
Smart Innovation, Systems and Technologies 87

Fábio Romeu de Carvalho
Jair Minoro Abe

A Paraconsistent 
Decision-Making 
Method



Smart Innovation, Systems and Technologies

Volume 87

Series editors

Robert James Howlett, Bournemouth University and KES International,
Shoreham-by-sea, UK
e-mail: rjhowlett@kesinternational.org

Lakhmi C. Jain, University of Canberra, Canberra, Australia;
Bournemouth University, UK;
KES International, UK
e-mails: jainlc2002@yahoo.co.uk; Lakhmi.Jain@canberra.edu.au



The Smart Innovation, Systems and Technologies book series encompasses the
topics of knowledge, intelligence, innovation and sustainability. The aim of the
series is to make available a platform for the publication of books on all aspects of
single and multi-disciplinary research on these themes in order to make the latest
results available in a readily-accessible form. Volumes on interdisciplinary research
combining two or more of these areas is particularly sought.

The series covers systems and paradigms that employ knowledge and
intelligence in a broad sense. Its scope is systems having embedded knowledge
and intelligence, which may be applied to the solution of world problems in
industry, the environment and the community. It also focusses on the
knowledge-transfer methodologies and innovation strategies employed to make
this happen effectively. The combination of intelligent systems tools and a broad
range of applications introduces a need for a synergy of disciplines from science,
technology, business and the humanities. The series will include conference
proceedings, edited collections, monographs, handbooks, reference books, and
other relevant types of book in areas of science and technology where smart
systems and technologies can offer innovative solutions.

High quality content is an essential feature for all book proposals accepted for the
series. It is expected that editors of all accepted volumes will ensure that
contributions are subjected to an appropriate level of reviewing process and adhere
to KES quality principles.

More information about this series at http://www.springer.com/series/8767

http://www.springer.com/series/8767


Fábio Romeu de Carvalho
Jair Minoro Abe

A Paraconsistent
Decision-Making Method

123



Fábio Romeu de Carvalho
Paulista University, UNIP
São Paulo
Brazil

Jair Minoro Abe
Paulista University, UNIP
São Paulo
Brazil

ISSN 2190-3018 ISSN 2190-3026 (electronic)
Smart Innovation, Systems and Technologies
ISBN 978-3-319-74109-3 ISBN 978-3-319-74110-9 (eBook)
https://doi.org/10.1007/978-3-319-74110-9

Library of Congress Control Number: 2018933003

© Springer International Publishing AG, part of Springer Nature 2018
This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.
The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.
The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, express or implied, with respect to the material contained herein or
for any errors or omissions that may have been made. The publisher remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

Printed on acid-free paper

This Springer imprint is published by the registered company Springer International Publishing AG
part of Springer Nature
The registered company address is: Gewerbestrasse 11, 6330 Cham, Switzerland

Additional material to this book can be downloaded from http://extras.springer.com.



Dedicated to Professor Newton
C. A. da Costa, teacher and friend.



Foreword

Nonclassical logic is a logic with some features which are different from those in
classical logic. Consequently, nonclassical logics have been applied to applications
for some areas, in particular, computer science and engineering. In fact, there are
many logical systems classified as nonclassical logics.

In general, real systems face contradiction for many reasons. Classical logic
cannot properly handle contradiction, and it is not regarded as an ideal system.
Logics which are capable of dealing with contradiction are called paraconsistent
logics. Now, the importance of paraconsistent logics is certainly recognized both in
logic and computer science.

In fact, many different paraconsistent logics have been developed. One of the
important paraconsistent logics was proposed by Newton da Costa in the 1950s. He
is a leading person in the area. One of the authors of the present book, Jair Minoro,
is da Costa’s student and completed Ph.D. thesis under him on annotated logics in
1992.

Annotated logic was developed by Subrahmanian to provide a theoretical
foundation for paraconsistent logic programming in 1987. Later, the logic has been
studied by many including da Costa and Abe. The distinguished features of
annotated logic are as follows: (1) it has a firm logical foundation, and (2) it is
suitable for practical applications. On these grounds, annotated logic can be seen as
an interesting paraconsistent logic.

In the 1990s, I also studied annotated logics by myself in connection with AI
applications. I met Abe in 1997. Since then, I worked with him and wrote many
papers. Recently, I also published a book Introduction to Annotated Logics with
Abe and Kazumi Nakamatsu by Springer. We are now working on several books on
annotated logics for applications.

The present book is concerned with applications of annotated logics to engi-
neering. In Chap. 1, the authors say: “the object of this work is to present the reader
with the principles of the annotated paraconsistent logics and their application in
decision-making, mainly, in Production Engineering: the Paraconsistent Decision
Method-PDM, which is based on the para-analyzer algorithm.”
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They provide the theoretical foundation for the PDM by using the paraconsistent
annotated evidential logic Es, which is a version of annotated logics. Es seems to be
appropriate for engineering applications since it captures several types of infor-
mation including contradiction and incompleteness in real problems.

I can find several merits of the book by reading it. First, it is easy even for
beginners to understand it. Namely, it starts with introductory chapters on theo-
retical aspects and goes on to chapters on engineering applications. Second, it is
also regarded as a reference for experts. They can learn some aspects of annotated
logics. Third, it covers many applications in some areas using annotated logic. Also,
their approaches are carefully compared with others in the literature to defend their
advantages. Finally, it includes useful appendix and references. They appear to be
helpful for the readers.

I believe that the present book is significant in that it reveals the approach of
annotated logic to engineering applications. The book also suggests many possi-
bilities of annotated logics beyond engineering, which should be worked out.

I conclude that the readers will be able to understand the broad applicability of
annotated logic.

Kawasaki, Japan
June 2017

Seiki Akama
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Preface

At the dusk of the past century and at the dawn of this one, Computing in general
(including the Information Systems, Artificial Intelligence, Robotics, and
Automation, among others) goes through a real revolution, never seen before. The
paradigm not only of knowledge but also of technology and its applications suffered
radical changes.

Operational Research has been a very broad and inexhaustible subject. Hundreds
of researchers all over the world have dedicated to this issue, which progresses
daily. To have an idea of its dimension, there is a world conference—European
Conference on Operational Research, EURO, which is annually held and, in July
2010, held its 24th edition, in Lisbon. In 2009, it was held in Bonn, Germany,
where we were together with other 2,221 researchers from 72 countries.

Within Operational Research, the study of decision-making is inserted. A lot has
been researched about this subject, several decision-making methods have been
developed, but until today, none has managed to end the subject and, we believe,
none will be able to do so. A fast Internet browsing may show how much is
researched and how much is published about the so-called Decision Support
Systems, DSS. They constitute a class of information systems (including, but not
limited to computational systems), which support decision-making activities in the
organizations and the businesses.

Moreover, it is in this area that we ventured, seeking to provide one more
contribution to the scientific world, developing a new decision method substanti-
ated on a logic which is alternative to the classical one, recently discovered, the
paraconsistent annotated evidential logic. We named it Paraconsistent Decision-
Making Method, PDM.

It is worth to highlight that it was a Brazilian logician; Newton C. A. da Costa is
among the pioneers who developed the first paraconsistent systems in all logical
levels in 1958. Others pioneers were the Polish logician J. Łukasiewicz and
S. Jaśkowski, and the Russian logician N. A. Vasiliev.
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Decision-Making with Paraconsistent Annotated Logic Tools

da Costa developed a family of paraconsistent logics, the Cn propositional systems,
the corresponding predicate calculi, and higher order logic (in the form of set
theory), containing in this way all the common logical levels. Regarding this theme,
da Costa has lectured in all the countries of South and North America and some
countries in Europe.

He received, among several distinctions, the Moinho Santista Award on Natural
Sciences (1994), the Jabuti Award on Natural Sciences (1995), the “Nicolaus
Copernicus” Scientific Merit Medal of the University of Torun, Poland (1998). He
is a full member of the International Institute of Philosophy of Paris, the first
Brazilian person to belong to this institution. He is also Emeritus Professor of
Campinas State University.

We believe there is not a reference in the literature that gives the reader a proper
comprehension of the themes related to this logic, which we have discussed in the
several scientific meetings we have participated.With this work, we intend to provide
a contribution in this sense, disseminating this new logic class, the paraconsistent
logics, and showing how theymay be utilized in decision-making, especiallywhen the
database we have is provided with inconsistencies and imprecisions.

Therefore, the object of this work is to present the reader with the principles
of the annotated paraconsistent logics and their application in decision-making,
mainly, in Production Engineering: the Paraconsistent Decision-Making Method—
PDM, which is based on the para-analyzer algorithm. Besides that, a comparison
of the PDM with the statistical method is made, as well as with a simplified version
of the fuzzy decision method. Examples of practical applications are thoroughly
developed and discussed, with numerical applications, tables, and charts.

The theoretical foundation for the PDM is the paraconsistent annotated evi-
dential logic Es maximization and minimization rules. These rules are applied to the
degrees of favorable evidence or degrees of belief (a) and the degrees of contrary
evidence or degrees of disbelief (b), the compose the so-called annotation constants:
l = (a; b). This application is performed using operators and may be done so in two
different ways.

(1) Conducting the maximization of the degrees of evidence of a set of anno-
tations, in order to seek the best favorable evidence (highest value of the degree of
favorable evidence a) and the worst contrary evidence (highest value of the degree
of contrary evidence b). This maximization is made by an Es logic operator, des-
ignated by OR (conjunction). For the case of a set of only two annotations, the
application of this operator is as follows:

OR {(a1; b1), (a2; b2)} = (max {a1, a2}; max {b1, b2})

For the minimization, we do the opposite: we seek the worst favorable evidence
(lowest value of the degree of favorable evidence a) and the best contrary evidence
(lowest value of the degree of contrary evidence b). The operator that executes it is
designated by AND (disjunction).
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AND {(a1; b1), (a2; b2)} = (min{ a1, a2}; min{b1, b2})

(2) Performing the maximization (or the minimization) of the degree of certainty
(H = a – b) of the set of annotations, a degree that, in a certain way, translates how
much the information contained in this set enable to infer for the veracity or the
falsity of the premise.

The maximization of the degree of certainty (H) is obtained seeking the best
favorable evidence (highest value of the degree of favorable evidence a) and the
best contrary evidence (lowest value of the degree of contrary evidence b). This
maximization is made by an Es LOGIC OPERATOR, designated by MAX and that, in
this book, will be called maximizing.

MAX {(a1; b1), (a2; b2)} = (max{a1, a2}; min{b1, b2})

Analogously, minimization seeks the worst favorable evidence (lowest value
of the degree of favorable evidence a) and the worst contrary evidence (highest
value of the degree of contrary evidence b). This minimization is made by the MIN
operator that will be called minimizing.

MIN {(a1; b1), (a2; b2} = (min{a1, a2}; max{b1, b2})

Therefore, we observe that there are two ways to apply the maximization and
minimization rules of the logic Es. In some aspects, one has advantages over the
other; in others, disadvantages. For example, the first way enables a better identi-
fication of the existent inconsistencies in the database, but on the other hand, the
second one is more intuitive and leads to more predictable and coherent results.

In this work, we will opt for the second manner, that is, for the MAX and MIN
operators. The decisions will be made based on the application of the so-called
min-max rule, or optimistic decision rule, once it minimizes the best results.

For the execution of the operations demanded by the method, in Chap. 5, we
developed a calculation program based on the Excel spreadsheet, which was named
Calculation Program for the Paraconsistent Decision Method, CP of the PDM.

In Chap. 9, a discussion is established about two ways to interpret the maxi-
mization and minimization, enabling a comparison between them.

There are five appendices that accompany this book, with data and solutions for
the several items that are presented and analyzed.

For each appendix, there are two versions: a blocked one (but not hidden), which
leaves only the cells related to the data input of each analysis free for the reader to
alter, although it shows the other ones, including the formulas; and a free one,
which gives the reader the possibility to alter whatever they consider necessary.

This concern resulted from the possibility of a more distracted user altering the
free spreadsheet and, then, not being able to recompose it. The spreadsheet in
Appendix E is blocked and hidden, constituting an exception. These appendices are
found on the website: http://extras.springer.com.

Appendix A brings the solution of what was developed in Chap. 5; Appendix B
brings a generic solution for what was proposed in Chap. 5; Appendix C contains
the databases utilized in the development of five paragraphs of Chap. 6 and the
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exercises of Chaps. 6 and 8; Appendix D brings the solutions for what was
developed in the text of Chap. 6 and provides the guidance for the exercises
proposed in this chapter; and finally, Appendix E presents the solution for a
challenge (exercise) proposed in Chap. 9.

Even though the language of logic is developed with all the strictness the subject
demands, the exhibition of the book is pervaded by language abuse. The attentive
reader will perceive them and be able to overcome them as he/she becomes
acquainted with the text.

São Paulo, Brazil Fábio Romeu de Carvalho
Jair Minoro Abe
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Chapter 1
Logic

1.1 Preliminary Concepts

In this chapter, an outline of logic will be performed, since the classical until the
paraconsistent annotated, to provide the reader with an overview of this science.
However, the basic tool for the decision support system that will be analyzed is in
Chap. 2, paraconsistent annotated evidential logic Et. This way, the more informed
reader will be able to, with little loss for the comprehension of the decision method,
go directly to Chap. 2.

Considering that this is a work of logic application in Engineering, some lan-
guage abuses will be allowed, as well as some inaccuracies that do not correspond
to this science (logic). This will be done to make it more intuitive and under-
standable by the readers who are unfamiliar with logic, enabling them to learn some
elementary concepts more easily. It is evident that the subject will not be exhausted.

For the logical propositions, the quality of false or true is normally attributed,
associating to it a truth-value “false” (F or 0) or “true” (V or 1).

In order to relate the sentences with each other, the connectives are used.
The five most common ones are: negation (¬), conjunction (˄), disjunction (˅),
implication (!) and biconditional ($).

The connective of negation (¬) makes the negation of a sentence. For example,
being p the sentence “John is mortal”, its negation ¬p means “John is not mortal”.

Valuation is the function V : F ! 1; 0f g, that is, the function defined in the set
of sentences F on the set of truth-values {1; 0} or {V; F}. Thus, if p 2 F is true,
V (p) = 1 and if p is false, V (p) = 0. Considering the classical principle of negation
“If a sentence is true, its negation is false and vice versa”, we have:

V pð Þ ¼ 1 , V :pð Þ ¼ 0 , means 00if; and only if;00ð Þ:

The connective of the conjunction(˄) enables to translate two predicates of the
same being. For instance, the sentence A � “John is retired and widowed”, which
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has the same logical meaning of the sentences p � “John is retired” and q � “John
is widowed”. We say that the first sentence is the conjunction of the two last ones
and the representation A � p ˄ q is used.

It is concluded that: V p ^ qð Þ ¼ l , V pð Þ ¼ l andV qð Þ ¼ l:
Where: V p ^ qð Þ ¼ 0 , V pð Þ ¼ 0 or V qð Þ ¼ 0:

The connective of the disjunction (˅) translates at least one out of two predi-
cates of the same being. For instance, the sentence A � “John is retired or wid-
owed”, which has the same logical meaning of the sentences p � “John is retired”
or q � “John is widowed”. We say that the first sentence is the disjunction of the
two last ones and the representation A � p ˅ q is used.

It is concluded that: V p _ qð Þ ¼ l , V pð Þ ¼ l or V qð Þ ¼ l:
Where: V p ^ qð Þ ¼ 0 , V pð Þ ¼ 0 andV qð Þ ¼ 0:

“If p, then q”, is the same as “p implies q” and this is a new sentence obtained
from sentences p and q. It will be represented by p ! q and the connective (!)
that represents it is called implication; p receives the name of antecedent and q, of
consequent of the implication. It is verified that the antecedent of the implication is
the sufficient condition for the consequent and it is the necessary condition for the
former.

We have: V p ! qð Þ ¼ l , V pð Þ ¼ 0 or V qð Þ ¼ l:
Where: V p ! qð Þ ¼ 0 , V pð Þ ¼ 1 andV qð Þ ¼ 0:

If p is a necessary and sufficient condition for q, it is represented by p ! q and
the connective is called biconditional.

We have: V p $ qð Þ ¼ l , V pð Þ ¼ V qð Þ both equal to 1 or both equal to 0ð Þ:
Where: V p $ qð Þ ¼ 0 , V pð Þ 6¼ V qð Þ:

The presented principles may be summarized by the denominated truth tables,
represented in Table 1.1.

Observe that: Vðp ^ qÞ ¼ minfVðpÞ;VðqÞg and
Vðp _ qÞ ¼ maxfVðpÞ;VðqÞg;

Table 1.1 Truth tables p q ¬p p ^ q p _ q p ! q p $ q

1 1 0 1 1 1 1

1 0 0 0 1 0 0

0 1 1 0 1 1 0

0 0 1 0 0 1 1
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The simple sentences of the kind p or q are called atomic formulas; the com-
posed ones, such as A = ¬p, B = p ˄ q, C = p ˅ q, D = p ! q and
E = p $ q are called complex formulas.

1.2 Classical Logic

In this paragraph, some important concepts related to the deductive part of classical
logic will be presented, without concern with excessive strictness or richness of
details.

(I) The first concept concerns the (inference) rule of modus ponens, which
enables, from the formulas A and A ! B, to infer B, that is, if A and
A ! B, then B. This inference rule is of extreme importance in the study of
logic and is represented as follows:

A;A ! B
B

:

If A and A ! B are true, B will also be true.
(II) Another concept that stands out is the concept of demonstration (or proof),

defined as being a finite sequence of formulas (A1, A2,…, An) (n � 1), so
that, whatever k is, 1 � k � n:

(a) or Ak is an axiom;
(b) or Ak was obtained from Ai, and Aj, with i < k and j < k, by the

application of the modus ponens rule.

Ai;Aj

Ak
or

Ai;Ai ! Ak

Ak
;where Ai ! Ak is Aj

(III) We say that a formula A of the language is a theorem, if a demonstration
exists (A1¸A2,…, An) (n � 1), so that An = A. The sequence (A1,A2,…., An)
is called demonstration if A. It is represented: ‘ A.

(IV) Consider C a set of formulas. A deduction, from C, is any finite sequence of
formulas (A1,A2,…, An) (n � 1), so that, for every k, 1 � k � n:

(a) either Ak is an axiom;
(b) or Ak is an element of C;
(c) or Ak was obtained from Ai, and Aj, with i < k and j < k, by the

application of the modus ponens rule.
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Ai;Aj

Ak
or

Ai;Ai ! Ak

Ak
;where; evidently; Ai ! Ak is Aj:

The elements from C are called hypotheses (or premises).

(V) A formula A is said to be a syntactic consequence of a set of formulas C, if a
deduction exists (A1, A2,…, An) (n � 1), from C, so that An = A.
It is represented by C ‘ A or by B1, B2,…, Bm‘ A (without the set repre-
sentation curly braces), if C is a finite set {B1, B2,…, Bm}
Observe that, if C ¼ £ ; C ‘ A , £ ‘ A , ‘ A, that is, a theorem is a
syntactic consequence of the empty set £.

(VI) A sentence (or formula) is called tautology (or logically valid sentence)
when it is always true, whatever are the truth-values of its component sen-
tences (or formulas). When it is always false, it is called a contradiction.

(VII) Deduction Theorem: Consider C a set of formulas and A and B two
formulas.

(a) If C, A ‘ B, then C ‘ A ! B (that is, if from C and A we deduce B, then
from C we deduce A ! B).
In particular, we have:

(b) If, A ‘ B, then ‘ A ! B (that is, if from A we deduce B, then A ! B is
a theorem).

An axiomatic of a calculus is constituted by its postulates (schemes of axioms
and inference rules). Here, the axiomatic of Kleene [75] for the classical proposi-
tional calculus will be presented.

Consider any A, B and C formulas.

(a) Postulates of the implication:

(Al) A ! ðB ! AÞ
(A2) ðA ! BÞ ! ððA ! ðB ! CÞÞ ! ðB ! CÞÞ
(A3) A;A!B

B modus ponens ruleð Þ

(b) Conjunction axiom schemes:

(A4) ðA ^ BÞ ! A
(A5) ðA ^ BÞ ! B
(A6) A ! B ! ðA ^ BÞð Þ

(c) Disjunction axiom schemes:

(A7) A ! ðA _ BÞ
(A8) B ! ðA _ BÞ
(A9) ðA ! CÞ ! ðB ! CÞ ! ððA _ BÞ ! CÞ

(d) Negation axiom schemes:

(A10) A _ :A law of excluded middleð Þ
(A11) A ^ :Að Þ ! B or A ! ð:A ! BÞ
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(A12) (A ! B) ! ((A ! ¬B) ! ¬A) (principle of the reduction to
absurdity)

The postulates of groups (a), (b), (c) and (d) constitute the so-called classical
propositional logic: L [!, ˄, ˅, ¬].
Notes:

(1) A proposition of the kind A ˄ ¬A (which is false in the classical logic) is
said to be a contradiction or inconsistency.

(2) The classical propositional logic is decidable by means of the truth-tables
(Table 1.1) or matrices.

(3) The classical propositional calculus L [!, ˄, ˅, ¬] may be extended to the
classical predicate calculus: L [!, ˄, ˅, ¬,8, 9] [82], (8 is the universal
quantifier and 9, the existential quantifier).

(e) Axioms schemes and inference rule of the quantification:

(A14) 8x A xð Þ ! A cð Þ
(A15) A!B xð Þ

A !8xB xð Þ
(A16) A cð Þ ! 9xA xð Þ
(A17) A xð Þ!B

9xA xð Þ!B

with the usual restrictions.
The following equivalences are valid:

9x A xð Þ $ :8x:A xð Þ and 8x A xð Þ $ :9x:A xð Þ
:9x A xð Þ $ 8x:A xð Þ and :8x A xð Þ $ 9x:A xð Þ

The classical predicate calculus is not decidable, except in some particular cases
[66].

1.3 The Non-classical Logics

Still without much strictness, we may say that the non-classical logics compose two
large groups:

(1) the ones that complement the scope of classical logic; and
(2) the ones that rival classical logic.

The logics belonging to the first category are called complementary of the
classical and, as the name itself says, they complement aspects that classical logic is
not able to express. They are based on the classical logic and broden its power of
expression. They comprise, as an example:
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• the epistemic logics (logics of belief, logics of knowledge, logics of doubt,
logics of justification, logics of preference, logics of decision, logics of accep-
tance, logics of confirmation, logics of opinion, deontic logics, etc.);

• the traditional modal logic (T system, S4 system, S5 system, multi-modal
systems, etc.);

• intentional logics;
• logics of action (logics of the imperative, logics of decision, etc.);
• logics for physical applications (logic of time (linear, non-linear, etc.),

chronological logics, logics of space, Lésniewski logic, etc.);
• combinatory logics (related to k-calculus);
• infinitary logics;
• conditional logics, etc.

In the second group are the logics that rival the classical logic (also called
heterodox). They restrict or modify certain fundamental principles of traditional
logic.

As it was commented at the beginning, besides the Fuzzy Logic, innumerous
other heterodox systems have recently been cultivated, most of them mainly
motivated by the advances experienced in this field of science, mostly by Artificial
Intelligence:

• intuitionistic logics (Intuitionistic logic without negation, Griss logic, etc.). Such
systems are well established (there is cultivated mathematics and they possess
interesting philosophical characteristics);

• non-monotonic logics;
• linear logics;
• default logics;
• defeasible logics;
• abductive logics;
• multi-valued logics (or multipurpose logics: Lukasiewicz’s logic, Post’s logic,

Gödel’s logic, Kleene’s logic, Bochvar’s logic, etc.). Their studies are in
advanced phase. In fact, there is a kind of constructed mathematics in these
systems and they have philosophical importance, addressing, for example, the
issue of future contingents;

• Rough set theory;
• paracomplete logics (that restrict the law of excluded middle);
• paraconsistent logics (that restrict the principle of non-contradiction: Cn sys-

tems, annotated logics, logics of paradox, discursive logics, dialectical logics,
relevant logics, logics of inherent ambiguity, imaginary logics, etc.);

• non-alethic logics (logics that are simultaneously paracomplete and
paraconsistent);

• non-reflexive logics (logics that restrict the principle of identity);
• self-referential logics;
• labeled logics, free logics, quantum logics, among others.

6 1 Logic



The non-classical systems have deep meaning, not only from the practical point
of view, but also from the theoretical one, breaking a paradigm of human thought
that has been ruling for more than two thousand years.

1.4 Paraconsistent Logic

Paraconsistent Logic had the Russian logician Vasiliev and the Polish logician
Lukasiewicz as its pioneers. Both of them, in 1910, independently, published works
that addressed the possibility of a logic that did not eliminate, ab initio, the con-
tradictions. Nevertheless, these authors’ works, concerning paraconsistency, were
restricted to the traditional Aristotelian logic. Only in 1948 and 1954 the Polish
logician Jaskowski and the Brazilian logician Newton da Costa, respectively and
independently, constructed paraconsistent logic [11].

Jáskowski formalized a paraconsistent propositional calculus denominated
Discursive (or Discussive) Propositional Calculus, whereas da Costa developed
several paraconsistent logics containing all the common logical levels. Also,
independently, Nelson, in 1959, investigated the constructive systems with strong
negation closely related to the ideas of paraconsistency.

Consider F the set of all the sentences (or formulas) of the language L of a
calculus (or logic) C. Consider T a subset of F . We say that T is a theory (of CÞ, if
T is closed in relation to the notion of syntactic consequence of C, that is,

T ¼ fA : T ‘CAg;

that is, A is a syntactic consequence of T if and only if A 2 T (Sometimes, we say
that A is a “theorem” of T , giving a broader sense (deductible from) to the word
theorem). In this case, C is called underlying calculus or logic to the theory T .

It is said that a theory T , whose underlying logic is C and whose language is L is
inconsistent if it contains at least one “theorem” A so that its negation ¬A is also a
“theorem” of T , that is, if at least one formula A of F exists, so that A and ¬A
belong to T (they are theorems of T Þ. Otherwise, it is considered consistent.

A theory T is considered trivial when all the formulas of F are “theorems” of
T , that is, T is trivial if, and only if, T ¼ F . Otherwise, it is considered
non-trivial. A theory T is paraconsistent if it is inconsistent and non-trivial [33].

In classical logic, from A and ¬A it is possible to demonstrate any formula B.
Therefore, if a classical theory has a contradiction, all the language formulas are
theorems of this theory. That means that a contradiction trivializes any classical
theory.

A logic (or calculus) is considered paraconsistent if it can be the underlying
logic of paraconsistent theories (inconsistent, but non-trivial) [32]. Therefore, in the
paraconsistent theories, there are formulas A so that, from A and ¬A, it is not
possible to demonstrate any formula B, that is, there is always a formula B of F so
that B is not a theorem of the theory.
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In summary, a theory T is inconsistent if there is a formula A so that A and ¬A
are both deductible from T ; otherwise, T is consistent. T is considered trivial if all
the language formulas belong to T , that is, if T ¼ F ; otherwise,

T is non-trivial. T os considered paraconsistent if it is inconsistent and
non-trivial.

Paraconsistent logic (PL) was built o satisfy the following conditions: (a) in PL,
in general, the principle of the non-contradiction must not be valid; (b) from one
contradiction, it must not be possible to deduce every proposition.

Analogously, the same definition applied to proposition systems, set of infor-
mation, etc. (taking into account, naturally, the set of its consequences).

In classical logic and in several logic categories, consistency plays an important
role. As it was previously seen, in most of the usual logical systems, if a theory T is
trivial, it is inconsistent and reciprocally.

A logic C is called paraconsistent if it can serve as a base (if it can be the
underlying logic) for inconsistent theories, but non-trivial, that is, for paraconsistent
theories.

A logic C is called paracomplete if it can be the underlying logic of theories in
which the principle of the excluded third is infringed the following way: out of two
contradictory propositions, one is true. Therefore, as it infringes, in this logic there
may be two formulas A and ¬A both non-true.

Accurately, a logic is paracomplete if in it there are maximal non-trivial systems
to which a certain formula and its negation do not belong.

Finally, a logic C is denominated non-alethic if it is paraconsistent and
paracomplete.

In the positive part, da Costa’s axiomatic (1993) for the paraconsistent logic is
equal to Kleene’s (1952) for the classical one. Therefore, they differ in the negation
axioms. This way, items (a), (b) and (c), corresponding to the A1–A9 axioms, are
identical to the ones of the classical, and the negation ones are the following:

(d') Negation axiom schemes:

(A′10) A _ :A law of excluded middleð Þ
(A′11) ::A ! A property of double negationð Þ
(A′12) B° ! ((A ! B) ! ((A ! ¬B) ! ¬A)) (principle of the reduction to

absurdity)
(A′13) A� ^ B� ! ððA ! BÞ� ^ A ^ Bð Þ�^ A _ Bð Þ�Þ

where B° = def¬ (B ˄ ¬B) is denominated well-behaved formula.
Note: From A13, it is concluded that “well-behaved property” is maintained in

the implication, in the conjunction and in the disjunction, that is, formulas formed
from well-behaved formulas are also well-behaved.
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1.5 Paraconsistent Annotated Logic (PAL)

The paraconsistent annotated logics are a family of non-classical logics initially
employed in logical programming by Subrahmanian [31]. Due to the obtained
applications, a study of the foundations of the underlying logic of the investigated
programming languages became convenient. It was verified that it was a para-
consistent logic and that, in some cases, also contained characteristics of para-
complete and non-alethic logic.

The first studies concerning the foundations of the PAL were conducted by da
Costa, Vago, Subrahmanian, Abe and Akama [1, 8, 9, 30, 31]. In [1], the logic of
predicates was studied, as well as theory of models, annotated theory of sets and
some modal systems, establishing a systematic study of the foundations of the
annotated logics pointed out in previous works. In particular, metatheorems of
strong and weak completeness were obtained for a subclass of first order annotated
logic, and a systematic study of the annotated theory of models was conducted,
generalizing the majority of the standard results for the annotated systems.

Other applications of the annotated systems were initiated by Abe, around 1993,
which, along with his disciples, implemented the paraconsistent programming
language (Paralog), independently from Subrahmanian’s results. Such ideas were
applied in the construction of a prototype and in the specification of an architecture
based on the PAL, which integrates several computational systems—planners,
databases, vision systems, etc.—, in the construction of a manufacture cell and in
the representation of knowledge by Frames, allowing to translate inconsistencies
and exceptions.

da Silva Filho, another one of Abe’s disciples, took interest for the application of
PAL in digital circuits, obtaining the implementation of the logical ports
Complement, And and Or. Such circuits enable “conflicting” signs implemented in
its structure in a non-trivial manner. We believe the contribution of the paracon-
sistent electric circuits is a pioneer in the electric circuit area, opening new
investigations paths. Also in the researches about hardware, was the construction of
the logical analyzer—para-analyzer—that enables to address concepts of uncer-
tainty, inconsistency and paracompleteness. Logical controllers were also con-
structed, based on the annotated logics—Paracontrol, logical simulators—Parasim,
signal treatment—Parassonic.

As materialization of the discussed concepts, the first paraconsistent robot was
built with the paraconsistent hardware: the Emmy robot. Another paraconsistent
robot, built with the software based on PAL, was called Sofya; and several other
subsequent prototypes were built: Amanda, Hephaestus, etc.

The annotated systems also embrace aspects of the concepts involved in
non-monotonic thought, defeasible, default and deontic.

Versions of annotated logics also involve several aspects of the fuzzy logics. That
may be seen under various angles. The annotated set theory encompasses in totum
the fuzzy set theory [1]. Axiomatized versions of the fuzzy theory were obtained.
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The hybrid controller parafuzzy was erected, which united characteristics of the
annotated and fuzzy logics. Finally, algebraic aspects were also investigated by Abe
and other interesting algebraizations have been studied by several authors.

1.6 Lattice Associated to the Paraconsistent
Annotated Logic

The importance of language theory for the investigation of problems in science is
widely known. Thus, a good solution for an inquiry may often depend deeply on the
choice or on the discovery of a convenient language to represent the concepts
involved, as well as to make reasonable inferences until reaching satisfactory
solutions.

Concerning the applications, closely observing a set of information obtained
regarding a certain theme, one may notice that such set encloses contradictory
information that generate difficulties for description of vague concepts, as we
already discussed in the introduction. In the case of contradiction, they are normally
removed artificially, so as not to contaminate the dataset, or suffer a separate
treatment, with extralogical devices.

However, the contradiction, most of the times, contains decisive information, as
it is the encounter of two opposite truth-value threads. Thus, neglecting it is pro-
ceeding anachronistically. Consequently, we must seek languages that can coexist
with such contradictions, without hindering the other information. Regarding the
concept of uncertainty, we must think of a language that is able to capture and
encircle the ‘maximum’ of ‘information’ of the concept. In order to obtain a lan-
guage that may have these characteristics, we propose the procedure described as
follows.

Our aim is to host the concepts of uncertainty, inconsistency and paracom-
pleteness in their linguistic structure and think (mechanically) of their presence,
with the hope that, with this drawing, language enables us to reach, capture and
reflect better the nuances of reality in a different manner from the traditional ones.
Thus, the intention is to be equipped with a proper language and deductive structure
for a comprehension of problems under different angles and, perhaps, this way we
may generate innovative solutions. For this task, the concepts of inconsistency and
paracompleteness will be considered. They will be joined by the notions of truth
and falsity. This way, four objects will be considered, which will be generically
called annotation constants.

T called inconsistent;
? called paracomplete;
V called true;
F called false.
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In the set of objects s ¼ T; V; F; ?f g a mathematical structure will be defined:
a lattice with operator s = <|s|, � *, *> characterized by the following Hasse
diagram: (Fig. 1.1).

The operator *:| s | ! | s | is defined this way:

• �T ¼ T (the ‘negation’ of an inconsistent proposition is inconsistent);
• �V ¼ F (the ‘negation’ of a ‘true’ proposition is ‘false’);
• �F ¼ V (the ‘negation’ of a ‘false’ proposition is ‘true’);
• �? ¼ ? (the ‘negation’ of a ‘paracomplete’ proposition is ‘paracomplete’);

The operator * will play the ‘role’ of the connective of the PAL negation, as it
will be seen ahead.

The propositions of the PAL are of the pl type, where p is a proposition in the
common sense and l is an annotation constant.

Among several intuitive readings, pl may be read: ‘I believe in proposition
p with degree until l or ‘the favorable evidence expressed by the proposition is a
maximum of l’.

Suppose we have the proposition p: ‘the front of the robot is free’ and that there
is information that allude to two situations:

1. ‘the front of the robot is free’ (that may be expressed in the PAL by pV);
2. ‘the front of the robot is not free’ (that may be expressed in the PAL by pF);

In a system based on the PAL, such situation may be represented by pT: ‘the
front of the robot is free’ constitutes an inconsistent state.

Fig. 1.1 Lattice ‘four’
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1.7 Axiomatization of the Paraconsistent
Annotated Logic Qs

In this section, an axiomatization of the annotated logics will be presented,
extending the previous discussion, considering now an arbitrary lattice. The ref-
erence for this text is [1]. Technically, such logic constitutes in what is known as
bi-sorted logic (intuitively speaking, there are two kinds of variables). It is worth to
highlight that the annotated logics are paraconsistent logics and, in general, para-
complete and non-alethic, as it is exposed below.

Consider s = <|s|, � *, *> a finite lattice with fixed negation operator. Such
lattice is called truth-value lattice and the operator * constitutes the “meaning” of
the negation symbol ¬ of the logical system that will be considered. Its language
will be symbolized by L s. Associated to lattice s, we also have the following
symbols:

• T indicates the maximum of s;
• ? indicates the minimum of s;
• sup indicates the supremum operation—regarding subsets of s;
• inf indicates the infimum operation—regarding subsets of s.

The language L s has the following primitive symbols:

1. Individual variables: a countable set of individual variables;

p, po; p1; . . .; q, qo; q1; . . .; r, ro; r1; . . .;

A, Ao;A1; . . .;B, Bo;B1; . . .;C, Co;C1; . . .;

2. For each n, n-ary functional symbols; The 0-ary functional symbols are also
called individual constants;

3. For each n, n-ary predicate symbols;
4. The equality symbol =;
5. Annotation constants (members of s): l, k,…;
6. The symbols ¬, ˄, ˅, !, 9 and 8 of the connectives and of the quantifiers;
7. Auxiliary symbols: parenthesis and comma

The terms of language L s are defined in a usual manner. We utilize a, b, c and d
—with or without indexes—as meta-variables for the terms.

Definition 1 [Formula] Abasic formula is an expression such as p(a1,…, an),
where p is an n-ary predicate symbol and a1,…, an are terms of L s. If p(a1,…, an)
is a basic formula and l 2 s is an annotation constant, then pµ(a1,…, an) and a = b,
where a and b are terms, are called atomic formulas.

The formulas have the following generalized inductive definition:

1. An atomic formula is a formula.
2. If A is a formula, then ¬A is a formula.
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3. If A and B are formulas, then A ˄ B, A ˅ B and A ! B are formulas.
4. If A is a formula and x is an individual variable, then (9x)A and (8x)A are

formulas.
5. An expression of L s constitutes a formula if, and only if, it is obtained applying

one of the previous rules from 1 to 4 (maximal clause).

Formula ¬A is read “the negation—or weak negation—of A”; A ˄ B, “the
conjunction of A and B”; A ˅ B, “disjunction of A and B”; A ! B, “the impli-
cation of B by A”; (9x)A, “the instantiation of A by x”; and (8x)A, “the general-
ization of A by x”.

Some symbols are introduced below, by definition:

Definition 2 [Equivalence and Strong Negation] Consider A and B any formulas of
L s. It is defined, then:

A $ B ¼def ðA ! BÞ ^ ðB ! AÞ and ¬* A ¼def A ! ððA ! AÞ ^ :ðA ! AÞÞ:

The symbol ¬* is called strong negation; therefore, ¬*A must be read the
strong negation of A. The formula A $ B is read, as usually, the equivalence of
A and B.

Definition 3 If A is a formula. Then:
¬0A indicates A; ¬1A indicates ¬A and ¬kA indicates ¬(¬ k-1A), (k 2 N, k > 0).
Also, if l 2 |s|, it is established that:
*°l indicates l; *1l indicates *l and *kl indicates *(*k-l l), (k 2 N,

k > 0).

Definition 4 [Literal] If pl(a1, …, an) is an atomic formula. Any formula such as
¬kpl(a,……., a) (k > 0) is called a hyper-literal formula or, simply, literal. The
other formulas are called complex formulas. A semantics for the languages L s is
described now.

Definition 5 [Structure] A structure for a language L s consists of the following
objects:

1. A non-empty set denominated the universe of . The elements of are
called individuals of .

2. For each functional n-ary symbol f of L s, an n-ary operation fE of in —in
particular, for each individual constant e of L s, eE is an individual of .

3. For each predicate symbol p of weight n of L s, a function pE:
n ! |s|.

Consider a structure for L s. The language-diagram L s ( ) is obtained the
usual manner. Given a term free of variable a of L s ( ), it is also defined,
commonly, the individual (a) of . i and j are utilized as meta-variables to denote
names.

The truth-value (A) of the closed formula A of L s ( ) is defined now. The
definition is obtained by induction on the length of A. By language abuse, the same
symbols are utilized for meta-variables of terms of the language-diagram.
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Definition 6 Consider A a closed formula and L an interpretation for Lx.

1. If A is atomic of the form pl (a1,…, an), then:

(A) = 1 if, and only if, pE ( (a1),…, (an)) � l;
(A) = 0 if, and only if, it is not the case that pE ( (a1),…, (an)) � l;

2. If A is atomic of the form a = b, then:

(A) = 1 if, and only if, (a) = (b);
(A) = 0 if, and only if, (a) 6¼ (b);

3. If A is of the form ¬k(p l(a1,…,an)) (k � 1), then:
(A) = (¬k−1(p ~l(a1,…,an)).

4. If A and B are any closed formulas, then:

(A ˄ B) = 1, if, and only if, (A) = (B) = 1;
(A ˅ B) = 1 if, and only if, (A) = 1 or (B) = 1;
(A ! B) = 1 if, and only if, (A) = 0 or (B) = 1;

5. If A is a complex closed formula, then:
(¬A) = 1 – (A)

6. If A is of the form (9x)B, then:
(A) = if, and only if, (Bx[i]) = 1 for some i in L s ( ).

7. If A is of the form (8x)B, then:
(A) = if, and only if, (Bx[i]) = 1 for the every i in L s ( ).

Theorem 1 Consider A, B, C any formulas of Qs. The connectives !, ˄, ˅, ¬*,
together with the quantifiers 8 and 9, have all the classical properties of impli-
cation, disjunction, conjunction and negation, as well as of the classical quantifiers
8 and 9, respectively. For example, we have that:

1. ‘: � 9xB _ C $ 9x B _ Cð Þ;
2. ‘: � 9xB _ 9xC $ 9x B _ Cð Þ;
3. ‘: � 8xA $ : � 9x: � A;
4. ‘: � 9xA $ : � 8x: � A;

The system of postulates—axiom schemes and inference rules—for Qs, which is
presented below, will be denominated As.

In the positive part, the axiomatic of PAL is equal to the one of the classical
(items (a), (b) and (c)) added of Peirce’s Law (item A″13). The negation axioms are
A″10, A″11 and A″12, below [30, 37]:

(d″) Negation axiom schemes

Being A, B, C any formulas, F and G complex formulas, p a propositional
variable and l, lj 1 � j � n, annotation constants, x, x1,…, xn, y1,…, yn indi-
vidual variables, we have:
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(A″10) F _ :F
(A″11) F ! :F ! Að Þ
(A″12) ðF ! GÞ ! ððF ! :GÞ ! :FÞ
(A″13) ððA ! BÞ ! AÞ ! A Peirce0s Lawð Þ
(e'') Axioms schemes and inference rule of the quantification:

(A″14) 8xA xð Þ ! A cð Þ
(A″15) A!B xð Þ

A!8xB xð Þ
(A″16) A cð Þ ! 9xA xð Þ
(A″17) A xð Þ!B

9xA xð Þ!B

(f'') Axiom schemes specific of the PAL:

(A″18) p?
(A″19) ð:kplÞ $ ð:k�1p�lÞ k� 1
(A″20) pl ! pk, where l � k
(A″21) pl1 ^ pl2 ^ . . . ^ pln ! pl, where l = sup lj, j = 1,2, …, n
(A″22) x ¼ x
(A″23) x1 ¼ y1 ! . . . ! xn ¼ yn ! f x1; . . .xnð Þ ¼ f y1; . . .; ynð Þ
(A″24) x1 ¼ y1 ! . . . ! xn ¼ yn ! Pl x1; . . .xnð Þ ¼ Pl y1; . . .; ynð Þ with the

usual restrictions.

Theorem 2 Qs is paraconsistent if, and only if, #s � 21. (#s = cardinality of s).

Theorem 3 If Qs is paracomplete, then #s � 2. If #s � 2, there are Qs systems
that are paracomplete and there are Qs that are not paracomplete.

Theorem 4 If Qs is non-alethic, then #s � 2. If #s � 2, there are Qs systems
that are non-alethic and Qs systems that are not non-alethic.

Consequently, we see that the Qs systems are, in general, paraconsistent,
paracomplete and non-alethic.

Theorem 5 The calculus Qs is non-trivial.
In [1] soundness and completeness theorems were demonstrated for the Qs

calculus when the lattice is finite2. Besides that, J.M. Abe showed how the standard
model theory may be extended to the annotated logics of 1st order. In this same
reference, it is evidenced that the annotated set theory is extraordinarily strong,
involving, as this specific case, the Fuzzy set theory.

As a consequence, Annotated Mathematics, which involves Fuzzy Mathematics,
seems to be of high relevance; just remember the applications made in Computing

1The symbol # indicates the cardinal number of s.
2When the lattice is endless, due to scheme (s4), we fall into an infinitary logic, which still needs to
be investigated.
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Science and the meaning of the point of view of the fuzzy logics and mathematics
applications.

