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Preface

The last decades have marked the beginning of a new era in Celestial Mechan-
ics. The challenges came from several different directions. The stability theory of
nearly—integrable systems (a class of problems which includes many models of Ce-
lestial Mechanics) profited from the breakthrough represented by the Kolmogorov—
Arnold—Moser theory, which also provides tools for determining explicitly the pa-
rameter values allowing for stability. A confinement of the actions for exponential
times was guaranteed by Nekhoroshev’s theorem, which gives much information
about the geography of the resonances. Performing ever-faster computer simula-
tions allowed us to have deeper insights into many questions of Dynamical Systems,
most notably chaos theory. In this context several techniques have been developed
to distinguish between ordered and chaotic behaviors. Modern tools for computing
spacecraft trajectories made possible the realization of many space missions, espe-
cially the interplanetary tours, which gave a new shape to the solar system with
a lot of new satellites and small bodies. Finally, the improvement of observational
techniques allowed us to make two revolutions in the sky: the solar system does
not end with Pluto, but it extends to the Kuiper belt, and the solar system is not
unique, but the universe has plenty of extrasolar planetary systems.

Cooking all these ingredients together with the classical theories developed from
the 17th to the 19th centuries, one obtains the modern Celestial Mechanics. In this
context the main goal of the CELMEC meetings, conferences which are held every
four years on Celestial Mechanics (which I have had the opportunity to co—organize
since 1993), is to bring together the analytical aspects (from perturbation theory
to stability analysis), the dynamics of the solar system and of stellar interactions,
flight dynamics for near-Earth and interplanetary missions.

In the light of these innovations, the aim of this book is to present some topics of
Celestial Mechanics, often adopting the point of view of Dynamical Systems theory.
The interplay between these two disciplines is definitely rich in exciting discoveries,
which lead to a better understanding of the dynamics of the solar system bodies,
like the stability of the N—body problem, the role of the resonances, the study of
rotational dynamics, etc. In this framework the first chapter is devoted to the
introduction of basic notions, like continuous and discrete systems, their linear sta-
bility, the definition of attractors and the discussion of some paradigmatic models,
both conservative and dissipative. The second chapter presents some numerical
tools, which are used to distinguish among the different kinds of dynamics. After
defining the Poincaré mapping we introduce the Lyapunov exponents and some
methods for computing the dimension of the attractors. We also review some re-
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sults concerning discrete time series, derived for example from experimental data.
Frequency analysis and the computation of the Fast Lyapunov Indicators have
been revealed to be extremely powerful tools for distinguishing between regular
and chaotic motions.

The third chapter is devoted to Kepler’s problem. We start by discussing ellip-
tic motion and we provide the solutions of the hyperbolic and parabolic dynamics.
After introducing the action—angle Delaunay variables, we discuss the two—body
problem with variable mass. In particular we are interested in Gylden’s problem
and its Hamiltonian formulation. The three-body problem is the content of the
fourth chapter. We introduce the planar, circular, restricted three-body problem;
in terms of the Delaunay variables this model is described by a nearly—integrable
Hamiltonian function, whose perturbing parameter represents the primaries’ mass
ratio. We also provide explicit formulae for the expansion of the perturbing func-
tion. The Hamiltonians of the elliptic and inclined cases are also presented. A
staging post is the derivation of the Lagrangian solutions and the discussion of
their stability. After dealing in full detail with the planar, circular, restricted case,
we pass on to examine the Lagrangian solutions in the elliptic, restricted model as
well as in the unrestricted case.

At this point we switch to rotational dynamics, which is the content of the
fifth chapter. Action—angle Andoyer—Deprit variables are introduced to describe
the free and perturbed rigid body motions, where the perturbation is due to the
gravitational attraction of a central mass. A simplified model is provided by the
spin—orbit problem in which it is assumed that the spin—axis, the body principal
axis and the orbit normal coincide. Moreover the orbit is assumed to be a Keplerian
ellipse. This problem is described by a one-dimensional, time—-dependent Hamilto-
nian system, which will be taken as the paradigmatic model in many sections of
the subsequent chapters. We also introduce a dissipative spin—orbit model, with
a dissipation varying linearly with the angular velocity. After a short discussion
of the motion of a satellite around an oblate planet and of the interaction within
two bodies of finite dimensions, we conclude with the description of the tether and
dumbbell satellite systems.

Perturbation theory is introduced in the sixth chapter; classical, resonant and
degenerate perturbation theories are discussed together with some examples, like
the computation of the precession of the perihelion or of the precession of the
equinoxes. Then we present the Birkhoff normal form around equilibrium positions
and closed trajectories. We conclude with an introduction to the averaging theorem.
The existence and fate of invariant surfaces is the content of the seventh chapter.
The Kolmogorov—Arnold—-Moser (KAM) theorem is proved in detail for the specific
case of the spin—orbit model of Chapter 5. Moreover we discuss the choice of the
frequency as well as a computer—assisted implementation. We also provide a review
of the applications of the theory to some models of Celestial Mechanics, both in
rotational dynamics and in the context of the three-body problem. We present a
numerical technique due to J. Greene for the computation of the breakdown thresh-
old of invariant tori and we shortly describe the existence of lower—dimensional tori.
Always taking the spin—orbit problem as a sample model, we provide a brief intro-
duction to a dissipative KAM theorem and to non—existence criteria of invariant
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tori, valid both in the conservative and in the dissipative settings. Finally we ded-
icate the last section to the discussion of cantori, which are the remnants of KAM
surfaces soon after their breakdown.

The eighth chapter is devoted to an introduction to the long—term stability
of nearly—integrable Hamiltonian systems. The long proof of Nekhoroshev’s the-
orem is summarized in some main steps, which should give a global idea of the
interplay between resonant and non-resonant motions. We also provide a review of
some applications of such theory to the three-body problem and to the stability
of the Lagrangian points. The determination of periodic orbits is the content of
the ninth chapter. The implicit function theorem is implemented to construct
periodic orbits for both the conservative and dissipative spin—orbit problems. We
also review some other methods, like the Lindstedt—Poincaré and KBM techniques,
as well as Lyapunov’s theorem to prove the existence of families of periodic orbits.

Finally, the tenth chapter deals with regularization theory. Precisely, the Levi-
Civita transformation is implemented to regularize collisions with one body in the
framework of the planar, restricted, circular, three-body problem. The regulariza-
tion of the spatial case is obtained through the Kustaanheimo—Steifel (KS) trans-
formation. Both Levi—Civita and KS regularizations are local techniques, since they
allow us to regularize collisions with one of the primaries. A global regularization
is attained through the implementation of the Birkhoff regularization procedure,
which concludes the last chapter.

A set of Appendices is included; they are not intended to be exhaustive of the
topics dealt with, but they are just a quick reference which definitely needs specific
literature for a complete coverage of each argument. Some astronomical data on
planets, dwarf planets and satellites are added, as Appendix G, for reference.

A remark on the notation. The following notation has been adopted throughout
the text:

— R and R denote, respectively, the set of real and positive real numbers;

— Z and Z . denote, respectively, the set of integer and positive integer numbers;
— N denotes the set of natural numbers;

— T denotes the standard one—dimensional torus;

— e denotes the orbital eccentricity;

— G denotes the gravitational constant (equal to 6.673 - 107! m®kg=!s2);

— the derivative with respect to time is, as usual, denoted with a dot, i.e. 7 = %.
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1 Order and chaos

The description of dynamical systems requires the preliminary definition of some
basic notions as described in this chapter, which introduces the language, the no-
tation and some enlightening examples. As a first step it is necessary to distinguish
between continuous and discrete systems (Section 1.1), as well as to discriminate
between stable and unstable motions (Section 1.2). Next we need to discern be-
tween conservative and dissipative dynamical systems (Section 1.3). In the latter
case we introduce the notion of attractors as well as of their basins of attraction
(Section 1.4).

These concepts are made clear by means of paradigmatic examples, like the
logistic map (Section 1.5), the standard mapping both in its conservative (Sec-
tion 1.6) and dissipative (Section 1.7) version, and Hénon’s mapping (Section 1.8).

1.1 Continuous and discrete systems

The description of a physical problem is usually given in terms of the variation with
time of a set of coordinates, which can be provided as continuous functions of time
or they can be given at discrete intervals of time. The corresponding dynamical
system is called continuous or discrete. To give a concrete example, let us think to
a flow of water from a tap. If the stream is constant and without interruptions, we
say that the flow is continuous as time goes on. On the other hand, if the water drips
we can assume that the system is discrete, since each drop leaks at some interval
of time. Having in mind this experimental description, a mathematical definition
of continuous or discrete systems is given as follows.
A continuous system is described by a differential equation whose solution is
a function of a quantity, the time, which varies continuously in the set of the real
numbers. The number of degrees of freedom of the system is the minimal number of
independent variables apt to describe the system. In general, a continuous system
with ¢ degrees of freedom is described by a set of differential equations of the type
= f(z), (1.1)

where z € Rf and f = (f1,..., f¢) is a vector function from R’ into itself. The sys-
tem is called autonomous whenever the vector function f does not depend explicitly
on time, otherwise it is called non-autonomous and it is described by differential
equations of the form

i=gla,t), (1.2)
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for some vector function g = (g1,...,g¢) from R*! to RY. The solution of (1.1) or
(1.2) at time ¢ with initial datum z;, is denoted by

r=uz(t;z,), tER.

An equilibrium point x = x, for the continuous system (1.1) is a solution of the set
of equations

f@o):Q-

A discrete system is described by a mapping whose evolution beats time according
to an iteration index running over the set of integer numbers. An ¢—dimensional
discrete system is represented by a set of equations of the form

£n+1 = i(in) ) ne N B (13)

where z,, € R and f = (fi1,..., f¢). Equation (1.3) provides the description of the
dynamics at the “discrete time” n + 1 as a function of the solution at step n; in
other words, the solution of the discrete system at step n with initial datum z is
given by the sequence z,, computed iterating the mapping (1.3) starting from z,.

Using an alternative notation which avoids indexing, the map (1.3) can be
equivalently written as

z' = f(z) (1.4)

(notice that the prime is used to denote the iterated point; elsewhere the prime will
be used for the derivative as it will be properly specified). In the following we will
equally use the notation (1.3) or (1.4) as describing the same dynamical system. A
fized point x = x, for the discrete system (1.4) is a solution of the equation

f(zy) =z -

Let us provide concrete examples of continuous and discrete dynamical systems. We
start by introducing the harmonic oscillator which is described by the continuous
system of two first—order differential equations

@121'2

iy = —wiry, (1.5)

where w is a real parameter. In compact form we can write (1.5) as £ = f(x),
where = (x1,72) and f(z) = (w9, —w?z1). The origin is an equilibrium point
being a solution of f(x) = 0. The system (1.5) can be equivalently written as the
second-order differential equation

T+ w2x1 =0,
whose solution is given by
x1(t) = Acos(wt + B)

for some real constants A and B depending on the initial conditions at ¢ = 0.
Indeed, if (x1(0),22(0)) denotes the initial position, then one obtains that
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X2

Fig. 1.1. Solutions of the harmonic oscillator with frequency w = 1/0.3 and for the initial
conditions (z1(0),z2(0)) = (1.33,0), (2.02,0), (2.81,0).

A = /z1(0)2 + %72)2 and B = arctan (— jjf?&) The solution in the (z1,z2)-

plane as the initial condition varies is provided by the ellipses shown in Figure 1.1
centered around the origin; the ellipses reduce to circles for w = 1.

An example of a discrete system is provided by the one-dimensional model
described by the linear map

Tnt+l = OTp +ﬁ 5

where a and [ are real parameters. When « = 0 any point is a fixed point. Let us
suppose that a # 0 and let f(z,) = ax, + 5; the fixed point of the mapping is the
solution of the equation f(z,) = x, which yields z = % For |a| < 1 the fixed
point is attracting, since any solution with initial condition different from x; will
tend to x; for |o| > 1 the fixed point is repelling, since any other solution with
initial condition different from z will move away from z. There are two cases

still to consider, namely « = 1 and & = —1. When a =1 the fixed point condition
f(zn) = x, yields 8 = 0, which means that the map reduces to the identity, namely
Tpy1 = Zn. For a = —1 whatever the initial point z¢ is, provided zg is different

from g, the trajectory is composed alternatively by x¢ and 8 — xg; in this case, one
speaks of a 2-cycle solution (for zy = g the trajectory reduces to the point xg). An
example of a k-cycle is obtained taking the mapping corresponding to f*, which
means to compose k times the mapping f.
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1.2 Linear stability

Let us consider the dynamical system described by the equation (1.1) with ¢ degrees
of freedom and let J be the Jacobian matrix defined as

of1 of1
811 e 6$1{
J=J(x)=Df(z) =
Ofe Ofe
Oxry "' Oxy

In the proximity of an equilibrium position = z, we refer to
y=J(z)y. yeR', (1.6)

as the linearized system. Let ¢y be the number of eigenvalues of J(z,) with zero
real part, £, be the number of eigenvalues with positive real part and ¢4 those with
negative real part.

Definition. The equilibrium position & = z, is called hyperbolic if ¢y = 0; it is
called an attractor if £, = £, a repeller if £,, = ¢ and a saddle if £,, and ¢, are both
strictly positive.

Near a hyperbolic equilibrium the dynamics of (1.1) is equivalent to that of the
linearized system (1.6) as stated by the following result [84,93]:

Hartman—Grobman theorem. Consider the dynamical system described by
(1.1) and assume that it admits a hyperbolic equilibrium position x,. In a suitable
neighborhood of z, the system (1.1) is topologically equivalent' to the linearized
system (1.6).

Let us now discuss the stability of an equilibrium position; we first introduce the
following definition of stability according to Lyapunov for a generic solution of the
system (1.1). To fix the notations, let || - | denote the distance function, e.g. the
Euclidean norm in RY.

Definition. The solution z, = z,(t) is said to be stable according to Lyapunov, if
for any € > 0 there exists § = d(¢) such that if ||z(to) — z,(to)]| < ¢ at the initial
time t = g, then ||z(t) — z,(t)|| < & for any t > to.

The solution is said to be asymptotically stable if, for ||z(ty) — z,(to)|| < 8, one has
lim, oo [l2(£) — 2,(8)] = 0.

When the solution coincides with an equilibrium point, its linear stability can be
inferred from the analysis of the eigenvalues of the Jacobian matrix; we denote by
(A1,...,Ar) the roots of the characteristic equation det(J — Al;) = 0 (I, is the
¢ x ( identity matrix) and we denote by v. € Rf j = 1,...,/, the eigenvector

j
associated to A;. Then, the solution of the linearized system can be written in

the form y(t) = Zﬁ:l ajyjekft for some real or complex coefficients «; which are
determined by the initial conditions.
Assuming for simplicity that ¢ = 2, the equilibrium is characterized as follows,

according to the nature of the eigenvalues A1, Ao:

! i.e., there exists a homeomorphism which conjugates (1.1) and (1.6).
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— if A1, Ao are real negative numbers, then the equilibrium is a stable node;

— if Ay, Ao are real positive numbers, then the equilibrium is an unstable node;

— if A1, A are real numbers with opposite signs, then the equilibrium is a saddle;

— if A1, A9 are complex numbers with negative real part, then the equilibrium is
a stable focus;

— if A1, A9 are complex numbers with positive real part, then the equilibrium is
an unstable focus;

— if A1, A9 are purely imaginary and non-zero, then the equilibrium is a center.

We next introduce the definitions of stable and unstable manifolds as well as those of
homoclinic and heteroclinic intersections (see, e.g., [80] for applications to Celestial
Mechanics). We denote by ®(¢; Z) the flow at time ¢ with initial condition Z, namely
the solution at time ¢ of (1.1) starting from z = Z.

Definition. Let z, be a saddle point and let ®(¢;z) be the flow at time ¢ with
initial condition z. The stable manifold W*(x) is the set of points which end-up
at z, i.e.

We(zp) ={z € R" : lim ®(tz) = 0} -

Analogously, we define the unstable manifold W*(z,) as the set of points which
tend to z, for negative times, i.e.
Wh(z,) = {z e R : Jim ®(t2) =z} -
— — 00
The intersection between W and W* is called a homoclinic point; if W* and W

belong to different equilibrium positions, then the intersection is called a hetero-
clinic point (see Figure 1.2).

Wix)

>

W(x1)

Fig. 1.2. Left: Stable and unstable manifolds of a homoclinic point. Right: An example
of heteroclinic intersections.

Let us briefly transpose the main definitions and results to discrete systems.
Consider the /—dimensional mapping

Zyppr = f(z,), neN, (1.7)

where z,, € R? and f=(f1,---, fr); let 24 be a fixed point and denote by J = J(x,)
the Jacobian matrix of f computed at z,. The linearized system is written as

gnH:Jgn, neN,

for Y, € RY.
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Definition. A fixed point z, of (1.7) is called hyperbolic, if the eigenvalues of
J = J(z,) are real and one of them has magnitude greater than one. A fixed point
x, is called elliptic, if the eigenvalues are complex with absolute value equal to one.
A fixed point z, is an attractor if the eigenvalues have magnitude less than unity
and it is a repellor if the magnitude is greater than one.

If fin (1.7) is defined on a space X with (X,d) being a metric space with
metric d : X x X — R, then the definition of stability according to Lyapunov of a
fixed point x, transposes as follows.

Definition. For any ¢ > 0, there exists § = d(¢) such that for any z € X with
d(zg,z) < 8, then d(f"(z,), f*(x)) < € for any n € N. The fixed point is asymp-

totically stable if lim,, oo d(f™(zy), f"(2)) = 0 whenever d(x,, z) < d.

Concerning the linear stability we proceed as follows. The general solution is a linear
combination of the form z,, = Zle ozjyj/\? for suitable coefficients a;, while v,
denote the eigenvectors. If A\;, 7 = 1,...,4, are the eigenvalues associated to the
Jacobian J, then the fixed point is linearly stable if [A\;| <1 forall j =1,...,¢ and
it is linearly unstable if for some j it is |A;| > 1.

1.3 Conservative and dissipative systems

Let us consider a continuous system described by the equations (1.1); qualitatively
we can say that the system is conservative, if the volume of the phase space is
preserved. The system is said to be dissipative if the volume contracts or expands
along the flow.

When the flow associated to the evolution of the system is interpreted as a trans-
formation from x to y representing the solutions at times t; and t,, say

z=z(t) »y=z(ta), (1.8)

then the volume of the phase space, denoted by V', changes according to the formula

/Vdg = /V|det(J)| dx , (1.9)

where J is the Jacobian of the transformation (1.8) and det(.J) is its determinant.
Writing (1.8) as y = h(z) for a suitable vector function h, one obtains that J coin-
cides with the Jacobian of h, say J = Dh(z). The dynamical system is conservative
if |det(J)] = 1, while it is contractive if | det(J)| < 1 and expansive whenever
|det(J)| > 1.

With reference to equation (1.1), let F,(z) = ®(¢;z) be the flow at time ¢ with
initial datum g; since {F,(z)}ter is a solution of (1.1), by definition one has

d
(@) = f(E(2)) ;
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differentiating with respect to x one obtains the variational equations

d

©DF,(x) = DJ(F,(x)) - DF(x) . (1.10)
Let J; = DF,(z) and A(t) = Df(F;(z)); then, J; = A(t) J,. According to Liou-
ville’s formula [93], denoting by Tr(A) the trace of the matrix A, one has

d
%(det(Jt)) = Tr(A(t)) - det(Jy) , where detJy=1. (1.11)
From (1.11) one finds det(J;) = eJo Tr(A()) ds and the system is said to be dissi-
pative and contractive if the phase space volume decreases with time, namely if
Tr(A(t)) <0 for any t > 0. If we set y = F';(x) in (1.9), we obtain .J; = J, so that
det(J;) = det(J). In particular, the system is conservative if det(J;) = 1.

An example of a dissipative system is provided by the damped pendulum described
by the equation
I+ ct +sinx = bcost ,

where ¢ is a positive real constant and b is a real constant. Let us write such
equation as the following system of three first—order differential equations:

T =y
y = —cy—sinx + bcost
t=1.
One readily obtains that
0 1 0
A(t) = —cosz(t) —c —bsint
0 0 0
with Tr(A(t)) = —c¢ < 0; the contraction rate is therefore represented by the

quantity
det(Jt) _ efot Tr(A(s))ds _ e—ct )

1.4 The attractors and basins of attraction

In the framework of dynamical systems theory a relevant concept is provided by
that of the attractor; qualitatively it is defined as the set toward which the dynam-
ical system evolves. A more precise definition is given as follows.

Definition. For a continuous flow ® : R xR — R’ associated to (1.1), the w-limit
set corresponding to the initial condition z is defined as the set

w(zy) = {z € R*: there exists a sequence {t,} — oo such that

P(tn;xy) — T asn — 0o} .
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For a mapping of the form (1.4), let {Li(g),i2(g), ...} be the orbit associated
to the initial position z according to the dynamics generated by f. The w-limit
set corresponding to the initial condition z is given by the accumulation points

{f"(zo)}, namely

w(zy) = {z € R’: there exists a sequence {n;} € Z

(strictly increasing) such that f™*(z,) — z as k — oo} .

An attractor is an w-limit set which has the property to attract a set with non—zero
measure of initial values [146]. We can now give the following qualitative definition
of basin of attraction.

Definition. Consider a continuous or discrete system which admits an attractor;
the corresponding basin of attraction is composed by the set of initial conditions
which tend to the attractor as time goes on (for continuous systems) or as the
number of iterations increases (for discrete systems).

In other words, the basin of attraction is the closure of the set of initial points
whose trajectory approaches the attractor asymptotically. An attractor is said to
be chaotic, when it shows sensitivity to the choice of the initial conditions. More
precisely, let us suppose that we observe two trajectories, initially very close to
each other. Following their evolution with time, we speak of extreme sensitivity to
the initial conditions, if the distance between the two trajectories increases expo-
nentially with time. In such a case it is impossible to make a long—term prediction,
since small uncertainties in the initial conditions are greatly amplified in a relatively
short time.

There exist different techniques for computing the basins of attraction. The most
intuitive is to select a sample of random initial conditions and to let them evolve
until they reach the attractor. It may happen that such a procedure requires a very
long computational time; henceforth, alternative techniques have been developed
in order to compute the basins of attraction using faster algorithms. To provide an
example, we mention a simple method, which is based on the following recipe [81].
Select a pair of points, say (P1, P»), where P is captured by the attractor, while
P; is observed to pass it. Having fixed a precision §, let P, and P, evolve, checking
that their distance remains smaller than ¢. Denote by Pl(j ), P2(j ) the iterated points
at step j; if their distance becomes greater than ¢, select a new position coinciding
with the point on the middle between Pl(j ) and PQ(j ), and let it replace Pl(j ) or Pg(j )
according to whether it evolves, or not, to the attractor. This procedure leads to
the delimiting of the boundary of the basin of attraction within the precision 9.

We remark that basin boundaries can be subject to bifurcations, called meta-
morphoses, as a system parameter passes through a critical value; in some cases,
such a transition can also take place between a smooth curve and a fractal bound-
ary [146].
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1.5 The logistic map

The logistic map is described by the non-linear, one-dimensional equation
zjy1 =rz;(1—xz;)  forz; €[0,1], (1.12)

where r is a real positive parameter. This equation is associated to the logistic
continuous equation originally introduced by P.—F. Verhulst [170] as a model of
population growth:
% =rz(l—x).

In the mapping (1.12), if z is the initial population, then z; represents the pop-
ulation at the year j; the parameter r denotes a combined rate for starvation and
reproduction. The logistic map was widely investigated in [133]; despite its relative
simplicity, it provides a huge variety of complex behaviors. In particular, two ef-
fects will be determined which correspond to starvation and reproduction, with a
growth rate respectively decreasing and increasing. In order to provide a graphical
visualization of the iterations of the logistic map, one can proceed as described in
Figure 1.3: first, one draws the parabolic curve y = rz(l — z) on the diagram z
versus y as well as the diagonal line x = y. From a given abscissa xy one computes
the point on the parabola, proceed to meet horizontally the diagonal line, com-
pute the point with the same abscissa on the parabola and continue iterating this
procedure. The behavior of the population strongly depends on the value of the
parameter r and on the initial condition zp; for example, in Figure 1.3(a) the dy-
namics is attracted toward a fixed point, while in Figure 1.3(b) the final trajectory
is a periodic orbit of period 2.

(a)

0 Xy X, Xy X 0 x X, Xy X

Fig. 1.3. Graphical iteration of the logistic map (1.12). (a) A stable fixed point; (b) a
periodic orbit of period 2.
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We start by analyzing the logistic map for the specific value r = 4, namely
Tjt1 :4xj(1—xj) with T; € [0, ].] .

For z,, € [0,1] define &, € [0, 1] through the change of variables

2 an
Iy = S1N 7 )

one obtains the equality sin%%) = sin?(n¢,,) which implies that &, 1 = +£2¢, +
k for k > 0 integer. Since &, € [0, 1], there is a univocal choice for k which leads to
the definition of the following map:

1
§n+1 = 2571 for 0 S é-n < 5
1
€ns1 = 2— 26, for 5 <& <1. (1.13)

The mapping (1.13) is known as the tent map which can be written also as
&n1 = 1 —2|&, — 3| Direct iterations of the mapping show that any initial con-
dition is subject to a stretching and folding process, thus providing an exponential
divergence of nearby orbits with the folding keeping the trajectory bounded. Due
to the extreme sensitivity to the choice of the initial conditions, the tent mapping
is shown to be chaotic.

Let us proceed with the analysis of the logistic map within the interval
0 < r < 4. The equilibrium points are the solutions of the equation rz;(1—x;) = z;,
which provides the two points z(® = 0 and z) = L. Denoting by f(z) =
rz(l — x), since f;(0) = r one obtains that the origin is stable for 0 < r < 1 and it
is unstable when 1 < r < 4. The point 2(!) does not exist for 0 < r < 1 (recall that
x belongs to the interval [0, 1]); due to the fact that f,(z(")) = 2 —r one finds that
() is stable for |2 — r| < 1, namely 1 < 7 < 3, and it is unstable for 3 < r < 4.
Within the interval 3 < r < 4 the map shows a sequence of bifurcations with the
appearance of cycles of higher length. Two—cycles (namely oscillations between two
values) appear as far as r > 3. In fact, the condition for two—cycles is

Tnto = 1Tpt1(1 — Tpy1) = rlran (1 — z,)|[1 — ran(1 — x,)] = zp

which is equivalent to
1 1—7r?
—r3<xi—2xi+ +rxn—|— r>:0.
r

Writing this equation as

-1 1 1
_r?’(azn—r )(xi—r—i— xn—i-r_‘; ):0,
r r r

we recognize that the quadratic equation admits real solutions provided r > 3, from
which two—cycles appear as fixed points of the square of the mapping. This behavior
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is described by the bifurcation diagram of Figure 1.4, which provides the change of
structure of the orbit, through a period—doubling bifurcation, as the parameter r
is varied.

The qualitative description of the results is the following (compare also with
Figure 1.4):

— if 0 < r < 1 the origin is stable;

— if 1 < r < 3 the dynamics admits the stable solution Tzl;

— for 3 < r < 3.45 the dynamics may show an oscillation between 2 values;

— for 3.45 < r < 3.54 the dynamics may show an oscillation between 4 values;

— for 3.54 < r < 3.57 the dynamics may exhibit an oscillation between 8, 16,
32...values, showing a so—called period—doubling cascade;

— for 3.57 < r < 4 there is the onset of chaos with high sensitivity to changes in
the initial conditions; nevertheless for isolated values of the parameter, there
might be islands of stability.

If {r;} denotes the sequence of parameters at which successive period doublings
take place, then it can be shown that the sequence formed by the quantities

Tj+1 —Tj

Ky =
Tj+2 — Tj4+1

admits the limit
lim p; = 4.669201 . ..
j—oo

The last number is called the Feigenbaum constant [65]; it provides the rate of
appearance of successive bifurcations as a universal behavior, since it is observed not
only for the logistic map, but also for a class of suitable dissipative one—dimensional
mappings undergoing a period—doubling cascade.

1.0

0.8

0.6 -

0.4

0.2 4

00 ——T—T—7T 7T 7T 7T T T T T T T T
24 2.6 28 3.0 32 34 3.6 38 4.0
v
Fig. 1.4. Bifurcation diagram of the logistic map providing the period doubling of the
limit cycles as the parameter r is varied
(after http://en.wikipedia.org/wiki/File:LogisticMap_BifurcationDiagram.png).
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1.6 The standard map

One of the most popular mappings in the theory of Dynamical Systems is the so—
called standard map, which was introduced by B.V. Chirikov in [47]. It is defined
by the equations

y = y+ef(z)

¥ =x+y, (1.14)
wherey € R, 2 € T = R/(27Z), ¢ is a positive real parameter, called the perturbing
parameter, and f = f(z) is an analytic, periodic function. Notice that the mapping
can also be written using the following notation:

Y1 = yj +ef(z))
Tjt1 = Tj +Yjq1 forj >0. (1.15)

The classical standard map is obtained setting f(z) = sin:

Yy = y+esing
/

2 = x4y .

We list below some properties of the standard map, referring to its formulation
(1.15).

(i) The mapping (1.15) is conservative, since the determinant of the corresponding
Jacobian is equal to one; in fact, setting f,(z;) = afa(:j ), the determinant of

the Jacobian (1.15) is equal to

det (1 1?;};“&_)) _1. (1.16)

(i) For ¢ = 0 the mapping (1.15) reduces to

Yi+1 = Yj
Tjt1 = T+ Yj+1 forj>0. (1.17)

Therefore y; is constantly equal to the initial value yo, while we can write
x; = xo + jyo for any j > 0.
(i4i) The fixed points of the standard map are obtained by solving the equations

Yi+1 = Yj

Tj+1 = Tj;
from the first equation one has f(x;) = 0, while the second equation provides
Yj+1 = 0 = yo. For the classical standard map the fixed points are given by
the pairs (yo,2z0) = (0,0) and (yo,xo) = (0,7). The linear stability of such
points is investigated by computing the first variation, which can be written

it \ 0y,
(&ch) - (5%‘ ’
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where M denotes the matrix appearing in (1.16) computed at the fixed point.
The corresponding eigenvalues are determined by solving the characteristic
equation

M —(2+e)A+1=0,

where the positive sign holds for the fixed point (0,0), while the negative sign
must be taken for (0,7). Since one eigenvalue associated to (0,0) is greater
than one, the fixed point is unstable. For ¢ < 4 the eigenvalues associated to
the point (0, 7) are complex conjugate with real part less than one; therefore
the position (0, 7) is stable.

We now describe the behavior of the mapping as ¢ varies. We have seen (item
(73) above) that for € = 0 the coordinate y; is held fixed, while 241 = z; + y;. In
particular, if the initial value of the y; variable is equal to a rational multiple of
27, then the trajectory {(zx,yx)}, k € Z4, is a periodic orbit. For example, let us
suppose that we start with the initial datum (yo, zg) = (%77, Zo); then, the successive
iterations of the x coordinate are given by the following sequence: xo+ %7‘(, To+ %ﬂ,
o + 2. Since x( varies on the torus, after 3 iterations one gets back to the initial
point; in this case one speaks of a periodic orbit of period 3. In general, if yo = 27r§
with p, ¢ positive integers (¢ # 0), one obtains a periodic orbit of period g¢. It is
readily seen that the quantity p measures how many times the interval [0,27) is
run before coming back to the starting position.

The situation drastically changes when an irrational initial condition y is taken
in place of a rational initial point. For ¢ = 0 the y—value remains constant, while
one can show that when the number of iterations of the mapping is increased the
z—variable densely fills the line y = yo (Figure 1.5(a)). Such straight lines are quasi-
periodic invariant curves, since on these curves a quasi—periodic motion takes place
such that the dynamics comes indefinitely close to the initial conditions at regular
intervals of time, though never exactly retracing itself (as is the case for the periodic
orbits).

In order to distinguish between periodic orbits and quasi—periodic motions, one
can introduce the rotation number which is defined as the quantity (independent
of the initial condition)

Tj — Xo

= lim -
J—0o0 i

In the unperturbed case it is w = yg, since for e = 0 equations (1.15) reduce to

Yi = Yo
T; = To+ JYo -

According to the value of the rotation number we distinguish between periodic and
quasi—periodic motions. Indeed, if w = 27r§ with p, ¢ integers (¢ # 0), then y, = yo
and 24 = 20+27p = 2o (modulus 27) and the motion is periodic. If 5% is irrational,
the dynamics associated to (1.15) with £ = 0 is quasi—periodic.

In conclusion, for € = 0 the system reduces to (1.17) and it is said to be inte-
grable, since the dynamics can be exactly solved: all motions are recognized as being
periodic or quasi—periodic. A non-integrable system occurs when it is not possible
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to find an explicit solution and when chaotic motions appear. For the standard
map the transition from an integrable to a non—integrable system occurs whenever
€ becomes different from zero. In particular, for € not zero but sufficiently small,
the quasi—periodic invariant curves, also named rotational invariant curves, are
slightly displaced and deformed with respect to the integrable case (Figure 1.5(b)).
The periodic orbits are surrounded by closed trajectories to which we refer as li-
brational curves. In addition, there can be chains of islands around periodic orbits
with a period multiple of the order of the resonance.

As ¢ increases the rotational curves are more and more deformed and distorted,
while the librational curves increase their amplitude (Figure 1.5(¢c)); chaotic mo-
tions start to appear and they fill an increasing region as € grows (compare Fig-
ures 1.5(c) and (d)).

g=0

Fig. 1.5. Evolution of the classical standard map, starting with zo = 7 and varying 100
initial conditions yo within the interval [0, 3]. (a) Case € = 0; (b) case € = 0.5; (c¢) case
e =0.97; (d) case e = 1.
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We remark that a generalization of the classical standard map to more dimen-
sions is provided by the four-dimensional standard map (see [70]) described by the
equations

y = y+e(sin(z)+ dsin(z —t))

¥ =ax+y
7 = z+4¢e(sin(t) — dsin(z —t))
vV =t+27,

where y, z € R and z,t € T, ¢ € R4 is the perturbing parameter, while § € R is
the coupling parameter. If § = 0 one obtains two uncoupled standard maps, while
if € = 0 the mapping reduces to two uncoupled circle mappings.

1.7 The dissipative standard map

The standard map can be modified in order to encompass the dissipative case by
introducing slight changes with respect to (1.14) [20,36]. More precisely, we define
the dissipative standard map through the equations

¥ =uz+y, (1.18)

where y e R,z € T, b€ Ry, c € R, ¢ € R} and f(z) is an analytic, periodic
function. The quantity b is called the dissipative parameter, since the determinant
of the Jacobian associated to (1.18) amounts to b. We shall be concerned with
values of b within the interval [0, 1]. As the parameters are varied one obtains the
following situations.

— If b =1 and ¢ = 0 one recovers the conservative standard mapping (1.14).
— 1If b = 0 one obtains the one-dimensional mapping =’ = = + ¢ + ¢ f(x).

— If b= 0 and € = 0 one obtains the circle map =’ = z + c.

— If 0 < b < 1 the mapping is dissipative (contractive).

In the dissipative case let us define the quantity

c

“=1"%0

we immediately recognize that for € = 0 the trajectory {y = a} x T is invariant.
In fact, the condition y" = y = by + ¢ implies @ = ba + ¢, namely ¢ = o(1 — b). The
latter relation shows that the parameter ¢ becomes zero in the conservative case
b=1.

The dynamics associated to the dissipative standard mapping admits attract-
ing periodic orbits and invariant curve attractors as well as strange attractors. In
Chapter 2 we shall give a precise definition of strange attractors; for the moment we
just mention that these objects have an intricate geometrical structure and that
introducing a suitable definition of dimension, the strange attractors are shown
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Fig. 1.6. Different attractors associated to the dissipative standard map. (a) A periodic
orbit for f(z) = sinz with € = 0.9, b = 0.8, ¢ = 27 - 1.3825; (b) an invariant attractor
for f(z) = sinz with e = 0.1, b = 0.9, ¢ = 27 - 0.0618; (c) a strange attractor and
periodic orbits for f(z) = sinz + sin3x with ¢ = 0.5, b = 0.8, ¢ = 27 - 0.1199; (d) an
invariant attractor with a periodic orbit of period 0/1 and a periodic orbit of period 1/3
for f(z) =sinz with ¢ = 0.8, b = 0.9, ¢ = 27 - 0.0618.

to have a non—integer dimension (namely a fractal dimension). Different kinds of
attractors are displayed in Figure 1.6; in particular, Figure 1.6(d) provides an ex-
ample of an invariant curve attractor coexisting with two periodic orbits of periods
0/1,1/3.

The basins of attraction of the attractors shown in Figure 1.6(d) are presented
in Figure 1.7, which is computed by taking 500 x 500 random initial data in the
(x,y)-plane, evolving the mapping from each of these points and marking a dot
when the solution reaches the attractor.

Figure 1.8 shows the evolution of the attractor as the perturbing parameter is
varied. An invariant curve is found for e = 0.2; the curve is distorted as £ grows
and for £ = 0.32 one obtains only some remnants of the invariant curve.
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0 0.2 0.4 0.6 0.8 1
Xo

Fig. 1.7. Basins of attraction of the case (d) of Figure 1.6. The small portion at the
bottom left refers to the 0/1 periodic orbit; the largest region (dark grey) is the basin
of attraction of the invariant attractor; the remaining part (light grey) refers to the 1/3
periodic orbit.

1.8 Hénon’s mapping

A two-dimensional mapping known as Hénon’s mapping shows very interesting
dynamical behaviors; it is described by the equations

!

= y+1—a2?
= bz, (1.19)

/

where a and b are real parameters. The Jacobian of the mapping is given by:

—2ax 1
J= ( o | ) |
Therefore the mapping is contractive as far as —1 < b < 1, since the determinant of
the Jacobian matrix amounts to —b. In particular, each region of the (x,y)-plane
is shrunk by a constant factor |b| at each iteration of the mapping. In the original
paper [95] M. Hénon showed that a good choice of the parameters is the following:
a = 1.4, b = 0.3; for these values of the parameters the attractor of Hénon’s
mapping is presented in the left panel of Figure 1.9. The other panels provide
an enlargement of regions, ever small in size, which make evident the self-similar

property of Hénon’s attractor; such behavior is typically found in the so—called
fractal structures (see, e.g., [130]).
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Fig. 1.8. Evolution of the mapping (1.18) with f(x) = sin(3z), b = 0.2, ¢ = 27 - 0.61024.
The initial conditions are (yo,xo) = (5,0). (a) € = 0.2; (b) € = 0.28; (¢) ¢ = 0.32.
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Fig. 1.9. Hénon’s attractor associated to the map (1.19) for the parameters a = 1.4,
b = 0.3 and for the initial conditions o9 = 0.6, yo = 0.19. The upper panel shows the
attractor; the other panels are successive zooms providing the self-similar structure of
Hénon’s attractor.



2 Numerical dynamical methods

A qualitative analysis of dynamical systems can be based on numerical investiga-
tions which provide the description of the phase space. Nowadays there exists a
large number of numerical tools, some of which we are going to describe in this
chapter. The Poincaré mapping (Section 2.1) allows us to reduce the analysis of
a continuous system to that of a discrete mapping. The stable or chaotic charac-
ter of the motion can be investigated through the computation of the Lyapunov
exponents (Section 2.2). Whenever an attractor exists, it is useful to evaluate its
dimension (Section 2.3). To estimate the attractor’s dimension one can implement
the Grassberger and Procaccia method, which can be used also for time series anal-
ysis (Section 2.4). A qualitative description of the motion can also be inferred from
a Fourier analysis (Section 2.5), by looking at the behavior of the frequency of the
motion as the parameters are varied (Section 2.6 and Section 2.7) or by determining
finite-time Lyapunov exponents known as Fast Lyapunov Indicators (Section 2.8).

2.1 Poincaré map

An effective tool for investigating the dynamical properties of a mechanical system
is obtained by introducing the so—called Poincaré map [8], which reduces the study
of a continuous system to that of a discrete mapping. More precisely, consider the
n—dimensional differential system described by the equations

1= f(2), zeR", (2.1)

where f = f(z) is a generic regular vector field. Let ®(¢;z,) be the flow at time ¢
with initial condition z, and let X be an (n—1)-dimensional hypersurface transverse
to the flow', which we shall refer to as the Poincaré section. For a periodic orbit
associated to (2.1), let z, be the intersection of the periodic orbit with X' and let
U be a neighborhood of z, on 2. Then, for any z € U we define the Poincaré map
as @' = ®(T; z), where T is the first return time of the flow on X.

Let us specify the Poincaré mapping in the case of a non—autonomous system
with two independent variables. Let us suppose that such a system is described by
the equations

y = fl(yax’t)
z = fg(y,llf,t), (22)

! Namely, if v(z) denotes the unit normal to X at z, then f(2)-v(z) #0 for any z in X.
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where y € R, x € T and f;, fo are periodic continuous functions in = and t. In
the three-dimensional space {(y, x,t) € R x T2} let us choose a plane, for example
t = 0; we assume that the system is periodic in time with period 27. Having fixed
an initial condition, we compute the evolution of the trajectory and we mark its
crossing with the plane ¢ = 0 at intervals 27w. More precisely, let us write the
solution of (2.2) as

<

—~
o~

~—

y(0) + / F1(y(s), 2(s), 5)ds

8
—~

o~
~—

£(0) + / falu(s), 2(s), )ds

The Poincaré map is defined as the solution at time intervals 27, as described by
the equations

2w
y/ = y+ fl(y(s),x(s),s)ds
0
27
¥ = z+ f2(y(s), z(s), s)ds .
0
This mapping provides a remarkable simplification of the trajectory in the phase
space, though still retaining the main dynamical features of the continuous system.

As a concrete example of the computation of the Poincaré mapping, let us consider
the equation of a forced pendulum:

i+e[sinz +sin(z —t)] =0,

where ¢ is a positive parameter, while (z,¢) € T?. This equation can be written as
a system of two differential equations of the first order:

y = —e[sinz +sin(z —t)]
=y, (2.3)

where y € R. The Poincaré map associated to (2.3) is provided by the solution at
time 27 with initial conditions (yo, o) = (y, ) at time ¢ = O:

<
I

/ y— 5/0 i [sinz(s) + sin(z(s) — s)]ds
2m
P +/O y(s)ds . 24

The iteration of (2.4) for different values of the initial conditions and of the pa-
rameter ¢ is provided in Figure 2.1.



2.2 Lyapunov exponents 23

Fig. 2.1. The Poincaré map (2.4) for ¢ = 0 modulus 27; the initial conditions are zo = T,
while yo varies in the interval [0, 2] with step—size 1/30. (a) £ = 0.001; (b) e = 0.01; (¢)
e =0.02; (d) e =0.03.

2.2 Lyapunov exponents

A classical tool to estimate the rate of divergence of initially close trajectories is
provided by the computation of the so—called Lyapunov exponents [14, 146, 173].
The number of such quantities equals the dimension of the system, though typi-
cally one computes only the largest Lyapunov exponent which provides the max-
imal excursion associated to nearby orbits. The mathematical definition of the
Lyapunov exponents is provided as follows. Let us start from the simple case of
a one—-dimensional discrete mapping, say ' = f(z) with f : R — R being a
continuous function. Set f™(xg) = f(f(... f(zo))), where f is composed m times.
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Denote the trajectory starting from the initial condition zg as {xg,z1 = f(x0), 22 =
f2(x0)y -y Tm = f™(x0), ... }. Consider a nearby initial condition, say x¢ + &g for
g0 small. Let &, be the distance of the mth iterates of the two solutions with
initial conditions x¢ and zg + €¢; define the real quantity Em(xo; o) through the
expression

Em = €0 emLm(@oico)

If im(xogso) > 0 the nearby trajectories diverge exponentially; if Lo (zo;€0) =0
the distance between the two orbits stays constant, while if L,,(xg;&9) < 0 the
distance becomes asymptotically zero. From the relation

(%0 +€0) — [ (%0) = €0 embm(zoico)

one obtains

Lo (03 €0) = % log ‘ S (o +€§3 — [ (x0)

For £¢ tending to zero, one finds that the limit L., (x) is given by

1 df™(x

Setting fz(x;) = 9 U(lij ) , using the rule of composition of the derivatives? and taking
the limit as m goes to infinity, one introduces the Lyapunov exponents [8] through

the expression

1 m
L = lim — 1 c(xi_1)| - 2.5
(o) =t 3 g 1) (25)
For a higher-dimensional mapping with f defined over R", denote the Jacobian of
the mth iterate of the mapping at z, as J,, = Df™(z,) and let S be the unitary
sphere around z; let r,(gm) (k = 1,...,n) be the length of the kth principal axis
of the ellipsoid J,,S, thus providing the rate of contraction or expansion over m

iterations of the mapping. Then, the kth Lyapunov exponent at z is defined by

Ly = Li(z) = lim 1 log(r,(cm)) . (2.6)
m—o0 M

For a continuous system of the form & = f(z), z € R", let F,(z,) = ®(¢;2,)
be the flow at time ¢ with initial condition z,; the Lyapunov exponents Ly (z,) are
defined as the Lyapunov exponents associated to the time—1 map which is defined as
F' = F,(z,)- The computation of the Lyapunov exponents requires the knowledge
of DF,(z;), which can be obtained through a simultaneous integration of the
equations of motion and of the variational equations (1.10). Given the Lyapunov

exponent Ly (z,), the Lyapunov characteristic number is defined as

Ap(zy) = ebr@o)

2 For example: % = w = fa(zo) f2(f(z0)) = fa(xo) fz(x1), being z1 = f(z0).
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In some cases the limit introduced in (2.5) or (2.6) cannot exist; nevertheless the
Oseledec theorem guarantees the existence of the limit for a large class of systems
(see, e.g., [158] for an exhaustive discussion).

The behavior of a dynamical system can be studied through the analysis of
the Lyapunov exponents: chaotic attractors are characterized by at least one finite
positive Lyapunov exponent, while they are zero for stable and periodic orbits.
When the dynamical system admits a positive Lyapunov exponent, there exists a
time horizon beyond which all predictions fail, thus leading to the introduction of
the chaos concept as a long—term aperiodic behavior, exhibiting an extreme sensi-
tivity to initial conditions (see, e.g., [115]). Notice that the chaotic behavior does
not imply the instability of the solution, but rather the impossibility of forecasting
the evolution over long time scales. This behavior is widely known as the paradig-
matic butterfly effect introduced by E. Lorenz [122]: a small change of the initial
conditions of a dynamical system can provoke large variations in the long—term
behavior.

2.3 The attractor’s dimension

Let Ly > --- > L, denote the Lyapunov exponents of an n—dimensional system;
the Lyapunov dimension is introduced as the quantity

where j is the maximum index such that > 7_, L; > 0. If the dynamical system
admits attractors, then we shall refer to chaotic attractors whenever the associ-
ated exponents are positive; attractors with a fractal structure are called strange
attractors. Typically these sets are characterized by a non—integer box—counting
dimension defined as follows.

Let A be an n—dimensional attractor; cover A with a grid of n—dimensional
cubes with length r and let N.(r) be the number of cubes necessary to cover A. In
the limit as the length of the cubes goes to zero, the box—counting dimension of A
is defined as the quantity

2.7)

While studying the geometry of the attractor, one is interested in the cubes in
which the trajectory spends more time; to this end one can introduce the natural
measure as the amount of time that the orbit spends in a given region of the phase
space. Within the dynamical system described by (2.1) let z, be an initial condition
in the basin of attraction of the attractor A and let z(¢; z,) be the trajectory at time
t originating from z,. For a given cube C of the phase space, we define u(C; zy, 7)
as the fraction of time that the orbit z(¢; z,) spends in the cube C during the time
interval [0, 7]. If there exists the limit

w(C;z) = lim p(C;24,7)
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and if such a quantity is the same for almost all initial conditions (with respect to
the Lebesgue measure), say p(C;z,) = p(C), then the quantity u(C) is called the
natural measure of the cube C. Suppose that N.(r) cubes C; (i = 1,..., N.(r)) of
unit size r are needed to cover the attractor; then, the information dimension is

defined as No(e)
i log r '

(2.8)

The generalized dimension D, computes the frequency of visits to the cubes
by giving them a weight according to their natural measure; the positive index ¢
measures the strength of their weighting. More precisely, the generalized dimension
of order ¢ is defined as

1, los Igr)

D
1—¢q o log ()

(2.9)

q

where I(q,7) = Zf\il(r) 1(C;)?. One finds that D, > D, for p < ¢. For ¢ = 0 one

recovers the box—counting dimension (2.7); for ¢ = 1 one obtains the information
dimension (2.8). The quantity corresponding to ¢ = 2 is called the correlation di-
mension, which coincides with the box—counting dimension if all boxes are equally
occupied. According to a conjecture due to J.L. Kaplan and J.A. Yorke (see, e.g.,
[69]), the Lyapunov dimension coincides in most cases with the information dimen-
sion, thus relating the Lyapunov exponents to the attractor’s geometry.

2.4 Time series analysis

Discrete time series are formed by a sequence of data of the type {z;, 2o, 2Z5,... },
where the quantities x; are n—dimensional real vectors with n > 1. Dynamical
system theory provides some techniques for analyzing the discrete time series; for
example, one can detect their deterministic or noisy character by computing the
correlation dimension or the Lyapunov exponents. We remark that a serious limi-
tation of most methods is the necessity of dealing with time series long enough to
avoid unreliable results, due to poor statistics. We start by presenting the Grass-
berger and Procaccia method, which allows us to distinguish between deterministic
and stochastic time series and eventually to evaluate the dimension of the embed-
ding space [1].

For simplicity, let us consider a one-dimensional time series formed by K data,
{z1,...,2K}, ; € R. A set of delay coordinates in a d—dimensional embedding
space is defined by setting

Yy, = (z1,...,24q)
Y, = (T2y. ooy Tdr1)
yN = (IL‘N,...,IL‘K),

where N = K —d+ 1. We denote by Y = {yl, . ’EN} the set of delay vectors.
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For r > 0 and for any Y; €Y, let n;(r;d) be the number of points Y, € R
(i # j), which are contained in the d-dimensional hypersphere of radius r around

Yy
N
i=1,i#j

where © is the Heaviside function® and || - ||4 denotes the Euclidean norm in R<.
We define the correlation integral functions as

Cnal(r) = . > ni(rid) (2.10)

which counts the number of pairs of points within distance r from the attractor,
normalized by the total number of pairs of points. According to (2.9) the correlation
dimension is defined as

1 Ne(r) )2
Dy — Tim 28 2i=1 H(C)

2.11
r—0 logr ’ (2.11)

where N, (r) has been defined as in (2.8). For simplicity of notation, let N = N,(r);
one can approximate the sum appearing in (2.11) as

N

N N
2 #(C) ZZ Ol ~y,lla) -

j=1,j
Taking into account the definition (2.10), one can compute the correlation dimen-

sion as

Dy = lim lim 710‘(; CN’d(T)

r—>0N—oco  logr

for d sufficiently large. In general one has Dy < D1 < Dy, while Dy = Dy = Dy if
the points on the attractor are uniformly distributed. According to (2.12) the cor-
relation dimension corresponds to the slope of the graph of the function log Cv 4(r)
versus logr, whenever its value is nearly constant as the embedding dimension d
is varied. The minimal value of d at which the slopes are convergent determines
the dimension of the embedding space. A stochastic behavior is recognized by a
constant increase of the slopes with d.

In practical applications, the slope of the curves log Cy 4(r) versus logr must
be evaluated in a meaningful range of values of the radius, say (ro,r1), denoted as
the scaling region. Particular care must be devoted to the choice of such a region
(see [59]): below ro the curves might be distorted since few points are counted in
the hypersphere of radius 7y, while above r; the curves might tend to flatten since
the attractor has finite size.

