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Preface

The techniques that can be used to solve nonlinear problems are very
different from those that are used to solve linear problems. Most courses
in analysis and applied mathematics attack linear problems simply be-
cause they are easier to solve. The information that is needed to solve
them is not as involved or technical in nature as that which is usually
required to solve a corresponding nonlinear problem. This applies not
only to the practical material but also to the theoretical background.

As an example, it is usually sufficient in dealing with linear problems
in analysis to apply Riemann integration to functions that are piecewise
continuous. Rarely is more needed. In considering the convergence of
series, uniform convergence usually suffices. In general, concepts from
functional analysis are not needed; linear algebra is usually sufficient. A
student can go quite far in the study of linear problems without being
exposed to Lebesgue integration or functional analysis.

However, there are many nonlinear problems that arise in applied
mathematics and sciences that require much more theoretical back-
ground in order to attack them. If we couple this with the difficult techni-
cal details concerning the corresponding linear problems that are usually
needed before one can apply the nonlinear techniques, we find that the
student does not come in contact with substantive nonlinear theory until
a very advanced stage in his or her studies. This is unfortunate because
students having no more background in mathematics beyond that of
second year calculus are often required by their disciplines to study such
problems. Moreover, such students can readily understand most of the
methods used in solving nonlinear problems.

During the last few years, the author has been giving a class devoted
to nonlinear methods using the least background material possible and

xiii



xiv Preface

the simplest linear techniques. This is not an easy tightrope to walk.
There are times when theorems from Lebesgue integration are required
together with theorems from functional analysis. There are times when
exact estimates for the linear problem are needed. What should one do?

My approach has been to explain the methods using the simplest
terms. After I apply the methods to the solving of problems, I then
prove them. True, I will need theorems from functional analysis and
Lebesgue integration. At such times I explain the background theorems
used. Then, the students have two options: either to believe me or to
consult the references that I provide.

This brings me to the purpose of the text. I was unable to find a
book that contained the material that I wanted to cover at the level
that I wanted it presented. Moreover, I wanted to include a concise
presentation (without proofs) of all of the background information that
was needed to understand the techniques used in the body of the text.
The writing of this book gave me the opportunity to accomplish both.
If I think the students can handle it, I do prove background material in
the body of the text. Otherwise, I explain it in four appendices in the
back of the book. This also applies to topics that require a whole course
to develop. This approach is intended to accommodate students at all
levels. If they do not wish to see proofs of background materials, they
can skip these sections. If they are familiar with functional analysis and
Lebesgue integration, they can ignore the appendices.

The purpose of the course is to teach the methods that can be used
in solving nonlinear problems. These include the contraction mapping
theorem, Picard’s theorem, the implicit function theorem, the Brouwer
degree and fixed point theorem, the Schauder fixed point theorem, the
Leray—Schauder degree, Peano’s theorem, etc. However, the student will
not appreciate any of them unless he or she observes them in action.
On the other hand, if the applications are too complicated, the student
will be bogged down in technical details that may prove to be extremely
discouraging. This is another tightrope.

What surprised me was the amount of advanced background informa-
tion that was needed to understand the methods used to attack even
the easiest of nonlinear problems. I quote in the appendices only that
material that is needed in the text. And yet, an examination of these
appendices will reveal the substantial extent of this background knowl-
edge. If we waited until the student had learned all of this, we would
not be able to cover the material in the book until the student was well
advanced. On the other hand, students with more modest backgrounds
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can understand the statements of the background theorems even though
they have not yet learned the proofs. In fact, this approach can moti-
vate such students to learn more advanced topics once they see the need
for the material. In essence, I am advocating the cart before the horse.
I want the student to appreciate the horse because it can be used to
transport all of the items in the cart.

Equipping the student with the tools mentioned above is the main
purpose of the book. Of course, one can first present a theorem and
then give some applications. Most books function this way. However, I
prefer to pose a problem and then introduce a tool that will help solve
the problem. My choice of problems could be vast, but I tried to select
those that require the least background. This outlook affected my choice:
differential equations. I found them to require the least preparation.
Moreover, most students have a familiarity with them. I picked them as
the medium in which to work. The tools are the main objects, not the
medium. True, the students do not know where they are headed, but
neither does a research scientist searching for answers. It is also true
that no matter what medium I pick, the nonlinear problems that the
students will encounter in the future will be different. But as long as
they have the basic tools, they have a decent chance of success.

I begin by posing a fairly modest nonlinear problem that would be
easy to solve in the linear case. (In fact, we do just that; we solve the
linear problem.) I then develop the tools that we use in solving it. I do
this with two things in mind. The first is to develop methods that will be
useful in solving many other nonlinear problems. The second is to show
the student why such methods are useful. At the same time I try to keep
the background knowledge needed to a minimum. In most cases the
nonlinear tools require much more demanding information concerning
the corresponding linear problem than the techniques used in solving the
linear problem itself. I have made a concerted effort to choose problems
that keep such required information to a minimum. I then vary the
problem slightly to demonstrate how the techniques work in different
situations and to introduce new tools that work when the original ones
fail.

I then introduce new problems and new techniques that are used to
solve them. The problems and techniques become progressively more dif-
ficult, but again I attempt to minimize the background material without
ignoring important major nonlinear methods. My goal is to introduce
as many nonlinear tools as time permits. I know that the students will
probably not be confronted with the problems I have introduced, but
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they will have a collection of nonlinear methods and the knowledge of
how they can be used.

In the first chapter we confront a seemingly simple problem for peri-
odic functions in one dimension and go about solving it. The approach
appears not to be related to the problem. We then fit the technique to
the problem. (It is not at all obvious that the technique will work.) The
student then sees how the techniques solve the problem. The chapter
deals with the differentiation of functionals, Fourier series, finding min-
ima of functionals and Hilbert space methods. I try to explain why each
technique is used.

In the second chapter we consider the same problem for the cases when
the functionals used in the first chapter have no minima. We begin with
a simple algebraic problem in two dimensions. I introduce methods that
can be used to solve it by producing saddle points, and then general-
ize the methods to arbitrary Hilbert spaces. We then apply them to
the original problem. The tools used include the contraction mapping
principle, Picard’s theorem in a Banach space, extensions of solutions of
differential equations in a Banach space and the sandwich theorem.

The third chapter leaves periodicity and deals with boundary value
problems. I introduce mollifiers and test functions. As expected, different
and stronger techniques are required.

The fourth chapter studies saddle points of functionals using such
properties as convexity and lower semi-continuity. Conditions are given
which produce saddle points, and these are applied to various problems.
Partial differentiation is introduced, and the implicit function theorem
is proved.

The fifth chapter discusses the calculus of variations, the Euler equa-
tions and the methods of obtaining minima. Necessary and sufficient
conditions are given for the existence of minima. Many examples are
presented.

In the sixth chapter I cover degree theory and its applications. Topics
include the Brouwer and Schauder fixed point theorems, Sard’s theorem,
Peano’s theorem and the Leray—Schauder degree. Applications are given.

The seventh chapter is devoted to constrained minima, of both the in-
tegral (iso-perimetric) and finite (point-wise) types. The Lagrange mul-
tiplier rule is proved and a more comprehensive type of differentiation
is introduced.

The eighth chapter discusses mini-max techniques and gives examples.

In the ninth chapter I present the method of solving semi-linear
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equations which are sub-linear at infinity. We solve them by relating
them to the Dancer—Fuéik spectrum.

The tenth chapter is by far the largest; it is the first to tackle prob-
lems in higher dimensions. Even so, I limit the discussions to periodic
functions. We consider spaces of distributions, Sobolev inequalities and
Sobolev spaces. As expected, a lot of preparation is needed, and the
proofs are more difficult. We generalize the one-dimensional results to
higher dimensions.

There are four appendices. The first assembles the definitions and
theorems (without proofs) from functional analysis that are needed in
the text. I was surprised that so much was required. The second ap-
pendix deals with the theorems concerning Lebesgue integration required
by the text. Again, proofs are omitted with one exception. We prove
that Carathéodory functions are measurable. This theorem is not well
known and hard to find in the literature. The third appendix describes
what is needed concerning metric spaces. The fourth shows how pseudo-
gradients can be used to strengthen some of the theorems in the text.

It is hoped that this volume will fill a need and will allow students
with modest backgrounds to tackle important nonlinear problems.
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1

Extrema

1.1 Introduction

One of the most powerful tools in dealing with nonlinear problems is
critical point theory. It originates from the fact in calculus that the
derivative of a smooth function vanishes at extreme points (maxima and
minima). In order to apply this basic reasoning, the given problem must
be converted to one in which we look for points where the derivative of a
function vanishes (i.e., critical points). This cannot always be arranged.
But when it can, one has a very useful method. The easiest situation
is when the function has extrema. We discuss this case in the present
chapter. We present a problem and convert it into the desired form. We
then give criteria that imply that extrema exist. The case when extrema
do not exist will be discussed in the next chapter.

1.2 A one dimensional problem

We now consider the problem of finding a solution of
—u"(z) + u(x) = f(z,u(z)), =€l=][0,2n, (1.1)
under the conditions
u(0) = u(2n), ' (0) = u/(2n). (1.2)

We assume that the function f(x,t) is continuous in I x R and is periodic
in « with period 2r. If u(x) is a solution, then we have

(ulavl) + (u,v) = (_uﬁ +u,v) = (f(-,u),v)
for all v € C1(I) satisfying (1.2). Here,

(u,v) = /027[ u(x)v(x) dz,

1
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CL(I) is the set of continuously differentiable periodic functions on I,
and we used the fact that no boundary terms arise in the integration by
parts. The expression

(u,v)g = (W, V') + (u,v) (1.3)
is a scalar product corresponding to the norm
luller = (/I + el )2, (1.4)

(See Appendix A for the definition of a scalar product and related terms.)
Thus, a solution of (1.1),(1.2) satisfies

(w,0)i = (f(,w),0) (1.5)

for all v € C1(I) satisfying (1.2).

As we mentioned before, our approach will be that of critical point
theory. It begins by asking the question, “Does there exist a differentiable
function G from a Hilbert space H to R such that (1.1),(1.2) is equivalent
to

G'(u) = 077 (1.6)

(See Appendix A for the definition of a Hilbert space.) The reason for the
question is that in elementary calculus it is known that a critical point
of a differentiable function does satisfy such an equation. It is therefore
hoped that one can mimic the methods of calculus to find critical points
and thus solve

G'(u) =0. (1.7)

Anyone who thinks that this should be easy is due for a rude awakening.
Actually, we are asking the following: Does there exist a mapping G from
a Hilbert space H to R such that

(a) G has an extremum at a“point” u
(b) G has a derivative at u
(€) G'(u) = —u" +u— f(z,u(z))?

(The reason we want H to be a Hilbert space will become clear as we
proceed.)
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As we shall see, none of these is easily answered. Moreover, a lot of
explaining has to be done. The motivation is clear. If g(z) is a differen-
tiable function on R and

g(a) = ming,
then it follows that
g'(a) =0.

Thus, if we can find a “function” G(v) from H to R (such a “function”
is called a “functional”) which is differentiable and satisfies

G(u) = ml}n G, (1.8)
we should be able to conclude that
G'(u) =0. (1.9)

However, we do not know what it means for a functional to be differen-
tiable. We know that

/(@) = im [g(a +h) — g(a)]/h. (110)
But if we try to use this definition for a functional, we get

G'(u) = lim [G(u +v) — G(u)]/v, (1.11)

v—0

which is ridiculous since we cannot divide by elements of a vector space.
As an alternative definition, we have

b=g'(a) < [g(a+h)—g(a) — hb]/h — 0 as h — 0. (1.12)
The corresponding statement for a functional is
w=Gu) <= [Glu+v)—Gu) —vw]/v -0 as v —0. (1.13)

This does not appear to be any better. In fact, it is worse because one
cannot multiply two elements of vector spaces. Or can one? If w is an
element of a vector space such that a “product” (v, w) can be defined
(and have whatever properties we need), we might be in business. So we
try

w=G'(u) <= [Glu+v) — Gu) — (v,w)]/v—0 as v — 0. (1.14)

But we still have the same objection as before, namely our inability to
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divide by an element of a vector space. However, there is a difference
between (1.10) and (1.12) in that we can replace (1.12) by

b=g'(a) < [g(a+ h) — g(a) — hb]/|h| — 0 as h — 0, (1.15)

while we cannot replace the denominator in (1.10) by |k|. “But what does
that gain?” you object. “We do not have absolute values of elements.”
True, but we do have a substitute which sometimes serves the same
purpose, namely the norm. Thus we can replace (1.14) by

w=G'(u) < [G(u+v) = Gu) — (v,w)]/|[v]lg — 0 as [[v]zg — 0.
(1.16)

We want the “product” (v,w) to be linear and symmetric in v and w,
and we want the derivative of G at u to be unique. So suppose w; also
satisfied (1.16). Then we would have

(v, w —w1) /||vllz — 0 as [lv]|z — 0.
If we take v = ¢h and let ¢ — 0, we find that
(hyw—w1) =0 heH.
Thus, we would like
(hyw) =0 Vhe H = w=0. (1.17)

However, this is not essential. Suppose (1.17) does not hold. If (g, h)
satisfies

then for each w € H there is a unique g € H such that
(h,w) = (h,g)u, he€H. (1.19)

To see this, note that for each fixed w, (h,w) is a bounded linear func-
tional on H (for definitions see Appendix A). We apply the Riesz repre-
sentation theorem (Theorem A.12) to obtain (1.19). This is one advan-
tage of having H be a Hilbert space; we shall see others later. Instead
of defining G'(u) to be w, we can define it to be g. This gives

(G'(u),v)g = (w,v), v€EH. (1.20)

Thus, even though w need not be unique, G’(u) is unique, as we now
show.



1.2 A one dimensional problem )

To summarize, we define the derivative as follows. If G(v) is a func-
tional defined on a Hilbert space H and there is a symmetric bilinear
form (g, h) on H satisfying (1.18) such that

[Gu+v) —Gu) — (v,w)]/||lv]lg — 0 as |lv||g — 0, veH (1.21)
holds for some u, w € H, then G’'(u) € H exists and is given by
(G'(u),v)g = (w,v), v€EH. (1.22)

This definition is independent of the bilinear form (-, ) and the element
w. By this we mean that if (-, -); is another bilinear form on H satisfying
(1.18) and w; is another element in H such that (1.21) holds with (v, w)
replaced by (v, w1)1, then

<v,w>=<v,w1>1, v e H.
To see this, we note that there are elements g, g; € H such that
(v,9)g = (v,w), (v,g1)n = (v, w1)1, veH

by the Riesz representation theorem (Theorem A.12). Then we must
have

(vag)H:(vagl)Ha ’U€H,
which implies g = g1 by taking v = g — ¢g1. Thus, we may use any conve-

nient bilinear form (-, -) as long as it satisfies (1.18).

The derivative as defined above is called the Fréchet derivative.
There are other definitions. We shall discuss some others later on.

We also note that as in the case of functions of a single variable, dif-
ferentiability implies continuity. For if G'(ug) exists, then (1.21) implies
that there is a §; > 0 such that

[G(uo +v) — G(u) — (v, G (wo))ul/ vl <1, vl < b1
Thus,
|G (uo +v) = Gluo)| < [vl|a (G (o)l + 1], vlla <ér.

Let £ >0 be given. Take 6 >0 such that §<6; and § <e&/[||G’ (wo)||m + 1]
Then |v||g < ¢ implies

|G(uo +v) = G(uo)| < [lv]|alllG"(uo)|a +1] <e.
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Continuity of the derivative is no problem to define. It is the same as
that for the functional itself. That is, G’ is continuous at u if

G'(v) = G'(u) as v — u.
As expected, we have

Lemma 1.1. If G'(u) exists and (1.8) holds, then G'(u) = 0.

Proof. By (1.8),
G(u) < Gu+v), veH.

Therefore,

— (v, G"(W)u/vla < [Gu+0v) = Gu) = (v, G"(w)u]/|v]la
— 0 as |jv]|lg — 0.
Take v = —eh. Then
(eh, G'(w)u/leh||u < [G(u—eh) — G(u) + (eh, G'(u))u]/llehl 1
—0as e—0, heH.

Consequently,
(h,G'(u))g <0, heH.
Since —h € H whenever h € H, this implies
(h,G'(u))g =0, heH.
Hence G'(u) = 0 (just take h = G’ (u)). O

Now that we know what it means for a functional to be differentiable,
we want to find a functional which will satisfy (c) above. This is not a
trivial matter. In fact, we have no logical reason to believe that such a
functional exists. But this does not deter us. We first look for a functional
such that G'(u) = —u”. At this point we will have to think seriously
about the Hilbert space H in which we will work. Since we are looking
for a solution of (1.1),(1.2), it would be natural to take H to have the
norm given by (1.4). Since we want

(v,u") = -, o)), wu,ve HNC*I), (1.23)
this suggests
(v,h) = (', h). (1.24)
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Thus, we want
[G(u+v) = G(u) = (', u)]/|vllm — 0 as [vllm — 0.
We can make use of the identity (1.23). This suggests trying
G(u) = ||v/||*, we€ H. (1.25)
It looks good because
[G(u+v) = Gu) = 20", )]/ ol = W'/ o]l — 0 as o]l — 0.
Hence we have
Theorem 1.2. If G is given by (1.25), then
(G'(u),v)g =2 (u,0"), wu,veH. (1.26)
Ifu e HNC*(I), then
(G'(u),v)g =2 (—u",v), veHNCYI). (1.27)

Note that we are off by a factor of 2, but this should not cause any
indigestion. The same procedure will give us a functional satisfying

(G'(uw),v)g =2 (u,v), wu,ve H. (1.28)

We merely take G(u) = ||u/|? in this case.

Next we turn to finding a functional G which will satisfy
(G/(U),U)H = (f(a U),U), u,v € H. (129)

Here it is not obvious how to proceed. Going back to the definition, we
want to find a functional G such that

[Gu+v) = G(u) = (v, f(;w)]/ o]l

converges to 0 as ||v|]|g — 0. It is not easy to guess what G should be,
but if we refer back to the comparison with a real valued function, we
want to find a function F(t) such that

F'(t) = f(x,t).

This would suggest that we try something of the form

G(u) = /IF(a:,u(a:))dx = (F(,u),1). (1.30)



8 FExtrema

If we now apply our definition, we want

[G(u+v) = G(u) = (v, f(-;w)]/ 0] &
= /I[F(:v,u +v) — F(z,u) —vf(z,u)]dz/||v]g. (1.31)
But

1
F(z,u+wv)— F(x,u) = /0 [dF(z,u + 6v)/db] db

1
:/ Fi(z,u+ 6v)vdb. (1.32)
0

Thus, the left-hand side of (1.31) equals

/I/O [Fy(2 0+ 00) — £z, w)vdd dz /][] .

We want this expression to converge to 0 as |[v||g — 0. This would
suggest that we take Fy(z,t) = f(z,t). Let us try

Fla,t) = /0 F(@,s) ds. (1.33)

Then the expression above is bounded in absolute value by the square
root of

// |f (2,u 4 0v) — f(z,u)|* dO du. (1.34)
1Jo

In order to proceed, we must make an assumption on f(z,t). The easiest
at the moment is that it is continuous in I x R and satisfies

|f(z,t)| <C(|t|+1), ze€l, teR, (1.35)
for some constant C. We have

Theorem 1.3. Under the above hypothesis, if G is given by (1.50), then
it satisfies (1.29).

Proof. The theorem will be proved if we can show that the expression
(1.34) converges to 0 together with ||v||g. If this were not true, there
would be a sequence {v;} C H such that ||vg||lg — 0 and

//1 |f(z,u+ 0v,) — flz,u)*dddz > e > 0. (1.36)
I1J0

Since ||v|| < |||z, we have ||ug|| — 0. Moreover by Theorem B.25, there
is a renamed subsequence (i.e., a subsequence for which we use the same
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notation) such that vg(xz) — 0 a.e. The integrand of (1.36) is majorized
by

C(lul® + |vsl* + 1),
which converges in L' (1) to
C(|u)* 4+ 1).

Moreover, the integrand converges to 0 a.e. Hence, the left-hand side
of (1.36) converges to 0 by Theorem B.24, contradicting (1.36). (See
Appendix B for the elements of Lebesgue integration.) This proves the
theorem. O

In order to solve the problem we will have to
(a) find G(u) such that
(G/(U),U)H = (U,U)H - (f(-7u),v), u,v € H. (137)

holds,
(b) show that there is a function u(x) such that G’'(u) = 0,
(c) show that u’ exists in I,
(d) show that G’(u) = 0 implies (1.1).

This is a tall order, and some of these steps are not easily carried out.

But first things first. We must decide on the space H where we will be
working. Our initial impulse is to look for a space contained in C?(I),
since (1.1) involves second order derivatives. However, the use of such a
space is not suitable for our approach since the scalar product (1.3) looks
very tempting in light of (1.37), and second derivatives do not appear in
it. One might then think that C'(I) would be suitable. It turns out that
even this is not the case because C'(I) is not complete with respect to
the norm (1.4).

“So what?” you exclaim, “Why do we need completeness?” The reason
is simple. We want to find a function u(z) which satisfies G'(u) = 0. This
means that v is a critical point of G. How do we find critical points?
In most cases in infinite dimensional spaces, this is carried out by a
limiting process, and one would like to know that this process has a
limit satisfying the desired equation. In particular, if we want to use the
scalar product (1.3), it would be very prudent on our part to use a space
which is complete with respect to the norm (1.4).
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How do we find such a space? Clearly, the norm (1.4) applies to all
u € CY(I). We also want to restrict it to functions which satisfy (1.2)
(i.e., functions that are periodic with period 2r). However, this space is
not complete with respect to this norm. The easiest thing to do is to
“complete” the space with respect to the norm (1.4). This is not a trivial
process, but it is rather straightforward. Descriptions can be found in
many textbooks. In the next section we shall accomplish this in a very
easy way. Moreover, we shall know precisely what functions are added.
We call the resulting space H.

What do we get? We allow in functions that are not in C*(I), but
possess “derivatives” in some sense (to be described later). However,
when we are dealing with such functions we can make use of the fact
that they are the limits in H of functions in C*(I). This usually suffices
for our purposes. Here we make use of the fact that C'(I) is dense in H,
but H is a Hilbert space while C(I) is not. This advantage will make
itself clear as we proceed.

1.3 The Hilbert space H

Let C(I) denote the set of continuously differentiable functions on I
satisfying (1.2). For u € C*(I) the norm of H is given by

ullF = llel® + [l (1.38)
However, if {uy} is a Cauchy sequence in H of functions in C*(I), then
luj = ukll = 0, [Juj — ugll — 0.
This means that there are functions u, h € L?(I) such that
up — u, ufy — h in L*(I). (1.39)

If H is to be complete, we must allow u to be a member of H. But it is
unclear what role the function h plays. In particular, is it unique? Does
it have any relationship to u? To help us understand this process, note
that

(up, ") = =(up,v), veCHI), (1.40)
by integration by parts. Thus in the limit,
(u,v') = —(h,v), wveCI). (1.41)



1.3 The Hilbert space H 11

Now, if u € C1(I), h € L*(I), and (1.41) holds, then h = v/ a.e. This
follows from

Lemma 1.4. C(I) is dense in L*(I).

We shall prove Lemma 1.4 a bit later. To show that h = v’ a.e., we
note that by applying integration by parts to (1.41), we have

(u' = h,v) =0, veCI).

Since C(I) is dense in L?(I), there is a sequence {v,} C C*(I) such
that

[on = (u = R)|| — 0.
Consequently,
0= (u —h,v,) — ||u' = h|*

This shows that h = u’ a.e.

Now, suppose that u € L?(I) and there is an h € L?*(I) such that
(1.41) holds. Then I claim that h is unique. For, if (1.41) also holds with
h replaced by g, then

(h—g,v) =0, veCYI).

Again, by Lemma 1.4 we see that ¢ = h a.e. Even though w is not in
C(I) and we do not know whether or not it has a derivative at any
point, we define the “weak” derivative of u to be h and denote it by «’'.
We define it this way because it behaves like a derivative with respect
to integration by parts. We have

Lemma 1.5. If H is the completion of C1(I) with respect to the norm
given by (1.38), then every function in H has a weak derivative in L?(I).

Proof. 1If {u;} is a Cauchy sequence in H of functions in C1(I), then
there are functions u, h satistying (1.39). By (1.40), we see that (1.41)
holds. Thus, h is the weak derivative of u. If {uy} is a Cauchy sequence
in H of functions in H, then there are functions u, h satisfying (1.39).
By (1.40), we see that (1.41) holds. Thus, h is the weak derivative of u.

0

Actually, we have

Theorem 1.6. If H has the norm given by (1.38) and consists of those
functions u in L?(I) which have a weak derivative in L*(I), then H is
complete.
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Proof. Let {ur} be a Cauchy sequence in H. Then there are functions
u,h € L*(I) such that (1.39) holds. Since u}, is the weak derivative of
ug, (1.40) holds. By (1.39), this implies (1.41). Consequently, u has a
weak derivative u/ in L?(I) and h = v’ a.e. This means that u € H, and

lluk — ullg — 0. (1.42)
This “completes” the proof. O

Since we want H to be complete, we are well advised to define it to
be the set described in Theorem 1.6. We state this as

Definition 1.7. We define H to be the set of those periodic functions
u € L%(I) which have weak derivatives in L*(I). By Theorem 1.6, H is
a Hilbert space with norm given by (1.38).

We started off by defining the norm of H on functions in C*(I).
However, the space C(I) is not complete with respect to this norm.
To make H complete we added periodic functions in L?(I) which have
weak derivatives in L2(I). The norm of H makes sense for such func-
tions. Then we showed that H now becomes complete. We might ask if
we made H too large, that is, did we have to add all functions having
weak derivatives in order to make H complete. Perhaps we could have
started with a set smaller than C(I) such as C*°(I), the set of infinitely
differentiable periodic functions on I, and completed it with the norm
given by (1.38). Perhaps we could have got by without adding so much.
The answer is negative as we see from

Theorem 1.8. The space C*°(I) is dense in H.

Thus, if u is any element of H, then there is a sequence {¢;} C C°°(I)
converging to u in H. If we remove u from H, the Cauchy sequence {¢y}
will not have a limit in H, and H will not be complete.

In proving Theorem 1.8 we shall make use of

Lemma 1.9. For u € L*(I), define

ar = (u, @), k=0+1,42,..., (1.43)
where
1 .
ko =0,41,42,... (1.44)
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Then

|lw — Z arei|l — 0 as n — co. (1.45)
|k|<n

Remark 1.10. The constants oy, and the functions gy are complex val-
ued. However, they satisfy

a_g =Qqr, PP_k=Pk.

Consequently, any sum of the form

Z OEPk

|k|<n

1s real valued. Recall that

(u,v) = /O " w(@)o(z) de.

Note that Lemma 1.4 is a consequence of Lemma 1.9. We shall prove
Lemma 1.9 in the next section. Now we show how it implies Theorem 1.8.

Proof. Let u be any function in H. It has a weak derivative v’ € L?(I).
Define ay, ¢ by (1.43) and (1.44). Then (1.45) holds by Lemma 1.9.
Let

Br = (', @r), k=0,%£1,%2,...

By (1.41),
Be = —(u, @}) = —(u, —ik@y) = ik(u, @r) = ikoy.
Consequently,
Brior = ikargr = agpy, k=0,£1,42,...
Thus,

|u' — Z @il = ' - Z Brprll — 0 as n — oo

Ik|<n |k|<n

by Lemma 1.9. If we define

up(z) = Z agpr, n=0,1,2,...,
kl<n

we see that wu,(x) is a real valued periodic function in C*°(I) for each
n, and it satisfies

[ = un|| = 0, o' — || — 0.
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Thus,
lu —un|lgr — 0 as n — oo.

Hence, C°°(I) is dense in H. O

Although functions in H need not be in C(I), we shall show that they
are in C'(I), the set of continuous functions on I. In fact we have

Lemma 1.11. All functions in H are in C(I), and there is a constant
K such that

lu(z)| < Klullg, x€l, ueH. (1.46)
Moreover,
u(0) = u(2r). (1.47)

More precisely, every function uw € H is almost everywhere equal to a
function in C(I). Inequality (1.46) holds for the continuous function
equal to w a.e. It holds for u if we adjust it on a set of measure zero to
make it continuous. The same is true of (1.47). Moreover, if the sequence
{ur} converges in H, then it converges uniformly on I.

Proof. First we prove inequality (1.46) for u € C*(I). We note that

[ wiomons

< / (W @)P + u(@)) dy = |ully, =2’ € 1.

We pick 2’ € I so that

|u() 2| = dy’

2nu(z')? = /Iu(y)2 dy.

This can be done by the mean value theorem for integrals. Hence,
1
< gl + < (14 52 )

This gives inequality (1.46) for u € C*(I). Now, I claim that it holds
for any u € H. To see this, let u be any function in H. Then there is a
sequence {ug(z)} of functions in C*(I) such that

luk = ullm — 0.
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By the inequality (1.46) for functions in C*(I),
uj(2) = ur ()] < Kllu; —upllu — 0, j,k— oo

This shows that {us} is a Cauchy sequence of functions in C*(I) con-
verging uniformly in I to a function @. Since they converge to u in H
(and consequently in L?(I)), they converge to both u and @ in L?(I).
Thus, we must have u = 4 a.e. Since

lug(z)] < K||lug|m,

we see in the limit that (1.46) holds. To prove (1.47), note that ug(0) =
ug(2r). Since the sequence converges uniformly, we obtain (1.47) in the
limit. O

Remark 1.12. Note that functions in L*(I) need not be defined on a
set of measure zero. Thus two functions in L(I) are considered equal if
they differ only on such a set. We shall consider a function u € L*(I) to
be in C'(I) if it is equal a.e. to a function in C(I). In particular, it can
be made continuous by changing its definition on a set of measure zero.
Any inequality it will be reputed to satisfy will be valid after this change
has been made.

What if u has a weak derivative which is continuous in I? That u is
continuously differentiable and u’ is its derivative in the usual sense
follow from

Lemma 1.13. If u has a weak derivative h which is continuous on I,
then u is differentiable at each point of I and h is the derivative of u in
the usual sense.

Proof. Since u € H and C*°(I) is dense in H (Theorem 1.8), there is a
sequence {u,} C C*°(I) such that

lun —ull =0, |lu;, —hf| — 0.
Thus,

(%) — n(0) = /0 " (.

By Lemma 1.11, u,, converges to u uniformly in I. Taking the limit, we
have

u(z) — u(0) = /Ox h(t)dt.
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This shows that wu is differentiable at each point and its derivative
equals h. O

We also have
Theorem 1.14. If f € L*(I), u € H and
(u,v)g = (f,v), veCYI), (1.48)

then v’ € H and u” = (v') = u— f. In particular, v’ is continuous in I
and is the derivative of u in the usual sense.

Proof. By (1.3), u satisfies
(W, v') = —(u— f,v), veCYI). (1.49)

This means that «’' has a weak derivative equal to u — f. Hence, v’ € H.
Thus «’ is continuous in I (Lemma 1.11). Apply Lemma 1.13. O

We also have

Theorem 1.15. [f, in addition, f is in C(I), then u" is continuous in
I, and v = u — f in the usual sense.

Proof. By Theorem 1.14, v’ has a weak derivative equal to u— f. Since u
isin H C C(I), and it is now assumed that f € C(I), we see by Lemma
1.13 that u” is the derivative of v’ in the usual sense. O

Theorem 1.16. If, in addition, f is in H, then v’ € H, u” is contin-
wous in I, v’ =wu— f in the usual sense and (v') =u' — f'.

Proof. Suppose v € C%(I). By (1.49),
(', v") = —(u— f,0).
Since v’ € H and u — f € H, this equals
(W' v") = (" — fv). (1.50)

Thus, (1.50) holds for all v € C?(I). Now suppose v is only in C1(I).
Then there is a sequence {vg} C C*°(I) such that

[or = vllz — 0
(Theorem 1.8). Thus,
llok = vl = 0, [log, =" = 0.
Since

(u”,vp) = —(u' = ', vk)
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for each k, we see that (1.50) holds in the limit. Thus (1.50) holds for
all v € C'(I). This means that v” € H, that u” is continuous, that
u” =wu — f in the usual sense, and that (u”) =u" — f’. O

1.4 Fourier series

In this section we give the proof of Lemma 1.9. In order to prove it, we
shall need

Lemma 1.17. If f(z) is continuous in I and
(f.@x) =0, k=0,+1,+2 ..., (1.51)

then f(x) =0 in I.
Before we prove Lemma 1.17, we note that a consequence is

Corollary 1.18. If f(z) is continuous in I and

(f,or) =0, k#0, (1.52)
then f(x) is constant in I.

Proof. Let

0= (@) de,
and take g(x) = f(x) — (ao/v/2x). Then

Br = (9, @x) = (f @r) — (a0 V/2r) /02“% dr =0
for k # 0. Moreover,
Bo = (9,1)/v2r = ag — ap = 0.
Thus, g(x) = 0 by Lemma 1.17. Hence, f(z) = ag/+/2n. O
Another consequence is
Theorem 1.19. If f € L(I) satisfies (1.51), then f(z) =0 a.e.in I.

Proof. Define

Flz) = /0 " r)at. (1.53)
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Then F(x) is continuous in I (Theorem B.36), and F(2r) = v/2nay =
0 = F(0). Hence F is periodic in I. Let

= (F, @), k=0,£1,£2,...
Then
i = (F, e [\/2m) = (F, (e~ /V/2r)' /(—ik))
= — (F',¢r)/(—ik) = (f,¢x)/ik =0

for k # 0. Hence, F(xz) = constant by Corollary 1.18. Consequently,
f(z)=F'(z)=0. O

We can now give the proof of Lemma 1.9.

Proof. Let

up(x) = Z QR PE-

|k|<n

Since

1 2n o 0 #k
A = i(j—k)x Y y J )
(o) =g [ @0 == { ]

) j = k7
we have
lu = w1 = lfull® = 2(u, wn) + [lun > = Jul* =2 > Jax? + > ol
|k|<n |k|<n
= Jlull® = > lowl*.
|k|<n
Consequently,
> lawl? < flul®.
[k|<n
Since this is true for every n, we have
oo
D lawl? < fluf®. (1.54)
k=—oc0
Moreover, if m < n, then
[t — um||® = Z loa]?> = 0 asmn — oo.

m<|k|<n
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Hence, {u,} is a Cauchy sequence in L?(I). It converges in L*(I) to a
function @. Let

ap = (U, pr), k=0,£1,+2,...
Then,

ay = (lim un,@p) = lim ( > e @) = Jim > (e, @r) = .
il ljl<n

Let f = @ —u. Then f satisfies (1.51). It follows from Theorem 1.19 that
f=0. Thus u = @ a.e., and (1.45) holds. O

It remains to give the proof of Lemma 1.17.

Proof. Assume that there is a point z¢ € I such that f(xo) > 0. (If
f(zo) < 0, replace f with —f). Thus, there are positive constants e,
such that

flx)>e, |z —xzo| <6 (1.55)
Let
w(z) = %. (1.56)
We note that
wp(x) >0, zel, (1.57)
and
/Iwn(a:) dx = 1. (1.58)
Moreover,

wn(l') = Cn(l — COS l‘)n = dn(2 _ eif _ e*im)n'

Thus w, (x) is periodic in = and is a linear combination of the functions
©k, |k| < n. Consequently (1.51) implies

/If(x)wn(x—i-n—zo)dx:O. (1.59)

Now, it follows from (1.56) that

sin®*[(r — 6)/2]
= 6sin®[(x —6/2)/2]

wp(z |z — x| > 6,
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since
-+ (6/2)
/ sin®(x/2) dx < /sin2"(:c/2) dx.
n—(6/2) I
Let
_ sin®[(n—6)/2]
~ sin?[(n—6/2)/2]
Then 6 < 1, and

wp(z) <07/, |x—n| >0

Hence,
wp(r+nr—x9) <O"/6, |z — 30| > 6. (1.60)
Thus,
xo+6
/f(ac)wn(:cqtnfxo)dx:/ +/
I zo—06 |x—xzo|>6
To+6
26/ wy(x + 71— x0)dr — 2r0" M/
:Dof(s
> E/wn(x +n—xg)dx —2r0" (M +¢)/6
I
=¢c— 20" (M +¢)/é, (1.61)
where
M = mjax|f(x)|.
Since 6 < 1, we can take n so large that the right-hand side of (1.61) is
positive. This contradicts (1.59), and the proof follows. O
1.5 Finding a functional

At this point we want to weaken the assumptions on the function f(z,1t).
We may have to add to these assumptions from time to time, but such
is life. To begin, we assume that f(z,t) is a “Carathéodory” function on
I xR. This means that f(z,t) is a measurable function of z in I for each
t € R, and it is a continuous function of ¢ in R for almost every = € I.
We assume that for each R € R there is a constant C'g such that

|f(z,t)| < Cr, zel, teR, || <R (1.62)
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This assumption is used to carry out step (a) in our procedure. Based
on our previous experience, we try

2n

mw=%wm—()meme (1.63)

as our first candidate, where

F(;l:,t)—/o f(z,s)ds. (1.64)

First we must check that G(u) is defined for each v € H. For this
purpose, we use Lemma 1.11. Note that (1.62) implies

|F(z,t)| < RCr, teR, |t|<R. (1.65)
If u € H, we have by (1.46) that
(e, u(e))] < Kllullu < C".

Note that F(z,t) is also a “Carathéodory” function on I x R. We shall
show that F(z,u(x)) is measurable on I for each u € C(I) (Theorem
B.38). Since it is majorized by a constant and I is a bounded interval,
we see that the integral in (1.63) exists (Theorem B.24). Thus, G(u) is
defined on H.

Next, we calculate the derivative of G. We have

Glu+v) ~ Glu) = g+ ol — ullfy)
_/0 "[F(x,u +v) — F(z,u)] dx

1
= 5 (lullfr + 20w v} + ollf = llul?)

2n 1 d
—/0 /0 @F(x,u+9v)d9dx

1 2n 1
= (u7v)H+§HU||%I—/ / f(z,u+ 6v)vdlde.
o Jo
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Hence,

2n

[G(u+v) — G(u)] — (u,v)g + flx,u)vdx

0
2n 1
= %”U”%I —/0 /0 [f(z,u+ 6v) — f(z,u)]vddz.

The derivative will exist if we can show that the expression (1.34) con-
verges to 0 together with ||v||z. If this were not true, there would be a
sequence {vg} C H such that ||vg||z — 0 and

1
// |f(2,u+ Ovy) — f(z,u)>d0 dz > ¢ > 0. (1.66)
1Jo

By Lemma 1.11, vg(x) — 0 uniformly on I. Thus, v + vy — u uni-
formly on I. Consequently, the integrand of (1.66) converges to 0 a.e.
The integrand of (1.66) is majorized by constants depending on the H
norms of u + Av and wu. Since these norms are bounded, the integrand
is majorized by a constant. Since the integrand converges to 0 a.e., this
implies that the integral converges to 0 (Theorem B.18). Consequently,
the derivative of G satisfies (1.37).

Next, we note that the derivative of G is continuous on H. To see this,
suppose that ||ug — ullg — 0. Then

(Gmw—GmmmH:u%fmmH—/wmmw—ﬂamwm.

I
Thus,

(G (ur) = G'(u),v)m| < |lux — ullgllvllg + [lvlla

« /I|f(x,uk) ~ flz,u)| da.

By Lemma 1.11, u(z) — w(z) uniformly in I. Consequently, | f(x, uy) —
f(z,u)| — 0 a.e. in I. Moreover, it is majorized by constants depend-
ing on the norms ||ug| g, ||u||z, which are bounded. Thus, the integral
converges to 0. Now, we have by Corollary A.16

sup {|(G'(ux) — G'(u), v)ul/|[v]lm}

veH

< =l + [ 176w = fa )] do — 0.

1G" (uk) = G (u)l|

A

This shows that G'(u) is continuous on H. Thus we have proved
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Theorem 1.20. If f(x,t) satisfies (1.62), then G(u) given by (1.63) is
continuously differentiable and satisfies (1.87).

1.6 Finding a minimum, I

The next step is to find a u € H such that G’(u) = 0. The simplest
situation is when G(u) has an extremum. We now give a condition on
f(z,t) that will guarantee that G(u) has a minimum on H. We assume
that there is a function W (x) € L*(I) such that

~W(x) <V(x,t) =t* —2F(x,t) — 0o a.e. as |t| — oo. (1.67)
We shall need
Lemma 1.21. If a sequence satisfies
pr = uklla < C, (1.68)

then there are a renamed subsequence (i.e., a subsequence for which we
use the same notation) and a ug € H such that

up — ug in H (1.69)
and
uk(x) — up(z) uniformly in 1. (1.70)
We shall prove Lemma 1.21 at the end of this section.

Remark 1.22. The symbol “—7 signifies weak convergence (cf. Ap-
pendiz A). In the case of (1.69) it means that

(ug —up,v)g — 0, wveH.

We let N be the subspace of constant functions in H. It is of dimension
one. Let M be the subspace of those functions in H which are orthogonal
to IV, that is, functions w € H which satisfy

(w,)g = /w(x) dx = 0.
I
‘We shall also need
Jw|| <[], we M, (1.71)

and
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Lemma 1.23. If w is in M and ||w|| = ||w'||, then

w(z) = acosx + bsinx (1.72)
for some constants a,b.

We shall also prove these at the end of the section. Now we show how
they can be used to give

Theorem 1.24. Under hypothesis (1.67) there is a u in H such that
G(u) = Hgn G.
Moreover, if f(x,t) is continuous in both variables, any such minimum
is a solution of (1.1),(1.2) in the usual sense.
Proof. Let
o= i%f G,
and let {uy} be a minimizing sequence, that is, a sequence satisfying
G(uk) \, a.
Assume first that
pe = lluellez < C.
Then, by Lemma 1.21, there is a renamed subsequence such that
up — up in H (1.73)
and
ug(z) — up(z) uniformly in I. (1.74)
Then

/IF(m,uk)da: = /IF(x,uo)dx

by arguments given previously. Since

ool = Wose 3 — 2(Fus — ol ) — s, — wolly,
we have
1
Gluo) < gl — (s = uol wo)ss — [ Pl uo)is
I

ZGWH—@WW®WM+£WWW%%WWMM
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Thus
G(up) < a.
Since ug € H, o < G(ugp). Consequently, o < G(up) < «, from which
we conclude that G(ug) = a.
For each u € H we may write
uUu=w-+v,
where w € M and v € N. We have
2G (u) = ||w'|]* + /I V(z,u)dx > %Hw”% - /IW(LL‘) dx (1.75)
by (1.67) and (1.71). From this we see that if {ux} is a minimizing
sequence for GG, then we must have
w(2)] < Cllwgllg <C', wel
by Lemma 1.11. But then we have
lu ()] = Jvk| = w(2)] = ok = €', @ €1,
Thus, the only way we can have ||ug| g — oo is if
lug(x)] — 00, =z €l

But then,
/V(x,uk(x))dx —ooask — o0
I

by (1.67), and this implies
G(ug) — o0

by (1.75). But this is impossible for a minimizing sequence. Hence, a
minimizing sequence must satisfy (1.68). Thus, the py are bounded, and
the proof of the first statement is complete.

To prove the second statement, note that G'(u) = 0. Consequently,
(u,v)H—(f(',u),v):O, vEH.

Since u € H, it is continuous in I (Lemma 1.11). If f(z,t) is continuous
in both variables, f(z,u(z)) is continuous in I. Thus, u” = u — f(x,u)
by Theorem 1.15, and consequently u has a continuous second derivative
and is a solution of (1.1),(1.2) in the usual sense. O
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It remains to prove Lemmas 1.21, 1.23 together with (1.71). Lemma 1.21
follows from a theorem in functional analysis (Theorem A.61) and the
following two lemmas.

Lemma 1.25. Ifu € H, then

lu(z) —u(z)| < |z — 22|, =2 el.

/ u' (y)*dy

If u € H, there is a sequence {uy} C C'(I) such that ||uy — ul|g — 0.
Thus,

Proof. Assume first that « € C*(I). Then

T x
/U’(y)dy’§ / dy
x! x/

< o —a'[V2]u].

1/2 1/2

|u(z) —u(z')] =

Jun (@) = wr(@”)] < o — |2 ui .

The wuy, converge to w uniformly (Lemma 1.11). Taking the limit, we
obtain the desired inequality. 1

Lemma 1.26. If{ux} C H and |lug||z < C, then there is a subsequence
which converges uniformly on I.

Proof. By Lemmas 1.11 and 1.25, we have
lup(x)| <K', zel,
and
lup (z) — ug(2)| < K"|z —2'|V/?, z,2' el

Thus, the sequence {u} is uniformly bounded on I and equicontinu-
ous there. The conclusion now follows from the Arzela—Ascoli theorem
(Theorem C.6). O

Now we can prove Lemma 1.21.

Proof. From Lemma 1.26 we see that there is a renamed subsequence
converging uniformly to a function g € C'(I). Moreover, by a theorem in
functional analysis (Theorem A.61), there is a renamed subsequence of
this subsequence such that

(ug,v) — (uo,v), (uf,v) — (h,v), wve L*I),
where ug, h € L*(I). Now

(ug,v") = —(uf,v), veCI).
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Consequently,
('LLO7U) = —(h,U), vE Cl(I)

Thus, h is the weak derivative of wg, and ug € H (Definition 1.7). This
means that

(uk,v)g — (uo,v)g, v € H.
Moreover,
(g,v) — (ur,v) = (uo,v), v e L*(I).
Consequently,
(uo — g,v) =0, wve L*I).
This implies ||ug — 9||2 = 0, showing that ug = g a.e. The proof is com-
plete. 0

It now remains to prove (1.71) and Lemma 1.23. We prove them together.

Proof. By Lemma 1.9

o0

[ = lim | > arprl? = lim SlarlP= D Jexl?,  (1.76)

|k|<n |k|<n k=—o00

where the ay, @) are given by (1.43) and (1.44), respectively. For the
same reason,

o0 o0

lu'[|? = Jim || > Beerl? = Z 1Bel* = Z Eag|?,  (1.77)

|k|<n k=—o00 k=—o00

where O = (v, ¢x) = tkay. If u € M, then oy = 0. Hence,

lal® = lol® < Y7 kP lawl® = o',

k0

which is (1.71). Moreover, if the two are equal, then
1[I = Jlul® = Y (K = D]ew* = 0.
Hence, oy, = 0 if |k| # 1. This means that
u= (1 +a_1e7")/v/2rn = acosz + bsinx,

and the proof is complete. O



28 Extrema

1.7 Finding a minimum, II

It is still possible to show that G(u) attains a minimum even when
F(z,t) does not satisfy (1.67). Now we assume that

|f(z,t)| <C(t|+1), zel, teR, and (1.78)
2F (x,t)/t* — B(x) a.e. as |t| — oo,
where

B(z) <1, B(z) # 1. (1.79)
We now have

Theorem 1.27. Under hypotheses (1.78), (1.79) there is a u in H such
that

G(u) = minG.
H
Moreover, if f(x,t) is continuous in both variables, any such minimum
is a solution of (1.1),(1.2) in the usual sense.

Proof. First, we note that (1.78) implies (1.62). Thus, the functional
given by (1.63) has a continuous derivative satisfying (1.37) (Theorem
1.20). Let

a=infG.
H
(As far as we know now, we can have @« = —00.) Let {u} be a minimizing
sequence, that is, a sequence satisfying
G(ux) — a.

Assume first that
pr = llugln < C.
Then we can conclude, as we did in the proof of Theorem 1.24, that
G(up) = a.
Next, assume that
pre = llukllz — oo,

and let 4y = uk/pr. Then ||ax||g = 1, and there is a renamed subse-
quence such that

iy — 0 in H (1.80)
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and

tg(z) — a(z) uniformly in [ (1.81)
(Lemma 1.21). Now,

F
2G(ug)/pt =1 — Q/M . 43 dx.
I U
Let ©; be the set of points € I such that |ug(z)] — oo, and let
Q3 be the set of points « € I such that |ux(x)| is bounded. Let Q3 =

I \ (Ql U Qz) On Ql we have by (178)

2F (z,up(x))

up(x)2 ar(z)? — B(z)i(z)” ae. (1.82)

On Q9 we have uy(x) = ug(x)/pr — 0, and, consequently, @(z) = 0. In
this case,
2F (z,u(x))

ug(x)?

2F (z,ug(x))

— 0= i(x)? a.e.
p% B(x)a(x)® ae.,

ap(2)? =
and (1.82) holds as well. If x € (3, there are subsequences for which
|ug(z)] — oo and subsequences for which |ug(z)| is bounded. For the
former (1.82) holds, and for the latter it holds as well since @(x) = 0.
Hence, (1.82) holds a.e.on the whole of I. Moreover,

, _
| un)| <|Uk| n |“_k> —C (|ak|2 + |“_k> <Cae. (1.83)
Pk

i s -

by (1.78). Thus, by the Lebesgue dominated convergence theorem (The-
orem B.18)

Z/IF(x,uk)/pk dxﬁ‘/jﬂ(x)ﬂ(x) dzx. (1.84)
Hence,
26 (ur) o} — 1 - / B(2)i(x)? da
= (1= llaliF) + @] + /[1 = B()]a(w)* dz
I
=A+B+C.

Since ||@]lg < 1 and f(z) < 1, the quantities A, B,C are each > 0.
The only way the sum can equal 0, is if each equals 0. If B = 0, then
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@'(z) = 0. Thus @(z) = constant and |||y = ||g|. If A = 0, then

l#]] = 1. Thus, @ is a nonvanishing constant. If C' = 0, then

/1[1 — B(x)]dx = 0.

Consequently,
G(ug) — oo.

But this is impossible since {uy} is a minimizing sequence. Thus, the
pr are bounded, and the proof of the first statement is complete. The
second statement follows as in the proof of Theorem 1.24. 1

1.8 A slight improvement

We now give a slight improvement of Theorem 1.27. Now we assume

that f(x,t) is a Carathéodory function satisfying (1.62) and

F(x,t)/t* <W(z) € L(I), |t| > 1, and limsup2F(z,t)/t* < B(x) a.e.,
|t]—o0

(1.85)

where
B(r) <1, B(x) # 1. (1.86)
‘We now have

Theorem 1.28. Under hypotheses (1.85), (1.86) there is a u in H such
that

G(u) = Ir}}nG.

Moreover, if f(x,t) is continuous in both variables, any such minimum
is a solution of (1.1),(1.2) in the usual sense.

Proof. First, we note that the functional given by (1.63) has a continuous
derivative satisfying (1.37) (Theorem 1.20). Let

a=infG.
H

(As far as we know now, we can have & = —o0.) Let {u} be a minimizing
sequence, that is, a sequence satisfying

G(ug) — a.
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Assume first that
ok = llulle < C.

Then we can conclude, as we did in the proof of Theorem 1.24, that

G(ug) = a.
Next, assume that

pr = |lukllg — oo,

and let 4x = ug/pr. Then ||tg||g = 1, and there is a renamed subse-
quence such that

i — 0 in H (1.87)

and

tg(z) — @(x) uniformly in I (1.88)
(Lemma 1.21). Now,

F
26 (w) /g = 1 -2 / Flou) g2 gy
I Uy,

Let ©; be the set of points « € I such that |ug(z)] — oo, and let
Q3 be the set of points « € I such that |ux(x)| is bounded. Let Q3 =
I\ (€21 UQs). On Q) we have by (1.85)

2F
limsup 22 & 4(2))
k—oo U (iC)

g (x)” < B(x)a(z)?. (1.89)

On Q9 we have ay(x) = ug(x)/pr — 0, and, consequently, @(z) = 0. In
this case,

2F (2, up(2)) - o 2F(z,up(x)) o2

_ = O =

ur(z)? ty () 72 - B(x)u(x)*,

and (1.89) holds as well. If z € 23, there are subsequences for which
|ug(z)] — oo and subsequences for which |ug(z)| is bounded. For the
former (1.89) holds, and for the latter it holds as well since @(x) = 0.
Hence, (1.89) holds a.e.on the whole of I. Thus, by Theorem B.17

lim sup 2 /1 Fla,ur)/p2 dz < /I B(x)i(x)2de.  (1.90)

k—oo
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Hence,
likminf 2G (uy)/ps > 1 — /B(x)ﬂ(x)Qdm

=a—nwm+MMP+ﬁu—mmMWPw
=A+B+C.

‘We now follow the proof of Theorem 1.27 to reach the desired conclusion.
O

1.9 Finding a minimum, ITI

Here we show that one can obtain solutions of (1.1),(1.2) which minimize
the functional (1.63) without making assumption (1.67) or assumptions
(1.78) and (1.79), provided that the function F(z,t) is concave in t. We
call a function g(¢) on R convex if

g((1—68)s+6t) < (1—-06)g(s)+0g(t), s,teR, 0<6<1. (1.91)
It is called concave if —g(t) is convex. We shall need
Lemma 1.29. If g(t) € C(R) is convex on R, then

9() > g(s) + g’ ()t — 5). (1.92)
Proof. From (1.91) we see that

g(s +0(t —s)) —g(s)
0t —s)

Letting § — 0, we obtain

g'(s)(t—s) < g(t) — g(s).

(t—s)<g(t)—g(s).

We can now state

Theorem 1.30. Assume that f(x,t) satisfies (1.62) and that F(z,t) is
concave in t for each x € I. Then G(u) given by (1.63) has a minimum
on H.

Proof. First we note that

F(z,t) < F(z,0) + f(z,0)t = f(z,0)t, ze€l,teR
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by Lemma 1.29. Thus,

F(z,t) < Cylt], teR
by (1.62). This implies that

1
Glw) = gully — [ f@.0)ula) da
1
> Slully —ellul, weH (1.93)

by Lemma 1.29. Let {ux} C H be a minimizing sequence for G(u), that
is, a sequence such that

Guk) \a= i%f G.
Since G(ux) < K and
Gur) > urlzy = exlluxl),

we see that the ||ug|| ; are bounded. We now follow the proof of Theorem
1.24 to arrive at the desired conclusions. O

1.10 The linear problem

You may be curious about the linear problem corresponding to (1.1),
(1.2), namely

—u"(z) +u(x) = f(z), z€l=]|0,2n], (1.94)
under the conditions
u(0) = u(2n), v’ (0) = u/(2n), (1.95)

where the function f(z) is continuous in I and is periodic in = with
period 2r. After a substantial calculation one finds that there is a unique
solution given by

(@) = Ae® + Be~" + / sinh(t — 2) £(£) dt, (1.96)
0
where
621|: 2n .
24 = 62_1/0 et F(t) dt (1.97)
and

6721{ 2n
2B = ———— ¢ . 1.
< /O oL (1.98)
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Can this solution be used to solve (1.1), (1.2)? It can be if f(z,t) is
bounded for all  and ¢. For then we can define

Tu(z) = A(u)e® + B(u)e™™ + /Ox sinh(t — z) f(¢, u(t)) dt, (1.99)

where
2A(u) = e;% - / "ot F(t,u(t)) dt (1.100)
- 0
and
6727[ 2n
2B(u) = W/o el f(t, (u(t)) dt. (1.101)

Then a solution of (1.1),(1.2) will exist if we can find a function wu(x)
such that

Tu(z) =u(zr), =xzel. (1.102)

Such a function is called a fixed point of the operator 7. In Chapter 6
we shall study techniques for obtaining fixed points of operators in vari-
ous spaces. In the present case, one can show that there is indeed a fixed
point for the operator T" when f(z,t) is bounded.

It is also of interest to note that the linear problem (1.94),(1.95) can
be solved easily by the Hilbert space techniques of this chapter. To see
this note that

Fv=(v,f), veH (1.103)

is a bounded linear functional on H (see Appendix A). By the Riesz
representation theorem (Theorem A.12), there is an element u € H such
that

Fv=(v,u)g, veH.
Hence,
(u,v)g = (f,v), veH. (1.104)

Since f is continuous, Theorem 1.15 tells us that «” is continuous in I
and satisfies u” = u — f.

Note that u satisfies

ul(2n) = ul(O)
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as well as u(2rn) = u(0). To see this, recall that (1.104) implies
(u,v) + (v, 0) = (f,v), veEH,

which in turn says,

/0 2"[u'(x)v(z)]'dx = (u",v) + (u',0)
= (u— f,0) + (f,v) — (u,v) =0, veH.
Thus
u/(2n)v(2r) — ' (0)v(0) =0, v € H.
Since v(2r) = v(0) for all v € H, we have
[/ (2n) — o/ (0)]u(0) =0, v € H.

We now merely take v(0) = u/(2r) — u/(0) to obtain the result.

All of this illustrates how much easier it is to be linear (straight).

1.11 Nontrivial solutions

Theorems 1.24, 1.27, and 1.30 guarantee us that a solution of (1.1),(1.2)
exists, but as far as we know the solution may be identically 0. Such
a solution is called “trivial” because it usually has no significance in
applications. If f(x,0) = 0, we know that u = 0 is a solution of (1.1),(1.2)
and any method of solving it is an exercise in futility unless we know
that the solution we get is not trivial. On the other hand, if f(x,0) # 0,
then we do not have to worry about trivial solutions. We now consider
the problem of insuring that the solutions provided by Theorems 1.24,
1.27, and 1.30 are indeed nontrivial even when f(x,0) = 0. We have

Theorem 1.31. In addition to the hypotheses of Theorems 1.24, 1.27,
or 1.30 assume that there is a tg € R such that

/F(m,to) dx > nt?. (1.105)
I

Then the solutions of (1.1),(1.2) provided by these theorems are non-
trivial.

Proof. We show that the minima « provided by Theorems 1.24, 1.27,
and 1.30 are negative. If this is the case, then the solution ug satisfies



36 Extrema

G(up) < 0. But G(0) = 0. This shows that ug # 0. To prove that a < 0,
let v = tg. Then

2G(v) = |Jv||3 — 2/F(x,v) dr = 2nt? — 2/F(x,t0) dx <0
I I

by (1.105). Hence a < 0, and the proof is complete. O

Another question we can ask is if the solutions obtained by our theorems
are constants. In answer to this we have

Theorem 1.32. In addition to the hypotheses of Theorems 1.24, 1.27,
or 1.30 assume that for each t € R

f(z,t) # constant. (1.106)

Then the solutions of (1.1),(1.2) provided by these theorems are noncon-
stant.

Proof. If w € N and v € M, then

(G'(u),v)/Qz(u,v)H—/If(x,u)vdx:—/If(a:,t)vdm,

where u(z) = t. By (1.106), f(z,t) € N. Hence, there is a v € M such
that

(G’(u),v)/2:f/jf(x,t)vdx#O.

Therefore, we cannot have G'(u) = 0 for u € N. O

1.12 Approximate extrema

We now give a very useful method of finding points which are close to
being extremum points even when no extremum exists. The following
theorem is due to Ekeland.

Theorem 1.33. Let M be a complete metric space and let G(u) be a
lower semi-continuous (l.s.c.) functional on M. This means that up, — u
in M implies

G(u) < liminf G(ug).
Assume that

inf G > —o0.
M
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Then for everye >0, C' >0, y € M satisfying
G(y) §i]r\1/[fG+6, (1.107)
there is a z € M satisfying
G(z)+ Cd(z,y) < G(y) (1.108)
and
G(z) < G(u) + Cd(z,u), weM, u#z. (1.109)

Proof. Fix C > 0, and let
Gs(r)=G(r)+ Cd(r,s), r,s€ M,

and write r < s if G4(r) < G(s). Note that r < r since G,(r) = G(r),

and
r<s, s<t=r=<t,
Gs(r) < G(s), Gils) <G(1)
imply
G(r) + Cd(r,s) < G(s), G(s) + Cd(s,t) < G(t).
Hence,
Gi(r) = G(r) + Cd(r,t) < G(r) + Cd(r,s) + Cd(s, 1)

= Gy(r) + Cd(s,t) < G(s) + Cd(s,t)

= Gi(s) < G(1).
Let

I,={reM:r=<s}.

Then I, is closed, since r, € I, r, — r implies

G,(s) = G(r) + Cd(r, s) < liminf{G(ry) + Cd(rk,s)} < G(s).

Let €,y satisfy (1.107), and let Sy = I,,. Pick 29 € Sp such that
G(Zo) <inf G+ 2.
So
Set S1 = I,,, and pick z; € S; such that
G(z1) < inf G + 1.
S1
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Inductively, pick z, € S, = I, , such that

1

1
G(zp) <inf G+ —,
n n
and set S,41 = I, . Since 2z, € S, = I, ,, we have 2z, < z,_1. If
u € Sy, then u < 2,1 < zp_2. Thus, u € S,,_1. This means that
Sp C Sn—1. Hence, if u € S,,41, then

<Gu)+ l

n

G, (u) = G(u) + Cd(u, z,) < G(z,) < iélfG +

n

S|

In particular, this implies that

1
d n) < —.
(u, 2 )_C’n

Since u was any element of S;, 11, we see that the diameter of S, is
< 2/Cn — 0. We therefore have a nested sequence of closed sets whose
diameters converge to 0. Consequently there is a unique

ZGS:ﬁSn

n=0

(Theorem C.5). Since z € Sy = I, we have z < y, that is, (1.108) holds.
If w < z, then u < z, for every n, since z < z, for every n. Hence,
u € S, for every n. Thus, u € S. But the only element in S is z. Hence
u = z. If u # 2z then u £ z. This means that G,(u) > G(z). This is the
same as (1.109). O

Corollary 1.34. Let G € C'(H,R), where H is a Hilbert space. Assume
that

infG > —o0.