Paraconsistent annotated logic, still very young, discovered at the dusk of the
past century, is one of the greatest achievements in the field of the non-classical
logics of the latest times. Its composition, as bi-sorted logic, in which one of the
variables possesses a mathematical structure, has produced incredible results
regarding computability and electronic implementations. It constitutes a new
alternative logic, extremely interesting, capable of manipulating concepts such as
the ones of uncertainty, inconsistency and paracompleteness inside it, with very
natural computational implementations and electronics.

We believe APL has very broad horizons, with enormous application potential
and also as foundation to clarify the common ground of several non-classical logics.
Perhaps, some day, it might even rival the fuzzy logic regarding the applications.
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Chapter 2
Paraconsistent Annotated Evidential
Logic Es

In this chapter, we detail the necessary theoretical basis for the proposed model
(which will be referred some times as “paraconsistent model”) for the investiga-
tions, as well as for the applications presented in this work.

2.1 General Aspects

The Paraconsistent Annotated Evidential Logic Es is presented, which is the the-
oretical basis for the model to be discussed. Such choice is because this logic
enables us, as already mentioned, to manipulate inaccurate, inconsistent and
paracomplete data.

In the logic, Es, each proposition p, is associated to an annotation constant
constituted of a pair (a; b), representing as follows: p(a; b) � a and b vary in the real
closed interval [0, 1]. Therefore, the pair (a; b) belongs to the cartesian product
[0, 1] � [0, 1]. Intuitively, a represents the degree of favorable evidence (or degree
of belief) expressed in p, and b, the degree of contrary evidence (or degree of
disbelief) expressed in p. The pair (a; b) is called annotation constant or, simply,
annotation and may be represented by l. Thus, it is written:l = (a; b). The atomic
propositions of the logic Es are the kind pl or p(a;b).

This way, some extreme situations may be highlighted, which correspond to the
so-called extreme (or cardinal) states.

p(1;0) represents maximum favorable evidence and no contrary evidence in p;
it is said that proposition p is true ðVÞ and that the pair (1, 0) translates the state of
truth ðVÞ.

p(0;1) represents no favorable evidence and maximum contrary evidence in p; it
is said that proposition p is false (F) and that the pair (0; 1) translates the state of
falsity ðFÞ.
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p(1;1) represents maximum favorable evidence and maximum contrary evidence
in p; it is said that proposition p is inconsistent ð>Þ and that the pair (1; 1)
translates the state of inconsistency ð>Þ.

p(0;0) represents no favorable evidence and no contrary evidence in p; it is said
that proposition p is paracomplete ð?Þ and that the pair (0; 0) translates the state of
paracompleteness ð?Þ.

p(0.5;0.5) may be read as an indefinite proposition (favorable evidence and con-
trary evidence equal to 0.5).

We observe that the paracomplete concept is the dual of the inconsistency
concept.

Example 1 Consider the proposition p � “Carnaby Street is adequate for the
installation of the new enterprise”. Then, we have:

p(1.0;0.0) may be read as “Carnaby Street is adequate for the installation of the
new enterprise”, with total favorable evidence and null contrary evidence.
Intuitively, it is a true proposition.

p(0.0;1.0) may be read as “Carnaby Street is adequate for the installation of the
new enterprise”, with null favorable evidence and total contrary evidence.
Intuitively, it is a false proposition.

p(1.0;1.0) may be read as “Carnaby Street is adequate for the installation of the
new enterprise”, with total favorable evidence and also total contrary evidence.
Intuitively, it is a contradictory proposition.

p(0.0;0.0) may be read as “Carnaby Street is adequate for the installation of the
new enterprise”, with null favorable evidence and also null contrary evidence.
Intuitively, it is a paracomplete proposition.

p(0.5;0.5) may be read as “Carnaby Street is adequate for the installation of the
new enterprise”, with favorable evidence equal to 0.5 and contrary evidence also
equal to 0.5. Intuitively, we have there an indefinition.

Based on the extreme (or cardinal) states, and by the use of the properties of the
real numbers, carefully, a mathematical structure will be constructed with
the purpose of materializing the ideas of how we want to handle mechanically the
concepts of uncertainty, contradiction and paracompleteness, among others. Such
mechanism will encompass, naturally, somehow, the true and false states addressed
within the scope of classical logic, with all their consequences.

Example 2 Consider the proposition p � “The student passed the exam”. Then, we
have:

If it is annotated with (1.0; 0.0), the intuitive reading will be “The student passed
the exam”, with total favorable evidence (= there is total evidence that the student
passed the exam).

If it is annotated with (0.0; 1.0), the intuitive reading will be “The student passed
the exam”, with total contrary evidence (= there is total evidence that the student
failed the exam).

If it is annotated with (1.0; 1.0), the intuitive reading will be “The student passed
the exam”, with totally inconsistent evidence. That may occur if the student did not
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study enough and at the same time a friend says he/she saw him confident after the
exam.

If it is annotated with (0.0; 0.0), the intuitive reading will be “The student passed
the exam”, with a total absence of evidence, neither favorable, nor contrary.

Example 3 Consider p the proposition “The most popular song by Johnny Mathis
is Misty” and q the proposition “Johnny Mathis will go down in history of popular
music”. Then, the conjunction pð1:0; 0:0Þ ^ qð0:9; 0:1Þ is read as “The most popular
song by Johnny Mathis is Misty”, with total favorable evidence and no contrary
evidence and “Johnny Mathis will go down in history of popular music”, with 90%
favorable evidence and 10% contrary evidence. This corresponds to “It is certain
that the most popular song by Johnny Mathis is Misty” and it is practically certain
that he will go down in the history of popular music.

Example 4 Consider p the proposition “The robot’s route is to the right”. It is read,
then, the implication p(0.7; 0.6) ! p(0.5;0.4) as “The robot’s route is to the right”, with
70% favorable evidence and 60% contrary evidence, entails “The robot’s route is to
the right”, 50% favorable evidence and 40% contrary evidence.

Example 5 Consider p the proposition “The patient has the flu”. Then, the
equivalence p(0.7;0.2) ! p(0.2;0.7) is read as “The patient has the flu”, with 70%
favorable evidence and 20% contrary evidence, which is equivalent to saying that it
is not the case that “The patient has the flu”, with 20% favorable evidence and 70%
contrary evidence or “The patient does not have the flu”, with 20% favorable
evidence and 70% contrary evidence.

2.2 Lattice of the Annotation Constants

Consider sj j ¼ 0; 1½ � � 0; 1½ �, that is, sj j is the cartesian product of the real unit
closed interval [0, 1] for itself, which may also be represented by [0, 1]2. In the set
sj j � sj j a total order relation � � is defined as follows:

a1; b1ð Þ; a2; b2ð Þð Þ 2 � � or a1; b1ð Þ� � a2; b2ð Þ , a1 � a2 and b2 � b1

being � the usual order relation of the real numbers.
The structure s ¼ \ sj j; � � [ is a fixed lattice, called lattice s of the anno-

tations. The pair (0; 0) is represented by ?; the pair (1; 1) is represented by >.
A representation of this lattice may be made by the so-called generalized Hasse
diagram (Fig. 2.1).

Examples:

(a) (0.6; 0.4) � * (0.8; 0.3);
(b) (0.5; 0.5) � * (0.7; 0.5);
(c) (0.8; 0.6) � * (0.8; 0.5);
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(d) (0.8; 0,8) � * (0.8; 0.8);
(e) (a; b) � * (1.0; 0.0) for any 0 � a, b � 1;
(f) (0.0; 1.0) � * (a; b) for any 0 � a, b � 1;

From (e) and (f) we obtain (0.0; 1.0) � * (a; b) � * (1.0; 0.0) for any 0 � a,
b � 1.

Counterexamples

(a) it is false that (0.9; 0.7) � * (0.8; 0.6);
(b) it is false that (0.4; 0.6) � * (0.8; 0.7);
(c) it is false that (0.9; 0.4) � * (0.8; 0.6).

Properties

(a) 8a, b 2 s, (a; b) � * (a; b) (reflexivity);
(b) 8 a1, b1, a2, b2 2 s, (a1, b1) � * (a2, b2) and (a2, b2) � * (a1, b1) imply

(a1, b1) = (a2, b2) (anti–symmetry);
(c) 8 a1, b1, a2, b2, a3, b3 2 s, (a1, b1) � * (a2, b2) and (a2, b2) � * (a3, b3) imply

(a1, b1) � * (a3, b3) (transitivity);
Properties (a)–(c) enable us to say that � * is a relation of order in sj j � sj j.

Fig. 2.1 Representation of lattice s of the annotations by the generalized Hasse diagram
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(d) 8 a1, b1, a2, b2, 2 s, there is the supremum of {(a1, b1); (a2, b2)} indicated by
sup {(a1, b1), (a2, b2)} = (max{a1, a2}; min{b1, b2});

(e) 8 a1, b1, a2, b2, 2 s, there is the infimum {(a1, b1); (a2, b2)} indicated by inf
{(a1, b1), (a2, b2)} = (min{a1, a2}; max{b1, b2});

(f) 8 a, b,2 s; (0; 1) � * (a; b) � * (1; 0). Therefore, inf s = (0; 1) and sup s = (1; 0).

The previous properties [from (a) to (f)] enable us to say that the set [0, 1]2 with
the order � * constitutes a lattice.

Exercise. Verify each one of the properties above.

Graphic interpretation
Regarding Fig. 2.2, we have that all the annotation constants (a; b) of the shaded
region, including the edges, are such that (a; b) � * (a2; b1) and, also, (a1; b2) � *
(a; b). Only for (a2; b1) and (a1; b2), these properties are valid about the annotations
(a; b) of the shaded region. (a2; b1) is the supremum of the shaded region and
(a1; b2) is it’s infimum.

Fig. 2.2 Interpretation of the relation of order � * of the lattice s
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2.3 Negation Connective

Operator *: sj j ! sj j, is defined according to [37], the following way:

�ða; bÞ ¼ ðb; aÞ. It has the “meaning” of the logical negation of Es.
Concerning this operator, the following comment is appropriate. Imagine the

following sentence: “The Brazilian team will be the Olympic champion”, with
favorable evidence of 0.9 (or degree of belief = 0.9) and with contrary evidence of
0.2 (or degree of disbelief = 0.2). Its negation is “The Brazilian team will be the
Olympic champion”, with favorable evidence of 0.2 (or degree of belief = 0.2) and
with contrary evidence of 0.9 (or degree of disbelief = 0.9). Therefore,

:pð0:9; 0:2Þ $ pð0:2; 0:9Þ $ pð� ð0:9; 0:2ÞÞ or generalizing
:pða; bÞ $ pðb; aÞ $ p �ða; bÞð Þ

Note that :pð0:5; 0:5Þ $ pð0:5; 0:5Þ, that is, pð0:5; 0:5Þ is equivalent to its negation
:pð0:5; 0:5Þ. Therefore, if pð0:5; 0:5Þ is true, its negation :pð0:5; 0:5Þ is also true, that is, a
formula and its negation are both true. Therefore, the logic Es intuitively accepts
inconsistencies, that is, it is a paraconsistent logic. Analogously, if pð0:5; 0:5Þ is false,
its negation :pð0:5; 0:5Þ is also false, and, therefore, intuitively the logic Es is
paracomplete.

This is an interesting property of the logic Es: to present true contradictions and
false contradictions. This enables us to say that the logic Es paraconsistent and also
paracomplete. Therefore, Es is non-alethic.

In general, we have :pða; bÞ $ pðb; aÞ. The fact that the logical negation is “ab-
sorbed” in the annotation, it makes the logic Es have properties of fundamental
importance and extreme fertility in paraconsistent logical programming, facilitating
the physical implementations, as it may be seen in [1].

2.4 Connectives of Conjunction, Disjunction
and Implication

Given the propositions pða; bÞ and qðc; dÞ we may form other propositions using the
conjunction, disjunction and implication between them:

pða; bÞ ^ qðc; dÞ is read the conjunction of pða; bÞ and qðc; dÞ
pða; bÞ_ qðc; dÞ is read the disjunction of pða; bÞ and qðc; dÞ
pða; bÞ ! qðc; dÞ is read the implication of qðc; dÞ by pða; bÞ

The connective of biconditional is introduced in the usual manner:
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pða; bÞ $ qðc; dÞ ¼ Def: ðpða; bÞ ! qðc; dÞÞ ^ ðqðc; dÞ ! pða; bÞÞ
is read pða; bÞ is equivalent to qðc; dÞ:

Example Suppose that the proposition p(0.6;0.4) is “It will rain tomorrow”, with 60%
favorable evidence and 40% contrary evidence, and that the proposition q(0.3;0.6) is
“It will be cold tonight”, with 30% favorable evidence and 60% contrary evidence.

The proposition pð0:6; 0:4Þ ^ qð0:3; 0:6Þ must be read as “It will rain tomorrow”, with
60% favorable evidence and 40% contrary evidence, and “It will be cold tonight”,
with 30% favorable evidence and 60% contrary evidence.

The proposition pð0:6; 0:4Þ_qð0:3; 0:6Þ must be read as “It will rain tomorrow”, with
60% favorable evidence and 40% contrary evidence, or “It will be cold tonight”,
with 30% favorable evidence and 60% contrary evidence.

The proposition pð0:6; 0:4Þ ! qð0:3; 0:6Þ must be read as “It will rain tomorrow”,
with 60% favorable evidence and 40% contrary evidence entails that “It will be
cold tonight”, with 30% favorable evidence and 60% contrary evidence.

We may introduce the connective of biconditional the usual manner:

pða; bÞ $ qðc; dÞ– is read pða; bÞ equivalent to qðc; dÞ:

Thus, the proposition pða; bÞ $ qðc; dÞ must be read as “It will rain tomorrow”,
with 60% favorable evidence and 40% contrary evidence corresponds to “It will be
cold tonight”, with 30% favorable evidence and 60% contrary evidence.

2.5 Lattice s

The set of the annotation constants (a; b) may be represented in the cartesian
coordinate system by the unit square [0, 1] � [0, 1], called unit square of the
cartesian plane (USCP), which represents the lattice s. A point X = (a; b) of this
square represents the generic proposition p(a; b).

To enable us to deal mechanically with the concepts of inaccuracy, inconsistency
and paracompleteness, as well as with the concepts of truth and falsity, some
definitions will be introduced.

Observe that the ends of the line segment CD (Fig. 2.3) are points that translate
situations of perfect definition (the truth of falsity). For that reason, segment CD is
called perfectly defined line (or segment) (PDL). The equation of this line is
a + b − 1 = 0.

As you move away from line CD in the direction of point A or point B, the
uncertainties gradually increase. When there is a movement in the direction from
the PDL to B, both evidences, favorable and contrary, increase, tending to 1.
Therefore, we tend to big evidences, favorable and contrary (next to 1), which
represents a situation of uncertainty called inconsistency (or contradiction).
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Accordingly, when there is a movement in the direction from the PDL to A, the
evidences, favorable and contrary, decrease, tending to 0. In this case, we tend to
small degrees of evidences, favorable and contrary (next to 0), which represents a
situation of uncertainty called paracompleteness.

In view of the exposed, it is very reasonable to define the degree of uncertainty
of the annotation (a; b) as being

Gða; bÞ ¼ aþ b	 1;

which translates the distance from point X = (a; b) to line CD, multiplied by
ffiffiffi

2
p

and affected by the signal + or − (here, metric distance was considered, as in
analytical geometry).

Observe that	 1�G� 1:

Example G (0.8; 0.9) = 0.8 + 0.9 − 1 = 0.7. Therefore, the degree of uncertainty
of the annotation constant (0.8; 0.9) is 0.7; it is a positive and relatively high value,
pointing out to a high degree of inconsistency (or of contradiction). On the other
hand, G (0.2;0.1) = 0.2 + 0.1 − 1 = −0.7; is a negative and relatively high value
(in module), pointing out to a high degree of paracompleteness.

Each value of the degree of uncertainty belonging to the open interval ]−1, 1 [
defines a segment, parallel to PDL. If 0 < G < 1, this segment is called inconsis-
tency limit line (RS, in Fig. 2.4); if −1 < G < 0, paracompleteness limit line
(MN, in Fig. 2.4); if G = 0, it is the perfectly defined line (PDL); if G = −1 or 1,
we have point A or point B, which are the extreme states of paracompleteness and
of inconsistency, respectively.

Fig. 2.3 Unit square of the cartesian plane (SUCP)
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Line AB of the SUCP is called perfectly undefined line (or segment) (PUL). In
fact, in all the points of the segment AB, the values of the favorable evidence (or
degree of belief) and of the contrary evidence (or degree of disbelief) are equal
(a = b). Therefore, they are points in which the mentioned values may be both
small, characterizing paracompleteness (points next to A or A itself), or both big,
characterizing inconsistency (points next to B or B itself). The equation of line AB
is a − b = 0.

As we move away from the PUL, the indefinition gradually decreases, that is,
certainty gradually increases. Moving away from the PUL, in the direction of point
C, the favorable evidence increases and contrary evidence decreases, tending to a
well defined situation of maximum certainty, of truth (point C). On the contrary, if
we move away in the direction from the PUL to point D, the favorable evidence
decreases and the contrary evidence increases, also tending to a well defined sit-
uation of minimum certainty, of falsity (point D).

Degree of certainty of an annotation (a; b) is defined as being

Hða; bÞ ¼ a	 b;

which translates, intuitively, the distance from point X = (a; b) to line AB (PUL),
multiplied by

ffiffiffi

2
p

and affected by the signal + or − (here, metric distance was also
considered, as in analytical geometry).

Observe that	 1�H� 1:

Example H (0.9; 0.1) = 0.9 − 0.1 = 0.8. Therefore, the degree of certainty of the
annotation constant (0.9; 0.1) is 0.8; therefore, it is positive and high, pointing out
to a high degree of truth. On the other hand, H (0.1; 0.9) = 0.1 − 0.9 = −0.8; in this

Fig. 2.4 QUPC, the four extreme regions and the limit lines
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case, the degree of certainty is high (in module) and negative, pointing out to a high
degree of falsity.

Each value of the degree of certainty belonging to the open interval
]−1, 1 [ defines a segment parallel to PUL. If 0 < H < 1, this segment is called
truth limit line (PQ, in Fig. 2.4); if −1 < H < 0, falsity limit line (TU, in Fig. 2.4);
if H = 0, it is the perfectly undefined line (PUL); if H = −1 or 1, we have point D or
point C, which are the extreme states of falsity and of truth, respectively.

Observe that the situation of “maximum truth” occurs in point C, when the
favorable evidence is maximum (a = 1) and the contrary evidence is minimum
(b = 0); in this case, the degree of certainty is maximum (H = 1).

The situation of “maximum falsity”, in turn, occurs in point D, when the con-
trary evidence is maximum (b = 1) and the favorable evidence is null (a = 0). In
this situation, the degree of certainty is minimum (H = −1).

2.6 The Lattice s and the Decision States

The PDL divides the SUCP into two regions. This division tells if the situation
represented by point X = (a; b) is of paracompleteness (region ACD) or incon-
sistency (region BCD) (see Fig. 2.3).

An analogous comment is worth for the divisions of the SUCP done by the PUL
in two regions or by bith, PDL and PUL, in four regions (Fig. 2.3).

When you wish to make a division of the SUCP so that the regions translate
more precisely the analyzed situation (represented by point X = (a; b)), it must be
done so in a greater number of regions. This may be done with certain criteria,
which will be shown and commented. To begin with, the example shown in
Fig. 2.4.

Observe that, in this division, besides the line segments CD (PDL): a + b −
1 = 0 and AB (PUL): a − b = 0, two parallels are used to each one of them, which
are:

LineMN : aþ b	 1 ¼ 	0:6 ) G ¼ 	0:6;
LineRS : aþ b	 1 ¼ þ 0:6 ) G ¼ þ 0:6;
LineTU : a	b ¼ 	0:6 ) H ¼ 	0:6;
LinePQ : a	b ¼ þ 0:6 ) H ¼ þ 0:6:

With this division, four extreme regions and one central region may be
highlighted.

AMNRegion:	 1�G� 	 0:6 ðparacompleteness stateÞ
BRSRegion: 0:6�G� 1 ðinconsistency stateÞ

In these regions, we have situations of high indefinition. Therefore, if one point
X = (a; b), which translates a generic situation in study, belongs to one of them, we
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do not have a situation of high definition. On the contrary, they are situations of
high indefinition: high paracompleteness (AMN region) or high inconsistency
(BRS region).

Lines MN and RS are called paracompleteness limit line and inconsistency
limit line, respectively. By convention, they belong to the analyzed regions.

Hence, these limit lines may be defined as follows:

Paracompleteness limit line ðMNÞ:G ¼ 	k1 or aþ b	 1 ¼ 	k1; with 0\k1\1;

Inconsistency limit line ðRSÞ:G ¼ 	k1 or aþ b	1 ¼ k1; with 0\k1\1;

In these definitions, the same value k1 was used for both, giving symmetry to
these lines. However, that is not mandatory. Different values could be adopted for
k1, k′1 and k″1, for the definition of each one.

CPQRegion: 0:6�H� 1 ðtruth regionÞ
DTURegion: 	 1�H� 	 0:6 ðfalsity regionÞ

In contrast to the previous ones, in these regions, we have situations of high
definition (truth or falsity). Hence, if point X = (a; b) belongs to one of these
regions, we have: degree of certainty next to 1, characterizing a truth (CPQ: truth
region) or degree of certainty next to −1, characterizing a falsity (DTU: falsity
region).

With the concepts presented above, we start working with “truth region” instead
of the “truth” being an inflexible concept. In this work, intuitively, truth is a region
of high certainty, favorable in relation to the considered proposition; falsity is a
region of high certainty, contrary in relation to the considered proposition.

Observe, then, that a great certainty (high value of the degree of certainty H
module) means truth, if H is next to 1, and falsity, if H is next to −1.

Segments PQ and TU are called, respectively, of truth limit line and falsity
limit line, which, by convention, belong to the analyzed regions.

Hence, these limit lines may be defined as follows:

Truth limit line ðPQÞ:H ¼ k2 or a	b ¼ k2;with 0\k2\1;

Falsity limit line ðTUÞ:H ¼ 	k2; or a	b ¼ 	k2; with 0\k2\1:

In these definitions, the same value k2 was used for both, giving symmetry to
these lines. However, that is not mandatory. Different values could be adopted for
k2, k′2 and k″2, for the definition of each one.

In this book, k1 = k2 = k will be adopted, giving symmetry to the chart, as in
Fig. 2.4, in which we have k1 = k2 = k = 0.60. The value of k2 will be called
requirement level, as it represents the minimum value of Hj j so that point X �
(a; b) belongs to the falsity or truth region.

When a more strict criterion is desired, that is, greater precision for the con-
ceptualization of truth or of falsity, it is sufficient to approximate lines PQ and TU
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to C and D, respectively, increasing the value of k2, that is the requirement level.
Observe that the requirement level will be stipulated for each application, “cali-
brating” the decision device according to the peculiarities the application presents.

It must be observed, for example, that when point X = (a; b) is internal to region
CPQ (see Fig. 2.4), the truth will be defined with high degree of certainty (0.6 � H
� 1), but with a small degree of uncertainty (−0.4 � G � 0.4). Therefore, as
already previously mentioned, it is a logic that enables analyses that take into
account the inconsistencies in the information, and accepts them until an established
limit.

MNTUSRQPRegion:	 0:6\G\0:6 and 	 0:6\H\0:6

This is a region of low definition, as in it, G and H are small. Below, as an
example, a detailed analysis of one of its sub-regions.

OFSL sub-region: 0:5� a\0:8 and 0:5� b� 1; 0�G\0:6 and
	 0:5�H\0

In this sub-region we have a situation of relatively small inconsistency and
falsity, but closer to the situation of total inconsistency (point B) than to the situ-
ation of total falsity (point D). For that reason, this sub-region is defined as of
quasi-inconsistency tending to falsity.

Observe that the SUCP divided into these twelve regions, enables us to analyze
the logical state of a proposition of the logic Es represented by point X = (a; b).
That is the reason why this configuration was considered to para-analyzer
algorithm [37] (Fig. 2.5).

Fig. 2.5 Analysis of some regions of the SUCP
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Table 2.1 presents a summary of the logical state in each one of the four extreme
regions and in the eight sub-regions highlighted in this analysis, which represent the
logical decision states.

The representation of the lattice s ¼ \ sj j; � � [ in the cartesian plane has
already been seen with detail, placing on the abscissas axis the values of the degree
of favorable evidence (a) and on the ordinates axis the values of the degree of
contrary evidence (b). The so-called unit square of the cartesian plane (SUCP) and
para-analyzing algorithm were obtained.

However, another representation of the referred lattice may be obtained placing
on the abscissas axis the values of the degree of certainty (H) and on the ordinates
axis the values of the degree of uncertainty (G). In this case, a square (which is not
unitary) is also obtained, as shown in Fig. 2.6.

Table 2.1 Summary of Analysis of twelve regions of the unit square of the cartesian plane
(SUCP)

Region a b G H Description Representation

AMN [0; 0.4 ] [0; 0.4] [−1; −0.6] [−0.4; 0.4] Paracompleteness ?
BRS [0.6; 1] [0.6; 1] [0.6; 1] [−0.4; 0.4] Inconsistency >
CPQ [0.6; 1] [0; 0.4] [−0.4; 0.4] [0.6; 1] Truth V

DTU [0; 0.4] [0.6; 1] [−0.4; 0.4] [−1; −0.6] Falsity F

OFSL [0.5; 0.8 [ [0.5; 1] [0; 0.6 [ [ −0.5; 0 [ Quasi inconsistency
tending to falsity

Q> ! F

OHUL ] 0.2; 0.5 [ [0.5; 1] [0; 0.5 [ ]−0.6; 0 [ Quasi falsity tending
to inconsistency

QF ! >

OHTI [0; 0.5 [ [0.5; 0.8 [ [−0.5; 0 [ ] −0.6; 0 [ Quasi falsity tending
to paracompleteness

QF ! ?

OENI [0; 0.5 [ ] 0.2; 0.5 [ ] −0.6; 0 [ ] −0.5; 0 [ Quasi paracompleteness
tending to falsity

Q? ! F

OEMK ] 0.2; 0.5 [ [0; 0.5 [ ] −0.6; 0 [ [0; 0.5 [ Quasi paracompleteness
tending to truth

Q? ! V

OGPK [0.5; 0.8 [ [0; 0.5 [ [−0.5; 0 [ [0; 0.6 [ Quasi truth tending to
paracompleteness

QV ! ?

OGQJ [0.5; 1 ] ] 0.2; 0.5 [ [0; 0.5 [ [0; 0.6 [ Quasi truth tending to
inconsistency

QV ! >

OFRJ [0.5; 1 ] [0.5; 0.8 [ [0; 0.6 [ [0; 0.5] Quasi inconsistency tending
to truth

Q> ! V
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2.7 Logical Es Operators (NOT, MAX and MIN)

In the following paragraphs, the NOT, MAX and MIN operators on the lattice
s ¼ \½0; 1� � ½0; 1�; � � [ will be defined.

The operator NOT is defined by NOT (a; b) = (b; a). We have used another
symbol for this operator above.

In fact: � a; bð Þ ¼ ðb; aÞ and NOT a; bð Þ ¼ ðb; aÞ:
Numerically: �ð0:8; 0:3Þ ¼ ð0:3; 0:8Þ or NOTð0:8; 0:3Þ ¼ ð0:3; 0:8Þ:
Observe that: NOTð>Þ ¼ >; NOTð?Þ ¼ ?; NOTðVÞ ¼ F and NOTðFÞ ¼ V:

An example: Suppose that the proposition p is “The Brazilian Soccer Team will
qualify for the 2014 World Cup”, with favorable evidence (degree of belief) equal
to 0.8 (a) and contrary evidence (degree of disbelief) equal to 0.3 (b). Thus, we
have: p(0.8; 0.3).

Intuitively, its negation is the proposition: “The Brazilian Soccer Team will
qualify for the 2010 World Cup”, with favorable evidence equal to 0.3 (b) and
contrary evidence equal to 0.8 (a).

Then, :pð0:8; 0:3Þ ¼ pð0:3; 0:8Þ ¼ p �ð0:8; 0:3Þ½ �:
The MAX operator (that will be called maximizing) of lattice < [0. 1 ] � [0. 1],

� * >, associated to the logic Es, must be applied to a group of n annotations

Fig. 2.6 Representation of the lattice associated to Es with the degrees of certainty on x-axis and
the degrees of contradiction on y-axis
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(n 
 1). It acts in order to maximize the degree of certainty (H = a − b) of this
group of annotations, selecting the best favorable evidence (highest value of a) and
the best contrary evidence (lowest value of b). It is defined as follows:

a1; b1ð ÞMAX a2; b2ð ÞMAX. . .MAX an; bnð Þ
¼ max a1; a2; . . .; anf g;minfb1; b2; . . .; bngð Þ

or, utilizing another representation:

MAX a1; b1ð Þ; a2; b2ð Þ; . . . an; bnð Þf g ¼ max a1; a2; . . .; anf g;minfb1; b2; . . .; bngð Þ

Therefore, to obtain the annotation resultant from the application of the MAX
operator to the two annotations (a1; b1) and (a2; b2), the maximization between the
values of the favorable evidence is made and, then, the minimization between the
values of the contrary evidence. The resultant values of the evidences, favorable
and contrary, are, respectively:

a0 ¼ max a1; a2f g and b0 ¼ min b1; b2f g

Observe that the MAX operator acts in order to choose, within the set of anno-
tations, a degree of favorable evidence and a degree of contrary evidence, in such
a manner that point X = (a′; b′) of the SUCP defined by the resultant pair (a′; b′) is
the closest to point C, extreme (or cardinal) point of truth (see Fig. 2.7).

The MIN operator (that will be called minimizing) of lattice
\½0; 1� � ½0; 1�; � � [ , associated to the logic Es, must be applied to a group of n
annotations (n 
 1). It acts in order to minimize the degree of certainty (H = a− b)
of this group of annotations, selecting the worst favorable evidence (lowest value of
a) and the worst contrary evidence (highest value of b). It is defined as follows:

a1; b1ð ÞMIN a2; b2ð ÞMIN. . .MIN an; bnð Þ ¼ min a1; a2; . . .; anf g;maxfb1; b2; . . .; bngð Þ

or, utilizing another representation:

MIN a1; b1ð Þ; a2; b2ð Þ; . . . an; bnð Þf g ¼ min a1; a2; . . .; anf g;maxfb1; b2; . . .; bngð Þ

Therefore, to obtain the annotation resultant from the application of the MIN
operator to the two annotations (a1; b1) and (a2; b2), the minimization between the
values of the favorable evidence is made and, then, the maximization between the
values of the contrary evidence. The resultant values of the evidences, favorable
and contrary, are, respectively:

a00 ¼ min a1; a2f g and b00 ¼ max b1; b2f g

Observe that the MIN operator acts in order to choose, within the set of
annotations, a degree of favorable evidence and a degree of contrary evidence, in
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such a manner that point X = (a″; b″) of the SUCP defined by the resultant pair (a″;
b″) is the closest to point D, extreme (or cardinal) point of falsity (see Fig. 2.7).

Being l1 = (a1; b1), l2 = (a2; b2), a1 � a2 and b1 � b2, result that

MAXfl1; l2Þ ¼ MAX a1; b1ð Þ; a2; b2ð Þf g ¼ a2; b1ð Þ and
MINfl1; l2Þ ¼ MIN a1; b1ð Þ; a2; b2ð Þf g ¼ a1; b2ð Þ:

The graphic interpretation of this application of the MAX and MIN operators is
in Fig. 2.7.

In the applications of the MAX and MIN operators in real case studies, for the
aid in the decision making, some details must be observed.

As it has already been seen, the MAX operator has the sense of performing the
maximization of the degree of certainty for a set of annotations; therefore, it must
be applied in situations in which the two or more considered items are not all
determining factors, being sufficient that one of them has a favorable condition for
the analysis result to be considered satisfactory.

The MIN operator has the sense of performing the minimization of the degree
of certainty for a set of annotations; therefore, it must be applied in situations in
which the two or more considered items are all determining factors, being

Fig. 2.7 Graphic interpretation of this application of the MAX and MIN operators
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essential that all of them present favorable conditions for the analysis result to be
considered satisfactory.

Normally, what is done when designing an analysis of a real situation is to
separate the researched items (or the experts) into groups [44]. They must be
constituted in such a manner that:

(a) the existence of an item (or an expert) inside each group with favorable con-
dition is sufficient to consider the result of the group as satisfactory;

(b) there are as many groups as the minimum number of items (or experts), which
must have favorable conditions to consider the research result as satisfactory.

After this division is made, the MAX operator is applied inside each group
(intragroup) and, then, the MIN operator between the results obtained in the groups
(intergroup).

Below is the analysis of a simple example for a better comprehension. Imagine
that a engineering structural construction work has presented some cracking. To
verify the severity of the problem, the person responsible for the construction work
collected the opinion of four engineers, specialists in soil mechanics (E1), structures
(E2), civil construction materials (E3) and foundations (E4).

To analyze the engineers’ opinions in view of the Es, a reasonable way to group
them is to constitute a group A formed by the soil mechanics and foundations
experts (E1 and E4) and another group B, composed by the specialists in structures
and civil construction materials (E2 and E3).

Here we assume that, if the opinion of E1, or E4 is in the sense of stating that the
problem is serious, that is sufficient to consider Group A favorable to the severity of
the problem; analogous thought applies to Group B. However, to conclude by
means of this analysis that the problem is really serious, it is required that both
groups, A and B, give their opinion for the severity of the problem.

Thus, the maximization rule (MAX operator) is applied inside each group (in-
tragroup) and the minimization rule (MIN operator) for the results obtained in the
two groups (intergroup). The application of the rules, in this case, is this way:

E1ð ÞMAX E4ð Þ½ �MIN E2ð ÞMAX E3ð Þ½ � or GA½ �MIN GB½ �

or, utilizing another representation:

MIN MAX E1ð Þ; E4ð Þ½ �;MAX E2ð Þ; E3ð Þ½ �f g or MIN GA½ �; GB½ �f g

This way of applying the maximization and minimization rules for decision
making is known as principle of the minimax or optimistic decision, as it mini-
mizes the highest degree of certainty.

Figure 2.8 represents the application of these rules in a schematic manner.
The application of these operators enables to determine possible inconsistencies

of the database and verify to what extent they are acceptable or not in decision
making.
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The paraconsistent annotated evidential logic Es, although very recently dis-
covered, has been finding applications in several activity fields. It is believed that
the adequacy of the logic Es to these applications is due to the fact of enabling the
work with knowledge bases containing inaccurate, inconsistent and paracomplete
data, but not trivial data. In fact, most of the times, when a research is conducted
among clients or suppliers or even among experts, the obtained information is
vague or not always consistent, and we may even come across incomplete data.
This way, to address a database with these characteristics, it is convenient to have a
tool that is of simple application, efficient and, preferably, is easily computerized.
And this is exactly the profile of the logic Es. Through it, we manage to analyze the
data, although it is inaccurate, inconsistent or paracomplete, filter it and reach a final
result that, analyzed in the lattice s, will enable a conclusion.

Exercises

2:1 Given the propositions: p � “Peter has a fever” and q � “Peter must rest”,
express, utilizing convenient annotations in the language of the logic Es:

(a) “Peter does not have a fever”;
(b) “Peter has a fever and does not have a fever”;
(c) “Peter must rest”.

2:2 Given the annotation constants, calculate the degrees of certainty and con-
tradiction. Verify which cardinal (or extreme) state each one of them is closest
to,

Group A Group B

E1 E4 E2 E3

(a i ,1; b i ,1) (a i ,4; b i ,4) (a i ,2; b i ,2) (a i ,3; b i ,3)

MAX MAX

DECISION

(a i ,gA; b i ,gA) (a i ,gB; b i ,gB) Para-analyzer algorithm

MIN

(a i ,R; b i ,R)

Decision Rule

Fig. 2.8 Scheme for application of the MAX and MIN operators
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(a) (0.9; 0.2); (b) (0.1; 0.7); (c) (0.1; 0.2); (d) (0.8; 0.9); (e) (0.5; 0.5).

2:3 Make the figures of the para-analyzing algorithm (analogous to Fig. 2.4) with:

(a) requirement level 0.5; (b) requirement level 0.4.

2:4 Calculate:

(a) MAX [(0.9; 0.8), (0.5; 0.3), (0.1; 0.7)];
(b) MIN [(0.9; 0.8), (0.5; 0.3), (0.1; 0.7)];
(c) MAX {MAX [(0.9; 0.8), (0.5; 0.3), (0.1; 0.7)]; MIN [(0.9; 0.8), (0.5; 0.3),

(0.1; 0.7)] };
(d) MIN {MAX [(0.9; 0.8), (0.5; 0.3), (0.1; 0.7)]; MIN [(0.9; 0.8), (0.5; 0.3),

(0.1; 0.7)] }.

Answers

2:1 (a) p(0.0; 0.1); (b) p(1; 1); (c) q(1; 0).
2:2 (a) G(0.9; 0.2) = 0.7; H(0.9; 0.2) = 0.1; Truth.

(b) G(0.1; 0.7) = –0.6; H(0.1; 0.7) = –0.2; Falsity.
(c) G(0.1; 0.2) = –0.1; H(0.1; 0.2) = –0.2; Paracompleteness.
(d) G(0.8; 0.9) = –0.1; H(0.8; 0.9) = 0.7; Inconsistency.
(e) G(0.5; 0.5) = 0; H(0.5; 0.5) = 0;
Such annotation constant is equidistant from all the cardinal states.

2:3 (Fig. 2.9).
2:4 (a) (0.9; 0.3); (b) (0.1; 0.8); (c) (0.9; 0.3); (d) (0.1; 0.8).

Fig. 2.9 Corresponding lattices
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Chapter 3
Decision Rules

3.1 General Considerations

A convenient division of lattice s is seen in Fig. 3.1, in which the unit square is
divided into twelve regions. Out of these, the four regions denominated extreme
regions are highlighted, which will be object of more detailed analysis.

In this division of s, we highlight the segments AB, called perfectly undefined
line (PUL), and CD, called perfectly defined line (PDL). For a given annotation
constant (a; b), we will define the

• degree of uncertainty, by the expression G a; bð Þ ¼ aþ b� 1 (proportional to
the distance from the point that represents it to the PDL); and also, the

• degree of certainty, by the expression H a; bð Þ ¼ a� b (proportional to the
distance from the point that represents it to the PUL).

For points X = (a; b) next to A, the values of the degree of favorable evidence (or
degree of belief) (a) and of the degree of contrary evidence (or degree of disbelief)
(b) are close to 0, characterizing a region of paracompleteness (AMN); next to B; on
the contrary, the values of a and b are close to 1, characterizing a region of incon-
sistency (BRS); in the surroundings ofC, the values of a are close to 1 and the values
of b are close to 0, defining a region with high degree if certainty (close to 1), called
truth region (CPQ); and, finally, in the proximities ofD, the values of a are close to 0,
and the values of b are close to 1, defining a region with low degree of certainty (close
to −1), but high in module, called falsity region (DTU).

Also defined, are:

Paracompleteness limit line: line MN, so that G = �k1 ¼ �0:70; where 0\k1;\1;
Inconsistency limit line: line RS, so that G = k1 ¼ 0:70; where 0\k1\1;
Falsity limit line: line analyses for decision making; for that reason, it, so that
H = �k2 ¼ �0:70; where 0\k2\1;
Truth limit line: line PQ, so that H ¼ k2 ¼ 0:70;where 0\k2;\1:
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Except for contrary reference, in this book, k1 = k2 = k will be adopted, giving
symmetry to the chart, as in Fig. 3.1, in which k1 = k2 = k = 0.70. The value of k2
will be called requirement level (control value), as it will be seen further ahead.

As seen in the previous chapter, four extreme regions and one central region are
highlighted in Fig. 3.1.

AMNRegion:�1:0�G� �0.70 ) paracompleteness region

BRSRegion: 0:70�G� 1:0 ) inconsistency region

In these regions, we have situations of high indefinition (‘very’ paracomplete or
‘very’ inconsistent). Therefore, if point X = (a; b), which translates a generic
situation in study, belongs to one of these regions, it will be said that the data
present a high degree of uncertainty (paracompleteness or inconsistency).

CPQRegion : 0:70�H� 1:0 ) truth region

DTURegion : �1:0�H� �0:70 ) falsity region

In contrast to the previous ones, in these regions, we have situations of high
definition (truth or falsity). Therefore, if point X = (a; b), which translates a generic
situation in study, belongs to the region CPQ or DTU, it will be said that the
situation presents a high degree of favorable certainty (truth) or contrary certainty
(falsity), respectively.

Fig. 3.1 Extreme regions with degrees of contradiction and of certainty, in module, equal or
higher than 0.70
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The first one, CPQ, is called favorable decision region (or feasibility), as when
the point that translates the result of the analysis belongs to it, it means that the
result presents a high degree of favorable evidence (degree of belief) and low degree
of contrary evidence (degree of disbelief). That results in a high degree of certainty
(close to 1), which leads to a favorable decision, translating the feasibility of the
enterprise.

The second one, DTU, is called unfavorable decision region (or unfeasibility),
as, belonging to this region, the result presents a low degree of favorable evidence
and high degree of contrary evidence. That results in a low degree of certainty
(close to −1), which leads to an unfavorable decision, translating the unfeasibility of
the enterprise.

MNTUSRQPRegion

Gj j\0:70 ) �0:70\G \0:70 and Hj j\0:70 ) �0:70\H \0:70

This is a region that does not allow highlighted conclusions, that is, when the
point that translates the result of the analysis belongs to this region, it is not possible
to say that the result has a high degree of certainty or uncertainty. This region
translates only the tendency of the analyzed situation, according to the considered
decision states (see Sect. 2.6 and Table 2.1).

This way, the favorable decision (feasibility) is made when the point that
translates the analysis result belongs to the truth region (CPQ); and the unfavorable
decision (unfeasibility), when the result belongs to the falsity region (DTU).

3.2 Requirement Level and the Decision Rule

As a result of the considerations made in the previous section, for the configuration
in Fig. 3.1, we may enunciate the following decision rule [45]:

H� 0:70 ¼ favorable decision the enterprise is feasibleð Þ;
H��0:70 ¼ unfavorable decision the enterprise is unfeasibleð Þ;
� 0:70\H\ 0:70 ¼ inconclusive analysis:

Observe that, for this configuration, the decision (favorable or unfavorable) is
only made when |H| � 0.70, or that is, when k2 = 0.70. Hence, this value
(k2 = 0.70) represents the lowest value of the degree of certainty module for which
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a decision is made. For that reason, it is here denominated requirement level (NE)
of the decision. With that, the decision rule, represented in the most generic form, is
this way:

H�NE ¼ favorable decision the enterprise is feasibleð Þ;
H� �NE ¼ unfavorable decision the enterprise is unfeasibleð Þ;
�NE\H\NE ¼ inconclusive analysis:

It is appropriate to highlight that the requirement level depends on the safety, on
the trust that you wish to have in the decision, which, in turn, depends on the
responsibility it implicates, on the investment at stake, on the involvement or not of
risk to human lives, etc.

If we want a stricter criterion for the decision making, that is, if we want safer,
more reliable decisions, it is required to increase the requirement level, that is, we
must approximate lines PQ and TU of points C and D, respectively.

Observe that, if the result belongs to the BRS region (inconsistency region), the
analysis is inconclusive regarding the feasibility of the enterprise, but it points out
to a high degree of inconsistency of the data (G � 0.70).

Analogously, if the result belongs to the AMN region (paracompleteness), it
means that the data present a high degree of paracompleteness or, equivalently, high
lack of information about the data (G � –0.70).

In these cases, therefore, the result does not enable a conclusion regarding the
feasibility of the enterprise, but it allows us to conclude that the database, which
will often be constituted by experts’ opinions, presents a high degree of uncertainty
(paracompleteness or inconsistency). Therefore, it allowsus, at least, to have
information regarding the degree of uncertainty of the elements contained in the
database. This is a great advantage of using the paraconsistent annotated evidential
logic Es, which manages to handle data, even if they are provided with paracom-
pletenesses or inconsistencies (or contradictions).

