for.
the.new.irrigation.system,.the.amount.of.water.in.each.of.25.randomly.placed.recording.gages.was.
observed.after.1.h..The.mean.and.standard.deviation.of.the.random.sample.were.0.31.and.0.063.
cm/h,.respectively..The.computed.test.statistic.is

. c2
2

2

25 1 0 063

0 1
9 526=

−
=

( )( . )

( . )
. . (9.26)

Step 5: Define the region of rejection—The. region.of. rejection. for.a. test. statistic.having.a.
chi-square.distribution. is. a. function.of. the. level.of. significance,. the. statement.of. the. alternative.
hypothesis,.and.the.degrees.of.freedom..The.regions.of.rejection.for.the.alternative.hypotheses.are.
as.follows:

.

If is then reject ifA
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(9.27)

For.values.of.α.=.0.025.and.ν.=.24,.the.critical.value.was.obtained.from.Table.A.3.to.be.12.397..
Thus,. the. region. of. rejection. consists. of. all. values. of. the. test. statistic. χ 2. that. are. less. than.
12.397.

Step 6: Select the appropriate hypothesis—The.computed.value.of.the.test.statistic.(9.526).is.
less.than.the.critical.value.(12.4);.thus,.the.null.hypothesis.must.be.rejected..This.implies.that.the.
new.irrigation.equipment.applies.water.with.more.uniformity.than.existing.irrigation.systems..It.is.
unlikely.that.the.difference.between.the.sample.variance.(0.004).and.the.variance.of.existing.irri-
gation.equipment.(0.01).is.due.solely.to.chance.variation.within.the.sample;.it.is.probably.due.to.a.
real.difference.in.the.equipment.

Rationale of test statistic—If.the.sample.variance.was.exactly.equal.to.the.population.vari-
ance.specified.in.the.null.hypothesis.(i.e.,.S2.= s 0

2),.then.the.value.of.the.test.statistic.χ 2.will.equal.
n – 1..The.values.in.Table.A.3.show.that.the.approximate.center.(i.e.,.50%).of.the.chi-square.distri-
bution.is.about.n −.1..For.the.two-tailed.alternative,.a.significant.difference.exists.if.the.computed.
value.of.χ 2.is.either.significantly.larger.or.smaller.than.n – 1..For.the.one-tailed.alternative,.a.sig-
nificant.difference.exists.only.when.the.computed.value.of.χ 2.is.much.less.than.n – 1;.in.the.case.
of.the.irrigation.system.with.n –.1.=.24,.the.computed.value.of.9.526.is.considered.to.be.significant.
because.it.is.less.than.the.critical.value..For.the.upper.one-tailed.alternative,.a.significant.differ-
ence.exists.only.when.the.computed.value.of.χ 2.is.much.greater.than.n – 1.

Example 9.5: Variance of Test Measurements

Assume that a research project requires new specimens to be made when the standard deviation of the 
crushing strength of five concrete cylinders exceeds 0.75 ksi. The reason is that, for variations greater than 
this, the specimens are not sufficiently homogeneous for making decisions about the crushing strength. 
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The test procedure is acceptable for small variations, so it would be appropriate to test the following 
hypotheses:

 

H

H
0

2 2 2

2 2

0 75 0 5625

0 5625

: ( . ) . ( )

: . ( )

s

s

= =

>

ksi

ksiA

If the null hypothesis is rejected, then a new batch of concrete needs to be prepared to make new specimens. 
One set of tests yields the following strength measurements:

 X = { . , . , . , . , . }5 3 6 8 4 4 7 4 5 2 ksi

For these measurements, the sample standard deviation is 1.238 ksi. Using Equation 9.25, the computed value 
of the χ 2 test statistic is

 
c2

2

2

5 1 1 238
0 75

10 89=
−

=
( )( . )

( . )
.

which would have four degrees of freedom. For four degrees of freedom, the critical values for 5% and 2.5% 
levels of significance are 9.488 and 11.143, respectively. Thus, at a 5% level of significance, the null hypothesis 
would be rejected; however, at 2.5%, the decision would be to accept the null hypothesis. Thus, the rejection 
probability is about 3%; therefore, unless specific evidence exists that the 2.5% level of significance is appro
priate, it may be better to make new specimens that show greater homogeneity in crushing strength.

9.4.2 two-Sample F test

For.comparing.the.variances.of.two.random.samples,.several.strategies.have.been.recommended,.
with.each.strategy.valid.when.the.underlying.assumptions.hold..One.of.these.strategies.is.presented.
here..The.null.hypothesis.is.that.the.two.variances.are.equal.( )s s1

2
2
2= ..Both.two-tailed.and.one-

tailed.tests.can.be.used;.however,.the.procedure.for.computing.the.test.statistic.F.is.different.
For.a.two-tailed.test,.an.F-ratio.is.formed.as.the.ratio.of.the.larger.sample.variance.to.the.smaller.

sample.variance.as.follows:

.
F

S

S
= 1

2

2
2

. (9.28)

with.degrees.of.freedom.of.ν1 = n1.–.1.for.the.numerator.and.ν2 = n2.–.1.for.the.denominator,.where.n1.
and.n2.are.the.sample.sizes.for.the.samples.used.to.compute.S1

2.and.S2
2,.respectively..The.computed.

F.is.compared.with.the.tabulated.values.for.the.F.probability.distribution.provided.in.Table A.4..
The.null.hypothesis.of.equal.variances.( : )H0 1

2
2
2s s= .is.accepted.if.the.computed.F.is.less.than.the.

tabulated.F.value.for.v1,.v2,.and.α..If.the.computed.F.is.greater.than.the.tabulated.F.value,.then.the.
null.hypothesis.is.rejected.in.favor.of.the.alternative.hypothesis.( : )HA s s1

2
2
2↑ ..An.important.note.

for.this.two-tailed.test.is.that.the.level.of.significance.is.twice.the.value.from.which.the.tabulated 
F value.was.obtained;.for.example,.if.the.5%.F.table.is.used.to.obtain.the.critical.F.statistic,.then.the.
decision.to.accept.or.reject.the.null.hypothesis.is.being.made.at.a.10%.level.of.significance..This.is.
the.price.paid.for.using.the.sample.knowledge.that.one.sample.has.the.larger.variance.

For.a.one-tailed. test,. it. is.necessary. to.pre-specify.which.of. the. two. samples. is. expected. to.
have  the. larger.population.variance..This. should.be. specified.prior. to. collecting. the.data.. If.we.
denote.the.population.that.is.expected.to.have.the.larger.variance.as.group.1.and.the.other.popula-
tion.as.group 2,.then.Equation.9.28.can.be.applied.for.the.one-tailed.test..The.alternative.hypothesis.
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is. then,.HA:.s s1
2

2
2> ..The. computed.F. statistic. is. the. ratio.of. the. sample.variance.of. the.group.

expected.to.have.the.larger.population.variance.to.the.sample.variance.from.the.second.group..If.it.
turns.out.that.the.sample.variance.of.the.group.expected.to.have.the.larger.variance.is.smaller.than.
that.of.the.group.expected.to.have.the.smaller.variance,.then.the.computed.F statistic.will.be.less.
than.1..For.a.test.with.the.level.of.significance.equal.to.that.shown.on.the.table,.the.null.hypothesis.
is.rejected.if.the.computed.F.is.greater.than.the.critical.F..Because.the.direction.is.specified,.the.
null.hypothesis.is.accepted.when.the.computed.F.is.less.than.the.critical.F;.the.null.hypothesis.is.
rejected.when.the.computed.F.is.greater.than.the.critical.F..For.the.one-tailed.case,.the.alpha.speci-
fied.on.the.table.is.the.level.of.significance.

Example 9.6: Accuracy of Laboratory Measurements

Two pieces of equipment are available to measure the value of a waterquality parameter. A laboratory 
assistant makes up ten samples of a known concentration (20 ppb) and randomly selects five samples to be 
tested with each piece of equipment. The objective is to decide whether or not the variations of the two pieces 
of equipment can be considered equal. This would reflect equal precision. Thus, a twotailed test would be 
appropriate. Therefore, the two hypotheses are:

 

H

HA

0 1
2

2
2

1
2

2
2

:

:

s s

s s

=

≠

Measurements were made for both pieces of equipment as follows:

 

E
E
1 16 8 21 3 18 5 20 7 17 6
2 23 6 18 4 22 3 17 9 19 1
: { . , . , . , . , . }
: { . , . , . , . , . }

These measurements yield sample variances of S1
2 3 807= .  ppb and S2

2 6 423= . . Equation 9.28 yields a com
puted F of

 
F = =

6 423
3 807

1 687
.
.

.

which has v1 = 4 and v2 = 4. The critical F values are 6.39 and 15.98, respectively. These are for levels of 
significance of 10% and 2%, twice those shown on the tables of Appendix A.4. Thus, the sample value is not 
near the region of rejection, so it appears safe to accept the null hypothesis and conclude that the two pieces of 
equipment have equal precision.

9.4.3 Summary

Two.hypothesis.tests.for.the.variance.were.introduced..Table.9.2.includes.a.summary.of.these.
tests.

9.5 teStS OF DIStrIBUtIONS

In.addition.to.tests.on.means.and.variances,.it.is.frequently.necessary.to.decide.whether.or.not.
it.is.reasonable.to.conclude.that.a.specific.random.variable.is.from.a.certain.population.distribution.
function..For.example,.the.one-sample.t.test.assumes.that.the.data.are.from.a.normal.population..The.
test.may.lead.to.an.incorrect.decision.if.the.test.is.applied.to.data.that.are.not.normally.distributed..
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Thus,.a.test.on.a.distribution.would.be.useful.prior.to.using.a.specific.test.to.decide.whether.or.not.
the.normality.assumption.is.met..Two.tests.are.introduced.for.making.decisions.about.the.appro-
priateness.of.a.distribution:.the.chi-square.goodness.of.fit.test.and.the.Kolmogorov–Smirnov.one-
sample.test..The.latter.of.the.two.is.generally.the.better.test.to.apply.

Prior.to.performing.tests.of.distributions,.a.common.use.of.sample.histograms,.as.discussed.in.
Chapter.2,.is.to.identify.likely.probability.distributions.to.use.to.represent.the.underlying.population..
Probability.statements.should,.when.possible,.be.made.from.an.assumed.population.rather.than.from.a.
sample.histogram..Histograms.can.be.symmetric.(see.Figures.9.2(a),.9.2(b),.and.9.2(c)).or.skewed.(see.
Figures.9.2(d).and.9.2(e)),.with.Figure.9.2(d).positively.skewed.and.Figure.9.2(e).negatively.skewed.

A.sample.histogram.of.Figure.9.2.suggests.uniform,.normal,.beta,.gamma.or.lognormal,.and.
extreme-value.distributions..The.data.on.which.the.histograms.are.based.could.be.used.with.the.
method.of.moments.to.obtain.estimates.of.the.parameters.of.the.distribution..Then.hypothesis.tests.
of.the.likely.distributions.are.performed.as.discussed.in.this.section.

9.5.1 Chi-Square test for Goodness of Fit

Data.analysts.are.often.interested.in.identifying.the.density.function.of.a.random.variable.so.
that.the.population.can.be.used.to.make.probability.statements.about.the.likelihood.of.occurrence.
of.values.of.the.random.variable..Very.often,.a.graphical.analysis.such.as.a.histogram.of.the.data.
is.used. to.suggest.a. likely.candidate.for. the.population.density.function..However,. the.graphical.
approach.involves.a.subjective.assessment.and.lacks.the.validity.accorded.to.systematic.analysis.
such.as.hypothesis.tests..This.has.led.to.several.tests.that.can.be.applied.to.evaluate.the.likelihood.
that.a.sample.is.from.an.assumed.population..The.chi-square.test.for.goodness.of.fit.is.used.to.assess.
whether.or.not.a.sample.of.measurements.from.a.random.variable.can.be.represented.by.a.selected.
theoretical.probability.density.function..The.null.and.alternative.hypotheses.are

H0:.The.random.variable.has.the.specified.population.with.the.parameters.indicated.
HA:.The.random.variable.is.not.distributed.as.specified.

The.following.paragraphs.provide. the.six-step.framework.for.performing. the.chi-square. test..To.
demonstrate.the.quantitative.evaluation,.the.distribution.of.arrival.times.for.automobiles.at.an.inter-
section.during.a.non-peak-volume.period.is.used.to.illustrate.these.steps.
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Figure 9.2 sample	histograms	to	determine	likely	probability	distributions.
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Step 1: Formulate hypothesis—The.first.step.is.to.formulate.both.the.null.and.the.alternative.
hypotheses.that.reflect.the.theoretical.density.function.(continuous.random.variables).or.mass.func-
tion.(discrete.random.variables)..Because.a.function.is.not.completely.defined.without.the.specifi-
cation.of.its.parameters,.the.hypothesis.must.also.include.specific.values.for.the.parameters.of.the.
function..For.example,.if.the.population.is.hypothesized.to.be.normal,.values.for.μ.and.σ.must.be.
specified;.if.the.hypotheses.deal.with.the.uniform.distribution,.values.for.a.and.b, of.Equation.5.1.
must.be.specified..Estimates.of.the.parameters.may.be.obtained.either.empirically.or.from.external.
conditions..If.estimates.of.the.parameters.are.obtained.from.the.data.set.used.in.testing.the.hypoth-
eses,.the.degrees.of.freedom.in.this.test.must.be.modified.to.reflect.this..The.following.null.and.
alternative.hypotheses.are.typical.examples:

H0:..The.time.between.arrivals.(X).of.automobiles.at.the.specific.intersection.under.investigation.can.be.
characterized.by.a.uniform.density.function.with.a.location.parameter.of.0.and.a.scale.parameter.
of.40.s.

HA:..The.time.between.arrivals.of.automobiles.at.a.specific.intersection.is.not.uniformly.distributed.with.
parameters.of.0.and.40.s.

Mathematically,.these.hypotheses.are

.

H X U a b

H X U
0 0 40

0 40

: ~ ( , )

: ( , )

= =

≠A

Rejection.of.the.null.hypothesis.would.not.necessarily.imply.that.the.arrival.time.is.not.uniformly.
distributed..While.rejection.of.the.null.hypothesis.may.occur.because.the.random.variable.is.not.
uniformly.distributed,.it.may.also.be.rejected.because.one.or.both.of.the.parameters,.in.this.case.0.
and.40,.are.incorrect..Reasons.for.specifying.the.parameters.should.be.stated.

The.chi-square.goodness.of.fit.test.is.always.a.one-tailed.test.because.the.structure.of.the.hypoth-
eses.is.unidirectional;.that.is,.the.random.variable.is.either.distributed.as.specified.or.it.is.not.

Step 2: Select the appropriate model—To.test.the.hypotheses.formulated.in.step.1,.the.chi-
square.test.is.based.on.a.comparison.of.the.observed.frequencies.of.sample.values.with.frequencies.
expected.from.the.population.density.function.that.is.specified.in.the.null.hypothesis..The.test.sta-
tistic,.which.is.a.random.variable,.is.a.function.of.the.observed.and.expected.frequencies,.which.are.
also.random.variables..The.test.statistic.is
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=
∑
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ii

k

. (9.29)

where.χ 2.is.the.computed.value.of.a.random.variable.having.a.chi-square.distribution.with.ν.degrees.
of.freedom;.Oi.and.Ei.are.the.observed.and.expected.frequencies,.respectively,.in.cell.(or.interval) i;.
and.k. is.the.number.of.discrete.cells.(intervals).into.which.the.data.were.separated..The.random.
variable.χ 2.has.a.sampling.distribution.that.can.be.approximated.by.the.chi-square.distribution.with.
(k – j).degrees.of.freedom,.where.j.is.the.number.of.quantities.that.are.estimated.from.the.sample.
of.data.for.use.in.calculating.the.expected.frequencies..Specifically,.because.the.total.number.of.
observations.n.is.used.to.compute.the.expected.frequencies,.one.degree.of.freedom.is.lost..If.the.
mean.and.standard.deviation.of.the.sample.are.needed.to.compute.the.expected.frequencies,.then.
two.additional.degrees.of.freedom.are.subtracted.(i.e.,.k.–.3)..However,.if.the.mean.and.standard.
deviation.are.obtained.from.past.experience.or.other.data.sources,.then.the.number.of.degrees.of.
freedom.for.the.test.statistic.remains.(k – 1)..It.is.important.to.note.that.the.sample.size.n.is.not.used.
in.determining.the.degrees.of.freedom.
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Step 3: Select the level of significance—If.the.decision.is.not.considered.critical,.a.level.of.
significance.of.5%.may.be.considered.appropriate,.because.of.convention..For.the.test.of.the.hypoth-
eses.given.previously,.a.value.of.5%.is.used.for.illustration.purposes.

Step 4: Compute estimate of test statistic—The.observed.data.are.usually.used.to.form.a.his-
togram.that.shows.the.observed.frequencies.in.a.series.of.k.cells.(or.intervals)..The.cell.bounds.are.
usually.selected.such.that.the.width.of.each.cell.is.the.same;.however,.unequal.cell.widths.are.a.prac-
tical.alternative.to.ensure.more.uniform.values.of.the.observed.and.expected.frequencies.across.cells..
Having.selected.the.cell.bounds.and.counted.the.observed.frequencies.(Oi).in.the.k.cells,.the.expected.
frequencies.(Ei).for.the.cells.can.be.computed.using.the.density.function.of.the.population.specified.
in.the.hypotheses.of.step.1..To.compute.the.expected.frequencies,.the.expected.probability.for.each.
cell.is.determined.and.multiplied.by.the.sample.size..The.expected.probability.for.cell.i.(pi),.is.either.
the.area.under.the.density.function.between.the.cell.bounds.for.that.cell.for.a.continuous.random.var-
iable.or.the.sum.of.the.probabilities.from.the.probability.mass.function.for.the.values.within.the.cell.
bounds.for.a.discrete.random.variable..The.sum.of.the.expected.frequencies.must.equal.the.sample.
size.n..The.problem.is.best.summarized.using.the.general.structure.shown.in.Figure.9.3.

The.value.of.the.test.statistic.of.Equation.9.29.is.obtained.from.the.cell.frequencies.of.Figure 9.4..
The.range.of.the.random.variable.was.separated.into.four.equal.intervals.of.10.s..Thus,.the.expected.
probability.for.each.cell.is.0.25.(because.the.random.variable.is.assumed.to.have.a.uniform.distri-
bution.and.the.width.of.each.of.the.four.cells.is.the.same)..For.a.sample.size.of.80,.the.expected.
frequency.for.each.of.the.four.cells.is.20.(i.e.,.the.expected.probability.times.the.total.number.of.
observations)..If.observed.frequencies.of.18,.19,.25,.and.18.are.determined.from.the.sample,.then.
the.cell.structure.would.appear.as.shown.in.Figure.9.4..The.computed.χ 2.statistic.is,.therefore,.1.70,.
which.is.the.sum.of.0.2,.0.05,.1.25,.and.0.2..Because.the.sample.size.was.used.in.computing.the.
expected.frequencies,.the.number.of.degrees.of.freedom.is.given.by.k.–.1,.or.4.–.1.=.3.

Step 5: Define the region of rejection—According.to.the.underlying.theorem.of.step.2,.the.test.statis-
tic.has.a.chi-square.distribution.with.degrees.of.freedom.that.depend.on.the.number.of.cells.and.the.num-
ber.of.pieces.of.information.obtained.from.the.sample..In.this.case,.only.the.sample.size.was.used;.thus,.
there.are.3.degrees.of.freedom..For.a.level.of.significance.of.5%,.the.critical.value.of.the.test.statistic.from.
Table.A.3.is.7.81..Thus,.the.region.of.rejection.consists.of.all.values.of.the.test.statistic.greater.than.7.81.

Cell bound –∞ … ∞

Cell number i 1 2 3 … k
Observed frequency (Oi) O1 O2 O3 … Ok

Expected frequency (Ei) E1 E2 E3 … Ek

(Oi – Ei)2/Ei …O1 E 1–( )2

E 1

O2 E 2–( )2

E 2

O3 E 3–( )2

E 3

Ok Ek–( )2

Ek

Figure 9.3 Cell	structure	of	arrival	times	for	chi-square	goodness	of	fit	test.

Cell bound 0 s 10 s 20 s 30 s 40 s

Cell number
Observed frequency (Oi)

Expected frequency (Ei)

(Oi – Ei)2/Ei

1 2 3 4

18 19 25 18

20 20 20 20

0.20 0.05 1.25 0.20

Figure 9.4 Cell	structure	of	arrival	times	for	chi-square	goodness	of	fit	test.
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Step 6: Select the appropriate hypothesis—Because.the.computed.value.of.the.test.statistic.
(1.70).is.less.than.the.critical.value.(i.e.,.it.is.not.within.the.region.of.rejection),.there.is.no.statisti-
cal.basis.for.rejecting.the.null.hypothesis.based.on.the.location.and.scale.parameters.of.0.and.40,.
respectively;.thus,.U(0, 40).may.be.used.to.represent.the.distribution.of.arrival.times.

Summary—In.summary,.the.chi-square.test.for.goodness.of.fit.provides.the.means.for.com-
paring.the.observed.distribution.of.a.random.variable.with.a.theoretical.probability.mass.or.den-
sity.function..An.additional.point.concerning.the.use.of.the.chi-square.test.should.be.noted..The.
effectiveness.of.the.test.is.diminished.if.the.expected.frequency.in.any.cell.is.less.than.five..When.
this.condition.occurs,.both.the.expected.and.observed.frequencies.of.the.appropriate.cell.should.be.
combined.with.the.values.of.an.adjacent.cell;.the.value.of.k.should.be.reduced.to.reflect.the.number.
of.cells.in.computing.the.test.statistic..Also,.it.is.desirable.to.have.a.value.for.k.larger.than.three..The.
chi-square.test.is.included.in.the.summary.of.Table.9.2..Two.points.about.the.χ 2.test:.(1).the.value.χ.

is.not.being.squared;.(2).the.test.is.referred.to.as.the.chi-square.test,.not.the.chi-squared.test.

9.5.2 Application of Chi-Square test: Normal Distribution

Since.the.normal.and.lognormal.distributions.are.commonly.applied.in.engineering.and.the.sci-
ences,.use.of.the.chi-square.test.for.these.two.distributions.is.common..The.test.can.be.applied.using.
a.constant.cell.width,.such.as.that.used.in.this.section.and.Figure.9.4..However,.it.is.preferable.to.
use.a.constant.expected.probability.to.have.the.same.expected.frequencies..In.this.case,.a.decision.
on.the.number.of.cells.k.to.be.used.is.made,.and.then.the.expected.probability.for.each.cell.is.1/k..
A.standard.normal.table,.such.as.Appendix.A.1,.is.used.to.find.the.z.values.that.correspond.to.each.
of.the.probabilities..The.cell.boundaries.xi.are.then.computed.using.the.standard.normal.transform,
x x z Si i= + ,.where.i =.1,.2,.......,.k.

For.the.lognormal.distribution,.the.logarithms.of.the.sample.data.are.computed,.with.the.mean.
and.standard.deviation.of.the.logarithms.used.in.computing.the.cell.boundaries.

Example 9.7: Chi-Square Test for a Normal Distribution

To illustrate the use of the chisquare test for the normal distribution, a sample of 84 beams was tested to 
failure. The histogram is shown in Figure 9.5. In general, the normal distribution has a bell shape, but in this 
case there is one large cell in the lower tail. The sample mean and standard deviation of the failure loads are 
10,100 and 780 lb, respectively. A null hypothesis is proposed that the failure loads are normally distributed 
with a mean and standard deviation of 10,100 and 780 lb, respectively. In this example, a constant interval of 
500 1b is used, not the constant probability method. Table 9.3 gives the standardized variates zi for the bounds 
of each interval, the probability that the variate Z is less than zi, the expected probabilities for each interval, 
the expected and observed frequencies, and the chisquare values. The test statistic has a computed value of 
10.209. Note that because the expected frequency for the seventh interval was less than 5, both the observed 
and expected frequencies were combined with those of the sixth cell. Thus, k = 6 is used to compute the 
degrees of freedom. Because the sample mean and standard deviation were used to define the hypotheses and 
compute the expected frequencies, 2 degrees of freedom are lost. Also, 1 degree of freedom is lost because of 
the sample size; thus, the remaining degrees of freedom are 3 for the test statistic. If past evidence had indicated 
a mean of 10,000 lb and a standard deviation of 1000 lb, and these statistics were used in Table 9.3 for com
puting the expected probabilities, then 5 degrees of freedom would be used. For a level of significance of 5% 
and 3 degrees of freedom, the critical χα

2    value is 7.817. The null hypothesis is, therefore, rejected because the 
computed value is greater than the critical value. One may conclude that failure loading is not normally distrib
uted with μ = 10,100 lb and 𝜎 = 780 lb. The reason for the rejection of the null hypothesis may be due to one or 
more of the following: (1) failure loading is not normally distributed, (2) μ ≠ 10,100 lb, or (3) 𝜎 ≠ 780 lb.

If the constant probability approach was used to make the chisquare test with the same Ho as above, 
then using six cells would give a constant probability of 0.1667 and an expected frequency of 14 for each cell. 
The standard normal z values would be; {−0.967, −0.431, 0.0, 0.431, 0.967, ∞} and observed frequencies of 
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{14, 15, 12, 20, 11, 12}. The computed test statistic is 3.857, which is considerably different than the value 
of 10.209 for the constant interval method. This value has a rejection probability of about 30%, so the null 
hypoth esis is accepted. This example indicates the importance of the choice of cells.

Example 9.8: Chi-Square Test for an Exponential Distribution—Case 1

Large volumes of sediment are discharged from construction sites and agricultural fields but the yields 
are less likely than small volumes. Thus, it is not unreasonable to assume that sediment yields might follow an 
exponential distribution, which has the following density fX(x) and cumulative functions FX(x), respectively:

 f xX
x( )=l le −

 (9.30)

24
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Figure 9.5 frequency	distribution	of	failure	loads.

table 9.3 Computations for Failure Load example

Cell i zi P(Z < zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)

( )2O E
E

i i

i

−

Cell	1:	X	≤	
9000

9000 10 100
780

1 41
−

= −
,

. 0.0793 0.0793 6.66 12 ( . )
.

.
12 6 66

6 66
4 282

2−
=

Cell	2:	9000	
<	X	≤	9500

9500 10 100
780

0 77
−

= −
,

. 0.2206 0.1413 11.87 4 ( . )
.

.
4 11 87
11 87

5 218
2−
=
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<	X	≤	
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10 000 10 100
780

0 13
, ,

.
−

= − 0.4483 0.2277 19.13 20 ( . )
.

.
20 19 13

19 13
0 040

2−
=
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10,000	<	X	
≤	10,500

10 500 10 100
780

0 52
, ,

.
−

= 0.6985 0.2502 21.02 24 ( . )
.

.
24 21 02

21 02
0 422

2−
=
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10,500	<	X	
≤	11,000

11000 10 100
780

1 15
, ,

.
−

= 0.8749 0.1764 14.82 13 ( . )
.

.
13 14 82

14 82
0 224

2−
=

Cell	6:	
11,000	<	X	
≤	11,500

11500 10 100
780

1 79
, ,

.
−

= 0.9633 0.0884
7 42

3 08

10 50

.

.

.
⎫

⎬
⎪

⎭
⎪

11 ( . )
.

.
11 10 50

10 50
0 024

2−
=

Cell	7:	
11,500	<	X

∞ 1.0000 0.0367

total 1.0000 84 84 10.209
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and

 F xX
x( )= − −1 e l

 (9.31)

in which λ is a scale parameter. The method of moments yields the reciprocal of a sample mean as an estimator 
of λ; that is, l = 1 / .X

The sample shown in Table 9.4 includes measured rates of sediment yield in acrefeet per square mile 
per year. Because the sample is small (n = 37) and five or more expected frequencies are needed per cell, the 
bounds of the cells will be set to get the maximum number of cells possible, which is seven. Using an increment 
of 0.14 for the cumulative probability provides an expected frequency of 5.18, with one cell having a probability 
of 0.16 and Ei = 5.92, as shown in Table 9.5. The value of λ is computed using the mean of the 37 sample values, 
which is 0.6579; thus, the estimate of λ is 1.52. Therefore, the hypotheses are

H0: Sediment yield has the following density function: fX(x) = 1.52 exp(–1.52x).
HA: fX(x) cannot be used to represent the sediment yield.

The calculation of the computed chisquare value is shown in Table 9.5. The computed value is 15.32. There 
are seven cells, but 2 degrees of freedom were lost, one for using n and the second for using the mean. Thus, 
there is a total of 5 degrees of freedom. Critical values of the χ 2 statistic are obtained from Table A.3. For 5, 1, 
and 0.5%, the critical values are 11.070, 15.086, and 16.75, respectively. Thus, the null hypothesis would be 
rejected for 5 and 1%, but not for 0.5%. The rejection probability is approximately 0.9%.

Example 9.9: Chi-Square Test for an Exponential Distribution—Case 2

In this example, the sediment yield as discussed in Example 9.8 is considered. In this case, the data are not 
given, but a histogram is provided as shown in Figure 9.6, which has the shape of an exponential decay function. 

table 9.4  Data for Sediment Yield for example 9.8 
(in acre-feet per square mile per year)

2.67 1.55 0.61 0.21 0.16 0.076

2.65 1.42 0.51 0.21 0.15 0.070

2.37 0.99 0.37 0.20 0.14 0.040

2.31 0.69 0.35 0.18 0.14 0.036

2.20 0.66 0.25 0.17 0.12 0.030

1.65 0.64 0.22 0.17 0.09 0.020

0.020

table 9.5 Goodness of Fit test for exponential Density Function—Case 1

Cell i 
(1)

FX(x) 
(2)

x 
(3)

expected 
Frequency (Ei) 

(4)

Observed 
Frequency (Oi) 

(5)

( )O E
E

i i

i

− 2

 
(6)

1 0.14 0.099 5.18 8 1.53

2 0.28 0.216 5.18 11 6.54

3 0.42 0.358 5.18 3 0.92

4 0.56 0.540 5.18 2 1.95

5 0.70 0.792 5.18 4 0.27

6 0.84 1.206 5.18 1 3.37

7 1.00 ∞ 5.92 8 0.73

total 37.00 37 15.32

Note:	 Column	2,	FX(x)	=	1	–	exp(–λx);	column	3,	x	=	–ln[1	–	FX(x)]/λ;	and	column	4,	
Ei	=	n[FX(xi)	–	FX(xi–1)].
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This example illustrates the effect of not having the original data (i.e., having only the histogram) on the results 
of the hypothesis testing.

The exponential density function is given in Equation 9.30, and the cumulative function is given 
in Equation  9.31. The methodofmoments estimator of λ is the reciprocal of the mean (i.e., � = 1/X ). 
Probabilities can be evaluated by integrating the density function fX(x) between the upper and lower bounds of 
each interval.

Using the sediment yield X data and the histogram of Figure 9.6, a test of hypothesis was made for the 
following hypotheses:

H0: Sediment yield has the following density function: fX(x) = 1.52 exp(–1.52x).
HA: fX(x) cannot be used to represent the sediment yield.
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Figure 9.6 Histogram	of	sediment	yield	data.

table 9.6 Goodness of Fit test for exponential Density Function—Case 2

Cell i
f x dxX ( )

X

X

ower

upper

l
≡ expected 

Frequency (Ei)
Observed 

Frequency (Oi)

( )2O E
E

i i

i

−

Cell	1:	0	≤	X ≤	0.35125 0.4137 15.30 22 ( . )
.

.
22 15 30

15 30
2 93

2−
=
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.
.

7 13 77
13 77

3 33
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=
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5 03

1 84

1 06
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.

.

.

.
⎫

⎬
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⎭
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3

2

3

8
⎫

⎬
⎪

⎭
⎪

	 	
( . )

.
.

8 7 93
7 93

0 00
2−
=

Cell	4:	1.67625	<	X	≤	2.33875 0.0497

Cell	5:	2.33875	<	X 0.0286

total 1.0000 37.00 37 6.263
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In this case, the calculation of the computed chisquare value is shown in Table 9.6. Although the histogram 
included five cells, the last three cells were combined to ensure that all cells would have an expected frequency 
greater than 5. The computed chisquare statistic is 6.263. Two degrees of freedom are lost because n and X 
were used to compute the expected frequencies; therefore, with only three cells, there is only one degree of free
dom. For levels of significance of 5 and 1% and one degree of freedom, the critical values are 3.841 and 6.635, 
respectively. Thus, the null hypothesis would be rejected for a 5% level of significance but accepted for 1%. The 
rejection probability is 0.015, which is just slightly larger than the 0.009 value of Example 9.8. This illustrates the 
importance of selecting the level of significance on the basis of a rational analysis of the importance of type I and 
II errors.

9.5.3 Kolmogorov–Smirnov One-Sample test

A.frequent.problem.in.data.analysis.is.verifying.that.the.population.can.be.represented.by.some.
specified.probability.density.function..The.chi-square.goodness.of.fit. test.was.introduced.as.one.
possible. statistical. test,.but. the.chi-square. test. requires.at. least.a.moderate. sample.size.of.about.
15,.with.much.larger.sample.sizes.preferred..The.Kolmogorov–Smirnov.one-sample.test.was.also.
developed.for.verifying.a.population.distribution.and.can.be.used.with.small.samples.

The.objective.of.the.Kolmogorov–Smirnov.one-sample.test. is. to.test. the.null.hypothesis.that.
the. sample.values.of. a. random.variable. are. likely. to.have.been. sampled. from.a. specified.prob-
ability.function;.the.null.hypothesis.must.specify.both.the.population.distribution.function.and.its.
parameters..The.alternative.hypothesis.is.accepted.if.the.distribution.function.is.unlikely.to.be.the.
underlying.function;.this.may.be.indicated.if.either.the.density.function.or.the.specified.parameters.
are.incorrect.

The. test. statistic,. which. is. denoted. as. KS,. is. the. maximum. absolute. difference. between. the.
values.of.the.cumulative.distributions.of.a.random.sample.and.the.probability.distribution.function.
specified.in.the.null.hypothesis..Critical.values.of.the.test.statistic.are.available.only.for.selected.
values.of.the.level.of.significance.as.shown.in.Appendix.A,.Table.A.7.

The.Kolmogorov–Smirnov.one-sample.test.may.be.used.for.small.samples.and.is.always.more.
powerful.than.the.chi-square.goodness.of.fit.test..The.test.requires.data.on.at.least.an.ordinal.scale..
and. is. applicable. for. comparisons.with. continuous.distributions..The.Kolmogorov–Smirnov. test.
uses.the.following.six.steps:

. 1.. State.the.null.and.alternative.hypotheses.in.terms.of.the.proposed.probability.density.function.and.
its.parameters.

. 2.. The.test.statistic,.KS,.is.the.maximum.absolute.difference.between.the.cumulative.function.of.the.
sample.(FS).and.the.cumulative.function.of.the.probability.function.specified.in.the.null.hypothesis.
(FX)..The.cumulative.function.for.the.sample.(FS).can.be.determined.by.rank-ordering.the.sample.
values.from.the.smallest.(x1).to.the.largest.(xn).for.a.sample.of.size.n..The.sample.cumulative.func-
tion.can.be.computed.as

.
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x x
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(9.32)

. . The.cumulative.function.for.the.distribution.specified.in.the.null.hypothesis.is.computed.for.each.
sample.pint..For.example,.if.a.normal.distribution.is.of.interest,.then.a.standard.normal.z.transforma-
tion.is.applied..The.sample.test.statistic.is.then.given.by

. KS.=.max|FS(x).–.FX(x)|. (9.33)



316	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

. 3.. The.level.of.significance.should.be.set;.values.of.0.05.and.0.01.are.usually.used.

. 4.. A.random.sample.should.be.obtained.and.the.sample.cumulative.probability.function.computed..
After. computing. the. cumulative. probability. function,. the. value. of. the. test. statistic. should. be.
computed.

. 5.. The.critical.value,.KSα,.of.the.test.statistic.is.a.function.of.α.and.the.sample.size,.n..Table.A.7.in.
Appendix.A.shows.the.critical.values.that.can.be.used.with.this.test.

. 6.. If.the.computed.value.KS.is.greater.than.KSα,.the.null.hypothesis.should.be.rejected.

Example 9.10: Water Quality

The following is a set of 13 measurements of a waterquality parameter in ppm: {47, 53, 61, 57, 65, 44, 56, 
52, 63, 58, 49, 51, 54}. If a level of significance of 5% is used, would it be safe to conclude that the sample is 
from a population that is normally distributed with a mean of 54.6 ppm and a standard deviation of 6.2 ppm? 
Table 9.7 shows the calculations for computing the maximum difference. The cumulative probabilities FS(x) and 
FX(x) are shown in Figure 9.7. The sample mean (X–) and the sample standard deviation (S) were computed to 
be 54.6 and 6.2, respectively. From Table 9.7 the value of the test statistic, which equals the largest absolute 
difference, is 0.0779. For a 5% level of significance, the critical value is KSα = 0.361. Because the test statistic 
KS is less than KSα, the null hypothesis cannot be rejected; that is, a normal probability distribution with a mean 
of 54.6 ppm and standard deviation of 6.2 ppm can be used as a model.

Example 9.11: Tensile Strength of Aluminum

Twenty aluminum bars with an initial length of 300 cm and a diameter of 3 cm are laboratory tested by 
a materials engineer by applying a tensile force of 82 kN. The elongation of the 20 bars is measured. Theory 
suggests an elongation of 4.9 mm and longterm experience indicates a standard deviation of 0.2 mm. Can the 
engineer conclude that the elongations of the 20 bars are normally distributed with a mean of 4.9 mm and a 
standard deviation of 0.2 mm? The sample data are given in column 1 of Table 9.8.

The hypothesis H0: X ~ N(4.9,0.2) is tested using the Kolmogorov–Smirnov onesample test. The standard 
normal transformation is used to compute the deviates for each sample point (see column 2 of Table 9.8). The 
corresponding cumulative probability is given in column 3 with the cumulative sample probabilities given in 

table 9.7  Water Quality example Using Kolmogorov–Smirnov 
One-Sample test

rank i xi FS(xi)
Standard 

Normal Variate FX(xi) |FX(xi) – FS(xi)|

1 44 0.0769 –1.7097 0.0437 0.0332

2 47 0.1538 –1.2258 0.1101 0.0437

3 49 0.2307 –0.9032 0.1830 0.0477

4 51 0.3076 –0.5806 0.2802 0.0274

5 52 0.3846 –0.4194 0.3368 0.0478

6 53 0.4615 –0.2581 0.3974 0.0641

7 54 0.5384 –0.0968 0.4605 0.0779

8 56 0.6153 0.2258 0.5881 0.0272

9 57 0.6923 0.3871 0.6494 0.0429

10 58 0.7692 0.5484 0.7070 0.0622

11 61 0.8461 1.0323 0.8479 0.0018

12 63 0.9230 1.3548 0.9114 0.0116

13 65 1 1.6717 0.9527 0.0473
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column 4. The absolute differences are given in column 5. The largest absolute difference, which becomes the 
sample KS statistic, is 0.3143 as underlined in the table. The following critical values are from Appendix A.7:

α (%) 20 15 10 5 1
KSα  0.231  0.246  0.264 0.294 0.356

table 9.8  Strength tests example Using Kolmogorov–
Smirnov One-Sample test

x
(mm)
(1)

z
(Standard 
Normal)

(2) Φ(z) F(x) |Difference|

4.22 −3.40 0.0003 0.05 0.0497

4.28 −3.10 0.0010 0.10 0.0990

4.37 −2.65 0.0040 0.15 0.1460

4.42 −2.40 0.0082 0.20 0.1918

4.45 −2.25 0.0122 0.25 0.2378

4.51 −1.95 0.0256 0.30 0.2744

4.58 −1.60 0.0548 0.35 0.2952

4.64 −1.30 0.0968 0.40 0.3032

4.68 −1.10 0.1357 0.45 0.3143
4.77 −0.65 0.2578 0.50 0.2422

4.81 −0.45 0.3264 0.55 0.2236

4.94 0.20 0.5793 0.60 0.0207

4.99 0.45 0.6736 0.65 0.0236

5.08 0.90 0.8159 0.70 0.1159

5.16 1.30 0.9032 0.75 0.1532

5.22 1.60 0.9452 0.80 0.1452

5.29 1.95 0.9744 0.85 0.1244

5.37 2.35 0.9906 0.90 0.0906

5.44 2.70 0.9965 0.95 0.0465

5.52 3.10 0.9990 1.00 0.0010
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Figure 9.7 example	using	the	Kolmogorov–smirnov	one-sample	test.
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Therefore, at a level of significance of 5%, the null hypothesis would be rejected; however, at a 1% level, the null 
hypothesis could be accepted. The rejection probability is approximately 4%. It seems from these results that 
the sample data do deviate from the assumed population. Given a sample mean of 4.837 mm and a standard 
deviation of 0.406 mm, it seems reasonable to expect that the spread of the sample data is the reason that the 
rejection probability is small. We would expect 68% of the 20 samples, or about 14, to lie within standard devi
ate (z) values of −1 to +1. In the data of Table 9.8 only 5 of the 20 values are in this range.

9.6 APPLICAtIONS

Nine.examples.are.used.to.illustrate.the.six-step.procedure.for.testing.hypotheses..In.each.case,.
a.statistical.analysis.of.engineering.data.is.used.to.make.inferences.about.the.populations..Statistical.
inferences.about.the.mean.of.a.random.variable.depend.on.knowledge.of.the.variance.of.the.pop-
ulation;.a.hypothesis.test.concerning.a.mean.value.is.illustrated.in.the.first.example..The.second.
and.third.examples.deal.with.a.comparison.of.two.population.means.rather.than.a.test.of.a.single.
population.statistic..The.fourth.and.fifth.examples.illustrate.a.hypothesis.test.on.the.variance.of.a.
population..The.remaining.examples.illustrate.the.comparison.of.two.sample.variances.

9.6.1 test of Mean Strength of Steel Prestressing Cables

Samples.of.steel.prestressing.cables.to.be.used.in.a.curved.gravity.dam.are.tested.prior.to.con-
struction. to. ensure. that. the. shipment. meets. the. design. capacity.. Design. plans. call. for. 100-wire.
cables.with.a.mean.capacity.of.900.kips..Eight.samples.were.randomly.selected.and.tested,.with.the.
following.capacities:.825,.900,.915,.850,.870,.930,.835,.and.885.kips..If.the.cables.selected.for.test-
ing.are.representative.of.the.cables.supplied.by.the.manufacturer,.can.we.conclude.that.the.design.
capacity.is.met?

The.design.capacity.of.900.kips.provides.the.null.hypothesis,.H0:.µ.=.900.kips..Because.capac-
ities.greater. than.900.kips.would.be.acceptable,. the.problem.demands.a.one-tailed. test.with. the.
alternative.hypothesis,.HA:.µ.<.900.kips..Therefore,.the.two.hypotheses.are

. H0 900: m = kips . (9.34a)

. HA: kipsm < 900 . (9.34b)

If.the.null.hypothesis.is.accepted,.then.the.shipment.of.100-wire.cables.is.considered.acceptable..If.
the.null.hypothesis.is.rejected,.then.the.engineer.should.make.adjustments,.either.in.the.form.of.a.
new.shipment.of.cables.or.redesigning.to.allow.for.lower-capacity.cables.

Because.the.standard.deviation.of.the.capacity.is.not.known.from.other.studies,.the.t.test.should.
be.applied..Analysis.of.the.eight.measurements.yields.a.mean.and.standard.deviation.of.876.2.and.
38.0.kips,.respectively..Thus,.the.computed.value.of.the.t.statistic.is

. t
X

S n
=

−
=

−
= −

m0 876 2 900

38 8
1 771

/

.

/
. . (9.35)

A.sample.of.eight.has.7.degrees.of.freedom..Figure.9.8.shows.the.distribution.of.the.test.statistic.
and.the.region.of.rejection.for.levels.of.significance.of.10,.5,.and.1%..For.a.5%.level.of.significance.
and.a.critical.value.of.–1.895,.according.to.Table.A.2.the.null.hypothesis.would.be.accepted..There.
is.approximately.a.6%.chance.of.making.a.type.I.error..If.a.level.of.significance.greater.than.about.
6%.were.used,.then.the.null.hypothesis.would.have.to.be.rejected.
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9.6.2 test of Mean Water Use of hotels

Water.use.in.hotels.is.measured.on.a.basis.of.gallons.per.day.per.room.(gpdr)..Using.annual.data.
from.12.hotels.in.Baltimore,.the.mean.and.standard.deviation.are.225.and.35.gpdr,.respectively..
Data.from.seven.hotels.in.Las.Vegas.give.a.mean.and.standard.deviation.of.420.and.90.gpdr,.respec-
tively..Based.on.these.data,.a.test.is.made.to.assess.whether.or.not.average.water.use.in.western.cities.
is.greater.than.that.in.eastern.cities:

. H E W0 : m m= . (9.36a)

. H E WA: m m< . (9.36b)

The.one-sided.test.on.two.means.can.be.conducted.using.the.test.statistic.of.Equation.9.16.and.the.
pooled.variance.of.Equation.9.17.which.is.given.by

.
Sp
2

2 2
212 1 35 7 1 90

12 7 2
3651=

− + −

+ −
=

( )( ) ( )( )
( )gpdr

.
(9.37)

Thus,.the.pooled.standard.deviation.is.60.4.gpdr..The.t.statistic.is.given.by

.
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(9.38)

with.17.degrees.of.freedom..The.critical.t.values.for.5.and.1%.levels.of.significance.are.–1.74.and.
–2.567,.respectively,.using.Table.A.2..Thus,.even.at.a.1%.level,.the.null.hypothesis.must.be.rejected,.
with.the.implication.that.the.average.water.use.in.the.hotels.of.western.cities.is.greater.than.that.in.
eastern.cities..In.assessing.the.validity.of.the.implication,.it.is.important.to.know.whether.or.not.
water.use.in.the.two.cities.is.representative.of.water.use.in.their.respective.regions.

9.6.3 test of two Sample Means for Car Speed

The.average.speed.of.cars.was.measured.at.a.particular.location.on.an.interstate.highway.before.
and.after.passage.of.a.law.allowing.speeds.up.to.65.mph..One.group.argued.that.the.average.speed.
in.excess.of.the.65-mph.limit.would.be.smaller.than.the.average.speed.in.excess.of.the.55-mph.limit.
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Figure 9.8 Distribution	of	the	test	statistic.
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before.the.law..Thus,.the.random.variable.is.the.difference.between.the.average.speed.and.the.speed.
limit..For.group.1,.this.would.be.X1 55− ;.for.group.2,.this.would.be.X2 65− .

The.comparison.dictates.the.following.null.hypothesis:

. H0 1 2: m m= . (9.39a)

where.μ.is.the.difference.of.the.population.mean.from.the.speed.limit..Given.that.the.group.believes.
that.the.difference.will.decrease.for.the.65-mph.limit,.the.alternative.hypothesis.is

. HA: m m1 2> . (9.39b)

Thus,.it.is.a.one-tailed.test.with.the.direction.that.the.difference.is.greater.for.the.55-mph.limit.
The.following.16.speeds.were.measured.for.both.the.55-.and.the.65-mph.limit:

. X1  = {62, 59, 67, 66, 56, 63, 58, 67, 72, 54, 61, 63, 60, 557, 68, 64} . (9.40a)

. X2  = {73, 66, 68, 63, 76, 72, 68, 71, 75, 67, 74, 59, 70, 558, 75, 78}. (9.40b)

For.groups.1.and.2,.the.means.are.62.31.and.69.56.mph,.respectively,.and.the.standard.deviations.
are.4.91.and.5.91.mph,.respectively..Using.Equation.9.16,.the.computed.value.of.the.test.statistic.is

.
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(9.41)

where.the.pooled.variance.is.computed.from.Equation.9.17.as

.
Sp
2

2 215 4 91 15 5 91

16 16 2
29 52=
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( . ) ( . )
.

.
(9.42)

Thus,.the.pooled.standard.deviation.is.5.433.mph,.the.computed.value.of.the.test.statistic.(t).is.1.432,.
and.there.are.30.degrees.of.freedom..For.a.level.of.significance.of.5%,.the.critical.t.value.for.a.one-
sided.test.from.Table.A.2.is.1.697..Thus,.the.null.hypothesis.of.equal.excesses.above.the.speed.limit.
is.accepted.

9.6.4 Variation of effective Cohesion

The.effective.cohesion.(Ce).is.a.decision.element.in.problems.of.slope.stability..Given.the.dif-
ficulty.in.determining.the.value.of.the.Ce.at.a.site.and.the.inherent.variability.of.soil.properties,.
including.Ce,.factors.of.safety.are.applied.in.slope.stability.problems..One.engineer.decides.to.esti-
mate.the.Ce.from.field.sampling.by.taking.five.field.samples.and.estimating.Ce.with.each.sample..
However,.as.a.practice,.the.engineer.resamples.when.the.variance.of.the.sample.estimates.of.Ce.is.
significantly.greater.than.104.(psf)2.

On.one.project,. the.engineer.uses.five.samples.to.estimate.the.Ce,.with.the.following.values:.
620,.410,.730,.570,.and.380.lb/ft2..Based.on.these.measurements,.which.have.a.standard.deviation.
of.146.5.psf,.the.engineer.tests.the.following.hypotheses:

. H0
2 4 210: ( )s = psf . (9.43a)

. HA psf: ( )s 2 4 210> . (9.43b)
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The.computed.value.of.the.test.statistic.according.to.Equation.9.25.is:

. c
s

2
2

2

2

2

1 4 146 5

100
8 59=

−
= =

( ) ( . )

( )
.

n S
. (9.44)

which.has.n – 1.=.4.degrees.of.freedom..Using.a.5%.level.of.significance,.the.critical.value.from.
Table.A.3.is.9.488,.so.the.null.hypothesis.cannot.be.rejected..While.the.sample.standard.deviation.is.
greater.than.the.limiting.value.of.100.psf,.it.is.not.significantly.greater..Thus,.the.engineer.decides.
not.to.resample.

9.6.5 Uniformity of Illumination

In.addition.to.the.mean.illumination.in.an.office.building,.the.lighting.engineer.is.concerned.
with.uniformity.of.lighting..Except.for.specific-task.locations,.the.light-source.arrangement.should.
provide.uniform.illumination..Existing.lighting.systems.in.similar.offices.provide.a.standard.devia-
tion.of.40.lm/ft2..For.a.new.building,.the.engineer.is.considering.a.new.lightning.system.and.decides.
to.test.the.uniformity.prior.to.ordering.the.system..To.make.replacement.worthwhile,.the.engineer.
believes.that.the.uniformity.provided.by.the.new.system.will.have.to.be.significantly.better;.thus,.
the.following.hypotheses.will.govern.the.decision:

. H0
2

0
2: s s= . (9.45a)

. HA: s s2
0
2< . (9.45b)

The.null.hypothesis.suggests.that.the.existing.lighting.system.is.as.good.as.the.new.system..If.the.
illumination.provided.by.the.new.system.has.a.smaller.variance.than.that.of.the.existing.system,.
then.the.alternative.hypothesis.is.appropriate..If.the.null.hypothesis.is.rejected,.then.the.new.system.
should.be.provided.

To.test.the.uniformity.provided.by.the.new.system,.the.engineer.decides.to.collect.a.random.
sample.of.eight.measurements. in.an.office.building. that.has. the.new.system.and.use.a.1%.level.
of.significance.to.make.a.decision..The.eight.measurements.are.62,.97,.83,.92,.54,.78,.86,.and.66.
lm ft2,.which.yield.a.standard.deviation.of.15.20.lm/ft2..The.computed.value.of.the.χ 2.test.statistic.
according.to.Equation.9.25.is

.
c2

2

2

2

2

1 7 15 20

40
1 011=

−
= =

( ) ( . )

( )
.

n S

s .
(9.46)

For.k.=.ν.=.n.–.1.=.7.degrees.of.freedom.and.a.1%.level.of.significance,.the.critical.value.according.
to.Table.A.3.is.1.239..Because.the.computed.value.is.less.than.the.critical.value,.the.null.hypothesis.
should.be.rejected..Thus,.the.new.lighting.system.will.be.used.

9.6.6 Variation of Infiltration Capacity

Two. sites. are. being. considered. for. an. infiltration-based. stormwater. management. system.. In.
addition.to.the.average.infiltration.capacity,.it. is.desirable.to.have.a.relative.uniform.variation.of.
capacity.over.the.site.where.the.facility.is.to.be.located..Because.infiltration.capacity.is.an.important.
factor.in.siting,.soil.tests.are.made.at.feasible.sites..For.one.project,.two.sites.are.being.considered..
In.addition.to.the.mean.infiltration.capacity,.the.variation.is.also.computed..Because.of.other.siting.
criteria,.site.A.is.currently.favored.over.site.B.and.will.be.selected.if.it.meets.the.condition.that.the.
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variability.of.the.infiltration.capacity.at.site.A.is.not.greater.than.that.at.site.B..Thus,.the.following.
hypotheses.are.tested:

. H A B0
2 2: s s= . (9.47a)

. ..H A BA: s s2 2> . (9.47b)

If.the.null.hypothesis.is.accepted,.then.site.A.will.be.used;.if.it.is.rejected,.then.site.B.will.be.used.
Measurements.are.made.at.the.two.sites.with.the.following.results:.A.=.{0.9,.1.4,.1.0,.1.7}.in./h,.

and.B.=.{1.4,.0.9,.1.2,.1.4}.in./h..This.yields.standard.deviations.of.SA.=.0.3697.and.SB.=.0.2363..The.
computed.value.of.the.test.statistic.is
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0 2363
2 448
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( . )
. . (9.48)

with.degrees.of.freedom.of.k.=.νA = nA.–.1.=.3.and.u.=.νB.=.nB.–.1.=.3..The.critical.F.value.from.
Table.A.4.is.9.28.for.a.5%.level.of.significance..Thus,.we.cannot.reject.the.null.hypothesis,.so.
site.A.is.selected.as.the.better.site.for.the.planned.storm.water.management.facility.even.though.
SA.>.SB.

9.6.7 test of two Variances for Car Speed

For.the.example.of.Section.9.6.3,.the.test.statistic.is.based.on.the.assumption.that.the.variances.
of.the.two.groups.are.equal..Furthermore,.some.argue.that.the.higher.speeds.associated.with.the.
higher.speed.limit.of.65.mph.lead.to.a.greater.spread.of.speeds.and.that.the.accident.rate.increases.
as.the.spread.of.speeds.increases..Thus,.there.is.both.a.statistical.and.an.engineering.reason.for.test-
ing.for.equality.of.variances.for.the.data..The.null.hypothesis.is

. H0 1
2

2
2: s s= . (9.49a)

For.the.statistical.assumption,.the.alternative.hypothesis.is

. HA: s s1
2

2
2↑ . (9.49b)

The.computed.F.statistic.(Equation.9.28).equals.the.ratio.of.the.larger.variance.to.the.smaller.vari-
ance,.which.is
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(9.50)

Both.degrees.of.freedom.equal.15,.so.from.Table.A.4.for.a.5%.level.of.significance,.the.critical.F.is.
2.40;.thus,.the.null.hypothesis.is.accepted.for.a.10%.level.of.significance..For.the.two-tailed.alterna-
tive,.the.level.of.significance.is.twice.the.value.shown.on.the.table.

For.the.engineering.assessment.of.the.null.hypothesis.of.equal.variances,.the.alternative.hypoth-
esis.is

. HA: s s2
2

1
2> . (9.51)
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Therefore,.the.computed.F.statistic.is.the.ratio.S S2
2

1
2/ ,.which.equals.1.449..The.critical.value.from.

Table.A.4.is.2.40,.which.means.that.the.null.hypothesis.is.accepted.for.a.5%.level.of.significance..
Thus,.the.test.suggests.that.the.spread.of.the.speeds.for.the.65-mph.limit.is.not.significantly.greater.
than.the.spread.of.the.speeds.for.the.55-mph.limit.

9.6.8 test on Variances of Soil Friction Angle

Two.methods.of.estimating.the.friction.angle.ϕ.of.soil.are.compared..The.first.method.is.more.
time. intensive. to.conduct.but. is.considered. to.be.more.precise..The.second.method. is. simple. to.
apply,.but.it.is.believed.to.be.less.precise..A.geotechnical.engineer.wishes.to.test.whether.or.not.the.
time-intensive.method.is.more.precise..From.a.homogeneous.soil,.five.samples.are.obtained.and.
analyzed.with.the.first.method,.with.the.following.estimates.of.ϕ:.0.34,.0.37,.0.35,.0.34,.and.0.33..
Five.random.samples.obtained.from.the.same.soil.and.subjected.to.the.second.test.yield.the.follow-
ing.estimates:.0.36,.0.32,.0.38,.0.31,.and.0.34..The.two-sample.F.test.can.be.applied.to.evaluate.the.
relative.precision.of.the.two.methods.of.estimating.ϕ..Because.the.second.test.is.assumed.to.be.less.
precise,.the.engineer.expects.its.sample.variance.to.be.the.greater,.so.it.appears.in.the.numerator.of.
the.F.statistic.of.Equation.9.28.as.follows:
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which.would.have.degrees.of.freedom.of.ν1.=.ν2.=.4..The.critical.F.value.from.Table.A.4.is.
6.39.for.a.5%.level.of.significance..Because.the.computed.F.is.less.than.the.critical.F,.the.
null. hypothesis. cannot. be. rejected;. the. engineer. concludes. that. the. two. tests. are. equally.
precise.

9.6.9 test on Variances of Nitrogen Levels

In.Example.9.4,.a.test.on.equality.of.two.means.was.made.for.samples.of.nitrogen.levels..The.
test.was.based.on.the.assumption.that.the.population.variances.are.equal,.so.there.is.a.valid.reason.
for.testing.for.equality.of.variances..The.test.on.the.two.means.was.made.because.it.was.believed.
that.the.development.would.increase.the.mean.nitrogen.level..It.would.also.seem.reasonable.to.test.
whether.or.not.development. increases. the.variance;. thus,. there. is.a.second.reason.for. testing.for.
equality.of.variances..Because.of.the.second.reason,.a.one-sided.test.on.the.variances.can.be.used.
as.follows:

. H b a0
2 2: s s= . (9.53a)

. H b aA: s s2 2< . (9.53b)

where.s sa b
2 2and .are.the.variances.for.the.after-.and.before-development.nitrogen.levels,.respec-

tively..Because.the.test.is.one.sided.(i.e.,.with.a.specified.direction),.the.test.value.of.Equation.9.28.
becomes

. F
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2 . (9.54)
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in.which.are.the.sample.variances.for.the.after-.and.before-development.nitrogen-level.data,.respec-
tively..The.degrees.of.freedom.are.k.=.ν1.=.na.–.1.=.13.and.u.=.ν2.=.nb.–.1.=.10..The.sample.standard.
deviations.are.Sa.=.0.87.mg/L.and.Sb.=.0.36.mg/L..Thus,.the.computed.F.is

. F = =
( . )

( . )
.

0 87

0 36
5 84

2

2 . (9.55)

For.levels.of.significance.of.5.and.1%,.the.critical.F.values.are.2.89.and.4.66,.respectively..Thus,.the.
null.hypothesis.should.be.rejected.at.both.levels.

The.results.of.this.test.have.two.implications..First,.it.would.suggest.that.development.caused.
the.variance.of.total.nitrogen.levels.to.increase..There.may.be.an.ecological.consequence.of.this.
finding..Second,.it.would.suggest.that.the.assumption.of.equal.variances.that.was.used.in.the.two-
sample.test.on.means.of.Section.9.3.3.was.violated..Thus,.a.different.test.on.two.means.may.need.
to.be.investigated..Nonparametric.test.alternatives.can.be.used.instead,.but.these.tests.are.beyond.
the.scope.of.this.book.

9.7 SIMULAtION OF hYPOtheSIS teSt ASSUMPtIONS

In.Section.6.5.2,.the.distribution.of.the.correlation.coefficient.was.approximated.using.simulation..
The.topics.in.this.chapter.stress.the.value.of.knowing.the.distribution.of.a.statistic;.specifically,.the.
distribution.function.is.used.as.the.basis.of.testing.hypotheses.and.in.computing.confidence.limits..
Knowledge.of.the.distribution.is.also.necessary.to.estimate.sample.size.requirements.

For.some.statistics,.such.as.the.mean.from.a.normal.population,.the.distribution.is.known.from.
theory..In.other.cases,.theory.cannot.identify.the.underlying.distribution..The.correlation.coefficient.
is.an.example.of.a.statistic.with.a.distribution.function.that.cannot.be.identified.from.theory..In.some.
cases,.the.distribution.can.be.approximated..In.other.cases,.a.transformation.can.be.made.such.that.
the.resulting.statistic.has.a.known.distribution.or.can.be.approximated.with.a.known.distribution..
The.chi-square.goodness.of.fit.test.is.another.example.where.the.test.statistic.is.approximated.by.a.
known.distribution.function.

Some.of.the.tests.introduced.in.this.chapter.have.a.limitation.or.an.assumption..For.example,.
the.t.test.on.a.single.mean.with.an.unknown.population.variance.assumes.that.the.mean.was.com-
puted.from.a.sample.drawn.from.a.normal.population..Other.tests.are.based.on.similar.assumptions..
The.extent.to.which.the.assumption.is.important.is.rarely.identified.in.textbooks,.and.conventional.
wisdom.suggests.that.use.of.the.test.when.the.assumption.is.violated.is.wrong..Yet,.if.we.only.used.
statistical.methods.when.all.of.the.assumptions.were.met,.statistical.methods.would.be.rarely.used..
Public.opinion.polls,.with,.for.example,.a.stated.accuracy.of.±3%,.are.one.prime.example.where.the.
underlying.assumptions.are.likely.to.have.been.violated.

In.summary,.this.brief.discussion.has.identified.two.factors.that.are.relevant.to.simulation..First,.
simulation.can.be.a.very.useful.tool.for.identifying.the.probability.distribution.of.a.test.statistic..
Second,.simulation.can.be.used.to.test.the.importance.of.assumptions.that.are.assumed.valid.when.
using.a.statistical.hypotheses.test.

Example 9.12: Assumption of Normality with the t Test

The t test for the sample mean of a single sample assumes that the sample is from a normal population. 
How important is this assumption? Would the t statistic provide reliable decisions if the data were samples 
from a chisquare distribution? Or an extremevalue distribution? Simulation can give some insight into this 
problem.
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To test the assumption of normality, 20,000 samples, each of size 10, were sampled from normal, uniform, 
and exponential distributions. The data samples were generated using randomnumber generators for each of 
the distributions. The sample mean and standard deviation of each set of ten values were computed and used 
to compute the t value with Equation 9.12. Based on the t values computed for the 20,000 samples from a dis
tribution, three cumulative distributions were developed. Histograms of the 20,000 t values were formed and 
were used to obtain critical (i.e., significance) values for 10, 5, 2.5, and 1% of the area in the upper tails. The 
critical values for samples from the three populations are as follows, along with the true t statistic for 9 degrees 
of freedom (ν):

Level of Significance
α (%) tv,α

Critical Value for

Normal Uniform Exponential

10 1.383 1.384 1.375 1.050
5 1.833 1.852 1.830 1.362
2.5 2.262 2.220 2.286 1.635
1 2.821 2.759 2.910 1.982

The accuracy of the simulated values can be expected to decrease as the level of significance becomes smaller. 
For a 10% level of significance, approximately 2000 sample values would be in the upper tail; therefore, the 
sample size is large enough to get a reasonably accurate estimate of the critical value. For the 1% level of 
significance, only 200 values would be in the tail of the distribution, such that one or two sample values 
could cause a noticeable change in the simulated critical value. The simulated values from the samples with 
a normal distribution produced absolute values of the errors of 0.001, 0.019, 0.042, and 0.062 for the 10, 5, 
2.5, and 1% levels of significance, respectively. Greater accuracy could be achieved using more than 20,000 
samples.

The errors for the statistics computed from the samples generated from a uniform distribution are 0.008, 
0.003, 0.024, and 0.089. These errors are comparable to those from the normaldistribution samples. From 
these results, it appears that the t  test would provide reasonable decisions when sampling is done from a uni
form distribution. Both the normal and uniform distribution are symmetric. Could the t  test be used with other 
symmetric distributions without severely violating the accuracy of the critical t  values? Simulation could be 
used to answer this question.

The simulated t  values computed from samples generated using an exponential population clearly indi
cate that the t  test cannot be used when sampling from an exponential population. The errors are 0.333, 0.471, 
0.627, and 0.839 for the four levels of significance, which are much larger than the errors shown for the nor
mal and uniform critical values. The simulated critical values are in error when compared with the t  values by 
amounts much greater than can be expected from sampling error. All of the critical values are much less than 
the true values. Thus, decisions made with the upper tail of the t  test for samples from an exponential popu
lation can lead to rejection of the null hypothesis much less frequently than should be expected. From these 
results, would you expect that the result would generally be true for all nonsymmetric distributions?

9.8 SIMULAtION PrOJeCtS

Use.one.of.the.data.sets.of.Appendix.C.(the.same.data.set.used.for.the.simulation.project.in.Section.
8.8)..Repeat.the.steps.of.the.simulation.project.in.Section.8.8.except.in.this.case.set.up.the.histo-
grams.for.t.and.z.such.that.they.cover.the.upper.and.lower.tails.of.the.distribution.of.t.and.z..This.
approach.will.make.it.possible.to.verify.the.tabulated.z.and.t.values.for.levels.of.significance.of.10%,.
5%,.and.1%..Note.any.differences.and.discuss.the.accuracy.of.the.generation.process.and.sampling.
variables.of.computed.distributions.
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9.9 PrOBLeMS

 9-1. What.are.the.characteristics.of.a.null.hypothesis?.Alternative.hypothesis?
. 9-2. Provide.statements.of.the.null.and.alternative.hypotheses.that.the.correlation.coefficient.is.equal.to.

some.prespecified.value..Define.all.notations.
. 9-3.. What.factors.influence.the.selection.of.the.level.of.significance?.Discuss.each.factor.
. 9-4.. A.can.of.paint.is.advertised.to.cover.an.area.of.400.ft2..What.are.the.implications.of.type.I.and.type.

II.errors?
. 9-5. A.levee.is.designed.to.control.a.discharge.of.800.ft3/s..A.model.is.used.to.predict.discharge.rates.for.

various.storms..What.are.the.implications.of.type.I.and.type.II.errors?
. 9-6. A.new.type.of.steel.is.designed.for.a.tensile.strength.of.x..What.are.the.implications.of.type.I.and.

type.II.errors?
. 9-7.. Define.the.region.of.rejection.in.terms.of.(a).values.of.the.test.statistic;.(b).proportions.of.the.area.of.

the.probability.density.function.of.the.test.statistic;.(c).the.region.of.acceptance;.and.(d).the.critical.
value(s).of.the.test.statistic.

. 9-8. What.four.factors. influence. the.critical.value.of.a. test.statistic?.Show.pictorially.how.each.factor.
affects.the.critical.value.

. 9-9. From.Table.8.3a,.find.the.sample.that.has.a.sample.mean.that.deviates.from.0.by.the.largest.amount..
Test.the.mean.to.determine.if.it.is.significantly.different.from.0..Use.a.two-sided.alternative.hypoth-
esis.and.a.5%.level.of.significance..Assuming.the.samples.are.from.a.N(0,1).population,.is.it.reason-
able.that.the.null.hypothesis.would.be.rejected?.Explain.

. 9-10. Using.the.sample.mean.on.row.3,.column.6.of.Table.8.3b,.test.whether.or.not.it.is.significantly.differ-
ent.from.0..Use.a.two-sided.alternative.hypothesis.and.a.5%.level.of.significance.

. 9-11. Using.the.sample.mean.on.row.2,.column.7.of.Table.8.3b,.test.whether.or.not.it.is.significantly.less.
than.1.0..Use.a.one-tailed.alternative.hypothesis.and.a.2%.level.of.significance..What.is.the.rejection.
probability?

. 9-12.. Using.the.first.sample.of.5.in.Table.8.3a,.test.the.null.hypothesis.that.μ =.0..Use.a.two-sided.alterna-
tive.hypothesis.and.a.5%.level.of.significance.

. 9-13.. Results.of. testing.for. the.presence.of.pollutants. in.a. local.stream.have.a.mean.of.10.mg/L.and.a.
standard.deviation.of.2.mg/L..Six.samples.of.water.collected.from.the.stream.result.in.the.following.
measurements:.12.7,.15.1,.9.5,.13.7,.19.6,.and.16.4.mg/L..Does.the.level.of.pollutants.in.the.stream.
exceed.the.original.finding.of.10.mg/L?

. 9-14.. Assume.that.the.compressive.strength.(lb/in.2).of.Boston.blue.clay.has.a.true.variance.of.15.5.(lb/
in.2)2..Can.we.conclude.that.the.sample.of.values.in.Problem.9.61.has.a.mean.that.is.significantly.less.
than.50.lb/in.2?

. 9-15.. Two.tests.were.provided.for.testing.the.hypothesis.of.a.mean.value.against.a.standard,.the.Z.test.of.
Equation.9.6.and.the.t.test.of.Equation.9.12..What.are.the.differences.of.the.two.tests.in.terms.of.the.
purpose,.data. analysis. requirements,. underlying.assumptions,. and. the. critical.value?.Under.what.
circumstances.can.the.Z.test.be.used.as.an.alternative.to.the.t.test?

. 9-16.. A.sample.of.20.yields.a.mean.of.32.4..Test.the.two-sided.hypothesis.that.the.sample.was.drawn.from.
a.population.with.a.mean.of.35.for.the.following.cases:.(a).if.the.variance.of.the.population.is.33;.and.
(b).if.the.variance.of.the.population.is.unknown,.but.the.sample.variance.is.33..Use.a.level.of.signif-
icance.of.5%.

. 9-17.. A.random.sample.of.10.has.a.mean.of.110..Test.the.null.hypothesis.that.µ.=.120.against.the.alternative.
hypothesis.that.µ.<.120.at.the.5%.level.of.significance.for.the.following.cases:.(a).assuming.that.the.
population.standard.deviation.of.18.is.known;.and.(b).assuming.that.the.population.standard.devia-
tion.is.unknown.and.the.sample.value.is.18.

. 9-18. A.random.sample.of.8.has.a.mean.of.543..Test.the.null.hypothesis.that.µ.=.500.against.the.alternative.
hypothesis.that.µ.>.120.at.a.1%.level.of.significance.for.the.following.cases;.(a).assuming.the.popula-
tion.standard.deviation.of.45.is.known,.and.(b).assuming.that.the.population.standard.deviation.is.
unknown.with.a.sample.value.of.45..Discuss.the.results.

. 9-19. Define.the. term.rejection probability..Explain. its.relationship.with. the. level.of.significance.when.
testing.a.hypothesis.

. 9-20. If.the.rejection.probability.of.a.test.on.a.mean.is.8.4%,.what.should.be.said.about.the.decision.implied.
about.the.null.hypothesis?

. 9-21. If.the.rejection.probability.of.a.test.on.a.mean.is.0.4%,.what.should.be.said.about.the.decision.implied.
about.the.null.hypothesis?

. 9-22. Explain.why.the.use.of.a.level.of.significance.of.5%.is.not.best.in.all.circumstances.

. 9-23. If.we.can.compute.the.probabilities.of.type.I.and.type.II.errors,.what.factors.would.contribute.to.the.
decision.to.select.specific.values.of.α.and.β?
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. 9-24.. A.random.sample.of.25.has.a.mean.of.4.8.with.a.standard.deviation.of.0.32..Test.the.null.hypothesis.
that.µ.=.4.95.against.the.alternative.hypothesis.that.µ.<.4.95.at.the.1%.level.of.significance.

. 9-25.. A.random.sample.of.10.yields.a.mean.and.standard.deviation,.respectively,.of.73.6.and.7.9..Assuming.
a.two-sided.test,.test.the.hypothesis.that.the.sample.is.from.a.population.with.a.mean.of.80..Use.a.
level.of.significance.of.(a).5%.and.(b).1%.

. 9-26.. A.public.water.supply.official.claims.that.the.average.household.water.use.is.greater.than.350.gal/
day..To.test.this.assertion,.a.random.sample.of.200.households.was.questioned..If.the.random.sam-
ple.showed.an.average.use.of.359.gal/day.and.a.standard.deviation.of.35.gal/day,.would.it.be.safe.to.
conclude.at.the.1%.level.of.significance.that.water.use.is.greater.than.350.gal/day?

. 9-27.. A.random.sample.of.12.has.a.mean.and.standard.deviation.of.240.and.30,.respectively..Test.the.null.
hypothesis.that.µ.=.215.against.the.alternative.hypothesis.that.µ.>.215.at.a.level.of.significance.of.(a).
5%.and.(b).1%.

. 9-28.. From.the.samples.in.Table.8.3,.compare.the.sample.means.of.the.last.two.samples.of.5.(1.412.vs..
0.094)..Use.a.two-sided.alternative.hypothesis.and.a.5%.level.of.significance..Assume.the.population.
is.unknown.

. 9-29. The.travel.times.between.an.airport.and.center.city.is.sampled.for.public.buses.and.private.taxicabs..
A.sample.of.eight.bus.trips.yields.times.of.44,.56,.39,.42,.48,.51,.36,.43.min..Ten.taxis.are.included.
in.the.survey.with.times.of.37,.46,.40,.32,.35,.46,.39,.41,.29,.36.min..Given.the.cost.difference,.can.
we.conclude.that.the.taxis.cabs.get.the.riders.to.center.city.at.a.significantly.faster.time?

. 9-30. Two.concrete.plants.are.providing.concrete.to.a.construction.site..While.the.intended.design.is.the.
same,.five.specimens.are.taken.from.each.plant,.with.the.following.results.of.crushing.strength:

.    Plant.1.:.34700,.36800,.35200,.33900,.35800.kN/m2

. . . . Plant.2:.33800,.34700,.35500,.34600,.34000.kN/m2

. . Can.we.conclude. (a). that.both.plants. fulfill. the.design. strength.of.35000.kN/m2.and. (b). that. the.
strengths.of.the.concrete.from.the.two.plants.are.the.same?

. 9-31. Office.workers.complain.that.the.noise.level.in.their.office.Area.1.is.greater.than.that.in.the.company’s.
other.office.Area.2..Six.measurements. are.made.on.different.days. in. each.area,.with. the. following.
results:

.    Area.1:.61,.66,.65,.72,.59,.68.decibels

. . . . Area.2:.64,.56,.53,.61,.63,.51.decibels

. (a). Can.the.workers.of.Area.1.legitimately.conclude.that.their.Area.1.is.noisier?

. (b). Is.the.noise.level.of.Area.1.greater.than.60.decibels?

. 9-32. Wetland.ecologists.often.recommend.including.an.island.in.the.middle.of.wetlands.to.increase.the.
retention. time. during. minor.flood. events.. One. ecologist. argues. that. the. island. does. not. increase.
retention.time.because.the.travel.velocity.is.increased.along.with.travel.length..Dye.studies.are.used.
to.measure.retention.time.in.5.wetlands.with.islands.and.7.wetlands.without.islands,.with.the.follow-
ing.time.(hours):

.    With.islands:.23,.19,.26,.16.20

. . . . Without.islands:.18,.27,.21,.19,.28,.18,.24

. . Is.there.a.significant.difference.in.retention.times?

. 9-33. Two.brands.of.resistance.thermometers.are.available.to.a.laboratory..To.decide.which.brand.to.buy,.
they. initially. test. six. thermometers.of. each.brand,.with. the. following.measured.values.when. the.
known.standard.is.950.mv:

.    Brand.A:.938,.954,.947,.961,.951,.944

. . . . Brand.B:.931,.948,.967,.973,.947,.964

. (a). Does.Brand.A.produce.resistance.thermometers.that.meet.the.standard?

. (b). Does.Brand.B.meet.the.standard?

. (c). Do.the.means.of.the.two.brands.differ.significantly?

. 9-34. To.determine.if.the.octane.level.of.a.gasoline.influenced.gas.mileage,.ten.cars.were.driven.over.a.
100-mile.road.test.first.using.a.87-octane.gas.and.then.a.93-cotane.gas..The.miles/gallon.measured.
for.the.ten.cars.were

.   87-octane:.17.6,.19.1,.18.3,.18.8,.19.5,.19.0,.18.1,.17.9,.19.2,.18.4

. . . 93-octane:.19.8,.19.2,.19.4,.18.9,.19.1,.20.0,.19.9,.20.3,.18.4,.18.6

. . Does.increasing.the.octane.increase.the.mileage?

. 9-35.. Destructive.tests.made.on.8.samples.of.wood.to.determine.the.failure.strength.yield.a.mean.of.56.4.
and.a.standard.deviation.of.5.22..Nondestructive.tests.are.made.on.12.samples.of.the.same.type.of.
wood,.resulting.in.a.mean.of.53.7.and.a.standard.deviation.of.3.16..Is.it.reasonable.to.conclude.that.
the.nondestructive.method.gives.significantly.lower.measures.of.the.strength?
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. 9-36.. Three.measurements.of.a.pollutant.upgradient.of.a.landfill.yield.a.mean.of.15.4.mg/L.and.a.standard.
deviation.of.2.8.mg/L..Five.measurements.made.downgradient.of. the. landfill. result. in.a.mean.of.
29.1.mg/L.and.a.standard.deviation.of.7.4.mg/L..Is.it.safe.to.conclude.that.the.landfill.contributes.to.
increasing.the.pollutant.level.in.the.groundwater?

. 9-37.. Using.the.first.two.samples.of.Table.8.3,.which.have.means.of.0.258.and.–0.491,.test.the.null.hypoth-
esis.that.µ1.=.µ2.against.a.two-tailed.alternative..Assume.the.population.variances.are.not.known..
Use.α.=.5%.

. 9-38.. Two. nonlinear. models. are. fitted. to. a. sample. of. data. of. 12. observations.. Model. 1. has. a. bias.
of.–0.34.and.a. standard.error.of. estimate.of.0.62..The.corresponding.values. for.model.2. are.
0.27.and.0.81,.respectively..Can.we.conclude.that.the.biases.of.the.models.are.not.significantly.
different?

. 9-39. The.yields.from.catalytic.reactors.depend.on.the.catalyst..For.one.series.of.tests.the.yield.was.mea-
sured.for.two.catalysts,.X.and.Y..Nine.measurements.of.yield.were.measured.with.catalyst.X.and.6.
with.catalyst.Y

.    X:.1.74,.1.62,.1.59,.1.70,.1.73,.1.60,.1.56,.1.66,.1.71

. . . . Y:.1.46,.1.53,.1.49,.1.45,.1.51,.1.50

. . Is.there.a.significant.difference.in.yields?

. 9-40.. The.standard.deviation.of.the.58.annual.maximum.discharges.for.the.Piscataquis.River.(see.Table.
9.9).is.4128.ft3/s..Test.the.hypothesis.that.the.population.standard.deviation.is.3500.ft3/s..Make.a.two-
tailed.test.and.use.a.5%.level.of.significance.

table 9.9 Annual Maximum Discharge (qp)

rank i qp (ft3/s) rank i qp (ft3/s)

1 21,500 30 7600

2 19,300 31 7420

3 17,400 32 7380

4 17,400 33 7190

5 15,200 34 7190

6 14,600 35 7130

7 13,700 36 6970

8 13,500 37 6930

9 13,300 38 6870

10 13,200 39 6750

11 12,900 40 6350

12 11,600 41 6240

13 11,100 42 6200

14 10,400 43 6100

15 10,400 44 5960

16 10,100 45 5590

17 9640 46 5300

18 9560 47 5250

19 9310 48 5150

20 8850 49 5140

21 8690 50 4710

22 8600 51 4680

23 8350 52 4570

24 8110 53 4110

25 8040 54 4010

26 8040 55 4010

27 8040 56 3100

28 8040 57 2990

29 7780 58 2410
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. 9-41.. The.standard.deviation.of.the.58.annual.maximum.discharges.for.the.Piscataquis.River.(see.Table.
9.9).is.4128.ft3/s..Regional.studies.indicate.that.the.standard.deviation.for.that.watershed.should.be.
at.least.3500.ft3/s..Using.a.1%.level.of.significance,.study.whether.or.not.the.sample.value.of.σ.can.
reasonably.be.at.least.3500.ft3/s.

. 9-42.. Using.the.sample.from.Table.8.3.with.the.largest.sample.variance,.test.the.null.hypothesis.that.the.
variance.is.equal.to.1.against.the.two-sided.alternative..Use.a.5%.level.of.significance..What.is.the.
approximate.rejection.probability?

. 9-43.. Using.the.sample.from.Table.8.3.with.the.smallest.sample.variance,.test.the.null.hypothesis.that.the.
variance.is.equal.to.1.against.the.one-sided.lower.alternative..Use.a.1%.level.of.significance..Is.it.
reasonable.for.the.null.hypothesis.to.be.rejected?

. 9-44.. Can.the.taxicab.company.of.Problem.9.29.safely.argue.that.the.standard.deviation.of.the.trip.is.not.
greater.than.5.min?

. 9-45.. Can. the.bus. company.of.Problem.9.29. safely. argue. that. the. standard.deviation.of. the. trip. is. not.
greater.than.5.min?

. 9-46.. The.standard.deviation.is.an.indication.of.consistency..A.resistance.thermometer.that.provides.read-
ings.with.a.standard.deviation.less.than.5.mv.is.considered.consistent..Do.the.readings.on.Brand.A.
of.Problem.9.33.suggest.a.standard.deviation.significantly.greater.than.5.mv?

. 9-47.. Each.car.in.Problem.9.34.was.driven.by.a.different.person..Driving.habits.could.partially.account.for.
the.differences.in.mileage..If.someone.argues.a.standard.deviation.significantly.greater.than.0.5.mi/
gal.indicates.driver.differences,.would.the.data.for.the.87-octane.gasoline.suggest.that.driver.habits.
were.a.factor?

. 9-48.. Ideally,.the.catalytic.reactors.of.Problem.9.35.should.yield.measurements.with.a.variance.less.than.
0.0025..Is.it.safe.to.conclude.that.reactor.X.produced.consistent.values?

. 9-49.. Do.the.retention.times.of.Problem.9.32.differ.in.variance?

. 9-50. Two.competing. lighting. systems.are. installed. in. two.adjacent.parking. lots,.with. system.A.being.
significantly.less.costly.than.system.B..The.manufacturer.of.system.B.argues.that.its.system.provides.
more.uniform.lighting..Ten.random.measurements.in.parking.lots.A.and.B.yield.readings.with.stan-
dard.deviations.of.12.and.9,.respectively..Can.manufacturer.B.legitimately.claim.to.provide.more.
uniform.lighting?

. 9-51.. Using.the.data.from.Table.8.3,.test.the.significance.of.the.two.sample.variances.for.the.last.two.of.the.
40.samples.(0.421.vs..1.192)..Use.a.10%.level.of.significance.

. 9-52.. Two.irrigation.systems.are.compared.on.their.ability.to.provide.uniform.water.distribution.over.a.
field..Twelve.measurements.with.system.X.yield.a.standard.deviation.of.0.81.cm/h..Nine.measure-
ments.with.system.Y.yield.a.standard.deviation.of.0.35.cm/h..Can.the.conclusion.be.drawn.that.the.
systems.provide.equally.uniform.distributions.of.water?

. 9-53.. Using.the.sample.from.Table.8.3.with.the.largest.sample.variance,.test.the.null.hypothesis.that.the.
variance.is.equal.to.the.smallest.sample.variance.of.Table.8.3..Use.a.1%.level.of.significance.

. 9-54.. Use.the.data.in.Table.9.9.for.the.Piscataquis.River.with.the.sample.mean.and.standard.deviation.(i.e.,.
parameters).of.8620.and.4128.ft3/s,.respectively,.to.test.for.the.goodness.of.fit.of.the.normal.distribu-
tion..Use.the.chi-square.test.

. 9-55.. Use.the.data.in.Table.9.9.for.the.Piscataquis.River.with.the.sample.log-mean.(to.the.base.10).and.
log-standard.deviation.of.3.8894.and.0.2031.ft3/s,.respectively,.to.test.for.the.goodness.of.fit.of.the.
lognormal.distribution..Use.the.chi-square.test..Note.that.sample.log-mean.is.the.mean.of.the.trans-
formed.x.sample.values.using.log(x),.and.sample.log-standard.deviation.is.the.standard.deviation.of.
the.transformed.x.sample.values.using.log(x).

. 9-56.. The.histogram.of.annual.maximum.discharges.for.the.Piscataquis.River.is.shown.in.Table.9.9.and.
Figure.9.9..Test.whether.or.not.it.can.be.assumed.that.this.random.variable.has.a.lognormal.distri-
bution.with.(i.e.,.parameters).µY.=.3.8.and.σY.=.0.25..Assume.a.1%.level.of.significance.and.use.the.
chi-square.test.

. 9-57.. Using. the. sediment. yield. data. presented. in. the. histogram. of. Figure. 9.6,. test. whether. or. not. the.
sediment.yield.can.be.represented.by.a.uniform.distribution.with.a.=.0.0.and.b.=.2.5..Use.a.level.of.
significance.of.5%.and.the.chi-square.test.

. 9-58.. The.histogram.of.annual.maximum.discharges.for.the.Piscataquis.River.is.shown.in.Table.9.9.and.
Figure.9.9..Test.whether.or.not.it.can.be.assumed.that.this.random.variable.has.a.normal.distribution.
with.µ.=.8620.and.σ.=.4128..Assume.a.10%.level.of.significance.and.use.the.chi-square.test.

. 9-59.. Use.the.data.in.Table.9.9.for.the.Piscataquis.River.with.the.sample.mean.and.standard.deviation.of.
8620.and.4128.ft3/s,.respectively,.to.test.for.the.goodness.of.fit.of.the.normal.distribution..Use.the.
Kolmogorov–Smirnov.test.

. 9-60.. Use.the.data.in.Table.9.9.for.the.Piscataquis.River.with.the.sample.log-mean.and.log-standard.devia-
tion.(i.e.,.parameters).of.3.8894.and.0.2031,.respectively,.to.test.for.the.goodness.of.fit.of.the.lognor-
mal.distribution..Use.the.Kolmogorov–Smirnov.test.
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. 9-61.. Nine.measurements.of.the.compressive.strength.of.a.Boston.blue.clay.are.41.6,.48.7,.45.4,.44.0,.46.1,.
44.8,.47.7,.45.5,.and.42.9.lb/in.2..Using.a.5%.level.of.significance.and.the.Kolmogorov–Smirnov.one-
sample.test,.decide.whether.or.not.the.values.are.normally.distributed.

. 9-62.. The.time.for.collecting.tolls.at.a.tollbooth.on.an.interstate.was.measured.for.a.short.period,.with.the.
following.results:.17.2,.23.4,.16.7,.19.0,.21.2,.20.8,.18.7,.20.4,.18.0,.22.1,.17.9,.and.19.3.s..Can.the.traf-
fic.authority.responsible.for.staffing.the.tollbooth.legitimately.claim.that.the.service.time.is.normally.
distributed.with.a.mean.of.20.s.and.a.standard.deviation.of.1.5.s?.Use.the.Kolmogorov–Smirnov.
one-sample.test.

. 9-63. Use.the.Kolmogorov–Smirnov.test. to. test. the.retention.time.data.for. the.without-island.condition.
(Problem.9.32).to.determine.if.the.data.can.be.represented.by.a.uniform.distribution.with.parameters.
obtained.from.the.method.of.moments.

. 9-64. Is.it.reasonable.to.conclude.that.the.93-octane.data.of.Problem.9.34.were.obtained.from.a.uniform.
population.with.parameters.estimated.using.the.method.of.moments?.Use.the.Kolmogorov–Smirnov.
test.

. 9-65. Can.we.conclude.that.the.ten.taxicab.times.of.Problem.9.29.are.from.a.normal.population.with.the.
parameters.obtained.by.the.method.of.moments..Use.the.Kolmogorov–Smirnov.test.

. 9-66. Using.the.Kolmogorov–Smirnov.test,.decide.whether.or.not.it.is.safe.to.assume.that.the.87-octane.
data.of.Problem.9.34.were.obtained.from.a.lognormal.distribution,.with.the.parameters.defined.by.
the.method.of.moments.

. 9-67. For.what.situations.would.you.use.the.Kolmogorov-Smirnov.test.instead.of.using.chi-square.test?

. 9-68.. Write.a.pseudocode.that.could.be.used.to.simulate.the.critical.values.for.the.normal,.uniform,.and.
exponential.distributions.presented.in.Example.9.12.

. 9-69.. Simulate.the.critical.values.for.the.lower.tail.of.the.t.statistic.for.the.normal,.uniform,.and.exponen-
tial.distributions.following.the.procedure.of.Example.9.12..Use.a.sample.size.of.10.

. 9-70.. Gamma-distributed.random.numbers.gi.for.scale.parameter.b.and.shape.parameter.c.can.be.gener-
ated.from.uniform.variates.ui.as.follows:

.
g b ui i

i

c

=
⎛

⎝⎜
⎞

⎠⎟=
∏ln

1

. . Using.a.sample.size.of.10,.simulate.the.10.and.5%.critical.values.of.the.t.statistic.t X S n= −( ) /( / )m .
where.µ.=.bc..With.b.=.1,.perform.the.analyses.for.c.=.3,.6,.and.10..Assess.the.applicability.of.the.test.
for.each.of.these.populations..Would.it.be.appropriate.to.use.the.t.test.for.any.of.these.populations?.
Explain.
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Figure 9.9 Histogram	for	annual	maximum	discharge	in	cubic	feet	per	second	for	the	Piscataquis	river.
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ChAPter 10

Analysis of Variance

In.this.chapter,.we.provide.the.computational.background.for.alternative.methods.of.comparing.
group.means.and.variances,.provide.tests.of.significance.that.can.be.used.on.continuously.distrib-
uted.random.variables. that.are.grouped.on.lesser.measurement.scales,.and.compare. the.analysis.
of.variance.and.regression.analysis..The.chapter.also.provides.basic.information.on.experimental.
design.
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10.1 INtrODUCtION

Consider.the.following.situations:

. 1.. The.students.in.a.course.on.introductory.statistics.are.divided.into.five.groups,.each.of.which.is.
assigned.a.different.textbook..The.students.attend.the.same.lectures.and.are.tested.using.the.same.
homework.assignments.and.examinations..The.average.final.grade,.from.0.to.100,.for.each.of.the.
five.groups.is.computed..If.the.average.for.one.group.is.considerably.higher.than.that.of.the.other.
four.groups,.can.we.conclude.that.the.textbook.used.by.this.group.is.a.better.learning.tool?

. 2.. In.an.effort.to.reduce.traffic.accidents.in.a.state,.the.state.highway.department.examines.the.number.
of.accidents.at.sites.with.four.types.of.traffic.control:.(1).two-way.stop.signs;.(2).four-way.stop.signs;.
(3).flashing.red.or.amber.traffic.lights;.and.(4).controlled.timing.red,.yellow,.and.green.traffic.lights..
The.average.number.of.accidents.at.a.number.of.sites.is.computed.for.each.of.the.four.control.types..
Can.we.conclude.that.the.traffic-control.method.having.the.lowest.average.accident.rate.is.the.most.
effective?

. 3.. Irrigation.equipment.is.designed.to.give.a.uniform.spread.of.water.over.a.field..A.nonuniform.distri-
bution.will.result.in.less.than.optimum.crop.production.because.some.areas.of.the.field.will.receive.
too.much.water,.while.other.parts.will.not.receive.enough.water..A.farmer.is.considering.the.pur-
chase.of.a.new.type.of.irrigation.equipment.that.is.advertised.to.give.a.more.uniform.distribution.of.
water.than.the.equipment.that.he.currently.owns..To.test.the.uniformity.of.the.distribution.of.water,.
the.farmer.tries.each.piece.of.equipment.on.his.field.for.4.h.and.collects.samples.of.the.depth.of.
water.supplied.to.25.points.throughout.the.field.for.both.pieces.of.equipment..If.the.variance.of.the.
25.measurements.for.the.new.piece.of.equipment.is.less.than.the.variance.for.the.farmer’s.existing.
equipment,.can.the.farmer.conclude.that.the.new.equipment.provides.water.more.uniformly.over.the.
field?

In.each.of.these.situations,.a.decision.must.be.made..Should.the.textbook.used.by.the.students.
having.the.highest.average.grade.be.used.by.all.students. in. the.future?.Should.all. intersections.
be.equipped.with.the.type.of.traffic.control.that.has.the.lowest.accident.rate,.as.indicated.by.the.
sample. information?.Should. the. farmer.expend. funds. to.buy. the.new.equipment?.The.decision.
maker.must.use.sample.information.to.make.inferences.about.the.population;.therefore,.the.situ-
ations.appear.to.warrant.a.hypothesis.test.on.characteristics.of.two.or.more.groups..The.textbook.
decision.involved.the.mean.value.for.five.groups..The.traffic-control.problem.required.a.decision.
concerning.the.mean.of.four.groups..The.farmer.is.confronted.with.a.decision.involving.two.group.
variances.

Decisions.such.as.those.outlined.can.be.made.with.the.help.of.the.analysis.of.variance.(ANOVA),.
which.can.be.classified.as.a.statistical.method.for.comparing.two.or.more.populations.or.treatments..
It.can.be.used.for.testing.hypotheses.involving.two.or.more.means..It.can.also.be.used.for.testing.
the.equality.of.variances..Because.of.the.frequency.with.which.such.problems.arise.in.engineering.
analysis,.the.ANOVA.is.probably.the.second.most.widely.used.statistical.technique.in.engineering.
analysis;.regression.is.used.most.frequently..Regression.and.the.ANOVA.have.much.in.common,.
including.the.assumption.of.a.linear.model..Also,.the.ANOVA.test.is.useful.in.testing.for.the.signif-
icance.of.the.slope.coefficient.of.a.regression.equation.

10.2 teSt OF POPULAtION MeANS

In.its.simplest.form,.the.ANOVA.can.be.viewed.as.a.hypothesis.test.of.group.means..Although.
it.is.important.to.understand.the.underlying.assumptions,.it.is.worthwhile.to.view.the.ANOVA.in.
terms.of.the.six.steps.of.a.hypothesis.test,.after.which.the.method.can.be.viewed.in.more.general.
terms.
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10.2.1 Steps in ANOVA

In.Chapter.9,.the.six.hypothesis.steps.were.discussed..Using.these.same.six.steps,.the.ANOVA.
can.be.solved.computationally.as.follows:

Step 1: Formulation of hypotheses—If.a.problem.involves k groups,.the.following.hypotheses.
are.appropriate.for.comparing k group.means:

. . . . . . . . . . H k0 1 2:m m m= = ⋅⋅⋅ = . (10.1a)

 HA:.at.least.one.pair.of.group.means.are.not.equal. (10.1b)

The.test.compares.the.means,.but.if.the.null.hypothesis.is.rejected,.the.following.five.steps.do.not.
identify.which.pair.or.pairs.of.means.are.not.equal;.this.problem.is.covered.later..The.group.means.
are.expressed.as.population.values,.not.sample.values.

Step 2: Define the test statistic and its distribution—The.hypotheses.of.step.1.can.be.tested.
using.the.following.test.statistic:

. F
MS

MS
b

w

= . (10.2)

in.which.MSb.and.MSw.are.the.mean.squares.between.and.within.variations,.respectively,.and F is.
the.value.of.a.random.variable.having.an F distribution.with.degrees.of.freedom.of.(k.–.1, N –.k)..
The.mean.squares.are.computed.as.shown.in.Table.10.l.

Step 3: Specify the level of significance—The.level.of.significance.is.used.in.the.same.way.that.
it.is.for.other.tests.of.hypotheses..Tables.of.the F distribution.are.usually.available.only.for.levels.of.
significance.of.5%.and.1%;.however,.5%.and.1%.are.somewhat.arbitrary.values.and.may.not.have.
physical.significance.

Step 4: Collect data and compute test statistic—The.data.should.be.collected.and.used.to.
compute.the.value.of.the.test.statistic.(F).of.Equation.10.2..The.data.are.best.portrayed.as.a.matrix.
as.shown.in.Table.10.2..There.are k columns,.with.each.column.representing.a.group..The.jth.col-
umn.contains nj values..The.total.number.of.observations N is.given.by

. N nj
j

k

=
−
∑

1

. (10.3)

All nj do.not.have.to.be.equal.

table 10.1 Computation table for Analysis of Variance (ANOVA) test

Source of 
Variation Sum of Squares

Degrees of 
Freedom Mean Square

Between SS n X Xb j
j

k

j= −
=
∑

1

2( ) k −1 MS SS kb b= −/( )1

Within SS X Xw ij j
i

n

j

k j

= −
==
∑∑ ( )2

11
N k− MS SS N kw w= −/( )

total SS X Xt ij
i

n

j

k j

= −
==
∑∑ ( )2

11

N −1 —
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Step 5: Determine the critical value of the test statistic—The.critical.value.of.the F statistic.is.
obtained.from.tables.of.the F distribution.(see.Table.A.4);.it.is.a.function.of.the.level.of.significance.
and.the.degrees.of.freedom..The.region.of.rejection.consists.of.all.values.of F greater.than.the.crit-
ical F value..If.the.computed.value.of.step.4.is.greater.than.the.critical.value,.the.null.hypothesis.of.
Equation.10.1a.should.be.rejected.and.the.alternative.hypothesis.of.Equation.10.lb.accepted.

Step 6: Make a decision—The.computed.and.table.values.should.be.compared.to.select.the.
appropriate.hypothesis.

Example 10.1: Effectiveness of Textbooks

Before examining either the rationale for the ANOVA test or the details of computation, it may be instructive 
to consider a simple example. The experiment described previously about the use of five different textbooks 
for a statistics class can be used to illustrate the ANOVA test. The distribution of final grades is given in Table 
10.3. The class of 20 was divided into five groups of four students each. The individual grades ranged from 66 
to 91, and the group means ranged from 74 to 82. The grand mean, X, equals 78. The equations in Table 10.1 
were used to compute the values of the ANOVA table of Table 10.4. The computed F value of Equation 10.2 
equals 0.76. For a 5% level of significance and degrees of freedom (4, 15), the critical F value is 3.06. Because 
the computed value is less than the critical value, the null hypothesis cannot be rejected. Thus, even though 
the group means had a range of 8, the evidence is not sufficient to reject the null hypothesis of equal means. 
This implies that the textbook is not responsible for the differences in the group means. One must conclude 
that the differences are due to “random” factors; that is, factors that were not controlled, such as students’ past 
experiences and native intelligence, are responsible for the observed variation of the scores.