H
Then for every e >0, y € H satisfying

G(y) < i%fG + €2,
there is a w € H such that
G(u) <G(y), lu—yll <e, [|G'W)] <e. (1.110)
Proof. By Theorem 1.33 there is a u € H such that
G(u) +ellu—yll < Gly)

and

Glu) < Gw) +e|lu—w|, w#u.
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Thus, G(u) < G(y) and
G(u) +ellu—yl| < Gy) < i%fG +e2 < G(u) + €2

Thus, ||lu—y|| < e. To prove the last inequality, let v be any fixed element
of H, and take w = u + tv. Then we have

G(u) < G(u + tv) + ¢l|tv]|.
Now, since the Fréchet derivative of G exists, it satisfies
(G'(u),v) = lIm[G(u + tv) = G(w)]/t > —¢]v]].
Take v = —G’(u). This gives
I W) < |G W,
and the corollary is proved. ([
We also have

Corollary 1.35. Let G € C1(H,R), where H is a Hilbert space. Assume
that

a=1inf G > —c0c.
H

Then there is a sequence such that

Gug) — a, G'(ug) — 0. (1.111)
Proof. For each positive integer k there is an element ¥y, € H such that
1
Gyr) <a+ R
By Corollary 1.34, there is a u, € H such that

1

Glur) < Glyr), G (we)]l < 7
This gives the required sequence. (I

In the next chapter, we shall give another proof of Corollary 1.35 based
on Theorem 2.5. That proof will be simpler than the one given here.
Remark 1.36. A sequence satisfying

G(ug) — ¢, G'(ug) —0. (1.112)

1s called a Palais—Smale sequence or PS sequence. Notice that
Corollary 1.35 does not obtain a minimum for the functional G on H.
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However, if it turns out that the PS sequence has a convergent sub-
sequence, then indeed we obtain a minimum for G and a solution of

(1.1),(1.2).

1.13 The Palais—Smale condition

Under the hypotheses of Corollary 1.35 we obtained the PS sequence
(1.111). If a functional is such that every PS sequence has a convergent
subsequence, we say that is satisfies the Palais—Smale condition or
PS condition. In this section we allow f(z,t) to satisfy (1.62), and give
sufficient conditions which will guarantee that the PS condition holds
for G(u) given by (1.63). We have

Theorem 1.37. If there are constants p > 2, C' such that

H,(z,t) == pF(z,t) — tf(z,t) < C(t* +1) (1.113)
and
limsup H,,(z,t)/t* <0, (1.114)
|t] — o0

then (1.112) implies that {ux} has a convergent subsequence which con-
verges to a solution of (1.1),(1.2).

Proof. If (1.112) holds, then

G(u) zpz—Z/F(x,uk)dch (1.115)
I
and
(G"(ug), ur)g = 2/’% = 2(f(, ur), ur) = o(pr), (1.116)
where pp = ||ug||g. Assume that pp — oo, and let 4y = ug/pg. Since

|l@g||zr = 1, there is a renamed subsequence such that (1.80) and (1.81)
hold (Lemma 1.21). By (1.115) and (1.116)

2F
/7(9”2; U) 32 4 1
1

Uy,

and
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Thus,

/H”(xz’uk)ﬂﬁdx:/'uF(x’uk) fukf(x,uk)aidx_) lu_ L
I U, I 2

p)
U,

But by hypothesis (1.114),

H, F _
lim sup Mﬂi = lim sup uE(z, ur) 2ukf(x’ uk)ﬂi <0.
U, Uy

This is obvious if |ug| — co. Otherwise, we use the fact that @, — 0.
Moreover,

Hylus) o o) —wef o) g ¥ o
U, Ui, k
Note that if ﬂ% < 1, then the right-hand side is
24+1 1
<cUil oo+ )<,
Pk Pk
while otherwise it is
1
<C(1+ —)a; <2Cu; < C.
Uj,

By Theorem B.17, this implies that % u—1 <0, contrary to assumption.
Hence, the pi are bounded. Consequently, we can conclude that there is
a renamed subsequence satisfying (1.73),(1.74). Then

/IF(x,uk)dx — /IF(a:,uo)da:.
Therefore, (1.112) implies
(uo, v)ir = (f(uo),v) =0, wveH,
which means that ug is a solution of (1.1),(1.2) and satisfies
[uoll? — (f(uo), uo) = 0.
Moreover, by (1.112),

lurll7r = (f (ur), ur) + o(1) = (f (uo), uo) = [luoll7,

showing that uj converges to uy in H. Hence, the PS condition holds,
and the proof is complete. O

As a consequence we have
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Theorem 1.38. Under hypotheses (1.62),(1.113), and (1.114), if
2F(z,t) <t* +W(z), ze€l, teR, (1.117)

where W (z) € L*(I), then the functional (1.63) has a minimum on H
providing a solution of (1.1),(1.2).

Proof. We have

2/F(aj,u) dx < ||u|)® + B,
I

where
B= /IW(;E) dx.
Thus,
2G(u) 2 |lullf; —llull* = B = [lu'|* — B > -B.
Consequently,

a=infG > —occ.
H

From Corollary 1.35 we conclude that there is a PS sequence satisfying
(1.111). We can now apply Theorem 1.37 to reach the desired conclusion.
O

1.14 Exercises
1. Show that

(U/, Ul) + (u7 U) = (_u/, +u, ’U) = (f() U), U)
holds for all v € C1(I) satisfying (1.2).

2. Prove (1.15) and show that we cannot replace the denominator in
(1.10) by |A].

3. If (g, h) satisfies (1.18), show that for each w € H there is a unique
g € H such that (1.19) holds.

4. If
Gu) = [[u'*, weH, (1.118)
show that

[Gu+v) = Gu) = 20", )]/l = [/ |[v]ir — 0 as [lv]lz — 0.
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11.

12.

13.
14.
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. Prove Theorem 1.2.

. Verify that (1.39) and (1.40) imply (1.41).

If ag, i are given by (1.43) and (1.44), let
Br=(u,@r), k=0,%1,£2,...
Verify that
Bk = —(u, ¢r,) = —(u, —ikgg) = ik(u, 1) = ikag.
Show that there is a 2’ € T such that
2nu(x')? = /Iu(y)2 dy.
Prove
e < gl + ully < (145 ) ol we s
Why do we need F(x) to be periodic in the proof of Theorem 1.197

Show that w, (x) given by (1.56) satisfies

sin®"[(rx — 6)/2]
= §sin®[(n —6/2)/2]

wp(z |z — | > 6.

If
sin®[(x — 6)/2]
sin?[(x — 6/2)/2]

show that 6 < 1, and
walz) < O°J5, |x—n> 6.
Prove (1.76) and (1.77).

It follows from the text that the Fréchet derivative of a functional
G on a Hilbert space H at a point u exists and equals g € H if and
only if

[Gu+v) = Gu) = (v,9)u]/vlle — 0 as [[v]|x =0, veH.
(1.119)

Why was this simple definition not given outright at the very be-
ginning, rather than in a long drawn out discussion involving other
expressions?
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15.

16.
17.

Extrema
Show that the problem
—u"(z) +u(x) = f(x), ze€l=]0,2x],
under the conditions
u(0) = u(2r), v’ (0) = u'(2n), (1.120)

where the function f(z) is continuous in I and is periodic in = with
period 2r, has a unique solution given by

u(x) = Ae® + Be™ " + /I sinh(t — x) f(¢) dt,
0

where
2n

A=-F /QKe_tf(t) dt
0

e —1

and
B = i/%et (t) dt.
1—e 20 Jy
Derive these formulas.
Show that
Fv=(v,f), veH

is a bounded linear functional on H when f € L?(I).
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Critical points

2.1 A simple problem

In order to obtain a minimum for the functional corresponding to our
problem (1.1),(1.2), we required (1.67) or (1.78) and (1.79) or concavity.
It is quite easy to show that no minimum exists if we assume that

|f(z, )| <C(|t|+1), teR, and f(z,t)/t — B(z) a.e. as [t| — oo,
(2.1)

where

/[1 — B(x)] dz < 0.

I
Let up = k. Then

Glu) /K = 11 - /‘@kam

Hn_ffﬁ /u—mmwx<0

Thus, G(uy) — —oo. Can the problem (1.1),(1.2) be solved if (1.79) does
not hold? Before we attempt to answer this question, let us consider a
simple problem.

Suppose f(z,y) is a C? function on R? satisfying
mo = lIlff(I, 0) 7é —00, M1 = Ssup f(oay) 7é 00. (22)
z Y

Does it follow that there is a point pg = (xg,yo) such that
Vf(po) =07 (2.3)

45
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The answer is negative. For instance, if we take f(z,y) = e* — e¥, then
f(z,0) =e® — 1, while f(0,y) = 1 — e¥. Consequently,

1fo(l‘70) = _15 Supf(07y) =1
T y
But,
Vi(r,y) = (e —e¥)#0, (x,y) <R

However, even though there is no point py satisfying (2.3), there is a
sequence py = (2, yx) such that
f(pk) — ¢, mg < c<my, vf(pk) — 0. (24)

In fact, if we take zp — —o0, yr — —oo, then

f(rg,yr) — 0 and  Vf(zp,yx) — (0,0).

“What does this accomplish?” you ask. For the present example, noth-
ing. But if we can produce a sequence satisfying (2.4) and this sequence
has a convergent subsequence, then we do obtain a point pg satisfying

f(po) = ¢, mo < ¢ <my, Vf(po) = 0. (2.5)

It would therefore appear that a reasonable approach to solving (2.3) is
to

(a) find a sequence satisfying (2.4) and
(b) show that this sequence has a convergent subsequence.

Actually, it would appear to be more prudent to check if (b) holds for
a sequence satisfying (2.4) before attempting to find such a sequence.
Indeed, this is the recommended approach.

2.2 A critical point

Even though the example given in the preceding section does not have
a critical point, there does exist a sequence of points satisfying (2.4). It
would then appear that the existence of such a sequence accomplishes
nothing. However, if we change the example slightly and write

f(z,y) = e" — e’ —ay,

then (2.2) also holds in this case. If we knew that (2.2) produced a
sequence satisfying (2.4), then the situation would be different. For, in
this case

Vi(z,y) = (" —y,—e’ —x).
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If pr, = (x, yx) satisfies (2.4), then

x

et —e¥* — Y, — ¢,
e’ —yr — 0, (2.6)
and
—e¥% — gz, — 0. (2.7)

If this is true, then the points p; must be bounded. For, z; cannot

converge to +o0o by (2.7). If it converges to —oo, then we must have

yr — +o00 by the same expression. But that is precluded by (2.6). Also,

Yk cannot converge to —oo by (2.6), and if it converges to +oo, then

would have to do likewise by (2.6). But this is precluded by (2.7). Hence,
T +yi < C.

This implies that there is a renamed subsequence such that

Tk — Lo, Yk — Yo-

But then
f(pr) — f(po)
and
Vf(pr) — Vf(po),
where

po = (0, Yo)-
Consequently, we would have
Vf(po) = 0.

This example shows that there are situations in which it is worth search-
ing for a sequence satisfying (2.4).

2.3 Finding a Palais—Smale sequence

A sequence satisfying (2.4) is called a Palais—Smale sequence. We
shall prove

Theorem 2.1. Let f(x,y) be a twice continuously differentiable func-
tion on R? such that

mo = supinf f(x,y) # —oco, my = infsup f(z,y) # +oo. (2.8)
y ° Ty

Then there is a sequence py = (g, yr) such that (2.4) holds.
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To prove this, assume first that mg,m; are given by (2.2). As usual
when we do not know how to prove something, we assume that it is not
so. This would mean that there is a 6 > 0 such that

V)| =6 (2.9)
when
mo — 6 < f(p) <ma+0. (2.10)

Otherwise, for every positive integer k there would be a point pg such
that

1 1 1
_ < < — < —
mo =+ < floe) Smut+ o, [Vl < 7,
and there would be a subsequence satisfying (2.4).
For each x € R, solve the differential equation
Vf(a(t)
ot)= =, t>0, o(0)=(x,0), (2.11)

IV (a(®))]

and call the solution o(t)z. It is very easy to say, “Solve the equation,”
but it is not so easy to verify that it can be solved. Moreover, we want the
solution to be unique. In order to apply Picard’s theorem (cf. Theorem
2.13), we must verify that the right-hand side satisfies a local Lipschitz
condition. The numerator in (2.11) does satisfy a local Lipschitz condi-
tion since V f has continuous derivatives (this is the reason for assuming
that f € C?). Moreover, the same is true of the denominator, since the
modulus of a function satisfying a Lipschitz condition also satisfies a
Lipschitz condition. In addition, the quotient of two functions satisfying
Lipschitz conditions satisfies a Lipschitz condition, provided that the
denominator does not vanish.

I am not really concerned about the denominator vanishing, because
if it did, we would have a critical point, and this whole discussion would
be unnecessary. However, we can avoid the vanishing of the denominator
by replacing (2.11) by

Vf(o(t)) G
eV (2% o0 =0 (2.12)

o (t) =

A more pressing concern is how far can we solve (2.12)7 Picard’s theorem
only guarantees the solution in some neighborhood of 0. We shall need
more than that. Fortunately, we can prove
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Theorem 2.2. Let h(p) be a continuous map from R? to R? which satis-
fies a local Lipschitz condition in the neighborhood of each point. Assume
also that h(p) is uniformly bounded on R?. Then for each p € R? there
18 a unique solution of

o'(t) = h(o(t), t R, o(0) = p. (2.13)

If o(t)p is the solution of (2.13), then it is a continuous map from R x R?
to R2.

We shall prove Theorem 2.2 later (cf. Theorem 2.9). Now we use it to
continue the proof of Theorem 2.1.

Proof. By Theorem 2.2 we can solve (2.12) as far as we like for each
x € R. Note that

lo’'(t)x] <1, t>0, z€R.
Consequently,
lo(t1)x — o(ta)z| < [ty —ta|, t1,t2 >0, z €R. (2.14)

Now,

LN \ 0 Cata Yo &
i 1000) = Vi) - o'e = BIEOI o0 219
Thus, f(o(t)z) > mg for all ¢,z by (2.2). If f(o(t)x) < my + 6 as well,

then the right-hand side of (2.15) is > 6 by (2.9). As long as this is true,
we have

flo(t)x) > f(x,0) + 6t > mg + 6t. (2.16)
Let
T = (m1 — mg + 26)/5 (2.17)

Then f(o(t)x) will reach the value m; 4 é before ¢ reaches the value T.
Thus, if f(x,0) < m; + 6, there is a smallest number T, < T such that

Fo(Th)z) = my + 6. (2.18)

By Theorem 2.2, T, depends continuously on z. If f(z,0) > my + 6,
we take T, = 0. It results that T, is a continuous function of x. We
know that this is true if f(z,0) < my+6 or if f(x,0) > m1+ 4. Suppose
f(zg,0) = mq + 6. Then Ty, = 0. If x, — x0 and f(x,0) > my+ 6, then
Ty, =0, and T, — 0="T,,. If ), — z¢ and f(xg,0) < my + 6, then
there is a renamed subsequence such that T, — T. Now o(Ty,)xr —
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o(T)xo by Theorem 2.2. Consequently, flo(Te)zr) — f(o(T)xo). Since
flo(Ty,)xr) = my + 6, we must have f(o(T)xg) = mq + 6. This implies

that T' = 0. Otherwise, we would have

Flo(T)zo) ~ flz.0)= [ % flo(t)mo)
0..
T V(o)
o ][V (o (Do),

dt

Consequently,

which implies

4 flotzydt=0, v<i<T,
giving

fle®)zo) =m1 +6, 0<t<T,
implying

IVf(o(t)zo)| =6, 0<t<T,

an obvious contradiction. Since this is true for each subsequence we see
that Ty, — 0 for the entire sequence.

Let
h(z) = o(T)z. (2.19)
Then,
Ih(z) — (2,0)] = |o(Ty)z — o(0)z| < T, < T (2.20)
by (2.14), and
flo(Ty)z) =my +6 (2.21)

by the definition of T,. It follows that h(x) is a continuous function of
x.

Suppose & > T. Then I claim that h(z) is to the right of the y-axis,
that is, if h(z) = (h1(x), ho(z)), then hi(x) > 0. To see this, note that

x=x—hi(x) + hi(z) <|(z,0) — h(x)| + h1(z) < T + hy(x).



2.8 Finding a Palais—Smale sequence 51
Consequently,
0<z—T< hy(x).
Similarly, if z < —T, then hi(z) < 0. For then we have
hi(x) =hi(z) —z+z < |h(z) — (,0)|+ 2 < T+ 2z <0.

Hence we have

hi(z) >0, z>T,
and

hi(z) <0, x<-T.

Since hi(x) is a continuous function of x, there must be an & € R such
that hy(Z) = 0. This means that h(zZ) = (0, he(£)) is on the y-axis, while

f(h(2)) = f(o(Tz)2) = m1+6
by the definition of T,. But this contradicts (2.2).
This argument proves Theorem 2.1 when (2.2) holds. To prove it when

(2.8) holds, let € > 0 be given. Then there is a point pg = (2o, y0) € R
such that

mo <inff(‘ray0)+57 Supf(‘Tan) <mi +E€.
T
Y

Let
g(p) = f(p+po), peER.
Then

mo < inf g(z,0) + ¢, supg(0,y) < m; +e.
x Yy

By what we have already proved, there is a sequence {py} such that
9(pr) = ¢, mo—e < c<my+e¢, Vg(pr) — 0.
Consequently,
f(Br+po) — ¢, mg—e<c<my+e, Vf(pr+po) — 0.
This shows us that there is a point p. € R? such that
mo — 2 < f(pe) <my +2e, [Vfpe)| <e.

By taking a sequence of ¢ — 0 we find a Palais—Smale sequence satisfying
(2.4). This completes the proof of Theorem 2.1. O



52 Critical points

2.4 Pseudo-gradients

In Theorem 2.1 we were required to assume that f(x,y) was twice con-
tinuously differentiable on R?. This was done in order to apply Theorem
2.2 to (2.11). For that purpose we needed the right-hand side of (2.11)
or (2.12) to satisfy a local Lipschitz condition. On the other hand, the
conclusion of Theorem 2.1 only involves the gradient of f(z,y), that is,
the first order derivatives of f. It makes one suspicious that the require-
ment on the second derivatives might not be necessary. Indeed, we are
going to show that Theorem 2.1 remains true even when f is only known
to have continuous first order derivatives.

How can this be accomplished? Let @ denote the set (2.10). Suppose
we can find a function V' from Q to R? which is locally Lipschitz con-
tinuous and satisfies

vel<1l peQ (222)
and
V() - Vi) > 55 peQ (229
Instead of solving (2.11), we solve
o'(t) = V(o(t), t>0, a(0)= (z,0). (2.24)

This can be done by Theorem 2.2. The solution exists for 0 < ¢ < oc.
Then

'O <1, fo(t) - (2,0)] <t,

and

df (a(t))
dt

as long as o(t) € Q. Therefore,

f@@)fmm—ATWg®q%Z£

S

= V(o) - o) = V(o) - V(o) > 5

as long as o(s) € @ for 0 < s < t. We can now follow the proof of
Theorem 2.1 to come to the same conclusion.

Of course, all of this depends on our finding such a function V. In
carrying out our construction we shall make use of the following simple
but useful lemma.
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Lemma 2.3. If A is any set in R? and

g(p) = d(p, 4) = inf [p —ql,
then

l9(p) — 9@ < Ip—p'l.
Proof. If g€ A, thenp—q=p—p +p — ¢, and
dp, A) < lp—al < |p— 1|+ 1" — gl

Thus,

d(p, A) < |p—p'| +d(p', A).
Consequently,

d(p,A) —d(p’, A) < [p—p/l.
Interchanging p and p’ gives

d(p', A) —d(p,A) < |p" —pl,

which produces the desired inequality.

Now to the construction of V(p). For each p € Q, let
v(p) = VIip)/IVID)-
This is finite by (2.9). Since
Vi) - vp)=IVIp)]=4
there is a neighborhood N(p) of p such that

Vi) - 1) 25, a6 NG)

(We may assume that the diameter of N(p) is less than one.) Thus,
Qc | Nw).

PEQ
Let

Br={p€R?:|p| < R}.
Then for each integer J > 0, the set

QN [Bsy1\BJ]

53
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can be covered by a finite number of these neighborhoods by the Heine—
Borel theorem. Consequently, there are integers K ;, L; and points py
in this set such that

Ly
QN[Br\BjJC |J Now-
k=K
Then,
Qc [J N
k=1
Let
=d(p,RA\N = inf —q.
9k(p) = d(p, R*\N (px)) qu(pk)lp ql
Then,

gx(p) =0, p ¢ N(pr),

and gg(p) is Lipschitz continuous by Lemma 2.3. Define

gx(p)
> gi(p)
j=1

The denominator is positive and finite for each p € @. The reason for
this is that each p € @ is contained in at least one, but not more than
a finite number of, N(ps), and g;(p) = 0 when p is not in N(p;).

Yr(p) = , peEQ, k=1,2,...

Let N(p) be a small neighborhood of p. Then

N(p) "\ N(px) # &
for only a finite number of p;. Thus, there is only a finite number of g;
which do not vanish on N(p). Since each g; is locally Lipschitz contin-
uous, the same is true of the denominator of each 1. Thus the same is
true of each vy itself. We take

V(p) = > ve(p)v(ps)-
=1

Now, each ¥y (p) is locally Lipschitz continuous in N(px), and v(pg) is
constant there. Moreover, ¢, = 0 outside N(p;). For each N(q) suffi-
ciently small, only a finite number of functions 4 (p)y(px) # 0 in N(q).
Consequently, V(p) is locally Lipschitz continuous.
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Now,
V(p)| < iwk(p)lv(pk)\ = fjwm =1, peq@.
Also, - -
V(). Vi) = }impmpk) L VIR) 2 <§>§jlwk<p> -2

The reason for this is that ¢y (p) = 0 if p ¢ N(pk) and v(px) - Vf(p) >
6/2 if p € N(py). Thus, V(p) satisfies (2.22) and (2.23).

We can now state

Theorem 2.4. If f(x,y) is only once continuously differentiable on R?
but otherwise satisfies the hypotheses of Theorem 2.1, then the conclu-
sions of that theorem hold.

We are going to show in Appendix D (Theorem D.3) that a pseudo-
gradient can be constructed even in a Banach space of infinite dimen-
sions. This will be needed in future work.

2.5 A sandwich theorem

In order to apply the ideas of the preceding section to the problem
(1.1),(1.2) that we have been studying, we must generalize Theorem 2.1
to a Hilbert space setting. In this case it reads as follows.

Theorem 2.5. Let M ,N be closed subspaces of a Hilbert space E such
that M = N-=+. Assume that at least one of these subspaces is finite
dimensional. Let G be a differentiable functional on E such that G’ is
locally Lipschitz continuous and satisfies

mo = sup inf G(v+ w)# —o0 (2.25)
veN weM
and
my = inf sup G(v+ w) # oo. (2.26)
weM e N

Then there is a sequence {uy} C E such that

G(ug) — ¢, mo < e <my, G'(u) — 0. (2.27)
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We note that Corollary 1.35 is a simple consequence of Theorem 2.5.
To show this, all we need do is consider the case M = E, N = {0}. Then

m():ml:a:irElfG.

The result now follows immediately from Theorem 2.5.

We shall begin the proof of Theorem 2.5 in the next section and com-
plete it in Chapter 6. A stronger version will be given in Appendix D
(Theorem D.5), where we remove the requirement that G’ be locally Lip-
schitz continuous and replace it with mere continuity. Now we show how
it can be used to solve (1.1),(1.2) when (1.79) does not hold. Of course,
then we cannot expect to obtain a minimum for G as we showed before.
However, Theorem 2.5 allows us to obtain a Palais—Smale sequence if we
can find subspaces of H such that (2.25) and (2.26) hold. An example
of this is given by

Theorem 2.6. Assume that (1.78) holds with
1<fB(r) <2, Bx)#1, Blx) #2 ae. (2.28)

If G(u) is given by (1.63) and G’ is locally Lipschitz continuous, then
there is a ug € H such that

G'(uo) = 0. (2.29)

In particular, if f(x,t) is continuous in both variables, then ugy is a
solution of (1.1),(1.2) in the usual sense.

Proof. We let N be the subspace of constant functions in H. It is of
dimension one. Let M be the subspace of those functions in H which
are orthogonal to N, that is, functions w € H which satisfy

(w,)g = /w(:r) dx = 0.
I
I claim that
mo=1infG > —oo, my =supG < oco.
M N
For suppose {wr} C M and G(wg) \, mo. If pr = [Jwi|lg < C, then
by Lemma 1.11, (1.63) and (1.65) imply that mo > —oo. If pr — o0,

let Wy, = wy/pr. Then ||[wg||g = 1. Consequently, there is a renamed
subsequence such that

@y — 1w in H (2.30)
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and
Wy, — w uniformly in [ (2.31)
(Lemma 1.21). Thus,
F
2G (wy,)/p2 = 1 — 2/%@% da (2.32)
I

o
— 1—/15(1‘)121 (x)dz

= (1—[alE)
+ (@l — 2l@]*)

+ [l2- e do

I
— A+B+C,

as we saw before. Now, I claim that A, B,C > 0. Since ||wg| g = 1, we see
that A > 0. We also note that (1.71) implies that B = [|@'||> —||@w]|? > 0.
The only way the right-hand side of (2.32) can vanishisif A= B =C =
0.If A =0, we see that @ # 0. If B = 0, then w is of the form (1.72). If
w # 0, then @ and b cannot both vanish. In such a case, @(x) can vanish
at only a finite number of points. Finally, for such a function, if C' = 0,
then we must have f(x) = 2 a.e. But this is excluded by hypothesis.
Hence, A, B, C cannot all vanish. This means that the right-hand side of
(2.32) is positive. But this implies that my = oo, an impossibility. Thus,
the pr must be bounded, and my > —oo.

To prove that m; < oo, let {ux} be a sequence uy = ¢, where |ci| —
oo. Then

ZG(uk)/ci:27:—2/F(:L',uk)/cid9:H2nf/lﬂ(:c)dx

I

:/u_m@mx<o

I
by hypothesis. Thus,

G(u) — —o0 as |k| — oo.

Since G is continuous, we see that m; < oco.
We can now apply Theorem 2.5 to conclude that there is a sequence
{uy} satisfying (2.27). By (1.37),

(G'(uk), v = (ug,v)r — (f(- ur),v) = o(||v]la), [Jvlla — 0.
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Assume first that
pre = |lurllg — oo. (2.33)

Set @ = ugk/pr. Then ||tg||lg = 1, and consequently, by Lemma 1.21,
there is a renamed subsequence such that

U — @ in H, 4 — @ uniformly on I. (2.34)
Thus,

(g, V) — (f(x,ug)/pr,v) — 0, v e H.
As we saw before, this implies in the limit that

(u,v)g = (Bu,v), wveH.

Take
u=w+~vy, v=w-—v, where we M, vyeN.
Then
([0 +A) [0 =) m = (Blw +9],@ —7)
This gives

@3 — 2ny? = (Bw, @) —7*(B,1).

We write this as
2n

2n
(Nla']* =l )+/0 2 = B(z)]w(z)” dr + v /0 [6(z) — 1] dx
—A+B+C=0.

Note that A, B,C are all nonnegative. Since their sum is 0, they must
each vanish. If A = 0, then we must have, in view of Lemma 1.23,

W= acosx + bsin .

If a, b are not both 0, then w # 0 a.e. If B = 0, then [2— (x)]w(z)? = 0
a.e., and since B(z) # 2, we must have a« = b = 0. Hence, w(x) = 0. If
C = 0, we must have v = 0. Hence, @(z) = 0.

On the other hand, we also have

2G (uy)/ps =1 —2/F(w,uk)/pid:c — 0.
I
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Thus,

— ~2 —
1 /Iﬁ(x)u dx = 0.

This cannot happen if & = 0. Thus (2.33) cannot hold, and the py are
bounded. Consequently, there is a renamed subsequence such that

up —u in H, wup — u uniformlyin [ (2.35)
(Lemma 1.21). By (2.27),
(G (ug),v) = (ug,v) g — (f(z,ux),v) = 0, v€EH,
and we have in the limit
(u,v)g — (f(z,u),v) =0, veH.

Thus, (2.29) holds with wy = u. Since w € H, it is continuous in I. If
f(z,t) is continuous in both variables, then f(z,u(x)) is continuous in
I. Thus, v’ = u — f(x,u) in the usual sense by Theorem 1.15. Hence, u
is a solution of (1.1),(1.2). O

In order to complete the program, we must find conditions on G which
will imply local Lipschitz continuity of G’. A simple choice is

|f(x,t) — f(z,8)| < K|t —s|, xel, s,tcR. (2.36)

For then we have
@0 = f@l - folde < K [ bl <ol da < K - o
Hence,
[(G'(u+h) = G'(w),v)u| < |hlla vz + KAl - (ol < Cllllw o],
yielding
IG'(w+h) =G (u|u <Clh|u, heH

(cf. (A.5)).

Can we do better? The answer is yes. In fact, we have

Lemma 2.7. If ¢ < oo, and f(z,t) satisfies
|f(z,t) — flz,s)| <C(t|7+|s|?+ D[t —s|, z€l, s, teR, (2.37)
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then G'(u) satisfies

1G"(u) = G')la < C(llullfy + ollE + Dllw—vlla, w,veH.
(2.38)

Proof. Tt follows from (2.37) that

[ 156 = s« plde < € [ (ult 4 Joft 4 Dfu o - b do
1 1
< C(lully + ol + )l = vl
(2.39)
This implies
(G (w) = G'(0). | < [ =)l
4 (Jully + ol + 1) = ol

which implies (2.38). O

Thus we have

Theorem 2.8. Under hypotheses (1.78), (2.28), and (2.37), if f(x,t)
s continuous in both wvariables, then there is at least one solution of

(1.1),(1.2).

2.6 A saddle point

In this section we begin the proof of Theorem 2.5. First, we consider
the case needed in the proof of Theorem 2.6. The general case will be
proved later in Chapter 6. We take £ = H, M =V, N =W and follow
the proof of Theorem 2.1. Thus, we have the following situation. Space
H splits into the sum of orthogonal subspaces: H = V & W, where V
represents the constant functions. The functional G is bounded above
on V and below on W. Let

mo =1inf G, my =supG, (2.40)
w 14

and suppose that there is no sequence satisfying (2.27). Then there is a
6 > 0 such that

1G"(u)lm > 6 (2.41)
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whenever
mo — 6 < G(u) <my + 6. (2.42)

Once we have this, we try to draw a “curve” from each point (function)
in V along which G decreases at a rate of at least 6. Thus, if o(t)v is
the curve emanating from v € V, then we have

G(o(t)v) < G(v) — t6 < my — 6. (2.43)
Hence, if
T >1+ (mg —mg)/6, (2.44)
we have
G(e(T)v) <mg—06, veV. (2.45)

If o(T)v intersects W, we have a contradiction of (2.40). This implies
that (2.41) cannot hold in the interval (2.42). We can now conclude that
there is a sequence satisfying (2.27).

However, there are quite a few obstacles that have to be overcome
before we can reach this conclusion. First of all, how do we obtain a
curve such as o(t)v? Following the reasoning we used in the case of R?,
we look for a solution of the differential equation

do(t)v G'(o(t)v)

i TZCGDIEE t>0, o(0)v=nr. (2.46)

If we can solve this for 0 < ¢ < T, we will have
dG(o(t)v)/dt = (G'(c(t)v), o’ (t)v) = —||G' (a(t)v)||x < —6.  (2.47)

This will give (2.43), and (2.45) will hold for T satisfying (2.44). It is not
obvious that we can solve (2.46) for 0 < ¢t < T. As before, we have to be
concerned with the denominator vanishing before we get to t = T. This

is not too much of a concern, since the vanishing of the denominator
produces a solution of G’(u) = 0. Moreover, the vanishing of the denom-
inator at some point in the interval [0, 7] means that G(o(t)v) < mg—96
at some earlier point. Actually, we can always “adjust” the right-hand
side of (2.46) to avoid this problem. For instance, we can replace (2.46)
with

do(t)v G'(o(t)v)

di -~ maxl[G (o)) (2.48)

which will imply (2.45) in any case. However, we have bigger problems.
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We do not know how small ¢ is, and consequently, T' may be very large.
Therefore, we must be able to solve (2.46) for all ¢ > 0. We shall need
the following extension of the well known Picard theorem.

Theorem 2.9. Let h(t,u) be a continuous map from R x H to H, where
H is a Banach space. Assume that for each point (to,ug) € R x H, there
are constants K,b > 0 such that

1At w)=h(t0) | <Kllu— vl [t=to| <b, [lu—uol| <b, [[o— uoll <b.

(2.49)
Assume also that there is a constant M such that
|h(t,u)| <M, teR, ueH. (2.50)
Then for each u € H there is a unique solution o(t)u of the equation
do(t
“;t)“ = h(t,o(t)u), teR, o(0)u=mu. (2.51)

Moreover, o(t)u is a continuous map from R x H to H.

We shall give the proof of Theorem 2.9 later in Section 2.12. Now we
shall see how it can be used to help us solve our problem. We want to
solve (2.48) for t > 0. If we take

B G’ (u)
max|||G/ (v)|| g, 6]’

h(u) = (2.52)

we see that (2.50) holds with M = 1. However, we also need a local
Lipschitz condition of the form

[A(u) = h(v)llg < Kllu—vllg, |lu—uollz <b, [v—uolm <b
(2.53)

in order to satisfy (2.49). If we can show that

1G"(u) = G' W)l < Kllu—vllu, [lu—uollm <b, |lv—uolu <b,
(2.54)

then the numerator in (2.52) will satisfy a local Lipschitz condition. As
we noted in the R? case, the same will be true of the entire fraction
because

(a) the norm of a mapping satisfying a Lipschitz condition satisfies
the same condition,

(b) the maximum of two functions satisfying Lipschitz conditions
satisfies a Lipschitz condition and
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(c) the ratio of two functions satisfying Lipschitz conditions satisfies
a Lipschitz condition provided the denominator does not vanish.

Suppose we can prove (2.54). Then Theorem 2.9 tells us that (2.48) can
be solved for all ¢t € R. Moreover,

dG(o(t)v)/dt = —||G' (o (t)v)ll3;/ max[| G’ (o (t)v) ||, ] 0. (2.55)
Let T satisfy (2.44). If there is a t; < T such that
G(o(t1)v) <mg — 0,
we have
G(o(T)v) < G(o(t1)v) < mg — b, (2.56)
and (2.45) holds. On the other hand, if
G(o(t)v) >mg—6, 0<t<T,

then (2.40), (2.41) and (2.55) imply (2.43), and (2.45) holds in this case
as well. Once we know that (2.45) holds, we would like to conclude that
the set S = {o(T)v : v € V} intersects W. Theorem 2.9 tells us that S
is a continuous curve in H. Let P be the projection of H onto V. We
shall say that the point o(T)v lies “above” W if Po(T)v > 0, and we
shall say that it lies “below” W if Po(T)v < 0. There are points in S
which lie above W. For if v € V| then

oo =l < [ "o (sl ds < T.
Consequently,
|Po(T)yv—v| <T,
and
Po(Tyv>v—T, Po(T)v<v+T.

Thus if v > T, we must have Po(T)v > 0. Similarly, if v < —T, we must
have Po(T)v < 0. Hence, there are points in S which lie above W and
points which lie below. Since S is a continuous curve, there must be at
least one point o(T)v; € S such that Po(T)v; = 0. This means that
o(T)vy € W. In view of (2.40), this gives G(o(T")v1) > my, contradicting
(2.45).
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Remark 2.10. It remains, among other things, to prove Theorem 2.9.
This will be done in the next few sections. It also remains to complete
the proof of Theorem 2.5. We did start it and finished what was neces-
sary for the proof of Theorem 2.6. The general case will be considered in
Chapter 6. In Appendix D we shall show that the requirement of Lips-
chitz continuity of G’ can be replaced by mere continuity in Theorem 2.5.
This allows us to remove this requirement from Theorem 2.6 and remove
the hypothesis (2.87) from Theorem 2.8. We will deal with this and other
matters and complete the proof of Theorem 2.5 in Chapter 6 and Ap-
pendix D.

2.7 The chain rule

In the previous section we used the formula
dG(o(t)v)

dt

This is the counterpart of the chain rule from elementary calculus. We
present it formally here.

= (G'(a(t)v), o’ (t)v).

Lemma 2.11. Let H be a Hilbert space, and let o(t) be a mapping of
H xR to H which has a derivative with respect to t and such that o(t)
and o'(t) are continuous from H x R to H. Let G be a C' functional
from H to R. Then

g(t) = G(a(t))

s a continuously differentiable function from R to R and satisfies
g'(t) = (G'(o(t),0'(t), teR.
Proof. Since o(t) is differentiable, we have
[o(t+ h) —o(t) — ho'(t)]
h
for each fixed ¢t € R. Fix t. Then
o(t+h)=o(t) + ha'(t) + o(h),
where o(h)/h — 0 as h — 0. Since G € C*(H,R), we have
[Glu+v) = Gu) = (G'(u),v)]

o]

—0 as h—0

— 0 as [jv]| — 0.

Thus,
G(u+v) = G(u) + (G'(u),v) + o([|v]]),
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where o(|[v]))/|lv|| — 0 as [|v]| — 0. Consequently,
G(o(t+h)) = G(o(t) + ho'(t) + o(h))
=G(o(t) + (G'(a(t)),ho’(t) + o(h))
+o([[ha’ (t) + o(h)]])-

This means that

— h
WD =908 (o), ') = 2 0 as b -0
This gives the desired result. O

2.8 The Banach fixed point theorem

In proving Theorem 2.9 we shall make use of several important results
from functional analysis concerning mappings on Banach spaces. They
will allow us to solve differential equations in such spaces.

Let X be a Banach space, let M # ¢ be a closed subset, and let f(z)
be a map from M to itself such that

[f(z) = fWI <0llz —yll, zyeM, (2.57)
for some 6 < 1. We have

Theorem 2.12. Under the above hypotheses there is a unique ro € M
such that

f(xo) = xo. (2.58)

Proof. Let zy be any point in M. Define

zk+1 = f(zk), k=0,1,2,...
Then z, € M for every k, and

zhy1 — 2k = fze) = fae-1).
Hence

lzkr1 = 2zl = 11 (zk) = f(ze-1)Il <0 |lzk — 201
< 0% zp—1 — Zr—2||

< 03| zp_2 — 2zp_s|
< e <0z — 20l
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Therefore, if m < n, then
||Zn - Zm” < ||Zn - Zn—l” + ||Zn—1 - Zn—2|| +-+ Hzm—ﬁ-l - Zm”

SO 0" 4 0|21 — 20|
o0 em
< ,Z;nek”Zl — 20|l = mHzl — 2p|| — 0 as m,n — oo.

By the completeness of X, zj converges to some limit xo in X. By (2.57)
[1f (zk) = f (o)l < Ollzk — 2ol — 0.
Hence
f(@o) — f(2k) = zk41 = o,
showing that xg is a solution of (2.58). If yo is another solution, we have
llyo — zoll = 11.f (yo) — f(zo)ll < Ollyo — o,
which can happen only if yo = zo. This proves the theorem. O

Theorem 2.12 is known as the Banach fixed point theorem or the
contraction mapping principle.

2.9 Picard’s theorem

Banach’s fixed point theorem can be used to prove the following theorem
of Picard.

Theorem 2.13. Let X be a Banach space, and let
By={zeX:|z—zol <Ro}
and
Iy={teR:|t—1ty <To}
Assume that g(t,x) is a continuous map of Iy x By into X such that
lg(t, ) = g(t,y)ll < Kollx —yll, =,y € Bo, t €Iy (2.59)
and
llg(t,x)|| < Moy, x € By, t € . (2.60)
Let Ty be such that
Ty < min(Ty, Ro/My), KoTy < 1. (2.61)



2.9 Picard’s theorem 67

Then there is a unique solution z(t) of

dzsf) =g(t,z(t), [t—to] <T1, x(to) = xo. (2.62)

Remark 2.14. We deal with mappings from R to X in the same way
that we deal with mappings from R to itself. In particular, continuity,
differentiability, and Riemann integrability are defined in the same way,
and the same theorems hold. In particular, continuous functions are Rie-
mann integrable, and the fundamental theorems of differential and inte-
gral calculus are valid.

We now give the proof of Theorem 2.13.

Proof. First we note that x(t) is a solution of (2.62) iff it is a solution of

x(t) = xo + /tg(s,x(s))ds, tel={teR:|t—to| <T1}. (2.63)

to

For if z(¢) is a solution of (2.62), we can integrate to obtain (2.63). Note
that x(t) will be in B as long as ¢ is in I; by (2.61). Conversely, if x(¢)
satisfies (2.63), it is continuous in ¢ since

t+h
x(t+h) —x(t) = / g(s,z(s)) ds,
¢
and consequently,
|zt + h) —x(t)] < Mplh| — 0 as h — 0.
It is also differentiable since g(s, x(s)) is continuous, and

1

t+h
[x(t+h) —x(t)]/h = E/t g(s,z(s))ds — g(t,z(t)) as h — 0.

Let Y be the Banach space of all continuous functions z(¢) from I; to
X with norm

[llll] = max l=(#)]]. (2.64)

For xz(t) € Y, let f(x(t)) be the right-hand side of (2.63), and let
Q=Az(t) €Y : ||z — Zoll| < Ro},

where Zo(t) = xo, t € I. If z(¢) is in @, then f(x(t)) satisfies

to+T1
|||f(w)—:%o|\|§/t Mo ds < R,
0
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Thus f maps @Q into Q. Also

f (=) = FWll = HI;}XII/t l9(s, 2(s)) — g(s,y(s))]ds]|

to+T1
<Ko [ lals) =yl ds < KoTallz = o]l

to

Since KoT1 < 1 by (2.61), we can use Theorem 2.12 to conclude that
there is a unique x(t) € @ such that x(t) = f(x(t)). Hence, z(t) satisfies
(2.63), and therefore (2.62). Since every solution of (2.62) is a solution
of (2.63), the uniqueness follows from Theorem 2.12. O

2.10 Continuous dependence of solutions

We now show that the unique solution of (2.62) provided by Theorem
2.13 depends continuously on both ¢ and xy. We denote this solution by
x(t, zp). Thus,

x(t,xo) = xo + / g(s,x(s,xg)) dz,

to

and

x(t, 1) = 21 —l—/ g(s,z(s,x1)) ds,

to

for 1 € By. Hence,
t
[2(t, o) — z(t, 21)|| < [Jzo — 1] +/ lg(s,z(s,20)) — g(s, (s, z1))| ds
to

t
< llzo — ]| + Ko / (s, 0) — (s, 21)]| ds.
to
Let
w(t) = |(t, z0) — x(t, 21)]|.

Then

t
w(t) < ||wo — =1 + Ko/ w(s)ds.
to
This implies

% [e_Kot/tw(S) ds} = ¢~ Kot [w(t) - Ko/t w(s) ds} < e M lzg — o

to tO
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and
T

T
e_KoT/ w(s)ds < ||zg — z1]| e Koty
to tO
= [lzo — x| [e7 5% — e HoT] /Ky,
where T satisfies
TSmin(To,(Rof ||I‘1H)/M0), KT < 1.

It follows that

T
/ w(s)ds < ||zo — 1| [eKO(T_tO) — 1]/ Ko,

to
and
w(t) < efoT=0)||zy — 4]
Thus we have

Theorem 2.15. The solution of (2.62) obtained in Theorem 2.13 is
continuous in t and xg.

2.11 Continuation of solutions
We now discuss the question concerning the interval in which (2.62) can

be solved. First we note

Lemma 2.16. Assume that g(t,x) is continuous in R x X, and that
x(t) is a solution of

dx(t)
= <
O g2, asi<,
while y(t) is a solution of
dy(t
WO _ gty b<t<e

where a < b < c. Assume also that

lim () = lim () = 2.
t%x() tl{l})y() 20

Let
z(t) = x(t), a<t<b,
z(b) = zo,
z(t) =y(t), b<t<ec
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Then z(t) is a solution of
dz(t)
dt

Proof. Tt is quite clear that z(t) is a solution in the intervals a < b, b < ¢

=g(t,2(t)), a<t<e (2.65)

and that z(t) is continuous in [a, ¢]. Moreover,

dx(t

tim X0 ki o4 2)) = 0. ),

and

. dy(t) _
}{1}1}7 }{Ill) g9(ty(t)) = g(b, z0),

showing that z(t) is continuously differentiable at b and satisfies (2.65).
O

We also have

Corollary 2.17. Assume that g(t,x) is continuous in R x X and that
x(t) is a solution of

dx(t
20— ga), as<t<h,
dt
satisfying
%1}% x(t) = zg.
Assume also that there is a unique solution z(t) of
dz(t
jl(t) =g(t,2(t)), a<t<ec, z(b)=z,

where ¢ > b. Then z(t) = z(t) ina <t <b.
Proof. Let
w(t) =z(t), a<t<b,

w(t) =2(t), b<t<ec.
By Lemma 2.16, w(t) is a solution of
dw(t)
dt
and w(b) = zp. By hypothesis, z(t) is the only solution of this equation
equal to zg at b. Hence, w(t) = z(t) in [a, ¢]. Since w(t) = z(t) in [a, d),
the result follows. O

=g(t,w(t)), a<t<c,
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2.12 Extending solutions

We are now able to give the proof of Theorem 2.9.

Proof. By Theorems 2.13 and 2.15 there is an interval [¢| < r in which a
unique solution of (2.51) exists and is continuous with respect to both ¢
and u (with r depending on u). Let T be the supremum of all numbers
m such that (2.51) has a unique solution in [0, m]. Let my, be a sequence
of such m converging to T. If m; < my, then the solution in [0, m;]
coincides with that of [0, my] since such solutions are unique. Thus a
unique solution of (2.51) exists for 0 < ¢ < T. The values o(my)u are
uniquely defined for each u € H.

Assume T < o0o. Since

o(mg)u —o(m;j)u = /mk h(t, o(t)u)dt,
we have by (2.50)

llo(mw)u — o(m;)ull < Mlmg —mjl.
Thus {o(mg)u} is a Cauchy sequence in H. Since H is complete, o(my)u
converges to an element w € H. Moreover, we note that
oc(t)u > wast—T.
To see this, let € > 0 be given. Then there is a k such that
lo(mp)u —wl|| <e, M(T —mg)<e.
Then for my <t < T,
lo@)u —wl| < [lo(@)u — o(mp)ull + [lo(mr)u — w]|
< Mt —my| + ||o(mg) — w]|| < 2e.
We define o(T)u = w. Then, we have a solution of (2.51) in [0,7]. By
Theorem 2.13, there is a unique solution of
do(t
% = h(t,0(t)u), o(T)u=w (2.66)

in some interval |t — T| < 6. By the uniqueness, the solution of (2.66)
coincides with the solution of (2.51) in the interval (T'— 6, T']. This gives
a solution of (2.51) in the interval [0,T + ¢), contradicting the definition
of T. Hence, T' = oo. Similar reasoning applies to the interval (—oo, 0].

(]
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2.13 Resonance

In Theorem 1.27 (cf. (1.79)) we did not allow 8(z) = 1 for a good reason.
Consider, for instance the case

OF (x,t) =t — 32, >0,
2F (z,t) = 2 + |t[3%, t <.
For this function
G(c) — +oo as ¢ — *o0.

Consequently, neither method used so far will work because the func-
tional G is unbounded on the constants from both above and below.
Why the difficulty? If we try to solve the linear problem

—u” +u =\,

for functions satisfying (1.2), we note that the only solution is u = 0
unless

r=n?+1, n=0, 1, +2,...

For these values of A, called eigenvalues, there are more solutions, 0,
cos nx, sinnx. Thus, the number of solutions jumps from one to three
when A hits an eigenvalue. In other words, the number of solutions is
unstable in the neighborhood of an eigenvalue. This instability causes the
nonlinear problem which asymptotically equals a linear problem at an
eigenvalue to become much more delicate than otherwise. We call such
a situation “resonance.” So let us assume that f satisfies (1.78) with
B(z) = 1. Is there any way of attacking the problem? We shall try the
following. Assume that there are constants 8, o such that 20 < o < 6+1,
and

\flz,t) —t| <C(t|° +1), zel, teR, (2.67)
|F(x,t) — %t2| <C(t7+1), wel, teR, (2.68)
[2F (x,t) — t?]/|t|” — Fi(x) as t — oo, (2.69)
/Fi(:z) dz > 0. (2.70)

I

We have

Theorem 2.18. In addition to the above hypotheses, assume that (1.78)
holds with 8 = 1. Then (1.1),(1.2) has at least one solution.
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Proof. First we note that G is bounded from above on V. In fact, we
have

2G(c)/|c|” = /I[c2 9P (z, 0) dz/|c|” — —/IFi(x) de <0. (271)
Hence,
G(c) —» —o0 as |c| — co.

On the other hand, G(c) is continuous and bounded on any finite inter-
val. Thus, GG is bounded from above on V. In contrast, it is bounded from
below on W. For if wy, € W and pr = ||wk|lg — oo, let Wy = wi/pr.
Then

2wami=wm%—2[Fumw¢Wﬁ

=1 ol + [ fuf ~ 2P (o, w) dofot — 1~ ],
I
where we took a renamed subsequence such that wy — w weakly in H,
and uniformly in I (Lemma 1.21). But
L—[@]* = (1 = [[@lF) + (1o'1* = [@]*) + [lo]],
which is nonnegative (cf. (1.71)). The only way it can vanish is if
@]l =1,
and
[w] = 0.
The obvious contradiction shows that
G(w) —» o as |w| — o0, weW.

From this it follows that G is bounded from below on W. We can now
follow the procedure in the proof of Theorem 2.8. Let mg, m; be given
by (2.40). Then there is a sequence {ux} C H such that

G(ug) — a, G'(ug)—0, (2.72)

where a € [mg,m1]. At this point we must depart from the proof of
Theorem 2.8 because (1.78) will not imply that & = 0 in this case. We
must use a different argument. We write up = vg + wg, where v, €
V, w, € W. By (2.72)

(G'(ur), w) i = [[wp]|* = (f(,ur) — ue, wr) = of|[wil|m).-
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Now by (2.67)

1/2
/ [f(x,uw—uk}wkdmc( <|uk|9+1>2dx) o

I
1/2
<c (/Imk” n 1>dx) o]

< C"(lurl® + 1)l wi

IR (/I |uk|2dx)9(/I dx)l_e.

lwil® < C(luell® + D) wll + o ljws )-

since

Consequently,

In view of (1.71), the same bound holds for |Jwg||?. Thus
lwilF < Clurl® + Dllwkll + o(lwkll)- (2.73)

Assume that pg = ||ug||lg — oo, and let Gy = ug/pr, Ok = V&/pk, Wk =
wy/pr. Then |||z = 1, and there is a renamed subsequence such that
up — 4 weakly in H and uniformly in I (Lemma 1.21). Now (2.73)
implies

lwrllmr < C(pf, + 1) + o(1),

and hence, Wy, — 0 in H. This means that 4y — ¢ in H, and ||9]|g = 1.
But

F(x,uk)—lui dx/pq = F(x,uk)—lui |ug|” | || dx
e fasit = [ [(Peo = 308) ]

— Fy(2)|0|°dx + F_(2)|0|° dz
>0 5<0

|1~1\"/F+(x) dz, v >0,
R I
|17|"/F_(a:) dz, v <0,
I

by (2.68) and (2.69), since ¥ is a nonzero constant. In view of (2.72),

1
26 )/ = okl 2 [ [Fovue) = ] doog o,
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But this implies

/F+(x)d;z::() or /F_(x)dx:O,

I I
contradicting (2.70). Therefore, we must have p; < C. Once we know
that the uy are bounded in H, we can now follow the proof of Theorem
2.8 to reach the desired conclusion. O

2.14 The question of nontriviality

In the case of Theorems 2.8 and 2.18, we have the same problem that
faced us when we proved Theorem 1.27, namely if f(x,0) = 0, what
guarantee do we have that the solution provided is not u = 0. Of course,
if f(z,0) £ 0, then we can relax because 0 cannot be a solution of
(1.1),(1.2). But if f(z,0) = 0, then we have no such guarantee. In the
case of Theorem 1.27 we were able to find a criterion (namely (1.105))
which provides such a guarantee (cf. Theorem 1.31). This was accom-
plished by showing that the minimum obtained by Theorem 1.27 was
less than 0. Since G(0) = 0, this shows that the solution obtained was
not 0. However, this does not work in the case of Theorem 2.8 since
mo < G(0) < my (cf. (2.40)). Thus, in order to guarantee that our so-
lutions are not = 0, we must devise another means of attack. One plan
is as follows. Suppose, in addition to the hypotheses of Theorem 2.8, we
have assumptions which will provide positive constants ¢, p so that

Gw) > e, ullu=p, uek.

Since G(0) = 0, this creates the image of 0 being in a valley surrounded
by mountains of minimum height €. Now, we maintain that there is a
sequence {ug} C H such that

G(up) — ¢, e <c<m, G'(uy) — 0. (2.74)

With this added help, there is a situation in which we can be sure
that (1.1),(1.2) has a nontrivial solution. In fact, we have

Lemma 2.19. In addition to the hypotheses of Theorem 2.8, assume
that there are positive constants €, p such that

G(u)>e¢ (2.75)
when

lull = (2.76)
Then there is a solution u of (1.1),(1.2) satisfying (2.75).
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Proof. We proceed as in the proof of Theorem 2.8. However, this time
we suppose that (2.41) holds for all u € H satisfying

e—6<G(u) <my+6. (2.77)
If we now take
T>1+ (m —e)/s, (2.78)
we find that
Go(Tyw)<e—06, veW (2.79)

Next, we note that
Po(Tyv>v—-T

as before. Thus, if v > T + p, then o(T)v must be outside the sphere
(2.76). However, if v is close to 0, then G(v) < & (since G(0) = 0).
By (2.55), G(o(t)v) cannot increase as t increases. Hence, for such v €
V, o(t)v must remain inside the sphere (2.76) for ever. In particular,
o(T)v is inside. Since S = {o(T)v : v € V'} is a continuous curve, there
must be at least one point o(T)vy € S such that ||o(T)vi||g = p. This
means that

G(o(T)vn) > ¢
by (2.75) and (2.76). But this contradicts (2.79) and completes the proof.
O

Similarly, we have

Lemma 2.20. In addition to the hypotheses of Theorem 2.18 assume
that (2.75) holds when u is on the sphere (2.76). Then (1.1),(1.2) has a
solution satisfying (2.75).

Since the surrounding of the origin by mountains is very helpful, we
would like to find criteria which will ensure that this is the case. We take
up this matter in the next section.

2.15 The mountain pass method

We now want to give sufficient conditions on F(z,t) which will imply
that the origin is surrounded by mountains. This can be done as follows.
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Theorem 2.21. Assume that (1.62) holds and that there is a § > 0
such that

2F (z,t) < 2, || <6. (2.80)
Then for each positive p < §/2, we have either
(a) there is an € > 0 such that
Gu)ze, |ulla =p, (2.81)

or
(b) there is a constant t € R such that |t| = p/(2r)2 < §/2, and

flz,t) =t (2.82)

Moreover, the constant function v € V' satisfying v = t is a solution of
(1.1) and (1.2).

Proof. For each u € H write u = v + w, where v € V, w € W. Then
2G (u) = ||ul|3 — 2/F(m,u) dx
I
= ')~ [ [2F0) ) de
I
> w2 —/ 2F (2, u) — u?] da.
|u|>6
Now
1
luller < p = [lv]]* +llwlF < p* = 20)%|v] < p.
Thus, if p < §/2, then |v| < §/2. Hence, if
lullg < p,  Ju(z)] =6,
then
6 < |u(x)] < [o] + lw(z)| < 6/2 + [w(z)|.
Consequently,

6 < fu(@)] < 2w(z)].
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Then
2G(u) > w'|? - C (lul ™ + u® + [u]) dz
|u|>6

[|w’]| —C(l—i—él_q—l—é_q)/ Ju| T da
|u|>6

Y

IV

1
gl —c [ julrids
2lw|>6

v

1
—IIwaq—C"/Ilwll‘é{+1 dx
2 I

1 1
Sl — C" i

Y

1 .
(3 - "ty ) ol

by Lemma 1.11 and (1.71). Hence,

1
G(u) = 3le|§1, lullg < p, (2.83)

for p > 0 sufficiently small. For such p assume that there is no € > 0 for
which (2.81) holds. Then there is a {uy} C H such that ||ug| g = p and
G(ug) — 0. Write ug, = vg +wy, where vy, € V, wy, € W. Then ||wy||g —
0 by (2.83). This means that |vx||gz — p. Thus, |vx| — p/(2r)=. Since
the constants {vy} are bounded, there is a renamed subsequence such

that vy — vg. Clearly |vo| = p/(2r)2 < 6/2, and

/[U% — 2F(x,vp)] dx = G(vg) = 0.
I

In view of (2.80), F(x,v9) = v2, and vg is a minimum point of #* —
2F(z,t) in |t| < 6. Hence, the derivative of t* — 2F(z,t) with respect
to t must vanish at ¢ = vg. This gives f(x,v9) = vp. Since p was any
sufficiently small constant, we see that (b) holds. This completes the
proof. O

We note that (b) implies that every constant function v € V satisfying
(2.82) is a solution of G’ (v) = 0. We therefore have

Corollary 2.22. Under the hypotheses of Theorem 2.21, either (a) holds
for all p > 0 sufficiently small, or (1.1),(1.2) has an infinite number of
solutions.

We are now able to prove
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Theorem 2.23. Assume that (1.78), (2.28), (2.37), and (2.80) hold.
Then there is a nontrivial solution of (1.1) and (1.2).

Proof. By Corollary 2.22, either (2.81) holds for some positive constants
g, p, or (1.1),(1.2) has an infinite number of solutions. Thus, we may
assume that (2.81) holds. Then by Lemma 2.19 there is a solution of
(1.1),(1.2) satisfying (2.75). But such a solution cannot be trivial since
G(0) = 0. O

2.16 Other intervals for asymptotic limits

Suppose f(x,t) satisfies (1.78), but G(z) does not satisfy (2.28). Are
there other intervals (a,b) such that a solution of (1.1),(1.2) can be
found when a < f(z) < b? We are going to show that this is indeed the
case. In fact we have

Theorem 2.24. Let n be an integer > 0. Assume that (1.78) holds with
B(x) satisfying

1402 <B@)<1+n+1)? 1+n?>ZB@) #1+n+1)2% (2.84)
If (2.37) holds, then (1.1),(1.2) has a solution.
Proof. First, we note by Lemma 1.9, (1.76), and (1.77), that
lullf =D (1 +k)|ar?, weH, (2.85)
where the oy, are given by (1.43) and (1.44). Let
N={ue H:ap=0 for |k| >n}.
Thus,

lullfr = > (L4 k)axl* < (1+n*)ul®, weN. (2.86)
|k|<n

Let
M={u€H:a,=0 for |k|] <n}.
In this case,

lulfr =Y Akl = 1+ @+ D))|ul’, weM. (287
[k|>n+1

Note that M, N are closed subspaces of H and that M = N'. Note also
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that N is finite dimensional. Next, we consider the functional (1.63) and
show that

G(v) » —o0 as ||v|lg — 00, vEN, (2.88)
and

G(w) —» 0 as |w|lg — o0, we M. (2.89)
Assuming these for the moment, we note that they imply

i?/[fG > —00; S%pG < 00. (2.90)
This is easily seen from the fact that (2.89) implies that there is an
R > 0 such that
Gw) >0, |w|lg>R, weM.

Consequently, if the first statement in (2.90) were false, there would be
a sequence satisfying

G(wg) = —o0, ||lwellg < R, wy, € H.

But this would imply that there is a renamed subsequence converging
uniformly to a limit wq in I. Thus,

G(wg) > —/IF(:E,wk)dx — */IF(JS,’WO) dr > —o0.

This contradiction verifies the first statement in (2.90). The second is
verified similarly by (2.88).

We are now in a position to apply Theorem 2.5. This produces a
sequence in H satisfying
G(ug) — ¢, G'(u)—0, (2.91)
where c is finite. In particular, this implies
(G'(uk),v)m = (we,v)m = (f(un),v) = o(lvlle),  [vlla — 0. (2.92)
Assume first that
pre = |lukllg — oo. (2.93)

Set Uy = uk/pr. Then ||tg||lg = 1, and consequently, by Lemma 1.21,
there is a renamed subsequence satisfying (2.34). Thus

(g, V) — (f (-, ug)/pr,v) — 0, v e H. (2.94)
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As we saw before, this implies in the limit that
(t,v)g = (Bu,v), wve€ H. (2.95)
Let
U=w+0, 4=w-—07. (2.96)

Then

This implies
@3 = 1o1F = (B[ + 0], @ — ©) = (Bw, @) — (80,7),

since

Thus,
@]|F — (Bw,w) = ||0]|3 — (89, 0).
This becomes

(lollF — (1 + (n+ 1)) @]*) + /1[1 +(n+1)* = B(x)]d” do

= (153 = (1 +n2)5]2) + / 1+ n? — B(2)]3? da.

We write this as A+ B = C + D. In view of (2.84), (2.86) and (2
A>0, B>0,C<0,D<0.But thisimpliess A=B=C=D =

i=) arpr,

then in view of (2.87) the only way A can vanish is if

87),
0. If

Ww=acos(n+1)x+bsin(n+1)z.

