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1 Introduction

In the late eighties of the twentieth century I encountered a paper referring to
mathematics dealing with imprecision applied to medical diagnosis. I was working
in the area of medical statistics at that time, and obviously I was interested in the
contents of the paper. After I had read it I became fascinated by new possibilities
of medical data interpretation and processing proposed by the author. The new
world of fuzziness, originated by Professor Lotfi Zadeh, seemed to open up to me
and I started reading all accessible material about fuzzy set theory.

Many years have passed since then. We are now living in the information soci-
ety and we do not experience troubles in reaching scientific material. Lately I have
read many papers and books about treating medical tasks solved by using fuzzy
ideas. I am still keen on tracing applications in medicine, and by myself I have
been contributing to some concepts in this subject that has motivated me to pre-
pare my own book. The objective of writing such a book has been a little particu-
lar, namely, I have intended to present the subject of fuzzy tools and techniques in
medicine for eventual users. These, maybe representatives of medical or pharma-
cological staffs, are not expected to possess a large amount of mathematical
knowledge. On the contrary, we have a feeling that mathematics is a subject mak-
ing non-professionally educated specialists almost afraid of meeting comprehen-
sive difficulties. To build a bridge between theoretical, mathematical excerpts and
practical applications, I have formed my material as a sequence of occurrences in
which a patient appears to be recovered from his or her illness. The patient needs
to be diagnosed and treated by effective means to become healthy again. In this
way the reader should have an impression that he or she follows the patient and
his or her problems.

Therefore 1 have decided to avoid inserting a large number of mathematical
definitions and theorems that have not much meaning in practice. I have only se-
lected formal fuzzy concepts that are needed for medical models. To facilitate the
understanding process for a reader, I have added many examples in which even
simple operations are thoroughly analyzed. The user can follow the steps of exam-
ples without implementing a computer program. As we can expect, the book is not
a survey of all theoretical concepts typical of fuzzy sets; such monographs already
exist. Nevertheless, some beginners can use it to learn the basics included in fuzzy
set theory. In spite of limiting the mathematical dimension, the work should con-
vince the reader of the richness of applicable fuzzy models in natural sciences,
especially medicine.

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 1-2 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007



2 1 Introduction

Incidentally, I also discovered the usefulness of rough set theory for the classi-
fication of objects. Thus, some rough classification methods are considered as
well.

The first part of the book — Chapter 2 — introduces some necessary elements of
fuzzy set theory to enable the reader to repeat the processes and interpret impre-
cise information in further studies. A classical fuzzy diagnostic model with my
own extensions is discussed in Chapter 3. Since a diagnostic decision is some-
times not quite clear, I have added Chapter 4 filled with my own contributions to
improve informative validity of collected data. The model, presenting the essence
of clinical examinations extended throughout time, constitutes one of the supple-
ments.

After stating the right diagnosis the patient needs to be cured. Methods of drug
effectiveness measurements are compared in Chapter 5, while a choice of the op-
timal medicine is made in Chapter 6. The last models are totally based on my own
research results. Lastly, the solution of an approximation problem that is of con-
siderable importance for our discussion is suggested in Chapter 7. Many times we
obtain very irregular two-dimensional point sets that cannot be approximated by
applying them to standard numerical methods. Some fuzzy membership functions
have been adopted to provide the sets with smooth curves acting for them as tight
envelopes. Even though the method is tested without medical examples, we are
able to notice its usefulness in practical tests.

It should be emphasized that all models are also applicable to other fields, espe-
cially to technical domains after necessary adaptations.

This book could not have filled its role without professional medical support. I
would like to thank Professors in Medicine — Alicja Kurnatowska and Anna
Jegier — for a piece of medical advice and simple but illustrative examples.

I am very grateful to the representatives of Springer Verlag and to the series
editor Professor Janusz Kacprzyk for giving me a chance to publish this material
concerning applicable fuzzy medical models presented from my point of view. I
hope that this work can bridge a gap between scientific reports, strictly treating
separate domains, and, in this way, interdisciplinary groups of researchers can
surely notice that there are prospects of linking theoretical fuzzy tools to practical
medical exercises.

Karlskrona — Sweden Elisabeth Rakus-Andersson
July 2006



2 Fundamental Items

2.1 Introduction

We are still accustomed to our traditional tools of reasoning being strict and pre-
cise. In conventional binary logic a statement can be true or false, and there is no
place for even a little uncertainty in this judgement. By looking at sets, we can
state that an element either belongs to a set or does not. We call these kinds of sets
crisp sets. In practice we often experience those real situations that are represented
by crisp sets, as impossible to describe accurately. If we assign a truth-value of
one to the element that is included in the set, and a truth-value comparable to zero
to such an element that lies outside the set, we create the range of two-valued
logic. This sort of logic assumes that precise symbols must be employed, and it is
therefore not applicable to the real existence but only to an imagined existence.

The creator of fuzzy set theory, Lotfi A. Zadeh, referred to the last hypothesis
when he wrote: “As the complexity of a system increases, our ability to make pre-
cise and yet significant statements about its behaviour diminishes until the thresh-
old is reached beyond which precision and significance become almost mutually
exclusive characteristics” [88, 95].

If we consider the characteristic features of real world systems, we will con-
clude that real situations are very often uncertain or vague in a number of ways. If
the information demanded by a system is lacking, the future state of such a system
may not be known completely. This type of uncertainty has been handled by prob-
ability theories and statistics, and it is called stochastic uncertainty. The vague-
ness, concerning the description of the semantic meaning of the events, phenom-
ena, or statements themselves, is called fuzziness [95].

Fuzziness can be found in many areas of daily life, especially in medicine. We
look for the methods that help us to express the borders of such sets as “young”,
“middle-aged’, “old’, “seldom”, “rarely”, “often”, “high temperature”, “low
sugar level” and the like. By using the traditional methods we are not able to ex-
press exactly the range of a set, e.g., “young” when defining the upper limit as,
say, 26. Someone can ask “Why not 27?”

Almost every human being cannot be classified as “fotally healthy” or “totally
ill” in accordance with the two states of truth assumed by binary logic. It is more
so since the conditions of health should be characterized by grades of a scale that
propose the many nuances between “fotal health” and “total sickness”. Thus we
introduce the fuzzy apparatus to extend a notion of the set under the circumstances
of vagueness.

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 3-30 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007



4 2 Fundamental Items
2.2 Fuzzy Sets

If we use the expression “a set” we will interpret it as a given collection of objects
that are listed exactly, or that have the same property. Define 4 = {4,5,6,7}. The

set A contains a determined number of elements and it thus is called a finite set. If
we cannot count the number of elements in a set, e.g., B = {1,2,3,4,5,6,7,...} we

will call B an infinite set.
Let us introduce a function . as a characteristic function of a crisp set C. The

crisp set C of universe X = {x} is represented by its characteristic function xc as
follows.

Definition 2.1

The function y-: X — {0,1} is the characteristic function of the set C if and only
if forall xeX

1 for xeC,
y :ﬂc(x):{ 2.1

0 for xgC.

Example 2.1

Figure 2.1 shows the characteristic function of the crisp set C = [4, 8].

y 17
0.75 T
05T
025 T
C
0 t } } t
2 4 6 8 10

X

Figure 2.1: The characteristic function of the crisp set C = [4, §]
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In fuzzy set theory classical sets are called crisp sets in order to distinguish them
from fuzzy sets. Let C be a crisp set defined with the domain named X. Then for
any element x € X (the sign “€” denotes that an element x belongs to the set X) we
have that x € C or x ¢ C if the sign “¢” stands for “does not belong”. In fuzzy set
theory this property is generalized. Therefore, in fuzzy set 4, it is not necessary
that either xeAor xg A[10, 12, 14, 40, 41, 44, 48, 54, 55, 69, 88, 89, 95].

The generalization is assumed as follows. According to the above statement for
any crisp set C it is possible to define a characteristic function z: X— {0,1}. In
fuzzy set theory, the above characteristic function is generalized to a membership
Jfunction that assigns every x € Xa value from the unit interval [0, 1] instead of be-
ing assigned from the two-element set {0, 1}. The set 4, defined on the basis of a
generalized characteristic function, is called a fuzzy set.

Definition 2.2

The membership function u, of fuzzy set 4 is a function defined as z, : X— [0, 1].
Every element x € X has thus a membership degree y = py(x) €[0, 1]. The fuzzy
set A4 is finally completely determined by the set of pairs

A= {(x,y) =(x,Uy (x))} , xeX. (2.2)

Definition 2.3

The important part of fuzzy set 4 is a support denoted by supp(4) and defined as a
non-fuzzy set (the sign ”:”” denotes “for which”) [40, 88, 95]

supp(A4) = {x € X : u1,(x) > 0}. (2.3)

Example 2.2

Suppose that fuzzy set 4 has the support supp(4) = {x : 0 <x <10}, and its mem-
bership function is given by

%x for 0<x<3,
y=p,ux)=41 for 3<x<8,

—%x+5 for 8<x<10.
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By analyzing the last formula we can sketch the membership function of 4 as a
graph placed in Fig. 2.2.

y T Hy(x)
/
075 T
05T
025 T
0 t
0 25 5 75 10

Figure 2.2: Fuzzy set 4 = {(x, u4(x))}, x € [0, 10]

Fuzzy sets are extremely useful when we want to formalize mathematically the
descriptions of some uncertain occurrences. How do we define such sets as, for
example, “young”, “old” or “cold’? We may not decide that the maximal value in
the set “young” will be 25. The age “26” should be included in “young” as well
but the association of 26 with “young” will be weaker, for instance, 0.9 instead

of 1.

Example 2.3

Let us state the non-fuzzy finite set “young” = {18, 20, 25, 30, 35, 40, 45, 50}, and
let us intuitively decide strength of the relationship between the set and each value
belonging to its support.

" young" = {(18,1),(20,1),(25,0.9),(30,0.7), (35,0.5),(40,0.3),(45,0.1),(50, O)}

that now becomes the fuzzy set that can be listed in another shape as

" w1/ .1/ .09/ .07/ .05/ .03/ .01/ .0
y"””g—%sﬁAo* 25T /301 /35T a0t AS+AO'

We explain that the number over the slash constitutes a value of the member-
ship degree of an element x. The element x is placed under the slash. The sign “+”
links members of the set and has only a symbolic meaning.

If we design the membership function of the continuous set “young” as the fig-
ure with boundary lines
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1 for 0<x<25,

Y = M young” (x) =
youns —%x-ﬁ-Z for 25<x<50,

then we will obtain the membership degree of an arbitrary age that belongs to [0,
50] in conformity with a graph displayed in Fig. 2.3.

0.75 T

057

0.25 T

Figure 2.3: The continuous fuzzy set “young”

By examining the membership function sketched in the graph we are able to es-
tablish the connection between a value of age, e.g., x =33 and the set “young” as
nearly 0.7. The number indicates the strength of the relationship between the age
of 33 and the notion of “young”.

When the domain X of fuzzy set 4 is continuous, then the membership function
4 will be regarded as a continuous membership function. We will designate 4 as
a symbolic sum

A= ZﬂA(x% ={(6,0) = (D xe X, (2.4)

xeX

for which the X-sign denotes an infinite enumeration of its elements.

The membership function of a fuzzy set, which has the graph designed as a col-
lection of straight lines linked piece by piece, is the easiest one to apply. However,
the split linear function does not yield the only possibility of expressing an asso-
ciation between the set and its elements. We can — as a prognosis of the mentioned
relationship — introduce other functions that are continuous and map the support of
a fuzzy set onto the interval [0, 1]. As an alternative membership function of the
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fuzzy set A we demonstrate the s-class function s(x, &, £, ) with the parameters
a, fand ythat are included in the formula [2, 3, 12, 40, 41, 49, 50, 67, 70, 91]

0 for x<«,

2
2[x—aj for a<x<p,
y—a

y=py(x)=s(x,a,p,y)= (2.5)

2
1—2[“@ for f<x<y,
y—a

1 for x>y,

where ﬂ=a+7 .

Example 2.4
The function s(x, 25, 37.5, 50) is plotted in Fig. 2.4.

0.75T

05T

0257

20 25 30 35 40 45 50 55

Figure 2.4: The function s(x, 25, 37.5, 50)

The s-function holds a number of properties that stand out as very advanta-
geous. As a continuous polynomial of the second degree the s-function can assist
further analytical operations, such as differentiation or integration without making
them very complicated. It is also evident from the formula (2.5) that the range of s
covers the interval [0, 1] that is a desirable feature of the membership function.
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Example 2.5
By proposing the membership function of the set “young” as a formula
Hoyoungr(X) =1—15(x,25,37.5,50) we create another relationship between the con-

cept of “young” and its elements when comparing to Ex. 2.3. Figure 2.5 interprets
the alternative set “young”.

y 1
0.75 T
05T
025 7T
0 } } } -
0 125 25 37.5 50

X

Figure 2.5: The membership function of the set “young” as the s-class function

The same value of age can be a member of many sets with different membership
degrees. Let us introduce three sets named “young”, “middle-aged” and “old”’. To
suggest a membership function of the set “middle-aged” we test a function of the
n-class constructed as

s(x,ﬂ—a,ﬁ—%,ﬂ] for x<p,

y=r(x,a,p)= (2.6)

1—s(x,/5’,ﬂ+%,ﬁ+aj for x>p.

Example 2.6

When we decide @ = 20 and S =45, we will accommodate (2.6) to the formula
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s(x,25,35,45) for  x <45,
y =m(x,20,45) =
1-5(x,45,55,65) for x>45.

The graph of 7(x, 20, 45) is drawn in Fig. 2.6.

075 T
05 7T

025 T

30 40 50 60

Figure 2.6: The function n(x, 20, 45)

By constructing three fuzzy sets with supports that overlap each other we dem-
onstrate again the idea of imprecision in the following task.

Example 2.7

Three fuzzy sets of the universe X = [0, 100], made for different groups of age, are
now put forward as “young” with y = teyeung(x) = 1 —s(x, 25, 37.5, 50), “middle-
aged”’ wWith y = 1riddie-agea(X) = 7i(x, 20, 45) and, finally, “old” characterized by the
membership function y = g£,(x) = s(x, 40, 52.5, 65). The sets have no sharp bor-
ders; on the contrary, some non-empty intersections of all supports are built in the
sets’ domains. Figure 2.7 visually explains the concept of vagueness even better
since it helps us to understand the effects of fuzziness when studying the sets that
are not disjoint in spite of the different classifiers of age.

We compute that x = 42 belongs to “young” with the membership degree equal

42-50

0.2048 because of y =1-5(42,25,37.5,50)=1—-|1-2
50-25

2
j ] ,42e(375, 50].
The connection between x = 42 and “middle-aged” is evaluated as 0.955 in rela-
tion to y(42) = s(42, 25, 35, 45). The value of x =42 is not a member of the set
“old”.
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/u"young" (x) ﬂ"midd/e—aged" (X) Heolgr (x)

0.75 7

0.57

0.257

X

Figure 2.7: The fuzzy sets “young”, “middle-aged’ and “old” in X = [0, 100]

Measurable, medical parameters can be interpreted as fuzzy sets to prepare data
to models described in the next parts of this work. Clinical symptoms involved in
mathematical decision patterns will be represented by values of membership de-
grees. The degrees, as numbers, express the intensities of symptom presence or
symptom importance without engaging in complicated verbal descriptions. The
possibility of computing with words, which are replaced by real numbers assigned
to them, facilitates the communication among researchers who represent different
scientific fields.

Example 2.8

The existence of fuzzy sets enables an introduction of medical models that operate
with clinical symptoms constituting the basis for a decision. To evaluate the im-
portance of increasing body temperature via a corresponding membership degree,
we propose adopting the fuzzy set “body temperature” with a membership func-
tion expanded by

1-15(x,35°35.8°,36.6°) for 35°<x<36.6°

= Hn ) rature"\X) =
Y= Fonods temperanre (%) {s(x,36.6°,39.3°,42°) for  36.6°<x<42°.

The membership function of the set “body temperature” is sketched in Fig. 2.8.
The values of membership degrees provide us with an estimation of the tempera-
ture importance for states in which body temperature is too high or too low in
comparison to its normal value.
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075 T

057

025 T

0 | | | i 1
35 36.25 37.5 38.75 40 41.25
X

Figure 2.8: The membership function of the set “body temperature”

2.3 Basic Operations on Fuzzy Sets

The definition of a fuzzy set that differs from the concept of a crisp set has en-
tailed new approaches to the operations on fuzzy sets. In order to connect two
fuzzy sets let us study their union and intersection.

At first, we recall the classical operation of the union performed on two non-
fuzzy sets.

Definition 2.4

The union of two crisp sets A={x:x € A} and B={x:x e B}, 4,Bc X= {x}
(denoted by “U”) is a set AUB= {x:x € 4 or x € B}. We remember that the sign
”:” is read as “for which”.

In practice, the set A UB is a collection of all elements that belong to either 4 or

B provided that identical elements are counted only once.

Example 2.9
For A =[2, 6] and B = [4, 9] the union is determined as 4 U B =[2, 9].

A union of two fuzzy sets should also be a fuzzy set. By accepting the operation
of the classical union for the supports of fuzzy sets, we establish a common sup-
port of the union of fuzzy sets while the connective union operation for member-
ship degrees can be suggested in the following definition.
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Definition 2.5

Let A= {(x,uA (x))} and B = {(x,uB (x))} , x € X , denote two fuzzy sets. The

union of 4 and B is a fuzzy set A UB= {(x, ty4_p(x))}, x € (supp(4) Usupp(B)), for
which the membership function is given by [12, 40, 88, 95]

= ma. s .
Haop(X) xe(supp(A)\j(supp(B))(/UA(X) Hp(x)) 2.7)

Example 2.10

If 4 has supp(4) = [2, 6] and wy(x) =1 —s(x, 2, 4, 6), while B is fixed precisely by
supp(B) =[4, 9] and up(x) = s(x, 4, 6.5, 9), then the union of 4 and B will consist
of supp(4 U B)=1[2,9] and uy  p(x) =max(l —s(x, 2, 4, 6), s(x,4,6.5,9)) for
every x € [2, 9] in accordance with a dotted curve placed in Fig. 2.9.

HauB(X)

RN

0757

0257

25 3.75 5 6.25 7.5 8.75
X

Figure 2.9: The union of fuzzy sets 4 and B from Ex. 2.10

In order to estimate the membership degree of, e.g., x =4.5 in the union 4 U B
we will follow the expression £, 5(4.5) = max(1 — s(4.5, 2, 4, 6), (4.5, 4, 6.5, 9))

2 2
- max{l —[1 —2(4'54_6) } 2(4'5_4) } = max(0.28125,0.02) = 0.28125.

5

The replacement of the operation “max” in the membership function of the un-
ion of the two fuzzy sets 4 and B by the dual operation “min”, generates an inter-
section of 4 and B. We state that a support of the intersection between A and B is
composed of these elements that take place in the union of the sets’ supports.
Since some elements of the intersection get the membership degrees equal to zero,
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then we should reduce the common support to its essential part in which is
Hynp(x)>0.

Definition 2.6

For 4= {(x,uA (x))} and B = {(x,LLB(x))}, x € X , that are two fuzzy sets, the

intersection of 4 and B, marked by “N”, is a fuzzy set 4 N B = {(x, t4~p(x))} for
all x € (supp(4) L supp(B)). Its membership function is shaped by [12, 40, 88, 95]

Harp(X) = _ (suon (%glsupp(B))(ﬂA(x)a,uB(x))' (2.8)

Example 2.11

For the sets 4 and B from Ex. 2.10 the membership function of the intersection is
indicated by the dotted line drawn in Fig. 2.10.

0.757
ﬂAmB(x)

0257

25 3.75 5 6.25 7.5 8.75

X

Figure 2.10: The intersection of 4 and B from Ex. 2.10

There also exists the complement of fuzzy set 4 introduced by the following
definition [12, 40, 88, 95].
Definition 2.7

Let 4= {(x,uA(x))} , x€ X . The complement of 4, denoted 4", is a fuzzy set

with the membership function g, given by the formula
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Hyp(x)=1—p (x),forx e X. (2.9)

Example 2.12

Suppose that B — the fuzzy set examined in Ex. 2.10 — is determined by supp(B) =

[4, 9] and wp(x) = s(x, 4, 6.5, 9). We thus establish a membership function of the
complement B* as the curve presented by Fig. 2.11 for these x that belong to
supp(B).

e

0.75T
05T

0257

5 6.25 7.5 8.75

X

Figure 2.11: The complement of the set B from Ex. 2.10

Let us discuss another example that inserts a simple and practical aspect of the
union and the intersection of two fuzzy sets.

Example 2.13

We consider two fuzzy sets “young” and “experienced’ in the space of ages X =
[0, 100]. The set “young” is still determined by the membership function

1 for 0<x<25,
1
Hoyoung (X) = —2—5x +2  for 25<x<50,

0 for 50<x<100,
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in accordance with Ex. 2.3. The rule “more experienced with growing age” sug-
gests a creation of the set “experienced” as a fuzzy set related to the membership
function

0 for 0<x<15,
1 1
ﬂ"experienced"(x) = Ex 3 for 15<x<60,
1 for 60<x<100.

The adaptation of (2.7) to a union of the sets “young” and “experienced’ causes
the existence of a fuzzy set “young or experienced”’ with the membership function

1 for 0<x<25
—2L5x+2 for 25<x<37.63,
Ho young or experienced" (x ) = 1 1
—Xx—— for 37.63<x<60,
45 3
1 for 60<x<100,
that is depicted in Fig. 2.12.
y 17
H "young or experienced” (x)
075 T
05 T
025 T
0
0 25 50 75 100

Figure 2.12: The membership function of the set “young or experienced”

Equation (2.8) is a tool of deciding an intersection “young and experienced’ of
the sets “young” and “experienced’. This intersection, being a fuzzy set, is mod-
elled by the function
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0 for 0<x<15,

Lx—l for 15<x<37.63,
A voung and experienced” (x) = 451 3

—gx+2 for 37.63<x<50,

0 for 50<x<100.

Figure 2.13 proposes the graph of “young and experienced”’.

y 1
0.757
05T Hyoung and experienced(X)
0.257
0 ‘ ' ‘ 1
0 25 50 75 100

X

Figure 2.13: The membership function of the set “young and experienced”

It is easy to verify that the membership function of the intersection operation
(2.8) then rewritten as

Mg (¥) = D114 (x), p15(X)) = 1(11,4(x), f1(x)) (2.10)

is a function from [0, 1] x [0, 1] into [0, 1]. The sign “x”, used symbolically as a
notion of the Cartesian product, informs us that we should take a pair of two num-
bers from [0, 1] to map this pair of quantities in another number belonging to the
interval [0, 1] as well. The minimum function satisfies some pre-defined proper-
ties. If other functions behave themselves like the minimum, then we should gen-
erate for them a class of functions named #-norms. The #-norms have the following
features
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1. #(0,0)=0; #(u, (0),1) =1(L, 1, (x)) = p1,(x),x € X,

201, (%), prg (%) St (), i (x)) if 42, (x) < g1 (x) and
3. (4 (%), p (X)) = 1(pt (%), 12,4 (X)),

A t(u (%), 81 (%), phe () = 1 (14 (%), 5 (X)), i (X))

@2.11)

For minimum the first condition is fulfilled because #0, 0) = min(0, 0) = 0 and
H(p(x), 1) = min(uee(x), 1) = paa(x).

The minimum operator is a -norm [12, 41, 44, 95]. If we define any function
t(a, b) =c for a, b, c € [0, 1], ¢ : [0,1] x [0,1] — [0,1], due to conditions 1-4 in
(2.11) we will form another intersection operation for two fuzzy sets, e.g., the
bounded product, the algebraic product, the Einstein product, the Yager product
and the like [44, 95]. To watch the difference between the minimum norm, called
also the largest norm, and the bounded norm defined as

1(py(x), pg(x)) = r;g(ﬂ/l(x) + up(x)—1,0) (2.12)

we compare a value of the ~minimum norm for a pair, e.g., (0.8, 0,5) equal to
min(0.8, 0.5) = 0.5 to the -bounded norm value calculated as max(0.8 + 0.5 — 1,
0)=0.3.

The membership function (2.7) of the union of two fuzzy sets that is interpreted
as the function

Hyop(x) = 133}(#/4(x),m,e(x)) = s(u4(x), pg(x)), (2.13)

also is a mapping from [0,1] x [0,1] into [0,1] with the following properties

Los(LD =15 s(u4(x),0) = s(0, 114 (x)) = p14(x), x€ X,
2. (4 (x), (X)) < st (), pp (%))
if gy (x) < pue(x) and pp(x) < pap (%), (2.14)
3. sy (%), g (x)) = s(up(x), 14(x)),
4. s(uy(x),s(pp (%), o (x))) = s(s(14(x), 15 (X)), He (X)).

When checking for the maximum, the reliability of the first condition from
(2.14), we state that s(1, 1) = max(1l, 1) = I and s(uy(x), 0) = max(uy(x), 0) =
Ha().

The function s(a, b) = c, a, b, c €[0, 1], is called an s-norm (coincidentally the
same notion like the s-function s(x, &, £, ). If we propose another definition sat-
isfying the features 1-4 in (2.14) we will create a class of union operations on
fuzzy sets.
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The operations concatenating two fuzzy sets will constitute an important basis
for solutions to medical projects.

2.4 Linguistic Variables

The conception of a variable in classical mathematics makes us think of joining a
number to a name of a certain symbol, usually denoted by the letters x, y, z and the
like. Nobody doubts that the classical variable takes values associated with it for a
hundred percent certainty. In fuzzy set theory we join values to the name of a vari-
able even if the values reveal a weaker relationship with the variable than a “sure
connection”.

The assigned values to a variable need not be numbers. It is possible to use
some words or some structures to express a connection between the name of the
variable and its range if the connection is imprecise and cannot be described ex-
actly.

If we think about the idea of a variable then we can imagine constructing an
equation

x=a (2.15)

that assigns a value of a to the name x.

Generally, let us accept the name of the variable as X and let us recognize 4 as a
set of all values taken by X. The set 4 is called the range of X. If we further restrict
the values of the range 4 by imposing a constraint R(X) < 4 on the values of X, it
will mean that X takes only the values that belong to R(X). A new equation that
assigns the value of a to X is derived as

x=a,aeR(X). (2.16)

Suppose that the constraint R(X) is a fuzzy set. The variable X, which takes its
values in the range 4 and possesses the fuzzy constraint R(X), is now renamed as a
Juzzy variable [28, 40, 90, 95]. The values assigned to X are the elements of a
fuzzy set (a fuzzy constraint) and thus they are equipped with a corresponding
membership degree.

By using the equation (2.16) we make the next trial of associating the variable X
and its values provided that (2.16) is supplemented by a so-called compatibility
degree c(a) € [0, 1]. The mentioned equation (2.16) is now rewritten in the form
of

x =a, c(a) = fp(x)(a), a € supp(R(x)), c(a) €[0,1]. (2.17)

The compatibility degree c(a) is computed for the value of a by adopting a for-
mula of the membership function defined for R(X).
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Example 2.14

Let us examine the relation between a certain diagnosis D and one of clinical
symptoms typical of D that is named S. The relationship between S and D can il-
lustrate a concept of the fuzzy variable. We pose a question referring to the fre-
quency of the symptom present in the selected diagnosis. We expect — as an an-
swer — such a frequency description like, e.g., “often”, “seldom”, “never”, “almost
always” and other formulations related to intensity of the symptom present. We
use words as the answers but we wish to convert them into numbers that intend to
represent the linguistic structures in future computations.

Suppose that a basic reference to set 4 = {0, 1, 2, ..., 100} includes one hundred
patients. We determine the name of a fuzzy variable X as “often”. Let a fuzzy set
R(“often”) be the fuzzy constraint laid on the set 4 by the variable X. The mem-
bership function of R(“often”) is given by the formula

Hp(ofieny (@) = $(a,50,60,70),
that is interpreted in the explicit form, in accordance with (2.5), as

0 for a<50,

a-50 :
2 ——— for for50<a<60,
70-50

y= luR("often")(a) = S(0750760:70) = 70 2
1—2[ “ j for  60<a<70,

70-50
1 for a>70.

The appearance of a curve plotted in Fig. 2.14 is an instance of influence of the
constraint R(“often”) on the range of the reference set 4. It is no doubt that a status
of the variable name gives rise to the selection of the parameters ¢, §and yplaced
in the membership function of R(“offen”).

Figure 2.14: The constraint R(“offen”) over the reference set 4 = [0, 100]

In the equation “offen” = 40, c(40) = 0, the compatibility between the value of

40 and the frequency notion “offen” is equal to zero in the space of one hundred

58-50
70-50
the strength of the connection between the name “offen” and a sample of fifty-
eight patients in comparison with one hundred patients is appreciated as 0.32. An-

other equation — “offen” = 72, ¢(72) = 1 — confirms the total compatibility between
the name of the variable “offen” and its value 72.

2
patients. If “offen” = 58 then ¢(58) = 2( j =0.32 . The grade indicates that
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0757

0257

25 50 75 100

Figure 2.14: The constraint R(“often”) over the reference set 4 = [0, 100]

The introduction of the fuzzy variable “offen” allows us to replace the word of-
ten by the set of numbers that are associated with this linguistic item. However,
we realize that we should operate with many more words or structures to describe
a certain occurrence like, e.g., infensity of presence introduced in Ex. 2.14. In
other words, we want to have at our disposal a full list of words, and moreover, we
would like to be able to express every word in the form of a number set in the
common space. This idea contributes to the evolution of a variable range by giving
access as verbal expressions as its members. A linguistic variable that offers
commonly used words as its range characters is interpreted as such.

The linguistic variable is a variable taking values expressed by words. These are
names of fuzzy variables defined in a space such as 4 = {0, 1, 2, ..., 100}. Let us
denote the linguistic variable by L and a set of its terms by 7= {Ty, T, ..., T},
where each 7, i=1, 2, ..., n, is the name of a fuzzy variable restricted by a fuzzy
constraint R(7;) definable in the space 4. An equation

L=T,i=1,..n (2.18)

that links a “value” T; to the linguistic variable L, reveals a relation between a gen-
eral name of the variable and one of its semantic terms.

Example 2.15

Suppose that we are able to upgrade the frequency of a symptom in the associated
diagnosis by employing average verbal expressions that emphasize the importance
of symptom presence. We can thus utilize a list of words to make a conversation
with a cooperating physician much more comfortable. We should realize that the
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physician must experience some difficulties in telling us his opinion as a strict
mathematical number that describes the grade of symptom presence. Let us decide
a content T of the list “presence of symptom S in diagnosis D” as T={T, =
“never”, T, = “almost never”, Tz = “very seldom”, T, = “seldom”, Ts = “moder-
ately”, Ts = “often”, T; = “very often”, Ty = “almost always”, Ty = “always”}. Each
of the terms from the list constitutes the name of a fuzzy variable placed in the
reference set 4 = {0, 1, 2, ..., 100}. In order to characterize the intervals in the set
of one hundred patients that are typical of the names from the list, the following
restrictions are put forward by their membership  functions
[2, 3, 56]

/uR(TIZ"never") (Cl) =1- S(G,O,S,IO),

:uR(TZ ="almost never") (Cl) =1- S(aa6’l 0914)7

HUR(T,="very seldom™) (@) =1=5(a,15,20,25),

luR(T4 ="seldom") (a) =1- S(a’30340:50):

IuR(TS ="m0demtely")(a) = 7[(61,20,50),

/’lR(T ="often") (a) = S(a,50,60,70),

/’IR(T7:"V€V_V often") (a) = S(a,75,80,85),

:uR(T8 ="almost always") (a) = S(Cl,86,90,94),

HR(T,="abways) (@) = $(a,90,95,100).

Figure 2.15 gives an impression of dividing space 4 into subintervals that se-

lects the terms assigned to the linguistic variable “presence of symptom S in diag-
nosis D”. It is remarkable to notice that the intervals build non-disjointed intersec-

tions. The occurrence of overlapping the supports of fuzzy sets emphasizes fuzzy
performance of sets once again.

0.757
0.57

0.257

25 50 75 100
a

Figure 2.15: The fuzzy constraints of terms representing “presence of S in D”
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The boundary values of fuzzy constraints from Fig. 2.15 have been decided in
compliance with the physician’s advice. In one of the next chapters we intend to
introduce formal, mathematical evidence that explains how to construct fuzzy re-
strictions for terms belonging to the list of a linguistic variable. The concept of
atomic words and hedges will be involved in the evidence as conclusive factors of
the solutions.

An equation, in which a term is attributed to the variable name, determines the
relationship between the linguistic variable, e.g., “presence of symptom S in diag-
nosis D” and one of its terms such as “almost never”. In this way we can state the
connection

“presence of symptom S in diagnosis D” =" almost never" .

The notions of fuzzy variables and linguistic variables constitute very important
tools in medical models that are discussed in the next chapters. The linguistic vari-
able makes it possible to convert words or other verbal structures into numbers,
and this possibility then opens up an understandable dialogue between physicians
and mathematicians working together.

2.5 Fuzzy Relations

Fuzzy relations join two-non fuzzy sets in the common set of pairs on condition
that each pair has the membership degree assigned.

To understand better the idea of a fuzzy relation let us first study the basic defi-
nition of a Cartesian product of two non-fuzzy sets.

Definition 2.8

Let X= {x1, x2, ..., x,,} and Y= {y1, y5, ..., ¥,} be two finite sets. The Cartesian
product of X and Y, denoted by X x Y, is a set of ordered pairs (x;, ,),i=1, 2, ...,
m,j=1,2,...,n forx;e Xandy; € Y.

Example 2.16

IfX=1{1,2,3) and Y= {a, b} then Xx Y= {(1, a), (1, b), (2, @), (2, b), 3, a), (3,
b)}.

If each pair (x;, y;) included in X x Y is equipped with a membership degree then
the Cartesian product that is mapped in the interval [0, 1] by a membership func-
tion, will be called a fuzzy relation. Formally, let us introduce the fuzzy relation

R inthe following way [12, 40, 88, 95].



24 2 Fundamental Items

Definition 2.9
Let X= {x|, x3, ..., x,,} and Y= {y1, y», ..., y,,} be two finite sets; then

R={((x 9 )tz (i, y N3 (31, v ) € X XY g1 1 X XY —[0,1] (2.19)
fori=1,2,....m,j=1,2,...,n

Fuzzy relations are often presented in the form of two-dimensional tables. The
rows of such a table are all marked by x while the columns are all indicated by y.
An entry of the table corresponds to this membership degree of the pair (x, y) that
belongs to the intersection of row x and column y.

An m xn table-matrix constitutes a comfortable way of entering the fuzzy rela-

tion R that presents a format suggested below

N1 Y2 n
x| M) Hp(xLyy) e dp(x, )
X | Hp(o. ) Hp(a.,) o (3, 9,) (2.20)

=~
I

xm_luﬁ(xm’yl) ,Uﬁ(xm’yZ) ;uﬁ(xm,yn) .

Example 2.17

Let X="body height’ =[160, 190] and Y = “body weight” =[60, 90] be two sets
containing the measurements of two parameters x = “height” and y = “weight” that
are characteristic of the man’s silhouette. We design a relation “a strong and pro-

portional construction of the man’s body”(x, y) = R (x, y), in which the member-
ship degree values of the pairs computed in accordance with the function [28]

Z= [y strong and proportional construction of the man's body" (x >V )

0 for x <160, y <60,

x160 | ¥ 760 b 160< x <190, 60 < y <90,
60 60

1 for x>190, y > 90,

= /uﬁ(xny) =
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confirm a grade of adaptation of the physical features to the definition of the rela-
170-160 N 65-60
0 60
0.25, while another pair (182, 89) shows the compatibility degree with the defini-
182 -160 N 89 -60
60 60

tion. For instance, the pair (170, 65) has #;(170,65) =

tion of the relation estimated as equal to x5(182,39) =

0.85.
The general dependence of the membership degrees ;(x,y) on the growth of

both biological parameters can be observed in Fig. 2.16.

Figure 2.16: “A strong and proportional construction of the man’s body”

Fuzzy relations can be combined with each other by the operation of “composi-
tion”. In order to understand better the aggregation of two fuzzy relations, let us
first recall the definition of a matrix multiplication for two matrices (dot product).

Definition 2.10
IfR=(pi=1, . mj=1,...na0d O=(qu)j=1,.. nk=1,.,pthen S=R Qis a product

n

matrix with elements s;; =Zrl-]- “qp»i=1,....,m k=1,.., p. The number of
j=1

columns in R must be the same as the row number in Q.
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The matrices R and Q in table forms are used to clarify the multiplication. Let

n1 o Hp q1 " dip Sttt Sip
R=|: . :]JandQ=| : . : | Hence, S=| : :
L 9n1 " Gnp . Sml """ Smp
Ricqut - thp Q= M Qip oty qyy
L I D A P R rml"]lp+”'+rmn'qnp .

