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Preface

Missing data are prevalent in many studies, especially when the studies in-
volve human beings. Not accounting for missing data properly when analyzing
data can lead to severe biases. For example, most software packages, by de-
fault, delete records for which any data are missing and conduct the so-called
“complete-case analysis”. In many instances, such an analysis will lead to an
incorrect inference. Since the 1980s there has been a serious attempt to un-
derstand the underlying issues involved with missing data. In this book, we
study the different mechanisms for missing data and some of the different
analytic strategies that have been suggested in the literature for dealing with
such problems. A special case of missing data includes censored data, which
occur frequently in the area of survival analysis. Some discussion of how the
missing-data methods that are developed will apply to problems with censored
data is also included.

Underlying any missing-data problem is the statistical model for the data
if none of the data were missing (i.e., the so-called full-data model). In this
book, we take a very general approach to statistical modeling. That is, we
consider statistical models where interest focuses on making inference on a
finite set of parameters when the statistical model consists of the parame-
ters of interest as well as other nuisance parameters. Unlike most traditional
statistical models, where the nuisance parameters are finite-dimensional, we
consider the more general problem of infinite-dimensional nuisance parame-
ters. This allows us to develop theory for important statistical methods such
as regression models that model the conditional mean of a response variable
as a function of covariates without making any additional distributional as-
sumptions on the variables and the proportional hazards regression model for
survival data. Models where the parameters of interest are finite-dimensional
and the nuisance parameters are infinite-dimensional are called semiparamet-
ric models.

The first five chapters of the book consider semiparametric models when
there are no missing data. In these chapters, semiparametric models are de-
fined and some of the theoretical developments for estimators of the parame-
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ters in these models are reviewed. The semiparametric theory and the proper-
ties of the estimators for parameters in semiparametric models are developed
from a geometrical perspective. Consequently, in Chapter 2, a quick review of
the geometry of Hilbert spaces is given. The geometric ideas are first devel-
oped for finite-dimensional parametric models in Chapter 3 and then extended
to infinite-dimensional models in Chapters 4 and 5.

A rigorous treatment of semiparametric theory is given in the book FEf-
ficient and Adaptive Estimation for Semiparametric Models by Bickel et al.
(1993). (Johns Hopkins University Press: Baltimore, MD). My experience has
been that this book is too advanced for many students in statistics and bio-
statistics even at the Ph.D. level. The attempt here is to be more expository
and heuristic, trying to give an intuition for the basic ideas without going into
all the technical details. Although the treatment of this subject is not rigorous,
it is not trivial either. Readers should not be frustrated if they don’t grasp
all the concepts at first reading. This first part of the book that deals only
with semiparametric models (absent missing data) and the geometric theory
of semiparametrics will be important in its own right. It is a beautiful theory,
where the geometric perspective gives a new insight and deeper understanding
of statistical models and the properties of estimators for parameters in such
models.

The remainder of the book focuses on missing-data methods, building on
the semiparametric techniques developed in the earlier chapters. In Chapter
6, a discussion and overview of missing-data mechanisms is given. This in-
cludes the definition and motivation for the three most common categories of
missingness, namely

e missing completely at random (MCAR)
e missing at random (MAR)
e nonmissing at random (NMAR)

These ideas are extended to the broader class of coarsened data. We show how
statistical models for full data can be integrated with missingness or coarsen-
ing mechanisms that allow us to derive likelihoods and models for the observed
data in the presence of missingness. The geometric ideas for semiparametric
full-data models are extended to missing-data models. This treatment will
give the reader a deep understanding of the underlying theory for missing and
coarsened data. Methods for estimating parameters with missing or coars-
ened data in as efficient a manner as possible are emphasized. This theory
leads naturally to inverse probability weighted complete-case (IPWCC) and
augmented inverse probability weighted complete-case (AIPWCC) estimators,
which are discussed in great detail in Chapters 7 through 11. As we will see,
some of the proposed methods can become computationally challenging if not
infeasible. Therefore, in Chapter 12, we give some approximate methods for
obtaining more efficient estimators with missing data that are easier to im-
plement. Much of the theory developed in this book is taken from a series of
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ground-breaking papers by Robins and Rotnitzky (together with colleagues),
who developed this elegant semiparametric theory for missing-data problems.

A short discussion on how missing-data semiparametric methods can be
applied to estimate causal treatment effects in a point exposure study is given
in Chapter 13 to illustrate the broad applicability of these methods. In Chap-
ter 14, the final chapter, we deviate slightly from semiparametric models to
discuss some of the theoretical properties of multiple-imputation estimators
for finite-dimensional parametric models. However, even here, the theory de-
veloped throughout the book will be useful in understanding the properties
of such estimators.

Anastasios (Butch) Tsiatis
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1

Introduction to Semiparametric Models

Statistical problems are described using probability models. That is, data
are envisioned as realizations of a vector of random variables Z1, ..., Z,,
where Z; itself is a vector of random variables corresponding to the data
collected on the i-th individual in a sample of n individuals chosen from some
population of interest. We will assume throughout the book that 7y, ..., Z,
are identically and independently distributed (iid) with density belonging to
some probability (or statistical model), where a model consists of a class of
densities that we believe might have generated the data. The densities in
a model are often identified through a set of parameters; i.e., a real-valued
vector used to describe the densities in a statistical model. The problem is
usually set up in such a way that the value of the parameters or, at the least,
the value of some subset of the parameters that describes the density that
generates the data, is of importance to the investigator. Much of statistical
inference considers how we can learn about this “true” parameter value from
a sample of observed data. Models that are described through a vector of a
finite number of real values are referred to as finite-dimensional parametric
models. For finite-dimensional parametric models, the class of densities can
be described as
P ={p(z,0),0 € Q C R},

where the dimension p is some finite positive integer.

For many problems, we are interested in making inference only on a sub-
set of the parameters. Nonetheless, the entire set of parameters is necessary
to properly describe the class of possible distributions that may have gen-
erated the data. Suppose, for example, we are interested in estimating the
mean response of a variable, which we believe follows a normal distribution.
Typically, we conduct an experiment where we sample from that distribution
and describe the data that result from that experiment as a realization of the
random vector

Z1, ..., Z, assumed iid N(p,0?); p € R,0% > 0;0 = (u,0%) € R x RT C R2.
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Here we are interested in estimating ;, the mean of the distribution, but o2,
the variance of the distribution, is necessary to properly describe the possible
probability distributions that might have generated the data. It is useful to
write the parameter 6 as (87,nT)T, where 9% (a g-dimensional vector) is
the parameter of interest and 7"*! (an r-dimensional vector) is the nuisance
parameter. In the previous example, 8 = p and 1 = o2. The entire parameter
space () has dimension p = g + r.

In some cases, we may want to consider models where the class of densi-
ties is so large that the parameter 6 is infinite-dimensional. Examples of this
will be given shortly. For such models, we will consider the problem where
we are interested in estimating 3, which we still take to be finite-dimensional,
say g-dimensional. For some problems, it will be natural to partition the pa-
rameter 0 as (§,7n), where 3 is the ¢-dimensional parameter of interest and 7
is the nuisance parameter, which is infinite-dimensional. In other cases, it is
more natural to consider the parameter § as the function 3(#). These models
are referred to as semiparametric models in the literature because, generally,
there is both a parametric component § and a nonparametric component 7
that describe the model. By allowing the space of parameters to be infinite-
dimensional, we are putting less restrictions on the probabilistic constraints
that our data might have (compared with finite-dimensional parametric mod-
els). Therefore, solutions, if they exist and are reasonable, will have greater
applicability and robustness.

Because the notion of an infinite-dimensional parameter space is so im-
portant in the subsequent development of this book, we start with a short
discussion of infinite-dimensional spaces.

1.1 What Is an Infinite-Dimensional Space?

The parameter spaces that we will consider in this book will always be subsets
of linear vector spaces. That is, we will consider a parameter space 2 C S,
where S is a linear space. A space S is a linear space if, for #; and 05 elements
of §, afy + bfy will also be an element of S for any scalar constants a and
b. Such a linear space is finite-dimensional if it can be spanned by a finite
number of elements in the space. That is, § is a finite-dimensional linear
space if elements 61, ..., 8,, exist, where m is some finite positive integer such
that any element 6 € S is equal to some linear combination of 6y, ..., 0,,; i.e.,
0 = a0, + ...+ ayb,, for some scalar constants aq,...,a,,. The dimension
of a finite-dimensional linear space is defined by the minimum number of
elements in the space that span the entire space or, equivalently, the number
of linearly independent elements that span the entire space, where a set of
elements are linearly independent if no element in the set can be written as a
linear combination of the other elements. Parameter spaces that are defined in
p-dimensional Euclidean spaces are clearly finite-dimensional spaces. A linear
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space S that cannot be spanned by any finite set of elements is called an
infinite-dimensional parameter space.

An example of an infinite-dimensional linear space is the space of contin-
uous functions defined on the real line. Consider the space S = {f(z),z € R}
for all continuous functions f(-). Clearly S is a linear space. In order to show
that this space is infinite-dimensional, we must demonstrate that it cannot be
spanned by any finite set of elements in S. This can be accomplished by noting
that the space S contains the linear subspaces made up of the class of polyno-
mials of order m; that is, the space S, = {f(z) = 3_7_ ajz’} for all constants
ag, - . ., am. Clearly, the space Sy, is finite-dimensional (i.e., spanned by the
elements z°, 21, ..., 2™). In fact, this space is exactly an m + 1-dimensional
linear space since the elements 20, ..., 2™ are linearly independent.

Linear independence follows because 27 cannot be written as a linear com-
bination of z°, ..., 277! for any j = 1,2,.... If it could, then

j—1
z) = Zagxl forallz e R
£=0

for some constants ag, ..., a;—;. If this were the case, then the derivatives of
xd of all orders would have to be equal to the corresponding derivatives of

o Laezt. But the j-th derivative of 27 is equal to j! # 0, whereas the j-th

derivative of Ze 0 L agxt

is zero, leading to a contradiction and implying that
20, ..., 2™ are linearly independent.

Consequently, the space S cannot be spanned by any finite number, say
m elements of S, because, if this were possible, then the space of polynomials
of order greater than m could also be spanned by the m elements. But this is
impossible since such spaces of polynomials have dimension greater than m.
Hence, S is infinite-dimensional.

From the arguments above, we can easily show that the space of arbitrary
densities pz(z) for a continuous random variable Z defined on the closed
finite interval [0, 1] (i.e., the so-called nonparametric model for such a random
variable) spans a space that is infinite-dimensional. This follows by noticing
that the functions pz;(z) = (j +1)7'27, 0 < 2 <1, j = 1,... are densities
that are linearly independent.

1.2 Examples of Semiparametric Models

Example 1: Restricted Moment Models

A common statistical problem is to model the relationship of a response
variable Y (possibly vector-valued) as a function of a vector of covariates
X. Throughout, we will use the convention that a vector of random vari-
ables Z that is not indexed will correspond to a single observation, whereas
Ziyi = 1,...,n will denote a sample of n iid random vectors. Consider a
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family of probability distributions for Z = (Y, X) that satisfy the regression
relationship

E(Y[X) = u(X, 5),
where (X, 8) is a known function of X and the unknown ¢-dimensional pa-
rameter 3.

The function p(X,3) may be linear or nonlinear in 3, and it is assumed
that 3 is finite-dimensional. For example, we might consider a linear model
where u(X, 3) = 87X or a nonlinear model, such as a log-linear model, where
(X, B) = exp(BT X). No other assumptions will be made on the class of prob-
ability distributions other than the constraint given by the conditional expec-
tation of Y given X stated above. As we will demonstrate shortly, such models
are semiparametric, as they will be defined through an infinite-dimensional
parameter space. We will refer to such semiparametric models as “restricted
moment models.” These models were studied by Chamberlain (1987) and
Newey (1988) in the econometrics literature. They were also popularized in
the statistics literature by Liang and Zeger (1986).

For illustration, we will take Y to be a one-dimensional random variable
that is continuous on the real line. This model can also be written as

Y = (X, )+,

where E(g|X) = 0. The data are realizations of (Y1, X1), ..., (Y, X,) that
are iid with density for a single observation given by

pxx{%ﬁﬂﬂ?(')h

where n(+) denotes the infinite-dimensional nuisance parameter function char-
acterizing the joint distribution of € and X, to be defined shortly. Knowledge
of # and the joint distribution of (e, X') will induce the joint distribution of
(Y, X). Since

e =Y —u(X,p),
Py, x (Y, ) = pe.x{y — p(z, B),x}.
The restricted moment model only makes the assumption that
E(e|X) = 0.
That is, we will allow any joint density p. x (¢, ) = p|x (¢|z)px (z) such that

peix(elz) =0 for all g, ,

/ps\x(€|x)d€ =1 for all x,

/£p€|X(5|x)de =0 for all z,

px(x) >0 for all x,

/px(x)dux(:v) =1
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Remark 1. When we refer to the density, joint density, or conditional density
of one or more random variables, to avoid confusion, we will often index the
variables being used as part of the notation. For example, py x (y,z) is the
joint density of the random variables Y and X evaluated at the values (y, ).
This notation will be suppressed when the variables are obvious. O

Remark 2. We will use the convention that random variables are denoted by
capital letters such as Y and X, whereas realizations of those random variables
will be denoted by lowercase letters such as y and z. One exception to this
is that the random variable corresponding to the error term Y — p(X, 8) is
denoted by the Greek lowercase . This is in keeping with the usual notation
for such error terms used in statistics. The realization of this error term will
also be denoted by the Greek lowercase €. The distinction between the random
variable and the realization of the error term will have to be made in the
context it is used and should be obvious in most cases. For example, when we
refer to pe x (g, ), the subscript € is a random variable and the argument &
inside the parentheses is the realization. 0O

Remark 3. vx(x) is a dominating measure for which densities for the ran-
dom vector X are defined. For the most part, we will consider v(-) to be the
Lebesgue measure for continuous random variables and the counting measure
for discrete random variables. The random variable Y and hence & will be
taken to be continuous random variables dominated by Lebesgue measure dy
or de, respectively. 0O

Without going into the measure-theoretical technical details, the class of
conditional densities for € given X, such that E(¢|X) = 0, can be constructed
through the following steps.

(a) Choose any arbitrary positive function of ¢ and z (subject to regularity
conditions):
RO (e, z) > 0.

(b) Normalize this function to be a conditional density:

I CE
[ RO (g, z)de’

Y (e, z)
ie.,

/h(l)(ax)ds =1 for all .

(¢) Center it:
A random variable €* whose conditional density, given X = x is
R (e 2) = p(e* = €'|X = ), has mean
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u(z) = / R (e, 2)de.

In order to construct a random variable € whose conditional density, given
X = z, has mean zero, we consider ¢ = e* — pu(X) or e* = ¢ + pu(X). It is
clear that E(e|X = z) = E(¢*|X = ) — p(x) = 0. Since the transforma-
tion from € to €*, given X = z, has Jacobian equal to 1, the conditional
density of e given X, defined by 7 (e, x), is given by

m(e,x) = h(l){fs + /Eh(l)(a,x)dax},

which, by construction, satisfies [ en; (e, z)de = 0 for all z.

Thus, any function 7; (¢, z) constructed as above will satisfy 7, (e, z) > 0,
/771 (e,x)de =1 for all z,
/57)1 (e,2)de =0 for all z.

Since the class of all such conditional densities 7; (¢, x) was derived from arbi-
trary positive functions h(®) (g, x) (subject to regularity conditions), and since
the space of positive functions is infinite-dimensional, then the set of such
resulting conditional densities is also infinite-dimensional.

Similarly, we can construct densities for X where px (z) = n2(x) such that

na(x) > 0,

/ s (2)dvx () = 1.

The set of all such functions 7 (x) will also be infinite-dimensional as long as
the support of X is infinite.
Therefore, the restricted moment model is characterized by

{ﬁ7771(€7x)a 7]2(37)}7

where € R? is finite-dimensional and 7 (g, z) = pox(c|x), n2(x) = px(x)
are infinite-dimensional. Consequently, the joint density of (Y, X) is given by

py.x{y, z B,m (), m2(-)} = pY|X{Z/|$; Bom()px{zina(-)}
=m{y — p(z, 8), v}n2(x).

This is an example of a semiparametric model because the parametrization
is through a finite-dimensional parameter of interest 0 € R? and infinite-
dimensional nuisance parameters {n; (), 72(-)}.

Contrast this semiparametric model with the more traditional parametric
model where
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}/i :,LL(X“ﬁ)—'—@“’L: 17"'7’”"
where ¢; are iid N(0,0?). That is,

Hy —p@ 9]

1
pyix (ylz; B,0%) = ——— exp |- >

(27ra2)§ 2 o
This model is much more restrictive than the semiparametric model defined
earlier.

Example 2: Proportional Hazards Model

In many biomedical applications, we are often interested in modeling the sur-
vival time of individuals as functions of covariates. Let the response variable
be the survival time of an individual, denoted by T, whose distribution de-
pends on explanatory variables X. A popular model in survival analysis is
Cox’s proportional hazards model, which was first introduced in the seminal
paper by Cox (1972). This model assumes that the conditional hazard rate,
as a function of X, is given by

At X) = lim {

Pt<T<t+hT >t X)
h—0

h
— A(t) exp(67 X).

The proportional hazards model is especially convenient when survival times
may be right censored, as we will discuss in greater detail in Chapter 5.
Interest often focuses on the finite-dimensional parameter 3, as this de-
scribes the magnitude of the effect that the covariates have on the survival
time. The underlying hazard function A(¢) is left unspecified and is considered
a nuisance parameter. Since this function can be any positive function in ¢,
subject to some regularity conditions, it, too, is infinite-dimensional. Using
the fact that the density of a positive random variable is related to the hazard

function through
t

pr(®) =AOexp ]~ [ Mujdu,
0
then the density of a single observation Z = (T, X) is given by

pr.x{t, ; 6,A(),n2(:)} = prix{tlz: B, A() }na(x),

where

t

prix{tlz; B, A()} = A(t) exp(8Tz) exp —exp(ﬁTx)/)\(u)du ,
0

and exactly as in Example 1, na(x) is defined as a function of = such that
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2 (x) 2 O’

[ meta)vx (o) =1

for all x. The proportional hazards model has gained a great deal of popularity
because it is more flexible than a finite-dimensional parametric model, that
assumes that the hazard function for 7" has a specific functional form in terms
of a few parameters; e.g.,

A(t,m) =n (constant hazard over time — exponential model),
or

A(t,n) =mt™ (Weibull model).

Example 3: Nonparametric Model

In the two previous examples, the probability models were written in terms
of an infinite-dimensional parameter @, which was partitioned as {37, 7(-)},
where 3 was the finite-dimensional parameter of interest and 7(-) was the
infinite-dimensional nuisance parameter. We now consider the problem of es-
timating the moments of a single random variable Z where we put no re-
striction on the distribution of Z except that the moments of interest exist.
That is, we denote the density of Z by 6(z), where 6(z) can be any posi-
tive function of z such that [ 6(z)dvz(z) =1 and any additional restrictions
necessary for the moments of interest to exist. Clearly, the class of all 6(-) is
infinite-dimensional as long as the support of Z is infinite. Suppose we were
interested in estimating some functional of 6(-), say 3(0) (for example, the
first or second moment E(Z) or E(Z?), where (3(0) is equal to [ z0(z)dvz(2)
or [220(z)dvz(z), respectively). For such a problem, it is not convenient to
try to partition the parameter space in terms of the parameter § of interest
and a nuisance parameter but rather to work directly with the functional 5(6).

1.3 Semiparametric Estimators
In a semiparametric model, a semiparametric estimator for 3, say Bn, is one

that, loosely speaking, has the property that it is consistent and asymptoti-
cally normal in the sense that

n'2(3, — 8) 222 N0, mex a3, ()},
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for all densities “p{z,[3,7n(-)}” within some semiparametric family, where

PG . o D{B,n(-
—>{ﬁ n()} denotes convergence in probability and M) denotes conver-

gence in distribution when the density of the random variable Z is p{z, 8, n(-)}.
We know, for example, that the solution to the linear estimating equations

n

ZAqxl(XiaBn) {YZ — N(X“Bn)} _ 0q><1’

=1

under suitable regularity conditions, leads to an estimator for 3 that is con-
sistent and asymptotically normal for the semiparametric restricted moment
model of Example 1. In fact, this is the basis for “generalized estimating
equations” (GEE) proposed by Liang and Zeger (1986).

The maximum partial likelihood estimator proposed by Cox (1972, 1975)
is an example of a semiparametric estimator for 3 in the proportional hazards
model given in Example 2. Also, in Example 3, a semiparametric estimator for
the first and second moments is given by n=* Y° Z; and n=! Y Z2, respectively.

Some issues that arise when studying semiparametric models are:

(i) How do we find semiparametric estimators, or do they even exist?
(ii) How do we find the best estimator among the class of semiparametric
estimators?

Both of these problems are difficult. Understanding the geometry of estima-
tors, more specifically the geometry of the influence function of estimators,
will help us in this regard.

Much of this book will rely heavily on geometric constructions. We will de-
fine the influence function of an asymptotically linear estimator and describe
the geometry of all possible influence functions for a statistical model. We
will start by looking at finite-dimensional parametric models and then gener-
alize the results to the more complicated infinite-dimensional semiparametric
models.

Since the geometry that is considered is the geometry of Hilbert spaces,
we begin with a quick review of Hilbert spaces, the notion of orthogonality,
minimum distance, and how this relates to efficient estimators (i.e., estimators
with the smallest asymptotic variance).
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Hilbert Space for Random Vectors

In this section, we will introduce a Hilbert space without going into much of
the technical details. We will focus primarily on the Hilbert space whose ele-
ments are random vectors with mean zero and finite variance that will be used
throughout the book. For more details about Hilbert spaces, we recommend
that the reader study Chapter 3 of Luenberger (1969).

2.1 The Space of Mean-Zero g-dimensional
Random Functions

As stated earlier, data are envisioned as realizations of the random vectors
Z1, 2o, ..., Zn, assumed iid. Let Z denote the random vector for a single
observation. As always, there is an underlying probability space (£, A, P),
where 2 denotes the sample space, A the corresponding o-algebra, and P
the probability measure. For the time being, we will not consider a statistical
model consisting of a family of probability measures, but rather we will assume
that P is the true probability measure that generates the realizations of Z.

Consider the space consisting of g-dimensional mean-zero random func-
tions of Z,

h:%Z —RY

where h(Z) is measurable and also satisfies

(i) E{h(2)} =0,
(ii) E{rT(Z)W(Z)} < .

Since the elements of this space are random functions, when we refer to an
element as h, we implicitly mean h(Z). Clearly, the space of all such h that
satisfy (i) and (ii) is a linear space. By linear, we mean that if h;,ho are
elements of the space, then for any real constants a and b, ah; + bho also
belongs to the space.
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In the same way that we consider points in Euclidean space as vectors from
the origin, here we will consider the g-dimensional random functions as points
in a space. The intuition we have developed in understanding the geometry of
two- and three-dimensional Euclidean space will aid us in understanding the
geometry of more complex spaces through analogy. The random function

nZ) = 07!

will denote the origin of this space.

The Dimension of the Space of Mean-Zero Random Functions

An element of the linear space defined above is a g-dimensional function of
Z. This should not be confused with the dimensionality of the space itself.
To illustrate this point more clearly, let us first consider the space of one-
dimensional random functions of Z (random variables), where Z is a discrete
variable with finite support. Specifically, let Z be allowed to take on one
of a finite number of values zi, ..., 2, with positive probabilities 7y, ..., 7,
where Zle m; = 1. For such a case, any one-dimensional random function
of Z can be defined as h(Z) = a11(Z = z1) + ... + apl(Z = z,) for any
real valued constants ay,...,ar, where I(-) denotes the indicator function.
The space of all such random functions is a linear space spanned by the k
linearly independent functions I(Z = z;),7 = 1,..., k. Hence this space is a
k-dimensional linear space. If we put the further constraint that the mean
must be zero (i.e., E{h(Z)} = 0), then this implies that Zle a;m; = 0,
or equivalently that a; = —(Zf;ll a;7;) /7. Some simple algebra leads us
to conclude that the space of one-dimensional mean-zero random functions
of Z is a linear space spanned by the k& — 1 linearly independent functions
{1(Z = ) — 721(Z = z)},i = 1,...,k — 1. Hence this space is a k — 1-
dimensional linear space.

Similarly, the space of ¢g-dimensional mean-zero random functions of Z,
where Z has finite support at the k values zi,..., 2, can be shown to be a
linear space with dimension g x (k — 1). Clearly, as the number of support
points k for the distribution of Z increases, so does the dimension of the linear
space of g-dimensional mean-zero random functions of Z.

If the support of the random vector Z is infinite, as would be the case
if any element of the random vector Z was a continuous random variable,
then the space of measurable functions that make up the Hilbert space will be
infinite-dimensional. As we indicated in Section 1.1, the set of one-dimensional
continuous functions of Z is infinite-dimensional. Consequently, the set of ¢-
dimensional continuous functions will also be infinite-dimensional. Clearly, the
set of g-dimensional measurable functions is a larger class and hence must also
be infinite-dimensional.
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2.2 Hilbert Space

A Hilbert space, denoted by H, is a complete normed linear vector space
equipped with an inner product. As well as being a linear space, a Hilbert
space also allows us to consider distance between elements and angles and
orthogonality between vectors in the space. This is accomplished by defining
an inner product.

Definition 1. Corresponding to each pair of elements hq, hy belonging to a
linear vector space H, an inner product, defined by (hy, hs), is a function that
maps to the real line. That is, (hy, ho) is a scalar that satisfies

L (h1, ho) = (h2, ha),

2. <h1 + hg, h3> = <h1, h3> + <h2, h3>, where hl, hQ, h3 belong to H,
3. (Ah1, ha) = A(hq, ho) for any scalar constant A,

4. (hy,h1) > 0 with equality if and only if hy = 0.

Note 1. In some cases, the function (-, -) may satisfy conditions 1-3 above and
the first part of condition 4, but (h1,h;) = 0 may not imply that h; = 0. In
that case, we can still define a Hilbert space by identifying equivalence classes
where individual elements in our space correspond to different equivalence
classes.

Definition 2. For the linear vector space of g-dimensional measurable ran-
dom functions with mean zero and finite second moments, we can define the
inner product

(h1,hs) by E(hihy).

We shall refer to this inner product as the “covariance inner product.”

This definition of inner product clearly satisfies the first three conditions of
the definition given above. As for condition 4, we can define an equivalence
class where h; is equivalent to hs,

hl = h27

if hy = hg a.e. or P(hy # ha) = 0. In this book, we will generally not concern
ourselves with such measure-theoretical subtleties.

Once an inner product is defined, we then define the norm or “length” of
any vector (i.e., element of H ) (distance from any point h € H to the origin)
as

1Al = (h, k)2,

Hilbert spaces also allow us to define orthogonality; that is, hi,he € H are
orthogonal if (hy, ha) = 0.
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Remark 1. Technically speaking, the definitions above are those for a pre-
Hilbert space. In order to be a Hilbert space, we also need the space to be
complete (i.e., every Cauchy sequence has a limit point that belongs to the
space). That the space of g-dimensional random functions with mean zero
and bounded second moments is complete follows from the Ls-completeness
theorem (see Loéve 1963, p. 161) and hence is a Hilbert space. 0O

2.3 Linear Subspace of a Hilbert Space and
the Projection Theorem

A space U C His a linear subspace if uy,uy € U implies that auy + buy € U
for all scalar constants a,b. A linear subspace must contain the origin. This
is clear by letting the scalars be a = b = 0.

A simple example of a linear subspace is obtained by taking hq, ..., hj to
be arbitrary elements of a Hilbert space. Then the space aihy + - - -+ aphy for
all scalars (aq, ...,ay) € R¥ is a linear subspace spanned by {hy, ..., hy}.

One of the key results for Hilbert spaces, which we will use repeatedly
throughout this book, is given by the projection theorem.

Projection Theorem for Hilbert Spaces

Theorem 2.1. Let H be a Hilbert space and U a linear subspace that is closed
(i.e., contains all its limit points). Corresponding to any h € H, there exists a
unique ug € U that is closest to h; that is,

lh —wuo|| < [Jh —u| forall weld.
Furthermore, h — ug is orthogonal to U; that is,
(h —ug,u) =0 forall uel.

We refer to ug as the projection of h onto the space U, and this is denoted as
II(h|U). Moreover, ug is the only element v € U such that h — u is orthogonal
to U (see Figure 2.1).

The proof of the projection theorem for arbitrary Hilbert spaces is not
much different or more difficult than for a finite-dimensional Euclidean space.
The condition that a Hilbert space be complete is necessary to guarantee the
existence of the projection. A formal proof can be found in Luenberger (1969,
Theorem 2, p. 51). The intuition of orthogonality and distance carries over
very nicely from simple Euclidean spaces to more complex Hilbert spaces.

A simple consequence of orthogonality is the Pythagorean theorem, which
we state for completeness.

Theorem 2.2. Pythagorean Theorem
If hy and hg are orthogonal elements of the Hilbert space H (i.e., (h1, ha) = 0),
then

[h1 + hal|® = [[2a]1® + [1ha1?.



2.4 Some Simple Examples of the Application of the Projection Theorem 15

Geometrically

_— (f we shift this to the origin
we get (h —u,))

(h —wuy,)
linear subspace

origin

Fig. 2.1. Projection onto a linear subspace

2.4 Some Simple Examples of the Application of
the Projection Theorem

Example 1: One-Dimensional Random Functions

Consider the Hilbert space H of one-dimensional random functions, h(Z),
with mean zero and finite variance equipped with the inner product

(h1,he) = E(hihs)

for hi(Z),ha(Z) € H.Let u1(2), ..., ur(Z) be arbitrary elements of this space
and U be the linear subspace spanned by {u,--- ,ug}. That is,

U=1{a"u; for acR'},
where

Ui
kx1

Uk

The space U is an example of a finite-dimensional linear subspace since it
is spanned by the finite number of elements u;(Z),. .., ux(Z). This subspace
is contained in the infinite-dimensional Hilbert space H. Moreover, if the ele-
ments u1(Z),...,ur(Z) are linearly independent, then the dimension of U is
identically equal to k.

Let h be an arbitrary element of H. Then the projection of h onto the
linear subspace U is given by the unique element al u that satisfies

(h —alu,au)y =0 forall a=(ay,...,ax)" € RF,
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or

k
Zaj<h—a0Tu,uj>:0 for all a;, j=1,... k.

Jj=1

Equivalently, (h — alu,u;) =0 forall j=1,...,k,

or
E{(h—alu)uT} = 00xk)
or
E(hu”) — al E(uu™) = 0<%,
Any solution of ay such that
ad B(uu™) = E(hu™)

would lead to the unique projection ad u.

If E(uu™) is positive definite, and therefore has a unique inverse, then
ag = E(hu ){B(uu’)}™,
in which case the unique projection will be
uo = agu = BE(hu” ){E(uu”)} u.
The norm-squared of this projection is equal to
E(hu™){E(uu™)} ' E(uh).
By the Pythagorean theorem,

Ih = agull* = E(h — agu)®

= E(h?) — E(hu™){E(uu™)} ' E(uh).

Example 2: g-dimensional Random Functions

Let H be the Hilbert space of mean-zero ¢-dimensional measurable random
functions with finite second moments equipped with the inner product

(h1,hs) = E(h{ hs).
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~

[E(h?) - E(hu){E(VV D} E(VR)]2
{E(hz)} 1/2 /

[EGVDH{EWVH ' EWR)?

Fig. 2.2. Geometric illustration of the Pythagorean theorem

Let “v(Z)” be an r-dimensional random function with mean zero and E(v!v)
< 0. Consider the linear subspace U spanned by v(Z); that is,

U = {B? "y, where B is any arbitrary ¢ X r matrix of real numbers}.

The linear subspace U defined above is a finite-dimensional linear sub-
space contained in the infinite-dimensional Hilbert space H. If the elements
v1(Z),...,v.(Z) are linearly independent, then the dimension of U is ¢ x 7.
This can easily be seen by noting that U is spanned by the ¢ x r linearly
independent elements u;;(Z),i = 1,...,q,5 = 1,...,r, of H, where, for any
i=1,...,q, we take the element u?fl(Z) € H to be the ¢g-dimensional func-
tion of Z, where all except the i-th element are equal to 0 and the i-th element
is equal to v;(Z) for j =1,...,7.

We now consider the problem of finding the projection of an arbitrary
element h € Honto U. By the projection theorem, such a projection Byv is
unique and must satisfy

E{(h — Bov)"Bv} =0 for all B € R?*", (2.1)
The statement above being true for all B is equivalent to
E{(h — Bov)vT} = 07" (matrix of all zeros). (2.2)
To establish (2.2), we write
E{(h— Bov)" Bv} = > > By E{(h — Bv)iv;}, (2.3)
i

where (h — Bgv); denotes the i-th element of the g-dimensional vector (h —
Byv), v; denotes the j-th element of the r-dimensional vector v, and Bj;
denotes the (7, j)-th element of the matrix B.

If we take B;; =1 for i =i’ and j = j’, and 0 otherwise, it becomes clear
from (2.3) that
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E{(h— Bypv)yvy} =0 forall i, j
and hence

E{(h — Byv)vT} = 07%",

Conversely, if (2.2) is true, then for any matrix B we have (2.1) being true.
Consequently, by (2.2), we deduce that E(hvT) = ByE(vvT). Therefore, as-
suming E(vv?) is nonsingular (i.e., positive definite),

By = E(hv"){E(voT)} 1.
Hence, the unique projection is
(h|U) = E(hoT){E(voT)} 1o, (2.4)

Remark 2. Finding the projection of the g-dimensional vector h onto the sub-
space U is equivalent to taking each element of h and projecting it individ-
ually to the subspace spanned by {vy, ..., v} for the Hilbert space of one-
dimensional random functions considered in Example 1 and then stacking
these individual projections into a vector. This can be deduced by noting that
minimizing ||h — Bvl||? corresponds to minimizing

E{(h — Bv)(h — Bv)}
= zq: E(h — Bv)}

Bijvj . (25)
1

i=1

:Zq:E h; —
i J

Since the B;; are arbitrary, we can minimize the sum in (2.5) by minimizing
each of the elements in the sum separately. O

The norm-squared of this projection is given by
E [UT{E(UUT)}_1E(th)E(th){E(va)}_11}] ,

and, by the Pythagorean theorem (see Figure 2.2 for illustration), the norm-
squared of the residual (h — Byv) is

E(hTh)—E [vT{E(va)}_1E(th)E(th){E(va)}_111}
= tr{[hhT] — BE(hv"){E(vv")} T E(vhT)}.

There are other properties of Hilbert spaces that will be used throughout
the book. Rather than giving all the properties in this introductory chapter,
we will instead define these as they are needed. There is, however, one very
important result that we do wish to highlight. This is the Cauchy-Schwartz
inequality given in Theorem 2.3.
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Theorem 2.3. Cauchy-Schwartz inequality
For any two elements hy, hy € H,

[(ha, h)? < a2 [[e]?,

with equality holding if and only if h; and hs are linearly related; i.e., hy = cho
for some scalar constant c.

2.5 Exercises for Chapter 2

1. Prove the projection theorem (Theorem 2.1) for Hilbert spaces.

2. Let Z = (Z1,...,Z,)T be a p-dimensional multivariate normally dis-
tributed random vector with mean zero and covariance matrix 3P*P. We
also write Z as the partitioned vector Z = (Y{T,Yy')T, where Y;7*! =

(Z1, ... Z)T and V" = (Z,41, ..., Z,)T,q < p, and
Ztﬁql Et{;(p—q)

Y= (v-a) (—)x (o) , where
—a)x _ _
2211 q)Xq 221; q)x(p—q

S = EWMY)), 12 = EMYY), Sa1 = E(Y2Y(), B2 = E(Y2Yy)).

Let ‘H be the Hilbert space of all g-dimensional measurable functions of Z
with mean zero, finite variance, and equipped with the covariance inner
product. Let U be the linear subspace spanned by Ys; i.e., U consists of
all the elements

{qu(p*q)Yg : forall gx(p—gq) matricesB} .

(a) Find the projection of Y7 onto U.
(b) Compute the norm of the residual

Y1 = TI(Ya [d) .
3. Let Z = (Z1,Z5)" be a bivariate normally distributed vector with mean

. . 0’% g12
zero and covariance matrix 5 -
g12 0'2

Consider the Hilbert space of all one-dimensional measurable functions of
Z with mean zero, finite variance, and covariance inner product. Let U
denote the linear subspace spanned by Z, and (Z7 — 03); i.e., the space

whose elements are
ar(Z3 — 0}) +axZy forall ay,as.

(a) Find the projection of Z; onto the space U.
(b) Find the variance of the residual (i.e., var{Z; — II(Z1|U)}).
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The Geometry of Influence Functions

As we will describe shortly, most reasonable estimators for the parameter
0, in either parametric or semiparametric models, are asymptotically linear
and can be uniquely characterized by the influence function of the estimator.
The class of influence functions for such estimators belongs to the Hilbert
space of all mean-zero ¢g-dimensional random functions with finite variance
that was defined in Chapter 2. As such, this construction will allow us to view
estimators or, more specifically, the influence function of estimators, from a
geometric point of view. This will give us intuitive insight into the construction
of such estimators and a geometric way of assessing the relative efficiencies of
the various estimators.

As always, consider the statistical model where Z1,...,Z, are iid ran-
dom vectors and the density of a single Z is assumed to belong to the class
{pz(2;0), 0 € Q} with respect to some dominating measure vz. The parameter
6 can be written as (87,77)T, where 37%! is the parameter of interest and
7, the nuisance parameter, may be finite- or infinite-dimensional. The truth
will be denoted by 6y = (8%, nd)T. For the remainder of this chapter, we will
only consider parametric models where 6 = (87,77)7 and the vector @ is
p-dimensional, the parameter of interest § is g-dimensional, and the nuisance
parameter 7 is r-dimensional, with p = ¢ + r.

An estimator (3, of 3 is a ¢-dimensional measurable random function of
Z1,...,2Zn. Most reasonable estimators for 3 are asymptotically linear; that
is, there exists a random vector (i.e., a g-dimensional measurable random

function) ¢9*1(Z), such that E{p(2)} = 09*1,
n*2(B, — o) =n 1/2Z¢ ) 4 0,(1), (3.1)

where 0,(1) is a term that converges in probability to zero as n goes to infinity
and E(pp!) is finite and nonsingular.

Remark 1. The function ¢(Z) is defined with respect to the true distribu-
tion p(z,6y) that generates the data. Consequently, we sometimes may write
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©(Z,0) to emphasize that this random function will vary according to the
value of 6 in the model. Unless otherwise stated, it will be assumed that ¢(2)
is evaluated at the truth and expectations are taken with respect to the truth.
Therefore, E{x(Z)} is shorthand for

EQO{QO(Z, 90)}
O

The random vector ¢(Z;) in (3.1) is referred to as the i-th influence func-
tion of the estimator (3, or the influence function of the i-th observation of
the estimator 3,,. The term influence function comes from the robustness lit-
erature, where, to first order, ¢(Z;) is the influence of the i-th observation on
f3,,; see Hampel (1974).

Ezxample 1. As a simple example, consider the model where Z1,...,Z, are
iid N(u,0?). The maximum likelihood estimators for ;1 and o2 are given by
fin, = n7t ZZ 1 Z; and 62 = n~' Y (Z; — fin)?, respectively. That the
estimator fi, for p is asymptotlcally linear follows immediately because

=) = 7S = )

Therefore, fi,, is an asymptotically linear estimator for x4 whose i-th influence
function is given by o(Z;) = (Z; — po)-

After some straightforward algebra, we can express the estimator 62 minus
the estimand as

(62 —02)=n"" Z{ — 02} + (fin — p0)%. (3.2)
Multiplying (3.2) by n!/2, we obtain
n'/?(6% — *”71/22{ i — 10)? — o0} + 1 (fin — o).

Since n'/?(fi, — o) converges to a normal distribution and (fi,, — o) converges
in probability to zero, this implies that n'/2(ji, — p)? converges in probability
to zero (i.e., is 0y(1)). Consequently, we have demonstrated that 62 is an
asymptotically linear estimator for o2 whose i-th influence function is given

by ©(Zi) = {(Zi — po)? — o8} O

When considering the asymptotic properties of an asymptotically linear
estimator (e.g., asymptotic normality and asymptotic variance), it suffices
to consider the influence function of the estimator. This follows as a simple
consequence of the central limit theorem (CLT). Since, by definition,
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G ) =S () 0

then, by the central limit theorem,

’1/22<p —>N(0"“ E(pp ))

and, by Slutsky’s theorem,
n2(B, — Bo) 2> N<o, E(WT))

In an asymptotic sense, an asymptotically linear estimator can be iden-
tified through its influence function, as we now demonstrate in the following
theorem.

Theorem 3.1. An asymptotically linear estimator has a unique (a.s.) influ-
ence function.

Proof. By contradiction
Suppose not. Then there exists another influence function ¢*(Z) such that

E{e"(Z2)} =0,
and

n'(B, Bo—n‘l/QZso )+ op(1).

Since n'/2(3, — (o) is also equal to n='/2 " ©(Z;) + 0,(1), this implies that
i=1

nV2Y o(Z) — 0" (Zi)} = 0,(1).
i=1
However, by the CLT,

—1/22{@ Z)}y 2 N(O E{(p—¢)(p - so*)T})

In order for this limiting normal distribution to be o,(1), we would require
that the covariance matrix

E{(p—¢")(p—¢")T} =079,

which implies that p(Z) = ¢*(Z) a.s. O
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The representation of estimators through their influence function lends it-
self nicely to geometric interpretations in terms of Hilbert spaces, discussed
in Chapter 2. Before describing this geometry, we briefly comment on some
regularity conditions that will be imposed on the class of estimators we will
consider.

Reminder. We know that the variance of any unbiased estimator must be
greater than or equal to the Cramer-Rao lower bound; see, for example,
Casella and Berger (2002, Section 7.3). When considering asymptotic theory,
where we let the sample size n go to infinity, most reasonable estimators are
asymptotically unbiased. Thus, we might expect the asymptotic variance of
such asymptotically unbiased estimators also to be greater than the Cramer-
Rao lower bound. This indeed is the case for the most part, and estimators
whose asymptotic variance equals the Cramer-Rao lower bound are referred
to as asymptotically efficient. For parametric models, with suitable regular-
ity conditions, the maximum likelihood estimator (MLE) is an example of
an efficient estimator. One of the peculiarities of asymptotic theory is that
asymptotically unbiased estimators can be constructed that have asymptotic
variance equal to the Cramer-Rao lower bound for most of the parameter val-
ues in the model but have smaller variance than the Cramer-Rao lower bound
for the other parameters. Such estimators are referred to as super-efficient
and for completeness we give the construction of such an estimator (Hodges)
as an example.

3.1 Super-Efficiency

Example Due to Hodges

Let Zy,...,Z, be iid N(u,1),u € R. For this simple model, we know that
the maximum likelihood estimator (MLE) of u is given by the sample mean

Zy =n"tY" | Z; and that

n2(Z, — 1) D), N(0,1).

Now, consider the estimator fi, given by Hodges in 1951 (see LeCam,
1953):
oz, it |Zy| > n/8
Fn=%0 it | Z,| < n~14,

Some of the properties of this estimator are as follows.

If ; # 0, then with increasing probability, the support of Z,, moves away from
0 (see Figure 3.1).
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Fig. 3.1. When p # 0, Py(Zn, # fin) — 0

Therefore n'/2(Z,, — ) = n'/2(fi, — p) +0,(1) and n'/2(fi,, — ) LGN N(0,1).

If 4 = 0, then the support of Z, will be concentrated in an O(n~'/?)
neighborhood about the origin and hence, with increasing probability, will be
within +n~1/* (see Figure 3.2).

oY V4 e
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~

Fig. 3.2. When u =0, Po{|Z,| <n %} =1

Therefore, this implies that Py ({1, = 0) — 1. Hence P (nl/zﬂn = 0) — 1, and

n'2 (fi, — 0) P 0 or % N(0,0). Consequently, the asymptotic variance of

n'/2(fi,, — ) is equal to 1 for all u # 0, as it is for the MLE Z,, but for p = 0,
the asymptotic variance of n'/?(fi,, — p) equals 0 and thus is super-efficient.
Although super-efficiency, at the surface, may seem like a good property
for an estimator to possess, upon further study we find that super-efficiency
is gained at the expense of poor estimation in a neighborhood of zero. To
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illustrate this point, consider the sequence p, = n~'/3, which converges to
zero, the value at which the estimator ji, is super-efficient. The MLE has the
property that

n2(Z, — ) 29 N(0,1).

However, because Z,, concentrates its mass in an O(n~'/?) neighborhood
about p, = n~'/3, which eventually, as n increases, will be completely con-

tained within the range +n~'/% with probability converging to one (see Figure
3.3).
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Fig. 3.3. When p, =n"'3, P,, (jin = 0) = 1
Therefore,

P 12 (it = ) = =0 | = 1.
Consequently, if i, = n~/2, then
—n'?p, - —.

Therefore, n'/?(fi, — u,) diverges to —ooc.

Although super-efficient estimators exist, they are unnatural and have un-
desirable local properties associated with them. Therefore, in order to avoid
problems associated with super-efficient estimators, we will impose some ad-
ditional regularity conditions on the class of estimators that will exclude such
estimators. Specifically, we will require that an estimator be regular, as we
now define.

Definition 1. Consider a local data generating process (LDGP), where, for
each n, the data are distributed according to “6,,” where n'/ 2(0,, — 6*) con-
verges to a constant (i.e., 6, is close to some fixed parameter 8*). That is,

Z1n7Z2n7~-~>Znn are iid p(z79n)7
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where
T

* «T *
977':( gan)Tv 0 :(ﬂ » 1 )T'
An estimator ﬁn, more specifically Bn(Zln, ey Znn), is said to be regular if,

for each 6*,n'/? (Bn — () has a limiting distribution that does not depend on
the LDGP. O

For our purposes, this will ordinarily mean that if

n'/? {Bn (Zins- -+ Znn) —ﬂ*} PO, N (0,57,

where
Ziny -y Znn are iid p(z,0%), for all n,
then
nl/Q {Bn(Zlnv sy Znn) - ﬂn} 2(_01)_> N(Oa E*)a
where

Ziny ey Znn  are iid p(z,60y),

and n1/2(9n —0*) — 7P*1 where 7 is any arbitrary constant vector.

It is easy to see that, in our previous example, the MLE Z, is a regular
estimator, whereas the super-efficient estimator /i, given by Hodges, is not.

From now on, we will restrict ourselves to regular estimators; in fact,
we will only consider estimators that are regular and asymptotically linear
(RAL). Although most reasonable estimators are RAL, regular estimators do
exist that are not asymptotically linear. However, as a consequence of Hajek’s
(1970) representation theorem, it can be shown that the most efficient regular
estimator is asymptotically linear; hence, it is reasonable to restrict attention
to RAL estimators.

In Theorem 3.2 and its subsequent corollary, given below, we present a
very powerful result that allows us to describe the geometry of influence func-
tions for regular asymptotically linear (RAL) estimators. This will aid us in
defining and visualizing efficiency and will also help us generalize ideas to
semiparametric models.

First, we define the score vector for a single observation Z in a parametric
model, where Z ~ pz(2,0), 0 = (37,7T)T, by Se(Z,6), where

01 ,0
So(z,00) = %(z) (3.3)
0=0,

is the p-dimensional vector of derivatives of the log-likelihood with respect
to the elements of the parameter # and 6y denotes the true value of 6 that
generates the data.

This vector can be partitioned according to § (the parameters of interest)
and 7 (the nuisance parameters) as
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SG(Za 00) = {Sg(Z7 HO)a S;{(Z7 00)}Ta

where
dlogpz(z,0)|""
Sp(z,00) = ———
op 0=00
and
dlogpz(2,0) |
Sp(z,0p) = ———"——"—= )
! on 9=0,

Although, in many applications, we can naturally partition the parameter
space 0 as (87,nT)T, we will first give results for the more general represen-
tation where we define the ¢g-dimensional parameter of interest as a smooth
g-dimensional function of the p-dimensional parameter #; namely, 5(6). As we
will show later, especially when we consider infinite-dimensional semiparamet-
ric models, in some applications this will be a more natural representation.
For parametric models, this is really not a great distinction, as we can always
reparametrize the problem so that there is a one-to-one relationship between
{8T(0),77(0)}T and 6 for some r-dimensional nuisance function 7(#).

Theorem 3.2. Let the parameter of interest 3(f) be a g-dimensional func-
tion of the p-dimensional parameter 6, ¢ < p, such that T'9*?(¢) = 93(6) /007,
the ¢ x p-dimensional matrix of partial derivatives, exists, has rank ¢, and is
continuous in # in a neighborhood of the truth 6. Also let Bn be an asymptot-
ically linear estimator with influence function ¢(Z) such that Eg(p? ) exists
and is continuous in 6 in a neighborhood of 6. Then, if By, is regular, this will
imply that

E{o(2)ST(Z,00)} = T(60). (3.4)

In the special case where § can be partitioned as (87, n7)7, we obtain the
following corollary.

Corollary 1.
(i)
E{p(Z)S5(Z,00)} = 174
and
(i)
E{p(2)ST(Z,00)} = 07",

where 17%? denotes the ¢ x ¢ identity matrix and 09" denotes the ¢ x r matrix
of zeros.
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Theorem 3.2 follows from the definition of regularity together with suffi-
cient smoothness conditions that makes a local data generating process con-
tiguous (to be defined shortly) to the sequence of distributions at the truth.
For completeness, we will give an outline of the proof. Before giving the gen-
eral proof of Theorem 3.2, which is complicated and can be skipped by the
reader not interested in all the technical details, we can gain some insight by
first showing how Corollary 1 could be proved for the special (and important)
case of the class of m-estimators.

3.2 m-Estimators (Quick Review)

In order to define an m-estimator, we consider a p x 1-dimensional function
of Z and 6, m(Z,6), such that

Ep{m(Z,0)} = 0",

Eo{mT(Z,0)m(Z,0)} < oo, and Eg{m(Z,0)m*(Z,0)} is positive definite for
all § € Q. Additional regularity conditions are also necessary and will be
defined as we need them.

The m-estimator 6, is defined as the solution (assuming it exists) of

from a sample

Z1y..., Zp iid pz(z,0)
0eQCR”.
Under suitable regularity conditions, the maximum likelihood estimator

(MLE) of 6 is an m-estimator. The MLE is defined as the value 6 that maxi-
mizes the likelihood

[1rz(2:.0).
i1

or, equivalently, the value of 6 that maximizes the log-likelihood

> logpz(Z;,0).

=1

Under suitable regularity conditions, the maximum is found by taking the
derivative of the log-likelihood with respect to # and setting it equal to zero.
That is, solving the score equation in 6,

ise(zi,e) =0, (3.5)
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where Sy(z, 0) is the score vector (i.e., the derivative of the log-density) defined
n (3.3). Since the score vector Sp(Z, ), under suitable regularity conditions,
has the property that Egp{So(Z,0)} = 0 — see, for example, equation (7.3.8)
of Casella and Berger (2002) — , this implies that the MLE is an example of
an m-estimator.

In order to prove the consistency and asymptotic normality of m-estimators,
we need to assume certain regularity conditions. Some of the conditions that
are discussed in Chapter 36 of the Handbook of Econometrics by Newey

om(Z,0
and McFadden (1994) include that F {M} be nonsingular, where
om(Z;,0
% is defined as the p x p matrix of all partial derivatives of the ele-

ments of m(-) with respect to the elements of 8, and that
om(Z;,0) om(Z,0)
Z B\ —gg7—
0T 06T

uniformly in 6 in a neighborhood of 6y. For example, uniform convergence
om(Z,0)
00T

would be satisfied if the sample paths of are continuous in 6 about

0y almost surely and

om(Z,0)

sup 89T

0EN (60)

‘ <9(2), E{g(2)} <,

where N'(6y) denotes a neighborhood in 6 about . In fact, these regularity
conditions would suffice to prove that the estimator 0, is consistent; that is,
0, 2> 0.

Therefore, assuming that these regularity conditions hold, the influence
function for 6, is found by using the expansion

n n PXp
R om(Z;, 0% R
ozzm(zi,mzzm(zi,eow{zm(w)} (0, — 00),
=1 =1 i=1

where 6 is an intermediate value between 6, and 6.
Because we have assumed sufficient regularity conditions to guarantee the
consistency of 6,,,

om(Z;,0) om(Z,6y)
{ Z T oeT }%E{ 96T }

and by the nonsingularity assumption

(g =l ()
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Therefore,

1 Z om(Z;,0;,)

nt/2(6 —
(0, — 60) = 507

{n_1/2 Z m(Zi, 90)}

i=1

- [E {am(agTGO)H {n_1/2 f:m(zi,eo)} +0,(1).

=1

Since, by definition, E{m(Z,60y)} = 0, we immediately deduce that the influ-
ence function of 6,, is given by

- [ {2 iz 00 (3.6)

90T
and
n'’2(6, —6) 2 (3.7)
oo (] o) (=52 )
where

var {m(Z,00)} = E {m(Z,00)m" (Z,0,)} .

Estimating the Asymptotic Variance of an m-Estimator

In order to use an m-estimator for the parameter 6 for practical applications,
such as constructing confidence intervals for the parameter 6 or a subset of the
parameter, we must be able to derive a consistent estimator for the asymp-
totic variance of 6,,. Under suitable regularity conditions, a consistent estima-
tor for the asymptotic variance of 6, can be derived intuitively using what
is referred to as the “sandwich” variance estimator. This estimator is moti-
vated by considering the asymptotic variance derived in (3.7). The following
heuristic argument is used.

If 6y (the truth) is known, then a simple application of the weak law of

large numbers can be used to obtain a consistent estimator for E {%},

~ 8m(Z, 90 8m Zl,eo
E{(%T } Z T (3.8)

namely

and a consistent estimator for var{m(Z, 0y)} can be obtained by using

n

var{m(Z,00)} =n"">_ m(Zi,00)m" (Zi, 6,). (3.9)

i=1
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Since 6 is not known, we instead substitute 6, for 6, in equations (3.8)
and (3.9) to obtain the sandwich estimator for the asymptotic variance, (3.7),
of 6, given by

[E{am(gj;a”)ﬂ Var{m(z,én)} lE{améjf")H . (3.10)

The estimator (3.10) is referred to as the sandwich variance estimator as
we see the term var(-) sandwiched between two terms involving E(-). The
sandwich variance will be discussed in greater detail in Chapter 4 when we
introduce estimators that solve generalized estimating equations (i.e., the so-
called GEE estimators). For more details on m-estimators, we refer the reader
to the excellent expository article by Stefanski and Boos (2002).

When we consider the special case where the m-estimator is the MLE
of 0 (i.e., where m(Z,0) = Sp(Z,0); see (3.5)), we note that _omlZ0) _

0T
—% corresponds to minus the p X p matrix of second partial derivatives

of the log-likelihood with respect to 6, which we denote by —Sps(Z, 0). Under
suitable regularity conditions (see Section 7.3 of Casella and Berger, 2002),
the information matrix, which we denote by I(6y), is given by

I(60) = Eo,{—S09(Z,00)} = Ep,{Se(Z,00)S% (Z,00)}. (3.11)

As a consequence of (3.6) and (3.7), we obtain the well-known results that
the i-th influence function of the MLE is given by {I(6p)}~1S¢(Z;, 0y) and the
asymptotic distribution is normal with mean zero and variance matrix equal
to I71(y) (i.e., the inverse of the information matrix).

Returning to the general m-estimator, since

0=(B",n")"
and

én = (Ag‘7ﬁg)T7
the influence function of B,L is made up of the first ¢ elements of the p-
dimensional influence function for 6,, given above.
We will now illustrate why Corollary 1 applies to m-estimators. By defi-
nition,
Eo{m(Z,0)} = 0P*L.
That is,

/m(z, 0)p(z,0)dv(z) = 0 for all 6.

Therefore,
d
20T /m(z,Q)p(z,@)du(z) = 0.
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Assuming suitable regularity conditions that allow us to interchange integra-
tion and differentiation, we obtain

op(z,0)
/{a(ZT (= 9)} 2, 6)dv(z /m 29) é’; p(z,0)dv(z) = 0.

(3.12)
[

ST (z,0) or the transpose of the
score vector

At 0 = 6y, we deduce from equation (3.12) that

om(Z,6
{,rna(GTO)} == —E {’I’YL(Z7 90)53(27 90)} y
which can also be written as
-1
PP = — {E {améHZTgO)H E{m(Z,00)S4 (Z,00)} , (3.13)

where [? *P denotes the pxp identity matrix. Recall that the influence function
for 0,,, given by (3.6), is

v, (Zi) = — [E {amgngeo)}] h m(Zi, 6o)

T
and can be partitioned as {(pgn (Zi), o7 (Zl)} .

The covariance of the influence function ¢; (Z;) and the score vector
S@(Zi,eo) is

B {a, (257 (Z:,6))}

_ [E {%@“H DBz osEZ0)),  (31)

which by (3.13) is equal to I(4T7)*(@+7) the identity matrix. This covariance
matrix (3.14) can be partitioned as

05, (Z1)S5(Zi,00) w3, (Z:)Sy (Zi,00)
¢, (Z:)S5 (Zi,600) #4,(Z:)Sy (Zi,00)

Consequently,

(i) E {@Bn (Zi)Sg(Zi, 00)} = J7°%  (the ¢ x ¢ identity matrix)
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and
(i) E {%(zi)sg(zi,ao)} — ox,

Thus, we have verified that the two conditions of Corollary 1 hold for influence
functions of m-estimators.

Proof of Theorem 3.2

In order to prove Theorem 3.2, we must introduce the theory of contiguity,
which we now review briefly. An excellent overview of contiguity theory can be
found in the Appendix of Hdjek and Sidak (1967). Those readers not interested
in the theoretical details can skip the remainder of this section.

Definition 2. Let V), be a sequence of random vectors and let Py,, and Py, be
sequences of probability measures with densities p1,,(v,) and po,(vy), respec-
tively. The sequence of probability measures P, is contiguous to the sequence
of probability measures Py, if, for any sequence of events A,, defined with re-
spect to Vi, Pon(An) — 0 as n — oo implies that Py, (A,) — 0 as n — oo.
O

In our applications, we let V,, = (Z1n, ..., Znn), where Zy,, ..., Zp, are
iid random vectors and

pOn(Un) = Hp(zm,eo)’
=1
pln(’vn) = Hp(zznaen)7

i=1

where n'/2(8,, — 6y) — 7, T being a p-dimensional vector of constants.

Letting the parameter 6y denote the true value of the parameter that
generates the data, then p1,(-) is an example of a local data generating process
(LDGP) as given by Definition 1. If we could show that the sequence Py, is
contiguous to the sequence Py, then a sequence of random variables T,,(V},)
that converges in probability to zero under the truth (i.e., for every ¢ > 0,
Py, (|T,| > €) — 0) would also satisfy that P;,(|T,,| > €) — 0; hence, T,, (V)
would converge in probability to zero for the LDGP. This fact can be very
useful because in some problems it may be relatively easy to show that a
sequence of random variables converges in probability to zero under the truth,
in which case convergence in probability to zero under the LDGP follows
immediately from contiguity.

LeCam, in a series of lemmas (see Hajek and Sidak, 1967), proved some
important results regarding contiguity. One of LeCam’s results that is of par-
ticular use to us is as follows.
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Lemma 3.1. LeCam

If
P1n(Va) | P(Pon) 2 2
log{pon(vn)} N(—0%/2,0%), (3.15)

then the sequence Pj,, is contiguous to the sequence Fj,.

Heuristic justification of contiguity for LDGP

To illustrate that (3.15) holds for LDGPs under sufficient smoothness and
regularity conditions, we sketch out the following heuristic argument. Define

Ln(Vn> — pln Z H zn; n

7,71
:1 0

2
By a simple Taylor series expansion, we obtain

n

10g{Ln(Va)} = Y _{10gp(Zin, ) — 10g p(Zin, 00)}

i=1

(6 — 6o) {Zse (Zin, 60) }

N (0 = 00)"{>°11 S66(Zin, 0;,)} (0 — 60)
2 b

(3.16)

where Sp(z,00) is the p-dimensional score vector defined as 9logp(z,60y)/00,
Seg(2,0%) is the p x p matrix 92 logp(z,0})/00007, and 07 is some interme-
diate value between 6,, and 6.

The expression (3.16) can be written as

n1/2(9n _ 90)T {n—l/Q ZSO(ZHHOO)}

i=1
nl/Q(Gn - GO)T{n_l Z:‘L:l SGG(Z’M’ 0;)}n1/2(0n - 00)
5 .
Under Py,:
(1) So(Zin,60),i =1,...,n are ild mean zero random vectors with variance

matrix equal to the information matrix I(6y) defined by (3.11). Conse-
quently, by the CLT,

023" Sy (Zin, B0) 20 N(O 1(90)>
=1

(ii) Since 6% — 0y and Spg(Z;n,6p),i = 1,...,n are iid random matrices with
mean —I(6p), then, under sufficient smoothness conditions,
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- P
0> {So0(Zin, 03) — Seo(Zin, 00)} — 0,
i=1
and by the weak law of large numbers
i P
n " Sao(Zin, 00) — —1(6y),
i=1

hence

0" Se0(Zin, 0) = —1(00).

i=1

By assumption, n'/2(8,, — 6y) — 7. Therefore, (i), (ii), and Slutsky’s theorem
imply that

log{ Lo (Vy)} 28 (—TTI;OO)T,TTI(H())T).

Consequently, by LeCam’s lemma, the sequence P, is contiguous to the se-
quence FPy,,.

Now we are in a position to prove Theorem 3.2.

Proof. Theorem 3.2

Consider the sequence of densities po,(vn) = [[p(2in,00) and the LDGP
P1n(vn) = [12(2in, 0,), where n'/2(8,, — 6y) — 7. By the definition of asymp-
totic linearity,

n2{B, = B(60)} =n"> " 0(Zin) + o, (1), (3.17)

i=1

where op,, (1) is a sequence of random vectors that converge in probability to
zero with respect to the sequence of probability measures Py,,. Consider the
LDGP defined by 6,,. By contiguity, terms that are op, (1) are also op,, (1).
Consequently, by (3.17),

n2{ B — B(00)} =n"'2> " 0(Zin) + op,, (1).

i=1
By adding and subtracting common terms, we obtain

n

02 B0 = B0)} =072 Y [p(Zin) = B, {0(2)}]

i=1

+n! 2By, {0(2)} = n'/*{B(6,) — B(60)} (3.18)
+Op1n(1).
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By assumption, the estimator B, is regular; that is,

D(P1n)
S

/2B — B0} N@J@Wﬂ0~ (3.19)

Also, under Py, [¢(Zin) — Eg, {©(Z)}],i = 1,...,n are iid mean-zero random
vectors with variance matrix Ep, (0¢T) — Eg, (¢)Ep, (¢1). By the smoothness
assumption, Ep, (p¢T) — Eg,(ppT) and Ey, (¢) — 0 as n — oo. Hence, by
the CLT, we obtain

D(Pln)
—

n~1/? Z[@(Zm) — Ep, {¢(2)}] N<O,E90 (<p<pT)>. (3.20)

By a simple Taylor series expansion, we deduce that 5(6,,) =~ 3(60)+I'(60) (0, —
6o), where I'(6g) = 93(00)/06" . Hence,

n*2{B(0,) — B(60)} — T(6)T. (3.21)

Finally,
W2 B, (0(2)) = 072 [ ol2)p(z0n)dv(2)

T
:n1/2/<p(z)p(z,00)dl/(z) +n1/2/cp(2) {ap(;’ee”)} (0, — 00)dv(z)

00
= E,{¢(2)55 (Z,00)}7, (3.22)

T
oo (L / o(2) {ap(z’%) /p(z790)} p(z,00)dv(2)r

where 67 is some intermediate value between 6,, and 6y. The only way that
(3.19) and (3.20) can hold is if the limit of (3.18), as n — oo, is identically
equal to zero. By (3.21) and (3.22), this implies that

[Eoo{£(2)S5 (Z,00)} = T(60)] 7 = 0.
Since 7 is arbitrary, this implies that
Eo,{p(Z)S5 (Z,80)} = T(6o),
which proves Theorem 3.2. O

We now show how the results of Theorem 3.2 lend themselves to a geomet-
ric interpretation that allows us to compare the efficiency of different RAL
estimators using our intuition of minimum distance and orthogonality.
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3.3 Geometry of Influence Functions for Parametric
Models

Consider the Hilbert space H of all ¢g-dimensional measurable functions of
Z with mean zero and finite variance equipped with the inner product
(h1,h2) = E(h¥'hy). We first note that the score vector Sg(Z, f), under suit-
able regularity conditions, has mean zero (i.e., E{Sg(Z,0p)} = 0P>1). Similar
to Example 2 of Chapter 2, we can define the finite-dimensional linear sub-
space .7 C ‘H spanned by the p-dimensional score vector Sy(Z, 6p) as the set
of all ¢g-dimensional mean-zero random vectors consisting of

BYPSy(Z,00)

for all ¢ x p matrices B. The linear subspace 7 is referred to as the tangent
space.

In the case where 6 can be partitioned as (87,71)T, consider the linear
subspace spanned by the nuisance score vector S, (Z, 6p),

T

BY"S,(Z,0,), (3.23)

for all ¢ x r matrices B. This space is referred to as the nuisance tangent
space and will be denoted by A. We note that condition (ii) of Corollary 1 is
equivalent to saying that the g-dimensional influence function ¢ B"(Z ) for Bn
is orthogonal to the nuisance tangent space A.

In addition to being orthogonal to the nuisance tangent space, the influence
function of 3, must also satisfy condition (i) of Corollary 1; namely,

E {%n (2)S%(7, 90)} = J9%a,

Although influence functions of RAL estimators for 8 must satisfy condi-
tions (i) and (ii) of Corollary 1, a natural question is whether the converse
is true; that is, for any element of the Hilbert space satisfying conditions (i)
and (ii) of Corollary 1, does there exist an RAL estimator for 8 with that
influence function?

Remark 2. To prove this in full generality, especially later when we consider
infinite-dimensional nuisance parameters, is difficult and requires that some
careful technical regularity conditions hold. Nonetheless, it may be instruc-
tive to see how one may, heuristically, construct estimators that have influence
functions corresponding to elements in the subspace of the Hilbert space sat-
isfying conditions (i) and (ii). O

Constructing Estimators

Let ¢(Z) be a g-dimensional measurable function with zero mean and finite
variance that satisfies conditions (i) and (ii) of Corollary 1. Define
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m(Z,8,m) = ¢(Z) — Egpie(Z)}.

Assume that we can find a root-n consistent estimator for the nuisance pa-
rameter 7, (i.e., where nt/ 2(f, —no) is bounded in probability). In many cases
the estimator #),, will be 8-dependent (i.e., 7, (3)). For example, we might use
the MLE for 7, or the restricted MLE for 7, fixing the value of (.

We will now argue that the solution to the equation

Zm{Zi,ﬁ,ﬁn(ﬂ)} =0, (3.24)

which we denote by Bn, will be an asymptotically linear estimator with influ-
ence function ¢(Z).
By construction, we have

Eﬁoﬂ’]{m(Z7 B07 77)} = 07

or
/m(zv ﬁOa n)p('za 607 n)dV(z) =0.
Consequently,
0
aiT /m(23507n)p(zvﬂ03n)dy(z) :Oa
N =m0
or

/ 8m(z, 607 770)

o p(z,ﬂo,no)dV(Z)+/m(z’50ﬂ70) (3.25)

xSy (2, Bo,m0)p(z, Bo,no)dv(z) = 0.
By definition, ¢(Z) = m(Z, By, no) must satisfy
E{p(2)S}(Z,60)} = 0.
(This is condition (ii) of Corollary 1.) Consequently, by (3.25), we obtain

E {aiTm(Z, 50,770)} =0. (3.26)

Similarly, we can show that

E {8ng<2, ﬂo,m} v, (3.27)

A standard expansion yields
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0= Zm{zzaﬁnvﬁn(ﬁn)}

=1

= Zm{Zi;ﬁOaﬁn(Bn)}

n a . . R
> w”;{zi,ﬁn,nn(ﬁn)}] (B = Bo), (3.28)
Y

Notice that this term is held fixed
where () is an intermediate value between Bn and Sy. Therefore,
n'2(B3, — Bo)

_ ln S W?Tm{zi,ﬂ;,ﬁn@n)}] ln/ S m{Ze. o ()}
i=1

i=1

p
P -1
B{ g s | =17y G21) (3.20)
Let us consider the second term of (3.29); namely, n~'/2 Z m{ Zi, Bo, Tin (Bn) }-

=1
By expansion, this equals

n= 2N " m(Zi, Bo, mo)

i=1

e om(Z;, Bo, 1) 2 s (A
1 G2, 205 lin ). 1/2 B
* {” ; o7 {n {71 (Bn) no}], (3.30)
5 Ip )
E an el m(Z, Bo,Mo) bounded in probability
= 0 by (3.26)

where 7} is an intermediate value between ﬁn(ﬁn) and 7g.
Combining (3.29) and (3.30), we obtain

n1/2<3n - 60) = n71/2 Zm(Zla 607 770) + Op(l)a

i=1

—n71/22<p —|—0p
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which illustrates that ¢(Z;) is the influence function for the i-th observation
of the estimator (3,, above.

Remark 3. This argument was independent of the choice of the root-n consis-
tent estimator for the nuisance parameter n. O

Remark 4. In the derivation above, the asymptotic distribution of the esti-
mator obtained by solving the estimating equation, which uses the estimating
function m(Z, 8, 1,), is the same as the asymptotic distribution of the estima-
tor solving the estimating equation using the estimating function m(Z, 5, no)
had the true value of the nuisance parameter 79 been known to us. This
fact follows from the orthogonality of the estimating function (evaluated at
the truth) to the nuisance tangent space. This type of robustness, where the
asymptotic distribution of an estimator is independent of whether the true
value of the nuisance parameter is known or whether (and how) the nuisance
parameter is estimated in an estimating equation, is one of the bonuses of
working with estimating equations with estimating functions that are orthog-
onal to the nuisance tangent space. O

Remark 5. We want to make it clear that the estimator we just presented is
for theoretical purposes only and not of practical use. The starting point was
the choice of a function satisfying the conditions of Lemma 3.1. To find such
a function necessitates knowledge of the truth, which, of course, we don’t
have. Nonetheless, starting with some truth, say 6y, and some function ¢(Z2)
satisfying the conditions of Corollary 1 (under the assumed true model), we
constructed an estimator whose influence function is ¢(Z) when 6y is the
truth. If, however, the data were generated, in truth, by some other value of
the parameter, say 6*, then the estimator constructed by solving (3.24) would
have some other influence function ¢*(Z) satistying the conditions of Lemma
3.1lat0*. O

Thus, by Corollary 1, all RAL estimators have influence functions that belong
to the subspace of our Hilbert space satisfying

(i) E{e(2)S}(Z,00)} = 177

and

(i) E{cp(Z)Sf]F(Z, 6o)} = 09%7,

and, conversely, any element in the subspace above is the influence function
of some RAL estimator.

Why Is this Important?

RAL estimators are asymptotically normally distributed; i.e.,

n12(By — o) 2> N(o, E(wT))-



42 3 The Geometry of Influence Functions

Because of this, we can compare competing RAL estimators for 3 by looking
at the asymptotic variance, where clearly the better estimator is the one with
smaller asymptotic variance. We argued earlier, however, that the asymptotic
variance of an RAL estimator is the variance of its influence function. There-
fore, it suffices to consider the variance of influence functions. We already
illustrated that influence functions can be viewed as elements in a subspace
of a Hilbert space. Moreover, in this Hilbert space the distance to the origin
(squared) of any element (random function) is the variance of the element.
Consequently, the search for the best estimator (i.e., the one with the small-
est asymptotic variance) is equivalent to the search for the element in the
subspace of influence functions that has the shortest distance to the origin.

Remark 6. We want to emphasize again that Hilbert spaces are characterized
by both the elements that make up the space (random functions in our case)
and the inner product, (h1, he) = E(h¥hy), where expectation is always taken
with respect to the truth (6y). Therefore, for different 6y, we have different
Hilbert spaces. This also means that the subspace that defines the class of
influence functions is fg-dependent. O

3.4 Efficient Influence Function

We will show how the geometry of Hilbert spaces will allow us to identify the
most efficient influence function (i.e., the influence function with the smallest
variance). First, however, we give some additional notation and definitions
regarding operations on linear subspaces that will be needed shortly.

Definition 3. We say that M & N is a direct sum of two linear subspaces
M CHand N C H if M & N is a linear subspace in H and if every element
x € M @ N has a unique representation of the form x = m +n, where m € M
andneN. O

Definition 4. The set of elements of a Hilbert space that are orthogonal to a
linear subspace M is denoted by M. The space M= is also a linear subspace
(referred to as the orthogonal complement of M) and the entire Hilbert space

H=MeM. O

Condition (ii) of Corollary 1 can now be stated as follows: If p(Z) is an
influence function of an RAL estimator, then ¢ € A+, where A denotes the
nuisance tangent space defined by (3.23).

Definition 5. If we consider any arbitrary element h(Z) € H, then by the
projection theorem, there exists a unique element ag(Z) € A such that ||h—ap|
has the minimum norm and ag must uniquely satisfy the relationship

(h —ag,a) =0 for all a € A.
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The element ag is referred to as the projection of h onto the space A and is
denoted by II(h|A). The element with the minimum norm, h—ayp, is sometimes
referred to as the residual of h after projecting onto A, and it is easy to show
that h —ag = [I(h|A*). O

As we discussed earlier, condition (ii) of Corollary 1 is equivalent to an
element h(Z) in our Hilbert space H being orthogonal to the nuisance tangent
space; i.e., the linear subspace generated by the nuisance score vector, namely

A = {B9*"S,(Z,0,) for all BI*"}.

If we want to identify all elements orthogonal to the nuisance tangent space,
we can consider the set of elements h — II(h|A) for all h € H, where using the
results in Example 2 of Chapter 2,

T(h|A) = E(hS)){E(SySy)} ™' 8y(Z, bo)-
It is also straightforward to show that the tangent space
T ={BY*?Sy(Z,0,) for all B**P}

can be written as the direct sum of the nuisance tangent space and the tangent
space generated by the score vector with respect to the parameter of interest
“B”. That is, if we define 3 as the space {B1*1S53(Z,0y) for all B9*9}, then
T =T3® A

Asymptotic Variance when Dimension Is Greater than One

When the parameter of interest # has dimension > 2, we must be careful
about what we mean by smaller asymptotic variance for an estimator or its
influence function. Consider two RAL estimators for g with influence function
©M(Z) and ¢ (Z), respectively. We say that

var {p'V(2)} < var {01?(2)}

if and only if
var {aTgo(l)(Z)} < var {aT<p(2)(Z)}

for all ¢ x 1 constant vectors a. Equivalently,
T T
a"E{eW(2)e"" (Z)}a < a" E{®(2)® (2)}a.
This means that

dT[E{p®P(2)p@" (2)} - E{oW(Z)V" (2)}] a >0,

)T

or E(¢@ @) = B(pMpM7") is nonnegative definite.
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If #(V is the Hilbert space of one-dimensional mean-zero random func-
tions of Z, where we use the superscript (1) to emphasize one-dimensional
random functions, and if h; and hy are elements of H(1) that are or-
thogonal to each other, then, by the Pythagorean theorem, we know that
var(hy + he) = var(hy) + var(hg), making it clear that var(hy + ho) is greater
than or equal to var(hy) or var(hs). Unfortunately, when H consists of ¢-
dimensional mean-zero random functions, there is no such general relationship
with regard to the variance matrices. However, there is an important special
case when this does occur, which we now discuss.

Definition 6. g-replicating linear space

A linear subspace U C H is a g-replicating linear space if U is of the form
UD x .. xUD or {UM}9 where YY) denotes a linear subspace in H1) and
{tUMYa © H represents the linear subspace in H that consists of elements
h = (R, ... R such that h9) € UM for all j = 1,...,q; ie., {UD}1
consists of g-dimensional random functions, where each element in the vector
is an element of UV or the space UV stacked up on itself ¢ times. O

The linear subspace spanned by an r-dimensional vector of mean zero finite
variance random functions v"*!(Z), namely the subspace

S ={B?"v(Z) : for all constant matrices B4*"},
is such a subspace. This is easily seen by defining (! to be the space
{bTv(Z) : for all constant r-dimensional constant vectors b"*'},

in which case § = {U (1)}‘1. Since tangent spaces and nuisance tangent spaces
are linear subspaces spanned by score vectors, these are examples of ¢-
replicating linear spaces.

Theorem 3.3. Multivariate Pythagorean theorem
If h € H and is an element of a g-replicating linear space U, and ¢ € H is
orthogonal to U/, then

var(¢ + h) = var({) + var(h), (3.31)
where var(h) = E(hhT). As a consequence of (3.31), we obtain a multivariate
version of the Pythagorean theorem; namely, for any h* € H,

var(h*) = var (II[A*|U]) + var (h* — II[h"|U]) . (3.32)

Proof. Tt is easy to show that an element ¢ = (¢(V), ... ()T ¢ 9 is orthogo-
nal to U = {4/} if and only if each element ¢\) j = 1,..., ¢ is orthogonal
to UM, Consequently, such an element £ is not only orthogonal to h € {t4(1)}4
in the sense that E(¢Th) = 0 but also in that E(¢hT) = E(hT) = 09%4. This
is important because for such an ¢ and h, we obtain

var(¢ + h) = var({) + var(h),
where var(h) = E(hhT). O
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This means that, for such cases, the variance matrix of £+ h, for g-dimensional
¢ and h, is larger (in the multidimensional sense defined above) than either
the variance matrix of ¢ or the variance matrix of h.

In many of the arguments that follow, we will be decomposing elements
of the Hilbert space as the projection to a tangent space or a nuisance tan-
gent space plus the residual after the projection. For such problems, because
the tangent space or nuisance tangent space is a g¢-replicating linear space,
we now know that we can immediately apply the multivariate version of the
Pythagorean theorem where the variance matrix of any element is always
larger than the variance matrix of the projection or the variance matrix of the
residual after projection. Consequently, we don’t have to distinguish between
the Hilbert space of one-dimensional random functions and g-dimensional ran-
dom functions.

Geometry of Influence Functions

Before describing the geometry of influence functions, we first give the defini-
tion of a linear variety (sometimes also called an affine space).

Definition 7. A linear variety is the translation of a linear subspace away
from the origin; i.e., a linear variety V can be written as V = x¢o + M, where
xo € H and zg ¢ M, ||zo|| # 0, and M is a linear subspace (see Figure 3.4).
O

Fig. 3.4. Depiction of a linear variety

Theorem 3.4. The set of all influence functions, namely the elements of H
that satisfy condition (3.4) of Theorem 3.2, is the linear variety o*(Z) + .7+,
where ¢*(Z) is any influence function and .7+ is the space perpendicular to
the tangent space.

Proof. Any element [(Z) € .7+ must satisfy
E{l(2)S(Z,6,)} = 0977, (3.33)

Therefore, if we take
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o(2) =" (2) +1(2),
then

E{0(2)S;5 (Z.00)} = E [{¢"(2) + U(Z)} S5 (Z,60)]
= E[¢"(2)S] (Z.00)] + E [I(2)S] (Z.60)]
=T(fy) +07? =T(fy).

Hence, ¢(Z) is an influence function satisfying condition (3.4) of Theorem 3.2.
Conversely, if p(Z) is an influence function satisfying (3.4) of Theorem
3.2, then

o(2) = ¢"(Z2) +{»(Z2) =" (2)}.
It is a simple exercise to verify that {p(Z) — p*(Z)} € 7+. O

Deriving the Efficient Influence Function

The efficient influence function peg(Z), if it exists, is the influence func-
tion with the smallest variance matrix; that is, for any influence function
o(Z2) # eri(Z), var{pes(Z)} — var{e(Z)} is negative definite. That an ef-
ficient influence function exists and is unique is now easy to see from the
geometry of the problem.

Theorem 3.5. The efficient influence function is given by
et (Z) = 0" (2) = (p*(2)|T+) = W(¢*(2)|7), (3.34)

where ¢*(Z) is an arbitrary influence function and 7 is the tangent space,
and can explicitly be written as

¢eit(Z) = T(00) 17" (00)S5(Z, bo). (3.35)

Proof. By Theorem 3.4, the class of influence functions is a linear variety,
©*(Z) + T+, Let geg = 0" — I(¢*|T+) = T(¢*|.7). Because I (p*|7+) €
7, this implies that e is an influence function and, moreover, is orthogonal
to 7 +. Consequently, any other influence function can be written as ¢ = peg+
I, with [ € 7. The tangent space .7 and its orthogonal complement .7+ are
examples of g-replicating linear spaces as defined by Definition 6. Therefore,
because of Theorem 3.3, equation (3.31), we obtain var(y) = var(pes)+var(l),
which demonstrates that @.g, constructed as above, is the efficient influence
function.

We deduce from the argument above that the efficient influence function
et = II(p*|.7) is an element of the tangent space 7 and hence can be ex-
pressed as pe(Z) = BifPSy(Z,0y) for some constant matrix BI:”. Since
wet (Z) is an influence function, it must also satisfy relationship (3.4) of The-
orem 3.2; i.e.,

E{%H(Z)Sg(z’ 00)} = T'(6h),
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or

BegE{S¢(Z,00)S; (Z,60)} = T'(60),

which implies
Bet = T(00)1~ " (60),

where I(0p) = E{Sp(Z,00)SE(Z,00)} is the information matrix. Conse-
quently, the efficient influence function is given by

vt (Z) = T'(00)I 1 (00)Se(Z, 6). O

It is instructive to consider the special case § = (37, nT)T. We first define
the important notion of an efficient score vector and then show the relationship
of the efficient score to the efficient influence function.

Definition 8. The efficient score is the residual of the score vector with re-
spect to the parameter of interest after projecting it onto the nuisance tangent
space; i.e.,

Seff(Za 00) = Sﬂ(Za 90) - H(SQ(Z, 00)|A)

Recall that
II(S5(Z,00)|A) = E(SgSy {E(SyS )} 5,(Z,60). O

Corollary 2. When the parameter 6 can be partitioned as (87, 77)T, where 3
is the parameter of interest and 7 is the nuisance parameter, then the efficient
influence function can be written as

pett (Z,00) = {E(SerSer)} " {Serr(Z, 00)}. (3.36)

Proof. By construction, the efficient score vector is orthogonal to the nuisance
tangent space; i.e., it satisfies condition (ii) of being an influence function.
By appropriately scaling the efficient score, we can construct an influence
function, which we will show is the efficient influence function. We first note
that E{Scqt(Z,00)S5(Z,60)} = E{Ser(Z,00)S%(Z,60)}. This follows because

E{Set(Z,00)55 (Z2,00)} = E{Sert(Z,00)Sa(Z,00)} + E{Ser(Z, 00)TL(S5|A) "} .

This equals zero since
Set(Z,00} L A

Therefore, if we define
¢eft(Z,00) = {E(SertSeg)} ™" Set (7, 60),

then
(i) Elpes(Z,00)SF (Z.,00)] = 17

and
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(i) Elpes(Z,600)S,) (Z,00)] = 07

ie., pe(Z,6p) satisfies conditions (i) and (ii) of Corollary 1 and thus is an
influence function.

As argued above, the efficient influence function is the unique influ-
ence function belonging to the tangent space 7. Since both Sg(Z,6y) and
I1(Ss(Z,00)|A) are elements of 7, so is

pett (Z,00) = {E(SerSer)} ~ {S5(Z, 00) — T1(S5|A)},

thus demonstrating that (3.36) is the efficient influence function for RAL
estimators of 5. O

Remark 7. When the parameter § can be partitioned as (87, 77)T, then I'(y)
can be partitioned as [[779 : 09%7], and it is a straightforward exercise to show
that (3.35) leads to (3.36). O

Remark 8. If we denote by (BMEE AMLE) the values of 3 and 7 that maximize
the likelihood

H p(ZZ7 ﬂa 77)7
i=1
then under suitable regularity conditions, the estimator BA,]:/[ LE of 3is an RAL
estimator whose influence function is the efficient influence function given by
(3.36). See Exercise 3.2 below. O
Remark 9. If the parameter of interest is given by ((0) and we define by é% LE
the value of 6 that maximizes the likelihood
H p(Zi7 9)7
i=1
éMLE)

then, under suitable regularity conditions, the estimator 3( of (B is an

RAL estimator with efficient influence function (3.35). O

Remark 10. By definition,
peit (Z,00) = {E(Ser i)} " Serr (2, 00)
has variance equal to
{E(SerSem)} ",
the inverse of the variance matrix of the efficient score. If we define Igg =
E(SSE), Iy = E(S,ST), and Ig, = E(S3SY), then we obtain the well-

known result that the minimum variance for the most efficient RAL estimator
is

—17T -1
{Tos = TonTyy 150}
where Igg, I3y, I, are elements of the information matrix used in likelihood
theory. 0O
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3.5 Review of Notation for Parametric Models

We now give a quick review of some of the notation and ideas developed in
Chapter 3 as a useful reference.

- Zy,...,Zy iid p(z,8,7),

B € RY,
neR",
0=B"n")", 0eR?, p=q+r.

— Truth is denoted as 6y = (81, nd)7.

— n'2(3,—Bo) = n"25p(Z;)+0,(1), where (Z;) is the influence function
for the i-th observation of 3,.