If @ and b are not both 0, then this function can vanish only at a finite
number of points. But then, B cannot vanish in view of (2.84). Hence,
w = 0. Similar reasoning shows that C'= D = 0 implies that ¥ = 0. On
the other hand, (2.91) implies

2G(ur) /72 = Iliin% — 2/F<x,ak)dx/p§ - 2/ﬁ(m)a2dm o,
I I

from which we conclude that 4 # 0. This contradiction shows that the
assumption (2.93) is incorrect. Once this is known, we can conclude that
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there is a renamed subsequence such that (2.35) holds (Lemma 1.21). It
then follows from (2.92) that

(u,v)g — (f(,u),v) =0, veH. (2.97)

It remains to prove (2.88) and (2.89). Let {w,} C M be any sequence
such that py = ||wg| — oo. Let Wy = wg/pk. Then ||wg| g = 1. Thus,
there is a renamed subsequence such that (2.30) and (2.31) hold. This
implies

2 _ flx,wg) o ~2
2G(wy)/pp, =1-2 | —5—wpdr — 1 — [ B(z)w*(x)dx
I W I
> (1= [[@lf) + (lolF — 1+ (n+ 1)) @)
+ /[1 + (n+ 1) — B(x)]@?*(x) dx
I
=A+B+C.

As before, we note that A > 0, B > 0, C' > 0. The only way G(wg)
can fail to become infinite is if A = B = C = 0. As before, B=C =0
implies that @w = 0. But this contradicts the fact that A = 0. Thus,
G(wy) — oo for each such sequence. This proves (2.89). The limit (2.88)
is proved in a similar fashion. This completes the proof of Theorem 2.24.

O

We also have

Theorem 2.25. [If, in addition, (2.80) holds, then (1.1),(1.2) has a
nontrivial solution.

Proof. Follow the proof of Theorem 2.23. O

2.17 Super-linear problems

When f(x,t) satisfies (1.35), we refer to problem (1.1),(1.2) as sub-linear.
If f(x,t) does not satisfy (1.35), we call problem (1.1),(1.2) super-linear.
As we saw in Theorem 1.20, assumption (1.62) will make the functional
G(u) given by (1.63) continuous and have a continuous derivative on H.

We now come to a situation which causes a serious departure from the
sub-linear case. In that case we assumed (1.78) with §(z) having certain
properties. From these properties we were able to infer that either G is
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bounded from below (Theorem 1.27), or (2.40) holds with mg, m; finite.
If (1.78) does not hold, these configurations are not true. We must look
for another “geometry.” The simplest is the one we used in connection
with nontriviality. If we can show that 0 is in a “valley” surrounded by
“mountains” and that there are villages beyond the mountains, then we
can adapt to this situation the splitting subspaces method that we used
before.

Suppose we can show that
G(u)ze, |lula=p, (2.98)

holds for some positive ¢, p, and that G is bounded from above on
Vi ={veV:v> 0} Now, G(0) = 0. Hence, 0 would be in a val-
ley surrounded by mountains. If we can draw a curve of bounded length
from each v € V; along which G decreases and such that (a) the endpoint
of each curve depends continuously on the beginning point and (b) G is
less than € (the height of the mountains) at the endpoint of each curve,
then we will have the desired contradiction.

The reason is simple. Since G decreases along the curves and G(0) = 0,
curves emanating from points in V5 near 0 will be trapped inside the
mountain sphere ||u||g = p. Moreover, there will be points in V; so far
away from the origin that the curves emanating from them will remain
outside the sphere |lu||g = p. As before, the continuity of the endpoint
curve will imply that there is an endpoint on the sphere, providing the
contradiction.

We now need three sets of hypotheses; (a) those that will imply that
(2.98) holds, (b) those that imply that G is bounded from above on V7,
and (c) those that imply that for each v € V4, there is a curve of bounded
length emanating from v such that the endpoint depends continuously
on v and G < € at the endpoint. In the next section we shall give the
details.

2.18 A general mountain pass theorem

In proving our theorems we have been using ideas which can be combined
into a general theorem. We have

Theorem 2.26. Let G be a continuously differentiable functional on
a Hilbert space H such that G'(u) satisfies a local Lipschitz condition.
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Assume that G(0) = 0 and that there are positive numbers €, p such that
G(u) > e when |ju| = p. (2.99)
Assume also that there is a nonzero element @o € H such that
G(reo) < Cy, r>0, (2.100)
for some constant Cy. Then there is a sequence {uy} C H such that
Gug) — ¢, e<c<Cy G'(ug)— 0. (2.101)

Proof. We have essentially proved this theorem already, so we will merely
sketch the main points. If the conclusion (2.101) were not true, there
would be a positive number § such that

|G’ (u)|| > & when e —6 < G(u) < Cp + 6. (2.102)
From each v = rgg,r > 0, construct a curve o(t)v such that o(0)v = v
and
dG(o(t)v)/dt < —6 when € — 6 < G(o(t)v) < Cp + 6,
and

dG(o(t)v)/dt <0

otherwise. We do this by applying Theorem 2.9 to the equation (2.48)
using the fact that G’(u) is locally Lipschitz continuous. If we take

T>1+ (Co —6)/(5,
we see that
Go(T)w)<e—¥¢

for every v. As we showed before, the endpoints o(T")v depend contin-
uously on v and form a continuous curve. Since G decreases along each
curve, the endpoints of those v near 0 cannot escape from the ball if the
radius is p, while there are points v so far away that their end points
never reach the ball. Hence there must be an endpoint o(7)v such that

lo(T)oll = p.
But this is impossible, since
Glo(Tw)<e—-1¥¢
and
G(u) > ¢ when |ul = p.

This contradiction proves the theorem. ([
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2.19 The Palais—Smale condition

In solving the problem (1.1),(1.2), our approach has been to find a se-
quence {ug} such that (2.27) holds and then show that this implies that
{ux} has a convergent subsequence (i.e., the functional (1.63) satisfies
the PS condition). So far we have shown this when f(x,t) satisfies (1.78)
or the hypotheses of Theorem 1.37.

We can now combine Theorems 2.21 and 1.37 to solve a super-linear
problem. We have
Theorem 2.27. Assume that either
t? — 2F(z,t) < W(z) € L*(Q), t>0 (2.103)
or
t? —2F(z,t) < W(z) € LY(Q), t<O0. (2.104)

Then under the hypotheses of Theorems 2.21, 1.37, and Lemma 2.7,
problem (1.1),(1.2) has at least one nontrivial solution.

Proof. Use Theorem 2.26. We must show that (2.100) holds. To show
this, let p(x) = £1, depending on whether (2.103) or (2.104) holds. Then

QwaﬁzxMQ—ﬂ%ai@ﬁxﬁlﬂ“@dr<w.

This completes the proof. O

2.20 Exercises
1. Why does

T +yp <C
imply that there is a renamed subsequence such that
Tk — To, Yk — Yo!
2. Show that Vf satisfies a local Lipschitz condition if f € C?(R",R).

3. Show that the modulus of a function satisfying a local Lipschitz
condition satisfies a local Lipschitz condition.

4. Show that the ratio of two functions on R" satisfying local Lips-
chitz conditions satisfies a local Lipschitz condition provided that
the denominator does not vanish.
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10.

11.
12.
13.

14.
15.

16.

17.

Critical points
Prove (2.15).

Why is there a renamed subsequence such that T, — T in the proof
of Theorem 2.17

Follow the proof of Theorem 2.1 replacing (2.11) with (2.24).
Prove: If f € C'(R™,R) and

Vf(p)-~v(p) =IVfp) =6,
there is a neighborhood N(p) of p such that

Vi(g) - v(p) = g, q € N(p).

Why was it assumed that the diameter of each neighborhood N(p)
was less than one in the construction of V following Lemma 2.37

Show that if N(p) is a small neighborhood of p, then

N(p) " N(px) # ¢

for only a finite number of pp. Why do we need N(p) to be small?
Show that ), is locally Lipschitz continuous.
Show that (2.39) implies (2.38).

Show that the set Y of all continuous functions z(¢) from I; to X
with norm

Il = max|lz(e)] (2.105)
is a Banach space.
Prove the statements in the remark following Theorem 2.13.

If T < 0o, why do we obtain a solution of (2.51) in [0, 7] in the proof
of Theorem 2.9 in Section 2.127

Show that

/[wi—QF(x,wk)} dz/pi — 0 as k — oo
I

in the proof of Theorem 2.18.
Show that Theorem 2.18 applies to problem (1.1),(1.2) when
OF (x,t) =t + |t|>%, teR.
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Boundary value problems

3.1 Introduction

Until now we have studied problems for periodic functions. However,
there are many problems arising from applications which search for func-
tions satisfying boundary conditions. These functions are not required
to be periodic, but their values are prescribed on the boundary of the
region under consideration. In dealing with such problems, we are un-
able to use some of the tools which helped us in the periodic case (e.g.,
Fourier series). Consequently, we must search for other means of solving
such problems. The spaces we shall use will be different to adjust to the
new situations. The methods will change as well as the outcomes.

3.2 The Dirichlet problem
Let us change problem (1.1), (1.2) slightly. Suppose we want to solve

—u" +u= f(z,u(z)), z€=/(ab), (3.1)
under the condition
u(a) = u(b) = 0. (3.2)

We assume that f(z,t) satisfies (1.62). We must make some changes
from the periodic case. We shall use the set

Co(9) = {u € CHQ) : u(a) = u(b) = 0}.

Here, C*(Q) denotes the set of continuously differentiable functions on
Q; no periodicity is required. We let H} = HZ(€2) be the completion of
C}(Q) with respect to the norm given by

lull = llul® + (']

87
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The corresponding scalar product is given by

(u,v) g = (u,v) + (v, v),
where

(u, v) = / " (z)olz)de.

The question of completing a normed vector space arose before with
respect to the Hilbert space H. We will have to address it here as well.
As we saw in the case of periodic functions, we shall need the concept
of a weak derivative. Here it will differ slightly from that for periodic
functions. Before we proceed we shall need some of the results of the
next two sections.

3.3 Mollifiers

Let j(z) be an infinitely differentiable function on R™ such that j(z) > 0
for |z] < 1, j(z) =0 for || > 1, and

/](x)dx =1. (3.3)
An example of such a function is
(2) ae~/(=l=l®), lz] <1,
€r) =
. 2] > 1,

where the constant a is suitably chosen. For v € LP = LP(R"), p > 1,
we define

Jauts) = [gla - put)dy = [jeute—edz (34)
where
Je(w) = e "j(x/e).
We shall prove
|[Joulp < |ulp, weLP, (3.5)
and

|Jeu —ul, — 0, weLP. (3.6)

b= ([ |u<x>pdx)1/p.

Recall that
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In proving these statements, note that

/jg(m) dr =1.

By (3.4) and Hélder’s inequality (Theorem B.23),

@] < [l = )7 )] o - ) dy

< ([ite- y>|u<y>|pdy)l/p (fita= dy)l/p/ |

where

Hence
Teu(z)P < / e — p)lu(y)Pdy.

Integrating with respect to z and using Fubini’s theorem (Theorem
B.26), we obtain

[t < [ [ [ieta- y)u(yﬂpdy} dx
- / [ / j(z—y) dw] uly) Pdy

= |ulb.

This gives (3.5). In proving (3.6), assume first that u is continuous. Let
6 > 0 be given, and take R so large that

/ |u(z)Pde < 6P.
|z|>R—1

On the set |z| < R+1, the function u(x) is uniformly continuous. Hence,
there is an € > 0 such that ¢ < 1 and

ju(@ +y) —ulz)| < 6/RP, |z| < R, |y| <e.



90 Boundary value problems

Consequently,
o)~ u(a)? = | [ 30 ate - e2) - woi |
< [t - =) - ua)pd:
_ JECLE S 2 < R

/ i) (u(x — e2)] + fu(@)Pdz. |a] > R

Hence,

/|J€u(ac)—u(x)|pdx < /|$<R/j(z)5p/R"dzda:

//|I|>R z)(Ju(z — ez)| + |u(z)|)Pdx dz

< 276P + 2p+1/ |u(z)[Pdx
|z|>R—1

< (2" + 27 ).

Since ¢ was arbitrary, we see that (3.6) holds for continuous functions
in LP(R™). If w € LP(R™), then for each § > 0 there is a continuous
function v € L?(R™) such that |u — v|, < 6. Thus,

| Jeu — ulp < [Je(u —v)|p + [Jev —v]p + v —ulp <6+ 6+,

for € sufficiently small. This proves (3.6).

3.4 Test functions

We let C§° denote the set of infinitely differentiable functions with com-
pact supports in R™. This means that they vanish for |z| large. The
function j(z) described in the previous section is such a function. Thus,
C§° is not empty. In fact, we shall prove

Theorem 3.1. For 1 <p < oo, C§° is dense in LP = LP(R™).

Proof. Let u be any function in L?, and take R so large that lu—ugr|, < 6,
where 6 > 0 is given and

B u(z), || <R
ur(T) = {0, lz| > R.



8.4 Test functions 91

Then J.ur € C§° by (3.4). Moreover, by (3.6) we can take ¢ > 0 so
small that

|J5’U,R — uR|p < 6.
Thus
|Jour — ulp < |Jeur — urlp + |ur — ulp, < 26.

This proves the theorem. O

For any open set  C R", we let C§°(€2) denote the set of infinitely
differentiable functions with compact supports in €2, that is, functions
in C§° which vanish outside € and near 9. We shall show that C§°(£2)
is not empty for any open set €. In fact, we have

Theorem 3.2. For 1 <p < oo, C§°(Q) is dense in LP(12).
Proof. Let u be any function in LP(Q). For x € R™, let

) = mi -
d(z,00) ynelgglzw Y|

be the distance from x to 0f2. Let

u(x), z| <R, x €, dlx,00) >1/R,

(z) ||

up(z) = .
0, otherwise.

We note that

|lu —uglp — 0 as R — oo.
To see this, note that
[u(z) —ur(@)| < |u(z)], z€Q,
and
ug(z) = u(z), =z €.

Apply the Lebesgue dominated convergence theorem (Theorem B.18).
Let & > 0 be given. Take R so large that |u — ug|, < 6. For € > 0
sufficiently small, Jougp € C§°(Q), and we can take it so small that
|Jour — urlp < 6. Thus

|Jeur — ulp < |Jeur — urlp + |ur — ulp, < 26.

This completes the proof. O
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3.5 Differentiability

We return to the one dimensional case @ = (a,b) € R. A corollary of
Theorem 3.2 is

Lemma 3.3. The set C}(Q) is dense in L*(Q). Hence, if h € L*(Q)
and

[r@p@yaz=0. vecr@),
then h(x) =0 a.e.

This will be important in defining a weak derivative. We shall say that
h € L*(Q) is a weak derivative of u € L?(1) if

(ua QD/) = _(h7 Qo)v S C&(Q) (37)

Lemma 3.3 tells us that weak derivatives are unique. For if hy; were
another, we would have

(h—h1,9) =0, ¢ €Cs(9).
The density of C3(€2) would then show that h = hy a.e.

The proof of Lemma 3.3 is easily given.

Proof. By Theorem 3.2, there is a sequence {¢x(x)} C C§°(Q2) converg-
ing to h(x) in L?(). Then,

/h(x)cpk(x) dr =0, k=1,2,...
In the limit we have
[ @) dz=o.
which implies our conclusion. O

We want H} () to be the smallest Hilbert space containing C§(£2) using
the norm |jul|g. To this end, we let H} = H{(2) be the set of those
u € L%(Q) such that there is an h € L?(2) and a sequence {ux} C C3(Q)
such that

up — u, uj, — hin L*(Q). (3.8)
Not every function in L?(Q) has a weak derivative, but we have

Lemma 3.4. Every function in H}(Q) has a weak derivative.
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Proof. If u € Hg(£2), then there is a sequence {uy} C C¢(£2) such that
lug — ullg — O.
Thus uy — u in L*(Q) and {u}} is a Cauchy sequence in L?($2). Hence,
there is an h € L?(2) such that uj — h in L*(Q). Then,
(ur, @) = —(ui, ), ¢ € Co(9).
In the limit this gives (3.7). O

It follows from Lemma 3.4 that the function A in the definition (3.8) is
the weak derivative of u; it will be denoted by u’. We shall need

Theorem 3.5. The space H}(Q) is complete.

Proof. Suppose {uy} is a Cauchy sequence in Hg (). Then there are
functions u,h € L?*(Q) such that (3.8) holds. Since each u, € H{(Q),
there is a vy € C§(£2) such that

1
llog, = upll < 7

lve — ukll < :

E7
Thus,

lor—ull < llox vkl +]lux—ull = 0, [Jop=hll < [Jog,—u||+]luf—h[| — 0.
Hence, u € H3(2) and h = u’ a.e. O

Next we have

Theorem 3.6. The space H} C C(Q) and
lu(z)| < min(|z — al 2, |b—2|?)||v']], we H. (3.9)

Proof. First assume that u € C3(Q). Then

/ u’(t)dt\ < (x— )}l

/m b u'(t) dt

This gives (3.9). Now if u € H{, there is a sequence {uy} C CL(Q)
converging to u in H} (definition). By inequality (3.9), uj converges

uniformly to a limit in C(€2) which must coincide with u(z) a.e. More-
over, u), converges to v’ in L*(2). By inequality (3.9),

u(x)] =

and

1

< (b—)2 vl

u(z)| =

lup,(x)] < min(|z —al2,|b— 2|7)|[u ],

and in the limit the inequality applies to u(x) itself. O
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Next we have

Theorem 3.7. If u € L?(Q) has a weak derivative h € L*(S)), then
ue C(Q). If h € C(Q), then u € CY(Q), and h is its derivative in the
usual sense.

Proof. Let n > 0 be given, and let (a/,b) = Q' C Q be an open interval
such that d(€',09) = min(b —V',a’ —a) >n. For e <n and x € ', we
note that j.(x — y) as a function of y is in C5°(£2). Thus

=— / Dyje(z — y)u(y) dy

= /je(w —y)h(y) dy
= J.h(z) — h(z) in L*(Q),
where D, = 0/dz. Since u € L?(Q), we know that
Jeu(r) — u(z) in L*(Q).
This implies that there is a sequence {ej} such that e, — 0 and
Jeu(r) — u(x) ae, z€
(Theorem B.25). Let M C Q' be the set where
Jeu(r) = u(x), x€ M.
Then the set '\ M has measure zero. Thus,
Jeyu(z) — Jou(z') = / Dy(J., u(t))dt — / h(t)dt, =z,x' € M.
x’ x’
Consequently,
u(z) —u(z) = / h(t)dt, =z, 2" € M. (3.10)
Fix 2/ € M and define

a(x) = u(x') + /3c h(t)dt, =xe .

The right-hand side is continuous on ©’. Thus, u(z) is a.e.equal to a
continuous function @(x) on Q. By correcting it on a set of measure 0,
we can make u(z) continuous there. Since n was arbitrary, we see that
u(x) is continuous on the whole of .
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If h(t) € C(Q), then u(z) is differentiable and
u'(z) =h(z), ze.
Since 1 was arbitrary, the result follows. O
As a result we have
Theorem 3.8. Ifu e H}, fe L?(Q) and
(w,0)r = (f,v), vEeCHQ), (3.11)

then u' is continuous in Q and is the derivative of u in the usual sense.
If f € C(Q), then u' is differentiable in the usual sense and satisfies
u' =u—finQ.

Proof. We see from (3.11) that
(u/7vl):_(u_f7v)7 UGCL%(Q)

Therefore, u’ has a weak derivative equal to u— f. By Theorem 3.7, v’ is
continuous in 2 and is the derivative of u in the usual sense. If f € C(Q)
then u— f € C(Q), and «’ is differentiable in the usual sense and satisfies
u’ =u— fin Q. O

Corresponding to Lemma 1.9 we have

Lemma 3.9. If I = [0,x] and u(x) € L*(I), then

n
Hu—Zbksinka —0 asn— o (3.12)
k=1
and
p o0
lull* =5 > k. (3.13)
k=1
where
2 T
b, = —/ u(z)sinkxde, k=1,2,... (3.14)
TJo
Proof. Define
~ u(x), 0<zx<m,
u =
—u(—x), —n<z<0.
Then 4 is an odd function in I = [—x,x]:
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By Lemma 1.9,

i — " arprl — 0,

|k|<n
where ¢y, is given by (1.44),
. __ 1 oL
e = (i 0) = = [ e

and the norm is that of L?(—n,=). Since @ is odd,

0 T
/ a(t)e *tat = —/ u(s)e**ds.
—n 0
1

~ i —i i 2 " :
ak:\/%/o u(t)[e kt—ekt]dtz—m/o u(t) sin kt dt.

Consequently,

Hence,

T

Vo o
2% [

V2r Jo

2t [T
=2 u(t) sin kt dt (i sin kt)
2n 0

2 [T
275 0
4 [T . .
= — u(t) sin kt dt sin kx
2TE 0

QpPr + 0 = u(t) sin kt dt oy,

+

u(t) sinkt dt p_

u(t) sin kt dt (—i sin kt)

= by sinkz.

Thus

)

Z axpr = zn:bk sin kzx,
k=1

|k|<n

and
n

la — Zbksinkac“ —0 as n — oo,
k=1
where the norm is that of L?(—n,n). This implies (3.12) with the norm
of L?(0,) and completes the proof. Inequality (3.13) follows from (3.12)
and the fact that the functions sin kx are orthonormal in L?(2). O
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Lemma 3.10. If u € C(R) has a weak derivative u' € L*(Q) and sat-
isfies

u(z) =0, z<a+e x>b—c¢
for some € > 0, then u € H}(Q).
Proof. If 6 < e, then
Jsu(x) € C§°(Q) C Ca().
This follows from the fact that
Jsu(z) =0, z<a+e—6 z>b—ec+é.
By (3.6),
Jsu — uin L*(9Q).

Moreover, if a+¢ < x < b—¢, then js(z —y) € C§*(?) as a function of
y. Thus

Jsu(x / ——Js(z — y)u(y) dy
/ ——Js(x — y)u(y) dy

— [dsta—w' ) dy
= Jsu'(z) — /() in L3(Q).
Therefore, u € HJ(£2) and
Jsu — win Hg(Q).
O

Lemma 3.11. If u € C(R) has a weak derivative u' € L?(Q) and sat-
isfies

u(z)=0, z<a, z>b,
then u € Hg ().
Proof. We may assume that a = 0. For 0 < e < b/2, let
0, 0<z<e,

Te = ¢ b(x —e)/(b— 2¢), e<zr<b-eg,
b—e<zxz<hbh

S

)
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Then
z. —x — 0 as e — 0, uniformly in Q.
If h € C(Q), then
he(z) = h(z.) — h(z) as ¢ — 0, uniformly in 2.

If h € L*(Q), then

b—e
Ihell? = / h(z.)Pde

b—2 [P
o [ o,
0

b—2e [°
=255 [ IhwPay
0

— ||h||* as e — 0.

Moreover,
he(z) — h(zx) in L*(Q) as e — 0.

To see this, note that for any § > 0, there is a g € C(Q) such that

llg — hll <é.
Take € so small that

lge — gll < 6.
Then

[he = hll < [[he = gell + [lge —gll +llg = hll <6 +6+6
for e sufficiently small.
If u satisfies the hypotheses of the lemma, the u. € Hg(Q) for each

£ > 0 by Lemma 3.10. Moreover, u. — u, u. — v’ in L?(Q2) as e — 0.
Therefore, there is a sequence {uy} of functions in C}(Q2) such that

up — u, uj, — v’ in L?(Q). Thus, u € H}(Q), and the proof is complete.
U

We now have

Corollary 3.12. A function u is in Hi(Q) if, and only if, it is in C(Q),
satisfies (3.2), and has a weak derivative in L?(().
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Proof. If u € H(Q), then it is in C(2) and satisfies (3.2) by Theorem
3.6. It has a weak derivative by Lemma 3.4. Conversely, if it has these
properties, then it can be extended to be continuous in the whole of
R by defining it to be 0 outside Q. We can then apply Lemma 3.11 to
conclude that u € H}(Q). O

3.6 The functional

We can now proceed to tackle problem (3.1), (3.2). Actually, all we need
to do is follow the methods used to solve (1.1),(1.2). First, we must
choose a space and a functional. This is not difficult. We merely use
H} = H}(Q) in place of H and replace G(u) with

1 b
Coluw) = 51l —/ Fla,u(2)de, weHL,  (3.15)
where F'(x,t) is given by (1.64). Replacing (1.46) with (3.9), we follow
the proof of Theorem 1.20 to conclude

Theorem 3.13. If f(x,t) satisfies (1.62), the functional Go(u) is con-
tinuously differentiable on Hy and satisfies

(Gh(u),v)g = (u,v) g — (f(-,u),v), u,v€ Hy. (3.16)
It therefore follows that if we can find a function ug € H{} satisfying
Go(ug) =0, (3.17)

then it will satisfy
(uo, ) = (f(-,u0),v), v € Hy. (3.18)

Since ug € H}, it is in C'(Q) by Theorem 3.6 and satisfies (3.2) by (3.9).
This means that f(z,uo(z)) is in C(£2). Thus, by Theorem 3.8, ug has
continuous second derivatives and satisfies

ug(x) =up — f(z,uo(x)), w=€Q,
which is (3.1).
Now we are ready to search for solutions of (3.17). The first attempt
to find such a solution is to look for a minimum as we did in the case

of problem (1.1),(1.2). In order to keep the same numbers, we take Q0 =
(0,m). We shall need the counterpart of Lemma 1.21.
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Lemma 3.14. If {ux} C H} satisfies
Jug |z < C, (3.19)
then there is a renamed subsequence and a ug € Hy such that
up — up in Hy (3.20)
and
ug,(z) — uo(z) uniformly in €. (3.21)
In proving Lemma 3.14 we shall use
Lemma 3.15. If u € L?() has a weak derivative h € L*(Q), then
(u,v") = —(h,v), wve€ Hy. (3.22)
Proof. By definition,
(u,¢) = =(h,0), @€ Cy(9).

If v € H}, then there is a sequence {¢r} C C}(Q2) converging to v in
H}. Since

(u, %) = —(h, r)
we obtain (3.22) in the limit. O
We can now give the proof of Lemma 3.14.

Proof. We note that Lemmas 1.25 and 1.26 remain valid when we replace
H by H}. From Lemma 1.26 we see that there is a renamed subsequence
converging to a function w € C(Q). Moreover, by a theorem in functional
analysis (Theorem A.61), there is a renamed subsequence of this subse-
quence which converges weakly in H} to a function ug € H}. Let v be a
function in H{ such that v' has a weak derivative v”. Then

(ug,v —v") = (up,v)g — (ug,v) g = (u,v —v").
But
(ug,v — ") — (w,v —0").
Thus
(up —w,v —2") = 0.
Let h be any function in L?(£2). Define

®(p) = (p,h), @€ H,j.
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Then ®(¢p) is a linear functional on Hy. It is also bounded, since

() < llell + IRl < Cliell -

By the Riesz representation theorem (Theorem A.12), there is a v € H}
such that

®(p) = (p,v)m, ¢ € Hy.
Thus
(¢, h) = (p,0) + (¢',0), v € Hp.
This means that v' has a weak derivative
v =v—h.
Since h was arbitrary, we see that
(ug —w,h) =0, heL*Q).

If we take h = ug — w, we see that ug = w. This completes the proof.
O

3.7 Finding a minimum

The next step is to find a u € H{ such that G(u) = 0. The simplest
situation is when Go(u) has an extremum. We now give a condition on
f(z,t) that will guarantee that Go(u) has a minimum. We assume that
there is a function W (x) € L(I) such that

~W(z) <V(x,t) =t* — F(x,t) — 00 a.e. as |t| — oo. (3.23)

Remark 3.16. Note that this assumption is weaker than hypothesis
(1.67) which was used in Theorem 1.24. Recall that we are now assuming
that Q=(0,n).

We shall also make use of
lull < llw/|l, € Hy, (3.24)
and
Lemma 3.17. If u is in HE, and ||ul| = ||u']|, then

u(x) = b sinx (3.25)



102 Boundary value problems

for some constant b. If

/ u(x)sinzdr =0, (3.26)
0
then

2[|ull < [l (3.27)
If u satisfies (3.26) and

2fjull = [lv']],
then

u(x) = csin 2.

We shall prove these at the end of the section. Now we show how they
can be used to give

Theorem 3.18. Under hypothesis (5.23) there is a u in H} such that
Go(u) = II;IIIH Go.

0

Moreover, if f(x,t) is continuous in both variables, any such minimum
is a solution of (3.1),(3.2) in the usual sense.

Proof. Let

a = inf Gy.
Hy

Let {uy} be a minimizing sequence, that is, a sequence in H{ satisfying
Go(ug) \ a.
I claim that
pe = lluellez < C.
To see this, note that for each u € H} we may write
u=w-+0v,

where w satisfies (3.26) (and consequently (3.27)) and v is of the form
(3.25). We have

2Go(u) > %HU/HZ + 2/ V(z,u)dz > %Hw”fq - 2/ W(z)dr (3.28)
Q Q

by (3.24) and (3.27). In fact these latter inequalities imply

Aflwl® <l ol = 1]l
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and consequently
2 32 2 3 2 2
lullzr = 7 llw'll” + 2lull® > Fllwlz + 2[ull”

From this we see that if {u;} is a minimizing sequence for Gy, then we
must have

(@) < Clluglln <€,z e

by Theorem 3.6. The only way we can have
Pk — 00
is if
[okll — oo
Since
vi(z) = ¢ sinz,
this means that
lve | = nci — oo.

Whence,

lv(x)] = |ek|sine — oo, € Q.
But then we have

un(2)] = [or(@)] = lwe(@)| = v(z)| = C" — 00, z€Q.
Thus, the only way we can have ||ug|l g — oo is if
lug(z)] — 00, x € Q.

But then,

V(x,ug(x))de — oo as k — oo
Q

by (3.23), and this implies
Go(ug) — o0

by (3.28). Thus, the p; are bounded. Then, by Lemma 3.14, there is a
renamed subsequence such that

U — Ug in H& (3.29)
and

ug(x) — up(xz) uniformly in . (3.30)
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Then
/F(w,uk)dxH/F(x,uo)dm
Q Q

by arguments given before. Since

ol = Moy — 2Fes = wol, o) — s = wolly
we have
1
Golu) < g lluelfy ~ (fux ~ wol,uo)ss ~ [ Fla.uo)ds
Q
= Gw) ~ ({wx = ush w)a + [ [Fww) = Flawo)] de
Q
— .
Thus

G(ug) < a.

Since ug € H}, a < G(up). Consequently, a < G(ug) < «, from which
we conclude that Go(ug) = «. Thus, the proof of the first statement is
complete.

To prove the second statement, note that G{(ugp) = 0. Consequently,
(Uo,’U)H—(f(JJ,Uo),U):O, ’UEH(%'

Since ug € Hg, it is continuous in . If f(z,t) is continuous in both
variables, f(z,ug(x)) is continuous in Q. Thus, uf = ug — f(x,ug) by
Theorem 3.8. Consequently, ug has a continuous second derivative and
is a solution of (3.1),(3.2) in the usual sense. O

It remains to prove (3.24) and Lemma 3.17. We prove them together.

Proof. We follow the proof of Lemma 1.23. (By now, you should know
it by heart.) By Lemma 1.9

o0

lul = lim | awpel® = lim Y el = Y fel’,  (3.31)

|k|<n |k|<n k=—o00

where the oy, ¢ are given by (1.43) and (1.44). For the same reason,

o0

lIP = lim || Y7 Brewl®= D 18P = D Kol (3.32)

[k|<n k=—o00 k=—o0
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since By = ikay. If u € HE, then ag = 0. Hence,

lall®> =" lawl? < Y KPawl® = |[u'|1?,

k#0
which is (3.24). Moreover, if the two are equal, then
/1 = Jlull* = D (k> = D]ax/* = 0.
Hence, o, = 0 if |k| # 1. This means that
U= (ale” + oz_lefm)/\/% =acosx + bsinx.
Since u € Hg, we see that a = 0. This completes the proof. O
Next, we have the counterpart of Theorem 1.27.

Theorem 3.19. Assume that f(x,t) satisfies (1.78) for some [ satis-
fying

B(x) <2, B(x) £2 ae. (3.33)
If Q= (0,n), then there is a u € H} such that
Go(u) = min Gy. (3.34)
Hg

Moreover, if f(x,t) is continuous in both variables, then any such min-
imum is a solution of (3.1),(3.2) in the usual sense.

The proof of Theorem 3.19 is almost identical to that of Theorem 1.27
if we replace I, H and G with Q, H} and G, Lemma 1.21 with Lemma
3.14 and Theorem 1.15 with Theorem 3.8. This includes Lemmas 1.25
and 1.26. We follow that proof until we reach the conclusion

U PR 2)a(x)? dx
2Go (ur) /0 I/QB()()d

= (1 - llali) + (l@']* - ||~H2)+/[2—ﬂ(fﬂ)}ﬂ(x)2dw
Q
=A+B+C.

Since ||@|lg < 1 and B(z) < 2, the quantities A, B,C are each > 0.
The only way the sum can equal 0, is if each equals 0. If B = 0, then
@(z) = b sinz by Lemma 3.17. If C' = 0, then

b? /9[2 — B(z)] sin® x dx = 0.

By hypothesis (3.33), the only way this can happen is if b = 0. Then
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t(x) = 0, causing A to be positive. Thus, the pj are bounded, and the
proof of the first statement is complete. The second statement follows
as in the proof of Theorem 3.18.

We also have a counterpart of Theorem 1.30.

Theorem 3.20. Assume that f(x,t) satisfies (1.62) and that F(x,t) is
concave in t for each x € Q. Then Go(u) given by (8.15) has a minimum
on H}.

Proof. Reasoning as in the proof of Theorem 1.30, we first note that
F(z,t) < F(z,0) + f(z,0)t = f(z,0)t, z€Q,teR
by Lemma 1.29. Thus,
F(xz,t) < Colt], teR
by (1.62). This implies that

1
Go(w) > g ully — [ f(a.0)uta) da
1
>l — eallll, e B (335)

by Lemma 1.29. Let {ux} C H{ be a minimizing sequence for Go(u),
that is, a sequence such that

Go(ug) \, a = inf Gy.
Hy
Since Go(uy) < K and

1
Go(ur) = 5 llurlzy — exlluxl)

we see that the |lug||; are bounded. We now follow the proofs of Theo-
rems 3.18 and 3.19 to arrive at the desired conclusions. O

We also have a counterpart of Theorem 1.31.

Theorem 3.21. In addition to the hypotheses of Theorem 3.18, 3.19,
or 3.20, assume that there is a tg € R such that
T

th. (3.36)

/F(:E, tosinx) dx >
Q

Then the solutions of problem (3.1),(3.2) given by these theorems are
nontrivial.
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Proof. Let ¢(z) = tosinx. Then

Go(y) = gté - /QF(I,tO sinz)dr < 0.

Thus, the minimum obtained in Theorem 3.19 is negative. Since G(0) =
0, the theorem follows. O

3.8 Finding saddle points

We also want to obtain theorems for the situations in which no extrema
exist for the functional. As in the periodic case, we can obtain such
results. Recall that we are now assuming that = (0,=). For instance,
as a counterpart of Theorem 2.6, we have

Theorem 3.22. Assume that (1.78) holds with

2<B(x) <5, Bx) #2,0(x) #5 ae. (3.37)

If Go(u) is given by (3.15) and Gj(u) is locally Lipschitz continuous,
then there is a ug € H} such that

Gl (ug) = 0. (3.38)

In particular, if f(x,t) is continuous in both variables, then uy is a
solution of (3.1),(3.2) in the usual sense.

Proof. We let N be the subspace of functions in H} which are multiples
of 9 = sinx. It is of dimension one. Let M be the subspace of those
functions in H¢ which are orthogonal to N, that is, functions w € H}
which satisfy

/ w(z)sinz dx = 0.
Q
Note that this implies

(W', ¢5) =0,
and consequently that

(w,@)u = 0.
I claim that

mo = inf Gg > —oo, my =sup Gy < 0.
M N

For suppose {wi} € M and Go(wy) \, mo. If pp = ||wi|lg < C, then
Theorem 3.6 and Lemma 3.14, imply that mg > —oo. If pr — oo,
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let Wy = wy/pi. Then |wg||lg = 1. Consequently, there is a renamed
subsequence such that

Wy, — W in H} (3.39)
and
Wy — W uniformly in Q (3.40)
(Lemma 3.14). Thus,
F(z,wyg)

2Go(wy)/pi =1 — 2/Q widr — 1 f/ﬂﬂ(:c)ﬁﬁ(:r) dx

wj
= (1= |l@lfE) + (1@l - 5l@)*) +/ 5 — B(x)]@* (x)dx
Q
=A+B+C, (3.41)

as we saw before. Now, I claim that A, B,C' > 0. We note that Lemma
3.17 implies that B = ||@'||? — 4||@||* > 0. The only way the right-hand
side of (3.41) can vanish is if A = B = C = 0. If A = 0, we see that
w # 0. If B=0, then @ is of the form

w(zx) = ¢ sin 2z.

If @ # 0, then ¢ # 0. Finally, for such a function, if C' = 0, then we
must have S(z) = 5 a.e. But this is excluded by hypothesis. Hence,
A, B, C cannot all vanish. This means that the right-hand side of (3.41)
is positive. But this implies that my = oo, an impossibility. Thus, the
pr. must be bounded, and mg > —oo.

To prove that m; < 0o, let {ux} be a sequence in N of the form

U = C SInT

such that |c| — co. Then

pi =nch, up(z)? = cisin’ .

Hence,
26 (ue)/ok =12 | Flaw)/pida
:1—2/9[F(x,uk)/u§] sin? ¢ dx
—>1—/Qﬁ(a:)sin2:1cdx
= /9[2 — B(x)]sin®* xdx < 0
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by hypothesis. Thus,
Go(ug) — —o0 as k — oo.

Since G is continuous, we see that m; < oco.
We can now apply Theorem 2.5 to conclude that there is a sequence
{ur} C H} satisfying (2.27). By (1.37),

(Go(ur), )i = (ur, ) — (f (- ur),v) = o(|vlle), [v|a —0, ve Hg.
Assume first that
Pk = ||ukllg — oo. (3.42)

Set 4 = uk/pr. Then ||ux||z = 1, and consequently, by Lemma 3.14,
there is a renamed subsequence such that

Gy — @ in Hy, iy — @ uniformly on 1. (3.43)
Thus,

(@, v) i — (f(yur)/pr,v) — 0, v € Hy.
As we saw before, this implies in the limit that

(@,v)g = (Bi,v), v e Hj.

Take
Uu=w+~vy, v=w-—-, where we M, y€EN.
Then
([0 + ), [@ =) m = (B[w + ], @ — )
This gives

[l = IVlI7 = (8@, @) = (B7,7)-
We write this as
(a1 =5l + [ 15 - )t de + [ 16() 2 (e)ds
= A+B+C=0.
This follows from the fact that
~v(x) = csinx.
Consequently,

Y17 = 2l
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Note that A, B, C are all nonnegative. Since their sum is 0, they must
each vanish. If A =0, then we must have, in view of Lemma 1.23,

w = b sin 2.

If b # 0, then @ # 0 a.e. If B = 0, then [5 — 8(z)]w(z)? = 0 a.e., and
since f(z) # 2, we must have @w(z) = 0. If C' = 0, we must have v = 0.
Hence, u(z) = 0.

On the other hand, we also have

2G0(u)/pt =12 | Fleu)/pt —0.
Q

Thus

1- /Qﬁ(l‘)sz dx = 0.

This cannot happen if @ = 0. Thus, (3.42) cannot be true, and the py
are bounded. Consequently, there is a renamed subsequence such that

up —w in Hy, wug — u uniformly in 1 (3.44)
(Lemma 3.14). By (2.27),
(Go(ur),v) = (up,0)g — (f(-;ux),v) = 0, v € Hyg,
and we have in the limit
(u,0)g — (f(-,u),v) =0, v e Hf.

Thus, (2.29) holds with ug = u. Since u € H{, it is continuous in Q. If
f(z,t) is continuous in both variables, then f(x,u(x)) is continuous in
Q. Thus, v’/ = u— f(x,u) in the usual sense by Theorem 3.8. Hence, u
is a solution of (3.1),(3.2). O

3.9 Other intervals

Suppose f(x,t) satisfies (1.78), but S(z) does not satisfy (3.37). Are
there other intervals (a, b) such that a solution of (3.1),(3.2) can be found
when a < B(z) < b? (We have asked this question before.) We are
going to show that this is indeed the case. In fact we have the following
counterpart of Theorem 2.24.
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Theorem 3.23. Let n be an integer > 0. Assume that (1.78) holds with
B(z) satisfying

1+n?<B(x) <1+ (n+1)% 1+n?ZB@) £1+(n+1)? ae
(3.45)

If (2.37) holds, then (3.1),(3.2) has a solution.

Proof. As you guessed, we follow the proof of Theorem 2.24. First, we
note by (3.31) and (3.32), that

lullZr =D (1 +k)|awl?, u e H, (3.46)
where the oy, are given by (1.43) and (1.44). Let
N={uecHj:a=0 for |k| >n}.
Thus,

fullfr = Y A+ E)|axl* < (L+n?)|ul?, uweN. (3.47)
|k[<n

Let
M ={u€ H}:a,=0 for |k| <n}.
In this case,

lulfr = > @+l = 1+ 0+ D))]ul’, uweM. (348
|k|>n+1

Note that M, N are closed subspaces of H} and that M = N=. Note
also that N is finite dimensional. Next, we consider the functional (3.15)
and show that

Go(v) = —0 as ||[v||g — o0, v € N, (3.49)
and
Go(w) — o0 as ||w||jg — 0, we M. (3.50)
Assuming these for the moment, we note that they imply
inf Gg > —o00; sup Gy < 0. (3.51)
M N
This is easily seen from the fact that (3.50) implies that there is an
R > 0 such that

Go(w) >0, |wlg >R, we M.
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Consequently, if the first statement in (3.51) were false, there would be
a sequence satisfying

Go(wg) = —o0, | wgllg < R, w, € M.

But this would imply that there is a renamed subsequence converging
uniformly to a limit wq in . Thus,

Go(wy) > —/ F(z,wg)de — — | F(z,wp)dx > —oc0.
o Q

This contradiction verifies the first statement in (3.51). The second is
verified similarly by (3.49).

We are now in a position to apply Theorem 2.5. This produces a
sequence in H} satisfying

Go(ug) — ¢,  Goylug) — 0, (3.52)
where c is finite. In particular, this implies

(Go(ur),v)ir = (u,v)m = (f(ur),0) = o(|vlla), |[vllm — 0, v € Hy.
(3.53)

Assume first that
pr = llunllar — oc. (3.54)

Set g, = uk/pr. Then ||Jug||g = 1, and consequently, by Lemma 3.14,
there is a renamed subsequence satisfying (3.20) and (3.21). Thus

(g, ) — (f(up)/pr,v) — 0, v e Hy. (3.55)
As we saw before, this implies in the limit that
(@,v)g = (Bu,v), v Hg. (3.56)
Let
U=w+0v, U=w-—07. (3.57)

Then

This implies

@7 = 1911 = (B[ + 9, @ — o) = (Bw,w) - (80, 0),
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since
(99,) = (30,5) = | B(o)o(a)d(a)da.
Q
Thus,
@[3 — (8w, @) = [[o]F — (88, 0).

Consequently,

(ol — A+ (n+ 1)) la)?) + /Q[l + (n+1)* = B(x)]w” da

= (IolF — A +n*)o)?) + / [1+n? — B(2)]0” da.
Q

We write this as A+ B = C + D. In view of (3.45), (3.47), and (3.4
A>0,B>0,C<0, D<0.But this implies A=B=C=D =0.

=Y arpr,
then in view of (3.48) the only way A can vanish is if
W =b sin(n+ 1)x.

If b is not 0, then this function can vanish only at a finite number of
points in Q. But then, B cannot vanish in view of (3.45). Hence, w = 0.
Similar reasoning shows that C' = D = 0 implies that v = 0. On the
other hand, (3.52) implies

2G0(u)/p} = il =2 | Flo.ds/p? =12 [ fla)itds =0,
Q Q

from which we conclude that o # 0. This contradiction shows that the
assumption (3.54) is incorrect. Once this is known, we can conclude that
there is a renamed subsequence such that (3.20) and (3.21) hold (Lemma
3.14). It then follows from (3.53) that

(u, ) — (f(-,u),v) =0, ve H. (3.58)
It remains to prove (3.49) and (3.50). Let {wy} C M be any sequence

such that py = ||wg||lg — oo. Let Wy = wy/pg. Then ||Wk||g = 1. Thus,
there is a renamed subsequence such that (3.20) and (3.21) hold. This
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implies
26w/t =12 [ Hoagir — 1 - [ )i
> (1 [[al3) + (1813 — (1 + (4 D?)]Ja]?)
+ / 1+ (n+ 1) — B(a)] 0 (2)da

=A+B+C.

As before, we note that A > 0, B > 0, C > 0. The only way Gg(wy) can
fail to become infinite is if A = B = C' = 0. As before, B = C' = 0 implies
that @ = 0. But this contradicts the fact that A = 0. Thus, Go(wy) — o
for each such sequence. This proves (3.50). The limit (3.49) is proved in
a similar fashion. This completes the proof of Theorem 3.23. O

Remark 3.24. It is rather surprising that Theorems 2.24 and 3.23 are
practically the same since the spaces of functions are so different. This
1s especially true if we compare Theorems 2.6 and 3.22. The crux of the
matter is that the spectrum of the operator

Lu=—u"+u

in the space H is

Ap=14+n% n=0,1,...,
while that of the same (formal) operator in Hg is

Apn=14+n% n=12...

3.10 Super-linear problems

Up until now in our study of the Dirichlet problem we have assumed that
f(z,t) satisfies (1.35). As we did before, in this case we refer to problem
(3.1),(3.2) as sub-linear. If f(z,t) does not satisfy (1.35), we call problem
(3.1),(3.2) super-linear. We now want to consider this problem in such a
case. However, if we want to use the functional Go(u) given by (3.15) and
we want this functional to be continuous on H} and have a continuous
derivative on this space, we will have to make some assumptions on
f(z,t). However, we have shown that the assumption (1.62) is sufficient
for this purpose in the periodic case (Theorem 1.20).
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As we saw before, we now come to a situation which causes a serious
departure from the sub-linear case. In the sub-linear periodic case we
assumed (1.78) with () having certain properties. From these proper-
ties we were able to infer that either G is bounded from below (Theorem
1.27), or (2.40) holds with mg, m; finite. If (1.78) does not hold, these
configurations are not true. The same is essentially true for the Dirichlet
problem.

We must look for another “geometry.” The simplest one employs the
ideas used previously in connection with uniqueness. As in the case of
periodic functions, if we can show that 0 is in a “valley” surrounded by
“mountains” and that there are villages beyond the mountains, then we
can adapt to this situation the splitting subspaces method that we used
before. For suppose we can show that

Go(u) > e, lulla = p, (3.59)

holds for some positive ¢, p, and that Gy is bounded from above on
Vi={veV:iw=csinz, ¢>0}. Now, Go(0) = 0. Hence, 0 would be in
a valley surrounded by mountains. If we can draw a curve of bounded
length from each v € V; along which G decreases and such that

(a) the endpoint of each curve depends continuously on the beginning
point and

(b) at the endpoint of each curve G is less than € (the height of the
mountains),

then we will have the desired contradiction. The reason is simple. Since
Go decreases along the curves and G(0) = 0, curves emanating from
points in V4 near 0 will be trapped inside the mountain sphere |ju| g = p.
Moreover, there will be points in V; so far away from the origin that the
curves emanating from them will remain outside the sphere ||ul|z = p.
As before, the continuity of the endpoint curve will imply that there is
an endpoint on the sphere, providing the contradiction.

We now need three sets of hypotheses.

(a) those that will imply that (3.59) holds,

(b) those that imply that G is bounded from above on V; and

(c) those that imply that for each v € V; there is a curve of bounded
length emanating from v such that the endpoint depends contin-
uously on v and Gy < € at the endpoint.
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3.11 More mountains

As we did in Theorem 2.21, we now want to give sufficient conditions on
F(z,t) which will imply that the origin is surrounded by mountains for
the functional Gy. This can be done as follows.

Theorem 3.25. Assume that (1.62) holds and that there is a 6 > 0
such that

F(x,t) <t |t| <6 (3.60)
Then for each positive p < §/2, we have either

(a) there is an € > 0 such that

Go(u) z e, ullu = p, (3.61)

or
(b) there is a constant ¢ € R such that |c| = p/nz < §/2, and

f(z,csin x) =2¢csin x a.e., x €. (3.62)
Moreover, such a function is a solution of (3.1),(3.2).

Proof. For each u € H write u = v + w, where v € V, w € W. Then
2Go(u) = [[ull? — 2/ F(z,u) d
Q
= P =l =2 [ (Fow) ~ ] do
Q

> /| — ffwlf? — 2 / F(z,u) — u?] dz.

|u|>6
Now
v(z) =csin x
and
[olf ==, Jo(@)] < fe] < [lollm/x?.
Consequently,

1
lullzr < p = |lvllE + wlZ < p* = 22 |v(2)] < p.
Thus if p < /2, then |v(z)| < §/2. Hence, if

lullz < p, |ulz)] =6,
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then
6 < |u(z)| < [v(@)] + |w(@)] < 6/2 + [w(z)].
Consequently,
lv(z)] < 6/2 < |w(z)|
and

6 < |u(z)] < 2Jw(z)]
for all such z. Thus

3
26o(u) 2 gllwlly ~C [ (i - de
u|>6

> §||w||%, —C’(1+617q+67q)/ |u|q+1dx
5 u|>6

Y

3
Sl —c [ s
2|w|>6

Y

3 1

Sl - ¢ [ ol de
Q

3 1

2wl - C ultf

3 _
(— "l ) ol

Y

5
by Lemma 1.11 and (1.71). Hence,

2
Go(w) = Zllwlt,  lulu < p, (3.63)

for p > 0 sufficiently small. Now suppose alternative (b) of the theorem
did not hold. Then there would be a sequence such that

Go(ur) = 0, [|ugllz = p- (3.64)

If p is taken sufficiently small, (3.63) implies that ||wg| g — 0. Conse-
quentIYv ||UkHH - p- NOW?

vg(z) = ¢ sin x
and
o]l = =

Thus, |cx| — p/xz. Since the ¢ are bounded, there is a renamed subse-
quence such that

Cr — Cq.
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Let
Vg = Co sin x.
Then we have
lvollz = p, Go(ve) =0, |vo(x)] < 6/2, x €.

Consequently, (3.60) implies

F(x,vo(x)) <vo(z)?, =€ (3.65)
Since

/Q{vo(m)z — Pz, v0(x))} dz = Go(vo) = 0

and the integrand is > 0 a.e. by (3.65), we see that

F(x,vo(x)) = vo(z)?, =€
Let ¢(x) be any function in C§°(€2). Then for ¢ > 0 sufficiently small

tHF (z,v0 + to) — (vo + tp)? — F(z,v0) +v3] <O0.
Taking the limit as ¢ — 0, we have
(f(z,v0) —2v0)p(z) <0, x€.

Since this is true for every ¢ € C§°(£2), we see that

fzyvo(x)) = 200(x), =€

Since vg € V, it follows that (3.62) holds. Since p was any sufficiently
small constant, we see that (b) holds. This completes the proof. O

We note that (b) implies that every function v € V satisfying v = tj, is
a solution of G{,(v) = 0. We therefore have

Corollary 3.26. Under the hypotheses of Theorem 3.25, either (a)
holds for all p > 0 sufficiently small, or (3.1),(3.2) has an infinite num-
ber of solutions.

We are now able to prove

Theorem 3.27. Assume that (1.78), (2.28), (2.87), and (3.60) hold.
Then there is a nontrivial solution of (3.1),(3.2).
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Proof. By Corollary 3.26, either (3.61) holds for some positive constants
g, p, or (3.1),(3.2) has an infinite number of solutions. Thus, we may
assume that (3.61) holds. Then by Lemma 2.19 there is a solution of
(3.1),(3.2) satisfying (2.75). But such a solution cannot be trivial since
Go(0) = 0. O

3.12 Satisfying the Palais—Smale condition

In solving the problem (3.1),(3.2), as well as problem (1.1),(1.2) our
approach has been to find a sequence {uy} such that (2.27) holds and
then show that this implies that {uy} has a convergent subsequence.
So far we have shown this only when f(z,t) satisfies (1.78). In Chapter
2 we allowed f(z,t) to satisfy (1.62) with ¢ < oo and gave sufficient
conditions which guarantee that the PS condition holds for G(u) given
by (1.63) (Theorem 1.37). The identical results hold in the case of the
Dirichlet problem. In fact, we have

Theorem 3.28. If there are constants > 2,C' such that

H,(z,t) == pF(z,t) — tf(z,t) < C( +1) (3.66)
and
limsup H,(z,t)/t* <0, (3.67)
[t]—o0

then (2.27) implies that {ux} has a convergent subsequence which con-
verges to a solution of (3.1),(3.2).

The proof of Theorem 3.28 is almost identical to that of Theorem
1.37, and is omitted.

We can now combine Theorems 3.25 and 3.28 to solve a super-linear
problem. We have

Theorem 3.29. Under the hypotheses of Theorems 3.25, 3.28, and
Lemma 2.7, if either

t2 —2F(x,t) < W(z) € L'(Q), t>0
or
t? = 2F(z,t) < W(z) € L}(Q), t<0,

then problem (3.1),(3.2) has at least one nontrivial solution.
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Proof. Use Theorem 2.26. We have

G(tsinz) = /

Q
for either ¢ > 0 or t < 0. O

[t*sin® z — 2F (2, tsinz)] dx < / W(x) dx
Q

3.13 The linear problem

As in the periodic case, you may be curious about the linear Dirichlet
problem corresponding to (3.1),(3.2), namely

—u"(z) + u(z) = f(z), z€Q=(0,n), (3.68)
under the conditions
u(0) = u(r) =0, (3.69)

where the function f(z) is continuous in  and we took a = 0 and b = .
Again after a substantial calculation one finds that there is a unique
solution given by

u(z) = Asinha + /0 " sinh(t — o) £(t) dt, (3.70)

where

A= /0 sinh(t — n) f(¢) dt. (3.71)

sinh n

Can this solution be used to solve (3.1), (3.2)7 Again, the answer is yes
if f(x,t) is bounded for all x and ¢. For then we can define

Tu(z) = A(u)sinhz + /ox sinh(t — z) f(¢,u(t)) dt, (3.72)
where
Alu) = Si;;m /0 ' sinh(t — ) f(t, u(t)) dt. (3.73)

Then a solution of (3.1),(3.2) will exist if we can find a function u(z)
such that

Tu(z) = u(z), =€ (3.74)

As we mentioned, such a function is called a fixed point of the operator
T, and in Chapter 6 we shall study techniques of obtaining fixed points
of operators in various spaces. In the present case, one can show that
there is indeed a fixed point for the operator T' when f(z,t) is bounded.
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It is also of interest to note that in this case as well, the linear problem
(3.68),(3.69) can be solved easily by the Hilbert space techniques of this
chapter. To see this note that

Fv=(v,f), wvé€H,, (3.75)

is a bounded linear functional on H{ (see Appendix A). By the Riesz
representation theorem (Theorem A.12), there is an element u € H}
such that

Fv=(v,u)g, v€H;.
Hence,
(w,0) = (f,v), ve HL. (3.76)

Since u € H{, it is continuous and satisfies (3.69) (Corollary 3.12). Since
f is continuous, Theorem 3.8 tells us that u” is continuous in  and
satisfies u” = u — f there. Thus, u is a solution of (3.68),(3.69).

3.14 Exercises
1. Show that the function

() ae~1/ (==, |z| < 1,
xTr) =
’ 0, 2l > 1,

is in C*°(R").

2. Show that

[idtwyds =1

Je(w) = "j(x/e).
3. If u € LY(R™), show that

where j.(x) is given by

/ |u(z)|dz — 0 as R — oc.
|z|>R
4. Show that C(R™) N LP(R™) is dense in LP(R™) for 1 < p < oo.
5. Show that
Jeaa) = [ile -yt dy = [ i —eds @)
is in C°°(R™).
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6. Prove: If @ is an odd function in L?(—=,x), then

0 1
/ a(t)e *tdt = —/ u(s)e*eds.
—n 0

7. Show that the functions sin kx are orthonormal in L?(0, ).
8. Show that (3.12) implies (3.13).

9. Prove that

Te — x as € — 0, uniformly in €,

where
0, 0<x<z¢,
T = bz —¢€)/(b—2¢e), e<z<b-—g,
b, b—e<z<b.

10. If h € C(Q), show that
he(z) = h(z.) — h(z) as ¢ — 0, uniformly in €.

11. Show that for each h € L?(Q2) there is a v € H}(Q2) such that v’ has
a weak derivative satisfying v — v” = h.

12. Prove: If u = w + v, where w satisfies (3.26) (and consequently
(3.27)) and v is of the form (3.25), then

3
lullZ > ZllwllZ +2[lv]*.
5

13. Why, in Theorem 3.25, were we able to obtain mountains under the
assumption

F(x,t) <t |t <6, (3.78)
while in Theorem 2.21 we needed
2F (z,t) < 12, |t| <67 (3.79)
14. Show that (3.70),(3.71) give a solution of (3.68),(3.69).

15. Show that the solution is unique.
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Saddle points

4.1 Game theory

An interesting problem arising in the theory of games involves two play-
ers, P and @. In this model, they are given a number A and a “machine”
G(v,w) defined on N x M, where M, N are given sets. When an element
v € N and an element w € M are input into the machine, it produces
a number G(v,w). The player P inputs an element v € N (called his
strategy), and player @ inputs an element w € M. (Neither player
knows what the other did.) If it turns out that G(v,w) > A, then player
P wins. If G(v,w) < A, then player @ wins. (If G(v,w) = A, then it is
a draw.) An important question is whether a player can pick a strategy
that will better his chances of winning?

The following discussions will provide no help whatsoever in picking
a strategy. All that we shall do is describe a situation in which selecting
an optimum strategy is possible.

4.2 Saddle points
Let M, N be as above and let G(v, w) be a map of M x N — R. First, we
note that

inf G < inf sup G . 4.1
sup Inf, (v, w) < Jnf, sw (v, w) (4.1)

To see this, note that

inj\f/jG(v,z) <G(v,w), veN, weM.
z€E

Hence,

sup inf G(v,z) < sup G(v,w), weE M.
veN 2EM vEN

123



124 Saddle points

Since the left-hand side does not involve w, it is

< inf sup G(v,w).

weM yeN

This proves (4.1).

We say that (vg,wp) is a saddle point of G if
G(v,wp) < G(vg,wp) < G(vg,w), v €& N,we M. (4.2)
We note that
Lemma 4.1. If there exist vg € N,wg € M, . € R such that
G(v,wp) < i, wvEN,
and
G(vg,w) >, weM,
then (vo,wp) s a saddle point of G and

A= inf sup G = inf G . 43
Aof, sup (v, w) sup inf, (v, w) (4.3)

Proof. Clearly
G(’Uo,’wo) S A S G(Uo,wo).

Thus, A = G(vg,wp) and (4.2) holds. Hence, (vg,wp) is a saddle point
by definition. To prove (4.3) note that (4.2) implies

sup G(v, wp) < G(vg,wp) < inf G(vg,w).
veEN weM

Thus,

inf sup G(v,w) < sup G(v,wp)
weM yeN vEN

< G(’Uo,’wo)

-
< gl G

< sup inf G(v,w). 4.4
< sup inf G(v,w) (44)

But this inequality is reversed by (4.1). Hence, we have equality through-
out, and (4.3) holds. O

We also have
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Lemma 4.2. The functional G has a saddle point if, and only if,

inf G = min sup G . 45
max inf G(v,w) nin, sup (v, w) (4.5)

Proof. If (vg,wo) is a saddle point of G, then equality in (4.4) gives

inf sup G(v,w) = sup G(v,wp)
weM yeN vEN

= G(’Uo, wo)

= wlgg/l G (vg, w)

= sup inf G(v,w).
sub Jof Gl

This implies that

min sup G(v,w) = sup G(v, wp)
weM yeN vEN

= G(’Uo,wo)

= gl o)

= max inf G(v,w).
veEN weM

Thus the minimum and maximum are attained. This implies (4.5). Con-
versely, if (4.5) holds, then

inf < inf U =A= ) <
Jof G(v,w) < Jof G(v,w) Sg}}\){ G(v,w) < Sg}}\)[ G(v,w)

for some (U, w), where A is the common value in (4.5). Consequently,
G, w) <1< G(v,w), ve&NweM.

Thus, by Lemma 4.1, (o, w) is a saddle point of G and G(v,w) = 1. O

4.3 Convexity and lower semi-continuity

Let M be a convex subset of a Hilbert space F, and let G be a functional
(real valued function) defined on M. We call G convex on M if

G((1 — thwy + twr) < (1 — )G (wo) + tG(w1), wo,wy € M, 0 <t < 1.

We call it strictly convex if the inequality is strict when ¢ = %, wy #
w1 .

We call G(v) upper semi-continuous (u.s.c.) at wyg € M if wy —
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woy € M implies
G(wp) > limsup G(wy).