Time—delay coordinates are often used to reconstruct the attractor. More pre-
cisely, consider the time series {z(f1),x(t2),...}; for 5 > 0 and T > 0 let

(2.12)

3 The Heaviside function is defined as ©(z) = 1 if z > 0, O(z) = 0 if z < 0.
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{z(t; + jT),z(ta + jT),... } be the set of time-delay coordinates. Let Y, be the
d—dimensional time—delay vectors defined as

Yy, = (x(tr),z(tr +T),...,2(t1 + (d— 1)T))
Y, = (x(te),xz(ta +T),...,x(ta + (d — 1)T))

Such vectors can be used to reconstruct the attractor; however, particular care
must be taken with the choice of the time delay T'. Indeed, if T is too small, the
coordinates of the vector y, are almost equal to each other and the reconstruction
fails, since the coordinates are too close to provide useful information. On the other
hand, if T is too large, the coordinates might be too distant and therefore uncorre-
lated. Notice that if the system shows a rough periodicity, then T' can be chosen of
the order of the period, while more sophisticated criteria must be adopted if there is
no dominant period. For example, one can examine the correlation between pairs of
points as a function of their time separation. To this end, let a correlation function

be defined as
(1) (et +T)
(z(t)2) 7
where (-) denotes the average over all points of the time series. Then, determine
the time Tj of the first zero crossing of ¢(T) as a function of T'; since we look for
a value of T which yields high correlation and still provides a time development, a
modest fraction of T often represents a reasonable choice.

Let us now briefly review some methods for the computation of the Lyapunov
exponents for discrete time series. As in [173] we select two points Py and P} and
follow their evolution. Let Py, P be the evolved points; if the distance between Py
and P] exceeds a given threshold, replace P; with a point P}’ closer to P; and such
that the vector with endpoints Py, P;’ has the same orientation as the vector with
endpoints Py, P] (see Figure 2.2). Let {tx} be the sequence of times at which the
replacements take place; denote by d(t;) the distance between Py and Pj, and by
d'(tr) the distance between Py and P;. Then, the largest Lyapunov exponent is
computed as

14
1 d(ty)
L, = lo ,
- ; ® )

where /£ is the total number of replacements.

An alternative method was developed in [59]; it allows us to compute all Lya-
punov exponents and not just the largest one. Suppose that the dynamics is ruled
by the mapping

ij-‘,—l :i(zj) ’ g] S Rn )

for a suitable vector function f : R” — R"™ and let D, be the Jacobian matrix at
the point z,. We look for an approximation of ng using the discrete time series

as follows. Consider the evolution of all points P/, P!, etc., whose distance from

a preassigned point P; is less than r. Consider those points whose images P,

+m?
P}, ., etc. of P/, P/, etc. after m iterations are still at a distance less than r from
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P, P, \
PW . \
| P | P |

| | \

\ \ / \ / \
! Y/ | !

Py P, P, P,

Fig. 2.2. Computation of Lyapunov’s exponents following [173].

P4, which denotes the image of P; after m iterations (see Figure 2.3). Compute
ng with a least squares approximation over the points P/ through the expression

Dﬁj (Pl/ — PL) >~ Pi/-‘rm — Pi+m .
In a similar way determine the matrices DEHW DL_H"L7 etc. Furthermore, de-
compose the matrix D, as D, = Q1R1, where Q1 is an orthogonal matrix and
R, is an upper triangular matrix with non-zero diagonal elements. Analogously
let D£1+MQ1 = @Q2Ro, ..., D£1+JmQj = @Q;j+1Rj+1. The Lyapunov exponents are
finally computed through the formula

M-1

1
L = 1 ;
Ry ; og(R;)kk

where (R;)xk is the kth diagonal element of R;, M is the total number of available
matrices and 7 is the sampling time-step, having assumed that z; = z(j7) for
some vector function x = x(t); notice that Ly > Lg41.

Fig. 2.3. Computation of Lyapunov’s exponents following [59].
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Let us now consider two concrete applications of the Grassberger and Procaccia
method, respectively, to the logistic map and to Hénon’s mapping.

(1) Consider the one-dimensional logistic map:
xj =rx; (1 —xj), xz; €[0,1] ,

where r is a positive real parameter. Let us define a time series as being composed
by the iterates of the x variable, say {x1,...,zx} with N = 2000. Fix r» = 3.57 and
select the initial condition as zg = 0.3. The Grassberger and Procaccia algorithm
allows us to determine that the system evolves on an attractor embedded in a
1-dimensional space with a correlation dimension Dy = 0.5 (see Figure 2.4). In
this example the correlation integral functions are displayed for d = 1,. .., 6; notice
that the scaling region can be restricted to the interval —7 <log(r) < —3.

log of the correlation integral

-10 -9 -8 7 -6 -5 -4 -3 -2
log(n
Fig. 2.4. The Grassberger and Procaccia method is implemented on the logistic map over

2000 iterations with initial condition o = 0.3 and for » = 3.57. The correlation integral
functions are displayed for d =1,...,6.

(2) Consider the two—dimensional dissipative Hénon mapping:

Tjp1 = —ax? +y;+1
Yj+1 = by, zj,y; € R,

where a, b are real parameters. Consider the discrete time series formed by the
iterates of the x variable, say {z1,...,2zy} with N = 2000. The Grassberger and
Procaccia method provides an embedding dimension d = 2 and a correlation di-
mension Dy = 1.17 within the scaling region —6 < log(r) < 0 (see Figure 2.5).
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log of the correlation integral

-14 &= ' 1 1 1 1 |
-10 -8 -6 -4 -2 0

log(r)

Fig. 2.5. The Grassberger and Procaccia method is implemented on the Henon mapping
over 2000 iterations with initial conditions zop = 0.6, yo = 0.19 and parameters a = 1.4,
b = 0.3. The correlation integral functions are displayed for d = 1,...,6.

2.5 Fourier analysis

Fourier analysis is a widely used tool for studying the behavior of a signal associated
to a time series [8]. The Fourier series approximation of a periodic function f = f(t)
of period 27 is obtained by computing the coefficients

ay = % » flrydr
ap = % ! f(7r) cos(kr)dr
b, = % i f(r)sin(kr)dr

so that an approximation fy(t) to f(¢) can be written as

N
fn(t) = 30 +Z ai, cos kt + by sinkt) . (2.13)
k=1
For example, the Fourier coefficients associated to the sawtooth wave function de-
fined as
t, 0<t<r
ft) =
t—2m, T<t<2mw

are given by ap = 0 for all k > 0, b, = (—1)*"*2 so that the Fourier series

representation is equal to fy(t) =2 Ziv=1 (71,):“ sin kt (Figure 2.6).
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4 T T T T T T

-4 ! ! ! ! ! !

Fig. 2.6. The sawtooth map (thick line) and its Fourier approximation (dashed line) of
order N = 20.

The power spectrum associated to (2.13) is defined by the expression

o(k) = /a2 + b2 ;

the behavior of o(k) versus k provides the main frequencies of the motion as this
simple example shows. Consider the function

1
f®) = 3 cos 2t + cos bt ;
then
k(K% + 17) sin(rk)
7(100 — 29k2 + k4)

while by, = 0 for all values of k. Finally, o(k) = |ax| and it is easy to see that the
graph of (k) versus k shows that the main frequencies are rightly given by 2 and 5.

ap = —

2.6 Frequency analysis

Frequency analysis is a powerful numerical technique to use when looking for a
quasi—periodic approximation of the solution of a dynamical system over a finite
time interval [107-109]. It is based on the computation of the fundamental fre-
quencies and on the investigation of their behavior with respect to the parameters.
Given a complex function f = f(t) on a finite time interval, say [T, T], in analogy
to (2.13), but using complex notation, we can write an approximation fx(t) of f(t)
as

N
fN(t) — Z Qg eiwkt ,
k=—N
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for complex coefficients ay, and real frequencies wy. The maximal frequency w; is
computed as the maximum of the function

P = o [ 50 e ar,

where x(7) is a positive weight function, with average equal to 1 over [0, 27]; for
example, one can use the Hanning filter x(7) = 1 + cos Z%. Once w; is known, one
can determine the coefficient a1 by orthogonal pI‘OJeCthH as

T
57 [ S e dr s

then one can repeat the same process starting from the function fi(t) = f(¢) —
a1e™1t. Notice that the quantities e™*! (k € Z) may not be orthogonal; in that
case a Graham-Schmidt orthonormalization procedure must be implemented®. Fre-
quency analysis provides an effective tool for distinguishing different kinds of mo-
tion, since the frequencies wy, associated to quasi—periodic motions will be constants
with respect to time, while their variation with time is an indication of chaotic dy-
namics.

Frequency analysis can provide many interesting results about the dynamical
behavior of the system. For example, let us consider the two-dimensional standard
map (1.14) (see [109]). Having fixed an initial condition zy we can compute the
frequency as a function of yo, thus yielding a frequency map w = w(yp). The
behavior of the frequency map provides a qualitative investigation of the dynamics:
a smooth change of w = w(yp) indicates a region of regular motion, while sudden
jumps of the frequency map denote regions of chaotic motion; in fact, invariant tori
intersect only once a vertical line, since they are graphs of continuous functions.
Let us consider two initial conditions, say y4 and yp with y4 < yp. In a regular
regime the corresponding rotation numbers satisfy ws < wp. On the other hand,
if wg > wpg, then there cannot exist an invariant curve whose frequency belongs to
the interval [wa,wp| (compare with [109]).

2.7 Hénon’s method

An efficient method of computing the frequency of motion associated to a given
conservative two—dimensional mapping M has been devised by M. Hénon (see,
e.g., [35]). Assume that a point Py belongs to an invariant curve with frequency
w and let P, = M™(Py) = (xn,yn) be the nth iterate point under the mapping
M. Perform N iterations from Py providing the set of points (P, ..., Py); within
this set, determine the nearest neighbor to Py and denote by n; its index, say P,,.
Next, define the integer p; through the relation:

njw=p +e1, (2.14)

S E— ) N ~ o
4 If e, = "**, define an orthogonal basis as e}, = ﬁ, where €, =377, Lew, €)e) with

lex, 5] = 55 _TT ex(t)€;(t)x(t)dt, the bar denoting complex conjugacy.
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where €1 is a given small threshold. Equation (2.14) shows that p; counts the
number of revolutions around the invariant curve, so that w can be approximated
by the ratio 2—11. By increasing the number N of iterations we get better approx-
imations; furthermore, the errors ¢; satisfy the following sequence of inequalities,
€1 > €9 > ....>¢€ > ..., implying that

|n1wfp1|>\n2w7p2|>~-~>|nkwfpk|>... R

where the indexes n;’s are the smallest integers satisfying the above inequalities.
We also remark that

er < 1/(ngngs1) with ngy1 > agng + ng—1 ,

where ay, is the kth term of the continued fraction representation of w, namely

1

1
PRI —
L

w =

These relations allow us to estimate the precision with which one obtains the next
nearest neighbor to Fy. The rotation number is finally provided by the limit
w = lim Pr .
k—o00 N

As an example consider the conservative standard mapping; Figure 2.7 shows
the evolution of the frequency w computed implementing Hénon’s method for ¢ =
0.9 and for different values of the initial conditions with xg = 0 and 0 < yo < 3.
A monotone behavior denotes regular motion, a constant value corresponds to
periodic orbits, while an irregular behavior is associated to chaotic motions.

0.55

0.5

0.45

0.4

0.35

0.3

rotation number

0.25

0.2
0.15
0.1 . . . . .
0.5 1 1.5 2 25 3
Yo

Fig. 2.7. The rotation number of the classical standard map is computed using Henon’s
method for ¢ = 0.9 and for a set of 100 initial conditions with zo =0 and 0 < yo < 3.
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2.8 Fast Lyapunov Indicators

The Fast Lyapunov Indicator (hereafter FLI) introduced in [71] is obtained as the
value of the largest Lyapunov characteristic exponent at a fixed time, say 7. A
comparison of the FLIs as the initial conditions are varied allows one to distinguish
between different kinds of motion (regular, resonant or chaotic). For a dynamical
system described by the equations & = f(z), x € R", let the variational equations

" - (22,
= (50) v

where v is an n—dimensional vector®.
The FLI can be introduced as follows: given the initial conditions z(0) € R™,
v(0) € R™, the FLI at time T > 0 is provided by the expression [71]

FLI(2(0),v(0),T) = S log|[uv(t)]] -

As an example of the application of the FLIs, we consider the two—dimensional
standard map (1.14). With reference to Figure 2.8, we consider three different
orbits: a librational region about (m,0), the surrounding chaotic separatrix and an
invariant curve above the librational region. Moderate values of the FLI denote
regular regimes, as in the case of the librational region and of the invariant curve;
diverging values of the FLI correspond to a chaotic behavior.

Let us now proceed to extend the definition of the FLI to dissipative systems,
the so—called differential FLI [36]. Consider a dissipative system described by the
equations £ = f(z) for z € R™. Denote by v(t) the solution of the differential
system

i = flz)
. 5i
e (a 9)u0
with initial data z(0), v(0), where v(0) has unitary norm. As in [36] introduce the

quantity
DFLIy(z(0),v(0),t) = F(z(0),v(0),2t) — F(z(0),2(0),t) ,

where F'(z(0),v(0),t) = F(t) = log|lv(t)]|. As for the Lyapunov exponents the
quantity DF LI is zero for invariant attractors, negative for periodic orbits and
positive for chaotic attractors. In order to take care of the oscillations of the norm
of the vector v, we introduce the definition of the differential FLI as

DFLI(T) = Gar(F(t)) — Gr(F(t)) ,
where
G (F(t) = suppeye, F(H) i F(7) 20
G, (F(t)) = info<i<, F(2) if F(r)<0.

The DFLI can be conveniently applied to dissipative systems providing a qualitative
description of the dynamics as the FLI do in the conservative context.

Ol\;g(z) )U

® For a mapping ' = M (z) the variational equation is given by v' = (
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Frequency analysis and FLI (or DFLI) can be viewed as complementary tools
for investigating the dynamics as it appears by implementing both techniques on
concrete examples. To this end, consider the dissipative standard mapping (1.18)
with f(z) =sinz + % sin 3z and initial conditions yg = 5, g = 0. The frequency of
the motion varies with the perturbing parameter ¢; according to [36] we study its
variation by selecting a grid of 1000 values equally spaced in the interval 0 < & < 1.
A regular behavior of w = w(e) (see Figure 2.9(a)) shows a region of invariant tori;
a plateau corresponds to periodic orbits, while an irregular behavior is associated
to chaotic motions. The computation of the corresponding DFLI is reported in
Figure 2.9(b) on the same grid of values of the perturbing parameter. Invariant
curve attractors exist up to e = 0.3 (the DFLI is zero); then we observe periodic
orbit attractors (plateaus in the frequency map and negative values of the DFLI)
and strange attractors (noisy variation of both quantities).
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Fig. 2.9. Consider the dissipative standard map (1.18) with f(x) = sinx + %sin 3x; the
initial data are yo = 5, xo0 = 0, while ¢ = (v/5 — 1)m and b = 0.5. (a) Variation of w
and (b) of the DFLI as a function of & for 1000 values within the interval [0, 1] (reprinted
from [36]).



3 Kepler’s problem

The two-body problem is the study of the motion of two material points P; and
P2, with masses respectively m; and me; when the two bodies are subject to the
mutual gravitational attraction one speaks of Kepler’s problem, whose dynamics
is described by the three so—called Kepler’s laws (see, e.g., [157]). In this chapter
we concentrate on the mathematical description of the two—body problem. The
starting point is the gravitational law and Newton’s three laws of dynamics. The
gravitational law states that two bodies attract each other through a force which
is directly proportional to the product of the masses and inversely proportional to
the square of their distance r:

mimso
= —QT €12

where G is the gravitational constant, amounting to G = 6.67 - 10~ m3 kg1 s72,
and e, is the unit vector joining the two bodies. Newton’s laws of dynamics can
be stated as follows:

(i) First law (law of inertia): without external forces every body remains at rest
or moves uniformly on a straight line.

(ii) Second law: the net force experienced by a body is equal to the rate of change
of its momentum.

(iii) Third law (action and reaction principle): for every action, there is an equal
and opposite reaction.

As a consequence of the second law, if the mass of the body is constant, one gets
the fundamental principle of classical mechanics according to which the net force
is equal to the product of the mass of the particle times its acceleration:

F = ma. (3.1)

After the investigation of the motion of the barycenter (Section 3.1), the solution
of the two-body problem (Section 3.2) will be provided in terms of the three Ke-
pler’s laws, whose solution can also be given as a time series (Section 3.3); elliptic
(Section 3.4), parabolic (Section 3.5) and hyperbolic (Section 3.6) motions will be
analyzed and classified according to the value of the total mechanical energy (Sec-
tion 3.7). We briefly remark that the Keplerian solution is also used for mission
design as for the Hohmann transfer maneuvers (Section 3.8). Action—angle vari-
ables for the two-body problem are the so—called Delaunay variables (Section 3.9),
which are also used to formulate Gylden’s problem concerning a two—body model
with variable mass (Section 3.10).
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3.1 The motion of the barycenter

We start by introducing the following notation. In an inertial reference frame
(0,X,Y,Z) with origin in O, let r; and r, be the distance vectors of P; and
Ps from O. Let r = r, — r; be the relative distance between P; and Ps. Denote
by B the barycenter of the two bodies and let R be the distance vector of B from
O (Figure 3.1). Let F; be the force exerted by Py on P; and let Fy be the force
exerted by P; on Ps.

Fig. 3.1. Distance vectors in an inertial reference frame with origin in O.

By the action and reaction principle one has

mima 1

F,=-F,, where F,=G RCRR

Using (3.1), the equations of motion are given by the expressions

dry mima r
m = =
L g r2 r
d2r2 mims T
-2 _ _ = 2
> de2 g r2 or (3:2)
Adding the above equations one obtains
d2£1 d2£2
my a2 +m27dt2 =0,
whose integration provides the relations:
dr dr
mld;tlerQd;tQ:Ql 5 miry +m2Z2:Q1t+Q2 5

with C,, C, being constant vectors.
Let M be the total mass, namely M = mj + mg; the location of the barycenter
is given by
MR =mqr; +mary .
Therefore we obtain the equations

dR
M—r=C1,  MR=Cit+0,,

which express that the barycenter moves with constant velocity.
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3.2 The solution of Kepler’s problem

Let us divide the first of (3.2) by m; and the second by ms; subtracting the two
resulting equations one obtains:

d? ro
E(E1 —EQ) = g(ml + m2)ﬁ ;
being r = ry — r; one finds:
d2r T
g2 ThE T 0, (3.3)
where p = G(my + m2). Multiplying (3.3) by the vector r one gets
d2r
Ehae =0
namely
d;

where h is a constant vector which represents the total angular momentum; such a
vector turns out to be perpendicular to the orbital plane. From (3.4) one obtains
that the two bodies move at any instant on the same plane.

On such a plane of motion we introduce a reference frame (Py, z, y, z) with axes
parallel to the inertial frame, the z—axis being orthogonal to the plane of motion
and with the origin centered in P; (Figure 3.2); let us denote by i, j, k the unit
vectors corresponding to the reference axes. Let (r,d) be the polar coordinates of
P, with respect to P;. Since the coordinates of Py are (z,y, z) = (rcos ¥, rsind,0),
one obtains

i k
dr . ;
det (r/\ dt) = det rcosﬂ_ ’I“Sinl? 0| =r29k.

7cos? —rdsind rsind + rdcosd 0
Denoting by h the absolute value of h one has

29 =h , (3.5)
Y
Py
r
)
Pl T

Fig. 3.2. Geometrical configuration of Kepler’s problem.
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which provides Kepler’s second law, whose physical interpretation is the following;:
the areal velocity spanned by the radius vector is constant. In fact, let us evaluate
the area 0.4 spanned by the radius vector r(t) at time ¢ and by the vector r(t + 0t)
at time t + ot:

0A = %r(t)r(t + dt) sin 69 ,

where 69 represents the angle spanned from r(t) to (¢t + §t). The variation of A
with respect to the time is given by

0A 1 sin 619 099

in the limit of §¢ tending to zero the areal velocity is given by
A T
A= 1% . (3.6)
2
We next consider the scalar product of (3.3) with 7:

A A
re— _— =
B TS ’

which provides i
1 rdr H
2(dt> F =B (37)
where F is a suitable real constant. Equation (3.7) provides the preservation of the
total energy.
In order to solve Kepler’s problem, we need to compute the radial and orthog-
onal components of the acceleration. In cartesian coordinates one finds

i = icost — 2r)sind — rdsind — rd? cos I
§ = #sind + 2rd cos Y + ri cos ¥ — rd? sin
2 =0. (3.8)

Multiplying the first equation by cos ¥, the second by sin ¥ and adding the results,
the radial component of the acceleration is given by
I

i —rd? = — 3 (3.9)
Moreover, multiplying the second of (3.8) by cosdJ, the first by sin ¢ and subtracting

the results, the orthogonal component is equal to
4279 =0 .

Such an equation can be written in the form %(7319) = 0, which provides the

constancy of the angular momentum A as in (3.5).
Let us introduce the quantity p = %; using the constancy of the angular mo-
mentum, the radial component (3.9) can be written in terms of p as
d’p [
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In fact, from

dp _dQyryr® _ ¢+ dp_ .
9 dt h  h’ a2 h2’
one obtains the equation
. h? I
PmE T T

while using 9 = L one gets (3.9).
The equation (3.10) can be solved to provide the variation of p as a function of
9 as u
p(0) = 45+ Acos(d — go)
where A, gog are suitable constants. Recalling that p = % and introducing the
quantities p = %, called the ellipse parameter, and e = A—hg, called the eccentricity,
one obtains the expression providing the radius vector as a function of the angle ¥:

p

= . A1
1+ ecos(¥ — go) (3:.11)

r

The quantity gg, usually called the argument of perihelion, represents the angle
between the x—axis of the reference frame and the direction of the semimajor axis
of the ellipse, called the perihelion azis (compare with Figure 3.3). Introducing the
true anomaly f as

f=0-90,
equation (3.11) can be equivalently written as

p

"= 1+ecosf

(3.12)

o

9019

Py

Fig. 3.3. The argument of perihelion go.
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3.3 f and g series

Kepler’s problem admits a solution in the form of a time series, the coefficients of
such a series being functions of the mass parameter u, of the initial values of the
radius vector r and of its derivative. Inserting in (3.3) the change of time given by

T=\put,

one obtains the equation

2
% + r% =0. (3.13)
For short we denote by 1’/ = %, r’ = % and so on. With this notation, the
equation (3.13) can be written as 7" = —=%. Differentiating (3.13) we obtain
" v 3rr'er
- (5-52)
//// 2 3 -r' 150 -1)? rer,
R (e
(3.14)

Expanding r in Taylor series around 7 = 0 and setting r, = r(0) (similarly for the
derivatives) we obtain

1 1
r=ry+rHT + 5[6’72 + gfg”fn’ +...
Using (3.14) and rearranging the terms we can write
r=fro+grg

where f and g are the following series in 7:

~ 1 1 7)1

— 1,7 2 _— =0 =0.3 .
() QTST Jr27“8 r3 T
~ 1 4
g(r) = 77767“87 +...

The series f = f(7) and § = §(r) converge if 7 is small; they can be efficiently used
to determine the solution as a function of time.

3.4 Elliptic motion

We prove that for eccentricities between 0 and 1 (0 < e < 1) the motion takes
place on an ellipse. We consider a reference frame centered in P; and with the
abscissa coinciding with the perihelion line. Having denoted by r the size of the
radius vector joining P; and Pz, and by f the angle spanned by the radius vector
with respect to the perihelion axis, the coordinates of Ps are given by

(z,y) = (rcos f,rsin f) .
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Therefore from (3.12) we obtain p = r 4 ex; taking the square of such equation and
recalling that r = /22 + y2, one obtains

22(1 —e?) 4+ 2pe z +y* = p* .

This equation can be written as

(w-20)®  ¥° (3.15)

where o
P b b= L. (3.16)

T 1—e2’ a:1—627 V1 —e2
Notice that (3.15) describes an ellipse with semimajor axes a and b oriented accord-

ing to the x and y axes. Moreover we find that the quantity e = 1/1 — Z—Z coincides
with the eccentricity of the ellipse.

We have thus proved Kepler’s first law, which states the following: assuming
that P; coincides with the Sun and P, with a planet, then the motion of the planet
takes place on an ellipse with the Sun located at one of the two foci.

From the second of (3.16) and from p = %2, one obtains h = /ua(l — e?).
From (3.5) and (3.6) the angular momentum h is equal to twice the areal velocity;
denoting by T the period of revolution, being wab the area of the ellipse, one
obtains that h = %Wab. Using the relation b = av/1 — €2 one gets that the period
of revolution and the semimajor axis are linked by the expression:

o =

4 2
72 = 2T g3, (3.17)
I
Equation (3.17) provides the content of Kepler’s third law.
We are finally in the position to summarize Kepler’s laws, which were proved
in the present and previous sections.

First law. The orbit of each planet around the Sun is an ellipse with the Sun at
one focus.

Second law. The radius vector sweeps equal areas in equal intervals of time.

Third law. The square of the period of revolution is proportional to the third power
of the semimajor axis.

We remark that, among other consequences, Kepler’s third law allows us to estimate
the mass of a planet, once the orbital elements of one of its satellites are known.
More precisely, let us denote by mgy,, mp, ms the masses of the Sun, of the planet
P and of its satellite S. Let ap, as and Tp, Ts be, respectively, the semimajor axes
and the periods of the planet around the Sun, and of the satellite around the planet;
we assume that these quantities can be obtained by direct measurements. Applying
Kepler’s third law to the pairs Sun—planet and planet—satellite, one obtains

3

a
g(msun+mp) :47T2T77; s g(mp+m5) = 4r
P

3
28s
.
TS
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The ratio of the two equations provides

() ()
MSun + Mp ap Ts .
Assuming that the mass of the satellite is negligible with respect to that of the

planet and that the mass of the Sun is known, the previous equation provides an
estimate for the mass of the planet as

(22) (72)°

- () ()

ap Ts

mp = MSun (3.18)

For example, let us take P as Jupiter and S as its satellite Io; their elements are
ap = 7.78 - 108 km, Tp = 4331.87 days, as = 421800 km, Ts = 1.769 days, while
Msun = 2 - 103 kg. The expression (3.18) provides an estimate for the mass of
Jupiter equal to 1.9 - 10?7 kg in full agreement with the experimental data.

To conclude the description of the elliptic motion, we provide the formula for
the squared velocity which, expressed in terms of the polar coordinates, takes the
form,

v: =72 42 f2 .

From (3.12) and (3.5) one finds
f:ﬁesinf, rf:ﬁ(l—kecosf).
p p

Computing the square, adding the two equations and using %2 =p=a(l—e?) one

obtains
9 (2 1)
vi=pl-—=1.
rooa
Hlte -

We remark that at perihelion 7 = a(1 — e) so that the velocity v? = bt s
maximum, while at aphelion r = a(1 + e) so that v? = %;Z and the velocity is

minimum. We also remark that for e = 0 the orbit reduces to a circle.

3.4.1 Mean and eccentric anomaly

If T denotes the period of revolution of Py around P;, we introduce the mean

motion as
2T

T -
The angular momentum can be expressed in terms of the mean motion as h =
%Wazx/l —e2 = na®V1 —e2. Let ty be the time of passage at perihelion; we define
the mean anomaly ¢y as the angle described by the radius vector rotating around
the focus with mean angular velocity n during the interval ¢t — ¢g:

n (3.19)

é() = n(t — t()) .
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Fig. 3.4. The eccentric anomaly.

We next introduce a quantity u called the eccentric anomaly: draw the circle with
radius equal to the semimajor axis of the ellipse (see Figure 3.4); from the instan-
taneous position of Py on the ellipse, draw the perpendicular to the semimajor axis
until it meets the circle and let u be the angle QC A formed by the direction to the
center and the direction corresponding to the semimajor axis.

The mathematical relations within the true, mean and eccentric anomalies can
be easily derived from the geometry of the problem. With reference to Figure 3.4
one has: P1B = CB — CP; = acosu — ae and, since P1 B = rcos f, it follows that

rcos f = a(cosu —e) . (3.20)
By elementary properties of the ellipse one has %‘g = g, namely % = g; by

this relation one has:
rsin f =av1—e?sinu . (3.21)
Computing the square of (3.20), (3.21) and adding the two equations one obtains

2

r? = a? + a?e? cos?

u— 2a’ecosu ,

from which it follows that
r=a(l —ecosu) ; (3.22)

this relation provides the radius vector as a function of the eccentric anomaly.
Taking into account that 27 sin? % = r(1 — cos f) and using (3.20), (3.21), one
obtains
2r sin? g = a(l+e)(1l —cosu)

2rcos2£ = a(l —e)(1+ cosu) ;



48 3 Kepler’s problem

computing the ratio of the two equations one gets

f 1+e U
tan & = tan — 3.23
an o 1o g (3.23)

which provides the true anomaly as a function of the eccentric anomaly.

Let us now derive the relation between the eccentric and mean anomalies; this
formula is known as Kepler’s equation.

From Kepler’s second law we can state that the ratio bewteen the area of the
region defined by P1P2A and the area of the ellipse amounts to t_TtO; recalling the
definition of the mean anomaly one has that

1
area(PyPyA) = §ab€0 )

On the other hand this area can be obtained as the sum of the area P;P>B and
of the area BPyA, where the area BP>A is equal to g times the area of QBA;
therefore one has the sequence of relations:

area(P1P2A) = area(P1P2B) + éarea(QBA)
a

= area(P1PB) + g(area(QCA) —area(QCB))

1 b (1 1
= —r?sinfcosf+ — | ~a*u— —a*sinucosu
2 a \2 2

= iab(u —esinu) .

One thus obtains that the relation between ¢y and w is given by
by = u—esinu, (3.24)

which is known as Kepler’s equation. It is now necessary to solve this equation
to get u as a function of the time, being ¢y = n(t — tg). Once such equation is
solved, and therefore u = wu(t) is obtained, one inserts the resulting expression in
(3.22) and (3.23) to obtain the variation with time of the radius vector and the
true anomaly, thus providing the solution of the equation of motion.

3.4.2 Solution of Kepler’s equation

In order to find the eccentric anomaly as a function of the time, it is necessary
to solve the implicit Kepler’s equation (3.24). An approximate solution can be
computed as long as the eccentricity e is small. Indeed, the inversion of (3.24)
provides u as a function of ¢y as a series in the eccentricity:
u = fo+esinu
= {o +esin(fy + esinu)
= £y + esin(fy + esin(fy + esinu))

3 1
= {y+ <e - eg) sin £y + 582 sin(24y) + geg sin(34y) + O(e?)
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where O(e*) denotes a quantity of order e*. The complete solution can be expressed
as

u={ly+e Z [Jk L (ke) + Jk+1(kze)} sin(k) | (3.25)

where Ji(z) are the Bessel’s functwns of order k and argument x; they are defined
by the relation
1

2

The functions Ji(x) can be developed as follows:

2m
Ji(z) = / cos(kt — zsint)dt .
0

o0

0o = 32 s ()"
m=0
Te(x) = (;)%;M(g)zm (3.26)

Notice that equations (3.25), (3.26) provide the solution of Kepler’s equation with
arbitrary precision.

3.5 Parabolic motion

When e = 1 one gets the open trajectory described by the equation

p

= Ty (3.27)

From (3.27) it follows that r + r cos f = p, namely r + z = p; using r = /a2 + y?
one obtains y2 = —2px + p?, namely

_ v
TE Ty Ty
which describes a parabola in the plane (y,z) with vertex coinciding with (%,0)

(see Figure 3.5).
Notice that equation (3.27) can be written in the form

r:g<1+tan2‘£) .

(§>2co4ff VI

Using (3.5), (3.27), one has:

whose integration yields

1/2
~ i) = tan? 4 Ltan? L
2 (p3> (t —tp) = tan 5+ 3 tan 5 (3.28)
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\

/

Fig. 3.5. The parabolic solution of Kepler’s problem.

where tg is the time of passage at perihelion. The solution of equation (3.28), known
as Barker’s equation, provides the variation of the true anomaly as a function of
time in the case of a parabolic orbit.

3.6 Hyperbolic motion

For e > 1, we write the polar equation as

ae? —1)
=—= 3.29
1+ecosf ( )
Using the relations
r=rcosf, r=+/z2+y?, b=ave? -1,
we obtain
22(e? — 1) — y? + a?(e* — 1)? — 2ae(e? — 1)z =0 (3.30)
since b = av'e? — 1, the equation (3.30) becomes
(x—z0)* y*
T2 e b
where we have introduced zo = ae. From the angular momentum integral the

velocity can be written as

2 (2 1)
vvi=ul-—+-—-1 .
rooa

Notice that 7 tends to infinity with a non-zero velocity given by v? = £
From (3.29) one has
a(e* —1) 1

cosf=——"""——. (3.31)
er e
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From (3.17) and (3.19) one has n?a® = y; computing the derivative of (3.31) with
respect to r and using the angular momentum integral in the form h = /up = r2f
as well as p = a(e? — 1), one finds

dt T

n— = .
dr ay/(a+r1)?— a2e?

Introducing the hyperbolic eccentric anomaly uy, such that
r = a(ecoshup — 1) | (3.32)

one obtains

dt
n— =ecoshuy — 1
du
whose integration provides the hyperbolic Kepler’s equation
£y = esinhup, —up ,

where £ is the mean anomaly. Notice that such equation is not periodic and that
the solution tends quickly to infinity. From (3.29) and (3.32) one gets

2
ec—1
——— =-ecoshup —1;
1+ecosf
using the formulae
1—tan2 L 1+ tanh? %
cosfzij%, coshuhzif,
1+tan2§ 1 — tanh” %

one obtains the relation between the true and eccentric anomaly in the case of

hyperbolic motion:
f e+1 Up,
tan = = 4/ —— tanh — .
an o \/ S—q tanh

Numerical methods for solving Kepler’s equation in the hyperbolic case were de-
veloped for example in [72,135].

3.7 Classification of the orbits

According to the value of the parameter e (the eccentricity) the trajectory coincides
with the following conic sections:

(i) e=0: the trajectory is a circle;

(ii) 0 < e < 1: the trajectory is an ellipse;
(iii) e = 1: the trajectory is a parabola,
(iv) e > 1: the trajectory is a hyperbola.



52 3 Kepler’s problem

The same classification of the orbits can be inferred as a function of the energy.
In polar coordinates the energy is given by (see (3.7))

1 : I
E = (" 47r%9%) - =
5 (7 + r29*) .
where p = G(my + m2); using the angular momentum integral we can write

1
E = 57'"24—\/6(7“) ,

where V. (r) is the effective potential given by

h?
V)= —— - £
(r) 2r2
Then, we obtain
Y = VAV
— = —Ve(r)) .
dt
Through the angular momentum integral one gets
d o1
J—"do=nh L = arccos ———— ,

r2\/2(E — Vo(r))

where rq is such that V,(rg) is minimum and Ey = E(rg), namely

=
|
5

h2 NJQ
T0 i 0 2Bz
Recalling (3.11) we find
E
p=To, 1_5() Yo =go -

In summary we obtain that the parameter e is related to the energy E by

2h2E
p?

According to the classification of the orbits in terms of the eccentricity we obtain
the following classification of the trajectories in terms of the energy:

(i) E= th (i.e. e = 0): the trajectory is a circle;
(i) E <0 (i.e. 0 < e < 1): the trajectory is an ellipse;
(iii) £ =0 (i.e. e = 1): the trajectory is a parabola;
(iv) E > 0 (i.e. e > 1): the trajectory is a hyperbola.
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3.8 Spacecraft transfers

As a practical implementation of Keplerian orbits, we consider the problem of
spacecraft transfers. The transfer of a spacecraft from one orbit to another is ob-
tained by implementing proper orbital maneuvers (see, e.g., [51]). The classical
ones are the so—called Hohmann transfer and bi—elliptic Hohmann transfer maneu-
vers, which are based on a careful combination of suitable Keplerian elliptic orbits.
Impulse maneuvers require a short firing of the on—-board engines, so to allow for
a change of sign and direction of the velocity vector. A Hohmann transfer requires
two impulse maneuvers for transferring the spacecraft from one circular orbit of
radius 74 to another coplanar circular orbit of radius rg, through an elliptic orbit
which is tangent to both circles at their periapses (see Figure 3.6(a)). The changes
of velocities required at the periapses can be easily computed using the angular
momentum integral. Bi—elliptic Hohmann transfers between the circles of radii 4
and rp are constructed using two semi—ellipses as in Figure 3.6(b). The first semi-
ellipse allows us to reach a point C' outside the external circle (see Figure 3.6(b)),
while the second semi—ellipse joins with the target point B on the external circle.

(a) (b)

Fig. 3.6. (a) A Hohmann transfer from the circular orbit of radius r4 to the circular
orbit of radius rg. (b) A bi-elliptic Hohmann transfer from the point A on the circle of
radius r4 to the point B on the circle of radius 3.

3.9 Delaunay variables

Classical action—angle variables (see [73] and Appendix A) for the two—body prob-
lem are known as Delaunay variables [18,169]. We present their detailed derivation
for the planar motion and we provide the results for the spatial case. Let (r, ) be
the polar coordinates as in Figure 3.2 and let (p,, py) be the conjugated momenta;
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it is readily seen that py = h. The Hamiltonian function' governing the two—body
motion is given by

1 Py H
H(pmpﬂara 19) = 5 <p72« + 7“129) - ; .

Being ¢ a cyclic variable, we introduce the effective potential (see Figure 3.7) as

2
_ Dy I
Ve(r) = o2 (3.33)
so that the Hamiltonian can be written as a one—dimensional Hamiltonian of the

form )
Py
2
For a fixed value E of the energy, let 7y = ri(E) be the roots of V.(r) = E, so

that

5 . +\/p? + 2Ep3
E-Vir) =S —r)r—r)  with  ra() = AEVIE2ER

H(pr,r) = = + Ve(r) . (3.34)

The period of the motion can be expressed as

ﬂm—zfﬂm‘”-qﬁ(l)w
e V2E-Var) T\ =2E)

By Kepler’s third law (3.17) one obtains the following relation between the semi-

major axis and the energy:
I

=——. 3.35
Y (3.35)
Let us define the action variable Ly as
112
Lo=1/ 2
0 2FE

which in view of (3.35) provides

Lozx/ﬂ .

On the other hand, since (3.34) does not depend on ¥, we can define another action
variable as

Go=py ;
using the expression for the angular momentum h = y/pa(1 — e2) and being py = h,

one gets
GQZLO\/l—e2 .

1 See Appendix A for a basic introduction to Hamiltonian dynamics.
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Notice that one can express the elliptic elements, namely semimajor axis and ec-
centricity, in terms of the Delaunay action variables as

L2 G2
a="2, e= 17—8.
K L

The Hamiltonian function expressed in terms of the action variables becomes

12

0

(3.36)

As for the angle variables, we proceed as follows. Using the relations

2 2 G2
Przpr(LoaGo,T):\/—'u‘f'#—o py = Go ,

L3 r r2’

we introduce the generating function defining the Delaunay variables as

2 2 2
@(LO,GO,T,ﬁ)/prdr+/pgd19/\//£+ufQOdTJrGOﬁ.

2
0 r

The angle variable conjugated to Lg is defined as

=g | d
= — = T
BT N A

Using (3.22) it follows that £y coincides with the mean anomaly, namely
lo =u—esinu .

The angle variable conjugated to Gg is computed as

0P / Go
=— =19 dr .
90 3G 2 %%—k%—f—;

Using (3.22) one finds that go = ¢ — f, which coincides with the argument of
perihelion.

In the spatial case, namely when the three bodies are not constrained to move
on the same plane, one needs to add a third pair of action—angle variables. Indeed,
in polar coordinates (r, v, ) the spatial two-body Hamiltonian is given by

1 3 o5 M
e popem bo0) = 5 (m RS

where (p,,py,p,) are conjugated to (r, v, ¢). Define
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and let the energy be

One easily finds that

H?2 U G2
=4 /GF - ——, rzi\/Q(E-i-)—O.
b O sin?9 P r r2
Having set
. Hy
J_ = arcsin — , Jyp =2 —J_
Go
and

1 /
Ti:—2E<M:t M2+2EG(2)> y

the action variables can be defined as

1 27
A = — dy = H
! 2 0 pr ¥ 0
1 [V
A2 = 7 pgdl?zGo—|H0|
T Jy_
1+
A3 = 7/ prdT = _GO +L0 .
27 ),
Being L2 = —%, the new Hamiltonian is given by

12

(A1 + Ay + A3)2 7

H(Ay, Ay, Ag) = —3

Let a1, as, as be the conjugated angle variables. The relation with the Delaunay
variables is obtained through the symplectic change of coordinates

LO = ‘A1| +A2 +A3 60 = Q3
GO = ‘A1| +A2 go = Qg — Q3
Hy = |A] ho=a1 —az,

where it can be shown (see, e.g., [53]) that Hy is related to G by
Hy = Gocosi

being ¢ the inclination of the orbital plane with respect to a fixed inertial reference
frame. The angle variable hy conjugated to Hy coincides with the longitude of the
ascending node, namely the angle formed by the z—axis of the reference frame with
the line of nodes given by the intersection of the orbital plane with the xy-reference
plane. The Hamiltonian function of the spatial case becomes

12

H=H(Ly) = 12 .
2L2
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We remark that if the eccentricity is zero, then Gy = Lg and the argument of
perihelion is not defined; similarly, when the inclination is zero, then Hy = Gy and
the longitude of the ascending node is not defined. In these cases it is convenient
to introduce the modified Delaunay variables defined as

A = Ly A=Vlo+ go+ ho
F:Lo—G0:L0<1—\/1—e2> W:—go—ho
P = Go—H():?GoSinQ% (p:—ho.

The singularities are now represented by I' = 0 and ® = 0, for which v and ¢ are not
defined. We remark that for small values of the eccentricity and of the inclination,
it is often convenient to introduce the so—called Poincaré variables defined as

p1 = V2 cosy p2 = V2P cosyp
g = V2I'sinvy g2 = V2Psingp .

Ve()

-4 ! ! ! ! !
0 0.2 0.4 0.6 0.8 1 1.2

r

Fig. 3.7. Graph of the effective potential V. (r) given in (3.33) for py = 0.4025 and p = 1.

3.10 The two—body problem with variable mass

3.10.1 The rocket equation

In this section we study the two—body problem formed by a planet and a satellite
and we assume that the mass of the satellite is not constant, but varies with time.
For example, we can imagine dealing with an artificial satellite, whose mass vari-
ation is due to the loss of fuel. We assume that the decrease of the mass of the
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rocket is constant, namely
dm

dt
for some positive constant b. Let us denote by v,, the exhaust velocity of the expelled
particles with respect to the spacecraft; let At = ¢t —tg with ¢y being the initial time
and let Av = v(t) —v(to) be the variation of the velocity. Let mv be the momentum
at time ¢, and let (m — bAt)(v + Av) be the momentum at time ¢ + At. Without
external forces acting on the rocket (as in the case of high—thrust engines), the
total change of linear momentum is given by (see [152])

- b (3.37)

(m — bAt) (v + Av) + bAt(v +v,) —mw =0 .
In the limit for At tending to zero, one gets the rocket equation (see, e.g., [152]):
m— = —by, . (3.38)
Recalling (3.37) and assuming v, constant, the solution of (3.38) is given by

t
Ay = —v, log mito) ;
m

P

where m(tp) is the initial mass. Notice that the quantity Aw is the velocity needed
for the maneuver, which depends on the rate of mass loss.

3.10.2 Gylden’s problem

A physical sample described by a two—body problem with variable mass is composed
by a planet orbiting around a central star which varies its mass [58, 88,90, 116].
Following classical results by Jeans [98] one can assume a mass variation according

to the law
dm

dt
where « is usually small and j varies in the interval [1.4,4.4]. For example, in the
case of the Sun, the decrease of mass by radiation implies that « is of the order of
10712 or 10713, where the units of measure have been assumed as the solar mass,
the astronomical unit and the year; a bigger a must be adopted in the case of
corpuscolar emission.
Denoting by v, the velocity of the center of mass and by F the sum of all
external forces, the equation of motion is given by

d
S mue) =E.

= —am’ , (3.39)

For a point within the body let v be its velocity and let v,,, be the relative velocity
of the escaping or incident mass with respect to the center of mass [91]; then, we
can write the equation of motion as

dv dm(t)

m(t)df; = E+y’"7 . (3.40)
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When the mass is ejected isotropically, for example as for the solar wind, the sum
of the contributions of the second term of the right-hand side of (3.40) cancels out
and the equation of motion reduces to the so—called Gylden’s equation

m(t)— =F . 3.41
)% =F (3.41)
If the body travels within a stationary cloud and accumulates mass, then it is
v,, = —v and the equation of motion (3.40) reduces to the so—called Levi—Clivita’s
equation

d

—(m(t)y) =F .

= (m(t)y) = F
In the rest of this section we will concentrate on the analysis of Gylden’s equation
(3.41). Let us denote by x € R3? the two-body relative position vector and by
X € R3 the conjugated momentum vector. In suitable units of measure let us
write the Hamiltonian function associated to (3.41) as

2 1zl
where in (3.41) we assumed F = — ﬂﬁ%g (| - || denotes the Euclidean norm in R?)

with k() taking into account the mass variation (eventually one can assume that
the dependence upon time is due to a time variation of the gravitational constant).
According to [56] we assume that

(3.43)

where £(tg) = 1 for some initial time ty; we also assume that at any time £(t) is
positive and that £(t) # 0. From (3.42) the equations of motion read as

=X
X = k()

S8

L
>~

from which we obtain that the angular momentum vector h = x A X is constant
(as it follows from ﬁ = g/\l—i—g/\z). Let us show that a suitable coordinate and
time transformation gives (3.42) in the form of a perturbed Kepler’s problem. Let
(y,Y) denote a new set of variables obtained through the generating function

1
q)l(xa y7 t) = €y <X 2€y> )

which provides the change of coordinates:

1
z=ey, X=-Y+ey.
Y - Y
Denoting by 6(¢) = &3¢, the Hamiltonian in the new variables takes the form
1,1 ko 1
Hi(Y,y,1) = (5Y ¥ = 2%+ 250y
o a2 lyll 27 77=
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Next we perform a change of time according to
dt = 2dr ; (3.44)

setting §(7) = 0(t(r)) through the transformation (3.44), the new Hamiltonian
becomes

1 ko 1 9
Ho(Y,y,7) = Y- Y — — + 8(7)|lyl*, (3.45)
- 2 Iyl 2 7=
with associated Hamilton’s equations
dy _onty W _ o
dr oY’ dr Oy
From (3.43) and (3.44) we obtain
k_ ¢ P2
ko e’ e’
which yield )
T 2k

T k'’
usually referred to as the law of marginal acceleration in ephemeris time [56].

Let us express the Hamiltonian (3.45) in terms of the Delaunay variables in-
troduced in Section 3.9. To this end, we set y = (rcos¥,rsind), Y = (p, cosd —
P2 sin), p, sin ¥ 4 2% cos 1) and we perform a change of variables from (p,, pg, 7, )
to Delaunay variables (Lo, Go, {0, go) through the generating function

®y(Lo, G rz?t)—/r LN C e
2\L0,Y0, 7y Y,y - . L(Z) r T2 0¥

2
—% 27}“ - % With the present
notation the semimajor axis and the eccentricity of the osculating Keplerian orbit

are related to the action Delaunay variables by

L3 |, _ G?
a:?, e = ]._fg

The time derivative of the generating function is given by

where rg is a root of the function A(Lg, Go,r) =

m_kk/rd?“_’f/r dr

at k To T\/ A(LOaGOaT) a o V A(L07G07r)
k[Lyk L}k ,
= 7 [Wau—]#a(u—esmu)
= ELOesinu.

e
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Finally, the one-dimensional, time—dependent Hamiltonian function describing
Gylden’s problem is given by

Lo, lo, t; Go) = 00 K e
H3(Lo, o, t;Go) = Ha + E T + 1 Loesinu,

where u is related to £y by Kepler’s equation £y = u — e sin u, which can be inverted
to provide sinu = sin £y + § sin 2{y — %(Sin ly — 3sin3ly) + O(e?). Here Lo, Gy, £
should be interpreted as the osculating elements of the Keplerian motion having
k = k(t) constant.

In the following example we choose j = 3 in (3.39), so that the variation of
the mass is given by the equation 1 = —am?, whose integration provides m(t) =

\/%. We assume that the gravitational constant does not vary with time and we

normalize it to one, so that k(t) coincides with m(¢). The Hamiltonian function
of Gylden’s problem, depending parametrically on the eccentricity e and on the
perturbing parameter «, turns out to be:

3 m(t)?
212
o2

5

He (Lo, o, te,a) = — am(t)QLOe ( sin g + g sin 2¢g

sin £y — 3sin3€0)> .



4 The three—body problem and the
Lagrangian solutions

The solution of the two—body problem is provided by Kepler’s laws, which state
that for negative energies a point—mass moves on an ellipse whose focus coincides
with the other point-mass. As shown by Poincaré [149], the dynamics becomes
extremely complicated when you add the gravitational influence of a third body.
In Section 4.1 we shall focus on a particular three-body problem, known as the
restricted three—body problem, where it is assumed that the mass of one of the
three bodies is so small that its influence on the others can be neglected (see,
e.g., [21,44,94,131,163,169]). As a consequence the primaries move on Keplerian
ellipses around their common barycenter; a simplified model consists in assuming
that the primaries move on circular orbits and that the motion takes place on
the same plane. Action—angle Delaunay variables are introduced for the restricted
three-body problem and the expansion of the perturbing function is provided.

In the framework of the planar, circular, restricted three-body problem we derive
the special solutions found by Lagrange, which are given by stationary points in the
synodic reference frame (Section 4.2). The existence and stability of such solutions
is also discussed in the framework of a model in which the primaries move on elliptic
orbits (Section 4.3) as well as in the context of the elliptic, unrestricted three—body
problem (Section 4.4).

4.1 The restricted three-body problem

Let Py, P2, P3 be three bodies with masses mi, ma, ms, respectively; throughout
this section the three bodies are assumed to be point—masses. In the restricted
problem one takes mo much smaller than my and mgs, so that P> does not affect
the motion of P; and P3. As a consequence we can assume that the motion of Py
and Pj3, to which we refer as the primaries, is Keplerian. Concerning the motion
of Py around the primaries, the region where the attraction of P; or that of P3 is
dominant is called the sphere of influence; an estimate of such a domain is provided
in Appendix B.

4.1.1 The planar, circular, restricted three—body problem

The simplest non—trivial three-body model assumes that P; and P35 move on a cir-
cular orbit around the common barycenter and that the motion of the three bodies
takes place on the same plane. We refer to such a model as the planar, circular,
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restricted three—body problem. In an inertial reference frame whose origin coincides
with the barycenter of the three bodies, let { n 13 o 3 5 € R? be the corresponding
coordinates. From Newton’s gravitational law one obtains that the motion of P;
and P is described by the equations

g, ma(E, —§) ma(§; —§€,)
e R
d’¢, _ 7gm1(§2—§1) 7gm3(§2 —&)
d? &, — &P &, =&

Next we consider a (heliocentric) reference frame with origin coinciding with P;
let 7y = &, —§1, rg = {, — &, be the relative positions with ps = |r5], p3 = [rg].
Then, one obtains

d*ry  G(my+ma)ry  Gmars  Gmg(rg —ry)

a2 3 o3 ry — o3

Setting u = G(my + ms) and € = Gmg, one has

dry pry _ _ OR
dt? p ory

where the function R takes the form

. 1
R =225 _ . (4.1)
P3 rg — 1ol

Notice that for € = 0 the dynamics reduces to the two—body problem of the motion
of Py around P;. For this reason we shall refer to € as the perturbing parameter
and to R as the perturbing function of the Keplerian motion. Recalling (3.36) we
can write the three-body Hamiltonian as

2
Ho(Lo, Go, 4o, 90) = —2#? +eR(Lo, Go, 4o go) » (4.2)
0
where R is given by (4.1) and the functions r,, rs must be expressed in terms
of the Delaunay variables. Since the motion of P3 around P; is circular, normal-
izing the time so that the angular velocity of Ps is equal to one, one obtains
rs = (pscost, pssint). Denoting by ¢ the longitude of Py and using ry - 15 =
pap3 cos(¥ — t), one obtains |ry — ry| = \/p2 + p3 — 2papz cos(V — t). As a conse-
quence, the perturbing function takes the form

p2 cos(d —t) 1

R = - .
P V03 + p3 — 2paps cos( — 1)

(4.3)

We immediately remark that R depends upon the difference ¢ — ¢; being ¥ =
go + f, one obtains that R depends on the difference gy — t. Therefore we perform
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the canonical change of variables from the Delaunay coordinates (Lo, Gy, 4o, go)
introduced in Chapter 3 to a new set of variables (L, G, ¢, g) defined as

6:60, L:LOa
g:go_t7 G:GO

The transformed Hamiltonian takes the form

2

H(Lvagvg) = _2/1‘? -G
o p2eos(g+f) €
03 VP34 P2 —2papscos(g+ f)

where po, f are intended to be expressed in terms of the mean anomaly.