Example 2.18

We design two matrices Ry.3 and Qsso.

(LT N R Y
~N W N

2 15
Let us multiply the matrices R = {3 6 2} and O =

The product matrix S is obtained in conformity with Def. 2.10 as the matrix

2-4+1-24+5-5 2-241-3+5-7 35 42
S= =
3.4+6-24+2-5 3-2+6-3+2.7 34 38|.

By returning to fuzzy relations, filled with membership degrees, we will treat
the operation of “product” as “composition”. To find some adequate operations
that replace the external sum and the internal multiplication in the product of two
matrices, the different suggestions have been made. The most popular composition
is a version with the maximum applied instead of the outer sum, and the minimum
replaces the inner multiplication.

Definition 2.11 (max-min composition) [12, 40, 88, 95]

Let X={xi, ..., X}, Y=1{y1, ..., yu} and Z= {z,, ..., z,}. We introduce R with
:uk(xi’yj) 5 (xiayj) € Xx Y’ and é with /ué(yjszk) > (yjyzk) € Yx Z, i= 1s cee m,

j=1,..,n k=1, ..., p, as two fuzzy relations. The max-min composition of R
with O, denoted by Ro(Q, will be a fuzzy relation [12, 40, 95]

§=RoQ= {((xf,zk )M (i 2) = ryr}g;c{min{u,@m,yj >,ué(y,,zk)}}]}. @21
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The next example throws more light on the last definition by explaining the
meaning of performed operations. In order to introduce the entry data we propose
using two rectangular matrices that correspond to two fuzzy relations.

Example 2.19

The relation R reveals via values of membership degrees Up(xy;), i=1, 2,
j=1,2,3, the connective dependence between X = “the intensity of sun radiation”
= {x| — “low radiation”, x, — “high radiation”} and Y = “the daily temperature” =
{y1 — “the temperature in the morning”, y, — “the temperature at noon”, y; — “the
temperature in the evening”}. After inserting the membership degrees to each pair

of R we state its content by the matrix

Yoo Y. W
F_%u[08 05 07
- x,|04 09 05/

The next relation Q settles the relationship between Y = “the daily tempera-

ture” represented by yy, v», v3, and two states of Z = “the moisture of soil” = {z| —
“low moisture”, z, — “high moisture”}. The membership degrees ,ué(y Zk) >

j=1,2,3, k=1, 2, express the truthfulness of a connection between Y and Z as

| Z

»103 09

0=y,[08 03
y3/05  0.7].

By composing the relations R and Q we should obtain the result that reveals

the association between X and Z described by the values of membership degrees as
follows

Z Z

S =

X1 | max(min(0.8,0.3), min(0.5,0.8), min(0.7,0.5)) max(min(0.8,0.9), min(0.5,0.3), min(0.7,0.7))
X, max(min(0.4,0.3), min(0.9,0.8), min(0.5,0.5)) max(min(0.4,0.9), min(0.9,0.3), min(0.5,0.7))

Z1 Z 1

Xy |:max(0.3,0.5,0.5) max(0.8,0.3,0.7):| Xy {0.5 0.8}

x, [ max(03,080.5)  max(04030.5) ] x, |08 05].
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The value 0.8 assigned to the pairs (low radiation, high moisture) and (high ra-
diation, low moisture) seems to confirm a truthful association between the exam-
ined parameters “sun radiation” and “soil moisture”. It is also acceptable to admit
that the connection between low radiation and low moisture or high radiation and
high moisture is appreciated as true in the grade 0.5.

Even this simple example convinces us about the importance of a decisive
character of the max-min composition. In spite of the greatest popularity, the re-
sults of the operation sometimes are interpreted as too “sharp” because of the ac-
tion of the inner operation min that causes an essential consideration of the small-
est values. To smooth this inconvenient effect, it is suggested to introduce another
general definition of the composition of two fuzzy relations.

Definition 2.12

Let R and é be the relations from Def. 2.11. The max-* composition of R and

Q is now defined as

E:QN = {((xiszk)>ﬂkgg(xi’zk) = I}?gi]{ {/UR (xiayj) * ,UQ(yj:Zk)}j} (2.22)

€649
*

forx; e X,y €Y,z € Z, where is an associative operation that is monotoni-

cally non-decreasing in each argument [95].

An arbitrary #-norm satisfies the conditions of monotonicity and associativity
(properties 2. and 4. in (2.11)); therefore it can be utilized in Eq. 2.22. Two special
cases of the operation max-* are taken into consideration in the following defini-
tion.

Definition 2.13

Let R and Q be fuzzy relations of the same shape as in Defs 2.11 and 2.12.
Hence, the max-prod compositionﬁ oé and the max-av composition R oé are

av

proposed as fuzzy relations

ROQ = {[(xiszk)huﬁ?g(xi’zk) = r;/lgif {:uﬁ (xi’yj) : /UQ(yj,Zk)}j} (2.23)

and
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. o~ 1
R;VQ z{((xiszk )»ﬂk:g(xiszk) :E'r}?g;({:uﬁ(xi’yj)+ﬂQ(yj’Zk)}} (2.24)

forx, e X,y €Y,z eZ.

The operation x5+ Hg used in (2.24) has not all properties of a #-norm but it

fulfils the conditions 2. and 4. composed in (2.11). This classifies the sum of
membership degrees as the appropriate operation “*”, accepted in the composition
of fuzzy relations [95].

We return to the basic relations R and Q from Ex. 2.19 to test results of the
formulas (2.23), (2.24) and to compare these results to the effects of the max-min

composition already obtained in Ex. 2.19.
Example 2.20
Let us compute the relations Eoé and R o é for R and é from Ex. 2.19. By
applying Eq. (2.23) we obtain
2 22
1] max(0.8-0.3,0.5-0.8,0.7-0.5) max(0.8-0.9,0.5-0.3,0.7-0.7)
RoQ =
: max(0.4-0.3,0.9-0.8,0.5-0.5) max(0.4-0.9,0.9-0.3,0.5-0.7)

X2

7 Z 1 I

X1| max(0.24,0.4,0.35) max(0.72,0.15,0.49) | *1| 0.4 0.72
0.72 0.36

x, | max(0.12,0.72,025) max(0.36,027,0.35) |,

while the formula (2.24) used to the max-av composition yields a matrix
2 22
|1 1
1 E -max(0.8 +0.3,0.5+0.8,0.7 + 0.5) 3 -max(0.8 +0.9,0.5+0.3,0.7 + 0.7)

1 1
X, 5 max(0.4 +0.3,0.9 +0.8,0.5+0.5) 5 -max(0.4 +0.9,0.9 +0.3,0.5+ 0.7)
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7 2 1 2
1 1
X E.rnax(1.1,1.3,1.2) E-max(1.7,048,1.4) X110.65 0.85
T 1 =
X, E-max(0.7,l.7,l.0) E-max(l.3,l,2,l.2) x, 085 0.65 ]

By analyzing the results of three tested operations ﬁoé s ﬁoé and R o é ,

we conclude that it would be the most reliable to choose the second composition
RoQ in further medical investigations. The choice is justified by the fact that the

difference between two essential stages (high radiation, high moisture) and (high
radiation, low moisture) is emphasized in the remarkable way in the composition

ROQ

In some special cases, when X= {x,}, the relation R becomes a one row-
relation. Definition 2.13 thus takes the following modified version.

Definition 2.14

Let X={x;}, Y={, .0 Yu}» Z= {21, ..., 2,}. We set fuzzy relations R with
Up(x1,¥;), (x1, ) € X x Yand Q characterized by ,ué(yj,zk) , 0pz) € YX Z

The max-prod composition of R with é , denoted by R oé , s a one row fuzzy

set

ROQ z{((xl’zk)uukoé(xlszk) = I;}g{ﬂﬁ(xlayj')'ﬂQ(J/j,Zk)}j} (2.25)

forxleX,yjeY,zk e’Z.

The short and simple introduction that has been accomplished in this chapter is
necessary to lead to a further discussion about different mathematical fuzzy mod-
els. The models are fitted for the same objective, namely, how to extract different
concepts and properties developed by fuzzy set theory in order to transform them
to facilitate solutions to medical problems.
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3.1 Introduction

The creators of fuzzy set theory, who develop mathematical models applied to
different technical domains, have also made representative contributions in medi-
cal investigations. One of the earliest models created by Sanchez [72, 73] and dis-
cussed by other scientists [6, 8, 11, 17, 27, 45, 48, 56, 69, 70, 74, 75, 76, 77, 87]
has given some answers to questions concerning a choice of diagnosis. The choice
should only be made on the basis of clinical symptoms when assuming that the
symptoms are typical of all considered diagnoses.

To decide an appropriate diagnosis in one patient we introduce three non-fuzzy
sets:
the set of symptoms § = {S,,5,,....5,},

the set of diagnoses D = {Dy,D;,...D,},
the set of patients P ={F}.

The symptoms occurring in set S are associated with the diagnoses from set D.
Moreover, we assume that information about all symptoms belonging to S is com-
plete in the patient’s case. By using his medical experience as a foundation a phy-
sician then establishes connections between the symptoms and the diagnoses.

3.2 The Modus Ponens Law in Medical Diagnosis

The symptoms Si, S, ..., Sy, that are stated in set S, are included in the pairs (P;,
S, (P, S2), ..., (P1, S,). These constitute the relation PS (“patient — symptom™).
Let us write down the fuzzy relation PS as a one-row matrix

Sl S2 Sn

(3.1)
PS = Blups(R,S)) tps(P,S8y) -+ pps(B,S,)],

where ups(P1, Sp),j =1, ..., n, is a value of the membership degree providing us
with evaluation of the intensity of S; in P;.

The next relation consists of the pairs (S, D), (S1, D2), ..., (Si, Dp), ..., (S,
D,). The fuzzy relation, in which each value of the membership degree tied to the
pair (S, Dy),j=1,2,...,n,k=1,2, ..., p, expresses strength of the relationship

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 31-61 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007
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between the symptom and the associated diagnosis, is called “symptom — diagno-
sis”. The relation has the name SD and is projected as a matrix

D, D, D

P
Si| #sp (S, D) pep(S1,Dy) o /uSD(Sl’Dp)

SD—S2 Hsp(S, D) pgp(Sy,Dy) o ptsp(85,D,) (3.2)
Syl #sp(SysDy)  psp(S,, D) e ﬂSD(SnaDp) :

In the further discussion we suppose that the relation PS is generally interpreted
as a statement

€99

p” = the symptoms S;, j = 1, 2, ..., n, are found in patient P,”.
The relation SD stands for an implication

“p” IMPLIES ¢” = “the symptoms S; confirm presence of the diagnoses Dy (if S;
then Dy),j=1,2,...,n,k=1,2,...,p".

The statement p” is nearly the same as p, but these two sentences p and p” do
not need to be worded identically.
By quoting the rule modus ponens

IF “p” AND “p’ IMPLIES ¢” THEN ¢~

we expect getting the conclusion

[T

q 7= “the diagnoses Dy, k=1, 2, ..., p, are assigned to P;”.

As the result of the last sentence ¢~ a relation PD has been produced. The PD
(“patient — diagnosis™) relation is a matrix

D D, D,

(3.3)
PD = Blupp(R,Dy) ppp(B,Dy) - ppp(R,D,)],

in which the membership degrees reveal associations between the patient and the
diagnoses.

To make a proper choice of the diagnosis that is the most applicable for the ex-
amined patient when regarding his or her symptoms, we employ the modus ponens
rule as follows.
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Definition 3.1

If the premise “the symptoms Sj, j =1, 2, ..., n, are found in patient P,” is given by
the relation PS, and the hypothesis ”the symptoms S; imply the diagnoses Dy, j =1,
2, ..., n k=1,2, ..., p” is represented by the relation SD, then the relation
PD = PS o SD, formed as a result of the thesis “P; suffers from D,”, will be com-
posed of membership degrees allowing us to estimate associations between the
patient and the considered diagnoses.

We will study some modifications of Def. 3.1 in the next subsections.

3.3 The Patient —Symptom Relation

Each symptom belonging to the set S will be represented as a fuzzy set.
We adopt three basic types of biological parameters [29, 30, 32, 56]:

1. Simple qualitative features,

2. Compound qualitative features,

3. Quantitative (measurable) features.

Example 3.1

Suppose that symptoms from set S, characteristic of P, are listed as: S| — “heredi-
tary inclination”, S, — “ECG changes in resting position”, Sy — “smoking”, S, —
“lack of physical activity”, Ss — “pain in chest”, S¢ —breathlessness”, S; — “feeling
of sickness”, S — “hypertension”, Sy — “increased level of LDL-cholesterol”, Sy —
“obesity”.

By studying the nature of the symptoms we can divide them into three follow-
ing groups:

1. §; is interpreted as the simple qualitative feature that is present or lacking;

2. 8,5, 85, 84, Ss, S, S; are investigated with the help of a questionnaire as com-
pound qualitative symptoms;

3. 8g, Sy, Sj are typical measurable parameters that are described by values ob-
tained in examinations carried out.

Since every symptom is considered as a fuzzy set then we should decide the
set’s support and values of membership degrees assigned to the members of the
support. The ways of membership degree constructions should reflect intensities
of symptoms acting as important indications of the patient’s health.

We now intend to concentrate this discussion on three types of symptoms that
will be designed as fuzzy sets. Since they represent different features then we will
be obliged to invent varying methods of designing membership functions for
them.
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3.3.1 Simple Qualitative Biological Parameters

The fuzzy set characterizing this symptom is defined in a space {0, 1}. If the
symptom S; does not occur in the patient, the number 0 will symbolize its lack. It
means that element x of the fuzzy set S; takes the value 0, and the membership
degree of this element is fixed to be 0, too.

If the symptom S; is found in the patient, we agree to note this fact down as the
number 1. Thus, element x takes the value 1 and the membership degree of x is
also determined as 1.

The fuzzy set S; corresponding to the symptom S; is often written down sym-
bolically as

s, =%+ Y. (3.4)

In Eq. (3.4) both the symptom and the fuzzy set representing it have the same
denotation in order not to introduce too many symbols.

Example 3.2

Suppose that patient P; has had relatives who have suffered from cardiovascular
system diseases. Hence, his tendency to inherit these diseases is evaluated as x = 1
and S;(1) = 1. Consequently, the value of S;(1) = 1 takes also its place in the rela-
tion PS that is actualized as

Sy 83 83 84 S5 86 S7 83 Sy Sio
PS=P[ 1 1.

The qualitative attribute wearing the simple complexity is the simplest possible.
It is frequently required to have a wider approach to the ascertainment of qualita-
tive features, for example, by applying a questionnaire with questions and alterna-
tive answers to the questions being posed. This is designed in the case of com-
pound qualitative features for which the construction of fuzzy set S; corresponding
to the symptom S; is thoroughly explained below.

3.3.2 Compound Qualitative Biological Features

We assume now that the symptom S; is no longer determined by one of the alter-
natives “present — absent”, but it needs a certain verbal description. Let us intro-
duce a new variable supporting S, the linguistic variable 0", with the set of terms
formed by the questions (asked by a physician or by a questionnaire) that are de-

noted here by ¢, p=1,2, ..., Q5 1aeton 199 30, 32, 56, 70]. The symbol

QPO last question otands for the quantity of questions associated with the symbol S;.
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To each of the questions qg(j ) posed to the person being examined in connec-

tion with the symptom S; found, he/she has a possibility of choosing
one of several answers that are usually furnished with numbers-codes

sif,j) =0,1,2,.., N, p=12, .. QS lastquestion =y _q 5 . P The symbol ”

designates the number of alternative answers to the question qj(j ), and we under-

stand that the value 7= 1 is connected to the choice of the code “0”, while ¢ = /*’
must be associated with pointing to the code “N”. The codes 0, 1, ..., N are hierar-
chical replacements of the answers from the most negative (denying the presence
of §)) to the most positive (confirming the existence of the symptom).

In the further procedure, one should assign weights w3

i to the encoded (pro-

posed) answers Si(,] ) [70]. These weights are suggested to be numbers belonging

to the interval [-1, 1]. It is assumed that negative numbers correspond to negative
answers to the question posed, i.e., ones that do not confirm the occurrence of the
symptom (never, rarely, very rarely and the like), with that —1 defines the most
negative answer. The positive value of the weight gives a suitable positive charac-
ter, certifying the presence of the symptom in the patient, and the value +1 con-
firms the entire presence of the symptom. The weight equal to zero (or close to
zero) is reserved for the case of the lack of the answer or a statement that does not
bring any (or almost any) information.

The set of questions in O*" is treated as a list of terms representing the linguis-

tic variable O*). Each question qi(j ), p=1,2, ..., QS astquestion i interpreted

as a fuzzy variable with the support, established via weights, equal to [-1, 1]. This
conception helps to build a fuzzy set S; reflecting the compound qualitative symp-
tom §; with the same name.

The value of a weight lying in the subintervals [-1, 0] and [0, 1], respectively,
depends on the number of a code 1, 2, ..., N, chosen by the patient who answers a
corresponding question. The above-mentioned intervals are, in general, decom-
posed evenly according to the number of alternative answers. The endpoints of the
subintervals thus formed constitute the values of the weights for all the alternative
answers. The number of the weights is finite and equal, as a rule, to a slight num-
ber of answers. To represent the symptom S; by one value being a result of an op-

eration concatenating all weights assigned to the questions qﬁ(j ) op=1,2, ...,

QS0 last question 3+ seems to be purposeful to bring into use a continuous aggregation
function.

To sum up, let S; be the fuzzy set for a compound qualitative feature. This set is
fully defined when both its support and its membership function is given. The
function should be, in turn, considered in a real space X and built as a set of
weight aggregation results. Therefore it is essential to transpose the qualitative
feature to measurable values, i.e., to values x belonging to X, where X is regarded
as a support of ;. To concatenate the weights of all answers as a common value x
describing S;, we suggest the mapping
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S(j)-last question

x= Ywi. (3.5)
p=1

The operation means the addition of the weights determined for the answers to
the questions that collect information about S; (every question is represented by
only one weight joined to the alternative answer = 1, ..., /7).

The values of x form an interval bounded below by some number « that is cal-
culated from the formula

QS (j)—last question

a= min (w3()) (3.6)
ot P

i.e., is assumed to be the sum of the weights, smallest as far as their relative values
are concerned, assigned to the most negative answers to each question giving a
picture of ;.

A number ybounds this interval from above and is fixed in accordance with the
equation

QS(_/ )-last question
7= max (w>)) (3.7)
ol 1< 7

that means that one should calculate the sum of the weights greatest as far as their
relative values are concerned. They are quantities representing the extreme posi-
tive answers to the questions concerning the symptom S;.

The conclusions, implied above, have led to the construction of the support of
the compound qualitative attribute S; defined as the interval [¢, y]. The member-
ship function over [¢, y] is put forward for consideration as [29, 30,
32, 56]

y=ps, (x) =s(x,a,8,7) , (3.8)
in which s(x, &, B, 7) is given by Eq. (2.5).

Example 3.3

If a value of the weight assigned to the extreme negative answer is fixed at —1 and
the weight of its most positive variant is equal to +1, and the rule is preserved for
each question, then the graph of the function (3.8), designed for five questions
characteristic of S; and formed as the equation y = Hs, (x) =s(x,-5,0,5), will take

the symmetrical form as given in Fig. 3.1.
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y 17

0.75 T

Figure 3.1: The membership function of the compound qualitative symptom S;

By analysing the graph we can notice there the number & =—5. That is the sum
of the minimal weights representing the five answers negating the symptom pres-
ence, it has the assigned membership degree equal to zero. This is a sign of
“health”. The number y= 5 is a sum of maximally positive weights confirming the
revealed symptom and, in consequence, the membership degree associated with it
takes the value 1. An ambiguous piece of information or its lack, expressed by £,
has its mapping in the form of the membership degree of the value 0.5.

To illustrate the action of computing the membership degrees for compound
qualitative symptoms, let us state the values of degrees for some of the symptoms
of this character found in patient P;, with whom we have already made an ac-
quaintance in Ex. 3.1.

Example 3.4

By composing a questionnaire, which yields the information of intensity accom-
panying the symptoms S; and Sy, we assign the membership degree to each of
them.

An inquiry of the first considered symptom S; — “smoking”, is accomplished by
answering questions, e.g.:

%S @ =How often do you smoke cigarettes?”
qZS @ =How long have you smoked?”

The alternative answers to these questions may be formulated, for instance, as
follows:
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— to the first question qIS ®
1. Ido not smoke slsf) =0 wfl(3) =-1
2. I smoke seldom sfg” = wf?) = —%
3. 1smoke moderately sf =2 wf P =0
4. Ismoke often spy) =3 wff) :%
5. Ismoke constantly sf & =4 wf & =1

— to the second question qf ®

1. I have never smoked S2S, (13) =0 wi (13) =—1
2. A few months s257(23) = wzs’(;) = —%
3. I-2years 555 =2 wzs,(;) __ 1
4. I cannot determine sfﬁf) =3 wfff) =0
5. 3—4years si(;) =4 Wi(;) :%
6. More than 5 years si (63) =5 wzs,(g ) :%
7. I have smoked since my teens si (73) =6 wi(f) =1.
We assume that patient P, has chosen answer 4. to qls 3 and answer 6. to
¢>?; hence, x:%+§:%, a=(-)+(-1)=-2,y=1+1=2, f=0,and

2-(=2)
The pair (Py, S;) of the relation PS has therefore the membership degree equal
to 0.913. This degree characterizes a feature such as “smoking” efficiently, since it
reflects every subtle distinction in the patient’s report when comparing the ex-
treme information of the type “/ smoke” contrary to “I do not smoke”.
The other parameter Sy — “lack of physical activity” can be described, as an in-

stance, by three questions:
S4) _
91 " =

q
q

2
-2
Mg, (x)=s(x,-2,02)=1- 2( al ] in view of x > 0, that is g, (%] ~0.913.

”Do you sometimes exercise?”

5 @ =<«How intensively do you exercise?”

gv @ =<“How long have you exercised?”
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The answers proposed in the questionnaire with their codes and weights are es-
tablished as:

— to the first question q1S @
. S(4) _
1. Iexercise every day wi o =-1
. s _ 1
2. exercise often W ==
3. [Icannot say wf§4) =0
1
4. Iexercise little WIS 514) =—
’ 2
5. Ido not exercise wf §4) =1
— to the second question qf )
. S4) _
1. I exercise very hard wyi =-1
1
2. I exercise rather hard wi (24) =——
3. Itisdifficult to say w§g4) =0
1
4. 1do light exercises wg 24) =—
’ 2
5. Ido not do any exercises wf’(;‘) =1
— to the third question q§ “)
1. I have exercised since my teens wi §4) =-1
s _ _2
2. More than 5 years wyy =——
’ 3
33 s -1
. 3—4 years Wiy =——
4. I cannot determine wi M=o
1
5. I-2years Wi (54) = 3
s _ 2
6. A few months Wyl =—
’ 3
7. 1 have never exercised wi (74) =1.

Let us notice that the lack of exercising is regarded as a harmful symptom for
some diseases. This is expressed by assigning the positive values of weights to the
answers that confirm the bad physical condition. On the contrary, a well-trained
person does not run a great risk of falling ill. Exercising can increase the health
condition and therefore is added to prior physical factors. The answers pointing to
a good physical form have thus the negative weights attached.
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If patient P, marks the answers 3. 4. and 4., respectively, we should find the

1 1
value of the element x for S, as x=O+E+O=E,az(—1)+(—1)+(—1)=—3,

x-3

2
S because of
3-(-3)

y=1+1+1=3, =0, and ys4(x)=s(x,—3,0,3):1—2(

. ) 1
the positive value of x that gives s, (Ej ~0.653.

The compound qualitative attribute S, has been assessed by the value of the
membership degree 0.653. We act in the same way as discussed above to state the
membership degrees of the rest of the compound qualitative attributes, calculating
them as, e.g.,

(x)=0.515,

/JSZ —"ECG changes in resting position'
;USS —"pain in chest" (X) =0.345 >
;US(, —"breathnessless" (X) =0.632 >

Hs, " feeling of sickness" (x)=0.720.

The values of x via weights characterize the questionnaire answers of patient
P,. The membership degrees of x fill up some remaining empty positions in the
relation PS. After completing the missing values the relation PS has its content
presented as

S S S Sy S5 Se S7 Sy Sy Sy
PS=R[1 0515 0.913 0.653 0.345 0.632 0.720 1.

There still exist three symptoms Sg, Sy and Sy that do not have their member-
ship degrees determined. The mentioned parameters belong to the third symptom
class created for quantitative features. To find their membership values we refer to
“arguing”, which is portrayed in the next subsection.

3.3.3 Compound Quantitative Biological Features

A quantitative (measurable) feature is the last type of a biological parameter for
which a model of defining the membership degree in the relation PS has been pro-
duced. These features take values continuously from a known interval determined
by a physician. The measurable symptom S; can be represented as the fuzzy set S;
with values from the interval containing all possible quantities taken by this fea-
ture. We denote this interval by [VMIN, VMAX] with the notations; VMIN is the
minimal value taken by the parameter and, respectively, VMAX is its maximal
value. Let us give the symbols VNy, VN, to the limits of the interval in which there
occur numbers characteristic of healthy man. It should be noticed that, outside the
interval (VN;, VN,), both the deficiency and the excess of a biological indicator is
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a disease sign, most frequently connected with different diagnoses. Therefore one
should divide the interval [VMIN, VMAX] adopted originally and write it down as
[29, 30, 32, 56]

[VMIN ,VMAX | = [VMIN VN, | (VN,,VN, ) O [VN,, VMAX . (3.9)

The membership function of the set §j, defined on the interval (3.9) ought to
express reliably all disease states examined on the basis on the symptom S;. For
symptoms whose uniform growth of values is connected with a uniformly pro-
gressing disease, one proposes the membership function

s(x,VNZ,M,VMAX] for VN, <x<VMAX,
y=,uS/(x)= 0 for VN, <x<VN,,
l—s(x,VMIN,M,VNlj for VMIN <x<VN,,

(3.10)

where x stands for the value taken by S;.

Example 3.5

The quantitative symptom Sy — “hypertension” from Ex. 3.1 is a consequence of
increased values of systolic blood pressure. This parameter has an interval of nor-
mal values, typical of a healthy man, established as (VN;, VN,) = (90 mmHg, 120
mmHg) while VMIN, VMAX are appreciated as 50 mmHg, 250 mmHg, respec-
tively. It is worth mentioning that high values of systolic blood pressure are as-
signed — as warning signals — to cardiovascular diseases. Opposite to it, very low
values of systolic blood pressure are typical of, e.g., acute bleeding. On the condi-
tion that the membership function of Sg reflects a uniformly progressive sickly
state, we propose to explore it by the equation

S[x,l 2. 120 +250

,250) for 120 <x <250,
Y= ps, (x)=10 for 90<x<120,

1- s(x,SO,@SO) for 50<x<90,

represented by the graph displayed in Fig. 3.2.
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Figure 3.2: The membership function of the symptom Sg

More complicated medical phenomena can be divided into two following
groups. The physician often finds that the growth of a value characterizing the
symptom and belonging to the interval [VN,, VMAX] (or to [VMIN, VN,] when the
value is lowered instead) does not matter essentially till some moment, and only a
high level of the indicator is connected with a violent deterioration of the health
condition.

Then it would be purposeful to apply a concentration operation CON for the
membership function of the fuzzy set S; over the interval [VN,, VMAX] (or
[VMIN, VN;]), that is, to use the membership function of the type

y= ﬂcozv(sj)(x) = (,U(sj.)(x))z . 3.11)

Conversely, if the physician describes that what constitutes the greatest danger
for one’s health is the growth of the symptom value at the first stage, then it is
advisable to introduce a dilution operation DIL for the symptom S; that changes
the membership function u s (x) in the following manner

¥ = tpis,) () = s, (x) - (3.12)

The membership function of S; modified by (3.11) or (3.12) better reflects the
patient’s physical state when an irregular development of the symptom S; has an
importance in finding the appropriate diagnosis.
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Example 3.6

The graphs of the function (3.10) as well as the above-described tendencies to-
wards a reliable adoption of the membership function for a measurable feature S,
discussed in Ex. 3.5, are shown in Fig. 3.3.

y 17 Moy Mpy
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Figure 3.3: The membership function of the symptom Sg with modifications

In the description of the figure we have adopted the notations

120+ 250

M= s[x,lZO, ,250} for 120<x<250,

M'=1- s(x,SO,S();—g(),90j for 50<x<90.

The results of Eqs (3.11) and (3.12) obtained in the form of modified member-
ship degrees, in comparison to the effects of (3.10), are intended to be treated as
reliable indicators of the symptom’s decisive effect on a diagnosis choice.

Example 3.7

The physician decides that the value of S5, found in Py, is equal to 210 mmHg and
points to a severe state of the patient’s health. We expect that an appropriate
membership degree will be associated with the value of Sg in order to indicate the
essential impendence of P;’s health. To start the computations, we choose the first
part of the function (x) from Ex. 3.5 because we notice that the value of

x =210 belongs to the interval [120, 250].
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Hence,

115,(210) = s(210,120, = 5(210,120,185,250) =

2
1_2(M) ~0381.

120+250,250)

250-120

To focus on the essentially heightened blood pressure value of x =210, which
convinces us that the patient’s health is in danger, we should increase g (210)

by adopting the dilution operation as 1y, s, ,(210) = \/ 115,(210) #/0.81=0.9.

It is worth noticing that we should use the third part of the formula derived in
50+90

Ex. 3.5, i.e., Hs, (x)=1 —s(x,SO, ,90) if the value of systolic blood pres-
sure is less than 90 in any patient. It can happen when the patient meets with vio-
lent bleeding. The lower values of systolic blood pressure than the quantities
placed in [90, 120] characterize another symptom that differs from Ss.

The growth of LDL-cholesterol also informs a physician about a worse condi-
tion of the examined patient. To accentuate the importance of the increased level
of Sy — “increased level of LDL-cholesterol” we try to generate a reliable value of
its membership degree in PS.

Example 3.8

By carrying out LDL-cholesterol level examinations in Pj, the physician has estab-
lished the value of Sy as 145 mg/dl. If he also decides the values of VMIN = 50
mgl/dl, VMAX = 250 mg/dl and states the interval (VN;, VN,) as (100 mg/dl, 135
mg/dl), then we are capable of assigning the membership degree of x = 145 in ac-
cordance with the first “branch” of the membership function given by (3.10) as

145-135
250-135

145 does not lay emphasis on any greater threat for P,’s health, then we should
lower the value of the membership degree for the x-number. We will reduce it if
we apply the concentration operation (3.11) in the form of oy s,)(145)

2
1, (145) = 5(145, 135, 192.5, 250) = 2( j ~0.02. Since the value of x =

= (5, (145)F =0.0004 .

By using these similar techniques on the symptom S}y, we assign to its missing
representative, in the relation PS, the value of the membership degree decided as
Hs,, —robesin (X) = 0.353, when measuring “weight” = 115 kg in relation to

“height” = 1.80 m. The grade of obesity x is determined by applying the body
mass index x = BMI computed as a quotient “body weight/(body height in me-
ters)” in units equal to kg/m’. By taking x = 35.5 kg/m*, VMIN = 12 kg/m®, VMAX
=50 kg/mz, VN, = 18 kg/m2 and VN, = 25 kg/m2 as the parameters’ values in
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(3.10), we confirm the result 0.353 as the membership degree of S}o, provided that

the growth of body weight has the uniform meaning in the diagnostic decision.
Possessing all the values of the membership degrees for the symptoms listed in

Ex. 3.1, we finally complete the matrix PS and save it to further computations as

Sl S2 S3 S4 SS S6 S7 SS S9 SlO
PS=P[ 1 0515 0.913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353 .

The next stage in our investigations is to prepare the matrix SD introduced by
(3.2) that constitutes the other factor (besides PS) in the decision equation

PD=PSoSD.

3.4 The Symptom — Diagnosis Relation

A mathematical process of developing the forms of associations among the symp-
toms S;,j =1, 2, ..., n, and diagnoses Dy, k = 1, 2, ..., p, constitutes another impor-
tant task to be fulfilled in the diagnostic problem posed. The connection between
S; and Dy in each pair (S;, Dy) is rendered as a value of the membership degree
accompanied by this pair. The membership degree, in turn, expresses the significa-
tion of symptom S; for diagnosis D;. To determine the intensity of the symptom
influence on the diagnosis decisive character, a physician asks two essential ques-
tions, namely [2, 3]:

1. How often is S; found in D;?

2. How often is S; decisive for D;?

The physician uses his experience to answer the questions by selecting verbal
expressions that are included in a certain list. We, by following his advice, con-
centrate on replacing the chosen word by an appropriate number. To begin with,
let us first decide the terms of a common list identically constructed for “pres-
ence and “decisive character”. We decide “presence* = “decisive character”

LEINT3 9% < EEINT3 LRI LR N3

={“never”, “almost never”, “very seldom”, “seldom”, “rather seldom”, “moder-
ately”, “rather often”, “often”, “very often”, “almost always”, “always”}. By em-
ploying the membership functions (the constraints) of fuzzy variables that corre-
spond to the expressions collected above, we will try to find these membership
degrees of the variables that represent them in the most adequate way.

Some suggestions referring to the constraints imposed on fuzzy variables have
already been made in Ex. 2.15, but we should honestly admit that the borders of
the restrictions proposed there have been chosen empirically rather than by involv-
ing any computation technique. There exists a domain in fuzzy set theory that
deals with computing with words. Within this field we can mathematically modify
some sophisticated linguistic expressions coming from basic verbal items. The
supports of fuzzy variables and the membership functions laid over them thus will
be elaborated without guessing their values, which seems to improve a correctness
of further computations.
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3.4.1 Numerical Representations of Linguistic Variables

One of the most important features of fuzzy set theory, which makes it very attrac-
tive for applications, is its potential for the modelling of natural language expres-
sions. Most works done on this topic focus on some parts of natural language,
mostly those that correspond to the so-called “evaluating linguistic expressions”,
i.e., the dissertations show how to build fuzzy constraints for the expressions that
mark characteristic limits on an ordered scale [40, 49, 90, 91, 92, 93, 94, 95].

Keeping in mind the premises from Subsection 2.4, let us preserve a reference
set as the range A4 = [0, 4;]. This contains supports of all fuzzy variables corre-
sponding to the terms placed in the lists “presence” and “decisive character”. We
first define three atomic expressions in 4, i.e., “the leftmost” = “seldom”, “in the
middle” = “moderately” and “the rightmost” = “often”. We thus propose the fol-
lowing constrains for “the leftmost” and “the rightmost” variables, provided that
the abbreviation “se” points at the parameters of “seldom” [49]:

1 forx<a,,,
2B — ) —(x—a,)’
2B, — )’

(Voo = %)

2(7xe - ﬂse)z
0 forx2y,,

fora, <x<p,,
Y = togetdom (X) = (3.13)

for B, <X <V,

while “often” is dependent on the parameters of “seldom” in the way

y= /u"often"(x) =
0 forx<4,-y,,
(= (4 = 7,))° for A
—Vse <x<4 _lgse’
2(4) - Bo)— (4 - 7,,)) : ’ (3.14)
2(4 — )= (4 = B) = (x = (4,

2(4 - a,)— (4 - B))’
1 forx>4,-a,,.

2
%se)) for 4 — By, <x< 4, -y,

After transforming Eq. (3.13) we realize that it is identical with zésgpm(x) = 1
— S(X, Qe Bser Vse) While Eq. (3.14) is identified with fegpem(X) = s(X, Qo Bos Vop)s
where o= A1 = Vser Bor= Ai = Bses Vor = A — e, and the abbreviation “of” is in-

tended for the variable “ofien”. Let us also suppose that y =« ;= 7 .
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Example 3.9

We accept as a common range for all the variables the reference set 4 = [0, 1, 2,
..., 100] by following the results obtained in Ex. 2.15. Then 4, takes the value of
100 as the largest value in the range A. If we also state the values of &, Sy, ¥se @S
30, 40, 50, respectively, in “seldom” and “often” we then will implement the
membership functions of the “leftmost” and “rightmost” atomic words derived as
the split definitions

1 for x<30,
CAam2 (v 22
2(40 23‘(‘)3 3?2 30) for 30<x<40,
y= :u"seldom"(x) = ()C _ 58)2 - ) (315)
PO — for 40<x<50,
2(50-40)
0 for x2>50,
and
y= :u"qﬂen"(x) =
0 for x <100-50,
_ PPV
(x-90-50)" for 100—50 < x <100—40,
2((100—-40)—(100-50)) (3.16)

2((100—30) — (100 —40))* — (x — (100 —30))*

2((100—30) — (100 — 40))*
1 for x >100-30.

for 100—-40 < x <100-30,

We emphasize that we only need to define “the lefimost” description to imple-
ment both membership functions for “seldom™ and “often”.