10.2.2 rationale of ANOVA test

The. ANOVA. test. is. a. comparison. of. means.. The. example. demonstrated. that. the. null.
hypothesis.can.be.accepted.even.when.the.means.are.not.equal,.but.how.much.variation.can be.

table 10.2 Data Matrix for the ANOVA

Observations for Group

1 2 3 . . . k

X11 X12 X13 X1k

X21 X22 X23 X2k

X31 X32 X33 X3k

· · · ·
· · · ·
· · · ·

Xn11 Xn22 Xn33 Xnkk

mean X1 X2 X3
. . . Xk

table 10.3 example: test Scores for the ANOVA

Grades for Group

1 2 3 4 5

82 67 91 66 82

75 79 82 73 71

87 77 76 89 67

76 81 79 84 76

mean 80 76 82 78 74
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permitted?.First,.it.must.be.recognized.that.two.sources.of.variation.must.be.considered:.var-
iation.within.each.group.and.variation.between.group.means..This.leads.to.the.values.for.the.
“sources.of.variation”.column.in.the.ANOVA.table..The.“sums.of.squares.between”.entry.is.
intended.to.reflect.the.variation.between.the.group.means..It.has.the.general.form.of.a.variance.
calculation;.that.is,.the.value.of.SSb.involves.the.square.of.the.difference.between.a.value.and.
a.mean..In.the.case.of.the.“sums.of.squares.between,”.each.squared.difference.is.multiplied.by.
the.number.of.elements.in.the.group,.nj;.the.value.of nj serves.as.a.weight.that.is.attached.to.the.
squared.difference..The.larger.the.value.of.nj,.the.more.confident.we.would.be.in.the.computed.
mean.and,. therefore,. the.more.weight.given.to.the.squared.difference..The.“sums.of.squares.
within”.entry.is.intended.to.reflect.the.variation.of.the.scores,.Xij,.within.the.group..It.also.has.
the.general.form.of.a.variance.calculation;.however,.in.this.case,.the.difference.being.squared.
depends.on.the.sample.score,.Xij,.and.the.group.mean..The F statistic.is.then.a.comparison.of.
the.two.variance.measurements..A.large.value.of F results.when.the.variation.between.groups.
is.large.in.comparison.to.the.variation.within.groups..The.sums.of.squares.are.divided.by.the.
degrees.of.freedom,.which.are.measures.of.the.number.of.independent.values.used.in.calculat-
ing.the.sums.of.squares..The.greater.the.degrees.of.freedom,.the.more.confidence.one.can.have.
in.a.computed.mean.square..Chapter.11.shows.that.the.confidence.in.a.mean.value.improves.as.
the.sample.size.increases;.the.width.of.a.confidence.interval.on.the.mean.decreases.inversely.as.
the.square.root.of.the.sample.size.in.accordance.to.the.sampling.distribution.of.the.mean..The.
same.concept.applies.here.

Two.simple.examples.may.help.illustrate.the.rationale.of.the F statistic..Table.10.5.shows.the.
scores.for.three.groups,.with.each.group.having.four.values..The.scores.are.such.that.there.is.no.
variation.in.the.group.means;.that.is,.the.group.means.for.the.sample.data.are.equal,.so.there.would.
be. no. reason. to. expect. the. population. means. to. be. unequal.. The. ANOVA. table. for. the. data. of.
Table.10.5.is.shown.in.Table.10.6..Because.all.of.the.group.means.equal.the.grand.mean.of.78,.the.
“between.sums.of.squares”.is.zero..Thus,.the.computed F statistic.equals.zero..As.expected,.the.null.
hypothesis.is.accepted.

The.scores.for.the.second.example.are.given.in.Table.10.7..In.this.case,.no.variation.within.the.
groups.is.found..Thus,.one.would.intuitively.feel.that.the.sample.mean.for.a.group.is.a.good.indica-
tor.of.the.population.mean.of.the.group..After.all,.the.standard.error.of.the.mean,.S N/ ,.for.each.

table 10.4 example: ANOVA table

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares

Mean 
Square

Between 	 4 160 40.00

Within 15 788 52.53

total 19 948 —

table 10.5 equality of Group Means

Scores for Group

1 2 3

66 72 80

73 81 85

89 84 70

84 75 77

mean 78 78 78
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group.is.zero..In.this.case,.the.ANOVA.table.indicates.that.both.the.“within.sum.of.squares”.and.
“mean.square.within”.equal.zero..Thus,.the.computed F statistic.equals.infinity.(Table.10.8),.and.
it.would.be.larger.than.the.critical.value..This.would.suggest.that.the.hypothesis.of.equal.means.
should.be.rejected.

In.summary,.these.two.extreme.examples.were.designed.to.show.that.the F statistic.is.a.compar-
ison.of.two.variances,.and.the.ANOVA.test.is.designed.to.systematically.weigh.the.variation.within.
a.sample.against.the.variation.between.the.sample.means..The.critical F statistic.is.a.measure.of.the.
maximum.variation.that.would.result.if.the.variation.was.due.totally.to.random.factors.

A.second.factor.of.importance.is.that.the.ANOVA.tests.involve.a.linear.separation.of.the.total.
variation. into. two. parts.. The. equation. for. computing. the. total. sum. of. squares. is. nothing. more.
than.the.summation.used.in.computing.the.variance.of.the.scores..It.is.linearly.divided.into.two.
parts. The.first.part.is.the.experimental.part;.that.is,.the.“between.sum.of.squares”.is.intended.to.
measure.the.variation.that.is.due.to.the.factor.that.led.to.the.experiment.in.the.first.place..The.second.
part.is.the.confusion.part;.that.is,.the.“within.sum.of.squares”.is.the.random.variation.due.to.other.
factors.that.were.not.controlled..Thus,.the.total.sum.of.squares.is.separated.into.parts.reflecting.the.
experimental.effect.and.the.random.effect.

The.null.hypothesis.of.Equation.10.la.indicates.that.the.ANOVA.test.is.a.test.of k population.
means..This.process.can.be.represented.schematically.as.shown.in.Figure.10.lb..Samples.are.drawn.
from k populations,.with.each.population.having.mean.µi,.and.the.samples.are.subjected.to.the.same.
treatment..After.the.treatment.has.been.applied,.the.subjects.in.all.groups.are.given.the.same.test..
Because.the.treatment.and.testing.are.the.same,.any.difference.in.sample.means.can.be.attributed.

table 10.7 Inequality of Group Means

Scores for Group

1 2 3

78 82 74

78 82 74

78 82 74

78 82 74

mean 78 82 74

table 10.8  ANOVA table for Inequality of Group 
Means

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares

Mean 
Square

Between 	 2 128 64

Within 	 9 	 0 	 0

total 11 128 —

table 10.6 ANOVA table for equality of Group Means

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares

Mean 
Square

Between 	 2 	 0 0

Within 	 9 534 59.33

total 11 534 —
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to.differences.in.the.original.population.means..The.ANOVA.test.allows.for.random.variation.when.
making.a.decision.

Alternatively,.the.null.hypothesis.could.be.stated.as

. H k0: m m m m1 2= = ⋅⋅⋅ = = . (10.4)

in.which.µ.is.the.mean.of.a.single.population.from.which.all.the.samples.are.drawn..In.this.case.
(shown.schematically.in.Figure.10.1(a)),.the.samples.are.subjected.to.different.treatments..After.the.
treatments.have.been.applied,.a.common.test.is.given,.and.the.group.mean.scores.are.computed..In.
this.case,.differences.in.group.means.suggest.that.the.treatment.was.the.factor.that.caused.the.dif-
ferences.in.the.sample.means.

A.simple.example.illustrates.the.difference.between.the.two.cases.of.Figures.10.l(a).and.10.1(b)..
When.the.group.of.20.seniors.was.divided.into.five.groups.of.four.students.and.taught.using.five.
different.textbooks,.we.had.one.population.and.five.treatments;.thus,.this.example.is.represented.
by.Figure.10.la..If.we.had.a.class.consisting.of.four.freshmen,.four.sophomores,.four.juniors,.four.
seniors,.and.four.graduate.students.and.the.students.were.taught.in.the.same.classroom.and.used.
the.same.textbook,.we.would.be.dealing.with.five.populations,.with.one.common.treatment.and.one.
test;.thus,.this.example.is.represented.by.Figure.10.l(b)..Although.the.ANOVA.test.procedure.is.the.
same,.the.distinction.is.important.in.understanding.the.application.of.the.ANOVA.test.

Population with mean µ

1 2 k

Test

Treatment

…

…

X1 X2 Xk

X1 X2 Xk

(a)

(b)

Population i with mean µi

µ1 µ2 µk…

…

…

Treatment

Test

Figure 10.1 	schematic	 of	 anoVa	 test	 (a)	 one	 population	 and	 k	 treatments;	 (b)	 k	 populations	 with	 one	
treatment.
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10.2.3 Linear Separation of total Variation

It.may.be.useful.to.examine.the.ANOVA.test.from.the.standpoint.of.a.linear.separation.of.the.total.var-
iation..Using.the.notation.discussed.previously,.an.observation,.or.score,.Xij,.can.be.represented as

. Xij j j= − −m m m m+ ( ) + (Xij ). (10.5)

The.term.(µj.–.µ).represents.the.variation.in.Xij.that.can.be.attributed.to.the.difference.between.its.
group.mean.and.the.grand.mean..The.term.(Xij.–.µj).represents.the.variation.of.the.observation.from.
its.group.mean..If.we.let.βj.=.µj.–.µ.and.ϵij.=.(Xij.–.µj).and.subtract.µ.from.both.sides,.Equation.10.5.
reduces.to

. Xij j ij− + ∈m b= . (10.6)

If.the.null.hypothesis.of.Equation.10.4.is.correct,.all.βj.=.0;.thus,.the.hypotheses.for.the.ANOVA.
test.can.be.rewritten.as

. H j k0 for: , , ...,b j = =0 1 2 . (10.7a)

. . . . . . . . . . . . . . HA: at least one 0b j ↑ . (10.7b)

Each.of.the.terms.in.Equation.10.6.represents.a.difference.between.a.value.and.a.mean..The.accu-
racy.of.a.value.is.reflected.by.the.variance.of.its.distribution..For.the.βj.term,.the.variance.of.interest.
is.the.variance.of.the.group.means,.SX

2:

.
S

X X

kX

jj

k

2

2

1

1
=

−

−
=∑ ( )

.
(10.8)

The.error.of.a.population.mean.is.represented.by.its.standard.error,.which,.in.general,.is.equal.to.the.
population.standard.deviation.divided.by.the.square.root.of.the.sample.size..For.the k group means,.
SX

2.will.be.an.estimate.of.( / )s 2 k .if.H0.is.true,.where.σ 2.is.the.population.variance;.therefore,.the.
between-group.estimate.of.the.population.variance,.which.will.be.denoted.as.ŝ B

2 ,.equals.kSX
2..It.is.

also.necessary.to.compute.the.average.of.the.variances.of.the.groups,.which.is.denoted.as. S 2.and.
is.computed.by

. S
k

Sj
j

k
2 2

1

1
=

=
∑ . (10.9)

in.which.the.group.variance.Sj
2.is.computed.by

.
S

X X

nj

ij ji

n

j

j

2

2

1

1
=

−

−
=∑ ( )

.

(10.10)



anaLYsIs	of	VarIanCe	 339

The.variance.within.a.group.is.also.an.estimate.of.the.variance.within.the.population;.that.is,.
Sj

2 is.an.estimate.of.σ 2..Thus,.S 2.will.also.be.an.estimate.of.σ 2..If.we.denote. S 2.by.ŝW
2 ,.then.both.

ŝ B
2  and.ŝW

2 .are.estimates.of.σ 2..If.the.null.hypothesis.is.true,.ŝ B
2 .will.equal.ŝW

2 ,.and.the F statistic.
will.equal.unity..If.the.null.hypothesis.is.false,.we.would.expect.ŝ B

2 .to.be.significantly.greater.than.
ŝW

2 ,.and.the.computed F statistic.would.be.significantly.greater.than.1..Thus,.the.linear.separation.
of.Equation.10.5.leads.to.two.estimates.of.the.population.error.variance,.which.are.then.used.to.test.
for.the.equality.of.group.means.

10.2.4 Computational equations

The.equations.given.in.Table.10.1.for.determining.the.sums.of.squares.are.of.interest.primarily.
because.they.reflect.the.definition.of.the.sum.of.squares..When.performing.an.ANOVA.test,.other.
formulas.can.be.used.that.reduce.the.computational.effort..The.computational.formulas.for.the.total.
sum.of.squares.(SSt),.the.within-group.sum.of.squares.(SSw),.and.the.between-group.sum.of.squares.
(SSb).are

. . . . . . . . . . . . . . ..SS X
T

Nt ij
i

n

j

k j

=
⎛

⎝
⎜

⎞
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. (10.11)
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(10.13)

in.which.Tj.is.the.total.of.the.scores.in.group.j,.and.T.is.the.sum.of.the.Tj.values;.that.is,.T.is.the.total.
of.all.scores.in.all.samples.

Example 10.2: Fertilizer Mixes and Crop Yield

A 20acre field is divided into 20 lacre plots that are randomly assigned to four groups, with five plots in 
each group. Plots within each group are treated with a specific mix of fertilizer. The crop yield from each plot 
is determined (Table 10.9). This case is an example of the ANOVA test with one population, which is shown 
schematically in Figure 10.1(a). The mean crop yields are determined for each group (Table 10.9) and used to 
test the null hypothesis of equal means:

 H0 1 2 3 4:µ µ µ µ µ= = = =  (10.14)

The alternative hypothesis is that at least one pair of means are not equal. Acceptance of the null hypothesis 
would imply that the fertilizer mix would not have a significant effect on the crop yield. Rejection of the null 
hypothesis would imply that the mix does have an effect on crop yield.

The computation formulas of Equations 10.11, 10.12, and 10.13 were used to compute the entries to the 
ANOVA table of Table 10.10. The computed F statistic of Equation 10.2 equals 7.80. For a level of significance 
of 5% and degrees of freedom of (3, 16), the critical F value equals 3.24. Thus, the null hypothesis must be 
rejected because the computed F value is greater than the critical value. This indicates that the fertilizer mix has 
an effect on the crop yield and that at least one pair of group means are significantly different.
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10.3 MULtIPLe COMPArISONS IN ANOVA teSt

If. the.null.hypothesis. is. rejected,.we.can.conclude.only. that.at. least.one.pair.of.group.means. is.
unequal..The.test.does.not.specify.which.pair.or.pairs.of.means.are.unequal..It.is.usually.insuffi-
cient.to.simply.determine.whether.or.not.the.null.hypothesis.of.Equation.10.la.is.valid;.that.is,.we.
usually.wish.to.know.what.differences.exist.in.the.group.means.when.the.null.hypothesis.is.rejected..
Unfortunately,.a.unique.solution.to.the.problem.does.not.exist..Because.a.unique,.theoretically.valid.
solution.cannot.be.obtained.and.because.ANOVA.types.of.problems.involve.different.data.charac-
teristics,.a.number.of.solutions.to.these.problems.have.evolved..Although.a.number.of.alternatives.
are.available,.only.two.are.discussed.herein.

10.3.1 Duncan Multiple range test

The. Duncan. multiple. range. test. is. applicable. to. problems. for. which. the. sample. sizes. are.
equal;  the. test.also.assumes. that. the.populations.have.normal.distributions.with.equal.variances.
and  that. the  random.samples.are. independent..The. test. is.usually.applied. to.each.pair.of.group.
means..Thus,.the.null.hypothesis.for.groups.i.and.j would.be

. H i j0 : m m= . (10.15)

with.the.alternative.hypothesis.that.the.pair.of.means.are.not.equal..The.test.statistic.(Rm ).is

. R S rm X m= ( ). (10.16)

where.rm.is.a.value.obtained.from.Table.A.9.and.is.a.function.of.the.level.of.significance,.α ;.the.
number.of.groups.being.compared,.m;.and. the.degrees.of. freedom.(N –.k)..Rm. is. the.value.of.a.

table 10.9 example: Crop Yields (bushels/acre) for 20 Plots

Group

Plot 1 2 3 4 total

1 75 103 67 87

2 93 89 84 79

3 82 97 73 86

4 104 108 82 73

5 96 98 74 80

mean 90 98 76 81

standard	deviation 	 11.51 	 7.11 	 6.96 	 5.70

Tj 450 495 380 405 1730

Xij
i

2

1

5

=
∑

41,030 49,207 29,074 32,935 152,246

table 10.10 ANOVA table for Crop Yield example

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares

Mean 
Square

Between 	 3 1545 515

Within 16 1056 	 66

total 19 2601 —
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random.variable.called.the.least.significant.range,.and.Sx .is.given.by
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⎢
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0 5 0 5. .

( )
. (10.17)

The.test.is.conducted.by.obtaining.MSw.from.the.ANOVA.table.to.compute. SX ..The.value.of.
Rm.is.computed.with.Equation.10.16..For.any.pair.of.sample.means,.the.difference.is.computed.and.
compared.with.the.least.significant.range,.Rm..If.the.absolute.value.of.the.difference.is.greater.than.
Rm,.the.null.hypothesis.of.Equation.10.15.should.be.rejected..The.test.can.be.used.on.each.pair.of.
group.means.to.identify.which.pairs.are.significantly.different.

Example 10.3: Assessing Effectiveness of Fertilizer Mixes on Crop Yield

The null hypothesis of Equation 10.14 was rejected. Thus, it is of interest to know which group means 
were unequal so that some assessment of the effectiveness of a fertilizer mix can be made. The Duncan multi
ple range test was applied to each pair of group means (see Table 10.11). From Table 10.10, the “mean square 
within” is 66; therefore, SX  equals 3.63. For (N – k) degrees of freedom, which equals 16, the values of rm are 
3.00 and 4.13 for levels of significance of 5% and 1%, respectively. Thus, the corresponding values of Rm are 
10.89 and 14.99, respectively. A computed range that is greater than Rm is considered significant. The decisions 
to accept or reject H0 are given in Table 10.11 for both levels of significance. With one exception, the decision is 
the same for both levels of significance. The means for the following pairs of groups are significantly different: 
(2 and 3) and (2 and 4). At the 5% level of significance, the means for groups 1 and 3 are also different.

10.3.1.1  Multiple Group Comparisons

It.is.also.possible.to.use.the.Duncan.multiple.range.test.to.make.comparisons.of.more.than.two.
group.means..Again,.the.least.significant.range.is.computed.with.Equation.10.16,.but.the.value.of.
rm.is.obtained.for.m.groups.and.(N.–.k).degrees.of.freedom..The.computed.range.is.the.difference.
between.the.largest.and.the.smallest.group.means.for.the.groups.being.compared.

For.the.crop.yield.example,.there.are.five.sets.of.three.or.more.groups,.with.one.of.these.sets.
being.composed.of.all.four.groups..For.four.groups,.the.values.of.rm.are.3.23.and.4.43.for.levels.
of.significance.of.5%.and.1%,.respectively..Given.that.SX .equals.3.63,.the.least.significant.ranges.
for.levels.of.significance.of.5%.and.1%.are.11.7.and.16.1,.respectively..The.range.of.the.four.group.
means.is.23;.therefore,.as.indicated.in.Table.10.12,.the.computed.range.exceeds.the.least.significant.
range,.and.the.null.hypothesis.of.equality.of.group.means.is.rejected..This.conclusion.should.be.
expected.because.the.ANOVA.test,.which.used.the.same.null.hypothesis,.rejected.the.equality.of.
group.means.

table 10.11  Duncan Multiple range tests for Pairs of Group 
Means for Crop Yield example

Decision

Groups Xi Xj range 𝛂 = 0.05 𝛂 = 0.01

1,	2 90 99 	 9 accept	H0 accept	H0

1,	3 90 76 14 reject	H0 accept	H0

1,	4 90 81 	 9 accept	H0 accept	H0

2,	3 99 76 23 reject	H0 reject	H0

2,	4 99 81 18 reject	H0 reject	H0

3,	4 76 81 	 5 accept	H0 accept	H0
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For.the.four.sets.of.three.group.means,.the.values.of.rm.for.levels.of.significance.of.5%.and.1%.
are.3.14.and.4.31,.respectively;.therefore,.the.corresponding.values.of.the.least.significant.range.for.
Rm.are.11.4.and.15.6..The.ranges.of.the.sample.means.varied.from.14.to.23.(Table.10.12)..Thus,.at.
the.5%.level.of.significance,.the.null.hypothesis.of.equality.of.three.group.means.should.be.rejected.
for.all.groups..At.the.1%.level.of.significance,.the.null.hypothesis.would.be.rejected.for.all.sets.of.
three.groups.except.for.the.set.consisting.of.groups.1,.3,.and.4.

In.summary,.it.appears.that.the.major.difference.lies.in.individual.pairs,.rather.than.in.sets.of.
three.or.four.groups;.as.sets.of.three,.differences.are.observed.in.all.combinations..When.the.tests.
were.applied.to.pairs.of.group.means,.the.primary.difference.appears.to.be.that.the.set.consisting.
of.groups.1.and.2.differs.from.the.set.consisting.of.groups.3.and.4;.however,.this.conclusion.is.sub-
jective.because.there.is.no.significant.difference.between.groups.1.and.4..The.difficulty.in.arriving.
at.a.totally.defensible.conclusion.probably.lies.in.the.arbitrary.selection.of.the.level.of.significance..
Whereas.there.is.probably.no.difference.in.the.effectiveness.of.the.fertilizer.mix.of.groups.3.and.4,.
there.is.probably.some.difference.between.groups.2.and.1.and.between.groups.1.and.3;.these.two.
pairs.of.groups.both.have.the.same.range.(i.e.,.9).

10.3.2 Scheffé test

The.Scheffé.test.is.an.alternative.to.the.Duncan.multiple.range.test..It.does.not.require.samples.
of.equal.size,.although.it.is.often.desirable.to.have.equal.sample.sizes..In.general,.the.Scheffé.test.
is.relatively.insensitive.to.departures.from.the.assumptions.of.normality.and.homogeneity.of.vari-
ances;.thus,.its.loss.of.power.is.not.that.great.when.these.assumptions.are.violated.

The.test.statistic.for.comparing.two.group.means.Xi.and.X j.is
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(10.18)

in.which.MSw.and k are.the.values.obtained.from.the.ANOVA.table;.that.is,.even.though.the.test.is.
only.comparing.the.means.for.two.groups, k is.still.the.number.of.groups.used.in.computing.MSw..
The.computed F value.is.the.value.of.a.random.variable.with.degrees.of.freedom.(k.–.1, N –.k).

The.Scheffé.test.could.also.be.used.to.compare.the.mean.of.group.i.with.the.combined.mean.of.
two.other.groups,.say.groups.j.and.h..The.mean.of.two.groups,.X jh

,.is.computed.as

.
X

n X n X

n njh
j j h h

j h

=
+

+ .
(10.19)

table 10.12  Duncan Multiple range tests for Multiple 
Comparisons for Crop Yield example

Decision

Groups Group Means range 𝛂 = 0.05 𝛂 = 0.01

1,	2,	3,	4 99,	90,	81,	76 23 reject	H0 reject	H0

1,	2,	3 99,	90,	76 23 reject	H0 reject	H0

1,	2,	4 99,	90,	81 18 reject	H0 reject	H0

1,	3,	4 90,	81,	76 14 reject	H0 accept	H0

2,	3,	4 99,	81,	76 23 reject	H0 reject	H0



anaLYsIs	of	VarIanCe	 343

In.this.case,.the.computed F value.is
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For.both.cases.(Equations.10.18.and.10.20),.the.null.hypothesis.is.rejected.when.the.computed F 
value.is.greater.than.the.critical.value.

For.example,.if.the.mean.of.group.1.is.compared.with.the.mean.of.groups.3.and.4,.then.X34 .
equals

.
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n X n X

n n34
3 3 4 4

3 4

5 76 5 81

5 5
78 5=

+

+
=

+

+
=

( ) ( )
.

.
(10.21)

Thus,.the.computed F statistic.is
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For.degrees.of.freedom.of.(3,.16),.the.critical F value.for.a.5%.level.of.significance.is.3.24;.therefore,.
the.Scheffé.test.would.suggest.that.there.is.no.significant.difference.between.group.1.and.groups.
3 and.4.

10.4 teSt OF POPULAtION VArIANCeS

Although.variances.of.random.variables.are.important.in.comparing.population.means,.they.are.
also.important.in.their.own.right;.that.is,.many.decision.situations.involve.variances..For.example,.
administrators.of.a.university.may.be.considering.installing.a.new.security.lighting.system..The.
uniformity.of.the.lighting.intensity.is.an.important.characteristic.of.a.lighting.system..Thus,. the.
level.of.uniformity,.which.could.be.measured.by.the.variance.of.measurements.of.lighting.inten-
sity,.may.influence.the.decision.of.which.brand.to.select..The.same.characteristic.is.important.in.
selecting.from.among.alternative.irrigation.systems;.it.is.desirable.to.have.an.irrigation.system.that.
provides.a.uniform.distribution.of.water.over.the.field..Similarly,.it.would.be.desirable.to.have.a.
sprinkling.system.for.fire.control.that.provides.a.uniform.level.of.water.over.the.area.for.which.the.
water.sprinkler.is.intended.to.control.any.combustion..These.are.systems.for.which.knowledge.of.
the.population.variance.is.important,.and.decisions.depend,.in.part,.on.the.lack.of.variance.in.a.
specific.characteristic.

One.assumption.of.the.ANOVA.test.on.the.equality.of.population.means.is.the.equality.of.pop-
ulation.variances..For.the.case.of.Figure.10.1(b),.the.ANOVA.test.assumes.that.the.population.vari-
ances.s i

2.are.equal;.for.the.case.of.Figure.10.1(a),.the.ANOVA.test.for.equality.of.means.assumes.
that.the.treatments.do.not.affect.the.variances.in.such.a.way.as.to.cause.the.variances.of.the.mea-
surements.within.a.group.to.be.different..If.the.variances.are.significantly.different,.the.ANOVA.
test.on.the.means.may.lead.to.an.incorrect.decision;.that.is,.rejection.of.the.null.hypothesis.of.either.
Equation.10.la.or.Equation.10.4.may.actually.be.due.to.an.inequality.of.variances.rather.than.an.
inequality.of.means..Thus,.there.is.a.good.reason.to.test.for.equality.of.population.variances.before.
testing.for.the.equality.of.population.means.
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In.summary,. the.variances.of.different.populations.are. important.both. for.making.decisions.
associated.with.variances.of.random.variables.and.for.testing.an.assumption.of.the.ANOVA.test.on.
population.means..Therefore,.it.is.reasonable.to.test.for.the.equality.of.population.variances.

A.number.of.tests.are.available.for.testing.the.equality.of.variances,.although.none.of.the.tests.
are.exact..Bartlett’s.test.is.easy.to.apply.and.will.be.presented.here..The.hypotheses.are

. . . . . . . . . . . ..H k0 1
2

2
2 2:s s s= = ⋅⋅⋅ = . (10.23a)

 HA:.at.least.one.pair.of.variances.is.unequal. (10.23b)

The. test. statistic,. χ 2,. is. the. value. of. a. random. variable. having. a. chi-square. distribution. with. v.
degrees.of.freedom,.where.v.= k –.1,.and.the.test.statistic.is

. . . . . . . . . . . . .
c2 = 2 3026.
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in.which N is.the.total.number.of.scores,.ni.the.number.of.scores.in.group.i,.Si
2.the.variance.of.the.

scores.in.group.i, k the.number.of.groups,.and.Sp
2.is.given.by
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For.a.given. level.of.significance. the.critical.value. is.obtained.from.the.χ 2.distribution.for. (k.–.1).
degrees.of.freedom..The.null.hypothesis.is.rejected.if.the.computed.value.is.greater.than.the.critical.
value.

The.test.can.be.applied.to.the.scores.of.Table.10.9..The.standard.deviations.of.Table.10.9.can.
be.used.in.testing.the.null.hypothesis.that.the.treatments.(i.e.,.the.various.fertilizer.applications).
do.not.cause.differences.in.the.sample.variances..The.value.of.the.pooled.variance.of.Equation.
10.27.is
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The.value.for.Va.is
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Using.Equation.10.26,.the.value.of.nk.is
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The.computed.value.of.the.test.statistic.is

.
c2 2 3026

1 02

1 104
2 127= =.

.

.
.

.
(10.31)

For.3.degrees.of.freedom.and.a.level.of.significance.of.5%,.the.critical.value.is.7.815;.therefore,.we.
have.no.reason.to.reject.the.null.hypothesis.of.equal.variances,.as.the.computed.value.is.much.less.
than.the.critical.value.

It.is.of.interest.to.examine.the.rationale.of.the.test.statistic.of.Equation.10.24..If.all.sample.vari-
ances.were.equal,.Va.of.Equation.10.25.would.equal.zero.and.the.computed.χ 2.value.would.equal.
zero..A.computed.value.of.χ 2.of.zero.is.obviously.less.than.the.critical.value,.so.the.null.hypothesis.
would.be.accepted.with.the.implication.that.population.variances.are.equal;.if.all.of.the.sample.vari-
ances.are.equal,.there.is.no.reason.to.believe.that.the.population.variances.are.not.equal.

For.given.values.of N and.k,.the.value.of.D.will.be.greatest.when.all.of.the.groups.except.one.
have.sample.sizes.(ni).of.2;.the.other.group.would.have.a.sample.size.of N –.2.(k.–.1)..For.this.case,.
the.summation
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1
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2 1

which.is.the.maximum.possible.value.for.the.summation..Thus,.because.the.other.terms.in.Equation.
10.26.are.constant.for.given.values.of N and.k,.D.will.be.the.maximum..This.produces.the.smallest.
possible.value.of.χ 2.and.implies.that.the.computed.value.of.χ 2.will.be.smallest.when.the.sample.
sizes.of.(k.–.1).groups.are.a.minimum.(i.e.,.2)..This.should.be.expected.because,.as.the.sample.size.
decreases,.the.accuracy.of.an.estimate.of.a.variance.decreases,.thus.the.smaller.value.of.χ 2.and.the.
smaller.chance.of.rejecting.the.null.hypothesis.

10.5 rANDOMIZeD BLOCK DeSIGN

To.illustrate.the.one-way.ANOVA.of.Figure.10.1,.an.example.was.used.in.which.five.groups.
of.students.within.a.class.each.used.a.different.textbook..Any.difference.in.the.group.mean.grade.
was.attributed.to.the.textbook..A.bias.might.be.introduced.if.the.students.were.permitted.to.select.
the.group.to.which.they.would.belong,.and.if.students.having.high.ability.selected.one.group.while.
students.with.less.native.intellect.selected.another.group..Then,.differences.in.the.mean.grades.of.
the.groups.may.be.due.to.more.intellectual.ability.than.to.the.textbook.

To.eliminate.such.sources.of.bias,.the.students.would.have.to.be.assigned.to.the.groups.with.
due.consideration. to. their. intellectual.ability.. If. some.measure.of. the.students’. scholastic.ability.
was.available,.such.as.grade.point.averages.(GPAs),.that.measure.could.be.used.to.assign.students.
to.groups.such.that.the.average.intellectual.ability.of.each.group.was.the.same.as.that.of.the.other.
groups..Then,.a.one-way.ANOVA.test.could.be.used.to.evaluate.the.effectiveness.of.the.textbooks.
without.an.inherent.bias.
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Randomized. block. design. is. a. way. of. conducting. a. one-way. ANOVA. while. accounting. for.
variation.in.an. independent.variable..More.specifically,.a.randomized.block.design.is.a.one-way.
ANOVA.with.(1).an.independent.variable.that.is.measured.on.an.ordinal.scale,.(2).random.assign-
ment.of.subjects.within.a.given.level.of. the. independent.variable,.and.(3).systematic.assignment.
of.subjects.between.levels.of.the.independent.variable..For.the.textbook.example,.the.five.students.
having.the.highest.GPAs.would.be.identified,.and.one.would.be.randomly.assigned.to.each.group..
The.five.students.having.the.next.highest.GPA.level.would.be. identified,.with.one.student.being.
randomly.assigned.to.each.group..This.systematic.separation.on.the.basis.of.GPA.and.random.sep-
aration.within.the.GPA.level.would.be.continued.until.all.students.were.assigned.to.groups..Their.
final.grades.could.then.be.analyzed.using.a.one-way.ANOVA.for.equality.of.means..The.random-
ized.block.design.is.a.method.of.assigning.subjects.to.groups;.it.is.not.a.new.ANOVA.test..However,.
when.performing.the.ANOVA.test,.the.total.variation.is.separated.differently.

10.5.1 randomized Block Design Model

The.total.variation.of.the.one-way.ANOVA.problem.was.separated.into.the.“between”.and.the.
“within”.variations..For.a.randomized.block.design.problem,.the.total.variation.is.separated.into.
three.parts:.the.treatment,.the.block,.and.the.error.variations..Thus,.a.score.Xij.can.be.represented.
by.the.following.linear.model:

. X Xij i j ij i j= + − + − + − − +• • • •m m m m m m m m( ) ( ) ( ) . (10.32)

in.which.µ.is.the.grand.mean;.µi•.is.the.mean.of.the.ith.block,.with.i.=.1,.2,.......,.b;.µ•j.is.the.mean.of.
the.jth.treatment,.with.j.=.1,.2,.......,.k; k is.the.number.of.treatments;.and b is.the.number.of.blocks..
Letting.αi.represent.the.variation.of.the.ith.block.mean.about.µ.(i.e.,.the.effect.of.block.i).and.βj.rep-
resent.the.variation.of.the.jth.treatment.mean.about.µ.(i.e.,.the.effect.of.the.jth.treatment),.Equation.
10.32.can.be.rewritten.as

. Xij i j ij= + + +m a b e . (10.33)

in.which.𝜀ij.is.the.random.variation,.that.is,.the.variation.that.is.not.accounted.for.by.the.treatment.
and.block.variables;.thus,.𝜀ij.is.given.by

. e m m mij ij i jX= − − +• • . (10.34)

The.means.are.given.by
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The.randomized.block.analysis.involves.testing.two.sets.of.hypotheses..First,.one.is.interested.in.
the.equality.of.block.means

. . . . . . . . . . . . . H0 1 2 b: + = =m m m• • •⋅⋅⋅ . (10.38a)

 HA:.all.block.means.are.not.equal. (10.38b)

Because.the.model.of.Equation.10.33.indicates.that.the.separation.of.scores.includes.a.treatment.
effect,.the.equality.of.treatment.means.is.also.of.interest:

. . . . . . . . . . . . .H k0 1 2: + = =m m m• • •⋅⋅⋅ . (10.39a)

 HA:.all.treatment.means.are.not.equal. (10.39b)

If. the.null.hypothesis.of.Equation.10.39a. is. rejected,.one.can.conclude. that. the. treatments.have.
different.effects.on.the.criterion.variable.Xij..Similarly,.if. the.null.hypothesis.of.Equation.10.38a.
is. rejected,. one. can. conclude. that. the. blocked. variable. has. a. significant. effect. on. the. criterion.
variable.

To.test.the.hypotheses.of.Equations.10.38.and.10.39,.the.total.variation,.which.is.evident.if.µ.is.
subtracted.from.both.sides.of.Equation.10.32,.can.be.separated.into.the.three.parts:.treatment,.block,.
and.error..In.terms.of.sample.means.(rather.than.population.means),.Equation.10.32.can.be.written.
as.a.linear.separation.of.variation:
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(10.40)

or,.in.terms.of.variation,

. total = treatment +block +error. (10.41a)

. . . . . . . . . . . . . . . SS SS SS SSt a b e= + + . (10.41b)

The. summations. of. Equation. 10.40. can. be. used. to. compute. the. terms. of. the. linear. separation..
Alternatively,.the.following.equations.can.be.used.to.compute.the.sums.of.squares:
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 SS SS SS SSe t a b= − − . (10.48)

The. sums.of. squares. can.be. entered. into. a. randomized.block.analysis. table,.which. is. shown. in.
Table. 10.13.. Using. the. corresponding. degrees. of. freedom,. which. are. shown. in. Table. 10.13,. the.
mean.squares.are.computed.as.the.ratio.of.the.sum.of.squares.to.the.degrees.of.freedom..The.mean.
squares.are.used.to.compute.two F ratios..The F statistic.for.evaluating.the.significance.of.the.treat-
ment.effect,.which.is.denoted.as.F1,.is.the.ratio.of.the.mean.square.for.treatment.to.the.mean.square.
interaction..The F statistic.for.evaluating.the.significance.of.the.block.effect,.which.is.denoted.as.
F2,.is.the.ratio.of.the.mean.square.for.the.block.effect.to.the.mean.square.interaction..Both.F1.and.
F2.are.shown.in.Table.10.13.

The.two F statistics,.F1.and.F2,.are.used.to.test.the.hypotheses.of.Equations.10.38.and.10.39..If.
the.computed.value.of.F1.is.greater.than.the.critical.value.for.the.desired.level.of.significance,.the.
null.hypothesis.of.Equation.10.39a.should.be.rejected;.this.implies.that.the.treatment.effect.is.sig-
nificant..If.the.computed.value.of.F2.is.greater.than.the.critical.value.for.the.desired.level.of.signif-
i.cance,.the.null.hypothesis.of.Equation.10.38a.should.be.rejected;.this.implies.that.the.block.effect.
is.significant.

Rationale—Two.simple.examples.will.be.used.to.illustrate.the.randomized.block.analysis..In.
Table.10.14,.the.scores.are.listed.for.a.case.involving.three.blocks.and.four.treatments;.thus, N equals.
12, b equals.3,.and k equals.4..In.Table.10.14(a),.the.block.effect.is.obvious,.with.no..treatment.effect..
The.scores.are.the.same.for.each.treatment,.thus.the.treatment.means.are.identical,.and.there.is.no.
reason.to.believe.that.the.treatment.has.an.effect.on.the.criterion.variable..The.values.within.each.
block.show.no.variation,.so.the.standard.error.of.the.block.mean.(i.e.,.S kb / ).equals.zero..With.
high.confidence.in.the.block.mean,.one.would.expect.the.difference.between.the.block.means.to.
be.significant;.thus.a.block.effect.would.be.expected..The.ANOVA.table.of.Table.10.15(a).indicates.

table 10.14  rationale of the randomized Block 
Analysis

(a) Block effect (b) treatment effect

treatment treatment

Block 1 2 3 4 Block 1 2 3 4

1 1 1 1 1 1 1 2 3 4

2 2 2 2 2 2 1 2 3 4

3 3 3 3 3 3 1 2 3 4

table 10.13 randomized Block Analysis table

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares Mean Square Computed F

treatments k	–	1 SSa MS
SS
ka

a=
−1

F
MS
MS

a

e
1 =

Blocks b	–	1 SSb MS
SS
bb

b=
−1

F
MS
MS

b

e
2 =

Interaction (k	–	1)	(b	–	1) SSe MS
SS

k be
e=

− −( )( )1 1

—

total kb	–	1 SSt — —
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a.significant F for. the.block.effect,.whereas. the F value. for. the. treatment.effect. is.zero.and.not.
significant.

In.Table.10.14(b),.the.treatment.effect.is.obvious..Because.both.the.values.in.each.block.and.the.
block.means.are.identical,.there.is.no.reason.to.expect.the.block F to.be.significant..In.each.treat-
ment.group,.there.is.no.variation;.that.is,.the.standard.deviations.of.the.scores.within.each.treatment.
(and.therefore.the.standard.errors).equal.zero..Thus,.the.differences.between.each.pair.of.treatment.
means.must.be.considered.significant,.and.one.would.expect.the.treatment.effect.to.be.significant..
The.ANOVA.table.of.Table.10.15(b).supports.these.findings..The F for.the.block.variance.is.zero,.
while.the F for.treatment.variation.equals.∞;.therefore,.the.block.effect.is.not.statistically.signifi-
cant,.whereas.the.treatment.effect.is.highly.significant..(The.reader.should.perform.the.summations.
that.are.necessary.to.derive.Table.10.15.from.the.scores.of.Table.10.14.)

The.randomized.block.design.can.be.represented.schematically.as.shown.in.Figure.10.2..The.
system.consists.of b normal.populations.that.have.a.common.variance.σ.2..Each.block.has.a.mean.
value.µi,.with.i.=.1,.2,.......,.b..If.the.blocked.factor.does.not.really.influence.the.value.of.the.criterion.
variable,.the.block.means.will.be.equal;.otherwise,.the.ANOVA.test.that.is.used.for.the.randomized.
design.case.will.identify.a.significant.difference.among.the.block.means..Samples.from.each.block.

table 10.15 randomized Block tables for experiments of table 10.14

(a) Block effect (b) treatment effect

Source of 
Variation

Degrees of 
Freedom SS* MS F

Source of 
Variation

Degrees of 
Freedom SS** MS F

treatment 	 3 0 0 0.00 treatment 	 3 15 5 ∞

Block 	 2 8 4 ∞ Block 	 2 	 0 0 0

Interaction 	 6 0 0 — Interaction 	 6 	 0 0 —

total 11 8 — — total 11 15 — —
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and common variance σ2
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Sample mean Xij for
block i and treatment j…

Figure 10.2 schematic	of	anoVa	test	for	randomized	block	designs.
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are.subjected.to.the.treatments..If.the.treatment.does.not.have.a.significant.effect.on.the.criterion.
variable.score,.the.treatment.means.will.not.be.statistically.different..As.indicated.in.Figure.10.2,.
the.sample.means.are.used.to.draw.inferences.about.the.population.mean.

Example 10.4: Effectiveness of Fertilizer Mixes and Soil Texture

Consider the case in which one wants to examine the effect of the fertilizer mix on crop yield but the fields 
on which the experiments are conducted vary in soil characteristics. On the basis of soil texture, the soils can 
be separated into six groups ranging from well drained to poorly drained. Thus, the fertilizer mix is the treat
ment variable and the drainage characteristic of the soil is the block variable. If four fertilizer mixes are to be 
investigated, k equals 4. For the six soil drainage classes, b equals 6. If 24 plots are available, with four in each 
drainage class, each combination of fertilizer mix and soil drainage type can be tested on only one plot. The 
resulting crop yields are shown in Table 10.16. The ANOVA table is shown in Table 10.17 (the reader may wish 
to verify the entries in Table 10.17 using Equations 10.42 to 10.48). The computed F value for the treatment F 
equals 17.17. For a 5% level of significance and degrees of freedom of (3, 15), the critical value is 3.29. Thus, 
the computed F is significant and the null hypothesis of equal treatment means should be rejected; this would 
imply that the fertilizer mix does have a significant effect. For degrees of freedom of (5, 15) and a 5% level of 
significance, the critical F value is 2.90. Thus, the computed value is significant, and the null hypothesis of 
equal block means should be rejected; this implies that the drainage characteristics of the soil have an effect 
on the crop yield.

10.6 tWO-WAY ANOVA

Before. introducing. another.ANOVA.model. structure,. it.may.be.worthwhile. to. summarize. the.
methods. examined. to. this. point,. which. would. also. be. a. useful. way. of. placing. the. two-way.
ANOVA,.or ANOVA2,. in.perspective..Usually,.ANOVA.methods.are.used. for. testing.hypoth-
eses.concerning.mean.values,.a.problem.that.has.been.discussed.in.Chapter.9..The.first.tests.on.

table 10.16  Crop Yields (bushels/acre) for Four Fertilizer Mixes 
(treatments) and Six Drainage Classes (Blocks)

Fertilizer Mix

Drainage Class 1 2 3 4

1.	Well	drained 103 97 108 92

2. 94 89 102 87

3. 97 94 99 96

4. 88 85 96 91

5. 81 72 82 75

6.	Poorly	drained 74 67 79 64

table 10.17  randomized Block Design Analysis for Crop 
Yield example

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares

Mean 
Square F

treatment 	 3 438.33 146.11 17.17

Block 	 5 2578.00 515.6	 60.58

Interaction 15 127.67 8.51 —

total 23 3144.00 — —
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mean.values.were.the.one-sample.z.and.t.tests..These.two.tests.were.concerned.with.one.sample.
of.measurements.on.a. criterion.variable.measured.on.a. continuous. scale..The.null. hypothesis.
equates.the.population.mean.µ.with.a.standard.of.comparison.μ0..The.second.test.for.means.was.
the.two-sample.t.test,.for.which.there.are.several.alternatives..For.the.two-sample.test,.the.com-
parison.of.the.null.hypothesis.involves.the.means.for.two.populations,.µl.and.µ2;.in.this.case,.the.
values.of.the.criterion.variable.are.measured.on.a.continuous.scale..The.two-sample t. test. is.a.
special.case.of.the.one-way.ANOVA,.which.is.a.test.of.hypothesis.for.equal.means.of.two.or.more.
populations;.a.sample.corresponds.to.each.population,.and.the.criterion.variable.is.measured.on.
a.continuous.scale..The.randomized.block.design.is.similar.to.the.one-way.ANOVA.but.with.the.
addition.of.an.independent.variable.that.is.measured.on.a.discrete.scale..The.one-way.ANOVA.
problem.is.viewed.as.a.matrix.of.scores.on.the.criterion.variable,.with. the.scores. in.a.column.
representing.the.result.of.one.treatment..The.randomized.block.design.can.be.viewed.in.the.same.
way,.but.with.the.added.characteristic.that.the.scores.in.the.different.rows.represent.the.effect.of.
an.independent.variable.that.is.measured.on.a.discrete.scale..These.four.analysis.problems.are.
summarized.in.Table.10.18.

A.fifth.ANOVA.method,.two-way.ANOVA,.extends.the.analysis.to.the.case.where.two.discrete.
independent. variables. are. involved.. The. ANOVA2. problem. can. involve. interaction. between. the.
two.independent.variables;.this.characteristic.is.a.distinguishing.factor.between.the.ANOVA.with.
randomized.block.design.and.the.ANOVA2..The.distinction.is.important.because.the.significance.
of.the.interaction.must.be.examined.before.the.effects.of.the.row.and.column.variables.are.studied..
The.data.arrangement.for.ANOVA2.is.shown.in.Table.10.18.

Two-way.ANOVA.designs.are.applicable.to.many.engineering.problems..For.example,.if.the.cri-
terion.variable.is.traffic.accidents.at.intersections,.one.may.wish.to.examine.whether.or.not.accident.
rates.are.affected.by.(1).the.degree.of.lighting.at.the.intersection.(none,.poor,.good);.(2) the.degree.
of. traffic.control. (none,.stop.sign,. traffic. light);.or. (3). the.degree.of. interaction.between. lighting.
and.traffic.control..As.another.example,.crop.yield.may.be.the.criterion.variable.of.interest..Crop.
yield.is.affected.by.the.levels.of.irrigation.and.fertilizer..Because.these.two.factors.may.interact,.the.
ANOVA2.procedure.would.be.applicable..That.is,.the.fertilizer.may.not.be.effective.unless.suffi-
cient.water.is.provided.by.irrigation..Another.way.of.viewing.interaction.is.in.terms.of.the.variation.
of.the.effect.of.one.independent.variable.as.the.value.of.the.second.independent.variable.changes;.
for.example,.if.there.is.no.variation.in.the.mean.values.of.the.crop.yield.for.different.levels.of.fer-
tilizer.application.at.the.low.level.of.water.application.but.a.significant.difference.in.mean.values.at.
high.levels.of.water.application,.the.two.independent.variables.are.interacting..This.concept.is.easily.
illustrated.with.the.data.of.Table.10.19..For.the.case.of.no.irrigation,.the.crop.yield.does.not.change.
significantly;.however,.for.high.levels.of.irrigation,.the.crop.yield.changes.significantly.as.the.fer-
tilizer.application.rate.increases..For.low.and.medium.levels.of.irrigation,.the.effect.of.the.fertilizer.
application.rate.is.greater.than.for.the.case.of.no.irrigation.but.less.than.that.for.the.high.level.of.
irrigation..The.interaction.between.the.independent.variables.must.be.accounted.for.if.proper.deci-
sions.are.to.be.made.

10.6.1 ANOVA2 Model

ANOVA2.analysis.involves.three.null.hypotheses,.one.for.each.of.the.independent.variables.and.one.
for.the.interaction.between.the.two.independent.variables;.both.null.hypotheses.for.the.independent.
variables.test.for.equality.of.means:

. H n0 1 2= column means are not significantly different ( = = =ʹ ʹ ⋅⋅⋅ ʹm m m cc ). (10.49a)

. HA= at least one pair of column means is different . (10.49b)
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and

. �� �� �� ��H n0 1 2= row means are not significantly different = = =(m m m…
rr ). (10.50a)

. ��HA= at least one pair of row means is different. (10.50b)

in.which.the.subscripts.nc.and nr.are.the.number.of.columns.and.rows,.respectively..The.hypotheses.
for.testing.for.a.significant.interaction.between.the.two.independent.variables.are

. H0 = the interaction between the independent variables is not signifiicant. (10.51a)

. HA= the interaction between the independent variables is significannt . (10.51b)

The.hypotheses.of.Equation.10.51.must.be.tested.before.those.of.Equations.10.49.and.10.50.

table 10.18 Summary of hypothesis tests on Means

test
Null 

hypothesis

Number of Discrete 
Independent 

Variables test Statistic Data

t	test	(or	z)	on	
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µ µ= 0 0
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S n
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table 10.19 Interaction effect between Independent Variables

Fertilizer Application rate

Level of Irrigation None Low Medium high

none 36 39 35 	 40

Low 42 45 51 	 56

medium 53 61 74 	 86

High 72 83 95 109
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Just.as.the.other.ANOVA.models.involved.a.separation.of.variation.into.its.component.parts,.the.
ANOVA2.model.separates.the.variation.in.a.way.that.the.hypotheses.of.Equations.10.49,.10.50,.and.
10.51.can.be.tested..The.ANOVA2.model.is

. X Xijk ijk jk j k jk j k= + − + − + − + − − +m m m m m m m m m m( ) ( ) ( ) ( ). (10.52a)

. . . . . . . . . ...= + + + +m e b g aijk j k jk. (10.52b)

in.which.Xijk.is.the.ith.value.of.the.criterion.variable.for.levels.of.the.independent.variables.j.and.k;.
µjk.is.the.mean.for.cell.jk;.µj.and.µk.are.the.means.for.independent.variables.j.and.k,.respectively;.
µ is.the.grand.mean;.𝜀ijk.is.the.deviation.of.the.ith.value.of.the.criterion.variable.from.the.mean.of.
cell.jk;.βj.and.γk.are.the.deviations.of.the.column.and.row.means,.respectively,.from.the.grand.mean;.
and.αjk.is.the.cell.deviations.

The.sampling.procedure.for.a.two-way.ANOVA.is.similar.to.that.for.a.one-way.ANOVA..One.
can. either. draw. a. number. of. samples. from. the. same. population. and. subject. each. to. a. different.
experimental.analysis.or.draw.the.samples.from.different.populations.and.subject.each.to.the.same.
experimental.analysis..The.values.of.the.criterion.variable.can.be.placed.into.a.double-entry.table,.
such.as.that.given.in.Table.10.20;.the.table.consists.of.nr rows.and.nc.columns.that.reflect.the.dif-
ferent.levels.of.the.independent.variables..Each.cell.of.the.double-entry.table.should.contain.at.least.
one.value.of.the.criterion.variable.

Once.the.experiment.has.been.designed.and.the.level.of.significance.selected,.the.experimental.
analysis.is.made,.and.the.values.of.the.criterion.variable.are.computed.and.placed.into.the.double-
entry.table..The.sums.of.squares.can.be.computed.using.the.following.equations:

. 1.. The.between-columns.sum.of.squares

. SS
T

n

T

Nc
k

kk

nc

= −•

=
∑

2

1

2

. (10.53)

. 2.. The.between-rows.sum.of.squares

. SS n X Xr j j
j

nr

= −•
=
∑ ( )

1

2

. (10.54a)

.

= −•

=
∑

T

n

T

N
j

jj

nr 2

1

2

.

(10.54b)

table 10.20 Double-entry table for ANOVA2

Level of Independent 
Variable 2

Level of Independent Variable 1

1 2 . . . nc

1

2

.

.

.
nr
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. 3.. The.between-cells.sum.of.squares

.

SS
T

n

T

Nb
jk

jkk

nc

j

nr

= −
==
∑∑

2

11

2

.

(10.55)

. 4.. The.interaction.sum.of.squares

 SS SS SS SSrc b c r= − − . (10.56)

. 5.. The.total.sum.of.squares

.

SS X
T

Nt ijk
i

n

k

nc

j

nr jk

= −
===
∑∑∑ 2

2

111 . (10.57)

. 6.. The.within-cells.sum.of.squares

 SS SS SSw t b= − . (10.58)

in.which.Tj•.and.T•k.are.the.total.of.the.scores.in.row.j.and.column.k,.respectively; nj and.nk.are.the.
number.of.scores.in.row.j.and.column.k,.respectively;.njk.is.the.number.of.scores.in.cell.jk;.T.the.total.
of.all.the.scores.in.the.double-entry.table;.and N the.total.number.of.scores.and.is.equal.to

. N n n nj
j

nr

k
k

nc

jk
k

nc

j

nr

= = =
= = ==
∑ ∑ ∑∑

1 1 11
. (10.59)

The.sums.of.squares.can.be.placed.as.input.into.an.ANOVA2.table,.as.shown.in.Table.10.21..The.
three F values.are.computed.by.dividing.the.corresponding.mean.square.by.the.mean.square.within,.
MSw..The.degrees.of.freedom.v.for.each.sum.of.squares.are.listed.in.Table.10.21.

After.the.entries.for.the.ANOVA2.table.are.computed,.the.first.step.is.to.test.the.significance.of.
the.interaction,.which.corresponds.to.the.null.hypothesis.of.Equation.10.51..The.critical.value.Frc is.
obtained.from.a.table.of.values.for.the F distribution;.the.critical.value.is.selected.based.on.the.level.
of.significance.α.and.the.degrees.of.freedom.(vrc,.vw)..If.the.computed.value.Frc.is.greater.than.the.
table F value,.the.null.hypothesis.is.rejected;.this.implies.that.the.interaction.is.significant..If.the.
interaction.is.significant,.the.effects.of.the.row.variable.may.not.be.the.same.for.each.column,.and.
the.effects.of.the.column.variable.may.not.be.the.same.for.each.row..If.the.interaction.is.not.signifi-
cant.(i.e.,.Frc.<.Fα),.the.row.and.column.variables.may.be.analyzed.independently..If.the.interaction.
is.significant,.one-way.ANOVAs.should.be.performed.separately.for.the.row.and.column.variables..
If.the.interaction.is.not.significant,.the.values.of.Fr.and.Fc.computed.in.Table.10.21.can.be.used.to.
test.the.significance.of.the.null.hypotheses.of.Equations.10.50.and.10.49,.respectively..The.decision.
procedure.can.be.summarized.as

. 1.. Compute.all.entries.to.the.ANOVA2.table.(Table.10.21).

. 2.. Using.the.level.of.significance.and.degrees.of.freedom.(vrc,.vw),.find.the.critical F value.(say,.Fα ).

. 3.. If. Frc. >. Fα,. reject. H0. of. Equation. 10.51. and. perform.one-way. ANOVA. for. the. row. and. column.
variables.

. 4.. If.Frc.<.Fα,.use.Fc.and.Fr.of.Table.10.21.to.test.the.null.hypotheses.of.Equations.10.49.and.10.50,.
respectively;.use.degrees.of.freedom.(vc,.vw).and.(vr ,.vw).to.test.for.significant.column.and.row.effects,.
respectively.
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10.6.2 Computational examples

The.model.of.Equation.10.52.indicates. that.variations.from.the.grand.mean.can.be. the.result.of.
deviations.from.the.row.mean,. the.column.mean,. the.cell.mean,.and.interaction..The.task.of.an.
ANOVA2.is.to.separate.the.variation.that.exists.in.a.set.of.values.on.the.criterion.variable.into.its.
component.parts,.so. that. the.significance.of. the.effects.can.be.assessed..The.model.of.Equation.
10.52b.could.be.expressed.as

.

X

X

ijk ijk j k jk

ijk

= + + + +

=

m e b g a
grandmean+error effect +columneffecct + roweffect + teractionin . (10.60)

Equation.10.60.implies.that.given.the.five.components.of.the.right-hand.side,.the.value.of.the.cri-
terion. variable. can. be. computed. as. the. sum. of. the. grand. mean. and. the. four. effects;. of. course,.
the.purpose.of.ANOVA2.is.the.opposite—that.is,.to.break.an.observed.value.into.the.individual.
effects—but.it.can.be.instructive.to.show.cases.where.the.values.of.the.criterion.variable.are.formed.
from.given.values.of.the.grand.mean.and.the.four.effects..Table.10.22.uses.a.grand.mean.of.10.to.
show.seven.cases. involving.various.combinations.of. the.four.effects..The.values.of. the.criterion.
variable,.which.are.the.sum.of.the.individual.parts.of.Equation.10.60,.are.shown.in.the.double-entry.
table.on.the.right.side.of.Table.10.22.

A.two-way.ANOVA.was.performed.for.each.of.the.seven.double-entry.tables.of.Table.10.22;.
the.resulting.ANOVA2.tables.are.given.in.Table.10.23..If.we.define.zero.divided.by.zero.to.be.zero.
and.any.positive.value.divided.by.zero.to.be.infinity,.the.computed F values.of.Table.10.23.reflect.
the.effect.that.was.used.to.generate.the.values.of.the.criterion.variable.that.are.shown.in.the.double-
entry.tables.of.Table.10.22..Although.there.are.no.degrees.of.freedom.for.the.MSw.in.six.of.the.cases,.
we.must.also.assume.that.an F value.of.infinity.is.significant.

Case 1: Row effect..The.first.double-entry.table.was.generated.using.a.grand.mean.of.10.and.
row.effects.of.+2.and.–2..Thus,.the.row.means.differ,.but.the.column.means.equal.the.grand.mean..
The.ANOVA2.table.indicates.that.both.the.column.effect.and.the.interaction.are.not.significant..
The.row.effect.is.significant..Because.each.cell.has.only.one.value,.the.within-cell.variation.is.zero..
Thus,.the F values.must.be.either.zero.or.infinity.

Case 2: Column effect..The.second.double-entry.table.of.Table.10.22.was.generated.using.a.
grand.mean.of.10.and.column.effects.of.–4,.1,.and.3..The.sum.of.the.column.effects.is.zero..Whereas.
the.column.means.differ,. the.row.means.equal. the.grand.mean;. therefore,.one.would.expect. the.

table 10.21 ANOVA2 table

Source of Variation Degrees of Freedom Sum of Squares Mean Square Computed F

Between	cells — SSb — —

Between	columns v ncc = −1 SSc MSc F
MS
MSc

c

w

=

Between	rows v nrr = −1 SSr MSr F
MS
MSr

r

w

=

Interaction v nc nrrc = − −( )( )1 1 SSrc MSrc F
MS
MSrc

rc

w

=

Within	cells v N nc nrw = − ( ) SSw MSw —

total v Nt = −1 SSt — —
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column.effect. to.be.significant.because. the.within-cell.variation. is.zero..The. row.effect.and. the.
interaction.are.not.significant,.as.is.evident.from.the.zero.values.of.the.corresponding F statistics.

Case 3: Row and column effects..The.third.double-entry.table.of.Table.10.22.was.generated.
using.a.grand.mean.of.10.and.the.row.and.column.effects.of.the.previous.two.cases;.specifically,.the.
row.effect.is.generated.using.values.of.+2.and.–2,.while.the.column.effect.is.generated.with.values.
of.–4,.1,.and.3..Thus,.both.the.row.and.column.means.differ.from.the.grand.mean..The.i.row.means.
are.the.same.as.the.values.for.case.1,.and.the.column.means.are.the.same.as.the.values.for.case.2..
The F values.of.the.ANOVA2.table.(Table.10.23).indicate.that.the.interaction.is.not.significant,.but.
the.row.and.column.effects.are.significant..As.the.number.of.effects.increases,.the.variation.of.the.
cell.values.increases;.this.makes.it.more.difficult.to.identify.visually.what.effects.are.present.and.
significant.

Case 4: Interaction. The.fourth.double-entry.table.in.Table.10.22.was.generated.using.a.grand.
mean.of.10.and.an.interaction.effect..Row.and.column.effects.are.not.present;.therefore,.the.row.
and.column.means.equal.the.grand.mean.even.though.the.values.within.a.row.or.column.vary..The.
interaction.effects. sum. to.zero. for.each. row.and.column..The.computed F values. show. that. the.
interaction.is.significant..Because.the.interaction.is.significant,.it.would.be.necessary.to.perform.a.
separate.one-way.ANOVA.for.the.row.and.column.variables;.it.is.simple.to.show.that.the F values.
will.equal.zero.for.the.one-way.ANOVAs.

table 10.22  Formulation of examples to Illustrate row (R), Column (C), Interaction (I), and error (E) 
effects

effect
Grand 
Mean

effect for 
row

effect for 
Column

Interaction 
effects

error 
effects

Double-entry table  
with Mean1 2 1 2 3

R 10 2 –2 0 0 0 0 0 0

0 0 0

0 0 0

0 0 0

12 12 12 12

	 8 	 8 	 8 	 8

10 10 10 10

C 10 0 0 –4 1 3 0 0 0

0 0 0

0 0 0

0 0 0

6 11 13 10

6 11 13 10

6 11 13 10

R, C 10 2 –2 –4 1 3 0 0 0

0 0 0

0 0 0

0 0 0

8 13 15 12

4 	 9 11 	 8

6 11 13 10

I 10 0 0 0 0 0 −2 5 −3

	 2 −5 	 3

0 0 0

0 0 0

	 8 15 	 7 10

12 	 5 13 10

10 10 10 10

R, I 10 2 –2 0 0 0 −2 	 5 −3

	 2 −5 	 3

0 0 0

0 0 0

10 17 	 9 12

10 	 3 11 	 8

10 10 10 10

R, C, I 10 2 –2 –4 1 3 −2 	 5 −3

	 2 −5 	 3

0 0 0

0 0 0

6 18 12 12

6 	 4 14 	 8

6 11 13 10

R, C, I, E 10 2 –2 –4 1 3 −2 5 −3

	 2 −5 	 3

±2 0 ±1

±1 ±2 0

4		 8 18	18 11		 13 12

5		 7 	 2		 6 14		 14 	 8

6 11 13 10
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Case 5: Row and interaction effects. The.values.in.the.fifth.double-entry.table.of.Table.10.22.
were.generated.using.a.grand.mean.of.10.and.both.a.row.and.interaction.effect..Because.there.is.no.
column.effect,.the.column.means.equal.the.grand.mean..Also,.because.the.interaction.effects.are.
such.that.they.sum.to.zero.in.each.row,.the.row.means.are.the.same.as.for.case.1..The.values.in.each.
row.differ.from.the.values.of.case.1.because.of.the.interaction.effect..The F value.for.interaction.
is.significant,.as.expected;.therefore,.a.one-way.ANOVA.would.be.necessary.to.show.that.the.row.
effect.is.significant.

Case 6: Row, column, and interaction effects..The.values.in.the.sixth.double-entry.table.of.
Table.10.22.were.generated.using.a.grand.mean.of.10.and.the.row,.column,.and.interaction.effects.
used.in.the.previous.cases..Both.the.row.and.column.means.differ.from.the.grand.mean.but.equal.
the.means.for.the.cases.where.only.row.or.column.effects.were.present..The.computed F values.for.
row,.column,.and.interaction.effects.indicate.that.the.effects.are.significant..Because.the.interaction 
F is.significant,.it.would.be.necessary.to.perform.one-way.ANOVAs.to.test.the.significance.of.the.
row.and.column.effects.

Case 7: Row, column, interaction, and error effects..The.seventh.double-entry.table.is.the.
only.one.that.contains.more.than.one.value.per.cell..This.occurs.because.an.error.effect.is.included..
As.a.result,.the F values.of.Table.10.23.for.this.case.will.not.be.zero.or.infinity..The.row.and.column.
means.still.equal.the.values.for.the.cases.where.there.were.row.and.column.effects.only;.this.results.
because.the.interaction.effects.sum.to.zero.in.each.row.and.column,.and.the.error.effects.sum.to.zero.
within.each.cell..The.critical F values.for.the.interaction.effects.would.be.determined.using.degrees.
of.freedom.of.(2,.6)..For.the.5%.level.of.significance,.the.critical.value.is.5.14;.therefore,.the.inter-
action.effect.is.significant..Thus,.it.is.necessary.to.perform.a.one-way.ANOVA.for.both.the.row.and.
column.effects..The F values.from.the.one-way.ANOVAs.are.1.74.and.2.13.for.the.row.and.column.
effects,.respectively..For.a.5%.level.of.significance.and.1.and.10.degrees.of.freedom,.the.critical F 
value.for.testing.the.row.effects.is.4.96;.therefore,.the.row.effect.is.not.statistically.significant..For.
a.5%.level.of.significance.and.degrees.of.freedom.(2,.9),.the.critical F value.for.testing.the.signifi-
cance.of.the.column.effects.is.4.26..Thus,.the.column.effect.is.also.not.significant..This.case.shows.
that.even.though.some.variation.is.attributed.to.the.rows.(±2).and.columns.(–4,.1,.3),.the.variation.
is.not.significant.when.compared.with.the.within-cell.variation..In.addition,.the.case.illustrates.that.
the F values.in.the.ANOVA2.table.for.the.row.and.column.effects.can.lead.to.erroneous.conclusions.
when.interaction.effects.are.present.

Example 10.5: ANOVA2 of Coefficient of Friction

A series of experiments is conducted in which the coefficient of friction is measured between a shaft and 
the bearing. Two factors that potentially affect the coefficient are the degree of machining of the bearing (highly 
polished, moderately polished, and no machining) and the percentage of lead and antimony in the shaft (high, 
moderate, low). The experiments produced the coefficients given in Table 10.24. The row means are 0.0019, 
0.0025, and 0.0038; the column means are 0.0024, 0.0028, and 0.0030. The grand mean is 0.0027.

Because the two factors, machining and the composition of the alloy used in making the shaft, have the 
potential for interaction, a twoway ANOVA should be used to test the significance of the factors. Table 10.25 

table 10.24  ANOVA2 example: Coefficient of Friction, with two Measurements for 
each Case of high, Medium, and Low

Percentage of Lead and Antimony

Machining high Medium Low

Highly	polished 0.0005 0.0011 0.0017 0.0019 0.0031 0.0031

moderately	polished 0.0022 0.0022 0.0027 0.0031 0.0023 0.0025

no	machining 0.0039 0.0043 0.0036 0.0038 0.0033 0.0037
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shows the ANOVA2 table for the problem. Because all of the F values are large, it would seem that all effects 
are significant. But the ANOVA2 procedure requires that the F for interaction be tested first for significance. For 
degrees of freedom of (4, 9) and a 5% level of significance, the critical value is 3.63; therefore, the computed 
value of 23.24 is significant. Because the computed F for the interaction effect is significant, a separate oneway 
ANOVA should be made for both of the independent factors. The total and betweenrow sums of squares from 
Table 10.25 were entered into the oneway ANOVA table for row effects shown in Table 10.26. These were used 
to compute the within sums of squares.

The ratio of the mean squares results in an F value of 12.21. For degrees of freedom of (2, 15) and a 5% 
level of significance, the critical F value is 3.68; therefore, the row effect is significant. This indicates that the 
level of machining influences the coefficient of friction. The total and betweencolumns sums of squares from 
Table 10.25 were entered into the oneway ANOVA table for column effects shown in Table 10.27. The within 
sums of squares and degrees of freedom were then computed. The F ratio was computed using the mean 
squares. For a 5% level of significance and degrees of freedom of (2, 15), the critical F value is 3.68; therefore, 
the computed value of 0.58 is not statistically significant. Thus, the percentage of lead and antimony in the shaft 
does not influence the coefficient of friction as a separate variable; it does, however, interact with the degree of 
machining to affect the coefficient of friction.

10.6.3 Discussion

Methods. involving. the.ANOVA.have.been. introduced.as.a. set.of.hypothesis. tests..The.one-way.
and.two-way.ANOVA.are.used.to.test.hypotheses.of.equality.of.means..Bartlett’s. test. is.used.to.
detect.differences.in.the.variances.of.a.set.of.variables..Although.it.is.important.to.recognize.the.
role.of.such.tests.in.data.analysis,.it.is.equally.important.to.be.aware.of.the.similarities.between.
the.ANOVA.and.regression.analysis..Both.methods.use.the.linear.model.relating.the.criterion.vari-
able.and.the.other.variables,.or.factors..Whereas.regression.separates.the.total.variance.in.a.way.
that.the.regression.coefficients.reflect.the.rate.of.change.of.the.criterion.variable.(y).with.respect.to.

table 10.27 One-Way ANOVA table for Column effect

Source of Variation Degrees of Freedom Sum of Squares Mean Square Computed F

Between 	 2 	 1.2578	×	10–6 0.6289	×	10–6 0.58

Within 15 16.3333	×	10–6 1.0889	×	10–6 —

total 17 17.5911	×	10–6 — —

table 10.25 ANOVA2 test for example

Source of 
Variation

Degrees of 
Freedom

Sum of 
Squares Mean Square Computed F

Between	cells 17.1111	×	10–6

Between	columns 2 1.2578	×	10–6 0.6289	×	10–6 11.80

Between	rows 2 10.8978	×	10–6 5.4489	×	10–6 102.23

Interaction 4 4.9555	×	10–6 1.2389	×	10–6 23.24

Within 9 0.4800	×	10–6 0.0533	×	10–6 —

total 17 17.5911	×	10–6 — —

table 10.26 One-Way ANOVA table for row effect

Source of Variation Degrees of Freedom Sum of Squares Mean Square Computed F

Between 	 2 10.8978	×	10–6 5.4489	×	10–6 12.21

Within 15 	 6.6933	×	10–6 0.4462	×	10–6 —

total 17 17.5911	×	10–6 — —
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change.in.the.predictor.variable.(x),.the.ANOVA.provides.a.“yes/no”.statement.of.the.effect.of.x.on.
y..In.fact,.the.ANOVA.will.be.introduced.as.a.means.of.testing.the.significance.of.the.regression.
slope.coefficient.(see.Chapter.12)..Although.regression.is.usually.applied.to.variables.measured.on.
an.interval.scale,.the.factors.used.in.the.ANOVA.can.be.measured.on.nominal.and.ordinal.scales..
Another.closely.related.ANOVA.method,.which.is.called.the.analysis.of.covariance,.uses.regression.
to.hold.the.effect.of.a.variable.that.is.measured.on.the.interval.measurement.scale.constant.when.
performing.the.test.of.hypothesis.

Another.ANOVA.test.that.is.becoming.more.widely.used.is.the.multivariate.alternative..In.this.
case,.the.criterion.variable.is.a.vector.variable,.such.as.when.one.is.interested.in.the.effect.of.dif-
ferent.factors.on.several.interdependent.criterion.variables..For.example,.one.may.wish.to.detect.a.
significant.difference.between.various.models.that.were.designed.to.estimate.the.same.criterion.var-
iable.on.the.basis.of.bias,.precision,.and.the.cost.of.application..One.may.expect.that.as.the.cost.of.
application.increases,.the.bias.will.decrease.and.the.precision.will.improve,.thus.the.three.criterion.
variables.are.not.independent.and.cannot.be.analyzed.separately..The.multivariate.ANOVA.can.be.
used.to.detect.changes.when.all.variables.are.considered.simultaneously.

10.7 eXPerIMeNtAL DeSIGN

Statistical.methods. represent. systematic.analyses. that.have. theoretical.bases.and.are.used. to.
draw.inferences.about.an.effect.or.a.relationship..In.these.analyses,.data.are.collected.for.the.pur-
pose.of.understanding.the.significance.of.an.effect,.or.the.strength.of.a.relationship..To.obtain.the.
most.information.from.the.data.collected.and.resources.expended,.it.is.important.to.develop.a priori.
a.plan.for.the.collection.and.analysis.of.the.data..Researchers.and.statisticians.refer.to.such.plans.as.
experimental designs..Establishing.an.experimental.design.has.numerous.advantages.that.include:

•. Experimental.designs.are.systematic.
•. Experimental.designs.maximize.the.effective.use.of.resources,.that.is,.reduces.waste.
•. The.extraction.of.information.from.data.is.maximized.by.producing.an.effective.and.efficient.data.

collection.plan.
•. A.good.experimental.design.allows.generalizations.about.the.variables.under.examination.
•. Experimental.design.encourages.the.control.of.confounding.factors.
•. Experimental.designs.do.not.have.any.disadvantages.

The.following.three.variables.are.identified.when.developing.an.experimental.design:

. 1.. Criterion,.also.referred.to.as.response.or.dependent.variable;

. 2.. Independent.variables,.also.called.factors;.and

. 3.. Control,.or.environmental,.variables.

The.criterion.or.response.variable.is.the.one.about.which.knowledge.of.the.effects.or.relation-
ships.is.needed..The.independent.variables.or.factors.are.the.variables.whose.variation.may.or.may.
not.influence.the.value.of.the.response.variable..The.control.or.environmental.variables.are.those.
that.may.affect.the.response.variable.but.the.nature.of.the.effect.is.not.of.interest.or.within.the.scope.
of.the.experiment.

As.an.example,.consider.the.case.of.an.agricultural.engineer.who.was.interested.in.the.effect.of.
fertilizer.on.crop.growth..The.engineer.designs.an.experiment.in.which.the.weight.of.the.crop.at.the.
end.of.the.growing.season.for.plants.subjected.to.different.levels.of.fertilizer.are.measured..In.this.
case,.the.crop.weight.is.the.response.variable.and.the.extent.of.fertilization.is.the.independent.var-
iable.or.factor..Since.temperature.would.also.be.a.factor.in.crop.growth,.the.tests.are.conducted.in.
a.greenhouse.where.temperature.is.controlled.such.that.it.does.not.influence.the.differences.in.crop.
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yield,.that.is,.weight,.at.the.different.levels.of.fertilization..Thus,.temperature.is.an.environmental.
or.control.variable..The.term.environmental.variable.does.not.imply.that.the.variable.relates.to.the.
physical.environment,.although.in.this.case.it.is.a.physical.environmental.indicator.

In.addition.to.the.types.of.variables,.several.more.terms.are.used.when.discussing.experimental.
design..These.include.levels,.treatment,.and.control,.where.the.latter.is.distinguished.from.the.use.
of.control.as.a.variable..The.term.level.is.an.indicator.of.the.magnitude.of.a.factor..For.example,.
if.three.amounts.of.fertilizer,.that.is,.low,.medium,.and.high,.were.used.in.the.experiment,.then.it.
would.be.said.that.the.fertilizer.factor.was.tested.at.three.levels..The.term.treatment.refers.to.the.
different.cases.whose.effects.are.to.be.measures.and.compared.using.the.experimental.design..That.
is,.a.treatment.is.a.combination.of.levels.and.factors..The.term.control.is.applied.to.a.condition.of.
one.of.the.factors.where.no.effect.is.assumed..For.example,.in.the.case.of.the.fertilizer,.some.plants.
could.be.grown.without.fertilizer.but.under.the.same.other.conditions.as.the.fertilized.plants..This.
control.level.could.then.serve.as.the.yardstick.on.the.effects.of.the.different.levels.of.fertilizers.
The.general.steps.in.an.experimental.design.are.as.follows:

. 1.. Establish.hypotheses.that.will.be.tested.based.on.the.generalized.knowledge.needed.

. 2.. Identify.the.variables.relevant.to.the.process.under.investigation..This.would.include.identifying.the.
response.variable,.for.example,.mean.weight.of.corn.per.plant,.and.the.relevant.factors,.for.example,.
fertilizer.application,.temperature,.irrigation,.etc.

. 3.. Select.the.decision.criterion.such.as.to.assess.the.risk.of.error.in.a.making.a.decision,.that.is,.often.
the.level.of.significance.

. 4.. Choose.the.number.of.levels.for.each.factor.and.the.treatments.

. 5.. Based.on.the.available.resources.and.accuracy.needed,.select.the.number.of.samples.to.be.collected.
for.each.level.of.each.factor.

. 6.. Identify.the.methods.of.statistical.analysis.to.be.used.in.analyzing.the.data.collected.

Selecting.the.number.of. levels.(step.4).may.be.influenced.by.the.expected.degree.of. linearity.in.
the.relationship.between.the.response.variable.and.the.factor,.with.a.greater.number.of.levels.for.
nonlinear.relationships..Also,.if.the.hypotheses.developed.in.step.1.are.to.be.valid.over.a.wide.range.
of.the.response.and.independent.variables,.then.the.levels.should.be.set.to.cover.the.expected.range.
of.use.of.the.generalization.that.result.from.the.experiments..For.example,.if.the.mean.accounts.for.
evaporation.in.the.response.variable.and.the.effect.of.temperature.is.of.interest,.then.it.is.appropriate.
to.include.temperature.from.near.freezing.to.100oF.

Example 10.6: Experimental Design for Testing Lifejacket In-Water Performance

Experimental design is used in this example to demonstrate how to plan for inwater performance testing 
of lifejackets. A primary objective of the testing plan is identify relationships between the number of mouth 
immersions of a human wearing a lifejacket in waves from the performance of human wearing a life jacket in 
calm water.

In this case the response variable is the number of mouth immersions of a human wearing a lifejacket in 
regular sea waves defined by a particular significant wave height and period. The environmental factor is regular 
sea waves defined by a particular significant wave height and period. The factors considered for designing the 
experiments were based on factors known to affect lifejacket performance from present practices as follows:

X1—Buoyancy of the lifejacket (measured in pounds).
X2— Freeboard measured as the distance from the calm water surface to the lowest point of the mouth of 

the wearer of the life jacket (measured in inches).
X3—Head or faceplane angle (measured in degrees above a horizontal line).
X4—Torso or chest angle (measured in degree from the wearer’s back to a vertical line).
X5—Chin support which is either provided by the life jacket or not.
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The experimental design can be developed to investigate the relationships without factor interactions or 
with factor interactions. The case of examining relationships without interactions is called a fractional factorial 
design, whereas the case of examining the interactions is called a full factorial design. A fractional factorial 
design with each factor taking on two possible levels (L1 [−] for low level and L2 [+] for high level) was used 
to develop the testing combinations, that is, treatments, presented in Table 10.28. The design of Table 10.28 is 
suitable for investigating the main effects without interactions among the factors. Table 10.29 is an expanded 
test plan that would permit examining 2factor interactions in addition to the single factors. Table 10.30 shows 
the case of a full factorial design.

10.8 APPLICAtIONS

10.8.1 Steel Corrosion

A.structural.engineer.measures.the.corrosion.rate.(μm).for.four.types.of.steel.(carbon,.C;.copper,.
Cu;.A588;.and.A242).after.8.years.of.exposure.in.a.rural.environment..The.number.of.specimens.

table 10.28  Fractional Factorial Design, eight runs, 
Main effects Only without Interactions

run Pattern X1 X2 X3 X4 X5

1  + + −	−	− L2 L2 L1 L1 L1

2 − + − + − L1 L2 L1 L2 L1

3 + −	− + + L2 L1 L1 L2 L2

4 − + + − + L1 L2 L2 L1 L2

5 −	−	−	− + L1 L1 L1 L1 L2

6  + − + −	− L2 L1 L2 L1 L1

7 −	− + + − L1 L1 L2 L2 L1

8  + + + + + L2 L2 L2 L2 L2

table 10.29  Fractional Factorial Design, 16 runs, 
Main and 2−Factor Interactions Included

run Pattern X1 X2 X3 X4 X5

1 + −	−	+ + L2 L1 L1 L2 L2

2 −	−	+ + + L1 L1 L2 L2 L2

3 + + −	+ −	 L2 L2 L1 L2 L1

4 + + + −	−	 L2 L2 L2 L1 L1

5 + −	−	−	−	 L2 L1 L1 L1 L1

6 −	+ + + −	 L1 L2 L2 L2 L1

7 −	−	+ −	−	 L1 L1 L2 L1 L1

8 −	−	−	+ −	 L1 L1 L1 L2 L1

9 + + + + + L2 L2 L2 L2 L2

10 −	+ −	−	−	 L1 L2 L1 L1 L1

11 −	+ + −	+ L1 L2 L2 L1 L2

12 −	+ −	+ + L1 L2 L1 L2 L2

13 + −	+ + −	 L2 L1 L2 L2 L1

14 + + −	−	+ L2 L2 L1 L1 L2

15 −	−	−	−	+ L1 L1 L1 L1 L2

16 + −	+ −	+ L2 L1 L2 L1 L2
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available.differed.with.steel.type..Given.the.corrosion.rates.provided.below,.do.the.four.types.of.
steel.exhibit.different.rates.of.corrosion?.If.so,.which.ones.differ?

. C:.{110,.165,.95,.145,.130}

. Cu:.{80,.115,.105,.75}

. A588:.{45,.80,.75,.60,.45,.40}

. A242:.{25,.55,.30}

table 10.30  Full Fractional Factorial Design, 32 
runs, All Interactions Included

run Pattern X1 X2 X3 X4 X5

1 + + −	−	+ L2 L2 L1 L1 L2

2 −	+ + −	−	 L1 L2 L2 L1 L1

3 −	−	+ −	+ L1 L1 L2 L1 L2

4 −	+ + −	+ L1 L2 L2 L1 L2

5 + −	−	+ −	 L2 L1 L1 L2 L1

6 + + −	+ −	 L2 L2 L1 L2 L1

7 −	+ −	−	−	 L1 L2 L1 L1 L1

8 + + −	+ + L2 L2 L1 L2 L2

9 −	+ −	+ + L1 L2 L1 L2 L2

10 + −	−	+ + L2 L1 L1 L2 L2

11 −	−	+ + −	 L1 L1 L2 L2 L1

12 + + −	−	−	 L2 L2 L1 L1 L1

13 −	+ −	−	+ L1 L2 L1 L1 L2

14 −	−	−	−	+ L1 L1 L1 L1 L2

15 + −	+ + −	 L2 L1 L2 L2 L1

16 + −	+ + + L2 L1 L2 L2 L2

17 −	−	−	+ + L1 L1 L1 L2 L2

18 −	−	+ −	−	 L1 L1 L2 L1 L1

19 −	+ −	+ −	 L1 L2 L1 L2 L1

20 + −	+ −	+ L2 L1 L2 L1 L2

21 + + + + + L2 L2 L2 L2 L2

22 −	−	−	+ −	 L1 L1 L1 L2 L1

23 + −	+ −	−	 L2 L1 L2 L1 L1

24 + + + −	+ L2 L2 L2 L1 L2

25 + −	−	−	−	 L2 L1 L1 L1 L1

26 −	−	+ + + L1 L1 L2 L2 L2

27 + −	−	−	+ L2 L1 L1 L1 L2

28 + + + + −	 L2 L2 L2 L2 L1

29 + + + −	−	 L2 L2 L2 L1 L1

30 −	+ + + + L1 L2 L2 L2 L2

31 −	−	−	−	−	 L1 L1 L1 L1 L1

32 −	+ + + −	 L1 L2 L2 L2 L1



364	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

The.means.(X).and.standard.deviations.(S).for.the.four.samples.are

C Cu A588 A242

mean 129 93.8 57.5 36.7

standard	deviation 27.7 19.3 17.0 16.1

The.samples.were.analyzed.using.a.one-way.ANOVA.with.the.following.ANOVA.table:

Variation v
Sum of 
Squares

Mean 
Square F

Between 	 3 21,364 7121 16.23

Within 14 6143 438.8 —

total 17 	27,507 — —

The.critical F values.for.5%.and.1%.significance.levels.are.3.34.and.5.56,.respectively;.therefore,.the.
computed F of.16.23.is.very.significant,.with.an.extremely.small.rejection.probability..A.Scheffé.test.
was.made.for.each.pair.of.steel.types..The.same.critical F values.for.5%.and.1%.apply..The.resulting.
computed F values.are

Steel 1 Steel 2 F 5% Decision 1% Decision

C Cu 	 2.10 accept	H0 accept	H0

C a588 10.59 reject	H0 reject	H0

C a242 12.14 reject	H0 reject	H0

Cu a588 	 2.40 accept	H0 accept	H0

Cu a242 	 4.24 reject	H0 accept	H0

a588 a242 	 0.66 accept	H0 accept	H0

The.differences.in.means.are.not.significant.for.C.vs..Cu,.Cu.vs..A588,.and.A588.vs..A242..The.
differences.are.significant.for.C.vs..A588.and.C.vs..A242..The.difference.for.Cu.vs..A242.is.incon-
clusive,.unless.clear.evidence.is.available.that.would.lead.to.a.specific.level.of.significance.

10.8.2 Sheet erosion

A.soil. scientist. is. investigating. the.development.of. sheet. erosion..On. several. experimental.plots.
with.similar.topographic.characteristics,.the.scientist.uses.an.artificial.rain.generator.to.simulate.a.
1-h.rainstorm.of.constant.intensity..Nineteen.plots.are.available..The.plots.differ.in.soil.type,.each.
having.one.of.four.types:.sandy.loam,.sandy.clay.loam,.loam,.and.clay.loam..After.subjecting.each.
plot.to.the.simulated.rain,.the.hydraulic.radius.of.the.largest.rill.is.computed,.with.the.following.
results:

Soil type
Measured hydraulic 

radius (mm)

sandy	loam	(S1) 13,	10,	9,	12

sandy	clay	loam	(S2) 11,	8,	12,	8,	9

Loam	(S3) 10,	11,	6,	7

Clay	loam	(S4) 8,	5,	7,	8,	6,	5

The.soil.scientist.is.interested.in.knowing.if.the.soil.types.differ.significantly.in.their.development.
of.rills..Do.the.four.soil.types.differ?.If.so,.which.ones.are.different?
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The.means.and.standard.deviations.are

S1 S2 S3 S4

mean 11.00 9.60 8.50 6.50

standard	deviation 1.83 1.82 2.38 1.38

The.samples.were.analyzed.using.a.one-way.ANOVA.with.the.following.results:

Variation v Sum of Squares Mean Square F

Between 	 3 54.41 18.14 5.47

Within 15 49.70 3.31 —

total 18 104.11 — —

The.5%.and.1%.critical F values.for.3.and.15.degrees.of.freedom.are.3.29.and.5.42,.respectively..
Thus,.the.null.hypothesis.of.equal.means.is.rejected.for.both.levels.of.significance;.however,.the.
rejection.probability.is.only.slightly.smaller.than.1%..Scheffé.tests.were.applied.to.each.pair.of.soil.
types.to.decide.which.soils.showed.significant.differences..The.resulting.computed.values.are

Soil 1 Soil 2 F 5% Decision 1% Decision

S1 S2 0.44 accept	H0 accept	H0

S1 S3 1.26 accept	H0 accept	H0

S1 S4 4.89 reject	H0 accept	H0

S2 S3 0.27 accept	H0 accept	H0

S2 S4 2.64 accept	H0 accept	H0

S3 S4 0.97 accept	H0 accept	H0

The.only.apparent.difference.is.between.the.sandy.loam.and.the.clay.loam,.and.this.difference.is.
only.detected.for.a.5%.level.of.significance..At.a.1%.level.of.significance,.none.of.the.means.is.signif-
icantly.different..The.small.samples.are.likely.responsible.for.the.difference.between.the.ANOVA1.
decision.to.reject.and.the.decision.to.accept.most.differences.for.the.Scheffé.test..Accurate.decisions.
are.difficult.to.achieve.with.small.samples.

10.9 SIMULAtION PrOJeCtS

Two.simulation.projects.are.described.in.this.section:

. 1.. The.ANOVA.for.means.assumes.that.the.data.are.drawn.from.normal.populations..To.test.the.sen-
sitivity.of.the.test.to.this.assumption,.generate.106.samples.of.size.10.for.three.populations:.normal.
(mean.=.standard.deviation.=.1.464),.uniform.(lower.bound.=.–1.072,.upper.bound.=.4),.and.expo-
nential.(parameter.=.1.464)..Thus,.all.three.distributions.have.the.same.mean.and.variance..While.
the.mean.and.variance.of.each.population.are.the.same.(1.464),.the.shapes.of.the.distributions.differ..
For.each.run,.generate.three.samples,.compute.the.three.sample.means,.and.perform.the.ANOVA.
test..Count.the.number.of.times.that.the.null.hypothesis.is.rejected.at.5%.and.at.1%..Compare.the.
proportion.of.the.rejections.for.the.three.distributions.and.discuss.the.implications.of.the.results.

. 2.. The.ANOVA.test.on.means.is.insensitive.to.slight.departures.from.the.assumption.of.equal.popu-
lation.variances.when.the.sample.sizes.are.equal..To.test. the.sensitivity.of.the.ANOVA.F. test. to.
unequal.sample.sizes,.generate.106.tests.using.one.sample.of.5.and.a.second.sample.of.5,.both.from.
normal.populations.with.a.mean.of.5.and.a.standard.deviation.of.1..Count.the.number.of.rejections,.
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and.compute.the.proportion.of.rejections..Repeat.the.simulation.when.the.second.sample.is.of.size.
25,.then.50,.then.100..Assess.the.sensitivity.to.unequal.sample.sizes.

10.10 PrOBLeMS

 10-1. An.automotive.engineer.wants.to.see.if.the.brand.of.tire.makes.a.difference.in.stopping.distance..
She.has.new.sets.of.Brand.A.tires.placed.on.each.of.four.cars.of.different.makes.and.measures.the.
stopping.distances.after.the.cars.had.reached.a.speed.of.55.miles/h..Then.she.repeats.the.experiment.
with.Brand.B,.then.Brand.C,.and.then.Brand.D..She.concluded.that.the.brand.with.the.smallest.mean.
stopping.distance.was.the.best.tire..Discuss.this.from.an.experimental.design.perspective.

 10-2. A.heavy.drinker.conducts.an.experiment..On.four.consecutive.nights.he.drinks.20.oz..of.rum.mixed.
with.the.same.brand.of.a.cola.drink..Each.night.a.different.brand.of.rum.is.used..Each.following.
morning.he.has.a.hangover,.and.so.he.concludes.that. the.hangover.was.the.result.of. the.common.
element,.the.cola..(a).Discuss.this.from.the.perspective.of.experimental.design..(b).How.could.the.
drinker.redesign.the.experiment.so.that.a.more.logical.conclusion.would.be.drawn?

 10-3. Compare.the.steps.of.the.ANOVA1.hypothesis.test.with.those.of.the.two-sample.t.test.
 10-4. Why.is.it.incorrect.to.apply.the.two-sample.t.test.to.each.pair.of.samples.rather.than.performing.an.

ANOVA1.test.of.the.k.groups?
 10-5. Discuss.the.rationale.of.Equation.10.2.
 10-6. When. might. it. be. appropriate. to. use. a. level. of. significance. other. than. 5%. when. conducting. an.

ANOVA1.test?
 10-7. When.using.the.ANOVA1.test,.discuss.the.meaning.of.the.region.of.rejection?
 10-8. Assuming.normal.populations.sketch.the.distributions.of.each.of.the.k.groups.when.the.null.hypoth-

esis.is.incorrect.and.should.be.rejected.
 10-9. Discuss.the.meaning.of.each.term.in.Equation.10.5.
 10-10. For.the.five.measurements.on.the.two.variables.R1,.and.R2,.conduct.both.a.two-sample.t.test.(assume.

σ1 =.σ2,.both.unknown).and.an.ANOVA.test.on.means..Perform.two-tailed.tests.for.(a).Y1.=.8,.Y2.=.8,.
and.(b) Y1 = 8,.Y2.=.14.use.a.level.of.significance.of.5%. Explain.any.difference.in.the.results.of.the.two.
tests.

R1 4 6 6 7 Y1

R2 8 8 11 12 Y2

 10-11.. Four.sections.of.the.same.statistics.course.are.taught.by.four.teachers..Using.the.data.given.below.
and.a.level.of.significance.of.5%,.are.the.average.grades.of.the.four.classes.significantly.different?

Class.1 78 83 65 74 91 83 — —

Class.2 92 81 87 76 94 85 90 —

Class.3 63 71 65 68 83 — — —

Class.4 94 87 89 92 90 89 85 93

 10-12.. A.series.of.experiments.is.conducted,.and.the.coefficient.of.friction.µ.between.a.shaft.and.bearing.is.
computed..Tests.are.run.using.six.different.lubricants,.with.four.measurements.of.µ.for.each.lubri-
cant..At.the.1%.level.of.significance,.can.we.conclude.that.any.of.the.lubricants.are.more.effective.in.
reducing.friction?.If.so,.which.ones?

Lubricant.1 0.0105 0.0082 0.0076 0.0093

Lubricant.2 0.0074 0.0110 0.0086 0.0077

Lubricant.3 0.0062 0.0073 0.0059 0.0068

Lubricant.4 0.0107 0.0113 0.0094 0.0098

Lubricant.5 0.0052 0.0075 0.0064 0.0071

Lubricant.6 0.0083 0.0066 0.0080 0.0058

 10-13.. Four. electric. resistance. furnaces. are. tested. to. determine. the. temperature. produced. in. each. one..
The.four.furnaces.differ.only.in.the.composition.of.the.coil.of.wire.that.is.wound.on.the.refractory.
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material..A.number.of.measurements.of.temperature.(°C).are.made.for.each.furnace.and.are.given.
below..Use.a.5%.level.of.significance.in.determining.whether.or.not.the.mean.temperatures.produced.
in.the.furnaces.differ..If.an.overall.difference.is.found,.determine.the.furnace.or.furnaces.that.differ.
significantly.

Furnace.1 1250 1175 1275 1200

Furnace.2 1400 1375 1525 1475

Furnace.3 1350 1375 1325 1425

Furnace.4 1625 1575 1650 1675

 10-14.. Three. different. acoustical. systems. are. proposed. for. controlling. noise. intensity. in. an. office..
Measurements.of.noise.intensity.(decibels).that.simulate.heavy.street.traffic.are.made.for.all.three.
acoustical.systems.at.various.locations.in.the.office..Using.a.5%.level.of.significance,.test.whether.or.
not.the.mean.noise.intensity.for.the.three.systems.differs.

System.1 22 28 26 25 23

System.2 31 34 29 36 34

System.3 19 23 22 25 21

 10-15.. For.the.six.measurements.on.the.two.variables.X1.and.X2,.conduct.both.a.two-sample.t.test.(assume.
σ1.and.σ2.are.unknown.but.equal).and.an.ANOVA.test.for.comparing.means..Perform.the.tests.for.
(a).Y1.=.Y2.=.10,.and.(b).Y1.=.Y2.=.15..Use.a.level.of.significance.of.5%..Explain.the.difference.in.the.
results.of.the.two.tests..What.is.the.relationship.between.the.t.statistic.(t-/2).for.v.=.n1.+.n2.–.2.and.the.
F-.statistic.for.v1.=.1.and.v2.=.n1.+.n2.–.2?

X1 7 . 8 . 8 10 11 Y1

X2 9 11 12 15 15 Y2

 10-16. Five.brands.of.hardness.testing.machines.are.used.to.test.the.hardness.of.a.new.polymer,.with.the.
following.results.for.three.specimens:

Brand

A B C D E

13.5 13.3 13.5 12.4 13.4

13.6 12.9 12.8 12.6 13.6

13.4 13.0 13.1 12.5 13.0

. . Do.the.hardness.machines.provide.different.estimates.of.hardness?
 10-17. An.acoustical.engineer.is.studying.noise.levels.in.center.cities.with.day.of.the.work.week..She.takes.

measurements.each.day.of.the.week.for.four.weeks.at.the.same.intersection.and.at.the.same.time.
(5 pm)..The.following.measurements.(decibels).were.taken:

M Tu W Th F

66 76 66 73 70

71 74 73 67 66

70 73 68 67 65

65 75 71 71 67

. . Does.the.noise.level.differ.from.day-to-day?.Use.a.5%.level.
 10-18. Use.the.Duncan.test.to.determine.which.days.of.the.week.show.different.noise.levels.(see.Problem.

10.17).
 10-19. Use.the.Duncan.test.with.the.data.of.Problem.10.16.to.determine.why.the.hypothesis.of.equal.means.

of.hardness.was.rejected.
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 10-20.. A.20-acre.field.is.divided.into.l-acre.plots,.with.the.plots.randomly.assigned.to.one.of.four.groups..
For.each.plot.fertilizer.is.either.applied.(F).or.not.applied.(NF)..For.each.plot,.water.is.either.applied.
(W).or.not.applied.(NW)..Thus,.there.are.five.plots.for.each.of.the.four.treatments:.(F,.W),.(F,.NW),.
(NF,.W),.and.(NF,.NW)..The.crop.yields. in.bushels.per.acre.are.shown.below..Using.a.5%.level.
of.significance,.determine.if. the.within-treatment.variances.are.significantly.different.. If. the.null.
hypothesis.of.equal.variances.is.accepted,.test.for.a.significant.difference.between.group.means..If.
the.null.hypothesis.of.equal.means.is.rejected,.use.the.Duncan.multiple.range.to.determine.if:.(a) the.
application.of.water.causes.a.difference:.(F,.W).and.(NF,.W).vs..(F,.NW).and.(NF,.NW);.(b).if.the.
application.of.fertilizer.causes.a.difference:.(F,.W).and.(F,.NW).vs..(NF,.W).and.(NF,.NW);.(c).if.
both.fertilizer.and.water.have.a.significant.effect.on.crop.yield:.(F,.W).vs..(F,.NW),.(NF,.W),.and.
(NF,.NW).

(F, W) (NF, W) (F, NW) (NF, NW)

123 117 104 . 98

118 110 . 97 . 95

121 113 112 105

113 . 99 106 . 89

126 108 103 100

 10-21. Use.the.Duncan.test.with.the.data.of.Problem.10.11.to.help.decide.which.classes.differed.in.mean.
grade.

 10-22.. Using.the.Scheffé.test.and.the.database.for.Example.10.2,.determine.why.the.null.hypothesis.of.equal.
means.was.rejected.

 10-23.. Use.the.Scheffé.test.with.the.data.of.Problem.10.16.to.determine.why.the.hypothesis.of.equal.means.
of.hardness.was.rejected.

 10-24.. A.20-acre.field.is.divided.into.l-acre.plots,.with.the.plots.randomly.assigned.to.one.of.four.groups..
For.each.plot.fertilizer.is.either.applied.(F).or.not.applied.(NF)..For.each.plot,.water.is.either.applied.
(W).or.not.applied.(NW)..Thus,.there.are.five.plots.for.each.of.the.four.treatments:.(F,.W),.(F,.NW),.
(NF,.W),.and.(NF,.NW)..The.crop.yields. in.bushels.per.acre.are.shown.below..Using.a.5%.level.
of.significance,.determine.if. the.within-treatment.variances.are.significantly.different.. If. the.null.
hypothesis.of.equal.variances.is.accepted,.test.for.a.significant.difference.between.group.means..If.
the.null.hypothesis.of.equal.means.is.rejected,.use.the.Scheffé.multiple.range.to.determine.if:.(a) the.
application.of.water.causes.a.difference:.(F,.W).and.(NF,.W).vs..(F,.NW).and.(NF,.NW);.(b).if.the.
application.of.fertilizer.causes.a.difference:.(F,.W).and.(F,.NW).vs..(NF,.W).and.(NF,.NW);.(c).if.
both.fertilizer.and.water.have.a.significant.effect.on.crop.yield:.(F,.W).vs..(F,.NW),.(NF,.W),.and.
(NF,.NW).

(F, W) (F, NW) (NF, W) (NF, NW)

114 102 103 . 93.

132 114 109 104.

109 . 92 111 . 86.

116 106 . 96 . 91.

108 90 100 . 82

 10-25. Test.the.null.hypothesis.of.equal.variances.in.the.population.for.the.coefficients.of.thermal.expansion.
measured.at.four.laboratories.(A,.B,.C,.D)..At.approximately.what.level.of.significance.would.the.
variances.differ?

LAB Measurements

A 12.2 12.7 12.3 12.8 13.0

B 11.6 12.1 12.1 11.5 11.4

C 12.4 11.9 12.1 12.0 12.1

D 12.8 12.6 13.1 12.4 12.9
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 10-26.. Test.the.null.hypothesis.of.equal.variances.in.the.population.for.the.database.given.below..Use.a.5%.
level.of.significance.

Group.1 . 2 . 3 . 4 . 5

Group.2 –1 . 0 . 7 . 8

Group.3 –4 –3 10 11

 10-27.. Measurements.in.lumens.per.square.foot.are.made.for.testing.the.uniformity.of.lighting.using.four.
lighting. systems. (X1. to. X4).. Using. a. 5%. level. of. significance. and. the. following. data,. determine.
whether.or.not.the.four.lighting.systems.provide.equal.uniformity.in.lighting.intensity:

X1 56 63 49 58 65

X2 47 52 48 56 51

X3 62 65 56 59 60

X4 48 62 55 47 64

 10-28.. For.the.data.of.Problem.10.14,.determine.whether.or.not.the.noise.intensity.is.uniform.throughout.the.
office..Use.a.5%.level.of.significance.

 10-29.. Measurements.of.the.percentage.soil.moisture.are.made.on.the.top.of.a.sloping.field.(X1),.the.side.
of.the.slope.(X2),.and.at.the.bottom.of.the.slope.(X3)..Using.a.1%.level.of.significance,.determine.
whether.or.not.the.soil.moisture.characteristics.are.constant.over.the.field.