It is called lower semi-continuous (l.s.c.) if the inequality is reversed
and limsup is replaced by liminf. We have

Lemma 4.3. If M is closed, convex, and bounded in E, and G is convex
and l.s.c., then there is a point wyg € M such that

= 1 . 4.
G(wo) min G (4.6)
If G is strictly convex, then wy is unique.
In proving Lemma 4.3 we shall make use of

Lemma 4.4. If upy — u in E, then there is a renamed subsequence such
that u — u, where

Proof. We may assume that u = 0. Take n; = 1, and inductively pick
Ng2,N3, ..., So that

|(Unys uny )| < oy [ (U Uy, )] <

=
=

This can be done since
(Un,Un,;) — 0 as n— o0, 1 <j< k.
Since
ue| < C
for some C, we have

[ % k
larl® = D lull® +2 0> (uiyug)| /K

j=1 j=1 i=1

kC? + 2Zk:i: %] k2

J
i=

IA

1i=1

L J
§(02+2/k—>0

Lemma 4.5. It G(u) is convex and l.s.c. on E, and up — u, then

G(u) < liminf G(ug).
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Proof. Let
L = liminf G(uy).

Then there is a renamed subsequence such that G(ux) — L. Let € > 0
be given. Then

L—e<Gux) <L+e¢ (4.8)

for all but a finite number of k. Remove a finite number and rename it
so that (4.8) holds for all k. Moreover, there is a renamed subsequence
such that @, — u by Lemma 4.4, where @y, is given by (4.7). Thus,

k
- _ o 1
G(u) < liminf G(ug) = liminf G Z ]Zluj

< lim inf

=

k
1
> G(uy) < liminf oo k(L+e)=L+e.
j=1

Since € was arbitrary, we see that G(u) < L, and the proof is complete.
O

A subset M C F is called weakly closed if © € M whenever there
is a sequence {ux} C M converging weakly to u in F. This terminology
is very unfortunate and misleading. A weakly closed set is closed in a
stronger sense than an ordinary closed set. It follows from Lemma 4.4
that

Lemma 4.6. If M is a closed convex subset of E, then it is weakly
closed in E.

Proof. Suppose {ux} C M and uy — win E. Then by Lemma 4.4, there
is a renamed subsequence such that @iy — u, where 4y, is given by (4.7).
Since M is convex, each uy is in M. Since M is closed, we see that
ue M. (]

We can now give the proof of Lemma 4.3.
Proof. Let
a=infG.
M
(At this point we do not know if o # —o0.) Let {wy} C M be a se-
quence such that G(wg) — «. Since M is bounded, we see that there

is a renamed subsequence such that w; — wg. Since M is closed and
convex, it is weakly closed (Lemma 4.6). Hence, wg € M. By Lemma 4.5,
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G(wo) < liminf G(wy) = a. Since G(wp) > a, we see that (4.6) holds. So
far, we have only used the convexity of G. We use the strict convexity
to show that wg is unique. If there were another element wy € M such
that G(wy) = «, then we have

G (%wo + %wl) < %[G(wo) + G(w1)] = a,

which is impossible from the definition of a. This completes the proof.
O

We also have
Lemma 4.7. If M is closed and convex, G is convez, l.s.c., and satisfies
G(u) — o0 as |lu]| = o0, weM, (4.9)

if M is unbounded, then G is bounded from below on M and has a
minimum there.

Proof. If M is bounded, then Lemma 4.7 follows from Lemma 4.3. Oth-
erwise, let ug be any element in M. By (4.9), there is an R > |Jug]| such
that

G(u) > G(ug), weM, ||lu|>R.
By Lemma 4.3, G is bounded from below on the set
Mp={we M :|w| <R}

and has a minimum there. A minimum of G on Mg is a minimum of
G on M. Hence, G is bounded from below on M and has a minimum
there. ([

4.4 Existence of saddle points

We now present some sufficient conditions for the existence of saddle
points. Let M, N be closed, convex subsets of a Hilbert space, and let
G(v,w) : M x N — R be a functional such that G(v,w) is convex and
l.s.c. in w for each v € N, and concave and u.s.c. in v for each w € M.
Assume also that there is a vy € N such that

G(vg,w) — 00 as ||w|]| — o0, wE M, (4.10)
and there is a wg € M such that

G(v,wp) — —o0 as |[v|| = o0, v € N. (4.11)
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(If M is bounded, then (4.10) is automatically satisfied; the same is true
for (4.11) when N is bounded.) We have

Theorem 4.8. Under the above hypotheses, G has at least one saddle
point.

Proof. Assume first that M, N are bounded and that G (v, w) is strictly
convex with respect to w. Then for each v € N, there is a point o(v) € M
where G(v,w) achieves its minimum (Lemma 4.3). Since G is strictly
convex in w, this minimum point is unique. Let

J(v) = G(v,0(v)) = mij\r}l G(v,w).

we

Since J(v) is the minimum of a family of functionals which are concave
and u.s.c., it is also concave and u.s.c. In fact, if

vy =(1—1t)vg+tvy, te]0,1],

then
G(v,w) > (1—1) ﬂlj\r}f G(vg, W) + t&iﬂr}[ G(v1,w), we M.

Since this is true for each w € M, we finally obtain

J(ve) = (1 =) (vg) + tJ(v1). (4.12)
Similarly, if vy, — v € N, then we have

J(vg) < G(og,w), w € M.
Thus,
lim sup J(vg) < limsup G(vg, w) < G(v,w), w € M.

Since this is true for each w € M, we have

lim sup J(vg) < 1£1]fw G(v,w) = J(v). (4.13)

Consequently, J(v) has a maximum point o satisfying
J(w) < J(@), veN
(Lemma 4.3). In particular, we have

J(0) = min G(v,w) < G(v,w), w e M. (4.14)

We
Let v be an arbitrary point in N, and let
vg=(1—0)0+60v, wg =0(vg), 0<6<1.
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Since G is concave in v, we have

G(vg,w) > (1 —0)G(v,w) + G (v, w).

Consequently,
J(0) = J(vo)
= G(’Ue,’u}g)
> (1 - G)G(_,U)g) + QG(U7w9)
> (1-60)J(0) 4+ 0G (v, wp).
This gives

J(0) > G(v,wg), ve€N,0<0<1. (4.15)

Let {6x} be a sequence converging to 0, and let wy = wp, . Since M is
bounded, there is a renamed subsequence such that wy — w. Since

(1 -0)G(v,wy) + 0G(v,wg) < G(vg,wp) < G(vg,w), w€E M,
we have
(1 —0r)G(v,wi) + 0 J (v) < G(vg,,w), w € M.
In the limit this gives
G(v,w) < Gw,w), weM

(cf. Lemma 4.5). This tells us that @ = o(9) and does not depend on v.
Since

J(0) > G(v,wy),
we have
Gv,w) < J(®) < GO,w), veEN, weM
in view of (4.14) and (4.15). The result now follows from Lemma 4.1.
Now we remove the assumption that G is strictly convex in w. For
>0, let
G-(v,w) = G(v,w) + ¢l|wl|?.

Now G, satisfies all of the hypotheses of the theorem and is also strictly
convex with respect to w. This follows from the fact that

11 = O)wo + Owr ||* = (1 = ) wol|* + Olfwr[|* — 61 — ) ]|wo — wa|*.
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We can now apply the theorem to G. and obtain saddle points (., @)
satisfying

Ge(v, W) < Ge(Ve,we) < Ge(Ve,w), vEN, we M.

Let {er} be a sequence tending to 0. Then there are renamed subse-
quences U = Vg, Wy = We, such that v, — v, Wy — w. By Lemma
4.5, we have

Gv,w) < G(v,w), veEN, weM.

Thus (7, w) is a saddle point of G. Next, we remove the restriction that
M, N are bounded. Let R be so large that |lvg]| < R, ||wo|| < R. The
sets

Mr={weM:|w| <R}, Nrp={veN:|v|<R}

are closed, convex, and bounded. By what we have already proved, there
is a saddle point (Or, Wg) such that

G(U,?I)R) < G(’T)R,QI}R) < G@R7’w), v € Ng, w € Mg. (416)
In particular, we have
G(vo, wr) < G(Ur,wWr) < G(URr,wo).

Since G(vp,w) is convex, l.s.c., and satisfies (4.10), it is bounded from
below on M (Lemma 4.7). Thus,

G(vg, Wg) > A > —o0.
Similarly, G(v, wp) is bounded from above. Hence,
G(vRr,wp) < B < 0.
Combining these with (4.16), we have
A < G(vg,wRr) < G(Vr,wo) < B.

By (4.10) and (4.11), the sequences {vr}, {wgr} are bounded. Hence,
there are renamed subsequences such that
Up — U, Wr — w, as R — oo,
and
G(tgr,wR) — A, as R — oo.

In view of (4.16) we have in the limit

Gv,w) <A< G(0,w), veN, weM.
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This shows that (7,w) is a saddle point, and the theorem is completely
proved. O

4.5 Criteria for convexity

Recall that a functional G is called convex if
G([(1 = t)uo + tug]) < (1 —t)G(ug) + tG(u1), t€]0,1].

It is strictly convex if the inequality is strict when ug # vy and ¢t = %
This implies that the inequality is strict when wy # u; and ¢t € (0,1).

If G is a differentiable functional on a Hilbert space F, there are simple
criteria which can be used to verify convexity of G. We gave one such
criterion in Lemma 1.29. We also have

Theorem 4.9. Let G be a differentiable functional on a closed, convex
subset M of E. Then G is convex on E iff it satisfies any of the following
inequalities for ug,u; € M.

(G/(Uo),ul — Uo) S G(ul) — G(UO) (417)
(G'(u1),u1 —ug) > G(ur) — G(ug) (4.18)
(G’(ul) - G/(UO),Ul — UQ) Z 0. (419)

Moreover, it will be strictly convez iff there is strict inequality in any of
them for ug # u;.

Proof. Let uy = (1 —t)ug +tug, 0 <t <1, and ¢(t) = G(uz). If G is
convex, then

Glug) < (1— )G (uo) + tG(ur), (4.20)
o(t) < (1—1)p(0) +tp(1), 0<t<1. (4.21)

In particular, the slope of ¢ at t = 0 is < the slope of the straight line
connecting (0,¢(0)) and (1,¢(1)). Thus ¢'(0) < ¢(1) — »(0), and this
is merely (4.17). Alternatively, we can use Lemma 1.29. Reversing the
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roles of ug,u; produces (4.18). We obtain (4.19) by substracting (4.17)
from (4.18). Conversely, (4.19) implies

¢'(t) — ¢'(s) = (G'(ur) — G'(us), ur — uo)
= (G"(uy) — G'(us),us —us)/(t—5) >0, 0<s<t<l.

Thus,
¢'(t) =2 ¢'(s), 0<s<t<1,

which implies (4.21). Since this is equivalent to (4.20), we see that G is
convex. If G is strictly convex, we obtain strict inequalities in (4.17)-
(4.19), and strict inequalities in any of them implies strict inequalities
in (4.21) and (4.20). O

Corollary 4.10. Let G be a differentiable functional on a closed, convex
subset M of E. Then G is concave on E iff it satisfies any of the following
inequalities for ug,uy € M.

(G'(uo),ul - Uo) Z G(Ul) - G(’Lbo) (422)
(G'(u1),u1 —up) < G(ur) — G(ug) (4.23)
(G/(ul) — G'(uo),u1 — ’LL()) < 0. (424)

Moreover, it will be strictly concave iff there is strict inequality in any
of them for ug # .

Proof. Note that G(u) is concave iff —G(u) is convex. O

4.6 Partial derivatives

Let M, N be closed subspaces of a Hilbert space H satisfying H = M@ N.
Let G(u) be a functional on H. We can consider “partial” derivatives of
G in the same way we considered total derivatives. We keep w = wy € M
fixed and consider G(u) as a functional on N, where u = v+ wg, v € N.
If the derivative of this functional exists at v = vg € N, we call it
the partial derivative of G at uy = vy + wg with respect to v € N
and denote it by G’y (up). Similarly, we can define the partial derivative
G'ys(up). We have

Lemma 4.11. If G’ exists at ug = vo + wo, then Gh,(ug) and Gy (uo)
exist and satisfy

(G'(up),u) = (Ghy(uo),w) + (Gy(uo),v), veEN, we M. (4.25)
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Proof. By definition

G(up +u) = G(up) + (G'(ug),u) + o(||ull), we€ H.
Therefore,

G(ug +v) = G(ug) + (G'(ug),v) + o(||v||), v € N,

and

G(up +w) = G(ug) + (G'(up),w) + o(|Jw|]), w e M.
But

G(ug +v) = G(uo) + (G (uo),v) + o(|Jv]]), veEN,
and

G(up +w) = G(ug) + (Ghy(uo), w) + o(||Jwl]), w € M.
In particular, we have
(G (o) — Gy (o), v) = o[} as vl — 0, v e N.
Thus,
(G (1) — Gy (o) tv) = o([t]) as |t] — 0
for each fixed v € N. This means that

(G (ug) — Gy (o), v) = @ M 0ast 0.

Hence,
(G'(uo),v) = (G'y(up),v), veN.
Similarly,
(G’ (ug),w) = (G (ug),w), we M.
These two identities combine to give (4.25). O

Lemma 4.12. Under the hypotheses of Lemma 4.11, assume that G is
differentiable on H, convex on M and concave on N. Then,

G(u) = G(ug) < (Gy(uo),v — vo) + (G (u), w — wo),
u=v+4+w, ug=vy+ wp, v,v9 €N, w,wy € M. (4.26)
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Proof. This follows from Theorem 4.9 and its corollary. In fact, we have

G(u) — G(up) = G(u) — G(v + wp) + G(v + wo) — G(up)
< (G'(u),w —wp) + (G'(up),v — vo).

Apply Lemma 4.11. O
We also have

Lemma 4.13. Under the hypotheses of Lemma 4.11, if G'(ug) exists
and ug = vg + wo 1S a saddle point, then

G/(UO> = G/A/[(U()) = G§V<’IL0) =0.
Proof. By definition
G(v+ wp) < Gug) < G(vg+w), veN, we M.

Since v is a maximum point on N, we see that Gy (up) = 0 (Lemma 1.1).
Since wyp is a minimum point on M, we have G4, (ug) = 0 for the same
reason. We then apply Lemma 4.11. O

We also have

Theorem 4.14. Under the hypotheses of Lemma 4.11, let a(u) be a
differentiable functional on H which is convex on M and concave on N.
Assume that there are a Hilbert space Hy and linear operators S, T, with
S mapping N into Hy and T mapping M into Hy such that

Sve D(T*), Twe D(S*), veN, weM,
and

a(vy + w) — (Sv1,Tw); — oo as ||w|]| — 00, w € M,

a(v+wy) — (Sv,Twy); — —o0 as ||v]| = 00, ©vEN,
for some v1 € N and wi € M. Then there is a solution ug = vy + wo of
T*Svy = a)y(ug), S*Two = aly(ug). (4.27)
Proof. Let
G(u) = a(u) — (Sv,Tw);, w=v+4+w, veEN, we M.
Note that vy — v in N implies

(Svg, Tw); = (vg, S*Tw) — (v, S*Tw) = (Sv,Tw);, we M,
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and wr — w in M implies
(Sv, Twg); = (T*Sv,wg) — (T*Sv,w) = (Sv,Tw);, v €EN.

Consequently, G(u) is continuous and convex on M for each v € N,
and continuous and concave on N for each w € M. Thus, all of the
hypotheses of Theorem 4.8 are satisfied. It therefore follows that G(u)
has a saddle point ug satisfying

G(v+wy) < G(ug) < G(vg+w), veN, we M.
Consequently,

a(v + wg) — (Sv, Twp)1 (vo + wo) — (Svo, Two)1

<a
<a(vyg +w) — (Svg, Tw);, v€EN, weM,
or
a(v+ wp) — a(vg +wo) < (S(v —wp), Twp)1, v EN,
and
a(v+wy) — a(ve + wo) > (Sve, T(w —wp))1, w € M.

Let v € N, w € M, t > 0 be arbitrary, and take v = vy + tv, w =
wo + tw. Then

a(ug + t0) — a(ug) < (S0, Two)1, ©EN, t>0,
and
a(ug + tw) — a(ug) > t(Svg, TW)1, weE M, t>0,
Letting t — 0, we obtain
(ay(uo) — S*Twp,v) <0, o€ N,
and
(ahy(up) — T*Svg,w) >0, we M.

By picking @, @ judiciously, we see that these imply (4.27). The proof
is complete. O
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4.7 Nonexpansive operators

If M is a closed subset of a Banach space, and f(z) maps M into itself
and satisfies

1f (@) = fll <Ollz —yll, zyeM

for some 6 < 1, then we know that there is a unique xo € M such that
f(zo) = xo (Theorem 2.12). The mapping f is called a contraction be-
cause 0 < 1, and f(z), f(y) are closer together than z,y (unless z = y).
A natural question is whether or not the theorem is true if one relaxes
the hypotheses to

1) = F@l < llz—yll, =yeM. (4.28)

In this case we call f nonexpansive. Unfortunately, the theorem is false
in this case as the following example shows.

Let X be the set of bounded sequences z = {x,} such that z,, — 0
as n — o0o. With the norm

]| = max [z,
n

it becomes a Banach space. Let M = {z € X : ||z|| < 1}, and define f
by

fl@)={1,z1,29,...}.
If y={yn} € M, then
1f (@) = fF)ll = {0, 21 — g1, 22 — w2, .} = [lz — yll.
Thus f satisfies (4.28). However, if f(z) = z, then
{z1,29,...} ={1,21,29,... },

and this implies 1 = 1,29 = 1,...,2, = 1,... But then 2 ¢ X since
xn = 1 4 0. However, the following is true.

Theorem 4.15. Let M be a bounded, closed, convex subset of a Hilbert
space X, and let f be a map of M into itself that satisfies (4.28). Then
there is at least one point xog € M such that

f(zo) = . (4.29)

The set of such points is conver.
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Remark 4.16. Recall that a set Q is convex if tu+ (1 —t)v € Q when-
ever u,v € Q and 0 <t < 1. Note that we added the hypotheses that
M is bounded and convexr and that X is a Hilbert space. However, we
cannot claim that a solution of (4.29) is unique.

Proof. By shifting everything, we may assume that 0 € M. Now, for
each ¢ such that 0 <t < 1, the mapping ¢f(z) is a contraction. Hence,
there is a unique z; € M such that

tf(ze) = x.

Since M is a closed, bounded, and convex subset of a Hilbert space,
there is a sequence ¢, — 1 such that z,, = z;, converges weakly to a
limit zy € M (Theorem A.61). Let

Ap(z) =z -t f(z), Alz)=2z— f(z).

Then,
(An(2) = An(y),x —y) = [lz = yl* — ta(f(2) = f(),2 —y) 20
(4.30)
by (4.28). If we take y = x,,, we have
(An(z) — Ap(zn),z — xy) > 0.
Since Ay (zy,) = 0, this gives
(Ap(x),x —xy) >0, xz€ M.
Letting n — oo, we obtain
(A(z),x —xz9) >0, z€ M. (4.31)
This implies
(A(zo),z —x0) >0, z€ M. (4.32)

Assuming this for the moment, we see that
(xo — f(xo)y,x —x0) >0, € M.
If we take © = f(x¢), we obtain
~[[A(z0)|* = 0,

which implies that xo satisfies (4.29).

It therefore remains only to show that (4.32) holds and that the set
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of solutions of (4.29) is convex. To see that (4.32) holds, let y be any
element of M, and take z = 0y + (1 — 0)zg, 0 < § < 1. Then by (4.31),

(A(By + (1 — 8)xo),y — z0) > 0.

If we let § — 0, we obtain (4.32) with z replaced by y. In particular, we
see that  is a solution of A(x) = 0 iff it satisfies (4.31).

To show that that the set of solutions of (4.29) is convex, note that
(4.28) implies

(A(z) — A(y),z—y) >0, z,ye M. (4.33)
If 2 is a solution of (4.29), it satisfies
(A(z),z — z9) > (A(x0),z —209) =0, x€ M.

If z; is also a solution, then

(A(z),x — [0xo + (1 — 0)z1]) = 0(A(z),  — T0)
+(1-0)(A(z),z —z1) >0,

showing that = 6z + (1 — 6)x; satisfies (4.31) and consequently, it is
also a solution for 0 < # < 1. This completes the proof. O

4.8 The implicit function theorem

Before we prove a general theorem which is useful in many applications,
we shall prove a simple, well known version.

Theorem 4.17. Suppose f(x,y) is a continuous function mapping an
open set 2 C R2 — R. Assume that fy(x,y) is continuous on Q and that
there is a point (zo,yo) € 1 such that

f(zo,y0) =0, A= fy(zo,y0) # 0.
Then there is an r > 0 and a continuous function g(x) on
I(zg) ={z €R: |z —zo| < r}
such that g(zo) = yo,
(x,9(x)) CQ, €l (xg), (4.34)
and

fz,g(x)) =0, € I.(x0). (4.35)
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Proof. We may assume that xg = yo = 0. Define
R(z,y) = Ay — f(z,y).

For z,y1,ys close to 0, we have
1
d
Foan) = Flovp) = [ f @+ (1= O)ye) do
0

1
=(y1 — yz)/ fy(z,0y1 + (1 —0)y2) db.
0
Consequently,
1
R(z,y1) — R(z,y2) = (11 — yz)/0 [£,(0,0) — f, (2, 0y1 + (1 — 0)ys)] db,

since A = f,(0,0). By continuity, there is a § > 0 such that
|R(z,y1) — R(z,y2)| < |y1 — w2l /2|Al, |z, ly;] < 6.

Let
h(z,y) = R(z,y)/A.
Then,
(@, 1) — h(z,y2)| < ly1 —w2l/2, |z],ly;] < 6. (4.36)
Moreover,
|h(z,y)| < |h(z,y) — h(z,0)] + |h(z,0) — h(0,0)]

<
<8/2+8/2=06, x| < |yl <o

for some r < é. Consequently, for each x satisfying |z| < r, h(z,y) is a
continuous map of I5(0) into itself satisfying (4.36). We can now apply
the contraction mapping theorem (Theorem 2.12) to conclude that for
each = € I,(0) there is a unique y € I5(0) such that h(z,y) = y. This
means f(z,y) = 0. Define g(x) = y. Then g(z) is a unique function
satisfying g(0) = 0 and (4.34), (4.35).

To show that g(z) is continuous, let z1,z2 be any points in I,.(0).
Then

lg(z1) — g(x2)| = [h(z1,9(21)) — h(22, g(22))|
< |h(x1,9(z1)) — h(z1, g(22))]
+ [h(z1, 9(z2)) — h(22, g(72))|

g(z1) — g(@2)| + |h(21, g(22)) — h(w2, g(22))].
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From this we conclude that
|9(z1) = g(w2)| < 2[h(x1, 9(22)) — (w2, g(22))]-
Let x1 — x5. Since h(z,y) is continuous,
h(z1, g(x2)) = h(x2, g(72)).

This implies that g(x1) — g(z2), and the proof is complete. O

We also have

Theorem 4.18. If, in addition, f € C1(Q,R), then g € C*(I.(z0),R)
and

9 (@) = —fy(z,9(x)) 7"« folz, g(2)). (4.37)

Proof. Again we assume that zo = yo = 0. Let =, = + & € [,.(0) and
n=g(x+&) —g(z). Thenn — 0 as £ — 0. Let ¢ < |A|/4 be given. Since
f € C', we have

|f(z+&, 9(z + €)= f(z, 9(x)) = falz, g(2))§ = fy (x, g(2))n| <e(I§]+[n])
for |¢] sufficiently small. Since
fy(@,9(x)) = AF#0 as ©—0,

we have

4]
gl = 5

for x close to 0. Since f(x +&,g(x+€)) = f(x,g(x)) =0, we have

|fa (2, 9(2))E + fy(2, 9(x))E] < e(lg] + [nl),

and consequently,

[fy (2, 9(2) 7" fule, g(x))€ +n] < |A|(|€| + 1))

Let v = fy(x,9(z)) "' fz(x, g(x))€. Then there is a constant C' such that
o] < CIE].
Thus,

1
vl < 2]+ I o] + Jo]) < §|n+v|+ S(C+1)jel.

[4] Al
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Consequently,

4e
n+v| < W(CJr D)€l

Since ¢ was arbitrary, we see that
n v
[z + 21— 0 as [ —0.
€ ¢

But this is

gz +&) —g(x)
£

Thus, ¢'(z)exists and equals
9'(x) = fy(z,9(2)) " falz, 9(2)).

But the right-hand side is continuous in x. Thus, the same is true of
¢'(x). This completes the proof. O

+ fy(x,g(x))_lfx(x,g(a:)) — 0 as § — 0.

We also have

Corollary 4.19. If, in addition, f € C*(Q,R), then g € C*(I,(z0),R).
Proof. We merely differentiate (4.37). g
Now we generalize Theorem 4.17 to a Hilbert space setting.

Theorem 4.20. Let X,Y,Z be Hilbert spaces and let Q2 be an open set
i X xY. Let f be a continuous map from Q to Z such that there is a
point (xo,yo) C Q for which f(xo,y0) = 0. Assume that f' exists and is
continuous in Q@ and A = f,(zo,y0) is invertible from X xY to Z. Then
there exists an r > 0 and a unique mapping g(x) from By(xo) = {z €
X :||lz—xo|| <7} toY such that

(a) yo = g(o)
(b) f(l',g(fﬂ)) = 07 T e Br(l'o)
(c) If f € CH(Q, Z), then
9'(@) = ~fy(z, g(x) " fulz,9(z)), € Br(zo) (4.38)
(d) If f € C¥(Q,2), then g € C*(B,(x0),Y).
Proof. We follow the proof of Theorem 4.17 replacing R? with X x YV

and absolute value signs with norms. The same is true with the proof of
Theorem 4.18 and Corollary 4.19. O
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4.9 Exercises
1. Why does
inf sup G(v,w) = sup G(v,wp)
weM yeN vEN
= G(UOa ’U)())
zwlgijG(vo,w)
= inf G
sup igf, O
imply that
min sup G(v,w) = sup G(v, wo)
weM yeN vEN
= G('Uo, ’LU())
= inf G(vg, w)
=max inf G(v,w)?
vEN weM
2. Verify
i k k 7
lanll® = | D lugl® +2D 0 (uiyuy) | /K
| 7=1 j=1i=1
_ o
< |kC? +2 —| /K
225\
L J= i=
<(C*+2)/k—0
when

e

7"'7‘(”’”1@-7’“’711@71)‘ é

| =

|(ny, uny )| <
3. Verify (4.15).
4. If G(v,w) satisfies the hypotheses of Theorem 4.8, show that
Ge(v,w) = G(v,w) + e |wl|?

satisfies the hypotheses of Theorem 4.8 and is also strictly convex
with respect to w.

5. Verify that
[(1=0)wo + wi[|* = (1=0)[lwo | + 8w [|* —O(1 ) [wo —wr ||*.
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6. Show that
G.(v,w:) < G(Ve,we) < Ge(Uyw), vEN, weM
implies
Gv,w) < GW,w), vEN,weM
when ¢ — 0, v — v, W, — W.
7. Why is there a subsequence such that
G(vgp,wR) = A as R — oo
in the proof of Theorem 4.87
8. Verify
G, w) <1< G(v,w), veEN, weM.
9. Show that a functional G(u) is strictly convex iff
G([(1 = t)ug + tu1]) < (1 — )G (up) + tG(u1)
when ug # uq and ¢ € (0,1).
10. Show that
(ay(up) — S*Twy,0) <0, ©€N,
and
(ahy(up) — T*Svg,w) >0, weM
imply (4.27).

11. Show that the set of bounded sequences © = {z,, } such that z,, — 0
as n — oo with the norm

]| = max |z,],
n
is a Banach space.
12. Prove Corollary 4.19.

13. Carry out the proof of Theorem 4.20.
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Calculus of variations

5.1 Introduction

In the first three chapters we wanted to solve a specific problem. Our
attack was to find a functional such that the vanishing of its derivative
at a point is equivalent to providing a solution of the original problem.
Many problems arise in which one is given a functional and one is search-
ing for an extremum. Before we present the general theory we give some
examples.

5.2 The force of gravity

We assume that a particle is travelling in the plane starting at the point
(ap,bo), bo >0, and ending at the point (0,0). The only force that is to
act on the particle is that of gravity in the negative y direction. Assume
that the particle is moving along a wire connecting the two points, but
there is no friction. We would like to know if there is a fixed path that
will minimize the time that it will take the particle to make its descent.
If it exists, the path is known as the “brachistochrone.”

If m is the mass of the particle and g is the acceleration due to gravity,
then the particle satisfies

1
imv2 + mgy = mgbo, (5.1)
where v is its velocity. If ¢ represents time, then
de(t)\?  (dy®)\® [ds(t)\’
o — (O, (N (s
dt dt dt

where s(t) is the arc length starting from ¢ = 0. Thus ds/dt = v. If we
assume that the wire is such that the curve it makes can be expressed

145
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as x = f(y), then we have
- /bo 1+ ()
o (29(bo —y))?
where F(y, z) is given by

bo
dy = / Fl f@)dy,  (5.2)

(1427
(29(bo — y))*
and T represents the total time taken for the particle to reach (0,0).
We want T for the given path to be < the time taken if another path

is chosen. In particular if ¢ > 0 and 7(y) is a smooth function in [0, by]
such that n(0) = n(by) = 0, then

x=fe(y) = f(y) +enly)
is a competing path. We want 7" < T, where

F(y,2) = (5.3)

bo
T.= | Fy, fi(y))dy.
0
In particular, we should have
dT.
=0
de

when € = 0. But

dT. bo OF , , - bo d OF ’
= :/0 ESORAONIA®) dtff/o g 92 W fWn(y) dy.

The reason we integrated by parts is because of

Lemma 5.1. If h(t) is a continuous function in the interval [a,b] and

b
/ h(t)n()dt = 0
a
for all smooth functions n(t) vanishing at a and b, then h(t) =0 in [a,b].

We shall prove Lemma 5.1 later at the end of this section. Applying
it to our case, we see that

b doF,
— dy=0
| & 5wt dy
for every such n(y). Hence, we have

d OF

d—yg(%f/(y)) =0, ye€]l0,bol
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This means that

) =
for some constant c. Now
oF z
9: ) = Byt —pa+ 27
Hence,
f'(y) _.
29(bo —y)(1 + f'(y)2)]/2
Thus,
e 2g9¢(bo — y)
A e e
Let

4gc*(bo —y) = 1 — cos 6.
We can do this because
29¢*(bo —y) < 1
(in fact, it equals f'(y)?/[1 + f'(y)?]). Then
3(1—cosf)  1—cosf

/ 2 _ _ .
F'w) ~1-3(1—cosf)] 1+cosd
Consequently,
—1 1 —cosf 1/2 .
fly) = o / L n COS@] sin 6 d 6 4 const.

1
= e (cos @ — 1)d + const.

1
@(sinﬂ — 6) + counst.

Since 6 = 0 when y = by and f(by) = ag, we have
.
fly) = @(smﬁ —0) + ap.

Since

we have

! 0+ t
= —— cos # + const.
Y 4gc?
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Since § = 0 when y = by, this constant must be by — (1/4gc?). Conse-
quently, we have

1
Y= 497(00507 1) + bo.

From these equations, we see that there should be a number 8, such that
4gc®by =1 —cosby, 4gctag = 6y — sinby.

We leave it as a simple exercise to show that we can always find such a 6.

The equations we have found describe a cycloid. Note that

2 1——cosbty 6y—sinby

4gby  4gag

It should be stressed that we have not provided a minimum. All we have
shown is that if a minimum function exists, it is a cycloid.

The proof of Lemma 5.1 is simple.

Proof. Functions in Cg§°(a,b) meet the requirements of 7. Hence,
Lemma 3.3 tells us that h(t) = 0 a.e. Since h(t) is continuous, it must
vanish everywhere in [a, b]. O

5.3 Hamilton’s principle

This principle states that a dynamical system will move along a path
which minimizes the integral with respect to time of the difference be-
tween the kinetic and potential energies of the system.

If T,V represent the kinetic and potential energies of the system, re-
spectively, then the principle states that the path followed by the system
from t = t1 to t = to minimizes

/ " vy

t1

Consider the motion of a particle of mass m along the z-axis. If the
particle is subject to a force f(x), then

1 xr
T=-mi* V= —/ f(z)dx,
2 20

where
dx

T=—.

dt
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We want to minimize the integral

ty
/ L(z,2)dt,

to

where

1 x
L:T—Vzima‘:z—i—/ f(z)dx

is called the Lagrangian. We shall use

Lemma 5.2. If the integral

b
J= / Fla, i, t)dt
has a minimum at the function
z=uz(t), a<t<b,
then the function x(t) is a solution of
OF d [(OF
—_—— — — = . ~4
Ox dt (8;10) 0 (5.4)

This equation is known as Euler’s equation. We shall prove
Lemma 5.2 later (Corollary 5.8). Applying it to our situation, we look

for solutions of
oL d (oL _
dr dt \ oz )

This gives
Fla) — - (mi) =0
z) = 5 (ma) =0.
Hence, we are looking for solutions of
mi = f(x).

This is the usual Newtonian equation of motion.

As another example, consider the problem of a pendulum under the
force of gravity. Let ¢ denote the angle between the pendulum and the
downward direction, and let ¢ denote the length of the pendulum. In
this case

T = %m(€$)2, V =mgl(1 — cos ¢),
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so that

1 .
L= §m€2¢2 —mgl(1l — cos ¢).

In this case the Euler equation becomes
oL _d (0L _,
o¢  dt \ 9¢ N

—mglsin ¢ — %(mfzq.ﬁ) =0,

From this we obtain

or
. g . o
¢+ Zsm(bf 0.

If we assume that the vertical position of the pendulum is always small,
we can approximate this equation by

= (2)o

This represents simple harmonic motion about ¢ = 0. The general
solution is

¢ = Acos(wt) + Bsin(wt) = C cos(wt + ),

where w? = (g/f) and A, B (or C, ) are arbitrary constants. Again, we
must emphasize that we have not shown the existence of minima.

As another example, consider

1
J:/ (14 2%)%dt.
0
Any curve x = x(t) which minimizes J must satisfy
4#(1 + @?) = const.
The only solution of this is
T = const.,

or
z(t) = At + B,

where the constants A, B are to be determined by the given conditions
of the problem.
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5.4 The Euler equations

Suppose H(z,y,z) is a function on @ x R x R, where Q = (a,b), and
we want to find a function y(x) € C1(Q) satisfying

y(a) = a1, y(b) =b (5.5)

and minimizing the expression

J(y) = / H(z,y(z),y («))d. (5.6)

This is a typical situation dealt with in the calculus of variations. Here,
one not only wants to know that a minimum exists, but one wants to find
one of them (and hopefully it should be unique). The “brachistochrone”
problem was discussed at the beginning of this chapter. It was posed
by John Bernoulli in 1696. In it, one is given two points (a,ay), (b,b1)
in a vertical plane such that b; < a;. One wants to find a curve joining
them so that a particle starting from rest at (a,a;) will traverse the
curve (without friction) from (a,a1) to (b,b1) in the shortest possible
time. One can reduce the problem to that of minimizing (5.6) under the
conditions (5.5) when

c(1+ 22)
(a1 —y)’

In dealing with such problems one is again tempted to follow the logic

H(z,y,2)* = (5.7)

used in elementary calculus which notes that the derivative vanishes at
an extreme point. If we want to follow this line of reasoning, we are again
confronted with the need to define a derivative for the expression (5.6).
If y(z) € C*(Q) satisfying (5.5) makes J a minimum, then

J(y) < J(2)
for every other z(z) € C'(Q) satisfying (5.5). The difference n(x) =
2(x) — y(z) is in CH(Q). Thus, we want

J(y) < J(y+n), neCy(Q). (5.8)
For this purpose, we note that if

A(y7n) — }E}% J(y + tnt) — J(y) (59)

exists for each n € C}(Q) and y € C1(Q) satisfying (5.5), then we must
have

Ay,n) =0, neCi(Q). (5.10)
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To see this, note that if A(y,n) # 0 for some n € C}(Q2), then

J(y +1tn) — J(y) =tA(y,n) + o(t), (5.11)

and the right-hand side can be made < 0 for |¢| sufficiently small by
taking tA(y,n) < 0. Thus, if we want to follow this line of reasoning, we
are looking for a y(x) € C1(Q) satisfying (5.5) such that the limit (5.9)
exists and vanishes for each n € C}(9).

You may be wondering why we did not suggest using the Fréchet
derivative that we used earlier. There are several reason for this. (1)
There, we were trying to solve an equation with boundary conditions.
We wanted the derivative of the functional to coincide with the equation.
(2) Here, we have no equation. We are trying to find a function which
minimizes the functional under the given boundary conditions. (3) The
function y(z) is required to satisfy (5.5). It need not be in C3(Q). The
derivative as defined earlier would require the limits to exist for all n €
C1(Q). (4) It will be shown later that the expression (5.9) is related to
the Fréchet derivative we used earlier (Theorem 5.9).

Let us consider the limit (5.9) for the functional (5.6). We have

J(y+tn)—J(y)=/Q[H($,y+tn, Y +tn') — H(z,y,y')] dx
L g
:// — H(x,y +t0n, y' + tOn') db dx
oo db

1
:t// [Hy(z,y + t0n, y' +t0n")n
aJo
+ H,(z,y + tOn, y' + tOn")n'] dO dz,

provided the derivatives H,, H, exist and are continuous. If we divide
by t, then the limit will exist as t — 0. What we need is

Theorem 5.3. Assume that H(z,y,z), Hy(z,y, 2), H,(x,y,z) are con-
tinuous in Q x R x R and satisfy

SCO(yl+12P+1), 2€Q,y,2z€R

for some p,q < oco. Then the limit (5.9) exists and equals

Ay, n) = /Q[Hy(x,%y’)n + H.(z,y,y' )] dz, yeC'(Q), neC5(Q).
(5.13)
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Proof. We note that the right-hand side of
[J(y +tn) — J(y)]

t
1

=// [Hy(z,y +t0n,y +t0n")n+ H.(x,y + t0n,y' + t0n")n'1df dx
QJOo

converges to the right-hand side of (5.13) as ¢t — 0. Clearly, the integrand
converges to the integrand of (5.13) a.e. (Since @ disappeared from the
integrand in (5.13), the integral with respect to 6 can be suppressed.)
Moreover, it is majorized by

C(yl*+nl? + 1y [P + 7' |P + 1)

when [t| < 1. Since y,n € C1(Q), this is in L'(Q2). Hence, the integral
converges (Theorem B.18), and the proof is complete. O

Thus we have

Corollary 5.4. Under the hypotheses of Theorem 5.3, if y(x) € C1(Q)
satisfies (5.5) and minimizes J(y) given by (5.6), then it must satisfy
(5.10).

Now our path leads us to search for functions y(x) € C*(Q) which
satisfy (5.10). This is not an easy task. It would be much easier if
H.(z,y,%)=0. For then (5.10) would reduce to

/ Hy(z,y,y")nde =0, neCy(Q).
Q
But we know that C§°(Q2) is dense in L?(2), and this would lead to

Hy(z,y,y') =0.

This is an equation which may be solvable for y in terms of z. However,
the restriction H,(x,y,z) = 0 is very severe. It says that H(x,y, z) does
not really depend on z, a situation which rarely comes up in practice.
We then need only solve Hy(z,y) = 0 for y in terms of x. This can be
done, for instance, if Hy,(x,y) # 0.

However, in the general case we have a more complicated situation.
One way of attacking the problem is to try to get (5.10) to reduce to
something of the form

/ h(a)'de =0, ne ClQ),
Q
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then we could conclude that h(x) is a constant by means of the following
lemma.

Lemma 5.5. If h(z) € LP(Q2), 1 <p < o0, and

/ h(z)n'de =0, neC5(Q), (5.14)
Q
then h(x) = constant a.e.

Proof. Let
e(z) = Joh(z) = / je( — y)hy) dy.

If £ < d(z,09Q) = min{|z — al,|z — b|}, then j.(x —y) € C§(R), and
consequently

:/%js(x—y)h(y) dy:—/(%je(:cfy)h(y) dy = 0.

Thus, ¥.(x) is a constant ¢. in [a +¢€,b— €] for each € > 0. On the other
hand, ¢.(z) converges to h(z) in LP(Q2) ase — 0 (c.f. (3.6)). This implies
that there is a sequence {ej} such that ¢, — 0 and 1., (z) — h(x) a.e
(Theorem B.25). Thus, ¢, = ., () — h(z) a.e.as k — oo. This shows
that h(xz) = constant a.e. The proof is complete. O

This leads to

Theorem 5.6. Under the hypotheses of Theorem 5.3, if y € CY(Q)
satisfies (5.10), then

H,(z,y(zx / Hy(t,y(t),y'(t)) dt = constant, x € .
(5.15)
Proof. Let h(z) denote the left-hand side of (5.15). Then

/ ’dx—/H z, Y,y ndx—/ /H (t,y(t),y' (1) dt dx

—/Q[H (z,y, 9" )" + Hy(x,y,y")n] dx

ZA(ZIJI)a ne O&(Q)

by integration by parts. Hence, h(z) satisfies (5.14), and we can conclude
via Lemma 5.5 that h(z) = constant. O

We also have
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Corollary 5.7. Under the same hypotheses, H,(z,y(x),y'(z)) is differ-
entiable on Q and satisfies

d _
Hy(z,y(2),y' () = ——Ha(2,y(2),y'(2)) =0, <. (5.16)
Proof. Apply Theorem B.36. O

Combining these results, we have

Corollary 5.8. Under the hypotheses of Theorem 5.3, if y(z) € C*(Q)
minimizes the functional (5.6) under the conditions (5.5), then it must
satisfy (5.15) and (5.16).

5.5 The Gateaux derivative

Let G(u) be a functional on a Hilbert space H. According to our defini-
tion, the Fréchet derivative of G at an element u € H exists if there is
an element g € H such that

[G(u+v) = G(u) = (v,9)H]
vl e

—0as|v||g —0, veH. (5.17)

We defined G'(u) to be g. If there is a symmetric bilinear from (v, w)
satisfying (1.18), then

(v.9)m = (v,w), wveH.
This means that
(v,G'(u)g = (v,w), v€EH. (5.18)

There is another definition of derivative which is sometimes more con-
venient to use. Recall that we had great difficulty defining the derivative
because of multiplication and division in a vector space. Another ap-
proach is to consider the limit

G tv) — G
lim (u+tv) (u)
t—0 t
We say that G is Gateaux differentiable at a point « € H if this limit
exists for each v € H and satisfies
G(u+tv) — G(u
L Glut o) = Glu)

t—0 t

=(v,h)g, veH (5.19)

for some element A € H. We call h the Gateaux derivative of G at u and
denote it (temporarily) by G (u). There is an important relationship
between the two derivatives. We have
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Theorem 5.9. If the Gateaux derivative of G exists in the neighborhood
of a point u € H and is continuous at u, then the Fréchet derivative of
G exists at u and equals the Gateau derivative at u.

Proof. For v € H, let
o(t) =Gu+tv), te][0,1].

Let € > 0 be given. If the Gateaux derivative of G exists in the neigh-
borhood of a point u € H and is continuous at u, then there is a § > 0
such that ¢'(t) exists and satisfies

lp'(t) — ' (0)] < e

for t € I = [0,1] when |jv]] < 8. Thus, ¢'(t) is bounded on I. Hence,
¢'(t) is Lebesgue integrable on I and satisfies

1
P(1) = 9(0) = [ (e)ds
(Theorem B.20). Consequently,

1
Glu+0) — Gu) - (v, G} (w) ] = / (v, G} (u + t) — G ()t

1
< ol / Gl (u+ t0) — G (u)|dt.
0

Thus,
_ _ !/
Glutv) =Gl — (0. GLal
[l
This shows that G’(u) exists and equals G (u). O

Remark 5.10. When G (u) equals G'(u), we shall designate both of
them by G'(u).

5.6 Independent variables

In some situations we are required to minimize expressions such as

b
J:/ F(.’El,l‘g,...,$n7.%"1,i‘2,...,j,‘n,t)dt, (520)

where
x; =xi(t), 1=1,2,...,n

are independent functions. Corresponding to Lemma 5.2 we have
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Lemma 5.11. If the functions x1(t),x2(t),...,z,(t) minimize the
functional (5.20), then they satisfy

oF d (GF

The proof of Lemma 5.11 is similar to that of Lemma 5.2 and is
omitted. As an example, consider a particle of mass m moving in the
plane under an attractive force mk/r? towards the origin, where (7, ¢)
are the polar coordinates. We apply Hamilton’s principle. In this case
the potential energy is

>:0, i=1,2,...,n. (5.21)

v Tk
r
and the kinetic energy is
1 .
T = §m(r2 +729).
Hence,

1 .
L=T-V= §m(f2 +1r2¢) + mk/r.

By Lemma 5.11, curves r(t), ¢(t) which minimize

must satisfy
and

Thus we must have

and

. L
mrig = 3_ = const. = M.

Eliminating c;S from these equations, we obtain
P — M?*/m*r® = —k/r?,

which is the equation of motion of such a particle. In particular, this is
the equation of motion of a planet as it travels around the Sun.
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5.7 A useful lemma

If the integrand in (5.6) does not contain x explicitly (i.e., it is only to
be found in y(z) and y'(x)), then it is often useful to utilize the following

Lemma 5.12. If y = y(x) is a critical point of

b
7= [ Py, (5.22)
then it is a solution of
oF
y’a—y, — F = constant. (5.23)

Proof. We know that it must satisfy the Euler equation

oF (0P |
oy dx \oy' )

(Corollary 5.8). Hence, we must have

4 (PN d (OF\, OF _ OF ,0F
dx yay’ YV oy’ yay’_yay yay’

and
d oF oF
S
dx dy Y oy’ Y

Subtracting, we obtain
d oF
— | F—y— | =0
w( yw) |

which is precisely the conclusion of the lemma. O

As an example, let us find a curve that is a critical point of

b
= / y(1+y*) 2 da.
In this case F = y(1+ y’2)1/2, and we can apply Lemma 5.12. Thus, we
are looking for a solution of (5.23). Hence,
yy’2(1 + y/2)71/2 —y(1+ y/2)1/2 = constant = K.

This implies

2

v’ =KX (1+y"),

or

y/ — (y2 _ K2)1/2/K.
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/W%:%UWC)'

Integrating, we find

Thus,

cosh™ ' (y/K) = (z + O)/K,

or

x+C
=K .
Y cosh( % )

The constants C, K are to be determined from the boundary conditions.

5.8 Sufficient conditions

Our next step is to try to find a minimum for J(y) under the conditions
(5.5). Of course, we must make sure that J(y) is bounded from below
on this set. A fairly simple condition which will accomplish this is

H(x,y,2) > plz|P —W(z), €, y,z€R, (5.24)

where p > 0, p > 1, and W(z) € L'(Q). In this case, J(y) is clearly
bounded from below. So now we can try to find a minimum of J(y) on

D = {y(x) € C'(Q) : y(a) = a1, y(b) = b1}.
Let
o= i%f J.
It is clear that o > —o0. Let {y,(z)} C D be a minimizing sequence:

J(yn) \ .

Since
p [ Walrdo— [ Wy < I < €.
Q Q
we see that there is a constant B such that
|y;|p < B.

Since

yn(2) = yu(a")| =

xT xT
[wal< [ asa<os
x’/ x’
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we have

x

1
o)~ < o2 ([
<l|z— x’|1/p,B, a<x' <z <b,
where p’ = p/(p — 1). In particular, we have
(@) —ar] < [z —al /"' B, |ya(w) —b| < |o— 0" B.

These last inequalities show that the sequence {y,(z)} is uniformly
bounded and equicontinuous on 2. By the Arzela—Ascoli theorem (The-
orem C.6), there is a renamed subsequence that converges uniformly on
Q) to a continuous function g(x). In the limit we have

9(2) = g(a)| < |z —2'VP'B, a<a <z<b,
and
l7(@) — ar| < |z —al'""' B, |j(a) —by| < |z —bY" B, xe.
In particular, we have
yla) = a1, g(b) = b1

Since the LP(2) norms of the y/, are uniformly bounded, there is a
renamed subsequence which converges weakly in LP(£2) to a function
h(z) € LP(Q) (Theorems B.23 and A.61). This means that

/[y;(x) — h(z)]v(z)dz — 0 as n — oo, ve L ().
Q
Therefore, if n € C3(Q), then

@) = (o, 1') = =W, m) — —(hm).

Thus, h is the weak LP(Q) derivative of §. We shall denote it by §'(z).

Now we come to our final assumption. We assume that H..(z,y, 2)
exists and is continuous and satisfies
H..(r,y,2) >0, z€Q,yzeR (5.25)
In particular, H,(x,y, z) is an increasing function of z for each z and y.
We now proceed to show that the minimum exists.

For fixed M, let
O ={ze€Q:|y(x) <M}
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Let € > 0 be given. Since y,(z) — g(x) uniformly, there is an integer N
such that

| H(z,yn,y") — H(z, 9, 9)| < &, [Ho(2,yn,¥) — Ho(2,9,9)| <e,
x € Qp, n>N.
Thus, for z € Qj;, we have
H(z,yn,yn) — H(z,9,9') =H(2,yn, yp,) — H(2, Yn, ¥)
+H(z,yn, §') — H(2,5,7)
> (yy, — )V H(2,yn, §') — €
> (yp, = 9 H:(2,yn,§) — Ha(2,5,7)]
+(yy, — ) H(2,5,9) — ¢
> (yn — ¥ )H:(2,9,9") — ey, + |7 + 1)
for n > N. Here we used the fact that
H(2,Yn,Yn) — H(@, Y, §') = (Y5, — 7 )V Ho (2, Yn, €),

where &(z) lies between y), (x) and 3’ (x). Since H,(z,y, z) is an increasing
function of z for each x and y, we have

Hz(xaynag) 2 Hz(l‘,yn,gl)
when y/ (z) > 7' (x) and
Hz(xaynvé.) < HZ(x7yn7g/)

when y/, (z) < 7' (x). Hence,

H(xay’m y’l"],) - H(x’ynvgl) > (y;z - y/)HZ(x’ ynv?j/)'
The function

Hz(xagagl), erM;
g9(x) =

0, S Q\QM,
is bounded in . Consequently,

/ Wi (@) — 7' (@) Ha (@, 5, 7' )z = / (), — 7)g()dz — 0
Qnmr Q
as n — 00. On the other hand,
1/p ,
| i+ 191+ ) < (/ |y;|de) (b— ) /P + M(b—a)+ (b a)
Qs Qum

< B(b—a)/? + (M +1)(b— a) = Bu.
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Thus
/ [H(%Z/my;)—H(xa?a?/)] dx Z / (y;z_gl)HZ(x7y7gl) d.fC—EBM,
Q]u QZ\/I

for n > N. Thus for n sufficiently large
J(yn) = | H(z,5,9')dx —e(By +1).

Qe

Letting n — oo, we find
az [ H(z,yy)de—eBy +1),
Qs
and since € was arbitrary, we see that
H(z,3,7')dx < a.

Qm

This is true for each M. Consequently,

1) <«

This does not yet produce a minimum. We do not yet know if § € D.
We know that it is continuous on  and satisfies (5.5). It also has a
weak derivative in LP(£2). But in order for § to be in D, it must have a
continuous derivative.

In this regard, let us try to determine if § has any further regularity
properties. Our first step in this direction is to show that g(x) is abso-

lutely continuous on € (see Appendix B). Recall that we have shown
that for the minimizing sequence

T 1/p
yn () — Y ()| < |z — 2|7 (/ |y;L(t)Pdt> ., a<z' <z <b.

Let [z},2r] C Q, 1 < k < m, be non-overlapping intervals. Then by
Holder’s inequality (Theorem B.23),

m 1/p
Z|yn (50 =o€ o~ o (/ |yn<>Pdt)
Y S m 1/p

( |xk—x;|> (Z / |y;<t>pdt>

k=1 k=1"%k

1/p

( |xk—x;€|> B.

k

Ms

Ms

1
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Taking the limit as n — oo, we find

m m 1/p/
S l9(o) — 50| < (z o5 ) B,
k=1 k=1

which shows that g(x) is absolutely continuous on . In particular, the
true derivative ' (z) of §(z) exists a.e., is in L*(2), and satisfies

y(x) —ay = /w gt)ydt, =€ (5.26)

(Theorem B.36). (Until now, §’(x) was only known to be the weak LP
derivative of g(x).) Moreover,

1/p
x+h
Yn(z+h) — yn(z)| < RYP yo (4)|Pdt , a<zxz<z+h<b.
|yn( n
x

Consequently,

h

P 1 x+h
< [Twora=1 [ oras
h xT

b—h
dx < - / dx/ [y, (z + s)|Pds
1 b
s [T e o a
h 0 a

< BP.

This implies

b—h
/a

Yn(x + h) — yn(

Since y,,(z) — g(z) uniformly, we obtain

/"h Yz +h) —gy() |

dx < B?.
3 r=
The integrand converges to |§'(z)[? a.e.as h — 0, showing that

b
[ 1w@ps < b
a
Hence, j is differentiable a.e. and its true derivative ¢’ is in LP().

To recapitulate, we have shown that g(z) is absolutely continuous in
Q) and that its derivative is in LP(Q). This is not enough to declare that
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we have a minimum. So we try again. We replace D with the set

D' ={yeCQ):yla)=ai, y(b) = b,
y(z) is absolutely continuous in Q and ¢y’ € LP().}

Note that § € D’. We now seek to find a minimum for J on D’. “But then
we shall not have solved our problem,” you object. “We were looking for
a minimum in C'(Q2).” You have a point, but be patient. We let

o =inf J.
D/

If we now retrace our steps, we will discover that all of the proofs we have
given go through even if we replace y € C1(Q) with y € D’ (we require
the constant p appearing in (5.12) to be the same as the p appearing
in (5.24)). In particular, there is a § € D’ such that J(§) = ¢/, and a
minimum is attained on D’. Moreover, the limit (5.9) exists and equals
(5.13) for y € D’. Thus, if J(§) is a minimum on D', then A(gy,7) =0
for all n € C}(Q). Consequently, 7 satisfies

Ha(o,5(x), 7 (2)) — / Hy (6, 5(6), 7 (0) dt = Co, z€Q ac.

for some constant Cy (Theorem 5.6). However, in view of hypothesis
(5.25), for each = € Q there is exactly one value z(x) satisfying

(o), 2@) = [ 0,30,/ (0)it = Co

Moreover, Theorem 4.17 tells us that the function z(x) is continuous
in Q. Thus, ¥'(z) is a.e. equal to the continuous function z(x). Conse-
quently,

i) = [ g0 = [a0a,

showing that g(z) has a continuous derivative in Q. This means that
7 € C1(Q). Hence

J(y) = minJ = min J.
@) D’ D
To summarize, we have

Theorem 5.13. Assume that H,H,, H,, H,, are continuous on Q x
R X R and satisfy (5.12) for 1 < p,q < oo. Assume also that (5.24) and
(5.25) hold (with the same p). Then the functional J(y) given by (5.6)
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has a minimum on the set D consisting of functions in C*(Q) satisfying
(5.5). Any minimizing function is a solution of (5.15) and (5.16).

We also note

Remark 5.14. All of the examples mentioned so far in this chapter
meet the requirements of Theorem 5.13. Hence, in each case a minimum
was attained.

5.9 Examples

Since all of the applications described earlier meet the requirements
of Theorem 5.13, all of the solutions of the Euler equations which we
obtained actually produced minima for their corresponding functionals.
We now discuss some other examples, some of which do not qualify and
do not produce extrema.

Example 5.15. Consider the problem to minimize

1
J(y) = / Pde,
0

under the conditions

The solution of the Fuler equation satisfying the boundary conditions
exists, is unique, and yields an absolute minimum.

Proof. The Euler equation is §(z) = 0. The solution that satisfies the
boundary conditions is y(z) = 0. It provides an absolute minimum. O

Example 5.16. Consider the problem to minimize

1
o) = [ ik,
0

under the conditions

The solution of the Euler equation exists and is unique, but it is not
in CY(Q). Although the functional is bounded from below, there is no
MINEMUm.
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Proof. The Euler equation is

2 (223 (2)) = 0.

The unique solution that satisfies the boundary conditions is

yo(x) = /3.

This is not in C*(Q). However,
J(yo) = inf J(y),

where the infimum is taken over the class of y € C(Q) satisfying the
boundary conditions. O

Example 5.17. Consider the problem to minimize

T
J(y) = / W — y?dr,

under the conditions

We consider two cases.
Case 1. T' < n. First we note that

T T
/ [ — ycot x]* do = / [ 4 92 cot® & — 2y cot x]dx
0 0

T
z/ [ + y*(cot? z — csc® )] dx
0

T
- / W — y?)d.
0

Note that y(x) cot x € C1(Q) if y satisfies the boundary conditions. For,
we have
!

tim 28 _ iy Y@ ),

z—0sinz z—0 cosx
Thus J(y) > 0 for y € C(Q) satisfying the boundary conditions. If
T < =, the only solution of the Euler equation satisfying the boundary
conditions is y(z) = 0. If T" = =, all such solutions are of the form
y(x) = esinz, for which J(y) = 0.

Case 2. T' > n. Let

yp(z) = ksin(nz/T), k=1,2,...
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Then
J(yr) = Tk*(x*/T? —1)/2 — —c0  as k — 0.
Thus, J(y) is not bounded from below in this case. Hence, we have

1. If T < =, then there is a unique solution of the Euler equation
satisfying the boundary conditions and producing a minimum.

2. If T = &, then there is an infinite number of such solutions pro-
ducing a minimum.

3. If T > r, there is no minimum.

Example 5.18. Consider the problem to minimize

1
)= [ it s,
0
under the conditions
y(0) =0, y(1) = 1.
Clearly, J(y) > 0. If we take yx(z) = x'/*, then we have
J(yg) = 0 as k — oo.

Since J(y) > 0 when y(x) # 0, there is no minimum.

5.10 Exercises

1. In the brachistochrone problem, show that if we assume that the
wire is such that the curve it makes can be expressed as x = f(y),
then we have

_ [Maxswy
_/o 9(bo—)? (5.27)

where T represents the total time taken for the particle to reach
(0,0).

2. If

3(1—cosf)  1—cosh

12 —
fly = 1(1—cosf)] 1+ cost

1

and

4gc2(by —y) = 1 — cos ¥,
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show that

-1 1—cosf]/?
= in6do t.
) 4gc? / {1 + cos 0] s +oons

1
= e /(0050 — 1)d6 + const.

1
= @(sinﬂ — 6) + counst.

3. Show that there is a number 6y such that
49c®by =1 — cos by, 4gctag = 0y — sin by.
4. Show that if

1 .
L= §m€2q§2 —mgl(1 — cos ¢)

oL _d (9L\ _,
% i (3) "

$+%sin¢:0.

and L satisfies

then

5. Show that the only solution of
43 (1 + 4%) = const
is
z(t) = At + B.
6. Prove Lemma 5.11.
7. Derive
P — M?*m?r® = —k/r?

for a particle moving in the plane.

8. Show that the only solution of

yy/2(1 + 3/2)71/2 —y(l+ y’2)1/2 = constant = K

rz+C
= Kcosh| —— | .
Y cos ( 7 )

is



10.

11.

12.

13.
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. Define a weak LP(R"™) derivative for 1 < p < oo. Show that it is

unique and satisfies
|Jeulp < |ulp, weLP
and

|Jeu —ul, — 0 as e = 0, we LP.
Verify

H(x,yn,y,) — H(2,9,9") = H(x,yn, yp,) — H(@, Y0, 9')
+ H(2,yn,§') — H(z,9,7)
> (v, — ¥ )VHo(2,yn,§') — €
> (v — 0 H(2,yn, §') — Ho (2,5, 7))
+ (v, —¥)H(2,5,7) —
> (Y~ )H(2,9,9) —(lyn|+17'| + 1)

as n — oo

Verify
m m 1/p
> lg(ar) - gla)| < (Z |z, — $2|> B
k=1 k=1

Verify

h

p 1 x+h
< [ wora=1 [ o
x

P 1 bh h
dr < E/ da:/ lys, (z + s)|Pds
a 0

1 h b—h
p s [ s spas
h 0 a

and

b—h
/a

yn(z +h) — yn(x)

IN

IA
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14. Use Theorem 4.17 to show that there is exactly one continuous func-
tion z(x) satisfying

H. e g(a). 20)) — [ " H, (6. 9(0).5(8))dE = C.

15. Show that
J(yo) = inf J(y),

where
1
o) = [ i,
0

y0($> _ .’1?1/3

and the infimum is taken over the class of y € C*(Q) satisfying the
boundary conditions

16. Prove:

T T
/ [ — y cot 2]2dx = / [92 + y? cot? z — 2yy cot z]dx
0 0

T
:/ [ + y?(cot? x — csc? ) |dx
0

- " — g

when



6
Degree theory

6.1 The Brouwer degree

Let 2 be an open, bounded subset of R™, and let p be any point in R"™.
Assume that for each continuous map ¢ :  — R™ such that p ¢ ¢(99)
there is an integer d(¢p, 2, p) with the following properties:
(a) d(I,Q,p) = 1. If both p and —p are in Q, then d(+I,Q,p) =
(£1)™.
(b) If d(p,Q2,p) # 0, then there is an x € Q such that ¢(z) = p.
(c) If hy(z) = H(t,z) is a continuous map of [0,1] x Q into R™ and
p & h(0R) for 0 <t <1, then d(hy, 2, p) is independent of ¢.

We shall prove later that such an integer exists satisfying (a)—(c) for
each set ¢, 2, p described above. Unfortunately, the same is not true in
infinite dimensional spaces without restricting the map . We shall have
more to say about this later. We call d(¢p, 2, p) the Brouwer degree of
@ at p relative to .

As an application of the degree, we have
Theorem 6.1. Let B be the unit ball
B={zeR":|z| <1}

If ¢ is a continuous map of B into itself, then there is a point v € B
such that

o(z) = . (6.1)

Proof. If there is a point « € 9B such that (6.1) holds, then the theorem
is true. Otherwise, let

hi(z) =z —te(z), z€ B, tel0,1]. (6.2)

171
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Then hy(x) is a continuous map of [0,1] x B into R™. We note that
hi(x) £0, x€ 0B, tel0,1]. (6.3)

For t = 1, this is true by assumption. For 0 < ¢ < 1, we have tp(x) € B,
so that (6.3) holds in this case as well. Thus, d(h:, B,0) exists for each
t € [0, 1]. By properties (c) and (a),

d(hi, B,0) = d(ho, B,0) =d(I, B,0) = 1. (6.4)

By property (b), there is a point € B such that hy(z) = 0. This means
that « satisfies (6.1). The proof is complete. O

Corollary 6.2. If B is the unit ball
B={reR": || <1},
then there does not exist a continuous map @ of B into OB such that
plx) =2z, z€0IB. (6.5)
Proof. If such a map existed, let

Y(x) = —p(z), x€B.

Then 1) is a continuous map of B into itself. By Theorem 6.1, there is
an € B such that ¢(z) = x. This means that z = —¢(z) € 9B. But
on 0B, we have p(z) = z. Hence, x = —z. This means that x = 0 and
cannot be on dB. This contradiction proves the corollary. O

If @, @1 are two continuous maps of Q to R”™ and there is a continuous
mapping hy of [0,1] x Q to R™ such that

ho(z) = wo(x),  hi(z) = ¢r(2), (6.6)

then we say that ¢g, ¢1 are homotopic and h; is a homotopy. Property
(c) states that if ¢g, 1 are homotopic, then

d(gpo, Q7p) = d(<)017 Q7p)

Two subsets of R™ are called homeomorphic if there is a continu-
ous map h having a continuous inverse h~! which maps one onto the
other. The mapping h is called a homeomorphism. As a consequence of
Theorem 6.1, we have

Corollary 6.3. IfQ is an open subset of R™ such that Q is homeomor-
phic to B and ¢ is a continuous map of Q0 into itself, then there is a
point x € Q) such that (6.1) holds.
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Proof. Let h : Q— B be the homeomorphism, and let ¢ (z) =h(¢(h~z)).
Then () is a continuous map of B into itself. By Theorem 6.1, there
is a z € B such that

P(z) = 2.

Since h is a homeomorphism of ) onto B, there is an = €  such that
h(z) = z. Then

p(x) = o(h ™1 (2) =7 (1(2)) = h ™' (2) =z,
and = € Q is a solution of (6.1). This completes the proof. O

A solution of (6.1) is called a fixed point of the map ¢. Theorem 6.1
and Corollary 6.3 state that any continuous map of a closed ball in R™
(or any set homeomorphic to it) into itself has a fixed point. These sets
are said to have the fixed point property. These results are due to L.
Brouwer.

We also have

Theorem 6.4. Let K be a closed, bounded, convex set in R™. Then K
has the fized point property.

Proof. Since K is bounded, there is an R > 0 such that
K Cc B ={u e R": |u| < R}.

For each x € Bg, let N(x) be the closest point in K to x. (There is
one because K is closed and bounded; cf. Lemma A.56.) Because K is
convex, there is only one such point. For, if

d(z, K) = ||z —y1| = |z — vz,

then %(yl +y2) € K, and because we are in R,

1
|z — 5(3/1 + )l < llz — il = d(=, K),

contrary to the definition of d(x, K'). Note also that N(x) is a continuous
map of Bg into K. For if z;, € Bgr, z; — x, and N(xy) does not converge
to N(x), then there is a renamed subsequence such that N(xy) — y #
N(z). Since N(zy) is the nearest point to zj, in K, we have

ek = N(zp)l| < flzx — N(2)]-
Taking the limit, we find
=yl <llz— N
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This means that y = N(x), showing that N(z) is indeed continuous.
Letf(x) be a continuous map of K into itself, and let f; = fN. Then

f1 is a continuous map of Bpg into itself. By Theorem 6.1 there is an

x € Bpg such that fi(z) = z. Since f; maps Bg into K, we see that

x € K. But then f1(z) = f(N(x)) = f(x). Hence, f(z) = x, and z is a
fixed point of f. O

Corollary 6.5. If K is homeomorphic to a closed, bounded, convex set
in R™, then K has the fized point property.

Theorem 6.6. Let 2 be a bounded open set in R™, and let ¢ be a con-
tinuous map of @ — R™ such that for some fived z €

o) —z#rz—2), €0, A>1 (6.7)
Then ¢ has a fized point in Q.
Proof. We may assume that ¢ has no fixed point on 9. Let
hi(z) =2 —z—t(p(x) —2), z€Q,tel0,1].

We know that 0 ¢ ho(0Q) since z € Q. Also, 0 ¢ hy(092) by assumption.
The same is true for hy, t € (0,1). For if z € 9Q and hy(z) = 0, then
(6.7) would be violated for A = 1/¢. Thus, 0 ¢ h(98) for ¢ € [0,1].
Hence, d(h¢, 2,0) exists and is independent of ¢ by property (c). Thus,

d(hy1,9,0) = d(hg,Q,0).
This means that
d(Ii 507970) = d(If 23970) = ]-a

since z € ). Hence, there must be an x € Q such that z — ¢(x) = 0.
This completes the proof. O

One can interpret (6.7) as saying that ¢(x) does not lie on the continu-
ation of the straight line [z, z] beyond the point z for any = € 9.

Theorem 6.7. No matter how well you comb a hedgehog, at least one
hair will stand up.

Another way of stating this theorem is

Theorem 6.8. Ifn is odd, §2 is a bounded, open subset of R™ containing
the origin, and ¢ is a continuous map of Q — R™ such that 0 ¢ p(09),
then there is an x € 0 such that p(x) = Az with A # 0.
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Proof. Let
he(z) = (1 —t)p(x) +tz, ki(z)=(1—t)p(z) —tz, z€Q, tec]0,1].

If one cannot find z € Q, A # 0 such that ¢(x) = Az, then hi(z) # 0,
ki(z) # 0 for x € 9Q and 0 < t < 1. Since 0 ¢ p(99Q), we have hg(z) #
0, ko(z) # 0 for x € 9 as well. Thus by property (c),

d(ho,,0) = d(h1,9,0), d(ko,Q,0)=d(k1,,0).
Hence,
d(p,Q,0) =d(I1,2,0) =1, d(p,Q,0)=d(—1,9Q,0)=(-1)".

These can be equal only if n is even, contrary to hypothesis. This com-
pletes the proof. O

Note that Theorem 6.8 need not be true when n is even. For instance,
let ¢ be the rotation of the unit disk in R? into itself given by

o(r,0) =(r,0+r), 0<r<1,0<6<2n

Thus, you can comb a two dimensional hedgehog so that no hair stands
up.

6.2 The Hilbert cube
We let £2 be the set of sequences

x=(x1,22,...)

satisfying

oo
lz)* =l
k=1

It becomes a Hilbert space with the appropriate scalar product. The
Hilbert cube Hy is the subset of £2 consisting of those sequences satis-
fying
el < ¢
S
Clearly, it is closed, bounded, and convex. First we note

Lemma 6.9. If {a:(j)} s a sequence of points in Hy, then there is a
subsequence that converges to a point in Hy.
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Proof. Let

Pox=(x1,...,2,,0,0,...), n=12,..., (6.8)
and let € > 0 be given. Then there is an n such that

| Pox — z|* = Z k™2 <e?, € H,. (6.9)
k=n-+1

Moreover, since the range of P, is finite dimensional, there is a renamed
subsequence such that

[Pz — Pz <e, i,j>N
(Corollary A.54). Hence,

127 = 2| < ||z = PyaD|| + [ Pa(a!) — 2D))
+ ([P — 29| <e+e+e.

Thus, there is subsequence that is Cauchy in Hy. Since Hy is closed in
2, the result follows (Lemma A.3). O

This leads to
Theorem 6.10. The Hilbert cube Hy has the fixed point property.

Proof. Let ¢ be a continuous map of Hj into itself. For each n, P,Hy
is homeomorphic to a closed, bounded, convex subset of R™. Hence, by
Theorem 6.4, there is a point (™) € P, Hy such that

Poo(z™) = 2™,

By Lemma 6.9 the sequence {2(™} has a renamed subsequence which
converges in Hy to a limit x. Consequently,

lo(z) — z|| < |le(x) — Pup(@)|| + | Pagp(x) — Pop(z™)|| + [jz™ — 2|
< llp(@) = Pag(@)]| + () = p(a™)]| + ™) - 2|
— 0 as n — oo.

This completes the proof. O

Corollary 6.11. Any closed, convexr subset of Hy has the fixed point
property.

Proof. Let K be a closed, convex subset of Hy, and let ¢ be a continuous
map from K — K. For each n the set K ()| P,Hy is a closed, convex,
bounded subset of R™, and P,¢ is a continuous map of K[\ P,Hy to
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itself. By Theorem 6.4, there is a sequence z(™ € K (N P,Hy such that
Pop(z™) = 2", By Lemma 6.9 there is a renamed subsequence such
that (™ — z € Hy. Since K is closed, € K, and P,p(z™) —
@(x). This implies that ¢(z) = x, and ¢ has a fixed point. Since ¢ was
arbitrary, we see that K has the fixed point property. O

A subset K of a Hilbert space is called compact if every sequence in
K has a subsequence that converges to a limit in K. This is equivalent
to the statement that every open cover of K contains a finite subcover
(Theorem C.3). A subset V' C W is called dense in W if for every € > 0
and every w € W there is a v € V such that ||v —w|| < e. A subset W of
a normed vector space is called separable if it has a dense subset that
is denumerable. In other words, W is separable if there is a sequence
{zk} of elements of W such that for each x € W and each € > 0, there
is an xy, satisfying ||z — x| < €. A compact set is separable (Lemma
A.46). For a subset W of a normed vector space, the linear span of W
is the set of linear combinations of elements of W. It is a subspace. The
closed linear span of a set is the closure of its linear span. The closed
linear span of a separable set is separable (Lemma A.48).

Lemma 6.12. Fvery convex, compact subset K of a Banach space X
is homeomorphic to a closed, convex subset of Hy.

Proof. Assume K is a subset of the unit ball. Since K is compact, it is
separable (Lemma A.46). The linear span of K is also separable (Lemma
A.48). Hence, there is a sequence {x,, } which is dense in the linear span
of K. For each n let «], be a bounded linear functional on X such that

Ty (n) = lznll/n, [yl =1/n
(Theorem A.15). Let
F(z) = {2} (), z4(z),... } (6.10)

be a map from K to Hy. It is bounded and linear. It is also one-to-one.
For let © # y be two points in K. Then z = z — y # 0, and there is an
2, such that

1
lzn = 2l < 5 2]]-
Then

1 1
lznll 2 Mzl = llz = @nll > Izl = 5ll2ll = Sll2ll > llzn = =1,
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and consequently,
|2 () — 25, (Y)] = |2, (@) ] = 2, (2 = 2)| = (|2l = |2 = 20l)/n > 0.

This shows that F(x) # F(y). Finally, note that R(F) is a closed, convex
subset of Hy. Hence, F' is a homeomorphism of K into Hy. [l

Theorem 6.13. Any compact, convex subset K of a Banach space has
the fized point property.

Proof. By Lemma 6.12, every such set is homeomorphic to a convex,
closed subset of Hy. But any such subset of Hy has the fixed point
property (Corollary 6.11). Thus K has the fixed point property. O

In contrast to the above we have

Theorem 6.14. The unit ball in ¢> does not have the fized point prop-
erty.

Proof. Elements in the unit ball are of the form

oo
z=(r1,22,...), |z|>=> 27 <L
k=1

Let
Tx = ( 1- ||zH2,x1,502,...) .

Then T is a continuous map of the ball into itself. But T" does not have
any fixed points. For, if Tz = x, then

1 =1— |zl 22 =21, 23 =22, .., Tp1 = Ty . .-

Thus all of the xj, are equal. The norm ||z|| can be finite only if they are
all 0. But then ||z|| = 0, and consequently, 1 = 1. This contradiction
proves the theorem. O

Contrast this with

Theorem 6.15. Let M be a convex subset of a normed vector space X .
Let T be a continuous map of M into a compact subset K of M. Then
T has a fixed point.

This is known as Schauder’s fixed point theorem. Before proving
the theorem, we introduce several concepts. A map from a set to another
is called compact if its range (image) is contained in a compact set. For
any set M, we let co(M) denote the smallest convex set containing M
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(it is called the convex hull of M). The closure of co(M) is denoted by
co(M). We have

Lemma 6.16. If X is a normed vector space and K is a compact subset,
then for each € > 0 there is a finite subset Q of K and a continuous map
P from K to co(Q) such that

|Pz—z|| <e, z€K. (6.11)

Proof. Since K is compact, we may cover it with a finite number of
balls of radii e. We may assume that the centers z1,...,x,, are in K.
Let Q ={x1,...,2m}. Put

fi(x) = max[0,e — ||z — zj[]], ze€X.

Then f;(x) # 0 if and only if ||z — ;|| < €. Thus at each = € K there is
a j such that f;(z) # 0. Put

> fi@)zy
Pr="" a2cK (6.12)
> i)
=1

It is a continuous map of K into co(Q). Moreover, for each x € K, Pz
consists of a convex combination of those x;, which are located in the ball
of radius € and center x. Since this ball is convex, Px must be located
in the ball. Thus (6.11) holds. O

Corollary 6.17. Let X be a normed vector space and D a bounded
subset of X. Let T be a compact map from D to X. For each € > 0 there
is a mapping T. € C(D, X) with finite dimensional range such that

|IT(z) — Te(x)|| <e, x€D.

Proof. Let K = T'(D). Then K is a compact subset of X. By Lemma
6.16 for each € > 0 there is a finite subset @) of K and a continuous map
P from K to co(Q) such that (6.11) holds. Take

T.(x) = PT(z), =z€D.

We can now give the proof of Theorem 6.15.
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Proof. For each n = 1,2,..., let @, be the finite subset of K and P,
the mapping given by Lemma 6.16 corresponding to ¢ = 1/n. Since
Q. C K C M, we have co(Q,) C M. Thus, for each n, P,T is a
continuous map of the finite dimensional, convex, closed set co(Q,,) into
itself. By the Brouwer fixed point theorem (Theorem 6.4), there is a
point x,, € co(Qy) such that P,Tx, = z,. By (6.11)

e — Txpl| = |PnTxn — Tyl < 1/n

for each n. Since T maps M into the compact subset K, there is a
renamed subsequence such that Tz, — y € K. Thus, x,, — y. In par-
ticular, Ty is defined, and T'xz,, — Ty. Since T'xz,, — y, we see that y is
a fixed point of T. O

Theorem 6.18. Let B be the closed unit ball of a normed vector space

X. Let T be a continuous, compact map of B into X such that T maps

OB into B. Then T has a fized point.

In order to prove Theorem 6.18 we shall make use of the following lemma.
o

Our notation is: M is the interior of a set M, and OM is its boundary.

Lemma 6.19. Let B be the closed ball of radius k in a normed vector
space X . Define

B
r(z) = {x rer (6.13)
Then

(i) 7 is a continuous retraction of X into B, that is, a mapping
of X into B which is the identity on B,
(i) if r(x) 6%, then r(z) = x,
(iii) if v ¢ B, then r(z) € 0B.
The proof of Lemma 6.19 is left as an exercise. We can now give the
proof of Theorem 6.18.

Proof. Let r be defined by (6.13) with k = 1, and let T satisfy the
hypotheses of Theorem 6.18. The mapping, T is a compact mapping of
B into itself. By Theorem 6.15, there is a y € B such that

rTy =y.
If y € OB, then Ty € B by hypothesis, so that

y=rTy="Ty.
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On the other hand, if y Gé, then y =Ty Gé, showing that y = rTy =
Ty. Since y € B, we have Ty = y in any case. O

We can strengthen Theorem 6.18 by letting B be any closed, convex
subset of X. We have

Theorem 6.20. Let B be a closed, conver subset of X, and let T be
a continuous, compact map of B into X such that T maps OB into B.
Then T has a fized point.

In order to prove Theorem 6.20, we shall need the following.

Lemma 6.21. Assume that B is a closed, convex subset of X such that
0 €B. Define

=  inf -1 6.14
g(x) {c>01,r¢l:z€B} ¢ ( )

Then g(x) is a continuous real valued function on X and satisfies

(i) g(ex) =cg(x), ¢>0,

(ii) g(z +y) < ( ) +90),
(iii) 0 < g(x) < xEB
() gl > 1, 245,

(v) glx)=1, z€IB.

We leave the proof of this as an exercise. We now show how it can be
used to give the proof of Theorem 6.20.

Proof. If B has no interior points, then B = dB. Thus, T' maps B into
B. The result now follows from Theorem 6.15. If B is not empty, we may
assume that 0 € B. Define r(z) by

r(z) = z/ max[1, g(z)], (6.15)

where g(z) is given by (6.14). Then r(x) has the properties described in
Lemma 6.19. We can now follow the proof of Theorem 6.18. O

One can sometimes deal with the question of fixed points by considering
the more general problem of finding solutions of

x=ATz, reR (6.16)

Along these lines we have
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Theorem 6.22. Let X be a normed vector space, and let T be a con-
tinuous map on X which is compact on bounded subsets of X. Then
either

(@) T has a fized point, or
(b) the set of solutions of (6.16) for 0 < A < 1 is unbounded.

Proof. Let B be the closed ball of radius k (center 0), and defined r(x)
by (6.13). Then rT is a compact map of B into itself. By Theorem 6.15
it has a fixed point x € B. Either

(i) || Tz|| <k, or
(il) ||Tz| > k.

In the first case,

In the second,
lz|| = ||rTx| = k. (6.17)

Consequently,
x=rTe = (k/|Tz|)Tx =ATz, 0 <A <1. (6.18)

Thus, either for some integer k we obtain a fixed point of 7" or we have
a sequence {zy} C X such that (6.17) and (6.18) hold for z = x. Since,
||zk| = E, this gives alternative (b). O

Another type of fixed point theorem is given by

Theorem 6.23. Let B be a closed, convex subset of a Banach space X,
and suppose that S, T map B into X and satisfy

(a) Sx+Tye B, =z,y€ B,
(b) S is continuous and compact,
(¢) T is a contraction.

Then there exists an x in B such that
Sx+Tr=zx.

Proof. For each y € B, there is a unique z € B such that
z=Tz+ Sy

(Theorem 2.12). The operator (I —T)~1S is continuous and compact on
B. By Theorem 6.15, this operator has a fixed point x € B. This point
satisfies the requirements of the theorem. O
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6.3 The sandwich theorem

Once we have developed the Brouwer degree, we can now complete the
proof of the sandwich theorem (Theorem 2.5). We follow the proof of
Theorem 2.8. We take E = H, M =V, N =W and assume that there
is no sequence satisfying (2.27), where mg, m; are given by (2.40). Then
there must be a 6 > 0 such that (2.41) holds whenever v € H satisfies
(2.42). By solving (2.48) we obtain a curve o(t)v emanating from each
v € V such that (2.43) holds for each v € V. Hence, if we take T to
satisfy (2.44), we see that (2.45) holds.
From (2.48) we see that
llo'(t)v]| <1, veEH.

Consequently,
lo®)v —v|lg < /Ot o’ (s)v||gds <t, veH.
Let P be the (orthogonal) projection of H onto V. If v € V and ||v|| = R,
then
|Po)ell 2 o]l - l[o — Po(to] = R —t.

Thus, if

p(t)v:= Po(t)v, wvev,
then (t) is a continuous map of V' x R into V. Pick R > T. Then

e(t)v#£0, veVNIBg, 0<t<T.
Consequently, the Brouwer degree
d(p(t),V N Br,0), 0<t<T
in defined. By property (c¢) of that degree
d(p(t),V N Br,0) =d(p(0),V N Bg,0)=d(I,VNBg,0)=1.

Hence, there is a vy € V N By such that

©(T)vg = Po(T)vy = 0.
This means that o(T)vg € W and

G(o(T)vg) < mg

by (2.45). But this contradicts (2.40). The proof of Theorem 2.5 is now
complete.
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Remark 6.24. The requirement that G’ be locally Lipschitz continuous
will be removed in Appendiz D.

6.4 Sard’s theorem

We now begin our proof of the existence of the Brouwer degree. As we
shall see later, it is extremely important for us to be able to move points
slightly to avoid potholes without changing the degree. Our ability to
do this is guaranteed by a theorem due to Sard which we describe next.

Let Q C R™ be an open set, and let f € C1(Q,R"™). Set
Sy={zeQ:Jsi(z) =0},

where J; denotes the Jacobian

oh | oh

8961 8xn
J¢(z) = det

Ofn . Ofn

o0x1 oxy,

We let f(Sy) denote the images of the points of Sy under the mapping
f, that is,

f(Sy)={yeR":y = f(x), v € Sy}.

The aim of Sard’s theorem is to show that this set is small in the sense
that its measure is 0 (cf. Appendix B). Specifically, we have

Theorem 6.25. Under the above hypotheses, for every e > 0 there is a
sequence of cuboids Ry C ) such that

f(Sf) C [j R, and ivol{Rk} <e. (6.19)
k=1 k=1

Proof. Let @ be any closed cube in €2, and let p be the length of its
side. Its diagonal has length py/n. Let € > 0 be given. Since Vf(z) is
uniformly continuous in @, there is an integer m > 0 such that

Vf(z) - Vi) <e, z,0' €Q,|z—a/|<6= %
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Also, there is a constant C such that

Vi) <C, zeQq.

Now,
@)= $@) = [ Grta+ 0o —a))ap
= 'y ﬂ T r—T T — T
= [} L@+t - -z o
Hence,
fx) = f(@) = V(&) . (x—2)
:/O {Vf@@+60(x—2)—-Vf(@)}.(x—2)db
= R(z, ).
Thus,

1
R@.2)| < [ 94(@+0(e =) = V1@ - o~ 7l d0
<elr -z, |r—=z| <.

Divide @ into » = m™ cubes Q1,...,Q,, each @} having side length
equal to p/m and diameter § = y/np/m. Consequently,

|R(z,7)| <eb, x,T € Qy.
Suppose Qi NS¢ # ¢. Pick 7 € Sf, and let A = V f(Z). Take
g(z) = f(z) — f(z) = A(z — Z) + R(z, 2).

Now, det A = J;(Z) = 0. This implies that the range of A is contained in
an n—1 dimensional subspace of R™, that is, there is an n—1 dimensional
subspace N of R™ such that

Aze N, zeR".
Thus, there is a unit vector b € R™ such that
Az L b, zeR".
Let (b,bo,...,b,) be an orthonormal basis for R™. Then

(9(z),0) = (A(z — 2),b) + (R(z,7),b) = (R(z,T),b)-
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Consequently,
[(9(2),b)| < [R(z,Z)| - |b| < &b, € Qu,
while
[(g(2), 0;)| =(A(x — 7),b;)| + [(R(z, T), b;)]
<|A|l .|z —Z|+¢€b
<(C+e)b, j=2,...,n

This means that g(x) is contained in a cuboid Ry with one side of length
€6 and all other sides of length (C' + €)6. Thus, the volume of Ry is
(C + &) 16me. Since

f(x) = f(Z) + g(x),

we have
f(@Qr) = f(2) +9(Qr) C Ry,
where
vol R}, = (C +¢)" '¢".
Hence,

F(Sp@)C Rk Dol Ry =r(C +2)" 8% = n"/2(C + o) g
k=1 k=1

Since € was arbitrary, we can take this to be as small as we like.

There is a sequence of cubes {Q;} C Q such that

0={]J@;
j=1

Let nn > 0 be given. Applying the argument above to each @);, we obtain

f(Sf Q] URjka ZUOZ Rjr < 77/]

Jj=1 k=1

Thus,

Tk

Ry, Z volek < Zn/]

=1 k=1 j=1k= Jj=1

This completes the proof. O
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Corollary 6.26. Under the above hypotheses, every open set in R™ con-
tains points not in f(Sy).

6.5 The degree for differentiable functions

Let Q be a bounded, open set in R™, and let p be a point in R™. Let
¢ € CY,R"), and denote the set of critical points of ¢ by v,. First
we note

Lemma 6.27. If no critical points satisfy
¢(z) = p, (6.20)
then there is only a finite number of solutions of (6.20).
Proof. If 1, x2 are solutions of (6.20) then
0 = p(w2) — (1) = det @' (1) (2 — 21) + 0(|2 — 21,
where
det ¢’ (z) = Jy(2).

Since det ¢’(z1) # 0, there is an r > 0 such that

| (x1)v] > rlv], ©veR™
Thus

oy — x| < @' (21) (22 — 21)] = o(|z2 — 21]).

Thus, if 29 # x1, then it cannot approach z;. Hence, the solutions of
(6.20) are isolated. This means that there is only a finite number of
them. 0

If no critical points of ¢ satisfy (6.20), we define the degree d(y, 2, p) of
 at p relative to 2 by

d(p,Qp) = Y sign dety(x), (6.21)
e(z)=p
where
. a/lal,  a#0,
sign o =
0, a=0.
If there is no = € ) such that

¢(z) = p,
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then we define d(p, Q2, p) = 0. Note the following

Theorem 6.28. If p € Q, then d(I,Q,p) = 1; if —p € Q, then
d(=1,9,p) = (=1)" ; if p ¢ Q, then d(I,Q,p) = 0.

Proof. This is immediate from the definition. O
We also have

Theorem 6.29. Assume that ¢ € CY(Q,R"™) and that no critical or
boundary points satisfy (6.20). Then there is a 6 > 0 such that no
critical or boundary points satisfy

Y(z)=p

whenever ¢ € C(Q,R™) satisfies |1 — |1 < &, where || . ||1 is the norm
of C1(2,R™). Moreover,

d(p,Q,p) = d(p, 2, p).

Proof. If there are no z € () satisfying (6.20), we can take § > 0 so small
that

Then
d(¥, Q,p) = d(p,Q,p) = 0.

If there are such points, we note that by Lemma 6.27 there is only a
finite number of points a1, . .., a, € Q satisfying ¢(a;) = p. Let a be any
one of them. Let

c=l|det ¢ (a)| >0,
and take r > 0 so small that
2
|det ' (x)| > 36 |z —a| <r.

We can take 6 > 0 so small that

|det ¢’ (z) — det ' (z)| < L z €.

3
Hence,

1
| det o' (z)] > 3% |z —a| <.

We take r > 0 so small that the ball
B(a,r)={z eR": |x —a| <r}
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is contained in 2. Let
T(z) = ¢(z +a) = ¥'(a)z,

where z = ¢ — a. Then

1
T(2) - T(y) = /0 d%T(oz +(1—0)y)db

= /Ol[w'(a +0z+ (1= 0)y) — ' (a)](z — y) db.

Consequently, there is a constant K such that
T(z) =Ty < K6 +7)[z—yl, 2]yl <
Note that 1’(a) is an invertible operator on R™. Let
S(z) = ¥'(a) 7M1 (2) = p(a)].
Then there are constants K7, K5 such that
1S(2)| < KA [(6 +7)r + 6]

and

1S(2) = S(y)| < Ka(8 +7)2 —
for

|2l [yl < 7.
Shrink 8, r so that K1[(6 + r)r + 6] < r and
Ky(6+7r) < 1.

Then —S(t) is a contraction mapping of |z| < r into itself. Consequently
it has a unique fixed point. Hence, there is precisely one z satisfying

-S(z)=2 |z|<r
This is equivalent to the statement that there is precisely one x satisfying
V() =¢p(a)=p, |z—af<r

We follow the same procedure for each of the points a;, shrinking ¢ if
necessary. Let

B(r) = U B(aj,r).

We can take 7 > 0 so small that none of the balls B(a;,r) overlap and
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1 (x) = p has exactly one solution in each of them. We can also shrink r
so that

lp(z) —p| >n>0, z€Q\B(r).

We can then decrease 6 to make

lolw) ~ (@) < gn, =€ D\ Blr).

Consequently,

W) ~pl > 5. €D\ B),

showing that 1(z) = p has no solutions in Q other than those in B(r).
But those in B(r) satisfy

sign det ' (z) = sign det ¢’ (z).
Thus,

n
d(y,Q,p) = Z sign det )’ (z Z sign det ¢'(a;) = d(p,Q,p).
(@)=p P

O
Theorem 6.30. If d(¢,8,p) # 0, then (6.20) has a solution x € Q.

Proof. If there exists no solution, then (6.21) shows that d(p,Q2,p) = 0.
O

Theorem 6.31. If ¢ € C1(Q,R™) and there are no critical or boundary
points satisfying (6.20), then

. 0p) = | Ju(p(o) = p)det (o) do (6:22)
for e > 0 sufficiently small.

Proof. If (6.20) has no solutions, then both sides of (6.22) vanish. Oth-
erwise, there is a finite number of points ai,...,a,, € Q satisfying
¢(a;) = p (Lemma 6.27). Each a; is the center of a ball B; such that ¢
is one-to-one on Bj, each Bj is disjoint from ¢(92), and

m
supp J: (i c B
j=1
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(The support of a function is the closure of the set on which it does
not vanish.) Hence,

/ je(o(z) — p) det o/ (z) de
Q

I
NE

/ jo(o(@) — p) det o/ (z) da
B

J

<.
Il
—_

I
NE

sign det'(a;) [ i (o(e) ~ p)l deto' (@) d

Bj

<.
I
a

I
NE

sign det w’(aj)/js(y) dy

Il
_

QS
—~

(p’ Q7p)7

where we made the transformation y = p(x) — p and used the fact that

[iway=1.
O

Lemma 6.32. Assume that ¢ € C*(Q,R"™) and that py,p1 are such
that (6.20) has no solutions which are critical or boundary points when
P = po,p1. Assume also that there is a path v(s) € R™, 0 < s <1, such
that v(0) = po, ¥(1) = p1, and no critical or boundary points satisfy
(6.20) with p =~(s), 0 < s < 1. Then,

d(p, Q,po) = d(ip, 2, p1).

Proof. By Theorem 6.29 for each s € [0, 1] there is a 65 > 0 such that
no critical or boundary points satisfy

p()=p
whenever p satisfies ||p — v(s)|| < s and
d(p, 2, p) = d(p, 2,7(s))-

By compactness, there is one § > 0 which will serve for all s € I.
Moreover, we can cover I = [0,1] with a finite number of intervals of
length > n > 0 in which this holds in each interval. Let 0 = 5o < 51 <
.-+ < 8, = 1 be a partition of I such that

||7(Sk+1)_7(8k)|| <67 k:0a17 ,m—1.
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Hence,

d(gﬁ, Q,po) = d(@v Q, 7(30)) = d((p7 Q, 7(81))
== d(@v Q,’}/(Sm)) = d((paQapl)'

This completes the proof. O

We now define d(p, <, p) for those points p such that (6.20) is satisfied
by critical points but not by boundary points. Let py be such a point.
Let By be a neighborhood of py such that (6.20) has no solutions in 92
for p € By. By Sard’s theorem (Theorem 6.25), By contains points p
such that no critical points satisfy (6.20). Let p;1, p2 be any such points.
Then by Lemma 6.32,

d((Pv Q’pl) = d((p7 Q7P2)-

Thus, the degree is the same for all such points. We take d(p, Q,pg) to
be this constant value.

Theorem 6.33. The degree d(p, ), p) is constant on any component of
R™\(092).

Proof. If ¥ is any component of R™\p(9€), let py, p2 be any two points in
3. By Sard’s theorem (Theorem 6.25) and the definition, there are points
¢1,¢2 such that no critical points satisfy (6.20) when p = ¢;, j = 1,2
and

d(p,Q,q5) = d(p,Q,p5), j=1,2.
But
d(, 2, q1) = d(»,Q,q2)
by Lemma 6.32. Hence,
d(p, Q,p1) = d(p, 2, pa).
O

Theorem 6.34. If noboundary pointssatisfy (6.20), then there is a 6 > 0
such that d(1,Q,p) = d(p,Q, p) when ¢ € CH(Q,R™) and ||v — ¢||1 < 6.

Proof. There is a neighborhood of p such that no boundary points sat-
isfy o(x) = p’ for p’ in this neighborhood. Let ¢ be a point in the
neighborhood for which ¢(z) = ¢ is not satisfied by any critical point.
Take 6 > 0 so small that || — ¢|1 < 6 implies d(v,Q,q) = d(p,$,q)
(Theorem 6.29). If x € 052, then

[(z) — p| > |p(z) — p| — 6.
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Hence, we can take 6 so small that p,q are in the same component of
R™ \ ¥(992). Consequently,

d(, €, p) = d(1,,q) = d(p, 2, q) = d(¢,Q,p)
by Theorems 6.33 and 6.29. U

Theorem 6.35. If hy(z) = H(t,z) is a continuous map of [0,1] x Q
into R"™ and p ¢ hy(0R), then d(h, 2, p) is independent of t.

Proof. By Theorem 6.34, d(h:, 2, p) is a continuous function of ¢. Since
it only takes on integer values, it must be a constant. O

6.6 The degree for continuous functions

We now show that the degree can be defined for mappings that are only
continuous. As before, we assume that 2 is a bounded open set in R™.
Suppose p € C(Q,R") and p ¢ ¢(99), that is, no x € 9N satisfies (6.20).
Let p > 0 be the distance from p to ¢(992), and let 11,9, € CH(Q,R")
be such that

105 = ¢llee <p, 7 =1,2.

Let
he(x) =ty (x) + (1 — t)pe(x), x€Q, te]0,1].
Then
[hi(2) — p()] <t (z) — ()]
+ (1= D)a(x) = p()] < tp+ (1 =t)p=p.
Thus,
|he(x) = p| = |p(x) = p| = [hu(z) — @(x)| > p = p = 0.

Consequently,

p ¢ h(09), tel0,1].
By Theorem 6.35,

(11,2, p) = d(¥2,9, p).
This mean that d(i,, p) is the same for all ¢ € C1(Q, R") satisfying
v — ¢lloo < p. We can now define d(p, 2, p) to be this common value.

We note also that there exist ¢ € C1(€, R™) satisfying |[¢) — ¢[leo < p
such that no critical point satisfies 1(x) = p. For let o(z) € C1(Q,R")
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be such that |0 — @[l < 1p, and let g €  be such that g — p| < 3p
and no critical point of ¢ satisfies o(z) = ¢q. Let () = o(z) + p — q.
Then, ¢(x) = p if and only if o(x) = ¢g. Moreover,

[V = ¢lloc < llo = @lloc +|p—q| <p.

Since z is a critical point of v if and only if it is a critical point of o, we
see that our claim is correct.

We now have

Theorem 6.36. If ¢ € C(Q,R") and p ¢ p(09), then d(p,Q,p) # 0
implies that there is an x € Q satisfying (6.20).

Proof. Suppose p & (). If v € C1(Q,R") is such that || — ¢| is
less than the distance from p to ¢(Q), then p ¢ (Q). By definition
d(v,Q,p) = 0. Consequently, d(¢,Q,p) = 0. From this we see that

d(p,Q,p) # 0 implies that p € (). Since p ¢ ©(9N), we must have
p € (). O

We also have

Theorem 6.37. Suppose ¢,7 € C(Q,R") and p ¢ ¢(0Q). If ||¢v —
©llo s less than the distance from p to o(0), then p ¢ ¥(0Q) and

d(p,Q,p) = d(p, Q, p).

Proof. The first statement is obvious. Pick o € C!(Q,R") such that
lo = Yoo + 1% — ¢lloo is less than the distance from p to p(92). Then
d(e,Q,p) = d(o,Q,p). Moreover, |o — 9|« is less than the distance
from p to (99). Hence, d(¢,Q,p) = d(o, 2, p). This proves the second
statement. O

Theorem 6.38. If hy(z) = H(x,t) is a continuous map of [0,1] x Q
into R™ and p ¢ h(x), t € [0,1], then d(h:, 2, p) is independent of t.

Proof. By Theorem 6.37, d(h:,2,p) is a continuous function of ¢. Since
it is integer valued, it must be a constant. [

Theorem 6.39. Ifpi,ps € Q are in the same component of R™\ p(992),
then d(‘pv Qapl) = d((p7 Q7p2)'

Proof. There is a path v(s) € R™\ ¢(9Q), s € [0,1] such that v(0) =
p1, ¥(1) = pa. Take ¥ € C*(Q,R") such that ||[¢) — | is less than the
distance from v to ¢(9€2). Then p; and py are in the same component of
R™\¢(09). Consequently, d(¢,Q,p1) = d(¥,Q,p2) (Lemma 6.32). But
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by definition, d(y,Q,p;) = d(,Q,p;), j = 1,2. This gives the desired
result. O

We also have

Theorem 6.40. Let ¢, € C(Q,R™) be such that ¢ = b on Q. If
p & 0(99Q) = ¢(09), then d(p,Q,p) = d(¥, 2, p).

Proof. Consider the function
H(z,t) =to(z) + (1 —t)(z), x€Q, telo,1].
Then hy(x) = H(x,t) is a continuous map of [0, 1] x € into R™. Moreover,
hi(z) = o(x), =€ IQ, tel0,1].
Hence, p ¢ h(0Q) for t € [0,1]. Consequently, by Theorem 6.38,
d(p, 2, p) = d(h1,9,p) = d(ho, Q,p) = d(¢), 2, p).
The proof is complete. O

Theorem 6.41. If p € C(,R") and p & p(09), then d(v —q,Q,p—q)
is defined for all ¢ € R™, and d(p — ¢q,Q,p — q) = d(v,Q,p).

Proof. Let
hi(z) = p(z) —tq, pr=p—1tq, x€Q, tel0,1].

Note that p; € hy(9Q) if and only if p € ©(9Q). Hence, p; ¢ h(0)
for t € [0,1]. By Theorems 6.38 and 6.39, d(h, 2, p;) is a continuous
function of ¢t € [0, 1]. Hence,

d(@ - 4q, Qap - Q) = d(h17 Qapl) = d(ho, Q7p0) = d(@? Qap)
This completes the proof. O

Theorem 6.42. Let hy(z) = H(z,t) be a continuous map of [0,1] x £
into R™, and let py = p(t) be a continuous map of [0, 1] into R™ such that
pt & he(0Q) fort € [0,1]. Then d(hy, 2, p:) does not depend on t € [0,1].

Proof. Let
ki(z) = he(z) —ps, t€0,1], € Q.

Then d(kt,Q2,0) = d(ht,Q,p:) by Theorem 6.41. But d(k:, 2, 0) is inde-
pendent of ¢ by Theorem 6.38. O
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Lemma 6.43. If

o Jon
k=1

where the Qi are disjoint open sets, then
o C O, k=1,2,...

Proof. If z € O C Q C Q but = ¢ 0, then we must have z €
2. This means that x € €; for some j # k. Since 2; is open and
;N8 = ¢, the point & cannot be on 9. This contradiction proves the
lemma. O

Theorem 6.44. Under the same hypotheses, if ¢ € C(Q,R"™) and p €
R™ \ p(09Q), then

d(¢,9,p) Zd ®, O, p)

Proof. Take ¢ € C*(Q,R") such that [[1) — ¢|ls is so small that no
boundary or critical point satisfies ¥(x) = p. Since 9Qy C 9N for each
k, we see that p ¢ ¥(0Q) and d(p, Qk, p) = d(v, Qk, p). Thus,

(e, p) = d(v,Qp) = Y sign dety/(z)

P(z)=p, z€Q

= Z Z sign det’(z)

K p(@)=p, o€

k
= d(p. Q,p)
k

This gives the desired result. O

Theorem 6.45. Assume that p € C(Q,R") and that p € R™ \ ¢(09).
If Q is a closed subset of Q, and p ¢ ©(Q), then

d(p,Q2,p) = d(p, 2\ Q, p).

Proof. Since @ is compact, we can choose ¥ € C1(€2,R") so that [y —
¢||oo is sufficiently small to guarantee that no boundary or critical point
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satisfies ¥ (z) = p and p ¢ ¥(Q). Then

d(, S, p) = d(¥,Q,p) = Z sign det ' (z)
Y (z)=p, v€Q
= Z sign det )’ (x)
(z)=p, z€Q\Q
= d(y, 2\ Q,p)
= d(p, 2\ Q,p),

since no point = € @ satisfies ¥ (z) = p. This completes the proof. O

6.7 The Leray—Schauder degree

Suppose that D is an open, bounded subset of R and ¢ € C(D,R™),
where m < n. Define 1(x) € C(D,R") by

Y(x) =z +¢(x), z€D.
We have

Lemma 6.46. If D,, = R™ N D and ¥, is the restriction of ¥ to
R™N D, then

d(¢7D7p) = d(1/)m,Dm,,p), (623)
where d represents the Brouwer degree and p € R™\y(9D).

Proof. If D,,, = ¢, then p ¢ (D), and both sides of (6.23) are 0. Oth-
erwise, 9, maps D,, into R™. Since d(R™ N D) C R™ N dD, we have
P & $m(9Dp). I (x) = p, then & = p—p(x) € R™. Thus, ¢~ " (p) C Dy

and v=1(p) = Yl (p).
First, assume that ¢ € C'(D,R™) and that Jy,, (z) # 0 when ¢, (z) =
p. Then

d(p,D,p)= > sign Jy(x)

z€d 1 (p)
= 3 sign det(']%()(x) IO )
z€¢y' (p) o

= Z sign Jy,, ()

€' (p)
= d(i/)m Dm>p)'
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If ¢ and p do not have the added restrictions, choose ¢; € C1(D,R)
so that ¢ = (¢1,. .., Pn) satisfies

p; =0, j=m+1,...,n
and
|p(x) — ¢(x)| < p(p,¥(dD)), =€ D,

where p(p,9(8D)) is the distance between p and (8D). If ¥(z) =
x + @(x), then

() — ¢(x)| < p(p,1(dD)), x € D. (6.24)

Let zﬁm be the restriction of 1[) to D,,. In view of Sard’s theorem (The-
orem 6.25), we can adjust ¢ slightly to insure that I () # 0 when

@m(m) = p. Then d(¢, D,p) = d(z/}, D, p), and we can apply the reason-
ing above. O

Let X be a normed vector space, D an open, bounded subset of X,
and p a point in X. Let T be a compact map from D to X. We define
¢ =1 —T and assume that p ¢ p(9D). We have

Lemma 6.47. If
r=pp,0(0D)) = inf llp - o(2)],
then r > 0.

Proof. Suppose not. Then there is a sequence {x,} C dD such that
o(zy,) — p as n — oo. Since the sequence is bounded, there is a renamed
subsequence such that T'(x,) converges in X to some element y. Then
y € T(D) and

Tn =T(xn) + ¢(zn) = y+p as n — oo.
Since 9D is closed, y + p € 0D. But

y= lim T(x,) =T(y + p)

n—oo

by continuity. Hence,

oly+p)=y+p—T(y+p)=p.

Since y + p € 9D, this means that p € p(9dD), contrary to assumption.
Thus, r > 0. O
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Lemma 6.48. For each € > 0 such that ¢ < r, there is a mapping
T. € C(D, X) with finite dimensional range such that

|IT(z) - Te(2)| <&, x€D,

and d(pe, De,p) is defined and independent of €, where D, is the inter-
section of D with the finite dimensional subspace spanned by T.(D) and
p, and @.(x) is the restriction of

Pe() =2 —T.(x), €D
to D..

Proof. Let n also satisfy 0 < i < r. By Corollary 6.17 there are mappings
T¢, T, satisfying the conclusion of that corollary for € and 7, respectively.
Let S be the subspace of X spanned by T.(D), T;)( D) and p. (We have
to include them !!!) Let D = DN S. Then by Lemma 6.46 we have

d(gp‘%DEap) :d(§067[)7p) (625)
and
d(y, Dy, p) = d(y, D, p). (6.26)

Let S. be the finite dimensional subspace of X spanned by the T.(D)
and p. Let D. = DN S.. Then D, is a bounded, open subset of S,
and 0.D. C 0D, where 0.D, is the boundary of D, in S.. Note that
0:(D.) C S. and that

|z —Te(z) = pll > |z = T(z) — pll = |T(2) = Te(2)|| > r —e >0,
x € 0D.

Thus, d(¢e, D¢, p) is defined. If D, = ¢, then d(p., De,p) = 0.

Consider the homotopy
ho(z) = toe(z) + (1 — t)pn(z), z€D, 0<t<L.
Then
[he(x) = @(@)[| < tllpe(z) — ()] + (1 = D)]len(z) — (@)

<te+(1l—-t)p<r.

Consequently, we have

lhe(2) = pll = llp(z) = pll = llp(a) = he(2)]| > 0, @€ dD.
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By Property 3 of the Brouwer degree, we see that

d(¢<, D,p) = d(¢y, D, p).
We can now apply (6.25) and (6.26) to obtain the desired result. O
To define the Leray—Schauder degree, let D be an open, bounded
subset of X, and let T be a compact map from D to X. Take p = —T

and suppose that p € X \¢(0D). We can find a continuous map 7, of D
to X such that its range is finite dimensional and

IT(@) — Ty(2)]| < p(p, (0D)), z €D

(Corollary 6.17). Let S7 be a finite dimensional subspace of X containing

T1(D) and p. We then define

d(307D7p) = d(¢17D17p)7

where o1 =1 —T7 and D; = DN S;. By Lemma 6.48, this definition is
independent of ¢ and D;.

6.8 Properties of the Leray—Schauder degree

We now discuss some of the properties of the Leray—Schauder degree
defined in the preceding section. We take D, T, and p as described
there. We have

Lemma 6.49. Ifpe D, thend(I,D,p)=1. Ifp ¢ D, then d(I,D,p)=0.

Proof. Take T7 = 0 in the definition and let S; be the one dimensional
subspace containing p. Apply Theorems 6.36 and 6.39. O

Lemma 6.50. If d(p,D,p) # 0, then there is an x € D such that
p(r) = p.

Proof. For each integer k = 1,2,..., there is an operator T} with finite
dimensional range satisfying Lemma 6.48 for ¢ = % Then

1

ITu(e) = T@)| < 1. weD

and

d(<p7D7p) = d((pkakvp)a

where ¢ = I — Ty, and Dy is the intersection of D with the finite
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dimensional subspace spanning T} (D) and p. By Theorem 6.36, for each
k sufficiently large there is an x; € D such that

T — Tk(ﬂjk) =DP.

Since D is bounded, there is a renamed subsequence such that T'(z)
converges to an element y € X. But

1
lze = T(k) = pll = | Th(zr) — T(zw)|| < P

Hence xp — y + p. By continuity, T'(zx) — T(y + p). But T(xx) — y.
Hence, y = T(y + p). This means that p(y+p) =y+p—T(y+p) =p,
and the proof is complete. O

6.9 Peano’s theorem

Picard’s theorem (Theorem 2.13) requires g(t,z) to satisfy a Lipschitz
condition in z. It obtains both existence and uniqueness in an interval.
If we do not have the Lipschitz condition, we may lose both existence
and uniqueness. However, if X is finite dimensional, we can retain the
existence. There is an existence theorem due to Peano which only re-
quires continuity but gives up the important element of uniqueness. This
theorem is useful when one does not require uniqueness (this was the
case in the proof of Theorem 5.13). Then we do not have to be concerned
with verifying Lipschitz continuity (which can sometimes be a pain). We
shall describe such a result here. It is known as Peano’s theorem. We
have

Theorem 6.51. Let X be a finite dimensional Banach space, and let
By={x€ X :||lx—x0|| < Ro}
and
Iy={teR:|t—ty] <To}
Assume that g(t,x) is a continuous map of Ip X By into X such that
lg(t,z)|| < Mo, =€ Bo, t € Io. (6.27)
Let T be such that

T < II]iIl(T‘O7 Ro/]\fo)7 KoTy < 1. (628)
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Then there is a solution x(t) of
dz(t)
dt
Proof. As in the case of Picard’s theorem we first note that x(¢) is a
solution of (6.29) if and only if it is a solution of

=g(t,x(t), [t—to| <T1, x(to) = wo. (6.29)

x(t) = x9 + /tg(s,x(s))ds, teh={teR:|t—t| <T1}. (6.30)

to

For if 2(t) is a solution of (6.29), we can integrate to obtain (6.30). Note
that z(t) will be in B as long as t is in I; by (6.28). Conversely, if x(t)
satisfies (6.30), it is continuous in ¢ since

t+h
ot +h) ~alt) = [ gls.a(s)ds
¢
and consequently,
lx(t+ h) —z(t)]]| < Molh| — 0as h — 0.
It is also differentiable since g(s,z(s)) is continuous and

1

t+h
[x(t+h) —x(t)]/h = 7 /t g(s,x(s))ds — g(t,z(t)) as h — 0.

Following the proof of Theorem 2.13, we let Y be the Banach space of
all continuous functions z(¢) from I; to X with norm

[Il][] = max flzx(£)]. (6.31)
For x(t) € Y, let f(x(t)) be the right-hand side of (6.30), and let
Q={z(t) € Y : [[|z — Zoll| < Ro},
where &o(t) = xg, t € I. If 2(t) is in Q, then f(x(t)) satisfies
to+T1
W) ~aolll < [ Mods < o

Thus f maps @ into Q. Also

\umw»—ﬂawMS{/gwww»w

t
< |/ lote:a(o)do < Mols 1.
Thus the mapping f is bounded and equicontinuous. By the Arzela—
Ascoli theorem (Theorem C.6), it is a compact map of @ into itself. We

can now apply Schauder’s fixed point theorem (Theorem 6.15) to show
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that f(x) has a fixed point which is a solution of (6.30) and come to the
desired conclusion. O

6.10 An application

Let us solve the problem
—u" = g(z,u,u'), xe€l=10,1], u(0)=mu(l)=0. (6.32)

We assume that g(z,t,7) is a continuous function on I x R x R and
satisfies

gz, t, 7> < co(tfP + 7P +1), zel,t,TeR (6.33)
and

|g(m,t1,7'1) 79(x7t277—2)|2 < Cl(|t1 - t2|2 + |T1 - 7_2|2)7 T e IatiaTi € ]Ra
(6.34)

where p < 2. Before we tackle this problem we examine the linear prob-
lem

—u" = f(z), z€l, u(0)=mu(l)=0. (6.35)
Let
t
h(t) = ds.
0= [ fes)as
Then any solution of (6.35) satisfies
o' (t) = —h(t) +u'(0).
Consequently,
u@):—/mMﬂﬁ+Mmm+um)
0

Hence,
1
MU:—/h@ﬁ+w@+Mm
0
Since u(0) = u(1) = 0, this yields

T 1
u(r) = 7/0 h(t) dt + :L'/O h(t) dt. (6.36)

A simple calculation shows that (6.36) is indeed a solution of (6.35) for
f(x) € L*(I). This shows that (6.35) has a unique solution

we Hy ={uec L*(I): v € L*(I), u(0) = u(1) = 0}
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for each f € L?(I). Of course, u” is also in L?(I), but we do not want
to use this fact yet.
We note that
1/2

A f(S)zdS)l/Z ([a) <o rer

Consequently,

2
ol (#2+3) 1, ter
and
ol < 21

If we use the norm [[«||, then H} becomes a Hilbert space. We designate
L as the mapping f — u from L?(I) to H} given by (6.36), and we put
v=F(u) = Lg(-,u,u’). If u € H, then

lg(eyu, )| = / 9@, u,u)? dz < co / (laf? + [/ + 1) de

p/2 p/2
< ¢ </ |u|2dx) + (/|u’|2dx) +1
I I

< co (Iull?’2 + |lw'|"/2 +1).

Since
u@)| < 'll,  fu(z) —u(@’)| < |z =2’ V2], @0’ €1,
this gives
lg (- u,u) |1 < o2l |P% +1),  w € Hy.
Thus,

[V']|? < deo(2]|w P72 +1), we Hy.
Let R satisfy
R? > 4¢(2RP/? 4+ 1),
and let
B={ueH): || <R},
Then B is a closed, convex, bounded subset of H}. Moreover,

u€e B=wveBRB.
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Thus F'(u) maps B into itself. It is continuous. For if v; = F(u;), then
[0 = v3l1” < 4llg(yur,uy) — g(uz,us)|1?

— 4 / (g un, 1) — gl ug, )P da
I

< 4cy /(|U1 —ug|? + |uf — uh|?) da
I
= dey(lur — ual” + [Juy — uh?) < 8eaf|uf — ub|.

Thus, F(u) is a continuous mapping. It is also compact. For, if {uy} is
a sequence of functions in B, then

g, un, up) 1> < co(2RP/? 4 1).
Consequently, the v = F(uy) satisfy
o]l < R.
Since v} = g(x, ug, u},), we also have
logll < R.

Thus, the sequences {vy},{v},} are bounded and equicontinuous on I.
This implies that there is a renamed subsequence such that vy — v, v, —
h uniformly on I. Of course, h = ¢, and it follows that v;, — v’ uni-
formly on I. Thus vy — v in Hg, and we see that F(u) is a compact
mapping on B. Hence, by the Schauder fixed point theorem (Theorem
6.15), there is a u € B such that F(u) = u. This means that (6.32) has
a solution.

6.11 Exercises

1. Prove Theorem 6.1 in R without using the degree.
2. Prove: if
[z —yill =llz —w2ll =d, =z, yi €R", y1 # 2,

then

1
|z — §(y1 +yo)| < d.

3. Prove Corollary 6.5.

4. Show that the Hilbert cube is a closed, convex, bounded set.
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5. Show that for each n, P, Hy is homeomorphic to a closed, bounded,
convex subset of R™, where Hy is the Hilbert cube and P, is given
by (6.8).

6. Prove Corollary 6.11.

7. For F given by (6.10), show that it is a homeomorphism of K onto
a closed, convex subset of Hg.

8. Show that

> fi@)a;
ij(x)

is a continuous map of K into co(Q).

Px = zeK (6.37)

9. Show that
T.(x) =PT(z), ze€D
satisfies the conclusions of Corollary 6.17.
10. Prove Lemma 6.19.
11. Prove Lemma 6.21.

12. Show that the function r(z) given by (6.15) has the properties de-
scribed in Lemma 6.19.

13. Prove Theorem 6.28.

14. In the proof of Theorem 6.29, show that t¢’(a) is an invertible oper-
ator on R™.

15. Why do we not obtain uniqueness in Peano’s theorem? Can you give
an example where uniqueness fails?
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Conditional extrema,

7.1 Constraints

In Chapter 5 we studied problems in which one searched for a function
y(z) which minimized the functional (5.6) on functions in C({2) satisfy-
ing (5.5). There are times when one is required to minimize functionals
such as (5.6) under more restrictive conditions. Sometimes, these con-
ditions are imposed upon the admissible functions by requiring them to
satisfy an additional stipulation of the form

b
/ g(z,y,y") dx = co,
a

where g(z,y,z) is a given function. Such problems are called iso-
perimetric because the first and best known problem of this type was
that of finding a closed curve having a given perimeter which will en-
close the largest area. The following theorem will help us deal with such
problems.

First we have

Theorem 7.1. Let H be a Hilbert space, and let Go,G1,...,GNn be
functionals in C*(H,R). Let

Q={ueH:G(u)=--=Gn(u) =0},

and assume that
Go(’LLO) = Hgn Go.

Then there are numbers lg,A1,..., AN not all 0 such that

N
7j=0

207
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Proof. Assume not. Then the elements v; = G’(ug) are linearly inde-
pendent. This means that

det|(vj, vg)] # 0.
Otherwise, there would be a vector 3 = (8o, 01, - .., On) # 0 such that

N
=0

Multiplying the j-th equation by (; and summing, we obtain

N
1> Biwil” =0,
=0

contradicting the fact that the v; are linearly independent. For b € R™+1,
let g(b) be the matrix

g(b) = (gi;(b)),
where
N
9i;(b) = (Gi(uo + Y _bjv;),v;), 0<i,j<N.
=0

There is a § > 0 such that g(b) is invertible for ||b]] < 8. Let v =
(1,0,...0) and consider the differential equation

V() =g (b(1)y, It < to, b(0) =0.

By Peano’s theorem (Theorem 6.51), this can be solved for some to > 0.
The solution satisfies

g(bOV () =,

or
N N
> (Giluo+ Y be(t)or), v)b(t) =i, 0<i<N.
j=0 k=0
But this says
d N
EGi(U()‘FZbk(t)”Uk):’yi, OSZSN
k=0
Consequently,
N
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while
N
Go(uo + Y bi(t)ox) = Go(uo) +1, |t < to.
k=0

This means that

N
u(t) = ug + Z (v € Q
k=0

and
Go(u(—to)) = Go(uo) — to,

contradicting the hypothesis of the theorem. Hence, the v; must be lin-
early dependent. (I

As an application of Theorem 7.1, we have

Theorem 7.2. If §1(x),... ,gm(x) minimize the functional

b
Jo<y1,...,ym>:/ Fo(@, 51 (), - ym (@) 9@, -t ()

under the constraints

b
Jk(ylv' . 7ym) :/ Fk(l'7y1($), .. 'ay7n(x)ayi(z)7' . 7y;n(x)) dr = Ck,

k=1,...,n,
then there are numbers Ag,A1,...,An not all 0 such that
N [oF, 4 oF, .
k a—_d_W :0, ]:1,...,m
50 Yj €L OY;

when
yi(z) =g;(x), j=1,...,m.
Proof. We apply Theorem 7.1 and note that

0F, d O0F}

dy;  dz Oy

Jy, =

by Corollary 5.7. O

As a special case we have
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Theorem 7.3. Suppose H(x,y, z) is a function on Q x R x R satisfying
the hypotheses of Theorem 5.3, where Q = (a,b), and we want to find a
function y(x) € C1(Q) satisfying

y(a) =ai, y(b) = bl; (71)

and minimizing the expression
I0) = [ Hey(@). o (2)ds (72)
Q
over functions not only satisfying (7.1) but also a condition such as

Jiy) = . Hy(z,y(x),y (x) de = 1. (7.3)

If J(y) has a minimum y = ug(x) over the set of y(z) € C1(Q) satisfying
(7.1), (7.3), and J{(ug) # 0, then there is a A # 0 such that

j/ (UO) = 0,
where

J@=Aﬁmmmwam (7.4)

and

H(z,y(z),y'(x)) = H(z,y(z),y'(x)) + AH (z,y(x), 9 (x)).  (7.5)

Proof. By Theorem 7.1 there are constants Ag, A1, not both zero, such
that

)\0J/(’LLO) + )»1J{(’LLO) =0.

Since Ji(ug) # 0, we cannot have Ao = 0. Divide by Ag to obtain the
desired statement. O

We present some well known examples.

Example 7.4. Find a curve of length | given by a positive function
y = y(x) satisfying (7.1) having the mazimum area under the curve.
(We assume that (b — a)? + (by — a1)* < [2.)

We want to maximize

b
ﬂw:/mmm
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under the conditions (7.1) and

b
J1(y) :/ V1+yg2dx =1
Applying Theorem 7.3, we take

H(z,y,9) =y + A1+ 92

and solve

. . d - ) _

Hy(z,y(2),9(z)) - - Ha(z,y(2),5(z)) =0, e (7.6)
By Lemma 5.12, H satisfies

oH -
ya—y — H = constant. (7.7)
Thus,
s M
Y+ A1+ y2 - =0
V1+ g2

or

If we let y = tant, we have
y—cp = —Xtcost, dy=Asintdt.

Hence,
_dy _ Asintdt

= = = Acostdt
tant tant

and

T = Asint + co.
Consequently, we have
T —co = Asint, y—c3 = —Acost.

It is clear that this is a family of circles. The constants ¢y, co, and A can
be determined by ! and (7.1).

Example 7.5. Given a fized curve y = f(x) connecting the points
(a,a1) and (b,b1), find a curve y = y(x) of length | connecting the same
points such that the two curves enclose the maximum area.
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In this case, we want to maximize

b
1) = [ ) = s(@) da
under the same conditions as before. Here we have
H(z,y,9) =y — f(z) + A/1+ 52
We proceed as before. (Can we apply Lemma 5.127)

Example 7.6. Find the shape of a flexible rope of length | extended
between the points (a,aq) and (b,by).

In this case we find a minimum of the functional

b
J(y) :/ yv 1+ 92 dx

over functions satisfying (7.1) and

b
Jl(y):/ V1+y2de =1

In this case we have

H(z,y,9) = (y+ )V 1+ 9%

Again, by Lemma 5.12, H satisfies

oH -
ya—y — H = constant. (7.8)
Thus,
2
> (y+r1y*
(y+2)V1+79 4@ =
or
Y+ A

=C1.

This time we set ¢y = sinht. Then
m = cosht,y + A = ¢; cosht, de = dy/sinht = ¢;dt, x = c1t + co.
Thus,

y+ A =ccosh[(z — ¢2)/c],

which is a family of catenaries. Again, the constants ¢y, ¢o, and A can be
determined by [ and (7.1).
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7.2 Lagrange multipliers

Suppose we want to minimize the functional

b
J:/ F(.’I;l,xQ’jjl,l"g’t)dt
a
under the constraint
g(x1, 22,81, 82,t) = 0.

By this we mean that z1, z5 are not independent but are bound together
by a relationship. In this case Lemma 5.11 does not apply. Later we shall
show that we can incorporate the constraint into the functional J and
consider x1, x2 independent. In particular, we can replace J by

b
J* :/ [F(‘rlnyﬂtlu(bQﬂt) _)\‘(t)g(xlam27:tlai'27t)]dt7
a

where A(t) is a function called a Lagrange multiplier. We now proceed
as before with F' replaced by

F*(Il,I'Q,C.Cl,'iZQ,t) = F(x17$2;ilai2at) - )‘g(xlvlévi'l’i,??t)‘

Example 7.7. As an example, let us try to minimize

J= /ab(fc')%t.

This does not fit into the situation covered by Lemma 5.2. However,
we can create an additional variable by writing

r1 =, l‘gzjfl.

b
J:/ i3 dt.

Since g(1, x2,d1,22,t) = 9 — &1 = 0, we can use

Then J becomes

J* = /ab[;tg s — d)dt

in place of J. The Euler equations give

d d .

Thus
A=0, A—iy=0.
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This implies
diry/dt = dxo(t) /dt? = 0.
Thus,
x5(t) = At> + Bt + C,
where A, B, C are arbitrary constants. Since 1 = x2, we have
1

1
T = 3At3+§Bt2+Ct+D.

The arbitrary constants are to be determined by given conditions.

Example 7.8. As another example, consider the functional

b
J= / (1 + ay)Y 21 2at,
0
which we want to minimize under the constraint
y=z+1.

In this case we can minimize

b ..o\ 1/2
J*:/ (1+ch> + )L(y—x—l)] dt.
0

t
Euler’s equations become

o989 _
dt 2t(1 + @9)1/2

and

v~ 5 (e =°

If we eliminate A, we obtain

df__r+y ) _,
dt \2[t(1+ay))/2)
Thus,
T4y
[t(1 + 2g)]1/2

Since y = @, this becomes

= const. = C.

2
[t(L+ g2 /2
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Consequently,

5 C?t

Yo a—ow
from which we can determine y. We then use y = x + 1 to determine .
Actually, we could have eliminated x in the beginning and considered
only

b
J= / (14 g 2dt.

0

Then we would not have needed the Lagrange multiplier.

7.3 Bang-bang control

Suppose we want to drive a car from a stationary point a to a station-
ary point b along a horizontal driveway assuming that there is no closed
garage door between the points. Assume that the only controls that the
driver has are the accelerator and brake. If h(¢) represents the accelera-
tion (or deceleration) at the time ¢, we assume that it is subject to the
following constraints:

—n < h(t) <w. (7.9)
The equation of motion is
Z(t) = h(t). (7.10)
If the car arrives at point b at time T, we want
z(0) = a, ©(0) =0, z(T) =b, (T) = 0.

We are interested in determining the minimum time for effecting the
transfer. Assuming that @(¢) > 0 for all ¢ € [0,7] (i.e., that the driver
does not reverse), we may consider v = & as a function of x. Since

dv d (1
h: T = 2
T T 4 ( v > ’

dx
r= o= [ [ e

where w(z) = $v2. Thus,

dw(z)
dz

we have

=h, w(a) =w(b) =0. (7.11)
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In order to deal with the constraints (7.9), we introduce the additional
variable z given by

22 = (h+ p)(v — h). (7.12)

The constraints (7.9) guarantee that z is real.

We are finally ready to proceed (make sure the driver is wearing a
seat belt). We wish to minimize T under the conditions that (7.11) and
(7.12) hold. Using the method of Lagrange multipliers, we take

T = /ab {(2w)-% +h @—: _ h) +anl2? = (h+ (v — h)]}dm.

If there is an optimum path w = w(x), it will satisfy

OF 4 (OF\_ OF 4 (oF\_ OF d (oF\_
Ow dx \Ow' ) T Oh dx\ONW) T 9z dx\dz)

Thus, we must have

dx
(—2w) =32 — d—1 =0, —Ay + 22(2h 4+ p —v) =0, 224y = 0.
X

The last equation requires either 2z =0 or A, = 0. If A =0 then Ay =0
and, consequently, (2w)~%/2 = 0. Since w(z) = oo clearly violates our
guidelines, we must conclude that z = 0. But then

(h+p)(v—h)=0

which implies that at each time ¢ € [0,T] we have either h(t) = —p or
h(t) = v. Now, initially we have h(0) = v and finally we have h(T) = —p.
Since h(t) must have one of these values in between, all the driver can
do is switch from one to the other. Suppose he or she switches only once
at the time ¢ = a. Then (7.10) becomes

(7.13)

. vt, 0<t<aq,
i(t) =

and
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Since z(¢), ©(t) are required to be continuous in [0, T, this includes the
point ¢ = . Hence, we must have

1 1
va=—pula—-T), 51/042 +a= —§,u(oz —T)? +b.

From these we obtain
2 2u(b — a)
V(i +v)

and

o 26— )t v)

pv '

Thus, the time for the operation is minimized if the driver begins with
his or her foot all the way down on the accelerator and then at the time
t = « all the way down on the brake until the time ¢t = 7. (We do
not recommend this at all.) It is not difficult to understand why this
procedure is called bang—bang control.

7.4 Rocket in orbit

In order to place a rocket in orbit, it is necessary to obtain a sufficiently
high speed at the end of its trajectory. As a simple model, let us assume
that it is a single stage rocket launched at an angle 6y with the horizon.
The thrust is produced by the combustion of fuel and is in the direction
of motion. We ignore air resistance (which we should not) and assume
that gravity is the only other force acting on the rocket. Since the mass
of the rocket diminishes as the propellant is ejected, the force P per unit
mass will change with time. The equations of motion are

mi = mv = m(Pcosf, Psinf — g),

where m is the mass of the rocket at time t, r = (z1,22), v =7 =
(Z1,%2) = (v1,v2), 6 is the angle the rocket makes with the horizontal
direction at time ¢, and g is the gravitational constant. Thus, we have

j]l =1, ’[)1 = PCOS&, 3.52 = V2, ’[12 = Psinf — g. (714)

If the initial velocity is 0 and the rocket attains its final horizontal speed
at time T and height H, we wish to maximize

T
vl(T):/ P cos 8 dt.
0
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Using the restrictions imposed by (7.14), we try to maximize

vi(T) = /OT F(0, 22,22, v2,02) dt,
where
F(0,x2,d39,v2,02) = Pcosf + (2 — v2) + pu(v2 — Psiné + g).

The Euler equations for this system are

5_F_i<3_F>O 5‘_F_i<3_F> _0 5‘_F_£<3_F> _ o

Oxy  dt \ 0%s T Ovy  di \ iy 00 dt \ 98
Thus, we have

A=0, A =—f, p=—tan 6.

Consequently, we have ji = 0. This means that y = At + B. But then,
tanf = — (At + B). Since the maximum horizontal speed is achieved at
t =T, we have §(T) = 0. Thus, AT + B =0 and tan = —B(1 —t/T).
Since 6(0) = 6y this gives

tand = (1 —¢/T) tan 6. (7.15)

We wish to solve for 6y and 7. This is not an easy task. For instance,
(7.15) implies

Tsec? ftan O dtan 6 = — tan 6y dt.

This gives

vy = /Ptan@secf)dtfgtJrA.

 tan 0o

To simplify matters, we assume that P is a constant. In this case we
readily obtain

B tan 0y

Since v2(0) = 0, we see that A = TP/ sin 3. Thus,

TP
vy = S (1 — cos By sech) — gt.
Since 6(T) = 0, and v2(T) = 0, we have
TP

1-— 0p) = gT.
sinG‘o( cos o) = g
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Let v = g/P. Then

5 (1 —cosbp)?

T sin? 6,
Thus,
2(1 — cosby)
2
+1l=———"
K sin2 9()

and

2= 2 cosBy(cos by — 1).

sin2 90
Consequently,
1—4%2 2y
COs 00 = T’}/Q, m 90 = m (716)

Substituting this into the equation for vy, we obtain

TP

vy = —[(1 +72) — (1 —7?) sec ] — gt.

2y

Thus,
TP 1
T2 =5 {(1 +4HY2 - (1 - 72)/sec9dt} - §gt2 + B
Y

for some constant B. As before,

T(1—~2
/sec@dt:—w/sec?’ﬁdﬁ
2y
T(1—~%) [ sin@
4y

p—y; + log(sec 8 4 tan 9)} .

When 6 = 6y, this expression becomes
T(1 —~? 2
T -7 2’y(1+7)+10g Ly
4y (1—72)? 1—v
Since z2(0) = 0, 0(0) = g, this implies

{27(1 +79°) + (1 =~%)*log {i—l” :

-T2p
B=_-"
82

Since zo(T) = H, 6(T) = 0, we have

_ T?P(1++?)

H
2y

1
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Consequently,
H_1+721+B_1+B
2P~ 2y 2/ T T2p T 9y T T2p
1 1+7
= — |4y —29(14++%) — (1 —=~4*)?log{ ——
872[7 Y1 +77) = (1 =~7) log -
(1-7%) 2 L+~
=2y — (1=} logd —L 3] .
gz |27~ (1=77)log T
Hence,
8y2H
T2 = 7 T (7.17)
P(1—7?) {27—(1—72)1%{1_7}}

7.5 A generalized derivative

In our studies of extrema in the calculus of variations, we came across
problems such as finding a minimum of

b

Fo) = [ Hepi)do (7.18)
on functions y € H'(Q) satisfying

y(a) = a1, y(b) = b, (7.19)

where Q@ = (a,b). If we want to differentiate F' using the Fréchet or
Gateaux derivative, we come across the following problem. If y, both
satisfy (7.19), then y + tn need not. Therefore, we cannot compute the
difference quotient

[F'(y +tn) — F(y)]

7.20
! (7.20)
We had to adjust the definition to have 7 satisfy

nla) = n(v) = 0. (7.21)

Then y + tn will satisfy (7.19) whenever y does. This does not result in
any great trauma as long as we realize that we are differentiating with
respect to H}(Q) in place of H!(2). However, what do we do when we
want to minimize F(y) on the set of those y € H'(Q) satisfying both
(7.19) and

o(x,y,9) =07 (7.22)
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We can still differentiate F' with respect to Hg(£2), but the derivative
will not necessarily vanish at a minimum. What can we do?

We are faced with the following situation. Let X be a vector space and
let Q,V,Y be Banach spaces such that @,V C X. Let F' be a mapping
from X to Y. We are confronted with two problems.

(a) fu+thisnot in V for u € V and h € @Q, how can we define the
derivative when the difference quotient

[F'(u+th) — F(u)]
t

(7.23)

does not exist?
(b) Even if V+@Q C V, we have difficulty dealing with situations such
as

G(u) = msin G, (7.24)

in which u + tq need not be in § C V even though it is in V for
g € Q. For then it is not necessarily true that G’'(u) = 0.

The following approach is intended to deal with these situations.

7.6 The definition

Let X,Y,V,Q be as described above. For each u € V we take C(V, Q, u)
to denote the set consisting of those g € @ for which there exist sequences
{tn} C R, and {¢,} C @ such that

Gn —q in Q, 0#t, —0, u+tyg, €V. (7.25)

The set of C(V, @, u) need not be a subspace of Q. We let E(V,Q,u) be
the smallest subspace of @ containing C(V, @, ), that is, the set of all
finite sums of elements in C(V, @, u). We have the following definition.

Definition 7.9. A linear operator A from X toY is called the deriva-
tive of F' with respect to Q at the point u and denoted by Fé(u) if

(a) D(A) = E(V,Q,u) and
(b) for any sequences {t,}, {gn} satisfying (7.25) we have

t F(u+thg) — F(u)] — Ag in Y as n — oo. (7.26)



222 Conditional extrema

Note that when it exists, F(,(u) is uniquely determined on E(V, Q,u).
On the other hand, any larger domain might not determine it uniquely.
Note that even when V' +@Q C V| the requirement (7.26) is stronger than
the existence of the limit

tHF(u+tq) — F(u)] — Aq as t — 0.

It is possible for this limit to exist while that of (7.26) does not exist.

7.7 The theorem

We now study some of the properties of this derivative.

Theorem 7.10. Assume that V +Q C V and that there are u € V and
T € B(Q,Y) such that

|T(h1—ha)=[F(u+ h1)=F(u+ h)]l| < 6é|lh1—hall, hi € Q,|hi]| <m.
(7.27)

Assume further that R(T) =Y,

A N(T) = inf [l —w] < ColITh. heQ (7.28)

and 6Cy < 1. Then for each q € Q there is an interval (—r,r) and a
mapping q(t) of (—r,r) into Q such that

Fu+tq(t)) = F(u), —-r<t<r, (7.29)
and
lgt) —qll < Ct Y| F(u+tq) — F(u)|l, —-r<t<r (7.30)

Before proving Theorem 7.10, we would like to show how it can be
applied. One application is

Theorem 7.11. Under the hypotheses of Theorem 7.10, let
S={veV:F) =F(u)}. (7.31)
Let G be a functional on V' such that
G(u) = mbin G. (7.32)
Assume that both F(,(u) and Gg(u) exist. Then

Fo(u)g =0= Gg(u)q = 0. (7.33)
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Proof. Let g be any element of Q). By Theorem 7.10, there is an interval
(—r,7) and a mapping ¢(t) of (—r,r) into @ such that (7.29) and (7.30)
hold. Thus, u +tq(t) € S for —r <t < r. If F)(u)g =0, then ¢(t) — ¢
by (7.30). Now

Gu+tq(t)) > G(u)
by (7.32) and
tHG(u + tg(t) = G(u)] — Gg(u)g.

If t — 0 through positive values, the limit is nonnegative and if it ap-
proaches through negative values, the limit is nonpositive. Since the limit
is the same for both, we see that G, (u)g = 0. O

As a result, we have

Theorem 7.12. Under the same hypotheses, H = F,(u) maps Q onto
Y and

Gl — H Fywlg =0, qeQ, (7.34)
where H~Yy is any element q € Q such that Hq = y.
In proving Theorem 7.12 we shall make use of

Lemma 7.13. If XY, Z are Banach spaces,H € B(X,Y),L € B(X, Z),
R(H)=Y, N(H) C N(L), then LH=' € B(Y, Z), where H 'y is any
element x € X such that Hx = y.

Proof. The operator LH ! is well defined. For if Hx =y and Hxy = v,
then Lx = Lx. To show that it is bounded, it suffices to show that it is
continuous at 0 (Theorem A.23). Suppose yr — 0. Let Hxy = yg. Then
by Theorem A.64,

d(zk, N(H)) < Cllye| — 0.
In view of Lemma A.25, there is an Z; € X such that
Hip = Hop = yg, and || < d(z, N(H)) — 0.
Hence
Lz, = L3, — 0.
O

Theorem 7.14. Let Q,Y be Banach spaces, and assume that there are
operators T, H € B(Q,Y) such that (7.28) holds with |T — H|| < 6 and
6Cy < 1. If R(T) =Y, then R(H) =Y.
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Proof. Let y be any element of Y, and let C7; > Cy be such that p =
6C1 < 1. Then there is an element zy € @ such that

Tzo=y, |2l <Cilyll
and inductively, there are elements z; € ) such that

TZk = (T—H)Zkfl, ||Zch SCIHTZkHa k= 1,2,...

Then
Izl < CLI(T = H)z—1 || < pllan—1ll < p¥|120-
Thus,
k
hi = sz — h in @
0
and
k
Thy, =Y Tz
0
k
=Y (T—H)zj1+y
1
k—1
=(T-H)Y z+y
=0

=(T-H)ht—1+y
- (T—H)h+y.

Thus, Th = (T — H)h +y, or Hh = y. Since y was any element of Y,
this shows that R(H) =Y. O

We can now give the proof of Theorem 7.12.
Proof. First we show that R(H) =Y. By (7.27)
[Th = [F(u+h) = F(u)l]| < é[|nll, heq.

Hence | T—H|| < § and 6Cy < 1. Since R(T) =Y, we see that R(H) =Y
by Theorem 7.14. Let ¢ be any fixed element in @, and let h € @) be any
element such that ¢ —h € N(H). Then G (u)(q — h) = 0 by Theorem
7.11. But Hh = F(,(u)q. Hence,

Go(u)[l — H ' F)(u)]g = 0.
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This leads to

Theorem 7.15. Let F be a mapping of V C X into Y, and G a map-
ping of V into R. Let S be given by (7.31), and assume that (7.32) holds
for some u € S. Assume that V +Q C V, and that F(’;)(u +q) exists and
is in B(Q,Y) for ¢ € Q small with

1Fo(u+q) — Fo(u)| — 0 as ¢ — 0.
Assume further that the range of F()(u) is closed in'Y and that G (u)

exists and is in Q'. Then there exist . € R andy’ € Y’ not both vanishing
such that

AGo(u) +y' Fo(u) = 0. (7.35)
In proving Theorem 7.15 we shall use

Theorem 7.16. Let g € Q be such that u+ sq € V for 0 < s <1, and
let y € Y'. Assume that

Fo(u+sq) — y'F(u) as s — 0
and
Y Fu+sq) =y Flu+q) as s — 1.
Then there is a 0 such that 0 < 0 <1 and
YIF(u+q) = F(u)] = y'Fo(u+0q)g.

Proof. First we note that ¢ € C(V,Q,u + sq) for 0 < s < 1. For if
t, — 0, then u + sq + t,q is in V for n large. If we put ¢, = ¢, then
(7.25) holds for u + sq. Put f(s) = y'F(u+ sq). Then for 0 < s < 1, we
have

ta [f(s+tn) — £(9)]
=t [F(u+ sq+taq) — F(u+ sq)]
—y'Go(u+sq)q as t, — 0.
Thus, f(s) is differentiable in (0,1). By hypothesis, it is continuous in

[0,1]. Hence, there is a 6 such that 0 < # < 1 and f(1) — f(0) = f'(6).
This gives the desired result. O

We can now give the proof of Theorem 7.15.

Proof. Assume first that M = R(F{(u)) # Y. Since M is closed in YV’
there is a yo € Y such that d = d(yo, M) > 0. (Otherwise, for each
yo € Y there would be a sequence {y,,} C M such that ||y, — yo| — 0.
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Since M is closed, this would imply that yo € M. Thus, we would have
M =Y.) By Theorem A.17, there is a ¢y € Y’ such that ||3/| = 1,
Y (yo) = d >0, and 3/ (M) = 0. Hence, (7.35) holds with A = 0.

On the other hand, if M =Y, we can apply Theorem 7.12. All of the
hypotheses of Theorem 7.10 are satisfied. We take T' = F(,(u). Then by
Theorem 7.16 we have

YT —q2) — Flu+aq) + Flu+ )] =y [T — F,(u+ q)l(q1 — 2)
for each 3/ € Y, where ¢ = 0¢1 + (1 — 0)g2. Thus,
1Y'[T(q1r — a2)=F(u+ q1) + Fu+ g
<Yl T = Fou+ao)ll « lar — gzll-
If the ||g;|| are sufficiently small, this is bounded by
Oyl + e — gzll,
where 6Cy < 1. This is true for each ' € Y’'. Thus, by Corollary A.16,

IT(q1r = q2) = [F(u+ 1) = Flu+ @)l < 8llar = g2l laill <m

for m sufficiently small. Moreover, by Lemma 7.13, the operator
Go(u)H™ ' is in Y'. We can now see that (7.34) implies (7.35) with
A =1andy = Gy(u) H™'. This completes the proof. O

Theorem 7.15 is a generalization of the Lagrange multiplier rule.

7.8 The proof
In this section we give the proof of Theorem 7.10. It will be based on
Theorem 7.17. Let Tbe a closed operator from a Banach space @ to

a Banach space Y satisfying (7.28). Suppose hg € D(T) and f is a
mapping of the ball B ={h € Q : ||h — ho|| < m} into Y such that

If(h) = (DI < ollh =W, h,} € B. (7.36)
Assume that R(T) =Y and 6Cy < 1. Let hy be any element of D(T)NB,
and put y1 = Thy — f(h1). Then for any e > 0 and any y € Y such that

Co

(s ) = ol + s = hall < (7.37)
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there exists an h € D(T) N B such that

Th— f(h) =y (739
and
I =l < (s +¢) o=l (7.39

Proof. Let € > 0 be given, and take C; > Cy such that (7.37) holds with
Cy replaced by C7, with
C
L Co

1-6C; 1-6Cy
and p = 6Cy < 1. From (7.28) and the fact that R(T) =Y, we can find
an element z; € D(T) such that Tz =y — y1 and ||z1]| < Cilly — 1.
Define {hy}, {21} inductively by

k
hipr =hi+Y 2z, Tax= f(he) = f(he-1), 2 = hagr — ha,

Jj=1

Izl < Cul[Tzi]l = Cullf (hi) — f(Pa—1) || < pllzk—all

+ e,

Thus
Izl < p* 21l

Since p < 1, we see that hy — h in Q. Moreover,

1 = holl < [[hx = holl + D llz;ll < [1hx = holl + D o7~ |1zl

=1 j=1
C
< lha = holl + 7=l =l < m.
—p
Thus h € B. Also
Cq
h—hi] < —
Ih=ml < 7=y = .

showing that (7.39) holds. Finally, we note that

k
Thk+1 = Thl + ZTZj = Th1 + f(hk) — f(hl) +y—u

Jj=1

=f() +y— f(h) +y as k — oo

Since T is a closed operator, we see that Th — f(h) = y holds. This
completes the proof. O

We can now give the proof of Theorem 7.10.
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Proof. Put
f(h)=Th—F(u+h)+ F(u), heqQ.

It maps the ball ||h|| < m into Y. Let ¢ be any element in @, and let
€ > 0 be given. By (7.27),

If(h) = ()| < 8]lh = I'|l,  h,k" € B,

where B is the ball ||h|| < m in Q). We apply Theorem 7.17 with hg = 0,
hy = tq, y = 0. We take r > 0 such that

Co
1-6Cy

1 (u+tq) = F(u)|| + |[tgl] <m

for [t| < r. Since
yr =T(tq) — f(tg) = F(u+tq) — F(u),

this implies

Co
1-6Cy

lyoll + |21l <m

for |t| < r. Theorem 7.17 now implies that for each ¢ satisfying |t| < r
there is an h € B such that Th — f(h) = 0 and

1 —tql| < Cllyall-
These translate into
Flu+h)—F(u)=0
and
Ih —tq|| < Cl|F(u+tq) = F(u)]].
Put ¢(t) = h/t. Then we have
F(u+tq(t)) = F(u), [t| <,

and

la(t) = all < CtHF(u+tq) = Fu)l, [t] <

This is precisely what we wanted to prove. O
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7.9 Finite subsidiary conditions

In the isoperimetric problem, the constraints were in the form of integral
conditions. We now consider the point-wise constraints of the form

SD(‘/I’.’ Y1,Y2, 3}1792) = O

Such constraints arise in many applications as we have just seen. Here
we shall show why Lagrange multipliers work. We have

Theorem 7.18. Assume that Fo(x, Y1, ..., Yn, 21, - -, 2n) € CH(Q X R,
If the functions §1(x), ..., Jn(x) make the functional

J(y)=/QFo(%yl(x%-~.7yn(9ﬂ)7z)1($),~.~,yn(w))dm (7.40)
have an extremum under the conditions

@Z(ﬁvyl(x)vayn(x)/yl(m)?7yn($)) = 07 ] = 17"°7m7 m<n,

(7.41)
then they satisfy the Euler equations for the functional
30 = [ Fo+ Y- le)pidds (7.42)
Q i=1
for a suitably chosen constant Lo and functions A1(x), ..., Ay (x) not all
zero. If we define
F= Mo Fo + Z )\i(x)@i, (743)
i=1
then the functions §1(x), ..., n(x), A1(x), ..., Am(x) will satisfy
OF d OF
=0, j=1,....n (7.44)

oy;  drdy;
as well as (7.41). These two sets of equations can be used to determine
the §; and X;. It is assumed that each function

(pk(x7y15"'7ynazl7'"azn>

is in C1(Q x R?™) for each k, 1 < k < m. It is also assumed that the
Jacobian

M#Q reQ, y,zeR"
8(21,...,Zm)
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Proof. Let

V=HY(Q)x---xHYQ), n times,

Q=H}(Q) x - x H}(Q), n times,
and

Y =L*Q)x---x L*(Q), m times.
Let F' be the mapping from V to Y given by

Fyr, - yn) = (01(@,01 - Yns 15 n)s -
Om(T Y1y Y Uts- o Un))s (Y1, yn) E V.

Let

and let
be any element of Q). Since

t_l[SDk(l"ayl +t’r]1a7yn +t77n7yl +t77177yn +t77n)
- Sok(xvylv" '7yn7y15"'ayn)]

~ 8(pk ({930]@,
—>§ ——n: + ——1; 1<k<
<ayjnj+ ay.jnj s <k<m,

j=1
we have
Fé(u)q = Z[aﬂﬂj + bj1’f7j] ey Z[ajmnj + bjmﬁj] ,
j=1 j=1
where
0 — (9<Pk(.%'7U)’ bix = &pk(.m,u)’ l<j<nl<k<m
8yj 8y_7
Let
M={q=0n,....,m) €Q:n; =0, m<j<n}
and
N={qg=0n,....,nn) €Q:1m; =0, 1 <j <m}.
Then

Q=M®oN.
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By hypothesis, the matrix (b;5), 1 < j, k < m, is invertible. Hence, there
is a matrix (dy;) such that

ijkdkl = delbjk =6, 1<50<m.
k=1 =1

Let
Tq= | bjij-. Y bjmij |, q€M.
j=1 j=1
I claim that
T ed(M,Y).
To see this, let

Uw = (delwk,...,demwm>, w=(wy,...,wy,) €Y.
k=1

k=1
Then U € B(Y), and

UTq= (M1, .,7m), q€ M.
Next we note

Lemma 7.19. A function w € L?(Q) is the weak derivative of a func-
tion v € HE(Q) if and only if (w,1) = 0.

Proof. If v € H}(Q2), then there is a sequence {vx} C C3(Q) such that

vk — v||lg — 0. In particular, (vj,,1) — (v/,1). But

b
(Wi, 1) = / vl (2) dz = v (b) — ve(a) = 0.

Hence (v}, 1) = 0, and consequently, (v/,1) = 0. Conversely, if (w,1) = 0,
then there is a sequence {w;} € C§°(Q) such that wy, — w in L?(Q).
Let

ﬁ)k = Wk — (wk’ 1)
(b—a)
Then
b
(k. 1) = (wg, 1) — (w, 1) ({a_dz) 0.
Since
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we see that wy, — w in L2(Q). Set

wo) = | " i (y)dy.

Then
vg(a) = vg(b) = 0.

Thus, vy € CE(Q). Moreover, vy — v uniformly, where

Since
v, =y — w in L*(Q),
we see that
lvg — v||lg — 0.

Hence, v € H} ().

Let Z be the set of all w € Y of the form
w = (Cl,"'acm)a

where the ¢;, are constants. If

is the element in Y consisting of functions which are 0 in all positions

except in the k-th position, where it is the constant 1, then

m
w=/(C1,...,Cm) = chlk.
k=1

Hence, Z is a subspace of Y having dimension m. By Lemma 7.19

Y =R(UT) @ Z.

Consequently,

(Corollary A.72). Since

we have
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Thus,
UT € ®(M,Y).

Since U € B(Y) is invertible, we see that T € ®(M,Y) and i(T) = —m.
Now,
m m
Thg = (Z ajing, .- Z ajm;)

j=1 j=1
is a compact operator from M to Y. To see this, assume that

@i = (Mis- -5 Mmi)
is a sequence of elements of M such that

laille < C.

Thus,
m
Z”nkiH%I < C2
k=1

By Lemma 1.21 there is a renamed subsequence such that
Nki — Mk 1< k <m

uniformly in Q. Therefore
m m
Zajkﬂki — Zajknk as 1t — oo, 1<j57<m
k=1 k=1

uniformly in Q. Let
Ty=T+1T.
Since T} € K(M,Y) and T € ®(M,Y) with index i(T) = —m, we see

that Ty € ®(M,Y) with i(T») = —m. Let Py, Py be the orthogonal
projections of @ onto M and N, respectively. We define

T =TyPy + T3Py,

where

n

T5q = Z [ajim; + bjun;ls -, Z [ajmnj + bjmi;] |, a €N.

j=m+1 j=m+1
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Then T3 € B(N,Y) and

n

Tq= Z[aﬂm + b)), - Z ajmnj +bjmi;] | = Fo(u)g, q€ Q.
j=1 =

Note that 3(T5) < co. Consequently, there is a finite dimensional sub-
space W C Y such that

(Lemma A.71). Since R(T) D R(T2Px), we see that R(T) is closed in
Y (Lemma A.70).
Let

b
J(y):/ Fo(x, Y1, oy Yns U1y e -5 Un)dx, v = (Y1, Yn)-

Then

If
w=(G1y-+,0n),
Theorem 7.15 tells us that there are Ag € R and 3’ € Y’ such that
roJG(u) +y' Fo(u) = 0.

Since Y is a Hilbert space, Y’ can be represented by ¥ (Theorem A.12).
Thus, we can take

v =0(z),.. ., An(2)) €Y,

with
m
- / S i yevy.
a k=1
Consequently,
= / Z Z ajknj + bjkﬁj] dx.
a =1 k=1
If we put

m

F*)\OFO‘FZ)% (pk,
k=1
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we obtain
OF "<~ OF  d OF
—,ﬁ-dx:/ — — ——n;dx
/a (5, + gyl | 25y, ~ Top"
We now apply Lemma 5.1 to obtain the desired conclusion. O
7.10 Exercises
1. Show that

det[(vj,vg)] =0

implies that there is a vector 8 = (8o, 81, - .., 0n) # 0 such that

2. Why is the matrix
g9(b) = (gi; (b)),

given by
N
9i(b) = (Gi(uo + Y _bjv;),v;), 0<ij<N
7=0

invertible for ||b|| sufficiently small?
3. Show that the system of differential equations
V(t) = g7 (b(t), 1t < to, b(0) =0
satisfies the hypotheses of Peano’s theorem.

4. Carry out the calculations to solve Example 7.10.5. Can we use
Lemma 5.127

5. Finish solving the problem in Example 7.10.8 using both ways.

6. Fill in the details in the calculations for the bang—bang control prob-
lem.

7. Fill in the details in the calculations for the rocket in orbit problem.

8. Show that when it exists, Fc’g(u) is uniquely determined on
E(V,Q,u) and that any larger domain might not determine it
uniquely.
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9. In the proof of Theorem 7.18, show that

Fo(wg =4 [ Y lajm; +bjui] | oo | D [agmn; + bjmily]
j=1 j=1
where
Opr(z,u) O (z,u) .
i = —————~ b = 1<9< 1<k<
Ajk 8yj y Yjk 8g)j > J=n m

10. In that proof, why does
UT € ®(M,Y)
imply that T € ®(M,Y).
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Mini-max methods

8.1 Mini-max

In this chapter we will show how mini-max methods can also be applied
to situations that differ from those that we have considered previously.
In order to simplify the arguments, we use convexity in a very significant
way.

In this section we will prove the following:

Theorem 8.1. Let M, N be closed subspaces of a Hilbert space E such
that MNN = {0}, E=M @ N, dimN < oo, and let Q be a closed,
bounded, convez subset of E containing 0. Let G(u) € C*(Q,R) be such
that for each w € QNM , the functional G(v 4+ w) is concave inv € QNN.
For each w € QN M let N(w) be the set of those v € QN N such that

Glv+w)= sup G(g+w), (8.1)
geEQNN

and let
L(w) ={PG'(v+w):weQNM, ve N(w)},
where P is the (orthogonal) projection of E onto M. Let
S={ueQ:u=v+w, we M, ve Nw)}.
Assume
(A) there is an interior point ug of Q such that ug € S and

G(up) = igf G. (8.2)
Then the following hold.

(1) For each w € Q N M, the set N(w) is not empty.
(2) For each w € Q N M, the set N(w) is convexr.

237
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(8) For each w € Q N M, the set L(w) is convex.

(4) For each ug € S satisfying (8.2) which is an interior point of Q,
we have 0 € L(Pug). Therefore, there exists a uy € S such that
PG'(u1) = 0.

(5) There is a ug € S such that G'(ugp) = 0.

Proof. (1) For fixed w € Q N M, the functional G(v + w) is concave in
v € Q@ N N. Thus, by Lemma 4.3, there is a v € Q@ N N such that (8.1)
holds.

(2) If v1, v2 € N(w) and vg = (1 — O)vy + v, 0 < 6 <1, then

Gvg +w) > (1 —0)G(v1 + w) + 0G(ve,w) = sup G(g+ w).
geEQNN

Hence, vg € N(w) and

G(vg + w) = G(v1 + w) = G(vg,w).

(3) Under the same circumstances,

G(vg +w +th) — Glvg +w) > (1 —0)[G(vy +w + th) — G(vg + w)]
+ 0[G(v2 + w + th) — G(vg + w)]
(1-0)[G(vy +w+th) — G(v1 + w)]
+ 0[G(v2 + w + th) — G(ve + w)]

holds for any ¢ # 0 and h € @ N M. If we divide by ¢ and let 0 < t — 0,
we obtain

(G'(vg +w),h) > (1 —0)(G'(v1 +w),h) + 0(G'(v2 +w), h).

If we let 0 >t — 0, we obtain the opposite inequality. Since this is true
for every h € Q N M, we have

PG'(vg +w) = (1 — 0)PG' (v1 +w) + PG’ (v + w). (8.3)
Since vg € N(w), we see that PG’ (vg + w) € L(w).
(4) Suppose ug = vp 4wy satisfies hypothesis (A), and L(wg) does not

contain 0. Since L(wyp) is closed, there is an element h; € L(wp) such
that

0 bl =, inf bl
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To see this, let {h} C L(wp) be any sequence such that

h inf ||h].

Ihell =, nf el
Since the hj are bounded, there is a renamed subsequence converging
weakly to an element hy € E. Since

1hall? = [lAkll* = 2((he — hal, ha) = [[he = ha 1%,

this implies

[ha]|* < liminf ||g[|* = Al

inf |
heL(wo)
Moreover, there is a renamed subsequence such that iy, = (hy + - - - hy) /k
converges to hy strongly in E (Lemma 4.4). Since hy, € L(wo) and L(wp)
is closed, we see that hy € L(wp). Since we are assuming that L(wg) does

not contain 0, this tells us that hy # 0. If h € L(wyp), the same is true
of hg = (1 — 0)h1 + 60h = hy +9(h — hl), 0 <6 < 1. Hence,

[Pa]? + 20(h — ha, hy) + 0[|h — hy || > ||y |?
or
2(h — h1,h1) 4+ 0||h — by ||*> > 0.
Letting 8 — 0, we have (h — hy,hq1) > 0 or
(hyhy) > ||h1]|> >0, h € L(wp).
This means that
(G'(v+wo),h1) > ||h1]*> >0, v € N(wp). (8.4)

For ¢ small and positive, let v; be any element in N(wg — thy). (Note
that wg — thy € @ N M.) Since the v; are bounded in norm, there is a
sequence tr — 0 such that vy — 99 in Q N N for ¢t = tg. Since N is
finite dimensional, there is a renamed subsequence such that vy — 7 in
@ N N. Now,

G(’Ut+’w07th1)ZG(’U#”UJ()*thl), vEQﬂN.
Hence, in the limit we have by continuity
G(tg) = G(0o +wo) > G(v+wp), veEQNN,

where @y = ¥y + wo. Thus, ¥y € N(wg). Since ug € S, we have
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G(up) = G(@p). Hypothesis (A) tells us that
0 S G(’l}t —+ wg — thl) - G(’LLO) S G(Ut + wo — thl) — G(’Ut + wo)

1
= — t/ (G/(’Ut + wo — 9th1)> hl)dG
0
Dividing by t and taking the limit as t; — 0, we have in the limit
(G/(ﬁo + ’LU())7 hl) <0.

This contradicts (8.4), showing that L(wp) does contain 0. Consequently,
there is a v; € N(wyp) such that PG'(vq + wp) = 0.

(5) To show that (1 — P)G'(v1 + wp) = 0, let g be any element in
QN N. Then for any ¢ # 0,
G(v1 + wo + tg) < G(v1 + wo).

Dividing by ¢t and letting ¢ — 0 through both positive and negative
values, we obtain

(G'(v1 +wo),9) =0, g€ @QNN.

Hence (1— P)G’ (v1 +wg) = 0, and if we combine this with (4), the proof
is complete. [l

8.2 An application
As an application we have

Theorem 8.2. Let n be an integer > 0, and let A satisfy

1+n?<a<1+(n+1)>2% (8.5)
Let f(z,t) be a Carathéodory function satisfying (1.62) such that
g(z,t) = f(x,t) — At is a nondecreasing function in t for each x € I.
Assume

Cot? —Wa(z) < 2F(z,t) — AM? < |Vit|” + Wi(z), z €I, tER,
(8.6)
where Wi, Wy € LY(I) and
/|V1u|"dm < Cilluls, ue H.
I

Assume that there are constants Ry, Ty such that

A
B + C\(ljﬂoa'/2 < (1 - (7’1-’—1)2—’—1> TO, (87)
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and

Co+r—n2—-1

B+ C,Ty7/? <
+ C1dyp 21

R07 (88)
where B = |Wh|y + |[Wal1.
Then problem (1.1),(1.2) has a solution.

Proof. Let G(u) be the functional (1.63), and let M, N be the subspaces
of H defined in the proof of the Theorem 2.24. Note that N is finite
dimensional. Let @) be the region

lvl|l% < Ro, |w||% <Tp, vEN, we M.

We now show that all of the hypotheses of Theorem 8.1 are satisfied.
Our hypotheses imply that G(u) € C'(H,R) by Theorem 1.20. Next,
we note that G(v+ w) is concave in v € N for each w € M. To see this,
we note that if we put u; = v1 + w, us = v9 + w, then we have

(G'(w1) = G'(uz),wr —uz) = [lur —ua|Fy — (f(own) = f( u2), w1 — uz)
= [lor = walfy — (9(yu1) = g0, uz), ur — ug)
—Allvr —»]|* <0
because of (8.5) and
[g(x,t1) — g(x, t2)](t1 — t2) >0, t1, ts ER, z € 1.
Finally, we show that hypothesis (A) of Theorem 8.1 holds. Let
Gur) v a= iréf G,

where S is defined as in Theorem 8.1. Since S is bounded, there is a
renamed subsequence such that wy — wp (Theorem A.61). Let hy =
v + Wi, ho=wp + vy, where vg € N(wyp). Then

lhol% = lIwellZ — 2(hi — ho, ho) i — Il — holl%.

Therefore,

G(ho) = G(hi)—2(hx—ho, ho) g — ||he —ho|H +/I[F(x, hi)—F(z, ho)]dx

sawynmwwmmm+ﬁwuwwfﬂamwm

because v, € N(wy). Since the hy are bounded in H, there is a renamed
subsequence which converges uniformly in I (Lemma 1.21). Hence,

[W@ﬁ@—ﬂ%%mmea
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Consequently,

G(ho) < liminf G(ug) = a.

Since vg € N(wyp), we have hg € S. Thus G(hg) = a. We must now show
that hg is an interior point of Q. By (8.6) we have

Collul2 - By < /[ZF(x,u) s < / Viul7dz + B
I I

where B; = |W;|:. Hence
lullr = Callully = By < 2G(u) < Jullfy — (4 = Co)|lul® + Be.
Ifu=v+weQ,and |v||} =R, |w||} =T, then

A+ Cy

T — T)?/? - By <2 < T —
R+ Ci(R+T) 1<2G(u) < R+ R

R+ B».

In particular, we have

T— Ong/Q - Bl S 2G(w),

and
A+ Csy
2G(v) < R — R+ Bs.
(U) < 2 11 + Do
This gives
A+ Co

2[G(u) — G(w)] < (1 - ) R+C,T°? + B,

n2+1
where B = B; + By. Note that this will be negative if R = Ry. Now
suppose ug = vg + wo € S and satisfies

G(up) = au

Since vy € N(wp), we must have G(wg) < G(ug). This shows that we
cannot have ||vg]|%; = Ry in this case.

Similarly, if v is any function in @ N N, then

A+ Cy
n?2 +1

2[G(v) — G(wp)] < (1 - )R—T+01T"/2+B.

If T = Ty, this is negative by (8.7). But there is a v € N(0) C S. We
then have

a < Gw) < G(wy) < Glug) = a.

This contradiction shows us that when ug = vg + wg € S satisfies
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G(ug) = a, then ||wol|? < Tp. In summary, any such uy must be an

interior point of Q.

Thus, all of the hypotheses of Theorem 8.1 are satisfied. We may now
conclude that there is a solution of G’(u) = 0. This is equivalent to a
solution of (1.1),(1.2). O

8.3 Exercises
1. Show that

0 S G(’Ut + wg — thl) — G(U0> < G(Ut —+ wg — thl) — G(Ut + wo)
1
= — t/ (G'(vt + wo — Gthl), hl)d9
0
2. Use the equation in Exercise 8.3.1 to prove

(G/(ﬁo + wo), h1) <0.

3. fu=v+weQ,and ||[v]|% =R, ||w||% =T, show that
A+ Cy

R+T—Cy(R+T)"?> - B, <2G(u) <R+ T — n2+1R+B2'
4. Prove

T —CT°? — By < 2G(w),
A+ Co

2G(v) <R — n2+1R+BQ

and
)\,+CQ /2
2[G(u) — G(w)] < (1_ n2+1>R+(JlT /2 4 B,

where B = B + Bs.
5. If v is any function in @ N N, show that

A+ Cs

2[G(v) — G(wo)] < <1 - 712—+1> R—-T+C,T°? + B.
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Jumping nonlinearities

9.1 The Dancer—Fucik spectrum
Consider the Dirichlet problem

—u’" =but —au” on Q= (0,n) (9.1)

where
ut(z) = max{4u(z),0}

and a, b are positive constants. Equation (9.1) is mildly nonlinear, but
we shall see that solving it is a rather delicate procedure. Moreover, we
shall see that the solvability of (9.1) plays an important role in solving
problems of the form

when
t t
7]”(;1;, ) —b as t — + oo, Li’ )
First we note that any solution of (9.1) which is not = 0 has at most
a finite number of zeros (points of Q where u(xz) = 0). To see this, let
o(x) = {o1(x),02(z)} be a solution of the system

o'(x) = h(z,0)

— a as t — —o0.

and
0'(330) = 0,
where

70’2(1’)

M@:0) = | s () — aos ()

245
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Thus,
{oi(w) = —02(a)

5

(z) = bo1(z)" —aoy ()~

Note that

—ot = boy(2)" —aoy(x)”

Thus, o1(z) is a solution of (9.1). Note also that for each zg € Q the
only solution of this system is o(z) = 0 near xo. This follows from the
uniqueness part of Picard’s theorem (Theorem 2.13) and the fact that
o(x) = 01is a solution (it is easy to verify that h(z, o) satisfies a Lipschitz
condition with respect to o).

It follows from this that if u(z) is a solution of (9.1) and satisfies
u(zg) = 0 for some xg € Q, then either u(x) = 0 in the neighborhood of
xo or v (xg) # 0. (To see this, just set o1(x) = u(x), o2(z) = —v/(x).)
Moreover, if u(z) = 0 on a subinterval of €2, then it must vanish on the
whole of €2 since it must vanish identically in the neighborhood of the
endpoints of the subinterval. Thus, if u(z) is a solution of (9.1) that
does not vanish identically on €, then u'(x) # 0 whenever u(z) = 0.
This shows that the zeros of u(z) are isolated, and consequently, there
can only be a finite number of them.

If 21,77 are two consecutive zeros of u(zr) satisfying (9.1) in €, then
u(x) satisfies
" =bu, x1<x<IH
if u(x) > 0in x; < x < x9, or it satisfies
—u' =au, x <<y
if u(x) < 0in 1 < x < 9. Consequently, we have
u(z) = ¢ sin b3 (x —2y), 2 <z <9
in the former case and
u(x) = ¢ sin a1/2(:c —x1), x1 <xz<x9

in the latter case. In order that u(x3) = 0, we must have b*/?(zy—x1) ==
in the first case and a'/?(x9 — x1) = = in the second. It therefore follows
that

T
xg—l'l—m or xg—xl—m
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as the case may be. Two such intervals in which u(z) is positive (neg-
ative) cannot be adjacent to each other. If there are k intervals where
u(x) is positive, and k intervals where it is negative, and u(x) satisfies
(9.2), then the sum of the lengths of these intervals must add up to =.
Thus,

1 1

On the other hand, if there are k£ + 1 intervals where w is positive and k
intervals where it is negative, then we have

ko k+l

al/? p/2 (9.4)

If there are k intervals where wu is positive and k + 1 intervals where it
is negative, then we have

E+1 k

CLlT + m =1. (9.5)

Thus, the system (9.1), (9.2) has a nontrivial solution if, and only if,
a, b satisfy one of the equations (9.3), (9.4), or (9.5). These equations
describe curves in the (a,b) plane that pass through points of the form
(n%,n?), where n = 1,2,... In fact, if n is even, we take k = n/2 in
(9.3). If n is odd, we take k = (n —1)/2 in (9.4) and (9.5). If n = 1,
these “curves” form two straight lines parallel to the axes and pass
through the point (1,1). If n > 1, then the curves are hyperbolas. If
n is even, then there is only one curve passing through (n?,n?) (given
by (9.3)), and if n is odd, there are two (given by (9.4) and (9.5)).
Note that curves passing through different points (n?,n2?) do not in-
tersect. Note also that the nontrivial solutions of (9.1), (9.2) that we
pieced together are in C2((2). This is accomplished by choosing the con-
stants in each subinterval to make the derivatives continuous at each
Zero.

We call the set of those points (a,b) € R? for which (9.1),(9.2) has
a nontrivial solution the Dancer—Fuéik spectrum and denote it by 3.
We have found that ¥ consists of a sequence of curves passing through
points (n?,n?) € R?, with n = 1,2,... For even n, the curves are given
by (9.3) with k¥ = n/2. For odd n, the curves are given by (9.4),(9.5)
with k = (n — 1)/2. Note that for a > n?, the upper curve is given by
(9.4), while for a < n? the upper curve is given by (9.5). We denote the
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upper curve passing through (n?,n2) by b = u,(a). Thus,

(n+1)%a 0>
da+ (n—1)2 —4a'/2(n - 1)’ ’

Hn(a) = ( 1)2
n a a < n?,

da+ (n+1)2 —4a'/2(n+1)’

when n is odd. When n is even, we have

TL2CL

- da +n? — 4a'/?n’

,un(a)

Note that the curve b = p,,(a) is symmetric with respect to the diagonal
a = b. When n is odd we denote the lower curve by b = v,_1(a) (the
reason for this index n — 1 will be made clear later). Hence,

(n—1)%a 2
, a>n°,
(@ 4a+ (n+1)2 —4at/2(n + 1)
Up—1(a) =
12
(n+1)%a a<n?,

da+ (n—1)2 —4a/2(n - 1)’

This curve is also symmetric with respect to the diagonal a = b.

9.2 An application

We see from (9.3), (9.4), and (9.5) that for each n > 0, points (a, b)which
satisfy

pn(a) < b <wvp(a)
are not in . Since
(n+1)* <wn(a), a<(n+1)%
and
n? > pn(a), a>n?
the square

Qn = {(a,b) eR*:n? <a,b< (n+1)%}

is free of the Dancer—Fucik spectrum X. As an application of this fact
we shall prove

Theorem 9.1. Let f(x,t) be a Carathéodory function on Q0 x R satis-
fying
[fx, )| <C(t|+1), 2z€Q,teR (9.6)
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and

f(x,t) _ {a, as t — —oo 9.7)

t b, as t— oo,

where Q = (0,7) and (a,b) € Q.. Then there is a solution u € C*(2) N
C(Q) of

—u" = f(z,u), z€ (9.8)
satisfying (9.2).

Proof. Let N be the subspace of H} = Hg(£) that is spanned by the
functions sinx, ..., sinnz, and let M be its orthogonal complement in
H}. 1 claim that

Glw) = lulfy —2 [ Fla,uyds, e
Q

satisfies
my =supG < oo, mg=IinfG > —o0.
N M
To see this, let {vx} be a sequence in N satisfying G(vy) — mq. If

|lvgller < C, then there is a renamed subsequence such that v, — v in
N (recall that N is finite dimensional). Thus,

G(vr) — G(vg) = my.

Consequently, my < oco. If px = |Jvk|lg — o0, let O = vi/pr. Then
|Uk||gr = 1, and there is a renamed subsequence such that o — og.

Thus
5 pauly 2 [ (FEigas
— Yol — allg 12 ~ bl |
< 50l ~ n o
+ (0 —a)lo |
+ (0 )
<0

since a,b > n? and ||0o||y = lim ||0x||z = 1. This shows that
G(vg) — —oc0  as |vgllg — oo.

Thus, my < 0.
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To prove the second inequality, let {wy} C M be such that G(wy) —
mo. If |Jwgllg < C, then there is a renamed subsequence such that
wy — wo in M and wy, — wo uniformly on Q (Lemma 3.14). Hence,

G (wo) = [[w% — 2(wr, — wol, wo)ar — ok — woll3y — 2 /QF@,wo)dx
< Glw) — ([wr — wol, wo)m + /Q (P wy) — F(,wo)] dz — mo.

This tells us that mg > —oco. If py, = ||wk||g — o0, let Wy = wy/pg. Then
|lwk||g = 1, and there is a renamed subsequence such that w, — wo in
M and Wy, — wo uniformly in Q (Lemma 3.14). Consequently,

G(z)k) :1_2/ F(x,zw;g) i
Pk Q Py
— 1 —all@g ||* —bfl@
= (1~ [laol?)
+ ([lollF — (n+ 1) [ldol|*)
+ [(n +1)* = a] g ||
+ [(n+1)% = bl |
>0

+12
ol

no matter what g is. Hence,
G(wg) — oo as ||wgllg — oo,

contrary to assumption. Thus, mg > —oo.

We can now apply the sandwich theorem (Theorem 2.5) to conclude
that there is a sequence {uy} C HJ such that

G(ug) — ¢, G'(ug) — 0.
Thus,
lu |3 — 2 /Q F(z,u)dx — ¢,
and
(G"(wr)s )i = (up, h)ir — (f(yun), h) = o(||hllw), h € Hy.
In particular, we have

(G'(ur),wr) i = llunllzr — (F o un), ue) = o(||lukl a).
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If |lug|lg < C, then there is a renamed subsequence such that ui — ug
in H} and us, — ug uniformly on Q (Lemma 3.14). In the limit we have

(uo, M) — (f(-,u0),h) =0, h € Hy.

From this it follows that ug is a solution of (9.8) (Theorem 3.8). It
also satisfies (9.2) since each uy does so. If p = |lug|ly — oo, we let
U = uk/pr (how did you guess?). Then |[ag|lz = 1, and there is a
renamed subsequence such that 4, — g in H& and Uy — %o uniformly
on Q) (Lemma 3.14). Thus,

G(ug) _q _2/Q[F(a:,uk)

2 2
Pk Uy

Jiidz — 1 —alldg ||* = bllag [|* =0

and

(G"(uk), M) ~fCu)
T - (ukvh)H ( P 7h)

— (T, h)m + alty ,h) — b(ad, k) = 0.
In particular, we have,

Ioll3 — alldg |I* — bllag ||* = 0

)

from which we conclude that ||Go||zr = 1. We also conclude that g is
a solution of (9.1) (Theorem 3.8). But (a,b) ¢ X. Hence @y = 0. This
contradicts the fact that the H} norm of g is one. Consequently, the py
must be bounded, and the theorem follows. O

9.3 Exercises
1. Show that

—02 (.’II)

M, 0) = boy(z)t —aoy(x)”

satisfies a Lipschitz condition with respect to o.

2. Prove: If a solution of (9.1) satisfies u(x) = 0 on a subinterval of €,
then it must vanish on the whole of 2.

3. For a solution u(x) # 0 of (9.1), can two intervals in which u(x)
is positive (negative) and vanishes at the end points be adjacent to
each other?

4. Show that the curves of the Dancer—Fucik spectrum passing through
different points (n?,n?) do not intersect.
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5. Show that the nontrivial solutions of (9.1),(9.2) constructed in the
text can be made to be in C?(1Q).

6. Show that the upper curve of the Dancer—Fuéik spectrum going
through the point (n?,n?) is given by

(n+1)%a 0>
da+ (n—1)2 —4a/2(n - 1)’ ’

pin(a) = (n— 1)
a < n2,

da+ (n+1)2 —4a'2(n+1)’
when n is odd.

7. Show that the lower curve is given by

(n—l)Qa 2
, a>n-,
@ da+ (n+1)2 —4a/2(n+1)
Vp—1\Q) =
12
(n+1)% a < n?,

da+ (n—1)2 —4a'/2(n - 1)’

8. Show that the square
Qn={(a,b) eR*:n? <a,b< (n+1)%}

is free of the Dancer—Fucik spectrum 3.

9. Verify
G(uk) F(z, ug), T i
2 :1—2/[72]dem—>1_a”uo |‘2_b“Ug|‘2:0
% Q U

in the proof of Theorem 9.1.
10. Verify

(G'(ur), h)u (i, B 7 — (f(wuk),h)
Pk Pk
— (@i, h) g + al@g , h) — b(ag, k) = 0.
11. Verify

0|17 — alldg |I* — bllag ||* = 0.
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Higher dimensions

10.1 Orientation

So far, we have studied one dimensional problems. This was done pri-
marily because the corresponding linear problems in one dimension are
more easily solved. (As you know by now, we hate to work.) It saved us
the need to develop the tools required to solve the linear problems in
higher dimensions. The nonlinear methods are almost the same, but they
need basic information from the linear problems in order to function.

We now turn our attention to higher dimensional problems. There is
much more to learn about the linear cases than in one dimension, and
some of this information can be quite involved and technical. We have
attempted to keep the need minimal by considering periodic functions.
Even so, the amount of information we shall need is far from trivial. Mo-
rover, many of the facts that are true in one dimension are no longer true
in higher dimensions. This requires us to demand stronger hypotheses on
the nonlinear terms than were needed in the one dimensional case. The
higher the dimension, the stronger the assumptions needed. We shall
prove everything along the way.

10.2 Periodic functions
Let

Q={recR":0<z; <2r, 1<j<n} (10.1)
be a cube in R™. By this we mean that ) consists of those points

= (x1,...,2,) € R"

253
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such that each component z; satisfies 0 < z; < 2z, 1 < j < n. We
shall consider periodic functions in @, that is, functions having the same
values on opposite edges. To this end, we consider n-tuples of integers
po= (p1,...,pbn) € Z™, where each p; is an integer. We write px =
i1 + - - + ppx, and consider the set S of finite sums of the form

u(z) = Za#e”‘w. (10.2)

We want these functions to be real valued. In order to accomplish this,
we require a_,, to appear in (10.2) whenever «, appears and to satisfy

a_, =ay,. (10.3)
If
u(@) = e, (@)= e (10.4)
are any functions in S, and ¢ is any real number, we define
(,0)r = 20)" > (14 p?) apfp, (10.5)

where 2 = p? +--- + p2. For each t € R, this has all of the properties
of a scalar product (see Appendix A). The corresponding norm is given
by

lallf = (2" > (1 + 1) ] (10.6)

We are now going to consider the completion of S with respect to the
norm (10.6). However, it will be more convenient to start from scratch.

10.3 The Hilbert spaces H;
For t € R we let H; be the set of all series of the form

u= Z et (10.7)
where the o, are complex numbers satisfying
a_, =0y, (10.8)
and
lal2 = 20" 3201+ 122 P < o, (10.9)

where 2 = p?+---+p2. It is not required that the series (10.7) converge
in any way, but only that (10.9) hold. If

u= Za#ei’”, v = Zﬂ#ei‘” (10.10)
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are members of H;, we can introduce the scalar product
(1, 0)e = (20" S (14 12) By (10.11)

With this scalar product, H; becomes a Hilbert space (see Appendix A).
Completeness is the only property that is not obvious. To show this, let

u; = Z af])ei’”"

be a Cauchy sequence in H;. Then

Z(l + u2)t|ag) - ozg““)|2 — 0as j, k — oo.
Hence {afj )} is a Cauchy sequence of complex number for each p € Z".
Thus, there is a subsequence such that

aij) — Qa8 j — 00

for each € Z™. Let € > 0 be given. Take K so large that

Z(l + p2)t|aﬁtj) - ozﬂ“)|2 <e?, g k> K.
Then

Z 1+pA)'Na? — PP <& k> K,
u2<N

holds for each finite N. Letting k — oo, we have

@+ p?) e —au> < j> K.
pu2<N

Since this is true for any N, we have
S0+ al) —auf < > K.

If we let u represent (10.7), then u is in H; and |lu; — ul|¢ < e. Thus H,
is complete.

If u e S, then
ou/dx; = Z(iuj)aﬂei“l. (10.12)

For each u € Hy we can define du/dz; by means of (10.12) provided we
note that the result is an element of H;_1, since

S+ ) T Bl < (1 + ) el < o
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Thus the “operator” d/0x; maps H; into H,_;. Consequently,
Au = Z 82u/8x§ =— Z;ﬂauei’”" (10.13)
j=1
maps H; into H;_ o for each t € R.

If t > 0, then (10.9) shows that series in H, converge in L?(Q). To see
this note that

/ T gy — (20)"6,,,, v € LT, (10.14)
Q
where
1 =
6uy — b /’l/ V?
0, p#v.
This comes from the fact that
1 .
2n 2nik
. — —1]=0 k#0
/ ezkzdx — ik [6 ] ’ 7é )
0 27‘5, k =Y,

and

o 2n
/e"(uﬂ/)l’d:c:/ e"(”l”’l)“dxl-”/ s o
Q 0 0

Thus if v is represented by (10.7), let
'LLN(:L') = Z a#eiﬂ$.
u2<N
Then for M < N,
/ |UN($) - UM(JS)|2 dr = Z O‘ua—u/ eilp=—1)z g,
@ M<p?,v2<N Q

= (2n)" Z lau|? =0 as M,N — cc.
M<u?2<N

Thus the series (10.7) converges in L?(Q) to a function u(x). Conse-
quently, we have

Theorem 10.1. The Hilbert spaces Hy C L*(Q) for t > 0. Moreover,

(u,v)o :/ wwdzr, u,v € Hy. (10.15)
Q
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Proof. In view of (10.14),

/ u(z)e " dr = Zau/ T4 = (27)"au,.
Q Q

Hence both sides of (10.15) equal
(2m)" Z -
when u, v are given by (10.10). This completes the proof. O

We also have

Lemma 10.2. If u(z) € L*(Q) and
= @0 [ () da,
s = (20) /Q e~ u(r) d

then
llu — Z || — 0as N — oo.
u2<N
Proof. This is the counterpart of Lemma 1.9 for n > 1. To prove it we

follow the arguments used in the proof of Lemma 1.9. In particular, we
define

uy(x) = Z e

u2<N
and verify
lunl® = (un,u) = (20)" Y el
u?<N
lu = unl* = ull® = 20)" Y ol
u2<N
Consequently,

20" Y faul® < Jlul?,

p2<N
which implies
(20)" Y laf* < Jlull®.
Moreover,
/ lun () — up(z)? do = Z aua,y/ e =) e
Q M<p?,2<N Q

= (2n)" Z lau|* =0 as M, N — oo,
M<u?2<N
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Thus, uy converges in L?*(Q) to a function %(z). Finally, we make use
of the fact that

/ eMy(x)dr =0, pe€zm,
Q

implies that v(z) =0 a.e. O
Corollary 10.3. The space Hy = L?(Q) with the same norm.

10.4 Compact embeddings
The following is a useful result.

Lemma 10.4. If s < t, then every bounded sequence in Hy; has a sub-
sequence which converges in H.

Proof. Let uj = Zaﬁ)ei“’ be a bounded sequence in Hy, |ju;ll; < M.

Since |oz,(j)| < M/(1+ p?)*/?, there is a renamed subsequence such that

a,(f) converges as j — oo for each y. For each IV > 0,

Do A+plaPP < Y (1+p?) A+ NPT oD < M7 /(14 N)
u2>N u2>N
Let € > 0 be given. Take NN so large that
@2r)" Y 1+ p?)ef P <&
u2>N
Take K so large that
(2r)" Z (1+ u2)s|aff) - ozﬂ“)|2 <e? 4 k>K.

u2<N
Thus,
||Uj*uk||s<3€, j,k>K.
This proves the lemma. O
10.5 Inequalities
It is clear that
[(u, 0)e] < Jullel|v]le, w,v € Hy. (10.16)

We also have

[(u,0)e] < ||ullersl|vlli—s, © € Hegs, v € Hys. (10.17)
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This follows from
‘Z(1+U2)tauﬂ—u‘ < (Z(1+H2)t+s‘au‘2>l/2
(S ian) .