The membership function of “moderately” still remains equal to the function
introduced by (2.6), and is adopted here as an atomic expression formulated as “in
the middle”. This takes a form of

A +20, 4

S| Xy lgoo—

_ 4 2
l—s(x,ﬁ,3Al ~2a

(3.17)
s 4 -ay,| for x>
2 4 2
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Example 3.10

For 4, =100 and o, = 30, which generate the borders in (3.17), the last formula
becomes

s(x,30,40,50)  for x <50,
y = (x,20,50) =
1-5(x,50,60,70) for x> 50.

We often need to widen the list of expressions coming into existence from the
atomic words with the membership functions established in Ex. 3.9. If we want to
use the descriptions “very seldom” or “rather seldom”, then we should adjust the
membership functions of new fuzzy variables that possess names consisting of
both the atomic words and hedges. The hedges are interpreted as additional de-
scriptions (usually adjectives) added to atomic words. In the word compositions
“very seldom” or “rather seldom”, the hedges are found as “very” and “rather”. To
generate membership functions of sophisticated linguistic formulations, including
such adjectives as “very”, “rather”, ”almost” and the like, we add a parameter o to
the parameters ., S, %e, already existing in (3.13) and (3.14). The action of the
parameter O introduces either a narrowing or a widening effect in membership
functions of these fuzzy variables that are derived from atomic expressions.

Example 3.11

We suggest the formulas of membership functions with hedges for two groups of
fuzzy variables. We modify Eq. (3.15) as

1 for x <300,
26%(40-30) — (x —305)*
26%(40 -30)2

(x—505)>
26%(50 —40)*
0 for x > 500,

for 300 < x <400,

y= :u"hedge sela'um"(x) = (318)

for 406 < x <500,

to produce membership functions of the variables originating from “seldom”.

The changes in (3.16) made as
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y= ;u”hedge often"(x) =
0 for x <100—503,
_ _ 2
. (x~(100-509)) . for 100— 508 < x <100 — 4085,
252((100 - 40) — (100 — 50)) (3.19)
252((100 —30) — (100 — 40))? — (x — (100 — 305))*

252((100—30) —(100—40))2
1 for x <100-300,

for 100-406 < x <100-300,

give a class of functions possessing “offen” in their names.

The parameter ¢ works in accordance with the following criteria [49]:
1. 0=1 where no hedge in (3.18) and (3.19) is needed (empty hedge);
2. 0< <1 isapplied for hedges with narrowing effects;
3. 0> 1 isintroduced for hedges with widening effects.

Example 3.12

We have tested different values of a parameter J to finally decide that the most
appropriate values of Jin the case of “seldom” can be stated as 5= 0.75 for “very
seldom”, 6 = 0.5 for “very, very seldom” = “almost never”, 6 = 0.25 for “very,
very, very seldom” = “never” and &= 1.25 for “rather seldom”. The values of 6 <
1 will narrow supports of “hedge seldom” variables but ¢ > 1, on the contrary,
widens an outlook of “rather seldom”.

The graphs of the membership functions generated by “seldom” when taking
into account the parameters designed above are depicted in Fig. 3.4.

y 1
“never”
“almost never”
0.757T
“very seldom”
1 “seldom”
0.5
“rather seldom”
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0 t + t |
0 25 50 75 100

X

Figure 3.4: The membership functions of fuzzy variables generated by “seldom”
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The formula (3.19) yields further composed structures proceeding from the
other atomic word “offen”. By determining & = 0.75 we generate the membership
function of “very often”, 6 = 0.5 gives “very, very often” = “almost always” and
we get “very, very, very often” = “always” for 5= 0.25. To create the membership
function of “rather often” we exploit the widening effect of ¢ and decide its value
as 0=1.25.

The common result of employing the parameter & as a factor changing the
membership function of “often” for the sophisticated expressions containing this
word is seen in Fig. 3.5.

“always”.
“almost always”

0.757T
"very often”’
“often”

057 ’

“rather often ’\
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Figure 3.5: The membership functions of fuzzy variables generated by “often”

We now sample the results of all latest investigations that have led to the con-
struction of new membership functions. These, as fuzzy variables shown in Fig.
3.6, represent the terms of “presence” and “decisive character”.

In the further step of our efforts leading to a creation of the SD matrix, we de-
sire to extract only one value of the support that represents each fuzzy variable
belonging to “presence” and “decisive character”. It seems to be reliable to ac-
cept, as a representative, this element of the variable support that is treated as a
certain border of the variable’s membership function. We can establish the bound-
ary value, x, as the x-coordinate of an intersection point between the line z4,qiap(x)
= 1 and a part of the membership function in which 4,im.(x) < 1. The expres-
sions coming from “seldom” have thus the borders determined as x = 306 while
the descriptions created by “often” form the group with representatives equal to x
=(4,=100) - 300.



3.4 The Symptom — Diagnosis Relation 51

075 T

057

0257

0 25 50 75 100

X

Figure 3.6: The terms from the lists “presence” and “decisive character”

Example 3.13

The representatives of the variables “never”,..., “always” are sampled in Table
3.1.
Table 3.1: The representatives of the variables “never”, ..., “always”
Fuzzy variables ) The representatives for the fuzzy variables in the ref-
erence set [0, 100]

“never” 0.25 x=30-025=75

“almost never” 0.5 x=30-05=15

“very seldom” 0.75 x=30-0.75=225

“seldom” 1 x=30-1=30

“rather seldom” 1.25 x=30-125=375

“moderately” — x=50

“rather often” 1.25 x=100-30-1.25=62.5

“often” 1 x=100-30-1=70

“very often” 0.75 x=100-30-0.75=77.5

“almost always” 0.5 x=100-30-0.5=85

“always” 0.25 x=100-30-0.25=92.5

To give expression to the verbal descriptions of presence and decisive character
via values of the membership degrees, we finally plan a common restriction
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" (x) = S(x, A commons ﬂcummon >Y common ) (3 20)

""common

that completely covers the space formed for the representative values from
Table 3.1.

Example 3.14

Let us accept Aeommon = 7-5, Prommon = 50 and Yeommon = 92.5 in (3.20). It should be
mentioned that the borders of the space for “common” are decided to be equal to
7.5 respectively 92.5 to obtain the value of zero as the membership degree stand-
ing for “never”, and the value of one assigned to “always” in accordance with the
physicians’ ability to interpret “never” and “always”. By setting the numbers from
the last column of Table 3.1 in (3.20) as x-values, we decide the association be-
tween the names of variables and the corresponding membership degrees assigned
to them. We state the results of appropriate computations in Table 3.2.

Table 3.2: The numerical description of fuzzy variables in “presence”

Fuzzy variables X L common(X)
“never” 7.5 0
“almost never” 15 0.016
“very seldom” 22.5 0.062
“seldom” 30 0.14
“rather seldom” 37.5 0.25
“moderately” 50 0.5
“rather often” 62.5 0.75
“often” 70 0.86
“very often” 77.5 0.938
“almost always” 85 0.984
“always” 92.5 1

Table 3.2 provides us with the information on how to tie the words taking place
in the lists, “presence” and “decisive character”, to real numbers that replace them
in the fuzzy relations “symptom — diagnosis”, which we will generate in the next
subsection.

3.4.2 Relations of “Presence” and “Decisive Character”

When a physician is asked to decide, e.g., the presence of a symptom in the corre-
sponding diagnosis, then he should only choose a word from the list containing the
items that determine “presence”. In computations assisting a mathematical model
a number replaces the verbal expression approved by the physician.
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Example 3.15

We consider three diagnoses Dy = “high risk of cardiovascular diseases”, D, =
“coronary heart disease” and D3 = “myocardial infarct”. These are associated with
the symptoms S, ..., Sy already discussed in Ex. 3.1. To answer the questions:
”How often is S; found in D;?” and ”How often is S; decisive for D,?”,j=1, ..., 10,
k=1, 2, 3, the physician selects a word from the list defining “presence” and “de-
cisive character”. His answers are collected in Table 3.3.

This table inserts the information in the mathematical model of diagnosing
sometimes called “medical knowledge” because of its expressing a correlation
between clinical symptoms and diagnoses. The relations PS, made for individual
patients vary a lot from each other, but “the medical knowledge” remains invariant
when looking for the most reliable diagnosis with regards to the same symptoms.

Table 3.3: Linguistic frequency and importance of Sy, ..., Sjo in Dy, D,, Ds

Symptoms | Presence Decisive character
D, D, Dy D, D, D;

S often often often often often almost

always

S, almost rather very often | very sel- moderately | often
never seldom dom

S3 rather often often almost often often
often always

Sy often very often | very often | often often often

Ss almost often very often | almost almost always
never never always

Ss almost seldom rather almost seldom often
never often never

S7 almost very sel- moderately | almost seldom very often
never dom never

Sg very often | often often very often | often often

Sy very often | very often | very often | very often | very often | often

Sho often rather rather often often moderately

often often

The results obtained in Table 3.2 are used to the expressions put in Table 3.3 to
replace them by numbers shown in Table 3.4.

For example, we ask a physician about the association of symptom Sy, = “obe-
sity” and diagnosis Dy = “myocardial infarct” in the context of “presence”. As an
answer we get a piece of information stated as “rather often”. By applying Eq.

62.5-92.5
92.5-17.5

that the physician’s statement will be utilized as 0.75 in a mathematical diagnostic
model.

2
(3.20) we have computed i ,pmon (62.5) =1 —2( j ~0.75. It means
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Table 3.4: Numerical frequency and importance of Sy, ..

3 Medical Diagnosis

. S10in Dy, D,, Dy

Symptoms | Presence Decisive character

D, D, D; D, D, D;
S 0.86 0.86 0.86 0.86 0.86 0.984
M 0.016 0.25 0.938 0.062 0.5 0.86
N 0.75 0.86 0.86 0.984 0.86 0.86
Sy 0.86 0.938 0.938 0.86 0.86 0.86
Ss 0.016 0.86 0.938 0.016 0.984 1
Ss 0.016 0.14 0.75 0.016 0.14 0.86
Sy 0.016 0.062 0.5 0.016 0.14 0.938
Sy 0.938 0.86 0.86 0.938 0.86 0.86
So 0,938 0.938 0.938 0.938 0.938 0.86
S1o 0.86 0.75 0.75 0.86 0.86 0.5

The contents of Table 3.4 can be rewritten as two matrices named “symptom —
presence” and “symptom — decisive character”. The first matrix forms a fuzzy
relation SDp that informs us about the presence of symptoms in the considered
diagnoses. The other matrix creates a relation SDp, containing the knowledge about
importance of the symptoms for the diagnoses. We introduce the relations as the

matrices

D,
[0.86
0.016
0.75
0.86
0.016
0.016
0.016
0.938
0.938

10.86

D,
0.86
0.25
0.86
0.938
0.86
0.14
0.062
0.86
0.938
0.75

D3
0.86 ]
0.938
0.86
0.938
0.938
0.75
0.5
0.86
0.938
0.75 |

D,
[0.86
0.062
0.984
0.86
0.016
0.016
0.016
0.938
0.938

0.86

D,
0.86
0.5
0.86
0.86
0.984
0.14
0.14
0.86
0.938
0.86

D;
0.984 |
0.86
0.86
0.86
1
0.86
0.938
0.86
0.86
0.5

The relations: PS discussed in Section 3.3, SDp and SDp constitute important
components in the set of equations being the mathematical formalizations of the
compositional rule of inference modus ponens, already mentioned in Section 3.2.
Even another mathematical law, modus tollens, is utilized to improve the decision
making process regarding the most reliable choice of a diagnosis based on clinical

symptoms.
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3.5 The Patient — Diagnosis Relation

Fuzzy relations PS, SDp and SDp are elements of fuzzy relation equations that
bring solutions regarded as fuzzy relations of the type PD = “patient — diagnosis”.
These new relations contain pairs (P, Dy), k = 1, 2,..., p. By superposing the
fuzzy relations in the way suggested in Eq. (2.21), we obtain equations with the
operation of max-min type.

We return to Def. 3.1, which develops the meaning of the compositional rule of
inference modus ponens, already cited in Subsection 3.2, to recall its diagnostic
interpretation:

“If symptom S; appears in patient P with the membership degree ups(5,S;)”

and
“If the presence of §; results in Dy with the membership degree s (S;,Dy)

or pgp (S;,D;)”
then
“Diagnosis Dy occurs in patient P with the membership degree zpp(Py, Dy)”.

Fuzzy relations, replacing the statements of the rule formulated above, are
components of a fuzzy relation equation [2, 3]

PD, =PSoSDp:- (3.21)
in which the relation PD; has the membership function (2.21) customized as

tpp, (P, Dy) = Isn_g(min(ﬂps (R.S;): ttsp, (S, D)) - (3.22)

The relation SDp has found its place in the next relation equation

PD, =PSoS8SDp- (3.23)

The membership function of PD, is derived as

tpp, (P, Dy) = rsn_g(min(ﬂps (R8s tsp, (S, Dy))) (3.24)

forj=1,2,...mk=1,2,...p.
The relations PD; and PD,, discussed in Eqs (3.21) and (3.23), are involved in
an equation

PD; =min(PD,, PD,) (3.25)
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where the membership function of PDs is constructed as
Hpp, (B, D) = min(upp, (B, Dy), pp, (B, Dy)). (3.26)

The relation PD; decides about an acceptance of the diagnosis in patient P; by
means of comparing the membership degrees in PD;. The higher the membership
degree of the diagnosis Dy in P; is, the more certain the approval of D, will be.

The membership degrees appearing in the row of P; in PD; sometimes do not
differ essentially to indicate an optimal diagnosis as a clear-cut decision. They
may sometimes differ in minutely; therefore it is also recommended that one ana-
lyzes the possibility of rejecting the diagnoses.

Another rule of inference, known as modus tollens, is a logical law of the shape

IF “NOT ¢” AND “p IMPLIES ¢” THEN “NOT p”.
If we interpret the premises of the law as

“NOT ¢” = “Symptom S; does not appear in patient P, with the membership de-
gree 1—ups(R,S;)”

and
“p IMPLIES g¢” = “D; requires the presence of S; with the membership degree

Hsp, (S;,Dr)”
then we draw the conclusion
“NOT p” = “Diagnosis Dy is rejected in patient P, with the membership degree

Hpp(P1, Dy)”.

We interpret the mathematical meaning of the modus tollens law as an equation
PD,=(1-PS)oSDp- (3.27)

The membership function of PDj is presented in the form of

Hpp, (P.Dy) = Isn_eeus((min(l — tps(B,S;), Hsp, (S;.D)) (3.28)
for each diagnosis from the set D.

By applying the double negation law “NOT(NOT gq)) = g” we modify modus
tollens as a statement

IF “g” AND “p IMPLIES (NOT ¢)” THEN “NOT p.”

A translation of the premises in the last version of the modus tollens law into an
understandable medical sentence can be formulated as follows.

If

[TPRL}

q” = “Symptom S; appears in patient Py with the degree 1p5(B,S;)”
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and
“q IMPLIES (NOT p)” = “Dy does not need the presence of S; with the member-

ship degree 1— ugp (S;,D;)”

then we will come to the thesis
“NOT p” = “Diagnosis Dy is rejected for patient P, with the membership degree

/IPD(P 1 De)”.

The last adaptation of modus tollens has given rise to a fuzzy relation involved
in the diagnostic process in the way of a composition

PDs =PSo(1-5SD;)- (3.29)

where the relation PDs is characterized by the membership function

tpp (P, D) = rbpagc(min(,ups (P, S ;)51 = psp, (S;,D;))) - (3.30)
1=

The fuzzy relations PD4 and PDs resolve of the rejection of a diagnosis assist-
ing patient P;. The higher the value of the membership degree associated with the
diagnosis in PD, and PDs is, the greater the certainty of the diagnosis rejection
will be.

The formulas (3.22), (3.24), (3.26), (3.28) and (3.30) are valid forj=1, 2,..., n
andk=1,2,...,p.

The final decision concerning the acceptance of a proper diagnosis assumes the
simultaneous and thorough comparison of the membership degrees originating
from the relations PD;, PD, and PD:s.

Example 3.16

We can already provide patient P, with the relations PS, SDp and SDp, that have
been determined for his sake in Ex. 3.8 and 3.15 respectively. A computing proc-
ess of the relations PD,—PD: is carried through by involving Eqs (3.21)—(3.30), in
turn, as it is executed below.

00

If

S8 8 S S S S Sg S Si
PS=PF[1 0515 0913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353 ]

then we would like to have access to the relation SDp as the second component in
Eq. (3.21) to appreciate PD;.
Hence,

PD, = PS o SD,
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or
S S S Sy S5 Se  S7 S5 S Sy

PD, =F[1 0.515 0.913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353 ]o

Dl D2 D3

S, [0.86 086 086 |
S, [0.016 025  0.938
S; 1075 086  0.86
S, 1086 0938 0.938
S, 10016 086  0.938
Se [0.016 0.14 075
S, (0016 0062 05

Se [0.938 086  0.86
S, [0.938 0938 0.938
S0l0.86 075 075 |

Dl D2 D3
=pf09 086 0.86]

To calculate a membership degree for the pair (P, D;) we follow the operations
recommended by (3.22). Hence, upp (F,D;) = max(min(l, 0.86), min(0.515,

0.016), min(0.913, 0.75), min(0.653, 0.86), min(0.345, 0.016), min(0.632, 0.016),
min(0.720, 0.016), min(0.9, 0.938), min(0.0004, 0.938), min(0.353, 0.86)) =
max(0.86, 0.016, 0.75, 0.653, 0.016, 0.016, 0.016, 0.9, 0.0004, 0.353) = 0.9.

In accordance with (3.23) and (3.24) we evaluate

Dl D2 D3
PD, = PSoSD,, = B[0.913 0.86 0.984]

and by returning to (3.25) and (3.26), we obtain

Dl DZ D3
PD; = min(PD,,PD,)=P,[0.9 0.86 0.86]

as the final decision of accepting the diagnosis.

Since the membership degrees in PD; are almost equal, we should examine the
possibility of rejecting the diagnoses as a supplementary decisive factor. In further
computations we exploit two complements to matrices already introduced. Let us
consequently find 1 — PS as a table

S8 5 Sy S5 S S7 S So Sy

1-PS=PF[ 0 0.485 0.087 0.347 0.655 0.368 0.280 0.1 0.9996 0.647 ]
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filled with membership degrees that are calculated by subtracting zps(Py, D) from
one, k=1, ..., p. The other matrix 1 — SDp, is an algebraic complement to one and
has a form

Dl D2 D3
S, [0.14 014 0.14 ]
S, [0.984 075  0.062
S, 025 014 0.4
S, 1014 0062 0.062
Ss 0984 0.14  0.062
TS5, (0984 086 025
S, |0.984 0938 0.5
Se |0.062 0.14 0.14
S, |0.062 0.062 0.062
Si|0.14 025 025 |.

We now use (3.27) and (3.28) to state the contents of PD, as the table

Dl D2 D3
PD, =(1-PS)oSD, = P,[0.938 0.938 0.938]-

PD, is the first matrix that provides us with a decision about excluding the di-
agnoses. By adopting (3.29) and (3.30) we calculate the entries of the matrix PDs
that closes the series of matrices participating in the decision making process with
respect to the optimal diagnosis. PDs, which is founded on the complement of the
fuzzy relation SDp, possesses the following membership degrees

Dl DZ D3
PD = PSo(1-SDp)=P,[0.720 0.720 0.500].

To make the final decision let us sum up the obtained data in Table 3.5

Table 3.5: P;’s diagnostic decision based on PD3, PD, and PDs

PD; PD, PDs Decision
Patient | D, D, D D, D, Dy D, D, D;
P, 0.90 [0.86 [0.86 ][0.938 [0.938 [0.938 ]0.72 [0.72 |0.5 D, or Ds

After carrying out a thorough analysis of all membership degrees, we agree
with the decision of accepting D, or D; as the disease that patient P, suffers from.
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Unfortunately, we cannot decide which disease is right since the obtained informa-
tion is not clear. We motivate making our choice in the way described below:

1. The membership degree of D in PDs is the largest value that convinces us to
approve D, as the most plausible disease;

2. The matrix PD, has all the membership degrees equal, which means that the
decision is lacking;

3. Finally, by rejecting the diagnoses D; and D, in Pj, since they have the high-
est membership degrees in PDs, we leave D; as the most probable diagnosis in
the considered patient.

The physician has sampled the data about the patient’s state and confirmed that
Py’s health state is very severe. He risks a myocardial infarct in the substantial
grade, which justifies our doubtful decision between D and D;.

Let us also provide a bit of information concerning another patient P,.

Example 3.17

The data sample for P, is placed in the matrix PS in the symptom order as

Si 8 S5 Sy S5 Se S7 S5 So S
PS=PR[002040501030.809080.6].

Table 3.6 contains membership degrees that describe P,’s diagnostic conditions
to decide his most credible diagnosis.

Table 3.6: P,’s diagnostic decision based on PDs, PD, and PDs

Patient | PD; PD, PD; Decision
D D, D; D, D, D; D, D, Ds
Py 090 086 [0.86 J0.86 |0.86 |0.9 0.8 0.8 0.5 Ds

Once again we meet the patient’s case that is not easy to diagnose. The differ-
ences among the membership degrees representing PD; are not substantial enough
to indicate the diagnosis accepted for the patient. Even the degrees in the rejection
matrix PD,, as close to each other, do not convince us completely about the choice
of a proper diagnosis assigned to P,. Only the informative character of PDs can be
considered as reliable because of essential differences among the membership
degrees placed in this relation. Since the value of Ds is smallest of all in PDs then
we will admit that the recognized diagnosis is identified as D;. The patient’s
medical reports certify this choice as well.

We can observe some harmful effects of the maximum and minimum opera-
tions included in compositions of relations. These operations deprive many mem-
bership degrees of their power in the final decisions. Therefore we need to use
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“softer” calculations that take into considerations all values presented by the ma-
trices “patient — symptom” and “symptom — diagnosis”.

Many patient cases that do not deliver diagnostic specifications in order to
make a clear choice among diagnoses should be supported by complementary so-

lutions. We intend to discuss the supplementary details of diagnostic models in the
next part of the dissertation.
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4.1 Introduction

We should admit that the case of patient P, in Ex. 3.16 has not been very easy to
solve especially when you consider the proper interpretation of PDs. By equipping
us with equal values of the membership degrees it has not made it easy enough to
make the proper choice of an unknown diagnosis.

Moreover, the patient has been examined only once according to existing re-
ports about his health. If the patient visits the doctor’s office more than one time,
then we can notice some changes in values of biological parameters under consid-
eration. The increasing or decreasing values of clinical symptoms, when observing
them many times, can absolutely exclude this diagnosis that has been approved
after the first examination. The analysis of a diagnostic model extended in time
could provide us with more accurate information that assists in making a better
choice of a disease.

To limit some doubtful diagnostic decisions made by means of mathematical
tools, we propose the supplementary solutions handled in this chapter.

4.2 OWA Operators in Decision Relations

The results from Ex. 3.16, obtained as the membership degrees taking place in five
decision matrices, are possible to interpret even if the values in PD; have become
equal or the values in PD, have not varied much from each other. Nevertheless,
we desire to obtain clearer information that is accessible in the model’s final rela-
tions and to be capable of conveying a right conclusion.

The almost equal membership degrees calculated on account of (3.22), (3.24),
(3.26), (3.28) and (3.30) have been influenced by an action of the maximum
operation. By taking the maximum values in the sets of minimum compounds con-
sisting of ups and psp we have lost a large part of the useful information since only
the largest values of compounds have affected output data. Even the application of
(2.23) or (2.24) does not eliminate an unfavourable impact of the maximum opera-
tor.

To prevent a loss of valuable explanations in the future let us suggest another
concatenation operation in a composition of two matrices, i.e., such a one which
takes into consideration all membership degrees included in PS and SD.

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 63-91 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007
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A new definition considering weights is now proven to make diagnostic results
clearly interpretable. To accomplish new computations that should lead to an eas-
ier analysis of final results in the diagnostic model, we suggest making an ac-
quaintance with OWA aggregating operations. We thus cite a general definition of
an OWA operator [46, 82, 84, 86].

Definition 4.1

If x1, x, ..., x, are some estimates of the same quantity x, then an aggregation op-
eration called Ordered Weighted Averaging (OWA) has a type

f(xl,xZ,...,xn) = ao +a1 X(l) +a2 'X(z) +"‘+an X(n) N (4.1)
where aq, ai, ..., a, are constants.
The values x(1), x2), ..., X(s are described in the terms of minimum and maxi-

mum as

*  xq) =min(x;,xp,...,X,)
*  x( =max(x(l),...,x(n)), where x(i) is the minimum of all the values ex-

cept the i, i.c.,
. x(1) =min(x,,X3,X4,...,X,) »

x(z) = min(x15x35x4s“~axn) >

x(n) =min(x;, Xy, X3,...,X,_1 ) ;
*  x@) =max(x(1,2),x(13),....x(n—1,n)) , where x(i, j) is the minimum of

all the values except the i/ and the j™;
e cetc.
Example 4.1

X +x
The mean =L —=2

. . 1
is the OWA operation for ay =0, a; = a, = 5 It can be ex-

1 . 1 . .
panded in the series (4.1) as Emln(xl,xz) +Em.ax(mln(xz),mln(x1 ) . If we set x;

= 40 and x, = 30 then %min(40,30)+%max(min(30), min(40)) :32—0+? =35

that is the exact value of the arithmetic mean for 30 and 40.

Both Def. 4.1 and Ex. 4.1 should convince us about the classification of an
arithmetic mean as a modern OWA operator.
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Definition 4.2

We recall the general equation PD = PSoSD showed in Section 3.2 that consti-

tutes the most important part in the diagnostic model. We define an operation,

denoted symbolically by “o ” in order to compose two fuzzy relations PS and SD
+

introduced by (3.1) and (3.2) respectively. The membership function of the rela-
tion PD is proposed as

D tps (RS- tsp(S;. D)
tpp (B, D) == n =
ZﬂSD(Sj’Dk)
j=1

4.2)

S1,D S,,D
—nﬂSD( D4 '/UPS(PI’S])+"'+,ZIUSD(—k)'ﬂPS(P17Sn)-
D Hsp(S;,Dy) D usp(S;.Dy)

J=1 Jj=1

The value of the quotient zpp(Py, Dy) is a number belonging to the interval [0,
1]. To explain it we first notice that z1p5(F,S ;) tsp(S;, Dy ) < pgp(S;,Dy) since

both ppg(R,S;) and wg,(S;,Dy) are less than one for all jand &,/ =1, ..., n, k=

1, ..., p. This causes the value of a product to be less than the values of both fac-
tors. We thus conclude that the numerator is less than or equal to the denominator,
which guarantees that the entire value of the quotient is a member from [0, 1];
therefore it can be approved as a membership degree of the pair (P;, Dy).

We also notice that the sum placed in the denominator of the quotient never be-
comes equal to zero, since almost one of the examined symptoms must express
any presence or decisive character for diagnoses included in the designed model.
This assumption is very important for truthfulness of the diagnostic model that
cannot provide operations on undefined structures.

Let us accommodate (4.2) to the assumptions of (4.1). The value of a sum
Usp (S, D) +++++ pgp(S,, Dy ) and even the quantities 4, (S;, Dy ) play roles of

invariants for different patients, i.e., they become unchangeable for varying collec-
tions of upg(F,S;),j =1, ..., n. The mentioned invariants can be reasonably re-

garded as constants in coefficients

g = Usp(S;,Dy)
T s (81, D) + -+ w15y (S, Dy)

(4.3)

used in the sum (4.1). Further,
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:uPD([)l’Dk) = .f(/uPS(F)]7S1)7"~a/uPS(F)19Sn)) = ajl:uPS(f)bSI) +et ajnﬂPS(})DSn) (44)

for k=1, ..., p. The order of coefficients a;, ..., a; constitutes a new rear-
p n

rangement of the sequence a, ..., a, made in order to fulfil the assumptions of
Def. 4.1. After explaining the meaning of (4.3) and (4.4) we can claim that the
proposed operation (4.2) is certified to be assigned to the class of OWA operators.

In the suggested formula (4.2) all membership degrees from the relations PS
and SD are equally valuable for computations. This means that each of the values
affects a result. The membership degrees of the &™ column belonging to SD act as
weights that balance the signification of tested symptoms. To summarize, we
come to a conclusion that a proposed value of the membership degree for the pair
(P1, Dy), computed by (4.2), has shown itself to be more intermediary when com-
paring it to an effect of the sharp value of maximum.

Let us accomplish necessary changes in (3.22), (3.24), (3.26), (3.28) and (3.30)
to accommodate them to new circumstances forced by (4.2).

We begin with the composition PD, = PSoSD, to change its membership

+

function as

> ps(P.S;) prsp, (S;.D;)
Hpp, (RLDy) == (4.5)

> ugp (S;.D)
Jj=1

while the relation PD, = PSoSD, has a membership function derived by the
+
replacement of the relation SD, by SDp in (4.5). This yields a result

D ps(PLS)) - gy (S;.Dy)
tpp, (B.Dy) =L— (4.6)

ZﬂSDD (S;:Dy)
j=1

forj=1,2,..,nk=1,2,...,p.
The relations calculated by applying of (4.5) and (4.6) are involved in the equa-
tion PD; =mean(PD,,PD,) in which the relation PD; is characterized by a

membership function
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Wpp, (B, D) +Wpp (B, Dy)
2 4.7)

Hpp, (A, Dy) =

The membership degrees of PD; decide, as before, the approval of the most
possible diagnosis in a diagnostic hierarchy.

We upgrade diagnoses in another hierarchical order when we try to reject them.
To exclude diagnoses which a patient cannot suffer from, we prepare a member-

ship function of PD, =(1—PS)oSD, as
+

Z(l - /UPS(PI’S_/’)) “Hsp, (Sj’Dk)
Hpp, (P D) == —— (4.8)
D ttsp, (S;.D;)

J=1

for each diagnosis from the set D.
The last equation PDs = PSo(1-SDp) completes the conclusive material that
+

helps us to exclude doubtful diagnoses in the examined patient. After adapting the
operation (4.2) to (3.30) we get

2 Hrs(RS ) (1= sp, (5;,D;)
tpp, (P Dy) = 5—— (4.9)
D (= pgp, (S;,Dp))

J=1

forj=1,2,...,nandk=1,2,...,p.

Let us confirm the validity of newly suggested operations (4.5)—(4.9) by recon-
sidering the well-known case that concerns the input data of patient P, from Ex.
3.16.

Example 4.2

We use the entries of the same matrices PS, SDp and SDp that have already been
tested in Ex. 3.16, but now we intend to perform the operations on their member-
ship degrees by executing the operations related to (4.5)—(4.9).

The relation PD, = PSoSD,, has a component PS, accepted according with
Ex. 3.8 as "
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Sl S2 S3 S4 SS S6 S7 S8 S9 SlO
PS=P[ 1 0.515 0.913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353 ].

After the composition of PS with SDp, as recommended by (4.5), we find PD,
in the form of

Sl SZ S3 S4 SS Sﬁ S7 SS S9 SlO
PD;=PB[ 1 0.515 0.913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353 ]

o
+

D, D, D
S, [0.86  0.86  0.86 |
S, |0.016 025  0.938
S, 1075 086 0.6
S, 1086 0938 0.938
S;10.016 086 0938 =
S, |0.016 0.14  0.75
S, 10.016 0062 0.5

S. [0.938 086  0.86
S, |0.938  0.938  0.938
S| 086 075 075 |

Dl D2 D3
Bl0.624 0.591 0.593].

The membership degree of (P;, D;) has been induced by computations:
Hpp, (B, Dy) =(1-0.86+0.515-0.016+0.913-0.75+0.653-0.86+0.345-0.016+0.632-

0.016+0.720-0.016+0.9-0.938+0.0004-0.938+0.353-0.86)/(0.86+0.016+0.75+0.86
+0.016+0.016+0.016+0.938+0.938+0.86) = 3.2899/5.27 = 0.624.

After employing (4.6) the relation PD, is decided to be a matrix
Dy D, D,
PD, = PSoSD, =R[0.635 0.581 0.616]
+
By utilizing (4.7) we determine the elements of PD; as a one-row table

Dl D2 D3
PD, = mean(PD,,PD,) = B[0.629 0.586 0.604],
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in which the membership degrees distinctly appear as the indicators of a sequence
of possible diagnoses taken in the order Dy, Ds, D,.

In order to confirm the decision made above, let us also consider results of the
operations excluding diagnoses. The matrix PD,, calculated by applying of (4.8),
is stated as

Dl DZ D3
PD,=(1-PS)oSD, = B[0.375 0.408 0.407].
+

PD, clearly provides us with the order of rejected diagnoses. By taking into ac-
count the value order among membership degrees in the last relation, we reject
diagnoses in P; in the sequence D,, D, D;. This still testifies the fact that D, is the
most probable illness typical of these symptoms that have been found and reported
by a doctor for P;’s sake.

The entries of PDs are effects of performed operations in accordance with (4.9).
They are written down in the matrix

PDg = PSo(1-SDp)=P[0.579 0.624 0.655].
+

The numbers still assure that D, should be assigned to P; as the most probable
diagnosis because of the least value of the membership degree accompanying D,
in the last “rejection” matrix.

The final decision is now submitted in Table 4.1.

Table 4.1: Weighted relation compositions in the diagnostic decision

Patient | PD; PD, PD; Decision
D, D, D; D, D, D; D, D, D;
Py 0.629 [0.586 |0.604 10.375 [0.408 |0.407 10.579 [0.624 | 0.655 | D;

There is no doubt that D; satisfies all conditions that the optimal diagnosis
should fulfil. The membership degree of D, in the matrix of acceptance PDj is the
largest of all observed values. The membership degrees of D, in the matrices of
rejection PD, and PDs are the smallest that confirm the rules already discussed in
Section 3.4.

The next example explains how to use the OWA definition to compute the
membership value of one entry belonging to the relation PD;.

Example 4.3

The membership degree of (P;, D), already evaluated in Ex. 4.2, also constitutes a
result of the OWA definition expansion (4.1).
If x1, X2, ..., X9 are equal to upg(R,S)), wps(B.S,), ..., tps(B,S)y) respec-

tively, then:
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e gy=0;
e xq,=min(l, 0.515, 0.913, 0.653, 0.345, 0.632, 0.720, 0.9, 0.0004, 0.353)
=0.0004, which suggests accepting a; as

3 Hsp, (Sg,Dy) 0938
Usp, (S1,Dy) + -+ pgp (S10,Dy)  5.27

* X = max(min(0.515, 0.913, 0.653, 0.345, 0.632, 0.720, 0.9, 0.0004,
0.353), min(1, 0.913, 0.653, 0.345, 0.632, 0.720, 0.9, 0.0004, 0.353),
min(1, 0.515, 0.653, 0.345, 0.632, 0.720, 0.9, 0.0004, 0.353), min(1,
0.515, 0.913, 0.345, 0.632, 0.720, 0.9, 0.0004, 0.353), min(1, 0.515,
0.913, 0.653, 0.632, 0.720, 0.9, 0.0004, 0.353), min(1, 0.515, 0.913,
0.653, 0.345, 0.720, 0.9, 0.0004, 0.353), min(1, 0.515, 0.913, 0.653,
0.345, 0.632, 0.9, 0.0004, 0.353), min(1, 0.515, 0.913, 0.653, 0.345,
0.632, 0.720, 0.0004, 0.353), min(1, 0.515, 0.913, 0.653, 0.345, 0.632,
0.720, 0.9, 0.353), min(1, 0.515, 0.913, 0.653, 0.345, 0.632, 0.720, 0.9,
0.0004)) = max(0.0004, 0.0004, 0.0004, 0.0004, 0.0004, 0.0004, 0.0004,
0.0004, 0.345, 0.0004) = 0.345, which generates

. Usp, (Ss.Dy) 0016
, = =
Usp, (S, D)+ -+ pgp (S19.Dy) 527

a ~0.178;

~0.003;

*  Xyo = max(min(l), min(0.515), min(0.913), min(0.653), min(0.345),
min(0.632), min(0.720), min(0.9), min(0.0004), min(0.353)) = 1. The
corresponding coefficient a)q is a result of the computation

B Usp, (S1,Dy) 0.86
Usp, (S, D)+ -+ pgp, (S19,Dy)  5.27
Equation (4.1) is used as a basis of the evaluation of the membership degree
tpp, (B,Dy) = f(x1,X5,0.0,X10) =g +ay - Xy + a5 - X(g) +-+dyg X0y =
0.178:0.0004 + 0.003-0.345 + --- +0.86-1 = 0.624.

~0.163.

)

The performed operations in Ex. 4.3 are not recommended to apply in practical
cases. We only want to convince a reader that the proposed formula (4.2) is logi-
cally correct as a kind of the OWA operation introduced by (4.1).