— Hilbert space: g-dimensional measurable functions of Z with mean zero and
finite variance equipped with the covariance inner product E{hT (Z)ho(2)}.

— Score vector: For 6 = (g7, 71T,

01 ,0
5p(2) = ERED)
ol 0
SU(Z) = Ogap77(Z7 ) , )
01 ,0
so(z) = BP0 ygrie) 572y
0o

Linear subspaces
Nuisance tangent space:

A = {B?*"S, : for all BY*"}.
Tangent space:

T ={BI*PSy : for all BI*P}
T = T3 @ A, where I3 = {B7*9S55 : for all B1*},

and @ denotes the direct sum of linear subspaces.
Influence functions ¢ must satisfy
(i) E{pSi} =171

and

(ii) E{@SWT} =090 L A, € AL,
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Efficient score

Sest(Z,00) = Sp(Z,00) — 1(Sp|A);
I(Ss|A) = E(SgSI{E(S, Sy )} Sy(Z, 60).

Efficient influence function

eit(Z) = {E(SerrSig)} ™" Set (2, 00).-
Any influence function is equal to

0(2) = een(Z2) +UZ), U(Z) € T+.

That is, influence functions lie on a linear variety and

E(pp") = E(peroly) + EUT).

3.6 Exercises for Chapter 3

1.

2.

3.

Prove that the Hodges super-efficient estimator fi,,, given in Section 3.1,
is not asymptotically regular.

Let Z1,...,7Z, beiid p(z, 8,n), where § € R? and n € R". Assume all the
usual regularity conditions that allow the maximum likelihood estimator
to be a solution to the score equation,

. Sﬂ (Zmﬂﬂ]) _ n(g+r)x1
E(s <zi75,n>> =0T

and be consistent and asymptotically normal.

a) Show that the influence function for Bn is the efficient influence func-
tion.
b) Sketch out an argument that shows that the solution to the estimating

equation
n

> 88N Zi, B, () = 07,
i=1
for any root-n consistent estimator 7% (3), yields an estimator that is
asymptotically linear with the efficient influence function.
Assume Y7, ...,Y, are iid with distribution function F(y) = P(Y < y),

which is differentiable everywhere with density f(y) = dl;—;y). The median

is defined as = F~! (%) The sample median is defined as
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where F,(y) =n~ 13", I(Y; < y) is the empirical distribution function.
Equivalently, 3, is the solution to the m-estimating equation

n

> {5} ~o

=1

Remark 11. We use “x<” to denote approximately because the estimating
equation is not continuous in  and therefore will not always yield a solu-
tion. However, for large n, you can get very close to zero, the difference being
asymptotically negligible. 0O

(a) Find the influence function for the sample median 3,.
Hint: You may assume the following to get your answer.
(i) B, is consistent; i.c., B, — By = F~! (1).
(ii) Stochastic equicontinuity:

02 { BB~ F(B) | = ' {Bu(B0) - F(5) || >0

(b) Let Y7, ...,Y, beiid N(u,0?),u € R, 02 > 0. Clearly, for this model, the
median [ is equal to u. Verify, by direct calculation, that the influence
function for the sample median satisfies the two conditions of Corollary
1.
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Semiparametric Models

In Chapter 3, we developed theoretical results for estimators of parameters
in finite-dimensional parametric models where 71, ..., Z, are iid {p(z,0),0 €
Q C RP}, p finite, and where 6 can be partitioned as

0=06"1")" BeRLYER p=g+r,

[ being the parameter of interest and 7 the nuisance parameter. In this chap-
ter, we will extend this theory to semiparametric models, where the parameter
space for 6 is infinite-dimensional.

For most of the exposition in this book, as well as most of the exam-
ples used throughout, we will consider semiparametric models that can be
represented using the class of densities p(z, 3,7n), where (3, the parameter of
interest, is finite-dimensional (g-dimensional); 7, the nuisance parameter, is
infinite-dimensional; and § and 7 are variationally independent — that is, any
choice of B and 7 in a neighborhood about the true By and 79 would result
in a density p(z,8,n) in the semiparametric model. This will allow us, for
example, to explicitly define partial derivatives

ap(zaﬁ7n0) — 8?(75760;7]0)
9B lp=p op

Keep in mind, however, that some problems lend themselves more naturally
to models represented by the class of densities p(z,6), where 0 is infinite-
dimensional and the parameter of interest, 37%1(#), is a smooth g-dimensional
function of 8. When the second representation is easier to work with, we will
make the distinction explicit.

In Chapter 1, we gave two examples of semiparametric models:

(i) Restricted moment model

Yi = u(Xs, B) + e,
E(61|Xl) = O,
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or equivalently
E(YilXi) = u(Xi, B).

(ii) Proportional hazards model
The hazard of failing at time ¢ is

At X5) = A(t) exp(BT X5).

The major aim is to find “good” semiparametric estimators for 3, where
“loosely speaking” a semiparametric estimator has the property that

n!/2(8, - p) 2L N (0, 20495, )

for all densities “p(-,3,n)” within some semiparametric model and “good”
refers to estimators with small asymptotic variance. All of these ideas will be
made precise shortly.

4.1 GEE Estimators for the Restricted Moment Model

The restricted moment model was introduced briefly in Section 1.2. In this
model, we are primarily interested in studying the relationship of a response
variable Y, possibly vector-valued, as a function of covariates X. Specifically,
the restricted moment model considers the conditional expectation of Y given
X; that is,

B X) = u1(X, 9)

through the function p(X,3) of X and the ¢-dimensional parameter 3. Here,
“d” denotes the dimension of the response variable Y. Therefore, the restricted
moment model allows the modeling of multivariate and longitudinal response
data as a function of covariates (i.e., d > 1) as well as more traditional regres-
sion models for a univariate response variable (i.e., d = 1).

An example of a semiparametric estimator for the restricted moment model
is the solution to the linear estimating equation

n

ZAqu(Xth) {}/;dX1 - ,LLXm(XiaﬂAn)} = qul’ (41)

i=1

where A(X;, ) is an arbitrary (¢ x d) matrix of functions of the covariate X;
and the parameter 3.

Subject to suitable regularity conditions, Bn is a consistent, asymptotically
normal estimator for 5 and thus is an example of a semiparametric estimator
for the restricted moment model. Such an estimator is an example of a solution
to a generalized estimating equation, or GEE, as defined by Liang and Zeger
(1986). It is also an example of an m-estimator as defined in Chapter 3. For
completeness, we sketch out a heuristic argument for the asymptotic normality
of Bn and describe how to estimate its asymptotic variance.
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Asymptotic Properties for GEE Estimators

The asymptotic properties of the GEE estimator follow from the expansion

0= A(Xi, Bu){Yi — p(Xs, Bn)}

=1
= _ZA(Xi,ﬁo){Yi — u(Xi, 5o)}
+ {Z Q(Yi, Xi, B2) — ZA(XZ», 8 D(Xi,ff:;)} (Ba — Bo),  (4.2)

where (X, 5)
A,
D(X,B) = 282 P)
is the gradient matrix (d x ¢), made up of all partial derivatives of the d-
elements of p(X, 3) with respect to the g-elements of 3, and 3 denotes some
intermediate value between (3, and (.
If we denote the rows of A(X;, ) by {A:1(X;,0),...,4,(X;,08)}, then
Q1*4(Y;, X;, ) is the ¢ x ¢ matrix defined by

(4.3)

AT (Xx;,
Vi — p(X;, )y 20
QI UY;, X;,8) = :
AT (X;,B)
{Y; — M(Xiaﬁ)}Tan

This matrix, although complicated, is made up of a linear combination of

functions of X; multiplied by elements of {Y; — u(X;, 5)}, which, as we will

demonstrate shortly, drops out of consideration for the asymptotic theory.
Using (4.2), we obtain

n'?(3, — Bo) = {—n_l Z oY, Xi, 3)

i=1
n -1 n
+nt Y A(X, By)D(X, ﬁ;)} n~ 2N AXG, Bo){Yi — u(X, Bo)}-
i=1 i=1
Because

n' Y QY Xi B) 5 E{Q(Y, X, o)} = 0

i=1

and

n~ S A(XG, B5)D(Xo, B5) B BLA(X, Bo)D(X, o)},
=1
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we obtain
2 o) = Y (IBCACK 30D, )] ACK )

e M(Xi,ﬂo)}) T o,(1).

Consequently, the influence function for the i-th observation of Bn is
{E(AD)} M A(Xi, Bo){Ys — n(Xi, Bo)}- (4.4)

As we demonstrated in Chapter 3, the asymptotic variance of an RAL esti-
mator for G is the variance of its influence function. Therefore, the asymptotic
variance of the GEE estimator (3, is the variance of (4.4). We first compute
the variance of A(X;, 50){Y; — n(Xi, Bo)}, which equals

var | A(X,, fo){Y; — ,U(Xi?ﬁo)}} _ E(var [A(X,, Bo){Y; — u(Xi,ﬂomXi])

+ var(E [A(X5, Bo){Ys — (X4, Bo) } Xi] >

I
0

= E{A(X;, Bo)V(X:) AT (X, B0}, (4.5)

where V(X;) = var(Y;|X;) is the d x d conditional variance matrix of Y; given
X;. Consequently, the asymptotic variance of 3, is

(E(AD)}™! B{AV(X)ATY [E(AD)} " . (4.6)

In order to use the results above for data analytic applications, such as
constructing confidence intervals for 8 or for some components of 3, we must
also be able to derive consistent estimators for the asymptotic variance of By
given by (4.6). Without going into all the technical details, we now outline the
arguments for constructing such an estimator. These arguments are similar
to those that resulted in the sandwich variance estimator for the asymptotic
variance of an m-estimator given by (3.10) in Chapter 3.

Suppose, for the time being, that we assumed the true-valued (3, were
known to us. Then, by the law of large numbers, a consistent estimator for
E(AD) is given by

Eo(AD) =n~'> " A(X;, Bo) D(Xi, o), (4.7)

i=1

where the subscript “0” is used to emphasize that this statistic is com-
puted with By known. As we showed in (4.5), the variance of A(X;, Bo){Y; —
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w(X;, Bo)} is given by E{A(X;, B0)V(X;)AT(X;,B0)}, which, by the law of
large numbers, can be consistently estimated by

Eo(AVAT) =01 Y A, Bo){Yi — (X, o) HY: — u(Xi, o)} AT (X4, Bo).
i=1
(4.8)
Of course, the value [y is not known to us. But since Bn is a consistent
estimator for [y, a natural estimator for the asymptotic variance of Bn is
given by
{E(AD)}'E(AVAT){E(AD)} ™", (4.9)

where E(AD) and E(AV AT) are computed as in equations (4.7) and (4.8),
respectively, with 3, substituted for Bo. The estimator (4.9) is referred to as
the sandwich estimator for the asymptotic variance. More details about this
methodology can be found in Liang and Zeger (1986).

The results above did not depend on any specific parametric assumptions
beyond the moment restriction and regularity conditions. Consequently, the
estimator, given as the solution to equation (4.1), is a semiparametric estima-
tor for the restricted moment model.

Example: Log-linear Model

Consider the problem where we want to model the relationship of a response
variable Y, which is positive, as a function of covariates X. For example, in
the study of HIV disease, CD4 count is a measure of the degree of destruction
that HIV disease has on the immune system. Therefore, it may be of interest
to model CD4 count as a function of covariates such as treatment, age, race,
etc. Let us denote by X = (Xq,.. .,Xq,l)T the ¢ — 1 vector of covariates
that we are considering. Because CD4 count is a positive random variable, a
popular model is the log-linear model where it is assumed that

10g{E(Y|X)} =a+ 61X1 +...+ 6q—1Xq—1-

Here, the parameter of interest is given by 89! = (o, d1,...,0,-1)7.
This is an example of a restricted moment model where

E(Y|X) = [L(X, ﬁ) = exp(a + 51X1 + ...+ 5q71Xq71)' (410)

The log transformation guarantees that the conditional mean response, given
the covariates, is always positive. Consequently, this model puts no restrictions
on the possible values that 8 can take.

With a sample of iid data (Y;, X;), ¢ = 1,...,n, a semiparametric estima-
tor for B can be obtained as the solution to a generalized estimating equation
given by (4.1). In this example, the response variable Y is a single random vari-
able; hence d = 1. If we take AT*1(X, 3) in (4.1) to equal (1, X1,...,X,-1)%,
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then the corresponding GEE estimator 3, = (Gny - - - ,S(q,l)n)T is the solution
to

n
>, XDTY: = expla+ 61Xy + .+ 651 X gy} = 071, (4.11)

i=1

The estimator Bn is consistent and asymptotically normal with a vari-
ance matrix that can be estimated using (4.9), where the derivative matrix
DY¥4(X ), defined by (4.3), is equal to u(X,5)(1,X7), and E(AD) and
E’(AVAT) are given by equations (4.7) and (4.8), respectively, with f3, sub-
stituted for Gy. Specifically,

B(AD) = 1t S (L XT) (X0, ) (1, XT), (4.12)
BAVAT) = n " S0 XDV Y: — (X0 A0, XE). (4.13)

Remark 1. The asymptotic variance is the variance matrix of the limiting nor-
mal distribution to which n'/ 2(B, — Bo) converges. That is, the asymptotic
variance is equal to the (¢ x ¢) matrix 3, where nl/Q(ﬁAnA— Bo) EEN N(0,%).
The estimator for the asymptotic variance is denoted by 3J,, and is given by

S, = {E(AD)} 'E(AVAT){E(AD)} 1, (4.14)

where E(AD) and E(AV AT) are defined by (4.12) and (4.13), respectively.
For practical applications, say, when we are constructing confidence inter-
vals for d;, the regression coeflicient for the j-th covariate X;, j =1,...,¢—1,
we must be careful to use the appropriate scaling factor when computing the
estimated standard error for d;,. That is, the 95% confidence interval for §;
is given by R R
5jn + 1.9686((5]'”),

and Se(§j ) = n_l(in)(j+1)(j+1)7 where ()((ijfl)(JJrl) denotes the (j + 1)—th
diagonal element of the ¢ X ¢ matrix (-)?*9. O

The GEE estimator for 3 in the log-linear model, given as the solution to
equation (4.11), is just one example of many possible semiparametric estima-
tors. Clearly, we would be interested in finding a semiparametric estimator
that is as efficient as possible; i.e., with as small an asymptotic variance as
possible. We will address this issue later in this chapter.

Some natural questions that arise for semiparametric models are:

(i) How do we find semiparametric estimators, or do they even exist?
(ii) How do we find the best semiparametric estimator?
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Although both of these questions are difficult to resolve in general, under-
standing the geometry of influence functions for semiparametric estimators
is often helpful in constructing estimators and assessing efficiency. The ideas
and geometry we developed in Chapter 3 for finite-dimensional parametric
models will now be generalized to semiparametric models.

4.2 Parametric Submodels

As is often the case in mathematics, infinite-dimensional problems are tackled
by first working with a finite-dimensional problem as an approximation and
then taking limits to infinity. Therefore, the first step in dealing with a semi-
parametric model is to consider a simpler finite-dimensional parametric model
contained within the semiparametric model and use the theory and methods
developed in Chapter 3. Toward that end, we define a parametric submodel.

Recall: In a semiparametric model, the data 71, ..., Z, are iid random vectors
with a density that belongs to the class

P = |p{z, B,n(-)}, where ( is ¢-dimensional and 7(-) is infinite-dimensional

with respect to some dominating measure vz. As we illustrated in some of
the examples of semiparametric models in Chapter 1, the infinite-dimensional
nuisance parameter 7 is itself often a function and hence denoted as n(-). O
We will denote the “truth” (i.e., the density that generates the data) by
po(z) € &, namely
po(2) = p{z, Bo.mo(+) }-

A parametric submodel, which we will denote by Z5, = {p(z,5,7)}, is a
class of densities characterized by the finite-dimensional parameter (87,~47)7
such that

(i) sy C & (ie., every density in 3., belongs to the semiparametric
model &) and

(ii) po(z) € P35,y (i-e., the parametric submodel contains the truth). Another
way of saying this is that there exists a density identified by the parameter
(Bo,v0) within the parametric submodel such that

po(2) = p(2, Bo,%0)-

In keeping with the notation of Chapter 3, we will denote the dimension of ~y
by “r,” although, in this case, the value r depends on the choice of parametric
submodel.

Remark 2. When we developed the geometry of influence functions for para-
metric models in Chapter 3, certain regularity conditions were implicitly as-
sumed. For example, the parametric model had to have sufficient regularity
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conditions to allow the interchange of differentiation and integration of the
density with respect to the parameters. This is necessary, for example, when
we want to prove that the score vector has mean zero. Consequently, the para-
metric model has to satisfy certain smoothness conditions. Similarly, the para-
metric submodels that we will consider must also satisfy certain smoothness
conditions. Appropriate smoothness and regularity conditions on the likeli-
hoods are given in Definition A.1 of the appendix in Newey (1990). Thus,
from here on, when we refer to parametric submodels, we implicitly are as-
suming smooth and regular parametric submodels. 0O

Remark 3. The terms parametric submodel and parametric model can be con-
fusing. A parametric model is a model whose probability densities are charac-
terized through a finite number of parameters that the data analyst believes
will suffice in identifying the probability distribution that generates the data.
For example, we may be willing to assume that our data follow the model

where ¢; are iid N(0,0?), independent of X;. This model is contained within
the semiparametric restricted moment model discussed previously.

In contrast, a parametric submodel is a conceptual idea that is used to
help us develop theory for semiparametric models. The reason we say it is
conceptual is that we require a parametric submodel to contain the truth. But
since we don’t know what the truth is, we can only describe such submodels
generically and hence such models are not useful for data analysis. The para-
metric model given by (4.15) is not a parametric submodel if, in truth, the
data are not normally distributed. O

We now illustrate how a parametric submodel can be defined using the
proportional hazards model as an example. In the proportional hazards model,
we assume

At X) = () exp(87 X),

where X = (Xi,...,X,)? denotes a g-dimensional vector of covariates, A(t)
is some arbitrary hazard function of time that is left unspecified and hence
is infinite-dimensional, and 3 is the g-dimensional parameter of interest. We
denote (conceptually) the truth by Ag(¢); ¢ > 0 and Sp.

An example of a parametric submodel is as follows. Let hi(t),...,h.(t)
be r different functions of time that are specified by the data analyst. (Any
smooth functions will do.) Consider the model

P, = {class of densities with hazard function
At X) = Ao(t) exp{yihi(t) + -+ vhe(t) }exp(68T X))},

where v = (y1,...,7)T € R” and 3 € RY.
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We note that:

e In this model, the (¢+7) parameters (37,~v7)T are left unspecified. Hence,
this model is indeed a finite-dimensional model.

e For any choice of 8 and +, the resulting density follows a proportional
hazards model and is therefore contained in the semiparametric model;
ie.,

ygﬁ Cc 2.

The truth is obtained by setting 3 = 8y and v = 0.
This parametric submodel is defined using Ao (), “the truth,” which is not
known to us; consequently, such a model is not useful for data analysis.

Contrast this with the case where we are willing to consider the parametric
model; namely
At X) = Xexp(BT X), A, unknown.

That is, we assume that the underlying baseline hazard function is constant
over time; i.e., conditional on X, the survival distribution follows an expo-
nential distribution. If we are willing to assume that our data are generated
from some distribution within this parametric model, then we only need to
estimate the parameters A and § and use this for any subsequent data analy-
sis. Of course, the disadvantage of such a parametric model is that if the data
are not generated from any density within this class, then the estimates we
obtain may be meaningless.

4.3 Influence Functions for Semiparametric
RAL Estimators

In Chapter 3, we studied RAL estimators for § for finite-dimensional para-
metric models and derived their asymptotic properties through their influence
function. We also described the geometry of the class of influence functions for
RAL estimators. Consequently, from this development, we know that influence
functions of RAL estimators for § for a parametric submodel:

(i) Belong to the subspace of the Hilbert space H of g-dimensional mean-
zero finite-variance measurable functions (equipped with the covariance
inner product) that are orthogonal to the parametric submodel nuisance
tangent space

A, ={B?™"S.(Z, Bo,0), for all BI*"},

where
dlogp(2, Bo,Y0)

rx1l __
S = R
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(ii) The efficient influence function for the parametric submodel is given by

T\1—1ge
@%f,ffy(z) = {E(S[c}ff'ysgf:f'y )} 1Sﬁff7(Za60770)3
where ngg (Z, Bo,70), the parametric submodel efficient score, is

Sﬁ(Z7 ﬁOano) - H(SB(Z, 6077]0)|A’7)a

and

1 5‘10%]9(2,507770)
SE(Z, Bo,mo) = — 3

(iii) The smallest asymptotic variance among such RAL estimators for 8 in
the parametric submodel is

(B{SST (2)Set (2)}7".

An estimator for § is an RAL estimator for a semiparametric model if it
is an RAL estimator for every parametric submodel. Therefore, any influence
function of an RAL estimator in a semiparametric model must be an influence
function of an RAL estimator within a parametric submodel; i.e.,

class of influence functions class of influence functions
of RAL estimators for § for & of RAL estimators for g, | -

A heuristic way of looking at this is as follows. If B, is a semiparametric
estimator, then we want

nl/2(, — g) 2, N(o, (5, n>)

for all p(z,3,n) € &. Such an estimator would necessarily satisfy

nl/Q(Bn - /6) M) N<0a 2(677)>

for all p(z; 8,7v) € Pg,, C &. However, the converse may not be true. Conse-
quently, the class of semiparametric estimators must be contained within the
class of estimators for a parametric submodel. Therefore:

(i) Any influence function of an RAL semiparametric estimator for § must
be orthogonal to all parametric submodel nuisance tangent spaces.

(ii) The variance of any RAL semiparametric influence function must be
greater than or equal to

[E{SST (2)S5T (2)1)7!

for all parametric submodels Y3 ..
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Hence, the variance of the influence function for any semiparametric estimator
for B must be greater than or equal to

sup eff geffT -1

{all parametric submodels} {E (Sﬁ"’Sﬁ"y )} ' (4.16)
This supremum is defined to be the semiparametric efficiency bound. Any
semiparametric RAL estimator Bn with asymptotic variance achieving this
bound for po(z) = p(z, B0, M0) is said to be locally efficient at po(-). If the
same estimator Bn is semiparametric efficient regardless of po(-) € &2, then
we say that such an estimator is globally semiparametric efficient.

Geometrically, the parametric submodel efficient score is the residual of
S3(Z, Bo,mo) after projecting it onto the parametric submodel nuisance tan-
gent space. For a one-dimensional parameter (3, the inverse of the norm-
squared of this residual is the smallest variance of all influence functions for
RAL estimators for the parametric submodel. This analogy can be extended
to g-dimensional § as well by considering the inverse of the variance matrix
of the residual g-dimensional vector.

As we increase the complexity of the parametric submodel, or consider
the linear space spanned by the nuisance tangent spaces of all the parametric
submodels, the corresponding space becomes larger and therefore the norm
of the residual becomes smaller. Hence, the inverse of the variance of the
residual grows larger. This gives a geometric perspective to the observation
that the efficient semiparametric estimator has a variance larger than the
efficient estimator for any parametric submodel.

4.4 Semiparametric Nuisance Tangent Space

Let us be a bit more formal.

Definition 1. The nuisance tangent space for a semiparametric model, de-
noted by A, is defined as the mean-square closure of parametric submodel
nuisance tangent spaces, where a parametric submodel nuisance tangent space
is the set of elements

{BT*"S5*H(Z, Bo, o)}

S+(Z, Bo,no) is the score vector for the nuisance parameter  for some para-
metric submodel, and B2*" is a conformable matrix with g-rows. Specifically,
the mean-square closure of the spaces above is defined as the space A C H,
where A = [h9%}(Z) € H such that E{hT(Z)h(Z)} < oo and there exists a
sequence B;S,;(Z) such that

0

‘2 Jj—o00

1M(Z) = B;S;(Z)]

I* =

for a sequence of parametric submodels indexed by j], where ||h(Z)
E{hT(Z)h(Z)}. O
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Remark 4. The Hilbert space H is also a metric space (i.e., a set of elements
where a notion of distance between elements of the set is defined). For any
two elements hy,hy € H, we can define the distance between two elements
hi,hy € H as ||hy —hi| = [E{(ha —h1)T (hy — h1)}]'/2. The closure of a set S,
where, in this setting, a set consists of ¢g-dimensional random functions with
mean zero and finite variance, is defined as the smallest closed set that contains
S, or equivalently, as the set of all elements in S together with all the limit
points of S. The closure of S is denoted by S. Thus the closure of a set is itself
a closed set. Limits must be defined in terms of a distance between elements.
The word mean-square is used because limits are taken with respect to the
distance, which in this case is the square root of the expected sum of squared
differences between the g-components of the two elements (i.e., between the
two g-dimensional random functions). Therefore, the mean-square closure is
larger and contains the union of all parametric submodel nuisance tangent
spaces. Therefore, if we denote by S the union of all parametric submodel
nuisance tangent spaces, then A = S is the semiparametric nuisance tangent
space. 0O

Remark 5. Although the space A is closed, it may not necessarily be a linear
space. However, in most applications it is a linear space, and certainly is in
any of the examples used in this book. Therefore, from now on, we will always
assume the space A is a linear space and, by construction, is also a closed
space. This is important because in order for the projection theorem to be
guaranteed to apply (i.e., that a unique projection of an element to a linear
subspace exists), that linear subspace must be a closed linear subspace of the
Hilbert space. 0O

Before deriving the semiparametric efficient influence function, we first
define the semiparametric efficient score vector and give some results regarding
the semiparametric efficiency bound.

Definition 2. The semiparametric efficient score for § is defined as

Seff(Z7 ﬁ07770) = SB(Z7 60)770) - H{SB(Z7 ﬁOano)IA}

There is no difficulty with this definition since the nuisance tangent space A
is a closed linear subspace and therefore the projection II{Sg(Z, By, n0)|A}
exists and is unique. 0O

Theorem 4.1. The semiparametric efficiency bound, defined by (4.16), is
equal to the inverse of the variance matrix of the semiparametric efficient
score; i.e.,

[E{Ser(2) S5 (2)}] 7"

Proof. For simplicity, we take 8 to be a scalar (i.e., ¢ = 1), although this can
be extended to ¢ > 1 using arguments in Section 3.4, where a generalization of
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the Pythagorean theorem to dimension ¢ > 1 was derived (see (3.31)). Denote
by V the semiparametric efficiency bound, which, when ¢ = 1, is defined by

sup IS55(2)]72 =V,
{all parametric submodels}
‘@/31"{

where
S§(2) = 55(Z) = T(Sp(Z)|A4).

Since A, C A, this implies that [|Ses(Z)] < HSEH;(Z)H for all parametric
submodels &3 . Hence

1Ser(2) 72> sup  |ISEE(2)I7* = V. (4.17)
(all 2 .}

To complete the proof of the theorem, we need to show that ||Ses(Z)| =2 is
also less than or equal to V. But because II(S3(Z)|A) € A, this means that
there exists a sequence of parametric submodels #g ., with nuisance score
vectors S, (Z) such that

‘2 Jj—o0

IT(S5(2)A) = B; Sy, (Z)| 0

for conformable matrices B;.
By the definition of V, for any &5, we obtain V=! < ||S§ffyj(Z)||2.
Therefore

V<S5, (DI = [1S5(2) = TL(Ss(2)|A3)II* < 11Sp(2) — B Sy, (2)|?
= [185(2) = I(Sp(2)|M)|* + |[TL(Ss(2)|A) — B; Sy, (Z)II. (4.18)

Because S5(Z) —I1(S(Z)|A) is orthogonal to A and II(S3(Z)|A) — B;S,,(Z2)
is an element of A, the last equality in (4.18) follows from the Pythagorean
theorem. Taking j — oo implies

185(2) = I(Sp(2)|M)|* = [[Serr(Z)|I* = VT

or

[Serr(Z)]72 < V.
Together with (4.17), we conclude that ||Seg(Z2)||"2=V. O

Definition 3. The efficient influence function is defined as the influence func-
tion of a semiparametric RAL estimator, if it exists (see remark below), that
achieves the semiparametric efficiency bound. O
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Remark 6. In the development that follows, we will construct a unique element
of H that always exists, which will be defined as the efficient influence function.
We will prove that if a semiparametric RAL estimator exists that has an
influence function whose variance is the semiparametric efficiency bound, then
this influence function must be the efficient influence function. There is no
guarantee, however, that such an RAL estimator can be derived. O

Theorem 4.2. Any semiparametric RAL estimator for 5 must have an influ-
ence function ¢(Z) that satisfies

(i) E{0(2)SE(Z,B0,m0)} = E{p(2)SE(Z, Bo,m0) } = 174
and
(ii) II{p(Z2)|A} = 0; i.e., p(Z) is orthogonal to the nuisance tangent space.

The efficient influence function is now defined as the unique element satisfying
conditions (i) and (ii) whose variance matrix equals the efficiency bound and
is equal to

SDCH(Za 50,770) = {E (Scﬁse@f)}_l Scff(Za 50#70)-

Proof. We first prove condition (ii). To show that ¢(Z) is orthogonal to A, we
must prove that (¢, h) = 0 for all h € A. By the definition of A, there exists
a sequence B;S,;(Z) such that

|| _]—)OC

||h(Z) - Bij( )

for a sequence of parametric submodels indexed by j. Hence

(g, h) = (p, BjSy;) + (¢, h — BjSy;5).

Because any influence function of a semiparametric RAL estimator for § must
be an influence function for an RAL estimator in a parametric submodel, then
condition (ii) of Corollary 1 of Theorem 3.2 implies that ¢ is orthogonal to
A, and hence the first term in the sum above is equal to zero. By the Cauchy-
Schwartz inequality, we obtain

(o, )| < llllllh = BjSy;]l-

Taking limits as j — oo gives us the desired result.
To prove condition (i) above, we note that by condition (i) of Corollary
1 of Theorem 3.2, ¢(Z) must satisfy E{@(Z)Sf(Z,50,m0)} = I779. Since

E{p(Z)S3(Z, Bo,m0)} = E{(2)SE (Z, Bo, o)} —E{(Z)TL(SF (Z, Bo, no)|A) },
the result follows because IT(S% (Z, o, n0)|A) € A and since, by condition (ii),
©(Z) is orthogonal to A, this implies that E{@(Z)H(SBT(Z, Bo,mo)|A)} =

It is now easy to show that the efficient influence function is given by

et (Z,Bo.m0) = {E (SettSir) } Seff Z, Bo, Mo)-
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Clearly, werr(Z, Bo,70) satisfies conditions (i) and (ii) above and moreover
has variance matrix E{pes(Z)pl;(Z)} = V, where V is the semiparametric
efficiency bound. 0O

The results of Theorem 4.2 apply specifically to semiparametric models
that can be parametrized through (3, 7), where 3 is the parameter of interest,
7 is the infinite-dimensional nuisance parameter, and for which the nuisance
tangent space A can be readily computed. For some semiparametric models,
it may be more convenient to parametrize the model through an infinite-
dimensional parameter 6 for which the tangent space can be readily computed
and define the parameter of interest as (3(); i.e., a smooth g-dimensional
function of 6.

For parametric models, we showed in Chapter 3, Theorem 3.4, that the
space of influence functions for RAL estimators for 3 lies on a linear variety
defined as ¢(Z) + J;-, where ¢(Z) is the influence function of any RAL esti-
mator for 8 and 9 is the parametric model tangent space, the space spanned
by the score vector Sp(Z). Similarly, for semiparametric models, we could
show that the influence functions of semiparametric RAL estimators for 3
must lie on the linear variety ¢(Z) + .7+, where ¢(Z) is the influence func-
tion of any semiparametric RAL estimator for 8 and 7 is the semiparametric
tangent space, defined as the mean-square closure of all parametric submodel
tangent spaces. The element in this linear variety with the smallest norm is
the unique element ¢(Z) —II{¢(Z)|.7+} = I{p(Z)|.7}, which can be shown
to be the efficient influence function e (Z).

We give these results in the following theorem, whose proof is analogous
to that in Theorems 3.4 and 3.5 and is therefore omitted.

Theorem 4.3. If a semiparametric RAL estimator for 3 exists, then the influ-
ence function of this estimator must belong to the space of influence functions,

the linear variety {cp(Z )+ T L}, where p(Z) is the influence function of any

semiparametric RAL estimator for § and .7 is the semiparametric tangent
space, and if an RAL estimator for 3 exists that achieves the semiparametric
efficiency bound (i.e., a semiparametric efficient estimator), then the influence
function of this estimator must be the unique and well-defined element

vet(Z) = ¢(Z) = {p(2)|T "} = I{p(2)|T}.

What is not clear is whether there exist semiparametric estimators that
will have influence functions corresponding to the elements of the Hilbert
space satisfying conditions (i) and (ii) of Theorem 4.2 or Theorem 4.3 (al-
though we might expect that arguments similar to those in Section 3.3, used
to construct estimators for finite-dimensional parametric models, will extend
to semiparametric models as well).

In many cases, deriving the space of influence functions, or even the space
orthogonal to the nuisance tangent space, for semiparametric models, will
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suggest how semiparametric estimators may be constructed and even how to
find locally or globally efficient semiparametric estimators. We will illustrate
this for the semiparametric restricted moment model. But before doing so,
it will be instructive to develop some methods and tools for finding infinite-
dimensional tangent spaces. We start with the nonparametric model, where we
put no restrictions on the class of densities and show that the corresponding
tangent space is the entire Hilbert space .

Tangent Space for Nonparametric Models

Suppose we are interested in estimating some g-dimensional parameter 3 for
a nonparametric model. That is, let Z7,..., Z, be iid random vectors with
arbitrary density p(z) with respect to a dominating measure vz, where the
only restriction on p(z) is that p(z) > 0 and

/ p(2)dv(z) = 1.

Theorem 4.4. The tangent space (i.e., the mean-square closure of all para-
metric submodel tangent spaces) is the entire Hilbert space H.

Proof. Consider any parametric submodel &2y = {p(z,0), 0, say s-dimensional}.
The parametric submodel tangent space is

Ag = {B7**Sy(Z), for all constant matrices B},

where

o1l .0
sy = lourteste)

Denote the truth as pp(z) = p(z,6p). From the usual properties of score vec-
tors, we know that
E{S¢(Z)} = 051,

Consequently, the linear subspace Ag C H.

Reminder: When we write E{Syp(Z)}, we implicitly mean that the expectation
is computed with respect to the truth; i.e.,

Eo{So(Z,00)} or Eg,{Se(Z,600)}. O

To complete the proof, we need to show that any element of H can be
written as an element of Ay for some parametric submodel or a limit of such
elements. Choose an arbitrary element of H, say h(Z) that is a bounded mean-
zero ¢-dimensional measurable function with finite variance. Consider the
parametric submodel p(z, 8) = po(2){1 + 67 h(z)}, where 6 is a g-dimensional
vector sufficiently small so that



4.4 Semiparametric Nuisance Tangent Space 69
{1+6Th(2)} >0 for all 2. (4.19)

Condition (4.19) is necessary to guarantee that p(z,0) is a proper density.
Because h(-) is a bounded function, the set of 6 satisfying (4.19) contains an
open set in R?. This must be the case in order to ensure that the partial
derivatives of p(z, 6) with respect to 8 exist. Moreover, every element p(z, 6)
in the parametric submodel satisfies

[pe0avte) = [ i) {1+ 07h) av)

_ / po(2)dv(z) + / 67 h(2)po(2)dv(z) = 1.

I I
1 0

This guarantees that p(z,6), for § in some neighborhood of the truth, is a
proper density function. For this parametric submodel, the score vector is

Su(s) = DBl ML+ O7hC))

= h(z).

0=0

If we choose B7*? to be 19%7 (i.e., the ¢ x ¢ identity matrix), then h(Z), which
also equals I19%%h(Z), is an element of this parametric submodel tangent space.

Thus we have shown that the tangent space contains all bounded mean-
zero random vectors. The proof is completed by noting that any element of
H can be approximated by a sequence of bounded h. 0O

Remark 7. On the dimension of 0

When we defined an arbitrary parametric submodel through the parameter
0, the dimension of  was taken to be s-dimensional, where s was arbitrary.
The corresponding score vector, which also is s-dimensional, had to be pre-
multiplied by some arbitrary constant matrix B4** to obtain an element in the
Hilbert space. However, when we were constructing a parametric submodel
that led to the score vector h(Z), we chose 6 to be ¢-dimensional to conform
to the dimension of h(Z); i.e., for this particular parametric submodel, we
took s to equal ¢q. O

Partitioning the Hilbert Space

Suppose Z is an m-dimensional random vector, say Z = ZW) ..., Z(™) Then
the density of Z can be expressed as the product of conditional densities,
namely
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pz(2) =pz (2) X Py 700 (27 [z1)
X oo X Pz |z z(m-1) (Z(m)|z(1), ceey Z(m_l)),
where _ _
Pz iz, zu-v (P20, 207) (4.20)

is the conditional density of ZU) given Z(MW ... ZU=1 defined with respect
to the dominating measure v;. If we put no restrictions on the density of Z
(i.e., the nonparametric model) or, equivalently, put no restrictions on the
conditional densities above, then the j-th conditional density (4.20) is any
positive function n;(2(1), ..., 2()) such that

/77]’(2(1)7...,z(j))dyj(z(j)) =1

for all 2V, ..., 20=1 j =1,...,m. With this representation, we note that
the nonparametric model can be represented by the m variationally indepen-
dent infinite-dimensional nuisance parameters n;(+),..., 7, (:). By variation-
ally independent, we mean that the product of any combination of arbitrary
m(-),...,nm(-) can be used to construct a valid density for Z() ..., Z(™) in
the nonparametric model.

The tangent space .7 is the mean-square closure of all parametric sub-
model tangent spaces, where a parametric submodel is given by the class of

densities
m

p(z(l)a ’Yl) H p(z(j) |Z(1)7 RN Z(j_1)7 ij>7
=2
vj, J =1,...,m are s;-dimensional parameters that are variationally indepen-
dent, and p(z)|z(M) .. _72(3‘—1)’%]_) denotes the true conditional density of

Z0) given ZM ..., ZU=1 The parametric submodel tangent space is defined
as the space spanned by the score vectors S, (ZW, ...,z j=1,...,m,
where S, (20 2 = dlogp(zM), ..., 20 A, ,¥m)/07;. Because
the density of ZW ..., Z(™ is a product of conditional densities, each
parametrized through parameters ; that are variationally independent, this
implies that the log-density is a sum of log-conditional densities with respect
to variationally independent parameters ;. Hence, S, (2(1), ceey z(m)), which
is defined as 9logp(z()|z(V ... 20~ ~;)/dy;, is a function of (M), ... 207
only. Moreover, the parametric submodel tangent space can be written as the
space
Ty = B8 (ZW) .. 4 BIms, (ZzW ... Z2m)

for all constant matrices Bf*°!, ..., BZXsm. Consequently, the parametric sub-

model tangent space is equal to
T =T ®...0 %,

where
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Ty, ={BT*8, (ZzM, ..., ZD), for all constant matrices B1**}.

It is now easy to verify that the tangent space .77, the mean-square closure
of all parametric submodel tangent spaces, is equal to

where 7, j = 1,...,m, is the mean-square closure of parametric submodel
tangent spaces for ;(-), where a parametric submodel for 7;(-) is given by the
class of conditional densities

Py, = {p(zD |z Z(j_l),’}/j), 7v; — say s; — dimensional}

and the parametric submodel tangent space .7, is the linear space spanned
by the score vector S, (ZW), ..., Z0)).

We now are in a position to derive the following results regarding the
partition of the Hilbert space H into a direct sum of orthogonal subspaces.

Theorem 4.5. The tangent space .7 for the nonparametric model, which we
showed in Theorem 4.4 is the entire Hilbert space H, is equal to

T=H=SD...5 T,
where

7= {al(20) e #: Bl (Z0)) =01}

and
7; :{ag-Xl(Z(l),...,Z(j)) EH: (4.21)
B{a? (20, ..., 20 z0, ... 20D} = oqxl} L j=2,...,m,
and .7, j =1,...,m are mutually orthogonal spaces. Equivalently, the linear

space 7; can be defined as the space
{[thl(Z“),...,ZU))fE{hf{jxl(Z(l),...,Z(j))|Z<1),...,Z(J’l)}]} (4.22)

for all square-integrable functions hZ;l() of ZW ...,z
In addition, any element h(Z(l), ceey Z(m)) € H can be decomposed into
orthogonal elements
h=h1+ ...+ hp,

where
h(ZW) = E{n()|zM},
hi(ZzW, ..., 20y = BE{h()|ZzW,..., 2D}
— E{h(1)|Z2W, ..., zU-Dy, (4.23)

for j = 2,...,m, and h;(-) is the projection of h onto .7j; i.e., h;(-) =
I{A()| 75}
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Proof. That the partition of the tangent space .7; associated with the nuisance
parameter 7;(-) is the set of elements given by (4.21) follows by arguments
similar to those for the proof of Theorem 4.4. That is, because of properties of
score functions for parametric models of conditional densities, the score vector
S,,(-) must be a function only of ZW ... Z() and must have conditional
expectation

E{S, (ZW,. .. z0)|zM . zG-D} = gux1,

Consequently, any g-dimensional element spanned by S, (-) must belong to
;. Conversely, for any bounded element o;(ZM), ..., ZW) in 7, consider
the parametric submodel

pi (22 20D 90y = po, (292D z(j_l)){l—i-QjTaj(z(l), 20}

(4.24)
where po;(2)]z() ... 20~) denotes the true conditional density of Z()
given ZW ..., ZG=-1D and 0; is a g-dimensional parameter chosen sufficiently
small to guarantee that p; CEAPIONS .,z(j*1)79j) is positive. This class of
functions is clearly a parametric submodel since

/poj(z(j)|z(1), 20T+ QjTaj(z(l), o 29Ny (29)) =1,

which follows because

[ poj(z(j)lz(l), B _,Z(j—l))d,/j(z(j)) =1,
S poj (29120200 (2, 29 (2U)) = 0, (4.25)

where (4.25) is equal to 67 E{a;(Z"),..., 20)|zM) ... ZU=D}, which must
equal zero by the definition of .7;. The score vector for the parametric sub-
model (4.24) is

dlogpo; (2 [z, . 207 D)1 4 0T a; (2, ..., 2(0)}

So, (*)
90 9,=0

=a;(z1, ..., 20,

Thus we have shown that the tangent space for every parametric submodel
of n;(-) is contained in .7; and every bounded element in .7; belongs to the
tangent space for some parametric submodel of 7;(-). The argument is com-
pleted by noting that every element of .7} is the limit of bounded elements of
;.

That the projection of any element h € H onto J; is given by h;(-),
defined by (4.23), can be verified directly. Clearly h;(-) € 7;. Therefore, by
the projection theorem for Hilbert spaces, we only need to verify that h — h;
is orthogonal to every element of .7;. Consider any arbitrary element ¢; € 7.
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Then, because h; and [; are functions of ZW .. Z(D) we can use the law of
iterated conditional expectations to obtain

E{(h—hy)"t;} = E[E{(h — h))"¢;|1Z20), ..., ZD}]
= E{Eh|ZzW,...,Z29) - h;}T1))
= E{E(|ZzW,...,z0-Y)}Ty)] (4.26)
—E (E[{E(mZ(l), 2Oz ZU—U])
= E{EM|ZW,... 20T EW,;|zW, ..., z0- D)) =0. (4.27)

Note that (4.26) follows from the definition of ;. The equality in (4.27) follows

because [; € ;, which, in turn, implies that E(lj|Z(1), ., ZU=y =0,
Finally, in order to prove that .J;,j = 1,...,m are mutually orthogonal

subspaces, we must show that h; is orthogonal to hj/, where h; € 7, hj/ € ﬂj/

and j # j', 7y jl =1,...,m. This follows using the law of iterated conditional
expectations, which we leave for the reader to verify. 0O

4.5 Semiparametric Restricted Moment Model

We will focus a great deal of attention on studying the geometric properties
of influence functions of estimators for parameters in the restricted moment
model because of its widespread use in statistical modeling. The relationship of
the response variable Y, which may be univariate or multivariate, and covari-
ates X is modeled by considering the conditional expectation of Y given X as a
function of X and a finite number of parameters 3. This includes linear as well
as nonlinear models. For example, if Y is a univariate response variable, then,
in a linear model, we would assume that E(Y|X) = X7 3, where the dimen-
sions of X and (3 were, say, equal to ¢q. We also gave an example of a log-linear
model earlier, in Section 4.1. More generally, the response variable Y may be
multivariate, say d-dimensional, and the relationship of the conditional expec-
tation of Y given X may be linear or nonlinear, say E(Y|X) = u(X, 8), where
u(z, B) is a d-dimensional function of the covariates X and the g-dimensional
parameter 3. Therefore, such models are particularly useful when modeling
longitudinal and/or multivariate response data. The goal is to estimate the
parameter 3 using a sample of iid data (V;, X;),i =1,...,n. As we argued in
Chapter 1, without any additional restrictions on the joint probability distri-
bution of Y and X, this is a semiparametric model. The restricted moment
model can also be expressed as

Y =pu(X,B) +e,
where

E(e]X) = 0.
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We will assume, for the time being, that the d-dimensional response vari-
able Y is continuous; i.e., the dominating measure is the Lebesgue measure,
which we will denote by £y. It will be shown later how this can be generalized
to more general dominating measures that will also allow Y to be discrete.
The covariates X may be continuous, discrete, or mixed, and we will denote
the dominating measure by vx.

The observed data are assumed to be realizations of the iid random vec-
tors (Z1,...,2Zy), where Z; = (Y;, X;). Our aim is to find semiparametric
estimators for 8 and identify, if possible, the most efficient semiparametric
estimator.

The density of a single observation, denoted by p(z), belongs to the semi-
parametric model

2= {pte B0} = )},

defined with respect to the dominating measure £y X vx. The truth (i.e., the
density that generates the data) is denoted by po(z) = p{z, 8o, n0(+) }. Because
there is a one-to-one transformation of (¥, X) and (e, X), we can express the
density

pY,X(yv i) = ps,X{y - ;U'(xv 5)7 x}v (4'28)

where p. x (€, ) is a density with respect to the dominating measure £, X vx.
The restricted moment model only makes the assumption that

E(e]X) = 0.

As illustrated in Example 1 of Section 1.2, the density of (£, X) can be ex-
pressed as

Pex(g,2) =m(e,x) 2 (x), (4.29)
where 71 (e, z) = p.|x (¢]z) is any nonnegative function such that
/m(a,x)ds =1 forall z, (4.30)
/snl(e,x)ds =0 forall z, (4.31)
and px () = n2(x) is a nonnegative function of = such that
/ng(az)du(aﬁ) =1. (4.32)
The set of functions n; (e, z) and na(x), satisfying the constraints (4.30),

(4.31), and (4.32), are infinite-dimensional and can be used to characterize
the semiparametric model as

p{z,8,m(),mn2(:)} = miy — p(z, B), x}na ().
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The true density generating the data is denoted by

po(2) =moly — p (z, Bo), x} 20 ()
= p{z, Bo,mo(-);n20(-)}-

To develop the semiparametric theory and define the semiparametric nui-
sance tangent space, we first consider parametric submodels. Instead of ar-
bitrary functions 71 (e,z) and n2(x) for p.x(elz) and px(z) satisfying con-
straints (4.30), (4.31), and (4.32), we will consider parametric submodels

peix(elz,y1) and  px(x,72),
where 77 is an r1-dimensional vector and -y, is an r3-dimensional vector. Thus

v =L, 41T is an r-dimensional vector, r = 71 + 5.
This parametric submodel is given as

P =1{p(2, 0,71,72) = peix{y — u(z, B)|z,v1}px (x,72) (4.33)
for
(BT AF A" €95, CRITTY.
Also, to be a parametric submodel, &g, must contain the truth; i.e.,

po(2) = peix{y — pu(z, Bo)|z, v10}Px (,720)-

We begin by defining the parametric submodel nuisance tangent space and
will show how this leads us to the semiparametric model nuisance tangent
space. The parametric submodel nuisance score vector is given as

a1 ) '
57(2,50770)2{(W> v(W) } ‘ﬂ—ﬂo,
Y="

T
= {S'Ty; (Za 60770)a Sz:; (2750770)} .
By (4.33), we note that
log p(z, B,71,72) = log pe|x{y — u(x, B)|z, 1} + log px (z,72).

Therefore,

dlog pex{y — p(x, Bo)lz, v10}

S’Yl (27 Bo, ’Yo) = o

and
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dlog px (z,720)
072

S’Yz (2760370) =

Since we are taking derivatives with respect to 1 and 5 and leaving 0 fixed
for the time being at “Fy,” we will use the simplifying notation that

e =y —plz, o).

Also, unless stated otherwise, if parameters are omitted in an expression, they
will be understood to be evaluated at the truth. So, for example,

alnge|X{y - ,u(x, ﬂo)|l’, 710}
oM

S’Yl (Za /60770) =

will be denoted as S, (¢, z).
A typical element in the parametric submodel nuisance tangent space is
given by

BT S, (e,X) = B8, (e, X) + BY*"S,, (X).

matrix
of constants

Therefore, the parametric submodel nuisance tangent space

A, = {B‘JWS’AY for all BqXT}

can be written as the direct sum A, & A,,, where
Ay, ={B?”"S, (e,X) forall B} (4.34)
and
Ay, ={B7"S,,(X) forall BI*"™}. (4.35)
It is easy to show that the space A, is orthogonal to the space A,,, as we

demonstrate in the following lemma.

Lemma 4.1. The space A,, defined by (4.34) is orthogonal to the space A,
defined by (4.35).

Proof. Since p.|x (e|x,71) is a conditional density, then by properties of score
vectors
E{S, (e, X)X} =0. (4.36)

(Equation (4.36) is also derived explicitly later in (4.37).) Similarly,
B{S,,(X)} = 0.

Consequently,
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B{S,, (. X)S%, (X))
— E[B{S,, (. X)SZ, (X)|x}]

=E |E{S,, (e, X)|X}S] (X)| = 07",
N———’

I
0

Convince yourself that (4.36) suffices to show that every element of A, is
orthogonal to every element of A,,. O

By definition, the semiparametric nuisance tangent space

__ | mean-square closure of all parametric
submodel nuisance tangent spaces

= {mean-square closure of A,, ® A,,}.

Because 71,7y, are variationally independent — that is, proper densities in the
parametric submodel can be defined by considering any combination of 7,
and -y — this implies that A = A5 @ Ass, where

A5 = {mean-square closure of all A, },

Aoy = {mean-square closure of all A, }.

We now show how to explicitly derive the spaces Ais, Aas and the space
orthogonal to the nuisance tangent space A™.

The Space Asg

Since here we are considering marginal distributions of X with no restrictions,
finding the space Agg is similar to finding the nuisance tangent space for
the nonparametric model given in Section 4.4. For completeness, we give the
arguments so that the reader can become more facile with the techniques used
in such exercises.

Theorem 4.6. The space Ay, consists of all ¢g-dimensional mean-zero func-
tions of X with finite variance.

Remark 8. In many cases, the structure of the parametric submodel nuisance
tangent space will allow us to make an educated guess for the semiparametric
nuisance tangent space; i.e., the mean-square closure of parametric submodel
nuisance tangent spaces. After we make such a guess, we then need to verify
that our guess is correct. O

We illustrate below.

Proof. For any parametric submodel,
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(i) S4,(2) =8,,(X) is a function only of X
and

(ii) Any score vector has mean zero
E{8,,(X)} = 0.

Therefore, any element of A, = {B9*"S,,(X) for all B} is a g-dimensional
function of X with mean zero. It may be reasonable to guess that Aoy, the
mean-square closure of all A,,, is the linear subspace of all g-dimensional
mean-zero functions of X.

Recall: The Hilbert space is made up of all g-dimensional mean-zero functions
of Z = (Y, X); hence, the conjectured space Ao C H. O

We denote the conjectured space as

A(chonj) = {all ¢-dimensional mean-zero functions of X }.

In order to verify that our conjecture is true, we must demonstrate:

(a) Any element of A.,, for any parametric submodel, belongs to Aécsonj),

conversely,

and
(b) any element of Aéi,onj) is either an element of A,, for some parametric
submodel or a limit of such elements.

(a) is true because
B{BTS, (X)) = 07

(conj) . .

To verify (b), we start by choosing a bounded element a(X) € A;.""; ie.,
E{aqxl(X)} _ 0q><17

/a(:v)po(x)dy(x) =0.

Consider the parametric submodel with density px(z,72) = po(x){1 +
vFa(z)},v2 is a g-dimensional vector, and 7, is taken sufficiently small so
that

{1+173a(x)} >0 forallz.

This is necessary to guarantee that px (z,72) is a proper density in a neigh-
borhood of v, around zero and is true because «(x) is bounded.

The function px (z,72), in , is a density function since px (z,v2) > 0 for
all x and
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[ pxtriv) = [po()1+5Fa(@)dv(a)
= /po(z)dy(x) Jr/'yQToz(z)pO(a:) dv(z) = 1.

| I
1 0

For this parametric submodel, the score vector is

_ Ologpo(2){1 + 73 a(x)}
072

S, (@)

v2=0

= a(X).

Hence, by choosing the constant matrix B?*? to be the ¢ X ¢ identity matrix,

we deduce that «(X) is an element of this particular parametric submodel

nuisance tangent space. Since arbitrary a(X) € Ag;onj) can always be taken

as limits of bounded mean-zero functions of X, we have thus shown that all
elements of Agcsom) are either elements of a parametric submodel nuisance
tangent space or a limit of such elements; hence, our conjecture has been
verified and

Ass = {all g-dimensional mean-zero functions of X}. O

The Space Aqg

Theorem 4.7. The space Ay, is the space of all ¢g-dimensional random func-
tions a(e, z) that satisfy

(i) E{ale, X)| X} = 07%!
and
(ii) E{G(S,X)5T|X} — guxd.

Proof. The space Ay, is the mean-square closure of all parametric submodel
nuisance tangent spaces A, , where

A, ={B?"S, (e, X)for all B?*"™}

and
dlog pe|x (]x, v10)
(3"}/1

Recall: We use € to denote {y — p(z, Bo)}. O

S’Yl (5756) =

Note the following relationships:
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B)
= de =0 f
o /ps\x(Elwm) € or

all x and ~;. Interchanging integration and differentiation, dividing and
multiplying by p.|x (¢|z,710), and evaluating at 7, = 710, we obtain

(i) /p5|X(E|:,C7’71)dE =1 for all z,~;, implies

/ Ope|x (€|, 710) /0N

Deix (€|T,710)de = 0
pepx (Els ) PeX(EE o)

for all z; i.e.,
E{S, (e, X)|X}=0. (4.37)

(ii) The model restriction E(e|X) = 0 is equivalent to /pE|X(E|$,’71)ETdE =

04 for all ,~;. Using arguments similar to (i), where we differentiate
with respect to 1, interchange integration and differentiation, divide and
multiply by p.|x (g|z,710), and set y1 to y10, we obtain

/571 (s,x)ane‘X(dx,vm)de =0 for all z;
ie., B{S,, (e, X)eT|X} = om*4.
Consequently, any element of A, = B?*"™ S, (e, X), say a(e, X), must satisfy
(i) B{a(e, X)| X} =0 (4.38)
and
(ii) E{a(e, X)eT| X} = 0979, (4.39)
A reasonable conjecture is that A, is the space of all g-dimensional functions

of (¢, X) that satisfy (4.38) and (4.39).
To verify this, consider the parametric submodel

Peix (€T, 71) = poeix (el2){1 + 1 a(e, z)}

for some bounded function a(e, X) satisfying (4.38) and (4.39) and a ¢-
dimensional parameter v; chosen sufficiently small so that

{1+~fa(e,x)} >0 forall ¢,z.

This parametric submodel contains the truth; i.e., (y1 = 0). Also, the class of
densities in this submodel consists of proper densities,

[ pax(elemyde =1 for all

and E(e|X) =0,
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/Q%\X(ﬂ%%)d& = 0P for all 2, 7;.

For this parametric submodel, the score vector is

dlogpc|x (€]x, v10)
Sy, (e, 2) = l@yl = a(e,x).

Premultiplying this score vector by the ¢ x ¢ identity matrix leads us to the
conclusion that a(e,x) is an element of this parametric submodel nuisance
tangent space.

Finally, any a(e, X) € H satisfying (4.38) and (4.39) can be obtained, in
the limit, by a sequence of bounded a(e, X) satisfying (4.38) and (4.39). O

Recap:
A1 = {a?! (g, X) such that
E{a(e,X)|X} =0 and
Efa(e, X)eT|X} = 0},
Ags = {a?!(X) such that
E{a(X)} =0}. O
It is now easy to demonstrate that A4 is orthogonal to Ags.
Lemma 4.2. A, L Ay,
Proof.
E{a’ (X)a(e, X)} = E[E{a’ (X)a(e, X)|X}]
= E[a”(X)E {a(, X)|X}] = 0. O
—_——

I
0

The nuisance tangent space for the semiparametric model is A = A1, Aqs.
Note that A;s is the intersection of two linear subspaces; namely,

Muea = {6, ) : Blao(e, 1)) =071
and
Moo = a6, 305 BGp (e 2067 ) =0t

Therefore, the nuisance tangent space A = Ao B (A1sq N A1sp)-

There are certain relationships between the spaces Aog, Ajse, and Aqgp
that will allow us to simplify the representation of the nuisance tangent space
A and also allow us to derive the space orthogonal to the nuisance tangent
space A+ more easily. We give these relationships through a series of lemmas.
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Lemma 4.3.
Aigo = Aj‘s.

Lemma 4.4.
AQS C Alsb-

and

Lemma 4.5.
A= AQS S (Alsa N Alsb) = Alsb-

Proof. Lemma 4.3
We first show that the space Ajg, is orthogonal to Ass. Let a(e, X) be an
arbitrary element of A5, and «(X) be an arbitrary element of Agg. Then

E{a"(X)a(e, X)} = E[E{a” (X)a(e, X)|X}]
— Bla” (X)E {a(e, X)|X}] = 0.
~—_—

I
0

To complete the proof, we must show that any element i € H can be written
as h = hy @ he, where hy € Aog and hy € Aygq. We write h = E(h|X) + {h —
E(h|X)}. That E(h|X) € Ags and {h — E(h|X)} € A1s, follow immediately.
The result above also implies that II(h|Ass) = E(h|X) and H(h|A1sa) =
{h—=E(X)}. O

Proof. Lemma 4.4
Consider any element a(X) € Ags. Then

E{a(X)eT|X} = a(X)E(T|X) = 0974,

which follows from the model restriction E(eT|X) = 01*4. Hence a(X) € Ajgp.
O

Proof. Lemma 4.5

Consider any element hy € Ags. By Lemma 4.4, hy € A14. Let ho be any ele-
ment in (A5, N A1sp). Then, by definition, he € Ajs. Hence (b1 + he) € A1gp
since A4 is a linear space.

Conversely, let h be any element of Ajg,. Since by Lemmas 4.3 and 4.4
E(h|X) € Ays C Aqgp, this implies that {h — E(h|X)} € Ay since Aqgp is a
linear space. Therefore h can be written as F(h|X) + {h — E(h|X)}, where
E(h|X) € Ays and {h — E(h|X)} € Ay1s. But by Lemma 4.3, {h — E(h|X)} is
also an element of Az, and hence {h — E(h|X)} € (A1sq N A1sp), completing
the proof. O
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Consequently, we have shown that the nuisance tangent space A for the
semiparametric restricted moment model is given by

A = A1 = {h(e, X) such that E{h(e, X)eT|X} = 09%}. (4.40)

Influence Functions and the Efficient Influence Function for the
Restricted Moment Model

The key to deriving the space of influence functions is first to identify elements
of the Hilbert space that are orthogonal to A. Equivalently, the space At is
the linear space of residuals

h(e, X) —(h(e, X)|A)

for all
hie, X) € H.

Using (4.40), this equals
[h(e, X) — {II(h|A1s0)}] - (4.41)

Theorem 4.8. The space orthogonal to the nuisance tangent space, A*, or
equivalently A7, is

{AT*4(X)e for all AT*Y(X)}, (4.42)

where A9*4(X) is the matrix of arbitrary ¢ x d-dimensional functions of X.
Moreover, the projection of any arbitrary element h(e,X) € H onto Ajg
satisfies

h(g, X) — II(h|A1s) = g7 (X)e, (4.43)

where
9(X) = B{h(e, X)e"|X} {B(e"|X)} 7,

which implies that
O[h|A1g) = h — E(heT | X){E(eeT| X))} te. (4.44)

Proof. Theorem 4.8

In order to prove that the space given by (4.42) is the orthogonal complement
of A4, we first prove that this space is orthogonal to Ajg,. That is, for any
A(X)e, we must show

FE{al (e, X)A(X)e} = 0 for all a, € Ayq. (4.45)

By a conditioning argument, this expectation equals
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E[FE{af (¢, X)A(X)e| X}]. (4.46)

But, by the definition of Ajs, E{as(e, X)e T\X} = 07%4 or, equivalently,
E{ab](g X)ey| X} =0, forallj=1,....q and j = 1,...,d, where {ay; (e, X)
is the j-th element of ay(e, X) and €/ is the j -th element of e. Consequently,
the inner expectation of (4.46), which can be written as

ZA X)E{ap;(e, X)ey | X},

where A,/ (X) is the (4,7 )-th element of A(X), must also equal zero. This,
in turn, proves (4.45).

Now that we have shown the orthogonality of the spaces A1, and the space
(4.42), in order to prove that the space (4.42) is the orthogonal complement
of Aygp, it suffices to show that any h € H can be written as hy + ho, where
hi € (4.42) and hy € Ajgp. Or, equivalently, for any h € H, there exists
g?7*4(X) such that

{h(e, X) — g(X)e} € A1 gp. (4.47)

That such a function g(X) exists follows by solving the equation
Bl{h — g(X)e}e"|X] = 074,

or

E(heT|X) — g(X)E(eeT|X) = 0,

which yields
9(X) = B(he" | X){E(e" | X)} 1,

where, to avoid any technical difficulties, we will assume that the conditional
variance matrix E(ec?|X) is positive definite and hence invertible. O

We have thus demonstrated that, for the semiparametric restricted mo-
ment model, any element of the Hilbert space perpendicular to the nuisance
tangent space is given by

AYX) e or AX)Y — (X, Bo)}. (4.48)

Influence functions of RAL estimators for 3 (i.e., p(e, X)) are normalized
versions of elements perpendicular to the nuisance tangent space. That is,
the space of influence functions, as well as being orthogonal to the nuisance
tangent space, must also satisfy condition (i) of Theorem 4.2, namely that

E{@(E,X)Sg(a, X)} = 1979

where Sg(e, X) is the score vector with respect to the parameter § and 19*9
is the ¢ x ¢ identity matrix. If we start with any A(X), and define p(e, X) =
C1*1A(X )e, where C7*1 is a ¢ X ¢ constant matrix (i.e., normalization factor),
then condition (i) of Theorem 4.2 is satisfied by solvmg
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E{CA(X)eS) (e, X)} = 191

or

C = [E{A(X)eSF (e, X)) (4.49)

Since a typical element orthogonal to the nuisance tangent space is given
by A(X){Y — u(X, Bo)}, and since a typical influence function is given by
CAX){Y — u(X,0Bo)}, where C is defined by (4.49), this motivates us to
consider an m-estimator for 3 of the form

Z CAX){Yi — (X3, 8)} = 0.

Because C is a multiplicative constant matrix, then, as long as C is invertible,
this is equivalent to solving the equation

n

D AX)Y: - (X5, B)} = 0.

=1

This logic suggests that estimators can often be motivated by identifying
elements orthogonal to the nuisance tangent space, a theme that will be used
frequently throughout the remainder of the book.

We showed in Section 4.1 that solutions to such linear estimating equations
result in semiparametric GEE estimators with influence function (4.4) that
is proportional to A(X){Y — u(X,3)}, where the proportionality constant is
given by { E(AD)}~!. In the next section, we will show that this proportional-
ity constant satisfies equation (4.49). This will be a consequence of the results
obtained in deriving the efficient influence function, as we now demonstrate.

The Efficient Influence Function

To derive an efficient semiparametric estimator, we must find the efficient
influence function. For this, we need to derive the efficient score (i.e., the
residual after projecting the score vector with respect to 8 onto the nuisance
tangent space A) Seg(e,X) = Sp(e, X) — II{Ss(e, X)|A}, which by (4.44)
equals

Sefr (e, X) = E{S5(e, X)eT | X}V (X)e, (4.50)

where V(X) denotes E(eeT|X).

Recall that the restricted moment model was characterized by {3, (¢, x),
n2(x)}, where 8 is the parameter of interest and 7;(:),72(-) are infinite-
dimensional nuisance parameters. When studying the nuisance tangent space,
we fixed 3 at the truth and varied 7 (-) and n2(-). To compute S3, we fix the
nuisance parameters at the truth and vary .

A typical density in our model was given as

miy — w(z, B), zina(z),
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where

m (e, ) = pex (elz)
and

n2(z) = px ().

If we fix the nuisance parameter at the truth (i.e., 719(g, ) and n90(x)), then

. 810g1710{y - M(‘ra ﬁ)»x}
= o
_ 9mo(e,2)/0p

Mo(e, ) 5:50.

Sﬁ(%%ﬂo,ﬂo(‘))

)

B=po

(4.51)

Due to the model restriction,
/{y — p(x, B)}mo{y — p(x, B), x}dy =0 for all =,p3,

we obtain

oo [ =8 oty — e, 9), z}dy‘ﬁ_ﬁo o

Taking the derivative inside the integral, we obtain

dxq
/{_W} nlo(s,x)de+/sSg{s,96,507770(')}7710(5a33)d5 =0

for all x, or

78:“(X7ﬂ )

TO + E {{:‘Sg(é“,X”X} =0.
After solving the preceding equation and taking the transpose, we obtain

DT(X) = E{Ss(e, X)e| X}, (4.52)
where
3u(X, /60)
D(X)= ———.
(x) = 5

By (4.50) and (4.52), we obtain that the efficient score is
Ser(e, X) = DT(X)VH(X)e, (4.53)

and the optimal estimator is obtained by solving the estimating equation
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n

> DT(X)V XY — u(Xi, 8)} =0 (4.54)

i=1

(optimal GEE).

We also note that the normalization constant matrix C' given in (4.49) in-
volves the expectation E{A(X )ESg;(s, X)}, which by a conditioning argument
can be derived as E[A(X)E{eS} (¢, X)|X}], which equals E{A(X)D(X)} by
(4.52). Hence, C = [E{A(X)D(X)}]~!. This implies that a typical influence
function is given by

[E{AX)D(X)}] TP ACO{Y — u(X, 8)},

which is the influence function for the GEE estimator given in (4.4). Simi-
larly, the efficient influence function can be obtained by using the appropriate
normalization constant with the efficient score (4.53) to yield

[E{DT(X)VHX)DX)} ' DT(X)VTHO{Y — (X, 0)}- (4.55)
The semiparametric efficiency bound is given as
V = [B{Ser (e, X) S (e, X) 17
which by (4.53) is equal to

[E{DT (X)V ! (X)ee"VH(X)D(X)} ™
= [E{D" (X)V"H(X)E(ee" | X)VH(X)D(X)}] ™!
= [E{DT(X)V"H(X)D(X)}]~". (4.56)

This, of course, is also the variance of the efficient influence function (4.54).

A Different Representation for the Restricted Moment Model

Up to now, we have defined probability models for the restricted moment
model when the response variable Y was continuous. This allowed us to con-
sider conditional densities for & given X, where ¢ = Y — u(X, 3). We were able
to do this because we assumed that Y was a continuous variable with respect to
Lebesgue measure and hence the transformed variable € was also a continuous
variable with respect to Lebesgue measure. This turned out to be useful, as we
could then describe the semiparametric model through the finite-dimensional
parameter of interest § together with the infinite-dimensional nuisance pa-
rameters 1y (e, x) and 1 (), where 3 was variationally independent of 7, (¢, x)
and 79(x). That is, any combination of 3, n; (g, x), and ne(x) would lead to a
valid density describing our semiparametric model.

There are many problems, however, where we want to use the restricted
moment model with a dependent variable Y that is not a continuous random
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variable. Strictly speaking, the response variable CD4 count used in the log-
linear model example of Section 4.1 is not a continuous variable. A more
obvious example is when we have a binary response variable Y taking on
values 1 (response) or 0 (nonresponse). A popular model for modeling the
probability of response as a function of covariates X is the logistic regression
model. In such a model, we assume

exp(8TX")
1+ exp(BTX*)’

where X* = (1, XT)T allowing the introduction of an intercept term. Since
Y is a binary indicator, this implies that E(Y|X) = P(Y = 1|X), and hence
the logistic regression model is just another example of a restricted moment

model with u(X, 3) = %.

The difficulty that occurs when the response variable Y is not a continuous
random variable is that the transformed variable Y — p(X, #) may no longer
have a dominating measure that allows us to define densities. In order to
address this problem, we will work directly with densities defined on (Y, X),
namely p(y, z) with respect to some dominating measure vy X vx. As you will
see, many of the arguments developed previously will carry over to this more
general setting.

We start by first deriving the nuisance tangent space. As before, we need to
find parametric submodels. Let p(y, ) be written as p(y|z) p(x), where p(y|x)
is the conditional density of Y given X and p(z) is the marginal density of X,
and denote the truth as po(y,x) = po(y|z)po(z). The parametric submodel
can be written generically as

P(Y = 1]X) =

p(ylz, B,7)p(x, 12),

where for some [y, Y10, Y20

po(ylz) = p(ylz, Bo, 110)
and
po(x) = p(z,720)-
The parametric submodel nuisance tangent space is the space spanned by
the score vector with respect to the nuisance parameters vy; and 7. As in

the previous section, the parametric submodel nuisance tangent space can be
written as the direct sum of two orthogonal spaces

A’Yl D A’Yz’ A'Yl 1 A’Y2a

where
Ay, ={B”"S, (Y,X) forall B},
Ay, = {BqX”S,YQ(X) for all BqX”},

dlo x, Bo,
5, (5) = 282015 )

)
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and o1 ( )
0g P\, Y20
S, (v) = ————"—-""~
’Yz( ) 872
Hence, the semiparametric nuisance tangent space A equals Ajg & Ags,
A L Aoy, where

A5 = {mean-square closure of all A, }
and

Ass = {mean-square closure of all A, }.
We showed previously that

all g¢-dimensional mean-zero
measurable functions of X

with finite second moments; i.e.,
a” Y X): E{la(X)} =0

A25 =

We now consider the space Ajs. Again, we proceed by making educated
guesses for the nuisance tangent space by considering the structure of the
parametric submodel nuisance tangent space and then verify that our guess is
correct. For the restricted moment model, if we fix § at the truth, (5p), then
the conditional densities p(y|z, Bo,y1) must satisfy

[Pl o )dv) =1 forall 0, (4.57)

and

/ yp(yl, o 11)dv(y) = plx, fo) for all 7. (4.58)

Using standard arguments, where we take derivatives of (4.57) and (4.58) with
respect to 71, interchange integration and differentiation, divide and multiply
by p(y|z, Bo,v1), and set 1 at the truth, we obtain

/S% (y, z)po(ylx)dv(y) = 0>l forall =z

and

/yS,?l (y, z)po(y|lz)dv(y) = 09" for all .

That is, E{S,,(Y,X)|X} = 0*! and E{YSZ (Y,X)|X} = 0% This

implies that any element of A,,, namely B?*™S, (Y, X), would satisfy
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E{B?™"S, (Y,X)|X} = 07} and E{B?*"S,, (Y, X)YT|X} = 07%?. This
leads us to the conjecture that

Agcgoﬂ]) — {aqxl(Y7X) : E{a(Y7X)|X} — Oq><1
and
E{a(Y,X)YT|X} = qud}_

To verify this conjecture, we consider an arbitrary bounded element
a1 (Y, X) € A We construct the parametric submodel po(ylz){1 +
vFa(y,z)} with 41 chosen sufficiently small to ensure {1 + v¥a(y,z)} > 0
for all y,x. This parametric submodel contains the truth when v; = 0 and

satisfies the constraints of the restricted moment model, namely
[ plols i) =1 forall

/ yp(yle, 1)du(y) = p(z, fo) for all z,71.

The score vector S, (Y, X) for this parametric submodel is a(Y, X). Also any
element of A(lcsonj ) can be derived as limits of bounded elements in Agi(mj ),
Therefore, we have established that any element of a parametric submodel
nuisance tangent space A, is an element of A&‘f"j ), and any element of Agi‘mj )
is either an element of a parametric submodel nuisance tangent space or a limit
of such elements. Thus, we conclude that A5 = Agcsonj ),

Note that A1 can be expressed as Aj5, N Ajgp, where

Area = {a (¥, X) : B{a(Y, X)|X} = 071}
and
Ny = {a™ (¥, X) = B{a(Y, X){Y — u(X, 6o} X} = 074},

Therefore the nuisance tangent space A = Ags @ (A1sqa N A1gp). This repre-
sentation is useful because Ags @ A15, = H (the whole Hilbert space) and
Aoy C Aygp. Consequently, we use Lemmas 4.3-4.5 to show that the semipara-
metric nuisance tangent space A = Ajgp.

Using the exact same proof as for Theorem 4.8, we can show that

h(Y,X) —T[h|A1s] or TI[h|AL,
= E{h(Y, X)(Y — u(X, o))" | X3V (X){Y — u(X, Bo)}-

To complete the development of the semiparametric theory, we still need to
derive the efficient score or
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Sert (Y, X) = I[Sp(Y, X)|A~]
= E[Ss(Y. X){(Y — u(X, Bo)} I X]V T LY — u(X, Bo)}. (4.59)

Since
EY|X =) = p(z,B),

then for any parametric submodel where p(y|z, 8, v1) satisfies
/yp(y|x,ﬁ771)du(y) =u(z, B) for all z,y; (4.60)

and

p(y‘ﬂ% ﬁOv ’YIO) :po(y|x)7

assuming at least one such parametric submodel exists, we can differentiate
both sides of (4.60) with respect to 37, interchange integration and differen-
tiation, divide and multiply by po(y|x), and set 8 and 1 equal to Gy and 719,
respectively, to obtain

E{YSE(Y, X)X}
= E{Y — u(X, ﬂo)}ng(YyX”X]
_ D), (4.61)

where

Equation (4.61) follows because
E{u(X, 60) ST (Y, X)|X} = (X, Bo) ELST (Y, X)X} = 0,
Taking transposes yields
E[S5(Y, X){Y — (X, 8)}7|X] = DT (X).
Consequently, the efficient score (4.59) is given by
St (Y. X) = DT OV XY — (X, Bo)}.

It still remains to show that a parametric submodel exists that satisfies (4.60).
This is addressed by the following argument.

Existence of a Parametric Submodel for the Arbitrary Restricted
Moment Model

A class of joint densities for (Y, X) can be defined with dominating measure
vy Xvx that satisty E(Y|X) = u(X, 8) by considering the conditional density
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of Y given X multiplied by the marginal density of X, where a class of con-
ditional densities for Y given X can be constructed using exponential tilting.
To illustrate, let us consider, for simplicity, the case where Y is a univariate
bounded random variable. We will assume that, at the truth, the conditional
density of Y given X is given by po(y|z), where [ ypo(y|z)dv(y) = u(z,Bo)
for all z. The question is whether we can define a class of conditional densities
p(y|x, B) with respect to vy such that [yp(y|z, B)dv(y) = p(z,B) for all x
and for g in a neighborhood of 3y. We consider the conditional densities

plylz, B) polylz) exp{e(z, B)y}

— [expf{e(x, B)y}polyla)dr(y)’

where c(z, 8), if possible, is chosen so that [ yp(y|z, 8)dv(y) = p(z, 3) for 3
in a neighborhood of By. We first note that we can take ¢(z, 8y) to be equal
to zero because, by definition, [ ypo(y|z)dv(y) = p(x, Bo). To illustrate that
c(z, B) exists and can be uniquely defined in a neighborhood of 5y, we fix the
value of z and consider the function

po(y|r) exp(cy)
[ exp(cy)po(ylz)dv(y) ()

as a function in ¢, which can also be written as

Eo{Y exp(cY)|X =z}
Ep{exp(cY)|X =z}

(4.62)

where the conditional expectation Fo(-|X = x) is taken with respect to the
conditional density po(y|z). Taking the derivative of (4.62) with respect to c,
we obtain

Eo{Y?exp(cY)|X =2}  [Eo{Y exp(cV)|X = a}]?
Eo{exp(cY)|X =z} Eo{exp(cY)|X =} | -

This derivative, being the conditional variance of Y given X = x with respect
Ppo(y|z) exp(cy)

xp(cy)po(y|@)dv(y)’
plying that the function (4.62) is strictly monotonically increasing in ¢. Hence,
in a neighborhood of  about the value 3y, a unique inverse for ¢ exists in a

neighborhood of zero that satisfies the equation

to the conditional density Te must therefore be positive, im-

EofY exp(c¢Y)|X =2} )
Eo{exp(¢Y)|X =2} w(z, 3).

We define this solution as ¢(z, ).
The arguments above can be generalized to multivariate Y by using the
inverse function theorem.
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4.6 Adaptive Semiparametric Estimators for the
Restricted Moment Model

Using the theory we have developed for the semiparametric restricted moment
model, we now know that the class of all influence functions for semiparametric
RAL estimators for 8 must be of the form

[B{AX)D(X)}] TP AO{Y = p(X, Bo)}

for any arbitrary ¢ x d matrix, A(X), of functions of X. We also showed that
the solution to the estimating equation

n

> T AX)Y: - u(Xi,8)} =0 (4.63)

=1

results in an estimator for [ that is RAL with influence function given by
(4.4). The estimating equation (4.63) is an example of what Liang and Zeger
(1986) referred to as a linear estimating equation or a GEE estimator. Using
semiparametric theory, we showed that this class of estimators encompasses,
at least asymptotically, all possible semiparametric RAL estimators for 5 in a
restricted moment model. That is, any semiparametric RAL estimator must
have an influence function that is contained within the class of influence func-
tions for GEE estimators. Consequently, it is reasonable to restrict attention
to only such estimators and, moreover, the efficient RAL estimator must be
asymptotically equivalent to the efficient GEE estimator given by the solution
to (4.54).

It is important to note that the optimal estimating equation depends on
using the correct V(X), where

V(X) = E(eeT|X)

is the conditional variance of € given X, or equivalently, the conditional vari-
ance of Y given X. Since, in a semiparametric model, the distribution of ¢
given X is left unspecified, the function V' (z) is unknown to us. We can try
to estimate this conditional variance of Y as a function of X = x using the
data, but generally, without additional assumptions, this requires smoothing
estimators that are not very stable, especially if X is multidimensional. Con-
sequently, substituting such nonparametric type smoothing estimators V(X )
into equation (4.54) leads to estimators for 8 that perform poorly with mod-
erate sample sizes.

Another strategy is to posit some relationship for V' (x), either completely
specified or as a function of a finite (small) number of additional parameters
£ as well as the parameters (3 in the restricted moment model. This is referred
to as a working variance assumption because the model V(z,&, ) for the
conditional variance of Y given X = x may not contain the truth. For example,
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suppose, for simplicity, we take the response variable Y to be one-dimensional
(i.e., d = 1) and assume the variance function

V(z,€) = exp(& + & ),

where & is a vector of dimension equal to the number of covariates that make
up the vector X. For this illustration, we chose a log-linear relationship to
ensure a positive variance function. We might choose such a model for the
variance not necessarily because we believe this is the true relationship but
rather because if we believe that the variance is related to the covariates, then
this model may capture some of this relationship, at least to a first order.
Another model, if one believes that the conditional variance of Y given X
may be related to the conditional mean of Y given X, is to assume that

V(.’L‘,f,ﬁ) = ES{M(*T7ﬁ)}§1> (464)

where £ and & are scalar constants. Again, we may not believe that this
captures the true functional relationship of the conditional variance to the
conditional mean but may serve as a useful approximation. Nonetheless, if,
for the time being, we accepted V' (z, &, §) as a working model, then the param-
eters  in V(z,&, B) can be estimated separately using the squared residuals
{V; — p(X;, Binitial\}2 i — 1, n, where $initial i some initial consistent
estimator for (. For instance, we can find an initial estimator for # by solving
equation (4.1) using A(X, 8) = D(X, ) (which is equivalent to a working vari-
ance V(X)) proportional to the identity matrix). Using this initial estimator,
we can then find an estimator for £ by solving the equation

Z Q(Xz',&B;nitial) {Y; _ M(Xi”é;nitial)}2 _ V(Xi,f, A:'Lnitial) — 0’
1=1

where Q(X, &, ) is an arbitrary vector of functions of X, &, and 3 of dimen-
sion equal to the dimension of £. One possibility is to choose Q(X,¢,5) =
OV (X, &, B)/0€. Denote the resulting estimator by &,. Under weak regularity
conditions, fn will converge in probability to some constant £* whether the
variance function was correctly specified or not. Without going into the tech-
nicalities, it can be shown that substituting V(Xi,én, B,’f“i“l) into equation
(4.54) will result in an RAL estimator for (3, namely B (not to be confused
with Bfl"”mz), with influence function [E{A(X)D(X)}] "t A(X){Y —u(X, 8)},
where A(X) = DT(X)V~1(X,&*, By). Consequently, solutions to such esti-
mating equations, where we use a working variance assumption, will lead to
what is called a locally efficient estimator for (. That is, if the posited re-
lationship for V(z,&,3) is indeed true (i.e., if the true conditional variance
of Y given X = z is contained in the model V(z,¢&, ), with V(z, &, o)
denoting the truth), then V(z,&", 3initial) will converge to V(x, &, 80) =
var(Y|X = z) and the resulting estimator is semiparametric efficient; oth-
erwise, it is not. However, even if the posited model is not correct (i.e.,
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Vix, &, Bo) # var(Y|X = x)), V(X,£*, Bp) is still a function of X and the re-
sulting estimator for (3 is consistent and asymptotically normal. Such adaptive
estimators for # have been shown empirically to have high relative efficiency
compared with the optimal semiparametric efficiency bound if the working
variance model provides a good approximation to the truth.

When using a working variance, one must be careful in estimating the
asymptotic variance of the estimator (,. Since the asymptotic variance
of the efficient influence function is given by (4.56), there is a natural
temptation to estimate the asymptotic variance by using an estimator for

[E{DT(X)V-L(X, &, Bo)D(X)}] 1, namely

" -1
{n‘lZDT(XZ-,@)v—l(xz-,én,B,i"””l)mxmén)} :
i=1

This estimator would only be a consistent estimator for the asymptotic vari-
ance of Bn if the working variance contained the truth. Otherwise, it would
be asymptotically biased. A consistent estimator for the asymptotic vari-
ance can be obtained by using the sandwich variance given by (4.14) with
A(X) — DT(X, Bn)‘/fl()(7 57“ Bilnitial).

Ezxample 1. Logistic regression model
We argued earlier that the logistic regression model is an example of a re-
stricted moment model where the response variable Y is a binary variable

taking on the values 1 or 0 and u(X, 3) = %, where X* = (1, XT)T.

Accordingly, from the theory just developed, we know that the influence func-
tions of all RAL estimators for 5 can be derived as the solution to the gener-
alized estimating equations

ZA Yi = p(Xi,8)} =0

for arbitrary A?*'(X), and the efficient estimator is obtained by choosing
A(X) = DT(X)V-Y(X), where D(X) = 242%) and V(X) = var(Y|X).
Because Y is binary,

exp(/§ X*)
{1+ exp(55 X*)}*
Taking derivatives, we also obtain that DT (X) = X*V(X). Hence the optimal

estimator for 3 can be derived by choosing A(X) = DT(X)V~}{(X) = X*,
leading us to the optimal estimating equation

o exp(BTX7) B
;Xi {Yi a H@(pW}()} =0. (4.65)

V(X) = var(Y[X) = p(X, Bo){1 — u(X, Bo)} =
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Because the conditional distribution of Y given X is fully described with
the finite number of parameters (3, we could also estimate the parameter 3
using maximum likelihood. It is an easy exercise to show that the solution to
(4.65) also leads to the maximum likelihood estimator for 5. O

FEzxzample 2. Log-linear model

In Section 4.1, we considered a log-linear model to model CD4 count as a
function of covariates; see (4.10). We also proposed an ad hoc semiparametric
GEE estimator for § as the solution to (4.11) without any motivation. Let us
study this problem more carefully. We know that the optimal semiparametric
estimator for 8 for model (4.10) is given as the solution to the equation

n

> DT(X;, BV HXY: — w(Xi, B)} =0, (4.66)

i=1

where the gradient matrix D (X, 3) was derived in Section 4.1 for the log-linear

model to be D(X,3) = Oua(;(T,ﬁ) = u(X,B)(1,XT). Although the semipara-
metric restricted moment model makes no assumptions about the variance
function V(X) = var(Y|X), we argued that to find a locally efficient estima-
tor for § we might want to make some assumptions regarding the function
V(X) and derive an adaptive estimator.

Since CD4 count is a count we might be willing to assume that it fol-
lows a Poisson distribution. If indeed the distribution of Y given X fol-
lows a Poisson distribution with mean u(X, ), then we immediately know
that V(X) = u(X,B). Although this is probably too strong an assump-
tion to make in general, we may believe that a good approximation is that
the variance function V(X) is at least proportional to the mean; i.e., that
V(X) = o?u(X, ), where 02 is some unknown scale factor. In that case,
DT(X,8)V-HX) = 072(1,XT)T and the locally efficient estimator for 3
would be the solution to (4.66), which, up to a proportionality constant, would
be the solution to the estimating equation

n

> (L XDTY: — (X, 8)} =0, (4.67)

i=1

which is the same as the estimator proposed in Section 4.1; see (4.11).

