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Preface

This book presents an account of the NATO Advanced Study Institute on
“Nano-structures for Optics and Photonics: Optical Strategies for Enhancing
Sensing, Imaging, Communication, and Energy Conversion,” held in Erice, Sicily,
Italy, from 4-19 July 2013. This meeting was organized by the International
School of Atomic and Molecular Spectroscopy of the “Ettore Majorana” Center
for Scientific Culture.

Nanotechnology, by taking advantage of the special properties of nano-scale
matter, imitates nature that designs its structures at the molecular level. As pointed
out by one of our lecturers (Novotny), “the power of optics is based on the
simple fact that the energy of light quanta lies in the energy range of electronic
and vibrational transitions in matter. Pushing the optical interaction to the nano-
meter scale opens new perspectives, properties and phenomena.” The growing
connection between optics and electronics, due to the increasing important role
played by semiconductor materials and devices, find their expression in the term
Photonics, which also reflects the importance of the photon aspect of light in the
description of the performance of several optical systems. Nano-structures have
unique capabilities that allow the enhanced performance of processes of interest
in optical and photonic devices. In particular, these structures permit the nano-scale
manipulation of photons, electrons and atoms; they represent a very hot topic of
research and are relevant to many devices and applications.

Nanotechnology, optics and photonics are key technologies of the twenty-first
century. The rapidly increasing possibilities of nano-science enable a completely
new level of molding the flow of light and controlling light-matter interaction,
nearly on the atomic scale. This has for instance led to nano-antennas for light
that can modify spontaneous emission of nearby molecules or that can act as
high-figure-of-merit sensors. Antennas combined with emitters can also be used as
novel nano-lasers (spasers). Other interesting areas are artificial optical materials
called metamaterials and nano-plasmonic structures. Here, applications include
but are not limited to ultra-compact and ultra-fast optical telecommunication
devices, efficient sustainable solar energy conversion, and bio-photonics. Transfor-
mation optics expands the concept of metamaterials towards intentionally spatially
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viii Preface

inhomogeneous structures, e.g., invisibility cloaks. Conversely, optics and photonics
also fuel nanotechnology, e.g., by novel super-resolution approaches in optical
microscopy and lithography.

This Institute introduced the students to the field of nano-structures and provided
a comprehensive overview on experiments and theory, basic physics and applica-
tions as well as on nano-fabrication and optical characterization. It brought together
physicists, chemists, and engineers. In the best tradition of our past Institutes, it
started from the consideration of fundamental principles, and reached the frontier of
research in a systematic and didactic fashion.

The participants came from 25 different countries: Italy, United States, Germany,
Belgium, Sweden, Belarus, Switzerland, France, Ukraine, Czech Republic, Estonia,
Russia, United Kingdom, Canada, The Netherlands, Slovak Republic, Spain, Fin-
land, Greece, Hungary, Israel, Morocco, New Zealand, Poland, and Turkey. Over the
2 weeks of the course, participants were given numerous opportunities to interact
with one another, at both formal (poster sessions, seminars) and informal (e.g.
dinners, excursions) events. The goal was to allow the participants to learn from
one another about their scientific work and to expose them to other researchers from
various cultures.

Two roundtable discussions were conducted during the course. The first discus-
sion, conducted early in the course, allowed for the organizers and lectures to get
immediate feedback from the participants regarding the organizational aspects of
the course. The second roundtable meeting, held on the last day of the course,
assessed the overall effectiveness of the course from the points of view of the
participants. All participants filled out an evaluation form of the course and were
given the opportunity to express their views regarding the meeting. The discussion
and the evaluation forms indicated that the participants overwhelmingly felt that
the course was a success. They appreciated the didactic nature of the course, and
found some of the lecturers very inspiring. They felt that the scientific level of
the course was very high, and that both the breadth and balance of the subjects
covered were appropriate. They believed the atmosphere of the course helped
to promote interaction between all participants, especially between students and
lecturers, and that these interactions often led to creative discussions. They also
appreciated that the lectures were made available to all the participants online. The
evaluations provided many helpful suggestions that we will implement in the next
course. Several participants suggested that additional information be made available
online regarding some practical aspects of the coming to Erice (accommodations,
food, climate, etc.). Another frequent suggestion was for more and/or longer poster
sessions, something that can be easily accommodated in the next course. They
expressed a great appreciation for those lecturers who included interactive exercises
to their presentations, and expressed a desire for more such activities. This was
a very useful comment, and we will seek to encourage all of our lecturers of
the next course to include such activities, especially to help students understand
better the related fundamental physical principles. Finally, some students requested
lectures on methods of computer modelling of physical systems and on experimental
techniques.
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The students were enthusiastic about the meeting and felt there were ample
opportunities to discuss their work not only with the lecturers, but also with one
another. They indicated that their discussions with graduate students, post-doctoral
researchers, and professors from other countries working in the same field, or in
related fields, would likely enhance their own work. Finally, we anticipate that
many of the friendships and contacts that were established at the school will lead
to new collaborations and the enhancement of their research work in nanostructured
materials. The following quotes from the evaluation forms give insights into how the
students viewed their experience at the Institute. “Gathering high-level scientists and
students in such an ‘open mind way of being’ is really great and stimulating for our
future research life.” “In general I enjoyed the lectures and especially the interaction
with the other students it led to new knowledge and good ideas for my project.” 1
wish to thank Academician Aleksandr Voitovich for his support and collaboration,
Prof. John Collins, Dr. Maura Cesaria, the secretary of the Course Luciano Silvestri,
and Ms. Elena Buscemi for the help they gave me during the Course. I wish to
acknowledge the sponsorship of the meeting by the NATO Organization, Boston
College, the Italian Ministry of Scientific Research and Technology, and the Sicilian
Regional Government.

I am looking forward to our activities at the Ettore Majorana Center in years to
come, including the next 2015 meeting of the International School of Atomic and
Molecular Spectroscopy.

Boston, USA Baldassare (Rino) Di Bartolo
December, 2013 Director of the International School
of Atomic and Molecular Spectroscopy

of the “Ettore Majorana” Center
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Fig. 1 The co-directors

Fig. 2 The team
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Fig. 3 NATO ASI Summer School Erice, July 4-19, 2013
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1
Nanoplasmonics: Fundamentals
and Applications

Mark 1. Stockman

Abstract A review of nanoplasmonics is given. This includes fundamentals,
nanolocalization of optical energy and hot spots, ultrafast nanoplasmonics and
control of the spatiotemporal nanolocalization of optical fields, and quantum
nanoplasmonics (spaser and gain plasmonics). This chapter reviews both fundamen-
tal theoretical ideas in nanoplasmonics and selected experimental developments.
It is designed both for specialists in the field and general physics readership.

Keywords Plasmonics ¢ Nanoconcentration of optical energy ¢ Plasmonic
eigenmodes ¢ Hot spots * Nanoscale localization ¢ Ultrafast nanoplasmonics *
Spaser ¢ Nanolasers * Amplification and loss compensation

1.1 Introduction

1.1.1 Preamble

This is a review chapter on fundamentals of nanoplasmonics. Admittedly, the
selection of the included subjects reflects the interests and expertise of the author.
We have made a conscious decision not to include such important and highly
developed subject as SERS (Surface Enhanced Raman Scattering). The reason is
that this subject is too large and too specialized for this chapter. There is an extensive
literature devoted to SERS. This includes both reviews and original publications —
see, e.g., Refs. [1-5] and a representative collective monograph [6]. Another impor-
tant subject that we do not include in this review is the extraordinary transmission
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of light through subwavelength holes — there are extensive literature and excellent
reviews on this subject — see, e.g., [7-11]. Also, due to limitations of time and space
we do not cover systematically a subject of particular interest to us: the adiabatic
nanoconcentration of optical energy [12]. There are many important experimental
developments and promising applications of this phenomenon [12-22]. This field
by itself is large enough to warrant a dedicated review. We only briefly touch this
subject in Sect. 1.4.5.