4.1.2 Expansion of the perturbing function

The perturbing function (4.3) can be written in terms of the Delaunay variables.
Here we compute explicitly the first few coefficients of its Fourier—Taylor series
expansion and we refer to Appendix C (see also [61,67,68]) for general formulae
valid at any order.

Let us introduce the Legendre polynomials P;(x) defined through the recursive
relations

Po(z) = 1
Pi(z) = =
Pji1(z) (2 + l)Pj(f—)fl—JPjﬂx)

forany j > 1.

Apart from a constant factor, the second term in (4.3) becomes

1 > peosto -y (2

1
VP3 + p2 — 2paps cos(V — t) ©ps = p3

from which we obtain

1 & J

R=——Y Pj(cos(9 — 1)) (”2) . (4.4)
P3 = P3

The inversion of Kepler’s equation (3.24) up to the second order in the eccentricity

yields
2

u=~{+esinl + % sin(20) + O(e?) .

Using (3.23) one obtains

f=4L4+2esinl + Ze2 sin 20 + O(e?) ,
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so that 5
19—t:g+£+2esin£+1e2sin2€+0(e3) . (4.5)

In a similar way, from ps = a(1 — e cosu) one obtains:
Ly L o 3
p2=a 1—|—§e —ecosﬁ—ie cos2l | +0(e?) . (4.6)

Recall that the ecccentricity is a function of the Delaunay variables through the
relation e = /1 . The powers (%)j for j = 2,3,... admit the following

expansions:

;::\E

3 1
= 14+ §e2 — 2ecosl — 562 cos 20 + O(e®)

o3

3
) = 1+43e? —3ecosl + O(e®)
) = 1+5e? —4ecosl +e*cos20 + O(e?)

Q\S

(%)
(
(
(

a\b

)

From (4.4), one gets:
R = —- [Pa(cos( — 1)) (22)%(:)% + P3(cos(¥ — 1)) (22)°(;%)°

P3 Pr3

+Py(cos(V — 1)) () ()" + Ps(cos(9 — 1)) (2)°()°]+... .

Casting together (4.5), (4.6) and normalizing the unit of length so that p3 = 1, one
obtains the expansion
R = RQQ(L, G) + Rlo(L, G) cosl + Rn(L, G) COS(€ + g)
+ R12(L,G)cos(f+ 2g) + Raa(L, G) cos(2¢ + 2g)
+ Rs2(L, G) cos(3¢ + 2g) + Rs3(L, G) cos(3¢ + 3g)

1
1 —5ecosl + e? <25 + ;Cos%) +0() ... .

+ Rya(L,G)cos(4€ + 4g) + Rss5(L, G) cos(5¢ + 59) + ... , (4.7)
where the coefficients R;; are given by the following expressions:
L* 9 3 Le 9
Roo = LY+ Ze? ) +... =——(1+L*)+...
00 4<+16 +2€‘)+ , Rio 2(+8 +
3 ) Lt
Ry = —218(14204) 4+ ..., Rip= —S(9+5L% +...
8 8 4
Lt 5 3
Ryy = ——(3+-L* : Rzp = —=L'e+...
22 1 ( + 1 )+ ) 32 1 e+
R33 = 58 1+ 7L4 R ———LS
8 16 ’ T 6
63
Rss = — L4 (48)

128
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4.1.3 The planar, elliptic, restricted three—body problem

If we assume that Pz orbits around P; on an elliptic orbit with eccentricity €', the
corresponding motion is described by a Hamiltonian function with three degrees of
freedom; if ¢ denotes the longitude of P3 and ¥ is the conjugated action variable,
the Hamiltonian of the elliptic case is given by

H(L’G’qj7£7g7/(/)): +W+€R(L3Gaevngve/) )

212

where R(L, G, ¥, g,v;€e") depends parametrically on ¢ and, in normalized units, &
is the primaries mass-ratio. Up to constants, the first few Fourier coefficients of
the series expansion of the perturbing function are the following:

R(L,G,t,g,¢) =
LY(5 9 , 3G 3,\ uef. 9.,
36 5.4 Lt 4
7§L 1+§L cos(€+g*1/))+ze(9+5L )cos(l +2g — 24))

4
L <3 + ZL4> cos(2¢ +2g — 2¢) — ZL% cos(3¢ + 2g — 2v)

4

7§L6 <1 + 7L4) cos(3¢ +3g — 3¢) — 2—2L8 cos(4¢ + 4g — 49))

8 16

63 3 45
———L"cos —5¢) — L Z¢/ + — L% ) cos

198 cos(bl + bg — 59) (46 + sl cos(¢)

21 45
-r* (86/ + 326’L4> cos(20 + 2g — 31)

-r* < - %e' + 352e'L4) cos(20+2g — ) + ...

4.1.4 The inclined, circular, restricted three—body problem

We assume that the motion of P3 around P; is circular, but we let the planes of
the orbits of Py and Ps have a non—zero mutual inclination 4. Using the spatial
Delaunay variables (L, G, H, ¥, g, h) introduced in Chapter 3, denoting with v the
longitude of P3, the Hamiltonian function takes the form:

1

H(L,G,H,E,g,h,d)) = 72L2

*H+5R(L7G7H7€7gvhvw) )

where, setting v = ,/% — %, up to constants the first few terms of the Fourier
expansion of the perturbing function are given by
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1 3 9 3
LG H =L S+ e+ L Oy
R(L,G,H,{,g,h,) <4+ge 5 27)

3 3, 5 4
—-—=7"+ =L 204+ 2g+2h —2
(4 27 16 )cos(ﬁ q h w)

1 , 9 3 3,
( 2e—|—3ve 166L>cos(€) (4e 2ve)cos(3£+2g+2h 20)

- ( - Ze + 2726 - ieL4> cos(f +2g + 2h — 2¢)) — g,yz cos(2¢ + 2g)

—272 cos(2h — 2¢)) — g’erCOS(?% +29)

9 3
—|—§'72e cos(l + 2g) + 5’726 cos(l 4+ 2h — 2¢)
3, 63 15 4
+§’y ecos({ —2h +2¢) — L 3 + 6—4L cos({ +g+h—1)

5 35
(2 20 7476 _
(8 + 198 L )L cos(3¢ 4 3g + 3h — 3¢)

f§L8cos(4é+4g+4hf4¢) _ %LlOCOS(5€+5g+5hf5¢)+_”

4.2 The circular, restricted Lagrangian solutions

In the framework of the restricted, planar, circular three-body problem, Euler
and Lagrange proved that in a rotating reference frame the equations of motion
admit the existence of equilibrium solutions, known as the collinear and triangular
equilibrium points. A concrete example is provided by the Trojan and Greek groups
of asteroids, which (approximately) form an equilateral triangle with Jupiter and
the Sun.

The mathematical derivation of such equilibrium solutions is the following. Con-
sider a sidereal reference frame (O, €, n, (), where O coincides with the barycenter
of the three bodies, the £ axis lies along the direction joining the bodies with masses
my and mg at time ¢ = 0, i is orthogonal to ¢ and belongs to the orbital plane,
while ¢ is perpendicular to the orbital plane. Let (&,7:,¢;), ¢ = 1,3, be the coordi-
nates of the primaries P; and P3. We normalize the units of measure so that the
distance between the primaries is unity and that G(m + mg3) = 1. Without loss of
generality we assume that m; > mg and let

ms3

. my +ms

so that u; = Gmy = 1 — 71, us = Gmsz = . The equations of motion of Py with
coordinates (&, 7, () can be written as
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S Tk §—¢
H1 3

"7:/’41 3 +/J/3 3

ry r3
E =t (49)

where r; and r3 denote the distances from the primaries:

o= V(& =2+ (m -2+ (G -2,
rs = /(&= &2+ (3 —n)?+ (G — ()2

Let us introduce a synodic reference frame (O, z,y, z), rotating with the angular
velocity n of the primaries, where n has been normalized to one, due to the choice
of the units of measure. Let us fix the axes so that the coordinates of the primaries
become (x1,y1,21) = (—ps,0,0), (z3,y3,23) = (11,0,0). The link between the
synodic and the sidereal reference frames is

& = cos(t)x —sin(t)y
n = sin(t)z + cos(t)y
¢ =z, (4.10)
while the distances of Ps from the primaries are now given by
=Vt tyi+22, rs=(r— )Pty + 2 (4.11)

Computing the second derivative of (4.10) with respect to time and inserting the
result in (4.9) one obtains the equations of motion in the synodic frame:

oU
i oy — U
v Y ox
i = U
Yy = By
oU
P = — 4.12
i 0z’ ( )
where the function U is defined as
1
U=Uz,y,2) == +y2)+ 22+ 12 (4.13)
2 1 T3

Multiplying (4.12) by %, ¢, 2 and adding the results, one obtains:

ou ou ou .
xx+yy+zz—6—m+a—yy+8f (4.14)
notice that the left—hand 81de of (4.14) is equal to 53( + 92 + %?), while the
right-hand side is equal to 2. Therefore, integrating with respect to time one gets

PP+ =20—-0Cy, (4.15)
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where C is a constant of integration, called the Jacobi integral. Using (4.13) one

obtains
OJ:x2+y2+2%+2?—(a§2+y‘2+22). (4.16)
1 3
Notice that (4.15) implies 2U — C; > 0. The curves of zero velocity are defined
through the expression C'; = 2U; such a relation defines a boundary, called Hill’s
surface, which separates regions where motion is allowed or forbidden. An example

of Hill’s region is given in Figure 4.1.

Fig. 4.1. The triangular and collinear equilibrium points with an example of Hill’s sur-
faces.

Let us now turn to the determination of the position of the equilibrium points
in the planar case with z = 0 [142], since we assumed that the motion of the three
bodies takes place on the same plane. Recalling (4.11) and using p; + u3 = 1 one
has:

pry + psry = 2® +y? + paps

Inserting such an expression in U one has

2 2
U=m <T21+Tll> + U3 <T2‘3+rlg) —%M1M3~
The equilibrium points are the solutions of the system obtained imposing that the
partial derivatives of (4.13) with respect to z and y are zero:
U _ oV On | U ory
ox Oory Oz Ors Ox
= ,u1<7‘1 _12>x+,u3 +M3<7’3—12>m_u1 =0
rs 1 T3 r3
oU _ 0U O OV O
dy Ory Oy Ors Oy

1 1
— M1<T1—2>y+ﬂ3<7"3—742)y:0- (4.17)
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A solution of (4.17) is obtained by solving the equations

r-—=0, rs—— =0,
1 T3

from which one obtains r; = r3 = 1, namely
(@+ps)® +y?=1, (@ —m)*+y*=1.

Solving these equations, one finds the equilibrium solutions

1 V3 1 V3
<2_M3a2) ) (2—M37—2> )
which correspond to the triangular Lagrangian solutions, usually denoted as L4
and L5 (see Figure 4.1).

Other solutions are obtained observing that y = 0 solves the second of (4.17);
in particular, there exist three collinear equilibrium solutions usually denoted as
L1, Lo, L3, where L, is located between the primaries, while Ly and Lg are outside
the primaries. We derive in detail the location of L;; the same procedure can be
straightforwardly extended to Ly and Ls.

At Ly we have y = 0 and r; = x+u3, r3 = —x + p1, so that ry +rg = 1;

moreover, % = 8T3 = 1. Replacing in $= = 0, one obtains

1 1
“1<1‘T3‘<1—7~3>2>‘“3(T3‘@> -

from which one gets

3 3 17T3+
31 (1+7'3+7'3)(177’3)3 '

Define a = (£2-)1/3; developing « in Taylor series, one finds
3p1

53 4

1
T3+81 3+

1
o =13+ T3+3

3
Inverting such relation, for example using the Lagrange inversion method [142], one
has

1, 14 23,

ry=a— ol —ga - cra +... (4.18)

Since 73 represents the distance along the z—axis from the body with mass mg3, the
solution (4.18) provides the location of the equilibrium point L; as a function of the
mass ratio a. Similar computations can be performed for Ly such that r; = x4 us
and rg = r—py with r;—rg = 1, and for L3 such that r; = —x—pus and r3 = —x+p
with rg —r1 = 1.

To give a concrete example, in the Moon—Earth system the location of the
equilibrium points is the following: L, lies at 3.26 - 10° km from the Earth, Lo is
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at 4.49-10° km, L is about 3.82-10% km from the Earth, while L4 and Ly are the
triangular positions at 3.84 - 10° km, being located on the Moon’s orbit.

We conclude with a discussion on the linear stability of the equilibrium positions
(see [142]). Let us denote by (z¢, y¢) one of the five stationary solutions (L1, ..., Ls);
let (8z,6,) be a small displacement from the equilibrium and let (z,y) = (z¢ +
dz,Ye + 0y). Let us insert such coordinates in (4.12) and expand the derivatives of
U in a neighborhood of the equilibrium solution. Using the notation

U, = 02U (4, ye) 7 U,y = 02U (x4, ye) 7
0x? 0x0y

_ U (4, y0)

Uyy ayz ?

the equations for the variations (05, d,) can be written as

by b

o | 8y
N Rl I I

by Oy

where

0 0 1 0
1 o o0 01
A= Upz Upy 0 2
Usy Uyy =2 0

The eigenvalues of A are the solutions of the secular equation det(A — Aly) = 0
(where I is the 4 x 4 identity matrix), namely

M4 (4= Upy — Uy )N’ + (UgaUyy — UZ,) =0

This equation admits four roots:

[N

1 1
Ma = 5 (Un Uy = ) = 510~ Uno = Up)? = AUl ~ U2)1

1
2

N = N =

1
Agg = i[Q(Um + Uy —4)+

)

K%ﬂ@—%ﬁ—ﬂ%wm—ﬁﬂﬂ

The equilibrium solution is stable, if the eigenvalues are purely imaginary.

For the collinear equilibrium position Li, one has y, = 0, 1 = xy + us,
r3 = —xy + p1; defining M = % + %, the characteristic equation becomes
1 3

M4 @2-MMN+1+M-2M*)=0.

Therefore the product of the four eigenvalues amounts to 1 + M — 2M?, with the
constraints \; = —Ag, A3 = —M\4. The eigenvalues are purely imaginary provided
that A2 = A3 < 0 and A3 = \? < 0, which imply that 1 + M — 2M? > 0, namely
—% < M < 1. These inequalities would guarantee the stability of the equilibrium
point; however, computing M at the collinear point L; one finds that M > 1. In
fact, in the case of L; we know that ry < 1 and r3 < 1, so that M > p; + ps = 1.
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We conclude that the collinear point L is unstable for any value of the masses.
The same conclusion holds for Lo and Ls.

Concerning the triangular equilibrium positions one has z, = % — U3, Yo = :I:@,
ry = rg = 1. Computing the derivatives of U at the equilibria, one obtains

3V3

9

3

Upa =
rx 47

The eigenvalues become

j:\/_1_ \/1—27(1—%)#3
\/§ 9

VT i
7 .

The eigenvalues are purely imaginary provided

A2 =

A3 g =

1—27(1 — pz)ps > 0 ; (4.19)

recalling that we assumed my > mg, so that p; > pus with pq + pu3 = 1, taking into
account the inequality (4.19) one obtains

27 — /621
py < ———— ~0.0385 . (4.20)
54
In conclusion, if the masses verify (4.20), then the triangular equilibrium solutions

are linearly stable.

4.3 The elliptic, restricted Lagrangian solutions

Consider the planar motion of a body Pa(z, y) of mass uso in the gravitational field of
two primaries, Py (z1,y1) and Ps(x3,y3) with masses 1 and p3, which are assumed
to move on elliptic orbits around their common center of mass O; let f denote the
true anomaly of the common ellipse and let r = f&;‘i; be the distance between
P; and Ps. In an inertial barycentric reference frame, the cartesian equations of

the motion of Py are given by

T = —
r3 r3
. Hl(y - yl) ﬂB(y - y3)
Yy = - ’1“3 - 7‘3 )
1 3

where 11 = \/(z — 21)2+ (y — y1)%, 13 = /(z — 23)% + (y — y3)2; the above equa-
tions are associated to the Lagrangian function

. 1., u s
Ll gzy,m f) = 5@ +57) + =+ 7=,
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where the coordinates of the primaries, (x1,y1) and (x3,y3), depend upon r and f
in the following way:

T = —pgreosf 23 = pureos f |

Y1 = —pgrsinf, ys = parsin f .

Next we move to a barycentric reference frame (O,€,n) rotating with variable
angular velocity, such that at each instant of time the rotation angle is equal to f
with f = T%, h being the angular momentum and having assumed G(mq +ms) = 1.
The transformation equations are given by

x = Ecosf—msin f
y = Esinf+mncosf .

Thus, the primaries oscillate on the £—axis and have coordinates

51 = —H37T, 53:#'17"3
m =0, n3 =0.

The new Lagrangian function takes the form:
- 1. . 1 : .o
LE & r f) = (€ +0%) + 5 +n")f* + (& — & f+ To+ T2

The transformation to the so—called rotating—pulsating coordinates (X,Y") is
achieved through the further change of variables:

& =rX
n=rY;

the primaries are now in a fixed position with coordinates (X,Y7) = (—pus,0),
(X3,Y3) = (p1,0) and the Lagrangian function takes the form

[

LX)V, X,Y,r, f) = —(X2+V2) +ri(XX + YY)

2
-2 h2
X2+v?)(1+ 2 h(XY - YX s .
AT+ )<+2+22+( )7"7"1 'S
Finally, we change the time taking the true anomaly as independent variable
through the transformation

dt = Erz df .

Denoting by X' = Q and Y/ = dY , the new Lagrangian function is given by

1 H1 | B
LY, XY or f) = S (X2 +Y )+ XY~ YX’+W(X2+Y2) h2( e ;”).

T3
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The corresponding equations of motion take a form similar to that of the circular
case (see (4.12)), being

X" -2y = Qx
V" 42X = Qy, (4.21)
where we define Q = Q(X,Y, f) as
1 1 pio ops 1
Q=—— |(X24+V)+ L B, =
1+ecosf 2( * )+r1+r3+2'ulu3

and Qx, 0y denote the derivatives with respect to X, Y, respectively. Let €y be
defined through the relation

Qo= (1+ecos [ .

The equivalent of the Jacobi integral is obtained from (4.21) multiplying the first
equation by X’ and the second by Y’; adding the results one obtains:

dx\?  [dv\?
— — ) =2 [ (QxdX +QydY) . 4.22
() +(F) =2 @xaxranan (422
Let us write the derivative of 2 with respect to the true anomaly as

esin f
Qp = ( Qo .

1+ ecos f)?
Then, (4.22) becomes:

(5) (5 - 2fm-om

B Qo sin f _
= 20 26/(1+ecosf)2df Ce,

where C, is a constant which reduces to the Jacobi integral in the circular case
e=0.
The stationary solutions of (4.21) are given by

o0 o0
ax 0 oy "
or equivalently by
2 _, 2 _
ox ay

which imply that the solutions of the elliptic problem coincide with those of the
circular case. In particular, the triangular solutions are located at (% — 3, :l:@),
which pulsate as the coordinates. In order to analyze the stability, one starts by
introducing a displacement (dx,dy) from the libration points, say X = Xy + dx,
Y =Y, + dy, where (X, Y2) coincides with one of the five stationary solutions; the
linearized equations can be written as
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1 () (©)

O — 20y = T+ ecos f [0, xx0x + Q2 xy O]
1 () ()

oy +20% = 1+ ecos f [y x0x + Qg yyov]

where Qéz)x x denotes the second derivative of {1y with respect to X computed at

the stationary solution (Xy,Y;) (similarly for the other derivatives). A numerical
procedure based on Floquet theory (see Appendix D) and on the computation of
the characteristic exponents (see [52]) provides the domain of the linear stability
in the parameter plane (u,e).

Figure 4.2 shows the regions of linear stability of the triangular solutions (com-
pare with [52]): at 1 ~ 0.028 one has linear instability for any value of the eccen-
tricity; at p =~ 0.038 one has instability also for e = 0, while the eccentricity can
have a stabilizing effect up to p ~ 0.047 (notice that the point D in Figure 4.2 has
coordinates D(0.047,0.314)). The collinear points are always unstable, as in the
circular case, for any value of the eccentricity and of the mass parameter.

Fig. 4.2. The shaded area denotes a region of equilibrium of the elliptic, restricted trian-

gular solutions as the parameters p and e are varied (after [52]; reproduced by permission
of the AAS).

4.4 The elliptic, unrestricted triangular solutions

Let Py, P2, P3 be three bodies of masses my, msy, ms which are subject to the
mutual gravitational attraction; we assume that the three bodies move in the same
plane and we denote the position vectors in an inertial reference frame by means
of the two—dimensional vectors ¢ 1 4y 4y The equations of motion can be written

° oU
iqg. = — =1,2,3, 4.23
mql 8 i (3 ( )

where
m;m;

Ulg) =

i< llg gl
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Following [154] (see also [134]) the generalization of the Lagrangian solutions of
the restricted case is obtained by looking for a periodic homographic' solution of
the form

Q,(t) = w(t)gz ) 1= ]-, 27 33 (424)

where z; are constant vectors and ¢(t) is an unknown function, which can be found
as follows. Inserting (4.24) in (4.23) one obtains

mim;(t)(z; — z;)
Z b

miz)(t) = = - i=1,2,3,
iz POPIz; — 2l
which can be split as
; v(t)
Y(t) = —v
|1h(t)?]
> e g Ly (4.25)

Nk
1<jage 12~ Al
where v is a real constant. From the first equation we recognize that (t) is a
solution of a Keplerian motion; summing the second equation in (4.25) over i =
1,2, 3, one obtains

Smiz =0, (4:26)
i=1
showing that the center of mass is located at the origin of the reference frame. Let
d be the length of the sides of the triangular solution; the scaling factor v can be set
to one by a proper choice of d. In fact, the first component of the second equation
in (4.25) is given by

1 M

vz = E[mQ(él — z3) + ma(z *§3)] = pA

where M = my + ms + mg3 denotes the total mass. Setting
d=Ms5 (4.27)

we obtain v = 1.
If P (i = 1,2,3) denote the momenta conjugated to 4, the Hamiltonian gov-
erning the three-body problem can be written as

e, 7 lp,l? e, lI?
H b b b b 9 - 71 72 73
I(Bl 22 BS gl g2 g?’) 2m1 2m2 + 2m3
_ mamg  mamg  Mamg (4.28)
lg, =, llag —q, I llgy — g,

1 A homographic solution is a configuration which remains similar to itself all times.
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The center of mass and the total linear momentum can be eliminated through a
transformation to Jacobi coordinates:

— = 7m2
U = 4,49, yl__m1+m2gl
1 ma
Uy = 95— m(”“% +mag,) Y2 = _M(Bl +p, +py) 1,
us = 37(mag, +mag, +mag,) U3 =p,+ P,y (4.29)

An alternative reduction is obtained through the transformation to heliocentric
coordinates as in Appendix E. Recalling (4.24) and (4.26), we obtain

3 3 3
Zmigi— Z miz; = Z Zm@:&
i=1 i=1 i=1

=1
which imply the elimination of the center of mass and of the total linear momentum,
since the above equations yield that u; = 0 and v3 = 0. Under the transformation
(4.29) the Hamiltonian (4.28) becomes:

\ )

o0y, 09, 101 11,) — loall® | llwell®  mamg  mumg  mgmg
PERERTE T oMy oMy ] (lug + Mawy || [lup + Maw, ||
(4.30)
where M; = T2 M, = mS(m]\lij), Mz = 12—, My = — " Transform-

ing to polar coordinates and making use of the constancy of the angular momentum
allows us to reduce to three degrees of freedom. More precisely, we start by per-
forming a coordinate change from (u;,v;) € R* to (r;, 9, R;,0;) € R*, defined
as

[ rjcosd; R; cosv; — —1s1n19 19
i = r;sind; )’ Y= R;sind; + 1cos19 ’ t=Lhe

The Hamiltonian (4.30) becomes

1 6? 1 03
Hs(R1, Ry, 01,09, 1r1,72,01,02) = R? + >+<R2 )
3( 1 2 1 2 1 2 1 2) 2M1( 1 1 2M2 7"2
_ mimp  Mmims 7m2m3’ (4.31)
1 P1 P2

where

pL = \/7"% + M27r3 + 2M3ri7r9 cos(V2 — V1)

p2 = \/rg + M2r3 + 2Myri7r9 cos(V2 — V1) .

Since (4.31) depends on 91, ¥5 through the difference ¥ — 191, we can perform the
canonical change of variables

E =% =3

A= ¥y — 1 A=0,,



4.4 The elliptic, unrestricted triangular solutions 79

which makes the Hamiltonian (4.31) independent of £. Therefore, setting = = h,
where h denotes the constant angular momentum, the transformed Hamiltonian
becomes:

1 (h — A)? 1 A?

Ri,Ry, A A\ = R? R+ =

H4( 1,412, 4,71, T2, ) 2M1 ( 1+ 7"% +2M2 2+ T%

mims mims mams
_ _ — 4.32
- 5 5 (4.32)
where
h = \/7"% + M2r? + 2Msriracos A 8o = \/7"% + M3Fr? 4+ 2Myrira cos X .

Remark. In the planetary case one assumes that one mass is much larger than
the others, say my = p1, mo = eus, mg = eug, where ¢ is a small quantity and u;
(i =1,2,3) is of the order of unity. Then, applying the change of variables

) S‘:)‘v iL:ﬁ»

o~

Ri=—, =T, A=

one obtains the Hamiltonian

. A .
HS(RlaR27A77:177:27>\) = ° (R% + ( f2 ) ) + 26 (Rg —+ ~2>
1

2M; Mo T3
. N1~u2 _ Hiks _Eﬂzft:s : (4.33)
T1 01 0o

where 0; are the quantities §; with r;, A replaced by 7, A Observing that

€ 1 € 1
— =—+0(), — = —+0(e),
My pe (€) My ps3 (€)

one finds that the Hamiltonian (4.33) can be written as

_o 1 (-, (h—A)2 1 [z A2
HG(RlaRQaAv’rtha)‘):QpQ <R%+( f2 ) >+ <R§+ f2>
1

- M2 S L B(Ry, Ry, A, M) (4.34)

Fl 51

for a suitable function F' = F(Ry, Ry, A, 71,72, A). The Hamiltonian (4.34) is equal
to the sum of two decoupled Kepler’s motions, perturbed by a function of order ¢,
which can be considered as a small parameter. This model fits the planetary case
where one mass (corresponding to the Sun) is much larger than those of the other
bodies (the planets), which can be assumed to be of the same order of magnitude.

Coming back to the Lagrangian positions, let us denote by v = ~(¢) the periodic or-
bit corresponding to the triangular configuration with sides of length d as in (4.27).
Following [154] the stability of such configurations is investigated by linearizing the
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equations of motion associated to the Hamiltonian function (4.32) around the peri-
odic solution. One obtains a time-dependent, periodic, linear system in the overall
set of variables z € RS of the form:

2= JD*Hy(y(t))z , (4.35)

0 I3
—I3 0
the n x n identity matrix) and D?H,(v(t)) denotes the Hessian of H4 computed
along the periodic orbit. Let T be its period; the linear stability analysis involves
the determination of the monodromy matrix C = Z(T'), where Z is the 6 x 6-
dimensional matrix, solution of (4.35) with initial data Z(0) = Is. The eigenvalues
of C' are the so—called characteristic multipliers, which are symmetric about the
unit circle, due to the Hamiltonian character of the dynamics. The system is linearly
stable if all multipliers have modulus one. In particular, two multipliers are unity:
one of them is associated to the periodic orbit and the other to the Hamiltonian.
Therefore, the linear stability is determined by the remaining four eigenvalues.
Indeed, a suitable change of variables allows us to decouple the system: one part
is associated to the unitary eigenvalues and a second part is a 4 x 4-dimensional
system associated to the other eigenvalues (see [154]). In the latter case, the secular
equation of order 4 depends on two parameters: the eccentricity and the mass
parameter 0 defined as

where J is the 6 x 6-dimensional matrix J = ( ) (being I,, with n € Z

B=27 mimsg + mims + mams

(m1 —+ mao =+ m3)2

In the circular case the characteristic multipliers can be analytically computed and
it is shown that they are purely imaginary if 0 < 3 < 1; this is a classical result,
already obtained by E.J. Gascheau in the 19th century ([74], see also [156]).

In the elliptic case the characteristic multipliers are obtained through a numeri-
cal integration; the results show that the triangular configuration becomes unstable
as the eccentricity increases (see [154]). In particular, the stability is lost through
a period—doubling bifurcation (namely two multipliers collide at —1 and move off
along the real axis). For g = % the system becomes unstable for any value of the
eccentricity; afterwards there is an interval where the stability is maintained locally
for non—zero values of the eccentricity, even though the circular solution is unsta-
ble. Finally the stability is lost through a Krein bifurcation, according to which
two multipliers collide on the unitary circle and move off in the complex plane (see
Figure 4.3).
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Fig. 4.3. The linear stability of the elliptic, unrestricted, triangular solutions within the
plane (3,e). The meaning of the labels is the following: S denotes a linear stability region,
pd is the period doubling curve ending at 3 = %, ke is the Krein collision curve starting
at 3 =1 (reprinted from [154] with permission from Elsevier).



5 Rotational dynamics

The dynamics of celestial bodies is essentially ruled by two motions: the revolution
around a primary body and the rotation about an internal spin—axis. To a first
approximation one can deal with a rigid body motion, where no internal defor-
mations are considered. A suitable model for the rotational dynamics is obtained
through the introduction of the Euler angles (Section 5.1), while the Hamiltonian
formulation can be derived in terms of the Andoyer-Deprit variables (Section 5.2).
We consider first the free rigid body motion (Section 5.3), and then the perturbed
one under the effect of the gravitational influence of a primary body (Section 5.4).

A simplified model is provided by the spin—orbit problem (Section 5.5), where
the rigid body moves on a Keplerian orbit around the primary; moreover, one
assumes that the spin—axis is perpendicular to the orbital plane and that it coin-
cides with the shortest physical axis. The corresponding Hamiltonian function is
one—dimensional with an explicit time dependence. The dynamics around the res-
onances can be conveniently described by averaging such a Hamiltonian. Relaxing
the assumption that the body is rigid, one needs to consider the effect of tidal forces
which provide the so—called dissipative spin—orbit problem. We also discuss the mo-
tion of a point—mass around an oblate primary (Section 5.6), and the interaction
between two bodies of finite dimensions (Section 5.7).

Another model of rotational dynamics is given by the dumbbell satellite com-
posed by two point—masses connected by a rigid rod, whose barycenter moves
around a primary body (Section 5.9); relaxing the assumption that the rod is
rigid, one obtains the tether satellite (Section 5.8).

5.1 Euler angles

Let us consider a rigid body S with ellipsoidal shape, rotating about a fixed point O.
We introduce a reference frame (O, i, j, k), whose axes coincide with the directions
of the principal axes of inertia of the rigid body; let (O, I, J, K) be a fixed reference
frame with origin coinciding with that of the body frame. We denote by n the line
of nodes, defined as the intersection between the planes (i, j) and (I, J). The Euler
angles (,1),9) (see Figure 5.1) are introduced as follows:

0 < ¢ < 27 is the precession angle formed by the directions of I and n;
0 <1 < 2m is the proper rotation angle formed by the directions of n and i;
0 <9 < 7 is the nutation angle formed by the directions of K and k.
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Fig. 5.1. Euler angles.

In the body reference frame the components (w1, ws,ws) of the angular velocity
of rotation are derived as follows. Since ¥ has the same direction as n, while ¢ is
aligned with K and v with k, their projections on the body reference frame are
given by:

1 = dcos p1 = @sindsiny 1 =0
s —Jsiny Ho = psindd cosy Yy =0
b3 = 0 ps = pcost g =1 .

Therefore we get:

wi = ¢sindsiny + Jcosyp

wy = sindcosy — ¥ sin 1

ws = pcost+ v . (5.1)
Let I, I, I3 be the principal moments of inertia of the rigid body S, which is as-

sumed to be subject to a force with potential energy V (o, ¢, 9) [5]. The Lagrangian
function describing the motion is given by

L0 45, 0,0,0) = 5Tk + T + Fk) = V(g ,9)
- %Il(¢sinﬁsinw+ﬁcosw)2
n %Ig(gbsinﬁcosq/) — Jsin)?
+ %Ig(QbCOS'l? +1)? = V(p,,9) .

It is readily seen that the energy is preserved. The rigid body is said to have a
gyroscopic structure whenever two moments of inertia coincide, say Iy = Iy with
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I; # Is; in this case the Lagrangian function takes the form

Lo L :
‘C(ﬂa Sav’l/)v 90777[’;19) = 511(192 + <)02 Sln2 19) + 513(90 cos ¥ + 1/})2 - V(@J/’ﬂ?) .

For the free rigid body motion the momenta conjugated to ¢ and ¢ are constants,
since the kinetic part depends only on the angle .

5.2 Andoyer—Deprit variables

The rigid body dynamics can be conveniently described through a set of action—
angle coordinates, known as Andoyer—Deprit variables [55]. In the general case in
which the rotation axis does not necessarily coincide with a principal direction, we
introduce three reference frames with the same origin O located at the center of
mass:

(0,1,J,K) is an inertial reference frame, for example with the plane (I, J)
coinciding with the ecliptic plane (or the Laplace plane!) at some epoch;
(0,4,4,k) is a body frame, with the axes coinciding with the principal axes;
(0,iy,1y,13) is a spin frame, with the vertical axis aligned with the angular
momentum.

We introduce the following lines of nodes:

— m is the intersection of (I, J) with the plane (i;,15);
— R is the intersection of (4,7) with the plane (i;,i,);
— n is the intersection of (1, .J) with the plane (i, j).

The angles ¢, ¥, 9, g, £, h, J, K are defined as follows (see also Figure 5.2):

— (9,p,¢) are the Euler angles of the body frame with respect to the inertial
frame;

— (J,g,¢) are the Euler angles of the body frame with respect to the spin frame;
(K, h,0) are the Euler angles of the inertial frame with respect to the spin
frame, where we assume that ¢; coincides with m.

We also remark that m = i3 A K denotes the line of nodes between the inertial
plane and the plane orthogonal to the angular momentum; n = K A k is the line
of nodes between the inertial and equatorial planes; 7 = k A i3 is the line of nodes
between the equatorial plane and the plane orthogonal to the angular momentum,;
the angle g provides the motion of the equatorial axis with respect to the inertial
frame; the angle ¢ gives the motion of the angular momentum with respect to the
body frame; the angle h provides the motion of the angular momentum with respect
to the inertial frame; the angle ¢ is formed by the direction of the vertical principal
axis of the ellipsoid with the vertical axis of the inertial frame.

! The Laplace plane can be defined as the plane with respect to which the orbital incli-
nation has a constant value.



86 5 Rotational dynamics

=

S
=
B

I3

I~

m n

Fig. 5.2. Andoyer—Deprit angles.

If M, denotes the angular momentum, we introduce the following variables
defined as the projections on the axes 5, k, K:

G = My iz =My

L = My -k=GcosJ

H =M, K=GcosK, (5.2)
where J is the so—called non—principal rotation angle formed by the vertical axes

of the spin and body frames, while K is the so—called obliquity angle formed by the
vertical axes of the spin and inertial frames. We denote by

(G.9), (L0,  (H,h)

the Andoyer—Deprit variables. Let p,, py, ps be the momenta conjugated to the
Euler angles. Their relations with the Andoyer—Deprit variables are the following;:

p, = H
py = L
py = GsinJsin(f —1) . (5.3)

Proposition. The transformation from (p,,py,ps, e, ¥,0) to (G, L,H,g,¢,h) is
canonical.

Proof. To prove the canonicity of the transformation we need to show that (see,

e.g. [5])
Gdg + Ldl + Hdh = p,yde + pydi + pedd . (5.4)
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Fig. 5.3. A spherical triangle.

From properties of spherical trigonometry applied to the spherical triangle of Fig-
ure 5.3, one obtains:

dg = —sin J sin(¢) — £)dd 4 cos Kd(¢ — h) + cos Jd(¢p — £) .
Using (5.3) it is readily proved that (5.4) holds. O

5.3 Free rigid body motion

Taking into account the relations (5.1) we can express the momenta conjugated to
the Euler angles as

DPe = (Liwisiny + Jaws cos ) sind + Isws cos v
py = Iwicosth — Ihwssin
py = Isws . (5.5)

Inverting (5.5) one obtains

— 0,
L = wsinw—kpgcosw
sin
— 0
Towy = wwsdl—pﬁsmlb
sin
TIyws = py . (5.6)

Using the relations (5.2), (5.3) and (5.6) one finds:

cos K — cos J cos ¥

I =
11 G[ sin ¢

sin ¢ + sin J sin(¢ — ) cos 14

Tpoy — G[cosK—cochosz?

g cos 1 — sin J sin(¢ — ) sin 14
Izws = L. (5.7)
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From elementary properties of spherical trigonometry applied to the triangle of
Figure 5.3, one finds?

cos K = cos J cos ¥ + sin J sin ¥ cos(¢p — £) ;
together with (5.7) this relation provides

liw; = GsinJsin/
Ihwys = GsinJcos/t
I3(U3 = L.

Finally, we can write the Hamiltonian of a free rigid body motion as

. 2 2 2
H(GaL’H,QJ,h)—;(GQ—L2)(SIH {  cos £> 1L

+ + -,
I I 2 13
which does not depend on H as well as on the angles g and h. Notice that in the
gyroscopic case I; = I the Hamiltonian function becomes:

G*—L* 1L7
H(G,L,H,g,0,h) = —F—+ -—, 5.8

(6L H.g.60) = S5+ 57 (58)
which does not depend on H as well as on the angles g, ¢ and h. Therefore, the
associated Hamilton’s equations provide that the actions (G, L, H) are constants.

As for the angles, one has

G . 1 1 .

which means that the rigid body rotates around the symmetry axis with constant
velocity and that it precedes with uniform velocity.

Remark. The Andoyer—Deprit variables are not well-defined if K = 0 or J = 0;
in these situations one can introduce a transformation to non—singular variables

defined as

)\1 :€+g+h A1:G
Ag = —/4 Aoy =G—L=G(1l—cosd)
A3 = —h A3=G—-H=G(1l—cosK) . (5.9)

The corresponding Hamiltonian is given by

Ay —A9)2% 1 sin® Ay cos? A
H(/h,/l27/137)\1,)\2,)\3)=7< ! 2) + = AF = (A1 = Ay)? 24 2.
213 2 I I

2 Consider a spherical triangle with angles A, B, C and opposite sides a, b, c; then:
cos A = — cos B cos C + sin B sin C cos a.
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5.4 Perturbed rigid body motion

Let the rigid body & of mass m be subject to the gravitational attraction of a
perturber point—-mass body P with mass M. We assume that the rigid body moves
on a Keplerian orbit with instantaneous orbital radius vector r, joining P with the
barycenter of S; denoting by |S| the volume of S and by z the position vector with
respect to the barycenter of a generic point of the rigid body, the potential takes

the form oM p
/ yum 4z (5.10)
S

1%
Ir +z| |S|

The development of V in spherical harmonics is given by (see [57,103,112])

= —QMZZ P;;(sin0)(Csj cos jo + Si;sinjo)

10]0

where (r, ¢, 0) are, respectively, the modulus of r, the longitude ¢ and the latitude
0 measured eastward in a reference frame with origin in the barycenter of the
rigid body, C;; and S;; are the potential coefficients which depend on the density
distribution of the rigid body, P;; are the Legendre associated functions defined by
the set of equations

P;;(sinf) = cos? 6 E:Tij;C sin"= 772k g n= F — J}
k=0
(—1)*(2i — 2k)!
2ikl(i — k)i — 5 —2k)!

Tiji =

The lowest significative order of the development of the potential, say Va, is given
by

r

2
‘N/Q = —g]\fm (}%e) [Ogopg(sin 0) + C22P22(Sin 9) COS 2¢] s (5.11)

where R, is the body’s equatorial radius and P»(sin 6) is the Legendre polynomial
of second order; the spherical harmonic terms Cyo, Coo are given by

1 1

Co = 4mR2

(Il —|—12—213) s 022_ (12—11) .

1 1
2 R2
Let us denote by (Z, 7, 2) the coordinates of the unitary vector oriented toward P
in the body frame, namely

I = cos¢cost
y = sin¢cosf
Z = sinf .
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Then, we can write an expression for Pa(sin ), Pa2(sin #) cos 2¢ in terms of (Z, g, Z)
as
272 — 3% — 2
2 )
In order to express (Z,9,2) with respect to the inertial frame we need to define
the matrices Ry(a), Ra(r), R3() as the rotations of angle o with the subscript
denoting the rotation axis. Denoting by f the true anomaly of S along its Keplerian
orbit, we obtain:

Py(sinf) = Pyy(sin0) cos 2¢ = 3(i% — ) .

T cos f
J | = Rs(O)R1(J)Rs(9)Ra(K)Rs(h) | sinf | . (5.12)
Z 0

In the general case, encompassing also J and K close to zero, one introduces non—
singular angles as in (5.9) by defining A\; = £+ g+ h, in terms of which we provide
the following definition of spin—orbit resonance.

Definition. A spin—orbit resonance of order p : ¢, for p,q € Z with g # 0, occurs
whenever the ratio of the rates of variation of \; and of the mean anomaly ¢ is
equal to p/q, namely
A
AP (5.13)
by 4
The relation (5.13) means that during ¢ revolutions around P, the body S makes
p rotations about its spin—axis. The associated resonant angle is equal to

g 1 — plo
q

a

The synchronous resonance is characterized by p = ¢ = 1, which implies that the
body always points the same face toward the perturber, since the period of rotation
around the spin—axis coincides with the period of revolution about P. This is the
case of the Moon—Earth system, where astronomical data provide that the period
of revolution of the Moon around the Earth and the period of rotation about the
spin—axis are equal to 27.322 days.

At the end of the 17th century G.D. Cassini formulated three laws about the motion
of the Moon around the Earth. Observing that an equilibrium state is provided by
J=K=0and by 0 =¢=h =0, the Cassini laws can be expressed as follows:

(1) the Moon rotates around a principal axis in a synchronous resonance;

(2) the spin—axis and the orbit normal form a constant angle (which means that
K is constant);

(3) the spin—axis, the orbit normal and the ecliptic normal lie in the same plane.
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5.5 The spin—orbit problem

A simple paradigmatic model of rotational dynamics is provided by the spin—orbit

problem (see, e.g., [23,172]) obtained by setting to zero the non—principal rotation

angle as well as the obliquity: J = K = 0. In this case G = L = H, namely
A7

Ay = Az = 0, while the kinetic part reduces to 3T Also the potential energy

simplifies, since for J = K = 0, taking into account (5.12), we obtain
T =cos(f— A1), g=sin(f — A1), z2=0.

The above relations imply that the non—trivial term in Vs is provided by

- GMm a\?® 5 5
Vg = — 3 Rg <> [3022(£C2 *yQ)]
a r
1GM (a\*3 L, - I
_2a3<1") 2 L I5cos(2A1 — 2f) .

We adopt the units of measure such that the mean motion, which by Kepler’s law
coincides with %—ﬁ/[, is equal to one. We define the equatorial ellipticity as

__3L-I
2 I3

as a consequence, the potential can be written as:

3
Vo = _< (a) I5cos(2A1 — 2f) .
2\r

We will specify two different spin—orbit models: the first one is subject only to
the gravitational attraction of the perturber, while the second model takes into
account a dissipative contribution due to the internal non-rigidity of the body.
The two models will be referred to as the conservative and dissipative spin—orbit
problems.

5.5.1 The conservative spin—orbit problem

Consider the motion of a rigid body & with triaxial structure, under the gravita-
tional influence of a point-mass perturber P. We assume that

(i) S moves on an elliptic Keplerian orbit with semimajor axis a and eccentricity
e (namely, the perturbations due to other bodies are neglected);

(#4) the spin—axis coincides with the smallest physical axis of the ellipsoid (namely,
with the largest principal axis of inertia so that J = 0);

(#i7) the spin—axis is perpendicular to the orbital plane (namely, the obliquity K is
zero);

(iv) dissipative effects are neglected.
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Under such assumptions the Hamiltonian governing the dynamics is given by

A? efa\®
Ho(A1, A1, t) = i —5 (7‘) Iscos(2M\ — 2f) (5.14)

where it is intended that the Hamiltonian depends upon the time through the
quantities 7 and f. Making the change of variables y = /11—31, x = A1, then (5.14)
reduces to

Y €

2 a\ 3
H(y,x,t) = Con 2<7“> cos(2z — 2f) .

The corresponding Hamilton’s equations are
3
. a .
y = —5() sin(2x — 2f)
r

T =y, (5.15)
which are equivalent to
N
i—i—a() sin(2z —2f) =0 (5.16)
r
In the spin—orbit problem the quantity = denotes the angle formed by the direction

of the largest physical axis (which by assumptions (i7) and (ii7) belongs to the
orbital plane) with a reference axis, say the perihelion line (see Figure 5.4).

Fig. 5.4. The geometry of the spin—orbit problem.

Remarks.

(a) The Moon, as well as most of the evolved satellites of the solar system, are
observed to move in a synchronous resonance; the only exception is provided by
Mercury [48], which moves in a 3:2 spin—orbit resonance, since the orbital period is
equal to the rotational period within an error of the order of 10™%. It means that,
almost exactly, during two orbital revolutions around the Sun, Mercury makes three
rotations about its spin—axis.

(b) The parameter € = %% is zero in the case of equatorial symmetry I; = I. In

this case the equation of motion is trivially integrable. For regular bodies like the
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Moon or Mercury, the parameter ¢ is of the order of 104 and the corresponding
dynamical system is nearly—integrable.

(¢) The orbital radius and the true anomaly are known functions of time, being
determined through the Keplerian relations:

r = a(l —ecosu)

1
f = 2arctan< 1+etang> ) (5.17)

— e

where u is related to the mean anomaly ¢; by means of Kepler’s equation
o = u — esinu.

(d) The orbital radius and the true anomaly depend on the eccentricity e; for e = 0
one has r = a, f =t + ty for a suitable constant ty; henceforth, for circular orbits
(5.16) reduces to the integrable equation & + € sin(2x — 2t — 2¢y) = 0.

(e) Considering the lift of the angle « on R, we interpret a p : ¢ spin—orbit resonance
for p,q € Z with ¢ > 0 as a periodic solution for (5.16), say t € R — z = z(t) € R,
such that

x(t +2mq) = z(t) + 27p forany teR.

Expanding (5.17) in power series of the orbital eccentricity, equation (5.16) can
be developed in Fourier series as

—+oo

i+ve Y W(T’;,e) sin(2z —mt) = 0, (5.18)

m#0,m=—o0

where the expressions of the first few coefficients W (g, e) are reported in Table 5.1;
the coefficients have been expanded in power series of the orbital eccentricity as
W(5,e)=Wg(e) + Wi(e) + W3 (e) + ..., being W"(e) = O(e?).

Table 5.1. Expansion in powers of the orbital eccentricity of the coefficients W (%, e)
appearing in (5.18).

m m m m m m m m m
5| Wa'(e) | Wi(e) | Wa(e) | W3™(e) | Wi(e) | W5"(e) We™(e) | Wi'(e)
-1 ot 7ef
24 240
1 3 11e° 313¢7
2 a8 768 30720
1 e 3 _ 5e® _143¢7
2 2 16 384 18432
5¢2 13¢* 358
1 1 2 16 288
3 Te _1236° 489¢° _1763e”
2 2 16 128 2048
9 17¢? _ 115¢* 601e®
2 6 48
5 845¢3 _32525¢% 20822567
2 48 768 6144
3 533e* _ 138278
16 160
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Considering the series expansion (5.18) up to the order 4 in the eccentricity,
one obtains

P+ e* in(2 +2t)+63 in(2x 4+ t) + e+63 in(2 t) +
E — S1n — S1n —_ = —_— Sin —
* 9q ST 4g ST 2716 *

5 13 7 123
+ (1 - §e2 + 16€4> sin(2x — 2t) + <2e - 1663) sin(2x — 3t) +

17, 115 4\ . 845 ,
(26 6e> sin(2x — 4t) + 18 ¢ sin(2z — 5t) +

+ %e‘* sin(2x—6t)] =0, (5.19)

which can be written in the form
F+eV(r,t)=0,

for a suitable periodic function V' = V(x,t). Such an equation corresponds to that
of a pendulum subject to a forcing term, depending periodically upon the time.

5.5.2 The averaged equation

For a given resonance of order p : 2, let us define the resonant angle v = x — £¢; in
terms of v equation (5.18) becomes

+oo
f'y+5W<g,e) sin2vy +¢ Z W<72n,e> sin(2y+ (p—m)t) = 0.

m#0,p, m=—o00

Averaging over the time one obtains the pendulum equation
. p . B
Y+eW 5 sin2y =0,

which admits the energy integral

1.y, ¢ p

27 2W<2,e)cos27_E,

being E the total mechanical energy. The equilibrium points correspond to v = 0
and vy = § (modulus 7). If W(%,e) > 0 then y = 0 is stable, while v = 7 is unstable.
The maximum width n,(e) of the resonant region around the stable point amounts
to np(e) = 24/eW (5, e). For example, taking into account the expressions provided
in Table 5.1, one has

172(0.0549) = 0.037 , 15(0.0549) = 0.016 ,
72(0.2056) = 0.023 , 15(0.2056) = 0.020 ,

where p = 2 corresponds to the 1:1 resonance, p = 3 to the 3:2 resonance, e = 0.0549
is the eccentricity of the Moon and e = 0.2056 is that of Mercury; we have assumed
e = 3.45-10~* for the Moon and & = 1.5 - 10~* for Mercury (see also [33]).



5.5 The spin—orbit problem 95
5.5.3 The dissipative spin—orbit problem

In writing equation (5.16) we have explicitly neglected the dissipative effects; among
these terms, the most important contribution is typically due to the internal non—
rigidity of the body and it can be described by a model of tidal torque [78,79,123,
147]). Within the different expressions existing in the literature, we quote a tidal
torque depending linearly on the relative angular velocity as [147]

T@Jﬁrdﬁﬁ@@i—N@ﬂy

where
6

6
a ad .
L(e>t):?757 N(e,t):r—ﬁf.

Moreover, the coefficient Ky is named the dissipative constant; it depends on the
physical and orbital features of the body. More precisely, K4 takes the form

ks (RN\’M
Kd:?)n SC2(&) 57

where n is the mean motion, ks is the Love number (depending on the structure
of the body), @ is the so—called quality factor (which compares the frequency of
oscillation of the system to the rate of dissipation of energy), £ is a structure
constant such that I3 = émR? and, as before, R, is the equatorial radius, M is
the mass of the central body P, m is the mass of S. Astronomical observations
suggest that for bodies like the Moon or Mercury the dissipative constant K is of
the order of 1078,

The expression for the tidal torque can be simplified by assuming (as in [50])
that the dynamics is essentially ruled by the averages of L(e,t) and N(e,t) over
one orbital period:

Tzﬂﬁz—m@@m—ﬁ@} (5.20)

where (compare with [147])

1 2 34
= 7(1_62)9/2 <1+3e +8e)
_ 1 15, 45, 5 4
N(e) = ey (1+ 2e + 8e +16e .