Thus, we have shown that the locally efficient semiparametric estimator
for 8, when the conditional distribution of the response variable given the
covariates follows a Poisson distribution or, more generally, if the conditional
variance of the response variable given the covariates is proportional to the
conditional mean of Y given the covariates, is given by (4.67). For a more
detailed discussion on log-linear models, see McCullagh and Nelder (1989,
Chapter 6).

If the conditional variance of Y given X is not proportional to the con-
ditional mean u(X, (), then the estimator (4.67) is no longer semiparametric
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efficient; nonetheless, it will still be a consistent, asymptotically normal es-
timator for 4 with an asymptotic variance that can be estimated using the
sandwich estimator (4.14).

Another possibility, which would give somewhat greater flexibility, is to
model the variance function using (4.64), as this model contains the Poisson
variance structure mentioned above, and use the adaptive methods described
in this section to estimate . O

Extensions of the Restricted Moment Model

When considering the restricted moment model, we have concentrated on
models where E(Y|X) = u(X, §) or, equivalently, E{¢(Y, X, 3)| X} = 0, where
e(V,X,8) =Y — pu(X,B). Using this second representation, the theory de-
veloped for the restricted moment problem can be applied (or extended) to
models where E{e(Y, X, 3)|X} = 0 for arbitrary functions (Y, X, 3).

This allows us to consider models, for example, where we model both the
conditional variance and the conditional mean of Y given X. Say we want a
model where we assume that E(Y|X) = pu(X, 5) and var(Y|X) = V(X, 5,¢)
and our interest is in estimating the parameters 8 and £ using a sample of data
that are realizations of (Y;, X;),é = 1,...,n. For simplicity, take Y to be a
univariate response random variable, although this can be easily generalized
to multivariate response random vectors as well. We could then define the
bivariate vector e(Y, X, 3,¢&) = {e1(Y, X, 3,€),e2(Y, X, 3,€)}7, where

61(}/’X76a§) =Y _/’('(Xvﬁ)

and
52(}/’X76a§) = {Y - :U/(Xaﬁ)}Q - V(X7ﬁ7£)

With such a representation, it is clear that our model for the conditional mean
and conditional variance of Y given X is equivalent to E{e(Y, X, 3,&)|X} = 0.

This representation also allows us to consider models for the conditional
quantiles of Y as a function of X. For example, suppose we wanted to consider
a model for the median of a continuous random variable Y as a function of
X. Say we wanted a model where we assumed that the conditional median
of Y given X was equal to u(X, ) and we wanted to estimate [ using a
sample of data (Y;, X;),i =1,...,n. This could be accomplished by consider-
ing (Y, X,8) = I{Y < u(X, )} — .5 because the conditional expectation of
e(Y, X, 3) given X is given by

E{e(Y, X, 0)|X} = P{Y < u(X, B)|X} - .5

and, by definition, the conditional median is the value p(X, 8) such that the
conditional probability that Y is less than or equal to u(X, ), given X, is
equal to .5, which would imply that E{s(Y, X, 8)|X} = 0.
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Using arguments similar to those developed in this chapter, we can show
that we can restrict attention to semiparametric estimators that are solutions
to the estimating equations

Z A(Xl)g(}/u Xia ﬂ) =0
=1

for arbitrary A(X) and that the efficient semiparametric estimator for 3 falls
within this class. For models where we include both the conditional mean and
conditional variance, this leads to the so-called quadratic estimating equations
or GEE2. We give several exercises along these lines.

4.7 Exercises for Chapter 4

1. Prove that the linear subspaces.7;,j = 1,...,m are mutually orthogonal
subspaces, where .7 is defined by (4.21) of Theorem 4.5. That is, show
that h; is orthogonal to h;, where h; € Fj, hy € T and j # i i =
1,....,m.

2. Let Y be a one-dimensional response random variable. Consider the model

Y =p(X,B)+e,

where 5 € R?, and E{h(e)|X} = 0 for some arbitrary function h(-). Up
to now, we considered the identity function h(e) = e, but this can be
generalized to arbitrary h(e). For example, if we define h(e) = {I(e <
0) — 1/2}, then this is the median regression model. That is, if we define
F(ylz) = P(Y < y|X = z), then med (Y|z) = F~!(1/2,2), the value
m(x) such that F(m(x)|z) = 1/2. Therefore, the model with this choice
of h(-) is equivalent to

med (V] X) = u(X, 3).

Assume no other restrictions are placed on the model but E{h(¢)|X} =0

for some function h(-). For simplicity, assume h is differentiable, but this

can be generalized to nondifferentiable & such as in median regression.

a) Find the space A+ (i.e., the space perpendicular to the nuisance tan-
gent space).

b) Find the efficient score vector for this problem.

¢) Describe how you would construct a locally efficient estimator for g3
from a sample of data (V;, X;),i=1,...,n.

d) Find an estimator for the asymptotic variance of the estimator defined
in part (c).

3. Letting Y be a one-dimensional response variable, consider the semipara-
metric model where
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E(Y|X) = (X, B)
and
Var (Y|X) =V (X,0), [eRi

where V(z,3) >0 for all z and 5.

a) Derive the space A (i.e., the space orthogonal to the nuisance tangent
space).

b) Find the efficient score vector.

c) Derive a locally efficient estimator for [ using a sample of data
(Y;,Xl),l == 1,...7’[’L.
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Other Examples of Semiparametric Models

In this chapter, we will consider other widely used semiparametric models. We
begin with the “location-shift” regression model and the proportional hazards
regression model. These models, like the restricted moment regression model
discussed in detail in Chapter 4, are best represented through a parameter of
interest 4 and an infinite-dimensional nuisance parameter 7. This being the
case, the class of influence functions of RAL estimators for 5 will be defined as
elements of a Hilbert space orthogonal to the nuisance tangent space. Later in
the chapter, we will also discuss the problem of estimating the mean treatment
difference between two treatments in a randomized pretest-posttest study or,
more generally, in a randomized study with covariate adjustment. We will
show that this seemingly easy problem can be cast as a semiparametric prob-
lem for which the goal is to find an efficient estimator for the mean treatment
difference. We will see that this problem is best represented by defining the
model through an infinite-dimensional parameter 6, where the parameter of
interest, the mean treatment difference, is given by ((6), a function of §. With
this representation, it will be more convenient to define the tangent space and
its orthogonal complement and then find the efficient estimator by considering
the residual after projecting the influence function of a simple, but inefficient,
RAL estimator onto the orthogonal complement of the tangent space. This
methodology will be described in detail in Section 5.4 that follows.

5.1 Location-Shift Regression Model

Let Y; denote a continuous response variable and X; a vector of covariates
measured on the i-th individual of an iid sample ¢ = 1,...,n. For simplicity,
we will only consider a univariate response variable here, but all the arguments
that follow could be generalized to multivariate response variables as well.

A popular way of modeling the relationship of Y; as a function of X; is
with a location-shift regression model. That is, consider the model where
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Y; :M(szﬁ)+5za 1=1,...,n,

(V;, X;),s = 1,...,n are iid, Y; is assumed to be continuous, and &; (also
continuous) is independent of X; (denoted as e; 1 X;). These models may
be linear or nonlinear models depending on whether p(X;, 3) is linear in § or
not. The semiparametric properties of this model were studied by Bickel et
al. (1993, Section 4.3) and Manski (1984).

In this model, there is an assumed basic underlying distributional shape
that the density of the response variable Y; follows, that of the distribution
of ¢;, but where the location of this distribution is determined according to
the value of the covariates X; (i.e., shifted by u(X;,3)). The g-dimensional
parameter 3 determines the magnitude of the shift in the location of the
distribution as a function of the covariates, and it is this parameter that is
of primary interest. We make no additional assumptions on the distribution
of g; or X;. To avoid identifiability problems, we will also assume that if

(a1, 01) # (a2, B2), then
ar + pu(X, 1) # az + p(X, Ba),

where a1, s are any scalar constants and (3, 02 are values in the parameter
space contained in RY.

For example, if we consider a linear model where u(X;,3) = X1 3, we
must make sure not to include an intercept term, as this will be absorbed into
the error term ¢;; i.e.,

Yi=p5Xan+ -+ 0, Xig+ei, i=1,...,n. (5.1)

The location-shift regression model is semiparametric because no restrictions
are placed on the distribution of €; or X;. Such a model can be characterized
by

{8, pe(e), px ()},

where p.(¢) and px(x) are arbitrary densities of ¢ and X, respectively. We
assume that € and hence Y is a continuous random variable with dominating
Lebesgue measure . or fy, respectively. The dominating measure for X is
denoted by vx. An arbitrary density in this model for a single observation is
given by

pvix (4, @) = pely — i, B)}px (x)

with respect to the dominating measure £y X vx.

It has been my experience that there is confusion between the location-
shift regression model and the restricted moment model. In many introductory
courses in statistics, a linear regression model is defined as

Yi=a+ X B+e, i=1,...,n, (5.2)

where ¢;, ¢ = 1,...,n are assumed to be iid mean-zero random variables.
Sometimes, in addition, it may be assumed that e; are normally distributed
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with mean zero and some common variance o2. What is often not made clear
is that there is an implicit assumption that the covariates X;, ¢ = 1,...,n
are fixed. Consequently, the error terms e; being iid implies that the distri-
bution of ¢; is independent of X;. Thus, such models are examples of what
we are now calling the location-shift regression models. In contrast, a linear
restricted moment model can also be written as (5.2), where ¢;, i = 1,...,n
are iid random variables. However, the restricted moment model makes the
assumption that E(e;|X;) = 0, which then implies that E(s;) = 0 but does
not necessarily assume that ¢; is independent of Xj.

The location-shift regression model, although semiparametric, is more re-
strictive than the restricted moment model considered in Chapter 4. For ex-
ample, if we consider the linear restricted moment model

Yi=a+ 5 Xa+ -+ B Xig + &,

where
E (51|Xz) = O,

or equivalently
Yi =01 Xin+ -+ By Xig + (a + &),

where
FEla+¢|Xi} =a,

then this model includes a larger class of probability distributions than the
linear location-shift regression model; namely,

Yvi:ﬁlXil'F-“"‘ﬁquq'i'E:a

where €} is independent of X;. Because of independence, we obtain E(¢f|X;) =
E(ef) = constant, which satisfies the linear moment restriction, but, con-
versely, E(a + ;| X;) = a, which holds true for the restricted moment model,
does not imply that (a +¢;) =ef 1L X;.

Since the location-shift regression model is more restrictive than the re-
stricted moment model, we would expect the class of semiparametric RAL es-
timators for § for the location-shift regression model to be larger than the class
of semiparametric RAL estimators for 3 for the restricted moment model and
the semiparametric efficiency bound for the location-shift regression model to
be smaller than the semiparametric efficiency bound for the restricted moment
model.

The Nuisance Tangent Space and Its Orthogonal Complement for
the Location-Shift Regression Model

The key to finding semiparametric RAL estimators for 8 and identifying the
efficient such estimator is to derive the space of influence functions of RAL
estimators for (. This will require us to find the space orthogonal to the
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nuisance tangent space. The nuisance tangent space is defined as the mean-
square closure of all parametric submodel nuisance tangent spaces. The nui-
sance tangent space and its orthogonal complement for the semiparametric
location-shift regression model are given as follows.

Theorem 5.1. Using the convention that (5) = Y —u(X, 8) and e = () =
Y —u(X, Bp), the nuisance tangent space for the location-shift regression model
is given by

A=A @ Ay,

where
Ao = [0 (0): Bal™ (2)) = 0]
Mgy = [a§(X) : B{ad* (X))} = 071]
and Als 1 AQS.

Proof. Consider the parametric submodel with density

pg{y—u($,ﬁ),’71}px($,’72), (5.3)

where 19 and 729 denote the “truth.” If we fix 5 at the truth 5y, then p.(g,v1)
allows for an arbitrary marginal density of £. Consequently, using logic devel-
oped in Chapter 4, the mean-square closure for parametric submodel nuisance
tangent spaces

A, ={B?" S, (e) for all B¥*"™},

where S, (¢) = 0logpe(g,710)/071, is the space Ai;, defined as
Ary = [af (&) s B{af (0)) = 077

Similarly, the mean-square closure for parametric submodel nuisance tangent
spaces
A, ={B?"8S,,(X) for all B"*"},

where S, (z) = 0logpx (x,720)/072, is the space Ag,, defined as
Azy = [ad(X) : B{a§* (X))} = 07].

Since the density (5.3) is a product involving variationally independent pa-
rameters 1 and e, the nuisance tangent space (i.e., the mean-square closure
of all parametric submodel nuisance tangent spaces associated with arbitrary
nuisance parameters y; and 7yz) is given by

A=A D Ao,

Because € is independent of X, it is easy to verify that Ays L Agg. O
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Influence functions of RAL estimators for g lie in the space orthogonal to
the nuisance tangent space. We can find all elements of A+ by considering

A+ = [{h =TI (h|A)} for all h € H].
Because A5 L Ags, we obtain the following intuitive result.

Theorem 5.2. Let A = A1, & Ay, where the closed linear subspaces A5 and
Aos are orthogonal; i.e., Ajg L Aog. Then

TI(h|A) = TI(A[Ar,) + TT(R|As,). (5.4)

Proof. The projection of any element h € H onto the closed linear space A is
the unique element II(h|A) such that the residual h — II(h|A) is orthogonal to
every element in

A ={(a1 + a2), where a; € A15 and as € Agg}.

To verify that (5.4) is true, we first note that II(h|A1s) € A1s and TI(h|Ags) €
Aoy, implying that II(h|A1s) + II(R|A2s) € A. To complete the proof, we must
show that the inner product

(h —I(h|A1s) — II(R|A2s), a1 +az) =0 (5.5)
for all a1 € Aqs and ay € Ags. The inner product (5.5) can be written as

(h — TI(A|Ars), a1)
— (H(R[A2), ax)
+ (h — II(h|A2s), az)
— (TI(h|A1s), az).

(2 B2 SR B

.6
.7
.8
9

AA,_\,_\
—_ D

Since h—II(h|A1s) is orthogonal to Ajs and h—II(h|Ag) is orthogonal to Agg,
this implies that the inner products (5.6) and (5.8) are equal to zero. Also,
since II(h|A2s) € Ags and II(h|A1s) € Ays, then Ajs L Ay implies that the
inner products (5.7) and (5.9) are also equal to zero. O

In the proof of Lemma 4.3, we showed that for any h(e, X) € H the projec-
tion of h(e, X) onto Aoy is given by II(h|Ass) = E{h(e, X)|X}. Similarly, we
can show that II(h|A1s) = E{h(e, X)|e}. Consequently, the space orthogonal
to the nuisance tangent space is given by

At = ([h(s,X) — FE{h(e,X)|e} — E{h(e, X)|X}] for all h € 7—[>. (5.10)



106 5 Other Examples of Semiparametric Models
Semiparametric Estimators for 3

Since influence functions of RAL estimators for § are, up to a proportionality
constant, defined by the elements orthogonal to the nuisance tangent space,
we now use the result in (5.10) that defines elements orthogonal to the nui-
sance tangent space to aid us in finding semiparametric estimators of § in the
location-shift regression model.

We begin by considering any arbitrary g-dimensional function of €, X, say
g?7Y(g, X). In order that this be an arbitrary element of #, it must have mean
zero. Therefore, we center g(e, X) and define

h<57X) = 9(57X) - E{g(&X)}.

We now consider an arbitrary element of A+, which by (5.10) is given by
{h =TI (h|A)}, which equals

9(e,X) — G(X) — Gx(e) + E{g(e, X)}, (5.11)

where G.(X) = E{g(e,X)|X}, Gx(e) = E{g(e, X)|e}, and the function
g(e, X) should not equal g1(g) + g2(X) in order to ensure that the residual
(5.11) is not trivially equal to zero.

Because of the independence of € and X, we obtain, for fixed X = z,
that G.(x) = F{g(e,z)} and, for fixed ¢ = £*, that Gx(¢*) = E{g(e*, X)}.
Consequently, consistent and unbiased estimators for G.(x) and G x(e*) are
given by

Ge(x) =n~t Zg(si, x), (5.12)
Gx(e*) = nilzg(s’ﬂXi), (5.13)

respectively.

Because influence functions of RAL estimators for 8 are proportional to
elements orthogonal to the nuisance space, if we knew G.(z), Gx(£*), and
E{g(e, X)}, then a natural estimator for § would be obtained by solving the
estimating equation

n

D l9{ei(8), Xi} = Go(X) — Gx{ea(B)} + Efgle, X)}] = 077,

i=1
where €;(8) = Y; — (X, 5). Since Ge(z), Gx(e*), and E{g(e, X)} are not
known, a natural strategy for obtaining an estimator for 3 is to substitute
estimates of these quantities in the preceding estimating equation, leading to
the estimating equation
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n
> (9lei(8), X} = Gy (Xi) — Gx =il @)} + Elg{e(8), X)) = 07,
i=1
(5.14)
where Gg(ﬂ) (X;), Gx{ei(B)} are defined by (5.12) and (5.13), respectively,
and Elg{=(8), X}] =n~' 330, g{ei(B), Xi}-

The estimator for 3 that solves (5.14) should be a consistent and asymp-
totically normal semiparametric estimator for § with influence function pro-
portional to (5.11). Rather than trying to prove the asymptotic properties
of this estimator, we will instead focus on deriving a class of locally efficient
estimators for 8 and investigate the asymptotic properties of this class of
estimators.

Efficient Score for the Location-Shift Regression Model

The efficient estimator for § has an influence function proportional to the
efficient score (i.e., the residual after projecting the score vector with respect
to B onto the nuisance tangent space). To obtain the score vector with respect
to B, we consider the density for a single observation (Y, X), which is given
by

pY,X(ya z, 6) = pe{y - /J(fa ﬂ)}pX(x)
Therefore,

_ Ologpy.x(y,,6)
B f=/o

_ —DTQXI(x’ﬂO)SE(€)7

S5 (y, @)

where 5 5
D(z,8o) = 7”52} o)

and 51 ©
_ Ologpe(e
Sele) = de

We first prove that E{S.(¢)} = 0.

. (5.15)

Theorem 5.3. If the random variable € is continuous with support on the
real line, then

E{S:(e)} =0,
where S;(¢) is defined by (5.15).

Proof. Because ¢ is a continuous random variable whose distribution is domi-
nated by Lebesgue measure and has support on the real line, this means that
[ pe(e — p)de = 1 for all scalar constants p. This implies that d/du{ [ p-(e —
w)de} = 0 for all u. Interchanging differentiation and integration, we ob-
tain [ —pl(e — p)de = 0 for all p, where pL(x) = dp.(z)/dz. Multiplying
and dividing by p.(¢) and taking p = 0, we obtain — [ S:(¢)p-(e)de = 0, or
E{S.(e)}=0. O
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Because E{S.(¢)} = 0, we use (5.11) to deduce that the efficient score is
given by

Sp(e, X) — M [Ss|A] = —DT(X, B9)S:(e) + E{DT (X, 30)}S:(¢)
= —{D"(X, ) — E{D" (X, B0)}}S:(e). (5.16)

If the distributions of X, px (z), and €, p.(¢), were known to us, then we
would also know E{D?(X,3)} and S.(e). If this were the case, then (5.16)
suggests finding the efficient estimator for G by solving the equation

n

> DT (X, 8) — E{DT(X, B)}SAY; — p(Xi,8)} = 0. (5.17)

i=1

Note 1. The sign in (5.16) was reversed, but this is not important, as the
estimator remains the same. 0O

However, since E{DT(X, )} is not known to us, a natural strategy is to
substitute an estimator for E{D”(X,3)} in (5.17), leading to the estimator
for 8 that solves the estimating equation

>_{DT(Xi, 8) = DT(B)}SAY; — u(Xi, B)} = 0, (5.18)
where DT(8) = n=1 3 DT(X,, ).

i=1

Locally Efficient Adaptive Estimators

The function S.(¢) depends on the underlying density p.(¢), which is unknown
to us. Consequently, we may posit some underlying density for ¢ to start with,
some working density p.(g) that may or may not be correct. Therefore, in what
follows, we consider the asymptotic properties of the estimator for 3, denoted
by 83,,, which is the solution to equation (5.18) for an arbitrary function of ¢,
Se (), which may not be a score function or, for that matter, may not have
mean zero at the truth; i.e., E{S:(¢)} # 0. To emphasize the fact that we may
not be using the correct score function S, (g), we will substitute an arbitrary
function of €, which we denote by r(g), for Sc(¢) in equation (5.18).

We now investigate (heuristically) the asymptotic properties of the esti-
mator (3,, which solves (5.18) for an arbitrary function «(-) substituted for

Se(+).

Theorem 5.4. The estimator Bn, which is the solution to the estimating
equation

> ADT(X:,8) — D (B)}k{Y: — u(Xi, B)} =0, (5.19)
=1
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is asymptotically normal. That is,
P D
n1/2(/8n - /80) — N(Ov Z)»

where
1

o650} i

Proof. To derive the asymptotic distribution of ﬁn, we expand Bn about [y
in equation (5.19) and, after multiplying by n~'/2, we obtain

0=n""23"{D"(X;,3) = DT (Bn)}i{¥: — p(Xi, Bn)}

i=1

=723 AD" (X o) — DT (Ao)y{Yi — (Xi, o) (5:20)

+ {n‘l > % [{D" (X, 87) = DT (B7)} w{Ys — m(Xs, 57)}] } (5.21)
i=1
nl/Q(Bn - ﬂO)a

where 3 is an intermediate value between Bn and (y. Consequently,
. "9 _
1/2 _ _ ) -1 Tiy. a*\ _ DT/ 3+
n'/2 (B m){ n ;:1 57 {D"(Xi.0,) = DT(8)))

w{Y; — u(Xi, B5)}] } xn~ 12 Z {D"(Xi,80) — D" (Bo)}

i—1
K{Y: — (Xi, 80) }- (5.22)

Under suitable regularity conditions, the sample average (5.21) will con-
verge in probability to

B [{p7(x,60) - BT (%) x| )
+E HagTDT(X, Bo) — E (agTDT(X, ﬁo)) } H(€):| ) (5.24)

Because of the independence of € and X, (5.23) is equal to

E{a’;(;)}var{DT(X,ﬁo)}’

where

var{D" (X, o)} = E{D" (X, Bo) D(X, Bo)} — E{D" (X, Bo) }E{D(X, o)}
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is the variance matrix of DT(X, ), and (5.24) = 0. Therefore (5.22) can be
written as
. B) -t
nl/z(ﬁn — Bo) = [—E{ I;E:E) } var {DT(X, ﬁo)}

n~ 2N D" (Xi, B0) — D" (Bo)} klei) + 0p(1).  (5.25)

i=1

Note that

n

123 DT (X, Bo) — DT (Bo)} w(es)

i=1

=S (DT, B0) ~ DT ()} () — 7}

==Y (DT (X0, Bo) — pp } {(ei) — pn}
i=1
+ 02 {D"(B0) = o} {F — i}
=n"1/? Z {D"(Xi, 60) — o} {r(ei) — pn} + 0p(1), (5:26)

where

n

R=n"" Zn(s,—) pp = E{D"(X;,50)}, and . = E{x(s;)}.
i=1

Therefore, by (5.25) and (5.26), we obtain that

dr(e)
de

-1
nt/2(3 — - | var T
(B — o) { E{ } {D <X7ﬁo>}]
x n~1/? Z {DT(Xi,ﬁO) — o} {r(e:) — e} + 0p(1).

Consequently, the influence function of Bn is

[—E { d';(;) } var { D" (X, ﬁo)}] B {D"(X;,80) — pp } {r(ei) — pn}
(5.27)

and n'/ Q(Bn — fp) is asymptotically normal with mean zero and variance
matrix equal to the variance matrix of the influence function, which equals

E { = } var{s(e)} [var {D7(X, f)}] . D
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Remark 1. If we start with an arbitrary function
g(e, X) = DT (X, fo)r(e)
pe(s)

regardless of whether () = S:(g) = dlog #5=> or some other function of «,
then by (5.11),

DT (X, Bo)r(e) — DT (X, Bo)ttr — tpr(€) + i
= {DT(Xa Bo) — ,UD} {k(e) — pw}

is orthogonal to the nuisance tangent space. We also notice that this is pro-
portional to the influence function of 3, given by (5.27).

If, however, we choose the true density p.(¢), then we obtain an efficient es-
timator. Consequently, the estimator for 5 given by (5.19) is a locally efficient
semiparametric estimator for 5. O

If we wanted to derive a globally efficient semiparametric estimator, then
we would need to estimate the score function 0logp.(g)/0e nonparametri-
cally and substitute this for k(¢) in the estimating equation (5.19). Although
this may be theoretically possible (see Bickel et al., 1993, Section 7.8), gen-
erally such nonparametric estimators are unstable (unless the sample size is
very large). Another strategy would be to posit some parametric model, say
pe(g,€), for the density of € in terms of a finite number of parameters €. The
parameter £ can be estimated, say, by using pseudo-likelihood techniques; i.e.,
by maximizing the pseudo-likelihood,

HpE{YZ - H(XZ7B7IL)3§}7

i=1

as a function in £ using some initial consistent estimator B,ﬁ of 8. Letting
&, denote such an estimator, we can estimate 3 by substituting Ss(s,én) =
dlog p. (6,£n)/85 into equation (5.18). Such an adaptive estimator is locally
efficient in the sense that if the true density of € is an element of the posited
parametric model, then the resulting estimator is efficient; otherwise, it will
still be a consistent asymptotically normal semiparametric estimator for (.
The idea here is that with a flexible parametric model, we can get a reason-
ably good approximation for the underlying density of &, so even if we don’t
estimate this density consistently, it would hopefully be close enough so that
the resulting estimator will have good efficiency properties.

In the following example, we consider the linear model and use this to
contrast the estimators obtained for the restricted moment model and the
location-shift regression model.

Ezample 1. Consider the linear model (5.1)

Y, = XI'B +e,
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where Y; is a one-dimensional random variable. For this model,
DT(X;,8) = X"

The estimator for 8 given by (5.18) is the solution to

zn:(Xi - X)S.(Yi - X[ 3)=0. (5.28)

i=1

Suppose we believe our data are normally distributed; i.e., &; ~ N(pe,0?) or

Pe(€ s Xp 552 € — le .
Then

Substituting into (5.28) yields

i(Xz_X)(Y;_X;Tﬁ_ME) =0.

; o2
i=1
Since o2 is a multiplicative constant and Y ;- (X; — X) = 0, the estimator
for (8 is equivalent to solving

n

> (X - X)(Y; - X['B) =0.

i=1

This gives the usual least-squares estimator for the regression coefficients in
a linear model with an intercept term; namely,

=S D- o) Sweon e

We mentioned previously that the location-shift regression model is con-
tained within the restricted moment model

Yi=a+biXa+ -+ B Xig + &,

where E(g;|X;) = 0. For the location-shift regression model, ¢; is independent
of X;, which implies that the variance function

V(X;) = var (Y;|X;) = 0% (a constant independent of X;).

The efficient estimator for 8 among semiparametric estimators for 3 in the
restricted moment model, given by (4.54), is
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n
> DT(X)V XY — u(Xi, 8)} = 0.
i=1

If V(X;) is assumed constant, then the efficient restricted moment estimator
for (o, )T is given as the solution to

Y (L KTV (Vi a - XTB) =0

i=1
Some usual matrix algebra yields

n

B = {Z(Xi - X)(Xi - X)T} > (X = X))V,

i=1 i=1

which is identical to the estimator (5.29), the locally efficient estimator for 8
in the location-shift regression model.

Remarks

1. The estimator 3, given by (5.29) is the efficient estimator for 8 among
semiparametric estimators for the location-shift regression model if the
error distribution is indeed normally distributed.

2. If, however, the error distribution was not normally distributed, other
semiparametric estimators (semiparametric for the location-shift model)
would be more efficient; namely, the solution to the equation

n
D (X = X)S.(Yi - X['B8) =0, (5.30)
i=1
where S.(e) = dl%’:(a).

3. In contrast, among the estimators for (3 for the restricted moment model,
when the variance function V' (X;) is assumed constant, the efficient esti-
mator for 3 is given by (5.29).

4. The estimator for 8 given by (5.30) may not be consistent and asymp-
totically normal if €; is not independent of X; but E(g;|X;) = 0, whereas
(5.29) is.

5.2 Proportional Hazards Regression Model with
Censored Data

The proportional hazards model, which was introduced by Cox (1972), is the
most widely used model for analyzing survival data. This model is especially
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useful for survival data that are right censored, as is often the case in many
clinical trials where the primary endpoint is “time to an event” such as time
to death, time to relapse, etc. As we will see shortly, the proportional hazards
model is a semiparametric model that can be represented naturally with a
finite number of parameters of interest and an infinite-dimensional nuisance
parameter. Because of this natural representation with a parametric and non-
parametric component, it was one of the first models to be studied using
semiparametric theory, in the landmark paper of Begun et al. (1983).

In order to follow the arguments in this section, the reader must be familiar
with the theory of counting processes and associated martingale processes that
have been developed for studying the theoretical properties of many statistics
used in censored survival analysis. Some excellent books for studying counting
processes and their application to censored survival-data models include those
by Fleming and Harrington (1991) and Andersen et al. (1992). The reader who
has no familiarity with this area can skip this section, as it is self-contained
and will not affect the understanding of the remainder of the book.

The primary goal of the proportional hazards model is to model the rela-
tionship of “time to event” as a function of a vector of covariates X. Through-
out this section, we will often refer to the “time to event” as the “survival
time” since, in many applications where these models are used, the primary
endpoint is time to death. But keep in mind that the time to any event could
be used. Let T denote the underlying survival time of an arbitrary individual
in our population. The random variable T" will be assumed to be a contin-
uous positive random variable. Unlike previous models where we considered
the conditional mean of the response variable, or shifts in the location of
the distribution of the response variable as a function of covariates, in the
proportional hazards model it is the hazard rate of failure that is modeled
as a function of covariates X (¢g-dimensional). Specifically, the proportional
hazards model of Cox (1972) assumes that

A(u|X) = lim

h—0

h
= Au) exp(T X), (5.31)

{P(u§T<u+h|T2u,X)}

where A(u|z) is the conditional hazard rate of failure at time u given X = z.
The baseline hazard function A\(u) can be viewed as the underlying hazard
rate if all the covariates X are equal to zero and this underlying hazard rate
is left unspecified (nonparametric). This baseline hazard rate is assumed to
be increased or decreased proportionately (the same proportionality constant
through time) as a function of the covariates X through the relationship
exp(T X). Consequently, the parameters 3 in this model measure the strength
of the association of this proportionality increase or decrease in the hazard
rate as a function of the covariates, and it is these parameters that will be of
primary interest to us.
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In many experimental settings where survival data are obtained, such as
in clinical trials, not all the survival data are available for the individuals
in the study. Some of the survival data may be right censored. That is, for
some individuals, we may only know that they survived to some time. For
example, in a clinical trial where patients enter the study during some accrual
period and where the study is analyzed before all the patients die, a patient
who has not died has a survival time that is right censored; that is, we only
know that this patient survived the period of time between their entry into
the study and the time the study was analyzed. This is an example of what
is referred to as administrative censoring. Other reasons for censoring include
patient dropout, where we only know that a patient was still alive at the time
they dropped out. To accommodate censoring, we define the random variable
C that corresponds to the potential time that an individual is followed for
survival. We denote the conditional density of C' given X as pcox (c|x). In this
setting, we observe, for each individual, the variables

V = min(T, C) : (time on study),
A = I(T < C) : (failure indicator),

and X = ¢-dimensional covariate vector.

In addition, we assume that T and C are conditionally independent given
X. This is denoted as T" AL C|X. This assumption is necessary to allow for
the identifiability of the conditional distribution of 7" given X when we have
censored data; see Tsiatis (1998) for more details. Otherwise, no other as-
sumptions are made on the conditional distribution of C given X.

The data from a survival study are represented as (Z1, ..., Z,), iid, where

Zi = (%7Ai7Xi); i = 1,...77’L,

The goal is to find semiparametric consistent, asymptotically normal, and ef-
ficient estimators for 8 using the sample (V;,A;, X;), ¢ = 1,...,n without
making any additional assumptions on the underlying baseline hazard func-
tion A(u), on the conditional distribution of C' given X, or on the distribution
of X. To do so, we will use the semiparametric theory that we have developed.
Specifically, we will find the space of influence functions of RAL estimators
for § for this model, which, in turn, will motivate a class of RAL estimators
among which we will derive the efficient estimator. This will be accomplished
by deriving the semiparametric nuisance tangent space, its orthogonal com-
plement, where influence functions lie, and the efficient score. We begin by
first considering the density of the observable data.
The density of a single data item is given by

pv.ax(v,6,z) = {)\(v) exp(ﬁT:c)}6 exp {fA(v) exp(ﬁTx)}
5

o0

{porx (o]z)}° / poix(ulz)du b px(z),  (532)

v
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where the cumulative baseline hazard function is defined as

(v) = /U/\(u)du

and px (z) denotes the marginal density of X.
It will be convenient to use a hazard representation for the conditional
distribution of C given X. Define

Acix (ulz) = lim
h—0

{P(u§0<u+h02u,X:aj)}
h

and

Acix (v|r) :/)\C‘X(u|x)du
0
Using the fact that

poix (v]7) = Ao x (v]z) exp{—Ac|x (v]z)}

and

[ potule)tu = esp{-Acix (i),
we write the density (5.32) as
pv.a,x(v,0,) {)\ exp(ﬂTx)}gexp{—A(v) exp(ﬂTx)}
X {)\C‘X(v|x)}1_5 exp {—Acix(v|z)} x px(z). (5.33)

The model is characterized by the parameter (3,7), where 8 denotes the ¢-
dimensional regression parameters of interest and the nuisance parameter

1= {A©), Ac\x (v|z), px ()},

where A(v) is an arbitrary positive function of v, A¢|x(v|z) is an arbitrary
positive function of v and z, and px(x) is any density such that

/px(x)dux(x) =1
The log of the density in (5.33) is

§{log A\(v) + BT 2} — A(v) exp(B"z)
+ (1 =d)log Agix (v|z) — A x (v]x) + log px (). (5.34)
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The Nuisance Tangent Space

For this problem, the Hilbert space H consists of all g-dimensional measurable
functions h(v,d,x) of (V, A, X) with mean zero and finite variance equipped
with the covariance inner product. In order to define the nuisance tangent
space within the Hilbert space H, we must derive the mean-square closure of
all parametric submodel nuisance tangent spaces. Toward that end, we define
an arbitrary parametric submodel by substituting A(v,v1), Ac|x (v|z,72) and
px(x,7v3) into (5.33), where 71, 72, and 73 are finite-dimensional nuisance
parameters of dimension 71, 72, and r3, respectively. Since the nuisance pa-
rameters 1, 72, and 73 are variationally independent and separate from each
other in the log-likelihood of (5.34), this implies that the parametric submodel
nuisance tangent space, and hence the nuisance tangent space, can be written
as a direct sum of three orthogonal spaces,

A= Als S A2$ S ASsa
where
Ajs = mean-square closure of {B?*"S,;(V,A, X) for all B4*"7}, j =1,2,3,

and S, (v,0,2) = dlogpv,a,x(v,d,2,7)/0v; are the parametric submodel
score vectors, for j = 1,2, 3.

Since the space Az, is associated with arbitrary marginal densities px (z)
of X, we can use arguments already developed in Chapter 4 to show that

Asgs = |aN(X): E{a®"(X)} = 09! (5.35)

and that the projection of an arbitrary element h(V, A, X) € H is given by
H(h|As,) = E(hX).

We will now show in a series of lemmas how to derive Ais and Ao, followed
by the key theorem that derives the space orthogonal to the nuisance tangent
space; i.e., AL

The Space Az, Associated with Agx (v|x)

Using counting process notation, let No(u) = I(V < u, A = 0) denote (count)
the indicator of whether a single individual is observed to be censored by or
at time w and Y (u) = I(V > u) denote the indicator of being at risk at time
u. The corresponding martingale increment is

dMc(u, ) = dNc(u) — Xoc|x (u|2)Y (u)du,

where A\oc|x (u|z) denotes the true conditional hazard function of C at time
u given X = z.
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Lemma 5.1. The space A, associated with the arbitrary conditional density
of C given X is given as the class of elements

{/oﬂ“(u,X)dMC(u,X) for all functions aq“(u,x)} )

where a9*!(u, ) is any arbitrary g-dimensional function of u and x.

Proof. In order to derive the space Asg, consider the parametric submodel

Acix (v]z,72) = Xocx (v]z) exp{vd a®(v,z)}.

That this is a valid parametric submodel follows because the truth is contained
within this model (i.e., when v, = 0) and a hazard function must be some
positive function of v.

The contribution to the log-likelihood (5.34) for this parametric submodel
is

(1-9) {log Aocx (V) + ’yQTa(v,m)} - /Aoc‘x(u\x) exp {Vga(u,m)} du.
0

Taking the derivative with respect to v5 and evaluating it at the truth (v = 0),
we obtain the nuisance score vector

A%
5,0 = (1 - AV, X) - / (1, X)ocx (ul X)du
0

— (1 - A)a(V, X) - /a(u,X))\OC‘X(u\X)I(V > w)du.
Using counting process notation, S,, can be written as a stochastic integral,

S, z/a(u,X)dMC(u,X).

From this last result, we conjecture that the space Ass consists of all elements
in the class

{/aq“(u,X)nd(u,X) for all functions oﬂ“(u,x)} .

We have already demonstrated that any element in the class above is an ele-
ment of a parametric submodel nuisance tangent space. Therefore, to complete
our argument and verify our conjecture, we need to show that the linear space
spanned by the score vector with respect to v5 for any parametric submodel
belongs to the space above.

Consider any arbitrary parametric submodel A¢|x (u|z,72), with 720 de-
noting the truth. The score vector is given by
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0
8772 {(1 —A)log Ao x (V]z,v2) — //\C‘X(U‘X, Y)I(V > u)du}

Y2="720
e _A)a%z/\C\X(V\X”Yzo)
Acyx (VX y20)
%)\C\X(MX,%O)
7/ Acix (U] X, v20)
B dlog Acyx (u] X, v20)
_/{ 02

Aoix (ul X, 720) I(V > u)du

}nd(u,X).

Multiplying this score vector by a conformable matrix results in an element
of the form

/a(u,X)dMC(u,X). O

The Space A;s Associated with A(v)

Let N(u) denote the counting process that counts whether an individual was
observed to die before or at time u (i.e., N(u) = I(V < u,A = 1)) and, as
before, Y (u) = I(V > u) is the “at risk” indicator at time u. Let dM (u, X) de-
note the martingale increment dN (u) — Ao(u) exp(8¢ X)Y (u)du, where \o(u)
denotes the true underlying hazard rate in the proportional hazards model.

Lemma 5.2. The space A4, the part of the nuisance tangent space associ-
ated with the nuisance parameter A(-), the underlying baseline hazard rate of
failure, is

A = {/aqXI(u)dM(u, X) for all g-dimensional functions aqX1(u)} ,

where a?%!(u) denotes an arbitrary g-dimensional function of .

Proof. Consider the parametric submodel
Av,71) = Ao(v) exp{ri a? (v)}

for any arbitrary g-dimensional function a?*!(v) of v. For this parametric
submodel, the contribution to the log-density is

5{log Xo(v) + 7 a(v) + BT} — / No(w) exp{rTa(u) + A a}du.  (5.36)

Taking derivatives of (5.36) with respect to 71, setting 3 = 0 and 3 = [y, we
obtain the score function

S, = /aqX1(u)dM(u,X).
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From this, we conjecture that Ajg is
Ay = {/d’“(u)dM(u, X) for all g-dimensional functions aqX1(u)} .

We have already demonstrated that any element in Aj, is an element of a para-
metric submodel nuisance tangent space. Therefore, to complete our argument
and verify our conjecture, we need to show that the linear space spanned by
the score vector with respect to v, for any parametric submodel belongs to
A1s. Consider the parametric submodel with the nuisance parameter ~;, which
appears in the log-density (5.34) as

0 {log AMv,7) + ﬁTx} — A(v, 1) exp(BTz), (5.37)

where A(v,71) fo u,y1)du and 19 denotes the truth; i.e., A(v,y10) =
Ao(v). Taking the derivative of (5.37) with respect to 71, setting v1 = 10 and
8 = By, we deduce that the score vector with respect to 7 is

B 0log A(u,y10)
S /{871 dM (u, X).

Multiplying this score vector by a conformable matrix leads to an element in
A1, thus verifying our conjecture. 0O

Finding the Orthogonal Complement of the Nuisance Tangent
Space

We have demonstrated that the nuisance tangent space can be written as a
direct sum of three orthogonal linear spaces, namely

A= Als > A2s S A3sa

where Ass and Ay were derived in Lemmas 5.1 and 5.2, respectively, and Ay
is given in (5.35). Influence functions of RAL estimators for 3 belong to the
space orthogonal to A. We now consider finding the orthogonal complement
to A.

Theorem 5.5. The space orthogonal to the nuisance tangent space is given
by

= [/ {a(u, X) — a*(u)} dM (u, X) for all a?*(u,z)|, (5.38)

where
E{a(u, X)exp(BL X)Y (u)}

a"(u) = E {exp(ﬁgX)Y(u)}

(5.39)
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Proof. We begin by noting some interesting geometric properties for the nui-
sance tangent space that we can take advantage of in deriving its orthogonal
complement.

If we put no restrictions on the densities py,a x (v, d, x) that generate our
data (completely nonparametric), then it follows from Theorem 4.4 that the
corresponding tangent space would be the space of all g-dimensional mea-
surable functions of (V,A, X) with mean zero; i.e., the entire Hilbert space
H.

The proportional hazards model we are considering puts no restrictions
on the marginal distribution of X, px () or the conditional distribution of C'
given X. Therefore, the only restrictions on the class of densities for (V, A, X)
come from those imposed on the conditional distribution of 7" given X via the
proportional hazards model. Suppose, for the time being, we put no restriction
on the conditional hazard of T given X and denote this by Apx(v|z). If
this were the case, then there would be no restrictions on the distribution of
V.4, X).

The distribution of (V, A, X) given by the density Py a x(v,d,x) can be
written as Py, a|x (v, §|7)px (x), where the conditional density Py a|x (v, d|x)
can also be characterized through the cause-specific hazard functions

< = > =
M (v]2) = Tim Po<V<v+hA=6V>0v,X =n2x) ’
A h—0 h

for A = 0,1. Under the assumption T' Il C|X, the cause-specific hazard
functions equal the net-specific hazard functions; namely,

AL (v]z) = Arix (v]2), Ag(v]z) = Acix (v]z). (5.40)

That (5.40) is true follows from results in Tsiatis (1998). Therefore, putting no
restrictions on Ap)x (v|x) or A¢|x (v|z) implies that no restrictions are placed
on the conditional distribution of (V,A) given X. Hence, the log-density for
such a saturated (nonparametric) model could be written (analogously to
(5.34)) as

dlog /\T\X(U\l’) - AT|X(U|517)
+ (1 = d)log Ao x (v]x) — Acix (v]|z)
+ log px (z).

The tangent space for this model can be written as a direct sum of three
orthogonal spaces,
’{5 S¥ AQs @ ASsa

where Aoy and As, are defined as before, but now Aj, is the space associated
with Az x (v|r), which is now left arbitrary.

Arguments that are virtually identical to those used to find the space A
in Lemma 5.1 can be used to show that
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A, = {/oﬂ“(u,X)dM(u,X) for all oﬂxl(u,x)},

where
dM (u, X) = dN(u) — Mo x (u|X)Y (u)du.

Note 2. Notice the difference: For Aj; we used a?*!(u) (i.e., a function of u
only), whereas for A}, we used a?*!(u, X) (i.e., a function of both u and X)
in the stochastic integral above. 0O

Because the tangent space A, @ Ass @ A, is that for a nonparametric model
(i.e., a model that allows for all densities of (V, A, X)), and because the tan-
gent space for a nonparametric model is the entire Hilbert space, this implies
that

H= ATS D A2s S A3sa (541)

where Aj,, Ags, and A3y are mutually orthogonal subspaces.

Since the nuisance tangent space A = Ajs @ Aos @ Asg, this implies that
Aqs C Aj,. Also, the orthogonal complement A+ must be orthogonal to Agy ®
Ass = A% ie., AL C Af,. AL must also be orthogonal to Aig; consequently,
AL consists of elements of A}, that are orthogonal to Ays.

In order to identify elements of A+ (i.e., elements of A}, that are orthogonal
to Ais), it suffices to take an arbitrary element of A, namely

/aqXI(u, X)dM (u, X)

and find its residual after projecting it onto A;,. To find the projection, we
must derive a*(u) so that

{ / o, X)dM (u, X) — / a*(u)dM(u,X)}

is orthogonal to every element of Ajs. That is,

B [ / {a(u, X) — a* (u)}” dM(u, X) / a(u)dM (u, X)} —0
for all a(u).
The covariance of martingale stochastic integrals such as those above can

be computed by finding the expectation of the predictable covariation process;
see Fleming and Harrington (1991). Namely,

E [/ {o(u, X) — a*(u)}" a(u)Ao(u) exp(ﬂgX)Y(u)du] (5.42)

= /E {{a(u,X) —a*(u)}" exp(ﬁoTX)Y(u)} Ao (w)a(u)du =0 (5.43)
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for all a(u). Since a(u) is arbitrary, this implies that
E [{a(u, X) = a ()} exp(8] X)Y ()| = 0! (5.44)

for all u. We can prove (5.44) by contradiction because if (5.44) was not equal
to zero, then we could make the integral (5.43) nonzero by choosing a(u) to
be equal to whatever the expectation is in (5.44).

Solving (5.44), we obtain

E{a(u, X) exp(5 X)Y (u) } = a*(u)E {exp(f5 X)Y (u) }

" vy = E LX) e G0V ()
E {exp(BTX)Y (u)}

Therefore, the space orthogonal to the nuisance tangent space is given by

At = {/{a(u,X) —a*(u)}dM (u, X) for all o (u, )|,

where
_ E {a(u, X) exp(ﬂgX)Y(u)}

E {exp(B X)Y (u)}

a*(u)

Finding RAL Estimators for 8

As we have argued repeatedly, influence functions of RAL estimators for 3 are
defined, up to a proportionality constant, through the elements orthogonal
to the nuisance tangent space. For the proportional hazards model, these
elements are defined through (5.38) and (5.39). Often, knowing the functional
form of such elements leads us to estimating equations that will result in RAL
estimators for § with a particular influence function. We now illustrate.

Since a*(u), given by (5.39), is defined through a ratio of expectations, it
is natural to estimate this using a ratio of sample averages, namely

a (u) _ n! Z?:l a(uv XZ) eXp(ﬁgXi)Y;(u)
n=t 37 exp(Bg Xi)Yi(u)

Note that
n~1/2 Z / {a(u, X;) — a*(u)} dM;(u, X;)
i=1

—n 23 [ ot X0 - @ (M X) + o1, (5.49
=1

This follows because
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—1/22/{ (u)} dM; (u, X;) 250,

a consequence of Lenglart’s inequality; see Fleming and Harrington (1991).
Using straightforward algebra, we obtain that

n

| B el X) e X)n0
Z/ a(u, X;) dM;(u, X;)

> exp(5] X,)Y; () H

AN (1) = Xo(u) exp(BT X:)Yi (u)

is identical to

n 21 a(u, X;) exp(By X;)Y; (u)
Z/ alu, X;) — dN;(u)
= 3" expl(5 X, (1)

Using standard expansions of the estimating equation (which we leave to the
reader as as exercise), where we expand the estimating equation about the
truth, we can show that the estimator for (3, which is the solution to the
estimating equation

i/{a(u’&)_ = (Zexp)(exp( )}i(()) it )}dNi(U)Zo,

will have an influence function “proportional” to the element of AL,

/{a(u,Xi) —a*(u)} dM;(u, X;).

That is, we can find a semiparametric estimator for 8 by choosing any g¢-
dimensional function a(u,z) of u and = and solving the estimating equation

YA aV,X) - 1= = 0. (5.46)

By considering all functions a?*!(u, z), the corresponding estimators will de-
fine a class of semiparametric estimators that contains all the influence func-
tions of RAL estimators for 3.
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Efficient Estimator

To find the efficient estimator, we must derive the efficient score. This entails
computing

and projecting this onto the nuisance tangent space. Going back to the log-
density (5.34) and taking the derivative with respect to 3, it is straightforward
to show that

Sp = /quldM(u,X).

We note that Ss is an element of Aj,, with a(u, X;) = X;.
Therefore, the eflicient score, derived as the residual after projecting Sg
onto A (or in this case Aj;), is given as

[y BXep@Xye)) oo
S = | {X E{exp(TX)Y (u)} }dM( -

The estimator for 5, which has an efficient influence function (i.e., proportional
to Sefr), is given by substituting X; for a(u, X;) in (5.46); namely,

. _anl X exp(BX;)Y; (Vi)
Z A | X - = n =0. (5.47)
i=1 Zl eXp(ﬁXj)Yj(Vi>
J=

The estimator for 3, given as the solution to (5.47), is the estimator proposed
by Cox for maximizing the partial likelihood, where the notion of partial like-
lihood was first introduced by Cox (1975). The martingale arguments above
are essentially those used by Andersen and Gill (1982), where the theoreti-
cal properties of the proportional hazards model are derived in detail. The
argument above shows that Cox’s maximum partial likelihood estimator is a
globally efficient semiparametric estimator for 8 for the proportional hazards
model.

5.3 Estimating the Mean in a Nonparametric Model

Up to this point, we have identified influence functions and estimators by
considering elements in the Hilbert space H that are orthogonal to the nui-
sance tangent space A. In Theorems 3.4 and 4.3, we also defined the space of
influence functions of RAL estimators for 3 for parametric and semiparamet-
ric models, respectively, by considering the linear variety ¢(Z) + 7+, where
©(Z) is any influence function of an RAL estimator for § and .7 is the tangent
space. For some problems, this representation of influence functions may be
more useful in identifying semiparametric estimators, including the efficient
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estimator; i.e., when the parameter of interest is represented as ((6), some
function of the parameter 6, where the infinite-dimensional parameter 6 de-
scribes the entire parameter space, when the tangent space  is easier to
derive, and when some simple semiparametric but (possibly) inefficient RAL
estimator, with influence function p(Z), exists. We will illustrate this with
two examples.

In the first example, we consider the problem of finding estimators for the
mean of a random variable Z (i.e., p = E(Z)) with a sample of iid random
variables Z1,..., Z, with common density p(z) with respect to some domi-
nating measure vz, where p(z) could be any density (i.e., p(z) can be any
positive function of z such that [p(z)dv(z) =1 and p = [ zp(z)dv(z) < co);
that is, the so-called nonparametric model for the distribution of Z.

Goal. We want to find the class of RAL semi(non)parametric estimators for
w=FE(Z).

Basically, the model above puts no restriction on the density of Z other
than finite moments. This is referred to as the nonparametric model. In The-
orem 4.4, we proved that the tangent space 7 was the entire Hilbert space
H. Consequently, .7+, the orthogonal complement of .7, is the single “zero”
element of the Hilbert space corresponding to the origin. For this model, the
space of influence functions, p(Z) + .7+, consists of, at most, one influence
function, and if an influence function exists for an RAL estimator for u, then
this influence function must be the efficient influence function and the corre-
sponding estimator has to be semiparametric efficient.

An obvious and natural RAL estimator for u = F(Z) is the sample mean

n
Z =n~1Y" Z;. This estimator can be trivially shown to be an RAL estimator
i=1
for p with influence function (Z—pg). Therefore, Z —pg is the unique and hence
efficient influence function among RAL estimators for u for the nonparametric
model and Z is the semiparametric efficient estimator.

We now consider the more complicated problem where the primary objec-
tive is to estimate the treatment effect in a randomized study with covariate
adjustment.

5.4 Estimating Treatment Difference in a Randomized
Pretest-Posttest Study or with Covariate Adjustment

The randomized study is commonly used to compare the effects of two treat-
ments on response in clinical trials and other experimental settings. In this
design, patients are randomized to one of two treatments with probability &
or 1 — 9, where the randomization probability § is chosen by the investigator.
Together with the response variable, other baseline covariate information is
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collected on all the individuals in the study. The goal is to estimate the differ-
ence in the mean response between the two treatments. One simple estimator
for this treatment difference is the difference in the treatment-specific sample
average response between the two treatments. A problem that has received
considerable interest is whether and how we can use the baseline covariates
that are collected prior to randomization to increase the efficiency of the es-
timator for treatment difference.

Along the same line, we also consider the randomized pretest-posttest
design. In this design, a random sample of subjects (patients) are chosen from
some population of interest and, for each patient, a pretest measurement, say
Y1, is made, and then the patient is randomized to one of two treatments,
which we denote by the treatment indicator A = (1,0) with probability §
and (1 — ), and after some prespecified time period, a posttest measurement
Y5 is made. The goal of such a study is to estimate the effect of treatment
intervention on the posttest measurement, or equivalently to estimate the
effect of treatment on the change score, which is the difference between the
pretest response and posttest response.

We will focus the discussion on the pretest-posttest design. However, we
will see later that the results derived for the pretest-posttest study can be
generalized to the problem of covariate adjustment in a randomized study.

As an example of a pretest-posttest study, suppose we wanted to compare
the effect of some treatment intervention on the quality of life for patients
with some disease. We may be interested in comparing the effect that a new
treatment has to a placebo or comparing a new treatment to the current best
standard treatment. Specifically, such a design is carried out by identifying a
group of patients with disease that are eligible for either of the two treatments.
These patients are then given a questionnaire to assess their baseline quality
of life. Typically, in these studies, patients answer several questions, each of
which is assigned a score (predetermined by the investigator), and the quality
of life score is a sum of these scores, denoted by Y;. Afterward, they are
randomized to one of the two treatments A = (0,1) and then followed for
some period of time and asked to complete the quality of life questionnaire
again, where their quality of life score Y5 is computed.

The goal in such studies is to estimate the treatment effect, defined as

B=EY2]A=1)— E(Y2|A=0),
or equivalently
B=EY>,-Y1|A=1)—E(Y>—-Y1|A=0),

where Y5 — Y7 is the difference from baseline in an individual’s response and
is sometimes referred to as the change score.

Note 3. This last equivalence follows because of randomization which guar-
antees that Y7 and A are independent; ie., E(Y1|A = 1) = E(Y1|A = 0).
O
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The data from such a randomized pretest-posttest study can be repre-
sented as
Zi = (Y13, A4, Y%), i=1,...,n.

Some estimators for § that are commonly used include the difference in
the treatment-specific sample averages of posttest response, namely the two-
sample comparison

- =l (5.48)

or possibly the difference in the treatment-specific sample averages of posttest
minus pretest response, namely the two-sample change-score comparison
A _ > A(Ye — Y1) (1= Ai)(Yai — Yai)
! > A 21— 4 '

An analysis-of-covariance model has also been proposed for such designs,
where it is assumed that

(5.49)

Yoi =m0+ BA; + mYi + &

and 3, o, and 7, are estimated using least squares.

It is clear that the estimators 5, given by (5.48) and (5.49) are semipara-
metric estimators for 8 in the sense that these are consistent and asymptot-
ically normal estimators for 8 without having to make any additional para-
metric assumptions. It also turns out that the least-squares estimator for 3
in the analysis-of-covariance model is semiparametric, although this is not as
obvious.

A study of the relative efficiency of these estimators was made in Yang
and Tsiatis (2001). In this paper, the parameter for treatment difference
in the pretest-posttest model was also cast using a simple restricted moment
model for which the efficient generalized estimating equation (GEE) could be
derived. This GEE estimator was compared with the other more commonly
used estimators for treatment difference in the pretest-posttest design.

Rather than considering ad hoc semiparametric estimators for 3, we now
propose to look at this problem using the semiparametric theory that has
been developed in this book. Toward that end, we will show how to derive the
space of influence functions of RAL estimators for 5. We will use the linear
variety p(Z) + .7+ to represent the space of influence functions.

We begin by finding the influence function of some RAL estimator for 3.
For simplicity, we consider the influence function of ﬁAn (two-sample difference)
from (5.48). This can be derived as

A AiYs; — Ai)Ya
s~y (BT ) s (A )
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where Gy = E(Y2]A = 1) — E(Y2|A = 0) = ,uél) - ,ugo). After some simple
algebra, we obtain

o [ AV ) [0 A)(Ye — )
(3" Ai/n) (-1 —A4;)/n)
bp Ip

1 1-9§

—p 230 {fﬁ(y — sty - ((11__’4(;5)6/21- - ué‘”)} +0p(1).  (5.50)

Consequently, the influence function for the i-th observation of Bn equals

A;

P(Z:) = 5 (Yai = 3)) - (1-4)

o) (Y u$"). (5.51)

Now that we have identified one influence function for an RAL estimator
for 3, we can identify the linear variety of the space of influence functions by
deriving the tangent space .7 and its orthogonal complement 7.

The Tangent Space and Its Orthogonal Complement

Let us now construct the tangent space 7. The data from a single observa-
tion in a randomized pretest-posttest study are given by (Y1, A,Y2). The only
restriction that is placed on the density of the data is that induced by the
randomization itself, specifically that the pretest measurement Y7 is indepen-
dent of the treatment indicator A and that the distribution of the Bernoulli
variable A is given by P(A = 1) = 6 and P(A = 0) = 1 — §, where § is
the randomization probability, which is known by design. Other than these
restrictions, we will allow the density of (Y7, A,Y3) to be arbitrary.

To derive the tangent space and its orthogonal complement, we will take
advantage of the results of partitioning the Hilbert space for a nonparametric
model given by Theorem 4.5 of Chapter 4.

First note that the density of the data for a single observation can be
factored as

Pyi,AY: (Y1, 0,92) = Py, (Y1)Pay; (@ly1)pya vi, a(Y2ly1, a). (5.52)

With no restrictions on the distribution of Y7, A4, Y5 (i.e., the nonparametric
model), we can use the results from Theorem 4.5 to show that the entire
Hilbert space can be written as

H=T® %o, (5.53)

where
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S ={a(11) : E{an(V1)} = 0},
% = {Oég(Yl,A) : E{OéQ(YhA)lYl} = 0},
% = {O[Q(Yl,A,Yé) : E{QQ(Yl,A,}/Z”YhA} = 0}7

and 97, 95, 73 are mutually orthogonal linear spaces.

As mentioned above, in the semiparametric randomized pretest-posttest
design, the only restrictions placed on the class of densities for Y7, A, Y5 are
those induced by randomization itself. Specifically, because of the indepen-
dence of Y7 and A and the known distribution of A, we obtain

pA|Y1 ((Z|y1) = PA(G,) = 50‘(1 _ 6)(17@);

that is, the conditional density is completely known to us and not a function
of unknown parameters. Otherwise, the density of Y7, which is py, (y1), and
the conditional density of Y5 given Y1, A; i.e., py,|y;,a(y2|y1, a), are arbitrary.
Consequently, the tangent space for semiparametric models in the randomized
pretest-posttest design is given by

T =5 T

Remark 2. The contribution to the tangent space that is associated with the
nuisance parameters for p4y, (a|y1), which is 7, is left out because, by the
model restriction, this conditional density is completely known to us by design.
O

The orthogonality of 77, 95, I3 together with (5.53) implies that the space
orthogonal to the tangent space is given by

T+ =%,

Using (4.22) from Theorem 4.5, we can represent elements of 75 as hao (Y1, A)—
E{h.2(Y1, A)|Y1} for any arbitrary function h.o(-) of Y7 and A. Because A is
a binary indicator function, any function h.z(-) of Y7 and A can be expressed
as hao (Y1, A) = Ah1(Y1)+ha (Y1), where hy(-) and ha () are arbitrary function
of Y7. Therefore

he(Y1, A) = E{h. (Y1, A)|Y1} = Ah1 (Y1) + ha(Y1) — {E(A[Y1)h1 (Y1) + ha(Y1)}
= (A-90)h1 (V7).
Consequently, we have shown that the orthogonal complement of the tan-

gent space is all elements {(A — §)h.(Y7)} for any arbitrary function h,(-) of
Y} and therefore the space of all influence functions, {p(Z) + Z+}, is

G- - LD+ a-onm} 6

for any arbitrary function h.(Y7).



5.4 Estimating Treatment Difference in a Randomized Pretest-Posttest Study 131

An estimator for § with this influence function is given by

B BN L (1t )

The estimator above will be a consistent, asymptotically normal semipara-
metric estimator for 3. Moreover, the class of estimators above, indexed by
the functions h.(Y7), are RAL estimators with influence functions that in-
clude the entire class of influence functions. Although all the estimators given
above are asymptotically normal, the asymptotic variance will vary according
to the choice of h.(-).

We showed in Theorem 4.3 that the efficient influence function is given by

p(2) -y (2)| 7},
or for our problem

A A
) - S - 1

_ (11__’;) (¥s — 1) +H{ <11__?> (Vs _u§0>)|§¢}. (5.55)

Since I+ = 7, we can use (4.23) of Theorem 4.5 to show that for any
function (Y7, A, Y2),

H{a(-)|7+} = Ha()| %2} = E{a()|Y1, A} - E{a()[Y1}.

Therefore
A A A
{50 - w17} = B {50 - na) - B{ S0 - )
(5.56)
where
A A
E {5<Y — s, A} = S{EMmm,A=1) -4}, (5.57)
and by the law of iterated conditional expectations, {% — ,u2 \Yl}
be computed by taking the conditional expectation of (5.57) given Y7, yielding
A
E{m —ué”>|Y1} = B(YalY1, A= 1) — . (5.58)

Therefore, by (5.56)—(5.58), we obtain

A A—-96
(50— iz ) = A2 By A= -} 659)
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Similarly, we obtain

1-4 _ (0 1 __A_5 om0
H<1_5(Y2 ps )T+ ) = ﬁ{E(YQm,AfO) Ly } (5.60)

Using (5.59) and (5.60) and after some algebra, we deduce that the efficient
influence function (5.55) equals

{Ay2 A=) gy = 1,Y1)}

1) 1)
1A, (A8 )
—{(1_5) O E<Y2|A—0,Y1>}
(- ), s
||
8

In order to construct an efficient RAL estimator for 8 (that is, an RAL
estimator for B whose influence function is the efficient influence function
given by (5.61)), we would need to know E(Y2|A = 1,Y7) and E(Y2|A = 0,Y7),
which, of course, we don’t. One strategy is to posit models for F(Y3|A = 1,Y))
and E(Y3]A = 0,Y7) in terms of a finite number of parameters & and &,
respectively. That is,

E(Y2|A=jY1)=((Y,§), =01

These posited models are restricted moment models for the subset of individ-
uals in treatment groups A = 1 and A = 0, respectively. For such models, we
can use generalized estimating equations to obtain estimators éln and éOn for
&1 and & using patients {i : A; = 1} and {i : A; = 0}, respectively. Such
estimators are consistent for & and & if the posited models were correctly
specified, but, even if they were incorrectly specified, under suitable regularity
conditions, éjn would converge to &7 for j = 0,1. With this in mind, we use
the functional form of the efficient influence given by (5.61) to motivate the
estimator 3, for 3 given by

Bp=n" zz:: H?Ym - WQ(Yliaéln>}
_ {<1 — Ay ((‘i"’__é‘? go(yl,»,éo,,)}] . (5.62)

After some algebra (Exercise 3 at the end of this Chapter), we can show
that the influence function of 3, is

Ave— ) - A e - 8y
((11_?)) (Y2 — ps”) - ((f_:;)) {Go(v1,&) — SV} (5.63)
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This influence function is in the class of influence functions of RAL estimators
for @ given by (5.54) regardless of whether we posited the correct model for
E(Ys2|Y1,A =1) and E(Y2]Y7, A = 0) or not. Consequently, the estimator B
given by (5.62) is locally efficient in the sense that this estimator leads to a
consistent asymptotically normal semiparametric RAL estimator for 3 even
if the posited models for the treatment-specific conditional expectations of
Y5 given Y7 are incorrect, but this estimator is semiparametric efficient if the
posited model is correct.

Our experience working with such adaptive methods is that a reason-
able attempt at modeling the conditional expectations using the usual model-
building techniques that statisticians learn will lead to estimators with very
high efficiency even if the model is not exactly correct. For more details, see
Leon, Tsiatis, and Davidian (2003).

Although the development above was specific to the pretest-posttest study,
this can be easily generalized to the more general problem of covariate ad-
justment in a two-arm randomized study. Letting Y5 be the response variable
of interest and A the treatment indicator, assigned at random to patients,
the primary goal of a two-arm randomized study is to estimate the parameter
B = E(Y3]A =1) — E(Y2|]A = 0). Let Y7 be a vector of baseline covariates
that are also collected on all individuals prior to randomization. One of the
elements of Y7 could be the same measurement that is used to evaluate re-
sponse, as was the case in the pretest-posttest study. In such a study, the data
are realizations of the iid random vectors (Y14, 4;,Ya;),i = 1,...,n. As before,
in a semiparametric model, the only restriction on the class of densities for
(Y1, A,Y>) is that induced by randomization itself; namely, that A is inde-
pendent of Y7 and that the P(A = 1) = §. Consequently, the factorization of
the data (Y1, A,Y2) is identical to that given by (5.52) and hence the efficient
influence function is given by (5.61), with the only difference being that Y;
now represents the vector of baseline covariates rather than the single pretest
measurement made at baseline in the pretest-posttest study. In fact, the exact
same strategy for obtaining locally efficient adaptive semiparametric estima-
tors for § as given by (5.62) for the pretest-posttest study can be used for this
more general problem.

5.5 Remarks about Auxiliary Variables

In the randomized pretest-posttest problem presented in the previous section,
the parameter of interest, § = E(Y2|A = 1) — E(Y2]A = 0), is obtained from
the joint distribution of (Y2, A). Nonetheless, we were able to use the random
variable Y7, either the pretest measurement in a pretest-posttest study or a
vector of baseline characteristics, to obtain a more efficient estimator of the
treatment difference 5. One can view the variables making up Y; as auxiliary
variables, as they are not needed to define the parameter of interest.
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Therefore, a natural question, when we are considering estimating the
parameter 8 in a model p(z,5,7n) for the random vector Z, is whether we
can gain efficiency by collecting additional auxiliary variables W and deriving
estimators for § using the data from both Z and W. We will now argue that
if we put no additional restrictions on the distribution of (W, Z) other than
those from the marginal model for Z, then the class of RAL estimators is the
same as if we never considered W.

To see this, let us first make a distinction between the Hilbert space HZ
(i.e., all ¢-dimensional mean-zero square-integrable functions of Z) and H"#
(i.e., all g-dimensional mean-zero square-integrable functions of W and 7). If
we consider estimators for 8 based only on the data from Z, then we have
developed a theory that shows that the class of influence functions of RAL
estimators for g can be represented as

w(2)+ 77, (5.64)

where ¢(Z) is the influence function of any RAL estimator for 3 and 7% s
the space orthogonal to the tangent space defined in H%.

However, if, in addition, we consider auxiliary variables W, then the space
of influence functions of RAL estimators for 3 is given by

o(2)+ TV (5.65)
where ZWZ" is the space orthogonal to the tangent space defined in HWZ.
We now present the key result that demonstrates that, without additional
assumptions on the conditional distribution of auxiliary covariates W given
Z, the class of influence functions of RAL estimators for § remains the same.

Theorem 5.6. If no restrictions are put on the conditional density py|z(w|z),
where the marginal density of Z is assumed to be from the semiparametric
model pz(z, 3,7), then the orthogonal complement of the tangent space .7 #
for the semiparametric model for the joint distribution of (W, Z) (i.e., ﬂWZL)
is equal to the orthogonal complement of the tangent space .7 % for the semi-
parametric model of the marginal distribution for Z alone (i.e., 7% L).

Proof. With no additional restrictions placed on the joint distribution of
(W, Z), the model can be represent by the class of densities

pW,Z(w7 z7ﬁa77777*) = pW\Z(w|Zﬂ n*)pZ(Zaﬁ7 77)7 (566)

where py|z(w|z,m*) can be any arbitrary conditional density of W' given Z;
Le., any positive function n*(w, z) such that [ n*(w,z)dvw (w) =1 for all z.
In Theorem 4.5, we showed that the part of the tangent space associated with
the infinite-dimensional parameter n* was the set of random functions

T = (a¥(W, Z) : E{a®(W, Z)|Z} = 09%}
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HWZ

and, moreover, that the entire Hilbert space can be partitioned as

HYZ = 7 o HZ, A LHZ.

Because the density in (5.66) factors into terms involving the parameter n*
and terms involving the parameters (3, 7), where n* and (/3,7n) are variation-
ally independent, it is then straightforward to show that the tangent space
for the model on (W, Z) is given by

IV =F T H LT

It is also straightforward to show that the space orthogonal to the tangent
space 7% is the space that is orthogonal both to .7; and to 7%; i.e., it
must be the space within ## that is orthogonal to .7 4. In other words, the
space TWZ" ig the same as the space T2 1O

Because V2" = 72 i7 this means that the space of influence functions
of RAL estimators for 8 given by (5.64), using estimators that are functions
of Z alone, is identical to the space of influence functions of RAL estimators
for 8 given by (5.65), using estimators that are functions of W and Z.

This formally validates the intuitive notion that if we are not willing to
make any additional assumptions regarding the relationship of the auxiliary
variables W and the variables of interest Z, then we need not consider auxil-
iary variables when estimating (.

The reason we gained efficiency in the pretest-posttest problem was be-
cause a relationship was induced between Y; and the treatment indicator A
due to randomization; namely, that Y; was independent of A.

5.6 Exercises for Chapter 5

1. Heteroscedastic models
Consider the semiparametric model for which, for a one-dimensional re-
sponse variable Y, we assume

Y = u(X,8) + VY3(X,B)e, B €RY,

where ¢ is an arbitrary continuous random variable such that ¢ is indepen-
dent of X. To avoid identifiability problems, assume that for any scalars
a, o

a+p(z,f)=a +u(z,B) forall z

implies

a=a and B=4,
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and for any scalars o,0’ > 0 that
o{V(x,8)} =o'{V(z,3)} forall z
implies
oc=0¢ and B=p.

For this model, describe how you would derive a locally efficient estimator
for B from a sample of data

(}/i,XZ‘),Z': 1,...,7’L.

. In the pretest-posttest study, one estimator for the treatment difference 3

that has been proposed is the analysis of covariance (ANCOVA) estimator.
That is, an analysis-of-covariance model is assumed, where

Yoi =m0 + BA;i + mYi + & (5.67)

for the iid data (Y714, A;, Ya;),7i = 1,...,n, and the parameters 7, 3,7, are

estimated using least squares.

a) Show that the least-squares estimator B, in the model above is a
semiparametric estimator for § = E(Y3|A = 1) — E(Y3]|A = 0); that
is, that n'/ 2(Bn — () converges to a normal distribution with mean
zero whether the linear model (5.67) is correct or not.

b) Find the influence function for 3, and show that it is in the class of
influence functions given in (5.54).

In (5.62) we considered locally efficient adaptive estimators for the treat-

ment difference 0 in a randomized pretest-posttest study. Suppose the
estimators éjn, j = 0,1 were root-n consistent estimators; that is, that
there exist £, 7 = 0, 1 such that

nl/z(éjn - 5;)

are bounded in probability for j = 0, 1 and that the functions ¢;(z1,¢;),j =
0,1 as functions in §; were differentiable in a neighborhood of £, 7 = 0,1
for all 1. Then show (heuristically) that the influence function for the
estimator f3, given in (5.62) is that given in (5.63).
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Models and Methods for Missing Data

6.1 Introduction

In many practical situations, although we may set out in advance to collect
data according to some “nice” plan, things may not work out quite as in-
tended. Some examples of this follow.

Nonresponse in sample surveys

We send out questionnaires to a sample of (randomly chosen) individuals.
However, some may provide only a partial answer or no answer to some ques-
tions, or, perhaps, may not return the questionnaire at all.

Dropout or noncompliance in clinical trials

A study is conducted to compare two or more treatments. In a randomized
clinical trial, subjects are enrolled into the study and then randomly assigned
to one of the treatments. Suppose, in such a clinical trial, the subjects are
supposed to return to the clinic weekly to provide response measurement Y;;
(for subject i, week 7). However, some subjects “drop out” of the study, failing
to show up for any clinic visit after a certain point. Still others may miss clinic
visits sporadically or quit taking their assigned treatment.

Surrogate measurements

For some studies, the response of interest or some important covariate may
be very expensive to obtain. For example, suppose we are interested in the
daily average percentage fat intake of a subject. An accurate measurement
requires a detailed “food diary” over a long period, which is both expensive
and time consuming. A cheaper measurement (surrogate) is to have subjects
recall the food they ate in the past 24 hours. Clearly, this cheaper measurement
will be correlated with the expensive one but not perfectly. To reduce costs,
a study may be conducted where only a subsample of participants provide
the expensive measurement (validation sample), whereas everyone provides
data on the inexpensive measurement. The expensive measurement would be
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missing for all individuals not in the validation sample. Unlike the previous
examples, here the missingness was by design rather than by happenstance.

In almost all studies involving human subjects, some important data may
be missing for some subjects for a variety of reasons, from oversight or mis-
takes by the study personnel to refusal or inability of the subjects to provide
information.

Objective: Usually, interest focuses on making an inference about some
aspect (parameter) of the distribution of the “full data” (i.e., the data that
would have been observed if no data were missing).

Problem: When some of the data are missing, it may be that, depending
on how and why they are missing, our ability to make an accurate inference
may be compromised.

Ezample 1. Consider the following (somewhat contrived) problem. A study
is conducted to assess the efficacy of a new drug in reducing blood pressure
for patients that have hypertension using a randomized design, where half of
the patients recruited with hypertension are randomized to receive the new
treatment and the other half are given a placebo. The endpoint of interest is
the decrease in blood pressure after six months.

Let p; denote the mean decrease in blood pressure (after six months) if
all patients in a population were given the new treatment and py the popula-
tion mean decrease if given a placebo. The parameter of interest is the mean
treatment difference,

0 = p1 — Ho-

If all the patients randomized into this study are followed for six months
and have complete measurements, then an unbiased estimator for § can be
computed easily using the difference in sample averages of blood pressure
decrease from the patients in the two treatment groups. Suppose, however,
that some of the data are missing. Consider the scenario where all the data for
patients randomized to the placebo were collected, but some of the patients
assigned treatment dropped out and hence their six-month blood pressure
reading is missing. For such a problem, what would we do?

This problem can be defined using the following notation. For individual
7 in our sample ¢ = 1,--- ,n, let

1

A = denotes treatment assignment,
0

and

Y; = reduction in blood pressure after six months.

If we had “full” data (i.e., if we observed {A;,Y;},i =1,--- ,n), then
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> A, > (- A)Y;
/ll = l:»}L 7[1/0 - i:i ’
ZAZ (1 - Az)
i=1 i=1

would be unbiased estimators for p; and pg, respectively.
Let R; denote the indicator of complete data for the i-th individual; i.e.,

measurement was taken

1 if the six-month blood pressure
R; =
0 if it was missing.

In such a case, we would only observe (i.e., observed data) (A;, Ri, R;Y;),i =
1,--- ,n; that is, we always observe A; and R; but only observe Y; if R; = 1.

It is important to emphasize the distinction between full data, observed
data, and complete data, as we will be using this terminology throughout the
remainder of the book. Full data are the data that we would want to have
collected on all the individuals in the sample i = 1,...,n. Observed data are
the data that are actually observed on the individuals in the study, some of
which are missing. Complete data are the data from only the subset of patients
with no missing data.

In this hypothetical scenario, data may be missing only if A; = 1. There-
fore, among patients randomized to the placebo, there are no missing data and
therefore we can consistently (unbiasedly) estimate po using the treatment-

specific sample average
n

> (-4,

MO: n

> (1-4)

i=1
Let us therefore focus our attention on estimating p;. Since we will only be
considering this one sample for the time being, we will use the notation

(RiyY1i), i=1,---,m
to represent the full data for the n; individuals randomized to treatment 1,

n
ny = > A;, and focus on this subset of data. The observed data are
i=1

(Ri,RiYM), 1= 1,--- s, Ny

A natural estimator for p1, using the observed data, is the complete-case
sample average; namely,
ny
Z R;Y1;
. =1

Hic = 1 .
S
=1
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We now examine whether this estimator is reasonable or not under various
circumstances.

Intuitively, if we believed that missing observations occurred by chance
alone, then we might expect that the complete cases will still be representative
of the population from which they were sampled and consequently would still
give us an unbiased estimator. If, however, there was a systematic bias, where,
say, patients with a worse prognosis (i.e., lower values of Y') were more likely
to drop out, then we might expect the complete-case estimator to be overly
optimistic.

This can be formalized as follows. Let the full data be denoted by

(Ri,YM),’L' = 1, oy Ny,
assumed to be iid with E(Y1;) = 1.

Note 1. In actuality, we cannot observe Y1; whenever R; = 0; nonetheless, this
conceptualization is useful in understanding the consequences of missingness.
O

The joint density of (R;,Y1;) can be characterized by

PRY; (Tisy1i) = PRy, (rily1i) Py, (Y14)-

Since R; is binary, we only need
P(R; = 1Y1; = y1i) = 7(yui)

to specify the conditional density because pgjy, (rily1) = {m(y1:)}" {1 —

(Y1)}
Again, the observed data are denoted by

(Ri7Ri}/1i)7i = 1, ...y n.

If the data are missing completely at random, denoted as MCAR (i.e., P(R =
11Y7) = n(Y1) = 7), then the probability of being observed (or missing) does
not depend on Yj;. That is, R and Y; are independent; R 1L Y;.

The complete-case estimator

i R;Y1; ’fll_l "Zl R; Y1,
i=1

i=1 P E(RYI)

T e E(R) "’
i=1 i=1
and by the independence of R and Y7,
E(RY; E(R)E(Y;
(RY) _EREM) g

E(R) E(R)
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Therefore, if the data are missing completely at random (MCAR), then the
complete-case estimator is unbiased, as our intuition would suggest. If, how-
ever, the probability of missingness depends on Y7, which we will refer to as
nonmissing at random, (NMAR) (a formal definition will be given in later
chapters), then the complete-case estimator is written

% R;Yq;
i=1 P, E(RY)) _ E{E(RY1)|Y1} (6.1)
& ER) B(B(ERM))
) - E{Ylﬂ'(yl)} .
= B # E(Y1) (necessarily).

In fact, if 7(y) is an increasing function in y (i.e., probability of not being
missing increases with y), then this suggests that individuals with larger values
of Y would be overrepresented in the observed data and hence

E{Y1im(Y1)}
Blmny M

We leave the proof of this last result as an exercise for the reader.

The difficulty with NMAR is that there is no way of estimating (y) =
P(R = 1|7 = y) from the observed data because if R = 0 we don’t get
to observe Yi. In fact, there is no way that we can distinguish whether the
missing data were MCAR or NMAR from the observed data. That is, there
is an inherent nonidentifiability problem here.

There is, however, a third possibility to consider. Suppose, in addition
to the response variable, we measured additional covariates on the i-th in-
dividual, denoted by W;, which are not missing. For example, some baseline
characteristics may also be collected, including baseline blood pressure or pos-
sibly some additional variables collected between the initiation of treatment
and six months, when the follow-up response is supposed to get collected. Such
variables W;,i = 1,...,n are sometimes referred to as auxiliary covariates, as
they represent variables that are not of primary interest for inference. The
observable data in such a case are denoted by

(Ri, RiY1:,W;), i=1,---,n.

Although the auxiliary covariates are not of primary interest, suppose we
believe that the reason for missingness depends on W;, and, moreover, condi-
tional on W;, Y7; has no additional effect on the probability of missingness.
Specifically,

That is, conditional on W;, Y7; is independent of R;;
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Remark 1. It may be that W; is related to both Y7; and R;, in which case, even
though (6.2) is true, a dependence between Y7; and R; would be induced. For
example, consider the hypothetical scenario where W; denotes the blood pres-
sure for the i-th individual at an interim examination, say at three months,
measured on all n individuals in the sample. After observing this response,
individuals whose blood pressure was still elevated would be more likely to
drop out. Therefore, R; would be correlated with W;. Since individuals could
not possibly know what their blood pressure is at the end of the study (i.e.,
at six months), it may be reasonable to assume that R; 1L Y3;|W;. It may
also be reasonable to assume that the three-month blood pressure reading is
correlated with the six-month blood pressure reading. Under these circum-
stances, dropping out of the study R; would be correlated with the response
outcome Y7; but in this case, because they were both related to the interim
three-month blood pressure reading.

Therefore, without conditioning additionally on W;, we would obtain that

P(R; = 1|Yy;) = m(Y1y)

depends on the value Y7;. Consequently, if we didn’t collect the additional
data W;, then we would be back in the impossible NMAR situation. 0O

The assumption (6.2) is an example of what is referred to as missing at
random, or MAR (not to be confused with MCAR). Basically, missing at
random means that the probability of missingness depends on variables that
are observed. A general and more precise definition of MAR will be given
later.

The MAR assumption alleviates the identifiability problems that were en-
countered with NMAR because the probability of missingness depends on
variables that are observed on all subjects. The available data could also be
used to model the relationship for the probability of missingness, or, equiva-
lently, the probability of a complete case, as a function of the covariates W;.
For example, we can posit a model for

P(R=1W =w) =7n(w,7)

(say, logistic regression) in terms of a parameter vector v and estimate the
parameter «y from the observed data (R;, W;), which are measured on all indi-
viduals ¢ = 1,...,n, using, say, maximum likelihood. That is, the maximum
likelihood estimator 4 would be obtained by maximizing

n

[T Wi, ) {1 = m(Wi, 7)} "

i=1
This probability of a complete case as a function of the covariates, together
with the MAR assumption, will prove useful for computing inverse probability
weighted complete-case estimators, to be described later.

There are several methods for estimating parameters when data are miss-

ing at random. These methods include:
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(a) likelihood methods;
(b) imputation methods;
(c) inverse probability weighting of complete cases.

Likelihood and imputation methods have been studied in great detail, and
some excellent references include the books by Rubin (1987), Little and Rubin
(1987), and Schafer (1997). The main theory of inverse probability weighted
methods is given in the seminal paper by Robins, Rotnitzky, and Zhao (1994)
and will be the primary focus of this book.

To give a flavor of how these methods work, let us return to the problem
of estimating 4y = E(Y1) when auxiliary variables W are collected and the
response data are missing at random; i.e.,

R LY, |W.

6.2 Likelihood Methods

Consider a parametric model with density

PYI,W(yl,w) :pyl\w(y1|w7’)/1) pW(w’%)v (63)

where 71,72 are unknown parameters describing the conditional distribution
of Y7 given W and the marginal distribution of W, respectively. The parameter
1 we are interested in can be written as

pi = E(Y7) = E{EY1|W)}
- / ypvaw (51, 1) pw (@, 12)dvy () dow (w).

If we could obtain estimators for 71,72, say 41, %2, respectively, then we
could estimate p, by

f1 = /ypyl\w(mw"71)pw(w7@2)dl/y(y)dl/w(w)- (6.4)
A popular way of obtaining estimators is by maximizing the likelihood. The
density of the observed data for one individual can be written as

Pry;,w,rR(ry1, w,7) = {py, w,r(y1,w,r = 1)}I(T:1) {pw,r(w,r = 0)}I(T:0)

or

I(r=1
{pyiwor(aw,r = 1) pryw (r = w)pw (w) } =

{PR|W(7“ = 0lw) pW(w)}I(TZO) )

Because of MAR (i.e., R 1 Y1|W),
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pviw.r(Y1|w, T =1) = py,w (y1|w).

Therefore, the likelihood for one individual in our sample is given by

I(r=1
{py1|w(y1|wm)}( ' pw (w,72)
X {W(w773>}1(r=1){1 - W(w’73)}I(T=O)’

where
priw (1 = 1|lw) = m(w,v3).

Consequently, the likelihood for n independent sets of data is given as

{HpY1|W(y1i|wiv71)1(”_1)} {pr(wi,’)@)} X {function of ")/3}-
=1

i=1

Because of the way the likelihood factorizes, we find the MLE for ~1,72 by
separately maximizing

H Py, w (Yriwi, 1) (6.5)
{i : Ri=1}

and .
pr(wi, Ya)- (6.6)
i=1

Note 2. We only include complete cases to find the MLE for ~;, whereas we
use all the data to find the MLE for 7. O

The estimates for v; and 73, found by maximizing (6.5) and (6.6), can
then be substituted into (6.4) to obtain the MLE for y;.

Remark 2. Although likelihood methods are certainly feasible and the corre-
sponding estimators enjoy the optimality properties afforded to an MLE, they
can be difficult to compute in some cases. For example, the integral given in
(6.4) can be numerically challenging to compute, especially if W involves many
covariates.

6.3 Imputation

Since some of the Yi;’s are missing, a natural strategy is to impute or “es-
timate” a value for such missing data and then estimate the parameter of
interest behaving as if the imputed values were the true values.

For example, if there were no missing values of Yy;,7=1,...,ny, then we
would estimate p; by using
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ni
fn=ny" > Vi (6.7)
i=1

However, for values of ¢ such that R; = 0, we don’t observe such Y7;.
Suppose we posit some relationship for the distribution of Y; given W;
e.g., we may assume a parametric model py, |w (¥, |w,71) as we did in (6.3).
By the MAR assumption, we can estimate 7; using the complete cases, say,
by maximizing (6.5) to derive the MLE 4;. This would allow us to estimate

E(Yi|W = w) by / Yoy (9w, 51 )dvy (3),

which we denote by p(w,d1).