As we may see, the application of the paraconsistent logic techniques enables us
to determine possible inconsistencies of the database and verify to what extent they
are acceptable or not in decision making.

The importance of the analysis of a real situation through MAX and MIN
operators lies in the fact that it, even if the analyzed conditions present contra-
dictory results, they are taken into account. That means that this method accepts
databases that present contradictions, or paracompletenesses, that is, it manages to
deal with situations provided with uncertainties, as long as they are not trivial. This
is the great merit of the paraconsistent annotated logics.

It is verified, then, that lattice s with the division into twelve logical decision
states (Fig. 3.1) enables analyses for decision making; for that reason, it was
considered to para-analyzer algorithm (or device) [37, 41].
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Chapter 4
The Decision Making Process

Paraconsistent Decision Method (PDM)

4.1 Initial Considerations

Every reasonable decision must be based on a broad series of factors that may
influence the enterprise in the analysis. Out of these factors, each one will influence
differently, indicating by the feasibility (favorable decision) or by the unfeasibility
(unfavorable decision) of the enterprise, or even, the factor may be inconclusive,
not providing an indication, neither favorable not contrary. This is very noticeable
when the para-analyzing algorithm is utilized, that is, when the values of the
favorable evidence (or degrees of belief) (ai,R) and contrary evidence (or degrees of
disbelief) (bi,R), resulting from each factor, are plotted, so that each factor is rep-
resented by one point X = (a; b) of lattice s.

However, working with a substantial number of factors is not reasonable, as it
would make the method exhausting and costly. Thus, the proposal is choosing and
utilizing only the most important ones, the ones with most influence in the decision,
within the boundary of the limited rationality recommended by Simon, “which
works with a simplified model of reality, considering that several aspects of reality
are substantially irrelevant at a certain moment; the choice is made based on the
satisfactory standard of the real situation, considering only some of the most rel-
evant and crucial factors” [94].

Normally, knowing how the isolated influence of each factor does not present
relevant interest. What matters in the feasibility analysis of an enterprise is the joint
influence of all the chosen factors, which is translated by a final logical state
denominated center of gravity (w). It is represented by a point W of lattice s, whose
coordinates (aw and bw) are determined by the weighted average of the coordinates
of points Xi = (ai,R, bi,R) of s, which translate the influence resulting from each one
of the factors.
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Thus:

aw ¼
P

Pi � ai;RP
Pi

and bw ¼
P

Pi � bi;RP
Pi

ð4:1Þ

where

Pi are the weights of the factors in the enterprise feasibility analysis.

Observe that the center of gravity W corresponds to the center of gravity of the
points Xi that represent the factors isolatedly in lattice s. If all the factors had the
same weight in the decision, point W would coincide with the geometrical center of
these points. Therefore, to obtain the final result of the analysis and make the
decision, it is necessary to analyze the center of gravity of the points that represent
the factors in lattice s.

The Paraconsistent Decision Method (PDM) consists, basically, of eight stages
listed here, and which will be detailed as the text follows.

1. Establish the requirement level of the decision you intend to make.
2. Select the most important factors and with the most influence in the decision.
3. Establish the sections for each one of the factors (three, four, five or more

sections may be established, depending on the case and on the desired detailing).
4. Build the database, which is constituted by the weights attributed to the factors

(when you wish to distinguish them by importance) and by the values of
favorable evidence (or degree of belief) (a) and of contrary evidence (or degree
of disbelief) (b) attributed to each one of the factors in each one of the sections;
the weights and the values of the evidences are attributed by experts conve-
niently chosen to give their opinions. (The database may also be constructed
with stored statistical data, obtained in previous experiences in the execution of
similar enterprises).

5. Perform the field research (or data survey) to verify, in case of analysis, in which
section (condition) each one of the factors is.

6. Obtain the value of the favorable evidence (ai,R) and the value of the contrary
evidence (bi,R), resultant, with 1 � i � n, for each one of the chosen factors
(Fi), in the sections found in the research (Spj), by means of applications of the
maximization (MAX operator) and minimization (MIN operator) techniques of
the logic Es.

7. Obtain the degree of favorable evidence (aw) and the degree of contrary evi-
dence (bw) of the center of gravity of the points that represent the chosen factors
in lattice s.

8. Make the decision, applying the decision rule or the para-analyzer algorithm.
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4.2 Stages of the Paraconsistent Decision Method
(PDM) [46]

To perform a feasibility analysis of an enterprise for decision making, the planning
is under the coordination of a particular person (the businessperson him/herself, an
engineer, a consultant, etc.). This person will work the data in such a manner as to
“translate” them to the language of the logic ET, allowing, this way, a proper
“plotting” to the analyses of the tools offered by this logic. This specialist will be
called knowledge engineer (KE). Therefore, the knowledge engineer is responsible
for organizing the whole analysis process for the final decision making.

4.2.1 Establishment of the Requirement Level

The first task of the KE is to establish the requirement level of the decision to be
made. It is not hard to understand that the requirement level depends on the safety it
is intended for the decision, which, in turn, depends on the responsibility it
implicates (on the amount of the investment at stake, on the involvement or not of
risk to human lives, etc.).

When the KE establishes the requirement level of the decision, he/she is auto-
matically fixing the decision regions and, consequently, also the decision rule and
the para-analyzer algorithm. In fact, for example, if the requirement level is fixed
equal to 0.70 (that is, if it is established that the decision will only be made when
the module of the difference between the degrees of favorable evidence and contrary
evidence of the center of gravity is, at least, 0.70), the decision rule and the
para-analyzer algorithm will be the ones represented in Fig. 4.1.

4.2.2 Choice of the Influence Factors

The second task of the KE is to research and verify the factors that influence the
success (or failure) of the enterprise. This research encompasses all kinds of con-
sultations he/she may conduct: consultation to personnel that act in an institution of
the same field or similar field, to specialized compendia, to experts in the subject,
consultation to other projects of the same enterprise or similar enterprises, etc.

After the factors that influence the success (or failure) of the enterprise have been
researched, it is also the KE’s responsibility to select the most important and most
influential n factors Fi (1 � i � n), that is, the ones whose conditions may
markedly affect the feasibility of the enterprise. One of these factors in very
favorable conditions makes the analysis result tend highly to feasibility (favorable
decision) of the enterprise. If the chosen factors may influence in different ways or
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if they have different importance in the decision, one more than the others, these
differences may be compensated by the attribution of different weights to each one
of the chosen factors.

4.2.3 Establishment of the Sections for Each Factor

The following mission of the KE is to establish the sections Sj (1 � j � s), which
translate the conditions in which each factor may be found. Then, depending on the
refinement he/she intends to provide the analysis, more (or less) sections may be
established.

If the KE opts for establishing three sections, they will be:

S1—the factor is in favorable condition to the enterprise;
S2—the factor is in indifferent condition to the enterprise;
S3—the factor is in unfavorable condition to the enterprise.

For example, when analyzing the feasibility of a higher education institution to
open a new course in a certain region, and the factor is the amount of the course
monthly fee (Mc), the three established sections may be:

S1: Mc < 80% Mm; S2: 80% Mm � Mc � 120% Mm; S3: Mc > 120% Mm,
being Mm the average amount of the monthly fees of the same course (or similar
courses) in the other schools of the same region.

Fig. 4.1 Decision rule and para-analyzer algorithm, for requirement level equal to 0.70

44 4 The Decision Making Process



If the knowledge engineer opts for establishing five sections, they will be:

S1—the factor is in very favorable condition to the enterprise;
S2—the factor is in favorable condition to the enterprise;
S3—the factor is in indifferent condition to the enterprise;
S4—the factor is in unfavorable condition to the enterprise;
S5—the factor is in very unfavorable condition to the enterprise.

For example, when analyzing the feasibility of the launch of a new product and the
factor is the product price (Q) in themarket, the five sections to be establishedmay be:

S1: Q < 70% P;
S2: 70% P � Q < 90%P;
S3: 90%P � Q � 110%P;
S4: 110%P < Q � 130%P;
S5: Q > 130%P,

being P the average price of the same product (or similar products) already existent
in the market.

4.2.4 Construction of the Database

An important task to be executed by the KE is the construction of the database. For
this purpose, he/she must choose m experts Ek (1 � k � m), from the area or
related areas. Each one of the chosen experts will utilize their knowledge, experi-
ences, sensitivity, intuition, common sense, etc., to provide information about the
possibilities of the enterprise in the conditions established by the sections, for each
one of the chosen influence factors.

In the choice of the experts, if possible, we must search for people with different
majors, so that the attribution of values does not result from one single line of thought.

For example, a group of specialists adequate to analyze the feasibility of a higher
education institution to open a new course in a certain region is composed by a
professional with a sociologist formation, an economist, an educator, and a last one
with a major in business administration (or school administration).

Evidently, it is possible to increase the comprehensiveness of the process about
the experts’ majors. For this purpose, just utilize more than four specialists and/or
professionals from other major areas. There is nothing to prevent you from using
more than one expert from the same major area. The KE is in charge of deciding
about the choice of the experts.

It must be pointed out that the process presents great versatility, once it allows
the choice of more (or less) influence factors, allows the establishment of three or
more sections for each factor, as well as the utilization of a larger (or smaller)
number of specialists. Although the process allows, it is not advisable to utilize less
than four specialists, so that the result is not provided with too much subjectivity.
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Firstly, the experts will say if, among the chosen factors, there is distinction
regarding the importance. If there is not, they will be attributed the same weight
(which may be equal to 1 (one) for all); if there is, each expert will attribute to each
factor the weight qi,k they deem adequate, taking into account the importance of the
factor in relation to the others in the decision that will be made.

qi,k = weight attributed by specialist k to factor i.
In the attribution of these weights, some restrictions may be imposed by the KE.

For example, it may be imposed that the weights must be positive integers and
which belong to the interval [1, 10]. After the weights have been attributed to all the
factors by all the invited specialists, the arithmetic average of the weights attributed
by the specialists will be adopted as the final weight Pi of each factor.

Pi ¼
Pm

k¼1 qi;k
m

¼ weight of the i due to all the specialists ð4:2Þ

Observe that there is the possibility that the KE may distinguish the experts
according to the background (practice, experience, knowledge) of each one,
attributing different weights rk to the experts. In this case, the final weight Pi of each
factor would not be an arithmetic average anymore, and would be a weighted
average.

rk = weight attributed by the engineering knowledge to specialist k.

Pi ¼
Pm

k¼1 rk: q i;kPm
k¼1 rk

¼ weight of the i due to all the specialists ð4:3Þ

This is only one nuance of the method, showing its versatility and great quantity
of options given to the Knowledge Engineer (KE).

After the final weights of the factors have been established, the specialists must
be requested to attribute the value of the favorable evidence (or degree of belief)
(a) and contrary evidence (or degree of disbelief) (b) to each one of the factors in
the conditions in which it may be, characterized by the established sections. Of
course, in these attributions, each specialist must also make use of their knowledge,
experiences, sensitivity, intuition, common sense, etc.

Each ordered pair (ai,j,k; bi,j,k) formed by the values of favorable and contrary
evidences, attributed by a specialist Ek to a factor Fi inside the condition defined by
a section Sj, constitutes an annotation constant symbolized by µi,j,k.

The database is built by the matrix of the weights, Mp, column matrix [Pi] of n
lines formed by the average weights Pi of the factors; and by the matrix of the
annotations, MA, the matrix [µi,j,k] of n � s lines and m columns, that is, with
n � s � m elements (bi-valued annotations), formed by all the annotations the m
specialists attribute to each one of the n factors inside the conditions defined by the
s sections.

The matrix [µi,j,k] may be represented by [(ai,j,k; bi,j,k)], once each one of its
elements µi,j,k is one ordered pair of the form (ai,j,k; bi,j,k).
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For example, in a situation with four specialists (m = 4), five factors (n = 5) and
three sections for each factor (s = 3), the matrix of the weights, Mp, is a column
matrix of 5 lines (n = 5) and the matrix of the annotations, MA, has the form
15 � 4 (n � s = 5 � 3 = 15 e m = 4) as indicated in Table 4.1.

4.2.5 Field Research

The measures were taken by the KE until the construction of the database (from 1 to
4) complete his/her decision-making device. From that on, he/she is apt to apply the
method and reach to the final decision, using information that will be collected
using research about the condition (defined by the section) of each influence factor.
Therefore, the following step is to conduct the field research and verify the real
condition of each one of the influence factors, that is, to research in which
Section Sj each Factor Fi is.

Thus, using the previous example (Sect. 4.2.3) of the opening of a course by an
education institution, if the monthly fee Mc needed for the healthy functioning of the
course is equal to 130%Mm, we say that the factor “amount of the monthly course
fee” is in unfavorable condition for the opening of the course, that is, that the
condition of this factor is translated by Section S3 or that this factor is in section S3.

Analogously, if in the other example seen in the same Sect. 4.2.3, the research
shows that the price Q of launch of the product is 80%P, we say that the factor

Table 4.1 Database: matrices of the weights, Mp, and of the annotations, MA
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“product price in the market” is in favorable condition for the launch of the
product, that is, that the condition of this factor is translated by Section S2 or that
this factor is in section S2.

After this research is conducted, the KE obtains a set of n sections resultant from
the research, Sp,i with 1 � i � n, one for each factor, which translate in which
real conditions the factors are. These n values of the sections resulting from the
research constitute a column matrix of n lines, which will be called researched
matrix, Mpq = [Spi]. With this selection of the sections, performed through the field
research, it is possible to search in the database the experts’ opinions about the
feasibility of the enterprise in the conditions in which the factors are. These
opinions are translated by the values of the favorable and contrary evidences
attributed to the factors in the conditions of the sections obtained in the research.

This way, from the matrix MA of the database, another matrix may be high-
lighted, its subset, which will be called matrix of the researched data, MDpq =
[ ki,k], of n lines and m columns, constituted by the lines of MA corresponding to
Sections Spi obtained in the research.

4.2.6 Calculation of the Resulting Annotations

Besides the result obtained in the research (matrix of the researched data, MDpq), for
the application of the logic Es techniques, a measure must be taken by the KE:
divide the specialists into groups according to criteria that must be defined by him/
herself. That is, how will the specialist groups be constituted?

In the constitution of the groups of specialists for the application of the MAX
and MIN operators in real case studies, with the aid in the decision making, some
details must be observed.

As seen in Sect. 2.7, the MAX operator has the sense of performing the maxi-
mization of the degree of certainty inside a set of annotations, choosing the highest
degree of favorable evidence and the lowest degree of contrary evidence. Therefore,
it must be applied in situations when the opinions of two or more experts (or
researched items) are not all determining factors, with just the favorable opinion of

Table 4.2 Matrices of the weights, Mpi, researched, Mpq, and of the researched data, MDpq
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one of them being enough to consider the group’s result satisfactory. Thus, if
among the experts there is one that deserves special prominence in the subject, he/
she must be alone in one group, so that his/her opinion is necessarily considered.
On the other hand, if there are two specialists of the same level and acting in the
same area or related areas, both of them may be placed in the same group, as if the
opinion of one of them is satisfactory, it is already sufficient to consider this group’s
opinion as favorable to the enterprise.

The MIN operator has the sense of performing the minimization of the degree of
certainty inside a set of annotations, choosing the lowest degree of favorable evi-
dence and the highest degree of contrary evidence (see Sect. 2.7). Therefore, it must
be applied in situations when the opinions of two or more experts (or researched
items) are all determining factors, being essential that all of them be favorable so
that the analysis result may be considered satisfactory.

Thus, for example, if among the specialists there are two high-level ones, they
must be in different groups and alone, so that both their opinions are necessarily
considered and not shared with others’ opinions.

An example that may clarify the formation of the groups is the following.
Imagine the four sectors of a soccer team: the goalkeeper (a player with number 1),
the defense (four players numbered from 2 to 5), the midfield (three players
numbered from 6 to 8) and the attack (three players numbered from 9 to 11). And
what the soccer players call 4–3–3 scheme. A coach (here, the knowledge engineer)
understands that, for the team to be great, it must have one great player in each
sector, that is, a great goalkeeper, a great defender, a great midfielder and a great
attacker.

Thus, in a feasibility analysis of the team, the groups are already naturally
constituted. The goalkeeper, who is the only one in the sector, constitutes one group
(A); the four defense players constitute another group (B), as just one of them being
great is sufficient to meet the requirement of a great team; analogously, the three of
the midfield constitute the third group (C) and the three attackers, the fourth group
(D).

The distribution of the groups for the application of the MAX and MIN operators
is the following:

MIN Group A½ �; Group B½ �; GroupC½ �; GroupD½ �f g or
MIN 1½ �; MAX 2; 3; 4; 5½ �; MAX 6; 7; 8½ �; MAX 9; 10; 11½ �f g or

MIN aA; bAð Þ½ �; aB; bBð Þ½ �; aC; bCð Þ½ �; aD; bDð Þ½ �g;

which may be represented by the scheme of Fig. 4.2.
Observe that the influence of the goalkeeper is very accentuated, as he deter-

mines the result of group A alone.
For further details regarding this example, see Chap. 9.
As another illustrative example, imagine that there is the suspicion that one

individual has a certain disease, because he has been presenting some abdomen pain
symptoms. To conduct an analysis employing the para-analyzer, the opinions of
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four specialists (doctors) are collected: a primary care physician (E1), a gastroen-
terologist (E2), a urologist (E3) and an endoscopist (E4).

In a situation like this, suppose that the primary care physician’s (E1) and the
endoscopist’s (E4) opinions are indispensable and crucial, but that the gastroen-
terologist’s (E2) and the urologist’s (E3) opinions do not have the same weight, and
the opinion of just one of them may prevail.

In this situation, naturally, we already have a proper formation for the groups:
group A, formed by the primary care physician (E1); group B, by the endoscopist
(E4); and group C, formed by the gastroenterologist (E2) and urologist (E3). After
we have the groups, the maximizing operator (MAX) is applied intragroup (which,
in this case, is summarized to applying it to group C), and then, the minimizing
operator (MIN) is applied among groups A, B and C (intergroups). In this case, the
application of the operators is:

MIN E1;½ �; E4½ �;MAX E2;E3½ �f g or MIN GA�;½ ½GB ;� ½Gc�f g

In that case, a schematic representation of the application of the maximization
and minimization rules is translated by Fig. 4.3.

It must be observed that the presented examples only have the purpose of
illustrating the way the distribution of the researched items into groups and the
application of the MAX and MIN operators is performed, and any discussion here
regarding their technical correctness would go beyond the scope of this work.

The importance of the analysis of a real situation through MAX and MIN
operators lies in the fact that it, even if the analyzed conditions present contra-
dictory results, they are taken into account. That means that this method accepts

Group D

Decision Rule

Para-analyzer algorithm

MIN

(a i ,R; b i ,R)

Group A Group B Group C

DECISION

MAX MAX MAX

(a A; b A) (a B; b B) (a C; b C) (a D; b D)

Fig. 4.2 Scheme of application of the MAX and MIN operators
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databases that present contradictions, that is, it manages to deal with uncertain
(inconsistent or paracomplete) situations.

The application of these operators enables us to determine the values of favor-
able evidence (ai,R) and contrary evidence (bi,R), with 1 � i � n, resultant, for
each factor Fi in Section Spj found in the research.

Recalling that every annotation (l or k) is, in this work, an ordered pair of the
form (a; b), we conclude that the matrix MDpq = [ki,k] of the researched data may
be represented by [(ai,k; bi,k)]. This way, Table 4.2 starts having the form of
Table 4.3.

Suppose that the knowledge engineer (KE) distributes the specialists into p Gh

groups, with 1 � h � p, each one with gh experts, being

Xp

h¼1

gh ¼ m:

Thus, the Gh group will be constituted by the following gh experts: E1h, E2h, …,
Eghh. Then, the application of the maximization rule inside Gh group (intragroup)
may be structured this way:

MAX½ E1hð Þ; E2hð Þ; . . .; ðEghhÞ� or
MAX½ ai;1h; bi;1h

� �
; ai;2h; bi;2h
� �

; . . .; ðai;ghh; bi;ghhÞ�

As a result of this maximization we obtain the ordered pair (ai,h; bi,h), in which
ai,h = max. {ai,1h, ai,2h, …, ai,ghh} and bi,h = max. {bi,1h, bi,2h, …, bi,ghh}

Para-analyzer algorithm(a i ,gA; b i ,gA) (a i ,gB; b i ,gB) (a i ,gC; b i ,gC)

Group A Group A

DECISION

(a i ,R; b i ,R)

Decision Rule

MIN

(a i ,1; b i ,1) (a i ,4; b i ,4) (a i ,2; b i ,2) (a i ,3; b i ,3)

MAX

Group C

E1 E4 E2 E3

Fig. 4.3 Scheme for application of the MAX and MIN operators
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As there are n factors, we obtain n ordered pairs this way, constituting a matrix
resulting from the Gh group, MGh = [(ai,h; bi,h], with n lines, as 1 � i � n, and
one column. It must be observed that, as there are p groups, p matrices similar to
this one are obtained.

Returning to the illustrative example of n = 5 factors, s = 3 sections and m = 4
specialists, and admitting that the four specialists were distributed into two groups
(p = 2), the first one, Gp, by specialists E1, and E4, and the second one, G2, by
specialists E2 and E3, the application of the maximization rule would be performed
the following way:

inside Group G1: MAX [(E1,), (E4)];
inside Group G2: MAX [(E2), (E3)] or
MAX [(ai,1; bi,1), (ai,4; bi,4)], resulting in (ai,g1; bi,g1) to group G1; and
MAX [(ai,2; bi,2), (ai,3; bi,3)], resulting in (ai,g2; bi,g2) to group G2, being

ai;g1 ¼ max ai1; ai4f g; bi;g1 ¼ min bi1; bi4f g; and
ai;g2 ¼ max ai2; ai3f g; bi;g2 ¼ min bi2; bi3f g;

We obtain, then, p = 2 column matrices with n = 5 lines as a result of the
application of the maximization rule inside the groups G1 and G2 (intragroup). They
are:

MG1 ¼ ai;g1; bi;g1
� �� � ¼ qi;g1

� �
and MG2 ¼ aig2; big2

� �� �¼ qi;g2
� �

;

which may be represented in another manner, as in Table 4.4.
After the maximization rules are applied (MAX operator) inside the groups

(intragroup), the next step is the application of the minimization rule (MIN oper-
ator) among the p groups (intergroups), which may be structured this way:

Table 4.3 Matrices of the weights, Mpi, researched, Mpq, and of the researched data, MDpq
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MIN G1½ �; G2½f g; . . .; Gh½ �; . . .; Gp
� ��

or
MIN ai;g1; bi;g1

� �
; ai;g2; bi;g2
� �

; . . .; ai;gh; bi;gh
� �

; . . .; ai;gp; bi;gp
� �� �

from which we obtain for each factor Fi the resultant annotation (ai,R; bi,R), in which

ai;R ¼ minfai;g1; ai;g2; . . .; ai;gh; . . .; ai;gpg; and
bi;R ¼ maxfbi;g1; bi;g2; . . .; bi;gh; . . .; bi;gpg:

As there are n factors, these results will constitute a column matrix with n lines,
which will be called resulting matrix, MR = [(ai,R; bi,R)] = [xi,R].

Returning to the example of n = 5 factors, s = 3 sections and m = 4 specialists,
the application of the maximization rule would be reduced to MIN {[G1], [G2]},
obtaining:

a1;R ¼ minfa1;g1; a1;g2g and b1;R ¼ maxfb1;g1; b1;g2g;
a2;R ¼ minfa2;g1; a2;g1g and b2;R ¼ maxfb2;g1; b2;g2g;
a3;R ¼ minfa3;g1; a3;g1g and b3;R ¼ maxfb3;g1; b3;g2g;
a4;R ¼ minfa4;g1; a4;g1g and b4;R ¼ maxfb4;g1; b4;g2g;
a5;R ¼ minfa5;g1; a5;g1g and b5;R ¼ maxfb5;g1; b5;g2g:

The resulting matrix, column matrix of 5 lines, is represented as in Table 4.5.
The application of the maximization (MAX) and minimization (MIN) rules, in

view of this example that is being analyzed, may be summarized this way:

MIN MAX E1ð Þ; E4ð Þ½ �;MAX E2ð Þ; E3ð Þ½ �f g or MIN G1½ �; G2½ �f g:

In the applications, the matrices seen in Tables 4.2 and 4.3 (matrices of the
weights, researched and researched data), 4.4 (matrices of the groups) and 4.5
(resulting matrix) will be placed as columns in the calculation table, which has the
format of Tables 4.6 and 4.7.

Table 4.4 Matrices of groups, MG1 and MG2, resulting from the application of the maximization
rule
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Table 4.5 Resultant matrix, (MR)

Table 4.6 Calculation table, with the indication of the bi-valued annotations

Fi MP Mpq MDpq MG1 MG2 MR

Pi Spi E1 E2 E3 E4 MAX [E1, E4] MAX [E2, E3] MIN [G1, G2]

F1 P1 Sp1 k1,1 k1,2 k1,3 k1,4 q1,g1 q1,g2 x1,R

F2 P2 Sp2 k2,1 k2,2 k2,3 k2,4 q2,g1 q2,g2 x2,R

F3 P3 Sp3 k3,1 k3,2 k3,3 k3,4 q3,g1 q3,g2 x3,R

F4 P4 Sp4 k4,1 k4,2 k4,3 k4,4 q4,g1 q4,g2 x4,R

F5 P5 Sp5 k5,1 k5,2 k5,3 k5,4 q5,g1 q5,g2 x5,R

Table 4.7 Calculation table with indication of the degrees of evidence favorable (a) and contrary
(b) values

Fi MP Mpq MDpq MG1 MG2 MR

Pi Spi E1 E2 E3 E4 MAX
[E1, E4]

MAX
[E2, E3]

MIN
[G1, G2]

F1 P1 Sp1 (a1,1;
b1,1)

(a1,2;
b1,2)

(a1,3;
b1,3)

(a1,4;
b1,4)

(a1,g1;
b1,g1)

(a1,g2;
b1,g2)

(a1,R;
b1,R)

F2 P2 Sp2 (a2,1;
b2,1)

(a2,2;
b2,2)

(a2,3;
b2,3)

(a2,4;
b2,4)

(a2,g1;
b2,g1)

(a2,g2;
b2,g2)

(a2,R;
b2,R)

F3 P3 Sp3 (a3,1;
b3,1)

(a3,2;
b3,2)

(a3,3;
b3,3)

(a3,4;
b3,4)

(a3,g1;
b3,g1)

(a3,g2;
b3,g2)

(a3,R;
b3,R)

F4 P4 Sp4 (a4,1;
b4,1)

(a4,2;
b4,2)

(a4,3;
b4,3)

(a4,4;
b4,4)

(a4,g1;
b4,g1)

(a4,g2;
b4,g2)

(a4,R;
b4,R)

F5 P5 Sp5 (a5,1;
b5,1)

(a5,2;
b5,2)

(a5,3;
b5,3)

(a5,4;
b5,4)

(a5,g1;
b5,g1)

(a5,g2;
b5,g2)

(a5,R;
b5,R)
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The values of the resulting favorable (ai,R) and contrary (bi,R) evidence, obtained
for all the factors, enable us to determine the influence of each factor in the fea-
sibility of the enterprise. That is performed through the para-analyzing algorithm.

Just plot the pairs (ai,R; bi,R) in the cartesian plane, obtaining n points that
represent the n factors, and verify the position of these points in lattice s. If the point
belongs to the truth region, the corresponding factor influences in the sense of
recommending the execution of the enterprise; if it belongs to the falsity region, the
factor recommends the non-execution of the enterprise; but if the point belongs to a
different region from these ones, it is said that the factor is inconclusive, that is, that
neither the execution nor the non-execution of the enterprise are recommended.

This analysis of the influence of the factors may also be performed calculating
the degree of certainty (Hi = ai,R − bi,R) for each factor and applying the decision
rule. If Hi � NE, factor Fi recommends the execution of the enterprise; if
Hi � −NE, factor Fi recommends the non-execution of the enterprise; and if
−NE < Hi < NE, factor Fi is inconclusive, that is, does not recommend the exe-
cution nor the non-execution of the enterprise.

4.2.7 Determination of the Center of Gravity

Generally, there is not much interest in knowing the influence of each factor,
isolatedly. However, it is fundamentally important to know the joint influence of all
the factors on the feasibility of the enterprise, as it leads to the final decision. The
joint influence of the factors is determined by the analysis of the center of gravity
(W) of the points that represent them in the cartesian plane (in lattice s). To
determine the center of gravity, its coordinates are calculated, which are the degrees
of favorable (aw) and contrary (bw) evidences. The degree of favorable evidence of
the center of gravity (aw) is equal to the weighted average of the favorable evi-
dences resulting from all the factors, taking as coefficient (weights) the weights (Pi)
attributed to the factors by the specialists. Analogously, the degree of contrary
evidence of the center of gravity (bw) is calculated.

aW ¼
Pn

i¼1 Piai;RPn
i¼1 Pi

and bW ¼
Pn

i¼1 Pibi;RPn
i¼1 Pi

ð4:4Þ

In the specific case in which all the factors have equal weights (P1), the weighted
averages at (4.4) transform into arithmetic averages and the center of gravity of the
points that represent the factors become the geometrical center of these points.

In this case:

aW ¼
Pn

i¼1 ai;R
n

and bW ¼
Pn

i¼1 bi;R
n

ð4:5Þ
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4.2.8 Decision Making

After determining the values of favorable (aw) and contrary (bw) evidences of the
center of gravity, it is already possible to perform the final decision making, through
the para-analyzing algorithm.

For this purpose, just plot the ordered pair (aw; bw) in the cartesian plane and
verify which region of lattice s the center of gravity W belongs to. If it belongs to
the truth region, the decision is favorable, that is, the enterprise is feasible; if it
belongs to the falsity region, the decision is unfavorable, that is, the enterprise is not
feasible; but if it belongs to any region of lattice s other than these two, it is said that
is the analysis is inconclusive. In this case, no conclusion is made for the feasibility
of the enterprise, nor for its unfeasibility; we just say that the analysis was not
conclusive and that, if it is of interest, new studies must be conducted to try to reach
to a positive conclusion (feasibility or unfeasibility), always having the corre-
sponding non-extreme states as support.

Another way to obtain the final decision is by the application of the decision
rule. In this case, just calculate the degree of certainty of the center of gravity
(Hw = aw−bw) and apply the decision rule. If Hw � NE, the decision is favorable
and the result recommends the execution of the enterprise (feasible); if
Hw � −NE, the decision is unfavorable and it recommends the non-execution of
the enterprise; and if −NE < Hw < NE, it is said that the analysis is inconclusive,
that is, the result does not recommend the execution nor the non-execution of the
enterprise. It only suggests that, if it is of interest, new studies are conducted to try
solving the indecision.

It must be observed, then, that the degree of certainty of the center of gravity
(Hw) is the final, well-determined number, which enables the sought decision. The
whole process ends up leading to this number, essential for the decision making
with the obtention of new evidences.

To close this chapter, it is worth to notice that all the described operations—
search for the opinions of the specialists in the database, once the research result is
known (stage 5); calculation of the values of the favorable and contrary evidences
for each one of the factors (stage 6); calculation of the values of the favorable and
contrary evidences of the center of gravity (stage 7); and the decision making (stage
8)—are performed by a computer program developed with the aid of the Excel
electronic spreadsheet. This program will be called Calculation Program For The
Paraconsistent Decision Method (CP of the PDM).

With the intention of aiding the ones less trained in the use of the Excel
spreadsheet, Chap. 5 shows how to perform the assembly of the CP of the PDM.
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Chapter 5
Calculation Program
for the Paraconsistent Decision Method
(PDM’S CP)

The Calculation Program of the Paraconsistent Decision-Making (PDM’s CP) is an
application of the Excel spreadsheet. This way, with the intention to help the ones
less familiar with this worksheet, we took the liberty to show how, with the aid of
Excel, the necessary calculations are made for the PDM application. Beforehand,
we ask for the comprehension of the Excel experts, so that they disregard if
something has not been done the best way, and we request their kindness to present
the suggestions of improvements they deem pertinent.

Of course, these calculations could be done without the computing resources, but
they would become so time-consuming and tedious that it would impair the method.

To make this exhibition tuned with the method presentation text (Chap. 4), it will
follow the sequence of the PDM stages, which are executed by the calculation
program. We will use the Office 2003 Excel spreadsheet; for version 2007, some
small adaptations will be necessary.

5.1 Search for the Expert’s Opinions on the Database,
Once the Research Result Is Known (Stage 5)

To make the explanation more accessible, it will be accompanied by a numeric
example. For this purpose, the following database will be considered.

That is, a database corresponding to analysis of four influence factors, three
sections for each factor and four specialists will be utilized.

To the reader: if you wish to follow the explanations and, at the same time,
execute them in an Excel spreadsheet, it will be easier if you keep the numbering of
the lines and the columns used in this text.

Suppose that the research result has accused that the factors F1 to F4 are in the
conditions translated by sections S2, S1 S2 and S3, respectively. Therefore, these are
the elements of the researched matrix. Thus, the transpose of this matrix is

© Springer International Publishing AG, part of Springer Nature 2018
F. R. de Carvalho and J. M. Abe, A Paraconsistent Decision-Making Method,
Smart Innovation, Systems and Technologies 87,
https://doi.org/10.1007/978-3-319-74110-9_5
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[Spj]
t = [S2, S1, S2, S3]. It will be considered that the transpose of the matrix of the

weights is [Pi]
t = [4, 3, 2, 1], which is already contained in the database.

The problem is to seek in the database the values of the degrees of evidence,
favorable and contrary, corresponding to these sections, which are highlighted in
bold in Table 5.1.

This task is resolved with the aid of the PROCV function, combined with the
CONCATENATE (concatenate) function. The first one has three arguments:
Valor_procurado (Sought value), Matriz_tabela (Table matrix) and Número_índice
coluna (Column index number); the second one has as many arguments as the texts
to be concatenated (text 1, text 2,…). In the CP of the PDM we will have, typically,
only two texts to be concatenated: the indicator of the factor (Fi) and the indicator of
the section (Sj).

This, the combination of the two functions results in the function:
PROCV(CONCATENAR (Fator; Seção); Matriz_tabela; Número_índice_

coluna).
For the application of this function, it is required to insert one more column, D,

in the database (key or base column), where the two texts of the CONCATENAR
function (Factor and Section) are grouped (see Table 5.1). This way, the
Matriz_tabela starts being the segment of the database that goes from line 5 to 16
and from column D to L, that is, ($D$5:$L$16). Therefore, column D is column 1
of the Matriz_tabela.

The order of the column (Número_índice_coluna), as the name itself says, is the
order of the column of the Table matrix where the data you wish to search is. If you

Table 5.1 Data base for four factors Fi, three sections Sj and four specialists Ek

A B C D E F G H I J K L

1 Data base

2

3 Factor Weight Section F and S Spec 1 Spec 2 Spec 3 Spec 4

4 ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4
5 F1 4 S1 F1S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

6 S2 F1S2 0.7 0.6 0.6 0.4 0.6 0.6 0.5 0.6

7 S3 F1S3 0.3 1.0 0.3 1.0 0.2 0.8 0.2 1.0

8 F2 3 S1 F2S1 0.9 0.2 1.0 0.2 0.9 0.1 0.8 0.1

9 S2 F2S2 0.6 0.5 0.6 0.6 0.4 0.4 0.5 0.4

10 S3 F2S3 0.3 0.9 0.2 0.8 0.1 0.8 0.0 0.9

11 F3 2 S1 F3S1 0.9 0.2 0.8 0.2 0.8 0.0 0.7 0.2

12 S2 F3S2 0.5 0.4 0.4 0.4 0.6 0.5 0.5 0.5

13 S3 F3S3 0.3 1.0 0,0 1.0 0.3 1.0 0.1 0.9

14 F4 1 S1 F4S1 1.0 0.2 0.8 0.0 1.0 0.2 0.9 0.4

15 S2 F4S2 0.5 0.6 0.6 0.6 0.6 0.4 0.5 0.6

16 S3 F4S3 0.1 0.9 0.2 0.9 0.2 1.0 0.0 0.9
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want the degree of favorable evidence of specialist 1 (ai,j,1), the column is E and the
order of the column is 2, because the first column of the Matriz_tabela is D; if you
want the degree of contrary evidence os specialist 1 (bi,j,1), the column is F and the
order of the column is 3, because the first column of the Matriz_tabela is D; and so
on, until you reach column L, whose order is 9.

One detail: for the Excel to execute the PROCV function, it is required that the
base column (or key) of the Matriz_tabela (column D) be placed in ascending order.
Here, in the example that is being analyzed, column D is already ordered. We must
not forget, when placing the base column in ascending order, to make all the other
columns follow the order.

Thus, the first part of the calculation table of the CP of the PDM will have the
form presented in Table 5.3, in which the 4th column (P) will contain the values of
the degrees of favorable evidence attributed by specialist E1 to the factors, in the
conditions of the researched sections (ai,j,1); the 5th column (Q), the degrees of
contrary evidence (bi,j,1); and so forth, until the last column (W), which will contain
the degrees of contrary evidence attributed by specialist E4. In Table 5.2 are the
formulas that enable the search for these values in the database (Table 5.1).

Observe that, in Table 5.2, there are only the formulas corresponding to columns
P and W, because the other ones (columns Q, R, S, T, U and V) are obtained
analogously, just exchanging the column order (Número_índice_coluna) for 3, 4, 5,
6, 7 and 8, respectively.

Applying these 32 formulas (4 lines and 8 columns), we obtain Table 5.3, which
contains precisely the values highlighted in bold in the database (Table 5.1).

5.2 Obtention of the Resulting Values from the Favorable
Evidence and the Contrary Evidence for Each One
of the Factors (Stage 6)

Let’s suppose the four experts are distributed into two groups: Group A, constituted
by specialists E1 and E2, and Group B, constituted by specialists E3 and E4.

The maximization (MAX operator) is applied intragroup, that is, inside group A
and group B, and the minimization (MIN operator) is applied intergroup, that is,
among the results obtained by the maximization applied to groups A and B. Thus,
the scheme to be adopted to apply the techniques of logic ET is the following:

MIN MAX E1ð Þ; E2ð Þ½ �;MAX E3ð Þ; E4ð Þ½ �f g or
MIN GA�;½ ½GB�f g:

Therefore, to obtain the values of favorable evidence and contrary evidence for
each one of the four factors, the formulas to be applied are the ones of Table 5.4,
which is the continuation of the PDM calculation table.

Applying these formulas to the values in Table 5.3, we obtain Table 5.5.
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5.3 Calculation of the Values of the Degrees of Evidence,
Favorable and Contrary, of the Center of Gravity
(Stage 7)

This stage was already solved in Tables 5.4 and 5.5, line 9, columns AB and AC.
The formulas utilized for the calculation of the degrees of evidence of the center

of gravity are the ones of weighted average:

Table 5.3 Values found in data base by application of the formulas of Table 5.2

M N O P Q R S T U V W

1 Calculation table

2

3 Factor Weight Section Spec E1 Spec E2 Spec E3 Spec E4

4 ai,1 bi,1 ai,2 bi,2 ai,3 bi,3 ai,4 bi,4
5 F1 4 S2 0.7 0.6 0.6 0.4 0.6 0.6 0.5 0.6

6 F2 3 S1 0.9 0.2 1.0 0.2 0.9 0.1 0.8 0.1

7 F3 2 S2 0.5 0.4 0.4 0.4 0.6 0.5 0.5 0.5

8 F4 1 S3 0.1 0.9 0.2 0.9 0.2 1.0 0.0 0.9

9 10

Table 5.4 Formulas to apply the maximization (MAX) and minimization (MIN) rules

X Y Z AA AB AC AD AE

1 Calculation table

2 Group A Group B Resultant degrees Certainty and
contradiction3 MAX [E1, E2] MAX

[E3, E4]
MIN {GA, GB}

4 ai,A bi,A ai,j,B bi,B ai,R bi,R H G

5 ‘=MAXIMUM
(P5;R5)

‘=MINIMUM
(Q5;S5)

‘=MINIMUM
(X5;Z5)

‘=MAXIMUM
(Y5;AA5)

‘=AB5
−AC5

‘=AB5
+AC5−1

6 ‘=MAXIMUM
(P6;R6)

‘=MINIMUM
(Q6;S6)

‘=MINIMUM
(X6;Z6)

‘=MAXIMUM
(Y6;AA6)

‘=AB6
−AC6

‘=AB6
+AC6−1

7 ‘=MAXIMUM
(P7;R7)

‘=MINIMUM
(Q7;S7)

‘=MINIMUM
(X7;Z7)

‘=MAXIMUM
(Y7;AA7)

‘=AB7
−AC7

‘=AB7
+AC7−1

8 ‘=MAXIMUM
(P8;R8)

‘=MINIMUM
(Q8;S8)

‘=MINIMUM
(X8;Z8)

‘=MAXIMUM
(Y8;AA8)

‘=AB8
−AC8

‘=AB8
+AC8−1

9 Baricenter W: average of resultant
degrees

‘=AG9/N9 ‘=AH9/N9 ‘=AB9
−AC9

‘=AB9
+AC9−1
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aW ¼
Pn

i¼1 Piai;RPn
i¼1 Pi

and bW ¼
Pn

i¼1 Pibi;RPn
i¼1 Pi

ð4:4Þ

The weighting that appears in the numerators of these formulas is shown in
Tables 5.6 and 5.7, columns AG and AH, and the sum of the weights of the
denominators is obtained in cell N9 of Table 5.2.

Observe that, in the particular case of the weights being all equal, the weighted
averages above are reduced to the particular case of the arithmetic averages
translated by the formulas:

aW ¼
Pn

i¼1 ai;R
n

and bW ¼
Pn

i¼1 bi;R
n

ð4:5Þ

However, this does not alter the calculation at all, as the CP of the PDM, as it is
being constructed here, already contemplates this particularization.

5.4 The Decision Making (Stage 8)

The decision making is performed calculating the degree of certainty and applying
the decision rule. This may be done for each factor isolatedly (Hi = ai,R − bi,R),
when you wish to know the influence of each factor on the enterprise; or for the
center of gravity (Hw = aw − bw), when you wish to know the joint influence of all
the factors on the enterprise (Column AD of Table 5.3).

To know if the data related to each factor are contradictory or not, we calculate
the degree of uncertainty, Gi = ai,R + bi,R − 1 (Column AE of Table 5.3).

Table 5.5 Results of application of the maximization (MAX) and minimization (MIN) rules

X Y Z AA AB AC AD AE

1 Calculation table

2 Group A Group B Resultant degrees Certainty and
contradiction3 MAX [E1, E2] MAX [E3, E4] MIN {GA, GB}

4 ai,A bi,A ai,B bi,A ai,R bi,R H G
5 0.7 0.4 0.6 0.6 0.6 0.6 0.0 0.2

6 1.0 0.2 0.9 0.1 0.9 0.2 0.7 0.1

7 0.5 0.4 0.6 0.5 0.5 0.5 0.0 0.0

8 0.2 0.9 0.2 0.9 0.2 0.9 −0.7 0.1

9 Baricenter W: average of
resultant degrees

0.63 0.49 0.14 0.12
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To apply the decision rule and make the weighting of the resultant degrees of the
factors for the calculation of the degrees of evidence of the center of gravity, the
formulas are the ones in Table 5.6.

The Table 5.8 allows one complete view of PDM calculation table.
The columns of this table vary according to the quantity of specialists, the way to

form the groups, etc. The quantity of lines depends only on the number of con-
sidered factors.