X1 . 9.6 10.3 . 8.8 . 8.5 10.4

X2 15.2 19.7 14.4 11.6 17.0

X3 16.5 18.3 16.9 20.2 17.7

 10-30.. Test. the.null.hypothesis.of.equality.of.group.variances.for.both.of. the.sets.of. three.groups.given.
below..Use.a.level.of.significance.of.1%..What.do.the.two.tests.show?

Set 1 Set 2

Group.1 1 2 3 4 . 1 . 2 . 3 . 4

Group.2 2 3 4 5 11 12 13 14

Group.3 3 4 5 6 21 22 23 24

 10-31.. For.the.given.data.set,.which.consists.of.three.treatments.and.five.blocks,.use.a.5%.level.of.signifi-
cance.to.test.the.significance.of.the.treatment.and.block.effects.

Treatment

Block 1 2 3

1 0.070 0.081 0.075

2 0.065 0.074 0.068

3 0.066 0.068 0.071

4 0.062 0.071 0.066

5 0.059 0.067 0.066

 10-32.. For.the.given.data.set,.which.consists.of.four.treatments.and.four.blocks,.use.a.1%.level.of.signifi-
cance.to.test.the.significance.of.the.treatment.and.block.variables.
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Treatment

Block 1 2 3 4

1 15 18 12 10

2 13 19 11 13

3 17 22 . 8 10

4 16 17 14 . 8

 10-33.. A.series.of.experiments.is.conducted,.and.the.coefficient.of.friction.µ.between.a.shaft.and.a.bear-
ing.is.computed..Tests.are.made.using.four.different.lubricants.and.three.levels.of.machining.of.the.
bearings.(highly.polished,.little.polishing,.no.polishing)..Using.a.1%.level.of.significance,.determine.
whether.or.not.the.type.of.lubricant.has.an.effect.and.whether.or.not.the.degree.of.machining.has.an.
effect.on.the.coefficient.of.friction..The.coefficients.of.friction.are

Lubricant

Machining 1 2 3 4

High 0.0045 0.0058 0.0061 0.0048

Little 0.0051 0.0063 0.0064 0.0053

None 0.0068 0.0067 0.0073 0.0066

 10-34.. Using.the.data.below,.perform.a.two-way.ANOVA..Test.the.hypothesis.of.interaction.at.the.1%.level.
of.significance..Also,.use.a.1%.level.of.significance.to.test.the.null.hypotheses.of.equal.column.and.
equal.row.means.

Factor Level 1 Level 2

Level.A 14 16 18 12 16 16

Level.B 10 12 16 12 12 14

 10-35.. Given.the.data.below,.perform.a.two-way.ANOVA..Use.a.level.of.significance.of.5%.to.test.(a).the.
hypothesis.of.interaction,.(b).the.null.hypothesis.of.equal.column.means,.and.(c).the.null.hypothesis.
of.equal.row.means.

Factor Level 1 Level 2

Level.A 14 16 16 18 12 14 14 16

Level.B 10 12 14 16 10 12 12 14

 10-36.. Given.the.data.below,.perform.a.two-way.ANOVA..Use.a.level.of.significance.of.1%.to.test.(a).the.
hypothesis.of.interaction;.(b).the.null.hypothesis.of.equal.column.means;.and.(c).the.null.hypothesis.
of.equal.row.means.

Factor Level A Level B Level C

Level.1 27 29 18 24 13 15

Level.2 17 21 21 21 12 16

Level.3 18 20 19 23 13 15

 10-37.. A.240-acre.field.is.divided.into.24.10-acre.plots..The.plots.are.randomly.assigned.to.12.groups,.with.
the.two.fields.in.each.group.receiving.the.same.treatment.of.fertilizer.and.irrigation..Three.levels.of.
fertilizer.are.applied.(low,.medium,.and.high),.and.four.levels.of.water.application.are.used.(none,.
low,.medium,.and.high)..The.crop.yield.in.bushels.per.acre.is.determined.at.the.end.of.the.season..
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For.the.yields.shown.in.the.data.table.opposite,.determine.(a).if.the.interaction.between.irrigation.and.
fertilizer.application.is.significant;.(b).if.the.mean.crop.yield.is.affected.by.fertilizer.application;.and.
(c).if.the.mean.crop.yield.is.affected.by.irrigation.rates..Use.a.5%.level.of.significance.

Water Application

Fertilizer None Low Medium High

Low . 69 . 75 . 81 . 89 102 106 109 113

Medium . 89 . 95 . 96 100 107 111 110 116

High 105 113 106 110 . 99 105 . 95 . 99
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ChAPter 11

Confidence Intervals and 
Sample Size Determination

In.this.chapter,.we.discuss.the.sampling.variation.of.statistics,.introduce.confidence.intervals.as.
measures.of.the.accuracy.of.statistics,.demonstrate.the.computation.of.confidence.intervals.on.the.
mean.and.variance,.calculate.the.size.of.samples.needed.to.estimate.a.mean.with.a.stated.level.of.
accuracy,.and.discuss.the.fundamentals.of.quality.control.

11.1 INtrODUCtION

From.a.sample.we.obtain.single-valued.estimates.such.as.the.mean,.the.variance,.a.correlation.
coefficient,.or.a. regression.coefficient..These.single-valued.estimates. represent.our.best.estimate.
of.the.population.values,.but.they.are.only.estimates.of.random.variables,.and.we.know.that.they.
probably.do.not.equal.the.corresponding.true.values..Thus,.we.should.be.interested.in.the.accuracy.
of.these.sample.estimates.

If.we.are.only.interested.in.whether.or.not.an.estimate.of.a.random.variable.is.significantly.dif-
ferent.from.a.standard.of.comparison,.we.can.use.a.hypothesis.test..However,.the.hypothesis.test.
only.gives.us.a.“yes”.or.“no”.answer.and.not.a.statement.of.the.accuracy.of.an.estimate.of.a.random.
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variable.that.may.be.the.object.of.our.attention..A.measure.of.the.accuracy.of.a.statistic.may.be.of.
value.as.part.of.a.risk.analysis.

In.Example.9.3,.a.water-quality.standard.of.3.ppm.was.introduced.for.illustration.purposes..The.
hypothesis.test.showed.that.the.sample.mean.of.2.8.ppm.was.not.significantly.different.from.3.ppm..
The.question.arises:.Just.what.is.the.true.mean?.Although.the.best.estimate.(i.e.,.expected.value).is.
2.8.ppm,.values.of.2.75.or.3.25.ppm.could.not.be.ruled.out..Is.the.true.value.between.2.and.4.ppm,.
or.is.it.within.the.range.2.75.to.3.25.ppm?.The.smaller.range.would.suggest.that.we.are.more.sure.
of.the.population.value;.that.is,.the.smaller.range.indicates.a.higher.level.of.accuracy..The.higher.
level.of.accuracy.makes.for.better.decision.making,.and.this.is.the.reason.for.examining.confidence.
intervals.as.a.statistical.tool.

Confidence.intervals.represent.a.means.of.providing.a.range.of.values.in.which.the.true.value.
can.be.expected.to.lie..Confidence.intervals.have.the.additional.advantage,.compared.with.hypoth-
esis.tests,.of.providing.a.probability.statement.about.the.likelihood.of.correctness.

11.2 GeNerAL PrOCeDUre

The.theoretical.basis.of.a.confidence.interval.is.the.same.as.that.for.the.theorem.for.the.cor-
responding.hypothesis.test..The.theorem.used.in.making.a.statistical.hypothesis.test.is.also.used.to.
derive.the.confidence.interval..Just.as.hypothesis.tests.can.be.one.or.two.sided,.confidence.intervals.
can.be.computed.as.either.one.or.two.sided..Selection.of.a.one-sided.or.a.two-sided.interval.depends.
on.the.type.of.problem.and.the.decision.needed.

Many.two-sided.confidence.intervals.have.the.following.general.form:

. K F Dest d± . (11.1)

in.which.Kest.is.the.estimated.value.of.the.statistic.K,.Fd.is.a.distribution.factor,.and.D.is.a.measure.
of.the.dispersion.of.the.sampling.distribution.of.Kest..For.one-sided.confidence.intervals,.the.±.is.
replaced.by.either.+.or.−,.depending.on.the.intent.(i.e.,.upper.or.lower.interval,.respectively).

The.following.general.procedure.can.be.used.to.compute.a.confidence.interval:

. 1.. Specify.whether.a.one-sided.or.two-sided.confidence.interval.is.of.interest.

. 2.. Identify.the.theorem.that.specifies.the.sampling.distribution.and.distribution.factor.Fd of.the.statistic.
of.interest.

. 3.. State.the.desired.level.of.confidence,.γ..=.1.–.α,.where.α.is.the.level.of.significance.used.in.hypothesis.
tests.

. 4.. Collect.the.sample.and.compute.the.necessary.statistics.(e.g.,.Kest.and.D.of.Equation.11.1).

. 5.. Determine. the.value.of. the.distribution. factor.Fd.based.on. the.confidence. level.and.possibly. the.
.sample.size.

. 6.. Compute.the.confidence.interval.

The.six.steps.of.this.procedure.correspond.directly.to.the.six.steps.of.the.hypothesis.test..It.is.impor-
tant.to.notice.that.the.theoretical.model.is.selected.prior.to.obtaining.the.sample..This.corresponds.
to.making.the.statement.of.the.hypothesis.prior.to.obtaining.the.data.to.test.the.hypothesis.

11.3 CONFIDeNCe INterVALS ON SAMPLe StAtIStICS

11.3.1 Confidence Interval for the Mean

The.same.theorems.that.were.used.for.testing.hypotheses.on.the.mean.are.used.in.computing.
confidence.intervals..In.testing.a.hypothesis.for.the.mean,.the.choice.of.test.statistic.depends.on.



ConfIDenCe	InterVaLs	anD	samPLe sIze	DetermInatIon	 375

whether.or.not.the.standard.deviation.of.the.population,.σ,.is.known;.this.is.also.true.in.computing.
confidence.intervals..The.theorem.for.the.case.where.σ.is.known.specifies.a.Z.statistic,.whereas.the.
t.statistic.is.used.when.σ.is.unknown;.the.theorems.are.not.repeated.here.

For.the.case.where.σ.is.known,.the.theorem.is.given.in.Section.9.3.1..Confidence.intervals.on.the.
population.mean.are.given.by

. X Z
n

X Z
n

−
⎛

⎝⎜
⎞

⎠⎟
≤ ≤ +

⎛

⎝⎜
⎞

⎠⎟a a
s m s

/ /2 2 Two-sided interval . (11.2)

. . . . ...X Z
n

−
⎛

⎝⎜
⎞

⎠⎟
≤ ≤ ∞a

s m Lower one-sided interval . (11.3)

. . . . . . . . .−∞ ≤ ≤ +
⎛

⎝⎜
⎞

⎠⎟
m s

aX Z
n

Upper one-sided interval . (11.4)

in.which.X.is.the.sample.mean;.n.is.the.sample.size;.Za .and.Za /2.are.values.of.random.variables.
having.the.standard.normal.distribution.and.cutting.off.(1.–.γ.).or.(1.–.γ /2).percent.in.the.tail.of.the.
distribution,.respectively;.and.α.is.the.level.of.significance.and.equals.1.–.γ..The.value.of.X.cor-
responds.to.Kest.of.Equation.11.1,.while.Zα.and.Zα/2.correspond.to.the.distribution.factor.Fd..The.
measure.of.dispersion.is.given.by.s / n,.as.s / n .is.the.standard.error.of.the.mean..Equation.11.2.
is.a.two-sided.confidence.interval,.while.Equations.11.3.and.11.4.are.one.sided..Equation.11.3.gives.
a.lower.confidence.limit,.with.no.limit.on.the.upper.side.of.the.mean;.similarly,.Equation.11.4.gives.
an.upper.limit,.with.no.lower.limit.

For.the.case.where.σ.is.unknown,.the.theorem.is.given.in.Section.9.3.2..Confidence.intervals.on.
the.population.mean.are.given.by

. ....
X t

S

n
X t

S

n
−

⎛
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⎞
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≤ ≤ +

⎛

⎝⎜
⎞

⎠⎟a am/ /2 2 Two-sided interval
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(11.5)
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⎠⎟
≤ ≤ ∞a m Lower one-sided interval. (11.6)

. . . . . −∞ ≤ ≤ +
⎛

⎝⎜
⎞

⎠⎟
m aX t

S

n
Upper one-sided interval . (11.7)

in.which.S.is.the.sample.standard.deviation,.and.tα.and.tα/2.are.values.of.random.variables.having.a.
t.distribution.with ν.=.n.–.1..The.significance.level.(α).is.used.for.a.one-sided.confidence.interval,.
and.α/2.is.used.for.a.two-sided.confidence.interval..The.value.of.X corresponds.to.Kest.of.Equation.
11.1,.while tα.and.tα/2.are.the.distribution.factors.(Fd)..Because.S n/ .is.the.sample.estimate.of.the.
standard.error.of. the.mean,. it. is. the.measure.of.dispersion. (D)..Equation.11.5.gives.a. two-sided.
confidence.interval.on.the.mean,.while.Equations.11.6.and.11.7.give.one-sided.lower.and.upper.con-
fidence.intervals,.respectively..For.sample.sizes.greater.than.30,.Equations.11.2,.11.3,.and.11.4.can.
often.be.used.in.place.of.Equations.11.5,.11.6,.and.11.7,.respectively.

Example 11.1: Daily Evaporation Measurements

Using a sample of 354 daily evaporation measurements, the mean evaporation was computed to be 0.1387 
in./day. The longterm mean and standard deviation for that location were 0.1575 and 0.1 in./day, respectively. 
The test of hypothesis in Example 9.2 indicated that the sample mean was significantly different from the 
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 longterm mean value. The confidence interval would give a better indication of the difference between X  and 
the longterm average. The confidence interval can be computed using Equation 11.2 because the sample size 
is greater than 30. The twosided, 95% confidence interval is given by

 
0 1387

1 96 0 1
354

.
. ( . )

±
 

(11.8a)

or

 0 1283 0 1491. .ʺ ʺµ in./day  (11.8b)

Because the upper limit of the 95% confidence interval is not near the longterm mean, one must conclude that 
the sample is definitely biased; that is, the sample of evaporation data is not representative of the longterm 
evaporation characteristics at the site.

Example 11.2: Water Quality

Example 9.3 showed that the mean waterquality parameter of 2.8 ppm was not significantly different from 
the standard of 3 ppm. The accuracy of the mean value is usually more important than a simple “yes/no” deci
sion; therefore, a confidence interval on the mean would be useful in decision making. Because the standard 
deviation of the population is not known, the confidence interval can be computed using Equation 11.6; the 
onesided lower interval is selected because the upper limit is of no physical importance. For a 95% confidence 
(i.e., α = 0.05), the distribution factor was obtained from Table A.2 to be –1.833 for 9 degrees of freedom. The 
confidence interval is

 2 80 1 833 0 4 10. . ( . ) /− ≤ ≤∞µ  (11.9a)

    2 568. ppm ≤ ≤∞µ  (11.9b)

Thus, we are 95% confident that the true mean is at least 2.568 ppm. Note that if the sample statistics (i.e., X  
and S) were based on a sample size of 20 rather than 10, the lower limit would be

 2 80 1 729 0 4 20. . ( . ) /− ≤ ≤∞µ  (11.9c)

      2 645. ppm ≤ ≤ ∞µ  (11.9d)

The higher value of the lower limit reflects the increased confidence that results from the larger sample size; as 
n is increased, both the standard error of the mean S n/  and the distribution factor decrease.

11.3.2 Factors Affecting a Confidence Interval and Sampling Variation

It.is.of.interest.to.notice.that.a.confidence.interval.is.a.function.of.the.level.of.confidence,.the.
theoretical.sampling.distribution,.and.the.sample.characteristic..The.level.of.confidence,.γ,.is.a.user-
supplied.measure.of.the.desired.accuracy..It.equals.1.minus.the.level.of.significance.(i.e.,.γ..=.1.–.a)..
For.a.given.set.of.sample.statistics,.the.width.of.the.confidence.interval.increases.as.the.confidence.
level.is.increased..The.increased.width.is.the.price.that.must.be.paid.for.the.increased.level.of.con-
fidence.(i.e.,.increased.accuracy).

The.size.of.each.sample.is.an.important.factor.that.affects.the.width.of.the.confidence.interval..
It.was.shown.that.the.standard.error.of.the.mean.is.inversely.proportional.to.the.square.root.of.the.
sample.size..Because.D.of.Equation.11.1.is.a.measure.of.the.sampling.variation.of.the.statistic,.one.
would.expect.the.width.of.the.confidence.interval.to.decrease.as.the.sample.size.is.increased.
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Confidence.intervals.are.generally.based.on.sample.statistics..For.example,.when.population.sta-
tistics.are.not.known,.the.confidence.interval.on.the.mean.depends.on.the.sample.mean,.the.sample.
standard.deviation,.and.the.size.of.the.sample..Thus,.a.computed.sample.confidence.interval.can.be.
quite.different.than.the.percentile.interval.that.would.result.from.a.known.population..In.fact,.when.
many.samples.are.randomly.drawn.from.the.same.population,.not.all.computed.confidence.intervals.
will.cover.the.true.mean..In.theory,.only.γ..intervals.cover.the.true.mean.

This.important.point.can.be.illustrated.using.the.40.samples.of.random.numbers.(see.Table.8.3).
generated.from.a.standard.normal.population,.that.is,.N(0,.1)..The.lower.and.upper.limits.defining.
the.80%.confidence.intervals.for.the.40.samples.are.given.in.Figure.11.1a..Because.the.population.
mean.is.known,.the.resulting.intervals.cover.the.mean.in.35.out.of.the.40.samples,.or.87.5%.of.the.
time..The.difference.between.the.computed.(i.e.,.87.5%).and.the.expected.(i.e.,.80%).is.due.to.sam-
pling.variation.

The.ranges.of.Figure.11.1a.are.characterized.by.high.variability,.as.is.expected..The.small.sam-
ple.size.of.5.on.which.each.sample.was.based.dictates.high.variability.in.both.the.sample.mean.
and. standard. deviation.. Thus,. the. centers. of. the. intervals. vary. from. −0.793. (sample. no.. 26). to.
1.412.(sample.no..39)..The.standard.deviation.range.from.0.155.(sample.no..22).to.1.818.(sample.no..
19)..The.point.of.this.is.that.such.confidence.intervals.based.on.sample.characteristics,.especially.
small. samples,. can.be.highly.uncertain. and.would.be.unlike. the. true. range.which. is.unknown..
In.the.case.of.the.data.of.Table.8.3,.the.true.80%.confidence.interval.based.on.a.sample.of.5.and.
Equation 11.5 is

. 0 1 5 0 1 50 1 0 1− ≤ ≤ +t t. .( ) / ( ) /m . (11.10a)

From.Table.A.2.with.4.degrees.of.freedom,.t0.1 =.1.533.and.the.interval.is

. − ≤ ≤0 686 0 686. .m . (11.10b)

The.population.interval.is.quite.different.from.the.sample.intervals.in.Figure.11.1a..The.wide.var-
iation.evident. in.Figure.11.1a.does.not. imply.that.confidence.intervals.should.not.be.computed;.
instead.engineers. and. scientists.using.confidence. intervals.must.develop.an.appreciation. to. the.
potential.effects.of.sampling.variation..Figure.11.1b.shows.the.95%.confidence.intervals.for.the.
same.data.

The.width.of.a.confidence.interval.increases.as.the.desired.confidence.level.increases..For.the.
first.of.the.40.samples,.the.80%,.90%,.and.95%.confidence.intervals.are

. 80%:. 0 258 1 533 1 328 5 0 258 1 533 1 328 5. . ( . )/ . . ( . )/− ≤ ≤ +m . (11.11a)

. 90%:.0 258 2 132 1 328 5 0 258 2 132 1 328 5. . ( . )/ . . ( . )/− ≤ ≤ +m . (11.11b)

. 95%:.0 258 2 776 1 328 5 0 258 2 776 1 328 5. . ( . )/ . . ( . )/− ≤ ≤ +m . (11.11c)

or

. 80%:.− ≤ ≤0 652 1 168. .m . (11.11d)

. 90%:.− ≤ ≤1 008 1 524. .m . (11.11e)

. 95%:.− ≤ ≤1 391 1 907. .m . (11.11f)

All.of.these.intervals.cover.the.true.mean,.but.the.widths.are.quite.different.
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11.3.3 Confidence Interval for Variance

The.confidence.interval.on.the.population.variance.(σ 2).can.be.computed.using.the.same.theorem.
that.was.used.in.testing.a.hypothesis.for.the.variance.(see.Section.9.4.1)..The.two-sided.and.one-
sided.confidence.intervals.are

.

( ) ( )

/ /
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in.which.ca / 2
2

.and.ca
2
.are.values.of.a.random.variable.having.a.chi-square.distribution.that.cuts.α/2.

and.α.percent.of.the.right.tail.of.the.distribution,.respectively;.similarly,.c a1 2
2
− / .and.c a1

2
− .are.values.

of.a.random.variable.having.a.chi-square.distribution.with.cuts.at.1.–.α/2.and.1.–.α,.respectively..
The.confidence.interval.provides.an.interval.in.which.we.are.100(1.–.α).percent.confident.that.the.
population.value.lies.within.the.interval..Although.Equations.11.12,.11.13,.and.11.14.do.not.have.
the same.form.as.Equation.11.1,.S2.is.the.estimated.value.of.the.statistic,.and.the.χ 2.value.represents.
the.distribution.factor..Although.the.general.form.is.not.the.same,.the.six-step.procedure.for.confi-
dence.intervals.is.directly.applicable.

Example 11.3: Uniformity of Irrigation

In Section 9.4.1, the example is centered on the variance of water depths resulting from irrigation. Twenty
five measurements produced a variance of 0.003969 (cm/hr)2, or S = 0.063 cm/hr. In this case, the greater the 
variance, the poorer the equipment, so an upper limit would be of interest. Thus, an upper confidence limit is 
computed using Equation 11.14. For a 95% level of confidence (α = 0.05) and 24 degrees of freedom, the criti
cal χ 2 value is 13.848. Thus, the upper limit on the interval is
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−

1 24 0 003969
13 848

0 006879
2

1
2

2

c a
cm/hr

 
(11.15a)

The confidence interval on the standard deviation is

 0 0 0829ʺ ʺs . cm/hr (11.15b)

Because the standard deviation of 0.01 cm/hr in Section 9.4.1 falls outside this limit, the null hypothesis of 
equality is rejected.

It is important to note that x a1
2
− , which equals 13.848, is used for computing the upper limit. If xa

2
 were 

used, which equals 36.415, then the upper limit would actually be smaller than the sample value; thus, using 
xa

2
 would be incorrect.

11.4 SAMPLe SIZe DeterMINAtION

The. selection.of. a. sample. size. is. a.first. step. in.performing. statistical. analysis..The. selection.of.
the. sample. size. should.be.based.on.a.clearly. stated.objective..For.example,. if.we.are. interested.
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in.estimating.the.mean.value.of.concrete.strength.that.is.received.at.a.construction.site,.then.the.
sample.size.should.be.determined.based.on.the.objective.of.estimating.the.mean.concrete.strength.
with.specified.confidence.level.(𝛾   ).and.desired.width.for.the.corresponding.confidence.interval..A.
different.sample.size.would.be.required.if.our.objective.was.the.development.of.a.regression.model.
with.concrete.strength.as.one.of. the.variables..The.development.of.methods.for.determining.the.
sample.size.is.based.on.the.theorems.and.methods.presented.for.hypothesis.testing.and.confidence.
intervals.

The.methods. for.determining. the. sample. size. for. the.purpose.of. estimating. the.mean.value.
depend.on.whether.or.not.the.variance.of.the.population.is.known.or.unknown..If.the.population.
variance.is.known.and.a.two-sided.decision.is.of.interest,.Equation.11.2.can.be.used.to.obtain.an.
estimate.of.the.needed.sample.size..We.let.e.be.the.error,.which.is.the.absolute.value.of.the.differ-
ence.between.the.sample.and.population.means

. e = −x m . (11.16)

The.error.e.is.a.measure.of.the.desired.accuracy..From.Equations.11.2.and.11.16,.the.error.must.be.
less.than.the.following:

. e ʺ z nza s/ ( / ) . (11.17)

Solving.Equation.11.17.for.the.sample.size.yields

.
n

z
=
⎛
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2

e .
(11.18)

If.σ.is.unknown,.then.the.required.sample.size.uses.Equation.11.5

.
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t S
=
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⎞
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a /2

2

e .
(11.19)

Equations.11.18.and.11.19. indicate. that. the. larger. the.allowable.error.e,. the.smaller. the.required.
sample.size..Also,.as.the.sample.variation.increases,.the.spread.of.the.distribution.of.the.mean.is.
larger,.which.requires.a.larger.sample.size.for.a.given.tolerable.error..The.spread.of.the.distribution.
of.the.mean.is.also.reflected.in.the.distribution.statistic,.z.or.t.

Example 11.4: Sample Size for Estimating Daily Evaporation

In Examples 9.2 and 11.1, daily evaporation measurements were discussed. The information in these 
examples is used to illustrate the determination of the sample size in the case of known population variance. 
Assuming that we are interested in an error of 0.1 and α of 5%, the sample size using Equation 11.18 is

 
n = ⎛

⎝⎜
⎞
⎠⎟
=

1 96
0 1

384 2
2.

.
.

 
(11.20)

Therefore, a sample size of 385 measurements is selected. Figure 11.2 shows the sample size as a function of 
the error of the confidence interval for two α values of 5% and 1%.
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Example 11.5: Sample Size for Water Quality

This example uses the same problem presented in Examples 9.3 and 11.2 in which waterquality data were 
used to illustrate onesided hypothesis testing and confidence interval estimation. For an error of 0.5 and α 
of 5% for the onesided interval, a sample size is assumed to be 10; therefore, from Table A.2, tα = 1.833. The 
resulting sample size is

 
n = ⎛

⎝⎜
⎞
⎠⎟
=

1 833
0 5

13 4
2.

.
.

 (11.21)

Therefore, a sample size of 14 measurements is obtained. A revised estimate of tα is obtained from Table A.2 to 
be 1.771, thus the revised sample size is

 
n = ⎛

⎝⎜
⎞
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=

1 771
0 5

12 55
2.

.
.

 (11.22)

and a sample size of 13 can be used.

11.5 reLAtIONShIP BetWeeN DeCISION 
PArAMeterS AND tYPe I AND II errOrS

Are.hypothesis.tests.foolproof?.No!.In.fact,.the.value.of.a.chosen.level.of.significance.is.an.indi-
cator.of.the.probability.of.a.type.I.error.,.that.is,.the.probability.of.rejecting.a.true.null.hypothesis..
Decision.making.using.hypothesis. tests. is. also. subject. to.a. second. type.of. error,. specifically.of.
accepting.a.false.null.hypothesis,.that.is,.making.a.type.II.decision.error,.as.provided.in.Table.9.1..
The.power.(β ).of.test.in.hypothesis.testing.is.equal.to.1.0.minus.the.probability.of.the.type.II.error..
Unfortunately,.if.one.probability.is.made.small,.the.other.probability.automatically.increases.for.a.
given.sample.size,.that.is,.the.two.types.of.error.are.not.independent..Given.the.importance.of.both.
of.these.error.types,.it.is.worthwhile.understanding.their.relationship.

The.purpose.of.using.a.statistical.hypothesis.test.is.to.make.a.systematic.decision..The.follow-
ing.four.decision.parameters.are.inherent.to.every.hypothesis.test,.although.only.two.are.generally.
given.explicit.consideration:.sample.size.n,.level.of.significance.α,.power.of.test.1.−.β,.and.decision.
criterion.C..Generally,.n.and.α.are.the.two.parameters.selected.for.making.the.test,.with.a.value.of.
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Figure 11.2 sample	size	with	known	variance.
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5%.often.used.for.α..However,.any.two.of.the.four.can.be.selected,.and.whenever.two.parameters.are.
specified,.the.other.two.are.uniquely.set..Each.parameter.plays.a.role.in.the.decision.as.follows:

n. The.sample.size.is.an.indication.of.the.accuracy.of.the.statistic,.that.is,.the.magnitude.of.its.standard.
error,.with.the.accuracy.increasing.with.the.sample.size.

α. The.probability.of.making.a.type.I.error.decision,.sometimes.called.the.consumer’s.risk.
β. The.probability.of.making.a.type.II.error.decision,.sometimes.called.the.producer’s.risk.
C. The.criterion.value.that.separates.the.regions.of.acceptance.and.rejection.

To.understand.the.relationship.of.these.four.parameters,.it.is.necessary.to.introduce.two.new.
concepts:.the.region.of.uncertainty.and.the.rejection.hypothesis.denoted.as.Hr..The.decision.process.
includes.three.hypotheses:.null,.alternate,.and.rejection..The.rejection.hypothesis.is.established.to.
reflect.the.condition.where.the.null.hypothesis.is.truly.incorrect.and.should.be.rejected..The.null.
and.rejection.hypotheses.can.be.represented.by.probability.density.functions..The.region.between.
the.distribution.of.the.test.statistic.when.H0.is.true.and.the.distribution.when.Hr.is.true.is.the.region.
of.uncertainty.as.shown.in.Figure.11.3.

It.is.important.to.consider.the.implications.of.making.the.two.types.of.errors,.as.they.may.be.
relevant.to.public.health.and.safety.or.have.economic.implications..Unfortunately,.most.hypothesis.
tests.are.made.with.the.consideration.only.for.the.level.of.significance.and.sample.size..Consider.
the.case.of.ceramic.insulators,.which.an.electrical.supply.company.uses.to.insulate.electrical.wir-
ing..For.a.specific.application,. the.company.needs. insulators.with.a.breaking.strength.of.12.psi..
When.the.company.purchases.large.lots.of.insulators,.they.test.samples.of.20.and.test.the.following.
hypotheses:

.

H

HA

0:

:

m

m

=

<

12

12

psi

psi

The. company. returns. a. shipment. and. suffers. an. economic. penalty. if. the. null. hypothesis. is.
rejected..The.probability.of.falsely.taking.the.economic.loss.is.the.level.of.significance.

The.implications.of.a.type.II.error.are.more.severe..If.the.null.hypothesis.is.accepted,.which.
implies. the. insulators.have. the.necessary. strength,.when,. in. fact,. they.do.not.meet. the. strength.
requirement,.that.is,.µ.<.12.psi,.then.the.insulators.may.not.withstand.the.physical.stress.required.
and. fail,.which. could. lead. to.overheating.of. equipment. and. either. a. resulting.fire.or.damage. to.
the.equipment..Obviously,.the.implications.of.a.type.II.error.are.potentially.more.costly.than.the.
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Figure 11.3 relationship	between	type	I	and	II	errors	and	critical	test	statistic	C.
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economic.penalty.paid. for. returning. a. shipment..Therefore,. the. company.would.want. the.prob-
ability.of.a.type.II.error.to.be.much.smaller.than.that.of.a.type.I.error..This.example.illustrates.the.
importance.of.assessing.the.implications.of.making.type.I.and.type.II.errors.rather.than.arbitrarily.
selecting.a.5%.level.of.significance.

Consider.the.case.of.a.hypothesis.test.on.a.mean.against.some.standard.µ0,.with.the.null.hypoth-
esis.H0:.µ =.µ0.and.the.one-tailed.alternative.hypothesis,.HA:.µ <.µ0..If.this.hypothesis.is.true,.then.
the.test.statistic.is.normally.distributed.with.mean.µ0.and.standard.deviation.s / n ,.where.σ.is.the.
population. standard.deviation,.which. is. assumed. to.be.known..This.means. that,. if.H0. is. true,. a.
sample.value.of.the.mean.is.likely.to.fall.within.the.distribution.shown.on.the.right.side.in.Figure.
11.3..If.the.null.hypothesis.is.false.and.the.rejection.hypothesis.Hr :.µ =.µ2.is.true,.then.the.test.sta-
tistic.has.a.normal.distribution.with.mean.µ2,.and.standard.deviation.s / n..This.means.that,.if.Hr.
is.true,.a.sample.value.of.the.mean.is.likely.to.fall.within.the.distribution.shown.on.the.left.side.in.
Figure.11.3..The.region.between.µ0.and.µ2.is.the.region.of.uncertainty.

If.H0.is.correct.and.the.mean.has.the.distribution.shown.on.the.right.side.of.Figure.11.3,.then.the.
level.of.significance.indicates.a.portion.of.the.lower.tail.where.type.I.errors.are.most.likely.to.occur..If.
the.Hr.rejection.hypothesis.is.correct,.denoted.also.H2,.then.the.value.of.β.indicates.the.portion.of.the.
distribution.for.Hr.where.type.II.errors.are.most.likely.to.occur,.which.is.in.the.upper.tail.of.the.Hr.dis-
tribution..The.variation.within.each.of.the.two.distributions.depends.on.the.sample.size,.with.the.spread.
decreasing.as.the.sample.size.is.increased..This.reflects.the.greater.confidence.in.the.computed.value.
of.the.mean.as.the.sample.size.increases..The.cross-hatched.area.indicated.with.α.represents.the.prob-
ability.that.the.null.hypothesis.should.be.rejected.if.H0.is.true..The.cross-hatched.area.indicated.with.β.
reflects.the.probability.that.the.null.hypothesis.will.be.accepted.when.the.mean.is.distributed.by.the.Hr.
distribution..The.decision.criterion.C,.which.serves.as.the.boundary.for.both.the.α.and.β.regions,.is.the.
value.of.the.test.statistic.below.which.a.computed.value.will.indicate.rejection.of.the.null.hypothesis.

As.indicated,.when.two.of.the.four.parameters.are.set,.values.for.the.other.two.parameters.are.
uniquely.established..Each.of.the.four.parameters.has.statistical.implications.and.a.physical-system.
association..The.statistical.implications.of.the.parameters.follow:

n. A.measure.of. the.error.variance.of. the.statistical.parameter,.with. the.variance.decreasing.as. the.
sample.size.increases

C. The.separation.line.between.the.regions.of.acceptance.and.rejection
α. The.probability.of.a.type.I.error
β. The.probability.of.a.type.II.error.that.can.be.used.to.measure.the.statistical.power.of.the.test,.that.is,.

power.equals.1.−.β

The.physical.implications.of.the.four.parameters.are

n. The.quantity.of.empirical.evidence.that.characterizes.the.underlying.population.of.the.test.statistic.
C. The.decision.criterion.in.units.of.the.decision.variable
α. The.consumer’s.risk.of.a.wrong.decision
β. The.producer’s.risk.of.a.wrong.decision

Consider.the.case.where.n.and.C.are.set..If.µ0,.µ2,.and.σ.are.known.based.on.the.characteristics.of.
the.physical.system,.then.α.and.β,.both.shown.in.Figure.11.3,.are.determined.as.follows:
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As.an.alternative,.if.C.and.β.are.the.unknowns,.then.they.are.determined.by
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(11.25)
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Note.that.Figure.11.3.could.be.restructured,.as.when.the.region.of.rejection.is.for.a.one-tailed.upper.
test;.in.this.case,.the.normal.distribution.of.µ.for.the.rejection.hypothesis.H2.would.be.to.the.right.
of.the.normal.distribution.for.H0.

Example 11.6: A Criterion for a Water Pollutant

Consider the hypothetical case of a state that wants to establish a criterion on a water pollutant. A small sample 
is required, with the exact size set by practicality and cost concerns. Assume that five independent grab samples are 
considered cost effective and sufficiently accurate for making decisions. Extensive laboratory tests suggest that the 
variation in five measurements in conditions similar to those where the test will be applied is ±0.2 mg/L. State water
quality specialists believe that conditions are acceptably safe at 2.6 mg/L but problems occur when the concentra
tion begins to exceed 3.0 mg/L. They require the test on the mean to use a 5% level of significance. Based on these 
conditions, they seek to determine the decision criterion C to be used in the field and the type II error probability.

Figure 11.4 shows the normal distributions for the null hypothesis H0: µ = 2.6 mg/L and the rejection 
hypothesis Hr: µ = 3.0 mg/L. A onesided test is appropriate, with HA: µ > 2.6 mg/L because it is not a relevant 
pollution problem if the level of the pollutant is below the safe concentration of 2.6 mg/L. The distribution of the 
mean for the null hypothesis is N (2.6, 0 2 5. / ). Therefore, the decision criterion can be calculated by

.
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Therefore, the probability of a type II error is found from
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Consequently, the state establishes the guideline that five samples are to be taken and the null hypothesis is 
rejected if the mean of the sample of five exceeds 2.75 mg/L. Note that since the criterion C of 2.75 is slightly 
larger than 2.747, α is theoretically slightly below 5% and β is slightly above 0.23%.
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Figure 11.4 Distributions	of	the	mean.
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Example 11.7: Relating Type I Errors, Type II Errors, and Margin to Alternate Hypothesis

Consider the case of hypothesis testing on the mean (µ ) with a known standard deviation of 2 based on a 
sample size (N ) = 4 that produced a sample mean of 10. The sampling distribution and the decision situation 
based on Ho: µ = 10, and HA: µ < 10) can be expressed as shown in Figure 11.5(a). Using a lower onesided con
fidence value at α = 0.1, the limit based on the standard normal distribution is 10 − 1.2816(2 4/ ) = 8.71845.

The type I error probability in this case is α = 0.1. The type II error probability requires defining a particular 
case according to the alternate hypothesis. Since the alternate hypothesis is expressed as an inequality, many 
cases can be used. Figure 11.5(b) shows one of such cases for illustration purposes that is within the domain of the 
alternate hypothesis, that is, µ = 9. The type II error for this case is the area in the accept range, that is, greater than 
8.71845, based on the alternate hypothesis distribution, that is, dotted curve with µ = 9 in Figure 11.5(b). The type 
II error for this case is 0.611. By incrementally changing the µ from 9 to other values as long as they are smaller than 
10, Figure 11.5(c) can be created. The curve is not valid at µ = 10 since this value defines the null hypothesis; nor 
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Figure 11.5 	relating	type	I	and	type	II	errors.	(a) sampling	distribution	of	the	sample	mean	for	hypothesis	
testing.	(b)	Defining	a	particular	case	with	the	alternate	hypothesis	domain.	(c)	relating	type	II	
error	probability	 to	 the	assumed	value	of	 the	population	mean	needed	 to	define	 the	alternate	
hypothesis.	(d)	relating	type	I	probability,	type	II	error	probability	and	margins.
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at values greater than 10. The difference between the population mean defining the null hypothesis, that is, µ = 10, 
and a selected population mean defining the alternate hypothesis, for example, µ = 9, 8, 7, etc. is called the margin 
(m) that is in this case taking on the following respective values as examples, m = 1, 2, 3, etc.

Figure 11.5(d) shows three lines corresponding to margins of 1, 2, and 3 that relate type I and type II error 
probabilities. These lines were computed parametrically by change α and computing type II error probabilities 
for the three margin values. These relationships illustrate how to select values of type I error probability based 
on a preselected margin so that the two probabilities for the two error types are almost equal or at any desired 
relative values. It should be noted that selecting a margin of 1 corresponds in this case to ½ of the standard 
deviation, and selecting a margin of 2 corresponds to one standard deviation, etc. These results are for a sample 
size of 4. If a decision maker believes that an appropriate margin for defining the alternate hypothesis is ½ stan
dard deviation, the confidence level to balance the two error types from Figure 11.5(d) is 70% corresponding to 
type I error probability ≈ type II error probability ≈ 0.3. If the decision maker selects arbitrarily a higher confi
dence level, the type II error probability in this case will become greater than 0.3 and might not be acceptable.

11.6 QUALItY CONtrOL

Manufacturers.need.to.produce.products.of.quality,.both.to.avoid.law.suits.and.to.maintain.the.
confidence.of.consumers.of.their.products..This.has.led.to.a.set.of.statistical.procedures.that.form.
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the.basis.for.assessing.the.quality.of.producing.a.product.by.a.manufacturing.process..A.quality.
control.chart.(QCC).is.a.graphical.tool.for.assessing.the.quality.of.a.process..QCCs.can.be.devel-
oped.for.any.characteristic.of.a.process..The.method.of.producing.QCCs.for.the.value.of.a.random.
variable.y.and.the.mean.value.(either.µ.or.Y ).of.a.random.variable.is.presented..Developing.QCCs.
for.other.characteristics.can.be.similarly.developed.

A.QCC.plots.the.variable.of.interest,.such.as.y.or.Y ,.versus.time.or.the.sample.number,.called.
a.step..For.example,.if.a.manufacturing.process.produces.steel.rods.with.a.specific.diameter,.then.
the.diameter.of.the.rod.can.be.used.as.the.random.variable..If.the.product.is.sampled.as.a.set.and.
measured.such.that.the.mean.of.a.sample.is.of.interest,.then.the.QCC.may.show.the.variation.of.
the.mean.with.time.or.sample.number..A.QCC.usually.shows.three.lines.in.addition.to.the.sam-
ple.points:.(1) the.line.of.central.tendency,.which.is.most.often.the.mean;.(2).the.lower.control.line.
(LCL),.which.is.most.often.three.standard.errors.below.the.line.of.central. tendency;.and.(3). the.
upper.control.line.(UCL),.which.is.most.often.three.standard.errors.above.the.line.of.central.ten-
dency..As.long.as.the.measurements.stay.within.the.range.LCL.and.UCL,.the.process.is.considered.
to.be.“in.control.”.If.a.measurement.is.not.in.control,.then.accepted.practice.dictates.that.the.cause.
of.the.extreme.deviation.be.identified.and.corrected.before.continuing.the.process.

When.a.process.is.in.control,.the.QCC.is.characterized.by.random.scatter.(see.Figure.11.6a)..
Depending.on.the.nature.of.the.problem.that.causes.a.process.to.be.out.of.control,.a.QCC.may.show.
gradual.trend.(see.Figure.11.6b).or.an.abrupt.change.(see.Figure.11.6c)..Gradual.trends.may.result.
from.the.factors.such.as.worker.fatigue,.gradual.machine.wear,.or.slowly.changing.environmental.
conditions..Abrupt.change.can.occur.from.a.change.in.worker.shifts,.change.in.raw.materials.used.
in.the.manufacturing.process,.or.rapidly.changing.environmental.conditions..In.Figure.11.6b,.the.
process.goes.out.of.control.at. step.26,.although. it.appears. that. the.process. is.beginning. to.have.
problems.about.step.10..The.process.from.which.the.data.of.Figure.11.6c.resulted.stays.in.control,.
although.a.change.appears.to.have.occurred.during.steps.14–18..Before.a.process.is.restarted,.the.
cause.of.the.process.going.out.of.control.should.be.identified.
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Figure 11.6 	Quality	control	charts.	(a)	a	process	in	control.	(b)	Gradual	shift	to	out	of	control.	(c)	abrupt	shift	
while	in	control.
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The.upper.and.LCLs.are.usually.taken.as.more.than.three.standard.errors,.with.the.standard.
error.of.Y.being.the.standard.deviation.(SY.or.sY.if.it.is.known).or.for.the.mean.the.standard.error.
being. S nY / .or.sY n/ .if.sY .is.known..These.quantities.are.summarized.in.Table.11.1.

Example 11.8: Quality Control for Manufacturing Steel Rods

Rods of 1 cm in diameter are being produced at a steel plant. A sample is taken every 15 min, and the 
diameter is measured to obtain the following 32 measurements:

 10.4, 10.1, 9.8, 10.3, 9.8, 9.7, 10.0, 9.9, 10.6, 9.5, 9.8, 10.3, 10.3, 9.9, 9.5, 9.7, 10.0, 10.1, 
      9.8, 10.4, 10.1, 9.3, 10.2, 10.0, 9.6, 9.8, 10.1, 10.3, 10.0, 9.6, 9.8, 9.9

Over one 8h sift, the measurements shown in Figure 11.7 were recorded for the samples. The mean diameter was 
9.96 mm, and the sample standard deviation was 0.30 mm. These values yield lower and upper control limits of 9.05 
and 10.86 mm, both of which are shown in Figure 11.7. None of the sample measurements fall outside the control 
limits which implies that the process was in control for the entire shift. Neither a trend nor an abrupt shift is evident.

11.7 APPLICAtIONS

11.7.1 Accuracy of Principal Stress

Six.random.samples.of.sand.from.a.deposit.are.taken.and.their.principal.stresses.measured:.{5.6,.
4.9,.5.3,.4.8,.4.6,.5.5}.tons/ft2..What.is.the.two-sided.80%.confidence.interval.on.the.mean?

The.sample.of.6.yields.a.mean.and.standard.deviation.of.5.117.and.0.407.tons/ft2,.respectively..
A.sample.of.size.6.yields.5.degrees.of.freedom.and.a.t.value.of.1.476.for.10%.in.each.tail..Thus,.the.
two-sided.confidence.interval.is
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Figure 11.6 Continued

table 11.1  Characteristics of Quality Control Charts for random Variable y or a Mean (µY) 
as a Function of respective Standard error, Central tendency Line (CtL), and 
Lower (LCL) and Upper (UCL) Control Limits

Control 
Variable Standard error

Central tendency 
Line (CtL)

Lower Control Limit 
(LCL)

Upper Control 
Limit (UCL)

Y SY Y Y SY− 3 Y SY+ 3

µY sY n/ µY µY Y n− 3s / µY Y n+ 3s /

µY S nY / Y Y S nY− 3 / Y S nY+ 3 /
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Thus,.the.true.mean.is.expected.to.lie.within.these.bounds.with.80%.certainty.

11.7.2 Compression of Steel

Eight. specimens.of. a.particular. carbon. steel. type. are. tested. for. compression.on. the.vertical.
plane,.with.the.following.results:.{5270,.4720,.5110,.4800,.4650,.4940,.5320,.5080}.lb/in.2..Because.
a.low.mean.is.undesirable,.what.is.the.97.5%.one-sided.lower.confidence.interval?

The.sample.of.8.yields.a.mean.and.standard.deviation.of.4986.and.249.8.lb/in.2,.respectively..For.7.
degrees.of.freedom.and.2.5%.in.the.tail,.the.t.statistic.is.–2.365..Thus,.the.lower.confidence.interval.is

.

4986 2 365 249 8 8

4777

− ≤

≤

. ( . )/ m

m

Thus,.we.are.97.5%.confident.that.the.true.mean.is.greater.than.4777.lb/in.2.

11.7.3 Sample Size of Organic Carbon

A.state.water-quality. agency.wants. to.begin. certifying. laboratories. that. are.used. to. analyze.
water-quality. samples.. For. total. organic. carbon,. their. detailed. studies. suggest. that. assessments.
using.the.prescribed.procedure.have.a.population.standard.deviation.of.1.5.mg/L.at.a.mean.level.of.
20.mg/L..To.test.the.accuracy.of.measurements.made.by.laboratories.wishing.to.be.certified,.the.
state.plans.on.sending.them.periodic.samples.of.a.known.concentration..How.many.samples.do.they.
need.to.send.to.be.90%.sure.that.the.laboratory.is.accurate.to.within.0.5.mg/L.on.the.mean?

Because.errors.greater.than.and.less.than.the.mean.are.expected,.a.two-tailed.analysis.is.used..
With.5%.in.each.tail,.the.z.statistic.is.±1.645.from.Table.A.1..The.z.statistic.is.used.rather.than.the.t.
statistic.because.the.population.standard.deviation.is.assumed.to.be.known..Therefore,.the.required..
sample.size.is
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If.a.sample.of.25.is.used,.the.state.can.be.more.than.90%.assured.of.an.accuracy.of.at.least.0.5 mg/L.
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Figure 11.7 Quality	control	charts	for	manufacturing	steel	rods.
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11.7.4 resampling for Greater Accuracy

In.Section.11.5.2,.the.users.of.the.steel.believe.that.the.confidence.interval.on.the.mean.is.too.
wide.for.their.application..They.believe.that.the.mean.should.be.accurate.to.150.psi..How.many.
additional.specimens.must.they.analyze.to.be.97.5%.confident.of.their.decision?

It.is.necessary.to.assume.that.the.standard.deviation.of.the.existing.sample.of.eight.specimens.is.
an.accurate.estimate.of.the.variation.that.will.result.from.additional.testing;.therefore,.the.relation-
ship.for.computing.the.required.sample.size.is

 n ts e t t= = =( / ) ( . / ) .2 2 2249 8 150 2 773

Because.t.depends.on.n.and.n.depends.on.t,.the.solution.is.iterative..Assuming.the.t.value.is.obtained.for.
2.5%.in.one.tail,.ν.=.n.–.1,.and.the.iteration.starts.with.the.existing.sample.size.of.8,.the.solution.is

n Used 𝛎 t0.025 Computed n

	 8 	 7 2.365 15.5

16 15 2.131 12.6

13 12 2.179 13.2

14 13 2.160 12.9

13 12 2.179 13.2

Therefore,.a.sample.size.of.14.is.needed,.so.an.additional.six.specimens.must.be.tested.

11.8 SIMULAtION PrOJeCtS

Two.simulation.projects.are.described.in.this.section:

. 1.. Using.the.simulations.of.the.project.from.Chapter.9,.show.that.the.confidence.interval.on.the.mean.
for.a.normal.population.and.sample.size.of.10.is.accurately.represented.by.the.theory.of.Section.
11.3.1.

. 2.. Write.and.execute.a.computer.program.that.generates.1000.samples.from.a.standard.normal.dis-
tribution,.with.each.sample.of.size.n..For.each.sample.compute.the.mean,.standard.deviation,.and.
two-sided.confidence.intervals.for.confidence.levels.of.90%.and.99%..For.each.confidence.level,.
determine.the.number.of.samples.for.which.the.confidence.intervals.do.not.cover.the.true.mean..
Execute.the.program.for.sample.sizes.of.10,.25,.and.50.

11.9 PrOBLeMS

 11-1.. Provide.a.definition.of.a.confidence.interval.and.discuss.how.the.confidence.interval.is.used.in.deci-
sion.making.

 11-2.. Discuss.each.element.of.a.confidence.interval.(Equation.11.1).and.how.randomness.plays.a.role.in.
each.of.the.three.elements.

 11-3.. Compare. the. six. steps. of. hypothesis. testing. with. the. six. steps. used. to. compute. a. confidence.
interval.

 11-4.. Note.the.similarities.and.differences.between.confidence.intervals.and.hypothesis.tests.
 11-5.. The.skewness. is. the. third.statistical.moment,.which.is.measured.about. the.mean..If.a.confidence.

interval.was.needed.on. the.skew.and.assuming.Equation.11.1.applied,.discuss. the.nature.of.each.
element.of.Equation.11.1.as.it.would.apply.to.a.confidence.interval.on.the.skewness.
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 11-6.. A.confidence.on.a.statistic.depends.on.a.theorem..What.must.a.theorem.specify.in.order.for.it.to.be.
used.in.defining.a.confidence.interval?

 11-7.. Identify.the.four.factors.that.influence.the.width.of.a.confidence.interval.on.the.mean..Provide.gen-
eral.statements.about.the.effect.of.each.factor.on.the.width.of.the.interval.

 11-8.. An.engineering.firm.manufactures.a.missile.component.that.will.have.a.life.of.use.that.is.approxi-
mately.normally.distributed.with.a.population.standard.deviation.of.3.h..If.a.random.sample.of.ten.
components.has.mean.life.of.use.of.13.4.h,.find.a.two-sided.99.5%.confidence.interval.for.the.popu-
lation.mean.of.all.components.manufactured.by.this.firm.

 11-9.. The.mean.life.of.a.random.sample.of.20.tires.of.a.certain.brand.is.27,500.mi..(a).If.the.standard.devi-
ation.of.the.population.is.known.to.be.3500.mi,.what.is.the.two-sided.90%.confidence.on.the.mean?.
(b).If.the.variance.of.the.population.is.not.known.and.the.standard.deviation.of.the.random.sample.
is.3500.mi,.what.is.the.two-sided.90%.confidence.interval?

 11-10. Five.cores.are.removed.from.a.new.section.of.an.asphalt.highway..The.following.percentages.of air.
voids.were.obtained.from.laboratory.analyses:.3.7,.4.5,.4.1,.4.7,.3.9..Past.studies.have.suggested.that.
the.standard.deviation.of.the.air.void.content.is.0.5%..Compute.the.95%,.two-sided.confidence.inter-
val.on.the.mean.

 11-11.. A.chemical.laboratory.is.given.the.following.samples.to.test.for.a.pollutant.known.to.have.a.standard.
deviation.of.1.1.mg/L:.{48.3,.49.9,.48.7,.50.8,.48.1,.50.3}.mg/L..Compute.the.90%.confidence.interval.
on.the.mean.

 11-12.. An.oceanographer.is.studying.the.relationship.between.the.slope.of.beaches.and.the.mean.grain.size.
(D,.mm).of.the.sand..For.slopes.of.about.6°,.the.expected.mean.is.0.45.mm,.with.a.variance.of.0.012.
mm2..What.is.the.confidence.interval.on.the.mean.if.the.oceanographer.collects.the.following.mean.
grain.size.at.six.beaches:.{0.43,.0.38,.0.35,.0.46,.0.32,.0.30}.mm?.Using.the.confidence.interval,.dis-
cuss.whether.or.not.these.six.beaches.are.representative.of.the.population.

 11-13.. A.wetland.ecologist.measures.the.trap.efficiency.of.sediment.from.seven.similar.wetlands,.with.the.
results.as.follows:.{62,.47,.54,.43,.66,.58,.50}%..Other.studies.have.suggested.a.mean.and.standard.
deviation.of.70.and.9%,.respectively..Using.a.90%.confidence.interval.on.the.mean,.is.the.assumption.
fully.supportable?

 11-14.. Using.the.first.sample.of.5.in.Table.8.3,.compute.a.two-sided,.95%.confidence.interval.for.the.mean.
using.the.sample.mean.and.the.known.population.variance.

 11-15. For.the.conditions.of.Example.11.2,.show.the.variation.of.the.confidence.interval.with.change.in.the.
confidence.coefficient..Assume.v.=.9.

 11-16. Twenty-five.engineering.students.independently.measured.the.melting.point.of.lead..The.mean.and.
standard.deviation.of.the.25.measurements.were.329.6.and.5.1°C,.respectively..Using.a.level.of.sig-
nificance.of.10%,.what.is.the.error.that.can.be.expected.if.the.sample.mean.is.used.as.an.estimate.of.
the.true.melting.point.of.lead?

 11-17. A.random.sample.of.test.scores.of.the.GRE.exam.by.25.students.produces.a.mean.of.575.and.stan-
dard.deviation.of.60..(a).Determine.the.99%.confidence.interval.on.the.mean.score.for.all.students.at.
the.university..(b).What.assertion.can.be.made.about.the.magnitude.of.the.error,.if.we.state.that.the.
mean.score.of.all.students.at.the.university.is.575.and.assume.that.we.wish.to.be.99%.confident.in.
our.assertion?

 11-18. A.laboratory.testing.of.five.samples.on.the.content.of.a.certain.water-quality.indicator.results.in.the.
following.values:.3.41,.3.06,.2.94,.3.27,.and.3.32.mg/L..(a).Find.the.95%.confidence.interval.for.the.
mean.content.of.this.indicator..(b).What.assumptions.are.made?

 11-19.. Using.the.second.sample.of.5.in.Table.8.3,.compute.a.one-sided,.upper.90%.confidence.interval.on.
the.mean.assuming.the.population.variance.is.not.known.

 11-20. Using.the.first.sample.of.5.in.Table.8.3,.compute.a.two-sided,.95%.confidence.interval.for.the.vari-
ance.for.the.first.sample.(S2.=.1.764)..Does.the.interval.cover.the.true.variance.in.this.case?

 11-21. Using.the.sample.standard.deviation.of.the.data.of.Problem.11.6,.compute.a.one-sided.upper.90%.
confidence.interval.on.the.variance..Does.the.interval.cover.the.true.variance.of.0.25(%)2?

 11-22. The. corrosion. depth. of. four. samples. taken. from. a. steel. I. beam. are. 72,. 217,. 145,. and. 259. mils..
Assuming.an.interest.in.being.90%.certain,.use.a.confidence.interval.to.decide.whether.or.not.the.
true.variance.could.be.as.small.as.2500.(mils)2.

 11-23. A.laboratory.believes.that.its.equipment.needs.adjustment.when.the.standard.deviation.of.five.sam-
ples.of.a.known.concentration.exceeds.4.mg/L..During.one.test,.the.following.sample.measurements.
were.recorded:.50.7,.58.2,.46.3,.53.0,.and.62.4.mg/L..Does.a.confidence. interval.suggest. that. the.
equipment.requires.adjustment?.Explain.

 11-24.. A.lab.technician.wishes.to.determine.the.mean.time.to.perform.a.lab.experiment..What.sample.size.
will.be.needed.to.be.96%.confident.that.the.sample.mean.will.be.within.10.min.of.the.true.mean?.
Previous.studies.have.indicated.that.σ.=.25.min.

 11-25.. An.efficiency.expert.is.interested.in.knowing.the.mean.number.of.days.of.sick.leave.taken.by.workers.
in.the.auto.industry..How.many.workers’.sick-leave.records.would.have.to.be.checked.to.be.able.to.
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state.that.the.sample.mean.will.be.within.3.0.days.of.the.true.mean?.Assume.a.5%.level.of.signifi-
cance.and.a.value.of.the.population.standard.deviation.of.4.7.days.

 11-26.. A.manufacturer.produces.a.stereo.component. that.will.have.a. length.of. life. that. is.normally.dis-
tributed.with.a.population.standard.deviation.of.70.h..(a).Show.the.change.in.the.width.of.the.90%.
confidence.interval.for.the.population.mean.of.all.components.produced.by.this.manufacturer.as.a.
function.of.sample.size..(b).What.sample.size.is.needed.to.ensure.that.the.confidence.interval.is.no.
greater.than.40.h?

 11-27.. Six-inch. cores. are. to. be. sampled. from. a. section. of. asphalt. concrete. pavement. and. tested. for. a.
mechanical.property..Accuracy.requirements.indicate.that.a.normalized.half-width.of.0.33.is.needed..
Regulations.dictate.a.90%.level.of.confidence..What.sample.size.should.be.collected?

 11-28.. Measurements.of.the.thickness.of.the.corrosion.layer.on.a.steel.I.beam.are.needed.for.a.corrosion.
study..The.researcher.wishes.to.be.99%.confident.in.the.estimate.of.the.means,.with.a.normalized.
half-width.of.0.75..What.sample.size.will.be.needed?

 11-29.. For.the.conditions.of.Problem.11.25,.compute.the.sample.size.that.would.be.needed.if.the.variance.
of.the.population.is.not.known.but.the.sample.standard.deviation.would.be.approximately.4.7.days.

 11-30.. A.sample.of.size.N.=.4.from.a.population.with.known.standard.deviation.(σ).of.2,.has.a.sample.mean.
of.10..Using.one-sided.lower.α.=.0.05,.compute.the.type.I.and.II.errors..Discuss.

 11-31.. A.sample.of.size.N.=.4.from.a.population.with.known.standard.deviation.(σ).of.2,.has.a.sample.mean.
of.10..Using.one-sided.lower.α.=.0.01,.compute.the.type.I.and.II.errors..Discuss.
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ChAPter 12

regression Analysis

In.this.chapter,.we.present.the.correlation.coefficient.as.a.random.variable.and.as.a.measure.of.
goodness.of.fit,.introduce.the.method.of.least.squares.for.fitting.equations,.identify.alternative.sta-
tistics.for.assessing.the.goodness.of.fit.of.a.prediction.equation,.outline.the.computation.and.use.of.
confidence.intervals.in.regression.analysis,.and.identify.hypothesis.tests.useful.in.correlation.and.
regression.analyses.
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12.1 INtrODUCtION

In.analyzing.single.random.variables,.it.is.important.to.identify.the.underlying.distribution.of.
the.random.variable.and.make.estimates.of.its.parameters..In.addition,.decision.making.requires.
an.analysis.of.the.uncertainty.in.the.knowledge.of.the.population..Hypothesis.testing.and.interval.
estimation.(i.e.,.confidence.intervals).are.means.of.assessing.the.significance.of.and.quantifying.this.
uncertainty.

In.many.cases,.variation.in.the.value.of.a.random.variable.is.associated.with.variation.in.one.
or.more.other.variables..By.establishing.the.relationship.between.two.or.more.variables,.it.may.be.
possible.to.reduce.the.uncertainty.in.an.estimate.of.the.random.variable.of.interest..Thus,.before.
making.a.decision.based.on.the.analysis.of.observations.on.a.random.variable.alone,.it.is.wise.to.
consider.the.possibility.of.systematic.associations.between.the.random.variable.of.interest.and.other.
variables.that.have.a.causal.relationship.with.it..These.associations.among.variables.can.be.under-
stood.using.correlation.and.regression.analyses.

To.summarize.these.concepts,.the.variation.in.the.value.of.a.variable.may.be.either.random.or.
systematic.in.its.relationship.with.another.variable..Random.variation.represents.uncertainty..If.the.
variation.is.systematically.associated.with.one.or.more.other.variables,.the.uncertainty.in.estimating.
the.value.of.a.variable.can.be.reduced.by.identifying.the.underlying.relationship..Correlation.and.
regression.analyses.are.important.statistical.methods.to.achieve.these.objectives..They.should.be.
preceded.by.a.graphical.analysis.to.determine.(1).if.the.relationship.is.linear.or.nonlinear,.(2).if.the.
relationship.is.direct.or.indirect,.and.(3).if.any.extreme.events.might.control.the.relationship.

12.2 COrreLAtION ANALYSIS

Correlation.analysis.provides.a.means.of.drawing.inferences.about.the.strength.of.the.relation-
ship.between.two.or.more.variables..That.is,.it.is.a.measure.of.the.degree.to.which.the.values.of.
these.variables.vary.in.a.systematic.manner..Thus,.it.provides.a.quantitative.index.of.the.degree.to.
which.one.or.more.variables.can.be.used.to.predict.the.values.of.another.variable.

It.is.just.as.important.to.understand.what.correlation.analysis.cannot.do.as.it.is.to.know.what.
it.can.do..Correlation.analysis.does.not.provide.an.equation.for.predicting.the.value.of.a.variable..
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Also,.correlation.analysis.does.not.indicate.whether.a.relationship.is.causal;.that.is,.it.is.necessary.
for.the.investigator.to.determine.whether.there.is.a.cause-and-effect.relationship.between.the.vari-
ables..Correlation.analysis.only.indicates.whether.the.degree.of.common.variation.is.significant.

Correlation.analyses.are.most.often.performed.after.an.equation.relating.one.variable.to.another.
has.been.developed..This.happens.because.the.correlation.coefficient,.which.is.a.quantitative.index.
of.the.degree.of.common.linear.variation,.is.used.as.a.measure.of.the.goodness.of.fit.between.the.
prediction. equation. and. the. data. sample. used. to. derive. the. prediction. equation,. but. correlation.
analyses.can.be.very.useful.in.model.formulation,.and.every.model.development.should.include.a.
correlation.analysis.

12.2.1 Graphical Analysis

The.first.step.in.examining.the.relationship.between.variables.is.to.perform.a.graphical.analysis..
Visual.inspection.of.the.data.can.identify.the.following.information:

. 1.. Degree.of.common.variation,.which.is.an.indication.of.the.degree.to.which.the.two.variables.are.
related

. 2.. Range.and.distribution.of.the.sample.data.points

. 3.. Presence.of.extreme.events

. 4.. Form.of.the.relationship.between.the.two.variables

. 5.. Type.of.relationship

Each.of.these.factors.is.of.importance.in.the.statistical.analysis.of.sample.data.and.in.decision.
making.

When.variables.show.a.high.degree.of.association,.we.assume.that.a.causal.relationship.exists..If.
there.is.a.physical.reason.to.suspect.that.a.causal.relationship.exists,.the.association.demonstrated.by.
the.sample.data.provides.empirical.support.for.the.assumed.relationship..Common.variation.implies.
that,.when.the.value.of.one.of.the.random.variables.is.changed,.the.value.of.the.other.variable.will.
change.in.a.systematic.manner..For.example,.an.increase.in.the.value.of.one.variable.occurs.when.
the.value.of.the.other.variable.increases..If.the.change.in.the.one.variable.is.highly.predictable.from.
a.given.change.in.the.other.variable,.there.is.a.high.degree.of.common.variation.

Figure.12.1.shows.graphs.of.different.samples.of.data.for.two.variables.having.different.degrees.
of.common.variation..The.common.variation.is.measured.in.the.figure.using.the.correlation.coef-
ficient.(R)..In.Figures.12.1(a).and.12.1(e).the.degree.of.common.variation.is.very.high;.thus,.the.
variables.are.said.to.be.correlated..In.Figure.12.1(c).there.is.no.correlation.between.the.two.vari-
ables.because,.as.the.value.of.X.is.increased,.it.is.not.certain.whether.Y.will.increase.or.decrease..
In.Figures.12.1(b).and.12.1(d),.the.degree.of.correlation.is.moderate;.in.Figure.12.1(b),.evidently.Y.
will.increase.as.X.is.increased,.but.the.exact.change.in.Y.for.a.change.in.X.is.difficult.to.estimate.
just.by.looking.at.the.graph..A.more.quantitative.description.of.the.concept.of.common.variation.
is.needed.

It.is.important.to.use.a.graphical.analysis.to.identify.the.range.and.distribution.of.the.sample.
data.points,.so.that.the.stability.of.the.relationship.can.be.assessed.and.so.that.we.can.assess.the.
ability.of.the.data.sample.to.represent.the.distribution.of.the.population..If.the.range.of.the.data.
is. limited,. a. computed. relationship.may.not.be. stable;. that. is,. it.may.not. apply. to. the.distribu-
tion.of.the.population..The.data.set.of.Figure.12.2.shows.a.case.where.the.range.of.the.sample.is.
much.smaller.than.the.expected.range.of.the.population..If.an.attempt.is.made.to.use.the.sample.
to.project.the.relationship.between.the.two.random.variables,.a.small.change.in.the.slope.of.the.
relationship.causes.a.large.change.in.the.predicted.estimate.of.Y.for.values.of.X.at.the.extremes.
of.the.range.of.the.population..A.graph.of.two.random.variables.might.alert.the.investigator.to.a.
sample.in.which.the.range.of.the.sample.data.may.cause.stability.problems.in.a.derived.relationship.
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between.two.random.variables,.especially.when.the.relationship.is.projected.beyond.the.range.of.
the.sample.data.

It. is.important.to.identify.extreme.events.in.a.sample.of.data.for.several.reasons..First,.extreme.
events.can.dominate.a.computed.relationship.between.two.variables..For.example,.in.Figure.12.3(a),.the.
extreme.point.suggests.a.high.correlation.between.X.and.Y;.in.this.case,.the.cluster.of.points.acts.like.a.
single.observation..In.Figure.12.3(b),.the.extreme.point.causes.a.poor.correlation.between.the.two.ran-
dom.variables;.since.the.mean.of.the.cluster.of.points.is.nearly.the.same.as.the.value.of.Y.of.the.extreme.
point,.the.data.of.Figure.12.3(b).suggest.that.a.change.in.X.is.not.associated.with.a.change.in.Y..A.corre-
lation.coefficient.is.more.sensitive.to.an.extreme.point.when.the.sample.size.is.small..An.extreme.event.
may.be.due.to.(1).errors.in.recording.or.plotting.the.data,.or.(2).a.legitimate.observation.in.the.tail.of.
the.distribution..Therefore,.an.extreme.event.must.be.identified.and.the.reason.for.the.event.determined..
Otherwise,.it.is.not.possible.to.properly.interpret.the.results.of.the.correlation.analysis.
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Figure 12.1 	Different	degrees	of	correlation	between	the	variables	X	and	Y:	(a)	R	=	1.0;	(b)	R	=	0.5;	(c)	R	=	0.0;	
(d)	R	=	–0.5;	(e)	R	=	–1.0;	(f)	R	=	0.3.
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Figure 12.2 Instability	in	the	relationship	between	random	variables.
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Relationships.can.be.linear.or.nonlinear..Because.the.statistical.methods.to.be.used.for.the.two.
forms.of.a.relationship.differ,.it.is.important.to.identify.the.form..In.addition,.the.most.frequently.
used.correlation.coefficient.depends.on.a.linear.relationship.existing.between.the.two.random.vari-
ables;. thus,. low.correlation.may.result. for.a.nonlinear. relationship.even.when. the. relationship. is.
obvious..For.example,.the.bivariate.relationship.of.Figure.12.1(f).suggests.a.very.predictable.trend.
in.the.relationship.between.Y.and.X,.but.the.correlation.is.poor.and.is.certainly.not.as.good.as.that.
in.Figure.12.1(a),.even.though.the.two.plots.suggest.equal.levels.of.predictability.

Graphs.relating.pairs.of.variables.can.be.used.to.identify.the.type.of.the.relationship..Linear.
trends.can.be.either.direct.or.indirect,.with.an.indirect.relationship.indicating.a.decrease.in.Y.as.
X.increases..This.information.is.useful.for.checking.the.rationality.of.the.relationship,.especially.
when.dealing.with.data.sets.that.include.more.than.two.variables..A.variable.that.is.not.dominant.in.
the.physical.relationship.may.demonstrate.a.physically.irrational.relationship.with.another.variable.
because.of.the.values.of.the.other.variable.affecting.the.physical.relationship..For.example,.evapora-
tion.should.be.positively.correlated.with.wind.speed,.but.if.days.when.the.wind.speeds.were.high.
happened.to.occur.on.days.when.the.temperatures.were.relatively.low,.then.the.data.between.evapo-
ration.and.wind.speed.might.show.a.negative.correlation,.as.temperature.is.the.dominant.variable.

12.2.2 Bivariate Correlation

Correlation.is.the.degree.of.association.between.the.elements.of.two.samples.of.data—that.is,.
between.observations.on.two.variables..Correlation.coefficients.provide.a.quantitative.index.of.the.
degree.of.linear.association..Examples.of.variables.that.are.assumed.to.have.a.causal.relationship.
and.significant.correlation.are.(1).the.cost.of.living.and.wages,.and.(2).the.volumes.of.rainfall.and.
flood.runoff..However,.examples.that.have.no.cause-and-effect.relationship.but.may.have.significant.
correlation.include.(1).the.crime.rate.and.the.sale.of.chewing.gum.over.the.past.two.decades,.and.
(2) annual.population.growth.rates.in.nineteenth-century.France.and.annual.cancer.death.rates.in.
the.United.States.in.the.twentieth.century.

Many. indexes. of. correlation. exist.. The. method. that. is. used. most. frequently. is. the. Pearson.
product-moment.correlation.coefficient..Nonparametric.correlation.indexes.include.the.contingency.
coefficient,.the.Spearman.rank.correlation.coefficient,.and.the.Kendall.rank.correlation.coefficient..
Only.the.Pearson.correlation.coefficient.is.considered.in.this.chapter.

12.2.3 Separation of Variation

A.set.of.observations.on.a. random.variable.Y.has.a.certain.amount.of.variation,.which.may.
be. characterized. by. the.variance.of. the. sample..The.variance. equals. the. sum.of. squares. of. the.
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x

Figure 12.3 	effect	 of	 an	 extreme	 event	 in	 a	 data	 sample	 on	 the	 correlation:	 (a)	 high	 correlation;	 (b)	 low	
correlation.
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deviations.of.the.observations.from.the.mean.of.the.observations.divided.by.the.degrees.of.freedom..
Ignoring.the.degrees.of.freedom,.the.variation.in.the.numerator.can.be.separated.into.two.parts:.
(1).variation.associated.with.a.second.variable.X,.and.(2).variation.not.associated.with.X..That.is,.
the.total.variation.(TV),.which.equals.the.sum.of.the.squares.of.the.sample.data.points.about.the.
mean.of.the.data.points,.is.separated.into.the.variation.that.is.explained.by.variation.in.the.second.
variable,.that.is.explained.variation.(EV),.and.the.variation.that.is.not.explained—that.is,.the.unex-
plained.variation.(UV)..Thus,.TV.can.be.expressed.as

. TV EV UV= + . (12.1)

Using.the.general.form.of.the.variation.of.a.random.variable,.each.of.the.three.terms.in.this.
equation.can.be.represented.by.a.sum.of.squares.as.follows:
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where.yi.is.an.observation.on.the.random.variable,.ŷi.is.the.value.of.Y.estimated.from.the.best.rela-
tionship.with.the.second.variable.X,.and.Y

–
.is.the.mean.of.the.observations.on.Y..These.variation.

components.are.shown.in.Figure.12.4;.the.dashed.lines.illustrate.the.deviations.of.Equation.12.2..
Figure.12.4(a). shows. the.variation.of. the.observations.about. the.mean.value;. this. represents. the.
variation.that.exists.in.the.sample.and.that.may.potentially.be.explained.by.the.variable.X,.and.it.
reflects.the.left.side.of.Equation.12.2..The.variation.in.Figure.12.4(b).represents.the.variation.of.the.
line.about.the.mean.and.corresponds.to.the.first.term.of.the.right.side.of.Equation.12.2..If.all.of.the.
sample.points.fall.on.the.line,.the.EV.will.equal.the.TV..The.variation.in.Figure.12.4(c).represents.
the.variation.of.the.points.about.the.line;.therefore,.it.corresponds.to.the.second.term.on.the.right.
side.of.Equation.12.2..This.is.the.variation.that.is.not.explained.by.the.relationship.between.Y.and.
X..If.this.UV.equals.the.TV,.the.line.does.not.explain.any.of.the.variation.in.the.sample,.and.the.
relationship.between.X.and.Y.is.not.significant.
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Figure 12.4 	separation	of	variation:	(a)	total	variation;	(b)	explained	variation;	(c)	unexplained	variation.
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12.2.4 Correlation: Fraction of explained Variation

The. separation-of-variation. concept. is. useful. for. quantifying. the. correlation. coefficient. by.
Pearson..Specifically,.dividing.both.sides.of.Equation.12.1.by.the.TV.gives

.
1 = +
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UV

TV .
(12.3)

The.ratio.EV/TV.represents.the.fraction.of.the.TV.of.Y.that.is.explained.by.the.linear.relationship.
between.Y.and.X;.this.is.called.the.coefficient of determination.and.is.given.by
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The.square.root.of.the.ratio.is.the.correlation.coefficient,.R..If.the.EV.equals.the.TV,.the.correla-
tion.coefficient.will.equal.1..If.the.relationship.between.X.and.Y.is.inverse,.as.in.Figure.12.1(e),.and.
the.EV.equals.the.TV.in.magnitude,.R.will.equal.–1..These.represent.the.extremes,.but.both.values.
indicate.a.perfect.association,.with.the.sign.only.indicating.the.direction.of.the.relationship..If.the.
EV.equals.zero,.R.equals.zero..Thus,.a.correlation.coefficient.of.zero,.which.is.sometimes.called.the.
null correlation,.indicates.no.linear.association.between.the.two.variables.X.and.Y.

12.2.5 Computational Form for Correlation Coefficient

While.Equation.12.4.provides.the.means.to.compute.a.value.of.the.correlation.coefficient,.it.can.
be.shown.that.Equation.12.4.can.be.rearranged.to.the.following.form.using.a.linear.model.for.ŷi.that.
minimizes.the.UV:
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This.equation.is.used.most.often.because.it.does.not.require.prior.computation.of.the.means,.thus.
the.computational.algorithm.is.easily.programmed.for.a.computer..The.linear.model.that.minimizes.
UV.is.based.on.the.principle.of.least.squares,.as.discussed.in.Section.12.4.

12.2.6 Distribution of Correlation Coefficient

A.value.of.R.obtained.with.Equation.12.5.is.a.sample.value..It.should.be.recognized.that.the.
estimated.correlation.coefficient.is.a.random.variable,.and.each.random.variable.must.have.a.distri-
bution.function..The.distribution.of.R.is.a.function.of.the.sample.size.n.and.the.population.value.of.
the.correlation.coefficient.ρ..Unfortunately,.the.correlation.coefficient.does.not.have.a.recognizable.
probability.distribution.
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12.2.6.1  Effect of ρ (n Constant)

Figure.12.5.shows.the.distribution.of.R.for.three.values.of.ρ,.with.n.held.constant.at.10..The.most.
likely.sample.value.is.the.population.value..For.ρ=.0,.a.sample.value.near.zero.(i.e.,.ρ =.0).is.most.
likely..For.ρ.=.0.5,.the.probability.of.a.sample.value.at.or.near.zero.is.considerably.smaller.than.
when.ρ.=.0..For.ρ.=.0.9,.there.is.very.little.chance.of.obtaining.a.sample.estimate.that.is.near.zero,.
but.a.value.near.0.9.is.highly.likely.

12.2.6.2  Effect of n (ρ Constant)

Figure.12.6.shows.the.distribution.of.R.for.sample.sizes.of.3,.4,.and.25,.with.ρ.held.constant.at.zero..
Figure.12.6(a).shows.that.for.a.sample.size.of.3,.a.large.sample.estimate.of.the.correlation.coefficient.is.
more.likely.than.a.value.near.zero.even.when.the.population.value.equals.zero..For.a.sample.size.of.4.
(Figure.12.6(b)),.all.values.of.R.are.equally.likely..As.n.increases.to.10.(Figure.12.5(a)).and.25.(Figure.
12.6(c)),.sample.estimates.near.zero.become.more.likely..In.summary,.it.is.important.to.recognize.that.
for.small.sample.sizes,.large.sample.estimates.of.R.are.very.likely.to.occur.and.that.even.high.correla-
tion.may.not.represent.a.significant.relationship.between.the.two.random.variables.

12.2.7 hypothesis testing

A.correlation.coefficient.of.zero.indicates.that.there.is.no.linear.relationship.between.the.two.
variables..Thus,.it.would.be.of.interest.to.make.a.two-sided.test.of.the.hypotheses:

. H0 0:  r = . (12.6)

. HA  : r ↑ 0 . (12.7)
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Figure 12.5 effect	of	ρ	(n	=	10)	on	the	distribution	of	R:	(a)	ρ	=	0;	(b)	ρ	=	0.5;	(c)	ρ	=	0.9.

–1
(a)

10 –1
(b)

10 –1
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Figure 12.6 effect	of	n	(ρ	=	0)	on	the	distribution	of	R:	(a)	n	=	3;	(b)	n	=	4;	(c)	n	=	25.
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It.can.be.shown.that.for.n.>.2.these.hypotheses.can.be.tested.using.a.t.statistic.that.is.given.by
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(12.8)

where.t.is.the.value.of.a.random.variable.that.has.approximately.a.t.distribution.with.(n – 2).degrees.
of.freedom..The.correlation.coefficient.is.considered.statistically.significant.if.the.computed.t.value.is.
greater.in.absolute.value.than.a.critical.value.having.a.t.distribution.and.a.level.of.significance.of.α ;.that.
is,.the.null.hypothesis.is.rejected.when.the.absolute.value.of.the.computed.t.statistic.is.greater.than.the.
critical.value,.which.for.a.two-tailed.test.of.Equation.12.7.would.be.tα /2..One-sided.tests.of.hypotheses.
are.also.possible.using.the.test.statistic.above..For.a.one.tailed.test.the.critical.value.is.tα or.–tα . Table.
A.5.provides.the.critical.values.of.R.for.both.one-sided.and.two-sided.tests..A.value.of.R.greater.than.
the.critical.value.is.considered.significant.(i.e.,.the.null.hypothesis.of.Equation.12.6.should.be.rejected)..
For.negative.values.of.R,.the.absolute.value.of.the.critical.value.in.Table.A.5.should.be.used.

In.many.cases,.it.is.of.interest.to.examine.whether.or.not.one.can.assume.that.the.population.has.
a.value.of.the.correlation.coefficient.ρ0.other.than.zero..The.two-sided.hypotheses.for.this.test.are

. ..H0 0:  r r= . (12.9a)

. HA  : r r↑ 0 . (12.9b)

One-sided.tests.can.also.be.performed.using.the.same.procedure.as.the.two-sided.alternative..The.
test.statistic.for.the.hypotheses.of.Equation.12.9.is
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in.which.R.is.the.sample.correlation.coefficient..The.random.variable.R′ has.a.mean.R�.and.standard.
deviation.SR,.given.by
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in.which.n.is.the.sample.size..A.standard.normal.transformation.yields
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(12.13)

in.which.Z.is.the.value.of.a.random.variable.having.a.standard.normal.distribution.with.a.mean.of.zero.and.
a.standard.deviation.of.1..If.either.the.sample.(R).or.population.(ρ0).correlation.coefficient.is.negative,.the.
absolute.value.should.be.used..The.null.hypothesis.is.rejected.where.the.absolute.value.of.the.computed.Z 
coefficient.of.Equation.12.13.is.greater.than.the.critical.value.for.the.selected.level.of.significance.



402	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

Example 12.1: Hypothesis Testing of Correlation Coefficients

The objective of this example is to illustrate both the hypothesis tests for correlation coefficients and the 
problem of using small sample sizes to estimate the correlation between two random variables. Assume that 
a sample of five yields a correlation coefficient of 0.87 (i.e., R = 0.87). The null hypothesis of Equation 12.6 is 
tested using the t statistic of Equation 12.8 for a twotailed test as follows:
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(12.14)

For a 5% level of significance, the critical t value for 3 degrees of freedom and α/2 = 0.025 obtained from Table 
A.2 is 3.182; therefore, the null hypothesis should be accepted, and there is no reason to believe that the sample 
does not come from a population having a correlation coefficient of zero.

The same sample can be used to test the hypotheses of Equations 12.9 with ρ0 = 0.99. The computations 
for Equations 12.10 through 12.13 are
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Z =

−
= −

1 3331 2 6467
0 7071

1 8577
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.
.

 
(12.18)

For a 5%, twosided level of significance, the critical z value obtained from Table A.1 is 1.96; therefore, the null 
hypothesis that ρ equals 0.99 should be accepted.

In summary, the sample of five was used to illustrate the computation of hypothesis tests on the population 
correlation coefficient. However, it is more important to note important characteristics of hypothesis testing for 
correlation coefficients. First, estimates of R obtained from small samples may not be close to the population 
value; in this case, the sample value of 0.87 was not significantly different from either 0.0 or 0.99. This suggests 
that with a small sample, an engineer could prove almost anything, including an opinion based on personal 
bias. Second, the 5% level of significance may not be the appropriate level. Third, it is inadequate just to inves
tigate the null hypothesis for null correlation; confidence intervals on ρ should be calculated.

Example 12.2: Computational Illustration

A sample of five observations, given as the values of X and Y in Table 12.1, is used to illustrate the com
putational methods outlined herein. The last row of Table 12.1 contains column summations. Using Equation 
12.4, the correlation is

 
R = =

8 10
10

0 9
.

.
 

(12.19)
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The predicted values, were obtained by fitting a regression equation to the data points; the regression method 
is discussed in the remaining sections of this chapter. Therefore, Equation 12.5 yields
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(12.20)

Thus, 81% of the TV in Y is explained by variation in X.

12.3 INtrODUCtION tO reGreSSION

In.many.engineering.projects,.estimates.of.random.variables.are.required..For.example,.in.the.
design.of.irrigation.projects,.it.is.necessary.to.provide.estimates.of.evaporation..If.we.are.fortunate.
to.have.a.past.record.of.daily.evaporation.rates.from.a.pan,.the.mean.of.these.observations.multi-
plied.by.some.proportionality.constant.(a.pan.coefficient).may.be.our.best.estimate..However,.the.
error.in.such.an.estimate.can.be.significant..Because.the.standard.deviation.of.the.observations.is.a.
measure.of.the.variation.in.the.past,.it.is.our.best.estimate.of.the.future.variation.and.the.error.in.a.
single.measurement..The.error.in.a.mean.value.is.also.a.function.of.the.standard.deviation.

If.the.random.variable.can.be.related.to.other.variables,.it.may.be.possible.to.reduce.the.error.
in.a.future.estimate..For.example,.evaporation.is.a.function.of.the.temperature.and.humidity.of.the.
air.mass.that.is.over.the.water.body..Thus,.if.measurements.of.the.air.temperature.and.the.relative.
humidity.are.also.available,.a.relationship,.or.model,.can.be.developed..The.relationship.may.pro-
vide.a.more.accurate.estimate.of.evaporation.for.the.conditions.that.may.exist.in.the.future.

The.process.of.deriving.a.relationship.between.a.random.variable.and.measured.values.of.other.
variables.is.called.optimization,.or.model.calibration,.and.makes.use.of.the.fundamental.concepts.
of.calculus.and.numerical.analysis..The.objective.of.optimization.is.to.find.the.values.of.a.vector.
of.unknowns.that.provides.the.minimum.or.maximum.value.of.some.function..Before.examining.
regression.analysis,.it.is.necessary.to.discuss.the.fundamentals.of.statistical.optimization.

12.3.1 elements of Statistical Optimization

In.statistical.optimization,.the.function.to.be.optimized.is.called.the.objective function,.which.
is.an.explicit.mathematical.function.that.describes.what.is.considered.the.optimal.solution..A math-
ematical.model.relates.a.random.variable,.called.the.criterion.or.dependent.variable,.to.a.vector.of.
unknowns,.called.regression coefficients,.and.a.vector.of.predictor.variables,.which.are.sometimes.

table 12.1 Calculation of Correlation Coefficient

xi yi (xi – X̄) (yi – Ȳ)
(xi – X̄) 
(yi – Ȳ) y̆i ( y̆i – Ȳ)2 (yi – Ȳ)2 xiyi xi

2 yi
2

	 1 	 2 –2 –1 2 1.2 3.24 1 	 2 	 1 	 4

	 2 	 1 –1 –2 2 2.1 0.81 4 	 2 	 4 	 1

	 3 	 3 	 0 	 0 0 3.0 0.00 0 	 9 	 9 	 9

	 4 	 4 	 1 	 1 1 3.9 0.81 1 16 16 16

	 5 	 5 	 2	 	 2 4 4.8 3.24 4 25 25 25

sum 15 15 9 8.10 10 54 55 55
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called. independent variables.. The. predictor. variables. are. usually. variables. that. have. a. causal.
relationship.with.the.criterion.variable..For.example,.if.we.are.interested.in.using.measurements.
of.air.temperature.and.humidity.to.predict.evaporation.rates,.the.evaporation.would.be.the.crite-
rion.variable.and.the.temperature.and.relative.humidity.would.be.the.predictor.variables..While.
the.objective.function.of.statistical.optimization.corresponds.to.the.explicit.function,. the.vector.
of. unknowns. in. statistical. optimization. corresponds. to. the. unknowns. in. the. explicit. function..
The.unknowns.are.the.values.that.are.necessary.to.transform.values.of.the.predictor.variable(s).
into.a.predicted.value.of.the.criterion.variable..It.is.important.to.note.that.the.objective.function.
and.the.mathematical.model.are.two.separate.explicit.functions..The.third.element.of.statistical.
optimization.is.a.data.set..The.data.set.consists.of.measured.values.of.the.criterion.variable.and.
the.predictor.variable(s)..In.summary,.statistical.optimization.requires:.(1).an.objective.function,.
which.defines.what.is.meant.by.best.fit;.(2).a.mathematical.model,.which.is.an.explicit.function.
relating.a.criterion.variable.to.vectors.of.unknowns.and.predictor.variable(s);.and.(3).a.matrix.of.
measured.data.

As.an.example,.we.may.attempt.to.relate.evaporation.(E),.the.criterion.variable,.to.temperature.
(T),.which.is.the.predictor.variable,.using.the.equation

. Ê b b T= +0 1 . (12.21)

in.which.b0.and.b1.are.the.unknown.coefficients,.and.Ê is.the.predicted.value.of.E..To.evaluate.the.
unknowns.b0.and.b1,.a.set.of.simultaneous.measurements.on.E.and.T.would.be.made..For.example,.
if.we.were.interested.in.daily.evaporation.rates,.we.may.measure.both.the.total.evaporation.for.each.
day.in.a.year.and.the.corresponding.mean.daily.temperature;.this.would.give.us.365.observations.
from.which.we.could.estimate.the.two.regression.coefficients..An.objective.function.would.have.to.
be.selected.to.evaluate.the.unknowns;.for.example,.regression.minimizes.the.sum.of.the.squares.of.
the.differences.between.the.predicted.and.measured.values.of.the.criterion.variable..Other.criterion.
functions,.however,.may.be.used.

12.3.2 Zero-Intercept Model

Assume.that.the.criterion.variable.Y.is.related.to.a.predictor.variable.X.using.the.linear.model:

. Ŷ bX= . (12.22)

in.which.b.is.the.unknown,.and.Ŷ is.the.predicted.value.of.Y..The.objective.function,.F,.is.defined.as.
minimizing.the.sum.of.the.squares.of.the.differences.(ei ).between.the.predicted.values.(ŷi).and.the.
measured.values.(yi ).of.Y.as.follows:

.
F e y yi

i

n

i i
i

n

= = −
= =
∑ ∑min min ( )2

1

2

1

�
.

(12.23)

where.n.is.the.sample.size.
To.derive.a.value.for.b,.differentiate.∑n

i ie=1
2.with.respect.to.the.unknown,.set.the.derivative.equal.

to.zero,.and.solve.for.the.unknown..Substituting.Equation.12.22.into.Equation.12.23.yields

.
F y y bx yi i

i

n

i i
i

n

= − = −
= =
∑ ∑min ( ) min ( )� 2

1

2

1 .
(12.24)
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The.derivative.of.∑n
i ie=1

2.with.respect.to.the.unknown.b.is

.
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∑
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bx y x

ii

n

i i i
i

n2

1

1

2 ( )( )
.

(12.25)

Setting.Equation.12.25.to.0.and.solving.for.b.yields

.

b
x y

x

i ii

n

ii

n
= =

=

∑
∑

1

2

1 .

(12.26)

The.value.of.b.can.be.computed.using.the.two.summations,.∑
n
i i ix y=1 .and.∑n

i ix=1
2.

Example 12.3: Fitting a Zero-Intercept Model

The following table gives the data that can be used for fitting the value of b:

i xi yi

1 3 2
2 5 3

3 6 4

The following table shows the necessary computations:

i xi x2
i yi xi yi

1 3  9 2  6
2 5 25 3 15
3 6 36 4 24
Column 

summation
70 45

Therefore, the value of b equals (45/70) or 0.64286. The following equation could then be used to derive 
an estimate of Y for a future value of X:

 ˆ .Y X= 0 6428  (12.27)

It is important to note that Equation 12.26 is valid only for the linear model of Equation 12.22 that does not 
include an intercept; Equation 12.26 would not be valid for Equation 12.21, as Equation 12.21 includes an 
intercept coefficient (b0).

12.3.3 regression Definitions

The.objective.of.regression.is.to.evaluate.the.coefficients.of.an.equation.relating.the.criterion.
variable. to.one.or.more.other.variables,.which.are.called. the.predictor variables..The.predictor.
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variables.are.variables.for.which.their.variation.is.believed.to.cause.or.agree.with.variation.in.the.
criterion.variable..A.predictor.variable.is.often.called.an.independent variable;.this.is.a.misnomer.in.
that.independent.variables.are.usually.neither.independent.of.the.criterion.variable.nor.independent.
of.other.predictor.variables.

The.most.frequently.used.linear.model.relates.a.criterion.variable.Y.to.a.single.predictor.variable.
X.by.the.equation

. Ŷ b b X= +0 1 . (12.28)

in.which.b0.is.the.intercept.coefficient.and.b1.is.the.slope.coefficient;.b0.and.b1.are.called.regression 
coefficients.because.they.are.obtained.from.a.regression.analysis..Because.Equation.12.28.involves.
two.variables,.Y.and.X,.it.is.sometimes.referred.to.as.the.bivariate model..The.intercept.coefficient.
represents.the.value.of.Y.when.X.equals.zero..The.slope.coefficient.represents.the.rate.of.change.in.
Y.with.respect.to.change.in.X..Whereas.b0.has.the.same.dimensions.as.Y,.the.dimensions.of.b1.equal.
the.ratio.of.the.dimensions.of.Y.to.X.

The.linear.multivariate.model.relates.a.criterion.variable.to.two.or.more.predictor.variables:

.
Ŷ b b X b X b Xp p= + + + +0 1 1 2 2 �

. (12.29)

in.which.p.is.the.number.of.predictor.variables,.Xi.is.the.ith.predictor.variable,.bi.is.the.ith.slope.
coefficient,.and.b0. is. the. intercept.coefficient,.where. i.=.1,.2,.......,.p..The.coefficients.bi.are.often.
called.partial regression coefficients.and.have.dimensions.equal.to.the.ratio.of.the.dimensions.of.Y.
to.Xi..Equation.12.28.is.a.special.case.of.Equation.12.29..The.model.of.Equation.12.29.is.discussed.
in.Chapter.13.

12.4 PrINCIPLe OF LeASt SQUAreS

12.4.1 Definitions

The.values.of.the.slope.and.intercept.coefficients.of.Equations.12.28.and.12.29.can.be.computed.
using.the.principle.of. least.squares..The.principle.of. least.squares. is.a.process.of.obtaining.best.
estimates.of.the.coefficients.and.is.referred.to.as.a.regression method..Regression.is.the.tendency.for.
the.expected.value.of.one.of.two.jointly.correlated.random.variables.to.approach.more.closely.the.
mean.value.of.its.set.than.any.other..The.principle.of.least.squares.is.used.to.regress.Y.on.either.X.or.
the.Xi.values.of.Equations.12.28.and.12.29,.respectively..To.express.the.principle.of.least.squares,.it.
is.important.to.define.the.error,.e,.or.residual,.as.the.difference.between.the.predicted.and.measured.
values.of.the.criterion.variable:

. e y yi i i= −ˆ
. (12.30)

in.which. ŷi .is.the.ith.predicted.value.of.the.criterion.variable,.yi.is.the.ith.measured.value.of.Y,.and.ei.
is.the.ith.error..It.is.important.to.note.that.the.error.is.defined.as.the.measured.value.of.Y.subtracted.
from.the.predicted.value..Some.computer.programs.use.the.measured.value.minus.the.predicted.
value..This.definition.is.avoided.because.it.indicates.that.a.positive.residual.implies.underpredic-
tion..With.Equation.12.30,.a.positive.residual. indicates.overprediction,.while.a.negative.residual.
indicates.underprediction..The.objective.function.for.the.principle.of.least.squares.is.to.minimize.
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the.sum.of.the.squares.of.the.errors:

.
F y yi i

i

n

= −
=
∑min ( )� 2

1 .
(12.31)

in.which.n.is.the.number.of.observations.on.the.criterion.variable.(i.e.,.the.sample.size).

12.4.2 Solution Procedure

After.inserting.the.model.of.Ŷ in.Equation.12.31,.the.objective.function.of.Equation.12.31.can.
be.minimized.by.taking.the.derivatives.with.respect.to.each.unknown,.setting.the.derivatives.equal.
to.zero,.and.then.solving.for.the.unknowns..The.solution.requires.the.model.for.predicting.yi.to.be.
substituted. into. the.objective.function.. It. is. important. to.note. that. the.derivatives.are. taken.with.
respect.to.the.unknown.bi.and.not.the.predictor.variables.Xi.

To.illustrate.the.solution.procedure,.the.model.of.Equation.12.28.is.substituted.into.the.objective.
function.of.Equation.12.31,.which.yields

.
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2

1 .
(12.32)

The.derivatives.of.the.sum.of.the.squares.of.the.errors.with.respect.to.the.unknowns.b0.and.b1.are,.
respectively,
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Dividing.each.equation.by.2,.separating.the.terms.in.the.summations,.and.rearranging.yield.the.set.
of.normal.equations:
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All.the.summations.in.Equation.12.34.are.calculated.over.all.values.of.the.sample..Sometimes.the.
index.values.of. the.summation.are.omitted.when.they.refer. to.summation.over.all.elements. in.a.
sample.of.size.n..Also,.the.subscripts.for.X.and.Y.can.be.omitted.but.are.inferred..The.two.unknowns.
b0.and.b1.can.be.evaluated.by.solving.the.two.simultaneous.equations:
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Example 12.4: Least-Squares Analysis

The data of Table 12.2 can be used to illustrate the solution of the leastsquares principle for a data set of 
five observations on two variables. Substituting the sums of Table 12.2 into the normal equations of Equation 
12.34 gives

 5 50 100 1b b+ =  (12.36a)

 50 510 1090 1b b+ =  (12.36b)

Solving Equations 12.36a and 12.36b for the unknowns yields the model

 
ˆ .Y X= − +7 0 9  (12.37)

The errors, which are shown in Table 12.2, can be computed by substituting the measured values of X 
(Column 2) into Equation 12.37 to obtain predicted values (column 7) that are used in Equation 12.30 to obtain 
the errors (column 8). In solving a linear model using the leastsquares principle, the sum of the errors always 
equals zero, as shown in Table 12.2. The sum of the squares of the errors equals 1.9, (see column 9) which is 
a minimum.

Note that if a line is passed through the first three observations of Table 12.2, then the error for each of these 
three observations would be zero. Such a model is

 
ˆ .Y X= − +8 1 0  (12.38)

While three of the residuals are zero, the sum of the squares of the errors for Equation 12.38 equals 2.0, which 
is greater than the corresponding sum for Equation 12.37. Thus, the leastsquares solution always provides the 
straight line with the smallest sum of squares of the errors.

table 12.2 Least-Squares Computations

(1) (2) (3) (4) (5) (6) (7) (8) (9)
I xi yi x2

i y2
i xiyi y̆i ei ei

2

1 12 	 4 144 16 	 48 3.8 –0.2 0.04

2 11 	 3 121 	 9 	 33 2.9 –0.1 0.01

3 10 	 2 100 	 4 	 20 2.0 0.0 0.00

4 	 9 	 0 	 81 	 0 	 0 1.1 1.1 	1.21

5 	 8 	 1 	 64 	 1 	 8 0.2 –0.8 0.64

Column	
summation

50 10 510 30 109 10.0 0.0 	1.90
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12.5 reLIABILItY OF reGreSSION eQUAtION

Having.evaluated.the.coefficients.of.the.regression.equation,.it.is.of.interest.to.evaluate.the.reli-
ability.of.the.regression.equation..The.following.criteria.should.be.assessed.in.evaluating.the.model:.
(1).the.correlation.coefficient;.(2).the.standard.error.of.estimate;.(3).the.F.statistic.for.the.analysis.of.
variance.(ANOVA);.(4).the.rationality.of.the.coefficients.and.the.relative.importance.of.the.predictor.
variables,.both.of.which.can.be.assessed.using.the.standardized.partial.regression.coefficients;.and.
(5).the.degree.to.which.the.underlying.assumptions.of.the.regression.model.are.met.

12.5.1 Correlation Coefficient

As.suggested.in.Section.12.2,.the.correlation.coefficient.(R).is.an.index.of.the.degree.of.linear.
association.between.two.random.variables..The.magnitude.of.R. indicates.whether.the.regression.
provides.accurate.predictions.of.the.criterion.variable..Thus,.R.is.often.computed.before.the.regres-
sion.analysis. is.performed.to.determine.whether. it. is.worth. the.effort. to.perform.the.regression..
However,.R.is.always.computed.after.the.regression.analysis.because.it.is.an.index.of.the.goodness.
of.fit..The.correlation.coefficient.measures.the.degree.to.which.the.measured.and.predicted.values.
agree.and.is.used.as.a.measure.of.the.accuracy.of.future.predictions..It.must.be.recognized.that.if.the.
measured.data.are.not.representative.of.the.population.(i.e.,.data.that.will.be.observed.in.the.future).
the.correlation.coefficient.cannot.be.indicative.of.the.accuracy.of.future.predictions.

The.square.of.the.correlation.coefficient.(R2).equals.the.percentage.of.the.variance.in.the.cri-
terion.variable.explained.by.the.predictor.variable..Because.of.this.physical.interpretation,.R2.is.a.
meaningful.indicator.of.the.accuracy.of.predictions.