We then propose to impute the missing data for any individual ¢ such that
R; = 0 by substituting the value p(W;,41) for the missing ¥; in (6.7). The
resulting imputed estimator is

ny! Zl {RiY1i + (1 = Ri)u(Wi, %)} (6.8)
=1

A heuristic argument why this should yield a consistent estimator is as follows.
Assuming 47 converges to the truth, then (6.8) should be well approximated
by

ni
ny 'Y ARY1; + (1= Ri) (Wi, o)} + 0p(1), (6.9)
i=1
where 0,(1) is a term converging in probability to zero and, at the truth, v1o,
1(Wi, v10) = E(Y1:|W5).

Therefore, by the weak law of large numbers (WLLN), (6.9) converges in
probability to
E{RY1 + (1 - R)E(1|W)}.

By a conditioning argument, this equals
E[E{RY: + (1 - R)E(V1|W)|R,W}]
=E{RE(Y1|R,W)+ (1 - R)E(Y1|W)}
—_——

by MAR = E(Y1|W)
= E{RE(1|W) + (1 — R)E(Y1[W)}
=E{EM[W)}=EMY)=m. O

Remarks
1. We could have modeled the conditional expectation directly, say as
EMWW) = p(W,7),
and estimated v by using GEEs with complete cases.
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2. Later, we will consider other imputation techniques, where we impute a
missing Y7; by using a random draw from the conditional distribution of
Py, \w; (Y1|Wi, 1) or possibly using more than one draw (multiple impu-
tation).

6.4 Inverse Probability Weighted
Complete-Case Estimator

When data are MAR (i.e., Y7 I R|W), we have already argued that Y7 may
not be independent of R. Therefore, the naive complete-case estimator (6.1)

S RV

i=1

3

lRi

=1

may be biased. Horvitz and Thompson (1952), and later Robins, Rotnitzky,
and Zhao (1994), suggested using inverse weighting of complete cases as a
method of estimation. Let us denote the probability of observing a complete
case by

P(R=1|W,Y1) = P(R = 1|W) = n(W).

I
follows by MAR

The basic intuition is as follows. For any individual randomly chosen from a
population with covariate value W, the probability that such an individual
will have complete data is 7w(W). Therefore, any individual with covariate
W with complete data can be thought of as representing W individuals
at random from the population, some of which may have missing data. This

suggests using
fn=n;' Z W

as an estimator for py. By WLLN, /iy Ei E{

v {E { )

= E{WE;;/)W(W)} = E(Y)) = .

}, which, by conditioning,
equals

Yl,WH =) {%E(Rm,m]
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In many practical situations, 7(W) = P(R = 1|W) would not be known to
us. In such cases, we may posit a model P(R = 1|W = w) = 7(w,~3), and -3
can be estimated by maximizing the likelihood

f[{ﬂ(Wh '73)}Ri{1 — W(Wi/ys)}l—Ri

to obtain the estimator 45. (Often, logistic regression models are used.) The
resulting inverse probability weighted complete-case (IPWCC) estimator is
given by

ni

R;Y1;
—1 L1
_ 6.10
" Zizl (Wi, s) (6.10)

Remark 3. There is a technical condition that w(w) be strictly greater than
zero for all values of w in the support of W in order that the IPWCC estima-
tor (6.10) be consistent and asymptotically normal. This will be discussed in
greater detail in later chapters. A cautionary note, however, even if this tech-
nical condition holds true, is that if 7(W;,~3) is very small, then this gives
undue influence to the i-th observation in the IPWCC estimator (6.10). This
could result in a very unstable estimator with poor performance with small
to moderate sample sizes. O

6.5 Double Robust Estimator

For both the likelihood estimator and the imputation estimator, we had to
specify a model for py, jw (y1|w,~1). If this model was incorrectly specified,
then both of these estimators would be biased. For the IPWCC estimator, we
had to specify a model for the probability of missingness P(R = 1|W = w) =
7(w,~ys). If this model was incorrectly specified, then the IPWCC estima-
tor would be biased. More recently, augmented inverse probability weighted
complete-case estimators have been suggested that are doubly robust. Scharf-
stein, Rotnitzky, and Robins (1999) first introduced the notion of double
robust estimators. Double robust estimators were also studied by Lipsitz,
Ibrahim, and Zhao (1999), Robins (1999), Robins, Rotnitzky, and van der
Laan (2000), Lunceford and Davidian (2004), Neugebauer and van der Laan
(2005), Robins and Rotnitzky (2001), and van der Laan and Robins (2003);
the last two references give the theoretical justification for these methods. An
excellent overview is also given by Bang and Robins (2005). To obtain such
an estimator, a model is specified for

EM W) = p(W,m) (6.11)

and for



148 6 Models and Methods for Missing Data

P(R=1|W =w) = 7(w,73), (6.12)

where the parameters v; and 3 can be estimated as we have already discussed.
Denote these estimators by 471 and 3.

If (6.11) is correctly specified, then 44 will converge in probability to y19
(the truth), in which case

<\ P
p(W,41) — w(W,v0) = E(Y1[W),
whereas if (6.11) is incorrectly specified, then 4, L ~i and
L\ P X
p(W,51) = w(W,~7) # E(Y1[W).
Similarly, if (6.12) is correctly specified, then
m(1W,Ag) = 7(W,730) = P(R = 1|W),
and if incorrectly specified
.\ P X
(W, 43) — m(W,73) # P(R=1|W).

Consider the estimator

L Sy [ B {R — (Wi, 93)} .
1 1 ,

) - Wi A1) | - 6.13
1 =ny 1:21 |:7T(Wi7’AY3) (Wi, 43) w(Wi, A1) ( )

This estimator is referred to as an augmented inverse probability weighted
complete-case (AIPWCC) estimator. Notice that the first term in (6.13) is the
inverse probability weighted complete-case estimator derived in Section 6.4.
This term only involves contributions from complete cases. The second term
includes additional contributions from individuals with some missing data.
This is the so-called augmented term. We will now show that this AIPWCC
estimator is doubly robust in the sense that it is consistent if either the model
(6.11) for Yy given W is correctly specified (i.e., u(W,v19) = E(Y1|W)) or the
missingness model (6.12) is correctly specified (i.e., m1(W, v30) = P(R = 1|W)).

The estimator (6.13) can be reexpressed as

e {Ri —m(Wi,43)} .
ny! ; [Yu + (Wu’Ys) 2 vy - (Wi,’h)}] .

(a) Suppose the model (6.12) is correctly specified but the model (6.11) might
not be. Then the estimator is approximated by

'3 i Sl i 0] o),

which converges to
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By (A PE IO vi i)

R—P(R=1W)
P(R=1[W)

~ w0+ 5 [{ bovi - v

Conditioning on Yy, W
EE[ Y1, W]
|

E(R|Y:,W) — P(R = 1|W) .
{2 —mw,m}]

[
P(R=1|W)— P(R=1W)
{ P(R=1|W) }
I
0

E

= E(Yl) = H1.

(b) Suppose the model (6.11) is correctly specified but the model (6.12) might
not be. Then the estimator is

i Z i { B paig)] + o,

which converges to

R—7m(W,73)

=505 +5{ (V)

b - Bw))|

Condition on R, W
EE[ |R,W]|

:E{{R;ggggp}{EQﬁRJV)—EOHW04
[

{EM[W) — EM[W)}
I
0
= E(Yl) = U1-
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Consequently, if either the model for E(Y;|W) or P(R = 1|W) is correctly
specified, then the double robust estimator consistently estimates p.

We will demonstrate later that if both models are correctly specified, then
the double robust estimator is more efficient than the IPWCC estimator.

Remark 4. Another advantage to the double robust estimator is that, based
on some of our experience, this estimator obviates some of the instability
problems that can result from small weights as noted in Remark 3 for the
IPWCC estimator. O

6.6 Exercises for Chapter 6

1. In (6.1) we showed that the sample average of the response variable Y;
among complete cases, when the missingness mechanism is NMAR, will
converge in probability to

E{Yl 7T(Y1 )}

E{r(Y1)} '
where 7(Y1) denotes the probability of being included in the sample as a
function of the response variable Y7 (i.e., P(R = 1|Y1) = n(Y1)). If 7(y)

is an increasing function in y (i.e., the probability of not being missing
increases with y), then prove that

E{Yl’/T(Yl)}
E{r(V1)}
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Missing and Coarsening at Random for
Semiparametric Models

7.1 Missing and Coarsened Data

In Chapter 6, we described three different missing-data mechanisms:

1. MCAR (missing completely at random): The probability of missingness is
independent of the data.

2. MAR (missing at random): The probability of missingness depends only
on the observed data.

3. NMAR (nonmissing at random): The probability of missingness may also
depend on the unobservable part of the data.

NMAR is clearly the most problematic. Since missingness may depend on
data that are unobserved, we run into nonidentifiability problems. Because
of these difficulties, we do not find methods that try to model the missing-
ness mechanism for NMAR models very attractive since the correctness of the
model cannot be verified using the observed data. Another approach, which
we believe is more useful, is to use NMAR models as part of a sensitivity anal-
ysis. There has been some excellent work along these lines; see, for example,
Scharfstein, Rotnitzky, and Robins (1999), Robins, Rotnitzky, and Scharfstein
(2000), and Rotnitzky et al. (2001).

In this book, we will not consider NMAR models; instead, we will focus
our attention on models for missing data that are either MAR or MCAR.
Restricting attention only to such models still allows us a great deal of flexi-
bility. Although the primary interest is to make inference on parameters that
involve the distribution of Z had Z been observed on the entire sample, the
MAR assumption allows us to consider cases where the probability of miss-
ingness may also depend on other auxiliary variables W that are collected on
the sample. If the reasons for missingness depend on the observed data, in-
cluding the auxiliary variables, then the MAR assumption may be tenable for
a wide variety of problems. We gave an example of this when we introduced
the notion of MAR in Chapter 6.
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Remark 1. Although we have made a distinction between auxiliary variables
W and primary variables Z, for ease of notation, we will not introduce ad-
ditional notation unless absolutely necessary. That is, we can define the full
data Z to be all the data that are collected on individuals in our sample. This
may include auxiliary as well as primary variables. For example, the full data
Z may be partitioned as (Z{, ZI)T, where Z; are the primary variables and
Zy are the auxiliary variables. The model for the primary variables can be
denoted by a semiparametric model pz, (21, 5,71 ), where (3 is the parameter
of interest and 7; are nuisance parameters. Since the auxiliary variables Zs
are not of primary interest, we might not want to put any additional restric-
tions on the conditional distribution of the auxiliary variables Z, given 7.
This situation can be easily accommodated by considering the semiparametric
model pZ(Za 55 77)7 where n= (771, 772) and

pz(2,8,1) = Pz, (21, 3,1 )P 2, 2, (22|21, m2),

where the nuisance function 79 allows for any arbitrary conditional density of
Zy given Zj. By so doing, auxiliary variables can be introduced as part of a
full-data semiparametric model. O

Again, we emphasize that the underlying objective is to make inference
on parameters that describe important aspects of the distribution of the data
Z had Z not been missing. That is, had Z been completely observed for the
entire sample, then the data would be realizations of the iid random quanti-
ties Z1,..., Zy,, each with density pz(z, 3,1), where 39! is assumed finite-
dimensional, and 7 denotes the nuisance parameter, which for semiparametric
models is infinite-dimensional. It is the parameter [ in this model that is of
primary interest. The fact that some of the data are missing is a difficulty that
we have to deal with by thinking about and modeling the missingness pro-
cess. The model for missingness, although important for conducting correct
inference, is not of primary inferential interest.

Although we have only discussed missing data thus far, it is not any more
difficult to consider the more general notion of “coarsening” of data. The
concept of coarsened data was first introduced by Heitjan and Rubin (1991)
and studied more extensively by Heitjan (1993) and Gill, van der Laan, and
Robins (1996). When we think of missing data, we generally consider the case
where the data on a single individual can be represented by a random vector
with, say, [ components, where a subset of these components may be missing
for some of the individuals in the sample. When we refer to coarsened data,
we consider the case where we observe a many-to-one function of Z for some
of the individuals in the sample. Just as we allow that different subsets of the
data Z may be missing for different individuals in the sample, we allow the
possibility that different many-to-one functions may be observed for differ-
ent individuals. Specifically, we will define a coarsening (missingness) variable
C such that, when “C = r,” we only get to see a many-to-one function of
the data, which we denote by G,(Z), and different r correspond to different
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many-to-one functions. Therefore, C will be a single discrete random variable
made up of positive integers r = 1,...,¢ and oo, where ¢ denotes the number
of different many-to-one functions considered. We reserve C = oo to denote
“no coarsening.”

Ezample 1. A simple illustration of coarsened data is given by the following
hypothetical example. An investigator is interested in studying the relation-
ship between the concentration of some biological marker in some fixed volume
of an individual’s blood serum and some outcome. However, the investigator is
also interested in determining the within-person variability in serum concen-
trations. Therefore, two blood samples of equal volume are drawn from each
individual in a study. Denote by X; and X5 the serum concentrations for
these two samples and by Y the response variable. The full data for this sce-
nario are given as (Y, X1, X2). To save on expense, the investigator measures
the concentrations separately on the two samples from only a subset of the
patients chosen at random. For the remaining patients, the two blood samples
are combined and one measurement is made to obtain the concentration from
the combined samples. Since the blood volumes are the same, the combined
concentration would be (X7 4+ X5)/2. Hence, in this example, there are two
levels of coarsening. When C = oo, we observe the full data (Y, X1, X2) (i.e.,
G (Y, X1, X5) = (Y, X1, X5)) whereas when C = 1, we observe the coarsened
data {Y, (X1 + X2)/2} (i.e., Gl(Y, Xl, Xg) = {K (Xl + X2)/2}) O

We now illustrate how missing data is just a special case of the more
general concept of coarsening.

Missing Data as a Special Case of Coarsening

Suppose the full data Z for a single individual is made up of an I-dimensional
vector of random variables, say

7 = (Z(l),...,Z(”)T.

Having missing data is equivalent to the case where a subset of the elements of
(Z(l), ceey Z(l)) are observed and the remaining elements are missing. This can
be represented using the coarsening notation {C, G¢(Z)}, where, the many-to-
one function G,(Z) maps the vector Z to a subset of elements of this vector
whenever C = r.

For example, let Z = (Z(), ZGNT be a vector of two random variables.
Define
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That is, if C = 1, then we only observe Z(!), and Z®) is missing; if C = 2,
then we observe Z(), and Z(") is missing; and if (C = co), then there are no
missing data and we observe Z = (Z(1), Z(2)T,

Remark 2. If we were dealing only with missing data, say, where different
subsets of an [-dimensional random vector may be missing, it may be more
convenient to define the missingness variable to be an [-dimensional vector
of 1I’s and 0’s to denote which element of the vector is observed or missing.
If it is convenient to switch to such notation, we will use R to denote such
missingness indicators. This was the notation used to represent missing data,
for example, in Chapter 6. 0O

The theory developed in this book will apply to missing and coarsened data
problems where it is assumed that there is a positive probability of observing
the full data. That is,

PC=x|Z=%2)>e>0 forzae.

Therefore, some problems that may be thought of as missing-data problems
but where no complete data are ever observed would not be part of the theory
we will consider. For example, measurement error problems that do not include
a validation set (i.e., when the true underlying covariate is never observed for
any individual in our sample but instead only some mismeasured version of
the covariate is available) cannot be covered by the theory developed in this
book.

Coarsened-Data Mechanisms

In problems where the data are coarsened or missing, it is assumed that we
get to observe the coarsening variable C and the corresponding coarsened data
Ge(Z). Thus, the observed data are realizations of the iid random quantities

{Ci,Ge,(Zi)},i=1,...,n.

To specify models for coarsened data, we must specify the probability distri-
bution of the coarsening process together with the probability model for the
full data (i.e., the data had there not been any coarsening). As with missing-
ness, we can define different coarsening mechanisms that can be categorized
as coarsening completely at random (CCAR), coarsening at random (CAR),
and noncoarsening at random (NCAR).

These are defined as follows,

1. Coarsening completely at random:

P(C = r|Z) =w(r) forall r Z;ie.,C 1 Z.
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2. Coarsening at random:

P(C =7|2) = &{r,G.(2)}.

The probability of coarsening depends on Z only as a function of the
observed data.

Noncoarsening at random:

Noncoarsening at random (NCAR) corresponds to models where coarsen-
ing at random fails to hold. That is, the probability of coarsening depends
on Z, possibly as a function of unobserved parts of Z; i.e., if there exists
21, 29 such that

Gr(zl) = GT(Z?)

for some r and

P(C =r|z1) # P(C = r|z9),
then the coarsening is NCAR.

As with nonmissing at random (NMAR), when coarsening is NCAR, we

run into nonidentifiability problems. Therefore, we focus our attention on
models where the coarsening mechanism is either CCAR or CAR.

When working with coarsened data, we distinguish among three types of

data, namely full data, observed data, and complete data, which we now define:

Full data are the data Z1, ..., Z, that are iid with density pz(z, 5,7n) and
that we would like to observe. That is, full data are the data that we
would observe had there been no coarsening. With such data we could
make inference on the parameter 3 using standard statistical techniques
developed for such parametric or semiparametric models.

Because of coarsening, full data are not observed; instead, the observed
data are denoted by iid random quantities

[{Cla GCl (Zl)}v R {Cnv GCn,(Zn)}]v

where C; denotes the coarsening variable and Gg,(Z;) denotes the corre-
sponding coarsened data for the i-th individual in the sample. It is observed
data that are available to us for making inference on the parameter (3.
Finally, when C; = oo, then the data for the i-th individual are not coars-
ened (i.e., when C; = oo, we observe the data Z;). Therefore, we denote
by complete data the data only for individuals ¢ in the sample such that
C; = oo (i.e., complete data are {Z; : for all i such that C; = co}). Com-
plete data are often used for statistical analysis in many software packages
when there are missing data.
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7.2 The Density and Likelihood of Coarsened Data

In order to find observed (coarsened)-data estimators of the parameter of
interest § using likelihood methods, or, for that matter, in order to derive
the underlying semiparametric theory, we need to derive the likelihood of the
observed data in terms of the parameter 0 and other nuisance parameters.
To derive the density of the observed data, we first consider the unobservable

random vectors
{(Ci, Z;),i=1,...,n} assumed iid.

We emphasize that these data are unobservable because, when C; = r, r # oo,
we only get to observe the many-to-one transformation G,.(Z;) and not Z; it-
self. Nonetheless, working with such data will make the assumptions necessary
to obtain the likelihood of the observed data transparent. It is sometimes con-
venient to denote the data {(C;, Z;),% = 1,...,n} as the full data, whereas pre-
viously we said that the full data will be defined as {Z;, i = 1,...,n}. There-
fore, in what follows, we will sometimes refer to full data by {Z;, i =1,...,n}
and other times by {(C;, Z;),i = 1,...,n}, and the distinction should be clear
by the context.

Since the observed data {C,G¢(Z)} are a known function of the full data
(C,Z), this means that the density of the observed data is induced by the
density of the full data. The density of the full data and the corresponding
likelihood, in terms of the parameters 3, n, and 1, are given by

PC,Z(TaZa¢a5777) = P(C = T‘Z = Zﬂ/’)pz(%ﬁﬂi)

That is, the density and likelihood of the full data are deduced from the
density and likelihood of Z, pz(z,3,n), and the density and likelihood for
the coarsening mechanism (i.e., the probability of coarsening given 7). We
emphasize that the density for the coarsening mechanism may also be from a
model that is described through the parameter .

Remark 3. Since the coarsening variable C is discrete, the dominating mea-
sure for C is the counting measure that puts unit mass on each of the finite
values that C can take including C = oco. The dominating measure for 7 is,
as before, defined to be vz (generally the Lebesgue measure for a continuous
random variable, the counting measure for a discrete random variable, or a
combination when Z is a random vector of continuous and discrete random
variables). Consequently, the dominating measure for the densities of (C, Z)
is just the product of the counting measure for C by vz. O

Discrete Data

For simplicity, we will first consider the case when Z itself is a discrete random
vector. Consequently, the dominating measure is the counting measure over
the discrete combinations of C and Z, and integrals with respect to such a
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dominating measure are just sums. Although this is overly simplistic, it will
be instructive in describing the probabilistic structure of the problem. We will
also indicate how this can be generalized to continuous Z as well.

Thus, with discrete data, the probability density of the observed data
{C,Gc(Z)} is derived as

P{C=rGe(Z)=g}= >,  PC=rZ=2)
(G (2)=g,}
= Y. PC=rZ=2PZ=2x).
{z:Gr(2)=gr}

Remark 4. Rather than developing one set of notation for discrete Z and an-
other set of notation (using integrals) for continuous Z, we will, from now on,
use integrals with respect to the appropriate dominating measure. Therefore,
when we have discrete Z, and vz is the corresponding counting measure, we
will denote
P(ZeA)=> P(Z=z)
z€A
as

/ pz(2)dvz(z). O
z€EA

With this convention in mind, we write the density and likelihood of the
observed data, when Z is discrete, as

pC,Gc(Z)(ragmw?ﬂvn) = / PC,Z(T727¢>5an)dVZ(Z)
{Z:Gr(z):gr}

- / P(C =r|Z = 2, 0)p2(=, B, m)dvz (=), (7.1)
{z:Gr(2)=gr}

Continuous Data

It will be instructive to indicate how the density of the observed data would
be derived if Z was a continuous random vector and the relationship of this
density to (7.1). For example, consider the case where Z = (Zi,...,7Z;)7
is continuous. Generally, G,.(Z) is a dimensional-reduction transformation,
unless r = co. This is certainly the case for missing-data mechanisms.

Let G, (z) be l,-dimensional, I, < I for r # oo, and assume there exists a
function V,.(z) that is (I — I,)-dimensional so that the mapping

2 {Gr(2). V! ()}

is one-to-one for all r. Define the inverse transformation by
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z = HT'(g7'7U7')-
Then, by the standard formula for change of variables, the density

pGr,Vr(gTJ’UT) :pZ{Hr(gmvr)}J(gravr)v (72)

where J is the Jacobian (more precisely, the Jacobian determinant) of H,
with respect to (g, v,). If we want to find the density of the observed data,
namely pe.g. (7, gr), we can use

pe,ce (1, gr) = /pcpc,vc (r, gr, vy)dvy, (7.3)
where

bc.,Ge, Ve (T, gr, vr) = P(C - T|GT = 9r, V;” - UT)pGT,VT(grva)'

Note that
P(C=rG,=g,,Ve =v.)=P{C=r|Z =H.(gr,vr)}. (7.4)

Consequently, using (7.2) and (7.4), we can write (7.3), including the param-
eters ¥, B, and 7, as

bc.Ge (T7 grﬂ/%ﬁﬂ?)
= /P{C = T|Z = Hr(gryvr)7w}pZ{H'r(gr»UT)?ﬁvn}J(gTa ’Ur)d’l}»,-. (75)

Therefore, the only difference between (7.1) for discrete Z and (7.5) for con-
tinuous Z is the Jacobian that appears in (7.5). Since the Jacobian does not

involve parameters in the model, it will not have an effect on the subsequent
likelihood.

Likelihood when Data Are Coarsened at Random

The likelihood we derived in (7.1) was general, as it allowed for any coars-
ening mechanism, including NCAR. As we indicated earlier, we will restrict
attention to coarsening at random mechanisms (CAR), where P(C = r|Z =
z) = w{r,Gr(2)} for all 7, z. Coarsening completely at random (CCAR) is
just a special case of this. We remind the reader that another key assumption
being made throughout is that P(C = oo|Z = z) > e > 0 for all r, z.

Now that we have shown how to derive the likelihood of the observed
data from the marginal density of the desired data Z and the coarsening
mechanism, P(C = r|Z = z), we can now derive the likelihood of the observed
data when coarsening is CAR. To do so, we need to consider a model for the
coarsening density in terms of parameters. For the time being, we will be very
general and denote such a model by
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P(C=r|Z=z2)=w{r,G.(2),¢},

where 1) is an unknown parameter that is functionally independent of (3, 7),
the parameters for the full-data model.

Remark 5. The coarsening or missingness of the data can be by design where
the probability w{r, G,.(z)} is known to the investigator. For such problems,
additional parameters v are not necessary. In other cases, where coarsening
or missingness occur by happenstance, we may introduce parametric models
with a finite-dimensional parameter 1) or semiparametric models with infinite-
dimensional parameter 1, where 1 needs to be estimated. The exercise of find-
ing reasonable and coherent models for w{r, G,(2),v}, even under the MAR
or CAR assumption, may not be straightforward and may require special con-
siderations. Examples of such models will be given throughout the remainder
of the book but, for the time being, it will be assumed that the model for
w{r,G,(z),v}, as a function of v, is known and has been correctly specified.
O

We now see that the observed data can be viewed as realizations of the iid
random quantities {C;, Gr,(Z;)}, i = 1,...,n, with density from a statistical
model described through the parameter of interest 4 and nuisance parameters
1 and 1. The CAR assumption will allow simplification of the likelihood, as
we now demonstrate.

When data are CAR, the likelihood of the observed data for a single obser-
vation given by (7.1) for discrete Z (now considered as functions of (1, 5,7))
is

Pe.Go(2)(rs grs s By) = / P(C = r|Z = 2, $)pz(z, B, mdvz(2)
{z:Gr(2)=g-}
= / w(r,gr,@b)pz(z,ﬂ,n)dyz(z)
{z:Gr(2)=g-}
— @ (r, gr ) / pz(z Bmdva(z).  (7.6)
{z:Gr(2)=gr}

Notice that the parameter ¢ for the coarsening process separates from the
parameters (3,n) that describe the full-data model. Also notice that if Z were
continuous and we used formula (7.5) to derive the density, then, under CAR,
we obtain
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pc,cc(z)(T’gy-,Wﬁ,??) =/W(ﬂgm¢)pz{Hr(gravr)’ﬂﬂ7} J(grsvr) dvy

4

The Jacobian does
not involve any of
the parameters.

:W(Tagrﬂ/))/pZ{Hr(Qr,’Ur)’ﬂaU}J(gmvr)de (77)
In both (7.6) and (7.7),

pC,Gc(Z)(Ta grs 0, B,m) = w(r, g, w)pGT(Z) (9r,B,m)- (7.8)

Brief Remark on Likelihood Methods

Because the parameter v describing the coarsening mechanism separates from
the parameters (3,7) describing the distribution of Z in the observed data
likelihood, when the data are coarsened at random, likelihood methods are
often proposed for estimating the parameters g and 7.

That is, suppose we posit a parametric model for full data (i.e., pz(z, 8,7))
and the aim is to estimate the parameter § using coarsened data

{Ci,Ge,(Z:)},i=1,...,n.

The likelihood for a realization of such data, (r;, gr,),% = 1,...,n, as a function
of the parameters, when the coarsening mechanism is CAR, is (by (7.8)) equal

to
{Hw(rugrmw)} {HpGn(Z)(gmvﬂvn)} (79)

i=1 i=1

Therefore, the MLE for (3,7n) only involves maximizing the function

HpGTi(Z)(gh;?ﬂﬂ 77)7 (710)

i=1
where

per 2 (9rs Bom) = / P2z, Bym)dvz(2).
{2:G(2)=gr}

Therefore, as long as we believe the CAR assumption, we can find the MLE
for 8 and n without having to specify a model for the coarsening process. If the
parameter space for (3, 7) is finite-dimensional, this is especially attractive, as
the MLE for 3, under suitable regularity conditions, is an efficient estimator.
Moreover, the coarsening probabilities, subject to the CAR assumption, play
no role in either the estimation of § (or n for that matter) or the efficiency



7.2 The Density and Likelihood of Coarsened Data 161

of such an estimator. This has a great deal of appeal, as it frees the analyst
from making modeling assumptions for the coarsening probabilities.

Maximizing functions such as (7.10) to obtain the MLE may involve inte-
grals and complicated expressions that may not be easy to implement. Nev-
ertheless, there has been a great deal of progress in developing optimization
techniques involving quadrature or Monte Carlo methods, as well as other
maximization routines such as the EM algorithm, which may be useful for
this purpose. Since likelihood methods for missing (coarsened) data have been
studied in great detail by others, there will be relatively little discussion of
these methods in this book. We refer the reader to Allison (2002), Little and
Rubin (1987), Schafer (1997), and Verbeke and Molenberghs (2000) for more
details on likelihood methods for missing data.

Examples of Coarsened-Data Likelihoods

Return to Example 1

Let us return to Example 1 of Section 7.1. Recall that in this example two
blood samples of equal volume were taken from each of n individuals in a
study that measured the blood concentration of some biological marker. Some
of the individuals, chosen at random, had concentration measurements made
on both samples. These are denoted as X; and X5. The remaining individuals
had their blood samples combined and only one concentration measurement
was made, equaling (X;+X5)/2. Although concentrations must be positive, let
us, for simplicity, assume that the distribution of these blood concentrations is
well approximated by a normal distribution. To assess the variability of these
concentrations between and within individuals, we assume that X; = a + ey,
where o is normally distributed with mean i, and variance o2, and e;,j=1,2
are independently normally distributed with mean zero and variance o2, also
independent of . With this representation, o2 represents the variation be-
tween individuals and o2 the variation within an individual. From this model,
we deduce that Z = (X1, X5)T follows a bivariate normal distribution with
common mean fi, and common variance o2 + o2 and covariance o2.

Since the individuals chosen to have their blood samples combined were
chosen at random, this is an example of coarsening completely at random
(CCAR). Thus P(C = 1|Z) = w, where w@ is the probability of being selected
in the subsample and P(C = o0|Z) =1 — w.

The data for this example can be represented as realizations of the iid
random vectors {C;, Ge,(Z;)},i =1,...,n, where, if C; = 0o, then we observe
G (Z;) = (X1, Xi2), whereas if C; = 1, then we observe G1(Z;) = (X1 +
Xi2)/2. Under the assumptions of the model,

@;) ~ N ((ZZ) E) : (7.11)

where
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2 2 2
o Ja—;oe7 QUa ,
o, , 0o+ 0;

It is also straightforward to show that
(X1 + Xi2)/2 ~ N(Maﬂi + 03/2)

Consequently, the MLE for (., 02, 02) is obtained by maximizing the coarsened-
data likelihood (7.10), which, for this example, is given by

. _ 1
H{(IE 1/2exp |:_2{(Xi1_ﬂa;Xi2_Na)T
i=1

I(Ci=00)
SN (X1 — o Xio — Ma)]’})

We leave the calculation of the MLE for this example as an exercise at the
end of the chapter.

Although maximizing the likelihood is the preferred method for obtaining
estimators for the parameters in finite-dimensional parametric models of the
full data Z, it may not be a feasible approach for semiparametric models when
the parameter space of the full data is infinite-dimensional. We illustrate some
of the difficulties through an example where the parameter of interest is easily
estimated using likelihood techniques if the data are not coarsened but where
likelihood methods become difficult when the data are coarsened.

The logistic regression model

Let Y be a binary response variable {0,1}, and let X be a vector of covariates.
A popular model for modeling the probability of response as a function of the
covariates X is the logistic regression model where

xp(BTX*
PO =10 = 1P

where X* = (1, XT)T, allowing us to consider an intercept term. We make
no assumptions on X. With full data, (Y;, X;),7 = 1,...,n, the likelihood of
a single observation is

exp{(87z")y}

1+ eXp(ﬂTl’*):| px{fUﬂ?(')L (713)

PY|X(y\$)pX(9C) = [

where the parameter 7(+) is the infinite-dimensional nuisance function allowing
all nonparametric densities for the marginal distribution of X.
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If we use maximum likelihood to estimate 3 with full data, then because
the parameters 8 and 7)(-) separate in (7.13), it suffices to maximize

" Texp{(87X0)Y:)
11 { T+ exp(37X7) ] 19

without any regard to the nuisance parameter n. Equivalently, we can derive
the maximum likelihood estimator for 3 by solving the score equations

S [y e Y
;Xi {Yi a 1+exp(5TX)} =0. (7.15)

This was also derived in (4.65). This indeed is the standard analytic strategy
for obtaining estimators for § in a logistic regression model implemented in
most statistical software packages.

If, however, we had coarsened data (CAR), then the likelihood contribution
for the part of the likelihood that involves (8 for a single observation is

T, %
/ {%} px{z,n() vy x(y, ). (7.16)
{(y,2):Gr(y,2)=gr}

Whereas maximizing the likelihood in 8 in (7.14) for noncoarsened data in-
volved only the parameter g, finding the MLE for 3 with coarsened data now
involves maximizing a function in both § and the infinite-dimensional param-
eter n(-) in a likelihood that involves a product over ¢ of terms like (7.16). Such
maximization may be much more difficult if not impossible. We will return to
this example later.

Consequently, it is important to consider alternatives to likelihood meth-
ods for estimating parameters with coarsened data. Before providing such
alternatives, it is useful to go back to first principles and study the geometry
of influence functions of estimators for the parameter 8 with coarsened data
when the coarsening is CAR.

7.3 The Geometry of Semiparametric
Coarsened-Data Models

The key to deriving the class of influence functions of RAL estimators for the
parameter 3 and the corresponding geometry with coarsened data is to build
on the corresponding theory of influence functions of estimators for 5 and its
geometry had the data not been coarsened (i.e., with full data). In so doing,
we need to distinguish between the geometry of full-data Hilbert spaces and
that of observed-data Hilbert spaces.

We denote the full-data Hilbert space of all g-dimensional, mean-zero mea-
surable functions of Z with finite variance equipped with the covariance inner
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product by H¥'. This is contrasted with the observed-data Hilbert space of all
g-dimensional, mean-zero, finite variance, measurable functions of {C, G¢(Z)}
equipped with the covariance inner product, which we denote by H (without
the superscript F'). In some cases, we may also consider the Hilbert space
HEZ of all g-dimensional, mean-zero, finite variance, measurable functions of
(C, Z) equipped with the covariance inner product. We note that H and H
are both linear subspaces of H¢Z.

Because influence functions lie in a subspace of H orthogonal to the nui-
sance tangent space, the key in identifying influence functions is first to find
the nuisance tangent space and its orthogonal complement. We remind the
reader that

e The full-data nuisance tangent space is the mean-square closure of all full-
data parametric submodel nuisance tangent spaces. The full-data nuisance
tangent space is denoted by AF.

e For a full-data parametric submodel pz(z, 3,7), where [ is ¢g-dimensional
and v is r-dimensional, the nuisance score vector is

_ 810ng(Z7 ﬁOa’YO)

F
Z
S5 (2) 5,

and the full-data parametric submodel nuisance tangent space is the space
spanned by Sf ; namely,

{B*"ST(Z) for all ¢ X r matrices B} .

e The class of full-data influence functions are the elements ¢’ (Z) ¢ H
such that
(i) ¢'(Z) € AF'L (i.e., orthogonal to the full-data nuisance tangent space)

(i) E{p"(2)SE" (Z)} = 1979 (identity matrix), where

_ 810ng(Z, ﬁov 770)
op

F
S5
o The efficient full-data score is
Sk (2) = SE(Z) —T{SE(Z)|ATY,
and the efficient full-data influence function is
ry7-1
ohi(2) = [E{sE(2)5a(2)""}] " SE(2).

When considering missing or coarsened data, two issues need to be addressed:

(i) What is the class of observed-data influence functions, and how are they
related to full-data influence functions?
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(ii) How can we characterize the most efficient influence function and the
semiparametric efficiency bound for coarsened-data semiparametric mod-
els?

Both of these, as well as many other issues regarding semiparametric esti-
mators with coarsened data, will be studied carefully over the next several
chapters.

We remind the reader that observed-data influence functions of RAL es-
timators for 4 must be orthogonal to the observed-data nuisance tangent
space, which we denote by A (without the superscript F'). Therefore, we will
demonstrate how to derive the observed-data nuisance tangent space and its
orthogonal complement.

When the data are discrete and coarsening is CAR, the observed-data
likelihood for a single observation is given by (7.6); namely,

PC,GC(Z)(Tang/J,BW) = w(T7g7’7’(/}) / pZ(Zn@vn)dVZ(Z)'
{Gr(z):gr}

A similar expression for continuous variables, involving Jacobians, was given
by (7.7). From here on, we will use the representation of likelihood for dis-
crete data, realizing that these results can be easily generalized to continuous
variables using Jacobians.

The log-likelihood for a single observation is given by

log w(r, gr, ) + log / p2(z, B, n)dva(2). (7.17)
{G,.(Z):g,,.}

The coarsened-data likelihood and log-likelihood are functions of the param-
eters 0, n, and ¢, where 3 is the parameter of interest and hence 1 and v
are nuisance parameters. Since the parameters n and i separate out in the
likelihood for the observed data, we would expect that the nuisance tangent
space will be the direct sum of two orthogonal spaces, one involving the space
generated by the score vector with respect to v, which we denote by A, and
the other space generated by the score vector with respect to 7, which we
denote by A,. That is,

A=Ay@A,, Ay L A, (7.18)

We will give a formal proof of (7.18) later.

For the remainder of this chapter, we will only consider the space A,
and its complement. When the coarsening of the data is by design, where the
coarsening probabilities w{r, G, (z)} are known to the investigator, then there
is no need to introduce an additional parameter ¢ or the space Ay. In that
case, the observed-data nuisance tangent space A is the same as A,,. Examples
where the data are missing by design will be given in Section 7.4. We restrict
ourselves to this situation for the time being. In the next chapter, we will
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discuss what to do when the coarsening probabilities are not known to us by
design and models for w{r, G,.(z), ¥}, as a function of the parameter ¢, have
to be developed.

The Nuisance Tangent Space Associated with the Full-Data
Nuisance Parameter and Its Orthogonal Complement

The nuisance tangent space

The space A, is defined as the mean-square closure of parametric submodel
tangent spaces associated with the nuisance parameter 7. Therefore, we begin
by first considering the parametric submodel for the full-data Z given by
pz(z, 1, 4"*1) and compute the corresponding observed-data score vector.

Lemma 7.1. The parametric submodel observed-data score vector with re-
spect to v is given by

Sy(r.g:) = E{S}(2)|G(Z) = g, } . (7.19)

Proof. The log-likelihood for the observed data (at least the part that involves
v), given by (7.17), is

log / pz(2,0,7)dvz(2)
{G7‘(z):gr}

The score vector with respect to v is

0
S,r0r) = 5 [loed [ pee B |52 g,
{Gr(2)=gr} Y ="
|
same asn = 1)
| 5 prte o iva(2)
8’)/ Pz (Z, 0,70 Z\Z
_ {G,,,(z):gr} (7 20)
/ pZ(ZvﬁOa’YO)dVZ(Z)
{G,.(z):g,,.}

Dividing and multiplying by pz(z, 5o,70) in the integral of the numerator of
(7.20) yields

/ SE (2, Bo,70)pz (2, Bo, o) dvz(2)

{Gr(z):gr}

/ pz(2, Bo,70)dvz(2)

{Gr(2)=g+}
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Hence,
S’Y(Tagr E{SF |G ( *gr}- g

Remark 6. Equation (7.19) is a conditional expectation that only involves the
conditional probability distribution of Z given G, (Z) for a fixed value of r. It
will be important for the subsequent theoretical development that we compare
and contrast (7.19) with the conditional expectation

E{SI(Z)|C =r,Gc(Z) =g} . (7.21)

In general, (7.21) will not equal (7.19); however, as we will now show, these
are equal under the assumption of CAR. 0O

Lemma 7.2. When the coarsening mechanism is CAR, then

S’Y(r7gr E{SF |G ( —gr} E{SF |C_TGC( ) gr}
(7.22)

Proof. Equation (7.22) will follow if we can prove that

pzie,Ge(z) (2| 9r) = Pz|G.(2)(2]9r) (7.23)
which is true because when G, (z) = g,

pc,z(ﬁ Z)

/ pe,z(ru)dvz(u)
{Gr(u)=gr}
pC|Z(7’|Z)pZ(Z)

| peiztripzivzu
{Gr(u):g,«}
_ ’W(T7g7«)pz(2) (724)

=(r,9,) / pz(w)dvz(u)
{Gr(u)=gr}

S 210 ~ pc.(le). O (7.25)

/ pz(u)dv(u)
{G’,.(v):g,.}

PZ\C,GC(Z)(Z\Ta gr) =

Remark 7. In order to prove (7.23), it was necessary that w(r, g,) cancel in
the numerator and denominator of (7.24), which is only true because of CAR.
O
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Consequently, when the coarsening mechanism is CAR, the corresponding
observed-data nuisance score vector for the parametric submodel pz(z, 3,7)
is

5,{C.Ge(2)} = E{SF(2)|c.Ge(2)} . (7.26)

We are now in a position to define the observed-data nuisance tangent

space associated with the full-data nuisance parameter 7.

Theorem 7.1. The space A, (i.e., the mean square closure of parametric
submodel nuisance tangent spaces spanned by S,{C,G¢(Z)}) is the space of
elements

A, = [E{a"(2)|C,Gc(2)} for all oF € AT, (7.27)

where A" denotes the full-data nuisance tangent space. We will also denote
this space by the shorthand notation

A, = E{A"|C,Ge(2)}.

Proof. Using (7.26), we note that the linear subspace, within H, spanned by
the parametric submodel score vector S,{C,Gc¢(Z)} is

[B"E{SF(Z)|C,Ge(Z)} for all BY*"]
= [E{B™"51(Z)|C,Gc(Z)} for all BY*"].

The linear subspace A, consisting of elements BY*"E{SX'(Z)|C,G¢(Z)} for
some parametric submodel or a limit (as n — c0) of elements

B E{S7,(2)IC.Ge(2)}

for a sequence of parametric submodels and conformable matrices. This is the
same as the space consisting of elements

E{B™"5I'(Z)|C,Gc(2)}
or limits of elements
E{By*"SL.(2)|C,Ge(2)}

But the space of elements B4*"SF(Z) or limits of elements BZ*"SF (Z)
for parametric submodels is precisely the definition of the full-data nuisance
tangent space AF. Consequently, the space A, can be characterized as the
space of elements

A, = [E{a"(2)|C,Gc(2)} for all oF € A¥]. O

In the special case where data are missing or coarsened by design (i.e.,
when there are no additional parameters 1 necessary to define a model for
the coarsening probabilities), then the observed-data nuisance tangent space
is A = A,. We know that an influence function of an observed-data RAL
estimator for 8 must be orthogonal to A. Toward that end, we now characterize
the space orthogonal to A, (i.e., A;).
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The orthogonal complement of the nuisance tangent space

Lemma 7.3. The space A# consists of all elements h?*{C,G¢(Z)} € H such
that
E[h{C,Gc(Z)}|Z] € AT,

where AT is the space orthogonal to the full-data nuisance tangent space.
Proof. The space A;- consists of all elements h9*'{C,G¢(Z)} € H that are

orthogonal to A,. By Theorem 7.1, this corresponds to the set of elements
h(-) € H such that

E [hT{C,Ge(Z)}E{a"(2)IC,Ge(2)}] =0
for all af(Z) € AF. (7.28)

Using the law of iterated conditional expectations repeatedly, we obtain the
following relationship for (7.28):

0= E (E[r"{C,Gc(2)}a" (Z)|C,Ge(2)])
= E[h"{C,Gc(Z)}a" (2)]
= E (E[h"{C,Ge(2)}a"(2)|2))
= E(E[RT{C,Gc(2)}Z] ¥ (Z))
for all of'(Z) € AT (7.29)

Thus (7.29) implies that h{C,Gr(Z)} € H belongs to A; if and only if
E[h{C,G¢(Z)}|Z] is orthogonal to every element af'(Z) € AT’ i.e., that

E[h{C,Gc(2)}|Z) € AF+. O

To explore this relationship further, it will be convenient to introduce the
notion of a mapping, and more specifically a linear mapping, from one Hilbert
space to another Hilbert space.

Definition 1. A mapping, also sometimes referred to as an operator, I, is a
function that maps each element of some linear space to an element of another
linear space. In all of our applications, the linear spaces will be well-defined
Hilbert spaces. So, for example, if H(1) and H(® denote two Hilbert spaces,
then the mapping K : (V) — H(?) means that for any h € HV | K(h) € HP).
A linear mapping also has the property that K(ahy 4+ bhe) = ak(hy) + bK(ha)
for any two elements hy, hy € H(Y) and any scalar constants @ and b. A many-
to-one mapping means that more than one element h € H") will map to the
same element in 7. For more details regarding linear operators, we refer
the reader to Chapter 6 of Luenberger (1969). O

Define the many-to-one mapping
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K:H—H"

to be
K(h) = E[M{C,Gc(Z)}|Z] (7.30)

for h € H. Because of the linear properties of conditional expectations, the
mapping K, given by (7.30), is a linear mapping or linear operator.
By Lemma 7.3, the space A# can be defined as

1 —1AFL
Ay =K (A7),

where ! is the inverse operator.

Definition 2. Inverse operator

For any element hf € H¥ K~=1(h!) corresponds to the set of all elements
(assuming at least one exists) h € H such that K(h) = hf. Similarly, the
space K~1(AFL) corresponds to all elements of h € H such that K(h) € AT+
O

Since K is a linear operator and AT is a linear subspace of HT', it is easy
to show that K ~*(AFL) is a linear subspace of H.

Let us consider the construction of the space A# = K~1(AFL) element by
element. Consider a single element ¢*'(Z) € Af+. In the following theorem,
we show how the inverse K1 (¢*) is computed.

Remark 8. Notation convention

When we refer to elements of the space AT we will use the notation ¢*F'(Z).
This is in contrast to the notation ¢ (Z) (without the x), which we use to
denote a full-data influence function. The space perpendicular to the full-
data nuisance tangent space Af't is the space in which the class of full-data
influence functions belongs. In order to be a full-data influence function, an
element of Af'+ must also satisfy the property that E{gpF(Z)SeI“;fT (Z)} = 1774,
We remind the reader that, for any ¢*'(Z) € AFL, we can construct an
influence function that equals ¢*f'(Z), up to a multiplicative constant, by

taking
-1

o"(2) = [Ble T (2)Sl (2} @ T(2). 0

Lemma 7.4. For any ¢*"'(Z) € A", let K~ {¢*F'(Z)} denote the space of
elements h{C,G¢(Z)} € H such that

KIh{C, Ge(2)}] = E[M(C, Ge(2)} 2] = " (2).
If we could identify any element h{C,G¢(Z)} such that
K(h) = o*(2),

then
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K=Yeo*F(Z2)} = h{C,Gc(2)} + As,

where Ay is the linear subspace in H consisting of elements Lo {C, G¢(Z)} such
that
E[L2{C,Gc(2)}]2] = 0;

that is, Ay = K~1(0).
Proof. The proof is straightforward. If h{C,Gr(Z)} is an element of the space
h{C,Gr(Z)}+ Az, then h{C,Gr(Z)} = h{C,Gc(Z)}+L2{R,Gc(Z)} for some
L2{C,Gr(Z)} € Ag, in which case

E[MC,Ge(2)}|2) = E[h{C,Ge(2)}|Z) + ElL2{C, Ge(2)}|Z]

=o"M(Z2) +0=¢"T(2).

Conversely, if E[R{C,Gc(Z)}|Z] = ¢*F(Z), then

W€, Ge(2)} = M{C, Ge(2)} + [M{C, Ge(2)} = h{C. Ge(2)}],
where clearly [R{C,Gc(Z)} — h{C,Gc(Z)}] € Ay. O

Therefore, in order to construct Aﬂ,‘ = K~YAFL), we must, for each
o F(Z) € AF L,

(i) identify one element h{C,G¢(Z)} such that
E[h{C.Ge(2)}|Z] = ¢*"(2),
and
(ii) find Ay = K~1(0).
We now derive the space A# in the following theorem.

Theorem 7.2. Under the assumption that
E{I(C =x)|Z} =w(00,Z) >0 forall Z (a.e.), (7.31)
the space Af]- consists of all elements that can be written as

I1(C = 00)p*"(Z)
w(00, Z)

+ (7.32)

I(C = x0)

(00, 7) > @ {r, G (2} Lo {Gr(2)} | = Y I(C = 1)L {Gr(2)},

r#00 r#00

where, for r # o0, L2,{G(Z)} is an arbitrary ¢ x 1 measurable function of
G,(Z) and ¢*F'(Z) is an arbitrary element of AT+,
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Proof. In accordance with the proof of Lemma 7.4, we begin by:
(i) Identifying h such that E[h{C,Gc(2)}|Z]) = ¢*F'(2)

A single solution to the equation
E[h{C,Ge(2)}|2] = ¢*7(2)

is motivated by the idea of an inverse probability weighted complete-case es-
timator, which was first introduced in Section 6.4. Recall that C = co denotes
the case when the data Z are completely observed and w(oco, Z) = P(C =
00|Z). Now consider h{C,G¢(Z)} to be

I1(C = 00)p*"(Z)
w(o0, Z)

This is clearly a function of the observed data. Moreover,

HC= 00 ()| ) _ ¢ o o
E{ w(00, Z) ’Z}—W(M’Z)EU(C— )2} = ¢ (2),

where, in order for the equation above to hold, we must make sure we are not
dividing 0 by 0; hence the need for assumption (7.31).

Consequently, A# = K~Y(AF+) can be written as the direct sum of two
linear subspaces; namely,

Al_[((,’zoo)AFl

HNE=0)A 7 A .
1T T olee, 2y i (7.33)

which is the linear subspace of H with elements

ap = {12 e Gez) o F ) e A,

K w(00, Z)
Lo{C,Gc(2)} € Ag; e, E[L2{C,Gc(Z2)}|Z] = O}. (7.34)
To complete the proof, we need to derive the linear space As.
(ii) The space Ay = K~1(0)

Because we are assuming that the coarsening variable C is discrete, we can
express any function h{C,Gr(Z)} € H as

I(C = 0)hoo(Z) + Y I(C = 1)h{G(2)}, (7.35)

r#00

where ho (Z) denotes an arbitrary ¢ x 1 function of Z and h,.{G,(Z)} denotes
an arbitrary ¢ x 1 function of G,(Z). The space of functions Lo{C,G¢(Z)} €
A, C H must satisfy
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E[Ly{C,Ge(2)}| 2] = 0;

that is,
E |I(C=00)Lass(Z) + Y I(C = 1)L {G(2)}|Z]| =0,
r#00
(00, Z)Lase(Z) + Y w{r,Gr(2)} Lo {Gr(Z)} = 0. (7.36)
r#00

Consequently, to obtain an arbitrary element of Ly{C,Gc(Z)} € Ag, we can
define any set of ¢-dimensional measurable functions Lo, {G,(Z)}, r # oo,
and, for any such set of functions, (7.36) will be satisfied by taking

Lys(2) = —{w(oo,Z)}_l Z @{r, G (2)} Loy {G(2)},

r#00

where, again, assumption (7.31) is needed to guarantee that we are not di-
viding by zero. Hence, for any Lo,.{G,(Z)}, r # oo, we can define a typical
element of Ay as

I(C = x0)

S Z) | 2 B GO (G2} | = 3T 1 =)L {Gr(2)).

r#oco r#00
(7.37)
Combining the results from (7.34) and (7.37), we are now able to explicitly
define the linear space A;- to be that consisting of all elements given by (7.32).
O

Identifying the space A+ will often guide us in deriving semiparametric
estimators. When data are coarsened by design, At = A#.

Remark 9. The representation of A# given by(7.33) as a direct sum of two
linear spaces will give us insight on how to construct estimating equations
whose solution will yield semiparametric RAL estimators for § with coarsened
data.

In Chapters 4 and 5, we showed how to use elements of A¥+ (i.e., the space
orthogonal to the full-data nuisance tangent space) to construct estimating

equations whose solution resulted in full-data RAL estimators for §. Since
I(C=oc0)AF+
w(00,2)

inverse probability weighted complete-case elements of AT, this suggests that
observed-data estimators for § can be constructed by using inverse probability
weighted complete-case (IPWCC) full-data estimating equations. This would
lead to what are called IPWCC estimators. We gave a simple example of this
in Section 6.4.

the first space in the direct sum (7.33), namely , consists of the
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The second space, Ay in (7.33) will be referred to as the augmentation
space. Estimators for 8 that include elements of Ay as part of the estimator
will be referred to as augmented inverse probability weighted complete-case
(AIPWCC) estimators. In Section 6.5, we introduced such an estimator and
showed how the augmentation term can help us gain efficiency and, in some
cases, leads to estimators with the property of double robustness. 0O

Therefore, we will formally define the two linear subspaces as follows.

Definition 3. The linear subspace contained in H consisting of elements

I(C = OO)SO*F(Z)_ or all o*F FLl
{ =(00, 7) ; for all ™" (Z) € A },

also denoted as %, will be defined to be the IPWCC space. O

Definition 4. The linear space Ao C H will be defined to be the augmentation
space. 0O

Before continuing to more complicated situations, it will be instructive to
see how the geometry we have developed so far will aid us in constructing
estimators in several examples when data are missing at random by design.

7.4 Example: Restricted Moment Model with Missing
Data by Design

Consider the semiparametric restricted moment model that assumes that
E(Y[X) = u(X,8),

where Y is the response variable and X is a vector of covariates. Here, Z =
(Y, X) denotes full data. We studied the semiparametric properties of this
model in great detail in Sections 4.5 and 4.6, where we also showed, in (4.48),
that a typical element of A"t is given as

AXNY = (X, Bo) )

This motivates the generalized estimating equation (GEE), or m-estimator,
which is the solution to

> AX)Y: = (X, )} =0 (7.38)

using a sample of data (Y;, X;),i=1,...,n.
Suppose, by design, we coarsen the data at random. For example, let the
vector of covariates X for a single observation be partitioned into two sets of
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variables, X = (X(l)T,X(2)T)T, where X(1) are variables that are relatively
inexpensive to collect, whereas X2 are expensive to collect. For example,
X @) may be genetic markers that are expensive to process, whereas X ()
may be descriptive variables such as age, race, sex, etc. In such a case, we
might decide to collect the response variable Y and the inexpensive covariates
X @ on everyone in the sample but collect the expensive covariates X2 only
on a subset of individuals. Moreover, we let the probability of collecting X (?)
depend on the values of Y and X (). This might be the case if, say, we want to
overrepresent some values of Y and X in the subset where all the data are
collected. This is an example of missing data by design. That is, the full data
are denoted by Z; = (Y, Xi(l), Xi(z)),i =1,...,n.Y; and XZ-(l) are observed on

(2

2 . N .
everyone, whereas X;” may be missing for some individuals. To implement

such a design, we would collect the data (Y3, XZ-(l)) for all patients:=1,...,n,
as well as blood samples that could be used to obtain the expensive genetic
markers. For patient ¢ we then choose, at random, the complete-case binary
indicator R; taking the value 1 or 0 with probability W(E,X}l)) and 1 —
7r(YZ-,Xi(1)) respectively, where the function 0 < 7(y,2)) < 1 is a known
function of the response ¥ = y and the covariates X = z(1) chosen by
the investigator. If R; = 1, then we process the blood sample and obtain the
genetic markers Xi(Q); otherwise, we let that data be missing.

Since there are only two levels of coarsening in this problem, it is convenient
to work with the binary indicator R to denote whether the observation was
complete or whether some of the data (X(? in this case) were missing. The
relationship to the notation we have been using is as follows: R = (0,1), where
R is not scripted, is equivalent to the coarsening variable C = (1, 00), G1(Z) =
(Y7X(1))a Go(2) = Z = (Y’X(l)aX(z))a P(C =1|2) = w{1,G:(2)} =
1—7(Y,XM), and P(C = 00|Z) = w{o0,G(Z)} = (Y, X)),

Note 1. On notation for missingness probabilities

In keeping with much of the notation in the literature, we denote the proba-
bility of a complete case by P(R = 1|V, X)) as 7(Y, X(1)). This should not
be confused with coarsening probabilities, which are denoted as P(C = r|Z) =
wi{r,G,(Z)}. O

Since the missingness probabilities are known by design for this example,
the nuisance tangent space for the observed data is A,, and the space or-
thogonal to the nuisance tangent space, Af{, derived in (7.32) of Theorem 7.2,
is

{ Rp**(Z)

m + Lo{C,Ge(Z)} - (p*F(Z) c AFL7L2{C,G(3(Z)} € AQ} . (7.39)

Because Ly {G1(Z)} is an arbitrary ¢ x 1 function of (Y, X)), which we
denote by L(Y, X)), we can use formula (7.37) to show, after some algebra,
that any element Ly{C,G¢(Z)} € Aa can be expressed as
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{R—ﬂxxm)

(Y, X 1) }Mxxmy (7.40)

Since a typical element ¢*F(Z) € AFL for the restricted moment model is

AXHY — (X, Bo)}
for arbitrary A(X), then by (7.39) and (7.40), a typical element of A; is

MMXHY—MXﬂMH+{R—ﬂKX“U}MKXm)
(¥, X0) (¥, X ()
for arbitrary A(X) and L(Y, X™M).

We have shown that identifying elements orthogonal to the nuisance tan-
gent space and using these as estimating functions (i.e., functions of the data
and the parameter) may guide us in constructing estimating equations whose
solution would yield a consistent, asymptotically normal estimator for (.
Therefore, for this problem, we might consider estimating 3 with a sample
of coarsened data

(RMK)Xl(l)vRZXl(Q)), i:1,...,n,

by using the m-estimator that solves

n

R;
> |y A 0 )
Ri— 7YX\ ;0 vn]
+{ 7T(Y;,Xl_(1)) }L(K7Xi )| =0. (7.41)

If this estimator is to be consistent, at the least we would need that, at
the truth,

R —7(Y, X))

E [RA(X){Y — (X, Bo)} + { (Y, XM)

(Y, X 1) }L(Y, X(l))} —0.

Using the law of iterated conditioning, where we first condition on Y, X, we
obtain

)
E(R)Y,X) —=(Y, X))
{ (Y, X0)

}uxxﬂﬂ. (7.42)

Since
E(R|Y,X) = P(R=1]Y,X) = P(R=1]Y, X" X®),

which, by design, equals 7(Y, X(1)), we obtain that (7.42) is equal to
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BIAGX){Y — u(X, o)} +0] = 0. (7.43)

Also, the usual expansion of m-estimators can be used to derive asymptotic
normality. That is,

0
Y B 5 R —n(¥;, X(") W
= — A Xi Yz - Xi, n — 7t AN Y;,Xi
e R = (1, X() o
2 [yt ﬁ°)}+{ SISO R

- [Z RiA(Xi)D(Xi»ﬁ;)] (Bn — fo),

where D(X, 3) = 0u(X,3)/08T and 37 is an intermediate value between By,
and (By. Therefore,

1/2(ﬁn _ [ 712

K,X“)

_1/2 0
X n E _—
i=1 7T(YiaXi(1))

o -y (1)
+ R7, '/T(}/'—Lv(fz ) L(K,X,L(l)) )
m(Yi, X; )

1
Xi)D(Xi,@*I)]

AX){Y: — (X5, B0)}

Under suitable regularity conditions,

B * P R
12{ Y,,X ) A( i)D(Xivﬂn)}")E{W(KMA(X)D(XaﬂO)}~

Using iterated conditioning, where first we condition on Y, X, we obtain

E{A(X)D(X, Bo)}-

Consequently,
n'2(By = Bo) =Y [E{AX)D(X, o)}~
i=1
R, R; — n(Y;, XV) (1)
WA(XJ{K‘ — (X5, B0)} + {W(K,Xfl)) L(Y;, X{V)
+0p(1). (7.44)

Therefore, the i-th influence function for 3, is
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_
(Y, X{V)

1
¥ {Ri ‘(“Yi’Xf >}L<Yi,xf”>] ,

[E{A(X)D(X, B0)}]~ AX Y — u(Xi, Bo)}

(Y, X\V)

which we demonstrated has mean zero, in (7.42) and (7.43), using iterated
conditional expectations.

We note that this influence function is proportional to the element in Af;
that motivated the corresponding m-estimator. Also, because this estimator is
asymptotically linear, as shown in (7.44), we immediately deduce that this es-
timator is asymptotically normal with asymptotic variance being the variance
of its influence function. Other than regularity conditions, no assumptions
were made on the distribution of (Y, X), beyond that of the restricted mo-
ment assumption, to obtain asymptotic normality. Therefore, the resulting
estimator is a semiparametric estimator.

Standard methods using a sandwich variance can be used to derive an
estimator for the asymptotic variance of (3,, the solution to (7.41). Such a
sandwich estimator was derived for the full-data GEE estimator in (4.9) of
Section 4.1. We leave the details as an exercise at the end of the chapter.

Hence, for the restricted moment model with missing data that are miss-
ing by design, we have derived the space orthogonal to the nuisance tangent
space (i.e., A#) and have constructed an m-estimator with influence function
proportional to any element of A#. Since all influence functions of RAL es-
timators for 8 must belong to A#, this means that any RAL estimator for
0 must be asymptotically equivalent to one of the estimators given by the
solution to (7.41).

Remark 10. The estimator for 3, given as the solution to (7.41), is referred
to as an augmented inverse probability weighted complete-case (AIPWCC)
estimator. If L(Y, X)) is chosen to be identically equal to zero, then the
estimating equation in (7.41) becomes

Y AX)Y: — (X, B)} = 0. (7.45)
im1 m(Yi, X3)
The solution to (7.45) is referred to as an inverse probability weighted
complete-case (IPWCC) estimator. The second term in (7.41), which involves
the arbitrary function L(Y, X)), allows contributions from individuals with
missing data into the estimating equation. Properly chosen augmentation will
result in an estimator with greater efficiency. 0O

The choice of the influence function and hence the corresponding class
of estimators depends on the arbitrary functions A(X) and L(Y, XM). With
full data, the class of estimating equations is characterized by (7.38). This
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requires us to choose the function A(X). In Chapter 4, we proved that the
optimal choice for A(X) was DT(X)V~1(X), where V(X) = var (Y|X), and
suggested adaptive strategies for finding locally efficient estimators for § in
Section 4.6.

With missing data by design, we also want to find the optimal RAL estima-
tor for 3; i.e., the RAL estimator for 5 with the smallest asymptotic variance.
This means that we must derive the functions A(X) and L(Y, X("), which
yields an estimator in (7.41) with the smallest asymptotic variance. Finding
the optimal estimator with coarsened data will require special considerations
that will be the focus of later chapters. In general, the optimal choice of A(X)
with coarsened data is not necessarily the same as it is for full data. These
issues will be studied more carefully.

The Logistic Regression Model

We gave an example in Section 7.2 where we argued that with coarsened data it
was difficult to obtain estimators for 8 using likelihood methods. Specifically,
we considered the logistic regression model for the probability of response
Y = 1 as a function of covariates X, where Y denotes a binary response
variable. Let us consider the likelihood for such a model if we had missing
data by design as described above; that is, where X = (X(l)T,X(Z)T)T and
where we always observe Y and X on everyone in the sample but only
observe X () on a subset chosen at random with probability (Y, X (1)) by
design. Also, to allow for an intercept term in the logistic regression model,
we define X* = (1, XMW" X@NT and X1 = (1, XMO")T The density of
the full data (Y, X)) for this problem can be written as

py.x (Y, 2, B.01,m2) = pyix (Y], B)pxe xm (@20 n)pxa (P, n2)

_ o820 + )y
T+ exp(AT + 2 )

px@xm (@M n)pxa (@M, n),

where (3 is partitioned as 8 = (8%, 89)7, pX<2)|X<1)(x(2)|x(1),771) denotes the
conditional density of X®) given X specified through the parameter 7;,
and pX(1>(x(1),n2) denotes the marginal density of X specified through
the parameter 72. Because the parameter of interest [ separates from the
parameters 77 and 72 in the density above, finding the MLE for 8 with full
data only involves maximizing the part of the likelihood above involving 3
and is easily implemented in most software packages.

In contrast, the density of the observed data (R,Y,X®, RX®) is given
by
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{py1x Wz, B)} {Px @ xm (@@ ]a®,n)}"
1—r
X {/py|x(y|$7ﬁ)px<z>|x<1>($(2)15(1)7771)dl/x<2>(33(2))} pxu)(m(l),nz)

 [exp{(B =) + Ta@)y} 1" 2)1..(1) r
- [ k| o P m)) (7.46)

x { / {exp{(ﬁfw(l*) + 63 2@y} }
1+ exp(BT 2% + pF2(2)

1—r
s e e o) | (7.47
< px (@, 7).

Because the parameters § and 77; do not separate in the density above, de-
riving the MLE for 8 involves maximizing, as a function of 5 and 7, the
product (over ¢ = 1,...,n) of terms (7.46) x (7.47). Even if we were willing
to make simplifying parametric assumptions about the conditional distribu-
tion of X@ given XM in terms of a finite number of parameters 7, this
would be a complicated maximization, but if we wanted to be semiparametric
(i.e., put no restrictions on the conditional distribution of X ) given X (1)),
then this problem would be impossible as it would suffer from the curse of
dimensionality. Notice that in the likelihood formulation above, nowhere do
the probabilities 7(Y, X(1)) come into play, even though they are known to us
by design.

Since the logistic regression model is just a simple example of a restricted
moment model, estimators for the parameter § for the semiparametric model,
which puts no restrictions on the joint distribution of (X, X)), can be
found easily by solving the estimating equation (7.41), where u(X;,8) =
exp(BTX) /{1 + exp(BT X;)} and for some choice of A(X) and L(Y, X(1).

With no missing data, we showed in (4.65) that the optimal choice for
A(X) is X*. Consequently, one easy way of obtaining an estimator for [ is
by solving (7.41) using A(X;) = X} and L(Yi,Xi(l)) = 0, leading to the

estimating equation

n T v *
me; {Yi - e’(’wi{)} ~0. (7.48)
(v, xM) 1+ exp(B7X)

This estimator is an inverse probability weighted complete case (IPWCC)
estimator for 5. Although this estimator is a consistent, asymptotically normal
semiparametric estimator for 3, it is by no means efficient. Since this estimator
only uses the complete cases (i.e., the data from individual i : R; = 1), it is
intuitively clear that additional efficiency can be gained by using the data from
individuals 7 : R; = 0, where only some of the data are missing. Therefore, it
would be preferable to use an AIPWCC estimator given by (7.41); namely,
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. R . f., exp(BTX})
2 Lm,xﬁxi {Y - 1+exp<ﬂTX;>}

=1

M
p R X - ) L(Yi,Xi(”)}zo, (7.49)
(Y, X; )

with some properly chosen L(Y, X(1)).

This illustrates the usefulness of understanding the semiparametric theory

for missing and coarsened data. Of course, the choice of A(X) and L(Y, X))
that will result in efficient estimators for [ still needs to be addressed.

7.5 Recap and Review of Notation

Before continuing, we believe it is worthwhile to review some of the basic ideas
and notation that have been developed thus far.

Full data

Full data are denoted by Z with density from a semiparametric model
pz(z,8,n), where 3 denotes the g-dimensional parameter of interest and
7 denotes the infinite-dimensional nuisance parameter.

HY denotes the full-data Hilbert space defined as all mean-zero, g¢-
dimensional measurable functions of Z with finite variance equipped with
the covariance inner product.

AT is the full-data nuisance tangent space spanned by the full-data nui-
sance score vectors for parametric submodels and their mean-square clo-
sure.

AFL = [set of elements ©*f'(Z) that are orthogonal to AT}, This is the
space on which influence functions lie. Identifying this space helps motivate
full-data m-estimators.

Observed (coarsened) data

Coarsened data are denoted by {C, G¢(Z)}, where the coarsening variable

C is a discrete random variable taking on values 1,...,¢ and co. When C =

r,r = 1,...,¢, then we observe the many-to-one transformation G, (Z).

C = oo is reserved to denote complete data; i.e., Goo(Z) = Z.

We distinguish among three types of coarsening mechanisms:

—  Coarsening completely at random (CCAR): The coarsening probabili-
ties do not depend on the data.

—  Coarsening at random (CAR): The coarsening probabilities only de-
pend on the data as a function of the observed data.

— Noncoarsening at random (NCAR): The coarsening probabilities de-
pend on the unobserved part of the data.
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When coarsening is CAR, we denote the coarsening probabilities by

P(C=rZ)=w{r,G.(2)}.

A key assumption is that there is a positive probability of observing com-
plete data; that is,

P(C=x|Z=2)=w(c0,Z)>e>0 forall 2

in the support of Z.

‘H denotes the observed-data Hilbert space of g-dimensional, mean-zero,
finite-variance, measurable functions of {C,G¢(Z)} equipped with the co-
variance inner product.

Because C takes on a finite set of values, a typical function h{C,Gc¢(Z)}
can be written as

h{C,Ge(2)} = 1(C = 0)hoe(Z) + Y I(C =1)h{Gr(2)}.

r#£00
The observed-data nuisance tangent space
A= Adi ®AW’A¢ 1 A7I7

where Ay is spanned by the score vector with respect to the parameter 1
used to describe the coarsening process and A,, is spanned by the observed-
data nuisance score vectors for parametric submodels and their mean-
square closures. Specifically,

A= {Blaf @le ey o (2) € A7} = B{ATIC.Ge(2).

In this chapter, we did not consider models for the coarsening probabilities;
rather, we assumed they are known by design. Therefore, we didn’t need to
consider the space Ay, in which case the observed-data nuisance tangent
space A = A,,.

Observed-data estimating equations, when coarsening is by design, are
motivated by considering elements in the space A,J7-, where

A= {I(C = c0)AT @Ag}

K w(00, Z)

and

As = {L2{C,GC(Z)} . E[L{C. Ge(2)}/2] = o}.
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e The two linear spaces that make up A# are the IPWCC space

I(C = co) AT+
w(oc0, Z)
and the augmentation space
As.

e In order to construct a typical element of Ay, for each r # oo, choose an
arbitrary function Ls,{G,(Z)}. Then

I(C = x0)

W(TZ) Z w{r,G.(Z)}L2,.{G-(Z)}| — Z I(C = r) Lo {Gr(2)}

r#00 r#00

is an element of As.

7.6 Exercises for Chapter 7

Returning to Example 1, introduced in Section 7.1, recall that two blood
samples were taken from each individual in a study where one of the objectives
was to assess the variability within and between persons in the concentration
of some biological marker. As part of the design of this study, a subset of
individuals was chosen at random with probability w. These individuals had
their two blood samples combined and the concentration was obtained on
the pooled blood, whereas for the remaining individuals in the study, the
concentration was obtained separately for each of the two blood samples. In
Section 7.2, we introduced a bivariate normal model for the full data given by
(7.11) in terms of parameters (i, 02, 02), and in equation (7.12) we derived
the likelihood of the observed coarsened data. The first three exercises below
relate to this example.

1. Let us first consider only the full data for the time being.
a) What is the likelihood of the full data (X;1, X2),i=1,...,n?
b) Find the MLE for the parameters (i, 02, 02).
c¢) Derive the influence function of the full-data MLE.

2. Return to the coarsened data whose likelihood for the parameters (1o, 02, 02

is given by (7.12).

a) Derive the observed data MLE using the coarsened data.

b) What is the relative efficiency between the coarsened-data MLE and
the full-data MLE? Derive this separately for y,, 02, and o2.

3. We now consider AIPWCC estimators for this problem.
a) Derive the augmentation space As.

2

)
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b) Using the full-data influence function that was derived in 1(c) above
(or, equivalently, using the full-data score vector), write out a set of
ATPWCC estimating equations that can be used to obtain observed-
data estimators for (uq,02,02).

4. Derive an estimator for the asymptotic variance of Bn, the AIPWCC es-

timator for 8 for the restricted moment given by the solution to (7.41)

where data were missing by design.



8

The Nuisance Tangent Space and Its
Orthogonal Complement

8.1 Models for Coarsening and Missingness

Two Levels of Missingness

In the previous chapter, we gave an example where the missingness (coarsen-
ing) mechanism was known to us by design. For most missing-data problems,
this is not the case, and we must consider models (either parametric or semi-
parametric) for the coarsening probabilities. For example, suppose the full-
data Z is a random vector that can be partitioned as Z = (2], Z1)T, where
Z is always observed but Z5 may be missing on a subset of individuals. This
scenario occurs frequently in practice where, say, one of the variables being
collected is missing on some individuals or where a set of variables that are
collected at the same time may be missing on some individuals. In this ex-
ample, there are two levels of missingness; either all the data are available on
an individual, which is denoted by letting the complete-case indicator R = 1
(unscripted), or only the data Z; are available, which is denoted by letting
R = 0. Using the coarsening notation, this would correspond to C = oo or
C = 1, respectively. If we assume that missingness is MAR, then this would im-
ply that P(R=1|Z) ={1-P(R=0|2)} ={1 - P(R=0|Z1)} = n(Z;) and
P(R =0|Z;) = 1—m(Zy). We remind the reader that using the coarsening no-
tation, the probability 7(Z1) = w{o0, Goo(Z)} and 1 —7(Z1) = w{l,G1(2)},
where G1(Z) = Z; and G(Z) = Z. If the missingness was not by design,
then the probability of a complete case 7(Z7), as a function of Z7, is unknown
to us and must be estimated from the data. This is generally accomplished
by positing a model in terms of parameters 1. Since, in this simplest example
of missing data, the complete-case indicator is a binary variable, a natural
model is the logistic regression model, where

(20 ) = exp(vo + ¥{ Z1)

~ L+exp(vo +of Z1) ®.1)
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and the parameter ¢ = (19, %) needs to be estimated from the observed
data. Although this illustration assumed a logistic regression model that was
linear in Z7, we could easily have considered more complex models where we
include higher-order terms, interactions, regression splines, or whatever else
the data analyst deems appropriate.

Monotone and Nonmonotone Coarsening for more than
Two Levels

When there are more than two levels of missingness or coarsening of the data,
we distinguish between monotone and nonmonotone coarsening.

A form of missingness that often occurs in practice is monotone missing-
ness. Because of its importance, we now describe monotone missingness, or
more generally monotone coarsening, in more detail and discuss methods for
developing models for such monotone missingness mechanisms.

For some problems, we can order the coarsening variable C in such a way
that the coarsened data G,(Z) when C = r is a coarsened version of G,/ (Z)
for all ¥ > 7. In such a case, G,(Z) is a many-to-one function of G, 1(Z);
that is,

Gr(2) = fr{Gri1(2)},

where f,.(+) denotes a many-to-one function that depends on r. In other words,
G1(Z) is the most coarsened data, G2(Z) less so, and G (Z) = Z is not
coarsened at all. For example, with longitudinal data, suppose we intend to
measure an individual at [ different time points so that Z = (Y3,...,Y]),
where Y denotes the measurement at the j-th time point, j = 1,...,l. For
such longitudinal studies, it is not uncommon for some individuals to drop
out during the course of the study, in which case we would observe the data
up to the time they dropped out and all subsequent measurements would be
missing. This pattern of missingness is monotone and can be described by

Gr(2)

1 (V1)
2 (Y1,Ys)

I—1(Y1,...,Y1)
0 (Yl,...,yz)

When data are CAR, we consider models for the coarsening probabilities,
which, in general, are denoted by

P(C = T‘Z = 2»1/1) = W{T, GT(Z)aw}

in terms of the unknown parameters 1). However, with monotone coarsening,
it is more convenient to consider models for the discrete hazard function,

defined as
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M{GH(Z)y=PC=rlC>r2Z), r# o0
=1, r=o0. (8.2)

That A.(-) is a function of G, (Z) follows by noting that the right-hand side
of (8.2) equals
P(C=r|2) @{r,G(2)}

PC>rlZ) 1- Yo <r @ G (Z)} 53

and by the definition of monotone coarsening, where G, (Z) is a function of
G(Z) for all ¥’ < r. We also define

K AG(2)} = PC>rZ) = [[[1 - A AG (2], r £00.  (84)

r'=1

Consequently, we can equivalently express the coarsening probabilities in
terms of the discrete hazard functions; namely,

w{r,G.(2)} = K, —1{G,—1(Z)}\{G.(Z)} for r > 1
and \{G1(Z)} for r = 1. (8.5)

Equations (8.3), (8.4), and (8.5) demonstrate that there is a one-to-one re-
lationship between coarsening probabilities w{r, G,(Z)} and discrete hazard
functions \.{G,(Z)}. Using discrete hazards, the probability of a complete
case (i.e., C = o0) is given by

woe.2) = [T [1=M(G2}) (5.

r#00

The use of discrete hazards provides a natural way of thinking about mono-
tone coarsening. For example, suppose we were asked to design a longitudi-
nal study with monotone missingness. We can proceed as follows. First, we
would collect G1(Z) = Y;. Then, with probability A\;{G1(Z)} (that is, with
probability depending on Y7), we would stop collecting additional data. How-
ever, with probability 1 — A\{G1(Z)}, we would collect Y2, in which case
we now have G3(Z) = (Y1,Y2). If we collected (Y7,Y2), then with probabil-
ity A2{G2(Z)} we would stop collecting additional data, but with probabil-
ity 1 — X{G2(Z)} we would collect Y3, in which case we would have col-
lected G5(Z) = (Y1,Y>2,Y3). We continue in this fashion, either stopping at
stage 7 after collecting G,/ (Z) = (Y1,...,Y.s) or continuing with probability
M AG (2)} or 1 =X {G, (Z)}, respectively. When monotone missingness is
viewed in this fashion, it is clear that, conditional on having reached stage r/,
there are two choices: either stop or continue to the next stage with condi-
tional probability A,/ {G,(Z)} or 1 —A,-{G,/(Z)}. Therefore, when we build
models for the coarsening probabilities of monotone coarsened data, it is nat-
ural to consider individual models for each of the discrete hazards. Because
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of the binary choice made at each stage, logistic regression models for the
discrete hazards are often used. For example, for the longitudinal data given
above, we may consider a model where it is assumed that

_ EXPWOT + "/Jlryl +...+ wrryr)
)\T{GT(Z)} B 1+ exp(¢0r + ¢1TY1 +o wrryr) ’

r # o00. (8.7)

Missing or coarsened data can also come about in a manner that is non-
monotone. For the longitudinal data example given above, suppose patients
didn’t necessarily drop out of the study but rather missed visits from time
to time. In such a case, some of the longitudinal data might be missing but
not necessarily in a monotone fashion. In the worst-case scenario, any of the
2! — 1 combinations of (Yi,...,Y;) might be missing for different patients in
the study. Building coherent models for the missingness probabilities for such
nonmonotone missing data, even under the assumption that missingness is
MAR, is challenging. There have been some suggestions for developing non-
monotone missingness models given by Robins and Gill (1997) using what they
call randomized monotone missingness (RMM) models. Because of the com-
plexity of nonmonotone missingness models, we will not discuss such models
specifically in this book. In what follows, we will develop the semiparametric
theory assuming that coherent missingness or coarsening models were used.
Specific examples with two levels of missingness or monotone missingness will
be used to illustrate the results.

8.2 Estimating the Parameters in the Coarsening Model

Models for the coarsening probabilities are described through the parameter
1. Specifically, it is assumed that P(C = r|Z = z,v) = w{r, G,(2), ¢}, where
1 is often assumed to be a finite-dimensional parameter. Estimates for the
parameter ¥ can be obtained using maximum likelihood. We remind the reader
that because of the factorization of the observed-data likelihood given by (7.6),
the maximum likelihood estimator @ZA),L for v is obtained by maximizing

H @ {C;, Ge, (Z:), ¥} (8.8)

MLE for v with Two Levels of Missingness

With two levels of missingness, the likelihood (8.8) simplifies to

[T{m(Zus, )} {1 = 7(Zs, )} 1 (8.9)

i=1
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So, for example, if we entertained the logistic regression model (8.1), then the
maximum likelihood estimator for (1, %7 )? would be obtained by maximiz-
ing (8.9) or, more specifically, by maximizing

1+ exp(vo + ¥T Z1;)

i=1

This can be easily implemented in most available statistical software packages.

MLE for v with Monotone Coarsening

Because monotone missingness (or monotone coarsening) is prevalent in many
studies, we now consider how to estimate the parameter v in this special case.
As indicated in Section 8.1, it is more convenient to work with the discrete
hazard function to describe monotone coarsening. The discrete hazard, de-
noted by A\.{G.(Z)}, was defined by (8.2). Therefore, it is natural to consider
models for the discrete hazard in terms of parameters 1, which we denote by
MA{G,(Z),4}. An example of such a model for monotone missing longitudinal
data was given by (8.7). We also showed in Section 8.1 that there is a one-
to-one relationship between the coarsening probabilities ww{r, G, (Z)} and the
discrete hazard functions. Using (8.5), we see that the coarsening probability
can be deduced through the discrete hazards leading to the model

wi{r,G.(Z),¥} = M{G1(Z2),9} for r =1,
r—1
a{r, G (Z),} = [[ 11 = A {G v (2), }INAG(2), 4} for r > 1. (8.11)
r'=1
Substituting the right-hand side of (8.11) for w(-, ¢) into (8.8) and rearranging

terms, we obtain that the likelihood for monotone coarsening can be expressed
as

I(Ci>’l‘)

I(C;=r)
IT II {AT{GT(ZZ-)W}} {1—/\T{GT(Z1-),¢} . (8.12)

r#00 1:C; >r

So, for example, if we consider the logistic regression models used to model
the discrete hazards for the monotone missing longitudinal data given by (8.7),
then the likelihood is given by

7")'

-1
H H exp(Yor + Y1 Y1i + .. + ¥ Yei ) I(C (8.13)
r=11:

C.>r 1+ eXP(lﬁor + ¢1r}qi + ...+ wrry;i)
Because the likelihood in (8.13) factors into a product of [—1 logistic regression

likelihoods, standard logistic regression software can be used to maximize
(8.13).
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8.3 The Nuisance Tangent Space when Coarsening
Probabilities Are Modeled

Our ultimate goal is to derive semiparametric estimators for the parameter
0 of a semiparametric model when the data are coarsened at random. As al-
ways, the key to deriving such estimators is to find elements orthogonal to
the nuisance tangent space that in turn can be used to guide us in construct-
ing estimating equations. Toward that end, we now return to the problem of
finding the nuisance tangent space for semiparametric models with coarsened
data when the coarsening probabilities are modeled using additional parame-
ters 1. We described in the previous sections how such coarsening probability
models can be developed and estimated.

Therefore, as a starting point, we will assume that such a model for the
coarsening probabilities has already been developed as a function of unknown
parameters ¢ and is denoted by P(C = r|Z) = w{r,G,(Z),¢¥}. When the
observed data are CAR, we showed in (7.6) that the likelihood can be factored
as

wrgnd) [ paleSmdva(e) (8.14)
{z:Gr(2)=gr}
where the parameter 9 is finite-dimensional, say with dimension s.

As shown in (7.18), the observed-data nuisance tangent space can be writ-
ten as a direct sum of two linear subspaces, namely

A=Ay @A,

where Ay is the space associated with the coarsening model parameter 1 and
A, is the space associated with the infinite-dimensional nuisance parameter
7. In Chapter 7, we derived the space A, and its orthogonal complement. We
now consider the space A, and some of its properties. Because the space Ay
will play an important role in deriving RAL estimators for § with coarsened
data, when the coarsening probabilities are not known and must be modeled,
we will denote this space as the coarsening model tangent space and give a
formal definition as follows.

Definition 1. The space Ay, which we denote as the coarsening model tan-
gent space, is defined as the linear subspace, within H, spanned by the score
vector with respect to 1. That is,

Ay = [Bq“s;“{c,ac(Z),%} for all Bq“} ,

where

Ologw{C,Gc(Z), 4o}

sx1 __
Sy = a0

(8.15)

and 1y denotes the true value of ¢p. O
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One of the properties of the space Ay is that it is contained in the augmen-
tation space As, as we now prove.

Theorem 8.1. Ay, C Ay

Proof. Since w{r,G,(z),v¥} = P(C = r|Z = z,v) is a conditional density,
then this implies that

> w{r,G(2), ¢} =1 forall o,z
Hence, for a fixed “z,”
0
B Zr:w{r, Gr(2),¥} =0.

Taking the partial derivative inside the sum, dividing and multiplying by
w{r, G, (z),v}, and setting ¢ = 1 yields

st{ﬁ Gr(2),Yo}w{r,G,(2),%0} =0 forall z,
or
E[Sy{C,Ge(Z), 0} Z] = 0.

Hence

E | BY*5u{C,Ge(Z),vo} |Z] = 0.

typical element of Ay

Consequently, if h{C, G¢(Z)} € Ay, then E[R{C,G¢(Z)}|Z] = 0. This implies
that Aw CAy. O

Because the parameter v and the parameter 7 separate out in the likeli-
hood (7.6), this should imply that the corresponding spaces Ay and A, are
orthogonal. We now prove this property more formally.

Theorem 8.2. A, 1L A,
Proof. Recall that the space A, is given by
A, ={E{a"(2)|C,Gc(Z)} for all & (Z) € AT} .

We first demonstrate that A, L As.

Choose an arbitrary element h{C,Gc¢(Z)} € Ag (i.e., E(h|Z) = 0) and an
arbitrary element of A, say E{a* (Z)|C, Gr(Z)}, for some o’ (Z) € AF. The
inner product of these two elements is
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E [hT{C,Ge(2)}E {oF (2)|C,Ge(2)}]
- B(E[MT{C, Gc( )}a"(2)IC, Ge(2)])
= E [hW{C,Gc(Z)}a" (Z)]
= E(E[n"{c, Gc( >}aF<Z)|Z])

=F (E (R"{C,Gc(2)}|Z] aF(Z))
I

0 since h € Ay

=0.
Since A, is contained in Aj, then this implies that A, is orthogonal to A,. O

We are now in a position to derive the space orthogonal to the nuisance
tangent space.