Another important class of questions that we leave mostly outside of this
review chapter are concerned with applications of nanoplasmonics. Among this
applications are sensing, biomedical diagnostics, labels for biomedical research,
nanoantennas for light-emitting diodes, etc. There exist a significant number of
reviews on the applications of nanopalsmonics, of which we mention just a few
below, see also a short feature article [23]. Especially promising and important
are applications to cancer treatment [24, 25], sensing and solar energy conversion
to electricity [26], and photo-splitting of hydrogen [27] and water [28] (“artificial
photosynthesis” for solar production of clean fuels).

Presently, nanoplasmonics became a highly developed and advanced science.
It would have been an impossible task to review even a significant part
of it. We select some fundamental subjects in plasmonics of high and general
interest. We hope that our selection reflects the past, shows the modern state, and
provides an attempt of a glimpse into the future. Specifically, our anticipation is that
the ultrafast nanoplasmonics, nanoplasmonics in strong field, and the spaser as a
necessary active element will be prominently presented in this future. On the other
hand, it is still just a glimpse into it.

1.1.2 Composition of the Chapter

In Sect. 1.2, we present an extended introduction to nanoplasmonics. Then we
consider selected subfields of nanoplasmonics in more detail. Nanoplasmonics is
presently a rather developed science with a number of effects and rich applications
[23]. In the center of our interest and, in our opinion, the central problem of
nanoplasmonics is control and monitoring of the localization of optical energy in
space on the nanometer scale and in time on the femtosecond or even attosecond
scale.

In Sect. 1.3, we consider ultimately small nanoplasmonic systems with size
less or on the order of skin depth /; where we employ the so-called quasistatic
approximation to describe in an analytical form the nanolocalized optical fields,
their eigenmodes and hot spots, and introduce the corresponding Green’s functions
and solutions. This section is focused on the spatial nanoconcentration of the local
optical fields.

In Sect. 1.4 we present ideas and results of ultrafast nanoplasmonics and coherent
control of nanoscale localization of the optical fields, including control in time
with femtosecond resolution. We will describe both theoretical ideas and some
experimental results.
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One of the most important problems of the nanoplasmonics, where only recently
solutions and first experimental results have been obtained, is the active and gain
nanoplasmonics. Its major goal is to create nanoscale quantum generators and
amplifiers of optical energy. In Sect. 1.5, we present theory and a significant number
of experimental results available to date regarding the spaser and related polaritonic
spasers (nanolasers or plasmonic lasers). We also consider a related problem of loss
compensation in metamaterials.

1.2 Basics of Nanoplasmonics

1.2.1 Fundamentals

Nanoplasmonics is a branch of optical condensed matter science devoted to optical
phenomena on the nanoscale in nanostructured metal systems. A remarkable
property of such systems is their ability to keep the optical energy concentrated
on the nanoscale due to modes called surface plasmons (SPs). It is well known [29]
and reviewed below in this chapter that the existence of SPs depends entirely on the
fact that dielectric function ¢,, has a negative real part, Re ¢, < 0. The SPs are well
pronounced as resonances when the losses are small enough, i.e., Im¢,, << —Reg,,.
This is a known property of a good plasmonic metal, valid, e.g., for silver in the
most of the visible region. We will call a substance a good plasmonic metal if these
two properties

Reg, <0, Imeg, < —Reg, (1.1)

are satisfied simultaneously.

There is a limit to which an electromagnetic wave can be concentrated. We
immediately note that, as we explain below, nanoplasmonics is about concentration
of electromechanical energy at optical frequencies (in contrast to electromagnetic
energy) on the nanoscale.

The scale of the concentration of electromagnetic energy is determined by the
wavelength and can be understood from Fig. 1.1a. Naively, let us try to achieve
the strongest light localization using two parallel perfect mirrors forming an
ideal Fabry-Perot resonator. A confined wave (resonator mode) should propagate
normally to the surface of the mirrors. In this case, its electric field E is parallel
to the surface of the mirror. The ideal mirror can be thought of as a metal with
a zero skin depth that does not allow the electric field of the wave E to penetrate
inside. Therefore the field is zero inside the mirror and, due to the Maxwell boundary
conditions, must be zero on the surface of the mirror. The same condition should be
satisfied at the surface of the second mirror. Thus, the length L of this Fabry-Perot
cavity should be equal an integer number n of the half-wavelengths of light in the
inner dielectric, L = nA/2. The minimum length of this resonator is, obviously
A/2. This implies that light cannot be confined tighter than to a length of /2 in
each direction, with the minimum modal volume of A3 /8.
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Skin depth ~25 nm

[}

Ideal mirror
Ideal mirror

Neutral gold

A/2~250 nm

-~
Size ~10 nm

Fig. 1.1 (a) Localization of optical fields by ideal mirrors and (b) by a gold nanoparticle.
(c) Schematic of charge separation is shown in panel

One may think that it is impossible to achieve a localization of the optical energy
to smaller volume than A3/8 by any means, because the ideal mirrors provide the
best confinement of electromagnetic waves. There are two implied assumptions:
(i) The optical energy is electromagnetic energy, and (ii) The best confinement is
provided by ideal mirrors. Both these assumptions must be abandoned to achieve
nanolocalization of optical energy.

Consider a nanoplasmonic system whose size is less than or comparable to the
skin depth

-1

—62 1/2
Iy =%4|Re | —*— , 1.2
: (=) 12
where 1 = A/(27w) = w/c is the reduced vacuum wavelength. For for single-

valence plasmonic metals (silver, gold, copper, alkaline metals) /; ~ 25nm in the
entire optical region.

For such a plasmonic nanosystem with R < [, the optical electric field penetrates
the entire system and drives oscillations of the metal electrons. The total energy of
the system in this case is a sum of the potential energy of the electrons in the electric
field and their mechanical kinetic energy. While the magnetic field is present, non-
relativistic electrons’ interaction with it is weak proportional to a small parameter
VE /c~(x~10_2, where vr is the electron speed at the Fermi surface, ¢ is speed
of light, and @ = e?/#c is the fine structure constant. Thus in this limit, which
is conventionally called quasistatic, the effects of the magnetic component of the
total energy is relatively small. Hence, this total energy is mostly electromechanical
(and not electromagnetic) energy. (At this point, it may be useful to refer to
Eq. (1.107), which expresses the Brillouin formula for the total energy & of a system
in such a quasistatic case.) This is why the wavelength, which determines the length
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scale of the energy exchange between the electric and magnetic components of an
electromagnetic wave does not define the limit of the spatial localization of energy.
Because the size of the system R is smaller than any electromagnetic length scale,
of which smallest is /;, it is R that defines the spatial scale of the optical energy
localization. Thus the optical fields are confined on the nanoscale, and their spatial
distribution scales with the system’s size. This physical picture is at the heart of the
nanoplasmonics.

Consider as an example a gold nanosphere of radius R < [;, e.g., R ~ 10nm,
subjected to a plane electromagnetic wave, as shown in Fig.1.1b. The field
penetrates the metal and causes displacement of electrons with respect to the lattice
resulting in the opposite charges appearing at the opposing surfaces, as illustrated
in Fig. 1.1c. The attraction of these charges causes a restoring force that along with
the (effective) mass of the electrons defines an electromechanical oscillator called
a SP. When the frequency wj, of this SP is close to the frequency of the excitation
light wave, a resonance occurs leading to the enhanced local field at the surface, as
illustrated in Fig. 1.1b.