Table 5.6 Formulas to decision-making and to do the weighting in the calculation of the resultant
degrees averages

AF AG AH

1 Calculation table

2 Level of requirement LR Weighting of the resultant
degrees3

4 Decision Pi � ai,R Pi � bi,R
5 ‘=IF(AD5 <=−AF$3; “UNVIABLE”;IF(AD5<AF$3; “NOT

CONCLUSIVE”;“VIABLE”))
N5*AB5 N5*AC5

6 ‘=IF(AD6<=−AF$3; “UNVIABLE”;IF(AD6<AF$3; “NOT
CONCLUSIVE”;“VIABLE”))

N6*AB6 N6*AC6

7 ‘=IF(AD7<=−AF$3; “UNVIABLE”;IF(AD7<AF$3; “NOT
CONCLUSIVE”;“VIABLE”))

N7*AB7 N7*AC7

8 ‘=IF(AD8<=−AF$3; “UNVIABLE”;IF(AD8<AF$3; “NOT
CONCLUSIVE”;“VIABLE”))

N8*AB8 N8*AC8

9 ‘=IF(AD9<=−AF$3;“UNVIABLE”;IF(AD9<AF$3;
“NOT CONCLUSIVE”;“VIABLE”))

‘=SUM
(AG5:AG8)

‘=SUM
(AH5:AH8)

Table 5.7 Decision-making and weighting of the resultant degrees

M AD AE AF AG AH

1 Calculation table

2 Factor Certainty and
contradiction

Level of requirement 0.60 Weighting of the
resultant degrees3

4 H G Decision Pi � a i,R Pi � b i,R

5 F1 0.0 0.2 Not conclusive 2.4 2.4

6 F2 0.7 0.3 Viable 2.7 0.6

7 F3 0.0 0.0 Not conclusive 1.0 1.0

8 F4 −0.7 0.1 Unviable 0.2 0.9

9 Baricenter 0.14 0.12 Not conclusive 6.3 4.9
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5.5 The Construction of the Para-Analyzer Algorithm
(Chart)

To meet some people’s curiosity, below we show how to utilize Excel to assemble
the para-analyzer algorithm. That is, to make the chart of the degree of contrary
evidence versus the degree of favorable evidence with the limit lines and the region
borders, and plot in it the representative points of the factors and the center of
gravity.

One idea is exposed below (we say one idea because there are several versions of
Excel and, from one to the other, the procedures vary slightly; we are taking Excel
2003 as a base).

Firstly, the limit lines and the borders may be made. For this purpose, just
assemble two sequences of points (see Fig. 5.1): MPQRSUTNM, which defines the
limit lines and the decision regions, and EOFOGOHOIOJOKOL, which defines the
borders between the inconclusive regions.

The coordinates (degrees of evidence) of the points of sequence MPQRSUTNM
depend exclusively on the requirement level (NE) adopted. This way, they may be
placed according to this parameter, obtaining Table 5.9.

PQ: Truth limit line

TU:  Falsity limit line

MN:  paracompletness limit line

RS:  Inconsistency  limit line

CPQ: Region of truth or
of favorable decision

DTU: Region of falsity or
of unfavorable decision

AMN: Region of paracompletnees

BRS: Region of inconsistency

MNTUSRQP: Region of low 
definition
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Fig. 5.1 Decision by the para-analyzer algorithm

5.5 The Construction of the Para-Analyzer Algorithm (Chart) 65



This way, as in the example we are analyzing, the requirement level is in cell
AF3, replacing NE for AF3, Table 5.9 is modified to Table 5.10.

Also considering that, in the example in analysis, the adopted requirement level
is equal to 0.60, and placing this value in cell AF3, Excel calculates the values of
Table 5.11.

The coordinates (degrees of evidence) of the points of sequence
EOFOGOHOIOJOKOL also depend on the NE. Placed according to this parameter,
we obtain Table 5.12.

For the requirement level NE in AF3, we obtain Table 5.13.

Table 5.9 Coordinates of the limit lines extrems in function of the level of requirement

Dot M P Q R S U T N M

a 1 − NE NE 1.0 1.0 NE 1 − NE 0.0 0.0 1 − NE

b 0.0 0.0 1 − NE NE 1.0 1.0 NE 1 − NE 0.0

Table 5.10 Coordinates of the limit lines extrems in function of the level of requirement in AF3

Dot M P Q R S U T N M

a 1 − AF3 AF3 1.0 1.0 AF3 1 − AF3 0.0 0.0 1 − AF3

b 0.0 0.0 1 − AF3 AF3 1.0 1.0 AF3 1 − AF3 0.0

Table 5.11 Coordinates of the limit lines extrems for the level of requirement 0.60

Dot M P Q R S U T N M

a 0.4 0.6 1.0 1.0 0.6 0,4 0.0 0.0 0.4

b 0.0 0.0 0.4 0.6 1.0 1.0 0.6 0.4 0.0

Table 5.12 Coordinates of the frontier extrems in function of the level of requirement

Dot O E F G H I J K L

a 0.5 (1 − NE)/2 (1 + NE)/2 (1 + NE)/2 (1 − NE)/2 0.0 1.0 0.5 0.5

b 0.5 (1 − NE)/2 (1 + NE)/2 (1 − NE)/2 (1 + NE)/2 0.5 0.5 0.0 1.0

Table 5.13 Coordinates of the frontier extrems in function of the level of requirement in AF3

Dot O E F G H I J K L

a 0.5 (1 − AF3)/2 (1 + AF3)/2 (1 + AF3)/2 (1-AF3)/2 0.0 1.0 0.5 0.5

b 0.5 (1 − AF3)/2 (1 + AF3)/2 (1 − AF3)/2 (1 + AF3)/2 0.5 0.5 0.0 1.0
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Placing the value 0.60 of the requirement level in cell AF3, Excel calculates the
values of Table 5.14.

With these values, Excel makes the para-analyzer algorithm (the chart) and alters
it every time the requirement level (cell AF3, in the case of this example) is altered.
The operations so that it occurs are seen further ahead.

To represent the points that translate the factors in the para-analyzer algorithm,
just represent the sequence of points Fi = (ai,R; bi,R), which, in the example that is
being considered, is shown in Table 5.15.

To locate the center of gravity W, just represent the sequence W = (ai,W; bi,W)
constituted by one single point, the center of gravity. In the example: W = (AB9;
AC9) = (0.63; 0.44) (Table 5.16).

Still thinking about the reader who is not so familiar with Excel (and we count with
the experts’ comprehension in this spreadsheet), a detailing of the sequenceof necessary
steps for the assembly of the para-analyzer algorithm (of the chart) will be done.

1st Step: in columns from AL to AR (these seven columns were established to
facilitate the exposition, but it could be any other seven), we make a table, placing:
in AL, from line 4 until line 27, the sequences MPQRSUTNM, which defines the
limit lines and the decision regions, and EOFOGOHOIOJOKOL, which defines the
borders between the inconclusive regions;

(a) in AM, the values of a, as contained in Tables 5.9 and 5.12;
(b) in AN, the values of b, as contained in Tables 5.9 and 5.12;
(c) in AO, the values of a, as contained in Tables 5.10 and 5.13;

Table 5.14 Coordinates of the frontier extrems for the level of requirement 0.60

Dot O E F G H I J K L

a 0.5 0.2 0.8 0.8 0.2 0.0 1.0 0.5 0.5

b 0.5 0.2 0.8 0.2 0.8 0.5 0.5 0.0 1.0

Table 5.15 Resultant evidence degrees of the factors

Factor F1 F2 F3 F4 Factor F1 F2 F3 F4
ai,R AB5 AB6 AB7 AB8 ai,R 0.6 0.9 0.5 0.2

bi,R AC5 AC6 AC7 AC8 bi,R 0.6 0.1 0.4 0.9

Table 5.16 Resultant evidence degrees of the baricenter

Baricenter Baricenter

ai,w AB9 ai,w 0.63

bi,w AC9 bi,w 0.44
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(d) in AP, the values of b, as contained in Tables 5.10 and 5.13;
(e) in AQ, the values of a, as contained in Tables 5.11and 5.14;
(f) in AR, the values of b, as contained in Tables 5.11 and e 5.14.

The reader must have already realized that from these six items, only items
(e) and (f) are necessary, as long as the formulas indicated in items (c) and (d) are
used from the start. The intention here was to show the way, item by item, for the
ones less trained in the Excel spreadsheet.

With that, we obtain Table 5.17, which exhibits the formulas and calculations
already executed (always remembering that in the example in the analysis, the NE is
in cell AF3 and is worth 0.60).

Table 5.17 Values that result in the limit lines and the borders of the low definition regions

Limit lines e Frontiers of the low definition regions

Point Formulas Formulas Values for
LR = 0.60

a b a b a b
M 1 − NE 0.0 1 − AF3 0.0 0.4 0.0

P NE 0.0 AF3 0.0 0.6 0.0

Q 1.0 1 − NE 1.0 1 − AF3 1.0 0.4

R 1.0 NE 1.0 AF3 1.0 0.6

S NE 1.0 AF3 1.0 0.6 1.0

U 1 − NE 1.0 1 − AF3 1.0 0.4 1.0

T 0.0 NE 0.0 AF3 0.0 0.6

N 0.0 1 − NE 0.0 1 − AF3 0.0 0.4

M 1 − NE 0.0 1 − AF3 0.0 0.4 0.0

E (1 − NE)/2 (1 − NE)/2 (1 − AF3)/2 (1 − AF3)/2 0.2 0.2

O 0.5 0.5 0.5 0.5 0.5 0.5

F (1 + NE)/2 (1 + NE)/2 (1 + AF3)/2 (1 + AF3)/2 0.8 0.2

O 0.5 0.5 0.5 0.5 0.5 0.5

G (1 + NE)/2 (1 − NE)/2 (1 + AF3)/2 (1 − AF3)/2 0.8 0.8

O 0.5 0.5 0.5 0.5 0.5 0.5

H (1 − NE)/2 (1 + NE)/2 (1 − AF3)/2 (1 + AF3)/2 0.2 0.8

O 0.5 0.5 0.5 0.5 0.5 0.5

I 0.0 0.5 0.0 0.5 0.0 0.5

O 0.5 0.5 0.5 0.5 0.5 0.5

J 1.0 0.5 1.0 0.5 1.0 0.5

O 0.5 0.5 0.5 0.5 0.5 0.5

K 0.5 0.0 0.5 0.0 0.5 0.0

O 0.5 0.5 0.5 0.5 0.5 0.5

L 0.5 1.0 0.5 1.0 0.5 1.0

Note CP is the name of the spreadsheet page (it appears at the bottom part of the spreadsheet), in
which the CP of the PDM is being assembled. For each following step, click on “Advance” again

68 5 Calculation Program for the Paraconsistent Decision …



2nd Step: the windows “Insert”, “Chart”, “Dispersion (XY)” (here we choose the
third one on the left, with line segments), “Advance”, “Series”, “Add” are opened,
successively.

3rd Step: to make the limit lines:
Name: Limit lines
X-Values: PC!$AQ$4:$AQ$12
Y-Values: PC!$AR$4:$AR$12

4th Step: to make the internal borders of the low definition region:
Name: Borders
X-Values: PC!$AQ$13:$AQ$27
Y-Values: PC!$AR$13:$AR$27

5th Step: represent the points that translate the factors:
Name: Factors
X-Values: PC!$AB$5:$AB$8
Y-Values: PC!$AC$5:$AC$8

6th Step: represent the center of gravity:
Name: Center of gravity
X-Values: PC!$AB$9
Y-Values: PC!$AC$9
To conclude, click on “Advance”, “Advance”, “Conclude”.

From that point on, just format the chart at each person’s criteria and taste. For
this purpose, almost always, the action is clicking with the right button of the mouse
on what you wish to format. However, that will be left for each person to find out,
gradually, on their behalf and rhythm.

As it was possible to observe during the presentation of this text, the calculation
table and the para-analyzer algorithm are dynamic, that is, they vary with the
alteration of the elements that feed them. The main variations to be considered are
the researched matrix, constituted by the sections (Spj) obtained in the field
research, the matrix of the weights (Pi) and the requirement level (NE).

You, reader, who followed the text of this chapter and assembled the CP of the
PDM, will be able to check what you have done in Appendix A—CP of the PDM—
Solution for Chap. 5, where the program is assembled exactly as suggested. If you
have not, you may use the solution in Appendix A to solve the exercises.

Besides that, there is another appendix, Appendix B—CP of the PDM—Generic
Version, which brings the program partially assembled and allows you to make the
calculations in different situations.

Exercises

5:1 To feel the changes of the calculation spreadsheet and of the para-analyzer
algorithm, make some alterations, (a) In column O, alter the researched matrix
to [S1, S1, S1, S1,]

t and verify the result in the table and in the chart; (b) now,
alter the requirement level (cell AF3) to 0.70 and verify the result once more;
(c) repeat (b) for NE = 0.85.
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5:2 Using the transpose of [S3, S3, S3, S3,] as researched matrix, calculate the
degrees of evidence, favorable and contrary, and the degree of certainty of the
center of gravity, and answer what is the decision for the requirement levels
(a) 0.60; (b) 0.70 and (c) 0.85.

5:3 Repeat exercise 5.2, using the transpose of [S1, S1, S2, S3,] as researched
matrix, and as requirement level (a) 0.50; (b) 0.65 and (c) 0.85.

5:4 Repeat exercise 5.3, only inverting the order of the factor weights, that is,
adopting as transpose of the matrix of the weights: [Pi]

t = [1, 2, 3, 4].

Answers

5:1 (a) Besides the alterations of values, we highlight the following: the degrees of
evidence of the center of gravity and its degree of certainty are altered to
W = (0.93; 0.20); Hw = 0.73; the decision column (AF) was altered from
(NC, V, NC, I and NC) to (V, V, V, V and V); therefore, the decision that was
“Inconclusive” changed to “Feasible”; in the chart, the four points that rep-
resent the factors moved to the truth region (one of them, F, coincides with G,
on the truth limit line);
(b) The numbers in the table are not altered; the decision column changes to:
(V, V, V, NC and V); the limit lines change position, so that F3 leaves the truth
region; the decision continued being “Feasible”.
(c) The decision column changes to: (NC, NC, NC, NC and NC); the limit
lines change position, so that F1 continues in the truth region; the decision
changed to “Inconclusive”.

5:2 W = (0.19; 0.93); Hw = −0.74;

(a) (I, I, I, I and I); Infeasible;
(b) (I, I, I, I, and I); Infeasible;
(c) (NC, NC, NC, NC and NC); Inconclusive.

5:3 W = (0.79; 0.36) and Hw = 0.46;

(a) (V, V, NC, I and NC); Inconclusive;
(b) (V, V, NC, I and NC); Inconclusive;
(c) (NC, NC, NC, NC and NC); Inconclusive.

5:4 W = (0.51; 0.57) and Hw = −0.06;

(a) (V, V, NC, I and NC); Inconclusive;
(b) (V, V, NC, I and NC); Inconclusive;
(c) (NC, NC, NC, NC and NC); Inconclusive
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Chapter 6
Application Examples

In this chapter, several applications of the PDM will be analyzed in detail, trying to
introduce a new nuance of the method in each one. Due to this accumulation of
derivatives of the method, the applications will become, gradually, more difficult
and demand more from the reader.

In the first application (6.1) the utilization of the PDM in a real problem con-
nected to school administration [44] is addressed. In this application, we sought to
utilize a simpler situation. A small number of influence factors, all with equal
weights, only three sections to translate the conditions of these factors and four
specialists. We also sought to analyze the reliability of the method and utilize it so
that the reader trains the assembly of the calculation program of the paraconsistent
decision method (CP of the PDM). Some exercises are proposed, with the
respective answers.

In the following application (6.2), the PDM is utilized to analyze the feasibility
of the launch of a new product in the market [45]. Therefore, it is an application of
the method in the Marketing area and constitutes a problem with which the pro-
fessionals in this area constantly come across, besides being extremely important.
Here, some additional aspects are addressed. The number of utilized influence
factors is ten, five sections were established to translate the conditions of these
factors, but the number of specialists continued to be four. In this application, at the
end, we sought to show the sensitivity of the analysis in relation to the requirement
level, verifying in which way the decision form varies for different values of this
parameter.

Application 6.3 is strictly linked to Production Engineering, as it is a typical
problem of this Engineering area. This application shows how it is possible to
analyze the implementation of a factory project; the analysis is conducted, utilizing
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factors that are as close to the reality of this kind of project as possible, and
attributing different weights to the factors [46]. In the end, a sensitivity analysis of
the decision about the required level is performed.

In application 6.4, the PDM is utilized to analyze a problem discussed by
Chalos, in 1922 [22], who seeks to verify if there is an advantage or not in replacing
the old manufacturing system with the traditional technology for a modern man-
ufacturing system, provided with advanced technologies [48]. The following
modern manufacturing systems are discussed: CAD/CAM—Computer-Automated
Design and Manufacture; GT/CM—Group Technology and Cellular Manufacture;
RE—Robotics Equipment; FMS—Flexible Manufacturing Systems; AA—
Automated Assembly; CIM—Computer-Integrated Manufacture. It presents the set
of factors that may influence all these systems, from which, for each system, one
subset must be highlighted. In this application, five sections are also considered to
translate the conditions of each factor, and a new system performance indicator is
defined, which was called performance coefficient.

Although the application has directed the attention towards the feasibility
analysis of the implementation of a Flexible Manufacturing System (FMS), it
presents elements which, complemented by the chapter called Justifying Capital
Investment of [22], enables to study the feasibility of any of the other modern
manufacturing systems.

Several exercises are proposed to analyze the feasibility of implementation of
other modern manufacturing systems, besides the feasibility analysis of the FMS,
which was studied in the text. There is an exercise to examine the feasibility of
implementation of the CIM and another one to analyze the feasibility of imple-
mentation of the GT/CM. Besides that, another exercise proposes a comparative
study of these three manufacturing systems, provided with advanced technology.

In application 6.5, the PDM is applied as a prediction of diagnoses [49], which is
also decision making. In fact, diagnosing is nothing more than deciding, among the
available options, which one of them is the most likely or the one with most
evidence. This is another way to apply the PDM and which, therefore, shows one
more diversification of the method. It also emphasizes that it may be implemented
even in the analysis of problems that involve very large databases, without jeop-
ardizing the promptness of the answer. We focused on the problem of the prediction
of a medical diagnosis, although the method may be applied identically to the
prediction of other diagnoses, such as defects in industrial machines, airplanes,
ships, cars, trucks, etc.

There are several proposed exercises. All of them are based on the assembly of
the CP of the PDM for a case less labor-intensive than the one analyzed in the text,
as it was limited to only ten diseases and ten symptoms. With these several exer-
cises, the intention is to enable the reader to assimilate the process well and to be
able to verify its various possibilities.
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6.1 Decision Concerning the Opening of a New Education
Course by an Education Institution

As the first example, the application of the Paraconsistent Decision Method
(PDM) will be studied in a problem the university managers constantly face:
studying the feasibility of the opening of a new course in a given region. The factors
that influence this decision are legal, social, economic and other factors. The most
influential factors in these decisions will be chosen. As there is no need for much
detailing in the results, only three sections for each one will be established. On the
other hand, as the influences of the chosen factors on the feasibility of the course are
practically the same, we will admit the all the factors have the same weight.

Then, by means of applications of the maximization (MAX) and minimization
(MIN) techniques of logic Es (see Sect. 2.7), we reach a value of favorable evidence
(ai,R) and a value of contrary evidence (bi,R), resultant, for each factor, which
plotted in decision lattice s, enable us to verify how each factor influences the
decision (see Sect. 4.2.6). For the final decision making of the KE, knowing how
each factor influences the enterprise is not sufficient, but it is interesting to know the
joint influence of all the analyzed factors.

This is determined by the center of gravity (W) of the points that represent the
factors, separately, in lattice s. The degree of favorable evidence (aW) of W is the
arithmetic average of the favorable evidences resulting from all the factors (ai,R),
and its degree of contrary evidence (bW) is the arithmetic average of the resultant
contrary evidences for the factors (bi,R). With these values, we are able to verify to
which region of lattice s the center of gravity W belongs, or to calculate the degree
of certainty of W, apply the decision rule (see Sects. 4.2.7 and 4.2.8) make the
decision.

6.1.1 Establishment of the Requirement Level

For this example, the established requirement level is 0.60. With that, it is estab-
lished that the decision will only be favorable if, at the end, the degree of favorable
evidence outweighs the degree of contrary evidence in at least 0.60. With this
requirement level, the para-analyzing algorithm and the decision rule are the ones
presented in Fig. 6.1.
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6.1.2 Selection of the Influence Factors and Establishment
of the Sections

To facilitate the explanation, it will be considered during the text that we are
studying the feasibility of the opening of a new course x (social communications
course, for example) in a region Y (region of Ribeirão Preto, for example).

Several factors influence the success (or failure) of a new course. The twelve
factors Fi (from F1 to F12) were chosen, deemed to be the ones with most influence
on the feasibility of opening of a course in a certain region. For each one of these
factors, three sections Sj (S1 to S3) were established, so that:

S1 translates conditions in which the factor is favorable to the success of the
course;

S2 translates conditions in which the factor is indifferent to the success of
the course; and

S3 translates conditions in which the factor is unfavorable to the success of the
course.

H ≥≥ ⇒

⇒

⇒
0.60 favorable decision (the opening of the course is feasible);

H ≤ – 0.60 unfavorable decision (the opening of the course is 
infeasible);

– 0.60 < H < 0.60 inconclusive analysis.

Fig. 6.1 Decision rule and para-analyzer algorithm for requirement level equal to 0.60
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The chosen factors and the established sections are the following:

F01: applicants/place ratio (C/V) of course X in the selection exams of region Y.

S1 : C=V[ 4; S2 : 2�C=V� 4; S3 : C=V\2:

F02: number of high school graduating students (Nc) in region Y.

S1 : Nc [ 2V; S2 : V�Nc � 2V; S3 : Nc\V:

V = number of places offered for higher education in region Y.
F03: number of jobs (Ne) offered annually in region Y.

S1 : Ne [ 2F; S2 : F�Ne � 2F; S3 : Ne\F:

F = annual number of graduates in higher education in region Y.
F04: average monthly family income (Rf) of the population in region Y.

S1 : Rf [R$6; 000:00; S2 : R$2; 000:00�Rf �R$6; 000:00;

S3 : Rf\R$2; 000:00:

F05: annual average index (Ia) of course dropouts.

S1 : Ia\10%; S2 : 10%� Ia � 40%; S3 : Ia [ 40%:

F06: population density (DD) of the region.
S1: high: DD > 400 inhabitants/km2;
S2: average: 100 inhabitants/km2 � DD � 400 inhabitants/km2;
S3: low: DD < 100 inhabitants/km2.
F07: cost of the investments in fixed assets (Caf).

S1 : Caf\75%Ra; S2 : 75%Ra �Caf\125%Ra; S3 : Caf [ 125%Ra:

Ra = annual revenue foreseen for course X.
F08: Concept of the institution with the community

S1 : Concept A or B; S2 : Concept C; S3 : Concept D or E:

F09: monthly cost with professors (Cmp).

S1 : Cmp\40%Rm; S2 : 40%Rm �Cmp � 70%Rm; S3 : Cmp [ 70%Rm:

Rm = monthly revenue foreseen with course X.
F10: value of the monthly fee (Mc) of course X.
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S1 : Mc\80%Mm; S2 : 80%Mm �Mc � 120%Mm; S3 : Mc [ 120%Mm:

Mm = average monthly fee of course X (or similar courses) in the other schools of
region Y.
F11: average number of students per class (Nas).

S1 : Nas [ 80; S2 : 50�Nas � 80; S3 : Nas\50:

F12: average number of employees per class (Nft).

S1 : Nft\5; S2 : 5�Nft � 10; S3 : Nft [ 10:

6.1.3 Construction of the Database

To build the database, the KE chooses the experts and collects their opinions,
through the values of favorable evidence (degrees of belief) (a) and contrary evi-
dence (degrees of disbelief) (b) each one attributes to the success of the course,
when each one of the conditions translated by the established sections are met for
each one of the chosen factors. That is, for each section of each factor, which are the
degrees of favorable evidence and contrary evidence each one of the experts
attibutes?

Besides that, the specialists are requested to attribute weights to the factors
according to the importance of each one in the decision for the opening or not of
course X in region Y. In this case, it is being admitted that all the factors have the
same weight, equal to 1 (one).

In this application, it was supposed that the opinions of four specialists were
collected (E1: sociologist; E2: economist; E3: educator; E4: business administrator)
and that theur opinions are translated by Table 6.1.

It must be observed that this table constitutes a database, which may be used for
the feasibility analysis of the opening of different courses, in different regions. In
this example, it will be utilized to study the feasibility of course X in region Y.

6.1.4 Field Research

The following step is to conduct research in region Y about course X, to verify in
which section each factor is, that is, which is the real condition of each factor. The
result of this research may be summarized in Table 6.2.

With the results obtained in the research (Table 6.2), we can extract from the
database (Table 6.1) the opinions of the specialists concerning the success of course
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Table 6.1 Database: values of the favorable and contrary evidences attributed by the specialists to
each one of the factors, in the conditions of the established sections (matrix of the annotations)

Data base Group A Group B

Spec 1 Spec 2 Spec 3 Spec 4

Factor Section F and S ai,1 bi,1 ai,2 bi,2 ai,3 bi,3 ai,4 bi,4
F01 S1 F01S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

S2 F01S2 0.9 0.2 0.6 0.3 0.8 0.4 0.5 0.6

S3 F01S3 0.7 0.4 0.3 0.8 0.6 0.5 0.2 0.9

F02 S1 F02S1 0.9 0.2 0.8 0.2 1.0 0.3 0.8 0.1

S2 F02S2 0.8 0.3 0.6 0.4 0.8 0.4 0.6 0.4

S3 F02S3 0.3 0.7 0.1 0.9 0.5 0.7 0.0 0.9

F03 S1 F03S1 0.9 0.1 0.8 0.2 1.0 0.1 0.7 0.3

S2 F03S2 0.6 0.4 0.6 0.5 0.7 0.3 0.5 0.5

S3 F03S3 0.3 0.6 0.5 0.8 0.4 0.7 0.0 0.9

F04 S1 F04S1 0.9 0.2 1.0 0.1 0.8 0.3 0.7 0.4

S2 F04S2 0.6 0.3 0.7 0.4 0.7 0.6 0.5 0.6

S3 F04S3 0.2 0.8 0.3 0.7 0.1 0.8 0.1 0.9

F05 S1 F05S1 0.9 0.1 0.8 0.2 1.0 0.1 0.8 0.3

S2 F05S2 0.7 0.2 0.6 0.5 0.7 0.3 0.6 0.5

S3 F05S3 0.1 0.8 0.5 0.8 0.4 0.7 0.0 0.9

F06 S1 F06S1 0.8 0.1 0.8 0.2 1.0 0.3 0.7 0.1

S2 F06S2 0.6 0.3 0.6 0.4 0.8 0.4 0.5 0.4

S3 F06S3 0.3 0.7 0.1 0.9 0.5 0.7 0.0 0.9

F07 S1 F07S1 1.0 0.0 1.0 0.1 0.8 0.3 0.8 0.4

S2 F07S2 0.8 0.3 0.7 0.4 0.7 0.6 0.5 0.6

S3 F07S3 0.5 0.8 0.3 0.7 0.1 0.8 0.2 0.9

F08 S1 F08S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

S2 F08S2 0.8 0.3 0.6 0.3 0.8 0.4 0.5 0.6

S3 F08S3 0.5 0.8 0.3 0.8 0.6 0.5 0.2 0.9

F09 S1 F09S1 1.0 0.0 0.9 0.2 1.0 0.1 0.8 0.3

S2 F09S2 0.8 0.3 0.7 0.4 0.8 0.2 0.5 0.6

S3 F09S3 0.3 0.9 0.2 0.9 0.5 0.6 0.0 0.9

F10 S1 F10S1 0.9 0.0 0.8 0.2 1.0 0.3 0.8 0.1

S2 F10S2 0.5 0.5 0.6 0.4 0.8 0.4 0.6 0.4

S3 F10S3 0.3 0.8 0.1 0.9 0.5 0.7 0.0 0.9

F11 S1 F11S1 1.0 0.0 1.0 0.1 1.0 0.0 0.8 0.2

S2 F11S2 0.8 0.3 0.7 0.4 0.9 0.2 0.5 0.4

S3 F11S3 0.2 0.9 0.3 0.3 0.5 0.5 0.0 1.0

F12 S1 F12S1 1.0 0.1 0.8 0.2 1.0 0.3 0.8 0.1

S2 F12S2 0.7 0.2 0.6 0.4 0.8 0.4 0.6 0.4

S3 F12S3 0.4 0.6 0.1 0.9 0.5 0.7 0.0 0.9
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X in the real conditions in which the factors are in region Y. This extraction is
conducted by the CP of the PDM. Table 6.3 summarizes the values extracted from
the database.

6.1.5 Obtention of the Resultant Degrees of Favorable
and Contrary Evidences for the Factors

After the values of the database, we must apply the maximization (MAX operator)
and minimization (MIN operator) rule of the paraconsistent annotated evidential
logic to the experts’ opinions, for each one of the chosen factors, in the sections
obtained in the research. That is also performed by the CP of the PDM.

In the application of these rules, it is convenient that the groups are constituted,
observing the specialists’ majors (see Sects. 2.7 and 4.2.6). The previously exem-
plified experts and the following constitution of the groups will be utilized,

Table 6.2 Research results for course X in region Y (researched matrix)

Factor Fi F01 F02 F03 F04 F05 F06 F07 F08 F09 F10 F11 F12

Section Si S1 S1 S3 S3 S2 S1 S3 S1 S2 S1 S3 S2

Table 6.3 Degrees of favorable evidence and contrary evidence to the success of course X,
attributed by the experts, for the conditions of the influence factors in region Y (matrix of the
researched data, MDqp)

Calculation table

1 2 3 4 5 6 7 8 9 10

Fi Spi Group A Group B

Spec 1 Spec 2 Spec 3 Spec 4

ai,1 bi,1 ai,2 bi,2 ai,3 bi,3 ai,4 bi,4
F01 S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

F02 S1 0.9 0.2 0.8 0.2 1.0 0.3 0.8 0.1

F03 S3 0.3 0.6 0.5 0.8 0.4 0.7 0.1 0.9

F04 S3 0.2 0.8 0.3 0.7 0.1 0.8 0.0 0.9

F05 S2 0.7 0.2 0.6 0.5 0.7 0.3 0.5 0.5

F06 S1 0.8 0.1 0.8 0.2 1.0 0.3 0.8 0.1

F07 S3 0.5 0.8 0.3 0.7 0.1 0.8 0.0 0.9

F08 S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

F09 S2 0.8 0.3 0.7 0.4 0.8 0.2 0.5 0.6

F10 S1 0.9 0.0 0.8 0.2 1.0 0.3 0.8 0.1

F11 S3 0.2 0.9 0.3 0.9 0.5 0.5 0.0 1.0

F12 S2 0.7 0.2 0.6 0.4 0.8 0.4 0.6 0.4
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considered the most adequate: Group A: sociologist (E1) and economist (E2), and
Group B: educator (E3) and business administrator (E4).

This way, for the application of the maximization (MAX) and minimization
(MIN) rules to these experts’ opinions, we must do:

MIN MAX E1ð Þ; E2ð Þ½ �;MAX E3ð Þ; E4ð Þ½ �f g or MIN GA;GBf g

This way, we obtain, for each factor, in the researched section, the combined
conclusion of the experts’ opinions. They are the resultant degrees of favorable
(ai,R) and contrary (bi,R) evidences for the factors.

As already said, the CP of the PDM performs all the operations: search for the
values of favorable and contrary evidences in the database, once the result of the
field research is known (which resulted in Table 6.4 or in columns from 3 to 10 of
Tables 6.4 and 6.5); application of the maximization (MAX operator) (columns 11–
14 of Tables 6.4 and 6.5) and minimization (MIN operator) (columns 15 and 16 of
Tables 6.4 and 6.5) rules to the researched data in region Y in relation to course X
(Table 6.3), obtaining the resultant values of the favorable and contrary evidences
to the factors (columns 15 and 16 of Tables 6.4 and 6.5). Therefore, the degrees of
favorable (ai,R) and contrary (bi,R) evidences, resultant to all the factors in the
conditions translated by the researched sections, were obtained by the CP of the
PDM and are presented in columns 15 and 16 of Tables 6.4 and 6.5.

From these values, the CP of the PDM calculates, for each factor Fi, the degree
of certainty and the degree of uncertainty (Hi = ai,R − bi,R and Gi = ai,R + bi,R − 1)
(columns 17 and 18 of Tables 6.4 and 6.5).

6.1.6 Obtention of the Degrees of Favorable and Contrary
Evidences of the Center of Gravity

The degrees of favorable (aw) and contrary (bw) evidences of the center of gravity
are calculated by the weighted averages of the resultant degrees of favorable (ai,R)
evidence and contrary (bi,R) evidence for the factors, adopting the weights that the
specialists attributed to the factors (see Eq. 4.4). In this case, as it was admitted that
all the factors have the same weight, equal to 1 (one), the referred weighted average
is reduced to a simple arithmetic average (see Eq. 4.5) and the center of gravity
coincides with the geometrical center of the points that represent the factors in the
cartesian plane.

These values (aw and bw) are also calculated by the CP of the PDM and appear
in the last line of columns 15 and 16 of Tables 6.4 and 6.5. From these values, the
PDM calculates the degree of certainty of the center of gravity (HW = aW − bW),
which appears in the last line of column 17 of Tables 6.4 and 6.5.

The values of the degrees of certainty, which appear in column 17 of Tables 6.4
and 6.5, enable us to verify how each factor influences on the feasibility of the

6.1 Decision Concerning the Opening of a New Education … 79



T
ab

le
6.
4

D
eg
re
es

of
fa
vo

ra
bl
e
an
d
co
nt
ra
ry

ev
id
en
ce

to
th
e
co
nd

iti
on

s
of

th
e
fa
ct
or
s
in

Y
re
gi
on

(r
es
ea
rc
he
d
da
ta

m
at
ri
x,

M
D
pq
)

C
al
cu
la
tio

n
ta
bl
e

1
2

3
4

5
6

7
8

9
10

11
12

13
14

15
16

17
18

19

Fi
Sp

i
G
ro
up

A
G
ro
up

B
A

B
A

M
IN

B
L
ev
el

of
re
qu

ir
em

en
t

0.
60

Sp
ec

1
Sp

ec
2

Sp
ec

3
Sp

ec
4

E
1
M
A
X

E
2

E
3
M
A
X

E
4

C
on

cl
us
io
ns

ai
,1

bi
,1

ai
,2

bi
,2

ai
,3

bi
,3

ai
,4

bi
,4

ai
,g
A

bi
,g
A

ai
,g
B

bi
,g
B

ai
,R

bi
,R

H
G

D
ec
is
io
n

F0
1

S1
1.
0

0.
0

0.
9

0.
1

1.
0

0.
2

0.
8

0.
3

1.
0

0.
0

1.
0

0.
3

1.
0

0.
3

0.
7

0.
3

V
IA

B
L
E

F0
2

S1
0.
9

0.
2

0.
8

0.
2

1.
0

0.
3

0.
8

0.
1

0.
9

0.
2

1.
0

0.
1

0.
9

0.
2

0.
7

0.
1

V
IA

B
L
E

F0
3

S3
0.
3

0.
6

0.
5

0.
8

0.
4

0.
7

0.
1

0.
9

0.
5

0.
6

0.
4

0.
4

0.
4

0.
6

−
0.
2

0.
0

N
O
T
C
O
N
C
L
U
SI
V
E

F0
4

S3
0.
2

0.
8

0.
3

0.
7

0.
1

0.
8

0.
0

0.
9

0.
3

0.
7

0.
1

0.
1

0.
1

0.
7

−
0.
6

−
0.
2

U
N
V
IA

B
L
E

F0
5

S2
0.
7

0.
2

0.
6

0.
5

0.
7

0.
3

0.
5

0.
5

0.
7

0.
2

0.
7

0.
5

0.
7

0.
5

0.
2

0.
2

N
O
T
C
O
N
C
L
U
SI
V
E

F0
6

S1
0.
8

0.
1

0.
8

0.
2

1.
0

0.
3

0.
8

0.
1

0.
8

0.
1

1.
0

0.
1

0.
8

0.
1

0.
7

−
0.
1

V
IA

B
L
E

F0
7

S3
0.
5

0.
8

0.
3

0.
7

0.
1

0.
8

0.
0

0.
9

0.
5

0.
7

0.
1

0.
1

0.
1

0.
7

−
0.
6

−
0.
2

U
N
V
IA

B
L
E

F0
8

S1
1.
0

0.
0

0.
9

0.
1

1.
0

0.
2

0.
8

0.
3

1.
0

0.
0

1.
0

0.
3

1.
0

0.
3

0.
7

0.
3

V
IA

B
L
E

F0
9

S2
0.
8

0.
3

0.
7

0.
4

0.
8

0.
2

0.
5

0.
6

0.
8

0.
3

0.
8

0.
6

0.
8

0.
6

0.
2

0.
4

N
O
T
C
O
N
C
L
U
SI
V
E

F1
0

S1
0.
9

0.
0

0.
8

0.
2

1.
0

0.
3

0.
8

0.
1

0.
9

0.
0

1.
0

0.
1

0.
9

0.
1

0.
8

0.
0

V
IA

B
L
E

F1
1

S3
0.
2

0.
9

0.
3

0.
9

0.
5

0.
5

0.
0

1.
0

0.
3

0.
9

0.
5

0.
5

0.
3

0.
9

−
0.
6

0.
2

U
N
V
IA

B
L
E

F1
2

S2
0.
7

0.
2

0.
6

0.
4

0.
8

0.
4

0.
6

0.
4

0.
7

0.
2

0.
8

0.
4

0.
7

0.
4

0.
3

0.
1

N
O
T
C
O
N
C
L
U
SI
V
E

B
ar
ic
en
te
r
W
:
av
er
ag
es

of
th
e
re
su
lta
nt

de
gr
ee
s

0.
64

0.
45

0.
19

0.
09

N
O
T
C
O
N
C
L
U
SI
V
E

80 6 Application Examples



course and the last one, of the center of gravity, translates the joint impact of the
factors and enables the final decision making about the opening of course X in
region Y.

6.1.7 Analysis of the Results

The final results, after the application of the maximization and minimization rules,
will be analyzed, firstly, by the application of the decision rule and, then, by the
para-analyzing algorithm (see Sect. 6.1.1).

To apply the decision rule, you just need to have the degree of certainty and
compare it to the requirement level. This is performed by the CP of the PDM in
column 19 of Table 6.4. Therefore, observing the results of this column, it is
verified that five factors, F01, F02, F06, F08 and F10, indicate that the enterprise is
feasible, that is, recommend the opening of course X in region Y, as their degrees of
certainty resulted higher or equal to 0.60, which was the established requirement
level; three factors, F04, F07 and F11, indicate that the enterprise is infeasible, that is,
recommend the non-opening of course X in region Y, as their degrees of certainty
resulted lower or equal to −0.60; and finally, four factors, F03, F05, F09 and F12, are
inconclusive, as their degrees of certainty resulted between −0.60 and 0.60. These
last ones do not recommend nor avoid the recommendation to the opening of course
X in region Y.

The influence of the twelve factors together is translated by the center of gravity.
As their degree of certainty resulted equal to 0.19 (last line of column 17 of
Table 6.4), it is inferred that the conducted analysis presented inconclusive result,
as −0.60 < 0.19 < 0.60. Therefore, the analysis, being inconclusive, only suggests
that, if there is interest or any doubt, new studies are conducted so that the doubt is
clarified.

The decision by the para-analyzing algorithm is performed by plotting the
degrees of favorable evidence and contrary evidence resulting from the decision
lattice s, and verifying to which regions the representative points of the factors and
the center of gravity belong. That is also performed by the CP of the PDM, and is
shown in Fig. 6.2a.

In Fig. 6.2a, five factors, F01, F02, F06, F08 and F10, are in the truth region,
suggesting favorable decision, that is, feasibility of the opening of the course (in
Fig. 6.2a, only four points appear, because F01 � F08 = (1.0; 0.3), once their
coordinates (degrees of favorable and contrary evidence, resultant) are equal); three
factors, F04, F07 and F11, are in the falsity region, suggesting unfavorable decision,
that is, unfeasibility of the opening of the course [in the figure only two points
appear, because F04 � F07 = (0.1; 0.7)]; and four factors, F03, F05, F09 and F12, in a
distinct region from the previous ones, being inconclusive. It must be observed that
factors F04, F07 and F11 belong to the falsity limit line (which, by convention,
belongs to the falsity region), as they have a degree of certainty (−0.60), in the
module, equal to the adopted requirement level.
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Fig. 6.2 a Application of the para-analyzing algorithm for feasibility analysis of course X in
region Y. b Application of the para-analyzing algorithm for feasibility analysis of course X in
region Y, when all the factors are favorable (section S1), to the requirement level 0.60
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The disparate influences of all these factors on the decision of the feasibility of
course X in region Y may be summarized by the center of gravity W of the points
that represent them. As W is in the region of quasi-truth, tending to inconsistency, it
is deduced that the final result of the analysis is inconclusive. That is, the analysis
does not recommend the opening of course X in region Y, but does not exclude this
possibility either. It only suggests that, if it is of interest, new researches are
conducted, in an attempt to increase the evidences.

6.1.8 Analysis of the Feasibility of Course X in Region Y,
in Another Scenario

To carry out a test of the reliability of the PDM and an exercise of its application,
the viability of a course X in region Y was analyzed, assuming that in the field
research, all the factors were in the conditions of Section S1, that is, all the factors
were favorable to course X in region Y. In this case, evidently, it was not a surprise
that the analysis led to the conclusion for the feasibility of course X in region Y.

In fact, applying the CP of the PDM to this case, that is, placing S1 in all the lines
of column 2 of Table 6.4 of the PDM, we obtain aW = 0.92 and bW = 0.25
(Table 6.5). That enables us to calculate HW = aW − bW = 0.92 − 0.25 = 0.67.

As 0.67 � 0.60, the decision rule enables us to infer for the feasibility of course
X in region Y to the requirement level 0.60, in this new scenario. The
para-analyzing algorithm starts having the aspect represented in Fig. 6.2b.

Observing the results of columns 15 and 16 of Table 6.5, we notice that in
Fig. 6.2b coincidences of points representative of factors occur. They are:

F01 � F08 � F09 ¼ 1:0; 0:3ð Þ; F03 � F05 ¼ 0:9; 0:3ð Þ and F04 � F07 ¼ 0:8; 0:4ð Þ:

The other points are isolated. The center of gravity is

W ¼ 0:92; 0:25ð Þ:

6.2 Feasibility Analysis of the Launch of a Product

In this case, the PDM will be applied in a problem the marketing professionals
constantly face: studying the viability of the launch of a new product. In sequence,
it will be seen how the stages of the PDM are, since the establishment of the
requirement level until the final decision, which may be made based on the decision
rule or on the para-analyzer algorithm.
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6.2.1 Establishment of the Requirement Level

For this application example, the established requirement level is 0.60. It is a
medium requirement level, but it is justified, taking into account the fact of being a
product in which the decision of launching it does not demand too much invest-
ment, does not represent major economic, social or human responsibilities. That is,
the favorable decision to the product launch does not put high amounts, human
lives, the environment, etc., at risk.

With the establishment of the requirement level, the decision rule and the
para-analyzer algorithm are automatically configured (Fig. 6.3).

6.2.2 Selection of the Influence Factors and Establishment
of the Sections

The ten factors Fi; (F01 to F10) that have the greatest influence on the feasibility of
the launch of a product were chosen.

H 0.60 favorable decision (the enterprise is feasible);

H 0.60 unfavorable decision (the enterprise is unfeasible); 
0.60 < H < 0.60 inconclusive analysis.

–

–

Fig. 6.3 Decision rule and para-analyzer algorithm for requirement level 0.60
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For each one of these factors, five sections Sj (S1 to S5) were established, so that
S1 represents a very favorable situation; S2, a favorable situation; S3, an indif-
ferent situation; S4, an unfavorable situation; and S5, a very unfavorable situation
to the success of the enterprise (product launch).

It must be observed that the characterization of the sections depends on the
product being launched, on market analysis, on economic studies and other ele-
ments. In this example, this characterization is performed without the strict uti-
lization of these items, as it is a theoretical example for the presentation of the
method.

The chosen factors and the established ranges are the ones presented below:

F01: need and usefulness of the product—Translated by the percentage p of the
population that utilizes it.

S1 : p[ 90%; S2 : 70%\p� 90%; S3 : 30%� p� 70%;

S4 : 10%� p� 30%; S5 : p\10%:

F02: quantity (η) of attributes or functions of the product—Measured by
comparison with the average M of attributes or functions of the similar products in
the market.

S1 : g[ 1:5M; S2 : 1:2M\g� 1:5M; S3 : 0:8M�g� 1:2M;

S4 : 0:5M�g\0:8M; S5 : g\0:5M:

F03: competition—Translated by the quality and quantity of competitors in the
region

S1 : very small; S2 : small; S3 : medium;

S4 : large; S5 : very large:

F04: customers’ potential—Translated by the size and purchase power of the
region population.

S1 : very large; S2 : large; S3 : medium;

S4 : small; S5 : very small:

F05: acceptance of the product or similar product already existent in the
market—Translated by the percentage p of the population that utilizes it.

S1 : p[ 90%; S2 : 70%\p� 90%; S3 : 30%� p� 70%;

S4 : 10%� p� 30%; S5 : p\10%:
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F06: product price (u) in the market—Translated according to the average price P
of an equal product (or similar products) already existent in the market.

S1 : /\70%P; S2 : 70%P�/\90%P; S3 : 90%P�/� 110%P;

S4 : 110%P\/� 130%P; S5 : /[ 130%P:

F07: estimated product cost (h)—Translated according to the average price P of a
same product (or similar products) already existent in the market.

S1 : h\20%P; S2 : 20%P� h\40%P; S3 : 40%P� h� 60%P;

S4 : 60%P\h� 80%P; S5 : h[ 80%P:

F08: product life cycle (C)—Measured in a time unit T (one year, for example).

S1 : C[ 10T; S2 : 8T\C� 10T; S3 : 4T�C� 8T;

S4 : 2T�C\4T; S5 : C\2T:

F09: deadline (k) for project development and product implementation—
Measured according to the life cycle (C).

S1 : k\10%C; S2 : 10%C� k\30%C; S3 : 30%C� k� 70%C;

S4 : 70%C\k� 90%C; S5 : k[ 90%C:

F10: investment (I) for project development and product implementation—
Measured according to the expected net result (R) in the product life cycle.

S1 : I\20%R; S2 : 20%R� I\40%R; S3 : 40%R� I� 60%R;

S4 : 60%R\I� 80%R; S5 : I[ 80%R:

6.2.3 Construction of the Database

We admit that four experts were selected: E1—marketing professional; E2—
economist; E3—production engineer; E4—business administrator. We also admit
that the weights attributed to the factors by the specialists are equal (all the factors
have a weight equal to 1 (one), for example). Thus, the database (Table 6.6) will be
limited to the matrix of the annotations, that is, to the degrees of favorable evidence
and contrary evidence attributed by the specialists to the factors, in the conditions
defined by the five sections.
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Table 6.6 Database: degrees of the favorable evidence and contrary evidence attributed by the
specialists to the factors, in the conditions defined by the sections

Fi Sj E1 E2 E3 E4

ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4
F01 S1 0.88 0.04 0.94 0.14 0.84 0.08 0.78 0.03

S2 0.63 0.19 0.79 0.23 0.73 0.14 0.59 0.24

S3 0.48 0.43 0.53 0.44 0.58 0.39 0.48 0.41

S4 0.23 0.77 0.41 0.61 0.33 0.73 0.29 0.53

S5 0.01 0.94 0.13 0.88 0.14 1.00 0.17 0.91

F02 S1 1.00 0.05 0.95 0.15 1.00 0.1 0.85 0.00

S2 0.75 0.25 0.85 0.25 0.85 0.3 0.73 0.35

S3 0.55 0.45 0.55 0.45 0.65 0.4 0.45 0.55

S4 0.35 0.65 0.31 0.79 0.29 0.7 0.24 0.83

S5 0.00 0.95 0.15 0.75 0.15 0.85 0.25 1.00

F03 S1 0.92 0.08 0.98 0.18 0.88 0.12 0.82 0.07

S2 0.67 0.23 0.83 0.27 0.77 0.18 0.63 0.28

S3 0.52 0.47 0.57 0.48 0.62 0.43 0.52 0.45

S4 0.17 0.73 0.24 0.65 0.37 0.67 0.33 0.64

S5 0.05 0.98 0.17 0.83 0.18 0.02 0.21 0.95

F04 S1 0.95 0.11 1.00 0.21 0.91 0.15 0.85 0.10

S2 0.70 0.26 0.86 0.30 0.80 0.21 0.66 0.31

S3 0.55 0.50 0.60 0.51 0.65 0.46 0.55 0.48

S4 0.30 0.76 0.48 0.68 0.22 0.70 0.28 0.6

S5 0.08 1.00 0.20 0.86 0.21 0.05 0.24 0.98

F05 S1 1.00 0.88 0.06 0.10 0.95 0.85 0.04 0.00

S2 0.70 0.20 0.80 0.30 0.80 0.20 0.70 0.30

S3 0.50 0.50 0.60 0.50 0.60 0.40 0.50 0.40

S4 0.30 0.70 0.33 0.69 0.30 0.70 0.26 0.73

S5 0.00 1.00 0.10 0.80 0.90 0.08 1.00 0.15

F06 S1 0.90 0.10 1.00 0.10 0.90 0.00 1.00 0.00

S2 0.80 0.30 0.80 0.20 0.70 0.30 0.70 0.20

S3 0.60 0.50 0.60 0.40 0.50 0.40 0.50 0.50

S4 0.40 0.60 0.40 0.70 0.30 0.60 0.30 0.70

S5 0.10 0.80 0.20 0.90 0.13 1.00 0.00 1.00

F07 S1 0.95 0.15 1.00 0.10 0.85 0.00 1.00 0.05

S2 0.85 0.25 0.85 0.3 0.73 0.35 0.75 0.25

S3 0.55 0.45 0.65 0.4 0.45 0.55 0.55 0.45

S4 0.40 0.65 0.35 0.75 0.24 0.78 0.35 0.65

S5 0.05 0.88 0.15 0.85 0.12 1.00 0.00 0.95

F08 S1 0.98 0.18 0.88 0.12 0.82 0.07 0.92 0.08

S2 0.83 0.27 0.77 0.18 0.63 0.28 0.67 0.23

S3 0.57 0.48 0.62 0.43 0.52 0.45 0.52 0.47
(continued)
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6.2.4 Field Research and Calculation of the Resultant
Degrees of Favorable Evidence and Contrary
Evidence for the Factors and Center of Gravity

We must conduct research about the product in the region where it will be launched,
to verify in which section each factor is. The researchers must verify, in the region
where the product will be launched, in which section Sj (with 1 � j � 5) each one
of the factors Fi (with 1 � i � 10) that influence the feasibility of the product is.
With the research results, Spi, column 2 of Table 6.7 is filled out. After that, the CP
of the PDM extracts from the database (Table 6.6) the experts’ opinions concerning
the feasibility of the product launch in the chosen region, in the conditions trans-
lated by the researched sections. These views are summarized in columns 3–10 of
Table 6.7.

For the application of the operators, the groups must be constituted, observing
the expert’s majors. Within the selected specialists, a possible and adequate for-
mation is group A—the marketing professional (E1) with the economist (E2); group
B—the production engineer (E3) with the business administrator (E4). This way, for
the application of the maximization (MAX operator) and minimization (MIN
operator) techniques to these experts’ opinions, we must do:

MIN MAX E1;E2�;MAX½ ½E3;E4�f g or MIN GA;GBf g:

In Table 6.7, the results of the application of the MAX operator in groups A and
B (intragroup) are in columns 11–14. The results of the application of the MIN
operator among groups A and B (intergroup), which are the resultant degrees of

Table 6.6 (continued)

Fi Sj E1 E2 E3 E4

ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4

0.45 0.65 0.37 0.85 0.33 0.57 0.27 0.86

S5 0.08 0.83 0.18 0.95 0.21 0.95 0.05 0.98

F09 S1 1.00 0.21 0.91 0.15 0.85 0.10 0.95 0.11

S2 0.86 0.30 0.80 0.21 0.66 0.31 0.7 0.26

S3 0.60 0.51 0.65 0.46 0.55 0.48 0.55 0.50

S4 0.39 0.76 0.30 0.70 0.36 0.60 0.30 0.76

S5 0.10 0.86 0.15 0.93 0.24 0.98 0.08 1.00

F10 S1 0.94 0.14 0.84 0.08 0.78 0.03 0.88 0.04

S2 0.79 0.23 0.73 0.14 0.59 0.24 0.63 0.19

S3 0.53 0.44 0.58 0.39 0.48 0.41 0.48 0.43

S4 0.41 0.69 0.33 0.63 0.29 0.53 0.23 0.69

S5 0.13 0.79 0.14 0.90 0.17 0.91 0.01 0.94
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favorable evidence and contrary evidence, appear in columns 15 and 16. This way,
we obtain, for each factor, in the condition of the section obtained in the research,
the combined conclusion of the experts’ opinions. The degrees of certainty and
uncertainty for each factor, in the condition of the researched section, appear in
columns 17 and 18.

6.2.5 Analysis of the Results

Firstly, the analysis of the final results by the application of the decision rule will be
conducted (see Sect. 6.2.1). The CP of the PDM had already done that when it
compared the degrees of certainty of column 17 of Table 6.7 to the requirement
level (0.60) and gave the result in column 19. Thus, we may observe that, in the
researched conditions and to the requirement level 0.60, four factors, F02, F03, F05
and F09, indicate that the product launch is feasible; two, F01 and F06, indicate that
the product launch in infeasible; and the other four, F04, F07, F08 and F10, are
inconclusive, that is, do not provide indication in favor nor against launching the
product.

However, what matters is the joint influence of all the factors on the feasibility of
the product launch, which is translated by the center of gravity W of the points that
represent them, isolatedly. In the last line of columns 15 and 16 of Table 6.6, are
the degrees of favorable evidence (aW) and of contrary evidence (bW) of the center
of gravity, which enable the CP of the PDM to calculate the corresponding degree
of certainty (last line of column 17) as follows: HW = aW − bW =
0.615 − 0.404 = 0.211.

Considering that −0.60 < 0.211 < 0.60, applying the decision rule, the CP of the
PDM itself already concludes that the analysis is inconclusive, that is, the analysis
does not enable us to conclude for the feasibility nor the unfeasibility of the product
launch in the chosen region.

This same analysis may be performed by the para-analyzer algorithm. For this
purpose, we plot the resultant degrees of favorable evidence and contrary evidence,
at lattice T (Fig. 6.4), adopting as truth and falsity limit lines the lines determined by
|H| = |a − b| = 0.60, and as inconsistency and paracompleteness limit lines, the
lines determined by |G| = |a + b − 1| = 0.60, once the adopted requirement level
was 0.60.

In the studied case, feasibility analysis of the product launch in the chosen
region, the observation of the points that represent the influence factors in lattice s
shows that: four factors (F02, F03, F05, and F09) belong to the truth region (of
favorable decision or feasibility), thus recommending the launch of the product to
the requirement level 0.60; two factors (F01 and F06) belong to the falsity region
(unfeasibility), recommending the non-launch of the product.

The other factors belong to the low definition regions, indicating that the product
launch is not feasible, but it is not unfeasible either. F04 belongs to the region of
quasi-truth, tending to inconsistency; F10 belongs to the region of quasi-truth,
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tending to paracompleteness; F08 belongs to the region of quasi-falsity, tending to
paracompleteness; F07 belongs to the regions of quasi-falsity, tending to inconsis-
tency and quasi-falsity, tending to paracompleteness. These last four factors are,
then, inconclusive.

But the disparate influences of all these factors on the feasibility product launch
in the chosen region may be summarized by the center of gravity W. This is the
center of gravity of the points that represent the factors, isolatedly, and translates the
joint influence of the ten analyzed factors. As W is in the region of quasi-truth,
tending to inconsistency, it is deduced that the global result is: inconclusive anal-
ysis. That is, the analysis does not recommend the product launch, but does not
exclude this possibility either. It only suggests that, if it is of interest, new
researches are conducted, in an attempt to increase the evidences.
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Fig. 6.4 Analysis of the result by the para-analyzer algorithm; in this figure, the factors, the center
of gravity, the limit lines and the borders are represented
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Once more, it is important to observe that, after the research is conducted, that is,
column 2 of Table 6.7 is filled out, all the other operations, translated by columns
3–19 (search for the values in the database; application of the maximization and
minimization rules, to obtain the resultant degrees of favorable and contrary evi-
dences for the factors; calculation of the degrees of favorable and contrary evi-
dences of the center of gravity; computation of the degrees of certainty and
contradiction; application of the decision rule; and application of the para-analyzer
algorithm), are automatically performed by the CP of the PDM.

To test the reliability of the PDM and exercise its application, the feasibility
analysis of the launch of another product in another region will be conducted,
admitting that in the field research, all the factors are in section S1, that is, all the
factors are very favorable to the launch. In this case, evidently, it is not a surprise
that the analysis leads us to conclude for the feasibility of the product, which will
certify the reliability of the method.

In fact, applying the PDM to this situation, we obtain aW = 0.933 and
bW = 0.093. These values enable us to calculate HW = aW − bW = 0.933 − 0.093 =
0.840. As 0.840 � 0.60, the decision rule enables us to infer for the feasibility of
the launch of this other product in the considered region (Table 6.8; Fig. 6.5).

On the contrary, if all the factors were very unfavorable (section S5), the
application of the PDM would lead to aW = 0.147 and bW = 0.904, enabling us to
calculate the degree of certainty of the center of gravity. HW = aW − bW = 0.147
− 0.904 = −0.757. As −0.757 � −0.60, the decision rule would lead us to infer for
the unfeasibility of the launch of the product in the region. (Table 6.9; Fig. 6.6).

To verify the influence of the requirement level in the decision (which rep-
resents one more possibility of the PDM), a case was analyzed, in which five
factors (F02, F04, F06, F08 and F09) are very favorable (section S1) and other five
(F01, F03, F05, F07 and F10) are only favorable (section S2). Applying the PDM, it
was obtained: HW = aW − bw = 0.846 − 0.159 = 0.687 (Table 6.10). Then, if
the requirement level is 0.60, the decision is favorable (the product is feasible),
once 0.687 > 0.60 (Fig. 6.7a); however, if the requirement level is 0.75, the
decision is that the analysis is inconclusive, once (−0.75 < 0.687 < 0.75)
(Table 6.11; Fig. 6.7b).

It must be observed that, in the passage from Tables 6.10 and 6.11, the only
alteration occurred in column 19, as the decision depends on the requirement
level. Analogously, when moving from Fig. 6.7 to Table 6.8, the alteration
occurred only in the positions of the limit lines, which depend on the require-
ment level.
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Fig. 6.5 Analysis of the result when all the factors are very favorable (section S1)
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Fig. 6.6 Analysis of the result when all the factors are very unfavorable (section S5)
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Fig. 6.7 a Analysis of the results by the para-analyzer algorithm in case five factors are very
favorable (S1), five are only favorable (S2) and the requirement level is equal to 0.60. Result:
feasible. b Analysis of the results by the para-analyzer algorithm in case five factors are very
favorable (S1), five are only favorable (S2) and the requirement level is equal to 0.75. Result:
inconclusive

6.2 Feasibility Analysis of the Launch of a Product 99



T
ab

le
6.
11

A
pp

lic
at
io
n
of

th
e
PD

M
w
he
n
fi
ve

fa
ct
or
s
ar
e
ve
ry

fa
vo

ra
bl
e
(s
ec
tio

n
S 1
)
an
d
fi
ve

on
e
ar
e
fa
vo

ra
bl
e
on

ly
(s
ec
tio

n
S 2
),
w
ith

le
ve
lo

f
re
qu

ir
em

en
t

0.
75 1

2
3

4
5

6
7

8
9

10
11

12
13

14
15

16
17

18
19

F i
S j

G
ro
up

A
G
ro
up

B
A

B
A

M
IN

B
L
ev
el

of
re
qu

ir
em

en
t
=
0.
75

E
1

E
2

E
3

E
4

E
1
M
A
X

E
2

E
3
M
A
X

E
4

C
on

cl
us
io
ns

a i
,1

b i
,1

a i
,2

b i
,2

a i
,3

b i
,3

a i
,4

b i
,4

a i
,g
A

b i
,g
A

a i
,g
B

b i
,g
B

a i
,R

b i
,R

H
G

D
ec
is
io
n

F 0
1

S 2
0.
63

0.
19

0.
79

0.
23

0.
73

0.
14

0.
59

0.
24

0.
79

0.
19

0.
73

0.
14

0.
73

0.
19

0.
54

−
0.
08

N
O
T
C
O
N
C
L
U
SI
V
E

F 0
2

S 1
1.
00

0.
05

0.
95

0.
15

1.
00

0.
10

0.
85

0.
00

1.
00

0.
05

1.
00

0.
00

1.
00

0.
05

0.
95

0.
05

V
IA

B
L
E

F 0
3

S 2
0.
67

0.
23

0.
83

0.
27

0.
77

0.
18

0.
63

0.
28

0.
83

0.
23

0.
77

0.
18

0.
77

0.
23

0.
54

0.
00

N
O
T
C
O
N
C
L
U
SI
V
E

F 0
4

S 1
0.
95

0.
11

1.
00

0.
21

0.
91

0.
15

0.
85

0.
10

1.
00

0.
11

0.
91

0.
10

0.
91

0.
11

0.
80

0.
02

V
IA

B
L
E

F 0
5

S 2
0.
70

0.
20

0.
80

0.
30

0.
80

0.
20

0.
70

0.
30

0.
80

0.
20

0.
80

0.
20

0.
80

0.
20

0.
60

0.
00

N
O
T
C
O
N
C
L
U
SI
V
E

F 0
6

S 1
0.
90

0.
10

1.
00

0.
10

0.
90

0.
00

1.
00

0.
00

1.
00

0.
10

1.
00

0.
00

1.
00

0.
10

0.
90

0.
10

V
IA

B
L
E

F 0
7

S 2
0.
85

0.
25

0.
85

0.
30

0.
73

0.
35

0.
75

0.
25

0.
85

0.
25

0.
75

0.
25

0.
75

0.
25

0.
50

0.
00

N
O
T
C
O
N
C
L
U
SI
V
E

F 0
8

S 1
0.
98

0.
18

0.
88

0.
12

0.
82

0.
07

0.
92

0.
08

0.
98

0.
12

0.
92

0.
07

0.
92

0.
12

0.
80

0.
04

V
IA

B
L
E

F 0
9

S 1
1.
00

0.
21

0.
91

0.
15

0.
85

0.
10

0.
95

0.
11

1.
00

0.
15

0.
95

0.
10

0.
95

0.
15

0.
80

0.
10

V
IA

B
L
E

F 1
0

S 2
0.
79

0.
23

0.
73

0.
14

0.
59

0.
24

0.
63

0.
19

0.
79

0.
14

0.
63

0.
19

0.
63

0.
19

0.
44

−
0.
18

N
O
T
C
O
N
C
L
U
SI
V
E

B
ar
ic
en
te
r
W
:
av
er
ag
es

of
th
e
re
su
lta
nt

de
gr
ee
s

0.
84

6
0.
15

9
0.
68

7
0.
00

5
N
O
T
C
O
N
C
L
U
SI
V
E

R
es
ul
t:
N
O
T

C
O
N
C
L
U
SI
V
E

100 6 Application Examples



6.3 Evaluation of a Factory Project

In this example, the PDM will be applied in the assessment of the project P of a
factory, a problem which engineers, consultants or business people continuously face.
The idea is to analyze the feasibility of implementation of the project of a factory.

6.3.1 Establishment of the Requirement Level

The first mission of the KE is to establish the requirement level of the analysis for
the decision making. In this application, it will be fixed at 0.65. With that, the
para-analyzer algorithm and the decision rule are already determined (Fig. 6.8).

H 0.65 favorable decision (feasible project);
H –
–

0.65 unfavorable decision (unfeasible project); 
0.65 < H < 0.65 inconclusive analysis.

Fig. 6.8 Decision rule and para-analyzer algorithm for requirement level 0.65
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6.3.2 Selection of Factors and Establishment of the Sections

Eight factors (F1 to F8) that influence the decision to implement or not the project of
a factory, that is, which influence the project feasibility, will be chosen. For each
one of these factors, three sections (S1 to S3) will be established, so that S1 rep-
resents a favorable situation; S2, an indifferent case; and S3, an unfavorable
situation to the implementation of the project.

In the choice of the influence factors, we must seek to encompass the different
aspects involved in the structure of a project: economic (which involve market,
location and scale), technical (production process, project engineering, physical the
arrangement of the equipment, etc.), financial (composition of the capital, loans,
working capital, etc.), administrative (organizational structure of the implementa-
tion moreover, operation), legal (contracts with suppliers, purchase of technology
and patents),environmental and accounting aspects [109].

So, the choice of the factors and the characterization of the sections depend on
the project being evaluated, on market analyses, on economic studies and other
elements. In this study, this characterization was performed without the strict uti-
lization of these elements, as it is a theoretical example for the presentation of the
method.

The chosen factors (Fi), with 1 � i � 8, and the established sections (Sj), with
1 � j � 3, are the ones presented below.

F1: Production capacity of the factory—Measured by the comparison between
the forecast production for the factory and the average M of production of the
already existent similar factories.

S1 : higher than 1:2M; S2 : a different situation from S1and S3;

S3 : lower than 0:8M:

F2: Equipment selection—Translated by the characteristics: flexibility, produc-
tivity and quality of the chosen equipment.

S1 : the three characteristics are high; S2 : a different situation from S1and S3;

S3 : the three characteristics are low:

F3: Factory layout—Translated by the characteristics: ease of material entry,
proper arrangement of the equipment for production flow and ease of production
outflow.

S1 : the three characteristics are high; S2 : a different situation from S1and S3;

S3 : the three characteristics are low:
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F4: Location—Translated by the proximity to the following elements: material
supplier center, consumer center, good roads and inexpensive means of trans-
portation (railway or waterway).
S1: at least three of these elements are very near;
S2: a different situation from S1 and S3;
S3: at least three of these elements are not very near.
F5: Organization—Translated by the adequacy of the following support systems:
quality control, maintenance, packaging system and product dispatch logistics.
S1: at least three of these systems are very adequate;
S2: a different situation from S1 and S3;
S3: at least three of these systems are not very adequate.
F6: Internal area availability—Measured by the percentage of free area for
eventual stocking or the implementation of new departments.

S1 : more than 50%; S2 : a different situation fromS1and S3;

S3 : less than 20%:

F7: Possibility of expansion—Measured by the ratio between the total property
area and the area occupied by the project.

S1 : higher than 3; S2 : a different situation from S1and S3;

S3 : lower than 2:

F8: Process flexibility—Translated by the capacity of adaptation for the production
of different products.

S1 : high capacity; S2 : medium capacity; S3 : low capacity:

6.3.3 Construction of the Database

After the factors have been chosen and the sections established, by means of spe-
cialists (or utilizing statistical data), the degree of favorable evidence (or belief) (ai,j,k)
and degree of contrary evidence (or disbelief) (bi,j,k) are attributed to the project
success, for each one of the factors, in each one of the sections, as well as the weights
for each one of the factors. In this example, the option is for the use of specialists.

According to criteria established by the KE, the following specialists were
chosen: E1: production engineer; E2: industrial administrator; E3: process engineer
(mechanical or chemical, or another one, depending on the factory); and E4: product
engineer.

The average weights of the factors, as well as the degrees of the favorable evi-
dence and contrary evidence attributed by the specialists to the factors, in the con-
ditions of the established sections, are in Table 6.12, which constitutes the database.
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6.3.4 Field Research and Obtention of the Results

We must research about the project P, to verify in which section each factor is. That is,
the researchers must verify, for each one of the factors Fi (1 � i � 8), in which
section Sj (1 � j � 3) the project P is. With the sections Spj found in the research,
column 3 of Table 6.13 is filled out. Having these results, the CP of the PDM extracts
from the database (Table 6.12), besides the average weights of the factors (column 2),
the experts’ opinions concerning the feasibility of project P in the conditions of the
factors Fi, translated by the researched sections. These opinions, translated by the
degrees of evidence, favorable and contrary, are placed in columns 4–11 of Table 6.13.

Then, the CP of the PDM applies the maximization (MAX operator) and min-
imization (MIN operator) techniques of the lattice associated to logic Es. In this
application, it is convenient that the groups are constituted observing the specialists’
majors. That is almost always a choice of the KE.

Table 6.12 Database: the average weights of the factors and the degrees of the favorable
evidence and contrary evidence attributed by the specialists to the factors, in each one of the
sections

Factor Weight Section Spec 1 Spec 2 Spec 3 Spec 4

Fi Pi Sj ai,1 bi,1 ai,2 bi,2 ai,3 bi,3 ai,4 bi,4

F1 1 S1 1.0 0.0 0.9 0.1 1.0 0.2 0.8 0.3

S2 0.7 0.4 0.6 0.4 0.6 0.6 0.5 0.6

S3 0.3 1.0 0.3 1.0 0.2 0.8 0.2 1.0

F2 1 S1 0.9 0.2 1.0 0.2 0.9 0.1 0.8 0.1

S2 0.6 0.5 0.6 0.6 0.4 0.4 0.5 0.4

S3 0.3 0.9 0.2 0.8 0.1 0.8 0.0 0.9

F3 1 S1 0.9 0.2 0.8 0.2 0.8 0.0 0.7 0.2

S2 0.6 0.4 0.4 0.4 0.6 0.5 0.5 0.5

S3 0.3 1.0 0.0 1.0 0.3 1.0 0.1 0.9

F4 3 S1 1.0 0.2 0.8 0.0 1.0 0.2 0.9 0.4

S2 0.5 0.6 0.6 0.6 0.6 0.4 0.5 0.6

S3 0.1 1.0 0.2 1.0 0.2 1.0 0.01 0.9

F5 1 S1 0.9 0.9 1.0 0.8 1.0 0.1 0.2 0.9

S2 0.4 0.5 0.6 0.3 0.7 0.3 0.5 0.6

S3 0.1 0.8 1.0 0.2 0.9 0.3 0.8 0.3

F6 1 S1 1.0 0.1 1.0 0.1 1.0 0.0 0.1 0.8

S2 0.6 0.5 0.7 0.3 0.7 0.4 0.6 0.4

S3 0.3 1.0 0.2 0.9 0.3 0.9 0.0 0.9

F7 2 S1 1.0 0.2 1.0 0.0 0.9 0.2 1.0 0.2

S2 0.6 0.5 0.3 0.4 0.6 0.5 0.5 0.6

S3 0.1 1.0 0.3 0.9 0.3 0.7 0.0 0.9

F8 2 S1 1.0 0.2 0.9 0.2 0.9 0.1 0.8 0.2

S2 0.7 0.3 0.6 0.5 0.5 0.4 0.5 0.6

S3 0.0 0.9 0.3 0.7 0.3 0.8 0.2 0.9
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Suppose that, in the utilized specialist’s group, the KE considers that the
opinions of experts 1 and 2 are indispensable, but that, among experts 3 and 4, one
favorable opinion is sufficient. Thus, the formation of the groups is group A—
production engineer (E1); group B—industrial administrator (E2); and group C—
process engineer (E3) with product engineer (E4). This way, for the application of
the maximization (MAX) and minimization (MIN) techniques to these experts’
opinions, we must do:

MINf E1ð Þ; E2ð Þ;MAX½ E3ð Þ; E4ð Þ�g or MIN GA;GB;GCf g

that is, first, theMAX operator is applied first only inside group C (intragroup) and,
then, the MIN operator is applied to groups A, B and C (intergroup).

In Table 6.13, the results of the application of the MAX operator to group C
(intragroup) are in columns 12 to 13. The results of the application of the MIN
operator among groups A, B and C (intergroup), appear in columns 14 and 15. This
way, we obtain, for each factor, in the conditions of the section found in the
research, the degrees of belief (ai,R) and disbelief (bi,R), resultant from the com-
bination of the experts’ opinions. It is appropriate to remember that all the previ-
ously described operations are conducted by the CP of the PDM.

6.3.5 Analysis of the Results and Final Decision

Using the CP of the PDM, the calculations are performed, as well as the analysis of
the results by the application of the decision rule, which appears in column 18 of
Table 6.13. That enables us to say that it is the influence of each factor (F1 to F8) on
the decision of feasibility of project P, as well as the joint influence of all the
factors, through the center of gravity W, in the conditions characterized by the
sections obtained in the research. The observation of column 18 shows that two
factors (F2 and F8) recommend the execution of project P, at the requirement level
of 0.65; that three factors (F1, F4 and F7) recommend the non-execution of project
P, at the requirement level of 0.65; and that the other factors (F3, F5 and F6) are
inconclusive. It must be observed that factor F5, besides being inconclusive, pre-
sents a high degree of uncertainty (contradiction) (G = 0.80), showing that, in
relation to this factor in the researched section (S1), there is great inconsistency
among the specialists’ opinions.

In the analysis of the joint influence of all the factors, which is translated by the
center of gravity W, the last line of column 18 of Table 6.13 shows that the global
result is inconclusive, that is, the analysis does not enable us to infer for the
feasibility of the project, nor for its unfeasibility. In this case, it is recommended to
give up the project or conduct further analyses, so that new evidences may emerge.
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The analysis of the result, as seen in the previous examples, may also be per-
formed by the para-analyzer algorithm, plotting the resultant degrees of favorable
evidence and contrary evidence for the factors, and of the center of gravity, in
lattice s, according to Fig. 6.9.

From the observation of Fig. 6.9, we observe that two factors (in the figure,
represented by diamonds) belong to the truth region, recommending the execution
of the project; three factors belong to the falsity region, recommending, then, the
non-execution of project P [in Fig. 6.9, only two points appear, because
F4 � F7 = (0.10; 1.00)]; and that the other factors belong to other regions, being,
therefore, inconclusive, everything at the requirement level of 0.65.

It must be observed that factor F5 belongs to the inconsistency region, showing
that the specialists’ opinions, in relation to this factor in the researched section (S1),
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Fig. 6.9 Analysis of the results by the para-analyzer device, with requirement level equal to 0.65
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are contradictory (they present a high degree of uncertainty (contradiction),
G = a + b − 1 = 0.9 + 0.9 − 1 = 0.80).

The joint (combined) influence of all the factors may be summarized by the
center of gravity W (represented by a circle) of the points that represent the factors.
As W is in the region of quasi-falsity, tending to inconsistency, it is said that the
global result of the analysis is inconclusive. That is, the analysis does not rec-
ommend project P, but does not exclude this possibility either. It only suggests that,
new analyses are conducted, in an attempt to increase the evidences.

6.3.6 Reliability of the PDM

A test of the reliability of the decision method (PDM) may be conducted, admitting
that, in the field research, all the factors are in the conditions translated by section
S1, that is, all the factors are favorable to the feasibility of a project.

In this case, evidently, it is not a surprise that the method application leads us to
conclude for the feasibility of the project. In fact, applying the PDM to this situ-
ation, we obtain aW = 0.89 and bW = 0.20 (Table 6.14). This result enables us to
calculate the degree of certainty of the center of gravity HW = aW − bW = 0.89 −
0.20 = 0.69. As 0.69 � 0.65, the decision rule (Fig. 6.8) enables us to infer for the
feasibility of the project, at the requirement level of 0.65 (Fig. 6.10a).

On the contrary, if in another scenario, all the factors are in the conditions
translated by section S3, that is, if all the factors are unfavorable to the project, we
obtain aW = 0.09 and bW = 0.96 (Table 6.15). This result enables us to calculate
HW = aW − bW = 0.09 − 0.96 = −0.87. As −0.87 � −0.65, applying the deci-
sion rule, we conclude, in this scenario, for the unfeasibility of the other project, at
the requirement level of 0.65 (Fig. 6.10b).

6.3.7 Influence of the Requirement Level

To verify the influence of the requirement level in the decision, a situation was
analyzed, in which five factors (F2, F3, F4, F7 and F8) are favorable to the project
(section S1) and other three (F1, F5, and F6) are indifferent (section S2). In this
situation, the evaluation of the project results as inconclusive, at the requirement
level of 0.65 (Fig. 6.11a), but it certifies its feasibility at the requirement level of
0.50 (Fig. 6.11b).
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Fig. 6.10 a, b Analysis of the project in other scenarios: when all the factors are favorable
(feasible to the requirement level 0.65) and when all the factors are unfavorable (unfeasible to the
requirement level 0.65)
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Fig. 6.11 a, b Analysis of the result when five factors are favorable (section S1,) and three are
indifferent (section S2). Result: inconclusive, at the requirement level 0.65; feasible, at the
requirement level 0.50
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6.4 Feasibility Analysis of the Implementation
of a Manufacturing System that Utilizes Advanced
Technologies

At the moment when the machinery of a company is obsolete and needs to be
replaced, the businesspeople or the administrators have two options: (1) maintain
the manufacturing system of the production process and only replace the old
machines for new machines, but equal or (2) make an innovation, replacing it for a
more modern one, with the introduction of advanced technologies (new machines,
new techniques, new processes, etc.).

If the option is introducing technological innovation, the doubt remains: which
technological innovation is the most adequate? There are several options of manu-
facturing systems that utilize advanced technologies to be adopted, and each one of
them may present advantages or disadvantages in relation to the previous system,
traditional. These benefits or disadvantages are connected to strategic factors and
economic-operational factors, some of them of qualitative character, and others of
quantitative character. These factors, in turn, are related to the amount of the capital to
be invested and to the operational and financial results from these investments [18].

Then, the intention in this example is, analyzing the influence of these factors in
a combined manner, to verify: (1) to verify if there is an advantage or not in
replacing the old manufacturing system with the traditional technology for a
modern manufacturing system, provided with advanced technologies and, also,
(2) which of the new systems is the most adequate.

Currently, several manufacturing systems with technological innovations may be
introduced in the everyday functioning of a factory, and among them, we highlight:
CAD/CAM—Computer-Automated Design and Manufacture; GT/CM—Group
Technology and Cellular Manufacture; RE—Robotics Equipment; FMS—Flexible
Manufacturing Systems; AA—Automated Assembly; CIM—Computer-Integrated
Manufacture [22].

The initials CAD/CAM is more commonly understood as “project aided by
computer and manufacture aided by computer” or project and manufacture aided by
computer [57].

However, there are several attributes (factors or indicators), whose performances
influence the result of the implementation of these innovations, in order to make
them advantageous or not in relation to the traditional process that was previously
utilized. The feasibility or not of the replacement of the old system for the new
system will be decided by means of the comparative analysis of the performance of
these attributes in the new and in the old system.

Below is a list of these factors, separated by class:

• factors related to the company’s strategic goals: technological reputation, market
share (compartment), competitive position and product innovation;

• qualitative or quantitative factors, of economic or operational character, related
to the amount of the capital to be invested: product heterogeneity, number of
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produced pieces, payback period, net present value (NPV), future operational
costs, residual amounts, service life, real time measurements, delivery, product
reliability, answer time, direct labor savings, creation funding, space in the shop
floor, additional indirect labor, scraps, warranty claim (or right), replacement
time, preparations, remains, reprocessing cost, etc. [22].

The purpose of this item is to compare one of the mentioned new manufacturing
systems, provided with advanced technologies, to the traditional one, to know
which one is better, that is, which one conducts the company to a better economic
result. For each analysis, the most significant influence factors on the performance
of the manufacturing system will be selected, to compare the new adopted system,
taking the old system into account. Utilizing techniques of the paraconsistent
annotated logic to analyze the combined influence of all the factors, we may
conclude if the introduction of the new system with advanced technologies pro-
duces better result for the company than the old one.

6.4.1 Performance Coefficient of a New Manufacturing
System Compared to the Old One, for a Certain
Influence Factor

First of all, a number will be defined, which translates the performance of a new
manufacturing system (N), utilizing advanced technologies, compared to the old
system (A), for a certain indicator (I) or influence factor. Then, the stages of the
PDM will be analyzed.

Consider I0 and I the values of a performance indicator of the company in the old
manufacturing system and in the new one, respectively. For this indicator, the
performance coefficient (CD) of the new manufacturing system compared to the old
one will be defined, as follows:

CDN;A Ið Þ ¼ 1� ðDI=I0Þ;whereDI ¼ I� I0: ð6:4:1Þ

The signal ± must be used as follows: if the performance (D) of the system
improves when I increases, we use the signal +; if the pe (D) of the system improves
when I decreases, we use the signal −. That is, we use the signal + when D is an
increasing function of I, and the signal − when D is a decreasing function of I.

We may say, for instance, that the performance (D) of a new productive system
in relation to the old one is an increasing function of the gross revenue (R). In fact,
it is accepted that the performance of the production system becomes better when it
manages to increase the company’s revenue (R). Thus, if the utilized indicator is the
revenue, we must use the signal +. Numerically, if, with the introduction of the new
system, the income grows from I0 = $10,000 to I = $12,000, then the performance
coefficient, in relation to the revenue, will be: CDNA (R) = 1 + (+2,000/
10,000) = 1.20; if the revenue decreases from I0 = $10,000 to I = $8‚000, then
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the performance coefficient, in relation to the revenue, will be: CDN,A,
(R) = 1 + (−2,000/10,000) = 0.80.

Analogously, we may say that the performance (D) of a new productive system
in relation to the old one is a decreasing function of the production cost (C). Thus, if
the utilized indicator is the production cost, we must use the signal −. If, with the
introduction of the new system, the company’s production cost increases from
I0 = $10,000 to I = $13,000, then the performance coefficient will be: CDNA

(C) = 1 − (+3,000/10,000) = 0.70. That is, the production cost increases and CD is
lower than 1 (the performance becomes worse). If the company’s production cost
decreases from I0 = $10,000 to I = $7,000, then the performance coefficient will
be: CDNA (C) = 1 − (−3,000/10,000) = 1.30. That is, the production cost decrea-
ses and CD is lower than 1 (the performance improves).

These examples enable us to observe that, if CDN > 1, the new production
system (N) improves the company’s performance in relation to the old one (A); if
CDN < 1, it worsens.

6.4.2 Establishment of the Requirement Level

For the decision making, the requirement level of 0.75 will be established. That
means that the decision will be made if |H| � 0.75, that is, the segments defined by
the condition |H| = 0.75 are being adopted as limit lines of truth and falsity.
Therefore, the decision will only be favorable if the degree of favorable evidence
outweighs the degree of contrary evidence in at least 0.75. That is a high
requirement level.

Thus, the para-analyzer algorithm and the decision rule are already determined
(Fig. 6.12).

6.4.3 Identifying the Influence Factors (Attributes
or Indicators)

Below, we will present a list of influence factors that may (or may not) be utilized in
the feasibility analysis of a new manufacturing system with advanced technologies;
the use or not of the factor depends on the system under analysis. For some systems,
the factor may be important; for others, not. Then, the importance of the factor is
relative. The most important factors will be utilized in the analysis; the least
important ones, or the ones without any importance, will not be used.

Two classes of factors are emphasized [22]. Firstly, the factors related to the
company’s strategic goals. These are the non-measurable factors, almost intangible,
so that they may only be framed in a section by experienced specialists in the
subject.
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H ≥ 0.75 favorable decision (feasible enterprise);
H ≤  – 0.75 unfavorable decision (unfeasible enterprise); 
– 0.75 < H < 0.75 inconclusive analysis.

⇒⇒

⇒

⇒

Fig. 6.12 Decision rule and para-analyzer algorithm for requirement level 0.75

F01—technological reputation
F02—market share occupied by the company
F03—competitive position of the company inside the market occupied by it
F04—innovation of the product produced by the company

Second, we highlight the factors related to the company’s operational and
economic results. Among these factors, some are measurable and others are not.
The first ones may be framed in the section by quantitative criteria, but the second
ones may only be framed by qualitative criteria, by means of experienced and
specialized people in the subject.

F05—Total investment
F07—Net present value (NPV)
F09—Residual amounts
F11—Product heterogeneity
F13—System service life
F15—Future operational costs
F17—Reprocessing cost
F19—Material cost
F21—Real time measurements
F23—Delivery time
F25—Preparation time
F27—Waiting time
F29—Number of produced pieces
F31—Scraps

F06—Total expenses
F08—Payback period
F10—Creation funding
F12—Product reliability
F14—System flexibility
F16—Direct labor costs
F18—Additional indirect labor costs
F20—Capital investment cost
F22—Replacement time
F24—Answer time
F26—Machine utilization time
F28—Space in the shop floor
F30—Warranty claim (or right)
F32—Remains
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6.4.4 Establishing the Sections for the Influence Factors

For each indicator, five sections will be established, Sj, with 1 � j � 5, so that S1
represents a much better situation of the new system with advanced technologies
when compared to the old system; S2 represents a better situation; S3, an indifferent
situation; S4, a worse situation; and S5 represents a much worse situation of the new
system when compared to the old one.

It will be said that the situation of the new system with advanced technologies,
when compared to the old system, without advanced technologies, is much better
when the performance coefficient (CD) is higher than 1.30. Then, section S1 is
characterized by CD > 1.30. Analogously, all the established sections may be
characterized as follows:

S1: CD > 1.30 (the new system is much better than the old one);
S2: 1.10 < CD < 1.30 (the new system is better than the old one);
S3: 0.90 � CD � 1.10 (the new system is equivalent to the old one);
S4: 0.70 � CD < 0.90 (the new system is worse than the old one);
S5: CD < 0.70 (the new system is much worse than the old one).

It is important to observe that certain factors are not measurable. As examples of
these factors, the strategic and the qualitative attributes may be mentioned. These
factors (or indicators) cannot be translated by a value I and, therefore, for them, it is
not possible to define the performance coefficient. In this case, the framing of the
factor in the section will be done by an expert in the subject, who will say, for each
considered factor, if the new system is better or worse than the old one. Then, the
specialist, utilizing qualitative data, his/her knowledge, experience, intuition,
common sense, etc., frames the factors in the sections, which are characterized
analogously.

S1: the new system is much better than the old one;
S2: the new system is better than the old one;
S3: the new system is equivalent to the old one;
S4: the new system is worse than the old one;
S5: the new system is much worse than the old one.

6.4.5 Construction of the Database

The database is constituted by the weights of the factors and by the degrees of the
favorable evidence and contrary evidence attributed by the specialists to all the
factors, in each one of the five established sections. Therefore, the database is
constituted by the matrices Mp = [Pi] and MA = [li,j,k] = [(ai,j,k, bi,j,k)], of the
weights and of the annotations.

It will be admitted that the matrix MA, which constitutes one of the matrices of the
database, is the same for the feasibility study for any new manufacturing system with
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advanced technologies (CAD/CAM—Computer-Automated Design and
Manufacture;GT/CM—GroupTechnology andCellularManufacture;RE—Robotics
Equipment; FMS—Flexible Manufacturing Systems; AA—Automated Assembly;
CIM—Computer-Integrated Manufacture, etc.).

This is a simplifying hypothesis, which is being adopted in this work. And it is
being adopted because we are also assuming that only the differentiation of the
matrix of the weights is sufficient to have feasibility analysis of new manufacturing
systems with sufficient validity and reliability. But there is nothing that prevents the
KE from performing, for each analysis, a different matrix of annotations.

Therefore, in the present work, the matrix of the annotations, MA, will always be
the same, but the matrix of the weights, Mp, will vary at each new system with
advanced technologies being analyzed, so that the specificity of each one is
considered.

Table 6.16 constitutes matrix MA, that is, it contains the degrees of the favorable
evidence (or belief) and contrary evidence (or disbelief) attributed by the specialists
to the factors, in the conditions established by the five sections. And the matrix of
the annotations of the database. (Here, in the text, only one fragment of matrix MA

is presented; the complete matrix is found in Appendix C: BD-Sect. 6.4.)
The matrix of the weights for each chosen factor is also part of the database. The

specialists attribute them, taking into account the new manufacturing system with
advanced technologies which is being analyzed.

For the attribution of these weights, the KE may make some restrictions, such as:
the weights must be integers of the interval [0; 10] (weight 0 means that the
respective factor does not have any importance in the analysis being conducted and
that, therefore, it must be excluded from this analysis).

A factor Fn may have greater importance in the feasibility analysis of a new
system X than in another system Y. Then, this factor Fn must have greater weight in
the first analysis than in the second one. With another factor Fm, exactly the
contrary may occur: its importance may be smaller in the analysis of X than of Y. In
this case, Fm must have smaller weight in the first analysis than in the second one.
Therefore, the weight of a factor does not depend only on itself; it also depends on
the system being analyzed. There may be a negligible factor (weight = 0) in the
analysis of a system, but considerable (weight 6¼ 0) in the analysis of another one.
For the feasibility analysis of implementation of each system, a new attribution of
weights to the chosen factors must be conducted, besides a new selection of the
most important factors. Therefore, although we are assuming that the matrix of the
annotations, MA = [li,j,k] = [(ai,j,k, bi,j,k)], is the same, the matrix of the weights,
Mp = [Pi], must vary for the analysis of each new manufacturing system utilizing
new technologies.

These weights are tremendously important. They indicate the relative importance of all the
quantifiable and non quantifiable measures that constitute the company’s success in the
marketplace. These weights must be derived from a consensus of managerial opinions:
technical, financial, marketing and administrative [22].
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For that reason, theweights are attributed by the specialists, in consensus among them
or considering the average of the weights each one attributes, isolatedly (see Sect. 4.2.4).

It is convenient that the specialists called for the constitution of the database
have different and complementary majors so that the different aspects of the
problem are taken into account. For example, in the present work, a set of four
specialists will be considered, constituted as follows: E1—a production engineer
(technician); E2—a marketing professional; E3—a finance professional; and E4—an
industrial administrator.

6.4.6 Feasibility Analysis of the Implementation
of a Flexible Manufacturing System

To demonstrate the feasibility analysis methodology for decision making, based on
the logic Es, it will be applied in the feasibility study of the implementation of a
Flexible Manufacturing System (FMS).

It must be remembered that “FMS are groups of production machines organized
in sequence, connected by material handling and transference automated machi-
nes, and integrated by a computer system.” [57].

For this case, based on the chapter Justifying Capital Investment of [22], the
influence factors listed below were chosen as fundamental.

It will be assumed that, in consensus, the specialists attributed to each one of
these factors, according to their importance in the decision about the feasibility of
implementation of the FMS, the weights placed in brackets to the left side of each
one of them, on a scale from 1 to 10 (the factors with weight 0 (zero) in the study
for implementation of the FMS” are already excluded from this list). This
assumption was also based on the mentioned chapter. Therefore, the numbers in
brackets on the left side of each factor constitute the matrix of the weights,
Mp = [Pi], which completes the database, for this case.

(5) F01—technological reputation
(4) F02—market share occupied by the company
(6) F03—competitive position of the company inside the market occupied by it
(4) F04—innovation of the product produced by the company

(10) F07—net present value (NPV)
(5) F08—payback period
(3) F11—product heterogeneity
(3) F12—product reliability
(1) F18—additional indirect labor costs

(1) F19—material cost
(2) F20—capital investment cost
(1) F24—answer time
(2) F25—preparation time
(3) F29—number of produced pieces
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Researches conducted by specialists and using surveys at the companies that
have already adopted FMS systems and have them up and running enable us to
verify in which section, Spj, each one of these factors is (see column 3 of
Table 6.17). These sections constitute the researched research, Mpq = [Spj].

The chosen specialists will be distributed in two groups: group A, constituted by
experts E1 (production engineer) and E2 (marketing professional), and Group B,
constituted by specialists E3 (finance professional) and E4 (industrial administrator).
This way, the arrangement for application of the MAX (maximizing) and MIN
(minimizing) operators is the following:

MIN MAX E1ð Þ; E2Þð �;MAX½ ½ E3ð Þ; ðE4Þ�f g or MIN GA;GBf g

For the decision making, considering that the replacement of a traditional system
for an FMS one involves a high investment with great risk of loss for the company,
a high value will be adopted for the requirement level, equal to 0.75. That means
that the decision will be made if |H| � 0.75, that is, the segments defined by the
condition |H| = 0.75 are being adopted as limit lines of truth and falsity. Thus, the
para-analyzing algorithm and the decision rule are already determined (see
Sect. 6.4.2, Fig. 6.12).

After the framing of the factors in the sections by means of the field research has
been done (column 3 of Table 6.17), the weights (column 2) and the criteria (de-
cision rule) have been established, with the aid of the CP of the PDM, the experts’
opinions (degrees of favorable evidence and contrary evidence) regarding the
enterprise in the conditions of the factors, translated by the researched sections, are
sought in the database (Table 6.16), obtaining columns 4–11 of Table 6.17. Having
obtained these opinions, the same CP of the PDM applies the maximization (MAX)
and minimization (MIN) techniques of the logic Es to each one of the factors,
obtaining the resultant degrees of favorable evidence and contrary evidence (col-
umns 16 and 17), which enable us to calculate the degree of certainty for each factor
(column 18). With this value, inside the established requirement level (0.75), the CP
of the PDM itself concludes if the factor contributes for the feasibility or unfeasi-
bility of the FMS system or if the factor is inconclusive (column 20).

6.4.7 Analysis of the Results

In this case, the feasibility analysis of implementation of the FMS, presented as an
example, at the requirement level of 0.75, seven factors (F01, F03, F07, F08, F12, F25
and F29) were favorable to the enterprise, indicates the feasibility of its imple-
mentation; one, unfavorable (F19), which indicates the unfeasibility of its imple-
mentation; and six are inconclusive (F02, F04, F11, F18, F20 and F24), everything at
the established requirement level (0.75).

The joint influence of all these factors on the decision of the feasibility of the
enterprise may be summarized by the center of gravity (W) of the points that
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represent them in the para-analyzer algorithm. Thus, to have the final and global
conclusion of the analysis, taking into account the combined influence of all the
factors, the CP of the PDM calculates the degrees of favorable evidence and contrary
evidence of the center of gravity (W). They are obtained calculating the weighted
averages of the resultant degrees of favorable evidence and contrary evidence for
each one of the factors. With the degrees of favorable evidence (aW) and of contrary
evidence (bW) of the center of gravity, (last line of columns 16 and 17), its degree of
certainty (last line of column 18) is calculated, which enables the final decision (last
line column 20): the analysis conducted to study the feasibility of the implementa-
tion of the FMS is inconclusive, at the established requirement level (0.75).

Some calculations performed by the CP of the PDM, in Table 6.17, may be
highlighted. For the center of gravity, the degree of favorable evidence
(aW = 0.851) and the degree of contrary evidence (bW= 0.177) were obtained.
From these values, its degree of certainty was calculated: HW = aW − bW =
0.851 − 0.177 = 0.674. Once −0.75 < 0.674 < 0.75, applying the decision rule, it
is inferred that the analysis is inconclusive, that is, the analysis does not suggest the
feasibility nor for the unfeasibility of the enterprise execution.

The analysis conducted by the application of the decision rule, for each factor
separately or for the center of gravity (which considers the joint influence of all the
factors), may also be performed through the para-analyzer algorithm. Just plot the
resultant degrees of favorable evidence and contrary evidence (columns 16 and 17)
in lattice s, as seen in Fig. 6.13. In this figure, we notice that the representative
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Fig. 6.13 Analysis of the results by the para-analyzing device at the requirement level of 0.75 (at
this level, the analysis was inconclusive)
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points of seven factors belong to the truth region (suggest the implementation of the
FMS); one belongs to the falsity region (suggests the non-implementation of the
FMS) and the other seven belong to different regions, being, therefore,
inconclusive.

If the requirement level is altered, reducing it to 0.60, it is observed that the
center of gravity now belongs to the truth region (Fig. 6.14) and the conducted
analysis is now conclusive. We reach a favorable decision to the implementation of
the FMS system, that is, the implementation of the FMS is feasible, at the
requirement level 0.60.

In Fig. 6.14, we notice that, at the requirement level 0.60, seven factors belong
to the truth region (in the figure only five diamonds appear, because there are two
coincidences) and suggest the implementation of the FMS; two belong to the falsity
region and suggest the non-implementation of the FMS, and the other five belong to
different regions, being, therefore, inconclusive.

The calculation table of the CP of the PDM, in this case, is turned into
Table 6.18, which differs from Table 6.17 only in the decision column (column
20), as only the requirement level was altered.

6.5 Diagnosis Prediction

In this paragraph, one more application for the Paraconsistent Decision Method
(PDM) in the aid to decision making will be analyzed. It will be applied in diag-
nosis prediction, which is also decision making, diagnosing is nothing more than
deciding, among the available options, which one of them is the most likely or the
one with most evidence. The purpose of this other application is to show a variant
of the PDM and that it may be applied even in analysis of problems that involve
very large databases.

For the presentation of the process, we focused on the problem of the prediction
of a medical diagnosis, although the method may be applied identically for the
prediction of other diagnoses, such as defects in industrial machines, airplanes,
ships, cars, trucks, etc. Therefore, in this application, the prediction of diagnoses of
diseases will be performed based on the symptoms (or signals) presented by the
patient. This prediction is critical to be utilized, for example, in the screening of
large hospitals, facilitating the personnel who work there to conduct the patient’s
submission to the specialized sector in the foreseen disease. Evidently, this forecast
is not intended to replace the diagnosis performed by a doctor or medical board,
under any circumstances.
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For its purpose, a database formed by the opinions of medicine experts will be
utilized, constituted by the values of favorable evidence (or degrees or belief) and
by the values of contrary evidence (or degrees of disbelief) that each medical
specialist attributes to each disease, when a certain symptom (or signal) is presented
by the patient.

In this approach, for the presentation of the method, non-real data and a set of
thirty-two possible diseases Di (1 � i � 32) (ordered from AA to BF) will be
considered, which will be related to another set of thirty symptoms Sj (1 � j � 30)
(ordered from S01 to S30).

Having the database (Table 6.19), the process consists, firstly, in performing the
field research, verifying the symptoms the patient presents, using an interview
conducted with him/her (anamnesis). Then, knowing the symptoms, the CP of the
PDM applies the maximization (MAX operator) and minimization (MIN operator)
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Fig. 6.14 Analysis of the results by the para-analyzing device at the requirement level of 0.60 (at
this level, the analysis indicated that the enterprise is feasible)
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techniques of the paraconsistent annotated evidential logic (Table 6.20—
Calculation table). This way, we obtain the resultant degree of certainty (of the
center of gravity) for each one of the thirty-two diseases as a result of the symptoms
presented by the patient. The CP of the PDM “takes” all these degrees of certainty
to the decision table (Table 6.21), compares them with each other, and the one for
which the value of the degree of certainty of the center of gravity is maximum is
considered as the diagnosis prediction. The process is presented in detail below.

Which is done, therefore, is nothing more than applying the PDM for each
disease separately, obtaining the degree of certainty of the center of gravity for each
one of them and comparing these obtained degrees of certainty; the one which
presents the highest degree of certainty is regarded as the diagnosis prediction.

6.5.1 Construction of the Database

For the construction of the database, specialists in medicine, mainly in general
practice, with experience in propaedeutic and used to conducting patients’ anam-
nesis, are called to give their opinion.

Using their knowledge, experiences, sensitivity, intuition, common sense, etc.,
they must attribute values of favorable evidence (or degree of belief) and contrary
evidence (or degree of disbelief) for each one of the thirty-two diseases for each one
of the thirty symptoms, chosen to constitute the database.

In the case, as already said, for the presentation of the paragraph, thirty-two
diseases and thirty symptoms were chosen. Four specialists were utilized (from E1 to
E4), chosen by the KE. Therefore, the database will be constituted of 32 � 30 � 4�
2 = 7,680 pieces of data, presented in a table with 960 lines and 8 columns.

Out of these 7,680 pieces of data, half represents values of favorable evidences
and the other half, values of contrary evidences. A small part of the database is
shown in Table 6.19, emphasizing its beginning with disease AA and its end with
disease BF.

The complete database, with the thirty-two diseases and the thirty symptoms, is
presented in Appendix C: BD-Sect. 6.5.
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Table 6.19 Database: values of the degrees of the favorable evidence and contrary evidence
attributed two the specialists for the thirty-two diseases, for each one of the thirty symptoms

Desease
Symptom

E1 E2 E3 E4

Di Sj ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4
AA S01 0.88 0.04 0.94 0.14 0.84 0.08 0.78 0.03

AA S02 1.00 0.04 0.95 0.15 1.00 0.10 0.85 0.00

AA S03 0.90 0.10 0.96 0.20 0.86 0.14 0.80 0.09

AA S04 0.97 0.14 1.00 0.24 0.93 0.19 0.87 0.13

AA S05 0.98 0.91 0.02 0.13 0.91 0.88 0.00 0.03

AA S06 0.65 0.48 0.65 0.38 0.55 0.38 0.55 0.48

AA S07 0.57 0.43 0.67 0.38 0.47 0.53 0.57 0.43

AA S08 0.57 0.44 0.62 0.39 0.52 0.41 0.52 0.43

AA S09 0.14 0.86 0.19 0.93 0.28 0.98 0.12 1.00

AA S10 0.13 0.78 0.14 0.89 0.17 0.90 0.01 0.93

AA S11 0.94 0.14 0.84 0.08 0.78 0.03 0.88 0.04

AA S12 0.95 0.15 1.00 0.10 0.85 0.00 1.00 0.04

AA S13 0.96 0.20 0.86 0.14 0.80 0.09 0.90 0.10

AA S14 1.00 0.24 0.93 0.19 0.87 0.13 0.97 0.14

AA S15 0.02 0.13 0.91 0.88 0.00 0.03 0.98 0.91

AA S16 0.65 0.38 0.55 0.38 0.55 0.48 0.65 0.48

AA S17 0.67 0.38 0.47 0.53 0.57 0.43 0.57 0.43

AA S18 0.62 0.39 0.52 0.41 0.52 0.43 0.57 0.44

AA S19 0.19 0.93 0.28 0.98 0.12 1.00 0.14 0.86

AA S20 0.14 0.89 0.17 0.90 0.01 0.93 0.13 0.78

AA S21 0.84 0.08 0.78 0.03 0.88 0.04 0.94 0.14

AA S22 1.00 0.10 0.85 0.00 1.00 0.04 0.95 0.15

AA S23 0.86 0.14 0.80 0.09 0.90 0.10 0.96 0.20

AA S24 0.93 0.19 0.87 0.13 0.97 0.14 1.00 0.24

AA S25 0.91 0.88 0.00 0.03 0.98 0.91 0.02 0.13

AA S26 0.55 0.38 0.55 0.48 0.65 0.48 0.65 0.38

AA S27 0.47 0.53 0.57 0.43 0.57 0.43 0.67 0.38

AA S28 0.52 0.41 0.52 0.43 0.57 0.44 0.62 0.39

AA S29 0.28 0.98 0.12 1.00 0.14 0.86 0.19 0.93

AA S30 0.17 0.9 0.01 0.93 0.13 0.78 0.14 0.89

AA S99 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00

AB S01 0.02 0.94 0.14 0.88 0.15 1.00 0.18 0.91

AB S02 0.99 0.06 0.94 0.16 0.99 0.11 0.84 0.01

AB S03 0.91 0.09 0.97 0.19 0.97 0.13 0.81 0.08

AB S04 0.93 0.15 0.96 0.25 … … … …

… … …… … …… … …… … …
(continued)
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Table 6.19 (continued)

Desease
Symptom

E1 E2 E3 E4

Di Sj ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4
BF S01 0.67 0.38 0.47 0.53 0.57 0.43 0.57 0.43

BF S02 0.62 0.39 0.52 0.41 0.52 0.43 0.57 0.44

BF S03 0.19 0.93 0.28 0.98 0.12 1.00 0.14 0.86

BF S04 0.14 0.92 0.17 0.93 0.01 0.96 0.13 0.81

BF S05 0.15 1.00 0.18 0.91 0.02 0.94 0.14 0.88

BF S06 0.99 0.11 0.84 0.01 0.99 0.06 0.94 0.16

BF S07 0.18 0.02 0.21 0.95 0.05 0.98 0.17 0.83

BF S08 0.65 0.46 0.55 0.48 0.55 0.50 0.60 0.51

BF S09 0.93 0.87 0.02 0.02 0.98 0.90 0.04 0.12

BF S10 0.89 0.06 0.99 0.06 0.89 0.15 0.99 0.15

BF S11 0.84 0.01 0.99 0.06 0.95 0.16 0.99 0.11

BF S12 0.81 0.07 0.91 0.08 0.97 0.18 0.87 0.12

BF S13 0.20 0.98 0.08 1.00 0.06 0.86 0.11 0.93

BF S14 0.48 0.41 0.48 0.43 0.53 0.44 0.58 0.39

BF S15 0.48 0.43 0.53 0.44 0.58 0.39 0.48 0.41

BF S16 1.00 0.04 0.95 0.15 1.00 0.10 0.85 0.00

BF S17 0.91 0.09 0.97 0.19 0.97 0.13 0.81 0.08

BF S18 0.93 0.15 0.96 0.25 0.87 0.19 0.81 0.14

BF S19 0.00 1.00 0.10 0.80 0.90 0.08 1.00 0.15

BF S20 0.89 0.15 0.99 0.15 0.89 0.06 0.99 0.06

BF S21 0.93 0.17 0.98 0.12 0.83 0.02 0.98 0.07

BF S22 0.57 0.44 0.62 0.39 0.52 0.41 0.52 0.43

BF S23 0.10 0.86 0.15 0.93 0.24 0.98 0.08 1.00

BF S24 0.13 0.81 0.14 0.92 0.17 0.93 0.01 0.96

BF S25 0.52 0.44 0.57 0.39 0.47 0.41 0.47 0.43

BF S26 0.54 0.45 0.64 0.40 0.44 0.55 0.54 0.45

BF S27 0.98 0.18 0.88 0.12 0.82 0.07 0.92 0.08

BF S28 1.00 0.24 0.93 0.19 0.87 0.13 0.97 0.14

BF S29 0.04 0.11 0.93 0.86 0.02 0.01 0.98 0.89

BF S30 0.55 0.38 0.55 0.48 0.65 0.48 0.65 0.38

132 6 Application Examples



6.5.2 Calculation of the Resultant Degree of Certainty
for Each Disease as a Result of the Symptoms
Presented by the Patient

For the application of the paraconsistent annotated logic Es techniques, the four
chosen specialists must be distributed in groups, according to their characteristics.
Thus, for example, if one of the specialists is highly renowned and reputable, he/she
may constitute one group alone; if two specialists have approximately the same
major and the same knowledge and experience level, they may constitute one
group, etc. The experts are distributed in two groups: Group A, constituted by
specialists E1 and E2, and Group B, constituted by experts E3 and E4.

The maximization (MAX operator) is applied intragroup, that is, inside group A
and group B, and the minimization (MIN operator) is applied intergroup, that is,
among the results obtained by the maximization applied to groups A and B. Thus,
the scheme being adopted to implement the techniques of logic ET is the following:

MIN MAX E1;ð Þ; E2ð Þ½ �;MAX E3ð Þ; E4ð Þ½ �f g or MIN GA;GBf g

The calculation of the resultant degree of certainty for each disease, considering
symptoms presented by the patient, is performed with the aid of the CP of the PDM.
Once the symptoms presented by the patient (Spj) are known, they are placed in
column 2 of the decision Table 6.20. From that moment on, the CP of the PDM
(i) “transports” the values of this column to the corresponding column of the
calculation tables (column 2 of Table 6.21); (ii) searches for the specialists’ opin-
ions in the database (Table 6.19), bringing them to the calculation table (columns
3–10 of Table 6.21); (iii) applies the techniques of logic ET and performed the
calculations (columns 11–18 of Table 6.21), obtaining the degree of certainty of
each disease as a result of each symptom, isolatedly (column 17 of Table 6.21);
then, the CP of the PDM (iv) “takes” these results referring to the centers of gravity
to the decision table (column 4 of Table 6.20) and (v) displays the disease with the
highest degree of certainty (column 5). It is the diagnosis prediction.

As we may observe, the CP of the PDM performs practically everything, since
the data search until the final decision making. Therefore, the only task to be
performed is to feed it, verifying which are the symptoms presented by the patient
and placing them in column 2 of the decision Table 6.20.

With that, the resultant degrees of favorable evidence and contrary evidence for
each disease are obtained, about each symptom presented by the patient (columns
15 and 16 of Table 6.21). These resultant values, when plotted in the
para-analyzing algorithm, result in points, each one of them representing the
influence of a symptom presented by the patient in the considered disease. The
center of gravity of these points translates the combined effect of all the symptoms
submitted by the patient in the considered disease.

For the continuity of the exposition of this section, we will consider a patient that
presents the twelve symptoms below: S01, S02, S03, S05, S07, S09, S12, S15, S18, S22,
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Table 6.21 Decision table, obtained from the symptoms presented by the patient and from the
degrees of certainty of each one of the analyzed diseases

1 2 3 4 5 6

Number of presented symptoms = 12 Certainty
degree

Diagnosis
prevision

Level of
requirement

Possible
symptoms

Pres ented
symptoms

Possible
deseases

H Most probable
desease

0.60

S01 S01 AA 0.403

S02 S02 AB 0.320

S03 S03 AC 0.165

S04 S05 AD 0.382

S05 S07 AE 0.237

S06 S09 AF 0.651 Acceptable

S07 S12 AG 0.053

S08 S15 AH −0.148

S09 S18 AI 0.386

S10 S22 AJ 0.564

S11 S26 AK 0.275

S12 S30 AL 0.189

S13 S99 AM 0.398

S14 S99 NA 0.523

S15 S99 AO 0.455

S16 S99 AP 0.728 AP Disease Acceptable

S17 S99 AQ 0.128

S18 S99 AR −0.108

S19 S99 AS 0.391

S20 S99 AT 0.701 Acceptable

S21 S99 AU 0.273

S22 S99 AV 0.170

S23 S99 AX 0.379

S24 S99 AY 0.394

S25 S99 AZ 0.455

S26 S99 AW 0.709 Acceptable

S27 S99 BA −0.003

S28 S99 BB −0.123

S29 S99 BC 0.391

S30 S99 BD 0.696 Acceptable

S99 S99 BE 0.575

BF 0.071
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S26 and S30. The detection of these symptoms may be performed by the screening
sector of the hospital, by means of an interview with the patient.

These symptoms are placed in column 2 of the decision Table 6.19. Column 2,
which has 30 lines to receive up to 30 symptoms, must be filled out with the twelve
symptoms presented by the patient and completed. For this purpose, besides the
symptoms presented by the patient (twelve, in this example), S99 must be placed in
the other lines.

S99 means a total lack of information (paracompleteness) concerning the other
possible symptoms, that is, it means that, about all the other symptoms, the values
of favorable evidence and contrary evidence are equal to zero.

In fact, if the patient does not present any other symptom, besides the twelve
ones verified, these other ones cannot influence the prediction of the diagnosis of its
disease.

Besides placing the symptoms presented by the patient, some symptoms (in this
case, twelve) must be put in the first line of column 3 of Table 6.20.

Here, in this text, only a fragment of the calculation is shown Table 6.21, that is,
only the calculation table referring to disease AA (D1). However, the CP of the
PDM conducts this operation for the thirty-two diseases. The complete calculation
table for the thirty-two diseases that are part of the database is in Appendix D, as
Sect. 6.5—Text.

Figure 6.15 represents the isolated effects (twelve points) and resultant (center of
gravity) of the symptoms presented by the patient in disease AA (D1). Analogous
representations for all the other diseases are in Appendix D, as Sect. 6.5—Text.
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Fig. 6.15 Effects, isolated and resultant, of the twelve symptoms presented by the patient in
disease AA (D1)
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6.5.3 The Obtention of the Foreseen Diagnosis

For each disease Di, the application of the maximizing (MAX) and minimizing
(MIN) operators to each one of the symptoms Sj results in an ordered pair (columns
15 and 16 of Table 6.21). This ordered pair defines in the para-analyzing algorithm
a point Xi,j = (ai,j; bi,j), which translates the effect (for purposes of diagnosing) of
symptom j in disease i. The average (arithmetic or weighted) of these annotations
defines Wi = (ai,W; bi,W) (last line of columns 15 and 16 of Table 6.21), center of
gravity of points Xi,j, which translates the joint effect of the twelve symptoms Sj in
disease Di.

With the annotations of the center of gravity Wi, the CP of the PDM calculates
its degree of certainty (Hi,W = ai,W − bi,W) (last line, column 17, Table 6.21).

For the case of disease AA (disease D1), whose calculation was shown in 6.21,
as a result of the twelve symptoms presented by the patient, the degree of certainty
of the center of gravity Wj was calculated the following way:

H1;W ¼ a1;W�b1;W ¼ 0:712�0:308 ¼ 0:403

It must be observed that the prediction process may become more refined, by the
attribution of weights to the symptoms, according to their “strength” as an indicator
of each one of the related diseases. In this case, the center of gravity would be
obtained by the weighted average (and not arithmetic) of the values ai,j and bi,j.
However, considering that it just concerns performing a prediction and that the idea
is to use the result only for the submission of the patient to the specific sector in the
hospital, it was considered that this refinement was not necessary in this example of
application of the PDM.

The degrees of certainty (Hi,W) of all the diseases (Di), resulting from all the
symptoms presented by the patient, are “transported” by the own CP of the PDM
from the calculation Table 6.21, last line, column 17 to the decision Table 6.20—
column 4. Then, the method compares these values with each other and chooses the
disease that presents the highest degree of certainty, which is considered the
diagnosis prediction. It is shown in column 5 of Table 6.20. In this example, the
diagnosis prediction is disease AP.

Figure 6.16 shows the resultant effect of the 12 symptoms presented by the
patient in the 32 considered diseases. That is, each point of Fig. 6.16 is one of the
center of gravity of Fig. 6.15, which represents the effect of the 12 symptoms in
each one of the 32 diseases. They are obtained the same way we obtained the center
of gravity referring to disease AA (Fig. 6.15).
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6.5.4 Restriction to Accept the Foreseen Diagnosis

When performing a disease diagnosis prediction, a requirement may be done about
the degree of certainty obtained for each one of them. We may demand that the
result is only acceptable if the degree of certainty is higher than a predetermined
value. Thus, to be acceptable candidates to the diagnosis, their degrees of certainty
must be greater than this minimum. In case none of the diseases meet this
requirement, it will be said: there is no diagnosis prediction.

For example, imagine that it is determined that the diagnosis prediction be only
accepted is the maximum degree of certainty (from the disease with the highest
degree of certainty) is equal or higher than 0.60. Then, this value of 0.60 is adopted
as requirement level, once only for values of the degree of certainty equal or higher
than it; the prediction will be accepted (the tables and figures of this paragraph were
constructed, adopting the requirement level equal to 0.60).

The analysis of the result performed by the para-analyzing algorithm, as shown
in Fig. 6.16, provides a clear view of this possible requirement. Thus, a prediction
will only be accepted if the center of gravity W1 of the points that translate the
influence of the symptoms on the disease with the highest degree of certainty
belongs to the truth region (feasibility).

In the example being analyzed, there are five diseases (AF, AP, AT, AW and
BD) (see column 6, Table 6.20) that meet the minimum requirement (NE = 0.60),
that is, there are five diseases that are acceptable candidates to be the prediction, but
the foreseen diagnosis is disease AP, whose degree of certainty resulted in
maximum.
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Fig. 6.16 Location of the thirty-two centers of gravity, which translate the combined influence of
the twelve symptoms presented by the patient in the thirty-two considered diseases

6.5 Diagnosis Prediction 139



Exercises

6:1 Using the database BD—Sect. 6.1 of Appendix C, assemble the calculation
program utilized in this exercise, building the calculation table and the
para-analyzing algorithm.

6:2 With the calculation program assembled in exercise 6.1, verify the result of
the feasibility analysis when all the factors are in the condition determined by
section S3, that is, when the researched matrix is [Sj] and j = 3, in the
following cases:

(a) NE = 0.6;
(b) NE = 0.4;
(c) NE = 0.8.

6:3 Repeat exercise 6.2, for the following researched matrix: [Sj], with j = 1 + r,
being r the remainder of the division of i by 3, being i the order of the factor
(j = 1 + r and i = 3q + r).
Hint: if you want to calculate r by Excel, use the function: = MOD(X;3) (X
must be the cell that contains the value of i)

6:4 Repeat exercises 6.2 and 6.3, attributing different weights to the factors and
assuming that the matrix of the weights is [Pi], with Pi = 5 − 2r, being r the
remainder of the division of i by 3 (Pi = 5 − 2r and i = 3q + r).

6:5 Repeat exercise 6.1, assuming that the specialists are distributed in three
groups:
A, composed by E1; B, by E3 and C, composed by E2 and E4.

6:6 With the material assembled in exercise 6.5, repeat exercises 6.2, 6.3 and 6.4.
6:7 Now you play the role of the KE (knowledge engineer): repeat exercise 6.1,

choosing only the 8 factors that you deem of most relevance and adopting for
them the weights you consider adequate to translate the relative importance
of these factors.

6:8 Using the database of Table 6.6, whose electronic version is the database
BD—Sect. 6.2 of Appendix C, assemble the CP of the PDM utilized in the
considerations of this section.

6:9 Apply the program assembled in exercise 6.8 to analyze the case in which the
researched matrix [Spj] = [Sk], being k the biggest integer contained in
(i + l)/2 (i is the index of factor Fi), that is, k = I[(i + 1)/2]. Determine the
center of gravity and its degree of certainty, and verify what is the decision
for the requirement levels:

(a) 0.40;
(b) 0.50;
(c) 0.60;

Hint: if you want to calculate the biggest integer I[(i + l)/2] by Excel, use the
function: = INT(X), being X = (Y + l)/2 and Y the cell that contains the
value of i.
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6:10 Repeat exercise 6.9, for k equal to 1 + r, being r the remainder of the division
of i by 3. (k = 1 + r, being i = 3q + r).

6:11 Repeat exercise 6.9, for k equal to 5 − t, being r the remainder of the division
of i by 2.

6:12 Solve exercise 6.10, attributing to the factors weights equal to 5 − 2r.
6:13 About exercise 6.12, study the sensitivity of the decision according to the

requirement level (NE), elaborating a decision table according to NE, for NE
varying from 0.1 to 0.9, with intervals equal to 0.1.

6:14 In order to verify the sensitivity of the decision according to the researched
matrix [Spj] and the NE, elaborate a double-entry table for the decision,
combining the five researched matrices [Sk], with k = 1, 2, 3, 4 or 5, with the
following nine values of NE: from 0.1 to 0.9, varying every 0.1. Adopt the
weights used in exercise 6.11. Calculate the degree of certainty of the center
of gravity (HW) for each one of the five values of k.

6:15 Using the database of Table 6.12 (which is under the electronic form in BD
—Sect. 6.3 of Appendix C), assemble the CP of the PDM utilized for the
obtention of the results presented in Sect. 6.3 (do not forget the matrix of the
weights, which may be obtained in Tables 6.13 or 6.14 and 6.15).

6:16 Using the program obtained in exercise 6.15, determine the degrees of evi-
dence, favorable and contrary, and the degree of certainty of the center of
gravity, in the case when the transpose of the researched matrix is
[Spj]

t = [S1, S2, S3, S1, S2, S3, S1 S2].
6:17 Redo exercise 6.16, assuming that the transpose of the matrix of the weights

is [Pi]
t = [5, 3, 1, 6, 2, 1, 10, 2].

6:18 Elaborate the decision table suggested by the analysis according to the
requirement level (NE) when it assumes the values of the set {0.1; 0.2; 0.3;
0.4; 0.5; 0.6; 0.7; 0.8; 0.9}, in the condition of exercise 6.16 and exercise
6.17.

6:19 To have an idea of the sensitivity of the result of the analysis about the
researched sections and to the requirement level, elaborate a double-entry
table for the decisions, using the matrix of the weights of exercise 6.17. For
this purpose divide the factors into two groups of four, F1 to F4 and F5 to F8,
and adopt that, in each group, the researched sections are equal. This way,
the researched matrix may assume nine different compositions. Using these
nine different matrices and attributing to the requirement level variable
values from 0.1 to 0.9, with intervals of one tenth, build the requested table.
Calculate the degree of certainty of the center of gravity in each case.

6:20 Using the database of Table 6.16 (which is under the electronic form in BD
—Sect. 6.3 of Appendix C), assemble the CP of the PDM utilized in the
calculations of this section.

6:21 Based on the program of exercise 6.20, calculate the degrees of evidence,
favorable and contrary, of the center of gravity and its degree of certainty,
altering only the researched matrix, so that its transpose changes to
[Spj.]

t = [S1 S1, S1, S1, S2, S2, S2, S2, S3, S3, S4, S4, S5, S5].
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6:22 Based on the program of exercise 6.20, calculate the degrees of evidence,
favorable and contrary, of the center of gravity and its degree of certainty,
altering only the weights of the factors, so that all have equal weights.

6:23 Assume that, for the implementation of the CIM—Computer Integrated
Manufacture, the most relevant factors are: F01, F04, F05, F08, F15, F16, F21,
F22, F26, F27, F29 and F31 and that, in the field research, these factors are in
the conditions defined by sections S1, S1, S5, S1, S2, S1, S2, S4, S3, S1, S1, and
S1, respectively. Considering that the transpose of the matrix of the weights
of these factors in the implementation of the CIM is [Pi]t = [3, 3, 2, 4, 6, 5, 1,
2, 2, 4, 5, 3], perform the feasibility analysis of the implementation of the
CIM to the requirement levels
(a) 0.55 and (b) 0.70.

6:24 Repeat the analysis of exercise 6.23, assuming that all the factors have equal
weights.

6:25 Repeat the analysis of exercise 6.23, assuming that the weight of each factor
is equal to (I) j; and (II) 6 − j, being j the index of section Sj corresponding
to it.

6:26 Assuming that, for the implementation of the GT/CM—Group Technology
and Cellular Manufacture, the factors with most influence are F12, F14, F16,
F17, F19, F22, F23, F25, F29 and F31 and that the transpose of the researched
matrix is [Spj]

t = [S1, S1, S1, S1, S2, S2, S2, S3, S3, S4], and also assuming
that the transpose of the matrix of the weights is [Pi]

t = [4, 5, 6, 7, 3, 4, 5, 2,
3, 1], analyze the feasibility of this implementation to the significance levels
0.50 and 0.80.

6:27 Repeat exercise 6.26, assuming that the weight of each factor is equal to (I) j;
and (II) 6 − j, being j the index of section Sj corresponding to it.

6:28 Calculate the degree of certainty of the center of gravity (Hw), using the
weights of exercise 6.26 when all the factors are in section (a) S1; (b) S2;
(c) S3; (d) S4 and (e) S5.

6:29 Repeat exercise 6.28, considering all the factors with equal weights.
6:30 Suppose that the available data enables us to know in which section only 13

of the 32 factors (indicators) listed in the text. Thus, utilizing the assembly of
exercise 6.20 (the same 4 specialists, distributed in groups the same way) and
the information in the table below, and based on these 13 indicators,
determine which advanced technology system (FMS, CIM, or GT/CM) is the
most indicated for these conditions.

Factor Fi F01 F04 F07 F08 F12 F14 F16 F18 F20 F22 F27 F29 F31

Section Sj S1 S2 S1 S1 S1 S1 S1 S5 S4 S1 S3 S1 S2

Weight Pi FMS 5 4 10 5 3 0 0 1 2 0 0 3 0

CIM 3 3 0 4 0 0 5 0 0 2 4 5 3

GT/CM 0 0 0 0 4 5 6 0 0 4 0 3 1
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6:31 Using the database BD-Ex. 6.31 of Appendix C, which presents the opinions
of four specialists Ek (1 � k � 4) related to 10 diseases Di (1 � i � 10)
in the face of 10 symptoms Sj (1 � j � 10), assemble the CP of the PDM
for diagnosis prediction. Adopt the requirement level 0.60 to decide if a
disease is acceptable or not to be the diagnosis. Adopt group A: E1 and E2;
group B: E3 and E4.

6:32 Utilizing the program assembled in exercise 6.31, in the case when a patient
presents the first 5 symptoms Sj (1 � j � 5), verify: (a) which of the 10
diseases are acceptable for diagnosis prediction, at the requirement level
0.60, and their degrees of certainty; (b) what is the foreseen diagnosis.

6:33 Repeat exercise 6.32, for the 5 last symptoms Sj, (6 � j � 10).
6:34 What would the answer to exercise 6.33 be if the requirement level were

0.80?
6:35 If the patient presents the first 3 (1–3) and the last 3 (8–10) symptoms, what

will the diagnosis prediction be, at the requirement level of 0.60?
6:36 Solve exercise 6.32, considering that the patient presents the first seven

symptoms (1 � j � 7).
6:37 What would the answer to exercise 6.36 be if the requirement level were

0.70?
6:38 Repeat exercise 6.36, considering the last seven symptoms (4 � j � 10).
6:39 Imagine that the patient presents only one symptom at a time. Elaborate a

double-entry table, placing the symptoms on the vertical and the diseases on
the horizontal. In the intersection of the lines with the columns, place the
degree of certainty of the diseases that resulted in diagnosis prediction.

6:40 Repeat exercise 6.39, assuming that the patient presents two symptoms and
that these symptoms are the ones obtained from the even symptoms, com-
bining them in pairs.

Answers

6:1 See in Appendix D: Solutions for this chapter, Sect. 6.1—E.g. 6.1
6:2 W = (0.33; 0.73) and HW = 0.40;

(a) Inconclusive analysis;
(b) Non-viable enterprise;
(c) Inconclusive analysis.

6:3 W = (0.67; 0.52) and HW = 0.15;
(a) Inconclusive analysis;
(b) Inconclusive analysis;
(c) Inconclusive analysis.

6:4 (6.2) W = (0.33; 0.71) and HW = −0.38;
(a) Inconclusive analysis;
(b) Inconclusive analysis;
(c) Inconclusive analysis.

6:4 (6.3) W = (0.79; 0.38) and HW = 0.41;
(a) Inconclusive analysis;
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(b) Viable enterprise;
(c) Inconclusive analysis.

6:6 (6.2) W = (0.27; 0.85) and HW = −0.58;
(a) Inconclusive analysis;
(b) Inconclusive analysis;
(c) Inconclusive analysis.

6:6 (6.3) W = (0.60; 0.54) and HW = 0.06;
(a) Inconclusive analysis;
(b) Inconclusive analysis;
(c) Inconclusive analysis.

6:6 (6.4–6.2) W = (0.28; 0.86) and HW = −0.58;
(a) Inconclusive analysis;
(b) Non-viable enterprise;
(c) Inconclusive analysis.

6:6 (6.4–6.3) W = (0.74; 0.41) and HW = 0.33;
(a) Inconclusive analysis;
(b) Inconclusive analysis;
(c) Inconclusive analysis.

6:8 See in Appendix D: Solutions for this chapter, Sect. 6.2—E.g. 6.8
6:9 W = (0.55; 0.47) and HW = −0.08;

(a) Inconclusive;
(b) Inconclusive;
(c) Inconclusive.

6:10 W = (0.74; 0.26) and HW = −0.48;
(a) Favorable;
(b) Inconclusive;
(c) Inconclusive.

6:11 W = (0.24; 0.79) and HW = −0.55;
(a) Unfavorable;
(b) Unfavorable;
(c) Inconclusive.

6:12 W = (0.82; 0.19) and HW = −0.63;
(a) Favorable;
(b) Favorable;
(c) Favorable.

6:13 .

L of R Decision

0.1 Favorable (viable)

0.2 Favorable (viable)

0.3 Favorable (viable)

0.4 Favorable (viable)
(continued)
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(continued)

L of R Decision

0.5 Favorable (viable)

0.6 Favorable (viable)

0.7 Not conclusive

0.8 Not conclusive

0.9 Not conclusive

6:14 .

L of R k = 1 k = 2 k = 3 k = 4 k = 5

0.1 Favorable Favorable Not
Conclusive

Favorable Favorable

0.2 Favorable Favorable Not
Conclusive

Favorable Favorable

0.3 Favorable Favorable Not
Conclusive

Favorable Favorable

0.4 Favorable Favorable Not
Conclusive

Not
Conclusive

Favorable

0.5 Favorable Favorable Not
Conclusive

Not
Conclusive

Favorable

0.6 Favorable Not
Conclusive

Not
Conclusive

Not
Conclusive

Favorable

0.7 Favorable Not
Conclusive

Not
Conclusive

Not
Conclusive

Favorable

0.8 Favorable Not
Conclusive

Not
Conclusive

Not
Conclusive

Not
Conclusive

0.9 Not
Conclusive

Not
Conclusive

Not
Conclusive

Not
Conclusive

Not
Conclusive

6:15 See in Appendix D: Solutions for this chapter, Sect. 6.3—E.g. 6.15
6:16 W = (0.62; 0.44) and HW = 0.18;
6:17 W = (0.76; 0.33) and HW = 0.43;

6:18 .

L of R Decision

6.16 6.17

0.1 Favorable Favorable

0.2 Not conclusive Favorable

0.3 Not conclusive Favorable

0.4 Not conclusive Favorable
(continued)
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(continued)

L of R Decision

6.16 6.17

0.5 Not conclusive Not conclusive

0.6 Not conclusive Not conclusive

0.7 Not conclusive Not conclusive

0.8 Not conclusive Not conclusive

0.9 Not conclusive Not conclusive

6:19 .

L of
R

(S1;
S1)

(S1;
S2)

(S1;
S3)

(S2;
S1)

(S2;
S2)

(S2;
S3)

(S3;
S1)

(S3;
S2)

(S3;
S3)

0.1 F F NC F U U NC U U

0.2 F F NC F NC U NC U U

0.3 F NC NC F NC U NC U U

0.4 F NC NC NC NC U NC U U

0.5 F NC NC NC NC NC NC U U

0.6 F NC NC NC NC NC NC NC U

0.7 F NC NC NC NC NC NC NC U

0.8 NC NC NC NC NC NC NC NC U

0.9 NC NC NC NC NC NC NC NC NC

Hw 0.70 0.27 −0.09 0.32 −0.10 −0.47 −0.07 −0.50 −0.86

V = viable of favorable (12 cases) NC = Not conclusive(51) U = unviable or contrary
(18)

F favorable (12 situations), NC inconclusive (51) D unfavorable (18)

6:20 See in Appendix D: Solutions for this chapter, Sect. 6.4—E.g. 6.20
6:21 W = (0.72; 0.27) and HW = 0.45;
6:22 W = (0.73; 0.29) and HW = 0.44;
6:23 (HW = 0.59);

(a) Viable;
(b) Inconclusive.

6:24 (HW = 0.48);
(a) Inconclusive;
(b) Inconclusive.

6:25 (I) (HW = 0.17);
(a) Inconclusive;
(b) Inconclusive.
(II) (HW = 0.63);
(a) Viable;
(b) Inconclusive.
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6:26 (HW = 0.57);
(a) Viable;
(b) Inconclusive.

6:27 (I) (HW = 0.14);
(a) Inconclusive;
(b) Inconclusive.
(II) (HW = 0.52);
(a) Viable;
(b) Inconclusive.

6:28 (I)
(a) 0.82;
(b) 0.45;
(c) 0.09;
(d) −0.62;
(e) −0.77;
(II)
(a) 0.85;
(b) 0.36;
(c) 0.09;
(d) −0.56;
(e) −0.77;

6:29 (I)
(a) 0.84;
(b) 0.39;
(c) 0.09;
(d) −0.58;
(e) −0.77.

6:30 FMS: HW = 0.74; CIM: HW = 0.59; GT/CM: HW = 0.87.
Therefore, the most indicated system in these conditions is GT/CM.

6:31 See in Appendix D: Solutions for this chapter, Sect. 6.5—E.g. 6.31
6:32 (a) D1 (with H1 = 0.818) and D6 (with H6 = 0.834); (b) D6.
6:33 (a) D3 (with H3 = 0.800) and D4 (with H4 = 0.814) and D10 (with

H10 = 0.794); (b) D4.
6:34 (a) D3 (with H3 = 0.800) and D4 (with H4 = 0.814); (b) D4.
6:35 The foreseen diagnosis would be D10, which presents the highest degree of

certainty (H10 = 0.543), but it cannot be accepted, because H10 is lower than
the requirement level 0.60.

6:36 (a) D1 (H1 = 0.629), D5 (H5 = 0.617); D6 (H6 = 0.839) and D10

(H10 = 0.606); (b) D6.
6:37 (a) D6 (H6 = 0.839); (b) D6.
6:38 (a) D3 (H3 = 0.701); and D10 (H10 = 0.797); (b) D10.

6.5 Diagnosis Prediction 147



6:39 .

Sj\Di D1 D2 D3 D4 D5 D6 D7 D8 D9 D10

S1 0.800 0.800

S2 0.960 0.960

S3 0.880 0.880

S4 0.810 0.810

S5 0.820 0.820

S6 0.850 0.850

S7 0.900 0.900

S8 0.790 0.790

S9 0.800 0.800

S10 0.790 0.790

6:40 .

Sj\Di D1 D2 D3 D4 D5 D6 D7 D8 D9 D10

S2 e S4 0.875

S2 e S6 0.890

S2 e S8 0.875

S2 e S10 0.515

S4 e S6 0.830

S4 e S8 0.765

S4 e S10 0.800

S6 e S8 .815

S6 e S10 0.805

S6 e S10 0.775
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Chapter 7
Comparison Between the Paraconsistent
Decision Method (PDM)
and the Statistical Decision Method
(EDM)

7.1 An Example to Substantiate the Comparison

The basic idea of this chapter is to make a comparison between the paraconsistent
and statistical decision methods.

For the comparison, as an example, we will consider an enterprise in which only
ten factors (F01–F10) have considerable influence. We will assume that the opinions
of four specialists (Ek) were researched and that, for the application of the maxi-
mization (MAX) and minimization (MIN) rules, they were grouped as follows:
Group A: (E1 with E2) and Group B: (E3 with E4).

This way, the arrangement for application of the MAX and MIN operators is the
following:

MIN MAX E1ð Þ; E2ð Þ½ �; MAX E3ð Þ; E4ð Þ½ �f g

For the decision making, the requirement level of 0.70 will be established. That
means that we will make a decision if |H| � 0.70. This way, the decision rule is the
following:

H � 0:70 ) favorable decision feasible enterpriseð Þ;
H � � 0:70 ) unfavorable decision unfeasible enterpriseð Þ;
� 0:70\H\ 0:70 ) inconclusive analysis:

Table 7.1 shows, in columns 2–9, the degrees of favorable evidence and contrary
evidence the specialists attributed to the factors in their real conditions; in columns
10–13, the results of the application of the maximization rule (MAX) rule intra-
group; in columns 14 and 15, the degrees of favorable evidence (ai,R) and contrary
evidence (bi,R) resultant from the application of the minimization (MIN) rule
intergroup; and in columns 16–18, the analysis of the results.
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The analysis of the results by the decision rule was already executed in
Table 7.1. The analysis by the para-analyzing algorithm is performed, as it has
already been seen, plotting the resultant degrees of favorable evidence and contrary
evidence (columns 14 and 15) in a cartesian diagram and verifying the position of
the representative points of each one of the factors and of the center of gravity
(Fig. 7.1).

It must be observed that all the factors are in the truth region, which means that
all of them are in favorable condition to the enterprise being analyzed.

The influences of all these factors on the decision of the feasibility of the
enterprise may be summarized by the center of gravity of the ten points, which
translates the joint influence of the ten analyzed factors. As W is in the truth region,
we say that the analysis enables a favorable decision: the enterprise is feasible.

For the center of gravity, it led to (HW = aW −bW = 0.84); as (0.84 � 0.70), the
decision is favorable, that is, it is possible to infer for the feasibility of the
enterprise.

0,0930,0

0,2

0,4

0,6

0,8

1,0

0,00 0,20 0,40 0,60 0,80 1,00

Para-analyzer algorithm
b

a

Fig. 7.1 Analysis of the result by the para-analyzing algorithm
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7.2 A Short Review of the Statistical Decision Method
(SDM)

Statistical decisions are the decision making about a population, based on infor-
mation from the sample(s) extracted from them. For example, we may want to
decide if a coin is biased or not, if a drug is more efficient or not than another in the
cure of a disease, etc.

To try to reach the decision, statistical hypotheses are formulated concerning the
interested population, which are statements regarding the distributions of likeli-
hoods of the population. Commonly, a statistical hypothesis is formulated with the
purpose of rejecting it.

This way, when we wish to decide if a coin is biased, we formulate the
hypothesis that it is not, that is, that the probability of obtaining one of the faces
(heads, for example) is p = 0.5. This hypothesis is called null hypothesis (H0: the
coin is fair). Any hypothesis other than the null one is denominated alternative
hypothesis (H1: p 6¼ 0.5 the coin is not fair, for example).

In practice, we assume H0 and, based on a random sample and the probability
theory; it is verified if the sample results markedly differ from the expected ones,
that is if the observed differences are significant to the extent of being able to reject
H0 and maintain H1. For example, in 50 tosses of a coin, we expect to obtain some
heads next to 25; however, if 40 heads occur, we are inclined to reject the
hypothesis H0 that the coin is fair (and keep the alternative hypothesis H1).

The process which enables us to decide if a hypothesis must be rejected, veri-
fying if the sample data significantly differs from the expected, is called hypothesis
or significance test [99].

If H0 is rejected when it should be accepted, we say that a type I error was made;
but if it is accepted when it should be dismissed, the error is type II. In both cases,
we have a decision error. To reduce these kinds of error, we seek to increase the
sample size, which is not always possible.

When testing an established hypothesis, H0, the maximum probability of making
a type I error is called significance level, generally represented by a and whose
most common values are 0.05 (or 5%) and 0.01 (or 1%). Thus, if it is adopted
a = 5% in the planning of the hypothesis test, there are 5 chances in 100 of H0

being rejected, when it should be accepted, that is, there is a trust of 95% of making
the right decision. It is said that H0 is rejected at the significance level of 0.05 (or
5%). In the coin example, we would say that there are evidences that the coin is not
fair, at the significance level of 0.05 (or 5%).

If statistic X has a normal distribution with average px and standard deviation lx,
the distribution of the reduced variable (or score) z = (X − lx)/rx is normal with
average 0 and standard deviation 1.

For the significance level a = 5%, in two-tailed tests, the critical values of z (zc),
which separate the H0 acceptance region from the rejection region, are −1.96 and
+1.96. Thus, if the sample result Xo of statistic X leads to a score zo equal or smaller
than −1.96, or equal or higher than +1.96, H0 will be rejected at the significance
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level of 5%. In this case, we say that zo is significantly different from 0 (average of
z) to the extent of enabling us to reject H0 at the significance level 5%. Therefore,
for this significance level, the statistical decision rule is (Fig. 7.2):

AcceptH0 : if � 1:96\zo\þ 1:96 or; in a generic way; if � zc\ zo\ þ zc
RejectH0 : if zo �� 1:96 or zo � þ 1:96 or; in a generic way; if zo �� zc or zo � þ zc

For one-tailed tests on the right, for a = 5%, the decision rule is changed to:

AcceptH0 : if\ þ 1:645 or; in a generic way; if zo\þ zc
Reject H0 : if zo � þ 1:645 or; in a generic way, if zo � þ zc

For one-tailed tests on the left, for a = 5%, the decision rule is changed to:

AcceptH0 : if\ � 1:645 or; in a generic way; if zo [� zc
Reject H0 : if zo �� 1:645 or; in a generic way, if zo �� zc

For the significance level 1%, the critical values of z are −2.58 and +2.58 (for
two-tailed tests) and −2.33 and +2.33 (for one-tailed tests).

-1,96 1,96

-4,00 -3,00 -2,00 -1,00 0,00 1,00 2,00 3,00 4,00

Reduced normal curve

RejecƟon 
Ho region

Rejection 
Ho region

Acceptance Ho region

Fig. 7.2 Acceptance and rejection regions in a reduced normal curve, for two-tailed tests with
a = 5%
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7.3 Comparison Between PDM and SDM: The
Distribution of the Degree of Certainty (H)

To compare the paraconsistent Decision Method (PDM) to the statistical decision
method (SDM), some considerations about the PDM have been made [51].

(a) The variation interval of the degree of certainty (−1 � H � 1) was divided into
classes of amplitude a = 0.1, with extremes in the integer decimal values of H
(0.0 � 10−1, ± 10 � 10−1, ± 20 � 10−1,…) (column 2 of Table 7.2).
Thus, the midpoints of the classes are the follow-
ing: ± 0.5 � 10−1 = ± 0.05, ± 1.5 � 10−1 = ± 0.15, ± 2.5 � 10−1 = ±

0.25,…, ± 9.5 � 10−1 = ± 0.95. To each class, one integer decimal value of
the requirement level is associated (column 1 of Table 7.2).

(b) Being H = M the center of a class, its extremes are M −0.05 and M +0.05.
Thus, this class is defined by the interval K = M −0.05 � H < M + 0.05, for
H � 0, or M − 0.05 < H � M + 0.05 = K, for H < 0. K is the requirement
level related to the class.

(c) For each class, the area of the Cartesian unit square region defined (delimited)
by this class (Fig. 7.3), which was called class area, was calculated. The value
AM = 0.1 � (1 − |M|) was obtained.

(d) As the Cartesian unit square area is equal to 1, the frequency of the class
defined by the value H = M (center of the class) is equal to the class area (AM)
divided by its amplitude (a).
Thus:

fH¼M ¼ AM=a ¼ 0:1� 1� Mj jð Þ=0:1 ¼ 1� Mj j

(e) This way, it was possible to calculate the areas AM and the frequencies fH of all
the classes (columns 4 and 5 of Table 7.2) and elaborate the corresponding
frequencies diagram (Fig. 7.4).

(f) When we assume the requirement level NE = K for the decision making by the
PDM, it means that the decision will be favorable if HW � K, and unfavorable
if HW � −K, being HW the degree of certainty of the center of gravity.

Therefore, the decision is favorable is the center of gravity W belongs to the
QUPC region defined by the condition H � K, that is, if it belongs to the tail of the
curve constituted by the classes of mid-points M, so that M � K + 0.05 or
|M| � K + 0.05.

Analogously, the decision is unfavorable is the center of gravity W belongs to
the QUPC region defined by the condition H � −K, that is, if it belongs to the tail
of the curve constituted by the classes of mid-points M, so that M � −K − 0.05 or
|M| � K + 0.05.

Therefore, if the center of gravity W belongs to one of the tails (right or left) of
the frequency distribution of H defined by the requirement level NE = K, it means
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AB = Perfectly undefined line (PDI)

CD = Perfectly defined line (PDL)

PQSR = Class 0,5 ≤ H < 0,6

EFHG = Class -0,5 < H ≤ -0,4

C = Situation of truth

D = Situation of falsity
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Fig. 7.3 Classes of the degree of certainty, with two corresponding classes to the requirement
levels 0.5 and 0.4 highlighted
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that the degree of certainty of the center of gravity is significantly different from
zero to be able to make the decision (favorable or unfavorable).

7.4 Comparison Between PDM and SDM: The Adherent
Normal Curve (ANC)

To make the comparison between the PDM and the statistical decision process, we
sought the normal distribution of zero average (as the distribution of H has zero
average) which better adhered to the H frequency distribution (of the PDM).

To measure this adherence, the adherence test of v2 (chi-square) was applied.
For this purpose, the corresponding frequency to each class of the degree of cer-
tainty (f0 = fH) (column 5 of Table 7.2 and Fig. 7.4) was considered as observed
frequency, and the frequency of the same class obtained by the normal curve
(fE = fN) (column 6 of Table 7.2 and Fig. 7.5) as expected frequency. This fre-
quency was obtained with the aid of the Excel spreadsheet, utilizing the function
DIST.NORM(X; MEDIA; DESVPAD; FALSO).

It was verified that the best adherence of the normal distribution of zero average
to the distribution of the degree of certainty of the PDM occurs for the standard
deviation equal to 0.444, for which resulted in a chi-square minimum and equal to
v2 = 0.07412 (column 7 of Table 7.2 and Fig. 7.6a, b). This normal will be called
normal adherent curve (ANC).
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In these conditions, the decision by the PDM with requirement level equal to K
(favorable, if HW � K, or unfavorable if HW � −K) corresponds to a two-tailed
statistical decision with significance level a = 2k, being k equal to the area under
ANC, above K (favorable decision) or below—K (unfavorable decision) (see
Table 7.3 and Fig. 7.7).

It is worth to observe that, for the normal, the area of each class was calculated
by the product of its frequency (column 6 of Table 7.2) by the amplitude of the
classes (a = 0.1). The accumulated areas of the distributions of H (PDM) and
normal (columns 8 and 9 of Table 7.2) were obtained by the accumulated sum of
the class areas. In this calculation, for the normal, the corresponding correction to
the area under the curve until the value −1.0 was made, obtaining the corrected
accumulated area: Aacum corrig (column 10).

For two-tailed tests, the significance level is a = 2k; for one-tailed tests, it is
a = k.

7.5 Comparison Between PDM and SDM: Comparing
the Decisions

The double of the area of the normal curve tail (2k) is called significance level (for
two-tailed testing) and represents the percentage of uncertainty with which we
accept the decision that the obtained result (HW) sufficiently different from zero
(average of H) to say that the enterprise is feasible (favorable decision) or infeasible
(unfavorable decision).

Table 7.3 Comparison between the areas of the tails of the distribution of H (PDM) and the
normal (ANC) and the variation in the value of v2 for some standard deviation values

Level of requirement Level of
uncertainty

Level of
significancy

Standard
deviation

v2 (chi-square)

Acceptable value minimum
of certainty degree

Tail of PDM
curve

Tail of normal
curve

0.437 0.07683

0.438 0.07607

0.439 0.07545

K b (%) k (%) 0.440 0.07494

0 50.00 50.00 0.441 0.07456

0.1 40.50 41.07 0.442 0.07429

0.2 32.00 32.59 0.443 0.07415

0.3 24.50 24.92 0.444 0.07412

0.4 18.00 18.33 0.445 0.07420

0.5 12.50 12.96 0.446 0.07440

0.6 8.00 8.78 0.447 0.07470

0.7 4.50 5.71 0.448 0.07511

0.8 2.00 3.55 0.449 0.07563

0.9 0.50 2.11 0.450 0.07625
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Analogously, the double of the PDM curve tail (2b), which will be called
uncertainty level, represents the area of the QUPC region for which H � K or
H � −K. Thus, when we say that a decision was made by the PDM with
requirement level K, it corresponds to saying that the degree of certainty of the
center of gravity, in module, is higher or equal to the requirement level (|H| > K) or
that the decision presents a degree of uncertainty 2b.

As seen, to decide the PDM we calculate the degree of certainty of the center of
gravity (HW) and compare it to the requirement level. In the example, we obtained
HW = 0.84, which is compared to the requirement level NE = 0.70. As HW � NE,
we conclude that the decision is favorable (the enterprise is feasible) at the
requirement level 0.70. That is, we may state that the company is feasible with
maximum uncertainty level of 2b = 2 � 4.50% = 9.0% (see Table 7.3).

To perform the decision making by the statistical process:

(a) The critical value of the standardized variable of the adherent normal curve
ANC (*zc) is calculated, which corresponds to the adopted requirement level
(0.70, in the example). For this purpose, we verify how many standard devi-
ations of ANC (0.444) the requirement level is above the average (zero), as
follows:

�zc ¼ 0:70� 0ð Þ=0:444 ¼ 1:58

(b) We calculate the observed value of the standardized variable of the ANC (*z)
that corresponds to the value of the degree of certainty of the center of gravity
(0.840, in the example). For this purpose, we verify how many standard
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deviations of ANC (0.444) the degree of certainty of the center of gravity is
above the average (zero), as follows:

�zo ¼ 0:840� 0ð Þ=0:444 ¼ 1:89

As *zo � *zc, we conclude that the value HW is significantly higher than the
average zero, enabling us to say that the conclusion of the conducted analysis is
favorable (the enterprise is feasible) at the significance level a = 2k = 2
5.71% = 11.42% (see Table 7.3).
Note: According to Table 7.3. we notice that, for these one-tailed tests, if the

requirement level adopted by the PDM is 0.60, the uncertainty level of the PDM
will be 8.00% and the significance level of the SDM will be 8.78%; analogously, if
the requirement level is 0.80, these values will be 2.00 and 3.55%, respectively. For
two-tailed tests, the values of the uncertainty level and of the significance level
double their value.

7.6 Another View of the Application of the Statistic

As already seen, the comparison with the statistic was made only in the final
decision, when the value of the degree of certainty of the center of gravity (HW) was
already known. However, assuming that the variable “degree of evidence” may be
treated at the level of a reasonable scale, there is also the possibility to use the
statistic to work the data and obtain the degree of certainty of the center of gravity.

For each factor Fi, we calculate the average of the degrees of favorable evidence
(ai,k) related to the opinions of all the experts, obtaining the resultant degree of
favorable evidence for this factor (ai,R). Analogously, we obtain (bi,R). From these
values, the process is repeated.

This way, the calculation Table 7.1 is modified and turned into Table 7.4. It
must be observed that columns 10–13 of Table 7.1 cease to exist.

As the requirement level is the same, the value of *zc remains equal to 1.58.
The degree of certainty of the center of gravity, calculated by the statistic

techniques, is now HW = 0.743, which enables us to calculate *zo = (0.743 − 0)/
0.444 = 1.67. As it resulted *zo � *zc, we conclude that the decision is favorable,
that is, the enterprise is feasible, at the significance level a = 2k = 2 �
5.71% = 11.42%, which corresponds to the requirement level 0.70.

Then, the doubt arises: the decision by the PDM iswith uncertainty level 2b = 9.0%,
corresponding to requirement level 0.70. If we establish the significance level
a = 2k = 9.0%, would the decision by the statistic be the same? Just verify which
value of the requirement level must be so that the tail of the ANC is equal to 4.50%.

After the verification is conducted, it was obtained that the requirement level that
meets is K′ = 0.727, for which *zc = 1.64. Therefore, as *zo = 1.67, the decision is
still favorable at the significance level a = 2k = 2 � 4.50% = 9.0%, as *zo is still
higher than *zc.
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Of course, the decision could cease being favorable, once the requirement was
increased when the significance level was reduced from a = 2k = 11.42% to
a = 2k = 9.0%.

Exercises

7:1 Utilizing the CP of the PDM constructed in Exercise 6.1, and considering
the weights of the factors equal, perform the study of the decision by the
statistical method, utilizing a two-tailed test, at the significance level
a = 2k = 17.56% (which corresponds to the requirement level 0.60 of the
PDM—see Table 7.3), in the cases when all the factors are in the condi-
tions of the section:

ðaÞ S1 ðb) S2 ðcÞS3
Use the normal curve (ANC) that best adheres to the degree of certainty
curve: average 0 (zero) and standard deviation 0.444, and determine the
resultant degrees by the average of the degrees attributed by the experts
(item 7.6).
Data: for two-tailed test, at the significance level 17.56%, zc = 1.354.

7:2 Compare the decisions made in Exercise 7.1 to the corresponding deci-
sions made by the paraconsistent decision method, PDM, at the require-
ment level 0.60.

7:3 Which would the answers of Exercise 7.1 be, if the significance level I)
a = 2k = 11.42% (which corresponds to NE = 0.70) and II)
a = 2k = 7.10% (which corresponds to NE = 0.80) were adopted?
Data: for two-tailed test: a = 2k = 11.42% ) zc = 1.580; a = 2k =
7.10% => zc = 1.805.

7:4 Utilizing the CP of the PDM constructed in Exercise 6.8, and considering the
weights of the factors equal, perform the study of the decision by the sta-
tistical method, utilizing a two-tailed test, at the significance level a=
2k = 5.0% (which corresponds to the requirement level 0.843 of the PDM—
see Table 7.3), in the cases when all the factors are in the conditions of the
section:

ðaÞ S1 ðb) S2 ðcÞS5
Data: for two-tailed test, at the significance level a = 2k = 5.0%,
zc = 1.96.

7:5 Compare the decisions made in Exercise 7.4 to the corresponding deci-
sions made by the paraconsistent decision method, PDM, at the require-
ment level 0.843.

7:6 Utilizing the CP of the PDM constructed in Exercise 6.15 and adopting the
conditions of Exercise 6.19, elaborate the double-entry table for the
decisions, highlighting in the first column the requirement level, in the
second one, the corresponding significance level for two-tailed test (see
Table 7.3), in the third, the critical value of the reduced variable (zc, which
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must be obtained in a value table of the normal curve area) and in the nine
following ones, the decision suggested by the statistical analysis.
Also, place three last lines with the degrees of certainty of the center of
gravity obtained by the PDM (already obtained in Exercise 6.19) and by the
statistical calculation, and the observed values of the reduced variable (zo),
corresponding to the degrees of certainty achieved by the statistical calcu-
lation. (Do not forget the weights, which are the ones from Exercise 6.17).

Answers

7:1 (a) zo = 1.619; rejects H0, as zo � zc; Feasible enterprise;
(b) zo = 0.605; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(c) zo = −1.154; accepts H0, as −z < z < z; Inconclusive analysis.

7:2. (a) HW = 0.67; HW � NE; Feasible enterprise;
(b) HW = 0.22; −NE < HW < NE; Inconclusive analysis;
(c) HW = 0.40; −NE < HW < NE; Inconclusive analysis;

7:3 (I) (a) zo = 1.619; rejects H0, as zo � zc; Feasible enterprise;
(b) zo = 0.605; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(c) zo = −1.154; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(II) (a) zo = 1.619; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(b) zo = 0.605; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(c) zo = 1.154; accepts H0, as −zc < zo < zc; Inconclusive analysis;

7:4 (a) zo = 1.672; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(b) zo = 0.109; accepts H0, as −zc < zo < zc; Inconclusive analysis;
(c) zo = 1.506; accepts H0, as −zc < zo < zc; Inconclusive analysis.

7:5 (a) HW = 0.840; −NE < HW < NE; Inconclusive analysis;
(b) HW = 0.509; −NE < HW < NE; Inconclusive analysis;
(c) HW = −0.757; −NE < HW < NE; Inconclusive analysis.

7:6

L of R L of S (α) zc (S1; S1) (S1; S2) (S1; S3) (S2; S1) (S2; S2) (S2; S3) (S3; S1) (S3; S2) (S3; S3)
0.10 82.14% 0.225 F F F F NC D NC D D
0.20 65.18% 0.451 F F NC F NC D NC D D
0.30 49.84% 0.677 F F NC F NC NC NC D D
0.40 36.66% 0.903 F F NC NC NC NC NC NC D
0.50 25.92% 1.128 F NC NC NC NC NC NC NC D
0.60 17.56% 1.354 F NC NC NC NC NC NC NC D
0.70 11.42% 1.580 F NC NC NC NC NC NC NC NC
0.80 7.10% 1.805 NC NC NC NC NC NC NC NC NC
0.90 4.22% 2.032 NC NC NC NC NC NC NC NC NC

HW 0.70 0.27 ̶ 0.09 0.32 ̶ 0.10 ̶ 0,47 ̶ 0.07 ̶ 0,50 ̶ 0.86
HW 0.74 0.41 0.11 0.38 0.05 ̶ 0,26 ̶ 0.03 ̶ 0,36 ̶ 0.66
zo 1.667 0.923 0.248 0.856 0.113 ̶ 0,586 ̶ 0.068 ̶ 0,811 ̶ 1.486

F = viable or favorable (15 cases) NC = Not Conclusive (55) D = unviable or contrary (11)

By PDM
By EDM

Observed value
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Chapter 8
A Simplified Version of the Fuzzy
Decision Method and Its Comparison
to the Paraconsistent Decision Method

8.1 Simplified Version of the Fuzzy Decision Method
(SVFDM)

8.1.1 Theoretical Basis

The inventor of the Fuzzy Logic, in 1965, was the Iranian living in the United
States, Lotfi Asker Zadeh. In a less strict language, we may say that this logic seeks
a systematization of the study of knowledge, seeking mainly, to examine the vague
(diffuse, nebulous) knowledge (it is not clearly known what it means), and dis-
tinguish it from inaccurate knowledge (you know what it means, but you do not
know the exact value).

Consider X a set (in the usual sense). We say that A is a Fuzzy subset of X, if A
is identified by a function f(x) that, at every element of X, associates a number from
the interval [0, 1],

If Y = f(x) and [0, 1], for 8x 2 X, we denote: x 2 f(x) A or x 2 YA. We have:
x belongs to A with membership degree f(x) = Y;
Y = f(x) is the membership degree of x in A;
x 2 YA means that x belongs to A with a membership degree Y;
x 2 0A means that x does not belong absolutely to A (it is the case in which the
membership degree is Y = 0);
x 2 1A means that x belongs absolutely to A (it is the case in which the membership
degree is Y = 1);
x 2 0.7A means that x belongs to A with membership degree 0.7 (in this case
Y = 0.7).

An example with a little more detail. Consider X = {a, b, c}. Consider the
subsets of X with the following elements:

Subset A: a 20.8 A, b 20.3 A and c 21 A. We say that A is a fuzzy subset of X;
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Subset B: a 21 B, b 20 B and c 21 B. It is said that B is a classical subset of X
(B = {a, c}). Therefore, every classical subset of X is a fuzzy subset of X (the
elements of the classical subset have membership degree equal to 1).

For the fuzzy subsets of a set X, we define:

Equality: A = B , fA (x) = fB (x), 8 x 2 X
Inclusion: A � B , fA(x) < fB (x), 8 x 2 X
Intersection: C = A \ B , fc (x) = min {(fA (x), fB (x)}, 8 x 2 X
Union: C = A[B , fc (x) = max {fA (x), fB (x)}, 8x2 X
Being x 2 f(x) A a formula and representing it by [A(x)] = [A] = f(x) = Y.

We define

Conjunction: [A ˄ B] = max {[A], [B]}
Disjunction: [A V B] = min {[A], [B]}
Negation: [A] = 1 − [A]
Implication: [A ! B] = [A V B] = min {(1 − [A]), [B]}.

As an example, analyze the proposition “John is a tall man”. In this case, set X is
the set of the men. Subset A under analysis is the subset of the tall men (fuzz subset
of X), defined by the function f(x) which, at every element x (man) of X, associates
a number from the interval [0, 1].

In Classical Logic, he is either tall (membership degree 1) or not tall (mem-
bership degree 0) (principle of the middle excluded); that is, x belongs to A or x
does not belong to A.

Thus, this logic would define as being “tall”, for example, the man with h
1.75 m. The value of function f(x) would be equal to zero for a man x with a height
lower than 1.75 m, and it would be equal to 1 for a man x with a height equal or
higher than 1.75 m. The interval [0, 1] would be reduced to the binary set {0, 1}.

As the concept of a tall man is a little vague (nebulous, diffuse, fuzzy), the Fuzzy
Logic gives it a different treatment. We may consider, for example, that the man is
tall for heights above or equal to 1.90 m and not tall for heights below 1.80 m.

Then: for h � 1.90 m, f(x) = 1 and man x absolutely belongs to the fuzzy
subset A (of the tall men) of set X (of the men) (x 21 A); for h < 1.80 m, f(x) = 0
and man x absolutely does not belong to the fuzzy subset A (of the tall men) of set
X (of the men) (x 20 A) (Fig. 8.1).

However, for 1.80 m � h < 1.90 m, the value of f(x) will vary from 0 to 1, for
example, as follows: f(x) = 10hx − 18 (it was placed, for example, because the
function does not need, necessarily, to be linear). Therefore, for a man x of height
hx = 1.84 m, we will have f(x) = 0.4 and we may say that he belongs to the fuzzy
subset A (of the tall men) of set X (of the men), with membership degree 0.4 (x 204

A). Figure 8.2 represents the variation of the membership degree.
In short, in this case, the membership function is: f(x) = 0, for h < 1.80 m;

f(x) = 1, for h � 1.90 m; and f(x) = 10 h − 18, for 1.80 m � h < 1.90 m.
On the other hand, we may analyze what a “short” man is. As seen above,

according to the classical logic, the short man (or not tall) would be the one with
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height below 1.75 m. However, under the light of the fuzzy logic, we may say that
a short man is the one with a height equal or below 1.60 m and not short the one
with height above 1.70 m.

Analogously, we have, then: for h � 1.60 m, f(x) = 1, and man x absolutely
belongs to the fuzzy subset B (of the short men) of set X (of the men) (x 20 B); for
h > 1.70 m, f(x) = 0 and man x absolutely does not belong to the fuzzy subset B
(of the short men) of set X (of the men) (x 20 B).

However, for 1.60 m < h � 1.70 m, the value of f(x) will vary from 1 to 0, for
example, as follows: f(x) = 17 − 10hx. Therefore, for a man x of height hx =
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Fig. 8.1 Classical representation of the set of the men (X) and its subset (A) of the tall men
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Fig. 8.2 Fuzzy representation of the set of the men (X) and its subset (A) of the tall men
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1.64 m, we have f(x) = 0.6, and we may say that he belongs to the fuzzy subset B
(of the short men) of set X (of the men), with membership degree 0.6 (x 20.6 B).

Here, the membership function is: f(x) = 0, for h > 1.70 m; f(x) = 1, for
h < 1.60 m; and f(x) = 17 − 10 h, for 1.60 m < h � 1.70 m. (Fig. 8.3)

For this work, adaptation will be made, considering that, for a condition (the
favorable one), the membership degree varies from 0 to 1, and for the contrary
condition (the unfavorable one), it ranges from 0 to −1.

This way, in the example seen above, the man x may belong to subset A of the
tall men (here considered as favorable condition) with membership degree varying
from 0 to 1; and may belong to subset B of the short men (here considered as
unfavorable condition) with membership degree (adapted) from 0 to −1. Observe
that, in the interval, 1.70 m � h � 1.80 m, the man will be in subset A of the tall
men and the subset B of the short ones with a membership degree (zero). That is, he
is not considered tall nor short.

With this adaptation, the fuzzy charts seen are summarized into the one in
Fig. 8.4, and the membership function adapted to subset A of the tall men and to
subset B of the short men changes to: f(x) = –1, for h � 1.60 m; f(x) = 10 h − 17,
for 1.60 m < h � 1.70 m; f(x) = 0, for 1.70 m < h < 1.80 m; f(x) = 10 h − 18,
for 1.80 m � h < 1.90 m; and f(x) = 1, for h � 1.90 m.

This way, the advantage of being tall grows until 1.90 m, and from that point on,
does not increase any more, remaining equal to 1. That will lead to an important
condition in the decision making. Imagine if you want to implement the project of a
factory and that this plant needs a minimum area of 4000 m2 and maximum area of
6000 m2. Thus, the membership function varies from 0 to 1 for these extremes.
However, if the area is larger than 6000 m2, that will not pose an additional
advantage, because the maximum necessary has already been accomplished.
Coherently, the membership degree will not increase either, remaining equal to 1.
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Fig. 8.3 Fuzzy representation of the set of the men (X) and its subset (B) of the tall men
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8.1.2 Application of the Fuzzy Logic in Decision Making

One way to utilize the Fuzzy Logic for decision making is the one exposed below,
and it will be called simplified version of the fuzzy decision process (SVFDM).

The factors that influence the success (or failure) of an enterprise are considered
and, for each factor separately, two ranges are established (by means of specialists),
which must translate the condition in which the factor is favorable to the success of
the enterprise (RF) and the condition in which it is contrary (RC). Thus, the real
state of each factor Fi is translated by the membership degree (Y) of the actual
situation of the factor at the established condition. The value of this membership
degree will be from 0 to 1, if the actual condition is favorable, and from 0 to −1 if it
is contrary. When the membership degree results equal to 0 (zero), it is said that the
factor is in an indifferent condition for the result of the enterprise.

This way, for each influence factor, we have a membership degree (Y), which
translates the real situation. The average (YR), (arithmetic or weighted) of all the
membership degrees (Y) translates the joint influence of all the factors on the
enterprise.

With the value of this average (YR), upon a pre-established criterion (decision
rule), we may conclude if the enterprise is feasible or infeasible, or if the analysis
was inconclusive.

The decision rule is fixed, establishing a minimum value for |YR|, which will be
called requirement level (NE). It may also be set by specialists in the area, or its
value must depend on the responsibility the decision implicates. Thus, the decision
rule may be written as follows:
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Fig. 8.4 Adapted membership degrees for the subsets of the tall men (A) and the short men (B)
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YR � NE ) favorable decision (feasible enterprise);
YR � −NE ) unfavorable decision (unfeasible enterprise);
−NE < YR < NE ) inconclusive analysis.

8.1.3 A Simple Application of the SVFDM (Negoita [85]
with Shimizu [94])

Eight companies are considered (from A to H), of which we know, for a certain
period, the sales and the profits. Considering that, for the regarded period, the sales
are high in the interval RF1 from $900 to $1200, and the profits are acceptable in
the interval RF2, from 10 to 18%, select the best one of these companies, utilizing
two different views: (a) sales and profit have equal weights in the decision; (b) profit
has three times the weight of sales.

To solve, we must calculate the degrees of pertinence of the sales (Y1) and of the
profits (Y2) of each company to the subsets RF1 and RF2, respectively, using the
following membership functions:

Sales (X1): Y1 = 0, for X1 < 900; Y1 = (X1 − 900)/300, for 900 � X1 < 1200;
and Y1 = 1, for X1 � 1200;
Profit (X2): Y2 = 0, for X2 < 10%; Y2 = (X2 − 10)/8, for 10% � X2 < 18%; and
Y2 = 1, to X2 > 18%.

Then, we must calculate: (a) the arithmetic average or (b) the weighted average
of the obtained membership degree and compare the value of the obtained averages
for the eight companies. The one that presents the highest average will be con-
sidered the best company.

Table 8.1 summarizes the calculations that give the solution of the question.
It is concluded, then, that in the condition (a), H is the best company and, in the

status (b), the best company is E.
It may occur that the average of the degrees of the pertinence of a company is

maximum, despite one (or more) degrees of pertinence being zero, that is, despite
the company being outside the acceptable conditions. In that case, an indicated (and
necessary) verification for this process is calculating the products of the degrees of
the pertinence of the factors. If this product results in 0 (zero), we will know that, at
least about one of the factors, the company is outside the acceptable conditions and
cannot be classified as the best one, even if it has the highest average.
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8.1.4 Another Application of the SVFDM
(Shimizu [94], p. 65)

A company XYZ analyzes three alternatives (A1 A2 and A3) of purchase, with spot
payment of a property for the installation of a branch, based on three indicators
(factors): net gain (F1), distance from the property to the commercial center (F2) and
the total available area (F3). F2 and F3 represent competitive advantages
(Table 8.2).

Verify which is the best alternative in the cases when: (a) the three factors have
equal weights; (b) the weights of the factors are 10, 5 and 8, respectively.

The first step for the solution is creating a membership function Y = f(X) (which
may be linear) for the favorable condition of each factor (Fi), imposing that the least
favorable value of the factor corresponds to the membership degree 0 (zero) and the
most favorable one, to 1 (one). That is if the growth of the factor favors the
alternative, the membership degree 0 (zero) corresponds to the lowest value of the
factor (increasing function); otherwise, 0 (zero) corresponds to the highest value
(decreasing function).

The second step is calculating the membership degree of the factors for each one
of the alternatives. Two of them, 0 (zero) and 1 (one), are already pre-established.

The third and last step is calculating the average of the membership degrees for
each one of the alternatives and conclude for the best one, which is the one with the
highest average. As seen in Table 8.3, (a) when the factors have equal weights, the

Table 8.2 Values of the
indicators for the three
alternatives

Factor A1 A2 A3

Net gain F1 470 500 420

Distance to shopping center F2 150 250 500

Total available area F3 600 400 1500

Table 8.1 Calculation table for the selection of the best company

Firm Sales
(Factor
F1)

Profit
(Factor
F2)

Membership
to R1 (Y1)

Membership
to R2(Y2)

Average
(a) YRa

Average
(b) YRb

Product
Y1 x Y2

A 750 7 0.00 0.00 0.00 0.00 0.00

B 600 14 0.00 0.50 0.25 0.38 0.00

C 800 17 0.00 0.88 0.44 0.66 0.00

D 850 12 0.00 0.25 0.13 0.19 0.00

E 990 18 0.30 1.00 0.65 0.83 0.30

F 1000 15 0.33 0.63 0.48 0.55 0.21

G 1100 14 0.67 0.50 0.58 0.54 0.33

H 1200 13 1.00 0.38 0.69 0.53 0.38
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answer is alternative A1; and (b) when the factors have the specified weights, the
answer is A2.

This exercise enables a more general view: assume that a company XYZ has
specified in advance an interval with the maximum and minimum acceptable limits
for each one of the factors, within its future interests (see column 7 of Table 8.4).

In this case, the degrees of pertinence, minimum (0) and maximum (1), would
now correspond to these values, altering the membership functions.

Table 8.4 shows how the solution for this new situation would be, in which
alternative A1 was the best one, in both cases.

It must be observed that, in these cases, the membership function plays the role
of what is commonly called utility function.

Table 8.3 Solution for a problem by SVFDM

1 2 3 4 5 6 7 8 9 10

Factor Weight A1
($)

A2
(m)

A3
(m2)

Membership function Membership
degree

Monotonicity Equation A1 A2 A3

F1 10 470 500 420 increasing Y = (X −
420)/80

0.63 1 0

F2 5 150 250 500 decreasing Y = (500 −
X)/350

1 0.71 0

F3 8 600 400 1500 increasing Y = (X −
400)/1100

0.18 0 1

Sum 23 Average with equal weights 0.60 0.57 0.33

Average with different weights 0.55 0.59 0.35

Table 8.4 Solution with presetting of the maximum and minimum values of the factors

1 2 3 4 5 6 7 8 9 10 11

Factor Weight A1
($)

A2
(m)

A3
(m2)

Membership function Membership degree

Monotonicity Interval Equation A1 A2 A3

F1 10 470 500 420 increasing 300–
600

Y = (X −
300)/300

0.57 0.67 0.40

F2 5 150 250 500 decreasing 100–
600

Y = (600 −
X)/500

0.90 0.70 0.20

F3 8 600 400 1500 increasing 400–
2000

Y = (X −
400)/1600

0.13 0,00 0.69

Sum 23 Average with
equal weights

0.53 0.46 0.43

Average with
different
weights

0.49 0.44 0.46
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8.2 A More Elaborated Example for the Comparison
of the Two Methods

To exemplify the two decision procedures, the feasibility analysis of the following
enterprise will be studied by both processes: the launch of a new product in the
market.

Several factors influence the success (or failure) of a new product launched in the
market. Normally, the most influential factors to conduct the analysis are chosen.
However, as it is an example, only the following factors will be considered:

F1: need and usefulness of the product—Translated by the percentage (X1) of the
population (X) for which the product is essential in everyday life.
F2: acceptance of the product or similar product already existent in the market
—Translated by the percentage (X2) of the population that utilizes it.
F3: product price in the market—Translated by the ratio (X3, in %) between the
average product price (or of similar products) already existent in the market and its
launch price.
F4: estimated product price—Translated by the ratio (X4, in %) between its cost
and the average product price (or of similar products) in the market.
F5: time for development and implementation of the project and product
launch—Measured by the ratio (X5, in %) between this time and the foreseen life
cycle for the product.
F6: investment for development and implementation of the project and product
launch—Measured by the ratio (X6, in %) between this investment and the
expected net result in the foreseen life cycle for the product.

The issue we propose is to study the feasibility of launch of a new product in the
market by the analysis of the conditions of the six chosen factors, obtained using a
field research. Let’s assume that this research led to the results Xi summarized by
Table 8.5.

8.2.1 Solution by the Paraconsistent Decision
Method—PDM

(a) Establish the requirement level. For this illustrative example, we adopted the
value 0.50 as requirement level. It means that the analysis will be conclusive if
the degree of certainty of the center of gravity is, in module, higher or equal to

Table 8.5 Table of the results obtained in the field research

Fi F1 F2 F3 F4 F5 F6
X (%) 88 95 128 83 15 24
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0.50 (|HW| � 0.50), that is, if the degrees of evidence, favorable and contrary,
final (of the center of gravity W) differ in, at least, 0.50. The decision will be
favorable if the favorable evidence is, at least, 0.50 higher than the contrary
evidence; and it will be unfavorable if the contrary evidence is, at least, 0.50
higher than the favorable one. With this requirement level, the decision rule is:

H � 0.50 ) favorable decision (feasible enterprise);
H � −0.50 ) unfavorable decision (unfeasible enterprise);
−0.50 < H < 0.50 ) inconclusive analysis.

(b) Choose the most influential factors in the enterprise. This has already been
conducted at the beginning of Sect. 8.3.

(c) Establish, for each factor, the sections (Sj) that characterize the conditions in
which every factor may be: S1—favorable; S2—indifferent; and S3—unfavor-
able to the enterprise.

Factor F1: S1—above 70%; S2—between 30 and 70%; and S3—below 30%.
Factor F2: S1—above 70%; S2—between 30 and 70%; and S3—below 30%.
Factor F3: S1—above 110%; S2—between 90 and 110%; and S3—below 90%.
Factor F4: S1—below 50%; S2—between 50 and 70%; and S3—above 70%.
Factor F5: S1—below 30%; S2—between 30 and 60%; and S3—above 60%.
Factor F6: S1—below 40%; S2—between 40 and 60%; and S3—above 60%.

(d) Build the database, constituted by the degrees of favorable evidence (or belief)
(ai,j,k) and contrary evidence (or disbelief) (bi,j,k) that each specialist (Ek)
attributes to the success of the enterprise in the face of each influence factor
(Fi), inside the conditions fixed by each one of the established sections (Sj). It
will be assumed that four specialists have been chosen and that the degrees of
evidence attributed by them are the ones in Table 8.6, which is the database.

(e) Conduct the field research. According to the conducted research, whose
results are in Table 8.5, and which was established in 8.2.1, item c, the sections
that translate the real conditions of the factors are (Table 8.7).

(f) Apply the maximization (MAX) and minimization (MIN) rules of logic Es
to obtain the resultant degrees of favorable evidence (ai,R) and contrary evi-
dence (bi,R) for each one of the factors.

For the application of the rules above, the experts must be divided into groups. It
was assumed that they constituted two groups: Group A, with E1 and E2, and
Group B, with E3 and E4. This way, the application of the rules is structured as
follows:
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MIN MAX E1;E2�;MAX½ ½E3;E4�f g or

MIN GroupA;GroupBf g

The applications of the rules are made with the aid of the PDM calculation table
(Table 8.8). The sections S. obtained in the research are taken to column 2. The
program seeks the corresponding opinions of the experts (column 3–10) in the
database; applies the maximization rules inside the groups (intragroup) (columns
11–14) and minimization rules among the groups (intergroup) and obtains the
resultant degrees of favorable evidence (ai,R) and contrary evidence (bi,R) for each
one of the factors (columns 15 and 16); calculates the degrees of certainty (Hi) and
uncertainty (Gi) for each factor (columns 17 and 18); and applies the decision rule,
showing how each factor influences the enterprise (column 19).

Table 8.6 Database

Factor Section F and S Special. 1 Special. 2 Special. 3 Special. 4

ai,j,1 bi,j,1 ai,j,2 bi,j,2 ai,j,3 bi,j,3 ai,j,4 bi,j,4
F1 S1 F1S1 0.88 0.04 0.94 0.14 0.84 0.08 0.78 0.03

S2 F1S2 0.48 0.43 0.53 0.44 0.58 0.39 0.48 0.41

S3 F1S3 0.01 0.94 0.13 0.88 0.14 1.00 0.17 0.91

F2 S1 F2S1 1.00 0.05 0.95 0.15 1.00 0.10 0.85 0.00

S2 F2S2 0.55 0.45 0.55 0.45 0.65 0.40 0.45 0.55

S3 F2S3 0.00 0.95 0.15 0.75 0.15 0.85 0.25 1.00

F3 S1 F3S1 0.92 0.08 0.98 0.18 0.88 0.12 0.82 0.07

S2 F3S2 0.52 0.47 0.57 0.48 0.62 0.43 0.52 0.45

S3 F3S3 0.05 0.98 0.17 0.83 0.18 0.02 0.21 0.95

F4 S1 F4S1 0.95 0.11 1.00 0.21 0.91 0.15 0.85 0.10

S2 F4S2 0.55 0.50 0.60 0.51 0.65 0.46 0.55 0.48

S3 F4S3 0.08 1.00 0.20 0.86 0.21 0.05 0.24 0.98

F5 S1 F5S1 1.00 0.88 0.90 0.00 0.95 0.15 0.94 0.05

S2 F5S2 0.50 0.50 0.60 0.50 0.60 0.40 0.50 0.40

S3 F5S3 0.00 1.00 0.10 0.80 0.90 0.08 1.00 0.15

F6 S1 F6S1 0.90 0.10 1.00 0.10 0.90 0.00 1.00 0.00

S2 F6S2 0.60 0.50 0.60 0.40 0.50 0.40 0.50 0.50

S3 F6S3 0.10 0.80 0.20 0.90 0.13 1.00 0.00 1.00

Table 8.7 Sections obtained in the field research

Factor Fi F1 F2 F3 F4 F5 F6
Xi (%) 88 95 128 83 15 24

Section Sj S1 S1 S1 S3 S1 S1
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(g) Calculate the degrees of favorable evidence (aw) and contrary evidence (bw)
of the center of gravity of the points that represent the factors in the lattice of
the annotations (para-analyzer algorithm). These translate the joint influence of
the factors on the enterprise, and enable the final decision. aW and bW (last line
of columns 15 and 16) are equal to the averages of the resultant degrees (ai,R)
and (bi,R) obtained for each one of the factors. Besides that, the program
calculates the degrees of certainty (HW) and uncertainty (GW) of the center of
gravity (last line of columns 17 and 18), enabling the final decision making: the
enterprise is feasible at the requirement level 0.50 (last line of column 19).

(h) Make the decision. As seen above, the program makes the decision, based on
the decision rule. In fact, HW = 0.615 and 0.615 � 0.50 implicate in
HW � NE, which implicates in a favorable decision, that is, the enterprise is
feasible.

The analysis of the result may also be performed by the para-analyzer algorithm,
as shown in Fig. 8.5.

The analysis of the chart shows that five factors belong to the truth region, being,
then, favorable to the enterprise; one of them belongs to the falsity region, being
contrary to the company. As the center of gravity is in the truth region, it is
concluded, by the analysis of these six factors in the researched conditions, that the
enterprise is feasible.
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Fig. 8.5 Analysis of the result by the para-analyzer algorithm
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8.2.2 Solution by the Simplified Version of the Fuzzy
Method (SVFDM)

For the application of the simplified version, we execute the following sequence.

(a) Establish the requirement level. Analogously to what was done for the PDM
(Sect. 8.2.1, item a), the requirement level 0.50 will be adopted. It means that
the analysis will be conclusive if the module of the average (|YR|) of the
degrees of the pertinence of the factors is equal or above 0.50. With this
requirement level, the decision rule is:

YR � 0.50 ) favorable decision (feasible enterprise);
YR � −0.50 ) unfavorable decision (unfeasible enterprise);
−0.50 < YR < 0.50 ) inconclusive analysis.

(b) Choose the most influential factors in the enterprise. This has already been
conducted at the beginning of Sect. 8.2.

(c) Establish, for each factor, the ranges that translate the conditions con-
sidered as favorable (RF) and as contrary (RC) to the enterprise, and
determine the pertinence function for each one.

For each one of the factors Fi we have a value of the membership degree (Yi) to
the unfavorable condition or the favorable condition, according to the real condition
of the factor (Xi). The interval of Xi for which the condition is considered favorable
(or unfavorable) is defined by a specialist (or specialists) in the area.

The conditions, favorable (RF) or contrary (RC), are translated by the intervals
inside which the adapted membership degree (Yi) varies from 0 to 1, or from 0 to
−1, respectively. For the six chosen factors, the established conditions and the
membership functions are the ones presented below.

F1: need and usefulness of the product—Translated by the percentage of the
population (X1, in %) for which the product is essential in everyday life.

RC: between 10 and 30%; RF: between 70 and 90%.
Results in: Y = 0.05 (X – 30), for 10 � X � 30; Y = 0.05 (X − 70), for
70 � X � 90; Y = 0, for 30 � X � 70; Y = −l, for X � 10, and Y = 1, for
X � 90.

For the factor F1, the membership degree Y varies with the variable X (in %)
according to the chart of Fig. 8.6.

F2: acceptance of the product or similar product already existent in the
market—Translated by the percentage (X2, in %) of the population that utilizes it.

RC: between 10 and 30%; RF: between 70 and 90%.
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Results in: Y = 0.05 (X − 30), for 10 � X � 30; Y = 0.05 (X − 70), for
70 � X � 90; Y = 0, for 30 � X � 70; Y = −1, for X � 10, and Y = 1, for
X � 90.

F3: product price in the market—Translated by the ratio (X3, in %) between
the average product price (or of similar products) already existent in the market and
its launch price.

RC: between 50 and 90%; RF: between 110 and 150%.
Results in: Y = 0.025 (X – 90), for 50 � X � 90; Y = 0.025 (X − 110), for
110 � X � 150; Y = 0, for 90 � X � 110; Y = −1, for X � 50, and Y = 1,
for X � 150.

F4: estimated product cost—Translated by the ratio (X4, in %) between its cost
and the average product price (or of similar products) in the market.

RC: between 70 and 90%; RF: between 30 and 50% (Fig. 8.7)
Results in: Y = 0.05 (70 − X), for 70 � X � 90; Y = 0.05 (50 − X), for
30 � X � 50; Y = 0, for 50 � X � 70; Y = −l, for X � 90, and Y = 1, for
X � 30.

F5: time for development and implementation of the project and product
launch—Measured by the ratio (X5, in %) between this time and the foreseen life
cycle for the product.

RC: between 60 and 70%; RF: between 10 and 30%.
Results in: Y = 0.10 (60 – X), for 60 � X � 70; Y = 0.05 (30 − X), for
10 � X � 30; Y = 0, for 30 � X � 60; Y = −1, for X � 70, and Y = 1, for
X � 10.

F6: investment for development and implementation of the project and
product launch—Measured by the ratio (X6, in %) between this investment and
the expected net result in the foreseen life cycle for the product.
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RC: between 60 and 80%; RF: between 20 and 40%.
Results in: Y = 0.05 (60 − X), for 60 � X � 80; Y = 0.05 (40 − X), for
20 � X � 40; Y = 0, for 40 � X � 60; Y = −1, for X � 80, and Y = 1, for
X � 20.

(d) Conduct the field research. The research has been performed and the results
are in Table 8.9, repeated here.

These values of Xi are placed in column 2 of the calculation table (Table 8.10),
which displays the corresponding Y values, (column 3). Using the membership
functions, it calculates YR (last line of column 3) and makes the decision (column 4).

Table 8.9 Table of the results obtained in the field research

Fi F1 F2 F3 F4 F5 F6
X (%) 88 95 128 83 15 24
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Table 8.10 Calculation and decision table

Factor Condition of the factor Membership degree Decision

Fi Xi Yi 0.50

F1 88 0.90 VIABLE

F2 95 1.00 VIABLE

F3 128 0.45 NOT CONCLUSIVE
F4 83 −0.65 UNVIABLE

F5 15 0.75 VIABLE

F6 24 0.80 VIABLE

YR = 0.54 VIABLE
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By the result obtained in Table 8.9, it is observed that four factors (F1, F2, F5 and
F6) are in favorable conditions to the enterprise; F4 in unfavorable condition and F3
is indifferent, everything at the requirement level of NE = 0.50. The joint influence
of the six factors shows that the enterprise is feasible at this requirement level.

8.3 Comparison Between the Two Methods

The decision by the PDM is based on the resultant degree of certainty for the center
of gravity (HW), which varies from −1 to 1. Analogously, the decision by the
SVFDM is based on the resultant membership degree (YR) adapted to the subsets
that define the conditions, favorable (RF) or contrary (RC), calculated according to
the variable that identifies the factor. This degree also varies from −1 to 1.

When HW > 0, we have a favorable condition to the enterprise, but very weak,
as it means that only the degree of favorable evidence is higher than the degree of
contrary evidence, as the regions of HW > 0 and HW < 0 are adjoining. That is the
reason for the convenience of establishing the requirement level relatively greater
than zero.

On the other hand, when YR > 0, we already have a stronger favorable condition
to the enterprise, as there is an interval in which Y = 0, relatively high, separating
the region of Y > 0 (favorable) from the region of Y < 0 (unfavorable). Therefore,
in this case, just the fact of the requirement level being greater than zero is sufficient
for us to have a right decision.

Observe in Fig. 8.8 that, in identical conditions, for YR > 0, we have in corre-
spondence HW > 0.50 and, for YR > 0.50, we have HW > 0.75.

Given that, we conclude then, when establishing the same value for the
requirement level, the fuzzy decision is stronger than the paraconsistent one, as
observed in Fig. 8.8. In the represented case, the value NE = 0.5 for the fuzzy
corresponds to the value NE = 0.75 for the paraconsistent decision.
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Finally, we remind you that the whole analysis is surrounded by subjectivity,
once the degrees of evidence (in the PDM) and the ranges (in the SVFDM) are
established ny experts.

Exercises

8:1 Suppose that a businessman has to decide among five companies he intends to
acquire: Z1 to Z5. He has selected six indicators (factors) that influence the
value of a company, F1 to F6, such as annual gross revenue, profit percentage,
growth perspective, etc. Considering the table below, which provides the
values of the indicators for the five companies, determine which is the most
indicated one.

Factor Z1 Z2 Z3 Z4 Z5

F1 200 280 400 520 600

F2 27 20 32 45 38

F3 200 75 125 180 110

F4 15 35 42 65 42

F5 300 200 125 275 225

F6 12 8 15 20 10

For factors F2 and F5, the competitive edge reduces when the value increases.
8:2 In relation to exercise 8.1, which would the most indicated company be, if the

weights below were adopted for the factors?

Factor F1 F2 F3 F4 F5 F6

Weight 2 4 6 1 6 3

8:3 Solve exercise 8.1, assuming that the intervals of desirable values for each
factor are:

Factor Interval

F1 250–500

F2 20–40

F3 100–300

F4 10–60

F5 100–300

F6 5–25

8:4 Solve exercise 8.2, using the condition of exercise 8.3.
8:5 Using the data base BD-E.g. 8.5 of Appendix C, perform the calculations and

make the decision, applying the PDM and the SVFDM, in the case below.
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The sections that determine the conditions, favorable (S1) and unfavorable (S3)
to the success of an enterprise, in which the six factors are found, are:

Factor F1ð Þ��S1 : 120�X� 160 and S3 : 40�X� 80;
Factor F2ð Þ��S1 : 10�X� 30 and S3 : 70�X� 100;
Factor F3ð Þ��S1 : 30�X� 80 and S3 : 120�X� 170;
Factor F4ð Þ��S1 : 25�X� 45 and S3 : 0�X� 15;
Factor F5ð Þ��S1 : 250�X� 500 and S3 : 50�X� 200;
Factor F6ð Þ��S1 : 100�X� 500 and S3 : 800�X� 1200;

The values in between these intervals characterize the indifferent situation (S2);
above or below these intervals, they follow the status of the closest interval.
The X values that characterize the factors in the field research are the
following:

Factor F1 F2 F3 F4 F5 F6

X 150 80 25 20 450 400

To apply the PDM, consider three groups: A, constituted by experts E1 and E2;
B, by E3 and C, composed by E4. Adopt the requirement level NE = 0.50.

8:6 Solve exercise 8.5, considering all the factors with equal weights.
8:7 Solve exercise 8.5, considering that the X values that characterize the factors

in the field research are the following:

Factor F1 F2 F3 F4 F5 F6

X 50 80 160 30 30 700

8:8 Solve exercise 8.7, considering all the factors with equal weights.

Answers

8:1 The averages of the membership degrees for each company are:

Z1 Z2 Z3 Z4 Z5

0.34 0.36 0.59 0.63 0.45

Therefore, answer Z4.
8:2 The averages of the membership degrees for each company are:

Z1 Z2 Z3 Z4 Z5

0.45 0.37 0.63 0.52 0.38

Therefore, answer Z3.
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8:3 The averages of the membership degrees for each company are:

Z1 Z2 Z3 Z4 Z5

0.27 0.38 0.52 0.55 0.40

Therefore, answer Z4.
8:4 The averages of the membership degrees for each company are:

Z1 Z2 Z3 Z4 Z5

0.31 0.37 0.50 0.38 0.29

Therefore, answer Z3.
8:5 By the PDM: W = (0.78; 0.22); Hw = 0.56; Feasible enterprise. By the

SVFDM: YR = 0.66; Feasible enterprise.
8:6 By the PDM: W = (0.65; 0.35); Hw = 0.30; Inconclusive analysis. By the

SVFDM: YR = 0.41; Inconclusive analysis.
8:7 By the PDM: W = (0.13; 0.80); Hw = –0.68; Infeasible enterprise. By the

SVFDM: YR = −0.65; Infeasible enterprise.
8:8 By the PDM: W = (0.23; 0.72); Hw = −0.48; Inconclusive analysis. By the

SVFDM: YR = −0.44; Inconclusive analysis.
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Chapter 9
Complementary Reading: An Example
from Everyday Life

As seen in the Preface, the maximization rule is applied to the maximize of the
degree of favorable evidence inside each group (MAX operator) and the mini-
mizing of the degree of contrary evidence among the groups (MIN operator). Thus
such evidence is achieved, first, maximizing the degrees of favorable evidence and
minimizing the degrees of contrary evidence inside the groups and, then, mini-
mizing the degrees of favorable evidence and maximizing the degrees of contrary
evidence among the groups, utilizing the results obtained by the application of the
first.

However, in the certain analysis it may be applied to maximize the values of the
degrees of evidence, favorable and contrary, inside each group (OR operator). The
minimization rule may be implemented among the groups to minimize the maxi-
mum values of the degrees of evidence, favorable and contrary, obtained by the
application of the first inside each group (AND operator). This interpretation has the
advantage of taking the most predictable and coherent result, but on the other hand,
it has the disadvantage of not capturing the contradictions of the database so easily.

To enable the reader to make the comparison between the two ways to apply the
maximization and minimization rules, the example below will be analyzed in detail.
For those who still have not captured the criterion for the formation of the groups
for the application of the Logic Es rules, we believe this example will make the idea
clearer.

Imagine the four sectors of a soccer team: A—the goalkeeper (a player with
number 1), B—the defense (four players numbered from 2 to 5); C—the midfield
(three players numbered from 6 to 8) and D—the attack (three players numbered
from 9 to 11). That is what the soccer players call 4-3-3 scheme.

Each player, each team sector or, also, the whole team may be classified in
categories according to the following descending ordinal scale: Great, Good,
Medium, Regular and Weak. To each player, a degree of favorable evidence
(a) and a degree of contrary evidence (b) may be attributed, which translates the
expectation of its performance as a result of its past actions. This way, a great player
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is characterized by a high degree of favorable evidence (of belief) and low degree of
contrary evidence (of disbelief).

Although it is not necessary, to simplify the considerations of this example, it
will be assumed that the degrees of favorable evidence and contrary evidence are
Boolean complements, that is, a + b = 1. With that, we assume that the data
referring to each player (the annotations) do not present contradiction. In fact, with
this hypothesis, the degree of the contradiction of each player (which is defined by
the expression G(a; b) = a + b − 1) is always null.

Besides that, a player will be considered “Great” if se 0.8 � a � 1.0 and
0.0 � b � 0.2; “Good”, if 0.6 � a < 0.8 and 0.2 < b � 0.4; “Medium”, if
0.4 � a < 0.6 and 0.4 < b � 0.6; “Regular”, if 0.2 � a < 0.4 and 0.6 < b
0.8; and “Weak”, if 0.0 � a < 0.2 and 0.8 < b < 1.0.
As a consequence, being H = a − b the degree of certainty, it will be said that

the player is “Great” if 0.6 � H � 1.0; “Good”, if 0.2 � H � 0.6; “Medium”,
if −0.2 � H < 0.2; “Regular”, if −0.6 � H < −0.2; and “Weak”, if
−1.0 � H < −0.6. By analogy and coherence, the same criterion will be utilized to
classify each sector of the team and the whole team.

Table 9.1 summarizes the intervals that characterize the criteria to frame the
players, the sectors of the team and the whole team in the five established
categories.

A coach (here, the knowledge engineer) understands that the classification of any
sector of the team is given by the classification of its best player. Thus, the sector in
which the best player is “Good” will be classified as “Good”; the sector in which
the best player is “Medium” will be classified as “Medium”, etc. Of course, for the
sector to be “Great”, it must have, at least, one “Great” player. That is, the sector is
classified by the player with maximum classification, which justifies applying the
rule for maximization of the degree of certainty inside each group (of each sector of
the team).

On the contrary, the coach understands that the classification of the team is given
by the classification of its most deficient sector. Thus, if the team has the worst
sector classified as “Good”, it will be classified as “Good”, regardless of the other
sectors being classified as “Great”; if the worst sector is “Medium”, the team will be
classified as “Medium”, regardless of the other sectors being classified as “Great” or
as “Good”, etc. Evidently, for the team to be “Great”, all the sectors must be

Table 9.1 Categories adopted for the classification of the players, of the sectors and the team

Category Degree of favorable
evidence (a)

Degree of contrary
evidence (b)

Degree of certainty
(H)

Optimum 0.8 � a � 1.0 0.0 � b � 0.2 0.6 � H � 1.0

Good 0.6 � a < 0.8 0.2 < b � 0.4 0.2 � H < 0.6

Medium 0.4 � a < 0.6 0.4 < b � 0.6 −0.2 � H < 0.2

Regular 0.2 � a < 0.4 0.6 < b � 0.8 −0.6 � H < −0.2

Weak 0.0 � a < 0.2 0.8 < b � 1.0 −1.0 � H < −0.6
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classified as “Great”. Therefore, the team is classified by the minimum, that is, by
the most deficient sector, which justifies the application of the rule for minimization
of the degree of certainty among the groups (sectors of the team).

Repeating: for the sector to be “Medium”, for example, it is sufficient that the
best player of the sector is “Medium” (classified by the best, by the maximum).
However, for the team to be “Medium”, the best sector being “Medium” is not
enough; on the contrary, it is required that the worst sector be “Medium” (classified
by the worst, by the minimum).

Therefore, for a team to be “Great”, it must have all the sectors classified as
“Great”, and for such purpose, each sector must have, at least, one “Great” player;
for the team to be “Good”, it must have all the sectors classified as, at least, “Good”,
and for that, each sector must have, at least, one at least “Good” player, etc.

The goalkeeper, as he is alone in the group, determines the maximum limit of
classification of the team, that is, if the goalkeeper is “Good”, the team may be, at
most, “Good”, regardless of all the other players; if he is “Medium”, at most
“Medium”, etc. The same is valid for the best player of each sector.

Thus, in a feasibility analysis of the team, the groups are already naturally
constituted. The goalkeeper, who is the only one in the sector, constitutes one group
(A); the four defense players constitute another group (B), as just one of them being
“Great” is sufficient to meet the requirement of a “Great” team; analogously, the
three of the midfield constitute the third group (C) and the three attackers, the fourth
group (D).

The distribution of the groups for the application of the MAX and MIN oper-
ators is the following:

MIN ½Group A�; ½Group B�; ½Group C�; ½Group D�f g or
MIN ½1�;MAX ½2; 3; 4; 5�;MAX ½6; 7; 8�;MAX ½9; 10; 11�f g or

MIN aA; bAð Þ½ �; aB; bBð Þ½ �; aC; bCð Þ½ �; aD; bDð Þ½ �f g

which may be represented by the scheme of Fig. 9.1.
To test and compare the two interpretations given to the applications of the

maximization and minimization rules, a database will be created, adopting the
following criterion. As already said, each player will be attributed the pair of
annotations (a; b), in which b = 1 − a (as it was assumed that a + b = 1).

The supremum of the interval that defines the degree of favorable evidence of
each category (Table 9.1) will be called S. Thus, for the categories defined above,
we have: “Great”: S = 1.00; “Good”: S = 0.80; “Medium”: S = 0.60; “Regular”:
S = 0.40; and “Weak”: S = 0.20.

For player 1 (goalkeeper), the degree of favorable evidence (or degree of belief
we have in his performance) will be defined by a = S − 0.16.

Therefore, if the goalkeeper is “Great”, his degree of favorable evidence is:
a = 1.00 −0.16 = 0.84; if he is “Good”, a = 0.80 − 0.16 = 0.64; “Medium”,
a = 0.60 − 0.16 = 0.44; “Regular”, a = 0.40 − 0.16 = 0.24; and if he is “Weak”,
a = 0.20 − 0.16 = 0.04.
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With an analogous thought for the other sectors, it will be adopted: sector B,
a = S − 0.12; sector C, a = S − 0.08; and sector D, a = S − 0.04. Table 9.2
summarizes the adopted values for a in the four groups.

Besides that, for sectors B, C and D, it will be assumed that the category of the
player decreases one level when his number increases in 1 (one). This way, in group
B, the best player is number 2. Therefore, if 2 is “Great”, then 3 is “Good”, 4 is
“Medium” and 5 is “Regular”; if 2 is “Good”, then 3 is “Medium”, 4 is “Regular”
and 5 is “Weak”; but, if 2 is “Medium”, 3 is “Regular” and 4 is “Weak”, what will
the category of player 5 be? For these considerations, it will be assumed that
number 5 is also “Weak”. That is, whenever a player is “Weak”, the successive one
(s) of the same sector will also be considered “Weak”.

With these criteria, degrees of favorable and contrary evidence may be attributed
to all the players of the team in all the possible combinations. However, how many
combinations are these? As there are 5 possible categories for each sector of the
team and there are 4 sectors, the rule of product teaches us that there are 54 = 625
possibilities. In fact, there are 5 possibilities for sector A which, multiplied by 5
possibilities of sector B, by 5 of C and by 5 of sector D, resulting in
5 � 5 � 5 � 5 = 54 = 625.

Out of these 625 possibilities, in how many of them are the team “Great”? Just
remember that, for the team to be “Great”, all it sectors must be classified as
“Great”. As each sector only has 1 possibility of being “Great”, once more the rule
of product:

1� 1� 1� 1 ¼ 14 ¼ 1;

Group D

Decision Rule

Para-analyzer algorithm

MIN

(a i ,R; b i ,R)

Group A Group B Group C

DECISION

MAX MAX MAX

(a A; b A) (a B; b B) (a C; b C) (a D; b D)

Fig. 9.1 Scheme for application of the MAX and MIN operators
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that is, there is only one chance for the team to be “Great”.
Moreover, how many are the possibilities of the team being “Good”? To be

“Good”, all its sectors must be classified as, at least, “Good”, that is, each sector
may have “Good” or “Great”. Thus, there are two possibilities for each sector,
which enables us to calculate:

2� 2� 2� 2 ¼ 24 ¼ 16

Then the team has 8 possibilities of being “Good”. Right? No, because in this
calculation, the previous case was included, in which all the sectors are classified as
“Great”.

Therefore, there are 16 − 1 = 24 − 14 = 15 possibilities of the team being
“Good”.

Now, you calculate, reader: how many possibilities are there of the team being
“Medium”, “Regular” or “Weak”? The answers are at the end of this chapter.

The following task is to assemble a table with 625 lines (to analyze all the
possibilities), initially, with 22 columns (two, a and b, for each one of the 11
players), from column A to V, following the rules for obtention of the values of
a and b. Start in line 6, leaving the first five ones for headers.

For each player (1–11), calculate the degree of certainty and assemble an Excel
formula to classify him in one of the five categories, in the 625 possibilities (hint:
function SE of Excel). With that, you will be adding 22 more columns to the table
(from W to AR).

After doing that, copy this page of the Excel spreadsheet on another page of the
same spreadsheet.

On the first page, do the following:

(a) Calculate, applying the MAX operator, the degrees of evidence, favorable and
contrary, for each one of the sectors (groups) of the team (columns from AS to
AZ);

(b) Calculate the degree of certainty (H = a − b) of each sector of the team and,
using the same formula from the previous paragraph, classify each one of the
sectors (columns BA–BH);

(c) Applying the MIN operator, determine the resultant degrees of evidence,
favorable and contrary, for the team, in each one of the 625 possibilities
(columns BI and BJ);

(d) Calculate the degree of certainty (H = a − b) of the team and classify it,
utilizing the same formula in item b, above (columns BK and BL); with these
four items, 20 more columns were added to the table, reaching 64 columns;

(e) Find a formula (in cells BL 631–635) to calculate the quantity of times the team
results in each one of the five categories: “Great”, “Good”, “Medium”,
“Regular” or “Weak” (hint: function CONT.SE of Excel). To check, do not
forget that the sum of these quantities must be 625.

On the second page, repeat the sequence of the previous paragraph, but applying
the OR and AND operators, instead of the MAX and MIN operators, respectively.
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Compare the results and draw your conclusions.
With the same formula of item (e), calculate the quantity of times each player

and each sector of the team results in each one of the five categories.
Answering to the previously done questioning, the possibilities of the team being

“Medium”, “Regular” or “Weak” are 34 − 24 = 65, 44 − 34 = 175 and 54 −
44 = 369, respectively.

See which were these results obtained by the counts performed in the tables of
the two pages of the spreadsheet: one by the application of the MAX and MIN
operators and the other with the OR and AND operators (cells BL 631–635).

Compare the results and draw your conclusions.
Another verification that may be done is to analyze, for each category of the

team, in which categories the sectors are. For this purpose, just apply a filter in the
tables, filter, in column BL, the different categories of the team and verify in which
categories the different sectors are. The result is more remarkable and interesting for
the categories “Great” and “Good” of the team.

However, if you, reader, did not want to face this challenge of making two
spreadsheets, each one with 625 lines and 64 columns, don’t be upset, because of
these spreadsheets, already elaborated, may be found in Appendix E.

Besides that, you will be able to assemble other databases utilizing other criteria,
perform the tasks of the last paragraphs and draw new conclusions. Also, try to
assemble a database without a and b being complementary, that is, without having
a + b = 1. If you want to have less work, think of an indoor soccer team, which has
five components: one goalkeeper, two in the defense and two in the attack.
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Chapter 10
An Overview of More Applications

10.1 Introduction

Annotated logics are surprisingly useful logics. In what follows, we mention some
other applications of the annotated logics (mainly the logic Es).

We begin with the paraconsistent logic programming language—ParaLog
In da Costa et al. [95], Abe et al. [99] it was developed a paraconsistent logic

programming language—Paralog. As it is well known, the development of com-
putationally efficient programs in it should exploit the following two aspects in its
language:

1. The declarative aspect that describes the logic structure of the problem, and
2. The procedural aspect that describes how the computer solves the problem.

However, it is not always an easy task to conciliate both aspects. Therefore,
programs to be implemented in Paralog should be well defined to evidence both the
declarative aspect and the procedural side of the language.

It must be pointed out that programs in Paralog, like programs in standard
Prolog, may be easily understood or reduced—when well defined—using addition
or elimination of clauses, respectively.

A small knowledge base in the domain of Medicine is presented as a Paralog
program. The development of this small knowledge base was subsidized by the
information provided by three experts in Medicine. The first two specialists—
clinicians—provided six1 diagnosis rules for two diseases: disease1 and disease2.
The last specialist—a pathologist—provided information on four symptoms:
symptom1, symptom2, symptom3 and symptom4.

Example 1 A small knowledge base in Medicine implemented in Paralog

disease1(X): [1.0, 0.0] < –

1The first four diagnosis rules were supplied by the first expert clinician and the two remaining
diagnosis rules were provided by the second expert clinician.
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symptom1(X): [1.0, 0.0] &
symptom2(X): [1.0, 0.0]
disease2(X): [1.0, 0.0] < –

symptom1(X): [1.0, 0.0] &
symptom3(X): [1.0, 0.0]
disease1(X): [0.0, 1.0] < –

disease2(X): [1.0, 0.0].
disease2(X): [0.0, 1.0] < –

disease1(X): [1.0, 0.0].
disease1(X): [1.0, 0.0] < –

symptom1(X): [1.0, 0.0] &
symptom4(X): [1.0, 0.0].
disease2(X): [1.0, 0.0] < –

symptom1(X): [0.0, 1.0] &
symptom3(X): [1.0, 0.0].
symptom1(john): [1.0, 0.0].
symptoml(bill): [0.0, 1.0].
symptom2(john): [0.0, 1.0].
symptom2(bill): [0.0, 1.0].
symptom3(john): [1.0, 0.0].
symptom3(bill): [1.0, 0.0].
symptom4(john): [1.0, 0.0].
symptom4(bill): [0.0, 1.0].

In this example, several types of queries can be performed. Table 10.1 below
shows some query types, the evidences provided as answers by the Paralog
inference engine and their respective meaning.

The knowledge base implemented in the example may also be implemented in
standard Prolog, as shown in the example.

Example 2 The knowledge base of Example 10.1 implemented in standard Prolog

diseasel(X):-
symptom1(X),
symptom2(X).
disease2(X):-
symptom1(X),
symptom3(X).
diseasel(X):-
not disease2(X).
disease2(X):-
not diseasel(X).
diseasel(X):-
symptoml(X),
symptom4(X).
disease2(X):-
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not symptoml(X),
symptom3(X).
symptoml (john).
symptom3(john).
symptom3(bill).
symptom4 (john)

In this example, several types of queries can be performed as well. Table 10.3
shows some query types provided as answers by the standard Prolog and their
respective meaning.

Starting from Examples 10.1 and 10.2 it can be seen that there are different
characteristics between implementing and consulting in Paralog and standard
Prolog. Among these features, the most important are:

1. The semantic characteristic; and
2. The execution control characteristic.

The first characteristic may be intuitively observed when the program codes in
Examples 1 and 2 are placed side by side. That is, when compared to Paralog, the
standard Prolog representation causes loss of semantic information on facts and
rules. This is because standard Prolog cannot directly represent the negation of facts
and rules.

In Example 10.1, Paralog program presents a four-valued evidence representa-
tion. However, the information loss may be greater for a standard Prolog program,
if the facts and rules of Paralog use the intermediate evidence of lattice s = {x 2 ℜ|
0 � x � 1} � {x 2 ℜ| 0 � x � 1}. This last characteristic may be observed in

Table 10.1 Query and answer forms in Paralog

Item Query and answer form Meaning

1 Query Disease1(bill):
[1.0, 0.0]

Does Bill have disease1?

Evidence [0.0, 0.0] The information on Bill’s disease1 is unknown

2 Query Disease2(bill):
[1.0, 0.0]

Does Bill have disease2?

Evidence [1.0, 0.0] Bill has disease2

3 Query Disease1(john):
[1.0, 0.0]

Does John have disease1?

Evidence [1.0, 1.0] The information on John’s disease1 is inconsistent

4 Query Disease2(john):
[1.0, 0.0]

Does John have disease2?

Evidence [1.0, 1.0] The information on John’s disease2 is inconsistent

5 Query Disease1(bob):[1.0,
0.0]

Does Bob have disease1?

Evidence [0.0, 0.0] The information on Bob’s disease1 is unknown
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the Table 10.2. The Table 10.2 shows five queries and answers, presented and
obtained both in Paralog and standard Prolog program.

The answers obtained from the two approaches present major differences. That
is, to the first query: “Does Bill have diseasel?”, Paralog answers that the infor-
mation on Bill’s disease1 is unknown, while the standard Prolog enters into a
loop. This happens because the standard Prolog inference engine depends on the
ordination of facts and rules to reach deductions. This, for standard Prolog to be
able to deduct an answer similar to Paralog, the facts and rules in Example 10.2
should be reordered. On the other hand, as the Paralog inference engine does not
depend on reordering facts and rules, such reordering becomes unnecessary.

In the second query: “Does Bill have disease2?”, Paralog answers that “Bill has
disease2”, while the standard Prolog enters into a loop. This happens for the same
reasons explained in the foregoing item.

In the third query: “Does John have diseasel?”, Paralog answers that the
information on John’s diseasel is inconsistent, while the standard Prolog answers
that “John has diseasel”. This happens because the standard Prolog inference
engine, after reaching a conclusion that “John has diseasel” does not check whether
there are other conclusions leading to a contraction. On the other hand, Paralog
performs such check, leading to more appropriate conclusions.

In the fourth query: “Does John have disease2?”, Paralog answers that the
information on John’s disease2 is inconsistent while the standard Prolog answers
that “John has disease2”. This happens for the same reasons explained in the
preceding item.

In the last query: “Does Bob have diseasel”, Paralog e answers that the infor-
mation on Bob’s diseasel is unknown, while the standard Prolog answers that “Bob
does not have diseasel”. This happens because the standard Prolog inference engine
does not distinguish the two possible interpretations for the answer not. On the
other hand, the Paralog inference engine, being based on an infinitely valued
paraconsistent evidential logic, allows the distinction to be made.

Table 10.2 Query and answer forms in standard Prolog

Item Query and answer form Meaning

1 Query Disease1(bill) Does Bill have disease1?

Answer Loop System enters into an infinite loop

2 Query Disease2(bill) Does Bill have disease2?

Answer Loop System enters into an infinite loop

3 Query Disease1(john) Does John have disease1?

Answer Yes John has disease1

4 Query Disease2(john) Does John have disease2?

Answer Yes John has disease2

5 Query Disease1(bob) Does Bob have disease1?

Answer No Bob does not have disease1
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In view of the above, it is shown that the use of the Paralog language may handle
several Computer Science questions more naturally.

10.2 Automation and Robotics

The Paracontrol is the eletric-eletronic materialization of the Para-analyzer algo-
rithm Da Silva Filho [99], which is basically an electronic circuit, which treats
logical signals in a context of logic Es. Such circuit compares logical values and
determines domains of a state lattice corresponding to the output value. Favorable
evidence and contrary evidence degrees are represented by a voltage. Certainty and
Uncertainty degrees are set by analogues of operational amplifiers. The Paracontrol
comprises both analogue and digital systems, and it can be externally adjusted by
applying positive and negative voltages. The Paracontrol was tested in real-life
experiments with an autonomous mobile robot Emmy, whose favorable/contrary
evidences coincide with the values of ultrasonic sensors and distances are repre-
sented by continuous values of voltage (Fig. 10.1).

The controller Paracontrol was applied in a series of autonomous mobile robots.
In some previous works Da Silva Filho [99] is presented the Emmy autonomous
mobile robot. The autonomous mobile robot Emmy consists of a circular mobile
platform of aluminum 30 cm in diameter and 60 cm height.

Fig. 10.1 Paracontrol circuit
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While moving in a non-structured environment the robot Emmy gets information
about presence/absence of obstacles using the sonar system called Parasonic Abe
and Da Silva Filho [03]. The Parasonic can detect obstacles in an autonomous
mobile robot’s path by transforming the distances to the obstacle into electric
signals of the continuous voltage ranging from 0 to 5 volts. The Parasonic is
basically composed of two ultrasonic sensors of type POLAROID 6500 controlled
by an 8051 microcontroller. The 8051 is programmed to carry out synchronization
between the measurements of the two sensors and the transformation of the distance
into electric voltage. Emmy has suffered improvements, and the 2nd prototype is
described in what follows.

The robot Emmy uses the paracontrol system to traffic in non-structured envi-
ronments avoiding collisions with human beings, objects, walls, tables, etc. The
form of reception of information on the obstacles is named non-contact which is the
method to obtain and to treat signals from ultra-sonic sensors or optical to avoid
collisions.

The system of the robot’s control is composed of the Para-sonic, Para-control
and supporting circuits. See Fig. 10.2.

• Ultra-Sonic Sensors—The two sensors, of ultra-sonic sound waves accomplish
the detection of the distance between the robot and the object through the
emission of a pulse train in ultra-sonic sound waves frequency and the return
reception of the signal (echo).

• Signals Treatment—The treatment of the captured signals is made through the
Para-sonic. The microprocessor is programmed to transform the time elapsed
between the emission of the signal and the reception of the echo in an electric
signal of the 0–5 volts for the degree of belief, and from 5 to 0 volts for disbelief
degree. The width of each voltage is proportional at the time elapsed between
the emission of a pulse train and its receivement by the sensor ones.

• Paraconsistent Analysis—The circuit logical controlling paraconsistent makes
the logical analysis of the signals according to the logic Es.

• Codification—The coder circuit changes the binary word of 12 digits in a code
of 4 digits to be processed by the personal computer.

• Actions Processing—The microprocessor is programmed conveniently to work
the relay in sequences that establish actions for the robot.

• Decodification—The circuit decoder changes the binary word of 4 digits in
signals to charge the relay in the programmed paths.

• Power Interface—The power interface circuit potency interface is composed of tran-
sistors that amplify the signals making possible the relay’s control by digital signals.

• Driving—The relays ON and OFF the motors M1 and M2 according to the
decoded binary word.

• Motor Drives—The motors M1 and M2 move the robot according to the
sequence of the relays control.

• Sources—The robot Emmy is supplied by two batteries forming a symmetrical
source of the tension of ±12 Volts DC.
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As the project is built in hardware besides the paracontrol it was necessary the
installation of components for supporting circuits allowing the resulting signals of
the paraconsistent analysis to be addressed and indirectly transformed into action.

In this first prototype of the robot Emmy, it was necessary a coder and a decoder
such that the referring signals to the logical states resultants of the paraconsistent
analysis had its processing made by a microprocessor of 4 inputs and 4 outputs
(Fig. 10.3).

The first robot was dubbed Emmy (in homage to the mathematician Amalie
Emmy Noether (1882–1935)) (Abe and Da Silva Filho 2003). Also, it was built a
robot based on software using Paralog before mentioned, which was dubbed Sofya

Fig. 10.2 Scheme of the system of the robot’s control Emmy
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(in homage to the mathematician Sofya Vasil’evna Kovalevskaya (=Kowalewskaja)
(1850–1891)). Then several other prototypes were made with many improvements.
Such robots can deal directly with conflicting and/or paracomplete signals (Torres
2010).

VII. Paraconsistent Artificial Networks
Paraconsistent Artificial Neural Networks—PANN is a new artificial neural

network introduced in Da Silva Filho and Abe [01]. Its basis leans on paraconsistent
annotated logic Es Abe [92], also discussed in another chapter of this book.
Roughly speaking, the logic Es is a logic that allows contradictions and para-
completeness without trivialization. Also, it is possible to manipulate imprecise
concepts in its interior.

10.3 Paraconsistent Knowledge in Distributed Systems

Multi-agents systems are an important topic in AI. The use of modal systems for
modelling knowledge and belief has been widely considered in Artificial
Intelligence. One interesting approach is due (Fagin et al. 1995).

Fig. 10.3 Robot Emmy
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The essential ideas underlying the systems proposed by (Fagin et al. 1995) can
be summarized as follows: ☐iA can be read agent i knows A, i = 1,…, n. Common
knowledge and Distributed knowledge are also defined in terms of additional modal
operators: ☐G (“everyone in the group G knows”), ☐ C

G (“it is common knowledge
among agents in G”), and ☐ D

G (“it is distributed knowledge among agents in G”) for
every nonempty subset G of {1,…, n}.

Nevertheless, the most of those proposals use extensions of classical logic or at
least part of it, keeping as much as fundamental characteristics of classical logic.
When it is taken questions of logical omniscience, one relevant concept that appears
is that of contradiction.

The attractiveness of admitting paraconsistency and paracompleteness in the
system becomes evident if we observe that some agents can lie or be ignorant about
certain propositions: an agent may state both A and ¬A (the negation of A) hold (or
that none of A and ¬A hold).

In (Abe and Nakamatsu 2009) it was presented a class of paraconsistent and, in
general, paracomplete and non-alethic multimodal systems Js which may constitute,
for instance, a framework for modelling paraconsistent knowledge.

10.4 A Multi-agent Paraconsistent Framework

In (Prado 1996) it was described a specification and prototype of an annotated
paraconsistent logic-based architecture, which integrates various computing sys-
tems—planners, databases, vision systems, etc.—of a manufacturing cell.

To make possible the use of such logic in complex application domains (intense
information input and critical agent response time), as the manufacture cells, it has
been necessary to extend and refine the techniques and concepts of the paracon-
sistent annotated evidential logic programming and the Amalgam’s Knowledge-
base.

10.5 Paraconsistent Frame System

In Computer Science, a right solution for a given problem many times depends on a
good representation. For most Artificial Intelligence applications, the choice of a
knowledge representation is even harder, since the criteria for such choice are less
clear.

In (Ávila 1996) it is presented the main features of a paraconsistent inheritance
reasoner allowing to deal properly with exceptions and inconsistencies in multiple
inheritance frame systems. The paraconsistent inheritance reasoner represents
knowledge using paraconsistent frames and infers based on the inconsistency/
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under-determinedness degree. This reasoner, being a wide-encompassing one, also
allows less complex inheritances to take place.

Furthermore, its main feature is not to eliminate contradictions, ab initio.

10.6 Paraconsistent Logic and Non-monotonic Reasoning

There are various intelligent systems including nonmonotonic reasoning in the field
of Artificial Intelligence. Each system has different semantics. More than two
nonmonotonic reasoning may be required in complex, intelligent systems. It is more
desirable to have a common semantics for such nonmonotonic reasoning. We
proposed the joint semantics for the nonmonotonic reasoning by annotated logics
and annotated logic programs (Nakamatsu et al. 2000).

10.7 Paraconsistent Electronic Circuits

In (Da Silva Filho and Abe 2001) it is presented digital circuits (logical gates
COMPLEMENT, AND, OR) inspired in a class of paraconsistent annotated logics
Ps. These circuits allow “inconsistent” signals in a nontrivial manner in their
structure.

Such circuits consist of six states; due to the existence of literal operators to each
of them, the underlying logic is functionally complete; it is a many-valued and
paraconsistent (at least “semantically”) logic.

The simulations were made at 50 MHz, 1.2 lm, by using the software
AIM-SPICE, version 1.5a. Also, it was presented a paraconsistent analyzer module
combining several paraconsistent circuits, as well as a circuit that allows to detect
inconsistent signals and gives a non-trivial treatment.

As far as we know, these results seem to be pioneering in using the concept of
paraconsistency in the theory of electronic circuits. The applications appear to be
large in the horizon: it expands the scope of applications where conflicting signals
are common, such as in sensor circuits in robotics, industry automation circuits,
race signal control in electronic circuits, and many other fields (Abe and Da Silva
Filho 1998).

10.8 Paraconsistent Artificial Neural Networks

Generally speaking, Artificial Neural Network (ANN) can be described as a
computational system consisting of a set of highly interconnected processing ele-
ments, called artificial neurons, which process information as a response to external
stimuli. An artificial neuron is a simplistic representation that emulates the signal

202 10 An Overview of More Applications



integration and threshold firing behaviour of biological neurons using mathematical
structures. ANNs are well suited to tackle problems that human beings are good at
solving, like prediction and pattern recognition. ANNs have been applied to several
branches, among them, in the medical domain for clinical diagnosis, image analysis
and interpretation signal analysis and interpretation, and drug development.

Paraconsistent Artificial Neural Network (PANN) (Da Silva Filho et al. 2010) is
a new artificial neural network based on paraconsistent annotated logic Es (Abe
1992).

The Paraconsistent Artificial Neural Networks were applied in many themes,
such as in Biomedicine as prediction of Alzheimer Disease (Lopes et al. 2009,
2011), Cephalometric analysis (Mario et al. 2010), speech disfluency (Abe et al.
2006), numerical characters recognition, robotics (Torres 2010), among others.

10.9 Conclusions

As it can be seen by the previous exposition, the applications of paraconsistent
systems have been very fruitful in many aspects, opening new horizons for
researching.

The appearance of alternative logics to the classical logic impose us some
question to ponder: rationality and logicality coincide? There are in fact logics
distinct from classical logic? If there are such alternative logics, there are in con-
sequence distinct rationalities? All these issues occupy philosophers, logicians,
scientists in general. Any answer to these questions, we face a true revolution in
human thought. A true paradigm is similar like the discovering of the
non-Euclidean geometry two centuries ago.
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