8.4 The Space Orthogonal to the
Nuisance Tangent Space

Since influence functions of RAL estimators for 3 belong to the space orthog-
onal to the nuisance tangent space, it is important to derive the space AL,
where A = Ay @ Ay and Ay L A,

Because the nuisance tangent space A is the direct sum of two orthogonal
spaces, we can show that the orthogonal complement

AT =TI(A;JA) = TI(AG[A;). (8.16)

(We leave this as an exercise for the reader.) Using the first equality above,
a typical element of A+ can be found by taking an arbitrary element h € Af{
and computing

h —I(h|Ay) = TI(h|A;;).
In Chapter 7, we showed how to find elements orthogonal to A,. In fact, in
Theorem 7.2, we showed the important result that Af]- can be written as the
direct sum of the IPWCC space and the augmentation space. That is,

AL I(C = co) AT+

— As.
m w(o0, Z) @ A2

Specifically, a typical element of Af; is given by formula (7.34); namely,

I(C:OO)@*F(Z) o i
{ (00, Z, 1) + Lo{C,Ge(2)} : o F(Z) e AT

and LQ{C,GC(Z)} S AQ}
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Therefore, a typical element of At is given by
{I(C = 00)¢*"(2)

W(OO7 Za 1)[}0)
n( [He=e )

W(OO7 Za 77[10)

for *¥(Z) € AF+ and Lo{C,G¢(2)} € AQ}. (8.17)

+ L2{C7GC(Z)}

e )

Before discussing how these results can be used to derive RAL estimators
for B when data are CAR and when the coarsening probabilities need to be
modeled and estimated, which will be deferred to the next chapter, we close
this chapter by defining the space of observed-data influence functions of RAL
observed-data estimators for 3.

8.5 Observed-Data Influence Functions

Because of condition (i) of Theorem 4.2, observed-data influence functions
©{C,Gc(Z)} not only must belong to the space AL, but must satisfy

B [p{C,Ge(2)}SE{C. Ge(2)}] = 171, (8.18)

where Sg{C,Gc(Z)} is the observed-data score vector with respect to 3. For
completeness, we will now define the space of observed-data influence func-
tions.

Theorem 8.3. When data are coarsened at random (CAR) with coarsening
probabilities P(C = r|Z) = w{r,G,(Z), ¥}, where Ay is the space spanned
by the score vector Sy{C,G¢(Z)} (i.e., the coarsening model tangent space),
then the space of observed-data influence functions, also denoted by (IF), is
the linear variety contained in H, which consists of elements

I(C = 0)p"(2)
w(00, Z, o)

where pf'(Z) is a full-data influence function and Ly{C,G¢(Z)} € Ag}.

o0, Ge(2)} = {[ T Lo{C.Ge(2)}] ~ TI{{IIAL), (8.19)

Proof. We first note that we can use the exact same arguments as used in
lemmas 7.1 and 7.2 to show that the observed-data score vector with respect
to 3 is

Sp{C,Ge(2)y = E{S5(2)|C,Ge(2)},

where Sg (Z) is the full-data score vector with respect to 3,

Sg(z) _ alogpz({g;; 60; 770)
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In order for an element of A, given by (8.17), to be an observed-data
influence function, it must satisfy (8.18); that is,
J9%e —

E({ {I(C ;z,@;(z) 4 LafC, Gc(Z)}}

- }AM}E{S?T(ZNC,GAZ)}),

which, by the law of iterated conditional expectations, used repeatedly, is
equal to

= E[B{[- 1S} (2)Ic,Ge(2)}]

= B{[ 185 (2)} = EIB{ - 1§ (2)|2}]
= B[E{[-|2}8}" (2)]
e (E [I<c = 00)¢*"(2)

T Ly{C.Ce(2)} —TI{ - JIAy) |Z} 55T<z>) .

w(00, Z)
Because

E[Ly{C,Gc(Z)}|Z] =0 since Lo € Ag,
and

E{II({ - }|Ay)|Z} =0 since Ay C Ag,

this implies that
E {go*F(Z)SgT(Z)} = [7xq, (8.20)
Equation (8.20) is precisely the condition necessary for a typical element
©*F € AT'L to be a full-data influence function.
Therefore, the space of observed-data influence functions consists of ele-
ments
I(C = 0)p"(Z)
’W(OO, Z7 71)0)

where %' (Z) is a full-data influence function and L2{C,G¢(Z)} € Ag}. O

olC.Ge(2)) = {[ +L2{C,Gc<z>}} [ ),

When data are coarsened by design, then the coarsening probabilities
w{r,G,(Z)} are known to us. We will sometimes refer to this as the pa-
rameter ¥ = 1y being known. When this is the case, there is no need to
introduce the space Ay. Therefore, we obtain the following simple corollary.
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Corollary 1. When the coarsening probabilities w{r, G,(Z)} are known to
us by design, then the space of observed-data influence functions is the linear
variety consisting of elements

I(C = 0)p"(2)
w(o0, Z,1g)

where ¢! (Z) is a full-data influence function and Ly2{C,Gc(Z)} € Ag}.

o1C.Ce(2)} ={[ T Ly{e.Ge(2)}] (8.21)

Remark 1. Notational convention
The space of observed-data influence functions will be denoted by (I'F) and
the space of full-data influence functions will be denoted by (IF)F. As a
result of Corollary 1, when data are coarsened by design, we can write the
space (linear variety) of observed-data influence functions, using shorthand
notation, as

I(C=c0)(IF)F

w(00, Z)

and, by Theorem 8.3, when the coarsening probabilities have to be modeled,
as

(IF) = + A, (8.22)

= 0 F
(IF) = {W + Ag} —T({ - HAy). O (8.23)

8.6 Recap and Review of Notation

Monotone coarsening

e An important special case of coarsened data is when the coarsening is
monotone; that is, the coarsening variable can be ordered in such a
way that G,.(Z) is a many-to-one function of G,4+1(Z) (ie., G.(Z) =
FAG 1 (2))).

e When coarsening is monotone, it is convenient to denote coarsening prob-
abilities through the discrete hazard function. The definition and the re-
lationship to coarsening probabilities are

M{G(Z)y=P(C=rlC>rZ), r+# oo,

K {Gr(2)} = P(C>r|Z) =]/ [1 = A AG (D)}, 7 # oo,
w{r,G(2)} = K, —1{G,-1(2)} \{G,(Z)}, and

the probability of a complete case is

P(C = 00|Z) = w(00, Z) = K{G(Z)}.
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The geometry of semiparametric models with coarsened data

e (IF)T denotes the space of full-data influence functions where a typical
element is denoted by ¢!'(Z). This space is a linear variety where
() o*(2) € AP+,
(i) E{e"(2)S}" (2)} = 17x9.

e The observed-data nuisance tangent space

A=Ay ®AyAy L A,

where Ay, denoted as the coarsening model tangent space, is spanned
by the score vector with respect to the parameter v used to describe
the coarsening process, and A, is spanned by the observed-data nuisance
score vectors for parametric submodels and their mean-square closures.
Specifically,

A, = B{ATIC, Ge(2))}.

Ay CAy A, L Ay

e When the coarsening probabilities are unknown to us and need to be mod-

eled, then
Aw] } _

— Fl _ Fl
AL:{I(C—OO)A 69A2_H[I(C_oo)A ® Ay
(IF)= {space of observed-data influence functions ¢{C, GC(Z)}}.

w(oo,Z) ’W(OO,Z)

When the coarsening probabilities are unknown to us and need to be mod-
I(C=oc0)(IF)F I(C = oc0)(IF)F

eled, then
(IF) = {w(qu) +Ay—1I e + Ay A4 }

When the coarsening probabilities are known to us by design, then

I(C = 00)(IF)F

(IF) = w(00, Z)

+ As.

8.7 Exercises for Chapter 8

1. In Section 8.1, we described how data may be monotonically missing us-
ing longitudinal data (Y7,...,Y]) as an illustration. We also described a
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model for the coarsening process where we modeled the discrete hazard
function using equation (8.7) and derived the likelihood contribution for
the coarsening model in (8.13). Let 1, denote the vector of parameters
(Yory -+, pr)T for r =1,...,1—1, and let ) denote the entire parameter
space for the coarsening probabilities; that is, v = (7, ..., )T,

a) Derive the score vector

_ Olog[w{C,Ge(2),¢}]
Oy

b) Show that the coarsening model tangent space Ay is equal to the
direct sum

,r=1,...,1—1.

Sy A{C,Ge(2)}

Ay, ®...®Ay,_,,

where Ay, is the linear space spanned by the vector Sy, {C,Gc(Z)},
r=1,...,1—1, and that these spaces are mutually orthogonal to each
other.

2. Give a formal proof of (8.16).
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Augmented Inverse Probability Weighted
Complete-Case Estimators

9.1 Deriving Semiparametric Estimators for 3

Y known

We begin by assuming the parameter ¢y that defines the coarsening model is
known to us by design. Semiparametric estimators for 5 can be obtained by
deriving elements orthogonal to the nuisance tangent space and using these to
motivate estimating functions that can be used to construct estimating equa-
tions whose solution will lead to semiparametric estimators for 5. In Chapter
7, we showed that when the parameter vy is known, the space orthogonal to
the nuisance tangent space is the direct sum of the IPWCC space and the
augmentation space, namely

L I(C=o0)Aft
B W(OO, Zv¢0)

where a typical element of this space is

I1(C = 00)p*"(Z)
ZU(OO, Z, ’lﬁo)

where ¢*F'(Z) is an arbitrary element orthogonal to the full-data nuisance tan-
gent space (i.e., p*f(Z) € Af4), and Lo{C,G¢(Z), o} is an arbitrary element
of Ay that can be constructed by taking arbitrary functions Lo, {G,(Z)},r #
00, and then using (7.37).

In Section 7.4, we gave examples of how these results could be used to
derive augmented inverse probability weighted complete-case (AIPWCC) es-
timators for the regression parameters in a restricted moment model with
missing data by design when there were two levels of missingness. We now
expand this discussion to more general coarsening by design mechanisms.

If we want to obtain a semiparametric estimator for 3, we would proceed
as follows. We start with a full-data estimating equation that yields a full-
data RAL estimator for 5. It will be assumed that we know how to construct

A @ Ao,

+L2{C5GC(Z)7¢)O}7 (91)
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such estimating equations for full-data semiparametric models. For example,
a full-data m-estimator could be derived by solving the estimating equation

n

> m(z;,8) =0,

i=1

where the estimating function evaluated at the truth, m(Z, 8y), was chosen so
that m(Z, By) = ¢*F'(Z) € A+, For example, we take m(Z, 3) = A(X){Y —
w(X,0)} for the restricted moment model. The influence function of such a
full-data estimator for 5 was derived in Chapter 3, formula (3.6), and is given

by »
({2 w2, (9.2

Remark 1. An estimating function m(Z, ) is a function of the random vari-
able Z and the parameter § being estimated, and the corresponding m-
estimator is the solution to the estimating equation made up of a sum of
iid quantities Y ., m(Z;, 3) = 0. However, in many cases, elements orthog-
onal to the nuisance tangent are defined as p*¥'(Z) = m(Z, By, n0), where 1
denotes the true value of the full-data nuisance parameter. Consequently, it
may not be possible to define an estimating function m*(Z, 8) that is only a
function of Z and [ that satisfies Eg ,{m*(Z, 3)} = 0 for all § and 7, as would
be necessary to obtain consistent asymptotically normal estimators for all 3
and 7. However, if we could find a consistent estimator for n, say 7,, then a
natural strategy would be to derive an estimator for 3 that is the solution to
the estimating equation

> " m(Zi, B.in) = 0. (9.3)

=1

The estimating equation (9.3) is not a sum of iid quantities and hence the
resulting estimator is not, strictly speaking, an m-estimator. However, in many
situations, and certainly in all cases considered in this book, the estimator Bn
that solves (9.3) will be asymptotically equivalent to the m-estimator B:; that

solves the equation
n

Zm(Zi,/B»UO) = Oa

i=1

with 79 known, in the sense that n'/2 (Bn— B:L) L5 0. Without going into detail,
this asymptotic equivalence occurs because m(Z, By, m0) = ©*¥'(Z) is orthogo-
nal to the nuisance tangent space. We illustrated this asymptotic equivalence
for parametric models in Section 3.3 using equation (3.30) (also see Remark
4 of this section). Therefore, from here on, with a slight abuse of notation,
we will still refer to estimators such as those that solve (9.3) as m-estimators
with estimating function m(Z, 5). O
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With coarsened data by design, we use (9.1) to motivate the following
estimating equation:

Z [ w (00, Zi, o)

+ L{C, Gci(zz-),wo}] = 0. (9.4)

i=1

The estimator that is the solution to the estimating equation (9.4) is re-
ferred to as an AIPWCC estimator. If we take the element Ly(-) to be iden-
tically equal to zero, then the estimating equation becomes

[z pin)

i=1

and the resulting estimator is an IPWCC estimator since only complete cases

are considered in the sum above (i.e., {i : C; = 0o0}), weighted by the inverse

probability of being a complete case. The term Lo{C;, Ge¢,(Z;), o} allows con-

tributions to the sum by observations that are not complete (i.e., coarsened),
and this is referred to as the augmented term.

Using standard Taylor series expansions for m-estimators (which we leave

as an exercise for the reader), we can show that the influence function of the
estimator, derived by solving (9.4), is equal to

_ [E{am(zi7ﬁo) H - [I(Cz‘ = oo)m(Z;, Bo)

+ LQ{Ci, Gc,i (Zl)? ¢0}

opT @ (00, Zi, o)
_I(C = 00)p" (Z) ,
- W(Ooin,iﬂo) +L2{CiaGCi(Zi)7'(/}0}7 (95)
where ¢f'(Z;) was defined in (9.2) and
0 Ziu -
L= — [E{m(aﬁTﬁO)H Ly € As. (9.6)

Therefore, we can now summarize these results. If coarsening of the data
were by design with known coarsening probabilities w{r, G,.(Z), 1o}, for all
r, and we wanted to obtain an observed-data RAL estimator for (3 in a semi-
parametric model, we would proceed as follows.

1. Choose a full-data estimating function m(Z, ).

2. Choose an element of the augmentation space A, as follows.
a) For each r # oo, choose a function Lo, {G,(Z)}.
b) Construct Lo{C,Gc(Z), 10} to equal

I(C = 0)
(00,7, %0) T;Ow{nGT(Z),%}LQT{GT(Z)}

— Z I(C = T)LQT{GT(Z)}

r#o00
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3. Obtain the estimator for 8 by solving equation (9.4).

The resulting estimator, ﬁn, under suitable regularity conditions, will be a
consistent, asymptotically normal RAL estimator for g with influence function
given by (9.5). The asymptotic variance of this estimator is, of course, the
variance of the influence function. Estimators for the asymptotic variance can
be obtained using the sandwich variance estimator (3.10) derived in Chapter
3 specifically for m-estimators.

We see from this construction that the estimator depends on the choice of
m(Z,3) and the functions Lo-{G,(Z)},r # co. Of course, we would want to
choose these functions so that the resulting estimator is as efficient as possible.
This issue will be the focus of Chapters 10 and 11.

¥ unknown

The development above shows how we can take results regarding semipara-
metric estimators for the parameter g for full-data models and modify them to
estimate the parameter 8 with coarsened data (CAR) when the the coarsen-
ing probabilities are known to us by design. In most problems, the coarsening
probabilities are not known and must be modeled using the unknown param-
eter . We discussed models for the coarsening process and estimators for the
parameters in these models in Chapter 8. We also showed in Chapter 8 the im-
pact that such models have on the observed-data nuisance tangent space, its
orthogonal complement, and the space of observed-data influence functions.
If the parameter v is unknown, two issues emerge:

(i) The unknown parameter ¥ must be estimated.

(ii) The influence function of an observed-data RAL estimator for 8 must be
an element in the space defined by (7.37) (i.e., involving a projection onto
the coarsening model tangent space Ay).

One obvious strategy for estimating § with coarsened data when 1 is
unknown is to find a consistent estimator for ¥ and substitute this estimator
for 1o in the estimating equation (9.4). A natural estimator for 1 is obtained
by maximizing the coarsening model likelihood (8.8). The resulting MLE is
denoted by in The influence function of the estimator for 3, obtained by
substituting the maximum likelihood estimator v, for 1y in equation (9.4),
is given by the following important theorem.

Theorem 9.1. If the coarsening process follows a parametric model, and if ¢
is estimated using the maximum likelihood estimator, say 1,,, or any efficient
estimator of ¥, then the solution to the estimating equation

2 I(C;?mm;@5&21>’ﬁ)+L2{ci,Gci<Zz->,¢n} =0 (0.7)

will be an estimator whose influence function is
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I(Ci = oo)ch(Zi) .
w00 Zign) T L2iCi Gei(Zi), Yol

1(C; = 00)pF ()
w(oovzialpo)

where ¢%'(-) and L3(-) are defined by (9.2) and (9.6). We note that such an
influence function is indeed a member of the class of observed-data influence
functions given by (8.19).

—1I

L;{C“ GCi (Zi)7 ¢0}

Aw} , (9.8)

For notational convenience, we denote a typical influence function, if the
parameter 1 is known, by

1(C; = o0) ' (Zy)
w(oov Zia dj)

and a typical influence function, if 1) is unknown, by

QP{CH Ge, (Zl)v 1/)} - SZ{CZ? Ge, (Zl)a ¢} - H[@{Cu Ge, (Zl)v ¢}|Aw]

Before giving the proof of the theorem above we present the following lemma.

P{Ci, Ge,(Z:), ¥} = + L3{Ci, Ge,(Z:), ¥}, (9-9)

Lemma 9.1.

3¢{C,GC(Z),¢O}} _
YT

E B |#(.Ge(2), a} ST €. Ge(Z),tn} |- (910

Proof. Lemma 9.1
We first note that the conditional expectation E[h{C,Gc(Z)}|Z] for a typical

function h, as given by (7.35), only depends on the parameter ¢). Namely, this
conditional expectation equals

Ey(h|Z) = Zh (G (2w !{r, G (Z), ). (9.11)

Because of the definition of ${C,G¢(Z),v} given by (9.9) and the fact that
L3{C,Gc(Z),9} € Ay, we obtain for any 1, that

Ey {¢{C.Ge,v)|2} = ¢"(2),

which, by equation (9.11), equals

S G {r Gr(2), e {r, Gr(2), ¥} = ¢ (2) for all 2,4,
where ' (z) does not include the parameter 1. Therefore

81% > @{r,Gr(2), ¥}w{r, Gr(2), ¢} =0 for all z,4. (9.12)
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Differentiating the product inside the sum (9.12) and setting ¥ = 1o yields

Z a@{’f‘, g;;(TZ)’ ¢O}w{r7 GT(Z>,’(/J0}

8’@{7", Gr(z)v 7/)0}/31/1T
wi{r,Gr(2), Yo}

+33{r.Go(2), o} @{r,Gr(2),10} =0,

or

6@{03 GC (Z)7 ¢0}
B |2

2| = - pte.Ce(2), ulste. Ge@).voll2 |
which, after taking unconditional expectations, implies

5 [a¢{c,§;(TZ),wo}] _

E[@{c,GC(Z>,w0}S£{c,Gc(Z)7¢o}]- O

We are now in a position to prove Theorem 9.1.

Proof. Theorem 9.1 R
The usual expansion of (9.7) about 3y, but keeping 1, fixed, yields

n'/2(B, — Bo) =
n-1/2 Z lI(Ci = OO)SDIT(Zi) + L3{Ci, Ge,(Zi), thn}

.7, %) +o,(1),  (9.13)
i=1 w y “iy ¥n

where goF(Zi) is given by (9.2) and L3{C;, G¢,(Z;), v} is given by (9.6). Now
we expand wn about g to obtain

n'/%(B, — Bo) = WZ«J{&,Gc Zi), o}

=1

_128§0{C1,Gc ) ’(/) }] 1/2(

"Z’n - wO) + Op(1)7
(9.14)

oy’

where ) is some intermediate value between z/;n and 1)y. Since under usual
regularity conditions 1)), converges in probability to 1y, we obtain

a@{cszC )aw;} P 8¢{C%GC(Z1)71/)0}
— F * . 9.15
ooy PeeCed o (0.5
Standard results for finite-dimensional parametric models, as derived in
Chapter 3, can be used to show that the influence function of the MLE 4, is
given by
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(E (5,{C. Ge(2) 40} STC. Ge(Z). o) ) {0, Ge(Z) b}, (9.16)

where Sy {C,Gc(Z), 10} is the score vector with respect to ¢ defined in (8.15).
The influence function of v, given by (9.16), together with (9.15) and
(9.10) of Lemma 9.1, can be used to deduce that (9.14) is equal to

n'/?(B, — Bo)
=157 G Ge (20, ) = B [5(C G (2,0} ST (G G

(E [Sw{cl’ GC1 (Zi)v wO}Si{C’L’ GC1 (Zl)v 1/)0}} ) - Sw{czv GC'L (Z7)a 1[10}}
+o0,(1). 9.17)

The space Ay, is the linear space spanned by Sy{C,G¢c(Z),v0}. Therefore,
using results from Chapter 2 (equation (2.4)) for finding projections onto
finite-dimensional linear subspaces, we obtain that

1 [3{C, Ge(2)}Ay] = E(3S) [B(SyST)] " Su{C,Ge(2)}. (9.18)

Consequently, as a result of (9.17) and (9.18), the influence function of /3, is
given by
P{C, Ge(2),tho} — M[P{C, Ge(Z), ot Ay],

where

I(C = o0)p"(Z)

@{CaGC(Z)7¢O} = ’(D(OO 7 ¢O)

+ L3{C,Ge(Z), 4o} O

Theorem 9.1 is important because it gives us a prescription for deriving
observed-data RAL estimators for  when coarsening probabilities need to be
modeled and estimated. Summarizing these results, if the data are coarsened
at random with coarsening probabilities that need to be modeled, and we
want to obtain an observed-data RAL estimator for § in a semiparametric
model, we would proceed as follows.

1. Choose a model for the coarsening probabilities in terms of a parameter
¥, namely w{r, G.(Z),1}, for all r. In Section 8.1, we discussed how such
models can be derived when there are two levels of coarsening or when
the coarsening is monotone.

2. Using the observed data, estimate the parameter ¢/ using maximum like-
lihood (that is, by maximizing (8.8)), and denote the estimator by V.

3. Choose a full-data estimating function m(Z, 3).

4. Choose an element of the augmentation space As by

a) for each r # oo, choosing a function Lo, {G,(Z)} and
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b) constructing Lo{C, Ge(Z), 1} to equal

M @{r, G (Z), Y Lo {G(Z
TD(OOyZa"Z}n) 7‘;0 {’ T( )’wn} 2T{ T( )}
- Z I(C =r)L2{Gr(Z)}.

r#00

5. Obtain the estimator for 3 by solving equation (9.7).

The resulting estimator, (3., under suitable regularity conditions, will be a
consistent, asymptotically normal RAL estimator for 8 with influence function
given by (9.8).

Interesting Fact

If the parameter ¢y was known to us and we used equation (9.4) to derive
an estimator for (3, then, since this estimator is asymptotically linear, the
asymptotic variance would be the variance of the influence function (9.5),

namely
I(C = B
r [{E =)D
W(OO, Z7 wo)
If, however, ¢ was estimated using the MLE z[)n and equation (9.7) was used to

derive an estimator for 3, then the asymptotic variance would be the variance
of its influence function namely

(1(0 = x0)¢"(2)
’ZD(OO, Z, 1/J0)

+L;{C,GC<Z>,%}] .

+ L3{C,Gc(Z), tho} — 11 {W
w])

By the Pythagorean theorem, the variance of the second estimator must be
less than or equal to the variance of the first. This leads to the interesting and
perhaps unintuitive result that, even if we know the coarsening probabilities
(say we coarsen the data by design), then we would still obtain a more efficient
estimator for B by estimating the parameter ¢ in a model that contains the
truth and substituting this estimator for ¢ in equation (9.4) rather than using
the true v itself.

Estimating the Asymptotic Variance

The asymptotic variance of the RAL estimator Bn is the variance of the influ-
ence function (9.8), which we denote by ¥. An estimator for the asymptotic
variance, in, can be obtained using a sandwich variance estimator. For com-
pleteness, we now describe how to construct this estimator:
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s, =[o {"%ﬁ’f“ } |

X

n_lzg{CuGC ‘)aqﬁnaﬁn}gT{CiaGCi(Zi)aqﬁnaBn}]

|
x[ {amagf" }] 1T, (9.19)

| om(z, 5,) e (C; = 00)Om(Z;, 3n) /0BT
() {pessniiory

where

@ (00, Zi, tn)
g{CuGci(Zz)»'J]n,ﬁAn} =
Q{Ci; Gcl(Zl)a'l[}naBn} - E(qsg){E(S@ng)}ilS@b{C% ch(Zl)a J]n}a

( = ) (Zan)
(OO Ziy1hn)

4{Ci, Ge,(Z),bn, B}y = + Lo{Ci, Ge,(Zi), ¥n },

(qu 1ZQ{Cl7GC ),’l/AJn,,@n}S,Z:{C“GCI(Zz),qﬁn},

and

E(SySf) = st{a, Ge,(Z:),0n}ST{Ci, Ge,(Z:), ).

9.2 Additional Results Regarding Monotone Coarsening

The Augmentation Space A; with Monotone Coarsening

In deriving arbitrary semiparametric estimators for § with coarsened data,
whether the coarsening process was by design, 1o known, or whether the
parameter ¢ describing the coarsening process had to be estimated, a key
component of the estimating equation, either (9.4) or (9.7), was the augmen-
tation term L2{C,Gc(Z)} € As. In (7.37), we gave a general representation
for such an arbitrary element of Ay when the data are coarsened at random.
However, in the special case when we have monotone coarsening, it will be
convenient to derive another equivalent representation for the elements in A,.
This representation uses discrete hazards as defined in (8.2) and is given in
the following theorem.
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Theorem 9.2. Under monotone coarsening, a typical element of Ay can be
written as

I(C =) = A{GH(Z}(C > 1)
;o { KAG.(2)} LG (2)}, (9.20)

where A\, {G,(Z2)} and K, {G,(Z)} are defined by (8.2) and (8.4), respectively,
and L,.{G,(Z)} denotes an arbitrary function of G,(Z) for r # co.

Remark 2. Equation (9.20) is made up of a sum of mean-zero conditionally
uncorrelated terms; i.e., it has a martingale structure. We will take advantage
of this structure in the next chapter when we derive the more efficient double
robust estimators. O

Proof. Using (7.37), we note that a typical element of Ay can be written as

> [1e—n-TE=D2E O 1 Gz 0

= w(00, Z)
where L2,.{G(Z)} denotes an arbitrary function of G,(Z) for r # oco. To
simplify notation, let A\, = A {G,(2)}, K, = K.{G,(Z)}, L, = L,{G.(2)},
and Lo, = Lo,.{G,(Z)}. We will prove that there is a one-to-one relationship
between the elements in (9.20) and the elements of (9.21), specifically that

r—1

1 Aj
Loy = —L, — Z2 L for all r # oo, 9.22
2 KT71 ; KJ J # ( )
and conversely
r—1
L,=K,_1Lo + ijL2j for all r # co. (9.23)
j=1

We prove (9.23) by induction. For r = 1, notice that Ky = 1, and hence by
(9.22), L1 = Lo;. Now suppose that (9.23) holds for any ¢ < r. Then for r+1,
we have from (9.22) that

1 "\
L2(r+1) = ?Lr—i-l - Z sz
s i=1 K2

Therefore,
K, /\
Lr+1 z
=1
K\ —
=K L2(r+1) + Z KZ—1L2Z + ZWJIQ]
=1
r i—1

=K LQ(TJrl) + Z K, w; Lo + ZZ K.\ w] sz.

i=1 j=1
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Interchange the order of summation,

r r—1 r
Krwi )\z
LT+1 = KTLz(TJrl) + Z K L2i + ZKT‘ijQj Z ?
i=1 g j=1 i=j+1 "

- 1 N
= Kooy + 3 Koyl | =t 30 3]
7j=1 J 1=75+1

Note that

LSS S VA S NUIA'EE ISR
Kj Kj+1 Kj+1 Kj+1 Kj+1 ’
and hence
1 ~ 1
Kj L ) B Kr.
1=j+1
Therefore,

LT+1 = KT‘L2(7"+1) + Z’(DjLQj.

j=1
Substituting (9.23) into (9.20) yields
I(C=r)—AIC>7) =
Z X, K, 1Ly + Z wjLa;
r#00 Jj=1
B IC=7r)—XAIC>r)
- Kr Kr71L2r
r#00
IC=r)—N\I(C>r)
+ 2 wily ), K
j#oo j+1<r#oo "
B IC=7r)—AIC>r)
- Z Kr Kr71L2r
r#00
IC=j5)—-NIC>}
+ZWTL27~ Z ( J) K-] ( _J).
r#oco r+1<j#00 J

But since I(C = j) = I(C > j) — I(C > j + 1), we have that
3 1(C=J) = NI(C =)

- K;
r+1<j7#oco
S {I(Czj)HCZjH)}
r4+1<j7#00 Kj K;

:I(CZT+1)_I(C:oo)

K, Woo

209



210 9 Augmented Inverse Probability Weighted Complete-Case Estimators

Therefore, (9.20) can be written as

el K, K, K, Weo
IC=r)K,—1, IC=r)w, I =o0)wr
- K K T @ Lar
'r‘;éoo T T oo
I =
= {](C :7") — (C OO)WT}LQT,
r7#00 Woo

which is exactly (9.21). Similarly, substituting (9.22) into (9.21) yields (9.20).
O

FEzxzample 1. Longitudinal data with monotone missingness

Consider the following problem. A promising new drug for patients with HIV
disease is to be evaluated against a control treatment in a randomized clinical
trial. A sample of n patients with HIV disease are randomized with equal
probability (.5) to receive either the new treatment (X = 1) or the control
treatment (X = 0). The primary endpoint used to evaluate the treatments
is change in CD4 counts measured over time. Specifically, CD4 counts are to
be measured at time points t; < ... < t;, where t; = 0 denotes the time of
entry into the study when a baseline CD4 count measurement is taken and
to < ... < t; are the subsequent times after treatment when CD4 counts will
be measured. For example, CD4 count measurements may be taken every six
months, with a final measurement at two years. The data for individual
can be summarized as Z; = (Y1, X;)T, where V; = (Yy;,...,Yu)T, with Yji
denoting the CD4 count measurement for patient ¢ at time ¢; and X; denoting
the treatment indicator to which patient ¢ was assigned.

Suppose that it is generally believed that, after treatment is initiated,
CD4 counts will roughly follow a linear trajectory over time. Therefore, a
linear model

E(y;lx1|Xi) ZHZX?’(Xi)ﬁ?’Xl, (9'24)

is used to describe the data, where the design matrix H(X;) is an [ x 3
matrix with elements H,/(X;),j = 1,...,1, j =1,2,3, and H;;(X;) = 1,
Hj»(X;) = t;, and H;3(X;) = X;t;. This model implies that the mean CD4
count at time t; is given by

E(Y;;|X;) = 51 + Batj + 03Xt

Hence, if X; = 0, then the expected CD4 count is 3 + 32t ;, whereas if X; = 1,
then the expected CD4 count is 51 + (82 + B3)t;. This reflects the belief that
CD4 response follows a linear trajectory after treatment is initiated. Because
of randomization, the mean baseline response at time t; = 0 equals 3, the
same for both treatments, but the slope of the trajectory may depend on
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treatment. The parameter (3 reflects the strength of the treatment effect,
where B3 = 0 corresponds to the null hypothesis of no treatment effect.

The model (9.24) is an example of a restricted moment model, where
E(Y|X) = u(X,8) = H(X)p. If the data were collected on everyone (i.e.,
full data), then according to the results developed in Section 4.5, a full-data
estimating function would in general be based on A**!/(X){Y — u(X,3)},
and the optimal estimating function would be DT (X)V~HX){Y — u(X, 3)},
where D(X) = % and V(X) = var(Y|X). In this example, D(X) =
H(X). Although we would expect the longitudinal CD4 count measurements
to be correlated, for simplicity we use a working variance function V(X) =
021!, This leads to the full-data estimating function m(Z, 3) = HT (X){Y —
H(X)pB}, and the corresponding full-data estimator would be obtained by
solving the estimating equation

> HT(X){Y; — H(X;)3} = 0.
i=1

In this study, however, some patients dropped out during the course of the
study, in which case we would observe the data up to the time they dropped
out but all subsequent CD4 count measurements would be missing. This is
an example of monotone coarsening as described in Section 8.1, where there
are £ = [ — 1 levels of coarsening and where G,.(Z;) = (X;, Y14, ..., YY), r =
L...,l =1 and Goo(Z;) = (X4, Y14, .., Y)T. Because dropout was not by
design, we need to model the coarsening probabilities in order to derive AIP-
WCC estimators for 8. Since the data are monotonically coarsened, it is more
convenient to model the discrete hazard function. Assuming the coarsening is
CAR, we consider a series of logistic regression models similar to (8.7), namely

AM{G(2)) = exp(Yor + V1, Y1 + .o+ U Y + gy X)

= . 9.25
1+ eXP(%r =+ ¢1TY1 +...F wrrYr + 'l/)(rJrl)rX) ( )

Note 1. The only difference between equations (8.7) and (9.25) is the inclusion
of the treatment indicator X. O

Therefore, the parameter ¢ in this example is ¥ = (Yo, ... Wty T =
1,...,1—1)T. The MLE 1), is obtained by maximizing the likelihood (8.13).

We now have most of the components necessary to construct an AIP-
WCC estimator for S. We still need to define an element of the augmen-
tation space As. In accordance with Theorem 9.2, for monotonically coars-
ened data, we must choose a function L.{G.(Z)}, r = 1,...,1 — 1 (that is,
a function L,.(X,Y7,...,Y.)) and then use (9.20) to construct an element
Lo{C,Ge(2)} € As.

Putting all these different elements together, we can derive an observed-
data RAL estimator for 8 by using the results of Theorem 9.1, equation (9.7),
by solving the estimating equation
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"~ [1(Ci = o) HT (X;){Y; — H(X,)5}
Z |: W(OO, Zi/‘/;n)

(9.26)

i=1

o [1(Ci = 1) = M{G(Z:), Pu}I(C; > 7) -
"2 { KoGr(Z2), 4} @2 =

r=1
where

eXP(Z/AJOr Y+ Y+ 'l[}(r—&-l)rXi)

)\T{Gr(Zz)vz/A}n} = = ~ = ~ y
L+ exp(Yor + V1 Y1i + oo+ Ve Yei + Yrp1)r X)

KT{GT(Zi)v ¢n} =

11[ 1

P =1 1+ exp(d}Or’ + J)lr,YM +...t J}r/rl Yr'i + 12](7“'-&-1)7‘/ Xl)’

and X X
’(D(OO, Zi7 wn) = Kl—l{Gl—l(Zi>a wn}

The estimator 3,, the solution to (9.26), will be an observed-data RAL esti-
mator for § that is consistent and asymptotically normal, assuming, of course,
that the model for the discrete hazard functions were correctly specified. An
estimator for the asymptotic variance of the estimator for ﬁn can be obtained
by using the sandwich variance estimator given by (9.19).

The efficiency of the estimator will depend on the choice for m(Z;, 8) and
the choice for L,.(X;,Y1;,...,Y), r=1,...,1— 1. For illustration, we chose
m(Z;, 3) = HT(X;){Y; — H(X;)3}, but this may or may not be a good choice.
Also, we did not discuss choices for L,.(X;,Y1;,...,Y), r=1,...,0 = 1. If
L, (-) were set equal to zero, then the corresponding estimator would be the
IPWCC estimator. A more detailed discussion on choices for these functions
and how they affect the efficiency of the resulting estimator will be given in
Chapters 10 and 11. O

Since we are on the topic of monotone coarsening, we take this opportunity
to note that in survival analysis the survival data are often right censored.
The notion of right censoring was introduced in Section 5.2, where we derived
semiparametric estimators for the proportional hazards model. Right censor-
ing can be viewed as a specific example of monotone coarsening. That is, if
data in a survival analysis are right censored, then we don’t observe any data
subsequent to the censoring time. The main difference between right censor-
ing for survival data and the monotone coarsening presented thus far is that
the censoring time for survival data is continuous, taking on an uncountably
infinite number of values, whereas we have only considered coarsening models
with a finite number of coarsened configurations. Nonetheless, we can make
the analogy from monotone coarsening to censoring in survival analysis by
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considering continuous-time hazard rates instead of discrete hazard probabil-
ities.

In the next section, we give some of the analogous results for censored
data. We show how to cast a censored-data problem as a monotone coarsen-
ing problem and we derive a typical influence function of an observed-data
(censored data) influence function for a parameter 3 in terms of the influence
function of a full-data (uncensored) estimator for 5. Much of the exposition
that follows is motivated by the work in the landmark paper of Robins and
Rotnitzky (1992). To follow the results in the next section, the reader must be
familiar with counting processes and the corresponding martingale processes
used in an advanced course in censored survival analysis. If the reader does
not have this background, then this section can be skipped without having it
affect the reading of the remainder of the book.

9.3 Censoring and Its Relationship to
Monotone Coarsening

In survival analysis, full data for a single individual can be summarized as
{T,X(T)}, where T denotes the survival time, X (u) denotes the value of
covariates (possibly time-dependent) measured at time u, and X (7)) is the
history of time-dependent covariates X (u),u < T. As always, the primary
focus is to estimate parameters 3 that characterize important aspects of the
distribution of {T, X (T')}. We will assume that we know how to find estimators
for the parameter of interest if we had full data {T}, X;(T3)}, i = 1,...,n.

Ezxample 2. As an example, consider the following problem. Suppose we are
interested in estimating the mean medical costs for patients with some illness
during the duration of their illness. For patient ¢ in our sample, let T; denote
the duration of their illness and let X;(u) denote the accumulated hospital
costs incurred for patient i at time u (measured as the time from the be-
ginning of illness). Clearly, X;(u) is a nondecreasing function of u, and the
total medical cost for patient i is X;(7T;). The parameter of interest is given
by 8 = E{X(T)}. If we make no assumptions regarding the joint distribu-
tion of {T, X (T}, we showed in Theorem 4.4 that the tangent space for this
nonparametric model is the entire Hilbert space. Consequently, using argu-
ments in Section 5.3, where we derived the influence function for the mean
of a random variable under a nonparametric model, there can be at most
one influence function of an RAL estimator for 3. With a sample of iid data
{T;, X;(T;)}, i = 1,...,n, the obvious estimator for the mean medical costs
is

B =n"" anXi(Ti),
=1

which has influence function X (T') — E{X(T)}. If, however, the duration of
illness is right censored for some individuals, then this problem becomes more
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difficult. We will use this example for illustration as we develop censored data
estimators. O

In actuality, we often don’t observe the full data because of censoring, pos-
sibly because of incomplete follow-up of the patients due to staggered entry
and finite follow-up, or because the patients drop out of the study prema-
turely. To accommodate censoring, we introduce a censoring variable C that
corresponds to the time at that an individual would be censored from the
study.

Remark 3. Notational convention

Since we have been using C (scripted C) to denote the different levels of
coarsened data and because censoring is typically denoted by the variable C'
(unscripted), the difference may be difficult to discern. Therefore, we will use

C (i.e., C with a tilde over it) to denote the censoring variable from here on.
O

We assume that underlying any problem in survival analysis there are
unobservable latent random variables

(Co, Ty, Xi(T0)}, i =1,...,n.
The joint distribution of pC‘,T,)_((T){Cv t,Z(t)} can be written as

peir,xmiclt, 2(0)}pr x o {t, 2(0)},

where pr 5 (r){t, Z(t)} denotes the density of the full data had we been able
to observe them.
The observed (coarsened) data for this problem are denoted as

{U,A,X(U)},

where U = min(T,C) (observed time on study), A = I(T < C) (censoring
indicator), and X (U) is the history of the time-dependent covariates while
on study. Coarsening of the data in this case is related to the fact that we
don’t observe the full data because of censoring. We will show that censoring
can be mapped to a form of monotone coarsening. The coarsening variable C,
which we took previously to be discrete, is now a continuous variable because
of continuous-time censoring. A complete case, C = 0o, corresponds to A =1
or, equivalently, to (T' < C).

To make the connection between censoring and the coarsening notation

used previously, we define (C = r) to be (C = r, T > r) and, when C =
r, we observe G,.{T,X(T)} = |X{min(r,T)},TI(T < r)| for r < co and
Goo{T, X(T)} = {T, X (T)}. With this notation

G AT, X(T)} = Goo{T, X(T)} = {T, X (T)} whenever r > T.
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Nonetheless, this still satisfies all the assumptions of monotone coarsening.
Therefore, the observed data can be expressed as

[Ca GC {Ta X(T>}?

where
[C=rGAT,X(T)} = {C’ =r,T>r X(r)}

nd
' [C = 00, Goof T, X(T)}] ={T < C, T, X(T)}.

With monotone coarsening, we argued that it is more convenient to work with
hazard functions in describing the coarsening probabilities. With a slight abuse
of notation, the coarsening hazard function is given as

MT,X(T)}=P{C=rlC>r,T,X(T)}, r<occ. (9.27)

Remark 4. Because the censoring variable C' is a continuous random variable,
so is the corresponding coarsening variable C. Therefore, the hazard function
given by (9.27), which strictly speaking is used for discrete coarsening, has to
be defined in terms of a continuous-time hazard function; namely,

MAT, X(T)} = Jim, R P{r<C=<r+hlC>rT,X(T)}, r<oc.
—
However, unless we need further clarification, it will be convenient to continue
with this abuse of notation. O

The event C > r, which includes C = oo, is equal to
C>r)=(C>rT>C)U(T <C). (9.28)
Therefore,

MAT, X(T)} = PIC =r,T>r|{(C>rT>C)U(T <C)}, T, X(T)].

9.29)
If T < r, then (9.29) must equal zero, whereas if 7' > r, then {(é’ >r,T >
OYU(T <O)}N(T >r)=(C >r). Consequently,

MAT, X(T)} = P{C =7|C >, T, X(T)} (T >r).

this is the hazard function of
censoring at time r given T, X (7).

If, in addition, we make the coarsening at random (CAR) assumption,
MAT, X(T)} = \[G AT, X(T)}],

then
MG AT, X(T)Y) = P{C =7|C >r, T >r,X(r)} (T >r).
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Let us denote the hazard function for censoring by

Aefr, X(r)} = P{C

r|é >r,T>r, X(r)}

Then
)\T[GT{T,X’(T)}} = Aé{r,X(r)}I(T >r). (9.30)

In order to construct estimators for a full-data parameter using coars-
ened data, such as those given by (9.4), we need to compute the probability
of a complete case w[oo, Goo{T, X(T)}] = P{C = o|T,X(T)} = P{A =
1|/T, X (T)} and a typical element of the augmentation space, Ay. We now
show how these are computed with censored data using the hazard function
for the censoring time and counting process notation.

Probability of a Complete Case with Censored Data

For discrete monotone coarsening, we showed in (8.6) how the probability of
a complete case C = oo can be written in terms of the discrete hazards. For a
continuous-time hazard function, the analogous relationship is given by

w[o0, Goo{T, X (T)}] = P{A = 1T, X(T)} = H <1 - /\T[GT{T,X(T)}]dr>

r<oo

—ew{ - [TnlGr X0}
— exp { - /O T {n XV(T = r)dr}
- exp{ - /OT )\é{r,)_((r)}dr}. 9.31)

The Augmentation Space, Az, with Censored Data

In equation (9.20) of Theorem 9.2, we showed that an arbitrary element of
the augmentation space, As, with monotone coarsening can be written as

I(C=7) — MG AT, X(T)NI(C > r
Z( ) = M[GAT, X(T)HI(C > )

K, [G AT, X(T)}] L[GAT, X(T)}.  (9.32)

r#00

Using counting process notation, we denote the counting process correspond-
ing to the number of observed censored observations up to and including time
r by Na(r) =1(U <r,A=0)=I(C <r,T > C). Consequently,

IC=r)=1(C=r,T >r)=dNga(r),

where dNg(r) denotes the increment of the counting process. Using (9.30),
we obtain
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MIGAT, X(T)NI(C > r) = A {r, X () (T > r)I(C > 7).

Letting Y (r) denote the at-risk indicator, Y (r) = I(U > r) = I(T > r,C > r),
we obtain - -
M [GAT, X(T)HI(C > ) = A {r, X(r) }Y (7).

Because the elements in the sum of (9.32) are nonzero_only T >r a£1d C >,
it suffices to define L,[G,{T, X(T')}] and K.[G{T, X(T)}] as L.{X(r)} and
K, {X(r)}, respectively. Moreover,

-
KAX(r)} = H (1 - )\é{u,)_((u)}du> = exp [—/ Ae{u, X (u)}dul.
u<r 0
(9.33)
Consequently, a typical element of As, given by (9.32), can be written
using stochastic integrals of counting process martingales, namely

[dMe{r, X0}, o
| S AR,

where - -
dMe{r,X(r)} = dNa(r) = Aa{r, X (r) }Y (r)dr

is the usual counting process martingale increment and K,.{X(r)} is given by
(9.33).

Deriving Estimators with Censored Data

Suppose we want to estimate the parameter [ in a survival problem with
censored data {U;, A;, X;(U;)}, i = 1,...,n. Let us assume that we know
how to estimate 3 if we had full data Z; = {1}, X;(T3)}, i = 1,...,n; say,
for example, we had an unbiased estimating function m(Z;, 8) that we could
use as a basis for deriving an m-estimator. In addition, let us assume that
we knew the hazard function for censoring, As{r, X (r)}. Since censoring is a
special case of coarsened data, we could use (9.4) to obtain estimators for
with censored data.

Specifically, using the notation developed above, an AIPWCC estimator
for 3 can be derived by solving the estimating equation

n ) OodM~ T7 X’L , i
2 [I<U~{)A(Z(U¢)}m(zi’ﬁ>+ MLT{XM)} =0, (9.34)

i=1

where K,{X(r)} is given by (9.33).

We now return to Example 2, where the goal was to estimate the mean
medical costs of patients with some illness during the course of their illness.
We defined the parameter of interest as § = E{X(T)}, where X (T') was the
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accumulated medical costs of a patient during the time T of his or her illness.
As noted previously, with full data there is only one influence function of
RAL estimators for 4, namely X (T') — 8. Consequently, the obvious full-data
estimating function for this problem is m(Z;, 8) = X;(T;) — 5. With censored
data, we use (9.34) to derive an arbitrary estimator for 5 as the solution to

i{KU{?& Ko gy / Al i) =

This leads to the estimator

n R dMg {r,X:(r)}
>lie1 [KU{X(U )+ fWL {Xi(r )}}
B = _ . (9.35)
Doic m

Notice that, unlike the case where there was only one influence function
with the full data for this problem, there are many influence functions with
censored data. The observed (censored) data influence functions depend on the
choice of L,.{X(r)} for 7 > 0, which, in turn, affects the asymptotic variance
of the corresponding estimator in (9.35). Clearly, we want to choose such
functions in order to minimize the asymptotic variance of the corresponding
estimator. This issue will be studied carefully in the next chapter.

We also note that the estimator given above assumes that we know the
hazard function for censoring, As{r, X (r)}. In practice, this will be unknown
to us and must be estimated from the observed data. If the censoring time
C is assumed independent of {T, X(T)}, then one can estimate K, using
the Kaplan-Meier estimator for the censoring time C; see Kaplan and Meier
(1958). If the censoring time is related to the time-dependent covariates, then
a model has to be developed. A popular model for this purpose is Cox’s
proportional hazards model (Cox, 1972, 1975).

If L,(-) is taken to be identically equal to zero, then we obtain the IPWCC
estimator. This estimator, referred to as the simple weighted estimator for
estimating the mean medical cost with censored cost data, was studied by
Bang and Tsiatis (2000), who also derived the large-sample properties. More
efficient estimators with a judicious choice of L,.(-) were also proposed in that

paper.

9.4 Recap and Review of Notation

Constructing AIPWCC estimators

e Let m(Z, ) be a full-data estimating function, chosen so that m(Z, 5y) €
AFL



9.4 Recap and Review of Notation 219

e If coarsening probabilities are known by design (i.e., ¥ known), then an
observed-data RAL AIPWCC estimator for (3 is obtained as the solution
to the estimating equation

Z { w(00, Zi, o)

+ LQ{Civ Gci (Zz)v 1/10}] = 07

i=1
and the i-th influence function of the resulting estimator Bn is

@{Cu Gci (Zz)a 1/)0} -

e

where Lo() is an element of the augmentation space given by

+ Lz{Ci,Gci(Zz‘)ﬂ/fo}} ;

I(C =)
=0, Z, %) ;ﬁ”{’"’GT(Z)’%}%T{GT(Z)}
~ 3" 1€ =)L {G.(2)},
r#00

for arbitrarily chosen functions Lo, {G,(Z)},r # oc.

e If the coarsening probabilities need to be modeled (i.e., ¥ is unknown),
then an observed-data RAL AIPWCC estimator for § is obtained as the
solution to the estimating equation

= +L {C“G 7<Zz)awn} =0,
; w(oo, Ziv’l/)n) 2 ¢

where 1/;,1 denotes the MLE for 4. The i-th influence function of the re-
sulting estimator is

SZ{C% Gci (Zl)a 1/10} - E@S@f){E(Sng)}flsw{Cu GC«; (Zl)v 1/)0}

= ¢{Ci, Ge,(Zi),vo} — IL[@{Ci, Ge, (Zi), 1o Ay

The augmentation space with monotone coarsening

e When the observed data are monotonically coarsened, then it will prove
to be convenient to express the elements of the augmentation space using
discrete hazard functions, specifically an element Lo{C, G¢(Z), ¥} € As,

I(C = T) - )\T{GT‘(Z)ﬂw}I(C > 7’)
2 [ K{G(2),4}

L{G(Z)},
r#0o

for arbitrarily chosen functions L,{G,(Z)} r # cc.
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9.5 Exercises for Chapter 9

1. In equation (9.4), we proposed an m-estimator (AIPWCC) for S when the
coarsening probabilities are known by design.
a) Derive the influence function for this estimator and demonstrate that
it equals (9.5).
b) Derive a consistent estimator for the asymptotic variance of this esti-
mator.
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Improving Efficiency and Double Robustness
with Coarsened Data

Thus far, we have described the class of observed-data influence functions
when data are coarsened at random (CAR) by taking advantage of results
obtained for a full-data semiparametric model. We also illustrated how these
results can be used to derive estimators using augmented inverse probabil-
ity weighted complete-case estimating equations. The results were geometric,
relying on our ability to define the spaces Af+ C HF and Ay C H. Ulti-
mately, the goal is to derive as efficient an estimator for § as is possible using
coarsened data.

As we will see, this exercise will be primarily theoretical, as it will most
often be the case that we cannot feasibly construct the most efficient esti-
mator. Nonetheless, the study of efficiency with coarsened data will aid us in
constructing more efficient estimators even if we are not able to derive the
most efficient one.

10.1 Optimal Observed-Data Influence Function
Associated with Full-Data Influence Function

We have already shown in (8.19) that all observed-data influence functions of
RAL estimators for 3 can be written as

1(C = )" (Z)

oo Z dg) T 126 G2} ~TH{[- ]IAy}, (10.0)

ple.Gez)}={|
where p'(Z) is a full-data influence function and Lo{C, G¢(2)} € AQ}.

We know that the asymptotic variance of an RAL estimator for (3 is the
variance of its influence function. Therefore, we now consider how to derive the
optimal observed-data influence function within the class of influence func-
tions (10.1) for a fixed full-data influence function ¢ (Z) € (IF)¥, where
optimal refers to the element with the smallest variance matrix.
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Theorem 10.1. The optimal observed-data influence function among the
class of observed-data influence functions given by (10.1) for a fixed ¢ (Z) €

(IF)F is obtained by choosing L2{C,Gc(Z)} = H[% |A2], in which
case the optimal influence function is given by

I(C=0)p"(2) H{I(C = 00)p"(Z)

W(OO,Z, ¢0) ’(ﬂ(OO, Z, ¢O)
Proof. We begin by noting that the space of elements in (10.1), for a fixed
©¥(Z), is a linear variety as defined by Definition 7 of Chapter 3 (i.e., a

translation of a linear space away from the origin). Specifically, this space is
given as V = xo + M, where the element

I(C=0)p"(2)  _[I(C=o00)p"(Z)
w(o00, Z,1g) H[ w(00, Z, o) ‘qu}

and the linear subspace

Ag]. (10.2)

o =

M = TI[As|Ag].

To prove that this space is a linear variety, we must show that zq ¢ M.
By Theorem 8.1, we know that Ay C As. Therefore, it suffices to show that
xo ¢ M. This follows because E(xo|Z) = ¢¥'(Z) # 0.

It is also straightforward to show that the linear space M is a g-replicating
linear space as defined by Definition 6 of Chapter 3. (We leave this as an
exercise for the reader.) Consequently, as a result of Theorem 3.3, the element
in this linear variety with the smallest variance matrix is given as

$07H[$0|M]

The theorem will follow if we can prove that

In order to prove that (10.3) is a projection, we must show that

(a) (10.3) is an element of M and
(b) zg — [zo|M] is orthogonal to M.

(a) follows because II {W

A2:| € Ay and

ST -

where (10.4) follows because Ay C As.

(e

y

Aw>, (10.4)

(b) follows because
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20— Tfaot] — 1€ =20)e"(2) _ 1€ = )" (2) ]

W(OO7Z, ¢0) W(OO7Z, ¢0)

which is an element orthogonal to Ay and hence orthogonal to M because
Aw C Ay, O

Remark 1. At the end of Section 9.1, we made the observation that the asymp-
totic variance of an observed-data estimator for 5 would be more efficient
if the parameter ¢ in a model for the coarsening probabilities were esti-
mated even if in fact this parameter was known by design. This stemmed
from the fact that estimating the parameter ¢ resulted in an influence func-
tion that subtracted off the projection of the term in the square brackets
of (10.1) onto A,. However, we now realize that if we constructed the esti-
mator for 8 as efficiently as possible when v is known (that is, if we chose

Lo{C,Ge(2)} = fH[I(CL)‘pF(Z”AQ]), then the term in the square brackets

W(OO,Z{(/)(J)
of (10.1) would equal
A2:|a
W(OO,Z, ’(/}0) ’(D(OO, Z, %)

which is orthogonal to A; and hence orthogonal to Ay, in which case the
additional projection onto A, that comes from estimating ¢ would equal zero
and therefore would not result in any gain in efficiency. 0O

I(C = 0)p"(2) 1 [1(C =x)¢"(Z)

A linear operator was defined in Chapter 7 (see Definition 1). Tt will be
convenient to define the mapping from a full-data influence function to the
corresponding optimal observed-data influence function given by Theorem
10.1 using a linear operator.

Definition 1. The linear operator J : H¥ — H is defined so that for any
element hf'(Z) € HT,

I(C = c0)h*(Z) _[I(C=oc0)h*(2)
W(OO7Z, wo) w(oo, Z7 ¢0)

Using this definition, we note that the optimal observed-data influence func-
tion within the class (10.1), for a fixed o' (Z) € (IF)¥, is given by J(¢F).
Since any observed-data influence function of an RAL estimator for S must
be an element within the class (10.1) for some ¢ (Z) € (IF)F, if we want to
find the efficient influence function, it suffices to restrict attention to the class
of influence functions J (o) for ¢ (Z) € (IF)¥. We define the space of such
influence functions as follows.

J(hF) = ‘AQ} 0 (10.5)

Definition 2. We denote the space J{(IF)f'}, the space whose elements are

{j(ch) for all pf'(Z) € (IF)F},

by (IF)DR (]
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The subscript “DR” is used to denote double robustness. Therefore, the space
(IF)pr C (IF) is defined as the set of double-robust observed-data influence
functions. The term double robust was first introduced in Section 6.5. Why we
refer to these as double-robust influence functions will become clear later in
the chapter. Since the space of full-data influence functions is a linear variety
in HE (see Theorem 4.3) (IF)F = o' (Z)+.7FL, where pf'(Z) is an arbitrary
full-data influence function and 7% is the full-data tangent space, it is clear
that (IF)pr = J{(IF)F'} = J(p¥) + T(FFL) is a linear variety in H.

Remark 2. As we have argued repeatedly, because an influence function of an
observed-data RAL estimator for 3 can be obtained, up to a proportionality
constant, from an element orthogonal to the observed-data nuisance tangent
space, this has motivated us to define estimating functions m{C, G¢(Z), 8},
where m{C,G¢(Z), B0} € A+.

If, however, we are interested in deriving observed-data RAL estimators
for 8 whose influence function belongs to (IF)pr, then we should choose an
estimating function m{C, G¢(Z), 8} so that m{C,G¢(Z), Bo} is an element of
the linear space J(Af1). This follows because it suffices to define estimating
functions that at the truth are proportional to influence functions. Since any
element p*¥'(Z) € A+ properly normalized will lead to a full-data influence
function o' (Z) = A91*F(Z), where A = {E(¢*F'S%)} !, and because J (-)
is a linear operator, this implies that a typical element J (%) of (IF)pr is
equal to J (Ag*F) = AT (¢*F); i.e., it is proportional to an element J (¢*F") €
J(AFL). We define the space J(AF+) to be the DR linear space. [

Definition 3. The linear subspace J(Af+) ¢ At C H, the space that con-
sists of elements

{j(¢*F) . (p*F(Z) c AFL}’
will be referred to as the DR linear space. O

This now gives us a prescription for how to find observed-data RAL estima-
tors for 5 whose influence function belongs to (IF)pr. We start by choosing
a full-data estimating function m(Z,3) so that m(Z, 8y) = ¢*F(Z) € AT+,
We then construct the observed-data estimating function m{C,G¢(Z), 5} =
J{m(Z, )}, where

Ttz ) = LC= 2B _y[HE=cmiZp), )

’W(OO,Z, 1/10) W(OO, Z> wO)

If the observed data were coarsened by design (i.e., ¥o known), then we
would derive an estimator for 3 by solving the estimating equation

Z [ @ (00, Zi, o)

+ LZ{Civ GCi (Z1)7 6, /(/}0}:| = 07 (]‘06)
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where
I(C = co)m(Z, B)

Aol
@ (00, Z,9) 2}
If the coarsening probabilities were not known and had to be modeled using

the unknown parameter 1, then we would derive an estimator for 3 by solving
the estimating equation

LZ{C7GC(Z)Jﬁ7w} = _H

i=1

where z@n is the MLE for the parameter ¢ and Lo(+) is defined as above.

Finding projections onto the augmentation space A5 is not necessarily easy.
Later we will discuss a general procedure for finding such projections that
involves an iterative process. However, in the case when there are two levels
of coarsening or when the coarsening is monotone, a closed-form solution for
the projection onto Ay exists. We will study these two scenarios more carefully.
We start by illustrating how to find improved estimators using these results
when there are two levels of missingness.

10.2 Improving Efficiency with Two
Levels of Missingness

Let the data for a single observation Z be partitioned as (Z1, Z1)T, where
we always observe Z; but Zs may be missing for some individuals. For this
problem, it is convenient to use R to denote the complete-case indicator; that
is, if R = 1, we observe Z = (Z{', ZI)T, whereas if R = 0 we only observe Z.
The observed data are given by O; = (R;, Z14, RiZ2;),i=1,...,n.

The assumption of missing at random implies that P(R = 0|21, Z;) =
P(R = 0|Z1), which, in turn, implies that P(R = 1|71, Z2) = P(R = 1|Z;),
which we denote by m(Z;). Such complete-case probabilities may be known to
us by design or may have to be estimated using a model for the missingness
probabilities that includes the additional parameter 1. In the latter case, since
R is binary, a logistic regression model is often used; for example,

_exp(¥o + 9 Zy)
m(Z1,) = T oxpdo + 07 Z0)" (10.8)

The parameter 1) = (g, 191)T can be estimated using a maximum likelihood
estimator; that is, by maximizing

n

exp{(voo + ¢{ Z1;)R;}
H 1+ exp(Yo + T Z1;) (10.9)

=1

using the data (R;, Z1;),i = 1,...,n, which are available on everyone. In
equation (10.8), we used a logistic regression model that was linear in Zy;
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however, we can make the model as flexible as necessary to fit the data. For
example, we can include higher-order polynomial terms, interaction terms,
splines, etc.

As always, there is an underlying full-data model Z ~ p(z,3,n) € £,
where [ is the g-dimensional parameter of interest and 7 is the nuisance
parameter (possibly infinite-dimensional), and our goal is to estimate 3 using
the observed data Oz = (RIL', Zlia RiZQZ‘),i = 1, oy

In order to use either estimating equation (10.6) or (10.7), when 1 is known
or unknown, respectively, to obtain an observed-data RAL estimator for 3
whose influence function is an element of (I F')pgr, we must find the projection
of L(C=x)0""(2)

w(00,2)
AL, Using the notation for two levels of missingness, we now consider how

* F
to derive the projection of Rf( Zl()Z ) onto the augmentation space. According

onto the augmentation space Ay, where o*¥'(Z) = m(Z, 3y) €

to (7.40) of Chapter 7, we showed that, with two levels of missingness, Ay
consists of the set of elements

where 4! (Z,) is an arbitrary ¢-dimensional function of Z;.

Finding the Projection onto the Augmentation Space

Theorem 10.2. The projection of szgf)z ) onto the augmentation space A
is the unique element {R;ZTZ(IZ)I) } h9(Z1) € Aa, where
hy(2y) = B{*"(Z)| 21} (10.10)

Re*F(2)
m(Z1)

{R_W(Zl) } h3(Z1) € Ay such that the residual

m(Z1)
Sy - {5 e

Proof. The projection of onto the space As is the unique element

is orthogonal to every element in As; that is,

o(["ear - { e (o ) <o
(10.11)

for all functions ho(Z1). We derive the expectation in (10.11) by using the
law of iterated conditional expectations, where we first condition on Z =
(ZE, ZI)T to obtain
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G(GEE=a M o)

—EHR;&E)ZQ}Q’Z} hg(Zl)>Th2(Zl)}. (10.12)

Because

[ e - e{ ) -

we write (10.12) as

E[{l;grz(lz)l)} {@*F(Z) —hg(Zl)}Thg(Zl)} (10.13)

Therefore, we must find the function h3(Z;) such that (10.13) is equal
to zero for all ho(Z1). We derive (10.13) by again using the law of iterated
conditional expectations, where we first condition on Z; to obtain

E fl%%¥ﬁl B (D)2} — 120 ha(z0)). (10.14)
(Z1)

1-7(Z1)
m(Z1)

away from zero and oo for all Z;. Therefore, equation (10.14) will be equal to
zero for all ho(Zy) if and only if

By assumption, 7(Z;) > € for all Z;, which implies that is bounded

hy(Z1) = E{e*"(2)| Z1}. O
Thus, among estimators whose estimating functions are based on elements

of AL,
D RO )| - b,

for a fixed p*¥(Z) € AT+, the one that gives the optimal answer (i.e., the
estimator with the smallest asymptotic variance) is obtained by choosing
ha(21) = E{o™F (2)| 21 }.

This result, although interesting, is not of practical use since we don’t know
the conditional expectation E{p*!'(Z)|Z,}. The result does, however, suggest
that we consider an adaptive approach where we use the data to estimate this
conditional expectation, as we now illustrate.

Adaptive Estimation

Since Z = (ZL,ZI)T, in order to compute the conditional expectation of
E{p*F(Z)|Z,}, we need to know the conditional density of Z, given Z;. Of
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course, this conditional distribution depends on the unknown full-data pa-
rameters 3 and 7. As we have argued, estimating 8 and 7 using likelihood
methods for semiparametric models (i.e., when the parameter 7 is infinite-
dimensional) may be difficult, if not impossible, using coarsened data. This
is the reason we introduced AIPWCC estimators in the first place. Another
approach, which we now advocate, is to be adaptive. That is, we posit a
working model where the density of Z is assumed to be within the model
P2, 7, (21,22,§) € Pe C P, where the parameter ¢ is finite-dimensional. The
conditional density of Z5 given Z; as a function of the parameter £ would be

_ p}hZz(ZlaZZ,E)
fp*ZhZQ (Zlaua g)dVZQ (U) .
For such a model, the parameter ¢ can be estimated by maximizing the

observed-data likelihood (7.10), which, with two levels of missingness, can
be written as

17’§2|Z1 (22]21,€)

n 1-R;
Hp*Zl,Zg(ZliaZZhg)Ri{ /p}th(Zliaua S)dVZQ(U)} . (10.15)

=1

Since we only need the conditional distribution of Z5 given Z; to derive the
desired projection, an even simpler approach would be to posit a parametric
model for the conditional density of Zs given Z; in terms of a parametric model
with a finite number of parameters £. Let us denote such a posited model by
P72, (2271, €). Because of the missing at random (MAR) assumption, R is
conditionally independent of Zs given Z;. This is denoted as R 1 Z5|Z;.
Consequently,

Pz,121,8(22121,7) = Dz,12, r=1(22]21,7 = 1) = pg,|z, (22]21).

Therefore, it suffices to consider only the complete cases {i : R; = 1} because
the conditional distribution of Zs given Z; among the complete cases is the
same as the conditional distribution of Z, given Z; in the population. A
natural estimator for & would be to maximize the conditional likelihood of
Zy given Zp in € among the complete cases. Namely, we would estimate & by
maximizing

II »22 (z2il211.€). (10.16)

1 R;=1
The resulting estimator is denoted by f;’;

Remark 3. Whether we posit a simpler model for the density of Z = (Z, Z1)T
or the conditional density of Z; given Z;, we must keep in mind that this is
a posited model and that the true conditional density po,, , (22]21) may not
be contained in this model. Moreover, if we develop a model directly for the
conditional density of Z5 given Z7, then we must be careful that such a model
is consistent with the underlying semiparametric model. O
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Nonetheless, with the adaptive approach, we proceed as if the posited
model were correct and estimate & using the observed data. Under suitable
regularity conditions, this estimator will converge in probability to some con-
stant £*; i.e., é;; L & and nl/z(é; — &*) will be bounded in probability. In
general, the posited model will not contain the truth, in which case

P*zz|z1 (22]21,£") 7510022‘21 (22]21)-

If, however, our posited model did contain the truth, then we denote this by
taking £* to equal &y, where

P72, (22121, €0) = Do, (22]21).

With such a posited model for the conditional density of Zs given Z; and
an estimator ¥, we are able to estimate h3(Z;) = E{¢*F'(Z)|Z,} by using

hy(20,E8) = / o F (2, )y 5, (2, €5 vz, ().

Again, keep in mind that

B3(20,€5) = h3(Z0,€6) = / o F (24, 0Dl 7, (ul 2, €z, (),

where h3(Z1,£*) is a function of Z; but not necessarily that h3(Z;) =
h3(Z1,£*) unless the posited model for the conditional density of Z5 given
Z1 was correct.

With this as background, we now give a step-by-step algorithm on how to
derive an improved estimator. In so doing, we consider the scenario where the
parameter ¥ in our missingness model is unknown and must be estimated.

Algorithm for Finding Improved Estimators with
Two Levels of Missingness

1. We first consider how the parameter 3 would be estimated if there were no
missing data (i.e., the full-data problem). That is, we choose an estimat-
ing function, say m(Z, 3), where m(Z, 3y) = ¢*F'(Z) € AF+. We might
consider using an estimating function that leads to an efficient or locally
efficient full-data estimator for 8. However, we must keep in mind that
the efficient full-data influence function may not be the one that leads to
an efficient observed-data influence function. A detailed discussion of this
issue will be deferred until the next chapter.

2. We posit a model for the complete-case (missingness) probabilities in terms
of the parameter ¢, say P(R = 1|Z) = w(Z1,v¢), and using the data
(Ri, Z15),i = 1,...,n, which are available on the entire sample, we derive
the maximum likelihood estimator zﬁn for . For example, we might use the
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logistic regression model in (10.8), in which case the estimator is obtained
by maximizing (10.9). In general, however, we would maximize

H{W(Z“’w)}m{l — m(Zvi, )}
i=1

We denote the MLE by ﬁn.

3. We posit a model for either the distribution of Z = (Z7,Z1)T or the
conditional distribution of Z5 given Z; in terms of the parameter £. Either
way, this results in a model for p*Z2|Z1 (22|21, &) in terms of the parameter

¢. Using the observed data, we derive the MLE éj; for ¢ by maximizing
either (10.15) or (10.16).
4. The estimator for 3 is obtained by solving the estimating equation

“~ [Rim(Z;, 3 R — 1(Zviy ¥n
Z[ ( >_{ (Z1i, )

2 : Ry(Z1i, 8,65)| =0, (1017
VAT (213, Un) } 2(Z10. - )} ( )

i=1

where
h;(lew@?é-) = E{m(Zla /8)|Z1’L7£}

- / m(Zri , Oy, 7, (| Zas, €)dvz, (1),

Remarks Regarding Adaptive Estimators

The semiparametric theory that we have developed for coarsened data implic-
itly assumes that the model for the coarsening probabilities is correctly speci-
fied. With two levels of missingness, this means that P(R = 1|Z1) = mo(Z1) is
contained within the model 7(Z7, ), in which case, under suitable regularity
conditions, W(Zl,l/}n) — mo(Z1), where @[AJn denotes the MLE for . The fact
that we used the augmented term

. { R; — W(Zliv /(/;n)

! Wy (2, B, € 10.18
ot } 5(Z1i, 8,€5) ( )

in equation (10.17) was an attempt to gain efficiency from the data that are
incomplete (i.e., {i : R; = 0}). To get the greatest gain in efficiency, the
augmented term must equal

_ {Ri — 7(Z1i,Pn)

. h3(Z1;, B),
7(Z1is ¥n) } 2( ' B)

where
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h(Z1i, B) = Eo{m(Zi, B)|Z1:}, (10.19)

where the conditional expectation on the right-hand side of (10.19) is with
respect to the true conditional density of Z5 given Z;.

Because we are using a posited model, the function h3(Zy;, 3, é;j) will con-
verge to h3(Z1i, 3,£*), which is not equal to the desired h9(Zy;, 3) unless the
posited model was correct. Nonetheless, h}(Z1;, 5,£*) is a function of Zy;, in

which case
B {Ri — m(Zvi,%o)
m(Z1iy0)
By Theorem 9.1, the solution to the estimating equation

i {Rm(Zi,m - {Ri — (211, )
7(Z1i, 1) 7(Z1iy Un)

where notice that we take § = By and fix £* in h5(+), is an AIPWCC estimator
for 8 whose influence function is

sy
{|TZh) {0 iz, - (100 . 02)

Let us denote the estimator that solves (10.20) by 3z

In the following theorem and proof, we give a heuristic justification to
show that estimating & using f:; will have a negligible effect on the resulting
estimator. That is, 3,, the solution to (10.17), is asymptotically equivalent
to B;, the solution to (10.20). By so doing, we deduce that the adaptive
estimator ﬁn is a consistent, asymptotically normal estimator for § whose
influence function is given by (10.21).

}h;(zu,ﬁo,s*) € As.

} hﬁ(Zmﬁo,f*)} =0, (10.20)

i=1

Theorem 10.3. . .
n'2(3, — B2) L 0.

Proof. 1f we return to the proof of Theorem 9.1, we note that the asymptotic
approximation given by (9.13), applied to the estimator §,, the solution to
(10.17) would yield

172 zn: ({Rim(ziaﬂo) N {Ri - W(Z1f71/3n)
(215, 0n) 7(Z1i,Pn)

}h;(zu,ﬁmémb +op(1),
(10.22)

i=1

whereas, applied to B,*L, the solution to (10.20) would yield
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w23y — o) = [E {amégg’ﬁ) H .

(el e e A

(10.23)

Taking differences between (10.22) and (10.23), we obtain that

nl/Q(Bn _ BZ) :[n—l/QZ {R’L _(W(ZIA“’(/}TJ } h;(Zu,ﬂo,f*)

pt 7(Z1i,Yn)
— Zz, n * 3 £x
n—1/2 Z {W} hQ(Zu,ﬂmfn)} + op(1).

The proof is complete if we can show that the term in the square brackets
above converges in probability to zero. This follows by expanding

n i — Z iy An * A -
n71/2z {W} hQ(Zlivﬁnagn)
-1 1iy ¥n

about By and £*, while keeping ’(/AJn fixed, to obtain

Y {R_(W(M} B5(Z1i, o, €°) (10.24)

i=1 ™ Zlia’ll)n)
i=1 1is ¥n

n |:n_1 i { Rzﬂ_(;(Z:g; ;bn) } {8@(%}1;275;) } :| n1/2(£;«l _ E*)7 (10.26)
i=1 1is ¥n

» and & are intermediate values between B, and S, and £ and

where
&*, respectively. Let us consider (10.26). Since Un RN Yo, B i 0o, and

& Ei &*, then, under suitable regularity conditions, the sample average in
equation (10.26) is

_12{ - zu,wm}{ah;(?ﬁ;,g;)} P,

T(Z1is )
e =]

This last expectation can be shown to equal zero by a simple conditioning
argument where we first find the conditional expectation given Z;. Since,
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under suitable regularity conditions, n'/ 2(5,’; — £*) is bounded in probability,
then a simple application of Slutsky’s theorem can be used to show that
(10.26) converges in probability to zero. A similar argument can be used also
to show that (10.25) converges in probability to zero. O

If, in addition, the model for the conditional distribution of Z5 given Z;
was correctly specified, then

R—W(Zhi/)o)} {R—W(Zlﬂl)o)} 0
——————— Y h5(Z1,00,8") = ————= ¢ hy(Z4,
{Fog 2 iy, e = { T3 iz,
Rm(Z7 ﬁo) :|
=1|————2|As].
|: W(Zlﬂﬁo) ?
This would then imply that the term inside the square brackets “[ -]” in (10.21)
is an element orthogonal to Ay (i.e., [ - ] € A3), in which case H([ 1w

(i.e., the last term of (10.21)) is equal to zero because Ay, C Ay. The resulting
estimator would have influence function

RN [ Ret(2)

7(Z1,%0) 7(Z1,0) } ‘A% = J(¢") € (IF)pr, (10.27)

-1
where ¢*'(Z) = —|E {%ZT&’)}] m(Z, ), and this influence function is

within the class of the so-called double-robust influence functions. The vari-
ance of this influence function represents the smallest asymptotic variance
among observed-data estimators that used m(Z,3y) = ¢*f(Z) as the ba-
sis for an augmented inverse probability weighted complete-case estimating
equation.

Estimating the Asymptotic Variance

To estimate the asymptotic variance of Bn, where Bn is the solution to (10.17),
we propose using the sandwich variance estimator given in Chapter 9, equation
(9.19). For completeness, this estimator is given by

s, =[o {%ﬁ’f”) } |

X |:7’7/_1 Zg(Olaina@naéﬁ)gT(quﬁn,Bnaé:,)
i=1

X [E{a’”ég;é”)}]ﬂ, (10.28)

where
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B 3m(Z,T5n ol Z RiOm(Z;, 3,) /087 7
aﬂ lea 1pn)

9(02712}77,7an£:) =
Q(O’ia &naﬁﬂmé;) - E(qsi){E(SwSZ)}ilsw(Oza 1&”)7

q(OiaanaB’rHé:L) =

Rim(Zi, Bn) {Ri — m(Zvi, ¥n)
(Z1i, ) m(Z1i, Un)

}h3(21i75n752)7

qup 12 lywn»ﬂna ) (Olallz)n)a

and

(5w5¢ 1ZS¢ “z/)n)Sd,( i)

i=1

Double Robustness with Two Levels of Missingness

Thus far, we have taken the point of view that the missingness model was
correctly specified; that is, that mo(Z1) = P(R = 1]|Z;) is contained in the
model 7(Z1, 1) for some value of ¢. If this is the case, we denote the true value
of ¥ by ¢y and mo(Z1) = w(Z1,10). However, unless the missingness was by
design, we generally don’t know the true missingness model, and therefore the
possibility exists that we have misspecified this model. Even if the missing-
ness model is misspecified, under suitable regularity conditions, the maximum
likelihood estimator 1,[)” will converge in probability to some constant ¥*, but
’/T(Zla’l/}*) # 7TO(Zl)‘ That iSa

7(Z1, 0n) = 7(Z1,0") # 70(Z1).

As we will demonstrate, the attempt to gain efficiency by positing a model
for the conditional distribution of Z5 given Z; and estimating

h3(Z1,5,€,) = E{m(Z,8)|Z1,€}|
£=¢;,

actually gives us the extra protection of double robustness, which was briefly
introduced in Section 6.5. We now explore this issue further.

Using standard asymptotic approximations, we can show that the esti-
mator Bn, which is the solution to the estimating equation (10.17), will be
consistent and asymptotically normal if
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{Rm(Z, Bo) {R — (21, ¢")
7(Zy, %) 7(Z1,7*)

} h;(Zhﬁo,f*)} =0, (10.29)

where z/AJn LS * and éj; LA &*.

In developing our estimator for 3, we considered two models, one for the
missingness probabilities 7(Z1,1) and another for the conditional density of
Zo given Zy p*22| 7z, (22|21,€). If the missingness model is correctly specified,
then

m(Z1,¢") = m(Z1,¢0) = P(R = 1|Z1). (10.30)

If the model for the conditional density of Zs given Z; is correctly specified,
then

h3(Zy, o, &) = Eo{m(Z, Bo)| 21} (10.31)

We now show the so-called double-robustness property; that is, the esti-
mator 3,, the solution to (10.17), is consistent and asymptotically normal (a
result that follows under suitable regularity conditions when (10.29) is satis-
fied) if either (10.30) or (10.31) is true.

After adding and subtracting similar terms, we write the expectation in
(10.29) as

B[z o)+ { 2B Lz, 0 — i1, }

o R - ﬂ-(Zlv 1/)*) * *
_0+E|:{7T(Zh1/}*)}{m(Z760)_h2(Z1aﬂOv§ )H (10.32)
If (10.30) is true, whether (10.31) holds or not, we write (10.32) as

E [ { R;(Z(i ;;1)21) } {m(z, Bo) — h;(zl,ﬁo,g*)}]. (10.33)

We derive the expectation of (10.33) by using the law of conditional iterated
expectations, where we first condition on Z = (Z7, Zs) to obtain

EHE(Rm}D@ ; i(zlf)_ 1|Z1)} {m(Z, Bo) — h;(Zl,ﬁo,ﬁ*)H. (10.34)

Because of MAR, R L Z5|Z;, which implies that F(R|Z1, Z2) = E(R|Z1) =
P(R = 1|Zy). This then implies that (10.34) equals zero, which, in turn,
implies that 3, is consistent when (10.30) is true.

If (10.31) is true, whether (10.30) holds or not, we write (10.32) as

E({W} [m(Z,ﬁo) —Eo{m(Z,ﬁo)Zl}]) (10.35)

Again, we evaluate (10.35) by using the law of conditional iterated expecta-
tions, where we first condition on (R, Z;) to obtain
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R —n(Zy,¢*
({522 [z slr 21} - Euti2 )21} ). (1039
7T(Zl7’(/) )
Because of MAR, R I Z5|Z;, which implies that E{m(Z, 5y)|R, Z1} =
Eo{m(Z, )| Z1}. This then implies that (10.36) equals zero, which, in turn,
implies that (3, is consistent when (10.31) is true.

Remarks Regarding Double-Robust Estimators

In developing the adaptive strategy that led to double-robust estimators, we
had to posit a simplifying model for p% (z,&) or for p*22\21 (22]21,&) and then
estimate the parameter £&. We originally took the point of view that the model
for the coarsening (missingness) probabilities 7(Z, ) was correctly specified
and hence the posited model for the distribution of Z was used to compute
projections onto the augmentation space, which, in turn, gained us efficiency
while still leading to a consistent and asymptotically normal estimator for
0 even if the posited model was misspecified. To estimate the parameter &,
we suggested using likelihood methods such as maximizing (10.15) or (10.16).
However, any estimator that would lead to a consistent estimator of £ (assum-
ing the posited model was correct) could have been used. In fact, we might
use an IPWCC or AIPWCC estimator for ¢ since, in some cases, these may
be easier to implement. For example, if a full-data estimating function for &
was easily obtained (i.e., m(Z,&) such that E¢{m(Z,£)} = 0), then a simple
IPWCC estimator for &, using observed data, could be obtained by solving
n

3 Rm(Z,0) _, (10.37)

i=1 7T<Z1i7¢n)

Such a strategy is perfectly reasonable as long as we believe that the model
for the coarsening probabilities is correctly specified because this is necessary
to guarantee that the solution to (10.37) would lead to a consistent estimator
of ¢ if the posited model for the distribution of Z was correct.

However, if our goal is to obtain a double-robust estimator for 3, then we
must make sure that the estimator for £ is a consistent estimator if the posited
model for the distribution of Z was correctly specified, regardless of whether
the model for the coarsening probabilities was correctly specified or not. This
means that we could use likelihood methods such as maximizing (10.15) or
(10.16), as such estimators do not involve the coarsening probabilities, but we
could not use IPWCC or AIPWCC estimators such as (10.37).

Logistic Regression Example Revisited

In Chapter 7, we gave an example where we were interested in estimating
the parameter 3 in a logistic regression model used to model the relationship
of a binary outcome variable Y as a function of covariates X = (X{, X5)7,
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where, for ease of illustration, we let X5 be a single random variable. Also, for
this example, we let all the covariates in X be continuous random variables.
Specifically, we consider the model

_ _exp(BTXY)
PO =18 = Xy

where X* = (1, X7, X2)7 is introduced to allow for an intercept term. We
also denote the full data Z = (Y, X). We considered the case where there
were two levels of missingness, specifically where (Y, X;) was always observed
but where the single variable X5 was missing on some of the individuals. The
observed data are denoted by O; = (R;,Y;, X1, Ri Xo;),i=1,...,n.

In the example in Chapter 7, we assumed that missingness was by design,
but here we will assume that the missing data were not by design and hence
the probability of missingness has to be modeled. We assume that the data are
missing at random (MAR) and the missingness probability, or more precisely
the probability of a complete case, follows the logistic regression model (10.8).

exp(to + 1Y + I X1)

(¥ X19) = 5 +exp(¢o + 1Y + 93 X1) (1038)

Estimates of the parameter 1) = (v, 11,4 )T are obtained by maximizing the
likelihood (10.9). This can be easily accomplished using standard statistical
software. The resulting estimator is denoted by @n and the estimator for the
probability of a complete case is denoted by m(Y;, X1;, 1[%)

We next consider the choice for the full-data estimating function m(Z, ).
With full data, the optimal choice for m(Z, 3) is

exp(87X*) } '

m(Y, X1, X, 8) = X* {Y_ 1+ exp(BTX*)

Although this may not be the optimal choice with the introduction of missing
data, for the time being we will use this to construct observed-data AIP-
WCC estimators. In Chapter 7, AIPWCC estimators were introduced for this
problem using equation (7.49) when the data were missing by design. When
the missingness probability is modeled using (10.38), then we would consider
ATPWCC estimators that are the solution to

ol L Sy eXP(ﬁTX)}

; |:7T(}/7;7X1ia1;n)Xi {Y:L 1 +eXp(ﬁTX'L*)

R = (¥, X, )
ﬂ-(}/iaXl’ivl/}n)

} L(Y;, Xu)} =0, (10.39)

where L(Y, X;) is some arbitrary g-dimensional function of ¥ and X;. We
now realize that in order to obtain as efficient an estimator as possible
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for § among the estimators in (10.39), we should choose L(Y, X1) to equal
E{m(Y7XlaX27ﬁ)|KX1}7 that iS,

Because the function L(Y, X;) depends on the conditional distribution of Xs
given Y and X7, which is unknown to us, we posit a model for this conditional
distribution and use adaptive methods.

The model we consider is motivated by the realization that a logistic re-
gression model for Y given X would be obtained if the conditional distribution
of X given Y followed a multivariate normal distribution with a mean that
depends on Y but with a variance matrix that is independent of Y; that is,
the conditional distribution of X given Y = 1 would be MV N (u;,%) and
would be MV N(uo,X) given Y = 0; see, for example, Cox and Snell (1989).
For this scenario, the conditional distribution of X5 given X; and Y would
follow a normal distribution; i.e.,

Xo|X1,Y ~ N(Eo + X1 + &Y, §a2>~ (10.40)

Therefore, one strategy is to posit the model (10.40) for the condi-
tional distribution of Xs given X; and Y and estimate the parameters
&= (&0,&T,65,€,2)T by maximizing (10.16). This is especially attractive be-
cause the model (10.40) is a traditional normally distributed linear model.
Therefore, using the complete cases (i.e., {¢ : R; = 1}), the MLE for
(€0, ,6)T can be obtained using standard least squares and the MLE for
the variance parameter £,2 can be obtained as the average of the squared
residuals. Denote this estimator by éj;

Finally, me must compute

L5(Y, X1, ,€,) = E{m(Y, X1, Xo, B)[Y X1, €} |e_e.
{u— (& + & X1 + &,7))

= du.
28,

= /m(Y, X1, u, ﬂ)(?ﬂéﬁi)_lﬂ exp —

This can be accomplished using numerical integration or Monte Carlo tech-
niques.
The estimator for § is then obtained by solving the equation

Bl 7 )
i=1 |:W(}/27X1271/}n) ’ { ]‘+eXp(BTXZ*)

- {Ri — 1 (Yi, Xui, Pu)

NE

(Vi Xor ) }LQ(E,XM,B,&L)} =0. (10.41)
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This estimator is doubly robust; it is a consistent asymptotically normal RAL
estimator for 3 if either the missingness model (10.38) or the model for the
conditional distribution of Xz given X; and Y (10.40) is correct.

The asymptotic variance for B, can be obtained by using the sandwich
variance estimator (10.28).