The use of weighed operations in decision equations (4.5)—(4.9) instead of ear-
lier suggested max-min compositions makes the diagnostic process clearer and
more reliable. The differences among membership degrees in decision matrices
are large enough to recognize the appropriate diagnosis without making a mistake.

We can conclude that the common influence of all membership degrees, com-
puted in PS and SD, on values placed in the decision matrices PD|—PDs improve
the quality of a final decision.

Some researchers, who deal with theoretical assumptions of fuzzy set theory,
sometimes criticize operations containing computations of mean values. To defend
this sort of calculations involved in the diagnostic model we should emphasize
that each little change in the symptom index brings valuable information and can-
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not be lost in the decisive process. The results of operations that resemble mean
estimates of some parameters assure that important input data will not disappear.

4.3 Fuzzy Set Distances in Diagnostic Decisions

The new operations introduced by the previous section have substantially eluci-
dated the changes made in the diagnostic model to get clear decisions. However,
they cannot help when biological parameters measured in a patient indicate a ten-
dency to agree with more diseases than one. We thus observe little differences
among membership degree values, or contradictory membership values in matri-
ces PD;, PD4 and PD;s that make the obtained specifications of the patient’s data
almost unreadable.

We can note that a conception of the metrics is a rather popular tool of investi-
gations in most interdisciplinary fields developed by researchers dealing with
fuzzy set theory.

Let us recall the formula for computing a distance between two fuzzy sets [40,
95].

Definition 4.3

For two fuzzy sets 4 = {(x;, 4(x;))} and B = {(x;, up(x;))}, determined in the uni-
verse X = {x;}, i = 1, ..., n, the Euclidean distance d(4, B) between them is ap-
proximated by a formula [40, 95]

d(4,B)= \/Zw(x,-) —pp(x)* (4.10)
i=l1

The Euclidean distance d(4, B) maps [0, 1] x [0, 1] into R U {0} (the set of
non-negative values) and fulfils the following conditions:
1. d4,B)=0,
2. IfA=Bthend(4,B)=0,
3. d4, B)=d(B, A),
4. d4, C)<d4, B)’*d(B, C),
where “*” is a certain operation, e.g., addition.

To comprehend an action of the formula (4.10) we go through a simple exam-
ple that explains the order of performed operations.

Example 4.4

We define two fuzzy sets 4 and B in the common universe X = [1, 10], where

A= 0y+07+0y /andB 02/+0‘y+oy /+0y+05 . At
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first the distance d(4, B) is pre-evaluated by a number (d(4,B))* = (0.2—-0) +
(0.5-0.2)* + (0.6—0)> +(0—0.4)> + (1-0.6)* + (0—1)* + (0—0.8)* + (0—0.5)*
=2.65 and afterwards measured by d(A4,B) =+/2.65 =1.63.

The concept of a distance between fuzzy sets will be utilized in a diagnostic
model in order to improve some decision criteria in doubtful cases. We count on
the helpful role of a complementary distance method when analyzing almost equal
membership degrees, or opposite values in decision matrices that do not provide
us with clear conclusions.

Let us restrict the set of diagnoses D to three diagnoses D;, D, and D to make
the following discussion comprehensive in details. The mentioned diagnoses can
be found in patient P.

Suppose that the fuzzy set [56]

AP(PD) = Vo py*+ Wbyt NPy (.11)

is associated with the state of a total acceptance of each diagnosis. Each value of
the membership degree in a one-row “ideal” acceptance relation-matrix, PDs,
should be compared to one. This matrix in reality, has other values of membership
degrees computed for the symptoms evaluated for any patient P. The true set PD;
is generally stated as a fuzzy set (a one-row matrix)

P, = o0, (P: %),Dl)+#PD3( ’ %:,Dz)+ﬂPD3( ’ %D,Ds). 4.12)

In Fig. 4.1 we draw ellipses to mark membership degrees of the pairs (P, D),
(P, Dy), (P, D;) coming from the set AP(PDs), and we use squares as symbols of
genuine membership values found in PD;. Figure 4.1, built artificially for the pur-
pose of making concluding remarks, gives us some hints how to rank diagnoses.
Due to an impression given by Fig 4.1 we should place them in order Dy, D,, D;.
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R O O (O uaprpy)

H“(PD3)

(P,Dy) (P,D,) (P,D3)

Figure 4.1: The comparison of sets PD; and AP(PDj) for patient P

Moreover, Fig. 4.1 has another role to fill in; it ought to, via a general image
about the distances between real and extreme decision values constructed for PDs,
provide us with conclusions that confirm the diagnostic order stated above.

Let us now suppose that we theoretically choose diagnosis D; with the total se-
curity, which introduces the membership degree equal to one in the place of
Hpp, (P,Dy) in the new set

P.D P.D
AP(PDy), :%P’Dl)ﬂ“%( : %J’DZ)JJPDB( : %),DQ. (4.13)

Analogously, we introduce a set

P,D P,D
AP(PDy),, =1 %,’ by Ap, D2)+”PD3( ’ %,’ py @14

if we fully adopt D, in the theoretical way in spite of its real value zpp, (P,D,) .

We also construct a set

P,D P,D
AP(PD3)D3 :;uPD3( 1)(P,Dl)+,uPD3( %,D2)+%P,D3) (4.15)

that corresponds to the acceptation of diagnosis Ds as a totally true decision.
Let us first visually estimate a distance of AP(PD;)p, from AP(PD;) by re-

garding the location of theoretically designed membership degrees of both sets in
Fig. 4.2. All membership degrees are placed in the same manner as in Fig. 4.1
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except for the degree of D,. If D, is theoretically accepted without any doubts,
then the sign marking its membership degree 1pp, (P,D)) in Fig. 4.1 should be

removed to such a position in Fig. 4.2, that shows how the membership degree of
AP(PD;)p, covers the membership degree of AP(PD;) for the mutual diagnosis

D,.

04 O U(AP(PDy))
u(AP(PD3))p,
| | |
| | |
(P.Dy) (P.Dy) (P,Ds)

Figure 4.2: The distance between AP(PD3)p, and AP(PD;)

To compare some measurements between other characteristic fuzzy sets, we
theoretically accept D; as an absolute diagnosis in P. This entails the following
changes in Fig. 4.2: we move the membership degree of D; to the position of one,
and return with the membership degree of D, to the previous location as calculated
in PD;. By making the recommended corrections in Fig 4.2, we obtain Fig. 4.3 to
evaluate the distance between the sets AP(PD;) p, and AP(PD;).

1 (AP(PD5))

TT——apD)),

Tt

(P,Dy) (P,D3) (P,D3)

Figure 4.3: The distance between AP(PD3)p, and AP(PDs)
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The closer analysis of Fig. 4.1, combined with visual estimations of distances
revealed by Figs 4.2 and 4.3, provides us with the following conclusion: the larger
value of the distance between AP(PD;) D> k=1, 2,3, and AP(PDs) points to this

Dy that possesses the value of one in the set AP(PDs), as the more truthful di-

agnosis in P.

It is obvious that D;, which has the largest value of all the membership degrees
in the set PD; in accordance with Fig 4.1, is the approved diagnosis in P. At the
same time the distance of the set AP(PDs) D> which is associated with D;, meas-

ured from AP(PD;) is the largest in comparison to other distances with respect to
D, and D;. This finally confirms that D; should be approved as a recognized ill-
ness for P.

Let us formulate a conclusion by summing up the premises expressed above.

Conclusion 4.1

If the membership degrees in the acceptance matrix PD; are almost equal or they
differ a little from each other, then it will be rather impossible to find a proper
diagnosis. We thus recommend an additional method based on distances between
fuzzy sets.

We will successively calculate the distances d =d(AP(PDs), AP(PDs)p, ),

k=1,2,3, in the case of three diagnoses belonging to the set D = {D,, D,, D;}.

The set D can be extended to as many diagnoses as we can assign to the consid-
ered symptoms. We finally approve this D, that has contributed in the largest
value of the distance d;, k=1, 2, 3.

We apply (4.10) to find that

d, = d(AP(PDy), AP(PD;)p, ) = J(l = tipp,(P.Dy))* + (1= upp, (P, Dy))*

(4.16)

dy = d(AP(PD;), AP(PDy) 5, ) = \/(1 —ttpp, (P.DD) + (1= pipp, (P.D)* (4.17)

and

dy = d(AP(PD3), AP(PD;) ) = (1~ ptpp, (P.Dy)) + (1 pipp, (P.D;))” -

(4.18)

To reach a higher grade of accuracy in medical diagnosis, we can also investi-
gate a possibility of rejecting the diagnoses when we still face some unclear data
in PD;. If membership degrees in the matrices PD, and PDs do not differ essen-
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tially from each other, then they will concern us enough to make the best possible
decision. To omit this obstacle we propose another diagnostic method based on
distances. We preserve D = {D,, D,, D;} as a set of diagnoses. Let us introduce
two sets

JP(PD,) = %P’ D1)+%P, D2)+%P’ D) (4.19)
and
JP(PDs) = %P’ byt %P’ byt %P, D)’ (4.20)

The sets (4.19) and (4.20) correspond to the states of total rejections of all diag-
noses in P while the sets PD, and PDs, constructed for patient P, are generally
denoted as fuzzy sets (one row-matrices)

P,D P,D P,D
PD4:,UPD4( > 1)(P,Dl)+,uPD4( > %)’Dz)_i_,uPDA( > %’,D3) 4.21)

and

PDS:,LIPDS( , %)’Dl)"'luPDS( > %)’Dz)+ﬂPD5( ) %),D3)' (4.22)

Figure 4.4 lets us perceive the range of the distance between true rejection sets
and total rejection sets if we preserve the indications (ellipses and squares) intro-
duced in Fig. 4.1.

10 _| O O () uUP(PDys))

#(PDys))

(P,Dy) (P,Dy) (P.D3)

Figure 4.4: The comparison between PD, (or PDs) and JP(PD,) (or JP(PDs))
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By following the same way of reasoning as in the case of accepted diagnoses,
we consider a secure, theoretical choice of D,. This implies the set JP(PD,), in

which the membership degree of D, takes the value of one. The set has an appear-
ance as a fuzzy set

P,D P,D
JP(PD4)DI=%P,DI)+ﬂPD4( %’Dz)ﬂ”"t( %,’Dﬂ. (4.23)

Since we are furnished with two matrices of rejection we should also introduce
the set JP(PDs)p, , as a counterpart of JP(PD,)p, , in the form of

P.D P.D
JP(PDS)D1=%P’DI)+”PD5( %,,Dz)ﬂ”%( 3)(P’D3). (4.24)

The sets JP(PD,) D, and JP(PD;s) D, correspond to an unquestionable exclu-

sion of D, and are arranged as

P,D P,D
5, = PP st Yooy P o py 429

and

P.D P.D
JP(PDS)DzzﬂPDS( : %’,Dl)+%P,D2)+#PDS( %)’Dﬁ. (4.26)

Finally, to refuse entirely an existence of D; we place the value of one as the
membership degree of D; in sets

P,D P,D
JP(PD4)D3 :/uPD4( 1)(P’D1)+IUPD4( %,D2)+%P,D3) (4.27)

and

P,D P,D
JP(PDy)p, =" ( %)’ by He( %)’ byt %P’ Dy (4

Looking at Fig. 4.4 we experience that the larger value of a distance be-
tween JP(PDy)p , k=1, 2, 3, and JP(PDy) (or JP(PDs)p, and JP(PDs)) is re-

lated to the more sensible rejection of this D that is recognized by the value of
one in JP(PD,)p, or JP(PDs)p .
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Dy, which now is represented by the smallest value in the rejection matrices
PD, and PDs according to Fig. 4.4, is still the approved diagnosis for P. This holds
true because the distance of the set JP(PD,), from JP(PD,) (and probably the

distance of JP(PDs),, from JP(PDs)) is smallest of all distances computed for D,
and Dy with respect to JP(PDys))p,(p,) and JP(PDays)).

We go through the observations that have been made lately and write them
down as the following outline.

Conclusion 4.2

If the membership degrees in the rejection matrices PD, and PDs differ a little
from each other, or they induce a contraposition in the diagnostic exclusion, then
we will experience difficulties in pointing out some rejected diagnoses. In spite of
this inconvenience we supply the next trial of the model improvement still based
on distances between fuzzy sets.

We estimate a sequence of distances af,'c =d(JP(PD,),JP(PD,) D ), k=1,2,3,

(or d,: =d(JP(PDs),JP(PDs) D, )) for three diagnoses belonging to set D ={D;,

D,, D3} (the number of D’s members can be definitely enlarged). We reject this
Dy, which has the largest value of the distance d,; (or d,: ), k=1,2,3.

Let us derive formulas for making calculations of distances. We introduce
quantities of

d, = d(JP(PD,),JP(PD,)p, ) = \/ (1= tipp, (P.Dy))* + (1= ppp, (P, Dy))* . (4.29)

d, = d(JP(PD,),JP(PD,),) = J (1= tpp, (P, D)) + (1= ptpp, (P.D3))*

(4.30)

dy = d(JP(PD,),JP(PD,) ) = (1~ ptpp,, (P.D))* + (1~ pip, (P.Dy))*  (431)

as well as

d; = d(JP(PD;).JP(PDs)p, ) = (1~ fipp, (P. D)) + (1~ ipp, (P.Dy)* . (4.32)
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dy = d(JP(PD3), JP(PDs) ) = |1~ ptpp, (P, D)) + (1= papp, (P,D3))*  (4:33)

and

d; = d(JP(PDs),JP(PDs)), ) = J (1= ppp, (P, D))’ + (1= pp (P,Dy))* . (4.34)

To make a final decision regarding a choice of the most probable diagnosis in
vague decision circumstances we should elaborate the analysis of all obtained dis-
tances in accordance with the following criteria:

1. We agree to this diagnosis Dy, for which the distance d,, k=1, 2, 3 (gener-
ally k=1, 2, ..., p) is largest;

2. We neglect this diagnosis D, that influences the distance d, or d, to be the
largest value for k=1, 2, 3 (generally k=1, 2, ..., p).

The method based on distances assists the diagnostic model projected for the
next patient P3, whose indices fit for all adequate diagnoses that have been associ-
ated with a collection of chosen symptoms.

Example 4.5

We assume that patient P; suffers from one of the diagnoses that have already
been investigated in Ex. 3.16. The examinations of ten symptoms, listed in Ex.
3.1, have been converted to the values of membership degrees that constitute the
contents of the one-row matrix PS. We exploit the formulas (4.5)—(4.9) to make
the necessary computations collected in Table 4.2.

Table 4.2: The diagnostic decision concerning patient P

Patient | PD; PD, PDs Decision
D, D, D; D, D, D; D, D, D;

P; 0.755 [0.795 10.62 ]0.3 0.62 |0.755 10.82 [0.41 |0.41 |unknown

By taking into consideration the membership degrees in PD;, we are able to as-
sign to P; either a D; or D, since they have the largest membership degrees. With
respect to PD, we should exclude D; and D, because they show the largest in
magnitude degrees. However, this contradicts the results obtained in PDs where
D, ought to be rejected since its membership degree is largest of all. We have
come to contradictory conclusions that make P;’s diagnostic problem unsolvable.
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In order to improve the data's decisive character we estimate the distances d,,

d, and d; , k=1,2, 3. Table 4.3 now consists of the revised specification of P’s
health conditions.

Table 4.3: The distances d, a’,'c and d,: ,k=1,2, 3, evaluated for patient P3

Patient | D, D, Dy Decision
d ' " d. ' " d- ' "
: d dy 2 d dy 3 d3 ds

P, 043 (045 [0.83 ]J0.45 [0.74 (0.61 J0.32 ]0.8 0.61 |D,

Having compared d,, d, and d; we can admit to a placement of D, or D, at
the top of a hierarchy ladder of the considered diagnoses. The revision of dl' , a"2
and dé gives us a tool for deciding that D, and Ds, as the diagnoses with the larg-
est rejection distances dé and d;, are not taken into consideration anymore as

possible diagnoses in P;. The numbers d,, d, and d; do not vary from each
other in the substantial grade anymore, which allows us to omit their influence on
the final decision. Since D, is characterized by the essential low value of d, , and
by the substantial high value of d; then we can take a risk of choosing this diag-

nosis as a primary diagnosis in the patient. The choice is confirmed by the experi-
enced physician who has examined Ps.

The distance method of diagnosing can be helpful in cases that contain hardly
interpretable or vague decision data, but we can imagine that a physician should
obtain better diagnostic results after more than one examination of a patient. Some
wider and richer reports of symptom observations can prevent a diagnostician
from making a mistake when the clinical state of a patient shows a tendency to
some changes.

4.4 Diagnostic Processes Extended in Time Intervals

This section refers to earlier results obtained in Chapter 3 and Section 4.2 and
constitutes their essential complement and extension. A new assumption aims at
the introduction of repeated medical examinations in which measurements of
symptoms are regularly made. In this way we can render all essential changes in
symptom values resulting in making an appropriate diagnostic decision. The
model offered below concerns the observations of symptoms in an individual pa-
tient at a time interval.

The behaviour of the symptoms over a period of time, conduces to the access of
some additional information. This sometimes is very important in a diagnostic
process in which several clinical pictures of a patient, obtained during a certain
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time interval, differ from each other and point to different diagnoses. It may occur
that the change in the intensity of a symptom decides an acceptance of another
diagnosis, when, after some time, the patient does not feel better.

The objective now is to fix an optimal diagnosis on the basis of clinical symp-
toms typical of several diagnoses with respect to the changes of these symptoms
throughout time. Both the intensity of some symptoms, and the retreat of another
group of them observed during a certain specific period of time, constitutes an
additional factor that supports the selection of a diagnosis.

In order to solve a diagnostic model extended in time, we again modify fuzzy
relation equations as discussed in Subsections 3.4 and 4.2. Moreover, in the final
decision concerning the choice of an adequate diagnosis, the adoption of a normal-
ized Euclidean distance is suggested as a measure between an objective decision
and an “ideal” decision. As usual we check the relevance of the model by testing
some sampled clinical data.

We consider three non-fuzzy sets representing only one patient [56, 58, 61]:

1. A setof "stages of observations” T = {Ty, Ts,..., T,,}, where each symbol T, i

=1,2, ..., m, stands for a new phase of the examination;
2. A set of symptoms S = {Si, S,,..., S,} in which each biological symptom-
parameter S, j = 1, 2, ..., n, has been described or measured in the successive

examination T;;
3. Asetof diagnoses D = {Dy, D»,..., D,}, where to each diagnosis Dy, k=1, 2,
..., P, one may assign the symptoms occurring in the set S.

Each of the symptoms S € S,j =1, 2, ..., n, is a fuzzy set with the membership
function being modelled according to a kind of symptom (see Section 3.3) and
allowing one to assign the membership degree to a fix value of this symptom.

The stage — symptom” fuzzy relation formed as a collection of membership
degrees of the pairs (77, S)), i=1,2,...,m,j =1, 2,..., n, is written down as a ma-
trix

Sl SZ Sn
T | prps(T15S))  prps(T158,) -+ ppps(T1,S,,)

TPS=T2 Urps(T3,8)) prps(T5,8;) -+ pgps(T5,S,) (4.35)

T trps(T,58) tagps(T,,585) -+ ppps(T,,,8,) |
The fuzzy relation 1-7PS introduced by a membership function
ty_gps(T;,S ;) = 1= prps (13,5 ;) (4.36)

is one of components taking part in decision equations.
We now focus on the presence of symptom S; in diagnosis D, on one hand, and
on the other hand, the decisive character of S; for Dy so as to allow one to judge
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the intensity of a relationship between the symptoms S; and the diagnoses D;. To
each pair (S, D) we assign two membership degrees fixed for the linguistic vari-
ables “presence” and “decisive character” (see Subsection 3.4.1). By employing
the technique already described in Subsection 3.4.2, we insert two fuzzy relations
of “medical knowledge” listed as

D, - D

p
Si
. 4.37)
SDP = lu"presence"(Sj 7Dk)
Sn
and
D1 .. Dp
S
. (4.38)
SDD = 1| Hvgecisive (SjﬂDk)
character"
S

The fuzzy relations (4.35), (4.37) and (4.38) are elements of equations yielding
relations 7PD standing for connections “stage — diagnosis”. These consist of pairs
(T;, Dy),i=1,2,...,m k=1, 2, ..., p. By superposing the fuzzy relations TPS
with SDp or SDp with respect to the operation “o ” we reproduce the membership
+
functions of relations 7PD in accordance with the general formula

ZﬂTPs(Tiij) : /uSD(Sj’Dk)
Hpp (T D) = ——— (4.39)
Z:uSD(Sj’Dk)
j=1

fori=1,...,m,j=1,...,nandk=1, ..., p.

The inference rule modus ponens (cited in Subsections 3.2 and 3.4) induces an
interpretation:
”If the symptom S; emerges in stage 7; with the membership degree 7pg(7;,S;)”

and
“If the appearance of §; results in D, with the membership degree g, (S;, D))

or pgp, (S;,D;)”
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then
“The diagnosis D, occurs in the stage 7; with the general membership degree
trpp(Ti, Dy)”

On the basis of the rule above we will consider a fuzzy relation equation

TPD, =TPS ° SDp (4.40)

as well as

TPD, = TPS:SDD . (4.41)

The relations 7PD, and TPD, are parts of a mean rule leading to

TPD; = mean(TPD,,TPD,) , (4.42)

provided that the relation TPD; is a crucial factor deciding the final acceptance of
an optimal diagnosis after each examination 71, ..., T),.

An acceptance criterion for the diagnosis S; at the stage 7; is the same as the
conclusion stated in Section 3.4, i.e., the higher membership degree of the diagno-
sis Dy at the stage 7; corresponds to the more certain approval of Dy.

It can happen that the membership degrees in the row T; of the relation 7PD;
(i.e., at the stage T;) differ a little and do not indicate the optimal diagnosis as a
clear-cut decision. Therefore it is also recommended to inspect an opportunity of
rejecting the diagnosis.

Another rule of inference modus tollens, already familiar to us, creates a foun-
dation for the statement:

”If the symptom S; does not appear in stage 7; with the membership degree 1 —

Hrps(T;,8;)”
and
“It is true that D, requires presence of S; with the membership degree

Hsp, (SjsDk)”

then

“The diagnosis Dy is rejected in the patient at the stage 7; with the membership
degree ppp(T;, Dy)”.

The above interpretation of the modus tollens law involved in the diagnosis ex-
clusion gives rise to setting the next fuzzy relation equation

TPD, =(1-TPS)oSDp. (4.43)
+
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By proving a modification of the same logical modus tollens law, we formulate
the next equation as the compound operation involving the relations 7PS and 1 —
SDp in a relation

TPDs =TPS i(l -SDp). (4.44)

The fuzzy relations 7PD, and TPDs play an essential role in the rejecting of in-
adequate diagnoses at the successive stages 7}, i = 1, ..., m. The higher the mem-
bership degree value of Dy at the 7; stage in TPD, and TPD:s, the greater the cer-
tainty that the Dy-diagnosis will be rejection. All the conclusions are valid for i =
,2,...,mj=1,2...,nandk=1,2, ..., p.

The final decision concerning the acceptance of the proper diagnosis assumes a
thorough analysis of the entire period of observations at the stages 7, 75,..., Tp.
The hierarchy of diagnoses during this period of time in a considered patient is
established by the estimation of the Euclidean distances between fuzzy sets.

Each diagnosis Dy, k =1, 2, ..., p occurring as the k™ column in the relations
TPD, (“stage — diagnosis”), t =1, 2, 3, 4, 5, is interpreted as a fuzzy set

T D T.. D T .D
D, _ Happ, (T, %MTF@( 2 k)/Tz+---+”TPD/( D) (4.45)

T

m

Let us demonstrate an uncomplicated example to make an interpretation of the
set D, a bit easier.

Example 4.6
We consider three diagnoses D;, D, Ds in a relation 7PD;, computed for four
stages of symptom observations. The relation 7PD;, written down as the matrix
D, D, Dj
7,107 03 0.6

rpp, 2|06 05 05
" 1,008 04 03

7,005 02 03],

introduces diagnosis D, as the fuzzy set

D, = Hrpp, (T ’Dly n Hrpp, (7, ’Dly " Hrpp, (T39D1y n Hrpp, (T4’Dly
= T T T,

2 T,
or, more specifically, as the set D, = 07/T + O'6/T + 0% + 0% )
I 2 3 4
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A set of “total acceptance” or “total rejection” of diagnosis Dy on the basis of
observed symptoms at stages 77, ..., T,,, is assumed to be the set given by

_ 1 1 N |
D= g+ Vot Uy (440)

because the membership degree of the fully accepted diagnosis Dy in the relation
TPD; and the totally rejected diagnosis in 7PD4 and TPDs, when considering each
stage, should be equal to the rarely achieved value “one”.

The distance of the set Dy from the set D is estimated by applying the Euclidean
normalized distance

1 m
e =e(Dy,D) = \/;Z(#TPD, (T,,D) 1), (4.47)
i1

fort=3,4,5and k=1, ..., p.

It is easy to conclude that there exist some relationships between magnitudes of
the distances e, estimated for D, and the decisions of its acceptance or rejection
from a set of diagnoses possible in a patient. The smaller the distance from the set
D to the fuzzy set Dy, created in TPDs, the stronger the acceptance of the diagnosis
Dy will be assumed in the considered patient. A similar conclusion concerns the
diagnoses forming the columns of the relations 7PD, and TPD:s, i.e., the small
distance of Dy from set D that indicates the excluded illness in a patient.

It ought to appear a theoretical connection, e.g., for two diagnoses D; and D:

a) If D;_is the accepted diagnosis, then D; tends to have the smaller distance
e(D, D) than e(D,, D), for D,, D, taken as the columns in 7PD;.

b) If D, is the rejected diagnosis, then D, shows the smaller distance e(D,, D)
than e(D,, D), for Dy, D, appearing as the columns in 7PD4 and TPD:s.

The next medical sample of data is tested to prove the successful action of ob-
servations throughout time.

Example 4.7

The relation TPS, built for patient P, collects the membership degrees assigned to
his symptom values that have been estimated three times during separate visits at
the hospital. We introduce 7PS as the matrix
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Sl S2 S3 S4 SS S6 S7 SS S9 SlO
7,[10.515 0.913 0.653 0.345 0.632 0.720 0.9 0.0004 0.353
PS=T,|10.875 0.523 0.569 0.543 0.576 0.641 0.7 0.0008 0.342
T,[10.712 0.320 0.436 0.634 0.543 0.436 0.6 0.0005 0.326

We note that the patient has improved the values of some unfavourable parame-
ters like smoking, hypertension and lack of physical activity after his first consul-
tation with a doctor. We can imagine that P; has taken the doctor’s advice into
serious consideration.

By using Eqs (4.40)—(4.42) we compute membership degrees of the relation
TPD; whereas Eqs (4.43) and (4.44) give rise to TPD, and TPDs. All relations are
demonstrated in Table 4.4.

Table 4.4: The relations TPD;, TPD, and TPDs made for P,

Stage | TPD; TPD, TPDs Decision
T, 0.629 |0.586 |0.604 ] 0.376 | 0.408 | 0.407 ]0.579 |0.625 | 0.655 | D,

T, 0.520 10.539 | 0.583 ]10.481 | 0.462 |0.426 ]0.641 |0.649 | 0.590 | D;

T 0.445 [0.485 ] 0.510 10.553 | 0.519 |0.497 ]0.560 | 0.539 |0.488 | D,

The final decision, pointing out a right diagnosis, is rather clear on the basis of
clinical symptoms observed during each distinct visit at the doctor’s. Let us prove
the distance method according to (4.47) that helps us to weigh intensities of the
examined symptoms in time. To carry out the comparison of all involved distances
we place the obtained results in Table 4.5.

Table 4.5: The final acceptance of diagnosis by means of distances

Patient | TPD; TPD, TPDs Decision
€1 () €3 (3] € €3 €1 () €3
P, 0.474 10.465 |0.436 ]0.534 | 0.539 |0.558 ] 0.408 | 0.398 |0.428 | D;

To explain the procedure of computing the membership degrees that are the re-
sults of (4.47), we go through a basic example of executing the necessary opera-

tions to get e in TPD; as ¢ =4/ H{(0.629-1)% +(0.520-1)% + (0445 -1)*) =

0.474.

We should reject D, and D, on the basis of the relations 7PD, and TPDs for
which e and e, are the smallest values. The value e; computed for 7PD; as the
smallest of all confirms that D; should be recognized for P;’s sake. We thus de-
cide that P;, who has suffered from D, at the first examination stage, actually runs
the high risk of going down with Ds (infarct) if he is not careful enough and does
not improve risk factors in his parameters.
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The proposed method for establishing the correct diagnosis on the basis of
clinical symptoms observed in time, constitutes an essential improvement of the
diagnostic process because it optimizes the diagnosing by correction and verifica-
tion of decisions with respect being paid to the variability of symptoms in time.
The changes in intensities of symptom presence at some time influence not only a
choice of the most appropriate diagnosis, but also affect a rejection of less accu-
rate diseases.

4.5 Rough Set Theory in the Classification of Diagnoses

Rough set theory is a new mathematical approach to intelligent data analysis and
data mining [50, 51, 52, 53].

Rough set philosophy is founded on the assumption that some information is
associated with every object of the considered universe set. The objects character-
ized by the same information are indiscernible (similar) in view of the available
information about them. The indiscernibility relation generated for similar objects
is the mathematical basis of rough set theory. Any set of similar objects, being the
equivalence class of the similarity relation, is called an elementary set. Any union
of some elementary sets (equivalence classes) is a crisp set (a precise set). Such
union of elementary sets, which has boundary-line cases, i.e., objects that cannot
be classified with certainty, constitutes a rough set (an imprecise, vague set).

With any rough set, a pair of precise sets — called a lower and an upper ap-
proximation of the rough set — is associated. The lower approximation consists of
all objects that surely belong to the set, and the upper approximation contains all
objects that possibly belong to the set. A difference between the upper and the
lower approximation constitutes the boundary region of the rough set. Approxima-
tions are two basic operations in the rough set theory.

Let us first introduce the theoretical background of rough sets and afterwards
let us prove their usefulness via presenting a practical problem concerning medical
diagnosing. All conceptions and annotations will be accommodated to a medical
model to make it easier at the stage of practical interpretation.

We start with an information system constructed as a data table whose columns
are labelled by attributes. Objects of interest label the table rows, and entries of the
table are attribute values. In a new scenario of the diagnostic discussion, inter-
preted now as a classification of diagnoses, we adopt the set of patients P = {P),
..., P} with objects P;, i = 1, ..., m, as a universe set P. The set of condition at-
tributes S is established as a set of symptoms S = {5}, ..., S,}. With every attribute
S;eS,j=1, .., n, we associate a set Vsj = {xéj,x%j,...,x;(]_sf)} of its values,

called the domain of S;. In the diagnostic problem the set V5 will contain some

linguistic terms or values of the membership degrees of S; expressed by codes that
correspond to the intensity grades of S;. Any subset B of S determines a binary
relation /(B) on B, which will be called an indiscernibility relation. The relation
1(B) is defined by an inclusion operation
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(P,B)el(B)if S;(F)=S;(F), (4.48)

foreach S§; e B S, i, I=1,...,m,j=1, ..., n, where S(P;) denotes the value
xfg’/_ ,c=1, ..., «(S)), of attribute S; for the element P;.

The relation I(B) is reflexive because (P,F)el(B)«>S;(P)=S;(F) for

each P; € P.
Since (P, F)el(B) <> S;(P)=S8;(P) < S;(P)=S;(F) < (P,P)el(B)

for P;, P; € I(B), then I(B) will be a symmetric relation, too.
Finally, the assumptions (P, P)) € I(B) and (P,, P,) € I(B) for P, P, P, P
imply S;(F)=S;(F) <> (F,F.)€l(B).1(B) thus is a fransitive relation.

The sign “«>” is interpreted as “which is equivalent to”.

For the reason of such properties as reflexivity, symmetry and transitivity /(B)
is recognized as an equivalence relation.

It is possible to make a partition of the set P, with respect to B, by means of the
relation /(B) to obtain equivalence classes /B(P;) defined by

IB(F) =1{F : (B, F) e (B}, (4.49)

foreach i, /=1, ..., m. The classes /B(P;) are additionally called elementary sets.
We realize that these sets contain the objects P;, which are identical, i.e., in the
considered case, they gather patients who suffer from a presence of the same
symptoms characterized by the same intensity.

The symptoms S; constitute the condition attributes in the diagnostic model.
Besides these, we also consider a decision attribute — the diagnosis D;. D has a set
of values determined as “yes” if it is found in the patient, “no” if the patient is free
from it and “unknown” when a decision about the presence of the diagnosis cannot
be clearly formulated.

By resuming the assumptions made so far we can come to a conclusion that the
contents of the classification table, giving rise to the indiscernibility relation /(B),
corresponds to a triple (P, S, D;) in the model of diagnoses. The patients P; are
placed in the first column of the table, the three values of D, appear in the last
column while the rest of the table positions are filled with the values of condition
attributes.

The aim of the classification, accomplished by /(B) or rather its equivalence
classes, is to divide the patients belonging to P in three groups. These three groups
are; a group of patients who surely are ill with D,, a sample of patients who may
suffer from D; and a collection of patients who do not have diagnosis D;.

Let us create a set P, < P in accordance with the following definition

P, =1{F : D, hasdecision" yes" assigned} , (4.50)

fori=1, ..., m.
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We now state two sets surrounded P,.; < P that are treated as its lower and up-
per approximations.
The lower approximation B«(Py.;) of P, is built by an inclusion operator as

Bu(Py) =\ 1 IB(P) C P, | 4.51)

and rendered as a set of these P; that have D, assigned with a full security.
Another set, the upper approximation B*(Pym) of P, is designed by

"(P) = 1P IB(P) " P,y #0) 4.52)

and accepted as a sampling of those objects P; that possibly are members of the
class D possessing the attribute “yes” (D; = “yes”).

The set P, is thus bounded by two sets in compliance with the inclusion
Bu(Pyes) € Pyes < B*(Pyes) and referred to the approximation sets as rough or inex-
act with respect to B.

Even a boundary set

(P,)=B(P,)-B.(P,) (4.53)

border yes yes yes

contains some useful information about the objects that are uncertain members of
the class D, = “yes”.

To measure a grade of membership uncertainty in D; = “yes” for each P;, we
recommend applying the formula for computing membership degrees

| e N B(E)

, (4.54
|IB(P )| )

luDl 'yes" ( l

ac| |”

in which the symbol

belonging to a set).
A selection of the B-subset of S should be made with the special care to assure

good classification results. We can measure a coefficient ap called the accuracy

denotes the cardinality of a set (the number of elements

of approximation in conformity with

B. (PM)

yes

ay(P,,)= (4.55)

to measure an adaptation grade of B to the decision table (P, S, D).
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We demonstrate the utility of rough sets in the diagnosis classification process
by studying steps of the following example.

Example 4.8

In Ex. 3.1 we have already listed 10 symptoms that are the elements of the set of
symptoms S. Let us select set B = S as B = {3, Sy, Ss, So, S10}- Set B contains the
most significant symptoms that are characteristic of diagnosis D;.

We now prepare sets of values corresponding to the selected symptoms.

Since S; and S, are compound qualitative parameters measured by means of a
questionnaire, then we can place their membership degrees in the continuous in-
terval [0, 1]. The quantitative indicators Sg, Sy and Sy possess the same property.
In order to vary some intensity grades of the symptoms’ appearance as discrete
characteristic quantities, we construct the following codes associated with the
membership values Hs, (P).j=3,4,8,9, 10, belonging to subintervals of [0, 1].

We assign the code 0 to Hs, (P)e [O, 0.25), 1 - to Hs, (P)€[0.25,0.5), 2 — to
Hs, (P)e[0.5,0.75) and, finally, 3 — to Hs, (P)e[0.75,1]. The codes generate
sets Vs =1{0,1,2,3},/=3,4,8,9, 10.

Suppose that P = {Py, P,, P3, P,, Ps, Ps}. The patients P, P,, Ps suffer from Dy,
P3, Pg have D, assigned and the diagnosis concerning D, is unknown. We decide
the members of set Py, = {P;, P,, Ps}. To regard P,,, as rough, we should find its
lower and upper approximation. In this way we count on classifying the unknown
object P;.

By assuming that the knowledge of clinical symptoms is absolutely correct, we
fill in Table 4.6 known as (P, S, D,) that constitutes a basis for establishing an
indiscernibility relation /(B).

Table 4.6: The table (P, S, D)) in diagnosis classification

Patients Codes characteristic of symptoms Decision
S3 S4 Sg S9 Sl() about D|

Py 1 1 2 1 2 yes

P, 2 3 1 2 3 yes

Ps 2 2 2 3 1 no

P, 2 3 1 2 3 unknown

Ps 1 2 2 2 2 yes

P 1 1 3 2 1 no

The relation /(B) consists of the pairs of patients (P;, P)), i, [ =1, ..., 6, which
when comparing rows i and /, all have equal codes.