12.5.2 Standard error of estimate

In.the.absence.of.additional.information,.the.mean.is.the.best.estimate.of.the.criterion.variable;.
the.standard.deviation.SY.of.Y.is.an.indication.of.the.accuracy.of.prediction..If.Y.is.related.to.one.or.
more.predictor.variables,.the.error.of.prediction.is.reduced.from.SY.to.the.standard.error.of.estimate,.
Se..Mathematically,.the.standard.error.of.estimate.equals.the.standard.deviation.of.the.errors,.has.
the.same.units.as.Y,.and.is.given.by
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in.which.ν.is.the.degree.of.freedom,.which.equals.the.sample.size.minus.the.number.of.unknowns.
estimated. by. the. regression. procedure.. For. the. bivariate. model. of. Equation. 12.28,. p. =. 1. and.
ν = n – 2..For.the.general.linear.model.with.an.intercept,.Equation.12.29,.there.are.(p +.1).unknowns,.
thus.ν.=.n – p – 1..In.terms.of.the.separation-of-variation.concept.discussed.previously,.the.stan-
dard.error.of.estimate.equals.the.square.root.of.the.ratio.of.the.UV.to.the.degrees.of.freedom..It.is.
important.to.note.that.Se.is.based.on.(n – p – 1).degrees.of.freedom,.while.the.value,.SY,.is.based.on.
(n – 1).degrees.of.freedom..Thus,.in.some.cases,.Se.may.be.greater.than.SY..To.assess.the.reliability.
of.the.regression.equation,.Se.should.be.compared.with.the.bounds.of.zero.and.SY..If.Se.is.near.SY,.
the.regression.has.not.been.successful..If.Se.is.much.smaller.than.SY.and.is.near.zero,.the.regression.
analysis.has.improved.the.reliability.of.prediction.

The.standard.error.of.estimate.is.sometimes.computed.using.the.following.relationship:

. S S Re Y= −1 2

. (12.40)



410	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

Equation.12.40.must.be.considered.as.only.an.approximation.to.Equation.12.39.because.R.is.based.
on.n.degrees.of.freedom.and.SY.is.based.on.(n – 1).degrees.of.freedom.

Using.the.separation-of-variation.concept,.the.exact.relationship.between.Se,.SY,.and.R.can.be.
computed.as.follows:

. TV EV UV= + . (12.41)

The.TV.is.related.to.the.variance.of.Y.by

.
S

nY
2

1
=

−

TV

.
(12.42)

The.square.of.the.correlation.coefficient.is.the.ratio.of.the.EV.to.the.TV:

.
R2 =

EV

TV .
(12.43)

The.standard.error.of.estimate.is.related.to.the.UV.by

.
S

n pe
2

1
=

− −

UV

.
(12.44)

Equation.12.42.can.be.solved.for.TV,.which.can.then.be.substituted.into.both.Equations.12.41.and.
12.43..Equation.12.44.can.be.solved.for.UV,.which.is.also.substituted.into.Equation.12.41..Solving.
for.S2.

e.yields

.
S

n

n p
S Re Y

2 2 21

1
1=

−

− −

⎛

⎝⎜
⎞

⎠⎟
−( )

.

(12.45)

Thus,.Equation.12.45.is.a.more.exact.relationship.than.Equation.12.40..However,.for.large.sample.
sizes.the.difference.between.the.two.estimates.is.small.

Although.Se.may.actually.be.greater.than.SY,.in.general.Se.is.within.the.range.from.zero.to.SY..
When.a.regression.equation.fits.the.data.points.exactly,.Se.equals.zero;.this.corresponds.to.a.cor-
relation.coefficient.of.1..When.the.correlation.coefficient.equals.zero,.Se.equals.SY..As.was.indicated.
previously,.Se.may.actually.exceed.SY.when.the.degrees.of.freedom.have.a.significant.effect..The.
standard.error.of.estimate.is.often.preferred.to.the.correlation.coefficient.because.Se.has.the.same.
units.as.the.criterion.variable.and.its.magnitude.is.a.physical.indicator.of.the.error;.the.correlation.
coefficient.is.only.a.standardized.index.and.does.not.properly.account.for.degrees.of.freedom.lost.
because.of.the.regression.coefficients.

12.5.3 Analysis of Variance

The.regression.coefficient.(b1).for.the.predictor.variable.X. in.Equation.12.28.is.a.measure.of.
the.change.in.Y.that.results.from.a.change.in.X..Recognizing.that.the.regression.coefficient.b1.is.
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dependent.on.the.units.of.both.Y.and.X,.it.is.reasonable.to.ask.whether.or.not.a.change.in.X.causes.a.
significant.change.in.Y..This.is.easily.placed.in.the.form.of.the.following.statistical.hypothesis.test:

. ..H0 0: b1 = . (12.46a)

. HA 1: b ↑ 0 . (12.46b)

in.which.b1.is.the.population.value.of.the.slope.coefficient..The.hypotheses.are.designed.to.test.
whether.or.not.the.relationship.between.Y.and.X.is.significant;.this.is.exactly.the.same.as.test-
ing. the. hypothesis. that. the. population. correlation. coefficient. equals. zero. (i.e.,. Equations. 12.6.
and 12.7).

The.hypothesis.test.based.on.Equations.12.46a.and.12.46b.relies.on.the.computations.involved.
in.the.separation-of-variation.concept,.thus.it.represents.an.ANOVA,.as.discussed.in.Chapter.10..
The.TV.is.represented.by.the.total.sum.of.squares.SST:

.
SS y

y

n
y nYT i

i

n ii

n

i
i

n

= −
( )

= −
=

=

=
∑

∑
∑2
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1

2

2

1

2

.

(12.47)

The.total.sum.of.squares.is.separated.into.the.regression.(SSR),.or.the.EV,.and.the.error.(SSE).sums.
of.squares,.or.the.UV,.as.follows:

. .....

SS b x y
x y

nR i i
i

n
ii

n

ii

n

= −
⎛

⎝
⎜
⎜

⎞

⎠
⎟
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= =∑
∑ ∑

1
1

1 1

.

(12.48)

. SS SS SSE T R= − . (12.49)

in.which.b1.is.the.computed.value.of.the.slope.coefficient..The.mean.squares,.which.correspond.to.vari-
ances,.equal.the.sums.of.squares.divided.by.the.degrees.of.freedom,.which.are.shown.in.Table.12.3.

The.null.hypothesis.is.tested.for.significance.using.the.ratio.of.the.mean.square.for.regression.to.
the.mean.square.for.error,.as.follows:

.

F
MS

MS
R

E

=
.

(12.50)

table 12.3 ANOVA table for a Bivariate regression

Source of 
Variation

Sum of 
Squares (SS)

Degrees of 
Freedom Mean Square (MS) F

regression SSR 1
MS

SS
R

R=
1

MS
MS

R

E

error SSE n	–	2
	
MS

SS
nE

E=
− 2

—

total SST n	–	1 — —
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in.which.F.is.the.computed.value.of.a.random.variable.having.an.F.distribution.with.1.and.(n – 2).
degrees.of.freedom..For.a.stated.level.of.significance,.α,.the.null.hypothesis.is.accepted.if.F.is.less.
than.the.critical.value.Fα.obtained.from.Table.A.4.of.Appendix.A..The.region.of.rejection.consists.
of.all.values.of.F.greater.than.Fa .

It. is.of. interest. to.compare.R,.Se,.and. the.F. from.the.ANOVA..The.value.of.R. is.based.on.
the.ratio.of.EV.to.TV..The.value.of.Se.is.based.on.UV..The.computed.value.of.F.is.based.on.EV.
and.UV..Thus,.the.three.indices.that.are.used.to.examine.the.goodness.of.fit.of.the.data.to.the.
linear. model. are. based. on. the. individual. elements. of. the. separation-of-variation. concept. (see.
Section 12.2.3).

12.5.4 Standardized Partial regression Coefficients

Because.the.partial.regression.coefficient,.b1.of.Equation.12.28,.is.dependent.on.the.units.of.both.
Y.and.X,.it.is.often.difficult.to.use.its.magnitude.to.measure.the.rationality.of.the.model..The.partial.
regression.coefficient.can.be.standardized.by

.

t
b S

S
X

Y

= 1

.

(12.51)

in.which. t. is.called.the.standardized partial regression coefficient,.and.SX.and.SY.are.the.standard.
deviations.of.the.predictor.and.criterion.variables,.respectively..Because.the.units.of.b1.are.equal.to.the.
ratio.of.the.units.of.Y.to.the.units.of.X,.t.is.dimensionless..For.the.bivariate.regression.model,.t.equals.
the.correlation.coefficient.of.the.regression.of.the.standardized.value.of.Y.on.the.standardized.value.
of X..This.suggests.that.t.is.a.measure.of.the.relative.importance.of.the.corresponding.predictor.var-
iable..The.value.of.t.has.the.same.sign.as.b1..Therefore,.if.the.sign.of.t.is.irrational,.we.can.conclude.
that.the.model.is.not.rational..Although.it.is.more.difficult.to.assess.the.rationality.of.the.magnitude.
of a.regression.coefficient.than.it.is.to.assess.the.rationality.of.the.sign,.the.magnitude.of.the.stan-
dardized.partial.regression.coefficient.can.be.used.to.assess.the.rationality.of.the.model..For.rational.
models,.t.must.vary.in.the.range.–1.≤.t.≤.1..Because.t.equals.R.for.the.bivariate.model.of.Equation.
12.28,.values.of.t.outside.this.range.should.not.occur;.this.is.not.true.for.multivariate.models,.such.as.
Equation.12.29.

Example 12.5: Errors in Regression Models

The data of Table 12.2 were previously used to compute the standard error of estimate and the correlation 
coefficient; they can also be used to illustrate the use of the ANOVA for the analysis of the bivariate regression 
model. Table 12.4 shows the necessary ANOVA computations. For 1 and 3 degrees of freedom, the critical F 

table 12.4 example of ANOVA Computations

Source of 
Variation Sum of Squares

Degrees of 
Freedom

Mean 
Square F

regression 0 9 109
50 10

5
8 1.

( )( )
.−

⎡

⎣⎢
⎤

⎦⎥
= 1 8.1 12.8

error 	 	 	 	 	 	10	–	8.1	=	1.9 3 0.633 —

total

	 	 	 	 	 	 													

30
10
5

10
2

− =
( )

4 — —
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values for levels of significance of 0.05 and 0.01 from Table A.4 are 10.13 and 34.12, respectively. Because 
the computed value of 12.8 is larger than the F value for α = 0.05, the null hypothesis can be rejected at the 
5% level. However, in comparing the computed F with the critical F for α = 1%, the null hypothesis must be 
accepted at the 1% level of significance. This example illustrates that it is important to evaluate the conse
quences of selecting a level of significance arbitrarily.

 The standardized partial regression coefficient, t, which is computed using Equation 12.51, equals

 

t =
−
( )

−
( )

=0 9
510

50
5

30
10
5

0 9

2

2. .

 

(12.52)

Using the equations given previously for computing the correlation coefficient, it is simple to show that t equals R.

12.5.5 Assumptions Underlying regression Model

The.principle.of.least.squares.assumes.that.the.errors,.that.is,.the.differences.between.the.predicted.
and.measured.values.of.the.criterion.variable,.(1).are.independent.of.each.other,.(2).have.zero.mean,.
(3).have.a.constant.variance.across.all.values.of.the.predictor.variables,.and.(4).are.normally.distrib-
uted..If.any.of.these.assumptions.are.violated,.we.must.assume.that.the.model.structure.is.not.correct..
Violations.of.these.assumptions.are.easily.identified.using.statistical.analyses.of.the.residuals.

When.the.sum.of.the.residuals.does.not.equal.zero,.it.reflects.a.bias.in.the.model..The..regression.
approach,.when.applied.analytically,.requires.the.sum.of.the.residuals.for.a.linear.model.to.equal.0..
For.a.nonlinear.model,.the.sum.of.the.errors.may.not.equal.0,.which.suggests.bias..When.an.inad-
equate.number.of.significant.digits.is.computed.for.the.regression.coefficients,.the.sum.of.the.residu-
als.may.not.equal.0,.even.for.a.linear.model..However,.a.model.may.be.biased.even.when.the.sum.
of.the.residuals.equals.zero..For.example,.Figure.12.7.shows.an.X–Y.plot.in.which.the.trend.of.the.
data.is.noticeably.nonlinear,.with.the.linear.regression.line.also.shown..If.the.errors.ei.are.computed.
and.plotted.versus.the.corresponding.values.of. the.predictor.variable,.a.noticeable.trend.appears.
(Figure 12.8)..The.errors.are.positive.for.both.low.and.high.values.of.X,.while.the.errors.show.a.
negative.bias.of.prediction.for.intermediate.values.of.X..While.the.sum.of.the.residuals.equals.0,.the.
trends.in.the.residuals.suggest.a.biased.model.that.should.be.replaced.by.a.model.that.has.a.different.
structure..These.biases.are.referred.to.as.local.biases.which.can.be.present.even.when.the.overall.
bias.is.zero..The.cause.of.local.biases.should.always.be.investigated.

The.population.model.for.linear.regression.has.the.form

. Y X= + +b b0 1 ε . (12.53)

Y

X

Figure 12.7 Biased	linear	regression	model.



414	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

in.which.b0 and.b1.are.the.population.statistics.for.the.intercept.and.slope.coefficients,.respectively,.
and.ε.is.a.random.variable.having.a.normal.distribution.with.zero.mean.and.a.constant.variance..
The.variance.of.ε.equals.the.square.of.the.standard.error.of.estimate..Therefore,.the.population.of.
the.residuals.is.defined.as

. ε ~  constantN e( , )0 2s = .
(12.54)

If.the.error.variance.( )s e
2

.is.not.constant.across.all.values.of.the.predictor.and.criterion.variable,.the.
underlying.model.assumptions.are.not.valid.and.a.more.accurate.model.structure.should.be.identi-
fied..The.data.shown.in.Figure.12.9.reveal.a.trend.in.the.error.variance;.specifically,.as.X.increases,.
the.error.variance.increases..Thus,.the.following.relationship.is.apparent:

.
ε ~ ,N f Xe0 2s = ( )⎡⎣ ⎤⎦ .

(12.55)

Although.an.exact.test.does.not.exist.for.testing.a.data.set.for.a.nonconstant.error.variance,.it.
is.not.unreasonable.to.separate.the.errors.into.two.or.more.sets.based.on.the.value.of.X.and.use.a.
hypothesis.test.for.comparing.variances.to.detect.a.significant.difference..A.systematic.method.for.
selecting.either.the.number.of.groups.or.the.points.at.which.the.separation.will.be.made.does.not.
exist..Therefore,.one.should.attempt.to.have.large.subsamples.and.a.rational.explanation.for.choos-
ing.the.points.of.separation.

The. linear. regression.procedure.also.assumes. that. the.errors.are.normally.distributed.across.
the.range.of.the.values.of.the.predictor.variables..The.normality.assumption.is.illustrated.in.Figure.
12.10..If.the.errors.are.not.normally.distributed,.the.model.structure.should.be.examined..An.exact.

e

X
0

Figure 12.8 residual	plot	for	a	biased	linear	regression	model.

Y

X

Figure 12.9 model	with	a	nonconstant	error	variance.
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procedure.for.testing.for.normality.does.not.exist..However,.in.a.manner.similar.to.the.test.for.con-
stant.variance,.the.residuals.could.be.separated.into.groups.that.have.similar.values.of.X,.and.such.
tests.as.a.rank-order.frequency.analysis,. the.chi-square.goodness.of.fit. test,.or. the.Kolmogorov–
Smirnov.test.could.be.performed.to.study.the.normality.question.

The.fourth.assumption.deals.with.the.independence.of.the.observations..This.is.not.usually.a.
problem.except.when.time.or.space.is.the.predictor.variable..In.such.cases,.the.measurement.of.Y.
for.one.time.period.may.not.be.completely.independent.of.the.measurement.for.an.adjacent.time.
period..The.runs.test.and/or.the.serial.correlation.coefficient.may.be.used.to.check.for.statistical.
independence..Statistical.independence.should.not.be.used.in.place.of.an.examination.of.the.physi-
cal.independence.of.the.data.

12.6 reLIABILItY OF POINt eStIMAteS OF reGreSSION COeFFICIeNtS

The.regression.coefficients.are.important.because.of.their.physical.significance;.the.slope.coeffi-
cient.represents.the.effect.of.change.in.the.predictor.variable.on.the.criterion.variable,.and.the.intercept.
coefficient.equals.the.value.of.the.criterion.variable.when.the.predictor.variable.equals.zero..Because.
of.their.physical.significance,.it.is.important.to.examine.the.reliability.of.the.coefficients..Confidence.
intervals.and.tests.of.hypotheses.are.useful.for.indicating.the.quality.of.the.regression.statistics.

12.6.1 Sampling Distributions of regression Coefficients

The.computed.coefficients.b0.and.b1.are.sample.estimates.of.the.population.parameters.b0.and.b1,.
respectively..Recognizing.that.b0.and.b1.are.random.variables,.it.is.important.to.examine.their.prob-
ability.density.functions..Assuming.that.the.true.error.variance.s e

2.is.not.known,.it.could.be.shown.
that.the.coefficients.are.random.variables.having.t.distributions.with.(n.–.2).degrees.of.freedom,.
mean.estimates.equal.to.the.estimated.values.of.b0.and.b1,.and.the.following.error.variances:

.
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(12.56)

and

.
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=
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(12.57)

Y

X

Figure 12.10 model	in	which	𝜀	~	N(0,	constant	σ 2e).
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Therefore,.two-sided.confidence.intervals.for.the.coefficients.are

.
b t Sn e b0 2 2 0
± −a / , , . (12.58)

and

.
b t Sn e b1 2 2 1
± −a / , , . (12.59)

in.which.α.is.the.level.of.significance.

Example 12.6: Confidence Intervals for Regression Coefficients

The data of Table 12.2 resulted in the regression equation of Equation 12.37, with slope and intercept coef
ficients of 0.9 and –7.0, respectively. Because the sum of squares equals 1.9, the standard error of estimate is 
given by

 
Se = −

=
1 9
5 2

0 7958
.

.
 

(12.60)

Based on this value, the best estimate of Y is the regression estimate, with an expected error of ±0.7958. If we 
did not have values of X, the best estimate would be the mean of Y, that is, 2.0, with an accuracy of ±1.581, which 
is the standard deviation of the values of Y. The error variances of the regression coefficients are computed with 
Equations 12.56 and 12.57:

 
Se b,

( . ) ( )
( )

.
0

2
20 7958 510

5 10
6 4596= =

 
(12.61)

and

 
Se b,

( . )
.

1

2
20 7958

10
0 06333= =

 
(12.62)

The widths of the confidence intervals are a function of the level of significance; for a level of significance of 5%, 
the twosided confidence intervals on b0 and b1 are

 − − ≤ ≤ − +7 0 3 185 6 4596 7 0 3 182 6 4596. . . . . .b0  (12.63a)

 − ≤ ≤15 087 1 0873. .b0  (12.63b)

and

 0 9 3 182 0 06333 0 9 3 182 0 063331. . . . . .− ≤ ≤ +b  (12.64a) 

 0.0992 ≤ β1 ≤	1.701    	 (12.64b)

One can conclude with 95% confidence that the true value is within the bounds set by Equations 12.63 and 
12.64; however, because of the small sample size, the confidence intervals are extremely wide.
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12.6.2 hypothesis test on Slope Coefficient

In.addition.to.interval.estimates.of.a.statistic,.tests.of.hypotheses.are.also.of.value.in.decision.
making..If.one.is.interested.in.a.particular.value.of.b1,.say,. �b1.the.following.null.hypothesis.would.
be.of.interest:

. H0 1 1: b b= �
. (12.65)

This.can.be.tested.against.either.one-.or.two-sided.alternative.hypotheses..The.null.hypothesis.of.
Equation.12.65.can.be.tested.with.the.following.test.statistic:

.

t
b

Se b
=

−1 1

1

�b

, .

(12.66)

in.which.t.is.the.value.of.a.random.variable.having.a.t.distribution.with.(n – 2).degrees.of.freedom..
For.a.given.level.of.significance,.the.following.summarizes.the.decision.process.for.the.three.pos-
sible.alternative.hypotheses:

If HA is: Reject H0 if:

b b1 1< � t t< − a

b b1 1> � t t> a

b b1 1↑ � t t t t< − >a a/ /2 2 or 

The.selection.of.a.one-.or.two-sided.test.depends.on.the.problem..The.selection.of.the.level.of.signif-
icance.should.also.be.selected.by.considering.the.physical.problem.and.the.implications.of.making.
errors.in.the.decision..The.computed.value.of.t.can.be.compared.with.the.critical.value.according.to.
the.decision.criteria.given.in.the.tabulation.earlier.

If. �b1.equals.zero,.one.may.conclude.that.variation.in.X.does.not.cause.variation.in.Y;.that.is,.X.
and.Y.are.independent..Thus,.the.following.hypothesis.may.be.of.special.interest:

. H0 1 0: b = . (12.67)

This.can.be.tested.against.either.one-.or.two-sided.alternative.hypotheses.by.setting. �b1.=.0..This.
null.hypothesis.corresponds.exactly.to.the.null.hypothesis.that.ρ.=.0..This.is.also.equivalent.to.the.
test.of.Section.12.5.3.

Example 12.7: Hypothesis Testing of Slope Coefficient

While the sample estimate of β1 in Example 12.6 was 0.9, three of the five points in the sample discussed 
previously fell on a straight line defined by Equation 12.38. Thus, it may be of interest to test the null hypothesis 
that β1 = 1 against the twosided alternative hypothesis that β1 ∙ 1. The computed value of the test statistic 
would be:

 
t =

−
= −

0 9 1 0
0 06333

0 397
. .
.

.
 

(12.68)
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For a level of significance of 10% and 3 degrees of freedom, the critical t value from Table A.2 is 2.353. For the 
twosided alternative, the computed t value lies in the region of acceptance. Therefore, one could not reject the 
null hypothesis that the true value of β1 equals 1.0. However, the value of 0.9 is still the best estimate.

12.6.3 hypothesis test on Intercept Coefficient

Because.of.the.physical.significance.of.the.intercept,.it.may.be.of.value.to.test.the.hypothesis.
that.the.population.intercept.b0.equals.some.specific.value. �b0

. H0 0 0: b b= �
. (12.69)

The.null.hypothesis.can.be.tested.against.either.a.one-.or.two-sided.alternative.hypothesis.using.the.
following.test.statistic:

.

t
b

Se b
=

−0

0

�b0

, .

(12.70)

in.which t.is.the.value.of.a.random.variable.having.a.t.distribution.with.(n – 2).degrees.of.freedom..
Note.that.Equation.12.70.uses.the.standard.error.of.b0.while.Equation.12.66.uses.the.standard.error.
of.b1..For.a.given.level.of.significance,.the.following.table.summarizes.the.decision.process.for.the.
three.possible.alternative.hypotheses:

If HA is: Reject H0 if:

b b0 0< � t t< − a

b b0 0> � t t> a

b b0 0↑ � t t t t< − >a a/ /2 2 or 

12.7 CONFIDeNCe INterVALS OF reGreSSION eQUAtION

Confidence.intervals.provide.a.useful.way.for.assessing.the.quality.of.a.point.estimate..Whereas.
a.hypothesis.test.provides.a.“yes/no”.response.to.a.hypothesis,.a.confidence.interval.is.an.interval.
within.which.we.believe.a.given.population.parameter. is. located.. In. regression.analysis,. several.
confidence.intervals.are.of.interest,.including:.(1).a.confidence.interval.for.the.line.as.a.whole,.
(2).a.confidence.interval.for.a.single.point.on.the. line,.and.(3).a.confidence.interval.for.a.single.
future.value.of.Y.corresponding.to.a.chosen.value.of.X.

12.7.1 Confidence Interval for Line as a Whole

When. the.entire. line. is.of. interest,. such.as.when.an.experiment. is. repeated.many. times.and.
a.regression.equation.is.computed.for.each.sample,.it.may.be.of.interest.to.compute.a.confidence.
interval. on. the. line. as. a.whole;. such. a. confidence. interval. permits. one. to. simultaneously.make.
confidence.statements.about.estimates.of.Y.for.a.number.of.values.of.the.predictor.variable..For.a.
specified.level.of.confidence,.m.points.xai.(i.=.1,.2,.......,.m).are.selected.such.that.the.points.adequately.
cover.the.range.of.interest.of.the.predictor.variable;.usually,.seven.to.ten.values.are.adequate.for.
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delineating.the.confidence.interval..The.F.statistic.is.obtained.for.(2,.n – 2).degrees.of.freedom and a.
level of significance.of.α.=.1.–.γ...For.each.value.of.xai.selected,.the.estimated.values.of.the.criterion.
variable.ŷai.and.the.confidence.limits.ŷci are.computed.as.follows:

.
ˆ ( )y y b x Xai ai= + −1 . (12.71)
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(12.72)

The.regression.line.and.the.confidence.interval.can.then.be.plotted.for.each.value.of.xai.

12.7.2 Confidence Interval estimate for a Single Point on Line

If.a.particular.value.of. the.predictor.variable.(say,.x0). is.of.special. importance,.a.confidence.
interval.on.the.value.of.the.criterion.variable.(i.e.,.average.Y.at.x0).corresponding.to.x0.may.be.of.
interest..In.such.a.case,.the.two-sided,.γ-percent.confidence.interval.on.the.estimated.value.of.Y.cor-
responding.to.x0.can.be.computed.as
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in.which.ta /2.is.the.value.of.a.random.variable.having.a.t.distribution.with.(n – 2).degrees.of.freedom.
with.a.level.of.significance.α,.which.equals.1.–.γ..The.estimated.value.of.Y,.which.is.denoted.by.ŷ,.
is.computed.by

.
ˆ ( )y Y b x X= + −1 0 . (12.74)

If.the.experiment.was.repeated.many.times,.γ.percent.of.the.computed.intervals.would.cover.the.
true.value.of.Y.corresponding.to.x0..It.is.important.to.note.that.this.confidence.interval.is.concerned.
with.a.mean.value;.that.is,.the.line.represents.the.mean.value.of.the.distribution.of.Y.values.for.a.
given.x0.and.the.confidence.interval.of.Equation.12.73.is.for.the.line.at.the.point.x0.only..The.interval.
is.computed.only.for.the.point.x0.

12.7.3 Confidence Interval estimate for a Future Value

A.third.confidence.interval.of.interest.can.be.used.to.evaluate.the.accuracy.of.a.single.(future).
value.of.Y.corresponding.to.a.chosen.value.of.X.(say,.xf)..The.two-sided,.γ-percent.confidence.inter-
val.for.an.estimated.value,.which.can.be.computed.from.Equation.12.74.with.x0.=.xf ,.is.given.by
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It.is.of.interest.to.compare.the.form.of.Equations.12.73.and.12.75..They.differ.by.a.factor.of.1.0.in.
the.square.root.radical..The.larger.confidence.interval.that.results.from.the.1.0.factor.reflects.the.
less.certainty.resulting.from.the.estimation.of.a.single.future.value.of.Y.rather.than.the.mean.value.
computed.for.the.confidence.interval.of.Equation.12.73..Equation.12.75.provides.a.confidence.inter-
val.on.only.for.the.single.point.xf.

12.7.4 Summary of Confidence Intervals

Confidence. intervals. provide. a. measure. of. reliability.. Three. interval. estimates. have. been.
described:.(1).the.confidence.intervals.for.the.line.as.a.whole,.(2).the.confidence.intervals.for.the.
mean.value.of.Y.corresponding.to.a.specific.value.x0,.and.(3).the.confidence.interval.for.a.value.of.Y.
corresponding.to.a.future.estimate.of.the.predictor.variable.xf..It.should.be.of.interest.to.distinguish.
among.these.three.using.a.very.simple.example..Assume.that.the.problem.involves.finding.the.rela-
tionship.between.the.height.and.weight.of.graduate.students.at.a.university,.with.weight.being.the.
criterion.variable..If.the.problem.was.to.determine.the.true.relationship,.a.confidence.interval.for.the.
line.as.a.whole.would.be.appropriate.for.assessing.the.overall.accuracy..If.the.mean.value.of.those.
students.who.were.6.ft.tall.was.of.special.interest,.we.could.compute.the.confidence.interval.for.the.
point.on.the.line.corresponding.to.x0.=.6.ft..This.confidence.interval.would.indicate.the.accuracy.of.
the.estimated.value.of.the.weight.(Y).for.a.height.(x0).of.6.ft..If.the.problem.of.interest.is.the.weight.
of.the.very.next.6-ft-tall.graduate.student.who.passes.by.the.door,.the.estimated.weight.would.be.the.
same.as.that.computed.for.the.previous.problem..However,.because.it.is.a.single.value.for.the.weight.
of.a.specific.person,.the.confidence.interval.would.be.wider.than.that.for.the.average.of.all.graduate.
students.who.are.6.ft.tall..This.confidence.interval.would.be.computed.using.Equation.12.75.

Example 12.8: Confidence Intervals in Regression

Three types of confidence intervals were described in the previous paragraphs; the selected type of con
fidence interval depends on the type of decision that must be made. For the data of Table 12.2, the confidence 
interval on the line as a whole can be computed using Equation 12.72. If it can be assumed that values of the 
predictor variable X are likely to be in the range from 6 to 16, it is reasonable to compute the confidence interval 
within these bounds. Values of xai are selected in increments of two because six values should be sufficient to 
draw the confidence interval. For a 5% level of significance and degrees of freedom of 2 and 3, the F statistic 
from Table A.4 is 9.55. For the standard error of 0.7958, the 95% confidence interval for any value of xai is
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(12.76b)

The computed values of ŷai are determined using Equation 12.37 with X = xai. The computations are given in 
Table 12.5, and the confidence interval is shown in Figure 12.11. The confidence interval is smallest at the mean 
value of X (i.e., X– = 10) and increases in width as X differs from the mean. This results because of the greater 
confidence in estimated values near the mean. For values beyond the range of the data, the confidence interval 
is especially wide. The confidence interval is highly nonlinear because of the small sample size. For large sam
ples, the width of the confidence interval is not characterized by such noticeable nonlinearity. For large samples 
it is not necessary to use as many values of xai to get a reasonable delineation of the confidence interval.

If a particular value of X and the corresponding mean value of Y are of special interest, the confidence inter
val of Equation 12.73 can be used to show the accuracy of the value of Y on the regression line that corresponds 
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table 12.5  Computation of Confidence Interval for Line 
as a Whole

xai yai

( 10)
10

2xai − half- 
Width

Lower 
Limit

Upper 
Limit

	 6 –1.6 1.6 4.67 –6.3 3.1

	 8 0.2 0.4 2.69 –2.5 2.9

10 2.0 0.0 1.56 0.4 3.6

12 3.8 0.4 2.69 1.1 6.5

14 5.6 1.6 4.67 0.9 10.3

16 7.4 3.6 6.78 0.6 14.2
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Figure 12.11 Confidence	intervals	in	regression	analysis.
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to the X value. If a value of X of 7 (i.e., x0 = 7) is of special interest, with the data of Table 12.2, the 95% confi
dence interval at that point is

 
ˆ . ( . )

( )
.

y ± +
−⎡

⎣
⎢

⎤

⎦
⎥3 182 0 7958

1
5

7 10
10

2 0 5

 
(12.77a)

 ˆ .y ± 2 66  (12.77b)

The predicted value of Y at X equal to 7 is –0.7; therefore, the confidence limits are –3.4 and 2.0 as shown in 
Figure 12.11. The width of the confidence interval for the mean value is smaller than the width of the confidence 
interval of the line as a whole at X = 7, because we are only interested in a single value of X and not for all values 
of X.

If a particular occurrence of the variable X and the corresponding value of Y is of special interest, the 
confidence interval of Equation 12.75 can be used to assess the expected accuracy of the predicted value. If the 
specific value of X is 7 (i.e., xf = 7), the 95% confidence interval is
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(12.78a)

 ˆ .y ± 3 67  (12.78b)

Thus, for the predicted value of –0.7, the confidence limits are –4.4 and 3.0, which are shown in Figure 12.11. 
The confidence interval of Equation 12.78 is wider than that of Equation 12.77 because Equation 12.78 is 
intended as a measure of the accuracy of the predicted value of Y for a specific occurrence of X, while Equation 
12.78 measures the accuracy of the mean value of Y at X = 7.

12.8 COrreLAtION VerSUS reGreSSION

Before.discussing.other.topics.in.regression,.it.is.important.to.emphasize.the.differences.between.
correlation.and.regression..Regression.is.a.means.of.calibrating.the.unknown.coefficients.of.a.pre-
diction.equation,.whereas.correlation.provides.a.measure.of.goodness.of.fit..Thus,.regression.is.a.
method.for.model.calibration,.while.correlation.would.have.usefulness.in.model.formulation.and.
model.verification..When.using.regression,.it.is.necessary.to.specify.which.variable.is.the.criterion.
and.which.is.the.predictor;.when.using.correlation,.it.is.not.necessary.to.make.such.a.distinction..
The. distinction. is. necessary. with. regression. because. a. regression. equation. is. not. transformable.
unless.the.correlation.coefficient.equals.1.0..That.is,.if.Y.is.the.criterion.variable.when.the.equation.
is.calibrated,.the.equation.cannot.be.rearranged.algebraically.to.get.an.equation.for.predicting.X..
Specifically,.Equation.12.29.can.be.algebraically.rearranged.to.predict.X.as

. Y b b X= +0 1 . (12.79a)

. Y b b X− =0 1 . (12.79b)

Therefore,

.

X
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or

.
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(12.79d)

.

X
Y b

b
=

− 0

1 .

(12.79e)

If.X is.regressed.on.Y,.the.resulting.coefficients.will.not.be.the.same.as.the.coefficients.obtained.by.
regressing.Y.on.X.(Equation.12.79a).and.then.setting.a0.=.–(b0/b1).and.a1.=.(1/b1)..However,.the.cor-
relation.for.the.regression.of.Y.on.X.is.the.same.as.the.correlation.for.the.regression.of.X.on.Y.

Computationally,. the.correlation.coefficient. is.a. function.of. the.explained.and.TV;. the.slope.
coefficient.of.a.bivariate.regression.equation.is.related.to.the.correlation.coefficient.by
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(12.80)

in.which.SX.and.SY.are.the.standard.deviations.of.X.and.Y,.respectively.
After.a.regression.equation.is.calibrated,.it.is.very.important.to.examine.the.rationality.of.the.

regression.coefficients;.specifically,.is.the.predicted.value.of.Y.rational.for.all.reasonable.values.of.
X?.Because.the.slope.coefficient.of.the.regression.equation.represents.the.rate.of.change.of.Y.with.
respect.to.X,.is.the.effect.of.X.on.Y.rational?.A.regression.equation.that.is.not.considered.rational.
should.be.used.with.caution,.if.at.all..In.addition.to.checking.for.rationality,.the.goodness.of.fit.sta-
tistics,.R.and.Se,.should.be.computed..Also,.a.hypothesis.test,.either.ANOVA.or.a.test.on.ρ,.should.
be.made..Confidence. intervals.can.be.computed.on.both. the. regression.coefficients.and. the. line.
and.used.to.assess.the.accuracy.of.predictions.made.with.the.regression.equation..If.the.expected.
accuracy.is.not.acceptable,.we.may.elect.to.collect.more.data.or.develop.a.model.that.uses.other.
predictor.variables.

12.9 APPLICAtIONS OF BIVArIAte reGreSSION ANALYSIS

12.9.1 estimating trip rate

A.traffic.planner.needs.estimates.of.trip.rates.(Y).for.residential.areas..The.planner.conducts.
studies.in.ten.residential.areas.of.different.densities.of.development.(X),.with.the.following.mea-
sured.rates:

X 3 4 8 8 13 15 18 22 24 27

Y 4.5 3.3 3.5 2.3 3.8 2.6 2.7 1.6 1.9 1.7

where.X.is.the.residential.density.(households.per.acre).and.Y.is.the.trip.rate.(daily.trips.per.house-
hold)..The.regression.of.trip.rate.on.density.yielded.the.following.linear.equation:

.
ˆ . .Y X= −4 1000 0 09226 . (12.81)

The.negative.slope.coefficient.indicates.that.the.trip.rate.decreases.by.0.092.daily.trips.per.house-
hold.for.each.unit.increase.in.the.number.of.households.per.acre..The.standard.error.of.estimate.is.
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0.603,.which.is.an.improvement.over.the.standard.deviation.of.0.965.(Se/Sy.=.0.625)..That.is,.if.the.
mean.is.used.as.the.best.estimate.of.Y,.then.the.estimate.has.an.accuracy.of.0.965.daily.trips.per.
household..If.the.regression.equation.is.used.to.make.estimates.of.Y,.then.the.accuracy.is.better,.with.
an.expected.error.of.0.603.daily.trips.per.household..The.correlation.coefficient.is.–0.808,.which.
yields.a.normalized.explained.variance.(R2).of.0.653..This.indicates.that.65.3%.of.the.variation.in.
Y.is.explained.by.the.regression.equation..The.standard.error.ratio.of.the.slope.coefficient.(Se,b1/b1).
equals.0.258,.which.suggests.that.the.coefficient.is.accurate.with.an.expected.variation.of.25.8%..
Figure.12.12.shows.the.measured.data.and.the.regression.line;.the.moderate.variation.of.the.mea-
sured.points.about.the.line.confirms.the.moderate.correlation.between.residential.density.and.trip.
rate..The.graph.suggests.that.the.errors.do.not.show.any.local.bias..The.sum.of.the.errors.equals.
zero,.so.the.model.has.an.overall.bias.of.zero.

12.9.2 Breakwater Cost

A.construction.engineering.firm.has.recently.had.a.number.of.contracts.for.the.construction.of.
breakwaters.in.coastal.environments..To.reduce.the.effort.in.developing.cost.estimates.for.future.
clients,.the.company.compiled.a.data.record.of.14.breakwater.construction.projects..The.data.con-
sist.of.the.length.of.the.breakwater.and.the.cost.for.rock,.rock.spurs,.groins,.marsh.plants,.and.beach.
fill.(see.Table.12.6)..The.cost.(Y).in.thousands.of.dollars.was.regressed.on.the.length.(feet).of.the.
breakwater.(X):

.
ˆ . .Y X= +253 4 0 08295 . (12.82)

The.intercept.likely.represents.costs.unrelated.to.the.length.of.the.breakwater;.this.might.include.
design.costs.and.land.acquisition..The.slope.coefficient.indicates.that.the.cost.increases.by.$83,000.
for.each.foot.in.length.

The.standard.error.of.estimate.is.$149.10.×.103,.which.is.slightly.greater.than.the.standard.devi-
ation.of.the.measured.costs.(Sy.=.$145.50.×.103);.that.is,.Se/Sy.=.1.024..Because.Se.is.greater.than.Sy,.
it.would.be.more.accurate.to.use.the.mean.cost.($335.70.×.103).than.the.value.estimated.with.the.
regression.equation..If.we.use.Equation.12.5.to.compute.the.correlation.coefficient,.we.get.a.value.of.
0.176;.however,.Equation.12.45.shows.that.we.have.essentially.no.reliability.in.the.estimated.values..
Thus,.for.practical.purposes,.we.have.a.correlation.of.zero..The.adjusted.correlation.computed.with.
Equation.12.45.is.a.more.realistic.measure.of.reliability.than.is.the.value.of.R.computed.with.the.
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Figure 12.12 	Bivariate	regression	of	trip	rate	(Y,	daily	trip	per	household)	on	residential	density	(X,	households	
per	acre).
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unadjusted,.but.more.commonly.used,.equation.(Equation.12.5),.because.Equation.12.45.accounts.
for.differences.in.the.degrees.of.freedom..The.standard.error.ratio.of.the.slope.coefficient,.Se,b1

/b1,.
is 1.61; this exceptionally.large.value.is.another.indication.of.the.poor.reliability.of.the.linear,.bivar-
iate.equation.

Why.does.the.computed.equation.give.such.poor.results?.Certainly,.breakwater.length.is.a.deter-
minant.of.cost;.however,.it.appears.that.other.factors.are.more.important.and.necessary.to.obtain.
accurate.estimates.of.the.cost.

12.9.3 Stress–Strain Analysis

Table.12.7.includes.nine.measurements.of.the.observed.stress.and.the.resulting.axial.strain.(%).
for.an.undisturbed.sample.of.a.Boston.blue.clay..A.linear.equation.was.computed.by.regressing.the.
strain.(Y).on.the.stress.(X, psi):

.
ˆ . .Y X= − +8 29 0 6257 . (12.83)

table 12.6  Bivariate regression 
Analysis of 
Breakwater Cost

X Y Y̆ e

450 230 291 61

625 490 305 –185

670 150 309 159

730 540 314 –226

810 280 321 41

880 120 326 206

1020 380 338 –42

1050 170 340 170

1100 530 345 –185

1175 290 351 61

1230 460 355 –105

1300 230 361 131

1350 470 365 –105

1510 360 379 19

table 12.7  Bivariate regression 
Analysis of Stress–
Strain Data

X Y Y̆ e

10.8 0.1 –1.5 –1.6

14.1 0.4 0.5 0.1

16.3 1.1 1.9 0.8

17.5 1.4 2.7 1.3

18.6 2.7 3.4 0.7

19.8 3.6 4.1 0.5

22.1 5.7 5.5 –0.2

23.8 6.8 6.6 –0.2

24.3 8.3 6.9 –1.4
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The.negative.intercept.may.suggest.that.the.linear.model.structure.is.incorrect.(see.Figure.12.13)..
The.slope.coefficient.of.0.6257%.per.psi. indicates. that. the.strain. increases.by.0.6257%.for.each.
increase.of.1.psi.of.stress.

The.equation.has.a.standard.error.of.estimate.of.1.04%,.which.is.much.smaller.than.the.standard.
deviation.of.the.measured.strains,.that.is,.Se/Sy.=.0.35..The.correlation.coefficient.of.0.945.also.sug-
gests.that.the.linear.equation.provides.a.reasonable.fit.to.the.measured.data..An.R2.of.0.89.indicates.
that.almost.90%.of.the.TV.is.explained.by.the.linear.regression;.the.standard.error.ratio.of.0.35.sug-
gests.that.the.fit.is.not.as.good.as.suggested.by.the.R2..Given.the.small.sample.size.(n.= 9),.the.standard.
error.ratio.is.a.better.indicator.of.accuracy.than.the.R2.value..The.predicted.strains.and.residuals.are.
given.in.Table.12.7.and.shown.in.Figure.12.13..While.most.of.the.errors.are.small,.there.is.a.noticeable.
bias.in.the.residuals,.with.negative.residuals.for.small.and.large.stresses..While.the.mean.bias.(ē).is.
zero,.the.local.biases.indicate.that.a.nonlinear.structure.may.be.more.appropriate..Another.problem.
with.the.linear.model.is.the.negative.estimates.of.strain.that.occur.for.stresses.of.less.than.13.244.psi..
The.negative.strain.is.physically.not.meaningful,.so.the.model.is.not.rational.for.small.strains.

12.9.4 Project Cost versus time

For.large.projects.that.require.years.to.complete,.the.construction.engineer.needs.to.schedule.
project.finances. just.as. it. is.necessary. to.schedule.construction.activities..While.costs.vary.with.
time,.a.construction.engineer.believes.that.a.linear.model.can.be.used.to.represent.the.relationship.
between.the.value.of.work.completed.(Y).and.the.time.since.the.start.of.the.project.(X)..Because.no.
work.would.be.completed.at.the.start.of.the.project,.a.zero-intercept.model.would.seem.appropri-
ate..The.engineer.compiled.semiannual.costs.for.a.recent.12-year.project,.and.the.data.are.given.in.
Table 12.8..The.linear,.zero-intercept,.bivariate.model.was.fit.to.the.data.as.follows:

.
ˆ .Y X= 0 50421 . (12.84)

where.X.is.the.time.in.months.from.the.start.of.project,.and.Ŷ.is.the.predicted.value.of.work.in.
millions.of.dollars..The.model.is.shown.in.Figure.12.14,.and.the.residuals.are.given.in.Table.12.8..
The.model.underpredicts.for.the.middle.part.of.the.period.while.it.overpredicts.for.the.early.and.lat-
ter.parts.of.the.time.period..The.standard.error.of.estimate.is.$7.73.×.106,.which.gives.Se/.Sy = 0.757;.
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Figure 12.13 axial	strain	(Y)	of	a	Boston	blue	clay	due	to	stress	(X).
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this.indicates.that.the.model.does.not.provide.highly.accurate.estimates.of.Y.although.the.regres-
sion.is.better.than.using.the.mean.as.an.estimate..In.addition,.the.sum.of.the.errors.is.not.zero,.so.
the.model.is.biased..Whereas.a.linear.model.with.an.intercept.will.provide.an.unbiased.model,.a.
zero-intercept.model.can.be.biased,.as. it. is. for. this.example.with.a.mean.error.of.–$0.52.×.106..
This.means.that,.on.the.average,.Equation.12.84.tends.to.underpredict.by.$520,000..A.correlation.
coefficient.should.not.be.computed.for.a.biased.model..The.correlation.coefficient.assumes.a.linear.
model.with.an.intercept,.so.it.would.be.incorrect.to.use.either.Equation.12.5.or.12.45.to.compute.a.
correlation.coefficient.for.Equation.12.84.

table 12.8  Bivariate regression Analyses of 
Project Cost (Y) Versus time (X)

X Y

equation 12.84 equation 12.85

Y̆ e Y̆ e

	 6 1.5 3.03 1.53 5.10 3.60

12 4.3 6.05 1.75 7.84 3.54

18 11.2 9.08 –2.12 10.59 –0.61

24 15.5 12.10 –3.40 13.33 –2.17

30 19.1 15.13 –3.97 16.07 –3.03

36 21.8 18.15 –3.65 18.81 –2.99

42 24.0 21.18 –2.82 21.55 –2.45

48 26.2 24.20 –2.00 24.30 –1.90

54 26.9 27.23 0.33 27.04 0.14

60 27.8 30.25 2.45 29.78 1.98

66 30.1 33.28 3.18 32.52 2.42

72 33.8 36.30 2.50 35.26 1.46

Note:	 X	=	time	(months)	from	start	of	project,	Y	=	value	
of	 work	 completed	 (millions	 of	 dollars),	 Ŷ 	 =	
	predicted	value,	and	e	=	error	in	predicted	value	=	
Ŷ 	–	Y.
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Equation 12.85
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12 24 36 48 60 720

Equation 12.84

Figure 12.14 	regression	of	project	cost	(Y,	millions	of	dollars)	on	time	from	start	of	project	(X,	months)	for	
zero-intercept	(equation	12.84)	and	linear	(equation	12.85)	models.
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Because.of. the.bias.and.poor.accuracy.of. the.model.of.Equation.12.84,. the. following. linear.
model.with.an.intercept.was.fit.to.the.data.of.Table.12.8:

.
ˆ . .Y X= +2 36 0 4570 . (12.85)

This.model.is.also.shown.in.Figure.12.14.and.the.residuals.are.given.in.Table.12.8..Equation.12.85.
is.unbiased.and.has.a.standard.error.of.$2.651.×.106,.which.gives.Se/Sy.=.0.26..The.model.explains.
(R2).94%.of.the.variation.in.Y.and.has.a.correlation.coefficient.of.0.969..In.spite.of.the.reasonably.
accurate.estimates.suggested.by.the.goodness.of.fit.statistics,.the.model.still.has.local.biases.in.the.
residuals.(see.Table.12.8),.with.underpredictions.for.the.range.18.≤.X.≤.48.months..However,.even.
with.the.local.biases,.the.model.of.Equation.12.85.may.be.sufficiently.accurate.for.making.project-
planning.estimates..The.nonzero.intercept.of.Equation.12.84.suggests.a.cost.of.$2.36.×.106.at.the.
time.the.project.is.initiated..While.a.value.of.$0.is.expected,.the.nonzero.intercept.may.suggest.that.
the.model.may.not.be.realistic.for.the.initial.part.of.a.project.

In. comparing. the. two.models,. the. standard.error. ratio.would. suggest. that. the. zero-intercept.
model. is. considerably. less. accurate. than. the. nonzero-intercept. model.. However,. comparing. the.
residuals.of.the.two.models.reveals.very.little.difference..The.averages.of.the.absolute.values.of.the.
residuals.are.2.5.and.2.2.for.Equations.12.84.and.12.85,.respectively..The.nonzero-intercept.model.
is.slightly.better,.but.greater.accuracy.may.be.achieved.with.another.model.structure.

12.9.5 effect of extreme event

Small.samples.very.often.contain.an.extreme.event,.which.can.greatly.influence.the.resulting.
equation..Table.12.9.contains.eight.measurements.of. the.concentration.of. 241Am. in. soil. samples.
and.the.distance.of.the.soil.sample.from.the.nuclear.facility..The.eight.measurements.were.used.to.
regress.the.241Am.concentration.(Y).on.the.distance.(X):

.
ˆ . .Y X= −0 07366 0 0000123 . (12.86)

The.negative.slope.coefficient.indicates.that.the.concentration.decreases.with.distance..The.stan-
dard.error.of.estimate.is.0.00694,.which.gives.Se/Sy.=.0.764..This.suggests.poor.prediction.ability..
The.correlation.coefficient.of.–0.706.means.that.50%.of.the.TV.in.Y.is.explained.by.the.regression.
equation..The.standard.error.ratio.of.the.slope.coefficient,.Se,b1

/b1,.equals.0.41,.which.is.moderate.

table 12.9 regression Analysis

X Y

equation 
12.86

equation 
12.87

Y̆ e Y̆ e

	 640 0.063 0.066 0.003 — —

1930 0.061 0.050 –0.011 0.058 –0.003

1980 0.057 0.049 –0.008 0.055 –0.002

2010 0.049 0.049 0.000 0.053 0.004

2080 0.043 0.048 0.005 0.049 0.006

2120 0.048 0.048 0.000 0.046 –0.002

2200 0.039 0.047 0.008 0.041 0.002

2250 0.042 0.046 0.004 0.038 –0.004

Note:	 X	=	distance	from	nuclear	power	facility,	Y	=	concen-
tration	of	241am	in	soil	samples,	Y̆	=	predicted	value	
of	Y,	and	e	=	residual	=	Y̆	–	Y.
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and.suggests.a.less.than.adequate.model..The.predicted.values.of.Y.and.the.errors.for.Equation.12.86.
are.shown.in.Table.12.9..Except.for.the.value.for.a.distance.of.640,.the.predicted.values.range.from.
0.046.to.0.050.picocuries.per.gram.(pCi/g);.however,.the.measured.values.for.these.distances.ranged.
from.0.039.to.0.061.pCi/g..These.predicted.values.are.not.much.different.from.the.mean.of.0.050.
pCi/g..The.batch.of.seven.points.acts.as.a.single.point.

A.second.model.was.developed.using. seven.of. the.eight.values..By.eliminating. the.extreme.
event,.the.following.model.was.fitted:

.
ˆ . .Y X= −0 1755 0 0000611 . (12.87)

This.model.has.a.standard.error.of.0.00412.pCi/g.(Se/Sy.=.0.51)..The.correlation.coefficient.in.this.
case.is.–0.885,.which.means.that.78.3%.of.the.TV.in.the.seven.measurements.was.explained.by.the.
regression.equation.of.Equation.12.87..The.standard.error.ratio.for.the.slope.coefficient,.Se,b1/b1,.was.
0.235,.which.is.considerably.better.than.the.corresponding.value.for.the.model.of.Equation.12.86..
The. residuals. for.Equation.12.87.are. small,. and. the.predicted.values. range. from.0.038. to.0.058.
pCi/g,.which.is.much.greater.than.the.range.for.the.model.of.Equation.12.86..But,.for.a.distance.of.
640,.which.is.the.measured.value.not.included.in.fitting.Equation.12.87,.the.value.predicted.with.
Equation.12.87.is.0.136.pCi/g;.this.is.considerably.higher.than.the.measured.value.of.0.063.pCi/g.

In.summary,.in.spite.of.the.goodness.of.fit.statistics.for.both.models,.neither.model.is.an.accu-
rate.representation.of.the.system..This.is.a.result.of.both.the.small.sample.size.(n =.8).and.the.dis-
tribution.of.the.data..It.is.undesirable.to.have.a.cluster.of.points.and.then.one.extreme.event..Such.a.
distribution.of.values.makes.it.difficult.to.attain.a.model.that.is.representative.over.a.wide.range.of.
values.of.the.predictor.variable.

12.9.6 Variable transformation

Studies.have.shown.that.fuel.consumption.(Y,.gallons.per.mile).is.related.to.the.vehicle.velocity.
(X,.miles.per.hour).by

.
Ŷ b

b

X
= +0

1

.
(12.88)

By.creating.a.new.variable.W.=.1/X,.a.relationship.between.Y.and.X.can.be.fitted..The.data.of.Table.
12.10.can.be.used.to.illustrate.the.fitting.of.a.model.that.requires.a.transformation.of.the.predictor.
variable.

A.linear.regression.analysis.of.Y.on.W.produces.the.following.equation:

.
Y

X
= +0 03939

0 9527
.

.

.
(12.89)

The.standard.error.of.estimate.for.Equation.12.89.is.0.0141.gal/mi,.which.is.17.5%.of.the.standard.
deviation.of.Y.(i.e.,.Se/Sy.=.0.175)..Accurate.estimates.are.also.suggested.by.the.correlation.coeffi-
cient.of.0.986.(R2.=.0.972)..The.standard.error.ratio.for.the.slope.coefficient,.Se,b1

/b1,.is.0.056,.which.
indicates.that.the.computed.value.of.b1.is.highly.accurate..The.residuals.(see.Table.12.10).are.small.
and.a.trend.is.not.apparent.

In. this. case,. only. the. predictor. variable. was. transformed,. which. does. not. create. problems..
Problems.can.arise.when.it.is.necessary.to.transform.the.criterion.variable.to.put.the.relationship.
into.a.linear.form.
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12.10 SIMULAtION AND PreDICtION MODeLS

Prediction.models.based.on.statistical.analysis.are.important.in.many.engineering.design.meth-
ods..Traditionally,.the.linear.models.with.an.intercept.have.been.used..As.computers.have.enabled.
more.complex.models.to.be.developed.and.fit.to.data,.greater.accuracy.has.been.achieved.because.
of.the.greater.flexibility.of.the.complex.models..However,.one.advantage.of.the.linear.model.is.that.
theory.provides.the.basis.for.computing.confidence.intervals.and.performing.tests.of.hypotheses..
Theoretical.developments.are.not.available.for.more.complex.models..Thus,.while.the.more.com-
plex.models.may.provide.greater.prediction.accuracy,.the.lack.of.theory.that.would.enable.hypoth-
esis.tests.to.be.made.and.confidence.intervals.to.be.computed.is.a.drawback.

For.complex.models.where.theory.does.not.provide.a.description.of.the.underlying.probability.
distributions,.simulation.can.be.used.to.derive.the.distribution.and.then.develop.methods.for.con-
structing.confidence.intervals.and.making.hypothesis.tests..While.the.full.procedure.is.beyond.the.
scope.of.this.discussion,.the.use.of.simulation.for.the.purpose.of.understanding.the.distribution.of.a.
regression-model.statistic.is.presented.using.a.simple.example.

Example 12.9: Distribution of Slope Coefficient of Zero-Intercept Model

Equation 12.57 provides the standard error of the slope coefficient for the bivariate model with an intercept 
(Equation 12.28). If the zerointercept model of Equation 12.22 was being used, could the standard error of 
Equation 12.57 be used to make hypothesis tests or construct confidence intervals on the slope coefficient? The 
answer is no. Equation 12.57 applies only to the bivariate model of Equation 12.28.

To learn more about the distribution of the slope coefficient (b) of the zerointercept model, the following 
population model was assumed:

 Ŷ X Z e= +b s  (12.90)

where β is the slope coefficient, X is the predictor variable, Z is a standard normal deviate, and σe is the stan
dard error of the population. For this example, a value of 1.4 was assumed for β. The variable X was assumed 
to be normally dtistributed with μ = 10 and σx = 2. The standard error of the population model was assumed to 

table 12.10  Bivariate regression of Fuel 
Consumption (Y) on reciprocal 
of Speed (X)

X W Y Y̆ e

3.4 0.2940 0.320 0.3190 –0.0010

8.1 0.1230 0.140 0.1570 0.0170

16.4 0.0610 0.130 0.0975 –0.0325

23.7 0.0422 0.094 0.0796 –0.0144

31.3 0.0319 0.062 0.0698 0.0078

38.8 0.0258 0.066 0.0640 –0.0020

42.3 0.0236 0.051 0.0619 0.0109

49.0 0.0204 0.056 0.0588 0.0028

54.6 0.0183 0.055 0.0568 0.0018

58.2 0.0172 0.049 0.0558 0.0068

66.1 0.0151 0.051 0.0538 0.0028

Note:	 X	 =	 fuel	 consumption	 (gallons/mile),	 W	 =	
1/X,	and	Y	=	mean	speed	(miles/h).
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equal 2.857. Sample values of X and Z were generated for sample sizes of 10. The model of Equation 12.90 was 
used to compute values of Y, and then the simulated values of X and Y were used to fit the slope coefficient b. 
A total of 100,000 samples (Ns) of a size 10 for each sample (N) were generated using the program shown in 
Figure 12.15. The mean and standard deviation of the 100,000 values of b were 1.4006 and 0.08912, respec
tively. The standard deviation is the standard error of the slope coefficient. The computed mean of 1.4006 
agrees with the assumed population value. In addition to the two moments, a histogram of the values was com
puted, and the critical values of the slope coefficient were obtained from the cumulative histogram for selected 
probabilities, shown in Table 12.11 (column 2). The standard error of b was multiplied by the standard normal 
deviates (column 3) for the probabilities (column 1) to obtain the simulated values that would be used to com
pute confidence intervals or make hypothesis tests. A comparison of columns 2 and 4 of Table 12.11 indicates 
that the normal distribution can be applied to the analysis of the zerointercept model.

PROGRAM SIMDIST
C      Simulate Upper Tails of Distribution for Slope Coefficient
C      for Zero-intercept Model
C      N = Sample Size
C      NS = Number of Samples
C      ISEED = Seed Value for Simulation
       DIMENSION B(100000), Y(10), X(10), F(20)
       CHARACTER*75 FILE2
       IAD = 10
       IADS = 100000
       FILE2 = 'OUTPUT'
       OPEN (6,FILE=FILE2,STATUS='NEW')
C      INPUT ISEED, N, NS
       EN = N
C      delete first 10 random numbers
       RN = RNN(ISEED)
       DO 10 I = 1, 10
          J = INT(RN)
          RN = RNN(J)
   10     CONTINUE
C      generate samples
       DO 80 K = 1, NS
          Sl = 0.0
          S2 = 0.0
          DO 20 I = 1, N
             J = INT(RN)
             RN = RNN(J)
             X(I) = 10. + RN * 2.
             J = INT(RN)
             RN = RNN(J)
             Y(I) = 1.4 * X(I) + 2.857 * RN
             Sl = Sl + X(I) * Y(I)
             S2 = S2 + X(I) ** 2
C             WRITE(6,19) K, I, X(I), Y(I), RN
   19        FORMAT(2I5, 3F10.5)
   20        CONTINUE
          B(K) = Sl / S2
C          WRITE(6,21) Sl, S2, B(K)
   21     FORMAT(40X, 3F12.5)
   80     CONTINUE
C      Compute Statistics of Coefficient B and Print
C      STAT Subroutine not Provided
       CALL STAT
C      Construct Histogram for Coefficient B and Print
C      FREQ Subroutine not Provided
       CALL FREQ
       CLOSE (6,STATUS='KEEP')
       END

       FUNCTION RNN(K)
C      Generates random normal numbers (not provided)
       FUNCTION RAND(K)
C      Generates random numbers (not provided)
       SUBROUTINE STAT
C      Computes Mean and Standard Deviation for AN ARRAY
       SUBROUTINE FREQ
C      Determines the number of elements in each histogram cell

Figure 12.15 outline	of	a	computer	program	used	in	example	12.9.
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The above analysis is limited in that it considered only one sample size and one standard error. To develop 
a general expression relating Se(b) and Se, it would be necessary to make many analyses, with Se, n, and the 
characteristics of X allowed to vary. A general expression could then be identified. It is important to recognize 
that simulation provides a means for obtaining statistical results that cannot be obtained from theory because 
of the complexity of the problem.

12.11 SIMULAtION PrOJeCtS

Two.cases.are.provided.in.this.section.

12.11.1 Calibration of a Bivariate Linear Model

Using.the.data.of.Table.C.1,.C.2,.or.C.3,.calibrate.bivariate.linear.regressions.for.Y.versus.each.
X..Make.a.full.analysis.of.the.accuracy.of.each.model.and.decide.which.model,.if.any,.should.be.
used.to.predict.values.of.Y.for.future.analyses.

12.11.2 Simulating Distributions of Correlation Coefficient

The.objective.of.this.project.is.to.simulate.the.distribution.of.the.correlation.coefficient.under.
the.condition.that.the.population.value.of.ρ.is.zero..The.Y.variable.and.one.X.variable.of.Table.C.1,.
C.2,.or.C.3.are.used.to.establish.the.assumed.population..The.means.and.standard.deviations.of.
Y.(mY and.sY).and.X.(mx.and.s x).are.estimated.from.the.data.in.the.Appendix..Use.105.simulations.
to.obtain.the.distribution.of.the.correlation.coefficient,.with.each.R.value.used.to.create.a.histogram.
using.the.following.procedure:

. 1.. For.each.simulation,.generate.a.random.sample.of.25.values.of.Y.for.the.assumed.normal.population.
N(mY,.sY).

. 2.. Generate.a.random.sample.of.25.values.of.X.for.the.assumed.normal.population.N(mx,.s x).

. 3.. Compute.the.correlation.coefficient.R.with.the.sample.of.X.and.Y.of.steps.2.and.1.

. 4.. To.create.a.histogram.with.105.simulations,.increase.the.frequency.count.of.the.histogram.cell.cor-
responding.to.the.sample.value.of.R..(Note:.The.histogram.cells.can.be.established.from.theory.)

Repeat.steps.1–4.Ns.times.(where.the.number.of.simulation.cycles.equals.Ns),.and.then.divide.the.
cell.counts.of.the.frequency.histogram.by.Ns.to.obtain.a.relative.frequency.distribution..Discuss.the.
results.and.compare.them.to.the.expected.distribution.

table 12.11  Analysis of Critical Values for 
Distribution of Slope Coefficient 
of Zero-Intercept Model

(1)

Probability α

(2)

Critical 
Value

(3)

zα or 
z1–α

(4)
Simulated 

Values 
–b + z Se(b)

0.005 1.171 –2.575 1.171

0.010 1.195 –2.327 1.193

0.050 1.254 –1.645 1.254

0.100 1.286 –1.282 1.286

0.900 1.515 1.282 1.515

0.950 1.547 1.645 1.547

0.990 1.604 2.327 1.608

0.995 1.631 2.575 1.630
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12.12 PrOBLeMS

 12-1. If.the.annual.sales.of.chewing.gum.were.highly.correlated.with.annual.bank.robberies,.what.would.
the.correlation.coefficient.reflect?

 12-2.. For.each.part,.identify.a.variable.that.has.a.cause-and-effect.relationship.with.the.following.vari-
able:.(a).the.efficiency.of.a.hydraulic.pump;.(b).erosion.of.a.river.bed;.(c).the.power.output.of.a.wind.
machine;.and.(d).the.corrosion.rate.of.steel.

 12-3. Plot.the.following.data,.assess.the.degree.of.systematic.variation,.and.assess.the.appropriateness.of.
using.a.linear.model:

X 0.7 1.3 2.8 5.1 7.3 8.9 11.5

Y 1.1 3.8 7.2 7.9 9.7 8.8 . 9.6

 12-4. Plot.the.following.data,.and.assess.the.quality.of.the.data.for.prediction:

X 0.7 0.8 1.3 1.2 1.7 1.9 4.1

Y 1.0 1.8 1.2 2.1 1.0 2.8 5.7

 12-5. The.erosion.of.soil.(E).from.construction.sites.is.measured.along.with.the.average.slope.(S).of.the.
site..Graph.the.following.data.and.comment.on.the.relationship.between.erosion.and.slope.

S (%) 1.2 1.6 2.4 3.2 3.6 4.1 4.9

E (tons/ac/year) 38 78 55 84 52 111 94

 12-6. The.sediment.trap.efficiency.(Et,.%).of.a.wetland.depends.in.part.on.the.average.depth.(D,.ft).of.the.
wetland..Graph.the.following.measurements.on.Et.and.D.and.then.discuss.the.importance.of.depth.in.
controlling.the.trapping.of.soil.in.the.wetland:

D 0.7 1.3 1.9 2.2 2.6 2.9 3.3

Et 34 55 49 68 44 60 72

 12-7. Expand.Equation.12.2.to.show.that.the.TV.is.the.sum.of.the.explained.and.UV.
 12-8.. Using.the.following.values.of.X.and.Y,.show.that.the.TV.equals.the.sum.of.the.EV.and.the.UV:

X 2 5 7 6 2

Y 1 3 5 7 9

 . Assume.that.the.regression.equation.relating.Y.and.X.is.given.by

ˆ . .Y X= +4 5849 0 09434

 12-9.. Using.the.following.values.of.X.and.Y,.show.that.the.TV.equals.the.sum.of.the.EV.and.the.UV:

X 1 2 3 4 5 6

Y 2 2 3 5 4 5

 . Assume.that.the.regression.equation.relating.Y.and.X.is.given.by

ˆ . .Y X= +1 2 0 657

 12-10. For. the. data. of. Problem. 12.6,. compute. the. TV. and. the. components. UV. and. EV. assuming.
(a) Et = 35 + 15D..(b).Discuss.the.resulting.separation.of.variation;.(c).If.the.model.is.biased,.discuss.
the.potential.effect.of.the.bias;.and.(d).Compute.TV,.UV,.and.EV.assuming.Ê Dt = 30 .and.compare.
the.results.to.those.of.part.(a).

 12-11. For. the. data. of. Problem. 12.5,. compute. TV,. UV,. and. EV. if. the. model. is. E. =. 73.14. tons/ac/year..
Discuss.the.results.

 12-12.. Derive.Equation.12.5.from.Equation.12.4.
 12-13.. For.the.following.observations.on.X.and.Y,.compute.the.correlation.coefficient.

X –3 –2 –1 0 1 2

Y 2 2 3 0 –2 –1
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 12-14.. For.the.data.given.in.Problem.12.8,.compute.the.correlation.coefficient.using.the.standard.normal.
transformation.definition.of.Equation.12.5.

 12-15.. For.the.data.in.Problem.12.9,.compute.the.correlation.coefficient.
 12-16. Compute.the.correlation.coefficient.for.the.data.set.of.Problem.12.5.
 12-17.. Compute.the.correlation.coefficient.for.the.data.set.of.Problem.12.6.
 12-18.. Given.the.following.observations.on.X.and.Y,.(a).construct.a.graph.of.X.versus.Y,.and.(b).compute.the.

Pearson.correlation.coefficient:

X 1 2 3 4 5

Y 1 1 2 4 4

 12-19.. Compute.the.correlation.coefficient.for.the.data.of.Problem.12.4.
 12-20.. Given.the.following.paired.observations.on.variables.X.and.Y,.and.the.values.of.the.standardized.

variables.ZX and.ZY,.compute.the.Pearson.correlation.coefficient.between.each.of.the.following.pairs:.
(a).X.and.Y;.(b).ZX.and.ZY;.(c).ZX.and.X;.(d).ZX.and.Y;.(e).X.and.Y – 3;.and.(f).X.and.2Y..Briefly.discuss.
your.results.

X Y ZX ZY

3 4 –1.5 –1.5

5 8 –0.5 0.5

6 7 0.0 0.0

7 6 0.5 –0.5

9 10 1.5 1.5

 12-21. Given.the.following.paired.observations.on.variables.A.and.B,.and.the.values.of.the.standardized.
variables,. ZA. and. ZB,. compute. the. Pearson. correlation. coefficient. between. each. of. the. following.
pairs:.(a).A.and.B;.(b).ZA.and.ZB;.(c).A.and.ZB;.(d).A.and.B.+.2;.(e).B.and.3A;.(f).Briefly.discuss.the.
results.for.each.part.

A B ZA ZB

1 1.0 −1.5 −1.0

3 2.5 −0.5 −0.5

4 2.5 0 −0.5

6 4.0 1 0

6 10.0 1 2.0

 12-22.. Engineering.analyses.often.involve.small.samples,.often.fewer.than.five..Explain.why.a.high.sample.
correlation.coefficient.obtained.with.a.small.sample.should.not.necessarily.be.taken.as.an.indication.
of.a.strong.relationship.between.two.variables.

 12-23.. Explain.why.the.critical.correlation.coefficient.for.testing.H0 0: r = .decreases.as.the.sample.size.
increases.

 12-24.. Discuss,.possibly.with.sketches,.how.the.distribution.of.the.correlation.coefficient.varies.for.popula-
tion.values.of.ρ from.0.to.−1.

 12-25. A.sample.of.four.yields.a.correlation.coefficient.of.0.915..Is.it.safe.to.conclude.that.the.two.variables.
are.related?

 12-26.. A.sample.of.5.yields.a.correlation.coefficient.of.−0.82..Is.it.reasonable.to.conclude.that.the.two.vari-
ables.are.related?

 12-27. A.sample.of.7.yields.a.correlation.coefficient.of.0.78,.while.a.second.sample.of.9.on.the.same.two.
random.variables.yields.a.correlation.coefficient.of.0.61..What.conclusions.can.be.drawn.about.the.
cause-and-effect.relationship.between.the.two.variables?

 12-28.. Seven.students.in.an.introduction.to.statistics.course.received.the.following.grades.on.the.first.two.
tests..Does.the.evidence.suggest.that.knowledge.of.the.material.covered.on.the.first.test.helped.the.
students.on.the.second.test?.Use.a.5%.level.of.significance.

Test 1 98 94 93 90 87 85 84

Test 2 96 94 91 85 93 86 90
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 12-29.. Given.the.following.observations.on.random.variable.X.and.Y,.(a).calculate.the.correlation.coefficient;.
(b).using.a.level.of.significance.of.5%,.test.the.null.hypothesis.that.the.two.variables.are.uncorrelated;.
(c).using.a.level.of.significance.of.1%,.test.the.null.hypothesis.that.the.population.correlation.is.0.8.

X 4 3 9 6 8

Y 3 6 8 8 10

 12-30.. Test. the. correlation. coefficient. for. the. data. of. Problem. 12.5. for. statistical. significance.. See.
Problem 12.16.

 12-31.. Test. the. correlation. coefficient. for. the. data. of. Problem. 12.6. for. statistical. significance.. See.
Problem 12.17.

 12-32.. The.correlation.coefficient.computed.from.a.sample.of.15.observations.equals.0.431..Test.the.null.hypoth-
esis.using.a.level.of.significance.of.5%.that.the.correlation.of.the.population.is.(a).0.0;.and.(b) 0.65.

 12-33.. A.sample.of.12.observations.on.X.and.Y.yields.a.correlation.coefficient.of.0.582..Using.a.level.of.
significance.of.5%,.test.the.null.hypothesis.that.the.correlation.coefficient.of.the.population.is.(a).0.0;.
and.(b).–0.1..Discuss.

 12-34.. A.sample.of.19.measurements.on.X.and.Y.yields.a.correlation.coefficient.of.−0.35..(a).Is.it.reasonable.
to.assume.that.the.two.variables.are.related?.(b).Is.it.reasonable.to.assume.that.the.population.corre-
lation.coefficient.is.more.negative.then.−0.7?

 12-35.. A.sample.of.16.measurements.on X.and.Y.yields.a.correlation.coefficient.of.0.44..(a).Is.it.reasonable.
to.assume.that.the.two.variables.are.related?.(b).Is.it.reasonable.to.assume.that.the.population.cor-
relation.coefficient.is.at.least.0.8?

 12-36.. For.large.sample.sizes,.say.30.or.more,.low.critical.values.of.correlation.coefficients.are.expected.
when.testing.the.null.hypothesis.that.ρ = 0..A.low.sample.value.that.exceeds.the.critical.value.still.
represents.a.small.fraction.of.explained.variance,.that.is,.low.R2..Is.a.regression.equation.that.has.a.
low.R2.of.value.even.if.the.value.exceeds.the.critical.value?.Discuss.this.case.

 12-37.. The.design.engineer.believes.that.a.correlation.of.0.8.is.needed.in.the.population.to.have.the.neces-
sary.prediction.accuracy..A.sample.of.22.measurements.on.Y.and.X.yields.a.sample.correlation.coef-
ficient.of.0.49..Is.it.safe.to.assume.that.the.population.correlation.coefficient.is.at.least.0.8?.Use.a.1%.
level.of.significance.

 12-38.. What.is.the.smallest.sample.size.for.which.a.correlation.coefficient.of.0.61.is.statistically.significant.
at.5%,.with.a.two-tailed.alternative.hypothesis?

 12-39. Using.the.data.of.Problem.12.4,.fit.the.zero-intercept.model.of.Equation.12.22.
 12-40.. Using.the.data.of.Problem.12.28,.fit.the.zero-intercept.model.of.Equation.12.22..Predict.values.of.test.

2.using.values.of.test.1..Discuss.the.results.
 12-41.. Discuss.whether.or.not.a.zero-intercept.model.would.be.appropriate.for.the.case.of.Problem.12.6.
 12-42.. Using.the.data.of.Problem.12.5.fit.a.zero-intercept.model.and.discuss.its.rationality.
 12-43.. Given.the.following.four.pairs.of.observations

X 1 1 2 2 ?

Y 1 2 1 2 ?

 . Compute.the.correlation.coefficient.and.the.regression.coefficients.if.(a).the.fifth.pair.is.(Y.=.8,.X = 8);.
(b).the.fifth.pair.is.(Y.=.2,.X.=.8)..(c).Plot.both.sets.of.points.and.draw.the.regression.lines..What.gen-
eral.observations.do.the.results.suggest?

 12-44. Given.the.following.pairs.of.observations

X 1 2 2 3 ?

Y 4 3 5 4 ?

 . Compute. the. correlation. coefficient. and. the. regression. coefficients. if. the. fifth. pair. is. (a). (X. =. 8,.
Y = 8);.(b).the.fifth.pair.is.(X.=.8,.Y.=.0)..(c).Plot.both.sets.of.points.and.draw.the.regression.lines..
What.general.observations.do.the.results.suggest?

 12-45.. Show.that.Equation.12.38.results.in.a.larger.sum.of.squares.of.the.errors.for.the.data.of.Table.12.2.
than.the.value.obtained.with.Equation.12.37.

 12-46. Using. the. following. values. of. X. and. Y,. (a). compute. the. values. of. the. regression. model. of.
Equation 12.28:

X 1 3 5

Y 5 2 1
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 . .(b).Compute.the.correlation.coefficient..(c).Test.the.statistical.significance.of.the.correlation.coef-
ficient..(d).What.is.the.fraction.of.EV?

 12-47.. Given.the.following.paired.observations.on.Y.and.X,.(a).graph.Y.versus.X;.(b).calculate.the.correlation.
coefficient;.(c).determine.the.slope.and.intercept.coefficients.of.the.linear.regression.line;.(d).show.
the.regression.line.on.the.graph.of.part.(a);.(e).compute.the.predicted.value.of.Y.for.each.observed.
value.of.X;.and.(f).calculate.∑e and.Se..(g).What.is.the.predicted.value.of.Y.for.X.=.5?.X.=.10?

X 3 5 6 7 9

Y 4 8 7 6 10

 12-48.  Use.the.data.of.Problem.12.5.to.fit.the.coefficients.of.Equation.12.28..Also.compute.the.goodness-
of-fit.statistics.(R,R2,Se,Sy).and.explain.the.meaning.of.each.relative.to.the.issue..Also.discuss.the.
rationality.of.the.regression.coefficients.

 12-49. Use.the.data.of.Problem.12.6.to.fit.the.coefficients.of.the.linear.model.(Equation.12.28)..Compute.and.
discuss.the.goodness.of.fit.statistics.

 12-50.. Using.the.data.of.Problem.12.20,.compute.the.standard.error.of.estimate.Se.the.standard.error.ratio,.
Se/Sy, R,.and.R2..Interpret.these.statistics.

 12-51.. Using.the.data.of.Problem.12.20,.compare.the.standard.error.of.estimate.based.on.Equation.12.40.
with.the.correct.value.of.Equation.12.45..Discuss.the.cause.of.the.difference.

 12-52. Using.the.data.of.Problem.12.20,.show.that.the.SST.of.Equation.12.47.is.equal.to.the.TV.of.Equation.
12.2.and.that.the.SSR.of.Equation.12.48.is.equal.to.the.explained.sum.of.squares.of.Equation.12.2.

 12-53.. Using. the. data. set. of. Problem. 12.29,. compute. the. regression. coefficients. for. the. linear. bivariate.
model.with.X.as.the.predictor.variable..Also,.determine.the.standard.error.of.estimate,.the.R.and.R2.
values,.and.perform.an.ANOVA.(use.a.5%.level.of.significance)..Discuss.the.results.

 12-54.. Compute.the.standardized.partial.regression.coefficient.t.(Equation.12.51).for.the.data.of.Problem.
12.20,.and.compare.the.value.with.the.correlation.coefficient.computed.in.Problem.12.20.

 12-55.. Show.that.the.standardized.partial.regression.coefficient.(t).is.equal.to.the.correlation.coefficient.(R).
for.in.bivariate.regression.analysis.

 12-56.. If.the.correlation.coefficient.is.equal.to.0.71.and.the.slope.coefficient.b1.is.equal.to.46.3,.which.vari-
able,.X.or.Y,.has.the.larger.variance?.Explain.

 12-57. Show.that.the.ANOVA.F.test.on.H0 1 0: b = .is.identical.to.the.two-tailed.hypothesis.test.on.the.cor-
relation.coefficient,.H0 0: r =

 12-58.. State.the.four.assumptions.that.underlie.the.linear.regression.analysis.and.identify.statistical.meth-
ods.that.could.be.used.to.test.the.assumptions.

 12-59.. Compute.the.standard.errors.of.the.regression.coefficients.and.the.two-sided.95%.confidence.inter-
vals.for.the.regression.coefficients.of.Problem.12.47.

 12-60.. Using. the.data.of.Problem.12.29.and. the.regression.coefficients.of.Problem.12.53,.compute.stan-
dard. errors. of. the. regression. coefficients. and. the. two-sided,. 90%. confidence. intervals. for. the.
coefficients.

 12-61.. The.ratio.of.the.standard.error.of.the.slope.coefficient.(Equation.12.57).to.the.slope.coefficient.b1.is.a.
measure.of.the.relative.accuracy.of.the.coefficient,.with.a.value.below.30%.indicating.good.accuracy.
and.a.value.greater.than.50%.indicating.poor.accuracy..Evaluate.the.relative.accuracy.of.the.slope.
coefficient.of.Problem.12.46.

 12-62.. Perform.hypothesis.tests.for.the.significance.of.the.regression.coefficients.for.Problem.12.47..Use.a.
5%.level.of.significance.and.alternative.hypothesis.that.the.coefficients.are.different.from.zero.

 12-63.. Perform.hypothesis.tests.for.the.significance.of.the.regression.coefficients.for.Problem.12.53..Use.a.
10%.level.of.significance.and.alternative.hypothesis.that.the.coefficients.are.different.from.zero.

 12-64.. Compute.a.two-sided,.95%.confidence.interval.for.the.line.as.a.whole.using.the.data.for.Problem.
12.47..Provide.values.of.X.–.2SX,.X.–.SX,.X.+.SX,.and.X.+.2SX.

 12-65.. Compute.a.two-sided,.95%.confidence.interval.for.the.line.as.a.whole.using.the.data.for.Problem.
12.29..Provide.values.of.X.–.2SX,.X.–.SX,.X.+.SX,.and.X.+.2SX.

 12-66.. Using.the.data.from.Problem.12.47,.compute.the.two-sided,.95%.confidence.interval.for.the.mean.
value.of.Y.at.X =.5..Also,.compute.a.similar.interval.at.X =.11..Compare.the.two.intervals.and.explain.
the.difference.in.their.widths.

 12-67.. Using.the.data.from.Problem.12.29,.compute.the.two-sided,.95%.confidence.interval.for.the.mean.
value.of.Y.at.X =.6..Also,.compute.a.similar.interval.at.X =.0..Compare.the.two.intervals.and.explain.
the.difference.in.their.widths.

 12-68.. Compare.correlation.analysis.and.regression.analysis.as.tools.in.decision.making.
 12-69.. Using.the.data.set.given.below,.regress.(a).Y.on.X,.and.(b).X.on.Y..(c).Compute.the.correlation.coef-

ficient.for.each.regression;.(d).Transform.the.regression.of.Y.on.X.into.an.equation.for.computing X,.
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and.compare.these.coefficients.with.the.coefficients.for.the.regression.of.X.on.Y..(e).Why.do.the.coef-
ficients.of.parts.(b).and.(d).differ?

X 2 1 3 2

Y 1 2 4 5

 12-70.. Regress.Y.on.X1,.Y.on.X2,.and.Y.on.X3.with.the.following.data:

X1 X2 X3 Y

1 2 3 1

2 2 1 3

5 5 7 5

6 4 4 7

 . Then.transform.the.three.equations.algebraically.to.solve.for.X..Regress.X1.on.Y,.X2.on.Y,.and.X3.on Y..
Use.the.equations.for.regressing.the.X’s.on.Y and.the.transformed.equation.to.predict.X..Compare.the.
differences.in.the.predictions.with.the.correlation.coefficient.and.develop.a.general.observation.on.
the.accuracy.of.transformed.equations.

 12-71.. The.data.shown.are.the.results.of.a.tensile.test.of.a.steel.specimen,.where.Y.is.elongation.in.thousands.
of.an.inch.that.resulted.when.the.tensile.force.was.X.thousands.of.pounds..Fit.the.data.with.a.linear.
model.and.make.a.complete.assessment.of.the.results.(use.α =.5%.where.necessary).

X 0.8 1.6 3.1 4.4 6.3 7.9 9.2

Y 2.8 4.9 6.5 8.1 8.8 9.1 8.9

 12-72.. The.stream.reaeration.coefficient.(Y).is.related.to.the.water.temperature.(T).in.°C..Fit.the.following.
with.a.linear.model.and.make.a.complete.assessment.of.the.results.(use.α =.10%.where.necessary):

X 14 23 17 11 20 15 18 11 25 19 13 24 16 23 21

Y 2.89 4.20 4.17 3.69 3.78 3.56 3.35 2.69 3.58 3.06 2.41 3.30 3.05 4.18 4.08

 12-73.. Use.simulation.to.verify.the.relationships.for.computing.the.standard.errors.of.the.two.coefficients.
of.the.linear.bivariate.regression.equation.

 12-74.. Use.simulation.to.find.the.standard.error.and.the.critical.values.for.10.and.5%.of.the.slope.coefficient.
of.the.linear.zero-intercept.bivariate.regression.model.(Ŷ .=.bX).for.a.sample.size.of.10..Assume.X.to.
be.normally.distributed,.X.~.N(mean.=.20,.standard.deviation.=.4),.and.generate.values.of.Y.based.
on.the.generated.values.of.X.using.the.following.equation:

Y x Z Y= + −b s r1 1 2

 . where.b1.is.the.population.value.of.b1,.Z.the.random.normal.variate,.sY .the.population.standard.devi-
ation.of.Y,.and.ρ.the.population.value.of.correlation.between.X.and.Y..Use.ρ.=.0.6,.n.=.10,.mx = 20,.
s x .=.4,.b1.=.3,.and.sY .=.2.
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ChAPter 13

Multiple and Nonlinear regression Analysis

In.this.chapter,.we.provide.fundamental.knowledge.about.multivariable.models,.introduce.the.
application.of.least.squares.fitting.of.multivariate.and.nonlinear.equations,.emphasize.the.impor-
tance. of. multicriterion. model. assessment,. discuss. the. potential. effects. of. prediction-criterion.
intercorrelation.on.model.rationality,.and.outline.the.benefits.of.assessing.residuals.for.improving.
prediction.accuracy.
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13.1 INtrODUCtION

What.options.are.available.to.improve.the.accuracy.of.predictions.if.the.accuracy.from.a.bivari-
ate.regression.is.still.not.sufficient.for.the.design.problem?.Multivariate.systems.are.one.possible.
solution.to.this.problem..Where.one.predictor.variable.may.not.be.adequate,.several.predictor.vari-
ables.may.provide.sufficient.prediction.accuracy..Thus,.one.reason.for.using.multivariate.models.
rather.than.a.bivariate.model.is.to.reduce.the.standard.error.of.estimate.

Multivariate.data.analyses.are.also.of.value.when.a.goal.of.the.analysis.is.to.examine.the.rela-
tive.importance.of.the.predictor.variables..If.a.predictor.variable.is.not.included.in.the.model,.then.a.
regression.analysis.cannot.determine.the.sensitivity.of.the.criterion.variable.to.variation.in.that.pre-
dictor.variable..Also,.if.a.predictor.variable.that.has.not.been.included.in.the.model.is.correlated.with.
another.predictor.variable.that.is.included.in.the.model,.then.the.regression.coefficient.for.the.former.
variable.may.reflect.the.effects.of.both.the.former.and.latter.predictor.variables..Thus,.predictor.vari-
ables.that.have.only.slight.correlation.with.the.criterion.variable.are.often.included.in.the.model.so.
that.the.coefficients.will.more.accurately.reflect.the.effect.of.the.corresponding.predictor.variables.

How.does.a.multivariate.analysis.compare.with.a.bivariate.analysis?.Actually,.the.two.are.very.
similar..First,.the.same.least-squares.objective.function.is.used.to.calibrate.the.regression.coefficients..
Second,.bivariate.correlations.are.still.computed..Third,.the.data.should.be.properly.screened.using.
graphical.analyses.prior.to.selecting.a.model.structure..The.major.difference.between.multivariate.
and.bivariate.analyses.is.necessary.to.account.for.the.interdependence.(i.e.,.correlation).of.the.predic-
tor.variables..For.example,.both.temperature.and.relative.humidity.effect.evaporation.rates,.but.they.
are.also.interdependent.as.the.relative.humidity.changes.with.temperature..This.intercorrelation.can.
distort.the.regression.coefficients.when.evaporation.is.regressed.on.temperature.and.humidity.

13.2 COrreLAtION ANALYSIS

The.first.step.in.a.multivariate.analysis.is.to.perform.a.graphical.analysis..This.includes.develop-
ing.plots.of.the.criterion.variable.versus.each.of.the.predictor.variables.in.the.data.set..Also,.plots.of.
each.pair.of.predictor.variables.should.be.made;.such.plots.will.help.to.identify.the.characteristics.
of.the.interdependence.between.predictor.variables..It.will.become.evident.that.the.interdependence.
is.extremely.important.in.the.analysis.of.multivariate.systems..All.the.plots.should.be.examined.
for. the. characteristics. identified.previously. for. bivariate. analyses—for. example,. extreme.events,.
nonlinearity,.and.random.scatter.

After.a.graphical.analysis,. the.bivariate.correlation.coefficients.should.be.computed.for.each.
pair.of.variables;.this.includes.the.correlation.between.the.criterion.variable.and.each.predictor.vari-
able,.as.well.as.the.correlation.between.each.pair.of.predictor.variables..The.correlations.are.best.
presented.in.matrix.form..The.correlation.matrix.is.a.means.of.presenting.in.an.organized.manner.
the.correlations.between.pairs.of.variables.in.a.data.set;.it.appears.as
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Note.that.the.correlation.matrix,.which.includes.p.predictor.variables.(Xi,.i.=.1,.2,.......,.p).and.the .criterion.
variable.(Y),.is.shown.in.upper-triangular.form.because.the.matrix.is.symmetric.(i.e., rij =.rji );.also,.the.
elements.on.the.principal.diagonal.equal.1.0.because.the.correlation.between.a.variable.and.itself.is.unity..
The.matrix.is.(p +.1).×.(p +.1)..Whereas.the.correlation.matrix.shown.above.uses.the.sample.correlation.
coefficients.(rij ),.the.correlation.matrix.for.the.population.can.be.indicated.using.ρij.as.the.elements.

In.general,.low.intercorrelations.and.high.predictor–criterion.correlation.are.desirable..The.low.
intercorrelations.suggest.that.the.resulting.regression.coefficients.will.be.rational..High.predictor–
criterion.correlations.are.desirable.because.the.resulting.regression.equation.will.likely.give.accu-
rate.predictions..The.ideal.case.is.not.the.norm..In.many.cases,.the.intercorrelations.are.high.and.the.
predictor–criterion.correlations.are.low.to.moderate..When.the.intercorrelations.are.high,.it.is.usu-
ally.necessary.to.delete.one.or.more.of.the.highly.intercorrelated.predictors..Many.of.the.decisions.
on.selecting.the.final.set.of.predictor.variables.and.the.model.are.quite.subjective,.but.important.

Example 13.1: Sediment Yield Data

The sediment database includes four predictors and a criterion variable, the sediment yield. The ultimate 
objective would be to develop a model for estimating the sediment yield of small watersheds. The predictor 
variables are (1) the precipitation/temperature ratio (X1), which reflects the vegetation potential of the area; 
(2) the average watershed slope (X2), which reflects the erosion potential due to the momentum of surface run
off; (3) the soil particle size index (X3), which reflects the coarseparticle composition of the soil; and (4) the soil 
aggregation index (X4), which reflects the dispersion characteristics of the small particles. Because vegetation 
retards erosion, we would expect r1Y to be negative. Similarly, coarse particles are more difficult to transport, 
so r3Y should also be negative. As the slope increases, the water will move with a greater velocity and more soil 
can be transported, so r2Y should be positive. Erosion should increase as the dispersion characteristics of small 
particles increases, so r4Y should be positive.

The correlation matrix for 37 measurements of these five variables is given in Table 13.1. In general, the 
intercorrelations are low, with the largest in absolute value being for r14 (–0.445); this suggests that more than 
one predictor variable will probably be needed to obtain accurate estimates of the criterion variable. Many of the 
intercorrelations are very low, less than 0.2; this is usually a desirable characteristic, as it suggests the coef
ficients of a regression equation based on the data will be rational. The predictor–criterion correlations are low 
to moderate; the largest is 0.570. Using the square of the predictor–criterion correlations, the fraction of vari
ance explained ranges from 0.062 to 0.325. These low values would also suggest that more than one predictor 
variable will be necessary to accurately estimate the sediment yield.

Example 13.2: Evaporation Data

The evaporation data set includes four predictor variables and a criterion variable, which is the pan evapo
ration from a small pond in southeastern Georgia. The predictor variables are (1) the mean daily temperature in 
degrees Fahrenheit (°F), X1; (2) the wind speed in miles per day, X2; (3) the radiation in equivalent inches, X3; 

table 13.1 Correlation Matrix of the Sediment Data Base

X1 X2 X3 X4 Y

X1:	precipitation/temperature	ratio 1.000 0.340 –0.167 –0.445 –0.297

X2:	average	slope 1.000 –0.051 –0.185 0.443

X3:	soil	particle	size	 1.000 0.069 –0.253

X4:	soil	aggregation	index 1.000 0.570

Y:	sediment	yield 1.000
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and (4) the vapor pressure deficit, X4. The wind speed attempts to define the rate at which the drier air is moved 
over the pond to replace the more moist air. The temperature and the radiation measure the potential energy of 
the water molecules and their potential for escaping from the water surface. The vapor pressure deficit repre
sents the potential for the overlying air mass to accept water molecules.

The correlation matrix, which was based on 354 daily measurements, is shown in Table 13.2. The cor
relation matrix provides a sharp contrast to that for the sediment data because the matrix of Table 13.2 is 
characterized by high intercorrelation and moderate predictor–criterion correlations. The high intercorrelations 
suggest that only one or two predictor variables will be necessary to estimate evaporation rates. The moderate 
predictor–criterion correlations suggest that the potential accuracy of predictions is only moderate. The frac
tion of the variance explained by X4 is 0.403. Because most of the intercorrelations are high, it is unlikely that 
the variation explained by the four predictor variables will be much greater than the 40% explained by just one 
of the predictor variables. While the wind speed is not highly intercorrelated with any of the other predictor 
variables, the correlation with the criterion variables is also low (−0.l40) and irrational in sign. Therefore, it is 
likely of no value as a predictor.

13.3 MULtIPLe reGreSSION ANALYSIS

13.3.1 Calibration of Multiple Linear Model

The.three.components.of.regression.analysis.are.the.model,.the.objective.function,.and.the.data.
set..The.data.set.consists.of.a.set.of.n.observations.on.p.predictor.variables.and.one.criterion.vari-
able,.where.n.should.be,.if.possible,.at.least.four.times.greater.than.p..The.data.set.can.be.viewed.as.
a.matrix.having.dimensions.of.n.by.(p +.1)..The.principle.of.least.squares.is.used.as.the.objective.
function..The.model.in.raw.score.form.is

.
�

�Y b b X b X b Xp p= + + + +0 1 1 2 2 .
(13.2)

in.which.Xj.(..j.=.1,.2,.......,.p).are.the.predictor.variables,.bj.(..j =.1,.2,......., p).are.the.partial.regression.
coefficients,.b0.is.the.intercept.coefficient,.and.Ŷ .is.the.predicted.value.of.the.criterion.variable..Using.
the.least-squares.principle.and.the.model.of.Equation.13.2,.the.objective.function.F.becomes

.
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(13.3)

It.should.be.noted.that.the.predictor.variables.in.Equation.13.3.include.two.subscripts,.with.i.indicat-
ing.the.observation.number.and.j.the.specific.predictor.variable.

table 13.2 Correlation Matrix for the evaporation Data Base

X1 X2 X3 X4 Y

X1:	temperature	(°f)	 1.000 –0.219 0.578 0.821 0.581

X2:	wind	speed	(miles/day) 1.000 –0.261 –0.304 –0.140

X3:	radiation	(equivalent	inches) 1.000 0.754 0.578

X4:	vapor	pressure	deficit 1.000 0.635

Y:	pan	evaporation	(inches) 1.000
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The.method.of.solution.is.to.take.the.(p +.1).derivatives.of.the.objective.function,.Equation.13.3,.
with.respect.to.the.unknowns,.bj.(..j.=.0,.1,.......,.p);.setting.the.derivatives.equal.to.zero;.and.solving.
for.the.unknowns..A.set.of.(.p +.1).normal.equations.is.an.intermediate.result.of.this.process.

As.an.example,.consider.the.case.where.p.=.2;.thus,.Equation.13.2.reduces.to

.
�
Y b b X b X= + +0 1 1 2 2 . (13.4)

Also,.the.objective.function,.Equation.13.3,.is.given.by
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The.resulting.derivatives.are
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Rearranging.Equations.13.6a.through.13.6c.yields.a.set.of.normal.equations
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The.solution.of.the.three.simultaneous.equations.yields.values.of.b0,.b1,.and.b2.

13.3.2 Standardized Model

When. the. approach. of. the. previous. section. is. used. and. the. means. and. standard. deviations.
of. the.predictor. and.criterion.variables. are. significantly.different,. round-off. error,.which. results.
from the. inability. to.maintain.a.sufficient.number.of.significant.digits. in. the.computations,.may.
cause.the .partial.regression.coefficient.to.be.erroneous..Thus,.most.multiple.regression.analyses.are.
made.using.a.standardized.model:

.
Z t Z t Z t ZY p p= + + +1 1 2 2 �

. (13.8)
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in.which.the.tj.(.j.=.1,.2,.......,.p).are.called.standardized partial regression coefficients,.and.ZY and.
the.Zj.(.j.=.1,.2,.......,.p).are.the.criterion variable.and.the.predictor variables,.respectively,.expressed.
in.standardized.form;.specifically,.for.i.=.1,.2,.......,.n,.they.are.computed.by

.
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.
(13.9)

and

.
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.
(13.10)

in.which.SY.is.the.standard.deviation.of.the.criterion.variable.and.Sj.(.j.=.1,.2,.......,.p).are.the.standard.
deviations.of.the.predictor.variables..It.can.be.shown.that.the.standardized.partial.regression.coef-
ficients.(i.e.,.the.tj).and.the.partial.regression.coefficients.(i.e.,.the.bj).are.related.by

.
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The.intercept.coefficient.can.be.computed.by

.
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(13.12)

Thus,.the.raw.score.model.of.Equation.13.2.can.be.computed.directly.from.the.standardized.model,.
Equation.13.8,.and.Equations.13.11.and.13.12.

Although.the.differences.between.regression.and.correlation.have.been.emphasized,.the.correla-
tion.matrix.can.be.used.in.solving.for.the.standardized.partial.regression.coefficients..The.solution.
is.represented.by

. R t R11 12× = . (13.13)

in.which.R11.is.the.p ×.p.matrix.of.intercorrelations.between.the.predictor.variables,.t.is.a.p ×.1.
vector.of.standardized.partial.regression.coefficients,.and.R12.is.the.p ×.1.vector.of.predictor–crite-
rion.correlation.coefficients..Because.R11.and.R12.are.known.while.t is.unknown,.it.is.necessary.to.
solve.the.matrix.equation,.Equation.13.13,.for.the.t.vector..This.involves.premultiplying.both.sides.
of Equation.13.13.by.R11

1− .(i.e.,.the.inverse.of.R11).and.using.the.matrix.identities,.R11
1− .×.R11.=.I.and.

I ×.t.=.t,.where.I.is.the.unit.matrix,.as.follows:
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. . . t R R= ×−
11
1

12 .
(13.14c)

It.is.important.to.recognize.from.Equation.13.14c.that.the.elements.of.the.t.vector.are.a.function.of.
both.the.intercorrelations.and.the.predictor–criterion.correlation.coefficients..If.R11.= I,.then.R11

1− .= I,.
and.t.=.R12;.this.suggests.that,.because.the.tj.values.serve.as.weights.on.the.standardized.predictor.
variables,.the.predictor–criterion.correlations.also.reflect.the.importance.(or.“weight”).that.should.
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be.given.to.a.predictor.variable..However,.when.R11.is.very.different.from.I.(i.e.,.when.the.inter-
correlations.are.significantly.different.from.zero),.the.tj.values.will.provide.considerably.different.
estimates.of.the.importance.of.the.predictors.than.would.be.indicated.by.the.elements.of.R12.

13.3.3 Intercorrelation

It. is.evident. from.Equation.13.14c. that. intercorrelation.can.have.a.significant.effect.on. the. tj.
values.and.thus.on.the.bj.values..In.fact,.if.the.intercorrelations.are.significant,.the.tj.values.can.be.
irrational..It.should.be.evident.that.irrational.regression.coefficients.can.lead.to.irrational.predic-
tions..Thus,.it.is.important.to.assess.the.rationality.of.the.coefficients.

The.irrationality.results.from.the.difficulty.in.taking.the.inverse.of.the.R11.matrix.that.is.neces-
sary.for.Equation.13.14c;.this.corresponds.to.the.round-off-error.problem.associated.with.the.solu-
tion.of.the.normal.equations.of.Equations.13.7a.through.13.7c..A.matrix.in.which.the.inverse.cannot.
be.evaluated.is.called.a.singular matrix..A.near-singular.matrix.is.one.in.which.one.or.more.pairs.
of.the.standardized.normal.equations.are.nearly.identical.(i.e.,.linearly.dependent).

The.determinant.of.a.square.matrix,.such.as.a.correlation.matrix,.can.be.used.as.an.indication.
of.the.degree.of.intercorrelation..The.determinant.is.a.unique.scalar.value.that.characterizes.the.
intercorrelation.of.the.R11.matrix;.that.is,.the.determinant.is.a.good.single-valued.representation.of.
the.degree.of.linear.association.between.the.normal.equations.