10.3 Improving Efficiency with Monotone Coarsening

Finding the Projection onto the Augmentation Space

Monotone missingness, or more generally monotone coarsening, occurs often
in practice and is worth special consideration. We have shown that a natural
way to obtain semiparametric coarsened-data estimators for § is to consider
augmented inverse probability weighted complete-case estimators, estimators
based on

; [I(C;(ZOOOETE&?), 2 LQ{C%GCi(Zi)}] =0, (10.42)

where m(Z;, 3) is an estimating function such that m(Z, 8y) = ¢*'(Z) €
AP+ and Lo{C,G¢(Z)} € Ay. We also proved in Section 10.1 that we should

I(C=c0)m(Z,
choose Lo{C,G¢(Z)} = —11 [W

A2:| in order to gain the greatest

efficiency among estimators that solve (10.42); see (10.7). Therefore, to obtain
estimators for § with improved efficiency, we now consider how to find the

fact I(C=00)m(Z,8) : :
projection of T (e Z0) onto the augmentation space Ay when coarsening
is monotone.

We remind the reader that a typical element of Ay, written in terms of
the coarsening probabilities, is given by (7.37). However, under monotone
coarsening, we showed (in Theorem 9.2) that a typical element of Ay can be
reparametrized, in terms of discrete hazard functions, as

I(C = 7‘) - )\T{GT‘(Z)}I(C 2 T)
2 { K AG(2)}

LAG(2)},
r#00

where the discrete hazard function A\.{G,(Z)} and K,.{G,(Z)} are defined by
(8.2) and (8.4), respectively, and L.{G,.(Z)} denotes an arbitrary function of
G.(Z) for r # occ.

By the projection theorem, if we want to find

i ol

then we must derive the functions Lo, {G,(Z)}, r # oo, such that
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. (1(c = oo)m?(Z, )

w(o0, Z)

S [uc =1) = A{GH2)}(C > ”]LOTT{GT(Z»)

2 KAG(2)}
I(C = T) B /\T{GT(Z)}I(C > T)
“\z | K AG(2)} 6.
=0 forall L,{G,(Z)},r # cc. (10.43)

Theorem 10.4. The projection of % onto As (i.e., the solution to

(10.43)) is obtained by taking Lo, {G(2)} = —E{m(Z,3)|G.(Z)}.

Those readers who are familiar with the counting process notation and
stochastic integral martingale processes that are used in an advanced course
in survival analysis (see, for example, Fleming and Harrington, 1991) will find
that the proof of Theorem 10.4 uses similar methods. We first derive some
relationships in the following three lemmas that will simplify the calculations
in (10.43).

Lemma 10.1. For r # 1/

r ql(c = }fzéfz(zfi”“ = T)] LSL{GAZ)})
. ({I(C = _K/\T{éGT((ZZ);}I(C = T/)} Lr'{Gw(Z)}> =0. (10.44)

Proof. For a single observation, define F,. to be the random vector {I(C =
1),I(C=2),...,I(C =r—1),Z}. Without loss of generality, take 7' > r. The
expectation in (10.44) can be evaluated as E{E(-|F,+)}. Conditional on F,,
however, the only term in (10.44) that is not known is I(C = r’). Consequently,
(10.44) can be written as

IC=r) = A{G(Z)}(C>7)] 7
t ([ K.A{G.(2)} } LOT‘{G’“(Z)})
B{I(C =) |Fr} ~ A AGo(Z)}I(C > 7
g ({ K, (G (2)} }Lr'{Gr'(Z)})
(10.45)
But
E{I(C=r"F.}=PC=r|C>r",2)IC >1"), (10.46)

which by the coarsening at random assumption and the definition of a discrete
hazard, given by (8.2), is equal to A {G, (Z)}I(C > r'). Substituting (10.46)
into (10.45) proves (10.44). O



10.3 Improving Efficiency with Monotone Coarsening 241

Lemma 10.2. When r = 7/, the left-hand side of (10.44) equals

. ({1(0 =)~ MG (C > r)} L&{GT(Z)})

K. A{G.(2)}
IC=r)—\{G.(D)}(C>Tr)
X({ R, (G (2)) }L*G“Z”>

[ Xie2)

KT{GT(Z)}LOTT{GT(Z)}Lr{Gr(Z)}] : (10.47)

Proof. Computing the expectation of the left-hand side of equation (10.47)
by first conditioning on F, yields

> (E[{I(C =1) = M{G(2)}H(C = 1)}*|F]
KHGr(2)}

ﬂxﬂcaanxcxzn).

(10.48)
The conditional expectation

E[{I(C=7r) = A{Gr(2)}(C =z n)}*| 7]

is the conditional variance of the Bernoulli indicator I(C = r) given F,., which
equals

A{Gr(Z)H1 = A GH(2)}I(C = 7).
Hence, (10.48) equals

5 (A,.{G,.(Z)}u ~ MG 2> )
KNG (2)}

L5 (G DILAG2) ). (1049

Computing the expectation of (10.49) by first conditioning on Z gives

A(1= A)P(C > 7|2)
E{ e LiL,v. (10.50)
r—1
Since P(C > r|Z) = [](1 — A;), we obtain that (1 — \.)P(C > r|Z) =
j=1

[1(1 = X)) = K,. Therefore, (10.50) equals E {%LOT,.LT], thus proving the
j=1 "

lemma. O
Lemma 10.3.
I(C = o0)ym™(Z,B) [1(C =71) = AAG-(Z2)}I(C > 1)
P Ro{Gr(2)} )
I P (A
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Proof. Since I(C = 00)I(C =r) =0 for r # oo and I(R = o0)I(C > r) =
I(C = c0), the left-hand side of (10.51) equals

p[Le=20) 162
w(o0, Z) K {G-(2)}

mT(Zv ﬂ)LT{GT(Z)} .

The result (10.51) holds by first conditioning on Z and realizing that

E {I(Cm)‘z} —-1. 0
w(00, Z)
Proof. Theorem 10.4

Using the results of Lemmas 10.1-10.3, equation (10.43) can be written as

MAGH(2)} T )
- F (K (G (2)} { (Z,B) +LOT{GT(Z)}} LT{GT(Z)}> =0, (10.52)

for all functions L,.{G,(Z)},r # cc.
By conditioning each expectation in the sum on the left-hand side of
(10.52) by G..(Z), this can be written as

B MGHD) [
> 5 B e, @)

r#00
T
+ LOT{GT(Z)}} LT{G,.(Z)}> =0. (10.53)
We now show that equation (10.53) holds if and only if

Lo {Gr(2)} = —E{m(Z,5)|G,(Z)} for all r # oc. (10.54)

Clearly, (10.53) follows when (10.54) holds. Conversely, if (10.54) were not
true, then we could choose L.{G,.(Z)} = E{m(Z, )| G.(Z)} + Lo,{G-(Z)}
for all r # oo to get a contradiction.

Therefore, we have demonstrated that, with monotone CAR,

> { Ki{écj(( )i}j(c 27) E{m(Z,B)|G-(2)}. (10.55)

r#00

In order to take advantage of the results above, we need to compute
E{m(Z,3)|G»(Z)}. This requires us to estimate the distribution of Z, or
at least enough of the distribution to be able to compute these conditional
expectations.
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Remark 4. This last statement almost seems like circular reasoning. That is,
we argue that to gain greater efficiency, we would need to estimate the distri-
bution of Z. However, if we had methods to estimate the distribution of Z,
then we wouldn’t need to develop this theory in the first place. The rationale
for considering semiparametric theory for coarsened data is that it led us to
augmented inverse probability weighted complete-case estimators, which, we
argued, build naturally on full-data estimators and are easier to derive than,
say, likelihood methods with coarsened data. However, as we saw in the case
with two levels of missingness, we will still obtain consistent asymptotically
normal estimators using this inverse weighted methodology even if we con-
struct estimators for the distribution of Z that are incorrect. This gives us
greater flexibility and robustness and suggests the use of an adaptive approach,
as we now describe. 0O

Adaptive Estimation

To take advantage of the results for increased efficiency, we consider an
adaptive approach. That is, we posit simpler models for the distribution
of Z only for the purpose of approximating the conditional expectations
E{m(Z,0)|G+(Z)},r # co. We do not necessarily expect that these posited
models are correct, although we do hope that they may serve as a reasonable
approximation. However, even if the posited model is incorrect, the resulting
expectation, which we denote as Enc {m(Z, 8)|G,(Z)}, because

Enc{m(Z,B)|G(2)} # Eo{m(Z, B)|G:(2)},

still results in a function of G, (Z).
Consequently, computing (10.55) under incorrectly posited models would
lead us to use

Lo{C,Ge(2)}

_ I(C=7)— MG (Z2)}H(C >7)
=2 [ K. {G.(Z)}

Emnc {m(Z,08)|G-(Z)} (10.56)
r#00

in the estimating equation (10.42). Even though (10.56) is not the correct pro-
I(R = o0)m(Z, B)
w(o0, Z)

it is still an element of the augmentation space Ay, which implies that the so-
lution to (10.42), using the augmented term Ls(-) as given by (10.56), would
still result in an AIPWCC consistent, asymptotically normal semiparametric
estimator for 8. This protection against misspecified models argues in favor
of using an adaptive approach.

In an adaptive strategy, to improve efficiency, we start by positing a simpler
and possibly incorrect model for the distribution of the full data Z. Say we

jection of onto Ao, if the posited model for Z is incorrect,
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assume Z ~ py(z,€), where ¢ is finite-dimensional. Under this presumed
model, we could compute the conditional expectations

/ m(z, B (2 €)dvz(2)

2)=Gr(2)}

E{m(Z,5)|Gn(Z2), €} = (10.57)

Pz(2,§)dvz(2)
(Gr(2)=G(2)}

Of course, we need to estimate the parameter £ in our posited model. Be-
cause the parameter ¢ is finite-dimensional, we can estimate £ using likelihood
techniques as described in Section 7.1.

Using (7.10), the likelihood for a realization of such data, (ry,g:,),7 =

1,...,n, when the coarsening mechanism is CAR, is equal to
n
LI7&., 2 (96, (10.58)
i=1

where

Vo= [ phegdua(e)
{Z:GT(Z):QT}
Consequently, we would estimate E{m(Z, 8)|G,(Z),£} by substituting £

for € in (10.57), where £ is the MLE obtained by maximizing (10.58). The
estimated conditional expectation is denoted by E{m(Z, 8)|G.(Z),&}.

Remark 5. Because of the monotone nature of the coarsening, it may be con-
venient to build models for the density of Z by considering models for the
conditional density of G,/(Z) given G, _1(Z). Specifically, the density of Z
can be written as

o0
Py(z) = H PG (216, (2) 9|9 -1),

r'=1

where g, = G,(2), pgl(z)\co(z)(gﬂgo) = PZl(Z) (91),

pgr,(z)\cr,_l(z)(gr’|9r'—1) = p*z|G,Z(2)(z|92) when r = oo,

and ¢ denotes the number of levels of coarsening. With this representation,
we can write the density

e, = 11 e, 16,2 (9190-1)-

r'<r

If, in addition, we consider models for the conditional density
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pa(z) |Gr_1(2) (9r1gr—1,&r),

in terms of parameter &,., where &, for different r, are variationally indepen-
dent, then the likelihood (10.58) can be written as

H PGy (2:)(91:561) H PG (2:)(G (2:)(92:191,5 €2)
ir; >1 i >2
- X H D716z (%il9ess §o0)- (10.59)
Q=
The maximum likelihood estimator for € = (&1, ...,&s)” can then be obtained

by maximizing each of the terms in (10.59) separately. 0O

Thus, the adaptive approach to finding estimators when data are mono-
tonically coarsened is as follows.

1. We first consider the full-data problem. That is, how would semiparamet-
ric estimators for 0 be obtained if we had full data? For example, we may
use a full-data m-estimator for 3, which is the solution to

Z m(Zu ﬁ) = 07
i=1
which has influence function

- {E {WH B m(Zi, Bo) = 9" (Zy)-

2. Next, we consider the augmented inverse probability weighted complete-
case estimator that is the solution to (10.42), with Lo (-) being an estimator
of (10.56). Specifically, we consider the estimator for § that solves the
estimating equation

i (I(ci = 0o)m(Z:.f) |

i=1 w(oo>Zi7¢n)

1€ =1) - MG Z). b€ =] o
;@[ e (m(2.9)/6+(2).6:))
—0, (10.60)

where w(co, Zi,lz)n) =l e [1 — )\T{GT(Zi),zﬁn}], (see (8.6)) @n is the
maximum likelihood estimator for ) obtained by maximizing (8.12), and
E{m(Z,B)|Gr(Z;),&}} is obtained using (10.57), substituting &, which
maximizes (10.58) or (10.59), for £&. We denote this estimator by G,.
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Even though the posited model p¥ (z,£) may not be correctly specified, under
suitable regularity conditions, the estimator é:; will converge in probability to
a constant £* and that nl/Q(é; —&*) will be bounded in probability. Also, even
if the posited model is incorrect, the function L2{C;, Ge,(Z;), B3,%0,&*} € As,
where

L2{Ci7 GC@' (Zz)7ﬁ7'(/}7£} =

1(Ci = 1) = MAG(Z), DY(Ci > 7)
Z [ K’I‘{GT(ZZ)71/)}

} E{m(Z,0)|G, (2:).).
r#00

Consequently, the solution to the estimating equation

i=1 (00, Zi,n)

with 8 set to Gy and £* fixed in Ls(-), is an AIPWCC estimator for 3, which
we denote by B;

Using an argument similar to that in Theorem 10.3, when we considered
two levels of missingness, we can show that, under suitable regularity con-
ditions, the estimator 3,, which solves equation (10.60), is asymptotically
equivalent to the AIPWCC estimator ﬁfb, which solves (10.61); that is,

n'2(3, — 5%) 5 0.

(We leave this as an exercise for the reader.)
The resulting influence function for (,, which is the same as for 3, can
now be derived by Theorem 9.1 and is equal to

(I(Ci = 00)p" (Zi)
W(OO, Zia ¢0)

+ L;{sz GCi (Zi)aﬁ()?qp()ag*}

LR @ mw ] )
where -1
o120 = (B P | iz
and

L3{Ci,Ge,, Bo, %0, €} =
1
a {E{({W}] LQ{Ciach,(Zi)aﬂ(%w(%g*}'

The asymptotic variance of f3, can also be obtained by using the sandwich
variance estimator for AIPWCC estimators given by (9.19).
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Remark 6. If the posited model p*(z, &) is correctly specified, then
E{m(Zi, 50)|Gr(Z:), 3}
will be a consistent estimator of
Eo{m(Zi, 50)|Gr(Z:)},
the true conditional expectation. In this case,
Lo{C;, Ge,(Zi), Bo, thn, 65}
{I(Ci = oo)m(Z, o) AQ].
@ (00, Zi, o)

For the case of a correctly specified model, the influence function is

el e

off

This is orthogonal to Ay and
since Ay C Ay must equal 0

will converge to

In this case, the influence function equals

I(C = )p"(Z) _ H[I(C = 00)¢"(2)

_ F
@ (00, Z, o) w (00, Z, 1) ‘AQ} =TJ{¢" (2)},

which is the most efficient among observed-data influence functions associated
with the full-data influence function ¢’ (Z;) and an element of (/F)pgr. O

s

by positing a model p%(z, ) often leads to more efficient estimators even if
the model was incorrect. In fact, this attempt to gain efficiency also gives us
the extra protection of double robustness similar to that seen in the previous
section when we considered two levels of missingness. We now explore this
double-robustness relationship for the case of monotone coarsening.

Generally, the attempt to estimate

I(C; = 0) "' (Z;)
H[ (00, Z)




248 10 Improving Efficiency and Double Robustness with Coarsened Data
Double Robustness with Monotone Coarsening

Throughout this section, we have taken the point of view that the model for
the coarsening probabilities was correctly specified. That is, for some 1),

AT{GT(Z)7/¢}O} = PO(C = Tlc 2 T, Z)7 r 7é o0,

where Py(C = r|C > r, Z) denotes the true discrete hazard rate. In actuality,
this model may also be misspecified. Nonetheless, under suitable regularity
conditions, the maximum likelihood estimator 1/;,“ which maximizes (8.12),
will converge to a constant ¥* even if the model for the coarsening hazards is
not correctly specified.

When we developed the adaptive estimators for the purpose of improv-
ing efficiency, we considered the posited model p},(z,£) and argued that the
estimator éfl converged to a constant £*, where p}(z,&*) may not be the
correct distribution for the full data Z (i.e., p%(2,&*) # poz(z)), where
poz(2z) = pz(z,Po,m0) denotes the true density of Z. We now consider the
double-robustness property of the proposed adaptive estimator Bn for 3, the
solution to (10.60). That is, we will prove that (3, is a consistent estimator if
either the model for A\.{G,(Z),¢}, r # oo or the posited model p%(z,¢§) is
correctly specified.

Using standard asymptotic arguments, the estimator 3, will be consistent
and asymptotically normal if we can show that

(I(C = o0)m(Z, Bo)
@ (00, Z,9*)
I(C=r) = A{G:(2), "} (C =7)
2 [ KAG(2), ¢}

+

| Bz e (267 o

(10.62)

r#00

It will be convenient to show first that the expression inside the expectation
on the left-hand side of (10.62) can be written as

( [I(C =7) = M{G(2),¢*}(C > r)}

m(Z,6o) — > KAG(2),07)

r#00

< [m(z.0) ~ Bz, )16, 20,63 ). (06

This follows because

1(C = o0)m(Z, bo)
w(oo, Z’ W)

o I(C=00) m

W(OO, Za 1/)*

and by the following lemma.
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Lemma 10.4.

IC=r)— X \A{G.(Z), "} I(C>r)] I(C = )
Z { K A{G.(Z),¢*} ] - {1 - ?Z(OQZ,W")} (10.65)

r#00

Proof. Lemma 10.4
Because of the discreteness of C, we can write

Z I(C=r) _ I(C # o)
rtoo KT{GT(Z)7¢*} KC{GC(Z)W*}

(10.66)

By the definitions of A.(-) and K,.(-) given by (8.2) and (8.4), respectively, we

obtain that
Ar(t) 1 1

K7() B KT() I(r—l(')7
where Ko(-) = 1. Consequently,

B C Ar(HIC>7) - 11
Z 7I(C 7& )T<C{Kr1(') K’l"()}

r#oo
+I(C = o0) 2 {Kr_ll(.) - Krl(~)}

=1(C # ) [1 -

RGBT
KC{GC(Z)7w*}

+1(C = ) {1 - (10.67)

el
K{Go(Z),9} ]’

where ¢ denotes the number of different coarsening levels (i.e., the largest
integer r < 00) and

K{Gu(2), 4"} = [] 1 = M{Gr(2), 9"} = w(o0, Z,¥%).  (10.68)
r#00

Taking the sum of (10.66) and (10.67) and substituting w(co, Z,¢*) for
K{G¢(Z),¢*} (see (10.68)), we obtain

1(c;éoo)+I(C=oo>{1—M}:{1_m}’

thus proving the lemma. O

Therefore, to prove the double-robustness property of By, it suffices to
show that the expected value of (10.63) is equal to zero if either the model
for A\, {Gr(Z2), 1}, r # oo or the posited model p}(z,&) is correctly specified,
which we give by the following theorem.
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Theorem 10.5.

E{m(Z, o) —

I(C = ’I“) - )\T{GT(Z)7¢*}I(C 2 T)
(M wemer

 [miz.) - BUn(z 16206 ) } =0

if either the model for A\.{G,(Z),v}, r # oo or the posited model p%(z, &) is
correctly specified.

Proof. By construction, E{m(Z, 8y)} = 0. Therefore, to prove Theorem 10.5,
we must show that

(S Remer

m(2,50) - Bln(Z,3)/6:(2).67] ) =0, (10.69)

for all r # oo, if either the model for \.{G,(Z),v¥}, r # oo or the posited
model p% (2, &) is correctly specified.

We first consider the case when the model for the coarsening probabilities is
correctly specified (i.e., \,{G-(2),¥*} = M {G-(2)} = Po(C =r|C > r, Z)),
whether the posited model p}(z,&) is correct or not. Defining the random
vector F = {I(C =1),...,I(C=r—1),Z}, as we did in the proof of Lemma
10.1, and deriving the expectation of (10.69) by first conditioning on F,., we
obtain

p( [BHC =17 lGzpC 2]
K6 (2]}

x [m(z, fo) — E{m(Z, ﬂo)lGr(Z)vf*}} )

We showed in (10.46) that E{I(C = r)|F.} = M\{G-(Z2)}I(C > r), which
proves that (10.69) is equal to zero for all r # oo when the coarsening proba-
bilities are modeled correctly, which, in turn, proves (10.62).

Now, let’s consider the case when the posited model for the distribution
of Z is correctly specified (i.e., p(z,£*) = poz(#)), whether or not the model
for the coarsening probabilities is correct. If this model is correctly specified,
then the conditional expectation

E{m(Z,0)|G(2),£"} = Eo{m(Z, bo)|Gr(Z)}
Write the expectation (10.69) as the difference of two expectations, namely
IC=r)
E [W] [m(Z, Bo) — Eo{m(Z, ﬂo)|Gr(Z)}] (10.70)
g [MED e 2
KAG(Z), ¢}

| [mz.0 - Eatmiz. gwiGz]. a0y
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We compute the expectation in (10.71) by first conditioning on {I(C >
r),G+(Z)} to obtain

A{Gr(2), 47} . )
E[KT{GT(Z),WJ {E{I(CZ ym(Z, bo)[L(C = 7). G (2)}

—I(C > ) Eo{m(Z, K)G(2)} . (10.72)

But

E{I(C = r)m(Z, Bo)|I(C =2 7),Gr(2)} = 1(C = r)E{m(Z, )|C = 7, G- (Z)}.
(10.73)
Because of the coarsening at random (CAR) assumption, we obtain that

pzicsrc,(2)(219r) = Pzic,(2)(2]9r)- (10.74)
This follows because
P(C>r|Z = 2)poz(z)
G ()=gr P(C 27| Z = 2)poz(2)dvz(2)
_ K {Gr(2)}poz(2)
fz:Gr(z)ng KT{G”‘(Z)}pOZ(Z)dVZ(Z)
poz(Z)

= _ 2o,
fZZGT(z):gT poz(2)dvz(z) Pz|G,(2)(%|9r)

Pz|czr,Gr(Z)(Z|gr) = f

Equation (10.74), together with (10.73), implies that
E{I(C = r)ym(Z, Bo)|[I(C = 1),Gr(2)} = I(C = r)Eo{m(Z, $o)|G(2)}

and hence (10.72) and (10.71) are equal to zero. A similar argument, where
we condition on {I(C =r),G,(Z)}, can be used to show that (10.70) is equal
to zero. This then implies that (10.69) is equal to zero, which, in turn, implies
that (10.62) is true, thus demonstrating that f,, is a consistent, estimator for
B when the posited model p% (2, €) is correctly specified. O

Example with Longitudinal Data

We return to Example 1, given in Section 9.2, where the interest was in esti-
mating parameters that described the mean CD4 count over time, as a func-
tion of treatment, in a randomized study where CD4 counts were measured
longitudinally at fixed time points. Specifically, we considered two treatments:
(X =1) was the new treatment and (X = 0) was the control treatment. The
response Y = (Y1,...,Y;)T was a vector of CD4 counts that were measured
on each individual at times 0 = ¢; < ... < t;. The full data are denoted by
Z = (Y, X). It was assumed that CD4 counts follow a linear trajectory whose
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slope may be treatment-dependent. Thus the model was given by (9.24) and
assumes that

E(Yji| X;) = B1 + Batj + B3 Xt;.
Therefore, the problem was to estimate the parameter 3 = (31, 32, 33)" from
a sample of data Z; = (Y;, X;), i = 1,...,n, where Y; = (Yy;,...,Y;;)T are
the longitudinally measured CD4 counts for subject .

In this study, some patients dropped out, and for those patients we ob-
served the CD4 count data prior to dropout, whereas all subsequent CD4
counts are missing. This is an example of monotone coarsening with £ =1—1
levels of coarsening. We introduce the notation Y to denote the vector
of data (Yi,...,Y;)T, » = 1,...,1 and Y" to denote the vector of data
(Yoi1,...,Y))T, r = 1,...,1 — 1. Therefore, when the coarsening variable
is C; = r, we observe G,(Z;) = (X;,Y), r=1,...,1 —1, and, when C; = o0,
we observe the complete data G (Z;) = Z; = (X;,Y5).

With such coarsened data {C;, Ge,(Z;)}, i = 1,...,n, we considered esti-
mating the parameter § using an AIPWCC estimator. To accommodate this,
we introduced a logistic regression model for the discrete hazard of coarsening
probabilities given by (9.25) in terms of a parameter ¢, which was estimated
by maximizing the likelihood (8.13). The resulting estimator was denoted by
1/;7, An ATPWCC estimator for 8 was proposed by solving the estimating
equation (9.26), where, for simplicity, we chose

m(Z,8) = H(X){Y — H(X)B}.

The definition of the design matrix H(X) is given subsequent to (9.24), and
the rationale for this estimating equation is given in Section 9.2. Notice, how-
ever, that we defined the augmentation term in equation (9.26) generically
using arbitrary functions L,.{G,(Z)}, r # co. We now know that to improve
efficiency as much as possible, we should choose

{L{Gr(2)} = Em(Z,5)|G(2)},

which requires adaptive estimation using a posited model for p%(z,&). We
propose the following.

Assume that the distribution of Y given X follows a multivariate normal
distribution whose mean and variance matrix may depend on treatment X;
that is,

YIX=1~MVN(&,%)
and
Y|X =0~ MVN(&, o),

where & is an [-dimensional vector and ¥ is an [ x [ matrix for K = 0,1. The
parameter £ will denote (&g, &1, 2o, X1)-

Remark 7. Even though our model puts restrictions on the mean vectors &,
in terms of the parameter 3, we will let these be unrestricted and, as it turns
out, these parameters will not come into play in our estimating equation. O
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We denote & = (E1ks - - &) T and & = (Egytyp, - &) forr=1,...,1-1
and k£ = 0,1. We also denote the correspondmg elements of the partitioned
matrix for ¥y by X7, 277, and X} to represent the variance matrix of Y, the
covariance matrix of Y and Y7, and the variance matrix of Y7, respectively,
given X = k. An estimator for £ can be obtained by maximizing the likelihood

n

HH (l:l |: 27T' Z7T‘} 1/2
i=1k=0 “r=1
I(Ci=r,X;=k)

exp {507 - DTS 07 -6 |

ez e {30 - 00T - 60} )

(10.75)
This likelihood can be maximized by using standard statistical software
such as SAS Proc Mixed; see Littell et al. (1996). Denote the estimators for the
variance matrix by ¥, for £ = 0, 1. Using standard results for the conditional

distribution of a multivariate normal distribution, we obtain that

E{m(Z,B)|G:(2),¢} = BIHT (X){Y — H(X)B}X,Y",¢]
= H"(X)q(r, X, Y7, 3,9),

where ¢(r, X,Y",3,€) is an I-dimensional vector whose first r elements are
{Y" — H"(X)p3}, whose last | — r elements are

(ST~ Hy" — H"(X)3}, when X =k, k=0,1,

and H"(X) is an r x 3 matrix consisting of the first r rows of H(X).
Therefore, the improved double-robust estimator for 3 is obtained by solv-
ing the equation

"~ [1(Ci = o0) H" (X;){Y; — H(X,)5}
Z |: w(OOaZiv'([Jn)

= {Mcz« — 1) = MG (Z:), 0 }I(Ci > 7) }
K AG(Z), 0}

X HT(XZ)(](T, X17Y7:7757é;):| =

where, for this example, é,*l corresponds to the estimators, fllm, k= 0,1,
derived by maximizing the likelihood (10.75).
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10.4 Remarks Regarding Right Censoring

In Section 9.3, we showed that right censoring, which occurs frequently in
survival analysis, can be viewed as a special case of monotone coarsening with
continuous-time hazard rates representing the distribution of censoring. We
remind the reader that censored-data estimators for the parameter 3 can also
be written as augmented inverse probability weighted complete-case estima-
tors. Specifically, we argued in (9.34) that estimators for 8 can be derived by
solving the estimating equation

T dMeg {r, Xi(r)}

G J TR

LXK} =0, (10.76)
where Z denotes the full-data (i.e., Z = {T, X(T)}), and m(Z, 3) denotes a
full-data estimating function that would have been used to obtain estimators
for 3 had there been no censoring. The definition of dNg(r), Aa{r, X (r)},
Y(r), dMg{r,X(r)} = dNg(r) — Aa{r, X (r)}Y (r)dr, and K. {X(r)} were all
defined in Section 9.3.

By analogy between the censored-data estimating equation (10.76) and
the monotonically coarsened data estimating equation (10.42), we can show
that the most efficient augmented inverse probability weighted complete-case
estimator for § that uses the full-data estimating function m(Z, 3) is obtained
by choosing

LAX(r)} = E{m(Z,B)|T > r,X(r)}.
To actually implement these methods with censored data, we need to

1. develop models for the censoring distribution Az{r, X(r), ¢} and find es-
timators for ¢, and -
2. estimate the conditional expectation E{m(Z, B)|T > r, X (r)}.

A popular model for the censoring hazard function As{r, X(r),} is the
semiparametric proportional hazards regression model (Cox, 1972) using max-
imum partial likelihood estimators to estimate the regression parameters and
Breslow’s (1974) estimator to estimate the underlying cumulative hazard func-
tion.

In order to estimate the conditional expectation E{m(Z, 3)|T > r, X (1)},
we can posit a simpler full-data model, say p¥(z,§) = p*T’X(T){t, Z(t), &},
and then estimate ¢ using the observed data {U;, A;, X;(U;)},i=1,...,n by
maximizing the observed-data likelihood

I1

3

=1

1-A;

|:/ p;“,X(T){tvj(t)ag}dVT,X(T){t,f(t)} .
{t.2(t)}:t>U; {2 (s)=X(s),s<U; }

Ay
|:p;7x(T){Ui7Xi(Ui)7£} X
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Building models for p7, ¢ (T){t, Z(t), &} with time-dependent covariate and

maximizing (10.77) can be a daunting task. Nonetheless, the theory that has
been developed can often be useful in developing more efficient estimators
even if we don’t necessarily derive the most efficient one.

In the example of censored medical cost data that was described in Exam-
ple 2 of Section 9.3, Bang and Tsiatis (2000) used augmented inverse prob-
ability weighted complete-case estimators to estimate the mean medical cost
and showed various methods for gaining efficiency by judiciously choosing the
augmented term.

Other examples where this methodology was used include Robins, Rot-
nitzky, and Bonetti (2001), who used AIPWCC estimators of the survival
distribution under double sampling with follow-up of dropouts. Hu and Tsi-
atis (1996) and van der Laan and Hubbard (1998) constructed estimators of
the survival distribution from survival data that are subject to reporting de-
lays. Zhao and Tsiatis (1997, 1999, 2000) and van der Laan and Hubbard
(1999) derived estimators of the quality-adjusted-lifetime distribution from
right-censored data. Bang and Tsiatis (2002) derived estimators for the pa-
rameters in a median regression model of right-censored medical costs. Straw-
derman (2000) used these methods to derive an estimator of the mean of an
increasing stopped stochastic process. Van der Laan, Hubbard, and Robins
(2002) and Quale, van der Laan and Robins (2003) constructed locally effi-
cient estimators of a multivariate survival distribution when failure times are
subject to a common censoring time and to failure-time-specific censoring.

10.5 Improving Efficiency when Coarsening
Is Nonmonotone

We have discussed how to derive AIPWCC estimators with improved efficiency
when there are two levels of coarsening or when the coarsening is monotone
and have given several examples to illustrate these methods. This theory can
also be extended to the case when the coarsening is nonmonotone. However,
we must caution the reader that the use of AIPWCC estimators in this setting
is very difficult to implement. At the end of Section 8.1, we already remarked
that developing coherent models for the missingness probabilities when the
missingness is nonmonotone, is not trivial. There has been very little work in
this area, with the exception of the paper by Robins and Gill (1997). Even if
one were able to develop models for the missingness probabilities, finding pro-
jections onto the augmentation space, as is necessary to obtain more efficient
ATPWCC estimators, is not straightforward and requires an iterative process
that is numerically difficult to implement. Consequently, the semiparametric
theory that leads to AIPWCC estimators has not been well developed with
nonmonotone coarsened data and there is still a great deal of research that
needs to be done in this area. Nonetheless, many of the theoretical results
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have been worked out for nonmonotone coarsened data using the general the-
ory developed by Robins, Rotnitzky, and Zhao (1994). For completeness, we
present these results in this section, but again we caution the reader that there
are many challenges yet to be tackled before these methods can be feasibly
implemented.

Finding the Projection onto the Augmentation Space

We have already argued that among all coarsened-data influence functions
given by (10.1) with »f'(Z) fixed, the optimal choice is given by (10.2). We
I(C=c0)p*F(Z)
w(00,Z)
mentation space, As, when there are two levels of coarsening or when the
coarsening is monotone, where ¢*!'(Z) € AFL. We now consider how to de-
1(C=0)"F(2)

have also shown how to find the projection of onto the aug-

rive the projection of onto Ao in general; that is, even if the

coarsening is nonmonotone.
We begin by defining two linear operators.

Definition 4. The linear operator £ is a mapping from the full-data Hilbert
space H' to the observed-data Hilbert space H, where

L:HE - H

is defined as
L{n" ()} = E{r"(2)[C,Gc(2)} (10.78)
for ht'(Z) € HE'. Specifically,

L{"()} = ZI nE{h(Z)|C =1,G(2)},

and because of the coarsening-at-random assumption, we obtain
L{nF(2)} = ZI rE{hF(2)|G.(Z)}. O (10.79)

Definition 5. The linear operator M is a mapping from the full-data Hilbert
space to the full-data Hilbert space. Specifically,

M HE - HE
is defined as
MR ()} = EIL{h"(-)}|Z). (10.80)
Using (10.79), we obtain

o0

M{RF ()} = [ZI BN (2)|G,(2))]2

_Zw{re WE{W(2)|G,.(2)}. O (10.81)
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I(C=00)h! (Z)

The projection of =(=.7) ~ onto As is now given by the following the-

orern.

Theorem 10.6.

(i) The inverse mapping M~ exists and is uniquely defined.
(ii) The projection is

II — LIMTYAT ()Y, (10.82)

I(C = c0)hF(2) ‘A } _ 1(C=o0)h"(2)
(00, Z) 2 w(oo, Z)

Proof. Theorem 10.6 part (i)
We will defer the proof of (i) and assume for the time being that it is true.

Proof of Theorem 10.6 part (ii)
If we can show that

o HERE — LM ()] € Ay

' w(00,Z)
b. and that
I(C=0)h™(Z) (IC=0h"(Z) .\ i/ w.
e ( — 2 - am w<»0
— LM R ()]

is orthogonal to every element in Ag,

then, by the projection theorem, ZE=2)""(2) _ LIM~HAEF()}] is the unique

w(00,Z)
. . I(C=c0)h (2)
projection of T

We first note that

(ISR cuunf)

= h"(Z) = MIMTHRE ()} = hT(2) = h"(2) = 0,

onto As.

thus proving (a).
If we let Lo{C,G¢(Z)} be an arbitrary element of Ag, then the inner prod-
uct
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E{(ﬁw1{hF<->}DTLz{C7Gc<Z)}}

B[B(M 0 N Lafe,Ge(2 e, Ge(2) )]

g
E( “HAP() L2{C,GC(Z)}>
= p{ B(IM 0 ON Ll Ge(2))| ) }
= p{ M ()" B | et Ge(2)) 2] | .

where the last equality follows because M~1(hf) € H¥ and hence as a func-
tion of Z, allowing it to come outside the inner conditional expectation, and
Ly(-) € Ay, which implies that E{Ly(-)|Z} = 0, thus proving (b). O

Uniqueness of M™1(+)

In order to complete the proof of Theorem 10.6, we must show that the linear
operator M has a unique inverse. We will prove the existence and uniqueness
of the inverse of the linear mapping M by showing that the linear operator
(I — M) is a contraction mapping, where I denotes the identity mapping
HE — HE: e, I{RY(2)} = T (Z) for hF € HF. For more details on
these methods, we refer the reader to Kress (1989).

We begin by first defining what we mean by a contraction mapping and
proving why (I — M) being a contraction mapping implies that M has a
unique inverse.

Definition 6. A linear operator, say (I — M), is a contraction mapping if the
norm of the operator satisfies | — M| < (1 —¢) for some ¢ > 0, where the
norm of a linear operator, say ||I — M|, is defined as

I = M)(RF)

SUpPpF ey F W’
or equivalently, ||[I — M| < (1 —e¢), if
(I — M)(RE)|| < (1 —¢)||hF|| forall BF e HF. O

Lemma 10.5. If (I — M) is a contraction mapping, then M™! exists, is
unique, and is equal to the operator

S = i([ - M)k (10.83)

Also, M~{h¥(Z)} can be obtained by successive approximation, where
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Pni1(Z) = (I = M)on(Z) + W (2); (10.84)
vo(Z) = hF(Z)
¢1(Z) = (I = M)h*(Z) + b (Z)
p2(Z) = (I = M)*h"(Z) + (I — M)R"(Z) + W' (Z)
and on(Z) = MR ()}

Proof. To demonstrate existence, we must show
MIS{hT(2)}] = h"(2).

However,

k=0

MIS{RT(2)}] = M {iu - M)’“hF(@}

={I-(—-M)} {i(z - M)’%F(Z)} .

k=0

By a telescoping argument, this equals

lim {I — (I - M)*}r"(2),

k—o0

but (I — M)*R¥(Z) will have a norm that converges to zero as k — oo.
This follows because (I — M) is a contraction mapping and ||(I — M)*h|| <
(1 — €)*||nF||. Therefore klim (I — M)*hF(Z) = 0 a.s. Consequently,

— 00

MIS{h"(2)}] = h"(2).

We will demonstrate uniqueness by contradiction. Suppose M~1(-) were
not unique. Then there exists S*{h¥'(Z)} such that

MIS{hF(Z2)}] = hF(Z) but
S*{hF(2)} # S{h"(2)}.
In that case,

(I = M)(S = S)"(Z) = (I = M)[S{R"(2)} = S*{h"(2)}]
= S{h"(2)} = $*{n"(Z)}

and
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I = M)[S{r"(2)} = S (R (Z2)}]I = [1S{h"(2)} — S*{R" (Z)} .
But since (I — M) is a contraction mapping, this implies that
11 = M)[S{RT(2)} = S*{RT(2)}]| < (1 = )|IS{hT(Z)} = S {hT(Z)} .
This can only happen when
S(hf)y—s*(nf)y=0.0

We now complete the proof of Theorem 10.6 by showing that (I — M) is
a contraction mapping when M is defined by (10.80).

Proof. Theorem 10.6 part (i)

Consider the Hilbert space HC? of all ¢-dimensional mean-zero measurable

functions of (C, Z) equipped with the covariance inner product. The observed-

data Hilbert space H and the full-data Hilbert space H* are both contained

in HCZ. That is, H C HCZ? , H¥ C HCZ are linear subspaces within this space.
If we consider any arbitrary element h¢Z(C, Z) € HCZ, then

I[rC?|H] = E {hS?(C, Z)|C,Ge(2)} (10.85)

and
N2 1) = E{r°?(C, 2)|Z}, (10.86)

where equations (10.85) and (10.86) can be easily shown to hold by checking
that the definitions of a projection are satisfied.

Therefore, deriving M{h(-)} = H[II[h|H]|HT] corresponds to finding two
subsequent projections onto these two linear subspaces. What we want to
prove is that (I — M) is a contraction mapping from H¥ to HF. First note
that

(I = M)A (Z) = TI[{h"(Z) = M[L"(Z)|H]} |HT].

Hence, by the Pythagorean theorem,
I(I = M)RT(Z)|| < ||RF(Z) — TR (2)|H])- (10.87)

Also by the Pythagorean theorem, the right-hand side of (10.87) is equal to
1/2
{In" ) 1> = I [p"(2)H]1?} (10.88)

The projection II[A"(Z)|H] = E{h*(Z)|C,G¢(Z)}, which, by (10.79),
equals
1(C = )" (2) + 3 I(C = 1) E{(hF(2)|G1(2)}.
r#o0o
Hence,
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TR (2)H]IP = E | [I(C =o0)h”(2) + > I(C = r)E{h"(2)|G/(2)}
r#00
I(C = 00)h™(Z) + Y I(C = r)E{h"(2)|G.(2)}
r#oco
= E(I(C = oco){n"(2)}"h"(z)+ Y I(C
r#£00
[E{hF(Z)IGr(Z)}]T X [E{hF(Z)Gr(Z)}]>
E[I(C = co){h"(2)}"h" (2)]. (10.89)
Conditioning on Z, (10.89) equals
E [w(o0, Z){hF (2)}'h"(2)] . (10.90)

By assumption, w(co, Z) > €* > 0 for all Z, and hence (10.90) is
> e E[{h"(2)}Th"(Z)] = || (Z)|*.
Consequently, (10.88) is less than or equal to
{IWF (D)2 = B (2)7} 7 = (1 = )27 ()], ¢ > 0. (1091)
Therefore, by (10.87), (10.88), and (10.91), we have shown that
I(T = M)RT(Z)] < (1 = )2 R (2)]]

for all K" € HT'. Hence (I — M) is a contraction mapping. O

Obtaining Improved Estimators with Nonmonotone Coarsening

In (10.2), we showed that the optimal observed-data influence function
of RAL estimators for g associated with the full-data influence function
©¥(Z) is obtained by considering the residual after projecting the inverse
probability weighted complete-case influence function Iw#}";(z) onto As.
When the coarsening is nonmonotone, we demonstrated in the previous sec-
tion (see (10.82)) that this residual is equal to LIM ™ {¢f(Z)}]; that is,
LIM YT (2)Y] = T{eF(2)}, where J(p!) was defined by (10.5) and is
an element of the space of influence functions (IF)pr (see Definition 2). We
also argued (see Remark 2) that if we are interested in deriving more efficient
estimators (i.e., estimators whose influence function is an element of (1 F)pr),
then we should consider estimating functions, which, at the truth, are elements
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of the DR linear space J (A1) (see Definition 3) or, equivalently, the space
L{MTLAFL)

Consequently, if we defined a full-data estimating function m(Z, 3) such
that m(Z, By) € AF+, then we should use LIM~*{m(Z, 3)}] as our observed-
data estimating function. That is, the estimator for § would be the solution
to the estimating equation

Z LiM;7Hm(Zi, B)}] = (10.92)

Of course, deriving the estimating equation in (10.92) is not trivial. The
operator L(-), defined by (10.79), involves finding conditional expectations of
functions of Z given G,.(Z) for r # oo, and the operator M(-), defined by
(10.81), involves finding such conditional expectations as well as deriving the
coarsening probabilities w{r, G,.(Z)}. Consequently, in order to proceed, these
coarsening probabilities and conditional expectations need to be estimated.

The coarsening probabilities are modeled using a parametric model with
parameter v; that is, P(C = r|Z) = w{r, G, (Z), ¢}, where ¢ is estimated by
maximizing (8.8) and the resulting estimator is denoted by 1[)“

In order to estimate the conditional expectation of functions of Z given
G.(Z) for r # oo, we need to estimate the conditional density of Z given
G,(Z). An adaptive strategy is to posit a simplifying parametric model for
the density of Z, namely p% (2, ), in terms of a parameter £, and then estimate
¢ by maximizing (10.58), where the estimator is denoted by é;; We remind
the reader that the “x” notation is used to emphasize that such a model is
not necessarily believed to contain the true distribution of Z. We assume

sufficient regularity conditions so that é; Ei &*, where p%(z,£*) may or may
not be the true density of Z. If it is the true density of Z, we denote this
by taking £* = £,. With such an estimator for £, we can now estimate the
conditional expectation E{m(Z, 8)|G,(Z)} by using E{m(Z,3)|G.(Z),&:},
where E{m(Z, 8)|G.(Z),£} is defined by (10.57).

The linear operator M and its inverse M~ are functions of the parameters
1 and &, and the linear operator L is a function of £. To make this explicit, we
define these operators as M(-, 1, &), M~1(-,4,€), and L(-, ). Consequently,
the improved estimator for 8 would be the solution to

ST LM Hm(Zi, B), €5 1,€2] = 0. (10.93)
=1

We will now demonstrate that the estimator for 8 that solves (10.93) is an
example of an AIPWCC estimator. This follows because of the following the-
orem.

Theorem 10.7. Let d¥' (Z, 3,1,&) = M~Y{m(Z, 3),v,¢}. Then,
LIMTHm(Z, ), 4,6}, €] = L{d"(Z, 5,9, ). €}
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can be written as

£ (2,6,.9).€) = T 2D 1 15(C.Ge(2),6.0.), (1099
where
L;{CaGC(Z)7ﬁ7¢7§} =
I(C = o0) .
- ooz ; wi{r,G.(Z),v}E{d" (Z, 3,4, €)|G.(Z), &}
+ 1€ = r)E{d" (2, 8,4,6)|G,(2).€). (10.95)
r#00

Proof. By definition,

L{d"(2,B,4,€),¢} =
I(C = 00)d" (2, 8,0,€) + Y I(C = r)E{d" (2, 8,4, €)|Gr(Z),€}.  (10.96)
r#00

Because

M{A"(Z,8,4,€),9, 6} = MIM™Hm(Z, B),4, &}, 4, €] = m(Z, B)
= w(o0, Z,9)d"(Z,8,,6) + Y @{r,Gr(2), Y} E{d" (Z, 8,4, €)|Gr(2), £},

r#00

this implies that
07 (Z. B0, €) ({00, Z, )} [m(z, 8)

=D w{rG(2), W} E{d"(Z,6,4,6)|G.(2),}|. (10.97)
r#00

Substituting the right-hand side of (10.97) for d¥'(Z, 3,4, £) in (10.96) gives
us (10.94) and hence proves the theorem. O

Let us denote Lo {G,(Z)} to be —E{d¥(Z, B,10,&*)|G(Z),£*}. This is
a function of G,(Z) whether the model p¥ (z,£*) is correctly specified or not.
Therefore, because of (7.37), where elements of the augmentation space are
defined, we note that L5{C,Gc(Z), 5, %0,£*}, defined by (10.95), is an ele-
ment of the augmentation space Ay as long as the model for the coarsening
probabilities w{r, G,.(Z), 1o} is correctly specified, regardless of whether the
posited model for the density of Z, p},(z,£*), is or not. Finally, because of
Theorem 10.7, the estimator (10.93) is the same as the solution to

Z( )ym(Zi, B)

= L* CZ7GZ1, ’An’A;"L — .
= w(o0, Z, ) +L3{Ci, Ge,(Zi), By Ym0} = 0 (10.98)
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and therefore is an AIPWCC estimator.

The result above assumes that we can derive M~Y{m(Z,3),v,¢}. In
Lemma 10.5, we showed that the inverse operator M ™1 exists. Nonetheless,
this inverse operator is not necessarily easy to compute with nonmonotone
coarsened data, and an iterative procedure using successive approximations
was also given in Lemma 10.5. Therefore, let us denote, by d(J)(Z, By, )

the approximation of M~Y{m(Z, 3),v,&} after, say, (j) iterations of succes-
sive approximations given by (10.84). Because d{;)(Z, B,1,&) is not exactly

M=Ym(Z,8),,£}, then E{d(J)(Z, Bos Yo, €*),£*} may not be an element of
AL and therefore not appropriate as the basis of an estimating function. We
therefore suggest the following strategy.

Define
L;(]){Cv GC(Z)a 53 ¥, 5}
I(C =
- —M 52 U0 O 2) VB (2.5.0-)/6:12).)
+ Y I(C =) E{dl) (Z2.8,4,€)|G(2),}. (10.99)
r#00

By construction, L;U){C,GC(Z),B, ¥o,£€*} is an element of Ag, whether
d{;)(Z, By, &) equals M—H{m(Z, 3),1,&} or not. This implies that

I(C = co)m(Z, By)
W(OO, Za wo)
is guaranteed to be an element of A+ when 1) is correctly specified.

By defining Lz(J)<') in this manner, we are guaranteed that the solution
to the equation

L3 ){C, Ge(2), Bo, 0, €7}

. I Zza * T x
=1 n

is an AIPWCC estimator. Moreover, because of Theorem 10.7, if we take
the number of iterations (j) to be sufficiently large so that dg.)(Z,ﬁ,z/),f) is

equal (or as close as we want) to M~1{m(Z, 3),1,£}, then solving equation
(10.100) will lead to the estimator (10.93).

As long as the model for the coarsening probabilities is correctly specified,
the estimator, (10.100), for 5, under suitable regularity conditions, will be an
RAL estimator for 4 with influence function

I(C = c0)pf'(2) . .
ol Zao) T L2 iC Ge(2), o, o, & }} —1I [H’Aw} (10.101)

where
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o2 = [ {2 BN iz,

2(]){6 GC( )76071/}076*}

9 -1
= |:—E{Tna(g’,1150)}:| L;(j){C;GC<Z)7607wOa§*}7

and £* denotes the limit (in probability) of é;

If, in addition, the posited model p%(z,€) contains the truth, then the
influence function (10.101) is equal to LM~ (2)}] = T{¢F(Z2)} and
hence is an element of (I F)pg.

Double Robustness

In constructing the estimator in (10.100), we took the point of view that
the coarsening probabilities are correctly specified. We also defined a posited
model for Z, namely p},(z, ), for the purpose of constructing more efficient es-
timators. Such a model, for instance, enabled us to construct functions d¥'(2)
and E{d¥(Z)|G,(Z)}, which were used to derive projections onto the space
As. As we showed above, the model for p}(z,&) does not need to be correctly
specified in order for our estimator to be consistent and asymptotically normal
as long as the model for the coarsening probabilities is correct.

However, as we will now demonstrate, the attempt to gain efficiency also
gives us the added protection of double robustness. That is, if the posited
model for the density of Z is correct (i.e., the true density of Z, po(z), is
contained in the model p%(z, ) for some &, which we denote by &), and if we
choose df'(Z, 3,1, €) to be exactly M~H{m(Z, 3),1,£}, then the estimator 3
that is the solution to (10.98) will be consistent and asymptotically normal
even if the model for the coarsening probabilities is not correct.

Such a double-robustness property was shown previously for two levels
of missingness or for monotone coarsening. This result now generalizes the
double-robustness property for all coarsened-data models where the coarsen-
ing mechanism is CAR.

In order for the double-robustness property to hold, we emphasize that
d¥(Z,B,v,&) = M~Ym(Z,B),v,£}, which, as we showed in the previous
section, would result in the estimating equation (10.98) being identical to the
estimating equation (10.93). With sufficient regularity conditions, the solution
to (10.93) will lead to a consistent, asymptotically normal estimator for 3 if the
estimating function of (10.93), LIM~{m(Z, 8),, £}, €], evaluated at 8 = Bo;
P = Y*, £ = £*, where ¥* and &* are the probabilistic limits of ¢n and E*
respectively, is an unbiased estimator of zero. Namely, we must show that

E<~C[M1{m(Z, Bo),w*,f*},g*}> =0. (10.102)
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Remark 8. The expectation in (10.102) is with respect to the truth. We remind
the reader that the true coarsened-data density involves both the marginal
density of Z, po(z), and the model for the coarsening probabilities, Py(C =
r|Z) = wo{r, G,(Z)}. We are considering the case where we posit a model for
the marginal density, namely p}(z,¢), which might be incorrect. We denote
this situation by letting the estimator é;; converge in probability to £*, where
Py (2,&%) # po(z). However, in the special case where the posited model is cor-
rectly specified, we will denote this by taking £* = &y, where p% (2, &) = po(2).
We also posit a model for the coarsening probabilities; namely, P(C = r|Z) =
w{r,G.(Z),v}. Using the same convention, if this model is misspecified, we
denote this by letting the estimator @n converge in probability to ¢*, where
w{r,G.(Z),¢¥*} # wo{r, G,(Z)}. If this model is correctly specified, then we
take 9* = 1, where w{r,G,(Z),v0} = wo{r,G,(Z)}. To emphasize this
notation, we write the expectation in (10.102) as

E&)ﬂ/}u <£[M1{m(Z, 60)7 Y, 5*}5 5*]> -0

To demonstrate double robustness, we need to prove the following theorem.

Theorem 10.8.

() Beo o (LM (2. ) 0, €161) =0
and

() By (£1 0l ). 5" ab o] ) =0
Proof of (i)

Because the conditional distribution of C|Z involves the parameter ¢ only and
the marginal distribution of Z involves £ only, we can write (i) as

Z) } (10.103)

But, for any function ¢(Z), Ey,[L{q(Z),£*}|Z] is, by definition, equal to
M{q(Z),0,£*}. Therefore, (10.103) equals

Ego{Ewo (cw-l{mw, Bo), " €0} €

Ee, <M [Ml{m(z, ﬁo>,w0,5*},wo,5*D
— B {m(Z,f)} =0. D

Proof of (ii)
Because £{q(Z),&} = E¢,{¢(2)|C,Gc(Z)}, then

Eeo.w0 [£{a(2),60}] = Eeo{q(2)}-
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Notice that the argument above didn’t involve the parameter ; hence

Ee, o [L{a(Z), 60} = Ego - [£{a(Z), 0} = E¢{a(2)}

for any parameter ¢*. Applying this to the left-hand side of equation (ii), we
obtain

E&O#’O <£[M1{m(Za ﬁO)v w*v 50}7 fd)
— By (LM (2,007, 601,60

B {EW (L‘[M‘l{m(Z, B0), 6", €0}, o]

)y

= i, (MM 2 010 0] )
_ Be{m(Z. )} =0. O

Remark 9. As we indicated earlier, in order for our estimator to be double ro-
bust, we must make sure that if the posited model p},(z,§) contains the truth,
then the estimator for &, namely é;;, is a consistent estimator for &y, even if
the model for the coarsening probabilities is misspecified. Therefore, likeli-
hood estimators such as those that maximize (10.58) would be appropriate
for this purpose, whereas AIPWCC estimators for £ would not. 0O

10.6 Recap and Review of Notation

General results
e Among observed-data influence functions ¢{C,G¢(Z)} € (IF),

I(C = )" (2)
w(00, Z,1g)

where ¢!’ (Z) is a full-data influence function and L2{C,Gc(Z)} € Az}7

o0, Ce(2)} = {[ +L2{c,cc<z>}} 1{[]jA,),

optimal influence functions can be obtained by taking
1(C=0)0"(2) |,
’W(OO, Z7 ’ll)o) g

e We denote such influence functions using the linear operator J(-), where
J : HF — H is defined as
AQ] .

= 00)of

L+{C.Ge(2)} = 11|

C =o00)p"(2)
w(o0, Z, o)
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e We denote the class of influence functions
ury ={ g (2) e aryr

by (IF)pr (i.e., the space of double-robust influence functions).

e The corresponding linear space used to derive estimating functions that
lead to observed-data estimators for 8 with influence functions in (IF)pg
is denoted by the DR linear space and is defined as J(Af'1).

Two levels of missingness

e Let the full data be given by Z = (ZI,Z1)T, where Z; is always ob-
served but Zs may be missing. Let R denote the complete-case indicator,
and P(R = 1|Z) = n(Z1,%) is a model that describes the complete-case
probabilities. Then, for p*¥'(Z) € AT+,

RQO*F(Z) _ {R — W(Zl,w())
7(Z1,%0) 7(Z1,%0)

e Adaptive double-robust AIPWCC estimators for 3 are obtained by solving
the equation

I = | bE(r @1,

" [Rym(Z;, 3 Ri — (21, ¥m
Z[ ( >{ ( )

n N h* Z i M A;; = 0,
i=1 T((Zlhwn) W(Zliywn) } 2( ! ﬂ § ):|

where m(Z,3) is a full-data estimating function, ¢, is the MLE for 1
obtained by maximizing

H{W(Zu, YL = m(Zy, )},
i=1

é;i is an estimator for the parameter £ in a posited model p% (2, €), and

h;(Zliaﬁ7 6) = E{m(Zwﬁ”Zlhg}

Monotone coarsening

e When data are monotonically coarsened, the coarsening probabilities can
be modeled, as a function of the parameter v, using the discrete hazard
probability of coarsening,

M{G(Z), 0}y =P(C=rC>r Z),r# .
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For ¢*F(Z) € AT+,

I1(C = 00)p*"(Z)

JI(p™F) = (OO 7 00)
— M{Gr(Z), 0} I(C > 7) P
*;j B e | LA GUCIEE
where

r

K AG(Z),00} = P(C > 1|Z, o) = [][1 = M {Gr(2),tho}], 7 # o,

r'=1

and

W(OO,Z, %) = H [1 - AT{GT(Z)?¢O}]

r#00

Adaptive double-robust AIPWCC estimators for § are obtained by solving
the equation

“~ [ 1(C; = 00)m(Z;, B)
; ( ZU(OO,Z“’L&n) i

1(Ci = 1) = A{Gr(Z), $u} 1 (Ci
T;O[ K’I“{G’I“( z)vwn}

27) E{m(Z,ﬁ)IGT(Zi),g;}) —

where m(Z, () is a full-data estimating function, '(/AJn is the MLE for ¢, and
&' is an estimator for the parameter £ in a posited model p} (2, §).

Nonmonotone coarsening

In general, for o*f'(Z) € AFL,

(™) = LIMTH (@)},

where
L(hF) = E{hF(Z)|C,Gc(2)} is equal to

ZI nB{h"(2)|G(Z)},
M(RF) = E{L(hT)|Z} is equal to

Zw{rG VI E{RT (2)|G.(2)},
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and where the inverse operator M~!(h%") exists and can be obtained
by successive approximation, where

Pn+1(Z) = (I = M)pn(Z) + 0 (2),

and ¢, (Z) "= M~YKF(Z)}.
e More efficient adaptive AIPWCC estimators for 3 can be obtained by
solving the equation

2L (G = Z:, . o
yo w(f)zmé ) O) 4 13,(Ci, Geu(2), Bribm, £} = 0,
=1 y &y Un

where m(Z, 3) is a full-data estimating function, ¥, is the MLE for 1, é,*L
is an estimator for the parameter ¢ in a posited model p¥(z, £),

L3y {C.Ge(2), 8,9, &}

__ I(€=00)
__m 7§O:ow{r’GT( )w}E{d(])(Z76awa§)|GT(Z)7§}
+ > 1€ =) E{df)(Z,8,0.)|G,(2), £},
r#00

and d{])(Z,ﬁ,qﬁ,g) is the approximation to M~Ym(Z, 3,,€)} after (j)

iterations of successive approximations.
e As j — oo, the AIPWCC estimator becomes a double-robust estimator.

10.7 Exercises for Chapter 10

1. In Definition 6 of Chapter 3, we defined a g¢-replicating linear space. In
Theorem 10.1, we considered the linear space M = H[A2|Ai] CH.

a) Prove that As is a ¢g-replicating linear space.

b) Prove that Ay is a g-replicating linear space. (Recall that A, is the
finite-dimensional linear space, contained in H, that is spanned by the
score vector Sy{C,G¢c(Z)}.)

c¢) Prove that M is a g-replicating linear space.

2. When we considered monotone coarsening, we stated that the adaptive
estimator Bn, which solves equation (10.60), is asymptotically equivalent
to the AIPWCC estimator (3%, which solves equation (10.61), when the
model for the coarsening probabilities is correctly specified. Give a heuris-
tic proof that

n'2(B, — Bz) D 0.

(You can use arguments similar to the proof of Theorem 10.3.)
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3. Consider the simple linear regression restricted moment model where with
full data (Y3, X1;, X2;),4 = 1,...,n, we assume

E(Y;|X1i, X9i) = Po + b1 X1 + B2 X

In such a model, we can estimate the parameters (3o, 31, 32)7 using ordi-
nary least squares; that is, the solution to the estimating equation

n

Z(laXliaX%)T(Yi — Bo — B1 X1 — B2 X2i) = 0. (10.104)

i=1

In fact, this estimator is locally efficient when var(Y;|X1;, X2;) is constant.
The data, however, are missing at random with a monotone missing pat-
tern. That is, Y; is observed on all individuals in the sample; however, for
some individuals, only Xo; is missing, and for others both Xi; and X,
are missing. Therefore, we define the missingness indicator

(C; = 1) if we only observe Y;,
(C; = 2) if we only observe (Y;, X1;),

and

(C; = o) if we observe (Y, X1;, Xoi).

We will define the missingness probability model using discrete-time haz-
ards, namely

M(Y) =P(C=1]Y),
X (Y, X)) =P(C=2|C >2,Y,X;).
a) In terms of A\; and Ay, what is
P(C = OO|Y, Xl,XQ)?

In order to model the missingness process, we assume logistic regres-
sion models; namely,

logit {A\1(Y)} = ¢10 + ¢11Y, where logit (p) = log <1€p> ’

and

logit { Ao (Y, X1)} = thoo + 121 X1 + 1h22Y.

b) Using some consistent notation to describe the observed data, write
out the estimating equations that need to be solved to derive the
maximum likelihood estimator for

Y = (Y10, Y11, Y20, Yo, Paz) L.
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Describe the linear subspace Ay.

Describe the linear subspace As. Verify that Ay C As.

Describe the subspace AL, the linear space orthogonal to the observed-
data nuisance tangent space. An initial estimator for 3 can be obtained
by using an inverse probability weighted complete-case estimator that
solves the equation

- I(C; = ) T
— (1, X14, X2i)" (Yi—Po— 1 X1 —B2X2:) =0,
7;221 w(oovx/ileiaXQ’ivwn)

where 1), is the maximum likelihood estimator derived in (b). Denote
this estimator by 31

What is the i-th influence function for 3L?

Derive a consistent estimator for the asymptotic variance of ﬁfl

In an attempt to gain efficiency, we consider

w(oo, Yz, X14, Xoi, o)
B H[I(Ci = 00)* (Y1, X14, X2:)
w(00,Y;, X1i, Xoi, ¥o)

@*F(Yi,Xli,Xm)

A2:| ’

where o*F(-) = (1, X1, X2:)T (Vi — Bo — B1.X1i — B2X2:).
Compute
Az]

In practice, we need to estimate (h) using a simplifying model. For
simplicity, let us use as a working model that (Y;, X1;, Xo;)7 is multi-
variate normal with mean (uy, pix,, pix,)? and covariance matrix

I I(C; = 00)*F (Y14, X14, Xo;)
w(00,Ys, X4, X2i, ¥o)

0yy O0vyX; OYX,
Oy X, 0X,Xs 0X1Xo
OY Xy OX1Xs OX5Xo

With the observed data, how would you estimate the parameters in
the multivariate normal?

Assuming the simplifying multivariate normal model and the esti-
mates derived in (i), estimate the projection in (h).

Write out the estimating equation that needs to be solved to get an
improved estimator.

Find a consistent estimator for the asymptotic variance of the estima-
tor in (k). (Keep in mind that the simplifying model of multivariate
normality may not be correct.)
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Locally Efficient Estimators for
Coarsened-Data Semiparametric Models

Using semiparametric theory, we have demonstrated that RAL estimators
for the parameter § in a semiparametric model with coarsened data can be
obtained using AIPWCC estimators. That is, estimators for § can be obtained
from a sample of coarsened data {C;,G¢,(Z;)},i = 1,...,n, by solving the
estimating equation

; W(OO’Zml/AJn)

where m(Z, 3) is a full-data estimating function, Lo(-) is an element of the
augmentation space, Ag, and ¥y, is an estimator for the parameters in the
coarsening model. In Chapter 10, we demonstrated that, among the AIP-
WCC estimators, improved double-robust estimators for § can be obtained
by considering observed-data estimating functions within the class J(Af+)
(i.e., the so-called DR linear space), where, for p*f" € AL

gt =298 I, .

This led us to develop adaptive estimators that were the solution to

- ICi:oomZ,-,ﬁ
Zl( ym(Zi, )

i=1 w(OOaZza/lﬁn)

+ L3{Ci, Ge,(Z), B, ﬁn,é:;}] =0, (11.2)

where L5{C,Gc(Z), 5,1, £} is equal to minus the projection onto the augmen-
tation space; i.e.,

—II

1€ = com(Z,6)

@ (0, Z) |
To compute this projection, we need estimates for the parameter ¢ that de-
scribes the coarsening probabilities and an estimate for the marginal distri-
bution of Z. The latter is accomplished by positing a simpler, and possibly
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incorrect, model for the density of Z as p%(z,&) and deriving an estimator é;*l
for &.

Among the class of double-robust estimators is the efficient estimator,
the estimator that achieves the semiparametric efficiency bound. Finding this
efficient estimator within this class of double-robust estimators entails de-
riving the proper choice of the full-data estimating function m(Z, 3), where
m(Z, By) = ¢*F'" € AFL. In this chapter, we will study how to find the efficient
estimator and the appropriate choice for m(Z, 3).

As we will see, the efficient estimator will depend on the true marginal dis-
tribution of Z, which, of course, is unknown to us. Consequently, we will de-
velop adaptive methods where the efficient estimator will be computed based
on a posited model p}(z, §) for the density of Z. Hence, the proposed methods
will lead to a locally efficient estimator, an estimator for § that will achieve
the semiparametric efficiency bound if the posited model is correct but will
still be a consistent, asymptotically normal RAL semiparametric estimator
for 8 even if the posited model does not contain the truth.

As we indicated in Chapter 10, finding improved double-robust estimators
often involves computationally intensive methods. In fact, when the coars-
ening of the data is nonmonotone, these computational challenges could be
overwhelming. Similarly here, deriving locally efficient estimators involves nu-
merical difficulties. Nonetheless, the theory developed by Robins, Rotnitzky,
and Zhao (1994) gives us a prescription for how to derive locally efficient
estimators. We present this theory in this chapter and discuss strategies for
finding locally efficient estimators. The methods build on the full-data semi-
parametric theory. Therefore, it will be assumed that we have a good un-
derstanding of the full-data semiparametric model. That is, we can identify
the space orthogonal to the full-data nuisance tangent space AFL, the class
of full-data influence functions (IF)¥, the full-data efficient score S (Z, fo),
and the full-data influence function ¢%;(Z2).

However, we caution the reader that these methods may be very difficult
to implement in practice, and we believe a great deal of research still needs to
be done in developing feasible computational algorithms. In Chapter 12, we
will discuss approximations that may be used to derive AIPWCC estimators
for § that although not locally efficient are easier to implement and can result
in substantial gains in efficiency.

There is, however, one class of problems where locally efficient estimators
are obtained readily, and this is the case when only one full-data influence
function exists. This occurs, for example, when the full-data tangent space is
the entire Hilbert space HY', as is the case when no restrictions are put on the
class of densities for Z; i.e., the nonparametric problem (see Theorem 4.4).
In Section 5.3, we showed that only one full-data influence function exists
when we are interested in estimating the mean of a random variable in a
nonparametric problem and that this estimator can be obtained using the
sample average. When only one full-data influence function, ¢ (Z7), exists,
then the class of observed-data influence functions is given by
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=

and because of Theorem 10.1, the optimal observed-data influence function is

I(C=00)p"(Z) [I(C=o0)p"(Z)
AR b o o

which is also the efficient influence function. Consequently, when there is only
one full-data influence function, then the adaptive double-robust estimator
outlined in Chapter 10 will lead to a locally efficient estimator. We illustrate
with a simple example.

+L2{c,Gc<z>}} CT{[ A}, La() € AQ},

Example: Estimating the Mean with Missing Data

In Section 7.4, we considered a problem where interest focused on estimat-
ing the relationship of a response variable Y as a function of covariates X.
Because one of the covariates X was expensive to collect, only a subsam-
ple of this covariate was collected with probability 7 (Y, X;), which depends
on the response Y and the other covariates X;. Thus, for this problem,
X = (X{, X2)T and the full data Z = (Y, X). The probability 7(Y, X;)
was chosen by the investigator and therefore this is an example of two levels
of missingness by design. The complete-case indicator is denoted by R, where
P(R =1|Z) = P(R = 1Y, X1) = n(Y, X1), and the observed data are de-
noted by O = (R,Y, X7, RX5). The statistical question, as originally stated
in Section 7.4, was to estimate the parameter in a restricted moment model
with a sample of observed data (R;,Y;, X1;, RiX2i), i =1,...,n.

However, we now want to consider the simpler problem of estimating
the mean of X5 using the observed data. Let us denote this parameter as
B = E(X3). Also, to be as robust to model misspecification as possible, we no
longer assume any specific relationship between the response Y and the co-
variates X . Consequently, with no assumptions on the joint distribution of the
full data (Y, X3, X5) (i.e., the nonparametric problem), we know that there
is only one full-data influence function of RAL estimators for § = E(X3),
namely ¢f'(Z) = (X3 — o), and that the solution to the full-data estimating

equation is
n

D (Xai = B) =0;

i=1

i.e., the sample mean Bf =n1! i, Xo; is an RAL full-data estimator for
[ with this influence function.

We also know that all observed-data influence functions for this problem
are given by

{ Rp"(Z)  R-n(Y,X1)

(Y, X1) (Y, X;) L(Y., Xl)}, (11.3)



276 11 Locally Efficient Estimators for Coarsened-Data Semiparametric Models

where L(Y, X;) is an arbitrary function of Y and X, and, because of Theorem
10.2, the optimal choice for L(Y, X;) is given by —E(X5|Y, X;). Therefore,
among the class of influence functions (11.3), the one with the smallest vari-

ance is RoF(Z)  R—=(Y,X1)
{W(Y,Xﬂ LY

This also is the semiparametric efficient observed-data influence function.
Since the efficient influence function depends on F(X2|Y, X;), we consider
an adaptive strategy. Using methods described in Section 10.2 for adaptive
estimation with two levels of missingness, we posit a model for the conditional
distribution of X5 given (Y, X7). One simple model we may consider is that
the distribution of X5 given (Y, X;) is normally distributed with mean &; +
&Y +¢1' X, and variance crg. This is attractive because the MLE estimator for
the parameter & (i.e., the estimator that maximizes (10.16)) can be obtained
using ordinary least squares among the complete cases {i : R; = 1}. That is,
the estimator for £ is obtained as the solution to the estimating equation

BV, XD} (11.4)

ZRi(LY;»XE-)T(Xzi — & — &Y — & X)) =0,
i=1

Denote the least-squares estimator for £ by é,’i Then, the adaptive observed-
data estimator for 3 is given as the solution to

- R Ri—ﬂ'(Yl,Xli) Lk Lk 25T
; {(Ylelz)(X% - B) — W(fu + &5, Y + &5, X1i — ﬁ)}

=0,

which, after solving, yields

5 & R; Xo; R — (Y1, X15)
12{ (1, X)) w(Y1, Xu) (E1n + 63,5 +£2nXh)},
(11.5)

This estimator is a consistent, asymptotically normal observed-data RAL
estimator for § regardless of whether the posited model is correct or not.
Moreover, if the posited model is correctly specified, then this estimator is
semiparametric efficient. Therefore, (11.5) is a locally efficient semiparamet-
ric estimator for § = E(X2). We also note that because the least-squares
estimator leads to a consistent estimator for £, if the conditional expectation
of X5 given Y and X is linear, namely

E(Xo|Y, X1) = & + &Y + &5 Xy, (11.6)

whether the distribution is normal or not, the locally efficient estimator Bn is
also fully efficient whenever (11.6) is satisfied.
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11.1 The Observed-Data Efficient Score

As we know, the efficient RAL estimator for 3 will have an influence function
that is proportional to the efficient score. Therefore, it is useful to study the
properties of the efficient score with coarsened data. Toward that end, we give
two different representations for the efficient score. The first is likelihood-based
and the second is based on AIPWCC estimators. The relationship of these two
representations to each other will be key in the development of the proposed
adaptive locally efficient estimators.

Representation 1 (Likelihood-Based)

We remind the reader that the efficient observed-data estimator for § has an
influence function that is proportional to the observed-data efficient score and
that the efficient score is unique and equal to

Set{C, Ge(2)} = Sp{C, Ge(2)} — H[Sp{C, Ge(Z)}A],

where S3{C,G¢(2)} = E{Sg(Z)|C,GC(Z)}, and A=Ay @A, Ay L A,
Because Ay, L A, this implies that

[Ss{C, Ge(2)}A] = H[Sp{C, Ge(2)}Ay] + T[Sp{C, Ge(Z) }Ay].

The same argument that was used to show that A, L A, in Theorem
8.2 can also be used to show that Sg{C,G¢(Z)} L As. Since Ay C Ao, this
implies that Sg{C,G¢(Z)} is orthogonal to A,. Therefore,

[Sp{C, Ge(Z)}|Ay] = O, (11.7)
which implies that
[Sp{C, Ge(2)}A] = 1[Sp{C, Ge(2)}]A,],
and the efficient score is
Seir{C, Ge(2)} = 5p{C, Ge(2)} — H[Sp{C, Ge(Z) }Ay). (11.8)
Recall that
A, ={E{a"(2)IC,Gc(2)} for all " (Z2) € AT}

This means that the unique projection II[S3{C,G¢(Z)}|A,] corresponds to
some element in A,, which we will denote by

E{alz(2)|C,Ge(2)}, afz(Z) € AT
With this representation,
Ser{C,Ge(2)} = E{S(2)|C,Ge(2)} — E{alk(2)[C,Gc(2)}
= E[{S5 (2) — alg(2)}[C,Ge(2)). (11.9)
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Remark 1. The full-data efficient score is given by
F F F F
Set(Z2) = S5 (2) =[S (Z)|A7].

However, the element of;(Z) is not necessarily the same as H[Sg(Z)|AF].
This means that, in general,

Se{C,Ge(2)} # E{S%(2)|C,Gc(2)} . D (11.10)

Representation 2 (AIPWCC-Based)

In (10.2), we derived the optimal (smallest variance matrix) influence function
among the class of AIPWCC influence functions associated with a fixed full-
data influence function o' (Z). Consequently, we can restrict our search for
the efficient observed-data influence function to the class of influence functions

{I(C = o0)p"(Z) H[I(C = 00)p"(Z)
w (00, Z,1g) w(00, Z,1g)

which we denote as the space (IF)pr = J{(IF)F'}. Since the observed-data
efficient score is defined up to a proportionality constant matrix times the
efficient influence function, this implies that the observed-data efficient score
must be an element in the DR linear space J(Af),

no|ser2y e amr),

{I(C = o00)BY(2) B H[I(C = o0)BY(2)
@ (00, Z, 1) w (00, Z, o)

Ag] . for BF (Z) e AT+ Y,

(11.11)
with the corresponding element denoted by BX;(Z).

Relationship between the Two Representations

Thus, we have shown that there are two equivalent representations for the

observed-data efficient score, which are given by (11.9) and (11.11):

(i) Ser{C,Ge(2)} = E[{sg(Z) ~aki(2)} |C,GC(Z)], where afy(2) €
AF

and

(i) Sur{C.Ge(2)) = LE€=Bwl2) o [I(

w (00, Z)
BE(Z) e AP,

C = o0)Blx(Z)
w(00, Z)

A2:| , where

Remark 2. If the full-data model were parametric (i.e., if n were finite-
dimensional), then representation (i) would correspond to the estimating func-
tion that would be used to derive the coarsened-data MLE for 8. This may
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be preferable, as it does not involve the parameter ¢ specifying the coarsen-
ing process. However, if the model is complicated, this approach may become
formidable due to the curse of dimensionality. The second representation leads
us to augmented inverse-probability weighted complete-case (AIPWCC) es-
timating equations. These estimators, which build on full-data estimators,
may be easier to derive, even in some complicated situations. However, this
approach requires that the data analyst model the coarsening process and
estimate the parameter ¥. Also, to obtain gains in efficiency, an adaptive ap-
proach is required, where the data analyst posits simpler models for the full
data p% (2, &), in terms of the parameter £ that needs to be estimated. Which
method is preferable often depends on the specific application. However, be-
cause of the robustness of the AIPWCC estimators to misspecification, we
will focus attention on these estimators.

Nonetheless, the two representations will aid us in getting a better un-
derstanding of the geometry of observed-data efficient influence functions and
guide us in finding as good an AIPWCC estimator as is feasible. O

If we knew, or could reasonably approximate, the element Bel‘;f(Z) € AFL
of representation (ii) above, then we could construct an AIPWCC estimator
for 8 by using the full-data estimating function m(Z, 8), where m(Z, 5y) =
BE(Z), and applying the methods outlined in Chapter 10. Subject to the
accuracy of different posited models, this methodology will give us as efficient
an ATPWCC estimator as possible while still affording us maximum robustness
to misspecification. Toward that end, we now show how to derive B;(Z) in
the following theorem.

Theorem 11.1. The element B (Z) is the unique B¥(Z) € A that solves
the equation
HM™HYBT(Z)}AT] = S&(2), (11.12)

where M(+) denotes the linear operator, given by Definition 5 of Chapter 10,
equation (10.80), which maps H% (full-data Hilbert space) to H!" as
M{RF @D (2)y = E[E{h"(Z)|C.Ge(2)}| Z].

Proof. Because of the equivalence of the two representations (i) and (ii) above,
the efficient score can be written as

E[{S§(F) — ai&(Z)}|C,Ge(2)]
_ I(C=00)Bf(2) . [L(C=00)B(2)
B w(00, Z) I w(o0, Z) ‘Az}

(11.13)

for some o5 (Z) € AT and B (Z) € AF+. Taking the conditional expectation
of both sides of equation (11.13) with respect to Z, we obtain the equation

M{SE(Z) — alg(2)} = Blg(2). (11.14)
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In Theorem 10.6 and Lemma 10.5, we showed that the linear operator
M(-) has a unique inverse, M~!. Therefore, we can write (11.14) as

M YBE(2)} = {SF(2) - olz(2)} . (11.15)
Projecting both sides of equation (11.15) onto Af*, we obtain
OM YBE(2)} |ATH] =T1[SF(Z2)|AFH] — TT[alz(2)|ATH].

I |
0
SE(7) since oz (Z)
€ AT

This leads us to the important relationship that the efficient element
BE.(Z) € AF+ which is used to construct the efficient score

Se{C, Ge(2)} = UC w(chZ%f(Z) RIC W(Z)%P);f(z) |As|, (11.16)

must satisfy the relationship (11.12).
We still need to show that a unique B (Z) € AT exists that satisfies
(11.12) and find a method for computing BX;(Z). O

Uniqueness of BE(Z)

Lemma 11.1. There exists a unique B (Z) € A that solves the equation
UM YBH(Z)MNAT] = S5(2), (11.17)

and this solution can be obtained through successive approximations.

Proof. Notice that (11.17) involves a mapping from the linear subspace A"+ C
HE to AT+ c HF. The way we will prove this lemma is by defining another
linear mapping (I — Q){M~1}(-) : HF — HF', which maps the entire full-data
Hilbert space to the entire full-data Hilbert space in such a way that
(i) (I —Q){M~1}(") coincides with the mapping II[M~*(h¥)|AFL] whenever

hF e AFL, and
(ii) (I — Q) is a contraction mapping and hence has a unique inverse.

Define

Deg(Z) = MTH{B&(2)}.

Because of the existence and uniqueness of M1, if Bf(Z) exists, then so
does DX (Z) such that
M{DL(Z)} € AT+ (11.18)

Motivated by the fact that DI (Z) must satisfy
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(a) equation (11.17), namely
N[D(Z)|A™] = S5 (2), (11.19)
or, equivalently,

{1() =TI O)ATHDE(2)} = S&(2), (11.20)

where we view {I(-) — ITI[I(-)|]A¥]}() as a linear operator from HE to H
with I(-) denoting the identity operator,

and
(b) equation (11.18), or, equivalently,
M)A {D(2)} =0, (11.21)
where TI[M(-)|AF]() is also viewed as a linear operator from HF to HF,
we combine (11.19)—(11.21) to consider the equations
Set (Z) = T[T (Z)|AT+] + TIM{RT (Z)}|AT] (11.22)
— (- QW (2}, (11.23)
where (I — Q)(+) is a linear operator, with Q(-) defined as
QD% (Z)} = I[(I = M){De(2)}|A"].

We first argue that the solution, hf'(Z) € H¥', to equation (11.23) exists and
is unique and then argue that this solution 2 (Z) must equal DX;(2).

According to Lemma 10.5, the linear operator (I — Q)(-) will have a unique
inverse if we can show that the linear operator “Q” is a contraction mapping.
Also, if Q is a contraction mapping, then by Lemma 10.5, the unique inverse
is equal to

(I— Q)_l :igz
i=0

In the proof of Theorem 10.6, part (i), we already showed that (I — M) is a
contraction mapping; i.e.,

(I = M){RTH| < (1 = &)[[n"]]. (11.24)
By the Pythagorean theorem,

1Q(1™)]| = [[TI[(Z — M) [AT])]
< |I(Z - M)n"|
< (1=o)|[A"]| by (11.24).

Hence, Q is a contraction mapping and (I — Q)~! exists and is unique.
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To complete the proof, we must show that the unique solution h¥'(Z) to
equation (11.23) or, equivalently, (11.22), is identical to DI (Z) satisfying
(11.19) and (11.21).

Clearly, any element D (Z) satisfying (11.19) and (11.21) must satisfy
(11.22). Conversely, since Seg(Z) € A+, then the solution hf'(Z) of (11.22)
must be such that TI[M{h¥(Z)}|AF] = 0 and T[hF (Z2)|AFL] = Seg(Z); that
is, h¥'(Z) satisfies (11.21) and (11.19), respectively. This completes the proof
that DI (Z) exists and is the unique element satisfying equations (11.19) and
(11.21) or, equivalently, that Beg(Z) = M{DX;(Z)} exists and is the unique
solution to (11.17).

In Lemma 10.5, we showed that the solution DX(Z) can be obtained by
successive approximation; that is,

DO (Z) = TI[(I - M)D(“(Z)]AF] + S5(2), (11.25)
and . )
DW(z) == DE(2).
If we define

B (Z) = I[M{DD(2)}|AT],

where, by construction, B(i)(Z) € AFL | then

BO(Z) = M{DD(2)} —TI[M{DD(2)}|AF] =% BE(2).  (11.26)

J U
M{Dg(2)} = Bix(Z) 11 [BE(2)|AF]
I O
0

The inverse operator M~! plays an important role in the definition of
BX(Z) given by Theorem 11.1. As we showed in Chapter 10, M~ exists,
is unique, and can be computed using successive approximations. However, a
closed-form solution exists when the coarsening is monotone. For complete-
ness, we give this result.

M~ for Monotone Coarsening

Recall that, for monotone coarsening, we defined coarsening probabilities us-
ing discrete hazard probabilities

M{GH(2)} = P(C=r|C =1, Z)

and
s

KAGH(2)} = P(C 27 +1|2) = [ ]Il - M{G,(2)}].

Jj=1
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Theorem 11.2. When coarsening is monotone, the inverse operator M~ is
given by

W (2)

oF — MLl {pF _
(2) = MOMF(2)) = 2

-2 %E{hF(Z)\Gr(Z)L (11.27)

r#00 "
where we use the shorthand notation A, = A {G,(2)} and K, = K,.{G.(Z)}.
An equivalent representation is also given by
Ar
MEHRE ()} = (2)+ 32 22 [0 (2) - B (2)Gr(2))] . (11.28)
r#0o r

Proof. In Theorem 10.6, we showed that M~ exists and is uniquely defined.
Therefore, we only need to show that M{af'(Z)} = hf'(Z), where o’ (Z) is
defined by (11.27) and

M(a?) = wooa + Z w, E(a”|G,).

r#00
We note that \ ) )
AU 11.2
Kr <K7 KT'—l) ( 9)
and
Woo = KZ,

where ¢ denotes the number of coarsening levels; i.e., £ denotes the largest

value of C less than oo. After substituting (% — Kl,l) for I/\g and I% for

Weo in (11.27) and rearranging terms, we obtain

of =37 KT171 {E(hFGr) - E(hFIGT_l)}, (11.30)

where Ko = 1 and E(h!'|Go) = 0. Therefore,

M(aF) = ZwE{Z K}_l {E(hF|Gr) - E(hF|GH)} G}
)

r—1
(11.31)
As a consequence of monotone coarsening and the laws of conditional expec-
tations, we obtain that
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(e (sler) = (sl e

= 0 ifr <r

_ ! {E(hFGr)—E(hF|GT1)} it > 7. (11.32)

Kr—l

Substituting (11.32) into (11.31), we obtain

"L Yy
“Xx
- {E(hF|Gr) - E(hFGm)}Krl
—Z{ (W7|Gy) (hF|Gr_1>}

= BE(h"|Gs) — E(hF|Go) = AT

{mm><f@mﬁwm>

{ (hF|G,) — E(hY|G,-1) }Zw,u >r)

The second representation (11.28) will follow if we can show that

1+ Z = = (11.33)

r#00 T

Substituting (11.29) into (11.33), we obtain

1 1 1 1
1+z(_ ) (RIS S W

r oo Kg KO Kg TWoo

r 1

M~! with Right Censored Data

Because of the correspondence that was developed between monotone coarsen-
ing and right-censored data in Section 9.3, we immediately obtain the following
result, which was first given by Robins and Rotnitzky (1992).

Lemma 11.2. In a survival analysis problem, full data are represented as
{T, X(T)}. Using the notation of Section 9.3, we obtain that
M [hF{T X(T)}]

- )} /0 E{h {T,X(T)}‘T> X( )] dr,
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or
MTRT, X (1)} = h{T, X (T)}+

/OT (hF{T,X(T)} - E[hF{T,X(T)}‘T > r,X(r)] ) Aa{r X(r)}

KXy "

where Az{r, X (r)} was defined in (9.30) and K, {X (r)} was defined in (9.33).