Thus, we are led to consider the following equation of motion for the dissipative
spin—orbit problem:

i%s(i)gﬁn@x2ﬁK4L®ﬁ]W@}. (5.21)

Due to (5.20) the tidal torque vanishes provided

Nie) _ 1+362+ Bet 4 5of
L(e) (1—e2)2(1+3e2+ 3et) '
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It is readily shown that for circular orbits the angular velocity of rotation cor-
responds to the synchronous resonance, being £ = 1. For Mercury’s eccentricity
e = 0.2056, it turns out that & = 1.256. We refer the reader to [9,97,144] for a
discussion on the problem of the capture into resonance under the effect of the
dissipation.

5.5.4 The discrete spin—orbit problem

Let us introduce the resonant angle of order p : 2 defined by the relation v = x — £+;
averaging also the conservative contribution over one orbital period, up to constants
one obtains

5+ €W<§, e) sin2y = — Ky [Ij(e)*'y - N(e)} ,
which can be written as

4 =T
I = —5W(§,e> sin 2y — Ky [i(e)F—N(e)] . (5.22)

Integrating (5.22) through Euler’s symplectic method, one obtains

- r+h[—ew(g,e> sin 2y — Ky (I_,(e)F—N(e))}

v =y +hr
t =t+h, (5.23)

where h denotes the integration step and (I”,~’) is the solution at time ¢ + h. Let
us write (5.23) as

I" = (1 - hKqL(e))T 4+ hKqN(e) — hsW(i,e) sin 27

v = v+ hr
t' = t+h; (5.24)

notice that the determinant of the Jacobian of (5.24) is equal to 1 — hK L(e). The
quantity 1 — hKy4L(e) is positive for typical values of the parameters; for example,
if h = 27 and Ky = 1072, then the Jacobian is positive for any value of the
eccentricity less than 0.767.

In (5.24) take the integration step as h = 27 and define b = 1 — 27K 4L(e),
co = 21K4N(e), g(v) = —2nW (%, e)sin2y. Then, considering the first two equa-
tions of (5.24) one obtains the following map at times 2

I = bl +¢o+e9(7)

/

v = y+2rl.

Performing the change of variables £ = v, n = 27[', we obtain the dissipative
standard map (see Section 1.7):
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n = bm+c+ef(§)
& =&+,

where ¢ = 2m¢g and f(€) = 2mg().

Remarks.

(a) Notice that the parameter c depends on N (e), which represents the average over
an orbital period of a6 f. Therefore N (e) is zero whenever f = 0, namely when the
true anomaly is constant.

(b) Let us focus on the case when the dissipation is zero, namely L(e)I'— N(e) = 0.
As far as I' = 1 (corresponding to the synchronous resonance) one has that L(e) —
N(e) = 0, which is satisfied only if e = 0; for I' = 1.5 (corresponding to the 3:2
resonance) one has 1.5L(e) — N(e) = 0 which admits the solution e = 0.285.

5.6 Motion around an oblate primary

Let P be a body of finite dimensions with principal moments of inertia Iy, I,
I3 and let S be a point—mass satellite orbiting under the gravitational influence
of P. The potential of this model is the same as in (5.10), (5.11) and therefore
we just limit ourselves to quoting the main formulae, which allow us to write the
equations of motion. Let M and m be the masses of P and S, respectively. Denote
by (O, z,y, z) a reference frame with origin in the center of mass O of P; let () be a
generic point of P with coordinates (z',y’, z’) and let S have coordinates (z,y, ).
If §(2', v/, 2') denotes the density of P, then the potential energy acting on S takes

the form
5(‘/'[;/7 y/7 ZI)

dx'dy'dz’
P A

Uz,y,2) =G

where |P| represents the volume of P and A is the distance between @ and S:

A=@—P+—yP+ (-7,
The equations of motion are given by

. oU . oU . oU
xr= — = =

ox’ YTay T e
If r denotes the distance between S and O, p is the distance OQ and « is the angle
formed by OS and OQ, then A% = r2 + p? — 2rpcos a. Therefore, we can expand
1

« using the Legendre polynomials P, and we can write the potential function as

o0

U= ZU 77/ 5y, 2) Y (i)nPn(cosa) da'dy' dz' . (5.25)

n=0 P n=0
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Explicit computations for the first few terms provide

M
v 9M
r
Uy =20
g 1 3 2 2 2
U2 = 7“73 |:§(I1+IQ+13)—ﬁ(IlfL' +12y +132 )} .

Introducing the polar coordinates (r, ¢, 0), where (¢, ) are the satellite’s longitude
and latitude, defined through the relations

r = rcos¢cost
y = rsin¢cosf

z = rsinf

one finds

&
|
ﬁwQ
| —
S
&
|
~
—
|+
G
N~~~
7N
N =
|
DN o

= sin? 9) - %(Il — 1) cos® f cos 24 . (5.26)

e 3 . 2
Us = 3 2(2 5 sin 9) , (5.27)

where

and R, is the equatorial’s radius of P.
For a body with spherical symmetry Iy = I = I3, one finds

_9M
==

U

In general, for a body symmetric with respect to the equatorial plane, the odd
terms of the development (5.25) are zero and one can write the potential energy as

M o] Re 2n .
U= gf |:1 — Z (’r) JQnPQn(Slne)]

T
n=1

for suitable coefficients Jay,, called the zonal coefficients [103].

5.7 Interaction between two bodies of finite dimensions

Let P and P’ be two bodies of finite dimensions with masses M, M’ and centers
of mass O, O'. Let (O, x,y, z) be a reference frame centered in O with the z—axis
along the direction OO'. Let r be the distance between O and O’. If dM represents
an element of mass of P with coordinates (x s, yar, zar) with respect to (O, x,y, z)
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and dM’ is an element of mass of P’ with coordinates (', ¥4, 25;) with respect
to (O, z,y, z), then the potential energy can be written as

dMdM’
vog [ [
’P ’ A

where A denotes the distance between dM and dM’, namely

A= \J(r+2hy — 2a0)? + (hy — yar)? + (hy — 2n0)? -

Introducing the quantities

1
p= @y — P hy )+ Gy —aa)?, a= L0

we obtain
A=ry1-2ap+p?.
Finally, using Legendre polynomials one can expand the potential energy as
dMdM'
U= g/ / —— ) Py(a)p". (5.28)
PJP [

If (a, b, c) and (a’, V', ¢’) denote the direction cosines of OO’ relative to the principal
axes of, respectively, P and P’, then the first few terms of (5.28) can be written as

MM’
v, = 9
r
Uy =0
M1 3
U; = gTB [2(11+I2+13)2(Ila2+1262+1302)}

M1 3
B - S+ i+ )]

where (I, I2, I3) are the principal moments of inertia of P, while (I7, I}, I}) refer
to P’. Higher—order terms can be constructed in a similar way.

5.8 The tether satellite

The tether satellite is formed by two points P; and P, with masses m; and mo
connected by an extensible, massless tether (see [161] and references by the same
author); the center of mass O of P; and P is supposed to move under the grav-
itational attraction of a body P with mass M. The average distance R between
O and P is much larger then the maximal distance d between m; and mo. We
assume that O moves on a Keplerian orbit with eccentricity e and semimajor axis
a; its position on the ellipse is characterized by the true anomaly f. Let (O, z,y, 2)

be the orbital reference frame oriented as in Figure 5.5 and let e, e,, e, be the
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Fig. 5.5. The orbital reference frame (O, x,y, z) of the tether satellite.

corresponding unit vectors. If dy is the maximal length of the tether, we denote by
£ the relative extension defined as

where we assume that £ > 0. Moreover, let ¥ be the angle formed by the z—axis
with the projection of the tether on the orbital plane zz and let ¢ be the angle
formed by the direction of the tether with this plane.

The expressions for the kinetic and potential energy of the attitude dynamics
can be obtained as follows (see, e.g., [41]). Let us write the potential energy as

=119 4 I1°

where I19 is the gravitational contribution, while II¢ is due to the elastic energy
caused by the tether extension. Let R = Re, be the radius vector OP and r,,
1 = 1,2, be the radius vector joining the mass m; with O:

1ims.d cos psin ¥
pp= CU Mooy gy gy= | —sing | (5.29)
mi 4 ma cos ¢ cos

We can write I19 as the sum of the contributions due to m; and ms:
I =11y + 11§,
where

g GMm; .
R 7
! IR+ ;] Y
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which can be expanded as

GMm; e, r; 1., 9 )
"R {1_ 7 ol T3 )+ =12,

Y =
Let us write the gravitational energy I19 as the sum
9 =115 + 119,

where II§ is independent of the tether orientation and extension, namely

I — 7QM(m1 + my)
0 R )
while IIY is given by
ng0d2
I = Tgo(l +EP 1 (e, €]+, (5.30)
where myg is the reduced mass:
mims
mg = ———.
m1 + me

Notice that the following Keplerian relation holds:

GM  ,(a 3 ~ n?(1+ecos f)?
B <R) Ca-ep
where n is the mean motion and f is the true anomaly of the Keplerian orbit of
O with respect to P. According to Hooke’s law, the contribution due to the elastic
deformation is given by
cdge®
2 )

where ¢ denotes the stiffness of the tether.

The kinetic energy T is given by the sum of the contributions due to m; and
me, namely

e =

T=T, +Ty, where T,=—"t  ;i=12.

We denote by V; = |V,| the modulus of the velocity vector

Vi=Vy+u;,
where V, represents the velocity of the barycenter and v, is the velocity of the mass
m,; with respect to O. Let Q@ = Q(f) denote the angular velocity of the Keplerian

motion: ( f)2
n(1l + ecos
Where Q(f) = W
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Then v; can be written as
d*r,
where the operator d* /dt denotes differentiation in the non—inertial orbital reference

frame (O, z,y, z). Using (5.29) we obtain

<

d*r; _ (=1)'ma_ido [, d*e,
—1 — 1 =
dt my + mo £Qd+( +§) dt ’
where .
J* —sinpsind 4+ ¥ cos ¢ cos ¥
€4 .
F —pcosyp

—psinpcos® — ¥ cos psin ¥

Finally, the kinetic energy can be expressed as the sum (see [41])

T=Ty+T,,
where
(m1 +mo) V5
Ty = ————
2
and

mod2 | .
7= e (€ [ (0 ) eost o] |
The Lagrangian function describing the tether’s attitude dynamics® is given by
L=T,— (119 +11I° , (5.31)

where the terms T and II§ have been omitted, since they do not depend on the
attitude variables. It is convenient to adopt the true anomaly f as the independent
variable. Let us denote by py, p,, pe the canonical momenta conjugated to ¥,
¢, £. Retaining only the lowest—order terms in (5.30), the Hamiltonian function
associated to (5.31) takes the form

1 +12
H(po,pe, e, 0. 0.6, f) = [<pv >

2(1+ecos f)2(14+&)?| cos?p ®
+ (1+5)2p§} — po

1

T3

(14 €)*(1 +ecos f)(1 — 3cos? ¥ cos? @)
(1 —e2)3 2
23(1 +ecos f)2°

where the dimensionless parameter 3 in (5.32) denotes the relative stiffness of the
tether, namely

n (5.32)

m0n2

8=

c

3 By attitude dynamics we intend the study of the orientation of the satellite in a given
reference frame.
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5.9 The dumbbell satellite

A particular case of tether dynamics is obtained whenever (3 goes to zero, thus
yielding a dumbbell satellite composed by two points P; and P, with masses mq
and my connected by a non—extensible, massless rod of length d (see, e.g., [41] for
full details). The center of mass O of P; and P, is assumed to move under the
influence of the gravitational attraction of a body P with mass M. Let R be the
average distance between O and P, which is taken to be much larger than d. We
assume that O moves on a Keplerian orbit with eccentricity e and semimajor axis
a. Let (O,z,y,z) be a reference frame with the z—axis oriented along the local
vertical, the y—axis perpendicular to the orbital plane and the z—axis forming an

oriented frame (see Figure 5.6). Denote by e, e, , e, the corresponding unit vectors.

|
|
o
ﬁ%
3

"~
S
N4

x

Fig. 5.6. The definition of the orbital reference frame (O, z,y, 2).

In order to study the attitude dynamics of the dumbbell satellite, we introduce
the angle ¢ formed by the direction of the rod with the xz—plane and the angle ¥
formed by the z—axis with the projection of the rod on the orbital plane (Figure 5.7).
As usual, let f be the true anomaly of the Keplerian orbit.

The Lagrangian function describing the motion of the dumbbell satellite is the
difference between the kinetic energy and the potential energy, which are defined
as follows [41]. Let us write the potential energy as the sum

=11 + 11, , (5.33)

where II; and II; are the contributions due to m; and msy. Set R = Re, equal to
the radius vector OP, r, as the radius vector of the mass m; with respect to O:

; cos psind
r; = (71)Zm3_ide ey = <s)?in(p ;
T, = €4, €q = - )
my +m
1y cos ¢ cos ¥



104 5 Rotational dynamics

N

z

Fig. 5.7. The angles used to define the dumbbell satellite attitude position.

then, one has

GMm; .
Hi = T Ths . > 1= ]-7 2 )

|E+fi|

which can be expanded as
gMm, T e, L oo 2 .
Inm=- 7 {1— R —ﬁ[ri—?)(ﬁi@z)]—i—... , i=1,2.
Denoting by mg the reduced mass
mims
mo=——,
mi1 + mo

the potential energy (5.33) can also be written as
=1 +1I, , (5.34)

where Ilj is independent of the satellite’s orientation, being

QM m0d2
HO:_T (m1+m2)—ﬁ ,
while I, is given by
3G Mmgd? ,
HT:—W(QZ@CI) +., (5.35)

where the dots in (5.35) denote higher—order terms. Concerning the kinetic energy,
we can again decompose its expression as the sum of the contributions due to m1
and my (see [41]), namely
T=T+1T5,

with )

Vi
Mi¥i 12,

2

T, =
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Here the velocity of P; is expressed as
Vi=Vy+u;,

where V, is the velocity of the dumbbell barycenter and v, is the velocity with
respect to O. Let © be the angular velocity associated to the orbital motion:

n € COS 2
-9, ) ="0Ee)

Then, v; can be written as

d*r,
v, = d:+g/\£l‘ ,

where the operator d* /dt denotes differentiation in the non—inertial orbital reference
frame (O, z,vy, z), namely

dre —@singsind + 9 cos p cos ¥
d;d = —gbcosgp
—psin p cos ¥ — 9 cos psin ¥

dr; = (=)' id d’ey , where
dt mi + meo dt

By analogy with (5.34) we split the kinetic energy as

T=Ty+T,,
where Ty and T, are defined by
2 d2 .
m = M MIVE g T ey ) os?

Finally, the attitude dynamics of the dumbbell satellite is described by the La-
grangian function
L=T. -1, , (5.36)

where the terms T and Il have been omitted, since they do not depend on the
attitude variables. The equations of motion associated to (5.36) are given by

D+ Q(f) — 209 + Qf)) tg o + 3n? (%)Ssinﬁcosﬁ =0

. 3
G+ (9 +Q(f)* + 3n? (%) cos? 19] cospsing = 0. (5.37)
Referring to [41], an alternative formulation can be obtained by introducing the
true anomaly f as the independent variable. We denote by a prime the derivative
with respect to f, so that one has
d d d? o d? d

%:Q(f)ﬁ, ﬁ:Q w*‘QQ/@;
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the equations of motion (5.37) are transformed to

i 3sin v cos
9 20 41 't esin f — 0
(" + )[tp g('0—+_14—ecosf 1+ecosf
w_ _2esinf "+ (0’+1)2+M cospsing = 0 (5.38)
1+ecoSfSD 1 +ecos f pemy =T .

which are associated to the Hamiltonian function

1 [(pﬁ+1)2+ 2}

19 =
H(pﬂvpg07 y P f) 2(1—|—ecosf)2 COS2QO p‘P

3
— pg — 5(1 +ecos f) cos® ¥ cos® o .

If the dynamics of the dumbbell satellite takes place on the xz—plane, then ¢ = 0
and p, = 0. Therefore the equations of motion (5.38) reduce to the set of equations
in the variables ¥ and py:

19/ — A —
(14 ecos f)?
py = —3(1+ecos f)cosdsind . (5.39)

We remark that the equations (5.39) can be written as the second-order differential
equation
(1+ecos f)9" —2¢esin f + 3sind cos = 2esin f (5.40)

which is known as the Beletsky equation [10]. For a non-zero eccentricity, the
dynamics associated to (5.40) is non-integrable [22], eventually giving place to
chaotic motions. We refer to [41] for a discussion of the stability properties of
dumbbell satellite dynamics.



6 Perturbation theory

Perturbation theory is an efficient tool for investigating the dynamics of nearly—
integrable Hamiltonian systems. The restricted three-body problem is the proto-
type of a nearly—integrable mechanical system (Section 6.1); the integrable part is
given by the two-body approximation, while the perturbation is due to the grav-
itational influence of the other primary. A typical example is represented by the
motion of an asteroid under the gravitational attraction of the Sun and Jupiter.
The mass of the asteroid is so small, that one can assume that the primaries move
on Keplerian orbits. The dynamics of the asteroid is essentially driven by the Sun
and it is perturbed by Jupiter, where the Jupiter-Sun mass-ratio is observed to
be about 1073. The solution of the restricted three-body problem can be investi-
gated through perturbation theories, which were developed in the 18th and 19th
centuries; they are used nowadays in many contexts of Celestial Mechanics, from
ephemeris computations to astrodynamics.

Perturbation theory in Celestial Mechanics is based on the implementation of a
canonical transformation, which allows us to find the solution of a nearly—integrable
system within a better degree of approximation [66]. We review classical perturba-
tion theory (Section 6.2), as well as in the presence of a resonance relation (Sec-
tion 6.3) and in the context of degenerate systems (Section 6.4). We discuss also
the Birkhoff normal form (Section 6.5) around equilibrium positions and around
closed trajectories; we conclude with some results concerning the averaging theorem
(Section 6.6).

6.1 Nearly—integrable Hamiltonian systems

Let us consider an n—dimensional Hamiltonian system described in terms of a set
of conjugated action-angle variables (I, p) with I € V', V being an open set of R",
and ¢ € T". A nearly-integrable Hamiltonian function H(Z, ) can be written in
the form

H(L @) =h(D) +ef(L ) , (6.1)

where h and f are analytic functions called, respectively, the unperturbed (or in-
tegrable) Hamiltonian and the perturbing function, while ¢ is a small parameter
measuring the strength of the perturbation. Indeed, for ¢ = 0 the Hamiltonian
function reduces to

H(L ) = h(I) .

The associated Hamilton’s equations are simply
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I~-
o

» = w(l), (6.2)

where we have introduced the frequency vector

)

wn =20

Equations (6.2) can be trivially integrated as

I~
—

t) = I(0)
p(t) = w(L(0))t+ ¢(0),

thus showing that the actions are constants, while the angle variables vary linearly
with the time. For € # 0 the equations of motion

. 0
I = 6&‘2(1,@)
0
@ = Q(l)+€%(lvf)

might no longer be integrable and chaotic motions could appear.

6.2 Classical perturbation theory

The aim of classical perturbation theory is to construct a canonical transformation,
which allows us to push the perturbation to higher orders in the perturbing pa-
rameter. With reference to the Hamiltonian (6.1), we introduce a canonical change
of variables C : (I, p) — (I',¢'), such that (6.1) in the transformed variables takes
the form B a

Hl(ll’£/> = HoC(L, f) = h/(ll) +52f/(1/a£l) ) (6.3)

where h' and f’ denote, respectively, the new unperturbed Hamiltonian and the
new perturbing function. The result is obtained through the following steps: de-
fine a suitable canonical transformation close to the identity, perform a Taylor
series expansion in the perturbing parameter, require that the change of variables
removes the dependence on the angles up to second—order terms; finally an ex-
pansion in Fourier series allows us to construct the explicit form of the canonical
transformation. Let us describe in detail this procedure.

Define a change of variables through a close-to—identity generating function of
the form I' - ¢ +e®(I’, ¢) providing

o (I,
=20
oo
ad(I',
o = g+ 282 (6.4)

I al/
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where ® = ®(I’, ¢) is an unknown function, which is determined in order that (6.1)
be transformed to (6.3). Let us split the perturbing function as

fL)=F)+ f(Ly),

where f(I) is the average over the angle variables and f (L, ) is the remainder

function defined as f(I, ©) = f(L,p)—f(I). Inserting (6.4) into (6.1) and expanding
in Taylor series around € = 0 up to the second order, one gets

0B (L', ¢) o0(I', ¢)
! I / I
h(] —&—5788 )+sf<l +578£ ,go)

oB(I', ¢)

= W) +wl) e 90

+ef(Il')+ef(I', ) + O .

The transformed Hamiltonian is integrable up to the second order in e provided
that the function ® satisfies:

. 8@([’,9) -

wll) 5=+ W) =0, (65)

The new unperturbed Hamiltonian becomes
W(I') = hI')+ef(l),

which provides a better integrable approximation with respect to that associated
0 (6.1). An explicit expression of the generating function is obtained solving (6.5).
To this end, let us expand ® and f in Fourier series as

(') = Y, du(l) e,
meZn\{0}

o) = Y full) eme (6.6)
meT

where Z denotes a suitable set of integer vectors defining the Fourier indexes of f.
Inserting (6.6) in (6.5) one obtains

iy wl) m b, eme = =Y fu(L) e
mezZ\{0} =

which provides

= fAm(l/)
&, (I') = — =) 6.7
ull) = 722 (©:)
Using (6.6) and (6.7), the generating function is given by
: full) o
(L', p) = — me 6.8
L=t 2 im (6:)

meZl — T
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The algorithm described above is constructive in the sense that it provides an
explicit expression for the generating function and for the transformed Hamiltonian.
We stress that (6.8) is well defined unless there exists an integer vector m € Z such
that

wI')-m=0. (6.9)
On the other hand if, for a given value of the actions, w = w(I) is rationally
independent (which means that (6.9) is satisfied only for m = 0), then there do
not appear zero divisors in (6.8), though the divisors can become arbitrarily small
with a proper choice of the vector m. For this reason, terms of the form g([’) -m
are called small divisors and they can prevent the implementation of perturbation
theory.

6.2.1 An example

We apply classical perturbation theory to the two—dimensional Hamiltonian func-
tion

312
(L1, I, p1, p2) = - + 2 + €[ cos(pr + a) +2cos(1 — 2)]

which can be shortly written as

H(I1, 2, 01, p2) = h(I1, I2) + e f(p1, p2), (6.10)
where ) )
I I
(I, 1) =2+ +-2
(I1, 1) 9 + 5
and

f(p1,02) = cos(p1 + ¢2) + 2 cos(pr — p2).

Let us perform the change of coordinates

0P

Il = Il +56¢ (I1;1273017Q02)
0P

I, = 12+€6<p (11, I3, @1, 92)
0P

@) = @1+ (11, Iy, 01, 02)
or

0D
0y = @a+emm(I1, Iy, 01,02) -
oI,

Expanding the Hamiltonian (6.10) in Taylor series up to the second order, one
obtains:

o 0P
h<I£+ a 01 IQ a¢2> +6f(9017902)
8h 0P oh 0P
= h(Iiv-[é) 8[ (117I2)3 +e 61 (117[2)8()02 +€f(‘p1a§02) +O(€2) )
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where o o
The first-order terms in € must be zero; this yields the generating function as the
solution of the equation

0P 0P

(A)laigm +WQ87Q02 = —f(8017<P2) .

Expanding in Fourier series and taking into account the explicit form of the per-
turbation, one obtains

Z i(wim 4 won)®,, (I}, Ih)etmertnes) — _ [cos(cpl + 2) + 2cos(p1 — ¥2)

m,n

Using the relations cos(kip1 + kagpa) = L (elF1#1+hav2) 4 e—ilkiertka2)y for some
integers ki, ko, and equating the coefficients with the same Fourier indexes, one
gets:

1 1
P = - ., 41 =—
b 2i(wy +ws) T 9wy + ws)
1 1
O, 4 = —— - P S
1,-1 ’I;(u)l — w2) ’ 11 i(—wl + w2)

Casting together the above terms, the generating function is given by

@([{715,()017()02) = -

1 <ei(901+§02) _ e—i(¢1+¢2))

w1 + w2 21
2 etlpr—p2) _ p—i(p1—p2)
R — QZ_ ).
namely
v . 2 .
(11, I3, p1,02) = Tt sin(p1 + p2) — o1 — s sin(p1 — p2) -

Notice that the generating function is not defined when there appear the following
zero divisors:
wyptwr =0, namely I = £1} .

The new unperturbed Hamiltonian coincides with the old unperturbed Hamiltonian
(expressed in the new set of variables), since the average of the perturbing function
is zero: I o
I 1
n (I, 1 =1 ;22
(1, 15) = 5 + 2



112 6 Perturbation theory
6.2.2 Computation of the precession of the perihelion

A straightforward application of classical perturbation theory allows us to com-
pute the amount of the precession of the perihelion. A first—order computation is
obtained starting with the restricted, planar, circular three-body model. In par-
ticular, we identify the three bodies Py, P; and Py with the Sun, Mercury and
Jupiter. In terms of the Delaunay action—angle variables, the perturbing function
can be expanded as in (4.7). The perturbing parameter ¢ represents the Jupiter—
Sun mass ratio. We implement a first—order perturbation theory, which provides a
new integrable Hamiltonian function of the form

1

WG = —50

- G + ¢ R()()(LI7G/)7

where Roo(L,G) = f%(l + 2 L% + 2e?) 4+ O(e®). Hamilton’s equations yield
on' (L', G") ORwo (L', G")
- ) - _1 )
g oG’ MTe
Recall that g = gg — t, being gy the argument of the perihelion. Neglecting terms
of order O(e?) in Ry, one gets that to the lowest order the argument of perihelion

go varies as

. ORoo(L',G") 3 _,

go=¢ 8G/7 = ZEL/ G .
Notice that up to the first order in € one has L' = L, G’ = G. Taking ¢ = 9.54-104
(the actual value of the Jupiter-Sun mass ratio), a = 0.0744 (setting to one the

Jupiter—Sun distance) and e = 0.2056, one obtains

do = 155.25 arcsecond
century

which represents the contribution due to Jupiter to the precession of the perihelion
of Mercury. A more refined value is obtained taking into account higher—order
terms in the eccentricity.

6.3 Resonant perturbation theory

Consider the following Hamiltonian system with n degrees of freedom
H(L ) =hI)+ef(Lp), LeR", peT"

and let w(I) = 61(197(11) be the frequency vector of the motion. We assume that the
frequencies satisfy ¢ resonance relations, with ¢ < n, of the form

w-my =0 fork=1,...,¢,

for some vectors my, ..., m, € Z™. A resonant perturbation theory can be imple-
mented to eliminate the non-resonant terms. More precisely, the aim is to construct
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a change of variables C : (I, ) — (I',¢’) such that the new Hamiltonian takes the
form
H(L, ) =H (I my ¢, my ) +E2f (L ¢) (6.11)

where h' depends on ¢’ only through the combinations my, - ¢’ with k = 1,... (.
To this end, let us first define the angles

9 =
19j/ =

B

; j=1,...,¢

P,
j/.£7 j/=€—|—l,...,n,

B

where the first ¢ angle variables are the resonant angles, while the latter n — ¢
angles are defined as arbitrary linear combinations with integer coefficients m .
The corresponding actions are defined as

L =m;-J, j=1...0

Iy = mj-J, j=0+1,....n.

Next we construct a canonical transformation which removes (to higher orders)
the dependence on the short—period angles (9¢41,...,%,), while the lowest—order
Hamiltonian will necessarily depend upon the resonant angles. To this end, let us
first decompose the perturbation, expressed in terms of the variables (J,4), as

f(laﬁ):f(l)"’—fr(lﬂgh719€>+fn(laﬁ) ) (6'12)

where f(J) is the average of the perturbation over the angles, f.(J,¥1,...,7,) is
the part depending on the resonant angles and f,,(J,¥) is the non—resonant part.
By analogy with classical perturbation theory, we implement a canonical transfor-
mation of the form (6.4), such that the new Hamiltonian takes the form (6.11).
Using (6.12) and expanding up to the second order in the perturbing parameter,
one obtains:

o~ Oh 0%
22 .}, vy

tef(L) +efr(L V1, .., 00) +eful(d,0) + O(?) .

oY

h(J' + 53@) +ef(J, ) +0(*) =h(J) +e

Recalling (6.11) and equating terms of the same orders is ¢, one gets that

B (J 01, ,090) = h(J) +ef(J) +efr(L,01,...,9) , (6.13)
provided
—~ , 00
ZWZW =—fu(J,9), (6.14)
k=1 k
where wj, = Wi (J') = ‘WSLJ{) . The solution of (6.14) provides the generating function

allowing us to reduce the Hamiltonian to the required form (6.11); moreover, the
conjugated action variables, say J;, , ..., J},, are constants of the motion up to

the second order in e. We remark that using the new frequencies wj,, the resonant
relations take the form wj, =0 for k=1,...,¢.
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6.3.1 Three—body resonance

As an example of the application of resonant perturbation theory we consider the
three-body Hamiltonian (4.2) with the perturbing function expanded as in (4.7).
Let w = (wy, wy) be the frequency of motion; we assume that the following resonance
relation is satisfied:

wp + 2wy =0.

Next, we perform the canonical change of variables

1
191:£+29, J1:§G,

1 1
) l, Jo 5 4G

In the new coordinates the unperturbed Hamiltonian takes the form
2
I
M) = ——-— —2J
() 2(Jy + 2J5)2 b

while the perturbing function is given by
1 1 1
R(Jl, J27191, 192) = Roo(l) =+ RlO(l) COS (2’192> + Rll(l) COS (2191 + 4192>
+ Riz(J) cos(V1) + Raz(J) cos (191 + 192)
3
+ R32( )COS(’191 + ’192) + ng(]) CcOs (2191 + 4192>
) 5

+ R44(i) COS(2191 + 192) + R55(l) Ccos <2191 + 4192) +

with the coefficients R;; as in (4.8). Let us split the perturbation as R =
R(J)+R.(J,91)+ R, (J,0), where R(J) is the average over the angles, R,.(J, ;) =
Ri2(J) cos(1) is the resonant part, while R, contains all the remaining non—
resonant terms. We look for a change of coordinates close to the identity with
generating function ® = ®(J',¥) such that

L J0L )
Y1) =55 = Ra(d)

being w'(J') = ah(‘] ). The above expression is well defined since w’ is non-resonant

for the Fourier components appearing in R,,. Finally, according to (6.13) the new
unperturbed Hamiltonian is given by

h,(l/,’&l) = h(ll) + €R00(ll) + €R12(l/) COS(ﬂl) .
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6.4 Degenerate perturbation theory

Consider the Hamiltonian function with n degrees of freedom
HL ) =h(l,.... L) +ef(Lg), d<n, (6.15)

where the unperturbed Hamiltonian depends on a subset of the action variables,
being degenerate in Ig41,...,I,. As in the resonant perturbation theory, we look
for a canonical transformation C : (I, ¢) — (I, ') such that the new Hamiltonian
becomes N N

H I, o) =WT)+ehi (I, Qhyr, - o) +2f (L, ¢), (6.16)

where the term A’ + eh) admits d integrals of motion. Let us split the perturbing
function in (6.15) as

FL@) = FI) + fa(L, Par1, - on) + [u(L, @) (6.17)

where f is the average over the angle variables, f; is independent of @1, ..., @4
and f, is the remainder, namely f, = f — f — f4. We want to determine a near—
to—identity change of variables of the form (6.4), such that in view of (6.17) the
Hamiltonian (6.15) is transformed into (6.16), namely

0P 0P 0P
h I’+s,...,I’+s>+6 <1’+5, )
( ! i1 T 94 I\ Oy £
d
oh (9<I>
= nI,..., Z +5f( Nt efall, Qarts-- s on)
pa

+efall,) +O(e )
= h/(l/)+€]’L1(7,(pd+1,...,§0n)+0(52) y

where

(I = h(Iy,.... 1)) +ef(I)
hll(l/awd-ﬁ-la"'a@n) = fd(l/750d+17"'3§0n)7

provided @ is determined so that

d
- + f(I',0)=0. 6.18
> i 0 (6.19)
As in the previous sections, let us expand ® and f, in Fourier series as

oLg) = Y, wl) e

meZm\{0}

fullli0) = > fam(l) ™2,

meZl,
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where Z,, denotes a suitable set of integer vectors defining the Fourier indexes of
fn- From (6.18) and setting wy = %, one obtains

i o) D mrwy €™ = — (L) €8 (6.19)

mezm\ {0} k=1 €I,

Due to the fact that wy =0 for k =d+1,...,n, we obtain that

w-m= kawk : (6.20)

The generating function is well defined provided that w - m # 0 for any m € Z,,,
which in view of (6.20) is equivalent to requiring that

d
kawk7é0 for me7Z, .
k=1

6.4.1 The precession of the equinoxes

An application of the degenerate perturbation theory to Celestial Mechanics is of-
fered by the computation of the precession of the equinoxes, namely the constant
retrograde precession of the spin—axis provoked by gravitational interactions. In
particular, we compute the Earth’s equinox precession due to the influence of the
Sun and of the Moon. Assume that the Earth £ is an oblate rigid body moving
around the (point—mass) Sun S on a Keplerian orbit with semimajor axis a and
eccentricity e; recalling (5.8) and (5.10), in the gyroscopic case I; = I the Hamil-
tonian describing the motion of £ around S is given by
G L -1I3

H(LvaHvémgvh?t) = Tll 211[3 L2 +V(L7G?Haévg7h7t) )

where Iy, Is, I3 are the principal moments of inertia and where the perturbation
is implicitly defined by
gmsme dz

v=_ [ Zhsheds
c lre +zl €]

being r¢ the orbital radius of the Earth and [£] the volume of £. Setting re = |r¢|
and x = |z|, we can expand V using the Legendre polynomials as

- Gmsmg [dx [, xz-ore 1 [ (z-re)® 2\’
o L e 0 )[R ]
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Assume that the Earth rotates around a principal axis, namely that the non—
principal rotation angle J is zero or, equivalently, that the actions G and L are
equal. Let G and H be the initial values of G and H at t = 0 and let o denotes the
angle between rg and k (k being the vertical axis of the body frame). Retaining
only the second order of the development of the perturbing function in terms of
the Legendre polynomials, one obtains

. _G? (1 —ecos)g)? 9
V:EWﬁ w COS™

with ¢ = %Ia%gh’ w = 92'73'5 I3 % and where ¢ is the longitude of the Earth.

Elementary computations show that

2
=sin(Ag —h) /1 - — .
cosa = sin(Ag ) e

Neglecting first—order terms in the orbital eccentricity, we have that

. 3
% ~ 1. A first-order degenerate perturbation theory provides the new

unperturbed Hamiltonian in the form (we omit the primes to denote new vari-
ables):

G? G?G? - H?
G,H)=— 0=
MG H) =gt o
Finally, the average angular velocity of precession is given by
. OH1(G,H) _G* H
h=———r"=—b = — .
0H H G?
At t =01t is .
h=—cw= fewzwgl cos K | (6.21)

where we used w = wzwgl cos K with w, being the frequency of revolution and wq

the frequency of rotation, while K denotes the obliquity.

Astronomical measurements show that 131._3]1 ~ m, K ~ 23.45°. The con-

tribution ~A(5) due to the Sun is thus obtained inserting w, = 1 year, wqg = 1 day
in (6.21), yielding A(®) = —2.51857 - 102 rad/sec, which corresponds to a retro-
grade precessional period of 79107.9 years. A similar computation shows that the
contribution 7(™) of the Moon amounts to A(M) = —5.49028 - 10~ 12 rad/sec, cor-
responding to a precessional period of 36 289.3 years. The total precessional period
is obtained as the sum of A®5) and A(M), providing an overall retrograde preces-
sional period of 24 877.3 years, in good agreement with the value corresponding to
astronomical observations and amounting to 25700 years for the precession of the
equinoxes.
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6.5 Birkhoff’s normal form

6.5.1 Normal form around an equilibrium position

Assume that the Hamiltonian H = H(p, q), (p,q) € R?*", admits the origin as a
stable equilibrium position; as a consequence, the eigenvalues of the quadratic part
are all distinct and purely imaginary. In a neighborhood of the equilibrium position,
after a series expansion and eventual diagonalization of the quadratic terms, we can
write the Hamiltonian in the form

1 n
Hpa) =3 > wi} +q}) + Halp. @) + Halpo@) + - (6.22)
j=1
where w; € Rfor j =1,...,n are called the frequencies of the motion and the terms

Hy. are polynomials of degree k in p and ¢. The following definitions introduce the
resonant relations and the Birkhoff normal form associated to the Hamiltonian
(6.22).

Definition. The frequencies wq, ..., w, are said to satisfy a resonance relation
of order K > 0, if there exists a non—zero integer vector (ki,...,k,) such that
kiwi + -+ kpwn, =0 and |k + -+ + k| = K.

Definition. Let K be a positive number; a Birkhoff normal form for the Hamil-
tonian (6.22) is a polynomial of degree K in a set of variables P, @, such that it is

a polynomial of degree [£] in the quantity I = %(Pf +Q3) for j=1,...,n.
The construction of the Birkhoff normal form is the content of the following theo-
rem.

Theorem. Let K be a positive integer; assume that the frequencies wy, ..., wy
do not satisfy any resonance relation of order less than or equal to K. Then, there
exists a canonical transformation from (p,q) to (P, Q) such that the Hamiltonian
(6.22) reduces to a Birkhoff normal form of degree K.

Proof. Let us introduce action-angle variables I = (I,...,I,) € R", p =
(1,---,¢n) € T", such that

p; = /2[;cosyp;

qj = \/2I;sing; , j=1,...,n. (6.23)

Then, the Hamiltonian (6.22) can be written as

Hi(L@) =Y wili +His(Lo) + HialL o) + ... (6.24)

=1
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where the terms H; i are polynomials of degree [k/2] in I,... ,I,. Let I"-o+®(I', )
be the generating function of a canonical transformation close to the identity from

(L) to (I',¢'):

0
I =1+_—
L *+a£
0P
o=t (6.25)

Let us decompose ® as the sum of polynomials

(I):(I)3+(I)4+"'+(I’K,

where @i, k = 3,..., K, is a polynomial of order [g] in I1,...,I,. Inserting the first

of (6.25) in the Hamiltonian (6.24), one obtains the transformed Hamiltonian

0P oP 0P
Holl' ) =w-I'+w- 7 +His <1’+ &p,ap> +H1,4(I’+ 6@790) + ... (6.26)

Let us determine ®3 such that the Hamiltonian (6.26) reduces to the Birkhoff
normal form up to degree 3. To this end, split Hs as

His(L' ) =His(L') + 7‘21,3(!,@ )

where 7'_(1,3 (I') is the average of H; 3 over the angles and 7:[1’3(1', ) is the remain-
der. Using (6.26) we obtain

_ 0®s - 0P
Hao(L', ) = wl'+H 5(L)+ {wagjwl,a(l@s@)} +£'7£

0P
+Hi4 (I’+&p,¢> +...

Expanding ®3 and H;,3 in Fourier series as

(L', 0) = Y Pym(l) ™€
mezn

His9) = ) Higm(l)e™2, (6.27)
mezm\{0}

one obtains

iy wmbsuIe™ et Y Hipm(l) ™2 =0.
mezn mezn\{0}

Therefore the unknown Fourier coefficients of ®3 are given by

!
(1)37@(1/) — il, ,m( ) .

W
I~

(6.28)

S
Ef
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Casting together (6.27) and (6.28), one obtains

!
vl =- > Ml e

TW-m
meZ™\{0} T T

Therefore the transformed Hamiltonian depends only on the actions I’ up to terms
of the fourth order, thus yielding a Birkhoff normal form of degree 3; the normalized
terms define an integrable system in the set of action—angle variables (I’, ¢') which

provide the set of variables (P, Q) through the transformation P; = , /21’ cos ©’,

Q; =4 /2[§ sin <p;-, j=1,...,n. The same procedure applied to higher orders leads

to the determination of the generating function associated to the Birkhoff normal
form of degree K. g

The Birkhoff normal form can be applied to the resonant case (see [6]) as the
classical perturbation theory extends to the resonant perturbation theory. More
precisely, recalling the action—angle variables introduced in (6.23), one has the
following definition.

Definition. Let K be a sublattice of Z™; a resonant Birkhoff normal form of
degree K for resonances in K is a polynomial of degree [%] inly,...,I,, depending
on the angles only through combinations of the form k - ¢ for k € K.

The extension of the Birkhoff normal form to the resonant case is the content of
the following theorem.

Theorem. Let K be a positive integer and let IC be a sublattice of Z™; assume
that the frequencies w1, ..., wy do not satisfy any resonance relation of order less
than or equal to K, except for combinations of the form k- ¢ for k € K. Then,
there exists a canonical transformation such that the Hamiltonian (6.22) reduces to
a resonant Birkhoff normal form of degree K for resonances in K.

Remark. The above results extend straightforwardly to mapping systems having
the origin as an elliptic stable fixed point, so that all eigenvalues lie on the unitary
circle of the complex plane. We briefly quote here the main result, referring to [162]
for further details. Let (p', ¢') = M(p, ¢) be a two-dimensional area preserving map
with (p,q) € R?.

Definition. Let K be a positive number; close to an elliptic fixed point, a Birkhoff
normal form of degree K for M is a polynomial in a set of variables P, ), which
is a polynomial of degree [5] — 1 in the quantity I’ = £(P? + Q?).

The Birkhoff normal form for mappings is the content of the following theorem.

Theorem. If the eigenvalue of the linear part of M at the elliptic fixed point is
not a root of unity of degree less than or equal to K, then there exists a canonical
change of variables which reduces the map to a Birkhoff normal form of degree K.
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6.5.2 Normal form around closed trajectories
Let us consider a non—autonomous Hamiltonian system of the form
H=H(p,qt),

where (p, q) € R?" and H is a 27periodic function of the time. Closed trajectories
for H are generally not isolated, but they rather form families. In a neighborhood
of a closed trajectory one can reduce the Hamiltonian to the form

1 n
H(p.g.t) = 5 > wip?+ @)+ Hs(pogt) + Halp, g, t) + ... (6.29)
j=1
where w = (w1,...,wy,) is the so—called frequency vector. Referring the reader to

[6], we introduce the notion of resonance relation and a result on the construction
of the Birkhoff normal form for the Hamiltonian (6.29).

Definition. The frequencies wq, ..., w, are said to satisfy a resonance relation of
order K, with K > 0, if there exists a non—zero integer vector (ko, k1, ..., k) such
that kg + kywy + - + kpw,, = 0 and |kq| + -+ + |kn| = K.

Theorem. Assume that K is a positive integer and that the frequencies wy, ..., wy
do not satisfy any resonance relation of order less than or equal to K. Then, there
exists a canonical transformation 2w —periodic in time, such that (6.29) is reduced to
an autonomous Birkhoff normal form of degree K with a time—dependent remainder
of order K + 1.

The extension of such result to the resonant case is formulated as follows (see [6]).

Definition. Let IC be a sublattice of Z"!; a resonant Birkhoff normal form of

degree K for resonances in K is a polynomial of degree [%] in the actions I, ..., I,
depending on the angles and on the time only through combinations of the form

kot + k - o for (ko, k) € K.

Theorem. Let K be a positive integer and let IC be a sublattice of Z™ ! ; assume that
the frequencies wy, ..., wy, do not satisfy any resonance relation of order less than
or equal to K, except for combinations of the form ko+k- ¢ for (ko,k) € K. Then,
there exists a canonical transformation reducing the Hamiltonian to a resonant
Birkhoff normal form of degree K in KC up to terms of order K + 1.

6.6 The averaging theorem

Consider the n—dimensional nearly—integrable Hamiltonian system
H(L ) =h(I)+ef(L,¢), I€R", pcT",
with associated Hamilton’s equations
I

@

EE(la E)
w(I) +eG(Ly) , (6.30)
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where (1, p) = —wéi’@, w(l) = 827(11)’ G(Ly) = 8fé£[’£). Let us decompose F as

its average plus an OS(?illating part, say F'(L, o) = F() + E(L ©), so that we can
write (6.30) as

I~-

= eF(I) +eF(L¢)
¢ = wl)+eG(L ) . (6.31)

Averaging (6.31) with respect to the angles, we obtain the following differential
equations in a new set of coordinates J:

J=cF(J). (6.32)

Denoting by I_(t) the solution of (6.31) with initial data I_(0) and by J_(¢) the
solution of (6.32) with initial data J_(0) = I_(0), we want to investigate the con-
ditions for which the averaged system is a good approximation of the full system
(see for example [83] for applications to Celestial Mechanics). More precisely, we
aim to study the conditions for which

lim |L() = J.() =0 forte {0, i] . (6.33)

e—0

We prove such statement in some particular cases. Let us consider first the one—
dimensional case described by the Hamiltonian function

H(I,p) =wl +ef(p),

where w is a non-—zero real number and where the perturbation does not depend

on the action. Setting F'(¢) = —%;f), the equations of motion are given by
I = eF(p)
= w. (6.34)

In this case (6.33) is guaranteed by the following result.

Proposition. Let I.(t) and J.(t) denote, respectively, the solutions at time t of
(6.34) and of the averaged equation with initial conditions, respectively, I.(0) and
J-(0) = I(0). Then, for any 0 <t <1, one has

;IL% |Ia(t) - Je(t)| =0. (6'35)

Proof. Let ¢ be the average of F(p); then J.(t) = I.(0) + ect. Defining
F(p) = F(p) — ¢, we have

I(t) — Je(t)

1.(0) + / t I.(1)dr — (I.(0) + ect)

0
(0)4w
g/otﬁ(<p(0)+m)d7= f/w ’ tF(zp)dw.

W Jp(0)
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If M denotes an upper bound on fj(((? et fo F(p)dip for 0 < t < , then

[1:(t) = (0] < M,

which yields (6.35). O

For higher-dimensional systems, let us consider the Hamiltonian function with
n > 1 degrees of freedom:

H(L ) =w-I+ef(p)
where I € R", ¢ € T", w € R"\{0}. The equations of motion are
I = cF(p)
o= w, (6.36)
(f)

with F(p) = — g, - Let c be the average of I (v); more precisely, for a suitable
sublattice K of Z™\{0}, let

ik

=

Flp)=c+ Y

keK

(&

Proposition. Let I_(t) and J_(t) denote, respectively, the solutions at time t of
(6.36) and of the averaged equations with initial conditions, respectively, I.(0) and
J.(0) =1.(0). If the set Ko = {k € K : k-w = 0} is empty, then for any0 <t < 1,
one has

lim [I_(t) — J.(t)] =0 .

e—0
Proof. We can write

I = ¢ec+e Z er’k’f(o) etkwt

ke
= ecte Y Fete® o N feke®eiket
kEKo kER\Ko
whose integration yields
ik-wt _
I(t) = I.(0) = ect + te ek e® e 3 feibe) © >
keko keEK\Ko IR - W

The sum over Ky generates secular terms; nevertheless, by assumption the set &g is
empty. As a consequence, the distance between the complete and averaged solutions
becomes:

which vanishes as ¢ tends to zero. O
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6.6.1 An example
Let us consider the Hamiltonian function with two degrees of freedom:

H(L,G,t,g) = L* —G+¢cR(L,G,¢,9)
— -G+ s(ROO(L, G) + Rio(L, G) cos 20

+ Ris(L, Q) cos(z+2g)) ,

for some real functions Roo(L,G), Rio(L,G), Ri2(L,G). The frequency vector is
(we,wq) = (2L, —1); assume that the following resonance condition holds:

wp + 2wy =0.

We perform the symplectic change of variables from (L, G, ¢, g) to (I1,1I2,91,92)
defined as

191:€+2gv 1—1:§G7
9y = 20 L-1r-1q. (6.37)
2 = ’ 2_2 4 ) .

due to the resonance, 1, is a slow variable, while 195 is a fast variable. The new
Hamiltonian becomes

H(Iy, T2, 01,02) = (I +2L)° — 211 + eR(I1, I, 91,92)
(I +20)* — 2 + e(Roo(Il,Iz)

+ Rlo(Il,IQ) COSﬁ2+R12(I1,IQ) COS791) 5 (638)

where R(I4, I, 91, 92) (and its coefficients) is the transformed function of R(L, G, ¢, g)
(and of its coefficients). Hamilton’s equations are

I = eR12(11, 1) sinty

Iy = eRyo(I1, Iy) sin vy

OR(I}, Iy, 01,95)
o6

aR(Il,IQ,ﬁl,'ng)
oI, '

01 = 21, +20L) —2+¢

192 = 4(L +2) +¢

Averaging over the fast variable ¥ and denoting by (J1, J2, @1, v2) the averaged
variables, one obtains the Hamiltonian

H(J1, J2, 01, 92) (J1 +2J0)% — 2J; + 5<R00(J17 J2) + Ria(J1, J2) cos 901)

= (Jl + 2]2)2 —2J; JFER(Jl, J2>901) )
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where R(J1,J2, 1) = Roo(J1, J2) + Ri2(J1, J2) cos ;. The associated Hamilton’s
equations are

Ji = eRya(J1, Jo)singy
Jy =0
8R(J1,J2,<p1)
aJ1
8R(J1,J2,<p1)
0Js ’

le = 2(J1+2J2)—2+5
P2 = 41 +2)+e¢

As a special case we set Roo(L,G) = L, Ri2(L,G) = L>G, R1o(L,G) = LG?; taking
€ = 0.01 and setting the initial conditions in the transformed variables (6.37) as
I;(0) = 0.9, I5(0) = 0.5, ¥1(0) = 0, J2(0) = 0, one obtains that the difference
between the complete and averaged solutions (see Figure 6.1) is |I1(t) — J1(f)| <
0.076 for any 0 < ¢t < 100 in agreement with the averaging results discussed in
Section 6.6.

7F

GRAGI

0.03f

0.021

20 40 60 80 100

t
Fig. 6.1. The difference between the complete and averaged solutions associated to (6.38)
for the special case Roo(L,G) = L, Ri2(L,G) = L*G, Rio(L,G) = LG? with ¢ = 0.01
and with initial conditions I (0) = 0.9, I2(0) = 0.5, 91(0) = 0, ¥2(0) = 0.
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Perturbation theory fails whenever a resonance condition is met; however, even if
the non-resonance condition is fulfilled, there could be linear combinations with
integer coefficients of the frequency vector which become arbitrarily small. These
quantities, which are called the small divisors, appear at the denominator of the
series defining the canonical transformation needed to implement perturbation the-
ory. Small divisors might prevent the convergence of the series and therefore the
application of perturbation theory. To overcome this problem, a breakthrough came
with the work of Kolmogorov [105], later proved in different mathematical settings
by Arnold [3] and Moser [138]. The overall theory is known with the acronym of
KAM theory (Section 7.2) and it allows us to prove the persistence of invariant tori
(Section 7.1) under perturbation (compare with [28,31,117,118]). KAM theory was
applied to several physical models of interest in Celestial Mechanics (Section 7.3).
However, the original versions of the theory gave concrete results very far from
the physical measurements of the parameters involved in the proof. The imple-
mentation of computer—assisted KAM proofs allowed us to obtain realistic results
in simple models of Celestial Mechanics, like the spin—orbit problem or the pla-
nar, circular, restricted three-body problem. The validity of such results is also
attested by numerical methods for the determination of the breakdown threshold,
like the well-known Greene’s method (Section 7.4). KAM theory can also be ex-
tended to encompass the case of lower—dimensional tori (Section 7.5) as well as of
nearly—integrable, dissipative systems (see Section 7.6, [19,32]), like the dissipative
spin—orbit problem introduced in Chapter 5. While KAM theory provides a lower
bound on the persistence of invariant tori, converse KAM theory gives an upper
bound on the non—existence of invariant tori (Section 7.7). Moreover, just above the
critical breakdown threshold the invariant tori transform into cantori, which are
still invariant sets though being graphs of Cantor sets. Their explicit construction
is discussed in a specific example, precisely the sawtooth map where constructive
formulae for the cantori can be given (Section 7.8).

7.1 The existence of KAM tori

Let us start by considering the spin—orbit equations (5.15) that we write in the
form

y = —€fx<$,t)

i =y, (7.1)
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where f,(z,t) = % = (2)*sin(2z — 2f) with r = r(t), f = f(t) being known peri-
odic functions of the time. Equations (7.1) can be viewed as Hamilton’s equations
associated to the Hamiltonian function

H(y,z,t) = h(y) +ef(z,t) ,

where h(y) = % is the unperturbed Hamiltonian, € denotes the perturbing param-
eter, while the perturbation f = f(z,t) is a continuous periodic function whose
explicit expression has been given as in (5.15). The perturbing function can be
expanded in Fourier series as

N2
1
flz,t) = ) Z W(T;,e) cos(2x — mt) (7.2)
m#0,m=N,
for suitable coefficients W (%, e) listed in Table 5.1, which depend on the orbital
eccentricity. For ¢ = 0 equations (7.1) can be integrated as

y(t) = y(0)
z(t) = 2(0) +y(0)t ;

henceforth, the motion takes place on a plane in the phase space T? x R, labeled by
the initial condition y(0). The value y(0) coincides with the frequency (or rotation
number) w = w(y) of the motion, which in general is defined as the first derivative
dh(y)
dy

of the unperturbed Hamiltonian: w(y) = . Let us fix an irrational frequency

wo = w(y(0)); the surface {y(0)} x T? is invariant for the unperturbed system and
we wonder whether for £ # 0 there still exists an invariant surface for the perturbed
system with the same frequency as the unperturbed case. The answer is provided
by KAM theory, which allows us to prove the persistence of invariant tori provided
some generic conditions are satisfied.

In a general framework, let us consider a nearly—integrable Hamiltonian function
with n degrees of freedom:

H(y,z) = h(y) +ef(y.z) , yeR", z€T"; (7.3)

_ Oh(y)
let w = B

KAM theory concerns a non-degeneracy of the unperturbed Hamiltonian. More
precisely, let us introduce the following notions.

€ R" be the frequency vector. The first assumption required by

(i) An n-dimensional Hamiltonian function h = h(y), y € V, being V' an open
subset of R™, is said to be non—degenerate if

0%h
det ((?(Qy)) #0 forany y e VC R". (7.4)
y Y

Condition (7.4) is equivalent to require that the frequencies vary with the actions
as
duw(y)
det | ——— ) #0 forany ye V.
oy =
The non-degeneracy condition guarantees the persistence of invariant tori with
fixed frequency.
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(1) An n-dimensional Hamiltonian function h = h(y), y € V' C R", is said to be
isoenergetically non—degenerate if
9%h(y) Oh(y)

Oy

¢ = #£0 forany y € VCR". (7.5)

Oh(y)
dy 0

Q|

det

This condition can be written as

Aw(y) w
det 9y 8 #0 forany y € V. CR".
w Y

The isoenergetic non—-degeneracy condition, which is independent of the non-—
degeneracy condition (7.4), guarantees that the frequency ratio of the invariant
tori varies as one crosses the tori on fixed energy surfaces (see [6]).

(i43) An n—dimensional Hamiltonian function H(y,z) = h(y) + cf(y,z), y € R",
x € T, is said to be properly degenerate if the unperturbed Hamiltonian h(y) does
not depend explicitly on some action variables. In this case, the perturbation f(y, z)
is said to remove the degeneracy if it can be split as the sum of two functions, say
fly,z) = f(y) + efi(y, z) with the property that h(y) + cf(y) is non-degenerate.

In order to apply KAM theory it will be assumed that the unperturbed Hamil-
tonian satisfies (7.4) or (7.5). Beside non—degeneracy, the second requirement for
the applicability of the KAM theorem is that the frequency w satisfies a strong irra-
tionality assumption, namely the so—called diophantine condition which is defined
as follows.

Definition. The frequency vector w satisfies a diophantine condition of type (C, 1)

for some C € R, 7 > 1, if for any integer vector m € R™\{0}:
1

Clm|™ -

lw-m| > (7.6)

Under the non—degeneracy condition, the KAM theorem guarantees the persistence
of invariant tori with diophantine frequency, provided the perturbing parameter is
sufficiently small. More precisely, Kolmogorov [105] stated the following

Theorem (Kolmogorov). Given the Hamiltonian system (7.3) satisfying the
non—degeneracy condition (7.4), having fized a diophantine frequency w for the
unperturbed system, if € is sufficiently small there still exists an invariant torus on
which the motion is quasi—periodic with frequency w.

The theorem was later proved in different settings by V.I. Arnold [2] and J. Moser
[138] and it is nowadays known by the acronym: the KAM theorem. Qualitatively,
we can state that for low values of the perturbing parameter there exists an invari-
ant surface with diophantine frequency w; as the perturbing parameter increases the
invariant torus with frequency w is more and more distorted and displaced, until the
parameter reaches a critical value at which the torus breaks down (compare with
Figure 7.1). The KAM theorem provides a lower bound on the breakdown thresh-
old; effective KAM estimates, together with a computer—assisted implementation,
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Fig. 7.1. The Poincaré section of the spin—orbit problem (5.19) for 20 different initial
conditions and for e = 0.1. Top: € = 1073, middle: € = 1072, bottom: ¢ = 107*.
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can provide, in simple examples, results on the parameters which are consistent
with the physical values.

Section 7.2 will be devoted to the development of explicit estimates for the
specific example of the spin—orbit model given by (7.1) with the perturbing function
as in (7.2). Its unperturbed Hamiltonian satisfies the non—degeneracy condition

(7.4), being B;Z(Zy) = 1. To apply the KAM theorem it is required that the frequency
of the motion, say w, satisfies a diophantine condition of type (C,7) for some
C € R4, 7 > 1; therefore we assume that for any integers p and ¢, relatively
coprime, with ¢ # 0, the following inequality is satisfied:
p‘ > 1

q| ~ ClgI™*

w— (7.7)

An example of a diophantine number satisfying (7.7) with 7 = 1 is provided by

the golden ratio v = \/52*1, for which (7.7) is fulfilled with the best diophantine

constant given by C' = 3+T‘/5 Being the system described by a one-dimensional,
time—dependent Hamiltonian function, the existence of two invariant tori obtained
through the KAM theorem provides a strong stability property, since the motion
remains confined between such surfaces. We remark that this property is still valid
for a two—dimensional system, since the phase space is four-dimensional and the
two—dimensional KAM tori separate the constant energy surfaces into invariant
regions. On the other hand, the confinement property is no longer valid whenever
the Hamiltonian system has more than two degrees of freedom.

7.2 KAM theory

We present a version of the celebrated KAM theory by providing concrete estimates
in the specific case of the spin—orbit model, following the KAM proof given in [31]
to which we refer for further details (see also [28]). The goodness of the method
strongly depends on the choice of the initial approximation which can be explicitly
computed as a suitable truncation of the Taylor series expansion in the perturbing
parameter. We also discuss how to choose the (irrational) rotation number, among
those satisfying the diophantine condition. In order to obtain optimal results, it
is convenient to use a computer to determine the initial approximation as well as
to check the estimates provided by the theorem. The so—called interval arithmetic
technique allows us to keep control of the numerical errors introduced by the ma-
chine. We also review classical and computer—assisted results of KAM applications
in Celestial Mechanics.

7.2.1 The KAM theorem
The spin-orbit Hamiltonian associated to (7.1) can be written as the nearly—
integrable Hamiltonian function

2
H(y,z,t) = % tef(at) (7.8)
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where y € R, (x,t) € T2, the perturbing function f = f(z,t) is assumed to be a
periodic analytic function and the positive real number ¢ represents the perturbing
parameter. Hamilton’s equations associated to (7.8) can be written as the second—
order differential equation

¥+efy(z,t)=0. (7.9)

Definition. A KAM torus for (7.9) with rotation number w is a two—dimensional
invariant surface, described parametrically by

r=9+ul,t), (Ot ecT?, (7.10)
where u = u(¥,t) is a suitable analytic periodic function such that
L+ ug(9,t) #0 for all (9,t) € T? (7.11)

and where the flow in the parametric coordinate is linear, namely ¥ = w.

Notice that the requirement (7.11) ensures that (7.10) is a diffeomorphism. In this
Section we want to prove the following KAM result.

Theorem. Given the spin—orbit Hamiltonian (7.8) and having fized for the unper-
turbed system a diophantine frequency w satisfying (7.7), if € is sufficiently small
there still exists a KAM torus with frequency w.

Let us introduce the partial derivative operator D as

0 0

(7.12)

We remark that for any function g = g(4J, t) the inversion of the operator D provides

- _ gnm i(nd+mt)
(D1g)(0,1) = A ’
(nm)g‘z\w} iwn +m)

which provokes the appearance of the small divisors wn + m. Notice that from the
second equation in (7.1) we obtain that

y =w+ Du(d,t) .

Inserting the parametrization (7.10) in (7.9) and using the definition (7.12), one
obtains that the function u must satisfy the differential equation

D?u(9,t) + efp (9 +u(¥,t),t) =0 . (7.13)

To prove the existence of an invariant surface with rotation number w is equivalent
to find a solution of equation (7.13). This goal is achieved by implementing a
Newton’s method as follows. Let v = v(1J,t) be an approximate solution of (7.13)
with an error term 7 = (9, t):

D2v(9,t) + e fe (¥ 4+ v(9,t),t) = n(9,1) . (7.14)
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We assume that M = 1+ vy(9,t) # 0 for all (9,¢) € T2 We want to determine
a new approximate solution v = v'(¢,t) which satisfies (7.13) with an error ' =
7' (9,t) quadratically smaller, namely

D2 (9,8) + o (0 + 0/ (9,1),1) = 0 (9,1) , (7.15)

where || = O(|n|?). This task can be accomplished through the following Lemma
(see [26]).

Lemma (New approximation). Let z be a solution of the equation

D(M?Dz) = —Mn . (7.16)
Let
w= Mz, vV=Evtw;
then v’ satisfies (7.15) with
n =ngz+q (7.17)
and
¢ =cf:(V+v+w,t)—efe(V+v,t) —efor(+v,t)w . (7.18)

Proof. We first remark that taking the derivative of (7.14) with respect to ¥ one
. D*M + e frz(9 4+ v, )M =1y . (7.19)
By (7.15) and (7.17) one has
D?v + D*(Mz) 4 efo(9 + 0, t) + € foa (P + v, )Mz =92 ;
using (7.19) and (7.14), one obtains
D*(Mz) — (D*M) z = —1n . (7.20)

Multiplying (7.20) by M one can easily recognize that the function z must solve
(7.16). O

The solution z is obtained from (7.16) in the form
z=D"! (M_2[00 - D_l(/\/ln)]) +c, (7.21)
where ¢y and c; are suitable constants which take the following expressions:
co = (M7 MTZDH (M)
—(MYMDH (M 2[eg = DM (M) (7.22)

C1

so that w has zero average. Let us introduce the complex domain
Aep={(0.t,e) €C* : @) <&, [m(t) <&, |e] <p};

then, for a function g = g(¥,¢;¢) we define the norm

¢.p = sup [g(d, ;)] .
&.p

llg

Now we need a technical lemma which provides bounds on the derivatives of a
function g = g¢(¥,t;¢), whose Fourier series expansion is given by g¢(¢,t;¢) =
Z(n,m)ez2 9mn€l(m§+mt)~
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Lemma (Bounds on derivatives). Let g = g(9,t;¢) be an analytic function on
the domain A¢ ,. Then, for any 0 < § < &, one has

lgolle-s,p < llglle,, 7" (7.23)
Moreover, if (g) = 0 and 95 denotes the derivative of order { with respect to ¥,
then for £ =0,1,
185D glle-s, < 7e(20)ll9llep

where
1/2

o(6) =2 > (W>2 e~ Onl+Iml) . (7.24)

(nomyeze\foy N T
Proof. Given a holomorphic function g = g(4,t;¢) defined on A¢ ,, the estimate
(7.23) is obtained through Cauchy’s integral formula, i.e.

1 g(’th; 5) -1
gslle-s.,0 = ll5— 74 s Dlle—sp <llglle, 67 -
§=d,p I 0|t (9 — )2 £§=d,p &p

Under the condition (g) = 0, from the maximum principle and Schwarz inequality
one obtains

¢
105D gllesp = || D0 um e €Y
(n,m)€Z2\ {0} b p
< sup Z Z gnm”iee(km%zm)(g—é)
€0 by ke o1} |(mmyeznvy T
2
< sup Z |G Z e2(kintkam)€ 6*5(|N\+|ml)ﬂ
IE1=P (n,m)ez2\ {0} k1 ka€{—1,1} jwn +m|
< 0¢(20)]|glle.p »
with 0(26) defined according to (7.24). O

We introduce the quantities V, Vi, M, M, E, s¢(9) as the following upper bounds:

[vlle,, <V, lvslle, <Vi,  [Mlle, <M,
M e, <M, [nlle,, < E |7e(6)lle,p < 52(0) -

One obtains that
M2 <|IMPlep < M? . M2 < M2, < MP, [(M72) 7, < M7
From (7.22), one finds that ¢y, ¢; can be bounded as
leolle,, < MPM?s0(26)E
lexlle., < MMso() | MPM250(26) B + Mso(€)
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Having introduced the quantities

~ 250(25)
L (A
(

(35 (v o)

a = (MMsy(6))?

b = a—vld_l + asl(é)

M s0(0)

from the definition of z in (7.21) one finds the following bounds W on w and W,
on the derivative of w with respect to ¥:

Ea=W

Eb=wW; .

wlle—s,p
lwslle—s.p

INIA

The first inequality follows from ||w||¢—s5, < M|z||¢—s,, and from the estimate
2lle=s.0 < lletlle,p + 50(8)M3(llcolle.p + 50(5) ME) .

Similar computations hold for ||wy||¢—s,,. Finally, from (7.17) and (7.18) one obtains
a bound FE; on the new error term as

ad~l  @?F
7' lle—s.,p < EQ(M + 2) =E,

where F' = |l foua lle—s+v+w,p-

Let us assume that we start from a given initial approximation v(©) satisfy-
ing (7.14) with an error term n(®); we construct the solution at the jth step, say
v, by an iterative application of the New approzimation Lemma starting from
the initial solution v(®). Let M@, M) EG W), Wl(j) be the bounds corre-
sponding to the solution v\?). From the previous estimates and definitions, the
bounds for the solution vU*1 are obtained through the following Lemma which
provides the KAM algorithm needed to construct bounds on the new approximate
solution.

Lemma (KAM algorithm). Let {§, > 0, &; = 5—2 and let §; = 2]@11. Given the
following quantities referring to the solution v on the domain with parameters
&, 05 MG, MG EG W), WI(J), we define the bounds corresponding to the

solution vUTY) as follows:
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MUY = M(j)—i—Wl(J)

J
NG = g7 <1 _Mzwﬁ)
1=0

-1

i
it Y <1
=0

j
MUH) = oo it Y wi >1
1=0
_— _
EU+D = (p))? a)s; + (aD)?F
- MG 2
WU+ = pU+),6+1)

W1(j+1) = pU+DpG+1)

One can iterate the above algorithm for a finite number of steps; the convergence
to the true solution of equation (7.13) is obtained once a suitable KAM condition is
satisfied. To this end, let us premise the following Lemma which provides a bound
on the quantity o,(d) introduced in (7.24).

Lemma (Bound on 04(8)). Let 0 < § < §; for £ = 0,1, if kg =7+ {+ 1, then
o0(8) < K057k (7.25)

where Ko = 275(11(2%“))1/2, K1 = Ko/ (27 + 2)(27 + 1), with T being the Euler’s
gamma function.
Proof. Fort >1and 0 < 4§ < %, one has

> Inffe0I" < 2e2T(t + 1)5~ (Y

neZz

Being! C > 2 and 7 > 1, one finds

—d&|m|
e
0_5(5) < 92 Z — + 02 Z |n|2-r+2(ef6|n\ Zefé\wﬂ

m#0 n#0

=

2

< 2(2 +2C%(1+ Ve)Ve D(2(T + ) + 1) 52<T+4+1>>

)]
< 20(142(1+ve)Ve)? (D(2(r +€) + 1)) 26+
which gives (7.25). 0
Finally, let v, n satisfy (7.14); for some & > 0, p > 0, let E = ||9|le..p»

M = Ml py M = |IM Y, p, F = || fowzlle.+v,- The convergence of the se-
quence of approximate solutions to the solution of (7.13) is obtained through the
following result, which gives the persistence of the invariant torus with diophantine
frequency w, provided ¢ is sufficiently small (compare with (7.28) below).

V51

! The smallest value of the diophantine constant corresponds to the golden ratio 5

and it amounts to C = # ~ 2.618.
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Proposition (KAM condition). Let & > 0, p > 0 and let By, B1, B2, Mo, N1, N2
be positive constants defined as follows:

. 4\ -1 -1\ -, 1
Bo = | MM KOC<£*> 14+ (MM) 8k0+MM<4> <1+(MM) 2,%)
B = (MMC)?2ot3¢ 2Rt | K
. 1 N 2ko . 1
L+ (M) +MM(4) <1+ (M) QkO>
_ ABy | B3F
B2 = ¢ + 9
mo = 2% g =22RF gy = max(2n0,75) - (7.26)
Defining R
if
KE <1, (7.28)
then (7.13) has a unique solution u, with (u) = (v) and
&x
||U—U %,P < ’CEZ
KE
||u19_’U19 %4} < m . (729)

Proof. Define the sequences {59)}, {6;},7j €Zy, as §,(kj) = % + 2?%, 9 = Qfﬁ
Under the assumption (7.28), for a suitable Ky < K one has the following relations,
valid for any j > 0:

EY) < (KoE)?
R
MY < oM, (7.30)

where V) is an upper bound on v¥). The first of (7.30) implies that the sequence
of the error terms {E(j)}jez , converges to zero. Moreover, from the second of
(7.30) we get that the sequence of approximate solutions {v/)};cz, tends to a
unique solution u. The third equation in (7.30) is equivalent to

Jj—1 )
My wi <1, (7.31)
i=0
The proof of the validity of (7.30) and (7.31) can be done by induction on j. It
is readily seen that these relations are valid for j = 0. Assume they are true for

1,..,7; we want to prove that (7.30) and (7.31) are valid for j7 + 1. We first show
that the following inequalities hold:
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EG+D < (E(i)>25277§
W < BO gy
Wi < EOpi (7.32)

where the real constants By, 51, B2, 1m0, M, N2 are defined as in (7.26). Let
A = Bomns; we prove the first in (7.32) through the following chain of inequalities:

@2 4027 (A(i))2F>
(E )(A T

(e [(46o(2m0)" | Bemg'F
& )< & 2

(E(i))zﬁﬂé .

Concerning the second relation in (7.32) one has

E(H—l)

IN

IN

IN

WO < O A6 — 5O gy

Finally, the third inequality in (7.32) is obtained as follows:

»
E® 40 2; (1 N Kl)

w "

IN

< EDgmi .

The first relation in (7.32) yields the first in (7.30): setting

Ko = Banz
one has
1 9i+1 g i\ o gi+1 St Zii’ll izl 27 9i+1
E(]+ ) S E H(ﬁ?ﬁ% ) - F l:ﬁQ i 21 i=1 9t < (ICQE) )

=0

Let K satisfy the inequality

V25 B0meét Ko <K, (7.33)

from the second relation in (7.32) and from (7.28) we obtain

J %)
D W < BE+ By ni(KoE

i=0 i=1
1
< BoE + Bo(KoE)*no (1 + 11)
08 XoEvmo
/CEg* 1 4
< —<§* 3 e ) (7.34)
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due to the following estimates:

" KE)3¢, KE
Bok < %’COE ) BO(ICOE)QUO < % ) KoE+/mo < 210

Since )
J
VUt =y 4 Z w®
i=0

one obtains the second of (7.30). From the third in (7.32) and from KoE /iy < &2
we get

oM Y Wi = 201> EO B

i=0 i=0
- - 1
< 2MBE +2M B1(KoE)*m (1 + 1)
log KoE v
< 2MBE + AM By (Ko E)* 1 ; (7.35)
if ) ]
2M By +4AMBim Ko < K, (7.36)

one obtains (7.31). Notice that K is determined by the inequalities (7.33) and
(7.36); these inequalities are satisfied provided

K = max{ 25 Bomo&s * Bama, 2M51(1 +2mBam2)}

which is equivalent to (7.27). Finally, (7.34) and (7.35) imply (7.29). O

Remark. Let us consider the general case of a Hamiltonian function with n degrees
of freedom:
H(y,z) = h(y) +ef(y,z) , yeR", zeT".

The equations of motion are

5-

= hy(y) +efy(y, 2)
y = —efulyz) . (7.37)
A KAM torus with rotation vector w is defined by the parametric equations

2() = 0+ u(®)

y(@) = v(©), (7.38)
where ¢ € T"™ with Q = w and u, v are suitable vector functions. Let us introduce
the operator D = w 6%' Inserting (7.38) in (7.37), one finds that w and v must
satisfy the following quasi-linear partial differential equations on T™:

w+ Du—hy(v) —efy(v,d+u) = 0
Dutefy(v,d+u) = 0. (7.39)

The KAM proof is obtained by solving (7.39) through a Newton iteration method,
extending the procedure as it was described for finding the solution of (7.13).
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7.2.2 The initial approximation and the estimate of the error term

The initial approximation v = v(9) (see (7.14)) of the KAM theorem can be ob-
tained taking advantage of the analyticity of the KAM surfaces with respect to the
perturbing parameter in a neighborhood of the origin [139-141]). We consider the
parametrization (7.10), where the function u = u(¥,t) depends parametrically on
¢ and therefore we denote it as u = u(9, t;¢). Let us expand u in power series as

u(W, t;e) = i up(9,t) €F . (7.40)
k=1

In the case of the spin—orbit problem the coefficients u can be recursively computed
as follows. Write equation (7.13) with the perturbation given by (7.2) as

N2
D*u + ¢ Z W(?,e) sin(29 4+ 2u —mt) = 0. (7.41)
m#0,m=N,

For u expanded as in (7.40), define the power series

el(20+2u) = Z cn(9,t) e™ (7.42)

n=0

for some unknown complex coefficients ¢, which can be determined as follows.
Differentiating (7.42) with respect to ¢ and using the series expansion (7.40), one

obtains
oo

o0 o0
21 E kuge®1 . E ce! = E nepe™ b
k=1 n=1

j=0

Equating same powers of € one obtains:
co(9,t) = ¥

2. n
cn(¥,t) = EZZ ke - (7.43)
k=1

Finally, (7.41) can be written as
1 & ae m
D%y = —5 g™ Z W(Q,e) (e_"”tcn,l - e””tén,1) ,
n=1 m#0,m=N,

where the bar denotes complex conjugacy. A recursive relation defining the func-
tions u, is obtained comparing the terms of the same order in ¢:

N2
1 m ) .
un(9,t) = —% D72 #OE N W< e) (e7"™e,_ 1 — €™E, 1) | . (7.44)
m sM=1IN1
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Notice that u,, depends on the previous functions w1, ..., u,_1. The initial approx-
imation can be obtained as the finite truncation up to a suitable order kg (for some
positive integer ko) of the series expansion (7.40):

ko

v (W, t;e) = Z ug(9,t) € . (7.45)

k=1

To give a concrete example, let us assume that the perturbing function in (7.2) is
given by
1

flz,t) = Zcos(2x —t)— <2 — ie2> cos(2x — 2t)

1
- Ee cos(2x — 3t) — {ez cos(2x — 4t) .

Then, the first two approximating functions wu; (9, t) and us(9,t) are given by the
following expressions:

—e ) (1-— geQ)
= % in(29— 29 — 2

up (9, t) 22w 1) sin(29 —t) + (0w 272 sin(29 — 2t) +
LT @o—3) ¢ T n(20— 1)

22w — 32 " 202w — 42 "

and
e 4e Te .
w(d8) = { 22w 12 (2w-27 2w —3)2] it

1 B 7e? + 17¢2 + Te? B 17¢2
4 42w —-1)2 22w —2)?2  4(2w-3)%2 22w —4)?
e? sin(49 — 2t)

+

T iow 12 (e 2)2
N [ e sin(49 — 3t

202w —2)2 2w—1 (4w —3

[ 1-52  7e? 1 sin(49 — 4t)
+ o ge g ( 3+ 2) 2

| (2w — 2) 4 (2w -1) (2w — 3) (4w —4)
N [ Te ' N sin(49 — 5t

|2(2w — 2)2 2w 3)2 (4w —

[ 17¢? 49¢? 17¢? sm(419 6t)
+ + +

220 —2)2 42w —3)2 ' 202w —4)2] (4w 6)2

To implement the KAM algorithm and to check the KAM condition, it is necessary
to provide explicit estimates on some quantities, like the initial approximation, its
derivative, the error term, etc. The most difficult task is the estimate of the error
function |n(®)|¢ , (for some positive parameters ¢, p) associated to a given initial
approximation v(°), which can be constructed by means of the recursive formulae
(7.43), (7.44). The estimate of n(®) can be obtained through the following Lemma
(see also [27]).
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k
Lemma (Estimate of the error term). Let v(0(¥,t;¢) = 20: ur(0,t) € for
k=1

some positive integer ko and let n = 00 satisfy (7.14) with v = v(?). For some
positive parameters &, p, let S© = [[vO|¢,, Up = |uklle, and F = || folle,p-
Define recursively the sequences {a;}, {B;} as

g = 1
9 J
aj = = > kUpaj, =1
-
and
Bo =1
9 J
Bi = == > kUnBik, j=1.
J =
Then, setting
o ko—1
a 28 Z Ole]
j=1
k)g—l
b = 257

- Z ﬂjpj )
j=1

the error term is estimated as

a? + b2

o), — f
17Ol ;

We remark that in concrete applications the convergence of the KAM algorithm is
improved as the order kg of the initial approximation (7.45) gets larger. Indeed, let
us denote by 6%‘34)]\4 = 65;??4)1\/[ (w) the lower bound provided by the KAM theorem
on the persistence of the invariant torus with frequency w, starting from the initial
approximation (7.45) truncated at the order ky. We report in Table 7.1 some results

associated to (5.19) for the frequency w = 1+ Hﬁ; the results concern the values
5

Table 7.1. The threshold 5%?4)1\/1 (w) as a function of the order ko of the initial approxi-
mation.

ko 6%“5’4)M(w)
1 2.107°
1.5-1073
10 | 4.1-1073
15| 6-1073
20 | 6.6-1073
25 | 7.5-1073
30 | 8.2-1073
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5(1??4)]\/[ (w) as the order kg of the initial approximation increases (here we selected

& = 0.05). We remark that the relative improvement of the threshold E%%M (w) is
higher as kg is small, while it gets smaller as kg increases.

7.2.3 Diophantine rotation numbers

One of the assumptions which is required to apply the KAM theorem is that the
frequency of the motion must satisfy the diophantine condition (7.6). Moreover, we
recall that the KAM estimates depend on the value of the diophantine constant
(see, e.g., (7.26), (7.27), (7.28)) and a proper choice of the frequency certainly im-
proves the performances of the theorem. In this section we review some results from
number theory concerning the choice of diophantine numbers and the computation
of the corresponding diophantine constants.

We start by introducing the continued fraction expansion of a positive real

number « defined as the sequence of positive integer numbers ag, a1, ag, ..., such
that
a = ap + ;1 , a; €Z; . (7.46)
a1 + W

Using standard notation, we shall write
a = lag; a1, ag, az, ...] .

A rational number has a finite continued fraction expansion, while irrationals have
an infinite continued fraction expansion. For any irrational number « there exists
an infinite approzimant sequence of rational numbers, say {%}nez . » such that %
converges to a as n goes to infinity. Each p—: can be obtained as the truncation to
the order n of the continued fraction expansion (7.46):

bo
q0
b1
q1 a1
D2

= = g+ —
g2 a; + =

ot

For the golden number v = ¥5=1

of the Fibonacci’s numbers:
0 1 1
171727

, the rational approximants are given by the ratio

[~}

8§ 13 21

5 8 1321
8713721 34"

23
3'5

A bound on how close the rational numbers % approximate « is given by the
following inequalities:

1
@n(qn + qny1)

1
<

< < )
dndn+1

o — —
an
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Definition. An algebraic number w is a solution of a polynomial P, (z) of degree
n with integer coefficients, say cg, ..., cp:

Po(2) =cpz" +cn12" 4ozt o, (7.47)

provided w is not a solution of a polynomial of lower degree with integer coefficients.
A quadratic number is an algebraic number of degree 2. An irrational number «
is called a noble number if the terms of its continued fraction expansion (7.46) are
definitely one, namely there exists an integer N such that ay =1 for all £ > N. In
this case we write

a = [ag; a1, ..., an, 1°°];

the number [ag; a1, ..., ay] is called the head of the noble number.

Noble numbers are a subset of the quadratic irrationals, which are in turn a subset
of the algebraic irrationals. By a theorem due to Liouville one can show that an
algebraic number is diophantine [104].

Theorem (Liouville). Let w be an algebraic number of degree n; then w satisfies
the diophantine condition (7.7) for some positive constant C and for T =n — 1.

Proof. Let w be a root of (7.47) so that we can write
P, (z)=(z—w)P_1(2) , (7.48)

for a suitable polynomial P,,_1(z) of degree n — 1. It is P,_;(w) # 0, otherwise we
could write P,(z) = (¢ — w)?P,_2(2) for some polynomial P, »(z). In this case
d—dZPn (w) = 0, in contrast to the assumption that w is an algebraic number of degree
n, being d—dZPn(z) a polynomial of degree n — 1 with integer coefficients. Therefore
there exists 6 > 0 such that P,_1(z) # 0 for any |z — w| < 4. If p, g are integer
numbers such that |w — 2] <4, from (7.48) we can write

p Pu(3)  cog™ +cipg® 4+ cp”

(7.49)

W Py n p
q Pnfl(q) q nfl(q)

The numerator of the last expression in (7.49) is an integer greater or equal than
one; let
M= sup [Poi(2)].

|z—w| <8

Then we obtain

‘p w’ > 1 .
= Mq
On the other hand, if |X —w| > ¢, then | —w| > q%, so that (7.7) is satisfied by

defining
1 -1
= i — . 0
C < min (5, M) >
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We stress that there exist diophantine numbers which are not algebraic numbers.
The set of diophantine numbers with constant C' and exponent 7, say D(C,7),
has measure one as C' tends to zero. For example, the measure p(D(C, 7)) of the
complement D(C, )¢ of the set D(C,7) in the interval [0,1] can be computed as
follows. For any coprime integers m, n, one has

. o n C oo ¢ n C ’
/U'(D(Cv T) ) = Z Z nTtl = Cz nf-&-i = CC(T(—‘r)l) ’

n=1m=1 n=1

where ¢(n) is the Euler function and {(7) is the Riemann zeta function. In con-
clusion, u(D(C,T)°) tends to zero as C' tends to zero for any 7 > 1. The set of
diophantine numbers is the union of the sets D(C, 7) for any positive C' and 7.

7.2.4 Trapping diophantine numbers

For Hamiltonian systems like the spin—orbit problem, the KAM tori separate the
phase space into invariant regions. One can make use of this property to trap
periodic orbits between two KAM tori with suitable rotation numbers bounding
the frequency of the periodic orbit from above and below. In this section we address
the question concerning the choice of the bounding rotation numbers. In particular,
the stability of the resonance of order p : ¢ (for some integers p, ¢ with g # 0) can
be inferred by proving the existence of a pair of invariant tori with frequency
bounding the p : ¢ resonance from above and below. Having in mind an application
of KAM theorem to the spin—orbit problem, we focus our attention on the 1:1 and
3:2 resonances. Let the golden ratio be v = ‘/52*1; a possible choice of trapping
diophantine numbers for p = ¢ = 1 is given by the sequences of noble numbers
defined as

1
01, k-1,1°] =1 - ——

r ;
y k+~

1
A, = [k 1°] =1 4+ —— | k>2. 7.50
o= 15k 1) — (7.50)

Both I'y, and Ay converge to one from below and above, respectively, and have the
property that for all k, [Ty, — 1] = |Ax — 1|. Notice that T'y and Ay are noble
algebraic numbers of degree two, since they are roots of the polynomials
Pr (z) = 4(k* —2k3 — k> + 2k + 1)2? — 4(2k* —6k3 + k> + 5k + 1)z +
+ 4k* — 16k3 + 12k* + 8k — 4

and

Pa, (%) = 4(k* — 2k — k* + 2k + 1)2? — 4(2k* — 2k — 5k* + 3k + 3)z +
+ 4kt —12k% + 4.

We remark that noble tori are conjectured to be the last surfaces to disappear in any
interval of rotation numbers ([124,125,148], see also [62]). Numerical experiments
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on the standard and quadratic maps [124] show that noble tori are locally the most
robust in the sense that

(i) for any critical (i.e., close to breakdown) noble surface of rotation number w,
there exists an interval around w containing no other invariant tori;

(#) let Z:(a) be a critical non—noble torus; then in any interval around « there
always exists a non—critical noble.

Concerning the 3:2 resonance we can consider the trapping rotation numbers

D B
2 k4~
A =§+i k>2 (7.51)
kT2 k+~" - '
converging to % from below and above, respectively, and with [T}, — %| = |A} — %

for any k. Notice that I'), and A are not necessarily noble numbers, but they are
second—order algebraic numbers, since they are roots of the polynomials
Pri(x) = 4(k* = 2k% — k* + 2k + 1)2® — 4(3k* — 8K° + Tk + 2)z
+ 9k* — 30k® + 13k* + 20k — 1

and

Par(x) = 4(k* = 2k% — k* + 2k + 1)a® — 4(3k* — 4k® — 6k + 5k + 4)z
+ 9K — 6k — 23k% + 8k + 11 .

The computation of the diophantine constant C' for the numbers T'y, Ay, T, A}
can be performed as follows.

Proposition. Let I'y, Ay, I}, A} be as in (7.50), (7.51); then for any k > 2 the
corresponding diophantine constants are, respectively,

k+v, k+v 4lk+7), 4k+7).

Proof. Let us provide the details for the derivation of the diophantine constant
associated to Ag; the computations for the other numbers follow easily. We want
to show that

1 p 1
14— ) -2 > ———— forallp, g€ Z, 0,
‘( k+7> q‘ — (k+)¢? oranp 7

which is equivalent to require that

1 P 1

> forallp, geZ, ¢#0. 7.52
k+y q’ (k+7)q? (752)
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The rational approximants to ﬁ are given by

), = e
45 ) j>o ajk+ o5 jzo7

where the o;’s are the Fibonacci’s numbers defined via the recursive relation

ap=1, a1 =1, ..., ajp1 = o5 +aj_ forall j >1;

then, it is sufficient to show (7.52) with % replaced by the approximant #ﬂal,
J J—

namely

1
(k +7)(ejk + aj-1)?

1 &%}
k+~ ajk + g

forall k>2. (7.53)

From (7.53) one gets the inequality

L lk+) 1
ajk + a1 (ajk + ;1)
which is equivalent to
Q1 1
— > - .
‘7 aj | T a2(k+ 2t
Si
ince @1 oy
k + o > 2 + ponlt
J J
it is sufficient to show that
Q51 1
‘” a; | T 2@+ T
Defining A; by the equality
Q51 _ 1
’V aj | Ajad’
it is readily seen that
;i
Aj =y + 1+ ;?; (7.54)
J
therefore we get that
51 1 1
_ = - > -
‘7 a; af('y+1+a;; )~ 04?(24'&&7;1) 7
since oy oy
2 + >y + 1+ .

@ @
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Applying the same procedure one proves that

D 1
R
q| ~ (k+)¢
where the sequence of rational approximants to I'y is given by
{Oéj(k — 1) + Otj_l }

Oéjk + a1

forallp,geZ, q#0, k>2,

Analogous considerations hold for I'}, and A7, O

We remark that for the golden ratio equation (7.54) implies that the diophantine

constant is equal to C' = 3+T\/5

7.2.5 Computer—assisted proofs

The computation of the initial approximation and the control of the KAM algo-
rithm usually require the use of a computer, due to the high number of operations
involved. However, the computer introduces rounding—off and propagation errors.
In order to leave unaltered the rigorous character of the result, one can keep track of
the computer rounding—off errors through the application of the so—called interval
arithmetic technique [60,106], whose implementation is briefly explained as follows.
The computer stores real numbers using a sign—exponent—fraction representation;
the number of digits in the fraction and the exponent varies with the machine. The
result of any elementary operation, i.e. sum, subtraction, multiplication and divi-
sion, usually produces an approximation of the true result; other calculations, like
exponent, square root, logarithm, etc., can be reduced to a sequence of elementary
operations through a Taylor series expansion. The idea of the interval arithmetic
technique is to represent any real number as an interval and to perform elemen-
tary operations on intervals, rather than on real numbers. For example, suppose
we perform the sum of two numbers a and b, which are contained, respectively,
within the intervals [ay,as] and [b1, bs]. Adding these two intervals one obtains
[c1,ca] = a1 + b1, as + bo]. However, we have to consider that the end—points ¢1,
co of the new interval are themselves produced by an elementary operation and
therefore they are affected by rounding errors. Henceforth one needs to construct a
new interval which gets rid of the fact that ¢; and ¢ are rounded. This can be done
as follows. Let 0 be the limiting precision of the machine (see, e.g., [159]). Then,
multiply ¢; by 1 F J according to whether ¢; is positive or negative and let us call
the final result ¢ = down(cy). Similarly, to get an upper bound of ¢ multiply it
by 1 4+ ¢ according to whether ¢y is positive or negative; let us call the final result
c+ = up(cg). We finally get that a + b € [c_, c4]. The subtraction can be treated
in a similar way.

Concerning the multiplication (as well as the division), one needs to consider
different cases according to the signs of the factors. More precisely, suppose we com-
pute the multiplication a - b, where a and b are represented by the intervals [a1, as]
and [by, ba], while the result will be contained in [c_, c4]. We must distinguish the
following cases:
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(1) a1 >0 and by > 0, then c— = down(a1by), c+ = up(azbs);
(2) a1 >0 and by <0, then c— = down(agby), c+ = up(arbs);
(3) a3 >0and b; <0, by >0, then c_ = down(azby), ¢t = up(azbs);
(4) a2 <0 and b; >0, then c— = down(a1bs), ¢+ = up(azby);
(5) a2 <0 and by <0, then c_ = down(agbs), c+ = up(aiby);
(6) az <0 and by <0, by > 0, then ¢ = down(a1bs), c+ = up(aiby);
(7) a1 <0, az >0 and by > 0, then c_ = down(a1bs), c+ = up(azbs);
(8) a1 <0, az >0 and by <0, then c_ = down(asby), cx = up(aiby);
(9) a1 <0, az >0and b <0, by >0, then
(9a) let £_ = down(aybz), r— = down(agby); if r— < £_ then {_ =r_;
(9b) let €4 = up(aib1), r+ = up(azbs); if r4 > €4 then {4 =ry;

set bl = E,, b2 = €+.

A similar approach is used to deal with the division. Casting together the ele-
mentary operations on intervals one obtains the implementation of the interval
arithmetic technique, where complex operations are reduced to a sequence of ele-
mentary operations by using their series expansion.

7.3 A survey of KAM results in Celestial Mechanics

7.3.1 Rotational tori in the spin—orbit problem

We consider the spin—orbit problem widely discussed in the previous sections and
we aim to prove the existence of rotational invariant tori, trapping the synchronous
resonance from above and below, thus providing a confinement property of the dy-
namics in the phase space. As a specific example we consider the Earth—Moon
system. In writing the model (7.1)—(7.2) we have neglected all perturbations due
to other celestial bodies as well as dissipative effects. Among the discarded con-
tributions the most important term is due to the tidal torque generated by the
non-rigidity of the satellite. For consistency, we expand the perturbing function in
Fourier—Taylor series, neglecting all terms which are of the same order or less than
the neglected tidal torque. Taking into account that the eccentricity of the Moon
amounts to e = 0.0549, one is led to consider the perturbing function (7.2) with
N7 =1 and Ny = 7. The corresponding Hamiltonian function reads as

2 3
H(y,x,t)z% —€ [(ZJF;) cos(2x —t) +

1 5 13 7 123
+ ( —Ze? + e4> cos(2x — 2t) + (e - e3> cos(2x — 3t) +

2 4 32 4 32
17 5 115 845 5 32525
+ (46 12e> cos(2x — 4t) + <966 1536 © cos(2x — 5t) +

228347
7680

533
+ “—e'cos(2z —6t) +

% cos(2z — :
3 e’ cos(2x 7t)] ) (7.55)
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where the physical value of the perturbing parameter amounts for the Moon to
€ ~ 3.45 - 10~*. The existence of two bounding tori with frequencies I'yo and Ay
(see (7.50)) has been proven in [23] by performing the following steps. Compute the
initial approximation (7.45) up to the order kg = 15; apply the KAM theorem pre-
sented in Section 7.2; implement the interval arithmetic technique. Then, one gets
[23] that the synchronous motion of the Moon is trapped in the region enclosed by
the tori 7 (T'49) and 7 (Ayp), which is shown to be a subset of {(y,z,t) : (z,t) € T?,
0.97 <y < 1.03}.

In a similar way one can prove the stability of the Mercury—Sun system. However,
due to the bigger eccentricity of Mercury, being e = 0.2056, the perturbing function
contains a larger number of terms, so that the corresponding Hamiltonian is given
by

9 3
€ m
H(y,z,t) = % -3 E W(Q,e) cos(2x — mt) ,

m#0,m=—11

with the coefficients W (%, e) truncated to O(e”). The stability of the observed
3:2 resonance is obtained for the true value of the perturbing parameter, i.e. € =
1.5 - 1074, by proving the existence of the tori with frequencies ', and AL, (see
(7.51)); the corresponding trapping region is contained in {(y,,t) : (z,t) € T?,
1.48 < y < 1.52}.

7.3.2 Librational invariant surfaces in the spin—orbit problem

The confinement of the motion associated to periodic orbits of the spin—orbit prob-
lem can also be obtained by constructing librational invariant surfaces. In the fol-
lowing we provide some details of the proof concerning the case of the 1:1 resonance
(see [24]), whose outline is the following. The first task is to center the Hamilto-
nian on the 1:1 periodic orbit and to expand in Taylor series around the new origin.
Next, diagonalize the quadratic terms to obtain a harmonic oscillator, perturbed
by higher degree (time—dependent) terms. After introducing the action—angle vari-
ables associated to the harmonic oscillator, implement a Birkhoff normal form to
reduce the size of the perturbation and then apply the KAM theorem to prove the
existence of trapping librational tori.
According to the above strategy, we start by writing the Hamiltonian function
as
y? € aE m
Holy,z,t) = 5 —ea cos(2x—2t)—§ Z W(2,6> cos(2x —mt), (7.56)

m#0,2, m=N,

where a = £W(1,e). Perform the coordinate change ' = 2z — 2t, v/ = 3(y — 1),
expand in Taylor series around the origin and diagonalize the time-independent
quadratic terms by means of the symplectic transformation

:ay/

q=pa",
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1/4
with a = (s;/)?/‘“ b= (6% . After these steps the Hamiltonian function becomes

4 6
w q q
Hl(p7Q?t) = 5(p2+q2) —&a <4'ﬁ46|ﬁ6+>

~ 2 2 4
— g Z W(m;_ 7e) [cos(mt) (1_261524‘4?64"‘ >
m#0,—2
. g ¢ &

where w = 2y/ea is the frequency of the harmonic oscillation, u = ee, while the
coefficients W have been rescaled as W ("2, e) = LW (2 e). Introduce action-
angle variables (I, ) as

p = V2I cosyp
q = V2I sing;

the resulting Hamiltonian is given by

I? &
Hao(I, p,t) =wl —sa( > )

1655 26180

I? I? g
— €a 1254COS <p+4864cos4cp+m .

(15cos2¢ — 6 cosdy + cosbp) + ...

~ I2
_ 626 Z W(m;27e){cos(mt) [1_2%2( — cos 2¢) +

s 8316t
3
(3 —4cos2p + cosdyp) — 165 (10 — 15cos 2¢p + 6 cos 4 — cos6p) +
V21 2 I%/?
+ sin(mi) [ﬁ sin p — fQﬁ‘g (3sin ¢ — sin 3p)

V2102 : . :
+ 155 (10sin ¢ — 5sin 3¢ + sin 5p) +

b

Ho(I, 0,t) = wl+eh(I)+eh(I,p)+cef(I,p,t)

which can be written in compact form as

with the obvious identification of the functions h, h and f. A Birkhoff normal form
can be implemented to reduce the size of the perturbation R(I,p,t) = h(I,¢) +
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ef(I,p,t). After such reduction we write the Hamiltonian in the form

Hi(L',¢' 1) = hi(I'5e) + "R (I ¢ tie)

where the functions h; and Ry can be explicitly determined. The application of
(computer—assisted) KAM estimates [25] allows us to establish the existence of a
librational invariant torus, which confines the synchronous resonance in the phase
space.

As an example, we report the results for the Rhea—Saturn system, which is observed
to move in a synchronous spin—orbit resonance; for this example the stability of the
synchronous resonance can be established for the realistic values of the parameters.

Theorem [24]. Consider the system described by the Hamiltonian (7.56) with
Ni = -1, Ny =5 and let e = 0.00098. If € gpea = 3.45 - 10™% is the physical value
of the perturbing parameter, then there exists an tnvariant torus corresponding to
a libration of 1.95° for any € < €Rpeq-

7.3.3 The spatial planetary three—body problem

The planetary problem concerns the study of two point—masses, say P; and Po
with masses m; and mo of the same order of magnitude, orbiting around a central
body, say P with mass M. It is therefore necessary to take into account the mutual
interaction between P; and Ps, besides that with the central body. In order to
write the Hamiltonian function, let us introduce the heliocentric positions of the
planets, r,,7, € R3, and the conjugated momenta referred to the center of mass,
Vq,Vy € R3. The Hamiltonian describing the motion of P; and P, can be decom-
posed as

H=Ho+H1, (7.57)

where H is due to the decoupled Keplerian motions of the planets and H; repre-
sents the interaction between P; and Ps. More precisely, one has

2

m; + M Mm;
Ho= oyl -6 T2 (7.58)
; 2m;M " ;1]

while the perturbation is given by

vy - U mymsa
Hy==—"2-G . (7.59)
M 1 — 7ol

The preservation of the angular momentum allows us to state that the ascending
nodes of the planets lie on the invariant plane perpendicular to the angular momen-
tum and passing through the central body. The existence of invariant tori in the
framework of the properly degenerate Hamiltonian (7.57), (7.58), (7.59) has been
investigated in [3] under the assumption of planar motion and assuming that the
ratio of the semimajor axes tends to zero. Invariant tori are shown to exist, provided
that the planetary masses and the eccentricities are sufficiently small. The assump-
tion that the ratio of the semimajor axes tends to zero has been removed in [155],
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where quantitative estimates have been worked out. The proper degeneracy of the
Hamiltonian has been eliminated by a suitable normal form; after performing the
reduction of the angular momentum, the perturbing function has been expanded
using an adapted algebraic manipulator (see [110]). The result presented in [155]
provides that, for sufficiently small planetary masses and eccentricities, one can
apply Arnold’s theorem on the existence of invariant tori, provided that the ratio
a between the planetary semimajor axes satisfies 107® < o < 0.8 and that the
mass ratio satisfies 0.01 < 7 < 100.

The specific case of the Sun—Jupiter—Saturn planetary problem has been stud-
ied in [120]. After the Jacobi reduction of the nodes [120], the problem turns out
to be described by a Hamiltonian function with four degrees of freedom, which is
expanded up to the second order in the masses and averaged over the fast angles.
The resulting two—degrees—of—freedom Hamiltonian describes the slow motion of
the orbital parameters, and precisely of the eccentricities. The existence of invari-
ant tori in a suitable neighborhood of an elliptic point is obtained as follows. After
expressing the perturbing function in Poincaré variables, an expansion up to the
order 6 in the eccentricities is performed. The computation of the Birkhoff normal
form and a computer—assisted KAM theorem yield the existence of two invariant
surfaces trapping the secular motions of Jupiter and Saturn for the astronomical
values of the parameters. This approach was later extended [121] to include the
description of the fast variables, like the semimajor axes and the mean longitudes
of the planets. A preliminary average over the fast angles was performed with-
out eliminating the terms with degree greater or equal than 2 with respect to the
fast actions. The canonical transformations involving the secular coordinates can
be adapted to produce a good initial approximation of an invariant torus for the
reduced Hamiltonian of the planetary three-body problem. Afterwards the Kol-
mogorov normal form was constructed (so that the Hamiltonian is reduced to a
harmonic oscillator plus higher—order terms) and it was numerically shown to be
convergent. The numerical results on the convergence of the Kolmogorov normal
form have been obtained for a planetary solar system composed by two planets
with masses equal to those of Jupiter and Saturn.

7.3.4 The circular, planar, restricted three-body problem

We consider the motion of a small body (P2), say an asteroid, under the influence of
two primaries, say the Sun (P;) and Jupiter (Ps) in the framework of the circular,
planar, restricted three-body problem (see Section 4.1). The Sun—Jupiter—asteroid
problem was selected in [31] as a test—bench for KAM theory, which provided
estimates on the mass—ratio very far from the astronomical observations; in partic-
ular, the existence of invariant tori was obtained for mass-ratios less than 107333
by applying Arnold’s theorem and 10~*® using Moser’s theorem. We recall that
the perturbative parameter ¢ coincides with the Jupiter—-Sun mass ratio, which
amounts to about ¢ = £; = 0.954-1073. The small body was chosen as the asteroid
12 Victoria, whose orbital elements are:

ay ~ 2.335 AU , ey ~0.220 , iy =~ 8.362° |
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Fig. 7.2. Orbital elements of the numbered asteroids. Top: semimajor axis versus eccen-
tricity. Bottom: semimajor axis versus inclination. The internal lines locate the position
of the asteroid 12 Victoria (reprinted from [30]).

where avy is the semimajor axis of the asteroid, ey is the eccentricity, 7y is the
inclination with respect to the ecliptic plane. Figure 7.2 shows that 12 Victoria is
a typical object of the asteroidal belt?, since the semimajor axes of most asteroids
lie within the interval 1.8 < a < 3.5 AU, while the eccentricity is usually within
0<e<0.35.

The model presented above does not include many effects, most notably the
eccentricity of Jupiter, the mutual inclinations, the influence of other planets, as
well as dissipative effects. For consistency, the perturbing function, representing

2 The elements of the numbered asteroids are provided by the JPL’s DASTCOM database
at http://ssd.jpl.nasa.gov/?sb_elem
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the influence of Jupiter on the asteroid, has been expanded in the eccentricity and
semimajor axes ratio, and truncated to discard all terms which are of the same
order of magnitude or less than the maximum contribution due to the effects we
have neglected. Indeed, in the Sun—Jupiter—Victoria model the biggest neglected
contribution is due to the eccentricity of the orbit of Jupiter, which has been
assumed to be zero in the present model. According to this criterion we obtain the
following Hamiltonian:

H(L,G, ¢t g) =— - G—-eR(L,G,¢,g), (7.60)

2L2
where (L, G) are the Delaunay action variables, ¢ is the mean anomaly, g is the
difference between the argument of perihelion and the true anomaly of Jupiter (see
Chapter 4) and the perturbing function is given by

— LY 9 5,3 4> L9 4 ja
R(L7G7£7g):1+f+674[/ +§Le — §+T6L L*e cos/
1

+ (:L6+62L10) cos(f+g)<Z+ZL4) L*e cos(f + 2g)

3.4, 9 18 3 4
+ ZL +EL cos(2€+29)+1Lecos(3€+2g)

) 35 35
+ (8L6+128L10> cos(3€+3g)+aL8 cos(44+4g)

63
——L"cos
+ 128 cos(5¢ + 5g) ,

where e = /1 — % Let us write (7.60) as

H(L7G7 E,g,g) = HO(L7G) + ER(L7G7€79) )

where Ho(L, G) = fﬁ —G. The KAM theorem described in Section 7.2 cannot be
applied, since the integrable part Hg is degenerate. However, it is possible to apply
a different version of the theorem, which requires the isoenergetic non—degeneracy

condition due to Arnold [6]:

Hy H

Cgr(L,G) = det ( My 0

)7&0 forall 0<G< L,

where H{, and H{ denote, respectively, the Jacobian vector and the Hessian matrix
associated to Ho. A straightforward computation shows that Cg(L,G) = 2. To
fix the energy level we proceed as follows (see [31]). From the physical value of the
asteroid 12 Victoria, using normalized units one gets that Ly ~ 0.670, Gy ~ 0.654.
Let

1
EY = ~gz ~ Gv =~ ~1768, EY = (R(Ly, Gy, 1, g)) ~ —1.060 .



156 7 Invariant tori
We define the energy level through the expression
Ey=EBY +e,B0) ~ ~1.769 ,

where ¢ 5 denotes the observed Jupiter—Sun mass—ratio. The existence of two invari-
ant tori, bounding from above and below the observed values Ly and G, is proven
on the level set H ™1 (E\*,) Setting L+ = Ly £ 0.001, the bounding frequencies are

computed as
- 1 .
w4+ = F,—l :(ai,—l) .

+

Since we need diophantine numbers, we proceed to compute the continued fraction
expansion of @4+ up to the order 5 and then we add a tail of ones to obtain the
following diophantine numbers:

a_ = [3:3,4,2,1%°] = 3.30976937631389 . . . ,
ay = [3;2,1,17,5,1°°] = 3.33955990647860 . . . .

Next we introduce the frequencies
w4+ = (Ozi, —1) 5

which satisfy the diophantine condition (7.7) with 7 = 1 and with diophantine
constants respectively equal to

C_ =138.42, Cy =30.09 .

The stability of the asteroid 12 Victoria is finally obtained by proving the per-
sistence of the unperturbed KAM tori 735 = {(L+,G+)} x T? for a value of the
perturbing parameter € greater or equal than the Jupiter—Sun mass ratio.

Theorem [31]. For || < 10~ the unperturbed tori T;5 can be analytically con-
tinued into invariant KAM tori Tsi for the perturbed system on the energy level
H1 (E{",) keeping fixed the ratio of the frequencies.

Since the orbital elements are related to the Delaunay action variables, the
theorem guarantees that the semimajor axis and the eccentricity stay close to the
unperturbed values within an interval of order e (see [31] for full details on the
KAM isoenergetic, computer—assisted proof).

7.4 Greene’s method for the breakdown threshold

There exist different techniques which allow us to evaluate numerically the break-
down threshold of an invariant surface (see, e.g., [82,109, 145]). One of the most
accepted methods, which has been partially rigorously proved [54, 63, 127], was
developed by J. Greene in [82]. His method is based on the conjecture that the
breakdown of an invariant surface is closely related to the stability character of the
approximating periodic orbits [92]. The key role of the periodic orbits had already
been stressed by H. Poincare in [149], who formulated the following conjecture:
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“...hereis a fact that I have not been able to prove rigorously, but that seems to
me very reasonable. Given equations of the form (13) [Hamilton’s equations| and
a particular solution of these equations, one can always find a periodic solution
(whose period, it is true, can be very long) such that the difference between the two
solutions may be as small as one wishes for as long as one wishes”.

Greene’s algorithm for computing the breakdown threshold was originally formu-
lated for the standard mapping, but we present it here for the spin—orbit problem,
which has been assumed as a model problem throughout this chapter. Let us reduce
the analysis of the differential equation (7.1) to the study of the discrete mapping
obtained integrating (7.1) through an area—preserving leapfrog method:

Yji+1 = Yj *€fm($jatj)h
Tjp1 = xj+yjih, (7.61)

where t;11 = t;+h and h > 0 denotes the integration step, y; € R, z; € T, t; € T.
We say that a periodic orbit has length ¢ (for some positive integer ¢), if it closes
after ¢ iterations. We shall consider the periodic orbits which exist for all values of
the parameter ¢ down to e = 0. Analogously, we consider rotational KAM tori with
the same property. In the integrable limit the rotation number is given by w = yo;
if the frequency of motion is rational, say w = % for some positive integers p and ¢
with ¢ # 0, then the second of (7.61) implies that

p:iyj :Zl‘j —hxj_l _ xq;xo -

j=1 j=1

If the frequency w is irrational, the periodic orbits with frequency equal to its
rational approximants % are those which nearly approach the torus with rotation

number w (see Figure 7J3)

In order to determine the linear stability of a periodic orbit, we compute the tangent
space trajectory (OQy;,0x;) at (y;,x;), which is related to the initial conditions

(Oyo, 0x0) at (yo,z0) by
5’?/3‘ _ Yo
(((i’CJ) =M (al'o) ’

where the matrix M is the product of the Jacobian of (7.61) along a full cycle of

the periodic orbit:
q
—_ 1 _Efxw(xj’ tj)h
M _E<h 1—6fxx(xj7tj)h2 )

The eigenvalues of M are the associated Floquet multipliers (compare with Ap-
pendix D); by the area—preservation of the mapping it is det(M) = 1 and denoting
by tr(M) the trace of M, the eigenvalues are the solutions of the equation

M —tr(M)A+1 = 0.
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1.42 + k

Fig. 7.3. Periodic orbits corresponding to the equations of motion associated to (7.55)

approaching the torus with rotation number w =1 + f — for € = 0.03 on a Poincaré

section at times 27. The graph shows the periodic orblts w1th frequencies 4/3 +, 7/5 X,
18/13 %, 29/21 OJ, 76/55 M, 123/89 o.

Let us introduce a quantity, called the residue, by means of the relation (see [82]):

_ 3(2 — tr(M))

where the factors 2 and 4 are introduced for convenience. The eigenvalues of M are
related to the residue R by

A=1-2R+2VR?-R.

When 0 < R < 1 the eigenvalues are complex conjugates with modulus one and
the orbit is stable, otherwise when R < 0 or R > 1 the periodic orbit is unstable.
Due to a theorem by Poincaré, for each rational frequency the number of orbits
with positive or negative residue is the same. The positive residue orbits are stable
for low values of €. The residue gets larger as the perturbing parameter increases,
until it becomes greater than one, thus showing the instability of the associated
periodic orbit.

According to [82], we define the mean residue of a periodic orbit of period p/q

as the quantity
p
£(Bie) = ampe.

The definition of the mean residue for irrational frequencies w is obtained as follows:
if w = [ag;a1,...,an,...], then

flw;e) = Nligloof(wmf:) ,

where wy = [ap;a1,...,any]. If w is a noble number, say w = J[ag;aq,...,
an,1,1,1,...], let € = e.(w) be such that
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flw,ee(w)) = 1;

then the corresponding residue converges to
1
R = R(w;e.(w)) = 1
(this assertion justifies the factor 4 introduced in the definition of the mean residue).

Greene’s method is based on the conjecture that a KAM rotational torus with
frequency w exists if and only if

flwe) < 1

(see [63] for a partial proof of this statement). In Table 7.2 we consider the first
few frequencies of the periodic orbits approaching the torus with frequency equal
to the golden ratio. For each periodic orbit of period % we report the value of

the perturbing parameter € = sc(g) at which the corresponding residue becomes
bigger than %. As %’ increases, the limit of the values €c(§) provides the breakdown
threshold e.(w) of the torus with frequency w.

Table 7.2. Critical values ec(%) of the perturbing parameter for some periodic orbits
approaching the torus with frequency equal to the golden ratio.

we(8) | % | =(®)
0.103 | 2 | 0.144
0.124 | 2L 1 0.139
0.158 | 22 | 0.146
0.112 | 35 | 0.145
0.151 | 22 | 0.144

a‘oo olon ow Wi NI= | RS

The efficiency of Greene’s method strongly depends on the computational speed
for the determination of the periodic orbits approaching the invariant surface. In the
particular case of the spin—orbit discretized system (7.61), one can get advantage
from the fact that the mapping (7.61) including the time variation ¢;11 = t; + h,
herewith denoted as S, can be decomposed as the product of two involutions:

S == I2 Il 5
where I? = [7 = 1. In particular I is given by

Vi1 = yj —efa(zs,t5)h
Tip1 = —;

L1 = —t
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while I takes the form

Yi+1 = Y;
Tjp1 = —x; +hy;
tiy1 = —tj+h.

The periodic orbits can be found as fixed points of one of these involutions. This
decomposition of the original mapping significantly reduces the computational time
for the determination of the periodic orbits, thus making easier the implementation
of Greene’s method.

7.5 Low—dimensional tori

For a nearly—integrable system with m +n degrees of freedom, we consider the case
when the unperturbed Hamiltonian is not integrable in the whole phase space,
but rather on some surface foliated by invariant tori whose dimension is less than
m—+n. The proof of the existence of low—dimensional tori is based on Kolmogorov’s
approach under the requirement that the system satisfies two conditions, namely
that it is isotropic and reducible. The theory of low—dimensional tori is very wide
and heavily depends on the properties of the main frequencies of motion. Here, we
just aim to give an idea of the problem, referring to [101,119] for complete details.
We start by providing the definitions of isotropic and reducible systems.

Definition. Consider an n—dimensional manifold W endowed with a symplectic
non—degenerate 2—form; a submanifold U of W is called isotropic if the 2—form
restricted to U vanishes.

Definition. Consider a nearly—integrable Hamiltonian H = Hy + eH; with m +n
degrees of freedom. An invariant torus for H with frequency w is called reducible,
if in its neighborhood there exists a set of coordinates (I,¢,2) € R" x T" x R?™,
such that the unperturbed Hamiltonian takes the form

Mol 2,2) = h(D) + 5 A(D)z- 2+ Ra(L g, 2) (7.6

where h is a function only of I, A(I) is a 2m x 2m symmetric matrix and R3(Z, ¢, 2)
is O(]2]?).

Hamilton’s equations associated to (7.62) are given by

£ = ()z+0(2)
I = 0(zP
¢ = wl)+0(z) .

where Q(I) = JA(I), J being the standard symplectic matrix, and w(l) = %(ID.

The KAM theorem for low—dimensional tori states that, under suitable condi-
tions on Q(I) and on w(l), one can prove the existence of isotropic, reducible,
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n—dimensional invariant tori on which a quasi—periodic motion takes place. The
invariant tori are elliptic if the eigenvalues of Q(I) are purely imaginary, while they
are hyperbolic if (I) has no purely imaginary eigenvalues. As already mentioned,
the proofs of the existence of low—dimensional tori may vary according to the as-
sumptions on the frequencies €2, w and we refer to the specialized literature for
further details (see, e.g., [2]). Here we just mention how a parametrization in the
style of (7.10) can be found for lower—dimensional tori. To see how it works, let
us consider a concrete example, and precisely the four-dimensional standard map
described by the equations

Ynd+1 = Yn + sfl(xna Zny )‘)

Tptl = Tn + Ynt1

Wpt1 = Wy + fo(Tn, 2n, A)

Znil = Zp + Wna1, (7.63)

where (Y, w,) € R?, (2, 2,) € T2, & > 0 is the perturbing parameter and A > 0
is the coupling parameter. From (7.63) it follows that

Tn+l1 — an +Tpo1 = Efl(ajny Zny )\)
Znt1 — 22n + Zn—1 = €fo(Tn, 2n, A) .

Let us parametrize a one-dimensional invariant torus with frequency w by means
of the equations

Tn = U+ui(de,N)
Zn = 79""”2(7‘9;57)‘)7

where 9,11 = 9, +w. One finds that the unknown functions u; and us must satisfy
the equations

(9 +w) —2u1(9) +u (¥ —w) = efi(9+ur(9;6,N),9 +uz(d; e, A), A)

ug (9 + w) — 2uz(9) + uo (¥ —w) = efo(I+ui(9;6,A),9 +uz(d;6,A),\)

whose solution describes the low—dimensional torus with frequency w (see [100]).

Within the spatial three-body problem the existence of low—dimensional tori
has been investigated in [99]. In particular, the three-body model studied in [99]
admits four degrees of freedom after having performed the reduction of the nodes.
Solutions with two or three rationally independent frequencies have been proved,
provided the mutual inclinations i;, iz satisfy the condition (see [99])

cos? (i +ig) <

ot W

The existence of quasi—periodic motions with a number of frequencies less than
the number of degrees of freedom has been studied also in [113]; in particular,
the solutions of the planar three-body problem such that the mean value of the
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difference of the perihelia is zero have been investigated. The planetary planar
(N + 1)-body problem has been analyzed in [16] and [17], where the existence of
N-dimensional elliptic (i.e. linearly stable) tori is shown. Around the elliptic tori
there exists a set of positive measure of maximal tori. The proof is based on an
elliptic KAM theorem under suitable non—degeneracy conditions (i.e., the so—called
Melnikov conditions).

7.6 A dissipative KAM theorem

Let us consider the dissipative spin—orbit equation that we write in compact form
as (compare with (5.21))

Z4+n(E—v)+efe(x,t)=0, (7.64)
where fy(z,t) = e(%)3sin(2z—2f), n = KqL(e), v = % We immediately remark

that for n # 0 and € = 0 the torus 7y = {y = v} x {(¥, 7) € T?} is a global attractor
and the flow on 7y is given by (9, 7) — (9 4+ v, 7 +t). This is easily seen from the
fact that the solution of (7.64) for e = 0 is given by

1 — e—(t—to)

x(t) :I0+V(t*to)+7n (vo—v),
where g = z(tg) and vg = #(tp). An invariant attractor with frequency w is
parametrized by
z(t) =9+ u(¥,t), (7.65)

where u = u(1, ) is a real analytic function for (9, ¢) € T? and 9 = w. The existence
of the invariant attractor with frequency w for (7.64) is provided by the following

Theorem [32]. Assume that w is diophantine; then, there exists g > 0 such that
for 0 < e < gg and for any 0 < n < 1, there exists a function u = u(9,t) with
(u) =0 and 1 4+ uy # 0, such that (7.65) is a solution of (7.64) provided

v=w (1+{(uy)?)) . (7.66)
The proof of the theorem is based on the following ideas (we refer to [32] for full

details). Let us start by introducing the operator 9,, = w%—i—%, so that & = w+0,u
and # = 9%u. The solution (7.65) is quasi-—periodic if the function u satisfies

OPu+ndyu+efe(¥+ut) +v=0, y=nlw-—v). (7.67)
The unknowns u, v must satisfy the compatibility condition
nw ((ug)?) +~v =0, (7.68)

which is equivalent to (7.66). The proof of the existence of the quasi—periodic attrac-
tor is perturbative in e, but uniform in 7; the conservative KAM torus bifurcates
in the attractor as far as n # 0. For the spin—orbit problem, one has to keep in
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mind that in place of 7 and v one should consider the dissipative constant Ky and
the eccentricity e. As a consequence, the theorem is stated for any 0 < Ky < 1
and besides the existence of a function u = wu(¥,t), one needs to find a function
e=e(Kq,w,e) =v;(w) + O(e?) to satisfy the compatibility condition (7.66).

Coming back to equation (7.67), let us introduce the operators
Dyu = dyu+nu Apu= Dy0,u = 0,Dyu .
Then, (7.67) becomes
Folusy) = Apu+efe(P+u,t)+v=0.

In particular, if u =3, .z Gy €7+ then

Oou = Z i(wn+m)ﬂn7mei(”ﬁ+mt)
(n,m)eZ?

Dyu = 3 [ifwn+m) + iy me 7m0 ;
(n,m)€Z?

being |i(wn +m) +n| > |n| > 0, then D, is invertible with

i(nd9+mt)
-1 Un,m€
Dy u= Z ilwn+m)+n
(n,m)€Z?

Having introduced the norm [[ull¢ =37, ) ez |Gy | €M1 F1MDE " one can state the
following

Theorem. Let 0 < £ < £<1,0<n < 1; let w be diophantine and define M such
that

Assume that there exists an approzimate solution v = v(9,t;m), B = 8(n) such that
vy is bounded and invertible; let the error function x = x(0,t;n) = F,(v; 3) satisfy
a smallness requirement of the form

Dlixfle<t,

where D depends upon &, M, as well as upon the norms of v and of its deriva-
tives. Then, there exist u = u(V,t;n) € C® and v = v(n) € C*°, which solve
Fo(u;y) = 0.

The proof is constructive and the solution is obtained as the limit of a sequence of
approximate solutions (vj, 3;), quadratically converging to the solution (u,~). We
sketch here the proof as a sequence of five main steps, referring to [32] for complete
details.
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Step 1. Establish some properties of the operators D,, A, as well as of their
derivatives and inverse functions, providing formulae of the form

1D Ogulle—s < op,s(8) llulle ,

for some 0 < 0 < £ and for p,s € Z,, where

p,5(0) = sup (|i(wn—|—m) +n\—$|n|pe—6(\n\+|m\)) :
(n,m)eZ2\{0}

which can be bounded as

ST+p
O’p7s(6) S <57+p) CS&*(ST*FP) .

(&

It turns out that ((1+ ug)F,(u;7)) = nw((ug)?) +v; if F,)(u;y) = 0 one finds the
compatibility condition (7.68).

Step 2. Given an approximate solution (v,3) of F,(u;vy) = 0, a quadratically
smaller approximation (v, 3') is found by a Newton iteration scheme. More pre-
cisely, starting from

XEFn(U,ﬂ) :AWU+€f%(19+vat)+ﬂ I
one looks for a solution
V=v+d,  f=8+5,

such that @, 5 = O(||x||), F,(¥'; 3") = O(||x||?). In order to find & and 3, setting
V =1+ vy let us introduce the quantities

Ql = 5[fz(19+v+'l~)at) - fx(ﬁ+vvt) - facm(ﬁ"_vat)ﬁ] ) Q2 = V71X19 v ;
it follows that
Fo0's8') = Fy(v + 5 8+ ) = x + B+ Ayl + Q1 + Qo

with 4, ,0 =V~ D, (V2D0 (V‘%)). One can find explicit expressions for @, (3,
such that they satisfy the relation

X+B+An,v1~):0 ;
the latter equation provides x' = F, (v+7, B+ 3) = Q1+ Qs, so that the new error
term is quadratically smaller.

Step 3. Given the estimates on the norms of vg, ¥, 7y, 5, a KAM algorithm is
implemented to compute an estimate on the norm of the error function ' of the
form

IX'lle-s < CLa™" Il

for some C1, s > 0.
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Step 4. Implement a KAM algorithm which provides that under smallness condi-
tions on the parameters there exists a sequence (v;, 8;) of approximate solutions,
which converges to the true solution:

(uarY) = jli{go(vjvﬂj) )

where (u,) satisfy F,(u;v) = 0.

Step 5. A local uniqueness is shown by proving that if there exists a solution
E(t) = ¥+ w(¥,t) with ¢ = w and (w) = 0, then w = u, while v coincides with
(7.66).

7.7 Converse KAM

Converse KAM theory provides upper bounds on the perturbing parameter en-
suring the non—existence of invariant tori. Following [126,128,129] (see also [6])
we adopt the Lagrangian formulation as follows. As in the previous sections, we
are concerned with applications to the spin—orbit model; therefore we introduce a
one—dimensional, time-dependent Lagrangian function of the form £ = L(z,y,t),
where z € T, y € R. We assume that the Lagrangian function satisfies the so—
called Legendre condition, which requires that g% is everywhere positive. A func-
tion & = x(t) is an orbit for £ if for any ty < ¢; and for any variation dz = dz(t)
such that dx(tg) = dz(t1) = 0, the variation 6.4 of the action is zero, where

Aw) = [ £t 20).0) dt (7.69)

to

A trajectory x = x(t) has minimal action if for any ¢ty < t; and Z(t) such that
Z(to) = x(to), Z(t1) = =(t1), then A(xz) < A(Z). The minimal action is non—
degenerate if for any ty < t1, then 624 is positive definite for any variation éz such
that dz(tg) = dx(t1) = 0.

The Legendre transformation allows us to introduce the Hamiltonian function H =
H(y,x,t) associated to L, where y € R is the momentum associated to z. A
Lagrangian graph is described by a Cl-generating function S = S(z,t) such that
y = Su(x,t), T = Si(x,t), where T is the the variable conjugated to the time in the
extended phase space. We now give a characterization of Lagrangian graphs and
rotational tori.

Proposition [129]. An invariant rotational two—dimensional torus for Hq(y, z, T, t)
= H(y,z,t) + T with Hy, positive definite is a Lagrangian graph.

Moreover, we have the following

Lemma [129]. If X is an invariant surface for the Hamiltonian Hi(y,x,T,t) =
H(y,x,t) + T such that locally y = S, (x,t), then X is a Lagrangian graph.

In order to introduce a converse KAM criterion, we need the following theorem due
to K. Weierstrass (see [129]).
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Theorem. If X is an invariant Lagrangian graph for a Lagrangian system satis-
fying the Legendre condition, then any orbit on X has a non-degenerate minimal
action.

From the Weierstrass theorem it follows that if the orbit segment & = xz(t) for
t € [to,t1] is not a non—degenerate minimum for .4, then it is not contained in any
invariant Lagrangian graph. In practice, one should compute the quantity 624 for
some variation dx with dz(to) = dx(t1) = 0 and check whether it fails to be positive
definite. This method allows us to give an elementary analytical estimate, which
can be explicitly computed. Following [40], let us consider the spin-orbit equation
(5.18) that we write as

Z4e Z am(e)sin(2z —mt) =0 (7.70)

for some N > 0; the coefficients a,,(e) are trivially related to the coefficients
W(%,e) in (5.18). We apply the criterion based on the Weierstrass theorem to the
model described by (7.70). The Lagrangian function associated to (7.70) has the
form

L(z,&,t) = f:er Zam ) cos(2x — mt) .

The second variation of the action is given by

t1 N
52 A= / ldﬁcQ —2¢ Z am(e) cos(2z —mt)dz? | dt .
to m=1

Consider the deviation dz(t) = cos = such that dz(+277) = 0; notice that
J2TT 522 = w7, [T 4% = {o-. Writing (7.70) as

and assuming the initial conditions z(0) = 0, £(0) = vy, the solution of (7.70) can
be written in integral form as

a:(t):vot+/0 (t — $)g(a(s), s) ds .

Let G be a bound on g(z,t), i.e. |g(z,t)] < 622:1 |am (e)| = G; as a first approx-
imation we can use the inequality

G
lz(t) — vot| < 5752 .

Since cos? > 1 — %192, we obtain

1
cos(2x —mt) > 1— 5(\m — 2up|t + Gt?)?
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Therefore the second variation of the action for the variation dz(t) = cos i,
—2n7T <t < 277, is bounded by

N 2rT
1
§2A< % —4e )" |om(e)] /0 {1 = 5 (Im = 2vft + Gt2)2]§x2 dt
m=1

m
< —

N ks
2
< 4G 422 Y fan(e) /O [|m — 2002 (47)%9? cos? ¥

m=1
FG2(47)59% cos? 0 + 2|m — 20| G(47)49® cos? 19} & .
Let us define the quantity
3
I, = 2/ 9" cos? 9 dv ;
0

then, one obtains

PA ow £ 9 . 3
< _ = : _
— <5 4G + - mE:1 |t ()] [|m 200|°(47)° I3
+2|m — 2uo|G(47)* I3 + G2(47')5I4} = ®(e,vg,T) . (7.71)

The non-—existence criterion is fulfilled whenever one can find 7 > 0 such that
®(,v9,7) < 0, so that 624 < 0. Denote by exg the value of the perturbing
parameter at which this condition first occurs. As concrete examples we consider
the orbital eccentricity of the Moon (e = 0.0549) and of Mercury (e = 0.2056);
moreover we consider vg = 1 and vy = 1.5, corresponding, respectively, to the 1:1
and 3:2 resonance. The results of the implementation of the Weierstrass criterion
based on the estimate (7.71) are provided in Table 7.3, where N = 7 has been
taken in (7.70) (see [40]). Though the estimates are rather crude and could be
further refined, they show how to find by simple explicit computations the regions
of non—existence of rotational invariant tori.

Table 7.3. The non—existence criterion based on the Weierstrass theorem provides the
following values associated to the Moon with eccentricity e = 0.0549 and to Mercury with
eccentricity e = 0.2056 (reprinted, with permission, from [40], Copyright 2007, American
Institute of Physics).

Moon Mercury

110:1 ENE20.15 ENEZO.SQ

vo=15 1| eng >0.77 | eng >~ 0.58
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7.7.1 Conjugate points criterion

A method of investigating the non—existence of invariant tori has been formulated
in [129] for conservative systems, based on the following

Definition. Let (z,y) : [to,t1] — T x R be an orbit; the times ¢, and ¢; are
said to be conjugate, if there exists a non—zero tangent orbit (dz,dy), such that

We also introduce the twist property as follows. Let us write (7.70) as

T =y
N
Y = —¢ Z am(e)sin(2x —mt) . (7.72)

We say that (7.72) satisfies the twist property if there exists a constant A > 0 such
that .

0

oy —
(in our case A =1). A result due to K. Jacobi shows that minimizing orbits (with
respect to the action (7.69)) have no conjugate points. This leads to the following
non—existence criterion, which can be formulated to encompass also the dissipative
context [40].

A

Congjugate points criterion: The existence of conjugate points implies that the or-
bit does not belong to any rotational invariant torus, otherwise the forward orbit
starting from the initial vertical vector (0,1) at t = ty is prevented from crossing
the tangent to the torus and the twist property implies that dx(t) > 0 for all ¢ > tg.

For the conservative case with time-reversal symmetry and initial conditions on the
symmetry line x = 0, the backward trajectory and the backward tangent orbit are
determined by reflecting the forward ones. We can conclude that the times +t are
conjugate whenever the tangent orbit of the horizontal vector (62(0), dy(0)) = (1,0)
satisfies d2(t) = 0. This remark considerably decreases the computational time, also
due to the fact that close to a suitable symmetry line the rotation of the tangent
orbits is strongest and it is convenient to select orbit segments which straddle it
symmetrically.

The dissipative case does not admit time-reversal symmetry and it is necessary
to integrate backward and forward orbits. However, one can choose ty = 0 and
avoid backward integration, thus integrating just forwards from the vertical vector
(0x(0),dy(0)) = (0,1) and then looking for a change of sign of dz(t). We report
in Figure 7.4 an application of the conjugate points criterion for the dissipative
spin—orbit problem and for different values of the eccentricity. A grid of 500 x 500
points over y(0) € [0.2,2] and ¢ € [0,0.1] has been computed.
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Fig. 7.4. The black region denotes the non—existence of rotational invariant tori for
Kq=1073. (a) e = 0.001, (b) e = 0.0549, (c) e = 0.1, (d) e = 0.2056.

7.7.2 Cone-crossing criterion

Without using time-reversal symmetry and without taking initial conditions on
a symmetry line, the conjugate points criterion with ¢tc = —t; can be applied,
provided one computes the slope of an initial tangent vector, say (dz(0),dy(0)),
such that dz(+t;) = 0 simultaneously. To this end one can compute the monodromy
matrix M at times +t by integrating the equations

M = F(z,y,t)M ,

where M (0) equals the identity matrix and F(z,y,t) denotes the Jacobian of the
vector field. Then, the initial condition (dz(0),0y(0)) = (&, n) satisfies the relations
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My ()€ 4 Mia(t)n =
My (—t)€ + Mio(—t)n

I
o o

There exists a non—zero solution if and only if
C(t) = Mll(t)Mlg(—f,) — Mlg(t)Mll(—t) =0.

Therefore we conclude that the times +¢, t > 0, are conjugate if and only if C(t) =
0. A result by Birkhoff states that a rotational invariant torus is a graph of a
Lipschitz function.

If the initial condition is on a rotational invariant torus, one can determine
upper and lower bounds on the slope of the initial tangent vector, providing the
so—called local Lipschitz cone [165]. The condition C(t) = 0 corresponds to the
equality of the upper and lower bounds; for larger ¢ the upper bound becomes less
than the lower bound. However, this is in contrast with the existence of a rotational
invariant torus through that initial point, thus yielding the so—called cone—crossing
criterion [128] as a method to establish the non-existence of rotational invariant
tori.

The practical implementation of the criterion is the following. First we remark
that it is more convenient to integrate the equation for the inverse monodromy
matrix N(t) = M(t)~!. Starting from (2(0),4(0)), let (z(%t),y(£t)) be the cor-
responding forward and backward trajectories; then integrate the equations back-
wards and forwards in time

N(t) = —N(t) F(x(t),y(t).t)

with N (0) being the identity matrix. For any ¢ > 0, let

() _ 0\ _ [ £Nwa(Ft)
wro=nen( ) = (D)
be tangent vectors at (x(0),y(0)), which give a local Lipschitz cone through the
initial condition. Let C(t) = w™ (¢t) A w*(¢); then C(0) = 0 and C(0) > 0. Finally,
if there exists a time ¢’ > 0 such that C(¢') < 0, then the orbit starting from
(2(0),y(0)) does not belong to an invariant rotational torus.

7.7.3 Tangent orbit indicator

Based on the conjugate points criterion, we introduce an indicator of chaos, which
can be used as a complementary tool to Lyapunov exponents, frequency analy-
sis, FLIs, etc. (see Chapter 2). We start by remarking that through the change of
sign of dx(t) we can distinguish between rotational tori, librational tori and chaos.
Starting from a horizontal tangent vector, for a librational torus the jz—component
oscillates around zero (a linear increase is observed when starting from the vertical
tangent vector). The results are shown in Figure 7.5(a,b), obtained by integrating
(7.70) through a fourth-order symplectic Yoshida’s method [175] shortly recalled
in Appendix F. Notice that the first crossing occurs at t = 3.39. A similar behav-
ior is observed for the chain of islands of Figure 7.5(c,d). Oscillations with large
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Fig. 7.5. Analysis of (7.70) with € = 0.1, e = 0.0549 (after [40]). The left column shows
the Poincaré section on the plane ¢ = 0; the right column shows the implementation of
the conjugate points method from the horizontal tangent vector. (a, b) refer to an example
of a librational invariant torus for the initial conditions z = 0, y = 1.1. (¢, d) refer to an
example with a chain of islands for the initial conditions = = 0, y = 1.24. (e, f) refer to
an example of chaotic motion for the initial conditions z = 0, y = 1.3. (g, h) refer to an
example of a rotational invariant torus for the initial conditions = 0, y = 1.8 (reprinted,
with permission, from [40], Copyright 2007, American Institute of Physics).

amplitudes are observed for chaotic motions as shown in Figure 7.5(e,f). Finally,
rotational invariant tori are characterized by positive oscillations of dz far from
zero (see Figure 7.5(g,h)).

This scenario leads to the introduction of the so—called tangent orbit indicator
by computing the average of §z(t) over a finite interval of time. The resulting value
characterizes the dynamics as follows: a zero value denotes a librational regime, a
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Fig. 7.5. (continued).

moderate value is associated to rotational tori, high values correspond to chaotic
motions.

As an example we report in Figure 7.6 (top panels) the computation of the
tangent orbit indicators with horizontal initial tangent vector over a grid of 500x 500
initial conditions in x and y for the equation (7.70). Figure 7.6 (bottom panels)
provides the tangent orbit indicator in the plane y— for a fixed xg. A black color
denotes tangent orbit indicators close to zero, grey stands for moderate values,
while white corresponds to large values. The results are in full agreement with those
obtained implementing other techniques, like frequency analysis or the computation
of the FLIs introduced in Chapter 2 (see [37]).
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Fig. 7.6. Tangent orbit indicator associated to (7.70) for e = 0.1 from the initial horizontal
tangent vector. Top left: graph in the plane z—y with e = 0.0549; top right: graph in the
plane z—y with e = 0.2056; bottom left: graph in the plane e~y with e = 0.0549; bottom
right: graph in the plane e~y with e = 0.2056. (Reprinted, with permission, from [40],
Copyright 2007, American Institute of Physics.)

7.8 Cantori

Let £ = L(z,X) be a Lagrangian function with z € T" and X = &
a function v = v(¥), let D, be the operator defined as D,v =

gem
=
5
T

w
dimensional torus is described by the equations z = z(¥), X = D,z(9); let a
variation be described as z(¢) + dz(¥), Doz () + D, 0z(9). Let us introduce the

functional 1

A= g [ £a(@). Dus(@) d.

A variational principle can be stated as follows
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Theorem [6]. A smooth surface is an invariant torus with frequency w if and only
if it is a stationary point of the functional A,.

A solution of the variational problem is a so—called cantorus, which is defined as
follows (see [43]). Let us consider the case n = 2. We introduce the following
definition (see [7,132]).

Definition. An Aubry—Mather set is an invariant set, which is obtained embedding
a Cantor subset in the phase space of the standard two—dimensional torus.

Let us consider a one-dimensional, time—dependent Hamiltonian of the form H =
H(y,x,t). Assume it admits two invariant tori described by y = yo, y = y1 with
Yo < y1. Denote by ® = &(y,z) = (P1(y, x), P2(y, z)) the Poincaré map associated
to H at times 27, which we assume to satisfy the so—called twist condition namely
%ﬁ’w > 0; the mapping @ is area preserving and it leaves invariant the circles
Yy = Yo, y = y1 as well as the annulus between them. Let wy = w(yo) and w1 = w(y1)
be the frequencies corresponding to yo and y;. By the twist condition one has that
wo < wy. The Aubry—Mather theorem can be stated as follows.

Theorem [6]. For any irrational w € (wo,wn), there exists an Aubry—Mather
set with rotation number w, which is a subset of a closed curve parametrized by
z =94+ u(¥), y = v(d), where ¢ € T is such that ¢ = ¢ + w, u is monotone and
u, v are 2m—periodic.

If the functions u and v are continuous, then the original Hamiltonian system
admits a two—dimensional invariant torus with frequency w. On the other hand, if
u and v are discontinuous, then the original Hamiltonian system admits a cantorus,
whose gaps coincide with the discontinuities of u and v. We remark that a Cantor
set does not divide the phase space into invariant regions, since the orbits can
diffuse through the gaps of the Cantor set. However, the leakage cannot be easy
and the cantorus can still act as a barrier over long time scales [153].

The numerical detection of cantori is rather difficult and they are often approxi-
mated by high—order periodic orbits [49,85]. In very peculiar examples, an analytic
expression of the cantori can be given. This is the case of the conservative sawtooth
map, which is described by the equations

Ynt+1 = Yn + )‘f(xn)
Tntl = Tp+ Yntl (7.73)

where z,, € T, y, € R, A € Ry denotes the perturbing parameter and the pertur-
bation f on the covering R of T is defined as

f(z) = mod(z,1) — % if 0 < mod(x,1) <1
f(z) =0 ifexeZ. (7.74)

The mapping (7.73) is area—preserving; for A > 0 there do not exist invariant circles
and the phase space is filled by cantori and periodic orbits. Since z,+1 — % = Yn+1,
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Ty — Tpn—1 = Yn, ONE obtains
Tpg1 — 2Tp + Ty = Af(xy) .
Let us parametrize a solution with frequency w € R as
z(9) =9 +u(?) , JeT, (7.75)
where ¥ = 19 + w. Then, the function v must satisfy the equation
w(¥ +w) = 2u(V) +u(d —w) =X f(I+u(¥)) .

We can determine u(¥¢) by expanding it as

oo

u@) = Y anf(V+nw) (7.76)

n=—oo
for some coefficients a,, which are given by

—|n
ap = —Q@ P | Iv

AN\ "1/2 \ A2\ V2
= (1) e (e )

In fact, inserting the series expansion (7.76) in (7.73) we obtain

with

D (a1 —2a;+aj 1) f(9 + jw) = A (0 + u(¥)) .
J
Being f(¢ +u(¥)) = 9 +u(¥) — 1 = f(9) + u(V), one finds the following recursive

relations

a_1 — 2ag + a1 2)\(1+CL0) 7=0
aj—1—2a; + a1 = Aaj j#0. (777)

Let us write a; = —ap~Fl; from the first of (7.77) for j = 0 one has —ap~! + 2a —
ap~t = A1 — a), namely
Ap
ao=———.
20 =24+ Ap

Equation (7.77) for j # 0 implies that —ap= =1 +2ap= bl —ap= i+ = —Xap~l7l,
namely p? — (2+ \)p + 1 = 0 with solution

A )\2 1/2
1+ 21 (a2
p +2+(+4>

Replacing this expression for p in (7.78) one obtains a = (1 + $)

Taking advantage of the solution parametrized as in (7.75) with u given by
(7.76), one can prove the existence of cantori for the sawtooth map through the
following proposition as stated in [42].

(7.78)

-1/2
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Proposition. Let w be irrational, let
M, = {(z(9),z(9 +w)) : 9 €R}

and let M, = Mw/Z. Then, M,, is a Cantor set.

A proof of the existence of cantori in the dissipative sawtooth map, defined by the
equations

Yn41 = byn +c+ )\f(xn)
Tp+l = Tn +Yn+1 ,

forbe R, c€ R and f(x) as in (7.74) is provided in [39].
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Hamiltonian systems with (strictly) more than two degrees of freedom do not ad-
mit a confinement of the phase space by invariant tori. For example, for a three—
dimensional Hamiltonian system, the phase space has dimension 6, the constant
energy level is five-dimensional and therefore the three—dimensional KAM tori do
not separate the phase space by invariant regions. As a consequence the motion
can diffuse through the invariant tori and can reach arbitrarily far regions of the
phase space. This phenomenon is known as Arnold’s diffusion (Section 8.1) and a
theorem due to N.N. Nekhoroshev allows us to state that it takes place at least on
exponentially long times (Section 8.2, see also [75]).

In this chapter we focus on the main ideas at the basis of Nekhoroshev’s theorem
and we also formulate it in the neighborhood of elliptic equilibria (Section 8.3). The
theorem has been widely used in Celestial Mechanics, in particular in connection
with the stability of the three-body problem (Section 8.4) and of the Lagrangian
solutions (Section 8.5).

8.1 Arnold’s diffusion

We consider an n—dimensional Hamiltonian system described by the following real—
analytic Hamiltonian function (in action—angle coordinates):

H(y,z) = h(y) +ef(y. z) , yeyY, zeT", (8.1)

where Y is an open subset of R™. The phase-space associated to (8.1) is 2n—
dimensional; fixing an energy level we obtain a (2n — 1)-dimensional manifold. In
this framework, the n—dimensional invariant tori divide the constant energy level
only if n = 2. On the other hand, if n > 2 the separation property is no longer valid
as we showed above in the case of a three—dimensional Hamiltonian system. Indeed
this property is not valid already if we consider a non—autonomous two—dimensional
Hamiltonian system. In all the cases when the separation property does not apply,
invariant tori form the majority of the solutions, but the resonances generate gaps
between the invariant tori, so that some orbits can leak to arbitrarily far regions of
the phase space. An example of such a phenomenon was given for the first time in
[4] and it is now known as Arnold’s diffusion. More precisely, the example provided
in [4] is based on the Hamiltonian function

1 .
H(ys, 2,1, 2,1) = 5 (53 + 1) + l(coswy — 1)(1+ psin e + prcost)]
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where y1, y2 € R, z1, 22 € T and &, p are positive parameters. For suitable
values of the parameters with p exponentially small with respect to € and for given
values of the second action, say yéa) and yéb) with 0 < yéa) < yéb), there exists
an orbit connecting regions where the values of the action y, are far from each
other, say yo < yéa) and yo > yéb); the time for such diffusion can be exponentially
long with respect to ¢. This phenomenon is obtained by constructing unstable
tori, called whiskered tori. A chain of heteroclinic intersections provides the device
to transport the trajectories; such a transition chain makes it possible to pass
from the neighborhood of a torus to the neighborhood of another torus. However,
practical difficulties in constructing the transition chain are due to the fact that
the elements of the chain must be sufficiently close and that the intersection angle
of the manifolds of successive tori is typically exponentially small. The literature
on this topic is extensive and we refer the reader to it for complete details; we just
mention that analytical proofs and examples of Arnold’s diffusion can be found in
[45,46,102,174], while numerical investigations have been performed in [87,111,164].

8.2 Nekhoroshev’s theorem

A theorem developed by A.A. Nekhoroshev [143] proves that Arnold’s diffusion
eventually takes place at least on exponential times. In particular, under suitable
applicability conditions, the theorem allows us to state that the actions remain con-
fined over an exponentially long time (see [137] for a connection to KAM theory).
The original version of the theorem was formulated under a suitable assumption
on the Hamiltonian (called the steepness condition); following [150] we present
the theorem under the convex and quasi—convex hypotheses which are introduced
as follows. With reference to (8.1) with n > 2, we define a complex neighbor-
hood of Y x T" with radii ry and sg as the complex set V;,,Y x W, T", where
Vi, Y denotes the complex neighborhood of radius rg around Y with respect to
the Euclidean norm || - || and W, T" is the complex strip of width so around T™:
Ws, T = {z € C" : maxi<j<n|Im z;| < so}. Let U,,Y = V)Y NR" be the real
neighborhood of Y. For an analytic function v = u(y,z) on V, Y x Wy, T™ with

Fourier expansion u(y,z) = Y, 7. tx(y)e™2, let us define the norm

lullvirgso = sup D fag(y)| elalt+lknbso
EGVTOY@EZH Z

Let F be an upper bound on || f||y,r,,s, and let M be an upper bound on the Hessian
matrix @ = Q(y) of the unperturbed Hamiltonian: SUPycv, v |Q(y)|| < M. Finally,

let w(y) = OZ,(;) be the frequency vector.

Definition. Given a positive real parameter m, the unperturbed Hamiltonian is
said to be m—convex if

(Q(y)v,v) > mlv|? forallv € R", forallycU,Y .
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Given positive real parameters m, ¢, the unperturbed Hamiltonian is said to be
m, {-quasi—convex if for any y € U, Y one of the following inequalities holds for
any v € R™: B

(@) > el Q) > ml]? . (8.2)
We remark that quasi—convex Hamiltonians satisfy the isoenergetic non-degeneracy
condition (7.5). We can finally formulate Nekhoroshev’s theorem, providing the
explicit estimates for the confinement of the actions and for the stability time as
given in [150].

Theorem (Nekhoroshev). Let us consider the Hamiltonian function (8.1) and

assume that the unperturbed Hamiltonian satisfies the quasi—convexity hypothesis

2
(8.2). Let g < %, A= %, €0 = s1oabw; if for so > 0, one has || f|ly,ro,50¢ < €0,

then for any initial condition (Qovlo) €Y x T" the following estimates hold:

1

ro [ €\ A280 m(m)ﬁ
Hg(t) _QOH < A(go> for || < 0 es (= ,

where Qy = SUP|y—y | <70 lw(@)Il-

The proof is based on three main steps: the construction of a suitable normal form,
the use of the convexity and quasi—convexity assumptions, and a careful analysis
of the geography of the resonances. We provide here the main ideas of the proof,
referring the reader to [143,150] for complete details.

Step 1: Normal form. Let A be a sublattice of Z" and for K > 0 set Z% =
{keZ" : |k| < K}; we say that a subset Y; of Y is «, K—non-resonant modulo
A, if for any y € Yy and for any k € Z%\ A, one has

k-w(y)| > a.

If A contains just the zero, then Yj is said to be completely o, K—non-resonant.
In the domain Y one looks for a suitable change of coordinates so to obtain a
A-resonant normal form, where the new Hamiltonian is given by the sum of three
terms:

(i) the unperturbed Hamiltonian;
(1) a resonant term g4 = ga(y, z) which can be expanded in Fourier series as

94y z) = gk(y) e,

keA

containing only the resonant terms belonging to the lattice A;
(477) a remainder function fx = fx(y,z), which can be made exponentially small
by a suitable choice of K; in particular, for some r < rqg, s < sg it is

£ Yours < eFe™o

where we assume that Ks > 6.
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Step 2: Using the convexity and quasi—convexity. With reference to the
previous step, let the normal form Hamiltonian be given by

Ha(y,z) = h(y) +ega(y, z) + fx(y,z) -

The evolution of the actions associated to H 4 belongs almost completely to the
plane of fast drift, namely the hyperplane generated by A and passing through the
initial condition Yo Indeed, one finds that

y€%< igr(y 6J)-E+O(se 5 ).

Therefore in the non-resonant domain g is almost parallel to A and the distance
between y(t) and the plane of fast drift is small for exponential times.

In the proximity of the resonances we use the convexity and the quasi—convexity
to prove that the orbits stay bounded for exponentially long times. To this end, let
R4 be the resonant manifold defined as

Ri={weR" : k-w=0 forallke A}.

For § > 0let D be a set d—close to the resonant manifold R 4, namely D is composed
by the points y € R” such that min,er, [|w(y) — v|| < d. If the unperturbed
Hamiltonian is m—convex, the A-resonant normal form ensures that for any initial
condition in a real neighborhood of D, the corresponding orbit is bounded for finite
times. A similar result holds in the quasi—convex case. If we now assume that D is
also a, K—non-resonant modulo /A, then one can prove the following result.

Proposition. Let the unperturbed Hamiltonian be ¢, m—quasi—convex; then, if € is
sufficiently small, any orbit with initial conditions (yo,go) in D x T™ satisfies

s

t) — <r forallthgeIg ,
ly(t) — y,ll

for a suitable r > 0 and a positive constant Cs.

We remark that the quasi—convexity implies that the plane of fast drift and the
inverse image of the resonant manifold intersect transversally (see, e.g., [11]). Due to
the complementary dimensions, their intersection is a point, where the unperturbed
Hamiltonian has an extremum; around such a point the surfaces corresponding to a
constant unperturbed Hamiltonian level provide an elliptic structure on the plane
of fast drift.

Step 3: The geography of the resonances. The results of steps 1 and 2 must
be applied to encompass the whole phase space Y x T". A suitable covering is first
constructed in the frequency space and then in the actions. The geography of the
resonances can be explored by introducing the following sets.

— The family of mazimal K-lattices Mg is the set of lattices A in Z™ generated
by vectors in Z% and not properly contained in other lattices of the same
dimension.
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— Let 0 < Ay < Ay < - < A, < ... be a sequence of real numbers; let A be a
maximal K-lattice of dimension d and let §4 = ‘)‘ﬁ, where |A] is the volume of
the parallelepiped built from a basis vector of A. The resonant zone of order d
associated to A with size d, is the set

Z)= cR" : i — <ot
A ={w ng;%llAIIQ v| <é}

— A resonant region of order d is the union of all resonant zones of order d:
Z:E = Udim(/l):dZA .

In particular, one finds that Z,, is the empty set: Z* | = 0.
— A resonant block of order d is obtained by removing from a resonant zone of
order d a resonant region of order d + 1:

BA = ZA\Z;_H .
The block By denotes the completely non-resonant frequency space.

From R"™ = Zj it follows that the frequency space can be covered by resonant
blocks as

R"=ByuU (Udim(A)ZIBA) U..u (Udim(/l):nBA) .
The following result provides the conditions under which 5, is a, K—non-resonant
modulo A.

Geometric Lemma. Assume that Ajy1 > C3A;, for j = 1,...,n and for some
positive constant Cs. Each block By is ay, K-non—resonant modulo A with

ay > Chby ,

for some positive constant Cy; moreover, By is completely apy, K-non-resonant
modulo A with ag = A1.

The transformation from the frequency to the action space is provided by the
following result.

Covering Lemma. Let
Dy={yeY : w(y) €Ba};

let rp, ap be positive parameters. Then, there exists a covering of the action space
Y through resonant blocks Dy, A € My, which are ay, K-non-resonant modulo
A, though being § p—close to exact resonances.

The proof of the theorem can be obtained by combining the three steps outlined
above. In particular, by the covering lemma there exists a covering of Y by suitable
resonant blocks Dy, A € My. The stability estimates can now be extended to all
blocks simultaneously for an exponentially long stability time.

We remark that there exist several versions of the Nekhoroshev’s theorem, ac-
cording to the specific dynamical context. For example, when dealing with com-
pletely non-resonant domains there is a sharp decrease in the stability radius. On
the other side, in the proximity of a resonance, one could get much bigger stability
times.
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8.3 Nekhoroshev’s estimates around elliptic equilibria

We discuss the formulation of Nekhoroshev’s theorem in a neighborhood of an
elliptic equilibrium position of a Hamiltonian system with n degrees of freedom
(see [64,151]). Assume that the natural frequencies (w1, ...,w,) are non-resonant
up to the order ¢ > 4, namely there does not exist any vector k& € R™"\{0} with
| >"7—1 kj| < ¢ such that k- w = 0. Under this condition, there exists a symplectic
coordinate transformation by implementing a Birkhoff normal form such that the
original Hamiltonian takes the form

AL-I+B(I)+R(z,y), (z,y) eR™, (83

where I; = %(x? + yjz-), the coefficients of the matrices A and the term B are the
so—called Birkhoff’s invariants with B being of order 3 at least in I, while R is of
order £+1 in the variables x;, y;. We refer to the integrable part as the Hamiltonian
ho = ho(I) which is obtained from (8.3) neglecting the remainder R. Then, in a
small neighborhood of the origin, hg is convex if and only if the matrix A is positive
definite. Let |I| = |1+ - + |I,]-

Theorem. Let § > 0; if A is positive definite, then for any orbit associated to (8.3)
with initial condition |L,| < 6% sufficiently small, one obtains

- 1 _t=3
II(t) — I,| < C562F % for Jt| < ﬁew e
w
for suitable positive constants Cs and Cg.
It is readily seen that rescaling the variables as

1, _ .
=@,

=90
2

=2
[

) g:§

the region |I,| < 02 is transformed to |I,| < 1; as a consequence the Hamiltonian
(8.3) becomes

. 1 - L - . -
HLz,§) =5 w I+ AL I+ B D+ 0" °R(z.p) . (84)

Setting ¢ = 2 one has the following

Theorem. If A is positive definite and € is sufficiently small, then for any orbit
associated to (8.4) with initial condition |Iy| < 1, one obtains

I i 52 _1
|l(t) _l0| < C75ﬁ for ‘t| < Z _Csem2n 7

|w]

for suitable positive constants C7 and Cs.
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8.4 Effective estimates in the three—body problem

The stability estimates provided by Nekhoroshev’s theorem are particularly rele-
vant in Celestial Mechanics. In fact, they can be used to provide bounds on the
elliptic elements for an exponentially long time, possibly comparable with the age
of the solar system, namely 5 billion years (see [108,168] for a long—time inte-
gration of the equations of motion). Effective estimates have been developed for
the triangular Lagrangian points ([34, 38,77, 160], see also [12,86]), the resonant
D’Alembert problem [15], and the perturbed Euler rigid body [13]. Here we dis-
cuss two applications in the context of the three-body problem. First we consider
the planar, circular, restricted three-body problem; being described by a two—
dimensional Hamiltonian function, diffusion does not take place, but the relevant
result is a bound on the semimajor axis and eccentricity for astronomical times.
The second example concerns the stability of the Lagrangian points in the circular,
restricted, spatial, three-body problem; the procedure developed in [38] has been
successfully extended in [77,160], providing physically relevant estimates within
the asteroidal belt.

8.4.1 Exponential stability of a three—body problem

Following [34], we consider the planar, circular, restricted three-body problem. Let
P1, P3 be the primaries with masses mi, mg, moving on circular orbits around
the common barycenter. Let P2 be a small body of negligible mass. We assume
that the motion of the three bodies takes place on the same plane. Using Delaunay
action—angle variables (L, G, ¢, g), the Hamiltonian takes the form:

1
HO(L,G,€7Q) = _E_G—FERO(LaG?&g)a (85>

where (L,G) € R?, (¢,g) € T? and where we assume that the perturbing function
is given by

4 64 8 L?