We list I(B) as I(B) = {(P1, P1), (P2, P2), (P3, P3), (P4, Py), (Ps, Ps), (Ps, P¢), (P2,
Py), (P4, P»)}. The elementary sets of /(B) or its equivalent classes are given as the
sets IB(P1) = {P1}, IB(P2) = {Ps, P}, IB(P3) = {P3}, IB(Py) = {P, P4}, IB(Ps5) =
{Ps}, IB(Ps) = {Ps}.
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The lower approximation of P, is established as B.(P,,,) = {Py, Ps} while its

upper approximation is obtained as B*(Py )= {Py, Pa, P4, Ps}.

The boundary set Bborder (Rves) = {f)Z 4 P4} .

The membership degrees, whose sizes confirm the patients’ membership in the
Dy =“yes” class, have been evaluated as

1 1
Hp, ="yes" (Pl) =1, Hp, ="yes" (P2) = E? Hp, =ryes (P3) =0, HMp, :"yes"(P4) = E’

/UDI:"yes“(PS) = 19 :uDl:"yes”(Pﬁ) =0.

We can assume that P; and Ps have D; with a one hundred percent confidence,
while P, and P, may suffer from D; to a certain grade. We can also notice that P,
affects a status of P, negatively, and to the contrary, we can see that P, upgrades
an importance of P4 as a member in the D; = “yes”-class.

L . 1 .
The accuracy approximation coefficient ag(P,,) = 5 does not give us a feel-

ing of absolute trust in the choice of set B as a reliable source of information in the
finished classification. This configuration of symptoms is not sufficient for a reli-
able classification since the accuracy coefficient has a low value of 0.5.

The supplementary solutions, proposed in Chapter 4, may improve the basic
diagnosis model discussed in Chapter 3. We may apply them in the patients’ cases
that provide us with fuzzy data difficult to interpret in order to make a reliable
decision. We thus should realize that a combination of different mathematical
methods could support and improve an appropriate solution that is founded on
clinical symptoms.
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5.1 Introduction

In the previous chapters, we have discussed some ways of determining the most
credible diagnosis in a patient who could be identified by his set of clinical symp-
toms. The same symptoms are usually found in several illnesses. Therefore, it is
often difficult to recognize the value of each of their deterministic yet individual
characteristics all at once. After improving the diagnostic model by adding com-
plementary solutions we are at last aware of a diagnosis of the patient. The next
step would be to prescribe him medication that will lead to a cure. It is seldom
possible to give the patient only one remedy to remove completely all unfavour-
able symptoms. In order to broaden a list of medicines that complement each
other, we usually want to evaluate levels of one medicine and its impact on all of
the symptoms. Preferably, we want to estimate the lowest and the highest levels of
effectiveness of the medicines tested, one by one, when considering their curative
powers.

We make a simple attempt of eigen fuzzy set theory applications to respond to
the question concerning the possibility of deciding the degree of effectiveness on a
drug that is expected to affect some of the determined symptoms. It can be con-
cluded that a final minimal and maximal level of the drug's action, found theoreti-
cally, does not change even if the patient takes the medicine for a long time. Such
a conclusion is the result of adopting the eigen fuzzy set associated with a given
fuzzy relation.

The existence of the greatest eigen fuzzy set of a fuzzy relation was confirmed
in the 1980's [34, 72, 73, 78]. In the latest investigations, the scientists have
proved that even the least eigen fuzzy set can be generated for the given relation
[4, 24, 37]. The eigen fuzzy sets have already been applied to the evaluationf of a
medicine's action levels when considering the medicine influence on clinical
symptoms [27, 31, 64].

The basic operation, performed in the eigen problem, is the max-min composi-
tion already introduced in Chapter 2.

5.2 Theoretical Assumptions of Eigen Fuzzy Problem

By studying the contents of Def. 2.11 we have approached the conception of a
composition of two fuzzy relations.

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 93-126 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007
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If we suppose that one of these relations is a fuzzy set, we can make the max-
min composition between the relation and the set, see Section 2.5. If the result of
the composition is known in advance, then we will be prepared for demonstrating
a particular case of the relation composition known as the eigen fuzzy problem.

Definition 5.1

Assume that X = {x} is a set of real numbers. The eigen fuzzy set of a fuzzy rela-
tion Rc X x X isaset 4 c X that satisfies the condition 4o R=A4.

R is the fuzzy relation determined as R < X x X with the membership function
Hp X xX — [0,1], He(x,x") e [0,1], x, x" € X. We prove that the eigen fuzzy set
Ac X, 1 X —[0.1], u,(x)€[0,1], x € X, satisfying 40 R = 4, should exist.

Some theoretical considerations that confirm the existence of set 4 are based on
the papers of Sanchez [73, 74].
We define set A, with u 4, (X)=ag for all x € X, where

a, = min(max g (x,x")) .
x'eX xeX
The fuzzy connection 4, o R = 4, is a true equality because of
Hppor (x') = max(min(s, (x), g (x,x")) = mgX(min(ao,ﬂR(x,X')))
= min(ay, max up(x,x") = ay = p, (x'), x, x'€ X.
X

Hence, 4 is an eigen fuzzy set of R.
We have shown that at least one eigen fuzzy set can be found because the equa-
tion 4, o R = 4, is a true statement.

The next set 4, is identified by its membership function given by

iy (x) = Igl:l;ﬁﬂ;e(x,f) (5.1)

forallx” € X.
The fuzzy sets, which are members of the sequence (4,),

Ay=AoR=A R dy=AyoR=AoR> - A, =4, 0R=40R", (52

exist for all integers n > 0.
The sets satisfy inclusions

Ay ccd, cA, ccA4 CA. (5.3)

Before starting to prove (5.3) we will insert the definition of an inclusion 4 < B
for two fuzzy sets 4 and B [12, 40, 88, 95].
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Definition 5.2

Let 4 = {(x, t4(x))} and B = {(x, up(x))} be two finite fuzzy sets in X. We say that
A is a fuzzy subset of B (4 < B) if p(x) < up(x) for every x € X.

Example 5.1

We define X = [0, 100]. Let 4 be a fuzzy set given by z4(x) = s(x, 30, 50, 70) and
let B be another fuzzy set introduced by g(x) = s(x, 10, 50, 90). Since wy(x) <
p(x) for all x € X, as Fig. 5.1 reveals, then 4  B.

y 17
t4(x)
0.75T Hp (X)
057
0.257
0 ; f ; {
0 25 50 75 100

X

Figure 5.1: A < B for p,(x) = s(x, 30, 50, 70) and z5(x) = s(x, 10, 50, 90)

To confirm (5.3) we apply the mathematical induction. This method helps to
prove the validity of a formula that contains a non-negative integer ». In order to
accomplish the induction proof we follow three steps:

1. The formula should be true for » = 0 (or other low values of »).
. We assume that the formula is valid for n.
3. We prove the reliability of the formula for » + 1 by applying the induc-
tion assumption in the proof.

Let us take » = 0. On the basis of the definition of 4, we conclude that 4, c 4,

since 1y (x') = n)lci,n(mfxyR(x,x’)) < mfqu(x,x') =y (x'). We will deduce

that an inclusion 4, < 4, is also true. By conveying, that s, (x') = 1, .z(x") =
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max(min(g, (x), tg(x,x"))) <max pp(x,x") = pu, (x'), for every x* € X, we use
xeX xeX

Def. 5.2 to state that 4, < 4, .

We should now prove that an assumption 4, < 4,_; induces the conclusion
A,.,<4,, ne NU{0}. We start with the assumption to get an implication
A, c A, >A4,°Rc A4, joR<> A4, < 4,, whose thesis 4,,, < 4, is the true
statement (the sign “ <> ” still stands for “is equivalent to”).

The set Ay is the eigen set of R. 4}, the other introduced set, rarely is a solution
of the restriction 4 cR=4,.1f 4,oR=4,, for 4, being a member of the se-
quence of sets given by (5.2), we will allege that 4, is the expected greatest eigen
set of the relation R that differs from A,. The set 4, is the least set in the chain of
sets in (5.2), and all sets included between 4, and 4,, are not eigen.

Suppose that 4y # 4,,, =---= 4,1 = A4, #---# 4, # A, ; then the composition

A oR leadsto A oR=A cR""'oR= A oR" =4, , =4,

A, thus is the greatest eigen fuzzy set of R provided that 4, = A,+,. The inclu-
sion (5.3) ensures that 4, < 4;. Moreover, the inclusion confirms the existence

of at least one A4,,.

The introduction of the eigen set item is sufficient for medical applications pro-
posed in the further part of this chapter. For more mathematical details; we refer to
works by Sanchez and other authors who have developed this topic [34, 72, 73,
78].

There exist three fundamental algorithms of determining GEFS (the Greatest
Eigen Fuzzy Set). We prefer adopting the procedure that consists of the commands
listed below.

Algorithm 5.1

A relation R ¢ X x X with the membership function p,(x,x")is given.

1. Find the set 4, identified by 2, (x") = max s (x,x") forall x” € X.
xeX

2. Setthe index n=1.
3. Calculate 4,,, =4,°R.

9
;A — No—n=n+1->Go tostep 3
1™ ““n>Yes—>A=A,,,.

4. 4

n+
We recall that membership degrees of 4,,,; are calculated as

Ha, (X) = 4,0 (x) = max(min(u,, (x), e (x,x)) (5.4)

n+l

for eachx” € X.
We demonstrate an action of the algorithm by selecting the greatest fuzzy set
of a matrix introduced in the next example.
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Example 5.2

We wish to find the greatest fuzzy set of a matrix
X X2 X3

x[07 05 o1
R=x,|04 06 03
%09 08 02

defined on X x X, for X = {x;, x,, x3}. The set 4, has the membership degrees of x;
found as the largest values in columns j, j = 1, 2, 3, and is thus determined as

X1 X2 X3
4=[09 08 03]

For n =1 we obtain

07 05 0.1
Ay=4R=[09 08 03]c|04 06 03|=[07 06 03]
09 08 02

We estimate z, (x;), according to the max-min composition, as the quantity

4, (x;) = max(min((0.9,0.7),(0.8,0.4),(0.3,0.9))) = 0.7 .
Since 4, # A4, we set n =2 in Step 4. of Algorithm 5.1 in order to compute A;

as a set
0.7 05 0.1

Ay =4, oR=[07 06 03]o|04 06 03(=[07 06 03]
09 08 02

that satisfies the equality A4, = 4,. The set 4; is accepted as the greatest eigen

fuzzy set of the relation R and we notice that A3 holds 45 < 4, < 4.

It can be desirable to find the smallest eigen fuzzy set of a given fuzzy relation
as well. In spite of some accomplished investigations [4, 24] let us propose our
own contribution as the following proof of the least eigen fuzzy set existence.

We define a new set 4o with u, (x) = a, forall x € X, where
ay = max(min g5 (x,x")) . A is the eigen set of R as it has been proved before.

xX'eX xeX
The set 4; also gets new membership degrees determined by
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ty (X) = I;li)r(lﬂR(x,X') (5.5)

forallx” e X.
We preserve the same sequence of fuzzy sets (4,), 4, =A oR=4oR',
Ay=AyoR=A,0R* -, 4 A, oR = A,0R" that satisfy inclusions

n+l =

AcAccd cA, 4, (5.6)

n+l =

The boundary inclusion 4, c 4, in the chain is true because of
414, (¥) = max(min g (x,3") 2 min f(x,3') = g, ().

To prove other inclusions in (5.6) we once again recall the assumptions of
mathematical induction. To check if 4, € 4, we evaluate relationships among the
membership degrees of both investigated sets. We make a comparison
Ha, (X)) = 4, 0p (x) = max(min(u, (x), e (x,X7)) 2 minpig(x,x) = 14 (x'),
with respect to x” € X, to get 4, D 4, according to Def. 5.2.

The last connection certainly confirms that 4, < 4, since x, (xXN<u 4, (x").

The induction assumption 4, ; < 4, is utilized in the proof to get the conclu-
sion 4, c A4,,,. We begin with 4, ; < 4, to compose both sides of the inclusion
with R in the way: 4, ;oRc 4,oR. The last inclusion is equivalent to
A, A4

n+l *

As in the previous case the set 4 is the eigen set of R, while 4; seldom is re-
garded as eigen. Let us assume that 4, is one of the sets listed in (5.6) and fulfils
A, oR=A4,for A #A, ##A4,=4,,,==A4,.4 #4,. Then 4, will be the
least eigen fuzzy set (LEFS) of the relation R that is different from 4,. We notice
that A4 is the greatest set in the collection of sets in (5.6) and eigen as well, and we
cannot find other eigen sets between 4; and 4,,, thus 4, must be the least eigen set.

To evaluate the least eigen fuzzy set of R we make an important change in Al-
gorithm 5.1, namely, we state 4, accordingly to the definition proposed by (5.5).

Algorithm 5.2
A relation R ¢ X x X with the membership function p,(x,x")is given.

1. Find the set 4 defined by 1, (x') = mi)I(l,uR (x,x") forall x” € X.
XE

2. Setthe index n=1.
3. Calculate 4,,, =4,°R.

9
_ 4 &>No—n=n+1->Gotostep3
4. An+1 _An%Yes%A:AnH.
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Example 5.3

By returning to Ex. 5.2 we repeat the matrix

X X2 X3

x|07 05 0.1
R=x,/04 06 03
(09 08 02

defined on X x X, X = {x|, x, x3}. We then intend to calculate the entries of the
least eigen fuzzy set. The membership degrees of x; in the set 4, are the smallest
values in columns j, j = 1, 2, 3, when applying (5.5). Hence,

X X2 X3
4=[04 05 o01].

For n =1 we create 4, as a fuzzy set

07 05 0.1
Ay=A4°R=[04 05 01]c|04 06 03|=[04 05 03]
09 08 02

that satisfies 4, # 4,. We thus put » = 2 in Algorithm 5.2 to find 4,

07 05 0.1
Ay =4,0R=[04 05 03]o[04 06 03|=[04 05 03]
09 08 02

A5 is the component of the equality 4, = 4, . The set A; will be treated as the

least eigen fuzzy set of the relation R. By the way, we check that 4, < 4, < 4,
which confirms the proper choice of the least set.

The relation R keeps the given fuzzy set invariant. An occurrence in which the
system (the matrix) does not produce any effect on the given input (the eigen set),
apparently fits to the medical appearance when a medicine has no more effect in
the curative process. If the relation is stated as “pharmacological knowledge”
about some configurations of drug effectiveness created for pairs of symptoms,
then an eigen set of the relation estimates, via its membership degrees, the medi-
cine effectiveness level related to each symptom.

In the next subsection, we will suggest two definitions of fuzzy relations of the
“pharmacological knowledge” type. The relations contribute in deciding the mem-
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bership degrees of eigen fuzzy sets associated with them. These in turn give us a
tool of determining the lowest and the highest threshold of the drug action on a
collection of selected medical symptoms.

5.3 Eigen Sets in Medicine Effectiveness Levels

By possessing the results of examinations carried out on a group of patients with
some symptoms, we can then estimate a theoretical level of effectiveness concern-
ing medicine that is recommended to the patients belonging to the considered
group. We involve the eigen problem technique for fuzzy sets to make a trial of
finding the minimal and the maximal level of recovery. Although the range is
stated theoretically, it ought not to change in practice during an extended period of
treatment.

Let us assume that some characteristic symptoms are found in a sample of m
observed patients. All patients have the same symptoms. These should disappear
entirely after the treatment if the drug is highly effective. Nevertheless, the symp-
toms can persist when the drug is not efficient enough.

Let us denote a set of symptoms by S= {S), ..., S,}. S; is the ™ symptom, j = 1,
..., n, and § is non-fuzzy.

The estimation of the maximal level is possible by employing a fuzzy relation,
created due course to the definition formulated by a sentence: “The action of the
drug on the /™ symptom is equal or stronger than on the &A™ symptom in patient, , k
=1, ..., n”. We call the relation R,,x and we realize that Ry, is a set of pairs (S,
Si). The membership degree Mg, (S;,8;), as a number from the range [0, 1],

indicates the grade to which the statement defining Ry, is true for the /™ and the
k™ symptom [27, 31].

A comparison of the drug's influence on the considered symptoms has to be
executed for each pair of the relation R,,,. Suppose that m denotes a number of
patients having been examined (the sample cardinality). If 4 stands for a number
of patients for whom the description of R, constitutes a true sentence, then we
will compute the membership degrees s, (S;,S;) as

b
Ug,, (S;,8)=— (5.7
m
forj, k=1,...,n.

Example 5.4

As a simple example that explains a way of estimating the membership degree for
two symptoms included in the same pair, we consider a group consisted of seven
patients. Suppose that “—” is assigned as the lack of a symptom after the treatment
and “+” designates its presence in the patient after the medication [27, 31].
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To count b, we should consider two configuration patterns of these signs, i.e.,

“—“- that is interpreted as “The drug acts as strongly on S; as on S;”,

“— “+” that corresponds to “The drug acts more strongly on S; than on S;”.

The first combination of signs signals that the examined patient is now rid of
both symptoms tied to each other by the considered pair order. The second ar-
rangement of signs explains that the patient is recovered from the first symptom
while the second symptom is still prevailing after the treatment.

These configurations can be arranged as the contents of Table 5.1.

Table 5.1: Sign configurations for symptoms S;, S; in P—P;

Patient S; Sk
P, - -
Py - +
P 3 — +
P, + +
Ps - -
P + -
P, + +

The membership degree of the pair (S}, S;) is evaluated as 0.571 (4/7) and for
(Sk, S;) as 0.429 (3/7).
The fuzzy relation R, can be written down as a matrix

S, S, S,
NI (S1,51) HR .. (5,8,) - Hr,. (51,8,
R Sy ey, (5580 e, (85.8) g (55.85,) (5.8)
Sn /uR“m(S;uSl) :uRm,dx (Sn’SZ) ﬂRmM(S;uSn) .

We should emphasize that a diagonal entry Hp S j,S j) of R has b esti-

mated as a number of “~” signs counted for S;.

Next, we utilize the conception of the greatest eigen fuzzy set associated with
the relation R,,,,. Due to Def. 5.1 there exists the greatest fuzzy set in the universe
S that is associated with R,,,.. The set is called 4,,.x, and we include it, as a crucial
part, in an equation

A ® R = A - (5.9)

Amax 18 a result of computations due to Algorithm 5.1, in which 4, is defined by
(5.1). The relation, designed in accordance with the statement: “The drug acts
equally or more strongly on the /™ symptom than on the A" symptom, j, k=1, ...,
n”, has its eigen set A, The set A, does not change in spite of many composi-
tions with the relation. This lack of variations leads to a conclusion that the mem-
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bership degrees of A, show a level: “the drug action on the considered symp-
toms is not stronger”. A can thus be an indicator of how to estimate the maxi-
mal level to which the medicine can be effective since, evidently, Ay, is the great-
est solution of Eq. (5.9) in the sense of the largest membership degree values.

Estimation of the minimal medicine effect aims at stating another fuzzy relation
Rumin proposed as a clue: “The action of the drug on the /™ symptom is equal or
weaker than on the ™ symptom in patient, j, k= 1, ..., n.” The suggested formula
of calculating membership degrees of Ry, is similar to Eq. (5.7), but arrangements
of the signs used before should be reconsidered to find b. We take into account the
configurations:

“~“~ that is valid if: “The drug acts as strongly on S; as on S”,

“+7 “-” that is approved if: “The drug acts more weakly on S; than on Sj”.

The relation R, also generates its own, this time the least, eigen fuzzy set Ay,
that constitutes the compound of an equation

A‘min ORmin = Amin : (510)

To decide A,,;, we perform the steps of Algorithm 5.2 in which the membership
function of 4, is yielded by (5.5).

Since A, does not change its membership degrees after the next composition
with Rpin = “The drug works equally or more weakly for the /™ symptom in com-
parison to the k™ symptom”, then the membership degrees of the least eigen set,
corresponding to symptoms Sy, ..., S,, should point out the minimal effectiveness
level. A, is the least eigen set of R, and its existential meaning can be adequate
to the thesis “the action of the medicine on the considered symptoms cannot be
weaker”.

We treat the values of x, (S;) and Hy  (S;),j=1,...,n,as borders of this

interval that limits the range of medicine effectiveness for each symptom S;. Even
if we obtain ranges for single symptoms, we should realize that these results are
effects of the simultaneous appreciation of the medicine strength measured for
pairs of symptoms when following the relations’ definitions.

Example 5.5

The diagnosis D known as a throat inflammation is recognized by the set of symp-
toms S = {S| = “sore throat (pain)”, S, = “temperature”, S; = “inflammation
state”}. The physician has prescribed Bayer s aspirin as a remedy that should im-
prove the health conditions in the group of 30 patients suffering from throat in-
flammation.

By applying Eq. (5.7) and the sign pattern “—” “=” and “=” “+” we compute
Amax a3
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Sl SZ S3

s[05 05 05

R =5,/08 08 038
S;[06 06 0.6

with the corresponding greatest eigen fuzzy set decided as

Sl SZ S3
4. =08 08 03]

Equation (5.7), in which the quantity of the associations “—” “~” and “+” “-”
constitutes a basis of the » value computations, results in the relation A,,;, yielded
as the matrix

Sl S2 S3

s,[05 08 06
R,u=5,/05 08 06
S;/05 08 0.6

possessing the least eigen set

A, =[05 08 0.6].

By interpreting the membership degrees of 4., and A4« in the percentage scale
we conclude that Bayer s aspirin removes S; in 50%—80% and S, — in 80%. S
disappears in 60%—80% in the sample of examined patients.

By constructing the relations we consider the drug influence on pairs of symp-
toms to learn about the symptoms’ interactions in the process of reacting on the
treatment. Even if we appreciate effectiveness levels for individual symptoms, we
will be aware of the complex dependency among symptoms that affects single
ranges. This aspect of complexity is an advantage of fuzzy research when compar-
ing fuzzy results to computations of statistical ranges that do not consider interac-
tions among the examined objects.

We have engaged two different eigen sets to estimate effectiveness ranges. In
spite of this, we sometimes could not find two boundaries of the range as in the
case of S,. In the next subsection, we will extend the procedure of deciding eigen
sets by adding to them fuzzy numbers.
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5.4 Order Operations on Fuzzy Numbers

Our next attempt to appreciate a drug level is accomplished by using another ap-
proach to eigen fuzzy sets. In contrast to the previous method presented in Section
5.3, we introduce fuzzy numbers as the membership degrees of a relation R instead
of real numbers belonging to the interval [0, 1].

The fuzzy number is also a fuzzy set that fulfils some particular conditions.
Since we do not intend to apply fuzzy numbers defined on finite sets, we would
like to quote the definition of the fuzzy number that has a continuous support [19,
20, 22, 23, 25, 36, 40, 42, 47, 95].

Definition 5.3

The fuzzy number N is a fuzzy set of L-R type in the real universe Z if there exist
two continuous reference functions L, R and scalars & >0, £ >0 included in the

membership function of N as follows

m-—z

L ] forr m—a<z<m,

a

ty(z) = —m
R( ﬁj for m<z<m+pf,

5.11)

z € Z, where m, called the mean value of N, is a real number, and « and f are
called the left and right spreads, respectively. The functions L and R map

R'in [0,1] . L should satisfy L(0) = 1, L(z) < 1 for every z > 0; L(z) > 0 for every z
< 1; L(1) = 0. The same conditions refer to R. Symbolically, N is denoted by N =
(my, ay, Py). We state a notion of the space of fuzzy numbers in the L-R represen-
tation as FN(LR). For the purpose of medical applications, we suppose that only
fuzzy numbers satisfying the condition my > 0 belong to the space.

To be able to construct a practical version of the membership function we
propose the L(z) and R(z) functions as [25, 63, 64]

L(z)=R(z)=-z+1 (5.12)

forz e Z.

By studying (5.11) and (5.12) we realize that N is such a fuzzy set whose mem-
bership function forms a triangle with the peak at the point (my, 1). The left side of
the triangle has increasing values of the membership degrees from zero to one,
while the right side is as a slope that goes down to zero.

The triangles constitute the most popular shapes of membership functions as-
signed to fuzzy numbers.
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Example 5.6

We perform the operations defined by (5.11) and (5.12) to find a membership
function of the fuzzy number N = (40, 2, 3).
We accommodate (5.11) to m =40, o =2, = 3. The argument z in L(z) is re-

placed by 40-z2 and in R(z) — by z-40 . We obtain a function
L(40_ZJ:1—40—_Z:2_—38 for 38<z<40,
uy()=1 5 2 : 2
N - — — J—
R[22 20 Bz go<o<a,
3 3 3
that is plotted in Fig. 5.2.
(2) 1T
0.75T
05T
0.257
0 : : : '.
35 37.5 40 42.5 45

Figure 5.2: The fuzzy number N = (40, 2, 3)

The arithmetic over the space FN(LR) is discussed in many research reports
[19, 20, 22, 25, 26, 36, 40, 42, 47, 95]. In particular, order operations in FN(LR)
attract the scientists’ attention [16, 18, 19, 20, 23, 36, 42, 47, 79, 95]. Below we
discuss two sorts of order operations on fuzzy numbers in the L-R form to select
the most applicable operations and to reconsider the eigen fuzzy model.

Let us first study an approach to minimum and maximum operations proposed
by Dubois and Prade [19, 20].
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Definition 5.4
Minimum for two fuzzy numbers N, = (my ,ay By ), Ny =(my ,ay ,By,) is

decided to be a fuzzy number

min(NlﬂNZ):(le>aNl’ﬁNl)

. 5.13
if my <my and supp(N;) Nsupp(N,)=0 (5-13)
or
min(N,,N,) = (min(le ,my, ), max(ay, ,Qy, ),min(ﬁ/vl sﬁzvz ) 514
ifmy #my ormy =my and supp(N;)Nsupp(N,)#0. (5.14)
Example 5.7

We set Ny = (25, 2, 3) and N, = (40, 1, 5). Since the sets supp(V;) = [23, 28] and
supp(N,) = [39, 45] have no common elements we immediately decide that
min(Ny, N,) = N; as pointed out in Fig. 5.3.

K@)
N]Zmin(Nl ,Nz)
0.757
N, \
05T
0257
0 : + + + ) 4
20 25 30 35 40 45 50

z

Figure 5.3: Minimum for N, = (25, 2, 3) and N, = (40, 1, 5) according to (5.13)

Let us explain the meaning of (5.14) by investigating data involved in the next
example.
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Example 5.8

We let Ny = (40, 2, 3) and N, = (42, 1, 5). In accordance with (5.14), when the
intersection of supp(N;) = [38, 43] and supp(¥V,) = [41, 47] is not the empty set,
we decide min(Ny, N,) = (min(40, 42), max(2, 1), min(3, 5)) = (40, 2, 3).

The membership function of the minimal fuzzy number (40, 2, 3) has a formula

z—-38
- 2
Ha02.3)(2) = 43-
3

for 38<z<40,

for 40<z<43,

illustrated by the graph drawn in Fig. 5.4, see Ex. 5.6.

n@ 17
Ny =min(Ny,N,)
0.757T
057
0257
0 t t } t t {
35 37.5 40 42.5 45 47.5 50

z

Figure 5.4: Minimum for N; = (40, 2, 3) and N, = (42, 1, 5) made by (5.14)

Another definition lets us determine the largest fuzzy number chosen for two
numbers from the pair (Ny, N,).

Definition 5.5

Maximum for N, =(my ,ay,pBy) and N, =(m, ,ay , By ) is a fuzzy number

maX(leNz) = (le’aNl sﬂNl)

if my >my, and supp(N,) "supp(N,) =0 (5.15)

alternatively
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max(N;,N,) = (max(le My, ), min(OlN1 » AN, ), maX(ﬂN1 ,ﬂNz )

if my #my, ormy =my and supp(N;)Nsupp(N,) # 0. (5.16)

Example 5.9

For two numbers from Ex. 5.7 N, is found as the rightmost element and the maxi-
mal fuzzy number in the pair (N}, N,) in compliance with Fig. 5.5.

n@ 17
Nj =max(Ny,N;)
0.757T
/Nl
05T
0257
0 ; ; ; s ‘ |
20 25 30 35 40 45 50

z

Figure 5.5: Maximum for N, = (25, 2, 3) and N, = (40, 1, 5) due to (5.15)

Example 5.10

Again we set N} = (40, 2, 3) and N, = (42, 1, 5). By applying (5.16) we choose
max(N, V) = (max(40, 42), min(2, 1), max(3, 5)) = (42, 1, 5).
The maximal fuzzy number is given by a membership function

L(421_Zj=1—421_2 - 2_141 for 41<z<42,

/1(42,1,5)(2) = _ _ _
R(Z 42j=1_z 42 =47 z

for 42<z<47,
5 5 5

sketched in Fig. 5.6.
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wz 17
N \ Ny=max(N,,N,)
0.75T
05T
0257
0 s ‘ : : s 1
35 375 40 425 45 475 50

Figure 5.6: Maximum for N, = (40, 2, 3) and N, = (42, 1, 5) computed by (5.16)

We emphasize that the results of (5.13)—(5.14) and (5.15)—(5.16) are fuzzy

numbers preserving the L-R representation and a triangular shape. To make some
conclusions about the usability of different approaches to the concept of order
among L-R fuzzy numbers, let us also study another attempt of defining the order
operations proposed by Chih-Hui Chiu and Wen-June Wang [16].

We start with the minimum notion.

Definition 5.6

1)

2)

Suppose that two fuzzy numbers N, and N, given in the L-R representation
satisfy the condition supp(V,) M supp(N,) # 0 (the supports of numbers are
not disjoint). If continuous membership functions of N, and N, have one inter-
section point possessing the z-coordinate equal to z, that lies between the
mean values my and m,_, then

max(uy, (2)piy, (2))  for  z<z,,

min(uy, (2), iy, (2))  for  z2z,. G.17)

Hmin(N, ,NZ)(Z) = {

If supp(V;) M supp(N,) = 0 (the supports of fuzzy numbers are disjoint) then
we will exploit (5.17) for any value of z, that fulfils the restriction
(zy, —zw)zy, —2,,) <0 forall zy esupp(N,) andall zy €supp(N,).

Let us first concentrate on the first part of Def. 5.6 that entails some comments.
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Example 5.11
Once again we consider N, = (40, 2, 3) and N, = (42, 1, 5).
N has the membership function expanded as (see Ex. 5.6 and Ex. 5.8)
z—38

/uNl (Z): 432_2

3

for 38<:z<40,

for 40<z<43,

while the function of &, is expressed by (see Ex. 5.10)

—-41
z for 41<z<42,
/uN2 (Z) = 471_ z
s for 42<z<47.
. . . . . 43—z
Both functions have an intersection point between the lines 1 (z) = 3
z—-41 . .
and uy (z)= that provides us with z,, = 41.5. Hence, we use (5.17) to get
2_238 for 38<z<40,
max  (sy (2), iy, (2)) =9 427
3sesals ’ B2 e 40<z<4ls,
Himin(N,.N,) (2) = A 3
. B2 for a15<z<43,
min (uy (2), 4y, (2)) =9 3
41.552<47
0 for 43<z<47,
= Hn, (2).

The result of applying (5.17) is exactly the same as the effect of adopting
(5.14).

To study better the action of case 2) in Def. 5.6 we should go through the next
example.

Example 5.12

We test (5.17) related to case 2) of Def. 5.6 on N; = (25, 2, 3) and N, = (40, 1, 5).
By returning to (5.11) and (5.12) we develop the membership function of N; as

L25‘Z :1_25_222_23 for 23<z<?25,

(=1 b2 2 e

N, - _ _ _
R(z 25}21_2 25:28 z

3 3 3

for 25<z<28,
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while the membership function of N, is equal to

L[401_Z]:1—401_Z = 2_139 for  39<z<40,

ﬂzvz(z): _ _ _
R[Z 40)21_2 40:45 z

5 5 5

for 40<z<45.

The supports [23, 28] and [39, 45] are disjoint sets. We can thus choose the
value of z,, say, 35 because of the condition (zy —35)(zy, —35) <0 that is satis-

fied for all zy € [23,28] and all zy € [39,45]. By returning to (5.17) we decide

minimum for N, and N, as

2_223 for 23<z<25,
28—z
max (uy, (2), 4y, (2)) = for 25<z<28,
/umin(N],Nz)(Z)I 23<2<35 3
0 for 28<z<35,
35123245('%]1 (2), y, (2)) = {0 for 35<z<45,

= Hn, (2).

Maximum for two fuzzy numbers, from the point of view presented by [16], is
outlined in the following statement.

Definition 5.7

1) If two fuzzy numbers N, and N, obtained in the L-R representation have a
non-empty intersection between supp(V;) and supp(N,), and if there exists one
intersection point for continuous membership functions of N; and N, that has
the z-coordinate equal to z,, placed between the mean values m,, and m,_,

then

min(uy, (2), 1y, (z)  for  z<z,,

maX(ﬂNl(z),yNz(z)) for z>z,. (5.18)

/umax(N],Nz)(Z) = {

2) For disjoint fuzzy numbers N; and N, (supp(N;) N supp(V,) = 0) we apply
(5.18) for any value of z,, provided that (zy —z,)(zy, —2z,) <0 for all

zy, € supp(V,) andall zy €supp(N,).
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Example 5.13

We recall N, = (40, 2, 3) and N, = (42, 1, 5) from Ex. 5.11. For z,, = 41.5 we de-
cide max(»,, N,) by means of its function

0 for 38<z<41,
38222411.5(IUN1 (a2 = Z_T‘H for 41<z<415,
Hmax(v ) (2) = M e a15<z<d2
_) 1 T ’
a . =
T L 47,
5

= Hn, (2).

For two non-disjoint fuzzy numbers with one intersection point between their
membership functions the results of Defs 5.4, 5.6 and Defs 5.5, 5.7 are coincident.
We now discuss the case of searching the minimal number for a pair (V;, N,) that
consists of fuzzy numbers intersecting each other in at least two points.

Example 5.14

Let Ny = (40, 7, 8) and N, = (42, 3, 2). Let us set the numbers in (5.14) to establish
min(Ny, N;) = (min(40, 42), max(7, 3), min(8, 2)) = (40, 7, 2) that preserves the
triangular shape in the L-R form, see Fig. 5.7.

To watch effects of (5.17) we find the membership function of (40, 7, 8) as

z—33

#(40,7,8)(2) = 487— -

8

for 33<2z<40,

for 40<z<48.

The membership function of (42, 3, 2) is computed as

2739 for 39<z<d2,
Hiaz32)(2) = 443_ z
for 42<z<44,
2
. . 48— -
As z,, we accept the z-value solving the equation 88 £z 339 . We find z,, =

41.45 and we check that it satisfies the inequality my <z, <my, .
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wz 1T
N,
0.75T .
min(N,,N;)
05T
0257
0 + } + J
30 35 40 45 50

z

Figure 5.7: Minimum for N; = (40, 7, 8) and N, = (42, 3, 2) as the result of (5.14)

By expanding (5.17) we construct a function presented below and depicted in
Fig. 5.8.

2_733 for  33<z<40,
max  (uy (2), 4y, (2) =1 40"
Bezsalas : 488 2 for  40<z<4145,
Hinin(n, N,)(2) = 488_ Z for 4145<z<4267,
min (uy (2)sin (2) =127 for  42.67<z<44
s1dsercag HNER N, ED) =T D=z ’
0 for 44<z<48,

The result of (5.17), found as a minimal fuzzy number for N; = (40, 7, 8) and
N, = (42, 3, 2), does not emerge as a fuzzy number in L-R representation, and
moreover, this minimum does not maintain the shape of a regular triangle.

The thorough analysis of properties, typical of the most popular approaches to
order operations on fuzzy numbers, provides us with important hints as to the use
of one alternative in further medical application. We wish to utilize these defini-
tions of order operations on fuzzy numbers that are easy to apply, and preferably,
we expect the operations to yield triangular numbers in the L-R form.
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pz 17
min(Ny,N,)
0757
057
0257
0 : = ; !
30 35 40 45 50

Z

Figure 5.8: Minimum for N, = (40, 7, 8) and N, = (42, 3, 2) due to (5.17)

Hence, we choose operations (5.13)—~(5.14) to look for the minimum and
(5.15)(5.16) to find the maximum for two fuzzy numbers in the L-R form. The
formulas, selected above, are supposed to replace the order operations performed
in algorithms that are developed to reveal eigen fuzzy sets.

5.5 Eigen Fuzzy Sets with Fuzzy Numbers

We use the operations on fuzzy numbers suggested by (5.13)—(5.14) and (5.15)-
(5.16) to propose a new conception of the composition of a relation with a set.
This time both the relation and the set have membership degrees formed as fuzzy
numbers in the L-R form.

Definition 5.8

We recall that FN(LR) = {N : N= (my, an, Bv)}.
Let R be a fuzzy relation Rc X xY , X = {x}, Y = {y}, with the membership

function gy : X xY — FN(LR), pz(x,y)€ FN(LR), (x,y)e X xY ,and let 4 be
a fuzzy set A < X given by the membership function g, : X — FN(LR), p,(x)
e FN(LR), xe X .

If the membership degrees u,(x)= (m By, x)) of set 4 and the

124(6)2 Fy(x)>
degrees pg(x,y) = (M, ( 1)s@u, (x,y)> Puy(x,y)) Of the relation R are expressed by
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fuzzy numbers belonging to FN(LR), then we will identify the set as B= Ao R by
its membership function [34, 64]

ﬂB(J’) = (mﬂB(y)’a/‘B(y)’ﬂ/—lB(J’)) = r?ea;((min(/uA(x)s/uR (x7y)))

. (5.19)
= max(min((m,,, > @y, vy By, My (39> Xyt .30 Brag (6.0))

for all y € Y. We keep in mind that the maximum and minimum operations are
performed on fuzzy numbers from FN(LR) due to (5.13)—(5.16).

Example 5.15

Let X = {10, 20, 30}. Set 4 < X is a fuzzy set whose membership degrees are
stated as the L-R fuzzy numbers, e.g., in set Z = [0, 50]. For instance, 4 can be
proposed as

10 20 30
A= (30’5’7%0 + (20’3’2%0 + (15’3’4%0 =[(30.57) (2032) (1534)].

The fuzzy relation Rc X x X (¥ = X) is constructed in the form of a 3 x 3

matrix. Each entry of the matrix R is approved as a fuzzy number with the support
constituting a subset of Z. We can suggest the matrix R as a table

10 20 30
10[(33,7)  (42,44) (116,5)

R=20/(2528) (54,6) (1332)
30[(9,54)  (1835) (24,14)].

We execute the operations suggested by (5.19), via (5.14)—~(5.16) (see Ex.
(5.7)—(5.10)), to get a subset of X denoted by B and computed as the fuzzy set

(37)  (4244) (1165
B=[(3057) (2032) (1534)]e[(2528) (54.6) (1332)
(9,54)  (1835) (24,1,4)

—[2032) G057 (534)]=032)0 LGOI/ (1534)/

B possesses the fuzzy numbers as its membership degrees.
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Example 5.16

We intend to explain the difference between a type-1 (simple) fuzzy set B; and a
type-2 (compound) fuzzy set B,. In B, the membership degrees are given as fuzzy

sets. Let us accept B, = 0.2 1o+ 03 %0+ 0~1%0 while B, is considered as, say, the

result of Ex. 5.15. We thus take B, = (20’3’2%) + (30’5’7%0 +a 5’3’4%0 .

The membership degrees of B are real values from [0, 1]. Hence, set B, can be
sketched in the x-z(x) coordinate plane as the set of points (x, x (x)) marked by
ellipses in Fig. 5.9.

wx) 05—

04—

03 O
02k O

0.1 —

10 20 30 X

Figure 5.9: The type-1 fuzzy set B, = {(10, 0.2), (20, 0.3), (30, 0.15)}

The picture of B,, see Fig. 5.10, is more sophisticated. We first assign supports
of fuzzy numbers to the x-elements 10, 20, 30 belonging to X, and then we design
the membership function for each support. The way from x to u (z) via z is now
three-dimensional and can be described as a path from the x-value to a segment
along the z-axis and finally up along the z(z)-axis for z € [0, 50].

When set B remains equal to 4 after the max-min composition with the relation
R (see Def. 5.8) then we will regard A4 as the eigen fuzzy set of relation R. We still
assume that all membership degrees of the set and the relation appear as L-R fuzzy
numbers.
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(20,Q

(15,3,4) (305.7)

Figure 5.10: The type-2 set B, = {(10, (20, 3, 2)), (20, (30, 5, 7)), (30, (15, 3, 4))}

Definition 5.9

The eigen fuzzy set of a fuzzy relation R < X xX isaset A X, X= {x}, that
satisfies the condition 4o R = 4.
R is the fuzzy relation with the membership function gy : X x X — FN(LR),

Up(x,x") € FN(LR), x, x"e X. We should prove that the greatest eigen fuzzy set
Ac X ofrelationR, p,: X - FN(LR), p,(x) € FN(LR),x € X, which consti-
tutes a crucial part of the equation 4o R = 4, exists [64].

Some theoretical considerations that warrant the existence of the eigen fuzzy
set, possessing fuzzy numbers as the contents, are similar to the conclusions in-
cluded in Subsection (5.2) and the papers of Sanchez [72, 73].

Let us first verify that the set 4, with its membership function defined by

ﬂAO (x) = (m)UAO(x),aﬂAo(x),ﬂon(x)) = (mNO ’aN(] 7ﬂN0) for all X € )(, Where
(mNO 7aN0 7ﬂN0 ) = )Icl:leif\fl(r)?ea)?(myR(x,x')’ayR (x,x’)’ﬂyR (x,x") )) >

is an eigen set of R.
We notice that

;quoR (X') = mfx(min((mNO > O—’N(J ’ﬂNU )5 (m;tR(x,x’)’ ayR(x,x’)aﬂ#R(x,x') )))
= rrlin((’/nN0 ’ aNO ’ ﬂNO )s mfx(m,uk (x,x")> ayk(x,x') ) ﬂyk(x,x’) ))

:(mNoaaNoaﬂNo): :uAO (x’)a
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since (my, ,ay,,By,) is a constant fuzzy number.

We further define the set 4, by its membership function

Ha ()= (m/‘Al (x’)’a”Al (x')’ﬂ/lAl (x')) = I)?:g?yR (x,x")
(5.20)
= ri’;a}?((mﬂk (x,x")> a//R (x,x") ’ﬂﬂk (x,x'))

for all x"€ X, and we introduce the sequence (4,), of the type-2 fuzzy sets (the sets
whose membership degrees are determined by other fuzzy sets — in this case —
fuzzy numbers)

Ay=AjoR=A oR', Ay=AyoR= A oR* -, A,,, = A, oR= A4 oR"  (521)

n+l = Ap

for all integers n > 1.
We conclude that

Lacd,ccA 4, (5.22)
that can be compared to (5.3).

We prove the inclusions (5.22) in the same manner as the inclusions (5.3) but
all the operations assisting the proofs are performed with respect to fuzzy numbers
from FN(LR).

The set 4, always is the eigen set of R, while 4; sometimes is regarded as an
eigen set of the considered relation. When 4, o R = 4, for A, from the collection

(5.21) then A4, will be the greatest eigen set of the relation R, and 4, seldom equals
Ap. To put this assertion to the test we repeat this method of concluding that was
already accomplished in section 5.2, but we remember that fuzzy numbers replace
membership degrees in all developments involving fuzzy sets and fuzzy relations.
To find the greatest eigen set 4 = 4, of the fuzzy relation R we access Algo-

rithm 5.1 in which we execute the operations on fuzzy numbers in accord with
(5.19). As the minimum and maximum operations, we exploit (5.13)—(5.16),
which warrant that the results will be obtained as numbers in the L-R forms. The
L-R forms in turn facilitate the interpretation of number membership functions.
The eigen value model producing eigen sets with fuzzy numbers as the mem-
bership degrees is essential in the fitness procedure when appreciating an upper
threshold of the drug action. The supports of fuzzy numbers are supposed to indi-
cate effectiveness levels of the medicine that should bring some relief to a patient.
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5.6 The L-R Fuzzy Numbers as Drug Efficiency Intervals

To obtain levels of drug efficiency that are bounded by a lower and an upper limit,
we make a new attempt of solving the problem of appreciating the effectiveness
level of a medicine when using it against the symptoms typical of an illness. We
introduce a fuzzy relation with elements equal to fuzzy numbers in the L-R repre-
sentation to describe some connections among the symptoms. The fuzzy numbers
that appear in the relation replace the verbal expressions decided by physicians in
accordance with the definition of the relation.

The fuzzy relation discussed in Subsection 2.5 is a counterpart of the fuzzy
relation filled with fuzzy numbers. The latter produces an eigen fuzzy set whose
membership degrees also are structured as fuzzy numbers. These, via their sup-
ports, appreciate the levels of drug influence on clinical symptoms [64].

Assume that a certain disease is characterized by some typical symptoms
placed within the set of symptoms S = {Sl, - S, } We try to appreciate the in-

fluence level of the drug on each symptom by researching an eigen fuzzy set asso-
ciated with the fuzzy relation R = SoS . We believe in the physicians’ experience

and therefore we believe that the essential relief concerning one symptom, e.g.,
sharp ache, improves the patient’s mood and physical condition even if other
symptoms still are present. We agree with this observation of the patients’ reaction
on the treatment, and as an expression of our belief, we define the relation R by R
= “the cumulated effectiveness of the drug action for S;and S;, i,/ =1, ..., n”.

Let us state a content of the list with verbal descriptions of the effectiveness in
accordance with the physician’s advice. The list containing the grades of growing
effectiveness is proposed to be L = {N, = “none”, Ny = “almost none”, N, = “very
little”, Ny = “little”, N, = “rather little”, Ns = “medium”, Ng = “rather large”, N; =
“large”, Ny = “very large”, Ny = “almost complete”, Nyy = “complete”}.

In order to replace words by fuzzy numbers in the L-R form we utilize (5.12)
and construct the membership functions of N, k=0, 1, 2, ..., 10, as

I 10-k—-z :z—10~k+10 for 10-k-10<z<10-k,
10 10

(5 (5.23)
f R(Z_ll(?.kaluk;rom—z for 10-k<z<10-k+10.

Hence
N, =(10-£,10,10). (5.24)

We are enabled to derive Eqs (5.23) in another manner as well. In similarity
with Examples 3.9-3.11 we can arrange three atomic effectiveness descriptions

CEINNTS

such as “seldom”, “medium” and “large” to get the rest of formulations by adding
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hedges. Later, the specified values of the parameter o (see Subsection 3.4.1) let us
model shapes of all membership functions assigned to the effectiveness terms.

Example 5.17

The overview of different effectiveness designs is available in Fig. 5.11. We as-
sume that an adequate theoretical reference set for all terms describing effective-
ness is chosen as Z = [0, 100]. This even corresponds to the percentage scale 0%—
100%. Let us extend the interval to [-10, 110] to make space for all supports of the
fuzzy numbers associated with the effectiveness. The numbers are placed along
the z-axis that constitutes their common domain.

A

z

Figure 5.11: Terms of drug effectiveness expressed as fuzzy numbers

For instance, we set the value of £ = 3 in (5.23) and involve (5.12) when we
want to evaluate the membership function of “/ittle” = N;. The structure “lit-
tle”= N, =(30,10,10) has a membership function derived as

10322 10372 27230 o 0<z<30,
i (2) = 10 10 10
N3 - —10. ~10- _
g(Z2103) 22103, 4072 s0<z<a0.
10 10 10

Denote the set of Ny, ..., Njg by E={N,}, k=0, 1, ..., 10. The supports of the
fuzzy numbers N, are the subsets of the set [-10,110] (the technical extension of

[0, 100] that is the best reference set used in medicine). The spreads o = =10

are modelled after the consultation with the physicians who have advised these
numbers as proper for the considered problem.
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After determining some relationship between the verbal expressions graduating
the effectiveness and the fuzzy numbers suggested by (5.23), we create the con-
tents of the relation R. The physician assigns the semantic structure describing the
effectiveness of a tested medicine to the single symptom S;, i = 1, ..., n. The fuzzy
number N;, k=0, ..., 10 substitutes this word afterwards. Nevertheless, we realize
that we should propose a connective operator for fuzzy numbers representing the
pairs of symptoms with regard to the definition of R.

The values of “effectiveness (S;) =N, ” and “effectiveness (S;) =N 7, de-

scribing the medicine curative power in the case of the symptoms S; S,
k=0,1,...,10, Nl-k N j, € E, constitute crucial factors of the membership degree

Ug(S;,S ;) fixed by a formula [64]

Ln(S,.S) = N, +N, _ (mN,.k Ay, »ﬂN,.k )+(mNjk AN, 9ﬂNjk)
v 2 2

:(lek +mN/k aN‘k+aN/k ﬂN’k +ﬂka)
2 o2 T2

(5.25)

fori,j=1,..,n.

The aggregation operation for two fuzzy numbers suggested in (5.25) is based
on the mean values that sometimes are the items of critical remarks. In spite of
them, experienced physicians recommend the mean operations in medicine to
avoid accepting too sharp results being effects of maximum and minimum opera-
tors. We even know that OWA aggregation operator techniques based on mean
values [46, 81, 83, 85], already discussed in Subsection 4.2, have acquired a high
preference in different applications.

Example 5.18

mN% +m P

The mean is the OWA operation for a9 = 0, a; = a, =

0| =

+

1 .
and can be expanded in the sum (5.25) as Emln(mN_ My )
1 . . .
Emax (mm (mNM ),mln (mN‘k )) accordingly to Def. 4.1.

If my, = 40 and my, = 30 then %min(40,30)+%max(min(30),min(40))

L3040 _

+ 35.
2 2
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The functional significance of Def. 4.1 is authorized by the results obtained in
Ex. 5.18. We should now be totally convinced that the operation of computing an
arithmetic mean is classified as a modern OWA operator and there is nothing
wrong in its adaptation.

If some symptoms are more important than others in the clinical picture of the
disease, then a weighted aggregation operation ought to be used. We define a sim-
ple and intuitive scale of weights as the set, e.g., H = {hl,hz,h3,h4} = {1,2,3,4},
where the value of 4 is reserved for symptom S; revealing the greatest importance
in the observed disease. By importance we mean the harmful impact of a symptom
on the patient’s state. Let us estimate a membership grade 14,(S;,S;) of (S;, §)) as

“N. N h. (m +h; (m
h,N; +h; N; _ i (my,say, By, )+ hy (my say By, )
hi/ +h.f1 hi/ +h./1

HR (SiaSj) =
(5.26)
_ hi[lek +hJ-]mNjk hilaNik +thOthk hl}ﬂ/\’ik +thﬂNik

5 >

hi/ + h// hi/ + h// hi/ + h.//

for h,-[,hj] eH,Nl-k,Njk ek, i,j=1,...,n,k=0,1,...,10,/=123,4. The pro-

posed weights are related to the symptoms when the importance of the symptoms
should be emphasized.

If all weights are equal to 1 it will mean no important difference among the
symptoms, and consequently we return to (5.25).

Example 5.19

Even the operations defined by (5.26) belong to the OWA category operators. For
the mean value of the fuzzy number (5.26) we consider two cases:

. h.

" and a, =—2"
hy +h, i ¥4,

we create

1) If my, <my. then, for ap =0, g, =

hil My i + hjl My Jk hi/ : hj/
= min(my ,my )+
h +h; h +h; RS o +h;

Ul Ji

max(m N, TN, ).

When we set, e.g., my, = 30, my, = 50, h; =3,h; =4 then we will make

3304450 3 L5y e

max(30,50), see (5.26).
3+4 3+4 3+4

a calculus
I and @, =—"
hi, +h;, i T,

in the mean

2) For my, >my  Weput ay=0, a,=

value of (5.26). We compute
hymy, +hymy, by

hi, + hj] hi, + hj[

. i
mln(mNjk my ) + T’max(m% My ).

gl Ji
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If , for example, my, = 50, my, = 30, hi] =3, hj] =4, then we will prove

3-50+4-30 _ 4 min(30,50) +
3+4 3+4 3+4

max(30,50) .

The relation R expresses the synchronized effectiveness of the drug action for
every pair of symptoms. R has its eigen fuzzy set A that does not change after the
next composition with it. The support of 4 consists of the elements of S, and the
membership grades u,(S;) of S, /=1, ..., n, belonging to 4 are fuzzy numbers

in the L-R representation. Furthermore, the supports of the numbers can be inter-
preted as the levels of medicinal action for the examined symptoms one by one.

Set 4, fulfilling Ao R = A, is represented by the following connection derived
for the membership functions, see (5.19)

Haor(S;) = g?g?(min(ﬂA(Si),ﬂR(Si»Sj))): 1y(S;) = (mluA(S]-)ialuA(S/-)>ﬂyA(S/-))y

14(8;), 144(S;), ug(S;,S;) € FN(LR),
(5.27)

in which the maximum and minimum operations are performed due to (5.13)-
S.16)for i,j=1,...,n.
Let us designate z,(S;) = (my,,(s,.),a;lA(s,.),ﬂyA(s,.)) as A(S)) in the next step

of investigations.

Even if the levels concern single symptoms, we shall remember that the posi-
tive reaction after the treatment, assigned to one symptom, also affects the ranges
of other symptoms. The levels, established by means of the eigen set, do not
change in spite of the extended curative period.

Example 5.20

We intend to test the designed model on clinical data from Ex. 5.5 that we have
already been acquainted with.

By giving the patients Bayers aspirin we cure the inflammation of the throat.
Patients who suffer from it are often troubled with selected symptoms; S} = “sore
throat (pain)”, S, = “temperature”, S5 = “inflammation state”. Due to the physi-
cian’s opinion the approximate effectiveness of the drug has been decided as “m”
= “medium” for Sy, “vlg” = “very large” for S, and “I1g” = “large” in the case of S;.
The fuzzy relation R = “the cumulated effectiveness of the drug action for S; and

S;,1,j=1,2,3” is then expressed by the table
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S S, S3
S "m" "m"and"vlg" "m"and"lg"
R=S8,|"vlg"and"m" "vlg" "vlg"and"lg"
S;| "lg"and"m" "lg"and vilg" "lg"

After assigning the weights 4, 2 and 3 to S;, S, and S; respectively, we form in
accordance with (5.24) and (5.26) the table

4(50,10,10) 4(50,10,10) +2(80,10,10) 4(50,10,10)+3(70,10,10)

4 442 4+3
2(80,10,10) +4(50,10,10) 2(80,10,10) 2(80,10,10) +3(70,10,10)

R=

2+4 2 2+3
3(70,10,10) +4(50,10,10) 3(70,10,10)+2(80,10,10) 3(70,10,10)
3+4 3+2 3

as a counterpart of the linguistically defined relation R. We compute the entries of
R to get it in the final version

(50,10,10) (60,10,10) (59,10,10)
R=|(60,10,10) (80,10,10) (74,10,10)
(59,10,10) (74,10,10) (70,10,10) |

To determine the corresponding greatest eigen fuzzy set A we exploit the steps
of Algorithm 5.1 as follows.

1. A, is decided as a type-2 fuzzy set

Sl SZ S3
4, =[(60,10,10)  (80,10,10)  (74,10,10)].

2) The action of (5.13)—(5.16) leads to the first composition of 4; with R and re-
sults in

(50,10,10) (60,10,10) (59,10,10)
4, =[(60,10,10) (80,10,10) (74,10,10)]o| (60,10,10) (80,10,10) (74,10,10)
(59,10,10) (74,10,10) (70,10,10)

=[(60,10,10) (80,10,10) (74,10,10)].

3) Since 4, = A, we accept A = A,.
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By coming back to the formula L(z)= R(z)=-z+1 we finally determine the

levels of Bayer’s aspirin curative effect as supports of the fuzzy numbers A(S)),
A(S>) and A(S3), specified by membership functions

ZIOSO for 50<z<60,
,UA(S)(Z)Z -
l 70-:z for 60<z<70,
10
ZI(ZO for 70<z<80,
/uA(S)(Z): _
’ D=z fr 80<z<90,
10
and
21064 for 64<z<74,
/UA(S)(Z): -
’ 84102 for 74<z<84..

The membership functions of A(S;), 4(S,) and A(S;) are drawn in Fig. 5.12.

The results can be interpretable in the percentage scale, for the supports of
fuzzy numbers are subsets of the standard population [0, 100]. We take into con-
sideration the most important parts of the number supports associated with the
membership grades greater than, say, 0.5. Summing up, we make a trial of ap-
proximating the curative effect of Bayer’s aspirin in 55%—65% for S|, 75%85%
for S, and 69%—79% with respect to S;.

Let us emphasize some advantages of the application of the eigen fuzzy model
with fuzzy numbers to an appreciation of the drug level as follows.

Even if the fuzzy relation has the elements equal to fuzzy numbers, the eigen
fuzzy set associated with the relation will exist. The supports of fuzzy numbers
obtained in the eigen fuzzy set yield the expected levels of drug action for every
distinct symptom.

The levels are the most optimistic prognoses of drug action since the given ei-
gen fuzzy set is greatest. Moreover, the effects of common medicine action in re-
gard to pairs of symptoms positively influence the range of single levels.
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n@ 17 A(Sy) A(S3) A(S2)
e
0.75T
05T
0.25T
0 + f t t
0 25 50 75 100

z

Figure 5.12: Fuzzy numbers A(S)), A(S,), A(S;) of the eigen set A of the relation R

Even the importance of symptoms in a disease also affects the appreciation of
levels. The results do not depend on any sample size that can be unstable, but they
are based on the stabile expressions formulated by experienced physicians.

At last, the results should satisfy the expectations of medicine manufacturers
who wish to recommend the most efficacious, curative remedy.

We have been concentrating our attention on the estimation of one-drug levels
concerning several symptoms. In the next chapter, we maintain the same collec-
tion of symptoms but we make some different approaches. We will attempt the
selection of the best medicine from a sample of remedies recommended in a cer-
tain disease.



6 The Choice of Optimal Medicines

6.1 Introduction

We have already used many auxiliary methods coming from fuzzy set theory to
make attempts at solutions in such medical tasks as diagnosing or appreciation of
drug efficiency. In Chapter 5 we have tested eigen fuzzy set techniques to appreci-
ate the optimal levels of one drug action in the case of several symptoms charac-
teristic of a disease.

We often experience that there can occur such a pathologic process in which
the symptoms do not disappear after the treatment when using only one medicine.
The medication can improve too high or too low of a level of the quantitative
symptom, but the symptom still indicates the presence of the disease. We some-
times have some problems in making a choice of this medicine, which acts best;
because it can happen that most drugs influence the same symptoms while they do
not improve the others.

By employing different fuzzy decision-making models, we try to make it easier
to find such a drug that affects most of the symptoms in the highest degree. We
also want to discuss the task of selecting the best possible medicine within the
circumstances provided when some decision-makers have different opinions about
the priority of tested drugs.

In fuzzy decision making models, often applied to technical solutions like in
[33], we also use non-fuzzy sets. It is remarkable to observe how the assumptions
of fuzzy set theory link crisp sets to imprecise collections of elements to obtain a
harmonic mixture of decisive information.

Some readers may still experience the advantage of translating average words
originating from “spoken” languages into numbers (we have already discussed the
problem in Chapter 3). This emphasizes the richness of applications offered by
processes of numerical fuzzifying of some appearances that cannot be strictly de-
fined.

6.2 Fuzzy Utilities in Decision-Making Models

Let us introduce the notions of a space of states-results X = {x1 , X5, ...,xm} and a
decision space 4= {al,az, ...,an}. The mentioned universes of discourse consti-
tute the main data basis in Jain’s decision-making model.

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,

StudFuzz 212, 127-154 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007
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6.2.1 Jain’s Utility Matrix as the Drug — Symptom Table

If a rational decision maker makes a decision a; € 4, i = 1, 2, ..., n, concerning
states-results x; € X, j = 1, 2, ..., m, then the problem is reduced to the considera-
tion of the ordered triplet (X AU ), where X is a set of states-results, 4 — a set of

decisions and U — the utility matrix [38, 39, 40]

U, U, - U,
U.. U.. - U
U _ :21 22 ) :Zm (6 1)
Unl UnZ o Unm
in which each element Uy, i=1,2,...,n,j=1, 2, ..., m, is a fuzzy set defining the

fuzzy utility following from the decision g; with the result x;.
Assume now that the state-result is not exactly known, but as a fuzzy set
S < X given in the form

S:ys(x%jL,us(x%erijs(x,%m. (6.2)

A decision method thus concerns such fuzzy decision situation in which both
the knowledge about the state and the utilities are fuzzy. To solve the decision
problem under circumstances that are given above, means to find the best decision
a; influenced by all constraints.

The theoretical model with the triplet (X AU ) and the fuzzy set of states S,

thus very shortly sketched, can find its practical application in the processes of
choosing an optimal drug. If a given disease is recognized by the symptoms ac-
companying it, then we, by giving a medicine, try to liquidate these symptoms or
at least try to reduce their unfavorable influence upon the patient’s health. Not all
symptoms retreat after the cure has been carried out. Sometimes, one can only
soothe their negative effects by, for example, the lowering of an excessive level of
the indicator, the relief of pain, and the like, but cannot ascertain that the patient is
fully free from them. The problem of choosing an optimal drug (decision), which
soothes the symptoms or has some power to eliminate them in full, corresponds to
the theoretical assumptions presented above [59, 60, 62].

In order to show the algorithm for finding such a decision let us consider a
model with » drugs a,,a,, ...,a, € A. On the basis of the physician’s decision, the

drugs are prescribed to the patient (thus may be treated as decisions a,,a,, ...,a,, )
with a view to have an effect on m symptoms x;,x,, ...,x,, € X representing cer-

tain states characteristic of the given disease. We actually rename the symptoms as
x; instead for S; as we used in Chapters 3-5 to agree with some symbolic terms
assigned to states-results being parts of fuzzy decision-making models. To sim-
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plify the symbols let us further assume that each symptom x; € X', where X is a

space of symptoms (states), is understood as the result of the treatment of the
symptom after the cure with the drugs a,,a,, ...,a, has been carried out. On the

basis of earlier experiments the physician knows how to define in words the cura-
tive drug efficiency in the case of considered symptoms. In accordance with his
advice, we suggest a list of terms, already known from Section 5.6 that introduces
a linguistic variable named “the curative drug effectiveness regarding a symptom”
= {R, ="none”, R, = “almost none”, Ry = “very little”, R, = “little”, Rs = “rather
little”, Rg = “medium”, R; = “rather large”, Ry = “large”, Ry = “very large”, Ry =
“almost complete”, R;; = “complete”}. Each notion from this list of terms is the
name of a fuzzy set. Assume that all sets are defined in the space Z =[0,100], see

Ex. 5.17, which is suitable as a reference set to measure a number of patients who
have been affected by a medicine in the grade corresponding to each name. We
use this technique of building a list of expressions for the third time. Each time we
change the forms of constraints to demonstrate how many options in the creation
of membership functions are allowable.

To avoid further complicated computations we suggest membership functions
of the fuzzy sets from the list, called “the curative drug effectiveness regarding a
symptom”, as simple linear functions [2, 59, 60, 62]

0 for z<a,
z—a
L(z,a, fB) = for a<z<p, (6.3)
1 for z> g,
and
0 for z<a,
L(z,a,y) for a<z<y,
n(z,a,y, )= (6.4)
I_L(Zsyaﬂ) for 7/<Zgﬂ>
0 for z>p,

where z is an independent variable belonging to [0, 100] and e, £, y are some pa-
rameters.
Let us define

1-L(z,e,B,) for k=1,2,3,4,5,

6.5
L(z,ey,B,)  for k=7,8,9,10,11, (6.5)

g, (2) ={

and
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ﬂRﬁ(z):”(zsas»%/&) (6.6)

in which z € Z = [0, 100], while &, £, 7 are borders for the fuzzy supports and
they also constitute some numbers from the interval [0, 100].

Let us further decide the values of the boundary parameters ¢, 5, ¥ in order to
construct constrains for the fuzzy sets that represent the terms of the mentioned list
“the curative drug effectiveness regarding a symptom”.

Example 6.1

We suggest the following linear functions that can be approved as the membership
functions of terms constituting the contents of the effectiveness list

g, (2) = g (2) =1-1(2,0.20)
Hr, (2) = Eimostnone () = 1= L(2,10,30),
U, (2) = trery jiner (2) = 1= 1(2,20,40),
Hg, (2) = foger(2) = 1- L(230.50) ,

MR (2) = Horaer tie(2) = 1= L(2,40,60) ,
Hg, (2) = Hopegiun (2) = 7(2,30,50,70) ,
HR,(2) = tyagper large (2) = L(2,40,60) ,
Hp, (2) = fjgrger (2) = L(2,50,70) ,

K, (2) =ty targer(2) = L(2,60.80)

HR,y (2) = Hogimost compierer (2) = L(2,70,90)
Hg,,(2) = treompierer(2) = L(2,80,100)

for z € [0, 100].

The parameters ¢, f; and y in equations above have been proposed in confor-
mity with the physician’s suggestion. In order to give an image of the restrictions’
appearance we sketch them in Fig. 6.1.

The membership functions presented in Ex. 6.1 can be adopted as a foundation
of other fuzzy sets, this time finite sets corresponding to R|—R;;. To accomplish a
process of generating a class of discrete sets, replacing R|—R;;, we take only the
essential parts of sets into consideration, i.e., the elements of their supports that
possess membership degrees greater than 0.5. The continuous membership func-
tions serve as a tool for calculating the membership degrees of some of the chosen
elements coming from the set supports.
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uz) 1

0.75T

0.257

0 25 50 75 100
Figure 6.1: The fuzzy constraints R;—R;;

Example 6.2

By involving the patterns from Ex. 6.1, we form the following discrete fuzzy sets,
which act on behalf of R,—Ry;

_n n-1/,09/.,0.8/.0.7/,0.6
R, ="none —A+ A+ A+ %+ A,
R, ="almost none" = %0 + O-%z + 0~%4 + 0.%6 + 0.%8 ,
Ry ="very little" = %04-0'922+0'824+0'726+0'%8 ,
il = 1 0.9 0.8 0.7 0.6
R, ="little _AOJF Gt a7t et AS’
Ry ="rather little" = %0+0~942+O-844+0'7 46+0'%8 ,
_n o' = 0.6 0.7 0.8 0.9 1 0.9 0.8 0.7
Ry =" medium"= 0.9/ +0.7/4+ 087 40+ Voo + 0%+ 0844+ 0. g

+ 0%

" n=0.6 0.7 0.8 0.9 |
Ry ="rather large" =77/ + /e +7- Vs o + 58+AO ,

£

o 0.6/ 107/ .08/ .09/ . 1
Ry ="large"=0-9, + 07/ + 0.8+ 092+ Vi

Ry ="very large = 0~%2 +0.7 74t 0'%6 + 0%8 + %0 ,
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Ry ="almost complete" = O~y +0.7 Q4™ 0'y6 + 0%8 + %O ,

Ry, ="complete" —0692+07 4+08 /8 /00

The fuzzy sets U; from the utility matrix U can be now replaced by the built
fuzzy sets R|—R;;. To state a connection between a; (medicine) and the effective-
ness of the retreat of x; (symptom) the physician uses the word from the list “the
curative drug effectiveness regarding a symptom” and this word is “translated”
into the fuzzy set Ry, k=1,2, ..., 11.

Let us also admit that the physician possesses a general experience as to the
“difficulties” in the remission of the symptoms X J =1, 2, ..., m. His medical
knowledge, based on observations, can contribute in a class1ﬁcati0n of symptoms
that are harder to treat, and those symptoms that recede more readily during the
treatment process. Via the words from the list, “the curative drug effectiveness
regarding a symptom”, one may assign to each symptom a general ability to re-
treat, fixed, for instance, by observing the cure of many patients with different
drugs. For instance, it is commonly known that a fever disappears quicker than
some changes in tissues after inflammation. Such an average classification of
symptoms found its place in the fuzzy set S defined theoretically by (6.2), in
which the membership degrees s4(x;),j = 1, 2, ..., m, correspond now to the

fuzzy sets Ry, k=1, 2,..., 11. These express the mean effectiveness of treatment
independently of a prescribed medicine. By the “cure”, one can mean the level of
the retreating symptom, the decrease of the heightened index, and the like.

In accordance with Jain’s theory of decision-making, the fuzzy utility [38, 39,
40, 59, 60, 62] for each decision-drug a;, i = 1, 2, ..., n, with the fuzzy state S ¢ X
characterized by means of the membership degrees us(x;) is defined to be the set

U[:ﬂs(x%. +/15(x%. +...+ﬂs(x»%} (6.7)

fori=1, 2, ..., n. The set allows observing the relationship between the general
ability to soothe, and this effect in soothing which the drug a; causes for each
symptom x;. Both the membership degrees us(x;) and the elements Uj; in the sup-
port of the set U, are the fuzzy sets of the discrete type R|—R;;.

7
It is not possible to make further calculations on such sets that have fuzzy sets
as the elements of supports and the membership degrees. We thus need an opera-
tion that reduces this family of fuzzy sets to one fuzzy set. This is grounded on the
single support with clearly determined membership degrees. We test a concatena-
tion operator [59, 62]



6.2 Fuzzy Utilities in Decision-Making Models 133

IURW(y
L
Jj=1 x;eX

4 g (2) /)
3t

c=1

(6.8)
5 min(ug, (2., (2.)) 3 (z /
= Zitz, +2z,
%Z,,ZC)E ) zeZ
2132 32y

X
{zl 120 500 zq}

- z
in which u(x)) is the equal of a fuzzy set Z#R‘”’( % while Uj is another fuzzy
t

t=1

set given as Z Rk”( y for R, and R, belonging to the class of the sets Rj—

c=1
R11. Each Uy expresses the fuzzy utility following the decision g; with the result x;.
However, by u(x;) we judge if x; is a symptom having a tendency to disappear.
When the same element z in the support of the fuzzy set appears with different
membership degrees £4(z) and 1n(z), we will aggregate their values by adopting
the Jain operation

1 (2)® py(2) = p,(2) + 41, (2) — 1, (2) - 11,(2) - (6.9)

The sign “@” denotes a symbolic addition of two different membership degrees
assigned to the same support element.

Example 6.3

Suppose that 4= 0-% + 0-% + 0~% + 0-% + % . Since the support members x =

2, 3 appear more than once then we should rearrange 4 due to the following opera-
tions

A=084,04/,0.5/,02/, 1/ -08+0.5-08:05/ 0.2/
$04+1-04:1/ 2 0.9/,02/, 1/_09+02-09-02/ 1
09244 1/
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We notice that this sort of a concatenation operation, recommended by (6.9),
raises the aggregated values of membership degrees computed for the same ele-
ments in the support of a fuzzy set when comparing them to primary values. We
will employ the operations of the (6.9) type to induce the most optimistic progno-
sis in further investigations.

6.2.2 The Solution of Jain’s Decision Case

The problem of choosing an optimal decision is solved according to the algorithm
developed by Jain [38, 39]. The steps of the action line are listed in the following
order.

Algorithm 6.1

1. We form a non-fuzzy set Y as the union of supports characteristic of U, i = 1, 2,
..., n. This set contains the elements z € Z, which appear in all sets U;. Hence,
we have access to the range of the common utility expressed as

Y ={Jsupp(U)).
i=1
2. We select the maximal element of the set Y, so-called z__ .
3. We define the fuzzy sets U; as

U= H (ZZ (6.10)

zeZ

for z € supp(U;). This means that the supports of U; and U; are the same sets.
The membership degrees of U; are computed by means of the formula

ZUi
5

My, (2) = (6.11)

z

max

where z,, stands for an element belonging to the support of the set U;. U/’s

membership degrees evaluate the “deviation” between the elements of U;, and
the maximal z found in the union of all U,.
4. The next introduced fuzzy set has the form of

Upy =3 (Z%, 6.12)

zeZ
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provided that the membership degree 1, (z) is calculated according to the rule

My, (2) = min(uy, (2), iy (2)) - (6.13)

The fuzzy utility Uy, constructed for each medicine a; gathers all possible fac-
tors that can affect appreciation of the soothing power of a;. The minimum op-
eration is used in (6.13) in order to reduce too large values of final results,
which as we remember, are effects of the operation @ induced by (6.9).

5. We slowly close the action of Algorithm 6.1 by the adoption of a new fuzzy set
A* composed of elements ay, as, ..., a, (a;€ 4A,i=1, 2, ..., n) and formalized
by

A¥ = ;”A*("% . (6.14)

The membership degree for each a; is generated by

t+(a;) = mean value(zy, (2))-
zesupp(Ug) ‘ (6.15)

In practice we compute the arithmetic mean for a sample of membership de-
grees appearing in each set Uj. This value expresses the decisive character of
every a; in accordance with a rule: the higher the value of the membership de-
gree assigned to g; is, the better the influence of ¢; on the patient’s health is to
be expected.

6. To terminate the choice of an optimal decision a* we accept as a* this a; whose
membership degree satisfies the equation

Hop(@®) = max(u.(a,)) , (6.16)

and we ascertain that the application of the drug a* should yield the best effects
in the retreating process of the symptoms x;, j =1, 2, ..., m.