11.2 Strategy for Obtaining Improved Estimators

The goal of this section is to outline a method for obtaining an AIPWCC
estimator for 8 that is as efficient as possible while still remaining as robust
to model misspecification as possible. Many of the calculations necessary to
derive conditional expectations, projections, linear operators, etc., involve the
coarsening probabilities as well as the marginal distribution of the full-data
Z. In Chapter 10, we discussed methods for positing models for the coarsen-
ing probabilities and the distribution of Z in terms of ¢ and ¢ and finding
estimators for these parameters.

We first consider finding a full-data estimating function m(Z, 8) such that
m(Z,Bo) = ¢*F(Z), where ¢*F(Z) € AL is an approximation to B (2).
Because in general it is too difficult to find such an estimating function ex-
plicitly, we may instead use successive approximations as given by (11.48) and
(11.26). That is, we start with m(9)(Z, 3) such that m(®)(Z, 8,) = S5 (Z) and
iteratively compute

DI(Z, 8,4, &) = T[(I — M)DU(Z, 8,90, £2)|AT] +m D (2, 8), (11.34)

where we index D(-) by ¥ and £ to make clear that we need these parameters
when computing the projection IT[(-)|Af] and the linear operator M(-). After,
say, j iterations, we compute

m(Z, B,4n, &) = TM{DYI(Z, B, €5)}AT] (11.35)

to serve as an approximation to Bl (Z).
Now that we’'ve computed m(Z, 8,vn,£"), where m(Z, By, ¢*, &) € AFL,

we need to compute in accordance with (11.16), IT W‘Ag . If we

have two levels of coarsening or monotone coarsening, then such a projection
can be defined explicitly, and in Chapter 10 we discussed how such projections
can be obtained using adaptive methods. With nonmonotone coarsened data,
we may proceed as follows.

In Chapter 10, equation (10.95), we showed that H[W‘Ag}

equals
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- igi;?)) S wlr, GHZ B (2)Gr(2)
) oo
+ ) I(C=r)E{d"(2)|G(2)}, (11.36)
r#£00

where d¥(Z) = M~{m(Z, 8)}. Since DY) (Z, 8,1, ") is an approximation
to M~Ym(Z, 3,1, &)}, we propose the following adaptive estimating equa-
tion:

n I(Cz = Oo)m(Zuﬂa 'J}naé;kz)
Z( w(ooyz’i7/l7[;n)
I(Cl = OO)

" o it > w{r, Gr(Z), b} E{DV(Z. B.4hn §)IGr(Z:), 61}
w(00, Li, Yn r#oco

i=1

+ > 1(C; =r)E{DY (Z,ﬁ,zﬁn,éi)lGr(Zi),é;i}) =0. (11.37)
r#00

The important thing to notice is that, by construction,

m(Za 5071/)*’§*) € AFL

and
I(€ = o) ) . .
" w(00, Z, 1) > @{r,Gr(2), %o} E{DYN(Z, 8,40, €7)|Gr(Z), 67}
7 r#00
+ 37 I(C = 1) E{DY(Z, B0, £)|G1(2),6°} € As
r#00

as long as the model for the coarsening probabilities is correctly specified.
In some cases, it may be possible to derive B;(Z) directly. We illustrate
with an example.

Example: Restricted Moment Model with Monotone Coarsening

When the coarsening of the data is monotone, we showed in Theorem 11.2,
equation (11.27), how to derive the inverse operator M~ in closed form. Let
us now examine how we would go about finding a locally efficient estimator
for § with monotonically coarsened data. Specifically, we will consider the
restricted moment model, as the semiparametric theory for such a model has
been studied thoroughly throughout this book.

We remind the reader that, for the restricted moment model, the full data
are given by
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Z = (Y, X),
and the model assumes that E(Y|X) = u(X, 8), or, equivalently,
Y =u(X,B8)+¢, where E(¢]X)=0.

For this semiparametric full-data model, we also derived a series of results
regarding the geometry of the full-data influence functions and full-data esti-
mating functions. Specifically, we showed in (4.48) that all elements of AF'+
are given by A(X)e, where A(X) is a conformable matrix of functions of X.
We also showed in (4.44) that

" (Z2)| A" = E{pF (2)e" | X}V H(X)e, (11.38)

where V(X) = var(Y|X). The full-data efficient score was given by (4.53),

SE(Z) = DT(X)V 1 (X)e, (11.39)
where u(X.5)
_ op(X,

Suppose the data are coarsened at random with a monotone coarsening
pattern. An example with monotone missing longitudinal data was given in
Example 1 in Section 9.2 and also studied further in Section 10.3, where
double-robust estimators were proposed. The question is, how do we go about
finding a locally efficient estimator for 8 with a sample of monotonically coars-
ened data {C;,Ge,(Z))}, i=1,...,n?

We first develop a model for the coarsening probabilities in terms of
a parameter 1. Because in this example we are assuming that coarsening
is monotone, it is convenient to develop models for the discrete hazards
M{Gr(Z),¢}, 7 # oo and obtain estimators for ¢ by maximizing (8.12).
We denote these estimators by 1/3,1

We also posit a simpler, possibly incorrect model for the full data Z =
(Y, X), Z ~ py(2,€), and obtain an estimator for £, say éfl, by maximizing
the observed-data likelihood; see, for example, (10.58),

[1v%.. 2 (00:9)
i=1

This model also gives us an estimate for var(Y|X,£*) = V(X, £5).
If the data are coarsened at random, then by (11.16) and Theorem 11.1,
the efficient observed-data score is given by

1(C = 00)BE(Z.8.4.8) [I(c = o) By(Z.3,1,)
w(c0, Z,1)) @ (00, Z, )

‘Az} . (11.40)

where BI(Z, 3,1, &) € AL must satisfy
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H[Mil{Bgf(Z7ﬂvw7£)}|AFL} = Sgcf(Zv B, 5)

For the restricted moment model, B (Z, 3,v,&) = A(X, 3,1, &)e(3), where
e(B) =Y — u(X,B), and the matrix A(X, 3,v,&) is obtained by solving the
equation
I[M™ {AX, 8,9, €)e(8)} ATH] = S55(Z, 5.€),
which by (11.38) and (11.39) is equal to
E[M™ {A(X, 8.9.)e(B)} " (B)| X, ] VTHX, €)e(B)
= DT(X, B)V (X, )= (D),

or, equivalently,

E[M™HA(X, 8,¢,8)e(B)}e" (8)1X, €] = DT(X, B). (11.41)

If, in addition, the coarsening is monotone, then using the results from
Theorem 11.2, equation (11.27), we obtain

A(X, 8,9, §)e(B)
w(00,Y, X, 1))

E{A(X, 8,4, §)e(B)|Gr (Y, X), £}

MTHA(X, B,¢,€)e(B)} =

A AGr (Y, X), v}
‘ZKmme

Combining this with (11.41), we obtain

o

M {G (Y, X), 9}
> KAG.(Y,X),v}

A(X,B,¢,8)(B)
@ (0, Y, X, v)

E{A(Xaﬁ,w,é)ff(ﬂ)lGr(Y»X)@}] x T (B)] X, §>

=
- DX, )
-z p[2lGE) ﬁ}}E{A(X,ﬁ,w,@s(ﬂm(mm}eTw) <
=DT(X,p). (11.42)
Remarks

(i) In general, equation (11.42) is difficult to solve. We do, however, get a
simplification for problems where the covariates X are always observed.
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For instance, this was the case in Example 1 of Section 9.2, which was
further developed in Section 10.3, where the responses Y = (Y1,...,Y;)7
were longitudinal data intended to be measured at times t; < ... < t; but
were missing for some subjects in the study in a monotone fashion due to
patient dropout. For this example, the covariate X (treatment assignment,)
was always observed but some of the longitudinal measurements that made
up Y were missing. The coarsening was described as G.(Z) = (X,Y"),
where Y" = (Y1,...,Y,)T, r=1,...,1 — 1. Equation (11.42) can now be
written as

Ao op{ 200 e}

A5 X B | B o)Xy g )X g
r#oo " ’ ’

= DT(X,3).
Therefore, the solution is given by

A(X, B,9,€) = DT(X,B)VHX, 3,1, €),

where
—Z {WE{ e @)|x ).
oo

(ii) Except for special cases, such as the example above, the equation for
solving A(X) in (11.42) is generally a complicated integral equation. Ap-
proximate methods for solving such integral equations are given in Kress
(1989). However, these computations may be so difficult as not to be fea-
sible in practice.

(iii) In Chapter 12, we will give some approximate methods for obtaining im-
proved estimators that although not locally efficient do have increased
efficiency and are easier to implement. O

Suppose we were able to overcome these numerical difficulties and ob-
tain an approximate solution for A(X, 3,v,&). Denoting this solution by
Aimp(X,ﬁ,z/}n,f,*l) and going back to (11.40), we approximate the efficient
score by

I(C = 00) Aimp (X, B, P, E{Y — (X, 8)}
m(00,Y, X, 1n)
I(C = OO)AimP(X7ﬁ71/;naé;;){Y — M(Xv ﬁ)}
(00, Y, X, 1hy,)

—1II

‘A2 (11.43)
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Because the coarsening is monotone, we can use (10.55) to estimate the pro-
jection onto Ag by —Lo{C, G (Y, X), B,¢n, &5}, where

LQ{C, GC(K X),ﬁ7z[}n7£:;}

1(C = 1) = MG (Y, X), 4, }I(C > 1)
;o( K A{G (Y. X),4n} 1 -

B [Aunn (X, 8., 607 — 6,906,070, ) (11.49

Finally, the estimator for 3 is given as the solution to the estimating
equation

- I(Cz = OO) 1mp( z,ﬁ ’(/}nv ){}/l - M(szﬁ)}
2 [ w (00, Y, Xiy thn)

i=1

+LQ{CHGcm(Y’Z,Xl%ﬂ,z[}naé:}] =0. (1145)

Some Brief Remarks Regarding Robustness

The estimator for 8 given by the solution to equation (11.45) used

1mp( 7.76 wna ){Y; 7,“’(X135)} (1146)

to represent the full-data estimating function m(Z;, 3). Strictly speaking,
(11.46) is not a full-data estimating function, as it involves the parameter
estimators wn and §* However, as we discussed in Remark 1 of Chapter 9,
the solution to the estimating equation (11.45) had we substituted

Aimp (X3, 8,07, E)Yi — u(Xi, 8)}

as m(Z;, 3), where ¢* and £* are the limits (in probability) of 4%, and £, would
result in an asymptotically equivalent estimator for 5. What is important to
note here is that

AiIIIP(Xa 607w*7£*){y - /J’<X7 50)} S AFJ_ (1147)

regardless of what the converging values ¥* and &* are, and therefore the
solution to (11.45) is an example of an ATPWCC estimator for §.

Because of (11.47), the estimator given as the solution to (11.45) with La(+)
computed by (11.44) is an example of an improved estimator as described in
Section 10.4. As such, this estimator is a double robust estimator in the sense
that it will be consistent and asymptotically normal if either the coarsening
model or the model for the posited marginal distribution of Z is correctly
specified. This double-robustness property holds regardless of whether
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Aimp(X7 607w*7£*){y - /’[’(Xy ﬁo)} = Be};f(Z)

or not.
Finally, if both models are correctly specified, and if

AimP(Xﬂ 607w0750){y - N(X7 50)} = Bgf(Z)ﬂ

then the resulting estimator will be semiparametric efficient. Thus, this
methodology, assuming the numerical complexities could be overcome, would
lead to locally efficient observed-data estimators for 3.

11.3 Concluding Thoughts

In the last two chapters, we have outlined methods for obtaining increasingly
efficient estimators while trying to keep them as robust as possible. The key
was always to use AIPWCC estimators. By no means do we want to give
the impression that these methods are easily implemented. Deriving param-
eter estimates for £ in a simpler posited parametric model for the marginal
distribution of Z, which is used to obtain adaptive estimators, may require
maximizing a coarsened-data likelihood. Such maximization algorithms may
be complicated and may need specialized software. Even if these estimators
are obtained, finding projections, deriving linear operators (such as M(-) or
M~1(-)) may require complicated integrals. Therefore, although the theory
for improved adaptive estimation has been laid out, the actual implementation
needs to be considered on a case-by-case basis.

The use of this inverse weighted methodology can be thought of as a bal-
ance between simplicity of implementation and relative efficiency. The sim-
plest estimator is the inverse probability weighted complete-case estimator
based on some prespecified full-data estimating function. Since this estimator
only uses complete cases, it may be throwing away a great deal of information
from data that are coarsened. Depending on how much of the data are coars-
ened, this estimator may be inadequate. Also, the consistency of the simpler
IPWCC estimator depends on correctly modeling the coarsening probabilities.

Improving the performance of the estimator by augmentation while using
the same full-data estimating function is the next step. To implement these
methods, one needs to develop simpler and possibly incorrect models for the
marginal distribution of Z to be used as part of an adaptive approach. This can
improve the efficiency considerably but at the cost of increased computations
and model building. The attempt to gain efficiency also gives you the extra
protection of double robustness in that the resulting AIPWCC estimator will
be consistent if either the model for the coarsening probabilities or the posited
model for the marginal distribution of Z is correctly specified.

Finally, the attempt to adaptively obtain the locally efficient estimator is
the most complex numerically. Here we actually attempt to find the optimal
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full-data estimating function, Bf(Z) € AT+, as well as the optimal augmen-
tation. It is not clear whether the efficiency gains of such an estimator would
make such a complicated procedure attractive for practical use.

Because of the complexity of these methods, we offer in the next chapter
some simpler methods for gaining efficiency that are easier to implement.
These methods will not generally result in locally efficient estimators, but
they are, however, more feasible.

11.4 Recap and Review of Notation

e The observed-data efficient score, which can be used to derive adaptive
ATPWCC estimators that are locally efficient, is given by

Set{C,Ge(2)} = T{B&(2)},

where

— co)WF — oo WF
gt () = S [ M

BE.(Z) is the unique element in AF'+ that satisfies

MY BE(Z)}A™] = S5(2),
M~1(.) is the inverse of the linear operator

M{n"(2)} = EIE{h"(2)IC, Ge(2)}1Z]
= _w{n G (2} B{T(2)|Gr(2)},
-
and SX;(Z) is the full-data efficient score vector.
e We can derive Bf;(Z) by solving the equation

(I = QM YB&(2)} = S5(2),

where (I — Q)(-) is a linear operator, with Q(-) defined as
Q{h"(Z)} = I[(I = M){h"(Z)}|AT].

(I—9Q)(+) is a contraction mapping and hence has a unique inverse. There-

fore, B (Z) = M{D!(Z)}, where DI (Z) = (I — Q)7 H{S(Z)}. The
solution DI (Z) can be obtained by successive approximation,

DO+(2) = T[(1 ~ MDO(D|AF] + S5 (2), (11.48)

and
1—00

D (7) 22 DE.(Z).
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If we define _ _
BY(z) =1n[M{DD(Z)}|A"+],

where, by construction, B®(Z) € AL, then

B (7) 22 BE(2).

11.5 Exercises for Chapter 11

1. Recall that, with two levels of missingness, the data Z = (Z{,Z1)7T,
where Z; is always observed and Z5 may be missing. We denote by R the
complete-case indicator and assume P(R = 1|Z) = P(R = 1|Z1) = n(Z1)
(i.e., MAR). In Theorem 11.2, we derived the inverse operator M~! when
coarsening is monotone. You should derive an explicit expression for M1
when there are two levels of missingness.

(Note: Two levels of missingness can be viewed as a special case of mono-
tone coarsening.)

2. In Section 11.2, we outlined the steps necessary to obtain a locally efficient
estimator for § in a restricted moment model,

E(Y|X) = (X, 5),

when the data are monotonically coarsened. Similarly, outline the steps
necessary to obtain a locally efficient estimator for 3 if there are two levels
of missingness.
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Approximate Methods for Gaining Efficiency

12.1 Restricted Class of AIPWCC Estimators

In Chapters 10 and 11, we described various methods to increase the efficiency
of ATIPWCC estimators. Although feasible in some situations, these methods
are often computationally very challenging. For example, to use these meth-
ods, one needs to posit simpler models for the marginal distribution of the
full-data Z in terms of a parameter { (i.e., p5(z,£)) and then estimate the
parameter. This in itself can be a challenging numerical problem. But, even if
estimators for £ can be derived, it is necessary to compute a series of condi-
tional expectations that might involve complicated integrals that are difficult
to compute numerically. Moreover, as discussed in Chapter 11, an attempt to
derive locally efficient estimators could result in complicated integral equa-
tions that are difficult to solve. Therefore, in this chapter, we explore other
methods that are numerically easier to implement but will result in gains in
efficiency.

We remind the reader that all semiparametric observed-data RAL estima-
tors for 8, when the coarsening is CAR, are asymptotically equivalent to an
ATPWCC estimator, which is the solution to

W(OO, Ziv /szn)
where the estimating function m(Z, 8) is chosen so that m(Z, 8y) = ¢*¥'(Z) €

AFL c HF and Ly(-) € Ay C H, and 1), denotes the MLE for ¢ obtained by
maximizing

+L2{Ci7GCi(Zi),z/3n}} =0, (12.1)

i=1

Hw{C’i, Ge,(Zi), v}
i=1

Rather than searching for the optimal AIPWCC estimator, which involves
finding the optimal Locg(-) € Ay and the optimal BE(Z) € AFL] we instead
restrict the search to linear subspaces of Ay C H and AF+ ¢ HF. That is,
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we will only consider ATPWCC estimators that are the solution to (12.1) for
m(Z,Bo) = ¢*F(Z) € G and La(-) € Ga, where GT is a g-replicating linear
subspace of A+ and G is a g¢-replicating linear subspace of Ay, where a
g-replicating linear space is defined by Definition 6 of Chapter 3.

Remark 1. We remind the reader that a full-data Hilbert space H¥ consists of
mean-zero finite-variance ¢-dimensional functions of Z and the observed-data
Hilbert space H consists of mean-zero finite-variance g-dimensional functions
of {C,G¢(Z)}. In Definition 6 of Chapter 3, we noted that a g-replicating lin-
ear subspace can be written as {Z/{(l)}q, where U™ is a linear subspace con-
tained in the Hilbert space H() of one-dimensional mean-zero finite-variance
functions and where h(-) = {h1("),...,hq(-)}" is defined to be an element of
{tUM}9 if and only if each element h;(-) € UV, j = 1,...,q. Linear sub-
spaces, such as AF+ C HT and Ay C H, are examples of g-replicating spaces.
The importance of defining g-replicating linear spaces is given by Theorem 3.3,
which allows a generalization of the Pythagorean theorem to ¢ dimensions.
One of the consequences of Theorem 3.3 is that if an element A is orthogonal
to a g-replicating linear space, say {{/(V}9, then not only is E(hTu) = 0 for
all u € {UM}9 (the definition of orthogonality) but also

E(hu®) = 07%7 for all u € {UV}7. O (12.2)
We will consider two specific classes of restricted estimators.

1. For the first class of restricted estimators, we will take both G¥ C AF+
and Go C As to be finite-dimensional linear subspaces.

2. For the second class of restricted estimators, we will take GF' C AF +
to be a finite-dimensional linear subspace contained in the orthogonal
complement of the full-data nuisance tangent space but will let Go = Aq
be the entire augmentation space.

We note that a finite-dimensional linear subspace G of Af'L can be defined by
choosing a t-dimensional function of Z, say J*(2) = {J{'(2),...,JE(Z)}",

where JJF(Z) € AFJ-(I)7 j=1,...,t1, and letting the space spanned by J(Z)
be

Gr = {Athl J¥(Z) for all constant matrices A7*" }

Similarly, for (class 1) restricted estimators, a finite-dimensional linear
subspace Go of Ay can be defined by choosing a to-dimensional function of
{C,Ge(2)}, say Jo{C,Ge(Z)} = [Jo1{C,Ge(2)}, ..., Jar, {C, Ge(Z2) 1T, where
J2;{C,Ge(2)} € Aél), j = 1,...,t2, and letting the space spanned by
Jo{C,Ge(Z)} be

G = {Aqm J2{C,Gc(Z)} for all constant matrices AqxtQ}'
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We will always assume that the ¢; elements of J¥(Z) and the ¢, elements
of Jo{C,G¢(Z)} are linearly independent; that is, ¢cI' J¥'(Z) = 0 implies that
¢ = 0, where c is a t; vector of constants (similarly for J>{C,G¢(Z)}). By con-
struction, the finite-dimensional linear spaces defined above are g-replicating
linear spaces.

Therefore, we will restrict attention to estimators for G that are the solu-
tion to the estimating equation

" I(C = 00) AT X (Zs, B)
>

P (00, Zi, ) +Lo{Ci, Ge,(Zi), ¥} | =0, (123)

where m*(Z, §) is a t;-dimensional estimating function such that m*(Z, 8y) =
JF(Z) and A" is an arbitrary ¢xt; constant matrix, and Ly(-) € Ga, either
Lo2{C,Ge(2)} = Agth J2{C,Gc(Z)}, where Agm is an arbitrary q X to matrix
(class 1), or La(:) € Ag (class 2).

Remark 2. The observed-data estimating function (12.1) uses the full-data es-
timating function m(Z, 8) to build estimators. Because the parameter f is
g-dimensional, the estimating function m(Z, 8) is also ¢-dimensional, and,
at the minimum, the elements of m(Z, ) must be linearly independent.
When we consider restricted estimators that solve (12.3), the full-data es-
timating function m(Z, ) is now equal to Aqum*(Z, 0), where m*(Z, 3)
is t;-dimensional. To ensure that the elements of m(Z, 3), constructed in this
way, are linearly independent, the dimension ¢; must be greater than or equal
to q. Moreover, since estimating equations, such as (12.3), can be defined up
to a proportional constant matrix (that is, multiplying the left-hand side of
(12.3) by a nonsingular ¢ x ¢ matrix will not affect the resulting estimator), we
must choose the dimension t; to be strictly greater than ¢ so that the strategy
of choosing from this class of restricted estimators has an effect on the result-
ing estimator. Therefore, from here on, we will always assume that m*(Z, 3),
chosen so that m*(Z, 3y) = J¥(Z), is made up of t; linearly independent
elements with ¢; > ¢. O

Let us define the g-replicating linear space = C H to be

E:{W@gz}; (12.4)

that is, = consists of the elements

I(C = 00)AYm*(Z, Bo)
@ (00, 7)

+ L{C,Ge(2)} (12.5)

in H for any constant matrix A” and Ly € Go. We remind the reader that
the orthogonal complement of the nuisance tangent space associated with the
full-data nuisance parameter 7 is denoted by A#, which, by Theorem 7.2, is
equal to
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I(C = co) AT+
1
Ay = w(o0, Z) S Aa,
and hence
ECA;. (12.6)

The elements in the linear subspace = are associated with estimating func-
tions that will lead to the restricted class of estimating equations (12.3) that
we are considering. However, in Theorem 9.1, we showed that substituting the
MLE z@n for the parameter 1 in an AIPWCC estimating equation resulted in
an influence function that subtracts off a projection onto the space Ay, where
Ay denotes the linear subspace spanned by the score vector

_ 0logw{C,Gc(Z), 40}
= 5 .

We remind the reader that when we introduce a coarsening model with
parameter v, the nuisance tangent space is given by A = A, ® Ay. Since
estimating functions need to be associated with elements in AL, we should
only consider elements of = that are also orthogonal to Ay; ie., H[E|Ai]
Consequently, it will prove desirable that the space Go C Ay also contain A.
For the restricted (class 2) estimators where Go = As, this is automatically
true, however, for the restricted (class 1) estimators, we will always include
the elements Sy {C,G¢(Z)} that span Ay as part of the vector Jo{C,Gc(Z)}
that spans G, to ensure that Ay C Go.

Because the variance of an RAL estimator for 3 is the variance of its
influence function, when we consider finding the optimal estimator within the
restricted class of estimators (12.3), then we are looking for the estimator
whose influence function has the smallest variance matrix. Recall that an
influence function in addition to being orthogonal to the nuisance tangent
space must also satisfy the property that

Blp{C,Gc(2)}85{C,Ge(Z)}]
= E[S3{C,Ge(2)}p"{C, Ge(2)}] = 171, (12.7)

Sp{C, Ge(2)}

where Sg{C, G¢(Z)} is the observed-data score vector with respect to (3, which
also equals the conditional expectation of the full-data score vector with re-
spect to 3 given the observed data (i.e., S3{C, Gc(Z)} = E{S§ (Z)IC,Gc(Z)}),
and ¢{C, G¢(Z)} denotes an influence function. One can always normalize any
element ©*{C,G¢(Z)} € E to ensure that it satisfies (12.7) by choosing

1€, Ge(Z)) = (E[so*{c,GC<Z>}S§{C,GC<Z>}J) o€, Ge(2)). (12.8)

Also, because Z is a g-replicating linear subspace, the element ¢{C, G¢(Z)} €

—
—
—.

Let us define the subset of elements ¢{C,G¢(Z)} € E that satisfy the
property (12.7) or, equivalently, the subset of elements defined by (12.8), as
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Remark 3. If the coarsening probabilities are modeled using a parameter
that needs to be estimated, then influence functions of RAL estimators for 3
must be orthogonal to A,. However, as we will show shortly, as long as A, C
Ga, then the optimal influence function within IF(Z) will also be orthogonal
to Ay, as is desired. O

Theorem 12.1. Among the elements {C,G¢(Z)} € IF(E), the one with
the smallest variance matrix is given by the normalized version of the pro-
jection of Sg{C,Gc(Z)} onto =. Specifically, if we define o5, {C,Gc(2)} =
II[Ss{C,Gc(2)}|Z], then the element in IF(E) with the smallest variance
matrix is given by

o 1€, Ce(2)} = (E[sa:;pt{c,Gc<z>}s§{c,GC<Z>}1)_ ot €, Ce(2)).
(12.9)

Proof. Because = is a closed linear subspace, then, by the projection the-
orem for Hilbert spaces, there exists a unique projection ¢ {C,Gc(Z)} =

I1[Ss{C, G¢(Z)}|ZE] such that the residual [SB{C,GC(Z)}—gozpt{C,GC(Z)}} is

orthogonal to every element in Z. Consider any element {C, G¢(Z)} € IF(E).
Because IF(Z) C = and, since both ¢{C,G¢(Z)} and ¢ope{C, G¢(Z)} belong
to IF(E), this implies that ¢(-) —popt (+) € Z. Also, because Z is a ¢-replicating
linear space (see Remark 1), by Theorem 3.3 we obtain that

E[{Sﬁ() - @Zpt()}{w() - onpt(')}T] =099,

Because elements of IF(E) must satisfy (12.7), this implies that

E{S5()¢" ()} = B{Sp()ogp ()} = 177,

and hence
[(popt( ){@ ) onpt(')}T] =0.

-1
Premultiplying by the constant matrix {E{wgpt(-)SﬁT(-)}} , we obtain

E[popt (){e(-) = popt ()}T] =

Consequently,

E{p()¢" ()} = E[{gopt(-) + () = @opt () Hopt () + 0() = @opt ()} 7]
= E{@opt()Popt ()} + E[{2() = Popt (Y H () = popt ()} ] +0.
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Since E[{¢(*) — @opt () He(*) — @opt(+)}T] is a nonnegative definite matrix,

this implies that
E{p()¢" ()} = E{popt()eop ()},

giving us the desired result. 0O

Corollary 1. The optimal element o {C,Gc(Z)} € IF(E), derived in The-
orem 12.1, is orthogonal to Ay, and is an element of the space of observed-data
influence functions (I F).

Proof. By construction, Sg{C,Gc(Z)} — ¢5,1{C,Ge(Z)} is orthogonal to =,
where E is defined by (12.4). Hence, it must be orthogonal to Gs. Also, by
construction, Ay C Go. This implies that Sz{C,Gc(Z)} — ¢5,:1C, Ge(Z)} is
orthogonal to Ay. In other words,

E{(Sp — @hpe)"h} =0for all h € Ay.

But since Sg{C, G¢(Z)} is orthogonal to Ay, (see equation (11.7)), this implies
that @3 {C,Gc(Z)} must be orthogonal to Ay. Therefore popi{C,Ge(Z)},
defined by (12.9), is also orthogonal to Ay. Hence,

Popt{C, Ge(Z)} € H[E|A;;] C H[A;|Ay] = AT,

where the last two relationships follow from (12.6) and (8.16), respectively.
Therefore, @op{C, Gc(Z)} is an element orthogonal to the observed-data nui-
sance tangent space and by construction (see (12.9)) satisfies (12.7). Hence,
Yopt{C, Gc(Z)} is an element of the space of observed-data influence functions
(IF). O

12.2 Optimal Restricted (Class 1) Estimators

We first consider how we can use the result from Theorem 12.1 to obtain
improved estimators by finding the optimal estimator within the restricted
class of estimators (12.3) where Lo{C,G¢(Z)} = AV J,{C,G¢(2)}; i.e., the
so-called (class 1) estimators. For this class of estimators, we will assume that
the model for the coarsening probabilities has been correctly specified.

Examining the elements in (12.5), we note that = C H is a finite-
dimensional linear subspace that is spanned by the (t1 +t2) vector of functions
of the observed data, namely

- T
I(C = co)m™ (Z,00) ¢ '
{ w(00, Z) Ja )} '

Therefore, finding the projection onto this linear subspace of H is exactly the
same as Example 2 of Chapter 2, which was solved by using equation (2.2).
Applying this result to our problem, ¢ (-) of Theorem 12.1 is obtained by



12.2 Optimal Restricted (Class 1) Estimators 301

finding the constant matrices (A% ;)7 and (Asept)?*"2 that solve the linear
equation

gx (t1+t2) I(C = OO)m*(Z’ ﬁo) (t1+t2)x1
B {{85() — (AF. Asop) o

J2 (")
y { [I(C = oo)m* (Z, Bo) , Jg(')l 1X(t1+t2)} _ gax(titta)

w(00, Z)
(12.10)

Before deriving the solution to equation (12.10), we first give some results
through a series of lemmas that will simplify the equation.

Lemma 12.1.

E|S{C,Ge(2)}

I(C = oo)m*” (2, 50)AFT}

w(00, Z)
= E{s5(2)m"" (2,50)A"" | (12.11)
- _[AFE {am;(ﬁzT,ﬂo)HT’ (12.12)

Proof. We prove (12.11) using a series of iterated conditional expectations,
where

I(C = co)m*” (Z, o) AT

E |83{C,Gc(2)} w(c0, Z)
= E |E{S(2)|c,Ge(2)} fe= ooz)zTo;(ZZ) s
:E{%wf“:iQ:%mMﬂ}
. {Sg(Z)I(C = oo;TO:(ZZ) Bo) AF" Z}
_E;&amE{“C:“iiig&mwTZ}

*T

-FB {sg(Z)m (z, ﬂO)AFT} :
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Equation (12.12) follows from the usual expansion for m-estimators, where
the influence function for the estimator that solves the equation

> AFm*(Z;,8) =0
=1

has influence function

of'(Z) = — [AFE {%;(BZT’%)} } _1AFm*(Z, o).

Because E{¢"(Z)SE" (Z)} = 1979, this implies that

om™(Z, o) }

E{AFm*(Z 60)55T(Z)} = —AFE{ a7

The result in (12.12) now follows after taking the transpose of both sides of
the equation above. 0O
Lemma 12.2.

E [S5{C. Ge(2)}JF{C.Ce(2))] = 02 (12.13)

Proof. Using a series of iterated conditional expectations similar to the proof
of Lemma 12.1, we obtain that

E [S3{C,Ge(Z)}J5{C,Ge(2)}]

= E(Sg(Z)E [JZT{C, GC(Z)}‘Z} )

Because each of the elements of J3{C, G¢(Z)} is an element of Ag, this implies
that

E[JQ{C,GC(Z)}’Z] =0,

thus giving us the desired result. O

Lemma 12.3.
E {;(QC(O:O’O;; m*(Z, 5o)m*T(Z, 50)} =FE { m*(Z,g(zizz’*Z)(Z, Bo) } .

(12.14)

Proof. This follows easily by an iterated conditional expectation argument
where we first compute the conditional expectation given Z. 0O
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Using the results from Lemmas 12.1-12.3, we obtain the solution to (12.10)
as
Uin Uiz

— [Hy, Hy), 12.15
UL Usy [Hy, Hs] ( )

[Agpt ) A20pt]

where

w(o0, Z)

I(C:OO) ) t1 Xt
o)™ (Z,ﬂo)Jép{C,Gc(Z)}} )

Uy = E{J2{C,Ge(2)}JI{C, Ge(Z2)}} ",

m = (- [ {7 )

Hy = 0772, (12.16)

U=F { m*(Z, ﬁo)m*T (Z, Bo) }tlxtl

U12:E{

Therefore, solving (12.15) yields

Ui Urz
F
[Aopth%pt] = [H1,0] UlTQ Uss
U11 U12
= [Hy,0] 2T 1722

= [H, U™, H U]

Using standard results for the inverse of partitioned symmetric matrices
(see, for example, Rao, 1973, p.33), we obtain

AL = g gttt (12.17)
and
Agopy = HIX 12t xta), (12.18)
where .
UM = (U — Ur2Us,'UT) (12.19)
and
U2 = —UNULUR". (12.20)

Thus we have shown that the optimal influence function @opi{C,Ge(Z)}
in IF(Z), given by Theorem 12.1, is obtained by choosing ¢*{C,G¢(Z)} € 2
to be

I(C = c0)AL . m*(Z, o)

opt
w(o0, Z)

where AL and Asope are defined by (12.17) and (12.18), respectively.
We also note the following interesting relationship.

PoptiC, Ge(Z)} = + Agopt J2{C,Ge(Z)}, (12.21)
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_ F B
Lemma 12.4. The projection of I(C_Ooz);zggt% (ZBo) onto the space Go (i.e.,

the space spanned by J2{C,Gc(Z)}) is equal to

(C OO)Aoptm (Z? ﬂO)
@(00, Z)

g2:| - *A20th2{CaGC(Z)}a (1222)

which implies that

i€, etz = CZ D EI) y, e,ce(2)

is orthogonal to Gs; that is,
PoptiC, Ge(Z2)} L Go. (12.23)

Proof. Because G is a linear subspace spanned by J2{C, G¢(Z)}, the projec-
tion (12.22) is given by

I(C = 00) AL, ;m*(Z, o)

b (. 2)

J3{C.Ge(2)}

< (E[Jz{c,GC<Z>}J§{C,GC<Z>H) 1{C,Ge(2)}

= AL UUy' 2{C,Gc(2)} = Hy (U11U12U2_21) Jo{C,Ge(2)}
= —H U2 J{C,Gc(2)} = —Agopt J2{C,Gc(Z2)}. DO
The optimal constant matrices AL and Ag,pe involve the quantities
Hy, Uy, Urz, Uz,

which are all matrices whose elements are expectations. For practical appli-
cations, these must be estimated from the data. We propose the following
empirical averages:

S 1 " I CZ =0 om* Zz,ﬂ T
H(B) = —[n ; w(EDO’Zi)@l){ 8(5T )}] : (12.24)
ﬁll(ﬂ) RIZM{m*(Zi,ﬂ)m*T(Zi,ﬂ)}, (12.25)
Ura(3 —11 oo Z“wn) [ *(Zi,ﬂ)JQT{Ci,Gci(Zi),ﬁn}}, (12.26)

and
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A n ~ ~
Upp =0 Jo{Ci, Ge,(Z:), dn} I3 {Ci, Ge,(Z:), b }- (12.27)
i=1

Consequently, we would estimate

[A550(8); Azopt (B)] = [HL(B)UM(8), Hy (B)U(5)), (12.28)
where U () and U'2(3) are obtained by substituting the empirical estimates
for Uy1, Uya, and Uss into equations (12.19) and (12.20).

Deriving the Optimal Restricted (Class 1) AIPWCC Estimator

Using a sample of observed data {C;,G¢,(Z;)},i = 1,...,n, we propose esti-
mating 3 by solving the equation

[ 1(C = 00) AL (BYm* (Zs, B)
; w(OOaZl71[)n)

+ Asopt(8)J2{Ci, Ge, (Z:), ) | = 0.

(12.29)
We denote this estimator as 3,,ops and now prove the fundamental result for
restricted optimal estimators.

Theorem 12.2. Among the restricted class of AIPWCC estimators (12.3),
the optimal estimator (i.e., the estimator with the smallest asymptotic vari-
ance matrix) is given by B,opt, the solution to (12.29).

Before sketching out the proof of Theorem 12.2, we give another equivalent
representation for the class of influence functions IF(E) defined by (12.8) that
will be useful.

Lemma 12.5. The class of influence functions I F(Z) can also be defined by

©{C,Ge(2)} = {AFE{(Wchp*{C,GC(Z)}, (12.30)

where ©*{C,G¢(Z)} is an element of = defined by (12.5).

Proof. Using (12.12) of Lemma 12.1 and Lemma 12.2, we can show that

om*(Z, o) } .

25 (12.31)

Bl {C.Ge(2)) 85 (0, Cel )} = ~4"E {

The lemma now follows by substituting the right-hand side of (12.31) into
(12.8). O

Proof. Theorem 12.2
Since the asymptotic variance of an RAL estimator is the variance of its influ-
ence function, it suffices to consider the influence functions of the competing
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estimators. In the same manner that we found the influence function of the
estimator in (9.7) of Theorem 9.1, we can show that the influence function of
the estimator for 3 that solves (12.3) is given by

oAC, Ge(2)} = [—AFE{WH

(e ] Al ). o

Because we constructed the space Gy so that Ay, C Ga, this implies that
II[[-]|Ay] € G2, which in turn implies that (12.32) is an element of =. Therefore,
as a consequence of Lemma 12.5, the influence function ¢{C,Gc(Z)} defined
above is an element of [F(Z). By Theorem 12.1, we know that

var[popi{C, Ge(Z)} < var[p{C, Ge(Z)}]-

Hence, if we can show that the influence function of the estimator (12.29) is
equal t0 Yopt{C, Ge(Z)}, then we would complete the proof of the theorem.

An expansion of the estimating equation in (12.29) about 8 = [, keeping
z/AJn fixed, yields

n1/2(ﬂAn0pt —Bo) = { Agpt {WH

—1/2 C — OO opt(ﬁo) (Z’LaBO)
Z l @ (00, Zi, tn)
+ Op(l)- (12.33)

+ AQopt (ﬁO)JQ{Cu GCi (Zi)7 r&n}‘|

We now show that estimating Afpt and Agqpt only has a negligible effect on
the asymptotic properties of the estimator by noting that (12.33) equals

n—1/2 i ll(cl = OO)AOptm (Zh/@())

+A20th2{C’iaGCi (Zl)adsn}‘| (1234)

i=1 @ (o0, Zi, 'l/)n)
_ I1(C; = m*(Z;, 3
+ nl/z{Aopt( opt ! Z OO ZZ’ f}[}n) 0) (1235)
+ 12 { Agopi(Bo) — Asopt}n ! Z Jo{Ci, Ge,(Zi),dn ). (12.36)
=1

Under mild regularity conditions, n'/2{ AL (8) — AL, } and n/2{ Asep (o) —
Asops } will be bounded in probability,

1 I(C; = co)m™(Z;, Bo) P I(C = co)m™(Z, Bo)
Z Zm"?bn) - E{ W(OOaZiﬂﬂo) }
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and

nl Z Jo{Ci, Ge (Z:), ) D> E[1{C,Ge(Z),0}] = 0.

Hence (12.35) and (12.36) will converge in probability to zero. Using Theorem
9.1, we can expand ,, about g in (12.34) to obtain that (12.34) equals

_ n I(Cl = OO)Ag tm*(Zi, ﬂo)
1/2
" Z <|: w(oo,;i71/;o)

+ A20th2{Cia GCi (ZZ>7 ¢0}:|

i=1

o) (12.37)

Combining all the results from (12.33) through (12.37), we obtain that the
influence function of Byopt, the solution to (12.29), is given by

4P m LI Z BN (o G T Ge(2)) A
— “lopt T Soopt{ ) C( )} - [cpopt{ ) C( )}| w] ;

(12.38)

where ¢} {C,Gc(Z)} is defined by (12.21). We proved that ¢ {C,Gc(Z)}

is orthogonal to Ay in Corollary 1. We also demonstrated in (12.23) of Lemma

12.4 that @3, {C, Gc(Z)} is orthogonal to Ga. Since Ay, C G, this, too, implies

that

w5, 1C, Ge(Z2)}Ay] = 0.

Therefore, the influence function (12.38) is equal to

. 1
pon (€. Ge(@)) = | - G B {ZHZI e Getz), 239

thus proving that the estimator that is the solution to (12.29) is the optimal
restricted estimator. O
Estimating the Asymptotic Variance

Using the matrix relationships (12.16) and (12.17), we note that the leading
term in (12.39) can be written as the symmetric matrix

* -1 —1
[—AfptE{am(;ﬂZT’MH :<H1U”H1T> . (12.40)

After a little algebra, we can also show that the covariance matrix of
apt1C, Ge(Z)} is equal to

E{s@épt()wém(-)} = HU"H. (12.41)
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Because the asymptotic variance of an RAL estimator is equal to the variance
of its influence function, this means that the asymptotic variance of ﬂAnopt is the
variance of (12.39). Using (12.40) and (12.41), we obtain that the asymptotic
variance is equal to

-1 -1 -1
<H1U11H1T> (HlU“HlT)(HlU“HlT) _<H1U11H1T> :

Consequently, a consistent estimator for the asymptotic variance of Bmpt is
given by

-1
{]gll(/énopt)fjn(Bnopt)ﬁlT(Bnopt)} I} (1242)
where H, () and U () were defined by (12.24) and (12.28).

Remark 4. The method we proposed for estimating the parameter § using re-
stricted optimal (class 1) estimators only needs that the model for the coars-
ening probabilities be correctly specified. The appeal of this method is its
simplicity. We did not have to use adaptive methods, where a simpler model
py(z,€) had to be posited and an estimator for ¢ had to be derived. Yet
the resulting estimator is guaranteed to have the smallest asymptotic vari-
ance within the class of estimators considered. It would certainly be more
efficient than the simple inverse probability weighted complete-case estima-
tor (IPWCC), which discards information from data that are not completely
observed. However, this estimator is not efficient. How close the variance of
such an estimator will be to the semiparametric efficiency bound will depend
on how close the optimal element B (Z) € AL is to the subspace GI" and

how close the optimal element in Ag, H[%ﬁ%(z)‘[\g}, is to Go.

If the missingness were by design, then restricted optimal (class 1) esti-
mators would be guaranteed (subject to regularity conditions) to yield con-
sistent, asymptotically normal estimators for 3. However, if the coarsening
probabilities are modeled and not correctly specified, then such estimators
will be biased. There is no double-robustness protection guaranteed for such
estimators. Therefore, in the next section, we consider what we refer to as
(class 2) estimators. These estimators, although more complicated, will re-
sult in double-robust estimators that avoid the necessity to solve complicated
integral equations. 0O

Before discussing restricted optimal (class 2) estimators, we first illustrate
how to derive a restricted optimal (class 1) estimator by considering a specific
example.
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12.3 Example of an Optimal Restricted
(Class 1) Estimator

We return to the example introduced in Section 7.4 where the goal is to
estimate the parameter 3 in the restricted moment model

B(Y|X) = u(X. 8).

In this example, we let Y be a univariate response variable and X =
(XM, XCNHT be two univariate covariates. The second covariate X () is ex-
pensive to measure and therefore, by design, was only collected on a subsample
of the n individuals in the study, whereas X (1) was collected on all n individ-
uals. The subsample of individuals for which X ) was collected was chosen at
random with a prespecified probability that depended on Y and X (). This is
an example of two levels of missingness, where we denote the complete-case
indicator for the i-th individual as R; (unscripted); that is, if R; = 1, then we
observe (Yl,Xi(l),Xi@))7 whereas if R; = 0, then we observe (Yi,Xi(l)). The
probability of a complete case is denoted by

P(R; =1]Y;, X;) = P(R; = 1]Y;, X)) = n(v;, x{V),

where (Y, Xl-(l)) (unscripted) is a known function of Y; and Xl-(l). Since the
coarsening of the data was by design, the corresponding coarsening tangent
space Ay = 0. Therefore, we need not worry that the vector J; that spans G
contains the score vector Sy for this example.

To define the restricted class of estimators, we must first choose finite-
dimensional subsets G¥ < AFL ¢ HF and G, € Ay C H. We remind the
reader that the space A+ consists of elements

{h(X, Bo) Y —u(X, o)} for arbitrary g-dimensional functions h(-) of X}
and the space Ay consists of elements
{f(Y, XU R — 7(y, XMWY} for arbitrary
g-dimensional functions of (¥, X (1))}.

Recall that X, by itself, refers to (X1, X(2)).

To define G¥', we must choose a t;-dimensional function of the full-data
(V,X), say JE(V,X,8) = {JF'(Y,X,B),.... JE(Y,X,3)}", that spans G,
where the elements Jf'(Y, X, fy) € AFLY 5 = 1,... 1, and where AFL"
denotes the linear subspace in HF @ spanned by the first element of the ¢-
dimensional vector that makes up AF+; ie., AFL = {AFL(U}‘I.
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Suppose, for example, we were considering a log-linear model, where

/’L(Xa 6) = eXp(ﬁl + ﬁ2X(1) + ﬁ3X(2))

If we also believed the variance as a function of X was homoscedastic, then
the optimal full-data estimating function would be chosen to be

m(Y, X, 8) = DT(X, B)VHXY —exp(B1 + XY + 53X )},
where D(X, 3) = du(X, 3)/08T . Therefore, for this example, we would choose
m(Y, X, 3) = (1, XD, XN T exp(87 X*){Y — exp(67 X*)},

where X* = (1, XM, XCNHT and 3 = (61, B2, 83)T, as our optimal full-data
estimating function if the data were not coarsened. However, this choice for
m(Y, X, 3) may not be optimal with coarsened data. Therefore, we consider
restricted optimal estimators, where we might choose

JE(Y, X) = f7(X) exp(Bg X )NY — exp(f5 X ™)},

where fF(X) = (1,X(1),X(2),X(1)2,X(2)2,X(1)X(2))T. Such a set of basis
functions allows for a quadratic relationship in X(*) and X (). We also define
the t;1-dimensional vector of estimating functions as

m* (Y, X, 3) = 7 (X) exp(87 X" )}{Y — exp(57X*)}. (12.43)

To define G5, we must choose a to-dimensional function of the observed
data (R,Y, XM RX®) say Jo(:) = {Jo1(),...,Jat,(-)}7, that spans Go,
where the elements Jy;(-) € Aél),j =1,...,tz, and where Aél) denotes the
linear subspace in H() spanned by the first element of the g-dimensional
vector that makes up Ay. For example, we might choose

Jo(-) = fo(V, XN{R — 7(Y, X D)}, (12.44)

where fo(Y, X)) = (1,Y,X(1),Y2,X(1)2,YX(1))T. Such a set of basis func-
tions allows for a quadratic relationship in Y and X,

Therefore, the class of restricted estimators that will be considered are
solutions to the estimating equations (12.3), namely

z”: |:RiAFfF(Xi) exp(8T X ){Yi — exp(B" X})}
i=1 7T(Yi»X¢(1))

+{R; — 7(V;, X As fo (i, X)) | = 0, (12.45)

for an arbitrary g x t; constant matrix A" and an arbitrary ¢ x ¢, constant
matrix As. For this illustration, ¢ = 3 and t; = t5 = 6.
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Finding the optimal estimator within this restricted class and deriving
the asymptotic variance are now just a matter of plugging into the formulas
derived in the previous section.

Taking the partial derivative of (12.43) with respect to 8 yields

om*(Y, X, 5 .
p { OB () exp 6 X DX, o)
= 1 (X) exp(265 X)X
Therefore, we obtain a consistent estimator for Hi(3) by using

nt o X(” X exp(268TXN)fET(X,). (12.46)
1 79

i=

Next we use equations (12.25)—(12.27) to compute

_ nil R; {Y - eXP(ﬂTXi*)}Q FiyveFT (y
L= RifRi = w(vi, X)) T P 1)
012(8) = n Z oy e XD v, XY),
(12.48)
and
Usp =n~! i{& — 7 (Ve X Ve, XY (v, x). (12.49)
From these, we can compute
U™ (B) = {U11(8) — U2(B) U, (B)UT(8)} 1, (12.50)
U'2(8) = —U"(8)012(8) U (B), (12.51)
ALL(B) = Hy(B)UM (), (12.52)
and
Agopi (B) = Hi(B)T2(8). (12.53)

Therefore, the optimal restricted estimator is the solution to the estimating
equation

" TRAE(8)FF (X:) exp (87X )Y — exp(87X7)}
;{ (v, X V)

+{Ri — (Ve X))} Azope (8) f2(Yi, X V) | = 0, (12.54)
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which we denote by ﬂAnopt. Moreover, the asymptotic variance for Bnopt can
be estimated using

—1
{Hl (Bnopt)Uu(/énopt)ﬁlT (Bnopt)} 9

where H;(() and U'(3) were defined by (12.46) and (12.50), respectively.

Modeling the Missingness Probabilities

In the example above, it was assumed that the missing values of X ) were by
design, where the investigator had control of the missingness probabilities. We
now consider how the methods would be modified if these probabilities were
not known and had to be estimated from the data. We might, for instance,
consider the logistic regression model where

exp(¢o + 1Y + wzx<1>>

(12.55)

The maximum likelihood estimator for 1) = (1o, 1,2)7 is obtained by max-
imizing the likelihood given by (8.10); specifically,

f[ exp{(vo + ¥1Y; + 2 X)Ri}
i1 L1+ exp(o + 91 Y; + 1 X(V) |
and the resulting MLE is denoted by @n = (1&%,1/31”1/32”)? Using standard

results for the logistic regression model, we note that the score vector Sy(-)
is given by

Syp(RY, XM 4) = (L,Y, X)T{R — 7(Y, X1 )}, (12.56)

where 7(Y, X(1) ) is the probability of a complete case defined in (12.55).
We also note that the score equation, evaluated at the MLE, is equal to zero;
that is,

n
S Sy (R Y, XV ) = 0. (12.57)
i=1

As mentioned in Remark 3 of this chapter, we should choose the score
vector Sy (-) as part of a set of basis functions Ja(+) that spans the space G.
Examining the set of functions Ja(-) given by (12.44) for the example above,
we note that indeed Sy (-) makes up the first three elements of Ja(-).

The estimator for 8 would then be identical to that given in equation
(12.54) except that we would substitute 7 (Y, X ﬂbn) for (Y, X)) in the
equation (12.54) itself and when evaluating all the quantities in equations
(12.46)—(12.53).
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Remark 5. We point out that the second term in the estimating equation
(12.54) (i.e., the augmented term) can be written as

Asopt 3 Fo(Vi, XINV Ry — w(Ve, X1V 1))}
i=1

Since the first three elements of the vector

n

S A X R - n (Ve XY )} (12.58)

i=1

are o, Sw(Ri,Yi,Xi(l),lﬂn), then as a consequence of (12.57), this means
that the first three elements of the vector (12.58) are equal to zero. This
observation may result in some modest savings in computation.

12.4 Optimal Restricted (Class 2) Estimators

(Class 2) restricted estimators are AIPWCC estimators where we restrict
attention to a finite-dimensional linear subspace G € A¥+ spanned by the
vector J¥(Z), as we did for (class 1) restricted estimators, but where Go = As.
By so doing, we will show that the resulting optimal estimator for g within this
class will have an influence function that is an element of the class of double-
robust influence functions (IF)pr; see Definition 2 of Chapter 10. Toward
that end, we define the linear space Z similar to what we did in (12.4); that

is, B {W @Az} (12.59)

(1]

and = consists of the elements

I(C = oc0)AT'm*(Z, 3y)

(00, 2) + Lo{C,Ge(2)} (12.60)

in H for any constant matrix AF*""" and Ly € Ao, where m*(Z,8)isaty x1
vector of estimating functions such that m*(Z, 3y) = J¥(Z). We denote an
element within this class as p*{C, G¢(Z)} and define I F(Z) to be the elements
within this class that satisfy (12.7). The elements within the class IF(E) are
defined as ¢{C,Gc¢(Z)} and are given by (12.8).

We now prove the following key theorem for (class 2) restricted estimators.

Theorem 12.3. Among the elements p{C, G¢(Z)} € IF(E), the one with the
smallest variance matrix is given by

popt{C,Ge(Z)} = T (2)}, (12.61)
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where the linear operator J(-) is given by Definition 1 of Chapter 10; that is,

F 1€ =00)plu(Z) | I(C=00)pd(2)
j{gpopt(z)} - ’W(OO, Z) I W(OO, Z) A2 )
Phi(2) = [BLash (2)SE (D)) eini(2), (12.62)

and (popt(Z ) is the unique element in G that solves the equation

[S5 (Z) — M~ (2)}G"] =0, (12.63)

where M™! is the inverse of the linear operator M given by Definition 5
of Chapter 10. (The inverse operator M~ exists and is unique; see Lemma
10.5.)

Proof. We first will prove that IF(Z) consists of the class of elements

I(C=00)9"(Z) | .
W +L2{C,Gc(Z)}, (12.64)

where
of(2) = [B{e*F (2)S5 (2)}] L (2)

©*F(Z) € GF, and L3{C,Gc(Z)} € As.
Because the elements in IF(E) are defined by (12.8), (12.64) will be true
if we can show that

El*{C,Ge(2)}S5{C, Ge(2)}] = E{¢* " (2)SE (2)}, (12.65)
where ¢*{C,G¢(Z)} € E is equal to

I(C = 00)¢*"(Z)
w@(00, Z)

¢*{C,Ge(2)} = + L2{C,Gc(2)}-

Because S3{C,Gc(Z2)} = E{Sg(Z)|C, Gc(Z)}, we use a series of iterated con-
ditional expectations to obtain

Elp{C,Ge(Z)}S5{C.Ge(2)}] = E(E[¢™{C, GC(Z)}Sﬁ Z)|c,Ge(2)))
[p*{C,Ge(2)}S " (2)]
(
(

[o*{C.Ge(2)}SE" (2)]2])
[p*{C,Ge(2)}12155 " (2))
(e " (2)SE" (2)},

(B )
(B )

E
E
E
E

thus proving (12.65).
By proving (12.64), we have demonstrated that all the elements in [F(Z)
can be written as
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I(C = 0)p"(2)

+ Lo{C,Gc(Z2)}, (12.66)
where ¢ (Z) is a full-data influence function and Ly € Ay. Because of The-
orem 10.1, we know that, for a fixed pf'(Z), the optimal element (smallest
variance matrix) among the class of elements (12.66) is given by J{¢% (2)}.

Therefore, we only need to restrict attention to those elements of I F(Z) that
are in the class

{J{J(Z)} o (2) = [E{so*F<Z>s};“T<Z>}]-1¢*F<z>},

where ¢*F'(Z) € GF if the goal is to find the optimal estimator in IF(Z).
Equivalently, we can restrict the search to the elements in the linear subspace
J(GF) C Z that satisfy (12.7).

In Theorem 10.6, we proved that J{h¥'(Z)} = LIM~1{h¥ (Z)}], where the
linear operator £ was defined by Definition 4 of Chapter 10 and, we remind
the reader, is given by

L{h"(2)} = E{h"(Z)IC,Gc(2)}.

Therefore, the linear space J(GF') = L{IM~1(G)}.

Using the same proof as for Theorem 12.1, we can also prove that among
the elements p{C,Gc(2)} € J(GF) = L{IM1(GT)}, the one with the small-
est variance matrix is the normalized version of the projection of the observed-
data score vector onto J(G*"). Specifically,

oot {C. Ge(2)} = (E[sazzpt{c,GC<Z>}S§{C,GC<Z>}1) il Ge(2)),

(12.67)
where

PoptdC, Ge(Z)} = TU[Sp{C, Ge(2)ILAMTH(GT). (12.68)

We now show how to derive this projection.

Because of the projection theorem for Hilbert spaces, the projection of
S5{C,Gc(Z)} onto the closed linear space L{M~1(GF)} is the unique element
@il (Z) € GF that satisfies

T
E{ (Sﬁ{c,GdZ)} - cwl{soz,i(Z)}]) E[M1{</>*F(Z)}]} —0, (12.60)

for all *F'(Z) € GF. Recalling that Ss{C,Gc(2)} = E{Sg(Z)|C,Gc(Z)}
and LIM~Hp*F(2)}] = BE{M~1(¢*F)|C,Gc(Z)}, we use a series of iterated
conditional expectations to write (12.69) as
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0= B(BIUSE - M~ (i) £M (), Ge(2)])

= B[{SF ~ M e LM Y

B\ E[{SF = M (eep)} LM (9 1)} Z]

( )
B (185 - M7 @) ELELM ) 2]

B|185 - M (i) MM )]
_E{{Sg/\/l Yert e F] (12.70)

Therefore, (12.70) being true for all p*¥ € GF" implies that Sg — M (piE)
must be orthogonal to G. Since the projection exists and is unique, this
implies that there must exist a unique element gpopt € G¥ such that (12.70)
holds for all p*f" € GF', or equivalently

H[SE(2) = M~ Hei(2)}HGT] = 0. (12.71)
Consequently,
PoptdC, Ge(2)} = LIM Hpip (D)} = T{ean(2)},

where @3F (Z) satisfies (12.71), or (12.63) of the theorem. The proof is com-
plete if we can show that

Elpg{C. Ge(2)}85{C.Ge(2)}]

of equation (12.67), where
(prt{C’GC(Z)}:ﬁ[ I{SDOpt( )}]7

is the same as E{@%l (Z )SgT(Z)}. This can be shown by using the same
iterated expectations argument that led to (12.70). O

A corollary that is an immediate consequence of Theorem 12.3 by taking
GF' = AFL is given as follows.

Corollary 2. Among all influence functions in

o)

[1]

(that is, elements of Z that satisfy (12.7)), the one with the smallest variance
matrix is obtained by choosing
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Pept{C. Ge(2)} = T{ei(2)},

where 2E (Z) is the unique element in A+ that satisfies

[S§(Z) = M™He (Z)}ATH] =0

or equivalently solves the equation
M~ el (2) AT = TI[SE (Z)|ATH] = S5 (2).

Remark 6. Since the space = in the corollary is the same as Af7-7 then the result
above is an alternative proof of Theorem 11.1, which was used to derive the
optimal influence function among all ATIPWCC estimators for 3. O

Returning to the restricted (class 2) estimators, we obtain the following
corollary.

Corollary 3. Let m*(Z, 8) be aty x 1 (t; > q) vector of estimating functions
such that m*(Z, 3y) = J¥(Z) spans the linear space G ¢ A+, Then, among
the class of influence functions IF(Z), where E is defined by (12.59), the
optimal element (smallest variance matrix) is given by ¢f(Z), defined by
(12.62), the normalized version of

F1xt1 m*
onpt Aopt (Zv ﬁo)’

where

A =l {WHT (Bt g 2,0 (2,0 i
(12.72)

Proof. Using (12.63), we are looking for ¢35 = AE " m*(Z, Bo) such that

opt

H[Sg(Z) — MTHART (2, o)}

gF] =0. (12.73)

Because G¥' is spanned by m*(Z, ), the standard results for projecting onto
a finite-dimensional linear space yield

r" (2)|67] = E(WFm* {Em m* )} 'm*(Z, Bo). (12.74)
Using (12.74), we write equation (12.73) as
BI{SE — AL M ) ym {E(m m* )} 'm*(Z,60) = 0. (12.75)

Because m*(Z, (y) is made up of ¢; linearly independent elements, this implies
that the variance matrix E(m*m*" ) is positive definite and hence has a unique
inverse. Consequently, equation (12.75) is true if and only if
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B[S — ALy M (m*)ym™"] = 0
or when . .
ALE{M ™ (m*)m* } = E(Sfm* ). (12.76)
Using the result from equation (12.12) of Lemma 12.1, we obtain that

%ﬂzmwr.

Ew&mWﬂZ%nz—P{ Pl

Substituting this last result into equation (12.76) and solving for Afpt leads
to (12.72), thus proving the corollary. O

The results of Corollary 3 are especially useful when the inverse operator
M~1() can be derived explicitly such as the case when there are two levels of
coarsening or when the coarsening is monotone. The following algorithm can
now be used to derive improved adaptive double-robust estimators for 5:

1. If the coarsening of the data is not by design, we develop a model for the
coarsening probabilities, say

P(C=r|2) = w{r,G.(2),¢},

and estimate 1 by maximizing
H w{czv Gci (Zi)7 w}
i=1

We denote this estimator by 1/3n
2. We posit a simpler parametric model for the distribution of Z using
Py (2,€) and estimate £ by maximizing the likelihood

r[pz,‘r1 (ZZ) (g’m ) 5)
=1

for a realization of the data (r;, g,,), ¢ = 1,...,n, where
PGz (9, &) = / Pz (2, §)dvz(2).
{Z:Gr(z):gr}

We denote the estimator by f;

3. We consider a t1 x 1 vector m*(Z, 3) of estimating functions, where ¢; > q.
These may include the g-dimensional efficient full-data estimating function
as a subset of m*(Z, 3).
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4. We compute AL, (6, s

V¥ns €
A0 = [ {2020, ()]
« (e

m*(Z.8), 4, Eym* (2, >£}>7

*) by using

where we emphasize that M~! is computed as a function of 1) and ¢ and
expectations of functions of Z are computed as a function of &.
5. We compute

I(C = o0)m™(Z, 3)
w(o0, Z, 1)

6. The improved double-robust estimator for 3 is given as the solution to
the AIPWCC estimating equation

LYX1C, Ge(Z), .16, €) = —n{

A27¢7£:| .

ZAopt ﬂ ’l/)na )|: ( W(OO7)ZZ',’I§)7L) )

Since this is an AIPWCC estimator, the asymptotic variance can be esti-
mated using the sandwich variance estimator given by (9.19).

Logistic Regression Example Revisited

In Section 10.2, we developed a double-robust estimator for the parameters
in a logistic regression model when one of the covariates was missing for some
individuals. Specifically, we considered the model

exp(8TX*)

PO =18 = Xy

where X = (XT, X9)T, X* = (1,X{, X2)T, (Y, X;) were always observed,
whereas the covariate X, may be missing for some of the individuals in a
study. A complete-case indicator was denoted by R, and it was assumed that

exp(tho + 1Y + 1 X1)

P(R=1)Y,X) =n(Y, X1,¢) = 1+exp(wo+¢1y+¢2TX1)'

The estimator 1[)n is obtained by maximizing the likelihood

ﬁ exp{(¢o + V1Y; + T X1;)R;}
T 1+exp(do + 1Y + V3 X))
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We also posited a model for the full data (Y, X') by assuming that the con-
ditional distribution of X given Y follows a multivariate normal distribution
with a mean that depends on Y but with a variance matrix that is indepen-
dent of Y. Let us denote the mean vector of X given Y =1 and Y =0 as u
and g, respectively, and the common covariance matrix as 3. We also denote
the mean vector of X; given Y =1 and Y = 0 as u11 and p19, respectively,
and the mean of X5 given ¥ = 1 and Y = 0 as po1 and peg, respectively.
Similarly, we denote the variance matrix of X; by 37, the variance of the
single covariate X5 by Yoo, and the covariance of X; and X5 by Xi15. The
parameter & for this posited model can be represented by & = (u1, o, 2, 7),
where 7 denotes P(Y = 1). Since Y is observed for everyone, the estimate for
T is obtained by the sample proportion

n
.o =n"" § Y;.
=1

The estimates for uq, po, and X are obtained by maximizing the observed-data
likelihood

no1 ) (1—R:)I(Yi=Fk)
H H {|211|1/2 exp { - §(X1i — pk) ST (X s - Mlk)}
i=1k=0

1 RiI(Yi=Fk)
1 C R ] S

With full data we know that the optimal estimating function is given by

exp(8" X*) } .

m(v. X,0) = x+{y - (7RIS

Since this may no longer be the optimal choice with coarsened data, we now
consider an expanded set of estimating functions, namely m*(Y, X, 8). For
example, we might take

m* (Y, X 6)=X**{Y exp(IT X" }

 L+exp(BTX)

where X** is a vector consisting of X* together with all the squared terms
and cross-product terms of X.

To find the optimal estimator using m*(Y, X, 3) defined above, we must
compute AL (8,v,€) in equation (12.72), as described in step 4 of the algo-
rithm. Toward that end, we first note that

am*(Y,X,ﬁ) _ ok
9T T {1+ exp(BTX))2

exp(BTX*) T

*

Also, with two levels of missingness,
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M Hm*(Y, X, B),4,&} = {x(Y, X1,¢)} " 'm*(Y, X, B)
ﬂ—(Y lew)

1—n(Y, .
T X)) (XA X 6

Finally, with two levels of missingness, we use the results from Theorem 10.2
to obtain

Lo{C,Ge(2), 8,4, = — T {f (Cw@)?;*ﬁ B) ‘

_ {R—W(Y,Xlﬂﬂ)

A27¢7§]

’/T(K Xladj)

Remark 7. Because Y is a binary indicator and the distribution of X given
Y is multivariate normal, it would be easy to simulate full data (Y, X) from

such a joint distribution. Such simulated data can then be used to estimate un-
om* YX .B) 5}

}EWNKXQWXM}

conditional expectations such as F {— which for this example

is

e exp(BTX) . }
E X ) )
e
using Monte Carlo methods. Similarly, because the conditional distribution of
X5 given X1,Y is normally distributed with mean

panY + pizo(1 = Y) + 12555 {X1 — pY = po(1 =)}

and variance ¥15%5, %7, Monte Carlo methods can be used when computing
conditional expectations of functions of (Y, X) given (Y, X1), as was necessary
to compute M~ or Ly(-). O

We are finally in a position to define all the elements making up equation
(12.77), which we can use to derive the estimator for (.

12.5 Recap and Review of Notation

e In this chapter, we considered a restricted class of AIPWCC estimators
where observed-data estimating functions were chosen from the linear sub-
space II[Z|Aj] C AL, where

where G was a linear subspace contained in A", and Gy was a linear
subspace contained in the augmentation space As.
e We considered two classes of restricted estimators:
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— (Class 1) were defined by letting both G ¢ A+ and G, C A, be finite-
dimensional linear spaces spanned by J¥ ' (Z) and Ji2*{C, G¢(2)},
respectively, where ¢; > ¢ and where the elements of the coars-
ening model score vector Sy{C,G¢(Z)} were elements contained in
JC, Ge(2)).

~  (Class 2) were defined by only letting G € AF* be a finite-dimensional
linear space spanned by JE! (Z), with t; > ¢, but took Go = As.

The optimal influence functions within the class = were derived for both

classes and shown to be orthogonal to Ay. This then allowed us to derive

optimal restricted AIPWCC estimators within these two classes.

— The (class 1) restricted optimal estimators were the easiest to compute
but not double robust.

— The (class 2) restricted optimal estimators resulted in double-robust
estimators. They were, however, computationally more intensive but
not as difficult to compute as the locally efficient estimators of Chapter
11.

.6 Exercises for Chapter 12

In Section 11.2, we outlined the steps that would be necessary to obtain
a locally efficient estimator for § for the restricted moment model

E(Y]X) = u(X, 5)

when the data are monotonically coarsened. This methodology led to the
integral equation (11.42), which in general is very difficult if not impossible
to solve. Only consider the case when Y is a univariate random variable.
For this same problem, outline the steps that would be necessary to obtain
the optimal restricted (class 2) estimator for 3. For this exercise, take

m* (Y, X, 8) = f*UX, B{Y — (X, )},

where fi1*1(X,3) is a t; x 1 vector of linearly independent functions of
X and 3 and t; > ¢. Assume that you can estimate the parameter ¢ in
the coarsening model and the parameter £ in the posited model p}(z, ).
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Double-Robust Estimator of the Average
Causal Treatment Effect

Statistical inference generally focuses on the associational relationships be-
tween variables in a population. Data that are collected are assumed to be
realizations of iid random vectors Zi,...,Z, where a single observation Z
is distributed according to some density in the model pz(z,0), where 6 de-
notes parameters that describe important features of the relationships of the
variables of interest.

However, one may be interested in causal relationships. That is, does “A”
cause “B”? For example, does a treatment intervention or exposure at one
point in time have a causal effect on subsequent response? In order to for-
mulate such a question from a statistical perspective, we will take the point
of view advocated by Neyman (1923), Rubin (1974), Robins (1986), and Hol-
land (1986), who considered potential outcomes. We will illustrate that the
semiparametric theory developed in this book can be used to aid us in find-
ing efficient semiparametric estimators of the average causal treatment effect
under certain assumptions. The methods we will discuss only consider the
simplest case of point exposure; that is, exposure or treatment of individuals
at only one point in time. A much more complex and elegant theory has been
developed by Robins and colleagues that provides methods for studying the
effect of time-dependent treatments on response. We refer the reader to the
book by van der Laan and Robins (2003) for more details and references.

13.1 Point Exposure Studies

We shall denote the possible treatments or exposures that can be given or
experienced by an individual by the random variable A. For simplicity, we
will assume that there are two possible treatments that we wish to compare
and thus A will be a binary variable taking on the values 0 or 1. For example,
A may denote whether an individual with hypertension is treated with a statin
drug (A = 1) or not (A = 0). The response variable will be denoted by Y,
say, change in blood pressure after three months. Hence, in a typical study of
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this treatment, we consider a population of patients with hypertension, say
individuals whose diastolic blood pressure is greater than or equal to 140,
and identify a sample of such patients, some of which receive the statin drug
(A =1) and others who do not (A = 0). This sample of individuals is followed
for three months, and the change in blood pressure Y is measured.

Ultimately, we are interested in establishing a causal link between treat-
ment and response. That is, does treatment with the statin drug reduce blood
pressure after three months as compared with no treatment? The data that
are available from such a study may be summarized by Z; = (Y, 4;, X;),i =
1,...,n, where for the i-th individual Y; denotes the response, A; the treat-
ment received, and X; other covariates that have been measured prior to
treatment (i.e., baseline covariates).

In a typical associational analysis, we might define population parameters
p =EY|A=1), po = E(Y|A=0), and A = p; — po. That is, A denotes
the difference in mean response for individuals receiving treatment 1 and the
mean response for individuals receiving treatment 0. Without any additional
assumptions, we can estimate A simply as the difference of the treatment-
specific sample average of response, namely A= 1 — fig, where

n n
fn=ni' Y AY, fio=ngt Y (11— A)Y;,
=1 i=1

and ny =Y A;, ng = > (1 — 4;) denote the treatment-specific sample sizes.

Typically, such an associational analysis does not answer the causal ques-
tion of interest. If the treatments were not assigned to the patients at ran-
dom, then one can easily imagine that individuals who receive the statin
drugs may be inherently different from those who do not. They may be
wealthier, younger, smoke less, etc. Consequently, the associational param-
eter A = u; — po may reflect these inherent differences as well as any effect
due to treatment. In the study of epidemiology, such factors are referred to as
confounders, as they may confound the relationship between treatment and
response.

Thus, we have argued that statistical associations may not be adequate to
describe causal effects. Therefore, how might we describe causal effects? The
point of view we will adopt is that proposed by Neyman (1923) and Rubin
(1974), where causal effects are defined through potential outcomes or counter-
factual random variables. Specifically, for each level of the treatment A = a,
we will assume that there exists a potential outcome Y*(a), where Y*(a)
denotes the response of a randomly selected individual had that individual,
possibly contrary to fact, been given treatment A = a. In our illustration,
we only include two treatments and hence we define the potential outcomes
Y*(1) and Y*(0). Again, we emphasize that these are referred to as potential
outcomes or counterfactual random variables, as it is impossible to observe
both Y*(1) and Y*(0) simultaneously. Nonetheless, using the notion of poten-
tial outcomes, we would define the causal treatment effect by Y*(1) — Y*(0).
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This definition of causal treatment effect is at the subject-specific level and, as
we pointed out, is impossible to measure. However, it may be possible, under
certain assumptions, to estimate the population-level causal treatment effect,
i.e., the expected value of the subject-specific treatment effect denoted as

5 = B{Y"(1) - Y*(0)} = E{¥" (1)} - B{Y*(0)}.

The parameter ¢ is referred to as the average causal treatment effect.

Since the average causal treatment effect is defined from parameters de-
scribing the potential outcomes, which are not directly observable, the ques-
tion is whether this parameter can be deduced from parameters describing
the distribution of the observable random variables Z = (Y, A, X).

Using the ideas that were developed for missing-data problems, we con-
sider the full data to be the variables {Y*(1),Y™*(0), A, X}, which involve the
potential outcomes as well as the treatment assignment and baseline covari-
ates, and the observed data to be (Y, A, X). We now make the reasonable
assumption that

Y = AY*(1) 4+ (1 — A)Y*(0); (13.1)

that is, the observed response Y is equal to Y*(1) if the subject was given
treatment A = 1 and is equal to Y*(0) if the subject was given treatment
A=0.

Remark 1. Rubin (1978a) refers to the assumption (13.1) as the Stable Unit
Treatment Value Assumption, or SUTVA. Although this assumption may
seem straightforward at first, there are some philosophical subtleties that
need to be considered in order to fully accept. For one thing, there must
not be any interference in the response from other subjects. That is, the ob-
served response for the i-th individual in the sample should not be affected
by the response of the other individuals in the sample. Thus, for example,
this assumption may not be reasonable in a vaccine intervention trial for an
infectious disease, where the response of an individual is clearly affected by
the response of others in the study. That is, whether or not an individual
contracts an infectious disease will depend, to some extent, on whether and
how many other individuals in the population are infected. From here on, we
will assume the SUTVA assumption but caution that the plausibility of this
assumption needs to be evaluated on a case-by-case basis. O

Because of assumption (13.1), we see that the observed data are a many-
to-one transformation of the full data. We also note that the treatment as-
signment indicator A plays a role similar to that of the missingness indicator
in missing-data problems. This analogy to missing-data problems will be use-
ful as we develop the theory that enables us to estimate the average causal
treatment effect.
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13.2 Randomization and Causality

Intuitively, it has been accepted that the use of a randomized intervention
study will result in an unbiased estimate of the average treatment effect with
causal interpretations. This is because patients are assigned to treatment in-
terventions according to a random mechanism that is independent of all other
factors. Therefore, individuals in the two treatment groups are similar, on av-
erage, with respect to all characteristics except for the treatment intervention
to which they were assigned. Consequently, differences in response between
the two randomized groups can be reasonably attributed to the effect of treat-
ment and not other extraneous factors.

We now formalize this notion through the use of potential outcomes.
Specifically, we will show that the observed treatment difference in a ran-
domized intervention study is an unbiased estimator of the average causal
treatment effect 4.

Together with the SUTVA assumption (13.1), we also make the assumption
that

AL {Y*(1),Y*(0)}, (13.2)

where “1” denotes independence. This assumption is plausible since the re-
sponse of an individual to one treatment or the other should be independent
of treatment assignment because treatment was assigned according to some
random mechanism.

Remark 2. The assumption that treatment assignment is independent of the
potential outcomes should not be confused with treatment assignment being
independent of the observed response. That is,

AL {Y*(1),Y*(0)} does not imply that A 1L Y = AY™*(1) 4+ (1 — A)Y*(0).

Generally, we reserve the notion that A Il Y to denote the null hypothesis
that there is no treatment effect, whereas if there is a treatment effect, then
A is not independent of Y. 0O

In a randomized study, the associational treatment effect A = E(Y]A =
1) — E(Y|A = 0) is equal to the average causal treatment effect § =
E{Y*(1)} — E{Y*(0)}, as we now demonstrate:

E(Y|A=1)= E{AY*(1) + (1 — A)Y*(0)|A = 1} = E{Y*(1)|]A = 1}
(13.3)
= B{Y*(1)}, (13.4)

where (13.3) follows from the SUTVA assumption and (13.4) follows from
assumption (13.2). Similarly, we can show that E(Y|A = 0) = E{Y*(0)}.
Consequently, the difference in the sample’s average response between treat-
ments ny ' 30 A Y —ngt S0 (1 — A;)Y;, which is an unbiased estimator
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for A, the associational treatment effect, is also an unbiased estimator for the
average causal treatment effect ¢ in a randomized intervention study.

As we mentioned earlier, the treatment indicator A serves a role analogous
to the missingness indicator R, which was used to denote missing data with
two levels of missingness. That is, when A = 1, we observe Y*(1), in which
case Y*(0) is missing, and when A = 0, we observe Y*(0) and Y*(1) is missing.
The assumption (13.2), which is induced because of randomization, is similar
to missing completely at random; that is, the probability that A is equal to 1
or 0 is independent of all the data {Y*(1),Y*(0), X}.

13.3 Observational Studies

In an observational study, individuals are not assigned to treatment by an
experimental design but rather by choice. It may be that data from an obser-
vational study are easier or cheaper to collect, or it may be that conducting a
randomized study is infeasible or unethical. Clearly, if we want to evaluate the
effect of smoking on some health outcome, it would be unethical to randomize
individuals and force them to smoke or not smoke.

For simplicity, and without loss of generality, we again consider only
two treatments. In an observational study, individuals who receive treat-
ment A = 1 may not be prognostically comparable with those who receive
treatment A = 0. Therefore, it may no longer be reasonable to assume that
A 1L {Y*(1),Y*(0)}. However, if pretreatment (baseline) prognostic factors
X can be identified that affect treatment choice and, in addition, are them-
selves prognostic (i.e., related to clinical outcome), then it may be reasonable
to assume

AL {Y*(1), Y*(0)}|X; (13.5)

that is, treatment assignment is independent of the potential outcomes given
X. Such variables X are referred to in epidemiology as confounders, and as-
sumption (13.5) is sometimes referred to as the assumption of “no unmeasured
confounders.” Rubin (1978a) also refers to this assumption as the strong ig-
norability assumption.

Remark 3. The assumption of no unmeasured confounders is key to being
able to estimate the average causal treatment effect in an observational study.
Presumably, when a patient or his or her physician is faced with a binary
treatment choice of whether to treat the patient with treatment A = 0 or
A =1, they do not know what the patient’s potential outcome will be. Con-
sequently, treatment choice is made based on variables and characteristics of
the patient prior to or at the time of treatment. If such factors are captured
in the database, then the assumption of no unmeasured confounders may be
reasonable. Of course, there may be factors that influence treatment decisions
that are not captured in the data that are collected. If such factors are also
correlated with response, then the assumption (13.5) is no longer tenable. O
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We now give an argument to show that the average causal treatment effect
can be identified through the distribution of the observable data (Y, A, X) if
assumptions (13.1) and (13.5) hold. This follows because

E{Y*(1)} = Ex[E{Y"(1)|X}]
= Ex[B{Y*(1)|A = 1, X}] (13.6)
= Ex{E(Y|A=1,X)}, (13.7)

where (13.6) follows from the assumption of no unmeasured confounders and
(13.7) follows from the SUTVA assumption. Similarly, we can show that
E{Y*(0)} = Ex{E(Y|A = 0,X)}. Hence the average causal treatment ef-
fect is equal to

0=Ex{EY|A=1,X)-E(Y|A=0,X)}, (13.8)
which only involves the distribution of (Y, A4, X).

Remark 4. It is important to note that the outer expectation of (13.6) and
(13.7) is with respect to the marginal distribution of X and not the conditional
distribution of X given A = 1. We must also be a little careful to make sure
that, in equations (13.6) and (13.7), we are not conditioning on a null event.
One way to ensure that we are not is to assume that both P(A = 1|X = z)
and P(A = 0|X = z) are bounded away from zero for all = in the support of
X. We will discuss this assumption in greater detail when we introduce the
propensity score in the next section. O

13.4 Estimating the Average Causal Treatment Effect

Regression Modeling

We now consider the estimation of the average causal treatment effect from a
sample of observed data (Y;, A;, X;), i = 1,...,n. The first approach, which
we refer to as regression modeling, is motivated by equation (13.8). Here, we
consider a restricted moment model for the conditional expectation of Y given
(A, X) in terms of a finite-dimensional parameter, say £. That is,

E(Y|A, X) = u(A, X, €). (13.9)

The regression model could be as complicated as is deemed necessary by the
data analyst to get a good fit. For example, we might consider the linear model
with an interaction term; that is,

WA, X, 6) =6 +6A+ X +GAX,

or, if the response variable Y is positive, we might consider the corresponding
log-linear model
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1A, X, &) = exp(§o + &1 4 + L X + HAX). (13.10)

The parameter £ can be estimated using the generalized estimating equa-
tions developed in Section 4.6. For example, we may solve the estimating
equation

3 ‘{Wvl(Ai,Xi){n = n(Ai; X;,8)} =0, (13.11)
i=1

where V(A;, X;) = var(Y;]|A;, X;), to obtain the estimator én

If the conditional expectations E(Y|A = 1,X) and E(Y|A = 0, X) were
known, then a natural consistent and unbiased estimator of the average causal
treatment effect 4, given by (13.8), would be obtained using the empirical
average

n 'Y {E(Y|A=1,X;) - E(Y|A=0,X,)}. (13.12)
i=1
Under the assumption that the restricted moment model is correct, a natural
estimator for E(Y|A = 1,X) — E(Y]|A = 0, X) would then be u(1,X,¢&,) —
1(0, X, &,). Substituting this into (13.12) yields the estimator for the average
causal treatment effect,

O =n"" ) {p(1,X:,&n) — 10, X3, €0)}- (13.13)

i=1

So, for example, if we posited the log-linear model (13.10), then the estimator
for the average causal treatment effect would be given by

Sn = nil Z |:eXp{£On + éln + (€2n + él’m)Xi} - eXp(éOn + éQnXi) .

i=1

The consistency and asymptotic normality of the estimator é, can be
obtained in a straightforward fashion by deriving its influence function. We
leave this as an exercise for the reader to derive. We do note, however, that
these asymptotic properties are based on the assumption that the restricted
moment model E(Y|A4, X) = pu(A4, X, §) is correctly specified.

13.5 Coarsened-Data Semiparametric Estimators

We now consider how to obtain estimators for the average causal treatment
effect by casting the problem as a coarsened-data semiparametric model. To-
ward that end, we denote the full data to be {Y*(1),Y*(0), X, A}, where
Y*(1) and Y*(0) denote the potential outcomes for treatment 1 and treat-
ment 0, respectively, A denotes the treatment assignment, and X denotes the
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vector of baseline covariates. The joint density of the full data can be written
as

p{y*(1),y7(0), z,a} = p{aly*(1),y"(0), z}p{y*(1),y"(0), z}
= p(alz)p{y™(1),y"(0), x}, (13.14)

where (13.14) follows from the strong ignorability assumption (13.5). We will
put no restrictions on the joint density p{y*(1),y*(0),z} of {Y*(1),Y™*(0), X'}
(i.e., a nonparametric model). Consequently, using the same logic as in Sec-
tion 5.3, we argue that there is only one full-data influence function of RAL
estimators for 6 = E{Y™*(1) — Y*(0)}. Letting dy denote the true value of ¢,
the full-data influence function is given by

P {Y*(1),Y7(0), X} = {Y"(1) = Y (0) — &}, (13.15)

which, of course, is the influence function for the full-data estimator

-1Z{Y* Y7 (0},

Although the joint distribution of {Y*(1),Y*(0), X} can be arbitrary, we
will assume that P(A = 1|X) can be modeled as 7(X, ) using a finite number
of parameters 1. Because treatment assignment A is a binary indicator, the
conditional density of A given X is

plalz) = m(@, ) {1 — 7 (z, )}

The function P(A = 1|X) is defined as the propensity score, as it reflects
the propensity that an individual will receive one treatment or the other as
a function of the baseline covariates X. The propensity score was first intro-
duced by Rosenbaum and Rubin (1983), and the properties have been studied
extensively by Rosenbaum and Rubin; see, for example, Rosenbaum and Ru-
bin (1984, 1985), Rosenbaum (1984, 1987), and Rubin (1997). Although the
model for the propensity score is not used in defining the full-data estimator
for the average causal treatment effect §, it will play a crucial role when we
consider observed-data estimators for .

In contrast with the full data {Y™*(1),Y*(0), X, A}, the observed data are
given as the many-to-one transformation of the full data, namely (Y, X, A),
where Y = AY*(1) + (1 — A)Y*(0). As such, this is an example of coarsened
data, where A plays a role similar to the coarsening variable C, or, more
specifically, to the complete-case indicator R defined in the previous chapters.

Remark 5. Throughout the chapters on missing and coarsened data, we always
assumed that, with positive probability, the coarsening variable C could take
on the value oo to denote the case when the full data were observed. For this
problem, we never get to observe the full data {Y*(1),Y™*(0), X'}. We either
observe Y*(1) when A = 1 or Y*(0) when A = 0. Nonetheless, we will see
a similarity in the semiparametric estimators developed for this problem and
those for the missing-data problems developed previously. O
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Observed-Data Influence Functions

As with all semiparametric models, the key to finding estimators is to derive
the nuisance tangent space and the space orthogonal to the nuisance tangent
space, which, in turn, are used to derive the space of influence functions.