3 5 G:/(1 9
a2 214 O SR el L
+L<4+16L>COS(2€+29) L*y/1 L2<2+16L)cos£
3 G? G2/9 5
+ 1L4\/1—ﬁcos(3€+29)—L4 1_L2<4+4L4) cos( + 2g)

3 1 5 3
+ LS (8 + 6iL4> cos({ +g) + L° (8 + 1258L4) cos(3 + 39)

2
Ro(L,G,t,g) = L* {1 + 9 pa + 3(1 - Gﬂ

35 ¢ 63 1o
+ 6—4L cos(4¢ + 4g) + EL cos(bf + 5g) . (8.6)
In order to obtain optimal Nekhoroshev stability estimates, it is convenient to
apply perturbation theory to reduce the perturbing function in (8.5) to higher
orders in €. This can be achieved through a canonical transformation (L, G, ¢, g) —
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(L',G', V', g") which conjugates (8.5) to a Hamiltonian of the form
Ho(L',G' 0, g') = ha(L,G') + "R (L, G 0 ) (8.7)

where n is the order of the normal form, h,, is the new unperturbed Hamiltonian,
while R, is the new perturbing function. For n = 1, let ®W)(L/,G’, ¢, g) be the
generating function providing the transformation

oM
L =1
+e€ 5
(1)
G = G’—I—zsa
dg
o)
;o
' = ¥l+e oL
oo

Inserting (8.8) in (8.5) and imposing that the terms of the first order in € do not
depend on the angle variables, one gets that the new unperturbed Hamiltonian is
given by

h1 (L/, G/) = h()(L/7 G/) + ER()(L/, G/) s

where ho(L',G") = fﬂ%fG’, while Ry(L’, G") denotes the average of Ro(L', G’, ¢, g)
over the angles:

_ 1 )
Ro(L,G') = (2”)2/”1“2 Ro(L',G', 4, g) dt dg .

Expand Ry(L,G, ¥, g) in Fourier series as

Ro(L,G,L,g) = Z Rg?rzl,mg) (L,G) eilmit+mag) 7

(m1,m2)eER
where R is the set of Fourier indexes corresponding to (8.6):
R = {(0,0),+(1,0), £(1,1), £(1,2),+(2,2), £(3,2), £(3,3), +(4,4), £(5,5) } .
The generating function ®*) is finally given by

R (LG

(I)(l)(L/7 G/’e7 g) - _ Z : my,ms) ei(mle+m29) 7
(m1,m2)eR\{(0,0)} Z(mlwl + m2w2)
where (w1,ws) are the frequencies
Oho(L, G Oho(L,G
wFM@G)E%, szWQ(L,G)E%_
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The new perturbing function Ry = Ry (L', G’,¢',¢’') is obtained from

2 MW\ 2 2 W2
i - 108 () 128 ()
9%n (9PN [9dM)
+f)L@G( a1 )( dg )
ORy 09 N ORy 00
oL ol ' aG ag

with (¢, g) expressed in terms of (¢, ¢’) through (8.8).
A higher—order normal form provides a new Hamiltonian of the form (8.7),
where the generating function is given by

R(”_l) L/,G/
(L Gl g) = — 3 B ma) 5 &)

et(mittmag)
(m1,m2)€RL\{(0,0)} i(miwy 4+ mows)

for a suitable index set R, being R,,_; the perturbing function at the order n — 1
and R(ZL IT)H ) are its Fourier coefficients. The new unperturbed Hamiltonian takes
the form

hn(L/,G/) = hnfl(Ll,G/) —I—EHEn,l(LI,G/) s

where h,_; is the unperturbed Hamiltonian at the order n — 1 and R,,_1 is the
average of R, _1. The new perturbing function is given by

oy gkp, q>(pg
Ra(L, G4, 9) Z k! 3Lk0 ZH
11 guteR, I aq> ”> o2 a<1><1’
+ Z a1'&2'8a1L8a2G ZH H ’

1<]ay+az|<n j=1

where * means that the sum is computed over all integers py,...,p, > 1 such
that Zf 1p; = n+ 1 and ** means that the sum is performed over all integers

pgl),...7pa1) > 1, pg ),...,p((fz) > 1 such that Zallpjl) + Z] 1pj = n. Again,

(¢, g) must be expressed in terms of (¢, g') by means of (8.8) with ®1) replaced by
o),

In [34] the stability estimates developed in [150] have been applied in the frame-
work of the Hamiltonian (8.5)—(8.6) in order to investigate the dynamics of the small
body Ceres under the gravitational influence of the Sun and Jupiter. Normalizing
to unity the mass of the Sun and the semimajor axis of Jupiter, the elliptic elements

of Ceres are
a = 0.5319 , e = 0.0766 ,

which correspond to the Delaunay variables

Lo = 0.7293 , Go = 0.7272 . (8.9)
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Perturbation theory has been implemented up to the order n = 4; the corresponding
generating function contains 440 Fourier coefficients. After the normal form, the
fundamental frequencies are given by

Ql = (w/lvwé) = (7251317 71) )
which satisfy the o, K—non-resonance condition with
a=2.6225-10"2, K =120.

The value of the parameter K was chosen in order to optimize the results, while «
was computed numerically by means of the non—resonant condition. We report in
Table 8.1 the results obtained as the parameters vary; in particular, the stability
time and the perturbing parameter are given as a function of K, «, rq, So.

The advantage of performing normal forms before implementing Nekhoroshev’s
theorem is shown in Table 8.2, which provides the results at several orders n of
the normalization procedure. The integer n denotes the order of the normal form
(n = 0 corresponds to the direct application of the stability estimates given in [150]
without performing a preliminary normal form). Table 8.2 reports the variation of
the action variables up to a time [t| < t,,4, for any e < .

Table 8.1. Stability times tmax as a function of the parameters K, a, ro, so and setting
€ = eo (reprinted from [34]).

K @ 70 So €0 tmax (years)
12 | 1.5669-10"! | 6.1190-107* | 0.5 | 4.6036-10° 1.02 - 10*
20 | 1.0827-107' | 2.5369-107* | 0.3 | 2.7285-107° 1.47-10%
24 | 1.0827-107! | 2.1141-107* | 0.3 | 1.8948-107° 2.16 - 10*
30 | 4.8418-1072 | 7.5632-107° | 0.2 | 3.8651-10"'° 3.29 - 10*
67 | 4.8418-107% | 3.3865-107° | 0.2 | 7.7491-10""! 2.52 - 10*
75 | 1.1436-1072 | 7.1457-107° | 0.08 | 4.9066 - 10~ *? 1.39-10°
100 | 1.1436-1072 | 5.3593-107°% | 0.5 | 3.5314-107'3 1.78 - 10°
120 | 1.1436-1072 | 4.4661-107°% | 0.5 | 2.4524-10"% 1.13-10%°
150 | 1.1436-1072 | 3.5729-107°% | 0.5 | 1.5695 10~ '3 1.72- 10"
300 | 2.6724-107% | 4.1744-1077 | 0.02 | 1.7911-10"14 5.97 - 10°

Table 8.2. Variation of the action variables up to |t| < tmaz for any e < g¢ (reprinted
from [34]).

n | Action variation | Stability time tmaee (years) €0

0 4.47-107° 1.13-10%° 2451071
1 2.00-1077 1.13- 10 5.00-1078
2 2.81-1071° 1.16 - 101° 7.00-1077
3 2.49 .10~ 8.45 - 10° 8.50-1077
4 7.29-10718 4.93-10° 1.00-107°
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Using the normal form at the order n = 4 we can provide the following result
[150]:

Let (Lo, Go) be as in (8.9) and fir the analyticity parameters as ro = 107° and
so = 0.5. Then, the Hessian matriz Q associated to the normal form at the fourth
order hy(L', G") in the new set of variables (L', G") is bounded by

sup  [|Q(Ly, G| < M =1.50-10" .
(L5, Gy)EVR Y

For e < g9 =1079, the action variables satisfy
|L'(t) — Ly, [|G'(t) — Gpll < 7.29-10718  for all [t| < T = 4.93-10° years .
To pull back the estimates to the original Delaunay variables, we remark that
IL(t) = Loll < IL(¢) = L'(®)I + [IL(t) — Lol + |26 — Lol (8.10)

(similarly for G), which takes into account also the displacement generated by the
canonical transformation. The first and third terms of the right-hand side of (8.10)
can be estimated through (8.8) (or the equivalent formulae at order n). We finally
obtain that (see [34])

|L(t) — Lo|| < 1.61-1077, |G(t) — Go|| <1.55-1077,

which provide a confinement of the action variables for a time comparable to the
age of the solar system. The perturbing parameter € should be taken less than 1076,
while the present value of the Jupiter-Sun mass ratio amounts to about 10~2. How-
ever, we stress that, as shown in Table 8.2, a higher—order normal form computation
could provide results in better agreement with the astronomical parameters.

8.5 Effective stability of the Lagrangian points

As an application of the exponential estimates provided by Nekhoroshev’s theorem
to higher—dimensional Hamiltonian systems, we consider the stability of the tri-
angular Lagrangian points in the circular, restricted, spatial, three-body problem.
With reference to chapter 4 we consider the motion of a body of negligible mass
around two primaries with masses ¢ and 1 — p (in suitable normalized units, see
chapter 4). Let (£, 7, () be the coordinates of the small body in a synodic reference
frame with origin in the barycenter of the primaries and rotating with their angu-
lar velocity. Denoting by (p¢, py, p¢) the corresponding momenta, the Hamiltonian
takes the form

1
H(pe: pn:pe, €,Q) = 5 (PE + Py +p8) +1pe = &y
_ 1—p _ 1%

VE=—p2+m?+ 3 JE+LT-—p2+n2+
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(notice that the primaries are now located at (i, 0,0) and +1,0,0)). Let us now

(—1+
assume a reference frame (O, x,y, z) centered in Ly(p % i ; the transformed

Hamiltonian is

1 1 V3
H(Par Dy D2y T, Y, 2) = 2(pi+pf,+p§)+ypx—xpy—m<u—2) v

L—p  p

1 T2

)

where r? = 1 —2+3y+ 22 +y2+22, 72 = 1+ 2+ 3y + 22 +y? + 22. Expanding
the Hamiltonian around the equilibrium position, we can write

H(pw7pyapz,x7y?z) = ZHk(pmpyapzaxyy,Z) ’
k>2

\s

where, setting a = —3¥3(1 — 2u), one has

2

1 22 5 1
302 4Py +upe —apy + 5 — v —amy+ S (2427

HQ(pibapyvpmmayaz): 2 8 8

while
-3 —z— /3
Hie(Pas Dy P2, T, 9, 2) = (1 — p)r* By ( y) +ur"sz(2ry> ,

being r? = 22 + 3% + 22, with P, denoting the Legendre polynomial of order
k. Next, we diagonalize the quadratic part introducing a new set of variables
(21,2, 23,Y1,Y2,ys3) defined as follows. Let the characteristic equation be written

* 27
(w2—1)(w4—w2+16—a2> =0,

where the solution w = 1 corresponds to the vertical component (p,, z), while the
remaining roots

1 1/ 27 1 1/ 27

are real and distinct provided p satisfies the inequality 27u(1 — ) < 1. Define the
vectors

a 2w;
-3 w2 0
e. = 34 2-] f =
= 1~ wj ’ =j aw;j ’
5 2
a (1 —Wj Jw;
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Then, the coordinate change is defined as

xT T
Yy —-C T2 ,
Pz Y1
Dy Y2

where C' is the matrix whose columns coincide with e}, e}, i’l, fQ Notice that!

CTH,C = diag(wy,ws,wr,ws), being Hs the Hessian matrix of Hs. We complete
the change of coordinates by setting x3 = z and y3 = p,. Finally, we write the
transformed Hamiltonian as

Hrew (21, T2, 23,Y1,Y2,Y3) = Honew(T1, %2, 23, Y1, Y2, Y3)
+ HS,new(xlva,xS;ylvaayfi)+"' )

with

1
Hanew(T1, T2, 3, Y1, Y2, Y3) = *Zwk v + 1) 5

[\')

while H3 pew denotes higher—order terms. Thus, the quadratic part admits the first
integrals

1
I=gle+ai) .  k=123;

let us look for first integrals of the perturbed system in the form
o™ =1+ ol + ..

where @gk) is a homogeneous polynomial of degree j in Iy, Iy, I3. Let ®*7) ¢ >3,
be the truncation of the integral, defined as

o) =1, + oM 4 ... 4 0®) |

where the terms <I>§.k)

recursively estimated. For p > 0 and R € Riv define the domain

,j =3,...,7, can be explicitly constructed or they can be

Apr={(z,y) €R® : yi+aj <p’R{, 1<k<3}.

Assume that the initial condition at ¢ = 0 lies within the domain A, g for some
po > 0 and look for the time t,,4, such that the solution is confined within the
domain A,r with p > pg up to a maximal time, say ¢ < t,q,. By trivial inequalities
and by the definition of the domain, one has

[16(t) = Tu(0)] < [Li(t) — @57 (1) + [ () — 27 (0)] + [ @7 (0) — 1, (0)]
< RQ(P2 - Po) :

1 C7 is the transposed matrix of C' and diag(ai,az,as,as) is the 4 x 4 matrix with
diagonal elements a1, a2, a3, a4, while all other elements are zero.
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We now introduce the following norm: given a complex polynomial f(z,y) =
Zj’k fikxdy® with fj, € C, setting R = (Ry, ..., R,) € R", we obtain

1£le =D 1 fwl BT

gk

for any (z,y) € A,r and for any homogeneous function f = f(x,y) of order s, we
define

[f (@9 < Ifllz p” -
Then, one has

807 (0) — (0] = [857(0) + -+ 8P ()] < 1P (po) = 3 18| )
j=3

Similarly one gets
25 (8) = Ie(t)] < 0™ (p) -

Finally, one has:

‘s T T 1
@7 () — @ET(0)] < R™ (po, p) = S RE(0* = p§) — 0 () = 1 (o) -

On the other hand, since
@ () — ) (0)] < [@F)| [t] < FE(p) 1]

where F*:) is an upper bound on |<i>(’”) |, then the stability time can be computed
as
R(k:,r) (pOu p)

Fn(p)

Based on the above strategy, a number of results provide estimates of the stability
times and of the regions of stability for the Sun—Jupiter—asteroid problem (see
[34,38,76,77,101,160]). Physically relevant stability regions have been found for a
time interval of the order of the age of the solar system. The analytical estimates of
[38] have been improved in [77] and [160], and the resulting stability region includes
a few asteroids.

Exponential stability estimates have also been performed in [114] for the planar,
elliptic, restricted three-body problem. According to [89] the study of this problem
is reduced to the analysis of a suitable four—dimensional symplectic mapping. A
Birkhoff normal form is implemented and first integrals are explicitly constructed.
A Nekhoroshev stability domain is computed around Jupiter’s Lagrangian points
for a time span comparable to the age of the solar system.

[t| < min
T



9 Determination of periodic orbits

Periodic orbits play a very important role in many problems of Celestial Mechanics;
for example, their study provides interesting information on spin—orbit and orbital
resonances (see [96,136]). From the dynamical point of view periodic orbits can
be used to approximate quasi—periodic trajectories; more precisely, a truncation
of the continued fraction expansion of an irrational frequency yields a sequence of
rational numbers, which correspond to periodic orbits eventually approximating a
quasi—periodic torus.

We present some results on the existence of periodic orbits through a construc-
tive version of the implicit function theorem, both in a conservative and in a dissipa-
tive setting (Section 9.1). Then we review classical methods for computing periodic
orbits, like the Lindstedt—Poincare (Section 9.2) and the KBM (Section 9.3) tech-
niques. We conclude with a discussion of Lyapunov’s theorem on the determination
of families of periodic orbits (Section 9.4) and an application to the Jo—problem.

9.1 Existence of periodic orbits

The existence of periodic orbits can be proved through the implementation of an
implicit function theorem, which yields a constructive algorithm to find suitable
approximations of the solution [29,149]. We discuss the existence of periodic orbits
in the conservative and in the dissipative setting, with concrete reference to the
specific sample provided by the spin—orbit problem (see Section 5.5.1).
9.1.1 Existence of periodic orbits (conservative setting)
Let us write the spin-orbit equation of motion (5.16) in the form
¥ —eg(z,t) = 0, (9.1

where g(z,t) = —(2)®sin(2z — 2f). Equation (9.1) can also be written as

T =1y

§ = egla,t) . (9.2)

Here € represents the equatorial ellipticity and it can be assumed that ¢ < 1.
A spin-orbit resonance of order p : ¢ is a periodic solution of (9.2) with period
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T =2nq (¢ € Z), such that

xz(t +2mq) = x(t) + 27p

y(t+2mq) = y(t) . (9:3)
From (9.2) one obtains
xz(t) = z(0)+y(0)t + 5/0 /0 g(x(s),s) ds dr = z(0) —l—/o y(s) ds
y(t) = y(0) —|—€/ g(z(s),s) ds . (9.4)
0

Using the periodicity conditions (9.3) one gets
2mq
/ y(s)ds —2mp = 0
0

2mq
/ g(z(s),s)ds = 0. (9.5)
0
Let us expand the solution in powers of € as

z(t) = THYt+exi(t) +2xa(t) + ...
y(t) = J+ep(t) + () +...
where z(0) = 7 and y(0) = 7 are suitable initial conditions, while z;(t), y;(t),

j > 1, are unknown corrections to higher orders in €. Let us expand also the initial
conditions in powers of ¢ as

T = To+eT +eTa+...
T =To+ey +Tp+... , (9.6)
for some unknown terms Zo, ¥y, T1, Uy, - - - Equating in (9.2) the same orders in ¢

and using (9.6), one obtains

gt+eir(t)+... = g+eyi(t)+...
eyr(t) + ... eg(T+yt, t)+...

which yield

1(t) = n(t)
U1(t) = g(To +7Yot, 1) ,

namely

m@zxM@@ZAm@%

Y1 (t)

t
w@i@:/g@ﬁ%&$®~ (9.7)
0
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Notice that z1(t) and y; (t) can be computed explicitly. Concerning the initial data,
using the second of (9.4) and the periodicity conditions (9.5) one obtains

2mq t
/ {yo +ey +6/ 9(To +Tgs, 9) ds] dt =2mp .
0 0

Therefore, Y, and 3, are given by

Jo = -
07 ¢

1

2mq t
Ty = —— To 4+ Tos, 8) ds dt . 9.8
o= g [ @ T ds 98)

In a similar way, o and Z; are obtained using

2mq
(/g%+w+ﬁﬁ%HMW@@:0;
0

expanding in series of ¢, the quantity Ty is determined as the solution of

2mq
/ 9(To +Yps,8)ds = 0, (9.9)
0
while Z; is given by

1

2mq 2mq
_ _ 0 0
fm e [ [ as [T a] o)
f02 7 g0dt [ Yo ! 0 ’

where g9 = g.(To + Yot 1)-

9.1.2 Computation of the libration in longitude

Applying the results of Section 9.1.1, we can implement the above formulae to
compute the libration in longitude of the Moon, which measures the displacement
from the synchronous resonance corresponding to p = ¢ = 1. The initial data and
the first—order corrections are computed through (9.7), (9.8), (9.9), (9.10):

Ty = 0
To = 1
x1(t) = 0.232086 t — 0.218318sin(t) — 6.36124 - 10~ 3 sin(2t)
— 3.21314 - 10~ *sin(3t) — 1.89137 - 1075 sin(4t)
— 1.18628 - 10 % sin(5t)
y1(t) = 0.232086 — 0.218318 cos(t) — 0.0127225 cos(2t)
— 9.63942 - 10~ cos(3t) — 7.56548 - 107" cos(4t)
— 5.93138 - 10 cos(5t)
7 =0
7, = —0.232086 ,
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where for the Moon we used e = 0.0549, ¢ = 3.45 - 10~%. To the first order, the
solution corresponding to the synchronous periodic orbit is given by

z(t) = To+ Yot +ex1(t) = (1 +8.00697 - 107°)¢
— 7.53196 - 10~ sin(t) — 2.19463 - 10~ % sin(2t)
— 1.10853 - 10~ " sin(3t) — 6.52523 - 1079 sin(4t)
— 4.09265 - 10~ sin(5¢)
y(t) = Ty +eyr(t) =1 —7.53196 - 1075 cos(t) — 4.38926 - 1075 cos(2t)
— 3.3256 - 10~ " cos(3t) — 2.61009 - 108 cos(4t)
— 2.04633 - 107 cos(5t) . (9.11)

We remark that having set to unity the angular velocity of rotation, the time ¢
coincides with the Moon’s longitude. For ¢ = 0, the equations of motion can be
solved as

x(t) = To+ TPt =To + 1
y(t) = Jo=1;

since Ty = 0, the difference between x(t) and ¢ is zero and therefore the direction
on the equatorial plane joining the barycenter of the Moon with the Earth does not
vary with time. When adding the perturbation due to the non-spherical structure
of the Moon, the function x(t) varies by a quantity of order e, which provides a
measure of the libration in longitude. The computation to the first order as in (9.11)
gives a displacement of the quantity x(¢) — ¢ of the order of 8 - 107 in agreement
with the astronomical data.

9.1.3 Existence of periodic orbits (dissipative setting)

We consider the dissipative spin—orbit problem described in Section 5.5.3, whose
equation of motion (5.21) can be written in compact form as

z=Gztp),
where z = (z,y), while G is a periodic two—dimensional vector function, depending
parametrically on the dissipative constant . Assume that for 4 = 0 (conservative
case) we know a T—periodic solution of the form

z(t) = ¢(t)

with ¢(T') = ¢(0). For p sufficiently small, there still exists a periodic solution of
the dissipative problem with period T' [149]; this result is based on the implicit
function theorem under quite general hypotheses as we are going to describe. For
the dissipative spin—orbit problem we assume for simplicity that the dissipative con-
stant and the perturbing parameter are related by pu = poe for a suitable quantity
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1o < 1. Then equation (5.21) becomes

T =y
y = 6g(ac,y,t) ) (912)
with g(z,y,t) = —(2)3sin(2z — 2f) — po(y — n). We denote by Z and § the initial

conditions and by (z(¢; Z,4), y(¢; T, §)) the solution at time ¢ with initial conditions
(Z,9). By (9.12) we obtain

z(t) = (tmy)—x—i—yt—i—a// (8%, 9),y(s; T, 9), s)dsdr

y(t; x,y) = y+€/0 9(z(s5;7,9),y(s;T,7), s)ds . (9.13)

<

—~
o~

~—
Il

A spin—orbit resonance of order p : ¢ satisfies the periodicity conditions (9.3) which,
together with (9.13), are equivalent to find solutions of the equations

Fl (ja g)
Fy(z,9) ; (9.14)
where
2mq T
Fi(z,y) = 2n(qy —p) +E/ / 9(z(s;2,9),y(s; 7,9), s)dsdr
0 0
2mq
Fy(z,9) = / 9(y(s; Z,9),x(s; %, 7), s)ds . (9.15)
0
Expanding (9.15) to the first order in €, one obtains
Fi(z,y) = 27(qy — p) +e®1(Z,7)
2mq
Faag) = [ o@+gsgs)ds + (o) (9.16)
0

for suitable functions ®1(Z,7), P2(Z, ). Let us expand the initial conditions as
T=To+eT1+e2To+...,7=7o+¢eh1 +°Jo+ ... Then we find go = g while
To is determined as a non—degenerate critical point of the function

12/ q \* P
U, (z E*/ () cos(2x + 2=t — 2f(t)) dt
@) =3 [ () costz+2Be—200)
so that using (9.16) one obtains
Fi(Zo, %) = e®1(Zo, o)

_ p _
Fy(Zo,%) = —2mquo <q 77) + e®2(Zo, Yo) -

Let us evaluate the Jacobian J of (9.16) at (Zg, §o) and let us denote the result by
Jo + €Jy; then Jy is non—degenerate, since
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J < 2mq 0 >
0= o 2 _
<I>p,q(x0, Yo; Mo) #‘I’p,q(%)

for a suitable function @, ; = ®, 4(Zo, Jo; t0)- Let M be the inverse of the Jacobian
J evaluated at (Zo,o); let p > 0 and denote by B,(Zo, Jo) the closed ball of radius
p around (Zo, go). Let A be a compact subset of R and let 0 < w < 1, R > 0 be real
parameters. The implicit function theorem can be applied provided the following
conditions are satisfied (I3 is the 2 x 2 identity matrix):

sup |[-MJ| < «
B, (Z0,70) X A
sup |E(fo7ﬂo)|'sgp||M|| < (1-a)R;

the above inequalities turn out to be smallness conditions on the parameters. Under
these conditions the implicit function theorem guarantees that for ¢ sufficiently
small there exists a solution (z(¢),y(e)) € B,(Zo, Jo) of the system

Fi(z(e),y(e)) = 0
Fy(z(e),y(e)) = 0,

providing a fixed point of (9.14) with the required periodicity conditions.

9.1.4 Normal form around a periodic orbit

The dynamics in a neighborhood of the periodic orbits determined as in Sec-
tion 9.1.1 can be studied through the development of a suitable normal form, which
turns out to be useful in a number of samples in Celestial Mechanics. We briefly
sketch the procedure referring to equations (9.2), whose associated Hamiltonian
function takes the form

2
Hi(y,a,t) =L —V(et), yeR, (@neT,

where y = & is the variable conjugated to z and V. (x,t) = g(x,t). Let (Z(¢),9(t))
be a periodic orbit of order p : ¢ with periodicity conditions (9.3). We assume
to know the periodic orbit for example through its series expansion as explained
in Section 9.1.1. In the proximity of the periodic orbit, let v be a positive, small
parameter, measuring the distance from the periodic orbit and let (v£(t), yn(¢)) be
a small displacement such that we can write the solution in the form

a(t) = &(t) + ()
y() = g(t) +n(t) . (9.17)

Inserting (9.17) in (9.2), one obtains

() = () +7E(t) = §(t) + (1)
g(t) = y(t) +7it) = eg(@(t) +7£(1), 1)



9.1 Existence of periodic orbits 197

where we can expand g in Taylor series around v = 0 as

- - - 1 -
9(@(t) + (), 1) = g(2(8), £) + 79 (F(1), )€ + 577G (T(1), )7 + ...
Since (Z(t), §(t)) is a solution of the equations of motion, one gets

=1
0= 2ga(@(0), € + S190a(E(0), 6 + ..., (9.18)

whose associated Hamiltonian is

2
g
HZ(nvgat) = % - 5

Defining

u= (757) Q0= <6gx(i(t),t) (1)> o el = (Zgww(“}(t)(’)t)52+"') ’

we can write (9.18) in the form
4= Qt)u +Ra(u,t) . (9.19)

Floquet theory (see Appendix D) can be implemented to eliminate the time-
dependence in the linear part. Through a symplectic, periodic change of variables
one can reduce (9.19) to the form

0= Av+vS2(v(t),t) , (9.20)

where v = (v1,v2) € R?, A is a constant matrix and S, is a suitable function. We
can assume that A takes the form

_ 0 w
A:(wo),

so that the linear part reduces to

1-)1 = W2

’[)2 = —Wwu1,

whose associated Hamiltonian corresponds to that of a harmonic oscillator, namely
Hs(vi,v2) = 4(vi+v3)+... . Using action-angle variables (I, ¢) for the harmonic
oscillator, we can write the Hamiltonian function corresponding to (9.20) in the
form

H4(I?(p>t) = LUI+’7F(Iv(p>t) )

for a suitable function F = F(I,p,t). A Birkhoff normal form can now be imple-
mented in the style of Section 6.5 to reduce the perturbation and to get a better
approximation in the neighborhood of the periodic orbit.
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9.2 The Lindstedt—Poincaré technique

Convergent series approximations of periodic solutions can be found through the
Lindstedt—Poincaré technique, also known as the continuation method. Consider a
dynamical system described by the second—order differential equation

it wir=cf(x, i), reR, (9.21)

where € > 0 is a small real parameter and f : R? — R is a regular function. For
e = 0 the system reduces to a harmonic oscillator, which has periodic solutions
with period Ty = 372 The Lindstedt—Poincaré technique allows us to find periodic
solutions for € different from zero by taking into account that the frequency of the
motion can change due to the non—linear terms. In fact, when € is different from
zero the period T is equal to Ty only up to terms of order €. Basically one expands
the solution z(t) and the (unknown) frequency w of the periodic orbit as a function
of e:

z(t) = 2o(t) +exq(t) + 2aa(t) + ...
w = wytew +ewrt..., (9.22)
where we impose that «;(T") = x;(0), being the quantities z;(t), w;, j > 0, un-
known. Under the change of variables s = wt, the equation (9.21) becomes

Wi’ +wir =cef(z,wa’) (9.23)

where 7’ and z” denote the first and second derivatives with respect to s. Let us
expand the perturbation in powers of ¢ as

Of (xo,woxp) L Of(xo,woxp)
Ox ! ox’

flz,wz') = f(:z:o,woxg)—i-s{xl

Of (xo, woxy)

t oW ow

] +0(e?) .

Inserting the series expansion (9.22) in (9.23) and equating terms of the same order
in €, one obtains

wizy +wirg = 0
2.1 2 / "
wort +wirr = fxo,wox)) — 2wowr

These equations can be solved recursively and the quantities w; can be found by
imposing the periodicity conditions x;(s + 2m) = z;(s),  =0,1,2,...
As a concrete example we consider the Duffing equation [146]
i+ wir = —ewjz®
Changing time as s = wt, one gets

w2z (s) + wiz(s) = —ewiz(s)® .
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Let us expand the solution z(s) and the unknown frequency w as in (9.22) and
assume that z7(0) = 0 for any j > 0. To the zeroth order in ¢ one obtains the
equation

.’Bg +x9 = 0

and, taking into account the initial conditions, one finds zo(s) = Acoss for some
real constant A. To the first order in € one obtains the equation

3 1
) +x=A 9L _ 2 42) coss — = A3 cos3s ;
wWo 4 4

secular terms are avoided provided z—; = %AQ, thus yielding the first—order solu-

tion x1(s) = 35A%cos3s. The solution at all subsequent orders can be obtained
implementing iteratively the above procedure.

9.3 The KBM method

The Krylov—Bogoliubov—Mitropolsky (KBM) method allows us to find periodic
solutions for systems of the form (9.21); for ¢ = 0 such systems admit the solution

x(t) = Acosé(t) with £(t) = wot + ¢,

for some constants A, ¢ depending on the initial conditions. For ¢ different from
zero, one can write the solution as

z(t) = Acos& +ex1(A, &) + 2aa(A, €) + ..., (9.24)

where x;(A4, ) are 2r—periodic functions. The quantities A, £ satisfy the equations

A

£

for some unknown functions «;(A4), 5;(A). Inserting (9.24) and (9.25) in the left
hand side of (9.21), one obtains

cai(A) +2az(A) + ...
wo + eB1(A) + 2B (A) + ... (9.25)

82
I+ w%x =¢e| — 2wpaq sin& — 2wy AP cos€ + wg (8;21 + x1>} + 0(52) .

Concerning the right—hand side of (9.21) one has
ef(x,&) = ef (xo,%0) + O(e?)

where zg = Acos§, g = —Awpsin§, being zo the lowest-order approximation in
which A and ¢ are constant. Equating same powers of ¢, the first order is given by

0? ) .
wg ( 8;21 + :r1> = f(zo,20) + 2woery sin & + 2wy AB; cos € (9.26)
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and similarly for higher orders which can be solved recursively. For the first order,
let us expand z; and f in Fourier series as

f(4,8) = +—§j[f<’ A)ecos je + 17 (A)sin j¢|
Jj=1

x1(A,€) = +Z[ cosjﬁ—f—x )( )sinjf} , (9.27)
j=2

for suitable functions fy(A), f;c) (A), fj(s) (4), xél)(A), xyc)(A), :rys) (A). To avoid
secular terms we impose that

2T 2
/xM@mw:m /xﬁﬂmm:m
0 0

which yield xglc)(A) = chls)(A) = 0. Inserting (9.27) in (9.26) and equating Fourier
coefficients of the same order, one obtains

FOYA) + 2w ABL(A) =0, ) (A) + 2wpa1 (A) =0 |

which provide explicit expressions for aq(A) and £1(A). Moreover, one has

TR (1C.) RNt PORE () N TN
0 (A) ’ 7 (A) - wg(l—ﬁ) ) J (A) (1_] ) J 227

wg
which provide the Fourier coefficients appearing in (9.27). Similar computations
can be performed to determine iteratively the solution to higher orders.

9.4 Lyapunov’s theorem

A remarkable result due to Lyapunov allows us to determine a family of periodic
solutions around an equilibrium position. We sketch the proof of the theorem,
referring to [162] for complete details. As an illustrative example, we consider the
Jo—problem introduced in Section 5.6.

9.4.1 Families of periodic orbits

We consider an n—dimensional Hamiltonian system described by the Hamiltonian
function H = H(w), w € R?", which is assumed to be regular in a suitable neigh-
borhood of the origin. We assume that the origin is an equilibrium position; let
+A1, ..., £\, be distinct eigenvalues of the linearized matrix L associated to the
Hamiltonian H around the origin.

Lyapunov’s Theorem. Let A\ be purely imaginary, not identically zero, and as-
sume that the ratios i—f, cee, i‘\—’; are not integers; then, there exists a family of

periodic solutions around the equilibrium position, depending analytically on a real
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parameter p, such that p = 0 corresponds to the equilibrium solution and that the
period T(p) is analytic in p with T(0) = 2=

(A1l

Proof. We look for a solution w = w(&,n) as a power series of some unknown
functions & = £(t), n = n(t). Then, Hamilton’s equations w = JH,, (w) become

we +w,i = JHy(w) . (9.28)

We assume that &, n satisfy the relations

§=af, n=pn (9.29)

with «, (8 being suitable power series in £, 7. We next perform a linear canonical
transformation, say w = C'z, for some constant matrix C, such that the linearized
matrix is transformed into CTJLC = A, where A is the diagonal matrix with
non-zero elements A1, ..., A\, —A1, ..., —A,. Moreover, the matrix C' is chosen
to be symplectic and such that its components are suitably normalized according
to [162]. With this transformation, equation (9.28) takes the form

zeba+z,mB—Az=yg(z2), (9-30)

where
g(z) =C I(CHT HL(C2) — Az .

In order to determine uniquely the power series zx(&,n) (k = 1,...,2n), a(&,n),
B(&,7n), by comparison of the coefficients in (9.30), one needs to impose the following
compatibility conditions:

(C1) z1 — &, 22—, 23, ..., 22, start with quadratic terms;
(C2) there are no terms of the form £(£n)* in z; — € and no terms of the form 7(&n)*
in zo — 1

(C3) the series for « and 8 depend only on the quantity w = &n.

By induction, one easily proves that equation (9.29) can be effectively solved
and that the coefficients are uniquely determined. The constant terms of « and 3
are, respectively, A; and —A;. Moreover, it can be shown (see [162]) that « and
satisfy the relation

a+5=0 (9.31)

and that the Hamiltonian H becomes a series of w = £n. Referring to [162] for the
proof of the convergence of the series z;(£,n) (k=1,...,2n), a, S for sufficiently
small values of [¢], |n], by (9.31) one finds that

e i = (a+ Ben = (a+ B =0 ;

dt
therefore w, a, 8 do not depend on the time and consequently from (9.29) one
obtains

6 = goeat ’ n= erﬁt s (932)
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where £y, 7o are the initial conditions. The value || should be taken sufficiently
small, say || < p for some positive real parameter p, to ensure the convergence.
By (9.32) one obtains a family of periodic orbits with periods T'(p) = %l; since
to the lowest order « coincides with Aq, the period of the equilibrium position is

7(0) = 557 O

9.4.2 An example: the Jo—problem

As an application of Lyapunov’s theorem, we consider the motion of a homogeneous
rigid body & moving around an oblate planet P. Assuming that the central planet
is axially symmetric, using spherical coordinates the potential function governing
the motion of the satellite is provided in Section 5.6. The Jo—problem consists in
retaining only the lowest—order term in the series expansion of the potential as a
series of the Legendre’s polynomials (see equation (5.27)):

JoR?2 (1 3
U(T,@):%‘i’u::i € <2281H29> s

where Jo is constant, p = GM, M being the mass of P, R, is the equatorial radius
of P, while r and 6 are, respectively, the radius and the latitude of the satellite
S with respect to the central body P. The Hamiltonian function describing the
Jo—problem is derived as follows. In a reference frame with the origin coinciding
with the barycenter O of P, the spherical coordinates of S are:

Tg = rcos ¢ cosb
ys = rsin¢cosf
zg =rsinf ,

where r > 0, 0 < ¢ < 27, 0 < 6 < 7. Assuming that the mass of S is normalized
to one, the Lagrangian function is given by:

- 1 . .
L(7¢,0,7,6,0,) = 5(7”2 +r2¢%cos?0 +r20%) + U(r,0) . (9.33)

Due to the cylindrical symmetry of the problem, the variable ¢ is cyclic; therefore
the vertical component of the angular momentum (coinciding with the momentum
pe conjugated to ¢) is constant, say equal to g, providing

Py = rzgi) cos’0 =7 .

Since the Lagrangian (9.33) does not depend explicitly on the time, another con-
stant of the motion is given by the total energy. Using the first integral g, the
energy F becomes:

Lo a4 7 9 po uhR2(3 ., 1
E:Q(?" +T9>+W(1+tan9)—r+ 7‘3 §sm 9—5 .
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We introduce a new pair of coordinates (p, z) defined as

p=rcost
z=rsinf .

Adopting the units of measure so that 4 = 1 and R, = 1, the Lagrangian becomes

- Loy o 7
L:(p,Z,p,Z) = §(p2 + 22) - 27[)2 + U(pa Z) (934)

with
9 ov—1 J2 o0 o505 o
Ulp,z) = (p" +27)72 — - (p" +27)72(22" = p°) .
Let p, = p, p. = %; the Hamiltonian associated to the Lagrangian (9.34) is given
by: ,
1 g
H(pp:p=:p,2) = (0" +0:7) + o Ua)

The corresponding equations of motion are:

p:pp
2 =Dz

2
Pp = %& + Up(p7 Z)
pz = Uz(pv Z) ;

(9.35)

where U,(p, z) and U, (p, z) denote the derivatives of U with respect to p and z:

_s D _z _s
Uplp,2) = —plp® + )73 + Dlap(p? +22) 75 (25 = p%) 4+ aplp® + %)%

7
2

Do | Ot

Ud(p,2) = —2(p* +2°)72 + SJaz(p® + 22) 73 (22% — p?) — 2a2(p* + 27) 73 .

In order to compute the equilibrium points, we set equal to zero the right—hand
side of (9.35). Selecting the solution with z = 0, one easily obtains that p must
be a root of the equation 2p? — 2g%p + 3J5 = 0. Therefore, two equilibrium points

(VT 5% 0.0) and Py =

of (9.35) are given by Py = (po, 20, Ppy>Pz) =

2. /g4 _
(%, 0,0,0) provided g* > 6.J so as to have real positive values of p. In
the following sections we focus our attention on the equilibrium position Fp.

9.4.3 Linearization of the Hamiltonian around the equilibrium point

We proceed to linearize the equations of motion in a neighborhood of the equilib-
rium point Py. First of all, through the transformation Z = z, p = p — pg (which
shifts Py to the origin of the reference frame), we get the Hamiltonian function
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2

oo 1
H(pﬁvpévpaz) = 7(pl32+p22)+

g - o1
5 s — (54 po)® + 2% 2

2(p+ po)?
2[4 0 + 21322~ (54 p0)?)

where pj, p; are the momenta conjugated to p, Z; the corresponding equations of
motion are:

p="p

Z=p;z

. g° ~ -
b5 = Gipgy T Us(P + po, 2)
pz: =Uz(p+ po, 2) .

Next, we expand the equations of motion by means of a Taylor power series around
the equilibrium point up to the second order. The linearized system becomes

p p
Sl 7,
Ps Pp
Dz D3z

where

is the matrix corresponding to the linearization and
1 3g° 6.J:
vy = — ( e j)
Po Po Po

1
§ = ——(=2po® —9.J,) .
2p05( Po 2)

Notice that § is negative for any initial condition. Up to constant terms, the lin-
earized Hamiltonian in a neighborhood of Py = (0,0, 0,0) is given by

- 1 . - -
Hr(pppzs pr 2) = §(pﬁ2 +pz® —p° = 62%) + Ms(pp.pz,p,%) , (9.36)

where H3(ps, pz, p, Z) denotes terms of order higher than three.

9.4.4 Application of Lyapunov’s theorem

In this section we apply Lyapunov’s theorem to the existence of families of periodic
orbits starting from the Hamiltonian (9.36). To this end the following conditions
must be satisfied by the linearized system associated to (9.36):

(i) the eigenvalues A1, A2, —A1, — Ao of the matrix L must be distinct;
(#4) let A be purely imaginary; then the ratio ’A\—f must not be an integer.
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The eigenvalues associated to (9.36) are obtained as follows. Let

F; 0 0 10
| oz |l o o001
C= s | T=1 21000
s 0 100

and let w” be the transposed of w. Then, (9.36) can be written as Hy(w) =
—1wT - JLw + H3(w) and the eigenvalues of the linearization L are A\; = V/5,
A2 = /7, A3 = V0, Ay = —/7- Excluding degenerate cases (see the remarks
below), conditions (i)—(ii) above are satisfied, so that Lyapunov’s theorem applies.

Remarks.

(1) Since § < 0 for each initial condition, A1, A3 are always purely imaginary.
Moreover if 3J5 < §2po, then Ao, \s are also purely imaginary. Therefore, if we
assume that 3.Jy < g%po, then the four eigenvalues are equal to A\; 3 = :l:i\/m,
A2.4 = Fi+/|7]; using the relation 2py? = 2g%pg — 3.J2, we obtain

1

Y= %(—E%o +6J2) ,
Jj = 2[)%(72§2p0 —6J3) .
Their ratio is given by
v _ —29°po + 67
5 —292po — 6J5

(2) If Jo #£ 0,9 # 0, po # 0 and 3.J> < g%po, then \; (j = 1,...,4) are purely
imaginary and 7 is not an integer. Therefore, by Lyapunov’s theorem there exist
two families of periodic orbits with periods —22— and -2

Vil T Vel

(3) If g =0, then ¥ = —1 and Lyapunov’s theorem cannot be applied.

(4) If J, =0, then v = ¢ and Lyapunov’s theorem cannot be applied. Notice that
in this case the system is integrable.

(5) The main condition for the applicability of Lyapunov’s theorem is 6.J, < g%,
which guarantees that pg is real. One can easily see that this condition implies the
inequality 3.J5 < §2po, which ensures that v is negative.



10 Regularization theory

The theory of regularization aims to reduce singular differential equations to regu-
lar differential equations. Regularizing transformations are often used in Celestial
Mechanics, when two or more bodies approach a collision [171]. Using Hamilto-
nian formalism we review the most elementary regularizing methods, known as
Levi-Civita, Kustaanheimo—Stiefel and Birkhoff transformations [166,167].

The Levi-Civita regularization (Section 10.1) is first introduced in the frame-
work of the two—body problem and later extended to the circular, planar, restricted
three-body problem. It is based on a suitable change of coordinates (the Levi-
Civita transformation), the introduction of a fictitious time and of the extended
phase space. By means of this technique one obtains a theory which allows us to
regularize a single collision in the plane. The extension to the spatial problem is
the content of the Kustaanheimo—Steifel (KS) regularization, which is proven to be
canonical (Section 10.2).

To deal with a simultaneous regularization at both attracting centers, the
Birkhoff transformation (in the plane and in the space) is introduced. Like in the
Levi—Civita transformation, a fictitious time is considered and a regularizing func-
tion is defined such that a global regularization is accomplished, so that collisions
with both primaries can be investigated (Section 10.3).

10.1 The Levi—Civita transformation

10.1.1 The two—body problem

We consider a two-body problem whose interacting bodies Py, P, have masses,
respectively, mq, ma. With reference to (3.3), we set r = (¢1,¢2) and we denote
by p1, p2 the momenta conjugated to g1, g2; adopting the units of measure so that
u =1 1n (3.3), then the Hamiltonian describing the motion of P; and P, can be
written in the form

1 1
H(p1,p2,q1,q2) = *(pQ +P2) - T -
e 27T (@t @)

We select a canonical transformation from (pq, pa, q1,¢2) to (P1, P2, Q1,Q2) with a
generating function linear in the momentas:

W(p1,p2,Q1,Q2) = p1f(Q1, Q2) + p29(Q1, Q2) ;
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the functions f and g corresponding to the Levi—Civita transformation are defined
through the relation

f(Q1,Q2) +ig(Q1,Q2) = (Q1 +iQ2)* = QF — Q3 +1-2Q1Q- ,

namely
f(Q1,Q2) = QT — Q3 , 9(Q1,Q2) =20Q:1Q> .

The corresponding characteristic equations are (notice that in (A.7) of Appendix A

an equivalent form with opposite sign for the generating function has been intro-
duced):

0= G = (010 = G- &
i = G = 9(Qu.Qz) =201
P= gg; —n aac;; T 85 —2p1Q2 + 2p2Q1 - (10.1)

We refer to (q1,q2) as the physical plane, while (Q1,Q2) is the parametric plane;
the relation between the two planes is given by

QL +ige = f+ig=(Q1 +1iQs)?

We remark that the Levi—Civita transformation has the effect that the angles at
the origin are doubled, namely if ¢; = \/pcos¥, g2 = \/psin® and Q1 = /o cosp,
Q2 = /o sin @, then one finds

Q1 +ige = /plcos? +isind) = \/pe” = (Q1 +iQ2)? = (Voe'#)? = ge?™? .

From the last equation we obtain 9 = 2¢ or equivalently ¢ = %19: a point making
a revolution around the center of mass is transformed to a point of the parametric
plane which has made half a revolution.

The last two equations of the transformation (10.1) can be written as

P= 2Ag P with Ay = ( 8; _Q?Q ) ,

where P = (P, ), p = (p1,p2); the determmant of Ag amounts to det Ag =

Q%+ Q3 > 0 and the inverse is given by 45" = detA Al Let D = 4(Q% + Q3); the
above relations imply that

PE+ Py =4(QF + Q3)(p +p3) = D(pi +p3) .

Therefore the transformed Hamiltonian takes the form

1
(f(Q1,Q2)2 + g(Q1,Q2)%)7

- 1
H(Pl,P%Qlan):E(PfJFP;)*
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The associated Hamilton’s equations are

-7

=7

j - 2;2(131 +P2)§£1 _;(f24_lg2)§ a(f8262+192)
b 211)2(]31 +P2)§52 _;(P jgz)g a(f;Q:gz) )

In the extended phase space we introduce a new pair of variables (T, t) and we write
the extended Hamiltonian as

1 1
Hezt(PlaP27TaQ1aQ27t):7(P12+P22)+T_ ’
2D (f(Q1,Q2)* + 9(Q1, Q2)?)?
where ¢ = % =1land T = 7% = 0. Therefore T is constant and in
particular, along a solution, one obtains T'(t) = —H (compare with the following

remark).

Remark. The extended phase space is introduced in order to obtain a transfor-
mation which involves also the time. In general, if H = H(P,Q,t) (P = (P1, P»),
Q = (Q1,Q2)) depends explicitly on the time, the time-independent Hamilto-

nian Hegr = Heet (P, T, Q, 1) = 7:[(5, Q,t) + T, with T' conjugated to t, is identi-
cally zero. To prove this statement, let 7'(0) = —ﬂ(B(O),Q(O), 0). Then, one finds
T(t) = —H(t) " o
since using Hamilton’s equations one has

87—( ZaH dQ; , N OH dP; aH ZaH OH <~0H OH _ O
dt <0Q); it = op; dt <0Q; oP; an aQ; ot

Therefore one has ~ _
a__on
a ot  dt’
which gives

T(t) = T(0)+ /0 dj;S_T)dT = T(0)— /O ‘”Zi ) dr = —H(0)— /0 C”éf) dr = —H(t),

as we claimed.

After introducing the Levi—Civita transformation and the extended Hamiltonian,
we define a fictitious or regularized time s through the relation

d 1d

= D(Q1,Q2)ds  or, equivalently, =D
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From Q: % and
L dQ  dQds  1dQ

T dt  dsdt  Dds’
it follows that % = dg‘f;‘ with H?,, = DHeqt. As for P, one has P= —%é“ and

\@-

dP_dPds 1dP

P = _— = ——
=" dt dsdt Dds’
so that one obtains
g aHezt
ds 0Q '
snee OH:,, 0D LM oH
ert __ = " Hepw + ext D exrt 7
oQ oQ 8Q oQ
being He,t = 0 along a solution. The new Hamiltonian H?,, becomes
M = DHeps = DT + = (P vpy- D
ext — ext 1 2 (f2 i 92)%
with associated Hamilton’s equations (j = 1,2):
dQ;
Z%i _ p,
ds J
AP0 [ D
ds an (f2 + 92) 2
dt
= - D
ds
ar
— =0.
ds
Notice that the singularity of the problem corresponds to the term
D 4(Q1 + Q)

(FP+¢)F  (Qf+QF—2Q2Q3 +4Q3Q3)F

Denoting by a prime the derivative with respect to s, the equations of motion are
given by (j =1,2):

Q) = P
D
J 0Q,
namely
1 =P
y = P

P = —T-8Q; =8HQ;
P, = —T-8Q=8HQ> ,
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being T = —H. From the above expressions one gets the second-order differential
equations

Q=8HQ;, j=12.

If H < 0 (corresponding to an elliptic orbit), one obtains the equation of a harmonic
oscillator. Having found the solution Q; = @;(s), one can determine the relation
between ¢ and s through dt = 4(Q?+Q3)ds, from which one computes the quantities
Q; = Q;(t). Finally one obtains the solution through the expressions

o =at)=Qit)? - Qx)?, =) =20:11)Q() .

10.1.2 The planar, circular, restricted three—-body problem

We consider the planar, circular, restricted three-body problem introduced in
Chapter 4, modeling the motion of a body P, in the gravitational field of two
primaries P; and P3. The Hamiltonian describing the dynamics can be written, in
a synodic reference frame, as (compare with equations (4.12))

1
H(p1,p2, q1,q2) = 5(}9? +p3) + q2p1 — q1p2 — Vg1, q2) (10.2)

where V(q1,¢2) = £+ + 2 with py = Gmy, pu3 = Gms and

T1 T
1 1
re=[(q1 + ps)® +43)7 ry=[(qn —m)* +d3)7 .

Let us introduce a canonical transformation from (p1,p2,q1,¢2) to the new set of
variables (P, P2, Q1,@2) by defining a generating function of the form

W (p1,p2, Q1,Q2) = p1f(Q1,Q2) + p29(Q1,Q2) ,

for some functions f = f(Q1,Q2), g = g(Q1, Q2) to be defined as follows. In order
to regularize collisions with the primary P; one defines

f(Q1,Q2) =QF — Q3 — s 9(Q1,Q2) = 2Q:1Q2 ;

otherwise collisions with P53 are regularized taking f(Q1,Q2) = Q% — Q3 + p1 and
9(Q1,Q2) = 2Q1Q2. The associated characteristic equations are:

@ = %Zf(@h@ﬁ
@ = %ZQ(QMQQ)
P = 23/1 Zplaaécl +p28i§1
P, = gg; :plﬁaé; +p26i§2

As for the two-body problem, the term p? + p3 becomes +(Pf + P#), while the
term gop1 — pa2qp is transformed into
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QQpl_pZLh:% [ 8?2 (f2+9) Q (f2 )}
In fact, from D = (6%1)2 + (8%1)2 =4(Q? + Q3), it is
1 f dg af dg
QT QD) {mfa@ T2Pga, — 2l pa; — 2l 6‘@}
B 1 [faf Og L 00 0f _ 0f 09 99 Of ]
T H@EQY | 002 00:7 900, 00,7 T 00y 0.1 T T 0Q, 00,
B 1 [f (8f dg  Of 6g)+ (af dg  Of 69)}
T A@ ) " 00,00, T 90,00, TI90, 00, T 9Q, 00

= —fp2+gp1 =Dp1g2 — P21 -

The transformed Hamiltonian becomes

H(Py, P2, Q1,Q2) = 3D [Pl +Py+ P —— 90, (f2+9 )— PZ@Q (f*+g° )} ~V(Q1,Q2),

where V(Q1,Q2) = V(f(Q1,Q2),9(Q1,Q2)). The equations of motion take the

form

Q1 : [2P1+8(f2+9)}

2D 2Q
Q2 = 2} [2P2_862(f2 )}
B = _%.

