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Preface

We have written this book with the intention of providing the students (and
the teachers) of the first years of university courses with a tool which is easy to be
applied and allows the solution of any problem of relativistic kinematics at the
same time.

The novelty of our presentation consists of the extensive use of hyperbolic
numbers for a complete formalization of the kinematics in the Minkowski space–
time.

In other words, in this book the mathematical relation, stated by special rela-
tivity, between space and time is formalized.

We recall from Paul Davies book [1], the different significances attributed to
‘‘time’’ over the centuries:

For millennia the traditional cultures have given to time an intuitive meaning.
Its cyclic nature and biological rhythms predominate over its measure and time
and eternity are complementary concepts.

Before Galileo and Newton, the time was subjective, not a parameter we have
to measure with geometrical precision.

Newton encapsulated it in the World description just as a parameter for the
mathematical description of the motion: practically the time did nothing.

Einstein has given it again its place in the heart of the Nature, as a fundamental
part of the physics.

Einstein did not complete this revolution that, unfortunately, remained
unfinished.

To the last sentence Einstein would have most probably replied [2] that the
physical laws will never be the definitive ones. All scientists can step forwards in
the advancement of the scientific knowledge, but they are sure that the results
obtained cannot be the definitive ones.

The achievement of special relativity, to which P. Davies refers, can be sum-
marized as: space and time must be considered as equivalent quantities for the
description of physical laws.

In this book we formalize this equivalence.
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Actually, even if just after the formulation of special relativity, Hermann
Minkowski proposed (1907–1908) that the relation between space and time can be
considered as a new geometry, but a mathematics that would allow us to operate
with this geometry as we do with Euclidean geometry was not formalized yet.

This formalization has been carried out by the authors in a series of papers
[3, 4], later rearranged in a book [5] where, besides the well-established aforesaid
formalization, some themes of research are proposed.

The aim of the present book is supplying the tools for solving problems in
space–time in the same ‘‘automatic way’’ as problems of analytic geometry and
trigonometry are solved in secondary schools. The previous knowledge of math-
ematics which is required is the same required in the first year of scientific
University courses.

Further we show the basic ideas of our treatment and how these ideas derive
from the ‘‘scientific revolutions’’ of 19th and 20th centuries: in particular, the
necessary link between mathematics and physics and the synergic effects that
allow their development.

The papers and the books listed in the bibliography are not indispensable for
understanding the contents of the book, but they can help people who want to carry
on further research. Actually, even if the mathematics used can be considered
elementary, the topics dealt with are the subject of research in progress. What we
are saying is that an appropriate reconsideration of some points of elementary
mathematics and geometry can be the starting point for obtaining original and
valuable results.

Rome, January 2011 Francesco Catoni
Dino Boccaletti

Roberto Cannata
Vincenzo Catoni

Paolo Zampetti

References

1. P. Davies, About time, Orion Production (1995)
2. A. Einstein, L. Infeld, The Evolution of Physics (Simon and Shuster, New York,

1966)
3. F. Catoni, R. Cannata, V. Catoni, P. Zampetti, Hyperbolic trigonometry in two-

dimensional space-time geometry. Nuovo Cimento. B. 118(5), 475 (2003)
4. D. Boccaletti, F. Catoni, V. Catoni, The Twins Paradox for uniform and

accelerated motions. Adv. Appl. Clifford Al. 17(1), 1 (2007); The Twins
Paradox for non-uniformly accelerated motions. Adv. Appl. Clifford Al.
17(4), 611 (2007)

5. F. Catoni, D. Boccaletti, R. Cannata, V. Catoni, E. Nichelatti, P. Zampetti,
The Mathematics of Minkowski Space-Time (Birkhäuser Verlag, Basel, 2008)

vi Preface



Contents

1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

2 Hyperbolic Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.1 The Geometry Associated with Complex Numbers . . . . . . . . . . 4
2.2 Generalization of Complex Numbers . . . . . . . . . . . . . . . . . . . . 8

2.2.1 Definition of the Modulus . . . . . . . . . . . . . . . . . . . . . . 12
2.3 Lorentz Transformations and Space–Time Geometry . . . . . . . . . 12
2.4 The Geometry Associated with Hyperbolic Numbers . . . . . . . . . 15

2.4.1 Hyperbolic Rotations as Lorentz Transformations . . . . . . 18
2.5 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19
2.6 Appendix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6.1 Cubic Equation and Introduction
of Complex Numbers . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.6.2 Geometrical and Classical Definition
of Hyperbolic Angles . . . . . . . . . . . . . . . . . . . . . . . . . 21

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23

3 Geometrical Representation of Hyperbolic Numbers . . . . . . . . . . . 25
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25
3.2 Extension of Hyperbolic Exponential Function

and Hyperbolic Polar Transformation. . . . . . . . . . . . . . . . . . . . 26
3.3 Geometry in the Hyperbolic Plane . . . . . . . . . . . . . . . . . . . . . . 27
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

4 Trigonometry in the Hyperbolic (Minkowski) Plane . . . . . . . . . . . 33
4.1 Analytical Formalization of Euclidean Trigonometry . . . . . . . . . 33

4.1.1 Complex Numbers Invariants in Euclidean Plane . . . . . . 33
4.2 Hyperbolic Rotation Invariants in Minkowski Plane . . . . . . . . . 35

vii

http://dx.doi.org/10.1007/978-3-642-17977-8_1
http://dx.doi.org/10.1007/978-3-642-17977-8_1
http://dx.doi.org/10.1007/978-3-642-17977-8_2
http://dx.doi.org/10.1007/978-3-642-17977-8_2
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec6
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec6
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_2#Bib1
http://dx.doi.org/10.1007/978-3-642-17977-8_3
http://dx.doi.org/10.1007/978-3-642-17977-8_3
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_3#Bib1
http://dx.doi.org/10.1007/978-3-642-17977-8_4
http://dx.doi.org/10.1007/978-3-642-17977-8_4
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec3


4.3 Extension of Hyperbolic Trigonometric Functions . . . . . . . . . . . 36
4.3.1 Fjelstad’s Extension of Hyperbolic Trigonometric

Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
4.4 Goniometry in the Minkowski Plane . . . . . . . . . . . . . . . . . . . . 41
4.5 Trigonometry in the Minkowski Plane . . . . . . . . . . . . . . . . . . . 42

4.5.1 Analytical Definitions of Hyperbolic Trigonometric
Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

4.5.2 Trigonometric Laws in Hyperbolic Plane . . . . . . . . . . . . 44
4.6 Triangles in Hyperbolic Plane . . . . . . . . . . . . . . . . . . . . . . . . . 50

4.6.1 The Triangular Property. . . . . . . . . . . . . . . . . . . . . . . . 50
4.6.2 The Elements in a Right-Angled Triangle . . . . . . . . . . . 51
4.6.3 Solution of Hyperbolic Triangles . . . . . . . . . . . . . . . . . 52

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

5 Equilateral Hyperbolas and Triangles in the Hyperbolic Plane . . . 57
5.1 Theorems on Equilateral Hyperbolas . . . . . . . . . . . . . . . . . . . . 57
5.2 Triangle and Equilateral Hyperbolas . . . . . . . . . . . . . . . . . . . . 65

5.2.1 Circumscribed Hyperbola. . . . . . . . . . . . . . . . . . . . . . . 65
5.2.2 Inscribed and Ex-inscribed Hyperbolas . . . . . . . . . . . . . 67
5.2.3 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . 71

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 72

6 The Motions in Minkowski Space–Time (Twin Paradox) . . . . . . . . 73
6.1 Inertial Motions. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
6.2 Inertial and Uniformly Accelerated Motions . . . . . . . . . . . . . . . 77

6.2.1 Uniform and Uniformly Accelerated Motions . . . . . . . . . 80
6.2.2 Uniform Motions Joined by Uniformly Accelerated

Motions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82
6.2.3 Reversed Triangle Inequality for Curved Lines. . . . . . . . 83
6.2.4 The Most General Uniform and Accelerated Motions . . . 85

6.3 Non-uniformly Accelerated Motions . . . . . . . . . . . . . . . . . . . . 87
6.3.1 The Curves in Euclidean Plane . . . . . . . . . . . . . . . . . . . 87
6.3.2 Formalization of Non-uniformly Accelerated Motions . . . 90
6.3.3 Proper Time in Non-uniformly Accelerated Motions . . . . 93

6.4 Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95

7 Some Final Considerations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 99

Appendix A. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

viii Contents

http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec11
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec11
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec12
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec12
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec13
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec13
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec15
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Sec15
http://dx.doi.org/10.1007/978-3-642-17977-8_4#Bib1
http://dx.doi.org/10.1007/978-3-642-17977-8_5
http://dx.doi.org/10.1007/978-3-642-17977-8_5
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_5#Bib1
http://dx.doi.org/10.1007/978-3-642-17977-8_6
http://dx.doi.org/10.1007/978-3-642-17977-8_6
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec1
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec2
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec3
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec4
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec5
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec6
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec6
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec7
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec8
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec9
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec10
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec11
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Sec11
http://dx.doi.org/10.1007/978-3-642-17977-8_6#Bib1
http://dx.doi.org/10.1007/978-3-642-17977-8_7
http://dx.doi.org/10.1007/978-3-642-17977-8_7
http://dx.doi.org/10.1007/978-3-642-17977-8_7#Bib1


Chapter 1
Introduction

It is largely known that the Theory of Special Relativity was born as a conse-
quence of the demonstrated impossibility for the Maxwell’s electromagnetic (e.m.)
theory of obeying Galilean transformations. The non-invariance of the e.m. theory
under Galilean transformations induced the theoretical physicists, at the end of the
twelfth century, to invent new space–time transformations which did not allow to
consider the time variable as ‘‘absolutely’’ independent of the space coordinates. It
was thus that the transformations which, for the sake of brevity, today we call
Lorentz transformations were born.1

A consequence of the choice of the Lorentz transformations as the ones which
keep the e. m. theory invariant when passing from an inertial system to another one
(e.g. the e.m. waves remain e.m. waves) was to revolutionize the kinematics, i.e.
the basis from which one must start for building the mechanics. It was no longer
possible, at least for high velocities, to use Galilean transformations: when passing
from an inertial system to another one, also the time variable (until when con-
sidered as ‘‘the independent variable’’) was forced to be transformed together with
the space coordinates.

After the works of Lorentz and Poincaré, it was Einstein’s turn to build a rela-
tivistic mechanics starting from the kinematics based on Lorentz transformations.

However, we owe to Hermann Minkowski the creation of a four-dimensional
geometry in which the time entered as the fourth coordinate: the Minkowski
space–time as it is called today.

We recall that for a long period of time the introduction of ‘‘i t’’ (where ‘‘i’’ is
the imaginary unit) as the fourth coordinate was into use with the aim of providing
to space–time a pseudo-Euclidean structure.

We shall see in this book that it is not the introduction of an imaginary time, but
of a system of numbers (the hyperbolic numbers) related in many respects with
complex numbers, that can describe the relation (symmetry) between space and

1 An exhaustive account of the subject and its historical context can be found in the book—
Arthur I. Miller: Albert Einstein’s Special Theory of Relativity—Springer, 1998
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time. Moreover this system of numbers allows one a mathematical formalization
that, from a logical point of view (an axiomatic–deductive method starting from
axioms of empirical evidence) as well as from a practical one (the problems are
solved in the same automatic way as the problems of analytical geometry and
trigonometry are), is equivalent to the analytical formalization of Euclidean
geometry.

Even though Minkowski already introduced hyperbolas in place of calibration
circles and a copious literature on the subject does exist, until now a formalization,
rigorous and extremely simple at the same time, was not obtained.

In this book we explain how to treat any problem of relativistic kinematics. The
expounded formalization allows one to reach an exhaustive and non-ambiguous
solution.

The final appendix, while contains a short outline on the evolution of the
concept of geometry, helps us to reflect upon the nature of the operation made by
the authors: a Euclidean way for facing a non-Euclidean geometry.

2 1 Introduction



Chapter 2
Hyperbolic Numbers

Abstract Complex numbers can be considered as a two components quantity, as
the plane vectors. Following Gauss complex numbers are also used for repre-
senting vectors in Euclidean plane. As a difference with vectors the multiplication
of two complex numbers is yet a complex number. By means of this property
complex numbers can be generalized and hyperbolic numbers that have properties
corresponding to Lorentz group of two-dimensional Special Relativity are
introduced.

Keywords Complex numbers � Gauss-Argand � Generalization of complex
numbers � Hyperbolic numbers � Space-time geometry � Lorentz group

Complex numbers represent one of the most intriguing and emblematic discoveries
in the history of science. Even if they were introduced for an important but
restricted mathematical purpose, they came into prominence in many branches of
mathematics and applied sciences. This association with applied sciences gener-
ated a synergistic effect: applied sciences gave relevance to complex numbers and
complex numbers allowed formalizing practical problems. A similar effect can be
found today in the ‘‘system of hyperbolic numbers’’, which has acquired the
meaning and importance as the Mathematics of Special Relativity, as shown in this
book.

Let us recall some points from the history of complex numbers and their
generalization.

Complex numbers are today introduced with the purpose of extending the field
of real numbers and for having always two solutions for the second degree
equations and, as an important applicative example, we recall the Gauss Funda-
mental theorem of algebra stating that ‘‘all the algebraic equations of degree N has
N real or imaginary roots’’. Further Gauss has shown that complex and real
numbers are adequate for obtaining all the solutions for any degree equation.

Coming back to complex numbers we now recall how their introduction has a
practical reason. Actually they were introduced in the 16th century for solving a
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mathematical paradox: to give a sense to the real solutions of cubic equations that
appear as the sum of square roots of negative quantities (see Sect. 2.6.1). Really
the goal of mathematical equations was to solve practical problems, in particular
geometrical problems, and if the solutions were square roots of negative quantities,
as can happen for the second degree equations, it simply meant that the problem
does not have solutions. Therefore it was unexplainable that the real solutions of a
problem were given by some ‘‘imaginary quantities’’ as the square roots of neg-
ative numbers.

Their introduction was thorny and the square roots of negative quantities are
still called imaginary numbers and contain the symbol ‘‘i’’ which satisfies the
relation i2 ¼ �1. Complex numbers are those given by the symbolic sum of one
real and one imaginary number z ¼ xþ iy. This sum is a symbolic one because it
does not represent the usual sum of ‘‘homogeneous quantities’’, rather a ‘‘two
components quantity’’ written as z ¼ 1xþ iy, where 1 and i identify the two
components.

Today we know another two-component quantity: the plane vector, which we
write v ¼ ixþ jy, where i and j represent two unit vectors indicating the coordi-
nate axes in a Cartesian representation. Despite there being no a priori indication
that a complex number could represent a vector on a Cartesian plane, complex
numbers were the first representation of two-component quantities on a Cartesian
(or Gauss–Argand) plane (see Fig. 2.1), and they are also used for representing
vectors in a Euclidean Cartesian plane.

Now we can ask: what are the reasons that allow complex numbers to represent
plane vectors? The answer to this question has allowed us to formalizing the
geometry and trigonometry of Special Relativity space–time.

2.1 The Geometry Associated with Complex Numbers

Let us now recall the properties that allow us to use complex numbers for
representing plane vectors. The first property derives from the invariant of
complex numbers the modulus, indicated with jzj, and given by jzj ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxþ iyÞðx� iyÞ
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

.
An important property of the modulus is: given two complex numbers z1; z2,

we have jz1 � z2j ¼ jz1j � jz2j.
If we represent the complex number xþ iy as a point P � ðx; yÞ of the Gauss–

Argand plane (Fig. 2.1), the quantity
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

represents the distance of P from
the coordinates origin. This quantity is invariant with respect to translations and
rotations of the coordinate axes. Now if in z ¼ xþ iy, we give to 1 and i the same
meaning of i; j in the vectors representation, jzj is the modulus of the vector.

In addition another relevant property allows complex numbers representing
plane vectors and the related linear algebra. Actually let us consider the product of
a complex constant, a ¼ ar þ iai by a complex number:
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z1 � x1 þ iy1 ¼ az � ðar þ iaiÞðxþ iyÞ: ð2:1Þ

By considering another constant b ¼ br þ ibi, we have z2 ¼ bz1 � baz � cz. Since
c, i.e., the result of product between a and b is yet a complex constant, the product
of z for a complex constant is a group (see Appendix A.4), called multiplicative
group [1, Chap. 3]. Now we note that (2.1), is equivalent to the expression of linear
algebra

x1

y1

� �

¼ ar �ai

ai ar

� �

x
y

� �

: ð2:2Þ

Fig. 2.1 Gauss representation of complex numbers. The square roots of negative numbers are
called ‘‘imaginary’’ and are preceded by the symbol ‘‘i’’, which satisfies the relation i2 ¼ �1. The
expressions z ¼ xþ iy, given by the symbolic sum of a real and an imaginary number are called
complex numbers. We call this sum ‘‘symbolic’’ since it does not represent the usual sum between
homogeneous quantities, rather it is a ‘‘two component quantity’’, written as: z ¼ 1xþ iy, where
1 and i identify the two components. Gauss represented these numbers on a Cartesian plane x; y,
associating with the complex number the point P with abscissa x and ordinate y. This ‘‘strange
representation’’ can derive from the fact that probably Gauss noted that the product between
z ¼ xþ iy and the particular number, called the complex conjugate �z ¼ x� iy is the real number
given by z � �z ¼ ðxþ iyÞðx� iyÞ ¼ x2 þ y2, that also represent the Euclidean distance of P from
the coordinate origin. The square root of this quantity, written as jzj, is called the modulus and is
characteristic of the complex number. The modulus satisfies the relation: given two complex
numbers z1; z2, we have jz1 � z2j ¼ jz1j � jz2j, from which another link with Euclidean geometry
follows. Actually let us consider the complex constant a ¼ cos /a þ i sin /a, that can be written
(2.4) as a ¼ ei/a , therefore jaj ¼ ei/a � e�i/a ¼ 1. By considering the product z1 ¼ az, we have
jz1j ¼ jajjzj ¼ jzj. This transformation preserves the modulus. Developing the transformation
we have: x1 þ iy1 ¼ ðcos /a þ i sin /aÞðxþ iyÞ ¼ x cos /a � y sin /a þ iðx sin /a þ y cos /aÞ.
Making equal the real and the imaginary terms, we obtain the relations between the coordinates
of the point P after the rotation of the segment OP around the axes origin O of an angle /a. These
same expressions represent the transformation of the coordinates of a point in the Cartesian plane,
when the reference axes are rotated by the angle �/a. We also have i ¼ exp½ip=2�, then the axes
x and y are, automatically orthogonal. These properties show an ‘‘unimaginable’’ correspondence
between complex numbers and Euclidean geometry
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In particular, the complex number plays the role of both a vector and an operator
(matrix). Actually, the constant a is written in matrix form (like the operators in
linear algebra), while z is represented as a column vector.

Now we look for the geometrical meaning of this multiplicative group,
beginning with a different representation of complex numbers that starts from the
famous Euler formula

exp½i/� ¼ cos /þ i sin /: ð2:3Þ

This formula is very important for the following of the book and for this reason we
think advisable to recall its first demonstration given by Euler. Actually Euler
applied to a complex quantity the series development that is true for the real
exponential function and realizes that the real and imaginary terms correspond to
the series expansion of cosine and sine functions:

exp½i/� ¼
X

1

l¼0

ði/Þl

l!
¼
X

1

l¼0

ði/Þ2l

ð2lÞ! þ
X

1

l¼0

ði/Þ2lþ1

ð2lþ 1Þ!

¼
X

1

l¼0

ð�1Þl ð/Þ
2l

ð2lÞ! þ i
X

1

l¼0

ð�1Þl ð/Þ
2lþ1

ð2lþ 1Þ! ¼ cos /þ i sin /: ð2:4Þ

Actually, in Euler’s time the theory of power series was not sufficiently developed.
Therefore it was not known that the displacement of terms, necessary for bringing
together the real and imaginary terms, is possible only for absolutely convergent
series, a property that the series (2.4) holds. Therefore his procedure is today
considered mathematically correct. From (2.4) it follows

exp½�i/� ¼ cos /� i sin /: ð2:5Þ

By multiplying (2.3) � (2.5) we obtain, in an algebraic way, the well known
trigonometric relation

1 � exp½i/� � exp½�i/� � ðcos /þ i sin /Þðcos /� i sin /Þ
¼ cos2 /þ sin2 /:

ð2:6Þ

Summing and subtracting (2.4) and (2.5) we obtain a formal relation between the
trigonometric functions and the exponential of an imaginary quantity

cos / ¼ exp½i/� þ exp½�i/�
2

; sin / ¼ exp½i/� � exp½�i/�
2i

: ð2:7Þ

We have called (2.7) a formal relations since we cannot give a meaning to the
exponential of an imaginary quantity. In any case we see in the following its
extension and its relevance.

The introduction of the exponential function of imaginary quantities allows us
to introduce the exponential transformation
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xþ iy ¼ exp½q0 þ i/� � exp½q0�ðcos /þ i sin /Þ; ð2:8Þ

and setting exp½q0� ¼ q we obtain the polar transformation

xþ iy ¼ q exp½i/� � qðcos /þ i sin /Þ: ð2:9Þ

q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 þ y2
p

¼ jzj is called radial coordinate, and / ¼ tan�1½y=x�angular
coordinate. If we write the constant a of (2.1) in polar form,

a � ðar þ iaiÞ ¼ qaðcos /a þ i sin /aÞ;

where qa ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

a2
r þ a2

i

p

; /a ¼ tan�1½ai=ar�, (2.2) becomes

x1

y1

� �

¼ qa
cos /a � sin /a

sin /a cos /a

� �

x
y

� �

� qa
x cos /a � y sin /a

x sin /a þ y cos /a

� �

: ð2:10Þ

We see that the constant a plays the role of an operator representing a homoge-
neous dilatation qa (homothety) and the transformation for the coordinates of a
point P in a rotation, of an angle /a, around the coordinates origin. Or, changing
/a ! �/a, for an orthogonal-axis rotation.

If qa ¼ 1, and if we add another constant b ¼ br þ ibi, then z1 ¼ azþ b gives
the permissible vector transformations in a Euclidean plane. For these transfor-
mations we have jz1j ¼ jajjzj ¼ jzj, i.e., the modulus of complex numbers or
vectors (or the length of a segment) is invariant.

Then, the additive and unitary multiplicative groups of complex numbers are
equivalent to the Euclidean groups of rotations and translations, which depends on
the three parameters /a; br; bi and, as shown in Fig. 2.1, complex numbers can be
used for describing plane-vector algebra. Now we can ask if other systems of
numbers have similar properties. For inquiring into this possibility we begin by
comparing the algebraic properties of sum and product for complex numbers with
the ones of plane vectors:

As the sum is concerned it is defined in the same way, for both complex
numbers and vectors, as the sum of the components, i.e., given the complex
numbers z1 ¼ x1 þ iy1 and z2 ¼ x2 þ iy2, we have

z1 þ z2 ¼ ðx1 þ x2Þ þ iðy1 þ y2Þ:

In the definition of the product there is a relevant difference:

1. the product between two complex numbers is the same as for real numbers just
by adding the rule i2 ¼ �1: we have z1z2 � ðx1 þ iy1Þðx2 þ iy2Þ ¼ x1x2 �
y1y2 þ iðx1y2 þ x2y1Þ: Therefore the product of two complex numbers is yet a
complex number.

2. As the plane vectors are concerned, their product is not a vector but rather it is a
new quantities derived from physics. In particular the scalar and the vector
products are defined.
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So we can summarize: the product between vectors is a new quantity while the
product between complex numbers is yet a complex number: complex numbers are
a group also with respect to the product operation.

Now we recall how this property allows us to generalize the complex numbers
[2]. This research for generalization can look as opposed to Gauss theorem that
stated it is not necessary the introduction of new number systems more than real
and complex numbers, but Gauss referred to solutions of algebraic equations that
was the purpose of the introduction of complex numbers. Differently we are now
looking for new uses of complex numbers, anyway we see that these systems are
related with the kind of roots of the second degree equations.

2.2 Generalization of Complex Numbers

Let us consider a two components quantity written as the complex numbers
z1 ¼ x1 þ uy1 and z2 ¼ x2 þ uy2, where u represents a general versor1 for which
we have not, a priori, defined the multiplication rule, i.e., the meaning of u2 and, as
a consequence, of all the powers of u. For the product we have

z3 � z1z2 � ðx1 þ uy1Þðx2 þ uy2Þ ¼ x1x2 þ uðx1y2 þ x2y1Þ þ u2y1y2; ð2:11Þ

we say that z is a generalized complex numbers, if the result of this multiplication
is a number of the same kind

z3 ¼ q1ðx1; x2; y1; y2Þ þ uq2ðx1; x2; y1; y2Þ; ð2:12Þ

where q1; q2 are quadratic forms as function of the components.
We obtain this result setting u2 as a linear combination of 1 and of the versor u:

u2 ¼ aþ ub; a; b 2 R [4]. Actually with this position (2.11) becomes

z3 ¼ x1x2 þ ay1y2 þ uðx1y2 þ x2y1 þ by1y2Þ ð2:13Þ

In this way the generalized complex numbers are a group with respect to the
product. These numbers are also indicated by

fz ¼ xþ uy; u2 ¼ aþ ub; x; y; a; b 2 R; u 62 Rg; ð2:14Þ

1 The name versor has been firstly introduced by Hamilton for the unitary vectors of his
quaternions [3]. This name derives from the property of the imaginary unity ‘‘i’’ since, as can be
seen from Euler formulas, multiplying by ‘‘i’’ is equivalent to ‘‘rotate’’, in a Cartesian
representation, the complex number of p=2. Since this property also holds for the hyperbolic
numbers that we are going to introduce, we use this name that also states the difference with the
unitary vectors of linear algebra.
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In the theory of hypercomplex numbers [1, Chap. 2], the constants a; b are called
structure constants and, as we see in this two-dimensional example, from their
values derive the properties of the three systems of two-dimensional numbers.

It is known that complex numbers are considered as an extension of real
numbers, as regarding the division. Actually as for real numbers it is ever possible
except for the null element x ¼ 0; y ¼ 0. Now we see how the general complex
numbers can be classified by means of their property about the division.

Actually for the division, given a number aþ ub, one has to look for a number
z ¼ xþ uy such that

ðaþ ubÞðxþ uyÞ ¼ 1: ð2:15Þ

If (2.15) is satisfied, the inverse z of aþ ub exists and we can divide any number
by aþ ub, by multiplying it by z. Thanks to the multiplication rule (2.14), (2.15) is
equivalent to the real system obtained by equating the coefficients of the versors 1
and u

axþ aby ¼ 1;

bxþ ðaþ bbÞy ¼ 0;
ð2:16Þ

As it is known from the theory of linear systems, (2.16) has a solution if the
determinant of the coefficients, given by

D ¼ a2 þ bab� ab2 � aþ b
2

b

� �2

� aþ b2

4

� �

b2; ð2:17Þ

is different from zero. Actually if D ¼ 0 the associated homogeneous system
axþ aby ¼ 0; bxþ ðaþ bbÞy ¼ 0 admits non-null solutions. These numbers for
which the product between two non-null numbers aþ ub and xþ uy, is zero are
called divisors of zero [1, Chap. 2]. The origin of this name derives from the
exposed considerations: actually, for these numbers we can formally write

aþ ub ¼ 0
xþ uy

;

therefore dividing zero for xþ uy we obtain the finite quantity aþ ub.
For studying this property (2.17), in the last passage, has been divided into two

terms: now we inquire into the second one, by setting

D ¼ b2 þ 4a ð2:18Þ
we see that the sign of the real quantity D determines the possibility of executing
the division between two numbers. Actually, let us consider in the ðb; aÞ plane the
parabola, obtained by setting D ¼ 0

a ¼ �b2=4; ð2:19Þ

that divides the plane into three regions (see Fig. 2.2). In these regions we have
D [ 0;D ¼ 0;D\0.
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The position of a point P � ðb; aÞ with respect to parabola, determines three
types of systems and we have

Theorem 2.1 We can classify the general two-dimensional numbers into three
classes according to the position of point P � ðb; aÞwith respect to parabola (2.19).