Consider.the.following.four.matrices.which.differ.in.their.level.of.intercorrelation:
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The.determinants.of.these.matrices.are

. . . . . . . . . . . . . . . . . . . A1 1= . (13.19a)

. A2 0 5= . . (13.19b)

. . A3 0 028= . . (13.19c)

. . A4 0 19= . . (13.19d)

These.values.indicate.that.(1).the.determinant.of.a.correlation.matrix.will.lie.between.0.0.and.1.0;.
(2).if.the.intercorrelations.are.zero,.the.determinant.of.a.correlation.matrix.equals.1.0;.(3).as.the.
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intercorrelations.become.more.significant,.the.determinant.approaches.zero;.and.(4).when.any.two.
rows.of.a.correlation.matrix.are.nearly.identical,.the.determinant.approaches.zero.

It.is.important.to.note.that.computation.of.the.determinant.is.based.solely.on.the.intercorrela-
tion.matrix,.that.is,.the.predictor–criterion.correlations.are.not.included..The.determinant.is.only.an.
indicator.statistic..Specifically,.it.provides.a.cautionary.indication.of.whether.or.not.the.intercorrela-
tion.will.lead.to.irrational.regression.coefficients.

13.3.4 Criteria for evaluating a Multiple regression Model

After.a.multiple.regression.model.has.been.calibrated,.we.may.ask.how.well.the.linear.model.
represents.the.observed.data..The.following.criteria.should.be.used.in.answering.this.question:.(1).
the.rationality.of.the.coefficients;.(2).the.coefficient.of.multiple.determination.(R2);.(3).the.standard.
error.of.estimate,.which.is.usually.compared.with.SY;.(4).the.relative.importance.of.the.predictor.
variables;.and.(5).the.characteristics.of.the.residuals..The.interpretation.and.importance.of.each.of.
these.five.criteria.may.vary.with.the.problem.as.well.as.with.the.analyst.

Rationality. is. the.most. important.criterion.for.assessing.the.quality.of.a.prediction.equation..
However,.it. is.also.the.most.difficult.criterion.to.evaluate..First,. the.signs.of.the.regression.coef-
ficients.should.be.evaluated..If.a.direct.relationship.is.expected,.such.as.evaporation.rates.and.tem-
perature,.then.the.corresponding.regression.coefficient.should.be.positive..When.the.relationship.is.
expected.to.be.indirect,.then.the.coefficient.should.be.negative..If.the.actual.sign.and.the.expected.
sign.are.different,.a.reason.should.be.determined..An.irrational.sign.might.be.a.sufficient.reason.to.
reject.the.fitted.regression.equation.

A.regression.coefficient.may.be.irrational.in.magnitude.even.when.the.sign.is.rational..However,.
such.irrationality.is.difficult.to.assess..The.standardized.partial.regression.coefficient.is.often.the.
best.statistic.to.use.to.assess.magnitude.rationality,.as.the.value.can.be.compared.with.other.t.values.
in.the.equations.

The. intercept. coefficient. (b0. of. Equation. 13.2). should. also. be. evaluated. for. rationality,.
although.its.assessment.is.difficult..While.b0.represents.the.value.of.y.when.the.values.of.all.pre-
dictor.variables.are.zero,.it.frequently.has.a.value.that.can.not.be.justified.even.when.the.model.is.
reasonably.good.based.on.other.statistics..For.example,.a.negative.intercept,.which.results.from.a.
data.set.where.all.of.the.predictor.variables.have.large.mean.values,.may.be.misleading.when.it.
is.impossible.for.all.predictor.variables.to.take.on.zero.or.near-zero.values..A.negative.intercept.
may.also.suggest.that.a.nonlinear.equation.should.be.used.instead.of.the.linear.model.of.Equation.
13.2..The.coefficient.of.multiple.determination.equals.the.fraction.of.the.variation.in.the.criterion.
variable.that.is.explained.by.the.regression.equation..Thus,.it.is.the.square.of.the.correlation.coef-
ficient.and.is.the.ratio.of.the.explained.variance.to.the.unexplained.variance..Mathematically,.it.
is.defined.as
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It.may.also.be.computed.by
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(13.21)

in.which.rjY.is.the.predictor–criterion.correlation.for.predictor.j..The.value.of.R2.is.always.in.the.
range. from.0. to.1.0,.with.a.value.of.zero. indicating. that.Y. is.not. related. to.any.of. the.predictor.
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variables..The.coefficient.of.multiple.determination.must.be.at.least.as.large.as.the.square.of.the.
largest.predictor–criterion.correlation;.if. the.intercorrelations.are.high,.there.will.be.little.differ-
ence.between. the. two,.which.would. indicate. that. including.more. than.one.predictor.variable. in.
the.regression.equation.does.little.to.improve.the.accuracy.of.predictions..If.the.intercorrelations.
are.low,.including.more.than.one.predictor.variable.will.probably.provide.greater.accuracy.than.a.
bivariate.model.

The.standard.error.of.estimate.(Se).is.defined.as.the.square.root.of.the.sum.of.the.squares.of.the.
errors.divided.by.the.degrees.of.freedom.(v):
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For. the.bivariate. regression.model,. the.degrees.of. freedom.used. to. compute. Se.were. (n – 2);.
however,. in.general,. the.degrees.of. freedom.for.computing. the.standard.error.of.estimate.are.
defined.as

. ν = −n q . (13.23)

in.which.q.is.the.number.of.unknowns..For.the.case.where.there.are.p.partial.regression.coefficients.
and.one.intercept.coefficient,.q = p.+.1.and.ν = n – p.–.1..The.Se.has.the.same.units.as.the.criterion.
variable.and.should.be.compared.with.SY.in.assessing.the.accuracy.of.prediction.

If.we.use.Equation.13.11.to.compute.ti.for.the.bivariate.case.(i.e.,.one.predictor.variable),.it.will.be.
evident.that.t,.the.standardized.partial.regression.coefficient,.equals.the.correlation.coefficient..Even.
in.the.case.where.p.>.1,.ti.is.still.a.measure.of.the.common.variation..However,.Equation.13.14c.indi-
cates.that.the.ti.values.are.a.function.of.both.the.intercorrelation.and.the.predictor–criterion.correla-
tions..When.the.intercorrelations.are.significant.(i.e.,.R11.of.Equation.13.14c.is.significantly.different.
from.I,.the.identity.matrix),.the.ti.values.may.be.irrational;.thus,.they.would.not.be.valid.measures.of.
the.relative.importance.of.the.corresponding.predictor.variable..Because.the.t.value.corresponds.to.
a.correlation.coefficient.in.the.bivariate.case,.it.is.not.unreasonable.to.provide.a.similar.interpreta-
tion.for.a.multiple.regression;.thus,.ti.values.should.be.considered.irrational.in.magnitude.if.they.are.
greater.than.1.0.in.absolute.value..Even.values.of.t.near.1.0.may.indicate.irrationality..If.a.t.value.is.
irrational,.the.corresponding.b.value.must.be.considered.irrational,.as.b.is.a.scaled.value.of.t.

13.3.5 Analysis of residuals

The.residuals.(i.e.,.ŷi.–.yi ).were.shown.to.be.an.important.criterion.in.assessing.the.validity.of.
a.bivariate.regression.equation;.the.same.concepts.apply.in.the.analysis.of.the.residuals.for.a.mul-
tiple.regression.equation..Plots.of.the.residuals.may.indicate.an.incorrect.model.structure,.such.as.a.
nonlinear.relationship.between.the.criterion.variable.and.one.of.the.predictor.variables..In.addition,.
the.residuals.may.suggest.a.need.to.consider.another.predictor.variable.that.was.not.included.in.the.
model..Plots.of.the.residuals.should.be.made.to.assess.the.assumptions.of.zero.mean,.constant.error.
variation,.independence,.and.normality..A.frequency.analysis.using.probability.papers.of.the.residu-
als.can.be.used.to.check.for.normality..A.plot.of.the.residuals.versus.the.predicted.value.of.the.cri-
terion.variable.(i.e.,.ei.vs.. ŷ1).may.identify.either.a.violation.of.the.assumption.of.constant.variance.
or.a.lack.of.independence.of.the.observations..In.some.analyses,.it.is.useful.to.develop.graph.of.two.
predictor.variables,.for.example,.latitude.and.longitude,.and.insert.the.value.of.the.residual.next.to.
the.point.of.intersection..Then.iso-error.lines.can.be.drawn.to.detect.the.presence.of.a.spatial.trend.
in.the.errors..Such.a.trend.cold.indicate.that.one.or.more.of.the.two.predictor.variables.is.related.by.
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a.nonlinear.function..The.Durbin–Watson.test.can.be.used.to.test.whether.or.not.significant.correla-
tion.exists.among.the.residuals.

13.3.6 Computational example

Although.we.rarely.perform.a.multiple.regression.without.the.aid.of.a.computer,.it.is.instructive.
to.see.the.manual.computations.at.least.one.time..Table.13.3.provides.values.for.the.criterion.vari-
able.(Y).and.two.predictor.variables.(X1.and.X2);.the.sample.consists.of.six.observations.(i.e.,.n = 6)..
Figure.13.1.shows.the.graphical.relationship.between.each.pair.of.variables;.in.general,.linear.asso-
ciations.are.evident,.although.the.scatter.about.the.apparent.linear.relationships.is.significant..The.
correlation.between.the.two.predictor.variables.appears.to.be.high.relative.to.the.degree.of.linearity.
between.the.criterion.variable.and.the.predictor.variables.

table 13.3 Database for example of two-Predictor Model

Y X1 X2 X1
2 X1X2 X1Y X2

2 X2Y

2 1 2 1 2 2 4 4

2 2 3 4 6 4 9 6

3 2 1 4 2 6 1 3

3 5 5 25 25 15 25 15

5 4 6 16 24 20 36 30

6 5 4 25 20 30 16 24

Column	summation 21 19 21 75 79 77 91 82

6

5

4

3

2

1

0
X1

Y

1 2 3 4 5 6
(a)

6

5

4

3

2

1

0
X2

Y

1 2 3 4 5 6
(b)

6

5

4

3

2

1

0
X2

1 2 3 4 5 6
(c)

X1

Figure 13.1 Graphs	of	variables	for	computational	example:	(a)	Y	vs.	X1;	(b)	Y	vs.	X2;	(c)	X1	vs.	X2.
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After.examining.the.plots,.the.correlation.matrix.(R).should.be.computed:

.

R =

X X Y

X

X

Y

1 2

1

2

1 000 0 776 0 742

1 000 0 553

1 000

. . .

. .

. .

(13.24)

The.correlation.coefficient.of.0.776.between.X1.and.X2.indicates.that.the.intercorrelation.is.high..The.
determinant.of.the.intercorrelation.matrix.equals.0.398,.which.should.be.considered.as.moderate;.
that.is,.it.suggests.that.we.should.carefully.examine.the.resulting.regression.equation.for.rationality.

The.summations.shown.in.Table.13.3.can.be.used.to.develop.the.normal.equations.(Equation.
13.7),.as.follows:

. 19 75 79 770 1 2b b b+ + = . (13.25a)

. 21 79 91 820 1 2b b b+ + = . (13.25b)

. . 6 19 21 210 1 2b b b+ + = . (13.25c)

The.normal.equations.can.be.solved.to.obtain.values.for.the.coefficients.of.the.following.equation:

.
ˆ . . .Y X X= + −1 30 0 75 0 051 2 .

(13.26)

Similarly,.the.correlation.matrix.could.be.used.to.develop.the.normal.equations.for.the.standardized.
model:

.

1 000 0 776

0 776 1 000

0 742

0 553
1

2

. .

. .

.

.

⎡

⎣
⎢

⎤

⎦
⎥
⎡

⎣
⎢
⎤

⎦
⎥ =

⎡

⎣
⎢

⎤

⎦
⎥

t

t
.

(13.27)

which.yields

. t t1 20 776 0 742+ =. . . (13.28a)

. 0 776 0 5531 2. .t t+ = . (13.28b)

Solving.for.t1.and.t2.yields.the.following.standardized.equation:

. Z Z ZY = −0 786 0 0571 2. . . (13.29)

Both.the.raw.score.equation.(Equation.13.26).and.the.standardized.equation.(Equation.13.29).indi-
cate.that.as.X2.increases,.Y.decreases;.this.is.in.conflict.with.both.the.correlation.coefficient.and.the.
graphical.relationship.shown.in.Figure.13.1..This.irrationality.is.the.result.of.the.high.intercorrela-
tion.between.the.predictor.variables.

The.correlation.coefficient.can.be.computed.from.either.Equation.13.20.or.13.21..Equation.13.21.
yields

. . . . . . . . . . . R t r t rY Y
2

1 1 2 2= + . (13.30a)

. = + − =0 786 0 742 0 057 0 553 0 552. ( . ) ( . )( . ) . .
(13.30b)
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Therefore,.R.equals.0.743..Predictor.X1.explained.55.1%.(i.e.,.0.7422).of.the.variation.in.Y.by.itself..Thus,.
the.use.of.X2.is.not.justified.because.it.does.not.make.a.significant.contribution.to.the.explained.variation.
and,.even.more.important,.it.results.in.an.irrational.model..The.standard.error.of.estimate.is

.
S S

n

n p
Re Y=

−

− −

⎛

⎝⎜
⎞

⎠⎟
− =

⎛
⎝⎜
⎞
⎠⎟

−
1

1
1 1 643

5

3
1 0 7432 2( ) . ( . ). (13.31a)

. . . . . . . . . .Se = =1 643 0 864 1 420. ( . ) . . (13.31b)

Thus,.the.two-predictor.model.reduced.the.error.variance.by.25.3%;.the.standard.error.of.estimate.
is.about.86%.of.the.standard.deviation.of.the.criterion.variable,.that.is,.Se/Sy.=.0.86..For.the.one-
predictor.model.with.X1.as.the.predictor.variable,.the.standard.error.of.estimate.would.be.1.231,.
which.is.less.than.the.standard.error.of.estimate.for.the.two-predictor.model;.this.occurs.because.
the.ratio.(n – 1)/(n – p – 1).is.much.less.for.the.one-predictor.model..This.example.illustrates.the.
importance.of.computing.the.standard.error.of.estimate.when.the.sample.size.is.small..The.stan-
dard.error.provides.a.more.realistic.measure.of.the.goodness.of.fit.than.the.correlation.coefficient.
does.

13.4 POLYNOMIAL reGreSSION ANALYSIS

In.most.empirical.analyses,.linear.models.are.attempted.first.because.of.the.relative.simplicity.
of.the.computations..Also,.linear.models.are.easily.applied,.and.the.statistical.reliability.is.easily.
assessed.

Linear.models.may.be. rejected.because.of.either. theoretical.considerations.or.empirical.evi-
dence..Specifically,.theory.may.suggest.a.nonlinear.relationship.between.a.criterion.variable.and.
one. or. more. predictor. variables;. for. example,. biological. growth. curves. used. by. environmental.
engineers.are.characterized.by.nonlinear.forms..When.a.model.structure.cannot.be.identified.by.
theoretical.considerations,.empirical.evidence.can.be.used.in.model.formulation.and.may.suggest.a.
nonlinear.form..For.example,.the.hydrologic.relationship.between.peak.discharge.and.the.drainage.
area.of.a.watershed.has.been.found.to.be.best.represented.by.a.log–log.equation,.which.is.frequently.
referred.to.as.a.power model..A.nonlinear.form.may.also.be.suggested.by.the.residuals.that.result.
from.a.linear.analysis;.that.is,.if.a.linear.model.produces.nonrandomly.distributed.residuals.(i.e.,.a.
bias.is.apparent),.the.underlying.assumptions.are.violated..A.nonlinear.functional.form.may.pro-
duce.residuals.that.satisfy.the.assumptions.that.underlie.the.principle.of.least.squares.

One.very.common.use.of.nonlinear.models. is. the.fitting.of.existing.design.curves. that.have.
significant.nonlinearity..The.equations.are.then.used.as.part.of.computer.software.that.performs.a.
design.procedure.that,.in.the.past,.was.solved.manually..Polynomial.models.are.not.linear.in.the.
coefficients,.but.they.can.appear.very.nonlinearly.when.graphed..The.nonlinearity.in.the.variation.
of.the.criterion.variable.can.have.important.implications.with.respect.to.model.rationality.

13.4.1 Structure of Polynomial Models

Linear.models.were.separated.into.bivariate.and.multivariate;.the.same.separation.is.applicable.
to.nonlinear.models..It.is.also.necessary.to.separate.nonlinear.models.on.the.basis.of.the.functional.
form..Although. polynomial. and. power. models. are. the.most. frequently. used. nonlinear. forms,. it.
is. important. to.recognize.that.other.model.structures.are.available.and.may.actually.provide.the.
correct.structure..In.addition.to.the.power.and.polynomial.structures,.forms.such.as.a.square.root,.
exponential,.and.logarithmic.may.provide.the.best.fit.to.a.set.of.data.
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A.bivariate.polynomial.of.order.p.has.the.following.form:

.
Ŷ b b X b X b Xp

p= + + + +0 1 2
2 �

.
(13.32)

A.second-order.polynomial.with.two.predictor.variables.X1.and.X2.has.the.form:

. Ŷ b b X b X b X b X b X X= + + + + +0 1 1 2 2 3 1
2

4 2
2

5 1 2
. (13.33)

In.these.two.relationships,.Y.is.the.criterion.variable,.X is.the.predictor.variable.in.the.bivariate.case,.
Xi.is.the.ith.predictor.variable.in.the.multivariate.case,.bj.(.j.=.0,.1,.......,.p).is.the.jth.regression.coef-
ficient,.and.p.is.the.order.of.the.polynomial..Other.polynomial.forms.of.higher.order.or.with.more.
predictor.variables.can.be.similarly.developed.

13.4.2 Calibration of Polynomial Models

Polynomial.models.are.widely.used.nonlinear.forms.because.they.can.be.transformed.in.a.way.
that.makes.it.possible.to.use.the.principle.of.least.squares..Although.the.transformation.to.a.linear.
structure.is.desirable.from.the.standpoint.of.calibration,.it.has.important.consequences.in.terms.of.
assessing.the.goodness.of.fit.statistics.

The.bivariate.polynomial.of.Equation.13.32.can.be.calibrated.by.forming.a.new.set.of.predictor.
variables:

. W X i pi
i= =for 1 2, , ,… . (13.34)

This.results.in.the.model

.
Ŷ b b W b W b Wp p= + + + +0 1 1 2 2 � . (13.35)

The.coefficients.bj.can.be.estimated.using.a.standard.linear.multiple.regression.analysis.
The.multivariate.polynomial.of.Equation.13.33.can.also.be.solved.using.a.multiple.regression.

analysis.for.a.set.of.transformed.variables..For.the.model.given.by.Equation.13.33,.the.predictor.
variables.are.transformed.as.follows:

. W X1 1= . (13.36a)

. W X2 2= . (13.36b)

. W X3 1
2= . (13.36c)

. W X4 2
2= .

(13.36d)

. . . W X X5 1 2= .
(13.36e)

The.revised.model.has.the.form

.

Ŷ b b Wj j
j

= +
=
∑0

1

5

. (13.36f)

It.is.important.to.note.that.the.polynomial.models.do.not.require.a.transformation.of.the.criterion.
variable.
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The.model.given.by.Equation.13.33.has.only.two.predictor.variables.(i.e.,.X1.and.X2).and.is.a.
second-order.equation..In.practice,.a.model.may.have.more.predictor.variable.and.may.be.of.higher.
order..In.some.cases,. the.interaction.terms.(i.e.,.XiXj).may.be.omitted.to.decrease.the.number.of.
coefficients.that.must.be.calibrated..However,. if. the.interaction.terms.are.omitted.when.they.are.
actually.significant,.the.goodness.of.fit.statistics.may.suffer,.unless.the.variation.is.explained.by.the.
other.terms.in.the.model;.when.this.occurs,.the.coefficients.may.lack.physical.significance.

13.4.3 Analysis of Variance for Polynomial Models

Just.as.the.analysis.of.variance.(ANOVA).is.used.to.examine.the.statistical.adequacy.of.linear.
models,.it.can.be.used.to.test.whether.or.not.the.polynomial.models.are.adequate..Both.total.and.
partial.F.statistics.can.be.used..Table.13.4.provides.a.summary.of.the.ANOVA.test.for.first-,.sec-
ond-,.and.third-order.polynomials.that.include.a.single.predictor.variable..However,.the.formulas.
are.easily.adapted. for.polynomial.models. involving.more. than.one.predictor.variable,. including.
analyses.involving.interaction.terms..Although.the.partial.F.test.can.be.used.sequentially.to.select.
terms.for.the.final.polynomial.model,.it.is.always.important.to.remember.that.the.selection.of.a.level.
of.significance.is.a.somewhat.arbitrary.decision.that.can.affect.the.resulting.model.

Example 13.3: One-Predictor Polynomial of Sediment Yield versus Slope

A computer program was used to derive first, second, and thirdorder polynomials that regress sediment 
yield on watershed slope. The correlation matrix is given in Table 13.5. It is evident that the intercorrelation 
coefficients are very significant and should lead to irrational regression coefficients; furthermore, because of 
the high intercorrelation it is unlikely that the explained variance will improve significantly as the order of the 
equation increases. Table 13.6 provides a summary of the correlation coefficients, the standardized partial 

table 13.4 ANOVA table for Polynomial Analysis

Model
Correlation 
Coefficient F test H0 Sum of Squares

Degrees 
of 

Freedom test Statistic: F

first-order	(linear)
Y	=	a	+	b1X

R1 total	
and	

partial

β1	=	0 regression:	R1
2

error:	1 1
2− R

1
n	–	2 F

R

R
n

=
−

−

⎛

⎝⎜
⎞

⎠⎟

1
2

1
21
2

second-order	
(quadratic)

Y	=	a	+	b1X	+	b2X2

R2 total β1	=	β2	=	0 regression:	R2
2

error:	1 2
2− R

2
n	–	3

F
R

R
n

=
−

−

⎛

⎝⎜
⎞

⎠⎟

1
2
1

3

2
2

2
2

Partial β2	=	0 regression:	R R2
2

1
2−

error:	1 2
2− R

1
n	–	3 F

R R

R
n

=
−

−

−

⎛

⎝⎜
⎞

⎠⎟

2
2

1
2

2
21
3

third-order	(cubic)
Y	=		a	+	b1X	+	b2X2	

+	b3X3

R3 total β1	=	β2	=		
β3	=	0

regression:	 R3
2

error:	1 3
2− R

3
n	–	4

F
R

R
n

=
−

−

⎛

⎝⎜
⎞

⎠⎟

1
3
1

4

3
2

3
2

Partial β3	=	0 regression:	R R3
2

2
2−

error:	1 3
2− R

1
n	–	4 F

R R

R
n

=
−

−

−

⎛

⎝⎜
⎞

⎠⎟

3
2

2
2

3
21
4
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regression coefficients, and the partial regression coefficients. The second and thirdorder models do not 
provide a significant increase in the explained variation when compared with the linear model.

The ANOVA results are given in Tables 13.7 and 13.8. The total F tests indicate that all three models are 
statistically significant at the 5% level of significance. However, the partial F tests indicate that including the 
quadratic term in the equation does not improve the statistical goodness of fit, as the computed F value is less 
than the critical value.

table 13.6 Summary of Polynomial Analyses for Sediment Yield versus Slope Models

Intercept Partial regression Coefficients
Standardized Partial 

regression Coefficients

Model R b0 b1 b2 b3 t1 t2 t3

first-order 0.443 0.220 0.0263 — — 0.443 — —

second-order 0.454 0.323 0.0136 2.31	×	10–4 — 0.229 0.235 —

third-order 0.499 0.042 0.0865 –0.0031 3.43	×	10–5 1.456 –3.164 2.35

table 13.7 ANOVA: total F tests

Model R2 1 – R2

First 
Degrees of 
Freedom

Second 
Degrees of 
Freedom total F F0.05 Decision

first-order 0.196 0.804 1 35
0 196 1
0 804 35

8 53
. /
. /

.= 4.12 reject	H0

second-order 0.206 0.794 2 34
0 206 2
0 794 34

4 41
. /
. /

.= 3.28 reject	H0

third-order 0.249 0.751 3 33
0 249 3
0 751 33

3 65
. /
. /

.= 2.90 reject	H0

table 13.8 ANOVA: Partial F tests

Model ΔR2 1 – R2

First 
Degrees of 
Freedom

Second 
Degrees of 
Freedom Partial F F0.05 Decision

first-order 0.196 0.804 1 35 0 196 1
0 804 35

8 35
. /
. /

.= 4.12 reject	H0

second-order 0.010 0.794 1 34 0 010 1
0 794 34

0 43
. /
. /

.= 4.13 accept	H0

third-order 0.043 0.751 1 33 0 043 1
0 751 33

1 89
. /
. /

.= 4.14 accept	H0

table 13.5  Correlation Matrix: Sediment 
Yield (Y) versus Slope (S)

S S2 S3 Y

S 1.000 0.908 0.791 0.443

S2 1.000 0.972 0.443

S3 1.000 0.428

Y 1.000
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13.5 reGreSSION ANALYSIS OF POWer MODeLS

The.power.model.is.a.widely.used.nonlinear.model..The.bivariate.model.between.criterion.vari-
able.Y.and.predictor.variable.X.is

. ŷ b Xi i
b= 0
1

.
(13.37)

in.which. ŷ1.is.the.predicted.value.of.Y.for.the.value.of.xi,.b0.is.the.intercept.coefficient,.and.b1.is.the.
power.coefficient..When.Y.is.affected.by.more.than.one.predictor.variable,.the.multiple-predictor.
power.model.is.used:

.
ˆ , ,y b X X Xi i

b
i
b

ip
bp= 0 1 2

1 2 … .
(13.38)

in.which.p.is.the.number.of.predictor.variables.and.bj.the.slope.coefficient.for.predictor.xij.

13.5.1 Fitting a Power Model

The.bivariate.power.model.of.Equation.13.37.can.be.calibrated.by.forming.the.following.set.of.
variables:

. ˆ log( ˆ)Z Y= . (13.39a)

. ...c b= log( )0 . (13.39b)

. W X= log( ). (13.39c)

These. transformed. variables. form. the. following. linear. equation,. which. can. be. calibrated. using.
bivariate.linear.regression.analysis:

. Ẑ c b W= + 1 . (13.40)

After.values.of.c.and.b1.are.obtained,.the.coefficient.b0.can.be.determined.using

. b c
0 = 10 .

(13.41)

The.multivariate.power.model.of.Equation.13.38.can.be.evaluated.by.making.a.logarithmic.trans-
formation.of.both.the.criterion.and.the.predictor.variables:

. . . . . . . . . . . . . . . ˆ log( ˆ)Z Y= . (13.42)

. . . . . . . . . . . . . . . c b= log( )0 . (13.43)

. W X i pi i= =log( ) , ,for 1 2… .. (13.44)

The.resulting.model.has.the.form

.
Ẑ c b Wj j

j

p

= +
=
∑

1

. (13.45)

The.coefficients.of.Equation.13.45.can.be.evaluated.using.a.multiple.regression.analysis..The.value.
of.b0.can.be.determined.by.making.the.transformation.of.Equation.13.41.
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13.5.2 Goodness of Fit

Because.most.computer.programs.that.perform.multiple.regression.analyses.include.goodness.
of.fit.statistics.as.part.of.the.output,.it.is.important.to.recognize.the.meaning.of.these.statistics..For.
nonlinear.models.in.which.the.criterion.variable.Ŷ.is.not.transformed,.the.goodness.of.fit.statistics.are.
valid.indicators.of.the.reliability.of.the.model;.however,.when.the.criterion.variable.is.transformed,.
such.as.is.necessary.for.the.power.model.form,.the.principle.of.least.squares.is.applied.in.the.log–log.
space..As.a.result,.the.residuals.that.are.used.to.compute.the.standard.error.of.estimate,.and.therefore.
the.correlation.coefficient,.are.measured.in.the.domain.of.the.logarithm.of.Ŷ.and.not.the.Ŷ.domain..
Therefore,.the.goodness.of.fit.statistics.are.not.necessarily.a.reliable.indicator.of.model.reliability,.
especially.as.engineering.decisions.are.made.to.predict.Y.and.not.log(Y)..Therefore,.when.a.model.
requires.a.transformation.of.the.criterion.variable.Ŷ.to.calibrate.the.coefficients,.the.goodness.of.fit.
statistics. that.are. included.with. the.multiple. regression.output.should.not.be.used.as.measures.of.
reliability..Instead,.values.for.the.goodness.of.fit.statistics.should.be.recomputed.using.values.of.Ŷ.
rather.than.log(Ŷ.)..The.correlation.coefficient.and.the.standard.error.of.estimate.should.be.computed.
using.Equations.13.20.and.13.22,.respectively..In.summary,.when.an.equation.is.calibrated.with.the.
criterion.variable.transformed,.such.as.the.log–log.space,.the.least-squares.concepts.apply.only.to.the.
transformed.space,.not.to.the.measurement.nontransformed.space..The.sum.of.the.residuals.based.on.
the.logarithms.of.Y.will.equal.zero;.however,.the.sum.of.the.residuals.of.the.nontransformed.values.of.
Y.will.not.equal.zero,.and.the.sum.of.the.squares.of.the.errors.may.not.be.a.minimum.in.the.Y.domain.
even.though.it.is.in.the.log(Ŷ.).domain..Furthermore,.the.assumption.of.a.constant.variance.may.also.
not.be.valid..Because.these.basic.assumptions.of.regression.are.not.valid.in.the.X – Y.space,.many.
practitioners.object.to.data.transformations..However,.in.spite.of.these.theoretical.considerations,.the.
transformations.may.provide.reasonable.estimates.in.the.X – Y.space.

13.5.3 Additional Model Forms

In.addition.to.the.polynomial.and.power.models,.other.forms.can.provide.good.approximations.
to.the.underlying.population.relationship.between.two.or.more.variables..An.exponential.model.has.
the.form

. Ŷ b eb X= 0
1 . (13.46)

in.which.b0.and.b1.are.coefficients.requiring.values.by.fitting.to.data..Values.for.b0.and.b1.can.be.
obtained. by. linear. bivariate. regression. after. taking. the. natural. logarithms. (ln). of. both. sides. of.
Equation.13.46.as.follows:

. ln( ) ln( )Y b b X� = +0 1
. (13.47)

In.this.case,.Ŷ.is.transformed;.thus,.the.correlation.coefficient.and.standard.error.of.estimate.apply.
to.the.ln(Ŷ.).and.not.to.Ŷ..Also,.the.intercept.coefficient.obtained.from.the.regression.analysis.for.
Equation.13.47.must.be.transformed.for.use.with.Equation.13.46.

A.logarithmic.curve.can.also.be.used.to.fit.values.of.Y.and.X:

.
ˆ logY b b X= +0 1

. (13.48)

In.this.case,.Ŷ.is.not.transformed,.so.the.values.of.the.correlation.coefficient.and.the.standard.error.
of.estimate.are.valid.indicators.of.the.goodness.of.fit.in.the.Ŷ.space.
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13.6 APPLICAtIONS

13.6.1 One-Predictor Polynomial of evaporation versus temperature

The. evaporation. data. were. used. to. derive. polynomials. for. the. regression. of. evaporation. on.
temperature..The.correlation.matrix,.which.is.shown.in.Table.13.9,.shows.very.high.intercorrela-
tion..Table 13.10.provides.a.summary.of.the.regression.analyses..Whereas.the.linear.model.explains.
approximately.34%.of.the.variation.(R2).in.evaporation,.the.higher-order.terms.provide.only.a.mar-
ginal. increase. in. the.explained.variation..The.quadratic.model. increases. the.explained.variance.
by.about.8%.while.the.quadratic.model.increases.the.explained.variation.by.0.8%..The.marginal.
improvement.is.also.evident.from.the.small.decrease.in.the.standard.error.of.estimate..The.standard.
error.ratios.for.the.three.models.are.81.5%,.76.4%,.and.76.0%,.respectively;.these.values.might.sug-
gest.that.the.quadratic.model.in.better.than.the.linear.model.

In.judging.the.rationality.of.a.model,.it.is.of.value.to.examine.the.predicted.values.of.evapora-
tion.for.values.of.the.predictor.variable.that.are.likely.to.be.observed..The.three.models.were.used.to.
estimate.the.daily.evaporation.depth.for.selected.temperatures.(Table.13.11)..Because.water.freezes.
at.32°F,.evaporation.rates.near.zero.are.expected;.only.the.linear.model.gives.a.rational.estimate.at.
32°F..Estimates.made.using.the.second-order.model.decrease.with.increases.in.temperature.for.tem-
peratures.up.to.about.50°F..Both.the.second-.and.third-order.models.provide.especially.high.rates.at.
100°F.as.a.value.of.0.35.in./day.might.be.expected.for.a.temperature.of.100°F..In.summary,.the.high.
intercorrelations.lead.to.irrational.estimates.when.the.higher-order.forms.are.used.

Tables.13.12.and.13.13.summarize.the.ANOVA..The.total.F.test.(Table.13.12).indicates.that.all.
models.are.statistically.significant..Similarly,.the.partial.F.tests.(Table.13.13).indicate.that.each.term.
is.significant,.and.thus.according.to.these.criteria.the.third-order.equation.should.be.selected.

This.example.illustrates.that.different.criteria.for.model.selection.may.conflict—for.example,.
the.partial.F.tests.and.the.standardized.partial.regression.coefficients..The.latter.indicate.t.values.

table 13.10 Summary of regression Analysis (Sy = 0.0936 in./day)

Model R Se t1 t2 t3 b0 b2 b2 b3

first-order 0.581 0.0763 0.581 — — –0.114 0.00383 — —

second-order 0.648 0.0715 2.160 2.76 — 0.425 –0.01420 0.000143 —

third-order 0.654 0.0711 3.110 –8.44 5.98 –0.239 0.02050 –0.000439 3.14	×	10–6

table 13.11 Predicted evaporation rates (in./day)

Model

temperature (°F)

32 50 75 100

first-order 0.009 0.078 0.173 0.269

second-order 0.117 0.073 0.164 0.435

third-order 0.070 0.081 0.154 0.561

table 13.9  Correlation Matrix: evaporation (E) 
versus temperature (T)

T T 2 T 3 E

T 1.000 0.995 0.981 0.581

T 2 1.000 0.996 0.602

T 3 1.000 0.627

E 1.000
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greater.than.one,.which.result.from.the.intercorrelation..For.this.example,.it.appears.that.the.ANOVA.
is.an.inadequate.criterion.for.model.selection..Quite.possibly,.the.5%.level.of.significance.is.not.an.
adequate.criterion;.after.all,.use.of.the.5%.level.is.based.solely.on.convention.and.not.on.a.rational.
analysis.of.the.relationship.between.the.level.of.significance,.the.sample.size,.and.the.physical.sepa-
ration.criterion.

13.6.2 Single-Predictor Power Model

A. data. set. that. consists. of. five. observations. will. be. used. to. illustrate. the. fitting. of. a. power.
model.that.includes.a.single.predictor.variable..The.data.set.is.given.in.Table.13.14..The.values.were.
converted.to.natural.logarithms,.and.the.coefficients.of.Equation.13.40.were.calibrated.using.least.
squares.

. ln . . lnY X� = − +0 1 1 9 . (13.49)

table 13.13 ANOVA: Partial F tests

Model ΔR2 1 – R2
First Degrees 
of Freedom

Second 
Degrees of 
Freedom Partial F F0.05 Decision

first-order 0.338 0.662 1 352
0 338 1

0 662 352
179 7

. /
. /

.= 3.86 reject	H0

second-order 0.082 0.580 1 351
0 082 1

0 580 351
49 6

. /
. /

.= 3.86 reject	H0

third-order 0.008 0.572 1 350
0 008 1

0 572 350
4 9

. /
. /

.= 3.86 reject	H0

table 13.12 ANOVA: total F tests

Model R2 1 – R2
First Degrees 
of Freedom

Second 
Degrees of 
Freedom total F F0.05 Decision

first-order 0.338 0.662 1 352
0 338 1

0 662 352
179 5

. /
. /

.= 3.86 reject	H0

second-order 0.420 0.580 2 351
0 420 2
0 572 351

127 1
. /
. /

.= 3.02 reject	H0

third-order 0.428 0.572 3 350
0 428 3

0 572 350
87 1

. /
. /

.= 2.62 reject	H0

table 13.14 Data Base for Single-Predictor Power Model

Using equation 13.51 Using equation 13.50

X Y ln X ln Y Y̆ e Y̆ ee

2.718 7.389 1 2 –214.54 –221.929 6.048 –1.341

7.389 20.086 2 3 53.18 33.095 40.445 20.359

20.086 403.429 3 6 780.93 377.499 270.427 –133.002

54.598 2980.960 4 8 2759.03 –221.927 1807.960 –1173.000

148.413 8103.080 5 9 8136.00 32.923 12087.400 3984.310

e =∑ 0 ee =∑ 2697
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Equation.13.49.can.be.retransformed.to.the.X – Y.coordinate.space:

. ˆ . .Y X= 0 9048 1 9 . (13.50)

A.correlation.coefficient.of.0.9851.was.computed.
A.linear.analysis.of.the.values.of.X.and.Y.provides.a.correlation.coefficient.of.0.9975.and.the.

following.regression.equation:

. ˆ . .Y X= +370 3301 57 3164 . (13.51)

While.the.correlation.coefficient.for.Equation.13.51.is.larger.than.that.for.the.power.model,.the.
two.correlation.coefficients.are.essentially.the.same.and.can.not.used.to.distinguish.between.the.
two.models.

The.residuals.for.Equations.13.50.and.13.51.are.given.in.Table.13.14..Whereas.the.residuals.for.
Equation.13.51.have.a.sum.of.zero,.the.sum.of.the.residuals.for.Equation.13.50.is.not.equal.to.zero;.
however,.the.sum.of.the.residuals.for.Equation.13.49.will.equal.zero.in.the.natural-log.space..The.
nonzero.sum.of.the.residuals.indicates.that.the.model.is.biased,.with.an.average.error.of.539,.which.
is.23.4%.of.the.mean.of.Y..This.is.a.very.significant.bias.

The.correlation.coefficient.and.standard.error.of.estimate.that.are.computed.for.the.model.in.
the.natural-log.space.are.not.valid.indicators.of.the.accuracy.of.the.estimates.in.the.domain.of.the.
nontransformed.criterion.variable..For.example,.the.correlation.coefficient.of.0.9851.computed.with.
Equation.13.49.is.not.a.measure.of.the.accuracy.of.Equation.13.50..Values.of.Y.that.were.estimated.
with.Equation.13.50.are.given.in.Table.13.14,.and.the.resulting.residuals.are.denoted.as.ee..If.the.
separation.of.variation.concept.is.applied.to.Equation.13.50,.the.components.are

.
( ) ( ) ( )y Y y y y Yi i i

i

n

i

n

i

n

1
2 2 2

111

− = − + −
===
∑∑∑ � �

.
(13.52)

. 48 190 499 4 17 276 427 6 100 525 199 1, , . , , . , , .≠ + . (13.53)

The.separation.of.variation.is.not.valid.for.Equation.13.50.because. the.model.was.calibrated.by.
taking.logarithms..The.separation.of.variation.does,.however,.apply.to.the.logarithms..It.is.evident.
that,.if.the.correlation.coefficient.was.computed.as.the.ratio.of.the.explained.variation.to.the.total.
variation.(Equation.13.20),.then.from.the.values.of.Equation.13.53.the.correlation.coefficient.would.
be.greater.than.1.0,.which.is.not.rational..Thus,.the.standard.error.of.estimate,.rather.than.the.cor-
relation.coefficient,.should.be.used.as.a.measure.of.accuracy:

.
Se = −

⎛
⎝⎜

⎞
⎠⎟

=
17 276 427 6

5 2
2399 75

0 5
, , .

.
.

. (13.54)

The.standard.deviation.of.the.criterion.variable.is.3470.97;.therefore,.the.power.model.is.not.highly.
accurate,.and.the.computed.correlation.for.the.log.model.(i.e.,.0.9851).certainly.does.not.reflect.the.
accuracy.of.the.model.for.predicting.Y.

13.6.3 Multivariate Power Model

Sediment.yield.data.will.be.used.to.illustrate.a.power.model.that.includes.more.than.one.pre-
dictor.variable..The.small.particle.size. index.cannot.be. included.as.a.predictor.variable.because.
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some.of.the.observations.equal.zero;.thus,.the.model.regresses.sediment.yield.(Y).on.three.predictor.
variables:.the.precipitation/temperature.ratio.(P),.the.slope.(S),.and.the.soil.index.(I)..The.data.are.
given.in.Table.13.15..The.resulting.regression.equation.in.power.form.is

.
ln . . ln . ln . lnY P S I� = − − + −4 563 1 123 0 8638 0 1089 . (13.55)

table 13.15 Sediment Yield Data* 

P S I Y

0.135 4.000 40. 0.140

0.135 1.600 40. 0.120

0.101 1.900 22. 0.210

0.353 17.600 2. 0.150

0.353 20.600 1. 0.076

0.492 31.000 0. 0.660

0.466 70.000 23. 2.670

0.466 32.200 57. 0.610

0.833 41.400 4. 0.690

0.085 14.900 22. 2.310

0.085 17.200 2. 2.650

0.085 30.500 15. 2.370

0.193 6.300 1. 0.510

0.167 14.000 3. 1.420

0.235 2.400 1. 1.650

0.448 19.700 3. 0.140

0.329 5.600 27. 0.070

0.428 4.600 12. 0.220

0.133 9.100 58. 0.200

0.149 1.600 28. 0.180

0.266 1.200 15. 0.020

0.324 4.000 48. 0.040

0.133 19.100 44. 0.990

0.133 9.800 32. 0.250

0.133 18.300 19. 2.200

0.356 13.500 58. 0.020

0.536 24.700 62. 0.030

0.155 2.200 27. 0.036

0.168 3.500 24. 0.160

0.673 27.900 22. 0.370

0.725 31.200 10. 0.210

0.275 21.000 64. 0.350

0.150 14.700 37. 0.640

0.150 24.400 29. 1.550

1.140 15.200 11. 0.090

1.428 14.300 1. 0.170

1.126 24.700 44. 0.170

*Y	=	sediment	yield,	X1	=	climate variable, 
X2	 =	 watershed	 slope	 variable,	 and	 X3	 =	
soil	aggregation	variable.
Source:	flakman,	 e.m.,	 J.  Hydraulic  Div. 

ASCE,	98(HY12),	2073,	1972.
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Transforming.Equation.13.55.to.the.X – Y.space.yields:

. ˆ . . . .Y P S I= − −0 01043 1 123 0 8638 0 1089 . (13.56)

The.computer.program.provided.a.correlation.coefficient.of.0.725.and.a.standard.error.estimate.of.
1.019;.however,.these.are.for.Equation.13.55.and.may.not.be.accurate.indications.of.the.accuracy.of.
Equation.13.56..The.standard.error.of.estimate.is.expressed.in.logarithmic.units..The.standard.error.
of.estimate.as.measured.in.the.X – Y.space.was.computed.as.0.595,.which.can.be.compared.with.a.
standard.deviation.of.0.817.for.the.37.observations.of.sediment.yield.

For.a.comparison,. the. following. linear.model.was.calibrated.using. the. same. three.predictor.
variables:

.
ˆ . . . .Y P S ILinear = − + −0 8920 1 428 0 03664 0 01308 . (13.57)

This.resulted.in.a.multiple.correlation.coefficient.of.0.720.and.a.standard.error.of.estimate.of.0.592..
Thus,. for. this.case,. there. is.no.significant.difference. in. the.expected.accuracy.of. the. linear.and.
power.models.

13.6.4 estimating Breakwater Costs

In.Section.12.9.2,.a.bivariate.model.between.the.construction.cost.of.a.breakwater.and.length.of.
the.breakwater.was.developed..It.was.found.to.be.inaccurate,.with.the.suggestion.given.that.other.
variables.associated.with.cost.were.probably.better.determinants.of.the.cost.

Table.13.16.includes.the.original.measurements.of.length.and.cost.along.with.a.second.predictor.
variable,.the.average.depth.of.the.breakwater..The.correlation.matrix.is

X1 X2 Y

X1:.length 1.000 –0.229 0.176

X2:.depth 1.000 0.905

Y:.cost 1.000

table 13.16  Data for Breakwater 
Cost estimation

Length, 
X1 (ft)

Depth, 
X2 (ft)

Cost, Y  
($ × 103)

450 6.3 230

625 9.6 490

670 3.1 150

730 10.1 540

810 5.4 280

880 3.5 120

1020 6.5 380

1050 2.9 170

1100 8.8 530

1175 3.9 290

1230 7.4 460

1300 3.3 230

1350 7.2 470

1510 4.6 360
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While.length.and.depth.are.poorly.correlated,.depth.and.cost.have.a.high.correlation,.with.R2.equal.
to.0.819.

A.multiple.regression.analysis.yields.the.following.equation:

.
ˆ . . .Y X X= − + +199 8 0 1904 58 721 2 .

(13.58)

The.multiple.correlation.coefficient.equals.0.987,.thus,.R2.=.0.974,.which.indicates.that.the.two-predic-
tor.model.provides.accurate.estimates.of.the.cost..The.standard.error.of.estimate.is.$25.3.×.103,.with.
Se/Sy.=.0.174..The.F.statistic.of.210.is.exceptionally.large.and.well.beyond.any.F.values.for.commonly.
used.level.of.significance..The.standard.error.ratios.for.the.regression.coefficients.are.small:.Se,b1

/b1.=.
0.122.and.Se,b2

/b2.=.0.050..Overall,.the.goodness.of.fit.statistics.suggest.an.accurate.model.
The.standardized.partial.regression.coefficients.are.t1.=.0.405.and.t2.=.0.998..While.t2.is.below 1,.

it.is.still.very.large..The.depth.is.much.more.important.than.the.length.
The.intercept.is.quite.large.in.magnitude..While.none.of.the.predicted.costs.is.negative,.it.is.still.

possible.because.the.intercept.is.negative..For.example,.at.a.length.of.450.ft.and.depth.of.2.ft,.the.
estimated.cost.would.be.negative..Equation.13.58.should.be.used.cautiously.beyond.the.range.of.the.
data:.450.<.X1.<.1510.ft.and.2.9.<.X2.<.10.1.ft..In.general,.it.is.wise.to.not.use.any.regression.equation.
beyond.the.range.of.the.data.used.to.fit.the.coefficients.

It.is.interesting.to.compare.the.two-predictor.multiple.regression.model.with.both.one-predictor.
models..The.length.versus.cost.model.was.discussed.in.Section.12.9.2..It.provided.very.poor.accu-
racy,.R2.=.0.031..The.depth.versus.cost.model.would.explain.81.9%.of.the.variation.in.cost.(0.9052)..
Because.the.multiple.regression.model.explains.97.4%,.adding.the.length.to.the.model.increases.the.
explained.variance.by.15.5%.(97.4.–.81.9);.this.is.a.significant.increase,.so.the.two-predictor.model.
is.preferable.to.either.of.the.one-predictor.models..Also,.when.the.depth.is.added.to.the.equation,.
the.importance.of.the.length.increases..The.t.for.the.bivariate.model.is.0.176,.and.t1.=.0.405.for.the.
multiple.regression.model.

13.6.5 trip Generation Model

For.a. regional-planning.study,. a. transportation.engineer.collects.data.on. traffic..The.data of.
Table  13.17. give. measurements. of. nonwork,. home-based,. trip-production. rates. for. suburban,.

table 13.17 regression Analysis

X1 X2 Y Y̆ e

1 0 0.9 0.42 –0.48

2 0 1.8 1.87 0.07

3 0 2.4 3.32 0.92

4 0 4.3 4.76 0.46

5+ 0 6.6 6.21 –0.39

1 1 1.9 1.13 –0.77

2 1 2.7 2.58 –0.12

3 1 3.6 4.03 0.43

4 1 5.4 5.47 0.07

5+ 1 7.7 6.92 –0.78

1 2+ 2.1 1.84 –0.26

2 2+ 3.1 3.29 0.19

3 2+ 3.7 4.74 1.04

4 2+ 5.9 6.18 0.28

5+ 2+ 8.3 7.63 –0.67
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medium-density.households.(Y).as.a.function.of.the.number.of.persons.per.household.(X1).and.the.
number.of.vehicles.per.household.(X2)..In.this.case,.the.predictor.variables.are.integers.

The.correlation.matrix.for.the.sample.of.15.is.given.by

X1 X2 Y

X1 1.000 0.000 0.931

X2 1.000 0.264

Y 1.000

The.intercorrelation.between.the.two.predictor.variables.is.zero.because.the.data.were.collected.
on.a.grid..One.advantage.of.having.no.intercorrelation.is.that.the.potential.for.irrational.regres-
sion.coefficients.is.minimized..The.predictor–criterion.correlation.coefficient.for.the.number.of.
persons.per.household.is.large.(R2.=.0.868),.while.that.for.the.number.of.vehicles.per.household.is.
small.(R2.=.0.070)..This.may.suggest.that.the.bivariate.equation.Ŷ.=.f(X1).may.be.as.accurate.as.the.
multiple.regression.model.Ŷ.=.f(X1,.X2).

A.multiple.regression.analysis.produced.the.following.equation:

. ˆ . . .Y X X= − + +1 023 1 4467 0 71001 2 . (13.59)

The.correlation.coefficient.is.0.968,.which.gives.R2.=.0.937..Because.the.intercorrelation.between.X1.
and.X2.is.zero,.the.sum.of.the.squares.of.the.two.predictor–criterion.correlation.coefficients.equals.
the.coefficient.of.multiple.determination:

. . . . . . . . . . . . . . . . R R RY Y
2

1
2

2
2= + . (13.60a)

. 0 937 0 931 0 2642 2. ( . ) ( . )= + . (13.60b)

This.equality.holds.only.when.there.is.no.intercorrelation..It.also.shows.that.the.multiple.regression.
model.explains.7%.more.variation.than.the.bivariate.model.based.solely.on.X1.

The.standard.error.of.estimate.is.0.6153,.which.gives.Se/Sy.=.0.271..The.total.F.statistic.is.89.6..
For.k.=.ν1.=.2.and.u.=.ν2.=.12,.this.is.statistically.significant.at.even.the.smallest.level.of.significance..
Both.of.these.statistics.support.the.conclusion.suggested.by.the.correlation.coefficient.that.the.model.
is.highly.accurate.

The.standardized.partial.regression.coefficients.are.t1.=.0.931.and.t2.=.0.264..Because.the.inter-
correlation.coefficient.is.0,.the.t.values.equal.the.predictor–criterion.correlation.coefficients..Again,.
the.number.of.persons.per.household.is.shown.to.be.the.more.important.predictor.

The. intercept. of. Equation. 13.59. is. –1.023,. which. is. irrational,. as. a. value. of. 0. would. be.
expected..If.both.X1.and.X2 are.0,.then.Y.should.be.0..Furthermore,.the.magnitude.of.the.inter-
cept. is. large;. that. is,. it. is.approximately.25%.of.the.mean.of.Y.and.larger.then.the.value.of.Y.
for.X1.=.1.and.X2.=.0..This.suggests.that.another.model.structure.may.be.needed.to.realistically.
represent.the.data.

The. residuals.often.contain. important. information.about. a. regression.equation..The. residu-
als.are.given.in.Table.13.17,.and.they.also.suggest.that.the.linear.model.of.Equation.13.59.is.an.
incorrect.structure..There.are.very.noticeable.local.biases..For.each.value.of.X2.the.residuals.for.
X1.=.1.and.X1.=.5.are.negative;.in.addition,.for.each.value.of.X2.the.residuals.for.X1 =.3.and.X1 = 4.
are.positive..The. trends. for. each.value.of.X2. suggest. that. a.nonlinear. structure.would.be.more.
appropriate.
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13.6.6 estimation of the reaeration Coefficient

To. estimate. the. biochemical. oxygen. demand. of. a. stream,. the. environmental. engineer. needs. an.
estimate. of. the. reaeration. coefficient.. The. reaeration. coefficient. varies. with. the. stream. velocity.
(X1,.in.meters.per.second),.the.water.depth.(X2,.in.meters),.and.the.water.temperature.(X3,.in.°C)..
Table 13.18.gives.a.set.of.21.measurements.of.the.three.predictor.variables.and.estimated.reaeration.
coefficients.(Y)..The.correlation.matrix.is

X1 X2 X3 Y

X1 1.000 0.839 0.139 0.436

X2 .1.000 0.240 0.456

X3 .1.000 0.621

Y .1.000

The.determinant.is.low.(|R11|.=.0.276).because.of.the.high.correlation.between.X1.and.X2..The.water.
temperature.is.not.highly.correlated.with.either.velocity.or.depth..The.regression.analysis.of.the.21.
sample.values.yields:

.
ˆ . . . .Y X X X= + + +1 508 0 3315 0 09731 0 086721 2 3 . (13.61)

All.of.the.regression.coefficients.are.rational.in.sign..Equation.13.61.results.in.a.correlation.coef-
ficient.of.0.715,.which.means.that.the.equation.explains.51.2%.of.the.total.variation..The.standard.

table 13.18  Multiple regression Analysis of Stream 
reaeration Coefficient (Y) on Stream Velocity 
(X1, m/s), Water Depth (X2, m), and Water 
temperature (X3, °C)

X1 X2 X3 Y Y̆ e

1.4 1.24 10 2.16 2.69 0.80

0.6 0.87 9 2.50 2.57 0.07

2.2 1.87 13 2.54 3.55 1.01

1.5 0.99 11 2.60 3.06 0.46

0.5 0.85 14 2.71 2.97 0.26

1.6 0.97 8 3.00 2.83 –0.17

1.3 1.12 19 3.02 3.70 0.68

0.8 1.21 11 3.03 2.85 –0.18

1.6 1.64 14 3.27 3.41 0.14

2.3 1.91 6 3.42 2.98 –0.44

1.0 0.70 15 3.42 3.21 –0.21

1.9 1.62 12 3.45 3.34 –0.11

1.3 1.01 17 3.49 3.51 0.02

1.8 1.43 15 3.58 3.54 –0.04

1.7 1.05 15 3.61 3.47 –0.14

0.7 0.62 18 3.69 3.36 –0.33

2.2 1.58 12 3.85 3.43 –0.42

1.4 1.21 15 3.88 3.39 –0.49

1.8 2.07 20 3.99 4.04 0.05

1.5 1.59 16 4.51 3.55 –0.96

2.8 2.38 24 4.74 4.75 0.01
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error.of.estimate.is.0.497.(Se/Sy.=.0.758),.which.suggests.that.the.equation.provides.estimates.of.Y.
that.are.not.highly.accurate..For.the.ANOVA.test.on.the.null.hypothesis. H0 1 2 3 0: b b b= = = ,.and.
the.computed.F.is.5.935.for.ν1.=.3.and.ν2.=.17..Critical.F.values.for.selected.levels.of.significance.
(α).and.the.decisions.are.as.follows:

𝛂 F𝛂 Decision

0.001 8.73 Accept.H0

0.005 6.16 Accept.H0

0.010 5.18 Reject.H0

0.050 3.20 Reject.H0

Thus,.for.the.commonly.used.levels.of.1.and.5%,.the.null.hypothesis.would.be.rejected;.however,.
for.more.restrictive.levels.of.less.than.1%,.the.null.hypothesis.would.be.accepted..The.limiting.prob-
ability.for.acceptance.or.the.p-value.is.about.0.6%.

Of.the.three.predictor.variables,.the.water.temperature.(X3).would.provide.the.highest.R2 for.a.
bivariate.model.(R2.=.0.386)..The.multiple.regression.model.of.Equation.13.61.explains.51.2%..Thus,.
the.addition.of.X1.and.X2.increases.the.explained.variance.by.12.6%..This.means.that.more.than.one.
predictor.variable.should.be.used,.but.it.does.not.necessarily.mean.that.all.three.predictor.variables.
are.needed..It.may.be.worthwhile.developing.two-predictor.models:.Ŷ.=.f(X1,.X3).and.Ŷ.= f(X2,.X3)..
Because.X1.and.X2.are.highly.correlated,.both.are.probably.not.needed,.so.a.two-predictor.model.
may.provide.estimates.that.are.just.as.accurate.as.the.three-predictor.model.

The.standardized.partial.regression.coefficients.are.t1.=.0.299,.t2.=.0.070,.and.t3.=.0.563..These.
suggest.that.X3.is.most.important,.followed.by.X1,.and.finally.X2,.which.appears.to.be.unimport-
ant..This.differs.somewhat.from.the.predictor–criterion.correlation.coefficients,.which.suggest.that.
X3. is.most. important,. but. that.X1. and.X2. are.of. equal. importance..Because.velocity. is. probably.
physically.more.important.than.depth,.the t.values.probably.give.a.more.realistic.assessment.of.the.
relative.importance.of.the.predictor.variables.than.are.given.by.the.predictor–criterion.correlation.
coefficients.

13.6.7 estimating Slope Stability

Slope.stability.is.very.important.to.engineers.who.design.with.unrestrained.slopes..The.stability.
number.is.an.index.used.by.geotechnical.engineers.to.assess.the.safety.of.a.slope..Among.others,.
the.slope.stability.is.a.function.of.the.angle.of.friction.of.the.soil.(X1,.in.degrees).and.the.slope.angle.
(X2,.in.degrees)..Twelve.laboratory.measurements.were.made.of.the.stability.number.for.selected.
values.of.the.angle.of.friction.and.the.slope.angle.(see.Table.13.19)..The.correlation.matrix.for.the.
12.tests.is

X1 X2 Y

X1 1.000 0.520 0.415

X2 1.000 –0.543

Y 1.000

The.intercorrelation.is.moderate;.the.predictor–criterion.correlation.coefficients.are.not.high,.with.
the.two.values.only.representing.17.2.and.29.5%.of.the.total.variation.in.the.stability.number.

The.least-squares.regression.equation.is

.
ˆ . . .Y X X= + −0 04234 0 002842 0 0050931 2

. (13.62)
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The. multiple. correlation. coefficient. for. Equation. 13.62. is. 0.981,. which. means. that. the. equation.
explains.96.2%.of.the.variation.in.the.measured.values.of.the.stability.number..The.standard.error.
of.estimate.is.0.0072,.which.gives.Se/Sy.=.0.214..The.goodness.of.fit.statistics.suggest.that.Equation.
13.62.provides.accurate.estimates.of.the.stability.number..The.total.F.statistic.is.115.1,.with.ν1.=.2.
and.ν2.=.9;.because.the.critical.value.for.a.level.of.significance.of.0.1%.is.16.4,.the.ANOVA.would.
suggest.that.the.two.slope.coefficients.of.Equation.13.62.are.significantly.different.from.0.

Note. that. in. spite.of. the. relatively. low.predictor–criterion.correlation.coefficients. (i.e.,. 0.415.
and.–0.543),.the.total.R2.is.very.high..The.intercorrelation.actually.enhances.the.reliability.of.the.
equation.

The.goodness.of.fit.statistics.are.revealing,.but.they.do.not.give.an.entirely.accurate.assessment.of.
the.model..The.standardized.partial.regression.coefficients.for.X1 and.X2.are.t1.=.0.96.and.t2.=.–1.04..
Because.the.latter.is.greater.than.1,.it.is.considered.irrational.and.suggests.that.b2.gives.an.unrealistic.
indication.of.the.rate.of.change.of.Y.with.respect.to.X2..The.high.accuracy.indicated.by.the.goodness.
of.fit.statistics.suggests.that.the.model.is.acceptable.for.estimation;.however,.the.t2.value.suggests.
that.the.model.may.not.be.reliable.upon.extrapolation.or.for.assessing.model.sensitivity.

The.residuals.(see.Table.13.19).should.be.evaluated..Figure.13.2.shows.a.plot.of.the.residuals.as.
a.function.of.the.angle.of.friction.(ordinate).and.the.slope.angle.(abscissa)..While.the.sample.size.is.
probably.too.small.to.be.very.conclusive,.there.appears.to.be.a.region.of.positive.residuals.between.
friction.angles.of.9°.and.15°.and.two.regions.of.negative.residuals,.friction.angles.less.than.6°.and.
greater.than.18°..This.would.suggest.that.the.structure.of.the.linear.model.may.be.incorrect.

The.intercept.also.appears.to.be.a.problem..If.both.X1.and.X2.are.zero,.then.the.stability.number.
equals.0.042,.which.does.not.seem.reasonable.

13.7 SIMULAtION IN CUrVILINeAr MODeLING

The.confidence.intervals.and.hypothesis.tests.presented.in.Chapter.12.apply.to.the.linear.bivari-
ate. regression.model.with.an. intercept.coefficient..They.can.be.derived.analytically.because. the.
model.is.quite.simple..As.the.complexity.of.the.model.structure.increases,.it.is.less.likely.that.statis-
tics.such.as.the.sampling.distribution.of.parameters.can.be.derived.analytically..Simulation.provides.
a.means.of.identifying.a.model.of.the.sampling.distributions.of.statistics.related.to.complex.models..
In.some.cases,.exact.relationships.may.not.be.possible,.but.simulation.can.provide.approximations.

table 13.19  Multiple regression Analysis of 
Slope Stability Values

X1 X2 Y Y̆ E

10 5 0.053 0.045 –0.008

10 10 0.005 0.020 0.015

20 5 0.081 0.074 –0.007

20 12 0.036 0.038 0.002

20 18 0.012 0.008 –0.004

30 6 0.102 0.097 –0.005

30 13 0.058 0.061 0.003

30 21 0.021 0.021 0.000

40 9 0.105 0.110 0.005

40 14 0.079 0.085 0.006

40 21 0.052 0.049 –0.003

40 26 0.027 0.024 –0.003

Note:	 X1  =  friction	 angle	 (degrees),	 X2  =  slope	
angle	(degrees),	and	Y =	stability	number.
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Example 13.4: Simulation of the Power Model Intercept

Equation 12.56 applies to the linear model of Equation 12.28. When fitting the coefficients of Equation 
13.37, Equation 12.56 does not apply. While Equation 12.56 could be applied to the logarithmic model of 
Equation 13.40, it would be based on the logarithms and it would reflect the variation of c and not b0. The 
distribution of b0 in Equation 13.37 in the yspace can be simulated. Equation 12.56 suggests that the distribu
tion of b0 would depend on the population standard error of estimate 𝜎e in the yspace, the distribution of the 
independent variable X, and the sample size, n. To develop a general relationship for computing Se,b 0 would 
require many simulation runs for various population values.

To demonstrate the simulation approach, the following procedure is used:

 1. Assume that the random variable X is normally distributed with mean µX and variance ˆ.Y
 2. Assume population standard error, ε.
 3. Assume population values for the intercept b0 and slope b1 coefficients, where the population value of c in 

α = lne β0.
 4. Specify the seed for the randomnumber generator, if required, and input the number of simulation runs, Ns.
 5. Iterate over the number of simulation runs.
 a. Generate n values of xi using the model:

 x zi X i X= +µ s  (13.63)

  in which zi is a standard normal deviate.
 b. Make a log transform of the xi values:

  w xi e i= ln
 

(13.64)

 c. Generate logarithmic values of Zi:

  Z w zi i i= +a b+ 1 ε  (13.65)

 d. Regress the sample Zi values on the wi values and obtain sample estimates c and b1 for Equation 13.40.
 e. Transform the sample estimate of c to a sample estimate of b0 using Equation 13.41.
 f. Use the value of b0 to create a histogram that will show the distribution of b0.

40

30

20

10

0
0 10 20 30

–0.008 0.015

–0.007 0.002 –0.004

–0.005 0.003 0.000

0.005 0.006 –0.003 –0.003

X2

X1

Figure 13.2 residuals	of	a	multiple	regression	model	versus	predictor	variables	X1	and	X2.
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 6. For the histogram of step 5f, identify the distribution of b0.

 7. Repeat the procedure for other values of the standard error in the yspace, sample sizes, and �x  and sx  to identify 
how each variable influences the distribution of b0. Develop a general model that corresponds to Equation 12.56 for 
the linear model.

The above procedure was applied for one set of parameters, specifically Ns = 105, b0 = 3, b1 = 0.5, �x  = 5, 
sx   = 1, se = 2. The procedure was executed for sample sizes of 20, 25, and 30. The results are given in 
Table 13.20. Column 1 of Table 13.20 shows the cell bounds of the histogram on the sample coefficient b0. 
An increment of 0.15 was used to provide 21 frequency cells. The values in column 2 are the proportion of 
the sample values of b0 in each cell. Because a population value of 3 was used to generate the samples, the 
sample values should scatter around a central value of 3, which is the case, with 50.16% of the values above 
3 and 49.84% below 3. This reflects sampling variation in the simulation process. While 50% of the values lie 
above and below the population, the sample probabilities shown in column 2 indicate a slightly nonsymmetric 
distribution with a greater proportion of the values in the upper tail of the distribution. While the confidence 
interval on b0 for the linear model (Equation 12.58) uses the symmetric t distribution, it could not be applied for 
the power model unless interest was only in a very approximate confidence interval.

The probability histograms for samples sizes of 25 and 30 are given in columns 3 and 4 of Table 13.20. 
They center about the population means of 3, but the histograms show less scatter than that for sample sizes 
of 20. This is expected because larger sample sizes produce more accurate parameter estimates. Both distri
butions show the same tendency for slight nonsymmetry as shown with the histogram for samples sizes of 20.

To show the effect of the simulation size, analyses were made for Ns of 5 × 104 and 104, which are 
summarized in columns 5 and 6, respectively. Because these are for sample sizes (n) of 20, the histograms 
can be compared with column 2. The largest absolute difference between columns 2 and 5 is 0.0014, which 
is relatively small (0.5%). This reflects sampling variations. For the smaller simulation size of column 6, the 

table 13.20   Simulation of Sampling Distribution of Intercept Coefficient 𝛃0 of Power Model

Sample b0

Ns = 105 
n = 20

Ns = 105 
n = 25

Ns = 105 
n = 30

Ns = 5 × 104

n = 20
Ns = 104 
n = 20

Ns = 105 
n = 20

	   b0	<	1.5 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

			1.5	<	b0	≤	1.65 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

	1.65	<	b0	≤	1.80 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

	1.80	<	b0	≤	1.95 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

	1.95	<	b0	≤	2.10 0.0000 0.0000 0.0000 0.0000 0.0001 0.0000

2.10	<	b0	≤	2.25 0.0003 0.0002 0.0000 0.0004 0.0004 0.0004

2.25	<	b0	≤	2.40 0.0021 0.0008 0.0004 0.0023 0.0022 0.0024

2.40	<	b0	≤	2.55 0.0132 0.0061 0.0035 0.0132 0.0140 0.0138

2.55	<	b0	≤	2.70 0.0564 0.0418 0.0303 0.0569 0.0577 0.0579

2.70	<	b0	≤	2.85 0.1600 0.1560 0.1491 0.1608 0.1664 0.1589

2.85	<	b0	≤	3.00 0.2696 0.2950 0.3180 0.2682 0.2572 0.2662

3.00	<	b0	≤	3.15 0.2566 0.2856 0.3054 0.2569 0.2593 0.2568

3.15	<	b0	≤	3.30 0.1500 0.1474 0.1433 0.1497 0.1515 0.1511

3.30	<	b0	≤	3.45 0.0620 0.0503 0.0404 0.0622 0.0633 0.0627

3.45	<	b0	≤	3.60 0.0207 0.0131 0.0079 0.0203 0.0192 0.0210

3.60	<	b0	≤	3.75 0.0066 0.0029 0.0014 0.0067 0.0066 0.0065

3.75	<	b0	≤	3.90 0.0018 0.0007 0.0003 0.0016 0.0015 0.0017

3.90	<	b0	≤	4.05 0.0005 0.0001 0.0000 0.0005 0.0004 0.0005

4.05	<	b0	≤	4.20 0.0001 0.0000 0.0000 0.0002 0.0002 0.0001

4.20	<	b0	≤	4.35 0.0001 0.0000 0.0000 0.0001 0.0000 0.0000

4.35	<	b0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000

mean 3.0078 3.0060 3.0050 3.0071 3.0058 3.0074
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largest absolute difference is 0.0124, which is 4.6%. This is too large to be considered sampling variation of b0. 
Instead, it reflects the need to have a simulation length greater than 104 for this problem.

The effect of the seed value for the randomnumber generator was studied. Column 7 contains the histo
gram for the case of n = 20 and Ns = 105, which are the same parameters as for column 2, but for a different 
seed. The largest absolute difference is 0.0034, which is a 1.3% difference. This may be beyond the bounds 
of expected sampling variation, but it does suggest that, if the procedure was actually being applied, analyses 
should be made for several seed values and the results averaged or weighted.

13.8 SIMULAtION PrOJeCtS

Using.the.data.of.Table.C.1,.C.2,.or.C.3,.calibrate.a.multiple.linear.regression.model.for.Y.versus.
the.three.predictor.(X).variables.and.assess.the.accuracy.of.the.model.

13.9 PrOBLeMS

 13-1.. Identify.variables.that.would.affect.the.rate.of.corrosion.of.steel.bridges.
 13-2.. Identify.variables.that.would.affect.the.output.of.a.solar.panel.
 13-3.. Identify.variables.that.would.affect.the.accumulation.of.trash.in.a.stream.or.river.
 13-4.. Show.sketches.of.(X,Y).data.that.have.correlation.coefficients.of.approximately.(a).0.95;.(b).0.5;.(c) 0;.

(d).–.0.8.
 13-5.. A. set. of. data. for. predicting. a. student’s. score. on. a. test. (Y). in. a. probability. and. statistics. course.

includes.the.following.variables:.X1.is.the.student’s.grade.point.average.(GPA);.X2.is.the.student’s.
age;.X3.is.the.number.of.hours.the.student.studied.for.the.test;.and.X4.is.the.number.of.credit.hours.
for.which.the.student.is.currently.enrolled..The.data.set.is.based.on.a.sample.of.24.students,.which.
results.in.the.following.correlation.matrix:

X1 X2 X3 X4 Y

X1 1.00 0.53 0.20 –0.36 0.62
X2 1.00 –0.12 0.24 0.25
X3 1.00 –0.41 0.47
X4 1.00 –0.18
Y 1.00

. . Discuss. the.potential.accuracy.of.a.relationship.between.Y.and. the.X.variables..Also,.discuss. the.
rationality. of. the. correlation. coefficient. and. the. level. of. intercorrelation. between. the. predictor.
variables.

 13-6.. A.data.set.of.32.stream.sections.includes.the.following.variables:.X1.is.the.depth.of.flow;.X2.is.the.
roughness.of.the.channel.bottom;.X3.is.the.slope.of.the.stream.bed;.X4.is.the.mean.soil.particle.diam-
eter;.and.Y.is.the.erosion.rate.of.the.channel.bed..The.data.yield.the.following.correlation.matrix:

X1 X2 X3 X4 Y

X1 1.00 –0.26 –0.66 –0.08 0.76

X2 1.00 –0.31 0.87 –0.27

X3 1.00 0.06 0.61

X4 1.00 –0.43

Y 1.00

. . Discuss:. (a). the.potential.accuracy.of.a. relationship.between.Y.and.all.of. the.X.variables;. (b). the.
predictor.variable.that.would.yield.the.most.accurate.bivariate.model;.(c).the.rationality.of.the.cor-
relation.coefficients;.(d).the.potential.effect.of.intercorrelation.on.the.rationality.of.the.regression.
coefficients.
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 13-7.. Using.the.principle.of.least.squares,.derive.the.normal.equations.for.the.following.model:

. Ŷ b X b X b X= + +1 1 2 1 3 3

 13-8. For.parts.(a).and.(b).use.the.data,.which.consist.of.a.criterion.variable.and.three.predictor.variables;.
plot.all.combinations.of.variables.(six.graphs);.compute.the.correlation.matrix;.discuss.the.degree.of.
intercorrelation.and.predictor–criterion.correlation.and.the.potential.for.accurate.predictions.of.Y.

(a) Y X1 X2 X3 (b) Y X1 X2 X3

1 1 3 5 0 1 3 5

1 2 6 3 5 3 1 2

4 4 1 4 3 3 4 7

4 5 2 2 7 2 6 3

6 6 1 3 10 5 4 4

2 3 5 1 4 4 2 6

 13-9.. The.cost.of.producing.power.(P). in.mills.per.kilowatt.hour. is.a.function.of. the. load.factor.(L). in.
percent.and.the.cost.of.coal.(C).in.cents.per.million.Btu..Perform.a.regression.analysis.to.develop.a.
regression.equation.for.predicting.P.using.the.following.data:

L C P

85 15 4.1

80 17 4.5

70 27 5.6

74 23 5.1

67 20 5.0

87 29 5.2

78 25 5.3

73 14 4.3

72 26 5.8

69 29 5.7

82 24 4.9

89 23 4.8

 13-10.. Visitation.to.lakes.for.recreation.purposes.varies.directly.with.the.population.of.the.nearest.city.
or.town.and.inversely.with.the.distance.between.the.lake.and.city..Use.the.data.below.to.develop.
a.regression.equation.to.predict.visitation.(V).in.person-days.per.year,.using.as.predictors.the.
population.(P).of.the.nearby.town.and.the.distance.(D).in.miles.between.the.lake.and.the.city.

D P V

10 10,500 22,000

22 27,500 98,000

31 18,000 24,000

18 9,000 33,000

28 31,000 41,000

12 34,000 140,000

21 22,500 78,000

13 19,000 110,000

33 12,000 13,000
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 13-11.. Discuss.the.potential.effects.of.using.bivariate.regression.models.when.the.criterion.variable.Y.is.in.
fact.a.function.of.several.predictor.variables.

 13-12.. What. is. a. partial. regression. coefficient?.Standardized. partial. regression. coefficient?. What. is. the.
relationship.between.the.two.coefficients?

 13-13.. For.the.data.base.that.follows,.derive.the.least-squares.estimates.of.the.regression.coefficients.for.the.
model.y b b X b X= + +o 1 1 2 2..(Note:.The.computations.can.be.simplified.by.subtracting.the.mean.
value.from.each.observation;.if.such.a.transformation.is.made,.it.is.necessary.to.adjust.the.computed.
value.of.the.intercept.)

Y 5 2 11 8 9

X1 1 2 3 4 5

X2 16 11 14 12 7

 13-14. Derive.relationship.for.computing.the.values.of.the.three.regression.coefficients.b0,.b1,.and.b2.from.
the.known.values.of.the.standardized.partial.regression.coefficients.t1.and.t2.for.the.model.zy = t1z1.+.
t2z2.

 13-15. The.peak.discharge.(Q).of.a.river.is.an.important.parameter.for.many.engineering.design.problems,.
such.as.the.design.of.dam.spillways.and.levees..Accurate.estimates.can.be.obtained.by.relating.Q to.
the.watershed.area.(A).and.the.watershed.slope.(S)..Perform.a.regression.analysis.using.the.following.
data..Assess.the.goodness.of.fit.of.the.model.

A
(sq mi)

S
(ft/ft)

Q
(cfs)

36 0.005 50

37 0.040 40

45 0.004 45

87 0.002 110

450 0.004 490

550 0.001 400

1200 0.002 650

4000 0.0005 1550

 13-16. Sediment.is.a.major.water-quality.problem.in.many.rivers..Estimates.are.necessary.for.the.design.of.
sediment.control.programs..The.sediment.load.(Y).in.a.stream.is.a.function.of.the.size.of.the.contrib-
uting.drainage.area.(A).and.the.average.stream.discharge.(Z)..Perform.a.regression.analysis.using.the.
following.data.

A
(×103 sq mi)

Z
(cfs)

Y
(millions of 
tons/year)

8 65 1.6

19 625 6.4

31 1450 3.0

16 2400 1.6

41 6700 19.0

24 8500 15.0

3 1500 1.2

3 3500 0.4

3 4300 0.3

7 12,000 1.0
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 13-17. Snowmelt.runoff.rate.(M),.which.serve.as.a.source.of.water.for.irrigation,.water.supply,.and.power,.
are.a.function.of.the.precipitation.(P).incident.to.the.snowpack.and.the.mean.daily.temperature.(T)..
Using.the.following.data,.derive.a.relationship.for.predicting.M.from P.and.T.

P (cm/day) T (°C) M (cm/day) P (cm/day) T (°C) M (cm/day)

0.0 1 0.24 0.6 8 1.14

0.5 2 0.44 0.0 11 1.57

0.2 3 0.49 0.0 12 1.58

0.0 3 0.54 0.3 13 1.68

0.0 5 0.78 0.2 16 2.10

0.8 6 0.88 0.4 18 2.41

0.5 7 1.01

 13-18. Find.the.standardized.partial.regression.coefficients.for.the.following.correlation.matrix:

X X Y
X

X

Y

1 2

1

2

1 0 0 4 0 6

1 0 0 4

1 0

. . .

. .

.

− −

+

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 13-19. Develop.the.calculation.of.the.standardized.partial.regression.coefficients.for.the.matrix

X X Y
X

X

Y

1 2

1

2

1 0 0 6 0 4

1 0 0 7

1 0

. . .

. .

.

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 13-20. Derive.the.standardized.partial.regression.coefficients.for.the.matrix

X X Y
X

X

Y

1 2

1

2

1 0 0 5 0 7

1 0 0 3

1 0

. . .

. .

.

− −⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 13-21.. Find.the.standardized.partial.regression.coefficient.(t).for.the.following.matrix:

.

X X Y
X

X

Y

1 2

1

2

1 0 0 3 0 37

1 0 0 71

1 00

. . .

. .

.

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

 13-22. The.stream.reaeration.coefficient.(r).is.a.necessary.parameter.for.computing.the.oxygen.deficit.
sag.curve.for.a.stream.reach..The.coefficient.is.a.function.of.the.mean.stream.velocity.in.feet.
per second.(X1),.water.depth.in.feet.(X2.),.and.the.water.temperature.in.degrees.Celsius.(X3)..Use.
the. following.data. to.perform.a.multiple. linear. regression.analysis. and.evaluate. its.goodness.
of fit.
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X1 X2 X3 R X1 X2 X3 r

1.4 1.3 14 2.89 3.5 2.6 25 3.58

1.7 1.3 23 4.20 3.9 2.9 19 3.06

2.3 1.5 17 4.17 4.1 3.3 13 2.41

2.5 1.6 11 3.69 4.7 3.4 24 3.30

2.5 1.8 20 3.78 5.3 3.5 26 3.05

2.8 1.9 15 3.56 6.8 3.7 23 4.18

3.2 2.3 18 3.35 6.9 3.7 21 4.08

3.3 2.5 11 2.69

 13-23. Interception.losses.(I).vary.with.the.rainfall.rate.(P).and.the.type.of.cover..For.a.small.grain,.the.
interception.is.also.a.function.of.the.average.crop.height.(h)..The.following.data.were.measured.dur-
ing.rainstorms.from.an.experimental.plot.

h (ft) P (in.) I (in.) h (ft) P (in.) I (in.)

0.83 0.68 0.04 1.52 0.84 0.10

0.95 1.43 0.11 1.68 1.33 0.19

1.22 0.92 0.10 1.82 1.71 0.25

1.31 1.28 0.14 1.97 0.62 0.12

1.35 1.57 0.19 2.11 0.79 0.14

 13-24. Compute.the.values.of.the.determinants.for.the.following.intercorrelation.matrices,.and.discuss.the.
implications.for.the.rationality.of.regression.coefficients

( ) . . .

. .

.

( ) . . .

. .

.

a b1 0 0 6 0 4

1 0 0 5

1 0

1 0 0 2 0 8

1 0 0 5

1 0

−

−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

−

−

⎡

⎣

⎢⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

. 13-25. Compute.the.determinants.of.matrices.D and.E and.discuss.the.potential.rationality.of.the.regression.
coefficients.

.

( ) =
1 0.2 0
0.2 1 0.2
0 0.2 1

( ) =
1 0.2 0
0.2 1 0
0 0 1

a bD E

 13-26.  Compute. the. determinant. of. matrix. G. and. discuss. the. potential. rationality. of. the. regression.
coefficients:

. .

G =

1.00 �0.22 0.58 0.82
�0.22 1.00 �0.26 �0.30
0.58 �0.26 1.00 0.75
0.822 �0.30 0.75 1.00

 13-27. .Compute.the.determinant.of.matrix.H.and.discuss.the.implication.for.model.rationality:

 

H =

1 00 0 34 0 17 0 44

0 34 1 00 0 05 0 19

0 17 0 05 1 00 0 07

0

. . . .

. . . .

. . . .

− −

− −

− −

− .. . . .44 0 19 0 07 1 00−
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 13-28.. Determine.the.determinant.for.the.following.matrix.of.intercorrelations..Discuss.the.implications.for.
model.rationality.

.
( )

. .

. .

.

.
a A =

−

−

⎡

⎣
⎢

⎤

⎦
⎥ =

1 0 0 62

0 62 1 0

1 0 8

0 8 1
(b) B

 13-29.. Determine.the.determinant.for.the.following.matrix.of.intercorrelations..Discuss.the.implications.for.
model.rationality.

.

( )

. .

.

. .

. .

. .

a B =

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 0 3 0 7

1 0 5

1

0 2 0 2

0 2 1 0 2

0 2 0 2 1

(b) C =
1

 13-30.. Determine.the.determinant.for.the.following.matrix.of.intercorrelations..Discuss.the.implications.for.
model.rationality.

.

( )

. .

.

.

a G =

−

−

⎡

⎣

⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥

1 0 7 0 25

1 0 20

1 0

(b) F =
1 0.8 0.8

0.8 1 0.8

0.8 0.8 11

 13-31. Starting.with.Equation.13.8,.derive.Equation.13.2.
 13-32.. By.creating.a.new.predictor.variable.for.the.term.involving.the.product.X1X2,.show.the.normal.equa-

tions.for.the.following.model:

 Y.=.b0.+.b1X1.+.b2X2.+.b3X1X2

. . Using.the.data.base.from.Table.13.16,.insert.the.values.of.the.summations.into.the.normal.equations..
(Note:.It.is.not.necessary.to.solve.for.the.values.of.the.unknowns.)

 13-33.. Discuss. the. advantages. and. disadvantages. of. both. the. multiple. correlation. coefficient. and. R2. as.
goodness.of.fit.statistics.

 13-34.. Discuss. the. advantages. and. disadvantages. of. the. standard. error. of. estimate. (Se). and. (Se/Sy). as. a.
.goodness.of.fit.statistics.

 13-35.. Use.the.principle.of.least.squares.to.derive.the.normal.equations.for.the.following.model:

.
ˆ .y b X

b

X
= +1 1

0 5 2

2

 13-36.. Using.the.method.of.least.squares,.derive.the.normal.equations.for.the.model.Ŷ .=.b1X.+.b2X2..Evaluate.
the.coefficients.using.the.data.of.Problem.12.18.

 13-37.. Using.the.data.of.Problem.12.47,.fit.a.linear.model.and.a.quadratic.polynomial.and.make.a.complete.
assessment.of.each..Which.model.is.best.for.prediction?.Support.your.choice.

 13-38.. Using.the.data.of.Problem.12.29,.fit.a.linear.model.and.a.quadratic.polynomial.and.make.a.complete.
assessment.of.each..Which.model.is.best.for.prediction?.Support.your.choice.

 13-39.. Using.the.following.measurements.of.y.and.x,.perform.a.bivariate.polynomial.regression.analysis..
Use.a.partial.F.test.with.a.5%.level.of.significance.to.determine.whether.the.model.should.be..linear,.
quadratic,.or.cubic..Compute.the.correlation.coefficient,.standard.error.of.estimate,.and.total.F.sta-
tistic.for.each.model.

y 1.7 2.8 4.4 6.5 9.0

x 2 4 6 8 10

 13-40. Using.the.following.measurements.y.and.x,.perform.a.regression.analysis.for.a.bivariate.polynomial..
Use. a. partial. F. test. with. 1%. level. of. significance. to. decide. whether. the. model. should. be. linear,.
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quadratic,.or.cubic..Compute.the.correlation.coefficient,.standard.error.of.estimate,.and.the.total.F.
statistic.for.each.model.

y −2.36 −2.37 −2.00 −1.43 −0.84

x −2 −1 0 1 2

 13-41. Given.the.values.of.y.and.x,.determine.the.values.of.the.coefficients.for.the.model.y.=.b0.+.b1x.+.b2x2..
Assess.the.goodness.of.fit.(R,.R2.Se/Sy,.Se).

y 5 8 11 13 15 19

x 1 2 3 4 5 6

 13-42.. For.a.set.of.data.based.on.a.sample.size.of.24,.the.coefficients.of.determination.(R).for.linear,.qua-
dratic,.and.cubic.polynomials.are.0.53,.0.64,.and.0.75..Perform.an.ANOVA..At.a.5%.level.of.signifi-
cance,.which.model.would.be.recommended?

 13-43.. For.a.set.of.data.based.on.a.sample.size.of.11,.the.coefficients.of.determination.(R).for.linear,.qua-
dratic,.and.cubic.polynomials.are.0.41,.0.46,.and.0.59..Perform.an.ANOVA..At.a.5%.level.of.signifi-
cance,.which.model.would.be.recommended?

 13-44.. For. a. set. of. data. based. on. a. sample. size. of. 18,. the. coefficients. of. determination. (R). for. linear,.
quadratic,. cubic,. and.quartic.polynomials. are.0.47,.0.58,.0.61,. and.0.74,. respectively..Perform.an.
ANOVA..At.a.5%.level.of.significance,.which.model.would.be.recommended?

 13-45. Using.the.method.of.least.squares,.derive.the.normal.equations.for.the.model.Ŷ.= axb. Evaluate.the.
coefficients.using.the.data.of.Problem.12.18..Solve.the.problem.(a).directly.(without.transformation).
and.(b).by.converting.the.equation.to.linear.form.by.making.a.logarithmic.transformation..Compare.
and.discuss.the.two.cases.

 13-46.. Derive.the.normal.equations.for.the.following.model:

. ŷ ax xb c= 1 2

 13-47.. Using.the.data.of.Problem.12.71,.fit.a.linear.model.and.a.power.model..Make.a.complete.assessment.
of.each..Which.model.is.best.for.prediction?.Support.your.choice.

 13-48.. Using.the.data.of.Problem.12.72,.fit.a.linear.model.and.a.power.model..Make.a.complete.assessment.
of.each..Which.model.is.best.for.prediction?.Support.your.choice.

 13-49.. Using. the. data. of. Problem. 13.9,. fit. a. multiple. power. model.. Make. a. complete. assessment. of. the.
model.

 13-50.. Using. the. method. of. least. squares,. derive. the. normal. equations. for. the. model.Ŷ . =. b0. +. b1 X ..
Evaluate.the.coefficients.using.the.data.of.Problem.12.18.

 13-51. Place.the.equation.y b x x
b b

= +
−

0
1

2
21

1
( )1

.in.a.form.that.can.be.calibrated.using.linear.multiple.regres-
sion..Show.the.equations.for.estimating.the.coefficients.

 13-52.. Use.the.principle.of.least.squares.to.derive.formulas.for.computing.the.partial.regression.coefficients.
for.the.nonlinear.equation.y.=.b1x.+.b2x2.

 13-53.. Develop.a.table.with.column.headings:.(1).criteria,.(2).indication.of,.(3).advantages,.(4).disadvan-
tages,.(5).decision.mode,.and.(6).rank..Under.the.column.“criteria”.list.each.of.the.criteria.that.are.
used.in.selecting.a.final.model..In.the.column.“rank”.specify.the.order.of.importance.of.each.of.the.
criteria,.with.1.given.the.most.important,.2.the.next.most.important,.and.so.on.

 13-54.. Transform.the.predictor.variable.for.the.model

.
y a b x= +

. . so.that.the.coefficients.can.be.evaluated.using.bivariate.regression..Obtain.estimates.of.the.unknowns.
a.and.b.using.the.data.base.

y 1.37 1.39 1.61 1.68 1.79 1.76

x 0.1 0.2 0.3 0.4 0.5 0.6
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. . Compute.the.correlation.coefficient.and.standard.error.of.estimate,.and.compare.the.goodness.of.fit.
statistics.with.those.for.a.linear.model.of.y.on.x.

 13-55.. Transform. the. following.model. to. linear. form.so. that. the.coefficients.can.be.evaluated.using. the.
principle.of.least.squares..Obtain.estimates.of.the.unknowns.a.and.b.using.the.data.base

. y a bx= +10

y 2 3 5 8 13

x 1 2 3 4 5

. . Compute.the.correlation.coefficient.and.the.standard.error.of.estimate,.and.comment.on.the.good-
ness.of.fit.

. 13-56.. Transform.the.model

. y ea bx= +

. . to.a.linear.form.a.so.that.the.coefficients.can.be.evaluated.using.least.squares..Obtain.estimates.for.
the.regression.coefficients.a.and.b.using.the.data.base

y 20 24 30 36 40

x 1 1.5 2.0 2.5 3.0

. . Compute.the.correlation.coefficient.and.standard.error.of.estimate,.and.comment.on.the.goodness.
of fit.
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ChAPter 14

reliability Analysis of Components

In.this.chapter,.we.introduce.reliability.analysis.concepts.for.system.components..We.will.use.
practical.examples.from.engineering.and.the.sciences.to.introduce.the.concepts.and.their.applications.

14.1 INtrODUCtION

Uncertainties.in.civil.engineering.systems.can.be.mainly.attributed.to.ambiguity.and.vagueness.
in.defining.the.variables.and.parameters.of.the.systems.and.their.relations..The.ambiguity.compo-
nent.is.generally.due.to.noncognitive.sources,.which.include.(1).physical.randomness,.(2) statistical.
uncertainty.due.to.the.use.of.limited.information.to.estimate.the.characteristics.of.the.variables.and.
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parameters,.and.(3).model.uncertainties.due.to.simplifying.assumptions.in.analytical.and.predic-
tion.models,.simplified.methods,.and.idealized.representations.of.real.performances..The.vague-
ness-related.uncertainty.is.due.to.cognitive.sources,.including.(1).definition.of.certain.variables.or.
parameters,. such. as. structural. performance. (failure.or. survival),. quality,. deterioration,. skill. and.
experience.of.construction.workers.and.engineers,.environmental.impact.of.projects,.and.conditions.
of.existing.structures;.(2).other.human.factors;.and.(3).definition.of.the.interrelationships.among.
the.parameters.of.the.problems,.especially.for.complex.systems..These.uncertainty.types.were.dis-
cussed.in.Chapter.1.

Reliability.considerations.are.important.in.the.analysis.and.design.of.engineering.systems..The.
reliability.of.a.system.is.commonly.stated.in.reference.to.some.performance.criteria..The.need.for.
the. reliability. analysis. stems. from. acknowledging. the. presence. of. uncertainty. in. the. definition,.
understanding,.modeling,.and.behavior.prediction.of.the.system.that.models.a.project..The.objec-
tive.of.the.analysis.is.the.assurance.of.some.level.of.reliability..An.engineered.system.has.numerous.
sources.of.uncertainties..The.absolute.safety.of.the.system.cannot.be.guaranteed.due.to.the.unpre-
dictability.of.the.demand.conditions.for.the.system,.our.inability.to.obtain.and.express.the.proper-
ties.and.performances.of.the.system.accurately,.the.use.of.simplified.assumptions.in.predicting.the.
behavior.of.the.system.under.consideration,.limitations.in.the.numerical.methods.used,.and.human.
factors. (e.g.,.errors.or.omissions)..However,. the. likelihood.of.unacceptable.performances.can.be.
limited. to.a. reasonable. level..Estimation.of. this. likelihood,.even.when.used. to.compare.various.
design.alternatives,.is.an.important.task.for.an.engineer..The.objective.of.this.chapter.is.to.provide.
an.introduction.to.the.area.of.reliability.assessment.

14.2 tIMe tO FAILUre

The.early.developments. in.reliability.were.based.on.assessing.the.time.to.failure.of.an.engi-
neered.component. (e.g.,.a.mechanical.or.electrical.product).. In. these.applications,. the. reliability.
of.a.component.was.defined.as.the.probability.that.the.component.would.perform.according.to.a.
specified.performance.criterion.for.at.least.a.specified.period.under.specified.conditions..The.per-
formance.period.T.can.be.defined.as.the.time.to.failure..Distance,.number.of.cycles,.or.any.other.
convenient.and.suitable.measure.can.be.used.instead.of.time..The.performance.period.is.a.random.
variable.that.has.a.probability.density.function.(PDF).fT(t).and.a.cumulative.distribution.function.
FT(t)..Therefore,.the.reliability.function RT(t).can.be.defined.as

. R t f t t F tT Tt T( ) ( ) ( )= = −
∞

∫ d 1 . (14.1)

The.expected.value.(mean).for.the.time.to.failure,.μT,.can.be.computed.as

. mT TE T tf t t= =
∞

∫( ) ( ) d
0

. (14.2)

The.result.from.Equation.14.2.can.be.viewed.as.the.expected.life..It.can.be.shown.that.the.expected.
life.can.be.computed.as

. mT TE T R t t= =
∞

∫( ) ( )
0

d . (14.3)

The.variance.of.the.time.to.failure.(or.life),.sT
2
,.can.be.computed.as

. s mT T TT t f t t2 2

0
= −

∞

∫Var ( ) ( ) d( ) . (14.4)
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It.can.be.shown.that.the.variance.of.life.can.be.computed.as

.
sT T TT tR t t R t t2

0 0

2
2= −

∞ ∞

∫ ∫Var ( ) d ( ) d( ) ( )
. (14.5)

Another.aspect.of.the.reliability.problem.in.the.context.of.the.time.to.failure.is.the.assessment.of.
failure.rate..In.general,.the.failure.rate.of.a.component.can.be.time.variant.as.the.component.ages..
In.reliability.analysis,.it.is.common.to.measure.this.failure.rate.with.the.hazard.function..The.hazard.
function.hT(t).can.be.viewed.as.the.probability.that.the.component.will.fail.in.the.next.time.incre-
ment.Δt,.given.that.it.survived.up.to.some.time.t..This.conditional.probability.can.be.expressed.as

.
P t T t T T t

P t T t T

P T t
( | )

( )

( )
< ≤ + > =

< ≤ +

>
Δ

Δ

.
(14.6)

Dividing.both.sides.of.Equation.14.6.with.ΔT.and.taking.the.limiting.case.as.ΔT.→.0, the.hazard.
function.becomes

. h t
f t

R tT
T

T

( )
( )

( )
= . (14.7)

The.hazard.function.provides.a.measure.of.the.time-dependent.failure.rate.
Experimentally.developed.hazard.functions.for.many.components.can.be.modeled.as.a.bath-

tub.distribution,.as.shown.schematically.in.Figure.14.1..In.this.typical.bathtub.distribution,.three.
regions.can.be.identified:.the.warranty-failures.region,.the.chance-failures.region,.and.the.aging-
failures. region..The.high. failure. rate. (hazard. function). in. the.first. region. is.generally. attributed.
to.several.factors.related.to.manufacturing.errors,.imperfections,.deviations.from.standards,.poor.
quality,.and.human.factors..This.region.represents.the.break-in.period.and.is.commonly.covered.by.
a.warranty.by.the.manufacturer..The.hazard.function.in.this.region.can.be.reduced.by.increasing.the.
quality.control.at.the.production.level..The.hazard.level.in.the.second.region.represents.the.hazard.
during.the.service.life.of.the.component..In.the.third.region,.the.hazard.level.starts.to.increase.again.
due.to.aging..During.this.region,.a.decision.needs.to.be.made.regarding.replacement,.life.extension,.
or.repair.of.the.component.
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Figure 14.1 the	hazard	function.
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Example 14.1: Time to Failure for a Construction Crane

A major construction company has 100 construction cranes that are within the same size and capacity 
class and have the same level of use. The records of the company indicate that the average time between failures 
for these cranes is 2 years. Assuming that the failure rate is constant, the hazard function is given by

 
h tT ( ) .= = =l

1
2

0 5
 

(14.8)

where λ is the failure rate. The exponential distribution is the probability distribution with a constant failure rate. 
Using Equation 14.2, with μT = 2 years, the following fT(t) results:

 f t tT ( ) . exp( . )= −0 5 0 5  
(14.9)

Therefore, the cumulative distribution function is

 F t tT ( ) exp( . )= − −1 0 5  
(14.10)

Equations 14.9 and 14.10 are the density and the cumulative functions for the exponential distribution as 
described in Section 5.5. The reliability function is given by

 R t tT ( ) exp( . )= −0 5  
(14.11)

The density, cumulative, reliability, and hazard functions are shown in Figure 14.2. In this example, the reliabil
ity of a crane decreases exponentially as a function of time, with a constant hazard level.

14.3 reLIABILItY OF COMPONeNtS

The. reliability. of. a. component. can. be. defined. as. the. probability. that. the. component. meets.
some.specified.demands.under.specified.environmental.conditions..For.example,.the.reliability.of.
a.structural.component.(e.g.,.a.beam).can.be.defined.as.the.probability.that.the.structural.strength.
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Figure 14.2 Density,	cumulative,	reliability,	and	hazard	functions.
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(e.g., ultimate.moment.capacity).exceeds.the.applied.loads.(e.g.,.the.moment.due.to.the.total.com-
bined.loads)..This.definition.of.the.reliability.Re.can.be.expressed.mathematically.as

. R P R Le = >( ) . (14.12)

where.R.is.the.structural.resistance.or.strength.of.the.component.and.L.the.load.effect.expressed.
in.the.same.units.as.the.resistance.R..In.general,.R.can.be.the.resistance,.supply,.capacity,.or.input.
for.the.component,.and.L.can.be.the.load.effect,.demand,.or.a.component’s.need..Although.most.
of.the.methods.presented.in.this.section.were.used.for.structural.reliability.assessment,.they.can.
be.used.for.nonstructural.problems,.such.as.pumps,.valves,.stability.of.dams,.stability.of.floating.
vessels, etc.

In.general,.R.and.L.in.Equation.14.12.are.functions.of.several.random.variables.that.are.called.
the.basic random variables..For.example,.the.moment.capacity.of.a.beam.is.a.function.of.the.stress–
strain.characteristics.of.the.materials.that.make.up.the.beam,.the.dimensions.of.the.cross.section,.
and.the.definition.of.capacity.for.the.beam..In.this.case,.the.variables,.such.as.yield.stress,.width.of.
the.cross.section.of.the.beam,.and.height.of.the.cross.section,.are.basic.random.variables..In.reliabil-
ity.analysis,.it.is.common.to.define.a.performance.function.that.describes.the.performance.of.the.
component.in.meeting.the.demand..The.performance.function.Z.is.expressed.as

. . . . . . . . . . . . . . . . .Z R L= − . (14.13a)
or

. Z g X X Xn= …( , , ),1 2 . (14.13b)

where.X1, X2,.......,.Xn.are.n.basic.random.variables.for.R.and.L,.and.g(·).is.a.function.that.describes.the.
relationship.between.R – L.and.the.basic.random.variables..The.performance.function.in.Equations.
14.13a.and.14.13b.is.expressed.such.that.failure.of.the.component.results.in.a.negative.sign.for.the.
function.(i.e.,.Z <.0),.survival.of.the.component.results.in.a.positive.sign.for.the.function.(i.e.,.Z >.0),.
and.the.limit.state.for.the.beam.results.in.Z =.0.

The.probability.of.failure.Pf.for.the.component.is.defined.as

. P P R Lf = <( ). (14.14a)

. = −1 Re . (14.14b)

In.terms.of.the.performance.function,.the.probability.of.failure.is.expressed.as

. . . . . . . . . . . . . .P P Zf = <( )0 . (14.15a)

. = … <P g X X Xn[ ( , , ) ],1 2 0 . (14.15b)

For.the.general.case,.where.the.basic.random.variables.can.be.correlated,.the.probability.of.failure.
can.be.determined.by.solving.the.following.integral:

.
P f x x x x x xf

Z
X n n= … … …

≤
∫ ∫
over

( ) d d d
0

1 2 1 2, , ,
.