This resonant enhancement has also an adverse side: loss of energy always
associated with a resonance. The rate of this loss is proportional to Ime,, [30].
This leads to a finite lifetime of SPs. The decay rate of the plasmonic field y is
o (Ime,,) ", In fact, it is given below in this chapter as Eq. (1.49) in Sect. 1.3.4.
This expression has originally been obtained in Ref. [31] and is also reproduced
below for convenience,

_ Ims(w) N Imey,(w)

T “ORes(w) =~ 0ORegy(w) (13)
dw Jw
where
s(w) = —4 (1.4)
eq — em(w)

is Bergman’s spectral parameter [29]. Note that y does not explicitly depend on
the system geometry but only on the optical frequency w and the permittivities.
However, the system’s geometry determines the SP frequency w and, thus, implicitly
enters these equations. The approximate equality in Eq. (1.3) is valid for relatively
small relaxation rates, y < w. Apart from y, an important parameter is the so-called
quality factor

® dRee;, (w)

w 9
= —n —% 1.5
0 2y  2Imegy(w) (1.5)

The quality factor determines how many optical periods free SP oscillations occur
before field decays. It also shows how many times the local optical field at the
surface of a plasmonic nanoparticle exceeds the external field.
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Fig. 1.2 (a) Quality factor Q for silver and (b) for gold calculated according to Eq. (1.5) (red) and
Eq. (1.6) (blue) as a function of frequency w

Note that another definition of the quality factor, which is often used, is

_ —Reegy(w)

0= (1.6)

Ime,(w)

The SP quality factors Q calculated according to Egs. (1.5) and (1.6) for gold and
silver using the permittivity data of Ref. [32] are shown in Fig. 1.2. The Q-factors
found from these two definitions agree reasonably well in the red to near-infrared
(near-ir) region but not in the yellow to blue region of the visible spectrum. The
reason is that these two definitions would be equivalent if metals’ permittivity were
precisely described by a Drude-type formula Re &,, () = —a)ﬁ Jw?, where @ p 1s the
bulk plasma frequency; sw, ~ 9eV for one-electron metals such as silver, copper,
gold, and alkaline metals. This formula is reasonably well applicable in the red and
longer wavelength part of the spectrum, but not in the yellow to blue part where the
d-band transitions are important. Note that silver is a much better plasmonic metal
than gold: its Q-factor is several-fold of that of gold.

The finite skin depth of real metals leads to an effect related to nanoplasmonic
confinement: a phase shift A¢ for light reflected from a metal mirror deviates from
a value of Agp = = characteristic of an ideal metal. As suggested in Ref. [33], this
allows for ultrasmall cavities whose length L. < A. While generally this is a valid
idea, there two problems with Ref. [33] that affect the validity of its specific results.
First, the Fresnel reflection formulas used in this article to calculate Ag are only
valid for infinite surfaces but not for the “nanomirrors” in a nanocavity. Second,
Eq. (1.1) of this article expressing Q is incorrect: it contains in the denominator
a quantity d [wlme,, (w)] /dw instead of 2Ime, (w) as in Eq.(1.5). The correct
expression [30] for Ohmic losses defining the Q-factor, which we reproduce as
Eq. (1.108), is proportional to Im ¢,, (@) as in Eq. (1.5) and not to d [wIme, (w)] /dw,
which constitutes a significant difference.

The lifetime t of the SPs is related to the spectral width as

T=—. (1.7)
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Fig. 1.3 (a) Lifetime t of SPs for silver and (b) for gold calculated according to Eq. (1.7) as a
function of frequency w

Note that the SP spectral width y, quality factor Q, and lifetime ¢ depend explicitly
only on frequency w and the type of the metal (permittivity €,) but not on the
nanosystem’s geometry or surrounding dielectric. However, this geometry and
the ambient-dielectric permittivity ¢; do affect the modal frequency and enter
the corresponding Egs. (1.3), (1.5), and (1.7) implicitly via w.

The dependence of the SP lifetime t on frequency w calculated for gold and
silver using permittivity [32] is illustrated in Fig. 1.3. This lifetime is in the range
10-60fs for silver and 1-10fs for gold in the plasmonic region. These data show
that nanoplasmonic phenomena are ultrafast (femtosecond).

However, the fastest linear response time t. of SPs, as any other linear response
system, depends not on the relaxation time but solely on the bandwidth. In fact,
it can be calculated as a quarter period (i.e., a time interval between zero and the
maximum field) of the beating between the extreme spectral components of the
plasmonic oscillations,

_1271

=- 1.8
4 Aw (1.8)

Tc

where Aw is the spectral bandwidth of the plasmonic spectrum. For gold and silver,
this bandwidth is the entire optical spectrum, i.e., AAw = 3.5eV. If aluminum
is included among system’s plasmonic metals, this bandwidth is increased to
hAw =~ 9eV. This yields this coherent reaction time 7. ~ 100 as. Thus nanoplas-
monics is potentially attosecond science.

While the characteristic size of a nanoplasmonic system should be limited from
the top by the skin depth, R < [, it is also limited from the bottom by the so called
nonlocality length /,,; — see, e.g., [34,35]. This nonlocality length is the distance that
an electron with the Fermi velocity vy moves in space during a characteristic period
of the optical field,

Iy ~vp/w ~ 1nm, (1.9)
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where an estimate is shown for the optical spectral region. For metal nanoparticles
smaller than /,;, the spatial dispersion of the dielectric response function and the
related Landau damping cause broadening and disappearance of SP resonances
[34,35].

Thus, we have arrived at the basic understanding of the qualitative features
of nanoplasmonics. Consider a plasmonic nanosystem whose size R satisfies a
condition /,; <« R < [;. This nanosystem is excited by an external field in
resonance. In this case, the local optical field in the vicinity of such a nanosystem
is enhanced by a factor ~Q, which does not depend on R. The spatial extension of
the local field scales with the size of the nanosystem o R. This is because R < [,
and /; is the smallest electromagnetic length; thus there is no length in the system
that R can be comparable to. When the external field changes, the local field relaxes
with the relaxation time Q /w that does not depend on R; the lifetimes of the SP are
in the femtosecond range.

In many cases of fundamental and applied significance, the size of a nanosystem
can be compoarable to or even greater than /; but still subwavelength, A > R > ;.
In such a case, the coupling to far-field radiation and radiative losses may greatly
increase as we will discuss below in Sects. 1.2.2 and 1.2.3. Another important
subfield of nanoplasmonics that is related to extended systems is the surface
plasmon polaritons — see, e.g., a collective monograph [36]. We consider some
polaritonic phenomena relevant to coherent control below in Sect. 1.4.5.

1.2.2 Nanoantennas

Consider a molecule situated in the near-field of a metal plasmonic nanosystem.
Such a molecule interacts not with the external field but with the local optical field
E(r) at its location r. The interactions Hamiltonian of such a molecule with the
optical field is H' = —E(r)d, where d is the dipole operator of this molecule. Note
that a modal expansion of the quantized local field operator is given below in this
chapter by Eq. (1.64).

Consequently, the enhanced local fields cause enhancement of radiative and
nonradiative processes in which such a molecule participate. In particular, the
rates of both the excitation and emission are enhanced proportionality to the
local field intensity, i.e., by a factor of ~Q?2. This effect is often referred to as
nanoantenna effect [37-64] in analogy with the common radio-frequency antennas
For the recent review of the concept and applications of optical nanoantennas see
Ref. [65]. Currently, the term nanoantenna or optical antenna is used so widely that
it has actually became synonymous with the entire field of nanoplasmonics: any
enhancement in nanoplasmonic systems is called a nanoantenna effect.

General remarks about the terms “nanoantenna” or “optical antenna” are due.
The term “antenna” has originated in the conventional radio-frequency technology
where it is used in application to receivers for devices that convert the wave
energy of far-field radio waves into local (near-field) electric power used to drive
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the input circuitry. For transmitters, antennas perform the inverse transformation:
from the local field electric power to that of the emitted radio waves. Due to
the general properties of time reversal symmetry there is no principal difference
between the receiving and transmitting antennas: any receiving antenna can work as
a transmitting one and vice versa. The mechanism of the efficiency enhancement in
the radio frequency range is a combination of spatial focusing (e.g., for parabolic
antennas) and resonant enhancement (e.g., for a dipole antenna). In all cases, the size
of the radio antenna is comparable to or greater than the wavelength. Thus one may
think that a receiving antenna collects energy from a large geometric cross section
and concentrates it in a small, subwalength area.

The receiving antennas in radio and microwave technology are loaded by matched
impedance loads that effectively withdraw the energy from them. This suppresses
the radiation by such antennas but simultaneously dampens their resonances and
makes them poor resonators.

In majority of cases, the optical antennas are not matched-loaded because they are
designed not to transduce energy efficiently but to create high local fields interacting
with molecules or atoms, which do not load these antennas significantly. (There
are exceptions though: for instance, the nanoantenna in Ref. [66] is loaded with an
adiabatic nanofocusing waveguide.) The unloaded antennas efficiently loose energy
to radiation (scattering), which dampens their resonances.