It is also obvious that

lulls < ||lulle, s<t, w€ H;. (10.18)
Hence,
H, C H, s<t. (10.19)
Let
T=(m,...,7T), 7; >0, 7, € Z,
and define

a T1 a Tn
D=2} ... (2 .
(6361 > (8wn >
Then DT is a partial derivative of order || = " 7;. It satisfies

DTu =" (ip)™ - (iptn) ™" e’
for u satisfying (10.7). Hence, D™ maps H; into H,_|,| and satisfies
1D ully— ey < llles € H. (10.20)
We also note that

Lemma 10.5. Fora >0, t > %, we have

o0

Z (a4+m?) "t <a '+ Q/Oo(a + 2%) "t da. (10.21)
0

m=—0o0

Proof. We note that

(a+m?)~t < / (a+2?)"tdx (10.22)
m—1
when m > 1, and
m—+1
(a+m?)~t < / (a+ 2?)"tdx (10.23)
m
when m < —1. These imply (10.21). d

We can now prove
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Theorem 10.6. (Sobolev) If u € Hy is given by (10.7) and t > n/2,
then u is continuous on @, and

man|u(x)| < ag| < Cillully,  ue He. (10.24)

Proof. First let us prove (10.24). Note that (10.21) implies

o0

Z (a+m2)—t Sa_t+2a(1/2)_t/ (1—|—y2)_tdy§cta(1/2)_t
0

m=—0o0

(10.25)

when a > 1, where

=1+ 2/000(1 + %) "tdy.
Hence,
Yt pi )T < ey (g ) TR
< cer—yay Y (L4 pi 4+ pp )Y
< ¢iCi—(1/2)Ct—1 Z(l +pi+-
b2 ,) (= (6/2)
< Gl (1/2)C-1C-(3/2) " G ((n-1)/2) = CF

Thus,

> o]

> A+ + p?) oyl

(0 + ™) (o)

< Cillulle,

IN

since t — ((n —1)/2) > 1/2. Let un(x) = 3_ 2y a,e™®. Then uy is a

function in C*°(Q) for each N, and for M < N,

lun (z)—un(z)| = Z et < Z lay| — 0, M,N — oo.
M<pu?<N M<u?<N

Therefore, uy converges uniformly to u, and

[u(@)] = |3 e <3 Jaul < Cillulle

Corollary 10.7. Ift > 2 + k, then H, C C*(Q).
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Proof. If up is given as in the proof of Theorem 10.6, we have
DTuy = Z (ip) e, |7 <k,
u2<N
and consequently,

|D™(un —unr)| < Z ]|

M<pu?2<N
< S0+ ) EYDl (14 ) D

261

< (Z(l_|_M2)k—t)1/2<z|u|2|7-\(1+M2)t—k‘au|2)1/2
< (Z(l +M2)k—t)1/2 (ZW\Q‘T'(I +M2):HC|O[M|2)1/2

< Crgllulls-

Let
Haoo :ﬂHt, H_.. :UHt,
t t

We have
Corollary 10.8. The space Hoo C C™(Q).

o \° o\’
1A1<8q"1> '..<a‘x’ﬂ> '
Then,

KZaH Zaul— i) e = Zaul—i—u

Let

Define
K' Z ettt = Z (1+ p?) e, e,
Then,
(K'u,v)s = (u, K'0)s = (u,0) 541,
and

”KtHs = ||uHs+2t-

We also have

(10.26)

(10.27)

m:c

(10.28)

(10.29)

(10.30)

(10.31)
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Theorem 10.9. Ifu € H_,, and
[(u,v)ol < Chllv]le, v € Hoo, (10.32)
then w € H_; and
[ul[— < Ch. (10.33)

Proof. If u € H_, there is some s such that u € H_; and u is given by
(10.7). Let

oy = Y (L+p2) e (10.34)
p2N

Then vy € Hy, and

(w,on)o = (20)" D (14 p®) o,

u2<N
1/2
<O @0 Y U+ p) (14 4)
p2<N
Thus,
20" 37 (14 52 Yoyl < C2.
u2<N
Since this is true for each NV,
(2m)" > (14 4*) el < CF.
Consequently, u € H_;, and (10.33) holds. O
10.6 Linear problems
If
f@) = e, (10.35)
we wish to solve
—Au=f. (10.36)

In other words, we wish to solve
Z /faue““” = Z ’yuei“"”.
This requires

pra, =, peEZ™ (10.37)
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In order to solve for all of the «,, we must have
v = 0. (10.38)

Hence, we cannot solve (10.35) for all f. However, if (10.38) holds, we
can solve (10.36) by taking

= Yu/1* when p # 0. (10.39)

On the other hand, we can take o to be any number we like, and v will
be a solution of (10.36) as long as it satisfies (10.39). Thus we have

Theorem 10.10. If f, given by (10.85), is in H; and satisfies (10.38),
then (10.36) has a solution w € Hyyo. An arbitrary constant can be added
to the solution.

Proof. We take the solution to be of the form (10.7) satisfying (10.39).
It is in H;49 since

S A+ 2 = (14 42 22y + ) < oo

when (10.38) holds. Since A acting on any constant gives 0, we can add
any constant to the solution. O

Now that we know how to solve (10.36), we turn our attention to the
equation

—(A+Mu=f, (10.40)
where A € R is any constant. In this case we want (u? — A)ay, = 7, or
oy =Y,/ (p? — ) when pi? # A. (10.41)

Therefore, we must have
¥, = 0 when p? = A. (10.42)

Not every A can equal some p2. This is certainly true if A < 0 or if A & Z.
But even if A is a positive integer, there may be no p such that

A=’ (10.43)

For instance, if n = 3 and A = 7 or 15, there is no p satisfying (10.43).
Thus there is a subset

O=Ap <A < - <A <--- (1044)

of the nonnegative integers for which there are m-tuples p satisfying
(10.43). For A = Ay, we can solve (10.40) only if (10.42) holds. In that
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case, we can solve by taking o, to be given by (10.41) when (10.43)
does not hold, and to be given arbitrarily when (10.43) does hold. On
the other hand, if A is not equal to any Ag, then (10.43) never holds, and
we can solve (10.40) by taking the a,, to satisfy (10.41). Thus we have

Theorem 10.11. There is a sequence {L;} of nonnegative integers tend-
ing to +oo with the following properties. If f € H; and A # Ay, for every
k, then there is a unique solution uw € Hyyo of (10.40). If . = Ay for some
k, then one can solve (10.40) only if fsatisfies (10.42). In this case, the
solution is not unique; there is a finite number of linearly independent
periodic solutions of

(A+Ap)u=0 (10.45)
which can be added to the solution.

Proof. The A, — +o0 since the u? are unbounded. Suppose f € Hy is
given by (10.35), and A # Ay for any k. Define o, by (10.41) and take u
to be given by (10.7). Then u is in Hy o and satisfies (10.40), since

Do) PP =Y (14 p) T = Al < oo,
and there is a constant C' such that
1+p2<Clp? -2, pezm
The solution is unique since the only solution of
(A+2)u=0 (10.46)

is u = 0. On the other hand, if A = A, for some k, we can solve (10.40)
only if (10.42) holds. In that case, we can solve by taking a, to be given
by (10.41) when (10.43) does not hold, and to be given arbitrarily when
(10.43) does hold. Again, it follows that u € Hiio. Finally, we note
that the functions auei’”, p? = A, are linearly independent and are
solutions of (10.45). O

The values Ay for which (10.45) has a nontrivial solution (i.e., a solu-
tion which is not = 0) are called eigenvalues, and the corresponding
nontrivial solutions are called eigen functions.

Let us analyze the situation a bit further. Suppose A = A for some k,
and f € H, is given by (10.35) and satisfies (10.42). If v € H; is given
by

v = Z Bete, (10.47)
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then
(F0)e = 20)" Y _(1+ 1) 3
by (10.11). Hence we have

(f.v), =0 (10.48)
for all v € H; satistying (10.47) and
B, = 0 when pi® # Ag. (10.49)
On the other hand,
(A+re)o =D (kg — p?)Bue™. (10.50)

Thus v is a solution of (10.45) iff it satisfies (10.49). Conversely, if
(f,v): = 0 for all v satisfying (10.47) and (10.49), then f satisfies (10.42).
Combining these, we have

Theorem 10.12. If A = Ay for some k, then there is a solution u €
Hyvo of (10.40) iff

(f,v)e=0 (10.51)

for all v € Hy satisfying
(A + ag)v = 0. (10.52)
Moreover, any solution of (10.52) can be added to the solution of (10.40).

What are the solutions of (10.52)? By (10.50), they are of the form
v = Z BuetT = Z la,, cos px + by, sin px],
p2=Ay u2=Ay

where we took 3, = a, — ib,. Thus (10.51) becomes

(f,cospx) =0, (f,sinpz); =0 when p? = Ag. (10.53)

10.7 Nonlinear problems

Now we turn the discussion to that of nonlinear multidimensional prob-
lems. Let f(x,t) be a continuous function on @ x R such that f(z,t) is
periodic in the components of x with period 2r for each fixed t € R. We
would like to solve the equation

—Au = f(z,u(x)). (10.54)
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(For convenience, we are absorbing the function u into f(z,u).) Follow-
ing the procedures we used in the one dimensional case, we first look for
a functional such that w = G'(u) = Au. At this point we will have to
think seriously about the Hilbert space H in which we will work. (Does
this sound familiar?) Since we are looking for a solution of (10.54), it
would be natural to take H = H;. But if v is in H; and w = Au, we
must have w € Hy_s. By (10.17), this suggests taking

(v, w) = (v,w)—1. (10.55)
Note that this choice of (u,v) does satisfy (10.17). Thus, we want
(Glu+v) — Glw) — (v, Au)y)/ o]l — 0 as Julle — 0,
where s = t — 1. In this case we can make use of the identity
(v, Au)s = —(Vv,Vu)s, u,v €S, (10.56)
where
Vv = (0v/0x1,...,00/0y,)
and

(Vo,Vu)s = (0v/0x1,0u/0x1)s + - - - + (Ov/ 0%y, Qu/0xy)s

n

= Z Z :ui(l + ﬂ2)sﬂua—u

k=1
= > 1+ u*)Buasy,
= — (v, Au),
= — (Av,u)s.
This suggests trying
G(u) = ||Vul?, we H, (10.57)
where s = t — 1. It looks good because
[Glu+v) = G(u) = 2(Vo, Vu)]/[vlle = [Voll2/olle — 0 as [Jv]le — 0,
since
IVoll2 + lvlZ = [lollf, v € Hy.
Hence, we have
Theorem 10.13. If G is given by (10.57), then
G'(u) = -2 Au, wu € H;. (10.58)
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Next we turn to finding a functional G which will satisfy
G'(u) = f(z,u), wu€ Hy. (10.59)

Here it is not obvious how to proceed, so let us consider the simple case
when ¢t = 1. Going back to the definition, we want to find a functional
G such that [G(u + v) — G(u) — (v, f(-,u))o]/||v|l1 converges to 0 as
[lv|li — 0. As before, we want to find a function F(¢) such that

F/(t) = f(x7t)'
This would suggest that we try something of the form

G(u) = / F(z,u(x))dx = (F(x,u),1)o. (10.60)
Q
If we now apply our definition, we want
[G(u+v) = G(u) = (v, f(-;u)ol/Ilv]lx (10.61)
= [ 1Pt ) =~ P vt ) ol

But
1

F(z,u+v)— F(z,u) = [ [dF(z,u+ 6v)/db]do (10.62)

1
Fi(z,u+ 6v)vdo.

oS— S—

Thus the left-hand side of (10.61) equals

~—

// [Fy(z,u+ 0v) — f(z,u)]vdddx/|v|;.
QJo

We want this expression to converge to 0 as ||v]l; — 0. This would
suggest that we take Fy(z,t) = f(x,t). As we did in the one dimensional
case, we try

F(x,t):/o f(z,s)ds. (10.63)

Then the expression above is bounded in absolute value by the square
root of

//1f(w,U+9v)f(x,u)|2d0dx. (10.64)
QJo

In order to proceed, we must make an assumption on f(x,t). We are
now hampered by the fact that for n > 1, functions in H; need not be
continuous or even bounded. In fact, the best we can do is
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Theorem 10.14. If1 < ¢ <2*:=2n/(n — 2), then

|u‘q SCQHUHM u€H17

ful, = (/Q |u|qu>1/q. (10.65)

If 1 < g < 2%, then every bounded sequence in Hy has a subsequence
which converges in L1(Q).

where

These statements will be proved later (Corollaries 10.45 and 10.46).
As a consequence, we have

Corollary 10.15. If1 < q < 2%, then a bounded sequence in Hy has a
subsequence that converges weakly in Hy, strongly in L1(Q) and a.e.in

Q.

Proof. First we find a subsequence that converges weakly in H;. We can
do this by Theorem A.61. By Theorem 10.14, there is a subsequence of
this subsequence that converges in L?(Q)). We then find a subsequence
of this subsequence that converges a.e.in @ (Theorem B.25). O

If we want to use the functional G(u) given by (10.60) and we want this
functional to be continuous on H; and have a derivative on this space,
we will have to make assumptions on f(x,t) which are stronger than
those made in the one dimensional case because we are restricted by
Theorem 10.14. For this purpose we will have to assume

|f(@, )| <Ot +1), z€Q, teR, (10.66)
where
2n n+2
1<qg< 2= , 2"—-1= . 10.67
=9 n—2 n—2 ( )

The first thing we must check is that
Gi(u) = / F(z,u)dx
Q

is differentiable on H;. The fact that G; maps H; into R follows from
Theorem 10.14. For (10.66) implies

|F ()] < C([t]* + [¢]),
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and therefore,
/Q|F(x,u)| dz < Cllu||}, we H
in view of Theorem 10.14. Moreover,
Gi(u+v) — Gi(u) = /Q/Ol f(z,u+ 0v)vdlde.

Thus,

Gi1(u+v) — Gi(u) — /Qf(x,u)vdx

IN

1
// |f(z,u+0v) — f(z,u)|vdldx
@ Jo

(/Q /01 |f(z,u+ 6v) _f(x7u)pd9dm>1/p ,

where p = 2n/(n+2). By (10.66), the integrand on the right is bounded
by

IN

2%,

C(Jul + o] + 1),
which is in L'(Q) for u,v € H; in view of Theorem 10.14. Since the

integrand converges to 0 point-wise, we see that G’ (u) exists.

If we now want to solve
—Au = f(x,u), (10.68)

our arguments suggest that we try
2G(u) = || Vul|3 — 2/ F(z,u)dx, u€ H. (10.69)
Q

‘We have

Proposition 10.16. The functional G(u) has a Fréchet derivative G’ (u)
on Hi given by

(G'(u),v)1 = (Vu,Vv) — (f(-,u),v), u,v € Hy. (10.70)
Proof. We have by (10.69)
G(u + ’U) - G(“’) - (Vu, VU) + (f('vu)7“>

1 2
= QHVWH —/Q[F(x,u—kv)—F(a:,u)—vf(:c,u)]dx. (10.71)
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The first term on the right-hand side of (10.71) is clearly o(||v|]1) as

|lv]]s — 0. Since

1
F(z,u+v) — F(z,u) :/0 [dF(z,u + 6v)/db] do

1
= / f(z,u+ Gv)vdo,
0

the integral in (10.71) equals

/Q / et 00) — flewloddd,

By Holder’s inequality (Theorem B.23), this is bounded by

1 [f (2, u+ 6v) — f(z,u)]|? db dx v lvllg- (10.72)
(e )

In view of (10.71), the proposition will be proved if we can show that the
expression (10.72) is o(]|v]]1). By (10.67), the second factor is O(||v||1).
Hence it suffices to show that the first factor in (10.72) is o(1). The
integrand is bounded by

(1w +00)[ "+ Ju]*™ + )7 < C(Jul? + |o]* + 1) (10.73)

If the first factor in (10.72) did not converge to 0 with [|v||1, then there
would be a sequence {v;} C H; such that ||vg||s — 0 while

/Q/01|[f(x,u+9vk)—f(x,u)]ql dfdzx > > 0. (10.74)

In view of Corollary 10.15, there is a renamed subsequence such that
llvgllq — 0 and v, — 0 a.e. But by (10.73), the integrand of (10.74) is
majorized by

C(lul? + [ox]* +1)
which converges in L'(Q) to
C(Ju|?+1).

Moreover, the integrand converges to 0 a.e. Hence the left-hand side of
(10.74) converges to 0, contradicting (10.74). This proves the proposi-
tion. O

Proposition 10.17. The derivative G'(u) given by (10.70) is continu-
ous in u.
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Proof. By (10.70), we have
(G (u1) — G'(ug),0)1 = (Vs — Vg, Vo)
- /Q olf @) - f(z,u)] da
< IVu1 - Vug| -« V0]

ol [ 176 = s dx)w.

Thus,

|G’ (u1) — G'(u2)]|1 <|lur — uz|x

o 1760 = sl dx)l/qi (10.75)

Reasoning as in the proof of Proposition 10.16, we show that the right-
hand side of (10.75) converges to 0 as u; — ug in Hj. ]

It now follows under the given hypotheses that
G'(u) = —Au— f(z,u), u€ H. (10.76)
Thus, if we can find a v € Hy such that
G'(u) =0, (10.77)
we will have found a solution of (10.68). So far we have

Theorem 10.18. If f(x,t) satisfies (10.66) and (10.67), then the func-
tional G(u) given by (10.69) is continuously differentiable and satisfies
(10.76).

In the next section we shall give conditions on f(x,t) which will guar-
antee the G has a minimum on H;.

10.8 Obtaining a minimum

The next step is to find a w € Hy such that G'(u) = 0. The simplest
situation is when G(u) has an extremum. We now give a condition on
f(z,t) that will guarantee that G(u) has a minimum. We assume that
there is a function W(x) € L'(Q) such that

W(z) > F(x,t) — —o0 a.e. as |t| — oo. (10.78)
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We let N be the subspace of constant functions in H;. Let M be the
subspace of those functions in H; which are orthogonal to N, that is,
functions w € H; which satisfy

(w,1); = / w(x)dr = 0.
Q
We shall need
Theorem 10.19. The expression ||ullo < ||Vullo, we€ M.
Proof. Ifu =3 a,e™®, then (u, 1)y = (2rn)"ap. Hence u € M iff ap = 0.

This implies

IVullg =D 110u/dxel§ = @n)" Y el
k=1 1

k=
= (20" Y Pl = 20" faul® = |lull3.
u2>1

This establishes the theorem. O

Theorem 10.20. Under hypotheses (10.66) and (10.78) there is a u in
Hy such that

G(u) = min G.
Proof. Let
a=infG.
H;

Let {ur} be a minimizing sequence, that is, a sequence satisfying

Glug) \ o
Assume first that

pr = [lukllr — oo.
Note that

1
26(u) 2 [Vulf ~2 [ Wia)do > 3lult 2 [ Wa)ds, e H,
Q Q

where u = v+ w, v € N, w € M. We see from this that if {ux} is a
minimizing sequence, then

w1 < C.
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By Corollary 10.15, there is a renamed subsequence such that wy
converges in L?(Q) and a.e.in Q. Since

luk(x)] > |vk| — |wr ()],
we see that
|ug(z)| — oo a.e.
Since
W(z) > F(z,up(x)) — —o0 a.e.,
we have

/QF(a:,uk(x)) dr — o0

(Theorem B.16). Thus,
G(ug) — o0,
contrary to assumption. Consequently,
pr = [lugllr < C.

Then, by Corollary 10.15, there is a renamed subsequence such that uy
converges weakly to a function ug in Hy, strongly in L9(Q) and a.e.in
Q. Since

|F (2, ug)] < C(Jugl? + [uxl),
and
F(z,ur) — F(x,up) a.e.,

we have

/QF(:E,uk)dx—>/QF(x,u0)dx

(Theorem B.24). Moreover, by the weak convergence,
(ug,v)1 — (uo,v)1, v € Hy.
Since [luo 2 = [luell? — 2(u, — ul o)y — 1y, — woll3, we have
G(uo) < |luxllf = 2([ux — u],u0)1 — [Juoll§ ~ Q/QF(%Uo)dx
= G(ur) = 2([ur — ul, uo)1 + ullg

nw%+zéwuwa@mmm

— Q.
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Thus,
a < G(uw) < a,
and the theorem is proved. O
As a consequence we have

Corollary 10.21. Under hypotheses (10.66) and (10.78), the equation
(10.54) has a solution u € Hj.

Proof. By Theorem 10.20, G has a minimum on H;. It now follows from
(10.76) that (10.54) holds. O

10.9 Another condition

We were able to obtain a minimum for the functional (10.69) and conse-
quently a solution of (10.54) under the assumptions (10.66) and (10.78).
In particular, this requires that F(z,t) be bounded from above by a
function W(x) € L*(Q). We now discuss a situation which does not
require such a bound. To begin, we study the case in which

\flz, )] < C(t|+1), z€Q, teR. (10.79)
This implies
|F(z,t)] <Ot +t]), z€Q, teR. (10.80)

We shall see that solvability depends upon the asymptotic behavior of
f(x,t) as |t| — oo. First we consider the assumption

f(z,t)/t = a(z) as |t| — oo, (10.81)
which implies
2F (z,t)/t* — a(x) as |t| — oo, (10.82)
where
a(z) <0, a(z) £0. (10.83)

In this case we have

Lemma 10.22.
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Proof. If the lemma were not true, there would be a sequence {ux} C
H; such that G(uy) N\, —o0o. Assume first that pr = |luglls — oo. Let
g = ug/pr. Then ||Gg|1 = 1, and there is a renamed subsequence such
that @, — @ weakly in Hy, strongly in L?(Q) and a.e.in Q(Corollary
10.15). For those = € @ such that {ug(x)} is bounded, we have

2F (2, up(2)) /% — 0.
In this case, & = 0. For those = € @ such that |ug(x)] — co we have

2F (2, ur(2))/ Pk = [2F (z, un(2)) /u(2)?)a} — a(z)d(z)*.

Hence, this limit holds for all z € . Since

|F(,ur)l/ ok < Clin(@)® + ar()|/ pr)

and C(ay(z)? + |ax(z)|/px) converges in L'(Q), this implies
2/ F(x,uy) dx/pi — / az)a(z)? de
Q Q
(Theorem B.20). Consequently,
2G (ur)/pi = |Varll§ + kg — llawlls — Q/QF(IMM«) dz/pj;
=1l 2 | Flom)da/
= () - [ o) 20
The only way the right-hand side can vanish is if
lE|lo = 1, /Qa(x)ﬂ(x)2 dx =0.

Since ||@]|; < 1, we have Vi = 0. Then @ = a constant. Since a(z) <0
and «(z) # 0, this constant must be 0. But this contradicts ||a||o = 1.
Thus

G(ug) — oo,
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showing that the p, must be bounded. But then
2G (ug) = ||Vur||2 — 2/ F(z,ug)dx
Q

z—c/{|uk|2+ g}
Q

> = C'|lwllg
>— K.

This completes the proof. O

Because of Lemma 10.4 we have hopes of finding a minimum for G. In
fact we have

Theorem 10.23. Under the hypotheses (10.80)-(10.83), there is a
function ug in Hy such that

G(up) = minG. (10.84)
Hy
Proof. Let
mgy = inf G,
H,

and let uy be a sequence such that G(uy) \,mg. As we saw in the proof of
Lemma 10.22, the norms ||ug||; are bounded. Consequently, by Corollary
10.15 there is a renamed subsequence such that uy — uy weakly in Hy,
strongly in L?(Q) and a.e.in Q. Since

|F(, ur)| < C(lugl® + Jul),

and

F(z,ur) — F(z,up) a.e.,
we have
/ F(x,ui)dx —>/ F(z,up)de.
Q Q
Moreover, by weak convergence

(Uk7v)1 H(UO,U)l, UEHl.
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Since [Juoll2 = llu 12 — 2([ux — ul, o)1 — llug — o3, we have
2G (uo) < [lurlli = 2(fur — ul, uo)1 — uollg — Q/QF(fEauo)dx
= 2G (ur) — 2([ur, — ul, uo)1 + [lurllg — lluoll3
+2 /Q[F(x,uk) — F(x,up)| dx
— 2my.

Thus

mo < G(up) < my,
and the theorem is proved. O
As a consequence we have

Corollary 10.24. If (10.80)-(10.83) hold, then the equation (10.54)
has a solution v € Hi.

Proof. By Theorem 10.23, G has a minimum on H;. It now follows from
(10.76) that (10.54) holds. O

10.10 Nontrivial solutions

Corollaries 10.21 and 10.24 guarantee us that solutions of (10.68) exist,
but as far as we know the solutions may be identically 0. Such a solution
is called “trivial” because it usually has no significance in applications.
We have the same situation that we had in the one dimensional case. If
f(z,0) =0, we know that u = 0 is a solution of (10.68), and any method
of solving it is an exercise in futility unless we know that the solution
we get is not trivial. On the other hand, if f(z,0) # 0, then we do not
have to worry about trivial solutions. We now consider the problem of
insuring that the solutions provided by Corollaries 10.21 and 10.24 are
indeed nontrivial even when f(z,0) = 0. We have

Theorem 10.25. In addition to the hypotheses of either Theorem 10.20
or Theorem 10.23, assume that there is a tg € R such that

/ F(z,t9)dx > 0. (10.85)
Q

Then the solutions of (10.68) provided by Corollary 10.21 or Corollary
10.24 are nontrivial.
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Proof. We show that the minima provided by Theorem 10.20 or Theo-
rem 10.23 are negative. If this is the case, then the solution ug satisfies
G(up) <0. But G(0)=0. This shows that ug#0. To prove that G(ug) <0,
let v = tg. Then

26(v) = ||Vo2 - 2/ Fz,v)dz < 0
Q

by (10.85). Hence, G(up) < 0, and the proof is complete. O

10.11 Another disappointment

We showed that (10.68) has a solution if (10.80)—(10.83) hold. We did
this by showing that G(u) has a minimum on H;. However, this does
not work if

/ a(z)dz > 0. (10.86)
Q
To see this, let © = ¢, a constant. Then
2G(c)/c* = —2/ F(z,c)dx/c* — / alz)dr <0 as || — oo.
Q Q

Consequently
G(c) = —o0 as ¢ — oo, (10.87)

showing that G is unbounded from below. We shall learn how to deal
with this situation in the next section.

10.12 The next eigenvalue

In proving Theorem 10.11, we showed that A is an eigenvalue of —A if
and only if it satisfies (10.43). It follows that the next eigenvalue after
Ao = 0is A; = 1. This suggests that we try to replace (10.83) with
(10.86) and

a(r) <1,a(x) # 1. (10.88)
Moreover, we know that in this case, (10.87) holds, and G is unbounded

from below. However, we suspect that the unboundedness from below is
due only to (10.87), and if one considers the set W consisting of those
u € Hy which are “orthogonal” to the constants, that is, satisfy

(u,1)1 = (u,1)g =0, (10.89)

one should find that G is bounded below on W.
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Theorem 10.26. If (10.66), (10.80), (10.82), (10.86), and (10.88)
hold, then

G(w) — 0 as |w|1 = o0, weW.

Proof. Let wy, be any sequence in W such that p, = ||wg|[1 — oo. Let
W = wg/pk. Then

26 (w) /7R = | Vie |2 — 2 /Q F(z,wy)/p}, d.

Since ||wg||1 = 1, there is a renamed subsequence such that @y, — @
weakly in Hy, strongly in Hy, and a.e.in @ (Corollary 10.15). Moreover

IVallg = 1ol = @xll§ =1 = [lawllg — 1 — [[@].
Consequently,
26(w)/f 1~ [} - [ a(e)a? ds
Q
= 1= ll@l}) + (IVal§ - llolf)

+ /Q[l — a(z)]w* dz > 0.

The only way this can vanish is if

@] =1 (10.90)
[Vallo = [[@]lo (10.91)
and
/ [1— a(z)]d? dr = 0. (10.92)
Q

If w =3 v,e™, then (10.91) implies

Yol =" bl

Since w € W, 7o = 0. Thus 7, = 0 whenever y? > 1. This means that
w = Z fyue““”.
=1
This is a finite sum. Let

h(z) =) e, 2 = z; + iy;.
pn2=1
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Then h(z) is analytic in the whole of C™, and it satisfies
/ [1 — a(z)]|h(x)|?dx = 0.
Q

In view of (10.88), this implies that h(z) = 0 on a set of positive measure
in Q. From this we can conclude that h(xz) = 0. There are several ways
of showing this. One way is to notice that

h(z) = Z(ak cos Ty + by sin x) = Z hi(x).
k=1 k=1

We note that
Lemma 10.27. If
h(z)=acosxz+bsinz, 0<z<2n,
and h(xz) = ¢ on a set e of positive measure, then ¢ =0 and
h(z)=0, 0<ax<2n

Proof. Since e has a limit point (a finite set of points has measure 0)
and h(z) has a convergent Taylor series, it must be identically equal to ¢
on the whole interval I = [0, 2x]. The only way this can happen is when
c=0. O

For the n dimensional case we have
Lemma 10.28. If E C Q is a set of positive measure and
h(z)=¢, z€E,
then ¢ =0 and
hip(zg) =0, zprel=10,2x], 1<k <n.

Proof. We use induction. The lemma is true for n = 1 (Lemma 10.27).
Assume it is true for n — 1, where n > 1. Let y = (21,...,2,_1) € R*7!
be any point in

Quo1={reR"1:0<z; <2, j=1,....,n—1}.
For each x, € R, let
E(zn) ={y € Qn-1: (y,2a) € E},
and let ¢ C R be the set of those x,, € R such that

m(E(zy)) > 0.
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Then m(e) > 0 by Fubini’s theorem (Theorem B.26) since

/Qu(E)dfv/eV

where p(FE) is the characteristic function of E. For each x,, € e we have

M(E(xﬂ))dy] dIL'",

n—1

ihk(a:k) =c—hp(zn), y=(x1,...,2n-1) € E(zp).
k=1

Since m(E(xy,)) > 0 for z,, € e, we have by the induction hypothesis
¢c—hyp(xy,) =0, z,€e
and
hi(zp) =0, zpel, 1<k<n-1
Since this is true for every x,, € e, we have by Lemma 10.27 that
hp(z) =0, zpel, 1<k<n.
O
From this we see that @ = 0. But this is impossible by (10.90). Hence
lim G(wy)/p3 > 0.
Since this is true for any sequence in W, the theorem follows. O
Theorem 10.29. The functional G is bounded from below on W.

Proof. Suppose {wy} C W is such that G(wg) \, —oo. By Theorem
10.26, the sequence must be bounded. But then

2G(wy) = [ Vg2 — 2/ Fla, wy) dz
Q

> —0/ (Jewwl? + [wy]) dz
Q

O’ ([lwll§ +1)

2_
Z_C/la

providing a contradiction. O
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10.13 A Lipschitz condition

In order to solve (10.77) when we do not have a minimum, we must
verify that G'(u) given by (10.76) satisfies a Lipschitz condition of the
form (2.54). Initially, we showed that this will be true if f(z,t) satisfies
(2.36). We can do better, but we cannot do as well as we did in the one
dimensional case. The degree of improvement gets worse as n increases.
In fact, we have

Lemma 10.30. If2 < g < 2%, and f(z,t) satisfies
@t = fo ) < COHT2 152 + Dt =5l (10.93)
then G'(u) satisfies
IG" (u) = G ()1 < CUull {2 + [0l + Dllu = vlly, w0 € H.

(10.94)
Proof. Tt suffices to show that
/ |F(z,0) = . 0)] - bl de < C(ulf? + [v]37 + D)u = vlo: b2
Q
(10.95)

By Corollary 10.46, this implies
(G (u) = G'(v), h)ol <[V (u =)ol Vo
+ C(J[ull{ + ol + Dllw = ol |21,

which implies (10.94). To prove(10.95), we note that the left-hand side
of (10.95) is bounded by

1/2*/
(/umq2+wq2+1f|u—mfio Ih
Q
l 1/p2%
< ([ ulr o2 27 a0
Q

o 1/[)/2*/
><</ lu — v|? pdx) |h
Q

’ ! 1//)2*1
gc(/meM%”+w2M%”+mm) lu—v
Q

< C(|u

IN

2

2%

2*/p/|h 2%

92 _9
g*/p(q_2) + "U|g*/p(q_2) + 1) "U/ — v 2*/p/|h 2%,
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where p’ = p/(p — 1). Take p = (2* — 1)/(2* — 2). Then 2*'p' = 2* and
2*'p(q — 2) < 2*. This gives (10.95) and completes the proof. O

Remark 10.31. As we mentioned before, we can dispense with the re-
quirement that G'(u) satisfy a local Lipschitz condition as long as it
is continuous. This is accomplished by replacing G'(u) with a locally
Lipschitz “pseudo-gradient.” The difficulty lies in showing that such
a pseudo-gradient exists. We shall present the argument later in Ap-
pendix D.

10.14 Splitting subspaces

It should come as no surprise that we have the same problems in higher
dimensions as we had in one dimension. We now have the following
situation. The functional G is bounded above on the constants (the
subspace V') and below on the subspace W orthogonal to the constants.
We can now apply Theorem 2.5 to obtain

Theorem 10.32. Under the hypotheses of Theorem 10.26 and Lemma
10.30, there is a PS sequence satisfying

G(ug) — a, G'(ug) — 0.

Proof. By (10.86) and Theorem 10.26, G is bounded above on V and
bounded below on W. By Lemma 10.30, G’ satisfies a local Lipschitz con-
dition. We may now apply Theorem 2.5 to reach the desired conclusion.

O

This theorem raises hope of finding a stationary point of G, that is, a
solution of (10.77). A step in this direction is

Theorem 10.33. Under the hypotheses of Theorem 10.26, if for some
a € R, G'(u) # 0 for all w € Hy such that G(u) = a, then there is a
6 > 0 such that

|G (u)]|—1 > 6 whena—6 < G(u) <a+é. (10.96)

Proof. Suppose not. Then there would be a sequence {u;} C H; such
that

G(ug) — a, G'(ur) — 0.
Consequently, by Proposition 10.16,
(Vug, Vo)o — (f(ur),v)o = o(||v]|1), v € Hy. (10.97)
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If pr = |lukls — oo, let 4y = ug/pg. Then ||ak|ls = 1, and hence there
is a renamed subsequence such that @, — @ weakly in Hy, strongly
in L2(Q), and a.e.in Q (Corollary 10.15). For this subsequence (10.97)
implies

(Vag, Vo)o — (f(uk)/pr,v)o — 0, v € Hi.

Thus in the limit

(Va, Vo) — / a(z)ivdr =0, v € H;. (10.98)
Q

Here we used the fact that
flzyoug)/pr = [f (x, ug) /ug)ixy — at ae.
and
|f(@,ur)l /o < C(lax| + 1/ pr).
This implies
—Au = a(z)a.

Set @ = =y + W, where 7y is a constant and w € W. Take v = v — ¥ in
(10.98). Then

“IVal = [ aby+dlly - dlds = [ atr? - @)
Q Q
Consequently,

(Va2 - 13]2) + / [l — a]ide + 42 / a(z)dz = 0.
Q Q

As we saw above, this implies v = 0, w = 0. Hence @ = 0. But (10.97)
also implies

IV akl|§ — (f (o uk)/pr, dn)o — 0,
or
1= (|@ll§ — (fC,ur)/pr, r)o — 0,

which gives
1 a2 —/ il dz = 0,
Q

This shows that @ # 0. Hence the p; are bounded. But then there is a
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renamed subsequence such that ur — u weakly in H;, strongly in Hy,
and a.e.in @ (Corollary 10.15). Now (10.97) implies that

(Vu,Vo)g — (f(-,u),v)o =0, v € Hj. (10.99)
Hence G'(u) = 0, and

IVull§ — (f(u),u)o = 0.
Moreover, by (10.97),

IVukll§ = (f (o un), ur)o + o(1) = (f(- ), u)o = [[Vullg.

Thus Vuy, converges strongly to Vu in L?(Q). This implies that
2G(uy) = \|Vuk||(2)—2/ F(z,ur)dx — ||Vu||(2)—2/ F(z,u)dr = 2G(u).
Q Q

Since G(uy) — a, we have G(u) = a, contradicting the hypothesis. This
proves the theorem. (I

We can conclude from Theorems 10.32 and 10.33 that

Theorem 10.34. Under the hypotheses of Theorem 10.26 and Lemma
10.30, G has a critical point which is a solution of (10.54).

Remark 10.35. As we noted previously, a sequence satisfying
G(ug) — a, G'(ug) — 0, (10.100)

is called a Palais—Smale sequence (PS sequence) at level a. A functional
G is said to satisfy the Palais—-Smale condition (PS condition) at level a
if every PS sequence at level a has a convergent subsequence. It is said
to satisfy the Palais—Smale condition if it satisfies the PS condition at
all levels. Theorem 10.33 states that under the hypotheses of Theorem
10.26, if G has a PS sequence at level a, then it has a critical point at
that level.

10.15 The question of nontriviality

We essentially follow the arguments used in the one dimensional periodic
problems. In the case of Theorem 10.34, we have the same problem that
faced us when we proved Corollaries 10.21 and 10.24, namely, if f(x,0) =
0, what guarantee do we have that the solution provided is not u = 0.
In the case of these corollaries, we were able to find a criterion (namely
(10.85)) which provides such a guarantee (cf. Theorem 10.25). This was
accomplished by showing that the minimum obtained in (10.84) was less
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than 0. Since G(0) = 0, this shows that the solutions obtained in Corol-
laries 10.21 and 10.24 were not 0. However, this does not work in the case
of Theorem 10.34 since mg < G(0) < my (cf. (2.41)—(2.40)). Thus in or-
der to guarantee that our solutions are not = 0, we must devise another
means of attack. A method that worked in the one dimensional case is
as follows. Suppose, in addition to the hypotheses of Theorem 10.34, we
have assumptions which will provide positive constants €, p so that

G(u) > e when ||ull; = p.

Since G(0) = 0, this creates the image of 0 being in a valley surrounded
by mountains of minimum height €. Now we maintain that there is a
solution of (10.77) which satisfies

e <G(u) <my

in place of (2.42). To see this we follow the proof of Theorem 2.8 and
claim that if (10.77) does not have such a solution, then there is a 6 > 0
such that (2.41) holds whenever u satisfies

e— 6 <Gu) <mi+4.

We draw our curves as before from each point of V' along which G de-
creases at a rate of at least 6. Again we arrive at a curve S = {o(T)v :
v € V}. The claim now is that S has points both inside and outside
the sphere |lul]l; = p. To see this note that there are points v € V so
far away from the origin that o(7T)v never reaches the sphere. On the
other hand, G(o(t)0) is nonincreasing in ¢t. Consequently, o(¢)0 cannot
exit the sphere. Thus, o(T')0 is inside the sphere while there are points
o(T)v outside. By continuity, there must be a point v; € V such that
G(o(T)v1) =e. But

Glo(T)v)<e—06, veV.

This contradiction provides the desired solution. This procedure is sum-
marized by

Lemma 10.36. In addition to the hypotheses of Theorem 10.34, assume
that there are positive constants €, p such that

Gu) > e (10.101)
when

lullr = p- (10.102)
Then there is a solution u of (10.68) satisfying (10.101).
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The proof of Lemma 10.36 is similar to that of Lemma 2.20 and is

omitted.

In the next section we shall give simple conditions under which the
“mountains” can be constructed.

10.16 The mountains revisited

We now want to give sufficient conditions on F(z,¢) which will imply
that the origin is surrounded by mountains. By this we mean the follow-
ing.

Theorem 10.37. Assume that (10.66) holds and that there is a § > 0
such that

F(x,t) >0, |[t| <6é. (10.103)
Then for each positive p < /2, we have either

(a) there is an € > 0 such that

G(u) ze, uli=np, (10.104)
or
(b) there is a constant function vo € V such that |vg| = p/(21t)"/2 <
6/2, and
f(z,v0) = 0. (10.105)

Moreover, the constant function vg € V' satisfying (10.105) is a solution

of (10.54).
Proof. For each u € Hy write u = v + w, where v € V, w € W. Then
2G(u) = | Vw2 —2/ Fla,u)dz > ||Vw||3—2/ (2, 0)] da
Q lu[>6
Now

lully < p = [lollg + wlf < p* = (20)"/2

[v] < p.
Thus if p < (2r)"/26/2, then |v| < §/2. Hence, if
lullh < p, Ju(z)] = 6,
then
6 <fu(@)] < v+ |w(z)] < 6/2+ |w(z)].
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Consequently,
6 < fu(z)| < 2w(z)].

We may assume that ¢ satisfies 2 < ¢ < 2*. Then
26(u) 2 [Vulf ~C [ (uft +[ul) do
|u|>68

> VulZ - C(1+ 69 /| s
u|>

> [Vulp - [ s
2lw|>é
1
> 2wl ~ Ol

v

1
Slhll? = ¢ llwl?

1 —2
(5 - ¢l

vV

Hence,
1
Gu) > Z|wlf,  lul <p, (10.106)

for p > 0 sufficiently small. For each such p assume that there is no
e > 0 for which (10.104) holds. Then there is a {ux} C H; such that
luklli = p and G(uy) — 0. Write uy, = v + wy, where v, € V, wy € W.
Then ||wg|l1 — 0 by (10.106). This means that ||vg|1 — p. Thus, |vgx| —
p/(27)"/2. Since the constants {v;} are bounded, there is a renamed
subsequence such that vy, — vg. Clearly |vg| = p/(27)™/? < §/2, and

/ F(z,v0) dz = G(vg) = 0.
Q

In view of (10.103), F(z,v9) = 0, and v is a minimum point of F(z,t)
in |t| < 6. Hence, the derivative of F(x,t) with respect to ¢ must vanish
at t = vg. This gives f(z,v9) = 0. Since p was any sufficiently small
constant, we see that (b) holds. This completes the proof. O

We note that (b) implies that every constant function vy € V satisfying
(10.105) is a solution of G'(v) = 0. We therefore have

Corollary 10.38. Under the hypotheses of Theorem 10.37, either (a)
holds for all p > 0 sufficiently small, or (10.68) has an infinite number
of solutions.
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Combining our results so far, we have

Theorem 10.39. Under the hypotheses of Theorems 10.26, 10.37, and
Lemma 10.30, G has a nontrivial critical point which is a solution of

(10.54).
Proof. We combine Lemma 10.36 and Theorem 10.37. O

10.17 Other intervals between eigenvalues

Suppose f(z,t) satisfies (10.80) and (10.82), but a(x) does not satisfy
(10.88). Are there other intervals (a,b) such that a solution of (10.54)
for u € H; can be found when a < a(z) < b? We are going to show that
this is indeed the case. In fact we have

Theorem 10.40. Assume that (10.66), (10.80), and (10.93) hold. Let
Am and Apy1 be consecutive eigenvalues of —A. Assume that (10.82)
holds with «(x) satisfying

)"m, S o S )\m+17 )Lm ié « ié )\m+1- (10107)

Then (10.54) has a solution. If, in addition, (10.103) holds, then we are
assured that it has a nontrivial solution.

Proof. First, we note by (10.9), that
lullf = 20" Y (1 + 1) |el® < oo, (10.108)
where the o, are given by Lemma 10.2. Let
N={ueH :a,=0 for |u| > Ay}
Thus,
lullf = > #Plau® <rmlul®, weN. (10.109)

Let
M={ueH:a,=0 for|u| <Ain}

In this case,

lullf =Y #Plonl® = dmgallul®, we M. (10.110)
|ﬂ|2)\m+1

Note that M, N are closed subspaces of H; and that M = N-*. Note also
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that N is finite dimensional. Next, we consider the functional (10.69) and
show that

G(v) —» —o0 as ||v|1 — o0, wvEN, (10.111)
and

G(w) — o0 as |w|1 — o0, we M. (10.112)
Assuming these for the moment, we note that they imply

i]\I}[fG > —00; sipG < 0. (10.113)
This is easily seen from the fact that (10.112) implies that there is an
R > 0 such that
Gw) >0, |wlh>R, we M.

Consequently, if the first statement in (10.113) were false, there would
be a sequence satisfying

G(wk‘) — —0Q, ||wk||1 S R7 Wi € Hl'

But this would imply that there is a renamed subsequence such that
wy — wo weakly in Hy, strongly in L?(Q), and a.e.in Q to a limit
wo € Hy (Corollary 10.15). Since

|F (2, wi)| < Clwp | + |wl),

and
F(z,wg) — F(x,wy) a.e.,
we have
/ F(z,wg)dx — / F(z,wg) dx.
Q Q
Thus,

G(wk)2—/QF(m,wk)dxH—/QF(x,wo)dx>—oo.

This contradiction verifies the first statement in (10.113). The second is
verified similarly by (10.111).

We are now in a position to apply Theorem 2.5. This produces a
sequence in H; satisfying

G(ug) — ¢, G'(ug)—0, (10.114)
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where c is finite. In particular, this implies
(G (un),v)1 = (ug, v)1 = (f( ue),v) = o([[ollr),  [vllx — 0. (10.115)
Assume first that
P = |lugllr — oo. (10.116)

Set iy = ug/pr. Then ||ug|l; = 1, and consequently, by Corollary 10.15,
there is a renamed subsequence that converges to a limit © € H; weakly
in Hy, strongly in L?(Q), and a.e.in Q. Thus,

(Ug,v)g — (f(-yug)/pr,v) = 0, v € H. (10.117)
As we saw before, this implies in the limit that
(@,v); = (aa,v), v € Hj. (10.118)
Let
t=w+v, U=w-—07. (10.119)

Then

This implies

@i = 18]} = (al@ + 8], @ — 3) = (a, @) — (a0, 7),

since
(a0, W) = (aw,v) = / a(z)t(z)w(z) dz
Q
Thus,
@} — (aw, @) = |[8]f; — (ad,7)
This says

(Wﬂﬁ-—xm+lwmﬁ>+1[;xm+l—cmxnw2dx

=(Wﬁ—xmwwygéu;—a@mﬁm.
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We write this as A+ B = C' + D. In view of (10.107), (10.109), and
(10.110), A> 0, B> 0, C <0, D <0. But this implies A=B=C =

D=0.1f
B=D G

then in view of (10.110) the only way A can vanish is if
w = Z (ak COS )Lm+1$k + bk Sin A_m+1xk) 3
k=1

But then, B cannot vanish unless @ = 0 (Lemma 10.28). Similar rea-
soning shows that C' = D = 0 implies that ¥ = 0. On the other hand,
(10.82) implies

Glur)/p? = |2 - 2 / Fla,a)de/p} —1—2 / a(x)i? dz = 0,
Q

Q

from which we conclude that 4 #Z 0. This contradiction shows that the
assumption (10.116) is incorrect. Once this is known, we can conclude
that by Corollary 10.15, there is a renamed subsequence that converges
to a limit u € H; weakly in Hy, strongly in L?(Q), and a.e.in Q. It then
follows from (10.115) that

(u,v)1 — (f(-,u),v) =0, ve€ H. (10.120)

It remains to prove (10.111) and (10.112). Let {wx} C M be any
sequence such that p, = ||wg||1 — co. Let Wy, = wg/pk. Then ||wg|]y = 1.
Thus, there is a renamed subsequence such that (2.30) and (2.31) hold.
This implies

— f » Wk Wdr — 1 — a(z)?(z) dx
2G (wy) /o = 1 2/ i 2ar 1 /Q<> (2)d
= (1 ) + (

+ /[AmH — a(z)]w?(z) dx

I

[@lF = At [l@0]1?)

=A+B+C.

As before, we note that A > 0, B > 0, C > 0. The only way G(wy)
can fail to become infinite is if A = B = C = 0. As before, B=C =0
implies that @w = 0. But this contradicts the fact that A = 0. Thus,
G(wy) — oo for each such sequence. This proves (10.112). The limit
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(10.111) is proved in a similar fashion. This completes the proof of the
first part of Theorem 10.40. The last statement follows from Lemma
10.36 and Theorem 10.37. O

10.18 An example
Before we become overjoyed by our success in finding Palais—Smale se-
quences and obtaining solutions, we want to stress the fact that not all
Palais—Smale sequences are created equal. Here is another example of
a simple situation in which no Palais—Smale sequence has a convergent
subsequence.
Let us consider the Hilbert space H = R2. For u = (z,y) € H define
G(u) = 22 — (z — 1)3%

Then,

G'(u) = VG(u) = {27 — 3(x — 1)*y*, —2(z — 1)%y}.

Note that G satisfies all of the hypotheses of Theorem 2.26. Clearly,
G(0) = 0. Moreover, there are positive constants e, p such that

G(u) > ellul®,  lul < p. (10.121)

For if (10.121) did not hold, there would be a sequence {u;} C H such
that pg = |lug]| — 0 and

G (ug)/|ur||* — 0. (10.122)
Let g = ug/pr. Then
Glur)/p} = &% — (xx — 1)°-

Since :%% + g% = 1, there is a renamed subsequence such that z —
%, Jr — ¥, T2 + §* = 1. Consequently,

Glup)/pp — &+ 7 =1,

contradicting (10.122). Thus (10.121) holds, and this implies (2.99). If
we take pg = (1, 1), then

G(reo) = r? — (r— 1)3?”2 — —00 as r — 00.

Thus (2.100) holds for some constant Cy. Since G is a polynomial, all
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of the hypotheses of Theorem 2.26 are satisfied. Thus, there is a Palais—
Smale sequence satisfying (2.101). Hence,
xy — (zp, —1)39y7 - ¢, e<c<Cy.
2z — 3( — 1)%y; — 0,
and
2(zp — 13y, — 0.
Either there is a renamed subsequence such that x; — 1, or the whole

sequence is such that x; is bounded away from 1. In the latter case,
yr — 0, and

(e — Dywl* = |(xr — 1)%ya*2|ye|*® — 0.

Consequently, x;, — 0. But then, G(uy) — 0, and this is not the sequence
(2.101). In the former case,

(zp — 1)%y — 2/3.

Hence, |yi| — oo, and there is no convergent subsequence. Thus, G does
not satisfy the PS condition. Note that G has no critical point other
than w = 0. For, in order that u be a critical point, we need either z = 1
or y = 0. But either of these implies that = 0. This shows that the
only critical point of G is 0.

10.19 Satisfying the PS condition

In solving the problem (10.68), our approach has been to find a sequence
{uy} such that (10.100) holds and then show that this implies that {uy}
has a convergent subsequence. So far we have shown this only when
f(z,t) satisfies (10.83). In this section we allow f(z,t) to satisty (10.66)
with ¢ < 2* and give sufficient conditions which will guarantee that the
PS condition holds for G(u) given by (10.69). We have

Theorem 10.41. If there are constants v > 2,C' such that
H(z,t) == yF(z,t) — tf(z,t) < C(t* + 1) (10.123)
and there is a function W(x) € L*(Q) such that
—W(z) < F(z,t)/t? = 00 as |t| - o0, z€Q, (10.124)

then (10.100) implies that {ur} has a convergent subsequence.
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Proof. If (10.100) holds, then

V|2 — 2/ F(z,uy) dx — a, (10.125)
Q
(Vug, Vou)o — (f(ug),v)o = o(||v|1), v € Hy, (10.126)
and
IVuk[§ = (f (ur), ur) = o[|ur1)- (10.127)

If we multiply (10.127) by 2, (10.125) by v and subtract, we obtain
(- DIVl —2 [ (wde = offuely).  (10128)
Q

Assume that pp = |luglls — oo, and let 4 = ug/pg. Then ||agl|; = 1,
and (10.128) implies

(v —2)(1 — ) — 2 /Q H, (2, u)de/ g — 0.

However,
Hy (w,up)/pi = [Hy(, up) /up] .

There is a renamed subsequence such that @, — % weakly in H;, strongly
in Hy, and a.e. in @ (Corollary 10.15). By (10.125),

and by (10.127)

2
Ui,

2
Q
Let
le{$€Qﬂ(l’)7é0}7 QQZQ\Ql
Then

2F (x,ug)
Mui—mx, r e
Uy,

by (10.124). If ©; has positive measure, then

2F 2F
/ 2E(@ ) 2 g / 2E@ k) g gy / W (2)] d — ox.
Q Ul o U, Qo
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Thus, the measure of 2y must be 0, that is, we must have @ = 0 a.e.
Thus, i, — 0 in L?(Q) implying

oF
/ 7(372’ “’“)ai dz — 1
Q

U,
and
/ e (@) 3o g 1,
Q Uy,
Consequently,
/ VF(x, ur) _2ukf($auk)ﬂi de— T 1
Q Uy, 2
But by (10.123),
F - 241
lim sup P, ur) Qukf(x, uk)ﬁi < lim sup oLk _2|_ iz =0,
U, U

which implies that v/2 — 1 < 0, contrary to assumption. Thus, the py
must be bounded. Consequently, there is a renamed subsequence such
that up — u weakly in Hy, strongly in L?(Q), and a.e. in @ (Corollary
10.15). In view of (10.66),

[f (2, uk) = fzw)] < Olug "+ [u 7 + 1),
and
[ sl ol do < fuly o,
Q
which converges. Therefore (10.126) implies
(Vu, Vo)g — (f(u),v)o =0, ve Hy,
which means that u is a solution of (10.68) and satisfies
IVullg = ((w), u)o = 0.
Moreover, by (10.127)
IVurlld = (f (ur), u) + o(1) — (f(u),u) = |Vl

showing that uj converges to v in Hi. Hence, the PS condition holds,
and the proof is complete. O

Remark 10.42. In Theorem 10.41 we could have used hypothesis
(1.114) in place of (10.124). The proof would have followed the reasoning
of Theorem 1.37.



10.21 Sobolev’s inequalities 297

10.20 More super-linear problems

If f(x,t) does not satisfy (10.79), then the problem (10.54) is called
super-linear. In the one dimensional case we proved a theorem concerning
super-linear equations (Theorem 2.27). Now we consider a corresponding
theorem for higher dimensions. The process is almost the same, but for
higher dimensions we must place stronger restrictions on the growth of
f(z,t) because of the Sobolev inequalities. We have

Theorem 10.43. Assume (10.66), (10.67), (10.103), and (10.93).
Then under the hypotheses of Theorem 10.41, the problem (10.54) has
a nontrivial solution.

Proof. Apply Theorems 2.26, 10.37, and 10.41 to the functional G(u)
given by (10.69). We have to show that (2.100) holds. This follows from
(10.124). In fact, we have

G(kp) = —/ F(z,ky)dz
Q
for any constant function . If we take ¢ = 1, we have
G(k@)/k2 = _/ F($7k)/k2 dx — —oc0 as k — o0.
Q

This completes the proof. O

10.21 Sobolev’s inequalities

Unlike the one dimensional case, it is not true in higher dimensions that
functions having weak derivatives in L? are bounded and continuous.
In fact, they need not be either. The best that can be said for them is
that they are in some L4 space with ¢ depending on the dimension. The
higher the dimension, the worse the ¢ is; it may be very close to 2. These
facts are revealed in the Sobolev inequalities which we now describe.

We know from the definition that
lullo < llully,  we H.
Actually, one can improve upon this. In fact, we have

Theorem 10.44. For each p > 1, q > 1 satisfying

11 1
Stz (10.129)
p-q n



298 Higher dimensions
there is a constant Cpq such that

‘ulq < Opq(|vu|p + |u|p)7 u e CI(Q)7

1/q
uly = ( [ ulras )
Q
2) 1/2

Proof. First we note that for each integer » > 1

fon<(f) ()"

where

and

u
8wk

Vul = (Z

k=1

by Hélder’s inequality (Theorem B.23), where the h; > 0. Let

Hjp o= / |Vuldz;dxy, - - - dxy.

(10.130)

(10.131)

(10.132)

(10.133)

Assume that there is a y € @ such that u(xz) = 0 whenever z; = y; for

some j. Then

i Qu
u(x) = — dz;.
Yj axj !
This implies that
2n
ou
< — | dz;
) < [ |5,

2n
< hj(x) :/ |Vu(zx)|dx;.
0
(Note that h;(z) does not depend on x;.) Then
|u(z)|™ < hy--hy.

Take »r = n — 1. We claim that

/ |u(ax) |V dxy - - day,

- {H{“/?k<x><H1...k,<kH>(a:)Hl...k,<k+2> (2) - (@) /7,

k/r
Hl/k(x),

(10.134)
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We prove (10.135) by induction. We note that it holds for k¥ = 1. By
(10.133)

/\u(m)|n/r dry < /(hl . ._hn)1/7. doy
< hi/r /(h2 RV day
< Hll/r(H12 o Hln)l/r,

which shows that (10.135) holds for & = 1. Assume that it holds for k.
Then

/ lu(az) [ dxy - - deg dag

1/r k/r r
< Hl./..(kﬂ) /(H1./..kH1~~k,(k+2) o Hyego o)V gy

< H(k-i-l)/r

L B, () e (3) ++ He ey )

Thus (10.135) holds for k + 1. In particular, if we take k =r =n — 1,
we obtain (10.135) for k = n. Thus, (10.135) holds for 1 < k < n. If we
take k = n, we obtain

[t e e, < 0, = 1Vl
This implies
|wln/(n-1) < |Vuh (10.136)

when u satisfies the hypotheses given above. Hence, (10.130) is proved
for the case p = 1 and u(x) vanishing when x; = y; for some j. To derive
it without this restriction, let

Q=[2n2n"={zeR": —2n<z; <21, 1 <j<n}

For each j, let x; be the vector « with the z; component missing (e.g.,
ry = {¥1,%2,74,...,2,}). Thus we can write x = {z, x;} for each j. In
consecutive order, we extend u € C'(Q) to a C' function of {«/,x;} for
—2rn < x; <2r,j = 1,...,n. This is done as follows. For —2r < z; <0,
we define

u(’

1
) = du(xl, —§xj) — Bu(x, —x;).

It is easily checked that u is a C' function of z for —2r < z; < 2m
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Moreover,
0 0 1
| wtehaids <a [ juta, - ga)dey
—2n —2n
0
—|—3/ lu(a);, —x;)| dx;
<8/ lu(x}, 2)| dz
+3/ u(a), 2)| dz
0
on
< 11/ |u(x],xj)|dxj
0
and

0 0
1
/ |Dju(a}, ;)| drj < 2/ |Dju(x;,—§xj)|dxj
—2T —271
0
+3/ |Dju(a’, —x;)| dx;
< 4/ |Dju(z’, z)| dz
+3/ IDju(e;, 2)|dz
0

on
< 7/ |Dju(x;-,zj)\dxj.
0

We carry out this procedure in consecutive order from j = 1 to j = n.
Consequently,

lul, o < Cluli,g, [Vul, g < C|Vuliq. (10.137)
Let ¢(t) € C*°(R) be such that
0<9) <1
and
1, t>0,
Ve = {0, t< —2n
We define

W(x) = (1) - P(wn)ulz).
Note that @(x) = u(z) when z € Q and @(x) = 0 if any z; = —2r. Thus
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i satisfies in Q the hypotheses that produced (10.136) for the cube Q.
Now

Dji(z) = (1) (2;) - (zn)u(@) + 9(21) -+ Y (@n) Dju(z).
Hence,
|Dji(x)| < C(|IDjulx)] + [u(x)]),
and
al,, o < CIVil,
by (10.136), where n’ = n/(n — 1). Consequently,
luln @ <t g < CIVly g
< C(|Vuly g +uly o)
< C"(IVuh.g +[uh.e)-

Thus we have
[t < C(|Vulr + |ulr) (10.138)

holding for all u € C*(Q) without restriction. Next, assume that u(z) >
0 in @, and let p = (n — 1)g/n > 1. Then (10.138) implies

[Py (n—1) < C(IV(W”) 1 + [u”]1).
Thus, by Holder’s inequality (Theorem B.23),

[’ < C'(plu” 'Vl + [u ) < C'u? Ty (plVulp + Julp),

(10.139)
where p’ =p/(p—1),n' =n/(n—1). By (10.129),
1 1 1 1 1 1
e
P’ p n g n q
Hence,
q
Q= (—,—1>P'=(p—1)p’,
n
and

N P N (p=1)/(pp") 1/(pp")
(/ u(pl)p> < (/ uf" ) (/ 1> < C’|u|571.
Q Q Q

It therefore follows from (10.139) that there is a constant Cy such that

lulqg < ColpIVulp + [ulp). (10.140)
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Consequently, we see that (10.130) holds for positive u.

In the general case, let

Then

We apply (10.130) to u. and use the fact that
uf <uel < ul+e, [Vue| < [Vul

to show that (10.130) holds for general u. This proves the theorem. O
As a corollary, we have
Corollary 10.45. If

1<g<2":=2n/(n-2),
then

lulg < Cllully,  we H.

Proof. Since S is dense in Hy, it suffices to prove the corollary for u € S.
We take p = 2 in (10.129). Then 2* = 2n/(n —2) is the largest value of ¢
which satisfies (10.129). The corollary now follows from Theorem 10.44.

|

We also have

Corollary 10.46. If 1 < g < 2%, then every bounded sequence in H
has a subsequence which converges in L1(Q).

Proof. We may assume that 2 < ¢ < 2*. We shall prove that
[ulg < Cllull§ + Ilully, we H, (10.141)

where a = 2(2* — q)/q(2* — 2), b = 2*(q — 2)/q(2* — 2). Once we have
(10.141), we can prove the corollary as follows. If ||ug|1 < M, then there
is a renamed subsequence which converges in Hy (Lemma 10.4). Hence,

uj — ulg < Clluy —uell§ - lluj —

< (2M)°Cluj — ugllg — 0 as j, k — oo.
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Therefore, {uy} converges in L?(Q). We prove (10.141) by noting that

qa/2 . qb/2*
/ |u|?dx < (/ u? dac) </ |u|? d;v) ,
Q Q Q
by Hoélder’s inequality (Theorem B.23). (Note that a/2+b/2* = 1.) Thus

b
2%

ulg < ful3lu

and this implies (10.141) in view of Corollary 10.45. This completes the
proof. O

Note that our proof required g < 2*, since we needed a > 0.