Example 6.4

The Jain model is tested on the clinical data coming from the investigation carried
out among patients who suffer from D = “coronary heart disease”. We consider
the most typical symptoms accompanying the illness, i.e., x; = “pain in chest”, x,
= “changes in ECG”, and x; = “increased level of LDL-cholesterol”. A physician
has recommended a, = nitroglycerin, a, = beta-adrenergic blockade, a; = acetyl-
salicylic acid (aspirin) and a, = statine LDL-reductor as the medicines expected to
improve the patient’s state. The physician has also decided that the set S and the
matrix U should have the following descriptions
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g larg7 N mediwy , rather larg7
X X2 X3

and
X 2%) X3

a, | complete  very large  almost none

U _ay | medium medium little
- ay| little little very little
ay | little little very large

We begin the computations with determining supports of the sets U;. For in-
stance, the set U is decided as

U = large + medium " rather large _
= complete very large almost none

0.6, +...+y 0.6 +...+y +...+O.y
¢ %%2*"'+%00+ " K 580'%2+”'+%0+

0.6 +...+y _

min(0.6,0.6) ., min(Ll) min(0.6,0.6) ., min(0.6,1)
/2+92 +eeet /0+100 + /2+72 +eeet /&nso +
2 2 2

2
min(o'%zﬂo Tt min(l’w%ous =
2 2
0.6/ 088/ 0938/ L0998/ L0964/ L0998/ L0976/ 088/ .
0.6/+06/ 084/ L0952/ L0986/ L0997/ 09986/ 0997/
0.999/ 0.1/ L0998/ L0976}/ 088/ L0.6/ 06/ 084/ .

0.952/ 0.974/ L 0.998/ L0999/ L0988/ 0.999/ , I/

when applying (6.8) and (6.9).
By repeating the procedure developed above we obtain the sets
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U, =06/ +0.95/ L0976/ L0998/ o 1/ L0998/ 097/ L0.988/
0.6/ + 1/ +0.96/ L 0.84/ 0.9/ L 0.986/ 0.999/ L0998/ ,
0.998/ 1 0.999/ .\ |/ 10992/ L0976/ 088/ 0.6/

Uy =084/ 0986/ 0.999/ 0999/ I/ 0.999/ L0999/ .
0.999/ 1 0.999/ L 0.986/ 1 0.98/ 0.994/ 0.9/ 099/ \ 1/
0.992/ 1 0.976/ 088/ .06/

and

Uy =064+ 088/ 1 0.976/ L0.99/ 1/ L0999/ L0.999/ 0.9/ .
0.998/ 0.986/ 098/ L0.95/ L 0.984/ 0992/ 1/ 099/ .
0.976/ 088/ 0.6/ 0.6/ L084/ L0953/ L0986/ 0.998/ ,
0.998/ ,0.976/ L0.99/ 1/ .

The non-fuzzy sum of all supports emerges as a set

Usuppw;) =

(31, 32, 33, 34, 35, 36, 37, 38, 39, 40, 41, 42, 43, 44, 45, 46, 47, 48, 49, 50, 51,
52, 53, 54, 55, 56, 57, 58, 59, 60, 61, 62, 63, 64, 65, 66, 67, 68, 69, 70, 77, 78, 79,
80, 81, 82, 83, 84, 85}

in which the largest element is found as z,,, = 85.

Equations (6.10) and (6.11) give rise to the creation of new sets U, i=1, 2, 3,
4. U] — the first set in the sequence — appears as the following fuzzy collection of

elements
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31 32 33 84 85

U :8%_,_8%324_8%)4_...4_8%4_8585:
0.36/ +0376/ 0388/ 04/ 041/ 042/ L0435/ L0447/ .
0.459/ 0.6/ L0682/ 0.694/ 0706/ L0718/ L0729/ .
0.741/ 0753/ L0.765/ 0776/ L0788/ 08/ L0811/ ,
0.9/ 40917/ 0929/ 094/ L0953 L0963/ . 0.976/

O Y.

The other sets of U] ’s type, i =2, 3, 4, are expanded as

Uy =048/ 40494/ L0506/ 0517/ 0529/ 4054/ L0553/
0.563/+0576/ L0588/ L0.612/ 0.623/ 0.635/ L0647/ .
0.659/ +0-67/ 0683/ L 0.694/ 0.706/ L0718/ 0.729/
0.741/ 1 0.753/

Uy =042/ 0433/ L0447/ 0459/ 0470/ 0482/ 0494/
0.506/ 1+ 0.518// 1 0.529/  0.541/ 0.553/ 0.564/ 1 0.576/ ,

0.588/ 0.6/ ,0.612/ ,0.623/ ,0.635
Ao* 517F 52+ Aﬁ 44
and

Uy = 0424+ 0433/ 0447/ L0459/ L0470/ 0482/ L0494/ |
0.506/ 0518/ 0.529/ L 0.541/ 0553/ L0564/ L0576/
0.588/ +0.6/ +0612/ L0623/ L0.635/ 0.729/ L0.741/
0.753/ 10763/ L 0.776/ 0788/ 08/ L0811/ 0823/

We follow the next step of Algorithm 6.1 to arrange the sets Uy, i =1, 2, 3, 4 as
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_ min(0.6,0.36y min(0.88,0.376y min(l,ly _ 036
Ui = 31t 3t 4s= 039+
0376/ 0388/ .04/ 041/ .042/ 0435/ . 0.447
Az* A3+ 34 AS* A6+ A7+ Azﬁ
0459/ 0.6/ 0682/ .0.694/ ,0.706/ . 0.718/ . 0.729
A9+ 577+ Azﬁ A9+ %0* %1* %2*

0.74%3+0.75%4 +0.76%5 + 0~77%6+0.78%7 4 0.868+0.669+0.677 "
0.8%8+0.92%9+0.9%0+0.95%1+0.96%2+0.97%3+0.98%4+ %5 ,

Ung =048/, + 0494/ L 0.506/ 0517/ 0529/ 0541/ 0553 ,
0.565/ +0-576// L0588/ L0.612/ L 0.623/ L 0.635/ 0.647/
0.659/ +0.67/ 1 0.682/ 0694/ L0706/ L0.718/ L0729/ .
0.741/ 406/

Usg = 042/ + 0435/ 0447/ 0459/ 0470/ 0482/ L0494/ ,
0.506/ 0518/ 0.529/ L 0.541/ 1 0553/ L0.564/ ,0.576/ .
0.588/ 0.6/ +0613/ L0623/ 0.6/

and

Usg = 042+ 0433 4 0447/ L0450/ L0470/ 0482/ 0494/ .

0.506/ 0518/ 0529/ L0541/ 0553/ 0564/ L0576/ .
0.588/ 06/ +0.612/ L0.623/ 106/ 06/ L0741/ L0753/ \

0.763/ 40776/ L0.788/ 0.8/ 0811/ L0823/

The decision set 4 * has been decided as

4# — mean(0.36,0,376, ’1% . mean(0.48,0.494, ...,0.6% N
a

mean(0.42,0.435, ...,0. 6/ . mean(0.42,0.435, ...,0. 823/

068/ +061/ +052/ +060/
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The magnitudes of the membership degrees give us a hint about priorities of
drugs, i.e., a; should have the strongest soothing power when regarding the con-
sidered symptoms, and it should be accepted as the optimal decision-drug. More-
over, we can state the hierarchy of drugs in the following order: a, > a, > a, > a; .

The notion a; > a j indicates that a; acts better than a;, i, j =1, 2, 3, 4.

6.3 Group Decision-Making in the Selection of Drugs

We have followed the procedure of comparing the healing effect of medicines on
the condition that some descriptions, which concern the decisive character of the
pairs “drug — symptom”, are made by one physician. Nevertheless, everyone
knows that such opinions are often shared. If we involve several physicians in a
discussion about the drug priority, then we can experience that they will hold dif-
ferent views about the curative power of considered medicines. In this section we
will give a piece of information about a new technique contributing in the choice
of an optimal medicine in spite of contradictory judgements.

Each physician treated as a decision-maker would like to create the matrix U
and the set S according to his own experience and judgement. As a result, we ob-
tain different priorities in the set 4* How shall we choose the best medicine in the
case when the sets 4* differ a greatly from each other? The question is answered
by means of the algorithm based on graphs [40]. We thus adapt the theoretical
graph model to a medical task that is sketched below [62].

Let us state a set of physicians P = {Pl Py, ,Pt} who appreciate the drugs be-

longing to set 4= {al,az, vees } A fuzzy relation R < 4 x 4 with the member-
ship function gy 1 AxA4A— [0,1], called the group order, is represented by mem-
bership degrees i;(a;,a;). These, in turn, appreciate the intensity grade of pref-

erence concerning decision a; in comparison with a;. If we define

d; ={PS P, tells that a; > aj}, (6.17)
s=1,2,..,t,i,j=1,2, ..., n, then we will generate membership degrees in rela-
tion R as

)
,Usn(a;:aj)=7~ (6.18)

We now need a definition for the a-level of a fuzzy set and apply it in the fur-
ther part of the discussed many-decision-making-model [12, 40, 95].
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Definition 6.1

For a fuzzy set 4 = {(x, 14(x))}, x € X, we determine a non-fuzzy set

A, ={xu,(x)za}, (6.19)
called the a-level of 4.

Example 6.5

Suppose that 4 = 0~% + 0~% + 0~% + 0~% + 0~% + 0'%+ 0-% + %+ 0.6 10 inX
={1,...,10}. If «=0.4 then 4o, = {3,4,5,7, 8,9, 10}.

For A given by the membership function z,(x) = z(x, 20, 50) we state, e.g., Ay s
= [40, 60] in accordance with Fig. 6.2.

Ha(x) 17

0.75T

05T~ T T~~~ ]
0.25T kY
\
S,
0 : : :
25 62.5 75

X

Figure 6.2: The 0.5-level of 4 characterized by 7 (x, 20, 50)

Analogously, the a-level R, of the relation ‘R is decided as the set

Ra:{(ai,aj):um(ai,aj)Z(x}. (6.20)

For the greatest o we seek a set R, that contains all decisions a; and is totally
ordered. We treat a; values as vertices in a directed graph. The order in the pair (a;,
a;) indicates the direction of the arrow that ties a; and g; together. We should ex-
plain that the order in the graph is interpreted as total if each pair of nodes has a
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connection formed by the arrow. The vertex, that concentrates the most endpoints
of the arrows in accordance with R, , is determined as a group decision.

The steps that follow the determination procedure of selecting an optimal medi-
cine are collected in the algorithm developed below.

Algorithm 6.2
1. Find "avalues"={uy(a;,a;): px(a;,a;) aredifferentin R} = {a, a5, ..., @, }
as a set of values arranged in the descending order.

2. Setk=1.
3. Find R, , k=1, ..., p, and sketch a directed graph for R, due to the pair or-

der. The notation g; > a; corresponds to the ordered pair (a;, a;) generating the

direction g, <—a; .

tOtal?aNo. Set k=k+1.Go To Step 3
*—Yes. Choose the vertex with the largest number of arrow endpoints
as an optimal decision

4. Istheorderin R,

Example 6.6

In order to test the group decision model of choosing the best medicine among the
four drugs already introduced by Ex. 6.4, we have asked six physicians Py, P, ...,
Pg for evaluating the curative effects of the drugs: a;, a,, as, as. The medicines, as
we remember, show a healing power in “coronary heart disease”. The priority
levels are listed in the following schedule:

R=P=F =(a~a,~a,a),
P, =(a, > a, > a, - a,),
P, =(a,>a, »a,a,),

P, =(a,>a,>a, »a,).

We adopt (6.18) to decide the contents of the matrix R as

a [25) as ay
a0 067 1 083
a,[033 0 1 0.83
R =
a0 0 00
4,017 017 1 0

The “a-values” set is sorted as “o-values” = {1, 0.83, 0.67, 0.33, 0.17}.
For k=1 we find R, = {(a,,a,),(a,,a,).(a,,a;)} .The associated graph R,, plot-

ted in Fig. 6.3, does not reveal the total order.
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o ()

Figure 6.3: The set R; as the directed graph

If k =2 we set Rq, ={(a,,a;),(a,,a,),(a,,a,),(a,,a,),(a,,a,)} that constitutes
a basis of the graph Ry g; presented in Fig. 6.4.

Figure 6.4: The set Ry g; as the directed graph

The graph Ry g; has not the total order either, since the pair (a, ay) is lacking a
connection.
We thus prove if the set Ry, = {(a;,a3),(a,,a3).(a,4,a3),(a,,a4),(a,,a,),

(a,,a,)} , generating the graph R ¢; drawn in Fig. 6.5, will be totally ordered.
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o NG

Figure 6.5: The set R 47 as the directed graph

Finally, we have determined the set of pairs that form the total order in the as-
sociated graph. By counting the number of arrow endpoints, tended towards each
vertex, we should state the group decision concerning a hierarchy of drugs as
a,>a,a,a.

The models discussed in Sections 6.2 and 6.3 should be simple for an eventual
user since they do not require deep knowledge in making calculations.

In the last models the physicians’ data reports have been tested very thoroughly
because of introducing the finite fuzzy sets of effectiveness. We want to empha-
size that even one value representing the effectiveness — we have numerically
stated presence in the diagnostic model in such a way — should yield satisfactory
results. However, the occurrence of expressing the effectiveness terms as fuzzy
sets, eliminates a risk of casual results and should be admitted by users as a safe
decision step. The decisions obtained lately seem to be very reliable in spite of
different interactions between the drugs and their influence on the symptoms. The
hierarchy of drugs is even debatable when involving many decision-makers in the
process of their evaluation. Physicians often share different opinions concerning
medicine priorities, but it is still mathematically possible to sum up all conclusions
as a final selection of the most efficacious remedy. The obtained results have also
been confirmed by experienced pharmacologists.

6.4 Unequal Objectives in the Choice of Medicines

The purpose of this section is to present some ideas on the applications of fuzzy
sets to multi-objective decision making, with particular emphasis on a means of
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including differing degrees of importance to different objectives. Different ap-
proaches to aggregation of weighted decision criteria have constituted a subject of
lively discussions during last decades [5, 13, 21, 57, 80, 83, 85].

The primary reasons for the usefulness of fuzzy sets in handling multi-
objectives are: ability to represent objectives, convenient forms for combining
objectives and means of including differing degrees of importance to the objec-
tives [81].

6.4.1 The Design of Objectives-Constraints

We still consider a decision model in which » drugs a, ...,a, € 4 act as deci-
sions. These affect m symptoms x, ...,x,, € X that are typical of a morbid unit

under consideration. The drugs-decisions constitute #» elements in supports of
fuzzy sets K, t = 1, ..., m, m+1, m+2, determined as some criteria-objectives re-
stricting the set A. Thus, we can recognize each set K, as a fuzzy subset of 4, i.e.,
Ug, A —> [0,1], t=1, ..., m+2.Inthe model of accepting the most optimal medi-

cine 4;, i = 1, ..., n, we assume that some of restriction sets K, j = 1, ..., m, are
defined by
K ; ="influence of ay, ..., a, on symptom x ;"=
a,'s effectiveness regarding x ; ooy 's effectiveness regarding x; /
a a,
(6.21)

In spite of drug effectiveness, which definitely is the most important factor in
the appreciation of drug action, we can introduce other important factors assisting
drug decision-making like side effects of medicines or their prices. We thus form
the following fuzzy sets

K, ="estimation of side effects of ay, ..., a,, supporting the decision positively" =

1 - side effects of c% +...4 | side effects of a% (6.22)
1 n
and
K., ="estimation of price availability for a,, ..., a,"=
price availability of a]/ +...4 price availability of a/ (6.23)
al an

in order to enlarge a number of decisive indications.
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Example 6.7

We return to the clinical data from Ex. 6.4, which concerns D = “coronary heart
disease”. We still consider the symptoms x| = “pain in chest’, x, = “changes in
ECG” and x; = “increased level of LDL-cholesterol”. Even the medicines are un-
changed and we list them as a, = nitroglycerin, a, = beta-adrenergic blockade, a;
= acetylsalicylic acid (aspirin) and a4 = statine LDL-reductor.

The procedure of stating effectiveness has been based on fuzzy sets in Ex. 6.2.
Nevertheless, even if the mathematical presentation of each effectiveness as a dis-
tinct fuzzy set has been very efficient and thorough, we probably do not need such
accuracy in determining the sets K, j = 1, ..., m, because of concentration on their
importance instead. We assign only one value to every effectiveness term that is
an approved procedure as shown in Chapter 3. To decide adequate representatives
z € [0, 100] of the effectiveness descriptions from Ex. 6.2, we take, when we re-
turnto (6.5),z= ¢, fork=1,2,3,4,5,andz= p, fork=7,8,9, 10, 11, respec-

tively z = y for k£ = 6 due to (6.6). On the basis of Ex. 6.1, we select z-values,
which stand for the exponents of the following expressions: z=,ouer = 0, Z aimost none”
= 10; Zrvery little” 20: 2 little” 30, Zrrather litlle” = 40, Z medium” = 50) Z yather large” = 60;
Z7large” = 70a Zvery large” — 80) Z almost complete” — 90’ Z complete” = 100. If we fit a mem-
bership function g (z) = L(2,0,100) over [0, 100] as recommended by

(6.3), we will obtain the final membership values y(z) for z sorted above. These
replace the terms of effectiveness according to the pattern shown in Table 6.1.

effectiveness"

Table 6.1: The representatives of linearly modeled effectiveness terms

Effectiveness Representing z-value 1(2)
“none” 0 0
“almost none” 10 0.1
“very little” 20 0.2
“little” 30 0.3
“rather little” 40 0.4
“medium” 50 0.5
“rather large” 60 0.6
“large” 70 0.7
“very large” 80 0.8
“almost complete” 90 0.9
“complete” 100 1

We reconstruct the sets Kj, j = 1, 2, 3, due to (6.21), by applying the columns
from the matrix U introduced by Ex. 6.4. Hence

K, ="influence of a,, a,, a3, a, onx,"=

comp1617 +mediun/ +1m7 +1m7 _
y +07 +0y +0y
a a, as a,’
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K, ="influence of a,, a,, a3, a, onx,"=

very larg7 +mediun/ +zmy +11117 _
08/ +0.5/ +03/ 0./

and

K5 ="influence of a,, a,, a3, a, onx;"=

almostn0117 +litt7 +verylitt7 +verylarg7 =
Oy +0y +0-7 +0y

The physician has estimated side effects of the drugs in the set K, by assimilat-
ing the words from the first columns of Table 6.4. The side effects of a;, i =1, ...,
n, are rather unfavorable occurrences; therefore their lack in a;, e.g., “side effects
of a;”” = “almost none”, should be emphasized by the larger membership value
assigned to g; as an indication of safe medicine consumption. For the purpose of
enlarging membership values of these medicines that do not have side effects, we
use the complement operation 1 — estimation of side effects. Set K, is established
in accordance with (6.22) as

K, ="estimation of side effects of a,, a,, a;, a, supporting the decision positively" =

l—verylltt7+1 lmly 1—ratherlarg7 l—verylitt7 _
=0/ 103/ L1-0.6/ (1-03/ 08/ L0/ 04/ 08/

The prices of all medicines are not in the least inconvenient for patients to pur-
chase them. Thus, if we note that the large value of a membership degree corre-
sponds to a rather cheap and available medicine we can state the set K5 by adopt-
ing (6.23) as

K ="estimation of price availability for a,, a,, a;, a,"=
Ooy +Ooy +0'7 +0y .

After preparing the criteria-objectives we are ready to make a fuzzy decision,
which is affected by all of them.

The fuzzy decision D, which takes into account K; and K, and ... and K, is
made in accordance with the minimum decision rule [9, 40]
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D=KnK,n--NnK, N--NK,,,. (6.24)
This provides us with the membership function

Hp (ai) = Inin(:uK1 (ai)a :uKz (ai )9 sty /uKm (ai)a s My (ai )) (625)

m+2

for each a; € 4.
The optimal drug-decision is accepted as this a;, i = 1, ..., n, which has the
maximal value of the membership degree in D as defined by (6.16).

6.4.2 The Power-Importance of Objectives

If we can associate with each fuzzy objective K, t = 1, ..., m, m+1, mt2, a non
negative number that indicates its power or importance in the decision according
to the rule: the higher the number the more important criterion K,, then we could
raise each fuzzy criterion set to this power before combining to form D. We regard
Wi, W2y ey Winy .oy Wiio @S powers-weights of Ky, K, ..., K, ..., K+, to modify
(6.24) as a richer and more extended decision

D=K"NnK"*Nn---nK!"n---nK)'"2 (6.26)

m+2

in which the membership degree of each g; € 4 is determined as

pp(a;) =min((ug (@)™ (s, (@)™ oo, (@)™ oo, (@))"2).(6.27)

m+2

We note that each K, always takes the values of membership degrees from [0,
1]. If w, gets bigger then (s (@), t=1,..,m ...om+2,i=1,..., n will get

smaller, closer to zero. On the contrary, w,—0 implies (u (a; )" — 1. This be-

haviour of K,’s membership degrees emphasizes that the choice of the minimum
operation in (6.27) is proper. The membership grade in all objectives having little
importance (w, < 1) becomes larger, and while those in objectives having more
importance (w; > 1) become smaller. Since we use the minimum operation to the
membership degrees in the decision set D, we will exclude the larger values that
are rather unimportant. This has the effect of making the membership function of
the decision set D as useful in the decision making process as possible when tak-
ing care of all decisive factors.

A procedure for obtaining a ratio scale of importance for a group of m + 2 ele-
ments (like in the drug-decision model) was developed by Saaty [68].

Assume that we have m + 2 objectives and we want to construct a scale, rating
these objectives as to their importance with respect to the decision. We ask a deci-
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sion-maker to compare the objectives in paired comparison. If we are comparing
objective ¢ with objective /, we assign the values b, and b;, as follows

1
() by=—.
by
(2) If objective ¢ is more important than objective / then b, gets assigned a num-
ber according to the following scheme:

Intensity of importance Definition
expressed by the value of b,
Equal importance of K, and K;
Weak importance of K, over K;
Strong importance of K, over K;
Demonstrated importance of K; over K;
Absolute importance of K, over K
,4,6,8 Intermediate values

N O 3 W W —

If objective / is more important than objective ¢, we assign the value of by,.

Having obtained the above judgments an (m + 2) x (m + 2) importance matrix B
is constructed in the drug decision problem sketched above.

Example 6.8

By involving the computation technique suggested in the description of matrix B
we try to find the weights for objectives K, =1, ..., 5, already stated in Ex. 6.7.

The physical status of a patient is subjectively better if the pain disappears that
means that a physician tries to release the patient from symptom x; = “pain in
chest”. The next priority is assigned to x, = “changes in ECG” and finally, we
concentrate our attention on getting rid of x3 = “increased level of LDL-
cholesterol”. The last symptom does not disappear very quickly and the patient
must be treated for some time to be free from it.

These remarks are helpful when constructing a content of the matrix B as

K, K, Ky K, K,

K1 3 5 7 7
K+ 1 3 71 7
B=Ky|+ + 1 7 7
A
Klto+ b4

Matrix B constitutes a crucial part in the procedure of determining the degrees
of importance wy, ..., W, ..., Wy that affect the decision set D in a substantial
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way (in accord with (6.27)). The weights are decided as components of this eigen
vector which corresponds to the largest in magnitude eigen value of the matrix B.

Definition 6.2

The value of A and the vector V are called “the eigen value of the matrix B” re-
spectively “the eigen vector of the matrix B” if they satisfy the equation

BV = V. (6.28)

B has type (m + 2) x (m + 2). We can find m + 2 eigen values of B by solving a
characteristic equation

det(B—-Al)=0 (6.29)

where / is a unit matrix of the same type (m + 2) x (m + 2).

Among m + 2 roots of (6.29) there exists the largest one. By returning to Eq.
(6.28) we determine the coordinates of a corresponding eigen vector V. These con-
stitute weights of the objectives taking place in the decision set D.

Example 6.9

Equation (6.29) results in a determinant equation

-4 3

=135 —6754 = 217222 —14404-320=0

»—
|
~

det

_
|
~

W 3 3

Q= al— o= o=
Sl N el
== =

which has only one real root 4 = 5.5805. The associated eigen vector V =
(0.83215, 0.46393, 0.26609, 0.08575, 0.055586) is composed of components that
are interpreted as the weights sought for K, r=1, ..., 5.

The sets K, =1, ..., 5, already found in Ex. 6.7, are now completed by intro-
ducing their grades of importance.

Thus,

K, 1083215 /0 S08R1S /0 308215 /() 3083215

! a a, ay a,’
K. 2 0.8046393 /5046393 /(3046393 /() 3046393

2 a a, as a,’
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K. = 0.1020609 /3026609 /' 2026609 /() 026609

3 a a, ay a,’
K 20800857 /7008575 /() J008STS /) QO.08STS

4 a a, a ay,

and

0.055586 0.055586 0.055586 0.055586
K5 :08 +08 +09 +08 .

The final decision D is obtained as a fuzzy set due to the recommended Eqs
(6.26) and (6.27)

b min(10483215,0.80.46393 ’0.10.26609 ’0'80408575 ’0.80.055586) )
a
min(0.50'83215,0.50'46393 ’0'30426609 ’0’70.08575 ’0.804055586/ .
a
min(0.30'83215 ’0‘30.46393 ’0.20.26609 ’0'40.08575 ’0.90.055586/ .\
as

min(0.3083215 3046393 () g026609 () g0.08S75 () g0.055586 )
™
min(1,0.902,0.542,0.981,0.987% +min(0.562,0.725,0.726,0.969,0.987/ n
a a
min(0.367,0.572,0.652,0.924,0.99éy +

min(0.367,0.572,0.942,0.981,0. 98§y

0541/ +0561/ +O367/ +0367/ .

We conclude that the curative power of considered medicines is ranked in the
order a, =a, > a, =a,. We have not only considered the effectiveness of drugs
regarding their action on symptoms, but also the priority of symptoms. The impor-
tance order among the symptoms points out that the ones that should disappear
first, for the reason of their harm, mostly influence the patient’s mental and psy-
chical condition.

6.4.3 Minimization of Regret

The action of the minimum operation in the final decision formula has provided us
with a very cautious prognosis referring to the drug hierarchy. Some high values
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of degrees that reflect a positive effect of medicine, impact on considered symp-
toms and have no chance of influencing finally computed decision values. We can
even say that the minimum operation acts as a filter for high values by depriving
them of their power.

We try to obtain clearer results by applying another fuzzy decision-making
technique known as a minimization of regret [84]. Let us prepare a new medical
apparatus by reorganizing the sets previously introduced. We preserve a decision
space (a space of alternatives) A= {al, - an} but we complement a space of

states as X = {xl,xz, ...,xm,xmﬂ,xmﬂ}. In X there are symbols possessing the

following meanings: x; — the 1% symptom, ..., x,, — the m™ symptom, x,,., — medi-
cine side effects, x,,., — medicine price availability. We form a basic payoff matrix

X1 X4 Xm+2
a | i
C=aq ¢, (6.30)
a,| 1,
where c;, is the payoff to a decision-maker if he connects a;to x,, i=1, ...,n,t=1,

e, M2,

In a continuation of the proposed approach to the choice of an optimal medi-
cine, we first obtain the regret matrix R. Its components r;, indicate the decision-
maker’s regret in selecting alternative a; when the state of X is x,, We then calcu-
late the maximal regret for each alternative.

A procedure of selecting an optimal a; should follow some steps listed below:

1. For each x, calculate C, = maxc;,.
1<i<n

2. For each pair g; and x, calculate 7, =C, —¢;, .

3. Suppose that matrix B from Subsection 6.4.2 consists of b,, which now de-
scribe the importance scale when comparing states x;, and x;, t, /=1, ..., m + 2.
The coordinates of this eigen vector that assists the largest in magnitude eigen
value of B still constitute weights wy, ..., Wy, assigned to states xj, ..., X4
stated in X. The weights are involved in the computations of estimates
RT; = w1y ++-+ Wy, o7 i for each a;. It can be proved that the formulas de-

rived for calculations of RT; satisfy the conditions of OWA operators [82, 86].
4. Select a;+, such that RT;x = min R7; .

1<i<n

The values r;, constitute the entries of the matrix R called the regret matrix. We
shall refer to C, as the horizon under x,.
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Example 6.10

The sets K|—Ks found in Ex. 6.7 are now utilized as columns of the matrix C, de-
termined by a table

X X, X3 X, X5
a |[1* 0.8* 0.1 0.8* 0.8
a,|05 0.5 0.3 0.7 0.8
a;|03 03 0.2 0.4 09*
a,|03 03 0.8* 0.8* 0.8

ek

in which points to the largest element in each column due to Step 1.
The regret matrix R is computed as the next table

X1 X3 X3 X4 Xs
a |0 0 0.7 0 0.1
a,|05 03 05 01 0.1
a;|07 05 06 04 O
a,|07 05 0 0 0.1

R=

For w; = 0.83, wy =~ 0.46, w3 = 0.27, wy = 0.09, ws = 0.05 (Ex. 6.9) the values of
RT,i=1,...,4, are appreciated as

RT,=0.83-0+0.46-0+0.27-0.7+0.09-0+0.05-0.1=0.194,
RT,=0.702, RT5=1.009, RT, = 0.816.

Finally, we decide the hierarchical order of drugs with respect to their curative
abilities. We state them in sequence a, > a, > a, > a; that totally confirms the

results obtained by the technique of unequal objectives. Moreover, we notice that
the last decision is very clearly interpretable and easy to understand without spe-
cial doubts. This emphasizes an advantage of applying the OWA weighted opera-
tions that prevent a loss of substantial information. The OWA operations have
resulted in the simultaneous engagement of all effectiveness quantities in mean
decision-making values involved in the regret model.

In Section 6.4 we have adapted Yager’s theoretical fuzzy decision models in
the process of extracting the best medicine from the collection of proposed reme-
dies. The basis of the investigations has been mostly restricted to a judgment of
medicinal influence on clinical symptoms that accompany the disease. By employ-
ing the factors of importance associated with decisive objectives we could
strengthen their crucial power as well.
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We have shown some useful fuzzy decision making models in the process of
selecting the most efficacious medicine. The decision patterns should be particu-
larly helpful in doubtful cases when we observe unequal, curative abilities of dif-
ferent medicines in the case of the same symptoms, or, when some specialists who
make a trial of prioritizing the medicines have shared opinions in their judgments.



7 Approximation of Clock-like Point Sets

7.1 Introduction

This chapter has a theoretical character and can be studied by some medical staff
researchers that seek methods of approximation of very irregular point sets. When
the shape of an obtained polygon based on the point set is similar to a chain of
bells, then it will be difficult to find a continuous standard curve that should ap-
proximate the polygon without making a large approximation error. The studies of
some medical data give rise to the creation of polygons consisting of finite num-
bers of points tied together. Since the polygons are not formalized by some
mathematical expressions, we suggest creating continuous functions that approxi-
mate them thoroughly in spite of their irregular shapes. To warrant a high accu-
racy of approximation, otherwise impossible to obtain when using standard
curves, we test a continuous function composed of joined truncated 7zfunctions or
joined truncated s-functions.

By operating with the functions representing polygons that have unusual
shapes, we attempt a classification of medical data. We adopt rough sets to assign
the members to an investigated medical class even if their origin sometimes is
unknown.

Since we do not possess medical data that comes from solidly accomplished in-
vestigations, we will discuss the matter of approximation and classification theo-
retically. Nevertheless, we hope that some scientists can find patterns of points in
their research work that resemble the shapes assumed below. In this way they can
find the proposed approximation method useful in possible research investigations
of medical results.

7.2 Fitting of 7~functions to Clock-like Polygons

Some examinations of the behaviour of the two variables named X and Y, provide
us with strings of values x and y, which can be included in the pairs (x, y), and
treated further as the coordinates of points in the two-dimensional system. We
suppose that the finite set 4 consists of the points (x, y), thus it can be illustrated as
a polygon with its points joined together by segments of straight lines.

Certain experiments, in which y € [0, 1], deliver the polygon (set A) composed
of parts looking like bells (or hills), e.g., like A, sketched in Fig. 7.1. The polygon,

Elisabeth Rakus-Andersson: Fuzzy and Rough Techniques in Medical Diagnosis and Medication,
StudFuzz 212, 155-181 (2007)
www . springerlink.com (© Springer-Verlag Berlin Heidelberg 2007
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which ties a lot of straight-line bits, cannot constitute a piecewise interpolation of
the points. There can be too many first-degree equations to make the further
analysis of set 4 efficient, and moreover, the linear interpolation is not smooth
enough.

The most popular classical method of approximating applied to a set of points
is known as the least-square regression with modern variants [15]. Other algo-
rithms of approximating that we can mention, adopt such technical tools as cubic
polynomials based on four points [43], tangent curves [1], free algebras [35] or
weighted approximations [71].

As the counterpart of the listed procedures, we consider an approximation of
multi-shapes from Fig. 7.1 by z-truncated functions used piecewise [65, 66]. The
y-values of 7 functions and the y-coordinates of the points constituting the ele-
ments of 4 belong to the interval [0, 1]. The procedure forms the approximation of
A by truncated 7z-functions, and tied by pieces of straight lines if needed.

Example 7.1

In experimental domains of science like some medical investigations, we encoun-
ter polygons as results of accomplished observations in which the variable Y is
dependent on the variable X. We observe the behaviour of two variables X and 7,
to determine a finite set of pairs 4 = {(x, »)}, x € [0, 50], y € [0, 1]. Suppose that
an experiment delivers set 4 resembling the polygon from Fig. 7.1

y 1 T

09+

08+ A

1\

06}
05}
04}
03}
02}

01}

Figure 7.1: The polygon reflecting 4 = {(x, y)}
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We will introduce “the sampled truncated z” as a split curve that approximates
the polygon 7.1. This will consist of first and second degree-polynomials. The
curve should follow the polygon’s shape very closely to cumulate a very low error
referring to deviations between the approximating curve and the polygon. We as-
sume that a continuous function, which provides us with y-values corresponding to
regularly chosen x (not always appearing in the set of points), is more useful in the
further analysis of polygons, e.g., their comparison.

We now intend to explain how to adjust a z-function to the shape of a polygon.
Let us first suppose that one part 4, of the obtained polygon A, whose shape re-
sembles a bell, is determined by a set of pairs (x,y) that represent the finite set of

pairs 4, C 4.

y 03T

0.25T

0.05T

27.5 30 32.5 35 37.5
Figure 7.2: The polygon representing 4,

Example 7.2

We examine the values of pairs included in set 4;, which constitutes a part of 4
presented by Fig. 7.1, over the interval (30, 35). We find that 4, is determined by
A; = {(30, 0.03), (31, 0.06), (31.5, 0.17), (32, 0.20), (33, 0.25), (33.5, 0.23), (34,
0.14), (35, 0.06)}. The points corresponding to the pairs given above are tied to-
gether to build the polygon A, drawn in Fig. 7.2.

To an approximation of the pattern of points from Fig. 7.2, the z~function, al-
ready inserted by (2.6) best fits because of its clock-like shape and its range
constituting the interval [0, 1].

We quote the formula of 7 in the fully developed form as [65, 66]
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(Ho for x<a,
2
) 25[“—0"] for o <x<f,
Nn—a
2
3) & 1—2()“—71J for B <x<p,
Nn—a
y=14) ¢ for x=y =0, (7.1)
2
(5)51—2("_“2} for a,<x<p,,
V2— 0
2
(6) Zg[ﬂ] for p,<x<y,,
V2
(7o for x>yp,.

The function possesses six standard parameters oy, f1, 71, &, Bs, 7, and it has
the additional parameter &, added in (7.1), which accommodates the height of the

function to the real data existing in set 4;. The parameters £, and /3 are estimated
by

g t7 oy +Ys
A , . 7.2
! 2 2 2 ( )

Example 7.3

Once again we intend to recall what the z-function given by (7.1) and (7.2) looks
like. If we suppose that, e.g., & = 30, 11 = & = 32.5, = 35, and &= 0.25 then

A, =%:31.25, B, :@:3375 and the function will have the
graph depicted in Fig. 7.3.

The pairs in set A, from Ex. 7.2 have no y-coordinates equal to zero and that
means that the values of @, and » in the z-function, which is expected to ap-
proximate 4, are unknown. By accepting the value of ¢ as the largest y-coordinate
in A4, corresponding to the x-coordinate taken as y = &,, we reconstruct the values
of remaining parameters ¢, 7 according to the following patterns:
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y 03T

0.257

0.157

017

0.05T o N=0 72
N\ i '

275 30 32.5 35 375

X

Figure 7.3: The #-function for o = 30, 1 = a, = 32.5, =35 and £=0.25

Case of o

Denote by A(X) all x-values that belong to »n points from A;. If the pair
(x,,V(x,;)) begins set 4,, which means thatx :minxk,xk €A4,(X) and

y(x,;,) 1s the corresponding y-value to x,,, , then

[ (Xmin)

Xmin ~ 1 y;g

2) o= i)
1=y

2
equality ZS[M] = y(xi,) - This case entails the changes in (7.1) in ac-
-

cordance with

min °

for y(x

min) < % . The value of ¢ is computed from the

@ 0 for x<xp,

2
y=1(2) 25[ i j for xpn <X<p, (7.3)
10
(3)—(7) without changes.

71~ Xmin

R e
2¢

£ . . .
for y(xXpin) 2 3 The result is obtained from a connection
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2
gl 1- 2()6“““—_7/1j = y(Xi,) - Then the 7(x) formula appears as
-

H-2) 0 for x<x

min »

2
y=13) ¢ [1 —2[;_—”} for X, X<, (7.4)
-

(4)—(7) without changes.

Case of 1

The pair (X, (X)) 1S the last pair in set 4;, which is associated with the

formula x,,, = max x;.,x, A /(X) . Hence

Y (Xmax)
ax ~ 0\ op

c =
) 2= 1— \/)’(xmax)

2
is evaluated from part Zg(Mj = P(Xp.) for
V-

V(X pax) < E . We thus suggest the following changes in (7.1) to adapt it to the

new assumptions

(I)-(5)  without changes

2

y=1(6) 2e(ﬂj for By <X < Xy (15)

V2~

@) 0 for  x2x,,, -
d) yo=0,+ max — 2) for y(xp.y) 2% when taking into consideration the as-
€=V (Xpmax
2¢e
2
sociation & l—Z[Mj = y(X.) - We adjust the 7(x) formula as
V270

(I)-(4)  without changes

s . H[m
V2~

©)—(7) 0 for x>x

2
J for o, SX<Xp, (7.6)
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The modified 7 constitutes a segment of the classical z-function, therefore we
will name it a truncated z-function.

We select the minimal and the maximal x-values as well as the maximal y-value
existing in set 4; by examining the slope of 4;. Equations (7.3)—(7.6) are applied
to computations of unknown parameters a; and y,. The point in which the y-
coordinate takes the &value and the x-coordinate — the a, = y, value, belongs both
to the polygon and the function 7. In spite of reconstructing the values of a; and
72, the approximating function is not intersected by the x-axis. The domain of 7
begins with 4;(X)’s minimal x-value and is ended by the maximal x value in 4,(X).
This warrants that the polygon and the curve lie very close to each other.

Example 7.4

The adjustments, accomplished for the data describing 4; from Ex. 7.2, should be
made by applying both (7.3) and (7.5). We determine x,;, = 30, X0 = 35 and €=
0.25. The x-coordinate associated with the largest y-value in 4; accepted as ¢ is
) = 0.03 satisfies the condition y(x,,;,) < % ,
then we will compute the lacking value of the function parameter «; as

(Fnin) 0.03
Xmin = 714> 30-33
= n ( 2)‘9 = . 3'30'25 =29.0278.
1—\/—y S 1=

The value of y(xmax) = 0.06 fulfils y(x,) <§ and we will generate

Xmax ~ 2 \V y();n;m) 35-33 2(.)(‘)0265 .
Vs = = = =36.0918. With £, = 31.0139 and §, =
1— \/y(xmax) 1_\/&
2¢ 20.25
34.5459 as the complementary parameters of the truncated 7;-function accommo-
dated to the set 4;, now has a full expansion as

2
0.25. 2( x—29.0278 j

equal to 3 = o, = 33. Since y(x

(24

=

or 30<x<31.0139,
33-29.0278

x=33 Y
0.251—2(—) for 310139 < x <33,

33-29.0278
y=40.25 for x=33,
x-33 Y
025 1-2| —— for 33<x<34.5459,
36.0918 - 33

36.0918-33

2
0.25- z(mj for  34.5459 < x <35.
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Figure 7.4 shows the total effects of evaluating the finite point set A4, by a con-
tinuous function 7,(x) possessing the reconstructed parameters a; = 29.0278, y, =

36.0918 and £=0.25.
y 03T

0257

02t

0157

01T

0.05T

27.5 30 32.5 35 37.5

X
Figure 7.4: The approximation of 4; by the truncated z-function

To get the collection of split definitions covering the total x-interval of 4, we
divide 4’s x-interval in subintervals according to the magnitude of y-values. If the
points included in 4 create structures that resemble bells, then the y-coordinates of
the points should be arranged in ascending order until they reach the maximal
value. Afterwards the y-values ought to be placed in a sequence that is character-
ized by their descending order. If the order is ascending again, we should design a
new interval for another truncated 7 function. A straight line will tie the borders of
two adjacent 7 curves.

Example 7.5

Let us add the next set of points to 4;, known from Ex. 7.2, over the interval [35,
39] to introduce A* = {(30, 0.03), (31, 0.06), (31.5, 0.17), (32, 0.20), (33, 0.25),
(33.5,0.23), (34, 0.14), (35, 0.06), (36.5, 0.07), (36.9, 0.08), (37.2, 0.09), (38, 0.1),
(38.2, 0.08), (38.5, 0.06), (38.7, 0.04), (39, 0.02)}. We study the slopes of the
polygon A* by examining the inequality relations among the y-values as 0.03 <
0.06 <0.17<0.20<0.25>0.23>0.14 > 0.06 < 0.07 < 0.08 < 0.09 < 0.1 > 0.08 >
0.06 > 0.04 > 0.02. The y-values form two clock shapes over [30, 35] and [36.5,
39]. We thus recognize two point sets 4, = {(30, 0.03), (31, 0.06), (31.5, 0.17),
(32, 0.20), (33, 0.25), (33.5, 0.23), (34, 0.14), (35, 0.06)} and 4, = {(36.5, 0.07),
(36.9, 0.08), (37.2, 0.09), (38, 0.1), (38.2, 0.08), (38.5, 0.06), (38.7, 0.04), (39,
0.02)} in 4*. The approximation of 4, has already been accomplished in Ex. 7.4.
By repeating the steps of the procedure from Ex. 7.4, we decide the unknown pa-
rameters of 7 that intends to approximate 4,. We find x,i, = 36.5, xmax = 39 and &
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= 0.1. The x-coordinate corresponding to & has a value of y = &, = 38. We check

that y(x,,) = 0.07 fits for y(xp,) >§, which generates the parameter o, as

o, = — =
L . \/0.170.07
— 20.1

. . £ .
ever, satisfies the constraint y(x,,,,) < E; therefore we will calculate the value of

/i~ min__ 35 387365

=34.124 . The value of y(xy.) = 0.02, how-

V(Xipay) 0.02
Xpax — & 39-38
V= mx 2V 2 201 _39.449 . The additional parameters f; =
1_\/y<xm) 1- o0
2e U

36.062 and f, = 38.724 are also included in the truncated 7-function that matches
set A, in accordance with (7.4) and (7.5).

For two points (x1, y1) = (35, 0.06) that ends 4, and (x, y») = (36.5, 0.07) which
begins 4,, we apply the equation of a straight line y = kx + / in order to tie them
together.

The coefficients k and / are computed by the formulas

f=2270 0072006 0667 and 1=y —x, 22720 -
X, —x;  36.5-35 Xy — X
0073652077006 _ 1746
36.5-35

Figure 7.5 presents the graphs of 4; and A4, as well as the approximating curves
m and 7, joined by y = 0.0067x — 0.1746.

0257

021 M~ A

y=0.0067x - 0.1746

0.15T
A
01T 3
s /”2
0.05T 3
0 | ; |

Figure 7.5: The approximation of 4* by truncated 7 functions
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If we add the function created for 4, in Ex. 7.4 to

0.0067x —0.1746 for 35<x<365,
x-38 )
0.)1-2 —— for 36.5<x<38,
38-34.124
2
Y=oal1-of X738 for 38<x<38.724,
39.449—38
2
0.1] o =344 for 38.724<x<39,
39.449 - 38

then we will obtain the total approximating function for 4*.

By using the same procedure to all “bells” visible in 4 in Fig. 7.1, we obtain
other functions of the 7 type. We join the functions by inserting equations of
straight lines to plot a full, continuous curve 7z(x) approximating A entirely.

Since we adapt several 7 functions to truncated forms, then we will call a sam-
pled approximation “sampled, truncated 7.

Example 7.6

Figure 7.1 is an example of the point set, which delivers an irregular polygon 4 =
{(x, ¥)}. The polygon is composed of segments of straight lines that tie (x, y) to-
gether. Figure 7.6 gives the approximation of the shape's image from Fig. 7.1, by a
collection of truncated 7 functions joined together by pieces of lines to guarantee
continuity of the approximating function.

It is worth noticing that the collective error that measures the deviations of 7
from 4 is not large and that is very important for the approximation of a composed
polygon consisting of many “bells”.

A number of split functions that are included in the sampled definition of 7(x)
is substantially less than a number of linear functions that define short line pieces
placed among the nodes (x, y) in the polygon 4. One 7 segment can surround a
great many pairs (x, y). This reduces the number of piecewise definitions and the
number of subintervals in the “sampled truncated 7”. By introducing 7 we sim-
plify a collective definition of the function approximating 4 when comparing it to
the linear parts taking place in the interpolation of 4. This property of 7 should be
regarded as its advantage.
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Figure 7.6: The sampled 7 in the approximation of 4

7.3 Rough Sets in Classifying of Clock-like Polygons

In order to include the unknown sets of the 4 type within classes already possess-
ing the declared members, we apply some elements of rough set theory [50, 51,
52, 53] that have already proven useful in the process of a disease classification.

The y-axis in Fig. 7.6 is divided in five regions. We would like to assign codes
associated with the subintervals of the same length created for the y-values. Some
scientists have a custom of applying fuzzy sets with their membership functions to
accomplish the determination of interval borders [50]. Anyhow, we do not want to
engage new elements of fuzzy set theory in this chapter, we only want to announce
another possibility of finding the boundaries for the named intervals by drawing
five membership functions along the y-axis in Fig. 7.6. Independently of the
method, we list intervals of the y-variable and associated with them codes in Table
7.1.

Each considered point set has an envelope created by a continuous function that
approximates it. When regarding any value placed on the x-axis we are capable of
establishing the association between the x-value and the code. To achieve this we
should first compute the #(x) value and then place it in the appropriate interval
from Table 7.1. We thus accept the set 4 = {(x, )} = {(x, 7(x))} = {(x, code(x)},
where code(x) is the code of the 7(x) interval.
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Table 7.1: The relationship between y-values and codes

Interval of y-values Code
(0.0, 0.2)
(0.2,0.4)
(0.4, 0.6)
(0.6, 0.8)
(0.8, 1.0)

DN |W| N —

Let us introduce a universe set U={4, ..., 4,} composed of clock-like poly-
gons. Assume that some of them are members of class “Class 17, while the others
have an unknown membership or belong to a different class other than “Class 1”.
Our purpose is to assign membership degrees to all polygons from U in order to
classify them within “Class 1”.

The objects of U are determined by two groups of attributes, so called condition
and decision attributes, presented by the sets B and D respectively. We assume
that set B consists of m chosen x-sizes x;, mapped into a set of values code, (x;) ,

i=1,...,n,j=1, ..., m The codes are equal to the integers 1, 2, 3, 4, 5. Set D has
an attribute stated as “the membership of a polygon in “Class 1”7, where the
membership is expressed as “yes”, “no” and “unknown”.

The triple /= (U, B, D) forms the decision table that constitutes a data basis for
an equivalence relation /(B) called the indiscernibility relation and defined by the

relationship

I1(B)= {(Ai, A4,): codeAl (x;)= codeAk (x; )} Jor each size x ;, (7.7

wherej=1,2,....m i, k=1,2,...,n
We find the equivalence classes of the relation /(B), i.e., the blocks /B(4;) as the
sets

IB(4) = {4, : (4;,4,) € I(B)}. (7.8)

By following a general rough set procedure we create a set X = {4, : member-
ship “yes” to “Class 1 is assigned}.
The first decision set (the lower approximation of X)

B.(X)={d :IB(4)c X} (7.9)

reveals the polygons which surely match “Class 1”.
The other decision set (the upper approximation of X)

B (X)={4,: IB(4)n X #0} (7.10)

contains these members of U that may belong to “Class 1”.
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The elements of a boundary set
Bborder(X):B*(X)_B*(X) (711)

are interpreted as members of “Class 1” in a certain grade.
The membership degree of A4;, interpreted as a degree of being a member in
“Class 17, is computed as

|X N IB(4,)|

7.12
[1BC4) 71

HrClass 1" (Al ) =

Example 7.7

We collect the data concerning six point sets 4;—A4¢ and approximate the obtained
polygons by “sampled truncated 7z m—m as shown in Fig. 7.7. The continuous
and smooth curves replace sharp polygons to give access to every pair (x, y) over
the common x-interval under consideration.
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Figure 7.7: m—n in approximation of polygons A;—4¢

We state U = {4, 4y, 43, Ay, As, 4 |

The decision table / = (U, B, D), made for the condition (codes 1, 2, 3, 4, 5) and
decision (yes, no, unknown) attributes, shows the properties of members of U ex-
panded in Table 7.2.
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Table 7.2: The decision table /= (U, B, D) of clock-like polygons 4,—4,

A\x; 0 4 8 12 16 20 24 28 ”Class 17
Ay 1 5 1 2 1 1 1 1 yes

A 1 5 1 1 1 2 1 1 yes

As 5 5 1 2 1 1 1 1 yes

Ay 1 5 1 2 1 1 1 1 ves

As 5 1 1 1 1 1 1 1 no

Ag 1 5 1 2 1 1 1 1 unknown

The equivalence relation /(B) is formed by a set of pairs
I(B) = {(AlﬂAl)s(AZJAZ)’(A37A})a(A4’A4)’(A5’A5)7(A63Aﬁ))(A49Aﬁ)9(A67A4)}'

The equivalence classes of /(B) are created as the sets

IB(A) = {4}, IB(4y) = {4, }, IB(4y) = {43}, IB(Ay) = {44, Ag }, IB(A5) = {45},
IB(4g) = {45, 44}

according to (7.8).

The semantic value of the decision attribute “Class 17 = “yes” generates set
X :{AI,AZ,A3,A4} that in turn is an essential factor implementing the sets
Bu(X)={dy, Ay, A3}, B'(X) = {dy, Ay, A5, Ay, A} and By, (X) = {4y, Ag

The polygon membership degrees whose sizes confirm the membership in
“Class 1” are obtained as

1
HoClass 1"(A1) = 17 HrClass 1"(A2) = 1’ HeClass 1"(A3) = 19 HoClass 1"(A4) = E:
1
HoClass l“(AS) = 09 HoClass l"(A6) = E

We can assume that 4, 4, and 45 are the true members of “Class 1” in U while
A4 and A¢ may belong to the investigated class to certain degrees. We can also
notice that A4 affects a status of 44 negatively, and on the contrary, we can see that
A4 upgrades the importance of 4¢ in the considered class “Class 1.

7.4 s-functions in Fitting to Letter-shaped Polygons

As effects of some experiments, in which y € [-1, 1], we obtain polygons (sets 4)
composed of parts looking like bells or even half-bells that lie over and under the
X-axis.
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Example 7.8
Consider the polygon 4 sketched in Fig. 7.8.

Y 03757
.,
] .
0257 ‘-.f/
i Y
0.125T .,
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0 x — E 5 :
0 1.25 25 v 378 5
X
01257

Figure 7.8: The example of a letter-shaped polygon reflecting 4 = {(x, )}

We assume an approximation of multi-shapes from Fig. 7.8 by s-truncated
functions used piecewise as another approach to the numerical problem of a
smooth curve fitting to point sets. Since we recognize half-bells as dominant
shapes in A4, then we should prefer adopting the appearance of the s-functions as
approximating segments. “The sampled truncated s”, as we call an entire approxi-
mation curve, consists of first and second degree-polynomials. This would follow
the polygon’s shape very closely and results in cumulating very low error, measur-
ing deviations between the approximating curve and the polygon.

Let us suppose that the y-values of curves, that are similar in shape to the set
depicted in Fig. 7.8, are important indicators in the further classification process of
the curves. These can resemble some letters, e.g., N, W, or M, and can occur in
different places along the x-axis. In order to assign the curves to proper classes
denoted by N, W or M, we should compare their y-coordinates. It is not possible if
the curves are scattered in different segments of the x-axis. To make the curves
comparable, we should move them over the interval [0, 1].

The approach to approximation of irregular polygons presented below consti-
tutes a solution [65, 66, 67] that differs from other modern procedures of seeking
approximation curves [1, 15, 35, 43, 71].

We discover that the x-values of pairs included in 4 belong to interval
[X,i0 (A), X, (A)], in Which xpin(4) is the smallest and Xy (4) is the largest x-

value in 4. In the next step we divide the whole x-interval into subintervals
[xmm(A/),xmaX(A/)J, where 4, j =1, 2, ..., O, are parts of 4. In parts 4; we can

experience either the growth or the decrease of the y-values corresponding to these
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perience either the growth or the decrease of the y-values corresponding to these x
that are placed between the borders x; ,, and x_ ., functioning as the

smallest, and respectively, the largest value of x in 4;. S-functions or segments of
straight lines attached to two adjacent s-curves approximate the 4; components.

Example 7.9

The pairs, which create the polygon depicted in Fig. 7.8, are the members of 4 =
{(1.1, 0.05), (1.15, 0.03), (1.19, 0.01), (1.3, 0.05), (1.54, 0.15), (1.76, 0.27), (1.87,
0.33), (2.4, 0.25), (2.55, 0.2), (2.76, 0.12), (2.87, 0.1), (2.96, 0.08), (3.1, 0.02),
(3.14, 0), (3.21, 0.07), (3.48, 0), (3.49, —0.03), (3.67, —0.12), (3.84, —0.15), (3.9, —
0.19), (4.02, —0.15), (4.09, —0.06), (4.12, —0.01), (4.16, —0.02), (4.3, —0.03)}. By
measuring the direction of changes in the y-values, which point out extreme nodes
in A’s shape, we consider the subintervals [1.1, 1.19], [1.19, 1.87], [1.87, 3,14],
[3.14, 3.21], [3.21, 3.43], [3.43, 3.9], [3.9, 4.12], [4.12, 4.3]. Over the intervals
either s-functions or straight lines will be applied as approximation tools.

The s-function with the standard parameters ¢, f, ¥ and an additional parameter
&, introduced by (2.5) and modified by the equation

2
) 5[2(x_a] } for a<x<p,
y—a

2
2) [1 2()“ 7}] for p<x<y,
y—a

is suitable for the occurrences of “half-bells” 4;. Since the y-

y=s(x,a,p,y,&)= (7.13)

where ﬂ:a+y,

values of the classical s belong to the interval [0, 1] (=s has its y-values in [-1, 0])
then we should insert an additional parameter ¢ in (7.13) to accommodate a height
of the function to the data existing in the set 4, j = 1, 2, ..., Q. We have already
introduced the partition of 4 by means of subsets 4 lookmg hke “half-bells”, then
we should denote each s-function that approximates 4;by s 4, (x,a 4 p 4 Va6 ).

We now discuss different cases of 4,’s approximation that is dependent on the
sizes of y-coordinates in the set 4;.

Let us assume that the values of the y-coordinates in 4; associated with the x-
values belonging to [xmm( A4,)>Fmax(4, )J appear in the ascendmg order, and let us no-

tice that no y-coordinate is equal to zero. The pair (X4 Y (Xnina )
((¥(Xpinc4,)) corresponds to x,;. ) begins the set 4; but we cannot identify

Xmmin4,) S Oy - Thus, the value of «, in the s 4 -function, expected to approxi-
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mate A4, is unknown. To find o, we, at first, accept the value of &, as the larg-
est y-coordinate in A4; associated with the x-coordinate y, . We can now recon-
struct the value of the remaining parameter ¢, according to patterns that are al-

most identical with “Case of ;" already discussed for 7z-functions:

Y (Xmnin(aj))
Xmin(4;) ~ 74, R £,
a) a, = : for y(Xpin(4,y) <—= . It changes (7.13) as
k 1 \/y(xmin(Aj) / 2
- VER
J
2
X—ay
(1) SAI_ 2) ﬁ for xmin(Aj) <x< ﬂAj ,
_ 4T (7.14)
Y= 2
X=74,
2) s&4|1-2) ——— for ,BA/Sx<7A/_.
I Va, — Oy,
Y4, ~ Xmin(4, &y
b) Ay =74 LA Tmind) for y(xmin(AI))Z—’. The Sy, (x) formula ap-
5Aj‘y(xmin(Aj)) 2
ZSA/
pears as
@ o for  x <Xmin(4,)
2
y= X—Vy4 (7.15)
(2) &y |12 # for Xmin(4,) SX <V 4,
V4, 4;

It happens that the position of pairs in the set 4; introduces the descending order
among points with respect to the y-coordinate values. We assume that none of
them is equal to zero. The pair (X, ,V(x ) will end the set 4;, but

max( A4
Xmax() F Y s, - Let us assign the largest value of y in 4;, regarded as & 4,5 10 the x-
coordinate X, ,,=a, . Then it is possible to restore the missing value of y, ,
which is one of the parameters included in function 1-s, (x,a, .5, .74 .&,)

applied to approximate 4;.
We make the following distinction between two different cases of adjusting the
parameter y, to the data set 4;:
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y(xmax(/lj))
Ymax(4;) ~ ¥4, 26,

&y
)7, = for y(Xmax(4,)) < %. We suggest the follow-

1 _ y(xmax(A/))
25,4/-

ing changes in (7.13) to adapt it to the new assumptions

2
x—O(A,
1 ey |1-2) ———— for a, <x<p,,
! Va4, =0y ! !
y= 5 (7.16)
X=74;
2) 4|2 —— for By <X<Xpaxa)
|\ Ty, ' /

Ymax(4;) ~ ¥4

Ey.
d) 74, =ay + L for Y(Xmax(4,)) >"U We adjust the s, (x) for-

gA/*J’(xmax(Aj)) 2
25Aj
mula as
2
(1) T f
& -2 — or a, <x<x S
ye M ey, R (A V)
2 o for x> Xmax(4,)"

The s, function is a section of the classical s-function and therefore we will

name it a truncated s-function. By selecting the minimal and the maximal x-value
and the maximal y-value, which exist in the set 4;, we prepare (7.14)—(7.17) for
computing the unknown parameters «, or y, . The point, in which the y-

coordinate takes the ¢ " -value and the x-coordinate is the equal of the y 4, value
for the function s 4 (x, 4,0 g IRYIREN ), and respectively the o 4, value for the
complement L=y (6, 0y, Bas7a»€a)s is one of the vertices in 4 and it con-
stitutes the common element of 4; and the function s, ,/j =1, ..., Q. The total

approximation s, of 4 is called “sampled truncated s”.
To preserve the right shape of the approximating curve, it is advisable to tie two
adjacent functions s, , s, ~ between the points (X, 4 >V (¥paxca))) > (X

min(A4;,,)?

Y (Xing A ))) by the segment of a straight line having an equation
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<x<x

max(4;) =

y=lineA/(x):kA/x+lA/ for x min(d,) * (7.18)

Example 7.10

The “sampled truncated s”, made for the data from Ex. 7.8, is shown in Fig. 7.9.

y 0.3757

0.25T

0.1257

-0.1257

Figure 7.9: The approximation of 4 by “sampled truncated s”

The first set of points 4, < A, in which the y-coordinates form the descending order, is
placed over [1.1, 1.19] as decided in Ex. 7.9. Since no y-value is equal to zero we will re-

1.19-1.1,/-%0
—— Y200 ~1.2316 for £, =0.05,

_ , 0.01
1 2-0.05

ay =11, Xy =119 and y(Xyey4,) =0.01 in accordance with c).

construct the value of a parameter y, =

In the next interval 4, = [1.19, 1.87] the value of « 4 should be estimated. If we re-

quest the values of &, =033, y, =187, xyin4,) =119 and y(xpn4,)) =0.01

1.19-1.87,/-20
OE/IE =1.0945 due to a).
1—\/m

The formula of s, for 4 is expanded as the following split definition

then a, =
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x—1.1 Y
005 1-2| — =~
1.2316—-1.1
2
003 of X=1:2316
1.2316-1.1
y=sy(x)= : : :
(~0.31818)x +1.0914 for 321<x<3.43,

' 2
—0.031-2 x——43
4.3-3.9958

We can prove some additional operations on the s-function values, e.g.,

e

r  11<x<11658,

—

or 11658<x<119,

4.1479 < x <4.3.

=K
]

1
y= (S(x))2 or y= (s(x))? to match a shape of the function to the given polygon

in the best way.
It is worth noticing that the total error that collects the deviations of s ,(x)

from A4 is very small.

The curve created for 4 has a particular pattern since it resembles the letter N.
In some medical or technical problems we obtain sets of points that will be ap-
proximated by some shapes of letters, e.g., N, M or W. The shapes of mentioned
letters can be disturbed or vague, which makes difficult to classify them properly,
i.e., we do not know exactly if we should include the curves in classes determined
by N, M and W. In order to ensure if a vague or unknown object can belong to the
considered class or not, we accomplish a classification according to the rules of
rough set theory.

If we are given several polygons then we, at the first stage, want to collect all
approximated objects over a common interval [0, 1] to measure their deviations in
y-values with respect to the same x values.

Example 7.11

Suppose that we have obtained different shapes of the curves originating from
point sets A'=4>. Each of them is approximated by a continuous function that con-
sists of s-sections and pieces of straight lines that link the parts of s-functions if it
is necessary. Figure 7.10 provides the polygons and the approximating functions
over their original intervals along the x-axis. We assume the following polygon
membership: 4', 4° and 4° belong to the “N” class, A4* is a member of the “}7”
class, while the origin of 4% is unknown.
In further analysis we use only the continuous curves, also named 4'—4°.
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047

Figure 7.10: The approximated polygons 4'—4°

To move all curves to the same starting point settled as the origin of the x-y
coordinate system, we suggest the following transformations.

Suppose that the A'-curve, i = 1, ..., n, is placed in the x-subinterval
[xlnin(Ai), X pax (Ai)]. We move the /™ segment s .+ » approximating the subset A; of

A i=1,..,nj=1,..,0, to aposition close to the origin by introducing the
formula

. 2
x—(OCA; _xmin(Al)) ; ;
@) gAj 2 7" —a. fOIxmin(Ai) _xmin(A )Sx<p i _xmin(A ),
5%

. 2
X_(]/A} _xmin(Al ))

Vi —Q,i
Aj Aj

()&, |1-2 for B, — X (4)<x< Y4 — X, (A4).

(7.19)
The straight line (7.18) is transferred nearby the origin by the action of an equa-
tion

for xmaX(Aj') ~ X min (AI) sx< xmi“(Aj‘ﬂ) ~ Fmin (AI)



176 7 Approximation of Clock-like Point Sets

Example 7.12
Figure 7.11 shows A'-4° attached to the origin after performing (7.19) and (7.20).

y 04T A' 4> 4 4

A
fo\f \f OTE

-0.27

-047—

Figure 7.11: The curves 4'—4° with their start points at the origin

In Fig. 7.11 we recognize 4> as A from Ex. 7.8. We decide x,, (4*)=1.1 and
modify “sampled truncated s for 4, = 4, as a function

2
o.osil—z(wn for 11-1.1<x<11658-1.1,

1.2316-1.1
2
0.05| 2 x-(1.2316-LD) for 11658-1.1<x<119-1.1,
1.2316-1.1

y=15p(x)=14(-0.31818)x +1.0914
+(-0.31818)-1.1= for 321-1.1<x<343-1.1,
(~0.31818)x +0.7414

. ) . .
0,03 1-9( X=@3=1LD for 4.1479-1.1<x<43-1.1,
43-3.9958

which displaces 4,’s start point to the origin.

The comparison of all curves will be successful if we can observe them at a
common interval. Let us determine the interval [0, 1] as a new domain for all split-
functions 4'-4". Each piece s Ly Or line,,i=1,..,nj= ., O, should be
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shrunk or enlarged proportionally to fit it for the interval [0, 1] together with other
pieces.

In order to achieve the required movements of sj. over [0, 1], we initiate the pa-

1

rameter 6, = . — in (7.19), which generates a new formula [49,
xmax(Al) - xmin(AI)
67]
; 2
x_(aAf, _xmin(A ))5 i
D e,02 !
LU g
for — (x,i) ~Xpin (A5 <x<(B - Xmin(A))S
y= ‘ ) (7.21)
x_(yAfv _xmin(Al))§ i
(2) e,1-2 :
g (7A'/ _aAl/_ )5 i
fr (B —Smin(A NSy <X —Xin( AN .

Before equipping (7.20) with the parameter §,, we should find another form of
(7.20) adapted to the range [0, 1] as [7, 67]

4 i i
y:KA}x +LA,, = ; " for X st —x, (A4)<x< X o) —x,.(4). (122

—X

yE——— for mn(4))S  <x< (xmin(A,M) —Xpn(ANS . (723)

(xmux(A;)

Example 7.13

The applications of (7.21) and (7.23) to every s-section and every line segment
that takes place in 4'-4°, yields the effect of collecting all curves over the x-

domain [0, 1]. The curves 4'-4°, lying in [0, 1], are plotted in Fig. 7.12.
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Figure 7.12: The curves A'-4> over the common interval [0, 1]

After the executed transformations (7.21) and (7.23) the y-coordinates of 4%, for

. 1
which 6 , =
A4 43-1.1

~0.31, are computed as values

2
003 1_of X=(L1-1.031
(1.2316-1.1)0.31
for (L1-1.1)0.31< x < (L1658 —1.1)0.31,
2
003 of X=(1:2316-1.1)0.31
(1.2316-1.1)0.31
for (11658—1.1)0.31<x < (119-1.1)0.31,

=8 ,(X)=1":
V=54 (x) x4+ 0.7414:0.31
—0.31818
0.31
~0.31818

for (3.21-1.1)0.31 < x < (3.43-1.1)0.31,

ood 1o x-(43-1.0031Y
' (4.3-3.995)0.31

for (4.1479-1.1)0.31<x < (4.3-1.1)0.31.

The mathematical tools used for polygons result in the creation of a common
collection of curves representing the polygons over [0, 1]. Next, the selected ele-
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ments of rough set theory will constitute a foundation for the classification of the
curves.

7.5 The Classification of Letter-shaped Polygons

We return to the curves presented by Ex. 7.11 in order to accomplish their classifi-
cation provided that we would like to determine their membership in the “N”
class. The y-axis in Fig. 7.12 is divided in three regions. After analyzing the im-
portance of the y-values we consider three intervals for them. The values of y be-
long to the interval (0.3, 0.35) in the recognized case. Suppose that the y-values,
occurring from —0.1 to 0.1 cannot provide us with essential information about the
curve character and they are ignored. As a consequence, the code assigned to the
y-value belonging to [-0.1, 0.1] is equal to 0. For decisive, positive y-values, the
code of 1 is reserved while the negative y-values of a deterministic character ob-
tain the code stated as —1.

Let us introduce the universe set U = {Al, A% .., A"} composed of continuous
curves A', 4% ..., A" approximating the polygons bearing the same names and
representing different shapes of letters. The objects of U are determined by condi-
tion and decision attributes defined by the sets B and D respectively. We assume
that the set B consists of sizes x; € [0, 1], £k = 1, ..., m, associated with values
code ,(x,),1=1, ..., n that are equal to the integers -1, 0 and 1.

Since we want to assign some members to the “N” class, then set D obtains an
attribute stated as “the membership of a polygon in “N””, where the membership
is expressed as “yes”, “no”, “unknown”.

The triple / = (U, B, D) forms the decision table whose analysis generates the
equivalence relation already introduced by (7.7), its classes given by (7.8) and two
approximation sets of X, as recommended by (7.9) and (7.10). The relationship

between class “N” and each member of U is estimated by (7.12).

Example 7.14

We consider the data concerning 4'-4° and sampled in Fig. 7.10 as pictures of
different letter-shaped cases. We decide U = {Al, A A3, A A }. The decision
triple / = (U, B, D) is expanded in Table 7.3. The objective of investigations is to
revise the hypothesis formulated earlier in Ex. 7.11. As we remember, we have
supposed that 4', A? and A° fit the “N” class, A4* resembles the letter “#”, and we
cannot strictly decide about the origin of 4% Let us accomplish the appropriate
rough classification by, at first, filling in some entry data in the mentioned deci-
sion table 7.3.



180 7 Approximation of Clock-like Point Sets
The table contains the values of condition and decision attributes.

Table 7.3: The decision table = (U, B, D) for letter-like curves 4'-4°

A, 0125 [0250 0375 [0500 [0625 [0.750 [0.875 [ Class”N”
A' 1 1 1 0 —1 —1 0 yes
A 1 1 1 1 0 0 “1 unknown
A 0 1 1 1 0 0 0 yes
A* -1 0 0 1 0 0 0 no
A 1 1 1 1 0 0 —1 yes

The equivalence relation /(B), provided in accordance with (7.7), is a set of
pairs 1(B) ={(4", 4"),(4%, 4%),(A3, 47),(A*, AY) (L, £),(4*, A), (4>, 4*)}.

The equivalence classes of /(B) are decided as the sets IB(AI) = {Al}, IB(AZ) =
(A2, A, IB(AP) = {4}, IB(A*) = {4*}, IB(L*) = (4>, £} -

The value of decision attribute “N” = “yes”, generates the set X = {4', 4°, 4°}
that in turn is the most essential factor implementing sets B.(X)={4', 4%},

B (X)= {4, A*, 4, 4} and By, (X) ={4*,4}.

The polygon membership degrees, whose sizes confirm the membership in the
“N” class, are obtained as:

1 1
e (A1) =1 (A7) = 2 e (A = 1, g (4) = 0, ping (A7) =2

By looking at the results of the accomplished analysis we can conclude that A"
and 4 are the true members of the “N” class in U, while 4> and 4> may belong to
the investigated class to certain grades. The recognition of the curve nature aims at
the special treatment of all sure and possible objects belonging to “N”. We often
know how to handle a class on the condition that its members are recognized.

Some finite sets of pairs are often interpolated by polygons that seldom have
convenient equations mathematically expanded. Although there exists a large
number of approximation methods applied to point sets, especially the different
variations of least square regressions, we suggest applying a new procedure of
approximation. This originates from the standard 7 or s-functions in truncated
forms that approximate the irregular parts of the polygons very smoothly.

The functions, called by us “the sampled, truncated 7 (s)” are composed of the
first and second degree-polynomials in the form of split definitions. The low de-
grees of approximating functions make further operations on them rather easy,
which is an essential advantage of the method. One truncated 7 or s-segment can
approximate many nodes belonging to the point set that reduces a number of
piecewise functions involved in the general definition of an approximating collec-
tion. But most of all we notice that “the sampled, truncated 7 (s)” follows the
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changes of the polygon’s pattern very sensitively, which guarantees the high thor-
oughness of approximation results.

A new process of approximation sometimes is invented in mathematics as an
interesting theoretical item without greater practical validity. To prove the empiri-
cal aspect of “sampled truncated 7 or s” we want to consider a classification
praxis.

The accomplishment of a successful classification of unknown objects, possess-
ing only some features typical of the considered class, is not an easy task. By ap-
plying rough set theory combined with earlier achievements in approximation, we
could classify polygons within the same class even if they have an unknown ori-
gin. Two introduced sets, B+ and B, act as a lower and an upper approximation of
the investigated class. This makes it possible to assign its sure members and such
ones that have most of the properties characteristic of the class. Moreover, we can
easily exclude the polygons that do not satisfy the class’s attributes.

If we need a pattern for another classification of objects obtained as some point
sets, we can return to the discussed model and adapt it to other assumptions.
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total acceptance of diagnosis, 85
total order, 142

total rejection of diagnosis, 85
transitive relation, 88

truncated z-function, 161
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This volume provides readers with selected fuzzy and rough tools used to medical tasks, especially
diagnosing and medication. To build a link between theoretical, mathematical excerpts and practical med-
ical applications, the contents is formed as a sequence of occurrences in which a patient appears to be
diagnosed and cured. The fuzzy and rough elements are inserted in the book in the order required by the
presentation of medical substance to maintain the logical unity of the book’s essence.

In conformity with this pattern the essay presents in turn some necessary elements of fuzzy set theory,
the classical fuzzy diagnostic model with extensions, the fuzzy diagnostic model with clinical examina-
tions extended throughout time based on distance theory, methods of drug effectiveness measurements
and algorithms selecting the optimal medicine. As the complement, the solution of an approximation
problem is suggested to find a curve that surrounds two-dimensional clock-like point sets with the little
approximation error.

A lot of appealing examples are added to facilitate comprehension of theoretical principles for a reader,
so that even a beginner in fuzzy set theory can follow calculation steps without implementing computer
programs. It should be emphasized that all models are also applicable to other fields, especially to technical
domains after necessary adaptations. This confirms the existence of the large spectrum of applicable fuzzy
and rough methods not only in medicine but also in natural sciences.