In the extended phase space the Hamiltonian is given by
et =T+ == |PE+P;+P 24 2 -V :
H t — + 2D 1 =+ 2 + 19~ Q (f ) aQ (f +g ) (Q17Q2)

Next we introduce the fictitious time s as related to the ordinary time ¢ by
dt = D ds;

this transformation yields the Hamiltonian

1
Hipy = DHear = DT + - 5 P+ P} +P——
— DV(Q1,Q2) -

Define the function ®(Qy,Q2) = f(Q1,Q2) + ig(Q1,Q2) and let |®]? = f2 4 ¢%;
Hamilton’s equations with respect to the fictitious time are given by

5 7 4%~ Pagg (£ 4 )
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Q, = P1+%8T?2|‘1>\2

Q, = P, %%@\2

t =D

T
ERRT L O R
T =0.

From the last equation it follows that T' is constant with 7' = —H. The singularities
appear in the terms %Q(DV) (j = 1,2), that we are going to rewrite as follows.
J

Let U= 1(¢}+¢3)+V = 1(Q?+ Q%) +V = }|®|> + V. From the definition (4.16)
of the Jacobi integral and the expression of the Hamiltonian (10.2) in terms of the
coordinates and of their derivatives, one finds

- ol
:—T:—i
m 2

or ) o
@ -T+V=U-=L.
2\ | +V=U 5
Finally DV = D(U — &1y — 1D|®|? + DT, showing that the critical term is D(U —
%)
).
Denote by z = q1 + ig2, w = Q1 + Q)2 the complex coordinates in the physical

and parametric plane, respectively. In the physical plane the primaries are located
at 21 = —pu3 and 23 = py; the transformation z = —uz + w? regularizes the
singularity at P;, while the transformation z = u; + w? regularizes the singularity
at Ps. Indeed, the above transformations are said to be local, since only one of the
two singularities is eliminated.

In order to see if the term D(U — %) still contains singularities, we proceed as
follows. Consider the function

sz(w>:w27,u3a

which transforms the point P;(—pus,0) belonging to the physical plane into the
origin of the w-plane, while Ps takes the coordinates w; o, = =1, since w? =
1 + p3 = 1. In order to transform U — £ in terms of the new complex variable
w, one needs the expressions of r; and r3 in terms of w. Since 1 = |z + us| and

r3 = |z — p1|, one has r; = |w|?, r5 = Jw? — 1]; from

pari + psry = pa(z + ps)® + ps(z — ) = 22 + paps

it follows that



214 10 Regularization theory

Cy 1 Cy
U- 2L = v
5 2(Q1 +43) + 5
1 1 C
= ~(mr? +M3T3)**M1M3+*+i3 -
2 s 2
1 “3 CJ
4 2 2
= - . -1 M X
5 /~L1|w‘ + psfw | 2M1N5+| | |w2—1\ 2

Taking into account that D = 4(Q% + Q3) = 4|w|?, we conclude that the term

DU - —) does not contain singularities at P;.

We add a remark on the values of the velocities at the location of the primaries.
From the Jacobi integral in the physical space we get |#|?> = 2(U — %), since
z =w?— p3, then 2 = 2w = Fww’ or [w'|*> = 46022| |2]2, so that in the parametric
space we obtain

C
'] = 8|w|2(U - 2:]) :

Therefore, we find

w'? = 8pu1 + Jwf? + 4wl + dpslw® — 12 = 4Cy — dpps

_°oM3
lw? — 1]
We remark that in P; one has r; = 0, namely w = 0, so that |w’|> = 81 and the
velocity is finite. In P3 one has 73 = 0, namely w = +1, so that |w’|> = co and the
velocity is infinite.

10.2 The Kustaanheimo—Stiefel regularization

10.2.1 The restricted, spatial three—body problem

We consider the three-body gravitational interaction of P;, P3, P3 in the spatial
case, in which P, is allowed to move in any direction. The masses of P; and Ps
are, respectively, p1 and ps, while Py has infinitesimal mass. We assume that the
primaries move in the xy—plane around their common barycenter; their coordi-
nates in the synodic reference frame are given by Py (—us,0,0), P3(u1,0,0). The
Hamiltonian function of this model is given by

1
—(p? + P35 +p3) + @2p1 — @ip2 — Vg1, q2,q3) ,  (10.3)

H(plaPZaPS,QhQ%QS) = 2

where V(q1,q2,q3) = 22+ 22 and r§ = (1 +p3)? +d3+63, 73 = (0 — 1)+ 6 +43.

The equations of motion 0?732 are (see (4.12))
@1 —2¢2 = Uy,
dQ + 2Q1 = UqQ
Gs = U, , (10.4)

whereU:%(q%+q§)+%+ﬁ—§anqu :gU fori=1,2,3.
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10.2.2 The KS—transformation

Starting from (10.4), which can be written as

- . K1 K3
G1— 242 = q1— 73((11 + p3) — 773(!]1 — 1)

1 3
. . M1 M3
G2+2¢1 = ¢2— 3¢ — 3¢
1 T3
PR
3 7"% rg) 3

we proceed to perform a time transformation and then a coordinate transformation.
We define the fictitious time s through the relation

dt =D ds ,
%, where D will be defined later. The second derivatives with
s are related by

namely % =

respect to t an
2 _dfldy_1df1dy_ 14 1dDd
dt2  dt\ Dds Dds) D2?ds? D3 dsds’

1
D
d

" Dds
The equations of motion with respect to the new time s are

1, 1.,, 2

ﬁqlll - ﬁD q1 — 5‘1& = Uy
1 1 2
ﬁqlz, - ﬁD,qlz + 5‘1’1 = Uy,
1 1
D2t~ pal'ts = Ua

and multiplying by D? one obtains

Dq — D'qy — 2D*q¢h, = DU,
Dgy — D'dy + 2Dy = DU,
D¢} — D'¢y = D3U,, . (10.5)

The singular terms are the right-hand sides of (10.5).

In the planar case we denoted by (g1, g2) the physical plane and by (Q1, Q2) the
parametric plane. The Levi—-Civita transformation of the coordinates was written
in the form (compare with (10.1))

(o) =@ (3) = (%)

where, setting @ = (Q1,Q2) we have Ag(Q) = <g; _Q?Z). The matrix Ao(Q)

has the property that every element is linear and that it is orthogonal. In the n—
dimensional case we investigate whether there exists a generalization A(u) with
u € R"™ of the regularizing matrix with the following properties:



216 10 Regularization theory

(¢) the elements of A(u) are linear homogeneous functions of uy,. .., uy;
(#4) the matrix is orthogonal, namely

(a) the scalar product of different rows vanishes,

(b) each row has norm u? + - - - + u2.

A result by A. Hurwitz [167] states that such a matrix can only be produced
whenever n = 1,2,4 or 8, but not in the spatial case n = 3. As a consequence it
is necessary to map the three-dimensional physical space into a four—dimensional
parametric space by defining the transformation matrix

U1 —Ug —U3 Uy
U2 U1 —Ug —U3
Uz Ug UL U2
Ug —U3 U2 —U

Au) =

As for the coordinates, we extend the three-dimensional physical space to a four—
dimensional space by imposing that the fourth component is equal to zero, namely
(41,92, 93, 0).

The Kustaanheimo—Stiefel (KS) transformation [167] for the case of a collision
with P is introduced by defining the following change of coordinates:

q1 U1 M3 U —Uz —Uuz U4 U1 M3
@ _y uzg | | O _Ju2 wr —ug —us ug | [ O 1
qs o (y) us 0 o us Ugq Uq (5 us 0 ’ (06)
0 Uyg 0 Ug —U3 U —U1 Uyg 0
namely
qQ = Uf—ug—u§+ui—u3
g2 = 2ujus — 2uzuy
g3 = 2ujus + 2ugug .

Notice that the fourth component of the right-hand side of (10.6) is trivially zero.

Remarks.

(1) Setting us = uq = 0 the KS—transformation (10.6) reduces to the Levi-Civita
transformation, which cannot be trivially extended to the spatial case introducing
only three parameters (say wuy, usz, us).

(2) The norms of each row of the matrix A are equal to the square of the norm of
the vector w: u? + u3 + u3 + uj.

(3) To regularize collisions with Ps, one needs to replace the constant vector
(—ps,0,0,0) with (u1,0,0,0).

(4) The matrix A is orthogonal: AT (u)A(u) = (u,u) - Iy (where I is the 4 x 4-
dimensional identity matrix). Denoting by X = (q¢1 + p3, ¢2,q3,0) it follows that
under the transformation X = A(u)u, it is

ri=(X,X)=X"X =u" AT (w) A(v)u = u"u(u,u) = (u,u)? ,

namely 71 = (u,u) = |u? = u} +u3 + u3 + u?.
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(5) A direct computation shows that A(u)’ = A(v'). From X = A(u)u, it follows
that X' = 2A(u)v/. In fact,

qy = 2uiu) — 2ugub — 2uzul + 2ugul
qh = 2ugu) + 2uguy — 2uguly — 2uzuy
qh = 2usu) + 2ujul + 2ugub + 2usul (10.7)

which can be written as

q; uuy — uguh — usul + uqul
o o A(u ! — 2 ugu) + ugubh — ugul — usul
1| = (wu" = / ’ / / )
q3 USUY + UgUy + UpUz + UoUy
0 ugu) — usuh + ugul — ugul

provided the last row, which is named the bilinear relation, is identically zero:
uguy — ugub + uguly —uquy = 0.
(6) The second derivative is given by
"= 2A(wu" 4+ 2A(u )y,
namely
—ug —ug +uf)

/!
¢/ = 2(uuf — uguy — uzuly + ugul)

@ = 2
a5 = 2
0

+ 2(u
ugu! + uyuy — uguly — uguy) + 4(u1u2 uful)
+4

" 1 "
usuy + ugug + ugug + ugu (ujul + ubuly)

(
( )
( 1)
2(uguy — uguly + ugul — uquly) (10.8)

(last equation follows from the bilinear relation).

Let us now conclude by showing that the KS—transformation (10.6) provides the
desired regularization. We select the scale factor D as

_ 2. 02, 92 2
D =r = (u,u) =uf +uj +us + uj ;

one finds that D' = 7] = 2(uiu)] + uguf + usuf + usu}). As a consequence the
equations of motion are given by (10.5), where ¢, g2, g3, as well as their first
and second derivatives, are expressed in terms of u, u’, v” through (10.6), (10.7),
(10.8). The singular parts of equations (10.5) are given by D3U,, (or equivalently
by DSUq27 D3Uq3). Since Uy, is proportional to % and D is proportional to 7y,
it follows that D3Q,, does not contain singularities; a similar result holds for the
terms D3Q,,, D3Q,,, thus yielding the required regularization of the equations of

motion at Pj.
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10.2.3 Canonicity of the KS—transformation

Following [167], we proceed to prove that the KS-transformation is canonical. In
the planar case the KS—transformation reduces to the Levi-Civita transformation
(here we use (u1,us9) instead of (Q1,Q2)):

_ 2 _ .2
(£)- (2 2) ) ()= e
q2 Uz UL U2 PATERID)
Uy
U2

<p1> - %(Ag(@))’lﬂ = ﬁflo(g) (g;) : (10.9)

b2

In the spatial case let us define

then

uu2>, such that if U = (Uy, Us) is conjugated to u = (uy, usa),
1

Uy —Uz —U3z U4
Alw)=ue w1 —ug —us| ,
uz Ug UL U2

obtained from A(u) eliminating the last row. Let

u1
q1 u H3
¢ | = A(w) ui —[o]. (10.10)
a3 s 0
By analogy with (10.9) we define
p 0
1 1 U2
= A . 10.11
b2 Q(U% n u% ¥ ug ¥ U?;) (Q) U3 ( )
ps3 U4

Setting ug = t, Uy = T, where T is the variable conjugated to t, we proceed to
verify that (10.10), (10.11) define a canonical transformation. Let

r= ) 4 g = k=
introducing the scalar product
oU,u) = (U,u")

with u* = (u4, —ug, uz, —u1) (coinciding with the last row of A(u)), one obtains

D1 Ui
D2 1 Us
- A
D3 2ry (u) Us |’

P U,
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where the auxiliary variable p is defined as

1 1
p= %(U1U4*U2U3+U3U2*U4U1) = 2 oU,u) .
From
D1 Uy
D2 1 T 1 Us
= (U1,Us,U3,Uy)—A —A
(p17p2ap3ap) P3 ( 1,Y2,U3, 4)27"1 (@) 27'1 (Q) U3
p Us

1 1
= —r|UPP= —|U]?
gl = U

it follows that (p? + p3 + p3 + p?)r1 = +|U|?, namely

1 1
0+ 3+ = U - —ow)?. (10.12)

Putting into evidence the term i corresponding to the interaction with Py, let us
write the Hamiltonian descrlblng the spatial case in a fixed reference frame within

the framework of the extended phase space in the form

] 1
Ho = 5 (i +p5 +p3) +T = = = Vilar, a2, 43)

for a suitable function Vi (g1, g2, ¢3,t). The introduction of the fictitious time defined
through dt = r1ds provides the Hamiltonian

1
Hy = i(pf +p3+pi)r+Tr — 1 —rVi(qi, g2, 43) -

Using 71 = |u|? and

—~

10.12) one gets the Hamiltonian

Ho = <|U* + T|ul* = 1 — |ul*Vi(u) — o(U,w)? . (10.13)

1
8lul?

oo\»—*

We now show that o = o(U,u) is constant along the solutions of the equations of
motion.

Lemma. The bilinear quantity
o(U,u) = Uyug — Usuz + Usug — Usuy
is a first integral of the canonical equations

dur,  OHo dUy — OHa

e _ Ot e k=0,1,2,34
ds ou ’ ds Oug 0,1,2,3,4,

where ug =t, Uy =T
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Proof. One finds

4
do aadeJraacmj:(*dU)_(U*du)_

E:, 5‘7[]]? Ouj ds E’E = ' ds
j=1

The new canonical equations are

du 8H2_1U L
ds oU 4~ Al T

iU OMHy . 1 2
ds - a@ - 2U0@+ ag(|ﬂ| Vl) 4|7|4UU(Q7Q)
— iy . 10.14

Since (u*,u) = (U*,U) = 0, one has

do . . 0 1 .
T = 20w+ (0 (PV)) o (U
- W UeUw) - SO U) + (U w o (U, )
4|u|2 =) = 4 = = 4|M|2 = = g ) =
0 A% oV
— * -9 * 2 * V1 — 2 * 2 r1 .
(u 7au[(u,u)V1]> (u*, )V + |uf (u 7 au> |l (u , au>
Direct computations show that %—‘2 = 2AT(Q)BB—‘;1 (since %—‘2 = 68‘;1 gZ) Moreover

one has that

<u*,2|u|2AT(u)aa‘;1) =0. (10.15)

In fact, if y = 8—‘21 and v = 2|u|? AT (u)y, then (u*,v) = (v,u*) = 0, since (v,u*) =
o(v,u) = ugv1 — uzve + usvs — uqvy, which is zero. In fact, the latter expression
is equal to the fourth component of A(u)v = 24(uw)AT (w)y |ul* = 2(uw, w)y [ul?,

where the fourth component of y = 68‘21 (which represents the derivative with
respect to the time in the physical space) is zero by definition. Finally from (10.14)
and (u* %Vl) = 0, we obtain that 42 = 0 along the equations of motion. O

Lemma. Assume that the initial values uw(0), U(0) of u(s), U(s) satisfy at s =0
the bilinear relation

o (U(0), u(0)) = U1 (0)us(0) — Us(0)uz(0) + Us(0)uz(0) — Uy (0)us (0) =0 .

Then one has:
(a) the value of the first integral o is zero: o(U, u) = Uyug—Usus+Usus —Usuy = 0;
(b) the Hamiltonian (10.13) is equivalent to the reduced Hamiltonian

1
Ha = SIUP + Uolul® — 1 = |u®Vi (u, uo)
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Proof.

(a) Tt is a consequence of the fact that o(U,u) is a first integral.

(b) The canonical equations associated to the Hamiltonian Hs and H3 have the
same solutions as a consequence of (a), due to the fact that the term o?(U,u) can
be factored out in He — H3 and that taking the derivatives there is always a factor
o which is zero along the given solutions. ]

Next we need to associate to each set of initial conditions in the physical space,
say q1(0), ¢2(0), g5(0), p1(0), p2(0), p3(0), a new set of initial conditions in the
parametric space, say u(0), uo(0), U(0), Up(0), which are obtained by means of
(10.10), (10.11), so that

(1) uo(0) =0, Up(0) = =H(q1(0), g2(0), g3(0), p1(0), p2(0), p3(0));
(i) o(U(0),u(0)) = U1 (0)us(0) — U2(0)uz(0) + Us(0)uz(0) — Us(0)u1(0) = 0.

We remark that to obtain (i7) one can proceed as in (10.15) by setting v = AT (u)y
with y = ¢’(0) and defining U(0) = Q‘u(o)‘z AT (u(0))¢'(0).

Theorem. Assume that u(0), ug(0), U(0), Uo(0) satisfy (i) and (ii); then, the
solutions of

dug, aHS dUy 87'[3
k7 =k _ k=0,1,2,3,4,
ds  oU, "’ ds Ouy,

give by (10.10) and (10.11) the solution of Hamilton’s equations associated to H
defined in (10.3) with the corresponding initial data, namely if ¢ = (q1,492,43),
B = (p15p25p3); one has

dg  OH dp OH

dt — ap dt — 9q
Remark. The above theorem implies that the transformation from (g, p) to (u,U)

is canonical, since it preserves the Hamiltonian structure.

Proof. The canonicity is proved using the criterion based on Poisson brackets,
namely that

4
Oqx Oqi g Oqi
(@ Al Z(an du; o 8U>
7=0
S (Dee D Ome D) g
= oU; Ou;  Ou; OU;

_ N~ (Ope O Opk Op _
() Apemt = ; (8U ou;  Ouy 8Uj) -

(b) {Pk i }

for Kk = 0,1,2,3, 1] = 0,1,2,3. Cases £k = 0 or [ = 0 are trivial; therefore the
sum can be restricted to 7 = 1,2,3,4. Since the variables U do not enter in the
KS-transformation (10.10), 6‘1’” = 0 providing (a). Moreover, (b) becomes
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4
oo} =) 57 =0k, kiI=123. (10.16)

Jj=1

Using matrix notation one obtains

Iq, Opr. 1
— ] =24 R — A
<5uj> (@), (an) STERR
Uy
Op, . i U, 1
(8,“]) - |g|4/1(@) Us (u1,uz, u3,usq) + 72|y|2/1(g)
Us

for I,k =1,2,3,j = 1,2,3,4. Therefore, due to the orthogonality of A, the relation
(10.16) is equivalent to

(proa} = @[A@AT@]M - @(@, w) [Lil = b

where [A]g; denotes the element at the crossing of the kth row and of the [th column
of the matrix A and I is the 4 x 4—dimensional identity matrix. To prove (c) we
use the bilinear relation, which is valid along the solution due to (a) of the previous
lemma. Let A, B be the matrices defined as

1
A= tprawarw)
U1 uy T
B = aw) |2 |2 ||| .
| Us | us
U, Uy

so that .
A_B:< ap’“apl> 20ul® .
"y .

j=1
The proof of the symmetry of the matrix A — B is not trivial and we refer the
reader to [167] for complete details. This latter result proves (c). O

10.3 The Birkhoff regularization

The problem of regularizing both singularities simultaneously, namely to find a
transformation to regularize at once both collisions with the primaries, is the con-
tent of the Birkhoff transformation. Such global regularization is obtained as fol-
lows.

In the framework of the restricted, planar, circular, three-body problem, we
consider a synodic reference frame with origin at the barycenter of the primaries.
Let the primaries be P;, P35, while the small body is denoted by Ps. We normalize
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to unity the sum of the masses of the primaries, which we denote as u; = 1 — p
and pu3 = p. Moreover we set to unity the distance between the primaries as well
as the gravitational constant. Let (1, 22) be the synodic coordinates of Py and let
(p1,p2) be the corresponding momenta. The Hamiltonian function is given by

1 M1 M3
H(p1,p2,q1,q2) = 5(1)? +p3) + q2p1 — q1p2 — Pl (10.17)

where
r1 = (q1 + p3)? + 22, r3 =/ (qn — p1)? + 2% .

Birkhoff regularization transforms the physical plane into the parametric plane with
the aim of removing the singularities in (10.17). To this end we shift the origin of
the reference frame by choosing the midpoint between the primaries through a
transformation (¢i,¢2) to (gz,qy) such that ¢, + igy, = ¢1 + ig2 — % + pu. As a
consequence P is located at (—3,0), while Py is at (3,0). Denoting by (ps,py) the
corresponding momenta, the transformed Hamiltonian takes the form

1 1 P p3
Hi(Pzs Pys Qo Q) = i(pf +py?) + Qypo — <Qz +5 - u)py T T

2 2
1 2 1 2
T = q;c+§ +qy° T3 = Q:c_§ + qy”° -

Denoting by ¢ = ¢, + tq, and by V, the gradient with respect to ¢, we can write
the equations of motion in complex form as

where

i+ 2iGg=V,U(q) , (10.18)

where U(q) = 3[(¢z + 5 — 11)? + ¢2] + Uc(q), being U (q) = £ 4 &2 the critical part
of U. Setting w = wj + tws, we define the regularizing transformation through the
complex change of variables ¢ = h(w) = aw + g for suitable constants « and (.
We introduce also a time transformation through the expression

& glw) = Ikw)P

for a suitable complex function & = k(w). In order to write the transformed equa-
tions of motion, let us compute the first and second derivatives as
dh dw dr
= ——— =hlu'r
T7 dwdr dt
q‘ — h/w/% _|_ (h//w/2 _|_ h/wﬂ)i—2 ,

where the prime denotes the derivative with respect to the argument. The gradient
operator is transformed as

BV, U =V,U ,

where h is the complex conjugate of h. Finally, the equation of motion (10.18) takes
the form
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!/ 1
1 W T ph” _ 1
w' + 2i - +w —|—w o =Vu U|h’|2 5 - (10.19)
From the relations 7 = % = & and 7 = % it follows that % = —¢. Taking into

account the expression

. k%%+ﬁdkdw . Pw+k’w’
—g=—(k——F —— T == —
g dw dr " dw dr % k)

it follows that (10.19) takes the form

B /2 _ h// k/ k 4
W' + 2ikkw — %k/ + (h/ - k) |h/||2v U. (10.20)

Setting U(q) = U(q) — &2 where C'; denotes the Jacobi integral, by (4.15) one has

. ~ 1
|* =20(a) = I Plw'* 1z
||
namely
‘ /‘2 |k‘4
“wp
Using (10.20) and the relation (—,,, - %) A (log %), one obtains
. IK[* [~ dlogk d B
w” + 2ikkw’ = e 2U T + VU | — |w? ‘d log — A

Choosing k = I/, one obtains the equation
w" + 240 2w = vw(|h'|20) .

Next we determine o and 3 by requiring that h regularizes both singularities and
by imposing that the transformation leaves P;, Ps invariant. Due to the expressions

M1 | M3 M1 M3
Uelw) = -+ = B 1 B_1
o3 Joaw+ o+ 5 |owd £ =5
2 2
h/ 2 |O[U/ 75|
[ (w)] W

it follows that

Ue(w)| (w)[* =

1 [ low® = B> pslaw? — B2
[wBE\Jow2+3+2] " Jaw2 +8—-2]) "

The singularity at ¢ = 5 corresponds to the roots of aw? + 3 — fw = 0, which
give the positions wy o = = (1+ (1 — 163)2). Since the root of the numerator is
:l:(g)l/z, we require that

ia(l +(1—16ap8)2) = i(ﬁ) . (10.21)
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Equation (10.21) is satisfied provided that 168 = 1, which gives wq 2 = ﬁ. If we
require that Ps is located at (3, 0), then we find & = § and 3 = §. The singularity
at Py of the first term of U.(w) can be removed by applying the same procedure,
which provides the same values for o and 3. The term ﬁ is singular for w = 0,
which corresponds to the non-realistic solution of ¢ tending to infinity. In summary,

the Birkhoff transformation is given by ¢ = 3 (w + 1), which is equivalent to

1 + w1

= —| w _—

N= o\ T Y+ wd)
1 wao

= 2(“’2‘4<w%+w§>>'

10.3.1 The Bj regularization

Consider the restricted, circular, spatial three-body problem, where it is assumed
that the primaries P;, P3 move on circular orbits on the same plane, while the
small body Ps is allowed to move in the space. The Bs regularization allows us
to remove in the spatial case both singularities with the primaries. We introduce
a synodic reference frame rotating with the angular velocity of the primaries. Let
(q1,42, g3) be the coordinates of Py. The equations of motion are given by

i1 =24 = Q

G2 +261 = Qq,

i3 +qs = Qg
with i 1 ,
a1, q2,q3) = 5((1% +¢5+¢3) + %1 + %:

and 71 = \/(q1 +13)2 + @& +q3, r3 = \/(q1 — 111)? + @3 + ¢3. In the spatial case,
the Hamiltonian in the synodic reference frame is given by

1 M1 M3

H(p1:p2,p3: 41, 62,03) = 5 (P1+ P2 +P5) + op1 — qup2 = —— — = .
1 3

The Birkhoff regularizing transformation in the spatial case can be obtained as
follows. Let us define the coordinate’s transformation ¢; = %(jl + (% — 1), g2 = Go,
gs = 3, so that the primaries are located at (—1,0,0) and (1,0,0). Then, we
implement a transformation by reciprocal radii with center at (1,0,0) and radius
equal to v/2:

L,
L,

. 2(g1 —1)
R A
L 22

T G-+ E+ B
. 2g3

q3 =

(1 —1°+@&+3
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This transformation places P; at the origin, while P3 is ejected at infinity. A KS—
transformation is implemented to regularize both singularities, at the origin and
at infinity. To this end, a four-dimensional parametric space is introduced with
coordinates (uy,us,us, uq) such that

G = ui —u; —u3 +uj
Go = 2(uruz — uzug)
qu = Q(U1U3 +U2U4) .

A new transformation by reciprocal radii is implemented, which brings P; at
(—1,0,0) and P53 at (1,0,0):

- 1+ 2(’0171)
v = (v1 — 1)2 + 02 + 02 + 02
2
u, = Uk , k=234.

(v1 —1)2 + 03 +v3 + 07

Finally we place P; and Ps3 at (f%,0,0) and (%,0,0), respectively. The relation
between the physical plane (g1, g2, ¢3) and the parametric plane (vy,va, v3,v4) is
given by

1 1 vi (v} + 1)
=5 M+2{U1+v%+v§+v§
1 vo(v3 — i) — V34
2 = 2{024_ v} + 03 + 03
1 v3(v3 — %) + Vovy
4 = 2{U3+ v} + 03 + 03

The fictitious time s is defined through dt = Dds, where

T3
D - V3
v} + 03 + v
B 1 (v + 3)% + 03 4 v3 + v} _1(111—%)2—&-1)%—&-0%—&-05
n=3 2.2 .2 ’ =3 2,2 2
VU] vy 3 VU1 vy + 3

The equations of motion with respect to the fictitious time are given by
Dq," - D'qy —2D%qy = D*Q,
Dqg”—D’qé—&—2D2q/1 — 3 o
Dgs" — D'qy = D3Q,, . (10.22)

S
o]l

The singularities appearing in (10.22) through the functions Qqu qu, qu are due

to the terms 2 and <. Since D3 is proportional to 7573, the contributions of
7 T 1'3

- - 3
D3Q,,, D3Qg,, D3Q,, do not contain singularities at the attracting centers. We

conclude by remarking that the origin is still a singular point, but it corresponds
to place Ps at infinity.



A Basics of Hamiltonian dynamics

A.1 The Hamiltonian setting
Consider a mechanical system with n degrees of freedom?; let T = T(¢) be the

kinetic energy and let V' = V/(q) be the potential energy, where ¢ € ang e R".
The corresponding Lagrangian function is defined as

P=E—F— . (A1)

it 9g 9g
one obtains _
~ 0L(4,4q)
B - aﬁ

Therefore it follows that

oL . 0oL .. . . .

AL = —=dg + —=dg = pdq + pdq = d(p ¢) — qdp + pdq ,

9q Jq

namely
d(p g — L) = —pdg + ¢dp . (A.2)

Let us introduce the Hamiltonian function as

Hp,g9)=pq— LG9 ,

where the variables ¢ are intended to be expressed in terms of p and ¢, by inverting
the relation (A.1). From (A.2) one obtains:

dH(p,q) = —pdq + qdp ;

! The number of degrees of freedom is the minimum number of independent coordinates
which are necessary to describe the mechanical system.
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being
OH OH
d —dp+ —d
H(p,q) op 2t g
one finds the equations
_ OH(p,q)
1 = 5B
IH(p,q)
D — ——— — =" . A'
p 9 (A3)

The equations (A.3) are called Hamilton’s equations. While in the Lagrangian case
one needs to solve a differential equation of the second order, in the Hamiltonian
setting one is led to find the solution of two differential equations of the first order.
In terms of the components of the vectors p and ¢, Hamilton’s equations are written
as

. O0H(p.q)

G =

. IH(p, q)

pi = —————— , i=1,....,n.
0q;

Example. Given the Lagrangian function

. 1, )
L(d,q) = 5(12+qq+3q2 :

the corresponding Hamiltonian function and the solution of Hamilton’s equations
are found as follows.

The momentum conjugated to g is

— % =g+
b= g qr4q,
which yields
q=p—q
Therefore
H(pq) = pg—L
_ 1 5 9
= 2p pq 2(1 .
The corresponding Hamilton’s equations are
p = aq =D q
OH
§= -=p—q
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Differentiating the second equation with respect to time one has
§=p—q=>06q,

namely

whose solution is given by

q(t) = AgeYO! 4 Ape™ VO

)

where A; and As are arbitrary constants depending on the initial data. From
p = q + ¢ one finds the solution for the momentum:

p(t) = (A1 n \/EAl) eVt <A2 - \/éAQ) e~ Vot

A.2 Canonical transformations

Given the Hamiltonian H = H(p, ¢) with n degrees of freedom (p € R", ¢ € R"),
let us consider the coordinate transformation

QO |
O

SRS
QI

), (A.4)

where P € R™, Q € R". The coordinate change (A.4) is said to be canonical, if
the equations of motion in the variables (P, Q) keep the Hamiltonian structure,
namely the transformed variables satisfy Hamilton’s equations with respect to a
new Hamiltonian, say H; = H1(P, Q).

Let us derive the conditions under which the transformation (A.4) is canonical. We

introduce the notation
_ (¢ _(Q
=(3) == ()

and let z = z(x) be the transformation (A.4). Set

_( 0 L
= ()

where I, is the n—dimensional identity matrix; Hamilton’s equations (A.3) can be
written as

. OH(2)
z=J or
Let M = %; then, the transformed equations are

Oz ox 0z Oz 0z
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Therefore, the canonicity condition is equivalent to require that the following rela-
tion is satisfied:

MJMT = J; (A.5)
equation (A.5) implies that the matrix M is symplectic. In that case Hamilton’s
equations with respect to the new variables z hold, whenever the new Hamiltonian
is defined through the expression H;(z) = H(z(2))-

A canonicity criterion is obtained through the introduction of the so—called
Poisson brackets. Let us consider the functions f = f(p,q), g = g(p, q); the Poisson
bracket between f and g is defined as the quantity

B of dg  9of 9g
o) = Z “ Oqx Opr. Opk Ok '

A direct computation shows that the condition (A.5) is equivalent to the following
condition [5]. The transformation (A.4) is canonical if the following relations hold:

{QZaQ]}:{PUP]}:O7 {Q17P]}:62]7 17.7217571
In the one—dimensional case (n = 1) it suffices to verify that

{Q. P} =

since {@, Q} and {P, P} are identically zero.
Let us introduce the generating function of a canonical transformation as fol-
lows. Consider the general case of a time—-dependent canonical transformation

(¢,
(¢,

The generating function, that we extend to encompass the time—dependent trans-
formation (A.6), is a function of the form

F = F(g,Q.1),

— t)
,t

Mo 12
o 12

IR

(A.6)

=1

such that the following transformation rules hold:

_OF
B_ag

oOF
E= "

If Hy = H1(P,Q,t) is the Hamiltonian in the new set of variables, then

oF
Hl(B;Qat) = H(Qva )+ E :
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Equivalent forms of the generating functions are the following:
(i) F' = F(q, P,t) with transformation rules:

_or
B_ag
OF

Q—@a

(it) F' = F(p,Q,t) with transformation rules:

IS
I

|
g|

Example. Let us compute the values of « and 8 for which the following transfor-
mation is canonical:

P = ape’
Q = le—ﬁq.
a )

for such values we proceed to find the corresponding generating function.
Let us use the Poisson brackets to check the canonicity of the transformation; in
particular, since the change of variables is one-dimensional, it suffices to verify that
0Q OP 0QOoP
Q.py=0 SO0
dq dp  Op dq

Therefore one has: 5
—EehBa. qefr = 1,

@
which is satisfied for § = —1 and for any « # 0. In this case the transformation
becomes:

P = ape™1
1
Q = —e?. (A.8)
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Let us look for a generating function F' = F(g, P), whose transformation rules are
given by

_or
P =
OF
©=op
From (A.8) one has:
i
o
1
Q= e
o
Therefore it should be oF P
87q = Eeq 5 (Ag)

namely F(q, P) = geq + f(P), where f(P) is a total function of P; analogously,
from the relation aF 1
= el Al
5P = ot (A.10)
one finds F(q, P) = geq + g(q), where g(q) depends only on the variable q. Com-
paring the solutions of (A.9) and (A.10) one obtains f(P) = g(¢) = 0, thus yielding

P
F(QaP):Eeq'

A.3 Integrable systems
A Hamiltonian system with n degrees of freedom is said to be integrable if there
exist n integrals, say Uy, ..., Uy, which satisfy the following assumptions:

(1) the integrals are in involution: {U;, Uy} =0 for any j,k=1,...,n;
(2) the integrals are independent, which implies that the matrix

6U1 8U1 0U1 6U1
dp1 "7 Opn O 7T Ogn
U, oU, 09U, Uy,
Op1 " Opn Oq1 "7 Ogqn

has rank n;
(3) in place of (2) one can require the non—singularity condition:

U, U,
dp1 " Opn
det #0;
oUu, oUu,
8p1 e apn

notice that this condition is stronger than the independence of item (2).
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Having fixed a point (QO,QO), let ap = Q@o’go)’ where U = (Uy,...,U,); for
a € R" define the manifold M, as

Mg:{(}z,g)eRQ" s Ui(p,q) = o, ..., Un(p,q) = an} -

The integrability of a Hamiltonian system can be obtained through the following
theorem [5].

Liouville-Arnold theorem. Suppose that the Hamiltonian H(p,q), p, ¢ € R",
admits n integrals Uy, ..., U,, satisfying the above conditions of involution and
non-singularity. Assume that the manifold M, is compact in a suitable neighbor-
hood of ayy. Then, there exists a transformation of coordinates from (p,q) to (I, )

with I € R"™, ¢ € T", such that the new Hamiltonian H; takes the form
Hi(Lp) = W),

for a suitable function h = h(I).

A.4 Action—angle variables

Consider the mechanical system described by the Hamiltonian H(p, ¢), where p €
R", ¢ € R". When dealing with integrable systems one can introduce a canonical
transformation C : (p,q) € R*™ — (L, ) € R™ x T, such that the transformed
Hamiltonian depends only on the action variables I:

HoC(L ) =Nh(I),

for some function h = h(I). The coordinates (I,y) are known as action—angle
variables [5]. N

The Liouville-Arnold theorem provides an explicit algorithm to construct the
action—angle variables. In particular, let us introduce as transformed momenta the
actions (I1,...,I,) defined through the relation

I; = j{pidqzw

where the integral is computed over a full cycle of motion. If the initial Hamiltonian
is completely integrable, it will depend only on the action variables, say

ho=h(I,....I,) . (A.11)

The canonical variables conjugated to I; are named angle variables; they will be
denoted as (¢1,...,¢n). One immediately recognizes that Hamilton’s equations
associated to (A.11) are integrable. Indeed, let us define the frequency or rotation

vector as Oh(I
w=w(l)= onL) ;

0l
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then, one has:

_ OnI)
I = @ =0
o = LZ(ID =w(I) .

Therefore the action I is constant along the motion, namely I = I,, while the
second equation provides the variation of the angle ¢ as a function of the time:
» =w(ly)t +¢,, where (1y,¢,) denote the initial conditions.

In action—angle variables a system is nearly—integrable if it can be written as
H(lvf) = h(l) +€f(lvf) )

where h(I) represents the integrable part, e f (I, ) is the perturbing function and e

is the perturbing parameter measuring a small variation from the integrable case.

In the three-body problem, the integrable part coincides with the Keplerian two—
body interaction, while the perturbing function provides the gravitational attrac-
tion with the third body and the perturbing parameter is the mass ratio of the
primaries.

Example. Let us determine the action—angle variables for the harmonic oscillator
described by the Hamiltonian

1
H(p,q) = %(p2 + w?q?) .

Setting H(p, q) = E, one has
p? =2mE — w?¢?

and the corresponding action variable is:

I= fpdq :%\/QmEfuﬂqz dq .
_ 2mE ; . .
Let ¢ = /=25 sin¥J; then, one has:

27
2mE
I = \/QmE — 2mEsin® 9 m2 cos? dv
0 w
2mE [T 2rmE
= L/ cos? 9dy = T2
w Jo w

The Hamiltonian in action—angle variables becomes:

w
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The associated Hamilton’s equations are

I =0
. w
Y= omm’
whose solution is found to be
I(t) = 1(0)

235



B The sphere of influence

Assume that a small body P2 of negligible mass moves under the influence of two
point—mass bodies P; and P53 with masses, respectively, m; and ms3. An estimate
of the region where the motion is dominated by the influence of P; or that of Ps,
namely the respective sphere of influence, is obtained as follows.

Let d, be the distance vector from Pz to P;, dg that joining P, and Ps, and let
d be the distance vector between P; and Ps. Let dy, d3, d be their norms; if Ps is
close to P3, we can assume that % is small, so that di; ~ d. The motion of Py is
governed by the equations:

- gmy Gmga
dy = — dy — —5-d
1 d,’i, 1 dg 3

and the ratio of the gravitational attraction exerted by Ps to that exerted by P

is given by the term
ms d 2
mi d3

The motion of Pj is ruled by the equation

i=-T21d.
Therefore, one obtains:
. . . gms gmy
d3 :dl_d:_ng3_ 43 (dl_d)
gms Ggmy
STabT s

As a consequence, the ratio of the gravitational attraction exerted by P; to that
exerted by Pj3 is given by the term

my (ds\”
mgd.

Finally, we can conclude that the influence of Ps is dominant whenever

mi (ds\* _ms (d)’
ms d mi dd ’
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which leads to define the sphere of influence around P5 of radius r given by

%
rz<m3> d.
mi

As a concrete example, we identify P; with the Sun and P3 with the Earth. Then,
mi1 = 2-10%° kg, ms = 5.97-10%* kg, d = 1.5-10% km, so that the Earth’s sphere of
influence has a radius approximately equal to r = 9.25 - 10° km, which amounts to
about 2.4 times the Earth-Moon distance. As for Jupiter, taking ms = 1.9-10%7 kg
and d = 7.8 - 10® km, one finds that r = 4.82 - 10”7 km, amounting to more than
125 times the Earth-Moon distance.



C Expansion of the perturbing function

Let P1, P2, Ps be three point—mass bodies with masses, respectively, m1, ma, ms.
In the framework of the three-body problem, we investigate the motion of Py under
the influence of P; and Ps. Let ry, r5 be the radius vectors associated to PPy and
to P1Ps, and let ry, r3 be their sizes with ro < r3. Let ¢ be the angle formed
by 1o and r;. Denote by f2, f3 the true anomalies of the osculating orbits of Ps,
P3 around P; and let go, g3 be their arguments of perihelion. Let ¥ = fo + g9,
¥3 = f3 + g3 and define v = cosyp — cos(J2 — ¥3). If € is the my/m3 mass ratio,
then the perturbing function associated to P can be written as

rr € r1 €
R:—e%—i—i:—s—zcosw—i——]%’,
r3 Iry — 3 r3 as

where we denote by as, az the semimajor axes of Py, P3 and we expand R’ as (see

[61])
o) £ R (06 G-

i=0 j=—o0

Ly j,ke,0—k cos((V2 — 193)]')] ,

with

m-+n X
T = amania a7 2= 1pl) a2
i,j,mn = : il
/ 273 9amrday \ ® i+3 \ a3 ’

where the Laplace coefficients bgj ) are defined as

2m .
lbgj)(aj) — i/ _ cos(j¢) _ dy .
2 as 2 Jo (1 =23 cosp+(32)%)*

Notice that the Laplace coefficients can be expanded in power series of Z—i as

o (12) - e ()
e () () )




D Floquet theory and Lyapunov exponents

Floquet theory provides a tool for investigating the regular or chaotic behavior of a
dynamical system and it allows us to introduce the Lyapunov exponents. Referring
to the specialized literature for an exhaustive treatment of the topic, we briefly
introduce as follows the elementary notions related to Floquet theory.

Consider the dynamical system described by the differential equations

z=A(t)z, zeR", (D.1)

where A = A(t) is an n x n periodic matrix with period T'. Floquet theory [93]
provides a transformation of coordinates, such that the analysis of (D.1) is reduced
to the study of a differential system with constant real coefficients.

Let ®(t) be the principal monodromy or fundamental matrix, whose columns
are linear independent solutions of (D.1) and such that ®(0) is the identity matrix.
After a period T one has

O(t+T) =) H(0)D(T) .

By the Floquet theorem [93], there exists a constant matrix B and a periodic
symplectic matrix C(t) such that at any time ¢ one has

o(t) = eBlo(t) .

After the transformation y = C~!(¢)z, the system (D.1) is reduced to the following
differential equation with real constant coefficients:

y=By.

The eigenvalues of ®(T) are called the characteristic multipliers; they measure
the rate of expansion or contraction of a solution. A characteristic exponent is
a quantity ¢ such that e‘” is a characteristic multiplier. The real parts of the
characteristic exponents are the so—called Lyapunov exponents. When all Lyapunov
exponents are negative, the solution is asymptotically stable; when the Lyapunov
exponents are positive, the solution is unstable.



E The planetary problem

Consider three bodies P1, P2, P35 of masses mi, ms, m3 subject to the mutual
gravitational attraction. Assume that the three bodies move on the same plane
and let q, € R2, i = 1,2,3, be their coordinates in an inertial reference frame;
denote by P, € R2, i = 1,2, 3, the conjugated momenta. Then, the Hamiltonian
function is given by

I, 117 lp,llP gl
Hl(ﬂ17B27B37Q17Q27Q3) - 2m1 2m2 2m3
mims mims mams
g, =, lla; —q, I llg; — g,

We introduce heliocentric coordinates centered in P; by means of the change of
variables:

Uy = 4y U =Pyt P, T
Yo = 4= 4> L2 =Py
s = 4374y > U3 =Py -

The new Hamiltonian becomes:

mi + ma 5  Mime
H =" _
2(Vg, U3, Us, Us) [ 2mymy vzl A }
{ml +ms3 luall? m1m3] Vg U3 Mamg
2mymg [ mi o [luy — ug|

As in a planetary model, we assume that one mass (say, the star) is much larger
than the two others (say, the planets); as a consequence we rescale the masses as
mi = [y, Mo = Ele, M3 = £z, where € is a small quantity and u;, ¢« = 1,2, 3, are
of order one. Applying the change of variables

|
IS
Il
<
~.
I
JM
w

)

2
to¢

the new Hamiltonian is given by

M1t Ep2 o H1p2
PLLER2 2 - L

Hape2 (o2
.Ulﬂ3:| Erfzf]?, _ Mops }
llasl ’

H3(Dg, V3, Uy, Ug) = {

[M + eus
201 43

23] — =
¥ 251 |2y — @s]|
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which can be written as

[ Ml#z}

Ha(Dg, 03, Uy, Ug) = { 2119 a (2]

[||173||2 s

el | R

for a suitable function F' = F(0,, U3, Us, ll5) which acts as a perturbation of order
e. In fact for ¢ = 0 the Hamiltonian Hy is equal to the sum of two decoupled
Keplerian motions.



F Yoshida’s symplectic integrator

We give the recipe for Yoshida’s symplectic integrator [175] in the case of a differ-
ential system of the form

T =y
y = Via,t),
where y € R, (z,t) € T? and V = V(x,t) is a regular periodic function. The initial

conditions are z(tg) = xo, y(to) = yo- Let h denote the integration step and define
the following quantities

1
c = 3913 c=1-2¢
T = c1h T = coh
1
T = iclh Th = 5(00 +ci)h .

Introduce the vector functions

w(riw,y) = (x+yny),  u(ney) = (vy+ Ve t)r) .

Then, Yoshida’s integration algorithm allows us to find the solution at time t; =
to + h, say (z1,y1), implementing the following sequence of transformations of
coordinates from (xq,yo):

(&1,m) = u(7e;w0,y0)
(§2,m2) = v(11561,m)
(&3,m3) = Q(T§,§2,772)
(E.ma) = w(71:63,m3)
(&5.15) = u(T9;E4,m4)
(&6:m6) = v(71;&5,75)
(z1,91) = w(72:&6,76)



G Astronomical data

We report some astronomical data of the planets of the solar system.

Notation: a=semimajor axis (AU)!; e=eccentricity; i=inclination (degrees);
R, =equatorial radius (km); M =mass (x10%* kg).

Planet a e 7 R. M
Mercury 0.39 | 0.2056 | 7.00 2440 0.33
Venus 0.72 | 0.0068 | 3.39 6052 4.87
Earth 1.00 | 0.0167 | 0.00 6378 5.97
Mars 1.52 | 0.0934 | 1.85 3396 0.64
Jupiter 5.20 | 0.0484 | 1.30 | 71492 | 1898.13
Saturn 9.54 | 0.0539 | 2.49 | 60268 568.32
Uranus | 19.19 | 0.0472 | 0.77 | 25559 86.81
Neptune | 30.07 | 0.0086 | 1.77 | 24764 102.41

We report some astronomical data of the

dwarf planets.

Notation: a=semimajor axis (AU); e=eccentricity; 7=inclination (degrees);
R =mean radius (km); M =mass (kg).
Dwarf planet a e i R M
Ceres 2.77 | 0.079 | 10.59 | 487 | 9.43-10%°
Eris 67.67 | 0.442 | 44.19 | 1300 | 1.67-10%2
Haumea 43.13 | 0.195 | 28.22 | 1436 | 4.00-10*!
Makemake | 45.79 | 0.159 | 28.96 | 750 | 4.00-10%
Pluto 39.48 | 0.249 | 17.14 | 1151 | 1.31-10%2

! One astronomical unit (AU) amounts to the average Earth-Sun distance, about equal

to 1.5 - 10® km.
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We report some astronomical data of the satellites.

Notation: d=distance from the planet (km); e =eccentricity; ¢ =inclination (de-

grees); R =mean radius (km); M =mass (kg).

Planet Satellite d e 7 R M
Earth Moon 384400 | 0.0554 5.160 | 1737.5 | 7.35-10%2
Mars Phobos 9376 | 0.0151 1.075 11.1 | 1.07-10%
Deimos 23458 | 0.0002 1.788 6.2 | 1.48-10"'
Jupiter To 421800 | 0.0041 0.036 | 1821.6 | 8.93-10%2
Europa 671100 | 0.0094 0.466 | 1560.8 | 4.80 - 1022
Ganymede 1070400 | 0.0013 0.177 | 2631.2 | 1.48-10%
Callisto 1882700 | 0.0074 0.192 | 2410.3 | 1.08-10%
Amalthea 181400 | 0.0032 0.380 | 83.45 | 2.07-10'®
Thebe 221900 | 0.0176 1.080 49.3 | 1.50-10'®
Adrastea 129000 | 0.0018 0.054 8.2 | 7.49.10%°
Metis 128000 | 0.0012 0.019 21.5 | 1.20- 107
Himalia 11461000 | 0.1623 | 27.496 85 6.74 - 10*®
Elara 11741000 | 0.2174 | 26.627 43 8.69 - 10*7
Pasiphae 23624000 | 0.4090 | 151.431 30 3.00 - 10*7
Sinope 23939000 | 0.2495 | 158.109 19 7.49 - 106
Lysithea 11717000 | 0.1124 | 28.302 18 6.29 - 10*¢
Carme 23404000 | 0.2533 | 164.907 23 1.32- 107
Ananke 21276000 | 0.2435 | 148.889 14 3.00-10'¢
Leda 11165000 | 0.1636 | 27.457 10 1.09 - 1016
Planet Satellite d e i R M
Saturn Mimas 185540 | 0.0196 1.572 198.2 | 3.75- 10
Enceladus 238040 | 0.0047 0.009 | 252.1 | 1.08-10%*
Tethys 294670 | 0.0001 1.091 | 533.0 | 6.18-10%
Dione 377420 | 0.0022 0.028 | 561.7 | 1.10-10*
Rhea 527070 | 0.0010 0.331 | 764.3 | 2.31-10%
Titan 1221870 | 0.0288 0.280 | 2575.5 | 1.35-10%
Hyperion 1500880 | 0.0274 0.630 | 135.0 | 5.59-10%
Tapetus 3560840 | 0.0283 7.489 | 735.6 | 1.81-10%
Phoebe 12947780 | 0.1635 | 175.986 | 106.6 | 8.29-10'®
Janus 151460 | 0.0068 0.163 89.4 | 1.90-10'®
Epimetheus 151410 | 0.0098 0.351 56.7 | 5.26- 107
Helene 377420 | 0.0071 0.213 16.0 | 2.55-10'6
Telesto 294710 | 0.0002 1.180 11.8 | 7.19-10%°
Calypso 294710 | 0.0005 1.499 10.7 | 3.60 - 10%°
Atlas 137670 | 0.0012 0.003 15.3 | 6.59-10%°
Prometheus 139380 | 0.0022 0.008 43.1 | 1.59-10"
Pandora 141720 | 0.0042 0.050 40.3 | 1.37-10'7
Pan 133580 | 0.0000 0.001 14.8 | 4.95-10"°




G Astronomical data
Planet Satellite d e ) R M
Uranus Ariel 190900 | 0.0012 0.041 | 578.9 | 1.29-10*
Umbriel 266000 | 0.0039 0.128 | 584.7 | 1.22-10*
Titania 436300 | 0.0011 0.079 | 788.9 | 3.42-10*
Oberon 583500 | 0.0014 0.068 | 761.4 | 2.88-10%
Miranda 129900 | 0.0013 4.338 | 235.8 | 6.59-10'°
Cordelia 49800 | 0.0003 0.085 20.1 | 4.50-10%
Opbhelia 53800 | 0.0099 0.104 21.4 | 5.39-10'
Bianca 59200 | 0.0009 0.193 25.7 | 9.29-10%
Cressida 61800 | 0.0004 0.006 39.8 | 3.43-10%
Desdemona 62700 | 0.0001 0.113 32.0 | 1.78-10%
Juliet 64400 | 0.0007 0.065 46.8 | 5.57-10'7
Portia 66100 | 0.0001 0.059 67.6 | 1.68-10'8
Rosalind 69900 | 0.0001 0.279 36.0 | 2.55-10'7
Belinda 75300 | 0.0001 0.031 40.3 | 3.57-10'7
Puck 86000 | 0.0001 0.319 81.0 | 2.89-10'8
Neptune | Tritone 354759 | 0.0000 | 156.865 | 1352.6 | 2.14-10%?
Nereide 5513818 | 0.7507 7.090 | 170.0 | 3.09-10%°
Naiade 48227 | 0.0003 4.691 33 1.95- 107
Thalassa 50074 | 0.0002 0.135 41 3.75 - 1017
Despina 52526 | 0.0002 0.068 75 2.10-10'®
Galatea 61953 | 0.0001 0.034 88 3.75-10'®
Larissa 73548 | 0.0014 0.205 97 4.95.10'®
Proteus 117646 | 0.0005 0.075 | 210 5.04 - 10'°
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