10.22 The case ¢ = o0

It would appear from Theorem 10.44 that when p > n, one should be
able to obtain the inequality

[u|oo < C(|Vulp + |ulp), weCHQ), (10.142)
where
|[u]oo = esssupg|u()].

(For discontinuous functions the essential supremum ignores sets of mea-
sure 0.) When p = n, this is not true, but otherwise we have

Theorem 10.47. If p > n, then (10.142) holds.
Proof. Assume that u(x) > 0 on Q. By (10.138)
[l < Co(|Vuls + [ul1) < ColQIY7 (|Vuly + [ul,).
Let
@ = u/Col QI (|Vul, + luly).
Then
Al <1,
and if p > 1, we have
|@Pln < Co(IVEl]1 + [a”]1)
< Co(pla*=Valy +[a*~ aly)
< Cola? ™y (plValp + [ilp)-
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Since
, 1/p’ , (p=1)/(pp") ,
|ap—1|p, — (/ ale—1p dx) < (/ PP dw) |Q|1/pp 7
Q Q
we have
(@] < Colat|? M QI PP (p| Vil + |]).
But

ColQIY?¥ (p| V], + |al,) < p,

since p > 1 and |@| > 1. Hence,

p

|€Lp|n' - |a|pn’

< plalh".

This is also true for p = 1. Let 0 = n//p’ > 1, and take p = ¥, k =
0,1,2,... Then we have

[t g < 7" a4/
This implies
| gnyy <o r=ok/oM),
We saw before that this is true for N = 0. If it is true for N — 1, then
Ao < N7 g 15 g o),
since o > 1. Thus,
[t|gn, < o o(k/ah) = ¢

for each N. Let C5 be any number greater than C1, and let (2 be the set
on which |a(s)| > Cs. Then

02|Q|1/(0'N7Ll) Scla N:07172a"'a

\Q|:/ ldx.
Q

If || # 0, then |Q[Y/(@"") — 1 as N — co. This implies that Cy < C1,
contrary to assumption. Hence, |©2| = 0. This shows that

where

li]oo < C).

If we now use the definition of 4, we obtain (10.142). O
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10.23 Sobolev spaces
For m a nonnegative integer and p > 1, we consider the norm
[ullm,p = Z |IDulp, ue C™(Q).
ITI<m

An equivalent norm is

1/p
Z / | D7 u|Pdx
lr|<m” @
‘We note
Theorem 10.48. If
1 1
pxlgzl-<-+2,
p q n

then
lulg < Cllullmp, uweC™(Q).

Proof. The theorem is true for m = 1 in view of Theorem 10.44. Assume
it is true for m — 1. Let ¢, satisfy

1 1 m-1

o p o on
if (m—1) <n/p and ¢; = 1, otherwise. In either case,
1 1 m—1
-<—+ :
P @1 n
By the induction hypothesis,

lulgy < Cllullm-1,, ueC™HQ).

Thus,
|Dju‘q1 < ClDjullm-1,p < Cllullmp, uveC™Q).
Hence,
[Vulg, + |ulg, < Cllullmp, uweC™Q).

Moreover,

1 1 1

—_ § -+ )

q1 q n

since

IN

=
S

Q=
S|
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Thus,
lulg < C(IVulg, + lulg,) < Cllullm,p,
and the theorem is proved. O

We let W™P(Q) be the completion of C"™((Q) with respect to the norm
12|l m,p- What kind of functions are in W P(Q)? If w € W™P(Q), then
there is a sequence {ur} C C™(Q) such that

[[ur = wllm,p — 0.

Thus

uj — vk llm.p — O.

This means that
Z |D"uj — D™ugl|p, — 0,

Ir|<m

as j,k — oo. Consequently, for each 7 such that |7| < m there is a
function u, € LP(Q) such that

|D™ug, — ur|p — 0.

The function u, does not depend on the sequence {uy}, for if {@;} is
another sequence converging to 4 in W"™?(Q), then

[tk — vkllm,p — 0.

This implies that 4, = u, for each 7. We call u, the generalized strong
D7 derivative of u in LP(Q), and denote it by D"u. We have

Theorem 10.49. Under the hypotheses of Theorem 10.48,
lulg < Cllullmp, uwe W™P(Q). (10.143)

Proof. For a sequence {uy} in C™(Q) converging to u in W™P?(Q), we
have by Theorem 10.48,

luj — ukle < Clluy — ugl[m,p-

Thus uy — @ in L4(Q). Since up, — v in LP(Q), we must have & = u
a.e. Since

luklg < Cllg]lm.p,
we have (10.143). O

We also have
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Theorem 10.50. If m > n/p, then

uloe < Cllullmp, weC™(Q).

Proof. f m —1 < n/p, let

Otherwise, take ¢ > n. Then

lulg < Cllullm-1,p, u€ Cm_l(Q)7
in view of Theorem 10.48. Hence,

[Djulg < ClDjullm-1p < Cllullmp,
implying

[Vulg < Cllullmp-

Since ¢ > n, we have

luloe < C(IVulg + |ulg) < C'|[tt]lm,p

(Theorem 10.47). This proves the theorem. O

We also have

Theorem 10.51. If m > n/p and u € W™P(Q), then u € C(Q), and

max lu] < C|lwllm,p- (10.144)

Proof. If {uy} is a sequence in C™(Q) converging to u in W™P(Q), then
[uj — ug|oo < Clluj — ugllm,p — 0.

Hence, uy converges uniformly on @ to a continuous function 4. Since
ur — w in LP(Q), we must have 4 = u a.e. O

Corollary 10.52. If m — £ > n/p, then W™P(Q) C C*(Q), and

maxmax |D7u| < C|ullm,p, ©e€ W™P(Q).
Ir|<e @

Proof. We apply Theorem 2.26 to the derivatives of u up to order £. [
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10.24 Exercises
1. Show that

u(z) = Z:ozue“”7 (10.145)
is real valued when o_, appears whenever o, appears and satisfies
a_y =0y (10.146)
2. Show that H; is a Hilbert space for each real t.
3. Show that
Z(l + ,u2)t|al(f) - osz)|2 —0asj,k— o0
implies that there is a subsequence such that
a,(j) — a8 j — 00
for each p € Z™.
4. Why does letting k — oo in

Z 1+ uz)t|aff) - ag’“)\Q <e? jk>K,
u2<N

imply

S ()~ <2, > K
w*<N

5. Why does this imply

S+ p) ) —auf < j> K.

6. Show that both sides of (10.15) equal
(2m)" Z By
when u, v are given by (10.10).
7. Prove Lemma 10.2.
8. Prove (10.22) and (10.23). Show that they imply (10.21).
9. Prove (10.25).

10. In the proof of Theorem 10.6, how do we know that uy converges
uniformly to u and not some other function?



11.

12.

13.

14.

15.

16.

17.

18.

19.
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Show that there is a constant C' such that

1+ p> <Clp* =1, peZ”,
when A is not an eigenvalue of —A.
List the first 20 eigenvalues of —A when n = 3.
Prove (10.56).
Show that

Vol + [[oll2 = lolf, v e H,
when s =t — 1.
Show that

[F(z, )] < C(t]" +[t]), z€@, teR,

implies

/ |F(x,u)|de < C|lullf, wue H.
Q

Carry out the details of the proof of Lemma 10.27.

/Q“(E)dx:/el/

where p(F) is the characteristic function of E.

Prove:

u(E (ﬂﬁn))dy] dzy,

n—1

Prove (10.133).

Let

Q=[2n2r"={zeR": —2n<z; <2, 1<j<n}

For each j, let x; be the vector x with the xz; component missing
(e.g., 5 = {71, 22,74, ..., 2, }). Thus we can write z = {2, x;} for
each j. For —2rn < z; <0, define

1
ulf, @) = du(xf, —5x5) = 3u(f, —x;).
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Show that

0 0
1
| by <4 [ juteh 5o,

—2n

0
—|—3/ |u(917;7 —z;)| d;

<8/ lu(x}, 2)| dz

+3/ lu(z}, 2)| dz
0
2n
< 11/ lu(z), 25)| da;.
0
20. Under the same circumstances, show that
0 0 1
/
/2 |Dju(z}, z;)| dej < 2/2 |Dju(xj,—§mj)|dxj
0
+3/ |Dju(z, —x;)| da;
< 4/ |Dju(x), z)| dz
w3 [ 1Dutel, 2
0
2n
< 7/ |Dju(z}, ;)| dx;.
0
21. Conclude that

|u\17Q < C|u|1,Q, |V’U,|1,Q < C|V’U,|1,Q. (10.147)

22. Find an estimate for the constant Cp, in (10.130).
23. If
@ = u/ColQI"" (|Vuly + [ul,)
and p > 1, show that
@l < Co(IVa’[1 + |aP]1)

< Co(pla~'Val|y + |a*~"aly)
< C0|ﬁp71|p’ (P|Vﬂ|p + m|p)~



24.

25.

26.

27.

28.

29.

10.24 FExercises
Also, show that

@] < Colai|? QY7 (p| Vil + |]).

Also,

ColQM?P (pl Vil + lil,) < p.

Also,
- ko 1— k
‘u|z7kn’ < Uk/a |u|ik—(11{; )7

where o =n//p’ > 1.

Also,
|ign,y <o k=ok/o",
Show that
[ullmp =" |D7ul,
[7|<m
and

1/p

D ulPd

[7|<m
are equivalent norms.
Show that
[tk — ullmp — 0

implies that @, = u, for each 7.

311






Appendix A

Concepts from functional analysis

Al Some basic definitions

Consider a collection C' of elements or “vectors” with the following prop-

erties:

H
e

11.
12.
13.
14.

© XN O W

They can be added. If f and g are in C, so is f + g.
fH@+h)=(+g9) +h [ g heC.

There is an element 0 € C such that h + 0= h for all h € C.
For each h € C there is an element —h € C such that h+(—h) = 0.
g+h=h+g, g, heC.

For each real number o, ah € C.

alg+h) = ag + ah.

(a+ B)h = ah + ph.

a(Bh) = (apf)h.

To each h € C there corresponds a real number ||k with the
following properties:

lahll = [a] 1]

||h]| = 0 if, and only if, h = 0.

lg + Al < llgl + A

If {h,} is a sequence of elements of C' such that ||k, —h.,|| — 0 as
m,n — 0o, then there is an element h € C such that ||k, —h| — 0
as n — oo.

A collection of objects which satisfies statements (1)—(9) and the addi-
tional statement

lh=h (15)

313
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is called a vector space (VS) or linear space. We will be using real
scalars.

A set of objects satisfying statements (1)—(13) is called a normed
vector space (NVS), and the number ||h| is called the norm of h. Al-
though statement (15) is not implied by statements (1)—(9), it is implied
by statements (1)—(13). A sequence satisfying

[ = hm] — 0 as m,n — oo

is called a Cauchy sequence. Property (14) states that every Cauchy
sequence converges in norm to a limit (i.e., satisfies ||h,, — h|| — 0 as
n — o00). Property (14) is called completeness, and a normed vector
space satisfying it is called a complete normed vector space or a Banach
space.

We shall write

h, — h as n — o0

when we mean

|hn — Rh]] = 0 as n — oo.

A.2 Subspaces

Definition A.1. A subset U of a vector space V is called a subspace
of V if a1z + asxs is in U whenever x1, xo are in U and oy, as are
scalars.

Definition A.2. A subset U of a normed vector space X is called closed
if for every sequence {x,} of elements in U having a limit in X , the limit
is actually in U.

A simple consequence of the definitions is

Lemma A.3. A closed subspace of a Banach space is a Banach space
with the same norm.

A3 Hilbert spaces

Lemma A.4. Consider a vector space X having a mapping (f,g) from
pairs of its elements to the reals such that
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(Z) (af7 )—Oé(f, )

(i) (f +g:h) = (f;h) + (g, 1)

(i) (f9) = (9, f)

(i) (f,f) > 0 unless f =0.
Then

(f,9)?*<(f. f)g.9), fgeX (A.1)

Proof. Let o be any scalar. Then

(af+g.af +9) =2(f, f) +2a(f,g9) + (3.9)

=0 [o 2+ (74
“a0 -5

unp ]
+(9,9) — (&’f}); :

where we have completed the square with respect to a and tacitly as-

sumed that (f, f) # 0. This assumption is justified by the fact that if

(f,f) =0, then (A.1) holds vacuously. We now note that the left-hand

side of (A.2) is nonnegative by property (iv) listed above. If we now take
=—(f,9)/(f, f), this inequality becomes

(f,9)?
(f, )’

which is exactly what we want. O

0 S (979) -

Definition A.5. An expression (f, g) that assigns a real number to each
pair of elements of a vector space and satisfies the aforementioned prop-
erties is called a scalar (or inner) product.

We have essentially proved

Lemma A.6. If a vector space X has a scalar product (f,g), then it is
a normed vector space with norm || f|| = (f, f)*/2.
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Proof. Again, the only thing that is not immediate is the triangle in-
equality. This follows from (A.1) since

1f + gl = 11£1% + llgll* +2(f. 9)
< A%+ llgll® + 2011l g
= (111 + llgl).
This gives the desired result. O

Definition A.7. A vector space which has a scalar product and is com-
plete with respect to the induced norm s called a Hilbert space.

Every Hilbert space is a Banach space, but the converse is not true.
Inequality (A.1) is known as the Cauchy—Schwarz inequality.

Proposition A.8. The space R™ is a Hilbert space.

A4 Bounded linear functionals

Let H be a Hilbert space and let (x,y) denote its scalar product. If we
fix y, then the expression (z,y) assigns to each € H a number.

Definition A.9. An assignment F' of a number to each element x of a
vector space is called a functional and denoted by F(x).

The scalar product is not the first functional we have encountered. In
any normed vector space, the norm is also a functional. The functional
F(z) = (x,y) has some very interesting and surprising features. For
instance it satisfies

F(a1z1 + aszs) = a1 F(21) + asF(x9) (A.2)
for ay, ag scalars.
Definition A.10. A functional satisfying (A.2) is called linear.
Another property is
|F(z)| < M||z||, =€ H (A.3)
which follows immediately from Schwarz’s inequality (cf. (A.1)).

Definition A.11. A functional satisfying (A.3) is called bounded. The
norm of such a functional is defined to be

F
1Pl= swp F@

r€H, z#0 ||‘TH )
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Thus for y fixed, F'(z) = (z,y) is a bounded linear functional in the
Hilbert space H. We have

Theorem A.12. For every bounded linear functional F' on a Hilbert
space H there is a unique element y € H such that

F(z) = (z,y) forall x € H. (A.4)

Moreover,

lyl = sup = [1F]. (A.5)

vet, z20 7]l

Theorem A.12 is known as the Riesz representation theorem.

We also have

Theorem A.13. Let M be a subspace of a normed vector space X, and
suppose that f(x) is a bounded linear functional on M. Set

= swp L

zEM, ©#0 ||Z'H .

Then there is a bounded linear functional F(x) on the whole of X such
that

F(z)= f(z), xze€M, (A.6)
and
1Pl = swp T2 V@I an
e Tl I P

Theorem A.13 is known as the Hahn—Banach theorem.

A5 The dual space

For any normed vector space X, let X’ denote the set of bounded linear
functionals on X. If f, g € X', we say that f = g if

f(x) =g(z) forall x € X.

The “zero” functional is the one assigning zero to all z € X. We define
h=f+gby
hz) = f(z) +g(x), ze€X,
and g = af by
g(z) =af(x), zelX.
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Under these definitions, X’ becomes a vector space. We have been em-
ploying the expression

1Al =sup LD e xo (A8)
2% el

This is easily seen to be a norm. In fact

(@) +g(@)| _ /()] lg(2)]

sup |f < sup + sup .
(] ] (]

Thus X’ is a normed vector space. It is therefore natural to ask when
X’ will be complete. A rather surprising answer is given by

Theorem A.14. The space X' is a Banach space whether or not X is.

Theorem A.15. Let X be a normed vector space and let xg # 0 be an
element of X. Then there is a bounded linear functional F(x) on X such
that

[Fl =1, F(zo) = [[zoll (A.9)
Corollary A.16. For each x € X,

. A.10
rex 20 |If|l (A.10)

Consequently, if 1 is an element of X such that f(xz1) = 0 for every
bounded linear functional f on X, then x1 = 0.

Theorem A.17. Let M be a subspace of a normed vector space X, and
suppose g is an element of X satisfying

d = d(xo, M) :Iléljaﬂxofz“ > 0. (A.11)
Then there is a bounded linear functional F' on X such that ||F|| = 1,
F(z9)=d,and F(z) =0 forz € M.

A subset U of a normed vector space is called convex if ax + (1 —a)y
is in U for each z,y € U, 0 < a < 1. Clearly, the closure of a convex
set is convex. The following consequence of the Hahn—Banach theorem
is sometimes referred to as the “geometric form of the Hahn-Banach
Theorem.”

Theorem A.18. If U is a closed, convexr subset of a normed vector
space X and xo € X is not in U, then there is an ¥’ € X' such that

7' (xg) > 2'(x), xeU, (A.12)

and x'(xo) # x'(x1) for some x1 € U.
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A.6 Operators

Definition A.19. Let X,Y be normed vector spaces. A mapping A
which assigns to each element x of a set D(A) C X a unique element
y €Y is called an operator (or transformation).

The set D(A) on which A acts is called the domain of A.
Definition A.20. The operator A is called linear if

(a) D(A) is a subspace of X
and

(b) Alaqzy + asxs) = a1 Axy + asAxs for all scalars ay, as and all
elements x1, x2 € D(A).

Definition A.21. An operator A is called bounded if there is a con-
stant M such that

|Az|| < Ml|zl|, =€ X. (A.13)

The norm of such an operator is defined by

A
) = sup 1221
a0 [12]]

Again, it is the smallest M which works in (A.13).

(A.14)

Definition A.22. An operator A is called continuous at a point xy €
X ifx, — x in X implies Ax,, — Az inY.

A bounded linear operator is continuous at each point. For if z,, — x
in X, then

|Azy, — Az|| < [|A]l « |lzn — x| — 0.
We also have

Theorem A.23. If a linear operator A is continuous at one point xg €
X, then it is bounded, and hence continuous at every point.

Proof. If A were not bounded, then for each n we could find an element
T, € X such that

[Azy]| > njzn].

Set
Tn

Zpn = —— + Xp.
nflza ||
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Then z, — xg. Since A is continuous at xg, we must have Az, — Axg.
But

A
Az, = In + Az
nlz.||

Hence,

Avn L,

nf|zy|
But
A

[EEA

nlz ||
providing a contradiction. O

We let B(X,Y) be the set of bounded linear operators from X to Y
having domains equal to the whole of X. Under the norm (A.14), one
easily checks that B(X,Y’) is a normed vector space. As a generalization
of Theorem A.14, we have

Theorem A.24. If Y is a Banach space, so is B(X,Y).

Lemma A.25. Let X, Y be normed vector spaces, and let A be a linear
operator from X to Y. Then for each x in D(A) and € > 0 there is an
element xg € D(A) such that

Azxg = Az, d(zo, N(A)) =d(z,N(A)),
d(z, N(A)) < [|zol| < d(z,N(A)) +e.

Proof. There is an z1 € N(A) such that ||z — z1| < d(z, N(A)) + €. Set
o =TT — T1. O

Definition A.26. Let X,Y be normed vector spaces. A linear operator
K from X toY is called compact (or completely continuous) if
D(K) = X and for every sequence {x,} C X such that |z,| < C, the
sequence { Kz, } has a subsequence which converges in'Y.

The set of all compact operators from X to Y is denoted by K(X,Y).
If X =Y, then we write K(X) for K(X, X).

Definition A.27. If A is a linear operator on a normed vector space X,
a scalar A is called an eigenvalue if there is a nonzero element v € X
such that

(A—2r)v=0.
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Any such v is called a corresponding eigenelement or eigenvector.
The subspace spanned by the eigenelements corresponding to an eigen-
value A is called its eigenspace and is denoted by E(1).

A.7 Adjoints

Suppose X,Y are normed vector spaces and A € B(X,Y). For each
y' €Y', the expression y'(Ax) assigns a scalar to each € X. Thus, it
is a functional F'(z). Clearly F' is linear. It is also bounded since

|F(z)| = [y (Az)] < Y]] « [ Az] < Y[ « (1ALl -« ]
Thus, there is an ' € X’ such that
y'(Az) = 2'(z), x€ X. (A.15)

This functional =’ is unique, for any other functional satisfying (A.15)
would have to coincide with z’ on each x € X. Thus, to each y' € Y’
we have assigned a unique ' € X’. We designate this assignment by A’
and note that it is a linear operator from Y’ to X'. Thus, (A.15) can be
written in the form

y'(Az) = Ay (). (A.16)
The operator A’ is called the adjoint (or conjugate) of A.

Theorem A.28. If A € B(X,Y), then A’ € B(Y',X'), and ||A'| =
1Al

The adjoint has the following easily verified properties:

(A+B) =A'"+B'. (A.17)
(aA) = A’ (A.18)
(AB) = B'A’. (A.19)

Many problems in mathematics and its applications can be put in the
form: given normed vector spaces X, Y and an operator A € B(X,Y),
one wishes to solve

Az =y. (A.20)

The set of all y for which one can solve (A.20) is called the range of A
and is denoted by R(A). The set of all z for which Az = 0 is called the
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null space of A and is denoted by N(A). Since A is linear, it is easily
checked that N(A) and R(A) are subspaces of X and Y, respectively. If
y € R(A), there is an x € X satisfying (A.20). For any y’ € Y’ we have

y'(Az) =y'(y).
Taking adjoints we get
Ay () =y (y).

If y € N(A'), this gives y'(y) = 0. Thus, a necessary condition that
y € R(A) is that y/(y) = 0 for all y’ € N(A’).

A.8 Closed operators
Definition A.29. The operator A is called closed if whenever {x,} C
D(A) is a sequence satisfying

T, — x in X, Ar, —y inY, (A.21)

then © € D(A) and Az =y.
Clearly, we have

Lemma A.30. All operators in B(X,Y) are closed.
Another obvious statement is

Lemma A.31. If A is closed, then N(A) is a closed subspace of X.
A statement which is not so obvious is

Theorem A.32. If X,Y are Banach spaces, and A is a closed linear
operator from X toY with D(A) = X, then

(a) there are positive constants M, r such that ||Az|| < M whenever
el <7
and

(b) Ae B(X,Y).

Theorem A.32 is called the closed graph theorem. As an application
of the closed graph theorem, we have an important result known either
as the uniform boundedness principle or the Banach—Steinhaus
theorem.
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Theorem A.33. Let X be a Banach space, and letY be a normed vec-
tor space. Let W be any subset of B(X,Y) such that for each x € X,

sup ||Az|| < oc.
Aew

Then there is a finite constant M such that ||A|| < M for all A € W.

Another useful consequence of the previous theorems can be stated as
follows.

Theorem A.34. Let A be a closed operator from a Banach space X to
a Banach space’ Y such that R(A) =Y. If Q is any open subset of D(A),
then the image A(Q) of @ is open inY.

If A is a linear operator from X to Y, with R(A) =Y and N(A) = {0}
(i.e., consists only of the vector 0), we can assign to each y € Y the
unique solution of

Axr =y.

This assignment is an operator from Y to X and is usually denoted by
A~! and called the inverse operator of A. It is linear because of the
linearity of A. One can ask: when is A~! continuous? By Theorem A.23,
this is equivalent to when is it bounded? A very important answer to
this question is given by

Theorem A.35. If X, Y are Banach spaces and A is a closed linear op-
erator from X toY with R(A) =Y, N(A) = {0}, then A~ € B(Y, X).

This theorem is sometimes referred to as the bounded inverse the-
orem.

A.9 Self-adjoint operators

Definition A.36. A linear operator A on a Hilbert space X is called
self-adjoint if it has the property that x € D(A) and Ax = f if and
only if

(z, Ay) = (f,y), y € D(A).
In particular, it satisfies

(Ax’y) = (vay); T,y € D(A)
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Proposition A.37. If A is self-adjoint and

(A=2)x=0, (A-—py=0
with . # u, then

(z,y) = 0.

Proof. We have

(A =21z, y) = (z, (A = py).
Thus,

(A= p)(z,y) = 0.
O

Corollary A.38. FEigenelements corresponding to different eigenvalues
are orthogonal.

Corollary A.39. If A has a compact inverse, its eigenvalues cannot
have limit points.

Proof. If xj is an eigenelement corresponding to Ax — Ag with norm
equal to one, then

Ailxk = ‘Tk/)\k
is uniformly bounded. Hence, there is a subsequence that converges. But,
lox — 2% = llzwl|* — 2(zx, 25) + llz5]* = 2,
showing that no subsequence can converge. 1

Corollary A.40. If A~ is compact, then the eigenelements correspond-
ing to the same eigenvalue form a finite dimensional subspace.

Proof. Same proof. Take A = Ag for each k. O

Proposition A.41. If A is self-adjoint, A~ is compact, and all eigen-
values of A are > Ag, then

(Az,x) > Aollz|?, z € D(A).
Theorem A.42. If A € B(X) is self-adjoint and satisfies
(Az,z) >0, ze€X,
then there is a unique self-adjoint operator B € B(X) such that
(Bz,z) >0

and B? = A. If A is compact, then B is also compact.
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A.10 Subsets

Definition A.43. A subset W of a normed wvector space is called
bounded if there is a number b such that ||z|| < b for all x € W. It
is called compact if each sequence {z(k)} of elements of W has a sub-
sequence which converges to an element of W.

Definition A.44. A subset V. C W is called dense in W if for every
e >0 and every w € W there is a v € V such that ||v — w| < e.

Definition A.45. A subset W of a normed vector space is called sep-
arable if it has a dense subset that is denumerable. In other words, W
is separable if there is a sequence {x} of elements of W such that for
each x € W and each € > 0, there is an xy, satisfying ||z — x| < €.

Lemma A.46. A compact set is separable.

Definition A.47. For a subset Wof a normed vector space, the linear
span of W is the set of linear combinations of elements of W. It is a
subspace. Its closed linear span is the closure of its linear span.

Lemma A.48. The closed linear span of a separable set is separable.

Theorem A.49. If X' is separable, so is X.

Proof. Let {x],} be a dense set in X'. For each n, there is an z,, € X
such that ||x,|| =1 and

|2 (zn)| = |2, 1/2

by (A.8). Let M = [{z,}], the closure of the set of linear combinations
of the z,,. If M # X, let xy be any element of X not in M. Then there
is an x, € M° such that ||z(]| = 1 and xf(xg) # 0 (Theorem A.17). In
particular,

ro(zn) =0, n=1,2,...
Thus,

/2 < fa, ()| = Ja, (@) — 2 ()]

< ey = 2ol « lnll = [l — 5]l

Hence,

1= lgl < llaf, — 2ol + |2l < 3]z, — aoll,
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showing that none of the x], can come closer than a distance of 1/3 from
xf. This contradicts the fact that {«],} is dense in X’. Thus we must
have M = X. But M is separable. To see this, we note that all linear
combinations of the x, with rational coefficients form a denumerable
set. This set is dense in M. Hence, M is separable, and the proof is
complete. O

A.11 Finite dimensional subspaces

Let V be a vector space. The elements vi,...,v, are called linearly
independent if the only scalars ay, ..., a, for which

Qv+ apv, = 0 (A22)
are a; = -+ = ay, = 0. Otherwise, they are called linearly dependent.
Definition A.50. The space V is said to be of dimension n > 0 if

(a) there are n linearly independent vectors in V.
and
(b) every set of n+ 1 elements of V is linearly dependent.

If there are no independent vectors, V' consists of just the zero element
and is said to be of dimension zero. If V is not of dimension n for any
finite n, we say that it is infinite dimensional.

Now suppose dim V' = n (i.e., V is of dimension n), and let vy,..., v,
be n linearly independent elements. Then every v € V' can be expressed
uniquely in the form

v =oqv; + -+ U, (A.23)

To see this, note that the set v, vy, ..., v, of n+1 vectors must be linearly
dependent. Thus, there are scalars 3, 31,..., B, not all zero, such that

ﬂv+ﬂlvl+"'+5nvn:0~

Now ([ cannot vanish, for otherwise the vy, ..., v, would be dependent.
Dividing by 3, we get an expression of the form (A.23). This expression
is unique. For if

/ !
v =QqU1 F Uy,
then

(a1 —a))vr + -+ + (a, — a))v, =0,
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showing that o) = «; for each . If dimV = n, we call any set of n
linearly independent vectors in V' a basis for V. Let X be a normed

vector space, and suppose that it has two norms || - [|1, || - ||2. We call
them equivalent and write || - ||y ~ || - ||2 if there is a positive number
a such that

ozl < llzll2 < allzly, @€ X. (A.24)

Clearly, this is an equivalence relation, and a sequence {z,} converges
in one norm if and only if it converges in the other.

Theorem A.51. If X is finite dimensional, all norms are equivalent.
We state some important consequences.

Corollary A.52. A finite dimensional normed vector space is always
complete.

Corollary A.53. If M is a finite dimensional subspace of a normed
vector space, then M is closed.

Corollary A.54. If X is a finite dimensional normed vector space, then
every bounded closed set T in X is compact.

Corollary A.54 has a converse.

Theorem A.55. If X is a normed vector space and the surface of its
unit sphere (i.e., the set ||x|| = 1) is compact, then X is finite dimen-
sional.

Lemma A.56. If K is a bounded, closed, convex subset of R™, then for
each x € R™ there is a unique y € K such that

|z —yl| = d(z, K) = Zlg’(\lezn.

A2 ‘Weak convergence

Definition A.57. A sequence {zy} of elements of a Banach space X is
said to converge weakly to an element x € X if

o' (zg) — 2'(x) as k — oo (A.25)
for each ' € X'.
We abbreviate weak convergence by

T — .
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In a Hilbert space, weak convergence is equivalent to
(‘rkay)—)(‘ray> as k—>OO, ?JEX

We shall see how this convergence compares with convergence in norm
(sometimes called strong convergence for contrast). Clearly, a sequence
converging in norm also converges weakly. We have

Lemma A.58. A weakly convergent sequence is necessarily bounded.

A.13 Reflexive spaces
Let X be a Banach space and let xg be any element of X. Set

F(z') = a'(z0), 2’ €X'
Then,
[F ()] < flzoll - [l

This means that F(z') is a bounded linear functional on X’. Hence,
there is an zj € X" = (X’)" such that

zg(2") = 2'(z0), 2’ € X' (A.26)
The element z( is unique. For if z} also satisfies (A.26), then
xg(x') — 2 (') =0, 2 eX’,

showing that z§ = xf. We set x§j = Jxy. Clearly, J is a linear mapping
of X into X" defined on the whole of X. Moreover, it is one-to-one. For
if Jxg = 0, we see by (A.26) that z/'(z9) = 0 for all 2/ € X’. Hence,
xo = 0. In our new notation, (A.26) becomes

Jr(a') =a'(z), zeX, 2 €X' (A.27)
We also note that J is a bounded operator. In fact, we have

J / /
Wl = sup 22 _ o @)
Ed) Ed

= [l=lI; (A.28)

where the least upper bound is taken over all nonvanishing =’ € X’.

Definition A.59. We call X reflexive if R(J) = X", that is, if for
every " € X" there is an x € X such that Jx = z”.

Lemma A.60. Every Hilbert space is reflexive.
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Proof. By the Riesz representation theorem (Theorem A.12), every z’ €
X' is of the form (z,z), where z € X. Hence, X' can be made into a
Hilbert space. Thus, elements of X" are of the same form. O

We also have

Theorem A.61. If X is reflexive, then every bounded sequence has a
weakly convergent subsequence.

We now realize that weak convergence cannot be equivalent to strong
convergence in a reflexive, infinite dimensional space. The reason is
that if X is reflexive, every sequence satisfying ||x,|| = 1 has a weakly
convergent subsequence (Theorem A.61). If this subsequence converged
strongly, then it would follow that X is finite dimensional (Theorem
A.55). On the other hand, we have

Theorem A.62. If X is finite dimensional, then a sequence converges
weakly if and only if it converges in norm.

A.14 Operators with closed ranges

Theorem A.63. Let X,Y be Banach spaces, and let A be a one-to-
one closed linear operator from X to Y. Then a necessary and sufficient
condition that R(A) be closed in'Y is that

|| < Cl|Az|, ze€X. (A.29)
hold.

Theorem A.64. If X,Y are Banach spaces, and A is a closed linear
operator from X to'Y, then R(A) is closed in'Y if, and only if, there is
a constant C' such that

d(z,N(A)) = Zei]{]l{A) |z — 2| < C|lAz||, =€ D(A) (A.30)

holds.

Theorem A.65. Let X,Y be Banach spaces, and assume that A €
B(X,Y). If R(A) is closed inY, then

R(A') = N(A)°, (A.31)

and hence R(A’) is closed in X'. Here N(A)° is the set of functionals
in X' which vanish on N(A).
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Definition A.66. Let X,Y be Banach spaces. An operator A € B(X,Y)
is said to be a Fredholm operator from X toY if

(1) a(A) =dim N(A) is finite,

(2) R(A) is closed in'Y,

(8) B(A) = dim N(A’) is finite.

The set of Fredholm operators from X to Y is denoted by ®(X,Y).
We have

Lemma A.67. If X =Y and K € K(X), then I-K is a Fredholm
operator.

The set of operators for which (1) and (2) hold is denoted by &4 (X,Y).
The set for which (2) and (3) hold is denoted by ®_(X,Y"). Operators
in®,(X,Y)and ®_(X,Y) are called semi-Fredholm operators. The
index of a semi-Fredholm operator is defined as

i(A) = a(A) — B(A). (A.32)
Lemma A.68. For K € K(X), i(I — K) =0.

If A e ®(X,Y), then i(A) is finite. If A € &,(X,Y) but not in
O(X,Y), then i(A) = —oc0. If A € &_(X,Y) but not in ®(X,Y), then
i(A) = oc.

Theorem A.69. If A isin ®(X,Y) and K € K(X,Y), then A+ K €
4 (X,Y) and
i(A+ K) =i(A). (A.33)

Lemma A.70. Let X be a normed vector space, and suppose that X =
N ®Xq, where Xq is a closed subspace and N is finite dimensional. If
X1 is a subspace of X containing Xg, then X1 is closed.

Lemma A.71. Let Y be a normed vector space, and let R be a closed
subspace. Then R° is of finite dimension n if and only if there is an n
dimensional subspace M of Y such that X= R ®M.

Corollary A.72. IfR = R(A), then R(A)° = N(A’). Hence, B(A) = n.

Theorem A.73. Assume that X,Y,Z are Banach spaces. If A € ®(X,Y)
and B € ®(Y,Z), then BA € ®(X,Z) and

i(BA) = i(B) +i(A). (A.34)



Appendix B

Measure and integration

B.1 Measure zero

Definition B.1. A cuboid (or parallelepiped or box) Q@ C R” is a
set of the form

Q={zeR":a; <zj<bj, j=1,...,n}.
Its volume is given by
vol Q@ =1Q| = (b1 —ay) - (bp — ay).

Definition B.2. A set E C R™ has measure zero if for each € > 0 it
can be covered by a sequence of cuboids of total volume < €.

This means that for each € > 0 there is a sequence {Qy} of cuboids
such that

EC UQk, Z|Qk| <e.
k=1 k=1

A statement is said to hold almost everywhere (abbreviated a.e.) if
the set of points for which it is not true has measure 0. A denumerable
union of sets of measure 0 has measure 0.

Proposition B.3. The boundary of a cuboid having finite volume has
measure 0.

B.2 Step functions

Definition B.4. We call a function p(x) on R™ a step function if it
has a constant value ¢ on each of a finite number m of nonintersecting
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cuboids Qy, of finite volume and vanishes outside the closure of

R= U Q.
k=1

It may take any values on the boundary of R. We define the integral of
p(x) to be

/L,O(.Z’) dx = ch|Qk|.
k=1

Proposition B.5. The sum or difference of step functions is a step
function.

Definition B.6. The positive part f*(z) and negative part f~(z)
of a function f(x) are defined as

J* () = max{£f(z),0}.
They are nonnegative functions.
Proposition B.7. The positive and negative parts of a step function
are step functions.
We have

Lemma B.8. For every sequence of step functions which decrease to 0
a.e., their integrals converge to 0.

Lemma B.9. If {¢,} is a nondecreasing sequence of step functions
which satisfy

[enwras<c,

then . (x) converges to a finite limit f(z) a.e.

B.3 Integrable functions

Definition B.10. If the function f(x) is the limit a.e. of a sequence of
step functions gy, satisfying the hypotheses of Lemma B.9, then we define
the integral of f(x) as

/f(l“) dfzkllngo/gok(x)dx.



B.3 Integrable functions 333

For this definition to make sense, the limit must be independent of
the sequence ¢ as long as it satisfies the condition of Lemma B.9 and
converges a.e.to f(x). This is guaranteed by Lemma B.8. In fact, we
have

Lemma B.11. If the function f(x) is the limit a.e. of sequences of step
functions g, Vi satisfying the hypotheses of Lemma B.9, then

klim Y (z) de = klim o(z) dx.

Proof. For fixed m, the sequence of step functions {[tm,(z) — pr(x)] T}
satisfies the hypotheses of Lemma B.8. Hence,

/[me(:v) —¢p(z)]Tdr — 0 as k — oo.
This implies

lim | [ (z) — ¢r(z)]dz <0,

k—o0

or
/wm(x) dx < klim ok (z) dx.
Since this is true for each m, we have

lim [ ¥ (z)de < klim or(z) dx.

m— 00
Interchanging the two sequences, we obtain the desired result. O
Let S denote the set of those function which are the limits a.e. of se-

quences of step functions satisfying the hypotheses of Lemma B.9. If
fi,f2 €S, then f1 + fo € S and

/[f1+f2]dxz/f1dx+/f2dx.

Definition B.12. We call a function f(z) integrable (or summable)
in the sense of Lebesgue if it is the difference a.e. of two functions f1, fo €
S. We define its integral to be

/f(x) d:c=/f1(x)dx—/f2(x) dz.
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This definition is independent of the functions f1, fs. For, if f = f1 —
Ja = g1 — g2, then f1 + g2 = g1 + f2, and consequently

/fldx+/ggdx:/gldx+/f2dx.
/f1dl‘—/f2dx=/g1dm—/ggda;.

We denote the set of integrable functions by L' = L*(R™).

Thus,

Proposition B.13. If f € L', then |f| and f* = max{£f(z),0} € L'.

Proposition B.14. If f € L', then there is a sequence {py} of step
functions converging to f a.e. and such that

/‘f(x)_Wk($)|d$—>0 as k — oo.

Theorem B.15. (Beppo-Levi) If {fr} is a nondecreasing sequence of
functions in L' such that

/fdeSSC,

then they converge a.e. to a summable function f, and

/fkdx—>/fdas.

Theorem B.16. (Fatou) If f;, € L' satisfy

(a) fr(z) >0a.e.,
(b) fu(x) — f(x) ae.,
(¢) [ fr(x)dr <c< oo,

then f € L' and
fdx < likminf/f;C dx.
Theorem B.17. If ;. € L' and fi(z) > —W (z) € L', then
/[likm inf f | dz < likm inf/fk dx.
If fr(z) < W(x) € L, then

limsup/fk dx < /[limsupfk]dx.

k—oo k—o0
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Theorem B.18. (Lebesgue) If fr, € L' satisfy

(a) fr(x) — f(x)a.e. and
(b) there is a g(x) € L' such that

[fe(2)] < g(z) ae., k=12,

/fkdx—>/fdx.

B.4 Measurable functions

then f € L' and

Definition B.19. A function on R™ is called measurable if it is the
limit a.e. of a sequence of step functions.

Theorem B.20. Summable functions are measurable. If f(x) is mea-
surable, g(z) € L* and

[f@)] < g(x), ae.,

then f(x) € L. If f(z) and g(x) are measurable, then |f(x)|, f(z) +
g(x), f(x) . g(x ), max{f(x),g(z)} are all measurable. If f(x) #0 a.e.,
(x

then 1/f(x) is also measurable. If a sequence of measurable functzons
converges to f(x) a.e., then f(x) is measurable.

B.5 The spaces L”

Definition B.21. For 1 < p < oo, we define LP = LP(R™) to be the set
of those measurable functions f(z) such that |f(z)|P € L.

Theorem B.22. For each such p, the set LP is a Banach space with

norm
1/p
fly = ( / Iflpdx> .

Theorem B.23. (Hélder) If p>1,q>1,1/p+1/g=1, f € LP, g €
L9, then fg is in L' and

|falr < |flplgle-

For these values of p, q the space LP is reflexive with dual space L.
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Theorem B.24. If f;. € L' satisfy (a) fu(z) — f(x) a.e., (b) there is
a sequence {gx} C L' such that

[fe(@)] < gr(z) ae, k=12,

and g, — g in L', then f € L' and

/fkd:z:ﬂ/fdx.

Theorem B.25. If fi. — f in L', then there is a subsequence converg-
ing to f(x) a.e.

Theorem B.26. (Fubini) If f € L, then

/f(;v)dx:/~~~/f(x1,‘..,xn)dm1~~~dmn,

where the order of integration is immaterial.

B.6 Measurable sets

Definition B.27. If V. C R", the characteristic function py(x) of
V is defined to be equal to 1 or 0 depending on whether x € V' or not.

Thus
() 1, zeV,
xTr) =
v 0, z¢V.

Definition B.28. A set V C R™ is measurable if its characteristics

function is measurable. If py (x) is summable, then the measure of V is
defined to be

m(V) = [ (o) o
Otherwise, m(V') = oo.
Proposition B.29. Open and closed subsets of R™ are measurable.

Proposition B.30. A set has measure 0 if and only if it is measurable
and its measure equals 0. A denumerable union or intersection of mea-
surable sets is measurable. If the measurable sets V1, Vs, ..., are disjoint,
then

m | JVi| =D mv)).
j=1 j=1
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If V; C Vjta, then

UV | = lim m(V)).
]‘)OO

If f(x) is measurable and c is arbitrary, then the sets where

f@) <e fl@) <c f(z) z ¢ f(z)>c

are all measurable. If any one of these sets is measurable for arbitrary
¢, then f(x) is measurable.

Theorem B.31. (Egoroff) If E C R™ is bounded and measurable, then
for every sequence of functions converging point-wise on E and every e >
0 one can remove from E a set of measure < € such that the convergence
is uniform on the rest of E.

Theorem B.32. (Lusin) If f(x) is defined on a measurable set E C R™,
then it is measurable if and only if for every € > 0 one can remove from

E an open set of measure < € such that f(x) will be continuous on the
rest of E.

Definition B.33. For any measurable set Q@ C R™ and for 1 <p < oo,
we let LP(QQ) denote the set of those measurable functions f(x) such that
f(@)pa(z) is in LP. If f € L1(Q), we define

/ fl@)de = f(@)pa(x)de
Q R

Proposition B.34. The set LP(Q) is a Banach space with norm

| flpo = (/Q |f(x)|pdx)1/p.

Definition B.35. A function F(x) defined on an interval [a,b] is
absolutely continuous if for every € > 0 there is a 6 > 0 such that

N

D [F(by) = Flax)] < e

k=1

whenever
N
E (b — ax)
k=1

where the (ax,by) are nonoverlapping intervals contained in [a,b].
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Theorem B.36. If f(x) is a summable function in [a,b], then

Flz) = / (1) dt
is absolutely continuous and satisfies
F'(z) = f(x) a.e., x € [a,b].

A function F(x) is absolutely continuous in [a,b] if and only if it is of
this form, where f(x) is summable in [a,b].

B.7 Carathéodory functions
Let € be a bounded, measurable set in R".
Definition B.37. A function f(x,t) on @ X R is called o Carathéo-

dory function if it is measurable on 2 for each t € R and continuous
on R for a.e.x € (.

‘We shall need

Theorem B.38. If v(x) is continuous on Q and f(z,t) is a Carathé-
odory function on Q x R, then the function f(x,v(x)) is measurable.

Proof. Since v(x) is continuous on a closed, bounded set in R™, there is
an integer N such that

lo(x)] < N, x€Q.

Let Iy = [N, N, let S be the set of measure 0 where f(z,t) fails to be
a continuous function of ¢ for t € Iy, and let £ > 0 be given. For each
integer k > 0 define

1
E.pp={zeQ\S:|t1 —ta] < R t1,to rational, t1,ts € I,
€

Then z € Q\(E, ,US) if and only if there are rational numbers ¢1,t2 € Iy
such that |[t; —t2] < 1/k and
€
|f($,t1) - f(xatQ)l > §
For each choice of rational ¢1,ts € Iy satisfying [t; — to| < 1/k, the set
of such points z € Q is measurable (Proposition B.30). Consequently,
the set Q\(E. ;U S) is the denumerable union of measurable sets and,
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hence, measurable. This implies that E. j is measurable. Let

E.= | E-x.
k=1
Since E. r C E¢ (141), We see that
m(E.) = klim m(Ee k).
If x ¢ S, then f(z,t) is a continuous function in ¢ for ¢ € Iy. Hence, it

is uniformly continuous there. Consequently, z € E, j for k sufficiently
large. This shows that

O\E, CS.
Thus m(Q\E.) = 0. This implies that
m(Be) — m(E.) = m(Q)
as k — oo. Therefore, for each n > 0 there is an integer r such that
m(E.,) > m(Q)—Eg
and

(@, t1) = f2,t2)] <

wherever tq,ts € Iy, ® € E.,, and the t; are rational and satisfy |t1 —
ta| < 1/r. Let p = 4Nr, and divide I into p intervals of length 1/2r

[SCRNO)

each. Let sg,...,sp be their end points. By Lusin’s theorem (Theorem
B.32), there is a closed set F; C Q) for each j such that
en
m(F;) > m(Q) — »

and f(z,s;) is continuous on Fj. Since F; is bounded and closed, it is
compact, and there is a 6; > 0 such that

|f(z,s5) — f(a,s5)] < %, z, 2’ € Fy, |v — 2| <é;.
Let

F =
J

Fj.

p
=1

Then F is closed and satisfies
m(F) > m(Q)—Eg.
If we let 69 be the smallest of the é;, then we have

|f(z,s5) — f(2,s5)] < %, z, ' €F, |z —2'| <é, j=1,...,p.
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Since v(z) is continuous on €, it is uniformly continuous there, and there
is a 6 > 0 such that

1 _ -
lv(z) —v(2')| < o z, ' €Q, |z —a2'| <.
r
Let V = E. . N F. Then
m(V) > m(Q)—en.

Let 6 = min[éo, 6]. If |z — 2’| < 6, then there is an s; such that |v(z) —s;|
and |v(z")—s;| are both < 1/r. Consequently, for z,z’ € V and |[z—2'| <
6, we have

This shows that f(x,v(x)) is continuous if we remove from {2 an open
set of measure less than 7. To see this, let ¢, = 1/2¥. Then there is a
set Vi, with m(Vy) > m(Q) —n/2* and a &, > 0 such that

1

F e v@) - 1 0@)] < o

whenever |z — 2’| < 6, and z,2" € V. Let

V= ﬁ V.
k=1

Then

m(V) >m(Q) —n Y 27F =m(Q) —n.
k=1

Let p be any positive number. Then there is a k such that 27% < p.
For any z,2’ € V satisfying |x — 2/| < & we have x,2’ € Vj, and
consequently

F (@, v(@) — f(a!,v(@))] < zik <p.

This shows that f(z,v(x)) is continuous on V. Since m(V) > m(2) — n
and n was arbitrary, we see that f(z,v(x)) is measurable by Lusin’s
theorem (Theorem B.32). O
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Metric spaces

C.1 Properties

If X is a set, then a map p(z,y) of X x X — R is called a metric on X
if it satisfies

(1) p(x,y):0<:>x:y, zvyEXa

(2) p(z,y) =py,z), =zyeX,
and

(3) p(z,2) < p(z,y) +ply,2), =,y,2€X.

A set may have more than one metric. A metric space (X, p) is a set
X together with a specific metric p(x,y) defined on it. The elements of
X are usually called “points.” A sequence of points {zy} C X converges
in (X, p) to a point z € X if

p(xp,z) — 0 as k — oo.
In this case we write
xzp — 2 in (X, p).
It is called a Cauchy sequence in (X, p) if
p(zj,zr) — 0as j, k — oo.

The metric space (X, p) is called complete if every Cauchy sequence in
(X, p) converges to an element x € X. All Banach and Hilbert spaces
including R™ are examples of complete metric spaces if we use the metric

plx,y) =z —yl, zyeX.
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If (X,p),(Y,0) are metric spaces, a map f(z) : X — Y is called
continuous at xg € X if for every € > 0 there is a 6 > 0 such that

plr,zg) <6 = o(f(z), f(xo)) <&, ze€X.

It is continuous on X if it is continuous at each point of X. It is called
uniformly continuous on X if for each ¢ > 0 there is a 6 > 0 such
that

p(d?l,l‘g)<6:>(T(f(l’1),f(l’2))<€, xlvaGX'

Note that 6 does not depend on z1,zs. A sequence of functions fi(z) :
X — Y converges point-wise in (X, p) to a function f(x) if

fe(x) = f(x), zeX.

It converges uniformly in (X, p) if for every € > 0 there is a number N
such that

o(fe(z), f(x)) <e, k>N, zelX.

Note that N does not depend of x.

A subset Z C X is called compact in (X, p) if each sequence {2z} C Z
has a subsequence converging to a point z € Z in (X, p). A subset Z C X
is called bounded if there is an xy € X such that

plx,z0) <C, ze€Z.

A point g € Z C X is called interior point of Z if there is a § > 0
such that

plx,x0) <6 =z € Z.

A subset Z C X is called open if all of its points are interior points of
X.

Proposition C.1. Every union of open sets is open. Every finite inter-
section of open sets is open.

A set Z C X is called closed if its complement X\ Z in X is open.

Proposition C.2. All intersections of closed sets are closed. All finite
unions of closed sets are closed.

An open covering of a set Z C X is a collection of open sets in
(X, p) such that Z is contained in their union.
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Theorem C.3. If Z C X is compact in (X, p), then from every open
covering of Z one can select a finite number of them that will cover Z.

Theorem C.4. Every bounded, closed subset of R™ is compact.

The closure of a subset Z of a metric space is the smallest closed set
containing it, that is, the intersection of all closed sets containing Z.

Theorem C.5. A metric space is complete if and only if every sequence
{Si} of closed spheres satisfying Sk+1 C Sk having radii r, — 0 as
k — oo has a non—empty intersection.

The space Cla,b] is the metric space of real functions continuous on
the closed interval [a,b] with the metric

p(x,y) = sup |[z(t) —y(t)].

A set Z C Cla,b] is called equicontinuous if for each € > 0 there is a
6 > 0 such that

lz(t) —z(t)| < e
for all z € Z when |t — | < 6.

Theorem C.6. (Arzeli—Ascoli) A subset Z C Cla,b] is compact if and
only if it is closed, bounded, and equicontinuous.

Theorem C.7. A continuous map of a compact metric space into a
metric space is uniformly continuous.

Theorem C.8. If a sequence of continuous functions from a metric
space to a metric space converges uniformly, then the limit function is
continuous.

Theorem C.9. If a real function is continuous on a compact metric
space, then it attains its supremum and infimum.

C.2 Para-compact spaces

Definition C.10. A collection © of sets is called a refinement of a
collection A of sets, if each member of © is a subset of one of the members

of A.

Definition C.11. A collection of sets is called a cover of a set X if
the set X is contained in the union of the members of the collection.
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Definition C.12. A cover is called an open cover if every member of
the collection is an open set.

Definition C.13. A cover of X is called locally finite if each point
of X has a meighborhood which intersects only finitely many members of
the cover.

Definition C.14. A set X is called para-compact if each open cover
has an open locally finite refinement.

Theorem C.15. Any subset of a metric space is para-compact.



Appendix D

Pseudo-gradients

D.1 The benefits

If you recall in Chapter 2, we introduced the concept of a pseudo-
gradient. This was done in order to solve differential equations in which
the right-hand side was not Lipschitz continuous. These equations came
about when we tried to show that if the gradient of a C! function did
not vanish, we could decrease the function. But the equations we wanted
to use involved the gradient of the function, which was only known to be
continuous and not Lipschitz continuous. Our approach was to substi-
tute another function for the gradient which (a) was Lipschitz continuous
and (b) allowed one to decrease the function when the gradient does not
vanish. This was done by approximating the gradient by a smoother
function. In R? we used the Heine-Borel theorem to cover bounded sets
by a finite number of small balls, construct a Lipschitz continuous func-
tion in each ball and then piece them together by means of a partition
of unity.

However, in an infinite dimensional Hilbert space this approach does
not seem to work. We do not have any difficulty constructing a Lipschitz
continuous approximation in a ball or a finite number of balls. But we
need to cover the space (or portion of the space) with balls that are
locally finite (i.e., any small neighborhood intersects only a finite number
of them). This is where the rub is. Can this be done in an arbitrary
Hilbert space?

Fortunately, the answer is yes. However, we will need some powerful
results from point set topology.

Definition D.1. A collection © of sets is called a refinement of a

345
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collection A of sets, if each member of © is a subset of one of the members
of A. A collection of sets is called a cover of a set X if the set X is
contained in the union of the members of the collection. It is called an
open cover if every member of the collection is an open set. A cover of
X is called locally finite if each point of X has a neighborhood which
intersects only finitely many members of the cover. A set X is called
para-compact if each open cover has an open locally finite refinement.

What we need now is
Theorem D.2. Any subset of a metric space is para-compact.

Unfortunately, we do not have the time and space to prove this theo-
rem. All we can do is refer to [Kelley, 1955] for a proof. We shall use it
to prove the existence of a mapping Y (u) needed to strengthen Theorem
2.5 (cf. Theorem D.5).

D.2 The construction
We shall prove
Lemma D.3. Let X(u) be a continuous map from a Hilbert space E to
itself, and let
E={ueE:X(u)#0}.
If 0 < 1, then there is a mapping Y (u) from E to E which is locally
Lipschitz continuous and satisfies
V() <1, X (w)] < (X(u),Y (), ueE. (D.1)
Proof. For each u € E, there is an element h(u) € E such that
()l =1, X ()] = (X(u),h(w), uek (D-2)
(just take h(u) = X (u)/[|X(u)|]). By the continuity of X (u), for each
u € E there is a neighborhood N(u) of u such that
0 < OIX ()]l < (X(0),h(u), e N(u), (D3)

The collection {N(u)} forms as open covering of E. Since E is para-
compact (Theorem D.2), this open cover has a locally finite open re-
finement {N.}. Let {1;} be a locally Lipschitz continuous partition of
unity subordinate to this refinement. We construct this partition of unity
as follows. Our first step is to establish the following generalization of
Lemma 2.3.
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Lemma D.4. If A is any set in a metric space (cf. Appendiz C) and
=d(p,A) = inf
9(p) = d(p, 4) = inf p(p.q),
then

lg(p) — 9@ < p(p,p').
Proof. If g € A, then

p(p,q) < pp.p") + p(0', q)

and
d(p, A) < p(p,q) < p(p,p") + p(¥', @)
Thus,
d(p, A) < p(p,p') +d(p', A).
Consequently,

Interchanging p and p’ gives
d(p', A) —d(p, A) < p(¢'. p),

which produces the desired inequality. U

Now to the construction of the partition of unity. Let
9:(p) = d(p, E\N;) = inf |]p—ql|.
q¢N-

Then,
g-(p) =0, p¢& N,

and g, (p) is Lipschitz continuous by Lemma D.4. Define

_ g-(p)
w’r(p)* Zl,gu(p)’ pENT

The denominator is positive and finite for each p € N,. The reason for
this is that each p € N, is contained in at least one, but not more than
a finite number of N,, and g, (p) = 0 when p is not in N,.

For any p € F, let N(p) be a small neighborhood of p. Then

N(p)NN: # ¢

for only a finite number of 7. Thus, there is only a finite number of g,
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which do not vanish on N (p). Since each g, is locally Lipschitz contin-
uous, the same is true of the denominator of each v,. Thus the same is
true of each v, itself.

For each 7, let u, be an element for which N, C N(u,). Let

v) =3 e (v)h(u

Since u, is fixed on the support of ¥, Y (v) is locally Lipschitz contin-
uous. By (D.3)

| X (v)]| < (X(v),h(ur)), v€N;,. (D.4)
Thus
@I <3 v @)l = 3 v (0) = 1
and
(X(0), Y () = 3 ¢ (0) (X (0), h(ur))
> 03 v (0) | X)) = X )]l
This gives the desired result. O

As a result of Lemma D.3, we can remove the requirement of local Lips-
chitz continuity from our theorems. This is accomplished by substituting
the equation

do(t)v
e ~Y (u) (D.5)
for the equation
do(t)v G'(o(t)v)
a  max]| G )a. o) (Do

n (2.48), where Y (u) is the pseudo-gradient corresponding to X (u) =
G’ (u). By using (D.5) in place of (2.48), we achieve the same goal, but a
bit slower. This is similar to skiing down a smoother path even though
it is not as steep as a more direct path which is not so smooth. As
an example, by using this method we can obtain the following stronger
version of the sandwich theorem.

Theorem D.5. Let M, N be closed subspaces of a Hilbert space E such
that M = N-*+. Assume that at least one of these subspaces is finite
dimensional. Let G be a continuously differentiable functional on E that
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satisfies
mo = sup inf G(v+w)# —c0 (D.7)
veN WEM
and
my = inf sup G(v+ w) # oc. (D.8)
weM e N

Then there is a sequence {uy} C E such that
G(ug) — ¢, mg < ¢ <my, G'(ur) — 0. (D.9)
In place of Theorem 2.8 we have

Theorem D.6. Under hypotheses (1.78) and (2.28), there is at least
one solution of (1.1),(1.2).

In place of Theorem 2.23 we have

Theorem D.7. Assume that (1.78), (2.28), and (2.80) hold. Then there
is a nontrivial solution of (1.1),(1.2).

In place of Theorem 2.26 we have

Theorem D.8. Let G be a continuously differentiable functional on a
Hilbert space H. Assume that G(0) = 0 and that there are positive num-
bers €, p such that

G(u) > ¢ when |ul| = p. (D.10)
Assume also that there is a nonzero element @y € H such that
G(ryo) < Coy, r >0, (D.11)
for some constant Cy. Then there is a sequence {ur} C H such that
G(ug) — ¢, €<c<Cy G'(ug)—0. (D.12)
We replace Theorem 2.27 with
Theorem D.9. Assume that either
t2 —2F(x,t) < W(z) € L*(Q), t>0 (D.13)
or
t? — 2F(z,t) < W(x) € LY(Q), t<0. (D.14)

Then under the hypotheses of Theorems 2.21 and 1.37, problem (1.1),
(1.2) has at least one nontrivial solution.

Theorem 2.6 can be replaced by
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Theorem D.10. Assume that (1.78) holds with
1< B(z) <2, Bla) 1, Blo) 22 (D.15)

If G(u) is given by (1.63) and G’ is continuous, then there is a ug € H
such that

G’ (ug) = 0. (D.16)

In particular, if f(x,t) is continuous in both variables, then wug is a
solution of (1.1),(1.2) in the usual sense.

In place of Lemma 2.19 we can state

Lemma D.11. In addition to the hypotheses of Theorem D.6, assume
that there are positive constants €, p such that

G(u) = ¢ (D.17)
when
ullzr = p. (D.18)

Then there is a solution u of (1.1),(1.2) satisfying (D.17).

We can replace Theorem 3.22 by
Theorem D.12. Assume that (1.78) holds with
2< B) <5, Bla)#£2, Blx) £5. (D.19)
If Go(u) is given by (5.15), then there is a ug € H} such that
Go(up) = 0. (D.20)

In particular, if f(x,t) is continuous in both variables, then wug is a
solution of (1.1),(1.2) in the usual sense.

In place of Theorem 3.23 we have

Theorem D.13. Let n be an integer > 0. Assume that (1.78) holds
with B(x) satisfying

L+n? <f(z) <1+ (n+1)%  1+0> £ B(x) £ 1+ (n+1)% (D.21)
Then (3.1), (3.2) has a solution.

We can replace Theorem 3.29 with
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Theorem D.14. Under the hypotheses of Theorems 3.25 and 3.28, if
either

t? —2F(x,t) < W(zx) € LY(Q), t>0
or

t? = 2F(z,t) < W(z) € L*(Q), t<0,

then problem (3.1),(3.2) has at least one nontrivial solution.

In place of Theorem 3.27 we have

Theorem D.15. Assume that (1.78), (2.28), and (3.60) hold. Then
there is a nontrivial solution of (3.1),(5.2).

Concerning Theorem 10.32 we have

Theorem D.16. Under the hypotheses of Theorem 10.26, there is a PS
sequence satisfying

G(ug) — a, G'(uy)— 0.
In place of Theorem 10.34 we can write

Theorem D.17. Under the hypotheses of Theorem 10.26, G has a crit-
ical point which is a solution of (10.54).

For Theorem 10.39 we have

Theorem D.18. Under the hypotheses of Theorems 10.26 and 10.57,
G has a nontrivial critical point which is a solution of (10.54).

In place of Theorem 10.40, we have

Theorem D.19. Assume that (10.66) and (10.80) hold. Let A, and
Am+1 be consecutive eigenvalues of —A. Assume that (10.82) holds with
a(x) satisfying

Am S @< Amt1,  Am Fa# Amt1- (D22)

Then (10.54) has a solution. If, in addition, (10.103) holds, then we are
assured that it has a nontrivial solution.
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