A question is whether this concept of collecting energy form a large geometric
cross section is a necessary paradigm also in nanoplasmonics. The answer is no,
which is clear already from the fact that the enhancement of the rates of both the
excitation and emission of a small chromophore (molecule, rear earth ion, etc.) in
the near field of a small (R < ;) plasmonic nanoparticle is ~Q? and does not
depend on the nanoparticle size R. This enhancement is due to the coherent resonant
accumulation of the energy of the SPs during ~Q plasmonic oscillations and has
nothing to do with the size of the nanoparticle. Thus such an enhancement does
not quite fit into the concept of antennas as established in the radio or microwave
technology.

Another test of the nanoantenna concept is whether the efficiency of a nanoan-
tenna is necessarily increased with its size. The answer to this question is generally
no. This is because for plasmonic nanoparticles, with the increase of size there is
also an increased radiative loss — see below Sect. 1.2.3. In contrast, for many types of
radio-frequency antennas (dish antennas or microwave-horn antennas, for instance),
the efficiency does increase with the size.

1.2.3 Radiative Loss

As we described above in conjunction with Fig. 1.1c, the interaction of optical radia-
tion with a nanoplasmonic system occurs predominantly via the dipole oscillations.
The radiative decay of SPs occur via spontaneous emission of photons, which is a
process that does not exist in classical physics and requires a quantum-mechanical
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treatment. To find the radiative life time of a SP state quantum-mechanically, we
need to determine the transitional dipole matrix element do, between the ground
state |0) and a single-plasmon excited state |p). To carry out such a computation
consistently, one needs to quantize the SPs, which we have originally done in
Ref. [31] and present below in Sect. 1.5.4.1.

However, there is a general way to do it without the explicit SP quantization,
which we present below in this section. We start with the general expression for
the polarizability « of a nanosystem obtained using quantum mechanics — see e.g.,
Ref. [67], which near the plasmon frequency has a singular form,

o = ! id0P|2

= , 1.10
ho—w ( )

where wy), is the frequency of the resonant SP mode. This can compared with the
corresponding pole expression of the polarizability of a nanoplasmonic system,
which is given below as Eq.(1.55), to find absolute value of the matrix element
idoﬁi‘

Here, for the sake of simplicity, we will limit ourselves to a particular case of a
nanosphere whose polarizability is given by a well-known expression

o3 em(@) — &4

S T (1.11)

where R is the radius of the nanosphere. The SP frequency w = wj, corresponds to
the pole of «, i.e., it satisfies an equation

Re &, (wsp) = —2e4 , (1.12)

where we neglect Im ¢, In the same approximation, near @ = wj,, we obtain from
Eq.(1.11),

ORe & (w5p) ]!
J} . (1.13)

a = —3R%y, [(w — a)sp) b0,

Comparing the two pole approximations of Egs. (1.10) and (1.13), we obtain the
required expression for the dipole moment of a quantum transition between the
ground state and the SP state,

(1.14)

IRe &, (5p) !
o = e TRt

dwsp

Consider the well-known quantum-mechanical expression for the dipole-
radiation rate (see, e.g., Ref. [67]),

40)34/861 2
"= _ dy,|” . 1.15
Y =3 do) (1.15)
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Fig. 1.4 Ratio of the rates of the total to internal loss, y°" / y, for a nanosphere as a function of
its radius R for (a) silver and (b) gold. The blue, green, and red lines correspond to the embedding
dielectric with ¢4 = 1,2, and 5, respectively. The computations are made at the SP frequency
ws,, which for these value of ¢4 is for silver hw,, = 3.5,3.2,2.5¢V, and for gold hw,, =
2.6,2.4,2.0eV, correspondingly

Substituting Eq.(1.14) into (1.15), we obtain the desired expression for the
quantum-mechanical rate of the radiative decay of the SP state as

. sp R\ [ORe & (w5,) "
Y — 432 (a)p ) |: ee (wp):| ' (1.16)
c dwsp

Note that for losses not very large (which is the case in the entire plasmonic region
for noble metals), the Kramers-Kronig relations for ¢,, (w) predict [30] that
oRe &, (wsp)
—_— >

0, 1.17
b0, (1.17)

which guarantees that y) > 0 in Eq. (1.16).

Comparing this expression to Eq.(1.3) (see also Eq.(1.49)), we immediately
conclude that, in contrast to the internal (radiationless) loss rate y, the radiative
rate is proportional to the volume of the system (i.e., the number of the conduction
electrons in it), which is understandable. Thus for systems small enough, the
radiative rate can be neglected. The quality factor of the SP resonance is actually
defined by the total decay rate y/°") (cf. Eq. (1.5)),

Wsp
2y(rot) ’

0= y 0 =y +y". (1.18)

Therefore, Q is lower for larger nanoparticles, tending to a constant for small R. To
quantify it, we find a ratio

(tot) 4 ; R 3
U (VS"“"” ) . (1.19)

y - Im &, (wsp) c

We illustrate behavior of this rate ratio of the total to internal loss, y(f ot) / y, in
Fig. 1.4. General conclusion is that the radiative loss for silver is not very important
for nanospheres in the true quasistatic regime, i.e., for R < I; & 25nm but is
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a dominant mechanism of loss for R > 30nm, especially in high-permittivity
environments. In contrast, for gold the radiative loss is not very important in the
quasistatic regime due to the much higher intrinsic losses, except for a case of a
relatively high ambient permittivity, e, = 5.

Though it is outside of the scope of this chapter, we would like to point out
that there is a general approach to combat radiative losses in relatively large
nanoparticles. This is related to the well-known Fano resonances originally
discovered by Ugo Fano in atomic spectra [68]. These resonances can be described
in the following way. In certain cases of optical excitation, when two quantum paths
lead to the same final quantum state of the system, the resonance peaks have specific
asymmetric line shapes due to the interference of these quantum paths.

An analogous phenomenon is also known in nanoplasmonics and metamaterials
[69-77]. They can be explained in the following way [77]. Apart from bright
plasmonic resonances with high transitional dipole moment, there are also dark
ones [78], which by themselves are not very prominent in optical spectra. However,
if a bright resonance and a dark resonance coexist in a certain spectral range —
which is not unlikely, because the bright resonances are wide spanning relatively
wide wavelength ranges — then their optical fields interfere. This interference
significantly enhances the manifestation of the dark resonance: it acquires strength
from the bright resonance and shows itself as an asymmetric peak-and-dip profile
characteristic of a Fano resonance. An important, albeit counterintuitive, property
of the Fano resonances is that, exactly at the frequency of the Fano dip, the hot spots
of the nanolocalized optical fields in the nanosystem are strongest. This is because
at this frequency the nanosystem emits minimal light intensity and, consequently, it
does not wastefully deplete the energy of the plasmon oscillations. This leads to a
decreased radiative loss and a high quality resonance quality factor.

Thus at the frequency of a Fano resonance, the radiative loss is significantly
suppressed. The width of the Fano resonances is ultimately determined by the inter-
nal (Ohmic) losses described by Im ¢,,. Summarizing, the Fano resonances enable
one using relatively large nanoplasmonic particles or plasmonic metamaterials to
achieve narrow spectral features with high local fields. These can be applied to
plasmonic sensing and to produce spasers and nanolasers — see Sect. 1.5.

1.2.4 Other Important Issues of Plasmonics in Brief

There are other very important issues and directions of investigation in plasmonics
that we will not be able to review in any details in this chapter due to the limitations
of time and space. Below we will briefly list some of them.

1.2.4.1 Enhanced Mechanical Forces in Nanoplasmonic Systems

The resonantly enhanced local fields in the vicinity of plasmonic nanoparticles
lead to enhanced nanolocalized forces acting between the nanoparticles, see, e.g.,
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Refs. [79-85]. A perspective application of plasmonically-enhanced forces is optical
manipulation (tweezing) of micro- and nanoparticles [§6-92].

Another direction of research is opened up by the recently introduced theoret-
ically surface-plasmon-induced drag-effect rectification (SPIDER) [93], which is
based on transfer of the linear momentum from decaying surface-plasmon polaritons
(SPPs) to the conduction electrons of a metal nanowire. The SPIDER effect bears a
promise to generate very high terahertz fields in the vicinity of the metal nanowire.

1.2.4.2 Interaction Between Electrons and Surface Plasmons

The surface plasmonics, as it is called today, originated by a prediction of electron
energy losses for an electron beam in thin metal films below the energy of the
bulk plasmons [94]. This is how coherent electronic excitations called SPPs today
were predicted. Soon after this prediction, the SPP-related energy losses were
experimentally confirmed [95, 96]. Presently, the electron energy loss spectroscopy
(EELS) in nanopalsmonics is a thriving field of research. We refer to a recent review
[97] for further detail.

A distinct and original direction of research is control of mechanical motion of
metal nanoparticles using electron beams [98]. It is based on the same principles
as optically-induced forces. The difference in this case is that the SP oscillations
in nanoparticles are excited locally, with an Angstrom precision, by a beam of fast
electrons — see also Sect. 1.2.4.1 above.

There are other important phenomena in plasmonics based on electron-SP
interaction called nonlocality [99]. One of them is dephasing of plasmons causing
their decay into electron-hole pairs, which is called Landau damping, contributing to
Im¢,,. There is necessarily a related phenomenon of spatial dispersion contributing
to Re ¢;,. These become important for plasmonics when the size of the nanosystem
become too small, R < [,; — see Eq.(1.9). The nonlocality and Landau damping
degrade plasmonic effects. The nonlocal effects lead to an increased decay rate of
dipolar emitters at metal surfaces [34] and limits resolution of plasmonic imaging,
making the so-called “perfect” lens [100] rather imperfect [35]. In aggregates, the
nonlocality of dielectric responses causes reduction of local fields and widening
of plasmonic resonances [101]. These broadening effects have initially been taken
into account purely phenomenologically by adding an additional contribution to
the width of plasmonic resonances ~A/t,;, where A = const [102]. Practically,
if the size of a nanoparticle is less then 3 nm, the non-local broadening of the
SP resonances is very significant; otherwise, it can be neglected in a reasonable
approximation.

The above-mentioned publications [34, 35,99, 101] on the nonlocality phenom-
ena are based on a semi-phenomenological approach where the nonlocality is treated
via applying additional boundary conditions stemming from the electron scattering
by the boundaries of the plasmonic system. A more advanced approach to nonlocal-
ity in nanoplasmonics, albeit treatable only for very small, R < 1 nm, nanoparticles,
is based on an ab initio quantum-chemical approach of time-dependent density
functional theory (usually abbreviated as TD-DFT) [103-109].
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It shows that while for larger particles and relatively large spacing between
them (Z1nm), the semi-phenomenological models work quite well, for smaller
nanoparticles and gaps the predicted local fields are significantly smaller. This is
understandable because in ab initio theories there are phenomena that are important
in the extremely small nanosystem such as a significant dephasing due to the
stronger coupling between the collective plasmon and one-particle electron degrees
of freedom, discreetness of the one-electron spectrum, spill-out of the conduction-
band electrons (extension of their wave function outside of the lattice region) and the
corresponding undescreening of the d-band electrons, and simply the discreetness
of the lattice.

In the latest set of publications, e.g., [108, 109], this approach is called quantum
nanoplasmonics. We would argue that this approach is traditionally called quantum
chemistry because what is found from the TD-DFT quantum-mechanically is the
dielectric response (susceptibility or polarizability) of the nanosystems. However,
even to calculate theoretically the permittivity of a bulk method, one has to employ
quantum-mechanical many-body approaches such as the random-phase approx-
imation, self-consistent random-phase approximation (or GW-aproximation), or
TD-DFT, etc. The only difference from the above-sited works is that for bulk
metals the size effects are absent. Therefore permittivities can be adopted from
experimental measurements such as Ref. [32,110].

Based on the arguments of the preceding paragraph, we would reserve the therm
“quantum plasmonics” for the subfields of nanoplasmonics studying phenomena
related to quantum nature and behavior SPs and SPPs. This term has been
proposed in our 2003 paper [31] introducing the spaser as a quantum generator
of nanolocalized optical fields — see Sect. 1.5 and references sited therein. A related
field of studies devoted to quantum behavior of single SPPs also can reasonably be
called quantum plasmonics as proposed later in Refs. [111,112].

While the decay of SP excitations is usually a parasitic phenomenon, there
are some effects that completely depend on it. One of them is the SPIDER [93]
mentioned above in Sect. 1.2.4.1. It is based on the transfer of the energy and
momentum from SPPs to the conduction electrons, which microscopically occurs
through the decay of the SPPs into electron-hole pairs leading to production of hot
electrons.

Yet another range of phenomena associated with a plasmon-dephasing decay
into incoherent electron-hole pairs (Landau damping) has come to the forefront
lately. This is the plasmon-assisted and enhanced generation of a dc electric current
due to rectification in Schottky diodes involving hot electrons [61, 113—115]. This
phenomenon is promising for applications to photodetection and solar energy
conversion. Note that the use of the Schottky contacts between the plasmonic metal
and a semiconductor permits one to eliminate a requirement that the photon energy
hw is greater that the band gap. This is replaced by a much weaker requirement that
hw is greater than a significantly lower Schottky-barrier potential [116].
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1.2.4.3 Nonlinear Photoprocesses in Nanoplasmonics

As became evident from the first steps of what now is called nanoplasmonics, the
enhanced local fields in resonant metal nanosystems bring about strongly enhanced
nonlinear responses [117-120].

Nonlinear nanoplasmonics is presently a very large and developed field. Some of
its phenomena related to coherent control and spasing are discussed in Sects. 1.4,
and 1.5. Here we will give a classification of the nonlinear nanoplasmonic phenom-
ena and provide some examples, not attempting at being comprehensive.

Nonlinearities in nanoplasmonics can occur in the nanostructured plasmonic
metal, in the embedding medium (dielectric), or in both. Correspondingly, we clas-
sify them as intrinsic, extrinsic, or combined. As an independent classification, these
nonlinearities can be classified as weak (perturbative) or strong (nonperturbative).
The perturbative nonlinearities can be coherent (or parametric), characterized by
nonlinear polirizabilities [121] and incoherent such as nonlinear absorption, two-
photon fluorescence, surface-enhanced hyper-Raman scattering (SEHRS) [122],
nonlinear photo-modification, two-photon electron emission [123], etc.

Let us give some examples illustrating a variety of nonlinear photoprocesses in
nanoplasmonics.

* Second-harmonic generation from nanostructured metal surfaces and metal
nanoparticles [57, 124-132] is a coherent, perturbative (second-order or three-
wave mixing), intrinsic nonlinearity.

* Enhanced four wave mixing (sum- or difference frequency generation) at metal
surfaces [133] is a coherent, perturbative (third-order or four-wave), intrinsic
nonlinearity.

* Another four-wave mixing process in a hybrid plasmonic-photonic waveguide
involves nonlinearities in both metal and dielectric [134] and, therefore, is
classified as a coherent, combined, perturbative third-order nonlinear process.

* An all-optical modulator consisting of a plasmonic waveguide covered with CdSe
quantum dots [135] is based on a perturbative third-order, combined nonlinearity.
To the same class belongs a nanoscale-thickness metamaterial modulator [136].

* An ultrafast all-optical modulator using polaritons in an aluminum plasmonic
waveguide is based on perturbative third-order, intrinsic nonlinearity [137].
There are arguments that this nonlinearity is incoherent, based on interband
population transfer of carriers [137].

* Nonperturbative (strong-field), coherent, extrinsic nonlinearity is plasmon-
enhanced generation of high harmonics [138] where the enhanced nanoplas-
monic fields excite argon atoms in the surrounding medium. Spaser [31] belongs
to the same class where the nonlinearity is the saturation of the gain medium by
the coherent plasmonic field [139]. The same is true for the loss compensation
by gain [140, 141].

* Intrinsic perturbative nonlinearities in nanoplasmonics stemming from a redistri-
bution of the electron density caused by the ponderomotive forces of nanoplas-
monic fields have been predicted for surface plasmon polaritons [93, 142].
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An intrinsic nonperturbative nonlinear process is the predicted plasmon soliton
[143] where strong local optical fields in a plasmonic waveguide cause a
significant redistribution of the conduction-electron density.

* There are also relevant strongly-nonlinear processes in non-plasmonic materials
that are based on nanolocalized fields and are very similar to those in plasmon-
ics. Among them are near-field enhanced electron acceleration from dielectric
nanospheres with intense few-cycle laser fields [144]. Another such a process is
a strong optical-field electron emission from tungsten nanotips controlled with
an attosecond precision [145].

* Finally, a recently predicted phenomenon of metallization of dielectrics by strong
optical fields [146, 147] belongs to a new class of highly-nonlinear phenomena
where strong optical fields bring a dielectric nanofilm into a plasmonic metal-like
state.

1.3 Nanolocalized Surface Plasmons (SPs) and Their
Hot Spots

1.3.1 SPs as Eigenmodes

Assuming that a nanoplasmonic system is small enough, R K A,R < [,

we employ the so-called quasistatic approximation where the Maxwell equations
reduce to the continuity equation for the electrostatic potential ¢(r),

0 0
—e(r)—e((r) =0. (1.20)
or or
The systems permittivity (dielectric function) varying in space is expressed as
e(r) = gn(w)O(r) + g4[1 — O(r)]. (1.21)

Here @(r) is the so-called characteristic function of the nanosystem, which is equal
to 1 when r belongs to the metal and 0 otherwise. We solve this equation following
the spectral theory developed in Refs. [78, 148, 149].

Consider a nanosystem excited by an external field with potential ¢y(r) at an
optical frequency w. This potential is created by external charges and, therefore,
satisfies the Laplace equation within the system,

82

We present the field potential as

@(r) = ¢o(r) + ¢1(r) , (1.23)

where ¢ (r) is the local field.
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Substituting Eq.(1.23) into Eq.(1.20) and taking Eqs.(1.21) and (1.22) into
account, we obtain a second-order elliptic equation with the right-hand side that
describes the external excitation source,

0 0 9 0 0
SOM 011 = 5(@) 55 01() = — O () . (124)

where s(w) is Bergman’s spectral parameter [148] defined by Eq. (1.4).

As a convenient basis to solve this field equation we introduce eigenmodes (SPs)
with eigenfunctions ¢, (r) and the corresponding eigenvalues s,, where n is the full
set of indices that identify the eigenmodes. These eigenmodes are defined by the
following generalized eigenproblem,

2

0 0 0
g@(r)g%(r) - snm ﬁon(r) =0, (1.25)

where the eigenfunctions ¢, (r) satisfy the homogeneous Dirichlet-Neumann bound-
ary conditions on a surface S surrounding the system. These we set as

d
@1(0)|es =0, or n(r)a—wl(r) =0, (1.26)
r res

with n(r) denoting a normal to the surface S at a point of r. These boundary
conditions (1.26) are essential and necessary to define the eigenproblem.
From Egs. (1.25), (1.26) applying the Gauss theorem, we find

C_em|gemf &
Iy om0 @r

From this equation, it immediately follows that all the eigenvalues are real numbers
and

(1.27)

1>s,>0. (1.28)

Physically, as one can judge from Eq.(1.27), an eigenvalue of s, is the integral
fraction of the eigenmode (surface plasmon) intensity |d¢,(r)/ Br|2 that is localized
within the metal.

Because the SP eigenproblem is real, and all the eigenvalues s, are all real, the
eigenfunctions ¢, can also be chosen real, though are not required to be chosen in
such a way. Physically, it means that the quasistatic nanoplasmonic eigenproblem is
time-reversible.

For the eigenproblem (1.25) and (1.26), we can introduce a scalar product of any
two functions ¥, and v, as

d d
Wl ) = /V [ng*(r)} [Ewl(r)} i, (1.29)
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This construct possesses all the necessary and sufficient properties of a scalar
product: it is a binary, Hermitian self-adjoined, and positive-defined operation. It is
easy to show that the eigenfunctions of Egs. (1.25) and (1.26) are orthogonal. They
can be normalized as

(®nl @m) = Sum » (1.30)

1.3.2 Inhomogeneous Localization of SPs and Hot
Spots of Local Fields

One of the most fundamental properties of eigenmodes is their localization. By
nature, the SP eigenmodes of small nanoplasmonic systems are localized and non-
propagating. This generally follows from the fact that the eigenproblem (1.25) is
real and has real eigenvalues, implying time-reversal invariance and, consequently,
zero current carried by any eigenmode.

From the early days of nanoplasmonics, there has been keen attention paid to
the localization of SP eigenmodes, because it was immediately clear that absence
of any characteristic wavelength of the localized SPs leads to the possibility of
their concentration in nanoscopic volumes of the space [117, 120, 150]. Many early
publications claimed that the SPs in disordered nanoplasmonics systems, e.g., fractal
clusters, experience Anderson localization [151-157].

However, a different picture of the SP localization, named inhomogeneous
localization, has been introduced [78, 158—161]. In this picture of inhomogeneous
localization, eigenmodes of very close frequencies with varying degree of localiza-
tion, from strongly localized at the minimum scale of the system to delocalized over
the entire nanosystem coexist. This phenomenon of inhomogeneous localization has
been experimentally confirmed recently [162]. The eigenmodes experiencing the
Anderson localization are dark, corresponding to dipole-forbidden transitions, and
thus can only be excited from the near field [78].

A related phenomenon is the formation of hot spots in local fields of nanoplas-
monic system that we introduced in Refs. [158, 159, 163, 164]. As characteristic of
the inhomogeneous localization, the energy is localized by different SP eigenmodes
at vastly different scales. However, it is the localization at the minimum scale that
gives the highest local fields and energy density; these tightly-localized modes are
the most conspicuous in the near-field intensity distributions as the hot spots. The
hot spots exist in all kind of nanoplasmonic system but they are especially strongly
pronounced in disordered and aperiodic systems [165].

We will illustrate the hot spots and the inhomogeneous localization of the SP
eigenmodes using the results of the original works that established the phenomena
[158,159] using plasmonic-metal fractal clusters as objects. The model of these frac-
tals were the so-called cluster-cluster aggregates (CCA) [166, 167]. In Fig. 1.5, we
show two representative eigenmodes with Bergman’s eigenvalues of s, = 0.3202
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Fig. 1.5 Near-field intensity of eigenmodes computed for cluster-cluster aggregate (CCA) cluster.
Square of the eigenmode electric field |E, |2 is displayed against the projection of the cluster for two
eigenmodes with close eigenvalues: (a) s, = 0.3202 and (b) s, = 0.3203. For silver embedding
medium with a permittivity &, ~ 2.0, which is an approximate value for water, these modes
correspond to a blue spectral range with iw = 3.13 eV (Adapted from Ref. [158])

and s, = 0.3203, which are very close in frequency (the blue spectral range for the
case of silver in water). Both the eigenmodes are highly singular and are represented
by sharp peaks — hot spots — that may be separated by the distances from the
minimum scale of the system to the maximum scale that is on the order of the
total size of the entire system. These eigenmodes possess very different topologies
but very close eigenvalues and, consequently, have almost the same frequency
hw =~ 3.13eV corresponding to the blue spectral range. This coexistence of the
very different eigenmodes at the same frequency was called the inghomogeneous
localization [158, 159].

The formation of host spots by the SP eigenmodes and the inhomogeneous local-
ization of the eigenmodes are very pronounced for the fractal clusters. However, the
same phenomena also take place in all dense random plasmonic systems. Physically,
this phenomena is related to the absence of the characteristic length scale for SPs:
the smallest electromagnetic scale is the skin depth /; ~ 25 nm, which is too large on
the scale of the system to affect the SP localization. The inhomogeneous localization
implies that eigenmodes can be localized on all scales but this localization is always
singular. The hot spots are the concentration regions of the optical energy: sharp
peaks on the minimum scale (“fine grain” size) of the system are most visible.

Note that there is a fundamental difference between the plasmonic hot spots and
their counterpart in the wave optics: speckles produced by scattering of laser light
from a random medium. In the speckle case, there is a characteristic size of the
speckles on the order of a character distance L, between them that is determined by
diffraction:

Ly ~AD/A, (1.31)
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where A is wavelength of light, 4 is an aperture (cross-size of the coherent spot
of light on the scattering system), and D is the distance from the scatterer to the
observation screen.

One of the plasmonic system models studied in significant detail is a random
metal composite (RPC) also called a semi-continuous metal film [78, 128, 149, 156,
162, 168-171]. This is a planar system where metal occupies a given fill fraction
f of the system’s volume. At a low f, the RPC is a system of remote, randomly
positioned metal particles. For high values of f, it is an almost continuous film
with rare holes in it. For f ~ 0.5, there are percolation phenomena: there is a
large connected random cluster of the metal extending between the boundaries of
the system [172]. This connected percolation cluster is known to possess a fractal
geometry.

To consider statistical measures of the SP localization, we introduce the localiza-
tion radius L,, of an eigenmode, which is defined as the gyration radius of its electric
field intensity |E, (r)|?, where

0
E,(r) = —§<ﬂn(r) (1.32)

is the eigenmode electric field, as

2
i = [ e wper- ([ eoper) (133)
|4 |4

We remind that due to Eq. (1.30), the eigenmode fields are normalized

/ E,(0)Pdr = 1, (134)
Vv

so Eq. (1.33) is a standard definition of the gyration radius.

In Fig. 1.6a, we show the smoothed, discretized nanostructure of one particular
sample of a RPC. This system is generated in the following way. We consider a
volume of size, in our case, 32 x 32 x 32 grid steps. In the central xz plane of this
cube we randomly fill a cell of size 2 x 2 grid steps with metal with some probability
f (fill factor or filling factor). Then we repeat this procedure with other 2 x 2 cells
in that central xz plane. As a result, we arrive at a thin planar layer of thickness 2
grid steps in the y direction and fill factor of f in the central xz plane.

In Fig. 1.6b, we display all of the eigenmodes (SPs) of the above-described RPC
in a plot of oscillator strength F,, versus localization length L,. These eigenmodes
are strikingly unusual.

First, there is a large number of eigenmodes with negligible oscillator strengths
F, < 107°. Note that the rounding-up relative error in our computations is ~107°,
so these eigenmodes’ oscillator strengths do not significantly differ from zero.
Such eigenmodes do not couple to the far-field electromagnetic waves, and they
can be neither observed nor excited from the far-field (wave) zone. We call them
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Fig. 1.6 For a planar random composite (in the xz-plane), the density of the metal component
(panel (a)) and all eigenmodes plotted in the coordinates of oscillator strength F, versus
localization radius L, (panel (b))

dark modes. They can, however, be excited and observed by NSOM (near-field
scanning optical microscope) type probes in the near-field region. Such eigenmodes
are also important from the computational-mathematical point of view because they
are necessary for the completeness of the eigenmode set.

Second, in Fig. 1.6, there also are many eigenmodes with relatively large
oscillator strengths, F, = 10, which we call luminous or bright modes. These
do couple efficiently to the far-zone fields.

Third, both the luminous and the dark modes have localization radii L, with
all possible values, from zero to one half of the diagonal system size, and with
very little correlation between F,, and L,,, except for the superlocalized (zero-size)
eigenmodes that are all dark. This wide range of L, shows that the Anderson
localization does not occur for most of the modes, including all the luminous
modes. Similar to these findings in certain respects, deviations from the simple
Anderson localization have been seen in some studies of the spatial structure of
vibrational modes [173, 174], dephasing rates [175] in disordered solids induced by
long-range (dipole-type) interactions. A direct confirmation of this picture of the
inhomogeneous localization has been obtained in experiments studying fluctuations
of the local density of states of localized SPs on disordered metal films [162].

To gain more insight, we show in Fig. 1.7 the local electric field intensities
|E, (r)|? for particular eigenmodes of four extreme types, all with eigenvalues very
close to s, = 0.2. As a measure of the eigenmode oscillator strength, we show a
normalized oscillator strength F;,. The data of Fig. 1.7 confirm the above-discussed
absence of correlation between the localization length and oscillator strength, and
also show that there is no correlation between the topology of the local field intensity
and the oscillator strength — compare the pairs of eigenmodes: s, = 0.1996 with
s, = 0.2015, and 5, = 0.2 with s, = 0.2011. Note that the large and random
changes of the intensities between the close eigenmodes evident in Fig. 1.7 is an
underlying cause of the giant fluctuations [176] and chaos [177-179] of local fields.
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Fig. 1.7 Hot spots: Local field intensities |E,(r)|> of eigenmodes at the surface of the system
shown in Fig. 1.6, versus spatial coordinates in the xz plane

A fundamental property of the SP eigenmodes, whether localized or delocalized,
is that they may be thought of as consisting of hot spots. While the localized
eigenmodes possess a single tight hot spots, the delocalized ones consist of several
or many host spots. Note that the fields in the hot spots constituting a single
eigenmode are coherent. In a sense, the hot spots are somewhat analogous to
speckles produced by laser light scattered from a random system. However, such
speckles are limited by the half-wavelength of light and cannot be smaller than that.
In contrast, there is no wavelength limitations for the SP hot spots. They are limited
only by the minimum scale of the underlying plasmonic system.

1.3.3 Retarded Green’s Function and Field Equation Solution

Retarded Green’s function G'(r,r’;w) of field equation (1.24), by definition,
satisfies the same equation with the Dirac §-function on the right-hand side,

D omL — @] 6 wrio) = s 1) (1.35)
|:8r No- swarz:l r,r':w)=8r—r), .
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We expand this Green’s function over the eigenfunctions ¢, using the orthonor-
mality Eq. (1.30), obtaining

G'(r,r;w) = %{(z’)* ) (1.36)

n

This expression for Green’s function is exact (within the quasistatic approx-
imation) and contains the maximum information on the linear responses of a
nanosystem to an arbitrary excitation field at any frequency. It satisfies all the
general properties of Green’s functions due to the analytical form of Eq. (1.36) as
an expansion over the eigenmodes (surface plasmons). This result demonstrates
separation of geometry of a nanosystem from its material properties and the
excitation field. The eigenfunctions ¢, (r) and eigenvalues s, in Eq.(1.36) depend
only on geometry of the nanosystem, but not on its material composition or the
optical excitation frequency. In contrast, the spectral parameter s(w) depends only
on the material composition and the excitation frequency, but not on the system’s
geometry. One of the advantages of this approach is in its applications to numerical
computations: the eigenproblem has to be solved only once, and then the optical
responses of the nanosystem are determined by Green’s function that can be found
by a simple summation in Eq. (1.36).

This Green’s function is called retarded because it describes responses that occur
necessarily at later time moments with respect to the forces that cause them. (Note
that this name and property have nothing to do with the electromagnetic retardation,
which is due to the finite speed of light and is absent in the quasistatic approx-
imation.) This property, also called Kramers-Kronig causality, is mathematically
equivalent to all singularities of G"(r,r’;w) as a function of complex ® being
situated in the lower half-plane. Consequently, G” (r,r’; ) as a function of w
satisfies the Kramers-Kronig dispersion relations [30]. By the mere form of the
spectral expansion (1.36), this Green’s function satisfies all other exact analytical
properties. This guarantees that in numerical simulations it will possess these
properties irrespectively of the numerical precision with which the eigenproblem
is solved. This insures an exceptional numerical stability of computational Green’s
function approaches.

Once the Green’s function is found from Eq.(1.36), the local optical field
potential is found as contraction of this Green’s function with the excitation potential

@o(r) as
/ a / a / 3.7
wl(r)z—/ G (1.1 )= OF) o) r (137)
Vv or’ or’

From Eqgs. (1.23) and (1.37) using the Gauss theorem, we obtain an expression for
the field potential ¢(r) as a functional of the external (excitation) potential ¢ (r),

ad d
o(r) = @o(r) —/ Po(r) = OI) =G (r,r;0) dr' . (1.38)
Vv or’ or
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Finally, differentiating this, we obtain a closed expression for the optical electric
field E(r) as a functional of the excitation (external) field E©® (r) as

Eu(r) = EQOr) + / Gy (.Y )0 EY () dr (1.39)
14

where «, 8, ... are Euclidean vector indices («, §,--- = Xx, y, z) with summation
over repeated indices implied; the fields are

0 0
Er) = — 220 goygy = 0@ (1.40)
ar ar
and the tensor (dyadic) retarded Green’s function is defined as
32
Gor[ﬂ(r,r’;w) =_——G'(r,v)w). (1.41)

araar/’g
One of the exact properties of this Green’s function is its Hermitian symmetry,
Gop(r, v 0) = Gp, (', 1 —w)* . (1.42)

If the excitation is an optical field, its wave front is flat on the scale of the
nanosystem, i.e., E© = const. Then from Eq. (1.39) we get

Eqo(r) = [8up + gap(r.0)] ES . (1.43)

where the local field enhancement (tensorial) factor is a contraction of the retarded
dyadic Green’s function,

gup(r,w) = / G;ﬁ(r, r;w)O)d*r . (1.44)
4

1.3.4 SP Modes as Resonances

Each physical eigenmode is described by the corresponding pole of Green’s
function (1.36). Close to such a pole, Green’s function and, consequently, local
fields (1.43) become large, which describes the surface plasmon resonance of the
nanosystem. A complex frequency of such a resonance can be found from the
position of the corresponding pole in the complex plane of frequency,

s(wy —iyn) = Sy, (1.45)

where w, is the real frequency of the surface plasmon, and y, is its spectral width
(relaxation rate).
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Note that we presume y, > 0, i.e., a negative sign of the imaginary part of the
physical surface frequency. This a presumption, which is confirmed by the solution
presented below in this section, is based on the standard convention of the sign of
an exponential in the field temporal evolution,

E, (r,1) ocexp [—i(w, — iyn)t] X exp(=yat) , (1.46)

which decays exponentially for # — o0, as should be. The wave functions of
physical surface plasmons are the familiar eigenfunctions ¢, (r), i.e., those of the
geometric eigenmodes. However, their physical frequencies, of course, depend on
the material composition of the system.

For weak relaxation, y, < wj, one finds that this real surface plasmon frequency
satisfies an equation

Re[s(wn)] = $n (1.47)
and that the surface plasmon spectral width is expressed as

_Imls@)] |, _ dRels(@)]

n = n 1.48
! dw o=, (1.48)
In terms of the dielectric permittivity as functions of frequency
&d dem(w) Imé,, (@)
S/ w) = e , w) = — 2 1.49
(@) leq — e(w)|? w v(@) Reasg,;)w) ( )

This expression has been given in Sect. 1.2.1 as Eq. (1.3). Importantly, the spectral
width y is a universal function of frequency @ and does not explicitly depend on
the eigenmode wave function ¢, (r) or system’s geometry. However, the system’s
geometry does, of course, define the plasmon eigenfrequencies w,. This property
has been successfully used in Ref. [180] where a method of designing nanoplas-
monic systems with desired spectra has been developed. Note also that the classical
SPs have been quantized in Ref. [31] in connection with the prediction of spaser, a
nanoscale counterpart of laser (see Sect. 1.5).

As follows from Eq.(1.28), external frequency w is within the range of the
physical surface plasmon frequencies and, therefore, can be close to a surface
plasmon resonance (pole of Green’s function (1.36) as given by Eq. (1.45)) under
the following conditions

0<Res(w) <1, Ims(w) <Res(w). (1.50)
These conditions are equivalent to

€4 >0, 0<Reegy(w) <0, Imey,(w) K [Reg,(w)| . (1.51)
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These conditions, in fact, constitute a definition of a plasmonic system, i.e., a system
where a position of surface plasmon resonance can be physically approached: the
dielectric permittivity of the metal component should be negative and almost real,
while the permittivity of the second constituent (dielectric) should be positive, as
assumed.

It is useful to write down an expression for Green’s function (1.36) that
is asymptotically valid near its poles, which can be obtained from Egs. (1.47)
and (1.48) as

Z @n (1) 0 (1)

G (r,7;w -,
(e, 15 0) = /(w) o—an iy

(1.52)

where y, is given above by Egs. (1.48) or (1.49). This expression constitutes what
is called the singular approximation or pole approximation of the Green’s function.
When an excitation frequency is in resonance with an SP frequency, i.e., ® = w,,
the Green’s function (1.52) increases in magnitude by ~w, /y,~ Q times, where the
quality factor Q is given by Eq. (1.5).

Below, for the sake of reference, we give a modal expansion for the polarizability
a of a nanoplasmonic system as a tensor,

. Ed 1 *
Ogp = —E Zn: mMna np > (1.53)

where the indexes «, B denote Cartesian components, and M, is a coupling vector
defined as

M, / o(r )a‘/’”(r) . (1.54)

Near a SP frequency, ® ~ w,, a singular part of the polarizability (1.53) acquires
a form

M, M*

&€ na

Hop = ——2 " (1.55)
A4S sy @ —wy + 1Yy,

Also, for the reference sake, we give a general expression for the SP radiative

decay rate, yysr) . This can be obtained from Eq. (1.55) taking into account Egs. (1.10)
and (1.15) as

3/2
Sd/ w? |N[n|2

" _
Ya 9me3s sy

(1.56)

Note that |M, |2 ~ V,, where V}, is the modal volume of the n-th eigenmode. Thus
Eq. (1.56) is consistent with Eq. (1.16) obtained earlier in this chapter.
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Fig. 1.8 Spatial distributions of local field intensity / relative to the external intensity /o for an
individual CCA cluster of N = 1,500 silver nanospheres in water (¢; = 2.0) for the frequency
hw = 3.13eV. The polarizations of the excitation radiation is x (a) and y (b), as indicated in
the panels. The projection of the cluster nanospheres to the xy plane is also shown (Adapted from
Ref. [158])

1.3.5 Examples of Local Fields and their Hot Spots

Let us give an example of local fields computed using Eq. (1.39). We start with
the results of the original publications Ref. [158, 159] where the hot spots of the
plasmonic local fields have been predicted. This prediction was made for fractal
clusters because the fractals were expected to possess highly inhomogeneous and
fluctuating local optical fields as was shown in pioneering papers in a subfield of
physical optics that today is called nanoplasmonics [117, 150, 181].

In Fig. 1.8 adapted from Ref. [158], we illustrate the local-field hot spots for a
silver CCA cluster of N = 1,500 identical nanospheres embedded in water. We
show local field intensity / = |E(r, )| relative to the excitation field intensity
Iy at the surface of the silver nanospheres at a relatively high frequency hw =
3.13eV corresponding to vacuum wavelength A = 390nm in the far blue end
of the visible spectrum. We can clearly see that the local intensity is highly non-
uniform, exhibiting pronounced singular hot spots. These hot spots are localized at
the minimum scale of the system (on the order of the radius of the nanospheres).
The local intensity in the hot spots is greatly enhanced (by a factor of up to ~600)
as one would expect from an estimate 1 /1y ~ Q2 —cf. Fig. 1.2.

This hot spotting is nothing else as random nanofocusing. It is similar in this
respect to the formation of speckles in the wave optics, as we have discussed above
in conjunction with Fig. 1.5. However, reflecting the properties of the corresponding
SP eigenmodes, there is no characteristic wavelength that limits this hot spot
singularity by defining the characteristic size Ly of the speckles, which is also a
characteristic separation between them — see Eq. (1.31).

Another property of the local fields of a great significance is the dramatic
dependence of the intensity distribution on the polarization: the local distributions or
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Fig. 1.9 (a) Geometry of nanostructured random planar composite (RPC): characteristic function
O(r) is displayed in the xz plane of the RPC. Axes unit is nm; thickness of the system in the y
direction (normal to its plane) is 2 nm. The fill factor is p = 0.5. Characteristic function @(r) is
smoothed by a Gaussian filter with a radius of 1 nm to improve numerical accuracy (shown in the

panel by the halftone density). (b) Local field intensity |E(r)|2 in the plane of the nanostructure
displayed relative to the excitation field intensity |E® |?; excitation frequency Aw = 1.55eV;
computed using Eq. (1.38). The metal is silver embedded in the dielectric with ¢, = 2. (¢) Same
as (b) but for v = 2.0V (Adapted from data computed for Ref. [182])

the x-polarization (Fig. 1.5a) and y-polarization (panel b) are completely different.
An experimental observation of this effect has been obtained in Ref. [118] already
at a very early stage of the development of nanoplasmonics.

Note that the SP eigenmode geometry is also strongly dependent on its fre-
quency — see Fig. 1.5. However, in externally-excited local fields, this frequency
dependence is obscured by the resonance broadening due to the losses, as is evident
from the expression for the resonant part of the Green’s function

We will present below spectral and statistical properties of the local fields using
a model of random planar composit