We first consider the case when the propensity score P(A = 1|X) is
known to us. This may be the case, for example, if we designed a randomized
study where treatment was assigned at random with known probabilities that
could depend on pretreatment baseline covariates. Using arguments identi-
cal to those in Chapters 7 and 8, we can show that the space of observed-
data influence functions of RAL estimators for § corresponds to the space
K=H(IF)F'}, where (IF)F denotes the space of full-data influence functions
and K : H — HF, given by Definition 1 of Chapter 7, is the many-to-one linear
mapping from the observed-data Hilbert space to the full-data Hilbert space,
where, for any h € H, K(h) = E{h(Y, A, X)|Y*(1),Y*(0), X }. Consequently,
K=Y (IF)F} denotes all the functions (Y, A, X) such that

E{@(K A,X)|Y*(1),Y*(0),X} = WF{Y*(1)>Y*(0)7X}

for any o {Y*(1),Y*(0), X} corresponding to a full-data influence function.
In our problem, there is only one full-data influence function given by

(13.15). Hence, the class of observed-data influence functions corresponds to

functions K=H{Y*(1) — Y*(0) — dp}, which, by Lemma 7.4, are equal to

h(Y, A, X) + Az,
where h(Y, A, X) is any function that satisfies the relationship
E{h(Y, A, X)|[Y*(1),Y*(0), X} = {Y*(1) = Y*(0) =&},  (13.16)

and Aj is the linear subspace in H consisting of elements Lo(Y, A, X) such
that
E{Lo(Y, A, X)|Y*(1),Y*(0), X} = 0, (13.17)

also referred to as the augmentation space.
A function h(-) satisfying equation (13.16) is motivated by the inverse
propensity weighted full-data influence function; namely,

(13.18)

h(Y,A,X):{ AY (1-A)Y 0}

(X)) 1-n(X)

To verify this, consider the conditional expectation of the first term on the
right-hand side of (13.18); that is,
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E {;?;;‘Y*(D,Y*(O),X} -F { A;&(;) ‘Y*(l),Y*(O),X}

- Y: (1)’ E{A[Y*(1),Y*(0), X}

_ ;(1)E(A|X) (13.19)
v *

= o T =Y, (13.20)

where (13.19) follows from the strong ignorability assumption. Also, in order
for (13.20) to hold, we must not be dividing 0 by 0. Therefore, we will need
the additional assumption that the propensity score P(A = 1|X) = n(X)
is strictly greater than zero almost everywhere. Similarly, we can show that
E { (11 :&Y [Y™*(1), Y*(O),X} =Y™*(0) as long as 1 — m(X) is strictly greater
than zero almost everywhere. Therefore, we have proved that the function A(+)
defined in (13.18) satisfies the relationship (13.16) as long as the propensity
score 0 < m(x) < 1, for all  in the support of X.

To derive the augmentation space Az, we must find all functions Lo(+) of
Y, A, X that satisfy (13.17). Because A is a binary indicator, any function of
Y, A, X can be written as

La(Y, A, X) = AL (Y, X) + (1 — A)Lao (Y, X) (13.21)

for arbitrary functions Loj(-) and Log(-) of Y, X. Hence the conditional ex-
pectation of Ly(-), given {Y*(1),Y™*(0), X }, is

E{L>(Y, A, X)[Y™(1),Y"(0), X}
— B[ALy {Y* (1), X} + (1 = A)Lao{Y(0), X}Y*(1), Y*(0), X] (13.22)
= 1(X) Lot {Y*(1), X} + {1 — 7(X)}Lao {Y*(0), X}, (13.23)

where (13.22) follows from the SUTVA assumption and (13.23) follows from
the strong ignorability assumption. Therefore, in order for (13.17) to hold, we
need

Lao{Y*(0), X} = — {1”(;2()} Loy {Y*(1), X 1. (13.24)

Since both the left- and right-hand sides of (13.24) denote functions of
Y*(1),Y*(0), X, the only way that equation (13.24) can hold is if both Lgg(+)
and Lo (-) are functions of X alone. In that case, any element of Ay must
satisfy

Lao(X) = — {”(WX)} Loy (X). (13.25)

Substituting the relationship given by (13.25) into (13.21), we conclude that
the space Ay consists of functions



13.5 Coarsened-Data Semiparametric Estimators 333

{A—W(X)

T (%) } L1 (X) for arbitrary functions Lo (X).

Since 1 — w(X) is strictly greater than zero almost everywhere and Lo (X) is
an arbitrary function of X, we can write Ay as

Ay = {{A — (X)) }ho(X) for arbitrary hg(X)}. (13.26)

Thus, we have demonstrated that the class of all influence functions of
RAL estimators for §, when the propensity score 7(X) is known, is given by

AY  (1-A)Y
- — 4 Ao, 13.27
EE R TR 20
where As is defined by (13.26). The optimal influence function in this class
is the one with the smallest variance or, equivalently, the element with the
smallest norm. This is obtained by choosing the element {4 — 7(X)}h3(X)

to be minus the projection of {% — (11:;82; — (50} onto As.

We remind the reader that the projection of some arbitrary element
(Y, A, X) onto Ay is obtained by finding the unique element h9(X) such
that

B( v 0 - (4= sOME0 | (4 - 7(OIa(x) ) =0

for all functions ha(X ). We denote this as H[p(Y, A, X)|Az] = {A—7(X)}h3(X).
As indicated earlier, any function ¢(-) of Y, A, X can be written as ¢(Y, A, X) =
Ap1 (Y, X) 4+ (1 — A)po(Y, X). Because projections are linear operators,

(Y, A, X)[Az] = H[Ap:1 (Y, X)[Az] + IT[(1 = A)po (Y, X)|Ao].
We now show how to derive these projections in the following theorem.
Theorem 13.1. The projection
[Apy (Y, X)[Az] = {A — m(X)}h(X), (13.28)
where h{(X) = E{¢1(Y, X)|A =1, X}, and
I[(1 = A)po (Y, X)|A2] = {A — w(X) }ho(X), (13.29)
where h3(X) = —E{po(Y, X)|A =0, X}.

Proof. We first consider (13.28). By definition, II[Ap; (Y, X)|As] is defined as
the function {4 — m(X)}h{(X) such that

E([A%(Y,X) AR ())RY(X) | (A - w(X)}h<X>) o,
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or equivalently

B |A( = =GOV, X) ~ {4 = 7COPRCORN)| =0, (1330
for all A(X). By a simple conditioning argument, where we first condition on

X, we can show that the second term on the left-hand side of (13.30) is equal
to

E [{A - W(X)}Qh?(X)h(X)] =FE |:7T(X){1 - w(X)}h?(X)h(X)} . (13.31)

The first term on the left-hand side of (13.30) is also computed through a
series of iterated conditional expectations; namely,

E {A{A — (X)) h(X)e1 (Y, X)]

- E(E [A{A — (X)X (Y, X)‘A, XD

E [A{A — w(X)h(X)E{p1 (Y, X)|A =1, X}]
= E(E {A{A — w(X)}h(X)E{e1 (Y, X)|A =1, X}’X])
~E {W(X)g — w(X)h(X)E{e1 (Y, X)|A =1, X}} . (13.32)
Substituting (13.31) and (13.32) into (13.30), we obtain that
E(w(X){l — (X))} [E{gol(Y,X)|A =1,X} - h?(X)] h(X)> =0 (13.33)

for all h(X). Since 7(X) and 1—n(X) are both bounded away from zero almost
surely, and because E{p1(Y, X)|A =1, X} — h{(X) is a function of X, then
(13.33) can only be true for all h(X) if and only if E{p1(Y,X)|A=1,X} —
h{(X) is identically equal to zero; i.e., h(X) must equal E{p; (Y, X)|A =
1, X'}, thus proving (13.28). The proof of (13.29) follows similarly. O

Returning to the class of influence functions of RAL estimators for § given
by (13.27), the efficient influence function in this class is given by

AY  (1-AY AY  (1-AY
e oRt s R B R s TR
which by Theorem 13.1 is equal to
{ AY  {A-m(X)}E(Y|A=1,X)
m(X) m(X)
-4y {A-a(X}EY[A=0X) }
1—7(X) 1—7(X) of

— 6

(13.34)
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Motivated by the efficient influence function (13.34), an estimator for §
would be obtained as the solution to the estimating equation

" Az}/z Ai — T Xz 1,Xi
Z{ { (Xa) (1, X3)

pt 7(X;) m(X;)
(1-A4)Y;  {A; —7(X:) (0, X) _
C1-7(X:) 1—n(X;) _5} =0,

or, more specifically,

1 m(X;) m(Xi)
(1-4)Y; {4 —m(X)}u(0, X;)
e e S

where u(A, X) = E(Y|A, X). Of course, u(A, X) is not known to us but can
be estimated by positing a model where E(Y|A, X) = u(A4, X, &) as we did in
(13.9). The parameter £ can be estimated by solving the estimating equation
(13.11), and then u(1, X;,&,) and (0, X4, &,) can be substituted into (13.35)
to obtain a locally efficient estimator for 4.

The development above assumed that the propensity score 7(X) was
known to us. In observational studies, this will not be the case. Consequently,
we must posit a model for the propensity score, say assuming that

P(A=1|X) =n(X,v). (13.36)
Since A is binary, the logistic regression model is often used; i.e.,

~exp(vo + T X)
) = T exp(w + 0T X))

The estimator for ¥» would be obtained using maximum likelihood; i.e., ﬁn is
the value of ¥ that maximizes the likelihood

n

HW(XiW)Ai{l — 7T(Xi7w)}(1—z4i)'

i=1

Consequently, in an observational study, the locally efficient semiparametric
estimator for the average causal treatment effect would be given by

sznfli { AY;  {Ai = (X da) bl Xi &)
' = \m(Xi, ¥n) m(Xi, ¥n)

_ (=AY A = (X ) be(0, X &) }
1 77T(Xiawn) 1 77T(Xiawn)

(13.37)
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Double Robustness

We complete this chapter by demonstrating that the locally efficient semi-
parametric estimator for §, given by (13.37), is doubly robust. That is, under
the SUTVA and strong ignorability assumptions, (13.37) is a consistent esti-
mator for 0 if either the model for the propensity score 7(X, ) or the regres-
sion model E(Y|A X) = p(A, X,€) is correct. We use the conventions that
z/Jn LN * and §n LN &* to denote that, under suitable regularity conditions,
these estimators will converge whether the corresponding model is correct or
not and denote, by letting ©¥* = g or £* = &, the case when these estimators
converge to the truth; i.e., that the corresponding model is correctly specified.

Because the estimator (13.37) is a sample average, it is easy to show that
it will converge in probability to

E{ AY (A (X (1, X, €)
(

(X, ¥*) (X, ¥%)
_ (A-4Yy {A-7(X,9")}u0, X, §)
T (X, %) e B
By the SUTVA assumption,
AY  AY*(1) o, {A—7m(X,¢*)}Y*(1)
AX) wxe) ) T ey o
and
Q=AY (=AY ©) _ . {A=2(X4)0)
X0 I-aXe) 0T o o 30
Substituting (13.39) and (13.40) into (13.38) yields
E{Y*(1)-Y*(0)} (13.41)
fA—7(X, o) H{Y"(1) — p(1, X, §)}
I
{A—m(X, ") H{Y"(0) — (0, X, £7)}
{ Ry a } (13.43)

Since E{Y*(1)—Y*(0)} of (13.41) is equal to d, the proof of double robustness
will follow if we can show that the expectations in (13.42) and (13.43) are equal
to zero if either ¥* = 1)y or £* = &.

Let us first assume that the propensity score is correctly specified; i.e.,
¥* = 1. We compute the expectation of (13.42) by iterated conditional
expectations, where we first condition on Y*(1) and X to obtain that (13.42)
equals

E{A]Y*(1), X} — (X, o)} {Y* (1) — (L, X, ")}
E( (X, o) )
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Because of the strong ignorability assumption, E{A|Y*(1),X} = E(4|X) =
(X, 1), thus allowing us to conclude that (13.42) equals zero when * = ).
A similar argument can also be used to show that (13.43) equals zero when
Y™ = 1o.

Now consider the case where the regression model E(Y|A, X) is correctly
specified; i.e., £ = &. Again, we compute the expectation of (13.42) by
iterated conditional expectations, but now we first condition on A and X to
obtain that (13.42) equals

{4~ n(X B ()4, X} — u(l, X, &)
E< (X, ") )

Because of SUTVA, u(1,X,&) =E(Y|A=1,X)=E{Y*(1)|[A=1,X}, and
because of the strong ignorability assumption,

E{Y* ()X} = E{Y"(D|A, X} = E{Y*()|A = 1, X} = p(1, X, &),

thus allowing us to conclude that (13.42) equals zero when £* = &p. A similar
argument can also be used to show that (13.43) equals zero when £* = .

The local semiparametric efficiency together with the double-robustness
property makes the estimator (13.37) desirable as compared with, say, the
regression estimator (13.13), whose consistency is completely dependent on
correctly modeling the regression relationship E(Y|A, X).

Remark 6. The connection of the propensity score to causality has been stud-
ied carefully by Rosenbaum, Rubin, and others; see, for example, Rosenbaum
and Rubin (1983, 1984, 1985), Rosenbaum (1984, 1987), and Rubin (1997).
Different methods for estimating the average causal treatment effect using
propensity scores have been advocated. These include stratification, match-
ing, and inverse propensity weighting. The locally efficient estimator derived
above is sometimes referred to as the augmented inverse propensity weighted
estimator. This estimator was compared with other commonly used estima-
tors of the average causal treatment effect in a series of numerical simulations
by Lunceford and Davidian (2004), who generally found that this estimator
performs the best across a wide variety of scenarios. O

13.6 Exercises for Chapter 13

1. Derive the influence function for the regression estimator on given by
equation (13.13).

2. Derive the influence function for the augmented inverse propensity weighted
estimator 4, given by equation (13.37).
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Multiple Imputation: A Frequentist
Perspective

A popular approach for dealing with missing data is the use of multiple im-
putation, which was first introduced by Rubin (1978b). Although most of
this book has focused on semiparametric models, where the model includes
infinite-dimensional nuisance parameters, this chapter will only consider finite-
dimensional parametric models, as in Chapter 3. Because of its importance in
missing-data problems, we conclude with a discussion of this methodology.

Imputation methods, where we replace missing values by some “best guess”
and then analyze the data as if complete, have a great deal of intuitive appeal.
However, unless one is careful about how the imputation is carried out and
how the subsequent inference is made, imputation methods may lead to biased
estimates with estimated confidence intervals that are too narrow. Rubin’s
proposal for multiple imputation allowed the use of this intuitive idea in a
manner that results in correct inference. Rubin’s justification is based on a
Bayesian paradigm. In this chapter, we will consider the statistical properties
of multiple-imputation estimators from a frequentist point of view using large
sample theory. Much of the development is based on two papers, by Wang and
Robins (1998) and Robins and Wang (2000). Although most of the machinery
developed in the previous chapters that led to AIPWCC estimators will not
be used here, we feel that this topic is of sufficient importance to warrant
study in its own right.

As we have all along, we will consider a full-data model, where the full
data are denoted by Z1, ..., Z, assumed iid with density pz(z, 3), where (3 is
a finite-dimensional parameter, say g-dimensional. The observed (coarsened)
data will be assumed coarsened at random and denoted by

{Ci,Gci(Zi)},i = 1, sy

Remark 1. When data are coarsened at random and the full-data parameter
[ is finite-dimensional, then 3 can be estimated using maximum likelihood.
The coarsened-data likelihood was derived in (7.10), where we showed that
could be estimated by maximizing
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11rc.,z) (9. 8), (14.1)

i=1

where

PG,.(2) (9r,8) = / pz(z,B)dvz(2).
{Z5GT(Z):9T}
However, even for parametric models, maximizing coarsened-data likelihoods

may be difficult to implement. Multiple imputation is an attempt to use sim-
pler methods that are easier to implement. O

We will assume throughout that the full-data maximum likelihood estima-
tor for 0 can be derived easily using standard software. We will also assume
that the standard large-sample properties of maximum likelihood estimators
apply to the full-data model. For example, denoting the full-data score vector
by
_ Ologpz(z,)
= 93 ,

the MLE Bf is obtained by solving the likelihood equation

S7(z,5)

iSF(ZZ—,ﬁ) =0.
i=1

Remark 2. On notation

In this chapter, we only consider the parameter § with no additional nuisance
parameters. Therefore, the full-data score vector will be denoted by S¥(Z, 3)
(without the subscript 5 used in the previous chapters). As usual, when we use
the notation S (Z, 3), we are considering a g-dimensional vector of functions
of Z and (. If the score vector is evaluated at the truth, 6 = 3y, then this will
often be denoted by S¥(Z) = S¥(Z,3y). A similar convention will be used
when we consider the observed-data score vector, which will be denoted as

S{C,G¢c(Z), 5}, and, at the truth, as S{C,G¢(Z), 5o} or S{C,Gc(Z)}. O

Under suitable regularity conditions, which will be assumed throughout,
2(5E = o) B N (0.VE () ),

where {V£(By)} ! is the full-data information matrix, which we denote by
IF(By) = E{SF(Z2)SF" (Z)}. That is,

VEBo) = {17(B)} .

We present an illustrative example where multiple-imputation methods
may be used.
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Ezample 1. Surrogate marker problem

Consider the logistic regression model used to model the probability of a
dichotomous response as a function of the covariates X. Letting Y = {1,0}
denote a binary response variable, we assume

exp(67 X)

P =11X) = 1+exp(0TX)

(14.2)
With full data (Y;, X;),i = 1,...,n, the maximum likelihood estimator for 6
can be obtained in a straightforward fashion using standard software. We wish
to consider the problem where the variable X, or a subset of X, is expensive
to obtain. For instance, X may represent some biological marker, derived from
stored plasma collected on everyone, that is expensive to measure. However,
another variable, W, is identified as a cheaper surrogate for X. That is, W is
correlated with X and satisfies the surrogacy assumption; namely,

exp(0T X

Let us also assume that (X, W) follows a multivariate normal distribution

()~ () [ o]

In an attempt to save costs, the inexpensive surrogate variable W will be
collected on everyone in the sample, as will the response variable Y. However,
the expensive variable X will be obtained on only a validation subsample of
individuals in the study using stored blood chosen at random with a pre-
specified probability of selection that may depend on (Y, W) (i.e., missing at
random). Letting R denote the indicator of a complete-case, then the observed
data are denoted as

(R’ia }/i, Wia Rin),Z = ]., Lo, n.

Although the primary focus is the parameter #, since the model is finite-
dimensional, we will not differentiate between the parameters of interest and
the nuisance parameters. Hence

B= 0"k, 1y, oxx,oxw,oww)’.
This example will be used for illustration later. O

With observed data, the parameter 3 can be estimated efficiently by maxi-
mizing the observed-data likelihood (14.1). That is, we would find the solution
to the observed-data likelihood equation
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where the observed-data score vector is given by
S{Ci, Ge,(Z:), B} = E{S"(Z;, B)|Ci, Ge,(Z:), B} (14.4)

Remark 3. It is important for some of the subsequent developments that we
introduce the following notation. When we write

E{SF(Ziu ﬂl)‘ch Gci (Z’L)7 /8”}3

where we allow ', 3" to be arbitrary values not necessarily at the truth or
equal to each other, we mean specifically that

E{S¥(Z;,8)|C; = ri,Ge,(Zi) = g, B}
/ SE(z,8pz(z,")dvz(z)

{z:G,. (2)=gr,}
= . . . 14.
T paG Bdva(2) (145)

{Z:Gn (Z):gr,;}

Unless otherwise stated, expectations and conditional expectations will be
evaluated with parameter values at the truth. Consequently, the observed-data
score vector, evaluated at the truth, is

S{C.Ge(2)} = E{S"(2)|C.Ge(2)} = BE{S"(Z.)IC. Ge(Z). o} O
Therefore, when we derive the observed-data MLE by solving (14.3), we
are specifically looking for 3,, that satisfies
Z E{SF(Z“ /én)|cu GVC1 (Zz)a Bn} = 0.
i=1
) 1)

notice that these two
must be equal

Again, under suitable regularity conditions,
25, = o) 2 N (0. Vo) ).

where {Veg(B0)} ! is the observed-data information matrix, denoted by

I(Bo) = E [S{Ci, Ge(Z:)}ST{Ci, Ge, (Z)}] -

14.1 Full- Versus Observed-Data Information Matrix

Because coarsened data G,.(Z) represent a many-to-one transformation of the
full data Z (i.e., a data reduction), it seems intuitively clear that the asymp-
totic variance of the full-data MLE $Z will be smaller than the asymptotic
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variance of the observed-data MLE f3,. In this section, we give a formal proof
of this result.

Let var{S¥(2)} = E{SF(Z)SFT(Z)} denote that variance matrix of
SF(Z). Then the asymptotic variance of the full-data MLE 3 is given by
VE(Bo) = [var{ST(Z)}]~!. Similarly, the asymptotic variance of the observed-
data MLE 3, is Veg(80) = (var[S{C,Gc(Z)}])~".

We now give two results regarding the full-data and observed-data esti-
mators for 3.

Theorem 14.1. The observed-data information matrix is smaller than or
equal to the full-data information matrix; that is,

var[S{C, Ge(2)}] < var{ST(2)},

where the notation “<” means that var{S¥(Z)} — var[S{C,Gc(Z)}] is non-
negative definite.

Proof. By the law of conditional variance,
var {S¥(Z)} = var [E{S¥(2)|C,Gc(2)}] + E [var {SF(Z)|C,Gc(2)}]
=var [S{C,Gc(Z2)}] + E [var {S¥(2)|C,Gc(Z2)}] . (14.6)

This implies that
var{S¥(Z)} — var[S{C, G¢(Z)}]

is nonnegative definite. O

Theorem 14.2. The asymptotic variance of the full-data MLE is smaller than
or equal to the asymptotic variance of the observed-data MLE; that is,

Ve (Bo) < Verr(Bo). (14.7)

Proof. This follows from results about influence functions; namely, if we define
- -1
eln(2) = |[E{s"(2)s"" (2)}] 5"(2)
and

pet{C.Ge(2)} = (E [S{C, Ge(2)}ST{C,Ge(2)}]) ™ S{C,Ge(2)},
then

et {C,Gc(2)} = ola(Z) + [¢er{C,Ge(2)} — pla(Z)] .
We also note that

E[S"(2)87{C.Gc(2)}] = E (E [S"(2)S"{C,Ge(2)}|C, Ge(2)])
=E[S{C,Gc(2)}S"{C,Gc(2)}] . (14.8)
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Equation (14.8) can be used to show that

E(¢5(2) [per{C. Ge(2)} — oln(2)] ) = 0,

which, in turn, can be used to show that

varlpe{C, Ge(2)}] = var{pig(2)} + var([pea{C, Ge(2)} — 0ig(Z)])

or

varlpea{C, Ge(2)}] — var{piz(2)}

is nonnegative definite. The proof is complete upon noticing that
var[pea{C, Ge(Z)}] = (var[S{C, Gc(Z)}]) ™! = Ver (Fo)

and

var{pg(Z)} = [var {S"(Z)}]7" = Vi (Bo).-
O

For many problems, working with the observed (coarsened) data likelihood
may be difficult, with no readily available software. For such instances, it may
be useful to find methods where we can use the simpler full-data inference to
analyze coarsened data. This is what motivated much of the inverse weighted
methodology discussed in the previous chapters. Multiple imputation is
another such methodology popularized by Rubin (1978b, 1987). See also the
excellent overview paper by Rubin (1996).

14.2 Multiple Imputation

Multiple imputation is implemented as follows. For each observed-data value
{Ci,G¢,(Z;)}, we sample at random from the conditional distribution

pZ|C,Gc(Z){Z‘Ci’GC¢ (Zl)}
m times to obtain random quantities
Zij,jz 1,...7m7i: 1,...,n.

These are the imputation of the full data from the observed (coarsened) data.
The “j7-th set of imputed full data, denoted by Z;;,7 = 1,...,n, is used to

obtain the j-th estimator ﬁA,*L] by solving the full-data likelihood equation:

n

> 572,855 =0. (14.9)
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That is, we use the j-th imputed data set and treat these data as if they were
full data to obtain the full-data MLE S} ;.
The proposed multiple-imputation estimator is

Br=m=> B (14.10)
j=1

Rubin (1987) argues that, under appropriate conditions, this estimator is con-
sistent and asymptotically normal. That is,

n2 (65 — o) 2> N(0,5%),

where the asymptotic variance £* can be estimated by $* =

~ -1
m " 9SF(Zi;, 5)
—1 —1 17 n
O

. <m+1>nzz"_1 (32— 30) (- )

m m—1

We note that the first term in the sum is an average of the estimators of
the full-data asymptotic variance using the inverse of the full-data observed
information matrix over the imputed full-data sets and the second term is
the sample variance of the imputation estimators multiplied by a finite “m”
correction factor.

Remark 4. If we knew the true value, 3y, then we could generate a random
variable Z;;(8p) whose distribution has density pz(z, 8o) by first generating
a random {C;, Ge,(Z;)} from the distribution with density pe g, (z) (7, gr, Bo)
and then generating a random Z;;(5y) from the conditional distribution with
conditional density

Pzic,Ge(2)12|Ci, Ge,(Zi), Bo}-

This is essentially the logic that motivates multiple imputation. Assuming the
model is correct, the observed data {C;,G¢,(Z;)} are generated, by nature,
from the density pe c.(z)(r, 9r, Bo). However, since we don’t know the true
value of By, the Z;; must be generated from the conditional density

Pzic.ce(2)12ICi, Ge, (Zi), B},

where 8 must be estimated from the data in some fashion. Such imputed
values are referred to as Z;;(3). O

We will consider two cases.
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(a) In what we will denote as frequentist imputation, an initial estimator BA,Il is

obtained from the coarsened data. The imputation Z;; (32

) are obtained
by sampling from

pzic.ce(2){2ICi, Ge,(Z:), BL Y.

The resulting estimator is referred to by Wang and Robins (1998) as a
type B estimator. Rubin (1987) also refers to this type of imputation as
improper imputation.

(b) For Bayesian imputation (the approach advocated by Rubin), the Z;; are
generated from the predictive distribution

pzic.Ge(2)12ICi, Ge, (Zi) }.

The predictive distribution is given by

/pZ\C,Gc(Z){Z|CiaGCi(Zi)vﬂ} paic.ce(2)1B8ICi, Ge, (Zi) ydvs(B) .

This is the posterior distribution
of B given the observed data

In order to implement the Bayesian approach, which Rubin refers to as
proper imputation, one needs to specify a prior distribution for 3, from which
the posterior distribution pgic,¢.(2)18ICi, Ge,(Z;)} is computed using Bayes’s
rule. Then

(i) we randomly select 3) from the posterior distribution and,

(ii) conditional on B, we sample from py|c g.(2){2|Ci, Ge, (Z;), B9} to ob-
tain Zij (ﬂ(J))

A multiple-imputation estimator using this approach is referred to by Wang

and Robins (1998) as a type A estimator.

14.3 Asymptotic Properties of the
Multiple-Imputation Estimator

In what follows, we will derive the asymptotic properties of the multiple-
imputation estimator. We first will consider the “frequentist” approach, which
imputes from the conditional distribution fixing the parameter 3 at some
initial estimator B,Il Some discussion of Bayesian proper imputation will also
be considered later.

In order to implement multiple imputation from a frequentist view, we
must start with some initial estimator for 3, say [3,11 For missing-data prob-
lems, an initial estimator can often be obtained using only the complete cases
(i.e., {i : C; = 0o}). For example, when the data are missing completely at ran-
dom, we can obtain a consistent asymptotically normal estimator using only
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the complete cases since these are a representative sample (albeit smaller)
from the population. If the data are missing at random (MAR), we might use
an inverse probability weighted complete-case estimator as an initial value.
The initial estimator for 8 will be assumed to be an RAL estimator; that
is,
n

n1/2(ﬁrlz - ﬂO) = n_1/2 Z Q{Ci7 Gci (ZZ)} + Op(l)v

=1

where ¢{C;,Ge,(Z;)} is the i-th influence function of the estimator ﬂA,IL We
remind the reader of the following properties of influence functions for RAL
estimators:

(a) The efficient influence function, denoted by pea{C;, Ge,(Z;)}, equals

(B [S{Ci, Ge,(Z)}S™{Ci, Ge (Z0)}) ' S{Ci Ge (2}, (14.10)
(b) For any influence function of an RAL estimator ¢{C;, G¢,(Z;)},
E [¢{C;i,Ge,(Z;)}ST{Ci, Ge, (Z:)}] =17 (14.12)
the identity matrix
(¢) The influence function ¢{C;, G, (Z;)} can be written as
a{Ci, Ge,(Z:)} = ver{Ci, Ge,(Zi)} + M{Ci, Ge,(Z:)}, (14.13)
where h{C;,G¢,(Z;)} has mean zero and
E [h{Ci, Ge,(Z:)}ST{Ci, Ge,(Z;)}] = 097,
Hence

var [¢{Ci, Ge,(Zi)}] = var [per {Ci; Ge, (Zi)}] + var [R{Ci, Ge,, (Zi)}]

— (B [S{Ci, Ge,(Z:)}S™{Cs, Ge,(Z)}]) ™ + var [h{Cs, Ge, (Z)}] -
(14.14)

In studying the asymptotic properties of n'/2 (6 — Bo), we will consider
the following questions.

1. Is the distribution asymptotically normal?

2. What is its asymptotic variance?

3. Can we estimate the asymptotic variance? How well does Rubin’s variance
estimator work?

4. What are the efficiency properties of the multiple-imputation estimator?

We begin the study of the asymptotic properties by first introducing some
preliminary lemmas. Rigorous proofs of these lemmas require careful analysis
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and the use of empirical processes that are beyond the scope of this book. We
will, however, provide some heuristic justification of the results.

As we have emphasized repeatedly throughout this book, the key to the
asymptotic properties of RAL estimators is being able to derive their influence
function. We will derive the influence function of the multiple-imputation
estimator through a series of approximations. We begin by giving the first
such approximation.

Lemma 14.1. The multiple-imputation estimator 3% defined by (14.9) and
(14.10) using the imputed values Z;;(BL),j = 1,...,m, i = 1,...,n, where
L denotes some initial estimator, can be approximated as

1/2(5 o 7n 1/2Z{IF 60 7IZSF{ZZ] BO} +Op(1)7

(14.15)
where I (3y) is the full-data information matrix; namely,

Proof. Heuristic sketch R
The j-th imputation estimator [§;; is the solution to the equation

ZSF{Z” (BL), By} =0,
i=1
which by the mean value expansion is equal to

" OST{Z;(BL), By} -
Y HA ﬂ]x(m-ao),

n

> 8{Zi;(Bh): o} +

i=1

where an is an intermediate value between B;‘L ; and Bo. Under suitable regu-
larity conditions,

12 SF{ZZ;BQI) 6713} i}E |:—8SF{Z3U;7@0)’&J}]’ (14.16)

which, by standard results from likelihood theory, is the information matrix,
which is also equal to

B [SF{Zij(80), Bo}S™ {Zij (o), Bo}] = I (o).

Therefore,
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n

w2 (B = Bo) = nM/2 ST (B0)} 1S {255 (BL). Bo} + 0p(1),  (14.17)
i=1

which implies that

n'/2(Bs—Bo) = n 1/ Z {IF(ﬁo)}il m~! ZSF{ZU(B{L)»%} +op(1). O

i=1 =1

As a consequence of Lemma 14.1, we have shown that nl/Q(B:; — fo), up
to order o,(1), is proportional to

n

nTVEY mTt Y ST Zi5(87), Bo} | - (14.18)
j=1

i=1

However, this does not give us the desired influence function for BZ because
Zi;(BL) is evaluated at a random quantity (31) that involves data from all
individuals and therefore (14.18) is not a sum of iid terms. In order to find
the influence function, we write (14.18) as the sum of

n

”71/22 mileF{Zz‘j(ﬁo)vﬁo} (14.19)

i=1 j=1
+

”‘”Q; m > SF(Z(BL), By —m VY SF{Zi(Bo). B} | (14.20)

Jj=1 Jj=1

and then show how these two pieces can be expressed approximately as a sum
of iid terms.

Remark 5. We remind the reader that, for a fixed 3, Z;;(8),j =1,....,m, i =
1,...,n are obtained through a two-stage process. For any ¢, nature (sam-
pling from the population) provides us with the data {C;,G¢,(Z;)} de-
rived from the distribution pe g.(z)(r, 9r, B0). Then, for j = 1,...,m, the
data analyst draws m values at random from the conditional distribution
Pzic,Ge(2)12|Ci, Ge,(Zi), B}. Consequently, the vector {Z;1(8), ..., Zim(B)} is
made up of correlated random variables, but these random vectors across i
are iid random vectors. Also, because of the way the data are generated, the
marginal distribution of Z,;(5) is the same for all ¢ and j. If 8 = [y, then
the marginal distribution of Z;;(8y) has density pz(z,8o) (i.e., the density for
the full data at the truth). However, if 5 # (o, then the marginal density for
Z;;(B) is more complex. 0O

Based on the discussion in Remark 5, (14.19) is made up of a sum of n iid
elements, where the i-th element of the sum is equal to
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m
m=tY  ST{Zi;(5o), Bo}. (14.21)
j=1

i = 1,...,n. In addition, the distribution of S¥{Z;;(8y), 5o} is the same as
the distribution of S¥(Z;, 8y), where Z; is the full data. Therefore,

E[S"{Zi;(Bo), Bo}] = E{S" (Z;, Bo)} = 0 for all i, j,

which implies that (14.21) has mean zero. Hence, (14.19) is a normalized sum
of mean-zero iid random vectors that will converge to a normal distribution
by the central limit theorem.

We now consider the approximation of (14.20) as a sum of iid random
vectors. This is given by the following theorem.

Theorem 14.3. The expression (14.20) is equal to
n= 2N I (o) = I(Bo) } 4{Ci Ge (Z0)} + 0p(1), (14.22)
i=1

where I7(3y) is the full-data information matrix,

E{asgﬁ(f’ﬂ())} - E{SF(Z,ﬁo)SFT(Z,ﬂo)},

I(Bo) is the observed-data information matrix,

p[-251CCe(). )
opT

} — B[S{C. Ge(2), 3o} ST{C.Ge(2), o}

and ¢{C;, Ge,(Z;)} is the i-th influence function of the initial estimator 37,
Theorem 14.3 will be proved using a series of lemmas.

Lemma 14.2. Let Z;;(/3) denote a random draw from the conditional distri-
bution with conditional density pzc.c.(z){2|Ci, Ge,(Zi), B}. If we define

A(B, Bo) = E [ST{Zi;(B), Bo}] , (14.23)

then

% = 1"(80) — I(Po)-

B=PBo

Proof. By the law of conditional expectations, (14.23) equals
E(E (S7{Z:;(8), Bo}|Ci, G, (Z:), B] > (14.24)

Because Z;;(/3) is a random draw from the conditional distribution with con-
ditional density
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Pzic.ce(2)12|Ci, Ge,(Zi), B},

this means that the inner expectation of (14.24) is equal to

/ 57 (e Bz et (160 Ge (20, Bhavae o {210 G ()

note the value
(3 here

The outer expectation of (14.24), however, involves the distribution of the
observed data {C;, G¢(Z;)}, which are generated from the truth, 5y. Therefore,
the overall expectation is given as

(B, Bo) = /{/SF(Z7ﬁO)pZC,Gc(Z)(Z|Tagn6)dVZ|C,Gc(Z)(Z|T79r)}
X pe,Ge(2) (s gr, Bo)dve ez (T, gr)- (14.25)

Because

Pzi,Ge(2) (2|7, gry B)Pe,Ge(2) (1 9r, B)AVz10,Ge(2) (2|7, 9r)dVe o (2) (75 91r)
= pC,Z(Tv Z, ﬁ)dVC,Z(Tv Z)v

we can write (14.25) as

/SF z, Bo) { pe.z(1 %, ﬁ)ﬂ)}pcygc(z)(r,gr,ﬁo)duc,z(n z). (14.26)

Pc Gc(z)(T 9rs

Taking the derivative of (14.26) with respect to 8 and evaluating at By, we

obtain
SF Z ﬁ { pC,Z(TaZn@) } ‘
B8=050 / 0 66T Pc,Ge(2) (Tv gT‘76) B=Po

OB, Bo)
3ﬂT
X pe,Ge(2) (s gry Bo)dve, z (1, 2)
_ s { pe,z (7,2, Bo) }8log{ pe,z(r, 2, 3) H
/ (Z ﬂO) pC,Gc(Z)(TMg’I‘?ﬁO) 8ﬁT pC,Gc(Z)(rmgTaﬁ) B8=80

X pe,ce(z) (T, gr, Bo)dve z (1, 2). (14.27)

Because the data are coarsened at random,

pez(r,z,B)  pz(zfB)

= . 14.28
pC,Gc(Z)(T7g’r‘7/6) pGT(Z)(gT7/6) ( )
Therefore
Blog{ AGEN:) }‘ _ Ologpz(z,B)  0logpe,(z)(9r: bo)
opT pC,Gc(Z)(rmgTaﬁ) B8=P0 opT opT .

(14.29)
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When data are coarsened at random, we showed in Lemma 7.2 that

dlog pa, (z)(9r, Po)

95T —E{SF )IC =r,Ge(2) —gr}:S(Tvgr)'

Therefore, (14.29) is equal to

ST (2, B0) = ST (r, gr, Bo)-

Substituting this last result into (14.27) and rearranging some terms yields

[ 87 B0) {87 ) = 87 11 ) } e 20,2 o) 202
= E{SF(Z 50)SE" (2, o) } E[SF(Z,60)ST{C,Ge(2), Bo}] . (14.30)
Using (14.8), we obtain that
E{S"(Z,60)S"(C,Ge(2), o)} = 1(5o)-
Hence, (14.30) equals 17 (83y) — I(B), proving Lemma 14.2. 0O

Remark 6. The result of Lemma 14.2 can be deduced, with slight modification,
from equation (6) on page 480 of Oakes (1999). The term I¥(8y) — I(By) is
also referred to as the “missing information,” as this is the information that
is lost due to the coarsening of the data. O

Before giving the next lemma, we first give a short description of the notion
of “stochastic equicontinuity.”

Stochastic Equicontinuity

Consider the centered stochastic process
(B)=n"'2 " {m™ Y ST{Zi;(8), Bo} — M(B, Bo)
i= j=1

as a process in 3, where A(8,5y) = F [SF{Zij(ﬁ),ﬁo}].

Using the theory of empirical processes (see van der Vaart and Well-
ner, 1996), under suitable regularity conditions, the process W,, () converges
weakly to a tight Gaussian process. When this is the case, we have stochastic
equicontinuity, where, for every €,7 > 0, there exists a § > 0 and an ng such
that

P sup [Wa(B") = Wa(B)| Zep <n
81,6715~ B <5

for all n > ng, where “|| - ||” denotes the usual Euclidean norm or distance.
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Lemma 14.3. If stochastic equicontinuity holds, then
Wa(Bp) = Wa(Bo) = 0p(1)
whenever ﬁ,{ is a consistent estimator for (g.

Proof. Choose arbitrary €,n > 0. Then, by stochastic equicontinuity, there
exists a d(e,n) and n(e,n) such that

P sup [W(8) = Wa(B") > £ p < n/2
ﬁlyﬁ”ll‘ﬁ/*ﬁ”|‘<6(€,’l’])

for all n > n(e,n).
By consistency, there exists for every d and n an n*(d,n) such that
P(|By, = Boll = 6) < n/2 for all n>n*(8,n).

Note that the event

{Il@i = Boll < d(e,m) and sup W (5") = Wi (8")]| < 5}
ﬁ/7ﬁ//:”ﬁl_ﬁ//”<6(€,n)

c {IWa(BL) - WaBo)ll < =}
By taking complements, we obtain

P{|[Wy( A’fL) = Wa(Bo)ll = €}

< P {18 = Boll = 8(e,m)}

B 5118~ | <3(e.m)
< P{18} = Boll = d(e,m)}

U { sup [Wn(8') = Wa(B8")]| = EH

+P sup W (8) = Wn(B") 2 ¢
/3',,@”1H5’*/3”H<5(€,77)

By choosing n > max[n(e,n),n*{d(e,n),n}], we obtain
P{IWa(B) = WalBo)ll > €} <n/2+n/2=n. O
Lemma 14.4. The statistic (14.20), namely

nTEN T m T TS Z(B)), B} — mT > ST Zii(Bo). Bo} |

i=1 J=1 J=1

is equal to

n'2{NBL, Bo) = A(Bo, Bo)} + 0p(1).
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Proof. This follows directly as a consequence of Lemma 14.3, which states
that R
Wa(Bp) = Wa(Bo) = 0p(1),

after some simple rearrangement of terms. 0O

Lemma 14.5.
. ON(B, )
V23R )~ Mo o)} = D 23— ) +0,(0),
B=Bo
Proof. Follows from a standard delta method argument. a

We now return to the proof of Theorem 14.3.

Proof of Theorem 14.3
Lemmas 14.4 and 14.5 imply that (14.20) is equal to

OB, N
éﬁ/BTﬁO) n'2(BL — Bo) + op(1).

B=po

The proof is complete because of Lemma 14.2, which states that

aA(ﬂa /80)

ot = I"(Bo) — 1(Bo),

B=Po

and the definition of the influence function of BTIL,

n

nl/Q(B'rIy, - 60) = n_1/2 Z Q{Cia GCL(Zl)} + Op(l)' g

i=1

14.4 Asymptotic Distribution of the
Multiple-Imputation Estimator

We are now in a position to derive the asymptotic distribution of /3’;:, which
we present in the following theorem:

Theorem 14.4. Letting B,’: denote the multiple imputation estimator and
denoting the i-th influence function of the initial estimator by (14.13), i.e.,

{Ci, Ge,(Zi)} = perr{Ci, Ge,(Zi)} + h{Ci, Ge,(Zi) },
where por{C;, Ge,(Z;)} is defined by (14.11), then
n'/2(3; — Bo) = N (0,5%),

where ¥* is equal to
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{I(Bo)} ™ +m  {IF (o)} {17 (Bo) — 1(Bo)} {17 (Bo)}
+{T7(80)} " {TF(Bo) — 1(Bo)} var [h{Ci, Ge,(Z:)}]
{17 (Bo) = T(Bo) } { I (Bo)} (14.31)

Proof. As a result of Lemmal4.1, Theorem 14.3, and equations (14.19) and
(14.20), we have shown that

W23 Bo) =n V2 {IF(B)y | | m Y SF{Zij(Bo). o)
=1 Jj=1

+ {17 (Bo) — I(Bo) } ¢{Ci, Ge, (Z)} | +0p(1).  (14.32)

This is a key result, as we have identified the influence function for the
multiple-imputation estimator as the i-th element in the summand in (14.32).
Asymptotic normality follows from the central limit theorem. The asymptotic
variance of n'/2(3* — f3) is the variance of the influence function, which we
will now derive in a series of steps.

Toward that end, we first compute

var |m™' > " SFLZ;;(50), Bo} | - (14.33)

Jj=1

Computing (14.33)
Using the law for iterated conditional variance, (14.33) can be written as

E|var [m™! ZSF{Zij(ﬂo)aﬁo}

=1

Ci, Ge, (Zi) (14.34)

tvar [ E [m™" Y S{Zi;(Bo). Bo}|Cis Ge,(Zi) | | - (14.35)

=1

Because, conditional on {C;,G¢,(Z;)}, the Z;;(8o),7 = 1,...,m are inde-
pendent draws from the conditional distribution with conditional density
Pzic,Ge(2)12|Ci, Ge,(Zi), Bo}, this means that the conditional variance

var |m~! ZSF{Zz‘j(ﬁo)ﬂo} Ci, Ge,(Zi)
j=1

is equal to
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m71 var {SF(Z“ ﬂ0)|C“ Gci (Zz)} .
Therefore, (14.34) is equal to
m~ E [var {S¥(Z;, 0)[Ci, Ge,(Z:)}] -

In equation (14.6), we showed

E [var {SF(Z”ﬁo)‘C“ Gci (Zz)}] - IF(ﬂO) - I(ﬁo)

Consequently,
(14.34) = m™" {17 (Bo) — 1(Bo) } -

Similar logic can be used to show

mil ZSF{Zija (60)350}

j=1
= E{S"(Z;,50)|Ci, Ge,(Z;)}
= S{Ci,Gc,(Z:)}-
Therefore (14.35) is equal to
var [S{C;, Ge,(Z;)}] = I(Bo).
Combining (14.36) and (14.38) gives us that
(14.33) = m™ " {17 (Bo) — 1(Bo) } + I(Bo).

Next we compute the covariance matrix

|

Computing (14.40)
Expression (14.40) can be written as

j=1

S B [S7(Z (o) Aoda™ (G, e (Z00)] {7 (o) -

j=1
where
E [S"{Zi;(Bo), Bo}a" {Ci, Ge,(Z:)}]
= E (E [S"{Zij(B0), Bo}a" {Ci, Ge, (Z:)}|Ci, Ge,(

(14.36)

(14.37)

(14.38)

(14.39)

_IZSF{Z” ﬁo ,30 ] |:{IF ﬂo ﬁO)}CI{CiaGCi(Zi)}] ) :

(14.40)

1(Bo)}

Z)])

E(E (57 (Zsy(Bo). o} Con G (2] 47 {C. Gci<zi>}>

we showed in (14.37) that
this equals S{C;, G¢,(Z;)}

= E [5{Ci, Ge,(Z:)}q" {Ci, Ge,(Z:)}]
= I17%9 (identity matrix) by (14.12).
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Therefore
(14.40) = I¥(Bo) — I(Bo)- (14.41)
Finally,

var [{IF(ﬁo) —1(5o)}q{Ci, Gci(Zi)}}

= {IF(,B()) 50 } var {C“GC {IF ﬂo (50)} (1442)
— (17 (Bo) — (o)} (I-lwo) T var [h{C, chzim) {17 (50) — 1(5o)},
(14.43)

where (14.43) follows from (14.14).

Using (14.39), (14.41), and (14.43), and after some straightforward alge-
braic manipulation, we are able to derive the variance matrix for the influence
function of 4% (i.e., the i-th summand in (14.32)) to be

2t = {I(6o)} "
£ {7 (B0)} I (Bo) = 1B I (Bo }71
+{I"(Bo)} " {IF 1(Bo) } var[h{Cy, Ge, (Z:) 1] {I7(Bo)
—1(Bo)} {I* (Bo) }
This completes the proof of Theorem 14.4. 0O

Examining (14.32), we conclude that the influence function for the multiple-
imputation estimator, with m imputation draws, is equal to

oy ([ i 712y (B, )] + 17 ) — 1 NafC, Ge(2)} ).

(14.44)
where Z;(fy) denotes the j-th random draw from the conditional distribution
of pzic,ce(2){2|C, Ge(Z), Bo}. As a consequence of the law of large numbers,
we would expect, under suitable regularity conditions, that

mt> " ST{Z;(50), Bo} > E{ST(2)[C,Ge(2)} = S{C, Ge(2)}

Jj=1

as m — o0o. Specifically, in order to prove that

m-1 Z SF{Z;(Bo), Bo} — S{C.Ge(2)} L 0,

Jj=1

it suffices to show that
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E {m_l iSF{Zj(ﬁO)’ﬁo} - 5{c, Gc(Z)}} 7 0. (14.45)

j=1

Computing the expectation above by first conditioning on {C,G¢(Z)}, we
obtain that

E[m1isF{ijo),ﬂo}—S{c,Gc<z>}]2—E[m Nar(7(2)€,Ge(2)}.

j=1

So, for example, if the conditional variance var{S¥(Z)|C, G¢(Z)} is bounded
almost surely, then (14.45) would hold. Consequently, as m — oo, the influence
function of the multiple-imputation estimator (14.44) converges to

{I" (Bo)} {S{C, Ge(2)} + {17 (Bo) — I(Bo) }aiC, GC(Z)}} . (14.46)

As we will now demonstrate, the limit, as m — oo, of the multiple-
imputation estimator is related to the expectation maximization (EM) al-
gorithm. The EM algorithm, first introduced by Dempster, Laird, and Rubin
(1977) and studied carefully by Wu (1983), is a numerical method for find-
ing the MLE that is especially useful with missing-data problems. The EM
algorithm is an iterative procedure where the expectation of the full-data log-
likelihood is computed with respect to a current value of a parameter estimate
and then an updated estimate for the parameter is obtained by maximizing
the expected full-data log-likelihood. Hence, if [3(] ) is the value of the estima-
tor at the j-th iteration, then the (j + 1)-th value of the estimator is obtained
by solving the estimating equation

fj {SF Z,B)\Ci, Ge,( Z-)ﬁé”} =0. (14.47)

i=1

We now show the relationship between the EM algorithm and the multiple-
imputation estimator in the following theorem.

Theorem 14.5. Let the one-step updated EM estimator, BEM, be the solu-
tion to

> B{ (2,58, Ge, (2. 81 = (14.48)
=1

where BTIL is the initial estimator for 3, whose i-th influence function is

¢{Ci, Ge,(Z:)}, which was used for imputation. The influence function of SEM
is identically equal to (14.46), the limiting influence function for the multiple-
imputation estimator as m — oo.

Proof. A simple expansion of BEM about (g, keeping B{L fixed, in (14.48) yields
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0=n"1/? ZE{SF(Z, 50)|Ci, Gci(Zi);ﬁArIL}

=1
e 0S¥ (Z, Bo)
+ [n 1 E{

Because

Ci, GCi(Zi)aﬁO}:| n'2(BEM — Bo) + 0p(1).

e S (Z, Bo)
n 1;E{gﬁqﬂ 0

2, E[E{%ZT’W ci,GcAZi),ﬁoH

0S¥ (z,
:E{ 3(5T60)} =—1"(o),

Ci7GCi(Zi)7ﬁO}

we obtain

1/2(ﬁEM 6 ) —{IF ﬁO -1 —1/22 {SF Z ﬁO |C“GC( ) 6711}_’_01)(1).

(14.49)
An expansion of 3 ! about 3y on the right-hand side of (14.49) yields

n—1/2 ZE{SF(Z, 5o)ICi, Gci(Zi)’Bi}

i=1

:n_1/2ZE{SF(Z7BO)|C%GCi(Zi)a/@O} (1450)

[ _1ZaﬂTE{SF (2, B0)ICs, Ge( i)’ﬁ}’ }n”%i—ﬁo)ﬂp(l)-

B=PBo

The sample average is

[nl Zn:aTE{SF(Z, 50)|Ci’GCf‘(Z")’ﬂ}‘ﬁ ﬁo]

B
=1
f»E[ O B{ST(Z.50)\C:.Ce (2 6}‘ } (14.51)
opT B=6o
where
0 P
85TE{S (Z ﬁO)‘CHGC i)’ﬁ}’ﬁ—ﬁo

_ 0 S, (2)=ce, (22 ™ (2, Bo)p(z, B)dv (2) ‘ s
B fz:Gci (2)=Ge, (Z1) p(z, B)dv(z) 5o
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Straightforward calculations yield that the derivative in (14.52) is equal to
var{ST(2)|C;, Gec,(Z;)} and hence (14.51) is equal to

E {Var{SF(Z)Ci, Gc,i(Zi)}} =1"(Bo) — I(Bo), (14.53)

where the last equality follows from (14.6). Using (14.4), we obtain that (14.50)
is equal to

n~1/? Zn: S{Ci,Ge,(Z:)}. (14.54)

By the definition of an influence function,
261 — o) = n~1/? Z q{Ci,Ge,(Z;)} + 0p(1). (14.55)
i=1

Combining equations (14.49)—(14.55), we conclude that the influence function
of BEM is equal to (14.46), thus concluding the proof. O

In (14.13), we expressed the influence function of 4 as the sum of
{1(B0)}~8{C,Ge(2)} + h{C,Ge(2)}, (14.56)

where h{C,Gc(Z)} is orthogonal to S{C,G¢(Z)}; i.e., E(hST) = 09%49. Sub-
stituting (14.56) for ¢{C, G¢(Z)} in (14.46), we obtain another representation

of the influence function for FEM

pert{C, Ge(Z)} + {I7(B0)} I (Bo) — I(Bo)}h{C.Ge(Z)},  (14.57)

where

as

Qoeﬁ”{cv GC(Z)} = {I(BO)}_IS{C’ GC(Z)}

is the efficient observed-data influence function.

We note that the influence function in (14.57) is that for a one-step updated
EM estimator that started with the initial estimator 3.. Using similar logic,
we would conclude that the EM algorithm after j iterations would yield an

. SEM(5) e .
estimator (3, with influence function

Saeff{cv GC(Z)} + ‘]jh{ca GC(Z)}a

where J is the ¢ x ¢ matrix {I¥(8y)}~H{I¥ (By) — I(Bo)}. For completeness,
we now show that J7 will converge to zero (in the sense that all elements in
the matrix will converge to zero) as j goes to infinity, thus demonstrating that
the EM algorithm will converge to the efficient observed-data estimator. This
proof is taken from Lemma A.1 of Wang and Robins (1998).
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Proof. Both I¥(3y) and {I¥(By) — I(By)} are symmetric positive-definite
matrices. From Rao (1973, p. 41), we can express I7(3)) = RTR and
{I¥(Bo) — I(Bo)} = RTAR, where R is a nonsingular matrix and A is a
diagonal matrix. Moreover, because

1(Bo) =17 (Bo) — {I"(Bo) — I(Bo)} = RT"(I1”"" = A)R

is positive definite, this implies that all the elements on the diagonal of A
must be strictly less than 1. Consequently,

JP=(R)"'NR

will converge to zero as j — co. O

Remarks regarding the asymptotic variance

1.

The asymptotic variance of the observed-data efficient estimator for g is
{I(Bo)}~*. Because (14.31) is greater than {I(8p)}~!, this implies that
the multiple-imputation estimator is not fully efficient.

. Even if the initial estimator (! is efficient (i.e., h{C;, Ge,(Z;)} = 0), the

resulting multiple-imputation estimator loses some efficiency due to the
contribution to the variance of the second term of (14.31), but this loss
of efficiency vanishes as m — oo.

For any initial estimator B,I” as the number of multiple-imputation draws
“m” gets larger, the asymptotic variance decreases (from the contribution
of the second term of (14.31)). Thus the resulting estimator becomes more
efficient with increasing m.

We showed in Theorem 14.5 that as m goes to infinity, the resulting
multiple-imputation estimator is equivalent to a one-step update of an
EM algorithm. This suggests that one strategy is that after m imputa-
tions, we start the process again, now using B;: as the initial estimator.
By continuing this process, we can iterate toward full efficiency. To imple-
ment such a strategy, m must be chosen sufficiently large to ensure that
the new estimator is more efficient than the previous one. As we converge
toward efficiency, m must get increasingly large.

Other algebraically equivalent representations of the asymptotic variance,
which we will use later, are given by

{IF(ﬁo)}_l [1(Bo) +m ™" {I"(Bo) — I(Bo)} +2{I" (Bo) — I(Bo)}
+ {17 (Bo) — I(Bo) } var[g{C;, Ge,(Z:i) Y] {T7 (Bo) — 1(5o) }]
{IF(Bo)} (14.58)

and
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{IF (B} '+ (m+ 1) {I7(B)} " {17 (Bo) — I(Bo)} {17 (Bo)}

+{T7(86) Y {7 (Bo) — I(Bo) } var[a{Ci, Ge, (Z:)}]
{17 (Bo) — 1(B0) } {17 (Bo)} " (14.59)

14.5 Estimating the Asymptotic Variance

In this section, we will consider estimators for the asymptotic variance of the
frequentist (type B) multiple-imputation estimator. Although Rubin (1987)
refers to this type of imputation as improper and does not advocate using his
intuitive variance estimator in such cases, my experience has been that, in
practice, many statisticians do not distinguish between proper and improper
imputation and will often use Rubin’s variance formula. Therefore, we begin
this section by studying the properties of Rubin’s variance formula when used
with frequentist multiple imputation.

Rubin suggested the following estimator for the asymptotic variance of

n'/2(B5 — Bo):

1 - -1 SF{Z” ﬁI) O } -
g g
() BN

j=1

It is easy to see that the first term in (14.60) converges in probability to

B {5 — .

Results regarding the second term of (14.60) are given in the following
theorem.

Theorem 14.6.
% A% o A% A% T n—00
TLZ( n]_ﬁn) (ﬂn]_ﬂn) ?
j=1

(m — 1) {T7(Bo)} {17 (Bo) — T(Bo) } {T7 (o)} "

Proof. Examining the influence function of n'/2(3% — 3,), derived in (14.32),
we conclude that
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02 (Br; = Br) = n (B — o) — n'*(B; — fo)
_n—l/QZ{IF SF{ZU(ﬁO) 50} SF(ﬁO)]

+ Op(1)7

where

SF(Bo) =m™ ZSF{ZW (Bo), Bo}-

7j=1

(Notice that the terms involving ¢{C;, G¢,(Z;)} in (14.32) cancel out.)
Therefore,

n(Br; — B2) (B — B =
n-1 (Z {IF(Bo)}—l [SF{Zi;(Bo), Bo} — S*Z.F(go)]>

(Z S {Z;(Bo), Bo} — SF 50] {I 50} >+0p(1)'

Because the quantities inside the two sums above are independent across i =
1,...,n, we obtain

E{n(ér*w - BZ)(B:J - B:L)T} -
B ({17 (80)} ™ [S7{Zij(B0). o} — 5F (5o)]
x [S¥{Zi;(Bo), Bo} — Sf ( /30] {I"(Bo)} )

and

E {n Z(B;:] - B’:])(B;:] - B:)T} -

{IF( (Z SF{ZU ﬁO 50} SF(ﬁo)]
(5705000} = SE )T ) < (7Y (o)

The expectation in (14.61) is evaluated by
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(Z [S7{Zi;(B0), Bo} — 57 (B0)] [S5{Zi;(B0), Bo} —SiF(ﬁo)]T)
j=1

E

NE

> [S7 {205 (80), B0}S™ {235 (B0). o} (14.62)

1

Ef: f: [SF{ZZJ ﬁO ﬂO}SF {Zz] (ﬂO) 60}}

j=1j'=1

<.
Il

S\H

When j = j/,
E[SF{Zij(ﬁo)ﬁo}SFT{Zij' (Bo), Bo}] = E [SF(Zmﬁo)SFT(Zi,ﬁO)} =17 (B),
whereas when j # j',

E [SF{Zij(ﬁO)v6O}SFT{Zij’(6O)aﬁO}}

= cov [S7{Zi;(Bo) Bo}, ST{Zij (Bo), Bo}]

= E (cov [S"{Zi;(B0), Bo}, S*{Zij (B0), Bo}|Ci, G, (2:)]) (14.63)
+ cov (E [ST{Zi; (o), Bo}Ci, Ge,(Z:)] , E [ST{Zij (Bo), Bo}|Cir Ge, (Z:)]) -

Because, conditional on C;, G¢,(Z;), the Z;;(8y) are independent draws
for different j, from the conditional density pzic c.(z)1%|Ci, Ge,(Z;)}, this
means that the first term of (14.63) (conditional covariance) is zero. Because
E[SF{Zij (Bo), ﬁ0}|Ci, Gcl(Zl)] = S{Ci, GCL(Z¢>}’ forall j =1,...,m, then the
second term of (14.63) is

var[S{C;, Ge,(Zi)}] = 1(Bo)-
Thus, from these results, we obtain that (14.62) equals
I (6o) — - {mI" (8) + m(m — 1)1(5)}
=(m—1){I"(Bo) — I(Bo)} - (14.64)
Finally, using (14.61), we obtain

o o8 (n-) :j—ﬁzf}%
(m— 1) {7 (B0)} {17 (Bo) — 1(B0)} {I(B0)} . (14.65)

This completes the proof of Theorem 14.6. 0O

Consequently, Rubin’s estimator for the variance, (14.60), is an unbiased
(asymptotically) estimator for
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(IR G0} + (’“ 1) (17 (B)} ™ {17 (Bo) — 1(80)} {17 (o)}

Comparing this with the asymptotic variance of n'/? (Bfi*ﬂo) given by (14.59),
we see that Rubin’s formula underestimates the asymptotic variance for the
frequentist type B multiple-imputation estimator.

Remark 7. We wish to note that the first term in Rubin’s variance estima-
tor is indeed a consistent estimator for {I¥(8y)}~!; that is, it converges in
probability as n — oo. The second term, however, namely

m+1\ (B =658, — BT
( m )nz ’ m—lj ’

Jj=1

is an asymptotically unbiased estimator for

() (07 ™ (0 o~ 1} 7 0}

That is, the expectation converges as n — oo for m fixed. However, this
second term is not a consistent estimator but rather converges to a proper
distribution. Consistency is only obtained by also letting m — co. O

Nonetheless, a consistent estimator for the asymptotic variance of n'/?( B,*l—
Bo) can be derived as follows.

Consistent Estimator for the Asymptotic Variance

Because 3] was assumed to be an RAL estimator for 8 with influence function
q¢{C,Gc(Z)}, this implies that

1/2(5 - Bo) — N(O var [q{C GC( )H)

Suppose we have a consistent estimator for the asymptotic variance of our
initial estimator 3!, which we denote as var[¢{C, G¢(Z)}]. Then, if we can
construct consistent estimators for I¥ () and I(3y), we can substitute these
into (14.59) to obtain a consistent estimator of the asymptotic variance of the
multiple-imputation estimator.

As we already discussed in the context of Rubin’s variance formula, a
consistent estimator for I (3y) can be derived by

. L oStz (61) 3* it
PF)=-m 'Y |n ’

T (14.66)

i=1

This is the observed
information matrix, which is
often derived for us in the
j-th imputed full-data analysis
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A consistent estimator for I(5g) can be obtained by

=t Y mm =1 Z Z [SF{ZM )

x ST Ziy (B1) By} (14.67)

This follows directly from (14.63). Another estimator for {1 (8y) — I(Bo)} is
motivated from the relationship (14.6), which states that

I7(Bo) — I(Bo) = E(Val“ [SF{Z:;(Bo). Bo}|Ci, Ge, (Z5)] )

This suggests using

w3 =) S [0 85,0 — 5.0 [s7 1205053,

i—1 j=1
T
- 850 (14.68)

as an estimator for I (3y) — I(5Bo).

14.6 Proper Imputation

In Bayesian imputation, the j-th imputation is obtained by sampling from
pzic.Ge(2)17|Cis Ge,(Z:), B}, where BU) itself is sampled from some distri-
bution. Rubin (1978b) suggests sampling Y from the posterior distribution
p{B|C;i, Ge,(Z;)}. This is equivalent to drawing the imputation from the pre-
dictive distribution p{z|C;, Ge,(Z;)}.

Remark 8. This logic seems a bit circular since Bayesian inference is based on
deriving the posterior distribution of 8 given the observed data. Under suitable
regularity conditions on the choice of the prior distribution, the posterior mean
or mode of (3 is generally an efficient estimator for §. Therefore, using proper
imputation, where we draw from the posterior distribution of 3, we start with
an efficient estimator and, after imputing m full data sets, we end up with an
estimator that is not efficient. O

When the sample size is large, the posterior distribution of the parameter
and the sampling distribution of the estimator are closely approximated by
each other. The initial estimator 31 was assumed to be asymptotically normal;
that is,

n2(B — By) ~ ( ,var[q{C,Gc(Z)}Oa
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where ¢{C, G¢(Z)} denotes the influence function of 3! . Therefore, mimicking
the idea of Bayesian imputation, instead of fixing the values 3! for each of
the m imputations, at the j-th imputation, we sample ) from

w (3, Sl Cel2))),

n

where var[¢{C, G¢(Z)}] is a consistent estimator for the asymptotic variance,
and then randomly choose Zij(ﬁm) from the conditional distribution with
conditional density

pzic.ce(z){2ICi Ge,(Z), B9}

Remark 9. If ﬂAfL were efficient, say the MLE, then this would approximate
sampling the §’s from the posterior distribution and the Z’s from the predic-
tive distribution. 0O

Using this approach, the j-th imputed estimator is the solution to the equation
n
Z SF{Zij(ﬁ(]))a :Lj} =0,
i=1

and the final multiple-imputation estimator is
m
Ak —1 Ak
By =m Z nj
j=1

Therefore, if we decide to use such an approach, the obvious questions are

1. What is the asymptotic distribution of n'/2(3* — 3,)?
2. How does it compare with improper imputation?
3. How do we estimate the asymptotic variance?

Asymptotic Distribution of n'/2 (ﬁ; — Bo)
Using the same expansion that led us to (14.15), we again obtain that

n

1/2( 4% _ _ . -1/2 IF U]y SELZ.(BD )
(3 = Bo) =n ;{ (Bo)} | m 223 {25 (8Y)) Bo} | +0p(1)
note here the (14.69)

dependence on j

Also, the same logic that was used for the multiple-imputation (improper)
estimator leads us to the relationship
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n=1/2 z": m~! zm: SF{Zij(ﬁ(j))a Bo}

i=1 j=1

n

= n71/2 Z m~! Z SF{Zz](ﬂO)a ﬂO}
i=1 J=1

+{I"(Bo) = I(Bo) } m™" > n'2(BY) — By) + 0, (1). (14.70)

j=1

Note that (14.70) can be written as

n 2N m Y ST Z45(Bo), Bo}
i=1

+ {IF(Bo) = I(Bo) } m™* Z n'/2(p0) — 3l
+ {17 (Bo) — I(Bo) } n*/2(BL — Bo) + 0p(1). (14.71)

Because n'/2(3 — 5) = n=Y2 Y ¢{Ci, Ge,(Zi)} +0,(1), we can write (14.71)
i=1

as

n

n 2N m TS Z5(Bo), Bot | + {17 (Bo) — 1(Bo) } a{Ci, Ge, (Z:)}

i=1 j=1
(14.72)

+m~! Z {IF(ﬂo) - I(ﬁo)} ”1/2@@ - ﬂATIL) + 0p(1). (14.73)

Note that (14.72) is a term that was derived when we considered type B
multiple-imputation estimators in the previous section (improper imputation),
whereas (14.73) is an additional term due to sampling the 3U)’s from

N <A, Vér[q{ci,ch(Zi)H> .

n’
n

Therefore

n (65— Bo) = [{IF(Bo)} " {(14.72) + (14.73)}].

The expression (14.72) multiplied by {I¥(3y)}~! is, up to 0,(1), identical to
representation (14.32) of the type B multiple-imputation estimator and hence
is asymptotically normally distributed with mean zero and variance equal to
(14.59).
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By construction, n'/2(g0) — B,Iz),j =1,...,m are m independent draws
from a normal distribution with mean zero and variance var[q{C;, G¢,(Z;)}].
Because var{q(-)} is a consistent estimator for var{q(-)}, this implies that
n!/2(8W@) —31), j =1,...,m is asymptotically equivalent to Vi, ..., V;,, which
are iid normal random variables with mean zero and variance var[¢{C, G¢(Z)}]
and independent of all the data {C;, Ge¢,(Z;)},i = 1,...,n. Therefore,

n'/2(8; — Bo) =

w2 )y | [ mT DS Z (o). o}
i=1

j=1
+{I7(Bo) = 1(Bo)} a{Ci, Ge, (Z:)} (14.74)
w7 Y AT B} I (Bo) = 1(B0)} V) (14.75)
+ op(1).

Because (14.74) converges to a normal distribution with mean zero and vari-
ance matrix (14.59), and (14.75) is distributed as normal with mean zero and
variance matrix

m {IF(Bo)} {17 (Bo) — I(B0)} var[g{C, Ge(2)}]
x {I¥(Bo) = 1(Bo) } {IF(ﬁo)}i1 (14.76)

and is independent of (14.74), this implies that n!/2(3; —3,) is asymptotically
normal with mean zero and asymptotic variance equal to (14.59) + (14.76),
which equals

m+1 -1
m

(e +
- (m“) {17 (50)} ™ {17 (80) = 1(50)} varla{C. Ge(2))]

x {17 (Bo) — 1(B0) } {17 (B0)} . (14.77)

Comparing (14.77) with (14.59), we see that the estimator using “proper”
imputation has greater variance (is less efficient) than the corresponding “im-

) {IF(ﬁo)}il {17 (Bo) — I1(Bo)} {I¥ (Bo)}

proper” imputation estimator, which fixes A,IL at each imputation. This makes
intuitive sense since we are introducing additional variability by sampling the
B’s from some distribution at each imputation. The increase in the variance
is given by (14.76). The variances of the two methods converge as m goes to
infinity.
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Let us now study the properties of Rubin’s formula for the asymptotic
variance when applied to type A (proper imputation) multiple-imputation
estimators.

Rubin’s Estimator for the Asymptotic Variance

Using arguments that led us to (14.74) and (14.75), we obtain that

n'2(B; — L) —n*“Z{IF “STLZi;(Bo), Bo} — SF (6o)]

+ {IF(ﬂo)} HIT(Bo) = 1(Bo)} (V; = V) + 0,(1),
where V =m™~! >_it, Vj. Therefore,

E {nfj (- 52) (B B:)T} 2,
{7 (60}

{E (Z[SF{Zij(ﬁo)’ﬁo} = 57 (B[S {Zij(B0), Bo} — SiF(ﬁo)}T)

j=1
+ {17 (Bo) = I(Bo)} E {Z (V= V)(V; = V) } {1"(Bo) - (ﬂo)}}
Jj=1
~1
x {I"(Bo)} . (14.78)
Remark 10. The term involving ¢{C;, G¢,(Z;)} is common for all j and hence
drops out when considering {3}, — 3, }. Also, the additivity of the expectations

in (14.78) is a consequence of the fact that V; are generated independently
from all the data. 0O

We showed in (14.64) that

j=1

=(m—-1){I"(Bo) —I1(Bo)} - (14.79)

E (Z[SF{Zij(ﬂo)ﬁo} = 55 (B0)I[ST{Z;(B0): Bo} — SiF]T)

Also

E {Z(vj — V)V, - v>T} — (m - varlg{C,Ge(2)}).  (14.80)
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Therefore, substituting (14.79) and (14.80) into (14.78) yields
LA . . AT
End (B —6) (B - 6:) ¢ =
j=1

(m — 1) {17 (By)} " ({I%) I8} + {17 (Bo) — I(3)

-1

v [0{C. Ge(Z)} {17 (30) - 160} ) {1760} (14.81)

Consequently, Rubin’s variance estimator, given by (14.60), when used with
“proper” multiple imputation, will converge in expectation to (14.77), which
indeed is the asymptotic variance of the “proper” multiple-imputation esti-
mator.

Summary

1. Type B or “improper” imputation (i.e., holding the initial estimator fixed

across imputations) results in a more efficient estimator than “proper”

3l V?ar[q{C,Gc(Z)}])
no )

imputation (where the §’s are sampled from N ( for

each imputation); however, this difference in efficiency disappears as m —
00.

2. Rubin’s variance estimator underestimates the asymptotic variance when
used with “improper” imputation.

3. Rubin’s variance estimator correctly estimates the asymptotic variance
when used with “proper” imputation (i.e., the variance estimator con-
verges in expectation to the asymptotic variance). As m, the number of
imputations, goes to infinity, Rubin’s estimator is also consistent as well
as asymptotically unbiased.

14.7 Surrogate Marker Problem Revisited

We now return to Example 1, which was introduced at the beginning of the
chapter. In this problem, we were interested in estimating the regression pa-
rameters 6 in a logistic regression model of a binary variable Y as a function of
covariates X given by (14.2). However, because X was expensive to measure,
a cheaper surrogate variable W for X was also collected and the design was
to collect X only on a validation subsample chosen at random with prespeci-
fied probability that depended on Y and W. A surrogate variable W for X is
assumed to satisfy the property that

p(Y =1|W,X) = P(Y = 1]|X). (14.82)

In addition, we also assume that
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()~ (Cor)- 7 o]
w pw ) lokw oww ||
Letting R denote the indicator of a complete case (i.e., if R = 1, then we

observe (Y, W, X), whereas when R = 0, we only observe (Y, W)), the observed
data can be represented as

(R’ia }/% Wia RZXz),Z = 1, oo, n.
We are interested in obtaining an estimator for the parameter
B= (0T7M§7M,1V;MUXX;UXW7UWW)T

using the observed data. We will now illustrate how we would use multiple
imputation. First, we need to derive an initial estimator @{ One possibility
is to use an inverse weighted complete-case estimator. This is particularly
attractive because we know the probability of being included in the validation
set by design; that is, P[R = 1|Y, W] = n(Y,W).

If we had full data, then we could estimate 3 using standard likelihood
estimating equations; namely,

ZXi {Yi - expit(QTXi)} =0,

i=1

M=

(Xi —pux) =0,
1

.
Il

(Wi — pw) =0,

I

Il
—

K2
n

3 (X — ) (X — )T~ oxx} =0,

i=1

{Wi = pw)(W; — pw)" —oww } =0,

~.

M- L

{(Xi = px)Wi — pw)" —oxw} =0, (14.83)
i=1
where W
. exp(u
expit(u) = T+ exp(a)”

Using the observed data, an inverse weighted complete-case estimator for
[ can be obtained by solving the equations
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3

Z %Xi {Yi — expit(GTXi)} =0

Z W(YfZWZ) (X = px) =0

etc. (14.84)

Remark 11. If we are interested only in the parameter 6 of the logistic regres-
sion model, then we only need to solve (14.84) and not rely on any assumption
of normality of X, W. However, to use multiple imputation, we need to derive
initial estimators for all the parameters. 0O

Solving the estimating equations above gives us an initial estimator Bfl In
addition, using the methods described for IPWCC estimators, say in Chap-
ter 7, we can also derive the influence function ¢(R,Y, W, RX) for B£ and a
consistent estimate of its asymptotic variance var{q(R,Y, W, RX)}.

In order to carry out the imputation, we must be able to sample from
the conditional distribution of the full data given the observed data. For our
problem, we must sample from the conditional distribution

Px|R,Y,w,rx (T|Ri, Y5, Wi, R X5, Bh).

Clearly, when R; =1 (the complete case), we just use the observed value X;.
However, when R; = 0, then we must sample from

px|ry,w,rx (Z|R; = 0,5, Wi, Bh).

Because of the MAR assumption, this is the same as

pX|Y,W(x|}/i7WiaBTIL)'

How Do We Sample?

We now describe the use of rejection sampling to obtain random draws from
the conditional distribution of pX‘y7W($|Yi, W;, 8L). Using Bayes’s rule and
the surrogacy assumption (14.82), the conditional density is derived as

_ pyix(ylz)pxjw (z|w)
I oy ix (ylz)pxw (w|w)de”

pxw,w(ﬂyaw)

Therefore, px|y,w (z|y, w) equals

[exp(8L" zy) /{1 + exp(0172) Y] pxw (z, w)

normalizing
constant = [ [numerator] dx

, y=0,1.



374 14 Multiple Imputation: A Frequentist Perspective

Because (X7, WT)T are multivariate normal, this implies that the conditional
distribution of X|W is also normally distributed with mean

E(X|W) = pX, +6%w, 6w, ] (W — fiy,) (14.85)
and variance
var (X|W) =6k x, — 6kw, [6hw, )] 55w, - (14.86)

Therefore, at the j-th imputation, if R; = 0, we can generate X”(Bé) by first
randomly sampling from a normal distribution with mean

ﬂg(n + &g(wn [@I/VWn]fl(Wi - ﬂévn)

and variance (14.86).
After generating such an X in this fashion, we either “keep” this X if
another randomly generated uniform random variable is less than

exp(1T X Y;)
1+ exp(AITX)

or we keep repeating this process until we “keep” an X that we use for the j-
th imputation Xj; (ﬁATIL) This rejection sampling scheme guarantees a random
draw from

pxpy,w (@i, Wi).

Therefore, at the j-th imputation, together with Y; and W;, which we always
observe, we use X; if R; = 1 and X;;(3]) if R; = 0 to create the j-th pseudo-
full data. This j-th imputed data set is then used to obtain estimators B;J as
described by (14.83). Standard software packages will do this.

The final estimate is

m
. . .
B =m Zﬁ;j'
j=1

A consistent estimator of the asymptotic variance can be obtained by sub-
stituting consistent estimators for I*'(3y) and I, say by using (14.66) and
(14.67), respectively, and a consistent estimator var{q(R,Y,W,RX)} for
var{q(R,Y, W, RX)} in equation (14.58).
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adaptive semiparametric estimator
location-shift regression model,
108-113
monotone coarsening, 243-247
nonmonotone coarsening, 261-265
restricted moment model, 93-97,
286291
two levels of coarsening, 227-233
affine space, see Hilbert space, linear
variety
ATPWCC estimator, 148, 178, 180,
199-207, 237
censored survival data, 217
asymptotically linear, 21
asymptotically normal estimator, 8, 41
augmentation space, 174, 183, 201, 332
censored survival data, 216-217
monotone coarsening, 212
projection onto, 273, 333-334
monotone coarsening, 239-243
nonmonotone coarsening, 256-261
two levels of coarsening, 226227
augmented inverse probability weighted
complete-case estimator, see
ATPWCC estimator
auxiliary variables, 133-135
average causal treatment effect, 323-337
augmented inverse propensity
weighted estimator, 337
regression modeling, 328-329

Cauchy-Schwartz inequality, 19
causal inference, 323

censored survival data, 115, 212-218,
254-255
coarsened data, 152
likelihood, 156-163
monotone coarsening, 186-188, 195
two levels of coarsening, 185-186
coarsening at random (CAR), 155,
158-163, 181
coarsening by design, 159, 165
coarsening completely at random
(CCAR), 154, 181
coarsening model tangent space,
190-192, 202
coarsening probability, 155, 165, 182,
195
coarsening probability model, 159
monotone coarsening, 186-188, 195,
211
two levels of coarsening, 185
coarsening process, see coarsening
probability model
coarsening variable, 152
complete data, 139, 155
consistent estimator, 8
contiguity theory, 34-36
contraction mapping, 258, 292
counterfactual random variable, see
potential outcome
counting process, 117, 119, 216
covariate adjustment, 101, 126-133

double robust estimator, 147-150, 239,
273, 313-321, 336-337
monotone coarsening, 248-251
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nonmonotone coarsening, 265-267
two levels of coarsening, 234-236

efficient estimator, 24, 360
proportional hazards model, 125
efficient influence function, 42-48, 50,
65, 347, 360
proportional hazards model, 125
restricted moment model, 85-87
efficient score vector, 47, 50, 64, 164
coarsened data, 277-282
location-shift regression model,
107-108
proportional hazards model, 125
restricted moment model, 86
EM algorithm, 358

full data, 139, 155
full-data Hilbert space, 163, 181

generalized estimating equation (GEE),
9, 145
for restricted moment model, 54-58,
93
globally efficient, 63, 125

Hilbert space, 13-14
direct sum of linear subspaces, 42, 49
inner product, 13
covariance inner product, 13, 49
inverse operator, 170, 258-261, 282
linear mapping, 169
linear subspace, 14
linear variety, 45, 67, 222
orthogonal, 13
orthogonal complement, 42
projection onto a linear subspace, 43
projection theorem, 14
Pythagorean theorem, 14
multivariate, 44
replicating linear space, 44, 296
space of mean-zero g-dimensional
random functions, 11, 16—18

improper imputation, 346

imputation, 144-146

infinite dimensional, 2-3

influence function, 22, 49, 61-68, 164,
347

coarsened data, 168, 193-196,
202-206, 329-333
double robust, 221-225, 273
restricted moment model, 83-85
information matrix, 32, 340, 342344
inverse operator, see Hilbert space,
inverse operator
inverse probability weighted complete-
case estimator, see IPWCC
estimator
IPWCC estimator, 146-147, 178, 180,
236
IPWCC space, 174, 183

linear mapping, see Hilbert space, linear
mapping

linear model, 4, 111-113

linear operator, see Hilbert space, linear
mapping

linear space, 2

linear variety, see Hilbert space, linear

variety

local data generating process (LDGP),
26

locally efficient, 63, 94, 108, 273-292,
335, 337

location-shift regression model, 101-113

log-linear model, 4, 96-97, 309-313

logistic regression model, 88, 95-96, 147,
162-163, 179-181, 185, 236239,
319-321, 341, 371-374

m estimator, 29-31, 200

martingale process, 117, 119, 122, 217

maximum likelihood estimator (MLE),
24, 48, 96, 188-189, 340

maximum partial likelihood estimator,
9

mean-square closure, 63

missing at random (MAR), 142, 151

missing by design, see coarsening by
design

missing completely at random (MCAR),
140, 151

missing data likelihood, 143-144

multiple imputation, 339-374

no unmeasured confounders, 327
noncoarsening at random (NCAR), 155,
181



nonmissing at random (NMAR), 141,
151
nonmonotone coarsened data, 188,
255267
nonparametric model, 3, 8, 125-126,
275
nuisance parameter, 2, 21, 41, 53, 59,
67, 101, 116, 119, 152, 156, 168,
190, 226, 297, 339
nuisance tangent space
coarsened data, 165-174, 182,
190-193
full data, 164, 181
location-shift regression model,
103-105
parametric model, 38, 49
parametric submodel, 61
proportional hazards model, 117-120
restricted moment model, 77-83
semiparametric model, 63-64

observational study, 327
observed data, 139, 155
observed-data Hilbert space, 164
optimal restricted AIPWCC estimator,
295-321
class 1, 300-313
class 2, 313-321
orthogonal, see Hilbert space, orthogo-
nal
orthogonal complement, see Hilbert
space, orthogonal complement

parametric model, 1, 21, 339
parametric submodel, 59-61
location-shift regression model, 104
proportional hazards model, 60, 118,
119
restricted moment model, 75, 78, 80,
88, 90
point exposure study, 323
posterior distribution, 346, 366
potential outcome, 324
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pretest-posttest study, 101, 126-133,
135

prior distribution, 346

projection theorem, see Hilbert space,
projection theorem

propensity score, 330, 335, 337

proper imputation, 366-371

proportional hazards model, 7-8,
113-125, 218

Pythagorean theorem, see Hilbert
space, Pythagorean theorem

randomization and causality, 326-327
regular asymptotically linear estimator
(RAL), 27, 168
regular estimator, 26-27
restricted moment model, 3-7, 73-98,
174-179
longitudinal data, 210-212, 251-253

sandwich variance estimator, 31-32,
206-207, 233234
score vector, 27, 49, 340
coarsened data, 166168
semiparametric efficiency bound, 63
semiparametric estimator, 8
for restricted moment model, 54-58
location-shift regression model,
106-107
proportional hazards model, 123-124
semiparametric model, 2, 53
stable unit treatment value assumption
(SUTVA), 325
statistical model, 1
strong ignorability assumption, see no
unmeasured confounders
successive approximation, 258
super-efficiency, 2426
surrogate marker problem, 341, 371-374

tangent space
nonparametric model, 68-69
parametric model, 38, 49
semiparametric model, 67



Springer Sel'ies in StatiStiCS (continued from p. ii)

Huet/Bouvier/ PoursatlJolivet: Statistical Tools for Nonlinear Regression: A Practical
Guide with S-PLUS and R Examples, 2nd edition.

Ibrahiml/ Chenl/Sinha: Bayesian Survival Analysis.

Jolliffe: Principal Component Analysis, 2nd edition.

Knottnerus: Sample Survey Theory: Some Pythagorean Perspectives.

Kolen/Brennan: Test Equating: Methods and Practices.

KotzlJohnson ( Eds. ): Breakthroughs in Statistics Volume I.

KotzlJohnson ( Eds. ). Breakthroughs in Statistics Volume II.

KotzlJohnson ( Eds. ). Breakthroughs in Statistics Volume III.

Kiichler/Sorensen: Exponential Families of Stochastic Processes.

Kutoyants: Statistical Influence for Ergodic Diffusion Processes.

Lahiri: Resampling Methods for Dependent Data.

Le Cam: Asymptotic Methods in Statistical Decision Theory.

Le CamlYang: Asymptotics in Statistics: Some Basic Concepts, 2nd edition.

Liu: Monte Carlo Strategies in Scientific Computing.

Longford: Models for Uncertainty in Educational Testing.

Manski: Partial Identification of Probability Distributions.

Mielkel Berry: Permutation Methods: A Distance Function Approach.

Molenberghs/Verbeke: Models for Discrete Longitudinal Data.

Mukerjee/ Wu: A Modern Theory of Factorial Designs.

Nelsen: An Introduction to Copulas. 2nd edition

Pan/Fang: Growth Curve Models and Statistical Diagnostics.

Parzen/TanabelKitagawa: Selected Papers of Hirotugu Akaike.

Politis/| Romanol Wolf: Subsampling.

RamsaylSilverman.: Applied Functional Data Analysis: Methods and Case Studies.

RamsaylSilverman: Functional Data Analysis, 2nd edition.

RaolToutenburg: Linear Models: Least Squares and Alternatives.

Reinsel: Elements of Multivariate Time Series Analysis. 2nd edition.

Rosenbaum: Observational Studies, 2nd edition.

Rosenblatt: Gaussian and Non-Gaussian Linear Time Series and Random Fields.

Scrndall Swensson/ Wretman: Model Assisted Survey Sampling.

Santner/Williams/Notz: The Design and Analysis of Computer Experiments.

Schervish: Theory of Statistics.

Seneta: Non-negative Matrices and Markov Chains, Revised Printing.

ShaolTu.: The Jackknife and Bootstrap.

Simonoff: Smoothing Methods in Statistics.

Singpurwalla and Wilson: Statistical Methods in Software Engineering: Reliability
and Risk.

Small: The Statistical Theory of Shape.

Sprott: Statistical Inference in Science.

Stein.: Interpolation of Spatial Data: Some Theory for Kriging.

TaniguchilKakizawa: Asymptotic Theory of Statistical Inference for Time Series.

Tanner: Tools for Statistical Inference: Methods for the Exploration of Posterior
Distributions and Likelihood Functions, 3rd edition.

Tillé: Sampling Algorithms.

Tsiatis: Semiparametric Theory and Missing Data.

van der Laan: Unified Methods for Censored Longitudinal Data and Causality.

van der Vaart/ Wellner: Weak Convergence and Empirical Processes: With
Applications to Statistics.

Verbekel Molenberghs: Linear Mixed Models for Longitudinal Data.

Weerahandi: Exact Statistical Methods for Data Analysis.

West/Harrison: Bayesian Forecasting and Dynamic Models, 2nd edition.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice




