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Preface

Rotating field electric machine is one of the most complex devices in the whole
electrical engineering, because physical quantities in it are both a function of space
and time, the medium in which they spread is nonlinear and all three dimensions of
electromagnetic, mechanical, and thermal fields determine its performance. When
fed from AC source(s), rotating field machine windings generate flux density waves
which spread at different velocities through the machine, produce time dependent
forces between stator and rotor, and dissipate losses which increase the temperature
throughout the machine.

Only in an electric machine Faraday’s law of electromagnetic induction can
show its real nature: the tendency of space to oppose any change of magnetic field.
When in a vicinity of a stationary coil the magnetic field is changed, the voltage is
induced in the coil, which drives current through it, the magnetic field of which
compensates for the primary change of the field. If the coil can move, or rotate, and
if it is placed in a space in which the magnetic field rotates, not only the voltage will
be induced in it, as is the case with a stationary coil. The coil will start to rotate in
the direction of the field, trying to oppose the change of the concatenated flux
created by the rotating field. After infinitely long time, neglecting mechanical
losses, the coil will reach the synchronous speed and concatenate the magnetic field
which in that case does not change relative to it.

Besides generating electromagnetic torques, forces in an electric machine create
mechanical stress on its components. Electromagnetic and mechanical losses
increase the machine temperature and must be taken out from it by means of a
gaseous or fluid coolant. The amount of losses and related temperature increase is
crucial when determining the machine rated power, which is a pure thermal
quantity, defined as the power transferred to a load at which the dissipated losses
increase the machine temperature to the value allowed by the winding class of
insulation. Therefore, to design an electric machine is primarily a thermal task
which is successfully completed when the losses accompanying the electrome-
chanical energy conversion do not increase the hot spot temperature above the
given value.
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An exact description of electromagnetic, fluid flow, and thermal effects which
simultaneously take place in an electric machine would require enormous com-
putational power, which would barely justify the accuracy of results and time
consumed. Therefore, it is designer’s job to simplify the bulky mathematical
apparatus when solving a particular problem, building a simple physical model of a
machine, and solving it with regular mathematical tools. In order to make adequate
physical assumptions for a particular problem, the designer has to understand well
the tool he is using, which helps him avoid application errors.

Like in almost no other field of engineering, when designing an electric machine
there is a high need for proper physical interpretation of mathematical solutions,
and especially of conditions under which these are derived. Mathematics is a good
servant, but a poor master. This can be illustrated by the example of the probably
most misinterpreted equation in electrical engineering, which states that electrical
current i through a capacitor is equal to the time derivative of charge Q

i ¼ dQ
dt

At the latest since the Millikan–Fletcher experiment in the year 1910 the engi-
neering community is aware of the discrete character of electrical charge: the
amount of electricity can only change in steps of e− = 1.6 • 10−19 As, which is the
charge of electron. In terms of mathematical analysis, a derivative of a discrete
function is not defined; therefore, the expression dQ/dt is mathematically unde-
termined. At time instants at which the amount of charge in a closed volume V
changes, its time derivative is not defined; at all other time instants the derivative
of the amount of charge is equal to zero, Fig. 1. Accordingly, an electric current
defined as a time rate of change of the amount of charge is either undetermined, or
equal to zero.

Such definition of electrical current is a result of misinterpretation of Maxwell’s
concept of displacement current in dielectrics. Knowing that the divergence of the
curl of any vector is equal to zero, and applying operator div to the Ampère’s
circuital law, one obtains

div curl~H
� � ¼ div ~Cþ @~D

@t

 !

¼ 0

with H denoting the magnetic field strength, C the current density, and D the
electric displacement. Setting for

div~D ¼ q ¼ Q
V
¼
Pn

i¼1
qi

V
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with q standing for charge density, and V for volume, one can further write

V � div~Cþ dQ
dt

¼ 0

which leads to a mathematically correct, yet physically false construction

i ¼ dQ
dt

When correctly interpreted, the displacement current density Cd, defined, e.g.
for a parallel plate capacitor as

~Cd ¼ @~D
dt

¼ e
@~E
dt

¼ e
@

@t
�ruð Þ ¼ e

d
du
dt

helps one express the current ic through a capacitor by means of voltage drop u
across its plates as

ic ¼ S
e
d
du
dt

¼ C
du
dt

where S denotes the area of plates, d the distance between plates, e the permittivity
of the medium and C the capacitance. The current through a capacitor is propor-
tional to the time derivative of voltage drop across its plates. Electric current is
definitely not equal to a time derivative of charge, because the amount of charge Q
is a discrete quantity and therefore it is not a derivable function.

Any discussion about physically proper description of electric current inevitably
leads to the question about its real nature. The answer to this question is aston-
ishingly simple: electric current is a state of continuum characterized by thermal,
light, chemical, and magnetic effects. Whereas thermal, light, and chemical effects
do not always accompany electric current, magnetic field is always generated when
a current flows. Therefore, electric current can be defined as the source of magnetic
field (Fig. 2).

t

Q, dQ/dt

Q

Q + e–
Q(t)

dQ/dt

t1

Fig. 1 Illustrating expression
dQ/dt: time rate of change
of the amount of charge e− in
a closed volume V is not
defined at time instant at
which the change takes place;
at all other time instants the
time rate of change is equal to
zero
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The emphasis in the definition of electric current is on the state of continuum,
which, according to the currently valid physical model of the universe, spreads with
the maximum possible speed through space. For example, when a body with mass
m changes its position, a new distribution of gravitational field is generated which
spreads with the speed of light through the universe. In the same manner when a
charge Q changes its position in space, the effect of the change—a new distribution
of electromagnetic field—spreads with the speed of light throughout the whole
universe.

Since every change of electric field distribution is accompanied by a creation of
magnetic field, a charge which changes its position creates magnetic field in space.
Independent of how slow a charge moves, the electric field distribution created at its
every new position spreads with the speed of light through space. Therefore, one
can state that no matter how fast or slow a charge moves, the state of continuum
described by electric current spreads at the speed of light.

Previously discussed topics illustrate the tenor of the book: thorough under-
standing of physical (electromagnetic, mechanical, and thermal) processes in
rotating field electric machines by using sophisticated computational tools, along
with correct physical interpretation of mathematical results.

A reader who expects to find a compilation of recipes on how to design a
rotating field electric machine in this book will be disappointed, because this is a
book on “why”, rather than on “how”. Alexander Gray, one of the pioneers in the
field of electric machines design, stated more than one hundred years ago “Since the
design of electrical machinery is as much an art as a science, no list of formulae or
collection of data is sufficient to enable one to become a successful designer.” The
art in this statement relates to balanced trade-offs of often contradictory requests.
Technical specifications for a particular machine can be fulfilled in many different
ways, none of them being absolutely the best. There exists no recipe on how to

+Q
+Q

P Et1

H

t = t1

v

t = t2

H

Et2 P
v

Fig. 2 Illustrating effects of motion of charge +Q, which travels at finite velocity v, as a source of
magnetic field. The charge +Q creates at point P the electric field Et1 at time instant t1, and the
electric field Et2 at time instant t2. The change of electric field distribution in time interval [t1, t2],
which spreads through space with the speed of light, gives rise to displacement current density

e
@E
@t

, which is a source of magnetic field H
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design a perfect electric machine—it is more a question of experience and manu-
facturing capabilities, with a strong influence of engineering talent. Nevertheless,
one should always keep in mind the simplicity of the solution, as a dominating
design goal which guarantees longer mean times between failures and decreases the
machine price.

One of the basic ideas followed in this book is a wide use of lumped circuit
approach when solving field problems. Electrical engineers think in terms of cir-
cuits. Ohm’s law, one of the most pronounced laws in the nature, states that the
output is proportional to the input. Just like for electric circuits, similar laws of
proportionality can be written for pressure and mass flow, temperature and heat
flow, as well as for magnetic flux and MMF drop.

Despite various nonlinearities which dominate the physics of electric machines,
an emphasis in the book is given to an analytical solution of a particular problem.
An analytical solution helps designer to get insight into the nature of processes in a
machine and estimate the influence of each parameter on its overall performance.
A numerical solution, on the other hand, is valid only for a particular set of
parameters. A single numerical solution might deliver correct numbers, but it does
not help the designer to understand the relationships between the quantities
involved.

The book is organized in eight chapters. In the first seven chapters, a thorough
analysis of electromagnetic and thermal effects which dominate the operation of
electric machines is given. In the last chapter important steps in the design of
induction and synchronous machines are sketched. In each chapter several case
studies are presented, dealing with a topic relevant to the chapter contents.

Properties of permanent magnet machines are discussed thoroughly in the first
chapter and in the Appendix. Considering inferior performance of a permanent
magnet AC machine as compared to a wound rotor synchronous machine, the
design procedure for the former machine type is not carried out separately in the
book. Nevertheless, permanent magnet machines have been referred to in several
case studies. The interested reader can obtain the performance curves of a perma-
nent magnet machine simply by setting the field current of an equivalent wound
rotor synchronous machine down to its no-load value.

Paraphrasing the statement “Never trust a statistics you didn’t make yourself,”
one might find it a good idea not to use commercial machine design software
packages, the vendors of which consider the applied methods and procedures their
intellectual property. When applying such software packages it could happen that
the user, without being aware of assumptions and limitations made when creating
such a package, obtains physically meaningless results, like current flowing from a
conductor into air, overall power factor larger than one, or even sum of all power
components different from zero, etc. Having this in mind, the intention of this book
is to support those engineers who want to design an electric machine standing on
their own two feet.
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Last but not least, the text of the book was checked, rechecked, and checked
again in order to eliminate possible errors. If despite the careful preparation certain
expression turns out to be incomplete or misleading, one should keep in mind that
this was done on purpose, because those readers, who desperately look for an error
in a work like this, should also be satisfied after having found it.

Weinheim, July 2016 Vlado Ostović
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1.1 General Considerations

To design an electric machine means to determine the combination of geometric
parameters, winding configuration, and implemented materials, which ensures a
flawless operation of the designed machine throughout the whole period of its
service life. Considering numerous technical and economical criteria which have to
be satisfied in the process of machine design, one comes to a conclusion that there
are many ways to design a good machine. On the other hand, there are even more
ways to design a machine, the performance of which does not fulfill given speci-
fications, the most pronounced of them being thermal overloading of insulation.
The process of electromechanical energy conversion is accompanied with a gen-
eration of electromagnetic and mechanical losses in the machine’s active and
passive components. On their way through machine parts the losses create tem-
perature gradients and hot spots, the latter denoting locally overheated areas.

Considering thermal limits of winding insulation, the main criterion that a
successfully designed electric machine has to fulfill is that the hot spot temperature
in it does not exceed the amount allowed for the given class of insulation. Proper
thermal design is crucial for the operation of an electric machine; a thermally poor
designed machine must either operate derated, delivering less power than foreseen,
or it fails completely because of overheating of its windings.

Losses generated in the whole volume of active part can be transferred to a coolant
only on heat exchange surfaces. Considering constant losses per volume and
denoting by x the machine’s linear dimension, the total losses increase with the
machine volume, i.e., proportional to x3, whereas the heat exchange surface can only
increase proportionally to x2. The ratio of total losses to the heat exchange surface,
being proportional to the temperature drop on the heat exchange surface, increases
proportionally to the machine size, i.e., to the quotient x3/x2 = x. For this simple
reason it is easier to cool small than large electric machines. Without changing the
machine cooling type, current density in a small induction motor may reach
10 A/mm2; it has, however, to be reduced to some 2–4 A/mm2 in a large machine
with the same class of insulation. Consequently, the importance of cooling increases
proportionally to the machine size and dominates design of large electric machines.

The simple scaling law for heating not only is typical for machines but also can
be observed in the whole nature. An Antarctic penguin is bigger than an Australian:
Considering identical metabolism, body temperature, and produced energy per
body volume, an Antarctic penguin can cover a higher temperature difference to its
environment than an Australian only by being bigger, i.e., by having a larger
volume to body surface area.
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1.2 Stationary Coils and Rotating Magnetic Field

Constant current creates constant magnetic field at each point in space around a
current-carrying conductor. Time-dependent current creates time-dependent mag-
netic field. Considering linear and homogenous magnetic properties of medium
surrounding the conductor, the direction of magnetic field at any point in space is
determined only by geometry and independent of the amount of current.
Time-dependent current creates at every point in a homogenous medium a magnetic
field with an amplitude dependent on current and with constant direction in space.
In other words, magnetic field around a current-carrying conductor pulsates when
the current alternates. One should note that electric current, as a time-dependent
quantity, can only alternate, i.e., change its amount in time. Magnetic field, as a
spatial quantity, can both change its magnitude and direction in space. As shown in
Fig. 1.1, the direction of a pulsating magnetic field at point P at time instant t1,
when the current is positive, is collinear with axis a–a′. After one half of period of
current i, at time instant t1 + T/2 when the current has an opposite sign, the
direction of magnetic field changes by 180°.

Sinusoidal current i(t) = Imax cos xt flowing through the coil in Fig. 1.1 produces
pulsating magnetic field, the direction of which varies from one point in the space to
another. A pulsating physical quantity is a synonym for standing wave. A standing
wave emerges from two traveling waves with equal amplitudes, B+ and B−, which
travel (rotate) at the same speed in opposite directions as shown in Fig. 1.2.

B(t1)

B(t1+T/2)
i(t)

P 

a 

a‘

Fig. 1.1 Illustrating the direction of magnetic field at an arbitrary point P at two time instants
which are one half of period of current shifted to each other
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The axis of pulsating field Bpuls acting at point P in Fig. 1.2 is a–a′, as shown in
Fig. 1.1. For a given sinusoidal coil current the amplitude of field Bpuls changes
periodically from 0 over Bmax down to −Bmax and back to 0. The axis a–a′ of field
Bpuls acting at point P does not change its slope and position in space. The actual
field Bpuls which pulsates along the axis a–a′ can be replaced by a sum of two fields
having constant amplitudes B+ and B− which rotate in opposite directions with
angular velocities +Ω and −Ω. The relationship between the amplitudes of rotating
and pulsating field is B+ = B− = Bmax/2. The rotating field component denoted by
B+ is called positive sequence, and the rotating field component denoted by B− is
the negative sequence.

t = 0

Bpuls=Bmax
Bmax/√2

Bpuls = 0

-Bmax/√2

B+

B-

B+

B-

B+

B-

B+

T / 8 T / 4 3 T / 8

a

a‘

P
-Ω

+Ω

B-

-Bmax

B+

B-
B+

B-

Bpuls = 0
B+

B-

B+

B-

T / 2 5 T / 8 3 T / 4 7 T / 8

-Bmax/√2

Bmax /√2

Fig. 1.2 Representation of a pulsating field created by sinusoidal current with angular frequency
x as a sum of two waves of rotating fields B+ and B−
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As illustrated in Fig. 1.2, a single coil carrying sinusoidal current produces at
each point in space two fields with equal amplitudes, which rotate in opposite
directions. Pure rotating field is obtained when one of the components—either
negative or positive sequence—is fully eliminated. This can only be done by
introducing another coil(s) which carry current(s) phase shifted to the current in the
first coil. The effect of additional coil(s) is illustrated in Fig. 1.3, in which the
magnetic field created by currents in two coils is represented, the lines of flux of
which are perpendicular to each other at point P.

The line a–a′ shown in Fig. 1.3 represents the axis of pulsating field created by
the first coil and the line b–b′ analogously for the second coil. For the purpose of
simplicity, it will be further assumed that the two amplitudes of magnetic field at
point P created by the two currents are equal to each other and that the phase shift

t = 0

Bres

B+,a
B-,a

B+,a

B-,a

T / 8 T / 4
a

a‘

P

B+,b

B-,b

B-,b

B+,b

Bres

b

b‘

B+,b

B-,b

B-,a

B+,a

Bres

3 T / 8 T / 2 5 T / 8

B+,b

B-,b

B-,a
B+,aBres

B+,b

B-,b

B-,a

B+,a

Bres

B+,a

B-,a

B-,b

B+,b

B res

3 T / 4 7 T / 8

B+,b

B-,b

B-,a

B+,a

Bres
B+,b

B-,b

B-,a

B+,a

Bres

Fig. 1.3 Generation of rotating field with two perpendicular coils carrying 90° out of phase
alternating currents
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between the two coil currents is equal to 90°. All components of field created by the
current in the first coil are drawn black, and those created by the second coil are
gray. The resulting field Bres is represented with thick gray arrow.

One notes in Fig. 1.3 that the resulting field has a constant amplitude and
completes one revolution in space after one period T of the coil currents. The

resulting field rotates at an angular velocity X
*

, which is a vector perpendicular to

the plane of rotation. Spatial quantity X
*

should not be confused with the scalar of
angular frequency x equal to 2pf, with f denoting the reciprocal of the period T of

coil currents, f = 1/T. In other words, x is not the magnitude of X
*

.
Analyzing the generation of rotating field illustrated in Fig. 1.3, one can state

that one of the components of pulsating field created by a single coil—in this case
its negative sequence—was fully eliminated by introducing additional source of
pulsating field, the negative sequence component of which is 180° phase shifted to
the negative sequence component of the first coil. At the same time, the amplitude
of the negative sequence component of the second coil must be equal to the
amplitude of the negative sequence component of the first coil. One can state that
pure rotating field is obtained by superimposing two pulsating fields created by
stationary current-carrying coils if the following conditions are satisfied:

– The axes of coils are perpendicular to each other;
– Coil currents are 90° out of phase.

In a polyphase system, the rules above are adapted in order to consider the
number of phases.

In the process of creating the rotating field shown in Fig. 1.3 each phase con-
tributes with its full positive sequence component to the resulting positive sequence
field, whereas the amplitude of positive sequence component per phase is equal to
50 % of the amplitude of total field created by single phase.

It will be shown in Chap. 2 how the previously discussed basic connection of
coils has to be modified in order to extend the space in which rotating field is
generated from the single point P in Fig. 1.1 to a larger volume, e.g., the air gap of
an electric machine. If suitable objects, such as coils, ferromagnetic components,
and permanent magnets, are brought into this space, the rotating field can interact
with them, and force F [N] and torque M [Nm] can be generated which tend to
move these objects in the direction of rotating field. In order to move objects, the
rotating field has to perform in each revolution the mechanical work Wmech equal to

Wmech ¼
Z2p
0

M cð Þdc ¼
ZT
0

pðtÞdt ¼ P � T ð1:1Þ

Graphical interpretation of Eq. 1.1 is shown in Fig. 1.4. Only the constant torque
component Mave shown in Fig. 1.4 performs mechanical work, because the average
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value of all other torque components in one revolution, i.e., in angle interval [0, 2p],
is equal to zero.

Equation (1.1) has far-reaching effects on design of rotating field electric
machines, one of which being articulated in the statement that permanent elec-
tromechanical energy conversion can only take place if torque-generating compo-
nents of magnetic field rotate at the same speed. Replacing differential dc in Eq. 1.1
with Ω dt, and replacing the expression M(c) � Ω by instantaneous power p(t), one
obtains as a result that mechanical energy is proportional to the average torque.
Constant T in Eq. 1.1 denotes the time interval within which the rotor completes
one revolution from 0 to 2p.

The contribution of a pulsating component of torque to the total energy con-
verted from electrical to mechanical form and vice versa is equal to 0. At a given
speed of rotation, only active power creates mechanical work; higher harmonics of
active power create torques with an average value (mechanical work) equal to zero.

1.3 Electromagnetic Field Equations and Boundary
Conditions; Field Distribution in Heteropolar
Machines

The source of magnetic field is electric current. Magnetic field lines form closed
curves and concatenate electric field lines. The sourcelessness of magnetic field can
be formulated as [1]

γ2π0

M

Mave+ +

-

Wmech

Fig. 1.4 Torque as a function of angle. The area below the curve M(c) is equal to the mechanical
work performed
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div~B ¼ 0 ð1:2Þ

which states that the magnetic flux through a closed surface is equal to zero. This
simple condition and Ampère’s circuital law for a closed contour C

I
C

~H � d~l ¼
X

i ð1:3Þ

are the only two physical laws that help one determine the flux distribution in the
complex geometry of electric machines.

Vast majority of rotating field electric machines are built as heteropolar, i.e., all
flux lines in their active part close in a plane perpendicular to the machine shaft.
Thus, the machine’s active part can be analyzed two-dimensionally without losing
accuracy. In the end winding zone, on the other hand, all three spatial components
of magnetic field are equally important when determining analytical solutions of
field distribution, which help find leakage reactances, forces, losses, etc.

As illustrated in [2], Eqs. 1.2 and 1.3 applied to the machine’s iron–air boundary
without current sheet (surface current density) help one determine the ratio of
angles of flux lines to the boundary surface normal line as (Fig. 1.5)

tan aair
tan aFe

¼ 1
lr;Fe

ð1:4Þ

where the iron relative permeability, µr,Fe, equals typically to 103–104. Therefore,
one can state that lines of flux enter the iron surface on the air side of air–iron
boundary almost perpendicularly. The change of direction of the line of flux shown
in Fig. 1.5 on the air–iron boundary is a consequence of different permeabilities of
air and iron.

Equation 1.4 helps one find magnetic field distribution of a current-carrying
conductor in front of an iron half-space, as shown in Fig. 1.6. The problem is
solved by applying the method of current imaging in which the region with high
iron permeance and without current-carrying conductor(s) is replaced by fictitious
current-carrying conductors in air [3]. As a result, Ampère’s circuital law can be
applied on both sides of the air–iron boundary on which the lines of flux do not
break as a consequence of different relative permeabilities.

8 1 Introduction



Boundary conditions for a particular problem are a means to replace the influ-
ence of the rest of the world on electromagnetic state within the problem region by
applying simple physical relationships on the boundary of the problem region.
Typical boundary condition can be defined as a line of flux parallel to the border; in
this case, no flux goes out of the problem region into the rest of the world.

In Fig. 1.6b a flux line created by current I flowing through a conductor at a
distance d from iron half-space is shown. According to Eq. 1.4, the lines of flux in
air on the air–iron boundary are practically perpendicular to iron. On the iron side
the lines of flux choose the shortest way and end up almost parallel to the boundary.

The actual electromagnetic DC excitation and problem geometry shown in
Fig. 1.6a are replaced by boundary conditions as illustrated in Fig. 1.6b, c, in which
the whole problem region has only one permeability, µ0. This way the Ampère’s
law can be directly applied in the whole problem region. Field distribution on the
air side shown in Fig. 1.6a is represented in Fig. 1.6b as a sum of the field dis-
tribution created by the original current I and the field distribution created by a
fictitious current Ir,Fe flowing through a fictitious conductor placed in iron at the
same distance d from the air–iron boundary as the actual conductor on the air side.
The resulting magnetic field strength H [A/m] on the air side of the air–iron
boundary can be expressed as follows:

α air

α Fe

μ0 μFe

Fig. 1.5 Refraction of magnetic flux on iron–air border
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~Hair ¼ I
2Rp

�~ay cos aþ~ax sin a
� �þ Ir;Fe

2Rp
~ay cos aþ~ax sin a
� � ¼

¼ 1
2Rp

~ax Ir;Fe þ I
� �

sin aþ~ay Ir;Fe � I
� �

cos a
� � ð1:5Þ

the normal (x in Fig. 1.6) and tangential (y in Fig. 1.6) components of which can be
written as

Hx;air ¼ 1
2Rp

Ir;Fe þ I
� �

sin a ð1:6Þ

Hy;air ¼ 1
2Rp

Ir;Fe � I
� �

cos a ð1:7Þ

μ0 μFe

I

d

μ0 μ0

I

d d

R R
Ir,Fe

μ0 μ0

d

R
I + Ir,air

H(Ir,Fe)

H(I) H(I+Ir,air)

xa x

y

1

1
yaD

D d 

(a)

(b) (c)

Fig. 1.6 Current-carrying conductor in front of iron half-space (a) and its equivalents (b and c) in
case of DC excitation
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One can express in the same manner the field distribution on the iron side of the
border by the field of fictitious current Ir,air flowing through the conductor addi-
tionally to the actual current I, as shown in Fig. 1.6c:

~HFe ¼ Iþ Ir;air
2Rp

~ax sin a�~ay cos a
� � ð1:8Þ

Applying boundary conditions [2] for normal and tangential components of the
magnetic field strength on the air–iron surface without current sheet:

lFeHx;Fe ¼ l0Hx;air ð1:9Þ

one obtains

lFe Iþ Ir;air
� � ¼ l0 Iþ Ir;Fe

� � ð1:10Þ

as well as

Hy;Fe ¼ Hy;air ð1:11Þ

and

Ir;air ¼ �Ir;Fe ð1:12Þ

Fictitious currents Ir,Fe and Ir,air are now

Ir;Fe ¼ �Ir;air ¼
lr;Fe � 1

lr;Fe þ 1
I ð1:13Þ

whereas the normal (x in Fig. 1.6) and tangential (y in Fig. 1.6) components of
magnetic field strength in air, Eqs. 1.6 and 1.7, can be written as follows:

Hx;air ¼ I
2Rp

� 2lr;Fe
lr;Fe þ 1

sina ð1:14Þ

Hy;air ¼ � I
2Rp

� 2
lr;Fe þ 1

cos a ð1:15Þ
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By substituting the expression for fictitious current Ir,air (Eq. 1.13) into Eq. 1.8,
one can express the normal and tangential components of magnetic field strength in
iron as

Hx;Fe ¼ I
2Rp

� 2
lr;Fe þ 1

sin a ð1:16Þ

μ0

μFe

I

I

I

(a)

(b)

(c)

Fig. 1.7 Magnetic field strength H created by a current-carrying conductor (a) in air alone; (b) in
air in front of iron half-space; c comparison of the two distributions in (a and b)

12 1 Introduction



Hy;Fe ¼ � I
2Rp

� 2
lr;Fe þ 1

cos a ð1:17Þ

Except for small values of angle a (both positive and negative), the normal
component of the magnetic field strength in air, defined in Eq. 1.14, gets almost
doubled in the vicinity of iron with µr,Fe �, as a consequence of practically halving
the length of lines of flux in air. Due to its high relative permeability, the MMF drop
in iron is negligible as compared to the MMF drop in air. The tangential component
of magnetic field strength in air, defined in Eq. 1.15, is radically reduced, since the
lines of flux enter the iron surface almost perpendicularly, see Eq. 1.4. Whereas the
normal component of magnetic field strength in air is µr,Fe times larger than in iron,
the tangential components are equal in both media.

Graphical interpretation of results obtained by Eqs. 1.14 and 1.15 for a relative
permeability µr,Fe equal to 1000 is shown in Figs. 1.7a–c.

In Fig. 1.7a the amplitude of magnetic field strength of a current-carrying
conductor in a medium with a relative permeability equal to 1 as a function of radial
distance and angle is shown. The amplitude of magnetic field strength at a given
point is inversely proportional to the distance from the center of the conductor to
that point.

In Fig. 1.7b the magnetic field strength distribution in air created by a
current-carrying conductor parallel to a ferromagnetic half-space with µr,Fe = 1000
is shown. According to Eq. 1.8, the magnetic field strength in iron is almost equal
to zero. Therefore, the magnetic field strength distribution on the air–iron boundary
is discontinuous, which is shown as a vertical cut in Fig. 1.7b.

The amplitudes of the magnetic field strength in air without and with ferro-
magnetic half-space are compared in Fig. 1.7c. Magnetic field created by a con-
ductor in front of the iron half-space is equal to zero along the plane through the
conductor perpendicular to the magnetic half plane. Outside of the very narrow
neighborhood of this perpendicular plane, the magnetic field strength with ferro-
magnetic half-space is almost twice as big as the field strength without it.

As a conclusion, one can state that the vicinity of ferromagnetic media almost
doubles the magnetic field in air created by current-carrying conductors. This is a
very important fact which has to be considered when analyzing forces acting on the
end winding.

1.4 Fluid Flow and Heat Transfer in Electric Machines;
Types of Cooling

Thermal design of an electric machine is governed by fundamental equation
relating the temperature rise D0 [K] of a coolant with volume V [m3], mass density
q [kg/m3], and specific heat c [Ws/(kg K)] at a given pressure p [N/m2] to the
amount of heat DQ [Ws] absorbed
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DQ ¼ P � Dt ¼ V � q � c � D0 ð1:18Þ

with P denoting the power of losses (heat) [W] and Dt (s) the length of time interval
in which the heat gets absorbed by the coolant. Introducing volume flow rate
_V ½m3=s]

_V ¼ V
Dt

ð1:19Þ

one can express the temperature rise D0 of the coolant as

D0 ¼ P

c � q � _V ð1:20Þ

In Eq. 1.20 the global physical relationship between coolant thermal properties,
its volume flow rate, and the absorbed heat is described. Typical values for coolant
temperature rise in electrical machines vary between 15 and 40 K. Having these
values in mind, one can determine the necessary coolant volume flow rate _V
delivered by a fan or some other form of coolant mover. A coolant mover/fan
transports fresh coolant from heat exchanger to the machine, and warm coolant
back to the heat exchanger. In order to perform this function, the coolant mover has
to create certain pressure difference. In terms of electric circuits, pressure difference
corresponds to electrical voltage and volume flow rate to current. Coolant mover is
the source, and hydraulic resistances are the loads.

Fluid flow in loss-free case is described by Bernoulli’s equation which relates
the pressure drop on a hydraulic resistance Dp [N/m2] to the coolant velocity

Dp ¼ q
2
� v2 ð1:21Þ

assuming that the term related to geodesic component of energy, q � g � h, may be
neglected. q in equation above denotes mass density [kg/m3] and v the coolant
velocity [m/s]. In reality, the coolant flow in an electric machine is lossy due to two
reasons: turbulence and friction. Every change of cooling channel cross section
and/or direction of coolant flow changes pressure drop across it. On the other hand,
cooling channels in a machine are not perfectly smooth, and the coolant pressure
has to be increased in order to reach the required volume flow rate. How important
the smoothness of the heat exchange surface for the heat flow can be, shows a
simple experiment with an almost perfectly smooth rubber disposable glove: Even
without wind, the temperature of the hand wearing it is sensitively lower than the
temperature of the hand without a rubber glove. Roughness of the heat exchange
surface of the hand is in this case the means to increase the temperature drop on the
hand and reduce the loss of body heat on it.

The increase of pressure drop along a cooling channel is taken into account by
correction factor f, which can be a function of the coolant velocity v:
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Dp ¼ fðvÞ � q
2
� v2 ð1:22Þ

Hydraulic resistance, defined as a ratio between pressure drop and volume flow
rate, is nonlinear. The dependence of pressure drop across a coolant mover on the
generated volume flow rate is also nonlinear. Therefore, in order to solve hydraulic
circuit of an electric machine, one of the methods for solution of nonlinear circuits
has to be applied, the result of which is the coolant velocity distribution in the
machine’s hydraulic resistances.

Heat transfer takes place both in electrically active and passive components of
electric machines. Dominating mechanisms of heat transfer in electric machines are
convection and conduction; heat transfer by means of radiation plays a minor role.

Coolant velocity determines the heat transfer coefficient a [W/(m2 K)], the
crucial parameter for heat transfer on a boundary surface by means of heat
convection. For a total area SB [m2] of boundary surface through which heat power
P [W] is transferred from a solid body to a coolant, the difference between the
body and coolant temperature D0 [K] according to the Newton’s law of cooling is
equal to

D0 ¼ P
aðvÞ � SB ð1:23Þ

The minimum value of the heat transfer coefficient is equal to 6–7 W/(m2 K) and
corresponds to air buoyancy in the vicinity of a hot body due to difference in air
density.

Heat is transferred through solid portions of electric machines by means of heat
conduction, which is analogous to electric conduction. The amount of heat P [W]
passing through a body with length l [m], cross-sectional area SC [m2], and thermal
conductivity kth [W/(m K)] creates across the body a temperature drop D0 [K]
equal to

D0 ¼ P � l
kth � SC ð1:24Þ

According to the Wiedemann–Franz law, thermal conductivity kth of a metal is
proportional to its electrical conductivity j [1/(Ω m)]

kth ¼ j � c � T ð1:25Þ

with T denoting the absolute temperature of the body [K] and c a parameter.
When the thermal conductivity is not equal in all three spatial directions, as is the

case in lamination where thermal conductivity in axial direction is substantially
smaller than in radial and tangential, the temperature distribution can be found by
solving Poisson’s partial differential equation of elliptic type
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þ q x; y; zð Þ ¼ 0 ð1:26Þ

with q(x, y, z) denoting the spatial distribution of specific losses [W/m3].
Heat radiation follows the Stefan–Boltzmann law according to which a body

with absolute surface temperature Ts radiates at absolute temperature Te into its
surroundings the amount of heat P′ per square meter of its surface [W/m2] equal to

P0 ¼ c � Ts
100

� �4

� Te
100

� �4
" #

ð1:27Þ

with c equal to 5.8 W/(K4 m2) for an absolutely black body and about to 5 W/(K4 m2)
for the surface of a conventional electric machine. For the purpose of practical
computations, the equivalent heat transfer coefficient for radiation, ar, is introduced,
the value of which varies between 5 and 7 W/(m2 K). By using Eq. 1.6, one obtains
the total heat transfer coefficient for an electric machine without cooling in the range
between 11 and 14 W/(m2 K).

Cooling type of an electric machine is a compromise between the need to take
the heat out of the machine and available means for implementation of cooling.

Natural cooling requires no fan, and the turning rotor sets the air in the machine
in motion. In addition, radiation takes the heat from the machine casing. This type
of cooling is typical for micro- and small machines, as well as for special purpose
machines.

Self-cooling indicates that there is a fan on the machine shaft, which creates
pressure difference and fluid flow within the machine. Due to its simplicity, this is
the most widely spread cooling method for constant speed small, medium, and large
electric machines.

External cooling means that either an auxiliary motor runs the fan, or that the
machine is cooled by means of another cooling medium instead of air, transported
e.g., by a pump. Again, electric machine of any size can be cooled this way, and not
only air, but also hydrogen, oil, water, etc., can be used as a coolant. The cooling
circuit is more complex than in the case of self-cooling and often requires a heat
exchanger.
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1.5 Electric, Magnetic, and Thermal Properties
of Materials for Electric Machines; Classes
of Insulation

Performance of an electric machine is not only dependent on how well it is
designed, but also on physical properties of materials used for its construction.
Physical properties are, as a rule, dependent on temperature; sometimes, they also
can show effects of aging.

Electrical properties of materials are described by their electrical conductance
(metals) and dielectric strength (insulators). Here the emphasis will be given to the
electrical conductance j [1/(Ω m)] and its reciprocal, the specific electric resistance
qel [Ω m]. The specific electric resistance at a temperature 0, qel,0, is a linear
function of temperature

qel;0 ¼ qel;0 1þ b 0� 00ð Þ½ � ð1:28Þ

with qel,0 denoting the specific electric resistance at the reference temperature 00
and b the temperature coefficient of electric resistance [1/K].

When current I flows through a conductor with length l [m] and cross-sectional
area SC [m2], the losses P [W] in the amount of

P ¼ I2 � q � l
SC

ð1:29Þ

are dissipated. Introducing current density C [A/m2] defined as

C ¼ I
SC

ð1:30Þ

one can express the losses in Eq. 1.29 as

P ¼ C2 � q � l � AC ð1:31Þ

and the specific losses, or losses per volume P/V [W/m3]

P
V
¼ C2 � q ð1:32Þ
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Current density of 2.5 MA/m2 creates in a copper conductor with
qCu = 1/56,000,000 Ω m at 20 °C the losses per volume in the amount of
111.6 kW/m3. The same constant current density creates in iron with
qFe = 1/7,000,000 Ω m the losses per volume in the amount of 893 kW/m3.

In Eq. 1.18 energy balance in a body with volume V is described in case that the
whole generated power P increases its temperature. In a more general case, illustrated
in Fig. 1.8, only the portionm � c � d0 of generated energy P � dt remains in the body
and increases its temperature. The rest of generated energy equal to SB � a � (0 − 00) �
dt is transferred through the surface of the body to the surroundings by means of heat
convection:

Pdt ¼ m � cd0þ SB � a � 0� 00ð Þdt ð1:33Þ

If the losses P in Eq. 1.33 are generated by current I at temperature 0, Eq. 1.29
can be further written as

P ¼ I2 � l
SC

� qel;0 ¼ I2 � l
SC

� qel;0 1þ b 0� 00ð Þ½ � ¼
¼ I2 � R0 1� b � 00ð Þþ I2 � R0 � b � 0

ð1:34Þ

with R0 denoting the conductor resistance at the reference temperature 00.

l

SB

SC

I

ρ

α

P

ϑ

Fig. 1.8 Current-carrying conductor in which losses P are dissipated, a part of which is
transferred through its boundary surface SB to surroundings by means of heat convection. The
remaining losses increase the conductor temperature
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After substituting Eq. 1.34 in Eq. 1.33 one obtains

I2 � R0 1� b � 00ð Þþ SB � a � 00 þ 0 � I2 � R0 � b� SB � a
� �� �

dt ¼ m � cd0 ð1:35Þ

Pgen

I 2 R0

I 2 R0 (1 – 0)

- I 2 R0 0

I 2 R0

I2 R0 (1 – 0) + I 2 R0

tan = I 2 R0 fS

0

I 2 R0 0

Ptransf

- SB 0

0

SB

SB 0

tan = SB fS

Fig. 1.9 Components of the generated Pgen (above) and transferred Ptransf (below) power as
functions of conductor temperature 0; fS [K/W] is the scale factor which makes the argument of
tangent dimensionless
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Relationships between quantities in Eq. 1.35 are visualized in Fig. 1.9. By
substituting 0 for the conductor temperature 0 in Eq. 1.34, one obtains that the first
term in square brackets of Eq. 1.35 is equal to the losses generated at temperature
0 = 0, P0=0:

P0¼0 ¼ I2 � R0 1� b � 00ð Þ ð1:36Þ

and the second term to the losses transferred from the conductor at temperature
0 = 00 to the surroundings at temperature 0 = 0:

P0!00 ¼ SB � a � 00 ð1:37Þ

The third term in square brackets of Eq. 1.35 is equal to the product of tem-
perature 0 and electrothermal conductance Geth [W/K], which is defined as:

Geth ¼ I2 � R0 � b� SB � a ¼ tan c� tan s
fS

ð1:38Þ

with tan c, tan s, and fS defined in Fig. 1.9.
The electrothermal conductance Geth is a crucial quantity which determines

behavior of an electrothermal system in Fig. 1.8 as a function of electrical and
thermal parameters, as shown in Fig. 1.10. If Geth is positive, more losses are
generated than can be dissipated and the temperature rate of change increases; if
Geth is negative, less losses are generated than can be dissipated and the temperature
rate of change decreases. In limit case, when Geth = 0, only the
temperature-dependent portion of losses, I2 � R0 � b � 0, is transferred to the sur-
roundings; the constant component of losses I2 � R0 (1 − b � 00) increases the
temperature of the body at a constant rate of change (adiabatic).

The energy balance relationship described by Eq. 1.33 is a first-order linear
differential equation with constant coefficients, which can be rewritten as

P0¼0 þP0!00 þ 0 � Gethð Þdt ¼ m � cd0 ð1:39Þ

and the general solution of which can be expressed as

t ¼ m � c
Geth

ln 0 � Geth þP0¼0 þP0!00ð ÞþC ð1:40Þ
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The constant of integration C in differential Eq. (1.40) can be determined from
initial condition 0 = 00 at t = 0:

C ¼ �m � c
Geth

ln 00 � Geth þP0¼0 þP0!00ð Þ ð1:41Þ

By substituting Eq. 1.41 in 1.40, one obtains

t ¼ m � c
Geth

ln
0 � Geth þP0¼0 þP0!00

00 � Geth þP0¼0 þP0!00
ð1:42Þ

and after rearranging:

0 ¼ 00 þ P0¼0 þP0!00

Geth

� �
� eGeth

m�c t � P0¼0 þP0!00

Geth
ð1:43Þ

The character of solution of Eq. 1.43 depends on the sign of electrothermal
conductance Geth. Three typical responses can be distinguished:

(a) Geth > 0: If the current I dissipates more losses than that can be transferred
to the surroundings through the conductor surface SB at a given heat
transfer coefficient a, the temperature will increase faster than linearly,
because the conductor specific electric resistance increases too. The system
behavior is typical for positive feedback: The output (temperature)
increases the input (losses), which again increases the output. At certain
time instant the temperature exceeds the melting point of the conductor

Pgen, Ptransf

ϑ0

Ptransf = SB ⋅ α ⋅

β⋅
α⋅

>
0R

S
I B ;

Geth > 0

β⋅
α⋅

<
0R

S
I B ; 

Geth < 0

Pgen for 
β⋅
α⋅

=
0R

S
I B ; Geth = 0

Fig. 1.10 The influence of conductor current I on the amount of electrothermal conductance Geth

and on the relationship between the generated and transferred power
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material, which then melts. This process takes place in thermal fuses, the
triggering time of which shortens rapidly as the current exceeds its rated
value.
Time instant tmax at which the body temperature reaches the value of 0max

is obtained by setting 0 = 0max in Eq. 1.42:

tmax ¼ m � c
I2 � R0 � b� SB � a ln

I2 � R0 þ 0max � 00ð Þ � I2 � R0 � b� SB � að Þ
I2 � R0

ð1:44Þ
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Fig. 1.11 Characteristic of a 10 A fuse

Insulated barInsulated bar

Stator tooth laminationDrops of melted iron

Fig. 1.12 Melted iron lamination on stator tooth tip of a large electric machine as a consequence
of too high local temperatures (hot spot). From: H. Kugler “Schaeden an Turbogeneratoren,” Der
Maschinenschaden 49 (1976), Issue 6, pp. 221–235, photo courtesy of Allianz Deutschland AG
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Equation 1.44 is illustrated by the fuse curve in Fig. 1.11, in which the
characteristic of a 10 A fuse is shown. According to [4], this fuse must
blow not later than 8.5 s (horizontal line) when overloaded with 2.5 times
rated current.
Electrothermal conductance Geth can be defined for any physical entity in
which heat is produced, not only for a current-carrying conductor. For
example, losses in iron lamination of large electric machines are in normal
operation taken out from the volume where they are dissipated, and the
iron core temperature remains below its critical value, because Geth is
negative. If locally dissipated losses increase due to lamination short cir-
cuit in such an extent that for a given volume Geth becomes positive, a hot
spot is created. The hot spot temperature increases until it reaches the
melting point of iron. As a result of the burning of stator core lamination,
iron becomes liquid, as illustrated in Fig. 1.12. In this figure one recog-
nizes insulated stator bars on both sides of the tooth, along with tooth
lamination in the lower portion of the figure. In the upper portion of this
figure numerous drops of melted iron can be seen. Extremely high tem-
perature of melted iron destroyed stator bar insulation in its vicinity, which
ended in stator winding earth fault. Typical time necessary to develop the
damage shown in Fig. 1.12 can reach couple of months.

(b) Geth = 0: The limit of expression (1.43) in this case yields

limGeth!0 0ð Þ ¼ P0¼0 þP0!00

m � c tþ 00 ð1:45Þ
which is nothing but the equation of adiabatic heating

P00 � t ¼ m � c � 0� 00ð Þ ð1:46Þ

where

P00 ¼ P0¼0 þP0!00 ð1:47Þ

The temperature difference 0 − 00 in Eq. 1.46 increases linearly over time.

(c) Geth < 0: Electric machines are designed in such a manner that the elec-
trothermal conductance Geth is always negative. Following Eq. 1.43, the
temperature reaches its steady-state value of

0t!1 ¼ �P0¼0 þP0!00

Geth
¼ � I2 � R0 1� b � 00ð Þþ SB � a � 00

I2 � R0 � b� SB � a ð1:48Þ
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or, after rearrangement:

0t!1 ¼ I2 � R0

SB � a� I2 � R0 � b þ 00 ð1:49Þ

Temperature rise is characterized by thermal time constant sth, which is
defined as

sth ¼ �m � c
Geth

¼ m � c
SB � a� I2 � R0 � b ð1:50Þ

The larger the current I, the higher the steady-state temperature 0t!∞ and
the steeper the temperature increase, i.e., the shorter the thermal time
constant sth.
The dependence of electrothermal conductance Geth and temperature rise
0t!∞–00 on conductor current I is shown in Fig. 1.13. The conductor is
coolable as long as Geth is negative.
In Fig. 1.14 typical curve forms 0(t) for negative, zero, and positive values
of electrothermal conductance Geth are shown. A finite value of tempera-
ture rise 0t!∞–00 can be reached only with negative electrothermal con-
ductance Geth, i.e., only if more heat can be taken from the surface of a
body than produced inside of it.

Magnetic materials used in active parts of electric machines are characterized by
their magnetizing curve, AC losses, and electrical conductivity. Whereas in elec-
tric circuits a clear boundary line can be drawn between good (metals) and poor

β⋅
α⋅

=
0R

S
I B

Geth [W/K], t - 0 [K]

I [A]

- SB ⋅ α
coolable uncoolable

t - 0

Geth

Fig. 1.13 Dependence of electrothermal conductanceGeth (Eq. 1.38) and temperature rise0t!∞–00
(Eq. 1.49) on conductor current I. The conductor is coolable only for negative values of Geth
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(insulators) conductors, the relationships in magnetic field are much more vague.
Good magnetic material has a relative permeability of several thousands, which is
much less than the ratio between the electrical conductivity of an electrical con-
ductor and air. Therefore, magnetic flux cannot be restricted to a magnetic material,
as is the electric current channeled in a conductor. Accordingly, magnetic flux in an
electric machine is not limited to its yoke and teeth only: It spreads parallel to stator
and rotor yoke as well.

Depending on the character of electric source, magnetic circuit of an electric
machine can be either current/MMF or flux driven, as in Fig. 1.15.

When the coil is supplied from a DC source, as shown in Fig. 1.15a, the MMF in
the amount of U= � w/Rel is imposed in the magnetic circuit, and the resulting flux U
is determined by the B–H curve of the iron core. Similar situation prevails in
magnetic circuits with permanent magnets which create an MMF equal to the pro-
duct of coercive force and magnet thickness. If more coils share the same magnetic
circuit, the resulting flux is obtained from the resulting MMF and B–H curve of the
iron core. This situation is typical for an uncompensated DCmachine, as well as for a
synchronous machine, in which the load ampere-turns modify the air gap flux
density created by the field winding through the mechanism of armature reaction.

If the coil is connected to an AC source, as shown in Fig. 1.15b, the amplitude of
flux U is according to the Faraday’s law determined by the amplitude and frequency
of applied voltage. The amount of coil current follows from the B–H curve of iron

0

0

Uncoolable:
Geth > 0

Coolable:
Geth < 0

t

Adiabatic heating:
Geth = 0

Fig. 1.14 Temperature increase of a body for various values of Geth
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core for a given flux. If another coil is placed in the magnetic circuit and connected
to an impedance, a voltage will be induced between its terminals and a current in
the coil will flow. The ampere-turns of the second coil will create their own flux,
which is superimposed to the previously generated flux; i.e., they will try to modify
the flux created by the applied AC voltage.

In order to preserve the validity of Faraday’s law, the applied voltage U* in
Fig. 1.15b supplies additional component of current, the ampere-turns of which
compensate for the ampere-turns of the second coil, and the flux U remains
unchanged. This behavior is typical for transformers and induction machines, in
which the fundamental component of flux at load is equal as at no load; i.e., there is
no armature reaction.

AC flux generates hysteresis and eddy current losses in a laminated core in the
amount of a couple of W/kg at 50 Hz and 1.5 T [5]. Typical AC lamination losses
of 4 W/kg correspond to a loss density of about 30 kW/m3. Hysteresis losses
dominate at industrial frequencies if the AC flux spreads in direction of lamination.
This is the most common case in heteropolar machines, the active part of which
carries flux density with only radial and tangential components. When the flux from
end winding region axially penetrates into the stator lamination, it does not expe-
rience the laminated structure. Eddy currents generated by the axial component of
flux density flow freely in lamination, uninterrupted by insulation between single
iron sheets. In order to minimize additional eddy current losses caused by the axial
component of flux, front and end edges of stator lamination in large electric
machines are often punched with steadily increasing inner diameter, thus reaching a
stair-like form, as shown in Fig. 1.16. This way the axial component of end
winding flux density faces a kind of laminated iron when penetrating the stator
lamination, which helps reduce eddy current losses and minimize risk of lamination
burning [6].

U =

Re

w

I =

Φ

U ~

Re

w

i ~

Φ
(a) (b)

Fig. 1.15 Current/MMF (a) and flux (b) driven magnetic circuit
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Due to skin effect, losses in solid iron components are not uniformly distributed
throughout their whole volume. Therefore, the loss density is quantified rather per
surface than per volume. Using analytical tools developed in Chap. 5, one can find
that a tangential component of flux density in the air gap with an amplitude of
15 mT, which corresponds to magnetic field strength of 12 kA/m, creates a current
density on the rotor solid iron surface with an rms value of 13 A/mm2, taking 200 p
[s−1] for angular frequency, iron relative permeability of 1000, and electrical
conductivity of iron equal to 3,000,000 [1/(Ωm)]. The loss surface density in this
case equals to 26 kW/m2. Taking a typical value of 150 W/(m2 K) for heat transfer
coefficient a, one obtains a temperature rise of 173 K by applying Eq. 1.23.

Not only the components of active part of a machine are endangered by
excessive local losses, but the supporting structure can also be exposed to high
alternating magnetic fields. The electromagnetic loading of passive components in
electric machines can be illustrated by an example of loss generation in stator yoke
wedges, as in Fig. 1.17.

Neglecting radial components of flux density in the stator yoke in Fig. 1.17, one
can claim that peak values of tangential components of field strength are equal, i.e.,
Hy = Hw = Ha (no current sheet on boundary surfaces). Due to nonlinear B–
H curve of stator lamination, every increase of stator yoke flux causes a faster than
linear increase of field strength. AC field strength Hw generates eddy current losses
in solid steel wedges, which are proportional to the square of Hw. For this reason the
stator yoke flux density in machines with stator yoke wedges is limited to values
typically below 1.8 T, whereas the upper limit for tooth flux densities is determined
only by the quality of magnetic material.

Stator lamination

Armature 
winding

Air gap

Field 
winding

Rotor end bell

Rotor body

Fig. 1.16 Flux lines (gray) distribution in the end winding zone of a large electric machine
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Permanent magnets have been always attractive for electric machine manufac-
turers due to their ability to generate magnetic flux without dissipating electric
losses, as is the case with a coil carrying DC. The advantage of loss-free generation
of flux in permanent magnets is, however, accompanied with numerous disadvan-
tages, out of which:

– Limited amount of accumulated energy per volume;
– Performance deterioration with increasing temperatures;
– Unmodifiable coercive force and residual flux density and, therefore, no direct

field-weakening possibility in DC machines for the purpose of speed increase
above the no-load speed, as well as no means to act against armature reaction in
synchronous machines;

– Hazard of field source loss due to demagnetization;
– Eddy current losses;
– Magnet price;
– Negative environmental impact during manufacturing process of rare earth

magnets—production of toxic and radioactive waste [7].

are among the most pronounced.
One of the dominating parameters which determine the performance of an

electric machine is the amount of magnetic energy accumulated in its air gap, the
partial derivative with respect to angle of which is equal to the electromagnetic
torque. In order to illustrate the capability of permanent magnet excitation, the
values of energy density created by various types of surface-mounted magnets and
by current excitation are compared in Table 1.1 and in Fig. 1.18.

By , Hy

Ba , Ha

Bw , Hw

Stator yoke
wedge

Stator yoke

Fig. 1.17 Flux density inside and outside the stator yoke
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Typical data for representatives of surface-mounted ferrite, AlNiCo, and NdFeB
magnets are given in columns 2–4 of Table 1.1 for magnet temperatures of 20 and
75 °C [8]. The value of (BH)max corresponds to the point of maximum accumulated
energy in magnets, at which a conventional machine never operates, because at this
operating point the magnet flux density is equal to one half of the residual flux
density Br only.

Table 1.1 Comparison of magnetic properties and energy densities of various permanent magnet
types and current excitation [8]

Magnet type Current excitation: Bd =

Ferrite AlNiCo NdFeB 0.5 T 0.7 T 0.9 T

Br @ 20 °C [T] 0.405 1.05 1.24 N/A N/A N/A

Hc,B @ 20 °C [kA/m] 260 112 940 N/A N/A N/A

kB [%/K] −0.2 −0.025 −0.1 N/A N/A N/A

kH [%/K] 0.3 −0.025 −0.6 N/A N/A N/A

Br @ 75 °C [T] 0.36 1.04 1.172 N/A N/A N/A

Hc,B @ 75 °C [kA/m] 231 110.5 888 N/A N/A N/A

(BH)max @ 20 °C [kJ/m3] 26.3 72 291.4 100 195 322

(BH)max @75 °C [kJ/m3] 20.9 70 260 100 195 322

(BH)3/4 @75 °C [kJ/m3] 15.6 53 195 100 195 322

0 50 100 150 200 250 300 350

Ferrites 

AlNiCo

NdFeB

Bgap=0.5T

Bgap=0.7T

Bgap=0.9T

kJ/m^3

(BH) 3/4 75°C
(BH)max 75°C
(BH)max 20°C

Fig. 1.18 Maximum energy density created by various magnet types and current excitation.
Shaded bars reflect the most realistic operating conditions
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A more realistic operating point is located above ¾ Br, denoted by (BH)3/4, at
which, however, the accumulated energy is reduced down to about (0.75 � 0.25)/
0.52 = 0.75 of its maximum value (BH)max.

By comparing the values of magnetic energy density in the air gap of current
excited electric machines (columns 5–7 of Table 1.1) and in permanent magnets,
one concludes that at usual operating temperatures even so-called high energy
density NdFeB magnets are characterized by modest values of accumulated energy.
Magnetic energy density stored in NdFeB magnets at 75 °C is below average, and it
is not higher than energy density in the air gap of low- to medium-utilized induction
or wound field synchronous machines with Bd � 0.7 T (see Table 1.1). Being
plagued by such a low energy density in magnets, permanent magnet machines
cannot be considered serious competitors to wound field synchronous machines
when comparing torque densities in the two machine types.

The physical reason for inferior performance of permanent magnets is obvious:
as any other autarkic source of energy, e.g., a DC battery, a permanent magnet has a
limited capability of energy storage. Just as a battery, a permanent magnet cannot
make more than 50 % of accumulated energy available to external magnetic
circuit-the rest of it remains stored in magnet internal permeance.

The B–H curve of a conventional permanent magnet in the second quadrant is
linear with slope µ0µr, connecting points (−Hc; 0) and (0, Br).

By multiplying the values on H-axis of the magnetization curve with magnet
thickness dPM, and values on B-axis with magnet cross-sectional area SPM, a line in
the (H, U) coordinate system is obtained, which can be interpreted as a source
characteristic in a magnetic circuit, as in Fig. 1.19.

Φ [Vs]

Θ [A]

Φr = Br ⋅ SPM

Θc = Hc ⋅ dPMi ⋅ w

PPM

PiwΦ (Θ) 

Fig. 1.19 Permanent magnet (solid line) and current excitation (dashed-dotted line) in a magnetic
circuit. Whereas the operating point PPM in a magnetic circuit with permanent magnet is fixed, the
operating point Piw in a current excited circuit slides along the magnetic circuit characteristic U(H)
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Consequently, a permanent magnet can be formally represented as an MMF
source with no-load ampere-turns Hc = Hc � dPM, and an in-series-connected
reluctance RPM = Hc � dPM /(Br � SPM), or as a flux source with short-circuit flux
Ur = Br � SPM and a parallel-connected permeance GPM = Br � SPM/(Hc � dPM). In
both cases the linear characteristic of permanent magnet in Fig. 1.19 reflects in the
best manner its limited capability as a source of magnetic flux: The internal magnet
reluctance RPM is a bottleneck which restricts the maximum amount of flux the
magnet can deliver.

On the other hand, a current-carrying coil generates ampere-turns i � w without
any internal permeance, so that the maximum amount of flux is limited only by the
rest of the magnetic circuit. Whereas the operating point Piw in a magnetic circuit
excited by current-carrying conductor moves at will along the magnetic circuit
characteristic U(H) in Fig. 1.19, in case of permanent magnet excitation the
operating point PPM is fixed because of restrictions imposed by the magnet.

In terms of source and load description, a current-carrying coil is an ideal source in
a magnetic circuit, whereas a permanent magnet with its internal permeance is a real
source, as in Fig. 1.20. Magnet dimensions and B–H curve determine the maximum
magnetic energy which it can deliver to a magnetic circuit; a current-carrying coil
does not suffer under such restrictions and can deliver arbitrary amount of energy to a
magnetic circuit. This property is utilized in superconducting magnets, in which
current in a coil creates flux densities unthinkable for permanent magnets.

w

i 
ΦΦ

PM

↑
Φr

GPM

RFe

Φ

= i ⋅ w 

+ 

RFe

Φ

Magnet Coil

(a) (b)

Fig. 1.20 Permanent magnet acts as a real source in a magnetic circuit (a), whereas a
current-carrying coil is an ideal source, without internal reluctance (b)
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As stated previously, a permanent magnet can formally be represented either as a
MMF source with Hc = Hc � dPM and in-series-connected reluctance RPM = Hc �
dPM/(Br � SPM), or as a flux source Ur = Br � SPM connected parallel to a permeance
GPM = Br � SPM/(Hc � dPM). Physically correct is, however, the representation in
terms of flux source and parallel-connected permeance, in which magnetic energy
WPM = ½ HPM � UPM is stored, as in Fig. 1.21a. According to the representation
with an MMF source, as in Fig. 1.21b, magnetic energy can only be stored in a
loaded permanent magnet, which is apart from the physical reality.

For the sake of completeness, similar considerations in terms of energy con-
sumption can be made for equivalent voltage and current sources in electric circuits,
as in Fig. 1.22. Following Helmholtz’s representation of a complex network with
only two elements between two arbitrary terminals, one can create the physically
founded equivalent circuit as shown in Fig. 1.22a. U0 is here the open-circuit
voltage, and Ri is the inner resistance of the source. Interestingly, the procedure of
determination of parameters U0 and Ri, introduced by Helmholtz in [9], is called
Thevenin’s theorem, although Thevenin was not born yet at the time Helmholtz
published the results of his work!

↑
Φr

GPM

ΦPM

ΘPM = Θc =
Θc

RPM

+

ΘPM = Θc

(a) (b)

Fig. 1.21 Permanent magnet representation allowing for stored energy (a) and not allowing for
stored energy (b) at no load

Ri

U0 + ↑
U0 / Ri

Gi

(a) (b)

Fig. 1.22 Real voltage source dissipating no losses at no load (a) and its Norton current
equivalent in which short-circuit losses are dissipated at no load (b)
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Following Norton’s theorem, a voltage source with no-load voltage U0 and
internal resistance Ri shown in Fig. 1.22a can be formally replaced by a current
source U0/Ri and internal conductance Gi = 1/Ri, as illustrated in Fig. 1.22b.
Although the conversion from one source form to another in Fig. 1.22 is mathe-
matically correct, the two sources are not identical from the point of view of energy
balance. Whereas a real voltage source at no load does not dissipate energy, since
the current in it is equal to zero, a current source dissipates at no load the losses in
the amount of short-circuit losses of the voltage source U0

2/Ri. This is another
example of how carefully the results of mathematical operations have to be inter-
preted in order not to lose the physical insight into the problem.

Operating regions of permanent magnet and wound field DC machines are com-
pared in Fig. 1.23. Whereas there exists no electromagnetic limitation for a wound
field machine to operate at any point within area delimited by (0 < iF < iF,rated) and
(0 < IA < IA,rated) in Fig. 1.23, the operating point of a permanent magnet machine
can move only within the shaded area in this figure, the width of which is determined
by the magnet temperature. Therefore, the application of permanent magnet excita-
tion is limited to DC motors without flux weakening.

Not only the efficiency of a permanent magnet excited DC motor is better than
that of a wound field machine but also negative effects of armature reaction in a
permanent magnet machine are negligible in the former, as illustrated in Fig. 1.24.

IA p.u.

iF p.u.

PM

1

10

Fig. 1.23 Operating regions of wound field and PM DC machine
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Considering very low relative permeability of permanent magnets (typically
slightly above 1), the flux created by armature reaction ampere-turns is too weak to
leave any considerable trace on machine performance. Aside from uncontrollability
in the speed range above the no-load speed, a DC permanent magnet motor is more
advantageous than its wound rotor counterpart.

As opposed to a permanent magnet excited DC machine, where armature current
has negligible influence on main flux, the armature reaction ampere-turns play a
decisive role in the performance of a synchronous machine. In order to compensate
for the influence of armature reaction, the field winding in a wound rotor syn-
chronous machine has to be dimensioned for about a triple no-load field current.
Since the magnetization of permanent magnets only can change (decrease) due to
temperature, there is no means for it to act against armature reaction in a permanent
magnet excited synchronous machine. As a consequence, the performance of a
permanent magnet synchronous machine is inferior to that of a wound field syn-
chronous machine, as illustrated in Fig. 1.25.

In Fig. 1.25 typical V-curves of a synchronous machine are shown, i.e., the
dependence of armature current on the field current for constant active power as a

Permanent 
magnets

(a) (b)

(c)

Fig. 1.24 Flux lines distribution in a permanent magnet DC motor: a at no load; b due to load
ampere-turns, without magnets; c at load
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parameter. In addition, constant power factor curves cos u = 1 and cos u = 0
(leading and lagging) are drawn in this figure.

The operating point of a wound field synchronous machine can be located
anywhere within the gray-colored region in Fig. 1.25. In order to operate at the
rated power defined by the class of insulation, the wound field synchronous
machine has to be overexcited.

A permanent magnet synchronous machine can operate only at no-load field
level, i.e., it cannot be overexcited. Therefore, it reaches the thermal limit posed by
its class of insulation at a power level which is (significantly) lower than the rated
power. Permanent magnet synchronous machine operates underexcited at a poor
power factor and has a poor torque to volume ratio.

Rated power factor cos ur of a permanent magnet synchronous machine is a
function of its synchronous reactance Xs and magnet temperature 0PM only. The
magnet temperature 0PM determines the rate of change c0 of the induced voltage.
The value of cos ur can be found by means of machine voltage diagram, Fig. 1.26.

0
if / if0

1 30

IA p.u.

1

PM

½ Prated

¼ Prated

¾ Prated

cos ϕ

ϕ

ϕ

= 1

Prated

cos = 0 
lagging

cos = 0 
leading

Stability 
limit

Fig. 1.25 V-curves of a wound field synchronous machine and the operating region of permanent
magnet excited synchronous machine, denoted
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Replacingmachine synchronous reactance Xs by its p.u. value xs, and applying the
law of cosines to components of the voltage diagram in Fig. 1.26, one obtains the rated
power factor cos ur of a permanent magnet excited synchronous machine as

cosur ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 1þ x2s � c2#

2xs

� �2
s

ð1:51Þ

The rated power factor of a permanent magnet excited synchronous machine
decreases as the synchronous reactance and/or magnet temperature increases,
Fig. 1.27.

Stator copper losses I2R are equal to

I2R ¼ P
U

� �2 R
m cos2 ur

ð1:52Þ

i.e., they are proportional to the reciprocal of the power factor squared. The
dependence of p.u. stator copper losses pCu;s, defined as

pCu;s ¼
1

cos2 ur
ð1:53Þ

on p.u. synchronous reactance xs at rated current Ir is shown in Fig. 1.27. One
recognizes rapid increase of stator copper losses as a function of increasing magnet
temperature and machine synchronous reactance. Having in mind that most
permanent magnet machines are fed from an inverter, the deteriorating influence of

Ur

E F,ϑ  = cϑ Ur

Ir X s

Ir

ϕr

Fig. 1.26 Voltage diagram of a permanentmagnet synchronousmachine at a temperature0PM of the
magnets. Ur is the terminal (rated) voltage, Ir the rated current, EF,0 the induced voltage at a
temperature 0, and c0 the coefficient of change of induced voltage due to magnet temperature change
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poor power factor of a permanent magnet machine spreads to the inverter and
increases its rating and losses.

Case Study 1.1: A 2.85 MW, 14.5 rpm, 1.874 MNm PM generator for wind
applications has a no-load voltage of 400 V, rated power factor 0.875, stator copper
losses 147 kW, stator iron losses 13.5 kW, magnet losses 5 kW, rotor iron losses
19 kW, and efficiency of 93.5 %. The torque per air gap volume at rated point
equals to 1874/(4.82 � p � 0.865/4) = 119.7 kNm/m3.

A wound rotor synchronous generator with identical active part dimensions has
an open-circuit characteristic as shown in Fig. 1.28. For the purpose of comparison,
the firm point of PM generator excitation which corresponds to 1 p.u. of the field
current is also shown in this figure.

Considering equal losses in the field and armature winding of the wound rotor
machine, the ratio between the rated torque MWR of the wound rotor generator and
MPM of the PM generator is equal to

MWR

MPM
¼ cMUWRIWR cosuWR

cMUPMIPM cosuPM
¼ 1:4

0:875
¼ 1:6

for identical machine dimensions (cM) and the same stator current (IWR = IPM) in
both machines. The torque density of the wound rotor generator is, accordingly,

M
V

� �
WR

¼ 1:6 � M
V

� �
PM

¼ 191:5
kNm
m3
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Fig. 1.27 Rated power factor of a permanent magnet synchronous machine cos ur (gray) and
relative stator I2R losses pCu,s (black) as functions of the machine p.u. synchronous reactance xs at
two magnet temperatures
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The PM and wound rotor machine data are summarized in the following table

PM rotor Wound rotor

Rated power [MW] 2.85 4.56

Rated speed [rpm] 14.5 14.5

Rated torque [kNm] 1874 2998

Torque per volume at rated point [kNm/m3] 119.7 191.5

No-load air gap flux [p.u.] 1 1.4*

Stator copper losses [kW] 147 147

Stator iron losses [kW] 13.5 13.5

Rotor copper losses [kW] – 147

PM losses [kW] 5 –

Rotor iron losses [kW] 19 –

Rated power factor cos u 0.875 leading 1

Efficiency [%] 93.5 93.3

Total copper weight [kg] 5880 11,980

Magnet weight [kg] 1480 –
*For equal field and armature losses

The wound rotor synchronous machine in this case study, designed to have equal
stator and rotor copper losses at rated point, is capable of generating 2.85 �
1.6 = 4.56 MW rated power from the volume from which a PMmachine delivers not
more than 2.85 MW at a given speed. Considering the same amount of stator copper
losses in both machines and laminated rotor iron of the wound rotor generator,

0
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0 0.5 1 1.5 2 2.5 3 3.5

No- load 
voltage 

Field losses 
[kW]

Field current [p.u.]

U0,WR = 560 V

U0,PM = 400 V

Fig. 1.28 No-load voltage and field losses of the wound rotor generator. Field current, which
generates the same losses as the rated armature current, induces the no-load voltage of 560 V, i.e.,
40 % higher than the induced voltage at 1 p.u. of the field current. Accordingly, the main flux in
the wound rotor machine can be up to 40 % higher than in the PM machine
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the total losses in the wound rotor generator are equal to 2 � 147 + 13.5 = 307.5 kW,
which gives the efficiency of the wound rotor generator of 93.3 %.

The output power-load angle curves of both generators are shown in Fig. 1.29.
One should keep in mind that in the given application (wind generator), the

generator active part weight has an impact on the tower construction. Therefore, the
wound rotor generator not only delivers more torque from a given volume, but also
helps reduce the weight and mechanical stresses on the tower significantly when
built for the same power as its PM counterpart. Last but not least, the wound rotor
generator does not require magnets, the price of which lies typically between 1/3
and ½ of the PM generator price.

Thermal properties of materials in electric machines depend on various physical
parameters. Whereas solid parts in a machine are described by their thermal con-
ductivity kth [W/(m K)], more information is needed in order to determine thermal
properties of fluids, such as:

Mass density q [kg/m3];
Specific heat c [Ws/(kg K)];
Kinematic viscosity m [m2/s].

Thermal properties of a coolant flowing through a cooling channel, in particular
its heat transfer coefficient a, are a function of dimensionless Reynolds number Re,
which is defined as

Re ¼ �v � dh
m

ð1:54Þ

with �v denoting the average flow speed [m/s], v the kinematic viscosity, and dh the
hydraulic diameter of the cooling channel defined as
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Fig. 1.29 Output power of a wound rotor and permanent magnet generator with equal active
volume as a function of load angle [°] at rated speed of rotation
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dh ¼ 4 � S
P

ð1:55Þ

with S standing for the cross sectional area and P for the wetted perimeter of the
channel. Reynolds number determines the character of fluid flow. At a Reynolds
number below a critical value, fluid motion will ultimately be laminar; for large
Reynolds numbers, the flow will be turbulent. Turbulent fluid flow is characterized
by higher heat transfer coefficients than laminar. The critical Reynolds number for
fluid flow through a straight pipe with a smooth wall and a circular cross-sectional
spreads in the range between 1900 and 2700.

In Table 1.2 the benchmarking thermal data for various types of coolant are
given as p.u. values of air at normal pressure [10].

Class of insulation is the crucial technological parameter which determines the
rated power of an electric machine. Comparing two identically manufactured
machines operating under identical electrical, mechanical, and thermal conditions and
having different classes of insulation, the machine built with an insulationmaterial for
higher operating temperature has a higher rated power. Electrical insulation usually
contains organicmaterials, the aging of which eventually renders it unfit to perform its
electrical and mechanical function. Aging is a function of time and temperature; its
rate increases rapidly as temperature increases [11]. Although it is not possible to
exactly predict the life expectancy of a particular insulation material, a rule of thumb
can be used which tells that a permanent increase of machine temperature for 8 K
halves the life expectancy of its insulation. However, as any other statistical quantity,
life expectancy is not a precise number, and therefore, it has to be handled with
reserve. Besides, temperature distribution in electricmachines is not uniform,with hot
spots denoting areas with maximum temperatures.

Class of insulation restricts the hot spot temperature at steady state. It is
described with a Latin capital letter which gives the maximum permanently allowed
hot spot temperature according to the following scheme:

Table 1.2 Comparison of thermal properties of various coolants

Property Air H2, 1
ata

H2, 2
ata

Water Oil

Mass density 1 1/14.4 1/7.2 860 750

Thermal conductivity 1 7.7 7.1 23 5.3

Specific heat per unit mass 1 14.1 14.1 4.1 1.9

Specific heat per unit volume 1 1 2 3500 1400

Kinematic viscosity 1 7.3 3.6 1/16 2.2

Heat transfer coefficient for the same speed 1 1.7 2.75 570 22.2

Heat transfer coefficient for the same mass
flow rate

1 11.8 11.8 2.35 1/32

Speed for the same heat transfer coefficient 1 ½ ¼ 1/3100 1/60

Hydraulic resistance for the same heat
transfer coefficient

1 ½ 1/8 1/6200 1/520
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Class of insulation Maximum hot spot temperature [°C]

A 105

E 120

B 130

F 155

H 180

Inorganic materials, such as mica, ceramics, glass, and quartz, withstand tem-
peratures above 180 °C and belong to C class of insulation. Large electric machines
are usually built in class F, but operated in B in order to decrease the thermal stress
of insulation.

Given the class of insulation, the rated power of an electric machine is a function
of environmental temperature and the same machine delivers less power in tropical
than in polar conditions. The more efficient cooling of a machine, the more torque it
can deliver at the rated point.

1.6 Lumped Element Presentation of Electric, Magnetic,
Thermal, and Fluid Flow Circuits

In Table 1.3 the lumped element presentation of electromagnetic, thermal and fluid
flow quantities for an element with length ‘ and cross-sectional S is shown.

Besides electric conductivity j and magnetic permeability µ, the following
physical parameters and quantities are used in Table 1.3:

– a [W/(m2 K)]: heat transfer coefficient;
– kth [W/(m K)]: thermal conductivity;
– q [kg/m3]: mass density;
– dh [m]: hydraulic diameter;
– kff [−]: coefficient of increase of hydraulic resistance due to friction;
– f [−]: coefficient of increase of hydraulic resistance due to change of cross

section.

Some of these parameters are nonlinear functions of relevant physical quantities,
such as:

– Relative permeability, µr, dependent on flux U through element;
– Coefficient of increase of hydraulic resistance due to friction, kff, dependent on

volume flow rate Q [12].

In addition, the I2R losses are a function of temperature. For all these reasons, the
use of equivalent magnetic, thermal, and fluid flow circuits leads generally to a
solution procedure for a system of nonlinear algebraic equations.

Considering field quantities in Table 1.3 as input and output to and out of a
circuit element, one can state that except for fluid flow computation, the output is
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proportional to the input, whereas the coefficient of proportionality is either con-
stant, or a function of input quantity. In this sense, the simple logic of Ohm’s law
for DC helps solving not only electric, but also magnetic and thermal circuits. In
case of fluid flow, the output (pressure drop Dp) is proportional to the square of
input (volume flow Q), which in no sense influences the nature of lumped element
presentation of fluid flow circuits. In Table 1.4 the implementation of Kirchhoff’s
laws on quantities in Table 1.3 is illustrated.
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Table 1.3 Analog quantities and parameters of lumped element presentation

Electric Magnetic Thermal Fluid flow

Convection Conduction

U [V] H [At] D0 [K] D0 [K] Dp [N/m2]

I [A] U [Vs] P [W] P [W] Q [m3/s]

U = I � l/(jS) H = U � l/(lS) D0 = P/(aS) D0 = P � l/(kth S) Dp =
Q2 � q(kff l/dh + f)/(2 S2)

Rel [X] = l/(jS) Rmg [H
−1] = l/(lS) Rcv [K/W] = 1/(aS) Rcd [K/W] = l/(kth S) Rh [kg/m

4s] =
Q � q (kff l/dh + f)/(2 S2)

Table 1.4 Kirchhoff’s current and voltage law in various fields

Electric Magnetic Thermal Fluid flow

Current law R I = 0 R U = 0 R P = 0 R Dp = 0

Voltage law R U = 0 R H = 0 R 0 = 0 R Q = 0
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Diversity of winding topologies in rotating field machines helps them adapt to
arbitrary load characteristic and source properties. Windings of a rotating field
machine determine to the largest extent its electromechanical performance. Spatial
distribution of conductors along the air gap circumference and connection of coils
to particular phases are a clue to the desired machine features. Not less important is
the end winding geometry, as a function of the number of winding layers, its design
(wave, lap, concentric, tooth wound, etc.), number of poles, etc. Spatial distribution
of winding determines its current sheet, MMF, and flux density curves, all of them
being periodical functions of the air gap circumferential coordinate. Spatial Fourier
analysis is therefore employed as a mathematical tool for predicting the winding
performance. Both integer and fractional slot AC, as well as DC field windings are
analyzed. Harmonics generated by toothed air gap and their role in electric
machines and magnetic gearboxes is illustrated. The mechanism of voltage gen-
eration is illustrated on example of rotating field and rotating coil excitation. Spatial
spectra of air gap MMF created by regular and discontinuous squirrel cage wind-
ings are calculated. Winding failures are analyzed in various types of windings.

2.1 Active Part and End Winding Zone, Air Gap Winding
Versus Coils in Slots, Slot Fill Factor

Electric machines are built in such a manner as to have stator and rotor field
components in the air gap firmly concatenated with each other. The distance
between current-carrying stator and rotor conductors in the end winding region is
substantially larger than in its active part. Therefore, the contribution of portions of
conductors in the end winding region to the total torque is negligible as compared to
the effects in the active part.
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On the other hand, it is not unusual that the leakage reactance of the end winding
portions of coils, and, even more pronounced, their resistance, is of the same order
of magnitude as those of the active part. For this reason the end winding zone is
considered a ballast, and numerous tricks of the trade have been tried out in order to
diminish its influence on machine performance. However, when modifying the end
winding topology in the manner it is done e.g. in tooth-wound machines, one
should always try not to deteriorate too much the parameters of windings in the
machine’s active part and not to worsen its overall characteristics, e.g., by
increasing its Carter factor and air gap leakage inductance.

Following the fundamental relation for force acting on a current-carrying con-
ductor in magnetic field F = B ‘ I, one would tend to place the machine windings
into air gap with flux density B. This well-known equation for force in magnetic
field is, however, only a special case of a more general relation, which tells that
force is equal to the rate of change of energy stored in magnetic field, ∂Wmg/
∂x. Therefore, a current-carrying conductor does not have to be directly exposed to
magnetic field in order to generate force in it; it is only necessary that the
current-carrying conductor is a part of a turn which concatenates external field with
flux density B on the place of the conductor. Accordingly, a current-carrying
conductor in a slot in which the radial flux density is equal to zero generates the
same force as if it were placed in the air gap above the slot, where the radial flux
density is equal to B [1].

Placing conductors into slots, instead into air gap, brings electromagnetic and
mechanical advantages: Coils in slots require substantially less current in order to
generate certain flux level (shorter air gap!), and force does not act directly on
conductors, but on teeth. On the other hand, inductances in a machine with a shorter
air gap (conductors in slots) are larger than in a machine with a wider gap (con-
ductors in air gap), keeping all other machine parameters unchanged. Besides,
transfer of I2R losses to the cooling air generates less temperature gradient if
conductors are directly exposed to the air, than if they are placed in slots.

Conductors in slots are usually insulated against lamination and against each
other. Their potential to the ground can reach dozens of kV. Uninsulated conductors
(bars) are employed in squirrel cage induction machines and in damper cages of
synchronous machines. Insulated conductors are manufactured either as round, or
rectangular. Coils with rectangular conductors are more labor-intensive to manu-
facture than coils with round conductors.

Slot fill factor is an important parameter which determines the machine’s rated
power. The slot fill factor is equal to the ratio between total conductor area in a slot
and slot area. Obviously, the highest slot fill factor (close to one) is achieved by
using uninsolated conductors, followed by solid rectangular conductors in rectan-
gular slots with form-wound coils (about 0.7, depending on the rated voltage). Slot
fill factor of a coil with random-wound conductors is worse due to two reasons:
There is always a space between round conductors in a slot, even when they are
ideally aligned parallel to each other. Besides, round conductors are very hard to
bring parallel to each other in a slot, as shown in Fig. 2.1a—their position in a slot is
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more or less chaotic, as shown in Fig. 2.1b. These two reasons limit typical slot fill
factor for coils with random-wound conductors to the amounts between 0.4 and 0.5.

Windings of electric machines are usually impregnated with resin, which, among
others, improves heat transfer from conductors in slot to air gap and lamination.

The influence of slot fill factor fCu on the amount of machine’s rated power will
be illustrated by the following example: a slot with area Sslot should generate the
MMF of w � I ampere-turns when fed by current I. The I2R losses in a conductor are
equal to

Pcond ¼ I2q
lax
Scond

ð2:1Þ

where Scond denotes the cross-sectional area of a single conductor, and ‘ax its axial
length in the slot. The total I2R losses generated by w conductors, Pcoil, are w times
larger

Pcoil ¼ w � I2q lax
Scond

¼ w � Ið Þ2q lax
Scoil

¼ w � Ið Þ2q lax
fCu � Sslot ð2:2Þ

where Scoil = w � Scond. Temperature drop Δϑ across the insulation layer with
thickness d is equal to

D0 ¼ P
k
d
A

ð2:3Þ

with P denoting the heat power, λ the thermal conductivity of insulation, and S the
area of surface through which the heat spreads. The average temperature drop
across insulation can be evaluated by using equivalent slot geometry, as shown in
Fig. 2.2.

(a) (b)

Fig. 2.1 Position of round conductors in a slot: idealized (a), and actual (b)
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The equivalent slot as shown in Fig. 2.2c carries a single fictitious conductor, the
area of which is equal to the area of actual coil, Scoil = w � h. The equivalent
insulation with thickness d is uniformly distributed around the coil and has the total
area Sins of

Sins ¼ 2d hþwð Þ ¼ Sslot � Scoil ¼ 1� fCuð ÞSslot ð2:4Þ

from which one can write

d ¼ Sslot
1� fCu
2 hþwð Þ ð2:5Þ

Temperature drop Δϑ across the insulation layer with thickness d can now be
written as

D0 ¼ Pcoil

k � lax Sslot
1� fCu

4 hþwð Þ2 ð2:6Þ

After inserting expression (2.2) for coil losses into Eq. (2.6), one obtains

D0 ¼ w � Ið Þ2
fCu

q
k

1� fCu
4 hþwð Þ2 ð2:7Þ

For a given temperature drop Δϑ across the insulation the slot ampere-turns are
proportional to

w � I /
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fCu

1� fCu

s

ð2:8Þ

which means that slot ampere-turns created by rectangular conductors with
fCu = 0.7 are by a factor of

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:7

1� 0:7

r

=

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:5

1� 0:5

r

¼ 1:53 ð2:9Þ

hd

(a) (b) (c)

w

Fig. 2.2 Slot with round
(a) and rectangular
(b) conductors and equivalent
slot geometry for thermal
computations (c)
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larger than slot ampere-turns created by round conductors with fCu = 0.5, consid-
ering identical equivalent slot geometry, as shown in Fig. 2.2.

2.2 Single- and Double-Layer Windings, Coil Pitch,
Skewing, Feasibility

Polyphase windings for rotating field machines are usually built to satisfy phase
symmetry condition, which requires identical winding distribution for each phase,
and pole symmetry condition, which specifies identical winding distribution under
each (fundamental) pole. From the point of view of placement in slots, a winding
can be carried out as a single layer, double layer, or mixed [2].

Integer slot windings create identical air gap flux density distribution under each
pole pair. Fractional slot windings produce air gap flux density distributions the
fundamental interval of which is larger than one pole pair. An integer slot winding
is a special case of fractional slot winding—the coil distribution in an integer slot
winding repeats under every pole, whereas the coil pattern in a fractional slot
winding spreads over a fundamental pole, which comprises an odd number of
machine poles.

Integer slot windings can be designed to generate the air gap flux density dis-
tribution spectra in which the strongest harmonics are the fundamental and the slot
harmonics of the order N/p ± 1. Therefore, integer slot windings can be utilized in
both induction and synchronous machines. Fractional slot windings generate
spectra in which arbitrary harmonics can dominate. As such, they are suitable for
synchronous machines only.

Probably the simplest winding configuration imaginable is the one in which all
conductors in a slot belong to a single coil, or a single-layer winding, as shown in
Fig. 2.3. The total number of coils of a single-layer winding is N/2, N denoting the
number of slots, since each coil occupies two slots.

Depending on the form of coil ends, single-layer windings are manufactured
either as concentric, or distributed. Both topologies can generate identical MMF
distribution as long as the conductor placement in slots is identical.

Fig. 2.3 Coil of a
single-layer winding
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The most important parameter of a coil is its pitch, or the circumferential dis-
tance in air gap given in number of teeth between the left-hand side and the
right-hand side of a coil. Winding pitch, on the other hand, depends on several

Level 1Level 3
Level 2

P

y1
y2

q

Fig. 2.4 Single-layer concentrated three-phase winding with coil ends manufactured in 3 levels
and q = 4 slots per pole and phase. Assuming that all coils are wound in the same way, the arrows
show direction of slot ampere-turns at time instant when the current in one phase is maximal

2 τP

q y1

y2

y3

y4

Fig. 2.5 Single-layer concentrated three-phase winding with coil ends manufactured in 3 levels
and q = 4 slots per pole and phase. Stator with such winding is separable every 2 poles
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parameters and can be equal to the coil pitch for some winding topologies. Coils in
concentric windings have different pitches and can spread either through three
(Figs. 2.4 and 2.5), or two levels (planes) in the end winding zone (Fig. 2.6). The
innermost coil of a concentric winding has the shortest pitch (e.g., y1 as shown in
Fig. 2.5), and the outermost coil the largest geometric pitch (y4 as shown in
Fig. 2.5). The winding pitch y of a single-layer concentric winding, defined as the
arithmetic mean of all coil pitches, is less or equal to the pole pitch τp.

The zone width q of a single-layer concentrated winding (Fig. 2.5) is equal to the
number of slots under one pole which belong to the same phase, i.e., which generate
the same ampere-turns. The zone width is expressed either as a number of slots per
pole and phase, q = N/(2 � p � m), or as an electrical angle π/m, m denoting the
number of phases.

If the stator outer diameter is too large, its lamination can be segmented in
circumferential direction and wound with single-layer windings with 3 coil end
levels as shown in Fig. 2.5.

Single-layer windings with coil ends manufactured in 2 levels have shorter end
windings than those with 3-level coils. Besides, they make use of only two different
coil shapes. However, their end coils are concatenated in such a way that they do
not allow for segmentation without cutting a coil group belonging to one phase, as
shown in Fig. 2.6.

Field windings of synchronous machines are manufactured with concentric coils,
as shown in Fig. 2.7. Coil ends are placed next to each other in axial direction and
supported against centrifugal forces. The outermost slots are sometimes manufac-
tured with smaller height in order to reduce the level of saturation in poles.

P

Fig. 2.6 Single-layer concentrated three-phase winding with coil ends manufactured in 2 levels
and q = 2 slots per pole and phase

50 2 Windings



Distributed single-layer windings can be manufactured as wave or lap (Fig. 2.8).
Wave windings require less welding, because one phase group (parallel circuit) can
be manufactured in a single production stage. All coils of a distributed single-layer
lap winding have pitch yc, which is not necessarily equal to the pole pitch τp.

A single-layer distributed winding can be short-pitched (chorded) for the amount
of 0, 1, 3, 5, 7, …, etc., slots if the number of slots per pole and phase q is even, as
shown in Fig. 2.9. If q is odd, as shown in Fig. 2.10, a single-layer distributed
winding can be short-pitched for 0, 2, 4, 6, 8, …, etc., slots. Coil pitch chording for
1 slot has no influence on the winding pitch and, therefore, no influence on the air

x

Fig. 2.7 Single-layer winding with concentric coils

P

Level 1 Level 2

Level 1 Level 2

yc

y

P P

yc

y

(a)
(b)

(c)

Fig. 2.8 Single-layer distributed three-phase lap windings (a), (c) and their end winding form (b).
Winding shown in (a) has coil pitch yc different from, and in (c) equal to the winding pitch τp.
Winding (c) allows for segmentation in circumferential direction
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gap MMF distribution. Chording for more than 1 slot results in phase interleaving
(Figs. 2.9 and 2.10). Chorded coils in windings with odd values of q cannot be
symmetrically distributed in a two-pole interval. As a result, even harmonics in the
air gap MMF distribution are generated, as shown in Fig. 2.10.

Coils of a single-layer distributed winding get themselves in the way because a
slot occupied by conductors of one coil cannot be used by conductors of other coils.
Such a rigid structure of single-layer windings limits substantially the field of
possible applications.

Double-layer windings offer much more freedom in creating air gap MMF
distribution than single-layer windings. Each slot of a double-layer winding carries
conductors of two coils, which belong either to separate phases (so-called mixed
slots), or to the same phase (monoslots). One side of a coil of symmetrical
double-layer winding lies in the bottom layer of one slot, and the other coil side in
the top layer of another slot (Fig. 2.11). Thus the number of coils of a double-layer
winding equals to the number of slots in which it is placed.

x

x

x

x

A

A

A

A

yc = τp

yc = τp -1

yc = τp -3

yc = τp - 5 τp

τp

Fig. 2.9 Single-layer distributed three-phase lap windings with q = 4 slots per pole and phase and
different coil pitch yc (left) and current sheet A at a time instant of maximal current in one phase
(right). The lower two windings are chorded for more than one slot and, therefore, interleaved
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Since the two layers in a slot belong to separate coils, the coil pitch can be
selected arbitrarily. Higher harmonics of air gap MMF created by a double-layer
winding can be controlled more precisely than for a single-layer winding, which
makes the double-layer winding the mostly spread winding type at all.

On the other hand, the slot fill factor of a double-layer winding is not as good as
in case of a single-layer one, because the two layers have to be insulated against
each other. This aspect is especially important in medium voltage machines, which
anyway have thick coil insulation.

A comparison of properties of single and double-layer winding is given in
Table 2.1.

yc = τp

τp

x

A

yc p

x

A

yc = τp -2
x

A

τpyc = τp -4
x

Fig. 2.10 Single-layer distributed three-phase lap windings with q = 3 slots per pole and phase
and different coil pitch yc (left) and current sheet A at a time instant of maximal current in one
phase (right). The lower two windings are interleaved and asymmetrically distributed over two
poles. As a result, even harmonics of current sheet and air gap MMF are generated

Fig. 2.11 Coil placement in
a double-layer winding
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Mixed-layer windings combine single- and double-layer windings, as shown in
Fig. 2.12. Coils of a mixed-layer winding are inserted into slots in accordance with
their affiliation to a particular phase. In Fig. 2.12 the outermost coils can have twice
the number of turns than the other ones if all slots have the same area. Alternatively,
the slots for outermost coils can be made smaller than others, and all slots can have
the same area. Windings as shown in Fig. 2.12 are suitable for automated pro-
duction because first all coils of the phase A are inserted, after that all coils of the
phase B and at the end all coils of the phase C.

Table 2.1 Comparison of winding-type properties

Single layer Double layer

Number of coils N/2 for N slots N for N slots

Coil pitch Dependent on type Arbitrary

Coil form Dependent on type Equal for all coils

Slot utilization High Moderate

End winding Dependent on type Compact

Mechanical strength Moderate High

Application Predominantly small and medium machines Unlimited

A

B

C

Fig. 2.12 Coil placement in a mixed-layer winding
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2.3 Current Sheet and Air Gap MMF

The fundamental idea governing physical and engineering sciences is to build
mathematical models of physical phenomena, which reflect all effects of interest for
a particular phenomenon, and which are interpreted as physical laws. The simpler
the model, the wider the area of its applications. Accordingly, an analytical model
gives a significantly deeper insight into a particular phenomenon than its numerical
counterpart. Therefore, a numerical model can at best complete machine analytical
model, but in no case replace it.

Electric machines are complex 3D structures, the operation of which is based on
magnetic circuits with nonlinear magnetic materials, in which electromagnetic
quantities permanently change their values and direction in space. A detailed model
of an electric machine, which would allow for all physical peculiarities at any
time instant and at any point in the machine volume, could only be built as a
numerical approximation. As such, it could deliver a quantitative solution to a
particular problem at a given accuracy, but it would not allow a qualitative insight
into physics of machine operation.

Obviously, the level of complexity has to be reduced if an analytical model of an
electric machine should be built which represents the crucial machine properties.
Effects neglected in such a model have marginal influence on the accuracy of
results.

Analytical model of an electric machine is based on space-time representation of
electromagnetic quantities in it, whereas the spatial coordinate is placed in the
middle of the air gap and spreads in circumferential direction. Consequently, only
the radial component of air gap flux density is considered. It is also assumed that the
machine is infinitely long, which legalizes disregarding of axial components of field
in its active part.

Winding distribution and affiliation of coils to a particular phase are expressed
by means of current sheet A, an auxiliary quantity with a meaning of linear current
density, defined as

A ¼ i � w
b

ð2:10Þ

with b denoting the width of zone in the air gap in which w conductors, each of
which carrying current i, are placed. The sign of current sheet is determined by
the orientation of coil and by the current direction.
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2.4 Spatial Harmonics in Air Gap MMF, Slot-Opening
Factor, Winding Factors

The overwhelming majority of rotating field machines is built as heteropolar, with
active part excited by coils the conductors of which are placed between two fer-
romagnetic structures schematically represented in Fig. 2.13. In general, the current
sheet distribution A(x) along the circumference does not necessarily have to be
symmetrical with respect to the axis of winding.

In Fig. 2.13, the x and • marks within conductors denote products of coil ori-
entation and current sign and, as such, can be interpreted as positive or negative.
Orientation of a coil along with sign of current through it determines the sign of
current sheet, MMF, and flux density. Therefore, not the current I, but the
ampere-turns I � w are the primordial machine spatial quantity, since they carry
both the information on the amount and direction of air gap fields.

If the relative permeability µr of stator and rotor iron is very large, µr >>, the
whole MMF drop Θ(x) created by coil ampere-turns is spent on air gap and can be
defined as

HðxÞ ¼
Z

AðxÞdx ð2:11Þ

b

.

.

.

>>

>>

Fig. 2.13 Current sheet distribution A(x) and its integral, the MMF distribution Θ(x) of an
arbitrary coil
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with x denoting the air gap circumferential coordinate and A(x) the current sheet
created by current I.

Constant MMFs Θ1 and Θ2 in Fig. 2.13 are evaluated as

H1 ¼ 2Dpþ p � a� 2y� bð Þ
2Dp

� I � w; H2 ¼ p � a� 2y� b
2Dp

� I � w ð2:12Þ

Air gap quantities are periodical functions of circumferential coordinate x with
period length 2τp, τp being the pole pitch:

sp ¼ Dp
2p

ð2:13Þ

Spatial distribution Θ(x) can be expressed in terms of Fourier series as

HðxÞ ¼
X1

n¼1

Hn sin n
p
sp

x ð2:14Þ

with Θn denoting the amplitude of the nth harmonic of the air gap MMF. Fourier
coefficients of MMF distribution in Fig. 2.13 are

a0 ¼ 0 ð2:15Þ

because there is no homopolar flux (div B = 0), and

an ¼ sp � I � w
a � cos n p

sp
x1 þ yð Þ � cos n p

sp
x1 þ yþ bð Þ

h i
þ b � cos n p

sp
x1 þ að Þ � cos n p

sp
x1

h i

n2abp

ð2:16Þ

bn ¼ sp � I � w
a � sin n p

sp
x1 þ yð Þ � sin n p

sp
x1 þ yþ bð Þ

h i
þ b � sin n p

sp
x1 þ að Þ � sin n p

sp
x1

h i

n2abp

ð2:17Þ

Conventional windings are placed in slots, the width of which in the air gap is
called slot opening d. Single coil per pole pair placed in slots on one side of air gap
as illustrated in Fig. 2.14 generates the MMF distribution which can be expressed in
terms of Fourier series with coefficients an and bn:
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an ¼ 2
p
Iw
n

sin n d
sp

p
2

n d
sp

p
2

� cos n p
2
� sin n y

sp

p
2

ð2:18Þ

bn ¼ 2
p
Iw
n

sin n d
sp

p
2

n d
sp

p
2

� sin n p
2
� sin n y

sp

p
2

ð2:19Þ

Fourier coefficients an and bn are equal to the product of three factors, each of
which is smaller or equal to one:

(a) Slot-opening factor fo,n, defined for the nth harmonic as

fo;n ¼
sin n d

sp
p
2

n d
sp

p
2

ð2:20Þ
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τp 2τp

xA(x)

(x)
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Fig. 2.14 Current sheet distribution A(x) and its integral, the MMF distribution Θ(x) of single coil
per pole pair
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The slot-opening factor is a function of the ratio between the slot opening d and
pole pitch τp. As long as the slot opening d is much smaller than the pole pitch
τp, the slot-opening factor for the fundamental, fo,1, is almost equal to one.
Large slot openings, typical for tooth-wound machines, cause low slot-opening
factors, thus diminishing resulting MMF and deteriorating machine
performance.

(b) A trigonometric indicator, defined for cosine terms an as cos(n � π/2) and for
sine terms bn as sin(n � π/2). The indicator for cosine terms, cos(n � π/2), is
equal to zero for odd harmonics, and indicator for sine terms, sin(n � π/2), is
equal to zero for even harmonics. In other words, the phase shift of odd har-
monics relative to the origin is equal to zero, and the phase shift of even
harmonics relative to the origin is ±π/2.
Every odd harmonic from Fourier approximation of MMF distribution has at
least one zero crossing point identical with the zero crossing point of the
fundamental. Accordingly, every odd harmonic has an extreme at the same
point on the circumference where the fundamental is extreme. The character of
extreme of adjacent odd harmonics alters permanently between maximum and
minimum, as given by the indicator sin(n � π/2). For this reason, the resultant
effect of (odd) slot harmonics of MMF on the fundamental of air gap flux
density is negligible (see discussion to Fig. 2.37).

(c) Coil pitch factor fp,n, defined for the nth harmonic as

fp;n ¼ sin n
y
sps

p
2

ð2:21Þ

where τps denotes the pole pitch expressed in number of slots

sps ¼ N
2p

ð2:22Þ

Coil pitch factor quantifies the MMF derogation due to pitching of coils. In
extreme case when the product n � y/τps is an even number, the amplitude of the
nth harmonic is equal to zero. The influence of coil pitch on the amplitude of
the nth harmonic of air gap MMF can be illustrated by the example of the fifth
harmonic of MMF created by a coil with pitch of y/τp = 4/5, as shown in
Fig. 2.15.
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The full-pitch coil in Fig. 2.15a creates trapezoidal MMF distribution Θ(x). One
can imagine that the fifth spatial harmonic of the MMF distribution Θ(x) is created
by a fictitious winding, shown gray in Fig. 2.15a, with a coil pitch equal to τp/5. At
x = 0 and x = τp, the direction of current and coil orientation of the real and the
fictitious winding coincide, which means that the left and the right half of the real
coil support each other when creating the fifth harmonic component of the MMF.

The ampere-turns of the left-hand side of the short-pitch coil in Fig. 2.15b with
y = 4/5 τp would create the fifth harmonic of the MMF identical to that drawn with
solid black line, originated from fictitious winding with y = τp/5. The same ficti-
tious winding would, however, require the ampere-turns on the right-hand side of
the coil (at x = 4/5 τp) acting in the opposite direction than the real ones created by
the coil right portion.

If the ampere-turns of the fictitious winding with y = τp/5 should coincide at
x = 4/5 τp with those created by the right-hand side of the real coil, the winding

(a)

(b)

Fig. 2.15 MMF distributions
created by a full-pitch coil per
pole, y = τp (a), and a
short-pitch coil per pole,
y = 4/5 τp (b). The fifth
harmonic in the MMF
distribution of the coil below
vanishes
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distribution drawn gray in Fig. 2.15b would be valid. This means that the fictitious
coil should generate ampere-turns at x = 0 opposite to the real coil! Obviously, the
sum of the black and gray distributions representing fictitious 5th harmonic is equal
to zero when y = 4/5 τp.

Pitch factors in p.u. of the fundamental for various spatial harmonics in a
machine with 12 slots per pole and various coil pitch values are shown in Fig. 2.16.
Coil pitch shortening is a very powerful means for the minimization, or even
elimination, of particular harmonics from the MMF distribution. The price paid is a
(slight) decrease of the useful fundamental harmonic.

Absolute value of pitch factor for any spatial harmonic n for full-pitch coils
(y = τp) is equal to 1. By applying the coil shortening, the amplitudes of pitch
factors become periodically dependent on harmonic order. One should note that,
independently of the coil pitch to pole pitch ratio y/τp, spatial harmonics with order
N/p ± 1 have always the same pitch factor as the fundamental.

The amplitude cn of nth harmonic of air gap MMF created by one coil per pole
pair can be expressed by means of Eqs. (2.18) and (2.19) as

cn ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a2n þ b2n

q
¼ 2

p
Iw
n

sin n d
sp

p
2

n d
sp

p
2

� sin n y
sp

p
2

ð2:23Þ
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Fig. 2.16 p.u. values of coil pitch factors for higher spatial harmonics in a machine with 12 slots
per pole and various values of coil pitch
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One coil per pole pair with y < τp generates both even and odd harmonics of air
gap MMF, the amplitudes of which are approximately proportional to the recip-
rocal of their order. This property is illustrated in Fig. 2.17, in which p.u. ampli-
tudes of the first 13 harmonics created by a single coil per pole pair for variable
values of coil pitch and for τp = 12 are shown.

In Fig. 2.17 one can see that only a full-pitch coil per pole pair generates air gap
MMF spectrum without even harmonics; as long as the coil is chorded, it acts as a
source of both even and odd harmonics. Since a single full-pitch coil per pole pair
creates identical MMF spectrum as a full-pitch coil per pole, one can state that even
harmonics created by two full-pitch coils per pole pair act against each other.

Case Study 2.1: A 20-pole, 3-phase machine has 30 stator slots. Air gap
diameter is 1200 mm and stator slot opening d = 56 mm. Stator winding has y = 1
(tooth-wound). Slot-opening and coil pitch factors of the stator winding along with
% amplitudes of harmonics are listed in Table 2.2.
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Fig. 2.17 p.u. amplitudes of MMF harmonics created by a single coil per pole pair in a machine
with 12 slots per pole. The coil pitch varies between 8 and 12
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One recognizes in Table 2.2 that the stator winding generates extremely strong
2. and 4. harmonic of the air gap MMF. These harmonics increase substantially the
air gap leakage inductance of the selected winding and create additional compo-
nents of eddy current losses in solid rotor parts, along with pulsating torques on the
shaft.

It is easy to demonstrate that not only two fully pitched, but also two identically
chorded coils per pole pair generate even harmonics the sum of which is always
equal to zero, because

Hn sin n
p
sp

x� sp
� �� �

¼ Hn sin n
p
sp

x� np

� �
¼ Hn sin n

p
sp

x ð2:24Þ

for n even, and

Hn sin n
p
sp

x� sp
� �� �

¼ �Hn sin n
p
sp

x ð2:25Þ

for n odd. Since the ampere-turns of coils under one (N) pole, (I � w)N, have an
opposite sign than the ampere-turns under adjacent (S) pole, (I � w)S, odd har-
monics created by coils of one pole support odd harmonics created by coils of
adjacent pole. Even harmonics created by coils of one pole, on the other hand, act
against even harmonics created by coils of adjacent pole.

Vast majority of windings in heteropolar machines is built in such a manner that
the winding distribution pattern repeats on pole basis, see Fig. 2.18. As a result,
only odd harmonics of air gap MMF can be generated, the amplitudes of which are

Table 2.2 Parameters of winding in Case Study 2.1

n 1 2 3 4 5 6 7 8

fo,n .99 .94 .87 .78 .67 .55 .42 .29

fp,n .87 .87 0 −.87 −.87 0 .87 .87

% 100 47.8 0 19.8 13.6 0 6.1 3.7
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Fig. 2.19 p.u. amplitudes of MMF harmonics created by one coil per pole in a machine with 12
slots per pole. The coil pitch varies between 8 and 12

(a)

(b)

(c)

µr

µr

Fig. 2.18 Schematic representation (a) of coils in the air gap (b), along with the current sheet A
(x) and MMF Θ(x) distributions created by positive current I flowing through the coils (c). For
distributionsA(x) andΘ(x) it is irrelevant whether the coils are placed in slots, or directly in the air gap

64 2 Windings



an ¼ 4
p
Iw
n

sin n d
sp

p
2

n d
sp

p
2

� sin n p
2
� sin np � sin n y

sp

p
2
� 0 ð2:26Þ

because n is odd, and

bn ¼ 4
p
Iw
n

sin n d
sp

p
2

n d
sp

p
2

� sin n p
2
� sin n y

sp

p
2
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MMF spectra of one coil per pole with identical data as in Fig. 2.15 are shown in
Fig. 2.19.

Pole symmetry (identical winding distribution under each pole) eliminates even
harmonics in air gap MMF spectrum. Even harmonics in air gap MMF spectrum
are a sign of pole asymmetry, caused typically by winding short turns. If p [p.u.]
turns under one pole are short-circuited, Fourier coefficients of air gap MMF
spectrum can be expressed as

an ¼ 2
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sp

p
2
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The amplitude cn of nth harmonic is equal to

cn ¼ 2
p
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n
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sp
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2

n d
sp

p
2

� sin n y
sp
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2
�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2 � 1� pð Þ � cos npþ 1� pð Þ2

q
ð2:30Þ
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Fig. 2.20 p.u. amplitudes of MMF harmonics created by one coil per pole in a machine with 12
slots per pole for pole asymmetry of p = 0.1 p.u. The coil pitch is varied between 8 and 12

2.4 Spatial Harmonics in Air Gap MMF, Slot-Opening Factor, Winding Factors 65



The influence of pole asymmetry on amplitudes of air gap MMF harmonics in a
machine with 12 slots per pole is shown in Fig. 2.20. The machine is assumed to
have 10 % less turns under one pole (p = 0.1 p.u.) than under another. Besides
general decrease of amplitudes of odd harmonics (less ampere-turns!), one recog-
nizes the appearance of even harmonics in Fig. 2.20, the amplitudes of which are
dependent on coil pitch y.

(a)

(b)

(c)

Fig. 2.21 Two coils shifted for x0 to each other (a), their MMF distributions (b), and the
fundamental and third components of MMF created by each coil (c)
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Phase windings of electric machines are seldom wound with only one coil per
pole. Putting phase coils into adjacent slots under a pole is a further means to
suppress higher spatial harmonics. In Fig. 2.21 two coils shifted for the amount of
x0 are shown along with their air gap MMF distributions.

The shift x0 of the two coils along circumferential coordinate in Fig. 2.21 does
not have the same impact on all spatial harmonics of their MMFs, because the
higher the order of harmonics n, the bigger the spatial shift x0,n

x0;n ¼ n � x0 ð2:31Þ

The amplitude Θres,1,max of the fundamental component of the resulting MMF in
Fig. 2.21c, Θres,1(x) = Θ1,1(x) + Θ2,1(x) can be evaluated by using the trigonometric
identity

Xk

j¼1

cos aþ j� 1ð Þ � d½ � ¼ cos aþ k�1
2 d

� � � sin k�d
2

sin d
2

ð2:32Þ

and setting for α = 0, k = 2:

1þ cos d ¼ cos d2 � sin d
sin d

2

¼ 2 cos2
d
2

ð2:33Þ

which helps one define Θres,1,max

Hres;1;max ¼ H1;max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ cos a0ð Þ2 þ sin2 a0

q
¼ H1;max

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � 1þ cos a0ð Þ

p
ð2:34Þ

as

Hres;1;max ¼ 2 �H1;max cos
a0
2

ð2:35Þ

with x0 = R � α0, R denoting the air gap radius.
The ratio between the trigonometric and algebraic sum of amplitudes of MMFs

created by adjacent coils under one pole is called the zone factor, which in case of
two coils per zone can be written for the fundamental harmonic as

Hres;1;max

2 �H1;max
¼ cos

a0
2

and for a spatial harmonic of the order n

Hres;n;max

2 �Hn;max
¼ cos n

a0
2
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One recalls that the expression for the zone winding factor of the nth harmonic,
fz,n:

fz;n ¼
sin nqa0

2

q sin na0
2

ð2:36Þ

turns into cos(n � α0/2) for q = 2.

In high-polarity electric machines there is often not enough space for more than
one coil per phase under one pole. Both previously discussed countermeasures
against high spatial harmonics—chording the coil pitch, or connecting more coils in
series under each pole—obviously cannot be applied in this case. Therefore, other
means for control of spatial higher harmonics has to be employed: the undesirable
harmonics are not compensated within one pole, but within several poles. The
winding pattern repeats every fundamental pole, the width of which is an odd

Fig. 2.22 Symmetrical integer slot winding with one coil per pole and phase: coil MMF
distribution Θc repeats from pole to pole, making the resulting MMF equal to the algebraic sum of
coil MMFs, both for the fundamental Θcoil,1 and for the fifth harmonic Θcoil,5
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multiple of the pole pitch τp. One refers to fractional slot winding in which the
number of slots per pole and phase q is not an integer.

In order to illustrate the principle of higher harmonics minimization in a frac-
tional slot winding the air gap MMF distribution in a 84-pole, 3-phase machine with
252 slots and q = 252/(84 � 3) = 1 (Fig. 2.22) is compared with air gap MMF
distribution in an 84-pole, 3-phase machine with 288 slots, q = 288/(84 � 3) = 8/7,
as shown in Fig. 2.23. In particular, the influence of winding connection on
the resulting fundamental and fifth harmonic is analyzed.

For q = 1, as shown in Fig. 2.22, the resulting MMF is equal to the algebraic
sum of MMFs created by all coils. In the resulting MMF the ratio between the
amplitude of the fifth harmonic and the fundamental term is equal to the ratio
between the amplitude of the fifth harmonic and the fundamental term of a coil.

The MMF distribution in a machine with q = 8/7, shown in Fig. 2.23, is for the
fifth spatial harmonic completely different from that in a machine with q = 1. In a
machine with fractional slot winding the period length of the winding distribution
corresponds to the fundamental pole. A fundamental pole of the winding in
Fig. 2.23 with q = 8/7 includes seven machine poles. Each phase of the analyzed

Fig. 2.23 Symmetrical fractional slot winding with q = 8/7 coil per pole and phase. The
fundamental and 5 harmonic components of all coils are shown

2.4 Spatial Harmonics in Air Gap MMF, Slot-Opening Factor, Winding Factors 69



winding has eight coils per fundamental pole, denoted by numbers 1–8. The coils
are connected to each other in such a manner as to maximize the resulting fun-
damental, and minimize higher harmonics. The sequence of connection of coils in
Fig. 2.23 is 1 → 4 → 6 → 8 → −3 → −5 → −7 → 2, with negative signs
standing for a reversely connected coils. This sequence of coil connections shifts
fundamentals slightly to each other. On the other hand, the fifth harmonic com-
ponents are significantly shifted to each other. Ultimately, the resulting fundamental
component is slightly lower than the algebraic sum of coil MMFs, whereas the
resulting fifth harmonic is drastically reduced.

2.5 Air Gap Permeance, Carter Factor, Air Gap Flux
Density Distribution

Air gap flux density is the crucial quantity in an electric machine, since it deter-
mines both the induced voltage and the torque, the two most important machine
attributes. Spatial distribution of air gap flux density, including all higher har-
monics, determines time dependencies of induced voltages, torque, and radial
forces. Therefore, special attention has to be paid to the proper shaping of the air
gap flux density distribution.

Neglecting the MMF drop in iron, one can write for the air gap flux density
distribution Bδ(x):

BdðxÞ ¼ l0 � HdðxÞ ¼ l0
HðxÞ
dðxÞ ð2:37Þ

i.e., the amount of flux density at a particular point in air gap is proportional to the
MMF and inversely proportional to the air gap width at that point.

Windings of electric machines are usually placed in slots separated by teeth,
which provide mechanical support. The price for mechanical fixation of windings
by putting them into slots is a loss of flux expressed by the Carter factor.

In a machine with single-slotted air gap and constant excitation over slots and
teeth, the air gap flux density B(x) is minimal along slot centerline (Fig. 2.24). The
flux density distribution B(x) can be represented in terms of its average value and
fundamental harmonic due to slotting as

BdðxÞ ¼ B0 þBs cos
p
ss
x ð2:38Þ

where

B0 ¼ Bmax þBmin

2
; Bs ¼ Bmax � Bmin

2
ð2:39Þ
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Bs denotes here the amplitude of the fundamental component of air gap flux
density due to slotting, and B0 its average value over one slot pitch τs.

The Carter factor kC is defined as

kC ¼ ss
ss � c � d ð2:40Þ

and the effective air gap width δeff:

deff ¼ kC � d ð2:41Þ

where

c ¼ 4
p

s
2d

arctan
s
2d

� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
2d

	 
2
r" #

ð2:42Þ

Not the geometrical distance δ between smooth and slotted surface, but the
effective air gap width δeff = kC � δ determines the ampere-turns demand for a given
flux density. Carter factor is a function of the ratio between the slot opening s and
slot pitch τs, and the ratio between the air gap width δ and slot pitch τs. By keeping
the slot-opening constant for a given slot pitch, the Carter factor decreases as the air
gap width increases. On the other hand, by keeping the air gap width for a given
slot pitch constant, the Carter factor increases as the slot opening increases.

Fig. 2.24 Dominating
components of air gap flux
density B(x) and
electromagnetic air gap width
δem(x) at constant MMF
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The analysis of Carter factor can be simplified by normalizing the air gap width
and the slot opening to the slot pitch of 1 p.u. Introduce first the normalized air gap
width δN:

dN ¼ d
ss

ð2:43Þ

and the normalized slot width sN:

sN ¼ s
ss

ð2:44Þ

The Carter factor can be now written as

kC ¼ 1
1� c � dN ð2:45Þ

and the auxiliary function γ

c ¼ 4
p

sN
2dN

arctan
sN
2dN

� ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sN
2dN

� �2
s2

4

3

5 ð2:46Þ

The dependence of the normalized effective air gap width on normalized air gap
width with normalized slot opening as a parameter is shown in Fig. 2.25. One
recognizes in this figure that the difference between effective and geometrical air
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Fig. 2.25 Dependence of normalized effective air gap width δeff/τs on normalized air gap width
δ/τs with normalized slot opening s/τs as a parameter
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gap width becomes constant for increasing δ/τs, which means that the Carter factor
in that case slowly decreases.

Introducing the auxiliary quantity u

u ¼ s
2d

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ s
2d

	 
2
r

¼ sN
2dN

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ sN
2dN

� �2
s

ð2:47Þ

one can define the ratio β (see Fig. 2.24) as

b ¼ 1� uð Þ2
2 � 1þ u2ð Þ ¼ sin2

a
2

ð2:48Þ

which also can be written as

b ¼ Bs

Bmax
¼ Bmax � Bmin

2Bmax
ð2:49Þ

Now one can write for flux densities B0 and Bs

B0 ¼ Bmax þBmin

2
¼ 1� bð ÞBmax; Bs ¼ Bmax � Bmin

2
¼ bBmax ð2:50Þ

as well as for their ratio

Bs

B0
¼ b

1� b
ð2:51Þ
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Fig. 2.26 Ratio Bs/B0 (solid) and Carter factor (dashed) as functions of normalized air gap width
δ/τs with normalized slot width s/τs as a parameter
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The dependence of Carter factor and the ratio between the amplitudes B0 and Bs

on the normalized air gap width for various values of normalized slot-opening
width is shown in Fig. 2.26. For small values of normalized air gap width and large
values of normalized slot-opening width, the magnitude of the fundamental slot
harmonic Bs can be almost as large as the magnitude of the constant term B0!

Pulsating component of air gap flux density has thermal and mechanical con-
sequences: Eddy current losses in conducting media are proportional to the square
of flux density amplitude, as is the radial (attractive) force between stator and rotor.
Therefore, special attention has to be paid to the design of air gap geometry and to
minimization of slot harmonics in the flux density distribution.

In Fig. 2.24 the electromagnetic air gap width δem(x) was introduced, which
stands for the length of flux line at a given circumferential coordinate x. The
maximum value δmax of the electromagnetic air gap width corresponds to the
minimum value Bmin of air gap flux density B(x):

dmax ¼ l0
H
Bmin

ð2:52Þ

By utilizing the parameter β (2.49) one can define the ratio between the maxi-
mum and minimum air gap width as

dmax

d
¼ 1

1� 2b
ð2:53Þ
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Fig. 2.27 Ratio between maximum electromagnetic air gap width δmax and geometric width δ as a
function of the Carter factor kC for various values of normalized slot width s/τs

74 2 Windings



The ratio between maximum electromagnetic air gap width δmax and geometric
width δ as a function of the Carter factor kC for various values of normalized slot
width s/τs is shown in Fig. 2.27.

If the air gap flux density is generated by a 2p-pole winding placed in N slots, the
air gap width δ(x) can be represented with a constant term and a fundamental
harmonic with period length τs:

dðxÞ ¼ dmax þ d
2

þ dmax � d
2

cos
2p
ss

x ¼ d0 þ d1 cos
N
p
p
sp

x ð2:54Þ

with τs denoting the slot pitch

ss ¼ Dp
N

¼ 2p
N

sp ð2:55Þ

and D the average air gap diameter. One should note that the terms δ0 and δ1 are
both functions of Carter factor and can be of the same order of magnitude.

If the air gap of an electric machine is doubly slotted (Fig. 2.28), the resulting
Carter factor kC is equal to the product of the Carter factor for the stator kC,s and for
the rotor kC,r

kC ¼ kC;s � kC;r ð2:56Þ

where both kC,s and kC,r are calculated assuming that the opposite side of air gap has
no slots. Here the principle of reciprocity can be applied, since for the computation
of Carter factor in electrically excited machines the source of the field is placed
outside the air gap. Both stator and rotor windings face the same air gap geometry
in Fig. 2.28 and, therefore, the same effective air gap width δeff.

The air gap width δ(x) of a doubly slotted machine in Fig. 2.28 can be repre-
sented with a constant term, the fundamental harmonic representing the stator
slotting, with period length τs,s, and the fundamental harmonic representing the
rotor slotting, with period length τs,r

τ s,s

τs,r

δ

Fig. 2.28 Doubly slotted air gap of an electric machine
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dðxÞ ¼ d0 þ d1;s cos
Ns

p
p
sp

xþ d1;r cos
Nr

p
p
sp

x ð2:57Þ

with Ns standing for the number of stator, and Nr for the number of rotor slots.
In order to increase the heat exchange surface and improve the cooling perfor-

mance, electric machines are often built with radial cooling channels through which
the cooling air is blown from inner to outer, or from outer to inner portions of
machines. If the lamination contains Ncc radial cooling channels, it is built of
Ncc + 1 lamination stacks separated by the cooling channels. Radial cooling
channels extend the machine axial length for the amount of wcc � Ncc and deteri-
orate the lamination fill factor. The rate of deterioration can be expressed by using
the axial Carter factor kC,ax defined as

kC;ax ¼ lax � Nccwcc

lax � Nccw0
cc þ 2d

ð2:58Þ

with

w0
cc �

wcc

1þ 5 d
wcc

ð2:59Þ

for the same number of stator and rotor radial cooling channels, and

w0
cc �

wcc

1þ 2:5 d
wcc

ð2:60Þ

for different numbers of stator and rotor cooling channels. lax in Eq. 2.58 denotes
the axial length of active part, i.e., the distance between the beginning of the first
and the end of the last lamination stack. The resulting Carter factor for a machine
with radial cooling channels can be expressed as

kC ¼ kC;s � kC;r � kC;ax ð2:61Þ

The principle of reciprocity used for the determination of Carter factor for
doubly slotted air gap is disturbed when the excitation on one side of the air gap is
relocated from iron structure into the air gap, as is the case in surface-mounted PM
machines, as shown in Fig. 2.29.

Permanent magnet in the air gap of the machine in Fig. 2.29a faces teeth and slots
on the other side of mechanical air gap δm relatively close to its surface. As a
consequence, the air gap flux density and the flux density in the magnet below a slot
differ significantly from their values below a tooth. Large pulsations of air gap flux
density are an indicator of a large Carter factor. When excited by a coil in slots as
shown in Fig. 2.29b, the same air gap geometry generates lower amplitudes of flux
density pulsations underneath the slots, which is an indicator for a lower Carter factor.
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2.5.1 Uneven Air Gap and Homopolar Flux

Consider a two-pole machine with a winding only on one side of the air gap, as
shown in Fig. 2.30. Winding current i creating spatially alternating flux density in
the active part flows through end winding conductors in the given sectional
(z, r) plane in the same direction, as shown in Fig. 2.30b, c. Flux lines created by
end winding MMF go through bearing shields and shaft (if these are made of
magnetic material) into the active part. The total flux through the shaft is equal to
zero as long as the magnetic circuit is perfectly symmetrical, as shown in
Fig. 2.30b. If there is an asymmetry in the machine’s magnetic circuit, such as
uneven gap caused e.g. by rotor eccentricity, the total shaft flux Φs is not equal to
zero any more, as shown in Fig. 2.30c, and the homopolar flux is generated.

Homopolar flux Φs can be evaluated by means of the simplified magnetic
equivalent circuit of the machine in Fig. 2.31b. One recognizes in this circuit the
bridge structure created by gap permeances Gsh,δ,N, Gsh,δ,S, Gδ,N, and Gδ,S. Flux Φs

is equal to

Us ¼ 2iw
Gshaft Gd;NGsh;d;S � Gd;SGsh;d;N

� �

Gshaft Gd;N þGd;S
� �þ Gsh;d;N þGsh;d;S

� �
Gd;N þGd;S þGShaft
� � ð2:62Þ

(a) (b)

PM 1

BPM(x) Bcoil(x) 

PM(x) coil(x) 

δm

δμ e
r

Fig. 2.29 Qualitative air gap flux density distribution in a surface-mounted PM machine created
by magnets (a) and armature winding (b)
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(a) (b) (c)

Fig. 2.30 Two-pole machine with stator winding only: a schematical representation of the end
winding MMF with sectional (z, r) plane denoted by a dash-dot line; b distribution of fluxes in the
(z, r) plane of a machine with perfectly symmetrical magnetic circuit and bearing shields made of
magnetic material; c distribution of fluxes in the (z, r) plane of a machine with uneven air gap(s)
and bearing shields made of magnetic material

(a) (b)
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Active partEnd shield
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Fig. 2.31 Magnetic equivalent circuit of the portion of the machine in Fig. 2.30b, c: detailed
(a) and reduced to its most significant components (b). Index sh relates to the bearing shield, ax to
axial and circ to circumferential direction. Index δ stands for air gap, rot for rotor, stat for stator,
Fe for iron, N for the N-pole, and S for the S-pole. Ampere-turns Iw denote the MMF per pole
created by the particular winding
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As long as the magnetic circuit in Fig. 2.31 is balanced, the shaft flux is equal to
zero. Any unbalance in the bridge of air gap permeances in Fig. 2.31b results in shaft
flux. Shaft flux can be constant, or time-dependent. Time dependence of shaft flux is
caused either by time-dependent MMFs, or by variation of gap permeances due to
rotor motion. Time dependent shaft flux induces shaft voltage, which can cause
bearing currents.

2.5.2 Flux Density Distribution in Eccentric Air Gap
of a Slotless Machine

The most common reason for nonuniformity of air gap is the rotor eccentricity
shown in Fig. 2.32, which can be single or both sided (DE and/or NDE), as well as
static or dynamic. The eccentric air gap width varies with periodicity of 2Rπ,
R being the average radius of the gap:

d ¼ d0 þ e cos
x� xr
R

ð2:63Þ

The air gap flux density distribution in a 2p-pole machine with rotor eccentricity
can be expressed as

d0 þ e cos
x� xr
R
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X1

i¼0;1;2;...

Bi cos i
p
R

x� xið Þþ e
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Fig. 2.32 Rotor eccentricity
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The solution of Eq. 2.61 depends strongly on the number of pole pairs p, since
for p = 1 some terms exist which disappear at other pole pairs. Physical reason for
different behavior of 2-pole machine is obvious, because the rotor eccentricity
repeats with the lowest possible periodicity.

(a) p = 1

For a 2-pole machine Eq. 2.61 can be further written as

d0 B0 þB1 cos
x� x1
R

þB2 cos 2
x� x2
R

þB3 cos 3
x� x3
R
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ð2:66Þ

with ε+ = ε/2 and ε− = ε/2.
The unknowns in Eq. 2.66 are amplitudes Bi of air gap flux density harmonics

and their spatial shifts xi. Since spatial harmonics Bi are orthogonal to each other,
one can derive an infinite number of trigonometric identities from Eq. 2.66—one
identity for each harmonic:

d0B0 þ e
2
B1 cos

x1 � xr
R

¼ 0 ð2:67Þ
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R

þ e
2
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R
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B2 cos

3x� 2x2 � xr
R

þ d0B3 cos 3
x� x3
R

þ e
2
B4 cos

3x� 4x4 þ xr
R

¼ l0H3 cos 3
x
R

ð2:70Þ

e
2
B3 cos

4x� 3x3 � xr
R

þ d0B4 cos 4
x� x4
R

þ e
2
B5 cos

4x� 5x5 þ xr
R

¼ 0 ð2:71Þ

e
2
B4 cos

5x� 4x4 � xr
R

þ d0B5 cos 5
x� x5
R

þ e
2
B6 cos

5x� 6x6 þ xr
R

¼ l0H5 cos 5
x
R

ð2:72Þ

etc. Each air gap flux harmonic can be resolved along axes x = 0 and x = Rπ/2,
which results in cosine

eB0 cos
xr
R

þ d0B1 cos
x1
R

þ e
2
B2 cos

2x2 � xr
R

¼ l0H1

e
2
B1 cos

x1 þ xr
R

þ d0B2 cos
2x2
R

þ e
2
B3 cos

3x1 � xr
R

¼ 0

e
2
B2 cos

2x2 þ xr
R

þ d0B3 cos
3x3
R

þ e
2
B4 cos

4x4 � xr
R

¼ l0H3

e
2
B3 cos

3x3 þ xr
R

þ d0B4 cos
4x4
R

þ e
2
B5 cos

5x5 � xr
R

¼ 0

e
2
B4 cos

4x4 þ xr
R

þ d0B5 cos
5x5
R

þ e
2
B6 cos

6x6 � xr
R

¼ l0H5

etc., as well as in sine terms

eB0 sin
xr
R

þ d0B1 sin
x1
R

þ e
2
B2 sin

2x2 � xr
R

¼ 0

e
2
B1 sin

x1 þ xr
R

þ d0B2 sin
2x2
R

þ e
2
B3 sin

3x1 � xr
R

¼ 0

e
2
B2 sin

2x2 þ xr
R

þ d0B3 sin
3x3
R

þ e
2
B4 sin

4x4 � xr
R

¼ 0

e
2
B3 sin

3x3 þ xr
R

þ d0B4 sin
4x4
R

þ e
2
B5 sin

5x5 � xr
R

¼ 0

e
2
B4 sin

4x4 þ xr
R

þ d0B5 sin
5x5
R

þ e
2
B6 sin

6x6 � xr
R

¼ 0

etc. Denoting by sr = sin(xr/R) and cr = cos(xr/R) one can define the matrix E
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E ¼

d0 e
2 cr � e

2 sr 0 0 0 0 0 0 . . .
ecr d0 0 e

2 cr � e
2 sr 0 0 0 0 . . .

esr 0 d0 � e
2 sr

e
2 cr 0 0 0 0 . . .

0 e
2 cr � e

2 sr d0 0 e
2 cr

e
2 sr 0 0 . . .

0 e
2 sr

e
2 cr 0 d0 � e

2 sr
e
2 cr 0 0 . . .

0 0 0 e
2 cr � e

2 sr d0 0 e
2 cr

e
2 sr . . .

0 0 0 e
2 sr

e
2 cr 0 d0 � e

2 sr
e
2 cr . . .

0 0 0 0 0 e
2 cr � e

2 sr d0 0 . . .
0 0 0 0 0 e

2 sr
e
2 cr 0 d0 . . .

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

2

666666666666664

3

777777777777775

ð2:73Þ

and the vector of unknowns b as

b ¼ B0 B1 cos x1R B1 sin x1
R B2 cos 2x2R B2 sin 2x2

R B3 cos 3x3R . . .
� �T ð2:74Þ

which along with the vector of applied MMF harmonics h

h ¼ l0 0 H1 0 0 0 H3 0 0 0 H5 0 0 0 H7 . . .½ �T ð2:75Þ

build the system of algebraic equations

E � b ¼ h ð2:76Þ

the solution of which are the magnitudes and phase shifts of air gap flux density
harmonics in a machine with eccentric rotor.

In order to illustrate the influence of eccentricity on air gap flux density, a
two-pole machine with full-pitch coil and with eccentric rotor was analyzed.

2Rπ

Rπ

Rotor angle
π

2π

T

Stator circumferential coordinate

Fig. 2.33 Air gap flux
density in a two-pole machine
with centric rotor created by
the first 19 harmonics of
MMF of a full-pitch coil
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The air gap flux density distribution evaluated for the first 19 harmonics of
excitation by a full-pitch coil with an amplitude of the fundamental term of 500 At
and for a homogenous air gap width of 1 mm is shown in Fig. 2.33. Apart from
small deviations caused by representation of MMF with Fourier series having a
finite number of terms, the air gap flux density is constant under one pole, inde-
pendent of the rotor position. The amplitude of the fundamental term of air gap flux
density is equal to µ0 500/.001 = 0.628 T. The air gap flux density spectrum contains
only the terms present in the MMF spectrum, i.e., the 1., 3., 5., etc., harmonics.

If the rotor is eccentric with a maximum eccentricity ε of 0.5 mm, i.e., 50 % of
the air gap width, the shape of the air gap flux density distribution becomes
dependent on the rotor to stator angle. In addition to terms existing in the
MMF distribution, the air gap flux density spectrum contains harmonics generated
by variable air gap width due to eccentricity. In particular, the terms with order 0, 2,
4, 6, etc., in the air gap flux density spectrum are generated in addition to odd terms.
The air gap flux density distribution under the same conditions as in Fig. 2.33, but
with an eccentricity ε of 0.5 mm (or 50 %) is shown in Fig. 2.34.

Amplitudes of harmonics of air gap flux density in Fig. 2.34 as functions of rotor
angle are shown in Fig. 2.35. Constant term B0, as a measure of shaft flux in
Fig. 2.32, becomes negative after a rotor shift of π/2 because the opposite polarity
of stator MMF is a source of more flux. Accordingly, the shaft flux in Fig. 2.32
becomes also negative.

One notes in Fig. 2.35 that the amplitudes of all harmonics of air gap flux
density in a machine with eccentric rotor pulsate as a function of the rotor angle.

Rotor angle

π

2π

T

Stator circumferential coordinate
2Rπ

Rπ

Fig. 2.34 Air gap flux
density in a two-pole machine
with eccentric rotor created by
the first 19 harmonics of
MMF of a full-pitch coil
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Consequently, one can write for the amplitude B0:

B0 ¼ B0;max cos
p
sp

xr ð2:77Þ

as well as for the amplitude of the ith harmonic Bi in Eq. 2.60:

Bi ¼ Bi;const þBi;max cos 2
p
sp

xr � p

� �
ð2:78Þ

(b) p > 1

For a machine with more than one pole pair, Eq. 2.61 can be written as

d0 B0 þB1 cos p
x
R
cos p

x1
R

þ sin p
x
R
sin p

x1
R

	 

þB2 cos 2p

x
R
cos 2p

x1
R
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x
R
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x1
R

	 
h
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x
R
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x1
R
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x
R
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x1
R
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x
R
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x1
R
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x
R
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x1
R

	 

þ � � �

i

þ e
2

B0 cos
x
R
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R
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x
R
sin

xr
R
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R
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pþ 1
R
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R

� ��
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2pþ 1

R
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R
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R
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R

� �
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R
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R
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� �
þ � � �

�
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R
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R
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p� 1
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R
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þB2 cos
2p� 1

R
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R
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2p� 1

R
x sin
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� �
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3p� 1
R
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R
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3p� 1
R
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� �
þ � � �

�

¼ l0 H1 cos p
x
R
þH3 cos 3p

x
R
þH5 cos 5p

x
R
þ � � �

	 


ð2:79Þ

The orders of harmonics which multiply δ0 in Eq. 2.79 are 0, p, 2p, 3p, …, etc.,
and of harmonics which multiply ε/2 are 1, p ± 1, 2p ± 1, 3p ± 1, …, etc. The
orders of harmonics of the air gap flux density in a machine with eccentric rotor as
functions of the number of machine pole pairs are given in Table 2.3.

2ππ

B1

B0

B3

B2
B5

B4
B7

B6B8

0.5

Fig. 2.35 Amplitudes of air
gap flux density harmonics as
functions of rotor angle in a
two-pole machine with
eccentric rotor
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The strongest interaction between harmonics occurs in a two-pole machine with
eccentric rotor. The higher the number of poles, the weaker the influence of the
rotor eccentricity, e.g., for an 8-pole machine, there exists no single harmonic
common for the sets of terms multiplying δ0, ε+, and ε−. In a two-pole machine, on
the other hand, every harmonic of the order of 2 and above appears in all three sets
of terms multiplying δ0, ε+, and ε−. Only in a two-pole machine the constant term
B0 can appear, see Table 2.3. Therefore, the rotor eccentricity can be a source of
significant shaft flux only in a two-pole machine.

2.5.3 Flux Density Distribution in the Air Gap
of a Single-Slotted Machine

Consider a single-slotted machine the air gap width of which is described by a
constant term and an infinite series of harmonics with amplitudes δi:

dðxÞ ¼ d0 þ
X1

i¼1;3;5;...

di cos i
N
p
p
sp

x ð2:80Þ

If the slot geometry is identical for all N slots, the order i of harmonics is an odd
number. In most practical cases the influence of slot harmonics with order above 1
is negligible; therefore, the air gap width will be represented with a constant term
and the fundamental slot harmonic of the order of N/p:

dðxÞ ¼ d0 þ d1 cos
N
p
p
sp

x ð2:81Þ

For a salient pole machine the number of poles per pole pair N/p = 2.

Table 2.3 The orders of
harmonics multiplying air gap
width components δ0, ε+, and
ε− after Eq. 2.66 in a machine
with eccentric rotor as
functions of the number of
pole pairs p

δ0

p 1 2 3 4

2p 2 4 6 8

3p 3 6 9 12

4p 4 8 12 16

ε+

p + 1 2 3 4 5

2p + 1 3 5 7 9

3p + 1 4 7 10 13

4p + 1 5 9 13 17

ε−

p − 1 0 1 2 3

2p − 1 1 3 5 7

3p − 1 2 5 8 11

4p − 1 3 7 11 15
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The air gap flux density distribution B(x) created by conventional pole-symmetric
winding (only odd harmonics of MMF!), the axis of which is shifted for the amount
of xc relative to the center of the first slot (Fig. 2.36), satisfies equation

BðxÞ � d0 þ d1 cos
N
p
p
sp

x

� �
¼ l0 �

X1

n¼1;3;5;...

Hn cos n
p
sp

x� xcð Þ ð2:82Þ

Machines with integer numbers of slots per pole have even number of slots per
pole pair N/p. The air gap flux density distribution B(x) in that case contains only
odd terms

BðxÞ ¼
X1

n¼1;3;5;...

Bn cos n
p
sp

x� xcð Þ ð2:83Þ

and satisfies equation

d0 �
X1

i¼1;3;5;...

Bi cos i
p
sp

x� xcð Þþ d1 �
X1

j¼1;3;5;...

Bj cos j
p
sp

x� xcð Þ� cosN
p
p
sp

x

¼ l0 �
X1

n¼1;3;5;...

Hn cos n
p
sp

x� xcð Þ
ð2:84Þ

The order i of flux density distribution due to constant air gap width δ0 in
Eq. 2.84 must always be equal to the order n of MMF distribution, i = n. The order
j of flux density distribution due to slotting in Eq. 2.84 must satisfy the condition

j ¼ n� N
p

ð2:85Þ

in order to generate flux density components with the same order n as the MMF in
Eq. 2.84. Note that for n < N/p the order j can be negative, which means nothing
but a 180° phase shift of the particular term. By applying condition in Eq. 2.85, one
can write Eq. 2.84 further as

τs

xc

x = 0

1 2 3 4N slot #

δ0

Fig. 2.36 Single-slotted air gap with a coil
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d0 �
X1

i¼1;3;5;...

Bi cos i
p
sp

x� xcð Þþ d1
2

X1

jþ¼1;3;5;...

Bjþ cos jþ þ N
p

� �
� x� jþ � xc

� �
p
sp

þ d1
2

X1

j�¼1;3;5;...

Bj� cos j� � N
p

� �
� x� j� � xc

� �
p
sp

¼ l0 �
X1

n¼1;3;5;...

Hn cos n
p
sp

x� xcð Þ

ð2:86Þ

The nth (odd) harmonic of applied MMF creates in a single-slotted air gap of an
electric machine three components of flux density with the same order n:

– Bn (odd), in the amount of µ0 Θn/δ0,
– Bn−N/p (odd), in the amount of 2 µ0 Θn/δ1, and
– Bn+N/p (odd), in the amount of 2 µ0 Θn/δ1

which satisfy equation

l0Hn cos n
p
sp

x� xcð Þ ¼ d0Bn cos n
p
sp

x� xcð Þ

þ d1
2
Bn�N

p
cos

p
sp

nx� nþ N
p

� �
xc

� �

þ d1
2
Bnþ N

p
cos

p
sp

nx� n� N
p

� �
xc

� �
ð2:87Þ

Relationship between the three components of MMF drop and coil MMF har-
monic of the order n can be visualized by means of Fig. 2.37. In this figure the nth
harmonic of applied air gap MMF and nth, (n − N/p)th, and (n + N/p)th harmonics
of MMF drop are resolved into components along the axis α, coincident with
centerline of slot 1, and along the axis β, shifted for 90°el to α.

Fig. 2.37 Illustrating relationship between applied MMF and flux density harmonic components
in a machine with single-slotted air gap for a given rotor shift xc
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Due to slotting, the nth harmonic of applied MMF created by coil current
contributes to the amplitudes of (n − N/p)th and (n + N/p)th harmonics of air gap
flux density along with corresponding fluxes Φn−N/p and Φn+N/p. The fluxes Φn−N/p

and ΦN/p+n create MMF drops ϑn−N/p and ϑn+N/p across the air gap. One distin-
guishes here between the applied MMF Θn and its effects, the flux density har-
monics Bn, Bn−N/p, and Bn+N/p, and the evoked MMF harmonics ϑn−N/p and ϑn+N/p,
along with all their effects. In order to emphasize this difference, capital letters are
used for applied quantities, and small letters for evoked quantities.

The evoked MMF harmonic ϑn−N/p creates flux density harmonics bn−N/p, bn−2N/p,
and bn, whereas ϑn+N/p is a source of bn+N/p, bn+2N/p, and bn harmonics, etc. The initial
terms of the chain of generation of air gap flux harmonics from a single MMF
harmonic in a slotted air gap are shown in Fig. 2.38. Since the number of slots per
pole pair N/p is even, an odd harmonic of MMF can create only odd harmonics of air
gap flux density.

Fig. 2.38 The beginning of the chain of generation of flux density harmonics from a single
harmonic of applied MMF in a single-slotted machine
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The nonuniformity of air gap width caused by slotting is a source of higher
spatial harmonics in the spectrum of flux density for sinusoidal applied MMF. The
mechanism of generation of higher spatial harmonics of air gap flux density due to
nonuniform air gap width (cosine terms!) is analogous to the mechanism of creation
of higher time harmonics of current in a magnetic circuit with nonlinear B–H curve.
Independent of whether a time or spatial problem is analyzed, the nonlinearity is
always a source of higher harmonics in the system.

In Table 2.4 the orders of components of air gap flux density distribution in a
slotted machine with even number of slots per pole pair are given as functions of
orders of applied MMF. The fundamental component of applied MMF creates the
fundamental component of air gap flux density, along with harmonics of the order
N/p − 1 and N/p + 1. These two harmonics correspond to evoked harmonics of air
gap MMF drops ϑn−N/p and ϑn+N/p and both of them generate, among other, the
fundamental components of flux density due to higher harmonics of MMF.

Using Eq. 2.86 and Table 2.4, one can relate the amplitude of nth harmonic of
air gap flux density to corresponding applied and evoked MMFs as

Bn cos n
p
sp

x� xcð Þ ¼ l0
d0

Hn cos n
p
sp

x� xcð Þ

þ 2
l0
d1

X1

i¼1

HiNp�n cos
p
sp

nx� nþ i
N
p

� �
xc

� �

þ 2
l0
d1

X1

i¼1

HiNp þ n cos
p
sp

nx� n� i
N
p

� �
xc

� �
ð2:88Þ

Salient pole machine has two poles (teeth) per pole pair, N/p = 2 and τp = τs
(Fig. 2.39). The fundamental harmonic of applied MMF creates with air gap width
three components of flux density of the same order 1 (Eq. 2.87):

– B1 with constant air gap width component in the amount of µ0 Θ1/δ0,
– B1 with fundamental component of air gap width in the amount of 2µ0Θ1/δ1, and
– B3 with fundamental component of air gap width in the amount of 2µ0Θ1/δ1

which satisfy equation

H1 ¼ d0
l0

B1 � d1
2l0

B1 � d1
2l0

B3 ð2:89Þ

The fundamental component of air gap flux density B1 can be found by applying
Eq. 2.88, here rewritten for N/p = 2:

B1 ¼ l0
d0

H1 þ 2
l0
d1

X1

i¼1

H2i�1 �H2iþ 1ð Þ ð2:90Þ
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Components of air gap flux density harmonics along perpendicular axes α and β
in Fig. 2.37 satisfy simultaneously two algebraic equations (see also Eq. 2.86):

Bn;a cos n
p
sp

xc þ d1
2d0

Bn�;a cos nþ i
N
p

� �
xc

þ d1
2d0

Bnþ ;a cos n� i
N
p

� �
xc ¼ l0 �Hn

d0
cos n

p
sp

xc

ð2:91Þ

and

Bn;b sin n
p
sp

xc þ d1
2d0

Bn�;b sin nþ i
N
p

� �
xc

þ d1
2d0

Bnþ ;b sin n� i
N
p

� �
xc ¼ l0 �Hn

d0
sin n

p
sp

xc

ð2:92Þ

Considering the first r odd harmonics of air gap flux density and MMF, one can
write after rearranging of Eqs. 2.91 and 2.92 two matrix equations for the com-
ponents along the axes α and β as

Cd � Ba ¼ 0a ð2:93Þ

and

Cd � Bb ¼ 0b ð2:94Þ

The vectors ϑα and ϑβ representing the applied MMFs can be written as

0a ¼
l0
d0

� H1 cos p
sp
xc H3 cos 3 p

sp
xc . . . Hr cos r p

sp
xc

h iT
ð2:95Þ

0b ¼
l0
d0

� H1 sin p
sp
xc H3 sin 3 p

sp
xc . . . Hr sin r p

sp
xc

h iT
ð2:96Þ

xc = τp /2

x = 0

21 slot #

Fig. 2.39 Salient pole machine with a coil
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and the system matrix Cδ

ColumnN=p� 1

#

Cd ¼

1 0 � � � 0 0 � � � 0 r r 0 � � � � � � 0 0 0 0 � � � 0 0 � � � 0 0

0 1 � � � 0 0 � � � r 0 0 r � � � � � � 0 0 0 0 � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 1 r � � � 0 0 0 0 � � � � � � r 0 0 0 � � � 0 0 � � � 0 0

0 0 � � � r 1 � � � 0 0 0 0 � � � � � � 0 r 0 0 � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 r � � � 0 0 � � � 1 0 0 0 � � � � � � 0 0 r 0 � � � 0 0 � � � 0 0

r 0 � � � 0 0 � � � 0 1 0 0 � � � � � � 0 0 0 r � � � 0 0 � � � 0 0

r 0 � � � 0 0 � � � 0 0 1 0 � � � � � � 0 0 0 0 � � � r 0 � � � 0 0

0 r � � � 0 0 � � � 0 0 0 1 � � � � � � 0 0 0 0 � � � 0 r � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � r 0 � � � 0 0 0 0 � � � � � � 1 0 0 0 � � � 0 0 � � � r 0

0 0 � � � 0 r � � � 0 0 0 0 � � � � � � 0 1 0 0 � � � 0 0 � � � 0 r

0 0 � � � 0 0 � � � r 0 0 0 � � � � � � 0 0 1 0 � � � 0 0 � � � 0 0

0 0 � � � 0 0 � � � 0 r 0 0 � � � � � � 0 0 0 1 � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 0 0 � � � 0 0 r 0 � � � � � � 0 0 0 0 � � � 1 0 � � � 0 0

0 0 � � � 0 0 � � � 0 0 0 r � � � � � � 0 0 0 0 � � � 0 1 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 0 0 � � � 0 0 0 0 � � � � � � r 0 0 0 � � � 0 0 � � � 1 0

0 0 � � � 0 0 � � � 0 0 0 0 � � � � � � 0 r 0 0 � � � 0 0 � � � 0 1

2

66666666666666666666666666666666666666666666666664

3

77777777777777777777777777777777777777777777777775

ð2:97Þ

if the number of slots per pole N/(2p) is even, and

ColumnN=p� 1

#

Cd ¼

1 0 � � � 0 0 0 � � � 0 r r 0 � � � 0 0 0 0 � � � 0 0 0 � � � 0 0

0 1 � � � 0 0 0 � � � r 0 0 r � � � 0 0 0 0 � � � 0 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 1 0 r � � � 0 0 0 0 � � � r 0 0 0 � � � 0 0 0 � � � 0 0

0 0 � � � 0 1þ r 0 � � � 0 0 0 0 � � � 0 r 0 0 � � � 0 0 0 � � � 0 0

0 0 � � � r 0 1 � � � 0 0 0 0 � � � 0 0 r 0 � � � 0 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 r � � � 0 0 0 � � � 1 0 0 0 � � � 0 0 0 0 � � � 0 0 0 � � � 0 0

r 0 � � � 0 0 0 � � � 0 1 0 0 � � � 0 0 0 0 � � � r 0 0 � � � 0 0

r 0 � � � 0 0 0 � � � 0 0 1 0 � � � 0 0 0 0 � � � 0 r 0 � � � 0 0

0 r � � � 0 0 0 � � � 0 0 0 1 � � � 0 0 0 0 � � � 0 0 r � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � r 0 0 � � � 0 0 0 0 � � � 1 0 0 0 � � � 0 0 0 � � � r 0

0 0 � � � 0 r 0 � � � 0 0 0 0 � � � 0 1 0 0 � � � 0 0 0 � � � 0 r

0 0 � � � 0 0 r � � � 0 0 0 0 � � � 0 0 1 0 � � � 0 0 0 � � � 0 0

0 0 � � � 0 0 0 � � � 0 0 0 0 � � � 0 0 0 1 � � � 0 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 0 0 0 � � � 0 r 0 0 � � � 0 0 0 0 � � � 1 0 0 � � � 0 0

0 0 � � � 0 0 0 � � � 0 0 r 0 � � � 0 0 0 0 � � � 0 1 0 � � � 0 0

0 0 � � � 0 0 0 � � � 0 0 0 r � � � 0 0 0 0 � � � 0 0 1 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 � � � 0 0 0 � � � 0 0 0 0 � � � r 0 0 0 � � � 0 0 0 � � � 1 0

0 0 � � � 0 0 0 � � � 0 0 0 0 � � � 0 r 0 0 � � � 0 0 0 � � � 0 1
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ð2:98Þ
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if the number of slots per pole N/(2p) is odd. The coefficient r is defined as

r ¼ d1
2 � d0 ð2:99Þ

and the vectors of α- and β-axes components of resulting flux density as

Ba ¼ B1;a B3;a . . . BN
p�1;a BN

p þ 1;a . . . Br�2;a Br;a

h iT
ð2:100Þ

Bb ¼ B1;b B3;b . . . BN
p�1;b BN

p þ 1;b . . . Br�2;b Br;b

h iT
ð2:101Þ

In order to illustrate the mechanism of generation of air gap flux harmonics in
single-slottedmachines, amachine with 12 slots per pole is excitedwith sinusoidal air
gapMMF containing only the fundamental harmonic in the amount of 1 p.u. and after
that with only 5. harmonic in the amount of 0.2 p.u., as shown in Figure 2.40. The
excitation with 1 p.u. of fundamental harmonic ofMMF creates in this machine the 1.,
11., 13., 23., 25, etc., harmonics of air gap flux density. Without contribution of
evoked harmonics ofMMF, the fundamental harmonic offlux density would be equal
to 1 p.u.; in reality, however, it is slightly increased due to action of slot harmonics.
The excitation with only fifth harmonic in the amount of 0.2 p.u. results in 5., 7., 17.,
19., etc., harmonics of air gap flux density corresponding to the scheme in Table 2.4.

In Fig. 2.41 the air gap flux density distributions in three machines with full-pitch
coils and various air gap geometries are shown. The machine denoted by “0” in
Fig. 2.41 has no teeth and/or poles (smooth air gap), the machine denoted by “2” has
two salient poles on one side of air gap and r = δ1/(2δ0) = 0.288,whereas themachine
denoted by “12” has 12 teeth per pole pair on one side of air gap and r = 0.331.
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Fig. 2.40 Air gap flux density in p.u. in a machine with 12 slots per pole pair excited by the
fundamental (white bars) and 5 harmonic (gray bars) of MMF
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The spectrum of air gap flux density in a machine with smooth air gap in
Fig. 2.41 is identical to the spectrum of applied MMF. The amplitude of a particular
harmonic of air gap flux density depends solely on the amplitude of air gap MMF
with the same order. In a salient pole machine the amplitudes of flux density
harmonics are lower due to relatively large interpolar space (Carter factor!). The
machine with 12 teeth per pole pair illustrates in the best manner the mechanism of
generation of a particular flux density harmonic through evoked harmonics. The
fundamental harmonic of air gap flux density is higher than in the machine with
smooth air gap, as a consequence of contribution of 11. and 13. air gap MMF
harmonics. Besides, the amplitudes of 11. and 13. harmonics of air gap flux density
in this machine are significantly larger than the amplitudes of their next neighbors,
since very strong fundamental of the MMF contributes to their creation.

One should note that slot harmonics of the order N/p ± 1 are 180° shifted to the
fundamental at the axis of slot 1. If the fundamental is oriented in the positive
direction of the axis of the first slot, the (N/p − 1)th and (N/p + 1)th slot harmonics
are oriented in its negative direction.
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Fig. 2.41 Air gap flux density in p.u. created by current through full-pitch coil in machines with
different air gap geometries and even numbers of slots per pole pair
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Different phase shifts of adjacent slot harmonics are illustrated in Fig. 2.43, in
which air gap flux density distribution in a single-slotted machine with 12 teeth per
pole pair created by the fundamental component of MMF after Fig. 2.42 is shown.

The air gap flux density distribution in Fig. 2.43 with 12 slots per pole pair has
the fundamental harmonic with amplitude B1 and two slot harmonics with orders N/
p + 1 = 13 and N/p − 1 = 11, as shown in Fig. 2.42

BN
p�1ðxÞ ¼ H1

l0
2d1

cos
N
p
� 1

� �
p
sp

x� cos
N
p
þ 1

� �
p
sp

x

� �
¼ BN

p�1ðxÞþBN
p þ 1ðxÞ

ð2:102Þ

Slot harmonics with orders N/p ± 1 are at minimum along the axis of slot 1,
where the fundamental is maximum, since the air gap width at this position is
maximum (slot!).

δ0

δ1

x

δ

0

Axis of slot 1 

1 2 3 4 slot #

x
pτ

πΘ sin1

τp0

xδ (x)

B (x)

pτ
π

sin

Fig. 2.42 Slotted air gap represented with a constant term and fundamental harmonic of air gap
width along with the air gap flux density distribution created by the fundamental harmonic of MMF
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In special case of N/p = 2 (salient pole machine), the fundamental component of
MMF (n = 1) creates

– A portion of the fundamental component (j = n = 1) of air gap flux density
when acting on constant air gap with width δ0,

– A portion of the fundamental component (j = N/p − n = 1) of air gap flux
density when acting on a variable air gap with width δ1, and

– A portion of the third harmonic component (j = N/p + n = 3) of air gap flux
density when acting on a variable air gap with width δ1.

which can be described by equation

l0H1 sin
p
sp

x ¼ d0B1 sin
p
sp

xþ d1
2
B1 sin 1� 2ð Þ p

sp
x� x0;1
� �

þ d1
2
B3 sin 3� 2ð Þ p

sp
x� x0;3
� � ð2:103Þ

as illustrated in Fig. 2.39.
In machines with odd number of slots per pole pair N/p the air gap flux

density distribution B(x) contains both odd and even harmonics

( )x
p

1± ( )x
p

1−

( )x
p

1+

Axis of slot 1 

Fig. 2.43 Air gap flux density under one pole in a machine with N/p = 12 created by the
fundamental component of MMF and fundamental harmonic of air gap width of the order N/p. In
addition, two components of air gap flux density with orders N/p − 1 = 11 and N/p + 1 = 13 are
shown
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BðxÞ ¼
X1

n¼0;1;2;...

Bn cos n
p
sp

x� xcð Þ ð2:104Þ

in order to satisfy equation

BðxÞ � d0 þ d1 cos
N
p
p
sp

x

� �
¼ l0 �

X1

n¼1;2;3;...

Hn cos n
p
sp

x� xcð Þ ð2:105Þ

in which the MMF as well can have both odd and even terms. Note that the air gap
flux density spectrum contains a constant term B0, as a result of interaction between
the N/pth harmonic of MMF and N/pth harmonic of air gap width. Flux lines of air
gap flux density B0 spread in axial direction and modify iron core flux densities in
the whole machine in the manner illustrated in Fig. 2.44.

Since iron core losses are proportional to the square of maximum flux density,
the shift of operating point of the machine’s magnetic circuit due to homopolar flux
results in increased iron core losses in the amount of (B0/Bm)

2 [p.u.].
The relationship between MMF and flux density can be further written as

d0 �
X1

i¼0;1;2;...

Bi cos i
p
sp

x� xcð Þþ d1 �
X1

j¼0;1;2;...

Bj cos j
p
sp

x� xcð Þ� cosN
p
p
sp

x

¼ l0 �
X1

n¼1;2;3;...

Hn cos n
p
sp

x� xcð Þ

ð2:106Þ

Since N/p is an odd number, odd harmonics of air gap MMF can create only
even harmonics of air gap flux density, whereas even harmonics of MMF create odd
harmonics of flux density when interacting with the fundamental harmonic of air
gap width δ1. Following the same logic, odd harmonics of air gap MMF can create
only odd harmonics of air gap flux density, and even harmonics of air gap MMF
can create only even harmonics of air gap flux density when interacting with the
constant term of the air gap width δ0. Therefore,

B
x

0

Bmax + B0

Bmax - B0

B

0 2τp

Fig. 2.44 Shift of flux
density in iron core due to
homopolar flux
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d0 �
X1

i¼0;1;2;...

Bi cos i
p
sp

x� xcð Þ

þ d1
2

X1

jþ¼0;1;2;...

Bjþ cos jþ þ N
p

� �
� x� jþ � xc

� �
p
sp

þ d1
2

X1

j�¼0;1;2;...

Bj� cos j� þ N
p

� �
� x� j� � xc

� �
p
sp

¼ l0 �
X1

n¼1;2;3;...

Hn cos n
p
sp

x� xcð Þ

ð2:107Þ

If the applied air gap MMF distribution contains only odd terms, its nth har-
monic with an amplitude of Θn creates in a machine with an odd number of slots
per pole pair N/p again three spatial harmonics of air gap flux density:

– Bn (odd), in the amount of µ0 Θn/δ0,
– BN/p−n (even), in the amount of 2 µ0 Θn/δ1, and
– BN/p+n (even), in the amount of 2 µ0 Θn/δ1.

with corresponding fluxes Φν, ΦN/p−n, and ΦN/p+n. The chain of generation of higher
harmonics of air gap flux density is identical to the one shown in Fig. 2.38.

By using Eq. 2.107 and Table 2.5, one can relate the amplitude of nth harmonic
of air gap flux density to corresponding applied and evoked MMFs as

Bn cos n
p
sp

x� xcð Þ ¼ l0
d0

Hn cos n
p
sp

x� xcð Þ

þ 2
l0
d1

X1

i¼1

HiNp�n cos
p
sp

nx� nþ i
N
p

� �
xc

� �

þ 2
l0
d1

X1

i¼1

HiNp þ n cos
p
sp

nx� n� i
N
p

� �
xc

� �
ð2:108Þ
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for n odd, and

Bn cos n
p
sp

x� xcð Þ ¼ d1
2l0

X1

i¼1

HiNp�n cos
p
sp

nx� nþ i
N
p

� �
xc

� �

þ d1
2l0

X1

i¼1

HiNp þ n cos
p
sp

nx� n� i
N
p

� �
xc

� � ð2:109Þ

for n even, except for n = 0. The constant term of air gap flux density (n = 0)
representing homopolar flux is equal to

B0 ¼ d1
2l0

X1

i¼1

HiNp
cos

p
sp

i
N
p
xc

� �
ð2:110Þ

Components of air gap flux harmonics along perpendicular axes α and β satisfy
simultaneously two algebraic equations:

Bn;a cos n
p
sp

xc þ d1
2d0

Bn�;a cos nþ i
N
p

� �
xc þ d1

2d0
Bnþ ;a cos n� i

N
p

� �
xc

¼ l0 �Hn

d0
cos n

p
sp

xc ð2:111Þ

and

Bn;b sin n
p
sp

xc þ d1
2d0

Bn�;b sin nþ i
N
p

� �
xc þ d1

2d0
Bnþ ;b sin n� i

N
p

� �
xc

¼ l0 �Hn

d0
sin n

p
sp

xc ð2:112Þ

for n odd, and

Bn;a cos n
p
sp

xc þ d1
2d0

Bn�;a cos nþ i
N
p

� �
xc þ d1

2d0
Bnþ ;a cos n� i

N
p

� �
xc ¼ 0

ð2:113Þ

Bn;b sin n
p
sp

xc þ d1
2d0

Bn�;b sin nþ i
N
p

� �
xc þ d1

2d0
Bnþ ;b sin n� i

N
p

� �
xc ¼ 0

ð2:114Þ

for n even (no harmonics of applied MMF).

100 2 Windings



Denoting by index α the air gap flux components along the axis of the 1. slot,
and by β the air gap flux components 90° ahead, one can write a system of linear
equations which relate the air gap flux harmonics to the air gap MMF harmonics as

Cd � Ba;b ¼ ha;b ð2:115Þ

where

Cd ¼

1 0 0 0 0 � � � 0 0 0 0 r r 0 0 0 0 � � � 0 0 � � � 0 0

0 1 0 0 0 � � � 0 0 r 0 0 0 r 0 0 0 � � � 0 0 � � � 0 0

0 0 1 0 0 � � � 0 0 0 r 0 0 0 r 0 0 � � � 0 0 � � � 0 0

0 0 0 1 0 � � � r 0 0 0 0 0 0 0 r 0 � � � 0 0 � � � 0 0

0 0 0 0 1 � � � 0 r 0 0 0 0 0 0 0 r � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 r 0 � � � 1 0 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 0 0 0 r � � � 0 1 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 r 0 0 0 � � � 0 0 1 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 0 r 0 0 � � � 0 0 0 1 0 0 0 0 0 0 � � � 0 0 � � � 0 0

r 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

r 0 0 0 0 � � � 0 0 0 0 0 1 0 0 0 0 � � � 0 0 � � � 0 0

0 r 0 0 0 � � � 0 0 0 0 0 0 1 0 0 0 � � � 0 0 � � � 0 0

0 0 r 0 0 � � � 0 0 0 0 0 0 0 1 0 0 � � � 0 0 � � � 0 0

0 0 0 r 0 � � � 0 0 0 0 0 0 0 0 1 0 � � � 0 0 � � � 0 0

0 0 0 0 r � � � 0 0 0 0 0 0 0 0 0 1 � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 1 0 � � � r 0

0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 0 1 � � � 0 r

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � r 0 � � � 1 0

0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 0 r � � � 0 1
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ð2:116Þ

and

Ba;b ¼ B0 B1;a B1;b B2;a B2;b . . . Bn�1;a Bn�1;b Bn;a Bn;b½ �T
ð2:117Þ

Here again the coefficient r was used

r ¼ d1
2 � d0 ð2:118Þ

The vector of applied MMFs has only odd terms
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Ha;b ¼ l0
d0

0
H1 cos p

sp
xc

H1 sin p
sp
xc

0
0

H3 cos 3 p
sp
xc

H3 sin 3 p
sp
xc

� � �
� � �

Hn�2 cos n� 2ð Þ p
sp
xc

Hn�2 sin n� 2ð Þ p
sp
xc

0
0

Hn cos n p
sp
xc

Hn sin n p
sp
xc

2

666666666666666666666666664

3

777777777777777777777777775

ð2:119Þ

The previous considerations can be illustrated by means of Fig. 2.45, in which
the air gap flux density spectrum in a tooth-wound machine with N/p = 3 and in a
machine with N/p = 11 are shown for a coil shift of xcoil = 0. The spectrum of
applied MMF in the machine with N/p = 3 contains both odd and even harmonics,
and in the machine with N/p = 11 only odd harmonics were present. In both cases,
however, even harmonics of air gap flux density, including the homopolar flux, are
generated. The amplitudes of air gap flux density harmonics in Fig. 2.45 are shown
along with their phase shifts.
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

3
11

Fig. 2.45 Air gap flux density harmonics in p.u. created by current-carrying coil in machines with
3 and 11 slots per pole pair
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Slot harmonics with order N/p ± 1 are in both machines even and have rela-
tively large amplitudes. Besides, a homopolar flux is generated, which is propor-
tional to B0.

The two components of air gap flux density with period lengths of τp/(N/p ± 1)
are sources of higher harmonics in the induced voltage, pulsating torque on the
shaft, and vibrations due to pulsating radial forces. For these reasons, the ampli-
tudes of the two components of flux density must be reduced.

Pitch factor for slot harmonics of order N/p ± 1 is equal to (see Eq. 2.21):

fp;Np�1 ¼ sin
N
p
� 1

� �
y
sps

p
2
¼ sin

N
p
y
N
2p

p
2
� y
sps

p
2

 !

¼ sin yp� y
sps

p
2

� �

¼ � sin
y
sps

p
2

ð2:120Þ

which is the pitch factor for the fundamental. Since the coil pitch is selected in such
a manner as not to decrease too much the fundamental, the pitch factor for air gap
slot harmonics with orders N/p ± 1 is high. Pitching the coils cannot fight slot
harmonics.

One recalls that higher harmonics of the MMF can be reduced on the coil, pole,
and/or fundamental pole basis. In all three cases, the coil parameters in circum-
ferential direction are modified. In heteropolar machines, the coil geometry offers a
possibility of impacting the air gap quantities by skewing the coils in axial direc-
tion, as shown in Fig. 2.46.

Effects of skewing in Fig. 2.46 can be illustrated in the circumferential–axial (x,
z) plane in the manner shown in Fig. 2.47. The black drawn coil has a pitch y and is
skewed for the amount of u

z

β 

u 

R

A

A`

B

Fig. 2.46 Axial skewing of a
conductor for an angle β
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u ¼ b � R ð2:121Þ

The fundamental component of air gap flux density can be written as

B1ðxÞ ¼ Bmax sin
p
sp

x ð2:122Þ

The amount of flux concatenated by the skewed coil in Fig. 2.47 is equal to

U1 ¼
Z l

0

Zx0 þ u
lzþ y

x0 þ u
lz

Bmax sin
p
sp

xdxdz ¼ ls2p
up2

� � sin
p
sp

x0 þ sin
p
sp

uþ x0ð Þþ sin
p
sp

yþ x0ð Þ � sin
p
sp

uþ yþ x0ð Þ
� �

ð2:123Þ

or, after some trigonometric simplifications

U1 ¼ 2
p
lspBmax �

sin bel
2

bel
2

� sin y
sp

p
2

� �
� sin 2x0 þ uþ y

2
p
sp

� �
ð2:124Þ

As expected, the flux concatenated between the fundamental component of air
gap flux density and a coil is a function of coil shift x0. The concatenated flux is
reduced by two factors: the pitch factor, and the skewing factor fsk,1

fsk;1 ¼
sin bel

2
bel
2

ð2:125Þ

where

bel ¼ p � b ¼ p � u
R

ð2:126Þ

The skewing factor is a measure for loss of flux due to skewing and is always
less than one. For an arbitrary nth harmonic, the concatenated flux is equal to

Un ¼ 2
p
lspBmax �

sin n bel
2

n bel
2

� sin n
y
sp

p
2

� �
� sin 2nx0 þ uþ y

2
p
sp

� �
ð2:127Þ

and the skewing factor fsk,n:
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fsk;n ¼
sin n bel

2

n bel
2

ð2:128Þ

If the machine is skewed for one slot pitch

u ¼ 2Rp
N

; bel ¼ p � u
R
¼ p

2p
N

ð2:129Þ

the skewing factor becomes

fsk;n ¼
sin np p

N

np p
N

ð2:130Þ

The skewing factor for slot harmonics of the order n = N/p ± 1 can now be
expressed as

fsk;Np�1 ¼
sin N

p � 1
	 


p p
N

N
p � 1
	 


p p
N

¼ � sin p p
N

p p
N

1
N
p � 1

¼ �fsk;1 � 1
N
p � 1

ð2:131Þ

By skewing the slots for one slot pitch, the amplitude of the nth harmonic of
concatenated flux decreases to 1/(N/p ± 1) of the amplitude of the fundamental.
Slot skewing is the only efficient means to decrease the amplitudes of slot har-
monics in the air gap flux density distribution.

x0

0

uτp

z

y

B -B 

x0+z .u / 

Fig. 2.47 Representation of
a skewed coil in the
(x, z) plane
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2.5.4 Magnetic Gears

Relationships between the orders of harmonic in a single-slotted air gap, summa-
rized in Tables 2.4 and 2.5, can be illustrated by the example of magnetic gears, as
shown in Fig. 2.48. The magnetic gear in this figure has three concentric shells,
each of which can freely rotate. The outer and inner shells carry excitation, usually
permanent magnets, and the intermediate shell is used to modulate the permeance
between the two.

Denoting by n the number of pole pairs of the inner shell, by k the order of
lowest harmonic of the air gap permeance created by the intermediate shell, and by
‘ the number of pole pairs of the outer shell, one can express the condition for
interaction between harmonics given in Tables 2.4 and 2.5 as

k ¼ n� l ð2:132Þ

If the sign of ‘ in Eq. 2.132 is positive, the inner and outer field must rotate in
opposite directions in order to build a torque with the given number of poles of the
intermediate shell. If the sign is negative, both inner and outer shells rotate in the
same direction.

Gear ratio i, i.e., the ratio between speeds of outer and inner shells is obviously
equal to

i ¼ n
l

ð2:133Þ
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Fig. 2.48 Magnetic gear. Shaded area iron; gray area magnets; white area non-magnetic
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2.5.5 Flux Density Distribution in the Air Gap
of a Double-Slotted Machine

Consider a double-slotted machine, the air gap width of which is described as

dðxÞ ¼ d0 þ
X1

i¼1;3;5;...

ds;i cos i
Ns

p
p
sp

xþ
X1

j¼1;3;5;...

dr;j cos j
Nr

p
p
sp

x� x0ð Þ ð2:134Þ

where index “s” is related to stator, and “r” to rotor quantities, and x0 is the rotor
shift. A double-slotted machine with excitation on both sides of the air gap is shown
in Fig. 2.49.

Due to their minor influence on machine performance, higher harmonics of
stator and rotor air gap widths can be neglected. With this assumption, one can
write for air gap quantities

B x; x0ð Þ � d0 þ ds;1 cos
Ns

p
p
sp

xþ dr;1 cos
Nr

p
p
sp

x� x0ð Þ
� �

¼ l0 �
X1

n¼1;3;5;...

Hs;n cos n
p
sp

xþ
X1

k¼1;3;5;...

Hr;k cos k
p
sp

x� x0ð Þ
" # ð2:135Þ

where

B x; x0ð Þ ¼
X1

i¼0;1;2;...

Bi cos i
p
sp

x� xið Þ ð2:136Þ

τs,s
x = 0

1 2 3 4Ns Stator slot #

x0

1 2 3 Rotor slot #Nrτs,r

Fig. 2.49 Double-slotted air gap with stator and rotor excitation

2.5 Air Gap Permeance, Carter Factor, Air Gap Flux Density Distribution 107



The nth harmonic of total (stator plus rotor) applied MMF can be written as

Hn ¼ Hn;max cos n
p
sp

x� nnð Þ ð2:137Þ

where

Hn;max ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
H2

s;n þH2
r;n þ 2Hs;nHr;n cos n

p
sp

x0

r
ð2:138Þ

and

nn ¼
sp
p
arctan en; en ¼

Hr;n sin n p
sp
x0

Hs;n þHr;n cos n p
sp
x0

ð2:139Þ

The shift ξn denotes the position of maximum of total MMF. Constant term in
the flux density spectrum B0 is generated when either Ns/p or Nr/p is odd.
Accordingly

d0
X1

i¼0;1;2;...

Bi cos i
p
sp

x� nið Þ

þ ds;1
X1

j¼0;1;2;...

Bj cos j
p
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x� nj
� �� cosNs

p
p
sp

x

þ dr;1
X1

k¼0;1;2;...

Bk cos k
p
sp

x� nkð Þ� cosNr

p
p
sp

x� x0ð Þ

¼ l0
X1

n¼1;3;5;...

Hn;max cos n
p
sp

x� nnð Þ

ð2:140Þ

or

d0
X1

i¼0;1;2;...

Bi cos i
p
sp

x� nið Þþ ds;1
2

X1

j¼0;1;2;...

Bj cos
p
sp

Ns

p
þ j

� �
� x� j � nj

� �

þ ds;1
2

X1
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Bj cos
p
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Ns

p
� j

� �
� xþ j � nj

� �
þ dr;1

2

X1
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Bk cos
p
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Nr

p
þ k

� �
� x� k � nk þ

Nr

p
x0
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þ dr;1
2

X1

k¼0;1;2;...
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p
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Nr

p
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� �
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p
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p
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x� nnð Þ

ð2:141Þ
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Assume for the purpose of simplicity that both Ns/p and Nr/p are even. The nth
(odd) harmonic of applied MMF creates five components of flux density with the
same order n (Fig. 2.50):

– Bn (odd), in the amount of µ0 Θn/δ0,
– Bn�Ns=p (odd), in the amount of 2 µ0 Θn/δ1,
– BnþNs=p (odd), in the amount of 2 µ0 Θn/δ1,
– Bn�Nr=p (odd), in the amount of 2 µ0 Θn/δ1, and
– BnþNr=p (odd), in the amount of 2 µ0 Θn/δ1.

which satisfy equation

l0Hn;max cos n
p
sp

x� nnð Þ ¼ d0Bn cos n
p
sp

x� nnð Þþ ds;1
2

Bn�Ns
p
cos

p
sp

nx� nþ Ns

p

� �
nn

� �

þ ds;1
2

Bnþ Ns
p
cos

p
sp

nx� n� Ns

p

� �
nn

� �
þ dr;1

2
Bn�Nr

p
cos

p
sp

nx� n� Nr

p

� �
nn þ

Nr

p
x0

� �� �

þ dr;1
2

Bnþ Nr
p
cos

p
sp

nx� n� Nr

p

� �
nn �

Nr

p
x0

� �� �

ð2:142Þ

The nth harmonic of total (stator plus rotor) applied MMF contributes to the nth,
Ns/p − n, Ns/p + n, Nr/p − n, and Nr/p + n harmonics of the air gap flux density,
since these harmonics, when modulated with corresponding slot harmonics, have
the same order equal to n.

Fig. 2.50 Illustrating the relationship between MMF and flux density harmonic components in a
machine with double-slotted air gap
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Initial terms of the chain of generation of flux density from a single harmonic of
total applied MMF is shown in Fig. 2.51.

By using the scheme in Fig. 2.51, one can generate Table 2.6 in which the
relationship between applied and evoked MMF harmonics on one side and air gap
flux density harmonics on the other is given. Here symbol ν is used to denote the
number of slots per pole pair on one side of the air gap, and μ on the other. Normal
font letters denote harmonics due to ν, and italic styled those due to µ. Harmonics
denoted by bold letters contain components due to both ν and µ.

Using Eq. 2.142 and Table 2.6, one can relate the amplitude of nth harmonic of
air gap flux density to corresponding applied and evoked MMFs as

Bn cos n
p
sp

x� nnð Þ ¼ l0
d0

Hn;max cos n
p
sp

x� nnð Þ

þ 2
l0
ds;1

X1

i¼1

HiNsp �n cos
p
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nx� nþ i
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p

� �
nn

� �

þ 2
l0
ds;1
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i¼1

HiNsp þ n cos
p
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nx� n� i
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p

� �
nn

� �

þ 2
l0
dr;1

X1

i¼1

HiNrp �n cos
p
sp

nx� nþ i
Nr

p

� �
nn þ

Nr

p
x0

� �� �

þ 2
l0
dr;1

X1

i¼1

HiNrp þ n cos
p
sp

nx� n� i
Nr

p

� �
nn �

Nr

p
x0

� �� �

ð2:143Þ

Components of air gap flux created by applied MMF harmonics along perpen-
dicular axes α and β in Fig. 2.50 satisfy for i = 1 simultaneously two algebraic
equations

Fig. 2.51 The beginning of
the chain of generation of flux
density harmonics from a
single harmonic of total
applied MMF in a
double-slotted machine
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and

Bn;a sin sn
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nn þ
d1
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Bnþ ;a sin n� Ns

p

� �
nn

þ d1
2d0

Bn�;a sin nþ N
p

� �
nn þ

Nr

p
x0

� �

þ d1
2d0

Bnþ ;a sin n� N
p

� �
nn �

Nr

p
x0

� �
¼ l0 �Hn
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ð2:145Þ

By applying the principle of orthogonality of trigonometric functions through
the separation of sine and cosine terms, one can derive from Eq. 2.143 a system of
2n + 1 algebraic equations (one for the constant term plus two for each harmonic)
for air gap quantities in a doubly slotted machine:

Cs;d þCr;d

� � � Ba;b ¼ 0a;b ð2:146Þ

where the solution vector of air gap flux density harmonics Bα,β is defined as

Ba;b ¼ B0 B1;a B1;b B2;a B2;b . . . Bn�1;a Bn�1;b Bn;a Bn;b½ �
ð2:147Þ

By making use of substitutions

rs ¼ ds;1
2 � d0 ; rr ¼ dr;1

2 � d0 ð2:148Þ

one can define the system matrices Cs,δ (Eq. 2.149) and Cr,δ (Eq. 2.150) as
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Cs;d ¼

1 0 0 0 0 � � � 0 0 0 0 rs rs 0 0 0 0 � � � 0 0 � � � 0 0

0 1 0 0 0 � � � 0 0 rs 0 0 0 rs 0 0 0 � � � 0 0 � � � 0 0

0 0 1 0 0 � � � 0 0 0 rs 0 0 0 rs 0 0 . . . 0 0 � � � 0 0

0 0 0 1 0 � � � rs 0 0 0 0 0 0 0 rs 0 � � � 0 0 � � � 0 0

0 0 0 0 1 � � � 0 rs 0 0 0 0 0 0 0 rs � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 rs 0 � � � 1 0 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 0 0 0 rs � � � 0 1 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 rs 0 0 0 � � � 0 0 1 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

0 0 rs 0 0 � � � 0 0 0 1 0 0 0 0 0 0 � � � 0 0 � � � 0 0

rs 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 0 0 � � � 0 0

rs 0 0 0 0 � � � 0 0 0 0 0 1 0 0 0 0 � � � 0 0 � � � 0 0

0 rs 0 0 0 � � � 0 0 0 0 0 0 1 0 0 0 � � � 0 0 � � � 0 0

0 0 rs 0 0 � � � 0 0 0 0 0 0 0 1 0 0 � � � 0 0 � � � 0 0

0 0 0 rs 0 � � � 0 0 0 0 0 0 0 0 1 0 � � � 0 0 � � � 0 0

0 0 0 0 rs � � � 0 0 0 0 0 0 0 0 0 1 � � � 0 0 � � � 0 0

� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 1 0 � � � rs 0

0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � 0 1 � � � 0 rs
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
0 0 0 0 0 � � � 0 0 0 0 0 0 0 0 0 0 � � � rs 0 � � � 1 0
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The vector ϑα,β representing applied MMFs is equal to
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In Fig. 2.52 the results of analysis of air gap flux density in a machine with 18
stator slots per pole pair, rs = δs,1/(2δ0) = rr = δr,1/(2δ0) = 0.33, and

(a) 2 rotor poles;
(b) 14 rotor slots per pole pair; and
(c) 20 rotor slots per pole pair

are shown.
The machine with 2 rotor (salient) poles has a spectrum similar to that of a

machine with smooth stator and salient poles, as shown in Fig. 2.33—both fun-
damental and 3. harmonic of the air gap flux density are lower than in case of
completely smooth air gap, as a consequence of 180° phase shift of rotor slot
harmonics. In addition, stator slot harmonics (17. and 19.) are stronger than their
next neighbors.

In the machine with 14 rotor slots per pole pair, both stator (17. and 19.) and
rotor (13. and 15.) slot harmonics are strong as compared to their next neighbors.

The air gap flux density in the machine with 20 rotor slots has a very strong peak
at the common slot harmonic of the order 19 (=20 − 1 = 18 + 1). This high peak is
typical for all machines with slot combinations Ns − Nr = ±2p.
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The spectrum of air gap flux density harmonics in a machine with equal number
of stator and rotor slots is shown in Fig. 2.53, along with the spectrum of air gap
flux density harmonics in a machine with the same number of stator teeth and
smooth rotor.

Various factors affecting the amplitude of the nth harmonic of MMF can be
expressed in terms of the winding factor for the nth harmonic fw,n, defined as

fw;n ¼ fo;n � fp;n � fz;n � fsk;n ð2:152Þ

By dividing the winding factor for the nth harmonic through the Carter factor,
one obtains the excitation efficacy factor fee,n for the nth harmonic

fee;n ¼ fw;n
kC

ð2:153Þ
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Fig. 2.52 Air gap flux density harmonics in p.u. created by currents through a stator and a rotor
full-pitch coil in machines with doubly slotted air gap, 18 stator slots per pole pair and 2, 14, and
20 rotor slots per pole pair
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Physical meaning of the excitation efficacy factor becomes obvious when one
analyzes the relationship between the nth harmonic of flux density and MMF which
created it:

Bn ¼ l0
Hn

kC � d ¼ I � w � sin
np
2

n
� l0
d
� 4
p
� fw;n
kC

¼ I � w � sin
np
2

n
� l0
d
� 4
p
� fee;n ð2:154Þ

The excitation efficacy factor determines how much flux density the
ampere-turns I � w can generate in an air gap with a width δ.

2.5.6 Flux Density Distribution in Eccentric Air Gap
of a Single-Slotted Machine

Air gap width in a single-slotted machine with eccentric rotor can be described by
equation

d ¼ d0 þ d1 cos
N
p
p
sp

x� xrð Þþ e cos
p
sp

x� xrð Þ ð2:155Þ
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Fig. 2.53 Air gap flux density harmonics in p.u. created by currents through a stator and a rotor
full-pitch coil in a machine with doubly slotted air gap, 12 stator slots per pole pair and 12 rotor
slots per pole pair (denoted by “2 × 12”). The spectrum of air gap flux density in a machine with
12 stator teeth and smooth rotor (denoted by “12”) is shown as reference. The two spectra differ
only slightly from each other

116 2 Windings



Air gap flux density created by odd harmonics of MMF contains harmonics of
the order 0, 1, 2, 3,…, etc., as discussed in previous sections. In special case of
salient pole machine with p = 1, the air gap flux density can be expressed as

d ¼ d0 þ d1 cos 2
p
sp

x� xrð Þþ e cos
p
sp

x� xrð Þ ð2:156Þ

The fundamental spatial component of MMF Θ1 creates homopolar flux density
B0, the amplitude of which varies with period length of 2 τp, along with the
fundamental B1 second B2, and third harmonic B3 of air gap flux density. The
amplitudes of all harmonics with order equal to or larger than 1 pulsate with period
length of τp.

2.5.7 The Influence of Saturation

In the previous sections it was assumed that the MMF drop across iron core is
negligible and only those additional harmonics of air gap flux density were cal-
culated, which originated in non-even air gap width. In reality, however, the MMF
drop across iron core cannot be neglected (Fig. 2.54).

Although there exists no analytical expression for B–H curve of iron core and,
therefore, the decrease of flux density for a given MMF can only be described
qualitatively, the orders of harmonics of air gap flux density due to saturation along
with their influence on machine performance can be precisely quantified.

Flattening of air gap flux density distribution due to saturation in iron is a source
of additional odd harmonics in its spectrum. Harmonics due to saturation act in
rotating field in a different manner than harmonics created by discrete winding
distribution.

x

2τp

0

Bδ
Linear B−H curve

Nonlinear B−H curve

Fig. 2.54 Flattening of the
air gap flux density
distribution created by the
fundamental harmonic of
MMF and saturation in iron in
a machine with constant air
gap
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Case Study 2.2: The influence of machine topology on ampere-turns demand for
a given air gap flux density and on the amplitude of its pulsating component will be
illustrated on five representative machine types:

– Large cylindrical rotor synchronous machine;
– Medium-size squirrel cage induction machine;
– Large low-speed surface-mounted permanent magnet machine with distributed

stator windings;
– Large low-speed surface-mounted permanent magnet machine with

tooth-wound stator;
– Large high-speed tooth-wound machine with embedded magnets in flux con-

centration geometry with data as described in Case Study 2.1.

The machines were analyzed from the point of view of excitation demand and the
amplitude of the pulsating component of air gap flux density. The results of analysis
are presented in Table 2.7.

The large wound rotor synchronous machine has a wide air gap and, therefore, a
Carter factor close to one. The pulsating component of the air gap flux density due
to stator slots is very low (4.1 % of the average). The excitation efficacy factor for
the fundamental harmonic of flux density is rather high (0.893), which means that
almost 90 % of a single coil ampere-turns produce the fundamental component of
the air gap flux density. The value of excitation efficacy factor of 0.893 is taken as
100 % in this comparison.

The medium-size squirrel cage induction machine has high excitation efficacy,
along with considerable amplitude of pulsating component of flux density due to
slotting. The relatively high amplitude of Bs after Eq. 2.39 generates surface losses
in the rotor, which, however, are not critical because the rotor magnetic circuit is
laminated. Local effect of pulsating air gap flux density—attractive force between
stator and rotor iron surfaces proportional to the square of flux density—can be
large enough to generate vibrations and audible noise in this machine.

Permanent magnet machines in Table 2.7 have poorer excitation efficacy basi-
cally due to two reasons: a larger Carter factor, and, in case of tooth-wound
machines, a poorer winding factor caused by large slot openings. The poorest
excitation efficacy factor characterizes the tooth-wound surface-mounted PM
machine, in which slightly more than 50 % of available ampere-turns can be uti-
lized for generation of the fundamental component of air gap flux density. In other
words, in order to produce the same magnitude of air gap flux density, the field
winding of a wound rotor synchronous machine has to generate only 60.5 %
(=0.54/0.893) of ampere-turns created by permanent magnets in a tooth-wound PM
machine with equally wide air gap. This is another reason for supremacy of wound
rotor over permanent magnet machines.
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2.6 Time-Dependent Excitation, Rotating Field
Generation, MMF Wave Speed, Positive
and Negative Sequence Components

Rotating field in the air gap of electric machine is generated either mechanically, by
rotation of current-carrying coil(s), or electrically, by supplying stationary or
rotating winding(s) by alternating or constant current(s) respectively, see Table 2.8.

Only those stator and a rotor harmonics of the air gap MMF which rotate at the
same speed can generate a torque with an average value different from zero and
produce mechanical work. Assuming that stator winding generates a rotating field
which revolves at synchronous speed ns, mechanical work will be produced if:

– A DC-excited rotor rotates at synchronous speed, whereas the DC excitation is
generated either by a constant current flowing through a coil, or by permanent
magnets; and

– AC-fed windings generate rotating field with speed of rotation relative to the
stator rotating field equal to zero.

Table 2.7 Comparison of crucial parameters of AC machines

Cylindrical rotor
synchronous

Squirrel cage
induction

PM surface
mounted

PM surface
mounted

PM flux
concentration

Stator winding Distributed Distributed Distributed Tooth
wound

Tooth wound

Air gap radius 440 155 2400 1500 600

Poles 2 4 84 70 20

Stator slots 42 48 288 72 30

Pole pitch 1382.3 243.5 179.5 134.6 188.5

Slot width 26.6 3.5 23 70 56

Stator slot height 200 40.5 117 150 156

Axial length 3420 380 770 480 700

Coil pitch 17 10 3 1 1

Slot-opening factor
fo,1

1.00 1.00 0.993 0.892 0.964

Pitch factor fp,1 0.956 0.966 0.981 0.999 0.866

Air gap width 35 0.9 6 5 7.5

Carter factor kC 1.07 1.082 1.236 1.65 1.364

Bs/B0 (%) 4.1 37.2 36.7 75.2 58.9

Excitation efficacy
fee,1

0.893
(100 %)

0.893
(100 %)

0.788
(88.3 %)

0.54
(60.5 %)

0.612
(68.5 %)
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One should keep in mind that spatially distributed electromagnetic quantities in a
machine—its current sheet, MMF and flux density distributions—are periodical, as
is the current, flux, induced voltage, etc.

Although the current and the MMF have the same dimension [A], these two
quantities have different physical meanings and properties. Current I is a scalar,
which alone cannot create physical effects in the air gap, because it does not carry
information on position of conductor in the air gap. Only if the current flows
through a spatially distributed winding, it can influence the electromagnetic con-
dition of the air gap.

Table 2.8 Modes of rotating field generation and results of their interaction

Stator
At standstill Rotating

Polyphase excited DC fed DC fed

Rotor At
standstill

Polyphase
excited

Rotary phase shifting
transformer

– –

Rotating DC fed Synchronous machine – Clutch

AC excited Induction machine Brake –

Fig. 2.55 The fundamental component of stationary air gap MMF Θ1(x) = Θ1,max sin
(π/τp � x) represented in the complex circumferential space by means of complex conjugates

H1;maxe
j pspx and H1;maxe

�j pspx
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Whereas the alternating current can be represented in the complex plane in the
manner shown in Appendix, one more dimension—the circumferential coordinate
—is necessary in order to represent the air gap MMF correctly. This can be done in
the complex circumferential space, as shown in Fig. 2.55. The complex circum-
ferential space emerges from the complex plane, through the origin of which the
machine circumferential coordinate goes perpendicularly into the plane.

The value of the fundamental component of MMF at a given circumferential
coordinate x in Fig. 2.55 is proportional to the sine of angle π/τp � x. By applying
Euler’s equation, a sine function of a real argument is represented in the complex
plane as a sum of complex conjugates, whereas the real argument can be time,
space, or both of them

H1 x; tð Þ ¼ H1;max sin
p
sp

x� xt

� �
¼ H1;max

e
j p

sp
x�xt

	 


� e
�j p

sp
x�xt

	 


2j
ð2:157Þ

The two functions H1;maxe
j p

sp
x�xt

	 


and H1;maxe
�j p

sp
x�xt

	 


in the complex cir-
cumferential space (Re, Im, x) are spirals with radius Θ1,max and axis coincident
with the x-axis. Their projections to the complex plane (Re, In) are located on a
circle with radius Θ1,max and angles ± arc sin (π/τp � x – ω � t), as shown in
Fig. 2.55.

At a given time instant the coil current is constant and the MMF distribution
along the x-axis is stationary. As the circumferential coordinate x increases, the
positions of the corresponding points in the complex real space begin to slide along
the two MMF spirals. The difference of the associated complex conjugates divided
by 2j lies on the real axis of the complex plane and gives the amount of corre-
sponding MMF.

The spirals H1;maxe
j p

sp
x�xt

	 


and H1;maxe
�j p

sp
x�xt

	 


in the complex circumfer-
ential space determine the character of the air gap MMF in the following manner:

– Stationary air gap MMF created by a constant current through coil(s): one set of
stationary spirals as in Fig. 2.55, the radius Θ1,max of which is determined by the
amount of coil current;

– Rotating air gap MMF created by a system of coils: one set of spirals with
constant radius Θ1,max as in Fig. 2.55, rotating in the positive direction;

– Pulsating air gap MMF created by a single coil: two sets of spirals with constant
radius Θ1,max as in Fig. 2.55, rotating in opposite directions.
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2.6.1 MMF Waves Generated by Rotating DC-Fed Coil(s)
on One Side of Air Gap

A DC-fed coil shifted for x0 from zero point of the circumferential coordinate
generates the air gap MMF distribution

H x; x0ð Þ ¼
X1

n¼1;2;3;...

Hn sin n
p
sp

x� x0ð Þ ð2:158Þ

If the coil rotates at velocity v = x0/t, its air gap MMF distribution rotates too:

H x; tð Þ ¼
X1

n¼1;2;3;...

Hn sin n
p
sp

x� v � tð Þ ð2:159Þ

The velocity of the nth harmonic of MMF is evaluated by setting the corre-
sponding argument of sine function to a constant, the physical meaning of which is
a (constant) distance between the observer and the zero crossing point of the MMF:

n
p
sp

x� v � tð Þ ¼ const ð2:160Þ

t = t1

Θ(x, t1)

τp 2τp

x

0

t = t2

Θ(x, t2)
Θ

Fig. 2.56 Air gap MMF created by rotating coils fed from a DC source
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the time derivative of which gives the relative velocity vr between the observer and
zero crossing point of the air gap MMF. By setting the relative velocity vr equal to
zero (the observer does not move relative to MMF), one obtains for the velocity vn
of the nth harmonic of the MMF

vn ¼ dx
dt

¼ v ð2:161Þ

i.e., the nth harmonic of the MMF wave generated by rotating DC coil rotates at a
circumferential velocity equal to the coil velocity. Since all higher harmonics travel
at the same velocity as the fundamental wave of air gap MMF, they do not move
relative to each other and the air gap MMF distribution retains its shape all the time,
as shown in Fig. 2.56.

From the point of view of air gap MMF generation, permanent magnets have
identical properties as DC-fed coils.

2.6.2 MMF Waves Generated by Symmetrically Wound
Stationary Coils Carrying Symmetrical Alternating
Currents on One Side of Air Gap

Consider now a single full-pitch coil per pole fed from an AC source

iðtÞ ¼
X1

k¼1

Ik cos k xt � ukð Þ ð2:162Þ

If the coil axis is shifted for x0, its MMF is equal to

H x; x0; tð Þ ¼ 4
p
w

X1

n¼1;2;3;...

X1

k¼1

Ik cos k xt � ukð Þ sin
np
2

n
fo;n sin n

p
sp

x� x0ð Þ ð2:163Þ

The MMF distribution created by an alternating current does not qualitatively
change its form; quantitatively, the MMF changes proportionaly to the coil current.
The kth time harmonic of current creates a spatial MMF distribution component
Θk(x, x0, t)
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Hk x; x0; tð Þ ¼ 4
p
w

X1

n¼1;3;5;...

Ik cos k xt � ukð Þ � sin
np
2

n
fw;n sin n

p
sp

x� x0ð Þ ð2:164Þ

The nth spatial harmonic of MMF distribution Θk,n(x, x0, t)

Hk;n x; x0; tð Þ ¼ Ik � 4pw � sin
np
2

n
� fw;n � sin n p

sp
x� x0ð Þ � cos k xt � ukð Þ ð2:165Þ

is a standing wave

Hk;n x; x0; tð Þ ¼ Hk;n;max � sin n p
sp

x� x0ð Þ � cos k xt � ukð Þ ð2:166Þ

which can be represented as a sum of two waves with equal amplitudes traveling in
opposite directions

Hk;n x; x0; tð Þ ¼ Hk;n;max

2
� sin k xt � ukð Þ � n

p
sp

x� x0ð Þ
� �

þ sin k xt � ukð Þþ n
p
sp

x� x0ð Þ
� � �

ð2:167Þ

The component of wave in Eq. 2.167 traveling in the positive direction is called
the positive sequence, and that traveling in negative direction, the negative sequence.

The traveling speed of the two waves is obtained by setting their arguments to a
constant, and differentiating thus obtained equation with respect to time

d
dt

k xt � ukð Þ � n
p
sp

x� x0ð Þ ¼ const
 �

) n
p
sp

dx
dt

¼ �kx ð2:168Þ

As a result, the circumferential velocity vk,n and mechanical angular speed Ωk,n

of the kth time and nth spatial harmonic are obtained

vk;n ¼ � k
n
� sp
p
� x; Xk;n ¼ � k

n
� x
p

ð2:169Þ

The positive sign in the velocity equations is related to the positive sequence
component of MMF, and the negative sign to the negative sequence component of
MMF. The higher the order n of a spatial harmonic, the lower its speed of prop-
agation through the air gap. This principle is a consequence of the condition that
after one period T of current, i.e., at time instant t + T, the spatial distribution of
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MMF has to have the same shape as at time instant t. This condition is fulfilled only
if each spatial harmonic covers a distance of 2τp/n within time T, n being the
harmonic order.

The nth spatial harmonic of MMF, created by the kth time harmonic of current,
travels k times faster and n times slower than the fundamental. This means that
spatial harmonics created by alternating current travel relative to each other, as
opposed to spatial harmonics created by DC-carrying coil rotating at angular speed
Ω, which all travel at the same, mechanical speed of rotation.

maxIi = max2

3
Ii =

max2

1
Ii = 0=i

max2

1
Ii −= max2

3
Ii −=

Fig. 2.57 Air gap MMF created by one stationary full-pitch coil per pole fed from an AC source.
The total (pulsating) MMF is represented with a solid black curve, the total positive sequence
component with a solid gray, and the total negative sequence component with dashed gray curve.
Time step between figures is 30°
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Since the spatial harmonics created by alternating current move relative to each
other, their sum—the total MMF—changes permanently its shape in time. This is
illustrated in Fig. 2.57, in which the total MMF created by a full-pitch coil, along
with its positive and negative sequence components within one half period of the
coil current are shown.

In Fig. 2.57, the peaks of positive and negative sequence MMFs, which are fixed
to the left-hand side and right-hand side of each conductor, can be recognized. At
these points the MMF distribution changes abruptly its slope, i.e., its first derivative
is discontinuous. Since Fourier series representation is defined only for

maxIi = max2

3
Ii=

max2

1
Ii =

max2

1
Ii −= max2

3
Ii −=

0=i

Fig. 2.58 Air gap MMF created by three stationary coils per pole with y/τp = 7/9, carrying the
same alternating current. The maximum value of resulting MMF is 3 p.u. The total (pulsating) MMF
is represented with a solid black curve, the total positive sequence component with a solid gray, and
the total negative sequence component with dashed gray curve. Time step between figures is 30°
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continuously derivable functions, it cannot deliver proper results at points of dis-
continuity (Gibb’s phenomenon).

Air gap MMF distribution created by three coils with shorted pitch 7/9 is shown
in Fig. 2.58. The total MMF pulsates, as is the case with the MMF created by a
single coil. In the higher harmonics spectrum of the total MMF some terms from the
spectrum of a single coil are either missing, or suppressed. Therefore, both the
positive and negative sequence components in Fig. 2.58 have waveforms much
closer to sine function than in case of a single coil in Fig. 2.57.

Consider now a set of 2m identically wound groups of q coils placed in adjacent
slots in interval (0,2τp) along the circumferential coordinate x. In case of pole
symmetry, oppositely wound coils are shifted for τp and carry the same currents as
their counterparts. Therefore, only m sources (phases) with a phase shift of 2π/m are
needed. The fundamental spatial harmonic (n = 1) of MMF created by the funda-
mental harmonic of current (k = 1) in the jth coil group (j = 1, 2,…, 2m) is equal to

H1;1;j x; x0;j; t
� �

¼ H1;1;max

2
� sin xt � u1;j

� �� p
sp

x� x0;j
� �� �

þ sin xt � u1;j

� �þ p
sp

x� x0;j
� �� � �

ð2:170Þ

with x0,j standing for the coil group axis shift along the circumferential coordinate x,
Θ1,1,max for the amplitude of the fundamental time and spatial component of the
MMF created by one coil group per pole pair, and φ1,j for the phase shift of the
fundamental current harmonic in the jth coil group. Denoting by γ1,j,+ the argument
of the positive, and by γ1,j,− of the negative sequence MMF

c1;j;þ ¼ xt � u1;j

� �� p
sp

x� x0;j
� �

; c1;j;� ¼ xt � u1;j

� �þ p
sp

x� x0;j
� �

ð2:171Þ

one can further write

H1;1;j x; x0;j ; t
� � ¼ H1;1;max

2
� sin c1;j;þ þ H1;1;max

2
� sin c1;j;� ¼ H1;1;j;þ þH1;1;j;�

ð2:172Þ

The total positive sequence MMF is maximum if arguments γ1,j,+ are equal for
j = 1, 2, …, 2m. If the condition of equal arguments is applied to arbitrary coil
groups i and j, the equation is obtained

c1;i;þ ¼ c1;j;þ ) xt � u1;i

� �� p
sp

x� x0;i
� � ¼ xt � u1;j

� �� p
sp

x� x0;j
� �

ð2:173Þ
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the solution of which is a phase angle of the current in jth coil group for which the
positive sequence MMFs of the ith and jth coil group, Θ1,1,i,+ and Θ1,1,j,+, are in
phase

u1;j ¼ u1;i þ
p
sp

x0;j � x0;i
� � ð2:174Þ

Positive sequence MMFs Θ1,1,i,+ and Θ1,1,j,+ created by two coil groups the axes
of which are shifted along the circumferential coordinate x for x0,j − x0,i are in
phase if and only if the coil group currents are out of phase! Phase shift between
coil group currents φ1,j − φ1,i has to be equal to the electrical angle (x0,j − x0,i)π/τp
between the coil group axes. Arguments γ1,i,+ and γ1,j,+ of the positive sequence
components Θ1,1,i,+ and Θ1,1,j,+ in the ith and jth coil group are in that case equal

c1;j;þ ¼ xt � u1;i �
p
sp

x0;j � x0;i
� �� �

� p
sp

x� x0;j
� � ¼ xt � u1;i

� �� p
sp

x� x0;i
� �

¼ c1;i;þ
ð2:175Þ

The angle between the negative sequence components Θ1,1,i,− and Θ1,1,j,− created
by the coil group j and i can be written as

c1;j;� � c1;i;� ¼ xt � u1;j

� �þ p
sp

x� x0;j
� �� xt � u1;i

� �� p
sp

x� x0;i
� �

¼ 2
p
sp

x0;i � x0;j
� � ð2:176Þ

Previous considerations are illustrated in Fig. 2.59, in which the MMF com-
ponents created by two out of phase currents flowing through two coil groups at a
given time instant t are shown. Phase shift between the currents is equal to the
electrical spatial angle between the axes of two coil groups. Δi in Fig. 2.59 denotes
the distance which the positive sequence MMF of the ith coil group has passed at a
given time instant. At the same time, the negative sequence MMF of the ith coil
group has passed the distance −Δi. Similar considerations are valid for the jth coil
group and the distance Δj.
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Whereas for a given phase shift between the coil group currents at each time
instant the positive sequence components of the MMF created by the ith and jth coil
group, Θ1,1,i,+ and Θ1,1,j,+, overlap along the circumferential coordinate, the nega-
tive sequence components Θ1,1,i,− and Θ1,1,j,− remain shifted for the amount of 2(x0,
j − x0,i), as shown in Fig. 2.59. If the phase shift between currents in two coil
groups is equal to the electrical angle between the coil group axes, the resulting
positive sequence of MMF is twice as big as its single component, and the resulting
negative sequence of MMF is smaller than the algebraic sum of components Θ1,1,i,−

and Θ1,1,j,−

If the arbitrary distribution of 2m identical coil groups along the two poles 2 τp is
now modified in terms of fixing the shift between adjacent coil groups to τp/m

x0;iþ 1 ¼ x0;i þ sp
m

¼ x0;1 þ i
sp
m

ð2:177Þ

and the phase shift between currents in adjacent coils accordingly to π/m

u1;iþ 1 ¼ u1;i þ
p
sp

x0;iþ 1 � x0;i
� � ¼ u1;i þ

p
m
¼ u1;1 þ i

p
m

ð2:178Þ

the argument of the positive sequence MMF created by the ith coil group is

x

x0,i

x0,j

i- th coil group
j- th coil group

2τp
0

Θ1,1,j,+

Θ1,1,i,+

τpΔj−Δj

Δi
−Δi

Θ1,1,j,-

Θ1,1,i,-

Θ1,1,i,+ + Θ1,1,j,+

Θ1,1,i,- + Θ1,1,j,-

Θ

2(x0,j -x0,i)

Fig. 2.59 Fundamental components of air gap MMF created by two stationary coil groups per
pole fed by currents shifted for an angle equal to the electrical angle between the coil group axes.
The two positive sequence components add algebraically, because the angle between them is
permanently equal to zero. Phase shift between negative sequence components is equal to the
twice the electrical angle between the coil axes. For the purpose of simplicity, only the positive
half waves of the MMF components are shown
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c1;i;þ ¼ xt � u1;i

	 

� p
sp

x� x0;i
� � ¼ xt � u1;1

� �� p
sp

x� x0;1
� � ð2:179Þ

i.e., the same as for the first coil group. In other words, all positive sequence
components are aligned along the same (radial) axis at each time instant.

x2τp0 τp

I ∠ϕ I ∠ϕ−π/m I ∠ϕ−π I ∠ϕ+π/m

τp/m

Fig. 2.60 Schematic representation of a symmetrical winding carrying symmetrical currents. As a
result, the total negative sequence MMF created by fundamental components of MMF is equal to
zero

Fig. 2.61 Air gap MMF created by three groups of three stationary coils per pole with y/τp = 7/9,
carrying AC 60° out of phase in each coil group. The scale on the y-axis is in p.u.; 0.5 p.u.
corresponds to the amplitude of positive sequence MMF created by a single coil group. The total
MMF is represented with a solid black curve, the dominating resulting positive sequence
component with a dashed gray, and the minor negative sequence component with solid gray curve
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The total positive sequence component is equal to

H1;1;þ x; tð Þ ¼
X2m

j¼1

H1;1;max

2
� sin xt � u1;1 �

p
sp

x� x0;1
� �� �

¼ m �H1;1;max � sin xt � u1;1 �
p
sp

x� x0;1
� �

� � ð2:180Þ

with Θ1,1,max denoting the amplitude of the fundamental time and spatial compo-
nent of the MMF created by one out of 2m coil groups per pole pair.

Similarly, one can express the argument of the negative sequence MMF created
by the ith coil group as

c1;i;� ¼ xt � u1;i

	 

þ p

sp
x� x0;i
� � ¼ xt � u1;1

� �þ p
sp

x� x0;1
� �� i� 1ð Þ 2p

m

ð2:181Þ

Consequently, if the MMF amplitudes of all 2m coils are equal, the sum of
negative sequence components of MMF over two poles is equal to zero

H1;1;� x; tð Þ ¼
X2m

j¼1

H1;1;max

2
� sin xt � u1;1 þ

p
sp

x� x0;1
� �� j� 1ð Þ 2p

m

� �
¼ 0

ð2:182Þ

Negative sequence components of MMFs created by 2m coils are out of phase,
with an angle of π/m between components created in adjacent coil groups.
Symmetrical winding with 2m coil groups per pole pair (Fig. 2.60) fed from a
symmetrical m-phase source creates rotating field characterized by constant
amplitude and constant speed of rotation. Each coil group (zone) of the symmetrical
winding in Fig. 2.60 occupies 1/m of the pole pitch τp.

The description “m-phase machine” is always related to the number of supply
phases; windings of conventional machines have m coil groups per pole. Coil groups
shifted for τp to each other can be connected in series or parallel (the latter usually
only in large turbogenerators) to the same supply phase. Electromagnetically,
however, they count as separate machine phases.

Rotating field contains only one (positive or negative sequence) component of
the MMF. Since the amplitude of each component of coil MMF is equal to 50 % of
the total MMF, the resulting amplitude of rotating field created by 2m coil groups
per pole pair is equal to m times the MMF amplitude of a single coil group.

In Fig. 2.61 the air gap MMF created by fundamental components of currents
flowing through 3 groups of three coils per pole at several time instants is shown.
The phase shift of currents flowing through adjacent groups of coils under each pole
is 60°. Fundamental components of air gap MMF distribution created by the coils
create rotating field characterized by no negative sequence term. Higher harmonics
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of air gap MMF, however, do generate their own traveling fields with the funda-
mental component of the coils current. In Fig. 2.61 one recognizes different speeds
of traveling waves of higher harmonics, resulting in permanently changing shape of
the resulting MMF.

2.6.3 The Influence of the Number of Phases

As discussed in the previous section, a symmetrical winding consisting of 2m coil
groups per pole pair (Fig. 2.60) fed from an m-phase symmetrical source of currents
with fundamental angular frequency ω generates not only the fundamental rotating
field, but also a spectrum of higher harmonic fields described by equation

H x; tð Þ ¼
X2m

j¼1

X1

k¼1

X1

n¼1

Hk;n;max � sin n p
sp

x� x0 � j� 1
m

sp

� �
� cos k xt � u0 �

j� 1
m

p

� �

ð2:183Þ

the positive sequence component of which can be written as

Hþ x; tð Þ ¼
X2m

j¼1

X1

k¼1

X1

n¼1

Hk;n;max

2
� sin k xt � u0ð Þ � n

p
sp

x� x0ð Þ � j� 1ð Þ k � n
m

p

� �

ð2:184Þ

and the negative sequence component as

H� x; tð Þ ¼
X2m

j¼1

X1

k¼1

X1

n¼1

Hk;n;max

2
� sin k xt � u0ð Þþ n

p
sp

x� x0ð Þ � j� 1ð Þ kþ n
m

p

� �

ð2:185Þ

Positive sequence components of MMF created by adjacent phases are shifted to
each other for an angle of

cþ ¼ k � n
m

p ð2:186Þ

and negative sequence components for

c� ¼ kþ n
m

p ð2:187Þ
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If the angle γ+ or γ− is an integer multiple of 2π, the particular components
(positive or negative) of MMF in all m phases are in phase, and the resulting
sequence is m/2 times larger than in a single phase consisting of two coil groups
over two poles. In other words, the kth time and nth spatial harmonic in an m-phase
machine will generate a positive sequence MMF if

k � n
m

¼ even ð2:188Þ

and a negative sequence harmonic for

kþ n
m

¼ even ð2:189Þ

One should note that conditions expressed in Eqs. 2.188 and 2.189 are more
precise than those found in majority of textbooks on electric machines, namely that
(k ± n)/m = integer. One recalls that this condition is valid for an assumption of
m coil groups across two poles, which further implies the phase shift of 2π/m be-
tween currents. This result seduces, because it works perfectly for a 3-phase
machine; however, in a two-phase machine, m = 2, it defines a phase angle of 2π/
m = π between two currents, which is far from reality. Furthermore, fundamental
space and time harmonics in a two-phase machine generate both positive and
negative sequence components of MMF according to equation (k ± n)/
m = (1 ± 1)/2 = 0 or 1, i.e., a pulsating MMF! In reality, however, there exists
only a positive sequence MMF in a 2-phase machine. Equations 2.188 and 2.189
deliver an even number (here 0) only for a difference of harmonic orders, (1 − 1)/2,
i.e., only for the positive sequence MMF!

If the angle γ+ in Eq. 2.186 or γ− in Eq. 2.187 is not an even multiple of π, the
particular components (positive or negative) of MMF in all m phases build a
symmetrical MMF star, which adds up to zero.

In Table 2.9 angular velocities of MMF waves created by the fundamental time
and nth spatial harmonic as multiples of ω/p are given for various numbers of
phases m. The width of the zone which belongs to a coil group under one pole is
equal to 180° el./m, where m denotes the number of supply phases. This principle is
illustrated in Fig. 2.62, in which axes of phase windings in symmetrically wound
machines with m = 2–6 are shown.

One should note that in a symmetrically connected polyphase machine either
pulsating, or rotating field is generated, but never elliptical. Another property of
symmetrically connected coil groups in a polyphase machine is that they do not let
pass air gap MMF harmonics the order n of which is an integer multiple of the
number of phases. For example, in a symmetrically wound three-phase machine,
the 3., 9., 15., etc., harmonic can exist in MMF of each phase, but not in the
resulting air gap MMF.

When analyzing results in Table 2.9, one comes to a conclusion that in a
symmetrical m-phase winding fed from a symmetrical system of sinusoidal currents
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(k = 1) the order n‘ of the lowest higher spatial harmonic which can create rotating
air gap MMF is equal to 2m − 1. By applying Eqs. 2.188 and 2.189, one can find
the order n‘ of the lowest higher spatial harmonic in the air gap MMF wave created
by the kth current harmonic in an m-phase machine: By inserting 2 for the lowest
even number in Eqs. 2.188 and 2.189, one becomes n‘ = 2m − k. The spatial
harmonic of the order n‘ creates a negative sequence MMF.

Consider now a symmetrical winding with q = 1 and full-pitch coils. The
winding has as many slots per pole as the number of phases, N/(2p) = m, and the
lowest higher harmonic of rotating MMF created by the fundamental of current has
the order n‘ = N/p − 1, which is the order of slot harmonic, see Table 2.9. Despite
the fact that the absolute value of the pitch factor for each spatial harmonic of
full-pitch coils is equal to one, higher harmonics (with exception of slot harmonics)
do not exist in the resulting rotating field! Obviously the winding with one slot per
pole and phase, as is the case with squirrel cage, creates rotating air gap MMF the
spectrum of which contains the lowest content of higher harmonics among all
conventional winding types.

Table 2.9 Angular velocities of MMF waves (as multiples of ω/p) created by the fundamental
harmonic of current (k = 1) and spatial harmonics 1 ≤ n ≤ 29 as a function of the number of
supply phases m

Number of supply phases m/Zone width (° el.)

n m = 1
180°

m = 2
90°

m = 3
60°

m = 4
45°

m = 5
36°

m = 6
30°

m = 7
25.7°

m = 8
22.5°

m = 9
20°

1 ±1 1 1 1 1 1 1 1 1

3 ±1/3 −1/3 – – – – – – –

5 ±1/5 1/5 −1/5 – – – – – –

7 ±1/7 −1/7 1/7 −1/7 – – – – –

9 ±1/9 1/9 – 1/9 −1/9 – – – –

11 ±1/11 −1/11 −1/11 – 1/11 −1/11 – – –

13 ±1/13 1/13 1/13 – – 1/13 −1/13 – –

15 ±1/15 −1/15 – −1/15 – – 1/15 −1/15 –

17 ±1/17 1/17 −1/17 1/17 – – – 1/17 −1/17

19 ±1/19 −1/19 1/19 – −1/19 – – – 1/19

21 ±1/21 1/21 – – 1/21 – – – –

23 ±1/23 −1/23 −1/23 −1/23 – −1/23 – – –

25 ±1/25 1/25 1/25 1/24 – 1/25 – – –

27 ±1/27 −1/27 – – – – −1/27 – –

29 ±1/29 1/29 −1/29 – −1/29 – 1/29 – –
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2.6.4 MMF Waves Generated by Asymmetrically Wound
Stationary Coils Carrying Asymmetrical Alternating
Currents on One Side of Air Gap

If an m-phase winding is asymmetrical, or carries phase and/or amplitude asym-
metrical currents, both positive and negative sequence components of air gap MMF
can be generated for a given combination of spatial and time harmonics. Denoting
by Θmax,i the amplitude of the MMF created by ith phase, by φi the phase shift of
the current in the ith phase and by γi the electrical angle of axis of the ith phase
winding, one can express the MMF created by the kth time and nth spatial harmonic
in the ith phase as

Hi;k;n ¼ Hmax;i sin n
p
sp

x� ci

� �� �
cos k xt � uið Þ½ � ð2:190Þ

The amplitude Θ+,k,n of the positive sequence component of the resulting MMF
created by the kth time and nth spatial harmonic is equal to the geometric sum of
positive sequence components created by all m phases

Hþ ;k;n ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xm

i¼1

Hi;k;n cos ui � cið Þ
" #2

þ
Xm

i¼1

Hi;k;n sin ui � cið Þ
" #2

vuut ð2:191Þ
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Fig. 2.62 Axes of windings in a symmetrically wound machine under one pole for different
numbers of supply phases
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whereas the amplitude of the negative sequence component can be expressed as

H�;k;n ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xm

i¼1

Hi;k;n cos ui þ cið Þ
" #2

þ
Xm

i¼1

Hi;k;n sin ui þ cið Þ
" #2

vuut ð2:192Þ

If the amplitude of negative sequence component of MMF is different from zero
and smaller than the amplitude of the positive sequence component, the air gap field
is elliptical. An overview of air gap MMF forms is shown in Table 2.10, and their
basic shapes are shown in Fig. 2.63. Here it is assumed that the air gap MMF is
created by the fundamental time and fundamental spatial harmonics, i.e., k = 1 and
n = 1.

Fundamental component of elliptical field can be represented as a sum of the
fundamental positive sequence component with amplitude Θ+, and the fundamental
negative sequence component with amplitude Θ−

H x; tð Þ ¼ Hþ � sin xt � p
sp

x

� �
þH� � sin xtþ p

sp
x

� �
¼ He � sin xtþ cð Þ

ð2:193Þ

where

He ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

H2
þ þH2

� þ 2 �Hþ �H� � cos 2p
sp

x

s

ð2:194Þ

and

c ¼ arctan
H� �Hþ
H� þHþ

tan
p
sp

x ð2:195Þ

Table 2.10 Forms of air gap field created by m identical coils carrying currents with equal rms
values. Θ1,1 denotes the amplitude of the MMF created by coils in one zone

Type of
MMF

Amplitude of the positive sequence
component Θ+

Amplitude of the negative sequence
component Θ−

Pulsating m �H1;1 m �H1;1

Elliptical \m �H1;1 \m �H1;1

Rotating m �H1;1 0
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The trajectory of Θe is an ellipse in the polar coordinate system (Θe, γ). The
angular speed Ω of Θe can be written as

X ¼ dc
dt

¼
H��Hþ
H� þHþ

� p
sp

cos2 p
sp
xþ H��Hþ

H� þHþ

	 
2
sin2 p

sp
x
� dx
dt

ð2:196Þ

Since

dx
dt

¼ v1;1 ¼ � sp
p
� x ð2:197Þ

one can express the angular speed Ω of the resulting MMF as

2
−+ Θ−Θ

pulsating elliptical rotating

γ γ γ 

°
Θp

° Θ e Θ r

2
−+ Θ+Θ

°

Fig. 2.63 Pulsating, elliptical, and rotating air gap MMF
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Fig. 2.64 The p.u. amplitude
of resulting MMF as a
function of circumferential
coordinate x with ratio Θ−/Θ+

as a parameter
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X ¼ dc
dt

¼ �
H��Hþ
H� þHþ

cos2 p
sp
xþ H��Hþ

H� þHþ

	 
2
sin2 p

sp
x
� x ð2:198Þ

The variation of amplitude of elliptical MMF as a function of the grade of
asymmetry and the circumferential coordinate is shown in Fig. 2.64. The largest
variation of amplitude of elliptic MMF occurs for Θ+ = Θ− (pulsating field), where
it changes between 0 and 2. In rotating field the deviation of amplitude of resulting
MMF from its average value of 1 is equal to zero.

The angular speed Ω of the resulting MMF as a function of circumferential
coordinate x and the grade of asymmetry Θ+/Θ− as a parameter is shown in
Fig. 2.65. Only in case of rotating field (Θ− = 0), the resulting MMF rotates at a
constant speed; elliptic field permanently accelerates and decelerates. The larger
the negative sequence component, the bigger the difference between maximum and
minimum speed of rotation. Elliptic field rotates at highest speed at those points of
circumference where the positive and negative sequence components are shifted for
180°, thus acting against each other (ellipse minor axis), and at slowest speed when
they act in the same direction (ellipse major axis).

Virtual work performed by magnetic energy in the air gap can be expressed in
terms of differential area swept by the magnitude Θe in Fig. 2.63:

dA ¼ 1
2
�He � Hedcð Þ ð2:199Þ

and the corresponding areal velocity, which analogously has a dimension of power

dA
dt

¼ 1
2
�H2

e �
dc
dt

ð2:200Þ

After substitution of expressions for Θe and dγ/dt one can write

2τp0 τ x

(dγ/dt)/ω
7

5

3
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Θ- / Θ+ = 0.75

Θ- / Θ+ = 0.5

Θ- / Θ+ = 0.25

Θ- / Θ+ = 0

Fig. 2.65 p.u. angular speed
of resulting MMF as a
function of circumferential
coordinate x with ratio Θ−/Θ+

as parameter
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dA
dt

¼ �x �H2
þ

2
�

1þ r2 þ 2r cos 2 p
sp
x

cos2 p
sp
xþ r�1

rþ 1

	 
2
sin2 p

sp
x
� r � 1
rþ 1

ð2:201Þ

with r standing for the ratio between amplitude of negative and positive sequence
component of MMF

r ¼ H�
Hþ

ð2:202Þ

Applying trigonometric identities, Eq. (2.201) for areal velocity can be simpli-
fied to

dA
dt

¼ �x �H2
þ

2
� r2 � 1
� � ¼ �x

2
� H2

þ �H2
�

� � ð2:203Þ

which is constant. The magnitude of air gap MMF sweeps equal areas during equal
intervals of time, which is analogous to the second Kepler’s law of planetary
motion!

Physical interpretation of the identical mathematical property is of course dif-
ferent in a rotating field machine than in celestial mechanics. In an electric machine
the constant area swept by the air gap MMF means nothing but that the torque, as a
partial derivative of magnetic energy accumulated in the air gap with respect to
angle, is time invariant.

+

−

Θ
Θ

10

2

2
+Θ⋅ω

dt
dAFig. 2.66 Areal velocity of

resulting MMF (power!) as a
function of ratio Θ−/Θ+
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The dependence of areal velocity on the ratio Θ−/Θ+ is shown in Fig. 2.66.

The power generated by pulsating field, i.e. for equal amplitudes of positive and
negative sequence MMF, is equal to zero.

Elliptical MMF is created in a three-phase machine when terminals of one
supply phase are reversed, or if a phase is disconnected. Denoting by Θ1,1,max the
amplitude of the fundamental component of MMF created by one coil per pole pair,
the positive sequence MMF in a machine with reversed phase terminals as in
Fig. 2.67a is equal to

H1;1;;þ x; tð Þ ¼ H1;1;max
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sp
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� �

� �
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� �
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ð2:204Þ

and the negative sequence
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ð2:205Þ

The amplitude of the negative sequence component in a three-phase machine
with terminals of one phase reversed is twice as large as the amplitude of the
positive sequence component of the air gap MMF! Consequently, the resulting
elliptic MMF rotates in negative direction.

I∠(ϕ1 –

I∠ϕ1

I∠(ϕ1 –
4π/3)

(a)
1

2

-3

I∠ϕ1

I∠(ϕ1 – 2π/32π/3)

(b)
1

2 

° °

)

Fig. 2.67 Three-phase
winding connection with one
phase reversed (a), and with
one phase disconnected (b)
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The positive sequence MMF in a machine with one phase disconnected as
shown in Fig. 2.67b is equal to

H1;1;;þ x; tð Þ ¼
X4

j¼1

H1;1;max

2
� sin xt � u1;1 �

p
sp

x� x0;1
� �� �

¼ 2 �H1;1;max � sin xt � u1;1 �
p
sp

x� x0;1
� �� �

ð2:206Þ

and the negative sequence

H1;1;;� x; tð Þ ¼ H1;1;max � sin xt � u1;1 þ
p
sp

x� x0;1
� �� 4p

3

� �
ð2:207Þ

The amplitude of the positive sequence component in a three phase machine
with one phase disconnected is twice as large as the amplitude of the negative
sequence component of the air gap MMF. The resulting elliptic MMF rotates in
positive direction.

2.6.5 MMF Waves Generated by Rotating Coil(s) Carrying
Constant Frequency Current(s)

Consider now a rotor coil fed from current source ir(t)

irðtÞ ¼
X1

k¼1

Ik;r cos kr xrt � uk;r

� � ð2:208Þ

shifted for an amount of x0,r along the circumferential coordinate xr and rotating at
angular speed Ω. The krth time and nrth spatial harmonic of air gap MMF wave
created by the rotating coil is equal to

Hkr ;nr xr; x0;r; t
� � ¼ Hkr ;nr ;max

2
� sin kr xrt � uk;r

� �� nr
p
sp

xr � x0;r
� �� �

þ Hkr ;nr ;max

2
� sin kr xrt � uk;r

� �þ nr
p
sp

xr � x0;r
� �� � ð2:209Þ

Rotor circumferential coordinate xr can be expressed in terms of stator cir-
cumferential coordinate x as
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xr ¼ xþ x0 þX � t � R ¼ xþ x0 þX � t � psp
p

ð2:210Þ

with x0 denoting the initial rotor shift and R the air gap mean radius. The krth time
and nrth spatial harmonic of the air gap MMF wave can now be expressed in the
stationary system as

Hkr ;nr x; x0; tð Þ ¼ Hkr ;nr ;max

2
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� �� nr
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sp
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ð2:211Þ

and

Hkr ;nr x; x0; tð Þ ¼ Hkr ;nr ;max

2
� sin krxr � nrpXð Þ � t � nr

p
sp

x� kruk;r � nr
p
sp
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2
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p
sp
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ð2:212Þ

The angular speed of rotation ω of the krth time and nrth spatial harmonic of the
air gap MMF wave relative to the stator can be found by setting the argument of
sine function equal to a constant and then differentiating it w.r.t. time

d
dt

krxr � nrpXð Þ � t � nr
p
sp

x� kruk;r � nr
p
sp

x0 � x0;r
� � ¼ const

 �

) nr
p
sp

dx
dt

¼ � krxr � nrpXð Þ
ð2:213Þ

from which the angular speed ω can be expressed as

x ¼ X� kr
nr

� xr

p
ð2:214Þ

The air gap MMF component created by krth time harmonic of rotor current and
nrth spatial harmonic of rotor air gap MMF travels relative to stator at rotor
mechanical speed augmented or diminished by the component speed relative to the
rotor. Positive sequence component of the rotor MMF created by fundamental time
and spatial harmonic is at standstill relative to the stator if the rotor mechanical
speed is equal to the negative synchronous speed.
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Stationary coil(s) generate the fundamental component of air gap MMF wave
rotating at the same angular speed ω as in Eq. 2.214 if fed by current(s) with
angular frequency ωs

xs ¼ p � X� kr
nr

� x ð2:215Þ

Accordingly, rotor DC creates air gap MMF fundamental component (nr = 1)
which rotates at angular speed Ω and which is observed on the stator side as if it
were generated by an AC with angular frequency ωs = p Ω.

2.6.6 MMF Waves Generated by Rotating Coil(s) Carrying
Variable Frequency Currents on One Side of Air Gap

Assume that a coil (group) rotates at mechanical angular speed Ω and that it is fed
from an AC source

irðtÞ ¼
X1

kr¼1

Ikr cos kr sxt � ukr

� � ð2:216Þ

with s denoting the slip

s ¼ x� p � X
x

ð2:217Þ

Each coil (group) per pole creates an MMF

H xr; x0;r; t
� � ¼ 4

p
w

X1

nr¼1;3;5;...

X1

kr¼1

Ikr cos kr sxt � ukr

� � � fw;n sin nr psp xr � x0;r
� �

ð2:218Þ

with x0 denoting the shift of the coil (group) axis to the circumferential coordinate
x = 0 and fw,n the winding factor for the nth spatial harmonic. The coil (group)
MMF created by the kth time and nth spatial harmonic can be represented in terms
of positive and negative sequence components, as given in Eq. 2.163, the speed of
which relative to the coil (group) is
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vkr ;nr ¼ � kr
nr

� sp
p
� sx; xkr ;nr ¼ � kr

nr
� sx
p

ð2:219Þ

Since the coil (group) rotates at angular speed Ω, the angular speed of the
positive and negative sequence components relative to stator ωk,n,st is equal to

xk;n;st ¼ Xþxkr ;nr ¼ X� kr
nr

� sx
p

¼ X� kr
nr

� x� p � X
p

ð2:220Þ

For the fundamental time (k = 1) and spatial (n = 1) harmonic one can further
write

x1;1;st ¼ Xþx1;1 ¼ X� sx
p

¼ X� x� p � X
p

ð2:221Þ

The angular speed of the positive sequence is

x1;1;st;þ ¼ Xþ x� p � X
p

¼ x
p

ð2:222Þ

i.e., it is constant and equal to the synchronous speed of the fundamental wave of
stator MMF. The angular speed of the negative sequence component of the rotor
MMF is

x1;1;st;� ¼ X� x� p � X
p

¼ 2X� x
p

ð2:223Þ

For mechanical angular speed values Ω below one half of the synchronous speed
ω/(2p) the negative sequence component of the rotor MMF rotates opposite to the
direction of rotation of the rotor; above one half of the synchronous speed the
negative sequence MMF rotates in the direction of rotation of the rotor. The neg-
ative sequence component of the rotor MMF created by rotating coil(s) is at
standstill when the rotor mechanical speed is equal to one half the synchronous
speed. This property of rotor pulsating field is called Görges phenomenon.

The slip of the negative sequence component of the rotor MMF is equal to

s� ¼ x� p � x1;1;st;�
x

¼ x� 2pXþx
x

¼ 2s ð2:224Þ
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2.6.7 Resulting MMF Waves Generated by Coils on Both
Sides of Air Gap

Consider the fundamental component of air gap MMF wave created by a sym-
metrical stator winding carrying symmetrical currents, Θs(x, t), and the fundamental
component of the air gap MMF created by rotor winding, Θr(x, t). The rotor MMF
is created either by a symmetrical rotor winding carrying symmetrical currents with
appropriate frequency, or by a DC-fed coil rotating at synchronous speed. The
resulting air gap MMF Θδ(x, t) can be written as

Hd x; tð Þ ¼ Hs x; tð ÞþHr x; tð Þ ð2:225Þ

or

Hd sin xt � p
sp

xþ c

� �
¼ Hs sin xt � p

sp
xþWs

� �
þHr sin xt � p

sp
xþWr

� �

ð2:226Þ

where

H2
d ¼ H2

s þH2
r þ 2 �Hs �Hr � cos Ws �Wrð Þ ð2:227Þ

and

c ¼ arctan
Hs � sinWs þHr � sinWr

Hs � cosWs þHr � cosWr
ð2:228Þ

The three MMF components Θs(x, t), Θr(x, t), and Θδ(x, t) can be represented in
the complex plane in the manner shown in Fig. 2.68.

By positioning the resulting air gap MMF Θδ to the negative real axis (γ = π),
one can further write

Hs ¼ �Hr
sinWr

sinWs
ð2:229Þ

Keeping resulting MMF constant, Θδ = const., one can determine the amplitude
of the rotor MMF Θr necessary to generate given stator MMF Θs at a given angle
Ψs. In order to do this, substitute first the equation for stator MMF into the rela-
tionship between the three MMF amplitudes
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H2
d ¼ Hr

sinWr

sinWs

� �2

þH2
r � 2 � sinWr

sinWs
�H2

r � cos Ws �Wrð Þ ð2:230Þ

which can be rewritten as

Hd

Hr

� �2

�1 ¼ sinWr

sinWs

� �2

�2 � sinWr

sinWs
� cos Ws �Wrð Þ ð2:231Þ

and solved in form of

Hs
Hr

Hd

� �

Ws¼const
ð2:232Þ

which is nothing but the equation of V-curves of a synchronous machine, as shown
in Fig. 2.69! One should keep in mind that setting Θδ = const. determines the
amount of air gap flux. If in addition the angle γ of the resulting MMF is kept
constant, the stator-induced voltage remains unchanged, no matter how big the
stator MMF and where it is relative to the resulting MMF.

Θs

Θr

Θδ
Ψs

Ψr

γ

Fig. 2.68 Stator, rotor, and
resulting air gap MMF

0 1 2 3

1

2

3

δΘ
Θ r

δΘ
Θ s

P.F. = 0 lagging

P.F. = 1

P.F. = 0 
leading

Fig. 2.69 V-curves of a
synchronous machine as a
solution of Eq. 2.231 for a
given set of machine
parameters

146 2 Windings



Neglecting voltage drops across the stator resistance and Potier reactance, the
fixing of the amplitude and angle of Θδ means nothing but connecting the stator
winding of a synchronous machine to an infinite bus.

2.6.8 Air Gap Flux Density Waves in a Single-Slotted
Machine with Linear Magnetization Curve

If the B–H curve of stator and rotor irons is linear with µr >> 1, the coil
ampere-turns are equal to the MMF drop in the air gap, and the air gap flux density
is proportional to the inverse of the air gap width δ. As shown previously, the
amplitudes of slot harmonics with order n = N/p ± 1 are neither influenced by the
coil pitch, nor by the number of in series connected adjacent coils. A question can
be posed whether the number of winding phases can modify the amplitude of slot
harmonics in a similar manner as it eliminates the harmonics the order of which is
equal to integer multiples of the number of phases. The machine is assumed to have
unskewed slots.

Traveling waves created by slot harmonics of the order n = N/p ± 1 and by the
fundamental time component of current (k = 1) are always present in the spectrum
of the resulting air gap MMF, because these fulfill the condition

1� n
m

¼ even ð2:233Þ

One can express the order n of slot harmonics by means of the zone width
q = N/(2 � p � m) as

n ¼ N
p
� 1 ¼ 2mq� 1 ð2:234Þ

Now one can apply the condition for existence of a particular component of
resulting MMF (Eqs. 2.188 and 2.189) as

1� n
m

¼ 1� 2mq� 1ð Þ
m

¼ even ð2:235Þ

By taking altering signs inside and outside the brackets, one obtains that the
condition above is fulfilled as long as 2q is an even number, which is always true in
integer slot windings. Therefore, slot harmonics are as well present in the spectrum
of resulting air gap MMF created by integer slot windings.

In fractional slot windings 2q is never an even number and slot harmonics of the
order n = N/p ± 1 do not exist in air gap distributions. Nevertheless, slot har-
monics of the order n = N/pF ± 1, with pF denoting the number of fundamental
poles, are present in the air gap flux density spectrum. However, since the
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fundamental harmonic component of air gap MMF with period length D � π/pF in a
fractional slot machine has intentionally low amplitude, the discussed slot har-
monics are of minor importance.

As shown in the previous sections, the spectrum of air gap flux density spatial
components created by a coil in a machine with slotted air gap is different from the
spectrum of coil MMF. If the coil is fed from an AC source, the slot harmonics
N/p − n and N/p + n of air gap flux density Bn,slot created by the nth harmonic of
the applied MMF and the fundamental harmonic of air gap width due to slotting,
i = 1, can be written as

Bn;slot ¼ 2
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4
p
� w � fw;Np�n

X1
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Ik cos kxt � ukð Þ cos p
sp
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p

� �
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� �

þ 2
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4
p
� w � fw;Np þ n

X1

k¼1

Ik cos kxt � ukð Þ cos p
sp

nx� n� N
p

� �
xc

� �

ð2:236Þ

The kth harmonic of coil current in Eq. 2.236 creates the rotating wave of air gap
flux density due to slotting Bn−,k,slot equal to

Bn�;k;slot ¼ l0
d1

4
p
Ik � w � fw;Np�n

� cos kxt � uk þ
p
sp

nx� nþ N
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� �
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þ cos kxt � uk �

p
sp

nx� nþ N
p

� �
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� � � �

ð2:237Þ

as well as Bn+,k,slot, defined as

Bnþ ;k;slot ¼ l0
d1

4
p
Ik � w � fw;Np þ n

� cos kxt � uk þ
p
sp

nx� n� N
p

� �
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þ cos kxt � uk �

p
sp

nx� n� N
p

� �
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� � � �

ð2:238Þ

As long as the coil does not move relative to the teeth, xc = const., the speed of
both components Bn−,k,slot and Bn+,k,slot is equal to the speed of the nth spatial and
kth time harmonic of MMF which created them, namely ±k/n � ω/p.

If the coil rotates at a constant mechanical angular velocity Ω relative to slots,
the coil shift coordinate xc can be represented as

xc ¼ R � X � t ð2:239Þ

with R denoting the air gap radius. The angular speeds of rotation ωn−,k,± of
positive and negative sequence waves of air gap flux density due to slotting Bn−,k,slot

become in that case
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xn�;k;� ¼ � n� N
p

� �
� Xþ k

n
x
p

ð2:240Þ

with positive sign in front of parentheses standing for the positive, and negative
sign for the negative sequence component of Bn−,k,slot.

Analogously, the angular speeds of rotation ωn+,k,± of positive and negative
sequence waves of air gap flux density due to slotting Bn+,k,slot can be expressed as

xnþ ;k;� ¼ � nþ N
p

� �
� Xþ k

n
x
p

ð2:241Þ

The angular speeds of the four components of air gap flux density due to slotting
can be expressed as

xn�;k;� ¼ � n� N
p

� �
� Xþ k

n
x
p

ð2:242Þ

where every combination of signs stands for a particular higher harmonic and
symmetrical component, respectively.

Coil mechanical angular velocities Ω0 at which the positive or negative sequence
wave of air gap flux density due to slotting Bn−,k,slot and Bn+,k,slot is at standstill
relative to the teeth, i.e., ωn±,k,± = 0, can now be expressed as

X0 ¼ �k
x

pn� N
ð2:243Þ

The positive sign in front of the expression on the right-hand side of Eq. 2.243
stands for positive sequence components, and the negative sign for negative
sequence components of Bn−,k,slot or Bn+,k,slot. The positive sign in front of the
number of slots N in Eq. 2.243 is related to a slot harmonic with an order above
N/p, and the negative to a slot harmonic with an order below N/p.

2.6.9 Air Gap Flux Density Waves in a Double-Slotted
Machine with Linear Magnetization Curve

If the stator and rotor coils in Fig. 2.49 are fed from AC sources with angular
frequencies ωs and ωr respectively, slot harmonics Ns/p − n, Ns/p + n, Nr/p − n and
Nr/p + n of air gap flux density Bn,slot created by the nth harmonic of applied MMFs
and fundamental harmonics of air gap width due to slotting, i = 1, can be written as
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Bn;slot ¼ BNs
p �n þBNs

p þ n þBNr
p �n þBNr

p þ n ð2:248Þ

Each of the pulsating harmonics in Eqs. 2.244–2.248 consists of a positive and a
negative sequence component, the speeds of rotation of which can be found in the
manner shown previously in this chapter. When determining the rotational speed of
rotor harmonics one has to consider the rotor mechanical speed of rotation Ω
defined in the previous section.

Denoting by _nn the derivative of the position coordinate of the maximum of
resulting MMF

_nn ¼ nHr;n

Hr;n þHs;n cos n p
sp
x0

H2
r;n þH2

s;n þ 2Hr;nHs;n cos n p
sp
x0

dx0
dt

ð2:249Þ

one can express the angular speeds of harmonics of air gap flux density created by
harmonics of stator and rotor currents with equal orders, j = k, and the fundamental
harmonics due to slotting (i = 1) in the manner shown in Table 2.11.
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One should note that for a given number of stator and rotor phases and slots per
pole pair some harmonics of air gap flux density discussed here may have ampli-
tudes equal to zero.

2.6.10 Air Gap Flux Density Waves in a Slotless Machine
with Nonlinear Magnetization Curve

In order to increase the flux level, electric machines are built in such a manner that
the operating point in the iron portion of their magnetic circuit is located more or
less in saturated region.

A steep increase of MMF drop across iron core as a consequence of increasing
flux density results in a slower increase of MMF drop across the air gap. The
machine’s magnetic circuit acts as if the air gap reluctance has increased, i.e., as if
the air gap width became larger.

A comparison of influence of air gap geometry and iron B–H curve on equiv-
alent air gap width is shown in Fig. 2.70.

Table 2.11 Angular speeds of air gap flux density harmonics created by nth harmonics of stator
and rotor MMF and fundamental harmonics of stator and rotor slottings in a double-slotted
machine
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Fig. 2.70 Representation of air gap structure bymeans of air gapwidth: a linear iron curve, constant
air gap width; b linear iron magnetization curve, salient poles—periodical decrease of air gap width
under the poles; c nonlinear iron magnetization curve—periodical increase of air gap width
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Whereas air gap becomes electromagnetically shorter as a consequence of sal-
iency, saturation in iron makes it electromagnetically larger. A narrower air gap is
attached to a salient pole. A wider air gap representing saturation in iron, on the
other hand, travels around the periphery with angular speed of the fundamental of
MMF which produced it and can be represented as

d ¼ d0 þ dN cos 2
p
sp

x� xt

� �
ð2:250Þ

because it is assumed that only the fundamental component of applied MMF
determines the level of saturation in iron.

Ampère’s circuital law applied to the machine’s magnetic circuit in which the
increased MMF drop in iron is represented with a wider air gap can be written as

d0 þ dN cos 2
p
sp

x� xt

� �� � X1

i¼1;3;5;...

Bi cos i
p
sp

x� xt
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¼ l0H1 cos

p
sp

x� xt

� �

ð2:251Þ

from which one becomes relations between amplitudes of air gap flux density
harmonics as

d0 þ dN
2

� �
B1 þ dN

2
B3 ¼ l0H1 ð2:252Þ

dN
2
B1 þ d0 þ dN

2

� �
B3 þ dN

2
B5 ¼ 0 ð2:253Þ

dN
2
B3 þ d0 þ dN

2

� �
B5 þ dN

2
B7 ¼ 0 ð2:254Þ

etc. Saturation in iron generates higher harmonics of air gap flux density which
travel at the speed of the fundamental. If the MMF distribution contains higher
spatial harmonics, their speed decreases with order of harmonic. This means that
saturation in iron is a source of higher harmonics of air gap flux density which have
the same spatial order as higher harmonics of air gap flux density created by higher
harmonics of MMF, but a different time order. As a consequence, there exist two
components of nth order of flux density harmonic which travel relative to each other
at angular speeds given for a three-phase machine in Table 2.12.
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2.7 Induced Voltage

2.7.1 Rotating Air Gap Flux Density

Assume a coil with w turns and pitch y traveling in air gap at speed vc, as shown in
Fig. 2.71. The air gap is excited with a flux density wave B(x, t) created by nth spatial
harmonic of a symmetrical 2p-pole winding fed by symmetrical currents with
angular frequency kω. The air gap flux density wave B(x, t) can be represented as

B x; tð Þ ¼ Bmax cos kxt � uk � n
p
sp

x� xnð Þ
� �

ð2:255Þ

with φk standing for kth time and xn for nth spatial harmonic phase shift,
respectively.

The air gap flux density wave B(x, t) travels at speed ±k/n � τp/π � ω relative to
the stator, with positive sign denoting the same direction of rotation as the coil, and
negative sign the opposite direction of rotation to the coil velocity vc. At time
instant t the position xc of the coil can be expressed as

Table 2.12 Angular speeds of air gap flux density harmonics due to MMF and due to saturation.
For the sake of comparison, the speed differences for harmonics of the same order and different
sources are shown

Order Angular speed
of MMF harmonic

Angular speed of harmonic
due to saturation

Speed difference

1 ωs ωs 0

3 – ωs ωs

5 −ωs/5 ωs 6/5 ωs

7 ωs/7 ωs 6/7 ωs

9 – ωs ωs

y

x

2τpτp

B(x,t) ω
π

τ
±= p

nk n

k
v ,

xc
0

c

Fig. 2.71 Coil in air gap and
a wave of air gap flux density
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xc ¼ vctþ x0 ð2:256Þ

where x0 denotes the coil position at t = 0. At time instant t each turn of the coil
concatenates the flux Φ(t) in the amount of

UðtÞ ¼ lax

Zxc þ y

xc

B x; tð Þdx ¼ laxBmax

Zvctþ x0 þ y

vctþ x0

cos kxt � uk � n
p
sp

x� xnð Þ
� �

dx

ð2:257Þ

or

UðtÞ ¼ � laxspBmax

np
sin kxt � uk � n

p
sp

vctþ x0 þ y� xnð Þ
� �

þ sin kxt � uk � n
p
sp

vctþ x0 � xnð Þ
� �� ð2:258Þ

By applying addition theorem for trigonometric functions, one obtains

UðtÞ ¼ � laxspBmax

np
sin kx� n

p
sp

vc

� �
t � uk � n

p
sp

x0 � xnð Þ
� �

cos n
p
sp

y� 1
� �

� cos kx� n
p
sp

vc

� �
t � uk � n

p
sp

x0 � xnð Þ
� �

sin n
p
sp

y

� ��

ð2:259Þ

or

UðtÞ ¼ � 2laxspBmax

np
sin n

y
sp

p
s

� �
sin kx� n

p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:260Þ

where

uy;n ¼ arctan
cos n p

sp
y� 1

sin n p
sp
y

ð2:261Þ

Define now the maximum flux Φmax concatenated by each turn of a coil with
pitch y and created by sinusoidal flux density Bmax as

Umax ¼ 2
p
laxspBmax sin n

y
sp

p
2

� �
ð2:262Þ
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(recall that the factor 2/π is a consequence of the sinusoidal shape of B, the average
of which over half a period is 2/π Bmax).

Now one can write for the concatenated flux Φ(t):

UðtÞ ¼ �Umax

n
sin kx� n

p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:263Þ

and for the flux linkage Ψ(t)

WðtÞ ¼ wUðtÞ ¼ �wUmax

n
sin kx� n

p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:264Þ

The induced voltage ui(t) is equal to

uiðtÞ ¼ kx� n
p
sp

vc

� �
wUmax

n
cos kx� n

p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:265Þ

and its amplitude Umax:

Umax ¼ kx� n
p
sp

vc

� �
wUmax

n
¼ kx� n

p
sp

vc

� �
w
n
2
p
laxspBmax sin n

y
sp

p
s

� �

ð2:266Þ

The induced voltage in Eq. 2.266 has two components, Uwave and Ucoil, the
amplitudes of which can be written as

Umax;wave ¼ k
n
xwUmax ¼ k

n
x
sp
p
2wlaxBmax sin n

y
sp

p
s

� �
ð2:267Þ

or, by utilizing expression 132 for circumferential velocity vk,n:

Umax;wave ¼ 2wBmaxvk;nlax sin n
y
sp

p
s

� �
ð2:268Þ

and

Umax;coil ¼ n
p
sp

vc
wUmax

n
¼ 2wBmaxvclax sin n

y
sp

p
s

� �
ð2:269Þ
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The induced voltage in one conductor of a full-pitch coil is accordingly

Umax;turn ¼ Bmaxlax vk;n � vc
� � ð2:270Þ

which is nothing but B � ‘ � v equation, with v denoting the relative speed between
the flux density wave and the coil!

Angular frequency of induced voltage ωi is equal to

xi ¼ kx� n
p
sp

vc ¼ kx� npX ð2:271Þ

i.e., to a linear combination of the angular frequency kω of the current which
generated the flux density wave and an n times increased coil electrical angular
speed pΩ. Since the nth spatial harmonic of the air gap flux density travels n times
slower than the fundamental, the apparent coil speed npΩ is n times higher than its
actual electrical speed pΩ.

If the coil angular speed Ω is expressed in terms of slip s and fundamental
angular frequency ω of currents which generate the rotating wave of flux density B
(x, t), one can write for the angular frequency of induced voltage

xi ¼ kx� n 1� sð Þx ¼ x k � n 1� sð Þ½ � ð2:272Þ

Angular frequencies of coil voltage induced by the fundamental time harmonic
(k = 1) and various spatial harmonics n of air gap flux density wave B(x, t) traveling
in the same (ωi,+) and opposite (ωi,−) direction of the coil velocity vc are given in
Table 2.13. In addition, the values of slip are given in this table for which the
frequencies ωi,+ and ωi,− are equal to zero, i.e., at which the particular air gap flux
density harmonic travels at the same speed as the coil. In the last two columns of
Table 2.13 mechanical angular velocities are given at which a particular air gap flux
density harmonic travels at the same speed as the coil (synchronism).

The nth spatial harmonic of air gap flux density travels at a speed n times smaller
than the fundamental, but it has to pass an n times shorter way in order to complete
a distance of two machine poles divided by its order. Therefore, the nth spatial
harmonic needs the same time interval in order to complete one revolution as the
fundamental, i.e., the frequency of voltage that it induces in a stationary coil is
equal to the frequency of the fundamental.

As long as the coil speed is lower than the speed of flux density wave, the
amplitude of induced voltage is positive. If the coil travels at a speed above the flux
density wave speed, the amplitude of induced voltage formally changes its sign,
which is identical to a phase angle skip of 180°. If the coil carries current with the
same frequency as the induced voltage, the product of current and induced voltage
—i.e., the power—changes its sign.

If the coil is at standstill (vc = 0), its position remains constant, xc = x0,
Eq. 2.256. In that case, both the amplitude and the frequency of induced voltage are
a function only of the order k of time harmonic, but not of the order n of spatial
harmonic of the air gap flux density wave:
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uiðtÞ ¼ kx
wUmax

n
cos kxt � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:273Þ

One recognizes in Eq. 2.273 that only the phase shift of induced voltage in a
stationary coil is a function of coil position x0.

2.7.2 Elliptic Air Gap Flux Density

Assume now that the air gap is excited with elliptic flux density consisting of a
positive sequence component B+(x, t):

Bþ x; tð Þ ¼ Bmax;þ cos kxt � uk � n
p
sp

x� xnð Þ
� �

ð2:274Þ

and a negative sequence component B−(x, t):

B� x; tð Þ ¼ Bmax;� cos kxt � uk þ n
p
sp

x� xnð Þ
� �

ð2:275Þ

each of which induces its own voltage in a coil with coil pitch y, Eq. 2.205:

uþ ðtÞ ¼ kx� n
p
sp

vc

� �
wUmax;þ

n
cos kx� n

p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:276Þ

Table 2.13 Frequencies of voltages induced by the fundamental time and nth spatial harmonic of
air gap flux density in a coil rotating at mechanical angular speed Ω

n ωi,+ ωi,− s for
ωi,+ = 0

s for
ωi,− = 0

Ω for
ωi,+ = 0

Ω for
ωi,− = 0

1 s � ω (2 − s) � ω 0 2 ω/p −ω/p

3 (−2 + 3s) � ω (4 − 3s) � ω 2/3 4/3 ω/(3p) −ω/(3p)

5 (−4 + 5s) � ω (6 − 5s) � ω 4/5 6/5 ω/(5p) −ω/(5p)
7 (−6 + 7s) � ω (8 − 7s) � ω 6/7 8/7 ω/(7p) −ω/(7p)

9 (−8 + 9s) � ω (10-9 s)�ω 8/9 10/9 ω/(9p) −ω/(9p)

11 (−10 + 11–) � ω (12 − 11s) � ω 10/11 12/11 ω/(11p) −ω/(11p)
13 (−12 + 13s) � ω (14 − 13s)�ω 12/13 14/13 ω/(13p) −ω/(13p)

15 (−14 + 15s) � ω (16 − 15s) � ω 14/15 16/15 ω/(15p) −ω/(15p)

17 (−16 + 17s) � ω (18 − 17s)�ω 16/17 18/17 ω/(17–) −ω/(17p)
19 (−18 + 19s) � ω (20 − 19s) � ω 18/19 20/19 ω/(19p) −ω/(19p)

In addition, slip values at which a particular harmonic travels at the same angular velocity Ω as the
coil, and mechanical synchronous speeds of selected harmonics are given. Bold printed are the
values related to a symmetrical 3-phase flux density distribution
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u�ðtÞ ¼ kx� n
p
sp

vc

� �
wUmax;�

n
cos kxþ n

p
sp

vc

� �
t � uk � uy;n þ n

p
sp

x0 � xnð Þ
� �

ð2:277Þ

or, in a more compact form:

uþ ðtÞ ¼ Umax;þ cos xþ t � uþ
� � ð2:278Þ

and

u�ðtÞ ¼ Umax;� cos x�t � u�ð Þ ð2:279Þ

where

Umax;þ ¼ kx� n
p
sp

vc

� �
w
n
2
p
laxspBmax;þ sin n

y
sp

p
2

� �
ð2:280Þ

and

Umax;� ¼ kxþ n
p
sp

vc

� �
w
n
2
p
laxspBmax;� sin n

y
sp

p
2

� �
ð2:281Þ

The total induced voltage in the coil can now be written as

ucoilðtÞ ¼ Umax;þ cos xþ t � uþ
� �þUmax;� cos x�t � u�ð Þ ð2:282Þ

or

ucoilðtÞ ¼ Umax;þ cos xþ t � uþ
� �þ cos x�t � u�ð Þ� �

þ Umax;� � Umax;þ
� �

cos x�t � u�ð Þ ð2:283Þ

Introducing substitutions

a� b ¼ xþ t � uþ ; aþ b ¼ x�t � u� ð2:284Þ

or

a ¼ 1
2

xþ þx�ð Þ � t � uþ � u�
� � ¼ kxt � uk � n

p
sp

x0 ð2:285Þ

b ¼ 1
2

�xþ þx�ð Þ � tþuþ � u�
� � ¼ n

p
sp

vct � xnð Þ ð2:286Þ

one can express the component of induced voltage with amplitude Umax,+,
Eq. 2.221, as
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Umax;þ cos xþ t � uþ
� �þ cos x�t � u�ð Þ� �

¼ 2Umax;þ cos kxt � uk � n
p
sp

x0

� �
cos n

p
sp

vct � xnð Þ
� � ð2:287Þ

and the total induced voltage, Eq. 2.282:

ucoilðtÞ ¼ 2Umax;þ cos kxt � uk � n
p
sp

x0

� �
cos n

p
sp

vct � xnð Þ
� �

þ Umax;� � Umax;þ
� �

cos kxþ n
p
sp

vc

� �
t � uk � uy;n � n

p
sp

x0 � xnð Þ
� �

ð2:288Þ

In case of pulsating field, Bmax,+ = Bmax,− = Bmax, one can write

Umax;� � Umax;þ ¼ 2n
p
sp

vc
w
n
2
p
laxspBmax;� sin n

y
sp

p
2

� �
ð2:289Þ

Combining Eqs. 2.288 and 2.289 one can express the voltage in a stationary coil
induced by pulsating field as

ucoilðtÞ ¼ 2Umax;þ cos n
p
sp

xn

� �
� cos kxt � uk � uy;n � n

p
sp

x0

� �
ð2:290Þ

The amplitude of voltage in a stationary coil induced by pulsating field is
dependent on the spatial shift xn of the harmonic which induced it, i.e., on the
position of source of pulsating field B+(x, t) + B−(x, t).

2.7.3 DC Flux Density Traveling at Angular Speed Ω

Field coils of conventional synchronous machines travel at synchronous speed and
generate air gap MMF as described in previous equations. Assuming constant air
gap width, the air gap flux density of a field coil can be expressed as

B x; tð Þ ¼
X1

n¼1;2;3;...

Bmax;n sin n
p
sp

x� v � tð Þ ð2:291Þ

with v denoting the circumferential velocity of the field coil. The flux which nth
harmonic of air gap flux density in Eq. 2.291 concatenates with an armature coil
with pitch y is equal to (see Eq. 2.257)
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UðtÞ ¼ lax

Zxc þ y

xc

B x; tð Þdx ¼ laxBmax;n

Zvctþ x0 þ y

vctþ x0

sin n
p
sp

x� v � tð Þdx ð2:292Þ

or

UðtÞ ¼ 2
sp
np

sin n
y
sp

p
2

� �
laxBmax;n cos n

p
sp

v� vcð Þ � t � x0 � uy;n

� � ð2:293Þ

with φy,n already introduced in Eq. 2.202. Voltage induced in a coil with w turns is
equal to

uiðtÞ ¼ 2w v� vcð Þ sin n
y
sp

p
2

� �
laxBmax;n sin n

p
sp

v� vcð Þ � t � x0 � uy;n

� � ð2:294Þ

The amplitude of the induced voltage in a stationary full-pitch coil with one turn
(two conductors!) is equal to

ui;1ðtÞ ¼ 2vlaxBmax;n ð2:295Þ

i.e., the amplitude of induced voltage in a single conductor is again B � ‘ � v, as is
the case with voltage induced by traveling wave of flux density, Eq. 2.269.

2.8 Fractional Slot Windings: Fundamental and Principal
Poles; Single-Tooth Winding

Vast majority of rotating field electric machines is built with an integer number of
slots per pole and phase q in such a manner as to create an MMF distribution the
largest harmonic of which repeats at a rate of twice as large as the greatest pole
pitch. As long as there is enough space along the air gap circumference, several
coils carrying the same phase current can be placed next to each other into adjacent
slots under one pole, resulting in appropriately large values of q. Due to manu-
facturing limitations, however, the slot width cannot be decreased arbitrarily in
order to put high number of teeth under a pole of a high-polarity machine. An
increase of number of poles, keeping all other parameters unchanged, means a
decrease of q and less possibility to control the amplitudes of higher spatial har-
monics by means of the zone factor. Higher harmonics of an integer slot winding
with q = 1 can be controlled only by varying the coil pitch. In case of a three-phase
winding with q = 1, the only reasonable chording is 2/3, which significantly
deteriorates the fundamental harmonic.

Connection scheme in an integer slot winding is extremely simple and repeats
each pole: the total of q adjacent coils is grouped together m times under each pole.
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This means that higher spatial harmonics of MMF created by such windings are
suppressed on a single-pole base, which is an inefficient approach in case of low
number of phases and q = 1. Obviously, another method has to be applied in
high-polarity machines with low numbers of phases.

It sounds reasonable to enlarge the interval along which higher harmonics are
fought into r adjacent poles, instead of only one, as is the case with integer slot
windings. In that case, one refers to a fractional slot winding. Basic difference
between fractional and integer slot winding is that in an integer slot winding the
poles with the largest possible pole pitch are at the same time those with the largest
flux per pole, whereas in a fractional slot winding this is not the case. Accordingly,
one distinguishes among fundamental poles and principal poles of a fractional slot
winding. Fundamental poles are those having the largest possible pole pitch;
principal poles are those having the largest flux per pole.

Denoting by pf the number of fundamental pole pairs, and by pp the number of
principal pole pairs of a fractional pitch winding, one can write

sp;f ¼ N
2pf

ð2:296Þ

and

sp;p ¼ N
2pp

ð2:297Þ

where

sp;f ¼ r � sp;p ð2:298Þ

with τp,f denoting the fundamental pole pitch, and τp,p the principal pole pitch, both
in number of slots, and r the (odd) number of principal poles over which given
harmonic(s) are suppressed. The order nf of a higher spatial harmonic over the
period length of 2τp,f is r times larger than the order np of a higher spatial harmonic
over the period length of 2τp,p

nf ¼ r � np ð2:299Þ

The fundamental harmonic on the principal pole basis, i.e., in interval of 2pp
poles, is the rth harmonic on the fundamental pole basis, or in interval of 2pf poles.

The number of slots per phase and principal pole qp of a fractional slot winding
is not an integer
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qp ¼ N
2ppm

¼ qf
r

ð2:300Þ

as opposed to the number of slots per phase and fundamental pole qf, which is
always an integer

qf ¼ N
2pfm

¼ r � qp ð2:301Þ

The mixed fraction qp is equal to the ratio between the number of slots per phase
and fundamental pole and the number of principal poles per fundamental pole r.

An integer slot winding is characterized by

pf ¼ pp ¼ p ð2:302Þ

i.e., there are as many fundamental as principal poles, r = 1. Whereas the funda-
mental and the (N/p − 1)st harmonics of an integer slot winding with 2p poles have
the largest zone factor in the spectrum bandwidth of N/p spatial harmonics, the rth
and (N/pf − r)th harmonics have the largest zone factor in a fractional pitch
winding with 2pf fundamental poles, as shown in Fig. 2.72. Integer slot winding is,
accordingly, a special case of fractional slot winding with r = 1 in which the
fundamental component of MMF dominates as a consequence of specific winding
topology—the placement of phase coils next to each other under each pole. Such
connection of coils is characterized by a minimum angle between MMFs of adja-
cent coils and, consequently, maximum total MMF and zone factor.

Coil pitch of an integer slot winding is usually equal to, or shorter than the pole
pitch, whereas the coil pitch of a fractional slot winding is approximately equal to
the principal pole pitch, y ≈ τp,p.

The pitch factor fp,r for the rth harmonic created by a coil of a fractional slot
winding with fundamental pole pitch of τp,f can be expressed as

pp ,2τ

12 , −τ fp nf

Zone factor

fp ,2τ1 r

np10

rfp −τ ,2

Fig. 2.72 Zone factor for
selected spatial harmonics
n of an integer slot winding
with p = pf (black lines) and a
fractional slot winding (gray
lines)
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fp;r ¼ sin r
y
sp;f

p
2
� sin r

sp;p
sp;f

p
2
¼ 1 ð2:303Þ

with y denoting the coil pitch expressed in number of slots.
Sometimes the harmonic with period length of 2τp,p is described as fundamental,

and one uses the construction “subharmonic” in order to describe all periodic
quantities with periods longer than 2τp,p. As opposed to higher harmonics, or
simply harmonics, a “subharmonic” cannot be defined in terms of Fourier analysis
and, therefore, it is not a valid quantity which could describe either spatial, or time
periodic functions.

For the sake of clarity, further analysis will be performed for symmetrical
fractional slot windings, i.e., for those with identical winding topologies in all m
phases and with equal shift of τp,f/m between adjacent phases at each fundamental
pole. The number of slots per fundamental pole N/(2pf) of a symmetrical fractional
slot winding is an integer multiple of the number of phases.

If the resulting rth harmonic of q coils under one fundamental pole ought to be
maximized, the angles between rth harmonic components of the coils must be
minimal. This is obvious in a 2p-pole integer slot winding (r = 1) placed in N slots,
where the angle αel between fundamental components of MMF of adjacent coils,

αel

αel
Θ1, N/p

Θ1, 1

Θ1, 2
nαel

nαel

Θn, N/p

Θn, 1

Θn, 2

(a) (b)

Fig. 2.73 Spatial representation of fundamental (a) and nth harmonics (b) of air gap MMF created
by coils of an integer slot winding

n
p
N

/

1−
p

N

Coil #

nα el

p

N1 2

2π

n = 1n > 1

Fig. 2.74 Electrical angle between fundamental (black line) and nth harmonic components (gray
lines) of MMF created by adjacent coils of a double-layer winding. Periodical character of angle
causes the saw-tooth form for n > 1
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Θ1,N/p, Θ1,1, Θ1,2, etc. is equal to αel = p � αg = p � 2π/N, as shown in Fig. 2.73a.
The total of N/p coils per pole pair builds the star of fundamental components of
MMF with an angle αel between adjacent legs. The angle between nth harmonics of
MMF of adjacent coils, Θn,N/p, Θn,1, Θn,2 etc., is n � αel, as shown in Fig. 2.73b.
This means that N/p coils per pole pair build n stars of nth harmonic components of
MMF with an angle of n � αel between adjacent arms.

Since the angle is a periodic quantity with a period length of 2π, as shown in
Fig. 2.74, the n stars of nth harmonic components of MMF overlap n times and end
up in a single MMF star. The adjacent arms in the single MMF star of nth harmonic
MMFs do not belong to adjacent coils, as is the case with the star of fundamental
components of MMF. This key property of electrical angle of nth harmonic makes
it possible to determine the sequence of coils under a fundamental pole of a frac-
tional slot winding in such a manner as to maximize the rth spatial harmonic of
MMF, as shown in Fig. 2.75.

Considering N/(2pf) slots per fundamental pole of a fractional slot winding, one
groups qf coils, the rth harmonics of which are placed next to each other in the
MMF star in Fig. 2.75a, and connects them in series. The zone factor fz,r for qf
adjacent coils is equal to

fz;r ¼
sin qf ael2
qf sin ael

2

ð2:304Þ

where αel = pf � αg, = pf � 2π/N. Therefore,

fz;r ¼ 2pfm
N

sin 1
m
p
2

sin pf p
N

ð2:305Þ

If coils of a fractional slot winding have y = 1, one refers to single-tooth
winding. In order to maximize the coil pitch factor, one selects the number of
principal poles r close or equal to the fundamental pole pitch τp,f, since in that case
(Eq. 2.303)

αel

αel
Θr, 1

Θr, ν

Θr, μ
rα el

rαel

Θ1, 1

Θ1, 2

Θ1, 3

(a) (b)Fig. 2.75 Spatial
representation of rth (a) and
fundamental harmonics (b) of
air gap MMF created by coils
of a fractional slot winding
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fp;r ¼ sin r
y
sp;f

p
2
� 1 ð2:306Þ

A single-tooth winding has short end windings. This advantage is compensated
by unfavorably high zone factors for higher harmonics. Besides, in large machines
large slot openings are necessary for manufacturing purposes (inserting the coils
radially from the air gap), which decrease the slot-opening factor and increase the
Carter factor, making ultimately the electromagnetic air gap width significantly
larger than the geometric.

Since the order of the air gap MMF harmonics of a single-tooth-wound machine
with the largest zone factor is close to τp,f, one can represent the zone factor for
selected harmonics as shown in Fig. 2.76. Analogously to the zone factor distri-
bution for selected harmonics, represented in Fig. 2.72, the zone factors for an
integer slot winding are shown in Fig. 2.76 for the purpose of comparison.

In extreme case r = τp,f ± 1, and the harmonics with largest zone factor are
positioned next to each other in Fig. 2.76.

One should note that groups of qf adjacent coils of a single-tooth winding with
number of slots close to the number of poles, i.e., with r ≈ τp,f belong to the same
phase.

In Fig. 2.77, the strongest harmonics of air gap MMF spectra for various
winding types are compared with each other.

Case Study 2.3: Stator winding of a three-phase, 84-pole electric machine is
placed in 288 slots and has a coil pitch of y = 3. The number of slots per principal
pole and phase qp is equal to (Eq. 2.300)

pp,2τ

12 , −τ fp nf

Zone factor

fp,2τ1 r

np10

rfp −τ ,2

Fig. 2.76 Zone factors for
selected spatial harmonics
n of an integer slot winding
with p = pf (black lines) and a
single-tooth winding (gray
lines)

Zone factor

nffp,τ1 r0

y ≤ τp,f : integer slot

τp,f

y = 1

fractional slot

single tooth
wound1 < y << 

Fig. 2.77 Comparison of
positions of dominating terms
in air gap MMF spectra for
various winding types. The
pitch τp,f is expressed in the
number of slots, and nf is the
order of harmonic on the
fundamental pole base
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qp ¼ N
2ppm

¼ 8
7

By selecting the 7. spatial harmonic of the fundamental pole pitch to be the first
harmonic of the principal pole pitch, r = 7, one obtains for pf = pp/7 = 6 and τp,
f = N/(2pf) = 24. There are 24 slots per fundamental pole in which a symmetrical
three-phase, double-layer winding ought to be placed. The number of slots per
fundamental pole and phase qf is equal to 8, the numerator of qp. The electrical
angle αel between slots is equal to αel = pf � 2π/N = π/24 (7.5°), and the electrical
angle between 7. harmonics of MMF created by coils in adjacent slots is
7αel = 52.5°. Electrical angles of 7. harmonics of all coils, along with affiliation of a
coil to a particular phase, are given in Table 2.8.

The normalized interval (0,360°) in Table 2.8 is divided into 2m = 6 subinter-
vals, each of which is 60°wide. In order to generate the phase sequence for a
symmetrical 3-phase machine in form of A → −C → B → −A → C → −B, the
coil connections have to be arranged as shown in column 4 of Table 2.14.

Table 2.14 Electrical angles of 7. harmonic components in an 84-pole, three-phase machine with
288 slots, along with phase affiliation of coils

Coil Nr. i Electrical angle
of the 7. harmonic αel,i

Electrical angle normalized
to interval (0,360°)

Phase

1 0 0 +A

2 52.5° 52.5° +A

3 105° 105° −C

4 157.5° 157.5° +B

5 210° 210° −A

6 262.5° 262.5° +C

7 315° 315° −B

8 367.5° 7.5° +A

9 420° 60° −C

10 472.5° 112.5° −C

11 525° 165° +B

12 577.5° 217.5° −A

13 630° 270° +C

14 682.5° 322.5° −B

15 735° 15° +A

16 787.5° 67.5° −C

17 840° 120° +B

18 892.5° 172.5° +B

19 945° 225° −A

20 997.5° 277.5° +C

21 1050° 330° −B

22 1102.5° 22.5° +A

23 1155° 75° −C

24 1207.5° 127.5° +B
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In particular, coils with an electrical angle of the 7. harmonic between 0° (in-
cluded) and 60° (not included) are positively oriented and belong to the phase A.
Coils with an electrical angle of the 7. harmonic between 180° (included) and 240°
(not included) are negatively oriented and also belong to the phase A.

The pitch factor for r = 7 equals to (Eq. 2.303)

fp;7 ¼ sin 7
3
24

p
2
¼ 0:981

whereas the zone factors for the first 49 harmonics on interval (0,2τp,f) are

fz;n ¼ 1
qf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X

i

si sin nael;i

 !2

þ
X

i

si cos nael;i

 !2
vuut ð2:307Þ

with si denoting the sign of a given component:

si ¼ sin nael;i
sin nael;i
�� �� ð2:308Þ

and αel,i the angles of coils affiliated to the same phase. For the phase A one can
write accordingly (Table 2.15).

Zone factors for the first 49 harmonics are shown in Fig. 2.78. One recognizes
the dominant 7. and 48 − 7 = 41. harmonics, along with second strongest 21. and
27. harmonics on the fundamental pole basis.

Table 2.15 Angles and signs of components in Eq. 2.307

i 1 2 5 8 12 15 19 22

αel,i 0 52.5° 210° 367.5° 577.5° 735° 945° 1102.5°

si +1 +1 −1 +1 −1 +1 −1 +1
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Winding scheme for the first 30 slots of a three-phase, 84-pole generator with
288 slots and a coil pitch of y = 3 is given in Fig. 2.79. The winding is fully
symmetrical and can be manufactured with a maximum of 288/24 = 12 parallel
circuits.

Case Study 2.4: Stator winding of a three-phase, 70-pole generator is placed on
72 teeth and has a coil pitch of y = 1 (single-tooth winding). The number of slots
per principal pole and phase qp is equal to (Eq. 2.300)

nf

np1 3 5 7 

Fig. 2.78 Zone factors of the fractional pitch winding in Case Study 2.3 as a function of harmonic
orders on the fundamental (nf) and principal (np) pole basis

201 5 10 15 25 30Coil #

A -C B

Fig. 2.79 Winding scheme for the machine in Case Study 2.3
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qp ¼ N
2ppm

¼ 12
35

and the number of slots per fundamental pole and phase qf (Eq. 2.238) to

qf ¼ N
2pfm

¼ 12

By selecting the 35. spatial harmonic of the fundamental pole pitch to be the first
harmonic of the principal pole pitch, r = 35, one obtains for the number of fun-
damental pole pairs pf = pp/35 = 1 and τp,f = N/(2pf) = 36. There are 36 teeth per
fundamental pole carrying a symmetrical three-phase, double-layer winding. The
two layers are placed in slots next to each other, instead of above each other, as is
the case in conventional double-layer winding. The electrical angle αel between
slots is equal to αel = pf � 2π/N = π/36 (5°), and the electrical angle between 35.
harmonics of MMF created by coils in adjacent slots is 35αel = 175°. Electrical
angles of 35. harmonics of all coils, along with affiliation of a coil to a particular
phase, are given in Table 2.16.

Table 2.16 Electrical angles of 35. harmonic components in an 70-pole, three-phase
single-tooth-wound machine with 72 slots, along with phase affiliation of coils

Coil Nr. i Electrical angle of the 35.
harmonic αel,i

Electrical angle normalized
to interval (0,360°)

Phase

1 0 0 +A

2 175° 175° +B

3 350° 350° −B

4 525° 165° +B

5 700° 340° −B

6 875° 155° +B

7 1050° 330° −B

8 1225° 145° +B

9 1400° 320° −B

10 1575° 135° +B

11 1750° 310° −B

12 1925° 125° +B

13 2100° 300° −B

14 2275° 115° −C

15 2450° 290° +C

16 2625° 105° −C

17 2800° 280° +C

18 2975° 95° −C

19 3150° 270° +C
(continued)
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Table 2.16 (continued)

Coil Nr. i Electrical angle of the 35.
harmonic αel,i

Electrical angle normalized
to interval (0,360°)

Phase

20 3325° 85° +C

21 3500° 260° +C

22 3675° 75° −C

23 3850° 250° +C

24 4025° 65° −C

25 4200° 240° +C

26 4375° 55° +A

27 4550° 230° −A

28 4725° 45° +A

29 4900° 220° −A

30 5075° 35° +A

31 5250° 210° −A

32 5425° 25° +A

33 5600° 200° −A

34 5775° 15° +A

35 5950° 190° −A

36 6125° 5° +A

nf

np1 3 

Fig. 2.80 Zone factors of the single-tooth winding in Case Study 2.4 as a function of harmonic
orders on the fundamental (nf) and principal (np) pole basis
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In Fig. 2.80 the spectrum of air gap MMF harmonics of the tooth-wound
machine in Case Study 2.4 is shown up to the range of twice the number of teeth
(140 in this case). The third spatial harmonic of air gap MMF on the principal pole
basis coincides with the 35 � 3 = 105. harmonic on the fundamental pole basis, the
fifth harmonic on the principal pole basis with the 35 � 5 = 175. harmonic on the
fundamental pole basis, etc.

Case Study 2.5: Stator winding of a three-phase, 20-pole machine is placed on
N = 30 teeth and has a coil pitch of y = 1 (single-tooth winding), see also Case
Study 2.1. The number of slots per principal pole and phase qp is equal to
(Eq. 2.300)

qp ¼ N
2ppm

¼ 1
2

as is the number of slots per fundamental pole and phase qf (Eq. 2.301), because
pp = pf = 10. Geometric angle between stator slots is equal to 360°/N = 12°, and
electric angle αel = p � 360°/N = 120°.

Despite a non-integer number of slots per pole and phase, the stator winding in
this case study is not a fractional slot one, because the number of fundamental poles
is equal to the number of principal poles. Besides, the number of slots per pole and
phase q is defined under an assumption of identical winding distribution at each
pole, which is not valid in the case of a machine with one coil per pole pair.

2.9 Squirrel Cage Winding

Squirrel cage winding is unique among AC winding types because it has no electric
terminals, no predefined number of phases m and no predefined number of poles
2p. The only way a squirrel cage winding can communicate with other windings in
a machine is through magnetic coupling with them, as shown in Fig. 2.81.

The number of phases of a squirrel cage winding depends on the number of rotor
slots N and the number of pole pairs of stator winding. The number of phases m can
be expressed as

m ¼ min N;
N
2
;
N
p
;
N
2p

 �
ð2:309Þ

Since a squirrel cage winding does not have a predefined number of poles, it
responds with its own MMF distribution to every spatial harmonic of stator created
air gap flux density excitation of the order n � p.

2.8 Fractional Slot Windings: Fundamental and Principal Poles … 171



One recalls that the end winding form of a wound coil does not play any role
when determining its air gap MMF distribution. Analogously, the fact that bars of a
squirrel cage are short-circuited by means of rings on their ends is irrelevant for the
analysis of air gap MMF created by such winding. Assume for the purpose of
clarity that the number of rotor slots N is divisible by the number of poles 2p, i.e.,
m = N/2p. In that case, the phase shift of currents in bars n, n + N/2p, n + N/p,
n + 3N/2p, …, etc., alters for 180°, which is identical to the current distribution in
slots of full-pitch coils of an m-phase machine. In other words, two bars of a
squirrel cage winding placed in slots n and n + N/2p create identical MMF dis-
tribution as a regular full-pitch coil. As shown in previous sections, a full-pitch coil
creates a rectangularly distributed MMF characterized by unity pitch factor of all
harmonics. A complete cage, however, generates only those harmonics of rotating
MMF which satisfy conditions expressed in Eqs. 2.188 and 2.189. In conventional
squirrel cage induction machine the number of rotor phases is large due to a large
number of rotor slots. When symmetrically excited, e.g., with sinusoidal air gap
flux density, a symmetrical squirrel cage winding generates an air gap MMF with
fundamental component and slot harmonics only.

Taking for the number of rotor phases m = N/2p, one can express the total
positive sequence air gap MMF Θ+ created by the fundamental time component of
squirrel cage currents as

Hþ ¼
X1

i¼0

H2imþ 1 cos 2imþ 1ð Þ p
sp

x� xt

� �

¼
X1

i¼0

HiN=pþ 1 cos i
N
p
þ 1

� �
p
sp

x� xt

� �
ð2:310Þ

as well as the negative sequence Θ−

iB,2iB,1
iB,N

iB,N-1

iFR,2
iFR,1

iFR,N

iRR,2
iRR,1

iRR,N

t,2t,1
t,N

Front ring

Rear ring iB,1iB,N

1

N

N-1 x

,N ,1,N-1

,N ,1

t,N t,1t ,N-1

Φ

Φ

Φ Φ

Φ

Φ Φ Φ

Φ
Φ Φ

Θ

Θ

Θ

Θ

δ

δ

δ

δ

δ

Fig. 2.81 Squirrel cage winding and the air gap MMF distribution created by bar currents
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H� ¼
X1

i¼1

H2im�1 cos 2im� 1ð Þ p
sp

xþxt

� �

¼
X1

i¼1

HiN=p�1 cos i
N
p
� 1

� �
p
sp

xþxt

� �
ð2:311Þ

The lowest order of higher harmonics of rotating MMF is N/p − 1. Therefore,
the rotating MMF created by a squirrel cage winding is almost sinusoidal. Squirrel
cage winding is a perfect example of how lower harmonics in the air gap MMF
distribution can be suppressed by increasing the number of phases.

Assume now that stator winding generates an air gap flux density distribution Bδ

which tries to penetrate into the squirrel cage. The corresponding fluxes Φδ,1 − Φδ,N

are related to leakage fluxes Φσ,1 – Φσ,N and tooth fluxes Φt,1 − Φt,N as

Ud;n ¼ Ut;n þUr;n � Ur;n�1 ð2:312Þ

where 1 ≤ n ≤ N. Denoting by Gs,n the permeance of the nth slot for tangential flux

Gs;n ¼ 1
3
l0

laxhn
bn

ð2:313Þ

and by kL,n the skin effect factor for inductance, one can further write

Ud;n ¼ Ut;n þ 1
3
l0kL;n

laxhn
bn

iB;n � 1
3
l0kL;n�1

laxhn
bn

iB;n�1 ð2:314Þ

and

Ud;n ¼ Ut;n þ kL;nGs;niB;n � kL;n�1Gs;n�1iB;n�1 ð2:315Þ

Voltage differential equation written for the nth loop of the squirrel cage winding
in Fig. 2.66, 1 ≤ n ≤ N, yields

un ¼ dUt;n

dt
þRFR;n � iFR;n þRB;n � iB;n þRRR;n � iRR;n � RB;n�1 � iB;n�1 ¼ 0 ð2:316Þ

with RFR,n denoting the resistance of the nth front ring segment, RRR,n the resistance
of the nth rear ring segment, RB,n the AC resistance of the nth bar, and Φt,n the flux
of the nth tooth. Considering heteropolar machine structure, one can write conti-
nuity equations

XN

j¼1

Ut;j ¼ 0 ð2:317Þ

and
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XN

j¼1

iB;j ¼ 0 ð2:318Þ

as well as voltage equations for the front and rear end ring:

XN

j¼1

RFR;j � iFR;j ¼ 0 ð2:319Þ

and

XN

j¼1

RRR;j � iRR;j ¼ 0 ð2:320Þ

because the flux linked by front and end ring is equal to zero. Equations of the
I Kirchhoff’s law for bar, front and rear end ring currents can be written as

iB;n ¼ iFR;n � iFR;nþ 1 ð2:321Þ

and

iB;n ¼ iRR;n � iRR;nþ 1 ð2:322Þ

By combining Eqs. 2.319 and 2.321 one obtains matrix equation

1 �1 0 . . . 0 0
0 1 �1 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 �1

RFR;1 RFR;2 RFR;3 . . . RFR;N�1 RFR;N

2

6666664

3

7777775

�

iFR;1
iFR;2
iFR;3
. . .

iFR;N�1

iFR;N

2

6666664

3

7777775

¼ I 0 �

iB;1
iB;2
iB;3
. . .

iB;N�1

iB;N

2

6666664

3

7777775

ð2:323Þ

with I′ denoting the modified identity matrix:

I 0 ¼

1 0 0 . . . 0 0
0 1 0 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 0

2

6666664

3

7777775

ð2:324Þ
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Introducing vectors iB, iFR and iRR, defined as

iB ¼ iB;1 iB;2 . . . iB;N½ �T ð2:325Þ

iFR ¼ iFR;1 iFR;2 . . . iFR;N½ �T ð2:326Þ

iRR ¼ iRR;1 iRR;2 . . . iRR;N½ �T ð2:327Þ

as well as matrix CF:

CF ¼

1 �1 0 . . . 0 0
0 1 �1 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 �1

RFR;1 RFR;2 RFR;3 . . . RFR;N�1 RFR;N

2

6666664

3

7777775

ð2:328Þ

one can rewrite Eq. 2.323 as

CF � iFR ¼ I 0 � iB ð2:329Þ

Similarly one can write

CR � iRR ¼ I 0 � iB ð2:330Þ

where CR is defined as

CR ¼

1 �1 0 . . . 0 0
0 1 �1 . . . 0 0
0 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 �1

RRR;1 RRR;2 RRR;3 . . . RRR;N�1 RRR;N

2

6666664

3

7777775

ð2:331Þ

Due to linear dependence between tooth fluxes (Eq. 2.317), only N − 1 linearly
independent voltage equations 2.316 can be written, the solution of which are bar
currents. The Nth equation for bar currents follows from 2.318. Consequently, one
can write the system of equations for bar currents and tooth fluxes as

I 0 � d
dt
Ut ¼ �I 0 � RFR � iFR � I 0 � RRR � iRR þRB � iB ð2:332Þ

where
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RB ¼

�RB;1 0 0 . . . 0 0 RB;N

RB;1 �RB;2 0 . . . 0 0 0
0 RB;2 �RB;3 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 . . . �RB;N�2 0 0
0 0 0 . . . RB;N�2 �RB;N�1 0
1 1 1 . . . 1 1 1

2

666666664

3

777777775

ð2:333Þ

RFR ¼ diag RFR;1;RFR;2; . . .;RFR;N
� � ð2:334Þ

RBR ¼ diag RBR;1;RBR;2; . . .;RBR;N
� � ð2:335Þ

and

Ut ¼ Ut;1 Ut;2 . . . Ut;N½ �T ð2:336Þ

Inserting Eqs. 2.326 and 2.327 in Eq. 2.332, one becomes

I 0 � d
dt
Ut ¼ �I 0 � RFR � C�1

F � I 0 � I 0 � RRR � C�1
R � I 0 þRB

� � � iB ð2:337Þ

Introducing matrix RCAGE, defined as

RCAGE ¼ RB � I 0 � RFR � C�1
F � I 0 � I 0 � RRR � C�1

R � I 0 ð2:338Þ

one can finally write for bar currents and tooth fluxes:

iB ¼ R�1
CAGE � I 0 �

d
dt
Ut ð2:339Þ

Introducing matrix Gmg defined as

Gmg ¼

kL;1GS;1 0 . . . 0 0 0 . . . �kL;NGS;N

�kL;1GS;1 kL;2GS;2 . . . 0 0 0 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . kL;n�1GS;n�1 0 0 . . . 0
0 0 . . . �kL;n�1GS;n�1 kL;nGS;n 0 . . . 0
0 0 . . . 0 �kL;nGS;n kL;nþ 1GS;nþ 1 . . . 0
. . . . . . . . . . . . . . . . . . . . . . . .
0 0 . . . 0 0 0 . . . kL;NGS;N

2

66666666664

3

77777777775

ð2:340Þ

and substituting time derivatives of tooth fluxes Φt,1 − Φt,N from Eq. 2.316 in
Eq. 2.247, one obtains the matrix system of differential equations
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Gmg �
d
dt
iB þRCAGE � iB ¼ d

dt
Ud ð2:341Þ

Assuming constant parameters and sinusoidal excitation, one can rewrite
Eq. 2.339 in terms of real and imaginary components of solution as

xGmg � IB;Im � RCAGE � IB;Re ¼ xUd;Re ð2:342Þ

and

xGmg � IB;Re þRCAGE � IB;Im ¼ xUd;Im ð2:343Þ

where

IB;Re ¼
IB;1 cosu1
IB;2 cosu2

. . .
IB;N cosuN

2

664

3

775; IB;Im ¼
IB;1 sinu1
IB;2 sinu2

. . .
IB;N sinuN

2

664

3

775 ð2:344Þ

and

Ud;Re ¼
Ud;1 sin c1
Ud;2 sin c2

. . .
Ud;N sin cN

2

664

3

775; Ud;Im ¼
Ud;1 cos c1
Ud;2 cos c2

. . .
Ud;N cos cN

2

664

3

775 ð2:345Þ

The solution of the system of Eqs. 2.338 and 2.339 yields

IB;Im ¼ x2Gmg � R�1
CAGE � Gmg þRCAGE

	 
�1
x Ud;Im þxGmg � R�1

CAGE � Ud;Re

	 


ð2:346Þ

and

IB;Re ¼ R�1
CAGEx Gmg � IB;Im � Ud;Re

	 

ð2:347Þ

For air gap MMFs in Fig. 2.81, one can write

Hnþ 1 ¼ Hn þ iB;nþ 1 ð2:348Þ

where 1 ≤ n ≤ N − 1. The continuity equation for air gap MMFs can be written as

XN

j¼1

Hj ¼ 0 ð2:349Þ

2.9 Squirrel Cage Winding 177



Combining N − 1 Eq. 2.348 with Eq. 2.329, one obtains

1 0 0 . . . 0 �1
�1 1 0 . . . 0 0
0 �1 1 . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
1 1 1 . . . 1 1

2

6666664

3

7777775

�

H1

H2

H3

. . .
HN�1

HN

2

6666664

3

7777775

¼ I 0 � iB ð2:350Þ

or

CH �H ¼ I 0 � iB
the solution of which is

H ¼ C�1
H � I 0 � iB ð2:351Þ

By comparing previous equations, one concludes that the air gap MMF distri-
bution H created by a squirrel cage with identical ring segment resistances is
identical to the front (iFR) or rear (iRR) ring segment current distribution.

Case Study 2.6: The rotor of a 4-pole, 100-kW, 400-V, 50-Hz squirrel cage
induction machine has a total of 40 slots. Copper bars are 5.5 mm wide and 50 mm
high, and ring dimensions are 50 × 10 mm. At standstill, the sinusoidally dis-
tributed tooth flux density has an amplitude of 0.35 T, which corresponds to some
50 % of its no-load value.

Rotor bar current density distribution in sound cage created by the flux density
distribution in Fig. 2.82 is shown in Fig. 2.83, and the front ring segment current
density distribution in Fig. 2.84. Ring segment currents are 90° shifted in space
relative to bar currents. Bar current density at standstill equals to 32 A/mm2, and at
rated point 5.1 A/mm2.

τP

2 τP

T/2

Bδ [T] T 

Fig. 2.82 The impressed
tooth flux density distribution
at short circuit

178 2 Windings



The air gap MMF created by the rotor bar currents in Fig. 2.83 is shown in
Fig. 2.85. The amplitude of air gap MMF in Fig. 2.85 is as large as the amplitude of
ring current, as shown in Fig. 2.84 and equals to 40 kA.

The spectrum (in % value of the fundamental) of air gap MMF in Fig. 2.85 is
shown in Fig. 2.86. The spectrum contains only the fundamental and the slot
harmonics, because a symmetrical squirrel cage winding filters all harmonics
besides fundamental below the order of the number of slots per pole pair decreased
by 1, see Eqs. 2.188 and 2.189, and Table 2.9. Both fundamental and slot har-
monics contain only positive sequence components.

τP

2 τP

T/2

T 

[A/mm2]

Fig. 2.83 Rotor bar current
density distribution at short
circuit in sound cage
generated by impressed air
gap fluxes in Fig. 2.82
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Fig. 2.84 Rotor front end ring segment current density distribution at short circuit in sound cage
generated by impressed air gap fluxes in Fig. 2.67
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Assume now that bars Nr. 11 and 12 are broken, i.e., without contact to the front
and rear cage. The two bar currents are equal to zero, as shown in Fig. 2.87, and the
front, along with rear end ring current densities in corresponding segments have
equal amounts, as shown in Fig. 2.88.

τP

2 τP

T/2

Θ [kA]

T 

Fig. 2.85 Air gap MMF distribution created by bar currents in sound cage excited by impressed
air gap fluxes in Fig. 2.82

Fig. 2.86 Spectrum of air gap MMF distribution in Fig. 2.85 (in % value of the fundamental)
created by bar currents in sound cage excited by impressed air gap fluxes in Fig. 2.82
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The air gap MMF distribution created by currents in a broken squirrel cage is
shown in Fig. 2.89. MMF of teeth surrounded by slots with broken bars is constant
because there is no contribution from those slots to the MMF.

The amplitudes of bar currents are shown in Fig. 2.90. One recognizes typical
increase of current amplitudes on both sides of broken bars and decrease of current
amplitudes in farther bars.

τP
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T/2

[A/mm2] 

T

Fig. 2.87 Rotor bar current density distribution in a broken cage generated by impressed air gap
flux densities in Fig. 2.82. Bars Nr. 11 and 12 are broken
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Fig. 2.88 Rotor front ring current density distribution in a broken cage generated by impressed air
gap flux densities in Fig. 2.82. Since the bars Nr. 11 and 12 are broken, current densities in ring
segments connected to these bars are equal to each other
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The amplitudes of tooth MMFs are shown in Fig. 2.91. One recognizes a signif-
icant loss of MMF due to broken bars, as well as unequal amplitudes of tooth MMFs.

τP

2 τP

T/2

Θ [kA] T 

Fig. 2.89 Air gap MMF distribution created by the bar currents in a broken cage excited by
impressed air gap fluxes in Fig. 2.67. Bars Nr. 11 and 12 are broken

1112

Fig. 2.90 Bar current amplitudes in a broken cage as percentage values of currents in sound cage.
The cage is excited by impressed air gap flux densities shown in Fig. 2.67. Bars Nr. 11 and 12 are
broken
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The spectrum (in % value of the fundamental created by sound cage) of air gap
MMF in Fig. 2.89 is shown in Fig. 2.92. The spectrum contains all harmonics from
the interval between the fundamental and the slot harmonic, as a consequence of
cage asymmetry introduced by broken bars.

The positive sequence component of the fundamental component of air gap
MMF in Fig. 2.89 amounts 92.3 % of the positive sequence in a sound machine,
whereas the negative sequence MMF in case of 2 broken bars increases to 2.6 % of
the positive sequence in a sound machine

101112

Fig. 2.91 Air gap MMF amplitudes, as percentage values of MMFs of sound cage, created by bar
currents in a broken cage excited by impressed air gap flux densities in Fig. 2.82. Bars Nr. 11 and
12 are broken

Fig. 2.92 Spectrum of the air gap MMF distribution (in % value of the fundamental of a sound
cage) created by bar currents in broken cage excited by impressed air gap flux densities in
Fig. 2.82. For each harmonic the maximum (gray) and minimum (white) values are given
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Case Study 2.7: The rotor of a 3.75 MVA, 50 Hz, cos φ = 0.8 lagging, salient
pole synchronous machine has a damper cage with 6 slots per pole shifted 10° el. to
one another. In the interpolar space, there are no bars; the front and rear end rings
are continuous. The DC bar resistance equals to 82.5 µΩ and the DC ring segment
resistance 5.31 µΩ. After sudden loading, the rotor oscillates for a while with a
frequency of 1 Hz. During the transient, the air gap flux density is sinusoidally
distributed along the periphery and has a constant amplitude of 0.75 T.

Bar currents distribution in case of continuous ring is shown in Fig. 2.93. One
recognizes an increase of bar current amplitudes closer to pole boundaries, which
compensates for a portion of missing bar currents in the interpolar space. The
corresponding front end ring currents distribution is shown in Fig. 2.94, and the air
gap MMF distribution in Fig. 2.95.

The amplitudes of bar currents for a given excitation are shown in Fig. 2.96. One
recognizes typical increase of currents in bars closer to edges of poles.

ibar [A]

τP

T

T/2

2 τP

Fig. 2.93 Bar currents in a damper cage with continuous end rings, generated during load change
by a 0.75 T air gap flux density at 1 Hz
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T/2

Fig. 2.94 Ring currents in a damper cage with continuous end rings, generated during load change
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One of the consequences of missing bar currents in the interpolar space is con-
stant amplitudes of tooth MMFs, as shown in Figs. 2.95 and 2.97. Denoting by
100 % the amplitudes of MMF in the interpolar space, one can represent the per-
centage amplitudes of spatial harmonics of air gap in the manner shown in Fig. 2.96.
The amplitude of the positive sequence component of air gap in Fig. 2.97 equals to
92 %, and of the negative sequence component to 7.2 % of maximum MMF.

Θ [A]

2 τP

T 

T/2

τP

Fig. 2.95 Air gap MMF distribution created by a damper cage with continuous end rings
generated during load change

7 12 25 30 Tooth Nr.

Fig. 2.96 Bar current
amplitudes in a damper cage
with continuous end rings
generated during load change
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As opposed to asymmetrically broken bars in an induction machine from Case
Study 2.6, which generated both odd and even spatial harmonics of MMF, the
symmetrically missing bars of damper cage in this example lead to creation of odd
harmonics only, as shown in Fig. 2.98.

7 11 25 29 Tooth Nr.

Fig. 2.97 Air gap MMF amplitudes created by currents in a damper cage with continuous end
rings generated during load change

Fig. 2.98 Spectrum of the air gap MMF distribution (in % value of the largest fundamental in
Fig. 2.82) created by currents in a damper cage with continuous end rings during load change. For
each harmonic, the maximum (gray) and minimum (white) values are given
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A continuous damper cage with bars in the interpole space creates tooth MMFs
with equal amplitudes. Since in interpolar space of the analyzed machine there are
no bars, the amplitude of the fundamental spatial harmonic of air gap MMF
(Fig. 2.99) is obviously smaller than the amplitude of tooth harmonics in interpolar
space in Fig. 2.97.

i bar [A]

2 τP
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τP

Fig. 2.99 Bar currents in a damper cage with discontinuous end rings in the interpole space
during load change

i ring [A]
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Fig. 2.100 Ring currents in a damper cage with discontinuous end rings during load change
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In discontinuous damper cage (ring segments only on poles), the damping is not
as efficient as in a continuous damper cage, since important components of ring
currents are missing, Figs. 2.99 and 2.100. The missing connection between
damper cage sections on salient poles results in significantly lower amplitudes of air
gap MMF, as shown in Fig. 2.101. The amplitude of the positive sequence com-
ponent of air gap in Fig. 2.102 equals to 14.6 %, and the amplitude of the negative
sequence component to 13.2 % of the maximum MMF created by a continuous
cage. The distributions of amplitudes of ring and bar segment currents of discon-
tinuous damper cage are given in Figs. 2.102 and 2.103.

T/2

Θ [A] T

2 τP

τP

Fig. 2.101 Air gap MMF distribution created by a damper cage with discontinuous end rings
during load change

7 12 25 30 Tooth Nr.

Fig. 2.102 Bar current amplitudes in a damper cage with discontinuous end rings during load
change
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The spectrum of air gap MMF of discontinuous cage in Fig. 2.104 shows
deterioration of damper cage effects in discontinuous rings, as well as a significant
increase of higher spatial harmonics of MMF created by damper cage currents.

Case Study 2.8: Double-layer stator winding of a 3-phase, 281-MVA
hydrogen-cooled turbogenerator 15.75 kV, 10.3 kA, two parallel circuits, cos
φr = 0.8 is placed in 60 slots and has a pitch of 25 slots. The rotor has 14 slots per
pole shifted for 9° to one another and carrying in total of 49 turns of field winding.
Rated field current amounts to 4340 A and air gap is 75 mm wide. Rotor slot
wedges are built of Nibrofor, a high strength copper alloy, and short-circuited on

7 11 25 29 Tooth Nr.

Fig. 2.103 Air gap MMF amplitudes created by currents in a damper cage with discontinuous end
rings during load change. The largest MMF amplitudes are located in the center of interpole space

Fig. 2.104 Spectrum of the air gap MMF distribution (in % value of the largest fundamental in
Fig. 2.97) created by currents in a damper cage with discontinuous end rings during load change.
For each harmonic, the maximum (gray) and minimum (white) values are given
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both rotor ends by means of end bells. Maximum allowed stator current unbalance
is 8 %.

Negative sequence MMF caused by stator current unbalance is superimposed to
the total air gap MMF. Therefore, the amount of air gap flux density created by the
current unbalance of 8 % depends on the operating point of the magnetic circuit. At
rated operating point the current unbalance causes a negative sequence component
of the air gap flux density in the amount of 20 mT. The negative sequence com-
ponent of flux density rotates at twice the synchronous speed relative to the rotor
and induces in it voltages at twice the stator frequency, as shown in Fig. 2.105.

The air gap flux density in Fig. 2.105 induces in damping wedges voltages
which drive bar and ring currents, as shown in Figs. 2.106 and 2.107, respectively.

T/2

T
T 

2 τP

τP

Fig. 2.105 Air gap flux density distribution at 8 % unbalanced load during one rotor revolution
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Fig. 2.106 Rotor damper bar currents at 8 % unbalanced load during one rotor revolution
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The amplitudes of rotor tooth MMFs at 8 % unbalanced load are shown in
Fig. 2.108. One recognizes the decreasing MMF values toward the rotor q-axis, as a
consequence of the bar currents distribution in Fig. 2.109. The positive sequence
component of MMF in the asymmetric distribution in Fig. 2.108 has the amount of
39.3 kA, and the negative sequence 4.7 kA. Here the positive sequence component
of MMF rotates in the opposite direction to the rotor, and the negative sequence
component of MMF in the direction of rotor rotation.

The spectrum of damper cage MMFs is shown in Fig. 2.110. The MMF spec-
trum contains only odd harmonics, since the pattern of missing bars is identical in
each interpole space.

T/2

kA
T 

2 τP

τP

Fig. 2.107 Rotor ring currents at 8 % unbalanced load during one rotor revolution

4 16 24 36 Slot Nr.

kA

Fig. 2.108 Rotor tooth MMF amplitudes created by currents in a damper cage at 8 % unbalanced
load. The largest MMF amplitudes are located in the center of poles
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2.10 Winding Failures

As illustrated in Case Study 2.6, an asymmetry of a squirrel cage winding in the
form of broken bars is a source of higher harmonic components in the air gap MMF
created by the squirrel cage. Very often broken bars are accompanied with pulsating
torques and an increased noise level.

In case of field windings of synchronous machines, an interturn fault is a source
of:

kA

Fig. 2.109 Amplitudes of rotor bar currents corresponding to rotor tooth MMF in Fig. 2.108

Fig. 2.110 Spectrum of the air gap MMF distribution (in % value of the largest fundamental in
Fig. 2.82) created by currents in a damper cage at 8 % unbalanced load. For each harmonic, the
maximum (gray) and minimum (white) values are given
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Decrease of the fundamental term of field created MMF, because short-circuited
coils do not contribute to the MMF. The amount of decrease of current sheet can be
quantified by means of Fig. 2.111 in which the rotor of a two-pole turbogenerator is
shown. Denoting the maximum number of field coils with Nc and numbering the
short-circuited coil by n, 1 ≤ n ≤ Nc, one can write for the total effective number of
turns weff

weff ¼ 1
Ncwc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Xn�1

i¼1

cos i� 1ð Þael þ
XNc

i¼nþ 1

cos i� 1ð Þael
" #2

þ
Xn�1

i¼1

sin i� 1ð Þael þ
XNc

i¼nþ 1

sin i� 1ð Þael
" #2

vuut

ð2:352Þ

In Fig. 2.112 the winding factors of a field winding after Fig. 2.111 with 12
coils, the angle between which is 7.5° and one short-circuited coil are shown. The
strongest effect on the field MMF is obtained by short-circuiting the coils in the
center of the winding, i.e., slots number 6 and 7;

1 Nc

n

1 Nc

n

Fig. 2.111 Rotor of a
two-pole turbogenerator with
Nc coils. The nth coil is
short-circuited
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Even harmonics of MMF, which are reflected in induced voltages;
Asymmetric heating of the rotor winding, which eventually leads to rotor

bowing; and
Decrease of the field winding main and leakage inductances.
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Fig. 2.112 Winding factors for a field winding with 12 coils, the angle between which is 7.5°, and
one coil short-circuited
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Chapter 3
Magnetic Circuit
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Some useful procedures for evaluation of field distribution in iron and air portions
of magnetic circuits of electric machines are introduced in this chapter.
A straightforward way for determination of flux distribution in air gap and slots
based on properties of geometric series is discussed. A simple algorithm for closed
form solution of magnetic circuits with nonlinear B–H curve is discussed. An
accelerated procedure for solution of differential algebraic equations is applied to
machine voltage equations.

The solution procedures are illustrated by an example of flux distribution in a
slot and air gap of an electric machine, as well as 3-dimensional analysis of
magnetic circuit of a claw pole (Lundell) generator.

3.1 A Straightforward Method for the Solution of Flux
Distribution in Current-Free Air Gap and Slots

Air gap is the most important portion of an electric machine, because the air gap
flux density distribution determines machine’s most crucial parameters—the
induced voltage and the electromagnetic torque. Both these quantities are directly
dependent on the air gap flux density distribution. In the previous chapter, the
harmonics of air gap flux density for a given slotting and MMF distributions were

© Springer International Publishing Switzerland 2017
V. Ostović, The Art and Science of Rotating Field Machines Design,
DOI 10.1007/978-3-319-39081-9_3

195



analyzed, without going into details of field distribution determined by variable
geometry between stator and rotor iron surfaces, as shown in Fig. 3.1.

From the point of view of magnetic circuit representation, air gap differs from
other machine portions because the flux lines in it cannot be canalized as in a tooth,
or yoke segment between two teeth. Flux lines distribution in the air gap is a
function of excitation and geometry for a given rotor shift, and computational tools
of different art have to be employed in order to relate the air gap flux density to the
MMF on its borders.

Here an analytical procedure will be presented for the determination of air gap
flux density distribution based on sourcelessness of magnetic field

div~B ¼ 0 ð3:1Þ

which also can be written as

@

@x
Bx þ @

@y
By þ @

@z
Bz ¼ 0 ð3:2Þ

or

@

@x
ðlxHxÞþ @

@y
ðlyHyÞþ @

@z
ðlzHzÞ ¼ 0 ð3:3Þ

Setting for µx = µy = µz = µ0, one obtains

Fig. 3.1 Approximate field distribution in current-free air gap and slots
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@

@x
Hx þ @

@y
Hy þ @

@z
Hz ¼ 0 ð3:4Þ

Being a vector quantity, the magnetic field strength H
!

can be expressed in terms
of another scalar or vector function, which formally satisfies the rules of vector
analysis, not necessarily having certain physical meaning. Such scalar or vector
function is called magnetic potential [1]. Both scalar and vector potentials have
found wide area of applications in magnetism. Whereas the scalar magnetic
potential φ could be interpreted in terms of MMF drop Θ between two points, i.e.,
Θ12 = φ1–φ2, there exists no similar physical interpretation for the vector magnetic

potential A
!
.

The choice of the type of potential optimally suited for a particular problem is
dependent on the character of the problem. In a current-free medium, the magnetic
field strength H can be represented only as a gradient of magnetic scalar potential φ,
which means further [1]

@2u
@x2

þ @2u
@y2

þ @2u
@z2

¼ 0 ð3:5Þ

As long as the effects in the end zone can be neglected, the field in the active part
of an electric machine is two-dimensional. Therefore,

@2u
@x2

þ @2u
@y2

¼ 0 ð3:6Þ
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d4

1

2

3

4

0

Fig. 3.2 Rectangular mesh for evaluation of magnetic scalar potential

3.1 A Straightforward Method for the Solution of Flux … 197



The magnetic scalar potential distribution (3.6) can be discretized in Cartesian
coordinate system in the manner shown in Fig. 3.2. Along the distance d1 in
Fig. 3.2 one can discretize the first derivative of magnetic scalar potential as

@u
@x

� �

d1

¼ u1 � u0

d1
ð3:7Þ

and along d3, similarly

@u
@x

� �

d3

¼ u0 � u3

d3
ð3:8Þ

from which one can express the second derivative of scalar magnetic potential w.r.t.
coordinate x at point 0 as

@2u
@x2

¼
@u
@x

� �

d1
� @u

@x

� �

d3
d1 þ d3

2

¼ 2
u1 � u0ð Þd3 þ u3 � u0ð Þd1

d1d3 d1 þ d3ð Þ ð3:9Þ

and analogously for the coordinate y:

@2u
@y2

¼ 2
u2 � u0ð Þd4 þ u4 � u0ð Þd2

d2d4 d2 þ d4ð Þ ð3:10Þ

Now, one can write discretized Eq. 3.6 as

u1 � u0ð Þd3 þ u3 � u0ð Þd1
d1d3 d1 þ d3ð Þ þ u2 � u0ð Þd4 þ u4 � u0ð Þd2

d2d4 d2 þ d4ð Þ ¼ 0 ð3:11Þ

or

u0 ¼
1

d1d3 þ d2d4ð Þ
d2d4

d1 þ d3
u1d3 þu3d1ð Þþ d1d3

d2 þ d4
u2d4 þu4d2ð Þ

� �
ð3:12Þ

In case of equidistant mesh along the x-axis, d1 = d3 = dx, and y-axis, d2 =
d4 = dy, one can write

u0 ¼
u1 þu3ð Þd2y þ u2 þu4ð Þd2x

2 d2x þ d2y
� � ð3:13Þ

Introducing auxiliary variables cx and cy defined as

cx ¼ d2x

2 d2x þ d2y
� � ð3:14Þ
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cy ¼
d2y

2 d2x þ d2y
� � ð3:15Þ

One can express the potential φ0 at central point as

u0 ¼ cyu1 þ cxu2 þ cyu3 þ cxu4 ð3:16Þ

If dx = dy, one can write

u0 ¼
u1 þu2 þu3 þu4

4
ð3:17Þ

which is an intuitively comprehensible result.
In order to obtain a given accuracy, the computation of scalar potential after

Eq. 3.12 is performed iteratively. The value of scalar potential at nth step of iter-
ation at a point with coordinates k (vertical) and ‘ (horizontal), as shown in Fig. 3.3,
can be expressed in terms of potential of points around it as

uk;l;n ¼ cyuk;l�1;n�1 þ cxuk�1;l;n þ cyuk;l�1;n þ cxuk�1;l;n�1 ð3:18Þ

when evaluating potentials from left to right and up to down. The values of scalar
potentials at nth step of iteration can be expressed in terms of scalar potentials at (n
−1)th step of iteration as

uk;l;n � cxuk�1;l;n � cyuk;l�1;n ¼ cyuk;l�1;n�1 þ cxuk�1;l;n�1 ð3:19Þ

and in matrix form as

k, k, +1k, -1

k-1,

k+1,

Fig. 3.3 Rectangular mesh for evaluation of scalar magnetic potential
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C0
1 � un

¼ C0
2 � un�1

ð3:20Þ

with C0
1 and C0

2 denoting matrices of coefficients, u
n
the vector of scalar potentials

at nth step of iteration, and u
n�1

the vector of scalar potentials at (n−1)th step of
iteration. Some points in computational region can have fixed potentials, e.g.,
through boundary conditions. Denoting by u

B
the vector of scalar potentials on the

region boundary, and by B the matrix of boundary conditions, one can rewrite
Eq. 3.20 as

C1 � un
¼ C2 � un�1

þB � u
B

ð3:21Þ

or

u
n
¼ C�1

1 � C2 � un�1
þB � u

B

� �
ð3:22Þ

Analogously, one can write

u
n�1

¼ C�1
1 � C2 � un�2

þB � u
B

� �
ð3:23Þ

. . .

u
2
¼ C�1

1 � C2 � u1
þB � u

B

� �
ð3:24Þ

and

u
1
¼ C�1

1 � C2 � u0
þB � u

B

� �
ð3:25Þ

with u
0
denoting the vector of initial assumption of scalar potentials. Now, one can

substitute Eq. 3.25 back in 3.24:

u
2
¼ C�1

1 � C2 � C�1
1 � C2 � u0

þB � u
B

� �
þB � u

B

h i
ð3:26Þ

or

u
2
¼ C�1

1 � C2

� 	2�u
0
þC�1

1 � C2 � C�1
1 þ I

� 	 � B � u
B

ð3:27Þ

Analogously, one can write

u
3
¼ C�1

1 � C2

� 	3�u
0
þC�1

1 � C2 � C�1
1 � C2 � C�1

1 þ I
� 	þ I


 � � B � u
B

ð3:28Þ
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and

u
4
¼ C�1

1 � C2

� 	4�u
0
þC�1

1 � C2 � C�1
1

� 	3 þ C2 � C�1
1

� 	2 þC2 � C�1
1 þ I

h i
� B � u

B

ð3:29Þ

The vector u
n
of scalar potentials at nth step of iteration can now be written as

u
n
¼ C�1

1 � C2

� 	n�u
0
þ C�1

1 �
Xn

i¼1

C2 � C�1
1

� 	i�1

" #

� B � u
B

ð3:30Þ

One recognizes in square brackets of Eq. 3.30 a sum of geometric series, which
also can be written as

Xn

i¼1

C2 � C�1
1

� 	i�1 ¼ I � C2 � C�1
1

� 	n
 � � I � C2 � C�1
1

� 	�1 ð3:31Þ

Now one can write the expression for direct computation of scalar magnetic
potentials as

u
n
¼ C�1

1 � C2

� 	n�u
0
þC�1

1 � I � C2 � C�1
1

� 	n
 � � I � C2 � C�1
1

� 	�1�B � u
B

ð3:32Þ

Since

C�1
1 � C2

�� ��� I & C2 � C�1
1

�� ��� I ð3:33Þ

one can write for n → ∞:

u
n
¼ C�1

1 � I � C2 � C�1
1

� 	�1�B � u
B

ð3:34Þ

As expected, the scalar magnetic potential distribution is dependent on the
problem geometry and boundary conditions and independent of the assumption of
initial values of u

0
.

Case Study 3.1: Use the scalar magnetic potential distribution to calculate Carter
factor of the rectangular slot in Fig. 3.4. Due to symmetry conditions, only one half
of slot has to be considered.

Scalar magnetic potential distribution calculated by using Eq. 3.34 for boundary
conditions φ1 = −1 p.u. and φ2 = 1 p.u. is shown in Fig. 3.5. One recognizes an
imprint of a portion of the lower teeth from Fig. 3.4 in the potential distribution in
Fig. 3.5.
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Fig. 3.4 Slot and gap geometry with computational mesh
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Fig. 3.5 Scalarmagnetic potential distribution for geometry in Fig. 3.4 andφ1 = −1 p.u.;φ2 = 1 p.u

Fig. 3.6 P.u. values of the
radial component of flux
density at r = 1 as a function
of tangential coordinate t in
Fig. 3.5
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Whereas the scalar magnetic potential along the mesh radial coordinate r = 1 in
Fig. 3.5 is set to 1 (boundary condition), its value along r = 2 is a function of
boundary conditions and problem geometry. Since the derivative of scalar magnetic
potential in air is proportional to the corresponding flux density component, one can
represent the p.u. values of the radial component of flux density at radial coordinate
r = 1 in the manner shown in Fig. 3.6.

The ratio between the maximum flux density (here 1 p.u.) and an average of 20
values along the coordinate t is equal to the Carter factor, which for the values in
Fig. 3.6 equals to 1.787. When calculated by using the procedure introduced in
Chap. 2, the Carter factor amounts to 1.704.

3.2 A Straightforward Method for the Solution of Flux
Distribution in Air Gap and Slots
with Current-Carrying Conductors

In the previous section, the scalar magnetic potential φ was introduced, which
satisfies equation [1]:

~H ¼ �grad u ð3:35Þ

Due to the properties of vector functions, scalar magnetic potential φ can be
defined only in a current-free medium. Following Ampère’s circuital law

curl~H ¼~J ð3:36Þ

and inserting for magnetic field strength the substitute as defined in Eq. 3.35, one
obtains

curl �graduð Þ ¼~J ð3:37Þ

which is a nonsense, because curl of the gradient of any scalar function is equal to
zero

curl �grad uð Þ ¼ 0 ð3:38Þ

Obviously, a vector function has to be introduced for problems with current
different from zero. This function is the magnetic vector potential ~A, defined as

~B ¼ curl~A ð3:39Þ
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As opposed to the discretely distributed current density ~J, magnetic vector
potential ~A is a continuous function spread over the whole problem region, as
shown in Fig. 3.7.

Magnetic vector potential affiliated to a straight current-carrying conductor
coincident with the z-axis on distance r from the conductor center can be expressed
as [2]

Az ¼ �l0
I
4p

� r
2

r20
þA0 ð3:40Þ

for r ≤ r0, where r0 denotes the conductor radius and I the current through it.
For r ≥ r0, the magnetic vector potential is equal to

Az ¼ �l0
I
2p

� ln
r0
r

� �
� 1
2

� �
þA0 ð3:41Þ

Magnetic vector potential is determined up to the constant of integration A0,
which cannot be reconstructed from physical conditions and, therefore, remains
arbitrary. This does not limit the field of application of magnetic vector potential,
because not its value at a point, but the difference of magnetic vector potentials at
two points (which does not contain any more the constant of integration A0) is
decisive for determination of magnetic field.

B

B

A

J

Fig. 3.7 Illustrating relationships between current density~J, flux density ~B, and magnetic vector
potential ~A affiliated to ~J. Vectors ~A and ~J are shifted 180° to each other. The value of A at the
center of conductor is set to zero (A0 = 0)
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The dependence of magnetic vector potential of a single current-carrying con-
ductor on the radial distance r from the center of the conductor is shown in Fig. 3.8.

Since the amplitude of flux density B on the conductor surface is equal to

Br¼r0 ¼ l0
I

2r0p
ð3:42Þ

one can write for the amount of vector magnetic potential on the conductor surface

Ar¼r0 ¼ A0 � l0
I
4p

¼ A0 � 1
2
r0Br¼r0 ð3:43Þ

Magnetic vector potential is a handy quantity which helps define flux Φ through
surface S

U ¼
ZZ

~B � d~S ¼
ZZ

r�~A
� �

� d~S ð3:44Þ

or, by using Stoke’s theorem

U ¼
I

C

~A � d~l ð3:45Þ

where C is the contour bounding the surface S.
For two-dimensional problems in the (x, y) plane, where magnetic vector

potential has only the z-component, the flux ΦP−Q between points P and Q is equal
to

J

r

A(r) 

Fig. 3.8 Amplitude of magnetic vector potential affiliated to a single conductor as a function of
distance r to the conductor center
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UP�Q ¼ lz AP � AQð Þ ð3:46Þ

with ‘z denoting the length in z-direction, AP the value of magnetic vector potential
at point P, and AQ at point Q. Since magnetic vector potential in case of
two-dimensional problems has only the z-component, the distance between points
P and Q is irrelevant for computation of flux Φ in Eq. 3.46.

Equation 3.46 helps one relate magnetic flux to magnetic vector and scalar
potentials in the manner shown in Fig. 3.9. Here a two-dimensional flux tube is
depicted, characterized by flux lines limited within the boundaries A = AP and
A = AQ. Since no flux line crosses the boundaries A = AP and A = AQ, a curve
defined by A = const. has the properties of a flux line.

Magnetic vector potential created by two current-carrying conductors in a
medium with relative permeability equal to one, both with radius r0, placed at origin
and point (d, 0) parallel to the z-axis can be expressed as [2]

A x; yð Þ ¼ l0I
4p

ln
d � xð Þ2 þ y2

x2 þ y2
ð3:47Þ

for a point outside both conductors and

AP

P

Q

AQ

ϕ1

ϕ2

ΦP-Q

Flux line

Flux line

Fig. 3.9 Magnetic vector and scalar potentials of a flux tube

I

-I

A = 0

Fig. 3.10 Magnetic vector potential of two conductors carrying the same current I in opposite
directions. On the centerline between the conductors, the value of magnetic vector potential is
equal to zero
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A x; yð Þ ¼ l0I
2r20p

r20
2
� x2 þ y2

2
þ r20 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d � xð Þ2 þ y2

q

r0

2

4

3

5 ð3:48Þ

for a point within the conductor placed at origin and carrying current I. For a point
within the second conductor having coordinates (d, 0) and carrying current –I one
can write

A x; yð Þ ¼ � l0I
2r20p

r20
2
� d � xð Þ2 þ y2

2
þ r20 ln

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ y2

p

r0

" #

ð3:49Þ

Qualitative distribution of magnetic vector potential created by two parallel
conductors carrying the same current I in opposite directions is shown in Fig. 3.10.
The value of magnetic vector potential along the centerline between the conductors
is equal to zero.

Curves of constant magnetic vector potential (flux lines) for two parallel con-
ductors carrying the same current in opposite directions as in Fig. 3.10 are shown in
Fig. 3.11. The value of Amax in Fig. 3.11 is obtained by substituting for x = 0 and
y = 0 into Eq. 3.48

A = 0

Amax Amin = - Amax

Fig. 3.11 Curves of constant magnetic vector potential—flux lines—of two parallel conductors
carrying the same current in opposite directions, denoted by × and ∙ symbols
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Amax ¼ l0I
2p

1
2
þ ln

d
r0

� �
ð3:50Þ

Similarly, for Amin, one substitutes for x = d and y = 0 into Eq. 3.49:

Amin ¼ � l0I
2p

1
2
þ ln

d
r0

� �
ð3:51Þ

By using Eq. 3.46 one can determine the amount of flux created by the two
conductors in Fig. 3.11 as

U ¼ lz Amax � Aminð Þ ¼ lz
l0I
p

1
2
þ ln

d
r0

� �
ð3:52Þ

and the equivalent reluctance Rm,coil,air:

Rm;coil;air ¼ H
U

¼ I

lz
l0I
p

1
2 þ ln d

r0

� � ¼ 1
l0lz

� p
1
2 þ ln d

r0

� � ð3:53Þ

Assume now that the two conductors in Fig. 3.11 are a portion of a coil with
pitch d placed in slots of an electric machine with an air gap width δ and that the
relative permeability of surrounding iron is very large. Coil reluctance in that case is
equal to

Rm;coil;d ¼ 1
l0lz

� d
d

ð3:54Þ

By placing a coil with pitch d into an air gap with width δ, the amount of created
flux increases proportional to the ratio

Ud

Uair
¼ Rm;coil;air

Rm;coil;d
¼ p

1
2 þ ln d

r0

� � � d
d

ð3:55Þ

which reaches two digit values in a range between 20 and 80 in practical cases.
Relationship between magnetic scalar and vector potential of a flux tube can be

expressed by means of Fig. 3.9 as

U ¼ H � Gmg ð3:56Þ

with Gmg denoting the flux tube permeance:
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lz AP � AQð Þ ¼ u1 � u2ð Þ � l � w � lz
d

ð3:57Þ

By introducing the specific magnetic permeance λs of the flux tube [3] as a ratio
between the average flux tube width w perpendicular to the direction of flux density
and average length d in the direction of flux density in the flux tube:

ks ¼ w

d
ð3:58Þ

one can write

AP � AQð Þ ¼ u1 � u2ð Þ � l � ks ð3:59Þ

The difference AP − AQ between magnetic vector potentials of flux tube sides is
proportional to the difference φ1 − φ2 between scalar vector potentials of flux tube
bases, permeability µ of the medium, and specific magnetic permeance λs of the
flux tube.

By combining Eqs. 3.36 and 3.39 for a two-dimensional problem, one obtains

@2A
@x2

þ @2A
@y2

¼ �lJ ð3:60Þ

which is analogous to Eq. 3.6 for scalar potential φ in current-free space. Following
similar discretization procedure, one obtains for the mesh in Fig. 3.2

A1 � A0ð Þd3 � A0 � A3ð Þd1
d1d3 d1 þ d3ð Þ þ A2 � A0ð Þd4 � A0 � A4ð Þd2

d2d4 d2 þ d4ð Þ ¼ � l
2
J0 ð3:61Þ

with J0 denoting the current density at point 0 in Fig. 3.2. For an equidistant mesh
along the x-axis, d1 = d3 = dx, and y-axis, d2 = d4 = dy, magnetic vector potential
A0 at point 0 in Fig. 3.2 can be expressed as

A0 ¼
A1 þA3ð Þd2y þ A2 þA4ð Þd2x þ d2x d

2
ylJ0

2 d2x þ d2y
� � ð3:62Þ

For a square mesh (d1 = d2 = d3 = d4 = d), one can write

A0 ¼ A1 þA2 þA3 þA4 þ d2lJ0
4

ð3:63Þ

which is an intuitively comprehensible result. If in addition to auxiliary variables cx
and cy, defined in Eqs. 3.14 and 3.15, one introduces cxy as
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cxy ¼
d2x d

2
y

2 d2x þ d2y
� � ð3:64Þ

the expression for magnetic vector potential A0 at point 0, Eq. 3.62, can be rewritten
as

A0 ¼ cyA1 þ cxA2 þ cyA3 þ cxA4 þ cxylJ0 ð3:65Þ

Analogously to the procedure introduced in Eqs. 3.18 and 3.19, one can write
for magnetic vector potential at node (k, ‘) at nth step of iteration

Ak;l;n � cxAk�1;l;n � cyAk;l�1;n ¼ cyAk;l�1;n�1 þ cxAk�1;l;n�1 þ cxylJk;l ð3:66Þ

as well as

C1 � An ¼ C2 � An�1 þB � AB þ J ð3:67Þ

with J denoting the matrix of current densities of the problem and AB the vector of
boundary conditions. Finally, one can write (see Eq. 3.34)

An ¼ C�1
1 � I � C2 � C�1

1

� 	�1� B � AB þ Jð Þ ð3:68Þ

Boundary conditions specified in vector AB are defined in terms of angle
between flux line and boundary, which can be either 0 (flux line parallel to the
boundary) or 90° (flux line perpendicular to the boundary).

3.3 A Straightforward Method for Determination
of Magnetic Parameters of a Nonlinear Permeance

A piecewise linear interpolation of B–H curve helps minimize numerical instabil-
ities when calculating the performance of a nonlinear magnetic circuit [3].
Independently of how a B–H curve is interpolated, a nonlinear problem containing
such interpolation is usually solved in iterative manner [4]. An iterative solution
procedure multiplicates unnecessarily the total computational time. Here procedures
will be introduced for straightforward computation of magnetic field strength H for
a given flux density B and vice versa.

B given, H to be evaluated: For computations in a given interval (0, Bm), the B–H
curve is supplied in equidistant steps ΔB of flux density B, as shown in Fig. 3.12.

A given value of flux density Bin is located in the interval number i determined as
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i ¼ INT
Bin

DB

� �
þ 1 ð3:69Þ

with INT denoting the integer part of expression in round brackets after it.
In the ith interval the output field strength Hout is found for an input flux density

Bin by using a linear approximation of the B–H curve

Hout ¼ Hi�1 þ Hi � Hi�1

Bi � Bi�1
Bin � Bi�1ð Þ ð3:70Þ

with B0 = 0 and H0 = 0.
H given, B to be evaluated: In the previous procedure, the total interval for the

input variable B was divided into m equidistant intervals with width ΔB = Bm/m,
which perfectly fit the nature of saturation of B–H curve. An inverse approximation,
where B has to be evaluated for a given H, cannot rely on equidistant strategy,
because of unproportional changes of H for equidistantly increasing B’s. Therefore,
the most appropriate seems to be the procedure where the B–H curve is supplied at
N points in such a manner that the magnetic field strength H steadily increases. The
points Hi at which the magnetization curve is recorded are selected to satisfy
equation

i ¼ N � INT Hi

HN

� �e

þ 1 ð3:71Þ

with ε denoting the elasticity of approximation (See Fig. 3.13)

H

B

B1

B2

Bi-1

Bi

Bi+1

Bm-1

Bm

Hi+1Hi Hm-1 Hm

Interval 
number

1

2

i

i+1

m

ΔB

H1

Fig. 3.12 Linear B–H curve approximation at m points
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e ¼ ln l�1
N

ln Hl
HN

ð3:72Þ

Index ‘ in Eq. 3.72 is related to the point (H‘;B‘) of B–H curve after which
significant effects of saturation are observed.

In the ith interval, the output flux density Bout is found for an input field strength
Hin by using a linear approximation of the B–H curve

Bout ¼ Bi�1 þ Bi � Bi�1

Hi � Hi�1
Hin � Hi�1ð Þ ð3:73Þ

with B0 = 0 and H0 = 0.

3.4 An Accelerated Procedure for the Solution of a System
of Differential—Algebraic Equations

If n windings of a rotating field machine are connected to voltage source, the
voltage differential equation for the jth winding, where 1 ≤ j ≤ n, can be written as

uj ¼ dWj

dt
þ ijRj ð3:74Þ

with Ψj denoting the concatenated flux, ij the current, Rj the resistance, and uj the
applied voltage in the jth phase. The concatenated flux in the jth phase is a function
of currents in all phases and of the rotor angle γ:

H

B

B1

B

Bm-1

Bm

H Hm-1 Hm

Interval number1 m

H1 Hm-2

Bm-2

m-1

Fig. 3.13 Linear B–H curve
approximation at m points
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Wj ¼ Wj i1; i2; . . .; ij; . . .; in; c
� 	 ð3:75Þ

The functional relationship expressed by Eq. (3.75) is nonlinear due to several
reasons, out of which the saturation in iron is dominating. Therefore, the system of
voltage differential equations is nonlinear, too.

The system of machine voltage equations can be solved by applying one of the
procedures for numerical integration of differential equations, among which the
Runge–Kutta method is one of most pronounced. As opposed to an analytical
solution, which is given as a family of continuous functions, a numerical solution is
a set of discrete values calculated for each state variable.

In order to solve numerically a system of differential equations, one has to write
it in such a manner as to put derivatives alone on one side of the equal sign. The
integration of the system starts with values of state variables as specified in initial
conditions. For an extrapolated vector of state variables at the next discrete value of
the independent variable, the right-hand-side vector is evaluated based on physical
model, outside of the Runge–Kutta procedure. The evaluation follows by solving a
system of algebraic equations, which in case of integration of voltage equations
relate the vector Ψ of extrapolated fluxes to the vector i of coil currents. Coil
currents stored in vector i are returned back to the Runge–Kutta procedure. If the
achieved accuracy is equal to or better than requested, the computation at current
step of integration is completed and the same pattern repeats for the next discrete
value of the independent variable.

Any numerical solution of a system of differential equations is an iterative
procedure performed step by step, where each step of integration requires certain
time in order to be completed. If the system of algebraic equations which has to be
solved at each step of integration is nonlinear, additional iterations have to be
performed at each step of integration of the nonlinear system of differential
equations.

Summarizing previous considerations, one concludes that a solution of the
system of machine voltage differential equations is a time-consuming task since it
requires iterations within iterations. Obviously, significant time saving could be
achieved if one level of iterations is eliminated.

A way to eliminate iterative solution of the system of algebraic equations within
each step of integration of the system of differential equations is to declare all
relevant quantities state variables [3]. If the dependence of the vector of state
variables Ψ on the vector of unknowns i can be expressed as

W ¼ W ið Þ ð3:76Þ

then

d
dt
W ¼ d

di
W ið Þ � d

dt
i ð3:77Þ
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This way the unknowns of the system of algebraic equations became additional
state variables of the system of differential equations. Instead of iterating the
nonlinear system of algebraic equations at each step of integration of the system of
differential equations, the right-hand sides of the extended system of differential
equations are solved in straightforward way.

Case Study 3.2: Electrical engineers are used to think in terms of sources and
resistances. They are trained to be able to say what happens in a circuit if certain
quantity with impact on resistance(s) or source(s) changes. Therefore, not only
electric, but also magnetic [5], thermal, and fluid flow problems related to electric
machines have always been solved by means of lumped circuit parameters. It is
interesting that largest electric machines ever built were designed by using mag-
netic, thermal, or fluid flow circuits, the elements of which had physically inter-
pretable properties and reflected all peculiarities of given geometry, material
properties, and boundary conditions.

Ever since advent of modern computers, another analysis method found appli-
cations in electrical machines, which was strongly related rather to mathematical,
than to engineering way of thinking. Following this approach, the machine is
discretized into a set of small elements (thus the name finite elements), in which a
pure mathematical quantity—the magnetic vector potential—is calculated. Here,
the emphasis is put on “mathematical,” i.e., a non-measurable quantity, as opposed
to physical, measurable quantities, such as current. Meanwhile, the finite element
method has found many supporters among electrical engineers, mostly for solution
of two-dimensional problems [6, 7]. The complexity of the finite element approach
increases faster than exponentially when extending the model into third spa-
tial dimension, due to the interaction between various spatial components of
electromagnetic fields. Whereas a two-dimensional finite element model in the (x,
y) plane can be solved by using only the z-component of the magnetic vector
potential, a three-dimensional model requires all three spatial components of the
magnetic vector potential to be known. Consequently, the computational time
explodes when including only one additional spatial dimension.

The magnetic circuit representation of electric machines, on the other hand, does
not suffer from model extension into the third spatial dimension. In order to
illustrate the advantages of the magnetic circuit representation of electric machines,
a three-dimensional model of a claw pole synchronous machine was built [8], as
shown in Fig. 3.14.

The extension into third dimension, imposed by the rotor geometry, is handled
by adding an extra set of elements (reluctances and sources) on the rotor side
(Fig. 3.15), i.e., quantitatively (more elements), rather than qualitatively, as is the
case with finite elements. The machine is divided in axial direction into an arbitrary
number of slices, and the rotor pole trapezoidal geometry is discretized into a
stepwise changing pole width. The three-dimensional model retains its straight-
forward nature and gives designer insight in all important machine quantities, such
as time dependency of axial flux distribution in a single rotor pole at no load, as
shown in Fig. 3.16.
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Fig. 3.15 Magnetic equivalent circuit of a rotor pole pair of a claw pole synchronous machine [8]

Fig. 3.14 Rotor iron of a12-pole claw pole synchronous machine [8]
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Rotor portion of the magnetic equivalent circuit model of the analyzed claw pole
machine was divided into five axial segments. By comparing measured and cal-
culated performance [8], the selected number of segments proved to be a good
compromise between the performance and computational time.

Spatial distribution of rotor pole segment fluxes at no load is shown in Fig. 3.16.
One recognizes in this figure a decrease of rotor pole flux from pole base to pole tip,
primarily as a consequence of decreasing pole segment surface in the air gap.

Rotor axial segment

1
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5

Time

Flux 
[p.u.]

1

Fig. 3.16 Rotor pole flux distribution in a claw pole synchronous machine at no load [8]
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Fig. 3.17 Air gap flux density distribution in a claw pole synchronous machine at no load [8]
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In Fig. 3.17 positive half waves of air gap flux density at no load as a function of
spatial coordinate, given as a number of stator tooth, and time between 0 and period
length T, are shown. The machine has 6 teeth per pole pair. One recognizes in this
figure a strong third spatial harmonic, as a consequence of the rotor pole form.

When the machine is loaded, the stator ampere-turns superimpose to those
created by the field current in Fig. 3.18. At the given operating point, the power
factor is obviously strongly lagging, since the armature reaction managed to
decrease significantly the no-load air gap flux density distribution.

3.5 A Straightforward Method for the Solution of Flux
Distribution in Magnets

Assume a machine with surface-mounted magnets, the geometry of which is shown
in Fig. 3.19. As shown in [3], the discretization of machine’s magnetic circuit is
fine enough if a single tooth, or a yoke segment between two adjacent teeth, is taken
as smallest elements, because of their high relative permeability and because their
form coincides with flux tubes placed in the machine geometry. A magnet, on the
other hand, generates flux components, the amounts of which are dependent not
only on magnet parameters, but also on the geometry of the rest of the magnetic
circuit [9]. Besides, the relative permeability of magnets does not differ substan-
tially from 1, the relative permeability of air.

For this reason a magnet is subdivided into smaller units, here k in tangential and
‘ in radial direction. From the computational point of view it is interesting that
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Fig. 3.18 Air gap flux density distribution in a claw pole synchronous machine at rated load [8]
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subdividing of permanent magnet in radial direction does not necessarily increase
the size of the system to be solved.

Denoting by µr,s, µr,r, and µr,PM, relative permeabilities of stator iron and rotor
iron and permanent magnets, respectively, one can define permeances

Gys ¼ l0lr;st
hsylax
ssy

ð3:78Þ

Gts ¼ l0lr;st
wtslax
hs

ð3:79Þ

Grs ¼ l0
hslax
ws

ð3:80Þ

Grr ¼ l0
hPMlax

l sp � bPM
� 	 ð3:81Þ

Gd ¼ l
k
l0lr;PM

bPMlax
hPM

ð3:82Þ

Gq ¼ k
l
l0lr;PM

hPMlax
bPM

ð3:83Þ

Gyrr ¼ l0lr;r
srylax
khry

ð3:84Þ

Dsy

Dsb

Drb

Dry

τsy

τsδ

hsy

hry hPM

bPM

hsws

wt

δ

Fig. 3.19 Electric machine with surface-mounted magnets
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Gyrt ¼ l0lr;r
hrylax
sry

k ð3:85Þ

Gmax ¼ l0
bPMlax
kd

ð3:86Þ

which along with the amount of flux ΦPM generated by each magnet segment

UPM ¼ Br
bPMlax

k
ð3:87Þ

belong to elements outside of air gap of the machine’s magnetic equivalent circuit
in Fig. 3.21. Dashed gray lines outline the stator and rotor geometry in this figure.

Air gap permeance Gi,j connecting ith stator tooth and jth magnet segment is
piecewise defined in the manner shown in Fig. 3.20

Interval limits x1−x4 in Fig. 3.20 are equal to

x1 ¼ ssd � ws

2
� sp � bPM

2
þ bPM

k

� �
ð3:88Þ

x2 ¼ ssd þ ws

2
� sp � bPM

2
ð3:89Þ

x3 ¼ 2ssd � ws

2
� sp � bPM

2
þ bPM

k

� �
ð3:90Þ

x4 ¼ 2ssd þ ws

2
� sp � bPM

2
ð3:91Þ

and the rotor shift xi,j between ith stator tooth and jth magnet segment
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Fig. 3.20 Air gap permeance between ith stator tooth and jth rotor magnet segment as a function
of rotor shift x
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xi;j ¼ x� i� 1ð Þssd þ j� 1ð Þ bPM
k

; j� k ð3:92Þ

or

Fig. 3.21 Magnetic equivalent circuit of two poles of the machine, the geometry of which is
shown in Fig. 3.19
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xi;j ¼ x� i� 1ð Þssd þ j� k � 1ð Þ bPM
k

þ sp; k� j� 2k ð3:93Þ

Introducing

Sji ¼
X2k

i¼1

Gj;i ; Sij ¼
Xn

j¼1

Gj;i ; Gdq ¼ Gd þGq ð3:94Þ

along with matrices

Asy ¼

2Gys þGts �Gys 0 � � � 0 0 0
�Gys 2Gys þGts �Gys � � � 0 0 0
� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � �Gys 2Gys þGts �Gys

0 0 0 � � � 0 �Gys 2Gys þGts

2

66664

3

77775

ð3:95Þ

Asd ¼

2Grs þGts þ S1;i �Grs 0 � � � 0 0 �Grs

�Grs 2Gys þGts þ S2;i �Grs � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � �Grs 2Gys þGts þ Sn�1;i �Grs

�Grs 0 0 � � � 0 �Grs 2Gys þGts þ Sn;i

2

6666664

3

7777775

ð3:96Þ

Gd ¼ �

G1;1 G1;2 G1;3 � � � G1;2k�1 G1;2k

G2;1 G2;2 G2;3 � � � G2;2k�1 G2;2k

G3;1 G3;2 G3;3 � � � G3;2k�1 G3;2k

� � � � � � � � � � � � � � � � � �
Gn�1;1 Gn�1;2 Gn�1;3 � � � Gn�1;2k�1 Gn�1;2k

Gn;1 Gn;2 Gn;3 � � � Gn;2k�1 Gn;2k

2

6666664

3

7777775

ð3:97Þ

APMdq ¼

Grr þ 2Gdq �2Gq 0 � � � 0 0 0

�2Gq 2Gdq þGq �Gq � � � 0 0 0

0 �Gq 2Gdq � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � 2Gdq �Gq 0

0 0 0 � � � �Gq 2Gdq þGq �2Gq

0 0 0 � � � 0 �2Gq Grr þ 2Gdq

2

666666666664

3

777777777775

ð3:98Þ
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APMr ¼

0 0 � � � 0 �Grr

0 0 � � � 0 0
� � � � � � � � � � � � � � �
0 0 � � � 0 0

�Grr 0 � � � 0 0

2

66664

3

77775
ð3:99Þ

APM ¼ APMdq APMr

APMr APMdq

� �
ð3:100Þ

Ard1 ¼

Grr þGdq þ Sj;1 �Gq 0 � � � 0 0 0

�Gq
Gq

2 þGdq þ Sj;2 � Gq

2 � � � 0 0 0

� Gq

2 Gdq þ Sj;3 � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � Gdq þ Sj;k�2 � Gq

2 0

0 0 0 � � � � Gq

2
Gq

2 þGdq þ Sj;k�1 �Gq

0 0 0 � � � 0 �Gq Grr þGdq þ Sj;k

2

6666666666664

3

7777777777775

ð3:101Þ

Ard2 ¼

Grr þGdq þ Sj;kþ 1 �Gq 0 � � � 0 0 0

�Gq
Gq

2 þGdq þ Sj;kþ 2 � Gq

2 � � � 0 0 0

� Gq

2 Gdq þ Sj;kþ 3 � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � Gdq þ Sj;2k�2 � Gq

2 0

0 0 0 � � � � Gq

2
Gq

2 þGdq þ Sj;2k�1 �Gq

0 0 0 � � � 0 �Gq Grr þGdq þ Sj;2k

2

6666666666664

3

7777777777775

ð3:102Þ

Ard ¼ Ard1 APMr
APMr Ard2

� �
ð3:103Þ

Ary ¼

2Gyrt þGyrr �Gyrt 0 � � � 0 0 0

�Gyrt 2Gyrt þGyrr �Gyrt � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � �Gyrt 2Gyrt þGyrr �Gyrt

0 0 0 � � � 0 �Gyrt 2Gyrt þGyrr

2

6666664

3

7777775

ð3:104Þ

Arr1 ¼

Grr þGdq þGjr �Gq 0 � � � 0 0 0

�Gq
Gq

2 þGdq þGjr � Gq

2 � � � 0 0 0

� Gq

2 Gdq þGjr � � � 0 0 0

� � � � � � � � � � � � � � � � � � � � �
0 0 0 � � � Gdq þGjr � Gq

2 0

0 0 0 � � � � Gq

2
Gq

2 þGdq þGjr �Gq

0 0 0 � � � 0 �Gq Grr þGdq þGjr

2

6666666666664

3

7777777777775

ð3:105Þ
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Arr ¼ Arr1 APMr
APMr Arr1

� �
ð3:106Þ

and vectors

u
sd
¼ u1 u2 � � � un�1 un½ �T ð3:107Þ

u
sy
¼ unþ 1 unþ 2 � � � u2n�1 u2n½ �T ð3:108Þ

u
1
¼ u1;1 u1;2 � � � u1;2k�1 u1;2k

 �T ð3:109Þ

u
2
¼ u2;1 u2;2 � � � u2;2k�1 u2;2k

 �T ð3:110Þ

. . .

u
l
¼ ul;1 ul;2 � � � ul;2k�1 ul;2k

 �T ð3:111Þ

u
lþ 1

¼ ulþ 1;1 ulþ 1;2 � � � ulþ 1;2k�1 ulþ 1;2k

 �T ð3:112Þ

u
ry
¼ ulþ 2;1 ulþ 2;2 � � � ulþ 2;2k�1 ulþ 2;2k

 �T ð3:113Þ

H ¼ H1 H2 � � � Hn�1 Hn½ �T ð3:114Þ

UPM ¼ UPM 1 1 � � � 1 1 �1 �1 � � � �1 �1½ �T ð3:115Þ

one can write magnetic scalar potential equations for nodes in Fig. 3.21 as

Asy � usy
� Gtsusd

¼ 1
Gts

H ð3:116Þ

Asd � usd
� Gtsusy

� Gd � u1
¼ � 1

Gts
H ð3:117Þ

Ard � u1
� GT

dusd
� Gd � u2

¼ UPM ð3:118Þ

APM � u
2
� Gdu1

� Gd � u3
¼ 0 ð3:119Þ

APM � u
3
� Gdu2

� Gd � u4
¼ 0 ð3:120Þ

. . .
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APM � u
l
� Gdul�1

� Gd � ulþ 1
¼ 0 ð3:121Þ

Arr � ulþ 1
� Gdul

� Gyrr � ury
¼ �UPM ð3:122Þ

Ary � ury
� Gyrr � ulþ 1

¼ 0 ð3:123Þ

With recursively defined matrices Aj; j ¼ 2; ‘þ 1 :

Alþ 1 ¼ Arr � G2
yrrA

�1
ry ð3:124Þ

Al ¼ APM � G2
dA

�1
lþ 1 ð3:125Þ

Al�1 ¼ APM � G2
dA

�1
l ð3:126Þ

…

A3 ¼ APM � G2
dA

�1
4 ð3:127Þ

A2 ¼ APM � G2
dA

�1
3 ð3:128Þ

the system of algebraic equations for scalar magnetic potentials can be written as

Asy �GtsI 0
�GtsI Asd �Gd
0 �GT

d Ard � G2
dA

�1
2

2

4

3

5 �
u
sy

u
sd

u
1

2

4

3

5

¼

1
Gts

H
� 1

Gts
H

� Gl
d

Ql

j¼2
A�1
j � A�1

lþ 1 � I

 !

� UPM

2

66664

3

77775
ð3:129Þ

The core of the system of scalar magnetic potential algebraic equations has a size
of [2(n + k)−1] × [2(n + k)−1], independent of the number of radial layers in
magnets, which substantially decreases the computational time.

Case Study 3.3: Outer rotor synchronous generator with surface-mounted
magnets has the following dimensions: axial length lax = 750 mm, 84 poles, 294
stator slots, air gap diameter 4800 mm, air gap width δ = 2 mm, rotor OD
4940 mm, rotor bore 4846 mm, stator OD 4794 mm, stator bore 4440 mm, stator
slot height 118 mm, stator slot width 23 mm, magnet width per pole 136 mm,
magnet height 20 mm, residual flux density 1.25 T, stator and rotor iron relative
permeability 5000, and magnet relative permeability 1.05. Each magnet is divided
into 50 tangential and 6 radial segments. Flux density distribution on the air gap
side of one magnet at no load and x = 0 and x = 5 mm, evaluated by using
Eq. 3.129 and assuming negligible MMF drop across stator iron, is shown in
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Fig. 3.22. One recognizes in this figure substantial change of radial component of
air gap density on the magnet surface as a function of rotor position. When the rotor
is rotating, the change of air gap density becomes periodical and induces voltages in
the magnet. Depending on the magnet electric conductivity, the induced voltages
are accompanied by eddy currents, which create losses in magnets and which can be
calculated in the manner shown in Chap. 5.
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An electric machine interacts with its electrical environment through its terminals.
Machine terminal quantities—voltages and currents—are determined by its
parameters and operating point. If the machine is analyzed as a part of a power
system, its terminal voltages and currents can be related to each other by means of
its impedance, the components of which are resistances and inductances.

DC resistance of a coil is a function of geometry, electric properties of materials
and temperature. AC resistance includes in addition the influence of skin and
proximity effect.

DC inductance of a coil, as a measure of the amount of concatenated flux created
by DC current(s), is significantly more complex to determine than its DC resistance.
The inductance is a function of coil current; only for low current values (unsatu-
rated iron) the inductance is constant. Besides, the total flux created by a single coil
splits into main and leakage components when the coil is brought into a magnetic
circuit with additional coil(s). Main flux is a measure of concatenation between
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V. Ostović, The Art and Science of Rotating Field Machines Design,
DOI 10.1007/978-3-319-39081-9_4

227



magnetic fields created by two or more coils at a given number of pole pairs; the
rest is referred to as leakage flux. An important component of leakage flux is the
so-called harmonic leakage—the air gap flux created by a higher harmonic of coil
MMF, which is orthogonal to the fundamental.

4.1 DC Resistance of a Coil

When determining the DC resistance of a coil, the knowledge of end winding
geometry plays an important role. Whereas the end winding length of a
random-wound coil is more or less a question of practical experience, for windings
with a form-wound coil it can be exactly calculated.

The endwinding geometry of awindingwith form-wound coils is shown inFig. 4.1.

For a given coil pitch y, the axial length ‘1 of end winding evolvent can be
expressed as follows:

tan a ¼ l1
y
s
ss

¼ 2l1
yss

) l1 ¼ y
2
ss tan a; ð4:1Þ

where

sin a ¼ bsþD
ss

ð4:2Þ

Since

sin a ¼ tan a
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ tan2 a

p ;

one can write for axial length ‘1 of end winding evolvent

α Δ bs

b

Z

s

0

e

1

y/2

τs

2 r 

Fig. 4.1 End winding geometry of form-wound coils
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l1 ¼ yss bsþDð Þ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2s � bsþDð Þ2

q ð4:3Þ

The evolvent length ‘e is equal to

le ¼ ys2s

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
s2s � bsþDð Þ2

q ð4:4Þ

For a given rotor diameter, number of slots, slot width bs, and distance Δ
(Fig. 4.1), the axial length ‘1 of end winding evolvent is proportional to the coil
pitch y or to the reciprocal of the number of pole pairs

l1 � 1
p

ð4:5Þ

Low-polarity, high-speed electric machines, such as turbogenerators, have
extremely long end windings, which not only increase their resistance and reac-
tance, but also impact their mechanical strength.

4.2 Air Gap Inductance of a Coil in a Machine
with Constant Air Gap Width

Self-inductance of a coil is defined as a ratio between flux concatenated by coil
turns and the coil current which created it.

Consider a simple magnetic circuit in Fig. 4.2 which, to its farthest extent,
represents an electric machine. Magnetic circuit in Fig. 4.2 can be split into com-
ponents representing iron, air gap, and leakage paths. A significant portion of
machine iron carries the air gap flux Umain; an additional (leakage) component of
flux Uleak goes through the rest of the magnetic circuit. Each component of flux
created by coil ampere-turns i � w can be characterized by an inductance L equal to
the ratio between concatenated flux and current i. Accordingly:

Utotal ¼ Umain þUleak ) Ltotal ¼ Lmain þ Lleak ð4:6Þ

However, since

L ¼ W
i
¼ w2 U

H
¼ w2

Rm
ð4:7Þ
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one can express the main inductance Lmain as

Lmain ¼ w2

Rm;Fe þRm;gap
¼ LFe � Lgap

LFe þ Lgap
ð4:8Þ

where

LFe ¼ w2

Rm;Fe
; Lgap ¼ w2

Rm;gap
ð4:9Þ

The value of main inductance of a coil depends on the level of saturation in iron.
At low values of flux density, the B–H curve of iron is linear; therefore,
Rm,Fe � Rm,gap and Lmain � Lgap. Deep in saturation, the iron reluctance dominates,
Rm,Fe � Rm,gap, and Lmain � LFe, Fig. 4.3.

RmL

Rm,gap

Rm,Fe

Rm,Fe+ Rm,gap

i

Lgap

LFeLmain

Fig. 4.3 Qualitative dependence of machine permeances and inductances on current

Φtotal

Φleak

Φmain

+

-

Θgap

ΘFe
+ - 

i w

Φtotal

Φleak Φmain

+

-

Θleak

Rm,Fe

Rm,gap

i w

Fig. 4.2 Simplified magnetic circuit of an electric machine
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At linear portion of B–H curve (low values of flux density), the MMF drop HFe

across iron of an electric machine is significantly lower than the MMF drop Hgap

across its air gap. Accordingly, one can write for the jth harmonic of air gap flux

dUmain;j ¼ laxBjðxÞdx ¼ l0lax
d

Hgap;jðxÞdx ð4:10Þ

considering air gap width d constant. Furthermore,

dWmain;j ¼ w � fw;jdUmain;j ¼ w � fw;j l0laxd
Hgap;jðxÞdx ð4:11Þ

Assuming series connection of all coils over 2p poles, one can write for the flux
Wmain,j concatenated by the jth spatial harmonic

Wmain;j ¼ 2pw � fw;j l0laxd

Zsp

0

Hgap;jðxÞdx ¼ Lgap;j � i ð4:12Þ

Air gap MMF distribution Hgap(x) is equal to the sum of orthogonal harmonic
terms Hgap,j(x), each of which is characterized by its own gap harmonic inductance
Lgap,j. Accordingly, the total air gap inductance Lgap is equal to the sum of all gap
harmonic inductances Lgap,j.

As shown in Chap. 2, a winding with w turns per pole-carrying current i gen-
erates an air gap MMF distribution Hgap(x) described as

Hgap xð Þ ¼ 4
p
� i � w

X1

j¼1

sin jp
2

j
fw;j sin j

p
sp

x ð4:13Þ

By substituting Eq. 4.13 in 4.12, one can express the total air gap inductance
Lgap,cyl of a winding in a machine with cylindrical air gap as

Lgap;cyl ¼ 8
p
pw2 l0lax

d

X1

j¼1

sin jp
2

j
f 2w;j

Zsp

0

sin j
p
sp

x dx

0

@

1

A ð4:14Þ

or

Lgap;cyl ¼ 16
p2

p
l0laxsp

d
w2
X1

j¼1

f 2w;j
j2

ð4:15Þ

The equivalent circuit of a coil in a cylindrical rotor machine is represented in
Fig. 4.4. The total leakage flux outside the air gap is represented by the leakage
inductance Lr, whereas R stands for the coil resistance. Each harmonic of air gap
MMF creates its own concatenated flux, which, divided by the coil current, yields
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the corresponding harmonic component Lgap,cyl,n of the gap inductance. As opposed
to a simple coil of a transformer, a coil in an electric machine is characterized by an
infinite number of inductances, each of which stands for a component of air gap
flux created by a particular MMF harmonic.

For a given harmonic inductance Lgap,cyl,j all harmonic inductances of the order
‘, where ‘ 6¼ j, have a meaning of leakage inductance due to orthogonality of
harmonic in terms of air gap MMF. Consequently, air gap harmonic inductances
with orders larger than 1 create in a machine with cylindrical air gap the air gap
leakage inductance Lgap;cyl;r for the fundamental harmonic

Lgap;cyl ¼ Lgap;cyl;1 þ Lgap;cyl;r ð4:16Þ

where

Lgap;cyl;1 ¼ 16
p2

p
l0laxsp

d
w2f 2w;1 ð4:17Þ

and

Lgap,cyl,1

Lgap,cyl,3

Lgap,cyl,n

LσR

Fig. 4.4 Equivalent circuit of a coil in a machine with cylindrical rotor in Fig. 4.2
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Lgap;cyl;r ¼ 16
p2

p
l0laxsp

d
w2
X

j[ 1

f 2w;j
j2

ð4:18Þ

Maximum and minimum values of the sum in Eq. 4.15

S0 ¼
X1

j¼1

fw;j
j

� �2

ð4:19Þ

can be estimated by considering rectangular and pure sinusoidal MMF distribution.
For a winding with one full-pitch coil per pole, y = sp, which creates rectangular
MMF distribution, fw,j = 1, j = 1, 3, 5, …, and

S0;max ¼
X1

j¼1;3;5;...

1
j

� �2

¼ p2

8
� 1:2337 ð4:20Þ

For a winding creating pure sinusoidal MMF distribution, fw,j = 0, j = 3, 5, …,
one can write

S0;min ¼
X1

j¼1;3;5;...

fw;j
j

� �2

¼ 1 ð4:21Þ

Accordingly, the air gap leakage inductance Lgap;cyl;r of a winding with rect-
angular MMF distribution is equal to p2/8 – 1 = 23.4 % of its inductance due to
fundamental component of air gap MMF.

For an arbitrary winding distribution, one can write

Lgap;cyl;r
Lgap;cyl

¼

P1

j¼2;3;...

fw;j
j

� �2

f 2w;1 þ
P1

j¼2;3;...

fw;j
j

� �2 ð4:22Þ

Magnetic energy stored in air gap can now be calculated as (see Eqs. 4.15 and
4.18)

Wmag;gap ¼ 1
2
Lgapi

2 ¼ i2
8
p2

p
l0laxsp

d
w2S0 ð4:23Þ

Consider again the magnetic circuit in Fig. 4.2, now connected to a voltage
source u. The voltage differential equation for the coil with resistance R can be
written as

u ¼ iRþ dW
dt

¼ iRþw
dU
dt

ð4:24Þ
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and the energy balance equation as

uidt ¼ i2RdtþwidU ð4:25Þ

A portion of the differential of energy u � i � dt supplied by the source covers
losses in resistor R; the rest in the amount of w � i � dU is transferred to the coil and
is stored in air and iron:

widU ¼ dWmag;air þ dWmag;Fe ð4:26Þ

The differential of magnetic energy delivered to iron, dWmag,Fe, splits into a
component which covers eddy current and hysteresis losses in iron and a compo-
nent which is stored.

The differential of magnetic energy dWmag,air goes into air of magnetic circuit
(leakage paths and air gap):

dWmag;air ¼ HgapdUmain þHleakdUleak ð4:27Þ

Differential of magnetic energy transferred to air gap by jth spatial harmonic of
MMF is, accordingly:

dWmag;tr;gap;2j ¼ Hgap;jðxÞ l0laxd
dHgap;jðxÞ ð4:28Þ

and its integral

Wmag;tr;gap;2j ¼ 1
2
l0lax
d

2p
Zsp

0

H2
gap;jðxÞdx ð4:29Þ

or

Wmag;tr;gap;2j ¼ i2
8
p2

p
l0laxsp

d
w2 f

2
w;j

j2
ð4:30Þ

The total magnetic energy transferred to air gap is, accordingly

Wmag;tr;gap ¼ i2
8
p2

p
l0laxsp

d
w2S0 ð4:31Þ

which is, as expected, equal to the magnetic energy stored in air gap calculated by
means of winding inductance, Eq. 4.23.

Case Study 4.1: For a two-pole cylindrical rotor machine with a single full-pitch
coil with w2p = 2w turns per pole pair (Fig. 4.5), the expression for Lgap (Eqs. 4.15
and 4.17) becomes the following:
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Lgap ¼ 16
p2

p
l0laxsp

d
w2S0 ¼

w2p
� �2

1
l0

2d
splax

ð4:32Þ

which is nothing but the self-inductance of a coil with w2p turns in a magnetic
circuit with an air gap width 2d and cross-sectional area sp ‘ax, Fig. 4.6a.

In Fig. 4.6 the magnetic circuit of a coil with w2p turns containing iron portion
and air gap with width 2d (Fig. 4.6a) is compared with magnetic circuit of a
two-pole machine having a full-pitch coil with w turns per pole, Fig. 4.6b.

Neglecting MMF drop across iron, flux density in the air gap of a simple
magnetic circuit is constant, Fig. 4.6a. The rectangular flux density distribution in
the air gap of an electric machine in Fig. 4.6b is in fact an infinite sum of sinusoidal
distributions of flux density harmonics with different period lengths, each of which
is characterized by its own air gap inductance. The sum of air gap inductances of all
harmonics is equal to the air gap inductance of the coil.

Although the air gap inductance Lgap of the coil in the simple magnetic circuit in
Fig. 4.6a is formally described by an identical set of parameters as the air gap
inductance of a coil in an electric machine, the two have completely different
physical meanings. Whereas the air gap inductance of a coil in a simple magnetic
circuit as in Fig. 4.6a is a plain number describing global effects of the coil current
in the magnetic circuit, the air gap inductance of a coil in an electric machine has an
infinite number of components, each of which belongs to another spatial harmonic,
and all of them being created by the same coil ampere-turns i � w.

w2p

δ 

Fig. 4.5 Two-pole machine with cylindrical stator and rotor and a full-pitch coil having a total of
w2p = 2w turns per pole pair
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4.3 Air Gap Inductance of a Coil in a Machine
with Variable Air Gap Width—Rotational Harmonics
of Concatenated Flux

Consider now a 2p-pole electric machine with cylindrical stator and salient pole
rotor, Fig. 4.7. Circumferential coordinate x in Fig. 4.7 is fixed to the stator. The
coordinate x0 stands for rotor shift relative to the point of maximum MMF denoted
by x = 0.

Geometric air gap width d(x − x0) is a periodical function of circumferential
coordinate x and rotor shift x0. Since air gap width appears in denominator of the
expression for air gap flux density, it is replaced with its reciprocal Δ(x − x0) with
identical periodicity properties as the air gap width d(x − x0), Fig. 4.8. In this way,
the rules for product (instead of quotient) of trigonometric functions can be applied.

Making use of substitutions Δmin = 1/dmax and Δmax = 1/dmin, the reciprocal of
air gap width can be defined as

τp

τp

x 

x 

w 

w 

x

x

τp

τp

Θδ

Θδ

Θ1

Θ5

Θ3

Θ(a)

(b)

2δ

Fig. 4.6 Illustrating different physical meaning of air gap flux density distribution and air gap
inductance in a simple magnetic circuit with an air gap (a), and in an electric machine (b). The
horizontal coordinate x in the magnetic circuit above gives solely the direction along which one of
the dimensions of the air gap is defined. The circumferential coordinate x in the machine below, on
the opposite, has a more profound meaning: The rotating magnetic field spreads in a machine
along this coordinate
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D x� x0ð Þ ¼ Dmax þDmin
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Introducing

fd;n ¼
sin np
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n
sin n
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sp

p
2
; Dave ¼ Dmax þDmin

2
; Ddiff ¼ Dmax � Dmin

2
ð4:34Þ

x

x = 0

δmin

δmax

D 

bp x02τp

Fig. 4.7 Two poles of an electric machine with cylindrical stator and salient pole rotor. The point
x = 0 denotes the position of the maximum of fundamental component of air gap MMF

x 0 2τp

δ(x-x0), Δ(x-x0)

bp

Δmin

Δmax

x0

δmax

δmin

Fig. 4.8 Air gap width d(x − x0) and its reciprocal Δ(x − x0) = 1/d(x − x0) for the machine
geometry in Fig. 4.6
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one can write for the reciprocal of air gap width

D x� x0ð Þ ¼ Dave þDdiff
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fd;n cos 2n
p
sp

x� x0ð Þ ð4:35Þ

The accumulated magnetic energy in the air gap, Wmg(x0), can be expressed for a
given rotor shift x0 by means of Eq. 4.29 as

Wmag x0ð Þ ¼ pl0lax

Zsp

0

X1

j¼1

H2
gap xð ÞD x� x0ð Þdx ð4:36Þ

As previously discussed, magnetic energy accumulated in air gap has an infinite
number of components, each of which is generated by harmonics of MMF and air
gap width which interact with each other at particular number of pole pairs. In
particular, the jth harmonic component of the accumulated magnetic energy is
generated by those harmonics of the air gap MMF and air gap width, the orders of
which satisfy condition that their sum or difference is equal to j.

By using Eq. 4.13, the magnetic energy in air gap can further be expressed as
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The first term in Eq. 4.37, containing Δave, gives as a result a number repre-
senting the component of accumulated magnetic energy independent of the rotor
shift x0. The corresponding air gap inductance Lgap,ave can be written as (Eq. 4.15):

Lgap;ave ¼ 16
p2

pl0laxspDavew
2S0 ð4:38Þ

Introduce now L0gap;max and L0gap;min, as well as the saliency ratio rd, defined as

L0gap;max ¼
16
p2

psplaxl0w
2 1
dmin

; L0gap;min ¼ L0gap;max
dmin

dmax
;

rd ¼
L0gap;min

L0gap;max
¼ dmin

dmax

ð4:39Þ
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which help one express the component of air gap inductance corresponding to the
average air gap width (as defined in Eq. 4.31) as

Lgap;ave ¼
L0gap;max þ L0gap;min

2
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fw;j
j

� �2

¼ L0gap;max

2
1þ rdð Þ � S0 ð4:40Þ

The second term in Eq. 4.37 is a periodical function of the rotor shift x0. Here,
the square of the infinite sum can be rewritten as

X1

j¼1;3;5;...

fw;j
j
sin j

p
sp

x

 !2

¼
X1

j¼1;3;5;...

fw;j
j
sin j

p
sp

x

� �2

þ

þ 2
X1

j¼3;5;...

Xj�2

i¼1

fw;j
j
fw;i
i
sin j

p
sp

x � sin i p
sp

x

ð4:41Þ
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The variable component of accumulated magnetic energy in the air gap can now
be represented as
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The expression for Wmg(x0) in Eq. 4.43 contains two products of infinite sums,
the non-orthogonal terms of which build the spatial harmonics of the periodical
component of self-inductance. These products can be denoted as P1 and P2, and
defined as
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and
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Only those factors in the product P1 with harmonic orders j = n are
non-orthogonal on interval [0, Dp]. Therefore,

Zsp

0

P1dx ¼
sp
4

X1

j¼1;3;5;...

fw;j
j

� �2

fd;n � cos 2j psp x0 ð4:46Þ

For a single coil with fw,j = 1, j = 1, 3, 5,…,the amplitude of a particular higher
harmonic of air gap inductance due to rotor saliency decreases proportional to the
square of reciprocal of its order, as illustrated in Fig. 4.9.

In the product P2 three periodic functions must fulfill simultaneously the
non-orthogonality condition in order to build a particular higher harmonic of the
self-inductance. The term

sin j
p
sp

x � sin i p
sp

x � sin 2n p
sp

x� x0ð Þ ð4:47Þ

in Eq. 4.39 can be represented as

1
2

sin i� jð Þ p
sp

xþ sin iþ jð Þ p
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x

	 

� sin 2n p

sp
x� x0ð Þ ð4:48Þ

which means that the 2nth harmonic of the air gap width can create a non-zero harmonic
of self-inductance with ith and jth harmonic of the winding MMF if and only if

i� j ¼ �2n ð4:49Þ

Fig. 4.9 Maximum amplitudes of components of air gap inductance created by a single harmonic
of the winding MMF, n denoting the order of harmonic
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All harmonics of orders i, j, and n which satisfy the condition 4.49 are
non-orthogonal. For these harmonics, one can write

2
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P2dx ¼ � sp
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sp

x0 ð4:50Þ

where positive sign applies for the case i − j = 2n, and negative for i + j = 2n.
For i + j = 2n, one can state that the higher the order of air gap width harmonic n,

the more harmonics of air gap MMF contribute to the nth harmonic of air gap
inductance. The relationship between the orders i and j of the air gap MMF distri-
bution harmonics and the order n of the air gap width distribution harmonic which
together build the 2nth harmonic of the self-inductance is illustrated in Fig. 4.10.

Although an increasing number of air gap MMF harmonics contribute to a
self-inductance harmonic of an increasing order, their influence on the total
self-inductance decreases rapidly with increasing n.

The reason for such behavior is a decreasing amplitude of higher harmonics of
the MMF, the upper limit of which 1=ði � jÞ is shown in Fig. 4.11. Black drawn
dashed lines in this figure denote the combinations of the MMF harmonics which
built the same harmonic of self-inductance.
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j 13
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2n=10

Fig. 4.10 Relationship between harmonic orders i and j of the MMF distribution and harmonic
order n of the air gap width distribution satisfying i + j = 2n
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One can see in Fig. 4.11 that the sum of upper limits of products 1=ði � jÞ
decreases slowly as the order 2n of the self-inductance harmonic increases: The
resulting amplitude of the 6. harmonic is 40 % of the fundamental, for the 10.
harmonic it is equal to 32 % and for the 14. harmonic it comes to 26 %.

i
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2n=6; 40%

2n=10; 32%

2n=14; 26%

Fig. 4.11 Upper boundaries of products of amplitudes of ith and jth harmonics in % of the
fundamental; only harmonics with amplitudes larger than 1 % are shown

Fig. 4.12 Maximum amplitudes of components of self-inductance created by ith and jth harmonic
of the winding MMF which satisfy the condition i + j = 2n
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Fig. 4.13 Relationship between harmonic orders i and j of the MMF distribution and harmonic
order n of the air gap width distribution, which satisfy the condition i − j = ±2n
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Fig. 4.14 Upper values of products of amplitudes of ith and jth harmonics in % of the
fundamental; only harmonics with amplitudes larger than 1 % are shown

Fig. 4.15 Maximum amplitudes of components of air gap inductance created by ith and jth
harmonic of the winding MMF which satisfy the condition i − j = ±2n
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Maximum amplitudes of self-inductance harmonics created by terms
i + j = 2n in the case of fw,i = fw,j = 1, i = 1, 3, 5, …, j = 1, 3, 5, …(single coil) are
shown in Fig. 4.12. By comparing the amplitudes of higher harmonics in Figs. 4.12
and 4.9, one comes to the conclusion that the contribution of two MMF harmonics
of different orders to a particular self-inductance harmonic is stronger than in the
case of a single MMF harmonic—in other words, the impact of higher harmonics of
the MMF must not be neglected.

The orders of harmonics which satisfy the condition i − j = ±2n are shown in
Fig. 4.13, and the upper limit of MMF harmonics amplitudes, equal to 1=ði � jÞ, in
Fig. 4.14. As opposed to the case i + j = 2n, each harmonic of self-inductance
resulting from interaction of two harmonics of MMF, with a difference of orders
equal to the order of harmonic of the self-inductance, has an infinite number of
contributing MMF harmonics, Fig. 4.13.

Considering a much larger number of MMF harmonics contributing to a given
harmonic of self-inductance through the mechanism of the difference of their order
numbers than through the mechanism of sum, one comes to a conclusion that a
particular harmonic of self-inductance is built predominantly as a result of inter-
action of two harmonics of MMF, the difference of order numbers of which is equal
to the order of the self-inductance harmonic, see Figs. 4.12 and 4.15.
Resulting maximum amplitudes of harmonic components of self-inductance as a
function of the harmonic order n are shown in Fig. 4.16.

The component of accumulated magnetic energy dependent on the rotor shift x0
can now be written as

Fig. 4.16 Maximum amplitudes of components of air gap inductance created by ith and jth
harmonic of winding MMF which satisfy the condition i ± j = ±2n
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or by means of the variable component of air gap inductance Lvar(x0):

Wmg x0ð Þ ¼ 1
2
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which helps one define the variable component of air gap inductance of a stator
winding in a machine with cylindrical stator and salient pole rotor as

Lgap;var x0ð Þ ¼ 8
p2

psplaxl0w
2Ddiff

X1

n¼1;3;5;...

fd;n � 2
X1

j¼3;5;...

Xj�2

i¼1

fw;j
j
fw;i
i
þ

"

þ
X1

j¼1;3;5;...

fw;j
j

� �2
#

� cos 2n p
sp

x0

ð4:53Þ

or by means of the previously defined inductance L0
gap;max and saliency ratio rd,:

Lgap;var x0ð Þ ¼ L0gap;max

2
1� rdð Þ

X1

n¼1;3;5;...

S2n � cos 2n p
sp

x0 ð4:54Þ

where

S2n ¼ fd;n �
X1

j¼3;5;...

Xj�2

i¼1

fw;j
j
fw;i
i

þ
X1

j¼1;3;5;...

fw;j
j

� �2
" #

ð4:55Þ

or

S2n ¼ 1
n
sin

np
2
sin n

bp
sp

p
2
�

X1

j¼3;5;...

Xj�2

i¼1

fw;j
j
fw;i
i

þ S0

" #

ð4:56Þ

Minimum value of S2n is obtained for an ideally sinusoidal MMF distribution,
where fw,j = 0, j = 3, 5, …, and is equal to
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Summarizing, one can state that the air gap inductance of a stator winding in a
machine with salient rotor poles is a periodic function of double rotor shift x0 and
can be expressed by means of Eqs. 4.37 and 4.51 as

L x0ð Þ ¼ L0gap;max
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2

1þ rdð Þþ 1� rd
2
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sp
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or simplified
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n¼1;3;5;...

L2n cos 2n
p
sp

x0 ð4:59Þ

Equation 4.56 is valid not only for salient pole machines (n = 2), but also
for machines with any number of rotor teeth per pole Nrp, in which case one can
write:

L x0ð Þ ¼ L0 þ
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L2n cos 2n
p
sp

x0 ð4:60Þ

4.3.1 Salient Pole Rotor

If the winding with variable inductance as defined in Eq. 4.59 carries an alternating
current described as

iðtÞ ¼
X1

j¼1;2;3;...

Ij cos jxt � uj

� � ð4:61Þ

the concatenated flux is equal to
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L2n cos 2n
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sp
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 !

�
X1
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Ij cos jxt � uj

� � ð4:62Þ

When the rotor is at standstill (x0 = const), the spectrum of concatenated flux in
Eq. 4.62 is identical to the spectrum of winding current. The amplitude of a par-
ticular flux harmonic is dependent on the rotor position and on the amplitude of
corresponding current harmonic.

If the rotor rotates at a constant angular speed X, its shift relative to the point of
maximum MMF x0 changes proportional to time:
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x0 ¼ X
D
2

t � t0ð Þ ¼ pX
sp
p

t � t0ð Þ ð4:63Þ

where the rotor position at time instant t = t0 is x0 = 0. The air gap inductance of
stator winding varies as a function of time
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L2n � cos 2npX t � t0ð Þ½ � ð4:64Þ

Concatenated flux W(t0, t) created by current i(t) defined in Eq. 4.61 is equal to
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The spectrum of concatenated flux can be separated in two groups. Flux har-
monics in the first group, the amplitudes of which are proportional to L0 as shown
in the first indefinite sum in Eq. 4.64 have identical orders as current harmonics.
The second group is composed of flux harmonics with angular frequencies

2npX� jx ð4:66Þ

which depend on the rotor angular speed X and are in general not an integer
multiple of X or x.

If the electrical angular speed of rotation xel ¼ p � X is equal to the angular
frequency of the fundamental current harmonic x (synchronism: p � X ¼ x), the
fundamental harmonic of current I1 creates concatenated flux defined as

W t0; tð Þ ¼ L0 þ
X1

n¼1;3;5;...

L2n � cos 2nx t � t0ð Þ½ �
( )

� I1 cosðxtÞ ð4:67Þ

which means that the fundamental harmonic of current produces an infinite spec-
trum of flux linkage, the components of which have frequencies which are odd
integer multiples of the fundamental frequency of current. As a result of rotation of
the salient pole rotor, spatial harmonics of self-inductance and the fundamental
harmonic of current generate time harmonics of flux linkage, the order of which is
equal to the sum or difference of the orders of current and inductance harmonics:

W t0; tð Þ ¼ L0 � I1 cos xtð Þþ I1 �
X1

n¼1;3;5;...

L2n � cos 2n� 1ð Þxt � 2nxt0½ �f

þ cos 2nþ 1ð Þxt � 2nxt0½ �g
ð4:68Þ
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Time harmonics of concatenated flux generated by sinusoidal winding current in
a salient pole machine rotating at an angular speed X and defined by an infinite sum
in Eq. 4.68 are called rotational flux harmonics. At synchronous speed, the order
of rotational flux harmonics is an integer multiple of the fundamental; at an arbitrary
speed of rotation, the frequency of rotational harmonics of concatenated flux is not
an integer multiple of the winding current frequency. Rotational harmonics of
concatenated flux disappear at rotor standstill.

Time dependence of concatenated flux at standstill, synchronism, and at an
arbitrary speed of rotation is shown in Fig. 4.17.

By selecting the phase shift u1 of the fundamental component of current equal to
zero, u1 = 0, one has positioned the rotor centerline on the axis of stator MMF. If
the corresponding rotor shift angle is denoted with d0 = x � t0 = −x0p/sp, one can
express the fundamental harmonic of concatenated flux as

W1 d0; tð Þ ¼ I1 � L0 cos xtð Þþ L2 � cos xt � 2d0ð Þ½ � ð4:69Þ

The fundamental harmonic of concatenated flux W1(d0, t) in Eq. 4.69 can be
represented as a sum of a component in phase with the current, and a component
shifted for p/2 to the winding current, the latter being proportional to sin 2d0:

W1 d0; tð Þ ¼ I1 � L0 þ L2 cos 2d0ð Þ � cos xtð Þþ L2 sin 2d0 � sin xtð Þ½ � ð4:70Þ

Ψ 

t 
Ω = 0

Ω = ω / p

Ω ≠ 0 & Ω ≠ ω / p

Fig. 4.17 Waveform of flux concatenated by a winding in a salient pole machine generated by
sinusoidal current at different speeds of rotation
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In order to shift the rotor relative to the statorMMF,mechanical force has to be applied.
Mechanical work performed by force applied on the rotor is equal to electrical power
dissipated on the apparent synchronous resistance Rsa of stator winding, defined as

Rsa ¼ xL2 sin 2d0 ð4:71Þ
In a similar manner, one can introduce the apparent synchronous reactance Xsa as

Xsa ¼ x L0 þ L2 cos 2d0ð Þ ¼ X0 þX2 cos 2d0 ð4:72Þ

Higher harmonics of concatenated flux in Eq. 4.68 are

W3 d0; tð Þ ¼ I1L2 cos 3xt � 2d0ð Þ ð4:73Þ

W5 d0; tð Þ ¼ I1L6 cos 5xt � 6d0ð Þ ð4:74Þ

W7 d0; tð Þ ¼ I1L6 cos 7xt � 6d0ð Þ ð4:75Þ

(a)

(b)

Fig. 4.18 Equivalent circuit of a winding in a machine with salient rotor poles: a at standstill; b at
synchronous speed. At standstill only fundamental frequency of induced voltage exists; at
synchronous speed, rotational harmonics of induced voltages are generated, the sum of which is
added to the voltage drops across apparent synchronous reactance Xsa and resistance Rsa

4.3 Air Gap Inductance of a Coil in a Machine … 249



At synchronism, the fundamental component of winding current creates not only
the fundamental component, but also an infinite spectrum of rotational harmonics of
concatenated flux, time derivatives of which add to the voltage induced by the
fundamental! The amplitudes of rotational harmonics of the order 2n ± 1, where
n ¼ 1; 3; 5; . . .; are equal to each other, which makes them unique among other
higher harmonics (e.g., current harmonics due to saturation, or MMF harmonics due
to winding distribution, etc.).

Equivalent circuit of a winding in a machine with salient rotor poles is shown in
Fig. 4.18a (at standstill), and 4.18b (at synchronism). Equivalent circuit in Fig. 4.18
is based on voltage differential equations:

u1 d0; tð Þ ¼ d
dt
W1 d0; tð Þ ¼ I1 � � X0 þX2 cos 2d0ð Þ � sin xtð ÞþX2 sin 2d0 � cos xtð Þ½ �

u3 d0; tð Þ ¼ d
dt
W3 d0; tð Þ ¼ �3X2 � I1 � sin 3xtð Þ

u5 d0; tð Þ ¼ d
dt
W5 d0; tð Þ ¼ �5X6 � I1 � sin 5xtð Þ

u7 d0; tð Þ ¼ d
dt
W7 d0; tð Þ ¼ �7X6 � I1 � sin 7xtð Þ

ð4:76Þ

Voltage drop across apparent synchronous resistance Rsa is in phase with the coil
current, whereas the voltage drop across apparent synchronous reactance Xsa leads
to p/2.

Case Study 4.2:Power Distribution in anUnexcited Salient Pole Synchronous
Machine (Reluctance Machine) Fed by Sinusoidal Current

Salient pole machine acts at standstill as a pure inductance, the value of which is
determined by the rotor shift d0. At synchronism, the equivalent circuit contains
three elements (Fig. 4.18b):

– Apparent synchronous reactance Xsa, having a component dependent on cosine
of double rotor to stator MMF angle d0;

– Apparent synchronous resistance Rsa, being proportional to the sine of double
rotor to stator MMF angle d0, and

– The reactance due to rotational harmonics, which acts as harmonic leakage.

Fundamental component of applied voltage u1(d0, t) in Eq. 4.76 is a source of
winding current I1, which creates two voltage drops at the frequency of applied
voltage in synchronism: I1 ∙ Xsa and I1 � Rsa, as in Fig. 4.19. Neglecting losses in
the machine, one can state that the power dissipated on the apparent synchronous
resistance Rsa of stator winding is equal to the mechanical power. Expressing the
fundamental harmonic of winding current I1 as
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I1 ¼ U1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 sin 2dð Þ2 þ X0 þX2 cos 2dð Þ2

q ð4:77Þ

one can define the mechanical power Pmech as:

Pmech ¼ I2Rsa ¼ U2
1

X2 sin 2d
X2
2 þX2

0 þ 2X0X2 cos 2d
ð4:78Þ

the maximum of which occurs at angle dmax,P is equal to

dmax;P ¼ 1
2
arccos �2

X0X2

X2
0 þX2

2

� �
ð4:79Þ

Maximum mechanical power is equal to

Pmech;max ¼ U2
1

X2

X2
0 � X2

2
ð4:80Þ

Fig. 4.19 Complex plane representation of electrical quantities (voltage diagram) in a reluctance
machine at a given load
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or by substituting for X0 and X2 the maximum (Xd) and minimum (Xq) values of the
coil reactance

X0 ¼ Xd þXq

2
; X2 ¼ Xd � Xq

2
ð4:81Þ

one obtains

dmax;P ¼ � arccos � Xqffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2
d þX2

q

q

0

B@

1

CA ð4:82Þ

and

Pmech;max ¼ U2
1

2
1
Xq

� 1
Xd

� �
ð4:83Þ

Power factor cos u can be expressed by means of Fig. 4.19 as

cosu ¼ X2 sin 2dffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2 sin 2dð Þ2 þ X0 þX2 cos 2dð Þ2

q ð4:84Þ

and has an extreme at angle dmax,u, defined as

dmax;u ¼ 1
2
arccos �X2

X0

� �
ð4:85Þ

equal to

cosumax ¼ �X2

X0
¼ �Xd � Xq

Xd þXq
ð4:86Þ

The dependencies of winding current I, power factor cos u, and mechanical
power Pmech on load angle d for X0 = 1 p.u., X2 = 0.4 p.u. and U = 1 p.u. are
shown in Fig. 4.20. Here one recognizes at first sight the Achilles’ heel of a
reluctance machine: its poor power factor. Similarly to an induction machine, a
reluctance machine consumes reactive power from the mains in order to operate,
however, in a far larger extent than an induction machine.
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Fig. 4.20 Characteristic quantities of a reluctance machine for X0 = 1 p.u., X2 = 0.4 p.u. and
U = 1 p.u
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Fig. 4.21 Typical waveforms in a Y- connected stator winding of an unexcited salient pole
synchronous machine (reluctance machine) at synchronism for d0 = 0: phase current iph(t), phase
voltage uph(t), and line-to-line voltage uLL(t)
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Previous considerations can be qualitatively illustrated with measured wave-
forms of stator voltages and current in an unexcited Y- connected 3-phase salient
pole synchronous machine (reluctance machine) without neutral for a load angle of
d0 = 0, Fig. 4.21.

Beside fundamental component of voltage drop across the stator winding,
sinusoidal phase current creates a rich spectrum of rotational harmonics of phase
voltage at synchronism, see Eq. 4.76.

In a Y- connected machine without neutral, no integer multiple of the 3., 9., etc.,
harmonic of phase voltage due to saliency appears in the line-to-line voltage, which
is almost sinusoidal, as shown in Fig. 4.21.

It is interesting that except for a very small number of references, such as [1, 2],
the physics of salient pole synchronous machine, in particular of reluctance
machine, in the literature on electric machines is represented in a somehow mis-
leading manner. For example, the voltage–current diagram of a salient pole syn-
chronous machine introduced in [3] (Fig. 4.22) is based on an assumption which
suspends Kirchhoff’s laws, namely that the stator winding reactances Xd and Xq are
at the same time connected in series and parallel, Fig. 4.23.

Arbitrary stator current components Id and Iq in Fig. 4.22 sum up into armature
current Ia, suggesting that elements of circuit carrying the two currents are con-
nected in parallel, as in Fig. 4.23a.

At the same time, however, voltage drops Id Xd and Iq Xq are added to each other
in Fig. 4.22, suggesting that the two reactances Xd and Xq are connected in series.

Ia

Iq

Id

Vt

Ia Ra Id Xd

Iq Xq

Ef

ϕ 

δ 

Fig. 4.22 Complex plane representation of electrical quantities (after [3]) in a salient pole
synchronous machine at a given load. Although currents Id and Iq, as components of armature
current Ia must flow through parallel branches, voltage drops Id Xd and Iq Xq add to each other in
the same diagram! Besides, for Ef = 0 (reluctance machine) and neglecting stator winding
resistance Ra, this representation reduces the machine to a circuit with two reactances, in which
only reactive power can be generated
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The applied principle, according to which the stator current separates into two
components, which after that create voltage drops that add to each other, is not the
only paradox in equivalent circuit in Fig. 4.22. Following this approach, a reluc-
tance machine (Ef = 0) is reduced solely to reactances Xd and Xq, when armature
winding resistance is neglected. Since a reactance can consume only reactive
power, a machine represented exclusively by reactances Xd and Xq cannot produce
mechanical power on its shaft. This simple logic seems not to work in the machine
represented by the voltage and current diagram in Fig. 4.22: Despite the fact that
the electric active power is equal to zero, the machine produces mechanical power!
A device in which mechanical power is generated from zero active electrical power
fulfills all criteria for a perpetual motion machine. This physically untenable rep-
resentation is an ultimate consequence of confusing winding current with its MMF.
Whereas MMF, as a spatial function, can be resolved in arbitrary spatial directions,
such as d- and q-axes, winding current is a scalar, the resolving of which into
components Id and Iq is of no physical significance, because the scalar I is not
dependent on spatial coordinates.

4.3.2 Slotted Rotor

If the winding with variable inductance caused by toothed rotor as defined in
Eq. 4.60 carries an alternating current of the fundamental frequency x, the con-
catenated flux is equal to

W x0; tð Þ ¼ L0 þ
X1

n¼Nrp;3Nrp;...

L2n cos 2n
p
sp

x0

0

@

1

A � I1 cos xtð Þ ð4:87Þ

Vt

Ia

Id Iq

Xd Xq

(a)

Vt

Ia Id Iq

Xd Xq

(b)

Fig. 4.23 Equivalent circuit of a reluctance machine derived from representation in Fig. 4.22 in
the case of Ef = 0: current (a) and voltage (b) diagram. Both representations cannot obviously be
valid at the same time. Furthermore, although only machine reactances are present, the angle u
between applied voltage Vt and total current Ia in Fig. 4.22 is different from 90° and active power
can be generated, or absorbed! For this reason, the reluctance machine represented as suggested in
Fig. 4.22 fulfills all criteria characterizing a perpetual motion machine
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with Nrp denoting the number of rotor teeth per pole, Nrp = N/(2p). By using
Eq. 4.63, one becomes

W t0; tð Þ ¼ L0 þ
X1

n¼Nrp;3Nrp;...

L2n � cos 2npx t � t0ð Þ½ �
8
<

:

9
=

;
� I1 cos xtð Þ ð4:88Þ

Fundamental harmonic of air gap inductance in a 2p-pole machine has 2p � Nrp

poles and is non-orthogonal with the fundamental harmonic x of current at angular
speed X of (see Eq. 4.63):

X ¼ � x
pNrp

¼ �2
x
N

ð4:89Þ

in which case one can write

W t0; tð Þ ¼ L0 � I1 cos xtð Þþ I1 �
X1

n¼Nrp;3Nrp;...

L2n � cos
2n
Nrp

� 1
� �

xt � 2n
Nrp

xt0

	 
�

þ cos
2n
Nrp

þ 1
� �

xt � 2n
Nrp

xt0

	 
� ð4:90Þ

Replacing x � t0 by d0, one can express the fundamental harmonic of concate-
nated flux at angular speed X in a machine with Nrp teeth per rotor pole as

W1 d0; tð Þ ¼ I1 � L0 þ L2Nrp cos 2d0
� � � cos xtð Þþ L2Nrp sin 2d0 � sin xtð Þ � ð4:91Þ

which is analogous to the expression for the fundamental harmonic of concatenated
flux in a salient pole machine (Eq. 4.67). However, the load angle-dependent
components L2 in the two machine types do not have the same magnitude.
Therefore, the maximum mechanical power due to rotor saliency of a toothed rotor
machine is lower than in a salient pole (reluctance) machine. Nevertheless, sig-
nificant torques can be developed due to change of self-inductance in a vernier
motor, as well as in a squirrel cage induction motor at a low-speed rotation (syn-
chronous torque).

4.4 Mutual Inductance Between Windings in a Machine
with Cylindrical Rotor

Flux lines created by a winding in an electric machine can concatenate another
winding(s), in which case one speaks of mutual inductance. Assume that the
winding with index 1 generates air gap MMF after Eq. 4.13
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Hgap;1 xð Þ ¼ 4
p
� i1 � w1

X1

j¼1

sin jp
2

j
fw1;j sin

jp
sp

x ð4:92Þ

and that the winding with index 2, shifted for x0 along the air gap circumferential
coordinate, concatenates flux lines of the first winding. Considering only odd
harmonics in the MMF distributions of both windings, the jth harmonic of MMF
created by the first winding will create a non-zero flux concatenated by the second
winding equal to

W12;j ¼ 2pw2 � fw2;j l0laxd

Zx0 þ sp

x0

Hgap;j xð Þdx ¼ L12;j � i1 ð4:93Þ

Since

Zx0 þ sp

x0

sin j
p
sp

xdx ¼ 2sp
jp

sin j
p
2
cos j

p
sp
x0 ð4:94Þ

one can express the mutual inductance L12,j of the jth harmonic as

L12;j ¼ 16

jpð Þ2 p
l0laxsp

d
w1 � fw1;j � w2 � fw2;j cos j psp x0 ð4:95Þ

The jth harmonic component of mutual inductance between two windings in a
machine with cylindrical rotor is proportional to the cosine of electrical angle
between coil axes.

If two coils have identical parameters, i.e., w1 = w2 and fw1,j = fw2,j, as is the
case with phase windings in an m-phase machine, the mutual inductance L12,j can
be represented as

L12;j ¼ Lgap;cyl;j cos j
p
sp

x0 ð4:96Þ

with Lgap,cyl,j being defined in Eq. 4.15. The jth spatial harmonic component of flux
concatenated by a winding in a symmetrically wound m-phase machine can be
expressed as

Wj ¼ Lgap;cyl;j
Xm

n¼1

in cos j
n� 1
m

2p ð4:97Þ

because x0 = 2 sp/m in a symmetrically wound m-phase machine. If the machine is
in addition symmetrically fed, i.e.,
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in ¼ Imax cos a� n� 1
m

2p
� �

ð4:98Þ

with coefficient a denoting an arbitrary parameter, the concatenated flux Wj can be
written as

Wj ¼ Lgap;cyl;jImax

Xm

n¼1

cos a� n� 1
m

2p
� �

cos j
n� 1
m

2p ð4:99Þ

or

Wj ¼ Lgap;cyl;jImax

2

Xm

n¼1

cos a� 1� jð Þ n� 1
m

2p
	 


þ cos a� 1þ jð Þ n� 1
m

2p
	 
� �

ð4:100Þ

For (1 − j)/m = integer the first summand yields m cos a; (1 − j)/m 6¼ integer it
is equal to zero. Similarly, the second summand in Eq. 4.100 yields m cos a for
(1 + j)/m = integer and zero for (1 + j)/m 6¼ integer. Accordingly, one can express
the total flux Wj of the jth spatial harmonic concatenated in one phase of a sym-
metrically wound, symmetrically fed m-phase winding as

Wj ¼ m
2
Lgap;cyl;jImax cos a for

1� j
m

¼ int ð4:101Þ

which means that the equivalent inductance Leq,gap,cyl,j in that case is equal to

Leq;gap;cyl;j ¼ m
2
Lgap;cyl;j ð4:102Þ

All harmonics of the order j, which satisfy equation (1 ± j)/m = integer, gen-
erate resulting concatenated flux m/2 times larger than the concatenated flux of one
phase. The effects of these harmonics can be described by an equivalent gap
inductance which is m/2 times larger than the corresponding harmonic inductance
of one phase. The equivalent inductance of all other harmonics not satisfying
condition (1 ± j)/m = integer is equal to zero.

The equivalent inductance of a squirrel cage machine with an integer number
of slots per pole, Fig. 4.24, can be found by applying Eq. 4.101 and substituting for
the number of phases m the number of slots per pole N/(2p).

Since the connections between conductors in the end winding zone have no
influence on the air gap MMF distribution, one can replace the rings of a squirrel
cage winding with separate connections between corresponding bars carrying
currents in opposite directions, as in Fig. 4.25. In particular, the first bar under the
first pole is connected with the first bar under the second pole, etc. This way the air
gap MMF distribution created by a squirrel cage winding with N/(2p) = integer is
identical to the air gap MMF distribution created by an m = N/(2p)-phase full-pitch
winding with one turn per coil.
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Mutual inductance between adjacent phases for the fundamental harmonic of air
gap MMF can accordingly be written as (Eq. 4.95)

L12;1 ¼ 16
p2

p
l0laxsp

d
cos ael ð4:103Þ

with ael being equal to

ael ¼ p
2p
N

ð4:104Þ

I1 I2 IN/2p
… …

-I1 -I2 -IN/2p

τp τp

Fig. 4.24 Bar currents in adjacent poles of a squirrel cage winding with an integer number of slots
per pole

I1 I2 IN/2p

… …-I1 -I2 -IN/2p

τp τp

I1 I2 IN/2p

… …-I1 -I2 -IN/2p

(a)

(b)

Fig. 4.25 Squirrel cage winding with an integer number of slots per pole (a) and its pendant—an
m = N/(2p)—phase full-pitch winding with one turn per coil (b). Both winding types generate
identical air gap MMF
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Corresponding equivalent inductance Leq,gap,cage,1 is now [4]

Leq;gap;cage;1 ¼ 4N
p2

l0laxsp
d

ð4:105Þ

4.5 Slot Leakage Inductance Due to Transverse Field

4.5.1 Magnetic Energy Accumulated in One Slot

Assume a double-layer winding with a total of z conductors in a slot distributed
uniformly over both conductors, as in Fig. 4.26. Magnetic energy stored in the slot
in Fig. 4.26 can be expressed as

Wmg;slot ¼ 1
2

Z

V

BHdV ¼ 1
2
l0lax

Zhs

0

H2 rð Þ�w rð Þdr ð4:106Þ

Denoting by H2 and H4 magnetic field strengths in regions 2 and 4 of the slot in
Fig. 4.26

H2 ¼ z
2
il
ws

; H4 ¼ z
2
il þ iu
ws

ð4:107Þ

one can express the values of magnetic field strength in the remaining regions and
the amounts of accumulated magnetic energy in all slot portions in the manner
shown in Table 4.1.

hs

ho

hw

hC,u

C,h

hi

wo

ws

i

iu

r

H(r)

1

2

3

4

5

ww

z/2

z/2

Fig. 4.26 Double-layer winding with z/2 conductors in each layer
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Total accumulatedmagnetic energy in the slot in Fig. 4.26 can nowbe expressed as

Wmg;slot ¼ 1
2
l0leff

z
2

� �2 hC;l
3ws

þ hi
ws

þ hC;u
ws

þ hw
ww

þ ho
wo

� �
i2l þ

	

þ 2 � hC;u
2ws

þ hw
ww

þ ho
wo

� �
� il � iu þ hC;u

3ws
þ hw

ww
þ ho

wo

� �
� i2u

 ð4:108Þ

Introducing slot specific permeances ks,l, ks,lu, and ks,u, defined as

ks;l ¼ hC;l
3ws

þ hi
ws

þ hC;u
ws

þ hw
ww

þ ho
wo

ð4:109Þ

ks;lu ¼ hC;u
2ws

þ hw
ww

þ ho
wo

ð4:110Þ

ks;u ¼ hC;u
3ws

þ hw
ww

þ ho
wo

ð4:111Þ

one can express the magnetic energy accumulated in a slot of a double- layer
winding in Fig. 4.26 as

Wmg;slot ¼ 1
2
l0leff

z
2

� �2
ks;l � i2l þ 2ks;lu � il � iu þ ks;u � i2u
� � ð4:112Þ

By substituting i‘ = iu = i, one obtains the magnetic energy accumulated in a
slot of a single-layer winding as

Wmg;slot ¼ 1
2
l0leffz

2 hC
ws

þ hw
ww

þ ho
wo

� �
ð4:113Þ

Table 4.1 Magnetic field strength and accumulated energy components in the slot in Fig. 4.26

Region H(r) Wmg

1 H2
r

hC;l
z
2

� �2hC;l
3ws

i2l
2 H2 z

2

� �2 hi
ws
i2l

3 H2 þ H4 � H2ð Þ r�hC;l�hi
hC;u

z
2

� �2hC;u
ws

i2l þ il � iu þ i2u
3

� �

4 H4 z
2

� �2 hw
ww

i2l þ 2il � iu þ i2u
� �

5 z
2
il þ iu
wo

z
2

� �2 ho
wo

i2l þ 2il � iu þ i2u
� �
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4.5.2 Magnetic Energy Accumulated in All N Slots

Windings with full-pitch, double-layer, or single-layer coils are characterized by
iu = i‘ = iPh, where phase current iPh can be any of the machine’s m-phase currents
and is equal to IPh/a, a denoting the number of parallel circuits. Total magnetic
energy Wmg,tot is equal to the sum of magnetic energies stored in all N slots, which
for a symmetrically wound machine further yields the following

Wmg;tot ¼ N
m
1
2
l0lax

z
2

� �2
ks;l þ 2ks;lu þ ks;u
� �

i2a þ i2b þ . . .þ i2m
� � ð4:114Þ

Inserting for the number of conductors per coil z/2

z
2
¼ wPh � m � a

N
ð4:115Þ

with wPh standing for the number of turns per phase, one can further write

Wmg;tot ¼ 1
2
l0laxw

2
Ph
m
N

ks;l þ 2ks;lu þ ks;u
� �

I2a þ I2b þ . . .þ I2m
� � ð4:116Þ

Introducing the slot leakage inductance Lslot,r, defined as

Lslot;r ¼ l0laxw
2
Ph
m
N

ks;l þ 2ks;lu þ ks;u
� � ð4:117Þ

one can express the total magnetic energy accumulated in N slots of a machine with
double-layer full-pitch, or single-layer winding as

Wmg;tot ¼ 1
2
Lslot;r I2a þ I2b þ . . .þ I2m

� � ð4:118Þ

Machines with short pitch winding do not have the same ampere-turns in each
layer. Usually, the coil pitch y is larger than sp − sp/m, which means that in some
slots the same current flows both in upper and in lower layers. These slots are
shaded in Fig. 4.27, in which the zones of a double-layer, m-phase winding under
one pole are shown. The width wsc of the zone with same current in both layers of
each slot (monoslots) is given as

wsc ¼ y� m� 1
m

sp ð4:119Þ

whereas the width wdc of the zone with different currents in slot layers (mixed slots)
is obviously
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wdc ¼ sp � y ð4:120Þ

The total number of slots Nsc with the same current in both layers is accordingly

Nsc ¼
y� m�1

m sp
sp
m

N ¼ m
y
sp

� m� 1
m

� �
N ð4:121Þ

and with different currents

Ndc ¼ m 1� y
sp

� �
N ð4:122Þ

resulting in total magnetic energy accumulated in N slots (Eq. 4.116)

Wmg;tot ¼ 1
2
l0laxw

2
Ph
m
N

m
y
sp

� mþ 1
� �

ks;l þ 2ks;lu þ ks;u
� �

I2a þ I2b þ . . .þ I2m
� �þ

�

þm 1� y
sp

� �
ks;l I2a þ I2b þ . . .þ I2m
� �þ 2ks;lu IaIbþ IbIc þ . . .þ ImIað Þþ ks;u I2a þ I2b þ . . .þ I2m

� � ��

or

Wmg;tot ¼ 1
2

Lr;sc I2a þ I2b þ � � � þ I2m
� �þ 2Lr;dc IaIb þ IbIc þ � � � þ ImIað Þ � ð4:123Þ

with Lr;sc denoting the leakage inductance of monoslots, and Lr;dc the leakage
inductance of mixed slots

Lr;sc ¼ l0laxw
2
Ph
m
N

ks;l þ 2ks;lu m
y
sp

� m� 1
m

� �
þ ks;u

	 

ð4:124Þ

Lr;dc ¼ l0laxw
2
Ph
m2

N
ks;lu 1� y

sp

� �
ð4:125Þ
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Fig. 4.27 Double-layer, m-phase winding with coil pitch y < sp
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Whereas the leakage inductance of monoslots Lr;sc has the meaning of
self-inductance, the leakage inductance of mixed slots Lr;dc obviously denotes the
mutual inductance between two phases.

4.6 End Winding Leakage Inductance

Currents flowing through stator and rotor end windings create magnetic fields
which do not participate in electromechanical energy conversion, because they are
too far from end windings on the other side of air gap. Nevertheless, magnetic field
in end winding region (Fig. 4.28) can be large enough to create force on conductors
and heat solid metal parts in its vicinity. In low-polarity machines with short active
part the inductance belonging to the end winding field can reach significant, double
digit percental values of the machine reactance. Therefore, the determination of end
winding inductance is an important portion of electric machines designer’s job.

None of three spatial components of the magnetic field in the end winding zone
may be neglected when evaluating the end winding inductance. The procedure for
the determination of end winding inductance is based on its definition as a ratio
between concatenated flux and coil current. In order to find the flux, usually, Biot–
Savart law is utilized with boundary conditions considering mirroring of currents on
the iron lamination, shaft, and machine housing.

Fig. 4.28 Stator end zone of a double-layer winding with form-wound coils
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This way the flux density distribution is evaluated at given points on surface
S created by a single coil in Fig. 4.29. Since q is usually larger than one, the total
concatenated flux belonging to one zone has to be found by adding each other all
components of flux density created by currents in coils of the given zone.

Since the coils of windings on the same side of air gap are placed close to each
other in the end zone, the mutual inductance between them may not be neglected.
The coefficient of mutual inductance for the end winding is evaluated in the similar
manner by using Biot–Savart law, as it is done for the zone inductance (Fig. 4.29).
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Current and flux densities in electric conductors exposed to alternating magnetic
fields redistribute as a consequence of Faraday’s law. This fundamental observation
has numerous occurrences in electric machines (skin and proximity effect), most of
which lead to increase of losses. Analytical and numerical tools are developed in
this chapter, which help one quantify AC losses and design a machine in such a
manner as to minimize them. Among these are a method for evaluation of AC
parameters of a bar with arbitrary cross section and the analytical tool for com-
putation of proximity effect in a conductor in slot. Various procedures for mini-
mization of AC losses are discussed. Computational procedures are presented for
evaluation of skin effect in ferromagnetic media, thin plates, etc.

5.1 Analytical Solution for Current Density Redistribution
in a Solid Rectangular Conductor in a Slot as a Result
of Alternating Leakage Flux: One-Dimensional Skin
Effect

As shown in the previous chapters, current in a conductor placed in a slot of an
electric machine creates tangential leakage flux Φσ, Fig. 5.1. A time-dependent
current creates a time-dependent leakage flux, which, following Faraday’s law,
induces voltages, which can drive currents in electrically conducting media.
Consequently, alternating current I* in Fig. 5.1 creates alternating leakage flux Φσ,
the time derivatives of which—induced voltages—are sources of eddy currents i.e.,
which superimpose to the impressed current I*. An alternating current density
within the solid conductor in Fig. 5.1 is redistributed in such a manner that its
amount increases almost exponentially from the bottom to the top of the conductor.
One refers to the skin effect.

Electromagnetic quantities creating one-dimensional sinusoidal current density
redistribution in the solid conductor in Fig. 5.1 can be quantified using analytical
expressions developed in [1]. Introduce first the parameter β [m−1], defined as

b ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
fplj

wc

ws

r
ð5:1Þ
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Current density distribution created by real sinusoidal impressed current I* can
be expressed [1] as:

C rð Þ ¼ I
wc

b 1þ jð Þ cosh b 1þ jð Þ h� rð Þ½ �
sinh b 1þ jð Þh½ � ð5:2Þ

The real component of current density can be written as

Re C rð Þf g ¼ � 2bI
wc cos 2bh� cosh 2bhð Þ cosh b h� rð Þ½ � cos b h� rð Þ½ � cosh bh � sinbhþ cos bh sinh bhð Þþf

þ sinh b h� rð Þ½ � sin b h� rð Þ½ � cosh bh � sinbh� cos bh sinh bhð Þg
ð5:3Þ

and the imaginary as

Im C rð Þf g ¼ 2bI
wc cos 2bh� cosh 2bhð Þ cosh b h� rð Þ½ � cos b h� rð Þ½ � cosh bh � sin bh� cosbh sinh bhð Þ�f

� sinh b h� rð Þ½ � sin b h� rð Þ½ � coshbh � sin bh� cos bh sinh bhð Þg
ð5:4Þ

By substituting r = 0 (top of the conductor) in Eqs. 5.3 and 5.4, one obtains
maximum values of real and imaginary components of current density as

Φσ

I ~

ie

ax

ws

wc

h

r 

0

Fig. 5.1 One-dimensional current redistribution in a solid conductor placed in a slot of an electric
machine. The impressed current I* is a function of time
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Re Cmax 0ð Þf g ¼ bI
wc

sinh 2bhþ sin 2bh
cosh 2bh� cos 2bh

ð5:5Þ

Im Cmax 0ð Þf g ¼ bI
wc

sinh 2bh� sin 2bh
cosh 2bh� cos 2bh

ð5:6Þ

For large values of argument 2βh applies cosh 2βh >> cos 2βh,
sinh 2βh >> sin 2βh, and sinh 2βh ≈ cosh 2βh; hence,

Re Cmax;b� 0ð Þ� � ¼ Im Cmax;b� 0ð Þ� � ¼ bI
wc

¼ I
dwc

ð5:7Þ

with δ denoting the current density penetration (skin) depth [m], defined as

d ¼ 1
b
¼

ffiffiffiffiffiffiffiffiffi
2

xlj

s

ð5:8Þ

According to Eq. 5.7, the current density skin depth δ is equal to the distance
from the air gap side of the conductor toward the slot bottom along which the
impressed current I would create constant current density equal to the actual current
density I/δwc on the air gap side of the conductor.

At higher frequencies, the imaginary component of current density at air gap side
of the conductor becomes as large as its real component. The rms. value of current
is not dependent on the conductor height h, but on the skin depth δ.

For a DC current, one can write

CD:C:;r¼0 ¼ lim Re Cmax 0ð Þf g
b!0

" #

¼ I
hwc

ð5:9Þ

since, obviously,

lim Im Cmax 0ð Þf g
b!0

" #

¼ 0 ð5:10Þ

The absolute value of current density can be expressed as

C rð Þj j ¼ bI
wc

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2
cosh 2b h� rð Þ½ � þ cos 2b h� rð Þ½ �

cosh 2bh� cos 2bh

s

ð5:11Þ

For large values of argument β(h − r), the absolute value of current density
decreases exponentially from the conductor air gap side toward the bottom of the
slot:
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C rð Þb�
���

���� I
dwc

e�
r
d ð5:12Þ

where δ, introduced in Eq. 5.8, can here be interpreted as the exponential decay
constant. The absolute value of current density decreases exponentially at a rate of r/δ.

Case Study 5.1: A 50-mm-high copper bar is placed in an open slot of an
electric machine as shown in Fig. 5.1. The dependence of current density on fre-
quency and radial distance is illustrated in Fig. 5.2.

Real, imaginary, and absolute values of current density (in A/mm2) in a
50-mm-high copper bar as functions of radial coordinate r are shown in Fig. 5.3a–c
for various frequencies, and the dependence of the absolute value of current density
on β, which is almost linear for higher values of β, is shown in Fig. 5.3d. One
recalls that β is proportional to the square root of frequency. The direct current with
the same value as the rms of applied current would create a current density of
1 A/mm2.

Both real and imaginary components of current density in Fig. 5.3a, b decrease
rapidly when going from the air gap surface of the conductor to the slot bottom and
after a certain point change their direction. This means that total current in the
conductor portion closer to the slot bottom flows in opposite direction than the
impressed current. In this portion of the conductor the eddy currents overwhelm the
impressed current.

In Fig. 5.4 the dependence of the absolute value of current density on the radial
coordinate r at various time instants is shown both for DC and 50 Hz impressed
current. The absolute value of current density in the portion of the conductor closer
to the slot bottom is almost equal to zero at 50 Hz, whereas it is uniformly dis-
tributed over the whole conductor height in the case of a DC impressed current with
the same amplitude as the rms value of 50 Hz current.

r = 0

Re {J}  [A/mm2]

Im {J}  [A/mm2] 

100 Hz

50 Hz

D.C.

r = h

Fig. 5.2 Current density distribution in a 50-mm-high copper rectangular bar at various
frequencies and radial coordinates
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Re {J} Im {J}  

|J| |Jr=0|

r [m] r [m] 

r [m] 

f [Hz] 50

100 Hz

50 Hz
D.C.

100 Hz

50 Hz

D.C.

100 Hz

50 Hz 
D.C.

(a) (b)

(c) (d)

β [1/m] 

0

0 0

Fig. 5.3 Current density distributions in a 50-mm-high copper rectangular bar at various
frequencies and radial coordinates. The impressed current creates a DC density of 1 A/mm2.
Surface integral of the real component of current density over conductor height is equal to the
impressed current I~; surface integral of the imaginary component of current density is equal to zero

50 Hz

D.C.

|J| 

r [m] 

t/T 

Fig. 5.4 Current density distributions in a 50-mm-high copper rectangular bar at 50 Hz and DC.
The impressed current creates a DC current density of 1 A/mm2
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Total losses P~ created by the impressed current I* are equal to

P� ¼ wclax
j

Zh

0

C � C�dr ¼ I2
blax
jwc

� sinh 2bhþ sin 2bh
cosh 2bh� cos 2bh

ð5:13Þ

Total losses P* are a function of conductor height h and frequency of impressed
current, since β in Eq. 5.13 is proportional to

ffiffiffi
f

p
. For direct current (β = 0)

P* (h) is a hyperbola, whereas P* (h) created by alternating current (b 6¼ 0) has a
minimum at critical conductor height hc:

hc ¼ p
2
d ð5:14Þ

For each frequency, represented by skin depth δ, there exists a conductor height
hc for which the I2R losses are minimal; for example, for solid copper conductor at
50 Hz, the critical height is equal to hc,50 ≈ 15 mm (see also Fig. 5.5a).

The amount of losses P*, min in a solid conductor with critical height hc is equal to

P� ; min ¼ I2
plax

2jwchc
� sinh p
1þ cosh p

� 1:44I2
lax

jwchc
ð5:15Þ

which is about 44 % higher than losses in the same conductor created by direct
current with the same value. No matter how much the height of a solid conductor is
increased, the AC I2R losses in it are at least 44 % higher than the DC I2R losses
with the same amount of current. On the other hand, the thinner the conductor, the
closer its AC losses to the DC value, see Fig. 5.5a.

Any increase of conductor height h above the critical height hc increases the AC
I2R losses, which asymptotically reach the value of

lim P�
h!1

� �
¼ I2

blax
jwc

¼ I2
lax

jdwc
ð5:16Þ

that is, as if the conductor height h were equal to the skin depth δ. Independent of
conductor dimensions, alternating current can only make use of a layer of thickness
δ on the air gap side of the solid conductor with height h, see also Eq. 5.7.

The product βh in Eq. 5.13, sometimes referred to as normalized conductor
height n:

n ¼ hb ¼ h
d

ð5:17Þ
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helps one express the I2R losses in a solid conductor (Eq. 5.13) as

P� ¼ I2
lax

jhwc
� n sinh 2nþ sin 2n

cosh 2n� cos 2n
ð5:18Þ

or

P� ¼ P¼ � u nð Þ ð5:19Þ

where

P¼ ¼ I2
lax

jhwc
ð5:20Þ

and

u nð Þ ¼ P�
P¼

¼ R�
R¼

¼ n
sinh 2nþ sin 2n
cosh 2n� cos 2n

ð5:21Þ

The function φ(n) in Eq. 5.21 represents at the same time the ratio between
conductor AC and DC resistance at a given frequency.

The loss density, expressed in W/m3, is an indicator of loss distribution along
the conductor height and can be expressed as

P0
� ¼ dP�

dV
¼ 1

jlaxwc
C2 ¼ 2I2

b2lax
jwc

� cosh 2b h� rð Þ½ � þ cos 2b h� rð Þ½ �
cosh 2bh� cos 2bh

ð5:22Þ

Loss density is maximal on the air gap side of the conductor (r = 0). For medium
and large values of argument βh, the maximum loss density can be expressed as

P0
� r ¼ 0ð Þ � 2I2

b2lax
jwc

ð5:23Þ

Analogously to the current density skin depth δ, defined in Eq. 5.8, one can
introduce the power density skin depth δ′ as a distance from the conductor air gap
side at which losses generated assuming constant loss density are equal to actual
losses in the conductor. Following Eq. 5.23, the power density skin depth is equal
to one half of the current density skin depth:

d0 ¼ d
2

ð5:24Þ

because losses are proportional to the square of the current amplitude.
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Case Study 5.2: Total losses in a copper conductor, introduced in Case Study
5.1, are shown in Fig. 5.5a as a function of conductor height h for various values of
frequency of impressed current as parameter.

Only direct current creates less losses when conductor height increases; total
losses generated by alternating current end up at the amount given in Eq. 5.16,
independently of the conductor height. Total losses at a given frequency of alter-
nating current are minimal at critical conductor height (Eq. 5.14).

The ratio between AC and DC resistance, R~ /R=, as a function of normalized
conductor height n (Eq. 5.17) is shown in Fig. 5.5b. The AC resistance of the
conductor with height h increases proportionally to the square root of frequency.
This property can also be observed in Fig. 5.6a, in which the ratio between AC and
DC losses, P~ /P=, as a function of frequency is shown. One recognizes that starting
at low frequencies, the factor φ(n) (represented with black curve in Fig. 5.6a) is
identical with

ffiffiffi
f

p
, represented with overlapping gray curve in the same figure. In

other words, AC losses increase proportionally to the square root of frequency of
impressed current.

The ratio between the loss density for alternating and direct current for various
values of frequency of impressed current, as a function of the conductor radial
coordinate r, is shown in Fig. 5.6b. One recognizes in Fig. 5.6b that already at
50 Hz the peak value of loss density on the air gap surface of a conductor exceeds
its DC value for a factor above 50! Such extreme loss densities are a potential
source of hot spots in inadequately cooled conductors.

The concatenated current at a distance r, i(r), is evaluated as a surface integral
of current density in Eq. 5.2, which on the other hand is proportional to the
magnetic field strength H. Therefore:

h hc,50hc,400

P~

ξ = βh 

ϕ =  R~ / R=

D.C.

50 Hz

100 Hz

400 Hz

(a) (b)
5 

1 

1 5 

Fig. 5.5 a Total losses in a 50-mm-high copper rectangular bar at various frequencies; b the ratio
between AC and DC resistance of a conductor
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i rð Þ ¼ wc

Z
C rð Þdrn ¼ I

sinh b 1þ jð Þ h� rð Þ½ �
sinh b 1þ jð Þh½ � ð5:25Þ

and

H rð Þ ¼ I
ws

sinh b 1þ jð Þ h� rð Þ½ �
sinh b 1þ jð Þh½ � ¼ i rð Þ

ws
ð5:26Þ

The real and imaginary components of the conductor current at height r can be
expressed as

Re i rð Þf g ¼ 2I
cosh bh cosh b h� rð Þ½ � sin bh sin b h� rð Þ½ � þ cos bh cos b h� rð Þ½ � sinh bh sinh b h� rð Þ½ �

cosh 2bh� cos 2bh

ð5:27Þ

and

Im i rð Þf g ¼ 2I
cos bh cosh b h� rð Þ½ � sinh bh sin b h� rð Þ½ � � cosh bh cos b h� rð Þ½ � sin bh sinh b h� rð Þ½ �

cosh 2bh� cos 2bh

ð5:28Þ

For medium and large values of β, the imaginary component of concatenated
current/ magnetic field strength can be written as

Im i rð Þb�
n o

� �Ie�br sinbr ð5:29Þ

(a) (b)

f [Hz]

ϕ =  P~ /P=

D.C.

50 Hz

100 Hz

P‘~ /P‘=

r/ δ

5 

Fig. 5.6 a The ratio of AC to DC losses as a function of frequency; b loss density ratio along the
conductor radial coordinate r
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and reaches its minimum at

r ¼ p
4b

ð5:30Þ

The imaginary component of concatenated current/magnetic field strength has a
minimum value independent of frequency equal to

Im i rð Þb�
n o

min
¼ �Ie�

p
4 sin

p
4
� �0:3224I ð5:31Þ

The real component of concatenated current/magnetic field strength at the point
of minimum of the imaginary part (Eq. 5.28) is equal to

Ie�
p
4 cos

p
4
� 0:3224I ð5:32Þ

(a) (b)

(c)

Re {i} (p.u.), Re {H} (p.u.)

r [m] 

10 Hz

50 Hz

D.C.

10 Hz

50 Hz

D.C. 
Im {i} (p.u.), Im {H} (p.u.) r [m] 

10 Hz

50 Hz

D.C. Re {i} (p.u.), Re {H} (p.u.)

Im {i} (p.u.), Im {H} (p.u.)

r = h

r = 0

Fig. 5.7 Real (a) and imaginary (b) components of concatenated current/magnetic field strength
in a 50-mm copper conductor in a slot. The parametric plot of the both components is shown in (c).
At r = 0, the concatenated current is equal to the impressed (real) current I
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Case Study 5.3: The dependence of real and imaginary components of con-
catenated current/magnetic field strength (in p.u.) after Eq. 5.23 on the radial
coordinate r in a 50-mm-high copper for various frequencies is shown in Fig. 5.7a, b.

The real component of concatenated direct current is a linear function of the
coordinate r, and its imaginary component is equal to zero—the direct current
density is constant over the whole conductor cross section. With increasing fre-
quency, both real and imaginary components start to concentrate on the air gap side
of the conductor in such a manner that the peak value of the imaginary component
remains constant. This property can be recognized in Fig. 5.7c, in which the
components as a function of the parameter r are shown, as well as in a
3-dimensional representation in Fig. 5.8.

Magnetic energy accumulated in the slot with a current-carrying conductor is
evaluated as

Re {i} (p.u.) 
Re {H} (p.u.)

r = h

r = 0

Im {i} (p.u.), Im {H} (p.u.)

f [Hz]

50

Fig. 5.8 3-dimensional parametric plot of the real and imaginary components of concatenated
current/magnetic field strength
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Wmg ¼ l0laxws

Zh

0

H rð Þ � H� rð Þdr ¼ 1
2
i2 tð Þ l0lax

bws

sinh 2bh� sin 2bh
cosh 2bh� cos 2bh

ð5:33Þ

and its average value, by utilizing Eq. 5.17

Wmg ¼ 1
2
I2
l0hlax
ws

1
n
sinh 2n� sin 2n
cosh 2n� cos 2n

ð5:34Þ

The accumulated magnetic energy for direct current is equal to

lim �Wmg
n!0

" #

¼ 1
3
I2
l0hlax
ws

ð5:35Þ

The ratio between AC and DC values of conductor inductance is proportional to
the ratio between accumulated magnetic energies, or

L�
L¼

¼ 3
2n

sinh 2n� sin 2n
cosh 2n� cos 2n

ð5:36Þ

L~ / L=

ξ 

Fig. 5.9 The dependence of the ratio between AC and DC conductor inductance on its normalized
height n
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The dependence of the ratio L~ /L= on normalized conductor height n is shown in
Fig. 5.9.

One should keep in mind that the conductor inductance evaluated here is leakage
by its nature, because it is a measure of flux going through the slot, instead of
through air gap. Therefore, an AC conductor current increases total air gap flux,
since it forces flux out of slot into air gap, as shown in Fig. 5.10. The higher the
frequency of alternating current, the stronger the effects of Faraday’s law, the lower
the leakage and the higher the main flux.

The decrease of leakage inductance due to skin effect is utilized in deep bar
induction machines [1], where a lower rotor leakage inductance leads to a higher
torque on the shaft in the low-speed range due to a higher air gap flux.

5.2 Analytical Solution for Current Density Redistribution
in an Arbitrarily Shaped Solid Conductor in a Slot
as a Result of Alternating Leakage Flux

Very often conductors in a slot of an electric machine do not have the simple
rectangular form as shown in Fig. 5.1. As the conductor width changes along the
slot height, a question is posed, how the current density, loss, field strength, etc.,
distributions can be found in the case of variable conductor geometry. Partial
differential equations describing distributions of electromagnetic quantities remain

(a)

(b)

air gap air gap

Fig. 5.10 Approximate leakage flux distribution for DC (a) and AC (b)
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obviously the same, independent of the conductor geometry. Their general solution
in the case of sinusoidal applied current [1] yields for the magnetic field strength:

H ¼ �1þ jð Þ b
xl

Ce�b 1þ jð Þ h�rð Þ � Deb 1þ jð Þ h�rð Þ
h i

ð5:37Þ

and for current density

C ¼ j Ce�b jþ 1ð Þ h�rð Þ þDeb jþ 1ð Þ h�rð Þ
h i

ð5:38Þ

where complex constants of integration C and D

C ¼ Cr þ jCi; D ¼ Dr þ jDi ð5:39Þ

are determined from boundary conditions. Introducing substitutions

Crc ¼ Cr cos b r � hð Þ; Crs ¼ �Cr sinb r � hð Þ
Cic ¼ Ci cos b r � hð Þ; Cis ¼ �Ci sin b r � hð Þ

analogously with Drc, Drs, Dic and Dis for the constant D, one can express general
solutions in Eqs. 5.37 and 5.38 as

H ¼ b
xl

�Crc þCis � Crs � Cicð Þe�b h�rð Þ � �Drc þDis � Drs � Dicð Þeb h�rð Þ
h i

þ

þ j
b
xl

Crc � Cis � Crs � Cicð Þe�b h�rð Þ � Drc � Dis � Drs � Dicð Þeb h�rð Þ
h i

ð5:40Þ

C ¼ j Crc � Cisð Þe�b h�rð Þ þ Drc � Disð Þeb h�rð Þ
h i

þ

þ jj Crs � Cicð Þe�b h�rð Þ þ Drs � Dicð Þeb h�rð Þ
h i ð5:41Þ

Particular solutions—magnetic field strength and current density distributions in
each conductor segment—are obtained by applying proper boundary conditions for
the uppermost and lowest conductor edge, along with continuity equations for
imaginary borders between adjacent radial conductor sections. This procedure will
be illustrated by the example of current redistribution due to skin effect in a hollow
conductor in a slot of an electric machine.

5.2.1 Exact Solution

Hollow conductors, with a typical shape shown in Fig. 5.11 left, are used for direct
gas or fluid cooling. The equivalent conductor, shown on the right in Fig. 5.11, can
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be separated into three zones (1, 2, and 3) with conductor thickness wc, 2d, and wc,
respectively.

Complex constants of integration C and D in Eq. 5.39 have to be determined for
all 3 zones, which sums up to the total of 12 unknowns: Cr,k, k = 1, 3; Ci,k, k = 1, 3;
Dr,k, k = 1, 3; and Di,k, k = 1, 3, representing real and imaginary components of
C and D in all 3 zones, respectively.

For the 12 unknowns, 12 algebraic equations can be written:

– Two boundary condition equations (one for real and one for imaginary com-
ponent) state that the magnetic field strength H on the lowest bottom of the
conductor is equal to zero;

– Two boundary condition equations (one for real and one for imaginary com-
ponent) state that the magnetic field strength H on the uppermost edge of the
conductor is equal to the applied current divided by the slot width;

– Twocontinuity equations (one for real and one for imaginary component) state that
the magnetic field strength H on the lower side of the boundary between zones 1
and 2 is equal to the magnetic field strength H on the upper side of the boundary;

– Two continuity equations (one for real and one for imaginary component) state
that the magnetic field strength H on the lower side of the boundary between
zones 2 and 3 is equal to the magnetic field strength H on the upper side of the
boundary;

r

0

h

ws

wc

d

d

2d 

1

2

3

ws

wc

Fig. 5.11 Hollow conductor in a slot of an electric machine with wall thickness d (left) and
equivalent conductor (right)
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– Two continuity equations (one for real and one for imaginary component) state
that the current density Γ on the lower side of the boundary between zones 1 and
2 is equal to the current density Γ on the upper side of the boundary;

– Two continuity equations (one for real and one for imaginary component) state
that the current density Γ on the lower side of the boundary between zones 2 and
3 is equal to the current density Γ on the upper side of the boundary;

The system of 12 algebraic equations determining the constants of integration
can now be written as

A � X ¼ B ð5:42Þ

where

X ¼ Cr;1 Cr;2 Cr;3 Ci;1 Ci;2 Ci;3 Dr;1 Dr;2 Dr;3 Di;1 Di;2 Di;3½ �T
ð5:43Þ

B ¼ 0 0 0 0 0 0 Ixl
b3ws

0 0 0 0 0
h iT

ð5:44Þ

and

A ¼

a1;1 0 0 a1;4 0 0 a1;7 0 0 a1;10 0 0
a2;1 0 0 a2;4 0 0 a2;7 0 0 a2;10 0 0
a3;1 a3;2 0 a3;4 a3;5 0 a3;7 a3;8 0 a3;10 a3;11 0
a4;1 a4;2 0 a4;4 a4;5 0 a4;7 a4;8 0 a4;10 a4;11 0
0 a5;2 a5;3 0 a5;5 a5;6 0 a5;8 a5;9 0 a5;11 a5;12
0 a6;2 a6;3 0 a6;5 a6;6 0 a6;8 a6;9 0 a6;11 a6;12
0 0 a7;3 0 0 a7;6 0 0 a7;9 0 0 a7;12
0 0 a8;3 0 0 a8;6 0 0 a8;9 0 0 a8;12
a9;1 a9;2 0 a9;4 a9;5 0 a9;7 a9;8 0 a9;10 a9;11 0
a10;1 a10;2 0 a10;4 a10;5 0 a10;7 a10;8 0 a10;10 a10;11 0
0 a11;2 a11;3 0 a11;5 a11;6 0 a11;8 a11;9 0 a11;11 a11;12
0 a12;2 a12;3 0 a12;5 a12;6 0 a12;8 a12;9 0 a12;11 a12;12

2

6666666666666666664

3

7777777777777777775

ð5:45Þ

Introducing

ck rð Þ ¼ cos bk h� rð Þ; sk rð Þ ¼ sinbk h� rð Þ
pk rð Þ ¼ ck rð Þþ sk rð Þ; mk rð Þ ¼ ck rð Þ � sk rð Þ

e�k rð Þ ¼ e�bk h�rð Þ; eþk rð Þ ¼ ebk h�rð Þ

one can define the matrix coefficients in Eq. 5.45 as
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a1;1 ¼ �e�1 hð Þm1 hð Þ; a1;4 ¼ �e�1 hð Þp1 hð Þ; a1;7 ¼ eþ1 hð Þm1 hð Þ; a1;10 ¼ eþ1 hð Þp1 hð Þ
a2;1 ¼ e�1 hð Þp1 hð Þ; a2;4 ¼ �e�1 hð Þm1 hð Þ; a2;7 ¼ �eþ1 hð Þp1 hð Þ; a2;10 ¼ eþ1 hð Þm1 hð Þ

a3;1 ¼ �e�1 h� dð Þm1 h� dð Þ; a3;2 ¼ e�2 h� dð Þm2 h� dð Þ
a3;4 ¼ �e�1 h� dð Þp1 h� dð Þ; a3;5 ¼ e�2 h� dð Þp2 h� dð Þ
a3;7 ¼ eþ1 h� dð Þm1 h� dð Þ; a3;8 ¼ �eþ2 h� dð Þm2 h� dð Þ
a3;10 ¼ eþ1 h� dð Þp1 h� dð Þ; a3;11 ¼ �eþ2 h� dð Þp2 h� dð Þ
a4;1 ¼ �e�1 h� dð Þp1 h� dð Þ; a4;2 ¼ e�2 h� dð Þp2 h� dð Þ
a4;4 ¼ e�1 h� dð Þm1 h� dð Þ; a4;5 ¼ �e�2 h� dð Þm2 h� dð Þ
a4;7 ¼ eþ1 h� dð Þp1 h� dð Þ; a4;8 ¼ �eþ2 h� dð Þp2 h� dð Þ
a4;10 ¼ �eþ1 h� dð Þm1 h� dð Þ; a4;11 ¼ eþ2 h� dð Þm2 h� dð Þ

a5;2 ¼ �e�2 dð Þm2 dð Þ; a5;3 ¼ e�3 dð Þm3 dð Þa5;5 ¼ �e�2 dð Þp2 dð Þ;
a5;6 ¼ e�3 dð Þp3 dð Þ; a5;8 ¼ eþ2 dð Þm2 dð Þ; a5;9 ¼ �eþ3 dð Þm3 dð Þ

a5;11 ¼ eþ2 dð Þp2 dð Þ; a5;12 ¼ �eþ3 dð Þp3 dð Þ
a6;2 ¼ e�2 dð Þp2 dð Þ; a6;3 ¼ �e�3 dð Þp3 dð Þ; a6;5 ¼ �e�2 dð Þm2 dð Þ;
a6;6 ¼ e�3 dð Þm3 dð Þ; a6;8 ¼ �eþ2 dð Þp2 dð Þ; a6;9 ¼ eþ3 dð Þp3 dð Þ

a6;11 ¼ eþ2 dð Þm2 dð Þ; a6;12 ¼ �eþ3 dð Þm3 dð Þ

a7;3 ¼ �e�3 0ð Þm3 0ð Þ; a7;6 ¼ �e�3 0ð Þp3 0ð Þ; a7;9 ¼ eþ3 0ð Þm3 0ð Þ; a7;12 ¼ eþ3 0ð Þm3 0ð Þ
a8;3 ¼ e�3 0ð Þp3 0ð Þ; a8;6 ¼ �e�3 0ð Þm3 0ð Þ; a8;9 ¼ �eþ3 0ð Þp3 0ð Þ; a8;12 ¼ eþ3 0ð Þm3 0ð Þ
a9;1 ¼ e�1 h� dð Þc1 h� dð Þ; a9;2 ¼ �e�2 h� dð Þc2 h� dð Þa9;4 ¼ e�1 h� dð Þs1 h� dð Þ;
a9;5 ¼ �e�2 h� dð Þs2 h� dð Þ; a9;7 ¼ eþ1 h� dð Þc1 h� dð Þ; a9;8 ¼ �eþ2 h� dð Þc2 h� dð Þ

a9;10 ¼ eþ1 h� dð Þs1 h� dð Þ; a9;11 ¼ �eþ2 h� dð Þs2 h� dð Þ

a10;1 ¼ �e�1 h� dð Þs1 h� dð Þ; a10;2 ¼ e�2 h� dð Þs2 h� dð Þ
a10;4 ¼ e�1 h� dð Þc1 h� dð Þ; a10;5 ¼ �e�2 h� dð Þc2 h� dð Þ
a10;7 ¼ �eþ1 h� dð Þs1 h� dð Þ; a10;8 ¼ eþ2 h� dð Þs2 h� dð Þ
a10;8 ¼ eþ2 h� dð Þs2 h� dð Þ; a10;11 ¼ �eþ2 h� dð Þc2 h� dð Þ
a11;2 ¼ e�2 dð Þc2 dð Þ; a11;3 ¼ e�3 dð Þc3 dð Þ; a11;5 ¼ e�2 dð Þs2 dð Þ
a11;6 ¼ �e�3 dð Þs3 dð Þ; a11;8 ¼ eþ2 dð Þc2 dð Þ; a11;9 ¼ �eþ3 dð Þc3 dð Þ

a11;11 ¼ eþ2 hð Þs2 dð Þ; a11;12 ¼ �eþ3 dð Þs3 dð Þ

a12;2 ¼ �e�2 dð Þs2 dð Þ; a12;3 ¼ e�3 dð Þs3 dð Þ; a12;5 ¼ e�2 dð Þc2 dð Þ
a12;6 ¼ �e�3 dð Þc3 dð Þ; a12;8 ¼ �eþ2 dð Þs2 dð Þ; a12;9 ¼ eþ3 dð Þs3 dð Þ
a12;11 ¼ eþ2 dð Þc2 dð Þ; a12;12 ¼ �eþ3 dð Þc3 dð Þ

In order to find the distributions of electromagnetic quantities in a hollow
conductor in Fig. 5.11, one has to solve the simultaneous system of 12 algebraic
equations (Eq. 5.42), which is a time- and resource-consuming job. Therefore, an
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alternative approach seems to be more feasible, which delivers an approximate
solution for an arbitrary conductor shape with less computational effort.

5.2.2 Approximate Solution

Consider a conductor with arbitrary shape placed in a slot of an electric machine as
shown in Fig. 5.12. For the purpose of approximate computation of current
redistribution, the conductor is separated into equidistant layers with thickness d,
which is allowed since there is no radial component of current in the conductor.

Magnetic field strength Hk on the upper border of the kth layer is equal to

Hkws;k ¼
Xk

l¼1

il þH0 ð5:46Þ

with ws,k denoting the slot width at the position of the kth layer, il the unknown
current in the lth layer, and Θ0 the MMF created by current-carrying conductors
placed below the conductor 1 in Fig. 5.12a.

Flux density Bk corresponding to the field strength in Eq. 5.46 is equal to

Bk ¼ l0
ws;k

Xk

l¼1

il þH0

 !

ð5:47Þ

and the flux Φk through the kth layer:
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Fig. 5.12 Conductor with variable width and layer thickness d (a) and equivalent circuit (b)
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Uk ¼ Bk þBk�1

2
laxd ¼ laxdl0

2
1

ws;k

Xk

l¼1

il þ 1
ws;k�1

Xk�1

l¼1

il þ H0

ws;k
þ H0

ws;k�1

 !

ð5:48Þ

or

Uk ¼ 1
2

Lk
Xk

l¼1

il þ Lk�1

Xk�1

l¼1

il þ H0

Rm;k
þ H0

Rm;k�1

 !

ð5:49Þ

with Lk, Lk−1, Rm,k, and Rm,k−1 denoting the inductances and reluctances belonging
to the kth and (k-1)-th conductor layer, respectively.

For an arbitrary loop created by the kth and (k + 1)-th layer, one can write the
equation of II Kirchhoff’s rule

d
dt

Uk þUkþ 1ð ÞþRkik � Rkþ 1ikþ 1 ¼ 0 ð5:50Þ

or

l0
laxd
2

d
dt

1
ws;k�1

Xk�1

l¼1

il þ 2
ws;k

Xk

l¼1

il þ 1
ws;kþ 1

Xkþ 1

l¼1

il þ H0

bs;k
þ H0

bs;k�1

 !

þRkik � Rkþ 1ikþ 1 ¼ 0

ð5:51Þ

and accordingly

1
2
d
dt

Lk�1

Xk�1

l¼1

il þ 2Lk
Xk

l¼1

il þ Lkþ 1

Xkþ 1

l¼1

il þ H0

Rm;k
þ H0

Rm;k�1

 !

þRkik � Rkþ 1ikþ 1 ¼ 0 ð5:52Þ

For a sinusoidal applied total current I and linear media, the current in the ‘th
layer can be expressed as a complex number by means of its real IRe and imaginary
IIm components as

il ) I
_

l ¼ IRel þ jI Iml ð5:53Þ

whereas its derivative with respect to time is equal to

d
dt
il )¼ jxI

_

l ¼ x �IIml þ jIRel

� 	 ð5:54Þ
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Substituting Eqs. 5.53 and 5.54 into 5.52, one obtains

x Lk�1 þ 2Lk þ Lkþ 1ð Þ
Xk�1

l¼1

�I Iml þ jIRel

� 	þ 2Lk þ Lkþ 1ð Þ �IImk þ jIRek

� 	þ Lkþ 1 �IImkþ 1 þ jIRekþ 1

� 	
" #

þ

þRk IRek þ jIImk
� 	� Rkþ 1 IRekþ 1þ jIImkþ 1

� 	 ¼ URe
0;k þ jUIm

0;k; k ¼ 2; 3; . . .; n

ð5:55Þ

with URe
0;k and UIm

0;k denoting the real and imaginary components of voltage induced
by the MMF Θ0 in the loop created by the kth and (k + 1)-th layers.

Complex Eq. 5.55 contains n − 1 equations for real:

� x Lk�1 þ 2Lk þ Lkþ 1ð Þ
Xk�1

l¼1

IIml � x 2Lk þ Lkþ 1ð ÞIImk � xLkþ 1I
Im
kþ 1 þRkI

Re
k

� Rkþ 1I
Re
kþ 1 ¼ URe

0;k

ð5:56Þ

and n − 1 equations for imaginary parts

x Lk�1 þ 2Lk þ Lkþ 1ð Þ
Xk�1

l¼1

IRel þx 2Lk þ Lkþ 1ð ÞIRek þxLkþ 1I
Re
kþ 1 þRkI

Im
k

� Rkþ 1I
Im
kþ 1 ¼ UIm

0;k

ð5:57Þ

The nth equation for real parts yields

Xn

l¼1

IRel ¼ Re Îc
� � ð5:58Þ

and for imaginary

Xn

l¼1

IIml ¼ Im Îc
� � ð5:59Þ

The system of 2n algebraic equations can be written in the matrix form as

A B
�B A

� �
� IRe

IIm

� �
¼ Y½ � ð5:60Þ

where the n × n submatrices A and B are defined as
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A ¼

R1 �R2 0 0 . . . 0 0
0 R2 �R3 0 . . . 0 0
0 0 R3 �R4 . . . 0 0
. . . . . . . . . . . . . . . . . . . . .
0 0 0 0 . . . �Rn�1 0
0 0 0 0 . . . Rn�1 �Rn

1 1 1 1 . . . 1 1

2

666666664

3

777777775

ð5:61Þ

B ¼ �x

2L1 þ L2 L2 0 . . . . . . 0 0
L1þ 2L2 þ L3 2L2 þ L3 L3 . . . . . . 0 0
L2þ 2L3 þ L4 L2 þ 2L3 þ L4 2L3 þ L4 . . . . . . 0 0

. . . . . . . . . . . . . . . . . . . . .
Ln�3 þ 2Ln�2 þ Ln�1 Ln�3þ 2Ln�2 þ Ln�1 Ln�3 þ 2Ln�2 þ Ln�1 . . . . . . Ln�1 0
Ln�2þ 2Ln�1 þ Ln Ln�2 þ 2Ln�1 þ Ln Ln�2 þ 2Ln�1 þ Ln . . . . . . 2Ln�1 þ Ln Ln

0 0 0 . . . . . . 0 0

2

666666664

3

777777775

ð5:62Þ

and the vector Y

Y ¼ URe
0;1 URe

0;2 . . . URe
0;n�2 URe

0;n�1 Re Îc
� �

UIm
0;1 UIm

0;2 . . . UIm
0;n�2 UIm

0;n�1 Im Îc
� �h iT

ð5:63Þ

The solution vector of the system 5.60 can be written as

IRe

IIm

� �
¼ IRe1 IRe2 . . . IRen�1 IRen IIm1 IIm2 . . . IImn�1 IImn

 �T ð5:64Þ

Case Study 5.4: Assume a conductor similar to the one introduced in Case
Study 5.1, the upper side of which is half as wide as its lower side, Fig. 5.13. The
trapezoidal conductor form strengthens the effects of current redistribution dis-
cussed in this chapter, because of decreasing cross-sectional area in its portion
closer to the air gap (Fig. 5.14).

2wc

wc(a) (b)

1

n

k

Fig. 5.13 Trapezoidal conductor in a slot (a) and its discretization into n layers (b)
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The impressed current creates at 0 Hz the current density of 1 A/mm2 in the
lowest (k = 1), and 2 A/mm2 in the uppermost (k = n) layer.

Alternating current density of above 14 A/mm2 in the uppermost layer of the
trapezoidal conductor, Fig. 5.14, means a more than seven-time increase as com-
pared to the DC value, which corresponds to the analytical solution for a rectan-
gular conductor presented in Fig. 5.3c. For this reason rotor bars of a squirrel cage
induction machine often have trapezoidal, instead of rectangular form.

5.3 Analytical Solution for Current Density Redistribution
in a Solid Rectangular Conductor in a Slot as a Result
of Impressed Alternating Leakage Flux: One-
Dimensional Proximity Effect

Consider now a conductor in a slot similar to that in Fig. 5.1, however, with an
external source of MMF Θ placed on the bottom of the slot, beneath the solid
conductor. The impressed ampere-turns Θ modify boundary conditions on the
lower and upper edges of the conductor, which now can be written as:

(a) Magnetic field strength on the lower conductor edge:

H hð Þ ¼ H
ws

ð5:65Þ

(b) Magnetic field strength on the upper conductor edge:

H 0ð Þ ¼ Hþ I
ws

ð5:66Þ

|J|  

1. layer

50. layer

Fig. 5.14 The absolute value of current density [A/mm2] at 50 Hz frequency of impressed current
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whereas the impressed ampere-turns Θ have a component ΘRe in phase with the
conductor current I, and a component ΘIm, which is 90° out phase with the con-
ductor current I:

H ¼ HRe þ jHIm ð5:67Þ

Magnetic field strength distribution in the solid conductor exposed to boundary
conditions 5.65 and 5.66 can now be expressed as

H ¼ IþHRe þ jHIm

ws

sinh b 1þ jð Þ h� rð Þ½ �
sinh b 1þ jð Þh þ HRe þ jHIm

ws

sinh b 1þ jð Þr½ �
sinh b 1þ jð Þh ð5:68Þ

and its partial derivative with respect to the radial coordinate, current density
~C ¼ curl~H, is equal to

C ¼ �b 1þ jð Þ IþHRe þ jHIm

ws

cosh b 1þ jð Þ h� rð Þ½ �
sinh b 1þ jð Þh þ b 1þ jð ÞHRe þ jHIm

ws

cosh b 1þ jð Þr½ �
sinh b 1þ jð Þh

ð5:69Þ

Introducing parameters Chs and Shc, defined as

Chs ¼ 2b cosh bh sin bh
ws cosh 2bh� cos 2bhð Þ ð5:70Þ

Shc ¼ 2b sinh bh cos bh
ws cosh 2bh� cos 2bhð Þ ð5:71Þ

along with auxiliary functions cr, sr, crh and srh

cr ¼ cos br cosh br ð5:72Þ

sr ¼ sin br sinh br ð5:73Þ

crh ¼ cos b r � hð Þ cosh b r � hð Þ ð5:74Þ

srh ¼ sin b r � hð Þ sinh b r � hð Þ ð5:75Þ

one can define the real component of current density
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Re C rð Þf g ¼ I Chs cr þ srð Þþ Shc cr � srð Þ½ � þ
þHRe Chs cr þ sr � crh � srhð Þþ Shc cr � sr � crh þ srhð Þ½ � þ
þHIm Chs cr � sr � crh þ srhð Þþ Shc �cr þ sr þ crh þ srhð Þ½ �

ð5:76Þ

along with its imaginary counterpart as

Im C rð Þf g ¼ I Chs cr � srð Þ � Shc cr þ srð Þ½ � þ
þHRe Chs cr þ sr � crh þ srhð Þ � Shc cr þ sr � crh � srhð Þ½ � þ
þHIm Chs �cr þ sr þ crh þ srhð Þ � Shc cr � sr � crh þ srhð Þ½ �

ð5:77Þ

Losses in the solid conductor can be expressed as (see also Eq. 5.13)

P� ¼ wclax
j

Zh

0

C � C�dr ¼ Peddy þPprox ð5:78Þ

I2R losses in Eq. 5.78 consist of two components: eddy current losses, Peddy:

Peddy ¼ I2
lax

jhwc
� bh sinh 2bhþ sin 2bh

cosh 2bh� cos 2bh
ð5:79Þ

and proximity effect losses, Pprox:

Pprox ¼ H2
Im þH2

Re þHReI
� 	 lax

jhwc
� 2bh sinh 2bh� sin 2bh

cosh 2bhþ cos 2bh
ð5:80Þ

(a) (b)

I 

I 
PL=0

PU ≠ 0 

PL≠ 0 

PU ≠ 0 

Fig. 5.15 When current I flows only through the conductor closer to the air gap (a), the losses in
the conductor on the bottom of the slot are equal to zero because no flux line created by the current
I goes through the conductor on the bottom of the slot. When current I flows only through the
conductor on the bottom of the slot (b), it creates losses in both conductors
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In addition to the function φ(n) defined in Eq. 5.21 as a ratio of AC and DC
losses created by current in a conductor, one can introduce the function ψ(n) as a
measure of influence of external MMF Θ on losses in a conductor as:

w nð Þ ¼ 2n
sinh 2n� sin 2n
cosh 2nþ cos 2n

ð5:81Þ

In order to get a better insight into the mechanism of proximity effect, a slot with
two solid conductors as shown in Fig. 5.15 is assumed and the current density
along with losses Pu in the conductor closer to the air gap are analyzed.

The conductor topology in Fig. 5.15 illustrates in the best manner the meaning
of current redistribution due to own leakage flux, the effect which dominates in the
conductor closer to the air gap in Fig. 5.15a. Eddy currents in the same conductor
are completely differently distributed in the configuration described in Fig. 5.15b,
when their source is an external MMF, instead of the conductor current. In the
former case, there exists a strong feedback within a conductor between eddy cur-
rents and impressed current, whereas in the latter case this feedback vanishes.

The distribution of current density components in the conductor closer to the air
gap is illustrated in Fig. 5.16 for the two supply modi, as defined in Fig. 5.15: Solid
curves stand for current density distributions in the case of skin effect and dashed in
the case of proximity effect. Current density distributions in Fig. 5.16 are evaluated
for a 50-mm-high copper conductor at 50 Hz by using Eq. 5.69. Whereas the
absolute value of current density due to skin effect increases in the direction of air
gap, in the case of proximity effect it is symmetrical with respect to the horizontal
centerline of the conductor. The same is valid for both real and imaginary com-
ponents of current density, as shown in Fig. 5.16a, b.

When the conductor closer to the air gap is fed by current I, as in Fig. 5.15a, the
losses Pu in it are determined by the function φ(n) and can be found by means of
Eq. 5.13. Losses in the conductor on the bottom of the slot are equal to zero
because the conductor current is equal to zero and no flux created by current I in the
upper conductor goes through the lower conductor.

When the conductor on the bottom of the slot is fed by current I, as in
Fig. 5.15b, losses Pu in the conductor closer to the air gap are determined by the
function ψ(n) and can be found by means of Eq. 5.81.

The functions φ(n) and ψ(n), along with the ratio of ψ(n)/φ(n), are shown in
Fig. 5.17. The impact of external ampere-turns on conductor losses is obviously
negligible at lower frequencies, i.e., for conductor heights significantly below the
skin depth, see Fig. 5.17.
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It is interesting that losses in the current-free conductor closer to the air gap,
created by ampere-turns ΘRe = I and ΘIm = 0 in the conductor on the bottom of the
slot (Fig. 5.15b), are as large as the losses created by own current I through the
conductor closer to the air gap (Fig. 5.15a) already at the normalized conductor
height of n ¼ 0:851, at which φ(n) = ψ(n).

Any further increase of parameter n results in higher losses due to proximity
effect than due to skin effect. The maximum ratio ψ(n)/φ(n) between the two loss
components is reached at n = π/2, which is at the same time the conductor critical
height! Above this point, the ratio ψ(n)/φ(n) reaches asymptotically the value of 2,
i.e., the same current I creates twice as much losses when it alone flows through the
conductor on the bottom of the slot than through the conductor closer to the air gap.

Re {J} Im {J}   

|J|  

r [m]  r [m]  

(b)(a)

r [m]  

(c)

Fig. 5.16 The real (a), imaginary (b), and absolute value (c) of current density in the conductor
closer to the air gap for two feeding modes, as defined in Fig. 5.15. The solid curve gives the
current density distribution due to skin effect (Fig. 5.15a), and the dashed curve the current density
due to proximity effect (Fig. 5.15b). At 0 Hz and a given impressed current, the current density is
equal to 1 A/mm2
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Conductor losses defined in Eqs. 5.79 and 5.80 can further be written as

P ¼ I2
lax

jhwc
� u nð Þþ H2

Im þH2
Re

I2
þ HRe

I

� 
w nð Þ

� �
ð5:82Þ

The influence of proximity effect on total losses, expressed by the function ψ (n),
is modified by the amount and phase shift of the external MMF. If the external
MMF is created by the same current I which flows through the conductor closer to
the air gap, one refers to a monoslot.

The losses in the conductor closer to the air gap are in this case

Pmono ¼ I2
lax

jhwc
� u nð Þþ 2w nð Þ½ � ð5:83Þ

because ΘRe = I and ΘIm = 0. If the external MMF is created by the current
I shifted for 60° to the current flowing through the conductor closer to the air gap,
which is the case in some slots of 3-phase machines with shorted pitch, one refers to
a mixed slot. The losses in the conductor closer to the air gap are in this case

Pmix ¼ I2
lax

jhwc
� u nð Þþ 1:5w nð Þ½ � ð5:84Þ

because ΘRe = I/2 and ΘIm =
ffiffiffiffiffiffiffiffiffiffi
3=2 I

p
.

The ratio φ(n) between AC and DC losses, introduced in Eq. 5.21 for a single
conductor, has to be redefined when a conductor is exposed to an additional
external field. Utilizing Eq. 5.82, the coefficient of resistance increase kR = P~ /P=,
analogous to the ratio φ(n), is in general case equal to

kR ¼ P�
P¼

¼ u nð Þþ H2
Im þH2

Re

I2
þ HRe

I

� 
w nð Þ ð5:85Þ

ξ 

ϕ(ξ)

ψ(ξ)

ψ(ξ)/ϕ(ξ)

Fig. 5.17 The functions φ(n), ψ(n), and their ratio ψ(n)/φ(n)
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5.4 One-Dimensional Skin and Proximity Effect in Solid
Conductors of a Coil in a Slot: Average Values of Skin
Effect Factors for All Conductors in a Slot and for All
Slots of a Phase

As shown in the previous chapter, the amount of losses in a conductor in a slot is
dependent not only on the conductor current, but also on the amount and phase
shift of ampere-turns in the slot below the conductor. Except in a single-cage
winding, there is always more than one current-carrying conductor in a slot.
Therefore, it is quite interesting to analyze proximity effect in turns of a coil in a slot
of an electric machine. In the following analysis it will be assumed that each
conductor in the coil is solid, without strands, and that all turns are connected in
series and, consequently, carry the same current. The assumption that there are no
strands in conductors means that eddy currents created in the slots can flow in radial
direction through conductors in the end region of each turn.

Single-layer windings have half as many coils as slots. A single coil occupies
two monoslots, one of them being shown in Fig. 5.18.

In a monoslot the nth conductor is exposed to the field of n-1 conductors below
it. Therefore, the coefficient of resistance increase kR in Eq. 5.85 can be written for
the nth conductor as

1

2

n

w

Fig. 5.18 Monoslot of a single-layer winding with w turns per coil/w conductors in slot
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kR;n ¼ P�
P¼

¼ u nð Þþ n n� 1ð Þw nð Þ ð5:86Þ

since ΘRe = I and ΘIm = 0. The average coefficient of resistance increase kR,av for
the complete coil is equal to

kR;av ¼ 1
w

Xw

i¼1

kR;i ¼ u nð Þþ w2 � 1
3

w nð Þ ð5:87Þ

Total coil losses in the active part can now be expressed as (see also Eq. 5.74):

P ¼ 2I2
lax

jdwc
w � sinh 2nþ sin 2n

cosh 2n� cos 2n
þ w2 � 1

3
2
sinh 2n� sin 2n
cosh 2nþ cos 2n

� �
ð5:88Þ

The dependence of losses after Eq. 5.88 on conductor height in a coil with one
turn and in a coil with five turns at 50 Hz and for DC are shown in Fig. 5.19, black
and gray, respectively. Loss curves for a single-turn coil correspond to those shown
in Fig. 5.5a.

One recognizes in Fig. 5.19 the influence of proximity effect on total losses,
which substantially increase as the external MMF increases proportionally to the
number of conductors in slot. Starting already at a low number of turns, proximity
effect is strong enough to reverse the natural tendency of losses to decrease as the
conductor height increases. For each number of turns losses increase in a certain
range of conductor height h, as depicted with “P ↑” in Fig. 5.19 for w = 5.

P 

D.C. 

h0 c,50 h 

50 Hz 

w = 1 

w = 5 

 P

Fig. 5.19 I2R losses in the slot portion of a coil with one turn (black curves) and with five turns
(gray curves) at 50 Hz (solid) and for direct current (dashed). Whereas for direct current the coil
with five turns creates five times as much losses as the coil with one turn and identical conductor
dimensions, the ratio of losses at 50 Hz is a function of the conductor height h
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Double-layer windings have as many coils as slots. Windings with shorted coils
(y < τp) have both mono- and mixed slots. Since the proximity effect in a mixed slot
is not as strong as in a monoslots (compare Eqs. 5.83 and 5.84), total losses in
conductors in the layer of a mixed slot closer to air gap are lower than in a
monoslot, as shown in Fig. 5.20.

5.5 Coil Manufacturing Techniques for Suppression
of Current Redistribution Due to Skin Effect: Roebel
Bar, Ringland Bar, Willyoung Bar, Strand
Transposition

It has been shown in the previous chapters that a solid conductor is vulnerable
against skin and proximity effect as long as it offers a relatively large area to the slot
leakage flux. Therefore, the basic idea of mitigating the negative consequences of
alternating current redistribution is to cut the conductor along its radial height into
strands isolated to each other, Fig. 5.21.

hc,50 h 

P

w = 1

w = 5

w = 3

Fig. 5.20 I2R losses in the side of a coil closer to air gap of a mono- (solid curves) and mixed
(dashed curves) slot for various numbers of turns and at 50 Hz

(a) (b)

Fig. 5.21 Solid (a) and stranded (b) conductor
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5.5.1 Multi-turn Coil with Straight Strands

Assume that each conductor of a multi-turn coil is built out of ‘ insulated strands
connected with strands on the other side of the coil in a straight manner, without
crossing in the end winding zone, as shown in Fig. 5.22. Strands denoted by “1” in
conductors in Fig. 5.22 occupy in both coil sides the lowermost positions of all
conductors and strands denoted by “‘” the uppermost conductor positions, conse-
quently. The strands are connected to each other at the beginning of the first turn
and at the end of the last (wth) turn. The position of strands within a conductor in
end windings remains the same as in slots.

Real and imaginary components of the voltage induced at radial coordinate r by
slot leakage flux in the nth conductor, 1 < n ≤ w, can be expressed by means of
Eqs. 5.76 and 5.77 as

Re Un rð Þf g ¼ lax
j
Re C rð Þf g ð5:89Þ

Im Un rð Þf g ¼ lax
j
Im C rð Þf g ð5:90Þ

One recalls that the radial coordinate r is local for each conductor. For a given
local coordinate r, the functions cr, sr, crh and srh (Eqs. 5.72–5.75) have the same
value in each of w conductors in both slots. Since all w conductors carry the same
real current I, ΘIm in Eqs. 5.76 and 5.77 is equal to zero, and the real and imaginary
components of induced voltage in the nth conductor can be expressed as

1

w

w - 1 

1 

. 

. 

d

1 

. 

. 

. 

. 

. 

1 

. 

. 

1 

. 

. 

1 

. 

. 

. 

. 

. 

1 

. 

. 

left slot right slot

Fig. 5.22 Multi-turn coil with ‘ strands in each conductor connected to strands in another slot in a
straight manner, without crossing in the end windings
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Re Un rð Þf g ¼ lax
j
Re C rð Þf g ¼ lax

j
I ar þ n� 1ð Þbr½ � ð5:91Þ

Im Un rð Þf g ¼ lax
j
Re C rð Þf g ¼ lax

j
I fr þ n� 1ð Þer½ � ð5:92Þ

where

ar ¼ Chs cr þ srð Þþ Shc cr � srð Þ ð5:93Þ

br ¼ Chs cr þ sr � crh � srhð Þþ Shc cr � sr � crh þ srhð Þ ð5:94Þ

er ¼ Chs cr þ sr � crh þ srhð Þ � Shc cr þ sr � crh � srhð Þ ð5:95Þ

fr ¼ Chs cr � srð Þ � Shc cr þ srð Þ ð5:96Þ

Combining Eqs. 5.91 and 5.92, one can state that the induced voltage Un at radial
coordinate r in the nth conductor has two components: Uo, created by conductor own
current I, andUe, created by the same current Iflowing through n- 1 conductors below:

left slot right slot

1. turn 2. turn last  turn

II

U2, U2,U1, U1, Uw, Uw,

U2, -1 U2, -1U1, -1 U1, -1 Uw, -1 Uw,  -1

U2, 2 U2, 2U1, 2 U1, 2 Uw, 2 Uw, 2

U2, 1 U2, 1U1, 1 U1,1 Uw, 1 Uw, 1

n- th
turn

k- th strand

Fig. 5.23 Equivalent circuit for induced voltages in a coil with ‘ strands per conductor connected
in straight manner in end windings
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Uo rð Þ ¼ lax
j
I ar þ jfrð Þ ð5:97Þ

Ue rð Þ ¼ lax
j
I br þ jerð Þ ð5:98Þ

resulting in

Un;r ¼ Uo rð Þþ n� 1ð ÞUe rð Þ ð5:99Þ

If the radial strand height is equal to d, the induced voltage in the center of the
kth strand, 1 < k ≤ ‘ of the nth conductor, Un,k, can be written as

Un;k ¼ Uo 2k � 1ð Þd=2½ � þ n� 1ð Þ � Ue 2k � 1ð Þd=2½ � ð5:100Þ

The equivalent circuit for induced voltages in ‘ strands and w turns is shown in
Fig. 5.23.

Circulating currents between two arbitrary parallel branches in Fig. 5.23 are as
larger as higher the difference between induced voltages in the branches. Driving
force for circulating current in a loop containing ith and jth strand is the voltage
difference ΔU defined as

DU ¼ 2
Xw

n¼1

Un;i � Un;j
� 	 ¼ 2

Xw

n¼1

Uo 2i� 1ð Þd=2½ � � Uo 2j� 1ð Þd=2½ �f g

þ 2
Xw

n¼1

n� 1ð Þ � Ue 2i� 1ð Þd=2½ � � n� 1ð Þ � Ue 2j� 1ð Þd=2½ �f g
ð5:101Þ

Introducing

DUo;i;j ¼ Uo 2i� 1ð Þd=2½ � � Uo 2j� 1ð Þd=2½ � ð5:102Þ

and

DUe;i;j ¼ Ue 2i� 1ð Þd=2½ � � Ue 2j� 1ð Þd=2½ � ð5:103Þ

one can write

DU ¼ 2wDUo;i;j þw w� 1ð ÞDUe;i;j ð5:104Þ

The voltage difference ΔU in Eq. 5.104 contains a sum of w induced voltages,
each of which is proportional to w − 1 times the conductor current. Therefore, the
voltage difference ΔU has to be proportional to the square of the number of turns.
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5.5.2 Multi-turn Coil with All Strands Twisted

Formed coils are manufactured in such a manner as to loop the strands in the form
shown in Fig. 5.24. After looping, the coils are spread to the coil pitch. The
spreading of looped coils leads to swapping of the relative position of a strand
within a conductor—the uppermost strand in the left side of the coil changes its
position in the end winding zone and becomes the lowermost strand in the right–
side coil. In other words, conductor sides on one coil side are upside down to the
conductor sides on the other. All strands get twisted by passing through front- and
back-end winding zone, which leads to the induced voltages equivalent circuit as
shown in Fig. 5.25. Circulating current in a loop containing ith and jth strand is
determined by the voltage difference ΔU defined as

DU ¼ U1;i þU1;j þU2;i þU2;j þ � � � þUw�1;i þUw�1;j þUw;i þUw;j

� Uw;j � Uw;i � Uw�1;j � Uw�1;i � � � � � U2;j � U2;i � U1;j � U1;i ¼ 0

ð5:105Þ

Directions of
bending forces
on coil sides

Fig. 5.24 Formed coil with two strands per conductor. Due to looping and spreading process, the
position of strands in two coil sides is opposite
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Twisting of strands in the end winding zone substantially reduces the total
induced voltage in an arbitrary loop created by ith and jth strand. Therefore, formed
coils with twisted strands in each end winding are free from eddy current losses
within conductors. Strand twisting does not influence eddy current losses within a
single strand.

5.5.3 Multi-turn Coil with Arbitrarily Twisted Strands

Coils of single-tooth-wound machines are usually manufactured in the manner
shown in Fig. 5.22, without natural twisting of strands as in the case of formed coil
in Fig. 5.24. In order to minimize losses due to proximity effect, strands in some
conductors are twisted. Considering quadratic increase of induced voltage due to
proximity effect (Eq. 5.104), it is enough to twist only the turn(s) closest to the air
gap. The voltage difference ΔU1 (Eq. 5.104) in a coil in which only the turn closest
to the air gap is twisted can be written as

DU ¼ 2 w� 2ð ÞDUo;i;j þ w� 1ð Þ w� 4ð ÞDUe;i;j ð5:106Þ

left slot right slot

1. turn 2. turn last  turn

II

U2, U2,U1, U1, Uw, Uw,

U2, -1 U2, -1U1, -1 U1, -1 Uw, -1 Uw,  -1

U2, 2 U2, 2U1, 2 U1, 2 Uw, 2 Uw, 2

U2, 1 U2, 1U1, 1 U1,1 Uw, 1 Uw, 1

Fig. 5.25 Equivalent circuit for induced voltages in a coil with ‘ strands per conductor twisted in
each end winding
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Strands positioned in conductors next to each other in tangential, instead above
each other in radial direction as shown in Fig. 5.26, have to be twisted in such a
manner as to compensate for induced voltage due to radial slot flux. This is illus-
trated in Fig. 5.26b, in which strands in the last turn are twisted in the end windings.
Twisting of selected, instead of all, strands disturbs the end winding geometry and
requires additional space for realization. Since there exists no closed form solution
for radial distribution of slot flux density, the effects of strand twisting on radial
distribution of slot flux density cannot be expressed in the form of analytical
function of geometry and excitation, as is the case with tangential distribution. The
only way to quantify the impact of twisting on proximity effect losses in a
tooth-wound coil is by means of numerical analysis.

Case Study 5.5: Minimization of losses due to tangential field in a slot by
twisting strands in some conductors Assume a coil with 4 conductors and 6
strands per conductor wound in such a manner that the strands in the conductor
closest to the gap are twisted, Fig. 5.27 [2]. The voltage difference after Eq. 5.106
for w = 4 is equal to

DUtwisted ¼ 4DUo;i;j

which is significantly less than for untwisted, straight strands (Eq. 5.104):

DUstraight ¼ 8DUo;i;j þ 12DUe;i;j

As a consequence, the circulating current is significantly reduced when only the
strands in conductor closest to the air gap are twisted.

(b)(a)
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. 
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. 

. 

. 

. 

. 
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. 

1

w
w - 1 
w - 2 

Fig. 5.26 Single-tooth winding with two strands in tangential direction: straight (a) and two times
twisted (b)
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Case Study 5.6: Minimization of losses due to radial field in a slot by
twisting strands in some conductors Large slot opening in machines with single
wound teeth not only increases the Carter factor, but also strengthens the radial
component of slot flux density. Whereas tangential component of slot leakage flux
can be expressed analytically, its radial component can be found only numerically,
e.g., by applying some of methods for field computation introduced in Chap. 3.

Coils of the machine introduced in Case Study 2.1 have 8 turns, each of which is
manufactured of two strands next to each other in tangential direction, Fig. 5.28.
Strand currents at rated load are shown in Fig. 5.29.

6 

1 

. 

. 

6 

1 

. 

. 

1 

6 

. 

. 

6 

1 

. 

. 

Fig. 5.27 Single-layer winding with four turns and six strands per turn

(b)(a)

w = 1 

w = 8 

Fig. 5.28 Single tooth winding with eight turns and two strands per turn: straight (a) and once
twisted in the 5. and 8. turn (b)
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If the machine is wound with straight strands as in Fig. 5.28a, the circulating
current between the strands at rated load exceeds the rated current, as in Fig. 5.29.
When added to the load current, the circulating current exceeds the current in the
inner strand for a factor larger than 2.

If the strands are twisted once in the 5 and once in the 8 turn as shown in
Fig. 5.28b, the circulating current is significantly decreased. Current waveforms in
both strands in this case are shown in Fig. 5.30.

-2.5

-1.25

0

1.25

2.5

10 12 14 16

Fig. 5.29 Strand currents in coil with straight strands after Fig. 5.27a in p.u. of the rated current
(black curve outer strand; gray curve inner strand). Time in ms
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-0.5

0

0.5

1

10 12 14 16

Fig. 5.30 Strand currents in coil with straight strands after Fig. 5.27a in p.u. of the rated current
(black curve outer strand; gray curve inner strand). Time in ms
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5.5.4 Transposed Strands Within a Slot: Roebel Bar,
Ringland Bar, Willyoung Bar

When a machine is designed to operate at such conditions that only one turn per coil
is necessary, as is the case with large 50 and 60 Hz alternators, or medium size
400 Hz aircraft generators, the conductors are made out of a number of strands
insulated to each other. The strands are usually connected in parallel (welded) at the
beginning and at the end of each single conductor and transposed either along the
complete length, or only in the machine active part.

By transposing the strands within the machine active part (i.e., in slots), the
condition is fulfilled that each strand acts on another arbitrary strand in identical
manner. The transposition of conductors, introduced by Roebel [1], is known as
360° one, since each strand returns at the end of active part to its initial position in
the slot as at the beginning.

The 360° transposition of strands in Roebel bar compensates for effects of
leakage flux only in slots. If the induced voltages in end windings in addition have
to be compensated, a phase shift between them has to be created equal or close to
180°. The exact phase shift between induced voltages in front- and rear-end
winding of 180° is achieved by using transposition proposed in [3] (Ringland bar),
in which case one talks of a 540° bar. Compensation of effects of front- and rear-end
winding fields with a 540° bar is complete only if these are absolutely symmetrical;
otherwise, the transposition proposed in [4] (Willyoung bar) has to be applied.

The active part portion of a bar built after [4] is separated into three zones
(Fig. 5.31). Each strand in the central zone along with one end zone occupies all
positions within a conductor. This, however, is not identical to a 360° transposition
because the slope of strand transposition in the end zones is different from the slope
in the central zone. Position of a particular strand within a conductor in one end
zone is identical to its position in the other end zone. If the positions of a strand
within a conductor at the beginning and at the end of front-end zone are denoted by
p1 and p2, respectively, the strand in the central zone is transposed in such a manner
as to restore the identical strand position in the rear-end zone.

Denoting by n the total number of strands in the conductor, and by S the difference
between p2 and p1, S = p2 − p1, one can introduce the strand shift ratio K [4] as

active part ≡ 360° transposition

end zone end zonecentral zone

p1

p2

strand shift
nK/2

strand shift
nK/2strand shift n(1-K)

Fig. 5.31 Transposition of strands within a conductor after [4]
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K ¼ S
n

ð5:107Þ

K = 0 corresponds to Roebel transposition, and K = 0.5 to the 540° transposition
introduced in [3].

5.6 Analytical Method for the Determination
of Three-Dimensional Proximity Effect in Strands
in the End Winding Zone; Circulating Currents

It was shown in the previous chapter that the flux density in the end winding zone
of an electrical machine can be evaluated by applying Biot–Savart law. The results
obtained give the three-dimensional distribution of flux density, which can generate
losses in all closed loops of strands through the mechanism of proximity effect.
A closed loop is formed by two arbitrary strands connected in parallel at the
beginning and at the end of each conductor, i.e., in the front- and rear-end winding
zone. In order to determine the amount of circulating current in a given loop, the
induced voltage in it is evaluated by differentiating the flux concatenated with the
loop and added to other induced voltages in it. The sum of all induced voltages in a
particular loop is equal to the voltage drop on the total strand resistance, since the
applied voltage in each such loop is equal to zero (Eq. 5.50).

5.7 Skin Effect in a Ferromagnetic, Conducting
Half-Space

Assume a current-carrying conductor placed parallel to a ferromagnetic, electrically
conducting half-space with relative permeability µr,Fe on a distance d from it, as in
Fig. 5.32. The tangential component of magnetic field strength H(t) on the

µ0

µr,Fe

i(t)

x 

r 

H0(t)

Γ(r,t)

z

Fig. 5.32 Current-carrying conductor in front of ferromagnetic, electrically conducting half-space
with relative permeability µr,Fe
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ferromagnetic half-space surface in case of DC excitation is given by Eq. 1.15. The
field strength H(t) is an impressed quantity for the electrically conducting, ferro-
magnetic half-space, in which eddy currents with current density Γ flow following
the Faraday’s law.

By applying Ampère’s circuital law for an arbitrary loop in Fig. 5.32, one
obtains

I
~H � d~s ¼H r; tð Þdx� H0 tð Þdx ¼

Zr

0

C r; tð Þdrdx ð5:108Þ

from which one can write

@

@t
H r; tð Þ ¼ C r; tð Þ ð5:109Þ

Faraday’s law for induced voltage ui in an arbitrary loop with dimensions
dr × dx can be written as

ui ¼ � @

@t
lH r; tð Þdrdx ¼ C rþ dr; tð Þ � C r; tð Þ½ �qdx ð5:110Þ

or by replacing ρ through 1/κ:

@

@x
C r; tð Þ ¼ �l0lrj

@

@t
H r; tð Þ ð5:111Þ

where µr = const. By combining Eqs. 5.109 and 5.11, one obtains the partial dif-
ferential equation

l0lrj
@

@t
C r; tð Þ ¼ � @2C r; tð Þ

@r2
ð5:112Þ

For sinusoidal time dependence of current density

C r; tð Þ ¼
ffiffiffi
2

p
C rð Þejxt ð5:113Þ

one obtains further

@

@t
C r; tð Þ ¼

ffiffiffi
2

p
C rð Þjxejxt ð5:114Þ

which leads to the ordinary differential equation for current density distribution
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d2C rð Þ
dr2

¼ �jxljC rð Þ ð5:115Þ

Defining parameter α [m−1] as

a2 ¼ jxlj ð5:116Þ

one can write the ordinary differential equation of the second order (Eq. 5.115) as

d2C rð Þ
dr2

¼ �a2C rð Þ ð5:117Þ

The solution of Eq. 5.117 is a linear combination of exponential functions of
complex argument

C rð Þ ¼ D1ear þD2e�ar ð5:118Þ

where the values of integration constants can be found from boundary conditions of
the problem. Since boundary conditions are known both for the magnetic field
strength and current density, it sounds reasonable to express the solution in
Eq. 5.118 in terms of magnetic field strength by using Ampère’s circuital law:

d
dr

C rð Þ ¼ �a2H rð Þ ð5:119Þ

from which

�aH rð Þ ¼ D1e
ar � D2e

�ar ð5:120Þ

The amounts D1 and D2 of constants of integration are now found by inserting
the value of magnetic field strength at r = 0, H(0):

H 0ð Þ ¼ H0 ) D1 � D2 ¼ �aH0 ð5:121Þ

and current density at r → ∞, Γ(∞):

C 1ð Þ ¼ 0 ) D1 ¼ 0 ð5:122Þ

Thus:

D2 ¼ aH0 ð5:123Þ

and, finally,

C rð Þ ¼ aH0e
�ar ð5:124Þ

Substituting for α (see Eqs. 5.116 and 5.8)
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a ¼ 1þ jð Þ
ffiffiffiffiffiffiffiffiffi
xlj
2

r
¼ 1þ j

d
ð5:125Þ

and assuming H0 to be real, one can write for eddy current density (Eq. 5.124)

C rð Þ ¼ 1þ j
d

H0e
�1þ j

d r ð5:126Þ

the real, Re{Γ(r)}, and imaginary, Im{Γ(r)}, components of which can be
expressed as

Re C rð Þf g ¼ H0

d
e�

r
d cos

r
d
þ sin

r
d

� �
ð5:127Þ

Im C rð Þf g ¼ H0

d
e�

r
d cos

r
d
� sin

r
d

� �
ð5:128Þ

Current density is maximal on the surface (r = 0), where its phase shift to the
impressed field strength H0 is equal to 45°, see also Fig. 5.2.

The absolute value of current density is, accordingly:

C rð Þj j ¼
ffiffiffi
2

p H0

d
e�

r
d ð5:129Þ

The amplitude of eddy current density decreases exponentially from its value on
the surface Γ(0) =

ffiffiffi
2

p
α H0 down to zero in the inner portion of half-space with a

decay constant α. This helps visualize the physical meaning of the skin depth δ: The
total current, which in reality flows in the whole ferromagnetic, conducting
half-space, would flow in the layer with thickness δ in the case of fictitious constant
current density equal to Γ(0):

Z1

0

C rð Þj jdr ¼ C 0ð Þd ð5:130Þ

Eddy current losses generated in a differential of volume dr � dx � dz are equal to

Pe ¼ dxdz
j

Z1

0

C rð ÞC� rð Þdr ¼ dxdz
j

H2
0

d
ð5:131Þ

and the surface loss density

P0
e ¼

Pe

dxdz
¼ H2

0

jd
ð5:132Þ
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5.8 The Influence of Saturation on Skin Effect in Iron

Saturation changes relationships between field quantities in iron substantially and
makes analytical computations impossible. Nevertheless, based on the character of
B–H curve, reliable quantitative estimations of current density, losses, etc., can be
made for saturated iron, which correlate well with experimental data [4–7].

Steep increase of flux density in the interval of low-field strengths allows for the
simple approximation of B–H curve, as shown in Fig. 5.33. One can estimate that
in the layer with thickness δ the flux density remains constant, as a consequence of
high values of magnetic field strength.

B

H 

B0

Fig. 5.33 The actual B–H curve (gray) and its approximation (black)

Γ,Pe, B

δ r0 

Γ(r)

Pe (r) 

B (r)Γ(0)

B0

Fig. 5.34 Approximations of current density and loss curves
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Skin depth δ can now be defined as

d ¼
ffiffiffiffiffiffiffiffiffi
2

xlj

s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffi
2
xj

H0

B0

r

ð5:133Þ

The actual exponential decay of magnetic field strength within skin depth δ is
replaced by linear decrease, which means that losses decrease quadratically,
Fig. 5.34.

With approximations introduced in Fig. 5.34, one can write for the total losses

Pe ¼ 1
3
C2 0ð Þ hC

jd
ð5:134Þ

with C denoting the axial and h tangential distance in which the skin effect takes
place. Replacing the value of surface current density Γ(0) by field strength
(Eq. 5.129), one can express the surface loss density as

P0
e ¼

2
3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x
2j

H3
0B0

r
ð5:135Þ

5.9 Skin Effect in a Thin Plate

Assume now a plate with thickness Δ and height b through which an alternat-
ing magnetic field with flux density B spreads in the direction shown in Fig. 5.35.

The induced voltage on the plate circumference is equal to

Ui ¼ 2p
ffiffiffi
2

p f � B � b � D ð5:136Þ

and the current density on the plate margin

C ¼ j � Ui

2 bþDð Þ � j � Ui

2b
¼ p

ffiffiffi
2

p f � j � B � D ð5:137Þ

Δ

b 

B

Fig. 5.35 Illustrating skin effect in a thin ferromagnetic plate
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Eddy current losses are now (see Eq. 5.134):

Pe ¼ 1
3
C2 b � D � l

j
¼ p2

6
j � f 2B2b � l � D3 ð5:138Þ

with ‘ denoting the length of the plate in the direction of flux density B. Since the
MMF created by eddy currents is significantly smaller than the impressed MMF,
the flux density distribution over the plate area remains constant.

5.10 Skin Effect in a Solid Ferromagnetic Cylinder

Assume a ferromagnetic cylinder with radius R which carries an alternating current
I in axial direction, Fig. 5.36.

Considering the current density distribution as shown in Fig. 5.34, one can
express the maximum current density Γ(0) on the cylinder surface as

C 0ð Þ ¼ I
Rpd

ð5:139Þ

and the flux through cylinder as

U ¼ B0dl ð5:140Þ

The induced voltage on the cylinder circumference is now

Ui ¼ 2p
ffiffiffi
2

p fB0dl ¼ C 0ð Þ l
j
¼ I

Rpd
l
j

ð5:141Þ

from which

I 

R 

δ 
Γ(0)

B0

Fig. 5.36 Illustrating skin effect in a ferromagnetic cylinder
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d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I
B0

ffiffiffi
2

p

xjRp

s

ð5:142Þ

and the eddy current losses

Pe ¼ 2
3
C2 0ð ÞRpld

j
¼ 2

3
l
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
B0I3

x

jRp
ffiffiffi
2

p
r

ð5:143Þ

If a ferromagnetic cylinder with diameter D rotates at angular velocity Ω in
heteropolar field created by DC, Fig. 5.37, eddy current losses in it can be evaluated
in the following manner:

The equivalent skin depth is (see Eq. 5.133)

d ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Amax

B0

1
pXj0

s

ð5:144Þ

where

j0 ¼ j

1þ Dp
2pl

ð5:145Þ

In equation above the electrical conductivity of material κ is replaced by a term
taking into account the finite length ‘ of the analyzed cylinder with diameter D and
number of poles 2p.

The rms value of current density on the cylinder surface is now

A [A/m]

x

B0

v = Ω R

Amax

Fig. 5.37 Skin effect in a ferromagnetic cylinder rotating at angular velocity Ω relative to a
rectangularly distributed current sheet with amplitude Amax
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C 0ð Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pXj0AmaxB0

p
ð5:146Þ

and the total eddy current losses

Pe ¼ 2
3
Dpl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pX
2j0

A3
maxB0

r

ð5:147Þ

If the current sheet is sinusoidally distributed and rotates at angular velocity ω
relative to the ferromagnetic cylinder, the losses are reduced to

Pe ¼ 1
3
Dpl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
pX
2j0

A3
maxB0

r

ð5:148Þ

5.11 Losses in Surface-Mounted Permanent Magnets

It has been shown in Sect. 3.5 how the magnetic scalar potential distribution is
evaluated in a surface-mounted permanent magnet. For known MMF drops
between points in a permanent magnet one can evaluate proximity effect losses
during one period by utilizing Eq. 5.80.
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Magnetic energy density is the basic quantity used to determine force and torque in
electric machines, because it also can be interpreted as shear force. Magnetic energy
is used to evaluate force on the border between two media with different relative
permeabilities. Torque components are calculated for various machine types and
modes of operation, also taking into account the influence of slotting, saliency, and
rotor eccentricity. Radial air gap force is analyzed, and means to suppress it are
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discussed. Forces acting on conductors in slots and in the end winding are evalu-
ated. A method for measurement of torque is proposed and compared with back-to-
back procedure.

6.1 Magnetic Field as a Medium in Which
Electromechanical Energy Conversion Takes Place,
the Role of Accumulated Magnetic Energy

One of the things which make electrical engineering and especially electric
machines so exciting is extremely simple equations which describe them and
which, however, not always work. There seems to be a reasonable explanation for
such situation—there are only a few general laws governing operation of electric
machines, which result in a huge variety of system equations under different
boundary conditions. Very often, the conditions under which a particular equation
was derived fall into oblivion and one gets an impression that it is generally valid,
which is not always necessarily true.

A perfect examplewhich illustrates possible confusion caused by inconsequent use
offormulas in electrical engineering is thewell-known equation for the force acting on
a current-carrying conductor F = B � ‘ � I, B denoting the flux density in the con-
ductor, I the conductor current, and ‘ the length of the conductor, as in Fig. 6.1a.

If the conductor is placed into an iron tube, which shields it from external field B,
the flux density in it goes down to zero, as in Fig. 6.1b. However, despite zero flux
density in the conductor, the force on it remains unchanged, i.e., F = B � ‘ � I.

Therefore, it seems to be more appropriate to define the force as a result of
general state in electromagnetic field, in particular as a function of magnetic energy
stored in it [1, 2]. This way one comes to a conclusion that energy accumulated in
the space around a current-carrying conductor only slightly changes (de-
creases) when the conductor is shielded with iron tube as shown in Fig. 6.1 [2].
Consequently, the force acting on a current-carrying conductor in magnetic field
practically does not differ in the two cases illustrated in Fig. 6.1.

I 

B B

I 

B = 0Fe 

(a) (b)

Fig. 6.1 Illustrating the force acting on a current-carrying conductor in magnetic field. The force
acting on the conductor is the same in both configurations (a) and (b), although the external flux
density in the conductor in case (a) is equal to B and in case (b) to zero
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In Fig. 6.2 typical cases of forces acting on conductor(s) in magnetic field are
illustrated.

Force acting between two conductors carrying currents in the same direction is
always attractive (Fig. 6.2a). If the currents flow in opposite directions, the force is
repulsive (Fig. 6.2b). Current imaging in Fig. 6.2c in front of magnetic half-space
results in attractive force acting on the conductor, whereas the conductor carrying
alternating current in front of an electrically conducting half-space (Fig. 6.2d) gets
repelled from it as a result of action of eddy currents.

One should note that force and torque in magnetic field depend only on
instantaneous state in magnetic field.

6.2 Shear Force on Contact Surfaces Between Media
with Different Permeabilities

In linear media with µ = const, the magnetic energy volume density Wmg,V can be
expressed as

κel ≈ 0
µ >>r

κel

µr = 1

F F

F

F

(a) (b)

(c) (d)

>> ; 

Fig. 6.2 Force in electromagnetic field: a between two conductors carrying currents in the same
direction; b between two conductors carrying currents in opposite directions; c on a
current-carrying conductor in front of a high-permeance, non-conducting semispace; d on a
current-carrying conductor in front of a low permeance, conducting semispace
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Wmg;V ¼ H � B
2

¼ lH2

2
¼ B2

2l
¼ r ð6:1Þ

and has a dimension of Ws/m3 = N/m2, i.e., the same as pressure σ. Consequently,
one can express the magnetic energy density in linear media as the amount of
pressure on a given surface, defined by means of vector of magnetic field strength
and unit surface vector, as in Fig. 6.3. Note that the vector of the pressure ~r is
perpendicular to the surface in two cases: when the field strength ~H is also per-
pendicular to the surface and when ~H is parallel to the surface.

Vector ~r can be resolved into a component ~rc collinear with ~H and a component
~rp perpendicular to ~H

~r ¼ ~rc þ~rp ð6:2Þ

where

rc ¼ r cos a; rp ¼ r sin a ð6:3Þ

Introducing the unit vector ~h0 of magnetic field strength, defined as

~h0 ¼
~H
H

ð6:4Þ

( )ahh ×× 00

ah ×0

0h
cσ

pσ

α α a

H
σ

Fig. 6.3 Pressure~r acting on unit surface~a in magnetic field with intensity ~H. In linear media, the
amount σ of pressure is numerically equal to volume density of stored magnetic energy if the
vectors ~r,~a, and ~H lie in the same plane and if the vector ~H halves the angle between vectors ~r
and ~a
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one can write by using unity surface vector ~a

sin a ¼ ~h0 �~a
���

���; cos a ¼~h0 �~a ð6:5Þ

as well as

~rc ¼ r � ~h0 �~a
� �

�~h0 ð6:6Þ

and

~rp ¼ r �~h0 � ~h0 �~a
� �

ð6:7Þ

where symbol “�” denotes scalar product of two vectors and “�” a regular product of
two scalars, or of a scalar and a vector.

Now, one can rewrite Eq. 6.2 as

~r ¼ r � ~h0 �~a
� �

�~h0 þ~h0 � ~h0 �~a
� �h i

ð6:8Þ

Substituting for value of σ = µH2/2 (Eq. 6.1), one can further write

~r ¼ lH2

2

~H
H
�~a

 !

�
~H
H

þ
~H
H
�

~H
H
�~a

 !" #

¼ l
2

~H �~a� � � ~Hþ~H � ~H �~a
� �� �

ð6:9Þ

On a boundary surface between media with equal permeability on both sides, the
pressure σ remains unchanged. If the permeability on one side of the boundary is
different than on the other, a pressure difference is generated. If there is no current
sheet on the boundary, the corresponding force acts in the direction from the
medium with bigger to the medium with smaller permeability, as in Fig. 6.4.

Boundary conditions for magnetic field vectors are [2]

H1;t ¼ H2;t ð6:10Þ

and

l1H1;n ¼ l2H2;n ð6:11Þ
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resulting in

tan a1
tan a2

¼ l1
l2

ð6:12Þ

One can further write for both sides of the boundary

~H �~a ¼ Hn ð6:13Þ
~H � ~H �~a

� � ¼ ~tHt þ~nHnð Þ � ~tHt þ~nHnð Þ �~n½ � ¼ Ht ~tHn �~nHtð Þ ð6:14Þ

The pressure in the medium with µ1 is now

~r1 ¼ l1
2

H1;n � ~tH1;t þ~nH1;n
� �þH1;t ~tH1;n �~nH1;t

� �� �

¼ l1
2

2~tH1;tH1;n þ~n H2
1;n � H2

1;t

� �h i ð6:15Þ

and in the medium with µ2 on the other side of the boundary, analogously,

~r2 ¼ l2
2

2~tH2;tH2;n þ~n H2
2;n � H2

2;t

� �h i
ð6:16Þ

The total pressure is equal to

nH ,1

nH ,2−

tH ,2− tH ,1

( ) 11 HaH ⋅•

( )aHH ×× 11

µ1

µ2

α1

α2

α1

l

t

n

α1

1H

1σ

a

a−
2H−

α22σ−

Fig. 6.4 Pressure ~r acting on unit surface ~a in magnetic field with intensity ~H in the absence of
current sheet on the boundary.~t,~n, and~l are unit vectors in tangential, normal, and lateral directions,
respectively. Tangential components of magnetic field strength are equal on both sides of the
boundary
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~r ¼ ~r1 �~r2

¼ 1
2

l1 2~tH1;tH1;n þ~n H2
1;n � H2

1;t

� �h i
� l2 2~tH2;tH2;n þ~n H2

2;n � H2
2;t

� �h in o

ð6:17Þ

and has a normal component only. By applying boundary conditions (Eqs. 6.10–
6.11), one obtains

~r ¼ l1
2

H2
1;n 1� l1

l2

	 

� H2

1;t 1� l2
l1

	 
� �
~n ð6:18Þ

or, by means of normal and tangential components of flux density

~r ¼ 1
2l1

B2
1;n 1� l1

l2

	 

� B2

1;t 1� l2
l1

	 
� �
~n ð6:19Þ

The force Fn on the boundary between two media with different permeabilities
without current excitation has only one component, which is perpendicular to the
boundary surface. This force acts in the direction from the medium with a higher
permeability to the medium with a lower permeability.

In case of iron-to-air boundary, with µ1 = µrµ0 and µ2 = µ0, one can write for
the amplitude of normal pressure

rn ¼ 1
2lrl0

B2
1;n 1� lrð Þ � B2

1;t 1� 1
lr

	 
� �
ð6:20Þ

Consider now two extreme cases:

(a) B1,n = B; B1,t = 0; µr ≫ 1 (flux lines perpendicular to the boundary surface on
air side, as in Fig. 6.5a):

rn � B2

2l0
ð6:21Þ

Fe

Air

± B 

σn, Fn

Fe

Air

± B 

σn, Fn

(a) (b)

Fig. 6.5 Pressure acting on air–iron boundary for a given flux density B in iron in absence of
current sheet. The force acts always from iron to air, and the amount of pressure in case of tangential
flux density (b) is µr times smaller than it is for normal flux density of the same amount B
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(b) B1,n = 0; B1,t = B; µr ≫ 1 (flux lines parallel to the boundary surface on air
side, as in Fig. 6.5b):

rn � B2

2lrl0
ð6:22Þ

The ratio of normal pressure for the same value of normal (Eq. 6.21) to tan-
gential (Eq. 6.22) flux density is equal to µr.

Normal force on a boundary surface acts from the medium with a higher to the
medium with a lower permeability. Equations 6.21 and 6.22 reflect the physical
reality that a flux tube, here represented by the half-space with a relative permeability
µr, tends to shorten and widen in magnetic field. Equation 6.21 can be used to find
attractive force of an electromagnet, whereas the pressure after Eq. 6.22 is the reason
why the lamination in electric machines has to be fastened in axial direction by means
of screws/bolts and press fingers. Another application of the principle that pressure
on the iron–air border always acts from iron to air is magnetic separation of iron
sheets, as in Fig. 6.6. When vertically stacked single iron sheets have to be separated
from each other, permanent magnets are placed around the stack, which create
magnetic flux density parallel to the surfaces of each sheet, as in Fig. 6.6. Vertical
distances between single sheets in Fig. 6.6 b are largest on the top of the stack and
smallest on its bottom, as a consequence of interaction between the gravitational and
magnetic forces acting on the sheets. The uppermost sheet levitates and exerts the
repelling magnetic force and the (attracting) gravitational force on the sheet below it.
The sheet below it carries the uppermost sheet and exerts the repelling force against
the third sheet, etc. This way, several upper sheets levitate above each other.

If there exists current sheet A [A/m] on the boundary surface, Fig. 6.7, the
boundary condition 6.10 changes to

H2;t ¼ H1;t � A ð6:23Þ

and the expression for pressure (Eq. 6.17) into:

Magnets

Φ Φ 

Φ 

(a) (b)

Fig. 6.6 Magnetic sheet separation principle based on repulsion due to tangential field in the
sheets: a sheets in field-free space; b sheets between two permanent magnets generating flux Φ
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~r ¼ �~tB1;nAþ~n
B2
1;n

2l1
1� l1

l2

	 

þ B2

1;t

2l1

l2
l1

� 1
	 


þ l2
2
A2 � l2

l1
AB1;t

" #

ð6:24Þ

For A ≠ 0, the pressure difference ~r has both normal and tangential components

~r ¼~trt þ~nrn ð6:25Þ

where

rt ¼ �B1;nA ð6:26Þ

and

rn ¼
B2
1;n

2l1
1� l1

l2

	 

þ B2

1;t

2l1

l2
l1

� 1
	 


þ l2
2
A2 � l2

l1
AB1;t ð6:27Þ

Tangential component of pressure/force is different from zero only if there is a
component of flux density perpendicular to the boundary, as in Fig. 6.8.

For iron-to-air boundary, with µ1 = µrµ0 and µ2 = µ0, the amplitude of normal
pressure is equal to

rn ¼
B2
1;n

2lrl0
1� lrð Þ � B2

1;t

2lrl0
1� 1

lr

	 

þ l0

2
A2 � AB1;t

lr
ð6:28Þ

Fig. 6.7 Pressure ~r acting on unit surface ~a in magnetic field with intensity ~H and current sheet
A on the boundary. Tangential components of magnetic field strength are not equal on the two
sides of the boundary
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Consider again the two extreme cases:

(a) B1,n = B; B1,t = 0; µr ≫ 1 (flux lines perpendicular to the boundary surface on
air side, as in Fig. 6.8a):

rt ¼ �B � A ð6:29Þ

rn � 1
2

�B2

l0
� l0A

2
	 


ð6:30Þ

(b) B1,n = 0; B1,t = B; µr ≫ 1 (flux lines parallel to the boundary surface on air
side, as in Fig. 6.8b):

rt ¼ 0 ð6:31Þ

rn � � B2

2lrl0
þ l0

2
A2 � AB

lr
ð6:32Þ

For current sheet of 100 kA/m and flux density in iron of 1.5 T, one obtains in
case (a) above σt = ±150 kN/m2 and σn ≈ 895 ± 6 kN/m2, whereas in case
(b) σn ≈ 7.2 ± 0.23 kN/m2.

6.3 Force Due to External Field Acting
on Current-Carrying Conductors in Slots
of Electric Machines

In conventional electric machines conductors are placed in slots, as in Fig. 6.9,
where the flux density Bs is significantly smaller than that in the air gap. Following
equation F = Bs � ‘ � I, the force acting on conductor in a slot should also be
significantly smaller than that in the air gap.

(a) (b)

Fig. 6.8 Pressure acting on air–iron boundary for a given flux density B in iron carrying current
sheet A. Current sheet generates a tangential component of pressure/force
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The pressure acting along the slot circumference in Fig. 6.9 has both normal and
tangential components after Eqs. 6.29–6.32. Since the direction of normal and
tangential components of pressure changes when passing the slot along tooth flanks
and its bottom, the resulting normal pressure acting on tooth flanks after Eq. 6.17 is

rn ¼ 2lFeHtA ð6:33Þ

Considering constant current density in the conductor, the current is proportional
to the conductor area. Since one half of the conductor borders with the tooth on the
left side of the conductor, and the other half on the right side, the current sheet A is
equal to I/(2h), and one can write for the normal force Fn acting on tooth flanks

Fn ¼ BtlI ð6:34Þ

with ‘ denoting the machine axial length. Total force acting on tooth flanks and
conductor is consequently F = B � ‘ � I.

6.4 Torque as a Function of Air Gap Quantities

In Eqs. 6.29 and 6.30 the tangential and normal components of pressure in case of
current sheet on iron surface and normal component of flux density are given. The
two components of pressure are illustrated in Fig. 6.8. Applied to the machine
geometry, the meaning of tangential direction remains unchanged, whereas normal
direction in Fig. 6.8 is identical with machine radial direction. The ratio between
the two components can be expressed as

rn

rt
�

� B2

l0
þ l0A

2

2B � A ¼ � B
2l0A

þ l0A
2B

ð6:35Þ

and is typically a double-digit number. In other words, radial force in an electric
machine is typically an order of magnitude larger than the useful, tangential force.

I

Bs

h

Bt Bt

Fig. 6.9 Illustrating the force due to external field on a current-carrying conductor in a slot of an
electric machine
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Torque on the shaft is a result of common action of all tangential forces in the air
gap. Thus, torque is an integral, global quantity, whereas radial force is a local
quantity, since it changes from one point to another in the air gap.

For a given continuously distributed force along the air gap circumference the
torque can be evaluated as an integral of tangential force Ft. Denoting by R the air
gap radius, one can write for the torque

M ¼
Z2Rp

0

Ft xð Þdx ¼ R
Z2Rp

0

Zlax

0

rt x; zð Þdzdx ¼ R
Z2Rp

0

Zlax

0

A xð ÞB xð Þdzdx ð6:36Þ

with x standing for air gap circumferential coordinate and z for the machine axial
coordinate.

In the analysis of torque after Eq. 6.36, the air gap geometry plays a decisive
role.

6.4.1 Constant Air Gap Width

A single winding in a machine with constant air gap width cannot create torque on
itself, because in that case none of the components of magnetic energy stored in the
air gap is a function of the rotor to stator angle. In other words, a current-carrying
conductor does not exert any force on itself. In a machine with constant air gap
width at least two independent windings are necessary to create a torque after
Eq. 6.36, which in that case is named the pure electromagnetic torque.

The mechanism of torque creation in a constant air gap width rotating field
electric machine can be visualized by using a simplified machine model in which
the current sheet A and the flux density B in Eq. 6.36 originate from separate
sources, here permanent magnets on each side of the air gap. In the model,
B belongs to permanent magnets on the inner side of air gap, and A is created by a
separate set of permanent magnets on its outer side, as in Fig. 6.10. Since the
relative permeability of magnets is close to 1, the machine acts as if it had a
constant air gap width.

If the orders of harmonics of flux density and current sheet are different, which is
identical to a different number of pole pairs on the stator and rotor sides, as in
Fig. 6.10a, the torque for each and every rotor to stator angle γ is equal to zero. If
the orders of two harmonics are equal, which is identical to an equal number of
poles of stator and rotor, as in Fig. 6.10b, the torque different from zero is generated
as a function of the rotor to stator angle γ.

Obviously, the orders of the harmonics of air gap flux density and current sheet
have to be equal if a torque different from zero in a machine with constant air gap
width ought to be produced.
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Another conclusion that can be drawn from Fig. 6.10b is that the two harmonics
must be at standstill to each other if the generated torque is used to generate
mechanical work, i.e., ΩA = ΩB, as in Fig. 6.10. If this condition is not fulfilled, i.e.,
if the two harmonics do not rotate at the same speed, the torque permanently
changes as a function of angle γ between them (Fig. 6.10b) and the mechanical
work performed by the two harmonics is equal to zero.

Assume now a 2p-pole machine with windings on one side of air gap creating
current sheet A(x), and windings on the other side of air gap creating flux density B
(x). The nBth spatial and kBth time harmonic of air gap flux density with amplitude
Bmax generates with nAth spatial and kAth time harmonic of current sheet with
amplitude Amax the torque equal to

(a)

(b)

Fig. 6.10 The principle of generation of torque between a current sheet and flux density harmonic
of different orders (a) and of identical orders (b) in a machine with electromagnetically constant air
gap width
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with γg denoting the rotor to stator geometric angle, β the geometric skewing angle,
and fsk,n the skewing factor for the nth harmonic. The amplitude of torque is directly
proportional to the skewing factor. The orders nA and nB of spatial harmonics are
defined on interval length of D � π/p, i.e., the order nA = nB = 1 is identical to the
order of fundamental spatial term over 2p poles. The altering sign of the product
p � γg allows for both positive and negative directions of rotation, whereas the
altering signs in front of terms multiplying time variable t stand for positive and
negative sequence components of current sheet and flux density.

The character of torque after Eq. 6.38 depends on several parameters:
Current sheet and air gap flux density harmonics rotate in the same

direction: The sign of kB � p � γg is negative, and the torque is equal to zero as long
as the spatial orders of harmonics nA and nB are not equal, no matter how big kA and
kB are.

Current sheet and air gap flux harmonics have the same spatial order
nA = nB = n and different time orders kA and kB: The expression for torque reduces to

M ¼ VAmaxBmaxfsk;n cos kAxs � kBxrð ÞtþuA � uB½ � ð6:39Þ

with V standing for the machine air gap volume. The two harmonics have the same
number of pole pairs n � p, but they travel at different speeds of rotation in the same
direction around the circumference. The torque has only a pulsating component, the
amplitude of which is dependent on the spatial order n of harmonics.

Current sheet and air gap flux harmonics have the same spatial order
nA = nB = n and the same time order kA = kB = k; angular frequencies of stator and
rotor currents are equal, ωs = ωr: The torque is independent of the order numbers n
and k and equal to:
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M ¼ VAmaxBmaxfsk;n cos uA � uBð Þ ð6:40Þ

When the harmonics of current sheet and flux density have the same time and
spatial order and travel at the same speed along the circumference, they can create a
constant component of torque if they are not perpendicular to each other, i.e., if
φA − φB ≠ π/2. A constant component of pure electromagnetic torque in an electric
machine create only those harmonics in traveling waves of flux density and current
sheet which stand still relative to each other.

Current sheet and air gap flux density harmonics rotate in opposite direc-
tions: The sign of kB � p � γ is positive, and the torque is again equal to zero as long
as the spatial orders of harmonics nA and nB are not equal, no matter how big kA and
kB are.

Current sheet and air gap flux harmonics have the same spatial order n and
different time orders kA and kB: The expression for torque yields

M ¼ VAmaxBmaxfsk;n cos kAxs þ kBxrð ÞtþuA � uB½ � ð6:41Þ

The two harmonics have the same number of pole pairs n � p, but they travel at
different speeds of rotation at opposite directions around the circumference. The
torque has only a pulsating component which, again, is independent of the spatial
order n of harmonics.

Current sheet and air gap flux harmonics have the same spatial order n and the
same time order k: The torque is equal to:

M ¼ VAmaxBmaxfsk;n cos 2kxtþuA � uBð Þ ð6:42Þ

When two harmonics have the same time and spatial order and travel at the same
speed in opposite directions along the circumference, the torque they create pulsates
with twice the angular speed of their rotation.

p γ g

2p π 

Mmax cos(ϕA-ϕB); kA = kB

Mmax

M

kA ≠ kB

p γg 

2p π 

Mmax

M kA = kB

kA ≠ kB

0

(a) (b)

Fig. 6.11 Torque created by current sheet and air gap flux density harmonics of the same spatial
order n and time orders kA and kB: rotating in the same direction (a) and in opposite directions (b);
Mmax = V � Amax � Bmax
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The dependence of torque on rotor electrical angle p � γg after Eqs. 6.39–6.42 is
shown in Fig. 6.11. In Fig. 6.11a the torques created by harmonics of current sheet
and air gap flux density with the same spatial order and rotating in the same direction
are shown, whereas in Fig. 6.11b the torques created by harmonics of current sheet
and air gap flux density with the same spatial order and rotating in opposite directions.

Mechanical work Wmech performed in one rotor revolution can be expressed as

Wmech ¼
Z2p

0

Mdcg ¼ laxr
Z2p

0

Z2rp

0

A xð ÞB xð Þdxdcg ð6:43Þ

Out of four cases analyzed here, characterized by expressions for torque in
Eqs. 6.39–6.42, obviously only the combination equal orders of time and spatial
harmonics, the same direction of rotation, and the same frequency of stator and
rotor currents (Eq. 6.40) can produce mechanical energy different from zero.
Accordingly, one can formulate:

– The trivial condition for generation of pure electromagnetic torque: The orders
of spatial harmonics nA and nB of current sheet and air gap flux density har-
monics must be equal in order to generate an electromagnetic torque different
from zero;

– The necessary condition for generation of pure electromagnetic torque: Besides
equal orders of spatial harmonics, the orders of time harmonics kA and kB of
current sheet and air gap flux density along with frequencies of stator and rotor
currents must be equal in order to generate an electromagnetic torque with an
average value different from zero;

– The sufficient condition for continuous electromechanical energy conversion:
The two harmonics of current sheet and air gap flux density with identical
spatial and time orders must rotate in the same direction in order to be able to
generate mechanical energy different from zero.

6.4.2 Variable Air Gap Width

As shown in Chap. 2, in Table 2.4, the air gap flux density distribution generated by
the fundamental spatial harmonic of MMF and fundamental spatial harmonic of air
gap permeance with order N/p contains a spectrum of higher harmonics, the lowest
orders of which are equal toN/p ± 1. Since the fundamental and the harmonics of air
gap flux density are orthogonal to each other, one can contemplate them as if they
were generated by separate sources and, as such, being capable of generating a torque.

MMF harmonics with orders N/p ± 1 (slot harmonics!), generated by an
m-phase winding carrying alternating current with fundamental frequency ω, fulfill
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the conditions expressed in Eqs. 2.184–2.185 for positive and negative sequence
components, in particular:

The slot harmonic N/p − 1 creates negative sequence component of MMF,
because

1þ N
p � 1
� �

m
¼ 1þ 2qm� 1ð Þ

m
¼ 2q ð6:44Þ

is an even number.
The slot harmonic N/p + 1 creates positive sequence component of MMF,

because

1� N
p þ 1
� �

m
¼ 1� 2qmþ 1ð Þ

m
¼ �2q ð6:45Þ

is an even number, too. The corresponding rotating harmonics of MMF can be
defined as
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and
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ð6:47Þ

The positive sign of the term ωt in Eq. 6.46 denotes the negative direction of
rotation of the MMF harmonic of the order N/p − 1.

However, the harmonics of the orders N/p ± 1 in the air gap flux density dis-
tribution of a slotted machine are generated by the fundamental harmonic of the
MMF, which rotates in the positive direction, and by the variable air gap geometry.
Since only the fundamental component of MMF has a time dependent term, all
harmonics of air gap flux density created by the fundamental component of air gap
MMF must also rotate in the positive direction, i.e., the sign of the term ωt has to be
negative for them. In particular,

HN
p�1 ¼ HN

p�1;max cos
N
p
� 1

	 

p
sp

x� xt

� �
ð6:48Þ

Variable parts of the product of the fundamental of current sheet and (N/p − 1)st
harmonic of MMF can now be described as
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The first term on the right-hand side of Eq. 6.49 rotates at a mechanical speed Ω
equal to

X ¼ 2
x
N

ð6:50Þ

whereas the second term of the order N/p − 2 is stationary.
Similarly, one can write for the product of the fundamental and (N/p + 1)st

harmonic
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The first term on the right-hand side of Eq. 6.51 rotates at a mechanical speed Ω
equal to

X ¼ 2
x

N þ 2p
ð6:52Þ

and the second term of the order N/p is stationary.
Following Eq. 6.36, the torque is proportional to the integral of the product of

current sheet and air gap flux density. Therefore, the products introduced in
Eqs. 6.49 and 6.51 have to be multiplied by the fundamental harmonic of air gap
width distribution, which has the order of N/p, as in Eq. 2.77. Following the criteria
for torque generation introduced in the previous subsection, one can claim that only
those terms in Eqs. 6.49 and 6.51, which have the same number of poles as the air
gap width in Eq. 2.77, can generate torque. Since only the first summand on the
right-hand side of Eq. 6.49 fulfills this criterion, one can further write for the
reluctance torque
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Z2psp
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sp

x� 2xt
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sp

x� XRt � c0ð Þ
� �

dx � sin 2pc0ð Þ ð6:53Þ

with γ0 denoting the geometric angle between the centerline of one tooth and the
axis of the resultant field.

Based upon previous results, one can formulate

– The trivial condition for generation of reluctance torque: The air gap has to be
slotted and not skewed for a slot pitch, with windings placed on unslotted side;
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– The necessary condition for generation of reluctance torquewith an average value
different from zero: Current(s) in winding(s) has/have to be time-dependent;

– The sufficient condition for continuous electromechanical energy conversion by
means of reluctance torque: The rotor has to rotate at mechanical speed equal to
the angular frequency f the winding current(s), multiplied by the factor of 2/N,
with N denoting the number of teeth.

Since the pure electromagnetic torque is created by two fundamental harmonics
of air gap quantities, and the reluctance torque by the fundamental and a slot
harmonic, it is realistic to expect that the amplitude of the reluctance torque is
smaller than the amplitude of the pure electromagnetic torque for a given volume
and electromagnetic and thermal loading of the machine.

6.5 Spectral Components of Torque in a Constant Width
Air Gap

Rotating field electric machines create torque spectra which can vary from one
operating point to another. Pulsating torque components do not contribute to the
electromechanical energy conversion. Instead, they can cause torsional vibrations in
the machine and mechanical load. If a particular torque component is a result of
interaction of a current sheet and an air gap flux harmonic, its properties can be
analyzed by means of Eqs. 6.39–6.42.

As illustrated in Chap. 2, the source of spatial harmonics in current sheet dis-
tribution are discretely distributed ampere-turns along the air gap circumference.
Higher spatial harmonics in conventional rotating field machines interact with the
fundamental and with each other and, as a result, a torque is created.

6.5.1 Symmetrically Wound Polyphase Machine Fed
Symmetrically with Sinusoidal Currents

Time harmonics in current spectrum are either a consequence of nonlinearities in
magnetic circuit, or they are injected from the source. Stator currents in some types of
rotating field machines are perfectly sinusoidal. Symmetrical stator winding in a
rotating field machine carrying sinusoidal symmetrical currents generates armature
current sheetAAwith fundamental time harmonic and spatial harmonics of the order n:

AA ¼
X1

n

Amax;n cos n
p
sp

x� xt � uA

	 

ð6:49Þ

The nth harmonic of current sheet rotates at an angular velocity which is n times
smaller than the angular velocity of the fundamental.
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Symmetrically wound polyphase synchronous machine at steady state is
characterized by the rotor flux density distribution BF the harmonics of which all
rotate at the same mechanical synchronous speed Ω = ω/p

BF ¼
X1

n

Bmax;n cos n
p
sp

x� npXt � uB

	 

ð6:50Þ

In Fig. 6.12 spatial distributions of stator current sheet and rotor air gap flux
density containing fundamental terms and the 5th and 7th spatial harmonics at two
time instants, denoted by t0 and t0 + T/4, are shown, with T standing for the period
length of the stator current. After T/4, the rotor along with the air gap flux density
distribution shifts for 90o electrically. Since all harmonics of the air gap flux density
distribution rotate at the same angular (synchronous) speed, i.e., they do not move
relative to each other, the resulting air gap flux density distribution does not change
its shape during rotation (compare Fig. 6.12c, d).
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Fig. 6.12 Current sheet and air gap flux density harmonics of the same time order k = 1 and
different spatial orders n = 1, 5, and n = 7 in a symmetrically wound 3-phase synchronous
machine at two time instants shifted for one quarter of the period of stator current. Dashed vertical
lines denote zero crossing points of the fundamental components of current sheet and flux density.
Only the fundamental spatial harmonics traveling at synchronous speed ω can create a constant
torque. The 5th spatial harmonic of stator current sheet travels at −ω/5 and the 5th spatial harmonic
of rotor flux density at ω; therefore, they create only a pulsating torque. The 7th spatial harmonic
of stator current sheet travels at ω/7 and the 7th spatial harmonic of rotor flux density at ω;
therefore, they again create only a pulsating torque
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The rotation of the stator current sheet, on the other hand, is caused by alter-
nating currents flowing through stationary windings. Therefore, each harmonic of
the rotating current sheet travels at its own angular speed. Since current sheet
harmonics travel relative to each other, the form of resulting current sheet varies
from one time instant to another, as illustrated in Fig. 6.12a, b.

Whereas the 5th spatial harmonic of current sheet rotates at angular speed of
ω1,5 = −Ω/5, Ω being the mechanical synchronous speed of the fundamental, the
5th spatial harmonic of air gap flux density created on the rotor side rotates at
mechanical angular speed of the rotor Ω. Relative angular speed between the two is
Ω − (−Ω/5) = 6/5 Ω, which is six times the synchronous speed of the fifth har-
monic. Therefore, the torque created by the fifth spatial harmonic of stator current
sheet and fifth spatial harmonic of rotor air gap flux density pulsates at six times the
stator angular frequency. Frequencies of pulsation of torque components created by
other higher spatial harmonics are determined in similar manner, as illustrated in
Table 6.1, in which the pure electromagnetic torque components at steady state of a
3-phase synchronous machine created by current sheet and air gap flux density
distributions after Eqs. 6.39 and 6.40 are evaluated for the first 19 spatial har-
monics. One recognizes in Table 6.1 that besides the dominating constant torque,
components of electromagnetic torque are generated which pulsate at
2 � k � m multiple frequencies of the stator angular synchronous speed, m being the
number of phases, and k = 1, 2, …

Since all higher harmonics of stator current sheet travel relative to the rotor, they
induce voltages in rotor components. The induced voltages cause currents in
electrically conducting parts of the rotor, which dissipate losses and increase
temperature in them.

Table 6.1 Pure electromagnetic torque components in a 3-phase synchronous machine at steady
state

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

1 1 1 1 1 cos(φA,1 − φB,1)

3 1 N.A. 3 1 N.A.

5 1 −1/5 5 1 cos(6pΩt + φA,5 − φB,5)

7 1 1/7 7 1 cos(6pΩt + φA,7 − φB,7)

9 1 N.A. 9 1 N.A.

11 1 −1/11 11 1 cos(12pΩt + φA,11 − φB,11)

13 1 1/13 13 1 cos(12pΩt + φA,13 − φB,13)

15 1 N.A. 15 1 N.A.

17 1 −1/17 17 1 cos(18pΩt + φA,17 − φB,17)

19 1 1/19 19 1 cos(18pΩt + φA,19 − φB,19)
aEquivalent order of the time harmonic, which would result in the same angular velocity as in case
of rotor rotating at synchronous speed
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Proper synchronization and/or hunting of a symmetrically wound poly-
phase synchronous machine: The rotor rotates at an angular velocity Ω which
swings periodically around the synchronous speed ω/p, i.e.,

X ¼ x
p
þD cos Dxtð Þ ð6:51Þ

with D denoting the amplitude and Δω the angular frequency of the deviation
component of angular velocity Ω. Along with the rotor, the fundamental and all
harmonics of the rotor flux density distribution BF rotate at the same angular
velocity Ω. Formally, the varying rotor angular velocity can be replaced by variable
factor kB in Eq. 6.39

kB ¼ 1þ D
X
cos Dxtð Þ ð6:52Þ

resulting in

M1 ¼ VAmax;1Bmax;1 cos pD cos Dxtð ÞtþuA � uB½ � ð6:53Þ

for the fundamental current sheet time harmonic, i.e., kA = 1.

Table 6.2 Pure electromagnetic torque components in a 3-phase synchronous machine during
proper synchronization and/or hunting

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

1 1 1 1a Eq. 6.52 See Eq. 6.48

3 1 N.A. 3a Eq. 6.52 N.A.

5 1 −1/5 5a Eq. 6.52 cos[p(6Ω + Dcos Δωt)t + φA,5 − φB,5]

7 1 1/7 7a Eq. 6.52 cos[p(6Ω + Dcos Δωt)t + φA,7 − φB,7]

9 1 N.A. 9a Eq. 6.52 N.A.

11 1 −1/11 11a Eq. 6.52 cos[p(12Ω + Dcos Δωt)t + φA,11 − φB,11]

13 1 1/13 13a Eq. 6.52 cos[p(12Ω + Dcos Δωt)t + φA,13 − φB,13]

15 1 N.A. 15a Eq. 6.52 N.A.

17 1 −1/17 17a Eq. 6.52 cos[p(18Ω + Dcos Δωt)t + φA,17 − φB,17]

19 1 1/19 19a Eq. 6.52 cos[p(18Ω + Dcos Δωt)t + φA,19 − φB,19]
aEquivalent order of the time harmonic, which would result in the same angular velocity as in case
of rotor rotating at synchronous speed
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Relationship between current sheet and air gap flux density harmonics during
proper synchronization and/or hunting can be illustrated by means of modified
Fig. 6.12. Since the rotor does not rotate at synchronous speed, the dashed line
between Fig. 6.12b, d would not go through the zero crossing point of the fun-
damental in Fig. 6.12d. Instead, the rotor flux density distribution is shifted to the
left or to the right of the position in Fig. 6.12d.

In Table 6.2 the pure electromagnetic torque components created during proper
synchronization and/or hunting of a 3-phase synchronous machine by current sheet
and air gap flux density distributions after Eqs. 6.54–6.55 are evaluated for the first
19 spatial harmonics.

Faulty synchronization of a symmetrically wound polyphase synchronous
machine is a consequence of opposite directions of rotation of stator current sheet
and rotor. Consequently, all harmonics of the rotor flux density distribution BF

rotate at the same, negative synchronous speed ωs = −p � Ω, as in Fig. 6.13.

Fundamental component of stator current sheet rotates in positive direction,
whereas the fundamental component of air gap flux density rotates along with the
rotor in negative direction. As a result, the two fundamental components create a
pure electromagnetic torque which pulsates at twice the mains frequency, as in
Eq. 6.42.

Table 6.3 Pure electromagnetic torque components in a 3-phase synchronous machine during
faulty synchronization

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

1 1 1 1 −1 cos(2pΩt + φA,1 − φB,1)

3 1 N.A. 3 −1 N.A.

5 1 −1/5 5 −1 cos(4pΩt + φA,5 − φB,5)

7 1 1/7 7 −1 cos(8pΩt + φA,7 − φB,7)

9 1 N.A. 9 −1 N.A.

11 1 −1/11 11 −1 cos(10pΩt + φA,11 − φB,11)

13 1 1/13 13 −1 cos(14pΩt + φA,13 − φB,13)

15 1 N.A. 15 −1 N.A.

17 1 −1/17 17 −1 cos(16pΩt + φA,17 − φB,17)

19 1 1/19 19 −1 cos(20pΩt + φA,19 − φB,19)
aEquivalent order of the time harmonic, which would result in the same angular velocity as in case
of rotor rotating at synchronous speed
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Since the 5th harmonic of stator current sheet rotates in the same (negative)
direction as the 5th harmonic of the air gap flux density, the relative speed between
them equals 4 Ω. The difference between the positive speed of rotation of the 7th
harmonic of stator current sheet and the negative speed of rotation of the 7th
harmonic of the air gap flux density is equal to 8 Ω.
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Fig. 6.13 Current sheet and air gap flux density harmonics of the same time order k = 1 and
different spatial orders n = 1, 5, and n = 7 in a symmetrically wound synchronous machine during
faulty synchronization at two time instants shifted for one quarter of period of the stator current. The
fundamental spatial harmonics traveling at synchronous speed ω in opposite directions create
torque which pulsates at twice the mains frequency. The 5th spatial harmonic of stator current sheet
travels at −ω/5 and the 5th spatial harmonic of rotor flux density at −ω; therefore, they create a pure
electromagnetic torque which pulsates with the difference of two angular speeds, i.e., with 4 times
the stator angular frequency. The 7th spatial harmonic of stator current sheet travels at ω/7 and the
7th spatial harmonic of rotor flux density at −ω; therefore, the frequency of pulsations of the pure
electromagnetic torque created by these two components is 8 times the stator angular frequency, etc.
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In the same manner, one comes to the conclusion that the 11th and 13th har-
monics generate pulsating torques at 10 and 14 times the mains frequency,
respectively, whereas the 17th and 19th harmonics create pulsating torques at 16
and 20 times the mains frequency.

In Table 6.3 the pure electromagnetic torque components created during faulty
synchronization of a symmetrically wound 3-phase synchronous machine are
evaluated.

Doubly fed polyphase machine generates at steady state a stator current sheet
equal to

As ¼
X1

n

Amax;n cos n
p
sp

x� kxst � uA

	 

ð6:54Þ

and the rotor flux density relative to stator

Br ¼
X1

n

Bmax;n cos n
p
sp

x� x0ð Þ � kxrt � uB

� �
ð6:55Þ

with ωs = 2 � π � fs and ωr = 2 � π � fr standing for stator and rotor angular fre-
quencies, respectively, k denoting the order of time harmonic of currents and x0 the
rotor shift

x0 ¼ D
2
Xt ð6:56Þ

whereas Ω stands for the rotor angular speed. With substitutions above, one can
express the rotor flux density distribution as

Br ¼
X1

n

Bmax;n cos n
p
sp

x� npX� kxrð Þ t � kuB

� �
ð6:57Þ

where positive sign in front of ωr denotes the positive and negative sign the neg-
ative sequence harmonics. Introducing slip s for the fundamental stator time
harmonic
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X ¼ 1� sð Þxs

p
ð6:58Þ

and taking into account the connection between the angular frequencies of stator
and rotor fundamental time harmonics

xr ¼ sxs ð6:59Þ

one can express the rotor flux density as

Br ¼
X1

n

Bmax;n cos n
p
sp

x� xs n� s n
 kð Þ½ � t � uB
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ð6:60Þ

The nth spatial harmonic of rotor flux density created by the kth time harmonic
of rotor currents rotates at slip s relative to the stator with an angular speed of

xr
1;n ¼

n� s n
 kð Þ
n

xs

p
¼ 1� s 1
 k

n

	 
� �
xs

p
ð6:61Þ

Negative sign of the ratio k/n denotes positive and positive sign the negative
sequence component. Accordingly, one can write

xr
1;1 ¼

xs

p
; xr

1;5 ¼ 1� 6
5
s

	 

xs

p
; xr

1;7 ¼ 1� 6
7
s

� �
xs

p
etc. ð6:62Þ

Relative angular speed between the stator current sheet and rotor flux density
component created by kth time harmonic of current and nth spatial harmonic of
winding distribution can now be expressed as

xs;r
k;n ¼ � k

n
xs

p
� 1� s 1
 k

n

	 
� �
xs

p
¼ xs

p
1� sð Þ � k

n
� 1

	 

ð6:63Þ

and in particular

xs;r
1;1 ¼ 0; xs;r

1;5 ¼ � 6
5
xs

p
1� sð Þ; xs;r

1;7 ¼ � 6
7
xs

p
1� sð Þ etc. ð6:64Þ

(see Fig. 6.14).
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The value of slip s0 at which stator kth time and nth spatial harmonic rotates at
the same angular speed as the rotor harmonic of the same order can be found by
setting the two angular speeds equal to each other, i.e.,

� k
n
xs

p
¼ xs

p
1� s0 1
 k

n

	 
� �
ð6:65Þ

which has a solution for s0 = 1. In a wound rotor induction machine, a stator
harmonic and a rotor harmonic of arbitrary order are in synchronism only at
standstill. Only the fundamental stator and rotor time and spatial harmonics travel at
the same angular speed ωs/p at every rotor mechanical speed of rotation Ω.

In Table 6.4 the components of pure electromagnetic torque generated by the
fundamental stator and rotor time harmonics and first 19 spatial harmonics in a
3-phase induction machine are given. The frequency of pulsations of torque
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Fig. 6.14 Current sheet and air gap flux density harmonics of the same time order k = 1 and
different spatial orders n = 1, 5, and n = 7 in a symmetrically wound induction machine with slip
rings at slip s = 0.7 and two time instants shifted for one quarter of period of the stator current.
Dashed lines denote zero crossing points of the fundamental components of current sheet and flux
density. Only the fundamental spatial harmonics traveling at synchronous speed ωs can create a
constant torque. The 5th spatial harmonic of stator current sheet travels at −ωs/5 and the 5th spatial
harmonic of rotor flux density at p(1 − s)ωs − sωs/5; therefore, they create only a pulsating torque.
The 7th spatial harmonic of stator current sheet travels at ωs /7 and the 7th spatial harmonic of
rotor flux density at p(1 − s)ωs + sωs/7; therefore, they again create only a pulsating torque
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components is a function of slip; at zero speed, all components of pure electro-
magnetic torque become constant.

In Fig. 6.14 the stator current sheet and rotor air gap density distribution created
by windings of a wound rotor induction machine carrying pure sinusoidal currents
at two time instants and the slip of 0.7 are shown. Whereas the fundamental
harmonic of rotor air gap flux density travels at the same angular speed as the
fundamental harmonic of current sheet, each higher spatial harmonic in both dis-
tributions travels at its own speed.

Symmetrically wound squirrel cage induction machine is characterized by
stator current sheet distribution at steady state

As ¼
X1

n

Amax;n cos n
p
sp

x� kxst � uA

	 

ð6:66Þ

The nth spatial harmonic of corresponding air gap flux density induces in rotor
squirrel cage a 2n�p-pole voltage distribution and, as a consequence, a 2n�p-pole
MMF distribution. Since both the stator current sheet and rotor MMF have the same
number of poles 2n�p, they create a pure electromagnetic torque with a constant
component since they rotate at the same angular speed (Fig. 6.15).

Table 6.4 Pure electromagnetic torque components at steady state of a 3-phase wound rotor
induction machine fed with sinusoidal currents

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1,s kB ωk,n/ω1,1,r M/(V � Amax,n � Bmax,n)

1 1 1 1 1 cos(φA,1 − φB,1)

5 1 −1/5 1 −1/5 cos[6/5ωs(1 − s)t + φA,5 − φB,5]

7 1 1/7 1 1/7 cos[6/7ωs(1 − s)t + φA,7 − φB,7]

11 1 −1/11 1 −1/11 cos[12/11ωs(1 − s)t + φA,11 − φB,11]

13 1 1/13 1 1/13 cos[12/13ωs(1 − s)t + φA,13 − φB,13]

17 1 −1/17 1 −1/17 cos[18/17ωs(1 − s)t + φA,17 − φB,17]

19 1 1/19 1 1/19 cos[18/19ωs(1 − s)t + φA,19 − φB,19]
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In Table 6.5 components of pure electromagnetic torque generated by the fun-
damental stator and rotor time harmonics and first 19 spatial harmonics in a 3-phase
squirrel cage induction machine are given. In this table the pure electromagnetic
torque components created by slot harmonics are not included because their order is
out of range of interest.
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Fig. 6.15 Current sheet and air gap flux density harmonics of the same time order k = 1 and
different spatial orders n = 1, 5, and n = 7 in a symmetrically wound squirrel cage induction
machine at two time instants shifted for one quarter of period of the stator current. Dashed lines
denote zero crossing points of the fundamental components of current sheet and flux density. Not
only the fundamental spatial harmonics traveling at synchronous speed ωs create a constant torque:
The 5th spatial harmonic of stator current sheet travels at −ωs/5 and the 5th spatial harmonic of
rotor flux density also at −ωs/5; therefore, they create a true electromagnetic torque with constant
component. The 7th spatial harmonic of stator current sheet travels at ωs/7 and the 7th spatial
harmonic of rotor flux density also at ωs/7—they both create a constant component of torque as
well
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6.5.2 Symmetrically Wound Machine Fed with Sinusoidal
Unbalanced Currents

Unbalanced operation of a symmetrically wound synchronous machine at
steady state is caused by amplitude and/or phase asymmetry of stator currents. As a
consequence, both positive and negative sequence components of stator air gap
current sheet and MMF are generated. Since the rotor is at synchronism, the relative
speed between the fundamental term of negative sequence component of stator
current sheet and rotor is twice the synchronous speed. In addition to torques
created by positive sequence component of stator current sheet, as in Table 6.1, the
negative sequence of stator current sheet generates with rotor air gap flux density a
spectrum of pulsating torque components with frequencies identical to those at
faulty synchronization represented in Table 6.3.

Pure electromagnetic torque components created by negative sequence compo-
nents of stator current sheet and rotor air gap flux density terms with corresponding
numbers of poles are represented in Table 6.6.

In Fig. 6.16, negative sequence harmonics of current sheet created by stator
unbalanced currents along with rotor air gap flux density harmonics are shown.

The fundamental component of stator current sheet rotates in opposite direction
to the rotor and induces in it voltages with twice the stator frequency. The induced
voltages generate eddy currents in rotor solid parts, which dissipate losses in them.
In order to minimize rotor eddy current losses due to unbalanced load, the stator
negative sequence current is limited to typically 5–12 % of rated current, the value
depending on the machine size and the rating of the damper cage.

Table 6.5 Pure electromagnetic torque components at steady state of a 3-phase squirrel induction
machine fed with sinusoidal currents

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1,s kB ωk,n/ω1,1,r M/(V � Amax,n � Bmax,n)

1 1 1 1 1 cos(φA,1 − φB,1)

5 1 −1/5 1 −1/5 cos(φA,5− φB,5)

7 1 1/7 1 1/7 cos(φA,7− φB,7)

11 1 −1/11 1 −1/11 cos(φA,11− φB,11)

13 1 1/13 1 1/13 cos(φA,13− φB,13)

17 1 −1/17 1 −1/17 cos(φA,17− φB,17)

19 1 1/19 1 1/19 cos(φA,19− φB,19)
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Fig. 6.16 Negative sequence current sheet and air gap flux density harmonics of the same time
order k = 1 and different spatial orders n = 1, 5, and n = 7 in a symmetrically wound synchronous
machine fed with sinusoidal unbalanced currents at two time instants shifted for one quarter of
period of the stator current. The fundamental spatial harmonics traveling at synchronous speed ω
in opposite directions create a pulsating torque. The 5th spatial harmonic of stator current sheet
travels at ω/5 and the 5th spatial harmonic of rotor flux density at ω; therefore, they create a pure
electromagnetic torque which pulsates with the difference of two angular speeds, i.e., with 4 times
the stator angular frequency. The 7th spatial harmonic of stator current sheet travels at −ω/7 and
the 7th spatial harmonic of rotor flux density at ω; therefore, the frequency of pulsations of the pure
electromagnetic torque created by these two components is 8 times the stator angular frequency

Table 6.6 Pure electromagnetic torque components in a 3-phase synchronous machine at steady
state created by negative sequence component of stator current sheet

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

1 1 −1 1 1 cos(2pΩt + φA,1 − φB,1)

3 1 N.A. 3 1 N.A.

5 1 1/5 5 1 cos(4pΩt + φA,5 − φB,5)

7 1 −1/7 7 1 cos(8pΩt + φA,7 − φB,7)
(continued)
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Polyphase machine with symmetrically wound, symmetrically fed stator
and unbalanced rotor is a mode of operation characteristic for both synchronous
and induction machines, e.g., during:

– Start-up transient of a synchronous machine with short-circuited field winding;
– Start-up transient of a wound rotor induction machine with asymmetrically

connected rotor winding;
– Start-up transient of a squirrel cage induction machine with broken bar(s) and/or

ring segment(s).

The impressed stator currents generate rotating current sheet distribution at
steady state described as

As ¼
X1

n

Amax;n cos n
p
sp

x� kxst � uA

	 

ð6:67Þ

Independent of the machine type, rotor asymmetric currents create besides a
positive B+ also a negative sequence air gap flux density B−, the speed of rotation of
which depends on slip (Eq. 6.64)

Br ¼
X1

n

Bþ ;n cos n
p
sp

x� xs n� s n
 kð Þ½ �t � uB

 �

þB�;n cos n
p
sp

xþxs n� s n
 kð Þ½ �t � uB

 �� ð6:68Þ

The order n of harmonic in Eq. 6.68 can be 1, 3, 5, 7, … in an asymmetrical
3-phase and single-phase rotor, or 1, N/p ± 1, 2N/p ± 1, … in an asymmetrical
squirrel cage with N/2p phases. Since in the current sheet spectrum of symmetri-
cally wound, symmetrically fed stator there exist no harmonics with order equal to
odd multiples of the number of phases, pure electromagnetic torque components
created by these harmonics are equal to zero.

Table 6.6 (continued)

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

9 1 N.A. 9 1 N.A.

11 1 1/11 11 1 cos(10pΩt + φA,11 − φB,11)

13 1 −1/13 13 1 cos(14pΩt + φA,13 − φB,13)

15 1 N.A. 15 1 N.A.

17 1 1/17 17 1 cos(16pΩt + φA,17 − φB,17)

19 1 −1/19 19 1 cos(20pΩt + φA,19 − φB,19)
aEquivalent order of the time harmonic, which would result in the same angular velocity as in case
of rotor rotating at synchronous speed
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The effects of positive sequence harmonics in the spectrum of rotor air gap flux
density Br were discussed previously. Here torque components created by negative
sequence harmonics B_,n will be found in a similar manner as for positive sequence
harmonics. If in Eq. 6.72 the positive sign of the ratio k/n is applied for positive and
negative sign for negative sequence components, one obtains for angular speed of
the first 3 harmonics of the negative sequence component of the air gap flux density

xr
1;1 ¼ 1� 2sð Þxs

p
; xr

1;5 ¼ 1� 4
5
s

	 

xs

p
; xr

1;7 ¼ 1� 8
7
s

	 

xs

p
etc. ð6:69Þ

The fundamental term of the negative sequence component of the rotor air gap
flux density caused by rotor winding asymmetry is at standstill for slip s = 1/2, the
fifth spatial harmonic at slip s = 5/4, the seventh at s = 7/8, etc.

Relative angular speed between the stator current sheet in Eq. 6.67 and negative
sequence components of the rotor flux density created by kth time harmonic of
current and nth spatial harmonic of winding distribution can now be expressed as

xs;r
k;n ¼

xs

p
1� k

n
þ s �1� k

n

	 
� �
ð6:70Þ

In Table 6.7 relative angular speeds after Eq. 6.70 are calculated for the first 19
spatial harmonics in a machine with 3-phase stator winding.

The fifth spatial harmonic of the rotor negative sequence flux density travels at
one-fifth of the rotor synchronous speed plus one-fifth of the stator synchronous
speed relative to the fifth spatial harmonic of the stator positive sequence current
sheet. At slip s = 3/2, the rotor rotates with one half of the negative synchronous
speed, whereas the fifth harmonic of the rotor flux density rotates relative to rotor at
1/5 of the rotor synchronous speed. Since the rotor synchronous speed at that oper-
ating point is 3/2 of the stator synchronous speed, the relative speed of the fifth
harmonic of the rotor flux density to the rotor is 1/5 � 3/2 = 3/10 of the stator syn-
chronous speed. Added to the rotor mechanical speed of one half of the negative stator

Table 6.7 Relative angular speeds between harmonics of the rotor negative sequence flux density
and current sheet after Eq. 6.67 along with slip values at which the corresponding harmonics are
synchronized

Spatial order n Relative angular speed /(ωs/p) Harmonics synchronized at slip

1 −2s 0

5 2(3 − 2s)/5 3/2

7 2(3 − 4s)/7 3/4

11 2(6 − 5s)/11 6/5

13 2(6 − 7s)/13 6/7

17 2(9 − 8s)/17 9/8

19 2(9 − 10s)/19 9/10
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synchronous speed, the speed of the fifth rotor spatial harmonic of flux density is
equal to the speed of the fifth spatial harmonic of stator current sheet, i.e., –2/10 of the
stator synchronous speed. Therefore, at slip s = 3/2, the fifth harmonic of rotor flux
density in a machine with unbalanced rotor is synchronized with the fifth harmonic of
stator current sheet and the torque they create can have a constant component. At all
other speeds of the rotor, the two harmonics create only a pulsating torque.

In Table 6.8 components of pure electromagnetic torque generated by the fun-
damental time harmonics and first 19 spatial harmonics of stator current sheet after
Eq. 6.71 and negative sequence rotor air gap flux density are presented. The pure
electromagnetic torque components created by slot harmonics are not included in
this table because their order is out of scope of interest.

In addition to the currents which create current sheet after Eq. 6.67, stator
winding carries currents the source of which are voltages induced by the negative
sequence component of rotor air gap flux density, as in Eq. 6.68. Since the stator
windings do not move, the frequency of induced voltage in them is independent of
the order of spatial harmonic of flux density wave which induced it.

Stator currents with angular frequency ωr driven by voltages induced by the
negative sequence component of rotor flux density create current sheet A_ equal to

A� ¼
X1

n

Amax;n;� cos n
p
sp

xþx�t � uA;�

	 

ð6:71Þ

where the frequency ω_ is equal to

x� ¼ p X� xrð Þ ¼ 1� 2sð Þxs ð6:72Þ

Table 6.8 Pure electromagnetic torque components at steady state of a 3-phase machine with
unbalanced rotor created by stator currents with angular frequency�ωs and negative sequence air
gap flux density harmonics

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1,s kB ωk,n/ω1,1,r M/(V � Amax,n � Bmax,n)

1 1 1 1 1 cos(2sωst + φA,1 − φB,1)

5 1 −1/5 1 −1/5 cos[2/5ωs(3 − 2s)t + φA,5 − φB,5]

7 1 1/7 1 1/7 cos[2/7ωs(3 − 4s)t + φA,7 − φB,7]

11 1 −1/11 1 −1/11 cos[2/11ωs(6 − 5s)t + φA,11 − φB,11]

13 1 1/13 1 1/13 cos[2/13ωs(6 − 7s)t + φA,13 − φB,13]

17 1 −1/17 1 −1/17 cos[2/17ωs(9 − 8s)t + φA,17 − φB,17]

19 1 1/19 1 1/19 cos[2/19ωs(9 − 10s)t + φA,19 − φB,19]
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because the fundamental time component of the rotor negative sequence flux
density travels at electrical angular speed—p � ωr = −s � p � ωr relative to the rotor
mechanical speed p � Ω.

The fundamental (n = k = 1) negative sequence component of air gap flux
density in Eq. 6.68 can be expressed as

Br;1 ¼ B�;1 cos
p
sp

xþ 1� 2sð Þxst � uB

� �
ð6:73Þ

The fundamental negative sequence component of air gap flux density Br,1

generates with the fundamental component of current sheet A-,1 in Eq. 6.71

A�;1 ¼ Amax;1;� cos
p
sp

xþ 1� 2sð Þxst � uA;�

� �
ð6:74Þ

an electromagnetic torque the average value of which is [see also Eq. (6.38)]

M ¼ VAmax;1;�B�;1fsk;1 cos uA � uBð Þ ð6:75Þ

An unbalanced rotor generates both positive and negative sequence components
of current sheet, which interact with stator flux density. Besides pulsating com-
ponents, a constant pure electromagnetic torque is generated which is equal to zero
at slip s = 0.5. This property of negative sequence MMF is called Görges
phenomenon.

6.5.3 Single-Phase Operation of a Rotating Field Machine

Single-phase synchronous machine in the power range above 100 MVA is a
typical source of electrical energy for railroads where only one contact wire is
available. In order to avoid too a low winding factor for the fundamental, usually
only 2/3 of stator slots are wound. A 2-pole generator usually rotates at 1000 rpm in
order to produce voltages at a frequency of 16 2/3 Hz. The rotor is cylindrical with
a very strong damping cage, which protects field winding from the 100 % unbal-
ance of the stator MMF.

Single-phase stator winding fed by sinusoidal current creates pulsating current
sheet As (x, t)

As x; tð Þ ¼
X1

n

Amax;n cos n
p
sp

x� xt � uA

	 

þ cos n

p
sp

xþxt � uA

	 
� �
ð6:76Þ

whereas the field coil rotating at synchronous speed generates air gap flux density
which is defined in Eq. 6.50 (Table 6.9).
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In addition to the torques created by positive sequence component of stator
current sheet and rotor flux density (Table 6.1), pulsating torques are generated in a
single-phase synchronous machine as a result of interaction between negative
sequence component of stator current sheet and the rotor flux density.

The fundamental negative sequence component of stator current sheet creates
with the fundamental component of the rotor flux density an electromagnetic torque,
which pulsates at twice the mains frequency. Since the machine is single-phase-fed,
its power has a pulsating component besides constant term U � I � cos φ.

The single-phase synchronous generator for railroads is unique among all
electric machine types because the amplitude of its pulsating torque is larger or
equal to the constant, useful torque which it generates. For this reason, the housing
of a single-phase synchronous generator is fixed with a series of springs to its
fundamental. In addition, the rotor damping cage must be dimensioned for a 100 %
unbalanced load.

Single-phase operation of an induction machine at steady state is charac-
terized by stator current sheet

As ¼
X1

n

Amax;n cos n
p
sp

x� ksxst � uA

	 

þ cos n

p
sp

xþ ksxst � uA

	 
� �
ð6:77Þ

which induces voltages after Eq. 2.266 in symmetrical rotor windings rotating at
mechanical angular speed Ω. Denoting by ks the order of stator current time har-
monic, the frequency of induced voltage can be expressed by means of Eq. 2.667 as

Table 6.9 Pure electromagnetic torque components created by negative sequence component of
stator current sheet in a single-phase synchronous machine at steady state

Spatial order n Current sheet Air gap flux
density

Torque

kA ωk,n/ω1,1 kB
a ωk,n/ω1,1 M/(V � Amax,n � Bmax,n)

1 1 1 1 1 cos(2pΩt + φA,1 − φB,1)

3 1 N.A. 3 1 N.A.

5 1 −1/5 5 1 cos(4pΩt + φA,5 − φB,5)

7 1 1/7 7 1 cos(8pΩt + φA,7 − φB,7)

9 1 N.A. 9 1 N.A.

11 1 −1/11 11 1 cos(10pΩt + φA,11 − φB,11)

13 1 1/13 13 1 cos(14pΩt + φA,13 − φB,13)

15 1 N.A. 15 1 N.A.

17 1 −1/17 17 1 cos(16pΩt + φA,17 − φB,17)

19 1 1/19 19 1 cos(20pΩt + φA,19 − φB,19)
aEquivalent order of the time harmonic, which would result in the same angular velocity as in case
of rotor rotating at synchronous speed
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xi;� ¼ x ks � n 1� sð Þ½ � ð6:78Þ

for voltage components introduced by positive sequence of stator current sheet, and

xi;þ ¼ x ks þ n 1� sð Þ½ � ð6:79Þ

for voltage components induced by negative sequence of stator current sheet. The
positive sequence of stator current sheet rotates in the same direction as the rotor.
The fundamental time and spatial harmonic of the positive sequence component of
current sheet, n = ks = 1, induces in rotor conductors voltages with frequency
ωi,- = s � ω, whereas the fundamental time and spatial harmonic of the negative
sequence component of current sheet induces in rotor conductors voltages with
frequency ωi,+ = (2 − s) � ω.

Induced voltages in a squirrel cage rotor generate currents, which are the source
of rotor component of air gap flux density Br. Considering Eqs. 6.68, one can define
for positive rotor mechanical angular speed Ω the positive sequence of the rotor air
gap flux density as

Bþ
r;þ ¼ Bmax cos n

p
sp

x� n 1� sð Þ 1� krð Þþ krks½ �xt
 �

ð6:80Þ

with kr standing for the order of rotor current time harmonic. Analogously, the
negative sequence of the rotor air gap flux density equals

Bþ
r;� ¼ Bmax cos n

p
sp

x� n 1� sð Þ 1þ krð Þ � krks½ �xt
 �

ð6:81Þ

The positive sequence component of the rotor air gap flux density for negative
rotor mechanical angular speed Ω is equal to

Table 6.10 Trigonometric functions multiplying terms V Amax Bmax in the expression for pure
electromagnetic torque components in a single-phase induction machine rotating in positive
direction at steady state

n Bþ
r;þ Bþ

r;�

As,+

1 cos(φA,1 − φB,1) cos(φA,1 − φB,1 + 2sωt)

3 cos(φA,3 − φB,3) cos[φA,3 − φB,3 − 2(2 − 3s)ωt]

5 cos(φA,5 − φB,5) cos[φA,5 − φB,5 − 2(4 − 5s)ωt]

7 cos(φA,7 − φB,7) cos[φA,7 − φB,7 − 2(6 − 7s)ωt]

9 cos(φA,9 − φB,9) cos[φA,9 − φB,9 − 2(8 − 9s)ωt]

11 cos(φA,11- φB,11) cos[φA,11 − φB,11 − 2(10 − 11s)ωt]

13 cos(φA,13 − φB,13) cos[φA,13 − φB,13 − 2(12 − 13s)ωt]

15 cos(φA,15 − φB,15) cos[φA,15 − φB,15 − 2(14 − 15s)ωt]

17 cos(φA,17 − φB,17) cos[φA,17 − φB,17 − 2(16 − 17s)ωt]

19 cos(φA,19 − φB,19) cos[φA,19 − φB,19 − 2(18 − 19s)ωt]
(continued)
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B�
r;þ ¼ Bmax cos n

p
sp

xþ n 1� sð Þ 1� krð Þ � krks½ �xt
 �

ð6:82Þ

and the negative sequence

B�
r;� ¼ Bmax cos n

p
sp

xþ n 1� sð Þ 1þ krð Þ � krks½ �xt
 �

ð6:83Þ

Table 6.11 Trigonometric functions multiplying terms V Amax Bmax in the expression for pure
electromagnetic torque components in a single-phase induction machine rotating in negative
direction at steady state

n B�
r;� B�

r;þ

As,-

1 cos(φA,1 − φB,1) cos(φA,1 − φB,1 + 2 sωt)

3 cos(φA,3 − φB,3) cos[φA,3 − φB,3 − 2(2 − 3s)ωt]

5 cos(φA,5 − φB,5) cos[φA,5 − φB,5 − 2(4 − 5s)ωt]

7 cos(φA,7 − φB,7) cos[φA,7 − φB,7 − 2(6 − 7s)ωt]

9 cos(φA,9 − φB,9) cos[φA,9 − φB,9 − 2(8 − 9s)ωt]

11 cos(φA,11 − φB,11) cos[φA,11 − φB,11 − 2(10 − 11s)ωt]

13 cos(φA,13 − φB,13) cos[φA,13 − φB,13 − 2(12 − 13s)ωt]

15 cos(φA,15 − φB,15) cos[φA,15 − φB,15 − 2(14 − 15s)ωt]

17 cos(φA,17 − φB,17) cos[φA,17 − φB,17 − 2(16 − 17s)ωt]

19 cos(φA,19 − φB,19) cos[φA,19 − φB,19 − 2(18 − 19s)ωt]
(continued)

Table 6.10 (continued)

n Bþ
r;þ Bþ

r;�

As,-

1 cos(φA,1 − φB,1 + 2ωt) cos[φA,1 − φB,1 + 2(s − 1)ωt]

3 cos(φA,3 − φB,3 + 2ωt) cos[φA,3 − φB,3 + 6(s − 1)ωt]

5 cos(φA,5 − φB,5 + 2ωt) cos[φA,5 − φB,5 + 10(s − 1)ωt]

7 cos(φA,7 − φB,7 + 2ωt) cos[φA,7 − φB,7 + 14(s − 1)ωt]

9 cos(φA,9 − φB,9 + 2ωt) cos[φA,9 − φB,9 + 18(s − 1)ωt]

11 cos(φA,11 − φB,11 + 2ωt) cos[φA,11 − φB,11 + 22(s − 1)ωt]

13 cos(φA,13 − φB,13 + 2ωt) cos[φA,13 − φB,13 + 26(s − 1)ωt]

15 cos(φA,15 − φB,15 + 2ωt) cos[φA,15 − φB,15 + 30(s − 1)ωt]

17 cos(φA,17 − φB,17 + 2ωt) cos[φA,17 − φB,17 + 34(s − 1)ωt]

19 cos(φA,19 − φB,19 + 2ωt) cos[φA,19 − φB,19 + 38(s − 1)ωt]
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Denoting by As,+ the positive and by As,- the negative sequence components of
stator current sheet

As;þ ¼
X1

n

Amax;n cos n
p
sp

x� ksxst � uA

	 

ð6:84Þ

As;� ¼
X1

n

Amax;n cos n
p
sp

xþ ksxst � uA

	 

ð6:85Þ

and considering only fundamental time components of stator and rotor currents,
ks = kr = 1, one can express torque components generated in a single-phase-fed
squirrel cage induction machine at positive rotor mechanical speed in the manner
shown in Table 6.10. Only positive sequence components of stator current sheet
and rotor air gap flux density can create constant torque components at any speed;
otherwise, the pure electromagnetic torque is pulsating. Since the negative sequence
component of current sheet rotates relative to the positive sequence component of
rotor air gap flux density with twice the synchronous speed, the frequency of
pulsations of pure electromagnetic torque between the two is always equal to the
twice angular frequency of the stator current.

When the rotor is rotating in negative direction, the positive and negative
sequence components of stator current sheet and rotor air gap flux density swap
their roles resulting in identical structure of torque components as for positive speed
of rotation (see Table 6.11).

Table 6.11 (continued)

n B�
r;� B�

r;þ

As,+

1 cos(φA,1 − φB,1 + 2ωt) cos[φA,1 − φB,1 + 2(s − 1)ωt]

3 cos(φA,3 − φB,3 + 2ωt) cos[φA,3 − φB,3 + 6(s- − 1)ωt]

5 cos(φA,5 − φB,5 + 2ωt) cos[φA,5 − φB,5 + 10(s − 1)ωt]

7 cos(φA,7 − φB,7 + 2ωt) cos[φA,7 − φB,7 + 14(s − 1)ωt]

9 cos(φA,9 − φB,9 + 2ωt) cos[φA,9- φB,9 + 18(s-1)ωt]

11 cos(φA,11 − φB,11 + 2ωt) cos[φA,11 − φB,11 + 22(s − 1)ωt]

13 cos(φA,13 − φB,13 + 2ωt) cos[φA,13 − φB,13 + 26(s − 1)ωt]

15 cos(φA,15 − φB,15 + 2ωt) cos[φA,15 − φB,15 + 30(s − 1)ωt]

17 cos(φA,17 − φB,17 + 2ωt) cos[φA,17 − φB,17 + 34(s − 1)ωt]

19 cos(φA,19 − φB,19 + 2ωt) cos[φA,19 − φB,19 + 38(s − 1)ωt]
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6.6 Spectral Components of Torque in a Machine
with Uneven Air Gap: Slotting, Salient Poles,
and Rotor Eccentricity

When air gap width is not constant, the nth harmonic of air gap flux density
contains a component created by the current sheet harmonic of the same order, as
well as components which result from interaction of slot harmonics and current
sheet harmonics of orders different from n. As shown in Eq. 6.37, a current sheet
harmonic in a machine with constant air gap width cannot create a pure electro-
magnetic torque with an air gap flux harmonic of the same order which it created.
Therefore, in a machine with constant air gap width, two independent sources—one
for current sheet and the other for flux density—are needed in order for electro-
magnetic torque to be created.

In a machine with N/p slots per pole pair, the nth harmonic of the positive
sequence of current sheet wave and the jth harmonic of the positive sequence of air
gap flux density wave generate electromagnetic torque due to slotting (reluctance
torque) after Eq. 6.53

Mrel ¼ pRlaxfsk;nAnBj

Z2sp

0

sin n
p
sp

xþ xcð Þ � xt

� �
cos j

p
sp

xþ xcð Þ � xt

� �
cos

N
p
p
sp

xdx

ð6:86Þ

where

xc ¼ R Xtþ cð Þ ð6:87Þ

Here xc denotes the position of the zero crossing point of current sheet relative to the
centerline of the 1. slot, Ω the rotor mechanical speed at which the two harmonics
modulated by slotting synchronize with each other and γ the initial rotor angle.

The definite integral in Eq. 6.86 is equal to

I ¼ p2sp
n� jð Þ cos n� jð Þp Xt � cð Þ½ �

2p N2 � j� nð Þ2p2
h i þ p2sp

nþ jð Þ cos jþ nð Þp Xt � cð Þþ 2xt½ �
2p N2 � jþ nð Þ2p2
h i þ

þ psp
cos nþ jð Þpc� 2p N=pþ nð Þþ 2x� nþ jð ÞpX½ �tf g

4p Nþ jþ nð Þp½ � þ

þ psp
cos nþ jð Þpc� 2p N=p� nð Þþ 2x� nþ jð ÞpX½ �tf g

4p N � jþ nð Þp½ � þ

þ psp
cos n� jð Þp Xt � cð Þ½ �
4p Nþ j� nð Þp½ � þ psp

cos n� jð Þp Xt � cð Þ½ �
4p N � j� nð Þp½ �

ð6:88Þ
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and its average value is different from zero only for certain combinations of N, j, n,
p, and Ω . This mathematical result can be as well physically interpreted: A 2p-pole
machine with N slots generates reluctance torque only at certain mechanical angular
speeds Ω as a result of interaction of a given jth harmonic of air gap flux density
and nth harmonic of air gap current sheet.

At a mechanical angular speed

X ¼ 2
x
N

ð6:89Þ

the jth harmonic of current sheet and nth harmonic of air gap flux density create a
reluctance torque after Eq. 6.86 if and only if the condition is fulfilled

jþ n ¼ N
p

ð6:90Þ

The amount of reluctance torque created at mechanical angular speed Ω is

Mrel ¼ 1
2
V

X
N
p�1

j¼1;3;5;...

Amax;jBmax;Np�j sin Ndð Þ ð6:91Þ

which means that all harmonics of current sheet and air gap flux density the orders
of which are below N/p contribute to the reluctance torque at mechanical angular
speed of Ω.

In a double-slotted air gap of an induction machine besides stator current sheet
and rotor air gap flux density, rotor current sheet and stator air gap flux density
create reluctance torque(s). Since the frequency of rotor currents varies proportional
to the rotor slip, one can express the rotor mechanical angular speed Ω′ at which the
reluctance torque due to stator slotting is generated as

X0 ¼ 2
sx
N 0 ð6:92Þ

with s denoting the corresponding slip and N′ the number of stator slots. In the
worst case, the two mechanical speeds in Eqs. 6.89 and 6.92 are equal, which occur
at slip

s ¼ N 0

N
ð6:93Þ

In order to avoid that slip s in Eq. 6.93 falls into normal operating mode (s < 1),
the number of stator slots N′ should be larger than the number of rotor slots N.
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In special case N/p = 2 (salient pole synchronous machine), the torque is gen-
erated at synchronous speed (Ω = ω) and its amplitude is proportional to the pro-
duct of the amplitudes of fundamental harmonic of current sheet and air gap flux
density.

Reluctance torque after Eq. 6.91 is also generated at standstill, Ω = 0, in which
case the orders of current sheet and air gap flux density harmonics satisfy equation

j� nj j ¼ N
p

ð6:94Þ

When the coil does not rotate, the nth harmonic of flux density created by the jth
harmonic of current sheet and N/pth harmonic of air gap slotting are at standstill.
The reluctance torque after Eq. 6.91 can be expressed as

Mrel ¼ 1
2
V

X1

j¼1;3;5;...

Amax;jBmax;Np þ j sin Ndð Þ ð6:95Þ

In case of salient pole machine, N/p = 2, the mechanical angular speed Ω after
Eq. 6.89 at which a constant reluctance torque is generated equals ω/p. Following
Eq. 6.90, only the fundamental spatial harmonic of MMF (n = 1) and the funda-
mental spatial harmonic of air gap flux density (j = 1) can create the reluctance
torque.

Eccentric air gap is a source of both odd and even flux density harmonics in a
machine with windings creating odd MMF harmonics only. Reluctance torque
acting on eccentric rotor can be evaluated by using equations derived in this section
and inserting for N = 1. In particular, the rotor mechanical speed Ω after Eq. 6.89 at
which a constant reluctance torque due to eccentricity is developed equals 2ω, i.e.,
twice the synchronous speed of a two-pole machine. According to Eq. 6.90, only
the fundamental harmonic of MMF (n = 1) and constant term of flux density (j = 0)
can generate this reluctance torque.

Case Study 6.1: A 6 kV, 60 Hz, 440 kW, 10-pole, cos φ = 0.815, 3-phase
squirrel cage induction machine has 90 stator and 70 rotor slots. Air gap diameter is
675 mm, and stator has rectangular slots with a width of 12.5 mm and a height of
57 mm. Stator winding has a pitch of y = 6. The number of stator slots per pole and
phase is equal to q = 90/(2 � 5 � 3) = 3 and the slot angle αel = 5 � 2π/90 = π/9.
The ratio between locked rotor and rated current is 5.6 and between maximum and
rated torque 3.2. The air gap flux at the mechanical speed of Ω = ωs /7 equals to
60 % of the rated value.
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Torque–speed curve of the motor recorded during start-up transient is shown in
Fig. 6.17. Even unloaded, the motor stalls at a speed of about 103 rpm.

Winding factors along with the amplitudes of current sheet and flux density for
the first couple harmonics are evaluated in Table 6.12.

Following Eq. 6.95, the mechanical speed of rotation nm at which a reluctance
torque due to rotor slotting is created can be expressed as

nm ¼ 30
p
X ¼ 60

p
x
N

¼ 60
p
120p
70

¼ 102:9 rpm

The number of rotor slots per pole pair, N/p, is equal to

N
p
¼ 70

5
¼ 14

The ratio of the reluctance torque at 102.9 rpm to rated torque is equal to the
sum of all terms in the last column of Table 6.12, i.e.,

rpm

Nm

5000

100 500 720

Fig. 6.17 Torque–speed curve of the motor in Case Study 6.1 measured at 50 % of the rated
voltage

Table 6.12 Stator winding factors of the machine under study along with relative amplitudes of
current sheet and air gap flux density

n fp,n fz,n fw,n An/A1 Bn/B1 An BN/p−n/A1 B1 @ Ω

1 0.866 0.96 0.831 1 1 0.794

5 −0.866 0.218 −0.188 0.045 0.12 0.006

7 0.866 −0.177 −0.154 0.026 0.09 0.008

11 −0.866 −0.177 0.154 0.017 0.05 0.01

13 0.866 0.218 0.188 0.017 0.235 0.061

Note a substantially increased amplitude of the flux density slot harmonic (n = 13) due to 14 slots
per pole pair
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Mrel

Mrated
¼ 0:879

The largest contribution to the reluctance torque comes from the fundamental
harmonic of current sheet and the slot harmonic of air gap flux density, the latter
being a consequence of the fundamental harmonic of air gap slotting.

Besides reluctance torque, the squirrel cage induction machine in this case study
develops pure electromagnetic torques as shown in Table 6.5. The amplitude of the
7. harmonic of stator current sheet equals 2.6 % of the amplitude of the funda-
mental. At the synchronous speed for the 7. spatial harmonic ω7

x7 ¼ 1
7
120p
5

¼ 10:77 s�1

and the corresponding rotational speed n7

n7 ¼ 30
p
x7 ¼ 102:9 rpm

the machine draws almost the short-circuit current. This helps one estimate the ratio
between the maximum motor torque due to 7. harmonic and the rated machine
torque as

Mmax;7

Mrated
¼ Mmax

Mrated

AS:C:;7

Arated

BS:C:;7

Brated
¼ 3 : 2 � 0:026 � 5:6

1
0:09 � 5:6 � 0:6

1
¼ 0:141

i.e., 14.1 % of the rated torque. Due to a higher flux level, the maximum generator
torque is considerably larger than the maximum motor torque. This makes the total
negative torque at and in the vicinity of nm = 102.9 rpm larger than
0.879 + 0.141 = 1.02 of the rated torque—no wonder that the motor cannot
accelerate over the saddle at nm, as recorded in Fig. 6.17.

6.7 Side Effects of Accumulated Magnetic Energy: Radial
Air Gap Force, Forces on Conductors in Slots
and on Slot Wedges

Both components of electromagnetic torque calculated in the previous sections—
the pure electromagnetic and the reluctance torque—add to each other and act in the
shaft direction, in the following equation:

~M ¼~r �~F ð6:96Þ

360 6 Force and Torque



Electromagnetic torque, as a sum of all products of r and F on the air gap
circumference, is therefore a global quantity. For this reason, there exists no pos-
sibility to access from outside a particular component of torque created by a single
pole in a 2p-pole machine.

Besides electromagnetic torque, which is the useful quantity generated in an
electric machine, the accumulated magnetic energy creates forces which do not
contribute to the electromechanical energy conversion and which are typically a
source of unwanted effects, such as vibrations and electromagnetic noise. A typical
side effect of air gap flux density is the attractive force between stator and rotor
cylindrical surfaces, as in Eq. 6.21. Since the attractive force Fr is proportional to
the square of the amplitude of air gap flux density, one can write for the radial air
gap force created by the positive sequence component of air gap flux density

Fr;þ x; z; tð Þ	
X1

n¼1;3;5;...

X1

k¼1;2;...

Ik cos n
p
sp

x� bskR
z
lax

	 

� kxt

� �( )2

ð6:97Þ

As opposed to the electromagnetic torque, radial air gap force is a local quantity,
the effects of which act on the particular machine section independent of the amount
of radial air gap force at some other place in the machine. Total electromagnetic
torque acting on the shaft is equal to the algebraic sum (integral) of torque com-
ponents over the whole air gap circumference. On the other hand, a vector sum of
radial forces along the whole air gap circumference might be equal to zero, which
does not mean that there is no locally acting radial force.

Considering only the fundamental time harmonic component of current and the
fundamental and the slot harmonic of air gap flux density, one can rewrite Eq. 6.97 as

Fr;þ x; z; tð Þ	 B1 cos
p
sp

x� bskR
z
lax

	 

� xt
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� ��2 ð6:98Þ

or
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ð6:99Þ

for
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BN
p�1

� B1 ð6:100Þ

Radial force after Eq. 6.99 has a constant term proportional to

Fr;const 	 1
2
B2
1 þB1BN

p�1
cos

N
p
� 2

	 

p
sp

x� bskR
z
lax

	 
� �
ð6:101Þ

along with a two-dimensional traveling wave components

Fr;wave 	 1
2
B2
1 cos 2

p
sp

x� bskR
z
lax

	 

� 2xt
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þB1BN
p�1

cos
N
p
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sp
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lax

	 

� 2xt
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the velocities of which in circumferential direction are

vx;1 ¼ xsp
p

; vx;Np ¼ 2
p
N
xsp
p

ð6:103Þ

and in axial direction

vz;1 ¼ spxlax
bskRp

; vz;Np ¼ 2
p
N
xsplax
pbskR

ð6:104Þ

as long as βsk ≠ 0. The effects of skewing, represented here by the skewing angle
βsk, are illustrated in Fig. 6.18, in which radial force waves due to slotting in a
2-pole machine with 24 slots are shown.

If the slots are not skewed, as in Fig. 6.18a, the same amount of force acts in axial
direction for a given circumferential coordinate along the whole active part length.

ω ω (a) (b)

Fig. 6.18 Radial air gap force waves due to slotting in a 2-pole machine with 24 slots:
a unskewed and b skewed for one slot
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If the slots are skewed for one slot, as in Fig. 6.18b, the amount of force varies
axially along the active part resulting in zero total force for any circumferential
coordinate. The effect of slot skewing on radial force is similar to the effect of skewing
gears—the operation is smoother and quieter than in a machine with unskewed slots.

Radial air gap forces are always positive, i.e., they tend to decrease the air gap
width. Considering mechanically stiff inner structure, radial forces excite me-
chanically the outer structure of the machine which, as a result, begins to oscillate at
various spatial modi [3], as in Fig. 6.19. At each spatial mode, a frequency spec-
trum of vibrations is generated, which act on the machine fundaments and create
electromagnetic noise.

Effects of air gap radial forces can be very strong in machines with thin outer
structures, such as high polarity outer rotor permanent magnet machines, charac-
terized by large diameters and extremely thin yokes.

Case Study 6.2: A 690 V, 2.8 MW, 96-pole, 3-phase outer rotor permanent
magnet synchronous generator has 252 slots and a rated speed of 10.2 rpm.

Due to its large outer diameter of 4.8 m and thin yoke (50 mm), the rotor has a
structure known as “beer can.” Rotor magnets are skewed for 1/8 of the stator slot
pitch, following recommendation in [4–6]. During operation at rated speed, tonal
sounds at frequencies of 42.8 and 85.6 Hz were measured, the intensity of which
exceeded 100 dB (Fig. 6.20). In order to operate in accordance with stringent
acoustic emission standards, the machine had to be redesigned and noise level
decreased. By applying proper skewing of 1 stator slot pitch, instead of only 1/8, the
sound level due to cogging torque was suppressed down to 80 dB, as in Fig. 6.20.

mode 0 mode 1 mode 2

mode 3 mode 4 mode 5

Fig. 6.19 Vibration modi of the outer cylinder of an electric machine produced by air gap radial
forces
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6.7.1 Unbalanced Magnetic Pull Caused by Rotor
Eccentricity

As shown in Chap. 2, the spectrum of air gap flux density in a machine with eccentric
rotor contains besides homopolar flux both even and odd harmonics. Accordingly,
the air gap (attractive) force after Eq. 6.97 created only by the fundamental time
harmonic of current can be written for a machine with eccentric rotor as

Fr;þ x; z; tð Þ	
X1

n¼0;1;2;...

Bn cos n
p
sp

x� xr � bskR
z
lax

	 

� xt

� �( )2

ð6:105Þ

Considering the dependence of the amplitudes of flux density on the rotor shift
coordinate expressed in Eqs. 2.73–2.74, one can rewrite Eq. 6.104 for a two-pole
machine as

Fr;þ x; z; tð Þ	 B0;max cos
p
sp
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ð6:106Þ
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Fig. 6.20 Measured intensity of sound radiated by a 2.8-MW PM wind generator with outer rotor:
original magnet skewing of 1/8 of the stator slot pitch after [4–6] (shaded bars) and for magnet
skewing of 1 stator slot (black bars)
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Radial force in Eq. 6.106 has a time constant term, the components of which are
spatial functions of the rotor shift coordinate xr, and terms which pulsate with twice
the frequency ω, the amplitudes of which are spatial functions of the rotor shift
coordinate xr. The amplitude of resulting radial force in Eq. 6.106 is highest for rotor
shift xr = 0, i.e., at the point of minimum air gap width. Since the air gap attractive
force is a function of rotor shift xr, it is often called unbalanced magnetic pull.

6.7.2 Radial Forces on Conductors in Slots

Current-carrying conductors in slots of electric machines create leakage flux, the
flux lines of which spread tangentially through slots and build radial forces along
with current-carrying conductors. Since conductor currents are periodical functions
of time, radial forces acting on conductors in slots pulsate with twice the frequency
of current. If the conductors are not firmly fixed within slots, the permanently acting
pulsating forces can move conductors relative to each other and to the slot wedges
and slot insulation, which ultimately causes destruction of insulation. In case of
rigid conductors, as in squirrel cage induction machines, the vibrations caused by
radial forces on bars can result in their complete destruction.

Consider now a rectangular slot after Fig. 6.21 with two conductors one above
another. The lower conductor carries current Il and the upper Iu. The upper con-
ductor consists of n parallel connected strands, each of which carries current Iu/n.

Magnetic field strength Hj in the jth strand, j = 1, …, n is equal to

Hj ¼ 1
w

Il þ Iu
j� 1
n

	 

ð6:107Þ

and the corresponding force on the jth strand:

Hj ¼ l0lax
w

IlIu
n

þ Iu
n

	 
2

j� 1ð Þ
" #

ð6:108Þ
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n 

Iu / n

I

w 

Fig. 6.21 Illustrating radial force on a conductor in a slot
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Total force on the upper conductor is equal to the sum of forces acting on its n
strands:

Fu ¼ l0lax
w

Iu Il þ Iu
n� 1
2n

	 

ð6:109Þ

If the lower conductor consists of m strands, the total force on it is equal to

Fl ¼ 1
2
l0lax
w

I2l
m� 1
m

ð6:110Þ

The force on the lower conductor F‘ acts always toward slot bottom. The
direction of force on the upper conductor Fu depends on signs of currents Iu and I‘.

In a 3-phase machine, the currents Iu and I‘ can belong to the same phase (mono
slots), or to different phases (mixed slots). The force on the upper conductor in a
mono slot acts always in the direction of slot bottom; for the force exerted on the
upper conductor in a mixed slot one can write

fu tð Þ ¼ l0lax
w

I2 cosxt � cos xt � 2p
3

	 

þ 1

2
cosxt

� �
ð6:111Þ

The extreme values of force after Eq. 6.111 are

Fmax ¼ 2þ ffiffiffi
7

p

4
l0lax
w

I2; Fmin ¼ 2� ffiffiffi
7

p

4
l0lax
w

I2 ð6:112Þ

The force Fmin is negative, which means that it acts against the slot wedge, i.e.,
towards the air gap.

Forces acting on upper and lower conductors in a slot during one period of
conductor currents are shown in Fig. 6.22.
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Fig. 6.22 Radial forces on conductors in a mixed slot
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6.8 Forces on Conductors in End Winding

Magnetic field in the end winding zone has all three spatial components, created
both by the stator and by the rotor windings. Currents in conductors in the end
winding zone change their directions as a function of the circumferential coordi-
nate. Total flux density acting on a conductor segment is not only dependent on
stator and rotor currents, but also on their mirror images created by the action of
stator and rotor iron.

Since the medium in the end winding zone is linear, field distribution can be
found by applying Biot–Savart law, as in Fig. 6.23.

The computational procedure starts with evaluation of all 3 spatial components
of magnetic field at a given time instant at points within the conductors of end
winding as a function of all actual currents in the stator and rotor end winding and
of all mirrored currents. In the next step, the three spatial components of forces
acting on conductor segments are found (Fig. 6.24).

Fig. 6.24 Coils in the stator
end winding

R

I

Rdl
R

I
Hd ×

π
=

34
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dl

Fig. 6.23 Magnetic field
created by current I in
segment dl
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6.9 Torque as a Function of Terminal Quantities

One of the most pronounced properties of energy is that it can be stored.
Independent of the medium in which it is stored and the form in which it is stored,
energy is time invariant. From this point of view, the product u � i � t, usually called
electric energy, cannot be considered energy, but work performed by current i and
voltage u during time interval t. The dependence of the product u � i � t on time is
the reason why this quantity cannot be stored, i.e., left aside for a while and then
used as required.

Having this in mind, one can analyze the electromechanical energy conversion in
terms of electrical work necessary to change the amount of stored energy in an
electric machine, to perform mechanical work, and to cover losses in it [1]

Xm

j¼1

ujijdt ¼ Fdxþ dWmg ð6:113Þ

Neglecting i2R losses, one can write

Xm

j¼1

ijdwj ¼ Fdxþ dWmg ð6:114Þ

where

dWmg ¼ @Wmg

@x
dxþ

Xm

j¼1

@Wmg

@Wj
dWj ð6:115Þ

By substituting Eqs. 6.115 in 6.114, one obtains

F ¼ � @Wmg

@x
þ

Xm

j¼1

ij �
Xm

j¼1

@Wmg

@Wj

 !
dWj

dx
ð6:116Þ

The terms in brackets in Eq. 6.116 multiply quotients of state variables dΨj/dx.
Since state variables are orthogonal, i.e., independent of each other, one can write
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dWj

dx
¼ 0; j ¼ 1; 2;. . .;m ð6:117Þ

Now, one can express the electromagnetic force F in Eq. 6.116 as

F ¼ � @Wmg

@x
ð6:118Þ

Magnetic energy Wmg is accumulated in air gap (Wδ), iron core (WFe), and
leakage paths (Wσ) of an electric machine

Wmg ¼ Wd þWFe þWr ð6:119Þ

When evaluating the electromagnetic force after Eq. 6.118, the stored magnetic
energy has to be partially differentiated w.r.t. the circumferential coordinate x,
which means that all other state variables (fluxes Ψj) have to be kept constant. The
magnetic energy WFe stored in iron is dependent only on the flux level in iron. As
long as the flux in iron is kept constant, the accumulated energy WFe remains
unchanged, no matter how the circumferential coordinate (rotor shift) x changes.
The same is valid for the accumulated energy in leakage paths

@WFe

@x
¼ 0;

@Wr

@x
¼ 0 ð6:120Þ

Accordingly, one can state that electromagnetic force is equal to the partial
derivative of accumulated magnetic energy in air gap w.r.t. rotor circumferential
coordinate x

F ¼ � @Wd

@x
ð6:121Þ

Similarly, one can write for the electromagnetic torque

M ¼ � @Wd

@c
ð6:122Þ

With γ denoting rotor angle, γ = xr/R, with R being the air gap diameter and xr the
rotor shift. Substituting for accumulated magnetic energy in the air gap
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Wd ¼
Z

V

HddBd ¼ l0lax
d

Z2Rp

0

H2
ddx ð6:123Þ

where Θδ denotes the resulting MMF drop across the air gap, and one can write for
the torque

M ¼ �R
d
dxr

Wd ¼ �R
l0lax
d

d
dxr

Z2Rp

0

H2
ddx ð6:124Þ

Case Study 6.3: A 138 MVA, 10.75 kV, 12.8 kA, 2-pole, 1000 rpm, cos
φ = 0.8, single-phase cylindrical rotor synchronous generator has 142 stator and 52
rotor slots. Single-layer stator winding with 2 parallel circuits and one turn per coil
is placed in 48 slots per pole. Rated field current equals to 1330 A. Out of 52 rotor
slots, 40 are wound, each of which carrying 11 conductors. Winding distributions
are shown in Fig. 6.25. Rotor diameter equals 1550 mm and length 5625 mm.

Generator air gap width is 50 mm. Stator and rotor MMF distributions are
presented in Fig. 6.26. Corresponding stator pitch factor is 0.798 and rotor pitch
factor of 0.774. Generator no load curve is shown in Fig. 6.27. At rated point, the
MMF drop across air gap equals to 38 % of the total winding MMF.

(a)

(b)

Fig. 6.25 Stator (a) and rotor (b) winding distribution of the generator in Case Study 6.3
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Fig. 6.26 Stator (a) and rotor (b) MMF distributions in p.u. created by the windings in Fig. 6.25
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Torque created by the fundamental stator MMF wave

Hs;1 ¼ Hmax;s;1 cos
p
sp

x sin xt � uð Þ

with φ denoting the phase shift between stator voltage and current, and by the
fundamental rotor MMF wave

Hr;1 ¼ Hmax;r;1 cos
p
sp

x� xrð Þ

with xr standing for the rotor shift

xr ¼ Rxrt

and ωr for the rotor angular speed, can be expressed by using Eq. 6.124 as

M ¼ �R
l0lax
d

d
dxr

Z2Rp

0

Hmax;s;1 cos
p
sp

x sin xt � uð ÞþHmax;r;1 cos
p
sp

x� xrð Þ
� �2

dx

At the rotor speed of ωr = ω/p, the torque can be written as

M ¼ 1
2
Rpp

l0lax
d

Hmax;s;1Hmax;r;1 cosu� cos u� 2xtð Þ½ �

and, finally,
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Fig. 6.27 No load curve
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M ¼ p
Imax;s;1wsfw;sImax;r;1wrfw;r

Rmg;gap;pole
cosu� cos u� 2xtð Þ½ �

where (Eq. 4.28)

Rmg;gap;pole ¼ p2

16p
d

l0laxsp

After inserting machine dimensions, one obtains

Rmg;gap;pole ¼ p2

16
0:05

l0 � 5:625 � 1:55p=2
¼ 1792H�1

and

M ¼ 0:35 � 12800 � ffiffiffi
2

p
=2

� � � 24 � 0:798 � 0:35 � 1330 � 110 � 0:774
1792

0:8� cos u� 2xtð Þ½ �

or

M ¼ 1:34 � 0:8� cos u� 2xtð Þ½ � MNm½ �

At rated point, the torque oscillates with twice the mains frequency around the
average value of 1.34 � 0.8 = 1.072 MNm. The amplitude of torque oscillations
equals to 1.34 MNm, Fig. 6.28.
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Fig. 6.28 Torque at the rated point of the single-phase synchronous generator 138 MVA,
10.75 kV, 12.8 kA, 2-pole, 1000 rpm, cos φ = 0.8
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6.10 A Method for Direct Measurement
of Electromagnetic Torque in Large
Synchronous Machines

As opposed to the mechanical power, the shaft torque is not a direct function of the
rotor speed. Based upon the fundamental equation for electromagnetic force
F = B � ‘ � I, one concludes that the torque is determined only by the flux level in a
machine and currents in its windings. Following this conclusion, one can state that
the widely spread method for torque measurement in large electric machines, the
so-called back-to-back test [7], becomes superfluous for synchronous and wound
rotor induction machines. The back-to-back test requires two identical machines
connected electrically and mechanically in such a manner that the total power
consumption is used to cover the losses in the system, although each machine
operates at its rated point. This is possible because one machine is run as a motor
and the other as a generator, as in Fig. 6.29a.

Very often, especially when building a prototype of a large machine, e.g., a PM
generator, only one unit is manufactured. Nevertheless, the torque–angle curve of
such machine can be recorded by means of the connection in Fig. 6.29b.

The rotor of the tested machine is firmly hold by means of a lever on the other
end of which a strain gauge-type force sensor is mounted. Relative position
between the (stator) rotating field and (rotor) flux density (load angle) is set by a
proper combination of (stator) DC. This way, the stator air gap flux density dis-
tribution is fixed in space. The torque is dependent on the amount of all three
(stator) currents, which determine both the amount and position of air gap MMF
and the amount of the field current iF. The machine is force-cooled in order to keep
the windings temperature at a given level.

n 

PmotPgen

M1 M2

Strain 
gauge

iF

F

(a) (b)

Fig. 6.29 Back-to-back connection of two identical electric machines M1 and M2 (a) and the
torque measurement at standstill of a single machine (b)
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Electromechanical energy conversion in an electric machine is accompanied by
losses, which increase its temperature. In order to secure smooth operation of a
machine, the temperature increase in it has to be kept under certain level, i.e., the
losses have to be taken out from the machine. Therefore, cooling of a machine is an
inevitable component of its design procedure. Not only the winding and lamination
temperatures must stay under allowed level but also inadequate heating at the rated
point means poor machine utilization and, ultimately, a too expensive machine.

Besides its reactances, heating is the dominating factor which limits the rated
power of an electric machine. Substantial increase of rated power is possible only
by applying direct conductor cooling either with gas or fluids (oil and water). An
improvement of the machine’s torque to volume ratio is possible only with a more
efficient machine cooling.
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Rotating electric machines are cooled predominantly by the ambient air, pri-
marily because of its availability and simplicity of air-based cooling systems.
Besides air, hydrogen, water, and oil are used a coolants in electric machines.

7.1 Types of Cooling

Heat can be taken out from an electric machine in numerous ways, depending on
machine size, choice of cooling medium, level of losses, price of the cooling
system, etc. As discussed in Introduction, the larger the machine, the more complex
its cooling system. The most common types of cooling are

Natural cooling: The machine has no fan; the heat is taken from it by means of
free air flow and radiation from its housing. This type of cooling is common for
small and micro-machines.

Self-cooling: The machine has its own fan(s). The amount of cooling gas is
dependent on the rotor speed. It is suitable for constant speed machines up to the
highest power ratings.

External cooling: The machine is cooled by separate fan(s), or by means of
cooling medium other than gas. It is used for machines operating at variable speed,
or high torque density machines.

Small-size machines are usually cooled on their outer surface, whereas medium-
and large-size machines utilize air/gas flowing through its active part.

Open cooling circuit is used in small- and medium-size machines. In an open
cooling system the ambient air directly cools the machine heat exchange surfaces.
The airborne noise caused by large amounts of cooling air blowing through the
machine along with difficulties related to filtering and demoisturizing of the per-
manently fresh air is the main reason why the open cooling circuit is not used in
large machines.

Closed cooling system requires heat exchanger in which the warm gas from the
machine transfers its heat to another cooling medium, typically water. The machine
is totally enclosed; air or hydrogen are used as primary coolers. Cooling gas takes
the heat out from conductors either directly (hollow conductors) or indirectly by
blowing over the conductor insulated outer surfaces.

Closed cooling systems are sometimes combined with liquid cooling (oil or
water). The coolant usually flows through hollow conductors, or cooling pipes built
into the lamination.

Air-cooled machines are characterized by carefully designed cooling circuit in
which the air pressure creates optimally distributed air velocities. The availability of
cooling air on heat exchange surfaces determines thermal performance of the
machine and its overall characteristics. Cooling air paths within the machine are
connected in series and in parallel, and the fan is placed either on the inlet (pressure)
or outlet (suction) portion of the cooling system. Air pressure in a machine with
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suction cooling is lower than the ambient air pressure. In a pressure-based cooling,
the cooling air is pre-heated by losses created by the fan.

Hydrogen-cooled machines are totally enclosed in order to prevent hydrogen
leakage and mixture with air, which could create highly explosive oxyhydrogen
gas. Hydrogen as cooling medium, especially at couple of ata overpressure, has a
significantly higher heat transfer coefficient and a better thermal conductivity than
air.

Cooling gas is set in motion by fan(s). In axial fans, the gas inlet and outlet are
axial, and the pressure increase is relatively low. In radial fans, the gas inlet is axial,
whereas the outlet is radial. Radial fans, especially in combination with a diffusor,
can create a couple of ata pressure difference, necessary for hydrogen cooling.

7.2 Rated Torque and Rated Power

In the previous chapter the dependence of electromagnetic torque on machine
geometry, material properties, and current/fluxes was derived. It was shown that the
electromagnetic torque has components which are either dependent on stator to
rotor angle, or which are constant. The electromagnetic torque was derived from
accumulated magnetic energy, which is only one of various energy forms flowing
between machine electrical and mechanical terminals.

Another important energy form present in electric machines is losses, which are
converted directly into heat. Although losses play a negligible role when deter-
mining machine rated torque, they are crucial when defining the machine rated
power. In conventional electric machines, the energy of losses is significantly
smaller than the energy converted from mechanical to electrical form and vice
versa. Nevertheless, the rated power of a machine is determined only by dissipated
losses, particularly by that portion of total losses which remain in the machine and
increase its temperature. According to international standards, the maximum tem-
perature ϑmax of machine’s winding may not exceed the amount determined by its
class of insulation. Given temperature of environment ϑ0, one has the window with
the width ϑmax − ϑ0 to fill with temperature increase Δϑ after Eq. 1.20.

Coolant flow 
rates and 

pressure drops

Electromagnetic 
and mechanical 

losses

Geometry of 
heat exchange 

surfaces

Heat transfer 
coefficients 

α

Δϑ

Fig. 7.1 Schematical representation of temperature increase computational procedure
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The amount of temperature increase Δϑ is defined by electrical, fluid dynamical,
and geometrical quantities, as visualized in Fig. 7.1. The crucial quantities thereby
are the heat transfer coefficients α at machine heat exchange surfaces, as a measure
of cooling efficiency: The higher the value of α, the larger the amount of heat that
can be taken from a heat exchange surface. Heat transfer coefficient α is a function
of the type of coolant (air, hydrogen, water, oil, etc.) and coolant velocity [1].

7.3 Hydraulic Resistances and Fan Curves

Hydraulic properties of cooling ducts and channels in an electric machine can be
dealt in terms of sources and resistances and solved by applying rules known from
electric circuits in the same manner as in the case of magnetic or thermal networks.
The result of such solution procedure is the distribution of coolant velocities in the
machine, which are necessary when calculating the heat transfer coefficients.

Hydraulic resistance Rh [kg/m4s] of a portion of machine with length ‘ [m],
cross-sectional area S [m2] and hydraulic diameter dh [m] is defined by means of
pressure drop Δp [Pa] across it and volumetric flow rate Q [m3/s] through it as

Rh ¼ Dp
Q

ð7:1Þ

where

Dp ¼ k
l
dh

Q2

S2
q
2
þ
X

i

fi
Q2

S2
q
2

ð7:2Þ

with λ denoting the dimensionless friction factor, ζi the dimensionless pressure loss
coefficient, and ρ the coolant density [kg/m3]. Note that the coolant velocity v [m/s]
can be expressed as

v ¼ Q
S

ð7:3Þ

The friction factor λ is a function of the roughness of the heat exchange surface
and can be expressed by means of transcendental equation [2] as

1
ffiffiffi
k

p ¼ �2 ln
2:51

Re
ffiffiffi
k

p þ k
3:72dh

� �
ð7:4Þ

with Re standing for the Reynolds number and k for the coefficient of roughness
[m]. Since the values of k are far below those typical for hydraulic diameters [3],
one may use instead of Eq. 7.4 the definition [4] for λ:
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k ¼ 0:316
ffiffiffiffiffiffi
Re4

p ð7:5Þ

The pressure loss coefficient ζi of the ith component of hydraulic resistance
reflects an increase of pressure drop due to geometry changes or coolant redirection
within the resistance of the length ‘. The values for λ and ζi for a particular
geometry can be found in [2–7]. Here friction factors and pressure loss coefficients
will be discussed, which are characteristic for electric machines geometry, in par-
ticular for constructions typical for medium- and large-size electric machines, where
cooling plays a more important role than in case of small machines.

7.3.1 Friction Factor for Coolant Expanding in Axial
Direction Through Air Gap

Consider coolant inlet into air gap of a rotating electric machine characterized by
axial component of velocity only. After entering the air gap, the tangential com-
ponent of coolant velocity increases, following distribution along radial direction
sketched in Fig. 7.2.

Stator bore

Rotor surface

Direction of rotation

Axial direction

Radial direction

vax
u δ 

u1

Fig. 7.2 Distribution of tangential and axial velocities in the air gap of a rotating electric machine
[7]. Tangential component of coolant velocity u varies from 0 on the stator bore to u1 on the rotor
surface
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Denoting by Re the Reynolds number for axial fluid flow defined as

Re ¼ vaxd
m

ð7:6Þ

where vax stands for mean velocity of axial flow, δ for air gap width, and ν for
kinematic viscosity of the coolant, as well as by Rω the Reynolds number for
rotating fluid flow, which is defined as

Rx ¼ u1d
m

ð7:7Þ

where u1 stands for peripheral velocity on the rotor surface, one can write for the
friction factor λδ of air gap as

kd ¼ 0:26Re�0:24 1þ 7
8
� Rx
2Re

� �2
" #0:38

ð7:8Þ

The dependence of friction factor λδ on Reynolds number Re in axial direction
and for rotating Reynolds number Rω as a parameter is shown in Fig. 7.3.
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Fig. 7.3 Friction factor for air gap of a rotating electric machine [7]
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7.3.2 Pressure Loss Coefficients for Radial Cooling Ducts

In order to increase the heat exchange surface, lamination in active part of medium-
and large-size electric machines is divided in axial direction into subpackages,
creating radial cooling ducts that way. Typical width (axially) of a lamination
subpackage is about 50 mm and that of a cooling duct is about 10 mm.

Coolant can flow through a radial cooling duct either in centrifugal, or in cen-
tripetal direction (Fig. 7.4), each of which is characterized by its own values of
friction factor and pressure loss coefficient [5, 8].

(a) (b)

Fig. 7.4 Radial cooling duct with coolant flowing in centrifugal (a) and centripetal (b) direction
[5, 8]. Slot height is denoted by hs and axial width of radial cooling channel by wrcd
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Centrifugal flow (Fig. 7.4a): The pressure loss coefficient is a function of
pre-slot height. For the pre-slot height hps between 5 and 26 mm, the measurements
carried out in [5, 8] have shown linear dependence

f ¼ fl � fh
21

26� hps
� �þ fh ð7:9Þ

with f‘ denoting the pressure loss coefficient for pre-slot height below 5 mm and ζh
the pressure loss coefficient for pre-slot height above 26 mm and hps in mm. The
dependencies of f‘ and ζh on the ratio between the duct and gap coolant velocities
vd and vg are shown in Fig. 7.5.

Centripetal flow (Fig. 7.4b): The pressure loss coefficients at various segments
of radial cooling duct in tooth and yoke are given in Fig. 7.4 [5, 8].

7.3.3 Pressure Loss Coefficients for End Winding
with Form-wound Coils

Stator end winding acts as a sieve for coolant. As shown in [9], the pressure loss
coefficient in zones 1 and 3 of the end winding in Fig. 7.6 can be expressed as

f ¼ 0:8
1� D

s

D
s

� �2 ð7:10Þ

In the zone 2 in Fig. 7.6, the loss coefficient can be interpolated as
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Fig. 7.5 Pressure loss coefficients for centrifugal direction of coolant flow in Fig. 7.4a and for
various pre-slot heights [8]
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f ¼ 275
D
s

� �8:5

ð7:11Þ

for 0 ≤ Δ/τ ≤ 0.3, and

f ¼ 175e�
D

0:12s ð7:12Þ

for Δ/τ ≥ 0.3.

7.3.4 Fan Curve

Large majority of electric machines are cooled by their own fans; most of them with
one and some with two. A rotating fan creates a pressure increase Δp at a given
volumetric flow rate Q and acts as a source in the machine’s hydraulic network.

Δ
τ 

Zone 1

Zone 2

Zone 3

Fig. 7.6 End winding structure from the point of view of coolant distribution

Ψ 

ϕ

Ψmax

ϕ max0

Fig. 7.7 Dimensionless fan curve. The interval of u below umax is avoided due to danger of stall
and pumping effect ̇ [13, 14]
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A fan on the machine shaft takes gas axially and blows it out either axially or
radially. Instead of the fan curve Δp (Q), a dimensionless dependence of the
coefficient of pressure Ψ on the flow coefficient u is sometimes used, where

W ¼ 729:5
d2n2

Dp
q

ð7:13Þ

and

u ¼ 24:3
d3n

Q ð7:14Þ

with n [rpm] denoting the speed of rotation and d [m] the fan diameter. Typical fan
curve is represented in Fig. 7.7.

Besides fan(s), rotating components of an electric machine generate pressure
difference (inherent pressure), which also acts as a source in the machine’s hydraulic
network. The inherent pressure is created by a rotating component as long as the
difference between the inlet and outlet speed to the component is different from zero.

7.4 Coolant Distribution in Electric Machines, Pressure,
and Volumetric Flow Rate in Elements of Its
Hydraulic Network

In the previous sections the nonlinear character of friction factor and pressure loss
coefficient of hydraulic resistances in electric machines was discussed. Both λ and ζ
are dependent on Reynolds number Re, which on the other hand is a function of the
volumetric flow rate Q. Therefore, one can rewrite Eq. 7.2 as

Dp ¼ f Qð Þ ð7:15Þ

Since the pressure drop Δp is analogous to electrical voltage, and the volumetric
flow rate Q to electrical current, one can interpret Eq. 7.15 as an analogue to a
nonlinear electrical resistance [10]. As indicated in Table 1.4, one can formulate
Kirchhoff’s nodal rule as

X
Q ¼ 0 ð7:16Þ

and Kirchhoff’s mesh rule for a hydraulic network as

X
Dp ¼ 0 ð7:17Þ
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Qfan
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Fig. 7.8 Simplified hydraulic network of an electric machine including fan along with hydraulic
resistance of stator radial cooling channels Rrs, rotor radial cooling channels Rrr, stator yoke back
Ras, rotor yoke back Rar, and air gap section Rgap (a), and its equivalent with only one hydraulic
resistance Rm (b)
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Fig. 7.9 Graphical solution of the simplified hydraulic network of an electric machine in Fig. 7.8.
The operating point P of the fan has coordinates (Qfan, Δpfan)

Cooling gas in the majority of electric machines is set in motion by only one fan,
which extremely simplifies the solution procedure of their hydraulic circuits.
Machine hydraulic resistances, as defined in Sect 7.2, are connected in series or in
parallel to each other. The hydraulic resistance network can be reduced to a single
resulting hydraulic resistance of the machine Rm connected to the fan, as illustrated
in Fig. 7.8, in which a simple hydraulic network of an electric machine is converted
into a single element connected in parallel/series with the fan.

Graphical solution of the hydraulic network in Fig. 7.8 is represented in Fig. 7.9.
One recognizes in this figure the structure of the machine equivalent hydraulic
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resistance Rm and steps how it is created from hydraulic resistances of the segments
of the machine.

Case Study 7.1: The two-pole air-cooled generator as described in [11] has the
following data: S = 35.4 MVA, U = 10.5 kV, 50 Hz, rated field current 905 A,
operating pressure 1.012 bar, gas inlet temperature 40 °C, 3000 rpm, fan outer
diameter 990 mm, fan inner diameter 750 mm, fan stagger angle 29°, rotor diam-
eter 810 mm, active part length 2100 mm, air gap width 37.5 mm, stator yoke outer
diameter 1880 mm, 66 stator slots, stator slot height 229 mm, stator slot width
19.4 mm, rotor conductor gas cross-sectional area 105.7 mm2, 94 field winding
turns per rotor pole, shaft diameter below the end bell 400 mm, stator end winding
maximum diameter 1600 mm, 49 radial cooling channels, width of a cooling
channel 10 mm, and fan curve as shown in Fig. 7.10.

The machine hydraulic network is shown in Fig. 7.11. The elements of hydraulic
network in Fig. 7.11 represent the portions of the machine as follows:

– T1–T3: space between stator yoke and housing;
– RCC1–RCC3: radial cooling channels;
– SEW: stator end winding zone;
– PP: channel between press plate and stator lamination;
– RAX: space between fan and air gap;
– REW: rotor end winding;
– GAP1–GAP3: air gap segments in axial direction; and
– RC: rotor hollow conductors.
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Fig. 7.10 Fan curve
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The solution of the machine hydraulic network [15]shown in Fig. 7.11 is a set of
pairs of volumetric flow rates Q and pressure drops Δp for all resistances. Knowing
the cross-sectional areas of all elements, one can find corresponding gas velocities
and heat transfer coefficients α [1], Table 7.1.

Heat transfer coefficients α [W/m2 K] for air are evaluated as

a ¼ 7:8 � v0:78 ð7:18Þ

with v in m/s [1].

Cooler

SEW 

REW

RC

GAP1 GAP2 GAP3 

RCC1 RCC2 RCC3PP

T1 T3

T2

RAX

Fig. 7.11 Machine hydraulic network

Table 7.1 Volumetric flow
rates Q [m3/s], pressure drops
Δp [Pa], coolant velocities
v [m/s] and heat transfer
coefficients α [W/m2 K] for
hydraulic resistances in
Fig. 7.11

Element Q [m3/s] Δp [Pa] v [m/s] α [W/m2 K]

SEW 2.84 27.04 5.66 30.2

PP 0.91 27.76 7.09 35.9

RCC1 4.05 1165.39 38.97 135.8

RCC2 1.81 986.07 34.87 124.5

RCC3 3.06 933.39 33.62 121

GAP1 7.65 311.03 61.03 192.7

GAP2 3.60 179.57 28.74 107.1

GAP3 1.79 52.68 14.29 62.1

REW 1.08 3573.19 30.33 111.7

RC 1.26 2279.88 31.81 115.9
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7.5 Finite Difference Solution of Temperature Distribution
in Electric Machines—Thermal Node Potential
Equations

Temperature distribution at steady state in a space with heat sources is described by
Poisson’s equation [12].

kx
@20
@x2

þ ky
@20
@y2

þ kz
@20
@z2

þ q x; y; zð Þ ¼ 0 ð7:19Þ

with λx, λy, and λz denoting thermal conductivities in x-, y-, and z-direction,
respectively, and q the heat density in W/m3. If Eq. (7.19) is discretized in the
manner shown in Sect. 3.1, i.e., by substituting for

kx
@20
@x2

¼ 2
k10

d1 d1 þ d3ð Þ 01 � 00ð Þþ 2
k30

d3 d1 þ d3ð Þ 03 � 00ð Þ ð7:20Þ

ky
@20
@y2

¼ 2
k20

d2 d2 þ d4ð Þ 02 � 00ð Þþ 2
k40

d4 d2 þ d4ð Þ 04 � 00ð Þ ð7:21Þ

kz
@20
@z2

¼ 2
k50

d5 d5 þ d6ð Þ 05 � 00ð Þþ 2
k60

d6 d5 þ d6ð Þ 06 � 00ð Þ ð7:22Þ

where

k10 ¼ kx125 þ kx126 þ kx145 þ kx146
4

ð7:23Þ

xyz
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d6
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xyz
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Fig. 7.12 Rectangular grid on which the Poisson’s equation is discretized
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k20 ¼ ky125 þ ky126 þ ky325 þ ky326
4

ð7:24Þ

k30 ¼ kx325 þ kx326 þ kx345 þ kx346
4

ð7:25Þ

k40 ¼ ky145 þ ky146 þ ky345 þ ky346
4

ð7:26Þ

k50 ¼ kz125 þ kz145 þ kz325 þ kz345
4

ð7:27Þ

k60 ¼ kz126 þ kz146 þ kz326 þ kz346
4

ð7:28Þ

one can write for the rectangular three-dimensional grid shown in Fig. 7.12

00 � 01ð Þ 1
Rx
125

þ 1
Rx
145

þ 1
Rx
146

þ 1
Rx
126

� �
þ 00 � 02ð Þ 1

Ry
125

þ 1
Ry
126

þ 1
Ry
326

þ 1
Ry
325

� �
þ

00 � 03ð Þ 1
Rx
325

þ 1
Rx
345

þ 1
Rx
346

þ 1
Rx
326

� �
þ 00 � 04ð Þ 1

Ry
145

þ 1
Ry
146

þ 1
Ry
346

þ 1
Ry
345

� �
þ

00 � 05ð Þ 1
Rz
125

þ 1
Rz
145

þ 1
Rz
345

þ 1
Rz
325

� �
þ 00 � 06ð Þ 1

Rz
126

þ 1
Rz
146

þ 1
Rz
346

þ 1
Rz
326

� �
¼

¼ q125d1d2d5 þ q126d1d2d6 þ q325d3d2d5 þ q326d3d2d6 þ
þ q345d3d4d5 þ q346d3d4d6 þ q145d1d4d5 þ q146d1d4d6

ð7:29Þ

where

Rxyz
ijk ¼ 1

kxyzijk
� di
djdk

ð7:30Þ

Introducing substitutions

G1 ¼ 1
Rx
125

þ 1
Rx
145

þ 1
Rx
146

þ 1
Rx
126

ð7:31Þ

G2 ¼ 1
Ry
125

þ 1
Ry
126

þ 1
Ry
326

þ 1
Ry
325

ð7:32Þ

G3 ¼ 1
Rx
325

þ 1
Rx
345

þ 1
Rx
346

þ 1
Rx
326

ð7:33Þ
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G4 ¼ 1
Ry
145

þ 1
Ry
146

þ 1
Ry
346

þ 1
Ry
345

ð7:34Þ

G5 ¼ 1
Rz
125

þ 1
Rz
145

þ 1
Rz
345

þ 1
Rz
325

ð7:35Þ

G6 ¼ 1
Rz
126

þ 1
Rz
146

þ 1
Rz
346

þ 1
Rz
326

ð7:36Þ

along with

P0 ¼ q125d1d2d5 þ q126d1d2d6 þ q325d3d2d5 þ q326d3d2d6 þ
þ q345d3d4d5 þ q346d3d4d6 þ q145d1d4d5 þ q146d1d4d6

ð7:37Þ

one can rewrite the discretized Poisson’s Eq. 7.29 as

00
X6

i¼1

Gi �
X6

i¼1

0iGi ¼ P0 ð7:38Þ

which is nothing but a regular node potential equation for the node 0! In other
words, the discretized Poisson’s equation for heat flow and temperature distribution
(7.19) can be interpreted in terms of electric circuits as a node potential equation,
where electrical potential is analogous to the temperature, and electric current to the
heat. In Eq. 7.29 both conduction and convection resistances, as introduced in
Table 1.3, can appear. Corresponding boundary conditions have the meaning of
fixed temperatures of particular nodes.

Case Study 7.2: The PM generator introduced in the Case Study 1.1 has 288
stator slots with dimensions 23 × 116 mm, mechanical air gap width of 6 mm, and
stator yoke height of 46 mm. The stator is indirectly cooled with air blown through
12 radial cooling channels, each of which is 8 mm wide, from air gap toward the
back iron.

Machine geometry is discretized, and Eq. 7.38 is applied to each node. The
position of nodes in the machine’s 3D thermal grid in (r, u) and (r, z) planes is
shown in Fig. 7.13.

Each radial cooling channel is blown with 0.5 m3 air per second. The resulting
temperature increases at selected points of the grid are shown in Fig. 7.14.
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Fig. 7.13 Rectangular grid in (r, u) and (r, z) planes with points A, G, and L at which temperature
increases are shown in Fig. 7.14
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Fig. 7.14 Temperature increase [K] distribution at points A- G, and L in Fig. 7.13 along the
machine length, starting at the beginning of the first lamination subpackage and ending at the axial
center of the machine

7.6 Thermal Networks of Electric Machines and Methods
for Their Solution

In the previous chapter the Poisson’s equation was used to derive the node potential
equations of the general thermal network, in which the temperatures are analogous
to electric potentials, heat to electric currents, and thermal resistances to electrical
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resistances. It was emphasized that both types of thermal resistance introduced in
Table 1.3, i.e., the resistance due to convection and conduction, can appear in the
thermal network.

The resistance due to convection is related to the heat transfer from a solid body
to fluid or gaseous medium. The value of convection resistance is determined by the
heat transfer coefficient α, which is a measure of the amount of heat that warms up
the fluid or gaseous medium.

Warming-up of the cooling medium can be taken into account by means of
Eq. 1.20. Introducing the inverse of the heat storage capacity, the coolant heat
resistance Rch, [K/W], defined as

Rch ¼ 1

c � q � _V ð7:39Þ

one can write for the temperature drop Δϑ across an element representing cooling
medium as:

D0 ¼ P � Rch ð7:40Þ

with P denoting the amount of losses which increase the cooling medium tem-
perature, such as friction.

Alternatively to the convection resistance Rcv introduced in Table 1.3, the
temperature drop across a heat exchange surface and cooling medium can be
evaluated by means of the thermal conductivity of the heat exchange surface and
heat storage capacity of the cooling medium [12]. This approach is illustrated in
Fig. 7.15 by the example of channel with cooling medium taking heat from solid
surfaces with thermal conductivities k‘ and λr.

Temperature difference Δϑ across the heat transfer resistance Rht in Fig. 7.15 is
defined as

λl
λrRcdr,1

ϑr,1

Rcdr,i ϑr,i

Rcdr,n

ϑr,n

Rch ϑk

ϑl

V&

c, ρ

Rht
Rcdl,1

ϑl,1

Rcdl,j

ϑl,j

Rcdl,m

ϑl,m

ϑl

Fig. 7.15 Illustrating the definition of heat transfer resistance Rht
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D0l�k ¼ 1

2 � c � q � _V
Xn

i¼1

0r;i � 0k
Rcdr;i

þ
Xm

j¼1

0l;j � 0l
Rcdl;j

 !

ð7:41Þ

The value of heat transfer resistance Rht is dependent on temperatures of adjacent
nodes. Therefore, Rht is nonlinear and accordingly denoted shaded in Fig. 7.15.

Case Study 7.3: The tooth wound PM surface-mounted generator introduced in
the Case Study 2.2 has 72 stator slots with dimensions 70 × 150 mm in which two
layer coils are placed, each of which has 8 × 26 conductors. Stator active part is
indirectly cooled with water flowing through pipes placed on the stator back iron, as
in Fig. 7.16.
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Fig. 7.16 Tooth wound machine geometry (above) and temperature rise distribution (below)
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Temperature rise distribution shown in Fig. 7.16 was evaluated for the stator
current density of 1.95 A/mm2 by using the thermal resistances described in this
section. A node of the thermal network is placed in every conductor in Fig. 7.16, as
well as along the tooth centerline and in yoke segment. The nodes are connected
with each other by means of thermal resistances and fed by generated losses.
I2R losses in each element are updated in each computational step by considering
the thermal coefficient of specific resistance.

As one can see in Fig. 7.16, the highest temperature rise takes place in the
outermost conductor close to the air gap, which is farthest from the tube with
cooling water. One should keep in mind that the analyzed generator rotates at a very
slow speed of 24 rpm, at which there exists practically no cooling by means of
blowing air. On the other hand, stator iron losses are extremely low due to a low
frequency of 24 � 35/60 = 14 Hz. The overwhelming majority of losses are dissi-
pated in stator winding, and the applied cooling concept is obviously inefficient,
because the heat creates too high temperature gradients on its way from coils to
water pipes.

Case Study 7.4: A 62.9 MVA, 24-pole hydro generator with 3400 mm stator
bore, 120 stator slots, 142 × 35 mm stator slot dimensions, 1860 mm length has
directly water cooled stator winding and directly water cooled stator yoke by means
of 80 cooling tubes with inner diameter 20 mm.

Circular holes for cooling tubes require special handling in a cylindrical or
rectangular grid. Conduction resistance of iron lamination around a circular hole is
usually evaluated as a sum of n resistances of rectangular elements with variable
widths, as in Fig. 7.17.

Stator current density at rated operating point is 6.2 A/mm2, average iron core
loss density in stator teeth equals to 31.2 kW/m3, and 28 kW/m3 in stator yoke.
Cooling water velocity is 0.76 m/s, and inlet temperature is 35 °C. Average air
temperature in the air gap equals to 45 °C.

1

n

Fig. 7.17 Refined elements 1 − n representing thermal conduction resistance around a circular
cooling hole
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Fig. 7.18 Two dimensional cylindrical grid (r radial coordinate; t tangential coordinate) in a stator
segment of directly water cooled stator of analyzed 62.9 MVA hydro generator (above) and
temperature distribution over grid points for given current and loss densities (below)
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As one can see in Fig. 7.18, owing to efficient water cooling of stator conductors
and yoke, temperatures at rated point remain far below critical values.

Case Study 7.5: Stator bars of a 688 MVA, two-pole turbogenerator are directly
cooled by water flowing at 1.5 m/s through 6 hollow conductors imbedded in 54
strands within each bar, as in Fig. 7.19. Hole dimensions of a hollow conductor are
10.8 × 2 mm, and strand dimensions are 13 × 1.8 mm. Cooling water inlet tem-
perature is 45 °C, and rated current density equals to 6.8 A/mm2. Total I2R losses in
a bar at rated point amount to 36.4 kW.

Temperature increase distribution at rated point with properly functioning
cooling is shown in Fig. 7.20a for strands 1–30 and in Fig. 7.20b for strands 31–60.
The lowest temperature increase points at a given axial coordinate z are allocated in
hollow conductors and the highest in the strands in the middle between two hollow
conductors, at the end of conductors on cooling water outlet (here about 24 K).

If one hollow conductor is blocked, the temperatures of strands around it
increase due to worsened cooling. Assume that the hollow conductor denoted by
“45” in Fig. 7.19 is blocked at the beginning of the bar, as in Fig. 7.21. Besides
immense temperature increase of about 60 % in the blocked hollow conductor
(from about 23 K in properly functioning operation to about 37 K in case of
blocked conductor), strands in its vicinity are also exposed to higher temperatures.
Considering that at the given machine size a bar is typically about 10 m long, an
uneven temperature distribution within it could result in relative motion between the
strands and possible insulation damage. Therefore, if a hollow conductor is
blocked, the machine power must be reduced. Ultimately, the machine must be
taken of the mains and the bar must be repaired.

1 5 15 25 30

31 35 45 55 60

Fig. 7.19 “Green” bar (no bar insulation yet) with a total of 60 strands. Six strands are hollow and
carry cooling water. Strand numbers are referred to abscissa in the following 2 figures
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Fig. 7.20 Temperature increase distribution in strands 1–30 (a) and 31–60 (b) at properly
functioning cooling
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Fig. 7.21 Temperature increase distribution in strands 1–30 (a) and 31–60 (b) at improperly
functioning cooling
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Case Study 7.6: Rotor conductors of a 125 MVA, two-pole turbogenerator are
directly cooled with air, Fig. 7.22. Cooling air inlet temperature is 40 °C, and rated
current density equals to 6.2 A/mm2. Total rotor I2R losses at rated field current of
1526 A amount to 210.5 kW. Cooling air inlet is on both driving end (DE) and
non-driving end (NDE), and outlet in the middle of the machine (axially). Total
rotor conductor length is 3938 mm.

1 5 10

Fig. 7.22 Field winding conductors in a rotor slot. Conductor numbers are referred to abscissa in
the following 2 figures
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Fig. 7.23 Temperature increase distribution in rotor conductors at rated point and properly
functioning cooling
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Temperature increase distribution at properly functioning cooling and at rated
field current is shown in Fig. 7.23. If 60 % of the lowermost conductors 8, 9, and 10
on machine’s NDE, and 40 % of the conductor 7 are blocked, the temperature
increase distribution changes to the one shown in Fig. 7.24. The maximum tem-
perature increase is far above the limit given by the class of insulation, and the
machine cannot operate safely at the given load any more.

7.7 Transient Heating of a Hollow Conductor

Highly utilized electric machines are characterized by double-digit current density
values of A/mm2, which create I2R losses that can be taken out of conductor only by
directly cooling them with gas, oil, or water. The combination of parameters
determining thermal time constant of a directly cooled conductor is such as to speed
up thermal transients. Therefore, not only stationary parameters of the cooling
system discussed previously in this chapter are decisive for thermal design of
directly cooled conductors, but also their heat storage capability.

Consider a segment of a directly cooled conductor of the length dx in which
volume losses q = P/V = Γ2 ρ [W/m3] are dissipated as shown in Fig. 7.25.
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Fig. 7.24 Temperature increase distribution in rotor conductors at rated point and blocked cooling
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Denoting by cCd the specific heat of the conductor material [Ws/kg K], by cC the
specific heat of the coolant [Ws/kg K], by ρCd the mass density of the conductor
[kg/m3], and by ρC the mass density of the coolant [kg/m3], one can write for the
differential amount of losses dWL generated in the conductor element with length dx:

dWL ¼ q SCd dx dt ð7:42Þ

A portion dWS,Cd of generated losses remains accumulated in the conductor, thus
increasing its temperature ϑCd:

dWS;Cd ¼ cCd SCd qCd
@0Cd
@t

dx dt ð7:43Þ

and the rest dWα is transferred to the cooling medium

dWa ¼ 0Cd � 0Cð ÞaC cCCdx dt ð7:44Þ

with αC denoting the heat transfer coefficient of the coolant. Based upon the energy
balance equation

dWL ¼ dWS;Cd þ dWa ð7:45Þ

one can combine Eqs. 7.42–7.44 into a single partial differential equation

cCd SCd qCd
@0Cd
@t

þ 0Cd � 0Cð ÞaC cCC ¼ q SCd ð7:46Þ

At steady state, @0Cd=@t ¼ 0 and

0Cd;t!1 � 0C;t!1
� � ¼ q SCd

aC cCC
¼ D0CC ð7:47Þ

SCd

x 

dx

SCC

cCC

Fig. 7.25 A segment of a directly cooled conductor: Scd conductor cross-sectional area; Scc
cooling channel cross-sectional area; ccc cooling channel circumference
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with ΔϑCC denoting the temperature drop across the heat transfer surface at steady
state.

The differential of energy dWS,C accumulated by the coolant is equal to

dWS;C ¼ cC SC qC
@0C
@t

dx dt ð7:48Þ

and the difference between delivered and dissipated energy differentials in the
coolant

dWdiff ¼ cC qC Scc v
@0C
@x

dx dt ð7:49Þ

with v denoting the coolant velocity [m/s].
The energy balance partial differential equation for the coolant is now

cC qC Scc v
@0C
@x

þ cC qC Scc
@0C
@t

� 0Cd � 0Cð ÞaC cCC ¼ 0 ð7:50Þ

The solution of the system of partial differential Eqs. 7.46 and 7.50 are the
temperature increase distributions for the conductor, ϑCd(t, x), and for the coolant,
ϑC (t, x). The corresponding initial condition can be expressed as

0Cd 0; xð Þ ¼ 0 ð7:51Þ

and boundary condition as

0C t; 0ð Þ ¼ 0 ð7:52Þ

Substituting in Eq. 1.50 for the conductor current I = 0, one obtains the differ-
ential thermal time constant of the conductor τth,Cd, which is defined as

sth;Cd ¼ cCd SCd qCd
aC cCC

ð7:53Þ

Analogously one can define the differential thermal time constant of the coolant
τth,C as

sth;C ¼ cC SC qC
aC cCC

ð7:54Þ

Division of Eq. 7.47 by q SCd and Eq. 7.50 by αCcCC results in the system of
partial differential equations for a directly cooled conductor

sth;Cd
D#CC

@0Cd
@t

þ 0Cd � 0C
D#CC

¼ 1 ð7:55Þ
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v
@0C
@x

þ @0C
@t

� 0Cd � 0C
sth;C

¼ 0 ð7:56Þ

Solution of the system of partial differential Eqs. 7.55–7.56 can be expressed by
means of modified Bessel function I0 as:

0C x; tð Þ ¼
Z

x
sth;C

0

Z

t
sth;Cd

0

e�ge�nI0
ffiffiffiffiffiffiffiffiffi
4gn

p� �
dg dn ð7:57Þ

0Cd x; tð Þ ¼ 0C x; tð Þþ e�x
Z

t
sth;Cd

0

e�gI0
ffiffiffiffiffiffiffiffiffi
4g x

p� �
dg ð7:58Þ

Solution of the system 7.55–7.56 is shown qualitatively in Fig. 7.26.

Case Study 7.5: Stator bars of a 688 MVA, two-pole turbogenerator are built of
60 strands and 6 water-cooled hollow conductors. Cross-sectional area of copper
strands is 1386 mm2 and that of a stainless steel hollow conductors is 178 mm2.
Stator current density of 6.8 A/mm2 at rated point creates 19.5 kW I2R losses in
each bar. Bar length is 9.48 m, and hole circumference of a hollow conductor
equals to 25.6 mm. Cooling water has a velocity of 1.5 m/s, at which the heat
transfer coefficient reaches the value of 8961 W/m2 K.

ϑ [K] ϑ [K]

x t 

ΔϑCC

ϑCd

ϑC

t 

ΔϑCC

ϑCd

ϑC

x = const

(a) (b)

Fig. 7.26 Qualitative representation of the solution of system 7.55–7.56 in spatial (a) and time
(b) domain
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The coefficients of partial differential Eqs. 7.55 and 7.56 are as follows:

D0CC ¼ q SCd
aC cCC

¼
19500W

9:48m � 0:001386m2

0:001386m2

6

8961
W
m2K

� 0:0256m
¼ 1:5K

sth;Cd ¼ cCd SCd qCd
aC cCC

¼
384:4

Ws
kg K

0:001386m2

6
8960

kg
m3

8961 W
m2K � 0:0256m

¼ 3:47 s

sth;C ¼ cC SC qC
aC cCC

¼
4187

Ws
kg K

0:0000216m21000
kg
m3

8961
W
m2K

� 0:0256m
¼ 0:342 s

At time instant t = 0, the generator is loaded with rated current. Both bar and
water temperatures increase to their steady-state values within 300–400 s. Such
short thermal transients are a consequence of extremely large heat transfer coeffi-
cient. Steady-state temperature increase in a conductor at the end of the bar equals
29.5 K and water outlet temperature 28 K.

Graphical representation of solutions is given in Figs. 7.27, 7.28, 7.29, and 7.30.

Fig. 7.27 Temperature
increase within a conductor

Fig. 7.28 Temperature
increase within a
conductor (same as in
Fig. 7.27, but with rotated
abscissa and ordinate)
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Fig. 7.29 Temperature increase of cooling water in a hollow conductor

Fig. 7.30 Temperature increase of cooling water in a hollow conductor (same as in Fig. 7.29, but
with rotated abscissa and ordinate)

Case Study 7.6: Rotor conductors of a 688 MVA, two-pole turbogenerator are
directly cooled with hydrogen at 5 ata. Cross-sectional area of a conductor is
405 mm2 and that of a cooling hole is 245 mm2. Rotor current density of
14.7 A/mm2 at rated point creates loss density of 5.4 MW/m3 in each bar. The rotor
is cooled with two fans, one on each side. Therefore, the rotor conductor length is
5.7/2 = 2.85 m, 5.7 m being the rotor active length. The conductor hole circum-
ference equals to 95 mm. Hydrogen in hollow conductors has a velocity of 59 m/s,
at which the heat transfer coefficient equals to 1188 W/m2 K.

The coefficients of partial differential Eqs. 7.55 and 7.56 are as follows:

D0CC ¼ q SCd
aC cCC

¼ 5400000 Wm3 0:000405m2

1188 W
m2K � 0:095m

¼ 19:4K

sth;Cd ¼ cCd SCd qCd
aC cCC

¼
384:4 Ws

kg K 0:000405m28960 kgm3

1188 W
m2K � 0:095m

¼ 12:36 s
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sth;C ¼ cC SC qC
aC cCC

¼
14400 Ws

kg K0:000245m2 � 6 � 0:0899 kgm3

1188 W
m2K � 0:095m

¼ 0:0169 s

Graphical representation of solutions is given in Figs. 7.31, 7.32, 7.33, and 7.34.

Fig. 7.31 Temperature increase within a conductor

Fig. 7.32 Temperature increase within a conductor (same as in
Fig. 7.31, but with rotated abscissa and ordinate)

Fig. 7.33 Temperature increase of hydrogen in a hollow conductor
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In the middle of the rotor, the steady-state temperature increase in a conductor
equals 91 K and hydrogen temperature increase equals 72 K.
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Key aspects of electromagnetic design of induction and synchronous machines are
discussed starting from equivalent circuit and/or voltage diagram. It is shown how
the design criteria, such as short-circuit current, torque overload capability, e.t.c.
influence the selection of parameters of an induction machine. The role of syn-
chronous reactance and short-circuit ratio is discussed, along with the influence of
air gap geometry of a synchronous machine to its transient parameters.

8.1 Introduction

To design an electric machine means to find an economically optimal solution
which satisfies customer specifications and relevant standards, and which is man-
ufacturable with given production facilities and materials. Since in the process of
design several independent criteria have to be fulfilled, many of them being
opposite to each other, the designer’s challenge is to consider all of them in a proper
weight and implement simplest and most efficient solutions. Obviously, there exists
no best machine which would satisfy given specification, because machine design
procedure is not only the number crunching procedure per se, but also a creative
activity with attributes of applied arts and industrial design. The designer is free to
select the optimal solution, which he reaches by using models and tools in which he
has to have absolute confidence. This is especially important in design from scratch,
when the limits of existing machine models are shifted and a question is often
posed, how reliable is the machine design model. Even if the machine manufacturer
has developed his own software for the purpose of machine design, it is hard to
predict how accurate it would be when applied on a virgin soil. Very often,

© Springer International Publishing Switzerland 2017
V. Ostović, The Art and Science of Rotating Field Machines Design,
DOI 10.1007/978-3-319-39081-9_8

411



however, the machine manufacturer does not posses such an extensive computa-
tional tool. In such cases, a commercial finite element software package turns out to
be too a large risk factor, because its vendor would not allow designer to access the
source code in order to estimate the software performance in critical cases. Even
worse, vendors tend to bind machine designers offering them to design the machine
by themselves, however, disclaiming any responsibility for results of their design.
The situation becomes precarious when a three-dimensional problem has to be
solved, such as eddy current losses in solid components in the end winding zone or
in stator wedges on the outer diameter of lamination package. Here methods and
procedures for generating a functioning mesh and obtaining reliable results still
have an enormous optimization potential.

National and international standards specify, among others, rated and test volt-
ages, current and torque overloads, protection types, classes of insulation, wire
shapes, shaft heights, power factor and efficiency intervals, etc. In case of large
machines, e.g., turbo- and hydrogenerators, the specifications from standards are
usually extended by conditions requested by the customer.

Since every machine manufacturer has his own design philosophy based on specific
experience and production facilities, in this chapter only the common principles of
machine designwill be discussed. As a result, no recipes, but general concepts of sizing
AC machines from scratch are developed in the following two sections [8, 9, 10].

8.2 Sizing Equations of an Induction Machine

In order do design an induction machine for a given rated voltage Ur and rated
frequency fr, the following data have to be specified:

– Rated mechanical power Pr (continuous), or its equivalent for intermittent
operation;

– Synchronous speed ns;
– Rotor type (single/ double cage, slip rings) along with the ratio between the

starting and the rated torque Ms/Mr;
– Ratio between the starting and the rated current Is/Ir;
– Torque overload capability Mmax/Mr;
– Type of construction and mounting arrangements (horizontal or vertical shaft,

bearing type, flange, feet, etc.);
– Degree of protection provided by enclosure;
– Cooling method

Furthermore, very often certain machine parameters have to be reached, such as
rated and starting torque, starting (short circuit) current, rated slip, efficiency and
power factor at partial load, etc.

The design of an induction machine for the fundamental spatial harmonic is
based on its per-phase equivalent circuit, Fig. 8.1. Real and imaginary components
of impedance in Fig. 8.1 are
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Re Ẑ
� � ¼ R1 þ

RFeX2
main R02

2 þ sR0
2RFe þ s2X 02

2r

� �
2sR0

2RFeX2
main þR02

2 R2
Fe þX2

main

� �þ s2 X2
mainX

02
2r þR2

Fe Xmain þX 0
2r

� �2h i
ð8:1Þ

Im Ẑ
� � ¼ X1r þ

RFeX2
main R02

2 þ sX 0
2r Xmain þX 0

2r

� �� �
2sR0

2RFeX2
main þR02

2 R2
Fe þX2

main

� �þ s2 X2
mainX

02
2r þR2

Fe Xmain þX 0
2r

� �2h i
ð8:2Þ

Usually, iron core losses are calculated separately, because of their negligible
influence on power distribution in Fig. 8.1. This is equivalent to connecting the
equivalent iron core resistance RFe in parallel with the terminal voltage U1 instead
of in parallel with Ui, as shown in Fig. 8.1. The error introduced that way is low,
knowing that the ratio between induced and applied voltage in motor mode equals
about 0.95 for machines with a number of pole pairs p ≤ 7 and 0.98 − 0.004p for
p > 7. Accordingly, by setting RFe → ∞ in Eqs. 8.1 and 8.2, one obtains

Re Ẑ
� � ¼ R1 þ X2

mainsR
0
2

R02
2 þ s2 Xmain þX 0

2r

� �2 ð8:3Þ

and

Im Ẑ
� � ¼ X1r þ

Xmain R02
2 þ sX 0

2r Xmain þX 0
2r

� �� �
R02
2 þ s2 Xmain þX 0

2r

� �2 ð8:4Þ

Introducing factors σ1 and σ2, defined as

X 1 σ X´2 σ
R 1

R´ 2
 /sR

Fe
X main

U
1

I
1 I´2

I 0

I FeI µ

U i

Fig. 8.1 Per-phase equivalent circuit of an induction machine
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r1 ¼ X1r

Xmain
� 0:04 ; r2 ¼ X 0

2r

Xmain
� 0:04 ð8:5Þ

one can simplify expressions for impedance and write them as

R ¼ Re Ẑ
� � ¼ R1 þ

R0
2

s
R0
2

s�Xmain

� 	2
þ 1þr2ð Þ2

ð8:6Þ

X ¼ Im Ẑ
� � ¼ 1þr1ð ÞXmain � 1þr2ð ÞXmain

R0
2

s�Xmain

� 	2
þ 1þr2ð Þ2

ð8:7Þ

At short circuit (s = 1) the components of machine impedance are equal to

RSC ¼ R1 þ R0
2

R0
2

Xmain

� 	2
þ 1þr2ð Þ2

ð8:8Þ

XSC ¼ 1þr1ð ÞXmain � 1þr2ð ÞXmain

R0
2
X main

� 	2
þ 1þr2ð Þ2

ð8:9Þ

with typical values of

R1

XSC
� 0:2;

R0
2

XSC
� 0:2;

RSC

XSC
� 0:4 ð8:10Þ

Phase current IPh can now be expressed by using Eqs. 8.6 and 8.7 as

IPh ¼ U1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2 þX2

p ð8:11Þ

and the short-circuit current ISC as

ISC ¼ U1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
SC þX2

SC

p ð8:12Þ

or, in p.u.

iSC ¼ ISC
IPh

¼ U1

XSCIrated

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

SC
X2
SC

r ¼ 1
xSC

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

SC
X2
SC

r ð8:13Þ

Air gap torque Mδ can be written as
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Md ¼ m1

X1
I21

R0
2

s
R0
2

s �Xmain

� 	2
þ 1þr2ð Þ2

ð8:14Þ

or, after substituting for the stator current I1 = U1/Z:

Md ¼ m1U2
1

X1

1

2R1þ R0
2

s
1þr1ð Þ2 1þ R1

Xmain þX1r

� �2
" #

þ 2
R0
2

R2
1 1þr2ð Þ2 þ X1r þX 0

2r 1þr1ð Þ� �2n o

ð8:15Þ

with Ω1 denoting mechanical synchronous speed created by stator MMF. Maximum
(pullout) torque Mδ,m is equal to

Md;m ¼ m1U2
1

X1

1

R1 þ 1þr1ð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
R2
1 1þr2ð Þ2 þ X1r þX 0

2r 1þr1ð Þ� �2q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

Xmain þX1r

� 	2
r

ð8:16Þ

and it is created at pullout slip sm equal to

sm ¼ R0
2ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

R2
1 1þr2ð Þ2 þ X1r þX 0

2r 1þr1ð Þ� �2q 1þr1ð Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

Xmain þX1r

� �2
s

ð8:17Þ

After simplifying, one can write

Md;m ¼ m1U2
1

2X1XSC

1

R1
XSC

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

XSC

� 	2
r ð8:18Þ

as well as

sm ¼ R0
2

XSC

1

1þr2ð Þ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

XSC

� 	2
r ð8:19Þ
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Now one can express the p.u. pullout torque mm as

mm ¼ Md;m

Mrated
¼ 1

2xSC

1� srated
grated cosurated

1

R1
XSC

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

XSC

� 	2
r 1

1þ Pf ;w

Prated

ð8:20Þ

as well as the p.u. starting torque mSC

mSC ¼ MSC

Mrated
¼ cs

ISC
Irated

� �2

sratedk
1þ 1

srated

R0
2

X 0
2r

� 	2

1þ k
R0
2

X 0
2r

� 	2

1

1þ Pf ;w

Prated
mSC

ð8:21Þ

where the ratio Pf,w/Prated varies between 0.75 and 1.5 % for p = 1, 0.45 and 0.9 %
for p = 2, and 0.3 and 0.6 % for p = 3 or 4, all for the rated power Prated between
0.5 and 50 kW. Factor cs in Eq. 8.21 reflects various levels of saturation at short
circuit and at rated point, whereas k stands for increase of rotor resistance due to
skin effect.

The p.u. magnetizing current iµ can be expressed as

il ¼ Il
Irated

¼ Ui

Xmain

1
Irated

ð8:22Þ

with

Ui ¼ xB1laxspw1;Ph fw1

ffiffiffi
2

p

p
ð8:23Þ

Irated ¼ psp
m1w1;Ph fw1

A1ffiffiffi
2

p ð8:24Þ

and

Xmain ¼ x
m1

p
l0Dlax
d � kdp2 w

2
1;Phf

2
w1 ð8:25Þ

and kδ standing for increase of air gap width due to slotting and saturation in iron.
Substituting Eqs. 8.23–8.25 in Eq. 8.22, one obtains

il ¼ p
l0

B1

A1

d � kd
sp

ð8:26Þ

Keeping machine dimensions constant, the p.u. magnetizing current changes
proportionally to the ratio B1/A1. Keeping electromagnetic loading and level of
saturation constant, the p.u. magnetizing current changes proportionally to the ratio
of δ/τp.
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One of the basic parameters characterizing an AC machine is the ratio λ between
its active length ‘ and pole pitch τp

k ¼ l
sp

ð8:27Þ

When starting new design from scratch [9, 10], the ratio λ helps one define
machine active volume based upon the apparent power Si crossing air gap

Si ¼ m1 � Ui � I1 ¼ Ui

U1
Srated ð8:28Þ

and synchronous speed ns

ns ¼ 60f1
p

ð8:29Þ

Substituting for the induced voltage Ui in Eq. 8.2

Ui ¼ 2p � f1w1;Ph fw1
2

p
ffiffiffi
2

p lspB1 ¼ 2
ffiffiffi
2

p
f1w1;Ph fw1lspB1 ð8:30Þ

as well as for the phase current I1

I1 ¼ A1
pspffiffiffi

2
p

m1w1fw1
ð8:31Þ

one obtains for the apparent power crossing air gap

Si ¼ 2f1ps2plA1B1 ¼ Ui

U1
Srated ð8:32Þ

and the pole pitch τp

sp ¼
ffiffiffiffiffiffiffiffiffiffi
Srated
pk

3

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ui
U1

2fA1B1

s
¼ cs

ffiffiffiffiffiffiffiffiffiffi
Srated
pk

3

s
ð8:33Þ

In the previous considerations, the minimum (integer) number of slots and the
insulation thickness were not taken into account. With these details, the pole pitch
τp can be expressed as

sp ¼ aþ cs �
ffiffiffiffiffiffiffiffiffiffi
Srated
pk

3

s
ð8:34Þ

with coefficients a and cτ being usually in the range given in Table 8.1 [1, 2].
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Usual values of slot pitch τs lie between 15 and 50 mm. The number of slots per
pole and phase q = N/(2pm) should not be larger than 5, because of no significant
improvement of MMF spatial distribution and not smaller than 3, because of too
strong MMF harmonics.

The apparent rotational thrust σA is a quantity with the same dimension as
torque density, however, with a slightly different physical meaning. Whereas the
torque density has a meaning of torque per volume, the apparent rotational thrust is
equal to apparent force per area. The apparent rotational thrust should not be
confused with pressure, which has the same dimension [N/m2], but a different
meaning: The pressure is equal to the normal component of force acting on a given
surface, whereas the apparent rotational thrust is equal to the tangential component
of force acting on a surface

rA ¼ FA

A
¼ MA

2R2plax
ð8:35Þ

where apparent force FA and apparent torque MA correspond to apparent power S

MA ¼ Srated
X1

Ui

U1
¼ pSrated

p2D2laxf1

Ui

U1
¼ D2p

4
laxA1B1 ð8:36Þ

By applying Eq. 8.36, one can express the product A1 � B1 as

A1B1 ¼ 2
pSrated

p2D2laxf1

Ui

U1
ð8:37Þ

and the apparent rotational thrust σA

rA ¼ 1
2
A1 � B1 ð8:38Þ

The p.u. short-circuit reactance xSC, defined in Eq. 8.13 as

xSC ¼ XSC
Irated
U1

ð8:39Þ

Table 8.1 Orientational values of coefficients a and cτ for induction machines

Machine type a [mm] cτ [mm/(VA)1/3]

Moderately utilized Squirrel cage, 2–12 poles, 0.1–100 kW 35 6.5

Slip rings, 2–12 poles, 1–250 kW 35 6.5

Highly utilized Squirrel cage, 2-pole, low voltage 60 5.2

Slip rings, 2-pole, low voltage 50 6.0

Induction machine, 2–12 poles, <500 V 20 5.2

Induction machine, high voltage 30 5.3
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determines both the p.u short-circuit current iSC (Eq. 8.13) and the p.u. pullout
torque mm, Eq. 8.20. Whereas the short-circuit current must not be larger than a
given value, the pullout torque must not be smaller than a given value. Accordingly,
one can define the limits for the p.u. short-circuit reactance as

xSC;min ¼
1

iSC;max

1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R2

SC
X2
SC

r ð8:40Þ

For the ratio RSC/XSC ≈ 0.4 (Eq. 8.10) one obtains

xSC;min �
0:93
iSC;max

ð8:41Þ

Analogously, for xSC,max one can write by using Eq. 8.20

xSC;max ¼
1

mm;min

1
2

1� srated
grated cosurated

1

R1
XSC

þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ R1

XSC

� 	2
r 1

1þ Mf ;w

Mm

ð8:42Þ

A reasonably well-designed induction machine is characterized by

xSC;min � xSC � xSC;max ð8:43Þ

If the condition 8.43 cannot be fulfilled, a slip ring machine should be used
instead of a squirrel cage one.

The short-circuit reactance XSC can be expressed by means of the stator and rotor
leakage reactances as

XSC � X1r þ X 0
2r

1þr2
ð8:44Þ

where (Eq. 4.111)

X1r ¼ x1m1l0lax
w2
1;Ph

N1
k1;res ð8:45Þ

and

X 0
2r ¼ x1m2l0lax

w2
2;Ph

N2
k2;res � m1

m2

w1;Ph fw;1
w2;Ph fw;2

� �2
" #

ð8:46Þ
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After some mathematical manipulations, one can write for XSC

XSC ¼ x1m1l0lax
w2
1;Ph

N1
kSC �

w2
1;Ph

N1
kSC ð8:47Þ

where the value of λSC can be reconstructed from expressions 8.45–8.47.
On the other hand, based upon Eq. 8.39

xSC ¼ XSC
Irated
U1

¼ XSC
Irated
Ui;1

U1
Ui;1

ð8:48Þ

and substituting for

Ui;1 ¼ x1w1;Ph fw;1
U1ffiffiffi
2

p ð8:49Þ

U1 ¼ 2
p
B1laxsp ð8:50Þ

Irated ¼ A1
psp

m1w1;Ph fw;1
ffiffiffi
2

p ð8:51Þ

one can write

xSC ¼ ppl0
2f 2w;1

Ui;1

U1

kSC
N1

A1

B1
� A1

B1
ð8:52Þ

By combining Eqs. 8.41, 8.42, and 8.52, one can write

B1

A1

� �
max

� 1
xSC;min

� iSC;max ð8:53Þ

and

B1

A1

� �
min

� 1
xSC;max

�mm;min ð8:54Þ

Equations 8.38, 8.53, and 8.54 define the product PAB = A1 � B1 as well as the
quotient QAB = B1/A1 as functions of machine rated data. The quantities PAB and
QAB are basic parameters in the machine design procedure.
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Number of turns per phase w1,Ph is calculated after determining the amount of
air gap flux density B1

B1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
PABQAB

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A1 � B1ð Þ B1

A1

� �s
ð8:55Þ

and for previously selected values of D and ‘ax. The main flux is then evaluated as

U1 ¼ 2
p
laxspB1 ð8:56Þ

and the induced voltage per turn u1

u1 ¼ x1ffiffiffi
2

p fw;1U1 ð8:57Þ

The number of turns per phase is selected in such a manner that the induced
voltage Ui corresponds to the phase voltage U1 in the manner discussed at the
beginning of this section. Knowing the number of turns per phase w1,Ph, one can
determine the number of conductors per slot zs as

zs ¼ 2
m1a1
N1

w1;Ph ð8:58Þ

where a1 denotes the number of parallel branches. The number of conductors per
slot is an integer value, which in the case of double-layer winding can only be even.

The bigger the machine, the smaller the number of conductors per slot. Whereas
in large machines only one conductor per layer (bar) is necessary in order to obtain
the proper value of induced voltage, the coils of small machines have typically a
double-digit number of turns. Consequently, the requested value of air gap flux
density is much easier to reach accurately in small than in large machines. If the
discrepancy between induced and applied voltage is too large, one can try to correct
the quotient λSC/N1 in Eq. 8.48, or to decrease the rotational thrust. The latter
measure increases the machine size; therefore, at this point is a good idea to rethink
the machine’s main dimensions

Air gap width δ of conventional induction machines varies typically between
0.2 and 2 mm, as a function of rated speed and active length. Air gap width should
be minimal in order to minimize the magnetizing current after Eq. 8.26. Typical
ratios δ/τp vary between 0.0025 and 0.004 for p = 1, 0.006 and 0.007 for p = 6, and
0.012 and 0.013 for p = 30, the first number standing for short, and the second for
long machines.

Air gap flux density represented with amplitude of its fundamental component
B1 typically remains below 1 T, in order to avoid too high iron losses in teeth and
too strong air gap radial forces. On the other hand, the values of B1 below 0.65 T
are seldom and characteristic for small, low-utilized machines. If the air gap flux
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density turns out to be too high, the same countermeasures have to be undertaken as
in the case of too a large discrepancy between induced and applied voltage.

Winding resistance is evaluated by using standard equation

Rw ¼ q 0ð Þ lwwPh

SC
f� ð8:59Þ

with ρ(ϑ) denoting specific electric resistance at temperature ϑ, SC the
cross-sectional area of a single conductor, and f* the factor of resistance increase
due to skin effect. Equation 8.59 is valid both for stator phase winding and for rotor
slip ring phase winding.

Squirrel cage resistance is evaluated by means of I2R losses in it

Ploss;cage ¼ N2RBI
2
B þ 2RRI

2
R ð8:60Þ

with RB and RR denoting the bar and ring resistance, respectively

RB ¼ q
B
0ð Þ lB

SB
f� ;B ð8:61Þ

RR ¼ q
R
0ð ÞDRp

SR
f� ;R ð8:62Þ

and DR the ring average diameter. Substituting for the ratio between ring and bar
current [3]

IR
IB

¼ 1
sin pp

N2

ð8:63Þ

one can rewrite Eq. 8.60 as

Ploss;cage ¼ N2RBI
2
B þ

2RRI2B
sin2 pp

N2

¼ N2R2I
2
B ð8:64Þ

with R2 standing for equivalent bar resistance

R2 ¼ q
B
0ð Þ lB

SB
f� ;B 1þ q

R
0ð Þ

q
B
0ð Þ �

SB
SR

� DRp
lBN2

� 1

2 sin2 pp
N2

� f� ;R

f� ;B

" #
ð8:65Þ

Introducing ratio r defined as

r ¼ q
R
0ð Þ

q
B
0ð Þ �

SB
SR

� DRp
lBN2

� 1

2 sin2 pp
N2

ð8:66Þ
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one can express the equivalent bar resistance R2 in Eq. 8.66 as

R2 ¼ q
B
0ð Þ lB

SB
f� ;B 1þ r

f� ;R

f� ;B

� �
ð8:67Þ

Denoting by k the ratio between equivalent rotor bar resistance at short circuit
and at rated point (Eq. 8.21)

k ¼ RB;SC

RB;rated

¼ f� ;B;SC

f� ;B;rated
�
1þ r f� ;R;SC

f� ;B;SC

1þ r f� ;R;rated

f� ;B;rated

ð8:68Þ

one can express the p.u. starting torque (Eq. 8.21) as

mSC ¼ c � srated ISC
Irated

� �2

� k ð8:69Þ

Obviously, there exists a minimum value of the coefficient k for which the
machine still develops a given p.u. starting torque. If this is not the case, a slip ring
rotor should be used instead.

Assuming that losses are taken from the rotor only on its lateral area, one can
define the loss density as a ratio Ploss/S

Ploss

S
¼ N2R2I2B

Dplax
ð8:70Þ

with a dimension of kW/m2. Loss density in the rotor of air-cooled squirrel cage
machines can reach the value of *10 kW/m2, which is about 50 % above the loss
density on the stator side. The reason for higher allowed loss density in a squirrel
cage rotor is the absence of conductor and slot insulation. Usually, the loss density
in bars is higher than in rings, in order to avoid mechanical damage of rings:
Whereas thermal dilatation of bars in axial direction has almost no mechanical
consequences, the expansion of rings can be a reason for their breakage.

Stator conductor cross-sectional area is selected in such a manner as to fulfill
the cooling specifications. Slot width ws is approximately equal to half of the slot
pitch τs; however, this ratio varies from one machine to another. Slot height hs is
selected in such a manner as to provide enough space for obtaining the allowed
current density Γ in conductors

hS ¼
A1

C
sS
wS

1ffiffiffi
2

p
fw;1fS

ð8:71Þ

with fS denoting the slot fill factor, i.e., the ratio between conductor and slot area.
The slot fill factor for windings with round wires can exceed 40 %, and for formed
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coils it goes up to 70 %. The highest slot fill factor is achieved in squirrel cage
machines, where it exceeds 90 %.

Since smaller machines dissipate less losses per heat exchange surface than
larger, their current density may go up to 10 A/mm2. Large air-cooled machines
have typical current densities between 3 and 4 A/mm2. Highest current densities are
found in machines with directly (water, oil) cooled conductors, where they reach
values of typically 15 A/mm2. The amplitude of current sheet in smallest machines
is about 30–50 kA/m, in medium size machines about 70–90 kA/m, and in largest
machines *350 kA/m. Accordingly, the ratio A1/Γ in Eq. 8.60 varies between
*3 mm for the smallest, over *20 mm for medium size up to *23 mm for the
largest machines.

Magnetic circuit at no load can be solved by using the magnetic equivalent
circuit method (MEC), as shown in [4]. In the approach described in this reference,
nonlinear magnetic circuits are solved in a straightforward manner, without itera-
tions. This way the computational time is significantly reduced, as compared to
similar methods, such as finite element analysis, and at the same time, the com-
putational accuracy is increased. As opposed to the finite element method, which
tolerates large local errors, the field distribution evaluated with the MEC method is
calculated with the same level of accuracy in all elements.

8.3 Sizing Equations of a Synchronous Machine

The largest electric machines ever built are synchronous machines, in particular
high-speed turbogenerators. The overwhelming field of applications of a syn-
chronous machine is the generation of active and reactive power, the latter being
controlled by the field current.

Whereas conventional synchronous machines are built with a single- or
three-phase armature winding on the stator side and field winding on the rotor side,
exciters for large synchronous machines are built inside-out: Their armature
winding rotates, along with rectifier diodes, and the field winding is placed on the
stator side.

The source of air gap flux inducing no-load voltage can be either the field
winding, or permanent magnets, Fig. 8.2.

Denoting by α1 = 2/π the ratio between the average and maximum value of sine
function, and by β = Bmax/B1 the ratio between the maximum of the air gap flux
density, which determines the level of saturation and the amplitude of its funda-
mental harmonic, one can express the air gap flux Φ1 created by the fundamental
component of flux density as

U1 ¼ a1
b
splaxBmax ð8:72Þ
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Current sheet As created by zs conductors per slot of the field winding, each
carrying the current I, can be expressed as

A ¼ zsI
Dp
N

¼ m � wPh I
psp

ð8:73Þ

The amplitude of the fundamental component of current sheet is then

A1 ¼
ffiffiffi
2

p
A � fw;1 ð8:74Þ

Synchronous machines are predominantly used as generators of both active and
reactive power. In order to supply reactive power into the power system, a syn-
chronous machine has to be overexcited. Typically, the field MMF at rated oper-
ating point is 1.5—3 times the armature MMF, which makes the rotor of a
synchronous machine its bottleneck. One should keep in mind that a large field
MMF results in increased i2R losses, which have to be taken out of the rotor.

The no-load curve of a synchronous machine is usually evaluated by applying
the MEC method [4]. Rotor yoke is split into a network of elements, the reluctances
of which determine required MMF for a given flux.

The short-circuit ratio kC is defined as a quotient between the field current
required to induce the rated voltage at no load and the field current which generates
rated armature current at short circuit. The reciprocal of kC is equal to the p.u. value
of unsaturated synchronous reactance in the d-axis xd

Bmax

B1
Bmax

B1
Bmax

B1

τp τp τp

δ δ δ

Armature side
(a) (b) (c)

Fig. 8.2 Modi of field generation in cylindrical wound rotor (a), salient pole wound rotor (b), and
surface mounted permanent magnet synchronous machine (c)
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kC ¼
Urated
Irated

Xd
¼ 1

xd
ð8:75Þ

with Xd being defined as

Xd ¼ Xad þXar ð8:76Þ

where Xad stands for reactance due to armature reaction in the d-axis, as defined in
Eq. 8.25, and Xaσ is the stator leakage reactance

Xar ¼ xml0lax
w2
Ph

N
k ð8:77Þ

and

xar ¼ Xar

Zrated
¼ Xar

Urated
Irated

ð8:78Þ

By simplifying, the reactance Xd can be written as

Xd ¼ Xad 1þr1ð Þ ð8:79Þ

and the rated voltage Urated and rated current Irated as

Urated ¼ Urated

Ui
xwPh;1 fw;1

ffiffiffi
2

p

p
B1laxsp ð8:80Þ

Irated ¼ A1
psp

mwPh;1 fw;1
ffiffiffi
2

p ð8:81Þ

After inserting for Urated, Irated and Xd, one can express the p.u. synchronous
reactance xd as

xd ¼ l0
p

1þr1ð Þ Ui

Urated

sp
kdd

A1

B1
ð8:82Þ

Since

Ui

Urated
� 1þr1 ð8:83Þ

one can express the short-circuit ratio as
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kC ¼ 1

1þr1ð Þ2
p
l0

kdd
sp

B1

A1
¼ 1

1þr1ð Þ
Urated

Ui

p
l0

kdd
sp

B1

A1
ð8:84Þ

The armature reactance MMF Θa,rated per pole pair at rated current is equal to
(see Fig. 8.3)

Ha;rated ¼ m1

2
wPh;1 fw;1
p � ff

ffiffiffi
2

p
Irated ð8:85Þ

Denoting by Θ0,δ the air gap MMF drop across the air gap created by field
current at no load, one can define the unsaturated air gap reactance (p.u.) in d-axis
as

xadi ¼ Ha;rated

H0;d
ð8:86Þ

The p.u. unsaturated air gap reactance in q-axis is

xaq ¼ xadi
kCRd

kCRq

ð8:87Þ

with kCRd and kCRq denoting the Carter factor in the d- and q-axis, respectively.
Saturated air gap reactance in p.u. is defined as

xadr ¼ 1
kC

� xar iað Þ ð8:88Þ

and unsaturated synchronous reactance in d- and q-axis, respectively, as

xd ¼ xadi þ xar iað Þ ð8:89Þ

xq ¼ xaq þ xar iað Þ ð8:90Þ

Θfield

Ui

Urated

0 Θ0,δ Θ0

Air gap line

Fig. 8.3 MMF components at armature open circuit
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Rotor slots are characterized by specific permeances [3], defined as

rf ¼ p
pkdd
2Dave

kf
Nf f 2f

ð8:91Þ

for the field winding, with Dave denoting the diameter of the center of air gap, Nf the
number of rotor slots with field winding, and ff the field winding factor;

rfD ¼ p
pkdd
2Dave

kfD
NDff fD

ð8:92Þ

for the common effects of damper and field winding, where ND denotes the number
of rotor slots with damper winding and fD the damper winding factor;

rd ¼ p
pkdd
2Dave

kD
NDfd

ð8:93Þ

for the damper winding in the d-axis, and

rq ¼ p
pkdd
2Dave

kQ
NDfq

ð8:94Þ

for the damper winding in the q-axis. The specific permeances of rotor windings
help define the p.u. values of characteristic reactances [3] as

xcD ¼ rfD xadi ð8:95Þ

for the rotor coupling reactance along the d-axis;

xcr ¼ rf � rfD

� �
xadi ð8:96Þ

for the common leakage reactance of the field and damper winding in the d-axis;

xcd ¼ rd � rfD

� �
xadi ð8:97Þ

for the ideal leakage reactance of the damper winding in the d-axis, and

xcq ¼ rqxaq ð8:98Þ

for the ideal leakage reactance of the damper winding in the q-axis.
More about computation of transient and subtransient machine parameters one

can find in [5–7].
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Appendix

A.1 Orthogonal Functions

The properties of the most pronounced parameters of an electric machine, such as
torque, electric power, and induced voltage, are defined by time and/or spatial
orthogonality of physical variables which determine their primordial quantities:
mechanical, magnetic, and electric energy.

Mathematically speaking, two functions f(x) and g(x) are orthogonal over the
interval a ≤ x ≤ b if and only if

Zb

a

f xð Þ � g xð Þdx ¼ 0 ðA:1:1Þ

Physical quantities, which determine properties of an electric machine, are
periodical functions of time, space, or both of them. Basic means to handle periodical
functions is the Fourier analysis. A periodic function can have:

– a constant term;
– the fundamental harmonic; and
– higher harmonics.

Two periodic functions are orthogonal to each other if they have different
lengths of periods. If two periodic functions have the same length of period, they
are non-orthogonal. The fundamental physical meaning of orthogonal functions is
that they cannot interact with each other in a sense of producing energy or con-
catenating fluxes; non-orthogonal functions, on the opposite, are those which create
electric power, mechanical torque, mutual inductance, etc.

Three periodic functions f(x), g(x), and h(x), defined as

f xð Þ ¼ F cos a � xð Þ ðA:1:2Þ

g xð Þ ¼ G cos b � xð Þ ðA:1:3Þ
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h xð Þ ¼ H cos c � xð Þ ðA:1:4Þ

are non-orthogonal to each other over the interval a ≤ x ≤ b if and only if

Zb

a

cos a � xð Þ� cos b � xð Þ � cos c � xð Þdx 6¼ 0 ðA:1:5Þ

which is fulfilled for

a� b� c ¼ 0 ðA:1:6Þ

By using addition theorems, the integrand in Eq. A.1.5 can be further written as

1
2
cos a � xð Þ cos bþ cð Þxþ cos b� cð Þx½ �

¼ 1
4
cos aþ bþ cð Þxþ cos a� b� cð Þx½
þ cos aþ b� cð Þxþ cos a� bþ cð Þx�

ðA:1:7Þ

If the interval length [a, b] is an integer multiple of (α ± β ± γ)x, the integral in
Eq. A.1.5 will be different from zero if and only if the condition A.1.6 is fulfilled,
i.e., if the particular combination of coefficients α, β, and γ yields 0 and one of the
four summands in Eq. A.1.7 becomes a constant equal to 1.

Substituting for

a ¼ 2
D
pF ; b ¼ 2

D
pG ; c ¼ 2

D
pH ðA:1:8Þ

with pi denoting the number of pole pairs, and i = F, G, H, one can rewrite the
condition A.1.6 as

pF � pG � pH ¼ 0 ðA:1:9Þ

Three air gap distributions are non-orthogonal, i.e., capable of creating torque, if
their numbers of pole pairs satisfy condition A.1.9.

Orthogonality of time functions: The length of period T, i.e., time interval after
which for a function of time applies f(t) = f(t + T), is a function of angular fre-
quency ω = 2πf:

T ¼ 2p
x

¼ 1
f

ðA:1:10Þ

with f denoting the frequency [Hz].
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Voltage u(t) is defined as

u tð Þ ¼ Umax sin nxtð Þ ðA:1:11Þ

and current i(t) is defined as

i tð Þ ¼ Imax sin mxt � u0ð Þ ðA:1:12Þ

where n and m are positive integers, are orthogonal over interval –π ≤ ωt ≤ π if
the electrical energy Wel in the given interval is equal to zero, i.e., if

Wel ¼
Zp

x

�p
x

Umax sin nxtð Þ � Imax sin mxt � u0ð Þdt ¼ 0 ðA:1:13Þ

which is fulfilled for

n 6¼ m ðA:1:14Þ

If both voltage and current have the same frequency, i.e., if

n ¼ m ðA:1:15Þ

the energy in the given interval is equal to

Wel ¼ Umax � Imax � px � cosu0 ðA:1:16Þ

This energy corresponds to an average (active!) power Pel of

Pel ¼ Wel

T
¼ x

2p
� Umax � Imax � px � cosu0 ¼ U � I � cosu0 ðA:1:17Þ

with U and I denoting the rms values of voltage and current, respectively.
If an alternating voltage has a different frequency than an alternating current, i.e.,

if they are orthogonal over a given interval, the energy created by the two is equal to
zero. A current must have the same frequency as a voltage in order to create with
it electric energy different from zero; the amount of created energy is proportional
to the cosine of the phase angle between current and voltage.

If the periodical voltage and current functions contain higher harmonics terms,
i.e., if they can be represented as
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u tð Þ ¼
X1
k¼1

Umax;k sin kxtð Þ; i tð Þ ¼
X1
l¼1

Imax;l sin lxt � ulð Þ ðA:1:18Þ

the active electric power is equal to

Pel ¼
X1
j¼1

Uj � Ij � cosuj ðA:1:19Þ

Only voltage and current harmonics of the same order can generate active
electric power.

Graphical interpretation of two orthogonal time functions is given in Fig. A.1, in
which a 1 p.u. sinusoidal voltage v(t) = sin(ωt − π/4) and a 1 p.u. sinusoidal current
i(t) = sin(6ωt) are shown. The instantaneous power p(t), equal to the product of
instantaneous voltage and instantaneous current, oscillates around zero in this case.
The integral of power, having a meaning of energy in a given interval, is equal to
zero. Graphically, the total area between the product of voltage and current (in-
stantaneous power) and the time axis in the given interval is equal to zero.

Non-orthogonal harmonic functions of time have the same frequency, as shown
in Fig. A.2. Here, a p.u. sinusoidal voltage u(t) = sin(ωt − π/4) and p.u. sinusoidal
current i(t) = sin(ωt) are shown, along with their product—the instantaneous power
p(t) = u(t) � i(t).

Fig. A.1 1 p.u. voltage u(t) = sin(ωt − π/4) (dashed black curve), 1 p.u. current i(t) = sin
(6ωt) (solid black curve), and their product—instantaneous power p(t) = u(t) � i(t) (gray curve).
The area between the product of voltage and current represents electrical energy, the average of
which in a given interval is equal to zero. In this case, the voltage and the current are orthogonal
because of their different frequencies
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The instantaneous power oscillates around the amount proportional to the cosine
of the angle between the voltage and current. The area below the product p(t) = u
(t) � i(t) is not equal to zero, since the functions are not orthogonal.

Orthogonality of spatial functions: The length of period of the fundamental
harmonic of a spatial function is twice the machine pole pitch τp, defined as

sp ¼ Dp
2p

ðA:1:20Þ

with D denoting the air gap diameter and p the number of machine pole pairs. The
machine pole pitch τp, measured along the circumferential coordinate x in the center
of the air gap, equals to the length of interval belonging to one pole. It is important
to note that a spatial higher harmonic of the order m has the same meaning as
m times more pole pairs, i.e., m � p instead of p.

The orthogonality of spatial functions will be illustrated on the example of
torque created by a stator and rotor harmonic of air gap flux density. The mth
harmonic of air gap flux density created by a stator winding with pS pole pairs can
be expressed as

Bm;s xð Þ ¼ Bmax;m;s sin m
p
sp

x� as

� �
¼ Bmax;m;s sin 2m � ps xD� as

� �
ðA:1:21Þ

The nth harmonic of current sheet created by a rotor winding with pr pole pairs
can be expressed as

Fig. A.2 1 p.u. voltage u(t) = sin(ωt − π/4) (dashed black curve), 1 p.u. current i(t) = sin
(ωt) (solid black curve), their product—instantaneous power p(t) = u(t) � i(t) (gray curve), and the
average of the instantaneous power (gray dash-dotted curve). The area between the product of
voltage and current represents electrical energy, the average of which in a given interval—the
active power—monotonically increases, since the voltage and the current with the same frequency
are not orthogonal ant not 90° out of phase
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An;r xð Þ ¼ Amax;n;r sin n
p
sp

x� ar

� �
¼ Amax;n;r sin 2n � pr xD� ar

� �
ðA:1:22Þ

and the corresponding flux density as

Bn;r xð Þ ¼ l0
Hn;r xð Þ
d xð Þ ðA:1:23Þ

Considering constant air gap width δ(x) = δ, one can further write

Bn;r xð Þ ¼ l0
d

Z
An;r xð Þdx ¼ Bmax;n;r sin 2n � pr xD� ar � p

2

� �
ðA:1:24Þ

where the amplitude of the mth harmonic of air gap flux density created by the rotor
winding with pr pole pairs, Bmax,n,r, is equal to

Bmax;n;r ¼ l0
d
Amax;n;r

D
2n � pr ðA:1:25Þ

The accumulated magnetic energy in the air gap is equal to

Wmg ¼ ld
2l0

ZDp
0

B2 xð Þdx ¼ ld
2l0

ZDp
0

Bm;s xð ÞþBn;r xð Þ� �2dx ðA:1:26Þ

or

Wmg ¼ ld
2l0

ZDp
0

B2
m;s xð Þþ 2Bm;s xð ÞBn;r xð ÞþB2

n;r xð Þ
h i

dx ðA:1:27Þ

which results in

Wmg ¼ ld
2l0

Dp
2

B2
max;m;s þ

Dp
2

B2
max;n;r þ 2

ZDp
0

Bm;s xð ÞBn;r xð Þdx
2
4

3
5 ¼

¼ Dpld
4l0

B2
max;m;s þB2

max;n;r

� �
þ

þ Dld
4l0

Bmax;m;sBmax;n;r � cos ar � asð Þ � cos ar � as � 2p � n � pr � m � psð Þ½ �
n � pr � m � ps

ðA:1:28Þ

Since n, m, pr, and ps are all integers, the expression for magnetic energy in case
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m � ps 6¼ n � pr ðA:1:29Þ

i.e., when created by rotor and stator spatial harmonics of different orders, can be
written as

Wmg ¼ Dpld
4l0

B2
max;m;s þB2

max;n;r

� �
ðA:1:30Þ

Electromagnetic torque is equal to the derivative of the accumulated magnetic
energy with respect to angle αr − αs between current sheet and flux density

M ¼ � @Wmg

@ ar � asð Þ ðA:1:31Þ

which in case of spatial harmonics with different orders obviously gives zero as
result:

M ¼ � @

@ ar � asð Þ
Dpld
4l0

B2
max;m;s þB2

max;n;r

� �� 	
¼ 0 ðA:1:32Þ

or orthogonal spatial harmonics create no torque.
If the two spatial harmonics are of the same order, i.e.,

m � ps ¼ n � pr ðA:1:33Þ

the expression for magnetic energy created by them becomes

Wmg ¼ Dpld
4l0

B2
max;m;s þB2

max;n;r

� �
� Dlpd

2l0
Bmax;m;sBmax;n;r � sin ar � asð Þ ðA:1:34Þ

because

lim
m!n�pr

ps

ZDp
0

sin 2m � ps xD� as
� �

sin 2n � pr xD� ar � p
2

� �
dx ¼

¼ �Dp
2

sin ar � asð Þ
ðA:1:35Þ

The derivative of magnetic energy accumulated in the air gap with respect to the
angle αr − αs is

@Wmg

@ ar � asð Þ ¼ �M ¼ Dlpd
2l0

Bmax;m;sBmax;n;r � cos ar � asð Þ ðA:1:36Þ
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After replacing the rotor flux density with current sheet, one becomes the
expression for torque created by two harmonics of the same order as:

M ¼ V � Bmax;m;sAmax;n;r � cos ar � asð Þ ðA:1:37Þ

The stator harmonic of the order m � ps is not orthogonal to the rotor harmonic of
the order n � pr when m � ps = n � pr, and therefore, the two can create an elec-
tromagnetic torque. For example, the third harmonic of flux density in a ten-pole
stator can create a torque different from zero with the fifth harmonic of flux density
in a six-pole rotor. The number of stator pole pairs in electric machines for con-
ventional applications is without exception equal to the number of rotor pole pairs,
ps = pr. In that case, only the stator and rotor spatial harmonics of the same order
can create a torque, i.e., m = n, and all higher spatial harmonics are torqueless.

Orthogonality of spatial functions is illustrated on an example of a 1 p.u. 4-pole
current sheet A(x) = sin(2πx/τp − π/4) and a 1 p.u. 6-pole flux density distribution B
(x) = sin(3πx/τp), Fig. A.3. The product of the two for a given value of circum-
ferential coordinate is proportional to the force created by them at that particular
point. The infinite sum of all products—their integral—is equal to the total force
created by the two harmonics. The integral (area below the product of the two
functions) along the complete circumference in Fig. A.3 is equal to zero; conse-
quently, any two harmonics of different spatial order cannot create a torque.

If the two harmonics of flux density and current sheet are non-orthogonal, their
interaction can result in a force/torque if the spatial shift between them is different
from 90°. This is illustrated in Fig. A.4, in which a 1 p.u. 4-pole current sheet

Fig. A.3 1 p.u. current sheet A(x) = sin(2πx/τp − π/4) (dashed black curve), 1 p.u. flux density B
(x) = sin(3πx/τp) (solid black curve), and their product, proportional to the force distribution along
the circumference (gray curve). The total force created by the two harmonics, equal to the area
below the gray curve, is equal to zero, because these harmonics are orthogonal to each another
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A(x) = sin(2πx/τp − π/4) and a 1 p.u. 4-pole flux density distribution B(x) = sin
(2πx/τp) are shown, along with their product. The integral of the product of two,
equal to the force created by them, is different from zero.

A.2 Periodic Functions of Time

The complex number Â ¼ A � ej xtþuað Þ with modulus A and time-dependent argu-
ment ωt + φa is according to Euler’s formula

A � ej xtþuað Þ ¼ A � cos xtþuað Þþ jA � sin xtþuað Þ ðA:2:1Þ

equal to the sum of a real

Re A � ej xtþuað Þ
n o

¼ A � cos xtþuað Þ ðA:2:2Þ

and an imaginary component

Im A � ej xtþuað Þ
n o

¼ A � sin xtþuað Þ ðA:2:3Þ

Fig. A.4 1 p.u. current sheet A(x) = sin(2πx/τp − π/4) (dashed black curve), 1 p.u. flux density B
(x) = sin(2πx/τp) (solid black curve), and their product, proportional to the force distribution along
the circumference (gray curve). The total force created by the two harmonics, equal to the area
below the gray curve and represented by a dash-dot horizontal line, is different from zero, because
these harmonics are non-orthogonal and the spatial angle between them is different from 90°
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Here e denotes the base of natural logarithms, ω is the angular frequency equal to
2π/T, T is the period length in s, and j is the imaginary unit, j = √(−1).

The complex conjugate Â� of the number Â ¼ A � ej xtþuað Þ is equal to

Â� ¼ A � e�j xtþuað Þ ¼ A � cos xtþuað Þ � jA � sin xtþuað Þ ðA:2:4Þ

By introducing a complex number Ẑ, such that ImfẐg ¼ 0:

Ẑ ¼ Âþ Â�

2
¼ A

ej xtþuað Þ þ e�j xtþuað Þ

2
ðA:2:5Þ

one can express the real component a(t) = A cos (ωt + φa) of the complex number
Â ¼ A � ej xtþuað Þ as

a tð Þ ¼ A cos xtþuað Þ ¼ Re Ẑ

 � ¼ Ẑ ðA:2:6Þ

which means that a time function a(t) = A cos (ωt + φa) is identical to a sum of two
complex conjugates, the arguments of which are functions of time.

Introduce now a complex number D̂, such that Im D̂

 � ¼ 0:

D̂ ¼ Â� Â�

2j
¼ �jA

ej xtþuað Þ � e�j xtþuað Þ

2
ðA:2:7Þ

The imaginary component of the complex number Â ¼ A � ej xtþuað Þ is equal to
the real component of D̂, because

Fig. A.5 Representation of real numbers A cos(ωti + φa) and A sin(ωti + φa) at a time instant
t = ti by means of complex conjugates Â ¼ A � ej xti þuað Þ and Â� ¼ A � e�j xti þuað Þ
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A sin xtþuað Þ ¼ Â� Â�

2j
¼ �jA

ej xtþuað Þ � e�j xtþuað Þ

2
¼ Re D̂


 � ¼ D̂ ðA:2:8Þ

Since

1
j
¼ �j ¼ e�jp2 ðA:2:9Þ

i.e., division through j is identical to the rotation for −π/2, one can further write

A sin xtþuað Þ ¼ A � e�jp2
ej xtþuað Þ � e�j xtþuað Þ

2
¼ A � e

j xtþua�p
2ð Þ � e�j xtþua þ p

2ð Þ
2

ðA:2:10Þ

Graphical interpretation of previous results in the complex plane ( ) at a
time instant t = ti is shown in Fig. A.5. As opposed to vectors, which are charac-
terized by their magnitude and direction in space, complex numbers have no
direction in the complex plane. Therefore, the usage of arrow for complex numbers
is inappropriate. Instead, the bold dot symbol is employed in order to indicate the
position of a complex number in the complex plane.

One should note that the argument of the complex number Â ¼ A � ej xti þuað Þ is
proportional to time. This property can be interpreted as rotation in the complex
plane at an angular frequency ω in mathematically positive direction, as shown in
Fig. A.5. The same is valid for its conjugate Â� ¼ A � e�j xti þuað Þ, which rotates at
the same angular frequency ω, but in mathematically negative direction.

The sum of a complex number and its conjugate, rotating in opposite directions,
is a real number which pulsates at an angular frequency ω.

Fig. A.6 Complex number Â ¼ A � ej xti þuað Þ at a time instant t = ti represented as a sum of its
components A cos φa and A sin φa along two perpendicular axes
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This very interesting property of mathematical objects has a well-known analogy
in physics, stating that a pulsating field is equal to the sum of two fields with same
amplitudes, rotating in opposite directions.

For the purpose of simplicity it is usual in electrical engineering to represent a
time function A cos (ωt + φa) in the complex plane with a single complex number
A � ej xti þuað Þ, i.e., without its complex conjugate. A consistent representation,
however, requires a complex number and its conjugate for a single time function.

The complex number Â ¼ A � ej xti þuað Þ can further be expressed as

Â ¼ A � ej xti þuað Þ ¼ A � ejxt � ejua ¼ A � cosua � ejxt þA � sinua � ej
p
2 � ejxt
ðA:2:11Þ

the graphical interpretation of which at a time instant t = ti is shown in Fig. A.6.

Complex number Â ¼ A � ej xti þuað Þ can be resolved into two complex numbers
perpendicular to each other with absolute values A � cosua and A � sinua, ua being
the angle between the original complex number and one of the axis of resolution.

Addition and subtraction in the complex plane follows identical rules as addition
and subtraction of vectors in space. This can be illustrated by means of another
time-dependent quantity b(t) defined as

b tð Þ ¼ B cos xtþubð Þ ðA:2:12Þ

or by means of complex conjugates B̂ and B̂�

Fig. A.7 Sum of two real numbers a(t) = A cos(ωti + φa) and b(t) = B cos(ωti + φb) at a time
instant t = ti represented as a sum of complex conjugates Ŝ ¼ S � ej xti þusð Þ and Ŝ� ¼ S � e�j xti þusð Þ
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b tð Þ ¼ B̂þ B̂�

2
¼ B

ej xtþubð Þ þ e�j xtþubð Þ

2
ðA:2:13Þ

The sum s(t) of a(t) and b(t) is equal to

s tð Þ ¼ S cos xtþusð Þ ¼ a tð Þþ b tð Þ ¼ ejxt
Aejua þBejub

2
þ e�jxt Ae

�jua þBe�jub

2
ðA:2:14Þ

The first term of the sum s(t) in Eq. A.2.14 rotates with an angular frequency ω
in positive direction. The second term, its complex conjugate, rotates with the same
angular frequency ω in negative direction. The complex sum

Aejua þBejub ðA:2:15Þ

is evaluated by adding real and imaginary components separately from each
other, following rules for vector addition along orthogonal axis and . The
same is valid for the sum of complex conjugates

Ae�jua þBe�jub ðA:2:16Þ

as shown in Fig. A.7.
The analogy between operations on complex numbers and spatial vectors is

limited to addition and subtraction only. In case of multiplication and division,
completely different rules are valid for spatial vectors than for complex numbers.
The result of multiplication of two complex numbers is a complex number again,
which can be represented in the complex plane. The result of multiplication of two
spatial vectors is either a scalar, or a vector perpendicular to the plane defined by the
two multiplicands. In the latter case the product of two spatial vectors is not defined
in the plane created by the two vectors. Furthermore, the division of two spatial
vectors is not defined, whereas the quotient of two complex numbers is again a
complex number.

Consider now the product p(t) of two time-dependent real quantities u(t) and
i(t) defined as

p tð Þ ¼ u tð Þ � i tð Þ ¼ U
ffiffiffi
2

p
cos xtð Þ � I

ffiffiffi
2

p
cos xt � uð Þ ¼

¼ U � I � cosuþ cos 2xt � uð Þ½ � ¼ U � I � cosu � 1þ cos 2xtð ÞþU � I � sinu � sin 2xt
ðA:2:17Þ

and graphically represented in Fig. A.8. The product p(t) can be interpreted as
instantaneous power in an AC circuit with voltage u(t) and current i(t). As known,
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the instantaneous power pulsates with an amplitude of S = U � I (apparent power)
around the average value P = U � I � cos φ = S � cos φ (active power). By further
decomposition of the product u(t) � i(t), one obtains that the instantaneous power is
equal to a sum of the component U � I � cos φ multiplied by (1 + cos 2ωt) and
Q = U � I � sin φ (reactive power) multiplied by sin 2ωt.

One should note in Fig. A.8 that the term V � I � cos φ cos 2ωt leads the term
V � I � sin φ � sin 2ωt for an angle of π/2.

The result of multiplication of u(t) and i(t) can be as well represented in the
complex plane, in which p(t) can be written in terms of complex numbers

U
_ ¼ U

ffiffiffi
2

p � ejxtand U
_ �

¼ V
ffiffiffi
2

p � e�jxt, as well as Î ¼ I
ffiffiffi
2

p � ej xt�uð Þ and Î� ¼
I

ffiffiffi
2

p � e�j xt�uð Þ standing for u(t) and i(t), respectively, as

p tð Þ ¼ U
ffiffiffi
2

p ejxt þ e�jxt

2
I

ffiffiffi
2

p ej xt�uð Þ þ e�j xt�uð Þ

2
¼

¼ S
2

ej 2xt�uð Þ þ e�j 2xt�uð Þ þ eju þ e�ju
h i ðA:2:18Þ

Fig. A.8 Product of two trigonometric functions u(t) = U√2 cosωt and i(t) = I√2 cos(ωt − φ) and
its components in time domain
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Complex numbers Û ¼ U
ffiffiffi
2

p � ejxt and Î ¼ I
ffiffiffi
2

p � ej xt�uð Þ, along with their
conjugates Û� ¼ U

ffiffiffi
2

p � e�jxt and Î� ¼ I
ffiffiffi
2

p � e�j xt�uð Þ, rotate in the complex plane
with angular frequencies ω and −ω, respectively, with the center of rotation at the
origin of the complex plane, as shown in Fig. A.9.

The product p(t) has a constant real termP:

P ¼ S
eju þ e�ju

2
¼ S cosu ðA:2:19Þ

and two complex conjugates which rotate at twice the angular frequency 2ω in
opposite directions

S
ej 2xt�uð Þ þ e�j 2xt�uð Þ

2
¼ S cos 2xt � uð Þ ðA:2:20Þ

Fig. A.9 Product of two trigonometric functions u(t) = U√2 cosωt and i(t) = I√2 cos(ωt − φ) and
its components in the complex plane at time instant t = ti
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The product p(t) can be represented in the complex plane in Fig. A.9 as a sum of
steady (DC) component S cosu on the real axis and two complex conjugates,
Ŝ ¼ S=2 � ej 2xt�uð Þ and Ŝ� ¼ S=2 � e�j 2xt�uð Þ, which rotate around the point P on the
real axis with coordinates (S cos φ; 0) at angular frequencies 2ω and −2ω,
respectively. Each of the complex conjugates carries 50 % of the pulsating com-
ponent of power U � I � cos(2ωt − φ) and can be resolved into two components
perpendicular to each other.

The two pulsating components of power can be represented in terms of the
power triangle as shown in Fig. A.10.

The projection of Ŝ ¼ S=2 � ej 2xti�uð Þ to an axis rotating at an angular frequency
2ω and leading for an angle φ is equal to P=2 � ej2xti ; the projection of Ŝ ¼
S=2 � ej 2xti�uð Þ to an axis lagging for an angle π/2 – φ is equal to Q=2 � ej 2xti þ p

2ð Þ,
since P ¼ S cosu and Q ¼ S sinu.

Similarly, the projection of Ŝ� ¼ S=2 � e�j 2xti�uð Þ to an axis rotating at an angular
frequency of −2ω and leading for an angle φ is equal to P=2 � e�j2xti , and to an axis

lagging for an angle π/2 − φ to Q=2 � e�j 2xti þ p
2ð Þ, since Q ¼ S sinu. The phase

shift between the complex numbers P=2 � e�j2xti and Q=2 � e�j 2xti þ p
2ð Þ is π/2, as

already illustrated in the time domain, see Fig. A.8. One should note that lagging
position between two complex numbers rotating with positive angular frequency
means leading position for negative angular frequency and vice versa.

In an absolutely symmetrical m-phase system with voltages

Fig. A.10 Constant and pulsating components of power in the complex plane at t = ti
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uj tð Þ ¼ U
ffiffiffi
2

p
cos xt � j� 1ð Þ 2p

m

� 	
; j ¼ 1; 2; 3; . . .; m ðA:2:21Þ

and currents

ij tð Þ ¼ I
ffiffiffi
2

p
cos xt � j� 1ð Þ 2p

m
� u

� 	
; j ¼ 1; 2; 3; . . .; m ðA:2:22Þ

the instantaneous power is equal to

p tð Þ ¼
Xm
j¼1

uj tð Þ � ij tð Þ ¼
Xm
j¼1

U � I � cosuþ cos 2xt � 2 j� 1ð Þ 2p
m

� 	 �
ðA:2:23Þ

or

p tð Þ ¼ P ¼ m � U � I � cosu ðA:2:24Þ

Instantaneous power in a symmetrical m-phase system is time invariant, as
shown in Fig. A.11.

A symmetrical m-phase system acts in terms of power consumption identically
as a resistor fed from a DC source, as shown in Fig. A.12. The conclusion that the
total instantaneous power in a symmetrical m-phase system is constant is not
contradictory to the fact that the power pulsates in each phase with twice the supply
frequency. One should keep in mind that the total instantaneous current in a
symmetrical m-phase system is also constant (and equal to zero), independent of
how large are the phase currents.

Fig. A.11 Instantaneous power in a symmetrical m-phase system
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Graphical interpretation of power in a symmetrical three-phase system is shown
in Fig. A.13, in which power components in all three phases are shown along with
the resulting power 3P, with P denoting the active power in one phase. The sum of
power components in separate phases for both positive (solid) direction and neg-
ative (dashed) direction of rotation is equal to zero at each time instant.

Very often, sinusoidal quantities are represented only with complex numbers
rotating at positive angular frequencies and named phasors, as shown in
Fig. A.14a. The description phasor is redundant, because it is nothing but a
complex number. As such, it does not carry any information more than a complex
number, and therefore, will not be used.

Sinusoidal voltage and current in Fig. A.14a are real numbers, which, accord-
ingly, can be represented only on real axis in the complex plane. There exists no
correct physical interpretation for the voltage and current components on imaginary
axis in Fig. A.14a.

Fig. A.12 Comparison between instantaneous power in a symmetrical m-phase system and in a
DC circuit

Fig. A.13 Instantaneous power in a symmetrical three-phase system and its components in the
complex plane
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The only consequent way to represent a real current or voltage in the complex
plane is to express them as sums of two complex conjugates, in which case their
imaginary components are equal to zero, as shown in Fig. A.14b. If the real current
or voltage is a periodical function of time, the two complex conjugates representing
them rotate in the complex plane in opposite directions at the same angular
frequency.

Correct representation of periodical quantities in the complex plane becomes
extremely important in applications related to rotating field electric machines,
where the physical rotation of windings and fields is often confused with fictitious
rotation of a complex number in the complex plane. By focusing exclusively on
rotation in the complex plane in positive direction, a false impression is obtained
that the positive direction of rotation of complex numbers representing machine
currents and voltages coincides with physical direction of rotation of the rotor.
Neither do the complex numbers representing AC voltages and currents rotate in the
machine (r, φ) plane, nor does the rotor along with its windings, air gap MMF, and
flux density distributions rotate in the complex plane.

(a)

(b)

Fig. A.14 Time-dependent periodical functions in the complex plane: incomplete (a) and com-
prehensive (b) presentation
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A.3 Power Factor

Power factor of a rotating field machine is an important parameter which not only
stands for the level of magnetic energy absorbed or generated by the machine, but
also has a strong influence on its I2R losses. A machine with poor power factor
requires an additional component of current in order to build the magnetic field,
which increases the stator copper losses.

The only rotating field machine that can generate magnetic energy is the wound
rotor synchronous machine. All other machine types, including a permanent magnet
machine, require magnetic energy from an external source in order to operate
properly at rated point. Consequently, the only machine that can have rated power
factor equal to 1 and, therefore, minimum stator copper losses, is the wound rotor
synchronous machine.

A.3.1 Field MMF Necessary to Operate Wound Rotor
Synchronous Machine at a Given Power Factor

The bottleneck of a wound rotor synchronous machine is its field winding, which
on the one hand has to provide the MMF necessary to operate the machine at a
given power factor cos φ lagging and, on the other hand, has to be properly cooled
in order to keep its temperature within the limit for a given insulation class. The
field winding ampere-turns have to override the stator MMF due to armature
reaction, so that the rated field current if,r is typically up to three times larger than
the no-load field current i0, resulting in up to nine times larger rotor i2R losses at
rated point than at no load.

(a) (b)

Fig. A.15 Voltage (a) and MMF (b) diagram of a cylindrical rotor synchronous machine
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The ratio between the field and armature MMF at rated point of a wound rotor
synchronous machine can be determined on the basis of its voltage and MMF
diagram, as shown in Fig. A.15.

Ef in Fig. A.15 denotes the excitation voltage, Er the induced voltage, Xaσ the
stator leakage reactance, and Xs the synchronous reactance. The factor Kc stands for
the no-load short-circuit ratio S.C.R., u for p.u. rated voltage, i for p.u. rated current,
xaσ for p.u. stator leakage reactance, Θa for the armature MMF, and Θ′f for the field
MMF referred to one stator phase. Based upon the two diagrams in Fig. A.15, one
can further write

U � wa � fwa
Xs � Xar

¼
U
Ia

Xs
� wa � fwa � Ia � Xs

Xs � Xar
¼ u

i
� Kc � 1þ xarð Þ ðA:3:1Þ

as well as

Ef � wa � fwa
Xs � Xar

¼ H0
f ðA:3:2Þ

Using the MMF diagram in Fig. A.15b, one can express the ratio between the
(referred) field and armature MMF as

Fig. A.16 Ratio between field and armature MMF necessary to operate a synchronous machine
with a given short-circuit ratio Kc at rated current and voltage and phase shift φ between them
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H0
f

Ha
¼ 1þ xarð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ u

i
Kc

� �2
þ 2

u
i
Kc sinu

r
ðA:3:3Þ

whereas at the rated point, i = 1, u = 1, one can write

H0
f

Ha
¼ 1þ xarð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þK2

c þ 2Kc sinu
q

ðA:3:4Þ

The ratio between field and armature MMF as a function of the short-circuit ratio
Kc and phase shift φ for various values of xaσ and at u = 1 p.u., i = 1 p.u. is shown
in Fig. A.16. As expected, one needs a field MMF stronger than the armature
MMF in order to operate a synchronous machine at a given lagging power factor.

A.3.2 Power Factor and Magnetic Energy Demand
of a Permanent Magnet Synchronous Machine

Permanent magnets are widely used in synchronous machine because they provide
air gap flux without dissipating field I2 R losses. At first sight, this might look as an
advantageous property as compared to a wound rotor machine. However, after
taking a closer look to physical relationships in a permanent magnet machine, one
comes to a quite opposite conclusion.

Usually, the magnet dimensions and magnetic properties are such that the
induced voltage at rated speed is equal to the machine rated voltage, in which case
the power factor at rated operating point must be leading and, obviously, less than
one. This can be easily justified by means of the machine operating chart, as shown
in Fig. A.17.

In Fig. A.17, the area within which a regular wound rotor machine can operate is
denoted gray. The dashed circle with center at point (−1/xs p.u.; 0) and a radius of
1/xs p.u. denotes 1 p.u. excitation (i.e., the no-load voltage) and represents a per-
manent magnet machine. Operating point of a permanent magnet machine slides
along the circle of constant no-load voltage denoted by PM. As shown in Fig. A.17,
the maximum power of a permanent magnet excited machine, Pmax,PM, is propor-
tional to the reciprocal of the p.u. synchronous reactance xs p.u..

Rated power factor cos φr,PM of a permanent magnet synchronous machine
depends on machine topology. It can be as low as 0.7 leading, as is the case in
tooth-wound machines, where the high synchronous reactance is a consequence of
an excessive air gap leakage flux.
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Rated power factor cos φr determines the amount of stator copper losses PCu,S,r as

PCu;S;r ¼ 3I2r RS ¼ RS

X2
rU

2
r

� M2
r

cos2 ur
ðA:3:5Þ

with Mr denoting the rated torque at the rated mechanical angular speed Ωr.
In order to find the ratio between stator copper losses of a PM and wound rotor

synchronous machine for the same rated torque and active volume, one should first
determine the ratio between the fundamental components of permanent magnet and
wound rotor current sheet, APM and AWR, respectively.

APM

AWR
¼ BWR cosWWR

BPM cosWPM
ðA:3:6Þ

with BWR standing for the wound rotor and BPM for permanent magnet machine air
gap flux density. ΨPM is the spatial angle between fundamental components of
stator current sheet and rotor flux density in a permanent magnet machine and ΨWR

ditto for a wound rotor machine. Whereas ΨWR can be varied by changing the
amount of field current, ΨPM at rated point is constant and can be determined by
using the MMF diagram in Fig. A.15b extended for the fundamental of armature
current sheet Aa, as shown in Fig. A.19.

Based upon the MMF and current sheet diagram in Fig. A.18, one can express
the cosine of angle ΨPM as

Fig. A.17 Simplified operating chart of a wound rotor synchronous generator (gray area) and
permanent magnet generator (dashed circle). IWR(Pmax,WR) denotes the wound rotor machine
armature current at the point of maximum power of wound rotor machine and IPM(Pmax,PM)
(shown dashed in figure) the permanent magnet machine armature current at the point of maximum
power of permanent magnet machine. IPM(Pmax,WR) is the permanent magnet machine armature
current necessary to produce the same maximum power as the wound rotor machine. Pmax,PM is the
maximum power of the PM machine in p.u., and φr,PM denotes its rated power factor
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cosWPM ¼
u
i Kc cosuPMffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ u
i Kc

� �2 þ 2 u
i Kc sinuPM

q ðA:3:7Þ

Keeping the machine dimensions constant, current sheet is proportional only to
the current. Therefore, the ratio between stator current losses in a permanent magnet
and wound rotor machine is proportional to the square of the ratio between the
amplitudes of current sheet in Eq. A.3.6, or

Fig. A.18 Relationship between fundamental components of MMF and current sheet in a syn-
chronous machine

Fig. A.19 Ratio between stator copper losses in a permanent magnet PCuSt,PM and wound rotor
PCuSt,WR machine with equal rated torques and active volumes as a function of the short-circuit
ratio Kc and stator current phase shift at rotor temperature of 20 °C. Typical stator current angle of
a permanent magnet machine is 30° leading. The air gap flux of permanent magnet machine is only
about 2/3 of the air gap flux of the wound rotor machine, as discussed in Chap. 1
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PCuSt;PM

PCuSt;WR
¼ 1þ u

i Kc
� �2 þ 2 u

i Kc sinuPM

u
i Kc cosuPM

� �2 BWR cosWWR

BPM

� �2

ðA:3:8Þ

In Fig. A.19 the ratio between stator copper losses in a permanent magnet and
wound rotor machine with equal rated torques and active volumes as a function of
the short-circuit ratio Kc and stator current phase shift at 20° C rotor temperature is
presented. Already at this low rotor temperature, a permanent magnet machine can
dissipate an order of magnitude of higher stator copper losses than a wound rotor
synchronous machine, depending on the combination of machine parameters Kc and
cos φrated.

The most rotors of synchronous machines are built with insulation materials in
the class F, but operated in the class B (120° absolute temperature) in order to
extend its service life. Considering temperature coefficient of −0.12 %/K for
remanent flux density and intrinsic coercive force, one obtains the ratio between
stator copper losses in a permanent magnet and wound rotor machine with equal

rated torques and active volumes at 120° rotor temperature as shown in Fig. A.20.
A permanent magnet machine having the same volume as, and operating in the

thermal environment of a wound rotor machine dissipates several times higher
stator copper losses, due to:

– Incapability of permanent magnets to generate additional ampere-turns needed
to compensate armature reaction and

Fig. A.20 Same as in Fig. A.19, however, at rotor temperature of 120 °C. The loss of magne-
tization of permanent magnets at field winding rated temperature results in a significant increase of
stator copper losses and makes permanent magnet machines fully non-competitive to a field wound
machine
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– Loss of magnetization of permanent magnets at normal operating temperatures
of contemporary electric machines.

For example, a permanent magnet machine with Kc = 1 and rated power factor
cos φ = 0.866 dissipates 3.87 times more stator copper losses than a wound rotor
machine at a field winding temperature of 120 °C. This means that the field winding
of a wound rotor machine placed in the same geometry as the permanent magnet
rotor may dissipate 3.87 – 1 = 2.87 times the losses of the armature winding if both
machines should have the same efficiency and operate at the same temperature.

A.3.3 Power Factor of an Induction Machine—The Influence
of the Number of Machine Poles

As shown in Chap. 4, the main inductance of a winding can be expressed as

Lgap;cyl;1 ¼ 16
p2

p
l0laxsp

d
w2f 2w;1

with w denoting the number of turns per pole

w ¼ wPh

2p
ðA:3:9Þ

and wPh denoting the number of in-series connected turns per phase.
A symmetrically fed, symmetrically built m-phase machine has a main inductance
per phase due to fundamental harmonic of MMF Lmain

Lmain ¼ m
p
l0Dlax
dp2

wPhfw;1
� �2¼ Lmain;1

p2
ðA:3:10Þ

with Lmain,1 denoting the main inductance due to fundamental harmonic in a 2-pole
machine (p = 1). Leakage inductance of one phase can be expressed as

Lr ¼ l0laxw
2
Ph �

m
N
k ðA:3:11Þ

with m denoting the number of phases, N the number of slots, and λ the specific
leakage permeance.

Keeping machine dimensions and winding parameters constant, one can draw
the equivalent circuit of an induction machine as a function of the number of pole
pairs p in the manner shown in Fig. A.21. Whereas leakage reactances are inde-
pendent of the number of pole pairs p, the main reactance decreases as p increases
because of an increasing air gap reluctance.

Real and imaginary components of impedance of the equivalent circuit in
Fig. A.21 can be expressed as
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Power factor cos φ is now

cosu ¼ Re Ẑ

 �
Ẑ
�� �� ðA:3:14Þ

Case Study A.1 A 320 kW, 6 kV, and 2-pole squirrel cage induction machine
has the following equivalent circuit parameter: R1 = 0.798 Ω, X1,σ = 8.7 Ω,
R′2 = 0.75 Ω, X′2,σ = 0.75 Ω, Xmain,1 = 465.5 Ω, and RFe = 3658 Ω. The depen-
dence of its power factor on slip is shown in Fig. A.22.

If the machine is wound as a four pole with identical parameters as the original
two-pole one, its power factor decreases in the manner shown in Fig. A.22.

Fig. A.21 Equivalent circuit of an induction machine. Only the main reactance is a function of the
number of pole pairs
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A.4 Efficiency

Although machine efficiency is a function of numerous parameters, there exists a
scaling law for a given cooling art and construction practice, which shows a clear
dependence of efficiency on the machine rated power.

Machine electrical losses generated in the active volume V are transferred to the
cooling medium on its heat exchange surface S. If the cooling art and insulation
class remain unchanged, the heat transfer coefficient remains the same and the
losses taken from the heat exchange surface are proportional to its area

Ploss � S� x2 ðA:4:1Þ

with x denoting the machine’s linear dimension.
Rated torque and rated power (considering rotational speed constant) are pro-

portional to the machine volume

Prated �V � x3 ðA:4:2Þ

On the other hand, one can write

Ploss ¼ 1� gð ÞPrated ðA:4:3Þ

Substituting expressions A. 4.1–4.2 in A.4.3, one obtains

g ¼ 1� c
1ffiffiffiffiffiffiffiffiffiffi
Prated

3
p ðA:4:4Þ

with calibrating constant c being evaluated for a given cooling art.

Fig. A.22 Power factor as a function of slip of a squirrel cage induction machine built as a 2-pole
(curve above) and as a 4-pole (curve below)

458 Appendix



Case Study A.2 The squirrel cage induction machine in Case Study A.1 has a
rated efficiency of 91 %.

Taking for Prated in Eq. A.4.4 1 p.u., one can determine the constant cIM

cIM ¼ 1� gð Þ ffiffiffiffiffiffiffiffiffiffi
Prated

3
p ¼ 0:09

A low-speed permanent magnet wind generator 3200 kW, 690 V, and
φrated = −34° (leading), 12.75 rpm has a rated efficiency of 93.2 %. The constant
cPM in Eq. A.4.4 is

cPM ¼ 1� gð Þ ffiffiffiffiffiffiffiffiffiffi
Prated

3
p ¼ 0:068

The efficiency curve as a function of rated power of similarly built squirrel cage
and permanent magnet machines is shown in Fig. A.23. In the whole power range
from Prated,IM = 320 kW to Prated,PM = 3200 kW, the efficiency of the squirrel cage
induction machine is superior to the efficiency of the permanent machine due to
drawbacks of permanent magnet excitation.

Fig. A.23 Efficiency curve of a squirrel cage induction machine and a permanent magnet machine
in a given power range
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A
Adiabatic, 20, 23
Air cooling, 379
Air gap flux density distribution, 70
Air gap inductance, 229
Air gap leakage inductance, 232
Air gap MMF, xi
Air gap permeance, 70, 79, 106, 219
Air gap width

constant, 328
variable, 332

Ampère’s circuital law, 8, 309
Apparent rotational thrust, 418
Apparent synchronous reactance, 249
Apparent synchronous resistance, 249
Armature reactance MMF, 427

B
Bernoulli, 14
Bessel function, 405
Biot-Savart, 307
Biot-Savart law, 367, 264, 265
Boundary conditions, 7
Broken cage, 181

C
Carter factor, 70, 427
Carter factor (axial), 76
Centrifugal flow, 384
Centripetal flow, 384
Charge density, ix
Circulating current, 300
Circumferential coordinate, 57
Class of insulation, vii, 40, 379
Claw pole synchronous machine, 214
Coil pitch, 50
Coil pitch factor, 59

Complex circumferential space, 120
Concentric winding, 50
Conduction, 15
Continuity equation, 173, 177
Convection, 15
Cooling

external, 378
natural, 378
self, 378

Cooling system
closed, 378
open, 378

Cooling type, 16
Correction factor for hydraulic resistance, 15
Critical conductor height, 273
Current density, viii, 269
Current sheet, 55, 329, 425
Cylindrical rotor machine, the inductance of,

231

D
Damper winding, 428
Displacement current, viii
Distributed winding, 51
Double layer windings, 48, 297
Double-slotted air gap, 107
Doubly fed polyphase machine, 341

E
Eccentric air gap, 79, 358
Elasticity of approximation, 211
Electrical charge, viii
Electrical current, viii
Electrothermal conductance, 20
End winding, 13, 26, 228, 264
Euler, 121
Even harmonics of MMF, 97
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Evoked harmonics of MMF, 93
Evolvent, 228
Excitation efficacy, 115

F
Fan curve, 385
Fan, radial, 379
Fans, axial, 379
Faraday’s law, vii, 25, 268
Faulty synchronization, 339
Ferromagnetic cylinder, 313
Flux density, 329
Flux tube, 206
Force, on a current-carrying conductor, 318
Formed coils, 301
Form wound coils, 228
Fractional slot winding, 48, 69, 161
Friction factor, 380
Fundamental pole, 48, 161

G
Gibb’s phenomenon, 127

H
Harmonic inductance, 231
Heat resistance, 394
Heat stoage capability, 402
Heat transfer, 15
Heat transfer coefficient, 15, 380, 458
Helmholtz, 32
High energy density permanent magnets, 30
Hollow conductor, 281
Homopolar flux, 77
Hot spot, 2, 22
Hunting, 338
Hydraulic resistance, 14, 380
Hydraulic resistance network, 387
Hydrogen cooling, 379

I
Induced voltage, 156
Integer slot winding, 48
Interturn fault, 192
Iterative solution procedure, 210

K
Kepler, 139
Kinematic viscosity, 39, 382

L
Lap winding, 51
Liquid cooling, 378
Looping of a coil, 301
Loss density, 274

Losses, 379
Lundell alternator, 195

M
Magnetic energy, 233, 318
Magnetic equivalent circuit (MEC), 77, 220,

425
Magnetic field strength, viii
Magnetic gears, 106
Magnetizing current, 416
Maxwell, viii
Millikan-Fletcher experiment, viii
Mixed layer winding, 54
Mixed slot, 294
MMF, 55
Monoslot, 295
Multi turn coil, 298
Mutual inductance, 256

N
Necessary condition for generation of pure

electromagnetic torque, 332
Nibrofor, 189
Node potential equations, 393
Normalized conductor height, 273

O
Ohm's law, xi
Orthogonal functions, 431

P
Permanent magnets, 28, 218, 315, 452
Phasor, 448
Pitch factor for slot harmonics, 103
Poisson’s equation, 390
Pole pitch, 57
Pole symmetry, 65
Pressure, 320
Pressure drop, 380
Pressure loss coefficient, 380

end winding, 384
Principal pole, 160
Proximity effect

one- dimensional, 289
Pull out slip, 415
Pull out torque of an induction machine, 411
Pulsating magnetic field, 3

R
Radial force, 327
Radiation, 15
Random wound coils, 46
Rated power, vii, 379
Rated torque, 379
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Reluctance machine, 250
Resistance

squirrel cage, 422
winding, 422

Reynolds number, 38, 380
Ringland bar, 306
Roebel bar, 306
Rotating coil(s), 122
Rotating magnetic field, 3
Rotational harmonics of concatenated flux, 250
Rotor eccentricity, 79, 356
Roughness

coefficient of, 380

S
Saliency ratio, 238, 245
Salient pole machine, 85, 90, 94
Salient pole rotor, 236
Salient poles, 356
Saturation, 117, 311
Scalar magnetic potential, 197
Self-inductance of a coil, 235
Sequence

negative, 124
positive, 124

Shear force, 319
Sheet separation, 324
Short-circuit ratio, 425
Short circuit reactance, 418
Short turn, 65
Single layer winding, 48, 295
Single-phase induction machine, 353
Single-phase synchronous machine, 351
Single-slotted air gap, 87
Single tooth winding, 160
Skewing, 103
Skewing factor, 104
Skin depth

for current density, 270
for loss density, 274

Skin effect, 268
Slot fill factor, 45, 423
Slot harmonics, 48, 59, 74, 93, 103, 105, 147,

332
Slot leakage inductance, 260
Slot-opening factor, 58
Slot pitch, 72, 75
Slotting, 356
Sourcelessness of magnetic field, 196
Spatial harmonics, 56
Specific electric resistance, 17
Specific heat, 39, 403
Squirrel cage, 134, 171

Squirrel cage machine, 258
Standing wave, 3, 124
Stationary coil, vii
Stefan–Boltzmann law, 16
Strand, 297
Subharmonic, 163
Sufficient condition for electromechanical

energy conversion, 332
Superconducting coils, 31
Synchronous reactance, 425

T
Tangential force, 328
Thermal conductivity, 39, 394
Thermal time constant, 402
Thin plate, 312
Tooth-wound machine, 45
Torque, 328

pulsating, 330
pure electromagnetic, 328
reluctance, 334, 357

Transient heating, 402
Transposition of strands, 306
Trapezoidal conductor, 288
Traveling speed of MMF harmonic, 124
Trivial condition for the generation of pure

electromagnetic torque, 332
Turbulence, 14
Twisted strands, 302

U
Unbalanced stator currents, 346
Unbalanced rotor flux, 350

V
V-curves, 34
Vector magnetic potential, 205
Voltage differential equations, 213
Volume flow rate, 14
Volumetric flow rate, 380

W
Wave winding, 51
Wiedemann–Franz law, 15
Willyoung bar, 306
Winding pitch, 49, 51

Y
Yoke wedges, 27

Z
Zone factor, 67
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