The numbers of the same type have also in common:

1. the characteristic property of the modulus, i.e., the definition of distance that
relates the system of numbers with a geometry;

2. the topological properties of the representative plane.

Fig. 2.2 The three types of two-dimensional algebras. Complex numbers can be considered as a
two components quantity and are used to representing plane vectors. On the other hand, together
with this correspondence (Sect. 2.1) there is a relevant difference between complex numbers and
vectors: the definition of the product. Actually for complex numbers, just adding the rule i2 ¼ �1, it
is an extension of the product between real numbers, i.e., the result is a complex number. As the
vectors are concerned, their product is not a vector but a new quantity introduced from physics. In
particular the scalar product and the vector product are defined. With respect to multiplication
complex numbers are a group, vectors are not. Thanks to this property complex numbers can be
generalized and two other two-dimensional systems of numbers are introduced [4, 5]. Actually let
us consider a two-components quantity we write as the complex numbers: z ¼ xþ uy, where u
represents a generic versor. If we request that the product between two numbers z1 and z2 is a
number of the same kind, i.e., z is a multiplicative group, u2 must be defined as a linear combination
of the versors 1 and u of the number z, i.e., we must set u2 ¼ aþ ub; a; b 2 R (Sect. 2.2). The values
of a; b determine the properties of the system of numbers. In particular, by considering in the ðb; aÞ
plane the parabola a ¼ �b2=4: the position of the point P � ðb; aÞ with respect to parabola,
determines if the division, except for x ¼ y ¼ 0, is possible. This property allows us to classify the
two-dimensional numbers into three types: (I) Inside the parabola ðD\0Þ we call these systems
elliptic numbers. In particular for b ¼ 0; a ¼ �1 we have the complex numbers. The division is
ever possible. (II) On the parabola ðD ¼ 0Þ, we call these systems parabolic numbers. The
division is not possible for the numbers 2xþ by ¼ 0. (III) Outside the parabola ðD[ 0Þ, we call
these systems hyperbolic numbers. The division is not possible for the numbers 2xþ
ðb� 2

ffiffiffiffi

D
p
Þy ¼ 0. All these three systems have a geometrical or physical relevance. Actually

complex numbers can represent Euclidean geometry, the group of parabolic numbers is equivalent
to Galileo’s group of classical dynamics [6] and hyperbolic numbers, as we at length see in this
book, represent the Lorentz’s group of Special Relativity
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Proof By referring to Fig. 2.2, we have

1. If P 2 ðIÞ;D\0 and D, as the sum of two squares, is never negative and it is
equal to 0 just for a ¼ b ¼ 0. Therefore any non-null element has an inverse
and, as a consequence, division is possible for any non-null number. These
systems are called elliptic numbers.

2. If P is on the parabola, D ¼ ðaþ bb=2Þ2 is zero if a; b are on the straight line
aþ bb=2 ¼ 0. Each of them admits divisors of zero satisfying xþ ðb=2Þy ¼ 0.
Division is possible for all the other numbers. These systems are called par-
abolic numbers.

3. If P 2 ðIIIÞ, the system (2.16) has solutions for a; b on the straight lines

aþ ðb�
ffiffiffiffi

D
p
Þb=2 ¼ 0. Each of them admits divisors of zero satisfying

xþ ðb�
ffiffiffiffi

D
p
Þ=2y ¼ 0. Division is possible for all the other numbers.

These systems are called hyperbolic numbers.
The divisor of zero determines the topology of the representative plane: this
plane is divided in four sectors. h

We can say that the types of the general two-dimensional systems derive from
the kinds of solutions of the second degree equation (2.17) in a=b, obtained by
setting D ¼ 0.

Let us now see the derivation of the nouns for the systems. Actually, let us
consider the conic with equation

x2 þ bxy� ay2 ¼ 0; ð2:20Þ

obtained from (2.17), by considering a; b as variables in Cartesian plane.
According to whether D � b2 þ 4a is \0; ¼0; [0, the curve is an ellipse, a
parabola or a hyperbola. This is the reason for the names used for the three types of
the general two-dimensional numbers. For the three cases, we define the canonical
systems by setting b ¼ 0 and

1. a � u2 ¼ �1. This is the case of the ordinary complex numbers. For these
numbers we set, as usual u) i.

2. a � u2 ¼ 0.
3. a � u2 ¼ 1. This system is related to the pseudo-Euclidean (space–time)

geometry, as we see in this book. For this system we set u) h. In this case the
divisors of zero satisfy y ¼ �x. In a Cartesian representation they are repre-
sented by the axes bisectors.

One can verify that any system can be obtained, from its canonical system, by a
linear transformation of the versors (with the inverse transformation for the
variables), i.e., it is isomorphic to the canonical system.
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2.2.1 Definition of the Modulus

We note that the left-hand side of (2.20), for b ¼ 0; a ¼ �1 represents the squared
modulus of complex numbers, i.e., the real and invariant quantity obtained by
multiplying z � �z. Now we see how this quantity can be defined for a generic
algebra. Actually looking at the last term of (2.17), we note that it can be written as

D ¼ 4aþ b2 � ð2u� bÞ2: in this way D is the difference between two squared
terms and can be written as the product of two linear terms that by substituting
a; b) x; y becomes ðxþ uyÞðxþ by� uyÞ 2 <. Therefore for the generic algebra
we define the number �z ¼ xþ ðb� uÞy, that multiplied for xþ uygives a real
quantity, as the complex conjugate of z ¼ xþ uy.

We conclude this generalization of complex numbers by recalling the definition
of [5, p. 11]2: C The fact that the most general complex numbers can be added,
subtracted and multiplied, all the usual laws of these operations being conserved,
but that it is not always possible divide one by another, is expressed by saying that
such numbers form a ring. B

The representation of Euclidean geometry by means of complex numbers and
the equivalence, from the algebraic point of view, between complex and hyper-
bolic numbers let us suppose that also the hyperbolic numbers, can be associated
with a geometry. Now we see that their geometry is the one of special relativity.

2.3 Lorentz Transformations and Space–Time Geometry

We briefly recall how Lorentz transformations of Special Relativity were
established.

For some decades, at the end of 19th century the Newton dynamics and
gravitational theory together with Maxwell equations of electro-magnetic field
were considered adequate for a complete description of physical world: the
mechanics and gravitation law formalize the motions on the Earth and of celestial
bodies, Maxwell equations, besides the technical and scientific relevance, also
explain the light propagation.

Actually these two theories and the effort to put them in a same logical frame,
brought about the starting ideas for the ‘‘scientific revolutions’’ of 20th century,
that are today considered very far of being concluded.

We begin by setting out their different mathematical nature and the role the
time holds.

1. The Newton dynamics equations give the bodies positions as functions of time.
The time acts as a parameter.

2 We use C. . .B to identify material that reports the original author’s words or is a literal
translation.
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2. The Maxwell equations allow us to calculate the electric and magnetic fields,
from static and moving charges. These fields depend in an equivalent way on
space coordinates and time.

From a mathematical point of view the Newton equations are ordinary differ-
ential equations, Maxwell equations are a partial differential system.

Moreover besides these mathematical differences there were theoretical con-
siderations and experimental results, as the Michelson and Morley experiment, that
we directly recall, that stated that Newton and Maxwell equations are not equiv-
alent also for a physical point of view.

The result of this debate was that Poincaré and Einstein, in the same year
(1905), looked for the variable transformations that leaved the same expressions of
Maxwell equations when one considers two reference systems in uniform relative
motion. This requirement is the same as the invariance of Newton dynamics
equations with respect to Galileo’s group.

Both the scientists obtained the today known Lorentz transformations of special
relativity.

Since Maxwell equations depend in an equivalent way from both time and
space variables, also the transformations depend in an equivalent way on these
variables.

For practical purposes the Lorentz transformations, notwithstanding can be
considered as elementary from a mathematical point of view, have represented, for
the connexion between space and time, a ‘‘revolution’’ with respect to settled
philosophical concepts about ‘‘time’’.

The Poincaré and Einstein works reflect their professionalism and their inter-
pretation of the results are complementary:

• Poincaré, one of the most important and encyclopedic mathematician at the turn
of the century, associated these transformations with group theory (today known
as Lorentz–Poincaré’s group).

• Einstein, young physicist, had the cheek to extend the transformation laws
relating space with time, obtained for Maxwell equations, to dynamics equa-
tions. This extension, together with the paper about photoelectric effect pub-
lished by Einstein in the same year, was the basis for the most important
scientific results of 20th century. Actually the results of both these works entail
the equivalence between waves and corpuscles.

Now we briefly recall Einstein’s formulation, who gives to the obtained
transformations the physical meaning today accepted, in particular the extension to
Newton dynamics of the obtained relation between space and time.

Einstein was able to obtain in a straightforward way and by means of ele-
mentary mathematics the today named Lorentz transformations, starting from the
two postulates

1. all inertial reference frames must be equivalent
2. light’s velocity is constant in all inertial systems.
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The first postulate is the same stated by Galileo and applied to the laws of
dynamics, that starts from the principle that by means of physical experiments we
cannot detect the state of relative uniform motion.

The second one takes into account the results of experiments carried out by
Michelson and Morley. These experiments have shown that the speed of the light
is the same in all inertial systems and is independent of the direction of the motion
of the reference frame relative to the ray of light. Actually also this experimental
result, in contrast with the traditional physics, stimulated the search for new the-
ories which could explain it.

For the formalization of the problem let us consider a reference system ðt; xÞ
and another ðt1; x1Þ in motion with constant speed v1 with respect to the first one.
In this description t represents the time multiplied by light’s velocity (c = 1) and
v1 the speed divided by c. The obtained transformations are

x1 ¼
xþ v1t
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
1

p ; t1 ¼
v1xþ t
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
1

p : ð2:21Þ

From these equations we note two relevant differences with respect to classical
dynamics

1. both the length x and the time t depend on the speed of the reference frame in
which are measured,

2. the square root of the quantity t2 � x2 ¼ t2
1 � x2

1 is invariant and is called
proper time.

The dependence of time on the speed of the reference system originated the
‘‘twin paradox’’. This problem is exhaustively formalized in Chap. 6.

Now let us consider a third system ðt2; x2Þ in motion with speed v2, with respect
to system ðt1; x1Þ. The transformation equations from the first system and this one
are again (2.21) with the substitution v1 ! vT where vT is given by

vT ¼
v1 � v2

1� v1v2
; ð2:22Þ

where the þ and � signs refer if v1 and v2 have the same or different directions.
Therefore, as recalled in Appendix A.4, the relations (2.21) represent a group,
i.e., two repeated transformations have the same expression as (2.21) with a
speed vT that is a function of the speeds (parameters) of the component trans-
formations. From (2.22) it follows that if v1 or v2 are equal to 1 (one reference
system have the speed of the light), we have vT ¼ 1. The light’s velocity is a
limiting speed.

Therefore a line in the t; x plane can represent the motion of a body only if the
tangent lines have an angular coefficient dx=dt � v\1. These curves (or lines) are
called time-like. In a similar way the lines that have an angular coefficient dx=dt �
v [ 1 are called space-like and if dx=dt � v ¼ 1 are called light-like.
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From the considerations of Appendix A it follows:
we can introduce a geometry that, with respect to the distance of Euclidean

geometry, has as invariant the square root of the quantity t2 � x2, i.e., the proper
time.

For this geometry the transformations (2.21) represent the motions.
This geometry is called pseudo-Euclidean or Minkowskian geometry.

2.4 The Geometry Associated with Hyperbolic Numbers

Let us now apply to hyperbolic numbers the same considerations that allow one to
associate complex numbers with Euclidean geometry. Let us consider the system
of hyperbolic numbers defined as

fz ¼ xþ h y; h2 ¼ 1; x; y 2 R; h 62 Rg:

As for complex numbers, we call ~z ¼ x� h y the hyperbolic conjugate3 and

define the modulus as jzj ¼
ffiffiffiffiffiffiffiffi

jz~zj
p

�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jx2 � y2j
p

. Therefore, by giving to one
variable the physical meaning of time, the modulus can be recognized as the
invariant of the two-dimensional special relativity (proper time). Now we see that
hyperbolic geometry is equivalent with the ‘‘geometry of special relativity’’. Let us
now see its properties (Fig. 2.3).

As for complex numbers, given two hyperbolic numbers, z1; z2, we have
jz1 � z2j ¼ jz1j � jz2j.

Let us now consider the multiplicative group given by the product of z for a
hyperbolic constant

z1 ¼ az � ðar þ hahÞðxþ h yÞ; ð2:23Þ
this group can be expressed in vector–matrix form by

x1

y1

� �

¼ ar ah

ah ar

� �

x
y

� �

: ð2:24Þ

This result is the same as (2.2): the multiplicative constant is an operator that acts
on the vector ðx; yÞ.

As for complex numbers we can introduce the Hyperbolic exponential
function and hyperbolic polar transformation.

In hyperbolic geometry these transformations play the same important role as the
corresponding complex ones in Euclidean geometry. In [1, Chap. 7] the functions of
a hyperbolic variable are introduced and analogies and differences with respect to
functions of a complex variable are pointed out. Here we define the exponential
function of a hyperbolic number following the method that Euler used for intro-
ducing the complex exponential with his famous formula (2.3). Actually going on as

3 Here and in the following we use the symbol ~: for indicating the hyperbolic conjugate.
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for (2.4), taking into account that the even powers of h are equal to 1 and the odd
powers to h, we can recognize that the real and hyperbolic parts of the series
developments correspond to the hyperbolic trigonometric functions, and we have

exp½h h� ¼
X

1

l¼0

ðh hÞl

l!
¼
X

1

l¼0

ðh hÞ2l

ð2lÞ! þ
X

1

l¼0

ðh hÞ2lþ1

ð2lþ 1Þ!

¼
X

1

l¼0

ðhÞ2l

ð2lÞ! þ h
X

1

l¼0

ðhÞ2lþ1

ð2lþ 1Þ! ¼ cosh hþ h sinh h:

ð2:25Þ

Fig. 2.3 Geometry in pseudo-Euclidean plane The Euclidean geometry is defined by the
invariance of geometrical figures with respect to their rotations and translations. Or, in a
Cartesian representation, with respect to the reference axes rotations. These same two criterion
can be applied to Lorentz transformations of special relativity. Following the Newton dynamics,
the motion of a body is represented in a Cartesian reference frame x; y, by a curve expressed as
function of a parameter t, to which we can give the physical meaning of time. From special
relativity, formalized by (2.21), the ‘‘time’’ is ‘‘equivalent’’ to space then, in a representation on a
plane, one reference axis must represent the time. Therefore, in this plane, a curve x ¼ xðtÞ
represents the motion of a body. In particular a straight line x ¼ bt; b\1 represents a uniform
motion. As we do for Euclidean geometry, represented in a Cartesian plane (Fig. 2.1), we can
consider a second reference frame t1; x1 for which the relation between the old and new variables,
corresponding to the Euclidean (2.10), is given by (2.21). In this transformation, as it has been
shown for the first time by Minkowski after whom the space–time geometry is named, the
transformed axes are not yet orthogonal. As it is shown in the figure, they go in a symmetric way
toward the axes bisector (b) t ¼ x. As we see in Fig. 3.2 these axes are yet ‘‘orthogonal in the
hyperbolic geometry’’. Minkowski, by means of this geometrical representation, studied the
dependence of t1; x1 on the body’s velocity. The second possibility is the one studied in this book,
i.e., to stay in a representative Cartesian plane by applying in this plane the geometry that leaves
as invariant the ‘‘space–time’’ distance. We observe that while the axes rotation allow us to study
just the uniform motions, represented by (2.21), this second approach allows us to quantify the
‘‘relativistic effect’’ for every motion. Actually for all the lines in t; x plane that represent a
motion ðb\1Þ, its ‘‘relativistic length’’ is the proper time. These lengths can be evaluated for all
the lines and then the differences or the ratios between the respective proper times. In particular
(see Chap. 6) for uniform and uniformly accelerated motions, and all their compositions, these
calculations are performed by elementary methods (Figs. 6.1–6.5); for a general motion by means
of differential geometry (Fig. 6.6.)
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In particular cosh h ¼ 1þ even powers, then cosh h[ 1.
By means of exponential function we introduce the exponential transformation

z � xþ h y ¼ exp½q0 þ h h� � exp½q0�ðcosh hþ h sinh hÞ; ð2:26Þ

and setting 0\ exp½q0� ¼ q we obtain the hyperbolic polar transformation

z � xþ h y ¼ q exp½h h� � qðcosh hþ h sinh hÞ: ð2:27Þ

Where, as for complex numbers, q is called radial coordinate, and h is called
angular coordinate.

By comparing the real and the hyperbolic parts we can obtain, as for the polar

transformation q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � y2
p

� jzj and h ¼ tanh�1ðy=xÞ. From (2.27) we have

~z � x� h y ¼ q exp½�h h� � qðcosh h� h sinh hÞ: ð2:28Þ

Setting q ¼ 1 and multiplying (2.27) by (2.28) we obtain the relevant relations
between the hyperbolic trigonometric functions

1 � exp½h h� � exp½�h h� � ðcosh hþ h sinh hÞðcosh h� h sinh hÞ
¼ cosh2 h� sinh2 h:

ð2:29Þ

From this relation and the previous one ðcosh h[ 1Þ, it follows cosh h [ sinh h,
therefore the polar representation (2.27) holds for x [ y; x [ 0. In Chap. 3 we see
how it is possible to extend it for representing points in the whole x; y plane.

Let us come back to the multiplicative groups (2.23) and, as for complex
numbers, let us write the constant

a � ar þ h ah ¼ qaðcosh ha þ h sinh haÞ ð2:30Þ

in hyperbolic polar form, (2.24) becomes

x1

y1

� �

¼ qa
cosh ha sinh ha

sinh ha cosh ha

� �

x
y

� �

� qa
x cosh ha þ y sinh ha

x sinh ha þ y cosh ha

� �

: ð2:31Þ

By considering, as for complex numbers, the transformation with qa ¼ 1 the
modulus, i.e., the square root of the quantity ðx2 � y2Þ, equivalent to proper time,
is invariant. These transformations shall be called hyperbolic rotations and, we
are going to see, they represent the Lorentz transformations of Special
Relativity.
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2.4.1 Hyperbolic Rotations as Lorentz Transformations

Let us write a space–time vector as a hyperbolic variable,4w ¼ t þ h x and con-
sider a unitary hyperbolic constant a ¼ ar þ h ah; a2

r � a2
h ¼ 1. If we give to the

components of constant a the physical meaning given to the variables, ar corre-
sponds to time and ah to a space variable. Therefore ah=ar � x=t has the meaning
of a velocity v. If a represents a physical motion ðv\1Þ, it must be ar [ ah (with
this position a is a time-like constant). Setting a in polar form (2.30), we have

ar þ h ah � exp½h ha� � cosh ha þ h sinh ha

where ha ¼ tanh�1½ah=ar� � tanh�1½v�:
ð2:32Þ

Transformation (2.31) becomes

t1 þ h x1 ¼ t cosh ha þ x sinh ha þ hðt sinh ha þ x cosh haÞ: ð2:33Þ

By considering as equal the coefficients of versors ‘‘1’’ and ‘‘h’’, as we do in
complex analysis, we get the Lorentz transformation of two-dimensional special
relativity [7]. Actually, from the second of (2.32) we have tanh ha ¼ v, and, by
means of the relation (2.29), we have

sinh ha ¼
v
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p ; cosh ha ¼

1
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p : ð2:34Þ

These relations allow us to verify that (2.33) are the same as (2.21).
In addition the composition (2.22) of speeds of two motions is given by the sum

of the hyperbolic angles corresponding to the two speeds (see 4.24).
We also have

Theorem 2.2 The Lorentz transformation is equivalent to a ‘‘hyperbolic
rotation’’.

Proof By writing the hyperbolic variable t þ h x in exponential form (2.26)

t þ h x ¼ q exp½h h�;

the Lorentz transformation (2.33), becomes

t1 þ h x1 ¼ aðt þ h xÞ � q exp½hðhþ haÞ�: ð2:35Þ

From this expression we see that the Lorentz transformation is equivalent to a
‘‘hyperbolic rotation’’ of the angle ha, of the t þ h x variable. h

4 In all the problems which refer to Special Relativity (in particular in Chap. 6) we change the
symbols by indicating the variables with letters reflecting their physical meaning x; y) t; x, i.e.,
t is a normalized time variable (light velocity c ¼ 1) and x a space variable.
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This correspondence allows us to call hyperbolic and pseudo-Euclidean the
representative plane of space–time (Minkowski’s) geometry and trigonometry. We
note that to writing the Lorentz transformations by means of hyperbolic trigono-
metric functions, is normally achieved by following a number of ‘‘formal’’ steps,
i.e., by introducing an ‘‘imaginary’’ time t0 ¼ it which makes the Lorentz invariant
ðx2 � t2Þ equivalent to the Euclidean invariant ðx2 þ y2Þ, and by introducing the
hyperbolic trigonometric functions through their equivalence with circular func-
tions of an imaginary angle. We stress that this procedure is essentially formal,
while the approach based on hyperbolic numbers leads to a direct description of
Lorentz transformation explainable as a result of symmetry (or invariants) pres-
ervation: the Lorentz invariant (space–time ‘‘distance’’) is the invariant of
hyperbolic numbers and the unimodular multiplicative group of hyperbolic num-
bers represents the Lorentz transformations, as the unimodular multiplicative
group of complex numbers represents the rotations in a Euclidean plane.5

Therefore we conclude:
For the description of the physical world the hyperbolic numbers have the

same relevance of complex numbers.
And, following Beltrami (see Sect. A.3), we can say: results that seem

contradictory with respect to Euclidean geometry are compatible with
another geometry as simple and relevant as the Euclidean one.

2.5 Conclusions

The association of hyperbolic numbers with the two-dimensional Lorentz’s group
of Special Relativity makes hyperbolic numbers relevant for physics and stimulate
us to find their application in the same way as complex numbers are applied to
Euclidean plane geometry.

In Chap. 4 we see that it is possible go over with respect to this project.
Actually we show that the link between complex numbers and Euclidean geometry
allow us to formalize, in a Cartesian plane, the trigonometric functions as a direct
consequence of Euclid’s rotation group (Sect. 4.1.1). This result allows us to show
that all the trigonometry theorems can be obtained by an analytical method, as
mathematical identities, instead of the usual method of Euclidean geometry and
trigonometry for which theorems are demonstrated by means of the axiomatic-
deductive method and geometrical observations. Afterward, taking into account
that hyperbolic numbers have the same algebraic properties of complex numbers,
these approaches to Euclidean geometry and trigonometry are extended to the
space–time and, by means of hyperbolic numbers, the theorems are demonstrated

5 Within the limits of our knowledge, the first description of Special Relativity, directly by these
numbers was introduced by I. M. Yaglom [6].
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through an algebraic method that replaces the absence, in space–time plane, of the
intuitive Euclidean observations.

In this way, we obtain the complete formalization of space–time geometry, by
means of the axiomatic-deductive method, starting from experimental axioms, thus
equivalent to Euclid’s geometry construction.

Therefore the problems in Minkowski space–time are solved as we usually do
in the Euclidean Cartesian plane.

2.6 Appendix

2.6.1 Cubic Equation and Introduction of Complex Numbers

All the third degree equations were reduced to

x3 þ pxþ q ¼ 0 ð2:36Þ

by the mathematicians Nicolò Fontana (named Tartaglia) and Girolamo Cardano
(Ars magna, Nurberg, 1545) and they found the solution

x ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� q

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q

2

� �2
þ p

3

� �3
r

3

s

þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

� q

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q

2

� �2
þ p

3

� �3
r

3

s

: ð2:37Þ

This equation has three real roots if

q

2

� �2
þ p

3

� �3
\0:

This negative quantity appears under a square root, then a paradox grows that the
solution of a geometrical problem is obtained by means of quantity that does not
have a geometrical meaning.

Today we say that these solutions are the sum of two complex conjugate
quantities, therefore the final result is real.

Raffaele Bombelli, at the end of 16th century has introduced (Algebra,
Bologna, 1572), complex numbers for the solution of cubic equations, by for-
mulating, practically in modern form, the four operations with complex numbers
and introducing the expression that today we write aþ ib.6 These numbers have
been called imaginary by Descartes and this name is also the actual one. The way

6 Bombelli writes: C … also if this introduction can appear as an extravagant idea and I
considered it, for some time, as sophistical rather than true, I have found the demonstration that
it works well in the operations. B
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for the modern formalization has required more than two centuries and has been
completed by Euler and Gauss by:

• the introduction of the imaginary unity i,
• to call complex numbers the binomial aþ ib
• to introduce the functions of a complex variable, for relevant physical (Euler: the

motion of fluids) and geometrical (Gauss: conformal mapping) applications.

2.6.2 Geometrical and Classical Definition
of Hyperbolic Angles

2.6.2.1 Geometrical Meaning of Hyperbolic Angle

We have seen that the circular trigonometric functions could be introduced, in a
formal way, by means of Euler’s formula (2.7). In a similar way the hyperbolic
trigonometric functions can be introduced. Actually by summing and subtracting
(2.27) and (2.28) for q ¼ 1 we obtain a formal relation between the hyperbolic
trigonometric functions and exponential function of a hyperbolic quantity

cosh h � x ¼ exp½h h� þ exp½�h h�
2

; sinh h � y ¼ exp½h h� � exp½�h h�
2h

: ð2:38Þ

We can check that also from these relations (2.29) follows. From (2.29) we can
obtain the geometrical interpretation of hyperbolic trigonometric functions.
Actually let us consider in the x; y Cartesian plane, the curve

x ¼ cosh h; y ¼ sinh h; ð2:39Þ

as function of the parameter h.
This curve, taking into account that cosh h [ sinh h and cosh h [ 1 represents

the right arm of the unitary equilateral hyperbola x2 � y2 ¼ 1.
Therefore, by analogy with the circular angles defined on the unitary circle, we

can call h the hyperbolic angle and define cosh h and sinh h as the abscissa and the
ordinate of the hyperbola point defined by h, respectively (see Fig. 2.4).

Now we see another correspondence with the circular trigonometric functions.
Actually we know that trigonometric angles, measured by radiants, are equal to
twice the area of the circular sectors they identify. The same is true for hyperbolic
angles. We have

Theorem 2.3 The hyperbolic angle h is twice the area of the sector OVP
(Fig. 2.4)

Proof The area of the sector OVP is given by the difference between the areas of
triangle OHP and VHP. Therefore, by means of (2.39), we have
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areaðOHPÞ ¼ 1
2

sinh h cosh h ¼ sinh 2h
4

areaðVHPÞ ¼
Z

h

0

y dx �
Z

h

0

sinh2h dh ¼ sinh 2h
4
� h

2

areaðOVPÞ � areaðOHPÞ � areaðVHPÞ ¼ h
2
:

ð2:40Þ

The integral is solved by means of (4.28). h

Now we see how this definition allows one to introduce the classical hyperbolic
trigonometric functions.

2.6.2.2 Classical Definition of Hyperbolic Trigonometric Functions

Let us consider the equation of hyperbola in Cartesian coordinates x2 � y2 �
ðxþ yÞðx� yÞ ¼ 1 that can also be written

Fig. 2.4 Geometrical definition of hyperbolic angles. The trigonometric circular functions are
defined by means of goniometric circle. In a similar way the hyperbolic trigonometric functions
can be defined by means of the unitary equilateral hyperbola. Actually let us consider the right
arm of hyperbola x2 � y2 ¼ 1 and define an angle h corresponding to half-line OP so that
cosh h ¼ OH; sinh h ¼ HP. In Appendix 2.6.2 we see that, as for circular angles measured in
radiants, also to hyperbolic trigonometric angles h we can give the geometrical meaning of an
area h ¼ 2areaðOVPÞ. In Chap. 4, we also see that this area has the same value measured in both
‘‘hyperbolic’’ or ‘‘Euclidean’’ way
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y ¼ �
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

ð2:41Þ

x� y ¼ 1
xþ y

ð2:42Þ

we have

areaðOHPÞ ¼ xy

2
� x

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

2
ð2:43Þ

areaðVHPÞ ¼
Z x

1
ydx �

Z x

1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

dx � x
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

� lnðxþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

Þ
2

� x
ffiffiffiffiffiffiffiffiffiffiffiffiffi

x2 � 1
p

� lnðxþ yÞ
2

ð2:44Þ

areaðOVPÞ � areaðOHPÞ � areaðVHPÞ ¼ lnðxþ yÞ
2

: ð2:45Þ

Comparing (2.40) with (2.45) we have

h ¼ lnðxþ yÞ ) xþ y ¼ exp½h�; ð2:46Þ

and from (2.42)

lnðx� yÞ ¼ � lnðxþ yÞ ) lnðx� yÞ ¼ �h) x� y ¼ exp½�h�: ð2:47Þ

Summing and subtracting (2.46) and (2.47), the classical definition follows

cosh h � x ¼ exp½h� þ exp½�h�
2

; sinh h � y ¼ exp½h� � exp½�h�
2

: ð2:48Þ
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Chapter 3
Geometrical Representation of Hyperbolic
Numbers

Abstract A relevant property of Euclidean geometry is the Pythagorean distance
between two points. From this definition the properties of analytical geometry
follow. In a similar way the analytical geometry in Minkowski plane is introduced,
starting from the invariant quantities of Special Relativity.

Keywords Distance in Minkowski plane � Distance in space-time � Analytical
geometry in space-time

3.1 Introduction

In this chapter we formalize the analytic geometry into hyperbolic plane, i.e., to
obtain the ‘‘geometrical consequences’’ deriving from the definition of ‘‘distance’’
by means of a non-definite quadratic form.

Let us consider the two-dimensional system of hyperbolic numbers defined as

fz ¼ xþ h y; h2 ¼ 1; x; y 2 R; h 62 Rg;
and let us introduce a hyperbolic Cartesian plane by analogy with the Gauss–
Argand plane of a complex variable.

In this plane we associate points P � ðx; yÞ with hyperbolic numbers z ¼
xþ h y and define their quadratic distance from the origin of coordinates as

D ¼ z~z � x2 � y2: ð3:1Þ
Therefore the equilateral hyperbolas x2 � y2 ¼ const: represent the locus of points
at the same distance from the coordinates origin, as the circles in Euclidean plane.
We will see in Chap. 5, that also the theorems, usually stated for circles, hold in
hyperbolic plane for equilateral hyperbolas.

The definition of distance (metric element) is equivalent to introducing the
bilinear form of the scalar product. The scalar product and the properties of
hyperbolic numbers allow one to state suitable axioms ([1], p. 245) and to give the
structure of a vector space to hyperbolic plane.

F. Catoni et al., Geometry of Minkowski Space–Time, SpringerBriefs in Physics,
DOI: 10.1007/978-3-642-17977-8_3, � Francesco Catoni 2011
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We begin by seeing the topological properties of hyperbolic plane by consid-
ering the multiplicative inverse of z that, if it exists, is given by 1=z � ~z=z~z:
This implies that z does not have an inverse when z~z � x2 � y2 ¼ 0, i.e., when
y ¼ �x, or alternatively when z ¼ x� h x. For these numbers, that, as shown in
Sect. 2.2, are called ‘‘divisors of zero’’, also the product is not univocally defined.

These numbers are represented on two straight lines, the axes bisectors, that
divide the hyperbolic plane in four sectors that we shall call Right sector (Rs), Up
sector (Us), Left sector (Ls), and Down sector (Ds).

Now let us consider the quadratic distance (3.1), which is positive in
Rs; Ls ðjxj[ jyjÞ sectors, and negative in Us;Ds ðjxj\jyjÞ sectors. As we better
see in this and next chapters, this quantity must have its sign and appear in this
quadratic form.

It must be noted that this mathematical exposition is more general than the
requirements of special relativity where, by giving the physical meaning of time to
one of the variable, it must be t [ x then t2 � x2 [ 0.

When we must use the linear form (the modulus of hyperbolic numbers or the
length of a segment), we follow the definition of Yaglom ([1], p. 180), by taking
the absolute value of the quadratic distance

q ¼
ffiffiffiffiffiffiffiffi

jz~zj
p

�
ffiffiffiffiffiffiffi

jDj
p

: ð3:2Þ

3.2 Extension of Hyperbolic Exponential Function and
Hyperbolic Polar Transformation

We have seen that the exponential function (2.26) allows us to introduce the
hyperbolic polar transformation but just for x; y in the Rs sector of hyperbolic
plane. This representation can be extended to the complete (x; y) plane, by means
of the transformations

if jxj[ jyj; xþ h y ¼ signðxÞq exp h h½ � � signðxÞqðcosh hþ h sinh hÞ; ð3:3Þ

if jxj\jyj;þh y ¼ signðyÞq h exp h h½ � � signðyÞqðsinh hþ h cosh hÞ; ð3:4Þ

where q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jx2 � y2j
p

and h is defined by

for jxj[ jyj ; h ¼ tanh�1ðy=xÞ; for jxj\jyj ; h ¼ tanh�1ðx=yÞ;

This extension is reported in Table 3.1.

Table 3.1 Map of the complete (x; y) plane by hyperbolic polar transformation

jxj[ jyj jxj\jyj
Right sector (Rs) Left sector (Ls) Up sector (Us) Down sector (Ds)

z ¼ q exp½h h� z ¼ �q exp½h h� z ¼ h q exp½h h� z ¼ �h q exp½h h�
x ¼ q cosh h x ¼ �q cosh h x ¼ q sinh h x ¼ �q sinh h
y ¼ q sinh h y ¼ �q sinh h y ¼ q cosh h y ¼ �q cosh h
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3.3 Geometry in the Hyperbolic Plane

Now we restate for the hyperbolic Cartesian plane some classical definitions and
properties of the Euclidean Cartesian plane.

• Definitions
Given two points Pj � ðxj; yjÞ; Pk � ðxk; ykÞ that are associated with the
hyperbolic variables zj ¼ xj þ h yj and zk ¼ xk þ h yk, we define the quadratic
distance between them by extending (3.1),

Dj k ¼ ðzj � zkÞð~zj � ~zkÞ: ð3:5Þ

As a general rule we indicate the quadratic segment lengths by capital letters,
and by the same small letters the square root of their absolute value

dj k ¼
ffiffiffiffiffiffiffiffiffiffi

jDj kj
q

: ð3:6Þ

Following ([1], p. 179) a segment or line is said to be of the first (second) kind if
it is parallel to a line through the origin located in the sectors containing the xðyÞ
axis. This classification of straight lines is equivalent to the one of special
relativity recalled in Sect. 2.3. Actually if one variable has the physical meaning
of time, in the t; x plane, we have

1. the straight lines called of the first kind are the same as the time-like,
2. the straight lines called of the second kind are the same as the space-like.

Therefore the segment PjPk is of the first (second) kind if Dj k [ 0 (Dj k\ 0).
We also call for hyperbolic numbers, as it is usual for complex variables,<f � g

the real part andHf� g the coefficient of the hyperbolic versor.

• Straight line equations
We know that in the Euclidean Cartesian plane the equations of straight lines in
normal form, are expressed by means of the circular trigonometric functions.
Now we see that the most appropriate expressions of the equations of a straight
line in the hyperbolic plane is by means of hyperbolic trigonometric functions.
Actually these expressions state the kind of straight lines and reflect the topo-
logical characteristics of the hyperbolic plane.

In particular, depending on their kind, we have two different expressions for
the equations of straight lines

– for jx� x0j[ jy� y0j (a straight line of the first kind) is written as

ðx� x0Þ sinh h� ðy� y0Þ cosh h ¼ 0; ð3:7Þ

– for jx� x0j\jy� y0j (a straight line of the second kind) is written as

ðx� x0Þ cosh h0 � ðy� y0Þ sinh h0 ¼ 0: ð3:8Þ

The angle h0 is measured referring to the y axis as explained in Table 4.1.
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• Pseudo-orthogonality

Theorem 3.1 Two straight lines are pseudo-orthogonal if they are symmetric
with respect to the straight lines from their crossing point, parallel to axes
bisectors

Proof As for Euclidean plane, two straight lines in the hyperbolic plane are said
to be pseudo-orthogonal when the scalar product of their unity vectors (direction
cosine) is zero. The definition of scalar product derives from the definition of
distance. In particular, as we better see in Sect. 4.1, given two vectors written in
the formalism of hyperbolic numbers as

v1 ¼ x1 þ h y1 and v2 ¼ x2 þ h y2;

the scalar product is defined as

<ðv1~v2Þ � < ðx1 þ h y1Þðx2 � h y2Þ½ � ¼ x1 x2 � y1 y2: ð3:9Þ

Let us consider two straight lines of the first kind v1; v2 expressed by (3.7), with
angular coefficients given by the hyperbolic angles h1; h2, the direction cosines
will be: for v1 � ðsinh h1; cosh h1Þ and for v2 � ðsinh h2; cosh h2Þ. Their scalar
product is

v1 � v2 ¼ sinh h1 sinh h2 � cosh h1 cosh h2 � � coshðh1 � h2Þ 6¼ 0 ð3:10Þ

Therefore two straight lines of the same kind, cannot be pseudo-orthogonal.
Now, together with v1, we consider the straight line of the second kind

v02 � ðcosh h02; sinh h02Þ. Their scalar product is:

v1 � v02 ¼ sinh h1 cosh h02 � cosh h1 sinh h02 � sinhðh1 � h02Þ: ð3:11Þ

Then a straight line of the first kind (3.7) has a pseudo-orthogonal line of the
second kind (3.8) with the same angle (h1 ¼ h02), and conversely.

Taking into account (Fig. 3.1) that h1 is measured with respect to x axis and
h02 with respect to y axis, we have the demonstration of theorem. h

This result, well known in special relativity, is represented in Fig. 3.2
Let us now see some properties similar to straight lines in Euclidean and

hyperbolic planes.

• It is known that in complex formalism, the equation of a straight line is given by

< ðxþ i yÞðexp½i /�Þ þ Aþ i B½ � ¼ 0; A; B 2 R; ð3:12Þ

and its orthogonal straight line by

= ðxþ i yÞðexp i /½ �Þ þ Aþ i B½ � ¼ 0; A; B 2 R:

The same result holds in the hyperbolic plane in hyperbolic formalism.
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Actually we can write the equation of a straight line in a hyperbolic plane as

< ðxþ h yÞðexp h h½ �Þ þ Aþ h B½ � ¼ 0; A; B 2 R: ð3:13Þ

We can check that the hyperbolic part

H ðxþ h yÞðexp½h h�Þ þ Aþ h B½ � ¼ 0; A; B 2 R ð3:14Þ

represents its pseudo-orthogonal straight line. We note that the product of the
angular coefficients for two pseudo-orthogonal lines is ?1, instead of -1 as in
the Euclidean plane.

– For complex numbers the Euler’s formula (2.3) gives

i ¼ exp i p=2½ �: ð3:15Þ

Fig. 3.1 Indication of direction paths on the four arms of hyperbola as the parameter h goes from
-? to ??. For q = 1 the x, y in Table 3.1 represent the four arms of equilateral hyperbolas
|x2 - y2| = 1. These four arms of hyperbola correspond, in the hyperbolic plane, to goniometric
circle that in Euclidean plane is used for defining the trigonometric functions. In Sect. 2.6.2, we
have seen that we can give to h the meaning of a ‘‘hyperbolic angle’’ and allows one to define the
hyperbolic trigonometric functions in Rs. In Table 3.1 we have extended the polar hyperbolic
transformation in the complete x, y plane, in the same way we now extend the hyperbolic
trigonometric functions in the whole plane, by defining them on the four arms of equilateral
hyperbola |x2 - y2| = 1 and measuring h with respect to the coordinate semi-axis of the
corresponding sector. In Sect. 4.3 (Figs. 4.1 and 4.2), we see the analytical and geometrical
formalization of this extension. We can note the different symmetry from Euclidean and pseudo-
Euclidean planes: in the former the angles in all sectors are increasing in the anticlockwise
direction; for the latter the sign of the angles is symmetric with respect to axes bisectors.
Therefore in sectors Us and Ds they are increasing clockwise
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Therefore to multiply a vector for i, is equivalent to rotate it by p=2. Otherwise
we have just recalled that the real and the imaginary part of the straight line
(3.12) represent two orthogonal straight lines both in the complex and hyper-
bolic planes. Actually we see in next chapter that it is possible and important to
extend the hyperbolic trigonometric functions. This extension allows one to
state a relation equivalent with (3.15).

Now we show this property with a simple test. Actually we have
h ðxþ h yÞ ¼ yþ h x, therefore the multiplication by h gives a point symmetric
with respect to axes bisectors, and the straight lines from the origin to sym-
metric points are pseudo-orthogonal.

• Axis of a segment
As in the Euclidean plane, we have

Theorem 3.2 The axis of a segment in hyperbolic plane is pseudo-orthogonal to
a segment in its middle point.

Proof Let us consider two points P1 � ðx1; y1Þ, P2 � ðx2; y2Þ. The points that
have the same hyperbolic distance from these two points are determined by
equation

PP1
2 ¼ PP2

2 ) ðx� x1Þ2 � ðy� y1Þ2 ¼ ðx� x2Þ2 � ðy� y2Þ2

) ðx1 � x2Þð2x� x1 � x2Þ ¼ ðy1 � y2Þð2y� y1 � y2Þ ð3:16Þ

and, in canonical form,

y ¼ ðx1 � x2Þ
ðy1 � y2Þ

xþ ðy
2
1 � y2

2Þ � ðx2
1 � x2

2Þ
2ðy1 � y2Þ

: ð3:17Þ

Fig. 3.2 Pseudo-orthogonal straight lines. From an analytical point of view two straight lines are
orthogonal if the scalar product of the direction cosines is null. This definition is extended to
pseudo-Euclidean plane. As we can see in Sect. 4.2, the definition of the scalar product depends
on the definition of distance, then its expression in hyperbolic plane is different from the
Euclidean scalar product. As it is shown by Theorem 3.1, in a Euclidean representation two
straight lines are pseudo-orthogonal if they are symmetric with respect to the parallels to the axes
bisectors from their crossing point
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Therefore from (3.17) it follows that the axis is pseudo-orthogonal to segment
P1P2, and from (3.16) that it passes through its middle point PM � ððx1 þ
x2Þ=2; ðy1 þ y2Þ=2Þ. h

• Distance of a point from a straight line

Theorem 3.3 The distance of a point P1 from a straight line c is proportional to
the result of substituting the coordinates of P1 in the equation for c.

Proof Let us take a point P � ðx; yÞ on the straight line c : fy� mx� q ¼ 0g,
and a point P1 � ðx1; y1Þ outside the straight line. The quadratic distance

P P
2
1 ¼ ðx� x1Þ2 � ðy� y1Þ2

has its extreme for the point P2 of the straight line, with abscissa

x � x2 ¼ ðx1 � my1 � mqÞ=ð1� m2Þ;

and quadratic distance

P2P1
2 � D1 2 ¼

ðy1 � mx1 � qÞ2

m2 � 1
and d1 2 ¼

jy1 � mx1 � qj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jm2 � 1j
p : ð3:18Þ

It is easy to verify that this distance corresponds to a maximum as it is well
known from special relativity [2]. From expressions (3.18) the theorem follows.

h

The equation of the straight line through P1 and P2 is

ðy� y1Þ ¼
1
m
ðx� x1Þ;

that represents a straight line pseudo-orthogonal to c.
In particular if the equation of the straight line is in the form (3.7) or (3.8),

the linear distance is obtained, as in Euclidean geometry, by substituting the
point coordinates in the equation of the straight line

d1 2 ¼ jðx1 � x0Þ sinh h� ðy1 � y0Þ cosh hj ð3:19Þ

d1 2 ¼ jðx1 � x0Þ cosh h0 � ðy1 � y0Þ sinh h0j ð3:20Þ
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Chapter 4
Trigonometry in the Hyperbolic
(Minkowski) Plane

Abstract The correspondence between properties of complex numbers and
Euclidean geometry allows to obtain an algebraic formalization of Euclidean
geometry. Thanks to the equivalent properties between complex and hyperbolic
numbers, the geometry of Minkowski space-time can be formalized in a similar
algebraic way. Moreover, introducing two invariant quantities, the complete for-
malization of space-time trigonometry is obtained.

Keywords Geometry in hyperbolic plane � Space-time invariants � Space-time
trigonometry � Theorems on hyperbolic triangles � Hyperbolic triangles solution

4.1 Analytical Formalization of Euclidean Trigonometry

Now we see how it is possible to formalize Euclidean geometry and trigonometry
in an algebraic way by means of complex numbers.

Actually, let us consider the geometrical figures represented in a Cartesian
plane, we can say, in group theory language (see Appendix A), that Euclidean
geometry studies the invariant properties of the geometrical figures under their
rotations and translations. By expressing these properties by complex numbers, we
see how it is possible to formalize, in a Cartesian plane, the trigonometric func-
tions and to obtain all the trigonometry theorems by an analytical method as
mathematical identities [1].

This result is extended to the space–time geometry associated with hyperbolic
numbers and, by demonstrating theorems with an algebraic approach, we obtain a
complete formalization of space–time geometry and trigonometry.

4.1.1 Complex Numbers Invariants in Euclidean Plane

Let us consider the Gauss–Argand complex plane (Fig. 2.1) where a vector from
the origin O to point P � ðx; yÞ is represented by v ¼ xþ iy. With this formalism a

F. Catoni et al., Geometry of Minkowski Space–Time, SpringerBriefs in Physics,
DOI: 10.1007/978-3-642-17977-8_4, � Francesco Catoni 2011
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rotation of a vector of an angle a transforms its components by means of (2.10)
that can be written v0 � v exp½ia�. We have

jv0j2 � v0�v0 ¼ v exp½ia��v exp½�ia� ¼ v�v � jvj2: ð4:1Þ
In a similar way we check that there are two more invariants related to any pair of
vectors. Let us consider two vectors from the origin O to point P1 � ðx1; y1Þ and
P2 � ðx2; y2Þ: v1 ¼ x1 þ iy1 � q1 exp½i/1�, v2 ¼ x2 þ iy2 � q2 exp½i/2�: we have

Theorem 4.1 The real and imaginary parts of the product v2�v1 are invariant
under axes rotations and these two invariants allow us an operative definition of
trigonometric functions by means of the components of the vectors:

cosð/2 � /1Þ ¼
x1x2 þ y1y2

q1q2
; sinð/2 � /1Þ ¼

x1y2 � x2y1

q1q2
: ð4:2Þ

Proof Actually

v02�v
0
1 ¼ v2 exp½ia��v1 exp½�ia� � v2�v1; ð4:3Þ

and let us represent the two vectors in polar coordinates v1 � q1 exp½i/1�;
v2 � q2 exp½i/2�. h

Consequently we have

v2�v1 ¼ q1q2 exp½ið/2 � /1Þ� � q1q2½cosð/2 � /1Þ þ i sinð/2 � /1Þ�: ð4:4Þ

As is well known, the resulting real part of this product represents the scalar
product, while the imaginary part represents the area of the parallelogram defined
by v1 and v2, that represents the modulus of the cross product, i.e., we have obtained
just by means of mathematical considerations the two relevant physical invariants.

In Cartesian coordinates we have

v2�v1 ¼ ðx2 þ iy2Þðx1 � iy1Þ � x1x2 þ y1y2 þ iðx1y2 � x2y1Þ; ð4:5Þ
and, by comparing (4.4) with (4.5), we obtain (4.2). h

We know that the theorems of Euclidean trigonometry are usually obtained
following a geometric approach; now we can state

Theorem 4.2 Using the Cartesian expressions of trigonometric functions, given
by (4.2), the trigonometry theorems are simple identities.

Proof We know that the trigonometry theorems represent relations between
angles and side lengths of a triangle. If we represent a triangle in a Cartesian plane
(Fig. 4.3) it is defined by the coordinates of its vertexes P1;P2;P3. From the
coordinates of these points we obtain the side lengths by Pythagoras’ theorem and
the trigonometric functions from (4.2). By these definitions we can verify that the
trigonometry theorems are identities, as we see in the application of this method to
hyperbolic trigonometry. h

Now, by extending the exposed procedure to hyperbolic plane, we formalize the
hyperbolic trigonometry.
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4.2 Hyperbolic Rotation Invariants in Minkowski Plane

By analogy with the Euclidean trigonometry approach, just summarized, we can
say that pseudo-Euclidean plane geometry studies the properties that are invariant
under two-dimensional Lorentz transformations (Lorentz–Poincaré group of spe-
cial relativity) corresponding to hyperbolic rotation (Sect. 2.4.1). We show
afterward, how these properties allow us to formalize hyperbolic trigonometry.

Let us define in the hyperbolic plane (Fig. 2.3), a hyperbolic vector, from the
origin to point P � ðx; yÞ, as v ¼ xþ hy.

A hyperbolic rotation of an angle ha transforms the components of this vector
by means of (2.31), that can be written v0 ¼ v exp½hha� and we verify the invari-
ance of the modulus in the hyperbolic axes rotations

jv0j2 � v0~v0 ¼ v exp½hha�~v exp½�hha� � v~v ¼ jvj2 ð4:6Þ

In a similar way we check that, as for complex numbers, there are two more
invariants related to any pair of vectors.

Let us consider two vectors from the origin O to points P1 � ðx1; y1Þ and
P2 � ðx2; y2Þ: v1 ¼ x1 þ hy1 and v2 ¼ x2 þ hy2, we have

Theorem 4.3 The real and the hyperbolic parts of the product v2~v1 are invariant
under hyperbolic rotation, and these two invariants allow us an operative defi-
nition of hyperbolic trigonometric functions by means of the components of the
vectors:

coshðh2 � h1Þ ¼
x1x2 � y1y2

q1q2
� x1x2 � y1y2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2
2 � y2

2Þðx2
1 � y2

1Þ
p ; ð4:7Þ

sinhðh2 � h1Þ ¼
x1y2 � x2y1

q1q2
� x1y2 � x2y1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðx2
2 � y2

2Þðx2
1 � y2

1Þ
p ð4:8Þ

Proof We have

v02~v
0
1 ¼ v2 exp½hha�~v1 exp½�hha� � v2~v1: ð4:9Þ

Let us suppose ðx; yÞ 2 Rs, and represent the two vectors in hyperbolic polar form
v1 ¼ q1 exp½hh1�; v2 ¼ q2 exp½hh2�. Consequently we have

v2�v1 � q1q2 exp½hðh2 � h1Þ� � q1q2½coshðh2 � h1Þ þ h sinhðh2 � h1Þ�: ð4:10Þ

In Cartesian coordinates, we have

v2~v1 ¼ ðx2 þ hy2Þðx1 � hy1Þ � x1x2 � y1y2 þ hðx1y2 � x2y1Þ: ð4:11Þ

Comparing (4.10) with (4.11) we obtain (4.7) and (4.8). h

This result is the same obtained for complex numbers. Actually the real term of
(4.11) is a bilinear expression that as Cartesian expression of the scalar product
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depends on the definition of ‘‘distance’’: in the hyperbolic plane, due to the dif-
ferent sign in the distance definition (3.1), we have a different sign with respect to
Euclidean scalar product.

As far as the hyperbolic part is concerned, we shall see in Sect. 4.5.1 that, as for
the Euclidean plane, it represents a pseudo-Euclidean area.

4.3 Extension of Hyperbolic Trigonometric Functions

All points of Euclidean Cartesian plane x; y can be represented by means of the
polar transformation x ¼ q cos /; y ¼ q sin /; q [ 0; 0�/\2p. A similar trans-
formation performed by substituting the hyperbolic to the circular trigonometric
functions, represents just points x [ 0;�x\y\x (sector Rs). Therefore for rep-
resenting all the points we need the four functions of Table 3.1. Now we show

Theorem 4.4 Equations 4.7 and 4.8 allow us to extend the hyperbolic trigono-
metric functions in the complete ðx; yÞ plane.

Proof If we set v1 � ð1; 0Þ and ðh2; x2; y2Þ ! ðh; x; yÞ, (4.7) and (4.8) become

cosh h ¼ x
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jx2 � y2j
p ; sinh h ¼ y

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

jx2 � y2j
p ; ð4:12Þ

we observe that the expressions in the right-hand sides of (4.12) are valid for
fx; y 2 Rjx 6¼ �yg so they allow us to define the trigonometric hyperbolic func-
tions in the complete (x; y) plane. This extension is the same as the one proposed in
[2], that we summarize in Sect. 4.3.1, and will allow us to define the sum of angles
also if they are in different sectors. h

In the following we will denote with coshe; sinhe these extended hyperbolic
functions. In Table 4.1 the relations between coshe; sinhe and traditional hyper-
bolic functions are reported. By this extension the hyperbolic polar transformation,
(2.26), can be written in terms of just one expression holding in the complete
hyperbolic plane

Table 4.1 Relations between functions coshe; sinhe and classical hyperbolic functions

jxj[ jyj jxj\jyj
ðRsÞ; x [ 0 ðLsÞ; x\0 ðUsÞ; y [ 0 ðDsÞ; y\0

coshe h ¼ cosh h �cosh h sinh h �sinh h
sinhe h ¼ sinh h �sinh h cosh h �cosh h

From the definition of hyperbolic trigonometric functions by means of two vectors from the
coordinate origin, we formalize the hyperbolic trigonometric function in the whole hyperbolic
plane. The hyperbolic angle h in the last four columns is calculated referring to semi-axes
x;�x; y;�y, respectively and increases as shown in Fig. 3.1
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xþ hy) qðcoshe hþ h sinhe hÞ; ð4:13Þ

from which, for q ¼ 1, we obtain the extended hyperbolic Euler’s formula [2]

expe½hh� ¼ coshe hþ h sinhe h: ð4:14Þ

From Table 4.1 or (4.12) it follows that

for jxj[ jyj ) cosh2
e h� sinh2

e h ¼ 1;

for jxj\jyj ) cosh2
e h� sinh2

e h ¼ �1:
ð4:15Þ

Now we see that the extended hyperbolic trigonometric functions can be related to
circular trigonometric functions. Actually by giving to x; y in (4.12) all the values
on the circle x ¼ cos /; y ¼ sin / for 0�/\2p, we obtain

coshe h ¼ cos /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j cos 2/j
p � 1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j1� tan2 /j
p ;

sinhe h ¼ sin /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j cos 2/j
p � tan /

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j1� tan2 /j
p :

ð4:16Þ

These expressions have a simple geometrical interpretation. We have

Theorem 4.5 Equations 4.16 represent a bijective mapping between points on a
unit circle (specified by /) and points on a unit hyperbola (specified by h). From a
geometrical point of view represent the projection of the points of the unit circle on
the points of unit hyperbola, from the coordinate origin.

Proof Referring to Fig. 4.1, let us consider the half-line y ¼ x tan /; x [ 0 which
crosses the unit circle, with center O � ð0; 0Þ, in PC � ðcos /; sin /Þ. The half-line
crosses the unit hyperbola with center O at point

P0I �
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� tan2 /
p ;

tan /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� tan2 /
p

 !

2 Rs for j tan /j\1 ð4:17Þ

or at point

P00I �
1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tan2 /� 1
p ;

tan /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

tan2 /� 1
p

 !

2 Us;Ds for j tan /j[ 1: ð4:18Þ

The half-line y ¼ x tan /; x\0 crosses the left side of the circle and one of the
arms Ls;Us;Ds of the hyperbola. Since the points of unit hyperbolas are given by
PI � ðcoshe h; sinhe hÞ, by comparing (4.17) and (4.18) with the last terms of
(4.16), we have the assertion. h
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A graph of the function coshe as function of the circular angle / from (4.16) is
shown in Fig. 4.2.

The fact that the extended hyperbolic trigonometric functions can be repre-
sented in terms of just one expression given by (4.12) allows a direct application of
these functions for the solution of triangles with sides in any direction, except the
directions parallel to axes bisectors.

4.3.1 Fjelstad’s Extension of Hyperbolic Trigonometric
Functions

In the complex Gauss–Argand plane, the goniometric circle used for the definition
of trigonometric functions is expressed by xþ iy ¼ exp½i/�. In the hyperbolic
plane the hyperbolic trigonometric functions can be defined on the unit equilateral

Fig. 4.1 Geometrical correspondence between circular and hyperbolic trigonometric functions.
The hyperbolic trigonometric functions can be related to circular trigonometric functions by
means of the relations (4.16). As it is demonstrated by Theorem 4.5, these relations have also a
simple geometrical interpretation: actually they represent the coordinates of the points of the
unitary circle with center in the coordinates origin, projected into the four arms of unitary
equilateral hyperbolas
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hyperbola, which can be expressed in a way similar to the goniometric circle:
xþ hy ¼ exp½hh�. However this expression represents only the arm of unit equi-
lateral hyperbolas 2 Rs. If we want to extend the hyperbolic trigonometric func-
tions on the whole plane, we must take into account all arms of the unit equilateral
hyperbola jx2 � y2j ¼ 1. As we can obtain from (3.3) and (3.4), these arms are
given by xþ hy ¼ � exp½hh� and xþ hy ¼ �h exp½hh�.

Here we summarize the approach followed in [2] which demonstrates how these
unit curves allow us to extend the hyperbolic trigonometric functions and to obtain
the addition formula for angles in any sector.

These unit curves are the set of points U, where U ¼ fzjqðzÞ ¼ 1g. Clearly Uð�Þ
is a group.

Fig. 4.2 Graphic representation of the function coshe h ¼ cos /
ffiffiffiffiffiffiffiffiffiffiffiffi

j cos 2/j
p for 0�/\2p. All points of

Cartesian plane x; y can be represented by means of the polar transformation
x ¼ q cos /; y ¼ q sin /;q[ 0; 0\/\2p. A similar transformation performed by substituting
the hyperbolic to the circular trigonometric functions, represents just points x [ 0;�x\y\x
(sector Rs). Therefore for representing all the points we need the four functions of Table 3.1. In
Sect. 4.3 we have shown that the hyperbolic trigonometric functions can be set as a bijective
correspondence with the circular trigonometric functions (4.16). In this way they can be extended
and represent all points of x; y plane by means of just one function. In this figure we represent the
function coshe h ¼ cos /

ffiffiffiffiffiffiffiffiffiffiffiffi

j cos 2/j
p for 0�/\2p. The broken vertical lines represent the values for

which cos 2/ ¼ 0) x ¼ �y. Because sin / ¼ cosð/� p=2Þ and j cos 2/j ¼ j cosð2/� pÞj,
from (4.16) we have that the function sinhe h has the same behavior of coshe h allowing for a shift
of p=2. In particular sinhe h[ 0 in the range of / values 0\/\p
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For z 2 Rs the group Uð�Þ is isomorphic to hðþÞ where h 2 R is the angular
function that for �1\h\1 traverses the arm 2 Rs of the unit hyperbolas. Now
we can have a complete isomorphism between Uð�Þ and the angular function,
extending the last one to other sectors. This can be done by Klein’s four-group
k 2 K ¼ f1; h;�1;�hg.

Indeed let us consider the expressions of the four arms of the hyperbolas (Table
3.1 for q ¼ 1). We can extend the angular functions as a product of exp½hh� and
Klein’s group, writing U ¼ fk exp½hh�jh 2 R; k 2 Kg. Calling Uk ¼ fk exp½hh�j
h 2 Rg, the hyperbola arm with the value k and, in the same way hk the ordered
pair ðh; kÞ, we define H � R� K ¼ fhkjh 2 R; k 2 Kg and Hk � R� fkg ¼ fhkj
h 2 Rg. H1 is isomorphic to RðþÞ; therefore, accordingly, we think of HðþÞ as an
extension of RðþÞ. To define the complete isomorphism between HðþÞ and Uð�Þ,
we have to define the addition rule for angles: hk þ h0k0 . This rule is obtained from
the isomorphism itself,

hk þ h0k0 ) Uk � Uk0 � k exp½hh� � k0 exp½hh0� � kk0 exp½hðhþ h0Þ� ) ðhþ h0Þkk0 :

ð4:19Þ

On this basis we can obtain the hyperbolic angle h and the Klein index (k) if we
know the extended hyperbolic trigonometric functions sinhe h and coshe h. We
have

if jsinhe hj\jcoshe hj ) h ¼ tanh�1 sinhe h
coshe h

� �

; k ¼ coshe h
jcoshe hj � 1;

if jsinhe hj[ jcoshe hj ) h ¼ tanh�1 coshe h
sinhe h

� �

; k ¼ sinhe h
jsinhe hj � h:

ð4:20Þ

4.3.1.1 Application of ‘‘Klein’s Index’’ to the Euclidean Plane

Now we see how this ‘‘extension’’ of hyperbolic trigonometric functions can be
applied to circular angles giving well-known results.

By analogy with hyperbolic trigonometric functions we define the circular
trigonometric functions just in sector Ls, i.e., for �p=4\/\p=4, by means of
Euler’s formula cos /þ i sin / ¼ exp½i/�. Let us consider the product k exp½i/�
where k 2 K ¼ f1; i;�1;�ig is a four-value group that for �p=4\/\p=4 allows
us to obtain the complete circle.The meaning of this product is well known,
i exp½i/� � exp½iðp2 þ /Þ�;� exp½i/� � exp½iðpþ /Þ�;�i exp½i/� � exp½ið3p

2 þ /Þ�:
These expressions allow one to clarify the properties of circular trigono-

metric functions which are determined on the whole circle, by their values for
0\/\p=4.
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4.4 Goniometry in the Minkowski Plane

The following expressions are obtained in Euclidean goniometry, by means of
geometrical observations, also if they can be obtained by means of (2.3). For
hyperbolic goniometry they are obtained by means of (2.27).

• Hyperbolic angles addition formulas.
Extending to hyperbolic exponential the properties of real and complex expo-
nential, we have

exp½hða� bÞ� ¼ exp½ha� exp½�hb�;

and, applying to both sides the hyperbolic Euler formula (2.27), we have

coshða� bÞ þ h sinhða� bÞ ¼ ðcosh aþ h sinh aÞðcosh b� h sinh bÞ: ð4:21Þ

Equating the coefficients of the same versors, we obtain the hyperbolic trigo-
nometric functions of the sum and difference of hyperbolic angles

coshða� bÞ ¼ cosh a cosh b� sinh a sinh b; ð4:22Þ

sinhða� bÞ ¼ sinh a cosh b� cosh a sinh b: ð4:23Þ

From their ratio, after reduction, we obtain

tanhða� bÞ ¼ tanh a� tanh b
1� tanh a tan b

: ð4:24Þ

• The double and half angles formulas.
Setting a ¼ b in (4.22) and (4.23), we have

cosh 2a ¼ cosh2 aþ sinh2 a; ð4:25Þ

sinh 2a ¼ 2sinh a cosh a: ð4:26Þ

From (4.25), by means of (4.15), we have

cosh a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh 2aþ 1
2

r

; ð4:27Þ

sinh a ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh 2a� 1
2

r

: ð4:28Þ

• The sum product identity.
From (4.22), summing and subtracting the terms with the plus and minus signs
and setting h1 ¼ aþ b; h2 ¼ a� b) a ¼ ðh1 þ h2Þ=2; b ¼ ðh1 � h2Þ=2, we
obtain
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cosh h1 þ cosh h2 ¼ 2cosh
h1 þ h2

2
cosh

h1 � h2

2
;

cosh h1 � cosh h2 ¼ 2sinh
h1 þ h2

2
sinh

h1 � h2

2
;

ð4:29Þ

and from (4.23)

sinh h1 þ sinh h2 ¼ 2sinh
h1 þ h2

2
cosh

h1 � h2

2
;

sinh h1 � sinh h2 ¼ 2cosh
h1 þ h2

2
sinh

h1 � h2

2
:

ð4:30Þ

4.5 Trigonometry in the Minkowski Plane

4.5.1 Analytical Definitions of Hyperbolic Trigonometric
Functions

Let us consider the triangle of Fig. 4.3, in the hyperbolic plane, with no sides
parallel to axes bisectors, and call Pn � ðxn; ynÞ; n ¼ i; j; k the vertexes, hn the
hyperbolic angles.

The quadratic hyperbolic length of the side opposite to vertex Pi is called Di

and defined by (3.5)

Di � Djk ¼ ðzj � zkÞð~zj � ~zkÞji 6¼ j 6¼ k and di ¼
ffiffiffiffiffiffiffiffi

jDij
p

ð4:31Þ
as pointed out before, Di must be taken with its sign.

As shown in Fig. 4.3, and following the conventions of Euclidean trigonometry
we associate with the sides three vectors oriented from P1 ! P2; P1 ! P3;
P2 ! P3.

From (4.7) and (4.8), taking into account the sides orientation, we obtain

coshe h1 ¼
ðx2 � x1Þðx3 � x1Þ � ðy2 � y1Þðy3 � y1Þ

d2d3
;

sinhe h1 ¼
ðx2 � x1Þðy3 � y1Þ � ðy2 � y1Þðx3 � x1Þ

d2d3
;

coshe h2 ¼ �
ðx3 � x2Þðx2 � x1Þ � ðy3 � y2Þðy2 � y1Þ

d1d3
;

sinhe h2 ¼
ðx2 � x1Þðy3 � y2Þ � ðy2 � y1Þðx3 � x2Þ

d1d3
;

coshe h3 ¼
ðx3 � x2Þðx3 � x1Þ � ðy3 � y2Þðy3 � y1Þ

d1d2
;

sinhe h3 ¼
ðx3 � x1Þðy3 � y2Þ � ðy3 � y1Þðx3 � x2Þ

d1d2
:

ð4:32Þ
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It is straightforward to verify that all the functions sinhe hn have the same
numerator. If we call this numerator

x1ðy2 � y3Þ þ x2ðy3 � y1Þ þ x3ðy1 � y2Þ ¼ 2S; ð4:33Þ

Fig. 4.3 The elements of a triangle in the Cartesian plane. The triangles are representative
figures of Euclidean geometry and all the polygons can be considered as composed by triangles.
Furthermore the theorems that states the equality of all the elements if just three are equal
indicates the characteristic quantities of Euclidean geometry: the lengths of segments (the sides)
and the angles. If a triangle is represented in a Cartesian plane its characteristic quantities do not
change if it is rotated and translated. These operations, called motions, can be described by
complex numbers (Sect. 2.1). We know that in Euclidean geometry the areas are positive. In
analytic geometry we give a sign to the segment length, then the areas can be negative. This could
happen in our formalization. In any case the area is positive in this Cartesian representation of a
triangle if the sides are oriented as shown in this figure, i.e., associating with the sides three
vectors oriented from P1 ! P2; P1 ! P3; P2 ! P3. Actually from (4.34) it follows that all the
sinus have the same sign then since h1 is positive, they are all positive. Let us consider a triangle
in the Gauss plane (Fig. 2.1) or in the hyperbolic plane (Fig. 2.3) (in the hyperbolic plane with no
sides parallel to axes bisectors). We set Pn � ðxn; ynÞ; n ¼ i; j; k, the vertexes, hn the corre-
sponding angles, qn the length of the sides opposite to Pn and vn the vectors associated with the
sides qn. The length of qn (modulus of vector vn) is given in Euclidean plane by

qi ¼ jvij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðxj � xkÞ2 þ ðyj � ykÞ2
q

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðzj � zkÞð�zj � �zkÞ
p

¼ jzj � zkj; i 6¼ j 6¼ k. The last

expressions, as function of the ‘‘complex coordinates’’ of the vertexes are the same in the
complex and hyperbolic planes. From the results shown in Sect. 4.1.1, the trigonometric functions
of the angles (4.32), are obtained from the vertexes coordinates by means of (4.2). It follows that
the trigonometry theorems, that link the sides with the trigonometric functions of angles, and
allow us to obtain all the elements of a triangle from the three ones that determinate it, are just
identities. This algebraic description of geometrical theorems allows us a Euclidean formalization
of space–time geometry. Actually the introduction of hyperbolic numbers, algebraically equiv-
alent to complex numbers (Fig. 4.1 and Sect. 2.2), but with properties that relate them to
Lorentz’s group of Special relativity, has allowed us (Sect. 4.2), a complete algebraic formal-
ization of space–time geometry and trigonometry, by removing the lack of intuitive vision of this
plane
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we can write

2S ¼ d2d3 sinhe h1 ¼ d1d3 sinhe h2 ¼ d1d2 sinhe h3: ð4:34Þ

In Euclidean geometry a quantity equivalent to S represents the triangle’s area. In
hyperbolic geometry, from (4.8) it follows that S is still an invariant quantity and
from (4.34) that this invariant is related with the triangle. For this reason it is
appropriate to call S the pseudo-Euclidean area [3].

We note that the expression of area (4.33), in terms of vertexes coordinates, is
exactly the same as in Euclidean geometry (Gauss’ formula for a polygon area
applied to a triangle). Therefore the area in the hyperbolic plane can be calculated
in a Euclidean way. This coincidence, with reference to Fig. 2.4, its caption and
Sect. 2.6.2, allows us to state

Theorem 4.6 The magnitude of a hyperbolic angle is equal to twice the hyper-
bolic or Euclidean area of the sector OVP of the unit hyperbola.

4.5.2 Trigonometric Laws in Hyperbolic Plane

Here we see how the theorems of Euclidean trigonometry can be restated for
hyperbolic trigonometry.

• Law of sines.

Theorem 4.7 In a triangle the ratio of the hyperbolic sine to the hyperbolic
length of the opposite side is constant

sinhe h1

d1
¼ sinhe h2

d2
¼ sinhe h3

d3
: ð4:35Þ

Proof This theorem follows from (4.34) if we divide it by d1d2d3. h

As straightforward consequence of (4.35), we have

Theorem 4.8 If two hyperbolic triangles have the same hyperbolic angles their
sides are proportional.

• Napier’s theorem.

Theorem 4.9 As in Euclidean trigonometry from (4.35), we have

d1 þ d2

d1 � d2
¼

tanhe
h1þh2

2

tanhe
h1�h2

2

: ð4:36Þ
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Proof From (4.35), we have

d1

d2
¼ sinhe h1

sinhe h2
ð4:37Þ

from which we can write

d1 þ d2

d1 � d2
¼ sinhe h1 þ sinhe h2

sinhe h1 � sinhe h2
ð4:38Þ

By applying (4.30) the theorem follows. h

• Carnot’s theorem.

Theorem 4.10 From the definitions of the side lengths (3.2) and hyperbolic
angular functions given by (4.32) we have

Di ¼ Dj þ Dk � 2djdk coshe hi: ð4:39Þ

Proof Let us set i ¼ 1; j ¼ 2; k ¼ 3. By means of coshe given by (4.32), we can
write (4.39) as

ðx3 � x2Þ2 � ðy3 � y2Þ2 ¼ ðx3 � x1Þ2 � ðy3 � y1Þ2 þ ðx2 � x1Þ2

� ðy2 � y1Þ2 � 2½ðx2 � x1Þðx3 � x1Þ � ðy2 � y1Þðy3 � y1Þ�: ð4:40Þ

After reduction of the right-hand side we see that it is the same as the left-hand
side. Therefore (4.39) in our formalization is an identity. h

• Law of cosines.

Theorem 4.11 We have

di ¼ jdj coshe hk þ dk coshe hjj: ð4:41Þ

Proof It can be verified as the previous theorem. h

• Pythagoras’ theorem.

Theorem 4.12 For a triangle with the right angle hi, we have

Di ¼ Dj þ Dk: ð4:42Þ
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Proof Let us consider a triangle with the side PiPk pseudo-orthogonal to PiPj

and the straight lines given by their extension. By calling mik and mij the
hyperbolic angular coefficients of the straight lines, we have

yj � yi

xj � xi
� mij ¼

1
mik
� xk � xi

yk � yi
;

therefore

ðxj � xiÞðxk � xiÞ ¼ ðyj � yiÞðyk � yiÞ; ð4:43Þ

and from (4.32) it follows that coshe hi ¼ 0) hi ¼ ð0Þh. Therefore from (4.39)
the hyperbolic Pythagoras’ theorem (4.42) holds. h

We note that in the right-hand sides of (4.39) and (4.42) there is a sum of the
sides quadratic lengths, as in Euclidean geometry, but in hyperbolic geometry
the sides quadratic lengths may be negative. In particular in (4.42) Dj and Dk

are pseudo-orthogonal, therefore they have always opposite signs.

• The Hero’s Formula.
This formula, in Euclidean geometry, allows us to express the triangle area as a
function of the triangle side lengths. Here, taking into account that the char-
acteristic quantities in hyperbolic geometry are the quadratic distances, this
formula is expressed as function of them. More precisely, we demonstrate it in
an algebraic way for both Euclidean and hyperbolic geometries indicating by u a
generic versor that in the following will be specified as i or h. We have

Theorem 4.13 For the Euclidean and hyperbolic plane geometries the area of
a triangle as a function of the sides quadratic lengths can be obtained by the
following generalized Hero’s formula

S2 ¼ ðD1 þ D2 � D3Þ2 � 4D1D2

16u2
ð4:44Þ

� D2
1 þ D2

2 þ D2
3 � 2ðD1D2 þ D1D3 þ D2D3Þ

16u2
ð4:45Þ

Proof We start from the identity

ðz1 � z2Þð�z1 � �z2Þ � ½ðz1 � z3Þ � ðz2 � z3Þ�½ð�z1 � �z3Þ � ð�z2 � �z3Þ�; ð4:46Þ

where zi ¼ xi þ u yi.
Expanding the right-hand side, taking into account (4.31) and, by introducing
the quadratic form

Q ¼ z1�z2 þ z3�z1 þ z2�z3 � z2�z1 � z1�z3 � z3�z2; ð4:47Þ
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we have

D3 ¼ D1 þ D2 � 2ð�z2 � �z3Þðz1 � z3Þ � Q

) 2ð�z2 � �z3Þðz1 � z3Þ ¼ �D3 þ D1 þ D2 � Q: ð4:48Þ

From (4.47), we see that Q has the following property

Q ¼ �Q; ð4:49Þ
and, calculating Q as a function of the points coordinates, we have

Q � z1�z2 þ z3�z1 þ z2�z3 � z2�z1 � z1�z3 � z3�z2

¼ ð2uÞ½x1ðy3 � y2Þ þ x2ðy1 � y3Þ þ x3ðy2 � y1Þ�: ð4:50Þ

The content of the square brackets can be recognized, but for the sign, as the
double of the area (S) of the triangle, therefore we can write

Q2 ¼ 16u2S2: ð4:51Þ
Multiplying (4.48) by its conjugate and taking into account (4.49), we obtain

4D1D2 ¼ ð�D3 þ D1 þ D2Þ2 � Q2: ð4:52Þ

Substituting in (4.52) the relation (4.51) we obtain the Hero’s formula (4.44).
This formula can be written in the form (4.45), that is symmetric with respect to
the sides quadratic lengths. h

We note that this demonstration is another example of how the proposed
approach allows us to demonstrate theorems by means of identities.

Otherwise we have to point out that while the results of this chapter and
Chaps. 5 and 6 are derived from the formalization of hyperbolic trigonometry in
Sect. 4.2, this demonstration has required some original steps. In particular the
introduction of the identity (4.46), the bilinear expression (4.47) and the relation
between Q and the triangle areas (4.51).

Now the results are specified for the two geometries

– For hyperbolic geometry we must set u2 � h2 ¼ 1.
– For Euclidean geometry the expression (4.44) can be set as a product of four

linear terms representing the usual Hero’s formula.

Proof By setting u2 � i2 ¼ �1, calling a; b; c the lengths of the sides of the
triangle and q ¼ ðaþ bþ cÞ=2 its semi-perimeter, we write (4.45) as a diff-
erence of squared terms and, by means of elementary algebra, we obtain:

S2 ¼ �a4 þ 2a2ðb2 þ c2Þ � ðb2 þ c2Þ2 þ 4b2c2

16

� �ðb
2 þ c2 � a2Þ2 þ 4b2c2

16
� qðq� aÞðq� bÞðq� cÞ ð4:53Þ

h
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We have seen that the topology of the hyperbolic plane is more complex with
respect to the Euclidean one, as well as the relations between sinhe and coshe and
between the lengths and the quadratic lengths. For these reasons we could think
that the triangle determination would require more information, with respect to
the three conditions necessary in Euclidean geometry, nevertheless in Sect. 4.6.3
we shall see that: All the sides and angles of a hyperbolic triangle can be
determined if we know, as in Euclidean geometry, three elements. We have

Theorem 4.14 All the elements (sides and angles) of a triangle are invariant
for hyperbolic rotation.

Proof Let us consider a triangle with vertexes in points (see Fig. 4.4)

P1 � ð0; 0Þ;P2 � ðx2; 0Þ and P3 � ðx3; y3Þ; ð4:54Þ

since P1P3 � d2 and P1P2 � d3 are invariant quantities for hyperbolic rota-
tions, from Theorem 4.3 it follows that h1 is invariant too. Since these three
elements determine all the other ones, all elements are invariant. h

From this invariance it follows that, by a coordinate axes translation and a
hyperbolic rotation, any triangle can be set so that the demonstration of the
theorems which follow is facilitated. In particular we set a vertex in P � ð0; 0Þ
and a side on one coordinate axis, i.e., with vertexes in points given by (4.54
and Fig. 4.4). The sides quadratic lengths are

Fig. 4.4 Elements of a triangle in a particular position. The Euclidean geometry is defined (as
recalled in Appendix A) as the one that studies the properties of the figures independent of their
position in a plane in which the distance between two points is calculated by means of
Pythagoras’ theorem. In a Cartesian representation this property is equivalent to say that
Euclidean geometry studies the properties independent of rotations and translations of the figures
or of the coordinate axes. In the same way the space–time geometry is defined. In this geometry
the distance is given by a non definite quadratic form and the rotation of Euclidean geometry are
replaced by ‘‘hyperbolic rotations’’ (Lorentz transformations of special relativity Sect. 2.4.1). In
this geometry, as for Euclidean one (see Theorem 4.14), we can place the Cartesian axes so that
the solution of the problems is simplified. In particular we set the axes so that the vertexes of the
triangle are in the points (4.54), as shown in this figure
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D1 ¼ ðx3 � x2Þ2 � y2
3; D2 ¼ x2

3 � y2
3; D3 ¼ x2

2: ð4:55Þ

By using (4.31) and (4.32), we obtain the other elements:

coshe h1 ¼
x2x3

d2d3
; coshe h2 ¼

x2ðx2 � x3Þ
d1d3

; coshe h3 ¼
x3ðx3 � x2Þ � y2

3

d1d2
;

sinhe h1 ¼
x2y3

d2d3
; sinhe h2 ¼

x2y3

d1d3
; sinhe h3 ¼

x2y3

d1d2
: ð4:56Þ

• The Triangle’s Angles Sum
In a Euclidean triangle, given two angles (/1;/2), the third one (/3) can be
found using the relation

/1 þ /2 þ /3 ¼ p: ð4:57Þ

Since p is closely related with the circle in Euclidean geometry, we could not
assume that a similar mathematical expression holds in hyperbolic geometry,
but now we see that the hyperbolic angles of a triangle are linked by a relation
that can be considered as equivalent to (4.57).

Actually (4.57) can be expressed in the form

sinð/1 þ /2 þ /3Þ ¼ 0; cosð/1 þ /2 þ /3Þ ¼ �1

that allows us to verify

Theorem 4.15 By means of the formalism exposed in Sect. 4.3.1, summarized
by (4.19), we can state: the sum of the triangle’s angles is given by

ðh1Þk þ ðh2Þk0 þ ðh3Þk00 � ðh1 þ h2 þ h3Þk�k0 �k00 ¼ ð0Þ�1: ð4:58Þ

Proof Exploiting (4.21) and using (4.56), we obtain

sinheðh1 þ h2 þ h3Þ � sinhe h1 sinhe h2 sinhe h3 þ sinhe h1 coshe h2 coshe h3

þ coshe h1 sinhe h2 coshe h3 þ coshe h1 coshe h2 sinhe h3

� x2
2y3½x2y2

3 þ x2x3ðx2 � x3Þ þ x2
3ðx3 � x2Þ�

d2
1d2

2d2
3

� x2
2y3½x3y2

3 � x3ðx2 � x3Þ2 � y2
3ðx2 � x3Þ�

d2
1d2

2d2
3

¼ 0;
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cosheðh1 þ h2 þ h3Þ � coshe h1 coshe h2 coshe h3 þ sinhe h1 sinhe h2 coshe h3

þ sinhe h1 coshe h2 sinhe h3 þ coshe h1 sinhe h2 sinhe h3

� x2
2f�x2

3ðx2 � x3Þ2 þ y2
3½�x3ðx2 � x3Þ þ x2x3�g

d2
1d2

2d2
3

þ y2
3½x2ðx2 � x3Þ � x3ðx2 � x3Þ � y2

3�
d2

1d2
2d2

3

� x2
2f�x2

3½ðx2 � x3Þ2 � y2
3� þ y2

3½ðx2 � x3Þ2 � y2
3�g

d2
1d2

2d2
3

� �D1D2D3

d2
1d2

2d2
3

¼ �1: ð4:59Þ

Therefore

sinheðh1 þ h2 þ h3Þ ¼ 0; cosheðh1 þ h2 þ h3Þ ¼ �1; ð4:60Þ

that are equivalent to (4.58). h

This result allows us to state that if we know two angles we can determine if
the Klein’s group index of the third angle is �h! fh 2 Us;Dsg or �1!
fh 2 Rs; Lsg, and obtain the relation between coshe and sinhe as stated by
(4.15). This relation and the condition (4.58) allow us to obtain the hyperbolic
functions of the third angle. Therefore we have

Theorem 4.16 Also for hyperbolic triangles, if we know two angles we can
obtain the third one (see example 2 in Sect. 4.6.3).

In the following section we show some examples of solutions for general
hyperbolic triangles.

4.6 Triangles in Hyperbolic Plane

4.6.1 The Triangular Property

In the hyperbolic geometry the triangular property of Euclidean geometry is
reversed and the following theorem holds

Theorem 4.17 In a triangle with sides of the first kind, the largest side is larger
than the sum of the other two sides.

Proof This inequality follows at once from the law of cosines (4.41). Actually for
sides of the first kind we can delete the absolute value and to substitute cosh to
coshe. Therefore we have

50 4 Trigonometry in the Hyperbolic (Minkowski) Plane



d3 ¼ d2 cosh h1 þ d1 cosh h2: ð4:61Þ

Since cosh hi [ 1, we have d3 [ d2 þ d1.
This property can also be inspected by means of an ‘‘Euclidean-like’’ geo-

metrical construction (Fig. 4.5).
Actually we observe that for comparing lengths in hyperbolic geometry the

sides d2 and d1 can be reported on the side d3 by means of equilateral hyperbolas
with center in P1 and semidiameter d2 and center in P2 and semidiameter d1,
respectively.

Therefore this reverse triangular inequality derives from the substitution, in
hyperbolic geometry, of equilateral hyperbolas to Euclidean circle. h

This property shall be seen again (Sect. 6.4) by considering also curved lines.

4.6.2 The Elements in a Right-Angled Triangle

Let us consider a triangle as shown in Fig. 4.4 with a right-angle in the vertex P2.
This particular triangle allows us to explain some of the concepts came to light

in formalizing the hyperbolic trigonometry. In particular

• The meaning of Klein’s index, introduced in Sect. 4.3.1. By applying it to
Euclidean plane we obtain some known results.

• The sum of hyperbolic angles in a triangle.

Fig. 4.5 Geometrical representation of triangular inequality in the hyperbolic plane. In
Euclidean geometry the lengths of two segments with a common point can be compared by
reporting one on the other by means of a circle with center in their common point, as well as in
hyperbolic geometry two segment of the same kind can be compared by means of an equilateral
hyperbola. In particular for the triangle represented in this figure, the side d2 is reported on the
side d3 by means of the equilateral hyperbola (I 1) with center in P1 and semidiameter d2. In a
similar way the side d1 is reported on the side d3 by means of the equilateral hyperbola (I2) with
center in P2 and semidiameter d1. We can check at once that d3 [ d1 þ d2
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4.6.2.1 Application of Klein’ Index to the Sum of Triangle Angles

Let us consider a right-angled triangle in the position represented in Fig. 4.4

• Euclidean geometry
Let us call ai the angles in the vertexes Pi, and define them as ‘‘extended angles’’
(see Sect. 4.3.1). If we indicate with a subscript the ‘‘Euclidean Klein’s group
index’’ (k 2 K ¼ f1; i;�1;�ig), we have a1 ¼ ða1Þ1; a2 � p=2 ¼ ð0Þi; a3 �
p=2� a1 ¼ ð�a1Þi. Therefore a1 þ a2 þ a3 � ða1Þ1 þ ð0Þi þ ð�a1Þi �
ða1 þ 0� a1Þi�i ¼ ð0Þ�1 � p; as it is well known.

• Hyperbolic geometry
Now we consider the same triangle in hyperbolic plane. Setting in (4.56)
x2 ¼ x3, we have

D1 ¼ �y2
3

coshe h1 ¼ x3=d2

sinhe h1 ¼ y3=d2

8

>

<

>

:

D2 ¼ x2
3 � y2

3

coshe h2 ¼ 0

sinhe h2 ¼ 1

8

>

<

>

:

D3 ¼ x2
3

coshe h3 ¼ �y3=d2

sinhe h3 ¼ x3=d2

8

>

<

>

:

:

It results that h2 ¼ ð0Þh and we consider the following cases:

1. P3 2 Rs) h1 ¼ ðh1Þ1 and by means of Table 4.1 we have h3 ¼ ð�h1Þh.
Therefore h1 þ h2 þ h3 � ðh1Þ1 þ ð0Þh þ ð�h1Þh � ðh1 þ 0� h1Þh�h ¼ ð0Þ1:

2. P3 2 Us. Setting h3 ¼ �h0 we have coshe h0 ¼ �y3=d2; sin h0 ¼ �x3=d2.
Therefore h0 ¼ ðh0Þ1 ) h3 ¼ ð�h0Þ�1, and from Table 4.1 we have
h1 ¼ ðh0Þh, and h1 þ h2 þ h3 � ðh0Þh þ ð0Þh þ ð�h0Þ�1 ¼ ð0Þ�1:

We have found the two possibilities of the Klein index shown by Theorem
4.15 in Sect. 4.5.2 for the sum of the triangle angles.

4.6.3 Solution of Hyperbolic Triangles

In this section, in order to point out analogies and differences with Euclidean
trigonometry, we report some examples in which we determine the elements of
hyperbolic triangles. We shall note that the Cartesian representation can give some
simplifications in the triangle solution.

The Cartesian axes will be chosen as shown in Fig. 4.4: P1 � ð0; 0Þ,
P2 � ð�d3; 0Þ, or P2 � ð0;�d3Þ, where P1P2 ¼ d3 is the side (or one of the sides)
which we know. The two possibilities for P2 depend on the D3 sign, the sign plus
or minus is chosen so that one goes from P1 to P2 to P3 anticlockwise. Thanks to
relations (4.55) and (4.56), the triangle is completely determined by the coordi-
nates of point P3, therefore the solution is obtained by finding these coordinates.
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1. Given two Sides and the Angle Between Them
Let be given h1; D2; D3.

For D3 positive we put P2 on the x axis, therefore P2 � ð�d3; 0Þ, the sign of
d3 being such that P1;P2;P3 follow each other anticlockwise. In this way
sinh hi and the triangle’s area are positive, as in Euclidean trigonometry in a
Cartesian representation. So we have

x3 ¼ d2 coshe h1; y3 ¼ d2 sinhe h1; ð4:62Þ

and (4.56) allow us to determine the other elements.
For D3 negative, we must take P2 on the y axis and in (4.62) we must change

sinhe h1 $ coshe h1. Grouping together both examples, we have

if D3 [ 0 x3 ¼ d2 coshe h1; y3 ¼ d2 sinhe h1;

if D3\0 x3 ¼ d2 sinhe h1; y3 ¼ d2 coshe h1:
ð4:63Þ

2. Given two Angles and the Side Between Them
Let be given h1; h2; D3.

In Euclidean trigonometry the solution of this problem is obtained by using
the condition that the sum of the three angles is p. We use this method which
allows us to use the Klein group defined in Sect. 4.3.1, as well as a method
peculiar to analytical geometry.

Let us start with the classical method: the Klein indexes (k1; k2) of known
angles h1; h2 are obtained by means of (4.20). For the third angle we have
h3 ¼ �ðh1 þ h2Þ and k3 is such that k1k2k3 ¼ �1. Therefore the hyperbolic
trigonometric functions are given by sinhe h3 ¼ sinhjh1 þ h2j if k3 ¼ �1 and by
sinhe h3 ¼ coshðh1 þ h2Þ if k3 ¼ �h. Now we can apply the law of sines and
obtain d2 ¼ d3

sinhe h2
sinhe h3

: Equations 4.62 allow us to obtain the P3 coordinates.

In the Cartesian representation we can use the following method: let us
consider the straight lines P1P3 and P2P3. Solving the algebraic system
between these straight lines we obtain the P3 coordinates.

For D3 [ 0 the straight line equations are P1P3 ) y ¼ x tanhe h1 and
P2P3 ) y ¼ �ðx� x2Þtanhe h2, and we obtain

P3 � x2
tanhe h2

tanhe h2 þ tanhe h1
; x2

tanhe h1 tanhe h2

tanhe h2 þ tanhe h1

� �

: ð4:64Þ

For D3\0 the straight line equations are y ¼ x cothe h1 and y� y2 ¼
�x cothe h2, with the solution

P3 � y2
tanhe h1 tanhe h2

tanhe h2 þ tanhe h1
; y2

tanhe h2

tanhe h2 þ tanhe h1

� �

: ð4:65Þ

3. Given two Sides and one Opposite Angle
Let be given h1; D1; D3, with D3 [ 0.

We know, that in Euclidean geometry, these elements do not determine
unequivocally a triangle. The same happens in hyperbolic geometry.
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Applying the Carnot’s theorem (4.39) to the side d1 we have
D2 � 2d2d3 coshe h1 þ D3 � D1 ¼ 0, from which we can obtain d2. Actually for
coshe h1 [ sinhe h1

D2 ¼ d2
2 ) d2 ¼ d3 coshe h1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d2
3 sinh2

e h1 þ D1

q

;

for coshe h1\sinhe h1

D2 ¼ �d2
2 ) d2 ¼ �d3 coshe h1 �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d2
3 sinh2

e h1 � D1

q

: ð4:66Þ

So, as for the equivalent Euclidean problem, we can have, depending on the
value of the square root argument, two, one or no solutions. The coordinates of
the vertex P3 are given by (4.62).

Now we use an analytic method typical of the Cartesian plane. The coor-
dinates of P3 can be obtained by intersecting the straight line y ¼ x tanhe h1

with the hyperbola centered in P2 and having quadratic semi-diameter P ¼ D1,
i.e., by solving the system

y ¼ x tanhe h1; ðx� d3Þ2 � y2 ¼ D1: ð4:67Þ

The results are the same of (4.66), but now it is easy to understand the geo-
metrical meaning of the solutions which can be compared with the equivalent
Euclidean problem with an equilateral hyperbola instead of a circle.

Actually if D1 [ 0 and d1 [ d3 the point P1 is included in a hyperbola arm
and we have always two solutions. Otherwise, if sinh h1\d1=d3 there are no
solutions, if sinh h1 ¼ d1=d3 there is just one solution and if sinh h1 [ d1=d3

two solutions.
If D3\0 the P2 vertex must be put on the y axis and we have the system

x ¼ y tanhe h1; ðy� d3Þ2 � x2 ¼ �D1:

Comparing this result with the solutions of system (4.67) we have to change
x$ y.

4. Given two Angles and one Opposite Side
Let be given h1; h3; D3 with D3 [ 0.
From theorems (4.35) and (4.41), we have

d1 ¼ d3
sinhe h1

sinhe h3
; jd2j ¼ jd1 coshe h3 þ d3 coshe h1j: ð4:68Þ

From (4.62) we find P3 coordinates.
5. Given three Sides

From the Carnot’s law of cosine (4.39), we have

coshe h1 ¼
D2 þ D3 � D1

2d2d3
: ð4:69Þ
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For D3 [ 0, we take P1 � ð0; 0Þ;P2 � ð�
ffiffiffiffiffiffi

D3
p

; 0Þ and sinhe h1 is given by

• if D2 [ 0) sinhe h1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh2
e h1 � 1

q

,

• if D2\0) sinhe h1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

cosh2
e h1 þ 1

q

.

From (4.62) we find P3 coordinates.
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Chapter 5
Equilateral Hyperbolas and Triangles
in the Hyperbolic Plane

Abstract The equilateral hyperbolas, represented in the Minkowski space-time,
hold the same properties of circles in Euclidean plane and satisfy similar theorems.
At the same time equivalent relations to the ones in Euclidean plane between
circles and triangles are obtained in hyperbolic plane between equilateral hyper-
bolas and triangles.

Keywords Geometry in hyperbolic plane � Equilateral hyperbola in space-time �
Hyperbolas and triangles in space-time

5.1 Theorems on Equilateral Hyperbolas

We have seen in Chap. 3 that, in the hyperbolic plane, the four arms of the unit
equilateral hyperbolas x2 � y2 ¼ �1 correspond to the unit circle, for the defini-
tion of trigonometric functions. Indeed the equilateral hyperbolas have many of the
properties of circles in the Euclidean plane; here we point out some of them,
showing some theorems in the hyperbolic plane that are the equivalent ones of
well-known theorems holding for the circle in the Euclidean plane.

Definitions If A and B are two points lying on an equilateral hyperbola, the
segment AB is called a chord of the hyperbola. We define two kinds of chords: if
points A; B are on the same arm of the hyperbola we have ‘‘external chords’’, if
the points are in opposite arms we have ‘‘internal chords’’.

We extend these definitions to points: given a two-arms hyperbola we call
external the points inside the arms, internal the points between the arms and the
axes bisectors.

This last definition agrees with the one for circles in which the center is an
internal point and the distance of these points from the center is lesser than the
radius.

F. Catoni et al., Geometry of Minkowski Space–Time, SpringerBriefs in Physics,
DOI: 10.1007/978-3-642-17977-8_5, � Francesco Catoni 2011
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Any internal chord which passes through the center ‘‘Pc’’ of the hyperbola is
called a diameter of the hyperbola. We call p the semi-diameter and P the

‘‘quadratic semi-diameter’’, with its sign (p ¼
ffiffiffiffiffiffi

jPj
p

).
Here we extend to equilateral hyperbolas the definitions stated for segments and

straight lines and call them hyperbolas of the first (second) kind if the tangent
straight lines are of the first (second) kind. Actually, as far as a general curve in
hyperbolic plane is concerned, (for example a circle) we can not assign it a kind
since general curves may have tangent straight lines of both kinds. Only equilateral
hyperbolas have the peculiar property that the tangent straight lines to a given arm
are of the same kind. This allows us to attribute a kind, depending on the P sign, to
the hyperbolas arms. Therefore we have hyperbolas of the first (second) kind if
P\0 (P [ 0), respectively.

The parametric equations of a general equilateral hyperbola are the same as
those for the circles with the usual substitutions of extended hyperbolic to circular
trigonometric functions. So they are given by

x ¼ xc � p coshe h; y ¼ yc � p sinhe h ð5:1Þ

and depend on three parameters: the center’s coordinates Pc � ðxc; ycÞ and the
half-diameter p. This hyperbola is determined by three conditions as the equations
for circles. In particular these three conditions can be the passage through three
non-aligned points.

Now we enunciate for equilateral hyperbolas the hyperbolic counterpart of the
well-known Euclidean theorems for circles. The demonstration of these theorems
is performed by elementary analytic geometry.

Theorem 5.1 The axis of two points on an equilateral hyperbola passes through
the center (xc; yc).

An equivalent form is: The line joining Pc with the midpoint M of a chord is
pseudo-orthogonal to it.

Proof Let us consider two points P1;P2 on the same arm of equilateral hyperbola
(5.1), determined by hyperbolic angles h1; h2, and calculate the axis of P1P2. By
substituting in (3.16) the coordinates given by (5.1), using (4.29) and (4.30) in the
third passage, we obtain

ðy� ycÞ ¼ ðx� xcÞ
coshe h1 � coshe h2

sinhe h1 � sinhe h2

� ðx� xcÞ
2sinhe

h1�h2
2 sinhe

h1þh2
2

2sinhe
h1�h2

2 coshe
h1þh2

2

� ðx� xcÞ tanhe
h1 þ h2

2
: ð5:2Þ

Equation 5.2 demonstrates the theorem. h

In a similar way we can find that if the points are on different arms of the hyper-
bola we have just to change (5.2) with ðy� ycÞ ¼ ðx� xcÞ cothe ½ðh1 þ h2Þ=2�.

This theorem also holds in the limiting position when the points are coincident
and the chord becomes tangent to the hyperbola, and we have
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Theorem 5.2 For points M on equilateral hyperbola, the tangent at M is pseudo-
orthogonal to the diameter PcM.

For the demonstration of the following theorems, we do not lose in generality if
we consider a hyperbola of the second kind, with its center at the coordinate origin.
We also set Pc ! O and (5.1) becomes

x ¼ �p cosh h; y ¼ �p sinh h : ð5:3Þ

Theorem 5.3 The diameters of a hyperbola are the internal chord of minimum
length.

Proof The ‘‘internal chords’’ joint two points on different arms of the hyperbola.
For these points we have

A � ðp cosh h1; p sinh h1Þ; B � ð�p cosh h2;�p sinh h2Þ:

By applying (4.22) and (4.27) in the last passage, the quadratic length of the
chord is

AB
2 ¼ p2½ðcosh h1 þ cosh h2Þ2 � ðsinh h1 þ sinh h2Þ2� � 4p2 cosh2½ðh1 � h2Þ=2�;

therefore

AB
2 ¼ 4p2 for h1 ¼ h2; AB

2 [ 4p2 for h1 6¼ h2: h

Theorem 5.4 If points A and B lie on the same arm of a hyperbola, for any point

P between A and B, the hyperbolic angle dAPB is half the hyperbolic angle dAOB.

Proof We begin by considering all points on the arm of hyperbola 2 Rs.

Referring to Fig. 5.1 let us take points A � ðp cosh hA; p sinh hAÞ, B �
ðp cosh hB; p sinh hBÞ with hA\hB and the hyperbola arc between them.

If P � ðp cosh h; p sinh hÞ is a point on this arc, i.e., hA\h\hB, we call a the

hyperbolic angle dAPB. The points A! P! B follow each other in clockwise
direction, therefore they correspond to points P2;P1;P3 of Fig. 4.3, respectively.
Therefore from (4.32) we have

tanh a � sinh a
cosh a

¼ ðcosh hB � cosh hÞðsinh hA � sinh hÞ � ðcosh hA � cosh hÞðsinh hB � sinh hÞ
ðcosh hA � cosh hÞðcosh hB � cosh hÞ � ðsinh hA � sinh hÞðsinh hB � sinh hÞ :

ð5:4Þ

The differences between trigonometric functions in round brackets can be written,
by means of (4.29) and (4.30), as products. After reduction, we obtain
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tanh a ¼ tanh
hB � hA

2
; ð5:5Þ

independent of h, i.e., of the point on the hyperbola arc.

Now we call b the angle dAOB. Points A! O! B follow each other in
clockwise direction and, referring to Fig. 4.3, from (4.32) we have

tanh b ¼ � cosh hA sinh hB � cosh hB sinh hA

cosh hA cosh hB � sinh hA sinh hB
¼ tanhðhB � hAÞ: ð5:6Þ

From (5.5) and (5.6) the theorem follows. h

Fig. 5.1 Angles that subtend the same chord of an equilateral hyperbolas. By means of
Theorems 5.4 and 5.5 it has been shown that for the angles a relative to points P on the hyperbola
arc that subtends the chord AB, we have in hyperbolic plane, similar relations to the ones holding
in Euclidean plane. • are the half of central angle b, • are complementary, i.e., are equal, but with
opposite sign of Klein index, to angles (c) determinated by points P1 external to chord, • among
these last ones are also included points P2 on the arm 2 Ls of hyperbolas. This result is the same
of projective geometry. Actually the hyperbola arms 2 Ls and 2 Rs, connect each other in the
points at1 (see Fig. 3.1). • the relation between the angles a and c also holds if P and P1 ! A.
Now we observe some equivalence with Euclidean geometry. (1) Let us consider the straight line
determined by the points A and B: the angles on the hyperbola that are half the central angle are
determined by points P on the arc in the same side of the center with respect to straight line
A� B. (2) The relation between the angles a and c can be seen in a ‘‘Euclidean way’’ by
considering the points P! A or P1 ! A, i.e., from the internal or external points of the chord.
Referring to Theorem 5.5, we have the angle between the tangent line (s) and the chord (r) is a if
P! A from the internal points, while by considering P1 ! A from the external points, the angle
between s and r is c supplementary of a
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Theorem 5.5 A complete equivalence of Theorem 5.4, with the analogous
Euclidean theorem can also be stated by considering the supplementary angles
and the chords becoming tangent.

Proof
1. Referring to Fig. 5.1, let us consider a point P1 outside the arc AB. Points

A! P1 ! B follow each other in anticlockwise direction therefore they cor-
respond to points P2; P1; P3 of Fig. 4.3, respectively, and calling c the angle
dAPB, from (4.32) we obtain

tanh c ¼ tanh
hA � hB

2
¼ �tanh

hB � hA

2
) a ¼ �c:

In the language of Klein’s index (Sect. 4.3.1), if tanh a ¼ �tanh c we have
ðaÞk ¼ ðcÞ�k, therefore aþ c ¼ ðaþ cÞ�k�k � ð0Þ�1. This relation corresponds
to the Euclidean case for which aþ c ¼ p.

2. Let us consider a point P2 � ð�p cosh h; �p sinh hÞ on the hyperbola arm

2 Ls. By calling d the angle dAP2B, with similar calculations of (5.4), we obtain
tanh d ¼ tanhð hA � hBÞ=2) d ¼ c.

3. We complete the parallelism with Euclidean geometry by taking P � A. This
case allows us to see in ‘‘a Euclidean way’’ the relation between a and c.
Actually let us consider the point P! A from the internal points of the chord,
the angle between the tangent line (s) and the chord (r) is a. Otherwise if
P1 ! A (from external points), the angle between s and r is c, i.e., the sup-
plementary angle of a. We demonstrate the first possibility. We have

Fig. 5.2 Right-angle triangle
inscribed in a hyperbola. In
hyperbolic geometry the
following Theorem (5.7)
holds: If a side of a triangle
inscribed in an equilateral
hyperbola passes through the
center of the hyperbola, the
other two sides are pseudo-
orthogonal. In this figure the
sides P1P2 and P2P3 are
pseudo-orthogonal
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angular coefficient of s) coth hA � tanh l; ð5:7Þ

angular coefficient of r) sinh hA � sinh hB

cosh hA � cosh hB
� tanh m; ð5:8Þ

we obtain

tanh a � tanh l� tanh m
1� tanh l tanh m

¼ 1� coshðhA � hBÞ
sinhðhA � hBÞ

� � tanh
hA � hB

2
; ð5:9Þ

which completes the assertion. h

As a straightforward consequence of Theorem 5.4 and, in particular from
relation (5.5), we have

Theorem 5.6 If Q is a second point on the hyperbola between A and B, we have
dAPB ¼ dAQB.

Theorem 5.7 If a side of a triangle inscribed in an equilateral hyperbola passes
through the center of the hyperbola, the other two sides are pseudo-orthogonal
(Fig. 5.2).

Proof For two points on an equilateral hyperbola and on a line passing through
the center, the coordinates are given by

P1 � ðp cosh h1; p sinh h1Þ; P3 � ð�p cosh h1; �p sinh h1Þ:

Let us consider a third point on the hyperbola P2 � ðp cosh h2; p sinh h2Þ and the
straight lines determined by the sides P1 P3; P2 P3. The equations of these straight
lines are given by

P1 P3 )
y� p sinh h1

sinh h2 � sinh h1
¼ x� p cosh h1

cosh h2 � cosh h1
;

P2 P3 )
yþ p sinh h1

sinh h2 þ sinh h1
¼ xþ p cosh h1

cosh h2 þ cosh h1
:

The product of the angular coefficients of these straight lines is 1, therefore they
are pseudo-orthogonal. h

Theorem 5.8 If from a non-external point P � ðxp; ypÞ we trace a tangent and a
secant line to a hyperbola, we have: the square of the distance of the tangent point
is equal to the product of the distances of secant points.

A ‘‘Euclidean demonstration’’ of this theorem is reported in the captions of
Figs. 5.3 and 5.4, here we see a demonstration by means of the analytic method
exposed in this chapter. In this way it is automatically extended to secant lines
crossing the different arms of an equilateral hyperbola.
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Proof Let us set

PT � t; PSl � sl; l ¼ 1; 2

and consider the hyperbola

x2 � y2 ¼ 1; ð5:10Þ

the non-external point P � ðxp; ypÞ, and the straight line

y� yp ¼ mðx� xpÞ � ðx� xpÞtanhe hp: ð5:11Þ

Eliminating y between (5.10) and (5.11) we obtain, for the abscissas of the
intersection points, the equation

ð1� m2Þx2 þ 2 m xðm xp þ ypÞ � m2x2
p � 2 m xp yp � y2

p � 1 ¼ 0: ð5:12Þ

Now let us see that it is not necessary to find the roots of this equation. Actually
setting Sl � ðxl; ylÞ; l ¼ 1; 2, we have

sl ¼
jxl � xpj
j coshe hpj

� jðxl � xpÞj
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

j1� m2j
p

ð5:13Þ

Fig. 5.3 Tangent and secant lines to an arm of equilateral hyperbola (Theorem 5.8). In this and
next figure we represent in the hyperbolic plane the corresponding theorem of Euclidean
geometry concerning tangent and secant lines to a circle. This theorem can be demonstrated
either in analytical or in the same geometrical way of Euclidean plane. In this caption we show
this last method, in the text we see the other one. Let us consider the triangles PS2T and PTS1;

they are similar since: • The angles dS2PT and dS1PT are in common. • The angles dPTS1 and

dTS2S1 subtend the same hyperbola arc TS1

_

; therefore from Theorem 5.4, are equal. • Third angles
are equal for the relations (4.60). Therefore from Theorem 4.8 the triangles PTS1 and PS2T have

proportional sides, and as for Euclidean geometry, it follows: P S1 � P S2 ¼ P T
2
. It also follows

that the product P S1 � P S2 is independent of straight lines passing through point P
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and

s1 � s2 ¼ jð1� m2Þðx1 � xpÞðx2 � xpÞj ¼ jð1� m2Þ½x1x2 � xpðx1 þ x2Þ þ x2
p�j

¼ 1� m2

a
ða x2

p þ b xp þ cÞ
�

�

�

�

�

�

�

�

ð5:14Þ

where, in the last passage, we use the link between the roots and the coefficients
a; b; c of the equation of degree 2 (5.12), that has x1; x2 as roots. Substituting
these coefficients, after reduction we obtain

s1 � s2 ¼ jx2
p � y2

p � 1j; ð5:15Þ

which is independent of m. Therefore the product (5.14) is the same for coincident
solutions (tangent line) or if the intersection points are in the same or different
arms of (5.10). h

The ‘‘Euclidean demonstration’’ for the secant line crossing the different arms
of an equilateral hyperbola is reported in the caption of Fig. 5.4.

The result of (5.15) can be generalized to hyperbolas with center in any point.
We have

Fig. 5.4 Secant line on the different arms of the same kind of an equilateral hyperbola. In the
text (Theorem 5.9) is demonstrated in a ‘‘Euclidean’’ way that the product P S1 � P S2 is
independent of the line passing through P and intersecting the hyperbola arms of the same kind,
here we report the ‘‘Euclidean-like’’ demonstration for the secant line crossing different arms of

the hyperbola. • The angles dS2PT and dS1PT , seen in a Euclidean way are supplementary angles.
In the hyperbolic plane, if we call k the Klein index of the first angle, the index of the second one

is �k with the same value of the angle. • The angles dPTS1 and dPS2T subtend the same hyperbola

arc TS1

_

; therefore, from Theorem 5.4, point 2, they are equal except for the Klein index. Actually
by calling k1 the Klein index of the first angle, the index of the second one is �k1. • The third
angles are equal from Theorem 4.15. Since the hyperbolic sine is the same for supplementary
angles, from Theorem 4.18 the triangles PTS1 and PS2T have proportional sides; therefore
t2 ¼ s1 � s2 follows. This product depends on the point and on hyperbola and it is called ‘‘The
power of a point P with respect to hyperbola H.’’ The value of this product is given by (5.17)
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Theorem 5.9 If from a non-external point P � ðxp; ypÞ of an equilateral
hyperbola

ðx� xcÞ2 � ðy� ycÞ2 � p2 ¼ 0; ð5:16Þ

we trace a tangent line to the hyperbola, then the square of the distance between P
and the tangent point is obtained by substituting the coordinates of P in the
equation for the hyperbola

t2 � s1 � s2 ¼ jðxc � xpÞ2 � ðyc � ypÞ2 � p2j: ð5:17Þ

Proof The proof can be obtained, by means of the analytical method of Theorem
5.8 or by considering (5.16) instead of (5.10) and by noting that the last term in the
round bracket of (5.14) can be obtained by substituting x! xp in (5.12). This
substitution, directly into (5.11), shows us that it must be y ¼ yp. Both these
substitutions into (5.16) give (5.17). h

We have [1, p. 195]

Theorem 5.10 The value of the product P S1 � P S2 only depends on the point and
on hyperbola. It is called ‘‘The power of a point P with respect to hyperbola
H’’. Its value can be obtained by means of (5.17).

We note that in (5.16) we have collected, by taking �p2, the four arms of the
hyperbolas. These different signs give different values for the product P S1 � P S2,
then it follows that the theorem holds only for secant lines crossing the arms of the
same kind.

As a conclusion of this section we note that the theorems we have seen indicate
that in some cases problems about equilateral hyperbolas may be solved more
easily in the hyperbolic plane by applying the shown theory.

5.2 Triangle and Equilateral Hyperbolas

In this section we extend to equilateral hyperbolas the Euclidean theorems about
circumcircle, incircle and ex-circles [2].

5.2.1 Circumscribed Hyperbola

As three points (in particular the vertexes of a triangle) in Euclidean plane define a
circle, in the same way, in the hyperbolic plane, define an equilateral hyperbola
(5.1), that has the same properties of Euclidean circle. We have

Theorem 5.11 If we have three non-aligned points that can be considered the
vertexes of a triangle, there is an equilateral hyperbola (circumscribed hyper-
bola) which passes through these points, and its semi-diameter is given by
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p ¼ d1d2d3

4 S
� dn

2 sinhe hn
; n ¼ 1; 2; 3: ð5:18Þ

Proof With the usual analytical method we find its center Pc � ðxc; ycÞ and the
quadratic semi-diameter P and will see that the obtained result can be written as
function of the lengths of the triangle sides.

Let us consider three non-aligned points P1 � ðx1; y1Þ, P2 � ðx2; y2Þ,
P3 � ðx3; y3Þ. The parametric equation of a hyperbola passing through them is
obtained by imposing this condition on (5.1). By calling hi the hyperbolic angles
corresponding to points Pi, we have

xi ¼ xc � p coshe hi; yi ¼ yc � p sinhe hi: ð5:19Þ
For finding the coordinates of the hyperbola center and the condition that states if
it is of the first or second kind, we set the coordinate axes so that the points have
the positions shown in Fig. 4.4 with coordinates stated in (4.54).

Since the center is on the axis of the chords given by the sides of the triangle, by
considering the side P1P2, we have xc ¼ x2=2. From the intersection between this
one and another axis we obtain the center coordinates

Pc �
x2

2
;

y2
3 � x2

3 þ x2x3

2y3

� �

:

Moreover, since the hyperbola passes through the coordinate origin, the quadratic
semi-diameter (P) is given by

P ¼ x2
c � y2

c �
x2

2y2
3 � ðy2

3 � x2
3 þ x2x3Þ2

4y2
3

� ðx
2
3 � y2

3Þ½y2
3 � ðx2 � x3Þ2�
4y2

3

: ð5:20Þ

Taking into account the last expressions of (4.34) and (4.56), we can write the

denominator of (5.20) as y2
3 ¼ ðd1 d2 sinh h3Þ2=d2

3 � S2=D3 and, by means of (4.55),
we see that also the numerator can be written as a function of invariant quantities

P ¼ �D1D2D3

16 S2
; ð5:21Þ

for P [ 0 we have an equilateral hyperbola of the second kind, while for P\0 we
have an equilateral hyperbola of the first kind. Thus in relation to the hyperbola
type we could say that there are two kinds of triangles depending on the sign of
D1 � D2 � D3.

By using Hero’s formula (4.44), we obtain P as function of the sides quadratic

lengths. If we set p ¼
ffiffiffiffiffiffi

jPj
p

, from (5.21) and (4.34) we obtain (5.18), which is the same
relation that holds for the radius of a circumcircle in a Euclidean triangle. h

For a triangle in a general position we can obtain, with a more laborious
calculation [3, Chap. 6], the center coordinates:

zc ¼
½D1 Oðz3 � z2Þ þ D2 Oðz1 � z3Þ þ D3 Oðz2 � z1Þ�

4 � S ; ð5:22Þ
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where Dn O; n ¼ 1; 2; 3 represents the quadratic distance of vertex ‘‘n’’ from the
coordinate origin.

An example of circumscribed hyperbolas
Let us reconsider the triangle of Fig. 4.4, with a right angle in the vertex P2 and

determinate, as function of the sides lengths the kind of circumscribed hyperbolas.
From (5.21) and (4.55), we have P ¼ x2

3 y2
3ðx2

3 � y2
3Þ, therefore

• if jx3j[ jy3j ) P [ 0) second kind hyperbolas,
• if jx3j\jy3j ) P\0) first kind hyperbolas.

5.2.2 Inscribed and Ex-inscribed Hyperbolas

Let be given three points which can be considered the vertexes of a triangle, and
the three straight lines given by the prolongation of the sides. We consider the
problem of finding a hyperbola tangent to the triangle sides that, by analogy with
the Euclidean problem about the circle, we call inscribed hyperbola and three
hyperbolas tangent to the straight lines prolongations of the three sides that we call
ex-inscribed hyperbolas. This problem represents an extension to hyperbolic
geometry of a well-known Euclidean problem.

The solution of this problem shows the properties which are preserved when
going from Euclidean to hyperbolic geometry and which properties must be
considered peculiar to the Euclidean geometry. On the other hand we cannot
construct a hyperbola inside a triangle, but we see that the analytical method
allows us to solve together the problems concerning inscribed and ex-inscribed
hyperbolas and to find the four hyperbolas.

Proof By utilizing a property of Euclidean incircles and excircles, we change the
problem to the following one: to find hyperbolas with their centers equidistant
from three straight lines.

This problem has a solution; moreover the hyperbolas which we find, also have
other properties of the corresponding Euclidean circles.

We note that we must consider, in general, both conjugate arms of the hyper-
bolas, since the quadratic distance from a straight line and the center of a
hyperbolas can be positive or negative depending on the sides (straight lines) kind,
as we also see in a numerical example (Sect. 5.2.3).

For the solution of the problem we must find the center Pc � ðxc; ycÞ and the
quadratic semidiameter P of the hyperbolas. This problem can be solved by means
of a linear system of two equations.

Actually from Theorem 3.3 we know that the distance between a point Pc and
the straight line cE is a linear function of the coordinates of Pc, given by (3.18).

Let us consider the straight lines determined by the three points P1; P2; P3 and
let us denote ci the straight line between points Pj;Pk; i 6¼ j; k
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ci : y� yj ¼
yk � yj

xk � xj
ðx� xjÞ j i 6¼ j 6¼ k

� �

; ð5:23Þ

by calling dc ci
the distance between Pc � ðxc; ycÞ and ci, we have

dc ci
¼ ðyc � yjÞðxk � xjÞ � ðyk � yjÞðxc � xjÞ

di
; ð5:24Þ

As in Euclidean geometry this quantity can be positive or negative, depending on
the position of the point with respect to the straight line.

For the solution of the present problem we note that, as for Euclidean geometry,
the centers of excircles and incircle, are on opposite sides with respect to one
straight line. Therefore the four centers can be obtained by means of the same
equations, by equating the distances by considering both the signs.
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Fig. 5.5 Circumcircle, incircle and excircles of a Euclidean triangle. The incircle and excircles
have the common property of having their centers equidistant from the sides or their continuation.
In a Cartesian representation this condition can be formalized by means of two linear equations.
Actually, taking into account that the distance between a point and a straight line have a plus or
minus sign depending on the position of point with respect to straight line, we equate the
distances but for the sign and, in this way we solve the problem by means of the same system of
two linear equations. This approach allows us to calculate the radius and the center by means of
(5.26) and (5.27) just by setting the Euclidean instead of hyperbolic distances
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By introducing two quantities �1; �2 equal to �1, we find the centers of the
inscribed and circumscribed hyperbolas by solving the following four linear sys-
tems that differ just for the values of �1; �2:

dc c1
¼ �1 dc c2

; dc c1
¼ �2 dc c3

: ð5:25Þ
The semidiameters shall be obtained from the center coordinates and one
of (5.24). h

By solving the system (5.25), with dc ci
given by (5.24) and setting �3 ¼ �1 �2,

we obtain [2]

Theorem 5.12 The centers and semidiameters of inscribed and ex-inscribed
hyperbolas as functions of the side lengths of the triangle, are given by

xc ¼
�1 x1 d1 � �2 x2 d2 þ �3 x3 d3

�1 d1 � �2 d2 þ �3 d3
;

yc ¼
�1 y1 d1 � �2 y2 d2 þ �3 y3 d3

�1 d1 � �2 d2 þ �3 d3
;

ð5:26Þ
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Fig. 5.6 Circumscribed hyperbola to a hyperbolic triangle. Let us consider the three points A �
ð3; 4Þ; B � ð6; 8Þ; C � ð7; 3Þ in the hyperbolic plane as the vertexes of a triangle. As in
Euclidean plane we can associate with this triangle, and the straight lines given by the
continuations of the sides, five hyperbolas. In this figure we represent the circumscribed hyperbola.
Its center is obtained by (5.22), its quadratic semidiameter by (5.21). Since in this example D1 2;
D1 3\0; D2 3 [ 0, we have the quadratic semidiameter P \ 0, i.e., as one can note from the figure,
the circumscribed hyperbola is of the first kind ðy� ycÞ2 � ðx� xcÞ2 ¼ k2. Also if the problem is
solved by the arms of specific kind (5.21), in the figure we have reported all the four conjugate arms
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p ¼ 2 S

j�1 d1 � �2 d2 þ �3 d3j
ð5:27Þ

where �1; �2 ¼ �1 and we have also introduced �3 ¼ �1 �2.

The centers and the semidiameters of inscribed and ex-inscribed hyperbolas are
obtained by means of the same equations. By analogy with Euclidean geometry,
we define as inscribed the hyperbola with the smallest semidiameter, i.e.,
�1 ¼ ��2 ¼ �3 ¼ �1.

We note that the expressions for p as a function of the side lengths are the
same as those of the circles of Euclidean geometry. For our formalization on a
Cartesian plane we have also reported in (5.26), the coordinates of the centers of
hyperbolas.
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Fig. 5.7 Inscribed hyperbola. This problem and the next one for ex-inscribed hyperbolas is
solved by means of the same linear system (5.25). Since the hyperbolas have the same kind of
their tangent lines, the problem is, in general, solved by considering all their four arms. For our
specific problem by the convention of Sect. 3.3; we have that the sides A B and B C (the straight
lines c3; c1) are of the second kind, the side A C (the straight lines c2) is of the first kind. The
hyperbolas tangent to c3 and c1 are of the second kind ðx� xcÞ2 � ðy� ycÞ2 ¼ k2, the hyperbola
tangent to c2 is of the first kind ðx� xcÞ2 � ðy� ycÞ2 ¼ �k2. The center of hyperbola, inside the
triangle, is given by (5.26), its semidiameter by (5.27). By analogy with Euclidean geometry, we
define as inscribed the hyperbola with the smallest semidiameter by taking in (5.27)
�1 ¼ ��2 ¼ �3 ¼ �1
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5.2.3 Numerical Examples

In this example we show the five hyperbolas determined by a given triangle, and
their graphical representation. Let us consider the triangle with vertexes in points
A � ð3; 4Þ; B � ð6; 8Þ; C � ð7; 3Þ. In Euclidean plane a triangle, and the straight
lines given by the continuations of the sides, define the circumcircle (passing
through the vertexes), incircle (tangent to triangle sides) and three excircles
(tangent to one side and to straight lines continuation of the other sides), repre-
sented in Fig. 5.5.

In hyperbolic plane the equilateral hyperbolas have the same properties of the
circles. In Figs. 5.6, 5.7, 5.8 and 5.9 we represent the five hyperbolas.

For the circumscribed hyperbola the coordinates of the centers have been
obtained by (5.22) and the quadratic semidiameters by (5.21). The centers and
semidiameters of the inscribed and ex-inscribed hyperbolas are obtained by (5.26)
and (5.27).

As far as the inscribed and ex-inscribed hyperbolas are concerned, their
parameters are obtained by means of (5.26) and (5.27).
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Fig. 5.8 Hyperbolas ex-inscribed to a triangle (case 1). In this figure and in the next ones, since
the kinds of the hyperbolas are the same of the tangent lines they are the same as in Fig. 5.7. The
centers of hyperbolas are given by (5.26), the semidiameter by (5.27), taking for �n the three
values different from �1 ¼ ��2 ¼ �3 ¼ �1. As for ex-circle of Euclidean geometry, the ex-
inscribed hyperbolas to an hyperbolic triangle have the property that their centers are external to
triangle
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Fig. 5.9 Hyperbolas ex-inscribed to a triangle (cases 2 and 3)
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Chapter 6
The Motions in Minkowski Space–Time
(Twin Paradox)

Abstract All the curves in space-time plane, can be considered as a motion and
the lengths of the time-like lines give the proper time. Therefore we can compare
in a geometrical way, on different curves, the differences between proper times.
Proper times are obtained by means of elementary mathematics for uniform,
uniformly accelerated motions and their compositions; by means of differential
calculus for the arbitrary time-like curves.

Keywords Proper time in space-time � Twin paradox for uniform motions � Twin
paradox for uniformly accelerated motions � Twin paradox for general motions

In this chapter we show how the formalization of trigonometry in the pseudo-
Euclidean plane allows us to treat exhaustively all kinds of motions and to give a
complete formalization to what is today called ‘‘twin paradox.’’ After a century
this problem continues to be the subject of many papers, not only relative to
experimental tests [1, 2] but also regarding physical and epistemological consid-
erations [3]. We begin by recalling how this ‘‘name’’ originates.

The final part of Sect. 4 of Einstein’s famous 1905 special relativity paper [4]
contains sentences concerning moving clocks on which volumes have been writ-
ten: /…If we assume that the result proved for a polygonal line is also valid for a
continuously curved line, we obtain the theorem: If one of two synchronous clocks
at A is moved in a closed curve with constant velocity until it returns to A, the

journey lasting t seconds, then the clock that moved runs 1
2 t ðv=cÞ2 seconds1

slower than the one that remained at rest. .
About 6 years later, on 10 April 1911, at the Philosophy Congress at Bologna,

Paul Langevin replaced the clocks A and B with human observers and the ‘‘twin
paradox’’ officially was born. Langevin, using the example of a space traveler who
travels a distance L (measured by someone at rest on the Earth) in a straight line to

1 Obviously neglecting magnitudes of fourth and higher order.
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a star in one year and then abruptly turns around and returns on the same line,
wrote:
/… Revenu à la Terre ayant vielli deux ans, il sortira de son arche et trouvera

notre globe vielli deux cents ans si sa vitesse est restée dans l’interval inférieure
d’un vingt-millième seulement à la vitesse de la lumière.2 .

Apart from the ‘‘humanization’’ that complicates the acceptance of this con-
sequence of Special Relativity, another contradiction results from the first Ein-
stein’s postulate. Actually, from this postulate, if two reference systems move, one
relatively to the other, in uniform motion, there are not physical experiments that
allow us to state which one is in motion. As a consequence each of the twins regard
himself as stationary and the other one in motion. Following a Galileo’s example:
a passenger on a boat along a coast considers the earth as moving. Therefore each
of the twins must see the other as younger.

We must remark that Langevin himself stresses the point which will be the
subject of subsequent discussions, that is the asymmetry between the two reference
frames. The space traveler undergoes acceleration through his journey for starting,
halfway and for stopping while the twin at rest in the Earth reference frame always
remains in an inertial frame.

These accelerations, without a specific quantification, are usually considered as
the reason for the time differences. Recent experiments [1, 2] have belied this
hypothesis.

We think that a conclusion on the role of accelerated motions and, most of all,
an evaluation of the amount of slowing down of accelerated frames, can be
reached through the mathematics of special relativity. The self-consistency of the
formalization of hyperbolic trigonometry in previous chapters, allows us to solve
problems for every motion in the Minkowski space–time as if we were working on
the Euclidean plane [5, 6].

We note that in some examples, even if we could obtain the result by using
directly the hyperbolic equivalent of Euclidean theorems, we have preferred not to
use this approach. Actually, the results are obtained by means of elementary
mathematics and the obtained correspondences represent alternative demonstra-
tions with respect to the ones given in previous chapters.

6.1 Inertial Motions

In a representative (t; x) plane let us start with the following example:

• The first twin is steady at the point x ¼ 0, his path is represented by the t axis.

2 Langevin’s address to the Congress of Bologna was published in Scientia 10, 31–34 (1911).
As reported by Miller [4], the popularization of relativity theory for philosophers had an
immediate impact which we can know from the comment of one of the philosophers present.
Henry Bergson (1922) wrote: /…it was Langevin’s address to the Congress of Bologna on 10
April 1911 that first drew our attention to Einstein’s ideas. We are aware of what all those
interested in the theory of relativity owe to the works and teachings of Langevin.’’ .
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• The second twin, on a rocket, starts with constant speed v1 from O � ð0; 0Þ and
after a time s1, at the point T , he reverses its direction and comes back with
constant speed v2, arriving at the point R � ðs2; 0Þ. From a physical point of
view the speed cannot change in a null time, but this time can be considered
negligible with respect to s1; s2. An experimental result with only uniform
motion is reported in [1, 2]. In this experiment the lifetime of the muon in the
CERN muon storage ring was measured.

In Fig. 6.1. we represent this problem by means of the triangle OTR.

Solution From a geometrical point of view we can compare the elapsed travel
times for the twins by comparing the ‘‘lengths’’ (proper times) of the sum OT þ TR
with the side OR.

Now we see that the Euclidean formalization of space–time trigonometry
allows us to obtain a simple quantitative formulation of the problem.

By means of (2.32) we call h1 � tanh�1 v1 the hyperbolic angle dROT ; h2 �
tanh�1 v2 the hyperbolic angle dORT and h3 the hyperbolic angle dOTR. Given their

Fig. 6.1 The twin paradox for uniform (inertial) motions. The twin paradox is usually
formalized in the particular example of a twin stationary and the other one moving with constant
speed and an inversion of the speed direction up to meeting again. In this figure we represent
arbitrary uniform motions for both the twins. The results of Chaps. 4 and 5 allow us the complete
formalization of this problem. We begin by considering the motion represented by the triangle
OTR with h1 6¼ h2. (1) The first twin is stationary in x ¼ 0, its motion is then represented by t
axis. (2) The second twin starts with constant velocity v1 from point O � ð0; 0Þ and in point T , he
change the velocity direction and came back with constant velocity v2, and arrives in point R.
From the geometrical point of view we can compare the elapsed times for the twins by means of
the hyperbolic lengths (proper times) of the side OR with the sum of sides OT þ TR. By means of
the relation between velocities and hyperbolic angles (2.32) we have tanh h1 ¼ v1 and

tanh h2 ¼ v2, respectively and we set dOTR ¼ h3. By calling p the semidiameter of circumscribed
equilateral hyperbola to triangle OTR, by means of (5.18), we have OT ¼ 2 p sinh h2;

TR ¼ 2 p sinh h1; OR ¼ 2 p sinh h3, then sI
sII
¼ OR

OTþTR
¼ sinh h3

sinh h2þsinh h1
¼ sinh½h1þh2 �

sinh h2þsinh h1
: The last

relation, in which h3 is given as function of the known hyperbolic angles (or velocity), is obtained
by applying (4.41), (5.18) and the formula (4.23). Actually, we have OR ¼ OT cosh h1 þ
TR cosh h2 ) sinh h3 ¼ cosh h1 sinh h2 þ cosh h2 sinh h1 � sinh½h1 þ h2�: For both twins in

motion, by comparing OT þ TR and OT 0 þ T 0R with OR, we obtain s
s0 ¼

sinh½h1 þ h2 �
sinh½h01 þ h02 �

sinh h02 þ sinh h01
sinh h2 þ sinh h1
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physical meaning, the angles h1 and h2 are such that the straight lines OT and TR
are time-like [7] (in a Euclidean representation the angle of straight lines with the t
axis must be less than p=4). Applying the law of cosines (4.41) to OR; we have

OR ¼ OT cosh h1 þ TR cosh h2: ð6:1Þ
By calling sI and sII the proper times of the twins and sI � sII ¼ Ds, it follows that
the difference between the twins’ proper times Ds is

Ds � OR� OT � TR ¼ OTðcosh h1 � 1Þ þ TRðcosh h2 � 1Þ[ 0: ð6:2Þ

If we call p the semi-diameter of the equilateral hyperbola circumscribed to

triangle dOTR, from (5.18), we have

OT ¼ 2 p sinh h2; TR ¼ 2 p sinh h1; OR ¼ 2 p sinh h3; ð6:3Þ
and (6.2), becomes

Ds ¼ 2 pðcosh h1 sinh h2 þ cosh h2 sinh h1 � sinh h1 � sinh h2Þ
� 2 p½sinhðh1 þ h2Þ � sinh h1 � sinh h2�: ð6:4Þ

In a similar way we have

sI

sII
¼ OR

OT þ TR
¼ sinh h3

sinh h2 þ sinh h1
¼ sinh½h1 þ h2�

sinh h2 þ sinh h1
: ð6:5Þ

The last relation can be obtained by means of the relations among the angles of
triangle (4.58) or by (4.41) and (6.3) as it is shown in the caption of Fig. 6.1.h

Resetting in (6.5) the hyperbolic trigonometric functions as function of the
speeds by means of (2.34), after reduction, we have

sI

sII
¼ v1 þ v2

v1

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
2

p

þ v2

ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
1

p : ð6:6Þ

Equations 6.4 and 6.5 allow us to calculate Ds or sI=sII for every specific problem.
Now we consider the following problem: given h1 þ h2 ¼ const � 2 hm, what is

the relation between h1 and h2, so that Ds has its greatest value?

Proof The straightforward solution is

Ds ¼ 2 p½sinh 2 hm � sinh h1 � sinhð2 hm � h1Þ�;
dðDsÞ
d h1

¼ 0) h1 ¼ hm � h2;

d2ðDsÞ
d h2

1

�

�

�

�

�

h1¼hm

¼ �sinh hm\0:

ð6:7Þ

h

We have obtained the ‘‘intuitive Euclidean’’ solution that the greatest difference
between elapsed times, i.e., the shortest proper-time for the moving twin, is obtained
for h1 ¼ h2. For this value (6.5) corresponds to the well-known solution [4]
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sOR ¼ sðOTþTRÞ cosh h1 �
sðOTþTRÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffi

1� v2
p : ð6:8Þ

Now we give a geometrical interpretation of this problem. From (4.58) we know
that if h1 þ h2 ¼ 2 hm, with hm ¼ const, then h3 is constant too, then the posed
problem is equivalent to: what can be the position of vertex T if starting and final
points and angle h3 are given?

The problem is equivalent to having, in a triangle, a side and the opposite angle.
In an equivalent problem in Euclidean geometry we know that the vertex T does
move on a circle’s arc. Then, from the established correspondence (Theorem 5.6)
of circles in Euclidean geometry with equilateral hyperbolas in pseudo-Euclidean
geometry, we have that in the present space–time problem the vertex T moves on
an arc of an equilateral hyperbola.

Now let us generalize the twin paradox to the case in which both twins change
their state of motion: their motions start in O, both twins move on different straight
lines and cross again in R. The graphical representation is given by a quadrilateral
figure and we call the other two vertexes T and T 0. Since a hyperbolic rotation does
not change hyperbolic angles between the sides and hyperbolic side lengths
(Theorem 4.14), we can rotate the figure so that the vertex R lies on the t axis (see
Fig. 6.1). The problem can be considered as a duplicate of the previous one in the
sense that we can compare proper times of both twins with side OR. If we indicate
by ð0Þ the quantities referred to the triangle under the t axis, we apply (6.5) twice
and obtain s and s0 for every specific example

s
s0
¼ sinh½h1 þ h2�

sinh h2 þ sinh h1

sinh h02 þ sinh h01
sinh½h01 þ h02�

: ð6:9Þ

In particular, if we have h1 þ h2 ¼ h01 þ h02 ¼ 2 hm, from the result of (6.7) it
follows that the youngest twin is the one for which h1 and h2 are closer to hm.

6.2 Inertial and Uniformly Accelerated Motions

Now we consider some ‘‘more realistic’’ examples in which uniformly accelerated
motions are taken into account. Actually in the representative plane t; x all the
regular curves with time-like tangent lines can be considered representing
the motion of a body. In particular let us consider a curve written, as function of
the parameter h, as

t ¼ tðhÞ; x ¼ xðhÞ: ð6:10Þ

The parameter h can be arbitrarily taken otherwise, as we better see in the fol-
lowing of this section and in Sect. 6.3, it is more convenient to take as natural
parameter the proper time on the curve which can be obtained from (6.10):
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s ¼
Z

P

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d t

d h

� �2

� d x

d h

� �2
s

d h) d s
d h
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d t

d h

� �2

� d x

d h

� �2
s

: ð6:11Þ

Setting (6.10) as function of s the relativistic velocity and the relativistic accel-
eration are introduced as the vectors with components

vt � _t ¼ d t

d s
; vx � _x ¼ d x

d s
; ð6:12Þ

at � _vt ¼
d2 t

d s2
; ax � _vx ¼

d2 x

d s2
: ð6:13Þ

We know that in classical kinematics the velocity and acceleration are three-
dimensional vectors. In special relativity, for the stated equivalence between time
and space, the four-dimensional velocity and acceleration are introduced. Now we
note that the corresponding spatial components of three and four-dimensional
velocity are different whereas the corresponding components of three and four-
dimensional acceleration are the same [7, Sect. 1.4]. The same considerations hold
for the only spatial component we are here considering.

Now we show

Theorem 6.1 In a natural parametrization the relativistic velocity is a unit vector.

Proof By considering (6.10) as function of s, we have

vt �
d t

d s
¼ d t

d h
d h
d s

; vx �
d x

d s
¼ d x

d h
d h
d s

; ð6:14Þ

therefore with a natural parametrization, by means of (6.11) we have:

jvj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d t

d h

� �2

� d x

d h

� �2
s

0

@

1

A

d h
d s
¼ 1; ð6:15Þ

h

These general motions will be considered in Sect. 6.3, here we apply the
exposed considerations to the characteristic curves of hyperbolic plane, i.e., the
equilateral hyperbolas given, in parametric form, by (5.1)

I � t ¼ tC � p sinh h
x ¼ xC � p cosh h

�

for�1\h\þ1: ð6:16Þ

For these hyperbolas C � ðtC; xCÞ represents the center and h is a parameter that,
from a geometrical point of view, represents a hyperbolic angle measured with
respect to an axis passing through C and parallel to the x axis (Sect. 4.2). In (6.16)
the þ sign refers to the upper arm and the � sign to the lower one.
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We also have

d t ¼ �p cosh h d h; d x ¼ �p sinh h d h; ð6:17Þ

and the proper time on the hyperbola

sI ¼
Z

h

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d t2 � d x2
p

�
Z

h

0

p d h � p h: ð6:18Þ

This relation states the link between proper time, semidiameter and hyperbolic angle
and also shows that hyperbolic angles are given by the ratio between the ‘‘lengths’’ of
hyperbola arcs and semi-diameter, as circular angles in Euclidean trigonometry are
given by the ratio between circle arcs and radius. Moreover, as shown in Sect. 4.5.1
the magnitude of hyperbolic angles can be calculated in a Euclidean way.

Now let us see the kinematic properties of the ‘‘hyperbolic motion.’’ By taking
the proper time as parameter, the (6.16) become

I � t ¼ tC � p sinh½p�1 s�
x ¼ xC � p cosh ½p�1 s�:

�

ð6:19Þ

From (6.19) we obtain the components of relativistic velocity and acceleration

vt �
d t

d s
¼ cosh ½p�1 s�; vx �

d x

d s
¼ sinh ½p�1 s�; ð6:20Þ

at �
d2 t

d s2
¼ p�1 sinh ½p�1 s�; ax �

d2 x

d s2
¼ p�1 cosh ½p�1 s�: ð6:21Þ

From (6.20) we can check (6.15): jvj ¼ 1.
From (6.21) we have

jaj �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ja2
t � a2

x j
q

¼ p�1: ð6:22Þ

The equilateral hyperbolas in the t; x plane represent uniformly accelerated
motions (in the classical meaning of the term, since a is the same as the ‘‘classical’’
acceleration). Therefore all equilateral hyperbolas with a given diameter corre-
spond to a motion with constant acceleration a ¼ p�1. These motions are the ones
we consider in this Section together with uniform motions.

Coming back to (6.16), at the point P, determined by h ¼ h1, we have v �
d x=d t ¼ tanh h1 and the straight line, tangent to the hyperbola for h ¼ h1, is given
by (Chap. 4):

x� ðxC � p cosh h1Þ ¼ tanh h1½t � ðtC � p sinh h1Þ�
) x cosh h1 � t sinh h1 ¼ xC cosh h1 � tC sinh h1 � p: ð6:23Þ

From this equation we see that h1 also represents the hyperbolic angle of the
tangent to hyperbola with t axis. Taking into account that the angle h1 that defines
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the point on the hyperbola is measured with respect to a straight line parallel to x
axis while h1 in (6.23) is measured with respect to t axis, the straight lines
determined by these angles are symmetric with respect to axes bisectors, i.e., the
semi-diameter CP is pseudo-orthogonal to the tangent in P (see also Figs. 3.2 and
6.3). This property corresponds, in Euclidean geometry, to the well-known prop-
erty of a circle where the radius is orthogonal to the tangent-lines.

6.2.1 Uniform and Uniformly Accelerated Motions

We start with the following example in which the first twin, after some accelerated
and decelerated motions with the same acceleration (p�1), returns to the starting
point with vanishing velocity. The problem is represented in Fig. 6.2.

• The first twin (I) starts with a constant acceleration (represented with the
hyperbola I1) from O to A and then a constant decelerated motion up to V with
vðVÞ ¼ 0 and then accelerated with reversed velocity up to A0; ðvðA0Þ ¼
vðAÞÞðI 2Þ, then another decelerated motion (I 3) up to B � ð4 tA; 0Þ;
ðvðBÞ ¼ 0Þ.

• The second twin (II) moves with a uniform motion (T 1) that, without loss of
generality, can be represented as stationary at the point x ¼ 0:

Solution Hyperbola I 1 has its center at C � ð0; �pÞ. Then its equation is given
by

I 1 �
t ¼ p sinh h
x ¼ pðcosh h� 1Þ

�

for 0\h\h1; ð6:24Þ

and A � ðp sinh h1; p cosh h1 � pÞ.

The symmetry of the problem indicates that for both twins the total elapsed
times are four times the elapsed times of the first motion. The proper time of twin I
is obtained from (6.18),

Fig. 6.2 Uniform and uniformly accelerated motions. The proper time for a uniformly
accelerated motion is compared with the proper time of two uniform motion: the first one
stationary (represented by the t axis); the second one represented by the line OA (Sect. 6.2.1)
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sI � 4 sI 1 ¼ 4
Z

h1

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d t2 � d x2
p

� 4
Z

h1

0

p d h � 4ph1; ð6:25Þ

the proper time of twin II is four times the abscissa of point A,

sII � 4 tA ¼ 4p sinh h1: ð6:26Þ

The difference between the proper times is Ds ¼ 4pðsinh h1 � h1Þ, and their
ratio is

sI

sII
¼ h1

sinh h1
: ð6:27Þ

Now we consider the motion T on the side OA.

Solution Let us call h2 the hyperbolic angle between straight line OA and the t
axis; the equation of the straight line OA is

T � fx ¼ t tanh h2g ð6:28Þ

and we calculate h2, imposing that this straight line crosses the hyperbola (6.24)
for h ¼ h1. By substituting (6.28) in (6.24), and by using from the second and the
third passage (4.28) and (4.26), we have

t ¼ p sinh h1

t tanh h2 ¼ pðcosh h1 � 1Þ

�

) sinh h2

cosh h2
¼ cosh h1 � 1

sinh h1
) h1 ¼ 2 h2; ð6:29Þ

This result can be considered a new demonstration of Theorem 5.4, i.e., the central
angle (h1) is twice the hyperbola angle (h2) on the same chord. Then we have

OA ¼ OtA

cosh h2
� p sinh h1

cosh h2
� 2 p sinh h2 ð6:30Þ

and, taking into account the proper time on the hyperbola given by (6.25), we
obtain

sI
sT
¼ h2

sinh h2
: ð6:31Þ

h

Relation 6.31 has a simple ‘‘Euclidean’’ interpretation. Actually it can be
interpreted by means of the correspondence (Chap. 5) with Euclidean geometry,
where it represents the ratio between the length of a circle arc and its chord. We
have to note how, in Euclidean geometry, this ratio is greater than 1 whereas in
hyperbolic geometry it is less than 1, as the reverse triangle inequality requires.
We shall look into this property for curved lines in Sect. 6.2.3.

We can verify that the ratio between (6.27) and (6.31), is the ratio (6.8).
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6.2.2 Uniform Motions Joined by Uniformly
Accelerated Motions

In this example we connect the two sides of the triangle of Fig. 6.1. by means of an
equilateral hyperbola, i.e., we consider the decelerated and accelerated (with
reversed velocity) motions too (Fig. 6.3).

• The twin I moves from O � ð0; 0Þ to P � ðp sinh h1; p cosh h1 � pÞ with a
uniform motion, indicated as T 1, then he goes on with a constant decelerated
motion up to V , and then he accelerates with reversed velocity up to P0, where
he has the same velocity as the initial one, and moves again with uniform
velocity up to R � ðtR; 0ÞðT 01Þ.

• The twin II moves with a uniform motion (T 2) which, without loss of generality,
can be represented as stationary in the point x ¼ 0.

Solution A mathematical formalization can be the following: let us consider the
decelerated and accelerated motions represented by the equilateral hyperbola
(6.16) for �h1\h\h1 and the tangent to the hyperbola for h ¼ h1 as given by
(6.23). The straight line (6.23) in parametric form is given by

T 1 �
t ¼ s cosh h1

x ¼ s sinh h1

�

; ð6:32Þ

where s is the proper time on the straight line.

For the considerations after (6.23), the angle PCV is given by h1, and the proper
time from P to the vertex V is sI ¼ ph1.

Thanks to the symmetry of the problem, the total proper times from O to R is a
duplicate of these ones.

Fig. 6.3 Uniform motions joined by uniformly accelerated motions. The sides OT and TR of the
triangle in Fig. 6.1. are taken equal and are joined by an hyperbola representing a motion
decelerated and accelerated up to obtaining the starting speed with inverted direction. We will see
that if the time of decelerated and accelerated motions are less with respect to uniform motions,
we obtain (6.2) or the equivalent (6.8)
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For twin II we have: sII � 2 tC ¼ 2ðs cosh h1 þ p sinh h1Þ, therefore we have

Ds ¼ 2½sðcosh h1 � 1Þ þ pðsinh h1 � h1Þ�: ð6:33Þ
h

The proper time on this rounded off triangle is greater than the one on the
triangle, as we shall better see in the next example. The physical interpretation is
that the velocity on the hyperbola arc is less than the one on straight lines OT ; TR
of Fig. 6.1.

We can check at once that if the time of decelerated and accelerated motions are
small with respect to uniform motions, the (6.33) is the same as (6.2) or the
equivalent (6.8), in which we set OT ¼ TR, i.e., h1 ¼ h2.

6.2.3 Reversed Triangle Inequality for Curved Lines

In the following example we consider the motions

1. stationary motion in x ¼ 0;
2. on the upper triangle of Fig. 6.1. with sides OT ¼ TR;
3. on hyperbola I tangent in O and in R to sides OT and TR, respectively;
4. on hyperbola I c circumscribed to triangle OTR.

The problem is represented in Fig. 6.4. In this example we expose a formal-
ization of the triangle inequality, reversed with respect to the Euclidean plane
(Sect. 4.6.1) applied to both straight lines and curved lines, in particular to equi-
lateral hyperbolas. We shall see that the shorter the lines (trajectories) look
in a Euclidean representation (Fig. 6.4), the longer they are in space–time
geometry (6.35).

Solution Side OT lies on the straight line represented by the equation

x cosh h1 � t sinh h1 ¼ 0: ð6:34Þ

Hyperbola I is obtained requiring that it be tangent to straight line (6.34) in O. We
obtain from (6.16) and (6.23) tC ¼ p sinh h1; xC ¼ p cosh h1 and, from the defi-
nitions of hyperbolic trigonometry, OT ¼ tC= cosh h1 � p tanh h1.

For hyperbola I c, circumscribed to the triangle OTR, its semi-diameter is given
by (5.18): pc ¼ OT=ð2 sinh h1Þ � p=ð2 cosh h1Þ. If we call Cc its center and 2 hc

the angle dOCcR, we note that hc is a central angle of chord OT while h1 is a
hyperbola angle on the chord TR ¼ OT . Then, as has been shown in Sect. 6.2.1, we
have hc ¼ 2 h1.

Summarizing the lengths (proper times) for the motions are:

1. OR � 2 tT ¼ 2 p sinh h1;
2. from (6.34) it follows that
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T � ðp sinh h1; p sinh h1 tanh h1Þ; so that OT ¼ TR ¼ p tanh h1;

3. from (6.18) the length of arc of hyperbola I between O and R is given by

sI ¼ 2 ph1;

4. from (6.18) the length of arc of I c from O and R is given by

sI c ¼ 2 pchc � 2 ph1= cosh h1:

Then the following relations hold:

OR � 2 p sinh h1 [ arcðIÞ � 2 ph1 [ OT þ TR

� 2 p tanh h1 [ arcðI cÞ � 2 ph1= cosh h1:
ð6:35Þ

h

As a corollary of this example we consider the following problem: given the
side OR ¼ s (proper time of the stationary twin) what is the proper time of twin I
moving on an equilateral hyperbola, as a function of the acceleration p�1?

The answer is: as acceleration p�1 does increase, proper time sI can be as little
as we want.

Fig. 6.4 Twin paradox and reversed triangle inequality for curved lines. In this example we
expose a generalization of the triangle inequality, reversed with respect to the Euclidean plane,
(Sect. 4.6.1) applied to both straight lines and equilateral hyperbolas. In particular we consider the
uniform motions: • stationary in x ¼ 0: represented by the segment OR; • on the triangle OTR,
with sides OT ¼ TR (velocity v1 ¼ tanh h1); and uniformly accelerated motions from O to vertex
of hyperbolas and decelerated from vertex to R; • on the hyperbola I tangent in O and R to sides
OT and TR, respectively; • on the hyperbola I c circumscribed to triangle OTR. By writing arcðIÞ
and arcðI cÞ the hyperbolic lengths of hyperbola arcs, we obtain: OR � 2 p sinh h1 [ arcðIÞ �
2 ph1 [ OT þ TR � 2 p tanh h1 [ arcðI cÞ � 2 ph1= cosh h1: Therefore, as shorter the lines
(trajectories) look in a Euclidean representation as longer they are in space–time geometry
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Proof From the hyperbolic motion of (6.16) we have t ¼ s=2� p sinh h and for
t ¼ 0 we have h ¼ h1, therefore 2 p sinh h1 ¼ s, and for relativistic motions
(h1 � 1), we obtain

s ’ p exp½h1� ) h1 ’ ln
s
p
: ð6:36Þ

Then from relation (6.18), sI � 2 ph1 ¼ 2 p ln½s=p�p!0
�! 0. h

6.2.4 The Most General Uniform and Accelerated Motions

We conclude this section with a more general example in which both twins have a
uniform and an accelerated (with the same acceleration) motion.

• The first twin (I) starts with a constant accelerated motion and then goes on with
a uniform motion.

• The second twin (II) starts with a uniform motion and then goes on with a
constant accelerated motion.

The problem is represented in Fig. 6.5.

Solution We can represent this problem in the (t; x) plane in the following way:

(I) starts from point O � ð0; 0Þ with an acceleration given by p�1ðI1Þ up to
point A (time t1), then goes on with a uniform motion (T 1) up to point B in
which meet the twin (II) (time t3). The mathematical expression of I 1 is
given by (6.24), and A � ðp sinh h1; p cosh h1 � pÞ,

(II) starts from the point O � ð0; 0Þ with a uniform motion (T 2), (stationary in
x ¼ 0) up to point C in a time t2 ¼ ap sinh h1 which we have written pro-
portional to t1. Then he goes on with an accelerated motion (I 2), with the
same acceleration p�1 of twin (I) up to crossing the trajectory of twin (I) at
time t3.

Fig. 6.5 The most general uniform and accelerated motions. The most general motion, in which
both the twins after uniform and accelerated motions, meet again. This general result (6.41) can
be applied to specific cases
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The analytical representation of I1 is given by (6.24). I 2 is represented by

I 2 �
t ¼ pða sinh h1 þ sinh hÞ
x ¼ pðcosh h� 1Þ

�

for 0\h\h2; ð6:37Þ

where h2 represents the value of the hyperbolic angle in the crossing point B
between I 2 and T 1.
T 1 is given by the straight line tangent to I 1 in h1:

T 1 � fx cosh h1 � t sinh h1 ¼ pð1� cosh h1Þg: ð6:38Þ

From (6.37) and (6.38) we calculate the crossing point between I 2 and T 1.
We have

coshðh2 � h1Þ ¼ a sinh2 h1 þ 1: ð6:39Þ

This equation has an explicit solution for a ¼ 2. Actually we have

coshðh2 � h1Þ ¼ 2 sinh2 h1 þ 1 � cosh 2 h1 ) h2 ¼ 3h1:

Let us calculate the proper times.

• The proper times relative to the accelerated motions are obtained from (6.18)
sI1 ¼ ph1; sI 2 ¼ ph2.

• The proper time relative to T 2 is given by t2 ¼ ap sinh h1.
• On straight line T 1, between A and B � pða sinh h1 þ sinh h2; cosh h2 � 1Þ,

the proper time is obtained by means of hyperbolic trigonometry,

sT 1 � AB ¼ ðxB � xAÞ=sinh h1 � pðcosh h2 � cosh h1Þ=sinh h1: ð6:40Þ

Then the complete proper times of the twins are

sI ¼ p½h1 þ ðcosh h2 � cosh h1Þ=sinh h1�
sII ¼ pða sinh h1 þ h2Þ:

ð6:41Þ

h

Let us consider relativistic velocities (v ¼ tanh hi ’ 1) h1; h2 � 1); in this
case we can approximate the hyperbolic functions in (6.39) and (6.41) with the
positive exponential term and, for a 6¼ 0, we obtain from (6.39): exp½h2 � h1� ’
a exp½2 h1�=2, and from (6.41)

sI ’ pðh1 þ exp½h2 � h1�Þ ’ pðh1 þ a exp½2 h1�=2Þ; sII ’ pða exp½h1�=2þ h2Þ:
ð6:42Þ

The greatest contributions to the proper times are given by the exponential terms
that derive from uniform motions. If we neglect the linear terms with respect to the
exponential ones, we obtain a ratio of the proper times independent of the a 6¼ 0
value,

sI ’ sII exp½h1�: ð6:43Þ
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The twin that moves for a shorter time with uniform motion has the shortest proper
time. Since the total time is the same, a shorter time with uniform motion means a
longer time with accelerated motion, so this result is the same as (6.31).

With regard to the result of this example we could ask: how is it possible that a
uniform motion close to a light-line is the longer one?

We can answer to this question by having a glance at (6.40). Actually in this
equation the denominator sinh h1 � 1 takes into account that the motion is close
to a light-line, but in the numerator cosh h2 � cosh h1 indicates that the crossing
point B is so far away that its contribution is the determining term of the result we
have obtained.

6.3 Non-uniformly Accelerated Motions

This section has been inserted for giving an exhaustive formulation of all the
problems. In any case we have to specify that, as a difference with the previous
chapters where the problem have been solved by means of elementary geometry,
some notion of advanced mathematics are now necessary. For this reason, before
to formalizing the general motions in the hyperbolic plane we recall some defi-
nitions and relations about the curves in Euclidean plane.

6.3.1 The Curves in Euclidean Plane

Let us consider in a Cartesian representation a regular curve given by the para-
metric equations

x ¼ xðuÞ; y ¼ yðuÞ: ð6:44Þ

To every value of the parameter u in an interval corresponds a point P. As positive
direction on the curve we take the one in which the point moves as u increases.

On this curve the velocity and the acceleration are defined by means of the
following relations

vx � _x ¼ d x

d u
; vy � _y ¼ d y

d u
; ð6:45Þ

at � _vt ¼
d2 x

d u2
; ay � _vy ¼

d2 y

d u2
: ð6:46Þ

These names derive from the classical kinematics. Actually if for a curve repre-
sented in a Euclidean plane or space we consider the parameter u as the time,
(6.44) represent the motion of a point for which the definitions (6.45) and (6.46)
are the velocity and the acceleration, respectively.
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The parameter u can be taken in an arbitrary way otherwise, for the reasons we
are going to see, it can be convenient to take the natural parameter representing
the arc length on the curve from a fixed point (the origin) up to the considered
point P. In particular we have

s ¼
Z

P

0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d x

d u

� �2

þ d y

d u

� �2
s

d u ) d s

d u
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d x

d u

� �2

þ d y

d u

� �2
s

: ð6:47Þ

If the parametric equations (6.44) are written as functions of s, we have

vx �
d x

d s
¼ d x

d u

d u

d s
; vy �

d y

d s
¼ d y

d u

d u

d s
; ð6:48Þ

then

jvj �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

d x

d u

� �2

þ d y

d u

� �2
s

0

@

1

A

d u

d s
¼ 1: ð6:49Þ

From a geometrical point of view, with this parametrization, vx e vy represent the
direction cosines of tangent to the curve. We also have

Theorem 6.2 In a natural parametrization the velocity and acceleration vectors
are orthogonal.

Proof From (6.49), by differentiating the first and last terms, we have

d jvj2

d s
� d jv � vj

d s
� 2 ðv � _vÞ � 2 ðv � aÞ ¼ 0: ð6:50Þ

h

Therefore by calling n the unitary vector of the normal to the curve, we can
write

d v

d s
¼ KðsÞ n: ð6:51Þ

Let us now see the meaning of KðsÞ: from a geometrical point of view, the
derivative of v gives the rate of variation of the direction of the tangent, i.e., how it
draws away from a straight direction. The modulus of this quantity is called

curvature and is indicated with KðsÞ. Therefore KðsÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

€x2 þ €y2
p

.
Let us now see its value in the simplest cases:

• For a straight line, from (6.44), we have x ¼ a s; y ¼ b s, therefore KðsÞ ¼ 0.
• For a circle, from (6.44), we have x ¼ R cos½R�1 s�; y ¼ R sin½R�1 s�, from

which KðsÞ ¼ R�1, is constant.
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For a general curve KðsÞ�1 represents the radius of the circle that better
approximate the curve in the considered point. This circle is called osculating
circle.

We note that the curvature depends on the second derivate with respect to s,
therefore it is independent of the direction of s fixed on the curve.

From the stated definitions and the properties found, an important theorem
follows

Theorem 6.3 For the curves represented by means of the natural parameter s, the
following Frenet formulas hold

d v

d s
¼ KðsÞ n; ð6:52Þ

d n

d s
¼ �KðsÞ v: ð6:53Þ

Proof Equation 6.52 corresponds to (6.51).

The demonstration of (6.53) is straightforward: actually since n is a unitary
vector (6.50) holds true. Therefore its derivative has the direction of v and, as for
(6.51) we can write

d n

d s
¼ a v: ð6:54Þ

Taking into account that v � n ¼ 0, from (6.52) and (6.54) we obtain a and (6.53):

d

d s
ðv � nÞ � dv

d s
� n

� �

þ dn

d s
� v

� �

� K þ a ¼ 0) a ¼ �K: ð6:55Þ

h

Now we see

Theorem 6.4 The Frenet formulas allow us to obtain the parametric equations of
a curve if we know the curvature KðsÞ.

Proof For this formalization we use complex numbers and this will allow us to
extend these results to pseudo-euclidean plane by using hyperbolic numbers.

Calling /ðsÞ the angle between the tangent-line to the curve and the x axis, we
can write:

vx �
d x

d s
¼ jvj cos /ðsÞ � cos /ðsÞ; vy �

d y

d s
¼ jvj sin /ðsÞ � sin /ðsÞ:

ð6:56Þ

Then v can be written in the formalism of complex numbers:

v � vx þ i vy ¼ exp½i /ðsÞ� ð6:57Þ
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and the orthogonal unit vector n (Sect. 3.3), as

n ¼ i exp½i /ðsÞ�: ð6:58Þ

Substituting (6.57) and (6.58) into (6.52), we obtain

d exp½i /ðsÞ�
d s

� i exp½i /ðsÞ�f g d /ðsÞ
d s

¼ KðsÞ i exp½i /ðsÞ�f g

) /ðsÞ ¼ /0 þ
Z

KðsÞ d s: ð6:59Þ

The same result could be obtained by means of (6.53).
By means of the value of /ðsÞ from (6.59), we obtain the components of v from

(6.57). Writing the curve (6.44), in the language of complex vectors, we have

zðsÞ ¼ xðsÞ þ i yðsÞ; ð6:60Þ

and, by integrating (6.48), we obtain the coordinates

xþ i y �
Z

½vx þ i vy�d s ¼
Z

exp½i /ðsÞ� d s: ð6:61Þ

By the value of KðsÞ from 6.59, we obtain the result we are looking for

xðsAÞ ¼ x0 þ
Z

sA

0

cos /ðs0Þ d s0 � t0 þ
Z

s

0

cos

Z

s0

0

Kðs00Þ d s00

2

4

3

5d s0; ð6:62Þ

yðsAÞ ¼ y0 þ
Z

sA

0

sin /ðs0Þ d s0 � x0 þ
Z

s

0

sin

Z

s0

0

Kðs00Þ d s00

2

4

3

5d s0: ð6:63Þ

h

6.3.2 Formalization of Non-uniformly Accelerated Motions

In this section we see that the formalism introduced in previous chapters and the
correspondence between complex and hyperbolic numbers allows us to extend
the results shown for the Euclidean plane to the lines that can represent a motion in
the t; x plane (i.e., with time-like tangent lines).

This motion is, in general, non-uniform and can be considered as the envelope
of the equilateral hyperbolas with semidiameter corresponding to the instantaneous
accelerations. Or, vice versa, we can construct in every point of a curve an
‘‘osculating hyperbola’’ which has the same properties of the osculating circle in
Euclidean geometry. Actually the semi-diameters of these hyperbolas are linked to
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the second derivative with respect to the line element as the radius of osculating
circles in Euclidean geometry.

In the representative plane t; x let us represent points P by means of the
hyperbolic coordinates and consider a time-like curve from the origin of the
coordinates to point A which, without loss of generality (see Sect. 6.2) we write by
means of the proper time as parameter

t ¼ tðsÞ; x ¼ xðsÞ ð6:64Þ

v ¼ vðsÞ; vt � _t ¼ d t

d s
; vx � _x ¼ d x

d s
: ð6:65Þ

Now we consider the problem: to calculate the proper time in an inertial frame
if we know the acceleration on the curve as a function of the proper time on the
curve. The problem is equivalent to the one solved by means of complex numbers
in Euclidean geometry (6.62) and (6.63). Therefore, thanks to the established
correspondence between Euclidean and space–time geometry, the problem can be
solved in two steps by means of hyperbolic numbers.

As a first step we state Frenet’s formulas for the space–time plane.
Frenet’s formulas in the Minkowski space–time.
Let us consider a parametrization by means of proper time: we have

Theorem 6.5 In the space–time plane the following Frenet-like formulas hold:

d v

d s
¼ KðsÞ n; ð6:66Þ

d n

d s
¼ KðsÞ v; ð6:67Þ

where n represents the unit vector pseudo-orthogonal to the curve, KðsÞ the
modulus of acceleration and, from (6.22), 1=KðsÞ the semi-diameter of osculating
hyperbolas.

We have changed the symbol p , introduced in Chap. 4, with KðsÞ, that recalls
the non-constant curvature of lines in the Euclidean plane.

Proof If the parameter s is the proper time, €t and €x are the components of a vector
a that represents the relativistic acceleration. Since from (6.15) we have that v is a
unit vector, by indicating with a dot (�) the scalar product in space–time (Sect. 4.2),
as for Euclidean plane (6.50), we have

d jvj2

d s
� d jv � vj

d s
� 2ðv � _vÞ � 2ðv � aÞ ¼ 0 ð6:68Þ

Then, v is orthogonal to a, that is a space-like vector. By calling n the unit vector
orthogonal to the curve, we can write the proportionality equation (6.66). Equation
(6.66) is equivalent to the first Frenet formula in the Euclidean plane (6.52). Now
we show that also the second Frenet formula holds. Actually, we have
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n � n ¼ �1) n � d n

d s
¼ 0; ð6:69Þ

as for Eq. 6.66 we can write

d n

d s
¼ a v ð6:70Þ

and taking into account that v � n ¼ 0, from (6.66) and (6.70) we obtain a,

d

d s
ðv � nÞ � dv

d s
� n

� �

þ dn

d s
� v

� �

¼ 0 � �K þ a) a ¼ K: ð6:71Þ

So we have the second Frenet-like formula (6.67). h

Now we see

Theorem 6.6 Frenet space–time formulas allow us to find the proper time in an
inertial frame by knowing the ‘‘curvature’’ (acceleration) of the curve as function
of the proper time on the curve.

Proof Calling hðsÞ the hyperbolic angle between the tangent-line to the curve and
t axis, we can write

vt �
d t

d s
¼ jvj cosh hðsÞ � cosh hðsÞ; vx �

d x

d s
¼ jvj sinh hðsÞ � sinh hðsÞ:

ð6:72Þ

Then v, written in ‘‘hyperbolic polar’’ form, is given by

v � vt þ h vx ¼ exp½h hðsÞ� ð6:73Þ

and the pseudo-orthogonal unit vector n (Sect. 3.3), by

n ¼ h exp½h hðsÞ�: ð6:74Þ

Substituting (6.73) and (6.74) into (6.66), we obtain

d exp½h hðsÞ�
d s

� h exp½h hðsÞ�f g d hðsÞ
d s

¼ KðsÞ h exp½h hðsÞ�f g

) hðsÞ ¼ h0 þ
Z

KðsÞ d s: ð6:75Þ

The same result could be obtained by means of (6.67).
By means of the value of hðsÞ obtained by (6.75), we obtain the components of

v and n, from (6.73) and (6.74), respectively.
By integrating (6.65), we have

t þ h x �
Z

½vt þ h vx� d s ¼
Z

exp½h hðsÞ� d s: ð6:76Þ
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By means of the value of hðsÞ from (6.75) we obtain, from (6.76), the
expressions equivalent to (6.62) and (6.63).

tðsAÞ ¼ t0 þ
Z

sA

0

cosh hðs0Þ d s0 � t0 þ
Z

sA

0

cosh

Z

s0

0

Kðs00Þ d s00

2

4

3

5d s0; ð6:77Þ

xðsAÞ ¼ x0 þ
Z

sA

0

sinh hðs0Þ d s0 � x0 þ
Z

sA

0

sinh

Z

s0

0

Kðs00Þ d s00

2

4

3

5d s0: ð6:78Þ

h

In Sect. 6.2 we have seen that in the representative (t; x) plane the equilateral
hyperbola represents a uniformly accelerated motion. Now we can complete this
result by means of

Theorem 6.7 The only motions with constant acceleration are the hyperbolic
motions.

Proof The parametric equations of a motion with constant acceleration are
obtained from (6.77) and (6.78) by setting KðsÞ ¼ const: � p�1. Therefore by
solving two elementary integrals we obtain (6.19). h

6.3.3 Proper Time in Non-uniformly Accelerated Motions

Now we return to the initial problem by comparing the proper times in the
following motions (see Fig. 6.6)

1. motion I, a non-uniformly accelerated motion of which we know the acceler-
ation as a function of the proper time on the curve (KðsÞ),

2. motion II, stationary in x ¼ 0,
3. motion III, uniform motion from O to A. The straight line OA forms with the

t axis the hyperbolic angle h ¼ tanh�1½xðsAÞ=tðsAÞ�.

We have

1. (I) proper time, sA,
2. (II) proper time, tðsAÞ from (6.77),
3. (III) proper time sðOAÞ ¼ tðsAÞ=cosh h.

Motions (I) and (III) have the same starting and final points, therefore we can
compare directly their proper times.

The motions (I) ? (II) are two independent motions with different final points.
Now we see, by the following considerations, that the final points can be set
coincident. Actually since the curvature (acceleration) is given by the second
derivative of t and x with respect to s, it is independent of motion direction. Then
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let us consider the curve obtained by reflecting (I) with respect to a straight line
passing through A and parallel to x axis, and call O0 the point in which this line
crosses the t axis. The proper time on this curve is sA. Since also the time from O
to O0 for twin (II) is doubled, the total result is to double both the times of the
‘‘real’’ trip, obtaining the ratio

sðIÞ
sðIIÞ
¼ sA

tðsAÞ
; ð6:79Þ

where tðsAÞ is given by (6.77).
Equation 6.79 allows to a space traveler, to construct an inertial clock (e.g., the

time on the Earth) from data taken on its spaceship.

6.4 Conclusions

As we know, the twin paradox spreads far and wide having been considered the
most striking exemplification of the space–time ‘‘strangeness’’ of Einstein’s theory
of special relativity. What we have striven to show is that hyperbolic trigonometry
supplies us with an easy tool by which one can deal with any kinematic problem in
the context of special relativity. Otherwise it allows us to obtain the quantitative
solution of any problem and dispels all doubts regarding the role of acceleration in
the flow of time.

Actually if we consider ‘‘true’’, for a lot of experimental confirmations, the
space–time symmetry stated by Lorentz transformations, in whatever way
obtained, the hyperbolic numbers provide the right mathematical structure inside
which the two-dimensional problems must be dealt with. Finally, we remark that

Fig. 6.6 Non-uniformly accelerated motions. In this figure we represent a problem that, in a
future we do not know how far, is the answer to a ‘‘practical problem’’: space travelers who
measure the time s on their spaceship, how can they know the elapsed time tðsÞ on the Earth? The
solution of this problem is obtained, by means of hyperbolic numbers, extending to space–time
the classical theory of curves in Euclidean plane (Sect. 6.3.2). Actually this time can be calculated
by means of (6.77), knowing the speed (or the acceleration) of the rocket as function of the time

(proper time) on the rocket:
sðIÞ
sðIIÞ
¼ sA

tðsAÞ where tðsAÞ ¼
R sA

0 cosh
R s0

0 Kðs00Þ d s00
h i

d s0
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the application of hyperbolic trigonometry to relativistic space–time turns out to be
a ‘‘Euclidean way’’ of dealing with the pseudo-Euclidean plane.
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Chapter 7
Some Final Considerations

The modern view of geometry, that we recall in the Appendix, has allowed us to
formalize the ‘‘geometry of space–time’’ so that we can work in this plane as we
usually do for Euclidean plane geometry. Otherwise the obtained mathematical
system, following Euclidean geometry, combine the logical vision with the intu-
itive vision allowing us to agree with the following Einstein’s thought [1].
/ We honour the ancient Greece as the cradle of Western science. In this place a

logical system, wonderment of thinking, has been firstly created. Their terms so
clearly follow one from the others and no one of the demonstrations produce some
doubts: we are speaking about Euclidean geometry.

This admirable work of human mind has given to men the greatest confidence
for future efforts. .

Perhaps, thanks to this admiration of Euclid’s Work, Einstein has formalized
special relativity, starting from two axioms and applying the axiomatic-deductive
method [2] of Euclidean geometry. Actually the transformation equations of
special relativity seem to be a detachment from Euclidean geometry as it happened
in the previous century with the non-Euclidean geometries. Otherwise the effort
for stating a correspondence with Euclidean geometry by introducing an imaginary
time is both misleading and mathematically wrong. Actually, as we have recalled
in this book, the group that can be related with complex numbers is not the
Lorentz’s one but rather it is the same of Euclidean geometry (Sect. 2.1).

However as well as in nineteenth century the Euclidean and non-Euclidean
geometries have been set into the same frame, so happens for Euclidean and
space–time geometries, as we have shown in this book (Chap. 2) by relating these
geometries with two systems of numbers that derive from the kind of solutions of a
second degree equation (Sect. 2.2), Eq. (2.20). In particular:

1. From square roots of negative numbers we have complex numbers and
Euclidean geometry.

2. From square roots of positive numbers we have hyperbolic numbers and
Minkowski space–time geometry.

F. Catoni et al., Geometry of Minkowski Space–Time, SpringerBriefs in Physics,
DOI: 10.1007/978-3-642-17977-8_7, � Francesco Catoni 2011
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These geometries have a common origin and therefore can be considered as
equivalent.

Perhaps the ‘‘genius intuitions’’ about the Nature’s laws allowed Einstein to see
an astonishing equivalence in spite of the apparent differences.

In any case if we want to have some hope of success of our ‘‘future efforts’’, we
have to consider the ‘‘philosophical thinkings’’ of Einstein as relevant as his
scientific results.

About these ‘‘philosophical thinkings’’ we recall two of them.

1. / If we observe some coincidences in the Nature we must look for their deeper
meaning. .

2. / Our experience teaches us that the nature represents the realization of what
we can imagine of most mathematically simple. I believe that a purely math-
ematical construction allows us to reveal the concepts which can give us the
key for understanding the natural phenomena and the principles that link them
together.
Obviously the experimental confirmation is the only way for verifying a
mathematical construction describing physical phenomena; but just in the
mathematics we can find the creative principle [1]. .

Thanks to these principles we have obtained the ‘‘little results’’ shown in this
book:

1. To look for the reason that has allowed complex numbers to become relevant
for applied sciences notwithstanding they were introduced as ‘‘imaginary
numbers’’.

2. To find how the generalization of the ‘‘mathematics of complex numbers’’
creates the formalization of the natural link between space and time.

As a final conclusion we point out another relevant consequence of the obtained
formalization: once the relativistic effects have been properly explained as a new
geometry, the understanding of gravity as a manifestation of curvature comes
naturally and much easier. In particular a relation between curvature and accel-
erated motions in two-dimensional space–time has been obtained as a ‘‘geomet-
rical’’ result, without the Einstein’s equivalence principle [3].

Moreover, in recent papers [4, 5] the integration of General Relativity equations
and also the determination of the constants of motion has been obtained by just
geometrical methods.

In these papers the usual approach to General Relativity has been reversed:
actually for obtaining the motions of test particle along geodesic lines, i.e., for
integrating the General Relativity equations, the Newton conservation laws are
generally used. In these papers the equations of geodesics are obtained by means
of a method deriving from differential geometry and, from their equations, the
constants of motion (conservation laws) follow.
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Appendix A: The Present-day Meaning of Geometry

…… effringere ut arta
Rerum Naturae portarum claustra cupiret.
De Rerum Natura (I, 70–71)

The 19th century is today known as the century of industrial revolution but
equally important is the revolution in mathematics and physics, that took place in
18th and 19th centuries. Actually we can say that the industrial revolution arises
from the important technical and scientific progresses.

As far as the mathematics is concerned a lot of new arguments appeared, and
split a matter that, for more than twenty centuries, has been represented by
Euclidean geometry also considered, following Plato and Galileo, as the language
for the measure and interpretation of the Nature.

Practically the differential calculus, complex numbers, analytic, differential and
non-Euclidean geometries, the functions of a complex variable, partial differential
equations and group theory emerged and were formalized.

Now we briefly see that many of these mathematical arguments are derived as
an extension or a criticism of Euclidean geometry. In both cases the conclusion
is a complete validation of the logical and operative cogency of Euclidean
geometry.

Finally a reformulation of the finalization of Euclidean geometry has been
made, so that also the ‘‘new geometries’’ are, today, considered in an equivalent
way since they all fit with the general definition:

Geometry is the study of the invariant properties of figures or, in an
equivalent way a geometric property is one shared by all congruent figures.

There are many ways to state the congruency (equivalence) between figures,
here we recall one that allows us the extensions considered in this book.

Two figures F and F0 are said congruent if it is possible to establish a one-to-
one correspondence between their points so that the ‘‘distance’’ between
any two points of F is the same as the distance between the corresponding
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points of F0. Therefore by defining distance in different ways we have different
geometries.

In particular, the characteristic quantities of Euclidean geometry are the lengths
of segments and the angles and well known examples are the theorems that state
the equality between two triangles, i.e., their congruency, if three of their six
characteristic elements are equal.

The steps from Euclidean geometry and this present-day definition have been
realized, in three centuries, by many important scientist among which we recall:
Déscartes, Gauss, Bolyai and Lobachevsky, Riemann, Beltrami, Lie, Klein.

The very interesting history is the one of the scientific development and goes
over the object of this book, here we just recall the points relevant for the
developments in this book.

The first step, new with respect to Euclidean geometry, has been performed by
Déscartes in the 17th century. He has shown that Euclidean geometry can be based
on the concept of number and reduced to analysis by the introduction of a
coordinate system in the plane. Then to each point it is associated a pair of
numbers (x, y), its coordinates, and to each figure F, i.e., to each set of points, there
corresponds a set of number pairs, the coordinates of the points of F.

For example, the set of number pairs x, y such that ðx� aÞ2 þ ðy� bÞ2 ¼ r2

corresponds to the set of points P at a fixed distance r from a given point
C � ða; bÞ, i.e., the circle with center C and radius r.

This step can be considered an improvement and not a criticism of Euclidean
geometry. Actually for millennia it was thought that the sole aim of geometry is
the exploration of the properties of three-dimensional space and there was not a
shadow of doubt about the suitability of Euclidean geometry for this purpose. The
criticism occurred at the beginning of 19th century with a radical change of the
basic concepts, with the intuitions and formalizations of non-Euclidean geometry
by Gauss, Bolyai and Lobachevsky. These geometries, after years of disbelief,
have been corroborated by Beltrami who, by using the formalization by Gauss and
Riemann of differential geometry, has given An Euclidean interpretation of non-
Euclidean geometry.

Now we summarize the peculiar points of this route and the Gauss and
Beltrami’s papers.

A.1 F. Bolyai and N. I. Lobachevsky: Non-Euclidean Geometry

At the beginning of 19th century, after millennia of unquestionable acceptance, the
postulates of Euclidean geometry began to be discussed, in particular the 5th one.
This postulate can be set in many equivalent ways and the most accepted today is
the following one: From an external point of a straight line we can trace just one
non-crossing straight line (parallel line).

After a lot of unsuccessful attempts for deriving this postulate from the others,
Bolyai, Lobachevsky and Gauss, in an independent way, formulated a theory with
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the same consistency of Euclidean geometry, with a different postulate: From an
external point of a straight line we can trace an infinite number of non-crossing
straight lines (parallel lines).

This geometry has been called non-Euclidean geometry.
It can be noted that Euclid too retarded the use of this postulate and we can

presume that he was not completely sure of its unquestionable validity. Actually
the geometry was formalized for the measures of the Earth and the Euclidean
geometry does not hold, as we are going to see, on the spherical surface of the
Earth.

Otherwise before considering this new geometry as a rightful branch of
mathematics an answer to the doubts of its coherence was necessary, i.e., while
Euclidean geometry has been validated for more than 2000 years, a geometry with
this new postulate could generate some contradictory results.

It’s thanks to Beltrami that this doubt was eliminated. Actually he has shown
that non-Euclidean geometry is equivalent with Euclid’s geometry on a particular
surface, therefore from the coherence of this one it follows the coherence of non-
Euclidean geometry.

A.2 C. F. Gauss: Differential Geometry on Surfaces

Here we recall some concepts of differential geometry, starting from a simple
example.

It is known that if we have two points on a plane, they can be connected by
means of a straight line. This straight line also represents the shortest line between
the given points. For this reason the length of the segment between two points is
taken as their distance. In a Cartesian representation this distance is calculated by
means of Pythagoras’ theorem.

If instead of a plane we have an arbitrary surface we cannot go, remaining on
the surface, from the first to the second point with a straight path. Otherwise
between the lines connecting the two points there is, usually, a shortest one. This
line is called geodesic line. From this definition the geodesic lines can be
considered as the straight lines on a plane.

Now we may ask if it is possible to formalize this property: the answer is
positive and has been given by Gauss in the fundamental work (1828):
Disquisitiones generales circa superficies curvas.

This work originates from a practical problem: to measure the terrestrial
meridian. Actually the terrestrial globe is the simplest example of a non-plane
surface. As it was usual in many works of Gauss, the problem was tackled in a
more general way and the obtained results are today considered one of the
background of modern mathematics.

We recall some points: Gauss considers a surface in Euclidean space referred to
Cartesian axes. This surface can be represented by writing the point coordinates as
function of the parameters u, v:
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x ¼ xðu; vÞ; y ¼ yðu; vÞ; z ¼ zðu; vÞ: ðA:1Þ

By considering two points at infinitesimal distance, their distance, from
Pythagoras’ theorem is given by

ds2 ¼ dx2 þ dy2 þ dz2: ðA:2Þ

If we can move just on the surface, the coordinates are linked by (A.1), therefore
ds2 must be written as function of the variables (u; v) and of their differentials
du; dv:

dx ¼ ox

ou
duþ ox

ov
dv; dy ¼ oy

ou
duþ oy

ov
dv; dz ¼ oz

ou
duþ oz

ov
dv: ðA:3Þ

By substituting (A.3) in (A.2), Gauss obtained the metric (or line) element

ds2 ¼ Eðu; vÞdu2 þ 2Fðu; vÞdu dvþ Gðu; vÞdv2: ðA:4Þ

The variables u; v have been called curvilinear coordinates on the surface.
Equation (A.2) represents a distance in a Euclidean space homogeneous in all

the points, (A.3) depends on the points we consider. Therefore in a representation
on a plane, as we see in Sect. A.3, it cannot be measured by a standard length.
Actually it must be measured by the shortest line between the ones connecting the
given points.

Gauss demonstrated that (A.4) describes completely the surface, i.e., the finite
distance between two points, the area of a zone, the angle between two curves, can
be determinated from E;F;G and their derivatives.

From (A.4) we can also obtain the geodesic equations and it can be shown that
geodesic lines have other properties in common with straight lines

1. two points determinate, in general, just one geodesic
2. from all points originate geodesics in any direction
3. a geodesic is determinated by two points or one point and a direction.

Otherwise the surfaces can be considered as defined by (A.4) independently of
the starting Euclidean space.

Gauss formulated the completely new concept, that a surface can be considered
as a ‘‘two-dimensional space’’ non homogeneous in which the motions of finite
figures are not in general possible.

These concepts have been generalized by Riemann to N-dimensional spaces
opening another fundamental research field.

Another important idea of Gauss was to imagine the surface as a thin voile that
can be bent without expansion. The figures on the surface, after these
deformations, shall have different shapes; otherwise the finite distance between
two points, the area of a figure, the angle between two curves, remain the same.
These properties, that can be studied without going out of the surface, as the plane
geometry without going out of the plane, constitute the intrinsic geometry.
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From an analytic point of view these deformations are described by variables
transformations u; v) u0; v0.

Then, after having described the surfaces in this ‘‘intrinsic way’’, Gauss began to
study the properties that were peculiar of each surface. With these studies he
determinated the first invariant the total curvature, also called the Gauss curvature.

We recall its definition. Let us consider a point on a surface, its normal line and
the sheaf of planes it determines. The lines given by the intersection of the surface
with these planes, have, in the considered point, a tangent circle. The length of its
radius is called radius of curvature. There are two curves, that result to be
orthogonal, for which the corresponding radius are minimum and maximum,
respectively. Let us call them r1 and r2: the quantity

K ¼ 1
r1r2

ðA:5Þ

is called absolute curvature K. Gauss finds that this quantity is the same for all the
representations of the surface, i.e., it is invariant with respect to the transformation
of variables u; v. Gauss called this property Theorema Egregium.

Now we consider an example that clarify some concepts. Let us consider an
infinite circular cylinder and develop it on a plane on which it covers a band. This
is an example of transformation of a surface into another one with deformation
(bending without expansion).

Now we calculate the radius of curvature:

• for the plane the intersection curves with the normal planes are straight lines, for
which r1 ¼ r2 � 1 therefore K ¼ 0;

• for the circular cylinder we have r1 ¼ R (radius of the cylinder) r2 ¼ 1
therefore once again K ¼ 0.

We see that r1 and r2 change, while K is the same.
Also K can be obtained from the coefficients E;F;G of the metric elements and

their first and second derivatives. In general its value is different for different
points.

We conclude this section with an argument that will be relevant in the next one.
We know that a peculiar characteristic of geometrical figures in Euclidean plane is
that they can be moved in every position. A similar situation happens on a
spherical surface. Are there other surfaces on which this same property holds? The
reply to this question is: a general motion of a figure on a surface is possible only if
the surface has constant curvature. In particular we have

• the surfaces with K ¼ 0 are equivalent to a plane,
• the surfaces with K [ 0 are equivalent to a sphere,
• the surfaces with K\0 are equivalent to a surface called pseudo-sphere by

Beltrami.

Now we see that on these last surfaces the axioms of non-Euclidean geometry
are satisfied.
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A.3 E. Beltrami: Essay on the Interpretation of Non-Euclidean
Geometry (Saggio di interpretazione della geometria
non-euclidea)

In a paper of 1865 Beltrami set the problem: to seek the surfaces that can be
represented into a plane so that their geodesic lines are straight lines.

Following the Gauss approach, Beltrami formulated the problem, looking for
the metric elements that satisfy the required conditions. He obtained

ds2 ¼ R2ða2 þ v2Þdu2 � 2u v du dvþ ða2 þ u2Þdv2

ða2 þ u2 þ v2Þ2
ðA:6Þ

ds2 ¼ R2ða2 � v2Þdu2 þ 2u v du dvþ ða2 � u2Þdv2

ða2 � u2 � v2Þ2
ðA:7Þ

with R; a arbitrary constants. By means of Beltrami words, we summarize this
result:
/ For recognizing the nature of these surfaces we calculate the total (Gauss)

curvature, finding for (A.6) K ¼ 1=R2 and for (A.7) K ¼ �1=R2, therefore we can
conclude: The only surfaces that can be bijectively mapped into a plane so that
their geodesic lines become straight lines are the ones with constant curvature:
positive, negative or zero ..

The last result corresponds to a plane, therefore it was well known. Also the first
one was known. It represents a spherical surface, which geodesic lines are given by
the maximum circles. These circles are the intersection of the surface with planes
passing through the center. Therefore by projecting the points of the surface from
the center into a tangent plane, the maximum circles are mapped into straight lines.

Anyway the used general method and the extension to negative constant
curvature surfaces (A.7), are new.

By means of this theorem the paper is complete, but Beltrami looked for a
geometrical interpretation of his results and (1868) the ‘‘Saggio’’ originated. The
motivations for this work are reported in its introduction:
/ In these last times the mathematical people begins to consider new concepts

that, if they are true, will change all the classical geometry. These efforts for a radical
change of the principles are common in the history of the knowledge. Moreover they
are today consequent on the right critical examinations of scientific investigations.

If these efforts originate from conscientious researches and genuine belief the
duty of science people is to discuss them impartially equally far from enthusiasm
and contempt. For these reason we have investigated about the results obtained
from Lobachevsky theory, and we tried to find a real interpretation before to admit
that a new order of concepts is necessary. .

After this introduction, Beltrami inquires into the basic meaning of Euclidean
geometry and extends it: / The fundamental criterion of demonstration of
elementary geometry is the possibility of superimposing equal figures. This
criterion not only applies to plane, but also to the surfaces on which equal figures
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may exist in different positions, as an example this property holds on the spherical
surfaces unconditionally. . . The straight line is a fundamental element in figures
and constructions of elementary geometry. A particular characteristic of this
element is that it is completely determined by just two of its points. . . This
particular feature not only characterizes straight lines on the plane, but also is
peculiar to geodesic lines, that represent, for the surfaces the curves of minimal
lengths, i.e., the generalizations of the straight lines. .

In particular / an analogous property of straight lines completely applies to
spherical surfaces, that is: if two spheres with the same radius are given and a
geodesic line exists on each surface, superimposing one surface on the other, in
such a way that the geodesics are superimposed in two points, they are
superimposed along all their extension. The analogies between spherical and plane
geometries are based on the aforesaid property.

These considerations have been the starting reasons for the present researches.
Actually the same geometrical considerations, which are evident for the sphere,
may be extended to another surface in Euclidean space which can be called
pseudo-sphere. A surface with this property is obtained by rotating the ‘‘constant
tangent curve’’ also called ‘‘tractrix’’ Fig. A.1 (I). . Let us see some peculiarities
of this geometry starting from the metric element (A.7). We have

• / the values for the variables u; v, are limited from the relation u2 þ v2� a2, i.e.,
if we consider u; v as Cartesian coordinates on a plane, the tractrix is represented
inside a circle that is called limiting circle:

u2 þ v2 ¼ a2 ðA:8Þ

In this representation the geodesics of the surface are the chords of the limiting
circle Fig. A.1 (II).

• By considering the distance r of a point from the origin, its value increases from
0 for r ¼ 0, and infinite for r ¼ a, i.e., for the values of u; v satisfying (A.8).
Therefore the circumference (A.8), represents the points of the surface at infinite
distance. .

Therefore by considering a chord and an external point, from this point we can
draw infinite ‘‘straight lines’’ that cross the given chord and infinite that do not
cross it and two that cross it on the limiting circle, i.e., in the points at infinite
distance, and can be called parallel straight lines, see Fig. A.1 (II).

Since these chords represent the geodesic of the pseudo-sphere we say that from
an external point of a geodesic can be drawn an infinite number of geodesics
crossing it and an infinite number of geodesics that do not cross it. We observe that
while for the sphere there is a geometrical mapping (projection from the center
into a tangent plane) that allows to transform the geodesics into straight lines, for
negative constant curvature surfaces the representation of Beltrami is obtained by
an analytical transformation of variables.

After a detailed comparison of the theorems of Lobachevsky’s non-Euclidean
geometry with the equivalent ones on geodesic lines, Beltrami concludes
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• / The theorems of non-Euclidean geometry (of Lobachevsky) for the plane
figures realized with straight lines, hold for the same figures realized with the
geodesic lines on the pseudo-sphere.

• A complete correspondence between non-Euclidean planimetry with the
geometry on the pseudo-sphere exists. .

Then / results that seemed to be inconsistent with the hypothesis of a plane
become consistent with a surface of the above-mentioned kind and, in this way,
they can get a simple and satisfactory explanation. .

A

B

P
u

v

Fig. A.1 The pseudo-sphere (I) (on the left) and representation on a plane of non-Euclidean
geometry (II) (on the right). In a Euclidean plane the segments and straight lines have many
relevant properties. In particular, by means of them we construct the geometrical figures and we
measure the distances between two points. The concept of straight line loses its meaning if we
consider a general surface. Actually for calculating, on these surfaces, the distance between two
points, the geodesic lines are introduced. These lines also hold other properties peculiar of
straight lines. Beltrami demonstrated that on a particular surface, called pseudo-sphere (I), the
geodesic lines satisfy to postulates of non-Euclidean geometry of Lobachevsky. By means of this
‘‘euclidean representation’’ he demonstrated that an abstract geometry holds the same cogency of
Euclidean geometry. Actually, following Gauss, all surfaces can be represented into a plane u; v
(or a part), where u; v are the parameters (curvilinear coordinates) that identify the points of the
surfaces in the space (A.1). On this plane (II) the distance between points is calculated by means
of the geodesic lines of the surface, obtained from the metric element introduced by Gauss (A.4).
All bijective transformations of the variables u; v$ u0; v0 change the geodesic equations. Bel-
trami found the transformation by which the geodesic lines of a negative constant curvature
(�K ¼ Q) surface, are represented by the chords of a circle. If we consider the chord A B and an
external point P, from this point we can draw infinite ‘‘straight lines’’ (chords) that cross A B,
infinite that do not cross it and two, P A and P B, that cross it on the limiting circle. Since these
points represent the points at infinite distance, they are considered as parallel straight lines. The
straight lines (chords) and the triangles satisfy the theorems of Lobachevsky non-Euclidean
geometry
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Therefore by substituting the Euclide’s fifth postulate, we have

1. From an external point of a straight line (geodesic) we cannot draw a parallel
line (geodesic).
The results obtained are the same of the Euclidean geometry on a spherical
surface, for which all the geodesics lines (maximum circles) cross in
diametrically opposite points.

2. From an external point of a straight line (geodesic) we can draw infinite
parallel lines (geodesics).
The results obtained are the same of the Euclidean geometry on a pseudo-
spherical surface Fig. A.1.

The non-Euclidean plane geometry acquires the same coherence and relevance
of Euclidean geometry. Beltrami concludes:
/ With the present work we have offered the development of a case in which

abstract geometry finds a representation in the concrete (Euclidean) geometry, but
we do not want to omit to state that the validity of this new order of concepts is not
subordinate to the existence (or not) of such a correspondence (as it surely happens
for more than two dimensions). .

The relevance of this work goes over the already remarkable mathematical
meaning, actually it represents a milestone for the scientific development. Now we
recall this very important epistemological aspect: the formulation of Euclidean
geometry starts from postulates which are in agreement with the experience and all
the following statements are deduced from these postulates (axiomatic-deductive
method). Lobachevsky uses the same axiomatic-deductive method, but he starts
from ‘‘abstract’’ postulates, which do not arise from experience. The work of
Beltrami demonstrates that the theorems of Lobachevsky are valid on a surface of
Euclidean space, i.e., also starting from arbitrary axioms, we can obtain results in
agreement with our ‘‘Euclidean’’ experience.

These concepts can be generalized and applied to scientific research: arbitrary
hypotheses acquire validity if the consequent results are in agreement with
experience. The most important discoveries of modern physics (Maxwell
equations, special and general relativity, quantum theory, Dirac equation) arose
from this ‘‘conceptual broad-mindedness’’.

We conclude this section recalling the last formalization of non-
Euclidean geometry.

By means of a particular variable transformation u; v! u0; v0 Felix Klein
showed that Beltrami’s geodesic lines of Fig. A.1 (II) are mapped into arcs of
circumferences orthogonal to the circle limit.1

1 In four woodcuts, called ‘‘Circle Limit I–IV’’, Escher represented these geodesics and some
figures. In Circle Limit III, following the scheme of the mathematician D. Coxeter [1], he
perfectly shows as the figures (fishes) with the same dimension appear, in this Euclidean
representation, deformed and reduced as they approach the circle limit. In fact drawing closer to
circle limit the distances grow to ‘‘infinite values’’ and the figures look as ‘‘infinitesimal’’.
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Starting from Klein formulation and using a transformation with a function of a
complex variable, Henri Poincaré extended into the infinite zone of a half plane the
non-Euclidean geometry limited by Klein’s circle. This extension to an infinite
zone (not limited by Beltrami or Klein circle) eliminated another doubt about the
cogency of this geometry.

The final step for the present-day definition of geometry is due to Klein. Before
discussing this point we recall another very important idea of the modern
mathematics and physics: the concept of group and, in particular the
transformation groups introduced by Sophus Lie.

A.4 S. Lie: The Continuous Transformation Groups

The groups of transformations were introduced and formalized by S. Lie in the
second half of the 19th century. The concept of group is, today, well known; here
we only recall the definition of transformations or Lie groups that is used in
this book.

Let us consider N variables xm and N variables yi that are functions of xm and of
K parameters al. Now, let us consider a second transformation from yi to the
variables zn, given by the same functions but with other values of the K parameters
bl. We say that these transformations are a group if, by considering them one
after the other (product of two transformations), we have the same functional
dependence between z and x with parameters, whose values depend just on the
parameters of the previous transformations. To express these concepts in formulas,
we indicate by

yi ¼ f iðx1; . . .; xN ; a1; . . .; aKÞ � f iðx; aÞ with i ¼ 1; . . .;N

the first transformation and by zn ¼ f nðy; bÞ a second transformation with other
parameters. The relation between z and x (composite transformation) is
zn ¼ f n½f ðx; aÞ; b�. If these last transformations can be written as zn ¼ f nðx; cÞ
with c ¼ gða; bÞ, they represent a group. The number of parameters (K) is the
order of the group. If the parameters can assume continuous values, these groups
are called continuous groups.

A.5 F. Klein: Linear Transformations and Geometries
(Erlanger Programm)

In an inaugural lecture today known as ‘‘Erlanger Programm’’, Felix Klein in 1872
associated the transformation groups with geometries. The guideline is the
following: the notion of equivalence is associated with all the geometries
(elementary, projective, etc.). It can be shown that the transformations that give
rise to equivalent forms have the properties of groups. Then, the geometries are the
theories related to the invariants of the corresponding groups. From these general
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considerations Klein points out the relevance of linear transformations as related to
geometries which have the property of describing homogeneous spaces, i.e.,
spaces in which the properties are the same in all their points.

An arbitrary linear transformation can be written as

yc ¼
X

N

b¼1

cc
bxb; cc

b ¼ constants and kcc
bk 6¼ 0;

therefore it depends on N2 parameters. By identifying yc and xb as vector
components, we can write, following the notation of linear algebra,

y1

..

.

yN

0

B

@

1

C

A

¼
c1

1 � � � c1
N

..

. . .
. ..

.

cN
1 � � � cN

N

0

B

@

1

C

A

x1

..

.

xN

0

B

@

1

C

A

: ðA:9Þ

These transformations are known as homographies and are generally non-
commutative. From a geometrical point of view, in a Cartesian representation, they
correspond to take a new reference frame with arbitrary rotation and change of
length measures of each axis.

The geometry that considers equivalent the geometric figures with respect to
these transformations is called affine geometry, and the corresponding group is
called affine group. An invariant quantity for such a group is the distance between
two points, expressed by a positive definite quadratic form (the distances are
obtained by means of a generalization to N-dimensional spaces, of Carnot’s
theorem).

Now let us consider the familiar Euclidean geometry for which the basic
properties of the figures are the length of segments and angles. These elements are
unchanged by rotations and translations of the figures. Therefore these are the
allowed transformations in Euclidean geometry.

This geometry can also be considered as a subgroup of the affine group for
which the distance is given by Pythagoras’ theorem. For the Euclidean group the
constants cc

b of (A.9) must satisfy NðN þ 1Þ=2 conditions, then the remaining

parameters are N2 � NðN þ 1Þ=2 ¼ NðN � 1Þ=2.
From a geometrical point of view these transformations, in a Cartesian

representation, are given by the rotations of the frame of reference.
If we consider also the translations group (the translation of coordinate axes

origin), we must add N parameters and we get a group with NðN þ 1Þ=2
parameters, which corresponds to the allowed motions of geometrical figures in
a N-dimensional Euclidean space.

Conclusions

The ultimate result of this development of mathematics has been that the spreading
out in many branches and the uncertainty at the beginning of 19th century are
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disappeared at the end of the century so that Hilbert could summarize:
Mathematics is an organism who keeps its vital energy from the
indissoluble ties between its various parts.

We have shown in this book that the physics too is present in this context
allowing the introduction of the ‘‘geometry of space-time’’ and its complete
formalization by means of the generalization of complex numbers.

Reference
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