(14.16)

where.fX.is.the.joint.PDF.of.the.random.vector.X.=.{X1, X2, . . . , Xn},.and.the.integration.is.performed.
over.the.region.where.Z..=.g(·).<.0,.that.is,.the.region.of.failure..Determining.the.probability.of.fail-
ure.by.evaluating.the.integral.of.Equation.14.16.can.be.a.difficult.task.
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In.this.section,.methods.for.assessing.the.reliability.of.components.are.presented.and.discussed..
These.methods. include. the.first-order. reliability.method.(FORM),. the.advanced.second-moment.
(ASM).method,. the.direct.Monte.Carlo.simulation.(MCS).method,.and.variance-reduction. tech-
niques.(VRT).in.simulation.

14.4 FIrSt-OrDer reLIABILItY MethOD

To.avoid.some.computational.difficulties.of.Equation.14.16.in.the.evaluation.of.the.probability.
of.failure,.the.FORM.is.used.in.structural.reliability.analysis..The.approximate.mean.and.standard.
deviation.of.Z.in.Equation.14.13.(.µZ.and.σ Z,.respectively).are.estimated.using.the.information.on.
means,.µXi,.standard.deviations,.σ Xi,.or.coefficient.of.variations.(COV).of.the.basic.random.vari-
ables,.Xi,.and.the.correlation.coefficients.among.the.basic.variables..Expanding.g(·). in.Equations.
14.13a.and.14.13b.using.a.Taylor.series.expansion.about.the.mean.values.of.the.basic.random.vari-
ables.and.truncating.the.series.at.the.first-order.terms,.the.first-order.approximate.mean.and.vari-
ance.of.Z,.respectively,.are.given.by

. m m m m
Z X X Xg

n
≈ …( , , , )

1 2 . (14.17)

and
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where.the.partial.derivatives.of.Z.are.evaluated.at.the.mean.values.of.the.basic.random.variables,.and.
Cov(Xi,Xj).is.the.covariance.of.Xi.and.Xj..For.statistically.uncorrelated.random.variables,.Equation.
14.18.can.be.expressed.as
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(14.19)

The.second-order.mean.(considering.the.square.term.in.the.Taylor.series.expansion).can.be.used.to.
improve.the.accuracy.of.the.estimation.of.the.mean.as.follows:

.
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(14.20)

Again.the.partial.derivatives.are.evaluated.at.the.mean.values.of.the.basic.random.variables..The.
second-order.variance.can.be.similarly.computed..For.practical.purposes,.the.use.of.the.second-
order.mean.and.the.first-order.variance.can.be.adequate.for.some.engineering.applications.

A. measure. of. reliability. can. be. defined. by. introducing. a. parameter. β,. called. the. reliability 
index, as

.
b m

s
= Z

Z .
(14.21)

If.Z.is.assumed.to.have.a.normal.probability.distribution,.the.probability.of.failure.Pf.is.given.by

. Pf = −1 Φ ( )b . (14.22)
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in.which.Φ.is.the.cumulative.probability.distribution.function.of.the.standard.normal.variate.(Table.
A.1).and.β.the.reliability.index.

An.illustrative.special.case.for.the.structural.reliability.problem.is.given.for.the.following.per-
formance.function.that.defines.the.margin.of.safety:

. Z R L= − . (14.23)

This.two-random-variable.case.is.shown.in.Figure.14.3..The.performance.region.(sample.space).in.
this.figure.is.divided.into.two.mutually.exclusive.and.collectively.exhaustive.events:.failure.and.sur-
vival..Assuming.normal.probability.distributions.for.R.and.L.results.in.Z.being.normally.distributed.
with.the.following.mean.and.variance,.respectively:

. m m mΖ = −R L . (14.24)
and

. s s sZ R L
2 2 2= + . (14.25)

where.μ is.the.mean.value.and.σ.the.standard.deviation..The.random.variables.R, L,.and.Z.are.shown.
in.Figure.14.4..The.probability.of.failure.according.to.this.figure.can.be.computed.as.the.area.under.
fZ(z).for.z <.0..This.area.equals.the.cumulative.distribution.function.of.Z.evaluated.at.z = 0;.that.is,

. P P Zf = <( )0 . (14.26)
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or

. P Ff Z= ( )0 . (14.27)

Because.Z.is.normally.distributed,.the.probability.of.failure.can.be.computed.as

. . . . . . . . . . ..
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The.reliability.index.according.to.Equation.14.28b.is.given.by

.

b m m
s s

=
−

+

R L

R L
2 2

.

(14.29)

Another.illustrative.special.case.for.the.structural.reliability.problem.is.given.for.the.case.where.R.
and.L.have.lognormal.probability.distributions..In.this.case,.the.performance.function.should.be.
expressed.as

.
Z

R

L
=

.
(14.30)

where.failure.is.defined.as.Z <.1,.survival.is.Z >.1,.and.the.limit.state.is.Z.=.1..In.this.case,.Z.is.log-
normally.distributed..It.can.be.shown.that.the.probability.of.failure.can.be.computed.as

. P P Zf = <( )1 . (14.31a)

resulting.in.the.following.expression:
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where.μ.is.the.mean.value.and.δ.the.COV..The.reliability.index.in.this.case.is.given.by
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The.FORM.has.some.shortcomings..According.to.this.method,.the.function.g(·).in.Equation 14.13b.
is.linearized.at.the.mean.values.of.the.basic.random.variables..Where.g(·).is.nonlinear,.significant.
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error.may.be.introduced.by.neglecting.higher-order.terms..This.approximate.method.also.may.yield.
different.results.for.different.mechanically.equivalent.formulations.of.the.same.problem.(e.g.,.stress.
formulation.vs..strength.formulation)..Moreover,.the.method.completely.ignores.the.information.on.
distributions.of.the.basic.random.variables..In.other.words,.the.method.results.in.accurate.reliability.
assessments.only.where.the.basic.random.variables.are.normally.distributed.and.the.function.g(·).
is.linear.

Example 14.2: Tensile Reliability of a Truss Member

A tension member in a truss has an ultimate tensile strength T with a mean value of 120 kips and a standard 
deviation of 10 kips. The tension load L in this member has a mean value of 80 kips and standard deviation of 
20 kips. Normal probability distributions are assumed for T and L. The reliability index β for the member can 
be computed using Equation 14.29 as

 
b =

−

+
=

120 80

10 20
1 79

2 2
.

 (14.33)

Therefore, the probability of failure according to Equation 14.28b is

 Pf = − = − − =� �( . ) ( . ) .1 79 1 1 79 0 03673  (14.34)

Example 14.3: Flexural Reliability of a Beam

The following performance function describes the flexural behavior of a simply supported beam of a span 
length 2 L that carries a uniform load W:

 
Z YS

WL
= −

2

4  
(14.35)

where Y is the yield stress of the material of the beam and S the elastic section modulus. In this example, fail
ure is defined as yielding at the extreme material fibers of the cross section of the beam. The mean values and 
standard deviations of the variables are given in Table 14.1.

The following firstorder mean of Z can be computed by substituting the mean values of the basic random 
variables in Equation 14.35:

 
µZ ≈ − =( )( )

( . )( )
.38 100

0 3 180
4

1370
2

kips/in
 

(14.36)

table 14.1  Mean Values and Standard Deviations for 
random Variables

random 
Variable

Mean 
Value

Standard 
Deviation

Coefficient 
of Variation

Y 38	ksi 1.9	ksi 0.05

S 100	in.3 5	in.3 0.05

W 0.3	kips/in. 0.075	kips/in. 0.25

L 180	in. 9	in. 0.05
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Assuming the random variables to be statistically uncorrelated, the firstorder variance is computed using 
Equation 14.19 as
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(14.37)

Therefore, 𝜎Z ≈ 707.32 kips/in.
The COV is 707.32/1370 = 0.516. Reliability can be quantified as expressed in Equation 14.21 as follows:

 
b= =

µZ
Zs

1 9369.
 

(14.38)

If Z is assumed to have a normal probability distribution, the probability of failure, Pf, is given by

 Pf = − =1 0 02638�( ) .1.9369  (14.39)

14.5 ADVANCeD SeCOND-MOMeNt MethOD

14.5.1 Uncorrelated, Normally Distributed random Variables

According.to.this.method,.the.basic.normal.random.variables,.which.are.uncorrelated,.are.trans-
formed.into.a.reduced.(or.normalized).coordinate.system.X′.=.{X1′, X2′ , . . . , Xn′}.according.to.the.
following.transformation:

.
ʹ =
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= …X

X
i ni

i X

X

i

i

m
s

for 1 2, , ,
.

(14.40)

It. should. be. noted. that. the. resulting. reduced. variables. have. the. following. mean. and. standard.
deviation:

. m ʹ =Xi
0

and
. s ʹ =Xi

1

For.the.following.fundamental.performance.function:

. Z R L= − . (14.41)

The.transformation.results.in.the.following.expression.for.the.performance.function:

. Z R R R L L= ʹ + − ʹ +s m s m( )L . (14.42)

The.limit.state.(i.e.,.Z.=.0).can.be.expressed.as

.
ʹ = ʹ +

−
L R R

L

R L

L

s
s

m m
s .

(14.43)

The.resulting.performance.function.in.the.reduced.coordinate.system.is.shown.in.Figure.14.5..By.
comparing.Figures.14.3.and.14.5,.it.is.evident.that.the.limit.state.in.the.reduced.coordinates.does.not.
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pass.through.the.origin..It.can.be.shown.that.in.the.reduced.coordinates,.the.shortest.distance.from.
the.origin.to.the.limit.state.is.given.by

.

b m m
s s

=
−

+

R L

R L
2 2

.

(14.44)

The. resulting. distance. is. the. same. as. the. reliability. index. given. by. Equation. 14.29.. Therefore,.
it.can.be.stated. that.a.measure.of.safety. in. the.form.of. the.reliability. index.β. is.defined.by.the.
ASM.method.as. the. shortest.distance. from. the.origin. to. the. failure. surface. (limit. state). in. the.
reduced.coordinates..The.reliability.index.according.to.this.definition.is.commonly.referred.to.as.
the.Hasofer–and–Lind index..This.definition.of.β.is.valid.for.a.nonlinear.performance.function.
of.the.type:

. Z g X X= ( , )1 2 . (14.45)

such.that. the.failure.region.is.Z.<.0,. the.survival.region.is.Z.>.0,.and.the.failure.surface.(limit.
state).is.Z.=.0..The.nonlinear.case.of.two.random.variables.is.shown.in.Figure.14.6..The.point.on.
the.failure.surface.that.corresponds.to.the.shortest.distance.is.called.the.design.(or.failure).point..
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Figure 14.5 Performance	space	in	reduced	coordinates.
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It.can.be.shown.that.it.is.the.most.likely.failure.point..This.point.has.some.significance.in.defin-
ing.partial.safety.factors. in.reliability-based.design.codes..For. the.nonlinear.case,. it. is.possible.
to.obtain.the.β value.by.approximating.the.failure.surface.by.a.linear.tangent.at.the.design.point..
Numerically,. the.approximation.can.be.achieved.by.a.first-order.Taylor.series.approximation.of.
the. failure. surface. at. the.design.point..The.procedure. is. similar. to. the.Taylor. series. expansion.
performed.in.Equations.14.17.and.14.18,.with.the.expansion.point.being.the.design.point.instead.
of.the.mean.values..The.resulting.reliability.index.based.on.this.approximation.of.the.failure.sur-
face.should.be.exactly.the.same.as.the.result.from.the.case.without.approximation.(i.e.,.nonlinear.
failure.surface).

For.the.general.case.where.the.nonlinear.performance.function.is

. Z g X X Xn= …( , , , )1 2 . (14.46)

the.reliability.index.has.the.same.definition.as.the.shortest.distance.from.the.origin.to.the.failure.
surface.in.the.reduced.coordinates..Mathematically,.this.definition.can.be.expressed.as

.
b = ʹʹ

=
∑min ( )x
i

n

x g x2

1

such that  = 0 . (14.47)

where.the.square.root.term.is.the.distance.in.the.reduced.coordinates;.the.point.x′.corresponds.to.
the.design.point.and.results.in.the.least.(shortest).distance..It.is.common.to.use.the.notation.x*.for.
the.design.point.in.the.regular.coordinate.and.x′*.in.the.reduced.coordinates..Equation.14.47.can.
be.solved.using.one.of.several.nonlinear.optimization.methods..For.example,.the.solution.can.be.
achieved.iteratively.by.simultaneously.solving.the.following.set.of.(n +.1).equations:

.

a i
i

ii

n

g

X

g

X

i n* *

*

=

∂
∂ ʹ

⎛

⎝⎜
⎞

⎠⎟

∂
∂ ʹ

⎛

⎝⎜
⎞

⎠⎟

=

=
∑

2

1

for 1,2, ,… . (14.48a)

. . . . . . . . . . . . .. ʹ = − =x i ni i
* *a b for 1, 2, , … . (14.48b)

. . . . . . . . . . . . ..Z g x x xn= … =( , , , )* * *
1 2 0 . (14.48c)

Using.the.following.relation.between.a.random.variable.and.its.reduced.form:

. x xi X X i X i Xi i i i

* * *= + ʹ = −m s m a s b . (14.49)

Equation.14.48c.can.be.expressed.as

. Z g X X X X X n Xn n
= − − … − =[( ),( ), ,( )]* * *m a s b m a s b m a s b

1 1 2 21 2 0. (14.50)

A.subscript.or.superscript.of.*.indicates.the.evaluation.of.the.noted.quantity.(or.term).at.the.design.
point..The. set.of. equations. represents. a.first-order. (linear). approximation.of. the. failure. surface..
The.α ′i.values.are.the.directional.cosines.of.the.tangent.hyperplane.in.the.reduced.coordinates..The.
directional.cosines.are.indicators.of.the.sensitivity.of.the.performance.function.to.variations.in.the.



reLIaBILItY	anaLYsIs	of	ComPonents	 489

corresponding.basic.random.variables..The.solution.of.Equations.14.48.and.14.50.can.be.achieved.
by.performing.the.following.computational.steps:

. 1.. Assume.an.initial.value.for.the.design.point..It.is.common.to.start.with.the.mean.values.of.the.basic.
random.variables..The.design.point.in.the.reduced.coordinates.should.then.be.computed.using:

.
ʹ =

−
=x

x
i ni

i X

X

i

i

m
s

for 1,2, ,… . (14.51)

. 2.. Evaluate.the.directional.cosines.at.the.failure.point..The.partial.derivatives.that.are.needed.for.com-
puting.the.directional.cosines.(Equation.14.48a).can.be.obtained.as

.
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Xi

* * *

s for 1,2,, ,… n . (14.52)

. 3.. Solve.the.following.equation.for.the.root.β :

. g X X X X X n Xn n
[( ), ( ), , ( )]* * *m a s b m a s b m a s b

1 1 2 21 2 0− − − =� . (14.53)

. 4.. Using.the.β.obtained.from.step.3,.evaluate.a.new.design.point.using.the.following.equation:

. x i ni X i Xi i

* *= − =m a s b for 1,2, ,… . (14.54)

. 5.. Repeat.steps.1–4.until.convergence.of.β.is.obtained.

The.important.relation.between.the.probability.of.failure.and.the.reliability.index.can.be.main-
tained.as

. Pf = −1 Φ( )b . (14.55)

Equation.14.55.results.in.the.exact.probability.if.the.performance.function.is.linear.and.the.basic.
random.variables.are.normally.distributed..For.the.case.of.a.nonlinear.performance.function,.the.
error.depends.on.the.level.of.nonlinearity.of.the.performance.function..This.error.is.due.to.approxi-
mating.the.performance.function.by.a.tangent.hyperplane.at.the.design.point..Although.the.reli-
ability.index.does.not.have.any.error,.Pf. is.approximate..In.reliability.problems,.it.is.common.to.
deal.with.nonlinear.performance.functions.with.a.relatively.small.level.of.nonlinearity,.resulting.in.
very.small.errors.in.the.estimated.Pf ..Therefore,.in.these.cases,.for.all.practical.purposes,.Pf.is.of.
sufficient.accuracy.

Example 14.4: Flexural Reliability of a Beam: Nonlinear Case

The performance function describing the flexural behavior of a simply supported beam of a span length 
2 L that carries a uniform load W was discussed in Example 14.3. It is given by

 
Z YS

WL
= −

2

4

where Y  is the yield stress of the material of the beam and S the elastic section modulus. In this example, failure 
is defined as yielding at the extreme material fibers of the cross section of the beam. The probabilistic charac
teristics of the variables are given in Table 14.2.
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In this case, the random variables are assumed to have normal probability distributions. The partial deriva
tives of the performance function with respect to the reduced variables are
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(14.56d)

Now, the previously described iterative steps can be performed as shown in Table 14.3. The solution in this case 
converges in two iterations; therefore, the probability of failure is

 Pf = − =1 1 83653 0 03314� ( . ) .  (14.56e)

The FORM solution in Example 14.3 produced a probability of failure of 0.02638; therefore, the relative error of 
the FORM solution is –20%.

table 14.2  Probabilistic Characteristics of random Variables in 
example 14.4

random 
Variable

Mean 
Value

Standard 
Deviation

Coefficient 
of Variation

Distribution 
type

Y 38	ksi 1.9	ksi 0.05 normal

S 100	in.3 5	in.3 0.05 normal

W 0.3	kips/in. 0.075	kips/in. 0.25 normal

L 180	in. 9	in. 0.05 normal

table 14.3 Iterations Using the ASM Method for example 14.4

Iteration 
Number

random 
Variable

Design 
Point

∂
∂
g
X ʹ

⎛
⎝⎜

⎞
⎠⎟ *

Directional 
Cosine, 𝛂

New Design Point that 
Satisfies g(·) = 0, According 

to equation 14.53

1 Y 38 190 0.26862 37.05645020

S 100 190 0.26862 97.51697430

W 0.3 –607.5 –0.85890 0.41908722

L 180 –243 –0.34350 185.71618600

z*	=	0.00078733

therefore, β	=	1.84874

2 Y 37.056450 185.28 0.23732 37.17189830

S 97.516970 185.28 0.23732 97.82078500

W 0.419087 –646.70 –0.82830 0.41409282

L 185.716200 –350.24 –0.44860 187.41490300

z*	=	–0.00056764

therefore,	β	=	1.83653
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14.5.2 Uncorrelated, Nonnormally Distributed random Variables

The.ASM.method.deals.with.nonnormal.probability.distributions.for.the.basic.random.variables.
by.determining.an.equivalent.normal.distribution.at.the.design.point..In.the.iterative.solution,.this.
is.performed.at.each.iteration..The.equivalent.normal.distribution.at.the.design.point.x*.for.a.non-
normal.basic.random.variable.X.with.a.density.function.fX(x).and.cumulative.distribution.function.
FX(x).is.defined.by.the.following.mean,.mX

N ,.and.standard.deviation,.s X
N:

. m sX
N

X X
Nx F x= − −* *[ ( )]Φ 1 . (14.57)

and

.
s f
X
N X

X

F x

f x
=

−[ ( ( ))]

( )

*

*

Φ 1

.
(14.58)

where.Φ(z).is.the.cumulative.distribution.function.for.the.standard.normal.evaluated.at.z,.and.ϕ(z).
is.the.density.function.of.the.standard.normal..The.computational.steps.in.this.case.are.revised.as.
follows:

. 1.. Assume.an.initial.value.for.the.design.point..It.is.common.to.start.with.the.mean.values.of.the.basic.
random.variables..The.design.point.in.the.reduced.coordinates.should.then.be.computed.using:

.
ʹ =

−
=x

x
i ni

i X

X

i

i

m
s

for 1,2, ,…
.

(14.59)

. 2.. Evaluate.the.equivalent.normal.distributions.for.the.nonnormal.basic.random.variables.at.the.design.
point.using.Equations.14.57.and.14.58.

. 3.. Evaluate.the.directional.cosines.at.the.design.point..The.partial.derivatives.that.are.needed.for.com-
puting.the.directional.cosines.(Equation.14.48a).can.be.obtained.in.this.case.as

.
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(14.60)

. 4.. Solve.the.following.equation.for.the.root.β.using.any.root.finding.method:

. Z g X
N

X
N

X
N

X
N

X
N

n X
N

n n
= − − … − =[( ),( ), ,( )]* * *m a s b m a s b m a s b

1 1 2 21 2 0 . (14.61)

. 5.. Using.the.β.obtained.from.step.4,.evaluate.a.new.design.point.using.the.following.equation:

. x i ni X
N

i X
N

i i

* *= − =m a s b for 1,2, ,… . (14.62)

. 6.. Repeat.steps.1–5.until.convergence.of.β.is.obtained.

The.important.relation.between.the.probability.of.failure.and.the.reliability.index.is

. Pf = −1 Φ( )b . (14.63)
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Example 14.5: Flexural Reliability of a Beam, Nonlinear Nonnormal Case

The performance function for the flexural behavior of a simply supported beam of a span length 2L  that 
carries a uniform load W was discussed in Examples 14.3 and 14.4. It is given by

 
Z YS

WL
= −

2

4

where Y is the yield stress of the material of the beam and S the elastic section modulus. Failure was defined as 
yielding at the extreme material fibers of the cross section of the beam. The mean values, standard deviations, 
and distribution types of the variables are given in Table 14.4.

Now, the previously described iterative steps can be performed as shown in Table 14.5 to obtain the reli
ability index β. The parameters of the lognormal distributions for Y, S, W, and L are given by

Random 
Variable

Mean 
Value

Standard 
Deviation

First Parameter 
(𝛍Y)

Second 
Parameter (𝛔Y)

Y 38 ksi 1.9 ksi 3.634 0.04997
S 100 in.3 5 in.3 4.604 0.04997
W 0.3 kips/in. 0.075 kips/in. –1.234 0.2462
L 180 in. 9 in. 5.192 0.04997

The equivalent normal can be computed for these nonnormal random variables as shown in Table 14.5. The 
starting design point is assumed to be the mean values of the random variables. Two iterations are needed in 

table 14.5 Iterations Using ASM Method

Iteration 
Number

random 
Variable

Mean for 
equivalent 

Normal

Standard 
Deviation for 

equivalent Normal
Directional 
Cosine, 𝛂

New Design 
Point

1 Y 37.9526 1.8988 0.27152 36.9367

S 99.8752 4.9969 0.27152 97.2018

W 0.2909 0.0739 –0.8556 0.41543

L 179.7753 8.9944 –0.3473 185.930

therefore,	β	=	1.970394

2 Y 37.9389 1.8457 0.18728 37.3562

S 99.8391 4.8571 0.18728 98.3058

W 0.2676 0.1023 –0.89546 0.42672

L 179.6713 9.2907 –0.36346 185.5372

therefore,	β	=	1.73717

table 14.4  Probabilistic Characteristics of random Variables

random 
Variable Mean Value

Standard 
Deviation

Coefficient 
of Variation

Distribution 
type

Y 38	ksi 1.9	ksi 0.05 Lognormal

S 100	in.3 5	in.3 0.05 Lognormal

W 0.3	kips/in. 0.075	kips/in. 0.25 Lognormal

L 180	in. 9	in. 0.05 Lognormal
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this case to obtain the reliability index; therefore, the probability of failure is

 Pf = − = − =1 1 1 73717 0 041179� �( ) (b . ) .

The assumption of normal probability distributions for all random variables in Example 14.4 produced a proba
bility of failure of 0.03314; therefore, in this case, the relative difference due to this assumption is –20%.

Example 14.6: Flexural Reliability of a Beam, Nonlinear Nonnormal Case

The performance function described in Example 14.5 is used herein. In this example, the mean values, 
standard deviations, and distribution types of the variables are given in Table 14.6. The difference between this 
example and Example 14.5 is in the distribution types. In this example, a mixture of distribution types is used. 
The extremevalue (largest) type I distribution is a continuous probability distribution with the following density 
and cumulative functions:

 f x e eX
x u x u( ) exp[ ]( ) ( )= −− − − −a a a

 (14.64a)

               F x eX
x u( ) exp[ ]( )= − − −a

 (14.64b)

where α and u are the parameters of the distribution. The mean and variance of X in terms of these parameters 
are given, respectively, by

 
µX u= +

0.577216
a  

(14.65a)

                  
s p

aX
2

2

26
=

 
(14.65b)

The parameters as functions of the mean and variance are

     
u X= − =µ

0 577216
0 2662

.
.

a  
(14.65c)

 
a p

s
= =

6
17 10

X

.
 (14.65d)

The iterative steps can now be performed as shown in Table 14.7 to obtain the reliability index β ; therefore, the 
probability of failure is

 Pf = − = − =1 1 1 7155 0 043128� �( ) ( . ) .b

table 14.6  Probabilistic Characteristics of random Variables

random 
Variable Mean Value

Standard 
Deviation

Coefficient 
of Variation

Distribution 
type

Y 38	ksi 1.9	ksi 0.05 normal

S 100	in.2 5	in.2 0.05 Lognormal

W 0.3	kips/in. 0.075	kips/in. 0.25 extreme	value	
type	I,	largest

L 180	in. 9	in. 0.05 normal
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14.5.3 Correlated random Variables

The.previous.sections.dealt.with.uncorrelated.random.variables.that.can.be.normally.or.nonnormally.
distributed..In.engineering.and.the.sciences,.some.of.the.basic.random.variables.in.Equation 14.13.
can.be.correlated..For.correlated.basic.random.variables,.Xi.for.i.=.1,2,.......,.n,.that.have.respective.
means.(µXi

).and.standard.deviations.(σXi
),.a.pairwise.covariance.(Cov).matrix.is.needed..This.Cov.

is denoted.as.C.and.can.be.constructed.as

.
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(14.66)

The.random.variables.in.the.reduced.coordinates.according.to.Equation.14.40.are.defined.as

. ʹ =
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X
X

i

i X

X

i

i

m
s

. for.i.=.1,.2,.......,.n

The.Cov.of.these.reduced.random.variables.(C′).is.their.correlation.matrix.as.given.by
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(14.67)

where.ρij. is. the.correlation.coefficient.between.Xi. and.Xj..To.use. the.first-order,. second-moment.
method.or.the.ASM.method,.the.vector.of.reduced.correlated.random.variables.(X′).needs.to.be.

table 14.7 Iterations Using ASM Method

Iteration 
Number

random 
Variable

Mean for 
equivalent Normal

Standard Deviation 
for equivalent Normal

Directional 
Cosine, a i

*
New Design 

Point

1 Y 38. 1.9 0.2776 36.92

S 99.8752 4.9969 0.2774 97.04

W 0.2873 0.0717 –0.8485 0.4118

L 180. 9. –0.3550 186.5

therefore,	β	=	2.04694

2 Y 38. 1.9 0.1712 37.44

S 99.8340 4.849 0.1663 98.45

W 0.2521 0.1134 –0.9165 0.4309

L 180. 9. –0.3210 185.0

therefore,	β	=	1.7198

3 Y 38. 1.9 0.1667 37.46

S 99.86 4.919 0.1641 98.48

W 0.2416 0.1205 –0.9182 0.4314

L 180.0 9. –0.3196 184.9

therefore,	β	=	1.7155
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transformed.to.a.vector.of.noncorrelated.random.variables.(Y).using:

. ʹ =X TY . (14.68a)
or

. Y T XT= ʹ . (14.68b)

where.the.superscript.T.indicates.the.transpose.of.a.matrix,.and.T.is.a.transformation.matrix.com-
puted.from.C′.as.the.orthonormal.eigenvectors.corresponding.to.the.eigenvalues.of.C′..The.eigen-
values.of.C′.can.be.computed.by.solving.for.the.roots.of.the.following.determinant.that.is.based.
on C′:

. ʹ − =C EI 0. (14.69)

where.I.is.an.(n.×.n).identity.matrix.with.ones.on.the.diagonal.and.zeros.for.all.off-diagonal.ele-
ments,.and.E.is.an.eigenvalue..The.result.of.solving.Equation.14.69.is.a.vector.of.eigenvalues.E..The.
transformation.matrix.T.can.be.constructed.column.by.column,.where.the.ith.column.of.T.is.the.
orthonormal.eigenvector.corresponding.to.Ei.in.the.vector.E..The.ith.eigenvector.(Vi).results.from.
solving.the.following.equation:

. ( )ʹ − =C E I Vi i 0. (14.70)

The.normalized.(i.e.,.orthonormal).vector.can.be.obtained.by.dividing.each.element.of.the.vector.
(Vi ).by.the.sum.of.squares.of.all.the.elements..The.transformation.matrix.T.is.obtained.by.assem-
bling.the.n.orthonormal.vectors.in.the.same.order.as.the.eigenvalues..These.matrices.are.related.as.
follows:

. . D T C T= ʹT . (14.71a)

. ʹ =C TDTT. (14.71b)

where.the.superscript.T.indicates.the.transpose.of.a.matrix,.and.D.is.a.diagonal.matrix.that.contains.
the.eigenvalues.of. �C ..The.transpose.is.computed.by.changing.the.position.of.each.element.in.the.
matrix.from.the.ith.column.and.jth.row to.the.jth.column.and.ith.row..For.orthogonal.and.orthonor-
mal.matrices,.their.transposes.are.the.same.as.their.inverses..It.can.be.shown.that

. ʹ =C T C TT
y . (14.72a)

. C TC Ty = ´ T

. (14.72b)

where.Cy.is.the.covariance.of.Y..The.transformation.objective.can.also.be.achieved.using.the.numer-
ical.method.of.Cholesky.factorization.of.the.correlation.matrix.(C′).as.follows:

. Y L X= −1 ( )ʹ T
. (14.73)

where. L. is. the. lower. triangular. matrix. obtained. by. Cholesky. factorization. of. the. correlation.
matrix (C′).

Once.the.transformation.matrix.T.is.obtained,.the.limit-state.function.of.Equation.14.13.should.
be.expressed.in.terms.of.the.Y.random.variables.instead.of.the.X.random.variables..The.Y.random.
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variables.expressed.in.terms.of.the.X.random.variables.need.to.be.substituted.in.Equation.14.13.as.
follows:

. Z g X X X g Y Y Yn n= … = …( , , , ) ( , , )1 2 1 2 . (14.74)

where.the.Y.random.variables.are.related.to.the.X.random.variables.as.follows:

. X TY= +( ) { }s mX
N

X
N

. (14.75)

where.[σ].is.a.diagonal.matrix.of.standard.deviations,.in.the.case.of.nonnormal.distributions.of.stan-
dard.deviations.of.equivalent.normal.distributions,.and.{μ}.is.a.vector.of.mean.values,.in.the.case.
of nonnormal.distributions.of.mean.values.of.equivalent.normal.distributions.

Example 14.7: Correlated Random Variables

In this case, two correlated random variables that define a limit state are used to demonstrate the reliability 
analysis. The limit state is given by

 Z g X X g Y Y= =( , ) ( , )1 2 1 2  (14.76)

The correlation matrix for the two random variables is

.
ʹ =

⎡

⎣
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⎤

⎦
⎥C

1 r

r 1 .
(14.77)

where ρ is the correlation coefficient for the two random variables. The eigenvalues can be obtained by solving 
the following equation:
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(14.78a)

or

 ( )1 02 2− − =E r  (14.78b)

The two roots are

 E = ±1 r (14.79)

The eigenvectors can be determined by solving the following two equations that correspond to the eigenvalues 
of (1 – ρ) and (1 + ρ), respectively:
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These two equations result in the following eigenvectors, respectively:
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The respective normalized eigenvectors (i.e., orthonormal vectors) are given by
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Therefore, the transformation matrix T  is given by
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−
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. .
. .   

(14.83)

Using Equation 14.75, the X random variables can be expressed in terms of the Y  random variables as 
follows:
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The resulting expressions for the X random variables can now be substituted in the limitstate function of 
Equation 14.76 to obtain a limitstate function in terms of Y. Now, the steps of the advanced second moment 
can be followed using the Y variables, not the X variables. In the case of nonnormal random variables, Equation 
14.84 needs to be reevaluated in every iteration, as the equivalent mean and standard deviation that appear in 
this equation might change from one iteration to another.

14.6 SIMULAtION MethODS

14.6.1 Direct Monte Carlo Simulation

MCS.techniques.can.be.used.to.estimate.the.probabilistic.characteristics.of.the.functional.rela-
tionship.Z.in.Equation.14.13..Monte.Carlo,.or.direct.simulation,.consists.of.drawing.samples.of.the.
basic.variables.according.to.their.probabilistic.characteristics.and.then.feeding.them.into.the.perfor-
mance.function..If.it.is.known.that.failure.occurs.when.g(·).<.0,.then.an.estimate.of.the.probability.
of.failure,.Pf ,.can.be.found.by

.
P

N

Nf
f=

.
(14.85)

where.Nf. is. the.number.of.simulation.cycles.when.g(·).<.0.and.N. the. total.number.of.simulation.
cycles.. As. N. approaches. infinity,. Pf. approaches. the. true. probability. of. failure.. The. accuracy. of.
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Equation.14.85.can.be.evaluated.in.terms.of.its.bias.and.error.variance,.herein.called.variance..The.
estimator.of. the.failure.probability.according.to.Equation.14.85.should.be.unbiased..For.a.small.
probability.of.failure.and/or.a.small.number.of.simulation.cycles,.the.variance.of.Pf.can.be.quite.
large..Consequently,.it.may.take.a.large.number.of.simulation.cycles.to.achieve.a.specified.accuracy,.
especially.as.the.probability.of.failure.is.unknown..The.variance.of.the.estimated.probability.of.fail-
ure.can.be.computed.by.assuming.each.simulation.cycle.constitutes.a.Bernoulli.trial..Therefore,.the.
number.of.failures.in.N.trials.can.be.considered.to.follow.a.binomial.distribution..Then,.the.variance.
of.the.estimated.probability.of.failure.can.be.approximately.computed.as

.
Var( )

( )
P

P P

Nf
f f≈

−1

.
(14.86)

It. is. recommended. to.measure. the. statistical. accuracy.of. the.estimated.probability.of. failure.by.
computing.its.COV.as:

.
COV( )P

P P

N
Pf

f f

f

≈

−( )1

.
(14.87)

It. is.evident. from.Equations.14.86.and.14.87. that.as.N.approaches. infinity,.Var(Pf).and.COV(Pf).
approach.zero.

Example 14.8: Flexural Reliability of a Beam, Nonlinear Normal Case

The performance function describing the flexural behavior of a simply supported beam of a span length 
2L  that carries a uniform load W was discussed in Examples 14.3 and 14.4. It is given by

 
Z YS

WL
= −

4

2

where Y is the yield stress of the material of the beam, and S is the elastic section modulus. In this example, 
failure is defined as yielding at the extreme material fibers of the cross section of the beam. The probabilistic 
characteristics of the random variables are given in Table 14.2.

Using direct MCS, the random variables Y, S, W, and L were randomly generated and substituted in the 
performance function. Failures were then counted by monitoring the sign of the resulting evaluations of the 
performance function (negative means failure). Then, the probability of failure was estimated as Nf/N. Also, 
the COV(Pf) was computed using Equation 14.87. The number of simulation cycles N was varied to illustrate 
convergence of the simulation process. The results are shown in Figure 14.7 using a nonarithmetic scale 
for the number of simulation cycles (N ) to show the effect of N on Pf and COV(Pf) at small as well as large 
N values.

In the classical use of simulationbased methods, all of the basic random variables are randomly generated, 
and Equation 14.13 is evaluated. Failures are then counted depending on the resulting sign of Equation 14.13. 
The probability of failure is estimated as the ratio of the number of failures to the total number of simulation 
cycles. Therefore, for smaller probabilities of failure, larger numbers of simulation cycles are needed to estimate 
the probability of failure within an acceptable level of statistical error. The amount of computer time necessary 
for this method could be relatively large for small failure probabilities, but the analytical effort is relatively 
small.

The efficiency of simulation can be improved considerably by using variancereduction techniques. However, 
the level of computational difficulty increases. Importance sampling (IS) and conditional expectation  (CE) 
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combined with antithetic variates (AV) VRT are commonly used for structural reliability assessment. These 
methods were determined to be highly efficient and converge to the correct probability of failure in a relatively 
small number of simulation cycles.

14.6.2 Importance Sampling Method

The.probability.of.failure.of.a.structure.according.to.the.performance.function.of.Equation.14.13.
is.provided.by.the.integral.of.Equation.14.16..In.evaluating.this.integral.with.direct.simulation,.the.
efficiency.of. the.simulation.process.depends.on. the.magnitude.of. the.probability.of. failure. (i.e.,.
the.location.of.the.most.likely.failure.point.or.design.point.as.defined.in.Section.14.5)..The.deeper.
the.location.of.the.design.point.in.the.failure.domain,.the.larger.the.necessary.simulation.effort.to.
obtain.failures;.in.other.words,.smaller.failure.probabilities.require.larger.numbers.of.simulation.
cycles..This.deficiency.can.be.addressed.by.using.IS..In.this.method,.the.basic.random.variables.
are.generated.according.to.some.carefully.selected.probability.distributions.with.mean.values.that.
are.closer.to.the.design.point.than.their.original.(actual).probability.distributions..It.should.be.noted.
that.the.design.point.is.not.known.in.advance;.the.analyst.can.only.guess..Therefore,.failures.are.
obtained.more.frequently.and.the.simulation.efficiency.is.increased..To.compensate.for.the.change.
in.the.probability.distributions,.the.results.of.the.simulation.cycles.should.be.corrected..The.funda-
mental.equation.for.this.method.is.given.by

.
P

N
I

f x x x

h x x xf f
I

N
X i i ni

X i i ni

=
…

…=
∑

1

1

1 2

1 2

( , , , )

( , , , ) .
(14.88)

where.N. is. the.number.of.simulation.cycles,. fX(x1i, x2i, . . . , xni). the.original. joint.density.function.
of.the.basic.random.variables.evaluated.at.the.ith.generated.values.of.the.basic.random.variables,.
hX(x1i, x2i, . . . , xni).the.selected.joint.density.function.of.the.basic.random.variables.evaluated.at.the.
ith.generated.values.of.the.basic.random.variables,.and.If.the.failure.indicator.function.that.takes.
values.of.either.1.for.failure.or.0.for.survival..In.Equation.14.88,.hX(x).is.called.the.sampling density 
function.or.the.importance function.

Efficiency. (and. thus. the. required.number.of. simulation.cycles).depends.on. the.choice.of. the.
sampling.density.function..A.number.of.procedures.for.selecting. the.sampling.density.functions.
have.been.suggested.and.are.beyond.the.scope.of.this.chapter.
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Figure 14.7 results	for	example	14.8.
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14.6.3 Conditional expectation Method

The.performance.function.for.a.fundamental.structural.reliability.assessment.case.is.given.by

. Z R L= − . (14.89a)

where.R.is.the.function.of.structural.strength.or.resistance,.and.L.is.the.function.of.the.correspond-
ing.load.effect..Therefore,.the.probability.of.failure,.Pf,.is.given.by

. P P Z P R Lf = < = <( ) ( )0 . (14.89b)

For.a.randomly.generated.value.of.L.(or.R),.say.li.(or.ri),.the.probabilities.of.failure.are.given by

. P R l F lf i R ii
= < =Prob ( ) ( ) . (14.90a)

or

. P L r F rf i L ii
= > =Prob ( ) 1– ( ) .

(14.90b)

where.FR.and.FL.are.cumulative.distribution.functions.of.R.and.L,. respectively.. In. this.formula-
tion,.R.and.L.are.assumed.to.be.statistically.uncorrelated.random.variables..Thus,.for.N.simulation.
cycles,.the.mean.value.of.the.probability.of.failure.is.given.by.the.following.equation:

.
P

P

Nf

fi

N

i= =∑ 1

.
(14.91)

The.variance.(Var).and.the.COV.of.the.estimated.(i.e.,.sample).probability.of.failure,.respectively,.
are.given.by

.
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f fi
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(14.92a)

and

.
COV( )

Var( )
P

P

Pf

f

f

=
.

(14.92b)

For.the.general.performance.function.given.by.Equation.14.13,.the.CE.method.can.be.utilized.by.
randomly.generating.all.the.basic.random.variables.except.one.variable,.called.the.control variable.
Xk..The.randomly.generated.variables.should.be.selected.as.the.ones.of.least.variability,.and.the.
resulting.CE.can.be.evaluated.by.some.known.expression.(e.g.,.the.cumulative.distribution.function.
of.the.control.random.variable.that.was.not.randomly.generated)..This.method.can.be.used.for.any.
performance.function.with.any.probability.distributions.for.the.random.variables..The.only.limita-
tion.is.that.the.control.random.variable,.Xk,.must.be.statistically.uncorrelated.to.the.gk(·).as.shown.
in.the.following.equation:

. P E i n i k F g X i n i kf X X k ii i
= = … ≠ = … ≠: , , , & [ ( ( : , , , & ))]1 2 1 2 . (14.93a)
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where.gk(Xi:.i.=.1,.2,.......,.n.&.i.≠.k).is.defined.as.follows:

. P X g X i n i kf k k i= < = … ≠Prob [ ]( : , , , & )1 2 . (14.93b)

According.to.this.method,.the.variance.of.the.estimated.quantity.is.reduced.by.removing.the.vari-
ability.of.the.control.variable.from.the.simulation.process..In.addition,.the.method.converges.to.the.
correct.probability.of.failure.in.a.relatively.small.number.of.simulation.cycles.

Example 14.9: Flexural Reliability of a Beam, Nonlinear Normal Case

The performance function for the flexural behavior of a simply supported beam of a span length 2L  that 
carries a uniform load W was discussed in Examples 14.3, 14.4, and 14.8. It is given by

 
Z YS

WL
= −

2

4

where W is the uniform load, L is the span length, Y is the yield stress of the material of the beam, and S is the 
elastic section modulus. In this example, failure is defined as yielding at the extreme material fibers of the cross 
section of the beam. The probabilistic characteristics of the random variables are given in Table 14.2.

Using CE with W as the control variable, Y, S, and L were randomly generated, and the cumulative distri
bution function of W was used to compute the probability of failure at each simulation cycle. Then, the prob
ability of failure was estimated as the average probability of failure based on all the simulation cycles. Also, the 
COV( )Pf  was computed. The number of simulation cycles N was varied to illustrate convergence of the simula
tion process. The results are shown in Figure 14.8 using a nonarithmetic scale for N.

14.6.4 Generalized Conditional expectation Method

The.CE.method.can.be.generalized.to.produce.the.generalized.CE.(GCE).method.by.allowing.the.
number.of.the.control.variables.to.be.larger.than.one..Equation.14.93.can.be.generalized.as.follows:

. P E Pf X i n i k f ki
= ( )⎡⎣ ⎤⎦= … ∉: , , , &1 2 X .

(14.94)
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Figure 14.8 results	for	example	14.9.
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where.Xk.is.a.vector.of.control.random.variables,.Xk1, Xk2, . . . , Xkm,.and.Pf (Xk).is.the.probability.of.
failure.evaluated.in.the.dimensions.of.Xk1, Xk2, . . . , Xkm..This.probability.can.be.evaluated.using.any.
method,.such.as.moment.methods,.IS,.or.CE.

The.computational.steps.according.to.this.generalized.approach.are.summarized.as.follows:

. 1.. The.performance.function.should.be.defined.according.to.Equation.14.13.

. 2.. The.control. random.variables,.Xk.=. (Xk1,.Xk2,.......,.Xkm ),. are. selected.on. the.basis.of. reducing. the.
dimensionality.of.the.problem.to.the.space.of.the.control.random.variables..All.other.random.vari-
ables,.Xi:.i.∉.[k1,.k2,.......,.km],.are.considered.the.conditional.random.variables,.and.they.are.generated.
randomly.according.to.their.respective.probability.distributions.

. 3.. Therefore,. the.reliability.assessment.problem.is.reduced.to.N.evaluations.of. the.probability. term.
(Prob).in.the.following.expression:

. P E g X X X X X Xf X i n i k k k km ni
= … … … <[ ]{= … ∉: , , , & ( , , , , , , , , )1 2 1 2 1 2 0Prob }} .

(14.95)

. . for.N.number.of.simulation.cycles.

. 4.. In.the.CE.method,.the.expression.“Prob[g(x1,.x2,.......,.Xk1,.Xk2,.......,.Xkm,.......,.xn).<.0]”.with.m.= 1.is.eval-
uated.using.the.cumulative.distribution.function.(CDF).of.Xk.as.given.in.Equation.14.93..It.should.be.
noted.that.the.lower.cases.for.x1,.x2,.......,.xn.in.this.expression.indicate.generated.values.of.the.random.
variables.X1,.X2,.......,.Xn..In.the.generalized.approach,.the.value.of.m.is.larger.than.one;.therefore,.the.
probability.expression.can.be.evaluated.using.any.suitable.(or.convenient).method..For.example,.the.
FORM,.ASM.method,.IS,.CE,.or.other.structural.reliability.method.can.be.used.for.this.purpose..
The.choice.of.the.m.random.variables.of.Xk.should.be.based.on.the.intended.method.for.the.evalu-
ation.of.the.probability.expression..Care.should.be.exercised.in.selecting.the.m.variables.that.result.
in.simplifying.the.reliability.evaluation,.in.addition.to.reducing.the.dimensionality.of.the.problem..
The.simplification.can.be,.for.example,.in.the.form.of.(1).reducing.a.nonlinear.performance.function.
into.a.linear.function.that.is.used.in.the.probability.expression,.(2).using.a.closed-form.expression.
for.evaluating.the.probability.expression,.and.(3).removing.random.variables.with.nonnormal.prob-
ability.distributions.from.the.expression..These.concepts.are.best.explained.using.Examples.14.10.
and.14.11.

14.6.5 Antithetic Variates Method

According. to. the.AV.variance-reduction. technique,.negative.correlation.between.different.
cycles.of.simulation.is.induced.in.order.to.decrease.the.variance.of.the.estimated.mean.value..
If.U.is.a.random.number.uniformly.distributed.in.the.range.[0,.1].and.is.used.in.a.computer.run.
to.determine.the.probability.of.failure.Pfi

1( ).,.the.1.–.U.can.be.used.in.another.run.to.determine.
the.probability.of.failure.Pfi

1( )..Therefore,.the.probability.of.failure.in.the.ith.simulation.cycle.is.
given.by

.
P

P P
f

f f

i

i i=
+( ) ( )1 2

2 .
(14.96)

Then,.the.mean.value.of.probability.of.failure.can.be.calculated.by.Equation.1491..The.AV.variance-
reduction.technique.can.be.used.in.combination.with.the.CE.or.GCE.VRT..The.negative.correlation.
can.be.achieved.by.using,.for.example,.the.inverse.transformation.method.for.generating.the.random.
variables.as.discussed.in.Chapter.7..In.the.random-number-generation.process.for.each.simulation.
cycle,.say.the.ith.cycle,.a.set.of.uncorrelated.random.numbers.based.on.the.uniform.random.variable.
U.is.used.in.the.first.stage.of.the.ith.cycle.to.determine.the.probability.of.failure.Pfi

1( )..In the.second.
stage.of.the.ith.cycle,.a.complementary.set.of.uncorrelated.random.numbers.based.on.the.random.
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variable.(1.–.U).is.used.to.determine.the.probability.of.failure.Pfi
1( )..Therefore,.the.probability.of.fail-

ure.in.the.ith.simulation.cycle.is.given.by.Equation.14.96..The.result.is.simply.additional.reduction.
in.the.variance.of.the.estimated.quantity.and.expedited.convergence.

Example 14.10: Flexural Reliability of a Beam, Nonlinear Normal and Nonnormal Cases

Consider the firstyield failure mode of a structural steel section subjected to a bending moment loading. 
The performance function is given by

 Z YS M= −  (14.97)

where Y is the yield stress of material, S the elastic section modulus, and M the moment effect due to applied 
loading. The statistical characteristics of the variables are shown in Table 14.8. These variables are assumed 
to be statistically uncorrelated.

The probability of failure of the structural component according to the firstyield failure mode can be 
expressed as

 P Z M YSf = < = >Prob( ) Prob( )0  (14.98)

The control random variable, in this case, is selected as the random variable M, because it has the largest COV. 
Therefore, conditioning on Y and S, the cumulative distribution function of M was used to evaluate Pf in each 
simulation cycle. The variables Y and S were randomly generated using the inverse transformation method, 
then the CE variancereduction technique was used to estimate the probability of failure. To improve the perfor
mance of the method, the AV variancereduction technique was combined with CE to estimate the probability 
of failure.

In this example, two cases were considered, normal random variables (case 1) and nonnormal random 
variables (case 2), as shown in Table 14.8. For the nonnormal case, the probability of failure according to the 
specified performance function and the distribution types for the ith simulation cycle is given by

 
P F y s y s uf M i i i ii
= − = − − − −1 1( ) exp{ exp[ ( )]}a

 (14.99)

in which α and u are the parameters of type I, largest extreme value distribution for the assumed probabilistic 
characteristics of M, and FM is the cumulative distribution function of M. The sample mean and COV of the 
failure probability were then determined using Equations 14.91 and 14.92b, respectively, and are shown in 
Table 14.9 for the normal and nonnormal probability distributions. 

For the purpose of comparison, Pf was recalculated using the ASM method. The results are 1.1 × 10–3 and 
3 × 10–3 for the normal and nonnormal probability distributions, respectively. For the ASM method, Pf was 
determined as

 Pf = −Φ1 ( )b  (14.100)

where Φ is the CDF of the standard normal probability distribution, and β the reliability or reliability index.

table 14.8  Statistical Characteristics of Variables

random 
Variable Mean Value COV Case 1 Case 2

Y 275.52	mPa 0.125 normal Lognormal

S 8.19	×	10–4	m3 0.050 normal Lognormal

M 1.13	×	105	n-m 0.200 normal type	I,	largest



504	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

Using the GCE method, M and Y were selected as the control variables, and S was randomly generated. For 
the ith simulation cycle, the probability expression as described in Equation 14.95 is given by

 P Y Mf si i
= − <Prob[ ]0  (14.101)

where si is a randomly generated value of S. The probability expression was then evaluated for the normal prob
ability distributions (case 1), as follows:
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s s  
(14.102)

where μ is the mean value and 𝜎 the standard deviation. For the nonnormal probability distributions (case 2), 
the ASM method was used to determine Pfi. Then the mean value and COV of the failure probability were deter
mined using Equations 14.91 and 14.92b, respectively, for N simulation cycles. The resulting statistical charac
teristics of Pf are shown in Table 14.9 for the normal and nonnormal probability distributions.

Example 14.11: Flexural Reliability of a Portal Frame, Linear Nonnormal Case

The probability of occurrence of the most critical mode of a onebay, onestory portal frame subjected to 
horizontal and vertical loads is of interest in this example. The performance function for the most critical failure 
mode is given by

 Z M M k= + − −4 2 1500 10001 2  (14.103)

where M1 and M2 are the plastic capacities for the two columns, and k is the wind load factor. The columns are 
assumed to be weaker than the beam. The assumed probabilistic characteristics of the basic random variables 
are summarized in Table 14.10. Because the columns have different plastic moment capacities from the beam, the 
plastic hinge at the right joint in the most critical failure mechanism is on the column. In this example, combina
tions of the ASM method, the CE method, the GCE, and the AV method of the VRT were used to estimate the prob
ability of failure of the frame. The control variable was selected as k for the CE method, and M1 and k for the GCE 
method. The results are shown in Table 14.11. The ASM method resulted in a probability of failure of 4.8 × 10–3.

table 14.9 results of Conditional expectation Method

Simulation Method
Number 

of Cycles
estimated Failure 

Probability Pt COV(Pf)

Case	1:	normal	
Direct	monte	Carlo	(mCs)
Conditional	expectation	(Ce)	
Generalized	Ce

200,000	
	 40,000
	 	 		500

0.00128
0.00118
0.00118

0.0625
0.0460
0.0380

Case	2:	nonnormal	
Direct	monte	Carlo	(mCs)
Conditional	expectation	(Ce)	
Generalized	Ce

100,000
	 		2000
	 	 		500

0.00325
0.00319
0.00300

0.0560
0.0460
0.0240

table 14.10 Probabilistic Characteristics of random Variables

Variable Mean Value COV Distribution type

M1 4.068	×	105	n-m	(300	kip-ft) 0.15 normal

M2 6.102	×	105	n-m	(450	kip-ft) 0.10 normal

k 0.3 0.33 normal
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It is evident from Examples 14.10 and 14.11 that the assessment of failure probability based on nonlinear 
performance function using the GCE method can be reduced to averaging N evaluations of the probability of 
structural failure according to a linear expression of the performance function. This transformation can be 
achieved by carefully selecting the control random variables. The probabilistic evaluation of the linear expres
sion was performed, in the two examples, using the ASM method. Other methods could have been used to 
achieve this objective. The choice of the ASM method was for the purpose of illustrating merging moment 
reliability methods with CE in MCS. This concept can be greatly utilized in complex performance functions to 
transform them into computationally manageable formats.

Another unique aspect of the GCE method is the reduction of the structural reliability assessment problem 
that has a performance function with nonnormal probability distributions to N probabilistic evaluations based 
on a performance expression with only normal probability distributions. These evaluations can be determined 
under certain conditions using closedform equations. A combination of the above two aspects of the GCE 
method can be utilized in solving structural reliability problems.

14.7 reLIABILItY-BASeD DeSIGN

Reliability-based.design.of.structures.requires.the.consideration.of.three.components:.(1).loads,.
(2)  structural. strength,. and. (3). methods. of. reliability. analysis.. The. two. primary. approaches. for.
reliability-based. design. are. (1). direct. reliability-based. design. and. (2). load. and. resistance. factor.
design.(LRFD)..The.direct.reliability-based.design.approach.can.include.both.level.2.and/or.level.
3.reliability.methods..Level.2.reliability.methods.are.based.on.the.moments.(mean.and.variance).
of.random.variables,.sometimes.with.a.linear.approximation.of.nonlinear.limit.states;.level.3.reli-
ability.methods,.however,.use.the.complete.probabilistic.characteristics.of.the.random.variables..In.
some.cases,.level.3.reliability.analysis.is.not.possible.because.of.a.lack.of.complete.information.on.
the.full.probabilistic.characteristics.of.the.random.variables..Also,.the.computational.difficulty.of.
level.3.methods.sometimes.discourages.their.use..The.LRFD.approach.is.considered.a.level.1.reli-
ability.method..Level.1.reliability.methods.utilize.partial.safety.factors.(PSFs).that.are.reliability.
based,.but.the.methods.do.not.require.explicit.use.of.the.probabilistic.description.of.the.variables.

The.design.of.any.structural.system.or.element.must.provide.for.adequate.safety.and.proper.
functioning.of.that.system.or.element.regardless.of.what.philosophy.of.design.is.used..The.structural.
systems.or.elements.must.have.adequate.strength.to.permit.proper.functioning.during.their.intended.
service.life..The.performance.of.a.structural.element.is.defined.by.a.set.of.requirements.stated.in.
terms.of.tests.and.measurements.of.how.well.the.structure.serves.various.or.intended.functions.over.
its.service.life..Reliability.and.risk.measures.can.be.considered.as.performance.measures,.speci-
fied.as.target.reliability.levels.(or.as.a.target.reliability.index,.β0)..The.selected.reliability.levels.of.
a.particular.structural.element.reflect.the.probability.of.failure.of.that.element..These.levels.can.be.
set.based.on.implied.levels.in.the.currently.used.design.practice.with.some.calibration,.or.they.can.
be.based.on.cost–benefit.analysis..Three.methods.can.be.used.to.select.a.target.reliability.value:.
(1) agree.upon.a.reasonable.value.in.cases.of.novel.structure.without.history,.(2).calibrate.reliability.
levels.implied.in.currently.used.design.codes,.or.(3).choose.a.target.reliability.level.that.minimizes.
total. expected.costs.over. the. service. life.of,. for. example,. a.marine. structure.when.dealing.with.
design.for.which.failures.result.in.only.economic.losses.and.consequences.

table 14.11 Simulation results

Simulation Method
Number of 

Cycles
estimated Failure 

Probability Pt COV(Pt)

Direct	monte	Carlo	(mCs)
Conditional	expectation	(Ce)
Generalized	Ce

10,000
	5000
	 	500

0.00475
0.00467
0.00481

0.046
0.078
0.057
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The.reliability-based.design.approaches.for.a.system.start.with.the.definition.of.a.mission.and.
an.environment.for.a.system..Then,.the.general.dimensions.and.arrangements,.structural.member.
sizes,.scantlings,.and.details.must.be.assumed..The.weight.of.the.structure.can.then.be.estimated.to.
ensure.its.conformance.to.a.specified.limit..Using.an.assumed.operational.or.usage.profile,.analysis.
of.the.system.produces.stochastic.responses..The.resulting.responses.can.be.adjusted.using.model-
ing.uncertainty.estimates.that.are.based.on.any.available.results.of.full-scale.or.large-scale.testing.

The.reliability-based.design.procedure.also.requires.defining.performance.functions.that.corre-
spond.to.limit.states.for.significant.failure.modes..In.general,.the.problem.can.be.considered.as.one.
of.supply.and.demand..Failure.of.a.structural.element.occurs.when.the.supply.(i.e.,.strength.of.the.
element).is.less.than.the.demand.(i.e.,.loading.on.the.element)..On.the.other.hand,.reliability.of.this.
element.is.achieved.when.the.supply.is.greater.than.the.demand.

Reliability-based.design.methods.offer.many.advantages.and.benefits;.for.example,.they

. 1.. Provide.the.means.for.management.of.uncertainty.in.loading,.strength,.and.degradation.mechanisms

. 2.. Provide.consistency.in.reliability

. 3.. Result.in.efficient.and.possibly.economical.use.of.materials

. 4.. Provide.compatibility.and.reliability.consistency.across.materials,.such.as.steel.grades,.aluminum,.
and.composites

. 5.. Offer.a.framework.for.future.changes.as.a.result.of.information.gained.in.prediction.models,.and.
material.and.load.characterization

. 6.. Provide.directional.cosines.and.sensitivity.factors.that.can.be.used.for.defining.future.research.and.
development.needs

. 7.. Offer.a.framework.for.performing.time-dependent.reliability.analysis.that.can.form.the.bases.for.life-
expectancy.assessment,.life.extension,.and.development.of.inspection.and.maintenance.strategies

. 8.. Are.consistent.with.many. steel. construction,.bridge,.building,. concrete,.mechanical. system,. and.
marine.industries,.among.others

. 9.. Offer.a.basis.for.performing.system.reliability.analysis

14.7.1 Direct reliability-Based Design

The.direct.reliability-based.design.method.uses.all.available.information.about.the.basic.vari-
ables.(including.correlation).and.does.not.simplify.the.limit.state.in.any.manner..Using.reliability.
assessment.methods,. each. reliability. index,.β,. for. all.modes.at. all. levels.must.be.computed.and.
compared.with.target.reliability.indices..The.design.can.be.iteratively.performed.using.reliability.
checking.according.to.the.following.condition:

. b b≥ 0 . (14.104)

14.7.2 Load and resistance Factor Design

The.second.approach.(LRFD).of.reliability-based.design.consists.of.the.requirement.that.a.fac-
tored.(reduced).strength.of.a.structural.component.is.larger.than.a.linear.combination.of.factored.
(magnified).load.effects.as.given.by.the.following.general.format:

.
f gR Ln i ni

i

m

≥
=
∑

1 .
(14.105)

where.ϕ.is.the.strength.factor,.Rn.is.the.nominal.(or.design).strength,.γi.is.the.load.factor.for.the.ith.
load.component.out.of.n.components,.and.Lni.is.the.nominal.(or.design).value.for.the.ith.load.com-
ponent.out.of.m.components.
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In. this.approach,. load.effects.are. increased,.and.strength. is. reduced,.by.multiplying. the.cor-
responding.characteristic.(nominal).values.with.factors,.which.are.called.strength.(resistance).and.
load factors,.respectively,.or.partial safety factors..The.characteristic.value.of.some.quantity.is.the.
value.used.in.current.design.practice.and.is.usually.equal.to.a.certain.percentile.of.the.probability.
distribution.of.that.quantity..The.load.and.strength.factors.are.different.for.each.type.of.load.and.
strength..Generally,.the.higher.the.uncertainty.associated.with.a.load,.the.higher.the.corresponding.
load.factor;.also,.the.higher.the.uncertainty.associated.with.strength,.the.lower.the.corresponding.
strength.factor..These.factors.are.determined.probabilistically.to.correspond.to.a.prescribed.level.
of.reliability.or.safety..It.is.also.common.to.consider.two.classes.of.performance.function.that.cor-
respond.to.strength.and.serviceability.requirements.

The.ASM.method.(ASM).can.be.used.to.estimate.partial.safety.factors.such.as.those.found.in.the.
design.format.of.Equation.14.105..At.the.failure.point.(X*),.the.limit.state.of.Equation.4.105.is.given.by

. g R L Lm= − − ⋅⋅⋅ − =* * *
1 0. (14.106)

or,.in.a.general.form:

. g g x x xm( ) ( , , , )* * *X = … =1 2 0 . (14.107)

For.the.given.target.reliability.index.β0,.probability.distributions.and.statistics.(means.and.standard.
deviations).of.the.load.effects.and.the.COV.of.the.strength,.the.mean.value.of.the.resistance,.and.
the.partial.safety.factors.can.be.determined.by.iterative.solution.of.the.ASM..The.mean.value.of.
the.resistance.and.the.design.point.can.be.used.to.compute.the.required.mean.partial.design.safety.
factors.as.follows:

.
f

m
=

R

R

*

. (14.108)
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(14.109)

The.strength.factors.are.generally.less.than.one,.whereas.the.load.factors.are.greater.than.one.
In. developing. design-code. provisions. for. structures,. it. is. sometimes. necessary. to. follow. the.

current.design.practice. to.ensure.consistent. levels.of. reliability.over.various. types.of. structures..
Calibrations.of.existing.design.codes.are.necessary.to.make.the.new.design.formats.as.simple.as.
possible.and.to.put.them.in.a.form.that.is.familiar.to.the.users.or.designers..Moreover,.the.partial.
safety.factors.for.the.new.codes.should.provide.consistent.levels.of.reliability..For.a.given.reliabil-
ity.index.β.and.probability.characteristics.for.the.resistance.and.the.load.effects,.the.partial.safety.
factors.determined.by.the.ASM.approach.might.be.different.for.various.failure.modes.for.the.same.
structural.component..Therefore,.the.calculated.partial.safety.factors.should.be.adjusted.to.maintain.
the.same.values.for.all.loads.at.different.failure.modes.by.the.strength.factor.ϕ.for.a.given.set.of.load.
factors..The.following.algorithm.can.be.used.to.accomplish.this.objective:

. 1.. For.a.given.value.of.the.reliability.index.β,.probability.distributions.and.statistics.of.the.load.vari-
ables,.and.the.COV.for.the.strength,.compute.the.mean.strength.needed.to.achieve.the.target.reli-
ability.using.the.FORM.as.outlined.in.the.previous.sections.

. 2.. With.the.mean.value.for.R.computed.in.step.1,.the.partial.safety.factor.can.be.revised.for.a.given.set.
of.load.factors.as.follows:

.
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(14.110)
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. . where.ϕ′ is. the.revised.strength.factor;.µLi.and.µR.are. the.mean.values.of. the. loads.and.strength.
variables,.respectively;.and.γ ′i.,.i.=.1,.2,.......,.m,.are.the.given.set.of.load.factors.

Example 14.12: Unstiffened Plate Panel under Uniaxial Compression

Plates are important components in structures; therefore, they should be designed for a set of failure modes 
such as yielding, buckling, and fatigue of critical connecting components. This example considers only a simply 
supported rectangular plate of size a by b under uniaxial compressive stress due to stillwater and wave bending 
of a ship structure. The limit state for this case is given by

 g F f fu SW W= − −  (14.111)

where Fu is the strength of the plate (stress), fSW external stress due to stillwater bending, and fW external stress 
due to wave bending.

The partial safety factors were computed using a target reliability index β of 3.0. The ASM method requires 
the probabilistic characteristics of Fu, fSW, and fW. The plate strength, Fu, is assumed to have a lognormal dis
tribution with a COV of 0.04 to 0.08. The mean value of Fu is determined to meet a target reliability level β. The 
stillwater load effect, fSW, is due to stillwater bending that can be assumed to follow a normal distribution with 
a COV of 0.2. The wave load effect, fW, is due to waves that can be assumed to follow an extreme value distri
bution (type I, largest) with a COV of 0.1. The mean values of stillwater and waves are considered in the study 
in the form of a ratio of wave/stillwater loads that ranges from 1.5 to 1.7. Fu, fSW, and fW are assumed to have 
meantonominal ratios of 1.0, 1.0, and 1.03, respectively.

The ratios of means for strength/stillwater load and the partial safety factors for a target reliability of 3.0 are 
computed as summarized in Tables 14.12 and 14.13, respectively, and in Figure 14.9. Based on these results, 
the following preliminary values for partial safety factors are recommended for demonstration purposes:

Strength reduction factor (ϕ) = 0.85(1.03) = 0.88
Stillwater load factor (γ S)       = 1.3
Wave load factor (γ W)       = 1.25

table 14.12  Computed ratios of Means for 
Strength/ Stillwater Load

ratios of Means for Wave/Stillwater Load

COV(Fu) 1.5 1.6 1.7

0.04 3.43035 3.5695 3.70977

0.08 3.6375 3.7817 3.9271

table 14.13 Computed Partial Safety Factors

ratios of Means for Wave/Stillwater Load

Partial Safety Factors 1.5 1.6 1.7

strength	reduction	factor	(ϕ)

	 CoV(Fu)	=	0.04 0.960338 0.961079 0.961747

	 CoV(Fu)	=	0.08 0.863684 0.86526 0.86679

stillwater	load	factor	(γS)

	 CoV(Fu)	=	0.04 1.301221 1.283616 1.267817

	 CoV(Fu)	=	0.08 1.28566 1.270806 1.257081

Wave	load	factor	(γW)

	 CoV(Fu)	=	0.04 1.328696 1.341832 1.352955

	 CoV(Fu)	=	0.08 1.237262 1.250783 1.262827
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where 1.03 is the meantonominal ratio for Fu. As indicated previously for a given β and probabilistic charac
teristics for the strength and the load effects, the partial safety factors determined by the ASM approach might 
be different for different failure modes. For this reason, calibration of the strength factor ϕ is often necessary 
to maintain the same values for all γ load factors. The following numerical example illustrates revising the 
strength factor for a given set of load factors. For instance, given γS = 1.3, γW = 1.2, and the probabilistic char
acteristics of the random variables as shown in Table 14.14, the corresponding strength factor ϕ was calculated 
for a target reliability level of β = 3.0. Using the ASM, the mean of Fu was found to be 3.66. With the mean value 
known, Equation 14.111 gives

.
f g g
=

+
=

+
=S S W W

Fu

µ µ
µ

( . )
. ( ) . ( . )

.
( . ) .1 03

1 3 1 1 2 1 6
3 66

1 03 0 91

Because the strength Fu has a meantonominal ratio of 1.03, this ratio had to be revised by multiplying ϕ 
by 1.03.

table 14.14  Probabilistic Characteristics of 
random Variables

random 
Variable Mean COV

Distribution 
type

Fu not	provided 0.06 Lognormal

fS 1 0.2 normal

fW 1.6 0.1 type	I,	largest

Strength reduction factor for in-plane compression

0.4

0.6

0.8

1
(a)

(b)

(c)

1.4 1.5 1.6 1.7 1.8

1.4 1.5 1.6 1.7 1.8

1.4 1.5 1.6 1.7 1.8

Mean wave/stillwater ratio

COV(Fu) = 0.04
COV(Fu) = 0.08

Stillwater load factor for in-plane compression

1

1.2

1.4

1.6

Mean wave/stillwater ratio

COV(Fu) = 0.04
COV(Fu) = 0.08

Wave load factor for in-plane compression

1

1.2

1.4

1.6

Mean wave/stillwater ratio

COV(Fu) = 0.04
COV(Fu) = 0.08

Figure 14.9 Partial	safety	factors	for	plates	under	uniaxial	compressive	stress.
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14.8 APPLICAtION: StrUCtUrAL reLIABILItY OF A PreSSUre VeSSeL

Pressure.vessels.are.structures.that.are.designed.to.support.internal.pressure,.in.addition.to.dead.
load,.wind.load,.earthquake.load,.temperature,.piping.load,.impact,.and.cyclic.load..In.this.example,.
the.reliability.of.a.pressure.vessel.subjected.to.wind.load.is.assessed..The.example.vessel.is.120.ft.
high.and.6.0.ft.in.diameter..The.vessel.is.shown.in.Figure.14.10.with.the.assumed.wind.load.distri-
bution..The.vessel.is.assumed.to.have.a.uniform.shell.thickness..The.bending.moment.due.to.the.
wind.load.at.the.base.of.the.vessel.is.considered.to.define.the.performance.function..The.first.yield.
of.the.cross.section.was.assumed.to.be.the.failure.mode.of.interest.

The.wind.load.(W1,.W2,.and.W3).as.shown.in.Figure.14.10.is.given.by.the.following.empirical.
equation.according.to.the.American.National.Standard.Institute.(1972):

. W CK GDVi i= 0 00256 2. . (14.112)

where,.in.this.example,.Wi.is.the.total.design.wind.load.per.unit.length.of.the.vessel.in.pounds.per.
foot;.C.is.the.net.pressure.coefficient;.Ki.is.the.velocity.pressure.coefficient,.which.depends.on.the.
exposure.type.and.height.above.ground.level;.G.is.the.gust.factor,.which.depends.on.the.exposure.
type.and.dynamic.response.characteristics.of.the.structure;.D.is.the.effective.diameter.in.feet,.which.
considers.the.effect.of.ladders,.insulation,.and.pipes.attached.to.the.vessel;.and.V.is.the.basic.wind.
speed.in.miles.per.hour.recorded.at.30.ft.above.ground.level..Therefore,.the.load.effect.(L).in.the.
form.of.a.bending.moment.at.the.base.is

.
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(14.113)

The.moment.capacity.(R).of.the.circular.hollow.cross.section.at.the.base.of.the.vessel.is.given.by:

. R YR Td= p 2
. (14.114)

45 ft

45 ft

30 ft

W3

W2

W1

Figure 14.10 Wind	load	distribution	on	a	pressure	vessel.
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where.Y.is.the.yield.strength.of.the.material,.which.is.assumed.to.be.steel;.Rd.is.the.radius.of.the.
vessel;.and.T.is.the.wall.thickness.

Using.Equations.14.113.and.14.114,.the.performance.function.(Z).can.be.expressed.as

. Z R L= − . (14.115)

or

.
Z YR T W W Wd= − + +
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(14.116a)

Substituting.Equation.14.112.into.Equation.14.116a.gives

. Z YR T CGDV K K Kd= − + +p 2 2
1 2 30 00256 450 2362 5 4387 5. [ . . ] .

(14.116b)

Because.K1, K2,.and.K3.are.fully.correlated.with.the.assumed.mean.values.of.1,.1.2,.and.1.4,.respec-
tively,.they.can.be.normalized.with.respect.to.K1..Therefore,.Equation.14.116b.can.be.expressed.as

. Z YR T CGDKVd= −p 2 224 1344. .
(14.117)

where.K = K1..Table.14.15.provides.the.assumed.probabilistic.characteristics.of.the.random.vari-
ables.. Several. thicknesses. are. examined. in. this. example. as. shown. in. Table. 14.15.. The. random.
variables.X1, X2,.and.X.are.used.in.the.example.to.reduce.the.number.of.the.random.variables.in.the.
problem..The.reduction.is.based.on.the.property.that.the.product.or.division.of.random.variables.
with.lognormal.distribution.is.a.random.variable.that.has.a.lognormal.distribution..The.wind.speed.
was.assumed.to.have.a.probability.distribution.of.extreme.value.(largest).type.II..This.distribution.
has.the.following.probability.density.and.cumulative.function,.respectively:
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(14.118)

table 14.15 Probabilistic Characteristics of random Variables for Pressure Vessel

random 
Variable Mean Value COV Probability Distribution

C 0.672 0.10 normal

G 1.283 0.12 Lognormal

V 63	mph 0.16 extreme	value	type	II

D 8.3	ft 0.10 Lognormal

K 1.0 0.10 Lognormal

T 1/8,	3/16,	1/4,	5/16	in. 0.05 Lognormal

Rd 3.08	ft 0.05 Lognormal

F 38	ksi 0.10 normal

X1	=	TR2 0.0988,	0.1482,	0.1976,	0.2470	in.3 0.08666 Lognormal

X2	=	KGD 10.6489	ft 0.18652 Lognormal

X	=	X1/X2 0.0096,	0.0144,	0.0192,	0.0240 0.20632 Lognormal
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and
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where.u.and.k.are.the.parameters.of.the.distribution..These.parameters.are.related.to.the.mean.and.
variance,.respectively,.as.follows:

.
E V u

k
( ) = −

⎛
⎝⎜

⎞
⎠⎟

Γ 1
1

.
(14.120)

and

.
Var( )V u

k k
= −

⎛
⎝⎜

⎞
⎠⎟
− −

⎛
⎝⎜

⎞
⎠⎟

⎡

⎣
⎢

⎤

⎦
⎥

2 21
2

1
1

Γ Γ
.

(14.121)

where.Γ(·).is.the.gamma.function.as.described.in.Chapter.5.and.tabulated.in.Appendix.A..The.mean.
and.COV.for.the.wind.speed.V.provided.in.Table.14.15.give.the.following.parameters:

. u = 58 369. . (14.122a)

and

. k = 8 85. . (14.122b)

Using.the.probabilistic.characteristics.of.the.random.variables.as.shown.in.Table.14.15,.the.ASM.
method.(Table.14.16).was.used.to.assess.the.reliability.of.the.vessel.according.to.the.performance.
function.of.Equation.14.117..Nonnormal.random.variables.were.transformed.to.normal.random.vari-
ables.using.Equations.14.57.and.14.58..The.random.variables.were.assumed.to.be.uncorrelated..The.
resulting.safety.indices.and.failure.probabilities.for.increasing.numbers.of.simulation.cycles.and.the.
four.thicknesses.are.shown.in.Tables.14.17.and.14.18.

Direct.MCS.was.also.used.to.estimate. the.failure.probability..Utilizing.the.property. that. the.
product.or.division.of.random.variables.with.lognormal.distribution.is.a.random.variable.that.has.a.
lognormal.distribution,.the.performance.function.was.simplified.as.follows:

. Z X Y CX V= −p 1 2
224 1344. . (14.123)

Generating.the.random.variables.and.substituting.in.Equation.14.117,.failure.can.be.counted.based.
on.the.sign.of.Z,.then.the.probability.of.failure.can.be.estimated.using.Equation.14.85..The.results.

table 14.16  results of Advanced Second-Moment 
Method for Pressure Vessel

thickness (in.) Safety Index (𝛃) Failure Probability

1/8 2.18 0.014629

3/16 2.80 0.002555

1/4 3.19 0.000711

5/16 3.47 0.000260
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of.direct.simulation.for.a.1/4-in.-thick.vessel.are.shown.in.Table.14.17..The.number.of.simulation.
cycles.was.increased.from.500.to.20,000.in.increments..Also,.the.reliability.of.the.vessel.was.esti-
mated.using.CE.without.and.with.AV.VRT..In.these.methods,.the.wind.speed.V.was.selected.as.the.
control.variable..The.cumulative.distribution.function.of.V.(Equation.14.119).was.used.to.compute.
the.probability.of.failure.as.follows:

. . . . . . . . . . . . ..P P Zf = <( )0 . (14.124a)

. = − <P X Y CX V( . )p 1 2
224 1344 0 . (14.124b)
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Equations. 14.91. and. 14.92. were. then. used. to. estimate. the. failure. probability. and. its. COV.. The.
results.are.also.shown.in.Table.14.18.

Table.14.17.indicates.that.as.the.number.of.simulation.cycles.is.increased,.the.accuracy.of.the.
estimated.failure.probability.increases..Also,.the.table.shows.the.inability.of.direct.simulation.to.
estimate. the.failure.probability.using.small.numbers.of.simulation.cycles..Based.on. this. table,.a.
value.for.N.of.5000.simulation.cycles.was.selected.to.study.the.other.thicknesses.in.Table.14.18..The.
results.are.shown.in.Table.14.18..The.table.shows.that.the.vessel.reliability.improves.as.the.thick-
ness.is.increased..Also,.the.table.indicates.that.as.the.failure.probability.becomes.small,.the.direct.
simulation.method.becomes.incapable.of.estimating.it.

table 14.18  Simulation results for Pressure Vessel for All thicknesses Using 5000 
Simulation Cycles

Mean thickness (in.)
(T)

Direct 
Simulation

(Pf)

Conditional 
expectation

Conditional 
expectation with 

Antithetic Variates

(Pf) COV(Pf) Pf COV(Pf)

1/8 0.015000 0.015561 0.0199 0.015459 0.0111

3/16 0.003000 0.002640 0.0206 0.002622 0.0117

1/4 0.000000a 0.000742 0.0208 0.000736 0.0118

5/16 0.000000a 0.000276 0.0208 0.000274 0.0118

a	 number	of	failures	=	0	for	these	cases.

table 14.17 Simulation results for Pressure Vessel with 1/4-in. thickness

Number of 
Simulation Cycles
(N)

Direct 
Simulation

(Pf)

Conditional 
expectation

Conditional expectation 
with Antithetic Variates

Pf COV(Pf) Pf COV(Pf)

500 0.000000a 0.0008440 0.0642 0.0007427 0.0370

1000 0.000000a 0.0008029 0.05085 0.0007472 0.0288

5000 0.000000a 0.0007415 0.0208 0.0007362 0.0118

20,000 0.0004500 0.0007451 0.0107 0.0007389 0.0063

a	 number	of	failures	=	0	for	these	cases.
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14.9 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for.the.problem.statements.of.the.four.simulation.
projects.introduced.at.the.end.of.previous.chapters.

14.9.1 Structural Beam Study

Using.the.project.information.provided.in.Chapter.5,.investigate.the.use.of.variance-.reduction.
methods.for.assessing.the.reliability.of.the.beam..Assess.the.increase.in.simulation.efficiency.as.a.
result.of.using.variance-reduction.methods..Perform.parametric.analysis.on.the.results.produced.for.
this.project..Investigate.the.effects.of.individually.changing.mean.values.and.standard.deviations.of.
input.random.variables..Investigate.the.effects.of.individually.changing.distribution.types.of.input.
random.variables.

14.9.2 Stream erosion Study

Using.the.project.information.provided.in.Chapters.1–5,.investigate.the.use.of.variance-.reduction.
methods.for.studying.stream.erosion.

14.9.3 traffic estimation Study

Using.the.project.information.provided.in.Chapters.1–5,.investigate.the.use.of.variance-.reduction.
methods.for.estimating.traffic.

14.9.4 Water evaporation Study

Using.the.project.information.provided.in.Chapters.1–5,.investigate.the.use.of.variance-.reduction.
methods.for.studying.water.evaporation.

14.10 PrOBLeMS

 14-1.. For. the. following.performance. function,.determine. the.safety. index.(β).using. (a). the.FORM.and.
(b) the.ASM.method:

. Z X X X= −1 2 3

. . The.noncorrelated.random.variables.are.assumed.to.have.the.following.probabilistic.characteristics:

Random 
Variable

Mean 
Value COV

Distribution 
Type

X1 1 0.25 Normal

X2 5 0.05 Normal

X3 4 0.20 Normal

 14-2.. For. the. following.performance. function,.determine. the.safety. index.(β).using. (a). the.FORM.and.
(b) the.ASM.method:

. Z X X X= −1 2 3
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. . The.noncorrelated.random.variables.are.assumed.to.have.the.following.probabilistic.characteristics:

Random 
Variable

Mean 
Value

Coefficient of 
Variation

Distribution 
Type

X1 1 0.25 Lognormal

X2 5 0.05 Lognormal

X3 4 0.20 Lognormal

 14-3.. Redo.Problem.14.1.using.(a).the.direct.MCS.method,.and.(b).the.CE.method..Use.100.and.2000.sim-
ulation.cycles.to.estimate.the.failure.probability.and.its.COV.

 14-4. Redo.Problem.14.2.using.(a).the.direct.MCS.method,.and.(b).the.CE.method..Use.100.and.2000.sim-
ulation.cycles.to.estimate.the.failure.probability.and.its.COV.

 14-5. For. the. following.performance. function,.determine. the.safety. index.(β).using. (a). the.FORM.and.
(b) the.ASM.method:

. Z X X X= − −1 2 3

. . The.uncorrelated.random.variables.are.assumed.to.have.the.following.probabilistic.characteristics:

Random 
Variable

Mean 
Value COV

Distribution 
Type

X1 10 0.25 Normal

X2 5 0.05 Normal

X3 3 0.20 Normal

 14-6. For.the.following.performance.function,.determine.the.safety.index.(β).using.(a).the.FORM,.and.
(b) the.ASM.method:

. Z X X X= − −1 2 3

. . The.noncorrelated.random.variables.are.assumed.to.have.the.following.probabilistic.characteristics:

Random 
Variable

Mean 
Value COV

Distribution 
Type

X1 10 0.25 Normal

X2 5 0.05 Normal

X3 3 0.20 Type.I,.largest

 14-7. For. the. following.performance. function,.determine.an.estimated. failure.probability. and. its.COV.
using.(a).the.direct.simulation.method,.and.(b).the.CE.method.with.100.and.2000.cycles:

.
Z X X X I

I
W= − − +

⎛
⎝⎜

⎞
⎠⎟1 2 3 1

2

10
sin

. . The.last.term.in.this.equation.introduces.noise.to.the.performance.function..Assume.that.the.con-
stants.I1.=.1.and.I2.=.1..The.noncorrelated.random.variables.are.assumed.to.have.the.following.proba-
bilistic.characteristics,.with.W.having.a.standard.deviation.of.1:

Random 
Variable

Mean 
Value COV Distribution Type

X1 10 0.25 Normal

X2 5 0.05 Normal

X3 3 0.20 Normal

W 0 Not.applicable.
(σ.=.1)

Standard.Normal
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 14-8. In. Problem. 14.7,. study. the. effect. of. changing. the. level. of. noise. in. the. performance. function..
Investigate.the.effect.of.using.I1.=.1,.5,.and.10.given.that.I2.=.1.or.10.using.the.CE.method,.with.
N = 10,.100,.1000,.and.2000.cycles..Discuss.your.results.

 14-9. Redo.Problem.14.7.using.(a).IS,.and.(b).CE.with.AV.
 14-10. Redo.Problem.14.8.using.(a).IS,.and.(b).CE.with.AV.
 14-11. The. stability. of. a. vehicle,. such. as. a. truck,. can. be. measured. using. a. simplified. static. model. as.

follows:

.
Stability =

T

H2

. . where.T.is.the.nonrandom.truck.width.(i.e.,.center.of.the.right.front.tire.to.the.center.of.the.left.front.
tire),.and.H.is.the.random.location.of.the.center.of.gravity.of.the.vehicle.from.street.level..As.the.
ratio.approaches.a.mean.limit.L.=.1.0,.the.tendency.for.the.vehicle.to.roll.is.increased..Assuming.that.
H.and.L.are.random.variables.with.coefficients.of.variations.of.0.15.and.0.1,.respectively,.perform.
parametric.analysis.by.assessing.failure.(rollover).probabilities.as.functions.of.typical.T.(5.to.7.ft).
and.mean.H.(2.to.4.ft).values.with.mean.L.=.1.0..Assume.(a).normal.and.(b).lognormal.probability.
distributions.for.all.the.random.variables.

 14-12. Use.the.stability.model.for.a.truck.as.provided.in.Problem.14.11.to.compute.the.mean.H.that.you.
would.permit.for.loading.a.truck.by.stacking.loads.vertically.so.that.the.failure.(rollover).probability.
does.not.exceed.0.01.for.mean.values.of.T.of.5.to.10.ft..Use.lognormal.probability.distributions.

 14-13. Catchment.basins.are.used.to.protect.residential.areas.and.highways.from.mud.slides..A.mudslide.
basin.has.a.capacity.of.C,.which.is.a.random.variable.with.a.COV.of.0.2..The.expected.25-year.max-
imum.inflow.is.denoted.F.with.a.COV.of.1.0..Develop.an.expression.for.computing.the.reliability.
index.and. the. failure.probability. assuming. lognormal.probability.distributions. for.both.C. and.F..
Compute.the.reliability.index.and.the.failure.probability.assuming.that.the.mean.ratio.of.C/F is.1.0,.
1.2,.1.4,.1.6,.1.8,.2.0,.2.2,.2.4,.2.6,.2.8,.and.3.0..What.mean.ratio.would.you.recommend.to.protect.a.
highway.section.with.average.traffic.volume.of.5000.vehicles.per.day.at.an.average.speed.of.50.mph?.
Discuss.and.justify.your.selection.

 14-14. Use.the.reliability.model.for.a.catchment.basin.as.provided.in.Problem.14.13.to.compute.the.mean.C.
that.you.would.permit.for.a.flow.F.so.that.the.failure.probability.does.not.exceed.0.01..Provide.your.
answer.in.the.form.of.a.mean.C/F.ratio..Perform.parametric.analysis.by.varying.the.target.failure.
probability.as.follows:.0.01,.0.005,.0.001,.0.0005,.and.0.0001.

 14-15. The.change.in.the.length.of.a.rod.due.to.axial.force.P.is.given.by

.
ΔL

PL

AE
=

. . where.L.is.the.length.of.the.rod,.P.is.the.applied.axial.force,.A.is.the.cross-sectional.area.of.the.rod,.
and.E.is.the.modulus.of.elasticity..Assume.that.the.change.in.length.of.the.rod.must.not.exceed.0.15.
in..Using.2000.simulation.cycles.in.(a).the.direct.MCS.method,.and.(b).the.CE.method,.determine.the.
failure.probability.of.the.rod.in.meeting.this.limit..Assume.that.the.noncorrelated.random.variables.
have.the.following.probabilistic.characteristics:

Random 
Variable Mean Value COV

Distribution 
Type

P 100.kips 0.35 Lognormal

L 20.in. 0.05 Normal

E 30,000.ksi 0.10 Lognormal

A 1.in.2 0.05 Normal

 14-16. For.the.rod.in.Problem.14.15,.study.the.effect.of.increasing.the.number.of.simulation.cycles.on.the.
estimated.failure.probability..Use.the.following.numbers.of.simulation.cycles:.20,.100,.500,.1000,.
and.2000..Provide.your.results.in.the.form.of.plots.of.estimated.failure.probability.and.its.COV.as.a.
function.of.the.number.of.simulation.cycles.

 14-17. The.ultimate.moment.capacity,.M,.of.an.under-reinforced.concrete.rectangular.section.is.given.by

.
M A f d

a
s y= −

⎛
⎝⎜

⎞
⎠⎟2
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. . where

.
a

A f

bf
s y

c

=
ʹ0 85.

. . in.which.the.following.are.random.variables:.As.is.the.cross-sectional.area.of.the.reinforcing.steel,.fy.
is.the.yield.stress.(strength).of.the.steel,.d.is.the.distance.from.the.reinforcing.steel.to.the.top.fibers.of.
the.beam,.b.is.the.width.of.the.beam,.and. �fc .is.the.ultimate.stress.(strength).of.the.concrete..Assume.
that.the.random.variables.are.statistically.noncorrelated.with.the.following.characteristics:

Random 
Variable

Mean 
Value COV

Distribution 
Type

F.=.fy As 40,000.lb 0.15 Lognormal

d 15.in. 0.05 Lognormal

b 12.in. 0.05 Normal

f ′c 3000.psi 0.20 Lognormal

. . The.applied.random.moment.has.a.COV.of.0.2.and.lognormal.distribution.type..Using.simulation.
methods,.determine.the.mean.value.of. the.applied.moment. that. results. in.a.failure.probability.of.
about.0.001.and.a.COV.of.the.estimated.failure.probability.of,.at.the.most,.0.05.

 14-18. Use.the.performance.function.and.probabilistic.characteristics.of.the.random.variables.of.Problem.
14.5,.except.for.the.mean.value.of.X1,.to.compute.the.partial.safety.factors.for.a.target.reliability.level.
of.3.0.

 14-19. Use.the.performance.function.and.probabilistic.characteristics.of.the.random.variables.of.Problem.
14.6,.except.for.the.mean.value.of.X1,.to.compute.the.partial.safety.factors.for.a.target.reliability.level.
of.3.0.

 14-20. Use.the.performance.function.and.probabilistic.characteristics.of.the.random.variables.of.Problem.
14.1,.except.for.the.mean.value.of.X1,.to.compute.the.partial.safety.factors.for.a.target.reliability.level.
of.3.0.

 14-21. Use.the.performance.function.and.probabilistic.characteristics.of.the.random.variables.of.Problem.
14.2,.except.for.the.mean.value.of.X1,.to.compute.the.partial.safety.factors.for.a.target.reliability.level.
of.3.0.
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ChAPter 15

reliability and risk Analysis of Systems

In.this.chapter,.we.start.with.reliability.analysis.of.multicomponent.systems,.follow.it.with.an.
introduction.of.concepts.relating.to.risk.analysis.of.systems.including.logic.diagrams.such.as.fault.
and.event.trees,.and.then.present.of.risk.analysis.methods.for.decision.making..We.will.use.practical.
examples.from.engineering.and.the.sciences.to.introduce.the.concepts.and.their.applications.

15.1 INtrODUCtION

The.process.of.engineering.analysis.and.design.can.be.systematically.performed.within.a.sys-
tems. framework..Generally,. an.engineering.project.can.be.modeled. to. include.a. segment.of. the.
environment.that.interacts.significantly.with.it,.defining.an.engineering.system..The.limits.of.the.
system. are. drawn. based. on. the. nature. of. the. project,. class. of. performances. (including. failures).
under.consideration,.and.the.objectives.of.the.analysis.

The.first.step.in.solving.any.engineering.problem.is. to.define.the.architecture.of. the.system..
The.definition.of.a.system.can.be.based.on.observations.about.its.source.and.data.elements,.interac-
tion.among.the.elements,.and.behavior.of.the.system..Each.level.of.knowledge.obtained.about.an.
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engineering.problem.can.be.said.to.define.a.system.of.the.problem..As.additional.levels.of..knowledge.
are.added.to.previous.ones,.higher.epistemological.levels.of.system.definition.and.description.are.
generated.which,.taken.together,.form.a.hierarchy.of.such.system.descriptions.

In.the.previous.chapter,.the.reliability.assessment.discussion.was.limited.to.the.failure.of.one.
component.according.to.one.failure.mode.that.is.expressed.by.the.performance.function.of.Equation.
14.13..In.general,.a.component.can.fail.in.one.of.several.failure.modes..The.treatment.of.multiple.
failure.modes.requires.modeling.the.component.behavior.as.a.system..Also,.a.system.can.be.defined.
as.an.assemblage.of.several.components.that.serves.some.function.or.purpose..Again,.a.multicom-
ponent.system.can.fail.according. to.several. failure.modes.. In. this.case,.one.or.more.component.
.failures.are.necessary.for.system.failure..Modeling.multimodal.component.failures.or.multicompo-
nent.systems.can.be.based.on.similar.concepts..The.objective.of.this.chapter.is.to.introduce.the.fun-
damental.concepts.of.system.analysis.for.the.purpose.of.reliability.assessment.at.the.system.level.

System. analysis. requires. the. recognition. and. modeling. of. some. system. characteristics. that.
include. (1). postfailure. behavior. of. a. component,. (2). the. contribution. of. a. component. failure. or.
.failure-mode.occurrence.to.failure.of.the.system,.(3).the.statistical.correlation.among.failure.modes.
and.failure.of.the.component,.and.(4).the.definition.of.failure.at.the.system.level..The.postfailure.
behavior.of.a.component.is.needed.to.determine.the.remaining.effect.or.contribution.of.the.com-
ponent,.after.its.failure,.to.subsequent.system.response.or.failure..For.example,.in.structural.engi-
neering,.components.can.be.ideally.classified.into.brittle.or.ductile.components.according.to.their.
potential. failure. modes.. Components. lose. their. strength. completely. after. failure. according. to. a.
brittle.failure.mode;. therefore,. these.components.can.be.removed.from.the.structural.analysis.of.
a.system.on.failure..On.the.other.hand,.components.that.fail.according.to.a.ductile.failure.mode.
maintain.complete.or.substantial.partial.force.resistance.at.increasing.levels.of.deformation.after.
failure;.therefore,.they.continue.to.contribute.to.the.behavior.of.the.system.after.failure,.and.their.
contribution.must.be.considered.in.the.analysis.of.the.system.

The.contribution.to.failure.of. the.system.by.a.component.failure.or.failure-mode.occurrence.
depends.on.the.level.of.redundancy.in.the.system..The.failure.of.some.components.can.lead.to.the.
failure.of.the.system,.whereas.the.failure.of.other.components.does.not.result.in.system.failure.but.
can.weaken.the.system.

The.statistical.correlation.among.failure.modes.and.failure.of.components.can.have.a.large.effect.
on.the.reliability.of.the.system..The.difficulty.in.assessing.this.correlation.can.result.in.approxi-
mate.assessment.of.system.reliability.or. interval.assessment.of. the.reliability.by.considering. the.
extreme.conditions.of.statistically.noncorrelated.and.fully.correlated.failure.modes.and.failure.of.
the.components.

Finally,.the.reliability.assessment.of.a.system.requires.defining.failure.at.the.system.level..For.
example,.in.a.structural.system,.the.failure.definition.of.a.system.can.be.that.the.remaining.(or.sur-
viving).elements.of.a.system.become.structurally.unstable..The.results.of.system.reliability.can.be.
used.in.risk.studies.and.risk-based.decision.making.

15.2 reLIABILItY OF SYSteMS

15.2.1 Systems in Series

A.system.in.series.can.be.represented.as.shown.in.Figure.15.1..The.failure.of.one.of.the.n.com-
ponents.shown.in.the.figure.can.result.in.failure.of.the.system..This.type.of.system.is.also.referred.
to.as.a weakest-link system..The.connectivity.of.the.components.as.shown.in.Figure.15.1.is.a.logical.
connectivity.in.terms.of.the.contribution.of.component.failure.to.system.failure..The.logical.con-
nectivity.can.be.different.than.the.physical.connectivity.of.the.components.in.the.real.system..For.
example,.the.statistically.determinate.truss.shown.in.Figure.15.2.is.a.weakest-link.system,.because.
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the.failure.of.a.component.in.the.system.results.in.the.failure.of.the.system..The.system.model.for.
the.truss.is.shown.in.Figure.15.3..The.difference.between.the.physical.connectivity.(Figure.15.2).
and.the.logical.connectivity.(Figure.15.3).can.be.observed.by.comparing.the.two.figures.

The.reliability.of.a.system.in.series.depends.on.the.level.of.dependence.among.the.underlying.
failure.events.for.the.components.(called.Ei,.i.=.1,.2,.......,.n)..The.survival.of.the.system.(E).can.be.
modeled.as

. E E E E En n= ∩ ∩ ∩ ∩−1 2 1� . (15.1)

where.Ei.is.the.survival.event.of.component.i..For.independent.failure.events.of.the.components,.the.
probability.of.failure.of.the.system.can.be.computed.as

. P E P E( ) ( )= −1 . (15.2a)

or

. P E P E P E P E P En n( ) [ ( )][ ( )] [ ( )][ ( )]= − − − ⋅⋅⋅ − −−1 1 1 1 11 2 1 .
(15.2b)

For.fully.dependent.events,.the.following.relations.hold:

. E E Ei i j⊆ ∩( ) . (15.3a)

or

. E E Ej i j⊆ ∩( ) . (15.3b)

1 …2 3 n – 1 n

Figure 15.1 a	system	of	n	components	in	series.

131062

3
111

12

74

5
9

8

Figure 15.2 a	configuration	of	a	truss	structural	system.

1 2 3 12 13…

Figure 15.3 a	system	of	13	components	in	series	for	the	truss.
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Therefore,.the.following.relationships.hold:

. P E P E Ei i j( ) ( )≤ ∩ . (15.4a)

or

. P E P E Ej i j( ) ( )≤ ∩ . (15.4b)

For.a.system.of.n.components.with.fully.dependent.failure.events,.the.probability.of.survival.of.the.
system.can.be.determined.from.Equation.15.1.as

. P E P E E E En n( ) ( )= ∩ ∩…∩ ∩−1 2 1 . (15.5)

Therefore,.extending.Equations.15.4a.and.15.4b.with.Equation.15.5.gives

.
P E P E

i

n

i( ) min[ ( )]=
=1 .

(15.6)

or

.
P E P E

i

n

i( ) max[ ( )]=
=1 .

(15.7)

Equations.15.5.through.15.7.are.limited.to.cases.where.the.underlying.performance.functions.for.the.
failure.events.have.positive.statistical.correlation..The.results.from.Equations.15.2b.and.15.7.provide.
upper.and.lower.limits.on.the.probability.of.failure.of.the.system..The.results.are.useful.in.cases.
where.the.positive.dependence.levels.between.failure.events.are.unknown..Using.Equations.15.2b.
and.15.7,.the.probability.of.failure.of.the.system.(Pf).can,.therefore,.be.expressed.as

.
max ( ) ( ) ( ) ( ) ( )
i

n

f f f f f fP P P P P P
i n n=
≤ ≤ − − − ⋅⋅⋅ − −

−1
1 1 1 1 1

1 2 1
 

.
(15.8a)

or

.
max ( ) ( )
i

n

f f f
i

n

P P P
i i=

=

≤ ≤ − −∏
1

1

1 1 
.

(15.8b)

where.Pfi
.is.the.failure.probability.of.the.ith.component,.for.i.=.1,.2,.......,.n.

Example 15.1: Reliability of a Truss

For the truss shown in Figure 15.4, the truss members can be either in compression or tension depending 
on the applied loads and the weight of the truss. Given some loading that is random and using statics, the mem
ber forces of the truss can be determined. For tension members, the yield strength of the members can be used 
to determine their failure probabilities. The compression members of the truss can fail either by compressive 
yielding or buckling. Using the smaller strength, the failure probabilities can be computed for these members. 
Assuming the failure probabilities of the truss members as shown in Figure 15.4, the failure probability of the 
truss system can be computed using Equation 15.8 as:

 max( . , . , . , . ) ( . ) ( . ) ( . )0 01 0 02 0 03 0 005 1 1 0 01 1 0 02 1 0 036 4 2≤ ≤ − − − −Pf (( . )1 0 005−  (15.9)
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or

 0 03 0 1870. .ʺ ʺPf  (15.10)

The lower bound in Equation 15.10 is the failure probability of the truss system for failure events that are depen
dent, whereas the upper bound is the failure probability for the independent case. For real trusses, a level of 
dependence exists that can be related to both the strength and loading aspects of the reliability assessment 
problem at the member level. The computation of the dependence level can be difficult due to the various ill
defined factors that affect it, such as manufacturing and construction factors for the truss members and the 
contribution of dead load (DL) to the load effect in the members. Therefore, a failure probability at the system 
level expressed according to Equation 15.10 is commonly used.

15.2.2 Systems in Parallel

A.system.in.parallel.can.be.represented.as.shown.in.Figure.15.5..The.n.components.that.are.
shown.in.the.figure.must.fail.to.result.in.system.failure..This.type.of.system.is.also.referred.to.as.a.
redundant system..The.connectivity.of.the.components.as.shown.in.Figure.15.5.is.again.a.logical.
connectivity.in.terms.of.the.contribution.of.failure.of.the.components.to.the.system.failure.

0.020.020.020.02

0.01
0.01 0.01

0.01

0.010.01

0.03
0.03

0.005

Figure 15.4 example	truss	structural	system	with	failure	probabilities	of	truss	members.

1

2

3

⋅
⋅
⋅

n

Figure 15.5 a	system	of	n	components	in	parallel.
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The.reliability.of.a.system.in.parallel.depends.on.the.level.of.dependence.among.the.underlying.
failure.events.for.the.components.(called.Ei,.i.=.1,.2,.......,.n)..The.failure.of.the.system.(E).can.be.
modeled.as

. E E E E En n= ∩ ∩…∩ ∩−1 2 1 . (15.11)

or.the.survival.of.the.system.(E).can.be.modeled.as

. E E E E En n= ∪ ∪…∪ ∪−1 2 1 . (15.12)

where.Ei.is.the.survival.event.of.component.i..Equation.15.11.can.be.evaluated.using.conditional.
probabilities.as.was.discussed.in.Chapter.3.

The.probability.of.failure.of.the.system.(Pf).for.a.system.in.parallel.can.be.expressed.similar.to.
Equation.15.8.as

.
P P Pf

i

n

f
i

n

fi i
=

=
∏ ≤ ≤

1
1

min( )
.

(15.13)

where.Pfi.is.the.failure.probability.of.the.ith.component,.for.i.=.1,.2,.......,.n..These.bounds.can.be.
wide..Narrower.bounds.require.the.knowledge.of.correlation.levels.between.the.underlying.failure.
events.or.conditional.probabilities.

Example 15.2: Reliability of a Piping System in Parallel

The piping system shown in Figure 15.6 has four components with the indicated failure probabilities. The 
components are in parallel as shown in the figure. The failure of the system is defined as the flow failure from 

Pipe 1, Failure probability = 0.010

Pipe 2, Failure probability = 0.030

Pipe 3, Failure probability = 0.001

Pipe 4, Failure probability = 0.020

A. Flow input B. Flow output

Figure 15.6 a	piping	system	in	parallel.
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point A to B. Therefore, for the system to fail, all the components must fail. Assuming the survival events of the 
pipes to be independent, the survival of the system (E ) can be modeled as

 E E E E E= ∪ ∪ ∪1 2 3 4  (15.14a)

where Ei is the survival event of component i. The failure event (E ) for the system can be expressed as

 E E E E E= ∩ ∩ ∩1 2 3 4  (15.14b)

where Ei is the failure event for component i. Therefore, the failure probability of the system can be computed as

 Pf = = × −( . )( . )( . )( . )0 01 0 03 0 001 0 02 6 10 9
 (15.14c)

The resulting small failure probability reflects the high reliability due to redundancy in the piping system.
In this example, the failure of a pipe was assumed not to affect the performance of other pipes that did not 

fail. If such an effect exists, then fault or event tree analyses as discussed in Sections 15.2.4 and 15.2.5 should 
be used with conditional probabilities. In this case, the performance of nonfailing pipes, given the failure of one 
or more pipes, must be determined for the purpose of evaluating the system reliability.

15.2.3 Mixed Systems in Series and Parallel

In.general,.many.engineering.problems.can.be.modeled.using.systems.with.components.that.are.
mixed.in.parallel.and.series..The.representation.in.this.case.can.be.in.the.form.of.combined.plots.
using.Figure.15.1.for.the.portions.of.a.system.that.are.in.series.and.Figure.15.5.for.the.portions.of.
the.system.that.are.in.parallel..The.computations.can.also.be.performed.using.the.mathematical.
formulations.presented.for.the.systems.in.series.and.parallel..The.example.that.follows.illustrates.
how.to.model.mixed.systems.and.how.to.compute.their.probabilities.

Example 15.3: Reliability of a Mixed Piping System

The piping system shown in Figure 15.7 has nine components with the indicated failure probabilities. The 
components are in series and parallel as shown in the figure. The failure of the system is defined as the flow 
failure from point A to B.

The pipes 1, 2, 3, and 4 are similar to the pipes discussed in Example 15.2; therefore, they can be repre
sented by a single pipe with a failure probability of 6 × 10–9. Similarly, pipes 6, 7, 8, and 9 are similar to the 
pipes discussed in Example 15.2; therefore, they can be represented by a single pipe with a failure probability 
of 6 × 10–9. As a result of these two representations, the system can be modeled as shown in Figure 15.8. The 
resulting system in series can now be evaluated using Equation 15.2b as follows:

 Pf = − − × − × − =− −1 1 6 10 1 6 10 1 0 00001 0 00001009 9[ ( )][ ( )]( . ) .  (15.15)

Pipe 1, Failure probability = 0.010

A. Flow input B. Flow output

Pipe 5, Failure 
proability =

0.00001

Pipe 2, Failure probability = 0.030
Pipe 3, Failure probability = 0.001
Pipe 4, Failure probability = 0.020

Pipe 6, Failure probability = 0.010
Pipe 7, Failure probability = 0.030
Pipe 8, Failure probability = 0.001
Pipe 9, Failure probability = 0.020

Figure 15.7 failure	probabilities	of	a	mixed	piping	system.
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The resulting small failure probability reflects the high reliability due to redundancy in the parallel segments of 
the piping system.

15.2.4 Fault tree Analysis

The.reliability.evaluation.of.complex.engineering.systems.requires.analytical.methods.that.are.
systematic.and.methodical..Fault.tree.analysis.(FTA).is.a.method.that.can.be.used.for.this.purpose..
The.method.starts.by.defining.a.top.event,.which.is.commonly.selected.as.an.adverse.event..An.engi-
neering.system.can.have.more.than.one.top.event..For.example,.a.building.might.have.the.following.top.
events.for.the.purpose.of.reliability.assessment:.power.failure,.sewer.failure,.water.interruption,.fire,.or.
structural.failure..Then,.each.top.event.should.be.examined.using.the.following.logic:.In.order.for.the.
top.event.to.occur,.other.events.must.occur..As.a.result,.a.set.of.lower-level.events.is.defined..Also,.the.
form.in.which.these.lower-level.events.are.logically.connected.(i.e.,.in.parallel.or.in.series).needs.to.be.
defined..The.connectivity.of.these.events.is.expressed.using.gates..The.“AND”.or.“OR”.gates.should.
be.used.as.shown.in.Figure.15.9..Lower-level.events.are.classified.into.the.following.types:

. 1.. Basic events,. which. cannot. be. decomposed. further. into. lower-level. events.. They. are. the. lowest.
events.that.can.be.obtained..For.these.events,.failure.probabilities.must.be.obtained.

. 2.. Events that can be decomposed further,.which.can.be.decomposed.further.to.lower.levels;.therefore,.
they.should.be.decomposed.until.the.basic.events.are.obtained.

. 3.. Undeveloped events,.which.are.not.basic.and.can.be.decomposed.further;.however,.because.they.
are.not.important,.they.are.not.developed.further..Usually,.the.probabilities.of.these.events.are.very.
small.or.the.effect.of.their.occurrence.on.the.system.is.negligible.or.can.be.controlled.or.mediated.

. 4.. Switch (or house) events,.which.are.not.random.and.can.be.turned.on.or.off.with.full.control.

The.symbols.shown.in.Figure.15.9.are.used.for.these.events..Also,.a.continuation.symbol.is.shown,.
which. is. used. to. break. up. a. fault. tree. into. several. parts. for. the. purpose. of. fitting. it. on. several.
pages.

FTA. requires. the. development. of. a. tree-looking. diagram. for. the. system;. therefore,. the. tree.
shows.failure.paths.and.scenarios.that.can.result.in.the.occurrence.of.a.top.event..The.construction.
of.the.tree.should.be.based.on.the.building.blocks.and.the.logic.gates.in.Figure.15.9.

The. FTA. outcome. of. interest. is. the. occurrence. probability. of. the. top. event.. Because. the.
top.event.was.decomposed. into.basic.events,. its.occurrence.can.be.stated.using. the.AND.and.
OR.of.the.basic.events..The.resulting.statement.can.be.restated.by.replacing.the.AND.with.the.
intersection.of.the.corresponding.basic.events,.and.the.OR.with.the.union.of.the.corresponding.
basic.events..The.occurrence.probability.of.the.top.event.can.then.be.computed.by.evaluating.the.
probabilities.of.the.unions.and.intersections.of.the.basic.events..The.dependence.between.these.
events,.sometimes.called.common cause,.affects.the.resulting.probability.based.on.the.concepts.
covered.in.Chapter.3..Computation.of.fault.trees.is.illustrated.using.an.example.at.the.end.of.this.
section.

For.a.large.fault.tree,.computation.of.the.occurrence.probability.of.the.top.event.can.be.difficult.
because.of.its.size..In.this.case,.more.efficient.approaches.are.necessary.to.assess.the.reliability.of.

Pipes 1, 2, 3, and 4
Failure probability =

6 × 10–9

A. Flow input B. Flow output

Pipe 5
Failure probability =

0.00001

Pipes 6, 7, 8, and 9
Failure probability =

6 × 10–9

Figure 15.8 a	reduced	piping	system	based	on	reliability	of	pipes	parallel.
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a.system,.such.as.the.minimal.cut.set.approach..According.to.this.approach,.each.cut.set.is.defined.
as.a.set.of.basic.events.where.the.joint.occurrence.of.these.basic.events.results.in.the.occurrence.of.
the.top.event..A.minimal.cut.set.is.a.cut.set.with.the.condition.that.the.nonoccurrence.of.any.one.
basic.event.from.this.set.results.in.the.nonoccurrence.of.the.top.event..Therefore,.a.minimal.cut.set.
can.be.viewed.as.a.subsystem.in.parallel..In.general,.systems.have.more.than.one.minimal.cut.sets..
The.occurrence.of.the.top.event.of.the.system.can,.therefore,.be.due.to.any.one.of.these.minimal.cut.
sets..As.a.result,.the.system.can.be.viewed.as.the.union.of.all.the.minimal.cut.sets.for.the.system..
Computation.of.fault.trees.using.minimal.cut.sets.is.illustrated.using.an.example.at.the.end.of.this.
section.

Alternatively,.for.large.fault.trees,.computation.of.the.occurrence.probability.of.the.top.event.
can.be.based.on.the.minimal.link.set.approach..According.to.this.approach,.each.link.set.is.defined.
as.a.set.of.basic.events.where.the.joint.nonoccurrence.of.these.basic.events.results.in.the.nonoccur-
rence.of.the.top.event..Minimal.link.sets.are.then.defined.similar.to.the.minimal.cut.sets..In.general,.
this.approach.is.more.difficult.to.deal.with.than.the.minimal.cut.set.approach.

Efficient.computational.algorithms.are.available.to.evaluate.minimal.cut.sets..A.recommended.
algorithm.is.based.on.a.“top-down”.method.for.generating.minimal.cut.sets..This.algorithm.was.
used.to.develop.the.main.source.code.for.the.FTA.program..The.following.algorithm.summarizes.
the.analytical.procedure.for.computing.the.minimal.cut.sets.of.a.fault.tree:

. 1.. Provide.a.unique.label.for.each.gate.

. 2.. Label.each.basic.event.

. 3.. Set.up.a.two-cell.array:

. . [...].[...]

. 4.. Place.the.top.event.gate.label.in.the.first.row,.first.column:

. . [Top].[...]

. 5.. Scan.each.row.from.left.to.right.replacing:

. a.. Each.OR.gate.by.a.vertical.arrangement.defining.the.input.event.to.the.gate,.and

. b.. Each.AND.gate.by.a.horizontal.arrangement.defining.the.input.events.to.the.gate..For.exam-
ple,.the.following.table.sequence.can.be.generated.for.an.AND.top.gate.with.two.gates.below.

OR Gate

AND Gate

Event to be decomposed further

Basic event

Undeveloped event

Switch or house event

Figure 15.9 symbols	used	in	fault	tree	analysis.
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(Gate 1.of.OR.type,.and.Gate.2.of.AND.type):
. . [Top(AND)].[...]
  or
. . [Gate1(OR)].[Gate2(AND)]
. . Assuming.Gate.1.has.two.events.(1.and.2):
. . [Event.1].[Gate2]
. . [Event.2].[Gate2]
. . Assuming.Gate.2.has.two.events.(3.and.4):
. . [Event.1].[Event.3].[Event.4]
. . [Event.2].[Event.3].[Event.4]
. 6.. When.no.gate.events.remain,.each.row.is.considered.as.a.cut.set.
. 7.. Remove.all.nonminimal.combinations.of.events.such.that.only.minimal.cut.sets.remain.
. 8.. Compute.the.occurrence.probability.for.each.minimal.cut.set.as.the.products.of.the.probabilities.of.

its.underlying.events.
. 9.. Compute.the.system.(top.event).occurrence.probabilities.as.the.sum.of.the.occurrence.probabilities.

of.all.the.minimal.cut.sets.

This.procedure.can.be.used.to.assess.the.minimal.cut.sets.for.a.fault.tree.

Example 15.4: Reliability of a Piping System Using FTA

The piping system that was discussed in Example 15.3 is reexamined here. The piping system, as shown in 
Figure 15.7, consists of nine components with the indicated failure probabilities. The components are in series 
and parallel as shown in the figure. The top event is defined as the flow failure from point A to B. The system is 
broken down into three piping sections as follows:

 1. Section I: pipes 1, 2, 3, and 4
 2. Section II: pipe 5
 3. Section III: pipes 6, 7, 8, and 9

The fault tree shown in Figure 15.10 was constructed using AND and OR gates. The events that are shown in the 
figure are failure events. The occurrence probability of the top event (Pf) can be computed as

 P P P P P P P P P Pf = [( )1 2 3 4 6 7 8 AND  AND  AND OR ( 5) OR (  AND  AND  AAND )]P9  (15.16)

Top event:
No flow from A to B

Piping Section I

Pipe
1

Pipe
4

Pipe
3

Pipe
2

Piping Section III

Pipe
6

Pipe
9

Pipe
8

Pipe
7

Piping
Section II: 

Pipe 5

Figure 15.10 fault	tree	model	for	a	piping	system.
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where Pi is the failure event of the ith pipe. Replacing AND and OR with intersection and union operators pro
duces the following:

 P P P P P P P P P P Pf = ∩ ∩ ∩ ∪ ∪ ∩ ∩ ∩[( ) ( ) ( )]1 2 3 4 5 6 7 8 9  (15.17)

In Equation 15.17, the failure probabilities of pipe section I (P [S1]) can be computed based on the assumption 
of independent pipe failures as

 

P S P P P P P
P P P P P P P P

( ) [( )]
( ) ( ) ( ) ( )

1 1 2 3 4
1 2 3 4

= ∩ ∩ ∩

=         
          

         

=

= × −

( . )( . )( . )( . )0 01 0 03 0 001 0 02

6 10 9

 (15.18a)

Similarly, the failure probabilities of sections II and III, respectively, are given by

                P S( ) .2 0 00001=  (15.18b)

 P S P S( ) ( )3 1 6 10 9= = × −
 (15.18c)

Now, the occurrence probability of the top event can be computed as

 

P P S S S
P S P S P S
P S P S P
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− −
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 (15.19)

Substituting the values of the failure probabilities gives

 

Pf = × + + ×

− × − ×

− −

−
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( )( . ) (

6 10 0 00001 6 10

6 10 0 00001 6
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 (15.20)

Example 15.5: Reliability of a Piping System Using Minimal Cut Sets

The piping system that was discussed in Examples 15.3 and 15.4 is reexamined here. The piping system, 
as shown in Figure 15.7, consists of nine components with the indicated failure probabilities. The components 
are in series and parallel as shown in the figure. The top event is defined as the flow failure from point A to B. In 
this case, the following are example cut sets:

 

Example cut sets = {( , , ), ( , , , ), ( , , , ,P P P P P P P P P P P P1 5 7 1 2 5 8 3 4 5 7 9))
( , , , ), ( , , ,                                P P P P P P P2 3 5 7 1 2 3 PP 4)}

 (15.21)

where Pi is the failure event of the ith pipe. For example, the first cut set (P1,P5,P7) is the joint occurrence of 
piping failure of P1, P5 and P7. This cut set is not minimal since it includes more piping failures than neces
sary to fail the system, i.e., by excluding (P1) or (P7) or (P1 and P7) the system stays in the failed state. The 
minimal cut sets are

 Minimal cut sets = {( , , , ), ( , , , ), ( )}P P P P P P P P P1 2 3 4 6 7 8 9 5  (15.22)

The occurrence of the top event is, therefore, considered as the union of the minimal cut sets. Each minimal cut 
set is considered to be the intersection of its basic events. The occurrence probabilities of the minimal cut sets 
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can be computed as the product of the occurrence probabilities of its events. For example, the first minimal cut 
set (P1, P2, P3, P4) has a probability of

 P P P P P( ) ( . )( . )( . )( . )1 2 3 4 0 01 0 03 0 001 0 02 6 10 9∩ ∩ ∩ = = × −
 (15.23)

Similarly, the probabilities of all the minimal cut sets can be computed. The occurrence probability of the top 
event can then be evaluated as a system in series of the minimal cut sets. The resulting occurrence probability is 
the same as the previous example (i.e., 0.0000100). It should be noted that minimal cut sets that include some 
common basic events are dependent sets; therefore, the occurrence probability of their union should be based 
on conditional probabilities as given by Equations 3.10, 3.27, and 3.28.

Using the top–down algorithm produces the following minimal cut sets:

top event

S1	replaced	by	(P1)	and	(P2)	and	(P3)	and	(P4)

S2	replaced	by	(P5)

S3	replaced	by	(P6)	and	(P7)	and	(P8)	and	(P9)

15.2.5 event tree Analysis

Event.tree.analysis.(ETA).is.a.method.to.study.the.effect.of.an.initiating.event.on.a.system..The.
initiating.event.can.be.the.failure.of.a.component.in.the.system.or.the.top.event.as.was.defined.in.FTA..
The.effect.of.an.initiating.event.on.a.system.depends.on.what.might.happen.next.and.the.sequence.of.
occurrence..As.a.result,.several.possible.scenarios.can.be.developed.with.possibly.very.severe.impact.
on. the. system.. In. reliability. analysis.of. systems,. it. is. important. to. identify. these. scenarios,. their.
occurrence.probabilities,.and.effects.on.the.system..In.some.systems,.an.initiating.event.might.appear.
to.have.limited.consequence.on.the.system,.but.as.its.occurrence.is.combined.with.the.occurrence.of.
other.events,.the.result.can.have.significant,.possibly.devastating,.effects.on.the.system.

ETA.was.used.in.the.nuclear.industry.to.investigate.the.effect.of.accidents.or.other.initiating.events.
on.the.integrity.of.nuclear.reactors..The.event.tree.shown.in.Figure.15.11.was.adapted.from.a.reactor.
safety.study.performed.for.the.Nuclear.Regulatory.Commission,.called.the.WASH.1400.study..The.
initiating.event.was.considered.for.the.purpose.of.illustration.to.be.a.pipe.break.with.a.probability.of.
P(E)..The.first.subsequent.event.was.selected.to.be.electric.power.failure.with.a.failure.probability.

Very small radioactive release
Small radioactive release
Small radioactive release
Medium radioactive release
Large radioactive release
Large radioactive release
Large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release
Very large radioactive release

ConsequencesTree branch probabilityContainment
integrity

Fission
product
removal

Emergency
core
cooling
system

Electr ic
power

Pipe
break

Survival, 1 – P(E4)
Failure, P(E4)
Survival, 1 – P(E4)
Failure, P(E4)

Survival
1 – P(E3)
Failure
P(E3)

Survival
1 – P(E2)

Failure
P(E2)

Survival, 1 – P(E4)
Failure, P(E4)
Survival, 1 – P(E4)
Failure, P(E4)

Survival
1 – P(E3)
Failure
P(E3)

Survival, 1 – P(E4)
Failure, P(E4)
Survival, 1 – P(E4)
Failure, P(E4)

Survival
1 – P(E3)
Failure
P(E3)

Survival
1 – P(E2)

Failure
P(E2)

Survival, 1 – P(E4)
Failure, P(E4)
Survival, 1 – P(E4)
Failure, P(E4)

Survival
1 – P(E3)
Failure
P(E3)

Survival
1 – P(E1)

Failure
P(E1)

Initiating
event
P(E)

P(E)(1 – P(E1))(1 – P(E2))(1 – P(E3))(1 – P(E4))
P(E)(1 – P(E1))(1 – P(E2))(1 – P(E3))P(E4)
P(E)(1 – P(E1))(1 – P(E2))P(E3)(1 – P(E4))
P(E)(1 – P(E1))(1 – P(E2))P(E3)P(E4)
P(E)(1 – P(E1))P(E2)(1 – P(E3))(1 – P(E4))
P(E)(1 – P(E1))P(E2)(1 – P(E3))P(E4)
P(E)P(E1)P(E2)P(E3)(1 – P(E4)
P(E)(1 – P(E1)P(E2)P(E3)P(E4)
P(E)P(E1)(1 – P(E2))(1 – P(E3))(1 – P(E4))
P(E)P(E1)(1 – P(E2))(1 – P(E3))P(E4)
P(E)P(E1)(1 – P(E2))P(E3)(1 – P(E4))
P(E)P(E1)(1 – P(E2))P(E3)P(E4)
P(E)P(E1)P(E2)(1 – P(E3))(1 – P(E4))
P(E)P(E1)P(E2)(1 – P(E3))P(E4)
P(E)P(E1)P(E2)P(E3)(1 – P(E4))
P(E)P(E1)P(E2)P(E3)P(E4)

Figure 15.11 event	tree	model	for	reactor	safety.
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P(E1);.therefore,.the.electric.power.survival.probability.is.[1.–.P(E1)]..The.second.subsequent.event.
selected.was.failure.of.the.emergency.core.cooling.system.with.a.probability.of.P(E2)..The.third.subse-
quent.event.selected.was.failure.of.the.fission.product.removal.system.with.a.probability.of.P(E3)..The.
fourth.subsequent.event.selected.was.failure.of.the.containment.(reactor).integrity.with.a.probability.
of.P(E4)..The.selection.of.these.subsequent.events.and.their.order.are.for.the.purpose.of.illustration..In.
real.systems,.such.selections.should.be.based.on.knowledge.of.the.system,.its.components,.and.their.
interactions,.functions,.and.performance..The.resulting.event.tree.has.16.branches.as.shown.in.Figure.
15.11..The.subsequent.events.at.any.level.are.not.necessarily.limited.to.two..In.this.example,.the.treat-
ment.was.kept.simple.by.considering.two.subsequent.events.at.each.level..In.general,.it.is.possible.to.
consider.several.levels.of.failure.for.each.subsequent.event;.however,.the.tree.can.grow.to.a.large.size..
Sometimes,.it.is.possible.to.identify.some.unimportant.tree.branches.because.of.their.relatively.very.
small.probabilities.and.small.consequences..These.branches.can.be.pruned.and.ignored.

After.completing.construction.of.the.tree,.the.branch.probabilities.can.be.computed.as.the.prod-
uct.of.all.the.probabilities.of.all.the.events.along.a.branch.as.shown.in.Figure.15.11..The.assumption.
behind.this.mathematical.operation.is.that.the.underlying.events.are.independent,.an.assumption.
that.must.be.examined.carefully.for.its.validity..Also,.we.need.to.define.the.consequences.for.each.
branch..The.consequences.can.be.expressed.in.different.units.depending.on.their.types..It.is.possi-
ble,.for.example,.to.define.the.consequences.as.property.damage.with.estimates.in.dollars,.or.poten-
tial.human.injury.with.estimates.in.numbers..Also,.it.is.possible.to.keep.the.assessed.consequences.
in.linguistic.terms.as.shown.in.Figure.15.11.

Because.all.the.tree.branches.are.possible.failure.scenarios,.they.can.be.considered.as.failure.
modes.for.the.system.with.varying.levels.of.consequence..Branches.that.produce.high.probabilities.
with.significant.consequences.are.referred.to.as.high-risk branches.and.should.be.targeted.for.risk.
improvement..The.meaning.of.risk.in.this.case.is.the.combination.of.both.occurrence.probability.
and.consequences..The.combination.can.be.expressed.for.each.scenario.as.follows:

. Risk = occurrence probability  occurrence consequence× . (15.24)

The.risk.improvement.can.be.achieved.either.by.reducing.the.occurrence.probability.through.sys-
tem.or.component.changes.or.by.reducing. the.potential.consequences.or.making.changes. to. the.
scenarios.

Example 15.6: Reliability of a Nuclear Reactor Using ETA

The event tree shown in Figure 15.11 is used in this example to illustrate the computations of branch prob
abilities. The assumed annual occurrence probabilities for the events E, E1, E2, E3, and E4 are for the purpose 
of illustration and are given by

   P E( ) = 1E-04  (15.25a)

  P E( )1 = 1 07E-  (15.25b)

 P E( )2 = 1 05E-  (15.25c)

 P E( )3 = 1 06E-  (15.25d)

 P E( )4 05= 1E-  (15.25e)

where 1E04 = 1 × 10–4. Table 15.1 shows the computation of the branch probabilities and approximate expres
sions for computing the branch probabilities. Because the event probabilities as given by Equations 15.25a 
through 15.25e are small, the product of a small number by one minus another small number is approximately 
equal to the small number; that is,

 P Ei P Ej P Ei( )[ ( )] ( )1 − ≈  (15.26)

where P(Ei) and P(Ej ) are small numbers.
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Table 15.1 shows that branch 1 has the largest occurrence probability, but it has a small consequence 
according to Figure 15.11. According to Figure 15.11, branches 8–16 have the highest level of consequence. 
From these branches, branch 9 has the highest occurrence probability; therefore, branch 9 can be considered 
as the highest risk branch. The occurrence probability of this branch can be reduced by improving the failure 
probability of the pipe breakage (P[E ]) or improving the electric power failure probability (P[E1]). When options 
for system improvement of these two events have been identified, then cost–benefit analysis using decision 
trees can be utilized to select the best option. Decision analysis is discussed in Section 15.4.

15.3 rISK ANALYSIS

Formally,.risk.can.be.defined.as.the.potential.of.losses.and.rewards.resulting.from.an.exposure.
to.a.hazard.or.as.a.result.of.a.risk.event..Risk.should.be.based.on.identified.risk.events.or.event.
scenarios..Risk.can.be.viewed. to.be.a.multidimensional.quantity. that. includes.event-occurrence.
probability,.event-occurrence.consequences,.consequence.significance,.and.the.population.at.risk;.
however,.it.is.commonly.measured.as.a.pair.of.the.probability.of.occurrence.of.an.event,.and.the.
outcomes.or.consequences.associated.with.the.event’s.occurrence..This.pairing.can.be.represented.
by.the.following.equation:

. Risk p c p c p c p ci i n n≡ [( , ), , , ( , ), ,( , )]1 1 2 2 � � . (15.27)

where.pi.is.the.occurrence.probability.as.a.measure.of.likelihood.of.an.outcome.or.event.i.out.of.n.
possible.events.and.ci.the.occurrence.consequences.or.outcomes.of.the.event.

The.likelihood.metric.can.be.constructed.using.categories.such.as.the.ones.shown.in.Table.15.2,.
whereas.the.consequences.metric.can.be.constructed.using.the.categories.shown.in.Table.15.3.with.

table 15.1 Computation of Branch Probabilities in etA

Branch 
No.

Branch Probability expression 
from Figure 15.11

Approximate expression 
for Branch Probability

Branch 
Probability

1 P E P E P E P E P E( )[ ( )][ ( )][ ( )][ ( )]1 1 1 2 1 3 1 4− − − − P E( ) 1e-04

2 P E P E P E P E P E( )[ ( )][ ( )][ ( )] ( )1 1 1 2 1 3 4− − − P E P E( ) ( )4 1e-09

3 P E P E P E P E P E( )[ ( )][ ( )] ( )[ ( )]1 1 1 2 3 1 4− − − P E P E( ) ( )3 1e-10

4 P E P E P E P E P E( )[ ( )][ ( )] ( ) ( )1 1 1 2 3 4− − P E P E P E( ) ( ) ( )3 4 1e-15

5 P E P E P E P E P E( )[ ( )] ( )[ ( )][ ( )]1 1 2 1 3 1 4− − − P E P E( ) ( )2 1e-09

6 P E P E P E P E P E( )[ ( )] ( )[ ( )] ( )1 1 2 1 3 4− − P E P E P E( ) ( ) ( )2 4 1e-14

7 P E P E P E P E P E( )[ ( )] ( ) ( )[ ( )]1 1 2 3 1 4− − P E P E P E( ) ( ) ( )2 3 1e-15

8 P E P E P E P E P E( )[ ( )] ( ) ( ) ( )1 1 2 3 4− P E P E P E P E( ) ( ) ( ) ( )2 3 4 1e-20

9 P E P E P E P E P E( ) ( )[ ( )][ ( )][ ( )]1 1 2 1 3 1 4− − − P E P E( ) ( )1 1e-11

10 P E P E P E P E P E( ) ( )[ ( )][ ( )] ( )1 1 2 1 3 4− − P E P E P E( ) ( ) ( )1 4 1e-16

11 P E P E P E P E P E( ) ( )[ ( )] ( )[ ( )]1 1 2 3 1 4− − P E P E P E( ) ( ) ( )1 3 1e-17

12 P E P E P E P E P E( ) ( )[ ( )] ( ) ( )1 1 2 3 4− P E P E P E P E( ) ( ) ( ) ( )1 3 4 1e-22

13 P E P E P E P E P E( ) ( ) ( )[ ( )][ ( )]1 2 1 3 1 4− − P E P E P E( ) ( ) ( )1 2 1e-16

14 P E P E P E P E P E( ) ( ) ( )[ ( )] ( )1 2 1 3 4− P E P E P E P E( ) ( ) ( ) ( )1 2 4 1e-21

15 P E P E P E P E P E( ) ( ) ( ) ( )[ ( )]1 2 3 1 4− P E P E P E P E( ) ( ) ( ) ( )1 2 3 1e-22

16 P E P E P E P E P E( ) ( ) ( ) ( ) ( )1 2 3 4 none 1e-27
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an.example.provided.in.Table.15.4..The.consequence.categories.of.Table.15.3.focus.on.the.health.
and.environmental.aspects.of.consequences..The.consequence.categories.of.Table.15.4.focus.on.the.
economic.impact,.and.should.be.adjusted.to.meet.specific.needs.of.industry.and/or.applications..An.
example.risk.matrix.is.shown.in.Figure.15.12..In.the.figure,.each.boxed.area.is.shaded.depending.
on.a.subjectively.assessed.risk.level..Three.risk.levels.are.used.herein.for. illustration.purposes.of.
low (L),.medium.(M),.and.high.(H)..Other.risk.levels.may.be.added.using.a.scale.of.five.levels.instead.
of.three.levels.if.needed..These.risk.levels.are.also.called.severity.factors..The.high.(H).level.can.be.
considered.as.unacceptable.risk.level,.the.medium.(M).level.can.be.treated.as.either.undesirable.or.as.
acceptable.with.review,.and.the.low.(L).level.can.be.treated.as.acceptable.without.review.

A.generalized.definition.of.risk.can.be.expressed.as

. Risk l o u cs po l o u cs po l o un n n≡ [( , , , , ), ( , , , , ), ..., ( , , ,1 1 1 1 1 2 2 2 2 2 ccs pon n, )] . (15.28)

where.l.is.likelihood,.o.is.outcome,.u.is.utility.(or.significance),.cs.is.causal.scenario,.po.is.popula-
tion.affected.by.the.outcome,.and.n.is.the.number.of.outcomes..The.definition.according.to.Equation.
15.28.covers.all.attributes.measured.in.risk.assessment.that.are.described.in.this.chapter,.and.offers.
a.complete.description.of.risk,.from.the.causing.event.to.the.affected.population.and.consequences..
The.population-size.effect.should.be.considered.in.risk.studies.since.society.responds.differently for.
risks.associated.with.a.large.population.in.comparison.to.a.small.population..For.example,.a.fatality.

table 15.2 Likelihood Categories for a risk Matrix

Category Description Annual Probability range

a Likely ≥	0.1	(1	in	10)

B unlikely ≥	0.01	(1	in	100)	but	<0.1

C Very	unlikely ≥	0.001	(1	in	1,000)	but	<0.01

D Doubtful ≥	0.0001	(1	in	10,000)	but	<0.001

e Highly	unlikely ≥	0.00001	(1	in	100,000)	but	<0.0001

f extremely	unlikely <	0.00001	(1	in	100,000)

table 15.3 Consequence Categories for a risk Matrix

Category Description examples

I Catastrophic Large	number	of	fatalities,	and/or	major	long-term	environmental	impact

II major fatalities,	and/or	major	short-term	environmental	impact

III serious serious	injuries,	and/or	significant	environmental	impact

IV significant minor	injuries,	and/or	short-term	environmental	impact

V minor first	aid	injuries	only,	and/or	minimal	environmental	impact

VI none no	significant	consequence

table 15.4  example Consequence Categories for a risk Matrix in 2003 
Monetary Amounts (US$)

Category Description Cost

I Catastrophic	loss $10,000,000,000	<	cost

II major	loss 	 $1,000,000,000	<	cost	<	$10,000,000,000

III serious	loss 	 	 		$100,000,000	<	cost	<	$1,000,000,000

IV significant	loss 	 	 	 $10,000,000	<	cost	<	$100,000,000

V minor	loss 	 	 	 	$1,000,000	<	cost	<	$10,000,000

VI Insignificant	loss 	 	 	 	 	 	 	 	 	 	cost	<	$1,000,000
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rate.of.1.in.100,000.per.event.for.an.affected.population.of.10.results.in.an.expected.fatality.of.10−4.
per.event.whereas.the.same.fatality.rate.per.event.for.an.affected.population.of.10,000,000.results.in.
an.expected.fatality.of.100.per.event..Although,.the.impact.of.the.two.scenarios.might.be.the.same.
on.the.society.(same.risk.value),.the.total.number.of.fatalities.per.event/accident.is.a.factor.in.risk.
acceptance..Plane.travel.may.be.“safer”.than.for.example.recreational.boating,.but.200–300.injuries.
per.accident.are.less.acceptable.to.society..Therefore,.the.size.of.the.population.at.risk.and.the.num-
ber.of.fatalities.per.event.should.be.considered.as.factors.in.setting.acceptable.risk.

Risk.is.commonly.evaluated.as.the.product.of.likelihood.of.occurrence.and.the.impact.severity.
of.occurrence.of.the.event:

.
Risk

Consequence

Time
Likelihood

Event

Time
  Impa

⎛
⎝⎜

⎞
⎠⎟
=

⎛
⎝⎜

⎞
⎠⎟
× cct

Consequence

Event
⎛
⎝⎜

⎞
⎠⎟

. (15.29)

In.Equation.15.29,.the.likelihood.can.also.be.expressed.as.a.probability..Equation.15.29.presents.risk.
as.an.expected.value.of.loss.or.an.average.loss..A.plot.of.occurrence.probabilities.and..consequences.
is.called.a.risk.profile.or.a.Farmer.curve..An.example.Farmer.curve.is.given.in.Figure 15.13.based.
on.a.nuclear.case.study,.provided.herein.for.illustration.purposes..It.should.be.noted.that.the.abscissa.
provides. the.number.of. fatalities,.and. the.ordinate.provides. the.annual. frequency.of.exceedence.
for.the.corresponding.number.of.fatalities..These.curves.are.sometimes.constructed.using.proba-
bilities.instead.of.frequencies.on.the.ordinate.axis..The.curves.represent.or.median.average.values..
Sometimes,.bands.or.ranges.are.provided.to.represent.uncertainty.in.these.curves..They.represent.
confidence.intervals.for.the.average.curve.or.for.the.risk.curve.

The.occurrence.probability.(p).of.an.outcome.(o).can.be.decomposed.into.an.occurrence.prob-
ability.of.an.event.or.threat.(t),.and.the.outcome-occurrence.probability.given.the.occurrence.of.the.
event.(o|t)..The.occurrence.probability.of.an.outcome.can.be.expressed.as.follows.using.conditional.
probability.concepts:

. p o p t p o t( ) ( ) ( )= | . (15.30)

In.this.context,.threat.is.defined.as.a.hazard.or.the.capability.and.intention.of.an.adversary.to.under-
take.actions.that.are.detrimental.to.a.system.or.an.organization’s.interest..In.this.case,.threat.is.a.
function.of.only.the.adversary.or.competitor,.and.usually.cannot.be.controlled.by.the.owner.or.user.
of.the.system..However,.the.adversary’s.intention.to.exploit.his.capability.may.be.encouraged.by.

Consequence category

A L M M H H H

B L L M M H H

C L L L M M H
Probability

category D L L L L M M

E L L L L L M

F L L L L L L

VI V IV III II I

Figure 15.12 example	risk	matrix.
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vulnerability.of.the.system.or.discouraged.by.an.owner’s.countermeasures..The.probability.(p(o|t)).
can.be.interpreted.as.the.vulnerability.of.the.system.in.case.of.this.threat.occurrence..Vulnerability.
is.a.result.of.any.weakness.in.the.system.or.countermeasure.that.can.be.exploited.by.an.adversary.
or.competitor.to.cause.damage.to.the.system.

The.risk.assessment.process.answers.three.questions:.(a).What.can.go.wrong?.(b).What.is.the.
likelihood.that.it.will.go.wrong?.(c).What.are.the.consequences.if.it.does.go.wrong?.Several.meth-
ods.have.been.developed.to.perform.risk.assessment,.including.preliminary.hazard.analysis.(PrHA);.
HAZOP;.failure.modes.and.effects.analysis.(FMEA);.failure.modes,.effects,.and.criticality.analysis.
(FMECA);.FTA;.and.ETA..Each.of.these.methods.of.risk.assessment.is.suitable.at.certain.stages.of.
the.system.life.cycle.

To. adequately. assess. all. risks. associated. with. a. project,. the. process. of. identification. of. risk.
events.and.scenarios.is.an.important.stage.in.risk.assessment..Risk.events.and.scenarios.can.be.cat-
egorized.as.follows:

•. Technical, technological, quality, or performance risks:.Such.as.unproven.or.complex.technology,.
unrealistic.performance.goals,.and.changes.to.the.technology.used.or.to.the.industry.standards.dur-
ing.the.project

•. Project-management risks:.Such.as.poor.allocation.of.time.and.resources,.inadequate.quality.of.the.
project.plan,.and.poor.use.of.project-management.disciplines

•. Organizational risks:.Such.as.cost,.time,.and.scope.objectives.that.are.internally.inconsistent,.lack.
of.prioritization.of.projects,. inadequacy.or. interruption.of. funding,. resource.conflicts.with.other.
projects.in.the.organization,.errors.by.individuals.or.by.an.organization,.and.inadequate.expertise.
and.experience.by.project.personnel

•. External risks:.Such.as.shifting.legal.or.regulatory.environment,.labor.issues,.changing.owner.pri-
orities,.country.risk,.and.weather

•. Natural hazards:.Such.as.earthquakes,.floods,.strong.wind,.and.waves.generally.require.disaster.
recovery.actions.in.addition.to.risk.management

Within.these.categories,.several.risk.types.can.be.identified.
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Risk.can.be.assessed.and.presented.using.matrices.for.preliminary.screening.by.subjectively.esti-
mating.probabilities.and.consequences. in.a.qualitative.manner..A.risk.matrix. is.a. two-dimensional.
presentation.of.likelihood.and.consequences.using.qualitative.metrics.for.both.dimensions..According.
to.this.method,.risk.is.characterized.by.categorizing.probability.and.consequence.on.the.two.axes.of.
a.matrix..Risk.matrices.have.been.used.extensively.for.screening.of.various.risks..They.may.be.used.
alone.or.as.a.first.step.in.a.quantitative.analysis..Regardless.of.the.approach.used,.risk.analysis.should.
be.a.dynamic.process,.that.is,.a.living.process.where.risk.assessments.are.reexamined.and.adjusted..
Actions.or.inactions.in.one.area.can.affect.risk.in.another;.therefore.continuous.updating.is.necessary.

The.reliability.of.a.system.can.be.improved.or.hindered.by.the.combination.of.individual.ele-
ments.in.a.system;.therefore,.the.occurrence.probability.and.consequence.are.used.to.determine.the.
risk.associated.with.the.system..When.applying.risk-based.technology.(RBT).methods.to.system.
safety.analysis,.the.following.interdependent.primary.activities.are.to.be.considered:.(1).risk.assess-
ment,.(2).risk.management,.and.(3).risk.communication..These.activities.when.applied.consistently.
provide.a.useful.means.for.developing.safety.guidelines.and.requirements.to.the.point.where.haz-
ards.are.controlled.at.predetermined.levels.

Risk.assessment.is.a.technical.and.scientific.process.by.which.the.risk.of.given.situations.for.a.
system.are.modeled.and.quantified..Risk.assessment.provides.qualitative.and.quantitative.data.to.
decision.makers.for.later.use.in.risk.management.

Commonly.used.risk.assessment.methods.can.be.divided.into.how.the.risk.is.determined.by.
quantitative. or. qualitative. analysis.. Qualitative. risk. analysis. uses. expert. opinion. to. evaluate. the.
probability.and.consequence.of. a.hazard..Quantitative.analysis. relies.on. statistical.methods.and.
databases.that.identify.the.probability.and.consequence.of.a.hazard..The.safety.review/audit,.check-
list,.what-if,.PrHA,.and.HAZOP.are.normally.considered.qualitative.techniques.

FMEA,.FTA,.and.ETA.are.generally.considered.quantitative.risk.assessment.techniques..The.
selection.of.a.quantitative.or.qualitative.method.depends.on.the.availability.of.data.for.evaluating.
the.hazard.and.the.level.of.comfort.of. those.performing.the.risk.assessments..Risk.management.
addresses.the.processes.by.which.system.operators,.managers,.and.owners.make.safety.decisions,.
initiate.regulatory.changes,.and.choose.different.system.configurations.based.on.the.data.generated.
in.the.risk.assessment..Risk.management.involves.using.information.from.the.previously.described.
risk.assessment. stage. to.make.educated.decisions.about.different.configurations.and.operational.
parameters.of.a.system..Therefore,.the.safety.of.the.system.can.be.maintained,.and.the.involved.
risks.in.operating.the.system.can.be.controlled.

Risk.management.allows.making.decisions.based.on.risk.assessment.and.other.considerations,.
including.economical,.political,.environmental,.legal,.reliability,.producibility,.and.safety,.among.
others..Despite.society’s.attempts.to.prevent.accidents,.governmental.agencies.are.often.reactive.in.
the.development.of.regulations.

Answering. the. question. of. “how. safe. is. safe. enough?”. is. difficult. and. varied. due. to. different.
perceptions.and.understandings.of.risk..The.point.at.which.risk.is.considered.acceptable.constitutes.
a. definition.of. the. term.“safety.”.Risk. acceptance. is. a. complex. subject. and. is. often. controversial..
Determining.acceptable.levels.of.risk.is.important.to.establish.the.required.risk.performance.of.a.sys.-
tem.to.be.considered.safe..If.a.system.has.a.risk.value.higher.than.the.risk.acceptance.level,.risk.reduc-
tion.or.mitigation.measures.should.be.taken.to.address.safety.concerns.and.improve.the.system. One.
difficulty.with. this.process. is.defining.acceptable.safety. levels. for.activities,. industries,. structures,.
and systems..Because.the.acceptance.of.risk.depends.on.societal.perceptions.and.priorities,.accep.-
tance.criteria.do.not.depend.on.risk.values.alone..Acceptable.levels.of.risk.are.commonly.implicit.
values.defined.by.decisions.that.guide.the.design.and.management.of.the.life.cycles.of.systems..Several.
methods.assist.in.determining.acceptable.levels.of.risk.and.are.summarized.as.follows:

. 1.. Risk conversion factors:.Address.the.attitudes.of.the.public.about.risk.by.comparing.risk.categories.
and.provide.an.estimate.for.converting.risk.acceptance.values.into.different.risk.categories.
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. 2.. Farmer’s curve: Provides.an.estimated.curve.for.a.cumulative.probability.risk.profile.for.certain.
consequences.(e.g.,.death).and.demonstrates.graphical.regions.of.risk.acceptance/nonacceptance.

. 3.. Revealed preferences:.Categorize. societal.preferences. for.voluntary.and. involuntary.exposure. to.
risk.by.comparing.risks.and.benefits.for.various.activities.

. 4.. Evaluating magnitude of consequences:.Compares.the.probabilities.of.risks.to.the.magnitudes.of.the.
consequences.for.various.industries.to.determine.acceptable.risk.levels.based.on.consequences.

. 5.. Risk effectiveness:.Provides.a. ratio. for.comparing.cost. to. the.magnitude.of. risk. reduction..For.a.
cost–benefit.decision.criterion,.a.risk.reduction.effort.should.not.be.pursued.if.costs.outweigh.ben-
efits..This.may.not.coincide.with.societal.values.about.safety.

. 6.. Risk comparison:.Provides.a.comparison.of.various.activities,.industries,.and.procedures.and.is.best.
suited.to.comparing.risks.of.the.same.types.

Risk.managers.make.decisions.based.on. risk.assessment.and.other.considerations,. including.
economics,.politics,.environment,.law,.reliability,.producibility,.safety,.and.other.factors..To.deter-
mine.acceptable. risk,.managers.must.analyze.alternatives.before.deciding.on. the.best.choice.. In.
some.industries,.an.acceptable.risk.has.been.defined.by.consensus..For.example,.the.U.S..Nuclear.
Regulatory.Commission.requires.that.reactors.be.designed.such.that.the.probability.of.a.large.radio-
active.release.to.the.environment.from.a.reactor.is.less.than.10–6.per.year..Risk.levels.for.certain.
carcinogens. and.pollutants. have. also.been.given. acceptable. concentration. levels. based.on. some.
assessment.of.acceptable.risk.

Risk.acceptance.for.many.other.activities.is.not.stated.explicitly..Often.the.level.of.risk.accep-
tance.with.various.activities.is.implied..Society.has.responded.to.risk.by.developing.ways.to.bal-
ance.risk.against.potential.benefit..Measuring.the.safety.levels.accepted.for.various.risks.provides.a.
means.of.assessing.societal.values..These.threshold.values.of.acceptable.risk.depend.on.a.variety.of.
issues,.including.the.activity.type,.the.industry,.the.users,.and.the.society.as.a.whole.

Because.risk.can.be.defined.minimally.as.the.combination.of.the.probability.of.failure.of.an.
event.and.its.consequences,.target.reliability.levels.constitute.a.definition.of.acceptable.risk,.on.the.
failure.probability.dimension,.that.does.not.explicitly.consider.failure.consequences..Target.reliabil-
ity.levels.are.commonly.used.in.developing.structural.design.codes.and.rules.based.on.calibrating.
new.codes.using.existing.ones..According.to.the.code.calibration.process,.an.assumption.is.made.
that. society.has.determined.an. implicit. acceptable. risk. level. in. current.design.practices..Hence,.
future.design.codes.can.be.based.on.these. implicit. levels.by.determining.target.reliability. levels.
using.reliability.methods.of.designs.resulting.from.the.current.practices.adjusted.for.achieving.reli-
ability.consistency.in.future.designs.

Figure.15.14.shows.implicit.risk.levels.in.current.practices.of.designing.engineering.systems..
Target.reliability.levels.can.be.used.for.risk-based.design.methods..These.methods.should.be.devel-
oped.so.that.they.are.compatible.with.the.target.risk.levels.determined.for.this.purpose..Risk-based.
design.methods.at.the.system.and.component.levels.developed.in.this.example.are.based.on.uncer-
tainty.modeling.and.analysis.

Unfortunately,.it.often.takes.a.disaster.to.stimulate.action.in.regard.to.safety.issues..Although.com-
munication.is.necessary,.it.is.important.that.risk.management.is.kept.separate.from.risk.assessment.
to.lend.credibility.to.the.assessment.of.risk.without.biasing.the.evaluation..Especially.in.a.qualitative.
assessment.of.risk.where.“expert.judgment”.plays.a.role.in.decisions,.it.is.important.to.allow.the.risk.
assessors.to.be.free.of.the.political.pressures.that.managers.encounter..However,.there.must.be.commu-
nication.linking.the.risk.assessors.and.risk.managers.together..The.risk.assessors.need.to.assist.the.risk.
managers.in.making.a.decision..While.the.managers.should.not.be.involved.in.making.any.risk.assess-
ment,.they.should.be.involved.in.presenting.to.the.assessors.the.questions.that.need.to.be.answered.

To.comply.with.“acceptable.risk”.several.steps.should.be.taken:.(1).define.alternatives,.(2) .specify.
the.objectives.and.measures.for.effectiveness,.(3).identify.consequences.of.the alternatives,.(4) quan-
tify.values. for. the.consequences,. and. (5).analyze. the.alternatives. to. select. the.best. choice..Risk.
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managers.must.consider.various.other.factors;.for.example,.a.manager.might.make.a.decision.based.
on.cost.of.alternatives.and.risks.using.decision.trees..Reliability.defined.as.the.ability.of.a.system.
to.fulfill.its.design.functions.for.a.specified.time.period.under.specified.environmental.conditions.
is.one.component.of.risk.a,.and.can.be.used.as.a.basis.to.manage.risks..Safety.can.be.defined.as.
evaluating.risk.acceptability.for.the.system,.thus.making.it.a.component.of.risk.management.

After.performing.risk.and.safety.analysis,.system.improvement.in.terms.of.risk.can.be.achieved.
in.one.or.more.ways:.(1).consequence.reduction.in.magnitude.or.uncertainty,.(2).failure-probability.
reduction.in.magnitude.or.uncertainty,.and.(3).reexamination.of.acceptable.risk..It.is.common.in.
engineering.to.give.attention.to.reducing.both.the.magnitude.and.uncertainty.of.failure.probability.
because.doing.so.offers.more.system.variables.that.can.be.controlled.by.analysts.than.the.other.two.
cases..As.a.result,.it.is.common.to.perform.reliability-based.design.of.systems..However,.the.other.
two.cases. should.be.examined. for.possible. solution.as. they.might.offer. some. innovative. system.
improvement.options.

Given.baseline.risk.information.for.a.system,.benefit–cost.analysis.can.be.used.to.assess.the.cost-
effectiveness.of.alternative.risk.mitigation.strategies..In.the.context.of.protecting.a.region.against.floods.
resulting.from.posthurricane.surges,.risk.mitigation.options.include.strengthening.levees,.increasing.
the.span.and.depth.of.the.levees,.relocating.residential.and.commercial.centers,.and.enhancing.emer-
gency.response.procedures..The.benefit.of.a.risk.mitigation.action.is.the.difference.between.the.total.
annual.risk.before.and.after.its.implementation..The.benefit-to-cost.ratio.is.given.by

.
Benefit-to-cost ratio (B/C) = 

B

C
. (15.31)

where.higher-valued.ratios.indicate.better.risk.mitigation.actions.from.a.cost-effectiveness.stand-
point..Since.both.benefits.and.cost.involve.uncertainties,.they.can.be.treated.as.random.variables.
and.the.probability.that.the.benefit.exceeds.the.cost.can.be.computed.as.follows:
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A.complete.treatment.of.risk.methods.is.beyond.the.scope.of.this.book,.and.only.introductory.con-
cepts.and.definitions.are.provided.in.this.section.

Risk.communication.can.be.defined.as.an.interactive.process.of.exchange.of.information.and.
opinion.among.individuals,.groups,.and.institutions..This.definition.of.risk.communication.delin-
eates.it.from.risk-message.transmittal.from.experts.to.nonexperts..Risk.communication.should.be.
an.interactive.(i.e.,.two-way).process..However,.this.relatively.simple.definition.does.not.imply.that.
risk. communication. is. easy;. technical. information. about. controversial. issues. must. be. skillfully.
delivered.by.risk.managers.and.communicators.who.might.be.viewed.as.adversaries.to.the.public..
Risk.communication.between. risk.assessors.and. risk.managers. is.necessary. to.effectively.apply.
risk.assessments. in.decision.making..Risk.managers.must.participate. in.determining.the.criteria.
for.determining.what.risk.is.acceptable.and.unacceptable..This.communication.between.the.risk.
managers. and. risk. assessors. is. necessary. for. a. better. understanding. of. risk. analysis. in. making.
decisions.

Risk.communication.provides.the.vital.link.between.the.risk.assessors,.risk.managers,.and.the.
public.to.help.understand.risk..However,.there.is.a.common.misconception.that.risk.communica-
tion.can.lead.to.harmony.among.the.involved.parties,.which.is.not.necessarily.true.all. the. time..
Risk.communication. is.a.complex.dynamic.process. that.needs. to.be.handled.with.extreme.care.
by.experts,.especially.after.disasters..Risk.managers.need.to.establish.contingency.plans.for.risk.
communication.of.disasters..The.added.pressure.by.the.media.and.public.in.a.disaster.situation.can.
create.miscommunication.that.might.be.difficult.to.undo.or.remedy.

15.4 rISK-BASeD DeCISION ANALYSIS

The.risk.of.an.event.was.defined.in.Section.15.3.as.a.combination.of.both.its.occurrence.proba-
bility.and.its.occurrence.consequence..The.combination.can.be.in.the.form.of.a.product.as.given.in.
Equation.15.29..Alternatively,.it.can.be.considered.to.be.an.ordered.pair.of.occurrence.probability.
and.its.occurrence.consequence.(i.e.,.probability,.consequences)..For.several.events.of.interest,.risk.
plots.can.be.produced.using.these.ordered.pairs.for.the.events..The.risk.plot.can.be.used.to.easily.
identify.high-risk.events,.high-probability.events,.or.high-consequence.events.

Performing. risk. analysis. requires.making.various.decisions. to. reduce. the. risk.of. a. sys-
tem..Assuming.the.system.consists.of.equipment,.components,.and.details,.the.decisions.can.
include,.for.example,.what.and.when.to.inspect.components.or.equipment,.which.inspection.
methods. to. use,. assessing. the. significance. of. detected. damage,. and. repair/replace. actions..
These. decisions. are. important. in. operating,. using,. and. maintaining. the. system.. The. risk.
aspect. of. the. analysis. requires.obtaining. and.utilizing. information. about. failure. likelihood.
and.consequences..Engineering.decisions.of.these.types.need.to.be.made.using.a.systematic.
framework.that.considers.all.facets.of.a.decision.problem..The.decision.framework.is.called.
the.decision model.

The. objective. of. this. section. is. to. introduce. a. decision. model. (a. systematic. framework). for.
decision.making.in.the.risk.analysis..To.construct.a.decision.model,.the.following.elements.of.the.
decision.model.must.be.defined:

. 1.. Objectives.of.decision.analysis

. 2.. Decision.variables

. 3.. Decision.outcomes

. 4.. Associated.probabilities.and.consequences

The.components.of.the.decision.model.are.described.in.the.following.sections.
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15.4.1 Objectives of Decision Analysis

Engineering.decision.problems.can.be.classified.into.single-.and.multiple-objective.problems..
Example.objectives.are.minimizing.the.total.expected.cost,.maximizing.safety,.maximizing.the.total.
expected.utility.value,.and.maximizing.the.total.expected.profit..Decision.analysis.requires.the defi-
nition.of.these.objectives..For.cases.of.multiple.objectives,.the.objectives.should.be.stated.in the.
same.units,.and.weight.factors.that.can.be.used.to.combine.the.objectives.should.be.assigned.

15.4.2 Decision Variables

The.decision.variables.for.the.decision.model.also.must.be.defined..The.decision.variables.are.
the.feasible.options.or.alternatives.available.to.the.decision.maker.at.any.stage.of.the.decision-mak-
ing.process..Also,.ranges.of.values.that.can.be.taken.by.the.decision.variables.should.be.defined..
Decision.variables.can.include,.for.example,.what.and.when.to.inspect.components.or.equipment,.
which.inspection.methods.to.use,.assessing.the.significance.of.detected.damage,.and.repair/replace.
decisions..Therefore,.assigning.a.value.to.a.decision.variable.means.making.a.decision.at.that.point.
of.a.decision-making.process..These.points.within.the.decision-making.process.are.called.decision 
nodes..The.decision.nodes.are.identified.in.the.model.using.a.rectangle.or.square.symbol.(D).

15.4.3 Decision Outcomes

The.decision.outcomes.for.the.decision.model.also.must.be.defined..The.decision.outcomes.are.
the.events.that.can.happen.as.a.result.of.a.decision..They.are.random.in.nature,.and.their.occur-
rence.cannot.be.fully.controlled.by.the.decision.maker..Example.decision.outcomes.can.include,.for.
example,.the.outcomes.of.an.inspection.(detection.or.nondetection.of.damage).and.the.outcomes.of.a.
repair.(satisfactory.or.nonsatisfactory.repair)..Therefore,.the.decision.outcomes.with.the.associated.
occurrence.probabilities.must.be.defined..The.decision.outcomes.can.occur.after.making.a.decision.
at.points.within.the.decision-making.process,.called.chance nodes..The.chance.nodes.are.identified.
in.the.model.using.the.circle.symbol.(w).

15.4.4 Associated Probabilities and Consequences

The.decision.variables.take.values.that.can.have.associated.costs..These.costs.can.be.considered.
as. the.direct. consequences.of.making. these.decisions..The.decision.outcomes.have.both.conse-
quences.and.occurrence.probabilities..The.probabilities.are.necessary.due.to.the.random.(chance).
nature.of. these.outcomes..The.consequences.can. include,. for.example,. the.cost.of.failure.due. to.
damage.that.was.not.detected.by.an.inspection.method.

15.4.5 Decision trees

The. elements. of. a. decision.model. should. be. considered. in. a. systematic. form. to. make.deci-
sions.that.meet.the.objectives.of.the.decision-making.process..Decision.trees.are.commonly.used.to.
examine.the.available.information.for.the.purpose.of.decision.making..Figure.15.15.shows.a.general.
layout.for.an.example.decision.tree..The.decision.tree.includes.the.decision.and.chance.nodes..The.
decision.nodes.are.followed.by.possible.actions.(or.alternatives,.Ai).that.can.be.selected.by.a.deci-
sion.maker..The.chance.nodes.are.followed.by.outcomes.(or.chances,.Oj).that.can.happen.without.
the.complete.control.of. the.decision.maker..The.actions.have.costs.associated.with. them. (CAi),.
whereas.the.outcomes.have.both.probabilities.(P[Oj]).and.consequences.(COj)..Each.line.followed.
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from.the.beginning.(left.end).of.the.tree.to.the.end.(right.end).of.the.tree.is.called.a.tree branch..
Each.branch.represents.a.possible.scenario.of.decisions.and.possible.outcomes.that.can.happen..The.
total.expected.cost.for.each.branch.can.be.computed.as.shown.in.Figure.15.15..The.most.suitable.
decisions.can.then.be.selected.such.that.the.minimum.total.expected.cost.is.obtained.

In.general,.utility.values.can.be.used.instead.of.cost.values..Decision.analysis.using.utility.values.
is.not.discussed.in.here..Also,.the.decision.tree.shown.in.Figure.15.15.was.developed.for.the.purpose.
of.its.use.as.a.computational.form,.where.values.for.probability.and.cost.can.be.recorded.and.com-
puted..It.should.be.noted.that,.in.computing.the.total.expected.cost.of.an.action,.the.cost.of.an.action.i.
(CAi).should.not.be.multiply.counted.from.all.the.chance-node.branches..It.should.be.included.once..
The.figure.shows.this.cost.in.each.branch.to.facilitate.the.computation.of.the.branch.cost.

Example 15.7: Decision Analysis for Selection of an Inspection Strategy

The objective here is to develop an inspection strategy for a selected component of a limited section of a 
refinery plant. This study is for illustration purposes and is based on hypothetical inspection strategies, proba
bilities, costs, and consequences. The inspection strategy must be selected using decision analysis.

The first step in decision analysis is to select a component for inspection, possibly based on risk analysis, 
fault trees, and event trees. Highrisk components can be selected for this purpose. The shell of a regenerator 
in a refinery was chosen to illustrate how an inspection strategy could be selected. We need to select and define 
candidate inspection strategies based on previous experience and knowledge of the system and logistics of 
inspection. For the purpose of illustration, only three candidate inspection strategies are considered: internal 
visual inspection, external visual inspection, and internal and external ultrasonic testing. The probabilities and 
costs in this example were chosen to provide a range of values to show the scope of the selection procedure.

Figure 15.16 shows the decision tree with the three decision strategies. Each branch provides a portion of 
the tree and is shown in a separate figure. Figures 15.17a, 15.17b, and 15.17c show the three portions of the 
decision tree for the three strategies.

In Figures 15.17a–15.17c, the outcome of an inspection strategy is either detection or nondetection of 
a defect. The detection probability is denoted P1, and the nodetection probability is P2. These outcomes 

O1= 

O2= 

Branch 1 = CA1 + CO1*P(O1) = 

Branch 2 = CA1 + CO2*P(O2) = 

T otal expected cost or utility value

O3= 

O4= 

Branch 3 = CA2 + CO3*P(O3) = 
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Branch 9 = CA3 + CO6*P(O6) + CA6 + CO11*P(O11) =

Branch 10 = CA3 + CO6*P(O6) + CA6 + CO12*P(O12) =  

O13= 

O14= 

Branch 11 = CA3 + CO6*P(O6) + CA7 + CO13*P(O13) =  

Branch 12 = CA3 + CO6*P(O6) + CA7 + CO14*P(O14) = 

A4= 

A2= 

A1= 

A5= O5= A3= 

O6= 

A6= 

A7= Ai   Alternative or action i  
Oj   Outcome j 

CAi  Cost of action i

P(.)  Probability 

Decision node
Chance node

COj  Cost of outcome j 

Figure 15.15 example	decision	tree.
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originate from a chance node. The cost of these outcomes for detection is C2 = 0, while C4 is the cost of the 
consequences of nondetection of a defect. The cost of an inspection strategy is denoted C1. At the end of one 
of these branches is a chance node that can lead to damage to the component due to inspection or no damage 
to the component due to inspection. The probabilities P3 and P4 are used to denote the damage probability and 
the nodamage probability, respectively. The associated cost for damage is C3; no damage, zero. The prob
ability and cost estimates were assumed for each inspection strategy according to its portion of the decision 
tree as shown in Figures 15.17a–15.17c.

Figure 15.17a
Strategy 1

Internal
visual inspection

Total expected
cost

TC 1 = 45.0

Figure 15.17b
Strategy 2

External
visual inspection

Total expected
cost

TC 2 = 51.08

Figure 15.17c
Strategy 3

Internal and external
ultrasonic testing

Total expected
cost

TC 3 = 17.0

      = Decision node
      = Chance node
  P  = Probability
  C  = Cost
TCi = Total cost of strategy i 

Figure 15.16 Decision	tree	for	inspection.

Damage 
4.5 P3 = 0.05 

C3 = 10 

C1 + C2P1 + C3P3 = 

Branch expected cost

No damage
P4 = 0.95 

Detection 
P1 = 0.6 
C2 = 0 

4.0 C1 + C2P1 + 0P4 = 

Damage 
44.5 

P3 = 0.05 
C3 = 10 

C1 + C4P2 + C3P3 = 

No damage
P4 = 0.95 

Nondetection

P2 = 0.4 
C4 = 100 

44.0 C1 + C4P2 + 0P4 = 

C1 =   4 

Total expected
Cost for this strategy

45.0 TC = 

Figure 15.17a Portion	of	the	decision	tree	for	strategy	1.
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The total expected cost for each branch was computed by summing up the product of the pairs of cost and 
probability along the branch. Then total expected cost for the inspection strategy was obtained by adding up the 
total expected costs of the branches of its portion of the decision tree.

Damage 
1.04 

P3 = 0.01 
C3 = 4 

C1 + C2P1 + C3P3 = 

Branch expected cost

No damage
P4 = 0.99 

Detection 

P1 = 0.5 
C2 = 0 

1.0 C1 + C2P1 + 0P4 = 

Damage 
51.04 

P3 = 0.01 
C3 = 4 

C1 + C4P2 + C3P3 = 

No damage
P4 = 0.99 

Nondetection

P2 = 0.5 
C4 = 100 

51.0 C1 + C4P2 + 0P4 = 

C1 =   1 

Total expected
Cost for this strategy 51.08 TC = 

Figure 15.17b Portion	of	the	decision	tree	for	strategy	2.

Damage 
10.5 

P3 = 0.05 
C3 = 10 

C1 + C2P1 + C3P3 = 

Branch expected cost

No damage
P4 = 0.95 

Detection 
P1 = 0.4 
C2 = 0 

10.0 C1 + C2P1 + 0P4 = 

Damage 
16.5 

P3 = 0.05 
C3 = 10 

C1 + C4P2 + C3P3 = 

No damage
P4 = 0.95 

Nondetection

P2 = 0.4 
C4 = 15 

16.0 C1 + C4P2 + 0P4 = 

C1 =   10 

Total expected
Cost for this strategy 17.0 TC = 

Figure 15.17c Portion	of	the	decision	tree	for	strategy	3.
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The total expected costs of the strategies are summarized in Figure 15.16. Assuming that the decision 
objective is to minimize the total expected cost, then strategy 3 should be selected as the optimal strategy. 
Although strategy 3 is the most expensive (its C1 value is the highest), its total expected cost (TC3) is the 
smallest. This result can be attributed to the ability of strategy 3 to detect smaller defects and therefore reduce 
the consequences of nondetection.

15.5 APPLICAtION: SYSteM reLIABILItY OF A POSt-teNSIONeD trUSS

Trusses.are.structural.systems.commonly.used.for.roofs.or.bridges..An.example.truss.is.shown.
in.Figure.15.18..This.truss.has.13.members.with.loads.applied.at.truss.joints.L1,.L2,.and.L3.as.shown..
The.loads.are.of.two.types:.DL.and.live.load.(LL)..The.loads.were.given.the.mean.values.shown.
in.the.figure..The.coefficient.of.variation.of.the.load.effect.(i.e.,.member.forces).was.assumed.to.be.
0.25,.and.its.distribution.type.was.assumed.to.be.normal..To.strengthen.this.truss,.a.post-tensioning.
cable.was.added.as.shown.in.Figure.15.18.in.the.form.of.a.dashed.line.along.the.bottom.chord.of.the.
truss..The.cable.was.anchored.at.truss.joints.L0.and.L4.

The.truss.members.are.assumed.to.have.the.mean.tensile.capacity.and.mean.compressive.capacity.
shown.in.Table.15.5..The.coefficient.of.variation.for.the.tensile.and.compressive.capacities.was.assumed.
to.be.0.1..A.normal.distribution.was.assumed.for.the.capacities..The.post-tensioning.cable.was.assumed.
to.have.mean.tensile.capacity.of.33.75.kips,.a.coefficient.of.variation.of.0.1,.and.normal.probability.dis-
tribution..The.post-tensioning.force.was.assumed.to.be.deterministic.with.a.value.of.10.kips.

Stiffness.structural.analysis.of.the.truss.subjected.to.the.mean.dead.and.LLs.and.post-tensioning.
force.resulted.in.the.member.forces.shown.in.Table.15.6..Using.Equation.14.28b,.the.failure.prob-
abilities.of. the. truss.members.were.computed..The.member. forces.and. their. strength.values.are.
as. shown. in. Tables. 15.6. and. 15.5,. respectively.. The. resulting. failure. probabilities. are. shown. in.
Table 15.7.

ETA. was. used. to. evaluate. the. reliability. of. the. truss. system.. Starting. with. an. intact. post-
.tensioned.truss,.the.truss.elements.were.failed.one.by.one.to.develop.the.branches.of.the.event.tree,.
then.subsequent.member.failures.were.introduced.until.a.system.failure.was.obtained..For.each.par-
tially.failed.system,.the.failure.probabilities.of.the.remaining.truss.members.were.evaluated..These.
failure.probabilities.can.be.viewed.as.conditional.probabilities.for.the.condition.of.partial.failure..
The.failure.of.the.truss.members.was.assumed.to.be.brittle;.that.is,.members.were.without.postfail-
ure.(or.residual).strength..The.resulting.event.tree.is.shown.in.Figure.15.19..In.the.figure,.Ei.means.

(1)

(7)(10)

(2)

(11)

(5) (6)
(8)

(12)
(9)

(3) (4)

(13)

U2

U1 U3

L0 L4

2 ft

8 ft

= Represents end anchorage

L1 L2 L3
DL = 6
LL = 6

DL = 6
LL = 6

DL = 6
LL = 6

(kips)
(kips)

4 at 10 ft = 40 ft

Figure 15.18 Characteristics	of	a	post-tensioned	truss.
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failure.of.the.ith.truss.member,.ET.means.cable.failure,.and.Bj.is.a.continuation.reference.code.for.
the.tree..The.occurrence.probability.of.each.branch.of.the.tree.was.computed.by.multiplying.the.
conditional.failure.probabilities.of.all.the.truss.members.along.the.branch..The.failure.probability.
of.the.system.(Pf).was.then.computed.as.a.system.in.series.with.the.branches.as.the.elements.of.the.
system,.using.Equation.15.8.as.follows:

.
max( ) ( ) ( ) ( ) ( )
i

n

f f f f f fP P P P P P
i n n=
≤ ≤ − − − ⋅⋅⋅ − −

−1
1 1 1 1 1

1 2 1
. (15.33)

table 15.5  Mean Strength Values 
for truss Members

truss 
Member

Mean 
tensile 

Capacity
(kips)

Mean 
Compressive 

Capacity
(kips)

L0	L1 44 40

L1	L2 44 40

U1	U2 37 52

L1	U1 25 12

L2	U2 26 13

L0	U1 27 64

L2	U1 	 5 	 7

table 15.6  Mean Member Forces 
for the truss

truss 
Member

Mean tensile Force 
(Mean Compressive 

Force) (kips)

L0	L1 10.8

L1	L2 10.8

U1	U2 (24.5)

L1	U1 12

L2	U2 9.6

L0	U1 (28.8)

L2	U1 1.9

Cable 11.7

table 15.7  Failure Probabilities 
for the truss Members

truss Member Failure Probability

L0	L1 1.28	×	10–12

L1	L2 1.28	×	10–12

U1	U2 3.13	×	10–4

L1	U1 4.34	×	10–4

L2	U2 1.88	×	10–4

L0	U1 1.48	×	10–4

L2	U1 4.32	×	10–6
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where.Pfi.is.the.failure.probability.of.the.ith.branch,.for.i.=.1,.2,.......,.n.branches.of.the.event.tree..
The.lower.and.upper.limits.correspond.to.fully.dependent.and.independent.branch.occurrence.(i.e.,.
failure.scenarios)..The.result.of.the.system.failure-probability.evaluation.is

. 0 434 10 1 990 103 3. .× ≤ ≤ ×− −Pf . (15.34)

The.failure.probability.of.the.original.truss.without.post-tensioning.is

. 1 350 10 7 390 103 3. .× ≤ ≤ ×− −Pf . (15.35)

From. Equations. 15.34. and. 15.35,. it. can. be. observed. that. the. failure. probability. was. improved.
approximately.by.a.factor.of.3.5.due.to.post-tensioning.

15.6 SIMULAtION PrOJeCtS

This.section.provides.additional.work.items.for. the.problem.statement.of. the.first.simulation.
project.introduced.at.the.end.of.previous.chapters..The.projects.deals.with.the.failure.and.reliabil-
ity.analysis.of.a.structural.beam..Using.the.project.information.provided.in.Chapter.5,.investigate.
the.effects.of.redundancy.in.structural.systems,.such.as.a.multigirder.bridge,.on.the.reliability.of.
systems..Suggest.a.measure.of.redundancy.based.on.system.reliability.assessments.

E4 E3 ET E1 E2 

E1 E2 

B6 B7 

B2 E1 E2 

B8 B9 

B3 E3 E4 

B8 B6 

B4 E3 E4 

B9 B7 

B5 E1 E4 B6 

B1 

Intact structure Event E

B1 

E8 E7 E6 E5 E9 E10 E11 E12 E13 

ET E3 B1 

B2 

E2 ET 

B6 

E3 B1 

ET E4 B1 

B3 

E1 ET 

B7 

E3 B1 

ET E2 B1 

B4 

E2 ET 

B8 

E4 B1 

ET E1 B1 

B5 

E2 ET 

B9 

E4 B1 

Figure 15.19 event	tree	model	for	post-tensioned	truss.
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15.7 PrOBLeMS

 15-1. The.following.system.consists.of.components.with.the.indicated.nonfailure.probabilities:

0.9

0.80

0.85

0.95

0.99

0.95

. . Compute.the.reliability.of.the.system.assuming.independent.failure.events.for.the.components.
 15-2. For.the.system.described.in.Problem.15-1,.develop.a.fault.tree.model.and.evaluate.the.minimal.cut.

set..Determine.the.reliability.of.the.system.
 15-3. The.following.system.consists.of.components.with.the.indicated.nonfailure.probabilities:

A

B

C

D

E

F

. . Compute.the.reliability.of.the.system.assuming.independent.failure.events.for.the.components.
 15-4. For.the.system.described.in.Problem.15-3,.develop.a.fault.tree.model.and.evaluate.the.minimal.cut.

set..Determine.the.reliability.of.the.system.
 15-5. For.the.system.described.in.Problem.15-3,.develop.a.fault.tree.model.and.evaluate.the.minimal.cut.

set.using.the.algorithm.at.the.end.of.Section.15.2.4..Determine.the.reliability.of.the.system.
 15-6.. Develop.a.FTA.program.that.evaluates.the.minimal.cut.set.using.the.algorithm.at.the.end.of.Section.

15.2.4..Determine.the.reliability.of.several.systems.to.demonstrate.your.program.
 15-7.. Select.an.engineering.system.that.interests.you,.define.the.system,.define.a.system.failure.criterion,.

and.develop.(a).a.fault.tree.model.for.the.system,.and.(b).an.event.tree.model.
 15-8. The.following.system.consists.of.six.components.with.the.following.reliability.values.and.associated.

costs:

A

B

C

D

E

F
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Components Reliability

Initial 
(or Component) 

Cost
Failure 

Cost

A 0.99 100 1000

B 0.95 150 2000

C 0.85 150 4000

D 0.90 100 2000

E 0.85 120 1000

F 0.99 500 5000

. . (a). .Develop.an.event.tree.model.for.the.system,.and.(b).using.risk.analysis,.select.one.of.the.follow-
ing.two.improvement.options:

Option
New 

Reliability

New Initial 
(or Component) 

Cost
New Failure 

Cost

Replace.component.B.
with.a.new.design,.B′

0.99 200 . 800

Replace.component.C.
with.a.new.design,.C′

0.9 250 3500

 15-9. A.system.consists.of.n.identical.components.in.series.with.each.component.having.a.reliability.of.p..
The.failure.events.of.the.components.can.be.assumed.to.be.independent..Compute.the.reliability.of.
the.system.as.functions.of.p.and.n..Plot.system.reliability.as.functions.of.p.and.n.for.the.ranges.of.
p = [0.9,.0.99,.0.999].and.n.=.[3,.5,.10,.100,.1000].

 15-10. A.system.consists.of.n.identical.components.in.parallel.with.each.component.having.a.reliability.of.
p..The.failure.events.of.the.components.can.be.assumed.to.be.independent..Compute.the.reliability.
of.the.system.as.functions.of.p.and.n..Plot.system.reliability.as.functions.of.p.and.n.for.the.ranges.of.
p.=.[0.9,.0.99,.0.999].and.n.=.[3,.5,.10,.100,.1000].

 15-11. A.system.consists.of.n1.sets.of.n2.identical.components.in.series.with.each.component.having.a.reli-
ability.of.p..The.n1 sets.are.in.parallel..The.failure.events.of.the.components.can.be.assumed.to.be.
independent..Compute.the.reliability.of.the.system.as.functions.of.p,.n1,.and.n2..Plot.system.reliability.
as.functions.of.p,.n1,.and.n2 for.the.ranges.of.p.=.[0.9,.0.99,.0.999],.n1.=.[3,.5,.10,.100],.and.n2.=.[3,.5,.
10,.100].

 15-12. A.system.consists.of.n1.sets.of.n2.identical.components.in.parallel,.with.each.component.having.a.
reliability.of.p..The.n1.sets.are.in.series..The.failure.events.of.the.components.can.be.assumed.to.be.
independent..Compute.the.reliability.of.the.system.as.functions.of.p,.n1,.and.n2..Plot.system.reliability.
as.functions.of.p,.n1,.and.n2.for.the.ranges.of.p.=.[0.9,.0.99,.0.999],.n1.=.[3,.5,.10,.100],.and.n2.=.[3,.5,.
10,.100].

 15-13. A.system.consists.of.N. identical.components,.with.each.component.having.a.reliability.of.p..The.
failure.of.the.system.is.defined.as.the.failure.of.any.n.out.of.N.components..The.failure.events.of.the.
components.can.be.assumed.to.be.independent..Compute.the.reliability.of.the.system.as.functions.
of.p.and.n.for.N.=.20..Plot.system.reliability.as.functions.of.p.and.n.for.the.ranges.of.p.=.[0.9,.0.99,.
0.999].and.n.=.[1,.3,.5,.10].

 15-14. For.the.system.described.in.Problem.15.13,.develop.a.fault.tree.model,.and.evaluate.the.minimal.cut.
set.for.N.=.20,.n.=.3,.and.p.=..9..Determine.the.reliability.of.the.system.

 15-15. For.the.system.described.in.Problem.15.13,.develop.a.fault.tree.model.and.evaluate.the.minimal.cut.
set.for.N.=.20,.n.=.5,.and.p.=..9..Determine.the.reliability.of.the.system.

 15-16. For.the.system.described.in.Problem.15.13,.develop.a.fault.tree.model.and.evaluate.the.minimal.cut.
set.for.N.=.20,.n.=.10,.and.p.=..9..Determine.the.reliability.of.the.system.

 15-17. A.system.consists.of.N.components.of.types.1.and.2:.N1.is.the.number.of.components.of.type.1,.N2.
is.the.number.of.components.of.type.2,.and.N.=.N1.+.N2..The.components.have.a.reliability.each.of.
p1.and.p2,.respectively..The.failure.of.the.system.is.defined.as.the.failure.of.any.n1.out.of.N1.compo-
nents.of.type.1,.and.any.n2.out.of.N2.components.of.type.2..The.failure.events.of.the.components.can.
be.assumed.to.be.independent..Compute.the.reliability.of.the.system.as.functions.of.p1,.n1,.p2,.n2,.
N1 = 10,.and.N2 =.20..Plot.system.reliability.as.functions.of.p1,.n1,.p2,.and.n2.for.the.ranges.of.p1.=.p2 =.
[0.9,.0.99,.0.999],.and.n1.=.n2.=.[1,.2,.3].
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 15-18. For. the. system.described. in.Problem.15.17,.develop.a. fault. tree.model. and.evaluate. the.minimal.
cut.set.for.N1.=.10,.N2.=.20,.n1.=.2,.n2.=.3,.p2.=.0.99,.and.p2.=.0.9..Determine.the.reliability.of.the.
system.

 15-19. For. the. system.described. in.Problem.15.17,.develop.a. fault. tree.model. and.evaluate. the.minimal.
cut.set.for.N1.=.10,.N2.=.20,.n1.=.5,.n2.=.10,.p2.=.0.99,.and.p2.=.0.9..Determine.the.reliability.of.the.
system.

 15-20. For. the. system.described. in.Problem.15.17,.develop.a. fault. tree.model. and.evaluate. the.minimal.
cut.set.for.N1.=.10,.N2.=.20,.n1.=.8,.n2.=.15,.p2.=.0.99,.and.p2.=.0.9..Determine.the.reliability.of.the.
system.
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ChAPter 16

Bayesian Methods

In.this.chapter,.we.introduce.the.fundamentals.of.Bayesian.analysis.based.on.Bayes’.theorem.
that.was.introduced.in.Chapter.3..The.estimation.of.discrete.and.continuous.parameters.based.on.
Bayesian.analysis.is.presented.in.this.chapter..We.will.use.practical.examples.from.engineering.and.
the.sciences.to.introduce.the.concepts.and.their.applications.

16.1 INtrODUCtION

Engineers.and.scientists.commonly.need.to.solve.a.problem.and.make.decisions.based.on.lim-
ited. information.about.one.or.more.of. the.parameters.of. the.problem..The. types.of. information.
available.to.them.can.be

. 1.. Objective.information.based.on.experimental.results.or.observations

. 2.. Subjective.information.based.on.experience,.intuition,.other.previous.problems.similar.to.the.one.
under.consideration,.or.the.physics.of.the.problem

The.first.type.of.information.can.be.dealt.with.using.the.theories.of.probability.and.statistics.as.
described.in.the.previous.chapters..In.this.type,.probability.is.interpreted.as.the.frequency.of.occur-
rence.assuming.sufficient.repetitions.of.the.problem,.its.outcomes,.and.parameters,.as.a.basis.of.the.
information..The.second.type.of.information.is.subjective.and.can.depend.on.the.engineer.or.analyst.
studying.the.problem..In.this.type,.uncertainty.that.exists.needs.to.be.dealt.with.using.probabilities..
However,.the.definition.of.probability.is.not.the.same.as.the.first.type.because.it.is.viewed.herein.as.
a.subjective.probability.that.reflects.the.state.of.knowledge.of.the.engineer.or.the.analyst.

CONteNtS
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16.2 BAYeSIAN PrOBABILItIeS

It.is.common.in.engineering.to.encounter.problems.with.both.objective.and.subjective.types.of.
information..In.these.cases,.it.is.desirable.to.utilize.both.types.of.information.to.obtain.solutions.
or.make.decisions..The.subjective.probabilities.are.assumed.to.constitute.a.prior.knowledge.about.
a.parameter,.with.gained.objective. information. (or.probabilities)..Combining. the. two. types.pro-
duces.posterior.knowledge..The.combination.is.performed.based.on.Bayes’.theorem.as.described.
in.Chapter.3.

If.A1, A2, . . . , An.represent.the.prior.(subjective).information,.or.a.partition.of.a.sample.space.
S,.and.E ∈ S.represents.the.objective.information.(or.arbitrary.event).as.shown.in.Figure.16.1,.the.
theorem.of.total.probability.states.that

.
P E P A P E A P A P E A P A P E An n( ) ( ) ( ) ( ) ( ) ( ) ( )= + + +1 1 2 2 �

. (16.1)

This.theorem.is.very.important.in.computing.the.probability.of.the.event.E,.especially.in.practical.
cases.where.the.probability.cannot.be.computed.directly.but.the.probabilities.of. the.partitioning.
events.and.the.conditional.probabilities.can.be.computed.

Bayes’.theorem.is.based.on.the.same.conditions.of.partitioning.and.events.as.the.theorem.of.
total.probability.and.is.very.useful.in.computing.the.posterior.(or.reverse).probability.of.the.type.
P(Ai|E),.for.i.=.1,.2,.......,.n..The.posterior.probability.can.be.computed.as.follows:

.

P A E
P A P E A

P A P E A P A P E A P A P E Ai
i i

n n

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
=

+ + +l 21 2 �
.

(16.2)

The. denominator. of. this. equation. is. P(E),. which. is. based. on. the. theorem. of. total. probability..
According.to.Equation.16.2,.the.prior.knowledge,.P(Ai ),.is.updated.using.the.objective.information,.
P(E),.to.obtain.the.posterior.knowledge,.P(Ai|E).

Sample space S 
A 1 A 2 A 3 A 4 

A 5 

E 

Figure 16.1 a	sample	space	and	a	partition	for	Bayes’	theorem.
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Example 16.1: Defective Products in Manufacturing Lines

Consider line 3 of the three manufacturing lines of Example 3.6. The three lines manufacture 20, 30, and 
50% of the components, respectively. The quality assurance department of the producing factory determined 
that the probability of having defective products from lines 1, 2, and 3 are 0.1, 0.1, and 0.2, respectively. The 
following events were defined:

 L1 1= Component producedby line  (16.3a)

 L2 2= Component producedby line  (16.3b)

 L3 3= Component producedby line  (16.3c)

              D = Defective component  (16.3d)

and the following probabilities are given:

 P D L( | ) .1 0 1=  (16.4a)

 P D L( | ) .2 0 1=  (16.4b)

 P D L( | ) .3 0 2=  (16.4c)

Because these events are not independent, the joint probabilities can be determined as follows:

 P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =1 1 1 0 1 0 2 0 02  (16.5a)

   P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =2 2 2 0 1 0 3 0 03  (16.5b)

    P D L P D L P L( ) ( | ) ( ) . ( . ) .∩ = = =3 3 3 0 2 0 5 0 10  (16.5c)

The theorem of total probability can be used to determine the probability of a defective component as follows:

 

P D P D L P L P D L P L P D L P L( ) ( | ) ( ) ( | ) ( ) ( | ) ( )
. ( . ) . (

= + +

= +
1 1 2 2 3 3

0 1 0 2 0 1 0.. ) . ( . ) . . .
.

3 0 2 0 5 0 02 0 03 0 10
0 15

+ = + +

=  (16.6)

Therefore, on the average, 15% of the components produced by the factory are defective.
Because of the high contribution of line 3 to the defective probability, a quality assurance engineer sub

jected the line to further analysis. The defective probability for line 3 was assumed to be 0.2. An examination 
of the source of this probability revealed that it is subjective and is also uncertain. A better description of this 
probability can be as shown in Figure 16.2 in the form of a prior discrete distribution for the probability. The 
distribution is denoted as PP(p). The mean defective component probability p̄ (D) based on this distribution 
is

 

p D( ) . ( . ) . ( . ) . ( . ) . ( . ) . ( . ) .= + + + + +0 1 0 45 0 2 0 43 0 4 0 05 0 6 0 04 0 8 0 02 0 9 (( . )
.

0 01
0 200=  (16.7)

Now assume that a component from line 3 was tested and found to be defective; the subjective prior distribution 
of Figure 16.2 should be revised to reflect the new (objective) information. The revised distribution is called the 
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posterior distribution [ ( )]�P pP  and can be computed using Equation 16.2 as follows:

 
ʹ = =PP ( . )

. ( . )
.

.0 1
0 45 0 1
0 2

0 225
 

(16.8a)

Similarly, the following posterior probabilities can be computed:

              
ʹ = =PP ( . )

. ( . )
.

.0 2
0 43 0 2

0 2
0 430

 
(16.8b)

 
ʹ = =PP ( . )

. ( . )
.

.0 4
0 005 0 4

0 2
0 100

 
(16.8c)

    
ʹ = =PP ( . )

. ( . )
.

.0 6
0 04 0 6

0 2
0 120

 
(16.8d)

              
ʹ = =PP ( . )

. ( . )
.

.0 8
0 02 0 8

0 2
0 80

 
(16.8e)

              
ʹ = =PP ( . )

. ( . )
.

.0 9
0 01 0 9

0 2
0 045

 
(16.8f)

The resulting probabilities in Equations 16.8a through 16.8f add up to 1. Also, the average probability of 0.2 can 
be viewed as a normalizing factor for computing these probabilities. The mean defective component probability 
p (D) based on the posterior distribution is

 
p D( ) . ( . ) . ( . ) . ( . ) . ( . ) . ( .= + + + +0 1 0 225 0 2 0 430 0 4 0 100 0 6 0 120 0 8 0 080)) . ( . )

.
+

=

0 9 0 045
0 325  (16.9a)

The posterior mean probability (0.325) is larger than the prior mean probability (0.200). The increase is due 
to the detected failure in the test. Now assume that a second component from line 3 was tested and found to 
be defective; the posterior distribution of Equations 16.8a through 16.8f needs to be revised to reflect the new 
(objective) information. The revised posterior distribution builds on the posterior distribution of Equations 
16.8a through 16.8f, treating it as a prior distribution. Performing similar computations as in Equations 16.8 
and 16.9 results in the posterior distribution shown in Table 16.1 in the column “Post. 2 D.” The average defec
tive component probability p (D) is also given in the table. The last row in the table is the average nondefective 
component probability p (D) (ND) for cases where a nondefective component results from a test. This value p
(ND) can be computed in a manner similar to Equation 16.7 or 16.9. For example, the p (ND) in the case of a 
nondefective test according to the prior distribution is

 

p ND( ) ( . )( . ) ( . )( . ) ( . )( . )
( . )

= − + − + −

+ −

1 0 1 0 225 1 0 2 0 430 1 0 4 0 100
1 0 6 (( . ) ( . )( . ) ( . )( . )

.
0 120 1 0 8 0 080 1 0 9 0 045

0 800
+ − + −

=  (16.9b)
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Figure 16.2 Prior	probability	distribution	for	defective	probability	of	line	3.
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The computations for other cases are similarly performed as shown in Table 16.1. It should be noted that

 p D p ND( ) ( ) .+ = 1 0 (16.10)

Now assume that a third component from line 3 was tested and found to be nondefective; the posterior distribu
tion in column “Post. 2 D ” of Table 16.1 should be revised to reflect the new (objective) information. The revised 
distribution is the posterior distribution [ ( )]�P pP  and can be computed using Equation 16.2 as follows:

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 1
0 0692 1 0 1

0 4883
0 1275

 
(16.11a)

Similarly, the following posterior probabilities can be computed:

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 2
0 2646 1 0 2

0 4883
0 4335

 
(16.11b)

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 4
0 12311 0 4

0 4883
0 1512

 
(16.11c)

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 6
0 2215 1 0 6

0 4883
0 1815

 
(16.11d)

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 8
0 1969 1 0 8

0 4883
0 0807

 
(16.11e)

 
ʹ =

−
=PP ( . )

. ( . )
.

.0 9
0 1246 1 0 9

0 4883
0 0255

 
(16.11f)

The resulting probabilities in Equations 16.11a through 16.11f add up to 1. The probability p  (ND) of 0.4883 was 
used in these calculations. The results of these calculations and the mean probability p  (D) are shown in Table 
16.1. It can be noted from the table that the mean defective component probability decreases as nondefective 
components are obtained through testing.

If the next seven tests result in defective components, the resulting posterior distributions are shown 
in Table 16.1. The results are also shown in Figure 16.3. It can be observed from the figure that the average 
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Figure 16.3 Posterior	distributions	for	line	3.
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probability is approaching one as more and more defective tests are obtained. Also, the effect of a nondefective 
component on the posterior probabilities can be seen in this figure.

16.3 BAYeSIAN eStIMAtION OF PArAMeterS

16.3.1 Discrete Parameters

For.an.unknown.parameter.Θ,.a.prior.distribution.for.the.parameters.can.be.subjectively.deter-
mined.and.expressed.using.a.probability.mass.function.as

. P P i ni iΘ Θ( ) ( )q q= = =for 1, 2, ..., . (16.12a)

or,.in.an.abbreviated.form,.as

. P P i ni iΘ ( ) ( ) , , ...,q q= =for 1 2 . (16.12b)

Therefore,.the.parameter.Θ.is.assumed.to.take.n.discrete.values.with.probabilities.given.by.Equation.
16.12..The.distribution.of.Θ.reflects.the.uncertainty.in.this.parameter,.including.its.randomness..It.
is.possible.to.have.a.parameter.that.is.not.random,.but.uncertain,.thus.requiring.description.through.
a.distribution.as.given.by.Equation.16.12.

Now.assume.that.new.(objective).information.ε.was.obtained..Using.Equation.16.2,.the.posterior.
distribution.of.the.parameter.can.be.obtained.as

.
P

P P

P P P P P Pn n

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( )
q e

q eq
q eq q eq q eqi

i i=
+ + +1 1 2 2 � .

(16.13a)

where.P(θi|ε).is.the.conditional.probability.of.θi.given.ε,.or.the.posterior.probability.for.θi;.P(θi).is.
the.prior.probability.as.given.by.Equation.16.12;.and.P(ε |θi).is.the.probability.of.obtaining.the.new.
information.(ε).given.a.certain.value.(θi).for.the.parameter..The.following.notation.for.the.posterior.
distribution.is.also.common:

.

ʹ =
+ + +

P
P P

P P P P P Pn n

( )
( ) ( )

( ) ( ) ( ) ( ) ( ) ( | )
q

q eq
q eq q eq q e qi

i i

1 1 2 2 �
.

(16.13b)

where.P′(θi).is.the.conditional.probability.of.θi.given.ε,.or.the.posterior.probability.for.θi.
Using.the.prior.distribution.of.the.parameter.Θ.given.by.Equation.16.12,.the.expected.value.of.

the.parameter.can.be.computed.as

.
E Pi i

i

n

( ) ( )Θ =
=
∑q q

1 .

(16.14)

Based.on.the.posterior.distribution,.the.expected.value.of.Θ.can.be.computed.as

.
E Pi i

i

n

( ) ( )Θ e q q= ʹ
=
∑

1 .

(16.15)
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In.many.engineering.problems,.the.parameter.Θ.can.be.used.to.define.a.probability.distribution.
of.a.random.variable.X..The.probability.distribution.of.X.can.be.either.for.a.discrete.random.var-
iable.in.the.form.of.a.probability.mass.function,.PX(x),.or.for.a.continuous.random.variable.in.the.
form.of.a.density.function,.fX(x)..The.Bayesian.estimation.of.the.parameter.can.be.used.to.compute.
Bayesian.probabilities.that.are.obtained.using.the.information.gained.about.the.parameters..For.
example,.the.probability.that.X.is.less.than.some.value.x0.can.be.computed.using.the.prior.distri-
bution.as

. .
P X x P X x Pi i

i

n

( ) ( ) ( )< = <
=
∑0 0

1

q q
.

(16.16)

or

.
F x F x PX X i i

i

n

( ) ( ) ( )0 0
1

=
=
∑ q q

.

(16.17)

where.FX(x).is.the.cumulative.distribution.function.of.X.evaluated.at.x0..Using.the.posterior.distribu-
tion.results.in.the.following.expressions:

. .
P X x P X x Pi

i

n

i( ) ( ) ( )< = < ʹ
=
∑0 0

1

q q
.

(16.18)

or

.
F x F x PX X i i

i

n

( ) ( ) ( )0 0
1

= ʹ
=
∑ q q

.

(16.19)

Example 16.2: Duration of a Construction Activity, Discrete Case

A construction engineer is interested in modeling the duration of a construction activity for the purpose of 
project scheduling and control. Based on previous experiences with similar activities, the average duration of 
the activity is uncertain and can be from 5 to 10 days. The engineer assumed a prior probability mass function 
for the average duration (D) as shown in Figure 16.4. The expected average duration based on this distribution 
according to Equation 16.14 is given by

 

E D( ) ( . ) ( . ) ( . ) ( . ) ( . ) ( . )
.

= + + + + +

=

5 0 1 6 0 1 7 0 2 8 0 3 9 0 2 10 0 1
7 7days  (16.20)

Assuming that the duration of activity X has an exponential probability distribution, the probability of comple
ting the activity within 8 days can be computed using Equation 16.17 as

 
P X F D P DX i i

i

n

( ) ( | ) ( )≤ =
=
∑8 8

1

days
 

(16.21a)
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or

 

P X
D

P D
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= + + + + + =0 080 0 074 0 136 0 190 0 118 0 055 0 652. . . . . . .  (16.21b)

Now assume that an activity of this type was completed in another similar construction site in less than 8 
days; the prior distribution in Figure 16.4 can be revised to reflect the new (objective) information. The revised 
(or posterior) distribution [ ( )]�P d  can be computed using Equation 16.13 as follows:

 
ʹ = =P ( )

.

.
.5

0 080
0 652

0 122
 

(16.22a)

Similarly, the following posterior probabilities can be computed:

                 
ʹ = =P ( )

.

.
.6

0 074
0 652

0 113
 

(16.22b)

 
ʹ = =P ( )

.

.
.7

0 136
0 652

0 209
 

(16.22c)

 
ʹ = =P ( )
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.
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0 291
 

(16.22d)

  
ʹ = =P ( )

.

.
.9

0 118
0 652

0 181
 

(16.22e)

 
ʹ = =P ( )

.

.
.10

0 055
0 652

0 084
 

(16.22f)
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Figure 16.4 Prior	probability	distribution	for	average	duration	of	a	construction	activity.
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The resulting probabilities in Equations 16.22a through 16.22f add up to 1 and are shown in Figure 16.5 with 
the prior probabilities. Also, the average probability of 0.652 can be viewed as a normalizing factor for comput
ing these probabilities. The mean duration E(D) based on the posterior distribution is

 

E D( ) ( . ) ( . ) ( . ) ( . ) ( . ) ( .= + + + + +5 0 122 6 0 113 7 0 209 8 0 291 9 0 181 10 0 084))
.= 7 55 days  (16.23)

The resulting posterior average duration is smaller than the prior average duration. The probability of comple
ting the activity within 8 days can be now be revised using the posterior distribution as
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16.3.2 Continuous Parameters

For.an.unknown.parameter.Θ,.a.prior.distribution.for.the.parameters.can.be.subjectively.deter-
mined.and.expressed.using.a.probability.density.function. fΘ ( )q ..The.parameter.Θ.is.assumed.to.be.
continuous.with.probabilities.that.can.be.computed.based.on.its.density.function..Again,.the.distri-
bution.of.Θ.reflects.the.uncertainty.in.this.parameter,.including.its.randomness.
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Figure 16.5 Prior	and	posterior	probability	distributions	for	average	duration	of	a	construction	activity.
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Now.assume.that.new.(objective).information.ε.was.obtained..Using.Equation.16.2,.the.posterior.
distribution.for.the.parameter.can.be.obtained.as

.

f
f P

P f
Θ

Θ

Θ

( )
( ) ( | )

( | ) ( )
q e q e q

e q q q
|

d
=

−∞

∞

∫ .

(16.25)

where. fΘ ( )q .is.the.prior.density.function.of.Θ;. fΘ ( | )q e .is.the.posterior.density.function.of.Θ;.and.
P( | )e q .is.the.probability.of.obtaining.the.new.information.(ε).given.a.certain.value.for.the.param-
eter θ..The.probability.P( )eq| .is.called.the.likelihood function.L(θ)..The.following.notations.for.the.
posterior.distribution.are.also.common:

.
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d
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(16.26)

where. ʹfΘ ( )q e| .is.the.conditional.density.function.of.θ.given.ε,.or.the.posterior.density.function.of Θ.
Using.the.prior.density.function.of.the.parameter.Θ,.the.expected.value.of.the.parameter.can.be.

computed.as

.
E f( ) ( )Θ Θ=

−∞

∞

∫ q q qd
.

(16.27)

Based.on.the.posterior.distribution,.the.expected.value.of.Θ.can.be.computed.as

.
E f( ) ( )Θ Θe q q e q= ʹ

−∞

∞

∫ d
.

(16.28)

In.many.engineering.problems,.the.parameter.Θ.can.be.used.to.define.a.probability.distribution.of.a.
random.variable.X..The.probability.distribution.of.X.can.be.either.for.a.discrete.random.variable.in.
the.form.of.a.probability.mass.function,.PX(x),.or.for.a.continuous.random.variable.in.the.form.of.a.
density.function,.fX(x)..The.Bayesian.estimation.of.the.parameter.can.be.used.to.compute.Bayesian.
probabilities.that.are.obtained.with.the.information.gained.about.the.parameters..For.example,.the.
probability.that.X.is.less.than.some.value.x0.can.be.computed.using.the.prior.distribution.as

.
P X x P X x f( ) ( ) ( )< = <

−∞

∞

∫0 0 q q qΘ d
.

(16.29)

or

.
F x F x fX X( ) ( ) ( )0 0=

−∞

∞

∫ q q qΘ d
.

(16.30)

where.FX(x0).is.the.cumulative.distribution.function.of.X.evaluated.at.x0..Using.the.posterior.distri-
bution.results.in.the.following.expression:

.
P X x P X x f( ) ( ) ( )< = < ʹ

−∞

∞

∫0 0 q q qΘ d
.

(16.31)
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or

.
F x F x fX X( ) ( ) ( )0 0= ʹ

−∞

∞

∫ q q qΘ d
.

(16.32)

Example 16.3: Duration of a Construction Activity, Continuous Case

The construction engineer in Example 16.2 is interested in modeling the duration of a construction activity 
for the purpose of project scheduling and control. Based on previous experiences with similar activities, the 
average duration of the activity is uncertain and is assumed again to be from 5 to 10 days. In this example, the 
engineer assumed a prior probability density function for the average duration (D) to be uniform, as shown in 
Figure 16.6. The expected average duration based on this distribution according to Equation 16.27 is given by
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(16.33)

Assuming the duration of the activity (X ) to have an exponential probability distribution, the probability of com
pleting the activity within 8 days can be computed using Equation 16.30 as
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(16.34a)

or
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(16.34b)

Now assume that an activity of this type was completed in another similar construction site in less than 8 
days; the prior distribution in Figure 16.6 can be revised to reflect the new (objective) information. The revised 
(or  posterior) distribution [ ( )]�f dD  can be computed using Equation 16.26. The likelihood function L(θ ) in 
Equation 16.26 is defined as the conditional probability of obtaining the outcome of the experiment given a 
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Figure 16.6 Prior	probability	distribution	for	average	duration	of	a	construction	activity.
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value for the average activity duration D (i.e., the parameter θ). This conditional probability can be computed 
using the cumulative distribution function of the exponential distribution as

 
L( ) expq

q
= − −⎛
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1
8

 
(16.35)

Therefore, using Equation 16.26 results in the following:
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(16.36)

Substituting Equation 16.34b into Equation 16.36 produces
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(16.37)

The area under the density function given by Equation 16.37 is 1. The prior and posterior density functions are 
shown in Figure 16.7. The mean duration E(D) based on the posterior distribution is
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(16.38)
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Figure 16.7 Prior	and	posterior	probability	density	functions	for	average	duration	of	a	construction	activity.
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The resulting posterior average duration is smaller than the prior average duration. The probability of complet
ing the activity within 8 days can now be revised using the posterior distribution as

 
P X F x fX( ) ( | ) ( )≤ = ʹ
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(16.39a)

or
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(16.39b)

The.posterior. cumulative.probability. of. 0.671.days. is. now.greater. than. the.prior. value.given. in.
Equation.16.34b.of.0.6625.days.

16.4 BAYeSIAN StAtIStICS

The.Bayesian.methods.that.were.developed.in.the.previous.sections.can.be.used.in.the.statistical.
analysis.of.data..In.this.section,.two.cases.are.considered.to.illustrate.their.use.in.statistical.analysis..
The.first.case.deals.with.a.random.variable.X.that.is.normally.distributed.with.a.known.standard.
deviation..The.mean.value.of. the.random.variable. is.of. interest.and.is.estimated.using.Bayesian.
methods..In.the.second.case,.the.random.variable.X.is.also.normally.distributed,.but.its.standard.
deviation.is.unknown..In.this.case,.both.the.mean.value.and.the.variance.of.the.random.variable.are.
of.interest.and.are.estimated.using.Bayesian.methods.

16.4.1 Mean Value with Known Variance

A.random.variable.X.is.considered.to.be.normally.distributed.with.a.known.variance.σ     

2..The.
mean. value. of. the. random. variable. is. of. interest. and. is. unknown.. The. prior. distribution. of. the.
unknown.mean. (μ). is.normal,.with. a.mean.value.and.variance.of.μ0. and.s 0

2 ,. respectively..New.
(objective).information.was.obtained.by.a.sample.of.size.n..The.mean.value.based on.the sample is X ..
We.are.interested.in.determining.the.posterior.distribution.of.the.mean..Using.Equation.16.26,.the.
following.expression.can.be.established:
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where.f(μ).is.the.prior.density.function.of.μ,.which.is.normal.with.mean.and.variance.of.μ0.and.s 0
2 ,.

respectively.[ ( , ); ] ( )i.e.,N fm s m0 0
2 � .is.the.posterior.density.function.of.the.unknown.mean.μ;.and.

L(μ).is.the.likelihood.function.for.the.sample.of.size.n..The.likelihood.function.can.be.computed.as.
the.product.of.n.values.of.the.density.function.of.the.normal.distribution.with.a.mean.μ.and.standard.
deviation.σ,.each.evaluated.at.a.sampled.value.xi..The.product.can.be.expressed.as
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It.can.be.shown.that.by.substituting.Equation.16.41.in.Equation.16.40,.the.resulting. �f ( )m . is.
normally.distributed.with.the.following.mean.value.and.variance,.respectively:

.
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+
m s m s

s s
nX

n
0
2

0
2

0
2 2

.
(16.42a)

and

.
ʹ =

+
s

s s

s s
2 0

2 2

0
2 2n .

(16.42b)

The.resulting.μ′.and.σ′.are.the.posterior.mean.and.standard.deviation.of.the.unknown.mean.value μ..
Using.the.normal.posterior.distribution,.any.Bayesian.probabilities.of.interest.for.the.random.vari-
able.X.can.be.computed.

The.prior.and.posterior.mean.values.and.variances.can.also.be.used.in.other.aspects.of.statisti-
cal.analysis.such.as.confidence.intervals.and.hypothesis.testing..For.example,.they.can.be.used.to.
establish.the.following.prior.confidence.interval.on.the.mean:

. m s m m sa a0 2 0 2− ≤ ≤ +z z/ / . (16.43a)

Also,.they.can.be.used.to.establish.the.following.posterior.confidence.interval:

. ʹ − ʹ ≤ ≤ ʹ + ʹm s m m sa az z/ /2 2 . (16.43b)

The.confidence.level.is.(1.–.α)..In.a.similar.approach,.prior.hypothesis.testing.and.posterior.hypoth-
esis.testing.can.be.performed.

Example 16.4: Mean Concrete Strength

An existing reinforced concrete structure must be evaluated for its strength. The mean concrete strength 
is an important quantity for this evaluation. A review of the design and construction documents, which are 
about 15 years old, indicated that the mean concrete strength has a mean and variance are �0 3000= psi and 
s 0

2 290 000= , ( )psi . These values can be considered to constitute prior information about the mean strength. 
Based on the construction practice during the period of construction of the building, it was common to produce 
concrete with a standard deviation (𝜎) of 400 psi.

Due to aging and environmental factors, µ0 and 𝜎0 are uncertain. Therefore, it was decided to perform non
destructive testing of the concrete strength. A certified testing company produced a sample size (n) of 10, with 
a sample mean of 3500 psi. This information can be used to update the prior mean and variance of the average 
concrete strength using Equations 16.42a and 16.42b as follows:
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(16.44a)

and
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(16.44b)

Therefore, the posterior standard deviation is 117 psi.
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The prior mean value and variance can be used to establish the following prior 95% confidence interval on 
the mean (using Equation 16.43a):

 3000 1 96 300 3000 1 96 300− ≤ ≤ +. ( ) . ( )µ  (16.45a)

or

 2412 3588psi psiʺ ʺµ  (16.45b)

The posterior mean and variance can be used to establish the following posterior 95% confidence interval 
(using Equation 16.43b):

 3425 1 96 117 3415 1 96 117− ≤ ≤ +. ( ) . ( )µ  (16.46a)

or

 3197 3653psi psiʺ ʺµ  (16.46b)

By comparing Equations 16.45 and 16.46, it can be observed that the nondestructive testing resulted in reduc
ing the width of the confidence interval (i.e., reducing the uncertainty in the mean concrete strength).

16.4.2 Mean Value with Unknown Variance

The.random.variable.X.in.this.case.is.considered.to.be.normally.distributed.with.a.unknown.
mean.value.(μ).and.unknown.variance.(σ 2)..Both.the.mean.value.and.variance.of.the.random.var-
iable.are.of. interest.but.are.unknown..The.prior. joint.distribution.of. the.unknown.mean.(μ).and.
unknown.variance.(σ 2).is.assumed.to.be.normal-gamma,.which.is.defined.as.the.product.of.a.normal.
distribution.for.the.mean.(μ).and.a.gamma.distribution.for.the.variance.(σ 2)..The.prior.information.
about.the.mean.and.variance.is.based.on.a.sample.of.size.N.with.sample.mean.and.variance.of.X0.
and. S0

2,.respectively..New.(objective).information.was.obtained.by.a.sample.of.size.n..The.mean.
value.and.variance.based.on.the.sample.are.X.and.S2,.respectively..We.are.interested.in.determining.
the.posterior.distribution.of.the.mean.and.variance..Using.Equation.16.26,.it.can.be.shown.that.the.
posterior.distribution.is.also.a.normal-gamma.

The.posterior.mean.( )�X .and.posterior.variance.( )�S 2 .can.be.shown.to.be
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and
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where

. ʹ = +n N n . (16.47c)
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The.resulting.values.from.Equations.16.47a. through.16.47b.are. the.posterior.mean.and.standard.
deviation.of.the.unknown.mean.and.variance.

Example 16.5: Mean and Variance of Concrete Strength

The existing reinforced concrete structure that was discussed in Example 16.4 is reexamined here. In this 
example, both the mean and variance of the concrete strength are of interest. Assume the following prior infor
mation about the concrete strength: mean strength X 0 3000=  psi; variance of strength S0

2 = 90,000 (psi)2; and 
sample size N = 10. These values are considered to constitute prior information about the concrete strength. Due 
to aging and environmental factors, X 0 and S0

2 are uncertain. Therefore, it was decided to perform nondestructive 
testing of the concrete strength. A certified testing company produced a sample of size (n) of 20, with a sample 
mean of 3500 psi and a sample standard deviation of 400 psi. This information can be used to update the prior 
mean and variance of the average concrete strength using Equations 16.47a through 16.47c as follows:
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(16.48a)

and
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where

 ʹ = + =n 10 20 30  (16.48c)

Therefore, the posterior standard deviation is 436 psi.

16.5 APPLICAtIONS

16.5.1 Sampling from an Assembly Line

An.assembly.line.produces.components.of.automobiles.that.have.a.defective.probability.distri-
bution.as.shown.in.Figure.16.8..This.prior.distribution.is.called.PP(p)..The.mean.probability.P based.
on.this.distribution.is

. P = + =0 1 0 6 0 2 0 4 0 140. ( . ) . ( . ) . . (16.49)

For.a.sample.of.size.n,.the.probability.P(D).of.obtaining.one.or.more.defective.components.can.be.
computed.based.on.the.binomial.distribution.as

.
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(16.50)

The.probability.according.to.Equation.16.50.is.shown.in.Figure.16.9.for.different.values.of.n.



568	 ProBaBILItY,	statIstICs,	anD	reLIaBILItY	for	enGIneers	anD	sCIentIsts

Now.assume.that.a.sample.of.size.n.=.4.was.tested.and.found.to.contain.defective.components;.
the.subjective.prior.distribution.of.Figure.16.8.now.must.be.revised.to.reflect.the.new.(objective).
information..From.Figure.16.9,.the.probability.of.the.sample.of.size.n.=.4.containing.defective.com-
ponents.is.0.4425..The.posterior.distribution.[ ( )]�P pP .can.then.be.computed.using.Equation.16.13.
as.follows:

.
ʹ =

− −⎡⎣ ⎤⎦ =PP ( . )
. ( . )

.
.0 1
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0 4425
0 4663

4

.
(16.51a)

Similarly,.the.second.posterior.probability.can.be.computed.as.follows:

.
ʹ =

− −⎡⎣ ⎤⎦ =PP ( . )
. ( . )

.
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(16.51b)
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Figure 16.8 Prior	probability	distribution	for	defective	probability	of	an	assembly	line.
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The.resulting.probabilities.in.Equation.16.51.add.up.to.1..Also,.the.average.probability.of.0.4425.can.
be.viewed.as.a.normalizing.factor.for.computing.these.probabilities..The.mean.probability.P .based.
on.the.posterior.distribution.is

.

P = +

=

0 1 0 4663 0 2 0 5337

0 1534

. ( . ) . ( . )

. . (16.52)

The.result.shows.an.increase.from.the.average.probability.of.0.140.as.given.by.Equation.16.49.due.
to.the.detected.failure.by.testing.

16.5.2 Scour around Bridge Piers

The.scour.around.a.bridge.pier.develops.due.to.the.infrequent.occurrence.of.extreme.flow.in.a.
river.and.is.of.interest.to.engineers..The.mean.scour.depth.is.an.important.quantity.for.the.evalua-
tion.of.bridge.piers.in.streams..A.review.of.several.bridge.piers.in.streams.indicated.that.the.mean.
annual.scour.has.a.mean.and.variance.are.m0 3= in..and.s 0

2 21= in. .These.values.can.be.consid-
ered.to.constitute.prior.information.about.the.mean.scour..Based.on.the.physics.of.scour,.it.can.be.
considered.to.be.random.variable.with.a.high.variability.level.with.an.assumed.coefficient.of.var-
iation.of.0.5..Therefore,.scour.can.be.assumed.to.have,.in.this.case,.a.known.or.assumed.standard.
.deviation (σ).of.0.5.×.3.=.1.5.in.

In.order.to.improve.estimates.of.the.annual.scour.depth,.a.sample.of.five.bridges.was.analyzed.
for.estimating.the.annual.scour,.and.a.sample.mean.of.2.in..was.obtained..This.information.can.be.
used.to.update.the.prior.mean.and.variance.of.the.average.scour.using.Equations.16.42a.and.16.42b.
as.follows:
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and
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.
(16.54)

Therefore,.the.posterior.standard.deviation.is.0.56.in.
The.prior.mean.value.and.variance.can.be.used.to.establish.the.following.prior.95%.confidence.

interval.on.the.mean.(using.Equation.16.43a):

. 3 1 96 1 3 1 96 1− ≤ ≤ +. ( ) . ( )m . (16.55a)

or

. 1 04 4 96. . .in in.ʺ ʺm . (16.55b)

The.posterior.mean.and.variance.can.be.used.to.establish.the.following.posterior.95%.confidence.
interval.(using.Equation.16.43b):

.
2 31 1 96 0 56 2 31 1 96 0 56. . ( . ) . . ( . )− ≤ ≤ +m

. (16.56a)
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or

. 1 21 3 41. . .in. inʺ ʺm . (16.56b)

By.comparing.Equations.16.55.and.16.56,. it.can.be.observed.that. the.information.gained.by.the.
sample.has.resulted.in.reducing.the.width.of.the.confidence.interval.(i.e.,.reducing.the.uncertainty.
in.the.mean.concrete.strength)..However,.the.range.might.still.be.considered.large,.requiring.the.
collection.of.more.information.

16.6 PrOBLeMS

 16-1.. The.accident.probability.at.a.new.intersection.is.of.interest.to.a.traffic.engineer..The.engineer.subjec-
tively.estimated.the.weekly.accident.probability.as.follows:

Weekly Accident 
Probability

Subjective Probability of 
Accident Probability

0.1 0.30

0.2 0.40

0.4 0.20

0.6 0.05

0.8 0.04

0.9 0.01

. . Solve.the.following:

. a.. What.is.the.average.accident.probability.based.on.the.prior.information?

. b.. Given.an.accident.in.the.first.week.of.traffic,.update.the.distribution.of.the.accident.probability.

. c.. What.is.the.new.average.accident.probability.based.on.the.posterior.information?
.d.. Given.an.accident. in. the.first.and.second.weeks.and.no.accidents. in. the. third.week.of. traffic,.

update.the.distribution.of.the.accident.probability.
. e.. What.is.the.average.accident.probability.after.the.second.week?

.f.. Given.no.additional.accidents.for.the.weeks.4,.5,.6,.7,.8,.9,.and.10,.update.the.distribution.and.the.
average.accident.probability..Plot.your.results..Discuss.the.results.

 16-2.. The.probability.of.back.injuries.of.construction.workers.at.XYZ.Corporation.is.of.interest.to.a.safety.
engineer..The.engineer.subjectively.estimated.the.annual.probability.as.follows:

Annual 
Probability

Subjective Probability of 
Accident Probability

0.05 0.70

0.10 0.20

0.20 0.04

0.60 0.02

0.80 0.02

0.90 0.02

. . Solve.the.following:
.a.. What.is.the.average.annual.probability.based.on.the.prior.information?
.b.. Given.no.back.injuries.in.a.year,.update.the.distribution.of.the.annual.probability.
.c.. What.is.the.new.average.annual.probability.based.on.the.posterior.information?
.d.. Given.injuries.in.the.first.and.second.years.and.no.injuries.in.the.following.year,.update.the.dis-

tribution.of.the.annual.probability.
.e.. What.is.the.average.annual.probability.after.the.second.year?
.f.. Given.no.additional.injuries.for.the.years.4,.5,.6,.7,.8,.9,.and.10,.update.the.distribution.and.the.

average.annual.probability..Plot.your.results,.and.discuss.the.results.
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 16-3.. In.Problem.16.1,.assume.that.a.weekly.rate.is.used.with.a.uniform.prior.distribution.over.the.range.0.1.
to.0.5.per.week..Use.an.exponential.likelihood.function..Determine.the.posterior.distribution.based.
on.additional.information.that.an.accident.occurred.in.less.than.2.weeks.

 16-4. In.Problem.16.2,.assume.that.an.annual.rate.is.used.with.a.prior.uniform.distribution.over.the.range.
10.to.18.per.year..Use.an.exponential.likelihood.function..Determine.the.posterior.distribution.based.
on.additional.information.that.an.injury.occurred.in.less.than.2.weeks.(i.e.,.0.04.year).

 16-5. Redo.Problem.16.3.assuming.the.weekly.rate.has.a.prior.distribution.that.is.exponential.with.a.mean.
of.0.2.per.week.

 16-6. Redo.Problem.16.4.assuming.the.annual.rate.has.a.prior.distribution.that.is.exponential.with.a.mean.
of.15.per.year.

 16-7. The.mean.thickness.of.a.plate.girder.used.in.a.suspension.bridge.needs.to.be.estimated.using.ultra-
sonic. testing..The.mean.thickness.can.be.assumed.to.have.a.normal.probability.distribution.with.
a. mean. (μ). and. standard. deviation. (σ).. The. standard. deviation. (σ). is. known. to. be. 1.8. mm.. The.
construction.drawings. indicate.a.mean. thickness.of.15.mm.and.a. standard.deviation.of.2.0.mm..
A sample.of.n.=.20.was.collected..The.sample.resulted.in.a.mean.of.16.mm..Determine:.(a).the.pos-
terior.mean.thickness,.(b).the.posterior.standard.deviation,.and.(c).the.95%.confidence.intervals.for.
thickness.based.on.prior.and.posterior.information.

 16-8. The.mean.thickness.of.the.shell.of.a.pressure.vessel.needs.to.be.estimated.using.ultrasonic.testing..
The.mean.thickness.can.be.assumed.to.have.a.normal.probability.distribution.with.a.mean.(μ).and.
standard.deviation.(σ)..The.standard.deviation.(σ).is.known.to.be.0.5.mm..The.construction.drawings.
indicate.a.mean.thickness.of.635.mm.and.a.standard.deviation.of.1.0.mm..A.sample.of.n.=.20.was.
collected..The.sample.resulted.in.a.mean.of.625.mm..Determine:.(a).the.posterior.mean.thickness,.
(b)  the.posterior. standard.deviation,.and. (c). the.95%.confidence. intervals. for. the.mean. thickness.
based.on.prior.and.posterior.information..Does.the.pressure.vessel.meet.the.specification.of.a.mean.
thickness.of.at.least.628.mm.using.two-sided.hypothesis.testing.with.a.significance.level.of.5%?

 16-9. The.air.quality.in.a.building.is.of.interest.to.an.environmental.engineer..The.mean.air.quality.is.mea-
sured.in.the.form.of.the.amount.of.pollutant.in.the.air.in.parts.per.million.(ppm)..The.mean.amount.
of.pollutant.can.be.assumed.to.have.a.normal.probability.distribution.with.a.mean.(μ).and.standard.
deviation.(σ)..The.standard.deviation.of.pollutant.(σ).is.known.to.be.0.2.ppm..The.air.quality.based.
on.the.records.of.the.building.has.a.mean.of.3.ppm.and.a.standard.deviation.of.0.2.ppm..A.sample.of.
n.=.10.was.collected..The.sample.resulted.in.a.mean.of.2.7.ppm..Determine:.(a).the.posterior.mean.
pollutant.concentration,.(b).the.posterior.standard.deviation,.and.(c).the.95%.confidence.intervals.for.
the.mean.concentration.based.on.prior.and.posterior.information.

 16-10. Redo.Problem.16.9.using.a.sample.size.n.=.100.with.the.same.mean.and.standard.deviation..Compare.
and.discuss.your.results.
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A.1 CUMULAtIVe DIStrIBUtION FUNCtION OF 
StANDArD NOrMAL (𝚽(Z)) (CONtINUeD)

φZ (z)

z

P(Z < z) = Φ(z) = area 

z0

For.Upper.Tail.Values

z 1 – 𝚽(z) z 1 – 𝚽(z) z 1 – 𝚽(z) z 1 – 𝚽(z) z 1 – 𝚽(z) z 1 – 𝚽(z)

4.00 3.17e-05 4.50 3.40e-06 5.00 2.87e-07 6.00 9.87e-10 7.00 1.28e-12 8.00 6.66e-16

4.05 2.56e-05 4.55 2.68e-06 5.10 1.70e-07 6.10 5.30e-10 7.10 6.24e-13 8.10 2.22e-16

4.10 2.07e-05 4.60 2.11e-06 5.20 9.96e-08 6.20 2.82e-10 7.20 3.01e-13 8.20 1.11e-16

4.15 1.66e-05 4.65 1.66e-06 5.30 5.79e-08 6.30 1.49e-10 7.30 1.44e-13

4.20 1.33e-05 4.70 1.30e-06 5.40 3.33e-08 6.40 7.77e-11 7.40 6.80e-14

4.25 1.07e-05 4.75 1.02e-06 5.50 1.90e-08 6.50 4.02e-11 7.50 3.20e-14

4.30 8.54e-06 4.80 7.93e-07 5.60 1.07e-08 6.60 2.06e-11 7.60 1.50e-14

4.35 6.81e-06 4.85 6.17e-07 5.70 5.99e-09 6.70 1.04e-11 7.70 7.00e-15

4.40 5.41e-06 4.90 4.79e-07 5.80 3.32e-09 6.80 5.23e-12 7.80 3.00e-15

4.45 4.29e-06 4.95 3.71e-07 5.90 1.82e-09 6.90 2.60e-12 7.90 1.50e-15
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A.2 CrItICAL VALUeS FOr StUDeNt’S T DIStrIBUtION (T𝛂,k)

fT(t)

tα,k t0

P(T  > tα,k) = area = α

For.Upper.Tail.Values

Degrees of 
Freedom, k

Level of Significance, 𝛂

0.2500 0.1000 0.0500 0.0250 0.0100 0.0050 0.0025 0.0005

1 1.000 3.078 6.314 12.706 31.821 63.657 127.321 536.627

2 0.816 1.886 2.920 4.303 6.965 9.925 14.089 31.599

3 0.765 1.638 2.353 3.182 4.541 5.841 7.453 12.924

4 0.741 1.533 2.132 2.776 3.747 4.604 5.598 8.610

5 0.727 1.476 2.015 2.571 3.365 4.032 4.773 6.869

6 0.718 1.440 1.943 2.447 3.143 3.707 4.317 5.959

7 0.711 1.415 1.895 2.365 2.998 3.499 4.029 5.408

8 0.706 1.397 1.860 2.306 2.896 3.355 3.833 5.041

9 0.703 1.383 1.833 2.262 2.821 3.250 3.690 4.781

10 0.700 1.372 1.812 2.228 2.764 3.169 3.581 4.587

11 0.697 1.363 1.796 2.201 2.718 3.106 3.497 4.437

12 0.695 1.356 1.782 2.179 2.681 3.055 3.428 4.318

13 0.694 1.350 1.771 2.160 2.650 3.012 3.372 4.221

14 0.692 1.345 1.761 2.145 2.624 2.977 3.326 4.140

15 0.691 1.341 1.753 2.131 2.602 2.947 3.286 4.073

16 0.690 1.337 1.746 2.120 2.583 2.921 3.252 4.015

17 0.689 1.333 1.740 2.110 2.567 2.898 3.222 3.965

18 0.688 1.330 1.734 2.101 2.552 2.878 3.197 3.922

19 0.688 1.328 1.729 2.093 2.539 2.861 3.174 3.883

20 0.687 1.325 1.725 2.086 2.528 2.845 3.153 3.850

21 0.686 1.323 1.721 2.080 2.518 2.831 3.135 3.819

22 0.686 1.321 1.717 2.074 2.508 2.819 3.119 3.792

23 0.685 1.319 1.714 2.069 2.500 2.807 3.104 3.768

24 0.685 1.318 1.711 2.064 2.492 2.797 3.091 3.745

25 0.684 1.316 1.708 2.060 2.485 2.787 3.078 3.725

26 0.684 1.315 1.706 2.056 2.479 2.779 3.067 3.707

27 0.684 1.314 1.703 2.052 2.473 2.771 3.057 3.690

28 0.683 1.313 1.701 2.048 2.467 2.763 3.047 3.674

29 0.683 1.311 1.699 2.045 2.462 2.756 3.038 3.659

30 0.683 1.310 1.697 2.042 2.457 2.750 3.030 3.646

35 0.682 1.306 1.690 2.030 2.438 2.724 2.996 3.591

40 0.681 1.303 1.684 2.021 2.423 2.704 2.971 3.551

45 0.680 1.301 1.679 2.014 2.412 2.690 2.952 3.520

50 0.679 1.299 1.676 2.009 2.403 2.678 2.937 3.496

65 0.678 1.295 1.669 1.997 2.385 2.654 2.906 3.447

continued
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A.2 CrItICAL VALUeS FOr StUDeNt’S T DIStrIBUtION (T𝛂,k) (CONtINUeD)

fT(t)

tα,k t0

P(T  > tα,k) = area = α

Degrees of 
Freedom, k

Level of Significance, 𝛂

0.2500 0.1000 0.0500 0.0250 0.0100 0.0050 0.0025 0.0005

55 0.679 1.297 1.673 2.004 2.396 2.668 2.925 3.476

60 0.679 1.296 1.671 2.000 2.390 2.660 2.915 3.460

70 0.678 1.294 1.667 1.994 2.381 2.648 2.899 3.435

80 0.678 1.292 1.664 1.990 2.374 2.639 2.887 3.416

90 0.677 1.291 1.662 1.987 2.368 2.632 2.878 3.402

100 0.677 1.290 1.660 1.984 2.364 2.626 2.871 3.390

125 0.676 1.288 1.657 1.979 2.357 2.616 2.858 3.370

150 0.676 1.287 1.655 1.976 2.351 2.609 2.849 3.357

200 0.676 1.286 1.653 1.972 2.345 2.601 2.839 3.340

∞ 0.6745 1.2816 1.6448 1.9600 2.3267 2.5758 2.8070 3.2905
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A.5 CrItICAL VALUeS FOr PeArSON COrreLAtION COeFFICIeNt 
FOr NULL hYPOtheSIS H0: 𝞺 = 0 AND BOth ONe-tAILeD ALterNAtIVe 

HA: |𝞺| > 0 AND tWO-tAILeD ALterNAtIVe HA: 𝞺 ≠ 0

Level of Significance for a One-tailed test

0.1000 0.0500 0.0250 0.0100 0.0050 0.0005

Degrees of 
Freedom

Level of Significance for a two-tailed test

0.2000 0.1000 0.0500 0.0200 0.0100 0.0010

1 0.9511 0.9877 0.9969 0.9995 0.9999 1.0000

2 0.8001 0.9000 0.9500 0.9800 0.9900 0.9990

3 0.6871 0.8053 0.8783 0.9343 0.9587 0.9912

4 0.6083 0.7293 0.8114 0.8822 0.9172 0.9741

5 0.5509 0.6694 0.7545 0.8329 0.8745 0.9508

6 0.5068 0.6215 0.7067 0.7888 0.8343 0.9249

7 0.4716 0.5823 0.6664 0.7498 0.7976 0.8982

8 0.4428 0.5495 0.6319 0.7154 0.7646 0.8721

9 0.4187 0.5214 0.6020 0.6850 0.7348 0.8471

10 0.3980 0.4972 0.5760 0.6581 0.7079 0.8233

11 0.3801 0.4762 0.5529 0.6339 0.6836 0.8010

12 0.3645 0.4574 0.5324 0.6120 0.6614 0.7800

13 0.3506 0.4409 0.5139 0.5922 0.6411 0.7604

14 0.3383 0.4258 0.4973 0.5742 0.6226 0.7419

15 0.3272 0.4124 0.4821 0.5577 0.6055 0.7247

16 0.3170 0.4000 0.4683 0.5425 0.5897 0.7084

17 0.3076 0.3888 0.4556 0.5285 0.5750 0.6932

18 0.2991 0.3783 0.4438 0.5154 0.5614 0.6853

19 0.2914 0.3687 0.4329 0.5033 0.5487 0.6652

20 0.2841 0.3599 0.4227 0.4921 0.5368 0.6524

21 0.2774 0.3516 0.4133 0.4816 0.5256 0.6402

22 0.2711 0.3438 0.4044 0.4715 0.5151 0.6287

23 0.2652 0.3365 0.3961 0.4623 0.5051 0.6177

24 0.2598 0.3297 0.3883 0.4534 0.4958 0.6073

25 0.2545 0.3233 0.3809 0.4451 0.4869 0.5974

26 0.2497 0.3173 0.3740 0.4372 0.4785 0.5880

27 0.2452 0.3114 0.3673 0.4297 0.4706 0.5790

28 0.2408 0.3060 0.3609 0.4226 0.4629 0.5703

29 0.2365 0.3009 0.3550 0.4158 0.4556 0.5620

30 0.2326 0.2959 0.3493 0.4093 0.4487 0.5541

40 0.2018 0.2573 0.3044 0.3578 0.3931 0.4896

60 0.1650 0.2109 0.2500 0.2948 0.3248 0.4078

120 0.1169 0.1496 0.1779 0.2104 0.2324 0.2943

250 0.0808 0.1035 0.1230 0.1455 0.1608 0.2038
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A.7 CrItICAL VALUeS FOr KOLMOGOrOV–SMIrNOV 
ONe-SAMPLe teSt

Sample 
Size (n)

Level of Significance (𝛂)

0.20 0.15 0.10 0.05 0.01

1 0.900 0.925 0.950 0.975 0.995

2 0.684 0.726 0.776 0.842 0.929

3 0.565 0.597 0.642 0.708 0.828

4 0.494 0.525 0.564 0.624 0.733

5 0.446 0.474 0.510 0.565 0.669

6 0.410 0.436 0.470 0.521 0.618

7 0.381 0.405 0.438 0.486 0.577

8 0.358 0.381 0.411 0.457 0.543

9 0.339 0.360 0.388 0.432 0.514

10 0.322 0.342 0.368 0.410 0.490

11 0.307 0.326 0.352 0.391 0.468

12 0.295 0.313 0.338 0.375 0.450

13 0.284 0.302 0.325 0.361 0.433

14 0.274 0.292 0.314 0.349 0.418

15 0.266 0.283 0.304 0.338 0.404

16 0.258 0.274 0.295 0.328 0.392

17 0.250 0.266 0.286 0.318 0.381

18 0.244 0.259 0.278 0.309 0.371

19 0.237 0.252 0.272 0.301 0.363

20 0.231 0.246 0.264 0.294 0.356

25 0.21 0.22 0.24 0.27 0.32

30 0.19 0.20 0.22 0.24 0.29

35 0.18 0.19 0.21 0.23 0.27

over	35 1 07.

n

1 14.

n

1 22.

n

1 36.

n

1 63.

n
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A.8 VALUeS OF GAMMA FUNCtION

.
Γ( )t r rt= −∞

∫ 1

0
exp( )– dr

t 𝚪(t) t 𝚪(t) t 𝚪(t) t 𝚪(t) t 𝚪(t)

1.000 1.00000 1.200 0.91817 1.400 0.88726 1.600 0.89352 1.800 0.93138

1.005 0.99714 1.205 0.91686 1.405 0.88700 1.605 0.89409 1.805 0.93272

1.010 0.99433 1.210 0.91558 1.410 0.88676 1.610 0.89468 1.810 0.93408

1.015 0.99156 1.215 0.91433 1.415 0.88655 1.615 0.89529 1.815 0.93545

1.020 0.98884 1.220 0.91311 1.420 0.88636 1.620 0.89592 1.820 0.93685

1.025 0.98617 1.225 0.91192 1.425 0.88618 1.625 0.89657 1.825 0.93826

1.030 0.98355 1.230 0.91075 1.430 0.88604 1.630 0.89724 1.830 0.93969

1.035 0.98097 1.235 0.90962 1.435 0.88591 1.635 0.89793 1.835 0.94114

1.040 0.97844 1.240 0.90852 1.440 0.88581 1.640 0.89864 1.840 0.94261

1.045 0.97595 1.245 0.90745 1.445 0.88572 1.645 0.89937 1.845 0.94410

1.050 0.97350 1.250 0.90640 1.450 0.88566 1.650 0.90012 1.850 0.94561

1.055 0.97110 1.255 0.90539 1.455 0.88562 1.655 0.90088 1.855 0.94714

1.060 0.96874 1.260 0.90440 1.460 0.88560 1.660 0.90167 1.860 0.94869

1.065 0.96643 1.265 0.90344 1.465 0.88561 1.665 0.90247 1.865 0.95025

1.070 0.96415 1.270 0.90250 1.470 0.88563 1.670 0.90330 1.870 0.95184

1.075 0.96192 1.275 0.90160 1.475 0.88568 1.675 0.90414 1.875 0.95345

1.080 0.95973 1.280 0.90072 1.480 0.88575 1.680 0.90500 1.880 0.95507

1.085 0.95757 1.285 0.89987 1.485 0.88584 1.685 0.90588 1.885 0.95672

1.090 0.95546 1.290 0.89904 1.490 0.88595 1.690 0.90678 1.890 0.95838

1.095 0.95339 1.295 0.89824 1.495 0.88608 1.695 0.90770 1.895 0.96006

1.100 0.95135 1.300 0.89747 1.500 0.88623 1.700 0.90864 1.900 0.96177

1.105 0.94935 1.305 0.89672 1.505 0.88640 1.705 0.90960 1.905 0.96349

1.110 0.94740 1.310 0.89600 1.510 0.88659 1.710 0.91057 1.910 0.96523

1.115 0.94547 1.315 0.89531 1.515 0.88680 1.715 0.91157 1.915 0.96699

1.120 0.94359 1.320 0.89464 1.520 0.88704 1.720 0.91258 1.920 0.96877

1.125 0.94174 1.325 0.89400 1.525 0.88729 1.725 0.91361 1.925 0.97058

1.130 0.93993 1.330 0.89338 1.530 0.88757 1.730 0.91467 1.930 0.97240

1.135 0.93816 1.335 0.89278 1.535 0.88786 1.735 0.91574 1.935 0.97424

1.140 0.93642 1.340 0.89222 1.540 0.88818 1.740 0.91683 1.940 0.97610

1.145 0.93471 1.345 0.89167 1.545 0.88851 1.745 0.91793 1.945 0.97798

1.150 0.93304 1.350 0.89115 1.550 0.88887 1.750 0.91606 1.950 0.97988

1.155 0.93141 1.355 0.89066 1.555 0.88924 1.755 0.92021 1.955 0.98180

1.160 0.92980 1.360 0.89018 1.560 0.88964 1.760 0.92137 1.960 0.98374

1.165 0.92823 1.365 0.88974 1.565 0.89005 1.765 0.92256 1.965 0.98570

1.170 0.92670 1.370 0.88931 1.570 0.89049 1.770 0.92376 1.970 0.98768

1.175 0.92520 1.375 0.88891 1.575 0.89094 1.775 0.92499 1.975 0.98969

1.180 0.92373 1.380 0.88854 1.580 0.89142 1.780 0.92623 1.980 0.99171

1.185 0.92229 1.385 0.88818 1.585 0.89191 1.785 0.92749 1.985 0.99375

1.190 0.92089 1.390 0.88785 1.590 0.89243 1.790 0.92877 1.990 0.99581

1.195 0.91951 1.395 0.88755 1.595 0.89296 1.795 0.93007 1.995 0.99790

2.000 1.00000
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A.9 CrItICAL VALUeS FOr DUNCAN MULtIPLe rANGe teSt FOr A 5% LeVeL 
OF SIGNIFICANCe AND SeLeCteD DeGreeS OF FreeDOM (df) AND p GrOUPS

Degrees of 
Freedom

p

2 3 4 5 6 7 8 9 10

1 17.97

2 6.09 6.09

3 4.50 4.52 4.52

4 3.93 4.01 4.03 4.03

5 3.64 3.75 3.80 3.81 3.81

6 3.46 3.59 3.65 3.68 3.69 3.70

7 3.34 3.48 3.55 3.59 3.61 3.62 3.63

8 3.26 3.40 3.48 3.52 3.55 3.57 3.57 3.58

9 3.20 3.34 3.42 3.47 3.50 3.52 3.54 3.54 3.55

10 3.15 3.29 3.38 3.43 3.47 3.49 3.51 3.52 3.52

11 3.11 3.26 3.34 3.40 3.44 3.46 3.48 3.49 3.50

12 3.08 3.23 3.31 3.37 3.41 3.44 3.46 3.47 3.48

13 3.06 3.20 3.29 3.35 3.39 3.42 3.44 3.46 3.47

14 3.03 3.18 3.27 3.33 3.37 3.40 3.43 3.44 3.46

15 3.01 3.16 3.25 3.31 3.36 3.39 3.41 3.43 3.45

16 3.00 3.14 3.23 3.30 3.34 3.38 3.40 3.42 3.44

17 2.98 3.13 3.22 3.28 3.33 3.37 3.39 3.41 3.43

18 2.97 3.12 3.21 3.27 3.32 3.36 3.38 3.40 3.42

19 2.96 3.11 3.20 3.26 3.31 3.35 3.38 3.40 3.41

20 2.95 3.10 3.19 3.25 3.30 3.34 3.37 3.39 3.41

25 2.92 3.07 3.16 3.23 3.28 3.31 3.35 3.37 3.39

30 2.89 3.03 3.13 3.20 3.25 3.29 3.32 3.35 3.37

40 2.86 3.01 3.10 3.17 3.22 3.27 3.30 3.33 3.35

60 2.83 2.98 3.07 3.14 3.20 3.24 3.28 3.31 3.33

120 2.80 2.95 3.04 3.12 3.17 3.22 3.25 3.29 3.31

∞ 2.77 2.92 3.02 3.09 3.15 3.19 3.23 3.27 3.29
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appendix B: taylor Series expansion

B.1 tAYLOr SerIeS

A.Taylor. series. is. commonly.used. as. a.basis.of. approximation. in. engineering. analysis..The.
objective.of.this.section.is.to.provide.a.review.of.the.Taylor.series.

A.Taylor.series.is.the.sum.of.functions.based.on.continually.increasing.derivatives..For.a.func-
tion.f(x).that.depends.on.only.one.independent.variable.x,.the.value.of.the.function.at.point.x0.+.h.
can.be.approximated.by.the.following.Taylor.series:

.
f x h f x h f x

h
f x

h
f x

h

n
f

n

( ) ( ) ( )
!

( )
!

( )
!

( ) ( ) ( )
0 0

1
0

2
2

0

3
3

02 3
+ = + + + + + � (( ) ( )n

nx R0 1+ +
.

(B.1a)

in.which.x0.is.some.base.value.(or.starting.value).of.the.independent.variable.x;.h.is.the.distance.
between.x0.and.the.point.x.at.which.the.value.of.the.function.is.needed—that.is,.h = x – x0;.n!.is.
the.factorial.of.n.and.n!.=.n(n.–.1)(n.–.2).......1;.Rn+1.is.the.remainder.of.the.Taylor.series.expansion,.
as.the.expression.can.have.an.infinite.number.of.terms;.and.the.superscript.(n).on.the.function.f (n).
indicates.the.nth.derivative.of.the.function.f(x)..The.derivatives.of.f(x).in.Equation.B.1a.are.evaluated.
at.x0..Equation.B.1a.can.also.be.written.in.the.following.form:

.
f x h

h

k
f x

k
k

k

( )
!

( )( )
0 0

0

+ =
=

∞

∑
.

(B.1b)

where.0!.=.1.by.convention..Equations.B.1a.and.B.1b.are.based.on.the.assumption.that.continuous.
derivatives.exist.in.an.interval.that.includes.the.points.x.and.x0.

Equations.B.1a.and.B.1b.can.be.used.with.a.finite.number.of.terms.to.produce.approximations.
for.the.evaluated.function.at.f(x0.+.h)..The.order.of.the.approximation.is.defined.by.the.order.of.the.
highest.derivative.that.is.included.in.the.approximation..For.example,.the.first-order.approximation.
is.defined.by.the.terms.of.the.Taylor.series.expansion.up.to.the.first.derivative.as.follows:

. f x h f x hf x( ) ( ) ( )( )
0 0

1
0+ ≈ + . (B.2a)
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Similarly,.the.second-.and.third-order.approximations,.respectively,.are.given.by

.
f x h f x hf x

h
f x( ) ( ) ( )

!
( )( ) ( )

0 0
1

0

2
2

02
+ ≈ + +

.
(B.2b)

and

.
f x h f x hf x
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02 3
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.
(B.2c)

The.accuracy.of.the.approximation.improves.as.the.order.of.the.approximation.is.increased.
The.importance.of.the.individual.terms.of.the.Taylor.series.depends.on.the.nature.of.the.func-

tion.and.the.distance.h..The.higher-order.terms.become.more.important.as.the.nonlinearity.of.the.
function.increases.and.the.difference.x.–.x0.increases..For.linear.functions,.only.the.term.with.the.
first.derivative.is.necessary,.because.terms.with.higher-order.derivatives.are.zero..As.the.separation.
distance.h.increases,.the.importance.of.including.the.nonlinear.terms.usually.increases..Thus,.the.
error.in.an.estimate.decreases.as.more.terms.of.the.Taylor.series.are.included.

A.real.advantage.of.using.a.Taylor.series.to.evaluate.a.function.is.that.it.provides.the.means.to.
approximately.evaluate.complex.functions.that.cannot.be.easily.evaluated.otherwise..Even.if.it.is.
only.possible.to.compute.an.approximation.of.the.first.derivative,.an.estimated.value.of.the.func-
tion.can.be.made.using.the.linear.term.of.the.Taylor.series.expansion.and.a.small.distance.h.from.a.
known.boundary.value.or.another.approximately.evaluated.point..The.benefits.become.evident.in.
cases.where.the.function.f.cannot.be.expressed.in.a.closed.form.

Example B.1: Nonlinear Polynomials

Taylor series is used to evaluate a function that is of practical interest but with an unknown expression. If 
the expression of the function is known, then the Taylor series approximation is not necessary. In this example, 
the true function will be assumed to be known in order to demonstrate the computational aspects of Taylor 
series and the sizes of the remainder terms in the series. For this purpose, the following fourthorder polynomial 
is assumed to be the true function:

 
f x x x x x( ) ( ) ( ) ( ) ( )= − + − +

1
8

1
6

1
2

1
2

24 3 2

 (B.3)

The function has the following derivatives:

 f x x x x( ) ( ) . ( ) . ( ) .1 3 20 5 0 5 0 5= − + −  (B.4)

              f x x x( ) ( ) . ( )2 21 5 1= − +  (B.5)

              f x x( ) ( )3 3 1= −  (B.6)

              f x( ) ( )4 3=  (B.7)

              f x( ) ( )5 0=  (B.8)

Assume a boundary condition to define a base point (x0) of 1.0. Then, the value of the function and its deriva
tives are

 f x( ) .= 1 95833  (B.9a)



		 595

 f x( ) ( ) .1 0 5=  (B.9b)

 f x( ) ( ) .2 1 5=  (B.9c)

                  f x( ) ( )3 2=  (B.9d)

                  f x( ) ( )4 3=  (B.9e)

                  f x( ) ( )5 0=  (B.9f)

Assume that a value of the function is needed for a value of x of 1.5. The separation distance h is 0.5. The values 
of the individual terms of the fourthorder Taylor series are shown in row 1 of Table B.1(A). For x = 1.5, the linear 
term is dominant, with the magnitude of the higherorder terms being less significant. Because Equation B.3 is 
a fourthorder polynomial, the fourthorder Taylor series gives the exact solution. As the separation distance 
increases, the contribution made by each term of the Taylor series expansion changes. For x from 2 to 3, the 
secondorder term is the most important, with less emphasis given to the linear term and more emphasis to 
the cubic term. For x = 3.5, the cubic term is the most important, while for x = 4, the fourthorder term is most 
important. These results illustrate the interaction between the importance of the terms and both the nonlinearity 
of the function and the separation distance. The cumulative values for the terms of the Taylor series are given 
in Table B.1(B), and the differences between the cumulative values and the true values are given in Table B.1(C). 
The differences show the need to consider the higherorder terms as the separation distance increases. This 
is clearly evident from Figure B.1, which shows the cumulative values from Table B.1(B) as a function of the 
separation distance h.

table B.1  (A) Values of Individual terms of taylor Series expansion of equation B.l for Quadratic 
Function of equation B.3; (B) Cumulative Function of taylor Series expansion; and 
(C) Difference between Cumulative Function and true Value of Function

Part x h hf (1)(x0)
h

f x
2

(2)
02!

( )
h

f x
3

3!
( )(3)

0
h

f x
4

4!
( )(4)

0

(a)	Individual	terms 1.5 0.5 0.25 0.1875 0.04167 0.0078125

2.0 1.0 0.50 0.7500 0.33333 0.1250000

2.5 1.5 0.75 1.6875 1.12500 0.6328125

3.0 2.0 1.00 3.0000 2.66667 2.0000000

3.5 2.5 1.25 4.6875 5.20833 4.8828125

4.0 3.0 1.50 6.7500 9.00000 10.1250000

(B)	Cumulative	function 1.5 2.20833 2.39583 2.43750 2.44531

2.0 2.45833 3.20833 3.54167 3.66667

2.5 2.70833 4.39538 5.52083 6.15365

3.0 2.95833 5.95833 8.62500 10.62500

3.5 3.20833 7.89583 13.10417 17.98698

4.0 3.45833 10.20833 19.20833 29.33333

(C)	errors 1.5 –0.23698 –0.04948 –0.00781 0.00000

2.0 –1.20833 –0.45833 –0.12500 0.00000

2.5 –3.44531 –1.75781 –0.63281 0.00000

3.0 –7.66667 –4.66667 –2.00000 0.00000

3.5 –14.77865 –10.09115 –4.88281 0.00000

4.0 –25.87500 –19.12500 –10.12500 0.00000
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B.2 COMMON SerIeS

In.this.section,.example.Taylor.series.expressions.are.provided.for.some.commonly.used.func-
tions.. These. series. might. be. familiar. to. the. readers. from. previous. courses. in. mathematics.. For.
example,.the.exponential.evaluation.to.the.base.e.of.x.can.be.expressed.by.the.following.series:

.
e x

x x x

k
x

k

k

= + + + + =
=

∞

∑1
2 3

2 3

0! ! !
…

.
(B.10)

This.equation.is.valid.only.for.x.that.is.finite..Similarly,.the.natural.logarithm.of.x.can.be.expressed.
using.a.Taylor.series.as

.
ln( ) ( )

( )

!

( )

!
( )

( )

!
x x

x x x k

k
k

k

k

= − −
−

+
−

− = −
−

<−

=

∞

∑1
1

2

1

3
1 0

2 3
1

0

… for xx ≤ 2
.

(B.11)

The.sine.and.cosine.functions.can.also.be.expressed.using.Taylor.series.as.follows,.respectively:

.
sin( )

! !
( )

( )!
x x

x x x

k
k

k

k

= − + − = −
+

+

=

∞

∑
3 5 2 1

03 5
1

2 1
…

.
(B.12)

. . . . . . . . . . ..
cos( )

! !
( )

( )!
x

x x x

k
k

k

k

= − + − = −
=

∞

∑1
2 4

1
2

2 4 2

0

…
.

(B.13)

Equations.B.12.and.B.13.are.valid.only.for.x.values.that.are.finite..The.reciprocal.of.(1.–.x),.where.
|x|.<.1,.can.be.expressed.by.the.following.Taylor.series:

.

1

1
1 2 3

0−
= + + + + ⋅⋅⋅ =

=

∞

∑x
x x x xk

k .
(B.14)

These.Taylor.series.can.be.used.to.evaluate.their.corresponding.functions.at.any.point.x.using.a.base.
value.of.x0.=.0.and.increment.h.
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Figure B.1 taylor	series	approximation	of	a	fourth-order	polynomial.
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B.3 APPLICAtIONS: tAYLOr SerIeS eXPANSION OF SQUAre rOOt

The.square-root.function.is.used.in.this.section.to.illustrate.the.Taylor.series.expansion..The.
square-root.function.can.be.expressed.as

. f x x( ) = .
(B.15)

To.evaluate.the.Taylor.series,.the.derivatives.of.the.function.are.computed.as.follows:

.
f x x( ) .( )1 0 51

2
= −

.
(B.16a)

.
f x x( ) .( )2 1 51

4
= − −

.
(B.16b)

.
f x x( ) .( )3 2 53

8
= −

.
(B.16c)

Higher-order.derivatives.can.be.developed.similarly..For.a.base.point.x0.=.1.and.h.=.0.001,.the.four.
terms.of.the.Taylor.series.produce.the.following.estimate.for.the.square.root.of.1.001:

.

f ( . ) . . ( . )( )

(

.1 001 1 001 1 0 5 0 001 1

1

4 2

0 5= ≈ +

−

−

                   
!!)

( . ) ( )
( !)

( . ) ( ). .0 001 1
3

8 3
0 001 12 1 5 3 2 5− −+

.

(B.17a)

or

. f ( . ) . . . .1 001 1 0 5 10 0 125 10 0 625 10 1 00049993 6 10≈ + × − × + × =− − −

.
(B.17b)

which.equals.the.true.value.to.the.number.of.decimal.points.shown..Because.the.interval.h.is.so.
small,.the.linear.approximation.would.have.been.accurate.to.five.decimal.places.

B.4 PrOBLeMS

 B-1.. Using.the.Taylor.series.expansion.for.cos(x).provided.in.Section.B.2,.evaluate.the.series.starting.at.
x0.=.0.radian.with.h.=.0.1.to.x.=.1.radian..Use.one.term,.two.terms,.and.three.terms.of.the.series..
Evaluate. the.error. in.each.value,. and.discuss. the.effect.of. incrementally.adding. the. terms. to. the.
series..Compare.your.results.with.the.true.solution.

 B-2.. Using.the.Taylor.series.for.sin(x).of.Equation.B.12,.evaluate.the.series.starting.at.x0.=.0.radian.with.
h.=.0.1.to.x.=.1.radian..Use.one.term,.two.terms,.and.three.terms.of.the.series..Evaluate.the.error.
in.each.value,.and.discuss.the.effect.of.incrementally.adding.the.terms.to.the.series..Compare.your.
results.with.the.true.solution.

 B-3.. Using.the.Taylor.series.expansion.for.ex.provided.by.Equation.B.10,.evaluate.the.series.starting.at.
x0 =.0.with.h.=.0.1.to.x.=.1..Use.one.term,.two.terms,.and.three.terms.of.the.series..Evaluate.the.error.
in.each.value,.and.discuss.the.effect.of.incrementally.adding.the.terms.to.the.series..Compare.your.
results.with.the.true.solution.

 B-4.. Develop.a.Taylor.series.expansion.of.the.following.polynomial:

. f x x x x( ) = − + +3 23 5 10
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. . Use.x.=.2.as.the.base.(or.starting).point.and.h.as.the.increment..Evaluate.the.series.for.h.=.0.1,.0.2,.
0.3,.0.4,.0.5,.0.6,.0.7,.0.8,.0.9,.and.1.0..Discuss.the.accuracy.of.the.method.as.the.terms.of.the.Taylor.
series.are.added.incrementally.

 B-5.. Develop.a.Taylor.series.expansion.of.the.following.polynomial:

. f x x x x( ) = − + +5 4 25 6

. . Use.x.=.2.as.the.base.(or.starting).point.and.h.as.the.increment..Evaluate.the.series.for.h.=.0.1,.0.2,.
0.3,.0.4,.0.5,.0.6,.0.7,.0.8,.0.9,.and.1.0..Discuss.the.accuracy.of.the.method.as.the.terms.of.the.Taylor.
series.are.added.incrementally.

 B-6.. Develop.a.Taylor.series.expansion.of.the.following.function:

. f x x x( ) .= − +2 0 55 6

. . Use.x.=.2.as.the.base.(or.starting).point.and.h.as.the.increment..Evaluate.the.series.for.h.=.0.1,.0.2,.
0.3,.0.4,.0.5,.0.6,.0.7,.0.8,.0.9,.and.1.0..Discuss.the.accuracy.of.the.method.as.the.terms.of.the.Taylor.
series.are.added.incrementally.

 B-7.. Write. a. computer. program. or. develop. a. spreadsheet. to. evaluate. the. Taylor. series. expansion. for.
Problem.B.1.

 B-8.. Write. a. computer. program. or. develop. a. spreadsheet. to. evaluate. the. Taylor. series. expansion. for.
Problem.B.3.

 B-9.. Write. a. computer. program. or. develop. a. spreadsheet. to. evaluate. the. Taylor. series. expansion. for.
Problem.B.5.

 B-10.. Write. a. computer. program. or. develop. a. spreadsheet. to. evaluate. the. Taylor. series. expansion. for.
Problem.B.6.
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appendix C : Data for Simulation Projects 

C.1 StreAM erOSION StUDY

Variable Definition Units

Y erosion	rate	per	unit	width	of	stream Weight	per	time	per	unit	width	(lb/s/ft)

X1 mean	soil	particle	diameter 10−3	ft

X2 slope	of	stream	channel %

X3 Discharge	rate	of	the	water	in	the	stream	
per	unit	width	of	stream

cfs/ft

CONteNtS

C.1. Stream.Erosion.Study............................................................................................................ 599
C.2. Traffic.Estimation.Study........................................................................................................600
C.3. Water.Evaporation.Study....................................................................................................... 601

X1 X2 X3 Y X1 X2 X3 Y

2.911 0.722 0.354 4.400 3.153 0.552 0.515 4.838

3.194 0.775 0.149 1.892 2.888 1.001 0.417 4.791

3.641 0.670 0.328 4.271 2.782 0.853 0.280 4.027

2.515 0.337 0.277 3.508 2.066 1.036 0.119 2.930

3.610 0.763 0.380 5.063 2.835 1.062 0.588 6.397

3.117 0.992 0.347 4.146 3.603 1.188 0.593 4.797

2.186 0.880 0.604 6.758 3.267 0.528 0.430 4.599

2.907 1.205 0.257 3.774 2.873 0.375 0.316 3.901

2.086 1.420 0.441 5.246 3.392 0.950 0.300 3.662

2.635 0.639 0.481 6.201 3.999 0.833 0.364 3.321

2.965 1.023 0.352 3.900 1.765 1.031 0.483 6.952

3.084 0.683 0.230 4.020 3.544 0.801 0.358 4.555

3.104 1.297 0.372 4.218 1.476 1.196 0.524 6.371

4.054 1.054 0.423 3.605 2.094 1.482 0.409 4.770

2.897 0.903 0.613 6.344 2.832 1.040 0.115 1.989

2.454 0.887 0.428 5.366 3.248 1.136 0.572 5.247

2.937 0.837 0.211 3.246 3.247 0.976 0.387 3.415

2.985 0.374 0.246 3.332 0.908 1.196 0.443 7.122

3.007 1.040 0.553 5.514 0.729 0.792 0.375 5.700

continued
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C.2 trAFFIC eStIMAtION StUDY

Variable Definition Units

Y number	of	daily	work	trips	made	in	a	zone Count	(103)

X1 zone	population Count	(103)

X2 number	of	dwellings	in	a	zone Count	(103)

X3 number	of	vehicles	in	a	zone Count	(103)

C.1 StreAM erOSION StUDY (CONtINUeD)

X1 X2 X3 Y X1 X2 X3 Y

3.632 0.734 0.245 2.500 2.561 0.921 0.446 6.038

2.864 0.638 0.459 4.579 2.768 1.025 0.388 4.101

3.646 0.813 0.225 2.711 3.072 0.994 0.252 3.770

1.228 1.551 0.450 5.889 2.823 0.960 0.562 7.236

3.438 0.974 0.189 1.469 3.466 1.533 0.325 3.224

1.969 0.617 0.523 6.354 2.711 0.836 0.321 3.905

2.662 1.100 0.190 3.278 2.720 0.933 0.346 4.634

1.397 1.593 0.525 6.320 2.590 0.695 0.442 4.720

1.901 1.118 0.451 5.691 3.049 1.149 0.625 6.865

2.545 0.567 0.658 7.678 1.753 0.619 0.310 6.195

2.561 0.964 0.564 6.462 1.693 1.226 0.397 4.305

2.460 1.318 0.552 6.235 3.009 0.984 0.241 2.286

X1 X2 X3 Y X1 X2 X3 Y

20.009 6.330 10.223 1.776 23.235 4.170 7.156 1.616

21.739 2.327 5.661 1.479 14.258 7.398 12.071 1.500

24.471 2.170 7.509 0.858 18.487 2.936 6.098 0.788

17.589 1.851 6.237 0.542 10.761 4.131 6.923 0.912

24.285 5.109 7.806 1.627 13.840 2.186 4.882 0.783

21.270 5.476 8.034 1.289 17.776 6.699 8.775 1.469

15.582 6.016 9.108 1.384 17.875 4.310 6.234 1.281

19.987 3.575 6.452 1.103 17.254 4.445 9.435 1.171

14.970 6.717 12.142 1.256 21.493 4.356 7.367 0.987

18.327 4.375 7.073 1.081 19.874 4.069 6.643 1.282

20.342 3.391 6.071 1.440 19.225 1.425 3.873 0.571

21.068 4.160 7.764 1.175 14.848 4.227 6.173 1.135

21.192 2.976 5.792 1.556 19.547 3.478 5.234 0.956

26.998 3.671 9.176 1.455 24.242 2.931 7.135 1.173

19.925 3.566 11.634 1.432 22.188 3.929 6.513 1.175

17.219 4.905 7.845 1.489 19.780 8.150 11.272 1.743

20.172 3.410 8.665 1.233 22.949 2.850 4.857 1.458

20.465 3.715 7.291 1.217 26.663 2.809 8.262 1.167

20.599 3.115 9.182 1.094 13.010 5.570 8.999 1.086

24.416 1.209 5.719 0.721 23.880 6.388 8.616 1.887

19.724 3.643 6.821 0.797 11.243 4.672 5.357 1.011

24.505 4.954 7.716 1.640 15.016 2.526 6.983 0.919

9.726 4.313 7.450 0.975 19.528 4.797 7.932 1.176
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C.3 WAter eVAPOrAtION StUDY

Variable Definition Units

Y Daily	evaporation	rate in./day

X1 mean	daily	temperature °f

X2 mean	daily	relative	humidity %

X3 mean	daily	wind	speed miles/day

X1 X2 X3 Y X1 X2 X3 Y

62.0 32.0 10.4 0.172 75.0 58.0 6.8 0.149

67.0 56.0 5.6 0.170 69.0 64.0 6.8 0.159

75.0 35.0 8.9 0.199 62.0 53.0 7.2 0.179

55.0 74.0 5.3 0.115 71.0 68.0 8.6 0.166

75.0 58.0 8.8 0.127 82.0 42.0 11.5 0.238

66.0 49.0 4.8 0.154 42.0 50.0 6.6 0.050

49.0 48.0 9.9 0.155 74.0 57.0 80.0 0.180

62.0 45.0 4.8 0.157 37.0 55.0 5.6 0.036

48.0 15.0 9.9 0.179 48.0 52.0 8.1 0.125

57.0 58.0 8.8 0.094 61.0 89.0 6.4 0.141

63.0 38.0 120.0 0.167 68.0 44.0 10.2 0.166

65.0 32.0 10.5 0.170 68.0 51.0 5.9 0.130

66.0 43.0 10.3 0.184 57.0 35.0 11.3 0.155

83.0 90.0 9.8 0.135 44.0 65.0 8.3 0.106

62.0 53.0 8.3 0.188 56.0 31.0 7.1 0.097

54.0 30.0 6.2 0.195 60.0 70.0 9.3 0.156

63.0 61.0 3.7 0.114 65.0 54.0 7.1 0.142

64.0 93.0 10.9 0.094 61.0 49.0 9.6 0.124

64.0 63.0 110.0 0.136 72.0 20.0 6.9 0.190

75.0 27.0 8.5 0.170 59.0 45.0 10.7 0.132

61.0 53.0 6.7 0.103 59.0 38.0 8.1 0.142

75.0 75.0 6.5 0.176 57.0 52.0 6.8 0.145

42.0 26.0 7.4 0.107 95.0 48.0 7.3 0.210

72.0 55.0 9.3 0.202 42.0 83.0 8.2 0.092

46.0 46.0 7.4 0.104 61.0 35.0 8.5 0.177

58.0 57.0 9.9 0.171 64.0 61.0 7.4 0.157

35.0 59.0 8.1 0.063 39.0 66.0 6.7 0.050

44.0 67.0 3.6 0.092 42.0 48.0 6.8 0.129

56.0 25.0 10.6 0.163 56.0 31.0 5.5 0.159

56.0 15.0 7.8 0.197 47.0 51.0 8.1 0.102

54.0 52.0 8.7 0.109 41.0 58.0 6.9 0.134

67.0 44.0 7.6 0.190 55.0 85.0 4.7 0.139

82.0 57.0 8.7 0.215 48.0 59.0 7.2 0.052

60.0 42.0 7.8 0.097 87.0 29.0 8.8 0.241

47.0 68.0 5.7 0.060 79.0 34.0 6.70 0.175

61.0 86.0 10.5 0.140
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appendix D: Semester Simulation Project

D.1 PrOJeCt PrOBLeM StAteMeNt

Cranes.are.commonly.used.in.construction..They.can.be.used.to.lift.and.lower.materials,.and.also.
move.materials.horizontally..Figure.D.1.shows.a.tower.crane..Consider.a.tower.crane.with.a.75.ft.arm.
(S).and.a.maximum.load.capacity.as.4200.lb.(P)..The.response.of.the.arm.can.be.analyzed.as.a.cantilever.
beam.shown.in.Figure.D.2.with.w.the.uniform.load, S.the.span,.P.the.load,.and.L.the.location.of.load.P.

CONteNtS

D.1. Project.Problem.Statement....................................................................................................603
D.2. Progress.Reports.and.Due.Dates...........................................................................................604
D.3. A.Sample.Solution.................................................................................................................605

Figure D.1 	a	tower	crane	at	a	construction	site	at	the	university	of	maryland,	College	park,	2010	(photo	taken	
by	Bilal	ayyub).
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The.moment.(M).at.the.fixed.end.can.be.computed.as.follows:

.
M

wS
PL= +

2

2

The.flexure.formula.is.used.herein.to.approximately.assess.the.performance.of.the.crane.cantilever.
since.the.cantilever.is.commonly.constructed.as.a.truss.(or.frame)..The.stress.(σ).due.to.the.bending.
moment.(M).can.be.expressed.as.follows:

.
s =

Mc

I

in.which.c (=10.in).is.the.distance.from.the.neutral.axis.to.the.extreme.fiber.of.the.beam,.and.I.is.the.
moment.of.inertia.of.the.cross.section..The.probabilistic.characteristics.of.the.parameters.needed.in.
this.project.are.listed.in.Table.D.1..The.crane’s.material.has.a.yield.strength.Y.

The.failure.probability.(Pf ).can.be.determined.as.follows:

. P P Yf = − ≤( )s 0

D.2 PrOGreSS rePOrtS AND DUe DAteS

Teams.of.two.or.three.students.are.required.to.perform.the.tasks.and.submit.the.corresponding.
reports.described.as.follows:

Progress report 1 (Due 6 Weeks after Start of the Semester)

. 1.. Generate.an.appropriate.number.of.random.numbers.(say.40.to.100).for.each.of.the.random.variables.

. 2.. Plot.histograms.for.each.of.the.parameters.using.a.respective.set.of.random.numbers.based.on.step.
1,.and.show.respective.probability.distributions.used.to.generate.them..Show.the.plots.on.the.same.

P = 4200 lb
L

S = 75 ft

w

c = 10 in.

Figure D.2 a	cantilever	beam	with	a	concentrated	load.

table D.1 Parameters of the Crane and their Probabilistic Characteristics

Parameter Description Mean
Standard 
Deviation

Distribution 
type

L Location	of	the	load	(distance	from	the	fixed	end) 40	ft 6	ft normal

w uniform	load 60	lb/ft 7	lb/ft Lognormal

I moment	of	inertia	of	steel	section 1100	in4 70	in4 normal

Y Yield	strength 50	ksi 4	ksi Lognormal
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graph.for.each.variable..Calculate.the.mean.and.standard.deviation.for.each.random.variable.based.
on.the.random.values.obtained.in.steps.1.

Progress report 2 (Due 10 Weeks after Start of the Semester)

Everything.from.progress.report.1,.revised.if.necessary,.plus

. 3.. Calculate.the.mean.and.standard.deviation.of.the.response.of.the.cantilever.given.the.distributions.
obtained.in.step.2.

. 4.. Assess.the.probability.of.failure.(Pf).given.the.results.from.step.3.and.the.distribution.obtained.for.
strength.in.step.2.

. 5.. Perform.a.goodness.of.fit.test.on.the.response.distribution.(distribution.of.σ).considering.both.nor-
mal.and.lognormal.distributions.

Final report (Due on the Last Day of Classes)

Everything.from.progress.reports.1.and.2,.revised.if.necessary,.plus

. 6.. Perform. trend. analysis. of.Pf.with. an. incrementally. increasing.number.of. simulation. cycles,. and.
compute.the.statistical.uncertainty.in.the.estimate.expressed.as.a.coefficient.of.variation.

. 7.. Perform.a.parametric.analysis.by.assessing.the.fractional.change.in.the.probability.of.failure.with.
respect.to.a.small.change.in.the.mean.and.standard.deviation.of.each.variable.

. 8.. Provide.additional.items.as.deemed.needed.or.appropriate.

. 9.. Prepare.a.comprehensive.report.for.this.project.according.to.the.requirements.listed.below.

report requirements

Professional. presentation. of. the. project. report. is. required. that. should. consist. of. neat. and.
organized.solutions.on.one.side.of.8.5".×.11".papers..Computer-generated.plots.and.printouts.are.
required.for.all.sample,.and.summary.calculations..The.report.should.include.Title.Page,.Executive.
Summary,.Table.of.Contents,.Problem.Description,.Objectives,.Methodology,.Results,.Conclusions,.
and.References.and.Appendices..Both.paper-copy.and.all.electronic.files.on.a.CD.should.be.submit-
ted..The.final.report.with.all.summary.results.must.be.in.a.single.Microsoft.Word.file.

D.3 A SAMPLe SOLUtION 

The.rest.of. the.appendix.shows.a.sample.project.solution.based.on.performing.the.following.
tasks:

. 1.. Generating.random.numbers

. 2.. Evaluating.histograms,.distributions,.and.mean.and.standard.deviation.of.each.parameter

. 3.. Computing.mean.and.standard.deviation.of.reactions

. 4.. Computing.the.probability.of.failure

. 5.. Performing.goodness.of.fit.of.reactions

. 6.1.. Computing.failure.probability.using.increasing.number.of.simulation.cycles

. 6.2.. Performing.trend.analysis.of.probability.of.failure

. 7.. Performing.parametric.analysis

The.results.from.these.tasks.are.summarized.under.subsequent,.separate.headings.
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1. Generating random numbers 

Simulation 
Cycle (i)

random Number for

L w I Y

1 0.695201943 0.675480641 0.356858626 0.68015434

2 0.554955324 0.761765952 0.395720833 0.353132013

3 0.059114529 0.780697208 0.116094924 0.419632812

4 0.922822483 0.818790033 0.962691986 0.780573185

5 0.122818075 0.513144764 0.615093089 0.06797497

6 0.17156142 0.058902048 0.649777126 0.739842248

7 0.060807444 0.211062552 0.326465818 0.731402129

8 0.903361833 0.153026928 0.992003093 0.3196385

9 0.548091175 0.08578939 0.701199476 0.365424561

10 0.226919052 0.444598796 0.152903505 0.513361049

11 0.616563001 0.974248916 0.329903679 0.66453332

12 0.301792358 0.513696519 0.63799358 0.643502457

13 0.211459552 0.856134867 0.068544572 0.388188713

14 0.185356534 0.711318927 0.61279573 0.480589751

15 0.362007995 0.505026617 0.461258115 0.634074684

16 0.596623224 0.618975763 0.883831019 0.969904493

17 0.564392601 0.191530925 0.813760225 0.098553233

18 0.015954132 0.47141303 0.458904141 0.545615772

19 0.410626103 0.682308676 0.745270102 0.378755238

20 0.689586092 0.628557822 0.09435066 0.405758578

21 0.044467746 0.231254718 0.518533037 0.470813908

22 0.817914069 0.440736753 0.610234104 0.955764277

23 0.776213126 0.012836991 0.601197595 0.082567454

24 0.138398923 0.742670807 0.012724276 0.940723101

25 0.573620495 0.067160467 0.96742667 0.528949746

26 0.874292607 0.9759886 0.657829135 0.852106313

27 0.694793796 0.570424888 0.308345399 0.600141502

28 0.838160127 0.687787212 0.924285782 0.872885235

29 0.586716029 0.814212622 0.843082096 0.356669932

30 0.591717018 0.176179008 0.280469653 0.53372513

31 0.428724598 0.066048727 0.884188023 0.649454057

32 0.270906644 0.821549891 0.680327946 0.224413583

33 0.674814154 0.06153318 0.743788803 0.765365914

34 0.754715092 0.097716139 0.963905489 0.98219369

35 0.24288422 0.578618251 0.288594505 0.170403797

36 0.494105528 0.962879077 0.187558613 0.710893942

37 0.707193178 0.649791666 0.484289891 0.440719026

38 0.898519778 0.715598919 0.295977306 0.154359529

39 0.712827322 0.999662131 0.859896063 0.450704032

40 0.925991513 0.881934145 0.072753209 0.944367217

min 0.015954132 0.012836991 0.012724276 0.06797497

max 0.925991513 0.999662131 0.992003093 0.98219369

total	number	of	random	numbers	(N)	=	40
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L (Normal)

i
random 

Value Frequency histogram

1 43.064 Minimum Maximum Interval for L (ft) Frequency
2 40.829 27.127	 48.679	 27–31 4
3 30.626 31–35 4
4 48.546 k = 1 + 3.3log(n) k Interval 35–39 8

5 33.034 6.287 6 3.592 39–43 11
6 34.312 43–47 9
7 30.712 47–51 4
8 47.806 sum 40
9 40.725

10 35.506
11 41.779

12 36.884 Normal Distribution 
13 35.192

Interval for L (ft) Frequency
CDF 

at Lower
CDF 

at Upper
(Probability 

in Interval) N
14 34.629 27 <	L	≤ 31 4 0.015	 0.067	 2.067	
15 37.881 31 <	L	≤ 35 4 0.067	 0.202	 5.421	
16 41.468 35 <	L	≤ 39 8 0.202	 0.434	 9.260	
17 40.973 39 <	L	≤ 43 11 0.434	 0.691	 10.306	
18 27.127 43 <	L	≤ 47 9 0.691	 0.878	 7.475	
19 38.644 47 <	L	≤ 51 4 0.878	 0.967	 3.532	
20 42.968
21 29.794
22 45.445
23 44.557
24 33.475
25 41.114
26 46.882
27 43.057
28 45.922
29 41.315
30 41.392
31 38.922
32 36.340
33 42.719
34 44.136
35 35.818
36 39.911
37 43.271
38 47.639
39 43.370
40 48.679
mean 39.912
standard	
Deviation	

5.487

2.  evaluating histograms, distributions, and mean and standard deviation of each parameter

Parameter Mean Standard Deviation Distribution

L 	 	 40	ft 	 6	ft normal
W 	 	 60	lb/ft 	 7	lb/ft Lognormal
I 1100	in4 70	in4 normal
Y 	 	 50	ksi 	 4	ksi Lognormal

12

Frequency histogram

Frequency histogram and normal distribution

Normal distribution

10

8

6

4Fr
eq

ue
nc

y

2

0
27–31 31–35 35–39 39–43

L (ft)
43–47 47–51
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w (Lognormal)

Parameter 
1

Parameter 
2

4.088	 0.116	

i
random 

Value Frequency histogram

1 62.834	 Minimum Maximum Interval for w (lb/ft) Frequency
2 64.739	 45.978	 88.484	 40–47 1
3 65.212	 47–54 9
4 66.253	 k = 1 + 3.3log(n) k Interval 54–61 10
5 59.825	 6.287	 6 7.084	 61–68 15
6 49.686	 68–75 4

7 54.285	 75–82 0

8 52.909	 82–89 1

9 50.837	 sum 40

10 58.638	

11 74.739	

12 59.834	 Lognormal Distribution
13 67.437	

Interval for w (lb/ft) Frequency
CDF at 
Lower

CDF at 
Upper

(Probability 
in Interval) N

14 63.585	 40 <	w	≤ 47 1 0.000	 0.021	 0.811	
15 59.683	 47 <	w	≤ 54 9 0.021	 0.198	 7.106	
16 61.731	 54 <	w	≤ 61 10 0.198	 0.579	 15.246	
17 53.848	 61 <	w	≤ 68 15 0.579	 0.872	 11.694	
18 59.101	 68 <	w	≤ 75 4 0.872	 0.976	 4.171	
19 62.974	 75 <	w	≤ 82 0 0.976	 0.997	 0.839	
20 61.913	 82 <	w	≤ 89 1 0.997	 1.000	 0.110	
21 54.716	

22 58.572	

23 45.978	

24 64.286	

25 50.074	

26 74.999	

27 60.838	

28 63.087	

29 66.120	
30 53.488	

31 50.023	

32 66.334	

33 49.814	

34 51.267	

35 60.986	

36 73.343	

37 62.322	

38 63.678	

39 88.484	

40 68.397	

mean 60.922	

standard	
Deviation

8.375	

18

Frequency histogram Lognormal distribution

Frequency histogram and lognormal distribution

15

12

9

Fr
eq

ue
nc

y

6

3

0
40–47 47–54 54–61 61–68

w (lb/ft)
68–75 75–82 82–89
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I (Normal)

i
random 

Value Frequency histogram

1 1074.319	 Minimum Maximum Interval for I (in4) Frequency

2 1081.489	 943.583	 1268.634	 940–994 1

3 1016.368	 994–1048 6

4 1224.797	 k = 1 + 3.3log(n) k Interval 1048–1102 11
5 1120.483	 6.287	 6 54.175	 1102–1156 12

6 1126.930	 1156–1210 6

7 1068.521	 1210–1264 3

8 1268.634	 1264–1318 1

9 1136.950	 sum 40

10 1028.316	

11 1069.187	

12 1124.717	 Normal Distribution
13 995.930	

Interval for I (in4) Frequency
CDF at 
Lower

CDF at 
Upper

(Probability 
in Interval) N

14 1120.063	 940 <	I	≤ 994 1 0.011	 0.065	 2.154	

15 1093.191	 994 <	I	≤ 1048 6 0.065	 0.229	 6.552	

16 1183.605	 1048 <	I	≤ 1102 11 0.229	 0.511	 11.305	

17 1162.429	 1102 <	I	≤ 1156 12 0.511	 0.788	 11.070	

18 1092.776	 1156 <	I	≤ 1210 6 0.788	 0.942	 6.153	

19 1146.178	 1210 <	I	≤ 1264 3 0.942	 0.990	 1.939	

20 1007.990	 1264 <	I	≤ 1318 1 0.990	 0.999	 0.346	

21 1103.253	

22 1119.595	

23 1117.951	

24 943.583	

25 1229.098	

26 1128.458	

27 1064.962	

28 1200.415	

29 1170.504	

30 1059.299	

31 1183.733	

32 1132.803	

33 1145.855	

34 1225.855	

35 1060.975	

36 1037.915	

37 1097.243	

38 1062.480	

39 1175.590	

40 998.109	

mean 1110.014	

standard	
Deviation

71.706	

14
12
10

8
6
4Fr

eq
ue

nc
y

2
0

940–994 994–1048 1048–1102

Frequency histogram

Frequency histogram and normal distribution

Normal distribution

1102–1156
I (in4)

1156–1210 1210–1264 1264–1318
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Y (Lognormal)

Parameter 
1

Parameter 
2

3.909	 0.080	

N
random 
Variable Frequency histogram

1 51.740	 Minimum Maximum Interval for Fy (ksi) Frequency
2 48.363	 44.245	 58.949	 44–46.5 5

3 49.040	 46.5–49 8

4 53.020	 k = 1 + 3.3log(n) k Interval 49–51.5 13

5 44.245	 6.287	 6 2.451	 51.5–54 7

6 52.467	 54–56.5 3

7 52.359	 56.5–59 4

8 48.009	 sum 40

9 48.490	

10 49.974	

11 51.561	

12 51.327	 Lognormal Distribution
13 48.723	

Interval for Y (ksi) Frequency
CDF at 
Lower

CDF at 
Upper

(Probability 
in Interval) N

14 49.647	 44 <	Y	≤ 46.5 5 0.059	 0.193	 5.328	

15 51.224	 46.5 <	Y	≤ 49 8 0.193	 0.416	 8.926	

16 57.913	 49 <	Y	≤ 51.5 13 0.416	 0.659	 9.738	

17 44.962	 51.5 <	Y	≤ 54 7 0.659	 0.842	 7.323	

18 50.299	 54 <	Y	≤ 56.5 3 0.842	 0.942	 3.985	

19 48.627	 56.5 <	Y	≤ 59 4 0.942	 0.983	 1.634	

20 48.900	
21 49.550	

22 57.105	
23 44.611	
24 56.458	

25 50.131	

26 54.182	
27 50.861	
28 54.593	
29 48.400	
30 50.179	
31 51.392	
32 46.915	
33 52.807	
34 58.949	
35 46.189	
36 52.104	
37 49.251	
38 45.949	
39 49.350	
40 56.601	
mean 50.662	
standard	
Deviation

3.547	

14

Frequency histogram Lognormal distribution

Frequency histogram and lognormal distribution
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3. Computing mean and standard deviation of reactions
4. Computing the probability of failure

Span (S) Load (P) c

75	ft 4200	lb 10	in

i M = wS2/2 + PL (kip-in) 𝛔 = Mc/I (ksi) Y Z = Fy − 𝛔 Beta = Mean/SD Pf

1 4291.077	 39.942	 51.740	 11.797	 2.672	 0.004	

2 4242.745	 39.231	 48.363	 9.132	

3 3744.481	 36.842	 49.040	 12.198	

4 4682.754	 38.233	 53.020	 14.787	

5 3683.989	 32.879	 44.245	 11.366	

6 3406.231	 30.226	 52.467	 22.241	

7 3379.995	 31.632	 52.359	 20.726	

8 4195.089	 33.068	 48.009	 14.942	

9 3768.288	 33.144	 48.490	 15.346	

10 3768.531	 36.648	 49.974	 13.327	

11 4628.085	 43.286	 51.561	 8.275	

12 3878.383	 34.483	 51.327	 16.844	

13 4049.670	 40.662	 48.723	 8.061	

14 3891.302	 34.742	 49.647	 14.906	

15 3923.530	 35.891	 51.224	 15.333	

16 4173.404	 35.260	 57.913	 22.653	

17 3882.391	 33.399	 44.962	 11.563	

18 3361.838	 30.764	 50.299	 19.535	

19 4073.040	 35.536	 48.627	 13.091	

20 4255.147	 42.214	 48.900	 6.686	

21 3348.272	 30.349	 49.550	 19.201	

22 4267.200	 38.114	 57.105	 18.992	

23 3797.428	 33.968	 44.611	 10.643	

24 3856.794	 40.874	 56.458	 15.584	

25 3762.107	 30.609	 50.131	 19.522	

26 4894.046	 43.369	 54.182	 10.812	

27 4223.358	 39.657	 50.861	 11.204	

28 4443.623	 37.017	 54.593	 17.575	

29 4313.822	 36.854	 48.400	 11.545	

30 3891.350	 36.735	 50.179	 13.444	

31 3649.974	 30.834	 51.392	 20.558	

32 4070.293	 35.931	 46.915	 10.984	

33 3834.272	 33.462	 52.807	 19.344	

34 3954.741	 32.261	 58.949	 26.688	

35 3863.497	 36.415	 46.189	 9.775	

36 4486.854	 43.229	 52.104	 8.875	

37 4284.252	 39.046	 49.251	 10.205	

38 4550.136	 42.826	 45.949	 3.123	

39 5172.186	 43.997	 49.350	 5.354	

40 4761.854	 47.709	 56.601	 8.893	

mean 4067.651	 36.783	 50.662	 13.878	

standard	
Deviation

422.031	 4.410	 3.547	 5.194	
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5. Performing goodness of fit of reactions

M = wS2/2 + PL (kip-in)

Frequency histogram

N
random 
Variable Minimum Maximum Interval for M (kip-in) Frequency

1 4291.077	 3348.272 5172.186 3348–3652 5

2 4242.745	 3652–3956 15

3 3744.481	 k = 1 + 3.3log(n) k Interval 3956–4260 8

4 4682.754	 6.287	 6 303.986	 4260–4564 7

5 3683.989	 4564–4868 3

6 3406.231	 4868–5172 1

7 3379.995	 5172–5476 1

8 4195.089	 sum 40

9 3768.288	

10 3768.531	

11 4628.085	

12 3878.383	

16

Frequency histogram

Frequency histogram and normal distribution of M

Lognormal distribution
Normal distribution

12

8

Fr
eq
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nc

y

4

0
3348–3652 3652–3956 3956–4260 4260–4564

M (kips-in)
4564–4868 4868–5172 5172–5476

13 4049.670	

14 3891.302	

15 3923.530	

16 4173.404	

17 3882.391	

18 3361.838	

19 4073.040	

20 4255.147	

21 3348.272	

22 4267.200	

23 3797.428	

24 3856.794	

25 3762.107	

26 4894.046	

27 4223.358	

28 4443.623	

29 4313.822	

30 3891.350	

31 3649.974	

32 4070.293	

33 3834.272	

34 3954.741	

35 3863.497	

36 4486.854	

37 4284.252	

38 4550.136	

39 5172.186	

40 4761.854	

mean 4067.651	

standard	
Deviation

	 422.031	
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Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 3348 <	M	≦ 3652 −0.985	 0.162 0.162 4.731 5 0.015

Interval	2 3652 <	M	≦ 3956 −0.265	 0.396 0.233 9.333 15 3.440

Interval	3 3956 <	M	≦ 4260 0.456	 0.676 0.280 11.202 8 0.915

Interval	4 4260 <	M	≦ 4564 1.176	 0.880 0.204 8.180 7 0.170

Interval	5 4564 <	M	≦ 4868 1.896	 0.971 0.091 3.633 3 0.110

Interval	6 4868 <	M	≦ 5172 2.617	 0.996 0.025 0.981 1 0.000

Interval	7 5172 <	M	≦ 5476 3.337	 1.000 0.004 0.161 1 4.387

Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

− Degree of 
Freedom

Interval	1 3348 <	M	≦ 3652 −0.985 0.162 0.162 4.731	 5 0.015	 1

Interval	2 3652 <	M	≦ 3956 −0.265 0.396 0.233 9.333	 15 3.440	

Interval	3 3956 <	M	≦ 4260 0.456 0.676 0.280 11.202	 8 0.915	 significance:

Interval	4 4260 <	M	≦ 4564 1.176 0.880 0.204 12.954	 12 0.070	 0.050	

Interval	5 4564 <	M	≦ 4868 1.896 0.971 0.091 Critical

Interval	6 4868 <	M	≦ 5172 2.617 0.996 0.025 chi-square

Interval	7 5172 <	M	≦ 5476 3.337	 1.000	 0.004	       value:

total 1.000 38.220 40 4.441	 3.841

reject

mean standard	Deviation

8.305	 0.103	

Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 3348 <	M	≦ 3652 −0.985 0.162 0.162	 5.098 5 0.002	

Interval	2 3652 <	M	≦ 3956 −0.265 0.396 0.233	 10.117 15 2.357	

Interval	3 3956 <	M	≦ 4260 0.456 0.676 0.280	 11.073 8 0.853	

Interval	4 4260 <	M	≦ 4564 1.176 0.880 0.204	 7.481 7 0.031	

Interval	5 4564 <	M	≦ 4868 1.896 0.971 0.091	 3.408 3 0.049	

Interval	6 4868 <	M	≦ 5172 2.617 0.996 0.025	 1.124 1 0.014	

Interval	7 5172 <	M	≦ 5476 3.337 1.000 0.004	 0.284 1 1.805	
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Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)

( )2O E
E

i i

i

− Degree of 
Freedom

Interval	1 3348 <	M	≦ 3652 −0.985	 0.162	 0.162 5.098 5 0.002 1

Interval	2 3652 <	M	≦ 3956 −0.265	 0.396	 0.233 10.117 15 2.357

Interval	3 3956 <	M	≦ 4260 0.456	 0.676	 0.280 11.073 8 0.853 significance:

Interval	4 4260 <	M	≦ 4564 1.176	 0.880	 0.204 12.297 12 0.007 0.050	

Interval	5 4564 <	M	≦ 4868 1.896	 0.971	 0.091 Critical

Interval	6 4868 <	M	≦ 5172 2.617	 0.996	 0.025 chi-square

Interval	7 5172 <	M	≦ 5476 3.337	 1.000	 0.004     value:

total 1.000 38.586 40 3.219 3.841
accept

𝛔 = Mc/I (ksi)

Frequency histogram

i
random 
Variable Minimum Maximum Interval for 𝛔 (ksi) Frequency

1 39.942 30.226 47.709 30–33 8
2 39.231 33–36 11
3 36.842 k = 1 + 3.3log(n) k Interval 36–39 8

4 38.233 6.287	 6 2.914	 39–42 6
5 32.879 42–45 6
6 30.226 45–48 1
7 31.632 sum 40
8 33.068
9 33.144

10 36.648
11 43.286
12 34.483
13 40.662
14 34.742
15 35.891
16 35.260
17 33.399
18 30.764
19 35.536
20 42.214
21 30.349
22 38.114
23 33.968
24 40.874
25 30.609
26 43.369
27 39.657
28 37.017
29 36.854
30 36.735
31 30.834
32 35.931
33 33.462
34 32.261
35 36.415
36 43.229
37 39.046
38 42.826
39 43.997
40 47.709

mean 36.783

standard	
Deviation

4.410

12

Frequency histogram

Frequency histogram and distributions of σ 

Lognormal distribution

Normal distribution

10

8

6

4Fr
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30–33 33–36 36–39 39–42

σ (ksi)
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Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 30 <	σ	≦ 33 –0.858 0.195 0.195 5.339 8 1.327
Interval	2 33 <	σ	≦ 36 –0.178 0.430 0.234 9.361 11 0.287
Interval	3 36 <	σ	≦ 39 0.503 0.692 0.263 10.515 8 0.602
Interval	4 39 <	σ	≦ 42 1.183 0.882 0.189 7.567 6 0.325
Interval	5 42 <	σ	≦ 45 1.863 0.969 0.087 3.488 6 1.808

Interval	6 45 <	σ	≦ 48 2.543 0.995 0.026 1.029 1 0.001

Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

− Degree of 
Freedom

Interval	1 30 <	σ	≦ 33 −0.858 0.195 0.195 5.339 8 1.327 1

Interval	2 33 <	σ	≦ 36 −0.178 0.430 0.234 9.361 11 0.287

Interval	3 36 <	σ	≦ 39 0.503 0.692 0.263 10.515 8 0.602 significance:

Interval	4 39 <	σ	≦ 42 1.183 0.882 0.189 12.085 13 0.069 0.050

Interval	5 42 <	σ	≦ 45 1.863 0.969 0.087 Critical

Interval	6 45 <	σ	≦ 48 2.543 0.995 0.026       chi-square:

total 0.995 37.300 40 2.284 3.841
accept

mean standard	
Deviation

3.598	 0.119

Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency (Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 30 <	σ	≦ 33 −0.858	 0.195 0.195 5.927 8 0.725

Interval	2 33 <	σ	≦ 36 −0.178	 0.430 0.234 10.162 11 0.069

Interval	3 36 <	σ	≦ 39 0.503	 0.692 0.263 10.265 8 0.500

Interval	4 39 <	σ	≦ 42 1.183	 0.882 0.189 6.812 6 0.097

Interval	5 42 <	σ	≦ 45 1.863	 0.969 0.087 3.230 6 2.376

Interval	6 45 <	σ	≦ 48 2.543	 0.995 0.026 1.168 1 0.024

Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

− Degree of 
Freedom

Interval	1 30 <	σ	≦ 33 −0.858 0.195 0.195 5.927 8 0.725	 1

Interval	2 33 <	σ	≦ 36 −0.178 0.430 0.234 10.162 11 0.069	

Interval	3 36 <	σ	≦ 39 0.503 0.692 0.263 10.265 8 0.500	 significance:

Interval	4 39 <	σ	≦ 42 1.183 0.882 0.189 11.210 13 0.286	 0.050	

Interval	5 42 <	σ	≦ 45 1.863 0.969 0.087 Critical

Interval	6 45 <	σ	≦ 48 2.543 0.995 0.026       chi-square:

total 0.995 37.564 40 1.580	 3.841
accept
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Z = Y – 𝛔

Frequency histogram

i
random 
Variable Minimum Maximum Interval for Z (ksi) Frequency

1 11.797	 3.123	 26.688	 0–4 1
2 9.132	 4–8 2

3 12.198	 k = 1 + 3.3log(n) k Interval 8–12 15

4 14.787	 6.287	 6 3.927	 12–16 10

5 11.366	 16–20 7

6 22.241	 20–24 4

7 20.726	 24–28 1

8 14.942	 sum 40

9 15.346	

10 13.327	

11 8.275	

12 16.844	

13 8.061	

14 14.906	

15 15.333	

16 22.653	

17 11.563	

18 19.535	

19 13.091	

20 6.686	

21 19.201	

22 18.992	

23 10.643	

24 15.584	

25 19.522	

26 10.812	

27 11.204	

28 17.575	

29 11.545	

30 13.444	

31 20.558	

32 10.984	

33 19.344	

34 26.688	

35 9.775	

36 8.875	

37 10.205	

38 3.123	

39 5.354	

40 8.893	

mean 13.878

standard	
Deviation

	 5.194

16

Frequency histogram

Frequency histogram and distribution of Z

Lognormal distribution
Normal distribution

14
12
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Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 0 <	Z	≦ 4 −1.902 0.029 0.029 0.993 1 0.000

Interval	2 4 <	Z	≦ 8 −1.132 0.129 0.100 4.011 2 1.009

Interval	3 8 <	Z	≦ 12 −0.362 0.359 0.230 9.198 15 3.660

Interval	4 12 <	Z	≦ 16 0.408 0.659 0.300 11.989 10 0.330

Interval	5 16 <	Z	≦ 20 1.179 0.881 0.222 8.887 7 0.401

Interval	6 20 <	Z	≦ 24 1.949 0.974 0.094 3.745 4 0.017

Interval	7 24 <	Z	≦ 28 2.719 0.997 0.022 0.896 1 0.012

Normal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

− Degree of 
Freedom

Interval	1 0 <	Z	≦ 4 −1.902 0.029 0.029 1

Interval	2 4 <	Z	≦ 8 −1.132 0.129 0.100 5.005 3 0.803

Interval	3 8 <	Z	≦ 12 −0.362 0.359 0.230 9.198 15 3.660 significance:

Interval	4 12 <	Z	≦ 16 0.408 0.659 0.300 11.989 10 0.330 0.050	

Interval	5 16 <	Z	≦ 20 1.179 0.881 0.222 13.527 12 0.172

Interval	6 20 <	Z	≦ 24 1.949 0.974 0.094 Critical

Interval	7 24 <	Z	≦ 28 2.719 0.997 0.022 chi-square:

total 0.997 39.718 40 4.966 3.841
reject

mean standard	Deviation
2.565	 0.362

Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

−

Interval	1 0 <	Z	≦ 4 −1.902 0.029 0.029 0.023 1 42.080

Interval	2 4 <	Z	≦ 8 −1.132 0.129 0.100 3.580 2 0.697

Interval	3 8 <	Z	≦ 12 −0.362 0.359 0.230 12.906 15 0.340

Interval	4 12 <	Z	≦ 16 0.408 0.659 0.300 12.172 10 0.387

Interval	5 16 <	Z	≦ 20 1.179 0.881 0.222 6.641 7 0.019

Interval	6 20 <	Z	≦ 24 1.949 0.974 0.094 2.873 4 0.442

Interval	7 24 <	Z	≦ 28 2.719 0.997 0.022 1.125 1 0.014

Lognormal Distribution

Interval i zi P(Z <	zi)
expected 

Probability

expected 
Frequency 

(Ei)

Observed 
Frequency 

(Oi)
( )2O E

E
i i

i

− Degree of 
Freedom

Interval	1 0 <	Z	≦ 4 −1.902 0.029 0.029 1

Interval	2 4 <	Z	≦ 8 −1.132 0.129 0.100 3.602 3 0.101

Interval	3 8 <	Z	≦ 12 −0.362 0.359 0.230 12.906 15 0.340 significance:

Interval	4 12 <	Z	≦ 16 0.408 0.659 0.300 12.172 10 0.387 0.050	

Interval	5 16 <	Z	≦ 20 1.179 0.881 0.222 10.639 12 0.174

Interval	6 20 <	Z	≦ 24 1.949 0.974 0.094 Critical

Interval	7 24 <	Z	≦ 28 2.719 0.997 0.022 chi-square:

total 0.997 39.319 40 1.002 3.841
accept
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7. Performing parametric analysis

Parameter Mean
Standard 
Deviation COV Pf (N = 500)

L 	 	40	ft 	 	 6	ft 0.15 0.0136	

w 	 	60	lb/ft 	 	 7	lb/ft 0.12

I 1100	in4 70	in4 0.06

Y 	 	50	ksi 	 	 4	ksi 0.08

6.2. Performing trend analysis of probability of failure

trails vs. Failure Probability
0.0250

0.0200

0.0150

0.0100

Fa
ilu

re
 p

ro
ba

bi
lit

y
0.0050

0.0000
0 1000 2000

No. of simulation cycles

Simulation cycles vs. failure probability estimate

3000 4000

Simulation 
cycles Pf

40 0.0038	

100 0.0218	

200 0.0120	

500 0.0136	

1000 0.0139	

2000 0.0135	

4000 0.0130	

trails vs. COV of Pf 
3.00

2.00

1.00

0.00
0 1000 2000

No. of simulation cycles

CO
V 

of
 P

f

3000 4000

Simulation cycles vs. COV of probability of failure estimate

Simulation 
cycles Pf COV

40 0.0038	 2.5696

100 0.0218	 0.6705

200 0.0120	 0.6408

500 0.0136	 0.3809

1000 0.0139	 0.2664

2000 0.0135	 0.1911

4000 0.0130	 0.1376
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L Failure Probability
2.50

2.00

1.50

1.00

0.50

0.00P f
/(P

f  u
sin

g 
m

ea
n 

of
 L

 =
 4

0 
ft)

 
ra

tio

34 38

Mean of L vs. Pf

Mean of L (ft)
42 46

Mean (ft) Pf ratio

36 0.00552	 0.4059	

38 0.00878	 0.6456	

40 0.01360	 1.0000	

42 0.02048	 1.5059	

44 0.03004	 2.2089	

L Failure Probability
2.00

1.50

1.00

0.50P f
/(P

f u
sin

g 
st

an
da

rd
 d

ev
ia

tio
n

 o
f L

 =
 6

 ft
) r

at
io

3 5
Standard deviation of L (ft)

Standard deviation of L vs. Pf

7 9

Standard 
Deviation 

(ft) Pf ratio

4 0.00920	 0.6765	

5 0.01109	 0.8155	

6 0.01360	 1.0000	

7 0.01680	 1.2353	

8 0.02074	 1.5250	

w Failure Probability
2.000

Mean of w vs. Pf

1.500

1.000

0.500P f
/(P

f u
sin

g 
m

ea
n 

of
 w

 =
 6

0 
lb

/ft
)

ra
tio

54 58 62
Mean of w (lb/ft)

66

Mean 
(lb/ft) Pf ratio

56 0.00753	 0.5537	

58 0.01018	 0.7486	

60 0.01360	 1.0000	

62 0.01794	 1.3192	

64 0.02339	 1.7199	
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I Failure Probability
6.00

5.00

4.00

3.00

2.00

P f/(
P f u

sin
g 

m
ea

n 
of

 I 
= 

11
00

 in
4 )

ra
tio

1.00

0.00
950 1050 1150

Mean of I (in4)

Mean of I vs. Pf

1250

Mean (in4) Pf ratio

1000 0.07176	 5.2766	

1050 0.03273	 2.4067	

1100 0.01360	 1.0000	

1150 0.00521	 0.3831	

1200 0.00187	 0.1375	

I Failure Probability
1.10

1.05

P f
/(P

f u
sin

g 
st

an
da

rd
 d

ev
ia

tio
n

 o
f I

 =
 7

0 
in

4 )
 ra

tio

1.00

0.95

0.90
65 67 69 71

Standard deviation of I (in4)

Standard deviation of I vs. Pf

73 75

Standard 
Deviation 

(in4) Pf ratio

66 0.01279	 0.9405	

68 0.01318	 0.9691	

70 0.01360	 1.0000	

72 0.01404	 1.0324	

74 0.01449	 1.0655	

w Failure Probability
1.500

1.250

1.000

1.750

0.500P f
/(P

f u
sin

g 
st

an
da

rd
 d

ev
ia

tio
n 

of
 w

 =
 7

 lb
/ft

) r
at

io

4 6 8
Standard deivation of w (lb/ft)

Standard deviation of w vs. Pf

10

Standard 
Deviation 

(lb/ft) Pf ratio

5 0.01059	 0.7787	

6 0.01194	 0.8780	

7 0.01360	 1.0000	

8 0.01558	 1.1456	

9 0.01792	 1.3177	
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Y Failure Probability
5.00

Mean of Y vs. Pf

4.00

3.00

2.00

1.00

0.00P f
/(P

f u
sin

g 
m

ea
n 

of
 Y

 =
 0

 k
si)

ra
tio

45 47 49 51
Mean of Y (ksi)

53 55

Mean (ksi) Pf ratio

46 0.06330	 4.6546	

48 0.03087	 2.2699	

50 0.01360	 1.0000	

52 0.00540	 0.3971	

54 0.00193	 0.1419	

Y Failure Probability
3.00

Standard deviation of Y vs. Pf

2.00

1.00

P f
 /(
P f

 u
sin

g 
st

an
da

rd
 d

ev
ia

tio
n

 o
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In a technological society, virtually every engineer and scientist needs to 
be able to collect, analyze, interpret, and properly use vast arrays of data. 
This means acquiring a solid foundation in the methods of data analysis 
and synthesis. Understanding the theoretical aspects is important, but 
learning to properly apply the theory to real-world problems is essential.

Probability, Statistics, and Reliability for Engineers and Scientists, 
Third Edition introduces the fundamentals of probability, statistics, 
reliability, and risk methods to engineers and scientists for the purposes of 
data and uncertainty analysis and modeling in support of decision making.

The third edition of this bestselling text presents probability, statistics, 
reliability, and risk methods with an ideal balance of theory and applications. 
Clearly written and firmly focused on the practical use of these methods, it 
places increased emphasis on simulation, particularly as a modeling tool, 
applying it progressively with projects that continue in each chapter. This 
provides a measure of continuity and shows the broad use of simulation 
as a computational tool to inform decision-making processes. This edition 
also features expanded discussions of the analysis of variance, including 
single- and two-factor analyses, and a thorough treatment of Monte 
Carlo simulation. The authors not only clearly establish the limitations, 
advantages, and disadvantages of each method, but also show that data 
analysis is a continuum rather than the isolated application of different 
methods. 

Like its predecessors, this book continues to serve its purpose well as 
both a textbook and a reference. Ultimately, readers will find the content of 
great value in problem solving and decision making, particularly in practical 
applications.

Bilal M. Ayyub and Richard H. McCuen are Professors of Civil and 
Environmental Engineering at the University of Maryland, College Park, USA.
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